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Abstract

This paper deals with the development of a mathematical model for emulsion copolymeriza-
tion of styrene and butyl acrylate carried out in the presence of n-dodecyl mercaptan as chain
transfer agent (CTA). The model consisted of a system of differential algebraic equations in
which the population balances is based on a new approach that reduces significantly the number
of equations involved and the corresponding computational time. Most of the unknown kinetic
and thermodynamic parameters of the model were estimated from experimental measurements
using a stochastic optimization method based on a genetic algorithm. The results showed a
fairly good agreement between model predictions and experiments. The model was then suc-
cessfully validated through additional experiments carried out in batch and fedbatch reactors
and clearly showed that the model was able to predict the time-evolution of overall conversion,
amounts of each residual monomer, number and weight average molecular weights of the result-
ing copolymers and average diameters of the corresponding latex particles for different operating
conditions, mainly CTA concentration and reaction temperature. The model was finally used to
investigate and confirm the effects of CTA concentration, previously observed by several au-
thors, on the kinetics of this polymerization process and on the main properties of the resulting
macromolecules and latex particles.

Keywords: Emulsion copolymerization, Chain-transfer agent, Parameter identification,
Modeling, Model validation, Genetic algorithm.

1. Introduction

Emulsion polymerization is an important industrial process used to produce a great variety
of polymers for multiple uses (e.g. paints, adhesives, coatings, varnishes. . . ). Moreover, it has
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significant advantages over bulk and solution polymerization processes. These advantages result
mostly from its multiphase and compartmentalized nature which allows producing, with high
polymerization rates, macromolecules of high molecular weights, delivering a high versatility to
product qualities. However, the complexity of emulsion polymerization systems arising from fac-
tors such as their multiphase nature, nonlinear behaviour and sensitivity to disturbances, induces
more intense difficulties on modeling and makes the development of optimization procedures of
emulsion polymerization reactions a very challenging task.
Molecular weight distribution (MWD), microstructure, glass transition temperature (Tg) together
with particles size distribution (PSD) and morphology are the main characteristics which strongly
govern the end-use properties of the resulting products (macromolecules and latex). For exam-
ple, the particle size distribution (PSD) is strongly correlated to the rheological, adhesive and
film-forming properties of the final products. On the other hand, MWD affects important end-
use properties of the film, such as elasticity, strength, toughness, and resistance to solvents.
In radical polymerizations, molecular weights are commonly controlled using chain-transfer
agents (CTAs). An ideal CTA should affect only molecular weights. However, in emulsion
polymerization both molecular weights and rate of polymerization appeared to be affected by
chain transfer agents. The mechanisms of radical desorption and absorption by the particles
and, consequently, the particles nucleation and kinetics may be significantly modified (Barudio
et al. (1998); Nomura et al. (1982); Nomura et al. (1994); Salazar et al. (1998)). It has been
reported that the key feature of the CTA effect is the diffusional limitation between the differ-
ent interfaces mainly droplets and water phase. As a result, the main properties of CTAs are
their water solubility, their reactivity ratio and their mass transfer resistance to diffusion between
phases. Mercaptans are by far the most important class of CTAs in emulsion polymerization.
Several authors (Frank et al. (1948); Kolthoff and Harris (1947); Smith (1946a); Smith (1946b))
reported that mercaptans with less than 10 carbon atoms are more efficient as a result of their
rapid diffusion. As a consequence they react very quickly leading to overmodifications of the
macromolecules formed at the early stages and to undermodifications at the later stages because
of their rapid depletion. Mercaptans with more than 10 carbon atoms are more subject to diffu-
sional limitations and are therefore less efficient.
Mendoza et al. (2000) studied the emulsion copolymerization of styrene in the presence of n-
dodecyl mercaptan. They reported that the effect of the CTA on the rate of the polymerization
was weak and could be neglected.
Many contributions on the modeling of emulsion polymerization processes have been devel-
oped, starting with the conventional Smith-Ewart model (Harkins (1947)) who identified the
well known three stages (nucleation, particles growth and end of polymerization). The later
models developed have different degrees of complexity (Alhamad et al. (2005); Dube and Pen-
lidis (1996); Ginsburger et al. (2003), Hoppe et al. (2005)), depending upon their scope and
application. The most representative have been reviewed by Asua (2004); Chern (2006); Dube
et al. (1997); Gao and Penlidis (2002) and Thickett and Gilbert (2007).

The present paper deals with the elaboration of a mathematical model for the emulsion
copolymerization of styrene and butyl acrylate in the presence of n-dodecyl mercaptan as CTA.
The diffusional limitations for the transfer of the CTA will be considered and its actual concen-
tration in the particles will be evaluated. The desorption rate expression is based on a constant
value of the desorption coefficient and the material balance of the oligoradicals. This approach
is quite different from the expressions used in the literature where the main features of the des-
orption rate are gathered in the desorption coefficient expression depending on the species used
in the process.
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The objective of this model is to predict overall conversion, number and weight-average
molecular weights, average diameter of polymer particles and residual monomers contents for
different initial concentrations of CTA and reaction temperatures.
On the other hand, a novel method will be developed to carry out population balance using only
two differential equations instead of the usual large number of equations used with the same
accuracy. This approach will reduce significantly the computational time.

The parameters of the model will be estimated by a non linear optimization approach based on
the minimization of the errors between the predictions and the measured data. This minimization
will be carried out using a stochastic optimization method based on a genetic algorithm (GA).
The paper is organized as follows: in a first section the features of the model will be described
highlighting the effect of the chain transfer agent and the novelties in the population balance. This
will be followed by the model parameters estimation. The subsequent section will be concerned
by the validation of the model and its use in order to study the effect of CTA concentration on the
polymerization rate and on the properties of both the resulting copolymers and latex particles.

2. Mathematical model

Emulsion copolymerization is a free radical polymerization where the monomers are mainly
located in droplets dispersed in an aqueous phase and stabilized by an excess of surfactant
(mainly in its micellar form). An initiator, usually soluble in the water phase, generates pri-
mary radicals by thermal decomposition. In conventional emulsion polymerizations, monomers
with low water solubility are used and lead to homogeneous and/or micellar nucleation. In the
case of homogenous nucleation, the radicals propagate beyond their water solubility, precipitate
and are then stabilized by the emulsifier. In the case of micellar nucleation, primary radicals en-
ter into the micelles which are nucleated giving rise to polymer particles in which propagation,
termination, inhibition and chain transfer reactions take place. The monomers needed for the
reactions are provided by the droplets which act as reservoirs.

The development of the model is based on several assumptions. In this work, some of these
assumptions will be made without providing justification as they are readily accepted and vali-
dated in the open literature. The remaining assumptions will be given with the necessary expla-
nations.

The major useful assumptions can be summarized as following:

1. Only micellar nucleation is considered: the water solubility of styrene, butyl acrylate and
n-C12 mercaptan is very poor (0.15, 0.3, 0.006 Kg/m3 respectively at 25 ◦C). This allows
considering that the polymerisation reactions take place mainly in the organic phase (the
particles) and, consequently, that the homogeneous nucleation is negligible. Moreover, the
surfactant concentrations used in this work are very high (>> CMC). As a result, the very
important number of micelles present in the medium favours the micellar nucleation.

2. Only inhibition and initiation in the water phase are considered since the water solubility
of the inhibitor is high (830 Kg/m3 at 20 ◦C) and that of the initiator is practically complete
under the operating conditions used.

3. Radical desorption is considered.
4. The chain transfer agent is subject to diffusional limitations mainly in the droplet-aqueous

phase interface.
5. The growing particles and the monomer droplets are considered to be monodisperse.
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6. Coagulation between particles is neglected.
7. Transfer to polymer reactions are not taken into account.
8. The reactor is perfectly mixed and isothermal.

It is noteworthy that the model developed in this work highlights the effect of CTA on the molec-
ular weights and on the rate of polymerization and has the same structure as previous models
elaborated in our laboratory without CTA (Hoppe et al. (2005)).

2.1. Kinetic scheme
According to aforementioned assumptions, the model is based on the elementary reactions

reported in table 1.

Table 1: Kinetic scheme for the emulsion copolymerization process (i, j = 1, 2).

Aqueous phase

Initiation I2
kd
−→ 2R•aq

Inihibition1 R•aq + Zaq
kzaq
−→ P + Z•aq

Nucleation R•aq + micelle
kN
−→ particle + R•

Radical absorption R•aq + particle
kcp
−→ particle + R•

Organic phase

Propagation R•i + M j
kpi j
−→ R•j

Termination by combination R•i + R•j
ktci j
−→ P

Termination by disproportionation R•i + R•j
ktdi j
−→ 2P

Inihibition1 R•i + Zp
kzpi
−→ P + Z•p

Transfer to monomers R•i + M j
ktrmi j
−→ P + R•j

Transfer to CTA R•i + CT Ap
kT Api
−→ P + CT A•p

Radical desorption R•
kdes
−→ R•aq

2.2. Reaction rates
For practical reasons, the quantities of the different species involved in the reactions will

be expressed in moles number instead of concentrations. Moreover, the nomenclature of the
different variables will be detailed in the nomenclature section.

2.2.1. Initiator decomposition
The initiator is consumed by thermal decomposition in the aqueous phase according to the

following reaction rate:

Rd = kdI (1)

1As mentioned in the experimental part, the monomers were used without purification. Hence, they contained traces
of inhibitor (4-terbutyl catecol) which consumes radicals in both aqueous and organic phases.
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2.2.2. Inhibition
The inhibitor, Z, is consumed through reactions with radicals in the aqueous phase and in the

particles. The corresponding rates of consumption are:

In the aqueous phase

RZaq = εkcp
Zaq

Vaq
Raq (2)

In the latex particles

RZpi = kZpi
Zp

Vp
Npn̄Pi

= kZpi
Zp

Vp
Rpi (3)

where Pi is the fraction of free radicals ended by a monomer unit i such as,∑
i=1,2

Pi = 1 (4)

2.2.3. Chain transfer agent consumption
Only reactions with the CTA in the particles are considered:

RT Api = kT Api
CT Ap

Vp
Npn̄Pi = kT Api

CT Ap

Vp
Rpi (5)

2.2.4. Micellar nucleation
The micellar nucleation rate is given by:

RN = kN
Nmic

Vaq
Raqdmic (6)

where Nmic is the total number of moles of micelles, dmic is the micellar diameter, kN is the
nucleation rate coefficient :

kN = δkcp (7)

with,

δ =
∑
i=1,2

δi f0i (8)

where δi is the ratio between the nucleation rate constant and the capture rate constant for
radicals ending with monomer i, δ is the overall ratio between nucleation and capture rate co-
efficients, f0i is the initial molar fraction of monomer i in the reactor, kcp is the capture rate
coefficient.
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2.2.5. Radical absorption
According to the two-film theory developed by Lewis and Whitman (1924), the absorption

rate of the radicals by the particles is given by:

Rabsi = Kwi Ap

(
Cwi −Cpi/mdi

)
(9)

= Kwi πd2
p NP NA

(
Raq faqi

Vaq
−

Npn̄
Vp

Piωi

mdi

)
(10)

where Kwi is the overall mass transfer coefficient, Ap the total surface area of the particles,
Cwi the concentration of radicals i in the water phase, Cpi the concentration of radicals i in the
particles.
The overall mass transfer coefficient is expressed as follows (Nomura and Harada (1981); No-
mura (1982)):

Kwi =
2 Dwi δmi

dp
(11)

Hence, the absorption rate could be written as :

Rabsi = 2πDwiδmiNANpdp

(
Raq faqi

Vaq
−

Npn̄
Vp

Piωi

mdi

)
(12)

= kcpi

(
Raq faqi

Vaq
−

Npn̄
Vp

Piωi

mdi

)
Npdp (13)

where kcpi is the capture kinetic constant.

kcpi = 2πNADwiδmi (14)

The absorption rate is the difference between the capture and desorption rates which are
respectively:

Rcpi = kcpi
Raq faqi

Vaq
Npdp (15)

Rdesi = kcpi
Npn̄
Vp

Piωi

mdi
Npdp = kdesi

Npn̄
Vp

χiNpdp (16)

where, kdesi is the desorption rate coefficient of the radical ended by a monomer i and χi

the global fraction of radicals i formed by one unit of the monomer i in the particles, given
respectively as follows:

kdesi =
kcpi

mdi
(17)

χi = Piωi (18)

It is noteworthy that the determination of χi is the key issue of the desorption rate. This
has been achieved by a material balance on radicals i formed by one unit of monomer i in the
particles. The differential equations obtained (see Section 2.10) show the effect of the different
reactions among which the transfer to CTA.
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2.2.6. Propagation
The propagation rate of monomer j with a radical ended by i is:

Rpi j = kpi j
Mp j

Vp
Rpi (19)

which leads to the total propagation rate for monomer j:

Rp j = Rpi j + Rp j j (20)

= kp j
Mp j

Vp
Npn̄ (21)

such as,

kp j =
∑
i=1,2

kpi jPi (22)

and to the global propagation rate for the two monomers:

Rp = Rp1 + Rp2 = Npn̄
∑
j=1,2

∑
i=1,2

kpi j
Mp j

Vp
Pi (23)

2.2.7. Transfer to Monomer
In the same way as for the propagation, the transfer to monomer rate of monomer j with a

growing radical ended by i is given by:

Rtrmi j = ktrmi j
Mp j

Vp
Rpi (24)

The total consumption rate of the monomer j by transfer reaction is then:

Rtrm j = Rtrmi j + Rtrm j j = ktrm j
Mp j

Vp
Npn̄ (25)

where

ktrm j =
∑
i=1,2

ktrmi jPi (26)

The global transfer rate is finally given by:

Rtrm = Rtrm1 + Rtrm2 = Npn̄
∑
j=1,2

∑
i=1,2

ktrmi j
Mp j

Vp
Pi (27)

The coefficients of transfer to monomer ktrmi j and ktrm ji are defined according to the corre-
sponding homopolymerization transfer coefficients:

ktrmi j = ktrm ji =

√
ktrmiiktrm j j (28)
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2.2.8. Termination
The termination rate between a radical ended by a monomer i and a radical ended by a

monomer j is:

RTi j = kTi jPiP j
N2

p

Vp
ñ (29)

=
kTi jRpiRp jñ

Vpn̄2 (30)

n̄, ñ are the average numbers of radicals and pairs of radicals in a particle respectively given
by:

ñ =

∞∑
h=2

h(h − 1)υh (31)

n̄ =

∞∑
h=2

hυh (32)

where h and υh are the number of free radicals in a particular particle and the fraction of
particles with h free radicals, with:

∞∑
h=2

υh = 1 (33)

The global termination rate is defined as:

RT = RT11 + RT12 + RT21 + RT22 = kT
N2

p

Vp
ñ (34)

where kT is the overall termination rate coefficient given by:

kT =
∑
j=1,2

∑
i=1,2

kTi jPiP j (35)

According to the assumption that the kinetic coefficients do not depend on the chain length, it
is acceptable to consider that the termination coefficients between a radical ended by a monomer
unit i and a radical ended by a monomer unit j are equal.

kTi j = kT ji (36)

These coefficients are calculated using the homopolymerization termination coefficients of
the monomers:

kTi j = kT ji =

√
kTiikT j j (37)
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The ratio between the rates of termination by disproportionation and by combination is de-
fined by a coefficient τ. Since the global termination rate is the sum of the two mechanisms, the
rates of termination by combination and by disproportionation are given respectively by:

RTC =
RT

1 + τ
(38)

RT D =
τRT

1 + τ
(39)

2.3. Partition of the different species
2.3.1. Surfactant

The surfactant is distributed between the particles, the droplets, the aqueous phase and the
micelles. The total number of moles of surfactant in the reactor is given by:

S = S aq + S mic + S p + S d (40)

where S p , S mic, S d and S aq are the number of moles of surfactant on the particles, in the
micelles, on the droplets and dissolved in the aqueous phase, respectively. They are calculated
using the following equations:

S mic = Nmicns (41)

S p =
6Vp

dpas
(42)

S d =
6Vd

ddas
(43)

where Nmic is the total number of moles of micelles, ns the number of surfactant molecules
per micelle, as the surface covered by one mole of surfactant, dd the droplets average diameter.
The total number of moles in the aqueous phase is given as follows,

S ∗aq = S aq + S mic

= S − (S p + S d) (44)

The micelles disappear when the concentration of surfactant in the aqueous phase becomes
lower than the critical micellar concentration (CMC). Thus:

if S ∗aq < CMC · Vaq then

Nmic = 0 (45)
S aq = S ∗aq (46)

otherwise

S aq = CMC · Vaq (47)

Nmic =
S −

(
S d + S p + CMC · Vaq

)
ns

(48)
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2.3.2. Monomers, inhibitor and CTA
The partition of the different species between the aqueous phase, particles and droplets is

needed to evaluate the reaction rates. This has been performed using the method by Gugliotta
et al. (1995) (see Appendix A).
Let us consider the total volume engaged in the reactor VR expressed by means of the total volume
of each specie and different phases:

VR = V1 + V2 + VZ + VCT A + Vpol + Vw

= Vaq + Vp + Vd (49)

where V1, V2, VZ , VCT A, Vpol and Vw are the total volumes of monomer 1, monomer 2,
inhibitor, CTA, polymer and water volumes respectively.
Moreover, the particles and the polymer volumes are related to each other by:

Vp =

(
σ

σ − 1

)
Vpol (50)

where σ is a coefficient of partition of the different species between droplets and particles
and Vpol is given by:

Vpol =
∑
i=1,2

(
MTi − Mi − Raq faqi

) Mi
M

ρpi
(51)

Since the solubility of each specie in the aqueous phase is very low, the volume of the aqueous
phase is equivalent to the water volume (Vw),

Vaq � Vw (52)

Hence, from equations (49) and (50) the droplets volume is:

Vd = V1 + V2 + VZ + VCT A −
Vpol

1 − σ
(53)

When the droplets disappear, equations (49) and (50) lead to the expression of the particles
volume Vp:

Vp = V1 + V2 + VZ + VCT A + Vpol (54)

Finally, the partition problem can be summarized as follows:
if the droplets are available:

Vd = V1 + V2 + VZ + VCT A −
Vpol

1 − σ

Vp =
( σ

σ − 1

)
Vpol (55)
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otherwise:

Vd = 0
Vp = V1 + V2 + VZ + VCT A + Vpol (56)

It should be emphasized that in all cases the aqueous volume is determined from the volume
balance:

Vaq = VR − Vd − Vp (57)

The total number of moles of the monomers and the inhibitor necessary to the feed rates
considered under thermodynamic equilibrium are: (see Appendix A)

Mpi =
MiVp(

Vp + Vdσ + VaqKpi

) (58)

Zp =
ZVp(

Vp + Vdσ + VaqKpZ

) (59)

Zaq = KpzZp
Vaq

Vp
(60)

faqi =
KpiMi

p∑
j=1,2

Kp jM
j
p

(61)

Where Mpi, Zp are the total number of moles of monomer i and inhibitor respectively in the
particles, Zaq the concentrations of the inhibitor in the aqueous phase, faqi the molar fraction of
monomer i in the aqueous phase.
For the chain transfer agent, the diffusion from the droplets to the aqueous phase is the limiting
step. The expression derived for the number of moles of CTA in the particle is similar to that
obtained by Salazar et al. (1998) for emulsion polymerization. (see Appendix B)

CT Ap =
CT Ae

p

1 +
kT A1Rp1 + kT A2Rp2

kT A,dwAdKpT A

(62)

where CT Ae
p is the number of CTA moles in the particles supposed in thermodynamic equi-

librium,

CT Ae
p =

CT A Vp(
Vp + Vdσ + VaqKpT A

) (63)
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2.4. Influence of temperature

The effect of temperature on the kinetic constants is expressed by Arrhenius’ law. On the
other hand and according to Gilbert’s assumptions (Gilbert (1995)), the specific area of a sur-
factant molecule depends on the temperature and could be expressed by an exponential formula
similar to Arrhenius’ law:

ae(T ) = ae(323.15)exp
(
−Ee

(
1
T
−

1
323.15

))
(64)

where Ee is the thermal expansion factor of a surfactant molecule.

2.5. Initiator efficiency

The initiator efficiency, f , can strongly depend on the type and on the monomer concentration
(Gilbert (1995)). Usually, efficiencies of 30 and 100 are attributed to persulphates when they are
used with styrene and butyl acrylate respectively. In order to describe the transition between
these values, the following formula was used:

f = exp (− f0 fb) (65)

where f0 is a parameter to be fitted and fb is the fraction of styrene in the reactor.

2.6. Glass and gel effects

Glass and gel effects equations used to determine the propagation and termination coeffi-
cients are expressed according to the value of the mass fraction of polymer in the particles, Wp

(Nomura et al. (1994)) (see table (2).

Table 2: Glass and gel effects.

if Wp ≤ 0.7 kpi j = k0
pi j

if Wp > 0.7 kpi j = k0
pi j exp

(
−aGl

i j

(
Wp − 0.7

))
if Wp ≤ 0.32 kTi j = k0

Ti j

if 0.32 < Wp ≤ 0.8 kTi j = k0
Ti j exp

(
−bGe

(
Wp − 0.32

))
if Wp > 0.8 kTi j = k0

Ti j exp
(
−bGe (0.8 − 0.32) − bGl

(
Wp − 0.8

))

Wp is defined as:

Wp =

∑
i=1,2

(
MTi − Mi − Raq faqi

)
Mi

M∑
i=1,2

(
Mpi + MTi − Mi − Raq faqi

)
Mi

M

(66)
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2.7. Conversion and copolymer composition
The overall mass conversion and the residual mass fraction of monomer i are given by:

Xove =

∑
i=1,2

(MTi − Mi) Mi
M∑

i=1,2
MTiMi

M

(67)

Fi =
MiMi

M∑
j=1,2

M jM
j
M

(68)

2.8. Population balance for polymer particles
In order to evaluate the reaction rates, one must know the average number of radicals per

particle. This was obtained by performing balances on the number of particles containing, at any
instant, j radicals. On the other hand, since each transfer agent reaction consumes and simultane-
ously provides one free radical, it has no effect on the distribution of the radicals in the particle.
The balance equations of particles containing j radicals are:

particles containing 0 radical

d (NPυ0)
dt

= −Rcpυ0 +
RT

ñ
υ2 +

(
RZp + Rdes

) υ1

n̄
(69)

particles containing 1 radical

d (NPυ1)
dt

= RN + 3
RT

ñ
υ3 − Rcpυ1 + Rcpυ0

+
(
RZp + Rdes

) (2υ2 − υ1)
n̄

(70)

particles containing h radical (h > 1)

d (NPυh)
dt

= Rcp (υh−1 − υh)

+
RT

2ñ
((h + 2) (h + 1) υh+2 − h (h − 1) υh)

+
(
RZp + Rdes

) ((h + 1) υh+1 − hυh)
n̄

(71)

where υh is the fraction of particles containing h radicals.

To determine the average number of radicals per particle (n̄) and the average number of pairs
(ñ) necessary for the calculation of the termination rates, a maximum number of radicals per
particle ( jmax) has to be fixed (Ginsburger et al. (2003); Storti et al. (1989)). This approach
implies to deal with jmax differential equations where the accuracy of the results depends on the
choice of jmax . To avoid this procedure, we suppose that the fraction of particles containing j
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free radicals follows Poisson’s law (see Appendix C). Thanks to this approach, we obtain the two
following differential equations:

d
(
Npn̄

)
dt

= RN + Rcp −
(
RZp + RT + Rdes

)
(72)

d (NPñ)
dt

= 2Rcpn̄ −
(

2˜̃n
ñ

+ 1
)
RT − 2

ñ
n̄

(
RZp + Rdes

)
(73)

˜̃n = ñ

λ
(
1 + ñ

n̄

)
+ ñ

n̄

λ + 2

 (74)

λ =
ñ

2n̄
− 1 +

√
1 +

ñ
4n̄

(75)

2.9. Average molecular weights
The physical and mechanical properties of polymers depend strongly on their molecular

weight distributions (MWD). Therefore, one of the aims of the model is to determine this char-
acteristic. This was achieved by using the method of the moments (Baillagou and Soong (1985);
Villermaux and Blavier (1984)). To apply this method, a description of the evolution of the
instantaneous distributions of the degree of polymerization of both macroradicals and macro-
molecules is required. The kth normalized moments of the macroradicals and the macromolecules
are given respectively by:

λk =

∞∑
j=1

jkw̄ j (76)

Lk =

∞∑
j=1

jkw j (77)

where w̄ j and w j are the fraction of macroradicals and macromolecules with a degree of
polymerization j respectively.
The corresponding balance equations are:

d
(
Npn̄λ1

)
dt

= RN + Rcp − Rdes + Rp +
(
Rtrm + RT Ap

)
(1 − λ1) −

(
RZp + RT

)
λ1 (78)

d
(
Npn̄λ2

)
dt

= RN + Rcp − Rdes + Rp (1 + 2λ1)

+
(
Rtrm + RT Ap

)
(1 − λ2) −

(
RZp + RT

)
λ2 (79)

d (Nm)
dt

= RZp + Rtrm + RT D + RT Ap +
RTC

2
(80)
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d (NmL1)
dt

= λ1

(
RZp + Rtrm + RT D + RT Ap + RTC

)
(81)

d (NmL2)
dt

= λ2

(
RZp + Rtrm + RT D + RT Ap

)
+ RTC

(
λ2 + λ2

1

)
(82)

The initial conditions for the equations of moments are given by,
λ1 = 0, λ2 = 0, Nm = 0, L1 = 0, L2 = 0
The number and weight average molecular weights, M̄n and M̄w can be easily calculated by using
the following equations:

M̄n = M̄L1 (83)

M̄w = M̄
L2

L1
(84)

where M̄ is the average molecular weight of the monomeric unit given by

M̄ =

∑
i=1,2

(
MTi − Mi − Raq faqi

)
Mi

M∑
i=1,2

(
MTi − Mi − Raq faqi

) (85)

2.10. Material balance

The material balances are presented in a general form for fedbatch process using the reaction
rates mentioned above. These equations could be easily simplified for the case of a batch process.

dVR

dt
= Q f + QI f +

∑
i=1,2

(
1
ρpi
−

1
ρi

)
Mi

M

(
Rpi + Rtrmi

)
(86)

dMi

dt
= −Rpi − Rtrmi + Q f [Mi] f (87)

dMTi

dt
= Q f [Mi] f (88)

dI
dt

= −Rd + QI f [I] f (89)

dZ
dt

= −
(
RZp1 + RZp2

)
+ Q f [Z] f (90)

dCT A
dt

= −RT Ap1 − RT Ap2 + Q f [CT A] f (91)

dS
dt

= Q f [S ] f (92)
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dNp

dt
= RN (93)

d
(
Npn̄

)
dt

= RN + Rcp −
(
RZp + RT + Rdes

)
(94)

d (NPñ)
dt

= 2Rcpn̄ −
(

2˜̃n
ñ

+ 1
)
RT

− 2
ñ
n̄

(
Rdes + RT Ap

)
(95)

dRp1

dt
=

(
RN + Rcp

)
faq1 − Rp12 + Rp21 − Rtrm12

+ Rtrm21 − RZp1 − Rdes1 − (RT11 + RT12) (96)

dRp2

dt
=

(
RN + Rcp

)
faq2 − Rp21 + Rp12 − Rtrm21

+ Rtrm12 − RZp2 − Rdes2 − (RT22 + RT21) (97)

d (NPn̄χ1)
dt

=
(
RN + Rcp

)
faq1 + Rtrm21 + Rtrm11

+ RT Ap1 − Rdes1 −
(
Rtrm11 + Rtrm12

+ Rp11 + Rp12 + RT Ap1 + RZp1
)
χ1

− (RT11 + RT12) χ1 (98)

d (NPn̄χ2)
dt

=
(
RN + Rcp

)
faq2 + Rtrm12 + Rtrm22

+ RT Ap2 − Rdes2 −
(
Rtrm22 + Rtrm21

+ Rp22 + Rp21 + RT Ap2 + RZp2
)
χ2

− (RT22 + RT21) χ2 (99)

where, Q f is the preemulsion feed rate (monomers, inhibitor, CTA and surfactant), QI f the ini-
tiator feed rate of, ρpi the density of the homopolymer i. [Mi] f , [I] f , [Z] f , [S ] f , [CT A] f the
concentrations of monomer i, initiator, inhibitor, surfactant and CTA in the feed.
The initial conditions for the balane equations are given by,
VR =

(
Vaq0 +

m10
ρ1

+
m20
ρ2

+
mS 0
ρS

)
, M1 =

m10

M1
M

, M2 =
m20

M2
M

, MT1 =
m10

M1
M

, MT2 =
m20

M2
M

, I =
mI0
MI

M
,

Z =

(
m10

M1
M

+
m20

M2
M

)
15e−6, CT A =

mCT A0

MCT A
M

, S =
mS 0

MS
M

, Np = 0, n̄ = 0, ñ = 0, Rp1 = 0, Rp2 = 0, χ1 = 0,
χ2 = 0
where Vaq0 is the initial water volume, m10, m20, mI0, mCT A0, mS 0 are the initial mass of monomer
1, monomer 2, initiator, CTA and surfactant respectively
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3. Experimental rig and measurement

3.1. Initial components

The chemicals required to carry out the emulsion copolymerizations consisted of:
Monomers : Styrene (STY) and butyl acrylate (ABu) previously stabilized with 15 ppm of 4-
terbutylcatechol(inhibitor), purchased from ACROS ORGANICS.
Initiator : Ammonium persulphate ((NH4)2S 2O8) purchased from Sigma-Aldrich.
Surfactant : REWOPOL SBFA 50 (sulfosuccinate polyetherglycol and alcohol disodium) pur-
chased from Goldschmidt.
Chain transfer agent : n-dodecyl mercaptan purchased from ACROS ORGANICS.
Water : the water used is purified to Milli-Q standard.
Inhibitor: Hydroquinone used to quench the polymerisation in withdrawn samples.
Solvent: Tetrahydrofuran used for size exclusion chromatography (SEC) and gas chromatogra-
phy (GC).

3.2. Experimental rig

The reactor used was a one-litter jacketed glass reactor equipped with a stainless steel stirrer,
a reflux condenser, a cryostat, a nitrogen inlet and a sampling device. The stirrer was composed
of a pitch blade turbine fixed at the bottom. Its rotation speed was kept constant at 200 rpm. For
fedbatch experiments, this reactor was connected to a second 1 liter reactor in which monomers,
chain transfer agent and surfactant were pre-emulsified. The pre-emulsion was then added to
the polymerization reactor by use of a peristaltic pump. Under these conditions the mixture ap-
peared to be homogenous and the temperature was maintained constant during each experiment.
Samples were withdrawn from the reactor at appropriate time intervals and polymerization was
shortly stopped with hydroquinone at low temperature. Tables (3) and (4) present the formula-
tions used for batch and fedbatch experiments respectively.

Table 3: Formulations used in batch copolymerizations.

Species R1 R2 R3 R4 V1 V2 V3
Butyl acrylate, (g) 60 60 60 60 60 60 60
Styrene, (g) 60 60 60 60 60 60 60
Initiator, (NH4)2S 2O8 (g) 1 1 1 1 1 1 1
Water, (g) 570 570 570 570 570 570 570
REWOPOL SBFA 50, (g) 15 15 15 15 15 15 15
n-C12 mercaptan (CTA), (g) 0.3 0.6 0.3 0.6 0.45 1.5 2.1
mCT A/mmonomers, (%) 0.25 0.5 0.25 0.5 0.375 1.25 1.75
Temperature, (◦C) 60 60 70 70 65 70 70

In table (3) R1 to R4 represent the experiments used for the parameter identification and V1
to V3 the experiments used for model validation in batch conditions.

3.2.1. Characterization of lattices and macromolecules
To follow the polymerizations, analytical methods were developed. The recovered samples

were characterized as follows:
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Table 4: Formulation used in fedbatch polymerization.

Species Initial charge Feed charge
Butyl acrylate, (g) 18 42
Styrene, (g) 18 42
Initiator,(NH4)2S 2O8 (g) 1 0
REWOPOL SBFA 50, (g) 4.5 10.5
Water, (g) 171 399
n-C12 mercaptant (CTA), (g) 0.18 0.42
mCT A/mmonomers, (%) 5 5
Temperature, (◦C) 70

Overall conversion:
The global monomer conversion Xove, was determined gravimetrically using a Mettler Toledo
HG 53 halogen moisture analyzer. About 1 g of latex was placed on an aluminum plate that was
introduced into the analyser and heated to 175 ◦C to evaporate completely water and residual
monomers. The mass of the final dried sample was automatically measured. After correction of
the remaining amounts of initiator and surfactant, the overall conversion was determined.

Residual monomers titration:
For a better control of the consumption of each monomer during the polymerization, a more
precise titration of the monomers is required. To get these informations, gas chromatography
was performed using a VARIAN GC3900 gas chromatograph equipped with a capillary column
(length :15 m ; diameter : 0.53 µm) and with a stainless steel precolumn filled up with glass
fibers. Analyses were carried out under the following operating conditions:

• Injection temperature : 175 ◦C.

• Column temperature : 80 ◦C.

• Detector temperature : 175 ◦C.

• Gas vector : Helium (flow-rate = 3 ml.min−1).

Average particles diameters:
The average particles diameters were determined by use of a Malvern 4700 quasi-elastic light
scattering apparatus. After dilution of the samples with deionized water (milli-Q water), the av-
erage particles diameter was measured.
It should be noted that the corresponding distributions of the particles diameters were very nar-
row which confirms the hypothesis given in section 2.

Number and weight average molecular weights:
The number and weight average molecular weights were determined by size exclusion chro-
matography (SEC) using a differential refractometer as detector. Elutions were performed at 25
◦C with tetrahydrofuran. The flow rate was 1ml · min−1. The concentration of the polymer solu-
tions and the corresponding injected volume were 1 g.l−1 and 25 µl respectively. Prior to chro-
matography, THF and polymer solutions were filtered through a Nylon filter of 0.45 µm porosity.
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The SEC device consisted of a degaser, a differential refractometer Waters 510, Millipore pump,
a Millipore injector, a precolumn, two chromatographic columns assembled in series and filled
with linear ultrastyragel and an electric oven to control the temperature of the columns which
were previously calibrated with polystyrene standards. Data from the detector were acquired and
computed by means of the software Astra from Wyatt Technology which allowed determining
the molecular weight distribution and the number and weight average molecular weights of the
samples.

4. Results and discussion

4.1. Parameters estimation
The goal of the model was to predict satisfactorily and simultaneously the overall conver-

sion (Xove), the residual mass fraction of styrene (F2), the number and weight average molecular
weights (M̄n, M̄w) and the average particles diameters (dp).

It is well known that a first step, prior to the parameters identification, consists in determining
the subset of potentially estimable parameters. Moreover, due to the model structure and to a
possible lack of measurements, the estimation of some parameters may be impossible. The main
limitations to the parameters estimability are their weak effect on the measured outputs and the
correlation between these effects.
We have developed a sensitivity analysis method to identify the subset of potentially estimable
parameters from the proposed experimental data. This procedure is beyond the scope of this
paper and will be developed in more details in the next contribution. As a result 21 parameters
were selected among the 49 parameters of the model. The 28 other parameters were taken from
the litterature (table (5)). The 21 unknown parameters, listed in table (6), were determined by
minimizing of the maximum likelihood criterion J defined as the logarithm of the sum of square
differences between experimental measurements and model predictions (Walter and Pronzato
(1994)):

J =

5∑
k=1

Nkln

 Nk∑
l=1

(xk(tkl) − x̂k(tkl, θ))2

 (100)

where Nk is the number of measurements of the variables xk, tkl is the lth time of measure-
ment of the variable xk (Table (7)), and x̂k is the value of xk predicted by the model using the
values θ of the unknown parameters. In this relation, the five variables xk were : X, Mn, Mw, dp

and F2.

The 21 unknown parameters of the (vector θ) were simultaneously obtained by minimization
of J using a stochastic optimization method based on a genetic algorithm and the code DASSL
for the system integration.
The measurements used in the parameter identification are obtained from batch experiments R1
to R4 listed in table (3). The resulting optimized values, presented in table (6), are of the same
order of magnitude as the values found in the literature (Ginsburger et al. (2003), Hoppe et al.
(2005)). Moreover, the reactivity ratio between CTA and styrene (CCT A,2 = kT Ap20/kp220) is 1.14.
Salazar et al. (1998) reported values varying from 0.31 to 2.2 for this parameter in the case of
different emulsion polymerizations.
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Table 5: Parameters from the literature.

Parameter Value Units Reference
Ed 135 000 J · mol−1 Gilbert (1995)
Ep11 22 500 J · mol−1 Ginsburger et al. (2003)
Ep22 32 500 J · mol−1 Gilbert (1995)
Et22 9000 J · mol−1 Sgard (2000)
Etrm11 20 000 J · mol−1 Ginsburger et al. (2003)
md1, md2 39 Rawlings and Ray (1988)
ns 40 Ginsburger et al. (2003)
Ee 361 K Ginsburger et al. (2003)
δm1, δm2 0.03 Ginsburger et al. (2003)
δ1 31 Ginsburger et al. (2003)
δ2 22 Ginsburger et al. (2003)
Kp1 1/1050 Gugliotta et al. (1995)
Kp2 1/2512 Gugliotta et al. (1995)
rmic 2.5 nm Gilbert (1995)
rd 5000 nm Gilbert (1995)
Dw1, Dw2 4.1 · 10−7 m2 · s−1 Arzamendi et al. (1992)
agl

11 17.13 Martinet (1992)
agl

12 5.73 Martinet (1992)
agl

21 5.73 Martinet (1992)
agl

22 5.73 Martinet (1992)
bge 11.46 Martinet (1992)
bgl 3.78 Martinet (1992)
ae 0.75 nm2 Ginsburger et al. (2003)
kT A,dwAd 5/6 m3 · s−1 Salazar et al. (1998)
τ 2/3 Ginsburger et al. (2003)
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Table 6: Results of the parametric identification.

Parameter Signification Value
kzp Inhibition constant in particles m3 · kmol−1 · s−1 150
kT Ap10 Transfer rate coefficient, CTA to butyle acrylate at 50◦C, m3 ·

kmol−1 · s−1
47

kT Ap20 Transfer rate coefficient, CTA to to styrene at 50◦C, m3 · kmol−1 ·

s−1
409

ET Ap1 Activation energy of transfer , CTA to butyle acrylate K j/kmol 63 000
ET Ap2 Activation energy of transfer , CTA to styrene K j/kmol 34 000
kp110 Propagation rate coefficient of butyle acrylate at 50◦C, m3 ·

kmol−1 · s−1
286

kp220 Propagation rate coefficient of styrene at 50◦C, m3 · kmol−1 · s−1 359
kt110 Termination rate coefficient of butyle acrylate at 50◦C , m3 ·

kmol−1 · s−1
89·108

kt220 Termination rate coefficient of styrene at 50◦C , m3 · kmol−1 · s−1 39·108

Et11 Activation energy of monomer 2 termination K j/kmol 130 000
ktrm110 Transfer constant of butyle acrylate at 50◦C, m3 · kmol−1 · s−1 0.05
ktrm220 Transfer constant of styrene at 50◦C, m3 · kmol−1 · s−1 0.018
Etrm22 Activation energy of transfer to styrene K j/kmol 34 700
kd0 Initiator decomposition constant at 50◦C, s−1 5.5·10−6

KpZ Partition coefficient of the inhibitor between the droplets and the
aqueous phase

1.7

Kpta Partition coefficient of the CTA between the droplets and the
aqueous phase

0.55

rp12 Reactivity ratio of butyl acrylate 0.18
rp21 Reactivity ratio of styrene 0.78
σ Swelling parameters of the particles 1.03
f0 A parameter related to the initiator efficiency 0.88
ε Ratio of inhibition in aqueous phase and capture rate coeffi-

cients, m
10.21

Table 7: Number of measurements for each variable xk .

Experiment Xove M̄n M̄w dp F2
Run1 9 8 6 9 7
Run2 8 9 9 9 7
Run3 9 8 8 9 7
Run4 9 7 6 10 7
Nk(total) 35 32 29 37 28
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4.2. Associated results

As shown in table 3, the measured data were obtained from several batch emulsion copoly-
merizations carried out at different temperatures, with identical initial initiator, Styrene and Butyl
acrylate masses and with different chain transfer agent concentrations.

Overall monomers conversion
Figure (1) shows that a good agreement was obtained between experimental and simulated time-
evolution curves of the global monomers conversion. As expected, these curves clearly show that
the conversion rate increases with temperature. On the other hand, with the CTA concentrations
used in these experiments, it can be seen that the chain transfer agent has only a very slight effect
on the polymerization rate. Similar results were found for styrene emulsion polymerization by
Mendoza et al. (2000). Nevertheless, in investigations on the efficiency of different mercaptan
CTAs in styrene/butyl acrylate emulsion copolymerization, Barudio et al. (1998) observed a
decrease of the polymerization rate as the CTAs concentration was increased. Moreover, the
authors found that this effect became more pronounced as the number of carbon atoms of the
mercaptan decreased.
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Figure 1: Effect of CTA concentration and reaction temperature on the time-evolution of the overall conversion.

Average particles diameter
The average particles diameters are plotted versus the corresponding overall conversions in figure
(2). Again, a good agreement is observed between experimental and simulated values. The
curves show also that, for a same recipe smaller particles are produced when the temperature
was increased.
On the other hand, in agreement with the results of Barudio et al. (1998), a slight effect of
CTA concentration on the average particles diameters is also observed. If this slight effect of
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CTA concentration, on both polymerization rate and average particles diameter exists, it can be
explained in terms of desorbtion of chain transferred radicals from the polymer particles. But at
the level of CTA concentrations used in these experiments, this effect could also be considered
as the result of run-to-run poor reproducibility. This phenomenon be will be investigated in the
validation in batch conditions (subsection 4.3.1).
Moreover, the coagulation of the particles was not observed under the experimental conditions
used in this work (high concentrations of surfactant and adapted stirring). On the other hand the
time-evolution of the average particles diameters (both experimental and simulated) showed that
these diameters increase regularly and no coagulation was observed during the different stages
of the process.
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Figure 2: Effect of concentration of CTA and reaction temperature on the average particles diameter.

Number and weight average molecular weights
Figures (3) and (4) present the evolution of the number and weight average molecular weights
(M̄n,M̄w) versus the overall conversion. In both cases we notice a good agreement between ex-
perimental and simulated values. Nevertheless the results of M̄n seem to be more precise.

On the other hand, the results show that the general tendencies of radical polymerizations
have been successfully modelled: an increase of temperature and of CTA concentration leads to
a decrease of the average molecular weights.

Residual mass fraction of styrene
Figure 5 shows the time-evolution of the residual fraction of styrene. Due to the difference be-
tween the reactivity ratios of butyl acrylate and styrene, a slight drift is observed showing that
the styrene consumption is favored.
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Figure 3: Effect of concentration of CTA and reaction temperature on the number average molecular weights.
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Figure 4: Effect of concentration of CTA and reaction temperature on the weight average molecular weights.
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Figure 5: Effect of concentration of CTA and reaction temperature on the time-evolution of styrene residual mass fraction.

Globally all these results show an acceptable agreement between the model and the experi-
ments.

4.3. Model validation

Several new experiments carried out in batch and fedbatch modes respectively, were used to
validate the model.

4.3.1. Batch mode
The model was first validated using runs V1, V2 and V3 described (table (3)). Different con-

centrations of CTA were used to highlight the effect of this later on the polymerization kinetics.
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Figure 6: Validation of the model in the batch mode experiment: time-evolution of the overall conversion.
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Figure 7: Validation of the model in the batch mode experiment: number average molecular weight versus overall
conversion.
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Figure 8: Validation of the model in the batch mode experiment: weight average molecular weight versus overall con-
version.
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Figure 9: Validation of the model in the batch mode experiment: average particles diameter versus overall conversion.
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Figure 10: Validation of the model in the batch mode experiment: time-evolution of the styrene residual mass fraction.

Figures (6), (7), (8), (9), (10) make it possible to compare experimental and simulated results
related to the overall conversion, number and weight average molecular weights, average parti-
cles diameters, and styrene residual mass fraction respectively. For each characteristic a fairly
good agreement is still obtained between the model and the experiments.
On the other hand, figure (6) and (9) show that the conversion and the average particles diameters
decrease as CTA concentration increases. These results are quite realistic since the desorption
rate is affected by the CTA.

4.3.2. Fedbatch process
The operating conditions used for this run are given in table 4.

An initial charge, composed of the two monomers, water, surfactant and CTA (30 % of the total
charge) was introduced into the reactor and brought to the desired reaction temperature under
nitrogen atmosphere. The initiator was then added as a shot. After a batch pre-period of 18.5
minutes (seeding period), the remaining charge (preemulsion) was fed into the reactor according
the feed profile given in figure 11.
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Figure 11: Feed rate profile used for the fedbatch run.

Figures 12 to 15 show again a fairly good agreement between experimental and simulated
data and confirm the validity of the model.
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Figure 12: Validation of the model in the fedbatch mode experiment: time-evolution of the overall conversion.
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Figure 13: Validation of the model in the fedbatch mode experiment: time-evolution of the number and weight average
molecular weights.
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Figure 14: Validation of the model in the fedbatch mode experiment: time-evolution of the average particles diameters.
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Figure 15: Validation of the model in the fedbatch mode experiment: time-evolution of the styrene residual mass fraction.

5. Conclusions

In this work, a dynamic reactor model was developed for the emulsion copolymerization
of styrene and butyl acrylate in the presence of n-C12 mercaptan as chain transfer agent. This
model is based on the kinetics of the complex elementary chemical reactions occurring both in
the aqueous phase and in the particles. It takes into account the particles nucleation, the radicals
absorption and desorption, and the partition of each monomer, CTA and inhibitor between the
monomers droplets, the aqueous phase and the polymer particles. It considers also the gel and
glass effects occurring during the copolymerization and the diffusion limitations of CTA from
droplets to the aqueous phase whereas monomers are not subject to such limitations. The des-
orption rate which highlights the CTA effects is obtained by using the material balance on the
oligoradicals and a constant value of the desorption coefficient. This approach is quite different
from those proposed in literature where different expressions of the desorption coefficient are
used according to the species used in the polymerization process.

A new approach was used to simplify the population balance by using two differential equa-
tions instead of the large number of differential equations generally used for the same purpose.
This approach allowed reducing the corresponding simulation time.

21 parameters of the model were estimated by minimizing the errors between the predicted
and the measured data using a stochastic optimization method based on a genetic algorithm,
while 27 other were taken from literature.

The analysis of the associated results clearly showed that the agreement between the model
predictions and experimental data is quite satisfactory.

The resulting model was then successfully validated through four additional polymerizations
carried out under batch and fedbatch modes respectively. It is now able (i) to predict the global
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monomers conversion, the residual monomers contents, the number and weight average molec-
ular weights of the resulting copolymers as well as the average particles diameters, (ii) to study
the effect of the concentration of the chain transfer agent on both polymerization rate and average
molecular weights. This study showed also that the polymerization rate as well as the average
particles diameter decreased as CTA concentration is increased.

Notations

Ad total surface area of the droplets, m2

Ap total surface area of the particles, m2

a Flory adjustment parameter, K · kg · kmol−1

ae surfactant molecular area at 50◦C, nm2

aS surface covered by one kmole of surfactant, m2 · kmol−1

bge gel coefficient of termination reaction
bgl glass coefficient of termination reaction
dd average droplets diameter, m
dmic average micelles diameter, m
dp average particles diameter, m
Dpi diffusion coefficient of the free radicals i in the particles, m2 · s−1

Dwi diffusion coefficient of the free radicals i in the aqueous phase, m2 · s−1

Ed activation energy of the initiator, J · mol−1

Ee thermal expansion factor of a surfactant molecule, K
Ep11 activation energy of butyl acrylate propagation, J · mol−1

Ep22 activation energy of styrene propagation, J · mol−1

Et11 activation energy of butyl acrylate termination reaction, J · mol−1

Et22 activation energy of styrene termination reaction, J · mol−1

Etrm11 activation energy of butyl acrylate monomer transfer, J · mol−1

Etrm22 activation energy of styrene monomer transfer, J · mol−1

f efficiency factor of initiator decomposition
faqi fraction of radicals i in the aqueous phase
fb fraction of styrene in the reactor
f0i initial molar fraction of monomer i in the reactor
Fi residual mass fraction of monomer i
h number of free radicals in particular particle
I total number of moles of initiator in the aqueous phase, kmol
Kdi partition coefficient of monomer i between the droplets and the aqueous phase
KdT A partition coefficient of the chain transfer agent between the droplets and the aqueous

phase
KdZ partition coefficient of the inhibitor between the droplets and the aqueous phase
Kpi partition coefficient of monomer i between the aqueous phase and the particles
KpT A partition coefficient of the chain transfer agent between the aqueous phase and the

particles
KpZ partition coefficient of the inhibitor between the aqueous phase and the particles
kcpi capture rate coefficient of free radicals i, m2 · kmol−1 · s−1

kd initiator decomposition constant, s−1

kdesi desorption rate coefficient of the radical ended by a monomer i, m2 · kmol−1 · s−1
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ki transfer coefficient of free radicals formed by one monomer unit i, m · s−1

kN nucleation rate coefficient, m2 · kmol−1 · s−1

kpi j propagation rate coefficient of monomer j with a free radical ended by i, m3·kmol−1·s−1

kT A,dw mass transfer coefficient of the CTA between droplets and aqueous phase, m · s−1

kT Api transfer coefficient chain transfer agent to radical i in particles, m3 · kmol−1 · s−1

kti j termination rate coefficient (radical ended by i- radical ended by j), m3 · kmol−1 · s−1

ktrmi j transfer to monomer rate coefficient (radical ended by i- monomer j), m3 · kmol−1 · s−1

kZpi inhibition rate coefficient of radicals i in the particles, m3 · kmol−1 · s−1

kZaq inhibition rate coefficient in the aqueous phase, m3 · kmol−1 · s−1

Lk kth normalised moment of the macromolecules
Mi total number of moles of residual monomer i, kmol
Mi

p total number of moles of monomer i in the particles, kmol
Mpi total mole number of monomer i in the particles, kmol
MTi total number of moles of monomer i introduced in the reactor (initial and fed to the

reactor), kmol
Mi

M molecular weight of the monomer i, kg · kmol−1

MZ
M molecular weight of the inhibitor, kg · kmol−1

MT A
M molecular weight of the chain transfer agent, kg · kmol−1

M̄n number average molecular weight, kg · kmol−1

M̄w weight average molecular weight, kg · kmol−1

mdi equilibrium constant of free radicals ended by i between aqueous and particle phases
NA Avogadro number, kmol−1

Nm total number of macromolecules, kmol
Nmic total number of moles of micelles (number of micelles/NA), kmol
Np total number of moles of particles (number of particles/NA), kmol
n̄ average number of free radicals in a particle
ñ average number of pairs of free radicals in a particle
ns number of surfactant molecules per micelle
Pi fraction of free radicals ended by a monomer unit i in the particles
Q f total feed rate of monomers, inhibitor, transfer agent and surfactant, m3 · s−1

QI f feed rate of initiator, m3 · s−1

Raq the number of moles of free radicals in the aqueous phase, kmol
Rpi the number of moles of free radicals i in the particles, kmol
Rd thermal decomposition rate of initiator in the aqueous phase, kmol · s−1

RN total micellar nucleation rate, kmol · s−1

Rp total propagation rate , kmol · s−1

RT Ap chain transfer agent consumption rate in particles, kmol · s−1

RT total termination rate, kmol · s−1

RTC total termination rate by combination, kmol · s−1

RT D total termination rate by disproportionation, kmol · s−1

Rtrm total transfer to monomer rate, kmol · s−1

RZaq inhibitor consumption rate in the aqueous phase, kmol · s−1

RZp inhibitor consumption rate in particles, kmol · s−1

RZpi inhibitor consumption rate in particles with free radicals ended by i, kmol · s−1
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Saq number of moles of surfactant in the aqueous phase, kmol
S total number of moles of surfactant in the reactor, kmol
Sd number of moles of surfactant on the droplets, kmol
Sp number of moles of surfactant on particles, kmol
Smic number of moles of surfactant in the micelles, kmol
Xove overall mass conversion
[CT A] f concentration of the transfer agent in the feed, kmol · m−3

[I] f concentration of the initiator in the feed, kmol · m−3

[Mi] f concentration of monomer i in the feed, kmol · m−3

[S ] f concentration of the surfactant in the feed, kmol · m−3

[Z] f concentration of the inhibitor in the feed, kmol · m−3

Greek letters

ωi fraction of radicals ended by monomer i formed only by one monomer unit
δ overall ratio of nucleation and capture rate coefficients
δi ratio of nucleation and capture coefficients due to monomer unit i
δmi ratio of transfer resistance in aqueous phase on overall transfer resistance of free radi-

cals ended by a monomer unit i
τ ratio of the termination rates by disproportionation and combination
ρi density of the monomer i, kg · m−3

ρpi density of the homopolymer i, kg · m−3

ρZ density of the inhibitor, kg · m−3

ρT A density of the chain transfer agent, kg · m−3

σ coefficient related to the saturation degree of the particle
λk kth normalized moment of the macroradicals
w̄ j fraction of macroradicals with a degree of polymerization j
w j fraction of macromolecules with a degree of polymerization j
χi fraction of radicals i formed by one unit of the monomer i in the particles
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Appendix A: Partition of the different species

The total volume of the aqueous phase :

Vaq = Veau + V1
aq + V2

aq + VZ
aq + VCT A

aq (.1)

The total volume of the particules :
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Vp = Vpol + V1
p + V2

p + VZ
p + VCT A

p (.2)

The total volume of the droplets :

Vd = V1
d + V2

d + VZ
d + VCT A

d (.3)

The total volume engaged in the reactor :

VR = Vaq + Vp + Vd (.4)

The partion coefficients of specie i (i = 1, 2, Z, CTA) between the different phases are defined as
follows (Gugliotta et al. (1995))

Kdi =
V i

d/Vd

V i
aq/Vaq

(.5)

Kpi =
V i

aq/Vaq

V i
p/Vp

(.6)

KpiKdi = σi (.7)

Where Kdi partition coefficient of i between the droplets and the aqueous phase, Kpi the
partition coefficient of i between the aqueous phase and the particles. σi a coefficient related to
the saturation degree of the particle (partition coefficient of the i between the droplets and the
particles.
According to Arzamendi et al. (1992), we assume that all species have the same value of the
partition coeffiecient droplets and particles (σi = σ).
Equations .5, .7 lead to the fraction of i in the droplets,

V i
d

Vd
= Kdi

V i
aq

Vaq
= σ

V i
p

Vp
(.8)

The sum of the fraction of all species gives,

V1
d

Vd
+

V2
d

Vd
+

VZ
d

Vd
+

VCT A
d

Vd
= σ

V1
p

Vp
+

V2
p

Vp
+

VZ
p

Vp
+

VCT A
p

Vp


By using equations .2 and .3 we get

1 = σ

(
Vp − Vpol

Vp

)
(.9)

Vp =

(
σ

σ − 1

)
Vpol (.10)
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On the other hand, we can write the total volume of each specie i (M1, M2, Z, CT A) in the
reactor as follows

Vi = Mi
Mi

M

ρi
= V i

d + V i
p + V i

aq (.11)

From equations .6 and .7 we get the volume of i in the droplets and the aqueous phase :

V i
d =

V i
pVdσ

Vp
(.12)

V i
aq =

V i
pVaqKpi

Vp
(.13)

Hence, the total volume of i and the fraction of i in the particle are as follows:

Vi =
V i

p

Vp

(
Vp + Vdσ + VaqKpi

)
= Mi

Mi
M

ρi
(.14)

V i
p

Vp
=

MiMi
M

ρi

(
Vp + Vdσ + VaqKpi

) (.15)

As a first approach, the total number of moles of monomer i in the particles is given by,

Mpi =
V i

pρi

Mi
M

(.16)

By using equation .15 we get the final expressions of the number of moles for the monomers,
inhibitor and CTA in the particles

Mpi =
MiVp(

Vp + Vdσ + VaqKpi

) (.17)

Zp =
VZ

pρZ

Z

=
ZVp(

Vp + Vdσ + VaqKpZ

) (.18)

For the CTA the number of moles in the particles supposed in equilibrium is as follows (for
the real number see Appendix 5)
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CT Ae
p =

VCT A
p ρCT A

CT A

=
CT A Vp(

Vp + Vdσ + VaqKpT A

) (.19)

In the same way, we get the final expressions of the number of moles for the monomers and
the inhibitor in the aqueous phase and the molar fraction of monomer i in the aqueous phase,

Maqi = KpiMpi
Vaq

Vp
(.20)

Zaq = KpzZp
Vaq

Vp
(.21)

faqi =

V1
aqρi

Mi
M∑

j=1,2

V1
aqρ j

M j
M

(.22)

=
KpiMpi∑

j=1,2
Kp jMp j

(.23)

Appendix B: CTA concentration in the particles

As a consequence of the transfer limitation of the CTA from droplets to the aqueous phase,
the concentration in particles may be below the thermodynamic concentration. Salazar et al.
(1998) derived an expression for a polymerization process under the same conditions. Accord-
ingly we can derive the real concentration (moles number) of the CTA in the particles for the
copolymerization process.
The partition coefficients under equilibrium conditions are,

KdT A =
VCT A

d /Vd

VCT A
aq /Vaq

=
[CT A]e

d

[CT A]e
aq

(.24)

KpT A =
VCT A

aq /Vaq

VCT A
p /Vp

=
[CT A]e

aq

[CT A]e
p

(.25)

KpT AKdT A =
[CT A]e

d

[CT A]e
p

(.26)

Under steady-state assumptions, the CTA’s flow across the droplets-aqueous phase interface
must be equal to the consumption by transfer to CTA in the polymer particles, and therefore
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kT A,dwAd

(
[CT A]i

aq − [CT A]aq

)
= kT A1

CT Ap

Vp
Rp1 + kT A2

CT Ap

Vp
Rp2

= [CT A]p

(
kT A1Rp1 + kT A2Rp2

)
(.27)

where kT A,dw is the mass transfer coefficient of the CTA in the droplets-aqueous phase inter-
face.
Assuming an equilibrium partition at the interfaces, we get

KdT A =
[CT A]i

d

[CT A]i
aq
�

[CT A]d

[CT A]i
aq

(.28)

and

[CT A]i
aq =

[CT A]d

KdT A
(.29)

[CT A]d � [CT A]e
d = [CT A]e

pKpT AKdT A (.30)

kT A,dwAd

(
[CT A]e

pKpT A − [CT A]pKpT A

)
= [CT A]p

(
kT A1Rp1 + kT A2Rp2

)
(.31)

By combining the different equations we finally get the real concentration and the moles
number of the CTA in the particles

[CT A]p =
[CT A]e

p

1 +
kT A1Rp1 + kT A2Rp2

kT A,dwAdKpT A

(.32)

CT Ap =
CT Ae

p

1 +
kT A1Rp1 + kT A2Rp2

kT A,dwAdKpT A

(.33)

Appendix C: Population balance

The population balance equations of the particles containing 0, 1, . . . i radical are given as
follows

d (NPυ0)
dt

= −Rcpυ0 +
RT

ñ
υ2 +

(
RZp + Rdes

) υ1

n̄
(.34)
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d (NPυ1)
dt

= RN + 3
RT

ñ
υ3 − Rcpυ1 + Rcpυ0

+
(
RZp + Rdes

) (2υ2 − υ1)
n̄

(.35)

d (NPυi)
dt

= Rcp (υi−1 − υi)

+
RT

2ñ
((i + 2) (i + 1) υi+2 − i (i − 1) υi)

+
(
RZp + Rdes

) ((i + 1) υi+1 − iυi)
n̄

(.36)

such as

∞∑
i=0

υi = 1

∞∑
i=0

iυi =

∞∑
i=1

iυi = n̄

By multiplying the equations (.34, .35, .36) by i, the sum gives :

d (NPn̄)
dt

= RN + Rcp

 ∞∑
i=1

iυi−1 − n̄


+
RT

2ñ

 ∞∑
i=0:1

i (i + 1) (i + 2) υi+2 −

∞∑
i=1:2

i2 (i − 1) υi


+

(
RZp + Rdes

)
n̄

 ∞∑
i=0:1

i (i + 1) υi+1 −

∞∑
i=1:2

i2υi

 (.37)

All terms of the equation .37 could be simplified as follows,

∞∑
i=1

iυi−1 =

∞∑
j=0

( j + 1) υ j = n̄ + 1

∞∑
i=0

i (i + 1) (i + 2) υi+2 −

∞∑
i=2

i2 (i − 1) υi

= −2
∞∑
j=2

j ( j − 1) υ j = −2ñ

∞∑
i=0

i (i + 1) υi+1 −

∞∑
i=1

i2υi =

∞∑
j=2

(
j ( j − 1) − j2

)
υ j

= −n̄
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Finally, the equation .37 becomes,

d (NPn̄)
dt

= RN + Rcp +
RT

2ñ
(−2ñ) −

(
RZp + Rdes

)
= RN + Rcp −

(
RT + RZp + Rdes

)
(.38)

In the same way, by multiplying the equations (.34, .35, .36) by i(i − 1), the sum gives :

d (NPñ)
dt

= Rcp

( ∞∑
i=2

i(i − 1)υi−1 −

∞∑
i=2

i(i − 1)υi

)
+
RT

2ñ

( ∞∑
i=0:2

i(i − 1)(i + 1)(i + 2)υi+2

−

∞∑
i=0:2

i2(i − 1)2υi

)
+

(
RZp + Rdes

)
n̄

( ∞∑
i=0:1

i (i − 1) (i + 1) υi+1

−

∞∑
i=1:2

i2 (i − 1) υi

)
(.39)

All terms of the equation .39 could be simplified as follows,

∞∑
i=2

i (i − 1) υi−1 −

∞∑
i=2

i (i − 1) υi =

∞∑
j=1

j ( j + 1) υ j

−

∞∑
j=1

j ( j − 1) υ j = 2n̄
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∞∑
i=0

i (i − 1) (i + 1) (i + 2) υi+2 −

∞∑
i=2

i2
(
i − 12

)
υi

=

∞∑
j=2

(
j ( j − 1) ( j − 2) ( j − 3) − j2 ( j − 1)2

)
υ j

=

∞∑
j=2

j ( j − 1) (( j − 2) ( j − 3) − j ( j − 1)) υ j

=

∞∑
j=2

j ( j − 1) (−4 j + 6) υ j

=

∞∑
j=2

j ( j − 1) (−4 ( j − 2) − 2) υ j

= −4
∞∑
j=2

j ( j − 1) ( j − 2) υ j − 2
∞∑
j=2

j ( j − 1) υ j

= −4˜̃n − 2ñ (.40)

such as

˜̃n =

∞∑
i=2

i (i − 1) (i − 2) υi (.41)

∞∑
i=1

i (i − 1) (i + 1) υi+1 −

∞∑
i=2

i2 (i − 1) υi

=

∞∑
j=2

(
j ( j − 1) ( j − 2) − j2 ( j − 1)

)
υ j = −2ñ

Finally, the Equation .39 becomes,

d(Npñ)
dt

= 2n̄Rcp +
RT

2ñ

(
−4˜̃n − 2ñ

)
+

(
RZp + Rdes

)
n̄

(−2ñ)

= 2n̄Rcp − RT

(
2˜̃n
ñ

+ 1
)

+ 2
ñ
n̄

(
RZp + Rdes

)
(.42)

Determination of ñ and ˜̃n

We suppose that the fraction of particles containing i radicals follows a Poisson distribution :

υi = (1 − α)
λi−1

(i − 1)!
e−λ (.43)

such as
42



α = υ0

from the other hand

∞∑
i=0

υi = υ0 +

∞∑
i=1

υi = α +

∞∑
i=1

(1 − α)
λi−1

(i − 1)!
e−λ

= α + (1 − α) e−λ
∞∑
j=0

λ j

j!

= 1 (.44)

hence

∞∑
j=0

λ j

j!
= eλ

n̄ , ñ and ˜̃n could be expressed as follows

n̄ =

∞∑
i=0

iυi

= (1 − α)
∞∑

i=0

i
λi−1

(i − 1)!
e−λ

= (1 − α)
∞∑
j=0

( j + 1)
λ j

j!
e−λ

= (1 − α)

 ∞∑
j=0

j
λ j

j!
e−λ +

∞∑
j=0

λ j

j!
e−λ


= (1 − α)

 ∞∑
j=0

j
λ j

j!
e−λ + 1


= (1 − α)

λ ∞∑
j=0

λ j−1

( j − 1)!
e−λ + 1


n̄ = (1 − α) (λ + 1) (.45)
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ñ =

∞∑
i=0

i (i − 1) υi

= (1 − α)
∞∑

i=0

i (i − 1)
λi−1

(i − 1)!
e−λ

= (1 − α)
∞∑

i=0

i
λi−1

(i − 2)!
e−λ

= (1 − α)
∞∑
j=0

( j + 2)
λ j+1

j!
e−λ

= (1 − α)
∞∑
j=0

j
λ j+1

j!
e−λ + 2λ

∞∑
j=0

(1 − α)
λ j

j!
e−λ︸                    ︷︷                    ︸

2λ(1−α)

= (1 − α)
∞∑
j=0

λ j+1

( j − 1)!
e−λ+2λ (1 − α)

= (1 − α)
∞∑

i=0

λi+2

i!
e−λ+2λ (1 − α)

= (1 − α) λ2
∞∑

i=0

λi

i!
e−λ+2λ (1 − α)

= λ2 (1 − α) + 2λ (1 − α)

ñ = (1 − α) λ (λ + 2) (.46)
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˜̃n =

∞∑
i=0

i (i − 1) (i − 2) υi

= (1 − α)
∞∑

i=0:3

i (i − 1) (i − 2)
λi−1

(i − 1)!
e−λ

= (1 − α)
∞∑

i=3

i
λi−1

(i − 3)!
e−λ

= (1 − α)
∞∑
j=0

( j + 3)
λ j + 2

j!
e−λ

= (1 − α)
∞∑
j=0

j
λ j+2

j!
e−λ + 3λ2

∞∑
j=0

(1 − α)
λ j

j!
e−λ︸                     ︷︷                     ︸

3λ2(1−α)

= (1 − α)
∞∑
j=0

λ j+2

( j − 1)!
e−λ+3λ2 (1 − α)

= (1 − α)
∞∑

i=0

λi+3

i!
e−λ+3λ2 (1 − α)

= (1 − α) λ3
∞∑

i=0

λi

i!
e−λ + 3λ2 (1 − α)

= λ3 (1 − α) + 3λ2 (1 − α)
˜̃n = (1 − α) λ2 (λ + 3) (.47)

Determination of λ
By deviding ñ by n̄ we get a second order equation as follows,

ñ
n̄

=
(1 − α) λ (λ + 2)
(1 − α) (λ + 1)

=
λ (λ + 2)
(λ + 1)

ñ
n̄

(λ + 1) = λ (λ + 2)

λ2 + λ
(
2 −

ñ
n̄

)
−

ñ
n̄

= 0 (.48)

The positive solution is :

λ =
ñ

2n̄
− 1 +

√
1 +

( ñ
2n̄

)2
(.49)

To get the expression of ˜̃n let’s divide ˜̃n by ñ
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˜̃n
ñ

=
(1 − α) λ2 (λ + 3)
(1 − α) λ (λ + 2)

=
λ2 + 3λ
(λ + 2)

By using the equation .48 we get ,

˜̃n = ñ

 ñ
n̄ + λ

(
1 + ñ

n̄

)
(λ + 2)

 (.50)
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