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Classical nonlinear vibration methods used for structural damage detection are often 
based on higher- and sub-harmonic generation. However, nonlinearities arising from 
sources other than damage – e.g. boundary conditions or a measurement chain – are a 
primary concern in these methods. This paper focuses on localisation of damage-related 
nonlinearities based on higher harmonic generation. Numerical and experimental inves-

tigations in longitudinal vibration of beams with breathing cracks are presented. 
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1. Introduction

A growing complexity of modern civil, aerospace and power-plant structures has led to development of more strict safety
regulations. In order to meet these strict regulations, reliable and cost-effective maintenance methods are required. Effective
maintenance not only improves safety, but also minimises the cost of ownership and mitigates unnecessary repairs. It is well
known that Non-Destructive Testing (NDT) is the field of engineering that addresses this important problem, assuring the
desired level of safety [1]. NDT inspections are, however, performed only at predefined time intervals and are often not
sufficient to capture the evolution of damage in monitored structures. Hence, the more recent Structural Health Monitoring
(SHM) approach is based on permanently mounted (bonded or embedded) networks of sensors used for continuous
monitoring of structures [2,3]. Among the many available approaches to SHM, methods based on nonlinear vibration/
acoustic phenomena are of special interest, gaining an increasing attention in the scientific community [4–6]. This is mainly
due to the fact that the nonlinear damage detection methods are usually more sensitive to detect small damage severities
than their linear counterparts [7–9].

Structural damages (e.g. cracks or delaminations) affect modal parameters, i.e. natural frequencies, damping and mode
shapes of monitored structures [10,11]. Therefore, vibration-based damage detection methods monitor these parameters
and relate them to possible structural damage. It is well known from theory that cracks in beams reduce stiffness locally,
leading to the reduction of lower order natural frequencies. This observation leads to various open-crack formulations, in
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which structural stiffness is decreased regardless of loading. However, in real engineering structures that are vibrated cracks
remain open only when static stresses are significantly high. Otherwise cracks can easily close during compression and open
during tension within one vibration cycle [11]. This opening–closing nonlinear crack effect – often referred to as breathing
crack – has attracted many research investigations since the early work from the 1980s [12,13]. Various analytical, numerical
and experimental studies have been performed including the work presented in [11,14–16]. The effect of open and closed
cracks on natural frequencies of beams was investigated in [12,13,17–20]. A frequency drop was shown to be smaller for
breathing – rather than for open – cracks in these investigations.

The simplest model of a breathing crack utilises a bi-linear stiffness relation that uses different elastic moduli for the open
and closed crack:

m €qþc _qþkðqÞq¼ FðtÞ (1)

where m stands for mass, c denotes damping, F is a time-dependent excitation force and stiffness k(q) can be modelled as

kðqÞ ¼
kt if qZq0
kc if qoq0

(
(2)

and q denotes the crack response, q0 is the value of the response when the crack opens or closes, kc and kt stand for
stiffnesses for closed and open crack, respectively. More accurate physical models also involve the contact of crack edges (or
faces) at non-zero velocities (contact of rough surfaces), crack-tip plasticity, friction and even temperature gradients near
crack tips [21].

The analysis of higher harmonics is a possible solution to the problem of minor frequency drop related to damage
[11,16,22–25]. Some of the signal processing techniques applied for higher harmonics analysis are based on the bi-spectrum
[26,27], time–frequency analysis [28,29] and higher order transfer function [24]. The influence of damping on the level of
nonlinearities in cracked structures and the analysis of pseudo-superharmonic resonances were investigated in [30]. Other
damage indicators based on higher harmonic generation involve the application of the nonlinear output frequency response
functions (NOFRFs) [31], Volterra-series response representation [32] and the multi-modal technique [33]. The latter
method assumes that individual vibration modes are sensitive to different crack locations. This assumption can be used for
precise location of small defects (crack depth proportional to 10 percent of specimen cross-sections). Higher harmonics in
ultrasonic responses were also investigated for damage detection, e.g. in [34]. Several FE models of beam with breathing
crack were presented in the literature. 2-D and 3-D frictional FE models of cracked beam were presented in [35,36]. The
work involved parametric studies of the effect of crack depth, position and angle on natural frequencies of a beam. Several
different configurations of cracks and positions of applied forces were investigated in [37]. The study based on a 3-D FE
model of cracked beams investigated changes in natural frequencies resulting from both free and forced vibration. Not only
FE, but also other techniques, like spectral elements method, were proposed for simulations of damage detection in cracked
structures [38].

A 2-D FE model of beam with a breathing crack was investigated in [39–41]. The excitation frequency corresponded to
harmonics and sub-harmonics of the natural frequency of the beam. Crack detection approaches based on amplitudes of
higher harmonics and sub-harmonics, excursion variations and trajectory eccentricities of the phase portrait were proposed.
Vibration responses measured at various locations on the beam in experimental studies demonstrated that sensor location
and excitation amplitude had a negligible effect on crack detection.

It appears that nonlinear longitudinal vibration of cracked beams has attracted less research effort. Longitudinal vibration
of bar with breathing cracks were investigated in a series of publications [42–44]. The dynamic compliance (receptance) is
modelled in these investigations as [42]
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where ξ¼ ωl
γ , γ ¼ ðE=ρÞð1=2Þ, l, S and E are the length, cross-sectional area and modulus of elasticity of the bar, respectively, ω

is the frequency of excitation and X stands for the absorption coefficient. This equation was transformed using a general
linear theory of integral equations for straight rods, allowing for numerical simulations based on the Matlab-Simulink
environment [42]. The analytical and numerical studies were validated by a series of experiments that utilised cracked
aluminium samples [43]. The results of simulations demonstrated generation of higher harmonics and a decrease of natural
frequencies. These nonlinear effects were dependent on crack parameters. The results also demonstrated that the intensity
of higher harmonics was a function of a distance between a response location and a crack location [43]. The conclusions on
the relation between these locations was rather general, and based on tests performed for simple experimental arrange-
ments. It is also important to note that numerical simulations, demonstrating the existence of the crack localisation effect,
were conducted only for a 1-D model in the Matlab Simulink environment. The term crack localisation effect refers to the
local increase of a nonlinearity near the crack.

The crack localisation effect was also mentioned by other authors. Experimental studies in [45–47] indicate that the
amplitude of the second harmonic is particularly strong near impact damage in composite plates. However, this effect was



Fig. 1. Schematic diagram of cracked beam with indicated positions of sensors.
only investigated experimentally. According to the authors knowledge there was no attempt to investigate the effects of
crack depth and position on the crack localisation effect in beams using FE simulations.

This paper investigates longitudinal vibrations in beams with breathing cracks. The major focus in these investigations is
on a local increase of amplitude of higher harmonics near the crack location, i.e. the crack localisation effect. Finite Element
modelling is used to study higher harmonics generation and spatial distribution in cracked beams. Even though numerous
nonlinear crack models were described in the literature [48] the crack-induced growth of nonlinearity was not investigated
numerically. This paper aims to fill this gap. Three most frequently used crack models are investigated, namely (1) higher
terms in elastic moduli, (2) bi-linear stiffness and (3) breathing crack. In these numerical investigations the distribution of
higher harmonics along the beam is studied for each model. The effect of depth, position and orientation of a single crack
and multiple cracks is investigated. The effect of friction coefficient, contact stiffness and sensor location is analysed.
Numerical simulations are validated experimentally on a set of test samples. In order to address the problem of intrinsic
nonlinearities, i.e. not related to damage, the fixed–free and free–free Boundary Conditions (BC) are investigated. This paper
attempts to answer three important questions: (1) Is it feasible to reliably detect, localise and assess the depth of a crack by
the analysis of higher harmonics? (2) If yes, which is the best position to measure nonlinear responses for crack detection?
(3) Could the damage-induced growth of nonlinearity be explained via simple crack models?
2. Numerical models of cracked beams

2.1. Finite element model of beams with cracks

A structure investigated was a 300� 25� 10 mm cantilever aluminium beam, as shown in Fig. 1. A harmonic force was
applied to a free end of the beam. The excitation frequency of 4248 Hz used corresponded to beam's first longitudinal
vibration mode. A response of the beam was investigated using the FE model developed in ABAQUS. Five different crack
locations in the beam were investigated, from the minimum distance of 50 mm to the maximum distance of 250 mm from
the free end of the beam. Numerical simulations also involved three different crack depths: 4, 6 and 8 mm. The deepest
crack investigated corresponded approximately to the 1/3 of the thickness of the beam.

Vibration responses were analysed at eight different locations alongside the beam, as shown in Fig. 1. It is important to
note that all positions for sensors were fixed with respect to the crack positions. Pairs of sensors were located 6, 30, 70 and
110 mm to the left and right from the crack.

The beam was meshed with 2-D plane-stress CPS4R elements (4-node bilinear, reduced-integration with hourglass
control). The CPS3 elements (3-node linear) were used in the case of slant cracks. The size of basic elements in the model
was 2� 4 mm. Smaller elements were employed to mesh the region around the crack. The area around the smallest 4 mm
crack investigated was meshed to guarantee at least 10 nodes for each edge of the crack. The crack itself was modelled as a
non-propagating seam crack, i.e. a face with overlapping nodes that can separate under dynamic loading applied. The
meshed beam is shown in Fig. 2a and details of crack-tip meshing are presented in Fig. 2b and c for the orthogonal and slant
cracks, respectively. The contact between edges of the crack was simulated as a general contact, i.e. a penalty formula for the
displacement between the faces of the crack was employed and friction was introduced using a classical isotropic Coulomb
friction model.

Numerical simulation results from vibration analysis of cracked beams were post-processed in MATLAB. The time length
of one simulated response was equal to 0:22 s. The first 0.07 s was a transient response and thus disregarded. Since variable
time stepping was involved, all the results were additionally linearly interpolated to achieve the final sampling frequency of
200 kHz. The spectral density investigated was equal to 7 Hz. The main focus of the studies performed was on the level of
nonlinearity associated with the generation of higher harmonics. This level of nonlinearity was investigated using ampli-
tudes of higher harmonics estimated based on acceleration response spectra. In order to assess the level of nonlinearity for
different parameters investigated, the amplitudes of higher harmonics were normalised with the amplitude of the funda-
mental frequency component. This resulted in the coefficients of nonlinearity defined as

Di�1 ¼
Hi

A1
(4)

where A1 is the amplitude of the fundamental frequency component, H is the amplitude of the generated higher harmonic
and the subscripts i¼2, 3 indicate the second and third harmonics, respectively. The coefficients of nonlinearity based on the



Fig. 3. Vibration mode shapes for: (a) intact beam; (b)–(d) cracked beams with surface cracks at different positions.

Fig. 2. Finite element model of cracked beam: (a) meshing of beam – general view; (b) zoomed mesh area around orthogonal crack; (c) zoomed mesh area
around slant crack.
amplitude of the second (i¼2) and third (i¼3) harmonics will be referred to as the first and second coefficients of non-
linearity, respectively, throughout the paper.

2.2. Linear vs. nonlinear vibration

With the developed models of the cracked beam, numerical simulations were performed to obtain vibration mode
shapes and vibration responses. This initial analysis was carried out to assess the model and confirm the nonlinear crack-
related behaviour of the beam.

2.2.1. Vibration mode shapes
The analysis of mode shapes was the first step in numerical simulations of the cracked beam. The results obtained for the

intact and cracked beams are presented in Fig. 3. Since there is no crack in the intact beam the analysed mode shape is
symmetrical with respect to its horizontal axis and, therefore, the longitudinal excitation applied leads to linear longitudinal
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Fig. 4. Calculated vibration responses captured at four different locations alongside beam: (a) intact beam; (b) cracked beam.
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Fig. 5. Examples of power spectra calculated from vibration responses captured from sensor 3: (a) intact beam; (b) cracked beam. For sensors locations see
Fig. 1.
vibration only, as demonstrated in Fig. 3a. The presence of crack breaks the symmetry, affecting mode shapes of the beam.
Although the excitation is longitudinal, both longitudinal and transverse vibration can be observed, in the cracked beams, as
demonstrated in Fig. 3b–d. The results show that the analysed mode shapes depend strongly on the location of the crack, as
expected.

2.2.2. Vibration responses
Time and frequency responses of the cracked beams were investigated in the next step. Time-domain vibration

responses are presented in Fig. 4a and b for the intact and cracked beams, respectively. The crack investigated was 8 mm
deep and located in the middle of the beam in these numerical simulations. The results in Fig. 4 are given for four different
sensors that are located between the fixed end of the beam and the crack (see Fig. 1). Linear vibration responses (or, in other
words, single harmonic waveforms) can be observed for the intact beam in Fig. 4a, as expected. The crack introduces
nonlinear multi-harmonic responses, as shown in Fig. 4b; the amplitude levels of these responses depend on the distance
between the excitation and measurement positions, as expected. This multi-harmonic (distorted) nature of responses can
also be analysed in the frequency domain; Fig. 5 shows an example of two power spectra for the intact and cracked beam.
The response data were captured by sensor 3. A clear pattern of higher harmonics can be observed in Fig. 5b for the cracked
beam, confirming the nonlinear behaviour.
3. Longitudinal vibration of beams with cracks – numerical simulation results

Once the nonlinear finite-element model of the cracked beam was built, numerical simulations were performed to
investigate the nonlinear vibration response. The focus of these investigations was on the analysis of the amplitude of higher
harmonics. This section presents the obtained results.

3.1. Effect of excitation amplitude, contact stiffness and friction

Firstly, the effect of excitation amplitude on the level of nonlinearity was investigated. The latter was assessed using the
coefficient of nonlinearity defined by Eq. (4). Typical results for a 8 mm-deep crack – located in the middle of the beam – are
given in Fig. 6. The first (based on the amplitude of the second harmonic) and second (based on the amplitude of the third
harmonic) coefficients of nonlinearity were calculated for three different amplitude levels of excitation force: 25 N, 125 N
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Fig. 6. Nonlinear coefficients for different amplitude levels of force excitation: (a) second harmonic; (b) third harmonic.
and 250 N. The left and right ends of the horizontal axes correspond to the sensors closest to the fixed and free ends of the
beam, respectively. Thus, a position on the axes of abscissa indicates a place of acquisition of the relevant responses with
respect to the crack position. The value of zero corresponds to the crack position, and the magnitudes to the left and right
from this origin indicate that responses were captured to the left and right from the crack location, respectively. All
numerical simulation results are presented in this way throughout the paper.

Strong nonlinearities – exhibited by locally increased values of the coefficients of nonlinearity – can be observed near the
fixed end of the beam and in the vicinity of the crack. The latter is visible particularly when the amplitude of the second
harmonic is investigated in Fig. 6a. Additionally, the results in Fig. 6a show that the excitation amplitude has a negligible
effect on the amplitude of the second harmonic. In contrast, the amplitude of the third harmonic is affected and increases
with the amplitude level of excitation, as shown in Fig. 6b.

The contact stiffness can be perceived as a spring, which links both crack faces that are in contact. A simple model of
rough surfaces was also used to model friction between both faces of the crack. Thus, when ideal contact between parallel
crack faces is maintained, no friction force is present. However, the results in Fig. 3 demonstrate that the crack introduces
transversal vibrations even under longitudinal excitation. Numerical simulations performed showed that the effect of
contact stiffness and friction – used in the model of the cracked beam – on the level of nonlinearity was negligible, i.e. no
significant differences of the coefficients of nonlinearity were observed when these two parameters were investigated.

3.2. Analysis of crack depth and position for orthogonal crack

The effect of crack size on the level of nonlinearity was investigated for three different crack depths: 4, 6 and 8 mm. The
results presented in Fig. 7 – for the crack located 250 mm from the free end of the beam demonstrate that the crack depth
strongly affects the nonlinear behaviour of the beam, as expected. The effect is observed for both – i.e. the first (Fig. 7a) and
second (Fig. 7b) coefficients of nonlinearity. The strongest nonlinear behaviour – exhibited by the second coefficient – was
observed for the responses captured in the vicinity of the crack. The crack localisation effect cannot be observed when the
second coefficient of nonlinearity is analysed.

Fig. 8a demonstrates the effect of the crack location on nonlinear responses. Here, the strongest nonlinear behaviour can
be observed near the crack vicinity when the crack is located closer to the fixed end (200 mm from the free end). Clearly, the
nonlinearity is enhanced and localised near the damage. The amplitude of the second harmonic decreases towards the free
and fixed ends of the beam. In contrast, when the crack is located closer to the free end of the beam, the strongest level of
nonlinearity can be observed near the fixed end of the beam.

Additionally, a beam with two cracks was studied. Two different configurations were considered: (1) 200 and 150 mm;
(2) 200 and 100 mm from the free end. The depth of all the cracks is 6 mm. The results are given in Fig. 8b. For each of
considered configurations two peaks in the amplitude of second harmonic are observed. First of these peaks is at the exactly
same location for both configurations, i.e. about 200 mm from the free end of the beam. A location of the second peak is
different for each configuration. In the first configuration, the second peak is exactly at the crack position – i.e. 150 mm from
the free end. In the second configuration, the peak is closer to the free end of a beam (about 120–130 mm from the free end,
while the crack is located 100 mm from free end). The nonlinearity coefficient is much stronger in the vicinity of the crack
located closer to the fixed end of the beam than for that closer to the free end of the beam. According to these results it
might be concluded, that the amplitude of second harmonic might be a good indicator of crack location even when there is
more than one crack in a single beam. However, precision of localisation depends on the crack position. In the investigated
scenarios, the crack was localised precisely for the first configuration, but some discrepancies were observed for the
second one.

In summary, the following observations can be made. There is no single location of sensor on the beam that would be
able to localise the crack. Several measurements on the beam are needed to achieve this goal. Generally, cracks that are
located near the fixed end of the beam enhance the nonlinear effect and, therefore, crack localisation can be achieved. The
level of nonlinearity near the crack decreases with the distance between the crack and the fixed end. In the majority of
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Fig. 7. Crack-depth study for breathing crack model (the crack was located 250 mm from the free end of the beam). Nonlinear behaviour was investigated
using (a) first coefficient of nonlinearity; (b) second coefficient of nonlinearity.
investigated models, cracks positioned closer to the fixed end (i.e. far away from the excitation) exhibit stronger nonlinear
behaviour than near the free end of the beam.

3.3. Crack depth and localisation for slant and internal crack

This section presents numerical simulation results for the nonlinear longitudinal vibration of beams with slant cracks.
Fig. 9 demonstrates the effect of orientation of the slant crack that affects the nonlinear behaviour of the beam. The
amplitude of the second harmonic for the 8-mm-long crack – located in the middle of the beam – was investigated in these
studies. The location of the slant crack refers to the position of its notch's root and its angle refers to the angle between the
crack and the top surface of the beam. The results show that the nonlinearity exhibited by the slant crack is also significantly
enhanced in the vicinity of the crack. Interestingly, the nonlinear effect near the fixed end of the beam becomes stronger
with increasing crack angles. The level of nonlinearity near the fixed end of the beam is almost the same as in the vicinity of
the crack for the perpendicular crack.
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Table 1
Numerical simulation parameters of beam.

Parameter Unit Value

Modulus of elasticity Pa 70� 109

Density kg=m3 2700
Poisson ratio – 0.33
Longitudinal stiffness kg=m 4:66� 107

Normal contact stiffness kg/m 70� 1011

First longitudinal natural frequency Hz 4248
The internal crack was also investigated in numerical simulations. The crack was located in the middle of the beam, i.e.
150 mm from the fixed end of the beam. The crack was perpendicular to the top and bottom surfaces of the beam. The
internal crack investigated was positioned symmetrically with respect to the top and bottom surfaces of the beam, i.e. the
centre of this internal crack was 12.5 mm from the top surface of the beam. Therefore, in contrast to the edge crack that
breaks the symmetry of the vibrated structure, the symmetry of the beamwith the investigated internal crack is not broken.
Two sizes of the internal crack – i.e. 6 and 8 mm – were investigated. The results – presented in Fig. 10 – demonstrate that
the internal crack introduces much weaker nonlinearities to longitudinal vibration responses of the beam. Also, in contrast
to the orthogonal and slant edge cracks investigated, crack localisation is not possible for the internal crack. The largest
amplitude of the second harmonic can be observed near the fixed end of the beam. This amplitude decreases nearly
monotonically towards the free end of the beam. The level of nonlinearity depends on the crack size, as expected.

3.4. Simplified crack modelling

Two simplified crack models were compared with the breathing crack model. Both models are based on the nonlinear
stress–strain function. Higher-order terms in the stress–strain function were considered in the first simplified model; the
bilinear elasticity was used in the second model. In order to investigate the crack localisation effect, only a small part of a
beam (in the vicinity of the crack) was modelled using a nonlinear material model. The nonlinear part of the beam was
modelled using hypoelastic material properties with the supplied nonlinear constitutive equation. The rest of the beam was
modelled using linear material properties given in Table 1. Both simplified models were built in the MSC Marc commercial
software. The beam was meshed with 2-D plane stress, full integration elements.

Results of numerical simulations for the model based on the second-order term in the stress–strain function are given in
Fig. 11. The first coefficient of nonlinearity is investigated in Fig. 11a for three different levels of input excitation. The results
show that the crack localisation effect strongly depends on the level of excitation. However, for various crack positions
investigated in Fig. 11b, the crack localisation effect is rather weak; it is not easy to locate the crack position using the first
coefficient of nonlinearity.

Numerical simulation results for crack localisation for the bi-linear model are presented in Fig. 12. The results demon-
strate that the crack can be localised using the first coefficient of nonlinearity. Thus the results based on the bi-linear
elasticity crack model are consistent with those obtained using the breathing crack model.

In summary, the simplified crack model based on the bi-linear elasticity corresponds well to the breathing crack model
(based on the contact between crack faces). Both models represent the crack localisation effect quite well when the second
coefficient of elasticity is investigated. The high level of nonlinearity in the vicinity of the crack is connected to the sudden
transition from the open to the closed crack. This sudden transition is distinctive for both – bi-linear and breathing – crack
models.
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4. Experimental validation

A series of experiments was undertaken in order to validate the numerical simulation results presented in Section 3.
Nonlinear behaviour of cracked beams was investigated for different crack depths and locations as well as different sensor
positions and boundary conditions.

4.1. Experimental set-up and procedure

The 300� 20� 10 mm beams, made of aluminium grade 6082T6, were used as test samples in all experimental
investigations. The height of the beam had to be reduced if compared with numerical simulations – to comply with the
available experimental fatigue testing facilities. Cracks were initiated in the beams using a wire-cut Electric Discharge
Machining (EMD) system. A three-point bending fatigue test was performed to propagate cracks in the beam to desired
depths. Fig. 13 shows a zoomed part of the intact and cracked beams.

The cracked beams were tested to obtain their vibration responses. The beams were either clamped or freely hanged to
maintain the fixed–free and free–free boundary conditions, respectively. The 50 mm part of one end of the beam was
clamped using a heavy hydraulic vice in the fixed–free boundary condition arrangement. A constant clamping force was
maintained in all experimental tests. Two different crack depths – 4 and 10 mm and two different crack locations 100 and
15 mm from the free end of the beam – were investigated. Altogether three vibration tests were performed, as summarised
in Table 2.

Low-profile, surface-bonded Noliac NCE5 monolayer piezoceramics discs (5 mm diameter; 1 mm thickness) were used to
measure vibration responses. Five piezoceramic sensors were bonded to the top surface of the beam (i.e. the surface where
the cracks were introduced) using Loctite 401 cyanoacrylate glue. Two sensors were bonded close to both ends of a beam,
two sensors were positioned near the crack and one sensor was bonded in the middle between the crack and the fixed end.
The beam was excited using two different sources – TMS K2007E01 electromagnetic shaker and Noliac NAC2014-A01 pie-
zoceramic multilayer plate actuator. A schematic diagram illustrating the geometry of the cracked beam and positions of
sensors/actuators is given in Fig. 14.

The positions of sensors for a beam with a crack at 100 mm from the excitation are shown in Table 3.
An EC Systems PAQ-G single-channel system was used for signal generation and data acquisition. All vibration responses

were post-processed in MATLAB to obtain response spectra and nonlinear coefficients, following the procedure described in
Section 2.



Table 2
Crack depths and positions investigated in experimental tests.

Experimental test Crack depth (mm) Crack position (mm)

1 10 100
2 4 100
3 9 150

Fig. 14. Scheme of tested beam with crack located 100 mm from excitation.

Fig. 13. Microscopic photographs of beams: (a) intact condition; (b) fatigue crack under static tension load.
4.2. Natural frequency shifts

Experimental modal analysis was performed to find natural frequencies of the beams excited using sweep sine excita-
tion. The fundamental natural frequency for the longitudinal vibration of the intact clamped beamwas found to be 4037 Hz.
This frequency reduced to 3951 Hz for the cracked beam.

A similar modal test was performed for a freely supported beam. The fundamental natural frequency for longitudinal
vibration of this beam was estimated as 8435 Hz.

Table 4 summarises crack-related changes to natural frequencies. According to the obtained data, the natural frequency
shift is higher for free–free BC for experimental test 1. In experimental test 3 the crack was located in the node of vibration
in free–free BC. This way, the natural frequency shift was higher for fixed–free, than free–free BC.

4.3. Higher harmonic generation

A series of experimental tests were performed to investigate crack-related higher harmonic generation; various
amplitude levels of excitation were used in these tests. Vibration damping in cracked beams was significantly higher than in
intact beams, resulting in much lower amplitude levels of vibration responses. In order to minimise the influence of
boundary conditions, the level of excitation amplitude was always selected to obtain similar amplitude levels of vibration
responses for the intact and cracked beams. In order to satisfy this condition, four different input amplitudes were selected,
for which the maximum amplitude of vibration responses for the first longitudinal vibration mode captured by sensor
4 reached the levels of 0.5, 2.0, 5.0 and 7.5 V, respectively.

In order to compare the results obtained for different input amplitudes, the coefficient of nonlinearity was calculated
using Eq. (4). Crack-related higher harmonic generation was investigated not only for different excitation amplitudes but
also for different crack depths and locations as described in Section 4.1.

Three initial response measurements were taken in each experimental test in order to assess the repeatability of the
results. Those measurements will be referred to as measurements 1,2 and 3, respectively. The beams were disassembled after
each measurement.

The probability of crack detection was assessed on the basis of a worst case scenario measurements – i.e. considering the
highest amplitudes found for intact beams, and the lowest amplitudes found for cracked beams.



Table 3
Position of sensors (distance from excitation) for beam with crack at 150 mm from excitation.

Sensor no. 1 2 3 4 5

Distance from excitation point (mm) 15 75 135 165 235

Table 4
Frequency shifts due to fatigue cracks.

Experimental test Boundary condition Natural frequency shift (Hz) Shift (%)

1 Fixed–free, shaker excitation 86 2.1
1 Fixed–free, piezo excitation 89 1.94
1 Free–free, piezo excitation 330 3.91
3 Fixed–free, shaker excitation 106 2.63
3 Free–free, piezo excitation 81 0.96
2 Fixed–free, shaker excitation 66 1.63
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Fig. 15. Repeatability study, each consisting of 3 measurements: (a) intact beam; (b) cracked beam in experimental test 1, as described in Table 2. The
position of the crack is marked with a vertical, solid black line.
4.3.1. Crack detection
In the first test, the cracked beam in experimental test 1 was compared with the intact beam. The repeatability study for

this comparison is shown in Fig. 15. According to the presented results the crack presence might be detected only at the
sensor near the free end of a beam. At the remaining sensor, amplitudes of second harmonic might be lower at cracked, than
at intact, beam.

It should be also stressed that the repeatability in results obtained for cracked beam is poor only if amplitude at single
sensor is taken into consideration. The repeatability is much better if, instead of amplitude alone, its distribution along the
beam is taken into consideration. In each measurement the second harmonic is low between the clamped end of a beam and
crack. Once the crack position is exceeded, the nonlinearity level increases (i.e. at sensors 85, and 15 mm from the free end
of a beam).

It has been investigated whether the second harmonic increases near the free end of a beam also in other experimental
tests. Results are shown in Fig. 16. In both experimental test 2 (Fig. 16a) and experimental test 3 (Fig. 16b), the significant
increase of second harmonic near the free end of a beam was observed.

There are pronounced differences between results obtained in simulations and in experiments. In the former, the
nonlinearity was high near the fixed end of a beam, while no increase at the free end was observed.
4.3.2. Crack localisation
Localisation of the crack is not possible on the basis of amplitude of harmonics, measured at a single location, alone, as

was shown in the previous section. According to Figs. 15 and 16, the potential growth of nonlinearity in the vicinity of the
crack is masked by a very high amplitude of harmonics near the excitation end.

In Fig. 17 the nonlinearity coefficients calculated for sensors located 75–230 mm from the free end of the beam are
shown (i.e. without the sensor mounted at the free end of the beam). Results of repeatability tests performed for the beam
in experimental test 1 are shown in Fig. 17a, and for the beam in experimental test 3 in Fig. 17b. In those configuration the
crack position is different (Table 3).

Although the amplitudes are similar for both tests, there are differences in distribution of higher harmonics amplitude
along the beam. The results in Fig. 17a show that the level of nonlinearity started to increase near the crack (i.e. 100 mm
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Fig. 16. First nonlinearity coefficient for intact and cracked beam in (a) experimental test 2; (b) experimental test 3, as described in Table 2. The position of
the crack is marked with a vertical, solid black line at each plot.
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Fig. 17. Repeatability study, each consisting of 3 measurements: (a) cracked beam in experimental test 1; (b) cracked beam in experimental test 3, as
described in Table 2. In each plot, a single measurement performed on intact beam is shown. The position of the crack is marked with a vertical, solid black
line at each plot.
from the free end of the beam) when the test 1 was performed. Such a trend is clear even in measurement 2, where the
amplitudes of second harmonics are at the similar level, as in the intact beam.

Similar but slightly weaker-behaviour can be observed in the experimental test 3 (the crack positioned 150 mm from the
fixed end, Fig. 17b). There are, however, differences between the consecutive measurements in test 3. Namely, in the
measurement 2 the extent of nonlinearity starts to increase at the crack location and continues to the free end of the beam.
In the two remaining measurements, there is a decrease of nonlinearity at about 100 mm from the excitation point.
However, in all three measurements the increase of nonlinearity just before the crack was observed.
5. Conclusions

Nonlinear, longitudinal vibration of beams with breathing cracks was investigated. The study was focused on modelling
of crack-induced, localised growth of nonlinearity, i.e. the so-called crack localisation effect. Various crack models were
analysed, including those based on the second order term in elastic moduli, bi-linear stiffness and breathing crack.
Numerical simulations were performed using two-dimensional finite elements. Simulation results were validated experi-
mentally using aluminium cracked beams. Various crack depths, locations and boundary conditions were investigated. The
main focus of the work presented was on crack localisation.

The obtained results demonstrate that crack localisation based on higher harmonic generation is possible when long-
itudinal vibration of beams is investigated: the amplitude of higher harmonics increases in the vicinity of the crack.
Numerical simulation results show that this crack localisation effect is particularly strong when the breathing and bi-linear
elasticity crack models are used. The results also revealed strong nonlinear effects in the region of the fixed end of the beam.
The experimental results also demonstrated that the level of nonlinearity depended on a sensor location. However, the latter
dependence is not as simple as in numerical simulations.

The numerical FE model of the breathing crack was capable to capture most of nonlinear phenomena found in the
experiments. However, the localisation effect was much weaker in the experiments than in numerical simulations. The
actual distribution of amplitude of higher harmonics alongside the beam, found in the experimental investigations, was not
captured properly by any of the tested FE models. The model based on the second order elastic term was the only one
capable to reflect properly the relation between the excitation amplitude and the measured level of nonlinearity.



In summary, the most important conclusions that can be drawn from the presented work are:

� The FE model of beams with breathing cracks revealed that the strongest crack localisation effect was based on second
harmonic generation.

� The strongest crack localisation effect was observed in experiments when the fixed–free boundary conditions were
investigated.

� Crack detection in cantilever beams is only possible when nonlinear vibration is investigated near their free (excited) end.
� Longitudinal vibration amplitudes of higher harmonics enables the detection of cracks experimentally only if the exci-

tation level is high enough to start the crack closing-opening action.

Although the presence of crack localisation effect was confirmed in experiments, its level was very low. For complex
structures, there is a need for further investigation which includes non-contact measurements or optimal deployment of the
sensors. It should be, however, noted that in the longitudinal vibration the level of crack perturbation was much smaller
than in the transversal vibration studied in previous investigations. Therefore further work should focus on transversal
vibration of beams. Also, FE modelling of beams with breathing crack should be further developed in order to properly
represent the experimental results.
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