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a b s t r a c t 

The aim of this paper is to propose an analytical model of chip formation for precise prediction of orthogonal 
cutting of Ti6Al4V. This alloy is used broadly in aerospace components; hence, prediction of thermomechanical 
parameters of its orthogonal cutting is crucial for various industrial applications. The suggested analytical model 
needs only cutting parameters and tool geometry as input; it can predict not only cutting forces but also main 
features of a primary shear zone and a tool-chip interface. A non-equidistant shear zone model is employed to 
calculate shear strains and a shear strain rate in the primary shear zone, and a simplified heat-transfer equation 
is used for temperature. A Calamaz-modified Johnson–Cook material model that accounting for flow softening 
at high strains and temperature-dependent flow softening is applied to assess shear stresses in the primary shear 
zone. In addition, a shear-angle solution is modified for Ti6Al4V. At the tool-chip interface, a contact length, 
equivalent strain and an average temperature rise are defined. Besides, the effect of sliding and apparent friction 
coefficients is investigated. For a sawtooth chip produced in the cutting process of Ti6Al4V, the segmented- 
chip formation is analysed. A chip-segmentation frequency and other parameters of the sawtooth chip are also 
obtained. The predicted results are compared with experimental data with the cutting forces, tool-chip contact 
length, shear angle and chip-segmentation frequency calculated with the developed analytical model showing a 
good agreement with the experiments. Thus, this analytical model can elucidate the mechanism of the orthogonal 
cutting process of Ti6Al4V including predictive capability of continuous and segmented chip formation. 
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. Introduction

Modelling of chip formation in metal cutting has been of interest to
esearchers and engineers for decades. This interest stems from the need
o understand the effect of machining on a workpiece in terms of residual
tress induced, surface characteristics, etc. An adequate analytical model
or orthogonal cutting could provide benefits in revealing mechanisms
f the cutting process as end-users may easily assess machining quality
ithout having to conduct expensive and time-consuming physical or

omputational experiments. 
Titanium alloys, such as Ti6Al4V, is commonly used in aerospace

nd biomedical applications thanks to their high mechanical, fatigue
nd corrosion resistances. However, it is a difficult-to-machine material
ith complicated chip formation that should be assessed accurately. 

Oxley [1] summarized several representative models developed to
nalyse an orthogonal cutting process; a shear-plane model of Ernst and
erchant [2] , a slip-line field model of Lee and Schaffer [3] , a non-

quidistant shear-zone model of Tounsi et al. [4] and some other. Adibi-
∗ Corresponding author. 

E-mail address: ronglei@hust.edu.cn (R. Sun).
edeh [5] and Lalwani et al. [6] extended these models to a broader class
f materials by incorporating a Johnson-Cook [7] material model; as a
esult, forces, temperatures and stress fields at primary shear zone can
e obtained. 

Contact mechanics is of great importance for machining. To this end,
everal solutions were developed to characterize complexity of a tool-
hip interface, namely, pure sliding contact, pure sticking contact, or a
ombination of both. Özel [8] compared five different friction models
nd found that variable friction models should be more effective. Zorev
9] observed the distributions of normal pressure and shear stresses on a
ake face, and proposed a broadly used scheme with a sticking zone and
 sliding zone distributed away from a tool tip along its rake face. Childs
10] verified this model with a quick-stop test. Özel et al. [11] modified
emperature models suggested by Oxley to evaluate average tempera-
ure of a tool-chip interface and proposed a methodology to determine
ow stress by considering simplified friction characteristics. Ozlu et al.
12] analysed the sticking and sliding friction regimes quantitatively
ith cutting and non-cutting tests. Then, Molinari et al. [13] studied

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijmecsci.2017.08.054&domain=pdf
mailto:ronglei@hust.edu.cn


c  

c  

[
H
n

 

c  
Nomenclature 

A, B, C, n, m, a, b, d, r and s material constants of consti- 
tutive model 

A 1 , A 2 , 𝜅1 , 𝜅2 , 𝜍 1 , 𝜍 2 , 𝜍 3 , 𝜂1 and 𝜂2 constants 
C p thermal capacity 
f seg chip-segmentation 

frequency 
F friction force 
F c cutting force 
F t thrust force 
F s shear force 
h thickness of shear zone 
h l chip thickness at local shear 

deformation 
H maximum thickness of saw- 

tooth chip 
k non-equidistant shear coeffi- 

cient 
𝑘 int shear flow stress in sec- 

ondary shear zone 
K thermal conductivity of 

workpiece 
L C tool-chip contact length 
L P contact length of sticking 

zone 
p 0 pressure on tool tip 
p c distance of sawtooth chip 

segmentation 
p sb shear band projection 
p ( y c ) pressure distribution at tool- 

chip interface 
q non-uniform distribution of 

tangential velocity in pri- 
mary shear zone 

R T non-dimensional thermal 
number 

t c chip thickness 
t u undeformed chip thickness 
T instantaneous temperature 

of workpiece material 
T EF temperature at exit of pri- 

mary shear zone 
𝑇 int average temperature at tool- 

chip interface 
T m 

melting temperature 
T r room temperature 
V cutting velocity 
V c chip velocity 
V s shear velocity 
w width of cutting 
x, y, z coordinate system ℜ : x is 

parallel to cutting velocity, 
y is parallel to feed and z is 
along width of cutting 

x s ,y s ,z s coordinate system ℜ s : x s is 
parallel to shear band, y s is 
perpendicular to shear band 
and z s is along width of cut- 
ting 

x c ,y c ,z c coordinate system ℜ c : x c 
is perpendicular to tool-chip 
interface, y c is parallel to 
d  
tool-chip interface and z c is 
along width of cutting 

𝛼 rake angle 
𝛾 shear strain in primary shear 

zone 
�̇� shear strain rate in primary 

shear zone 
�̇�0 initial shear strain-rate in 

primary shear zone 
𝛾AB shear strain at primary shear 

plane AB 

𝛾int shear strain at tool-chip in- 
terface 

�̇�int shear strain rate at tool-chip 
interface 

�̇�𝑚 maximum shear strain-rate 
in primary shear zone 

𝛾M 

maximum shear strain at 
tool-chip interface 

𝛿 thickness ratio of secondary 
shear zone to chip 

𝛿sb shear band thickness 
ΔT C average temperature rise in 

chip 
ΔT M 

maximum temperature rise 
in chip occurring at interface 

�̇� 0 initial strain-rate in sec- 
ondary shear zone 

𝜀 int strain at tool-chip interface 
�̇� int strain rate at tool-chip inter- 

face 
𝜁 Taylor-Quinney coefficient 
𝜆 mean friction angle 
𝜆h chip compression ratio 
𝜇a apparent (i.e. global) friction 

coefficient 
𝜇sl sliding friction coefficient 
𝜉 pressure-distribution expo- 

nent 
𝜌 workpiece density 
𝜏 shear flow stress in primary 

shear zone 
𝜏AB shear stress at primary shear 

plane AB 

𝜏int shear stress at tool-chip in- 
terface 

𝜏psz shear stress at exit of pri- 
mary shear zone (equal to 
shear stress of shear band EF 
𝜏EF ) 

𝜏sy shear yield stress of material 
𝜙 shear angle 
𝜙saw sawtooth shear angle 
𝜓 partition coefficient of ΔT M 

to tool-chip interface 

omprehensively a link between local parameters and overall friction
haracteristics with numerical and analytical models. Besides, Bahi et al.
14] introduced a transition zone between sliding and sticking zones.
owever, a simplified model considering main friction characteristics is
eeded.

Another challenge is an understanding of chip segmentation in ma-
hining of Ti6Al4V. Periodic shear bands in a chip are observed to form
ue to adiabatic shear behaviour. Formation of sawtooth chips is re-



Fig. 1. Schematic diagrams of non-equidistant shear zone model.
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Table 1

Parameters of Calamaz-modified Johnson–Cook material model for Ti6Al4V alloy.

Parameters A B n C m

a
Mayer and Kleponis [30] 862.5 331.2 0.34 0.012 0.8

Parameters b d r s

0.5
Sima and Özel [32] 5 1 2 0.05
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ponsible for fluctuations of cutting forces observed in machining. To
ate, few studies theoretically analysed chip segmentation with com-
lex morphology. Dinzart et al. [15] studied a structure of adiabatic
hear bands in thermo-viscoplastic materials. Molinari et al. [16] dis-
ussed a shear-band width and a chip-segmentation frequency and pro-
osed an approximated relationship. A thermomechanical shear insta-
ility model considering several heat sources was presented by Hou et al.
17] . Some studies used numerical modelling such as finite-element
chemes [18,19] to study these phenomena. Hua and Shivpuri [20] per-
ormed implicit, Lagrangian, non-isothermal rigid–viscoplastic finite-
lement simulations to analyse cracks in chip segmentation. Ducobu
t al. [21] assessed chip formation in Ti6Al4V with a numerical model
nd estimated a teeth-formation frequency. Miguélez et al. [22] and
iu et al. [23] analysed the influence of cutting velocity and feed
n chip-segmentation frequency and compared their numerical results
ith experiments. To the best of authors ’ knowledge, no analytical
odel has been proposed for segmented-chip formation that can pre-
ict adequately geometrical features of sawtooth chips and the chip-
egmentation frequency.

In this study we intend to establish an analytical model for orthog-
nal cutting allowing relatively simple and accurate predictions of chip
ormation in Ti6Al4V. In Section 2 , numerical modelling of a primary
hear zone is introduced. Friction and tool-chip contact conditions are
tudied in Section 3 . By selecting a shear angle from the tool-chip in-
erface, parameters of both primary shear zone and tool-chip interface
an be predicted. In Section 4 , a model for chip segmentation is pro-
osed based on analysis of geometry and stress-strain states in a saw-
ooth chip. The results predicted with the developed analytical model
re compared with the experimental data in Section 5 . 

. Modelling of primary shear zone

Modelling deformations in a shear zone of a workpiece in machining
s challenging. The non-equidistant shear-zone model of a primary shear
one (PSZ) was proposed by Tounsi et al. [4] , based on the parallel-sided
hear zone model [1] . The model shows that the shear zone is divided
nto narrow and wide areas; this was validated by Astakhov et al. [24] .
any researchers [25-27] used this model to predict cutting forces. As

hown in Fig. 1 , the primary shear zone is a straight band of thickness h
i.e. the region between the inlet boundary CD and the outlet boundary
F), which is divided by the proportion k . And the main shear plane AB,
he inlet shear plane CD and the outlet shear plane EF are parallel. Two
oordinate systems are defined, ℜ = { o , 𝑥, 𝑦, 𝑧 } and ℜ = { o , 𝑥 , 𝑦 , 𝑧 } . 
𝑠 𝑠 𝑠 𝑠 
The cutting tool is assumed to be rigid with a sharp edge and rake
ngle 𝛼. The undeformed chip thickness and its final magnitude are de-
oted with t u and t c respectively. The cutting velocity V , chip velocity
 c and shear velocity V s constitute a triangle as shown in Fig. 1 . 

To calculate flow stress in the PSZ, the Johnson–Cook [7] mate-
ial model is widely used. Parameters for this model can be identi-
ed with Split–Hopkinson pressure bar tests, or cutting tests, as Lee
nd Lin [28] for Ti6Al4V. The strain rates range from 0.0001 s − 1 

o 3000 s − 1 with temperature up to 1200 °C, the maximum plastic
train is 0.6 mm/mm [28–30] with no consideration for strain-softening.
alamaz et al. [31] modified the Johnson-Cook model by including
emperature-dependent flow softening at high strains, so shear stress
can be expressed as follows: 

𝜏 = 

1 √
3 

⎡ ⎢ ⎢ ⎢ ⎣ 𝐴 + 𝐵 

( 

𝛾√
3 

) 𝑛 ⎛ ⎜ ⎜ ⎜ ⎝ 
1 

exp 
((

𝛾∕ 
√
3 
)𝑎 )⎞ ⎟ ⎟ ⎟ ⎠ 

⎤ ⎥ ⎥ ⎥ ⎦ 
[ 
1 + Cln 

�̇�

�̇�0 

] 

×
[ 
1 − 

( 

𝑇 − 𝑇 𝑟

𝑇 𝑚 − 𝑇 𝑟 

) 𝑚 ] [ 
𝐷 + ( 1 − 𝐷 ) 

[ 
tanh 

( 

1 
( 𝛾 + 𝑝 ) 𝑟 

) ] 𝑠 ] 
,

 = 1 − 

( 

𝑇

𝑇 𝑚 

) 𝑑 

, 𝑝 = 

( 

𝑇

𝑇 𝑚 

) 𝑏 

, (1)

here the unknown parameters A, B, C, n and m of the Johnson-Cook
aterial model are obtained from the work of Mayer and Kleponis [30] ,
here the strain rates ranged from 0.0001 s − 1 to 2150 s − 1 with a strain
p to 0.57 mm/mm. Other material constants b, d, r and s are chosen
rom Sima and Özel [32] , where the experimental data for A, B, C, n and
 was obtained by Lee and Lin [28] with lower experimental strains. The
arameter b affects the peak flow stress in the temperature-dependent
ow softening part, while the parameter d controls an extent of tem-
erature dependency of parameter D . The parameter r controls thermal
oftening and the trend of softening; the parameter a determines the
ow softening at high strains in the strain-hardening part; it is chosen
s 0.5. The parameters of the Calamaz-modified Johnson–Cook material
odel for Ti6Al4V alloy are shown in Table 1 . The room temperature
 r was 20 °C, and the melting temperature T m 

is 1660 °C. 
In the non-equidistant shear zone model, the levels of shear strain 𝛾

nd shear strain rate �̇� can be calculated from [33] : 

̇ = 

⎧ ⎪ ⎨ ⎪ ⎩ 
�̇�𝑚 

[ (1 − 𝑘 ) ℎ ] 𝑞 
[
𝑦 𝑠 + ( 1 − 𝑘 ) ℎ 

]𝑞 
, 𝑦 𝑠 ∈ [ − ( 1 − 𝑘 ) ℎ, 0 ] , 

�̇�𝑚 

( 𝑘ℎ ) 𝑞 
( 𝑘ℎ − 𝑦 𝑠 ) 𝑞 , 𝑦 𝑠 ∈ [ 0 , 𝑘ℎ ] , 

(2)

= 

⎧ ⎪ ⎨ ⎪ ⎩ 
�̇�𝑚 

( 𝑞 + 1) 𝑉 sin 𝜙[ (1 − 𝑘 ) ℎ ] 𝑞 
[
𝑦 𝑠 + ( 1 − 𝑘 ) ℎ 

]𝑞+1 
, 𝑦 𝑠 ∈ [ − ( 1 − 𝑘 ) ℎ, 0 ] , 

− 

�̇�𝑚 ( 𝑘ℎ − 𝑦 𝑠 ) 𝑞+1

( 𝑞 + 1) 𝑉 sin 𝜙( 𝑘ℎ ) 𝑞 
+ cos 𝛼

cos ( 𝜙 − 𝛼) sin 𝜙
, 𝑦 𝑠 ∈ [ 0 , 𝑘ℎ ] , 

(3)

̇ 𝑚 = 

( 𝑞 + 1) 𝑉 𝑠 
ℎ

= 

( 𝑞 + 1) 𝑉 cos 𝛼
ℎ cos ( 𝜙 − 𝛼) 

, (4)

 = 

sin 𝜙 sin ( 𝜙 − 𝛼)
cos 𝛼

, (5)

here �̇�𝑚 is the maximum shear strain-rate on AB, q is the non-uniform
ower-law distribution of tangential velocity in the primary shear zone;
t is assumed that q = 3 for low-velocity cutting [25] . The shear angle



Fig. 2. Fields of shear strain, shear strain rate and temperature in primary shear zone, ( 𝑉 = 120 m∕ min , 𝑡 𝑢 = 0 . 1 mm ). 
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Fig. 3. Experimental shear-angle results [1,36–38] .
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s represented by 𝜙. Thickness of shear zone h was proposed by Grzesik
34] as

 = 

𝑡 𝑢 

10 sin 𝜙
. (6)

In the PSZ, the shear zone may be regarded as a heat source, where
nstantaneous temperature T can be calculated from a well-known heat
ransfer equation [25] . A diffusion term can be ignored because of a high
emperature and a small spatial scale in the shear zone. In a steady state,
he derivative of temperature is zero. Thus, the heat transfer equation
an be simplified with only convective and heat source term as 

𝑑𝑇

𝑑 𝑦 𝑠 
= 

𝜁𝜏�̇�

𝜌𝐶 𝑝 𝑉 sin 𝜙
, (7)

here 𝜁 is the Taylor-Quinney coefficient, 𝜌is the workpiece density, C p 

s its thermal capacity. A temperature distribution in the shear zone can
e obtained by integrating over y s . 

Ignoring minor variations of length of AB, CD and EF in the narrow
hear zone, the shear strain, shear strain rate and temperature field can
e calculated from Eqs. (2) –(7) ( Fig. 2 ). The maximum shear strain-rate
ppears in primary shear plane AB, with the shear strain and temper-
ture increasing from CD to EF with the movement of material from
ndeformed workpiece to the deformed chip. 

To solve the equation, the shear angle 𝜙 should be defined. Moufki
t al. [35] proposed a model for the shear angle model as: 

= 𝐴 1 + 𝐴 2 ( 𝛼 − 𝜆) , (8)

here 𝜆 is the mean friction angle at the tool-chip interface (discussed
n Section 3 ), A 1 and A 2 are material constants to be identified in ex-
eriments. 

Two additional equations were broadly used for many types of mate-
ials to represent the relationship between 𝜙, 𝛼 and the apparent friction
ngle 𝜆. Ernst and Merchant [2] and Lee and Shaffer [3] proposed shear-
ngle relations successively as: 

= 

𝜋

4 
+ 

𝛼 − 𝜆

2 
, (9)

= 

𝜋

4 
+ 𝛼 − 𝜆. (10)

However, these two solutions are not applicable to all materials. 
Fig. 3 shows experimental results for the shear angle in aluminium

lloys, brass and titanium alloy. Straight line I represents the relation
btained from the model by Ernst and Merchant (i.e. Eq. (9) ) and line
I represents the relation based on the model by Lee and Shaffer (i.e.
q. (10) ). Both models predict the response of 2024-T4 and 6061-T6
luminium alloys reasonably well. However, predictions for alpha brass
nd Ti6Al4V alloy are poor. Experimental results for Ti6Al4V used here
re from Cotterell and Byrne [36–38] . A least-square fit of the data was
arried out; it is represented by line III. This fitted line may now be
sed to establish the relation between 𝜙 and 𝛼 − 𝜆 in Eq. (8) , from which
aterial constants A 1 and A 2 were obtained as 61° and − 1, respectively.

. Analytical model for tool-chip interface

Here, the dual-zone modelling approach is implemented to represent
he shear-zone mechanics between the chip and the rake face the tool
39] . Essentially, the tool-chip interface is divided into a sticking zone
nd a sliding zone as shown in Fig. 4 . In the former, a tool-chip contact
ondition is assumed to be of plastic deformation due to high normal
ressure exerted on the tool, with the contact length L P . Consequently,
he contact condition is assumed to be elastic in the sliding zone with a
ontact length of L C − L P , where L C is the total tool-chip contact length.
nother coordinate system ℜ 𝑐 = { o , 𝑥 𝑐 , 𝑦 𝑐 , 𝑧 𝑐 } is defined, where y c is in

he direction of tool-chip interface from the tool tip and x c is perpen-
icular to the tool-rake face. Thus, the direction of x c has an inclination
− 𝛼 to shear band AB. 

As shown in Fig. 4 , the secondary shear zone (SSZ) has a length of
 and thickness of 𝛿t , where 𝛿 is a thickness ratio assumed to be 0.05
P c 



Fig. 4. Illustration of tool-chip interface.

a  

c

𝑡

 

f  

t  

B  

d  

b

𝑝

w  

f  

e

𝑝

w  

s  

o  

t

 

p

𝐿

 

[

𝐿

 

i  

T  

T
 

t  

I  

c

𝜇

𝐿

w  

t
 

c  

f  

c  

w  

m  

t  

s  

n  

a  

d
 

f

𝜏

w  

d  

F

𝐹

w
 

z  

t

𝜀

𝜀

w  

𝐿  

s  

[
S
s
d  

t  

a  

𝜅

𝑇

w
i  

𝜓  

d  

t  

d  

t  

r

l

w  
ccording to the study by Mathew and Oxley [40] . The chip thickness
an be expressed as 

 𝑐 = 𝑡 𝑢 
cos ( 𝜙 − 𝛼)

sin 𝜙
. (11)

The chip velocity V c is assumed to be uniform in the chip except
or the region spanning the SSZ, where the chip velocity decreases in
he − x c direction, with the chip velocity vanishing at the sticking zone.
esides, several experimental results showed that the normal pressure
ecreased along the tool’s rake face [41,42] . Thus, the pressure distri-
ution p ( y c ) at the tool-chip interface is assumed to be 

 

(
𝑦 𝑐 
)
= 𝑝 0

( 

1 − 

𝑦 𝑐

𝐿 𝐶 

) 𝜉

, (12)

here p 0 is the pressure on the tool tip. The coordinate y c is the distance
rom the tool tip along the tool-chip interface. The pressure-distribution
xponent 𝜉 is assumed as 2 according to Childs et al. [43] . 

Based on chip equilibrium [35] , p 0 may be expressed as 

 0 = 4 1 + 𝜉

2 + 𝜉

cos 2 𝜆
sin ( 2 ( 𝜙 + 𝜆 − 𝛼) ) 

𝜏𝑝𝑠𝑧 , (13)

here 𝜏psz is the magnitude of shear stress at the exit of the primary
hear zone. Thus, 𝜏psz equals to the shear stress of the shear band EF 𝜏EF ,
btained in Section 2 . The global friction angle, 𝜆, can be calculated as
an − 1 𝜇a , where 𝜇a is the apparent (i.e. global) friction coefficient.

The tool-chip contact length is determined using the relation pro-
osed by Oxley [1] , the final relation is given by 

 𝐶 = 𝑡 𝑢 
sin ( 𝜙 + 𝜆 − 𝛼)
sin 𝜙 cos 𝜆

( 

2 
3 
+ 

1 + 2 ( 𝜋∕4 − 𝜙) 
3 tan ( 𝜙 + 𝜆 − 𝛼) 

) 

. (14)

Another relation for L C [35] was widely used for many materials
12,44] : 

 𝐶 = 𝑡 𝑢 
2 + 𝜉

2 
sin ( 𝜙 + 𝜆 − 𝛼) 
sin 𝜙 cos 𝜆

. (15)

However, the studies indicate that the tool-chip contact length
n Eq. (15) overestimates the results experimentally determined for
i6Al4V irrespective of the choice of 𝜉. Eq. (14) is more suitable for
i6Al4V than Eq. (15) to predict L C as shown in Section 5 . 

The relationship between the apparent friction coefficient 𝜇a and
he sliding friction coefficient 𝜇sl is obtained by Budak and Ozlu [39] .
n our proposed model, for a given initial value of 𝜇a , the sliding friction
oefficient 𝜇sl and the length of sticking zone L P can be calculated as 

𝑠𝑙 = 

𝜏𝑠𝑦

𝑝 0 

1 [ 
1 − 

1
𝜉

( 

𝜇𝑎 𝑝 0
𝜏𝑠𝑦

− 1
) ] 𝜉 , (16)
d  
 𝑃 = 𝐿 𝐶 

( 

1 − 

( 

𝜏𝑠𝑦

𝑝 0 𝜇𝑠𝑙 

) 1∕ 𝜉
)
, (17)

here 𝜏sy is the shear yield stress of the material, which is also equal to
he shear stress at the exit of the primary shear zone 𝜏EF . 

The calculated values of the contact length and friction at the tool-
hip interface are shown in Fig. 5 (a) for different cutting speeds and
eeds (i.e. the same value of undeformed chip thickness t u ). The tool-
hip contact length L C and sticking contact length L P decrease slowly
ith cutting speed and increase with feed. Obviously, the feed has a
ore significant effect on L C than on L P . It can also be seen in Fig. 5 (b)

hat the apparent and sliding friction coefficients decrease with cutting
peed, and both decrease with increasing feed rate. Another crucial phe-
omenon is the fact that the sliding friction coefficient is larger than the
pparent friction coefficient in different cutting conditions, was vali-
ated by Ozlu et al. [12] . 

The shear stress at the tool-chip interface 𝜏int is obtained from the
ollowing equation: 

int =
𝐹

𝐿 𝐶 𝑤 

= 

𝐹 𝑠 

𝐿 𝐶 𝑤 

sin 𝜆
cos ( 𝜙 + 𝜆 − 𝛼) 

, (18)

here F is the friction force at the tool-chip interface, which can be
etermined from the geometric relations for the primary shear zone [1] ;
 s is the shear force along shear plane AB, which is evaluated using 

 𝑠 = 

𝑤 𝑡 𝑢 𝜏𝐴𝐵

sin 𝜙
, (19)

here 𝜏AB is the shear stress at the primary shear plane AB. 
At the tool-chip interface, the SSZ is assumed to be a rectangular

one of thickness 𝛿t c . The equivalent maximum strain rate is given by
he von Mises criterion: 

̇  int = 

�̇�int √
3 
= 

𝑉 𝑐 √
3 𝛿𝑡 𝑐 

. (20)

The equivalent strain at the tool-chip interface is expressed as 

 int = 

𝛾int√
3 
= 

𝜅1 𝛾𝐴𝐵 + 𝜅2 𝛾𝑀√
3 

, (21)

here 𝛾AB is the shear strain at the primary shear plane AB, 𝛾𝑀 

(=
 𝐶 ∕ 𝛿𝑡 𝑐 ) is the maximum shear strain at the tool-chip interface. The

hear-strain coefficients 𝜅1 and 𝜅2 are chosen as 2 and 0.5, respectively
6] . However, the numerical modelling of orthogonal cutting based on
ima and Özel [32] was carried out for Ti6Al4V; Fig. 6 (a) shows the
train field in the process zone. The numerical model was validated with
ata from orthogonal cutting experiments with Ti6Al4V at different cut-
ing conditions and in our prior studies [45,46] as well. In the SSZ, the
verage equivalent strain is ∼3. Based on this, the coefficients 𝜅1 and

2 were modified to 2 and 0.2, respectively, to fit this material. 
The average temperature at the tool-chip interface is calculated as 

 int = 𝑇 𝐸𝐹 + 𝜓Δ𝑇 𝑀 

, (22)

here T EF is the temperature at the exit of the primary shear zone, ΔT M 

s the maximum temperature rise in the chip occurring at the interface,
 is the partition coefficient of ΔT M 

to the tool-chip interface. In ad-
ition, ΔT M 

can be obtained by assuming a rectangular heat source at
he interface as suggested by Boothroyd [47] . Considering the effect of
ifferent materials on a temperature rise, the relationship between ma-
erial properties, tool-chip geometrical dimensions and a temperature
ise may be modified as 

og 10
( 

Δ𝑇 𝑀 

Δ𝑇 𝐶 

) 

= 𝜍 1 + 𝜍 2 𝛿

√ 

𝑅 𝑇 𝑡 𝑐 

𝐿 𝐶 

+ 𝜍 3 log 10

√ 

𝑅 𝑇 𝑡 𝑐 

𝐿 𝐶 

,

Δ𝑇 𝐶 = 

𝐹 𝑉 𝑐 

𝜌𝐶 𝑝 𝑡 𝑢 𝑤𝑉 
, 𝑅 𝑇 = 

𝜌𝐶 𝑝 𝑉 𝑡 𝑢

𝐾
, (23)

here ΔT C is average temperature rise in the chip, R T is the non-
imensional thermal number, K is the thermal conductivity of the



Fig. 5. Contact length (a) and friction coefficient (b) at tool-chip interface for different cutting speeds and feeds.

Fig. 6. Numerical modeling results: (a) strain field; (b) temperature field of chip formation at cutting speed of 120 m/min and a feed of 0.1 mm/rev.
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Fig. 7. Variations of 𝜏int and 𝑘 int with shear angle 𝜙. 
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orkpiece, w is the width of cutting and 𝜍 1 , 𝜍 2 and 𝜍 3 are the mate-
ial constants. Stevenson [48] summarized the Boothroyd’s results as
n empirical relation for brass and mild steel, with constants corre-
ponding to 0.06, − 0.195 and 1 in Eq. (23) , and the relationship be-
ween Δ𝑇 𝑀 

√
𝐿 𝐶 ∕ 𝑅 𝑇 𝑡 𝑐 ∕ Δ𝑇 𝐶 and 𝛿

√
𝑅 𝑇 𝑡 𝑐 ∕ 𝐿 𝐶 plotted in [1] . Considering

i6Al4V, the temperature field of chip formation is shown in Fig. 6 (b).
hus, 𝜍 3 was optimized as 0.56 and 𝜓 was 0.46, yielding 𝑇 int to be close
o 700 °C at the tool-chip interface. Fig. 6 also demonstrates the serrated
hips, which is discussed in Section 4 . 

In the SSZ, the Johnson–Cook constitutive equation is still valid for
aterial behaviour [14] . Based on the above equations, the shear flow

tress 𝑘 int can be obtained with the Johnson–Cook material model as 

 int = 

1 √
3 

[
𝐴 + 𝐵 𝜀 int 

𝑛 
][ 
1 + 𝐶 ln 

�̇� int
�̇� 0 

] [ 
1 − 

( 

𝑇 int − 𝑇 𝑟

𝑇 𝑚 − 𝑇 𝑟 

) 𝑚 ] 
, (24)

here, in the secondary shear zone, shear behaviour is less intense than
hat in the primary shear zone, and the strain rate is far lower than in the
atter. So the Johnson-Cook material model is sufficient, without having
o employ the modified equation in (1) . 

The shear stress 𝜏int is calculated based on the resultant force at the
rimary shear plane AB. However, shear flow stress 𝑘 int of the material
orresponds to the strain, strain rate and temperature at the tool-chip
nterface. These two variables are both functions of the shear angle.
hey are described employing mechanical and physical characteristics,
hich have no essential difference. Thus, the shear angle 𝜙 is selected,
hen shear stress 𝜏int equals the shear flow stress 𝑘 int at the tool-chip

nterface [5] . The variations of 𝜏int and 𝑘 int with shear angle 𝜙 are shown
n Fig. 7 for a cutting speed of 60 m/min and a feed of 0.1 mm/rev. It can
e seen that there are two points of intersection of the curves (labelled
ntersection I and II in Fig. 7 ). From a practical standpoint Intersection
 is chosen to obtain the shear angle for the reason explained by Oxley
1] . The value of shear angle, 𝜙, is expected to decrease from a relatively
igh value at the start of the cutting process; thus, the first point of
quilibrium would be Intersection I. Additionally, many experimental
esults show that the shear angle for Ti6Al4V varies between 30° and
0° [36,49] . So, the choice of Intersection I is deemed correct. 

Thus, the cutting force F c and the thrust force F t can be expressed as

 𝑐 = 𝐹 𝑠 
cos ( 𝜆 − 𝛼) 

cos ( 𝜙 + 𝜆 − 𝛼) 
= 

𝑤 𝑡 𝑢 𝜏𝐴𝐵 cos ( 𝜆 − 𝛼) 
sin 𝜙 cos ( 𝜙 + 𝜆 − 𝛼) 

, (25)

 𝑡 = 𝐹 𝑠 
sin ( 𝜆 − 𝛼)

cos ( 𝜙 + 𝜆 − 𝛼) 
= 

𝑤 𝑡 𝑢 𝜏𝐴𝐵 sin ( 𝜆 − 𝛼) 
sin 𝜙 cos ( 𝜙 + 𝜆 − 𝛼) 

. (26)

In this section, most variables at the tool-chip interface are calculated
ith a single value instead of a field as in Section 2 (since these variables
o not vary too much) in order to simplify the analysis. 

In Sections 2 and 3 , an accurate and efficient model for prediction
f chip formation was presented. A flow chart of the essential steps fol-
owed in the analytical model is shown in Fig. 8 . The proposed model is



Fig. 8. Flow chart of analytical model for chip formation.
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Fig. 9. Diagram of segmented chip.
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pplicable for other metallic materials with suitable parameter calibra-
ion. 

. Modelling of segmented chip formation

For many difficult-to-machining materials, such as Ti6Al4V, serrated
hips are generated in a cutting process. In the chip-formation process,
hen a critical strain is reached, a shear band is formed. Thus, the re-

ulting chips consist of chip segments separated by narrow bands with
hickness of 𝛿sb as shown in Fig. 9 . 

In Sections 2 and 3 , chip segmentation was not considered in the
hear processes in primary and secondary shear zones. Thermomechan-
cal behaviour in shear zone and shear band should have a reciprocal
ffect. However, these zones are extremely narrow and complex. Pa-
ameters investigated mostly in primary and secondary shear zone, e.g.
utting forces, are average values, not accounting for the fluctuations
ue to formation of a sawtooth chip. 
Geometry of segmented chips can be described using the maximum
hickness of sawtooth chip H , the chip thickness at local shear deforma-
ion h l , the sawtooth shear angle 𝜙saw , the shear band projection p sb and
he distance of sawtooth chip segmentation p c . The chip compression
atio 𝜆h is defined as 

ℎ = 

𝑡 𝑐

𝑡 𝑢 
= 

𝑉

𝑉 𝑐 
= 

cos ( 𝜙 − 𝛼)
sin 𝜙

, (27)

here the shear angle 𝜙 was determined in Section 3 . 
The equivalent chip thickness of the segmented chip t c is expressed

s 

 𝑐 = ℎ 𝑙 + 

𝐻 − ℎ 𝑙

2 
. (28)

It consists of two parts: the chip thickness at local shear deformation
 l and a trapezoidal chip sawtooth matrix [50] . 

However, h l is unknown. In this paper, h l is assumed to be a multiple
f the equivalent chip thickness t c . The linking factor 𝜂 is not a constant
ut changes with the value of undeformed chip thickness t u . Thus, the
 l is given by 

 𝑙 = 𝜂𝑡 𝑐 = 

(
𝜂1 + 𝜂2 𝑡 𝑢 

)
𝑡 𝑐 , (29)

here the coefficients 𝜂1 and 𝜂2 are constants. Here, h l depends on vari-
tions in undeformed chip thickness t u . By measuring H and h l from ex-
erimental chip morphology Fig. 10 ) in sawtooth chip with two groups
f cutting conditions, 𝜂1 and 𝜂2 were determined as 0.6 and 2 from
qs. (28) and (29) . 

The angle between the shear plane and the topside edge of the chip
s given by 𝜙saw , which is an important parameter of segmented chip
ormation. He et al. [51] analysed shear strains in a chip segment; a
aterial within a parallelogram of the undeformed chip is converted

nto a trapezoidal shape as a result of tool motion as shown in Fig. 9 .
hear strain in the primary shear plane is assumed to be shear strain
f the chip segment. Thus, a relationship between shear strain at the
rimary shear plane 𝛾AB and the sawtooth shear angle 𝜙saw is given as 

𝐴𝐵 = 

1
𝜆ℎ sin 𝜙

√ 

1 
sin 2 𝜙

+ 𝜆ℎ 
2 − 2 𝜆ℎ

cos 
(
𝜙𝑠𝑎𝑤 − 𝜙

)
sin 𝜙𝑠𝑎𝑤 

, (30)

here 𝛾AB can be calculated following Section 2 . 
The area between two protrusions in the chip formation is repre-

ented by triangle A ′ B ′ C ′ ( Fig. 9 ), with its sides A ′ B ′ and A ′ C ′ equal to
he distance of sawtooth chip segmentation p c and the shear band pro-
ection p sb . Thus, the shear band projection p sb can be expressed as 

 𝑠𝑏 = 𝐴 

′𝐶 

′ = 

𝐻 − ℎ 𝑙 

cos ( 𝜙 − 𝛼) 
. (31)



Fig. 10. Chip morphology and measurement of sawtooth chip (cutting speed: 20 m/min,
feed: 0.14 mm/rev).

 

t  

t

w

𝑝

 

l

𝑓

 

s  

m
 

d  

m  

t  

f  

o  

t  

d  

a  

f  

Fig. 11. Flow chart of analytical model for segmented chip formation.
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The distance of sawtooth chip segmentation p c can be determined by
he law of sines with the relation between the sides and the angles of
riangle A ′ B ′ C ′ as 
𝑝 𝑐 

sin 𝜙𝑠𝑎𝑤 

= 

𝑝 𝑠𝑏 

sin 
(
𝜋∕2 + 𝜙 − 𝛼 − 𝜙𝑠𝑎𝑤 

) , (32)

here p c can be calculated as 

 𝑐 = 

(
𝐻 − ℎ 𝑙 

)
sin 𝜙𝑠𝑎𝑤 

cos ( 𝜙 − 𝛼) cos 
(
𝜙𝑠𝑎𝑤 + 𝛼 − 𝜙

) . (33)

The chip-segmentation frequency can be expressed as the chip ve-
ocity divided by the distance of sawtooth chip: 

 𝑠𝑒𝑔 = 

𝑉

𝜆ℎ 𝑝 𝑐 
. (34)

Based on the above analysis, chip morphology and the chip-
egmentation frequency can be predicted. A flow chart of the analytical
odel for segmented chip formation is shown in Fig. 11 . 

Fig. 12 shows the maximum thickness of the sawtooth chip and the
istance of chip segmentation for different cutting speeds and feeds. The
aximum thickness of the sawtooth chip ( H ) decreases slightly with cut-

ing speed and increases with feed, which is always larger than the unde-
ormed chip thickness. In contrast, the extent of variation of the distance
f chip segmentation ( p c ) with cutting speed is lower. This parameter re-
ains a nearly constant level of different cutting speeds with a certain
egree of chatter. In addition, the higher feeds such as 0.075 mm/rev
nd 0.1 mm/rev show similar magnitudes of p c compared to the lower
eed of 0.05 mm/rev. This interesting phenomenon results in the fact
Fig. 12. Maximum thickness of sawtooth chip (a) and distance of 
hat the chip segmentation frequency varies linearly with cutting speed
nd has a similar tendency at higher feeds, as validated in Section 5 (see
ig. 18 ). 

. Results and discussion

The developed analytical model of chip formation can predict more
arameters than traditional schemes: not only cutting forces, a shear
ngle, a tool-chip contact length, a chip segmentation frequency, but
lso characteristics of a primary shear zone and a tool-chip interface. In
his section, the proposed model is verified by experimental results of
rthogonal cutting tests by Cotterell and Byrne [36–38] , performed on a
eries of 2 mm-thick Ti6Al4V flat disks. The material was in the annealed
tate with an equiaxed 𝛼- 𝛽 microstructure. Uncoated fine-grained WC
nserts (TPUN 1603 08 H10F) with a flat rake face and a cutting edge
adius of circa 5 𝜇m were used as cutting tool. The tool’s rake face was
t 6.5°. Details of the experiments are available in [35–37] . 

For our analytical model, the tool parameters were chosen the same
s in the experiments, with the cutting speed varied from 20 m/min to
40 m/min, a cutting width of 2 mm. The Taylor-Quinney coefficient of
he workpiece 𝜁 was 0.85, the workpiece density 𝜌 was 4520 kg/m 

3 , its
hermal capacity C p was 610 J/(kg K) and thermal conductivity K was
 W/(m K) [14] . 

Fig. 13 shows a comparison of predicted cutting force F c and thrust
orce F t with the experimental data for different cutting speeds at feeds
f 0.05, 0.075 and 0.1 mm/rev. Apparently, the predicted forces cor-
esponds well with the experimental results, especially for the cutting
chip segmentation (b) for different cutting speeds and feeds.



Fig. 13. Comparison of predicted cutting (a) and thrust (b) forces with experimental data [38] for different cutting speeds at feeds of 0.05, 0.075 and 0.1 mm/rev.

Fig. 14. Comparison of predicted shear angle with experimental data [37] for different
cutting speeds at feed of 0.1 mm/rev.
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Fig. 15. Comparison of predicted tool-chip contact length with experimental data [37] for
different cutting speeds at feed of 0.1 mm/rev.

Fig. 16. Comparison of predicted apparent friction coefficient with experimental data
[36] for different cutting speeds at feed of 0.1 mm/rev.
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orces. Both types of forces decreased with an increase in the cutting
peed. However, the cutting forces decreased more slightly than the
hrust ones. Both the cutting and thrust forces increase with an increase
n feed. Obviously, the experimentally measured thrust forces have a
arger variation, since continual tool wear affected the tool-chip fric-
ion, the cutting-edge radius and the distribution of resultant forces. 

The shear-angle magnitude 𝜙 calculated with the model was also
ompared with the experimental data ( Fig. 14 ). It can be seen that
his parameter increased with an increase in the cutting speed up to
bout 45°. The experimental data for apparent shear angles for a feed
f 0.1 mm/rev was determined from the chip-velocity data. The experi-
ental shear angles had a degree of scatter with magnitudes higher than

he analytically predicted values. Still, the predicted trends are reason-
ble considering a spread of experimental results. 

The tool-chip contact length L C was determined from measurements
f video image obtained with a high-speed monochrome camera. The ex-
erimental and predicted results are shown in Fig. 15 . The tool-chip con-
act length decreased from 0.16 mm to 0.12 mm. Therefore, for Ti6Al4V,
he computational formula for the tool-chip contact length presented in
q. (14) is reliable, although in the literature Eq. (15) is used exten-
ively. 

Fig. 16 shows a comparison of the predicted apparent friction coef-
cient 𝜇a with experimental data. This parameter was determined from
utting-force measurements; its net variation was small. The model also
redicted the shear strains at the primary shear zone, which are com-
ared with experiments in Fig. 17 . It can be seen that these shear strains
ere essentially 0.85 over a wide range of cutting speeds. 
The segmented chip formation is a fundamental phenomenon in ma-
hining of Ti6Al4V, with the chip-segmentation frequency f seg being
ts main characteristic. The predicted frequency and the experimental
ata for different cutting speeds at feeds of 0.05, 0.075 and 0.1 mm/rev
re shown in Fig. 18 , with the experimental data obtained from video
ecordings. The orthogonal cutting tests of Ti6Al4V were recorded with



Fig. 17. Comparison of predicted shear strains at primary shear zone with experimental
data [37] for different cutting speeds at feed of 0.1 mm/rev.

Fig. 18. Comparison of predicted chip-segmentation frequency with experimental data
[38] for different cutting speeds at feeds of 0.05, 0.075 and 0.1 mm/rev.
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 high-speed camera with an acquisition frequency of 24 kHz, where
he chip-segmentation frequency was determined by analysing the video
ecordings. The predicted results are in good agreement with the experi-
ental results. The chip-segmentation frequency has a significant linear

elationship with the cutting speed for in three different feeds, with the
hip segmentation frequency increasing linearly with cutting speed and
ecreasing with feed. In addition, the chip-segmentation frequency for
igher feeds shows a similar tendency when compared to smaller depth-
f-cut (feed) magnitudes. 

. Conclusions

In this study, an analytical model of chip formation in orthogonal
utting was proposed for Ti6Al4V. It was used to analyse the primary
hear zone, the tool-chip interface and formation of segmented chips.
he proposed analytical model can predict both continuous and seg-
ented chip depending on the material and machining conditions. 

Conclusions from this study are as follows: 

(1) The non-equidistant shear zone model was employed to calculate
shear strains and the shear strain rate in the primary shear zone,
and the simplified heat transfer equation was used for tempera-
ture predictions. This approach was used to assess fields of shear
strain, shear strain rate and temperature in the primary shear
zone. 

(2) The Calamaz-modified Johnson–Cook material model was em-
ployed to calculate shear stresses in the primary shear zone;
it considered flow softening at high strains and temperature-
dependent flow softening as more suitable for the cutting process.

(3) A modified shear-angle solution was presented, which was dif-
ferent from the classical Ernst–Merchant and Lee–Shaffer mod-
els. The predicted and experimental magnitudes of shear angle
demonstrated adequacy of the suggested scheme.

(4) For the tool-chip interface, two models for the contact length
were compared, and the one based on Eq. (14) was found to be
better for Ti6Al4V. Additionally, the modified solutions for the
equivalent strain and the average temperature rise were validated
with the FE results.

(5) The model of segmented-chip formation was developed based on
the analysis of geometrical characteristics of the sawtooth chip
and used to predict the chip-segmentation frequency.

(6) Comparisons of the results predicted with the suggested analyti-
cal approach and the experimental data showed that the cutting
forces, the tool-chip contact length, the apparent friction coeffi-
cient and shear strains in the primary shear zone decreased grad-
ually with the cutting speed. The shear angle increased with the
cutting speed up to ∼45°. The chip-segmentation frequency in-
creased linearly with the cutting speed and decreases in feed.

The effect of chip segmentation on transient cutting forces and tem-
erature will be investigated in our future work. 
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