MAXIMUM PRINCIPLES AND ALEKSANDROV-BAKELMAN-PUCCI TYPE
ESTIMATES FOR NON-LOCAL SCHRODINGER EQUATIONS WITH
EXTERIOR CONDITIONS

ANUP BISWAS AND JOZSEF LORINCZI

ABSTRACT. We consider Dirichlet exterior value problems related to a class of non-local Schrédinger
operators, whose kinetic terms are given in terms of Bernstein functions of the Laplacian. We prove
elliptic and parabolic Aleksandrov-Bakelman-Pucci type estimates, and as an application obtain
existence and uniqueness of weak solutions. Next we prove a refined maximum principle in the
sense of Berestycki-Nirenberg-Varadhan, and a converse. Also, we prove a weak anti-maximum
principle in the sense of Clément-Peletier, valid on compact subsets of the domain, and a full
anti-maximum principle by restricting to fractional Schrédinger operators. Furthermore, we show
a maximum principle for narrow domains, and a refined elliptic ABP-type estimate. Finally, we
obtain Liouville-type theorems for harmonic solutions and for a class of semi-linear equations. Our
approach is probabilistic, making use of the properties of subordinate Brownian motion.

1. Introduction

The techniques developed around the broad concept of extremal behaviour of (sub-/super-) solu-
tions of boundary value problems proved to be very successful in the analysis of partial differential
equations. Currently there are various refinements and generalizations of maximum principles in
place, which have a deep impact on proofs of existence, uniqueness, regularity, and various quali-
tative properties of solutions. Recently, new efforts have been made to extend these techniques to
integro-differential (i.e., non-local) equations as well. Our goal in this paper is to further contribute
to a developing of maximum principles for non-local equations with exterior conditions. We will
be concerned with three aspects of such problems, Aleksandrov-Bakelman-Pucci type estimates,
refined maximum //anti-maximum principles, and Liouville-type theorems.

Consider the elliptic operator L = Z’j =1
A = (aij(7))1<i j<d, a given function f, a bounded domain D C R?, and the boundary value problem

{—Lugf, in D

aij(2)0x,;Ox;, with a positive-definite symmetric matrix

u <0, on JdD.

A fundamental result, which is now known as the Aleksandrov-Bakelman-Pucci (ABP) estimate,
states that a solution u € C*(D) N C(D) satisfies

_
(det A)Y/d

)

L(D)

supu < ¢
D

with a suitable constant ¢ = ¢(d,D) > 0. Various generalizations of such estimates have been
obtained in the last decades. Extensions for uniformly elliptic fully nonlinear equations have been
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2 MAXIMUM PRINCIPLES

derived in [3, 14, 17, 18, 44]. Less regular solutions, such as u € VVlif (D) N C(D) with a suitable
p < d, have been considered in [14, 29, 30], and for related Bony-estimates we refer to [53]. For
extensions to cases of viscosity solutions we refer to [16, 28, 48], and for unbounded domains see
[9, 14, 21, 71]. Apart from elliptic equations, ABP estimates have been obtained also for parabolic
equations [26, 51, 70]. For a recent survey presenting applications and further references see [15].
Although these estimates formulate naturally in the terminology of analysis, it is interesting to
note that a probabilistic counterpart has been obtained in [49, 50]. Indeed, Krylov showed that if
for a diffusion given by
dXt = btdt + O'tdBt,

where (B;)i>0 is standard Brownian motion, and the drift and diffusion coefficients are chosen in
such a way that the right hand side exists as a stochastic integral, and furthermore,

|be] < Ci(det J;rat)l/d and TratTat < (o, t>0, Py —a.s.,

hold with some constants C', Cy > 0, then the following expectation with respect to Wiener measure
Py satisfies

p
g, [ [ et ol o s C001at] < €1

for every f € L%(D), where D C R? is any bounded domain, tp = inf{t > 0: X; & D} is the first
exit time of the process from D, and C' = C(d, Cy,diam D) is a suitable constant.

An ABP-type estimate is a specific expression of more general maximum principles used in PDE
theory and harmonic analysis. Consider, more generally than above, the operator

L= Z a;j ()0, O, +Zb )0y, + ()
i,j=1
with uniform ellipticity condition and sufficient regularity of the coefficients (a;; are continuous,
and |b|, |c| are bounded). Recall that a classical version of the maximum principle for a bounded
domain D C R? says that if
Lu>0inD with ¢<0inD, and limsupu(z) <0,
z—0D

then u < 0 in D. There are well-known conditions ensuring that the maximum principle holds for
cases when u € C? or u € T/Vlicd Also, under conditions of sufficient regularity of L and 0D it has
been established that the maximum principle holds exactly when the principal Dirichlet eigenvalue
of —L in D is positive. Using this relationship, Berestycki, Nirenberg and Varadhan defined a
generalized principal eigenvalue given by

A(L, D) = sup{\ : there exists w > 0 in D such that Lw + Aw < 0}

and proposed in [6] what is now called a refined maximum principle, valid for any bounded domain.
The key step in their construction for irregular boundaries was to prescribe weaker conditions,
namely only for a sequence of points in D approaching the boundary for which a solution of the
equation (L — ¢)v = —1 vanishes on 9D. Denoting such a sequence by (z,)neny and x, ~» 0D to
mean that lim,_,~ v(z,) = 0, the refined maximum principle says that if
Lu>0in D, w is bounded from above, and limsupu(z,) <0,
Tp~0D

then v < 0 in D. Furthermore, the authors proved that the refined maximum principle holds for L
exactly when the generalized principal eigenvalue A(L, D) > 0. It is worthwhile to note that this
construction has an intrinsic probabilistic meaning. Indeed, v(x) corresponds to the mean of the
first exit time of the diffusion generated by L — ¢ starting from a point z € D, and thus boundary
conditions are set only on those points of 9D which can be reached by an exit event through a
sequence (x,)nen. For subsequent developments on the characterization of the generalized principal
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eigenvalue and further generalizations we refer to [5, 7, 59, 62], and for a book-length discussion of
the probabilistic aspects to [61].

Another type of results are the anti-maximum principles related to a sign-reverting phenomenon,
first observed by Clément and Peletier [24]. An initial version of this has been established for the
boundary value problem

—Au=Au+ fin D with «=0on dD,

where the boundary 9D is assumed to be smooth and f € LP(R?), p > 1. Choosing f > 0, strictly
positive on a non-zero measure subset of D, the maximum principle implies that u > 0 if A < Aq,
where A; is the principal Dirichlet eigenvalue of the Laplacian. However, the authors proved that
positivity does not hold for arbitrarily large A beyond the principal Dirichlet eigenvalue, and for
p > d there exists A(f) > A1 such that v < 0 for all A € (A1, A(f)). Subsequently, it has been shown
that p > d is a sharp condition, and further related results have been obtained for more general
cases, including classical Schrédinger operators; we refer the reader to [1, 8, 25, 36, 40, 60, 68, 69].

Although recently much research has been done on general non-local equations, results on max-
imum principles are scarce; see, for instance, the open problems section in [58]. The first version
of ABP was obtained in [19] for nonlinear stable-like operators, where the estimate only used L™
norm of f. Recently, a more quantitative version involving a combination of L? and L> norms of
f is proved in [39] for a class of fractional operators comparable, in some sense, with the fractional
Laplacian. The authors replace the usual concept of convex envelope by another object and rely
essentially on a use of the Riesz potential to obtain their estimates, and also discuss the difficulties
for which more general non-local operators cannot be covered in their framework. Another feature
is that [19, 39] do not consider the zeroth order term in their equations. The paper [57] uses more
general operators with a non-degenerate second order term and establishes ABP estimates for a
class of uniformly elliptic and parabolic non-local equations. Here one can see the non-local part as
a perturbation of the usual second order elliptic operator and thus it becomes challenging to obtain
a similar estimate for a purely non-local operator. Some further related works include [35, 52].

A third direction of development we consider are Liouville-type theorems. Recall that the clas-
sical Liouville theorem for harmonic functions says that any non-negative solution of Au = 0 in
R? is a constant. Liouville-type results for the Laplacian have been extended by Gidas and Spruck
[34] to non-negative solutions of the semi-linear elliptic equation

Au+cuP =0 in R?,
d+2

showing that if ¢ > 0 and p € (1, 55), then u = 0; for further developments we refer to [4, 20] and
references therein. For non-local equations, [32, 54] considered Liouville theorems for the above
problem with operators comparable to the fractional Laplacian. In [63] non-existence of positive
viscosity solutions was similarly addressed for Lane-Emden systems involving fractional Laplacians.
In [31] a larger class of non-local operators is considered for harmonic functions, however, with a
polynomial decay of its jump measure at infinity.

In the present paper we derive and prove results in the above three directions for non-local

Schrodinger equations. These problems involve non-local Schrédinger operators of the form
HPY =¥ (-A)+V,

restricted to suitable function spaces over bounded domains D C R¢ and possibly with V' = 0.
The kinetic term in HP+V is given by a Bernstein function ¥ of the Laplacian, and the potential
term is given by a multiplication operator V' (for details see Section 2 below). Such operators
have been considered in [41, 42, 45, 46] in detail, and they have a number of applications in
relativistic quantum theory, anomalous transport and other fields. Another important aspect is
that the operators —W(—A) are infinitesimal generators of a class of Lévy processes, and therefore,
such non-local equations have close ties with problems in probability and stochastic control. An
example is the fractional Laplacian (—A)®/2, which is currently much investigated in both analysis
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and probability. However, other choices of ¥ relate with many other applications (for a catalogue of
Bernstein functions with detailed descriptions see [67]), and we should emphasize that an operator
U(—A) different from the fractional Laplacian may involve in general very different properties.
Also, a rapidly growing literature on non-local equations reveals that such equations display a
number of new properties and behaviours, which differ substantially from their PDE analogues
based on the classical (local) Laplacian.

In contrast with the existing literature, our approach to obtaining maximum principles is proba-
bilistic, using a functional integral representation of the solution semigroup related to the non-local
equations we consider. This has the benefit of being rather robust in tackling the difficulties arising
from the non-locality of the operators close to the boundary of the domain, allowing to obtain such
results for a large class of non-local operators. As it will be seen below (Proposition 3.1), for the
Dirichlet exterior condition problem

HPVo=f inD with ¢ =0 in R\ D,

we have the functional integral representation
tATD tATp R
<,0($) — R= [6_ Jo V(Xs)ds(p(Xt/\TD)} +E* [/ e~ A V(Xr)drf(Xs) ds|,
0

where (X¢)¢>0 is the jump Lévy process generated by —W(—A), Tp is its first exit time from D, and
the expectation is taken with respect to the probability measure of the process starting at = € R%.
Given the specific form of the kinetic part of HP"V, the jump process can be described in some detail
(in fact, it is a subordinate Brownian motion X; = B SY s i.e., Brownian motion sampled at random

times given by a subordinator (S, );>¢ uniquely determined by W), which is sufficient for us to be
able to control such expectations. This will be explained in more detail in Section 2 below. To the
best of our knowledge, developing such tools to prove maximum principles for non-local equations
has not been attempted in the literature before. We also note that although we focus mainly on
operators related to subordinate Brownian motion, going well beyond the fractional Laplacian and
related stable processes, our approach is more accommodating and works also for a larger class
of operators related to more general Markov processes (see Remark 3.3 below). In particular,
we are not aware of similar results covering, for instance, operators such as —A + b(—A)O‘/ 2 or
(=A +m?¥0)2/2 —m, o € (0,2), b,m > 0. Moreover, we emphasize that our ABP-type estimates
do not involve a contact set like used in [19, 39], while we use LP norm of the source term f.

Our main results are as follows. In Section 3 first we obtain elliptic (Theorem 3.1) and parabolic
(Theorem 3.2) ABP-type estimates for a large class of equations related to HP-V. As an application,
in Theorem 3.3 we prove existence and uniqueness of solutions for a Dirichlet exterior value problem
for HP'V. Next, in Section 4, under a mild probabilistic condition on boundary regularity we derive
and prove a stochastic representation of the principal eigenfunction of the non-local Schrodinger
operator (Theorem 4.1). This will then allow us to obtain a number of maximum principles for
equations related to HP"Y. These maximum principles appear to be new in the context of non-local
operators. Theorem 4.2 gives a refined maximum principle, and Theorem 4.3 shows a converse.
Theorem 4.4 presents a weak anti-maximum principle, which we call ‘weak’ due to the fact that it
holds for compact subsets of the domain. Since Hopf’s lemma is available for fractional Laplacians,
we can prove a full anti-maximum principle for fractional Schrodinger operators in Theorem 4.5.
Due to the special role of narrow domains in the sufficiency of classical maximum principles, we
show a maximum principle for HP+V for such domains in Theorem 4.6. Making use of the stochastic
representation in Theorem 4.1, we also obtain a refined elliptic ABP-type estimate (Theorem 4.7).
Finally, we present Liouville-type theorems in a novel approach, first for harmonic functions with
respect to ¥(—A) in Theorem 5.1, and next for a class of semi-linear non-local equations in Theorem
5.3 by using recurrence properties of the related random process.
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2. Non-local Schrodinger operators

In this section we briefly describe the operators involved in the non-local equations studied in
Sections 3-4. Recall that a Bernstein function is a non-negative completely monotone function, i.e.,
an element of

oo nd"f
B=<feC>®({(0,00)): f>0 and (—1)" Ton
x™
In particular, Bernstein functions are increasing and concave. Below we will restrict to the subset
Boz{fEB: limf(u):()}.
ul0
Let M be the set of Borel measures v on R \ {0} with the property that
v((—00,0)) =0 and / (y A Dv(dy) < oo.
R\{0}
Bernstein functions W € By can be represented in the form

U(u) = bu+ /(0 )(1 —e ")v(dy)

with b > 0, and the map [0,00) x M 3 (b,v) — ¥ € By is bijective.

<0, forallnEN}

Below we will often use a class of Bernstein functions singled out by the following property.
Assumption 2.1. The function ¥ is said to satisfy a
(i) weak lower scaling (WLSC) property with parameters u > 0, ¢ € (0,1] and 6 > 0, if
U(yu) > cvE¥(u), u>0,v>1.
(ii) weak upper scaling (WUSC) property with parameters ji > 0, ¢ € [1,00) and 6 > 0, if
U(yu) < ey "U(u), u>0,v>1.

Example 2.1. Some important examples of ¥ satisfying Assumptions 2.1(i) and 2.1(ii) include
the following cases with the given parameters, respectively:

(i) T(u) =u*? a € (0,2], withy=9%,0=0,and p= ¢, 0 =0.

(ii) W(u) = (u+m? )2 —m, m >0, a € (0,2), with p=%,0=0and p=1,0=0

(iil) W(u) = u®? +u? a,f € (0,2], with p=SA5 0 =0and a=2V5 6=0. )

(iv) W(u) =u?(log(l +u))?/2, a € (0,2], B € [0,a) with py =272, 0 =0and i =%, § = 0.

(v) ¥(u) = u®/?(log(1 +u))?/?, a € (0,2), B € (0,2 — @), with p = %, 0 = 0 and i = 232,
0 =0.

Remark 2.1. It is known [11, Lem. 11] that ¥ has the WLSC property with parameters pu, ¢
and 0 if and only if ¥(u)u % is comparable to a non-decreasing function in (¢,00). Also, ¥ has
the WUSC property with parameters fi, ¢ and @ if and only if ¥(u)u~" is comparable to a non-
increasing function in (#, c0). These scaling properties are also related to the Matuszewska indices,
for a discussion see [11, Rem. 2].

Next consider the operator
H=Hy+V :=V(-A)+V, (2.1)
which we call a non-local Schréodinger operator with kinetic term Hy = ¥(-A) and potential V,
where W € By. The operator Hy can be defined through functional calculus by using the spectral
decomposition of the Laplacian. It is a pseudo-differential operator with Fourier multiplier

Hof(y) = W(ly)f(y), yeR?, feDom(Hy),



6 MAXIMUM PRINCIPLES

and domain Dom(Hy) = {f € L2(RY) : ¥(] - 2)f e L?(R%)}. By general arguments it can be seen
that Hy is a positive, self-adjoint operator with core C2°(R?).

For simplicity, we choose the potential V' € L*> (]Rd), so the non-local Schrédinger operator H can
be defined as a self-adjoint operator in terms of perturbation theory. However, we note that this
restriction is not necessary, and we could use Kato-class potentials also allowing local singularities.
For more details we refer to [10] and references therein.

In what follows, we will use a stochastic representation of the semigroup {e~* : ¢ > 0}. This
is obtained by using the fact that Bernstein functions are related to subordinators. Recall that a
one-dimensional Lévy process (S¢)i>0 on a probability space (£2g, Fg,Pg) is called a subordinator
whenever it satisfies S5 < S; for s < t, Pg-almost surely. A basic fact is that the Laplace transform
of a subordinator is given by a Bernstein function, i.e.,

Epgle %] = e, >0,

holds, where ¥ € By. Moreover, there is a bijection between the set of subordinators on a given
probability space and Bernstein functions in By. In our notation below, we will write (S} )e>o for
the unique subordinator associated with Bernstein function W. In Example 2.1 above (i) corre-
sponds to an «/2-stable subordinator, (ii) to a relativistic a/2-stable subordinator, (iii) to sums of
independent subordinators of different indices, etc. For a detailed discussion of Bernstein functions
and subordinators we refer to [67].

Let (Bi)i>0 be Ré%valued Brownian motion on Wiener space (Qu,Fw,Pw), with variance
Ep,, [B?] = 2t, t > 0. Also, let (S}¥)i>0 be an independent subordinator. The random process

Qw x Qg > (w,w) — BSt(w)(w) S R?

is called subordinate Brownian motion under (S}¥);>0. Every subordinate Brownian motion is a
Lévy process, satisfying the strong Markov property, and apart from the trivial case generated by
U (u) = u they have paths with jump discontinuities. For simplicity, we will denote a subordinate
Brownian motion by (X;);>0, its probability measure for the process starting at z € R? by P*, and
expectation with respect to this measure by E*.

The relationship between the operator H given by (2.1) and these processes is expressed by a
Feynman-Kac type formula obtained in [41]. This relies on the fact that the infinitesimal generator
of (X¢)t>0 obtained by subordinating Brownian motion with a subordinator of Laplace exponent
VU, is the operator —Hp = — ¥(-A). Under perturbation by V' we then have the formula

e () = B[ o VEIs (X)), ¢>0, 2 €RY f e LARY).

Also, subordination gives the expression
o0
P(X; € E) = / Pw (Bs € E)Pg(S; € ds),
0

for every measurable set E. For further details on non-local Schrodinger operators and related
jump processes we refer to [41, 42, 45, 46] and references therein.
It is straightforward to see that ¥ € By satisfying Assumption 2.1(i) also satisfies the Hartman-
Wintner condition
U (u?) B

11m =

(2.2)

It is known that under this condition the subordinate Brownian motion (X¢);>0 has a bounded
continuous transition probability density ¢ (x,y), see [47]. It follows also that ¢(x,y) = ¢(x — y)
and q(+) is radially decreasing.

We close this section by presenting the following estimate, which will be useful below.



MAXIMUM PRINCIPLES 7

Lemma 2.1. Let Assumption 2.1(i) hold and U € By be strictly increasing. Then there exist
positive constants K1, ko such that

q(x) < /ﬁt—%, z e R t e 0,k (2.3)
Proof. Let ®(u) = ¥(u?). By our assumptions on ¥ it follows that @ strictly increasing and

O(yu) > ey B(u), =1, u> /6, (24)
Thus by [11, Prop. 19] there exists a constant C' = C(d, i) such that

a(z) < C (qu (1>)d, £>0, and t0(\/8) < % (2.5)

t

We may assume § > 0 with no loss of generality. Thus from (2.4) it is seen that

O(v2/0) > cy ®(\/0), v>1,

=

implying
o ey ®(VD) <7%E, 7> 1.
Write k3 = ¢®(1/0). Then for every v > k3 we obtain
o l(y) =071 <753> < Qm;i’yi.
K3
Hence (2.3) follows from (2.5) by choosing

1 1 —&\?
kKo=—AN———— and k1 =0C \/élﬁ:%* .

k3 2m20(,/0)

3. Aleksandrov-Bakelman-Pucci estimates

3.1. Elliptic and parabolic ABP-type estimates

In this section we derive Aleksandrov-Bakelman-Pucci (ABP) estimates of elliptic and parabolic
types using a probabilistic approach. First we consider the elliptic case.
We use the notation
tp =inf{t >0 : X; ¢ D}
for the first exit time of (X¢);>0 from a domain D. A standing assumption in this paper is the
following.

Assumption 3.1. D C R? is a bounded domain and all points of D are regular, i.e., for every
z € 9D we have P*(1p =0) = 1.

It follows from [12, Lem. 2.9] that every domain D with the exterior cone condition has a regular
boundary in the above sense, provided ¥ is unbounded.

We denote the diameter of the domain D by diamD. In case diamD < oo, it is known that
sup,ep E¥[Tp] < 0o. Below we will need the following lemma.

Lemma 3.1. Let D C R? be a domain such that diamD < co. For every k € N we have

k
sup B [th] < k! (supIEx[TD]> . (3.1)
z€D z€D
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Moreover, there ezists a constant ¢ = c(d) such that

D E ] < am DI D)

Proof. For simplicity, denote in this proof T = tp. Recall that (X;);>0 is a strong Markov process
with respect to its natural filtration (F3)¢>0. Using the strong Markov property, for every « € D

and k£ > 2 we have

E*[t*] = E® / k:(’t—t)k_lll{wt}dt}
0

— = /OO kE® [(T — t)"‘_lll{wt}‘fmt} dt]
0

=FE* / k]l{T>t}EXt [Tkil] dt:|
0

< ksup E®[t"!] sup E® [1].
z€D z€D

This implies

k
sup B [t*] < ksup E¥[t* "] sup E*[1] < --- < k! <sup Ex[’r]> .
z€D z€D z€D €D

This proves the first part of the lemma. The remaining part of the claim follows from (3.1) and

(66, Rem. 4.8].

O

The following will be key objects in this paper. Consider the operator H as given by (2.1). When
applied in an equation for a domain D, we use the notation HP-V. Also, note that in the second

definition below (parabolic case) we assume, more generally, that V : RT x R? — R.
Definition 3.1. A function ¢ € C(R?) is said to be an (elliptic) weak sub-solution to
HPYp < f in D,

whenever for every t > 0 and z € D,
tATD tATD s
o(z) < E* [6_ Jo V(XS)dS(P(Xt/\TD)] +E® |:/ e~ Jo V(Xr)drf(Xs) d8:|
0

holds. A function ¢ € C([0,T] x R?) is said to be a (parabolic) weak sub-solution of
~Op+HPVp < f in Qr=1[0,T) x D,

whenever for every ¢t € [0,7) and = € D, we have

(T—t)AT
Qﬁ(t, m) S ELI: |:€_ 0 D V(t+S’XS)dSSO(t + (T - t) VAN Tp, X(T—t)/\TD):|

+ E*

(Tft)/\TD s
/ e~ Jo VX dre 4 g X)) ds| .
0

Now we are ready to prove our elliptic ABP-type estimate.

(3.3)

Theorem 3.1 (Elliptic ABP estimate). Let ¥ € By be strictly increasing and satisfy Assump-

tion 2.1(i). Furthermore, let V' >0, and ¢ be any bounded weak sub-solution of
HPYo < f inD,

with f € LP(D), for some p > %. Then there exists a constant C' = C(p,d, V) such that

1
suppt <suppt+C [ 1+ = | Ifllp.p
D e (¥ ([diam D]~2))#’
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where k = [ 5] +1, %—i— Z% =1, and ||-||p,p denotes the LP norm on D.

Proof. For simplicity of notation we extend f by zero outside of D. It is readily seen from (3.2)
that

tAT tATD R
90(1,) < E* |:67 fo/\ ,DV(XS)ds(er(Xt/\T’D)} + E® |:/ e~ fo V(Xr)drf(XS) ds
0

<E* [t (t Ap)] +EF [ / WD|f<Xs>|ds} ,

where ¢ denotes the positive part of . Letting ¢ — oo and applying standard convergence
theorems, we get

ota) < s+ 5 | [ Irlas). (55)

Thus to obtain (3.4) we only need to estimate the rightmost term in (3.5). Note that by Lemma 2.1
we have .
gs(z,y) < ks %, s € (0,K), z,y € R,
for some constants k1, k2, where gs is the transition probability density of (X;);>0 at time s. Since
for s > k9 we have
1 iy U (lyl?) 1 — s (|y[?) 1 R W([y[2)
Supq@):/ewyes Ydy < e W dy < e~ 2RI dy,
zER4 s (27T)d Rd (27T)d Rd (27T)d Rd

we obtain

sup sup ¢s(z,y) < gu,(0). (3.6)
s>2kK2 z,ycR4

Next note that

g | [Clrontas] = | [T el roxas]

<o | [Tlreeias] B | [T 1gmaliceas].

2

The first term above can be estimated as

e | [ieras] = [ [ il < il [t

ity [ [ @] as

K2 _d I 1/10/
<lfly [ oo 5 [ ] as

2up—d

1 A 2pp 1 2
:Hl/prHp/O s W ds = o w "1 | fllp,

where p,p’ are Holder-conjugate exponents and ||-||, denotes the LP norm over R%. To deal with
the second term choose k € N with k > p’. Then

E* Moo Liep> s F(X5)] dS} < /:O(Px(TD > 8)) VB[ f(X))7 ds

< e OD* 1y [

< (@ O)F 1y [

K2

1
v

(P*(tp > 5))¥ ds

=

_k i
s P E*[t]" ds
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/ ' —k
5= Cl

1 p P
< (@O Il 2

R
o

(®([diam D] 2))
where in the last line we used Lemma 3.1. This completes the proof. O

Remark 3.1. It is worth pointing out that for the case of the classical Laplacian (i.e., when

W(u) = w and p = 1), the ABP estimate in Theorem 3.1 is valid for p > 4. This should be

compared with [14].

A similar probabilistic approach can be used to obtain a parabolic ABP estimate. Define the
parabolic domain to be Qp = [0,T) x D.

Theorem 3.2 (Parabolic ABP estimate). Let U € By be strictly increasing and satisfy As-
sumption 2.1(i). Also, let V>0, and ¢ be a bounded parabolic weak sub-solution of

—Op+H?Y o < f in Qr,
with f € LP(Qr), for somep—1 > %. Then there exists a constant C = C(p,d, V) such that

supp’ < sup TV sup ot | +C
Qr [0,T)xDe {TYxD

L+ . 1 2] £ llp.r- (3.7)
(¥ ([diam D]—2))»

where p,p’ are Holder-conjugate exponents.

Proof. From the representation (3.3) it follows for every ¢t € [0,7) that

- _ p(T=t)ATp s s
(,O(t, {E) <E |:€ Jo V(t+s,Xs)d So(t + (T — t) A Tp, X(Tt)/\TD):|

=)

(T—t)/\TD s
LR / e Ji VXD &y Ly ) ds (3.9)
0

= (i1)
holds. It is straightforward to see that term (i) in (3.7) comes from the first term in (3.8), as

V > 0. Thus we estimate term (ii) in (3.8). We extend f outside of Q7 by 0, and first suppose
that T'— t < k9 where k9 is same as in Lemma 2.1. Then

i <= [ e sxaa] = [ [ e silat s

1

K2 , o K2 __ d
<floar [ [ [ & antvas]” < bl [ [*5 7 Tas]

(p—1)—d
M 171 ;%;(Piw
QH(p _ 1) —d p,QT 2

e

Next suppose T' — t > ko. Splitting up the domain of integration, we observe that the rightmost

term in (3.8) is dominated by
K2 (T—t)/\TD
B | [Tl s xolas] w7 s x|,
0 K

2

whose first term can be treated as above. Thus we estimate the second term and obtain

(T—t)/\TD T—t
B | [ (45, X.)|ds| = E° [/ ﬂ{w>s}|f<t+s,xs>\ds}

2 2
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IN

[LTth(TD > S)ﬁEfo(t—i— s,XS)p]:,ds]

2

< (452 (0) "1 f Ip.0r

3 e

< (452 (0) 1 f Ip.@r

< ) [ [P e > 97 150500
[/Tt TD>S)d:|p1/
|:/ f]E‘T d ]

< kall fllp.@r ¥ ({diom DI ))%7

1
where k4 is a suitable constant, and where we used Lemma 3.1 in the last step. g

3.2. Existence and uniqueness of weak solutions

In this section we use Theorem 3.1 to show the existence and uniqueness of weak solutions of
the Dirichlet problem

DV, _ :
{ B> p=F inD (3.9)
p =0, in D°.
Define the operator
TPV f(z) = E [e— TV s f(X )y epy] ¢ 0,2 €D. (3.10)

It is shown in [10, Lem. 3.1] that {T""" : ¢ > 0}, T[>V : LP(D) — LP(D), is a strongly continuous
semigroup, self-adjoint on L?(D), with infinitesimal generator —HP>Y. Moreover, if V is bounded
and D satisfies Assumption 3.1, then TtD’V :C(D) — Co(D), t > 0, and {TtD’V :t > 0} is a strongly
continuous semigroup.

Proposition 3.1. Let U € By be strictly increasing and satisfy Assumption 2.1(i). Furthermore,
let Assumption 3.1 hold and consider V, f € C(D), V. > 0. Then there exists a unique weak-solution
@ € C(RY) of (3.9), that is, for everyt > 0 we have for all x € D

tATD t/\TD s
pla) =B [TV (X )| + B [/0 eIV (X as| . (311)

Proof. Since V is non-negative, T?"V is a contraction semigroup. Therefore, for every 8 > 0 and a

given f € C(D), by the Hille-Yosida theorem there exists oz € Co(D) satisfying

(BI +HPV)ps = .

In fact, we have

o0
pole) = [ TPV fa)at
0
and g € Dom(HP"Y). Hence

d D,V _ D,V — D,V
5 1T a] = =8 TPV o5 1 e TP (—HPY )
_BtD,V
—e ﬂtn (_BI_ HD’V) @ﬂ
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Thus for every t > 0,

pp(w) = TPV gp(a) + [ e PTPY f(a) ds

= TP () + [ B [ BEVEDN D (X )1y | ds

o [ [P (B4V(X,) ds) [T e ar
—E" e : B(XWD)ME / e s DA p(X,) ds| .
0
Letting t — oo, we find

pp(x) =E* [ / U e BV g x ) ds] .
0

Since sup,, E*[tp] < co and V' > 0, we have that pg(z) = ¢(z) as f — 0, where

TD s
o(x) = E* {/ e~ Jo VX dr g x ds] :
0
Since f is continuous, it follows that ¢ € Co(D). Thus (3.11) follows from the strong Markov
property of (X)¢>o. O
Now we are ready to prove existence and uniqueness of weak solutions.

Theorem 3.3 (Existence and uniqueness of weak solution). Let Assumptions 2.1(i) and 3.1
hold and W € By be strictly increasing. Suppose that V > 0 is continuous in a neighbourhood of D,
and f € LP(D) for some p > %. Then there exists a unique weak-solution ¢ € C(R?) of (3.9), i.e

for every t >0 and x € D we have
2 [o= o P V(Xo)ds [ 7 vy
p(z) =E [6 0 . so(XmD)} +E e~ o VX drg(x ) ds| (3.12)
0

Proof. The uniqueness part is obvious from Theorem 3.1, thus we only need to consider the existence
part. Let V,,, f,, denote suitable mollified versions of V' and f, respectively, so that

sup|V, = V| =0 and |f,— pr,D — 0, as n— oo.
D
By Proposition 3.1 there exists ¢, € C(R?) satisfying (3.9), that is,

AT tATD s
on(z) =E* e L V"(Xs)dsgan(Xt/\TD)] + E* {/ e~ Jo V"(Xr)drfn(Xs) ds|, t>0, z€D.
0

(3.13)
We claim that
sup|en — pm| — 0, asm,n — oco. (3.14)
Rd

It is readily seen from Theorem 3.1 that sup,,cyll¢nllec < 00, since V;, > 0. Applying Lemma 3.1,
we can find ¢y such that

N | =

sup P*(tp > tp) <
€D

Using the estimate |e? — €| < |a — b|, a,b < 0, we find for every x € D
_ (toATD _ (toAtD
E* [e Jo Va(Xs) ds n(Xt/\TD)] —E* [6 Jo Vm(XS)dS‘Pm(Xt/\TD)”

K —fp"" P Va(Xo)ds _ e~ L™ Vm(XS)ds) gpn(Xt/\TD):| ‘

_ toATD
+ Ea) [6 fo Vm(Xs)dS |S0n(Xt0/\TD) — Spm(Xto/\TD)| ]1{t0<TD}:|

<
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< H(anoo (tOHVn - Vm”oo,D) + Sup|§0n - (pm‘ sup Px<TD > tO)
R4 €D

1
< llenllse (t0llVa = Vinlloo,p) + 3 Su})wn — Pml.
R
We estimate the difference for the second term in (3.13) to get

toANTp R toNTp R
E” [ / e Jo VnEndr g (X)) ds} — E* [ / e Jo Vm(Xn)dre (X)) ds]
0 0

toN
E* |:/ 0NTD (ef Jo Va(Xp)dr _ e I Vm(Xr)) fr(Xs) d8:|
0

<

toA\Tp s
R { [ e 00— ) ds}
0

< (ol = Vallwo) B2 | [ 15001 as] 57| [T 15,00 — ] 0o

< #3((toll Ve = Vinlloo,0) I fallp.0 + 1o = fnllpp),

where the last bound follows from the proof of Theorem 3.1. Since ¢,, vanishes outside D, combining
the above estimates we obtain

SUp|on — Pm| < ka4 ((Lfallpp + lenlloo) Ve = Vinlloso,p + 1fn = fnllp.D) (3.15)
R

for some constant k4 dependent on ¥, D, p. This in particular, implies (3.14).

Hence we can find a subsequence (¢, )nen, denoted in the same way, such that [|¢, — ¢|lec — 0
as n — oo and for some ¢ € Cy(D). It is also easy to see that we can pass to the limit in the first
term at the right hand side of (3.14), while to take limit in the rightmost term we may employ a
similar argument as above. Thus we obtain

- tATD s
<P($) — R* [6_ fOtA D V(Xs)ds(p(Xt/\TD)} +E® |:/ e Jo V(Xr)drf(Xs) ds|
0

which gives (3.12). O

Remark 3.2 (Viscosity solutions). The weak (semigroup) solution, as defined above, is related
to the viscosity solution used for non-local equations. Let Hy = W(-A). Then for f,V continuous,
our weak solution is actually a viscosity solution. This can be seen as follows. Let x € D and Bs(x)
be the ball of radius § around x so that Bs(x) C D. Also, denote by 15 the first exit time from
Bs(x). Then using the strong Markov property of subordinate Brownian motion, it follows that for
t>0

tAT tATs s
gp(aj) = ]E-T |:67 fo g V(XS)dSSO(Xt/\T(;)] + Em |:/ 67 f() V(XT)de(XS) dS:| . (316)
0
Let v > ¢ be a bounded continuous test function such that ¢ —1 has a global maximum 0 at  and

¥ € C%(Bas) for some r. We may modify ¢ to ¢ outside Bys. Thus by Ito’s formula it is readily
seen that

tAT, AT
E= |:/ g o I V(XT)dTHD’Vl/J(XS)dS] _ w(x) _[E= {67 IS V(XS)dS/(/}(Xt/\Té):|
0

tAT
< pla) B [om B VO, )

tATs s
=[E" [/ e~ Jo VR dr g x ds] ,
0



14 MAXIMUM PRINCIPLES

where the last line follows from (3.16). Finally, divide both sides by ¢ and let ¢ — 0, to conclude
that

HPV4(z) < f(x).
Hence ¢ is a viscosity sub-solution at x. Similarly, we can verify the viscosity super-solution

property; see, for instance, [19]. For f € LP, our notion of weak solution can be related to the
LP-viscosity solution in [16].

Remark 3.3. The technique of Theorem 3.1 is not restricted to subordinate Brownian motion
and can be used for a more general class of Markov processes. For instance, we may consider the
stable-like operator

Cz,y
Aupla) =PV [ (o(o) — ol ) T 0<a<
Here C(x,y) = C(x,—y) is assumed to be bounded from above and below. If C is assumed

to be Holder continuous in its first argument, then by [22] it is known that there exists a heat
kernel associated with the above generator, which gives rise to a strong Feller process and the
corresponding transition density pc(t, z,y) has a bound similar to the right hand side of (2.3),
with © = a/2. A bound like (3.6) can be obtained from the Chapman-Kolmogorov equality

pC(t+Sax7y) :/de(tawvz)pC(s7z7y)dz'
R

It can be seen from the above that sup,~; pc(t,z,y) < SUD, 1 1) pc(t,z,y). On the other hand,
- 27

an estimate similar to (3.1) also holds (see [2, Lem. 2.1]). For a uniqueness-related discussion
of the solutions we refer to [23, 55]. Thus it is possible to obtain an ABP-type estimate for
Markov processes associated with the above generator. Due to a similar reason, the methodology
of Theorem 3.1 is also applicable for diffusion processes.

From the proof of Theorem 3.3 (see (3.15)) we also obtain the following stability result.

Theorem 3.4 (Continuous dependence). Let Assumptions 2.1(i) and 3.1 hold, and ¥ € By
be strictly increasing. Suppose that Vi,Va > 0 are continuous on D, and f1, fo € LP(D) for some
p > %. Denote by @1, 02 € C(R?) the weak solutions of (3.9) corresponding to the given coefficients,

respectively. Then there exists a constant Cy > 0, dependent on D, V¥, p, such that

o1 = ealloe < O ((gtlloo + @2l + il + 1 F2llp) Vi = Valloosp + [1f1 = folly)-

4. Maximum principles for non-local Schréodinger operators

4.1. Stochastic representation of the principal eigenfunction

The main result of this section is a stochastic representation for the principal eigenfunction
(Theorem 4.1 below) of the non-local Schrédinger operator with Dirichlet exterior condition, which
solves

HPVyp=\p, inD
{ p =0, in D¢,
We will use the following assumption in this section.

Assumption 4.1. There exists a family of decreasing bounded domains {D,, },,>1 such that D, €
D,, and Ny>1D,, = D. Moreover, all D,, and D have regular boundary in the sense of Assumption 3.1.



MAXIMUM PRINCIPLES 15

In view of [12, Lem. 2.9] we note that any domain D which is convex or has a C? boundary, satisfies
Assumption 4.1.

Recall the semigroup (3.10). The results in the lemma below have been obtained in [10, Lem. 3.1],
see a proof there.

Lemma 4.1. Let ¥ € By and V € L®(RY). Also, let ¥ satisfy the Hartman- Wintner condition
(2.2). The following properties hold.

(i) Every TtD’V, t > 0, is an integral operator with symmetric kernel TPV (t,x,vy), that is,

TPV f(z) = / TPV (t,2,9)f(y) dy, @€ RY,

D
where
t
D,V 0 ; —Jo V(Bgw)ds
T (tv €, y) = EPS |:pS;I’ (:C - y)Egg't\I/ |:€ fo s ]l{TD>t}:|:| ) (41)
|2 ‘ . ‘ .
pi(z) = (4mt) =273, and Eggq, denotes expectation with respect to the Brownian bridge
¢

measure from x at time 0 to y at time s, evaluated at random time s = Sy .

(i) {TtD’V : t > 0} is a strongly continuous semigroup on L*(D), with generator —HPV =
—¥(-A)-V.

(iii) TtD’V is a Hilbert-Schmidt operator on L?(D), for every t > 0.

As well-known, see a discussion in [10], the principal eigenfunction ¢* of HP'V is strictly positive and

the corresponding eigenvalue A\* is simple. We note that the assumption of V' being bounded is not
necessary, and our conclusions can be extended to Kato-class as in the same reference. Moreover,
under Assumption 3.1 it follows that ¢* € Co(D). For a given family {D,},>1, as required in
Assumption 4.1, we denote the associated principal eigenpair by (A, ©F).

Lemma 4.2. Assume that U € By satisfies the Hartman-Wintner property (2.2). The following
hold.

(i) For every n € N we have \* > \.. Moreover, lim,_,oc A\, = A*.
(ii) Let V >V and suppose that for an open set W C D we have V. >V in U. Then X"i/ > AL,

where A}, and )\*‘7 denote the principal eigenvalues corresponding to the potentials V and 17,
respectively.

Proof. (i) First we prove domain monotonicity of the principal eigenvalue. Note that
TPV " =g, 120,
The same relation holds for D,,, Ay, . Due to self-adjointness of TtD ’V, we have
—a* D,V
N = max {(TPVE €) 5 figlo =1}

Since L?(D) C L*(D,) (on extension by 0 to the larger domain), it is obvious that A% < \*.
Suppose that \X = \*. Using the expression (4.1) from Lemma 4.1(i), we see that TPV (¢, z,y) >
TPV (t,z,y), for all z,y € D. We normalize by ||¢*||2 = 1 and extend ¢* by 0 outside D. Note
that if

TtD"’Vgo* > e A tp* in a set of positive Lebesgue measure in D,

then (TtD"’Vgo*, ©*) > e ", leading to a contradiction for A% = A*. On the other hand,
TtD”’ch* = ef)‘*tap* inD

implies
Dn,V —\*
<Tt (10*;@*) —e A t’
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and hence ¢* is an eigenfunction corresponding to the eigenvalue e~**. By uniqueness of the

principal eigenfunction it follows that ¢* can only be a positive multiple of ¢}. However, this is
not possible as ¢} is strictly positive in D,,. Thus A} = A* is not possible and hence A}, < A* holds.

Now we show that lim, ,.c A;, = A*. Suppose that lim, _,.c A\;, = Ag. We extend ¢} by 0 in
D \ D,,. Normalizing by ||} |2 = 1, we may also assume that

ot = inL*(Dy) as n — oo,
for some ¢o € L?(Dy). It is also easily seen that g is supported on D. We show that for every
z€eD
TP V(t,2,-) = TPV (t,x,-) in L}(Dy). (4.2)
Since Tp, = Tp, by Assumption 4.1, we obtain from (4.1) that TPV (t,z,y) = 0 for every y € DE.
Again, Tp = T3 P-a.s. implies that
Tp, \Tp P-a.s., asn — oo.

Also, note that for y € D we have {tp = t, X; = y} = (. Thus for every fixed y € D,
_rt _rt
B, [psp (e — 9Byt [ VI 1 L[] - B, [psy (o - 9)EG Y, [ BV 1]

For t > 0 and V is bounded, TPV (¢,x,y) is uniformly bounded by E]%S [pSE’ (z — y)]etlVilee =

qt(x — y)et”V”"O, where ¢ is the transition probability density of subordinate Brownian motion,
which itself is bounded due to the Hartman-Wintner condition. Thus by dominated convergence
(using |0D| = 0), we obtain (4.2) as D is bounded. This implies

/p TPV (t, 2, )05 (y) dy — D TPV (@ y)po(y) dy, w € D.
1 1

Since for every « € D we have
/D TPV (t,2,y)po(y) dy = /DTD’V(L% y)eo(y) dy,
1

we get ¢F — o pointwise for x € D. It is again direct to see that ||¢} || is uniformly bounded

above in n. Thus by the dominated convergence theorem we obtain ||¢} — ¢oll2,p — 0. This, in
particular, implies @9 > 0. Hence we can take the limit in 7, tD’Vgp;*l(x) = e Mnlp* to obtain

TPV po(a) = et pg(x),

which also gives ¢g > 0 in D. By uniqueness of a positive eigenfunction it then follows that A\g = A\*.
This completes the proof of part (i).
Next we prove (ii). Clearly, A}, < )\*‘7. Let ¢y, and cp*f/ denote the principal eigenfunctions

corresponding to Ay, and )\*‘7, respectively. From (4.1) it is seen that for every y € U

TPV (t,2,9) > TD’V(t,:c,y).

This follows from the fact that the subordinator (S, )e>0 jumps at time ¢ with probability zero.
Therefore, on normalizing in L?, we obtain

—AL DV * 1% * *
= TP i) = [ [ 1T g ) ) dyds

D,V % * D,V O\
TPV o p5) < max {(TPV, &)« Jlglla =1} = .
This gives X"i/ > Ay O

As an immediate consequence of Lemma 4.1 we have the following result.
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Corollary 4.1. Let ¥ € By satisfy the Hartman-Wintner property (2.2), and let Assumption 4.1
hold. Then

* .1 — [IV(Xs)d
A= _tliglog log E* |:€ Jo V(X9) SIL{TD>t}:| .
Proof. Since ¢* € Cy(D), we have
* _rt _rt
eVt @) =7 [em b VDG (X)L | < 6t 1ooB” [ VD by ]
By taking logarithms on both sides and dividing by ¢, we obtain
. | ~ [*V(Xs)d
A > —htrgéglfg log E* [e Jo VXs) 51{¢D>t}] : (4.3)
On the other hand, from Lemma 4.1 we have A}, < A* and ¢;, > 0 in D,,. Thus
e_)‘"t(P (l') = [E* |:€ f() V(Xs)ds@n(Xt)]l{TDn>t}:|
. )
2 E:L’ |:€7 fO V(XS)dS(p:L(Xt)]].{TD>t}_
- ‘ .
> min oy, B e Jo V(X“‘)ds]l{TD>t}_ -
From here we find

. 1 [ |
Ay, < —h?i)igp n log E* _e Jo V(Xs)ds]l{m»}_ .

Letting n — oo and using Lemma 4.2(i), we furthermore obtain

1 - -
X' < —limsup ; log E” e~ Lvesasyal. (4.4)
t—00 - -
Combining (4.3) and (4.4) gives the result. O

Our next main result is a stochastic representation of the principal eigenfunction. As above, we
denote the principal eigenpair corresponding to the Schrédinger operator HP:V by (¢*, A*).

Theorem 4.1 (Stochastic representation of principal eigenfunction). Let the conditions in
Lemma 4.1 hold together with Assumption 4.1. Consider any point & € D and denote by B, the
ball of radius v around it. Then we have

o (@) = B [l VO ], we DB, (4.5)

where T, denotes the first hitting time of the ball B, by (X¢)i>0. In particular, we have for x € D
that

o (x) = ¢ (@) lim B [ei7 O VO g T (4.6)

r—0

Proof. Fix r small enough so that B, € D holds. Recall that ¢* is strictly positive in D and
continuous on D. From the strong Markov property of (X¢)¢>0 it is immediate that

A gk s
¢*(x) = E” [6 o WV ds, (Xm%r)]l{m%rap}] (4.7)

Thus by letting ¢ — oo and applying Fatou’s lemma in (4.7), we get

o (2) > B [e 0T()\*_V(Xs))ds(p*(XfT)]l{:[T<TD}} : (4.8)
Note that (4.8) also implies

1; RE* [ f*T(,\*—V(Xs))dls]l 3 } < ¥ (37).

oy e tesrol] < e



18 MAXIMUM PRINCIPLES

Define
~ { \%4 forx € B, ND,

V=0 Ve +1 forzeB,.
Then by Lemma 4.2(ii) we have A% > A", Using the domain continuity property from Lemma 4.2(i),
we can find n large enough such that X* > \*, where ()\* , @r) is the principal eigenpair in D,, with
potential V. Also, note that ¢} is strictly positive in D,,. Therefore, since V = V on BE, we get

T |:ef0(,\*_ (Xs))ds *(Xt)]l{t<TD}]l{t§%T}:|

()\* )\* tEfﬂ |: fg()\* ))dS *(Xt)]].{t<T,D}]].{t<TT}i|

< - )t maxp @* R [ JERE—-V(X,)) ds 7 (Xy)
minp @

N X5t maxp " . N —V(Xs)) ds =
<6( )mE [efo( V(xs) (Xt)]l{t«pn}]l{tg%r}]

)\* )\* tmaXDQO ~x
(N TR B (),
minp @F

]l{t<TD}]l{t§%T}}

where in the last line we used (4.7) for the eigenpair (X;“l, ©r ). Hence by letting t — oo in the above
expression, we see that

{ S —V(X))ds O (X)L gyerpy L, }} 0.
Next using (4.8) and the monotone convergence theorem in (4.7), we find that

@ () = B [0 O VDG (X Y, ]

which proves (4.5). Equality (4.6) follows by (4.5) and the continuity of ¢*. O

4.2. Maximum principles

A first consequence of Theorem 4.1 is a refined maximum principle in the sense of the classic
result [6, Prop. 6.2]. Recall from Definition 3.1 that a continuous function w is a weak super-solution
of

HPYw >0 inD, and w=0 in D", (4.9)
if
TPV w(x) <w(z), zeD,t>0,
holds. Also, the function w is said to be a weak sub-solution of (4.9) if —w is a weak super-solution,
and w is a weak solution if it is both a weak sub- and super-solution. Note that 0 is always a weak
solution to the above problem. Recall the notation

h >0 meaning h(x) >0 for all z € D and h # 0.

Theorem 4.2 (Refined maximum principle). Suppose that V € By satisfies the Hartman-
Wintner property (2.2) and Assumption 4.1 holds. Let wy be a weak-supersolution and wy be a
weak-subsolution of (4.9). Furthermore, assume that \* > 0. Then we have either w; = wa or
w1 > wg in D.

Proof. Since —ws is a weak super-solution and the addition of two super-solutions is again a super-
solution, it suffices to show that if w is a super-solution, then w > 0. First notice that w < 0 is not
possible, since otherwise for ||w|l2p = 1 we would have

1< (TPYw,w) <et, t>0,
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contradicting that A* > 0. Thus either w = 0 or w* > 0 holds at some point in D. We show that
if wt is positive at some point of D, then it is positive everywhere in D. Suppose that w(#) > 0
for some & € D. We show that

w(z) > E* [e* Jo" V(Xs)dsw(X%T)]l{quD} , xe€D\B,. (4.10)

This will imply that w > 0 in D, proving the theorem. Thus it remains to show (4.10). Note that

( = Jo V(Xs)ds (Xt)]l{t<TD}> . is a super-martingale with respect to the natural filtration (F;)¢>o
> >

of (X¢)e>0. Indeed, taking s < ¢t and using the Markov property of (X¢):>0, we see that
]E |:e— f(f V(XT)dTw(Xt)]l{t<TD} ’fs] — ]E |:e_ f(;s V(X'r')d?"e— f; V(Xr)d’r‘w(Xt)]l{s<TD}]1{t<TD} ’fs]
s t—s
=e fO V(XT)dT]l{s<TD}EX [ f V(Xr)d (Xt s)]l{t S<TD}i|

<e LV dr]l{s<TD}w(X ),

where the last inequality follows from the definition of super-solution. Thus by the optional sam-
pling theorem we have

tA Ty
w(x) > E* [ —hoTT VX w(XtA%r)]l{t/\%TqD}]
t Tr
= E* [5_ J V(XS)dsw(Xt)]l{tﬁr}ﬂ{tap}} + E* [6_ " VXD sy (X Y1, D g <np | -
(4.11)

By Lemma 4.1(a) we can find n large enough such that A} > 0. Using the stochastic representation
(4.7) of ¢}, we obtain

x [e_ Io V(Xs)dsw(Xt)]l{tsfr}]l{KTD}}

e MaXpw o [ o — s *
<e )\ntipE [efo(/\n V(Xs))d (Xt)]]-{t<*rr}]l{t<TD}i|

minp @3
< et MAXDW g [ JoQn=V(X))ds % (X V1 sss 11 }
> e minp o* € on(Xt) {t<x Y Ht<rp,, }
< _’\Ztm-LDUi () >0 ast— oo,
minp @}
where in the third line we used (4.7). Thus by letting ¢t — oo in (4.11) and applying the monotone
convergence theorem, we obtain (4.10). O

A converse of Theorem 4.2 also holds.

Theorem 4.3. If for any super-solution w € C(R?) of
HPYVw >0 in D, and w=0 in D°,

we have w > 0, then \* > 0.
Proof. Suppose, to the contrary, that \* < 0. Let ¢* be the (strictly positive) principal eigenfunc-
tion. Then we know that

ATV o (@) = p*(w), >0,
and therefore

TtD’Vgo*(x) > p*(x), t>0,

implying

D,V

T, (—¢")(@) < (=¢")(x), t>0.

Thus —¢* is a weak super-solution. However, it is negative in D, which contradicts the assumption.
Hence A* > 0. O
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Next we derive a uniqueness result from the stochastic representation of ¢*.
Proposition 4.1. Let i € C(Rd) be a positive weak super-solution of
HPVp—xp >0, with =0 inD° and ¢ >0 inD.
If X > X\*, then ¥ = k™ for some k > 0. In particular, A\ = \*.

Proof. Fix any point & € D, and as before let T, denote the first hitting time of B,.(&). By definition,
for x € D we have

1/)(1’) > R” [efo (A—V(Xs))ds¢(Xt)ﬂ{t<TD}:| 7

and thus by a super-martingale argument, as used in Theorem 4.2, we obtain for = € B¢(Z) that

w(w) > E* |:€f0t/\ﬂh(A_V(XS))dsw(Xt/\’fr)]l{t/\%r<TD}:| )
Taking ¢ — oo and applying Fatou’s lemma, we get
i) 2 B [l OVEDSY(X 15, oy |, @ € Bi(@)ND. (4.12)
By letting 7 — 0 in (4.12) and making use of Theorem 4.1 we have
(T
v(a)> U
©*(1)
Clearly, this implies that if we choose k = ;p*(é)), then ¥ — kp* > 0 in R? and (1) = re*(2).
Suppose that there exists xg € D such that for some r > 0 we have ¥(z) — kp*(z) > 0 for

z € B, (x0). We may choose r small enough such that & ¢ B,(z¢) C D. Also, note that (4.12) stays
valid if we change the reference point to x¢. Thus applying Theorem 4.1 again, we get

0 = (#) — rp(#) > B [ef(f TNV s (4 (X ) — kg™ (Xe, )iz, <apy| > 0

o*(x), xe€D.

Since P?(t, < tp) > 0 by (4.5), the above expression yields a contradiction and thus no such z
exists. This proves ¢ = kp*. [l

Now we propose a weak version of an anti-maximum principle. The difficulty in obtaining a full
anti-maximum principle is due to the lack of Hopf’s lemma for a general class of operators. Below
we provide a technique which can be applied to a much larger class of operators than before.

Theorem 4.4 (Weak anti-maximum principle). Suppose that the assertion of Theorem 4.2
holds. Let f € C(D) and f > 0. Let K € D be compact. Then there exists § > 0 such that for every
A< A< A 49, any weak solution of

HPVy — Ay = f,
satisfies ¥ < 0 in K.
Proof. We proceed by contradiction and start by assuming that no such ¢ exists. Hence there exist
a sequence A\, \, A* and corresponding weak solutions v,, non-negative at a suitable point in K.
By the definition of a weak solution, for x € D
tATD R
1/}”(;1;) = [E* [efot(Aan(Xs)) dswn(Xt)]l{t<TD}i| + R |:/ ef() A=V (Xr)) drf(Xs) (413)
0
holds. Note that liminf, o ||t)n]lcc > 0 or else, by taking the limit in (4.13), one would obtain
tATD R
E” [/ elo “V(Xr))d?“f(xs)] =0, zeD, t>0,
0

which is impossible as f > 0. Now we split the proof in two cases.



MAXIMUM PRINCIPLES 21

Case 1: First suppose limsup,,_,||¥nllcc < 00. Then we can extract a weakly convergent sub-
sequence, which we keep denoting in the same way, such that 1, — 1o € L?(D). Recall that

for

x Ta— ) ds
TPV At 2,y) = BY, [pgy (0 — Sy [ehOVENEn 1T, (4.14)

t
we have

t
o efou—wxsnds%(Xt)]l{mD}} = /D TPV (8, 2, y)hn(y) dy.

Since for every fixed z € D we have from (4.14)
TPV =n(t,z,) — TPV "2 (t,2,) in L*(D),

it follows from (4.13) that ¢, (z) — ¥o(z) as n — oo. From the assumption that lim sup,,_, . [|¥n||cc <
oo this furthermore gives |[¢, — vo|l20 — 0, and thus |1, — ¥ol/cc — 0 as n — oo, using again
(4.13). For fixed ¢, denote

tATD .
o(e) = E* [ | eliveveene x| e 1),
0

Taking the limit in (4.13) we obtain
wo(z) =TV " o(x) + g(x), zeD.
Note that 1y # 0 since g # 0. Hence we have a non-trivial solution for (I — TtD’V_’\*)g = g where

TtD’Vﬂ\* is a compact, self-adjoint operator. Thus by Fredholm alternative g € Ker(I — TtD’V*)‘*)L,

implying (g, ¢*) = 0. However, this is not possible as g > 0 and ¢* is also positive in D, which is
a contradiction.

Case 2: Next suppose limsup,, ,.||tn]|ec = 00. Define 1), = mqbn Repeating the argument
of the previous case, we find 1)y € C(D) satisfying

do(x) =TV g, (4.15)

and ||1;n_w0”oo — 0 asn — oco. By the uniqueness of the principal eigenfunction we have 1y = rk*,
for k # 0. Note that x < 0 is not possible, as this would imply for large enough n that v, < 0 on
IC, contradicting the assumption. In case that x > 0 we infer that 1, is strictly positive on K for
all large enough n. From (4.13) we have

Un(z) > E* |:ef0t()\n7V(Xs)) dswn(Xt)]l{t<TD}:| ) (4.16)

Choose a point & € K and consider the potential

7 Vv for x € B.(z) N D,
|l Voo +1 forz e B,(2).

We can choose r small enough such that 1, is positive in B, for all sufficiently large n. By the
same argument as used in Theorem 4.1, we can find € > 0 such that A} > A*, where A} is the

principal eigenvalue of H D,V Now choose n large such that A} > \,. Then following the argument
of Theorem 4.1 it is seen that

R [efot(An*V(Xs))d%n(Xt)]l{taD}]l{tg%r}} — 0,
as t — 0o. Thus we obtain from (4.16) (see also (4.12)) that for z € BE(%),
¢n($) > E® |:ef0'fr()\n*V(Xs)) dswn(X”fr)]}‘{%r<TD}j| > 0.

Hence for all large enough n we have v, > 0 in D and it is a weak super-solution. Thus by
Proposition 4.1 ¥, = knp* for some k, > 0 and A* = \,. This also implies f = 0, which is a



22 MAXIMUM PRINCIPLES

contradiction. Hence no A, with such property exists. This proves the existence of ¢ as stated in
the assertion. O

The above result can be upgraded to a full anti-maximum principle by restricting to fractional
Schrédinger operators, for which a counterpart of Hopf’s lemma is available. This is the content of
the following result.

Theorem 4.5 (Anti-maximum principle for fractional Schrédinger operators). Let D be
a CY domain and o € (0,2). Consider f € C(D) and f > 0. Furthermore, assume that V is
Hélder continuous on D. Then there exists 6 > 0 such that for every \* < A < A\* + 4, the weak
solution of

(=AY + V= p=f in D, =0 in D,
satisfies ¥ < 0 in D.

Proof. We proceed along the argument in Theorem 4.4. It is straightforward to see that the
argument in Case 1 applies in a similar way. For Case 2 we only need to consider the situation
where 19 < 0 in D. Recall that ¥y = x¢* for some xk < 0. Since V and f are continuous, we see
that 1, is a viscosity solution (see Remark 3.2 above) to

(=AY, + Vb — Aty = fo in D, ¢ =0 in D,
where fn = m f. Let 6(+) be the distance function from the boundary of D. Then we obtain from

[64, Theorem 1.2] that for a positive 5 < min{a, 1 — a} the function 6%72 is in C# (D), uniformly in
n, and thus

Jal@) o)
52 (z)  6%2(x)

sup — 0, (4.17)

z€D

as n — 0o, along a suitable subsequence. Since zﬁn is non-negative at some point in D, we find a
sequence of points (2, )nen C D such that ¢, (x,) > 0. Therefore, passing to the limit and assuming
ZTpn — To, we obtain from (4.17)

Yo(o)
5 > 0. (4.18)

Since 1g < 0 in D, it is clear that 2y € 0D, hence g attains its maximum at xg. Since V is Holder
continuous, the equation

(—A) 2o + Vg = XNofg in D, ¢ =0 in D",
holds pointwise, see [64]. Then
(—=A) 24y + (V = X)) ehy <0,  pointwise in D.

Thus by [37, Lem. 1.2] we obtain
Yo(y)

Doy—xo (50‘/2 (y)
This contradicts (4.18), and the remaining part of the proof can be completed as in Theorem 4.4. [

<0

The Feynman-Kac representation is also useful in obtaining a maximum principle for narrow
domains for ¥(-A). This gives a counterpart to non-local operators of the known result for elliptic
operators. A version of this result has been established for classical solution of the fractional
Laplacian [33]. We are not aware of any such results for this general class of operators.

Theorem 4.6 (Maximum principle in narrow domains). Suppose that D is a convex (bounded
or unbounded) domain of finite inradius, and let ¢ be a weak sub-solution of

HPVp<0inD, ¢<0 in D"
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There exists a constant 0 > 0, independent of ¥ and D, such that if
IV loo,p — inf VT < 0V(inrad D]72),
then ¢ <0 in D. Moreover, either o =0 or ¢ <0 in D.

Proof. By the definition of a sub-solution, we have for all ¢t > 0 and x € D that
(p(aj) S ]Em |:e* fot/\T’D V(XS)dS()O(Xt/\T’D)}
S ECU |:e— fot V(XS)dSSD(Xt)]l{t<T,D}:| S ]E:I} |:€— f(f V(X§)d8<70+(Xt)]l{t<TD} .

This representation was used as a key tool in [10]. Let ¢+ # 0 and * be a global maximizer of p*.
Write r = dist(z*, 9D). Then by [10, Th. 3.2] there exists a universal constant 6 ~ 0.083 satisfying
IV lloo.p — inf VT >0U(r 2) > 0 ¥([inrad D] ?).

This leads to a contradiction to the assumption with the above choice of . Hence o+ = 0.

To prove the second claim, assume that ¢(Z) < 0, for some & € D. Choose r small enough such
that B, (&) C D. Note that for 1» = —p we have

w(x) o [67 fot V(XS)ds’(/](Xt)]l{t<T’D}} )

By a super-martingale argument, as used in Theorem 4.2, we obtain

w(x) 2 EIE [6_ fot/\”fr V(XS)dsqb(Xt/\'fr)]l{t/\%T<TD}i| .
Letting t — oo and applying Fatou’s lemma, we obtain for all x € BE(z)

W(z) > B [e—foTT V(Xs)dsd)(X%,.)ﬂ{%r<TD}} >0.

This proves the result. O

In the remaining part of this subsection we establish a refined version of the elliptic ABP estimate
with the help of Theorem 4.1. We begin with the following result, which might be known in some
form but we provide here a proof for self-containedness.

Lemma 4.3. Let V be bounded. Then the map A(s) = X%y,, where X%y, is the principal eigenvalue
with potential sV, is concave in s. Moreover, A is Lipschitz continuous with constant ||V op-

Proof. Recall the semigroup operator TtD’V and expression (4.1). Note that for sy = 6s1+ (1 —0)sa,
0 € [0, 1], we get by the Holder inequality
TPV (1) < (TP (t,2,y)) (TP (t,2,y)) "

Thus
e~ AGo)t — gup {/ / Y(@)TP5V (¢, 2, y)0(y) dady : [[¢)lop =1, ¢ > O}
D JD

<swo{( [ [ w1V v aoay) ([ o@r® e dey)
e =1 v 2 0}
< e OAGE~(1-0)A(s2)t.
Hence we have A(sg) > 0A(s1) + (1 — 0)A(s2). This proves concavity of A. Since for f > 0,
TtD’Vlf < 6t||V1*V2||oo’_Z;D7V2f’

the Lipschitz continuity of A is straightforward. O
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Now we are ready to prove a refined elliptic ABP-type estimate

Theorem 4.7 (Refined elliptic ABP estimate). Let ¥ € By be strictly increasing and satisfy
Assumptions 2.1(i) and 4.1. Suppose that \* > 0. Let o* =inf{s > 1: A(s) <0} and 1 < o < o*.
Then for every bounded weak super-solution @ of

HPVo < f inD, ¢=0 in D,
with f € LP" (D), p > % and p* = —ﬂ there exists a constant C = C(p, k,d, ¥, D, V) such that
sup " <CONfllpp- (4.19)

Proof. From the continuity of A, see Lemma 4.3, we have o* > 1. Without loss of generality we
assume that f > 0, supported on D. We note from the proof Theorem 3.1 that

AT ™D
90(50) < E* [67 f(f D V(XS)dSSO+(Xt/\TD)i| + R |:/ e~ fot V(XS)de(Xs) dt:| ’
0

At ™D 3 ™ e
S Ew [ fot D V(Xs)ds +(Xt/\"[p)i| + Em |:/ 67 f()t QV(Xs)det:| ELE |:/ ngl(Xt)dt:| ¢
0 0

(4.20)

We estimate the term at the right hand side of (4.20). From the proof of Theorem 3.1 we have

%>
e | [ ] < aliph, (421)
0

where the constant C; depends on ¥, D, p, p. By definition we have A(p) > 0. Thus by Lemma 4.2(i)
we find n large enough such that A} ,, > 0, where A} ,, is the principal eigenvalue in D,, with potential
oV. We fix such an n and denote the corresponding principal eigenpair by (cp;n, )\’;m). Also, note
that ¢y, € C(Dy) and ¢, > 0 in D,,. We show that

D
sup E* [/ e Jo QV(XS)det} < Oy, (4.22)
xz€D 0
for a constant (2, dependent only on Ay, ¢y ,,. Indeed, we have
TD ¢ oo +
E* [/0 e Jo QV(XS)det] =FE* [/0 e Jo QV(XS)ds]l{KTD}dt]
1 [teV(Xa)d
< ——F* ViR or (X)L dt
= minp ¢}, [/0 O enl X0k <eo) ]

IN

1 o _rt s %
/ E® |:€ f() oV (Xs)d (p@ (Xt)]l{t<TDn}:| dt

minp ©on Jo

__r /00 Aenter (z)dt

minp ¢% . Jo on

maxp ¢, , 1

minp ¢y, Aj

This proves (4.22). Now we estimate the first term at the right hand side of (4.20). Recall that

(pr, Ar) is the principal eigenpair in D,, with potential V. Using Lemma 4.2(i) we choose n large
enough so that A7 > 0. Then

<

_l’_
. o[ —rt s)ds __Sup . x| — [t s)ds, x
lim E [6 Jo VX 90+(t)]1{t<TD} = PRIV iy [6 Jo VXs)d @n(Xt)]l{t<TD}}

t—o0 minp @ t—oo

IN

+
SUPRd P~ .. _x*t PR =V(Xs))ds,
it g A € B[RO G (X
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_ supgap?

: —Ait * _
minp o tlggloe on(z) =0. (4.23)
Thus the claim follows by a combination of (4.21)-(4.23). O

5. Liouville-type theorems
5.1. W-harmonic functions and a Liouville theorem

To conclude, we prove several Liouville-type results for a class of non-local Schrédinger operators.
Denote, as above, by Tp the first exit time of (X¢)¢>o from D. We say that a function ¢ is ¥-
harmonic if for every bounded domain D and ¢t > 0

o(z) = E'lp(Xirr)], @ €D,

holds. Note that whenever ¢ is bounded, by choosing a sequence of compact sets (D, ),en increasing
to R? we get
o(z) = E[p(Xy)], zeRY t>0.

Theorem 5.1 (Liouville-type theorem). Suppose that ¥ € By is positive and satisfies Assump-
tion 2.1(i) with @ = 0. Then there are no bounded V-harmonic functions other than constants.

Proof. The argument below took some inspiration from [65]. First notice that (2.2) is satisfied.
Thus for every ¢ > 0 the transition density ¢; has a bounded derivative [47, Lem. 3.1]. Fix p > 1
and consider the process (Y;)i>0 with Y; = %Xt, where (X¢)i>0 is subordinate Brownian motion
starting from 0, as above. Due to the scaling property of Brownian motion, we observe that

1 d d
Y.= ;BS.‘I’ = B,-2gv = Bgwy,

where (S;Ij ?)i>0 is a subordinator with Bernstein function ¥,(u) = ¥(up~?). Note that ¥, satisfies

(2.2) and thus (Y;);>0 has a smooth transition density function ¢f. Fix ¢t = ¢, = \11,}(1)' Our proof
below crucially relies on the following two claims:
sup sup |Vgf (y)] < oo, (5.1)
p=>1 ycRd
swp [ )+l < o, 5 (0,20) (52)
p>1 JR4

Now we prove these claims. Recall that (Y;);>0 has Lévy exponent ®,(u) = ¥,(u?). Therefore,
by inverse Fourier transform we get that

1 . 2 1 —2)¢12
p - =1y ,—t¥o(I€%) q¢ — . =t (p~?|¢l%)
) = gz [, e g = o [ costy- e .

By the assertion, W(|£[2p~2) > c|€*£¥(p~2) for |€| > 1. Thus by differentiation in the above
expression we obtain

d . _
!Vqt(y)! < /Rd’f‘e t¥(p 2|§|2)d§

(2m)
(/ |§]e‘t‘1'(”25|2)d§+/ |§|e—c|52“d§>
|€1<1 |€]>1

m
d
d 2
B —<lEl™qe ) .
< Gy (| O+ [ el 5)

IN

U

(27)
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This proves (5.1). Next we show (5.2). Notice that the above estimate also gives

d 21
—cl¢*E d
q (y) < 2n)d (!131(0)! +/§|>16 d§> , yeERY p>1. (5.3)

Denote by C; the right hand side of (5.3). By [11, Cor. 7] there exists a constant C' = C(d),
dependent on d alone, satisfying

Ct 1 Ct
P _ —2
) < Cav (1) = a el ) 1ol >0, (5.4
' 4P \Jyl2 ) Jyl
By the WLSC property (Assumption 2.1(i)) we get that for |y| > 1
_ _ 1
W (lpy[ ) yle < W(p7?) = -,
and thus by (5.4) we have
1, 4
@fy) <C_ ™7yl =1 (5.5)

Let 0 < § < 2u. Then using (5.3), (5.4) and (5.5) we obtain that for every p > 1 and t = t,,,

L dma+ian< [

@)1+ [y)° dy + / @) (1 + y)? dy
ly|<1

ly|>1

C -
<, 23,0) + € / Iyl =721+ Jy])? dy
€ Jyl>1

020 g
< 2B, (0)] + / [y 424 dy
ly|>1

C2° d|B1(0)]
=C2°|B —_—.
C12°|B1(0)] + ¢ -0
This proves (5.2).
Now we are ready to complete the proof of the theorem. Let ¢ be a bounded W-harmonic
function, fix p > 1, and define v(z) = ¢(zp). Then

v(z) = p(pz) = B [0(Xy)] = E°[p(X; + p2)] = Eu(V: + @)] = /Rd v(y + z)qf (y) dy,

for all t > 0. Choosing, in particular, t =t, = ﬁ, we have for every |z| <1 and x > 0 that

‘/Rd v(y)gr (y — =) dy — /Rd v(y)d’ (v) dy‘

< [ _1wldw-»-dwlivs [ Pl - dwlw

ly[>k

< <SHP|V%O($)|> |2 ][|v]|oo 57| B1 (0)] + ||U||oo/’v_5/ g/ (y)(1 + |y])° dy
z€R4 ly|>r

+ olloor™ / ¢y — o)1+ y))° dy
ly|>r

_ _ 1+ |y +)°
< Callolo (joln?+ 02) + ol ( sup sup LEELEY [ gpyas ) ay
e|<1 yerd (1 +[y]) Rd
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< o)l (Jols? + 570,

with some constants C3, Cy, where in the fourth and sixth lines we used (5.1) and (5.2). Let x # 0
1

and fix k = ||~ #3. Applying this in the above, we find
5
[v(z) —v(0)] < 2C4]v]|so|a| 7,
which implies
5
6(p2) — 9(O)] < 2Culoloclal T3, p =1, Jal < 1. (5.6)
In (5.6), by replacing by p~'z, for p > |z| we obtain

I
|o(x) = @(0)] < 2Ca [[v]oo|z| T3 p™ &3,
and then letting p — 0o, we find () = (0) for all z € R, O

5.2. Liouville-type theorem for semi-linear equations

In this section we obtain non-existence results for bounded positive super-solutions of
\Ij(_A) ¥ > Sop in Rda

for suitable choices of p.

First we recall some standard facts from the potential theory of non-local operators and jump
processes, for background we refer to [13]. It is well-known that the Lévy measure v corresponding
to subordinate Brownian motion is isotropic and unimodal [11]. For a domain D, the occupation
measure in D is defined as

Go(z, A) = E [/OD 14(X,) ds} |

The corresponding density is the Green function of the set D. Note that Gp(x, D) = E*[tp] holds.
Another important object related to (X¢):>o is the harmonic measure of the set D defined by

P’D(.’IZ’, A) = ]Ex[]]'{TD<OO} ]lA(XTD)]'

The density kernel of the harmonic measure, whenever it exists, is the Poisson kernel. For a Lévy
process with jumps, the relationship between the harmonic measure and the occupation measure
is provided by the Ikeda-Watanabe formula (see [43])

Pp(xz,A) = /D /A v(z —y)dz Gp(x,dy), AcCDC. (5.7)

We also recall that a Lévy process (Z;)i>o is recurrent whenever Py (liminf, , [Z¢| =0) =1
and transient whenever Pz (lim;_,~ |Z;| = o0) = 1. The standard Chung-Fuchs condition gives a
criterion to verify recurrence in terms of the Lévy exponent. It is also a well-established fact that
a Lévy process is either recurrent or transient, and for d > 3 every Lévy process is transient. In
our context, we only need the following observations.

Remark 5.1.

(i) Specifically, for a subordinate Brownian motion (X} )¢>o obtained under a subordinator with
Laplace exponent ¥, one equivalent expression of the standard Chung-Fuchs criterion says
that the process is recurrent if and only if

T %21
du = oo
/0+ W (u)

for every r > 0.
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(ii) Recall i in Assumption 2.1(ii). We note that from this condition it follows that for d > 2p
the process (X)¢>0 is transient. For every u € (0,1) we have

1 < C g
— u
Uu) — ¥(1) 7
hence fol % < 00, which implies that (X;);>0 is transient by part (i) above.

The following result is well-known, however, we include a short proof to highlight the contrast
with the next result in our approach.

Theorem 5.2 (Liouville theorem: recurrent case). Let ¥ € By such that the subordinate
Brownian motion (Xi)i>o is recurrent. Furthermore, assume that (X¢)i>0 has a strictly positive
transition density for some t > 0. If ¢ is a non-negative weak super-solution of

U(-A)p >0 in RY
then ¢ is a constant.
Proof. Since ¢ is a super-solution, we have
o(z) > E'[p(Xiney, ()], £>0, 7> 0.
By letting r — oo and using Fatou’s lemma, we obtain
p(z) = Elp(Xy)], t>0.

Using as in Theorem 4.2 above that (¢(X})):>0 is a super-martingale, by Doob’s martingale conver-
gence theorem it follows that lim;_, o, ¢(X;) exists with probability 1. On the other hand, recurrence
of (X¢)¢>0 implies P(liminf;_, oo | X — x| = 0) = 1. It then follows that lim; . ¢(X;) = ¢(x), almost
surely. By the conditional Fatou lemma applied to

E* [o(Xe1s)[Fi] < o(Xt)

we get that p(z) < p(X}) almost surely. Since (X)¢>0 has a positive transition density, this is only
possible when ¢ attains its minimum at z. Since z is arbitrary, we conclude that ¢ is a constant
function. g

Now we are ready to state our main result in this section.

Theorem 5.3 (Liouville theorem: transient case). Let U € By satisfy Assumptions 2.1(i)
and 2.1(i1) with § =0 =60, up > 0 and i < g A 1. Furthermore, assume that (Xi)i>o is transient.
Then there is no non-trivial, non-negative super-solution to

U(A)p > P in RY, (5.8)
forp € (1, 7%).
To prove Theorem 5.3 we need the following lemma. For r > 0 define

M(r) = g%}n o(z).

Lemma 5.1. Suppose that the conditions in Theorem 5.3 hold, and let ¢ be a super-solution of
U(-A)p >0 in RY
Then we have
(i) For a constant Cy, independent of x, we have for 1 < |x| <r
1
P*(t >Cl————~
(T1 < o0) > 1rd‘ll(r—2)’

where T = Tpe(g) denotes the first entrance time to the ball B1(0).

(5.9)
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(ii) For a constant C1, independent of u, we have for r > 1
1

M(r) > Cp M(1) AG(2) (5.10)
(iii) For a constant Cy, independent of u, we have
M(r) < CaM(2r), r>2. (5.11)
Proof. In the proof below we will make use of the following two facts.
v(z) =< W, z #0, (5.12)
E* [T, (1)) < ! r>0, z€R% (5.13)

U(r=2)’
Relation (5.12) follows from [11, Cor. 23], and (5.13) follows from [66, Rem. 4.8]. Note that
concavity and monotonicity of ¥ give

U(u) < U(du) < 6¥(u), u>0,0>1.
Therefore, for every x > 0 we have
U (Kku) < U (ku)

kA1< inf < sup <1Vk. (5.14)
ue(0,00) W(u) = ye00) Y(u)
Due to Assumption 2.1(i), for k > 1 we have
v 1
sup () < —k7E (5.15)
ue(0,00) Y(ku) ~ ¢

The proof of part (i) is based on [38]. From [56, Cor. 1.8] it is known that
1
, TFY, 5.16
o= o8~ 5 19
where G is the Green function of (X¢);>0 in R?. Denote by Gp the Green function of the killed
process in D. Then by (5.15), (5.16), and a similar reasoning as in [38, Prop. 4] we obtain

1
Gs,0)(2,y) = FG(|lz —yl), whenever  Llz —y| < (r—[z]) v (r = y|), (5.17)

Gz, y) = Gl —y|) =

for a constant L = L(d, u,c) > 1. Using (5.17), similarly to the argument in [38, Prop. 7] we get
that for large enough R > r

]P)m(’fl < TBR(O)) > /ﬂG(QT)Cap(Bl(O)),

where Cap(B1(0)) denotes the capacity of B1(0), and k; is a positive constant independent of R.
Thus by [38, Prop. 3] and (5.16) we have

e <y 2 o BOHBOD)

with a constant k9. Therefore, using (5.14) and letting R — oo in the above, we get

1
([1<OO)_ 1 d\Il

W7 x € B, (0),

with a constant C. This gives (5.9).
To show (ii), we consider the stopping time Ty, the first hitting time of the ball B1(0). Since
(¢p(Xt))e>0 is a non-negative super-martingale (see Theorem 4.2 above), it is easily seen that

p(x) > E'[o(Xing, )], t>0.
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Letting t — oo and applying Fatou’s lemma, we conclude that for |z| > 1
p(x) = E*[o(Xe, ) gy <o0y] = M(1) P?(T1 < 00). (5.18)

Combining (5.18) with (5.9), we obtain (5.10).
Finally, we prove part (iii). We split the proof into two cases. Suppose that r < |z]| < %
Consider the ball B, () of radius 5 around x. Since ¢ is a super-solution, we have

o(z) > Ex[ﬂo(Xt/\TBTﬂ(z))]v t > 0.
Hence by letting ¢t — co and applying Fatou’s lemma we obtain
o) > B [p(Xey )]
By using the Tkeda-Watanabe formula (5.7) we obtain
SD(‘T) > E* [CP(XTBT/Q(I) )]IBT/Q (0) (XTBT/Q(Z>):|
T\ r
> M (5) ElLn, 0)(Xen )] = M(5) Pr, o) (@ B,2(0))

(Iz=9l™
>
o /rw /T/Q(O) EET dz G, (@) (2, dy)

> ) Ym0 [ Gy )
|37 Bypp(@)
By /2(0)] o\
ZH1M(T)7‘3/T‘CZ (37| 2)E [t (0]
‘BT/Q(O)’ —2 1
Z K M r 7\11 3T T —oN
T (S
ZH3M(T)7

where in the third line we used monotonicity of M and (5.12), and (5.14) in the last line. For the
second case, assume 37" < |z| < 2r and consider a ball of radius § around x, and a ball of radius
around 0. Then the proof of (5.11) can be completed by repeating the same argument as for the
first case. O

Now we complete the proof of Theorem 5.3.

Proof of Theorem 5.3. Let r > 0 be large enough, and consider a point |z| < r. Since ¢ is a
non-negative super-solution of (5.8), we have

t/\TgT(gc)
p(z) = E*[p(Xinry, ) )] + E /0 gop(Xs)ds] , t>0. (5.19)

Since ¢ in non-negative, by letting r — oo in (5.19) we obtain

o(z) > E¥[p(Xy)] + E* -/0 ©P(Xs) ds} , t>0.

Since (Xt)t>0 has a positive transition density, the above implies either ¢ =0 or ¢ > 0 in R?. We
show that the second possibility cannot occur. Suppose that ¢ > 0. Then we have M(r) > 0 for
r > 0. Letting t — oo in (5.19), we obtain

p(z) > E [/OTBT(I) w”(Xs)dS] :
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This then implies

p(a) = (M(2r))"E”| ] = R1(M(2r))P x| <,

1

with a constant 1, where the last estimate follows from (5.13). Thus we have

g, ()

m(avt(zr))ﬁq/(:_z) < M(r) < CoM(2r),

which, in turn, gives
1

M(2r) < rpW(r—2)p1. (5.20)
Applying (5.10) to (5.20) we get

r~ <21, for all large . (5.21)

U(
Since § = 0, in virtue of Assumption 2.1(i) we have that

cU(r 2)r?t < U(1). (5.22)
Thus by using (5.21) we get

2pp

r—d <rop-l,

. . 2 . .
However, this is not possible due to the fact that d < p%ﬁl, ie, p < ﬁ. Thus necessarily

M(1) = 0, which contradicts the fact that ¢ > 0, and hence ¢ = 0 in R%. O

We note that for the specific case ¥(u) = v and g = i = 1, when the problem reduces to super-
solutions of a PDE featuring the Laplacian, and choosing d > 3, Theorem 5.3 covers the range
pe (1, d%), which can be compared with [34], where solutions are analyzed. Also, recently in [32,
Th. 1.3] a similar range of p has been obtained for a more restricted class of operators (fractional
Laplacian type operators), in particular, corresponding to pu = fi.

We conclude with a further application of the technique developed in Theorem 5.3 to Lane-
Emden systems featuring general non-local operators. This involves a system of coupled positive

entire super-solutions. For some related results involving the fractional Laplacian we refer to
[27, 63].

Theorem 5.4. Let W1,V € By be different Bernstein functions satisfying Assumptions 2.1(i) and
2.1(ii) with parameters Mo Ci > 0, 0, =0 and fi;,c; >0, 0; =0, i = 1,2, respectively. Furthermore,

assume that corresponding processes (X})i>o and (X2)i>o satisfy the assumption of Theorem 5.5.
Then there exists no positive super-solution to the system of equations

Ui(—A > o in RY
=81 2 T, (5.23)
Wo(—A)pa > ¢ in RY,
whenever 5 5 5 5
+ +
8y ll=s) Vv Pl Py > d. (5.24)

pq—1 pq—1

Proof. First note that either both 1,y are identically zero or positive in R¢. Proceeding by
contradiction, we assume that both super-solutions are positive. Also, without loss of generality

we assume that
2ap, + 2pap,

> d. 5.25
g1 (5.25)
Define M;(r) = min, <, ¢i(x) for i = 1,2. From the proof of Theorem 5.3 we note that
1 1
> (My(2r))P > (M (2r))" 2
M) 2 Gy VL) Malr) 2 mgs (6 (20)1, (5:20)



32 MAXIMUM PRINCIPLES

for r > 2. Hence,
1 1
> p>_ - 4
r (M2(2T)) ~ \111(7"_2) (MQ(T))
S 1 1
~ \I/1<7"_2) \I’Q(T'_2

1 1 4 g
< Wy (r=2) [‘1’2(7'_2)] QLY

where in the first and third lines we used Lemma 5.1(iii), and (5.26) in the second line. This implies

| o ry

1
Mi(r) S [Ur(r2) (Wa(r2) )T, r>2. (5.27)
Thus using Lemma 5.1(ii) and (5.22) we obtain

d 2pqpq 2qp9
@ < 7 pg—1 9 pg—1
r Sropatlyr pe

This contradicts (5.25), hence there is no positive pair of super-solutions of (5.23). O

Remark 5.2. Condition (5.24) is similar to the one obtained in [27, Th. 2] for fractional Laplace
operators. It should be noted that [27] deals with weak solutions of fractional Laplacians, whereas
our result deals with super-solutions for a much larger class of operators.

Remark 5.3. It is also easily seen that the conclusion of Theorem 5.4 continues to hold if we
replace (5.23) by a more general class of equations

Ui (=A)pr > f(p2) in RY
Uy(—=A)ps > g(p1) in RY,

with f(u) 2 P and g(u) 2 u.
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