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 9 

Abstract 10 

A comprehensive mesoscopic investigation has been conducted into the classic topic of size 11 

effect, using notched plain concrete beams subjected to three-point bending as a test bed. The 12 

concrete beams are modelled as random heterogeneous material containing three components, 13 

coarse aggregates, mortar and the interface transition zone. Mesoscopic numerical simulations 14 

using a 2D mesoscale continuum damage-based model, enhanced by a nonlocal treatment, is 15 

used to capture the whole fracture process in concrete materials. Both global and local 16 

numerical results are then examined and verified with relevant experimental evidence from 17 

the literature. A stress field interaction theory based on the strip yield model is proposed to 18 

interpret the size effect phenomenon and the role of detailed fracture process zone features is 19 

discussed accordingly.  20 
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 1 

1. Introduction  2 

Size effect is a major issue in concrete materials and structures. Although almost all physical 3 

properties, including compressive strength, tensile strength, post-peak softening and fracture 4 

energy, are associated with size effect in concrete materials, in most reference publications in 5 

the literature, attention has been focused on the variation of peak load and failure strength 6 

with the specimen size [1]. In a typical definition, the size effect is the dependence of the 7 

dimensionless nominal strength  of a specimen on its characteristic structure size 8 

(dimension) D when geometrically similar specimens are compared. The smaller the 9 

specimen size, the greater is the nominal strength.  10 

This interesting phenomenon has been observed and under continued investigation for many 11 

years. At the beginning, it was widely believed that any experimentally observed size effect 12 

on the nominal strength of structures was of statistical origin [2], caused by randomness of 13 

local material strength and described by Weibull statistical theory based on the fact that the 14 

larger the structure the greater the probability to encounter weak points in its volume. 15 

However nowadays it gradually becomes clear that there exists another type of size effect, 16 

namely deterministic size effect [3], which exists even if exactly the same material parameters 17 

are used for different sized structures. It has also been firmly established that the size effect in 18 

quasi-brittle materials like concrete, mortar, and rocks is mainly the deterministic one [4].   19 

As it is well known that unlike metal materials, there is a localized damage zone made of 20 

micro-cracks between the grains or through the grains around and ahead of crack tip. This 21 

localized damage zone which is also known as fracture process zone (FPZ) is deemed to have 22 

a direct relation with the macro fracture behaviour of concrete. Some researchers also 23 

concluded that the existence of the FPZ in front of a growing crack before the maximum load 24 

in concrete structure might be the intrinsic reason for the size dependence of the fracture 25 

parameters [5]. Bažant [3] proposed that the presence of sizeable FPZ at or around crack tip 26 



could lead stress redistribution within the specimen, which would result in a mismatch 1 

between the size dependence of the energy release rate and the rate of energy consumption. 2 

And this unbalance in the energy rates might be the source of deterministic size effect. Hu and 3 

Duan [6,7] disagreed, however, and they concluded that the size effect mechanism could 4 

result from the interaction of FPZ with the nearest structure boundary.  5 

Due to the important role of FPZ during fracture process in concrete, it is significant to be 6 

able to measure the size of the FPZ and on this basis to investigate the role of the FPZ in the 7 

size dependence of fracture parameters. Recently various measurement techniques are already 8 

employed to track the fracture process in concrete experimentally, for example the 9 

holographic interferometry method [8], the scanning electron microscopy method [9,10], 10 

acoustic emission (AE) techniques [11] and digital image correction (DIC) method [12–16]. 11 

Among all the experimental methods used to detect the fracture process zone, the DIC is 12 

adopted mostly. In the DIC method, the fracture process zone is measured by a crack opening 13 

profile. Using the displacement field data, the crack opening at various locations of a crack is 14 

measured. The length of FPZ is determined as the distance from the notch tip to the location 15 

where the crack opening displacement (COD) becomes approximately equal to zero i.e. no 16 

damage.  17 

From the perspective of the numerical simulation of fracture process zone, various methods 18 

have also been used. Veselý and Frantík [17] outlined a technique for estimation of the size 19 

and shape of an inelastic zone evolving around a crack tip during the tensile failure of 20 

structures made of concrete-like materials. They concluded that the shape and size of the 21 

damage zone, which referred to an inelastic zone in their mode, agree well with the fracture 22 

process zone measured by AE (acoustic emission) from the experiments. Grassl et al.[18] 23 

analysed the size effect on fracture process zone in notched and un-notched beams under three 24 

points bending with a lattice model at meso-scale. The fracture process zone of concrete is 25 

determined numerically by evaluating the average of spatial distribution energy densities from 26 

the resulting damage patterns of the lattice elements. Tejchman et al. [12,19,20] performed 27 



several mesoscopic simulations to investigate the fracture process of notched concrete beams 1 

subjected to three-point bending. The FPZ was depicted as a localized damage zone with a 2 

nonlocal strain softening damage constitutive model. The influences of meso-structure such as 3 

aggregate distribution, aggregate size, bond thickness etc. on the shape and size of FPZ were 4 

discussed. Numerical results were also compared with experimental evidence measured by the 5 

DIC technique. Inspired by the method used in DIC experiments, Alam et al. [21] defined the 6 

fracture process zone according to the crack opening profiles which are calculated as the 7 

relative (horizontal) displacement field between the nodes of the finite element mesh situated 8 

on either side of the localized damage zone. However, given the complexity of the internal 9 

structure of concrete, the debate is still ongoing as ‘How to exactly define FPZ and further 10 

measure the size of FPZ’, ‘Whether size of fracture process zone can be considered as an 11 

intrinsic material property and what is the influencing physical mechanism between FPZ and 12 

the size dependent fracture parameters?’ 13 

The present study is aimed to provide some new insight into addressing the above issues and 14 

to contribute to the understanding of the role of FPZ in the size dependent nominal strength in 15 

three points bending test. A theoretic model in which a direct relationship between the FPZ 16 

and the size dependent nominal strength is proposed. In order to better approximate the real 17 

situation involving irregular aggregates, concrete is modelled as a random heterogeneous 18 

three-phase material consisting of coarse aggregates, mortar matrix and interfacial transition 19 

zone (ITZ). FPZ is defined as a localized plastic damage zone using a continuous plastic 20 

damage model enhanced by the nonlocal theory. The macro response of stress - strain curves 21 

as well as the shapes and sizes of plastic damage zones calculated from numerical results are 22 

verified against experimental observations. The influences of the specimen sizes on the shape 23 

and size of FPZ and the stress states within it are discussed in detail. Finally, it is found that 24 

the stress states interaction theory, which is proposed in present study based on the strip yield 25 

model in fracture mechanics, can be used to interpret the size dependent nominal strength 26 

observed in experiments. 27 



2. Numerical approaches 1 

2.1 Meso-structure generation  2 

Experimental evidences demonstrated that the mesostructure of concrete significantly 3 

influence the formation and propagation of the fracture process zone [13,19]. Therefore, 4 

computational modelling of concrete-like materials at mesoscale, which considers the 5 

concrete compositions as coarse aggregates, mortar matrix and the interface transitional zone 6 

(ITZ), is deemed to be a powerful means to describe the fracture process in concrete. In this 7 

study, the mesoscale structure of concrete is represented by a stochastic distribution of 8 

aggregates embedded in the mortar matrix. The aggregates are modelled by random polygon 9 

particles, and the nominal size of the individual aggregates obeys a given grading curve. The 10 

generation of the mesoscale geometry follows a commonly adopted take-and-place procedure 11 

[22], satisfying non-overlapping and minimum gap requirements. The procedure is 12 

programmed using Matlab. The density of the aggregates can be controlled by specifying a 13 

volume ratio.  14 

After the generation of the mesoscale structure, the geometrical data can be fed into a finite 15 

element meshing processor. In the present study, ANSYS pre-processor is used, to perform the 16 

FE-meshing. Figure 1 shows the mesoscale structure of one concrete specimen (a) and its 17 

subsequent FE meshing results (b).  18 

           19 

                        (a) Mesoscale structure            (b) FE mesh results 20 

Figure 1. Mesoscale structure and its corresponding FE mesh result 21 



In the generation of the mesoscale geometry, only the coarse aggregates are considered to 1 

form the discrete aggregate phase. For normal concrete, the coarse aggregates include those 2 

with a minimum nominal size of 4.75 mm [23]. Smaller aggregates are lumped into the 3 

mortar phase. The volumetric ratio (or area ratio in 2D) of the coarse aggregates in present 4 

study is in a range of 0.4-0.5 with the maximum aggregate size around 8 mm.  5 

It should be noted that although the current mesoscale concrete model is developed for normal 6 

concrete originally, the procedure itself has no restriction on the aggregate size range, 7 

aggregate shape or its distribution. Therefore, the model can be directly used to represent the 8 

meso-structure of dam concrete in which much larger maximum aggregate size (around 150 9 

mm) [24,25] is used. In this way, the size effect, which is a very important issue in dam 10 

concrete can be further studied at mesoscale.  11 

The interface transition zone (ITZ) between aggregates and mortar matrix is considered to 12 

play an important role affecting the damage initiation and growth in the concrete material. 13 

Therefore, in the present mesoscale model the ITZ is explicitly modelled as a separate (third) 14 

phase in the composite. Two alternative methods may be considered for the modelling of the 15 

interfacial transition zone (ITZ), one using an equivalent layer of solid elements, and another 16 

using the zero-thickness cohesive plus contact interface elements as developed in [26] 17 

Preliminary analyses have indicated that, as far as the analysis of the mesoscale processes on 18 

the size effect is concerned, the use of the simpler solid element representation of the ITZ is 19 

sufficient. Therefore in the study presented in this paper, the mesoscale model employed will 20 

involve the solid element representation for the ITZ.  21 

2.2 Material model  22 

From a mesoscopic perspective, damage and fracture in concrete mainly occur in the mortar 23 

matrix and along ITZ under a general loading condition. Therefore, appropriate nonlinear 24 

material models need to be considered for these two parts in order to represent the underlying 25 

damage process. The material model employed for these two parts in the present study is the 26 



K&C Concrete Damage Model. This material model is capable of describing the material 1 

failure due to tension, shear, as well as compression under various stress conditions, and it 2 

also includes pressure and strain rate dependent features. The 3 

detailed technical information about this material model can be found in [27,28]. The material 4 

model has been tested extensively and is found to be a suitable candidate for quasi-static as 5 

well as dynamic applications of concrete-like materials [29].   6 

The K&C concrete model uses three independent strength surfaces, namely, an initial yield 7 

surface, a maximum failure surface and residual surface, with consideration of all the three 8 

stress invariants ( ). The strength surfaces are uniformly expressed as:  9 

( )2 2 33 , , ,J f p J J = =                              (1) 10 

where and denote, respectively, the principle stress difference and pressure. At any 11 

stage the current damage state is defined as a linear interpolation between the maximum and 12 

either the yielding or residual failure surface, and the interpolation factor is a function of the 13 

modified effective plastic strain measure, , which is defined in the following form:  14 
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where p  is the effective plastic strain with the increment: 16 

2
,

3

p p

p ij ijd d d  =                                 (3) 17 

1b  and 2b  are damage scaling parameters for the case of the uniaxial compression and 18 

tension, respectively; fr  is the dynamic increase factor that account for strain rate effect, p is 19 

hydrostatic pressure and tf  is the tensile strength of the concrete material.  20 

Therefore, the plastic strain output from the model represent directly the damage (cracking) 21 



pattern and can be used to describe the fracture process in concrete. This will be discussed in 1 

the next subsection.  2 

2.3 Modelling fracture process zone 3 

In some experimental studies mentioned earlier where the DIC technique was used, the 4 

fracture process zone was measured by analysing the crack opening profiles. The crack 5 

opening profiles were calculated from the digital images considering the sum of the horizontal 6 

displacement of points at a certain distance on either side of the crack. More specifically in 7 

[13] the fracture process zone was defined from the notch-tip to the location where a threshold 8 

tensile strain of 83  was reached. This threshold tensile strain referred to the maximum 9 

tensile strain below which concrete could still withstand stress without forming a continuous 10 

crack, and it is also known as tensile strain capacity. A similar idea is adopted in the present 11 

numerical simulation where the fracture process zone is defined as the area within which the 12 

element has already entered into softening stage. In the concrete model used in the present 13 

study, i.e. the K&C concrete model in LS-DYNA, the identification of this zone may be done 14 

easily with the help of the scaled damage factor (SDF) that is associated with the material 15 

model. The size of the fracture process zone is then determined accordingly instead of 16 

measuring the displacement field or the stress field in the specimens.  17 

The scaled damage factor SDF is defined as:  18 
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，                               (4) 19 

 refers to the value of  at the maximum failure surface. Therefore SDF is in the range of 20 

0~2 for each independent element with  meaning no damage, and 21 

 indicating a plastic softening process. Therefore the SDF being in the range of 22 

1~2 can be defined as the softening zone, which is equivalent to the fracture process zone.  23 



2.4 Nonlocal enhancement 1 

In the constitutive modelling and numerical analysis of structures made of softening materials, 2 

the mesh sensitivity associated material damage is a key issue. A smeared crack band model 3 

was first proposed by Bažant and Oh [30] with the assumption that cracks localize in a band 4 

whose width is usually associated with a characteristic length . For a constitutive law 5 

incorporating the crack band theory to achieve a mesh independent result, three parameters, 6 

namely the model I fracture energy , the tensile strength , and the width of the smeared 7 

crack band  are used to control the softening behaviour of concrete.  8 

In the case where the element size in the FE model is larger than , a function of the above 9 

three parameters is suggested to obtain the strain softening modulus as [30]:  10 
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In the case where the element size is smaller than , a fracture energy compensation 12 

approach as expressed in Eq. (6) is adopted so that the total fracture energy consumption is 13 

preserved, assuming the failure in the local region of the FE model would be restricted to only 14 

one element width. 15 

* *I

f c cG h d L d   = =  ，                         (6) 16 

where  and  are the stress and strain in the FE element, and  and are the nominal 17 

stress and strain over the presumed crack band width Lc. Eq. (6) indicates that the softening 18 

branch of the stress strain curve for the ‘localized’ element would become mesh-dependent to 19 

achieve a mesh convergent macroscopic response. This method removes the sensitivity to the 20 

mesh size in terms of the global solutions, but the strain and displacement in the local field 21 

would be mesh-dependent. This would make it difficult to evaluate the fracture process zone 22 

as it would be dependent on the chosen mesh size. 23 



Therefore, a nonlocal approach is introduced here into the numerical model to better 1 

approximate the fracture process in concrete. The underlying principle of the nonlocal theory 2 

is that the failure criterion of a certain point of the material is not only dependent on the stress 3 

state at that point but also on the stress state in the surrounding region. Bazant [31] provided 4 

supporting evidence to this argument by the observation that there exists a certain level of 5 

interaction among the multiple micro-cracks within the fracture process zone. In a nonlocal 6 

approach, a material characteristic length Rc is introduced to replace a pointed local material 7 

response with a weighted average over a given area to describe the stress (or strain) state of 8 

the material.  9 

In the present study an average weighted function based on the work by [32] is implemented. 10 

If  is a local field in a domain V then the corresponding nonlocal field is : 11 
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Eq. (7) integrates within the influencing domain V, where  is the weighting function:  13 
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The weighting function depends on the distance r between the source point  and the target 15 

point x. The weighting function is a monotonically decreasing function as r increases, as a 16 

source point closer to the target point has a higher influence compared to the ones farther 17 

away. The material characteristic length Rc is actually the largest interaction radius of the 18 

source point  that affect the nonlocal average at point x. Thus, it restricts a representative 19 

area for the nonlocal treatment, which can be clearly interpreted in Figure 2. Unfortunately, 20 

the determination of the value for this parameter is not straightforward in concrete material 21 

due to the complex random micro-structure and the complicated failure process within it [33]. 22 

Furthermore, the value may also vary with different weighting functions. Hence in order to 23 

get an objective value for the material characteristic length for a specific numerical model, a 24 



simple but effective way would be by parameter investigation towards matching 1 

representative experimental observations, which will be given in Section 3. The parameters p 2 

and q in the weighting function (see Eq. (8)) can be set as 4 and 2 respectively as suggested in 3 

[32]. 4 

          5 

Figure 2. Nonlocal treatment and a weighting function  6 

Theoretically, any local history variables, such as the energy release rate, strain and 7 

displacement, can be adopted for the nonlocal treatment during the calculation process. In the 8 

present study, the effective plastic strain is chosen for the weighted average during the whole 9 

process. Hence according to Eq. (7), the average effective plastic strain can be written as:  10 
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where  is the local effective plastic strain at a source point  Using the effective 12 

plastic strain , the damage parameter SDF can be calculated accordingly, from there the 13 

fracture process zone can then be evaluated.  14 

3. Computational framework 15 

For plain concrete structures subjected to bending, the nominal strength is observed to 16 

strongly depend on the size of structures. Thus three-points bending test has been the most 17 

popular apparatus in the study of concrete size effect as such a setup is also easy to operate 18 

(comparing to direct tension). In this study, the experiment conducted by Wu et al. [13], in 19 

which the fracture process evolution of concrete was investigated based on three-point 20 

 



bending test apparatus, is chosen for the basic numerical model setup and verification. 1 

3.1 Model setup for the test beams 2 

In the experiment, a series of tests were performed on the properties of FPZ in concrete using 3 

the DIC technique. In the numerical model, the geometrical dimensions of the specimen are 4 

set the same as the experimental case. Generally three sized concrete beams, namely D = 40, 5 

60 and 80 mm are modelled in present study. And for all the specimens, the span to height 6 

ratio , the thickness  mm and the original notch length to the height ratio 7 

 are kept as constant with the same in the experimental test The sketch of the 8 

geometrical properties of the concrete beam is given in Figure 3.  9 

Since the notch widths of the beam were not given in [13], a nominal value of 3 mm is chosen 10 

in the present numerical simulations. The widths of the notches are kept the same for all 11 

specimens, similar to the treatment as some previous studies on the size effect in the 12 

literatures [12,34]. To control the cost of computing time, in the finite element analysis, the 13 

specimen is modelled as a plane stress problem.  14 

               15 

Figure 3. Specimen geometry 16 

In modelling concrete structures such as the beam herein with a mesoscale model, two options 17 

may be considered: a) modelling the entire beam with the mesoscale model, as shown in 18 

Figure 4(a), and b) modelling only the critical region of the beam with the mesoscale model, 19 

while the remaining regions are modelled by a homogenous model, as illustrated in Figure 20 
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4(b). If the critical region(s) can be identified clearly beforehand, use of the second option 1 

would be effective and more efficient. Considering that the damaged zone may only localize 2 

in a region close to the notch while the remaining parts are intact with no damage in a notched 3 

concrete beam under three-point bending test, the meso-structure is only used in the middle 4 

part of the beam to reduce the computational time. The length of the mesoscale region in the 5 

middle of the beam is selected to be equal to the depth of the beam ( , see Figure 4). 6 

The remaining parts of the beams are modelled by elastic properties describing the average of 7 

the elastic response of the matrix, aggregate and interfacial transition zone of the composite in 8 

the meso-scale region. To demonstrate that such a modelling scheme is sound in preserving 9 

the fracture behaviour of the concrete beam, direct comparisons of the beam response in terms 10 

of the nominal stress vs. nominal strain relations between the full mesoscale beam model and 11 

the partial (middle region) mesoscale model in a small sample beam (D = 40 mm) are 12 

presented in Figure 5. The damage zones are depicted in Figure 6. A mesh size of 0.5 mm is 13 

chosen for both models.  14 

 15 

(a) Full meso-structure beam 16 

 17 

(b) Partial meso-structure beam 18 

Figure 4. Two numerical models illustration 19 



Note that the nominal stress here for the notched beam is defined according to the elastic 1 

beam theory for the ligament area above the notch without considering the stress 2 

concentration factor, and by simple arrangement it can be written as:  3 

2
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where P is the applied load, S is the span which has , B is the thickness of the beam, 5 

and H is the ligament length above the notch, 6 

DaDH 7.00 =−=                          (11) 7 

Therefore Eq. (10) can be further simplified as:  8 
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The nominal “strain” here is defined as the total deflection of the midpoint u above the notch 10 

divided by the beam height D, which is purely for a comparison purpose:  11 

DuN =                                (13) 12 

 13 

Figure 5. Nominal stress - strain curves for full and partial mesoscale beam models 14 



 1 

(a) Full mesoscale model  2 

 3 

(b) Partial (middle portion) mesoscale model 4 

Figure 6. Comparison of FPZ between the two models 5 

The results show that the responses from the two beam models are essentially the same. Note 6 

that some slight difference appears in the shapes of the damage zones between these two 7 

models, and this is largely due to the differences in the detailed aggregare distributions in the 8 

critical regions as the meso-geometry for the two models was created in two separate 9 

operations. In the subsequent analysis, the partial mesoscale modelling approach is adopted 10 

for the modelling of the beam under three-point bending, with the length of the mesoscale 11 

portion for the notched middle region being equal to the beam depth. 12 

It should be noted here that in the present analysis we focus our attention on investigating the 13 

influence of the specimen size only. For this purpose, the details of the mesoscale model itself, 14 

including the aggregate volume ratio, maximum aggregate size, and the aggregate size 15 

distribution are kept the same in specimens of different sizes.  16 

3.2 Mesh objective treatment 17 

As stated in Section 2, mesh dependent issue can be minimised by nonlocal treatment for both 18 



global mechanic behaviour and local fracture process. However, numerical results from the 1 

nonlocal approach are actually highly dependent on the value of the characteristic length Rc, 2 

and currently no deterministic value can be found for this parameter in literatures. Physically 3 

the interaction radius Rc should span a few neighbourhood elements in which the nonlocal 4 

approach is implemented. However, increasing the value of the interaction radius would also 5 

increase the computing time. Furthermore, when a large interaction radius is used, the 6 

nonlocal influence domain will also increase which would bring in a well-known boundary 7 

problem in the nonlocal approach. This boundary problem would lead to unstable 8 

performance or even collapse of the calculation. Some methods have been proposed to reduce 9 

such a problem [35,36], but this is beyond our current topic. 10 

The effect of the material characteristic length on the evolution of the fracture process zone in 11 

the present model framework is shown in Figure 7, again using the small concrete beam （D = 12 

40 mm). As it is shown, with increasing material characteristic length, the width of the 13 

fracture process zone depicted in the numerical model apparently increases. By benchmarking 14 

against the experimental observations reported in [13], which will be presented in detail in 15 

next subsection, an empirical value of Rc = 1.5 mm is adopted in present numerical 16 

simulations. Note that this value is actually consistent with the suggestion on setting the 17 

material characteristic length in nonlocal approach in [19]. 18 

               19 

Rc = 0.5 mm            Rc = 1 mm            Rc = 1.5 mm           Rc = 2.5 mm 20 

Figure 7. Caculated fracture process zones for different Rc values 21 



 1 

Figure 1. Nominal stress and strain curves for different mesh sizes by nonlocal treatment 2 

Figure 8 shows the global response in terms of the nominal stress-strain curve for the three 3 

mesh sizes (0.25 mm, 0.5 mm and 1 mm) using the nonlocal treatment with Rc = 1.5 mm. The 4 

corresponding fracture process zones are depicted in Figure 9. As expected, with the nonlocal 5 

treatment there is negligible mesh sensitivity. The post-peak behaviour of the nominal 6 

stress-strain curves in Figure 8 are virtually identical for all the mesh sizes. This ensures the 7 

overall fracture energy is the same irrespective of the mesh size. Mesh independent results 8 

become also apparent in the depiction of the shape and size of the fracture process zone (see 9 

Figure 9). The width of the strain localization band is almost constant for different mesh sizes. 10 

The slight variation is actually due to a different number of elements involved within the 11 

interaction domain, and this is deemed acceptable especially in a mesoscale model where the 12 

size and shape of individual elements inevitably varies to a certain extent. Hence, we can state 13 

that the nonlocal treatment takes a good effect here, and it benefits not only in obtaining a 14 

mesh independent global response but also in predicting the onset and evolution of the 15 

fracture process in the concrete material.  16 

         17 

                (a) mesh 0.25 mm         (b) mesh 0.5 mm        (c) mesh 1 mm 18 

Figure 9. Fracture process zone depicted by nonlocal treatment for different mesh sizes 19 



3.3 Model verification  1 

3.2.1Macroscopic Load-CMOD responses 2 

The numerical model developed in this study is verified towards the experiments results in 3 

[13], where the macroscopic responses in terms of the load versus crack mouth opening 4 

displacement (CMOD) curves were given. In their experiments, load was actually the force 5 

applied on the specimen while the CMOD was measured by a clip gauge installed at the 6 

centre of the notch. In the current numerical simulations, this information can be directly 7 

obtained from post-processing the simulation results (using LS-PREPOST herein).  8 

Following the guidelines in Section 2.2, the material properties for the three independent 9 

components are determined firstly to match the experimental macro response of the concrete 10 

beams. The material properties for aggregates include: E = 60 GPa, mass density 11 

g/mm3, and the properties for mortar include: g/mm3 and 12 

compressive strength = 60 MPa. The parameters used for the ITZ include: 13 

g/mm3 and compressive strength = 40 MPa. The Poisson’s ratio is assumed to 14 

be 0.2 for all the three components. Figure 10 shows a comparison of the experimental and 15 

simulated Load-CMOD curves for specimens of different sizes. A very good agreement can 16 

be observed across all size groups, and this confirms that the current numerical models 17 

represent well the properties and the behaviour of the specimens used in experiment.  18 

 19 

          (a) small specimen (D = 40 mm)                 (b) medium specimen (D = 60 mm) 20 



 1 

 (c) large specimen (D = 80 mm) 2 

Figure 10. Comparison of macroscopic Load-CMOD curves with experiment 3 

3.2.2 Evolution of fracture process zone 4 

The development processes of the damage zones defined by SDF are further checked with 5 

experiemental observations in this part. Figure 11-13 illustrate the development of the fracture 6 

process zone from the simulation of the specimens of three different sizes. 7 

              8 

(a) Numerical results  9 

           10 

(b) Experimental results (after [13]) 11 

Figure 11. Development of FPZ at three loading points for small specimen (D = 40 mm) (Left: 12 

pre-peak, 71.4% peak load; Middle: peak load; Right: post-peak, 60.6% peak load) 13 



           1 

(a) Numerical nonlocal results 2 

          3 

(b) Experimental results (after [13] ) 4 

Figure 12. Development of fracture process zone at three loading points for medium specimen 5 

(D = 60 mm) (Left: pre-peak, 85.1% peak load; Middle: peak load; Right: post-peak, 40% 6 

peak load ) 7 

Apparently, the numerical results agree favourably with those from the experimental 8 

measurements using the DIC technique. Note that there appear to be some slight differences 9 

in the shapes of the highly irregular damage zones between the numerical and experimental 10 

results. These differences may be attributed to the randomness in the locations and shapes of 11 

the aggregates in the actual specimens which cannot be reproduced exactly in the numerical 12 

models. However, in terms of the measurable quantity i.e. the width and length of the damage 13 

zones, the numerical simulation results exhibit good agreement with the experimental 14 

counterparts for all the three speciments and at different loading stages. It is therefore 15 

reasonable to conclude that the present numerical model can be employed to simulate the  16 

fracture process zone for the purpose of investigating the associated size effect. 17 

 18 



     1 

(a) Numerical nonlocal results 2 

        3 

(b) Experimental results (after [13]) 4 

Figure 13. Development of fracture process zone at three loading points for large specimen (D 5 

= 80 mm) (Left: pre-peak, 80.1% peak load; Middle: peak load; Right: post-peak, 31.4% peak 6 

load) 7 

4. Results and discussion 8 

In this section the phenomena of the deterministic size effect from the numerical simulations 9 

are examined. The reasons underlying the size-dependent nominal strength are discussed 10 

based on the detailed numerical results. To better illustrate the tendency of the size effect, two 11 

more specimens of larger sizes with mm and 160 mm, respectively, are also 12 

simulated and the results are included in the discussion. All other properties except the size 13 

are maintained the same in all the numerical specimens. 14 



4.1 Size effect on nominal strength  1 

Figure 14 shows the nominal stress and strain curves for the five different sized specimens 2 

from the mesoscale concrete models. The nominal stress and strain are defined according to 3 

Eq. (12) and Eq. (13), respectively. The results clearly demonstrate the so-called deterministic 4 

size effect, such that the nominal strength increases persistently as the specimen size 5 

decreases, and at a significant rate. Figure 15 plots the variation of the nominal strength with 6 

the size of the beams. For a comparison, the variation curve based on a deterministic size 7 

effect law by Bažant [37], which is valid for a structure with pre-existing notches, is also 8 

enclosed wherein the nominal strength is calculated as: 9 

( )
0

/1 DD

Kf
t

N

+
=                                 (14) 10 

where ft is the tensile strength of the concrete, D is the beam depth and K, D0 are size 11 

dependent parameters which are determined by fitting a set of data (with a non-linear 12 

least-square Trust-Region algorithm).  13 

 14 

Figure 14. Nominal stress and strain curves 15 

As it can be observed, the nominal strength of the beam from the mesoscale concrete model 16 

show a clear size dependence, and the variation matches well the size effect law proposed by 17 

Bazant [37]. In comparison, a set of simple comparative models in which the specimens are 18 

treated as entrirely homogeneous is also analysed, where the single-phased material are given 19 

the macro material properties as experiments. The material characteristic length Rc in the 20 



nonlocal weighting function is still set at 1.5 mm. In order to avoid any influences from the 1 

meshing among the models, the comparative homogeneous models use exactly the same mesh 2 

structures as their counterpart mesoscale models, except that all the elements in the 3 

homogenuous models are given the uniform material properties. Clearly, the nominal strength 4 

results from the homogeneous beam models show some scatter, but the overall variation trend 5 

with the size can still be captured.  6 

 7 

Figure 15. Nominal strength size effect tendency 8 

4.2 Size effect on fracture process zone 9 

As mentioned before, the size of the fracture process zone ahead of the notch tip before the 10 

peak loading point could be an intrinsic reason for the size effect phenomenon. Therefore it is 11 

of particular interest to examine the properties of the fracture process zone in speciemens of 12 

different sizes.  13 

     14 

   D = 40 mm              D = 60 mm                   D = 80 mm 15 



    1 

          D = 120 mm                              D = 160 mm 2 

Figure 16. The FPZs at peak load points for different specimens in mesoscale concrete 3 

model 4 

Figure 16 shows the shapes and sizes of the fracture process zones at peak loading point for 5 

the five specimens. As can be observed, the widths of the fracture process zones are almost 6 

the same (around 5 mm) for all the specimens. This phenomneon is consistent with the 7 

observations reported by Skarżyński et al. [19] using the DIC technique and previous 8 

numerical work by Grassl et al. [18]. It suggests that the width of the fracture process zone 9 

may be considered as a material property. As a matter of fact, in the crack band thoery the 10 

width of the fracture process zone is already assumed to be a constant value, and Bažant & Oh 11 

[30] gave it three times of maximum aggregate size. However the width of the FPZ from the 12 

present numerical simulation appears to be smaller than the above assumed value. On the 13 

other hand, the absolute length of the fracture process zone at the peak loading point appears 14 

to be strongly dependent on the specimen size. Clearly, the greater the specimen size, the 15 

longer is the localized damage zone. The length increases from around 7.8 mm for the 16 

smallest beam (  mm) to 26.5 mm for the largest beam (D = 160 mm). This strong 17 

depdendence of the fracture zone length on the size may be explained by the decrease of 18 

stress gradient with the increase of the beam size (see Eq. (15) later).  19 



However if we further look at the relative or normalised fracture process zone length, i.e. the 1 

ratio of the length of the fracture process zone to the ligament length above the notch,  2 

at the peak load, we can observe an opposite trend, such that the ratio decreases as the 3 

specimen size increases. The trend is plotted in Figure 17. This result from the current 4 

numerical simulation actually echoes nicely the observations made from experimental studies 5 

[13,16,21]. It suggests that the normalised length of the fracture process zone is not a material 6 

parameter but is dependent on the speciemen size. This size-dependent normalised length of 7 

the fracture process zone provides an intrinsic explanation to the size effect which will be 8 

discussed in more detail later.  9 

 10 

Figure 17. Relative fracture process zone length at peak load 11 
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    D = 40 mm              D = 60 mm                 D = 80 mm 13 



    1 

             D = 120 mm                              D = 160 mm 2 

Figure 18 The FPZs at peak load points for different specimens with homogenuous 3 

models 4 

Figure 18 shows the caculated results in terms of the shape and size of the fracture process 5 

zone for the concrete beams of different sizes from the homogenuous concrete models. As it is 6 

shown, in contrast to the mesoscale concrete model, the evolution paths of the fracture 7 

process zones from the homogenuous models are generally straight. On the size of the 8 

fracture process zone, the general trend is similar to the mesoscale models, such that the 9 

length of the fracture process zone is strongly dependent on the size of the beam while the 10 

width is insensitive to the change of the beam size. However, the homogenuous models 11 

appear to produce longer fracture process zone lengths than the mesoscale concrete models do. 12 

The normalised fracture process zone lengths, as also shown in Figure 17, show some scatter; 13 

nevertheless the overall trend is similar to that from the mesoscale models. These 14 

observations suggest that composition of the material at the meso-scale is a significant factor 15 

that needs to be taken into account so that a more reliable evaluation of the fracture process 16 

zone may be made. 17 

With a comparison to Figure 15, it can be found that the nominal strength variation with size 18 

is generally in line with the trend of the normalised fracture process zone length, and the 19 



scatter in the homogeneous models appear in a similar fashion. The results indicate clearly 1 

that the size dependent nominal strength is directly related to the size dependent fracture 2 

process zone. The scattered points on the size effect curves from the homogeneous beam 3 

models suggests to be a result of lacking the ability to realistically reproduce the formation 4 

and propagation of the fracture process zone in a homogeneous model, thus affecting the 5 

detailed stress and strain states of concrete in the critical damage region.  6 

Recent researches of size effect on dam concrete [24,25,38,39] reveal that several fracture 7 

parameters such as: fractur energy, effective fracture toughness as well as critical crack tip 8 

opening displacement, are only dependent on the specimen size within a certain range, but 9 

independent of specimen size when the ratio of the ligament height to the maximum aggregate 10 

size is large enough. However, whether the length of the fracture process zone or the 11 

normalized fracture process zone follow the same trend is not clear yet. Since the model 12 

presented in this paper has no restriction on aggregate sizes, shapes, the volume ratios, or the 13 

specimen dimensions, the loading and boundary conditions, the issue of this study should be 14 

straightforward within this model. This could be considered as future study.  15 

4.3 Relating FPZ and size-dependent nominal strength  16 

As discussed above, the current mesoscale model enhanced by nonlocal treatment can well 17 

predict the size-dependent nominal strength as well as the size sensitive fracture process zone, 18 

which agree well with representative experimental evidences. However, no direct relationship 19 

between the two size-dependent factors has been established in the literature and the exact 20 

role of the size sensitive fracture process zone in contributing to the size effect on the nominal 21 

strength has not been fully understood. Herein an attempt is made to propose a theoretical 22 

model, herein referred to as a stress interaction theory, to filling in this gap and establish a 23 

quantitative relationship for the evaluation of the size effect on the nominal strength. The 24 

reference condition is still based on elastic beam bending, as adopted in the original definition 25 

of the nominal strength. So according to the elastic beam theory, there is a linear stress 26 



variation in a bent beam:  1 

( )
2
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H
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                             (15) 2 

where  is the elastic stress field along a specific cross section in the beam,  is the 3 

stress at the lowest fibre (bottom free surface) of this cross section, hereafter it is called the 4 

effective elastic stress, y is measured from the lowest fibre where ; and H is a length 5 

parameter which is related to the depth of the cross section and therefore also represents the 6 

specimen dimension. For a notched elastic beam, if the stress concentration is not considered, 7 

H becomes the ligament length above the notch (Eq. (11)).  8 

In a hypothetic situation without stress concentration and without nonlinearity in the fracture 9 

zone, the concrete beam would fail if  reaches the tensile strength, and consequently there 10 

would also be no size effect if the material properties are the same for the beams with similar 11 

geometrical shapes. However, in reality there exists a sizable fracture process zone, especially 12 

in concrete-like materials, within which the stress state is highly non-linear before the applied 13 

load reaching its maximum value. Herein we shall denote the non-linear stress in FPZ 14 

as . Consequently, the equivalent elastic stress  deviates from the tensile strength. If 15 

 could be evaluated from the properties of the FPZ, that would give a direct prediction of 16 

the size effect. We postulate that the variation in the stress states within FPZ directly leads to 17 

the size dependent nominal strength, and by examining the interaction between the stress 18 

states between the elastic stress field in the absence of FPZ and the actual stress field within 19 

FPZ it could lead to an explicit correlation.  20 

For this purpose, we adopt the strip yield model concerning fracture proposed in [40]. In the 21 

strip yield model, a long and slender plastic zone is assumed at the crack tip in a 22 

non-hardening material in a plane stress condition. The strip yield plastic zone is modelled by 23 

assuming a crack with a length of ( , where ρ is the length of the plastic zone, with a 24 



closure stress  applied at each tip, as shown in Figure 19. Since the stresses are finite in 1 

the non-hardening materials, there cannot be a stress singularity at the new crack tip. 2 

Therefore the stress intensity factors from the applied tension and closure stress cancel one 3 

another,  4 

0.total applied closureflowK K K= + =                      (16) 5 

   6 

Figure 19. Sketch of strip yield model 7 

Satisfying the above equation with the detailed formulation of the stress intensity factors, the 8 

following equation can be obtained [41]: 9 

( ) 

( )
1/20 2 2

( )
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−
                       (17) 10 

where  is the length of the plastic zone and y is the coordinate of the point within the plastic 11 

zone.  12 

In numerical simulations the present stress state  within plastic zone can be directly 13 

extracted for every single element. Therefore, the integral for the plastic stress in Eq. (17) can 14 

be calculated approximately by adding up all the elements within the plastic zone, i.e.:  15 
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                   (18) 16 

where N is the total number of elements along the length of the plastic zone and  is the 17 

element mesh size adopted in the FE model. Combined with Eq. (15) and Eq. (18), Eq. (17) 18 

can be transformed to:  19 
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The effective elastic stress can then be calculated as:  2 
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As far as the nominal strength in concerned, this can be calculated using the effective elastic 4 

stress expressed in Eq. (20), provided the FPZ properties, including the non-linear stress field, 5 

are available at the peak loading point. If Eq. (20) can be validated as being capable of 6 

depicting the size effect tendency, it would be reasonable to deduce that the above theoretical 7 

formulation based on the interaction of the stress states theory adequately describes the 8 

intrinsic mechanism of the size effect. This will be discussed later. 9 

4.4 Mechanisms underlying size-dependent nominal strength 10 

In Section 4.3, an explicit relationship relating the nominal strength and the fracture process 11 

zone is established based on the concept of interaction of the stress fields. To check its validity, 12 

we can evaluate the effective stress at the peak load accordingly from the numerical 13 

simulation results. 14 

All the required information for the calculation of the nominal stress in Eq. (20) can be easily 15 

obtained from the numerical simulation (through post processing), including the geometry 16 

parameters of each element involved as well as the stress state within the fracture process 17 

zone at peak load. The stress state for each y position in the equation is determined as 18 

the average stress of the elements which share almost the same y coordinate within the 19 

fracture process zone. The resulting nominal stress for each concrete beam calculated by Eq. 20 

(20) is presented in Figure 20. 21 

For an additional point of view, if we simply assume that in Eq. (17) the stress  within 22 



fracture process zone remains constant at the fracture strength , while the fracture process 1 

develops, then combining with Eq. (15), Eq. (17) can be reduced to:  2 
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                          (22) 5 

Using the material property ft = 3.7 MPa and the normalized fracture process zone length in 6 

Figure 17, the effective stress for beams of different sizes can be calculated. The results are 7 

also included in Figure 20 for comparison. 8 

 9 

Figure 20. Size effect tendency comparison 10 

It is remarkable to find that the effective stress calculated by Eq. (20) well captures the size 11 

effect tendency and the effective stress value at the peak load for each beam matches very 12 

closely the measured values from Eq. (12). The effective stress obtained from Eq. (22) using a 13 

hypothetic elastic-perfectly plastic stress field for the FPZ indicates a similar trend but 14 

considerably under-predict the degree of the size effect in the concrete beams.  15 

The above results suggest that quantitatively it is possible to establish the trend of the size 16 

effect on the nominal strength in accordance with the stress state interaction theory proposed 17 

in present study. The comparison with the result from involving an elastic-perfectly plastic 18 



assumption in the fracture process zone provides additional insight as to why the size effect is 1 

a more significant phenomenon in quasi-brittle materials like concrete and rock than in ductile 2 

materials (such as steel). It also suggests that the mechanisms underlying the observed size 3 

dependent nominal strength could be the combined action of the size dependent fracture 4 

process zone and the stress states interaction in the fracture process zone. 5 

5. Conclusions 6 

In this paper the classical topic of size effect in concrete structures is investigated by means of 7 

numerical simulations on geometrically similar plain concrete beams of different sizes 8 

subjected to three-point bending. The concrete beam is modelled using a mesoscale approach 9 

where three components, namely coarse aggregates, mortar and the interface transition zone 10 

are explicitly represented. A nonlocal approach is introduced to enhance the numerical model 11 

in minimising the mesh-dependent issue in the model. The numerical results are compared 12 

with relevant experimental observations using DIC technique for verification and validation 13 

purposes, and the trend of the size effect on the fracture process zone and hence the nominal 14 

strength is evaluated and discussed based on the numerical simulation results.  Finally, a 15 

stress field interaction theory based on the strip yield model is proposed to establish a direct 16 

relationship between the (deterministic) size effect and the fracture process zone parameters. 17 

Based on the results, the following main conclusions may be drawn: 18 

1. The continuum-based mesoscale concrete model, with enhancement by a nonlocal 19 

treatment, can well describe the general shape and size of the fracture process zone. 20 

The width of fracture process zone does not depend on the beam size, but the length of 21 

the fracture process zone at peak loading point is strongly dependent on the beam size, 22 

and the length of the fracture process zone increases as the beam size increases. The 23 

normalized length of fracture process zone at peak loading point, however, show an 24 

opposite trend, and in normalised terms it actually decreases with the increase of the 25 

beam sizes.  26 



2. The mesoscopic heterogeneity appears to have a noticeable effect on the evolution of the 1 

fracture process zone, and hence the size effect as a whole. By comparison a 2 

homogenised model lacks the ability to realistically simulate the shape and size of the 3 

fracture process zone, and this leads to an inaccurate representation of the local stress 4 

and strain states within the fracture process zone.  5 

3. The nominal strength as produced from the mesoscale model simulation shows a good 6 

agreement with the experimental observations, and the general results confirm that the 7 

size effect is directly related to the properties of the fracture process zone at the peak 8 

load.  9 

4. The stress field interaction theory based on the strip yield model explains very well the 10 

size effect phenomenon, and the formulation provides an explicit relationship between 11 

the size-dependent nominal strength with the length of the FPZ and the stress 12 

distribution within the FPZ.  13 
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