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Abstract

In this paper, a nonlinear robust controller is proposed to deal with the flight mode transition
control problem of tail-sitter aircrafts. During the mode transitions, the control problem is
challenging due to the high nonlinearities and strong couplings. The tail-sitter aircraft
model can be considered as a nominal part with uncertainties including nonlinear terms,
parametric uncertainties, and external disturbances. The proposed controller consists of a
nominal H∞ controller and a nonlinear disturbance observer. The nominal H∞ controller
based on the nominal model is designed to achieve the desired trajectory tracking perfor-
mance. The uncertainties are regarded as equivalent disturbances to restrain their influences
by the nonlinear disturbance observer. Theoretical analysis and simulation results are given
to show advantages of the proposed control method, compared with the standard H∞ control
approach.

Keywords: tail-sitter aircraft, flight mode transition, unmanned aerial vehicle, robust
control, nonlinear system

1. Introduction

In recent years, the unmanned aerial vehicles (UAVs) have attracted much attention be-
cause of their various applications (see, e.g., [1, 2, 3, 4, 5]). Tail-sitter aircrafts are a new
type of UAVs, which can vertical take off and land (VTOL) on their tails, and fly forward
with high speeds and heavy loads. Due to these advantages, the tail-sitter aircrafts have
drawn much attention and have various applications in civil and military fields, as shown in
[1]. The flight mode transition of tail-sitter aircraft is a process that the aircraft flies forward
from hovering, or vice versa [3, 6]. During the flights of the tail-sitter aircraft, including
flying forward, hovering, mode transition, take-off and landing, multiple challenges exist
such as nonlinearities and uncertainties involved in the vehicle dynamics for the flight con-
trol method design, especially in the flight mode transitions [7]. The tail-sitter aircraft is the
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combination of the fixed-wing aircraft and the rotorcraft, which has the both characteristics
of the fixed-wing aircraft and rotorcraft. It can vertically taking off and hover like rotorcraft
while cruise with high flight speed and long flight time and can accomplish multiple com-
plex tasks, which is hard for either fixed-wing aircraft or rotorcraft. The main difficulty
of control is about that the flight mode transition due to the large maneuver, the serious
nonlinearity and influences of the uncertainty. In the mode transition, the fuselage is tilted
and the wings are kept at a given small angle of attack. However, it is difficult to analyze
the aerodynamics of the tilting fuselage during the mode transition, and moreover, the tilt-
ing structure is difficult to control. Several design methodologies of tail-sitter aircrafts are
introduced in [8, 9].

In recent years, developments of the tail-sitters have made significant progress. Many
efforts have been applied to deal with the flight control problem of the tail-sitter aircrafts.
As shown in [10]-[11], a twin helicopter rotor tail sitter aircrafts are presented. A model
of an agile tail-sitter aircraft was presented in [12], which could operate as a helicopter as
well as have the capable of transition to fixed-wing flight. A novel hybrid UAV called U-
Lion was introduced in [13], which had autonomous VTOL and cruise flying capabilities.
As shown in [14], an accurate and robust altitude control method was presented for VTOL
aircrafts equipped with turbine engines in order to achieve the quasi-stationary flight. To
support navigation and control research for indoor micro air vehicles, a four wing tail-
sitter type rotorcraft micro air vehicle was developed in [15]. Based on aerodynamics
characteristics of a fixed-wing micro air vehicle, the influence of a propeller slipstream was
investigated in [16].

The tail-sitter aircraft is a typical multi-input, multi-output, and nonlinear time-varying
system with cross couplings and uncertainties. It can be regarded as a helicopter when
hovering and a fixed-wing aircraft when flying forward [17]. Several control strategies
have been proposed, which can be applied to achieve the desired tracking control perfor-
mance. In [18], an active model based predictive control method was developed for the
flight control of unmanned helicopters in full flight envelope. Similarly, a model-based
tracking control design for small-scale unmanned helicopters was presented in [19]. As
shown in [20], a method for using linear matrix inequalities was introduced to synthesize
controller gains for a quadrotor system. In [21] and [22], the control problem of flexible
spacecraft with communication delays was discussed, and distributed formation control of
multiple quadrotor aircraft was proposed. In [23], a robust adaptive tracking control system
for the attitude dynamics of a rigid body was presented. In [24], a feedback control strategy
was proposed to make the dynamics of a class of under-actuated VTOL aircraft tracking a
desired trajectory. Based on a nonlinear model of the uncertain robotic quadrotors, a ro-
bust nonlinear attitude control method was designed in [25]. However, the effects of the
uncertainties to the closed-loop systems were not fully discussed in these works, and the
controllers were designed based on the nonlinear systems without further analyzing of the
influences of external disturbances.

The dynamics of the tail-sitter aircrafts are nonlinear with couplings, and sensitive to
external disturbances. To deal with the control problem in the presence of uncertainties,
various robust control techniques have been developed. In [26], a nonlinear L2-disturbance
rejection control method to a laboratory twin-rotor system was proposed for the highly
nonlinear and strongly coupled dynamics. In [27], a novel asymptotic tracking controller
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was introduced for an underactuated quadrotor UAV by the robust integral of the signum of
the error method. To solve the multiple uncertainties control problems, the robust decen-
tralized and linear time-invariant controller with the robust compensator was proposed to
achieve trajectory tracking for quadrotors, in [28]-[29]. An adaptive compensation control
scheme with disturbance observer for four-rotor helicopter was proposed in [30], to handle
the attitude control problems with the unknown actuator failures and external disturbances.
In [31], a new method was developed to improve the disturbance-rejection performance of
a servo system by the estimation of an equivalent input disturbance. In [32], a disturbance
rejection control strategy was presented for attitude tracking with disturbance observer to
restrain the influences of both internal uncertainties and external disturbances. In these
works, further studies on reducing the influences of uncertainties caused by parametric per-
turbations, external disturbances, nonlinear and coupled dynamics were not discussed fully
in the stability analysis of the closed-loop control system.

In the current paper, a six-degrees-of-freedom control problem was studied for the tail-
sitter aircrafts. The purpose of the control here is to improve the signal tracking capability,
as well as the performance of robust stability for uncertainties including unmodeled non-
linearities, parametric uncertainties, and external disturbances. In order to design the con-
troller for practical implementation, the system model is decoupled into a nominal model
with the uncertainties parts. A robust H∞ controller, which is low-order, linear and time-
invariant, is introduced for the nominal model to achieve the desired trajectory tracking. As
the effects of uncertainties on the aircraft control system cannot be reduced as desired in
the whole frequency range by the standard H∞ method, a disturbance observer is proposed
for the uncertainties to improve the robustness of the closed-loop system. The proposed
controller can guarantee to achieve the tracking performance and robustness against uncer-
tainties. The simulation results show that the proposed robust control strategy can achieve
better robust tracking control performance, compared with a standard H∞ controller.

This paper is organized as follows. In Section 2, the dynamic model of the tail-sitter
aircraft is presented. The robust control based on the disturbance observer method is pro-
posed in Section 3. The stability analysis for proof of the stability of the system is shown in
Section 4. The simulation comparison and conclusions are given in Section 5 and Section
6, respectively.

2. System Dynamic Model

2.1. Mechanical structure of tail-sitters
In this article, a new type tail-sitter aircraft called X-hound developed by the AOS Com-

pany is discussed. This tail-sitter aircraft consists of a fuselage, wings and a V tail as shown
in Fig. 1(a). A brief outline of the aircraft is shown in Fig. 1(b). All the vanes can generate
aerodynamic torques by deflection. The motors are mounted on the aircraft wings and the
V tail, driving the propeller to generate thrusts, and also can generate torques by the differ-
ent rates of each motor. The forces and torques generated by four rotors and four vanes can
change the movements of the tail-sitter aircraft. The forces and torques for the tail-sitter
aircraft during mode transition are shown in Fig. 2(a). The four rotors generate thrust and
produce torques around the aerodynamic center due to the blades of rotors. The four rotors
are symmetrically mounted to avoid the roll torques caused by rotors, as these moments act
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Fig. 1: X-hound vehicle: (a) X-hound tail-sitter aircraft, (b) Schematics of X-hound tail-sitter aircraft. Nota-
tions: 1: fuselage, 2: wings, 3: V tail, 4: vane 1, 5: vane 2, 6: vane 3, 7: vane 4, 8: rotor 1, 9: rotor 2, 10:
rotor 3, 11: rotor 4.

in opposite direction relative to the rotation rate of the rotor. The lift forces are generated
based on the layout of the aircraft, and the four vanes can adjust the aerodynamics forces
and torques. In addition, the forces produced by the rotors can help increase the torques
by the different rotate rates of each rotors [33]. According to change the rotor rates with
the same quantity, the total thrust forces can be changed, which can affect the altitude and
longitude motion of the aircraft. Depending on the desired direction, the latitude motion
can be obtained by the deflection of four vanes [34]. The attitude can be maintained or
changed by adjusting the rates of four rotors and the deflection of four vanes. Then the
movements of the tail-sitter aircraft can be obtained.

The constraints of the tail-sitter aircraft can be mainly reflected in three parts: the flight
state should be inside the range to make the aerodynamic coefficient reliable; the constraints
of the actuators because of the physical limits affect the control input; the final trajectories
are formulated as a terminal constraint. Then, the motion of the aircraft can be seen as the
process of solving the nonlinear system under the above constraints.

2.2. Coordinates and frames
As shown in Fig. 2(b), let C be the center of gravity of the aircraft. According to the

right handed inertial frame, a body fixed frame B =
{

Bx By Bz

}
can be obtained. And

define E =
{

Ex Ey Ez

}
be an earth fixed inertial frame. The rotation matrix S be from

the earth fixed inertial frame E to the body fixed frame B is described as follows:

S be =


cos θ cosψ cos θ sinψ − sin θ

sin θ cosψ sinϕ − sinψ cosϕ sin θ sinψ sinϕ − cosψ cosϕ cos θ sinϕ
sin θ cosψ cosϕ + sinψ sinϕ sin θ sinψ cosϕ − cosψ sinϕ cos θ cosϕ

 ,
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Fig. 2: X-hound Tail-sitter model: (a) Forces and torques of the aircraft during mode transition, (b) Coordi-
nates and frames.

where Euler angles ϕ, θ, ψ represent roll, pitch, and yaw angle, respectively. By considering
the aircraft as a rigid body model, one can obtain the dynamics equations with the following
description based on Newton-Euler’s law in the body frame B as

mv̇b = F − S bemg,
Jω̇b + ω×b Jωb = T, (1)

where m indicates the mass of the aircraft, g =
[

0 0 g0

]
denotes the gravitational con-

stant, vb =
[

vx vy vz

]T
, ωb =

[
ωx ωy ωz

]T
respectively represent the velocity and

the angular velocity in the body frame B, F =
[

Fx Fy Fz

]T
and T =

[
Tx Ty Tz

]T

are the total force and torque. The skew-symmetric matrix ω×b and the inertial matrix J are
given as follows:

ω×b =


0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0

 , J =


Jx −Jxy −Jxz

−Jxy Jy −Jyz

−Jxz −Jyz Jz

 .

The relationship between the angular velocity ωb and the Euler angle is given by the fol-
lowing equation:

ωx

ωy

ωz

 =


−ψ̇ sin θ cosϕ + ϕ̇ cos θ

ψ̇ sinϕ + θ̇
ψ̇ cosϕ cos θ + ϕ̇ sin θ

 .

The tail-sitter aircraft has a large maneuver in the transition mode [34]. To accurately
describe the movement of the transition mode, the dynamics equations (1) can be rewritten
as a more detailed expression.
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Unit quaternion is adopted to describe the attitude of the aircraft in order to avoid the
drawback of using Euler angle which may result in the singularity problem. The quater-
nions have been used in the actual model part. However, to facilitate the design of the
controller and reading, the quaternions have been transformed into Euler angles, and sim-
ulation results are also described by Euler angles to analysis the robust stability and robust
tracking properties of the closed-loop systems.

2.3. Dynamical model
The dynamics equations of the aircraft are established in the body fixed frame B. From

(1), the nonlinear kinetic equations and kinematics equations are obtained as follows:

v̇x = vyωz − vzωy − g sin θ + Fx/m,
v̇y = −vxωz + vzωx + g cos θ sinϕ + Fy/m,
v̇z = vxωx − vyωy + g cos θ cosϕ + Fz/m,
ω̇x = (c1ωz + c2ωx)ωy + c3Tx + c4Tz,
ω̇y = c5ωxωz − c6(ωx

2 − ωz
2) + c7Ty,

ω̇z = (c8ωx − c2ωz)ωy + c4Tx + c9Tz,

(2)

where the coefficients ci(i = 1 ∼ 9) are constant parameters. The total force F is composed
of three parts: the thrust Fm generated by the four motors, the aerodynamic force Fa =[

Fax Fay Faz

]T
, and the external disturbances dv =

[
dvx dvy dvz

]T
. By considering

the four rotors mounted parallel to the body fixed frame axis Bx, the thrust Fm can be
expressed as Fm =

[
Fmx 0 0

]T
. Hence these forces are described in body fixed frame

B as follow:


Fx

Fy

Fz

 =


Fmx + Fax + dvx

Fay + dvy

Faz + dvz

 .

Similarly to the expression of the total force, the total torque T consists of the torque Tm =[
Tmx Tmy Tmz

]T
from the four rotors, the aerodynamic torque Ta =

[
Tax Tay Taz

]T

from the deflection of the four vanes, and the external disturbances dω =
[

dωx dωy dωz

]T
.

Let k = |vb− v0|/|ve− v0| be the parameter that adjusts the proportions of Tm and Ta to avoid
the low aerodynamic efficiency in hover or low speed state, where v0 indicates the speed of
hover state, and ve is the speed of fly forward state. Then the following expression can be
obtained:


Tx

Ty

Tz

 =


(1 − k)Tmx + kTax + dωx

(1 − k)Tmy + kTay + dωy

(1 − k)Tmz + kTaz + dωz

 .

Due to the low aerodynamic efficiency in hover or low speed state of the tail-sitter aircraft,
both the rotors and the vanes should be used to achieve the desired mode transition. Since
there are more control effectors than the control inputs, an allocation algorithm should be
used to obtain a unique solution of the control inputs. Several related papers have proposed
complicated algorithms to distribute the control input, as shown in [35]-[36]. In fact, the
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control distribution problem between aerodynamic and motor torques requires more com-
plicated nonlinear algorithms for better performance. But, the linear algorithm is able to
achieve a reasonable allocation between these two moments and thereby a simplified linear
form is applied. In this paper, in order to simplify the distribution algorithms and make it
easy to be implemented in practical applications, the parameter k is introduced to adjust the
proportions of total torque and the expression k = |vb − v0|/|ve − v0| is given as a linear form
to denote the approximately relationship between the two torques. The parameter k should
be in the range of 0 ≤ k ≤ 1 and only valid during transition phase. The thrust Fm and the
torque Tm caused by the rotors can be described as:

Fmx = λ1($2
1 +$2

2 +$2
3 +$2

4),
Tmx = λ2($2

1 −$2
2 −$2

3 +$2
4),

Tmy = λ2($2
1l1 +$2

2l1 −$2
3l2 −$2

4l2),
Tmz = λ2($2

1l3 −$2
2l3 +$2

3l4 −$2
4l4).

where λi(i = 1, 2) are constant coefficients, li(i = 1, 2, 3, 4) represent the distance between
the mass center and the rotors, $i(i = 1, 2, 3, 4) denote the rotation rates of each rotors,
respectively. The aerodynamic force Fa and torque Ta are expressed as follows:


Fax = ρ|vb|2S CX/2
Fay = ρ|vb|2S CY/2
Faz = ρ|vb|2S CZ/2

,


Tax = ρ|vb|2cS CR/2
Tay = ρ|vb|2cS CM/2
Taz = ρ|vb|2cS CN/2

,

where ρ denotes the reference atmospheric density, |vb| = (v2
x + v2

y + v2
z )1/2 indicates the

reference speed of the aircraft, c represents the reference wing chord length, S is the ref-
erence aircraft pneumatic area, and Ci(i = X,Y,Z,R,M,N) specify the aerodynamic co-
efficients. The aerodynamic coefficients are obtained by the interpolation from the aero-
dynamic database at different working conditions. The database has been established by
computational fluid dynamics calculation. The approximate aerodynamic coefficient para-
metric formulas can be expressed as follows:

CX = CX0 + CX1α,
CY = CY0 + CY1β,
CZ = CZ0 + CZ1α,
CR = CR0 + CR1β + CR2(δ1 + δ2),
CM = CM0 + CM1α + CM2(δ3 + δ4),
CN = CN0 + CN1β + CN2(δ3 − δ4),

where α = arctan(vz/vx) denotes the angle of attack, β = arcsin(vy/|vb|) is the sideslip angle,
and δi(i = 1, 2, 3, 4) represent the deflection of the four vanes, respectively.

To ensure the effectiveness of the aerodynamics, the state constraints in the model tran-
sition can be described as αmin < α < αmax and |β| < βlim, where αmin = −5◦, αmax = 15◦,
and βlim = 10◦. If the flight state is outside the range, the aerodynamic coefficients would
be unreliable. In the situation of the failures of the aerodynamics effectiveness, the flight
control of the aircraft is mainly achieved by the rotors.

Furthermore, the attitude control is implemented based on the moments generated by
both the propellers and vanes. Because the size of the propeller is restricted, the deflection
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of the vanes is within a certain range. The flying velocity of the aircraft is required to attain
a given value which can provide the sufficient moments in the level and vertical flying
modes. Therefore, the control laws need to satisfy the physical constraints of the tail-sitter
aircraft and incorporate the actuator limits of the aircraft. The saturation constraints and
loads make the rotors exist physical limits as 0 < $i < $max, i = 1, 2, 3, 4. and the vanes
also have the constraint of the maximum deflection angle as |δi| < δmax, i = 1, 2, 3, 4,
where $max = 12000r/min and δmax = 20◦. Thus a reasonable control method should be
established for avoiding the limits of the actuators.

Remark 1. From above equations, the movements of the tail-sitter aircraft can be obtained.
Once the rotation rates of the four rotors and the deflection of the vanes are determined, the
forces and torques can be given. However, this dynamics model still exists nonlinearities
and coupling terms. The nominal model should be established for the controller design.

According to the actual situation and the characteristics of the aircraft, a nominal model
in fly forward state can be built. Define the control inputs as:

uv = λ1($2
1 +$2

2 +$2
3 +$2

4),
uϕ = λ2(1 − k)($2

1 −$2
2 −$2

3 +$2
4) + (kρ|vb|2cS CR2(δ1 + δ2))/2,

uθ = λ2(1 − k)($2
1l1 +$2

2l1 −$2
3l2 −$2

4l2) + (kρ|vb|2cS CM2(δ3 + δ4))/2,
δψ = λ2(1 − k)($2

1l3 −$2
2l3 +$2

3l4 −$2
4l4) + (kρ|vb|2cS CN2(δ3 − δ4))/2.

The parameter k should be satisfied: when the flight speed is large enough, the aircraft
should be mainly controlled by the aerodynamic torque to save the energy; when in the low
flight speed state, the attitude control is mainly performed by the rotors to avoid the inef-
ficiency of the aerodynamic torque; when the aerodynamic torque is large, but not enough
to fully control the aircraft, the parameter k would correctly distribute the control torque
to the rotors and the vanes that they can generate corresponding torques to achieve the de-
sired attitude control within their physical limits. It can be seen that the four control inputs
ui(i = v, ϕ, θ, ψ) are linearly related to Fx, Tx, Ty, and Tz. Then the nonlinear system model
(2) can be rewritten as:

v̇x = bxuv + qx,
v̇y = byβ + qy,
v̇z = bzα + qz,

ω̇x = bϕxuϕ + bψx uψ + qϕ,
ω̇y = bθyuθ + qθ,
ω̇z = bϕz uϕ + bψz uψ + qψ,

(3)

where bx = 1/m, by = ρveS CY1/2m, bz = ρveS CZ1/2m, bϕx = c3, bψx = c4, bθy = c7,
bϕz = c4, bψz = c9. Denote the equivalent disturbances qi(i = x, y, z, ϕ, θ, ψ) and the following
expression can be obtained:

qx = vyωz − vzωy − g sin θ + 1
m Fax + 1

mdvx,
qy = −vxωz + vzωx + g cos θ sinϕ + 1

2mρv2
bS CY0 + 1

mdvy,
qz = vxωx − vyωy + g cos θ cosϕ + 1

2mρv2
b
S CZ0 + 1

mdvz,

qϕ = (c1ωz + c2ωx)ωy + c3k
2 ρv2

bcS (CR0 + CR1β) + c4k
2 ρv2

bcS (CN0 + CN1β) + dϕ,
qθ = c5ωxωz − c6(ωx

2 − ωz
2) + c7k

2 ρv2
bcS (CM0 + CM1α) + dθ,

qψ = (c8ωx − c2ωz)ωy + c4k
2 ρv2

bcS (CR0 + CR1β) +
c9k
2 ρv2

bcS (CN0 + CN1β) + dψ.
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It can be seen that there exist coupling and nonlinearities in the model. The couplings and
nonlinearities existed in the model address a challenging controller design problem for the
tail-sitter aircrafts. The disturbances di(i = x, y, z, ϕ, θ, ψ) can be seen as the additional
forces torques mainly caused by the external wind gusts. One can see that the tail-sitter
aircraft is a typical multi-input, multi-output, and nonlinear time-varying system with cross
couplings and uncertainties.

It has been shown that the angle of attack is within a reasonable range when the vehicle
reaches a high flight speed. Furthermore, the angle of attack will change drastically during
the situation such as hover state, because the velocity vx is almost 0. However, the tail-sitter
aircraft is mainly controlled by the propellers in the low speed state, which could avoid the
aerodynamic problem caused by the excessive angle of attack. As for the transition mode,
both the rotors and the vanes are used to achieve the desired trajectories. The rotors are the
main actuators to generate the control torque by the proportion of allocation parameter k
and the simulation results show that the stall constraint does not occur during the transition
mode. If the flight state is outside the range, the aerodynamic coefficients would be unreli-
able. In the situation of the failures of the aerodynamics effectiveness, the flight control of
the aircraft is mainly achieved by the rotors. Therefore, the stall problem caused by angle
of attack is not further discussed.

Remark 2. It can be seen that the equivalent disturbances qi(i = x, y, z, ϕ, θ, ψ) contain
nonlinearities, uncertainties, and disturbances. It should be noted that the equivalent dis-
turbances are different from the input disturbances.

Remark 3. From the nonlinear model (2), it can be seen that the system contains the lin-
ear terms involving the control inputs and other terms. The nominal model can be ob-
tained from the nonlinear system model by selecting the dominant linear, time-invariant
terms, while the others including coupling terms, uncertainties, and external disturbances
are included in the equivalent disturbances. For example, the first equation of mode (2) is
v̇x = vyωz − vzωy − g sin θ + Fx/m. This term can be divided into the nominal linear part
λ1($2

1 +$2
2 +$2

3 +$2
4)/m, which can be controlled by the input uv = λ1($2

1 +$2
2 +$2

3 +$2
4),

and the equivalent disturbance part vyωz − vzωy − g sin θ + Fax/m + dx/m.

3. Controller Design

As the nonlinear model (3) has been obtained from the last section, the nominal model
can be given by ignoring the equivalent disturbances qi(i = x, y, z, ϕ, θ, ψ). Then as shown in
Fig. 3, a controller composed of robust H∞ controller and nonlinear disturbance observer is
proposed in this section. The robust H∞ controller including a position loop and an attitude
loop is designed based on the nominal model to achieve the desired trajectory tracking. The
nonlinear disturbance observer involved the nonlinear dynamics equations is introduced for
restraining the influence of the equivalent disturbances.

The control inputs ui(i = v, ϕ, θ, ψ) are consisted of two parts as follows:

ui = uH∞
i + uD

i , i = v, ϕ, θ, ψ (4)

where uH∞
i (i = v, ϕ, θ, ψ) denote the H∞ control inputs, and uD

i (i = v, ϕ, θ, ψ) represent the
nonlinear disturbance observer control inputs.
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Fig. 3: Control structure of the proposed controller.

Take the pitch angle as an example, the reference signals can be obtained by following
equations:

ω f θ =



√
2amax(|θr − θR[k]| − θl

2 ), θr − θR[k] > θl,

Kgain(θr − θR[k]), |θr − θR[k]| ≤ θl,

−
√

2amax(|θr − θR[k]| − θl
2 ), θr − θR[k] < −θl,

where ω f θ represents the feed forward angular velocity of pitch angle, amax is the maximum
angular acceleration determined by the physical characteristics of the aircraft, θr denotes
the desired reference pitch angle, θR[k] indicates the trajectory pitch angle for the k-th
iteration, Kgain is a positive constant value, and θl = amax/Kgain. It can be seen that the
linear approximation is applied when the error between the desired reference signal and
trajectory pitch angle less than θl. Otherwise, a constant acceleration approach is used to
protect the rotors and vanes. Define ∆t be the interval between iterations, the trajectory
pitch angle can be given by iterative calculation:

θR[k + 1] = θR[k] + ω f θ∆t.

3.1. H∞ controller design
Denote tracking errors as follow:

ev = vx − vR

eϕ = ϕ − ϕR,
eθ = θ − θR,
eψ = ψ − ψR,
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and define Ei (i = v, ϕ, θ, ψ) as:

Ev =

[
eV

ev

]
, ėV = ev,

E j =

[
e j

ė j

]
, j = ϕ, θ, ψ,

where vR, ϕR, θR, and ψR are the reference tracking signals. Let Zi (i = v, ϕ, θ, ψ) be the
controlled outputs to evaluate the controller performance by the weighting matrices Ci and
Di. Similar to [37], the following expressions can be obtained according to the nominal
error tracking model with the equivalent disturbances:

Ėi = AiEi + BiuH∞
i + Miqi,

Zi = CiEi + DiuH∞
i , i = v, ϕ, θ, ψ (5)

where

Ai =

[
0 1
0 0

]
, Bi =

[
0
bi

]
,Mi =

[
0
1

]
,

Ci =


ri

1 0
0 ri

2
0 0

 ,Di =


0
0
ri

3

 ,

and ri
1, ri

2, ri
3 are weighting parameters. The specified values will be given later. Then, the

H∞ controller inputs can be given by:

uH∞
i = KiEi, i = v, ϕ, θ, ψ (6)

where Ki(i = v, ϕ, θ, ψ) are the gains of the H∞ state feedback control and have the following
forms:

Ki =
[

ki
1 ki

2

]
, i = v, ϕ, θ, ψ

Let s be the Laplace operator, then one can obtain the closed-loop transfer function of each
channel as follows:

Tzw,i(s) = (Ci + DiKi) (sI − Ai − BiKi)−1Mi, i = v, ϕ, θ, ψ. (7)

If the pairs are stabilizable, for the given γi > γ∗i , there exist static state-feedback gains Ki

such that Acld = Ai + BiKi are asymptotically stable, and
∥∥∥Tzw,i (s)

∥∥∥∞ ≤ γi if and only if there
exist matrices Qi = QT

i > 0 and Pi = PT
i > 0 such that:

AT
eiPi + PiAei + Pi

(
γ−2DeiDT

ei − BeiBT
ei

)
Pi + CeiCT

ei + Qi = 0,
Ki = −BT

eiPi, i = 1, 2, 3

where γ∗i = minKi

∥∥∥Tzw,i (s)
∥∥∥∞. Then, one can get the necessary and sufficient conditions for

the existence of the H∞ suboptimal state-feedback gains, and obtain the gain matrices Ki of
the H∞ controller. Bei(i = 1, 2, 3) are nonzero in the actual aircraft parameters. As the pairs
(Aei, Bei) are controllable, one can obtain that Ai(i = 1, 2, 3) are Hurwitz.
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3.2. Nonlinear disturbance observer design
As shown in [38]-[39], the disturbance observer is designed to suppress the uncertainties.

The nonlinear system model of the aircraft dynamics has been given from (3). To facilitate
the design of the nonlinear disturbance observe, the nonlinear model can be rewritten as
following expression:

ẋ = f (x) + g(x)u + m(x)d,
y = h(x), (8)

where x =
[

vx ωx ωy ωz

]T
denotes the state vector, u =

[
uv uϕ uθ uψ

]T
is

the control input, d =
[

dvx dωx dωy dωz

]T
represents the external disturbance, y =[

vx ϕ θ ψ
]T

indicates the output term. To the terms of state vector x, assuming f (x),
g(x), m(x), h(x) are smooth functions, and

f (x) =



vyωz − vzωy − g sin θ + 1
m Fax

(c1ωz + c2ωx)ωy + c3k
2 ρv2

bcS (CR0 + CR1β) + c4k
2 ρv2

bcS (CN0 + CN1β)
c5ωxωz − c6(ωx

2 − ωz
2) + c7k

2 ρv2
bcS (CM0 + CM1α)

(c8ωx − c2ωz)ωy + c4k
2 ρv2

bcS (CR0 + CR1β) +
c9k
2 ρv2

bcS (CN0 + CN1β)


,

g(x) =



bx 0 0 0
0 bϕx 0 bψx
0 0 bθy 0
0 bϕz 0 bψz


,m(x) =



1
m 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


,

h(x) =



vx∫
(ωx cos θ + ωz sin θ)dt∫

(ωx sin θ tanϕ + ωy − ωz cos θ tanϕ)dt∫
(−ωx

sin θ
cosϕ + ωz

cos θ
cosϕ )dt


.

The nonlinear disturbance observer is introduced to estimate the external disturbance d. Let
d̂ be the estimated value of the external disturbances, and the expression is given as:

d̂ = z + p(x),
ż = −l(x)m(x)z − l(x)[m(x)p(x) + f (x) + g(x)u],
l(x) =

∂p(x)
∂(x) ,

(9)

where z specifies the state vector of the nonlinear disturbance observer, p(x) denotes a
smooth function given as:

ed = d − d̂,
ėd+

∂p(x)
∂(x) m(x)ed = 0.

(10)

From (9) and (10), the estimate value d̂ of the external disturbances can be obtained. Let
the nonlinear disturbance observer control inputs uD

i (i = v, ϕ, θ, ψ) be:

uD =
[

uD
v uD

ϕ uD
θ uD

ψ

]T
= σ(x)d̂ , (11)
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where σ(x) is the compensation gain of the observer. To design the compensation gain
σ(x), the nonlinear model equation (8) can be described as:

ẋ = f̄ (x)x + g(x)u + m(x)d,
y = h̄(x)x,

uH∞ =
[

uH∞
v uH∞

ϕ uH∞
θ uH∞

ψ

]T
,

u = ūH∞(x)x + σ(x)d̂ ,

(12)

where f̄ (x) = f (x)/x, h̄(x) = h(x)/x, and ūH∞(x) = uH∞(x)/x. They are diagonal matrices
such as

f (x) =
[

f1(x) f2(x) f3(x) f4(x)
]T
,

x =
[

x1 x2 x3 x4

]T
,

f̄ (x) =



f1(x)/x1 0 0 0
0 f2(x)/x2 0 0
0 0 f3(x)/x3 0
0 0 0 f4(x)/x4


.

The state vector x can be rewritten as:

x =
[
f̄ (x) + g(x)ūH∞

]−1 {
ẋ − g(x)σ(x)ed − [

g(x)σ(x) + m(x)
]
d
}
,

and combining y = h̄(x)x, the compensation gain σ(x) can be given as:

σ(x) = −
{
h̄(x)

[
f̄ (x) + g(x)ūH∞

]−1
g(x)

}
× h̄(x)

[
f̄ (x) + g(x)ūH∞(x)

]−1
m(x), (13)

then substituting the compensation gain σ(x) to the model (12), the following expression
can be obtained:

y = h̄(x)
[
f̄ (x) + g(x)ūH∞

]−1
ẋ + h̄(x)

[
f̄ (x) + g(x)ūH∞

]−1
m(x)ed.

If the external disturbance d and its derivative ḋ are bounded and the closed loop system
is stable, it can be seen that the influences of the external disturbances are restrained. The
stability analysis of the closed loop system are introduced in Section 4.

Remark 4. It should be noted that the nonlinear disturbance observer based on equivalent
input disturbances is mainly utilized to restrain the influence of disturbances. If the system
is a nominal model that the uncertainties are ignored, it can be seen that the disturbance
observer would not generate any control inputs.

4. Stability Analysis

Denote the equivalent disturbance d be the inputs of the nonlinear system, x represent the
system state, and e specify the observer state. The input-to-state stability of the nonlinear
system can be proven by the following lemma and theorem.

Let x̄ =
[

x ed

]T
, F(x̄) =

[
f (x) + g(x)u − g(x)β(x)ed −l(x)m(x)ed

]T
, and define a

continuous function R, which is strictly increasing in interval [0, a), where a is a positive
constant value and satisfied R(0) = 0. The function R can be called to belong to class κ.
And in condition that lim

a→∞
R(a) = ∞, the continuous function R can be seen to belong to

class κ∞.
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Lemma 1. Considering a nonlinear system as ẋ = F(x, u), where x, u represent the state
vector and control input, respectively. Assuming the equilibrium condition x = 0 of ẋ =

f (x, 0) is global asymptotically stable. Then there exists a n dimensional matrix N(x) of
smooth functions of x to make the nonlinear system be input to state stable (ISS), which is
nonsingular and defined for all x, such that:

ẋ = F(x,N(x)u). (14)

Proof. According to the converse Lyapunov theorem, there exists a positive definite and
proper function V(x) and a class κ∞ function R such that:

∂V
∂x

F(x, 0) < −R(||x||),

where || · || denotes the Euclidean norm of a vector. The theorem can be proven by showing
that: for any N(x) having the properties indicated above and for some class κ function χ, if
||x|| ≥ χ(||u||), then there exists:

∂V
∂x

F(x,N(x)u) ≤ −1
2

R(||x||). (15)

Thus showing that V(x) is an ISS-Lyapunov function for system (14). Let G(·) be any
smooth function which is positive and identically equal to 1 on the interval [0, 1], and let
N(x) = G(||x||)I, where I is the unit matrix. The matrix N(x) thus defined is a matrix of
smooth functions of x and invertible. Define

δ(s, τ) = max
||x||=s, ||µ||=τ

{∂V
∂x

f (x, µ) +
1
2

R(s)},

and

∂V
∂x

F(x,N(x)u) +
1
2

R(||x|| ≤ δ(||x||,G(||x||)||u||), (16)

for all x and u. The function δ(s, τ), a continuous function defined for all (s, τ), by hypoth-
esis is such that δ(s, 0) < 0 for every s > 0. Thus, by using continuity arguments, it can be
proven that there exist a continuous function ρ(s), defined for all s ≥ 0, with ρ(0)= 0 and
ρ(s) > 0 for all s > 0, such that τ ≤ ρ(s) ⇒ δ(s, τ) < 0 for all s > 0. In view of this and of
(16), the result is proven if one can show the existence of a function χ(·) and complete the
definition of G(·) so that:

||x|| ≥ χ(||u||)⇒ G(||x||)||u|| ≤ ρ(||x||). (17)

Let ϑ(·) be any class κ∞ function which satisfies: ϑ(s) < ρ(s) for s ≤ 2, ϑ(s) < s for s > 2,
and χ(s) = ϑ−1(s). Moreover, let G(·) be G(s) ≤ 1 for all s. By construction, the functions
ϑ(·) and G(·) are such that: G(s)ϑ(s) ≤ ρ(s) for all s. Observe now that:

||x|| ≥ χ(||u||)⇒ ϑ(||x||) ≥ ||u||.
Therefore,

||x|| ≥ χ(||u||)⇒ G(||x||)||u|| ≤ G(||x||)ϑ(||x||) ≤ ρ(||x||), (18)
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which shows that (17) holds and this completes the proof. ¤
It can be observed easily that the linearized nominal model is controllable, while the

stability of the closed-loop system should be proven clearly. The external disturbances are
supposed to be harmonic ones with known frequency mainly, but unknown amplitude and
phase rather than constant ones. It is assumed that the disturbances are generated by the
following system:

ξ̇ = Aξ,
d = Cξ.

where ξi ∈ R.

Theorem 1. Considering the system (3) under the external disturbances di(i = x, y, z, ϕ, θ, ψ),
the nonlinear disturbance observer (9) can exponentially estimate the disturbances and be
globally exponentially stable regardless of x.

Proof. Let the nonlinear observer gain l(x) be selected as ėd + [A − l(x)m(x)edC] = 0.
Then the observation error dynamics can be given:

ėd = ḋ − ˙̂d
= Ad − ż − l(x)ẋ
= Ad − [A − l(x)m(x)C]z − Ap(x) + l(x)[m(x)Cp(x)

+ f (x) + g(x)u] − l(x)[ f (x) + g(x)u + m(x)d]
= [A − l(x)m(x)C](d − d̂)
= [A − l(x)m(x)C]ed.

(19)

It can be seen from (19) that the d̂ can approaches d exponentially under the selected l(x).
Supposed the relative degree r from the disturbance to the output is uniformly well-defined.
Therefore, it can be obtained that LmLr−1

f h(x) , 0 for all x, where L denotes Lie derivatives.
Let LmLr−1

f h(x) > 0 and then LmLr−1
f h(x) can be divided as

LmLr−1
f h(x) = α0 + α1(x), (20)

where α0 > 0 is a constant that can be chosen as the minimum of LmLr−1
f h(x) over all x, and

α1(x) > 0 for all x as well. The nonlinear function p(x) of the disturbance observer can be
given as

p(x) = KLr−1
f h(x)

where K is the gain to be determined. From (9), it can be obtained that l(x) =
∂p(x)
∂x =

K
Lr−1

f h(x)

∂x .
According to the above equations, the observation error dynamics (19) can be rewritten

as:

ėd = [A − K
Lr−1

f h(x)

∂x m(x)C]ed

= [A − KLmLr−1
f h(x)C]ed

= [A − K(α0 + α1(x))C]ed.
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Let Ā = A−Kα0C. One can see that there exists a positive definite matrix P which satisfied
ĀT P+PĀ < 0 and PK = CT .A Lyapunov candidate function for observation error dynamics
can be defined as V(ed) = eT

d
Ped. According to the derivative of the Lyapunov function with

respect to time along the trajectory of observer error dynamics, the following expression
can be given:

V(ed) = 2eT
d P[A − K(α0 + α1(x))C]ed

= eT
d (ĀT P + PĀ)ed − 2eT

d PKα1(x)Ced

< −δeT
d ed − 2eT

d CTCα1(x)ed

where δ is a small positive scalar. Since the relative degree r from disturbance to output is
uniformly well defined, it can be seen from (20) that α1(x) regardless of x. As eT

d CTCed > 0,
one can obtain that

V(ed) < −δeT
d ed,

for any x and e. Thus it can be proven that that estimation d̂ yielded by nonlinear distur-
bance observer can approach to disturbance d globally exponentially, and the convergence
of disturbance observer regardless of x can be guaranteed by determining the gain K. ¤

The input to state stability of the closed-loop system can be proven by the following
theorem.

Theorem 2. The closed-loop system consists of nonlinear system, robust H∞ control input
and nonlinear disturbance observer is input to state stable if the following conditions are
satisfied:

1. The nonlinear model under the control input u is globally asymptotically stable in the
nominal condition;

2. The vector-valued function p(x) is chosen to make the observer error system be glob-
ally asymptotically stable.

Then there exist a disturbance observer compensation gain β(x) such that:

m(x) + g(x)β(x) = G(x̄)M(x̄), (21)

where G(x̄) and M(x̄) are satisfied to

˙̄x = F(x̄) +
[

G(x̄)M(x̄) 0
]T

d,

It can be proven that the closed-loop system is input to state stability.
Proof. Combining the closed-loop system, the proposed control method, and disturbance

error estimation, the nonlinear system can be rewritten as following expression:

ẋ = [ f (x) + g(x)α(x)] − g(x)β(x)e + [m(x) + g(x)β(x)]ed,

ė = −∂p(x)
∂x m(x)e.

(22)

Then the closed-loop system can be given as:

ẋ = F(x̄) +
[

m(x) + g(x)β(x) 0
]T

ed. (23)
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With the conditions given in 1 and 2, it can be seen that ˙̄x = F(x̄) is asymptotically stable
in the nominal condition. Thus there exists a function V(x̄) and a class κ∞ function R(·)
such that:

∀(x) ∈ Rn/0⇒ ∂V
∂x

F(x̄) < −R(||x||), (24)

Considering the following system:

ẋ = H(x̄, d) = F(x̄) +
[

G(x̄) 0
]T

ed,

and combining the equation given as:

∀(x) ∈ Rn/0⇒ ∂V
∂x

H(x̄, 0) < −R(||x||),

It can be seen that there exists a matrix M(x̄) which is nonsingular and defined for all x
such that for some class function:

∀||x|| ≥ χ(||d||)⇒ ∂V
∂x

H(x̄,M(x̄)d) < −1
2

R(||x||). (25)

Consider the condition given in formal, then it can be concluded from (25) that the closed-
loop system is input-to-state stability. ¤

Remark 5. From this section, the uncertainties including unmodeled nonlinearities, para-
metric uncertainties, and external disturbances are regard as the closed-loop system inputs.
Then the closed-loop system is stable if the assumptions are satisfied and the disturbance
compensation gain of the observer is bounded, from Theorem (1).

5. Simulation Results and Discussions

In this section, the experimental platform model is developed based on the ”X-hound”
aircraft. The tail-sitter aircraft is equipped with four Sunnysky motors. Each motor is
able to provide a maximum thrust of 6.5N at a maximum rotor speed with GWS 8045
propeller. The length of the tail sitter from nose to tail is close to 0.9m, and the wingspan
is approximately 0.88m. The overall weight of the aircraft is approximately 1.36kg. The
parameters of nominal aircraft model are shown as follows: Jx = 0.083, Jxy = 2.077×10−5,
Jy = 0.026, Jyz = −2.726 × 10−4, Jz = 0.101 , Jzx = 4.707 × 10−6, ρ = 1.225, c = 1,
S = 1, g0 = 9.80665, , v0 = 0, ve = 15 and m = 1.36. Some constant values of the
system model are selected as follows: c1 = −0.937,c2 = 9.029 × 10−5, c3 = 12.501,
c4 = 5.825 × 10−4, c5 = 0.808, c6 = 1.810 × 10−4, c7 = 38.461, c8 = 0.534, c9 = 9.901,
λ1 = 5.0× 10−4, λ2 = 3.0× 10−4, l1 = 0.25, l2 = 0.2, l3 = 0.305, l4 = 0.2. The aerodynamic
coefficients values are selected as: CX0 = −2.2151, CX1 = 0.0190, CY0 = 0, CY1 = −0.5861,
CZ0 = −3.1631, CZ1 = −1.8390, CR0 = −0.0261, CM0 = 0.1763, CN0 = 0, CR1 = −0.0233,
CM1 = 0.0316, CN1 = 0.0504, CR2 = −0.0112, CM2 = 0.0655, and CN2 = 0.0146.

In this article, the external disturbances are consisted of the sinusoidal periodic signals
and the high frequency noise signals. Let dni(i = 1, 2, 3, 4, 5, 6) represent the high frequency
noise signals, and the values of the external disturbances can be given as follows: dvx =
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Fig. 4: Velocity responses for nominal model by proposed controller from hover to fly forward.

0.5 sin(0.001πt) + dn1, dvy = 0.1 sin(0.001πt) + dn2, dvz = 0.1 sin(0.001πt) + dn3, dωx =

0.2 sin(0.001πt) + dn4, dωy = 0.2 sin(0.001πt) + dn5, and dωz = 0.2 sin(0.001πt) + dn6 .
The proposed control law has been implemented on the simulation model to evaluate the

performance of the closed-loop system. Two different cases would be simulated to eval-
uate the performance of the proposed controller on the mode transition from hover to fly
forward and from fly forward to hover. To test the stability and tracking properties of the
closed-loop control system, the nonlinear robust controller with disturbance observer dis-
cussed in this paper has been simulated. The aim of the proposed controller is to achieve
the desired trajectory tracking and improve the robustness of the closed-loop system in
transition conditions. The results of the proposed nonlinear robust controller have been
shown to compare with the standard H∞ controller to demonstrate the advantages of the
proposed control method. Considering that the standard H∞ controller may have the prob-
lem that the influence of the uncertainty cannot be suppressed in the whole frequency band,
the standard H∞ control method are introduced to be the nominal controller for achieving
the tracking trajectory performance of the nominal system while the disturbance observer
is designed to suppress the uncertainties. It is necessary to compare the current work with
other methods in the literature. However, it is hard to tune the parameters of the control
methods in the literature for optimal performances in simulation. Instead, the standard ro-
bust control method, i.e., H∞ control method is compared to illustrate the advantages of our
robust control method.

The final trajectory is established as the terminal constraint. During the transition flight,
the process of the tail-sitter can consist of two phases: the hover-to-level flight and the
level-to-hover. Let ẍr

b, ẋr
b and xr

b represent the acceleration, velocity and position in the
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level direction, while z̈r
b, żr

b and zr
b represent the acceleration, velocity and position in the

vertical direction.For a hover-to-level transition, the trajectory in the level direction can be
given by

ẍr
b = veae−at,

ẋr
b = ve(1 − e−at) + v0,

xr
b = ve(t + 1

ae−at) + v0t.

The desired trajectories in the vertical direction can be expressed as

z̈r
b = h0(1 − (kr xr

b)2e−kr xr
b ẋr

b + kr xr
be−kr xr

b ẍr
b),

żr
b = h0(1 + kr xr

be−kr xr
b ẋr

b),
zr

b = h0(1 − e−kr xr
b).

The trajectory in the pitch angle changes from 90◦ to 0◦ while the roll and yaw angle
maintain at 0◦. For level-to-hover transition, the trajectory in the level direction can be
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Fig. 5: Position responses for nominal model by proposed controller and standard H∞ controller from hover
to fly forward.

given by

ẍr
b = −veae−at,

ẋr
b = −ve(1 − e−at) + ve,

xr
b = −ve(t + 1

ae−at) + vet.

The desired trajectories in the vertical direction can be expressed as

z̈r
b = h0(1 − (kr xr

b)2e−kr xr
b ẋr

b + kr xr
be−kr xr

b ẍr
b),

żr
b = h0(1 + kr xr

be−kr xr
b ẋr

b),
zr

b = h0(1 − e−kr xr
b).
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As the tail-sitter aircraft assumes a hover position, the pitch angle should changes from
zero to the vertical angle, the roll and yaw angles maintain at 0◦.The related parameters are
selected as a = 1, kr = 0.5, ve = 15m/s, v0 = 0m/s, and h0 = 12m.

Simulations of a standard H∞ controller and the proposed robust controller have been
conducted for the nominal model and uncertain nonlinear model, respectively.From the
following simulation results, it can be observed that the proposed robust nonlinear control
method improve the tracking performance and robustness of the closed-loop control sys-
tem. By the standard H∞ controller, the influence of uncertainties cannot be restrained in
the whole frequency range; but the proposed robust nonlinear control methodology, can
reduced the influences of uncertainties as small as desired by the nonlinear disturbance
observer. Thus the tracking performance and robustness are improved, compared with the
standard H∞ method. A similar results can be seen in [40], a transient process cost approx-
imate 20 seconds for the pitch angle and thereby. It can be shown that the standard H∞
controller cannot specify the transient tracking performance.
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Fig. 6: Attitude responses for nominal model by proposed controller from hover to fly forward.

Case 1: In this simulation, the two transition flights are based on the nominal model. The
results of the proposed robust control method and standard H∞ control method are given.
In the nominal model neglected the parameter uncertainties and the external disturbance, it
can be seen from Fig. 4, Fig. 5, Fig. 6, Fig. 7, Fig. 8, Fig. 9, Fig. 10, and Fig. 11 that
both the robust controller with disturbance observer and the standard H∞ controller can
achieve the reference command tracking control, while the proposed controller can achieve
the desired trajectory tracking with less time.

Case 2: In this simulation, the two transition flights are based on the nonlinear model
with the uncertainties and disturbances. The results of the proposed robust control method
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and standard H∞ control method are given. With the parameter uncertainties and the ex-
ternal disturbance, it can be seen from Fig. 12, Fig. 13, Fig. 14, Fig. 15, Fig. 16, Fig.
17, Fig. 18 and Fig. 19 that the robust controller with disturbance observer can achieve
the reference command tracking control better than the standard H∞ controller under the
influence of uncertainties.

From these figures, it can be found that the proposed closed-loop control system can
achieve good tracking performance and steady-state performance. It can be observed that
the proposed robust nonlinear control method improve the tracking performance and ro-
bustness of the closed-loop control system and prevent longitudinal maneuvering from af-
fecting lateral motion.The desired trajectory tracking control can be achieved under the in-
fluence of uncertainties including unmodeled nonlinearities, parametric uncertainties, and
external disturbances. It can be observed that the tail-sitter aircraft can address the mode
transition from hover to fly forward with small velocity and attitude errors in the whole
process. Therefore, the proposed controller can achieve the desired trajectory tracking and
improve the robustness of the closed-loop system.
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Fig. 7: Attitude error for nominal model between proposed controller and standard H∞ controller from hover
to fly forward.

6. CONCLUSIONS

This paper has presented a robust H∞ controller with nonlinear disturbance observer for
the tail-sitter aircraft to deal with the trajectory tracking control problem of mode tran-
sition. The nonlinear model with uncertainties is simplified and the nominal model is
obtained. The linear time-invariant H∞ controller is designed in nominal condition and
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Fig. 8: Velocity responses for nominal model by proposed controller from fly forward to hover.
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Fig. 9: Positon responses for nominal model by proposed controller and standard H∞ controller from fly
forward to hover.
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Fig. 10: Attitude responses for nominal model by proposed controller from fly forward to hover.
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Fig. 11: Attitude error for nominal model between proposed controller and standard H∞ controller from fly
forward to hover.
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Fig. 12: Velocity responses under uncertainties by proposed controller from hover to fly forward.
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Fig. 13: Position responses under uncertainties by proposed controller and standard H∞ controller from hover
to fly forward.
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Fig. 14: Attitude responses under uncertainties by proposed controller from hover to fly forward.
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Fig. 15: Attitude error under uncertainties between proposed controller and standard H∞ controller from
hover to fly forward.
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Fig. 16: Velocity responses under uncertainties by proposed controller from fly forward to hover.
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Fig. 17: Position responses under uncertainties by proposed controller and standard H∞ controller from fly
forward to hover.
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Fig. 18: Attitude responses under uncertainties by proposed controller from fly forward to hover.
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Fig. 19: Attitude error under uncertainties between proposed controller and standard H∞ controller from fly
forward to hover.
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the disturbance observer is introduced based on the nonlinear model. It is proved that the
closed-loop system is stable, and the tracking error can converge to near the small neigh-
borhood. It is shown that the proposed robust controller with disturbance observer can
maintain the adjustment accuracy and robustness to the model external disturbance.
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