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Abstract

The theme running throughout this thesis is the Painlevé equations, in their differ-
ential, discrete and ultra-discrete versions. The differential Painlevé equations have
the Painlevé property. If all solutions of a differential equation are meromorphic
functions then it necessarily has the Painlevé property. Any ODE with the Painlevé
property is necessa,rﬂy a reduction of an integrable PDE.

Nevanlinna theory studies the value distribution and characterizes the growth'
of meromorphic functions, by using certain averaged properties on a disc of vari-
able radius. We shall be interested in its well-known use as a tool for detecting
integrability in difference equations — a difference equation may be integrable if it
has sufficiently many finite-order solutions in the sense of Nevanlinna theory. This
does not provide a sufficient test for integrability; additionally it must satisfy the
well-known singularity confinement test.

Reductions of the self-dual Yang-Mills equations to many integrable systems are
well known. They can be reduced directly to each of the Painlevé equations P; to
Py1. Often an integrable system can be reduced to one or more of the Painlevé
equations. In particular we will work with a reduction called the Ernst equation,
which arises in the description of spacetimes admitting two commuting Killing vec-
tors by general relativity. In particular we look at the Bianchi models of types I-VII
as such spécetimes. Furthermore the Ernst equation has reductions to Py and Py,
For some Bianchi types the particular reduction is believed to be original.

Roots and poles of a classical meromorphic function are mapped by a limiting
pi‘ocess called ultra-discretization to our definitions of roots and poles of a (max,+)
meromorphic function. This is used to derive (max,+) Nevanlinna theory, which
could be useful in detecting integrability of ultra-discrete equations. Analogously
to the difference equations, it appears that an integrable ultra-discrete equation has
sufficiently many finite order {max,+} meromorphic solutions. Numerical simula-

tions of ultra~discrete equations are produced to study their integrability.
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Chapter 1
Introduction

The central theme running throughout this thesis is the Painlevé equations. They
arise in describing many physical systems, of which we shall work with one such
example in detail, producing some results believed to be new. On another note,
we shall consider generalizations of the classical Painlevé (differential) equations to
both discrete and ultra-discrete Painlevé equations. In the analysis of ultra-discrete
equations we produce new results, mainly a new version of classical Nevanlinna
theory, in this case applicable to & certain class of piecewise linear functions. Such
functions solve ultra-discrete equations. We also make attempts to classify ultra-
discrete equations, using a scheme that is believed to be new, which we also present
in the preprint by Halburd and Southall [79].

Integrable systems of equations shall feature heavily in this text. They are
significant in that they combine tractaBility with nonlinearity. In contrast, it is
difficult to characterise a large class of nonlinear equations. A number of general
methods for solving integrable systems begin with forming a linear system, whose
compatibility conditions (constraints that mixed second derivatives commute) are
the original integrable system [19].

The Painlevé property is possessed by an ODE? if all movable singularities (ones
whose positions are dependent on the solution chosen) of its solutions are poles. This

implies that all solutions are single-valued about all movable singularities. However

IThroughout the text, the abbreviations ODE and PDE shall be used for ordinary and partial

differential equations respectively.
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the latter statement does not necessarily imply the former: for instance e!/# is single-
valued but does not have a pole at z = 0. The Painlevé property is a strong indicator
(some would take it as a definition) of integrability. The Painlevé equations have
the Painlevé property. The Painlevé test is a useful tool for identifying equations
with the Panlevé property. Only nonlinear equations can have movable singularities
[18]. We note that not all solutions of an equation with the Painlevé property are
necessarily méromorphic.

The six Painlevé equations, conventionally labeled by Roman numerals I to VI as
P; to Pyy, are solved by a previously unknown class of functions called the Painlevé
transcendents. They were classified between the late nineteenth and early twentieth
century by Painlevé and colleagues {13, 14, 18]. They are related to each other by a
sequence of reductions called coalescence limits, starting from Py; (which is in some
sense the most general Painlevé equation) and reducing towards P;. The solutions
of Pyy may not be meromorphic; they may have branch points.

There are many discrete equations with continuum limits to the Painlevé dif-
ferential equations. However, most of these equations do not inherit the integra-
bility properties of the Painlevé equations — such as the existence of associated
linear problems. The discrete equations which do have the integrability properties
are known as discrete Painlevé equations [55). These usually look quite different
from the naive discretizations of the Painlevé equations. In turn, the ultra-discrete
Painlevé equations are obtained from certain discrete Painlevé equations by a lim-
iting process called ultra-discretization, which was introduced in [69]. We note that
not every discrete equation can be ultra-discretized.

We shall progress from defining discrete Painlevé equations to the more general
problem of finding a discrete analogue of the Painlevé property as an indicator of
integrability. The singularity confinement test was introduced in [55] to give such a
property. Those discrete equations which pass the singularity confinement test, and
also satisfy a condition of zero algebraic entropy [58], are believed to be integrable.

A rational function is a ratio of two polynomials, which can be taken to have
no common factors. The degree of a rational function is the maximum degree of

these polynomials. A set of functions {y,} which are each rational in an auxiliary
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variable z € C may occur as a solution to a discrete equation. Then we have a set
of degrees gy, := degy,(z). The algebraic entropy of a discrete equation quantifies
the growth of the degrees of such iterates of that equation. The algebraic entropy of
a generic discrete equation is nonzero (corresponding to exponential degree growth)
but the algebraic entropy of a large class of integrable discrete equations is zero
(corresponding to polynomial degree growth) [74].

The self-dual Yang-Mills (SDYM) equations are called the niaster integrable
system, since it is conjectured in [2] that any integrable differential equation is ob-
tainable by reduction of the SDYM equations (or their generalizations). The SDYM
equations arise as a special case of Yang-Mills theory [50] in a four-dimensional space
with complex-valued coordinates. We are free to specify the Lie algebra in which
the Yang-Mills connection is valued - the so-called gauge algebra. Where the gauge
algebra is chosen to be s1(2,C), there exist reductions of the SDYM equations by
certain three-dimensional symmetry groups to each of the Painlevé equations. In-
stead, reduction by a certain two dimensional symmetry yields an integrable equa-
tion called the Ernst equation. Furthermore it has been shown [21] that the Ernst
equation can be reduced to Py and to Pyy. Many integrable systems such as soliton
equations possess symmetry reductions to one or more Painlevé equations; see for
example [11, 15]. The process of reducing an integrable system always yields an
integrable system [20]. It follows that the Painlevé equations themselves are each
one-dimensional integrable systems.

The Ernst equation finds many applications in the context of general relativity
such as to gravitational solitons [31]. The vacuum Einstein field equations of general
relativity for a geometry which admits two commuting Killing vectors include a form
of the Ernst equation [35]. This class of geometries includes the Bianchi cosmological
models of types [-VIL. |

In 1898 Bianchi [39] classified the distinct three-parameter Lie groups as types
I to IX. Such groups are equivalent to three-dimensional Bianchi manifolds G. In
1951 Taub [41] systematically extended the Bianchi classification to general rela-
 tivity, by introducing corresponding Bianchi spacetime manifolds M =R x G [6].

The Bianchi models are spatially homogeneous models in cosmology (invariant un-
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der space translations), where the widely used FRW models are subclasses [6]. A
significant feature of Bianchi spacetime models is that they belong to the class of co-
homogeneity one class of manifolds, meaning that the local topology of M consists
of a one-parameter family of three-dimensional submanifolds. The Einstein field
equations on this class of manifolds reduce to a system of ODEs, which means that
the rich body of analysis of dynamical systems theory is applicable [23]. We choose
a coordinate system such that the surfaces of symmetry are the surfaces of constant
time, by defining a time coordinate ¢ € R as in [6], which becomes the independent
variable of the ODEs.

The reductions of the Ernst equation to Py was given by Persides and Xan-
thopoulos [10], together with a further reduction to Py, Also, a reduction to Py;
was first given by Calvert and Woodhouse [21]. Here we shall perform such re-
ductions using discrete groups of variables that are each relevant to a particular
Bianchi model. The Bianchi models fall into either class A or class B depending on
a property of their particular symmetries [37]. In particular the Painlevé equation
obtained from a Bianchi model is a special case of either Py for class A models,
or Pyj for class B models. The class A reductions were already known [32] but the
class B reductions are believed to be new.

As well as the applications detailed above, we shall be concerned with Nevanlinna,
theory which studies meromorphic functions in the complex plane. If all solutions of
a differential equation are meromorphic, then the equation has the Painlevé property.
Given a meromorphic function of one variable f(z), the Nevanlinna characteristic
T(r, f} is a non-negative non-decreasing function of r > 0. Here T'(r, f) is a measure
of the “affinity” of f for infinity on the disc |z| < r. The behaviour of T'{r, f) as
r — oo encodes a lot of information about f. An important class 6f meromorphic
functions are those for which T'(r, f) is bounded by r? for some constant o. Such a
function is said to be of finite order.

Since Nevanlinna theory is a theory of meromorphic functions it can only be used
on solutions of those differential equations which necessarily have the Painlevé prop-
erty and are therefore integrable. In [54] Ablowitz, Halburd and Herbst described

a natural interpretation of discrete equations as difference equations in the complex
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domain. This is similar to the interpretation of the factorial function n! as discrete
points of the Gamma function I'(z), which has the property I'(2+ 1) = 2I'(z). They
found that Nevanlinna theory provides many of the tools necessary to detect integra-
bility in a large class of difference equations. In particular, if a difference equation
has sﬁﬂiciently many solutions of finite order then the equation is integrable — see
Ablowitz, Halburd and Herbst [54] and also the review by Halburd and Korhonen
[78).

The {max,+) semiring is (RU{—oco}, ®, ®) where the binary operators are defined
by |

a & b := max(a, b), a®@b:=a+Db, a,b € RU {—co}.

The (max,+) semiring has no additive inverse.

An ultra-discrete eqﬁation can be defined naturally on the (max,+) semiring.
Take a discrete variable which satisfies a particular discrete equation (we note that
the following only works on certain types of discrete equations). Ultra-discretization
of such a variable leads to a new discrete variable X, which satisfies an ultra-
discretized form of the original discrete equation. It follows that the ultra-discrete
Painlevé equations are derived by ultra-discretization of certain discrete Painlevé
equations, see [68]. As such they serve as prototypes of integrability in the ultra-

discrete sense. An example of an ultra-discrete equation often called u-Pj is
Xnt1®@Xn® Xy 1 =00 X, ® K, (1.1)

where K is an arbitrary constant. An ultra-discrete equation such as (1.1) is a
genefalized cellular autornata. This means that the values of solutions may be
represented as discrete points in a finite dimensional, infinitely sized grid, whose
evolution over the grid is governed by the ultra-discrete equation.

Another interpretation of ultra-discrete equations is to take the independent
variable as continuous, € R, and then the dependent variable X(z) can be any

real number. The ultra-discrete equation (1.1) is then reinterpreted as
Xz+1)@X(@)eX(z-1) =08 X(z) ® m(z), (1.2)

where m(z) is an arbitrary period 1 function. The (max,+) meromorphic functions

we have defined may be admitted as solutions to such equations. The process of
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going from ultra-discrete equation (1.1) to (1.2) is analogous to that for discrete
equations on the complex plane introduced in [54].

An original extension of Nevanlinna theory to piecewise linear functions is pre-
sented in this thesis. Here the role of meromorphic functions is played by piecewise
linear functions of integer slopes, in the real domain. We name functions with
these properties (max,+) meromorphie, since they can be described naturally on
the (max,+) semiring and they admit natural analogues of the zeros and poles of
classical meromorphic functions. This theory is applicable to ultra-discrete equa-
tions. Preliminary results suggest that the ultra-discrete Painlevé equations admit
finite order (max,+) meromorphic solutions. Results are derived in this thesis which
suggest that this property can be used to detect those certain ultra-discrete equa-
tions of Painlevé type.

An integrable ultra-discrete equation is one obtained by ultra-discretization of
one of a certain subclass of the integrable discrete/difference equations. Joshi and
Lafortune [73] have described an analogue of singularity confinement for ultra-
discrete equations as a test of integrability.

We derive a new theory of the value distribution of (max,+) meromorphic func-
tions on the real line. In many ways this is analogous to Nevanlinna theory on the
complex plane which concerns the value distribution of meromorphic functions. In
this light we shall refer to the theory described here as (max,+) Nevanlinna theory.
We define analogues of the Nevanlinna characteristic, proximity and counting func-
tioﬂs. Analogueé of some — but not all — of the results from classic_al Nevanlinna
theory are proved, such as the first main theorem of Nevanlinna and the lemma on
the logarithmic derivative.

Some ultra-discrete equations admit (max,+) meromorphic solutions. We con-
jecture that in the sense of the (max,+) Nevanlinna theory we have introduced,
the ultra-discrete Painlevé equations (and in general all integrable ultra-discrete
equations) admit finite-order {max,+) meromorphic solutions on R.

As a further, numerical study of ultra-discrete equations we shall work with those
ultra-discrete equations in a dependent variable X,, where n € Z such as equation

(1.1). A solution of such an equation is a sequence of iterates. Moreover we shall let
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each iterate be a (max,+) rational function of an auxiliary variable z € RU {~0c0}.
Then we shall define the degree g, of X,.(x).

The evolution of the degrees of successive iterates is investigated for different
ultra-discrete equations. The equations are grouped according to whether they are
integrable or not, determined by whether they satisfy the singularity confinement
test for ultra-discrete equations introduced in [73]. Qur aim in doing this is to
look for an analogue of the concept of algebraic entropy from section 6.3, which
can be used as a detector of integrability in discrete equations. We conclude that
zero algebraic entropy appears to be a necessary condition for integrability of an

ultra-discrete equation.



Chapter 2

Complex analysis

In this chapter we review those parts of complex analysis which shall form a basis for
original work presented later in the thesis, but shall provide no original work here.
Specifically we review the Painlevé equations, their properties and some derivations.
Also we review meromorphic functions and their value distribution in the complex
plane, as studied by classical Nevanlinna theory. We do not apply classical Nevan-
linna theory in this thesis, but shall later introduce an original generalization of it,
for a special class of piecewise linear functions on the real line.

The (differential and difference) Painlevé equations live in the complex domain.
Therefore a study of them will necessitate tools from complex analysis, which is the
study of complex functions, especially of analytic functions — those that can be
written locally as a power series. We then study Nevanlinna theory, which is con-
cerned with the value distribution of meromorphic functions on the complex plane
[13]. A meromorphic function can be written Yz in terms of two entire functions
f(2) and g(2) #£ 0 as f(z)/g(z) [26]. A function is meromorphic if all of its singu-
larities are poles. If all solutions of a differential equation are meromorphic, then
the equation has the Painlevé property which is a strong indicator of integrability.
Tools from Nevanlinna theory may be used as a detector of integrability in difference
equations.

We shall study the different types of singularities a complex function can have.
In particular a type in singularity called a pole must be defined in order to state

the Painlevé property. An equation satisfies the Painlevé property if all movable

13
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singularities of its solutions are poles.
Since the nineteenth century, the study of integrable equations has been an active
area of research in nonlinear analysis. The six Painlevé equations, nonlinear ODEs

from complex analysis, have special properties that will be described in this chapter.

2.1 Holomorphic functions

Deﬁnitidn 2.1.1 Given a set S that is a subset of the complex plane S C C, a
mapping w: S — C which assigns to each z € S a unigue complez number w(z), is
called a complex valued function on S. A complex function w is differentiable at z
if

élziﬂ) w(z + 5;; - w(z),

(2.1)

exists. When the limit exists it is denoted by w'(z) or %2, If the function is differ-

entiable at every point of S, then it is said to be a holomorphic function in S.
Let w be differentiable at z = z + iy. Then we write
w(z) = u(z,y) + iv(z,y), (2.2)

where u, v are real-valued functions defined on an open! subset of C. There, we can
obtain the first derivatives u,, y, vy, vy by calculating w'(z) using the definition (2.1)
with h taken as either pure real, or pure imaginary. We find that w/'(2) = uz + iv,
and w'(2) = —iuy + v,. Equating the real and imaginary parts separately gives the

Cauchy-Riemann equations,
Uy = Uy, Uy == —Uy, . (2.3)

which do not hold at a point (z,y) if w(2) is not differentiable there. They provide a
necessary, but not necessarily sufficient condition for a function to be holomorphie.

It is a sufficient condition if, for example, u;, uy, v,, v, are continuous everywhere.

Theorem 2.1.2 Letw(z) = u(z, y)+iv(z, y), where v and v have continuous partial
derivatives throughout a region Q. Then w is holomorphic throughout € if and only

if u and v satisfy the Cauchy-Riemann equations (2.8) there.

1A set is said to be open if and only if it contains no points on its boundaty.
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Note that the Cauchy-Riemann equations can be written compactly as w, = 0. The
terms analytic function and holomorphic function may be used interchangeably. In

this text we shall mainly use the former.

Example 2.1.3 Consider w(z) = z* +iy®. Then the first derivatives are u, = 2z,
vy = 2y, uy = v, = 0. The Cauchy-Riemann equations give that w'(z) only erists
where x = y.

Varying x gives the limit

2 _ .2
1im(:a:+h) z

lim Y = }112:6(25 + h) = 2z, (2.4)

while varying y gives the limit

(kP -y _
illgna() -k ilg&nﬂ(?y T =%, (25)
which can be equal to w'(z) only on the line x = y. The Cauchy-Riemann equations

do not hold on any open disc in the complex plane, so w is nowhere analytic.

2.2 Singularities and zeros

Singularities of a complex-valued function w(z) are points zp in the domain where
w fails to be holomorphic/analytic. The point 2 = 2 is called regular if w is
holomorphic there. A singularity may be, for example, a pole or a branch pcint.
A critical point is a singularity (a point at which the solution is not holomorphic)
which is not & pole. Therefore a critical point may be, for example, a branch point

or an essential singularity.

Definition 2.2.1 A pole of a function w(z) of order/multiplicity m is a point zp € C

such that the Laurent series w(z) = > "

n=-—oo

an(z — 2)" hasan =0 forn < —m
and a_, # 0, where m is a positive integer. Therefore it behaves like 1/(z — z)™
at z = zy. A pole of order 1, 2, &8 is referred to as a simple pole, double pole, triple

pole and so on.

Corollary 2.2.2 Let z be a pole of w(z) of order n. Then (z — z)™w(2) is non-

singular, and (z — z)*w(z) is singular fork =0,1,.--,m — 1.
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Definition 2.2.3 A zero of a function of order m is a point zg € C such that the
function tokes the form w(2) = (z — 2)™f(z) where f is a holomorphic function
such that f(z) # 0.

We note that a zero is not a singularity.

A removable singularity of a function is a point at which the function is not
defined (a singularity) but at which the function can be so defined that it is analytic
at the singularity. An isolated singularity z = 2, of a function f is called an essential
singularity if (z — 20)™ f(2) is also singular at z = 2, Vm € Z.

An essential singularity z = z; of a function f(z) is one also exhibited by (z —
29)™ f(2), for any finite m. In some way, an essential singularity behaves like a pole
of order oo.

Singularities of ODEs are either fixed or movable. The location of a fixed sin-
gularity does not vary with the particular solution chosen but can only occur at
special points. The location of a movable singﬁ]arity depends on the constant(s) of

integration in the solution. Only nonlinear equations can have movable singularities.

Example 2.2.4 As an ezample of an egquation which possesses fized singularities,

consider the linear ODE
w” + p(2)w' + g(z)w = 0. (2.6)

A solution w(z) can only have singularities when p or q is singular. Therefore they

are fizved singularities.

Example 2.2.5 Consider the nonlinear ODE,

w +uw® =0, _ (2.7)

which admits a solution w(z) = L= where ¢ € C is an arbitrary constant. Therefore

-C

z = c is a movable singularity.

Example 2.2.6 The function 532{—1 = ;25 + --- has a triple pole at z = 0. The

24222

function =L has a removable singularity at z = —1, since the function can be
z+1 Y

rewritien as 2> + z + 1 which is analytic at z = —1.



CHAPTER 2. COMPLEX ANALYSIS 17

2.3 Cauchy’s integral theorem

Definition 2.3.1 Let f{z) be holomorphic inside and on a positively oriented con-

tour v. For a inside v, Cauchy’s integral formula is
_ 1 [ flw)
f@) = 5 /1 I 4o, @8

Liouville’s theorem states that if f is an entire function that is bounded in the

complex plane C, then f is constant. To prove this, s

Example 2.3.2 Suppose |f(w)] < M for allw € C. Fiz a,b € C. Toke R >
2max {|al, |b]}, so that |w—a] 2 3R and |w—b| > 1R whenever |w| > R. Applying
Cauchy’s integral formula with the contour v(0; R), |

@)= 56 = 5 [ 10 (i - o) e (29)

and its magnitude is

17(@) - ) < 2120, (2.10)

We can make this distance arbitrarily small by letting R —» oco. Then we can take

f(a) = f(b), in which case f is constant. -0

Let p(z) be a non-constant polynomial with constant coefficients. Then there
exists ¢ € C such that p{(¢) = 0. This is the fundamental theorem of algebra.
We prove this by contradiction, i.e. by supposing that p(2) s 0 for all z. Since
|p(2)] — oo as |z| — oo, there exists R such that 1/[p(2)] < 1 for |z{ > R. On
the compact set D{0; R), 1/p(z) is continuous and hence bounded on C. It is also

holomorphic. Therefore by Licuville’s theorem, it is constant.

2.4 Painlevé property

Definition 2.4.1 An ODE is said to possess the Painlevé property if all movable

singularities are poles.

In this section we will describe Painlevé’s a-test and use it to classify first order

equations with the Painlevé property.
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We consider a rational equation of the form

r_ P(z,u)
YT Q)

where P and @ are polynomials in 4. Then Q{z,u) = (u{2) — a1(z))™ (u(z) —

(2.11)

az(2))™2 .+« (u(2) — an(2))™, where the ¢;(z)} are distinct functions. Making the
transformation u — u + a1, after renaming m, as m, locally equation (2.11) takes

the form
u™y = F(z,u), (2.12)

where F' is analytic in a neighbourhood of (z = 2, u = 0) and F'(2,0) # 0. Applying
the coordinate transformations u = alU, z — 2 = a™1Z = £ = o™ 'L and
taking the limit as o — 0,

W%%=ﬂ%+MmZdDaF%ﬁL (2.13)

which takes the constant value F(2,0) = & for some z. The solution of this
equation is U(Z) = ((m+1)xZ + )™+~ For m > 0 the solution is branched. In
order for equation (2.13) to have the Painlevé property U(Z) must not be branched
and therefore m = 0 = U(Z) = xZ + C. This implies that Q(z,u) = Q(2) only. In

this case we can write
' = ap(2) + a1 (2)u + a{2)u® + -+ - + an (2)u”. (2.14)

The transformation w(z) = ﬁ preserves the Painlevé property and gives

w o= =g (eo(u + a (2w + ax(2)wh 2+ -+ aa(2)) (2.15)
= —ao{2)w? — a1(2)w — az(2) + -+ — au(2)w* "

Note that {2.15) is a rational equation of the form (2.11). We have just shown
that the right hand side of such an equation with the Painlevé property is in fact a

polynomial. Therefore n < 2, and in terms of u,
o' = ap(2) + a1 (2)u + az(z)u. (2.16)

Equation (2.16) is the Riccati equation, see for example [13]. It is the most general

first order ODE that possesses the Painlevé property.
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Example 2.4.2 The general solution of the egquation
w?=duwl+w+1 . (2.17)

is solved by a Weierstrass function, whose only singularities are poles, and therefore

this equation possesses the Painlevé property.

Example 2.4.3 The general solution of the equation
w? =4S +w+1 (2.18)

can be shown to have branch points. Therefore it does not possess the Painlevé

property.

2.5 The Painlevé equations

Here we consider only second order equations that have the Painlevé property.

Specifically we consider equations of the form
w' = f(zw,w), | (2.19)

where f is analytic in 2z, and rational in w and in %', There are fifty equivalence
classes? of equations of the form (2.19) that possess the Painlevé property. The
solutions of forty four of these equations which satisfy the Painlevé property may
be expressed in terms of known functions (trigonometric, elliptic, solutions of linear
ODE:s etc.) The other six are the Painlevé equations, labeled P; — Py, classified by
Painlevé and colleagues (1887-1909), see for example [11, 14].

The Painlevé equations require the introduction of new transcendental functions,
Painlevé transcendents, for their solution. The first three, Py — Py, were discovered
by Painlevé; Prvy and Py were later added by Gambier; and Py was added by Fuchs
[11]. We note that a special case of Py with fixed parameters can be transformed

to P][I.

?We consider equivalence classes each consisting of equations that are transformed into each
other under Mdbius (bilinear rational) transformations,

a(z)w + b(2)

MO = e dey

¢ =¢(z), (2.20)

where @, b, ¢, d and ¢ are all locally analytic functions of z [14].
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The Painlevé equations are [14, 13]

P;: w" = 6w?® + 2, (2.21)
Pn: w” = 2w+ 2w+ q, S (2:22)
Pur: w”=%—%+w+yw3+g, (2.23)
Prv: o' = ;U—Z + gw3 + 42w’ + 2(2% — ajw + g, (2.24) |

PV;'w"z(L+ﬁ)w'2—%+£w—;2m(aw+g)+7§+w, (2.25)

2w w=1

Pu: o =} (E+ ok +55) o~ (4 gy + 5 of

e (o B A+ B5R)

where «, 3, .'y and J are constant parameters.

(2.26)

An integrable equation is a nonlinear equation which is solvable by an associated
linear problem, in that the nonlinear equation is the compatibility condition of the
linear problem, so any solution of the linear problem can be used to construct a
solution of the nonlinear equation. We shall present examples of methods of reducing
integrable equations to one or more than one equations which possess the Painlevé
property. Such reductions led to the formulation of the following conjecture by
Ablowitz, Ramani and Segur, the ARS conjecture [11]:

Any ODE which arises as a reduction of an integrable PDE possesses the Painlevé
property, possibly following o trensformation of variables.

The singular points of Py — Pyp are tabulated as follows [14],

z w
P, Pn 00 o0
P 0,c0 0,00
P 00 0,00
Py 0,00 0,1,00
Pvi O,I,ty,oo 0,1,2z,00
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The Painlevé equations have asymptotic limits to octher equations with the Painlevé
property. Such limits are called coalescence limits because singularities of the equa-
tion merge under them. Coalescence limits usually take one Painlevé equation to
another, as represented by (2.27), but these limits also occur for integrable PDEs
[14].
P
/ N
Pvi — Py Pp—Pr (2.27)

N /
Prv

2.6 Solutions of the Painlevé equations

We shall check a necessary condition for the Painlevé property, by using a method
due to Ablowitz, Ramani and Segur considering the asymptotic behaviour [15]. The
method was based on the work of Kowalevskaya, [13]. We consider equations of the

form
w” = 6w? + f(2), (2.28)

which reduces to Py (2.21) if f(z) = z. Equation (2.28) has a solution in the limit

as w — 00, with the leading order behaviour

w(z) = A(z — )" (2.29)
Substituting (2.29) in (2.28) gives

n(n— 1D A(z — 2)" % = 6A%(z — )™ + f(2). (2.30)

Supposing that n < 0, we may neglect the last term on the right in the limit, since
the other terms will tend to infinity. Then by comparing coefficients we find that
n=-2and A=1.

We look for series solutions of the form w(z) = Y2, ai(z — 20)*~% where the
above analysis gives qg = 1 and a; = a3 == a3 = 0. In this case equation (2.28) may

be expanded as

e o]

: X X L ©_ £y ,
Z(z - 2)(i — Dai(z — 20)" " = GZ Z asa;(z — z) T4 + Z qu.g—o)(z - 2)

=0 i=0 j=0 i=0
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Now we compare the coeflicients of (2 - 20)"~* and substitute ag = 1 to find

n—1
(n+1){n—6)a, = 62 Omln—m T (n i Y

m=]

o9 (z), n>4 (2.31)

The index n of a coefficient a, is called a resonance if the value of that coefficient is

free. The above expansion fails to define aq: equation (2.31) for n = 6 is
1
0= 6(2&105 -+ 2&204 + ag) + §f”(20),

therefore since @y = a; = a3 = 0 there is a resonance when n = 6 that gives

f"(2) = 0. Since this is true for all z, we get
w” = 6w+ Az+ B (2.32)

where A and B are constants, and z can be scaled and shifted to get Py provided
that A # 0. If A does vanish then the equation can be solved in terms of elliptic
functions [16].

For special values of the parameters, Py — Pyr possess rational solutions and
solutions expressible in terms of special functions.

The solutions of Py, Py and Pyy are meromorphic functions of the independent
variable z. If the substitution z = €’ is made in Py and Py, then the solutions
become meromorphic functions of £. For Py, 0, 1 and co are fixed critical points
which are branch points. Hence its general solution is not meromorphic throughout
the finite complex plane. Since there exist three branch points, no transformation
can remove all of them from the finite complex plane. In fact Pyy contains the other
five Painlevé equations, which may be obtained from it by taking appropriate limits
1]

2.7 Nevanlinna theory

Nevanlinna theory studies the value distribution of meromorphic functions in the
complex plane. A meromorphie function can always be written as f(z) = g(2)/h(2),
where ¢(z) and h(z) # 0 are entire functions. The function tanz = 222 is mero-

CO5 ¥

morphic. A further example of a meromorphic function is a rational function, which
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takes the form of a quotient of two polynomials multiplied by a constant factor

ceC,

M
“(z—a
fz) = CM. (2.33)
[T~ (2 — )
In particular, f{a,) = 0 and f{b,) = co, so that @, and b, are respectively called
the zeros and poles of f. The number of times a zero or a pole appears in the
appropriate product is its multiplicity. A zero or pole of multiplicity one is said to

be simple, a double pole or zero has multiplicity two and so on [26].

Basics of Nevanlinna theory

In the 1920s the Nevanlinna brothers developed an extensive theory of the value
distribution of meromorphic functions [18]. Nevanlinna theory associates to each
meromorphic function f(2) the real valued functions m(r, f), N(r, f) and T(r, f).
These functions can be used indirectly to obtain information on the growth and
value distribution of f(z) more efficiently than a direct analysis.

In the complex plane, consider the open disc D = {z : |2| < r}. Let f(2)
be a function which is analytic and nowhere zero on D. Using polar coordinates
we have that the boundary of the disc is the circie |z| = r, called 3D. We use
Cauchy’s integral theorem (2.8) to calculate log | f| at the origin in terms of its value

distribution on 8D, choosing to traverse D in the anti clockwise direction,

2
togl/@) = 5§ ELENaz = L [Trogsreiag, (2:34)

2mi F3 27
However we wish to generalize to the case where f has finitely many zeros a,...,a
and poles by,...,by, counting multiplicities, in the punctured disc D \ {0}. We

suppose that the Laurent series expansion of f at 2 =01is

fz)=B2"+..., (2.35)

where 8 £ 0. If v < 0 then f has a pole of order —y at z =0, or if ¥y > 0 then f

has a pole of order 7y there. Otherwise if v = 0 then 2 = 0 is a regular point of f.
Then we define the function

— Hﬂil B(ay, z)

I Bowz)’ (2) (2.36)

g(z) =2
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where B(w, z =&z Thep g(z) has no zeros or poles in D. To see why, we note
r(z o)’

that if f has a zero a then f has a factor (z — a), while a pole b introduces a factor

( zlb) Then %)2 f(z) does not have these factors. This argument is particularly
clear if f is a rational function (2.33).
Jensen's formula results from writing (2.34) for g, see for example [27],

log|B|+ylogr = 2—1— log | f(re'®)|d¢ — Z log s + Z log (2 37)
0

v |a. |<r |b |<r

boundary of disc
zeros of f on dlsc poles of f on disc

In the case where f is regular at z = 0, the left hand side becomes log | f(0)|, which
gives the form of Jensen’s formula that is usually presented in textbooks [18, 26, 27].

Solutions of f(z} = a, called a;points, are counted, with due count of multi-
plicities, by a counting function n(¢,q, f), t € R, which gives the number of a-
points on the disc |2] € ¢t < r. Defining there to be n(r,q, f) = n such a-points
z=ayi=1,2,...,n on the disc, ordered by 0 < |on| < |og| < ... S |ag| < 7. In

particular
)
0 (0<t<|ai)
) 1 (laal £ < ow)
n(t, a, f)= ) ~ (2.38)
i (Joul £t < i)
| ([an]| <t < 7).
It could equivalently be said that n(r, a, f) counts the poles of g(z} = z) - (count-

ing multiplicities). Also, a pole of f(2) is a zero of g(z). For example f(2) =z +a
leads to g(z) = 1 which has a simple pole at 2 = 0 so f(z) has a simple a-point
there.

We define the integrated counting function as the integral of n(t,a, f) over the

dise |z| £ r with respect to the logarithmic measure dt/%,

r —
N{r,a, f) = f n(t,a f) ; n(0,9,f) dt + n(0,a, f)logr. (2.39)
0
It can be shown that these solutions ¢; satisfy

3 1ogL|= / e f)y, (2.40)

a-
0<[ey<r Jou
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Applying this to the poles and zeros of f respectively,

3 logljjﬂ(r,o,f), 3" log - = N(r, 00, f). (2.41)

lau|<r by | < [b |

We define the function log™ of a positive real argument z € R by
logt z = max(0,log z), (2.42)

and note that logz = log*™ x — log* 1, ¥z > 0. Now we are in a position to define

the proximity function of a function f as

' 1 2% .
m(r, 00, f) = 5~ log* |f(re)|dg. (243)
0
This is the mean value of log™ | f] on the circle |z| = r. Roughly speaking, it describes
how close on average the values of f(z) are to infinity on this circle. Another useful

variant of the proximity function is

L 1 |
m(r, @, f) = g\/; 10g+ quﬁ (244)

Its growth correlates with the proximity of the values of f(2) to the value a € C.
The closer the values of f(2) are to a on the circle |z| = r, the larger the function
m(r,a, f) is.

The characteristic function is
T(Ts f) = m(r# oQ, f) + N(T, 00, f)v (2'45)

which provides a measure of the affinity of a meromorphic function f for the value

oc. In a similar way,

T (’r, ﬁ) =m(r,a, f) + N(r,a, f) (2.46)

is the Nevanlinna characteristic giving the affinity of f for the value a. In particular
T (r, %) gives the affinity of f for 0. In terms of meromorphic functions f;,¢ =
1,...,n, some properties of the Nevanlinna characteristic are given for example in

[27],

T (Ta ﬁ ft) < i: T('f‘, fi)a ‘ (247)

i=1
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T (’r, jzlf,-) < éT(fr,fi) + logn. (2.48)

We shall prove these results by noting that

m (r,oo,if,-) < - [ logt (nnx | (re))ds < 3 mi, f)+logn, (249

i=1 2m Jo i=1
n i
m (r, oo, ] | ﬂ:) < ) mlr,00, fi), | (2.50)
i=1 i=1
where we use the inequality log® |[T, fil < S.&,log*|fi|. The number of poles,
with due count of multiplicity, of the sum or product of the functions f; at a point
is at most equal to the sum of the multiplicities of the poles at that same point.
Therefore
N (r7 oo'l E?:]_ ft) $ Z?:l N(T? w? ﬂ)’
N (Ta 0, H?:l fi) S E?—_-l N(Ty o0, fl)
We now combine the results according to equation (2.45) to prove the inequalities
(26].

(2.51)

In order to relate the Nevanlinna characteristic of f to that-of f*,n € N we
observe that log® |f*| = logt|f|* = nlog®|f|, since |f] < 1 = |f*] € 1, so
m(r, 00, f*) = nmir,o0, f). Also the multiplicities of all the poles of f are mul-

tiplied by a factor of n, and therefore so is the counting function, so we have
T(r, ™) = nT(r, f). (2.52)

To end this section, we state the Poisson-Jensen formula for f(z) # 0, co, which is

a generalization of the Jensen formula (2.37) at any point |z] < r,

2 2ol i
log lf(z)l = Elv—r 0 " r2—2rpoos(%—d>)+p2 log |f(T6 ¢)|d¢
+ Z|ap|<r IOg :(Ez:ai,z

r{z—by

”mebﬂﬁmﬂ-

(2.53)

Fundamental theorems of Nevanlinna.

Substituting the identity log | f| =log™ | f|—~log™ ;77 in the Jensen formula (2.37) and
using results of the previous section gives (provided that f(0) # 0 and f(0) # o)

log|f(0)| = m(r,00,f) —m(r,0,f) + N(r,00, f) ~ N(r,0, f)

=Tmn-T@¢) (254
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That is, the affinity of any meromorphic function for 0o and its affinity for 0 differ
only by a constant. Replacing f by f — a and comparing with the original, we have
that

T (r, f—iz) —T(r, f) + O(1), (2.55)

where O(1) is bounded as 7 — oco. This relation is Nevanlinna's first main theorem
[26, 18]. It implies that if f(z) takes a value @ € CU {co} fewer times than average,
i.e. the counting function N(r,q, f) is relatively small, then the proximity function
m{r,a, f} must be large, and vice versa. Loosely speaking, if a meromorphic funetion
takes a certain value a relatively few times, then the values of f(z) are “near” the
value @ in a large part of the complex plane. |

As an example, we shall investigate the effect of a Mobius transformation of f
on the Nevanlinna characteristic. Specifically we want a relation between T'(r, f)
and T (r, %%‘g), where a, 3,7, € C are such that af — By # 0.8 Then, the Mébius
transformed function can be written as Tf_a + b, where a, b, c are constant. Then
application of Nevanlinna's first fundamental theorem together with properties of
the characteristic give

of + B
T(“vf+5

Nevanlinna’s second main theorem depends on an estimate for the proximity func-

) =760+ 0 | (2:56)

tion m(r, f'/f), where f'/f is the logarithmic derivative of f. Given a meromorphic
function f, we denote by S(r, f) any quantity that is of growth o(T'(r, f)) as r — oo,
outside of a possible exceptional set E of finite linear measure; that is f gdr <co. An

important result of Nevanlinna theory is the lemma on the logarithmic derivative,

m (r, ?) = S(r f), (2.57)

which holds for all transcendental meromorphic functions f.

3In the case ad — By = 0 then the transformed function is

af+8 _alf+d/v) _
Yf+6  Af+0/7)

which is not allowed since it transforms f to a constant.

@
i
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Now we state Nevanlinna's second theorem. Let ¢ > 2, and let z,...,2, be

distinct points in the complex plane, then the value distribution of f satisfies [27]

m(r, f) + Zm (r, 7 j zn) <2T(r, ) + S(r, f)- (2.58)

n=1
It is a generalization of Picard’s great theorem, which states that if a meromorphic
function f takes each of three distinct values in C U {co} at most finitely many

times, then f is a constant [18].



Chapter 3

Geometry and integrable systems

In this chapter we shall not introduce any original work, but shall present examples
of reductions of integrable differential equations to Painle:\ré equations, by imposing
either an appropriate symmetry group or a transformation of variables. In turn,
the integrable equations we consider may be obtained as reductions of the SDYM
equations. We also review the reductions of the integrable Ernst equation to either
P or Pyp, which will be the basis of original work in a later chapter.

Integrable systems are systems of equations (differential or difference) that com-
bine nontrivial nonlinearity with unexpected tractability. Often such systems admit
large families of exact solutions [19]. There are deep links between integrability and
geometry.

The SDYM equations are a system of equations for Lie algebra-valued func-
tions on a complex manifold C*. They play a central role in the field of integrable
equations, amongst other areas of mathematics and physics [29]. Many examples
of integrable equations may be obtained from the SDYM equations by symmetry
reduction. This is suggested by the fact that their associated linear problems arise
as reductions of the linear problem for the SDYM equations. The Painlevé equa-
tions are further examples of integrable systems that are reductions of the SDYM
equations [11, 20]. In general, Ward (1985) conjectured in [2] that:

Many (possibly all) of the ODEs and PDEs that are regarded as being integrable
or solvable may be obtained from the self-dual gauge field equations (or its generaliza-

tions) by reduction (that is, imposing more symmetry conditions on the equations).

29
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3.1 Symmetry reductions of integrable PDEs to
Painlevé equations

Some examples were given in [11, 15] where known integrable PDEs were reduced

to one of the Painlevé equations, after a possible change of variables.

KdV equation and extensions

The KdV (Korteweg-de Vries) equation is a nonlinear wave equation\ of the form
Uy + 6uly + Uper = 0, | (3.1)

in 1+1 dimensions [11, 15, 17]. We choose to effect the following transformation,
ult,z) = (3t)*PF(2),  z==x(3)"*53, (3.2)

where the numerical factors are included for later convenience, and we find that
—2F — 2F' +6FF + F" = 0. (3.3)

Equation (3.3) may be transformed such that it can be expressed in terms of solutions

of Py;. rI“here exists a correspondence between solutions of this equation and those

of Pyy (2.22) given by [14]

_Fta
2F - 2’

F=—-w—w W (3.4)

where o is the constant that appears in Pp. It can also be shown that the modified
KdV equation and the cylindrical KdV equation both reduce to Py via the method
explained above [17].

Sine-Gordon equation
Another example of an integrable equation is provided by the sine-Gordon equation,
Usr = Sin U, ' (3.5)

which admits the scaling symmetry (£,%) = (A~'t, Az). We restrict to the subspace

of solutions invariant under this scaling symmetry by introducing

y(z) =ult,z),  z=azt. (3.6)
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Then we get [16]

2 +y = siny. : (3.7)
We note that equation (3.7) does not have the Painlevé property. However making
the transformation w = €% puts the reduction of the sine-Gordon equation in a
rational form. It is

II

2{ww” —w?) +uw = %w(w2 -1}, (3.8)

which is a particular case of Pyj;. We can conclude that the sine-Gordon equation
has a reduction to Py. We have therefore performed a change of variables which

takes an equation which does not have the Painlevé property to one which does.

3.2 Self-dual Yang-Mills (SDYM) equations

Yang-Mills theory was introduced in the seminal work of Yang and Mills [50], as
a generalization of Maxwell’s Abelian gauge theory of electromagnetism to include
non-Abelian gauges. Here we shall introduce Yang-Mills theory using the language
of differential forms; see for example [3] for an introduction.

We introduce a four dimensional manifold M, over some neighbourhood of which
is defined a connection one-form A which is valued in a Lie algebra g; see appendix
A for a brief introduction to Lie algebras and Lie groups. The Lie group generated
by this algebra is the structure group of A. Then we define a two-form F called the

curvature of A, and a covariant derivative D = d + A,
FiA]=dA+ AANA=: DA. (3.9)

The definition of F[A] given by [11, 29] differs from our definition (3.9) which can
be reached by the transformations A — —A, FF — —A.
The Hodge dual of F' (see again [3]) is called *F* which on our four dimensional

manifold is a two-form. Then we define the Yang-Mills equation of motion,
D*F=0. (3.10)
Additionally, any solution F of equation (3.10) must satisfy the Bianchi identity

DF =0. (3.11)
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The Yang-Mills equation gives second order PDEs for A and is in general very

difficult to solve [29]. However if we impose the constraint
*F = AF, - (3.12)

where A is a constant scalar, then equation (3.10) reduces to an identity due to
(3.11). Note that we can impose this condition (3.12) in the case when we work on
a four dimensional manifold, in which case *F' and F are both two-forms. In any
D # 4 dimensions it does not work, owing to the fact that *F is a (D — 2)-form.

We shall work with that special case of (3.12) where A = 1, in which the curvature
is equal to its dual. Therefore it is known as the self-dual Yang-Mills (SDYM)
equation. Since we have shown solutions of the SDYM equation necessarily satisfy
the Yang—Mills equation (3.10), all solutions of the SDYM equation form a subset
of the solutions of Yang-Mills theory [29].

Now define a set of four local coordinates {z#} on a neighbourhood of M. Then

the potential and curvature take the respective forms

1
A= Aude*,  F=;Fudo"Nda”. (3.13)

We shall now write the curvature (3.14) in component form,
Fu = 8,A, — 8,A, + A, A). (3.14)

The covariant derivative ) = d+ A has components D, = 0,+ A,, in terms of which
curvature as Fy, = [D,, D,]. We define a column vector & = (®;,®s,...,®y)T for
arbitrary N, from which it follows that the compatibility conditions of the linear

equations
D®:=0,2+A,2=0 (3.15)

are equivalent to the vanishing of the Yang-Mills curvature. In this way the Yang-
Mills curvature arises naturally in linear analysis [19]. The connection components
A, may be either scalars or N x N matrices, but we consider only the latter, more
yielding case.

We consider an element g of a Lie group G. In terms of this we define the

transformation

A, A, =gt 9+9710,9, geC. (3.16)
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We now wish to determine the resulting curvature from transformation (3.16). Using

(3.14),
By =0,A, - 0,4, — [Ay A)) = 0,(97" Avg — 97'0,9) — B,(g 7" Aug — 97" 0,9)

—l97" 49— 9710u9, 97 Avg — g7 0ug]

= 8,(07 4u9)~ 0 (07 4,9) (971 Aug, 7 A 9] + (97 Aug, 70,0+l Bug, g Aug)
=g Flug — 971(0.9)97 Aug + g7 ALOug + 971 (B09)g ™ Aug — 97 Audug
+[g71Aug, 97 00l + (97009, 97" Aug]
=g 'FL.g.

The action of this conjugation is by the structure group G only, so symmetries on
the manifold M remain unaffected. In this light equation (3.16) is called a gauge
- transformation of Yang-Mills theory!

Following [29], we now give the component form of the Hodge dual *£. On a

four dimensional manifold *F' is a two-form
1
*F = 2/5ew Y E,sdz* A dz,

where the antisymmetric tensor e, ), is defined with €123 = +1, and g := det g,.-
Indices are raised and lowered using a metric g,.(z) defined locally on M.

If both F and its dual are defined in the same coordinate system, then the
self-dual equation *F' = F' is |

1 .
Fl = 2 ey 75F75 (3.17)
We will proceed in the specific case where M = R??2, on which we define the metric
ds? = —(dz®)? — (dz')? + (dz?)? + (dz®)?, (3.18)

The SDYM equations on R%?, (and also on R*, which we shall not consider here)
are, with the metric defined in (3.18) substituted in (3.17)

Iy = Fo, Foo = i, Foz = Fyy. (3.19)

"We consider the example of electromagnetism. The structure group is G = U(1), meaning in
this case the connection is Abelian. Therefore the curvature as defined by (3.9) is F = dA4 and a
general element is g = X where x is a pure imaginary scaler. Using this Lie group in (3.16) we

see that & gauge transformation in electromagnetism is A, = A, + 8,x = Flu = Fu.
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It shall be convenient to transform to the complex null coordinates (7,7, 0,5) as

2

r=2'+ig!, F=a"-ix', o=2"+i2d, GF=o*-iz®.  (3.20)

Here an overhead bar denotes complex conjugation. The metric (3.18) is hence

- transformed to
ds? = —drd7 + doda. (3.21)

Under a local coordinate transformation z# — Z#, the curvature tensor transforms

to Fo = F, 2222, In terms of the coordinates (3.21) the SDYM equations are
F»,-a = 0, Ff‘ = 0, F-T.? - Fo-a- = 0, (3.22)

where it is noted that the Greek indices here label components of the curvature

tensor. We shall define the connection components using a similar convention,
A = A dr + AwdT + Apdo + Asdo.
The SDYM equations (3.22) in terms of the connection components are

B8y Ar — 8, Ag + [Ag, Ar] = 0, (3.23)

3514; - 6‘an + [Aa—, Aq-—] = 0, . (324)
65/'1& - 65A,, - a,—A-,- + 8;AT + [Ag, Aa-] - [A-,-, Af] = 0 (325)

We present the isospectral linear problem [29],
(Or + (03)® = (A, + (A5)D, (8s + €37)P = (A, + (A7)D, (3.26)

where ( is the spectral parameter, and <I>('r,;", 0,8) € SL(2,C). The SDYM equa-
tions (3.22) are the compatibility conditions (8, + (85,0, + (8;]® = 0 which we
calculate explicitly,

[Br + (85,05 + (0]
= (0r Ay + Aor + C(BAs + AsOy + OrAr + ArD:) + (05 A7 + Ar05))D
—(ByAr + ArBy + C(BsAg + AuBs + Br Ar + ArBy) + C2B2 A5 + A30s))

= (FTO' + C(Fcr& - FT‘T‘) + CzFE?)(I);



CHAPTER 3. GEOMETRY AND INTEGRABLE SYSTEMS 35

where we must substitute equations (3.26) back in to obtain the final step. We see
that each of the SDYM equations (3.22) must be satisfied in order for the isospectral
linear problem (3.26) to hold.

We define two maps H, H : R>? — SL(2,C), and therefore the maps are each
complex-valued 2 x 2 matrices with determinant +1. The maps are defined up to
H — P(7,6)H, H — P(r,0)H, where P, P € SL(2,C). Following Pohlmeyer [47]

and Yang [48] we have the freedom to give the connection components as
A, =H"'9,H, A,=H9,H,

Aa - E—laaﬁ-, Af = I?_la,—-ﬁ,

since after these substitutions the SDYM equations (3.23-3.25) all reduce to trivial-
ity. Since the gauge group has been chosen as SL(2,C) the connection is valued in
the algebra s1(2, C), whose elements are complex-valued traceless 2 X 2 matrices.

We present Yang's matrix J = HH! € SL(2,C), which is defined up to J —
PJ P~ Introducing an element g € SL(2, C), recall that the gauge transformation
(3.16) sends F — g~1Fg and therefore leaves the SDYM equations invariant. We
have from [48] that A is gauge-equivalent to

A= J"18,Jdr + J18,Jdo.

We will show the gauge equivalence of A and A by setting g = A~1. Then

s

A= HA A+ A8,(HY) = AH YO, H)A — (8, YA = J18,J, -
Ar = HAH + Ao,(H™Y) = (0: )A™ = (6;H)HA =0,

and the other two components may be obtained in similar ways. The first two SDYM

equations (3.23,3.24) are then trivial, while the other SDYM equation (3.25) is
8:(J718,J) — 85(J18,J) = 0, (3.27)

which is named Yang's equation (see for example [47].) Up to the freedom J —

PJP~1, Yang's equation is therefore equivalent to the SDYM equations.
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3.3 An isomonodromy problem

We introduce a complex vector ® = (®;, ®;)T. Each of the six Painlevé equations

can be expressed as compatibility conditions (®,), = (®,), of the following linear

system [14]
&) = M(z; M0, | (3.28)
D, = N(z; \)0. (3.29)

Equations (3.28,3.29) are collectively known as an isomonodromy problem. The
parameter A is independent of z, and the particular 2 x 2 matrices M and N depend
on the particular Painlevé equation. The compatibility condition (®.)x = (® a)z of

this system is
M,— Ny+[M,N]=0. (3.30)

Isomonodromy problems for Painlevé equations are not unique [14]. We Wi.ll show
how the particular equation (3.30} may be obtained from the SDYM equations
(3.23-3.25). We define a connection on R%? as

A= —Md)\ - Ndz,

and in terms of the coordinates (7,7,0,5) we define 7 := A and o := 2. Then the
SDYM equation (3.23) reduces to (3.30) while the other SDYM equations (3.24,3.25)

each reduce to triviality.

3.4 The Painlevé equations-as reductions of the

SDYM equations

In 1907, Fuchs considered the linear monodromy problem [11]

wyy = p(y;thw, - . _‘ (3.31)

where p(y;t) is a rational function of y and ¢, with four regular singular points of

y; three of which can be located at the fixed points 0, 1, oo, and the fourth at the
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variable point {. Fuchs showed that the monodromy matrices are independent of ¢
if and only if y(t) satisfies Pv;. Historically, this is how the sixth Painlevé equation
was discovered [11). It is the compatibility condition of equation (3.31) and the

equation
w' = M(y; thw, + N(y; Hhw. (3.32)

It is well known that the six Painlevé equations are equivalent to reductions of the
SDYM equations [20], with certain three dimensional Abelian conformal symmetry
groups giving the different equations .[20]. The Yang-Mills connection is valued in
5[(2,C). The Painlevé transcendents are gauge invariants of the Yang-Mills fields,
and determine the fields uniquely up to gauge and choice of constants of integration.

We recall that the orbits of a group generated by a given set of vectors consisf
of the union of the points of the manifold obtained by the operation of the vectors
on the manifold. In terms of a four dimensional spacetime M, for a reduction to
one dimension, the orbits of M must be three dimensional. For this the Abelian

symmetry G group is generated by three independent commutating Killing vectors,
X =0, Y =0, Z =4, (3.33)

We shall use the notation for the contraction of a one-form Z with a vector V,
V]Z := V#Z,. Since there is no dependence on £ in (3.33) it is permissible to
make & gauge transformation to eliminate the dt component (since X|dt =Y ]dt =

Z|dt = 0). Then the Yang-Mills potential in component form is
A= A,dp+ Adg + Adr, (3.34)

and we define s{(2,C)-values functions P := X|A = A,,Q :=Y]A = A, R =
Z|A = A,, where P,Q,R are each functions of ¢{ only. If the orbits of G are
null, that is the tangent vector to every orbit has vanishing norm, then the SDYM
equations for the connection (3.34) are singular. In all other cases they reduce to
ODEs in ¢ [19].

We recall that P, Q, R, being valued in 51(2,C) are each zero trace 2 X 2 matrices

with complex-valued components.
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There is a gauge freedom in the matrices P, @, R in the SDYM equations up to
conjugation by a constant 2 x 2 matrix K. For instance P — KPK™! is a gauge

transformation. We may exploit this by reducing P to either

P=x 1o . P= 01 . (3.35)
0 -1 00
according to whether x # 0 (where P is semisimple?), or ¥ = 0 (where P is nilpo-
tent), since x% := 1Tr P? is an invariant. _

. We note that with this choice, one of the SDYM equations is fixed to P’ = 0 [19].
This is achieved by choosing an appropriate single independent variable t = #(z; A)
in equation (3.30).

The other two s1(2, C) matrices @, R take the component forms,

A

Q= g ; (3.36)
v o—A ~

rR=("° (3.37)
T —p

In each case, the equations for the unknown components A, u, v, p, @, 7 come down
to a single ODE of second order — which is the corresponding Painlevé equation.
We shall use the manifold M = R?2, as in the previous section using complex
null coordinates, as in metric (3.21) with three dimensional symmetry groups G
of conformal transformations. These are generated by three commuting conformal
Killing vectors X, Y, Z. Up to conjugation there are five possible choices of G. One
corresponds to Py and to Py, the others to one each of Py — Py [20]. The list of

groups is
Reduction(s) X Y Z
P, Py o (0, — 85) + (¢ — 0)0: + &- Os + 05
Pm OF 00, — 305 Or
Pry B 2(08, + 78,) 70, + 50; + 05
Pv 3 10, + 805 od, + 10,
Py —~T0p — 00, 00, + 70> 70; + 50;

2A square matrix M is called nilpotent if there exists some integer g such that M? = 0.

Otherwise if no such integer exists then M is calld semisimple



CHAPTER 3. GEOMETRY AND INTEGRABLE SYSTEMS 39

The full list of Painlevé equations in matrix form is given below [19]

P, {PP=0 @ =]|R,P] R =[tP+R,Q]

Py |P=0 @Q=|[R,P] R =[tP+R,Q)

Pm| P =0 Q=2QR] R =2t[Q, P] (3.38)
Py | P =0 Q=[PR+tQ) R =[Q,R)

Py |PP=0 @ =|PR] tR = [R,tP + Q]

Pyi|PP=0 tQ=[R,Q tl—-t)R =[tP+Q,R]

We will now present the derivation that leads to the result that the Painlevé equa-
tions are equivalent to reductions of the si(2, C) SDYM equations (3.23-3.25) with
the above groups [20]. In further work, we shall find it necessary to work with only

the matrix forms of Py and .PVI, 50 we shall study only these cases separately.

Pm

We shall explicitly derive the matrix form of Py as a reduction of the SDYM
equations, assuming that the symmetry group G is generated by two translations

and a rotation, as above. In coordinates (r, 7,0, &) the Killing vectors are
X =1(0,1,0,0), Y =(0,0,0,-7), Z =(1,0,0,0}. (3.39)

Then we introduce an sl(2, C)-valued potential 1-form A = A,dz* = A,dr+ Axd7 +
Aydo + Asd&, on which we use the gauge invariance of the SDYM equations under

A — g7 rAg+ g-1dg, g €sl(2,C) to set A; =0, and then have

P=X|A=A; Q =04, R=2Z|A=A,. (3.40)
Now we substitute in the SDYM equations {3.23-3.25),
0=F, =a,R— 2%+ Lo R) (3.41)
g o
0 = Fyz = 8, P, (3.42)
85Q

0= F,5 — Frz = — - - P+ 3:R— [R, P]. (343)

We next make the substitution (@, R) — (R,—@) in order to make this system
equivalent to that given in table (3.38). Insisting now that P, ¢ and R are functions
only of t = v/o&, we reduce to the ODEs

P'=0, Q=2[QR, R=2F, (3.44)
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which is equivalent to Py The second equation of system (3.44), for both semisim-

ple and nilpotent P, has components

tN = 2(pr — ov), te' = 4(Ao — pu), i = 4(pv — A7) (3.45)
The third equation of system (3.44), for semisimple matrices P has components

f =0, o = —dktp, 7' = 4kty, (3.46)
while for nilpotent matrices P it has components

o = —2tv, o' =4tA, ' =0. (3.47)

Also we have the three conserved quantities £2 = %Tr @Q* m=Tr PRand n =
Tr QR. In both semisimple and nilpotent cases, £2 = A2+ pv and n = 2pA+ur +vo.
In the semisimple case m = 2xkp while in the nilpotent case m = 7.

We note that a Py transcendent is y(t) = t~'u(¢) [19, 20, 21] which solves Py,

y,,zy_""ﬁg’+ay2+ﬁ
y t t

+ vy — g (3.48)

where {a, 3,7, 6} is a set of constant parameters to be determined.
Provided that 6 # 0, we can rescale y and ¢ such that without loss of generality,

equation (3.48) can be transformed to

1
3
G+t - 4
n y ¥ (3.49)

...|.

y,,:y_'z
)

y |, &t+h
t
which is Py with 4 = 1 and § = —1 [14]. Rational solutions of the transformed
equation exist if

G+el=4n, nez, (3.50)

where € = £1 [22].

Py
We will write P\r] as

P=0, tQ=[RQ, «l-F =[}tP+Q R, (3.51)
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The second equation of system (3.51), for both semisimple and nilpotent P, has

components

tN =ov—pr, tu=2pp— Ao), tv' = 2(1 — pv). (3.52)
The third equation of system (3.51), for semisimple P has components

1-0p+XN=0, (1—1t)o" + p' = 2ko0, (1- t);l" + v = =271, {3.53)
while for nilpotent P it has components

A=) +N=71, (Q-t)"+u =-2p, (1-t)f 4+ =0. (3.54)

Also we have the three conserved quantities £2 = 1Tr Q% m? = 1Tr R? and n® =
3Tr (P 4+ @ + R)%. In both semisimple and nilpotent cases, £* = AZ + pyv and

m2

= p? + or. In the semisimple case n? = (k + A+ p)? + (u + o)(v + 7) while in
the nilpotent case n? = (A+p)2 + (1 4+ g+ o)(¥ + 7).
Finally, we note that a Painlevé transcendent can be obtained in all cases given,

in terms of a root u(t) of the equation
det[P,u@ — R] = 0. (3.55)

In the semisimple case, the roots are u; = L and up = %, while in the nilpotent case
we have the single repeated root u = .
If we consider an Abelian group, then P = 0 which implies that the SDYM
equations are trivial [20]. We shall deal with such cases separately.
We note that a Pyy transcendent is y(t) = ¢(1 + (1 — t)u(t))™? [19, 20, 21] which

solves Py (3.56),

V=4 (34t g) ot - (b 2ot )y
+ ("‘ + Bz + v + 5::.:‘—_57)) a

where {a, 3,7,3} is a set of constant parameters to be determined.

(3.56)

3.5 The Ernst equation

We have seen that the SDYM equations are equivalent to Yang’s equation (3.27)

up to a gauge transformation. We shall reduce (3.27) to the Ernst equation, which
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has two independent variables (p, z) defined as p = 2061/25'/2 and z = 7 — 7. Then

Yang’s equation for J == J(p, z) is

0 = 8:(J718,J) — 8,(J18,J)
= —8,(J718,J) — oV25-129,(J 10" 1/251/20,.])

Substituting the above definition of p, we arrive at
P 8(pd~18,J) + 8,(J718,J) = 0. (3.57)

Where J is real, the components of equation (3.57) can also be obtained as reductions
of the Einstein vacuum field equations for cases when the spacetime geometry admits
a pair of commuting Killing vectors [19, 21, 31] which we shall study in chapter 4.
All solutions of the Einstein vacuum equations with such symmetry were shown in
[12] to correspond to solutions of the SDYM equations with gauge group SU(2).
More specifically, to obtain the Ernst equation as originally derived in [35), we

parameterize Yang’s matrix as

1 1
J=- g f9€R

F\g P+¢

On substitution of this Yang’s matrix in (3.57) we obtain the system

fVf=Vf-Vf-Vg:Vy,  [V¢=2(V])-(Vg)

Introducing a complex-valued Ernst potential £ = f + ig, we can write the above

system as the Ernst equation,

(Re £)V?E = VE - VE,

2

where the gradient V := (8, 8,) and Laplacian V2 := p™* £(pZ) + £ are defined
on R? in cylindrical polar coordinates, acting only on functions that are independent
of azimuth.

The Ernst equation is found [21] to ﬁave reductions to Py and to Pyy. Referring
to the table of Killing vectors given in the previous section which generate the five
distinct three dimensional conformal symmetry groups, we have that in the Pyyy case,

reduction of the SDYM equations by Y and X + Z gives the Ernst equation. In the
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Py case, reduction by X +Y and Y + Z also gives the Ernst equation [11, 21]. We
then may determine solutions to the Ernst equation from the third or sixth Painlevé
transcendents. In order that a solution be physical, J(p, z) should be real. These
reductions were originally presented in (21], and we shall present such reductions
in chapter 5, made by postulating a separation of the two variables in the Ernst

equation.



Chapter 4

Spacetimes with two commuting

Killing vectors

In this chapter we shall work within the theory of general relativity, which is outlined
-in appendix B. We do not present any original work here, but shall consider four-
dimensional solutions (spacetimes) that admit two commuting Killing vectors, which
are said to be hypersurface orthogonal. The vacuum Einstein field equations are thus
reduced to a system which includes the Ernst equation (or an analytic continuation
of it). As we saw in chapter 3 the Ernst equation is integrable [11, 31], and has
known reductions to certain Painlevé equations [21]. In the next chapter we apply
these methods in the context of particular Bianchi spacetime models that admit two
commuting Killing vectors, which is believed to be original for some such models.
An integrable equation, in the context of an inverse scattering method, yields
well-behaved solutions via a related linear problem. The Ernst equation in general
relativity is a nonlinear PDE which is a special case of the vacuum Einstein field
equations, when the spacetime geometry admits two commuting Killing vectors.
The compatibility condition of this linear system is the Ernst equation, which in

turn can be reduced to either Py or Py

44
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4.1 Killing vectors

Consider a Riemannian manifold M endowed locally with a metric tensor g,,. A
Killing vector field K is said to be defined on a manifold M where its operation
leaves the metric invariant; it is said to generate an isometry. By virtue of this it

solves Killing’s equation
1 .
VK = §(VuK,, +V,K,) =0, (4.1)

where V. is the covariant derivative compatible with g,, (in that we demand
Vugus = 0 over the subset of M on which the metric is defined.)

In terms of the isometry group of M, the orbit of a spacetime point z € M is
the set of points to which  can be moved to by the elements of the isometry group,

see for example (4].

4.2 Hypersurfacé orthogonality

We shall consider those local solutions of general relativity (M, g,,) which admit
two commuting, hypersurface orthogonal Killing vectors. It is known that Bianchi
type I-VII models are amongst such spacetimes [31]. In a coordinate system labeled
(¢, 2!, 2%, 2) we choose the commuting, spacelike Killing vectors K7 = 0y and K, = &5
which generate translational symmetries in the z! and 22 coordinates respectively,
along a given hypersurface h(2',2?) = constant. We have the freedom to choose
K, = 08,, where a = 1,2. In order for the metric to admit these Killing vectors, we
must have g, = g, (¢, 2} only.

A Killing vector is K, = K,%9,. We chose K,* = §,%, from which we have that
a3 = 930,2 = (Ka)3 = 0 and similarly g, = 0 [8, 9]. The vacuum field equations
together with the requirement that the metric signature should be (— + ++) lead

to
ds? = f(t, 2)(—dt* + dz*) + gup(t, 2)dz’dz®, (4.2)

where a¢,b = 1,2,
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4.3 Light cone coordinates

We shall define two dimensional submanifolds of the spacetime manifold with metric

(4.2) by the constraints z* = constant. On any such submanifold the metric is
ds® = f(t, 2)(—dt? + d2?).

On this submanifold a null geodesic satisfies dt? — dz2 = 0. We define the light cone
(null) coordinates ({,n) by t = { —n and 2 = { + 7, in terms of which the equation
of a null geodesic is d{dn = 0. Then the metric (4.2) becomes [11]

ds* = 4f(C,m)dCdn + gup(Go m)dadat. | (4.3)

We shall use a coordinate system (z°, 2%, 2%, 2%) = (¢, z,y,7). We require that the
conformal factor f(¢,n) be a positive definite function in order to preserve metric
signature (— + ++). Therefore the coordinate freedom (¢,7) — ((,7) is allowed
provided that Eqﬁ,, > 0.

4.4 Vacuum Einstein field equations

In order to calculate the curvature tensor, we define the 2 x 2 matrix g = (gas),

Q(C,'ﬂ) _ a((, TI) b(C,n) (4'4)
(S ()

and define o® = det g = ac — b2, It shall also be convenient to define the matrices
A= —agg, B =qag,g". {(4.5)

The first step is to write the spacetime metric g,, and its inverse g*” defined by

gﬂngﬁ.v:(su#,
0 00 2f 0o 0o o0 %
0 abd 0 , 0 5 —-% 0
(guv)= y (g*) = Efb :[
0 be O 0 -% % o0
2f 00 0 % 0 0 0

The affine connection coefficients are

1
PA,uu = Egkx(a,ugnu + 6::9'::;; - ng,uv): (4.6)
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from which we see that I, = T'%,({,n) only and similarly for R%,,,. This, and
the requirement that everything be symmetric under interchange of { and 7, sim-
plifies the calculation of the curvature tensor. In displaying the curvature we have

substituted our definition of a where convenient.

PODU = (11’1 f)Ca ]_'\011 = —%}, 1‘012 = —*%,
I = —:?}, Iloy = —;z(cac —bb)  Tlog = gha(cb; — bey), (47)

The non vanishing components of the Ricci tensor are derived from the Riemann
giving

curvature tensor as the contraction R, = R L

1
Rog = —(Ina)¢y — (In flen + o AB,

Ry = —(Ina)¢ + (In f)¢(Ino) — 4}?% &

1
Rys = —(Ina)y, + (In f)p(lna), — m’I‘r B?,

Rn = —& -+ (a(4b<b — Qgly ~ ancc) - 2b(acb,, + bca,,) + 20&(&,3),

f 8f o’
Ry = -g + 372 f 7(20cccq — 2b{becy + byce) + c(4beby — aceq — ayce)),
b,
Ry = —L}’ + 8f =(a(becy + byce) — 2b(accy + anee) + c(acb + anbg))
Then the Ricci curvature scalar is
R g™Rp = —= . —(n@)y — (In f)yc + —=Tr AB
(ot f s 19 402
+— (;”—; 8f 2(2ac¢c,7 2b(beey, + byee) + e(4bybe — acen — a,,c¢))
2b by
—~z\ 37 f ~3 f 7(a(been +bacc) — 2b{acey + agec) + elachy + anb)
¢ fa
T (QL; = 8fa 2( cacan — 2b(achy + anbc) + a(dbgb; — ayce — ancc))

We impose R,,, = 0, i.e. the vacuum field equations in the case A = 0. The dynam-
ical equation is the Ernst equation, a matrix equation formed from the equations

R11 = Ry2 = Ry = 0. Therefore we have [9]

A, — B, =0, (4.8)
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which governs the dynamics of g(¢, ) [9]. It is an integrable equation [11, 15, 29, 31].
For any square matrix M, dete™ = ¢© M, Making use of this identity and the

cyclical property of the trace !
Tr By = Tr (a(Ing)y)¢ = ((Tr Ing)y)e = (allno®)y)c = 20y = —Tr Ay,

With this result, taking the trace of equation (4.8) yields [31, 32]

a'c,? = 0 (49)
The other non-trivial vacuum field equations Rgz = Rgy = Raz = 0 are
1
(lnf)g,, = —(lna)g,, + WTI‘ AB, (4.10)
_ (na)e , 1 2
(Inf). = (Ina). + 4aacTr A%, (4.11)
(nf)y=8m 1 5 g | (4.12)

(Ina), 4o,
- where equations (4.11) and {4.12) may be solved for f(¢, ) using numerical methods,
upon which (4.10) is trivialized [9].

For convenience in later calculations we shall write the reduced Einstein field
equations in terms of the original coordinates (£, z) in the metric (5.26). The matrices
A=~a(g, +¢)g~" and B = —a(g, — ¢:)g~"-

We consider the Ricci-flat metrics of the above form - satisfying the equations
Ry, = 0 for such a metric. In terms of a matrix g = (gu), the equations Ry = 0

give

(agg™): — (agg™)s = 0. (4.13)
The trace equation (4.9) transforms to

Qs — apy = 0. (4.14)

The remaining nontrivial Einstein vacuum field equations, Ry = 0, Rz = 0 and

Rz = 0 respectively, transform to

(o) +2(Ina);: + (In o)y Tr A?
(In f)s + (n f)e = (lna), + (Ina), do(a, + oy)’

(4.15)

't is not clear whether the matrix logarithmic derivative (Ing), is equal to gng~* or to g~ 1g,.
However using the cyclical property of the trace, Tr g,9~! = Tt g~ gn, so we can define Tr {Ing),

unambiguously.
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(In ), — (In f)s = (lna),, — 2(Ina),: + (Ina)y + Tr B? (4.16)

(lna), — (ne), dofa, — o)’

(2 f)es = () = T = (n0)se + (s (@17)

4.5 Vacuum Einstein field equations with cosmo-
logical constant

We consider the Einstein field equations (B.2) in vacuum T, = 0 with arbitrary

cosmological constant A,
Ry.u = Ag,uv- ] (418)

Contraction of (4.18) with the inverse metric g*¥ yields the trace equation R = 4A
in four spacetime dimensions.

We shall continue to work with the metric admitting two commuting Killing
vectors (4.3)

ds® = Af(¢,m)dCdn + gan(C, m)dz*da®,

and will adopt the definitions of section 4.4. )

It is convenient to define a quantity X := —A, + B;. Then the dynamical
equation (4.13) when A = 0 becomes X = 0. In order to generalize for any A,
by reducing some of equations (4.18) to an analogous system, we aim to write the

mafrix ‘
Xn X
X = 11 12 (4'19)
Xo1 Xoo
in terms of components of the Ricci curvature tensor. We calculate

X1 = 20 ange — bbog) + Sa~%[(aye + acey)(ac — 26%)

(4.20)
—dbchpac — 2aca,c? + 3bc(ach, + aqgbe) + ab(bee, + byce)]
X12 = 207 Ybyea — baye) + 3o~ ((aqge; + acey)ab (421)
+4bcbyab + 2acanbe — (ac + 26%)(achy + apbe) — a®(becn + byee)]
Xo =227t (b,,cc - bc,,c) + %0‘3[(anc¢ + agc,,)bc (4-22)

+4bebnbe + 2ecenab — (achy + aqbe) — (ac + 262} (becy + byee)]
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Xaz = 207 Yeea — bbpe) + 2o 3(ane; + agey)(ac — 2b7) (4.23)
~4b;byac — 2¢ccya® + be(achy + anbe) + 3ab(beey + byee)] -

Comparing these results with the relevant Riemann curvature tensor components,

a 1

Ry = —2i}’ + 5fo? (a(4beby — acey — agee) — 2b(ach, + beay) + 2cacay),
c 1

Ry = —2%:" + 57 —5(2ac¢c; = 2b(beey + bace) + c(4bchy — agey — ance)),
b 1

Rip = —2%? + 8ot (a(beey + byee) — 2b(acey + ance) + clach, + agbe)).

we deduce that X3 = %(—CRU + bRyp) = %i(—ac +8) = —4Afa, X3 =
éo{-(—aRm +bR11) = '0, Xgl = %(-—CRlz-f-szz) = () and ng = %(—O‘,Rzz +bR12) =
—4A fa. Then

A, — By = 4Afal,. (4.24)

Taking the trace of equation (4.24) yields ag, = —2A fo.
It remains to calculate the other components of the Einstein field equations.

They are Ryy = B33 = 0 and Ry = 2Af,

27 = ~(Ina)g, = (In oy + 75T 4B,
(Inf)c — (]‘na)CC 1 Tr AZ,

(na), oo

_ (na)y 1 2
)y = (Ina), + 4aa,,Tr B

We can now substitute to find the following equation for g(¢,n),

_ (naje 1 2 1
A,—B¢ —2a( (Ino)e, ((lnak +4aa¢Tr A n+4a2Tr AB | I.(4.25)

and its trace,

Qen = — (—(ln Q)en — ((ln e + 1 Tx Az) + —-—1—Tr AB) a. (4.26)

(Ina);  4aog , Aot

We note that equations (4.25,4.26) while dependent only on g and its determinant
@2, are both of third order in a. We could reduce them to second order equations by

substituting a¢, = —2A fa, however this would unavoidably introduce the conformal
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factor f into the equations. We shall look at a way to remove f from the equations,
by means of an extra constraint on the metric, in the next section.
Transforming back to the coordinates (¢, z) equation (4.24) becomes

(ag.97"): ~ (agtg41)t =—2Afal, (4.27)

and its trace yields —ay; + @, = —2A fa.

4.6 Generalization of the elliptic Ernst equation

We shall modify the metric (5.26) by introducing the spacelike coordinate p = it.
Then

ds® = f(p, 2)(dp? + d2%) + gw(p, 2)dz’da®, a=1,2. . . (4.28)

Such a metric admits one spacelike and one timelike Killing vector, and describes
a stationary, axially symmetric gravitational field. This means the field does not
change in time, and it admits a single spatial axis of symfnetry.

In order to give the metric (4.28) signature (— + ++), then o? := det g must be
negative, hence « is imaginary in this case. We define a real variable 8 by o = i3,

in terms of which equation (4.24) reduces to

B (Bgug™"): + B7H(Bgpg™")p = —2Af Iy, (4.29)

The trace of (4.24) in the present coordinates yields

Bop + B2z = =2Af15. (4.30)

We note that 5(p, z) is a harmonic function if and only if the cosmological constant
A=0.

From equation (4.24}, we obtain
~20f9 = Dg— 9:97'9: — 99”95 | (4.31)
where we define a two dimensional gradient V = (a%, b%) and the Laplacian we shall

2. _ 8 | B8, & k]
use ISA—3—95+—;'35+§;§+%5;.

2The Laplacian is not on our defined spacetime manifold [4] with metric (4.33), but is on the

metric

ds® = dp? + B%dp® +d22. (4.32)
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We shall consider the specific metrics
ds? = h™ (k(dp? + d2?) + B2dp?) — h{dt + ady)? (4.33)

with
~ —h —ah
(3:1,3;2) = (t& 50): f =h lk: 9= ) (4°34)
—ah —a?h+ F*h7!
where h, k, e, 3 are each functions of {p, z) only. We note that setting 8(p,2) = p
yields the case, using Weyl-Papapetrou coordinates, in which case the Ernst equation
was originally derived from some of the symmetry reduced Einstein field equations
[35]. We see from substituting for £ in equation (4.30) that in this case A = 0.
Writing the matrix ¢ in component form as above, and defining h := €?Y, the 11

and 12 matrix components of equation (4.31) respectively are

~2Afh? = hAh—(Vh)?+ B-2hA(Va)?,
—2Afah = alh—ah ™ (Vh)? + h(ay, + as;) + 2Va - VA (4.35)
+62ah3(Va)? — f1hVS - Va.

Substituting these equations into one ancther gives
0 = a 'h*(a,,+a,,) +2a7 hVa - Vh—F" a7 APV 3-Va = V- (' h*Va).(4.36)
The 22 component of the matrix equation (4.31) yields

0 = a?Ah + B2h2Ah + 2ah{a,, + a,2) + R{(Va)® + 4aVa - Vh
—2871ahV B - Va ~ 28h7 (B, + B.2) + 2Afa*h — 2Af B%h71 (4.37)
+87%a%h3(Va)2.

Substituting the 11 component equation yields
0 = ah(ayp+a.:) +2aVa - Vh— 3 1ahVB-Va—Bh™ By + Brs +2A £ 5),(4.38)

which proves the wave equation for 4 (4.30) after substitution of equation (4.36).

The remaining function % is determined by solving the following two equations,

¥ = mvpr(20:85s + BoBoo ~ Bes) + 1 BB (Prphs + bohe)

(4.39)
AP0, — 2+ 8~ B)
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%’ = ﬁ?_}__ﬁg[zﬁpﬁpz + ﬁz(ﬁzz - JBpp) + h_zﬂﬁp(hphz + bpbz)

(4.40)
—3h72B6, (RS ~ b2 + b7 — b2)).

It is notable that the cosmological constant does not enter either of the equations
(4.39,4.40).

We consider the complex variable, called an Ernst potential and first introduced
in [35],

E(p, z) = hip, 2) + ib(p, 2), (4.41)

where b(p, z) is defined in terms of its first derivatives,
h? h?
Eaza b, = ?

since the compatibility condition (b,), = (b,), is then equivalent to the equation of

motion (4.36). Then the matrix equation (4.31) can be written as the equation
(Re E)(AE + 2Ak) = (VE)2. (4.43)

Here we have used the same operator notation as above. We note that when A
vanishes equation (4.43) is the Ernst equation [35). With general A, the real a nd

imaginary parts of this equation respectively are
WAk +2Ak) = (Vh)® — (Vb)?,  hAb=2Vh.Vb. (4.44)

The former equation is the 11 component of the Einstein field equations, and the

latter becomes an identity after imposing the conditions (4.42).



Chapter 5
Bianchi models

In this chapter we review the Bianchi classification of the distinct three dimensional
Lie algebras and corresponding Lie groups into types I-IX, and the systematic ap-
plication of this classification to Bianchi spacetime models in general relativity.

It is known that the Bianchi models of types I-VII admit two commuting Killing
vectors, and in these cases we recall that the vacuum Einstein field equations are
reduced to a system including the Ernst equation. Then a separation of variables
is postulated under which the Ernst equation is reduced to a particular case of Py
or Pyy, in accordance with the reductions obtained in [21]. Each Bianchi model
falls into either class A or B; the class A reductions to particular cases of Py are
already known [33], but the class B reductions to particular cases of Py; — following
a change of independent variables — are believed to be new.

Bianchi models are four dimensional spacetime manifolds having local topology
M =R x X, where I is a three dimensional space manifold. The Bianchi models
are spatially homogeneous in the sense that they each admit a three dimensional
group of isometries 7, which acts simply transitively on each manifold ¥ of the
foliation by R. The spatial coordinates are defined on X, which is foliated by a
time coordinate. For a recent survey of Bianchi models in the context of general
relativity, see [49]. The time evolution of the metric is determined by the Einstein
field equations, which are reduced to a system of ODEs. For Bianchi types I-VII
some of these ODEs are Painlevé equations, after a possible change of independent

variable. Techniques from dynamical systems analysis can also be readily applied

54
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to systems of ODEs. The evolution of a universe described by a Bianchi model is
determined solely from the time dépendence of the metric, once we have specified
the Bianchi type [36]. The Bianchi type of a model cannot change [37].

Physical motivations for the study of various Bianchi models are that they may
deseribe local anisotropic regions of the observed universe, or large scale anisotropy
in its early evolution. They are also useful to study the singularity structure of

general relativity [6, 43].

5.1 Bianchi algebra classification

In 1898, Bianchi published a list of the nine types of three parameter Lie algebra
[39]. He labeled them as Bianchi types I to IX, where types VI and VII are each
one-parameter families of algebras, while the other types are each single algebras
[6]. It is not possible to convert between one Bianchi type and another by means of
‘a change of basis. We shall derive the Bianchi classification of structure constants,
following [30].

Let g be a three parameter Lie algebra, which admits a basis {e;}, ¢ = 1,2,3
where e; = ¢,78;. Recall from appendix A that the algebra is defined, up to global
topological considerations, by its structure constants determined by the commuta-
tion relations [ei, e5] = C*ijex [34]. For the case of the Bianchi classification, the

structure constants may be decomposed as [37]
Ck,;j = Eiijlk + 2A[55kj], (5.1)
where N¥ = NG,
Taking the trace of the structure constants (5.1) we find [4, 36]

1
A= 503171,'1

N# = %Eikl(ojuc - ijAl)-

which completely define a three dimensional Lie algebra. Here ¢¥* is the totally

antisymmetric tensor.
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Any Lie algebra is required to satisfy the Jacobi identity C°;,C* 1, = 0, which

m]i

gives the condition
0 = (Ajerss + Aigjig + Ar€it) N + (€550 + €41s0"} + €5200T )N Ay

Lart
+{€ijsrit + €risCite + kst ) NS N

The first term and the third term vanish identically, since they are the product of a
symmetric part and an antisymmetric part, but the second term does not. Therefore

we require that a three dimensional algebra of the above form must satisfy
NYA; =0. (5.2)

It follows from the definition of a Lie bracket that the structure constants behave as
a tensor. Therefore Lie algebras are defined only up to a change of basis e; — ¢} =

R/e; where R € GL(3,R). The transformations of the structure constants are [30]

f_l;‘k = (R™1), iijRknC!mm (5.3)
N = (det R)(R"TNR™1)¥, (5.4)
Al =RJA; (5.5)

where R~T denotes the transpose of the inverse of R or equivalently, the inverse
of the transpose. Without loss of generality, the above rotations allow us to take
N = diag (N1, N2, N3) and A; = (0,0, A) [36]). Class A Bianchi algebras are those
for which the identity part of the structure constants A = 0, while class B Bianchi
algebras have A # 0 and therefore a nontrivial identity part [37]. |

We shall enumerate the Bianchi classification by noting that the invariants of
N*% are its rank (number of non vanishing diagonal components) and its signature.
Nonvanishing eigenvalues may be normalised as A; = 1. With such a normalisation
the signature is given by the modulus of the trace of N¥. We shall use Bianchi’s
classification scheme. The possible cases are [30]:

Rank N% = 3; N% = diag (A1, Az, A3). The Jacobi identity (5.2) tells us that in
this case all components of A4; necessarily vanish. Therefore the possible algebras are
N = diag (1,1,1), Tr N¥ = 3 (Bianchi IX) and N¥ = diag (1,-1,1), TtNY =1
(Bianchi VIII).
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Rank NY¥ = 2: N¥ = diag (A}, A3,0). In this case the Jacobi identity gives
the most general form A; = (0,0, A), where A is a further invariant parameter
which gives families of algebras, including special cases we shall return to later. The
families are N¥ = diag (1,1,0), Tr N¥ = 2 (Bianchi VII;) and N¥ = diag(1, ~1,0),
Tr N¥ = 0 (Bianchi VI;). Here we find it convenient to define A = VAN N22,
However for Bianchi type VI, there is a restriction h # —1. This case turns out to
be unique and we classify it as Bianchi ITI [18].

The invariant ~ which arises in the above rank 2 cases is defined by
(1 — h)CK, Ol = —2RCHK,CH .. (5.6)

Rank N¥ = 1: N¥ = diag (A;,0,0). In this case, the Jacobi identity together
with arbitrary rotations give that either A; = 0 or A; = (0,0,1). Here, the only
possibility is N¥ = diag (1,0,0), with A; = 0 (Bianchi II) or with A; = (0,0,1)
{Bianchi IV).

Rank N¥ = 0: N% = 0. As in the previous case we find that either A; = 0
(Bianchi I) or A4; = (0,0,1) (Bianchi V).

A summary of the results is [34, 41]

Bianchi type A | Ny N; N;|Class
I 0 6 0 0 A
II 0 1 0 0} A
I=VI_, 1 1 -1 0 B
v 1 1 0 0 B
\Y% 1 0 0 o B
VI 0 1 -1 0 A
VI, h#0,-1|+v/=h| 1 =1 0 B
VIIp ] 1 1 0 A
VI, R#£0 vh |1 1 0 B
VIII 0 1 -1 1 A
IX 0 1 1 1 A

An important property of Bianchi I to VII algebras which results from the ob-

servation C%, = 0 is that two of the elements {e;} commute. Therefore they admit
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~ an Abelian invariant subalgebra [7]. The linearly independent structure constants

corresponding to the Bianchi I-VII algebras are

Bianchi type | C%y; C%; C% C%,
I 0 0 0 0
II 0 1 0 0
I11 1 1 -1 1
v 1 1 0 1
v 1 0 0 1
VI, v=h 1 -1 +/-h
VI, vh 1. 1 &

We can use the trace to distinguish a class A for which the trace of the structure
constant matrix, C‘,-j vanishes, for which A; = 0 (including Bianchi I, II, VI, and
VIIy), and a class B for which the trace does not vanish, for which A4; # 0 (including
Bianchi II1, IV, V, VI, and VII,) [6, 36, 37].

In this article we choose to focus on Bianchi algebras of types I-VII, which share
the property N3 = 0. These types may be parameterized by the 2 x 2 matrix
K = (C%;) where a = 1,2. Explicitly

K:( 4 Nl). (5.7)
—N2 A

Defining & = Tr K, we note that class A Bianchi algebras of types I-VII have £k =0,
while class B Bianchi algebras have &k # 0. In what follows we shall find it necessary
to consider the two cases separately.

We shall introduce, for later convenience, the zero trace constant matrix K=
K- %Iz, which is valued in a Lie subalgebra of s{(2,R), and generates a Lie group
H c SL(2,R). Explicitly

f(:( 0 Nl). ' (5.8)
~N, 0

We note that this matrix does not distinguish between class A and class B algebras

due to the subtraction of the trace.
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A further classification distinguishing the Bianchi I-VII algebras involves ask-
ing whether the corresponding matrix K is either nilpotent or semisimple.! The

classifications are shown in the following table.

Class A Class B
Nilpotent LI v,V
Semisimple | VI, VII, | III, VI, VII,

5.2 Bianchi groups

A Bianchi group G of type I-IX is generated by a Bianchi algebra g of the same
type [39] as explained in Appendix A. In this thesis we choose to focus on Bianchi

groups of types I-VII, which take the local form
G=RxH,

where the defining subgroup H € GL(2,R). In contrast we note that the Bianchi
VIII and IX groups are isomorphic to SO(2,1) and SO(3) respectively.

The exterior derivative of a 1-form w(X) is
dw(X,Y) = X(w(Y)) = Y (w(X)} — (X, Y]}, (5.9)

in terms of a second arbitrary vector field Y.

A Maurer-Cartan 1-form wg is defined globally on a Lie group G, which like any
Lie group may be identified with a manifold. Let T,G be the tangent space to G
at g € G. In particular if e denotes the identity element of G then TG is the Lie
algebra g which generates G, see [46] for more details. Then the Maurer-Cartan

form is a linear mapping
wa : el — €ile, (5.10)

where the set of left invariant vector fields {e;|,} comprise a basis for T,G, and it

follows that {e;]¢} are the generators of the Lie algebra.

1A square matrix M is called nilpotent if there exists some integer g such that M9 = 0.

Otherwise if no such integer exists then M is called semisimple
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Let ¢; be a dual basis to the Maurer-Cartan forms wf such that wi(e;) = &¢,.

Returning to equation (5.9) and defining X = ¢; and Y = e, in component form

k-

dwk(es, ¢5) = ewh(e;) — ewli(es) — wh(les e5]) = —C%;,

where the structure constants have been introduced by [e;, e;] = CEex. Henceforth
we neglect the G subscript, and arrive at the Maurer-Cartan structure equations for
the components (dw®);; = dw(e;, €5),
o = 2(d) o Ak = SO AWt (5.11)
2 27
which states that the Maurer-Cartan derivative forms dw' are each 2-forms hav-
ing components —C’jk. We find it convenient to impose the boundary conditions
w';],—0 = &*;. We proceed by substituting for each form of C¥; given in the above
table. Motivated by the form of the metric resulting from the hypersurface orthogo-
nality condition, we choose a basis in each case of a Bianchi I-VII group of the form

[33],
w*(z) = wi(2)dz®, o’ =dz. | (5.12)

Then dw® = d%2 = 0 in all cases. QOur aim is to derive the 1-forms w?(z) from
the structure constants for each Bianchi algebra, as classified in section 5.1. In the
Bianchi I case the Maurer-Cartan structure equations reduce to dw! = 0,dw? = 0,
from which w! = Adz + Bdy and w? = Cdz + Ddy, where upper case letters A, B,
C and D are arbitrary constants to be determined from the boundary conditions
w‘j|z=0 = Jij. Thenwefind A=D=1and B=C=0.

In the Bianchi II case we have dw! = w? A w?,dw? = 0, so w? = Edz + Fdy and

1 1
—d;dzl dz A dz + —d:zz dz Ady = whdz Adz +wdz Ady = Edz Adz + Fdz Ady.

Therefore we have two independent equations that give Wi = Ez+G and vl =
Fz+ H. Using the boundary conditions, we find that w! = dz + 2dy and w? = dy. |
For the remaining Bianchi IV-VII groups we shall give the appropriate reductions
of the Maurer-Cartan equations for w%(z),
For Bianchi IV groups,

dwla — 2 1 dwza 2
dz )
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For Bianchi V groups,

T
For Bianchi VI, groups,

d;";“ = W' — V—hal,,
For Bianchi VII; groups,

R

61

2
Wy = —u!, — Vit
dz

Specifying the boundary conditions w4 (0) = 6%, we find that the exact form of

each dual basis is

Bianchi type wth Wy Wy w?,
I 1 0 0 1
II 1 z 0 1
II1 e *coshz e *sinh z e *ginh z e *coshz
v e"? ze *® 0 e *
A% e * 0 0 e’
Vg cosh z sinh z sinh z cosh z
VI, eV=Ficoshy e V-Psinhz e V-F2ginhz e V2 coshz
VIl Ccos 2 sin z —sinz cos 2
VII, e~Vh2 cog 2 eV siny —eVPging e VPicosz

The tabulated one-forms for Bianchi types

[6].

I, I, IV and V are the same as those in

5.3 Bianchi spacetime models

A spatially homogeneous spacetime is one which possesses a three dimensional group

of isometries whose orbits are a one-parameter family of spacelike hypersurfaces

which foliate (pass through every point of)

the spacetime, such that for each value

of the time coordinate ¢ and for arbitrary points p, ¢ € X, there exists an isometry

of g, which takes p into ¢. In a spatially homogeneous spacetime (M, g,,) there
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exists a family of spacelike hypersurfaces T, such that for arbitrary p,q € Z; there
exists an element g € G of the Lie group of isometries, ¢ : M — M such that
g(p) = ¢. In the case where each g is unique in this way, G is said to act simply
transitively on each X,. This is the case for all Bianchi models, and implies that
dim¥; = dimG = 3 [4].

Considering a simply transitive action, we can put the elements of & into corre-
spondence with arbitrary points p € I; by the association g — g(p). The action of
% of the isometry g € G corresponds to left multiplication by g on G [4].

Bianchi models each admit a three dimensional isometry Lie group G that acts
simply transitively on each leaf ¥, of the homogeneous foliation [32]. Consequently,
there exists a set of three left invariant vector fields {e;} on X, which form the Lie
algebra of G. It is found that the basis {e;} in all cases of Bianchi models depend
only on the spatial coordinates ¥ = (z,y,z) [36]. We define a dual basis {w'} by
w'(e;) = &*;, having components w* = w*,dz’. The condition of spatial homogeneity
implies that the Bianchi models take the form [4]

ds? = —dt? + ;; () (B (T). (5.13)
We introduce a coordinate basis {dxi}, in terms of which the metric transforms as

95 (t, B)dz*dr? = yu(t)®(E)(E). (5.14)
The manifold structure of a spatially homogeneous spacetime on which the isometry
group G acts in a simply transitive manner is M = R x G. We can make a change
of coordinate ¢ — T(t) which scales the 00 component to any desired function of
t. We define the timelike vector ey = &; which generates translations along the real
line R in the topological product. It commutes with the elements of the basis {e;}.

In the case of a homogeneous model, we may introduce a coordinate system in
spacetime such that the dependence of the g;; on the spatial coordinates is deter-
mined by the symmetry requirements, as determined from the particular structure
constants. The Einstein field equations then determine the time dependence of the
g;, and also the allowed forms of goo(t) given gi;(%, £).

Three spacelike Killing vectors {K;} form a basis of the isometry Lie group G
admitted by a Bianchi type metric. Killing vectors correspond to the right invariant

vector fields on G. Their components are given by K; = K/ ;.
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The Lie derivatives of the invariant basis { K;} with respect to the Killing vectors

vanish,
Lx.e; = [Ki,e;] =0. (5.15)

Due to the simple transitivity the Killing vectors also form a basis of a spatial
hypersurface Z;, as does {e;}. In light of this the elements of the bases are related
by linear transformations. Furthermore we define e;|, = Kj|, at a fixed spatial point

p € ;. This is consistent with equation (5.15). Then

e = a/ K;, . (5.18)

01y = 8. . (5.17)
By substituting (5.16) in (5.15), and comparing this evaluated at p with the Lie
algebra definition (A) we find that

Ko, =C%,. (5.18)
We may evaluate

[e: €3] = [0, Ky 0, Ki] = 0,7 (Ko, Ky — o} (Kia,*) K + a7 (K, K.
at p, énd comparison with the Lie algebra definition of appendix A gives the defin-
ition

[Ki, K] = ~C%,; Ky, | (5.19)

which tells us that since the Ck,-j are independent of position, the Killing vectors
satisfy a Lie algebra at all points in the spacelike hypersurface ¥

Once we have a basis of three Killing vectors {K;}, we can generate a Lie group
G which is the isometry group of M by means of exponentiation, to obtain a group

element g € G as
g = exp(6'K;), (no sum), (5.20)

where the {#'} are a set of three arbitrary parameters [6).
Although the condition that the Bianchi types each admit simply transitive
groups requires there to exist three Killing vectors, the full group of isometries

may well be bigger [30].
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We consider the reduced metric #;;(¢) which was defined in (5.13) as a three-
metric. For Bianchi I-VII models we have from the condition of hypersurface
orthogonality that vs; = 03, so we consider the two-metric yg. In the first in-
stance, we shall choose v,5(t) = diag(a®(t), b*(t)) as the reduced metric [33]. Using
such a basis, the metrics of Bianchi spacetimes as defined in (5.23) take the forms
9as(ty 2) = Yea(E)w, (2)w% (2).

Now that we have developed the theory of Bianchi models, we shall specialize it
to Bianchi types I-VII, naming z3 = z in all such cases. Substituting the appropriate
structure constants into the Maurer-Cartan structure equations (5.11), we find that
w® = dz, and w®(z) = w%(2)dz® where @ = 1,2, and the 2 x 2 matrix w = (%)

satisfies the equation
w, = Kuw, (5.21)

with K the matrix defined by (5.7) describing the relevant Bianchi type I-VII alge-

bra; this is solved by w(z) = e’*. Then (5.14) reduces to the matrix equation
g(t,2) = ¥ 2y (1), (5.22)

where the 2 x 2 matrices ¢ = (gs) and ¥ = (7as)-

- We see that the metric (4.2) derived under the condition of hypersurface orthog-
onality is only of Bianchi I-VII type if an obstruction condition is satisfied by the
conformal factor f(t,z) = f(t). Therefore

ds® = F@®)(—dt® + d,’z2) + gas(t, z)dm“dmb. (5.23)

and we find from the above 1-forms the following classes of left invariant metrics

gab(t, Z) .



CHAPTER 5. BIANCHI MODELS 65

Bianchi type gab(t, 2)dz’dx®
I a?(t)dz? + b2(t)dy®
II a2(t)(dz + 2dy)? + b*(t)dy*
I e~2*(a?(t)(cosh zdx + sinh zdy)? + b2(¢)(sinh zdz + cosh zdy)?)
v e %(a?(t)(dz + zdy)? + b2(t)dy?)
A% e (a%(t)dz? + b2(t)dy?)
VI a(t)(cosh zdzx + sinh 2dy)? + b?(¢)(sinh 2dz + cosh zdy)?®
VI, (h <0,h# —1) e 2=Fz(a2(t)(cosh zdx + sinh 2dy)? + b3(¢)(sinh 2dz + cosh 2dy)?)
VII, a?(t)(cos zdx + sin zdy)? + b*(t)(sin 2dz — cos zdy)?
VII, (h > 0) e~V (a2(t) (cos 2dz + sin zdy)? + b*(t) (sin 2dz — cos zdy)?)

As we noted, the analysis is greatly simplified for Bianchi type I-VII models com-
pared with Bianchi type VIII and IX models. For completeness, we shall give some
explicit forms of these metrics, found using the Maurer-Cartan equations with the

appropriate structure constants. We find the Bianchi type VIII metric
ds? = —dt? + a®(t)(cosh zdz — sinh z sinh zdy)?

(5.24)
+b%(t)(sinh zdz — cosh z sinh zdy)? + ¢2(¢)(dz + cosh zdy)?,
and the Bianchi type IX metric
ds? = —dt® + a®(t)(cos zdr + sin zsin 2dy)® (5.25)

+b%(t)(— sin zdx + cos zsin zdy)? + c*(¢)(dz + cos zdy)2.

5.4 Einstein field equations for Bianchi I-VII mod-
els

In the current chapter we have seen that the Bianchi I-VII spacetime models admit
two commuting Killing vectors. The reductions of the Einstein field equations for
these spacetimes are described in chapter 4. The spacetime metric to be considered
is

ds® = f(t, 2)(—dt® + d2%) + gas(t, 2)dz*da’. (5.26)

For strict compliance with the Bianchi models we should choose f = f(t) only in
(5.26). However since we have already assumed the more general case, we shall not

impose this restriction until necessary.
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Here we shall only consider the case in which the cosmological constant vanishes.
Then equations (4.13-4.17) are the appropriate reductions [33]. We will reduce these
further by imposing the following separation of variables postulate, in line with the
preceding analysis,

glt,z) = Ty (1)e’,

in accordance with (5.22). Taking its determinant,
o? 1= det g = (det eKT")(det 7)(det eX*) = g%e?**,
where we d'eﬁne 6% :=dety and k := Tr K 2. Then we must also require that
alt, z) = oft)e. (5.27)
With the definition (5.27), the wave equation {4.14) reduces to the ODE in ¢,
& = ko, (5.28)

where an overhead dot always denotes a total derivative with respect to the metric
time coordinate .
We find that § = a~!g also solves (4.13), with det § = 1. The transformed metric

g can be written as
a(t, 2) = eXT2J(t)ek> (5.20)

with K = K — 12912 being the tracefree part of K, and detJJ = 1. Since § solves
(4.13) we can substitute (5.29) in it to find the ODE in ¢,

%(ajj-l) =o[KT,JKJI )+ ko(KT + JKJ™Y). (5.30)

We shall consider separately those cases where k = 0 (Bianchi class A spacetimes),

and those where &k # 0 (Bianchi class B spacetimes).

2For any square matrices 4 and B,

dete? = ™ A detB=detBT
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5.4.1 Bianchi class A models

We recall that Bianchi class A models are types I, II, VI and VIIy, VIII and.IX, of
which we shall only work with the first four. The vacuum Einstein field equations
for these four types are reduced by a separation of variables to a system including
a form of Py, first given in [33].

Here the linear wave equation for a(t, z} = o(t) simplifies to & = 0, whose general
solution is o = At + B. With the assumption that A # 0, we shift and rescale to
get o =t [32]. Noting k = 0 and K = K for Bianchi class A groups, equation (5.30)

then reduces to
%(tiJ‘I) =t[KT,JKJ Y. (5.31)

If we now define P = K7, @ = 3JKJ ' and R = —%th'l, then we obtain the

system of equations,
P=0, tQ=2[Q,R, R=2QPF. (5.32)

where the first two are consequences of the parameterization whilst the third is equiv-
alent to equation (5.31). For general P, @, R € sl(2, C), system (5.32) is equivalent

to P [19]. The matrix P can be transformed to either

P=(n O) or P=(01), (5.33)
0 —x 00

according to whether x # 0 (when P is semisimple) or x = 0 (when P is nilpotent),
see [19] for details. Equivalently % = {Tr P2,

We define the components of J as.
_ [ A@® B |
J(t) = ( B Cl ) (5.34)

and have that detJ = AC — B? = 1. Writing Q, R in terms of this with P in

semisimple form gives the components defined in (3.36,3.37),

A=1k(AC + B%), p=-3}kAB, v = 3xBC,

' _ ' ' o (5.35)
p=14(BB—-AC), o=4(4B-AB), 7=4(BC - BC).
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Considering the nilpotent case, p,o, 7T are the same as in the semisimple case, but

instead
A=1BC, p=-31B% v=1C% (5.36)

This parameterization on the nilpotent case gives £2 = A2 4+ uv = 0.

Now that we have P, Q, R written in terms of (components of) J(t), we wish to
use equation (3.55) to write them in terms of a Painlevé transcendent y(¢). In the
nilpotent case, we find it necessary to consider separately the cases m := 7 = 0 and
m # 0. With m = 0 the equations reduce to triviality. With m # 0 we find that

the independent components of J(¢) are
B(t) = —m}/2¢= 1212y, (5.37)
C(t) = 2m! 212y, (5.38)

where Y (¢) = [ diy(t).

In the semisimple case, the independent components are
B(t) = exp (% fdt (K:y - %’55 - %)) , (5.39)
C(t) = exp (% fdt (ny + L %)) + exp (% Jdt (Srey — i %)) . (5.40)

Dynamical equation (5.31) is equivalent to Pyyp in the following form

2 ; 2
. ¥y —2myt+8m—k)  ,f a1 16
=2 _2 -=), 5.41
i=5 -3t - LA Clintey (5.41)

where we have applied the equations m = 4n and £2 = 2 that are implied by both

types of parameterizations. This equation describes the semisimple cases, namely
Bianchi types VI, and VIIo. The nilpotent case, namely Bianchi type I1, is obtained
by setting x = 0. We note that the Bianchi I model is a special case for which the
present analysis does not apply, since the Painlevé transcendent defined by equation
(3.55) is trivial. We shall return to it later.

We shall consider the semisimple case x % 0. Then we can substitute rescaled

variables by y = 2w and t = =5 in (5.41) such that

2 ! —9 2 _ 1
o Y Z2mw +2(m — k) tuwto L (5.42)
w s K3 w
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where w' = £ [14]. Substituting in (3.50) gives &+eff = -2, —Am 1 2. We saw that
rational solutions exist provided that this quantity equals 4n,n € Z, which it does
not, so we conclude that rational solutions do not exist in the semisimple case [22].

Using the fact that the trace of a matrix is invariant under conjugation, Tr C =

Tr DCD™!, we find that A := —a(g, + ¢:)g”" and B = ~a(g, — g:)9~" give
Tr A2 =24Tr (({P+4Q)—2R)?,  Tr B* =24-Tr (¢(P+4Q)+2R)%.(5.43)

Substituting & = ¢ in equations (4.15, 4.16) and taking appropriate linear combina-
tions gives

(In f); = —% +é(’[‘r A*+Tr BY) = é(—4+2t2'1‘r (P+4Q)* +8Tr R?),(5.44)

(In f), = ém A2 Tt B?) = —Tr (P + 4Q)R := —(m + 4n) = —2m, (5.45)

where we have substituted (5.43). Solving (5.45) gives f(¢,2) = F(t)e ?™*. We can
therefore only impose the obstruction condition f(t,2) = f(¢) to obtain a spatially
homogeneous class A Bianchi model in cases where m = 0. In the semisimple case,

the conformal factor in terms of the appropriate Painlevé transcendent is given by

(In £) =—§t'1+2my"1+ly*ly+lty’2g}2+-1-my—ln2t ly——2y‘1 ’ (5.46)
‘T8 4 8 27727 \2 Y

whereas the conformal factor in the nilpotent case is obtained by setting x = 0.

Example 5.4.1 We shall now present the particular results for the Bianchi type

VI, model. The relevant structure constant matrices from (5.7) in this case are

01 r (01
K = , P=KT= ,
10 10

from which k= Tr K =0 and k = £,/3Tr P? = £1. We also require the homo-
geneity condition m = 0. Then the reduction of Py (5.41) is '

-2 -
. Uy 8 3 16)
=4 _d_ = -2 4
b= "7 t+(y mk (5.47)

where € = —1,1 depending on the particular choice of k. Equation (5.46) reduces to

-1 _n. —~1\2
(nf)e = -8t~ + 1y~ty + Lty %% — Lt Ly —2971)". (5.48)
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5.4.2 Bianchi class B models

We recall that Bianchi class B models are types III, IV, V, VI 4o and VII4. The
reductions of the vacuum Einstein equations for these models to a system including a
Painlevé equation, involving a change of variable, are original. Here a(t, z) = o(t)e**
with k # 0.

We wish to write (5.30) in terms of commutators. In order to do this we shall

eliminate its final term. To this end we let
J(t) = MORT f(g)ehDk (5.49)

for a function h(t) to be determined such that the result may be written purely in

terms of commutators. We have det J = det H = 1. We define its components
D(t) E(t
H(t) = ®) EW . ' {5.50)
E(t) F()
Substitution in equation (5.30) gives
L(GHH™") = hlcHH ', KT — HKH™ '] +0o(1 — h?)[KT,HKH™] (5.5)
+ (ko = %(ah)) (RT + HRH™). | '

We will eliminate the last term in order to get the equation in commutator form.

Therefore we impose

d., .
— ] .52
ko 7 (ah) (5.52)
Substituting the reduced wave equation (5.28) in equation (5.52) and integrating, *
we get
& = k(oh + c), (5.53)

where c is an arbitrary constant. Using the general solution of (5.28) o(t} = Ae® +

Be~*, we can calculate
c=A(l — h)e* — B(1 + h)e ™. (5.54)

We then substitute the solution o(t) and expression (5.54) inte (5.53), upon which
we find that ‘

& = (1 + ) +o), | (5.55)
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which may be substituted back into our expression for o(t) to yield a quadratic
expression in ¢. After defining » by applying the constraint & + 44B = 0, solving
the quadratic gives the repeated root

o= 12‘:}; -, : (5.56)

With this result equation (5.51) now simplifies to
2 (oHH™) = h(o HH™, KT — HKH™"| + 2K, HRH™") (5.57)

We define the matrices X = EIEO'H H-' and Y = HKH-!. This parameterization
automatically satisfies oY = 2¢[X,Y]. Then equation (5.57) can be rearranged to

X=hX-Y,KT-X]. . (5.58)

We define s = A? as a natural new independent variable. Substituting this definition

into (5.52) and expanding the derivative, we find that

d d '
G — 1/2 -_— —_— = —_— .
§=ks'/*(1—-3s)=> o 2cksds, (5.59)
thus s(¢) = tanh® £. Then
ek kt Lkt kt _kt ¢
= = —_ — = inh — h = kt -kt .
0= 2ctanh 5 cosh 5 2¢sin 5 cosh — 2(6 +e™), (5 60)

which is a particular solution of the reduced wave equation (5.28).

We define three matrices P, @), R, which are functions of ¢, as
kP=-KT, kQ=Y, kR=X-Y, (5.61)

which have the component forms (3.36-3.35).

In terms of s, we obtain the form of Py given by
P'=0, s@=[RQ), s(1—-sR =[sP+Q,R)|, (5.62)

where f' = &. For general P,Q, R € sl(2,C), system (5.62) is equivalent to Py
[19]. The matrix P can be transformed to either

P=(K' 0) or P=(01), (5.63)
0 —k 00
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according to whether & # 0 (when P is semisimple} or £ = 0 (when P is nilpotent),
see [19] for details. Equivalently «? = 1 Tr P2

In terms of s, X = E£sH'H™!. We wish to write the components of H in
terms of the zero trace matrices P, @, R. From its definition (5.49) we have that
det H = DF — E? = 1, Writing Q, R in terms of this with P in semisimple form
gives the components defined in (3.36,3.37),

A= —&(DF + E?), g =2ckDE,
v=—-2kEF, p=s(D’F — E'E)+ x(DF + E?), (5.64)
o =3s(—D'E + E'D)—2xDE, t7=3s(E'F— F'E)+2kEF.
Considering the nilpotent case, we find instead that
A= -EF, p=E?,
v=—F2, p=s(D'F — E'E) + EF, (5.65)
o=s(-D'E+E'D)-E? 1=3sFEF-FE)+F.
This parameterization on the nilpotent case gives £2 = A2 + pv = 0.
We wish to write the matrix H(s) in terms of a Painlevé transcendent y(s)

defined by equation (3.55). In the semisimple case, we find that the independent

cqmponents of H(s) are
E(s) = exp (%fds (3"’5’ - = (1—;2 — 2ky (!1—;?)—2 +2y§} + %)))) , (5.66)

F(s) = exp (%fds (%—ﬁ(%ﬂ—%y(y;lz +1—;'")))), . (5.67)

which implies that the constant of motion £2 = x?, while in the nilpotent case, the

independent components are

E(s) = ( Jds S8 ) exp (g [ds (% + 1(1;_!%)) , (5.68)
F(s} =exp (% Jds ({- + ‘f(ls—__%)) : (5.69)

In the semisimple case, the dynamical equation (5.62) is equivalent to Py in the

following form

—_1f{1 1 1 12 1 1 1
V=3 (it rih) - (i)Y

5.70)
—1}y— 1 B2 m2fs—1 s(a—1 (
+ g (s_f) J (2&2 + 2k + 3— f; + I(,y;—i) + (_2m2 + %) éf__a)}) ,
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and we find that m? = n? in both nilpotent and semisimple cases. This equation
describes the semisimple case, namely Bianchi typesIII, VI, and VIL,. The nilpotent
case, namely Bianchi type IV, is obtained by setting x = 0. We note that the Bianchi
V model is a special case for which the present analysis does not apply, since the
Painlevé transcendent defined by equation (3.55) is trivial. We shall return to it
later. |

Using the fact that the trace of a matrix is invariant under conjugation, Tr C =
Tr DCD™!, we find that A := —a(g; + ¢:)9~" and B = —a(g, — ¢)g~" as defined

earlier give, in terms of the variable s,

2,k 1(1+52\° sif2 ’

l 2

1/2 2
2\ 1+ 5172 Tr (—S——(PHQ)+Q+R). (5.72)

1+ s1/2
Substituting a = e**51/2(1 — s)~! in equations (4.15, 4.16) and taking appropriate

linear combinations gives

(1+8)(Tr A2 —Tr B?) Tr A2+Tr B? 3
AL sl/2e2kz - ok 2k =k 97 2m* | ,(5.73)

(lnf)z =k+

(ln f) — __14s _ _Tr A2-Tr B? + (1+s)(Tr A24+Tr B2)
87 T 3s(l-s)  2k2sl/2(1-3)e?ks 4k2s(1—s)etkz

= 4(1_13),, ((y—s)(s+1)(y—1+s—1)—(y—s)(y_1)_ﬂv;1L3)

y—s

+amym (v — Dy — sy +y(L + ))e? + 5 (;(% + g%j) m? (5.74)
132

ey (y— s+ =L —(y-1)(1 +S)) y

ot (1o =45 - 52 v

From equation (5.73), which holds in nilpotent and semisimple cases, we find that
F(t,2) = F(t)e#8-2m")2 5o the condition for a model to be spatially homogeneous
(of Bianchi type) is m = :l:lg. Equation (5.74) holds for the semisimple case, and

with & = 0 for the nilpotent case.

Example 5.4.2 We shall now present the particular results for the Bianchi type IIT
model. The relevant structure constant matrices from (5.7) and (5.8) in this case

are

11 . 01 .\ 01
K = , P:._....].'.KT:_

1
11 10 2 2V\10/’
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from which k = Tr K =2 and k = +,/3Tr P? = £1. We also require the homo-
geneity condition m = :H?. Then the reduction of Pyr (5.70) is
_1{1., 1 1 Y. (1, 1 1
y”—§(5+y_ +,y—_—)y — (;+8—_-1-+5-_—3)y’
(y—1)(y— 3{a—1 g=1
PR (2 — o + 0~ 5),
where § = 0,1 depending on the particulor choice of k. Equation (5.74) reduces to
(In £ = g (W - s+ Dy —1+5-1) = (y— s)y - 1) - 2L)
s (0= D — 9) +3(1+ ) + iy (72 +122)

_2(1—13)53; (y‘—3+ o=ty H(y_l)(1+3)) ¥

(5.75)

(5.76)

+4(1-—s Z

5.4.3 Bianchi models with two-parameter Abelian reduced
subgroups

When the two parameter isometry subgroup H is Abelian, as in the Bianchi models
of types I and V, the corresponding spacetime metric (5.26) can always be written

in the diagonal form [41]
ds? = f(t, z)(—dt* + d7*) + **(a*(t)dz® + b*(t)dy?). (5.77)

If we consider the reduction to a spatially homogeneous (Bianchi) model, namely
where f(t,z) = f(t) only, then ¢ = 0 corresponds to a Bianchi [ model, while e = 1
corresponds to a Bianchi V model.
We found in the above cases that there was one model in each case - Bianchi
I, V respectively - for each of which K =0 and the self-duality equations reduced
to triviality. Therefore a different analysis is required for these cases. The metric
& = o1 g for both models becomes
it =g =218 - ( “) o ) (5.78)
o) ot 0 B
where 02 = dety = a?b%. We have used the diffeomorphism invariance of general
relativity which allows us to write the metric in diagonal form. This is only possible

for Bianchi types I and V. The field equations (4.13) in both cases are

d, _;.
EE(UG a)=0 (5.79)
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For the Bianchi I model, as previously for class A models we choose o = ¢,
.t & ”

so that a(t) satisfies Ppy;. Integrating gives a(t) = At™, where A,m € R are arbitrary
constants. We choose to scale the coordinate = such that A = 1.

For the Bianchi V model, like previously for class B models we define a new
independent variable s and determine the function o(s). Then, noting that the

trace k = 2, equation (5.79) with the substitutions (5.59) becomes

2s1/%(1 — s)d%(4csa‘1a') =0=d"= % -—, (5.81)

| 8],

where o' = £ so that a(s) satisfies Pyy. Integrating gives a{s) = Bs", where

B,n € R are arbitrary constants. We choose to scale the coordinate x such that
B=1.

For a Bianchi I model, equation (5.44) becomes -
(In f); = 2m(m — 1)t (5.82)

and equation (5.45) implies that f(t, 2) = f(t) only. Therefore the model is spatially
homogeneous, with f(t) = t*™™1 (with (¢, 2) scaled appropriately), and b(t) =
=™,

For a Bianchi V model, in terms of the (s, 2) variables and after substituting
a(s) = s™ we find

- (nf)s= : t - ((1 js)2 B 2ﬂns(ll_i;s.s) + @) k (5:83)

8 8

and

(Inf); = ——(1—4s+s*) +8n G T Z) 16n?. . (5.84)

(1-92 )

We solve the homogeneity condition (In f), = 0 with (5.84)} as a quadratic equation

in n, on which we find the solutlons = 4(11"‘ "8) + ﬁ However these values are not

allowed since we require n to be a constant, so we conclude that our analysis leads

to no Bianchi V solutions.



Chapter 6

Discrete Painlevé equations

In this chapter we review some known methods for determining Whefher a given

complex discrete equation is integrable, as extensions of eriteria for integrability of

differential equations presented in earlier chapters. We perform numerical tests using

integrable and nonintegrable discrete equations with particular initial conditions to

investigate the degree growth, to confirm known results. Also we present Nevanlinna |
theory for difference equations (discrete equations where the independent variable

varies over the complex plane). In following chapters we shall discover analogous

concepts to these in the context of ultra-discrete equations.

A discrete equation is a recurrence relation between an iterate y, — where n
is a discrete independent variable taking only integer values — and other iterates
which are shifted along the discrete variable. A jth order discrete equation relates
Yn—j 0 yn. In the usual sense a solution of a discrete equation is a set of iterates
{y: : i € Z}. Alternatively, in section 6.3 we consider each iterate y, to be a rational
function in an auxiliary, continuous variable z.

There are many discrete equations with continuum limits to the Painlevé differ-
ential equations. Some cases of this are considered in section 6.1. However, most
of these equations do not inherit the integrability properties of the Painlevé equa-
tions — such as the existence of associated linear problems. The discrete equations
which do have the integrability properties are known as discrete Painlevé equations
[65]. These usually look quite different from the naive discretizations of the Painlevé

equations.

76



CHAPTER 6. DISCRETE PAINLEVE EQUATIONS 77

. We shall progress from defining discrete Painlevé equations to the more gen-
eral problem of finding a discrete analogue of the Painlevé property, which is a
strong indicator (some would té,ke it as a definition} of integrability. The singular-
ity confinement test was introduced in {55] to find such a property. Those discrete
equations which pass the singularity confinement test, and also satisfy a condition
of zero algebraic entropy [58], are believed to be integrable.

Discrete Painlevé equations do occur in physics. For example the Ising model
in statistical field theory [56], and in quantum gravity where a discrete Painlevé

equation often called d-P; has arisen,

an+b _
Yol F Yn + Yn1 = +c, (6.1)

™

where {a, b, ¢} are arbitrary constants. Specifically, it has arisen from the calculation
of a certain partition function in a model of 2 dimensional quantum gravity [52, 53].
It is the compatibility condition for a linear problem, and it has a simple continuum
limit to Py, hence its name. However it is not unique in possessing such a limit.

In order to find a complex analytic analogue of the Painlevé property for discrete
equations, it was necessary in [54] to reinterpret discrete equations as difference

equations. For example (6.1) is reinterpreted as the difference equation

y(z+1) +y() +y(z—1) = “Tj)b ‘e (6.2)

Here the discrete independent variable n € Z of equation (6.1) has been replaced by
a continuous variable z € C. In this way the independent variable is allowed much
greater freedom. Another example of a generalization of a discrete to a continuous
variable is the replacement of the factorial n! by the gamma function I'(z).
Nevanlinna theory, which we studied in section 2.7, may be applied to mero-
morphic solutions of difference equations such as (6.2). Of particular interest is the
order of solutions. It was suggested in [54] that a difference equation is integrable if
it has sufficiently many finite order solutions. This usefulness of Nevanlinna theory
should be contrasted with the situation for differential equations. In that case, if
all solutions of an equation are meromorphic then the equation has the Painlevé

property. However since Nevanlinna theory is a theory of meromorphic funetions it
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can only be used on solutions of those equations which necessarilyrhave the Painlevé
property, and are therefore integrable.

A rational function is a ratio of two polynomials, which are taken to have no
common factors. The degree of a rational function is the maximum degree of these
polynomials. A set of functions {y,} which are each rational in an auxiliary variable
z € C may occur as a solution to a discrete equation such as (6.1). Then we have a
set of degrees g, := degyn(z). The algebraic entropy of a discrete equation quantifies
the growth of the degrees of such iterates of that equation. The algebraic entropy of
a generic discrete equation is nonzero {corresponding to exponential degree growth)
but the algebraic entropy of a large class of integrable discrete equations is zero

(corresponding to polynomial degree growth) {74].

6.1 The continuous limit

We start from the discrete equation, with n as discrete independent variable and y,

as dependent variable,

(an + by, + ¢

o (63)

Yntl T Yn—1 =

where a, b and ¢ are constants. We will show that it has Py as a continuous limit.
First we define an independent variable z = nh, where £ is a small number!. Then

we identify ¥, = w(z), and
hz " hs 4
Yne1 = w(z + h) = w(z) + hw'(2) + Dk (z) + Eu’”(z) + O(h%), (6.4)

using a Taylor series expansion. We obtain a similar result for y,-y with & replaced

by —h. Substituting in the discrete equation (6.3) gives

2w + h*w” = ((az/h + b)w + c)(1 + w?) + O(h?), (6.5)
where we have used the truncated series (1 — w?)™! = 1+ w? +.... Rescaling
w — hw,

2hw + k" = azw + bhw + ah?2w® + bh3w® + ¢ + ch®w® + O(R*w?)  (6.6)

We used a similar method in going from the discrete equation (6.1) to the difference equation

(6.2) where h = 1, but there z = n only on the integers.
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Now we choose a = h?, b = 2 and ¢ = h3a and omit terms of order (hw)?, to give

the continuous form of Py,
w" =2u® + 2w+ a. (6.7)

As a second example, we consider the discrete equation we referred to as d-P; (6.1).
By applying y, = 1 — 3h%w(z), setting (a, b, ¢) = (—3h%,—2,4) and taking the limit

h — 0, a similar procedure to above yields Py,
w" = 6w® + 2. \ (6.8)

Many other discrete Painlevé equations exist that can be transformed to one or more

of the continuous Painlevé equations using the methods we have outlined.

6.2 Singularity confinement

The singularity confinement test, first introduced in [55], provides a test for inte-
grability of discrete equations. It is not a perfect test of integrability, having to be
augmented by a condition of zero algebraic entropy for this. The algebraic entropy
of a discrete equation shall be defined in section 6.3.

We consider the behaviour of a sequence of iterates y, of a discrete equation.
We shall consider equation {6.1) with initial conditions y,-; = K and y, = ¢, where
K is finite and ¢ is small. After calculating a list of iterates, we take ¢ — 0 to
find y,41 = o0, therefore the solution has a singular point. We might expect all
further iterates to be singular, and for generic equations they would be, but for
equation (6.1) there is cancellation such that future iterates are finite, such that
the singularity y, is confined. It is found that in particular, all discrete Painlevé
equations possess the singularity confinement property.

Discrete-time integrable systems take one of two forms; as lattices or mappings.
In lattices the spatial and time variables have been discretized, while mappings are
" finite-degrees-of-freedom systems in discrete time. We shall present a way to deter-
mine the integrability of a discrete time system, based on the singularity structure
[65]. We consider the integrable lattice KdV equation [61],

1

: 1 -
= y’:_l + —_— (6-9)
+ Yi  Yin

i1
Ys
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which is a partial discrete equation, having two discrete independent variables (%, 7).
Equation (6.9) is of second order in ¢; to this end we specify two pieces of initial
data at i — 2 and 7 — 1. Evolution takes place as the value of 7 increases. Let us
assume that as evolution takes place y} — (0. The point where it vanishes depends
on the initial data, so the singularity induced is movable, or confined.

We have seen that integrability in discrete-time systems is related to the existence

of confined (movable) singularities.

Example 6.2.1 We shall show how singularity confinement works by explicitly cal-
culating the first few iterates of a solution. of a discrete Painlevé equation, namely

equation (6.1),
am +b

Ym+l = —Ym — Ym-1 + + ¢

™
The idea is to follow the sequence of iterates to see whether we can eventually “get
through” the singularity and return to finite values. Equation (6.1) is singular when
yn =0. Welety, = ¢ and yn—) = k, arbitrary. After we have calculated “enough”

values, we will take the limit as e — 0.

m=n:
an+b
Yntl = —Yn—Yn-1T +c
_ cm:—b_|_(C_!¢)_E
an+b c—k 1

- _ 2
- € (1_|_c11'z+bE an+b6)

1 _ € 1— c—k€+
Yn41 T an+b an+b

m=n-+1:
an+a+b
Yntz = —Yn41— Yo+ ———— +¢
Un+1
an+b an+a+b c—k
- _ AN 1—
( € T le—F) e) ete an+b ( an+b€+ )+C

an+b an+a+b
- 4+ ———— ¢
an+b

an+b k
T € (l_cm-l-be-‘-'“)

1 € k
- = — 1+ €+~
Yn+2 an+b an+b
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m=n+2:
an+2a+b
yn+3 = _yn+2_yn+1 ‘——_+C
Un+2
b b b
[ J— —an+ +k+m—a+.6+... —_— an+ +(c_k)_e
_ +b
an+2a+b k
_ 1
“Tan<tb (+an+b€+ )+c
_ _an+3a+b
- an+b
m=n+3:
an+3a+b
Yntd = —Yniz— Y2+ ——+¢
Yn+3
an+b an+a+b
= Y b —— ...
O(e) ( tht— et )

an+b
+(an+3a+b) (—'(an—_’_m +“‘) +c
= O(1)

Taking the limit € — 0 gives the sequence of terates:

Yn-1 =K, Ya =0, Ynt1 =00, Yny2 =00, Un43 =0, Ynts = finite

6.3 Evolution of degree of solutions of discrete
equations

In this section we will reinterpret a discrete equation such that each iterate is a ra-
tional function of an auxiliary variable. We consider a sequence of rational functions
{yn : n € Z} in a complex variable z,

>y by ‘
where (@i, bny) are complex-valued arbitrary constants. We define the degree of y,

yn(2) =

as q, = max(s,, t,).

Examples

The two families of equations we shall consider are

P Ry + Snin

Unt1 + Yn—1 = ==+ Gn, Yn+1 + Yn-1 = 1 5 (6‘11)
Yn —Un
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where P, (),, R, and S,, are each polynomial functions in n.

We shall consider the second order discrete equation

3Yn
1—g2°

Ynt1t Yn—1 = (6.12)

Substituting the definition (6.10), computer experiments suggest that g, = pnq +
Tn¢1, which gives the boundary conditions (po,p1,70,71) = (1,0,0,1). The subse-

quent evolution of p, appears to be governed by the discrete equation

Prt1—2Wn+pp1=1-(-1)", n2xl, (6.13)
and for the r, we find

Tgl — 2+ Tper = 1= (=1)*1, n>1 (6.14)
We have that r,, = pp+1, and equation (6.13) admits the general solution

Pn=an® + fn+ 5+ 6(-1)" (6.15)

We can substitute this solution back in (6.13) and substitute the initial conditions
Po=1and p, = 0tofind that « = 3, 5= -1, v = % and § = §. If we define
the discrete operator A by Ay, = y,,+1 — yn and the second order discrete operator
A%y, = A(AyYn-1) = DYn — AYn—1 = Yn+1 — 2Yn + Yn—1, then equations (6.13) and

{6.14) can be written as
App=1—(-1)", pyo=rn1, n=l (6.16)
Next we consider the equation

3
Ynt1 F Yn-1 = P 76. (6.17)

n

Again we find a relation ¢, = p,go + 71, where the discrete variables are



CHAPTER 6. DISCRETE PAINLEVE EQUATIONS 83

n | Pn | ™
o|1fo
101
2|11
3|12
423
50315
6|56
7169
8|9 |11
9{11 |14

We note as before that 7, = pp41.
From here on we shall summarize our results for further discrete equations. As
in all previous cases, the relation ¢, = Pngo + Pas1¢r is found to hold in all cases, so

it suffices to list the first few p, in each case.

Ynt1 T Yn1 = ;_: — 1| Y1+ o1 = ;—: Yo+l + Yno1 = ’;—T
n Dn Pn Dn
2 1 1 1
3 1 1 1
4 2 2 2
5 3 2 2
6 5 3 3
i 7 3 3
8 11 4 4
9 16 4 4

The degree growth of the two right equations in the above table is linear in each case
{(indicating therefore integrability). However, these two equations are not considered
to be integrable. Both of the these equations are of the form

[£3
Ynpl + Yn1 = —. (6.18)
Yn
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Equations of the form (6.18) are in fact linearisable and would therefore normally
be considered to be integrable. Specifically, let 2, = ya¥n+1. Then equation (6.18)

becomes the first-order linear equation
Tn-1+ Tn = Qn. (6.19)

In the case in which a, = n*, finding a solution involves calculating & polynomial
of degree 20. In the case in which a, = n?, a particular solution is z, = n(n +1)/2.
To find the general solution, we substitute z, = n{n+1)/2+w, into equation (6.19)
with a, = n?, giving

Un-1 + Up = 0.

So Uy = ¢(—1)", for some constant c. Hence

_ n(n + 1)

YnUnt+l = Tp 3

+c(—1)" | (6.20)

This is a Riccati equation for y,. Substituting y, = wg/w,—1 in equation (6.20)

gives

FRLCES PO

which is linear (and therefore, slow growth).

Yat1 Y1 = 0 | Ynri F¥n1 = 40+ 1| Yopr + Yo = 2L
" Pn Pn Pn
2 1 1 1
3 1 1 1
4 2 9 2
5 3 3 o
6 5 5 3
7 8 8 3
8 13 13 4
9 21 21 4
Next we consider the equation
Y1t Yn-1= ntl +1 (6.21)

n

and calculate the first few p, and A?p,,
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n | pa | A%
201 -1
31| 1
4121 0
503] 1
65| -1
76| 2
g8lol -1
9 1] 1
1014 0
1117 1
1221 -1
13|24 2
14120 -1
15 (33| 1
16 (38| 0
17 [ 43| 1
18 49| -1
19 (54| 2
20 | 61| -1

We find in this case that p, satisfies the difference equation
1
A2Pn. — 5(1 _ (_1)n(mod 3)) _ (_l)n(mod 6) (622)

and the second discrete operator on ¥, is of period 6, that is A%p,.6 = A2p,,.
It would seem that as far as the behaviour of p,, is concerned, the most general

equations of the two families we have analyzed are

an+b d+{en + flyn
+ ¢ Yn+i + Yn-1= —( f)y '

; - (6.23)

Yntl + Yn-1 =

for arbitrary constants {a,b,c,d,e, f}. These are known to be integrable, discrete
Painlevé equations. Here the growth of the degree is polynomial rather than expo-

nential.



CHAPTER 6. DISCRETE PAINLEVE EQUATIONS 86

6.4 Algebraic entropy

Hietarinta and Viallet found an example [57] of a simple equation that appears to
possess the singularity confinement property but is chaotic (non-integrable). There-
fore the siﬁgularity confinement property must be augmented by some other prop-
erty to give é. condition for integrability, which they suggested is that the algebraic
entropy of the discrete equation should vanish.

The algebraic entropy quantifies the growth of the degree of the nth iterate of a
discrete equation as a function of the initial conditions, see for example [58]. Here
the initial conditions are rational functions of one variable: however the same theory
may be applied for an arbitrary number of such variables. We consider the rational
functions (6.10) where the degree of the nth function is ¢,. Then the definition of

algebraic entropy is

1
s = lim -2, (6.24)
n—oo N
For exponential degree growth, set g, = d® where d is a constant. Then the algebraic

entropy is ‘
nlogd

logd.

$= lim
N=~—=00

which is nonzero provided that d # 1. For polynomial growth, set g, = n° where o

is constant,

0.

. logn
s=oc lim AL
n—o0 N

Therefore the'a.lgebraic entropy quantifies the growth type of the degree accord-
ing to whether it vanishes (which means polynomial growth) or not (which means
exponential growth).

The idea of using the growth in the degree of iterates to determine whether a map-
ping is integrable was formulated by Veselov [59] and independently by Falqui and
Viallet [60]. When an integrable mapping is used the degree growth is polynomial,
while when an non-integrable mapping is used the degree growth is exponential.

The algebraic entropy of a generic discrete equation is nonzero (corresponding to
exponential degree growth) but the algebraic entropy of a large class of integrable
discrete equations is zero (cotresponding to polynomial degree growth) [74]. For

example equation (6.12) — which is well known to be integrable — gave rise to
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degree growth of the form (6.15). We see that the asymptotic degree in this case is

!

Gn o 12

6.5 Nevanlinna theory

It is known that large classes of difference equations admit meromorphic solutions
[54]. Therefore the existence of meromorphic solutions is alone not a good indicator
of integrability, and for a better indicator we turn to Nevanlinna theory. In section
2.7 we gave an introduction to Nevanlinna theory, which studies the value distri-
bution of meromorphic functions in the complex domain. Here, the meromorphic
functions we consider solve difference equations [71].

For a meromorphic function f(z), the Nevanlinna characteristic T'(r, f) := N{r, f)+
m(r, f} is defined in terms of an open disc |2| < r, and measures the growth of f as
r varies. We may take the limit r — co to consider the behaviour of f at infinity,
in terms of its value distribution on the finite plane, Nevanlinna theory provides a
number of important concepts and tools that can be used as detectors of equations
that are integrable. In particular, the order of equations plays a central role. The

order of a meromorphic function f is

. log T'(r, f)
o = lim sup —————=.
(f) msup —

The order is a natural measure of the growth of a function at infinity. It was sug-‘
gested in [54] that a useful analogue of the Painlevé property for difference equations
is the existence of sufficiently many meromorphic solutions of finite order.

We recall the lemma on the logarithmic derivative (2.57), which puts an upper
bound on the proximity function of the logarithmic derivative f’/ f of a meromorphic
function. If the function has discrete dependence on an independent variable, then it
is not possible to define its derivative. However we may instead define a logarithmic

difference as £2*2 where ¢ € C. Then we state the result for a non-constant

f(z)
meromorphic function f [71]
flz+a _ (Tl )™ |
m (r, T ) ) 3 ) d<le>0, (6.25)

for all r outside of a possible exceptional set of finite logarithmic measure, that is

dr
5 E < oo



Chapter 7

(Max,+) semiring and

ultra-discrete equations

The language of this chapter, and its application to ultra-discrete equations, shall
be used in the preprint of Halburd and Southall [79)].

We begin this chapter by reviewing the (max,+) semiring and the notion of a
(max,+) polynomial. Then we present a known limiting procedure on certain dis-
crete equations to obtain ultra-discrete equations, which may be written in a concise
form on the (max,+) semiring. We present a singularity confinement property for in-
tegrability in ultra-discrete equations. If the discrete independent variable is allowed
to be continuous, then the ultra-discrete equations admit piecewise linear functions.
In original work we define (max,+) meromorphic functions as piecewise linear with
integer slopes everywhere, and we define roots and poles of such functions at points
where the slope changes.

A (max,+) semiring is (RU{—oco}, &, ®) where the binary operators are defined
by '

"a ® b := max(a,b), a®b:=a+b, = a¢beRU{-o0}.

The (max,+) semiring has no additive inverse. Note that we do not work with
complex numbers in this presentation, since the maximum of complex numbers
cannot be defined.

A (max,+) polynomial is a non-decreasing piecewise linear function with integer

slopes. It may be defined using the (6, ®) operators in the same way that standard

88
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additive and multiplicative operators are used to define a standard polynomial. We
only consider (max,+) polynomials in one independent variable z € R U {—o00}.
We extend this to define a (max,+) rational function, which is the difference of two
(max,+) polynomials. It does not have the restriction on a (max,+) polynomial of
being non-decreasing.

A (max,+) meromorphic function is a piecewise linear function with integer
slopes. Note that the number of distinct linear pieces may be infinite. A (max,+)
rational function is necessarily (max,+) meromorphic. We shall define zeros and
poles of (max,+) meromorphic functions at points of discontinuity in their first
derivatives.

Ultra-discrete equations are obtained from certain discrete/difference equations,
in a limiting procedure called ultra-discretization of which we shall present an ex-
ample [67, 68].

An ultra-discrete equation may be written naturally on the (max,+) semiring.
We may choose the independent variable to be discrete, in which case an example

of an ultra-discrete equation often called u-Py is
X ®X, X, 1=00X,0 K. (71)

An ultra-discrete equation such as (7.1) is a generalized cellular automata. This
means that the values of solutions may be represented as discrete points in a finite
dimensional, infinitely sized grid, whose evolution over the grid is governed by the
ultra-discrete equation. Alternatively, the independent and dependent variables can

be taken as continuous, being valued on the real line. As an example we take
Xz+1)3X(z)@X(z-1) =00 X(z) @ m(z), (7.2)

where () is an arbitrary period 1 function. The (max,+) meromorphic functions
we have defined may be admitted as solutions to such equations. The process of
going from ultra-discrete equation (7.1) to (7.2) is analogous to that for discrete
equations on the complex plane introduced in [54].

An ultra-discrete equation may be written concisely on the (max,+) semiring.
We note that not every discrete equation can be ultra~discretized. A (max,+) mero-
morphic function may be admitted as a solution to an ultra-discrete equation in

which the independent variable is continuous.
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An integrable ultra-discrete equation is one obtained by ultra-discretization of
an integrable discrete/difference equation. Joshi and Lafortune {73] have described
an analogue of singularity confinement for ultra-discrete equations as a test of inte-
grability. The ultra-discrete Painlevé equations - many of which were first given in
[68] - are obtained by ultra-discretization of particular discrete Painlevé equations.
As such they serve as prototypes of integrability in the ultra-discrete sense.

We want to find out whether the existence of (max,+) meromorphic solutions to

an ultra-discrete equation is linked to its integrability properties.

7.1 = (Max,+) semiring

We define an addition and a multiplication operation between two elements a,b €
R U {—oc} by [62, 63, 64, 65, 66]

a @ b = max(a, b), a@b=a+b. (7.3)

The standard convention that e @b ®c® d = (a ® b) & (¢ @ d), i.e. multiplication
takes priority over addition, is applicable. The additive identity @ = —oo while the

multiplicative identity I = 0. The addition and multiplication tables are

<]

© 00 g oL AW N = OO

(7.4)

O o =] O ot i W= O

0O 0o = O oLl o W=
O 00 =1 S Lo W NN NN
O o0 = O Gt e W W W w|Ww
O 00 ~I & o s s R R e
o 00 =] S oo oo v vt |l an
O 00 -] &S >
©° 0w~ 3~~~ =~ =~
w00 00 G0 Go Q0 Qo 00 GO 00 | O
L= 2 (o B (o B (o BN '« B = T (= N T~ B Y= B o B (=]
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@001 2 3 4 5 6 7 8 9
0/0 1 2 3 4 5 6 7 8 9

1/{1 2 3 4 5 6 7 8 9 10

212 3 4 5 6 7 8 9 10 11

3/3 4 5 6 7 8 9 10 11 12

414 5 6 7 8 9 10 11 12 13 (7.5)
5(5 6 7 8 9 10 11 12 13 14

66 7 8 9 10 11 12 13 14 15

717 8 9 10 11 12 13 14 15 16

88 9 10 11 12 13 14 15 16 17

909 10 11 12 13 14 15 16 17 18

This structure, (S, ®, ®) where in this case S = RU{—o00}, is a semiring. A semiring

is a set together with two binary operators (@, ®) satisfying the following conditions:
o Additive associativity: Va,b,c€ 5,00 (b& c)={adb)de,
o Additive commutativity: Va,b€ S, a®b=0Da,
¢ Multiplicative associativity: Va,b,¢€ 5, e ® b ® é) =(a®b) ®c,

¢ Left and right distributivity: Ya,b,c€ S,a®@ (b®c)=(a®b) ® (a ®¢) and
(adb)@c=(a®c)D(b®c).

The multiplicative inverse of @ is —a (¢ ® —a = [). The operation @ has an identity
element but not all elements have an additive inverse. For example, the equation
a @ 3 = 1 has no solution. Commutativity of both operations follows from their

definitions. The operations are each associative,
(a®b)@®c = max(max(a, b), ¢) = max(a, b, ¢) = max(e, max(b, c}) = a®(bdc),(7.6)
(e®b)@c=(a+b)+c=a+(b+c)=a®(b®c), (7.7
and are distributive,

a®(bdc)=a+max(b,c) =max(a+ba+¢)=a@bdaRc (7.8)
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The operation & is idempotent, that is ¢ @ ¢ = a. A semiring which carries this
property is called a dioid.

We note that some authors, in a similar context, define min in place of max.
That this is a matter of personal choice is demonstrated by noting that one can be

transformed into the other by means of
min(a,b) + max(a,b) = a + b, ‘ (7.9)

and in the min case the real line must be augmented with +oo rather than --oo,
and the additive identity ©@ = +00. In particular, the semiring (NU {+oc0}, ®, @) is
named the tropical semiring (62, 66].

We tabulate some quantities written in conventional notation and write the same

quantities using the (&, ®) notation.

(max, +) (®,®)
ra " =a®a® - ® a (r times)
‘a—b a@b=a®b™!
none aSb
>y i @
max_; a; D, @

Considering the 2-vector transformation ' = A%, the (max,+) version of matrix

multiplication is given in component form by [62]

a b v [ e®u &b vy B max(a + v1,b + v2) (7.10)
c d Vo R BdR vy max(c + vy, d + vs)
From this we deduce that the (max,+) 2x2 identity matrix is

I © 0 —-oo0
O I -0 0

7.2 (Max,+) polynomials

A (max, +) polynomial [63] in a variable & of degree n is an expression of the form

. 2@ =Pz (7.12)
i=0
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which in conventional notation takes the form p(x) = max? ,(iz + ¢;), where ¢ € N,

The (max,+) binomial theorem is, for n € N [63),
(a ® b)®" = a®" & b*". (7.12)
We shall consider the particular case n = 2 where

(a®b)®?=0a®2HaRbObRadb®?
(7.13)
= max(2a,a + b, b + ¢, 2b) = 2max(a, b) = a®? ® b2,
The middle two terms in the expansion are redundant since either 2a > a + b or
2b > a +b. This brings us to a way to determine inessential terms in a polynomial.
The condition for the rth term to be an inessential term, in the polynomial notation
of (7.11) is [63]
n .
a1 < P a0z (7.14)
_ i=0,istr ’
Analogously to the definition of a complex rational function (6.10), a (max,+) ra-
tional function f(z) is a ratio (in a consistent sense) of two (max,+) polynomials.
Namely
T i T ; P g

fl@) = (ﬂ% A® m®‘) @ (Jq% B;® m®3) = r?=agc(Ai+im)—r?33c(Bj+jx).(7.15)

A (max,+) rational function is more general than a (max,+) polynomial in the sense

that the latter is a strictly non-decreasing function in .

7.3 TUltra-discretization

Ultra~discrete equations are obtained from discrete/difference equations, in a lim-
iting procedure called ultra-discretization of which we shall preéent an example
[67, 68)].

Ultra-discretization is a technique used to obtain ultra-discrete equations from
discrete equations. As we shall see, ultra-discretization is a procedure that requires
definition of a certain limit.

We define real variables a, b, ¢ > 0, in terms of which the new variables A, B,C' €
RU {~oo} are -

B/fe

Ale p=eBlt,  c=eCle (7.16)

a=¢e
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I we consider the equation ¢ = o x b, we deduce that C'= A+ B. Recalling that our
definitions of new binary operations gives C = A ® B, we deduce that “ordinary”
multiplication of a with b corresponds to our redefined multiplication of A with B.

Next we consider ¢ = e + b, in which case we cannot so easily relate A, B and C.

However
C = lir(r)gr elog(e?/* + €B/¢) = max(A, B). ' (7.17)
£—*

This limiting process is referred to as ultra discretization. With our redefined notion
of addition it can be written as 0C = A @ B. We shall now prove that this limit is
correct. If A > B, we have

elog(e? + /) = elog e*(1 + eB~4/¢) = A + clog(1 + B~A/¢),  (7.18)

Now taking the limit as ¢ — 0*, the second term on the right tends to zero since
B — A £ 0. Then we get the correct answer of max(A, B) = A. The proof for the
case A > B follows by symmetry.
We consider the generalization of equation (7.17) to n dependent variables a; =
edi/e =1, ..., n. Wesee that '
n n n n
El_iﬁ (elogZa,-) = @Ai, elogHa,- = ®A,—. (7.19)
i=1 i=1 i=1 i=1
As an example of carrying out ultra discretization, we start with a discrete equation
called d-Pyy; (see for example [70]), as there exists a certain continuum limit in which

the equation can be cast as the Py differential equation. It is, with discrete variable

Un = y(q™),

aq” + 42 SO C el Vi

4 T R. 7.20
T+ ag?’ T UmbaE (7.20)

Ynt1¥n-1 =
Note that we must restrict all variables to the real line. We define the ultra-discrete
variables Y,,, @, A by - |

Yo = e g =eYe, a = et (7.21)
in terms of which equation (7.20) is

Your +Yn1 = elog(eldtn@/e 4 2¥a/e) . clog(et/s 4 elAtn@+2¥a)/e) (7.22)
- max(4 + nQ, 2Y,) — max(0, A + nQ + 2V,) '
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in the limit as ¢ — 0%, Also we find A = max(2Q,0) — Q = |Q|. With the circled

binary operators and the associated notation we have
Yo1®Yoo1 = (ASQ%@Y,22)0(I0A0Q%"RY,F), A =(QeD**0Q,(7.23)

which bears a striking, if slightly superficial, resemblance to the form of (7.20). We
needed to use the notation for the multiplicative identity 0 = I. We refer to it as
a form of u-Pyy (ultra discrete Py} because of its relation to the continuous Py
[67]. The independent variable n € Z in equation (7.23). We wish to generalize it to
z € RU {—oc}, in a similar way to how we generalized the independent variable in
the discrete equation (6.1) to obtain the difference equation (6.2). Then we obtain

the ultra-discrete equation

Yiz+1)QY(z-1)={A0Q*® Y(w)‘gé) 2 (I®A®Q* ®Y(x)®?),

(7.24)
A=(Qae*0q,

A (max,+) rational function (7.15) - or equivalently a piecewise linear function -

may arise as a solution to (7.24).

7.4 (Max,+) meromorphic functions

Here we shall produce original ideas in defining a class of piecewise linear functions,
and concepts of roots and poles of such functions, in a way that seems to be the

most natural for extendeing the well-known definitions given in previous chapters.

Definition 7.4.1 A piecewise linear function f : R — R is said to be (max,+)

meromorphic if its first derivative f'(z),x € R is an integer at each point x € R.

Note that it is a generalization of a (max,+) rational function (7.15) to a function
which may have an iﬁﬁnite number of distinct linear segments. For example a non-
constant periodic (max,+) meromorphic function is not (max,+) rational.

In terms of a particular (max,+) meromorphic function f, define the function

wy:R — Z by

wy(e) = lim [/ (@ +¢) = @ —e), (7.25)
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and if wy(z) > 0 then z is called a root of f with multiplicity ws(z). If ws{z) < 0
then z is called a pole of f with multiplicity —wy(z). Otherwise if w¢(z) = 0 then
z is called an ordinary point of f.

Now we define the root/pole structure of f at = +oo. Define x;, z2 such that
f{z) = mVz < z; and f'(z) = m,Vz > z,. Then —oo is a root of multiplicity m;
if my; > 0, but is a pole of multiplicity —m, if m; < 0. Conversely 400 is a pole of
multiplicity my if my > 0, but is a root of multiplicity —m, if ms < 0.

Let f and g be (max,+) meromorphic functions; then h = f o g is piecewise
linear. Moreover, on any interval on which the first derivative i’ is defined, A is a
composition of two linear functions with integer slopes. It follows that h is (max,+)
meromorphic. To prove this, we work with an interval  C R in which f(x) = Az+B
and g(z) = Cz+ D. Then

h=fog=A(Cx+D)+B, =z€4,

for which b’ = AC # 0. We can extend this result to prove that if f and g are
(max,+) meromorphic on §2 C R, then so are f @ g, f ® g and f o g. Furthermore,
if g # —00, then f @ g is also (max,+) meromorphic.

Let R(z,y) be a (max,+) rational function in y, with coefficients (4;, B;) that
are (max,+) meromorphic functions of z. Then it can be written as a (max,+) ratio
of (max,+) polynomials, as

P ¢
R(z,y) = (@ Ai(@) ® y®*) % (@ By(z) ® ym) : (7.26)
i=0 =0

If y(z) is (max,+) meromorphic then so is R(x, y(z)).

Examples of (max,-) meromorphic functions

Reverting temporarily to the definitions of complex analysis, the complex function
f(z) = 2",n € N has a zero of multiplicity n at the origin of the complex plane.
It has a pole of multiplicity n at co. We restrict this function to R; f{z) = = and
define ultra-discrete variables s, F(s) by £ = €*/¢ and f = e/¢. Then the function
transforms to

F(s) = s®" = ns, n €N,
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which, in our (max,+) language, has a rdot of multiplicity n at s = —oo, and has
a pole of multiplicity n at s = 4+00. We see that we have mapped the origin of the
complex plane to —oo adjacent to the real line.

Using similar techniques on f(z) = 1/2",n € N which has a pole of multiplicity

n at 2 = 0 and a zero of multiplicity n at z = co we obtain
F(s)=1@s® =-ns, neN,

which, in our (max,+) language, has a pole of multiplicity n at s = —00, and has a

root of multiplicity n at s = +o0.

7.5 A test for integrability of ultra-discrete equa-
tions

As in [73] we consider the ultra discrete equation
Kot + Xp+ Xy = ma‘x(Xﬂ + K, 0)’ (727)

which is obtainable as the limit of an integrable discrete equation. The equation
(7.27) has a critical point at X, = —K, where the right hand side is discontinuous.
Introducing a small number ¢, we perturb from the critical point to X, = —K +¢.
With this choice equation (7.27) will vary depending on the sign of . We demand
that X,_1 > 2|K|. Then we get the iterates tabulated below. . '

e>0 e<0

Xn |—-K+e¢ ~K +¢

X1 { K — X K—-—X,1—¢
Xnga | Xn-1—€ Xn1

(7.28)
Xtz | Xn-1 Xp-1 +€
Xowa | K=Xp1te K—Xpy
Xnws | —K —¢ —K —¢
Xnt6 | Xn-1 Xn1

From table (7.28) it is seen that while we have imposed the initial condition that

X, is the same for € < 0 and € > 0, the coefficients of ¢ in X; do not match in the
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- range n+1 < ¢ < n+4. This implies they are not differentiable at X; = —K in that
range, but are outside it, meaning the discontinuity in the derivative is confined.
For generic ultra-discrete equations we would expect a discontinuity to persist in
future iterates once it has formed. This type of singularity confinement is argued in

[78] to be a test for integrability of ultra-discrete equations.



Chapter 8

Nevanlinna theory on the (max,+)

semiring

We shall work with (max,+) meromorphic functions as defined in the previous chap-
ter, and derive an original theory of the value distribution of such functions on the
real line. The theory is presented in the preprint by Halburd and Southall [79).
In many ways this is analogous to Nevanlinna theory on the complex plane which
concerns the value distribution of meromorphic functions, as presented in sections
2.7 and 6.5. In this light we shall refer to the theory described here as {max,+)
Nevanlinna theory.

In terms of a {max,+) meromorpic function f, we define the Nevanlinna charac-
teristic T'(r, f), proximity function m(r, f) and counting function N({r, f). Analogues
of some — but not all — of the results from classical Nevanlinna theory are proved,
such as the first main theorem of Nevanlinna and the lemma on the logarithmic
derivative.
~ Some ultra-discrete equations admit (max,+) meromorphic solutions. We con-
jecture that in the sense of the (max,+) Nevanlinna theory we have introduced, the
ultra-discrete Painlevé equations (and in general all integrable ultra-discrete equa-
tions) admit finite-order (max,+) meromorphic solutions on R. Qur definition of a
finite-order {max,+) meromorphic function f is that there exist positive numbers o
and 7g such that T(r, f) <%, Vr > rq.

It will be shown that many ultra-discrete equations admit infinite-order {max,+)

99
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meromorphic solutions but the ultra-discrete Painlevé equations appear to admit
finite-order (max,+) meromorphic solutions. The general solutions of both difference
equations and ultra-discrete equations contain arbitrary period one functions. One
significant difference, however, is that many meromorphic period one functions have
infinite order in the complex setting, while all non-constant (max,+) meromorphic

periodic functions have order two.

8.1 (Max,+) Poisson-Jensen formula

Lemma 8.1.1 Suppose that f is a (maz,+) meromorphic function defined for x €
[-r,r], r > 0. The roots of f in this interval are denoted by ay,p = 1,..., M
and the poles are denoted by b,,v = 1,... N. They are denoted according to their
multiplicities; for example a double pole - meaning of multiplicity two - is counted
twice in the appropriate summation. In this interval we have the (max,+) Poisson-

Jensen formula [79],

f@) = )+ =)+ 5(0) = f(=r)

(8.1)
_’.2115 Zﬂil(rz = lay - zlr — auz) + 2_1r' Eﬁ;(rz ~ by — z|r — byx).

Proof. Define a finite increasing series of points {¢;},k = —p,...,q as followsj.. Let
co = 7 and let the other elements in the series denote the points in v € {—r,r) at
which f/(v) does not exist. We denote by my the gradients of the line segments in
the graph of f.

Figure 8.1: Notation used in the proof of the (max,+) Poisson-Jensen formula

m
Y. N1
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Specifically, for k = 0,...,p we set myyy = lim._o+ f(cx, + €), and deduce that

fe) = fr) —mi(r—2) + Y _(m; — mpn)(r — ). (8.2)

j=1
and for k = —gq,...,0 we set mg—y =lim, o+ f(cx — €). It follows that
P
f(@) = f(—r) + moalr+ 2} + ) (moisy — m_g}r + ). (8.3)
' i=1 :
Adding equation (r + z)x(8.2) to (r — 2)x(8.3) gives
orf(z) = r(f{r)+ f(=r)) +2(f(r) = F(=r)) + (r? — 2"} (m_1 — )
+ 30 (moim —mo)(r? + (ei — 2)r — i) (8.4)
+ 351 (my —my)(r? + (2 — ¢5)r — ¢2)
We now wish to write the summations in terms of the roots a, and poles b,. In
particular, if c_; is a root of multiplicity w_; € Z, then m_;_; —m_; = w_;, but if it

is a pole of multiplicity w—_; then m_;_; — m_; = —w_;. After performing the same

procedures on the sum over j we obtain the Poisson-Jensen formula (8.1). |

We define a real independent variable z € [—r,r], and a function f : R — R, and

define in terms of this the nonnegative function

f*(z) = max(f(z),0), (8.5)

from which we find the property f*+ (—f)* = |f|Vf € R. The (maz,+) prozimity

function is

m(r, f) — f+('r) +2f+(—1‘). (8.6)

The (maz,+) counting function n(r, f) gives the number of poles b, of f in the

interval (—r,r), counting multiplicities. This integrates to yield

Nep =5 [ ne D=5 01D, (8.7)

Putting together the above results, we define the (maz, +) Nevanlinna characteristic

function as

T(r, f) = m(r, f) + N(r, ). (8.8)
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8.2 An analogue of Nevanlinna’s first main theo-
rem for piecewise linear functions

With z = 0 the (max,+) Poisson-Jensen formula reduces to the (max,+) Jensen

formula,

FO) = 2(E) + 5= =3 3= lau) + 5 3 = I (89)

v=1
We note that inverting f about the z-axis is equivalent to replacing f with —f, in
which case the roots and poles swap. As equation (8.7) counts the number of poles

n(r, f) of f, it follows that n(r, — f) counts the roots of f. Integrating,
1M
N(r,—f) = 52(7»— |a)). (8.10)
p=1
Since max( f, 0} — max{-f,0) = f,

m(r, f} — m{r,—f} = w (8.11)

Substituting these results in equation {8.9) yields

T(r, f} = T(r,—f) = £(0). (8.12)

8.3 Properties of the Nevanlinna characteristic

Lemma 8.3.1 T(r, f) is a continuous non-decreasing piecewise linear function of

r.

Proof. Choose r > 0 such that f does not have a root or a pole at either . = r or

z = —r. Differentiation yields
dl(r,f) _1(df*"(r) df*(-n)) 1
dr 2 ( dr d(-r) ) + —2—'n('r, f) (8.13)

In the case where both f(r) < 0 and f(—r) < 0, then the non negativity of n(r, f)
implies iﬂ-YT’fl > 0Vr which is the required result.

Before evaluating the case where f(—r) > 0 and f(r) > 0, we differentiate the
(max,+) Jensen formula,

_ I =1 1

0 2 2

(r, 1) = 5n(r,—1) (814)
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where a prime denotes a derivative of a function with respect to its argument. Then

LD = Yf(r) = fi(=r) +nlr, ))
= 2(?1.(1" _f) - Tb(’f‘, f) + n(r, f))
'n‘('r: _f)

(8.15)

=R~

2

Next we consider the case in which f (.—?‘) < 0 and f(r) 2 0. There must be a
sub-interval of (—r,r) on which the graph of f has strictly positive slope. Therefore
its slope at z = r is strictly greater than —na(r, f) - f'(r) > —n(r, f). It follows that

AL _ 2 (5) + e ) > 0. (5.16)
Lastly we consider the case in which f(—r) > 0 and f(r) < 0. Similar reasoning to

that in the previous case shows that f/(—r) < n(r, f). Hence

TOD L () 4l ) > 0 em

O

We introduce a finite set of piecewise linear functions fi(z) € RU {—o0}, ¢ =

1,...,n which satisfy, in the (max,+) notation,

(r,@f,) <R, | (8.18)

i=1

( ®f=) < ®T(r ). (8.19)

i=1
We shall prove these properties in the case n = 2 with (f}, fo) = (f, ), from which
the general results follow by induction. Then &L, f; = max(f, g} and @, f; = f+g.

In particular

+ -
mir, f+g) = (F+9) (1’)+2(f+g) (=7

(8.20)
< LT | O _ () £) 4 mr g).

Also

m(r, max(f, g)) = mexlfa) ()+(mex(f,g))* (=r)

(8.21)
< L) | gHgHen) (e £) 4 m(r, g).
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The above inequalities can be proved using general arguments. Elements a,b €
R U {—o0} satisfy (a + b)* < a* + b*, The equality is satisfied if & > 0,b > 0 since
then @ + b > 0. Otherwise the left hand side is strictly less than the right. Also
(max(a,b))* < a* +b*. Here,ifa > 0> b, or if b > 0 > a then the equality is
satisfied. Otherwise the left hand side is strictly less than the right. Then we may
replace @ and b by f(z) and g(z) respectively, and the same inequalities will hold
Vo € [——r., r].

Next we consider the poles of f and g. If all poles of f differ from those of g,
then N(r, f +g) = N(r, f} + N(r, g). However in general their poles may coincide
in which case N(r, f +g) < N(r, f) + N{(r,g). The function max(f, g), as the upper
envelope of f and g will have at most the sum of the roots of f and of g. Therefore
the counting functions satisfy N(r, max(f, g)) < N(r, f) + N(r,g).

Combining the results into T(r, f) = m(r, f)+ N(r, f) and switching to (max,+)

notation,
Trfeg) <T(nH®T(ng), Trfeg<Trf)@T(rg. (822

These are easily generalized by induction to equations (8.18,8.19).

Theorem 8.3.2 If f is a (maz,+) meromorphic function, then T(r, f} = O(r) if
and only if f is a (maz,+) rational function.
- Proof. If f is a (max,+) rational function then there exists R > 0 such that f(r) =
Ajr+ Ay, f(—r) = Asr+ Aq and n{r, f} = As where the A; are constants and r > R.
The result then follows from our definitions of N{r, f) and T'(r, f).

Next we assume that f is a meromorphic function satisfying T'(r, f) < K7, for

some K and all sufficiently large r. From Lemma 8.3.3 we have, for any k > 1,

2 2 2kK
) S G V) S G TR N < gy

Hence f has a finite number of poles. Similarly, using equation (??), we find that
n(r,—f) is also bounded and so f has a finite number of roots. It follows from

Lemma ?? that f is rational. ]

Let f be a non-constant periodic function with period 2w. Then there exist positive

constants K, K such that

Kirt < T(r, ) € Kor?, Vr > w. (8.23)
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Lemma 8.3.3 For any k > 1 we have that

n(r, f) € ———=N(kr, f). | _ (8.24)

2
(k—=1)r
Proof.

n(r, fir =n(r, ) [ dt < [ nlt, f)dt < [F nlt, fdt =2N(@r, ). (8.25)

O

8.4 - Borel-Nevanlinna lemma

Lemma 8.4.1 Let T(r, f), &(z) ond ¢(r) be positive, nondecreasing, continuous
functions with r € [ro,00). Also assume that T'(r, f) > €, and © € [e,00). Then the

Borel-Nevanlinna lemma (see [72]) states that

_9(r) )
T 2T 2
(r+ s ) < 27,), - (20)
Vr outside of a set E which satisfies, for R < o0,
dr 1 1 [TRO gy
—_— 8.27
[En[m,n] B(r) = &(e) * 10g2/; zé(x) (8.27)

In particular, by choosing ¢(r) = 1 and £(x) = z this implies the standard Borel

Lemma (see for example [26]) which states that
1
Tir+ ==, )_<_2Tr, 8.28
(r+ g f) <2700) (8:28)
outside an exceptional set E of finite linear measure, that is f g dt < oo

Theorem 8.4.2 If f is (maz,+) meromorphic, then the (maz,+) counting function

satisfies
n(r, ) < =N, (5.29)

where € > 0, outside of a possible exceptional set E of finite logarithmic measure,

that is [, % <oco.
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Proof. If n(r, f) = 0, there is nothing to prove. From Lemma 8.3.3 with k =
1+ N(r, f)°¢, we have
n(r, f) < 2NGr, YN (1 + e, f
b} — T b N(T, f)e, .

Now we apply Lemma 8.26 with T(r) = N r, ), &(r) - r and £(x) = z¢, which
shows that
r
—_— <
N (r—i— NG, f)e,f) < 2N(r, f),

outside an exceptional set E satisfying

1 N(le)
f rely L ‘ffg(u L )e*f.
Brro,R] T € log2 /. plte elog2

Definition 8.4.3 A (maz,+) meromorphic function is said to be of finite order if

there exist positive numbers o and ro such that T(r, f) < 7%, for all r-> 7.

Corollary 8.4.4 Let f be a finite-order (max,+) meromorphic function. Then for
all 6 < 1, n(r, f) < r=°N(r, f), outside an exceptional set E of finite logarithmic

measure.

Proof. Now N(r,f) < T{r,f} < r°. Choose ¢ < (1 — §)/o. Then for sufficiently
large r, 4N(r, f)¢ < r'~%. Now apply Theorem 8.4.2. 0

The finite-order condition is important in Corollary 8.4.4. Consider the infinite-
order function f such that f () = 0 for all z < 0, f has no roots and its only poles

occur at each non-negative integer n with multiplicity 2*. In this case N(r, f) =

On(r, f))-

8.5 An analogue of the lemma on the logarithmic
derivative

In standard Nevanlinna theory we work with a meromorphic function f of a single
complex variable z. One useful result in Nevanlinna theory is the lemma on the

logarithmic derivative f/(2)/f(z). In [71] an analogue of this lemma was proved for
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the logarithmic difference f(2+c)/f(2), f,z,¢ € C. This result was important in the
classification of difference equations admitting finite-order meromorphic solutions by
Halburd and Korhonen [78].

The {max,+) analogue of the logarithmic difference is f(z + ¢) @ f(z) = f(z +
¢) — flz), fz,ceR.

Lemma 8.5.1 Let f be a (maz,+) meromorphic function. Then
2 - 14)¢] L+e
m(r, f(z +¢) @ f(2)) £ ————{T(r + e, /)*** + o(T(r + c|, /) } , (8:30)

for any € > 0, outside an exceptional set of finite logarithmic measure.

Proof. We define a function g(z) = f(z + ¢) @ f(z). For any p > r + [¢| and

z € {—r,7], the (max,+) Poisson-Jensen formula gives

9(z) = [z +) - £(@) = £((p) + F(=))
+35 2ulllay —z — | = lay — zl)p + cay] (8.31)
—2s 2B =2 = o = [b, ~ z)p + cbl),

with |a,| < p and |b,| < p. We shall next prove (8.30). We first deduce a relation

between ™ and |z| where z € R,
2] = max(z, 0) + max(~z,0) = #* + (—z)*, (8.32)
which implies z* < |z|. Using the results (8.22) we deduce that

mir,g(2)) < m (r, (o) + £(=p)))
+m (7, Sollle, = o — el = la, — 2l + ca,]) (8.33)
+m (r, —L (b~ 5~ = b — 2+ cb,,]) .

We note that the first term on the right is independent of z; therefore,

m(r 5@+ £=m) = (500 +7=p))

| 500+ F(=0)|

H(1£(o) + 1£¢-p)) (8.34)
B(7+(0) + (=) (o)

+f*(=p) + (=F) (=p}}

= Ymlp, ) +m(p, - 1))

IA

I
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Also

3

(755 1w == el = lau =) p + o} )

1 _ ca, 3
< 3 (M= —dl=fo—rll+ lowr = o~ ri +124) < By

since |ay| < p. From the above estimates and Theorem 8.4.2, for any € > 0,

m(r, f(z + ¢} — f(2))

< 14 {3 (o1 + -1 + S 05, 1) + 0l
< % {T(p, £) + T(p, —f) + 6T(p, f)'* + 6T (0, — f)**}
< % {Tl, )+ Tlo,—£)*}

< 2T 4o @)},

outside an exceptional set of finite logarithmic measure. Choosing p = r + |¢| +
1/T{r+|¢, f) and using Lemma 8.26 with r replaced by r +|c|, we obtain T'(p, f) <

2T (r + |, f), outside a set of finite linear measure. O

Lemma 8.5.2 Let T : R*Y — R* be o non-decreasing continuous function, s > 0,
a<l,andlet F={r e R* : T(r) < oT(r + s)}. If the logarithmic measure of F

is infinite, that is, [ % = oo, then limsup,_,, log T(r)/logr = co.

Theorem 8.5.3 Given § < 1, any finite-order (maz,+) meromorphic function f

satisfies the lemma on the logarithmic difference,
m{r, f(z +¢) @ f(2)} = O (r~°T(r, ), (8.35)

outside an erceptional set of finite logarithmic measure.

Proof. Since f has finite order, Lemma 8.5.2 implies that T'(r + ||, f) < 2T(r, f)
outside an exceptional set of finite logarithmic measure. Also, there exist positive
constants ¢ and ry such that T(r, f} < r% for all r > rg. Choose € = (1 — §)/o.
Then T(r, f)¢/r <r7°. _ 0
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Figure 8.2: Graph showing function (8.36)

f(z)

1 z

8.6 Applications to (max,+) rational functions

We consider a (max,+) rational function of degree 1 with Ay = 0,4, =1,B, =0,
f(z) = max(0,z), (8.36)

which has a simple root at z = 0 and no poles. Its graph is shown in Figure 8.2
Its inverse with respect to the ® operation is — f(z) = —max(0,z), which has no
roots and a simple pole at z = 0. We substitute this in the (max,+) Poisson-Jensen

formula (8.1) to give |

flz} = i(max(r,0) + max(—r,0)) + Z(max(r,0) — ma.x(.—r, 0))

— L2~ |z|r)
(8.37)
= §+5-3(—lz)
= e+,

which is an alternative expression of function (8.36). The (max,+) proximity func-

tion (8.6) becomes

m(r, f) _ max(max(r,()),ﬂ)+2ma.x(ma.x(—r,0),0) - %,

(8.38)

m(r’ _ f) __ max(~ max(r,o),ﬂ)-i-zmax(—max(—r,l)},ﬂ) — 0.



CHAPTER 8. NEVANLINNA THEORY ON THE (MAX,+) SEMIRING 110

The (max,+) counting function n(r, f) gives the number of poles of f in the interval
(—r,7), which is zero Vr. It follows that n(r, — f) gives the number of roots, which
equals one, with due count of multiplicities ¥r. The integrated (max,+) counting

function (8.7) becomes
N

NSy =23l =0,  Nr-f)=1. (8.39)

r=1
Then the (max,+) characteristic function (8.8) is
r r
T, f)=mr )+Nr =5 Tr—f)=mln-+N(r, = f) = 5,(8.40)
so T(r, f) — T(r,— f) = 0 =: f(0) as required.

We shall see that inequality (8.24) holds for our current definition of f. There
is nothing to prove for f(x} = max(0,z) since both sides vanish. For —f(z) =
— max(0, z) we have

2 kr k
< — =
<G -orz " k=1
Similarly we shall see that inequality (8.29) is satisfied. Again it holds trivially for

k> 1. (8.41)

f(z) = max(0,z). For —f(z) = — max(0, z) we have

1<2 (g) (8.42)

which is true for sufficiently large r. We next consider the difference function,

assuming ¢ > 0,
,

0, z<—c
flz+e)@ f(z) =max(0,z +¢) —max0,z) = ¢ z4+¢, —c<z<0 (843)
L & x>0,
while if ¢ < 0 then the difference function vanishes.
( 0, z<0
flx+c) @ flz) =max(0,z+ ¢) —max0,z) ={ —z, 0<z<—-c (8.44)
L & T = —C.

The '(ma.x,-f—) proximity function (8.6) is, for arbitrary c and r > |¢|,

c

m(r, f(z +¢) @ f(z)) = 5 ' (8.45)
We next substitute into the lemma on the logarithmic difference (8.30),
e r
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Single ramp (max,+) rational function

Figure 8.3: Graph showing function (8.47)

f(z)
h 4

—k k z

The next piecewise linear function we shall consider has f(z) = 0 as £ — —o0,

and f(z) =h > 0 as £ — oo. It is non constant only within a range centred on the

origin,
0, z < -k,
r) = L k), -k<z<k,
/(@) w(@+k), —k<o< (8.47)
h, k<.

= 1(max(0, h(z/k + 1)) — max(0, h(z/k — 1)))
Its graph is shown in Figure 8.3. We note that f(z)} has a root of multiplicity h/2k
at £ = —k and a pole of multiplicity h/2k at = k. In order for f(x) to be (max,+)
rational we require h/2k € N.
 Weshall apply our findings to the {max,+) Poisson-Jensen formula (8.1) to check
we recover the original function. We-let r > k, where & € (~n, 7). In fact we may
let » — oo in which case z € R. Then
flz) = Ber+a)—Lh@?—|k+alr+ ko) + LA(2 |k —a|r — k)
= AQk+|k+a|—|k—z),
which may be shown by working out a few specific cases to be equivalent to the

original form (8.47).
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8.7 Application to a (max,+) meromorphic func-

tion
Figure 8.4: Graph showing function (8.48)
f(z)
h L
6k —4k —2k 2%k 4k 6k =
—h

. We shall consider a periodic (max,+) meromorphic function f(z), z € [—o0, +00).
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It oscillates between +h with period 4k, with h/k € N, and f(0) = h. Then

2

hz/k+5), -6k<zx< -4k,
h(~z/k—3), —4k <z < 2k,
@y =4 MEFTD (8.48)
h(—z/k+1), 0<a<2k
hzfk—3), 2 <z <4k,

h(—z/k+5), 4k <z <6k,

\

Its graph is shown in Figure 8.4. Substitution of f. and — f respectively in (8.6) give

)
h(-r/k+1), 0<r<k,
0, E<r<3k,
h(r/k —3), 3k<r <4k,
m(r, f) =< r/k=3) (8.49)
h(-r/k+5), 4k <r <5k,
0, 5k <r <7k,
' 0, 0<r<k

hr/k—1), k<r<?2k,

h(—r/k+3), 2k <r <3k,

mr,—f) = MTT/RHE BesT (8.50)
0, 3k < r < 5k,

hr/k —5), 5k<r <6k,

We see that the function (8.48) has roots at z = 4k(p + 1), € Z and poles at
z = 4kv,v € Z, and each root or pole has multiplicity 2h/k, where h/k € Z. We
note that each root or pole z = a is repeated at = —a, except for the root or pole
at the origin which is not repeated. Then the (max,+) counting function (8.7} for

our cases is

hr/k, 0<r <4k,
N(r,f) =13 h(3r/k—8), 4k <t <8k, (8.51)

.



CHAPTER 8. NEVANLINNA THEORY ON THE (MAX,+) SEMIRING 114

4

0, 0<r <2k,

R(2r/k—4), 2k<r <6k,
N(r,—f) = (k= 4) i (8.52)
h(4r/k — 16), 6k <r < 10k,

\ .
We can now calculate the Nevanlinna characteristic T(r, f) = m(r, f) + N(r, f) for
f and — f respectively,

7

h, 0<r<k,
hr/k, k<r<3k, .
T(r,f) =< h(2r/k—3), 3k<r< 5k, (8.53)

h(3r/k —8), Bk <r< Tk,

]

0, 0<r<k,
Rir/k—-1), k<r <3k,
T(r,—f) =13 h(2r/k—4), 3k<r <5k, (8.54)

h(3r/k—9), 5k <r <7k,

\
Then we calculate T'(r, f) — T(r,—f) = h =: f(0) as expected from the (max,+)
analogue of Nevanlinna’s first main theorem (8.12), for r € [0, 7k). Since f(z) was
defined to repeat to infinity it follows that the result holds for arbitrary values of r.

8.8 Applications to ultra-discrete equations

The main application that we have in mind for (max,+) Nevanlinna theory is as
a measure of the complexity of solutions of ultra-discrete equations. In particular,
the aim is to use ideas from (max,+)} Nevanlinna theory to classify equations that
are natural ultra-discrete analogues of the Painlevé equations. Many such equa-
tions have been considered in the literature recently [67, 70, 68, 76, 73]. Most of
these equations have been obtained directly as ultra-discretizations of known discrete

Painlevé equations. Examples of such equations include

Ynsl + Yn1 = max{y, +n,0} — yn, (8.55)



CHAPTER 8. NEVANLINNA THEORY ON THE (MAX,+) SEMIRING 115

Ynsl +Un—1 = a+max{y,,n} — max{y, +n,0} — ys, (8.56)
Un+1 + Yn—-1 = max{n + a, yﬂ} + max{'n, —a, yn}

—max{y, + n + b,0} — max{y, + n — 5,0}, (8.57)

where @ and b are constants.

Conventionally, only solutions of ultra-discrete equations that are functions from
Z to itself are considered. However, equations such as (8.55-8.57) can be re-
interpreted as equations for a continuous piecewise linear real function ¥ of a real
variable z. In particular, instead of equation (8.55), we consider the “extended”

equation
y(e +1) +y(@ - 1) = max{y(z) + 2,0} —y(z), zeR (8.58)

It now makes sense to ask about the existence and general properties of {max,+)
meromorphic solutions of equations such as (8.58). Based on analogous consider-
ations of {genuine) meromorphic solutions of difference equations in the complex
domain in [54, 68, 78], it is natural to begin by considering ultra-discrete equations
admitting finite-order (max,+) meromorphic solutions. We will present evidence
that this property can be thought of as an ultra-discrete analogue of the Painlevé
property. The Painlevé property is property is closely associated with the integra-
bility of differential equations.

We begin by addressing some simple questions on the existence of (max,+) mero-

morphic solutions.
Lemma 8.8.1 The equation

y( +1) = y(z)®" = ny(z) (8.59)
admits a non-constant (maz,+) meromorphic solution on R if and only if n = £1.

Proof. If n = 0 then y = 0 is the only solution. Recall that any periodic (max,+)
meromorphic function is of finite order. If n = 1 then y is any (max,+) meromorphic
period one function. If w is any period two (max,+) meromorphic function, then
y{z) == 'w(:s +1) —w(z) is a (max,+) meromorphic solution of equation (8.59) with

n=-—1.
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If v is non-constant then 3z € R such that 3’ exists and is a non-zero integer
m at zo. It follows from equation (8.59) that for all v € Z, y'(zo — v) = m/n".
Therefore if v # +1 then for sufficiently large v, 0 < |y (xo —v)| < 1, and hence the

slope is not an integer. O

Note that the (max,+) Nevanlinna characteristic can be defined for arbitrary
continuous piecewise linear functions (not necessarily with integer slopes) if we allow
the counting function n(r, f) to count poles of non-integer multiplicites (i.e., the
differences in slopes). For now we remark that allowing for non-integer multiplicities,
the extra condition of finite-order needs to be added to the assumptions in equation
(8.59) in order to reach the same conclusion.

Apart from the analogue of Clunie’s lemma which we derive in section 8.9, we

shall restrict our attention to ultra-discrete equations of the form

y(z +1) @ y(z - 1) = Riz, y(z)), (8.60)

where R is (max,+) rational in  and y. We remark that all such equations admit
infinitely many (max,+) meromorphic solutions. To see this, choose y(0) and y(1)
to be any real numbers and calculate y(2) := R(1,%(1)) — »(0). Now define y on
(0,1) U (1,2) such that y is a continuous piecewise-linear function on [0,2] with
integer slopes wherever ¥’ is defined. Then the equation itself extends y uniquely to
a (max,+) meromorphic solution on R.

We will show that large classes of equations of the form (8.60) admit infinite-
order solutions. In the simplest cases, this can be achieved by showing that there
is a sequence of integers (1) such that |v;| — oo and y(zo + 1) = C* for some

C>1.

Lemma 8.8.2 Let y # 0 be o (maz,+) meromorphic solution of
y(z +1) ®y(z - 1) = y(=)*", : (8.61)
for some n € Z. If y is of finite order then |n] < 2.

Proof. Let
nEtvn?—4

A = =
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Jzy € R such that y(zo) # 0. Therefore, for at least one choice of “+” or “—", we
have that y(zg + 1) # A+y(%o). Then for each v € Z,

y(wo +v) =@l + AL, (8.62)

where

_ ylzo +1) = Ay(zo) _ ylzo+1) = Ayy(zo)
a= e Al and (= P

are not both zero.
Now if n > 2, then Ay > 1 and A~! > 1, while if n < —2 then —A_ > 1 and
—A7! > 1. Hence either y(zo + v) or y(zo — v) grows exponentially as v tends to

infinity on the even integers. So T'(r,y) is not bounded by a power of r. O

Theorem 8.8.3 Let P(y) = max{ao, a1 +,...,ap+py} and Q(y) = max{bo, by +
Yy bg + qy} be two (maz,+) polynomials with no common roots and neither a,

nor by is —oo. If |p — q| > 2, then the equation
y(z+1) +y(z - 1) = P(y(z)) - Qy(z)) (8.63)
admits infinitely many infinite-order (maz,+) meromorphic solutions.

Proof. If y is sufficiently large for all z larger than some number £, then equation

(8.63) reduces to

ye+ 1) +ylz—1) = (p— qy(z) +a, ~ by,

for all z > £. If p— ¢ > 2 then, given a > 0, there is a family of solutions such that

any member evaluated at an integer v > £ has the form

by~ a, +a((p—q)+\/—(p—q)2—4)”.
2

y(rf)=p_q_2

So y and hence T(r,y) grow exponentially. If p — ¢ < —2 then the same argument

works with a minus sign in front of the square root. a
In (73], Joshi and Lafortune consider the equation
Yn + 3Yn + Yn-1 = max{n + K, 0},

where K is a constant, as an example of an ultra-discrete equation that does not

possess their singularity confinement property. Analogously, we have the following.
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Lemma 8.8.4 Let K be a positive constant and let y be a (maz,+) meromorphic

solution of
y(z +1) + 3y(z) + y(z — 1) = max{y(z) + K, 0} (8.64)
such that y(0) > 0, y(1) < —K and y(1) < —y(0). Then y has infinite order.

Proof. 1t is straightforward to show by induction that for all n > 1, if n is odd then
y(n+1) > —2y(n) > 0 and if n is even then —y(n + 1) > y(n) > 0. Hence y grows
exponentially on N. _ i

In [76], Joshi and Lafortune considered the ultra-discrete equation
Xo-1+ Xn + Xnt1 = max{X, + ¢,,0}.
and showed that the condition for singﬁlarity confinement is

Dras — Pnt3 — Pny2 + On = 0.

That is,
$n = a+ Bn+y(-1)" +dcos (%Tn) + wsin (2_7;2) .
We consider the analogous equation
y(x — 1) + y(z) + y(z + 1) = max{y(z) + ¢(z), 0}. (8.65)

The confinement criterion now becomes
¢(z) = mp(z) + m3(z) + Nz + C,

where m; and 73 are arbitrary periodic (max,+) meromorphic functions of period 2
and 3 respectively, and NV is an integér and C' is a real number.

We note some important observations of equation (8.65). Analytically it can be
shown that the solutions of equation (8.65) are of finite-order if ¢ is a linear function.
Furthermore, numerical studies suggest that if ¢ is a periodic function of order 2
or 3 {or a sum of such functions) then the order of y is finite. If ¢ is chosen to be
a (max,+) meromorphic function of period 4 or 5 then y appears to have infinite
order. However, when ¢(z) is chosen to have the form = +1(z), where ¢ is bounded,

then numerical studies suggest that ¥ is finite order, regardless of the precise form
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of ¢». However, in the cases studied, for sufficiently large z, the solutions of equation
(8.65) are identical to (not merely asymptotic to) solutions of simpler “integrable”
ultra-discrete equations. This is quite unlike the complex analytic setting in which
we have uniqueness of analytic continuation.

In (78], the classification of difference equations admitting finite-order meromor-
phic solutions in the complex domain relied on estimating the relative distribution
of the points at which the solution, ¥, hits one of the finite singular values of the
equation and the distribution of the poles of . The method used naturally led to a
variant of the usual singularity confinement method. An analogue of this part of the
argument exists relating the distribution of the singular values where y(z) = —¢(z)
to the poles of y, using method related to singularity confinement. In order to de-
duce that non-confinement implies that the sclution has infinite order, we need to
show that there are “many” points at which the solution takes a singular value. In
the complex analytic case [78], this is guaranteed by using a difference version of
Clunie’s lemma and Nevanlinna’s first main theorem. Below we present an ultra-
discrete version of Clunie’s lemma, however, it is the absence of a strong (max,+)
version of Nevanlinna’s first main theorem that prevents the same argument going
through, Indeed, when ¢ grows sufficiently fast it appears from numerical studies
that any solution only hits a singular point a finite number of times.

In [77], Grammaticos, Ramani, Tamizhmani, Tamizhmani and Carstea show that

the equation

y(z +1) =ylz - 1) + ly(z)| (8.66)

does not possess the ultra~discrete singularity confinement property. From the
(max,+) Nevanlinna point of view, equation (8.66) possesses infinite-order (max,+)
meromorphic solutions. In particular, if y(0) = y(1) = 1 then (y(n))nen is the

Fibonaceci sequence, which grows exponentially.
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8.9 Clunie’s lemma for (max,+) meromorphic func-
tions

We will present an analogue of Clunie’s lemma for ultra-discrete equations. Let
A= (X0, A1, ..., Am), where the A;s are non-negative integers, be a multi-index with

respect to the shifts (0,¢;,...,cn) € R™L, Let
M) = Xof(2) + Mf(z + 1) + - Anf (T + om)-

An expression of the form

Y @) ® F2X(a),

_ AEA
where A is a finite set of indices, is called a (max,+) polynomial in f and its shifts.

We will say that the coefficients are small if T(r,ay} = o{T(r, f)) outside a set of
finite logarithmic measure.

The following is a natural analogue of Clunie’s lemuma.

Theorem 8.9.1 Let P(z, f) and Q(z, f) be (maz,+) polynomials in f and its shifts
with small coefficients. If f is a finite-order (maz,+) meromorphic function satisfy-
ing ™ (z)P(z, ) = Q(z, f), where the degree of Q in f and its shifts is less than

or equal to n, then for any § <1,
m (r, P(z, f)) = O (r—°T(r, f)) + o(T(r, ),
outside an exceptional set of finite logarithmic measure.

Proof. Givenr > 0,let Sy :={s: f(s) > 0and|s|=r}and S_ = {s : f(s) <
0 and |$| = r}. Then

m(r, P(z, ) = 5 (Z Pls, )"+ 3 P(s,f)+) .

sES a€8_

Let P(z, f) = Yoen, ax(2) ® £ (z) and Q(z, f) = Tyep, ta(2) ® f®X(2). For any
TES_,

Pa,f)= Y, a@ef@efet+ta)® 8/ (@+cn)
(MossAm)EAP
< Jmax {ax(@)+ X[f(z+a) = f@)]+ -+ Anlf (@ +en) - Fl]}-
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So using the lemma on the logarithmic difference (8.35), we see that
> PG, N =0T, ) +0(T(r ),
sES-

outside an exceptional set of finite logarithmic measure. For z € S, we note that

P(z, f) = Q(z, f}) — nf and the degree of @ is at most n. Hence
P(e, /) S max {by@) + Mlf@ ) = S@] 4+ Anlfl + m) — S0}
OéAva
So again using the lemma on the logarithmic difference (8.35) we find that
> PN =0T ),
€S}

outside an exceptional set of finite logarithmic measure. a



Chapter 9
(Max,+) algebraic entropy

In this chapter we shall work with numerical simulations of various integrable and
nonintegrable ultra-discrete equations. The ultra-discrete Painlevé equations are
prototypal integrable equations, while perturbations of their coefficients are believed
to lead to nonintegrable equations. The conclusions we reach are believed to be
original.

We consider those ultra-discrete equations in a dependent variable X, where
n € Z such as

Xnt1 X, @ X1 =00 X, ® K,

where K is an arbitrary constant. A solution of such an equation is a sequence of
iterates. Moreover we shall let each iterate be a (max,+) rational function of an
auxiliary variable z G R U {-o00}. Then we shall define the degree ¢, of X,,(x). As
initial conditions we specify the (max,+) rational functions Xp(z) and X;(z).

The evolution of the degrees of successive iterates is investigated for different
ultra-discrete equations. The equations are grouped according to whether they are
integrable or not, determined by whether they satisfy the singularity confinement
test for ultra-discrete equations introduced in [73]. Our aim in doing this is to
look for an analogue of the concept of algebraic entropy from section 6.3, which
can be used as a detector of integrability in discrete equations. We conclude that
zero algebraic entropy appears to be a necessary condition for integrability of an

ultra-discrete equation.

122
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9.1 Theory

We shall work with ultra-discrete equations in a similar way to which we worked with
discrete equations in section 6.3. That is we consider the iterates of an ultra-discrete
equation to be (max,+) rational functions of an auxiliary independent variable z €

R U {—o0}. This function X,(z) takes the form

Xa(®) = (D320 Ani ® %) @ (Do Brj ® o) 0.1)
= max{2,(Ani + iz) — max{®o(By; + jz)

where on the right we have switched from (®, @) notation to conventional {max,+)
notation. The degree of X,,(z) is g, := max(s,, t,). We must ensure that a {max,+)
rational function is represented such that there are no additive factors that might
affect the degree; for example f(z) = max(6x, 7z) — max(3z, 5z) might naively be
said to be of degree 7, but it may be simplified to f(x) = 3z — max(0, z); therefore
its degree is 3.

Our intention is to study the evolution of the degree ¢, of a sequence of {max,+)
rational functions X, (z), which are related by a second-order ultra-discrete equation.
We define the algebraic entropy of an ultra-discrete equation in the way we defined

it for a discrete equation, namely as equation (6.24),

s:= lim I—Og—gﬂ.
R—00 T

We recall that an (nonintegrable) equation with exponential degree growth has
nonzero algebraic entropy whereas an (integrable) equation with polynomial degree
growth has zero algebraic entropy.

We will describe how to calculate the degree of a (max,+) rational function 9.1)
from its value distribution. We see that X,,(z) has s, roots and ¢, poles in RU{—o0}, '
counting multiplicities. It is necessary also to consider the behaviour of Xn(z) at

z = +00. We see that for large z (9.1) is
Xo(z) = kn + (80 — ta)z,

where each k, is an arbitrary constant. If s, = t, then it-follows that X,(z) has no
roots or poles at infinity. If s, < ¢, then X, (z) has a root at infinity of multiplicity

max(0,t, — s,), and the degree is the number of roots in R U {£o0} counting
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multiplicities, s, + max(0,?, — s,) = max(s,,t,) =: ¢. If 8, > ¢, then X,,(z) has a
pole at infinity of multiplicity max(0, s, —¢,), and the degree is the number of poles
in R U {£o0} counting multiplicities, ¢, + max(0, s, — t,} = max(sn,tn) =: gn.
Next we describe a way to calculate the number of roots or poles of X,,(z). We
recall the function (7.25) which calculates the multiplicities of any roots or poles at
given x,
wx(@) = lim [X1( +¢) = Xi(@ - &)

Xn(r4+v)=2Xa(2)+Xn(z-v)
v

In practice we will work with the approximation wx, (z) =~
where v € R is small but finite. In order for this to suffice we must take v to be
sufficiently small such that X,(x) does not “wiggle” up and down between integer
points.

The numbers of roots or poles in RU{—o0} counting multiplicities are then given

by

v max (O,QX,,(:I: + 1) = 2Xp (@) + Xo(z — v)) ’

VoevZ
where o = +1 c:fmts only roots while @ = —1 counts only poles. The para.met;er
v is again taken to be small so that vZ =~ R. In practice we take the domain of =
to be finite and large, compared with the orders of the coefficients in our (max,+)
rational functions, so that we may assume that there are no roots or poles outside
the domain. /
Because the domain must be finite we will also have to deduce whether the

function has roots/poles at —oo. Define z; € R such that f'(2) = m¥Vz < z;. Then

—oo is a root of multiplicity m if m > 0, but is a pole of multiplicity —m if m < 0.

9.2 Examples of ultra-discrete equations
We shall work with the following ultra-discrete Painlevé equation, which is a form
of u-Py,

Xns1 + Xn + Xpo1 = max(X, + a+n,0), {9.2)

where @ € R is constant. This example is taken from [68] where many examples of
ultra-discrete Painlevé equations are given. That paper extends the definition of a

Painlevé equation to ultra-discrete equations.
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It was first reported in [73] that a generalization of equation (9.2) which also has
the property of singularity confinement in the sense of section 7.5 and is therefore

believed to be integrable, is
Xn-i—l + Xn + X -1 = ma-X.(Xn + q)n, 0), (9.3)

2mn 2
Qp =a+ B(- 1)”+7cos( 3 )+5 (%n)+)\n.
Note that this is equivalent to the Painlevé equation (9.2) with 8 =~v=§ =0 and
A = 1. We shall make the change of variables X,, — X, — vcos(%2) — § sin(32),

and using the trigonometric addition formulas we also have

Xn+1 — n+1
7 (hoos (22) + in (2)) +5 (fin (352) — Poos (32))
Xﬂ-l — n—1

+’7( cos (#£2) — J£sm (2""”)) +5( sin (27’”) + JCcos (2";”)) .

Substitution of this transformation in equation (9.3) cancels the trigonometric terms

(9.4)

in ®,,. It follows that without loss of generality we can set v = § = 0 there.
Next, we wish to consider an ultra-discrete equation which is not integrable,
that is does not satisfy singularity confinement. To obtain one we change one of the

coefficients in u-P; to obtain
Xn+1 +3X, + Xy = max(X, + a + n,0). (9.5)

The next ultra-discrete equation we shall work with is a form of u-Py, which is also

taken from [68],
X1 + Xp1 — X = max(—X, +n + ,0) — max(X,, + n+ b,0). (9.6)

 Also from [73] a generalization of (9.6) which has confined singularities is

Xnt1 + Xno1 — Xy, = ¥y, + max(— X, + &,,,0) — max(X,, + &,,0), (9.7)
@, = a4+ fn+ycos (%Tn) + Jsin (%Tn) ,
v, = #(_l)n +v,

and a non-Painlevé form of (9.6) is

Xn+1 + Xpm1 — 3X5, = max(— X, + n + a,0) — max{X, +n + b, 0). (9.8)
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9.3 Numerical results

As with any second order equation, to determine a particular solution we must
specify two initial conditions, which in our case are (max,+) rational functions. We

choose
Xo(z) = max(—15,2 — 5,2z — 2,3z, 4z + 4)
— max(0, z, 2z — 4, 3z — 15),
Xi(z) = max(-19,z — 8,2z — 5,3z — 3,4x)
—max(1,z — 3,2z — 6,3z — 16, 4z — 22).

(9.9)

Also, to investigate the effect of varying the initial conditions we choose a second

set,
Xo(z) = qoz, Xi(z) = quz, . (9.10)

These are (max,+) rational functions of the form (9.1) with (so,%o) = (go,0) and
(s1,t1) = (q1,0). The coefficients are Ay = Ay = 0 and Ay = —00,i < s,
Ajp = —00,i < 8.

We see that the initial conditions (9.9) have (go, ¢1) = (4,4), where the degrees
can be reduced by deleting appropriate terms.

In all simulations we shall work with the step size v = 0.01, which seems to
be sufficiently small to account for “wiggling” of our sample functions. Then the
presence of roots or poles at z is given by

Xn(z +0.01) — 2X,,(z) + Xp(z — 0.01)
0.01 )

wx, (z) ~

We shall calculate this at all points z € 0.01Z in the range [-100, 100]. All roots
and poles in our analysis seem to be well within this range and none were found
outside it, excepting those expected at %oo. '

Tables 9.1 and 9.2 show the sequences of degrees obtained from iterates of the
non-integrable equation X,11 + 3X, + X,—; = max(X, + n,0). The plots of g,
against n show in all cases distinctly exponential evolution. To confirm this, plots
of log ¢, against n are approximately linear. Although the exact numbers ¢, differ
between the tables, the graphs are nearly the same and this is independent of initial

conditions besides their degrees.
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(0,1) | (44) (43) (42) (41) (40) (34) (24) (1,4 (04) (01) (1,0
%@ 6 13 10 7 4 15 14 13 12 3 1
@ 39 3% 27 15 12 36 33 30 28 5 3
4 9 80 62 3 28 8 76 69 64 12 7
gs | 203 179 138 77 64 172 156 140 144 19 16
g | 424 367 284 169 132 361 328 295 300 45 33
¢ | 877 759 585 335 276 708 639 570 620 71 69
gs | 1734 1484 1148 692 540 1429 1204 1159 1224 168 135
go | 3457 2971 2200 1325 1088 2740 2468 2196 2440 265 272
qio | 6688 5701 4410 2671 2084 5447 4926 4405 4716 627 521

Table 9.1: Evolution of degree using equation (9.5) with a = 0, with initial condi-

tions (9.9).

(@00} | (44) (43) (42) (41) (40) (34) (24 (14 (04 (O1) (1,0
@ |16 13 10 7 4 15 14 13 12 3 1
e |40 33 26 19 12 37 3 33 28 7 3
@ | 92 76 60 4 28 8 78 71 64 16 7T
gs | 196 163 130 97 64 180 164 148 132 33 16
g | 408 339 270 201 132 375 342 309 276 69 33
g | 816 681 546 411 276 747 678 609 620 71 69
gs |1628 1356 1084 812 540 1493 1358 1223 1088 272 135
g | 38172 2651 2130 1609 1088 2900 2628 2356 2084 521 272
qo | 6224 5180 4154 3119 2084 5703 5182 4661 4140 1035 521

Table 9.2: Evolution of degree using equation (9.5) with a = 0, with initial condi-

tions (9.10).
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Evolution equation

Degree growth

Xps1 + Xn + Xy = max(0, X,, +n)
X1+ X + Xy = max(0, X, + 3 + 2n + 5(—1)")
Xn1 + Xn + Xno1 = max(0, X, + 1 + cos(352))
Xnt1 +2X, + Xny = max(0, X, +n)
Xns1 = Xn + Xn-1 =1+ (=1)" + max(0, X, + n) — max(0, X,)

Slow /linear
Slow/linear
Slow /linear

Slow/linear

Slow/linear

i

Table 9.3: Evolution of degree of iterates X,,(z) according to particular integrable

discrete equations.

Evolution equation

Degree growth

Xpy1 +3X,, + X—y = max(0, X, + n)
Xnt1 + X + Xnor = max(0, Xy, + n + cos(Z2) + sin(Z))
Xnt1 + Xn + Xnoy = max(0, X, + n® + cos(52))
Xop1 + Xn/2 + Xp—1 = max(0, X, + n)
Xps1 + Xp + 2Xpy = max(0, Xp + 1)
Xpt1 + Xn + Xpn1 = 3max(0, X, + n)
Xnt1 = 3Xn + Xpo1 = 14 (—1)* + max(0, X, + n) — max(0, X,,)

Exponential
Slow/linear -
Slow/linear
Slow/linear
Exponential
Slow/linear

Exponential

Table 9.4: Evolution of degree of iterates X,(z) according to particular non-

integrable discrete equations.




CHAPTER 9. (MAX,+) ALGEBRAIC ENTROPY _ 129

We see from table 9.3 that for all integrable equations, the evolution of the degree
with increasing n is slow and not exponential. This is also the conclusion reached
from plots of log ¢, against n. As for the non-integrable equations considered in
table 9.4, the type of degree growth seems dependent only on the coefficients (a, b)
in the term X,41 + aX, + bX, 1 on the left hand sides of the equations. Namely if
|ab] < 1 then the degree growth is slow, but if |ab| > 1 then a multiplicative factor
of |ab|™ may be expected in the nth iterate, leading to exponential degree growth.

According to the definition of algebraic entropy provided by equation (6.24), ex-
ponential degree growth corresponds to nonzero algebraic entropy while slow/linear
(polynomial) degree growth corresponds to zero algebraic entropy. We conclude
that zero algebraic entropy appears to be a necessary condition for integrability of

an ultra-discrete equation,



Appendix A

Lie algebras and Lie groups

We consider a Lie algebra g which has a basis of N elements {e;}, i = 1,2,... N,
defined locally by the commutation relations

leir &5] = C¥yen, (A1)
k

li5
of the Lie algebra. The elements {e;} of g are said to be the generators of an element

where the constant components of the tensor C¥; = C  are the structure constants

of a Lie group G. They generate the group elements by means of exponentiation.

An element g € G is
g = exp(fey), (A2)

where {6°} is a set of N arbitrary parameters which give a particular group element.
We will work with a Lie algebra valued Yang-Mills connection on a manifold M

given by
A= A:;e,;dx“. ' (A.3)

The e; are generators of a Lie group G, and are therefore elements of the corre-
sponding Lie algebra g. The z* are coordinates chosen on a part of the manifold

M. The connection is a function of these coordinates.
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Appendix B
Outline of general relativity

We consider a D dimensional pseudo-Riemannian manifold M whose points are
spacetime events; see for example [4]. We describe a local patch of M by means of
a set of D spacetime coordinates £ = (z#). Then we give the invariant spacetime
interval

ds® = g, (z)dz"dz",

where g,,(z) is called a metric. The metric describes the local gravitational field
which is, according to general relativity, synenymous with the geometry of space-
time. l

We proceed in our aim by defining an object called the affine connection,

1
FA,‘U = 59)\5(3“9”” + augnu - ang,t.w):

where g, = W‘r’“.

We define the Riemann tensor,

R"W, =90, - 9,1, +1° 1 —T° I (B.1)

kpt pv pu?
which is of second order in derivatives of the metric. Defining the Einstein tensor

Guv = Ru — 3Rgu, where the Ricci tensor Ry, = R

\sw and the Ricel scalar

R = g™ R, we are now in a position to write the Einstein field equations [4, 5, 7, 8],
GCru + Mgy = 87GT,,. (B.2)

We shall work in units in which ¢ = i = 1. The stress-energy tensor T},, quantifies

any present external sources of the field. The cosmological constant A acts as an in-
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trinsic pressure source [5]. A local solution (M, g,,) of (B.2} exhibits diffeomorphism
invariance, under coordinate transformations z# — #(z).
Considering the case where A = 0, and when there is also no matter to act as a

source hence T, = 0, we have the vacuum field equations

1
G = Ry, = 5 Rg = 0.

The trace of these equations is R(1 — ;D) = 0, yielding R = 0 provided that D # 2.
Solutions 9w of this reduced equation are said to be Ricci flat. However, such
solutions are not necessarily flat (in which case the Riemann curvature tensor would

vanish) since a gravitational field can act as its own source [5].
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