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A APPENDIX 

The aim of this appendix is to complete the thesis. Novel and original work 

that was presented in the previous chapters is complemented by the appendix. 

Additionally, well known essential theories, such as the beam's and 

plate's partial differential equations, are also presented herein to enable a fast 

understanding when deriving vibrational energy flow (VEF) of these 

structures. In particular the derivation of the internal forces and moments of a 

transversally vibrating beam and plate was included, in order to gain a better 

understanding when deriving the VEF expressions of beams and plates. 

Further, results obtained on the theoretical and practical computation 

of VEF in beam and plate structures are presented using tables and figures. 
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Appendix 

Appendix Al 

Partial Differential Beam Equation 

The partial differential beam equation is derived using classical Euler­

BernouIli theory. The beam is assumed to be homogenous and isotropic. The 

displacement is considered to be small, thus tan( a) '" a. As shown in 
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Figure ALl Infinitesimal small beam element under bending. 

x 

Figure Al.l, the infinitesimal small increase in angle (BpIBx)dx at the right­

hand side due to flexural wave motion of the small beam element is given as: 

02U X 
--2 dx = --. 
ox z 

(ALl) 

Here, u is the lateral displacement, which is a function of space and time. 

Vibration behaviour is derived from the linear elastic stress-strain­

displacement relations. Inserting the strain-displacement relation, ex = xl dx, 
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where S, is the normal strain in the x direction, into equation (ALl), the 

normal tensile strain on the small beam element is defined as: 

o'u 
ex = -z--,. ox (A1.2) 

Applying Hooke's law for a linear elastic medium, the normal linear stress 

distribution of the small beam element is given by: 

o'u 
CT, = -Ez--, . ox (A1.3) 

The material dependent constant E is known as Young's modulus. Multiplying 

the normal stress Ux by a moment arm z that is perpendicular to the cross­

sectional area A and integrating this product over the beam's cross-sectional 

area, the bending moment My can be found to be: 

(AI.4) 

The material geometry dependent factor I is the second moment of area. By 

taking moment equilibrium on the small beam element (positive sign in 

clockwise direction): 

-My + (My + o;:y dX) + F,dx = 0, (Al.5) 

one can find the shear force F, to be: 

(Al.6) 
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It can be seen that the shear force is the spatial derivative of the bending 

moment. The partial differential equation of motion may be derived by 

applying Newton's second law of motion on the infinitesimal small beam 

element as: 

( OF) 02U F, - F, + --' dx = pAdx-, . ox at (A 1.7) 

The relation given in equation (A1.7) is the internal reaction to external load 

application. Substituting equation (A1.6) into equation (A1.7), the general 

inhomogeneous partial differential equation of a transversally excited beam 

forced by a general load is given by: 

El 04U(x, t) A 02U(X,t) = (x t) 
ox4 + P ot2 p" (A 1.8) 

where p(x,t) is the load applied per unit length. In the case of a point force 

excitation, the applied load term can be written as: 

(A1.9) 

Here, Po is the applied force amplitude, j = -../-1, ro/21t is the excitation 

frequency applied at excitation location :z;, and 0 represents Dirac's delta 

function. The Euler-llernoulli theory neglects shear deformation and rotary 

inertia effects. The upper frequency limit is given by A :-:; 6t, where A is the 

wavelength and, t is the beam's thickness. Linear hysteretic damping can be 

introduced to the beam's partial differential equation straight forwardly by 

employing a loss factor 11 in the normal stress equation (A1.3) as [114]: 

. 02U 
(Jx = -E(l + )1))Z-2 . ox 
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Appendix A2 

Time-Averaging of Complex Instantaneous Quantities 

The time-averaged vibrational energy flow in a beam under sinusoidal load 

variation is given by: 

(P(t)}, = - J F'sv,dt - J MBwBdt . 1 ( TT) 
Too 

(A2.1) 

If one assumes the shear force Ps as a real quantity, the following can be 

written as: 

Fs = Ps, cos (wt) . (A2.2) 

The respective translational velocity component Vs, which is also real, is given 

by: 

Vs = vs, cos(wt - '1')' (A2.3) 

Herein, cp is the phase difference between force and velocity. Analogously, the 

bending moment Me is: 

MB = Mn cos(wt), , (A2.4) 

and the angular velocity wB is given by: 

wB =wB,cos(wt-rp). (A2.5) 
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By substituting the above defined force and moment terms as well as its 

appropriate velocity components into equation (A2.1), the time-averaged 

energy flow of these real quantities is: 

(A2.6) 

Analogously, when using pure imaginary force, moments, and velocities, 

defined by the sine function, the time-averaged energy flow of imaginary 

quantities is given by: 

(A2.7) 

However, in this work the shear force, translational velocity, bending moment 

and angular velocity are employed as complex quantities and, thus, 

F. = F. eiwi v = v ei(wt-,) M = M eiwt and w = w eJ(wt-~). Neglecting the s so's 80 'B Ba B Do 

time independent amplitudes, it can be shown that: 

(A2.8) 

The asterisk * denotes conjugate complex of the velocity term and, !R denotes 

the real part of the complex energy flow expression. By solving the integral on 

the right-hand side of equation (A2.8), time-averaging of complex products 

can be written as: 
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Thus, in general it can be written [102]: 

(A2.10) 

Here, (), denotes the time-averaging of two complex quantities, A and B. 

Similarly, when the time-averaged product of the imaginary part is of interest: 

(A2.11) 
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Appendix A3 

Partial Differential Plate Equation 

The derivation of the plate's differential equation is similar to the beam case. 

Also here, classical Euler-Dernoulli theory is employed. The pllite is considered 

y 

z 

w -_ ----

8w 
u=-z-

8x 

z 

--- ---- --- --). 
8w 

---__ 8x -- ............ 

Figure A3.1 Deflection and rotation of the plate element under lateral load. 

x 

to be homogeneous and isotropic. Thin plates are considered only. Thus, 

h« Lx and h« Ly, where Lx is the plate's length, Ly is the plate's width and, h 

is the plate's thickness. Further, it is assumed that the normal of the middle 

plane before bending is deformed into the normal of the middle plane after 

bending. The stress in direction of the plate's thickness (jx is neglected. Finally, 

the middle plane remains unstrained after bending [136]. In contrast to the 

beam, the infinitesimal small plate element experiences deformation in 

longitudinal and lateral direction. Dy assuming linear elastic deformations, 

longitudinal strain, lateral strain, and shear strain components occur. 

Figure A3.1 displays the deformation of a plate part under lateral 

loading. When loading the plate, the plate element experiences a deflection, w. 

If one assumes small deflections, the respective deformation angle a is then 
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approximated by tan( a) '" a '" awl ax. If one considers the motion u of a point 

in the element and the strain is the partial derivative of this small point 

motion, i.e. &= = au/ ax, then the strain-deflection relation is given as: 

8 2w 
Cxx = -Z--2' 

8x 
(A3.I) 

Similarly, the motion of a small point v into the y direction can be defined as: 

(A3.2) 

It can be shown that the sum of au/ay + av/ax can be identified as shear 

strain &", and, thus, it follows that: 

82w 
£: =-2z--

xy 8x8y 
(A3.3) 

Using Hooke's law, the stress-strain relations of all three strain components 

are given by: 

(A3.4) 

(A3.5) 

(A3.6) 

Herein, v is Poisson's ratio, E is Young's modulus, G = E /2(1 + v) is the 

shear modulus and, 't'xy is the shear stress. Using equations (A3.I) to (A3.3) 
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and equations (A3.4) to (A3.6), the following stress-deflection relations can be 

obtained [136J: 

a = 
'" 

(J' yy = _E_z.,,-(_a_'w_ + v_a_'w_) 
1 - v' ay' ax" 

Ez a'w 
T =-----. 

xy 1 + v axay 

(A3.7) 

(A3.8) 

(A3.9) 

To obtain moments, occurring in a thin plate under lateral load, the above 

defined stresses are integrated over the plate's thickness. Thus [108J: 

hi' (a' a') M",= J a",zdz=-D ~+l/~, 
-hi' ax ay 

(A3.10) 

hi' (a'w a'w) 
Mw = J ayyzdz = -D --, + v--, ' 

-hi' ay ax 
(A3.11) 

hi' a' 
M =-M =-J T zdz=D(1-1/)~ 

xy yx xu aa' 
-hi' x y 

(A3.12) 

with D being the flexural rigidity of the plate given as: 

Eh3 

D = -,..-----,-,-
12(1- v') 

(A3.13) 
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The negative sign in front of the integral expression in equation (A3.I2) is due 
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Figure A3.2 Forces and moments on small plate element. 

to equilibrium with the shear force, according to the sIgn conventions 

displayed in Figure A3.2. Figure A3.2 also displays all the moments and forces 

acting on an infinitesimal small plate element. To obtain the shear forces, one 

may take moment equilibrium about the :u-axis and y-axis. By taking the 

moment equilibrium about the x-axis: 

aM aM" 
-..!'!!... dxdy - __ ,,_v dydx + Qvdxdy = 0 , 

ax ay 
(A3.I4) 

as well as about the y-axis: 

aM x aM 
--' dydx + ------'!.. dxdy - Qxdydx = 0, 

ay ax 
(A3.I5) 
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the shear forces Qx and Qv per unit length are given as: 

(A3.I6) 

(A3.I7) 

It can be seen from equations (A3.I6) and (A3.I7) that the direction of the 

shear forces, as shown in Figure' A3.2, is in opposite direction. From Figure 

A3.2 'it can also be seen that the infinitesimal increment of the shear forces, 

bending moments, and twisting moments needs to be taken into account only. 

Applying Newton's second law of motion to the small plate element yields to: 

8Q 8Q &w 
__ x dxdy + --' dydx + pdxdy = phdxdy--, . 
8x 8y 8t 

(A3.IS) 

Substituting equations (A3.I6) and (A3.17) into (A3.I8), the inhomogeneous 

partial differential equation of a plate, loaded laterally, may be written as: 

D(8'W 2 8'w 8'W) h 8'w _ 
8x' + 8x'8y' + ay' + p 8t' - p . (A3.I9) 

By applying the biharmonic of the two-dimensional Laplace operator as: 

\7' = \7' . \7' = ~ + 2 8' + ~, 
8x' 8x'8y' 8y' 

(A3.20) 

equation (A3.I9) in its final form can be written as: 

4 ( ) 8'w(x,y,t) ( ) D\7 W x,y,t + ph 2 = px,y,t . 
8t 

(A3.2I) 

448 



Appendix 

Appendix A4 

Numerical Differentiation Using Finite Differences 

The most common technique to obtain derivatives from tabulated data is the 

use of finite differences. A finite difference is the algebraic difference between 

data points of the function f (x) separated by the spacing Ax. The so-called 

forward difference is given by [137]: 

!:::..j(x) = f(x +LlX)- f(x). (A4.1) 

A is known as the forward difference operator. Analogously, the backward 

difference is defined as: 

'V f (x) = f (x) - f (x - LlX) . (A4.2) 

Herein, V is the backward difference operator. It can be seen that forward 

differences employ points upwards the point of interest and backward 

differences use points downwards the point of interest. The third type of 

differences is the so-called central differences O. Its first order form is given by 

[138]: 

8f(x) = f(X +~LlX) - f(X - ~LlX). (A4.3) 

Central differences employ points upwards and downwards the point of 

interest. Finite differences can be of different order n. Forward differences of 

different order are related to each other as [137]: 

(A4.4) 
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Analogously, equation (A4.4) can also be applied to backward and central 

differences. It can be shown that the so-called difference quotient [137] is 

related to the infinitesimal calculus of order n as [139]: 

n • /:""j(x) 
D j (x) = hm ( )". 

l>x~O /:"x 
(A4.5) 

Here, Dn is the differentiation operator of order n, .1.n is the forward difference 

operator of order nand .1.x is the spacing between two adjacent points of the 

function j(x). The same relationship holds true for the backward and central 

differences. When differentiating tabulated data numerically, the limit cannot 

be applied (unless the point ensemble is approximated, e.g. by an interpolation 

method). Thus, numerical differentiation using finite differences is an 

approximation to the true derivative value. The error made can be found 

using the Taylor expansion. Consider the two Taylor expansions of the two­

dimensional function u(x,y) as [140]: 

u(x + h,y) = 
( ) 

h au(x,y) 1 h' o'u(x,y) 
u x, y + ox + 2! ox' + 

~h3 03U(~,y) + ... 
3! ox 

(A4.6) 

u(x - h,y) = 

u(x )_hou(x,y) ~h'o'u(x,y) 
,y ox + 2! ox' 

~h3 03U(~,y) + ... 
3! ox 

(A4.7) 

Herein, .1.x = h is the constant spacing between adjacent points. The first 

partial derivative of u(x,y), where u(x,y) is the point of interest, can be 

obtained in different ways. By truncating the Taylor series at the second term 

and rearranging equations (A4.6) and (A4.7), respectively, one may obtain the 

first partial derivative containing the forward .1. and backward V difference, as 

given below [140]: 
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ou(x,y) _ u(x+h,y)-u(x,y) 
ox h 

(A4:8) 

ou(x,y) = u(x,y)-u(x-h,y) +!:.h/'(~). 
ox h 2 

(A4.9) 

It can be realised that the second term of equations (A4.8) and (A4.9) is the 

error made due to the truncation of the Taylor series. It can also be seen that 

this error is a function of the spacing h. The algebraic difference of equations 

(A4.6) and (A4.7) yields to [140J: 

.( 1) (1) u x+-hy -u x--hy 
ou(x,y) = 2 ' 2 ' _!:.h2/,,(~). 

ox h 6 
(A4.10) 

It can be noticed that the error that is made when using the central difference 

is proportional to h2
• Thus, this expression is more accurate than the forward 

or backward difference approximation. Forward and backward differences are 

related to the central difference by employing a so-called shifting operator 

E,u(x) = u(x + h) as [141J: 

n n -- -
8n j<x) = E, 2/:;'j<X) = E,2V'j<X). (A4.11) 

Every further derivation can be found by employing equation (A4.4) and the 

right-hand side of equation (A4.5) to compute the respective forward and 

backward difference quotients of order n. Equation (A4.11) is employed to 

determine the central differences. Thus, the second order forward difference 

quotient is: 

02U (x, y) /:;, [/:;,u (x, y)] u(x + 2h, y) - 2u (x + h, y) + u (x, y) 
ox2 "'" (/:;,x)' = h2 (A4.12) 
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The second order backward difference can be found to be: 

o'u (x, y) V [Vu (x, y)] u (x, y) - 2u (x - h, y) + u (x - 2h, y) 
ox' "" (b.x)' = h' 

(A4.13) 

Finally, the second order central difference becomes to: 

o'u(x,y) Eb.' EV' u(x+h,y)-2u(x,y)+u(x-h,y) 
ox' "" (b.x)' = (b.x)' = h' 

(A4.14) 

The third order difference quotients can be found analogously, as 

demonstrated above. The third order forward difference quotient is given by: 

b.[b.'u(x,y)] _ u(x + 3h,y) - 3u (x + 2h,y) + 3u(x + h,y) - u(x,y) 
(b.x/ - h3 

(A4.15) 

The third order backward difference can be found to be: 

V[V'u (x,y)]_ u(x,y) - 3u(x - h,y) + 3u (x - 2h,y) - u(x - 3h,y) 
(b.x)" - h3 

(A4.16) 

Finally, the third order central difference becomes to: 

03U u(x + %h,y)- 3U(X +~h,y)+ 3U(X -~h,y) - u(x -%h,y) 

ox3 
"" h3 

(A4.17) 

Also here, the error due to truncation is either proportional to h or h', 

depending on the use of the forward, backward or central differences. Thus, 

when using central differences and decreasing the point distance h by half, the 

error can by reduced by factor 4. However, the spacing between two adjacent 

points can not be decreased endlessly, since the error due to rounding of a 
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computer increases its influence with decreasing h. It follows that h ~ .,JE, 

whereas 8 is the rounding error. The above shown equations are the 

approximation of the partial derivates with respect to x only. To obtain 

partial derivatives with respect to y, the variable x needs to be substituted by 

y. For beam derivatives, the variable y needs to be set to zero. 
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Appendix A5 

Spatial Derivatives of General Four-Wave Equation 

The right-hand side beam displacement is given by: 

(A5.I) 

The spatial derivatives can be found to be: 

8u+ (x,t) = (-kA e-h _ J'kB e-jh + J'kB e jh + kA eh) ejwt 
8x + + - - , (A5.2) 

8'u+ (x, t) = (k' A e-h _ k'B e-Jh _ k' B e# + k' A eh) e Jwt 
8x' + + - - , (A5.3) 

The left-hand side beam displacement is given by: 

(A5.5) 

Its spatial derivatives can be found to be: 

8'u_ (x,t) = (k'C eh _ k'D ejh _ k'D e-Jh + k'C e-h ) e Jwt (A5.7) 
8x' - - + + , 
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A complete wave field of a beam is given as: 

(A5.9) 

and its spatial derivatives are: 

(A5.12) 
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Appendix A6 

Four-Wave Vibrational Energy Flow Equation 

By substituting equation (5.1) into equation (3.33), under consideration of 

the derivatives given in Appendix A5 and omitting the temporal term e;w" 

one may obtain the complex, time-averaged shear force energy transmission 

as: 

B B' - B B' + B B' e-;k('x-L) - B B' eik('x-L) + 
.f+ -- +_. -+ 

(p) _ Elk'w 
Xs 4tv - 2 (A6.1) 

Analogously, the complex, time-averaged bending moment energy flow can be 

found as: 

. (e-kL (A A' -A A')+(A A'e'k(x-L)_A A'e-'h)) + J ,.- ._+ -- f+. 

(p) = Elk'w 
XB 4W 2 (A6.2) 

The total, complex, time-averaged net energy, flowing through a rectangular 

beam section, is simply the sum of equation (A6.1) and equation (A6.2), i.e. 

(PX)4lV = (pxs tw + (PXB tv and, thus: 
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(A6.3) 

Equation (A6.3) displays the total, complex net energy flow within a beam. 

The real part of (A6.3) is the active energy transmission. The imaginary part 

of equation (A6.3) is reactive VEF. Equation (A6.3) does not reveal real and 

active VEF directly and, thus, will be simplified further. If one takes the 

following relations into account: 

(A6.4) 

(A6.5) 

(A6.6) 

(A6.7) 

where A and B are arbitrary complex numbers, the simplified time-averaged 

active energy flow within a beam can be written as: 

(A6.8) 
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The simplified time-averaged reactive VEF of equation (A6.3) can be found 

to be: 

(Pc) = jElk"w 
, 4W 

cos (k (x - L))~{A,B~} + 

-!ox cos(kx)~{B+A:}-
e -

sin(k(x - L))lR{A+B~}-

sin (kx)lR {B+A:} 

cos (kx)~ {A_B:} + 
cos (k (x - L))~{B_A~} + 

ek(x-L) + 
sin (kx)lR {AB; } + 

e 

sin (k (x - L))lR{B_A~} 

cos(k(x - L))lR{A+B~} + 

-l~ cos (kx) lR {B+A: } + 
sin(k(x - L))~{A,B~} + 

sin(kx)~{B+A: } 

ek(x-L) 

cos (kx)lR {A_B:} + 

cos(k(x - L))lR{B_A~}-

sin(kx)~{A_B:} - . 

sin(k(x - L))SS{B_A~} 
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Appendix A7 

Forced Vibration of an Infinite Beam due to Point Force Excitation. 

The transverse displacement of the infinite beam is given to either side as: 

(A7.1) 

(A7.2) 

Substituting equations (A7.1) and (A7.2) into the appropriate spatial 

derivatives, as given in Appendix A5, the boundary conditions of an infinite 

beam at the excitation location are: 

(A7.3) 

~ -A -J'B -C -JD =0 + + - - , (A7.4) 

(A7.5) 

Po =-
El 

Note, here the sign conventions of Figure 5.2 are employed in combination 

with the excitation force direction and wave components, as shown in Figure 

5.3. 

459 



Appendix 

From equations (A7.3) to (A7.6) a matrix system according to [C]{A} = {F} 

can be constructed as: 

1 1 -1 -1 A+ 
0 

-1 -1 B+ 
0 

-J -J 
= 0 (A7.7) 

1 -1 -1 1 C_ 

-1 J -1 j D_ ~ 
Elk' 

Here, [Cl is the 4x4 wave amplitude coefficient matrix, {A} is the 4x1 wave 

amplitude vector, and {F} is the load vector. Solving this simple matrix 

system to obtain the desired wave amplitudes, the inverse of the [Cl matrix 

has to be determined. The equation system can be solved simply as 

{A} = [Cr' {F} and, thus, the wave amplitudes are given by: 

Fo 

A+ 
4Elk" 

jFo 
B+ 4Elk' (A7.8) = 
C_ Fo 

D_ 4Elk' 
jFo 

4Elk" 

The transverse displacement in dependency upon the excitation force 

magnitude Fo can be found simply by substituting the wave amplitudes into 

equation (A7.1) and (A7.2), respectively, and thus: 

(A7.9) 

( t) 1<;, (h . Jh) JW! C < 0 
U X, F. = - 3 e + Je e ,or x - . 

- 00 4Elk 
(A7.1O) 
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Appendix AS 

Forced Vibration of an Infmite Beam due to Moment Excitation 

. The general transverse displacement of the infinite beam is given by: 

(A7.I) 

(A7.2) 

Applying the boundary conditions at the excitation location by substituting 

the general displacement equations (A7.I) and (A7.2) into the appropriate 

spatial derivate equations, as given in Appendix A5, one can write the 

boundary condition equations as: 

(A8.I) 

=> -A -J'B -C -JD =0 + + - - , (A8.2) 

(A8.3) 

(A8.4) 

Also here, the defined sign conventions of Figure 5.2 are used in combination 

with the direction of the excitation moment and wave components, as shown 

in Figure 5.3. 
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The vibrational matrix equation is given as: 

1 1 -1 -1 A+ 
0 

-1 -j -1 -J B+ 
0 

1 -1 -1 1 C Mo (A8.5) 
-

Elk' 
-1 j -1 J D_ O 

By solving equation (A8.5), the wave amplitudes are found to be: 

Mo 

A, 4Elk' 
Mo 

B+ 4Elk' (A8.6) 
C_ 

-
Mo 

D_ 4Elk' 
Mo 

4Elk' 

Analogously, substituting equation (A8.6) into equation (A7.1) and (A7.2), 

respectively, one can find the transverse displacement of an infinite beam, 

loaded by a harmonically varying moment as: 

( t) Mo (-/ox -i/ox) jwt , > 0 U+ X, M = 2 e - e e lor x - , 
~ 4Elk 

(A8.7) 

M (/ox /ox)' t u (X,t)M =- 0, e -e' eJw forx$O. 
- 00 4Elk 

(A8.8) 
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Appendix A9 

Forced Vibration of a Simply Supported Beam due to Point Force Excitation 

The beam displacement of a simply supported beam is composed of the 

infinite beam response and the reflection of the infinite wave travelling on the 

beam's ends. Hysteretic damping is included here, simply by employing a 

complex Young's modulus E = E(l + jTf) and, thus, a complex wavenumber 

as: 

1£ "" k[l- j ~) = k(l- j'ij). (A9.1) 

With equation (A9.1) the transverse finite beam displacement is given by: 

It can be seen from equation (A 7.8) that the respective right-hand side and 

left-hand side wave components are identical. It is more convenient to apply 

the infinite beam response in a finite beam analysis by a summation 

expression as: 

, 
u(x)poo = L:Kne-£"I"o-xl . (A9.3) 

n=1 

Herein, 1£1 =1£ and 1£, = j!£ and Kn is the wave amplitude of the nearfield for 

n = 1 and of the farfield for n = 2. If one distinguishes between a right-hand 

side and left-hand side displacement of the excitation location, the infinite 

beam response can be written as: 

u (x t) = (A e -£(X-"o) + B e -1*-"0)) e1wt for x > T. 00' 1- -I- ,- -u, (A9.4) 
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(A9.5) 

To derive boundary conditions, equations (A9.3) and (A9.4) are used. To 

plot the beam's response, equation (A9.2) is used instead. To find the eight 

unknown wave coefficients, eight boundary condition equations are required. 

Four of them are related to the conditions at the excitation location. These 

are identical to the boundary equations given by equations (A7.3) to (A7.6) 

as: 

u(x) =u(x) 
00 0 X>Xo 00 0 X<Xo 

au (x) 
00 0 X>Xo 

ax 

8
3
uoo (xo )x>Xo 

ax3 

a3
uoo (xo)x<Xo 

ax3 

au (x) 
00 0 x<:r1'l 

ax 

(A9.6) 

~ -A -)B -C -)D =0 + + - - , (A9.7) 

(A9.8) 

The remaining boundary conditions can be found at the location x = 0 and x 

= L of the beam, simply by assuming zero transverse displacement and zero 

bending moment there as: 

u(O)" = 0 ~ (A9.1O) 

a2u (0) El .•.• = 0 ~ - ax2 (A9.1l) 
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u(L)" = 0 =:} (A9.12) 

a'u(L) El .,., = 0 =:} 

- ox' (A9.13) 

As shown in Appendix A7 and Appendix AS a matrix system [C]{A} = {F} 

can be formed from equations (A9.6) to (A9.13), whereas the coefficient 

matrix [Cl is given as: 

1 1 0 0 -1 -1 0 0 

-1 -j 0 0 -1 -j 0 0 

1 -1 0 0 -1 1 0 0 

-1 j 0 0 -1 j 0 0 

[C]= 0 0 e-j/.iL e-liL e-!;T, e- jExo 1 1 (A9.14) 

0 0 _e-j!i.L e-kL e-&to _e-j!xo -1 1 

e-li(L-xo) e-jl;(L-To) 1 1 0 0 e-j/i.L e-kL 

e-.&(L-xo) _e-jli(L-xo) -1 1 0 0 _e-j!i.L e!i.L 

The force vector is given by: 

{F}={OO 0 000 (A9.15) 

As demonstrated in Appendix A7 and Appendix AS, the inverse of the [Cl 
matrix must be determined and the equation system can be solved as 

{A} = [ct {F}. 
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With this procedure, one may find the exponential wave amplitudes as: 

-1 

-] 

A+ 
j(e-iW'Tn) _ e-i&(L-Xo)) 

B+ (e-'J·L -1) 
B_ (e -&(L+x,) _ e -.(L-X,)) 

A - Fa (e-'&L -1) 
C_ 4EI!l -1 

(A9.16) 

D_ -] 

D+ j(e-J.(2L-x,) _ e-J·"") 

C+ (e-'J·L -1) 
(e -M'L-xo) - e-&~" ) 

(e-'&L -1) 

Equation (A9.16) may be expressed by sinusoidal and hyperbolical functions 

as: 

-1 
-] 

A+ j (cos (&(L - xo)) - cos (&(L + xo))) 
B+ (1- cos (2&L)) 
B_ (cosh (& (L - xo)) - cosh (& (L + xo))) 
A_ Fa (1 - cosh (2&L)) 

C 
- 4EI&3 -1 (A9.17) 

D_ -] 

D+ j(cos(&xo)- cos (&(2L - xo))) 
C+ (1- cos (2&L)) 

(cosh (&xo) - cosh (& (2L - xo))) 
(1 - cosh (2&L)) 
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If one neglects material damping by setting the loss factor equal to zero 

(1] = 0), expression (A9.17) can be reduced to: 

-1 

-j 

A+ . sin (kxo) 
B+ J sin(kL) 
B - sinh(kxo) 
A_ Po sinh(kL) 

C_ 
-

4Elk" -1 (A9.18) 

D_ -J 

D+ sin(k(L - Xo)) 

C+ J sin (kL) 

sinh(k(L - Xo)) 
sinh (kL) 

Unfortunately, if one includes hysteretic damping, equation (A9.17) cannot 

be simplified further. Substituting equation (A9.16) into equation (A9.2) and 

using equation (A9.3), the exponential transverse displacement of a point 

force excited simply supported beam can be written as: 

(A9.19) 
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Appendix AIO 

Forced Vibration of a Simply Supported Beam due to Moment Excitation 

The derivation of the transverse displacement of a simply supported beam 

excited by a moment is similar to the procedure demonstrated in Appendix 

A9. The general transverse displacement of a finite beam excited by a 

moment is given by: 

The infinite beam response due to an applied moment, as shown in Appendix 

A8, may be written in the following form: 

, 
U(X)M_ = 2:(-1)"-1 sig(x - xQ)Fne-'"lxo-xl. (AlD.I) 

n=! 

Herein, sig(x-:z;,) is a function similar to the well known signum function, 

sgn( x). However, in this work sig( x-:z;,) is defined as: 

Sig(X-XQ)={ 1 
-1 

for x <:: IQ 

forx:::; XQ • 
(AIO.2) 

In equation (AlD.I) Fn is the nearfield wave amplitude for n = 1 and the 

farfield amplitude for n = 2. Furthermore, 1£1 =1£ and 1£, = j!£. The sig 

function is required because the respective left-hand side wave amplitudes 

and right-hand side wave amplitudes are identical in magnitude but different 

in sign. The infinite beam response in dependency upon a positive and 

negative spatial position is given by: 

U (x t) = (A e-Mx-'l» + B e-J&(x-"'))eJwt for X> T_ 00' + -I- ,- """Lt, (A9.4) 
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(A9.5) 

The four boundary conditions at the excitation location can be written as: 

u (x) = u (x) 
00 0 X>Xo 00 0 X<Xo 

ou (x) ou (x) 
00 0 x>.11l _ 00 0 X<Xo 

ox ox 

03U (X) El 00 0 x>xo 

- ox" 
03U (X) El 00 0 x<xo 

- ox" 

The four boundary conditions at x = 0 and, x = L are identical to the point 

force excited case and are given by: 

u(O)" = 0 => (A9.1O) 

[

-B e-i&L + A e-!:L + ) - -
. = 0, 

C e-!;x, - D e-J!ix, - D + C - - + + 

(A9.11) 

u(L)" = 0 => (A9.12) 

(A9.13) 
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The above given boundary equations may be combined into a matrix system, 

i.e. [C]{A} = {M}. Thus, the coefficient matrix [Cl is found to be: 

1 1 0 0 -1 -1 0 0 

-1 -j 0 0 -1 -j 0 0 

1 -1 0 0 -1 1 0 0 

-1 j 0 0 -1 j 0 0 

[Cl = 0 0 e-j/iL e-fJ, e-fg;o e-jfg;o 1 1 (AlO.5) 

0 0 _e-jIi.L e-liL e-txo _e-j/ixo -1 1 

e-Ii(L-.ro) e-jA:{L-xo) 1 1 0 0 e-H.L e-l!.L 

e-&(L-",) _e-jli(L-l''(I) -1 1 0 0 -e -i&.L e &L 

The moment vector is given as: 

{M}={O 0 000 0 (AIM) 

By solving {A} = [0]-1 {M}, the wave amplitudes are given by: 

1 

-1 

A+ 
(e-jl;(LIx,,) + e-jj;(L-x,,)) 

B+ 
(e-2)I;L -1) 

B_ (e-MLfx,) + e -I;(L-",)) 

A_ Mo 
(e-2I;L_1) 

C_ 4EI!l -1 
(AlO.7) 

D_ 1 

D+ ( e - )1;(2L-x.) + e - )!'''o ) 

C+ (e-2)I;L_1) 

(e -1;(2L-xo) + e -j;r. ) 

(e-2J;L_1) 
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Expression (AIO.7) can be written in sinusoidal and hyperbolic terms as: 

1 

-1 

At j(sin(l£(L - xo)) + sin (l£(L + xo))) 
B t (1 - cos (2l£L)) 

B_ (sinh (l£(L - xo)) + sinh (l£(L + xo))) 
A_ Mo (1 - cosh (2l£L)) 
C_ -

4EIl£2 -1 
(AlO.8) 

D_ 1 

Dt j(sin(l£xo) + sin (l£(2L - xo))) 
Ct (1 - cos (2l£L)) 

(sinh(l£xo) + sinh(l£(2L - xo))) 

(1 - cosh (2l£L)) 

If no material damping IS considered (1i = 0) equation (AlO.8) can be 

reduced to: 

1 

-1 

A+ . cos (kxo) 
Bt 

-J 
sin (kL) 

B_ cosh (ho) 
A_ Mo sinh (kL) 

C_ - 4Elk2 -1 (AlO.9) 

D_ 1 

Dt . cos(k(L - xo)) 

Ct 
J sin (kL) 

cosh (k(L - xo)) 
sinh(kL) 
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Dy substituting the wave amplitudes of equation (AIO.7) into equation 

(A9.2) and taking equation (AlO.I) into account, one can write the 

transverse beam response due to an excitation moment as: 

M e;wt 
_ 0 

- 4EIls.' 
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Appendix All 

Force Point Mobility of a Simply Supported Beam 

Point mobility at the excitation location :zv due to a harmonic point force 

excitation is defined as: 

8u(xo,t)p 
y (w)p =wt ' 

8tF,eJ 
(AI1.1) 

The transverse velocity response at the excitation location is simply given by: 

8u(x,t)p . ( ) 
--'-'--'-"- = JWU x, t P' 

8t 
(AI1.2) 

Using relation (AI1.2) to obtain the temporal derivative of equation (A9,19) 

and substituting this expression in equation (All,I), the exponential form ,of 

the force point mobility is given as: 

(AI1.3) 

Equation (AI1.3) can be simplified further, If the exponential travelling and 

exponential decaying fractions' of equation (AI1.3) are extended complex 

conjugate and the following two well known exponential identities are taken 

into account: 

e±j.' = cos (x) ± j sin (x), (All.4) 

e±" = cosh (x) ± sinh (x) , (All ,5) 
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one can rewrite equation (Al1.3) by using sinusoidal and hyperbolic functions 

as: 

Y(w)~ = jw 
.. 4EI!s.3 

(
sin (2!s.xQ) + sin (2!s.(L - XQ)) - sin (2!s.L)) _ 

1 - cos (2!s.L) 

(
sinh(2!s.Xo) + sinh(2!s.(L - XQ)) - Sinh(2!s.L)) 

1- cosh (2!s.L) 

. (Al1.6) 

If one neglects internal damping within the beam (1j = 0), equation (Al1.6) 

can be reduced to: 

y w _ jw 
( )p .. - 2Elk" 

(
sin(kxo)sin(k(L - XQ)))_ 

sin (kL) 

(

sinh (kxo) sinh (k (L - XO))) . 
sinh(kL) 
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Appendix A12 

Moment Point Mobility of a Simply Supported Beam 

Moment point mobility at excitation location a;, is defined as: 

(A12.1) 

The rotational velocity response at the excitation location can be found by 

substituting I = a;, into the first temporal and first spatial derivative of 

equation (A10.1O). Note, the signum function is omitted, since one side of the 

infinite waves at the excitation location is used only. Substituting this 

expression in equation (A12.1), the exponential form of the moment point 

mobility is: 

(A12.2) 

Analogously, to the procedure as described in the prevIous appendix, 

equation (A12.2) is presented in terms of sinusoidal and hyperbolic functions. 

By applying relations (A11.4) and (A11.5), one can write equation (A12.2) 

as: 

(
sin (2.6;xQ) + sin (2.6; (L - IQ)) + sin (2.6;L)) + 

jw 1- cos (2.6;L) 
Y(W)M =--

• 4EI.6; (sinh(2.6;xQ) + sinh(2.&(L - IQ)) + Sinh(2&L)) 

1- cosh (2.6;L) 

(A12.3) 
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If one assumes that Tj = 0, then equation (A12.3) simplifies to: 

( COS(kXO)~OS(k(L - XD)))_ 
jw sm(kL) 

Y(W)M =--
.. 2Elk (COSh(kxD)COSh(k(L - XD))) 

sinh (kL) 

(A12.4) 
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Appendix A13 

Four-Wave Vibrational Energy Flow Equation Including Damping 

Within the derived four-wave energy flow expressions, given in Appendix A6, 

damping was neglected. However, when dealing with finite structures, 

damping needs to be included. Using the complex wavenumber, as given in 

(A9.1), the spatially damped general beam displacement is given by: 

u (x t) = (A e-!;< + B e- j!;< + B e"x + A elfx)ejwt . , + + - - (A13.1 ) 

Here, the simplification x = (x - L) is used. If one substitutes equation 

(A13.1) into equation (3.33) under consideration of the derivatives given in 

Appendix A5 and omits the temporal term e lwt
, one may obtain the 

hysteretically damped, complex and time-averaged shear force energy flow as: 

(p) = Elk' (1 - jrj)3 W 
-IS 4W 2 

B+B;e- 2kcii _ B_B~e2kXii + 

B B * - kij(x-i) - Jk(x-t i) _ B B* -k1j(x-x) jk{x+i) + 
+ _e e . _ +e e 

. -k(x-x) (A A' ,kcii ,kxii _ A A' - ,kcii 'Hii) + Je t _e e _ +e e 

·(A A'e-2kc -A A'e2ki
) + J + , - -

B A' -,kc -kci; -,kcii + + ,e e e 

jA+B~e-jkXekir;ejhij _ 
e-k~ + n A* ejk,iekXije-jJ..."CTi + 

e 

- + 

JA B' e'kc e -kciie,kcii 
t, -I-

B A*e-jb:e-kxr;eiki;ij -
+-

jA_B:e-jkXeki:r;e-ikiij _ 
H 

B A* Jki: Hr; jkXij __ e e e -

jA_B;elkc e -kciie -jHii 
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Analogously, the hysteretically damped, complex, time-averaged bending 

moment energy flow is given as: 

B B' e-''''c' - B B' e'kXC, -+ -\ - -

B-t-B:e-k1j(x-x)e-jk(xH:) + B_B.:e- klj(x-x)e jk(xli) + 
. -k(x-i) (A A* Jkxij jkiTj _ A A* -jkxTj Jki:7i) + Je , _e e _ ,e e 

"(A A' e'kx - A A' e-'''') + J _ - t t 

e-'" 

jBtA:e-J"'e-l.'"e-J"'" + 

AtB:e-JkXekX"e i"'" + 
"B A'" jH kiTj -jkxTj J _ te "e e -

A B'" ejkxe-kx1]eJhTi 
+ -1-

.(A13.3) 

Under use of relations (A6.4) to (A6.7) and the following simplifications: 

(A13.4) 

(A13.5) 

(A13.6) 

(A13.7) 
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the total, complex, time-averaged energy transmission, i.e. 

(P) - (p) + (p) of four waves present and including hysteretic -x 4IV - -Xs 4IV -X8 4IV 

damping may be written as: 

e-"'" (7i + 1) + -
_ (D~A..COS(k(X-Xij))+) 

. Dt A.. sin (k (x - x7i)) 
(7i - j)e kX 

+ 

__ (D",LB_ cos (kx (1+ ij)) +) 

Herein, C4iV is given by: 

e'X" (7i -1) 
D..tK sin (kx (1+ 7i)) 

Elk3w (1 - j7i)3 
C - =.:....:..:..-'-=-~"-

4IV - 1 + ri' 
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Appendix A14 

Coupled Transmitted Vibrational Energy 

The g~neral finite beam displacement is given by the summation of infinite 

waves beam response u(x)", and reflection waves beam response u(x), as: 

(A14.1) 

The infinite beam displacement is given as: 

(A14.2) 

Herein, the simplification x = Ixo - xl is used. Further, Cl and C, are defined 

as the nearfield and farfield wave amplitudes. The complex wavenumber is 

denoted as Is.. The reflection waves beam displacement u( x), is given as: 

(A14.3) 

Here, x = (x - L) is used. It is apparent from equation (A14.2) that the 

derivatives of the infinite waves beam response due to the absolute argument 

of the exponential function follow the rule: 

(
O"U(x,tt) _ _ (onu(x,tt) _ 3 oxn - ox" , n-l, ,5 ... , 

X<.TO X>.TO 

(A14.4) 

(onu(x,tt) = (onu(x,tt) , n= 2,4,6 .... , 
ox" oxn . 

X<Xo X>Xo 

(A14.5) 

where n is the nth order of the respective spatial derivative. This means that 

odd-numbered derivatives of the infinite waves beam response are equal in 
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magnitude, but different in sign in dependency upon the location to the left 

or the right of the excitation location :!i,. Thus, the sig function, as defined in 

(A10.2), is employed for odd-numbered functions as: 

onu(x,tloo = . n(onu(x,tloo) = 135 
8xn SIg x 8xn X>Xo ' n " .... (A14.6) 

Herein, the simplification x = x - Xo is employed. From equations (5.45) and 

(5.46), two coupled vibrational energy flow terms can be identified. One term 

arises due to the complex product of internal shear force and bending 

moment of the reflection waves and the appropriate infinite wave velocity 

components: This term can be written as: 

(px) = El [03U(~'t)r (OU(X,t)oo)' + o'u(x,t), (o'U(X,tloo)'). (A14.7) 
T.OO 2 ox" at ox' oxot 

Vice versa, from (5.45) and (5.46), the coupled VEF term due to the complex 

product of internal shear force and bending moment of the infinite waves and 

the appropriate reflection waves velocity components can be found to be: 

(p) = EI[03U(X~tloo (OU(X,t),)' + o'u (x, tloo (o'U(X,t),)'). (A14.8) 
x 00,' 2 ox" at ox' oxot 

If one substitutes equations (A14.2) and (14.3) into the shear force term of 

A(14,7), one can find time-averaged vibrational shear force energy flow as: 

(p) = Elk'w 
-Xs r,oo 2 (A14.9) 
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In case of 11 = 0, equation (A14.9) reduces to: 

(p) = Elew 
Xs r,oo 2 (A14.10) 

Analogously, the bending moment VEF can be written as: 

D -k(x+jx) -k;,(xH') + 
+e e 

B -k(x-jx) kl/(x-jX) 
J e -

jC; + C e-k(x-f-x)e-jk'ij(x-x) -
+ 

(p) = lil !£3wsig(x)Q 
-Xn r,oo 2 

A -k(x-i) - jki/(x+x) _e e 
(A14.11) 

D jk('X-x) -k1j(x+x) + 
+e e 

B_eik(x+x)e-k1j(x-x) _ 

C; 
C -k(x-jx) -kij(x-jx) 

+e e - . 

A_ek(x+ix)e -kij(x+ jx) 

Herein, Q = (1 + j11) / (1 - jTj) is regarded. In the undamped case of Tj = 0, 

equation (14.11) can be simplified as: 

(p) = Elewsig(x) 
XB r,oo 2 

[

D eJk(x -x) + B e,k(xH) _) 
C' + -

2 C -k(x-;x) A k(i+ ;x) +e -_e 

(A14.12) 
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The summation of shear force and bending moment energy flow gives: 

'(P) = E.I!i.
3
w 

-x r,oo 2 

(1 + jsig(x)Q)D+e-'('f+;Xk''i(x+",) + 
• (jsig(x)Q _l)B_e-,(x-Jx)e,ijei-)x) + 

Cl '(1 . (A)Q)C -'(X'X) -;''i(X-X) + J - slg X +e e -

j(l + sig(x)Q)A_e-'(X-X)e-J'",xH) 

(1 + sig(x)Q)D+e;'(X-X)e-'ij(X+x) + 

(sig(x)Q _l)B_eJ'(Xjx)e-kij(x-x) + 
C' 

2 (j _ sig(x)Q)C+e-'(X-JX)e-'ij(X-;X) _ 

(sig(x)Q + j)A_ek(X+JXk,ij(X+JX) 

In case of rj ='0, equation (14.13) reduces to: 

(p) = Elk
3
w 

x r,OO 2 

(1 + jsig(x))D+e-,(x+Jx) + 

• (jsig(x)-I)B_e-'(x-;x) + 
C + 

I j (1- sig(x))C+e-'("'x) _ 

j(l + sig(x))Af'(X-X) 

(1 + sig(x))D,eJ'(X-x) + 
(sig(x) _l)B_eJ'(XH) + 

C· 
2 (j _ sig (X)) C+e-,(x-Jx) _ 

(sig(x) + j)A_e,(x+if ) 

. (A14.13) 

(AI4.14) 

The second type of coupled transmitted vibrational energy due to the 

internal shear force and bending moment of the infinite waves and the 

appropriate reflection waves velocity components can be found by 

substituting equations (A14.2) and (AI4.3) into equation (AI4.8). I3y taking 

out the shear force component, one may find the time-averaged shear force 

VEF as: 
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(p) = E.lk'wsig(x) 
-Xs oo,r 2 

D* -k(x-j.r) -k1j(x-ji) + 
+e e 

B~e-k(x+jx)ek1i(x+jx) + 
jC, + C* e-k(x+x)ei/,;ij(x-x) + 

+ 

A:e-k(x-i)ei/,;ij(xH) 

n:e-jk(x-x)e-kij(x+x) + 

B:e-ik(xH)e-kij{x-i) + 
C, 

C:e-k(x+JX)e-kij(x+jx) + 

A:ek(i-ix)e-kij(x-ix) 

For 1] = 0, equation (A14.15) simplifies to: 

(p) = Elk'wsig(x) 
Xs oo,r 2 

The bending moment VEF term can be found to be: 

(p) = Elk'wQ 
_xy DO,r 2 

(

D' e-J'('-')e-'ij('+,) - B' e-;'(Hi)e-'ij(i-i) +] 
C, j (c:e-'('+ii)e-,ijIX+;') ~ A:e'(i-JX)e-,ijIX-JX») -

(

D' e-'(,-;x)e-kij(,-;,) - B' e-'(HiX)e'ij(X+;,) -] 

C, j (c:e-'('+X)ejk;;(X-') _ ~e-k(i-i)ejk;;(i+») 

In case of 1] = 0, equation (A14.17) reduces to: 

(p) = Elk'wQ 
X8 oo,r 2 
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The coupled transmitted energy due to the internal infinite waves shear force 

and bending moment and the appropriate reflection waves velocity 

components can be found to be: 

Cl 

(P) = Elk
3
w 

_$ oo,r 2 

C, 

(j sig(x) - Q) D:e-k(x-;')e-kij(x-j,) + 

(j sig (x) + Q) B~e-k(X+jx)ekij(X+J') + 

j(sig(x)_Q)C:e-k(X+xVij(X-X) + 

j (sig (x) + Q) A~e-k(x-x)ejkij(i'+') 

(sig(x) + Q)D:e-jk(X-')e-k,,,,+x) + 

(sig(x) _ Q) B:e-Jk(x+i)e-kij('-x) + 

(sig (x) + jQ) C:e-k(x+JXkkij(x+J') + 

(sig(x) - jQ)A~ek(X-fo'kkij(X-jX) 

Equation (A14.19) reduces for 1i = 0 to: 

+ 

(jsig(x) -l)D:e-k(x-j,) + 
(jsig(x) +l)B~e-k(x+jx) + 

Cl + 
j (sig (x) _l)C:e-k(x+,) + 

(p) = Elk
3
w 

x oo,r 2 

C, 

j (sig(x) + l)A:e-k(x-x) 

(sig(x) + 1) D:e-jk(x-x) + 

(sig (x) -1) B~e-jk('+» + 

(sig(x) + j)C:e-k(x+J") + 

(sig(x) - j)A:ek(i-]x) 

(A14.19) 

(A14.20) 

The total coupled transmitted energy due to coupling of infinite waves and 

reflection waves is given by the sum of both energy flow term as: 

(A14.21) 

Substituting equations (A14.13) and (A14.19) into (A14.21), one may obtain: 
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(sig(x) + 1) [COS (k (x - X)!R {C;D+} +) 
(1+fiI)e-',li+<1 sin(k(x-x»\:l'{C;D+}-

i)(sig(x) _l)[cOS(k(X - x»\:l'{C;D+} -) + 
sin(k(x - x»!R{C;D+} 

. (sig(x) -1) [cOS(k (x H»!R {c; B_}-) 
(1+ ji) e-',Ii-'I sin(k (x + x» \:l' {c; B_} -

i)(sig(x) + l)[COS(k(X + x»\:l'{C;B_} +) + 
sin(k(x + x»!R{C;B_} 

i)(sig(x) _ 1) [cos (ki)(x + x»!R {C; A_} +) 
(1+ fiI)e-'I<-'1 sin (ki)(x H»\:l'{C;A_} + 

(sig(x) + l)[~s(k:(X H»\:l' {C;A_ } -) + 
sm(k'l(x H»!R{C;A_} 

i)(sig(x) + 1) [cos (ki) (x - x»!R {C;C+}-) 
(1+ fiI)e-'I<+'1 sin (ki)(x - x»\:l'{C;C+} -

(1- Sig(X»)[cOS(ki)(X - x»\:l'{C;C+} +) + 
() 

Elk'w . -E.. , = ~ sm(k'l(x - x»!R{C'C } 
1+i(' I + 

(i) _ sig (x») [cos (k(x + X'I»)!R{C; D+} +) 
(i)-j)e-'li+,,1 sin(k(x+x1))\:l'{C;D+} -

(1- sig(x) i))[c~S(k(X + X'I»)\:l' {C; D+} -) -
sm(k(x + X'I»)!R{C;D+} 

(sig(x) + i)) [cOS(k (x - X'I»)!R{C;B_}-) 
(i)-j)e-'Ii-',I sin(k(x-x1))\:l'{C;B_} -

(sig(x)i) + l)[C~S(k(X - X1))\:l'{C;B_} +) + 
sm(k(x - X'I»)!R {c; B_} 

(sig(x) i) _l)[COS(k(X Hi))!R{ C;C+}-) 
(i)-j)e-'i<+',1 sin(k(x + xi))\:l'{C;C+} -

(
_ [cOS(k(X + X-») '" {C' }) + 
'1- sig(x»). _ 1)" ,C+ + 

sm(k(x + Xi))) !R {C;C+ } 

Appendix 

(sig(x)i) + 1) [cos (k (x - x1j»)!R{C;A_} -) . (A14.22) 

(i) _ j)e'I'-F,1 sin(k(x - x1j»)\:l'{C;A_} + 

(sig(x) + ij)[c~S(k ~ - x1j»)\:l' {C;A_} +) 
sm(k (x - x1j»)!R {C;A_} 
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Usually, the real part (active VEF) and imaginary part (reactive VEF) of the 

complex, transmitted energy is presented. However, for the damped case the 

total energy transmission definition is very complicate and, thus, only the 

total, complex flow is presented. In the case of 7i = 0, the real part (active 

energy flow) of equation (A14.22) can be written as: 

(A14.23) 

Also, in the case of 7i = 0, the reactive part of the total coupled VEF is given 

by: 

)R{C;D+ }(sig(x) cos (kx) - sin (kx)) + 

-B' 8' {C;D+ }(cos (kx) + sig (x)sin (kx)) + 
e + 

)R{C;B_ }(sig (x)cos (kx) - sin (kX)) -

8'{C;B_ }(cos(kx) + sig(x) sin (kx)) 
(?x) = jElk'w 

" -kx [)R{C;C+ }(cos(kX) - sig (x)sin (kX)) -) 

e 8'{C;C+}(sig (x) cos (kX) + sin (kX)) -

e
ki 

[)R {C;A_} (cos (kx) + sig(x) sin (kX)) +) 
8'{C;A_ } (sig (x) cos (kX) - sin (kx)) 
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Appendix A15 

Transmitted Vibrational Energy in a Simply Supported Beam due to Point 

Force Excitation Excluding Structural Damping 

Infinite wave energy flow in a simply supported point force excited beam can 

be found by substituting the complex, infinite wave amplitudes given in 

(A9.18) into the general 4-wave energy flow equation by setting A_ and R 

equal to zero. Thus, using (A9.18) and (A6.8), the active VEF is given by: 

(A15.1) 

The reactive VEF can by found from equations (A9.18) and (A6.9) as: 

'F,' - ''E 

(p.) = sig(x/ owe 3 (cos (k13) + sin (k13)) . 
, F~ 16Elk 

(A15.2) 

The above shown expressions are identical to the infinite beam VEF 

equations given in section 5.3.3.1. However, to relate these definitions to a 

beam of finite length, the sig function is employed and x has been substituted 

by x = Ixo - xl to account for energy transport to either side of the beam. 

If one substitutes the complex, reflection wave amplitudes A_, B_, C+ 

and D+, as given in (A9.18), into equation (A6.8), where A+ = C+ and B+ = 

D+, one may obtain the transmitted energy in a simply supported beam due 

to the reflection waves as: 

(A15.3) 
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The reactive part from equations (A9.18) and (A6.9) is given by: 

e-1..:7: 

sin (k (L - xo)) sinh (k (L _ xo))(c~s (kX)) +) _ 
sm(kx 

[

COS(k(X - L)) +) 
sin(kxo)sinh(k(L -xo)) . ( ) 

smk(x-L) 

ek(x-L) 
[
COS(k (x - L))-) 

sin (kxo)sinh (kxo) . )-
sm(k(x - L) 

(
COS(kx) -) 

sin(k(L-xo))sinh(kxo) . ( ) 
sm kx 

with the constant C F. being defined as: , 

C _ jF;,'w 
F. - 16Elk3 sin (kL) sinh (kL) 

Appendix 

, (A15.4) 

(A15.5) 

It can be seen that the undamped energy flow due to the reflection waves is 

divided by the funCtion sin(kL), which is the characteristic equation of a 

simply supported beam. Thus, at resonant wavenumber kn = nrc/ L, the 

undamped vibrational energy flow tends towards infinity, which is certainly 

not true for real structures. 

The coupled transmitted energy of a simply supported beam can be 

found by substituting the complex wave amplitudes, as given by equation 

(A9.18), into equation (A14.23) and (A14.24), respectively, using the 

amplitude substitutions C, = A+ and C, = B+. Thus: 

P'w ((Sig(X) + l)sin(k(L - xo))cos(k(x - x)) +) 
3
0 

• (A15.6) 
16Elk sin(kL) (sig(x)-l)sin(kxo)cos(k(x+x)) 

489 



Appendix 

From equations (A9.18) and (A14.24), the reactive energy transmission due 

to wave coupling can be found to be: 

(p) - G 
Xrp- Fe , 

e 

sin(k(L - Xo))sinh(kL)[c~s(~)X).+ )-
slg x sm(kx) 

-k"X 

[

COS (kx) + ) 
sin (kxo) sinh (kL) . (~)' _ 

slg x sm(kx) 

e~"'sin(kL)sinh(k(L-xo)). _ -
[

Sig (x) cos (kx) +) 
sm(kx) 

ekx sin (kL) sinh (kxo). _ 
_ [Sig(X) cos (kx) -) 

sm(kx) 

Herein, the constant Gp, is defined as: 

Gp = _ . jFa
2
w . 

, 16Elk" sin (kL)sinh (kL) 
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Appendix A16 

Transmitted Vibrational Energy in a Simply Supported Beam due to 

Moment Excitation Excluding Structural Damping 

Analogously to the procedure given in Appendix A15, the infinite wave 

energy flow in a simply supported moment excited beam can be found by 

substituting the complex, infinite wave amplitudes given in (AlO.9) into the 

general 4-wave VEF equation by setting A_ and B_ equal to zero. Thus, using 

equations (AlD.9) and (A6.8), the active moment induced VEF is given by: 

M 2w (p ) . (~) 0 = SI X • 
x, Moo g l6Elk (A16.l) 

The reactive moment induced VEF can be written from equations (AlD.9) 

and (A6.9) as: 

·M2 -k" 

(px
) = sig(x) J owe (sin (kx) - cos (kx)) . 

, Moo l6Elk 
(A16.2) 

Also here, the above given definitions are identical to the transmitted 

moment energy given in section 5.3.3.2. Finite beam conditions have been 

accounted by using the sig function and by substituting x by x = Ixo - xl. 
If one substitutes the complex, reflection wave amplitudes A_, B_, C+ 

and D+, as given in equation (AlO.9) into equation (A6.8) and accounts for 

A+ = C+ and B+ = D+, one may obtain the transmitted reflection waves 

energy due to moment excitation in a simply supported beam as: 

(A16.3) 
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The reactive VEF flow from equations (AlO.9) and (A6.9) is given as: 

(
COS(k(X - L)) +) 

cos(kxo)cosh(k(L-xo)) . ( ) + 
sm k(x-L) 

(

COS (kX)-) 
cos(k(L - xo))cosh(k(L - xo)). ) 

sm(kx 

cos(k(L _ XO))COSh(kxo)(C~S.(kX)) -) + 
sm(kx 

ek(x-L) 

(
COS(k(X - L))-) 

cos (kxo) cosh (kxo) . 
sm(k(x-L)) 

Here, the constant CM, is defined as: 

C _ jMgw 
M, - l6Elksin(kL)sinh(kL) 

. (Al6.4) 

(A16.5) 

The coupled transmitted energy can be determined by substituting the wave 

amplitudes given in (AlD.9) into equation (A14.23) and (A14.24), 

respectively and using the amplitude substitutions C, = sig (x) A. and 

C2 = sig (x) B+ . With the above given amplitude substitutions, the active 

reflected waves VEF can be written as: 

(p = _ Mgw [(1 + sig(x))cos(k(L - xo))sin(k(x - x)) +). 
X.)M, l6Elksin(kL) (1- sig (x)) cos (kxo) sin (k (x + x)) 

(A16.6) 
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From equations (AlO.9) and (A14.24), the reactive VEF due to wave 

coupling can be found to be: 

cos(k(L - xo))sinh(kL) . + 
(

Sig(X)COS (kx) +) 
sm(kx) 

(

Sig (x) cos (kx) +) 
cos (kxo)sinh (kL) . _ 

sm(kx) 

(px,L = CM, (. (~) (_)) , Slg X cos kx -
e~'" sin(kL)cosh(k(L - xo)). _ -

sm(kx) 

. (A16.7) 

ekXsin(kL)cosh(kxo). _ 
_ (Sig(X)COS(kX) +) 

sm(kx) 

Here, the constant CM is defined as: , 

C _ jMgw 
M, - 16Elksin (kL)sinh (kL) 

(A16.8) 
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Appendix A17 

Unconstrained Layer Damping of Beams 

Attaching a damping layer to a beam shifts the neutral axis of bending away 

from the middle axis of the beam, as shown in Figure 5.13. It is well known 

that the bending stresses are zero at the neutral axis location. Thus, by 

taking moment of the products EA about the neutral axis, where the relation 

J EzdA = 0 holds true, one may obtain [1]: 

(A17.1) 

Note, the subscript B denotes beam properties, the subscript D denotes 

damping layer properties and the under-bar denotes complex quantities. A 

uniform damping layer distribution is assumed over the beam length. In 

equation (A17.1) E is the complex Young's modulus, A is the cross-sectional 

area and z is the distance of the respective middle line to the neutral fibre of 

the beam-damping layer structure. Herein, the complex Young's modulus of 

the beam and damping layer are given as: 

(A17.2) 

(A17.3) 

Here, 17 is the respective linear hysteretic loss factor. Substituting equations 

(A17.2) and (A17.3) into equation (A17.1) and using the relationship ZnD = 
ZD + ZB, the distance Zn can be found to be (see Figure 5.13): 

(A17.4) 
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Herein, the abbreviation CB and CD are defined as: 

(AI7.5) 

(AI7.6) 

The sum of the complex beam and bending layer stiffness, i.e. 

(EI)BD = E BIB + E DID can be written as: 

(AI7.7) 

In equation (AI7.7) the complex second moment of inertia I = J z'dA of the 

respective structure is given by using the parallel axis theorem as: 

(AI7.8) 

(AI7.9) 

Note, the second moment of area is complex because the offset ZB is complex. 

However, for small values of '(7]D -7]B)2 «I, it can be shown that 

~{I}» 8'{I} and, hence, the imaginary part of equations (AI7.8) and 

(AI7.9) can be ignored. Thus, the bending stiffness of the beam-damping 

layer structure is given by: 

(EI)BD = (EI)BD (1 + j7]BD)' (AI7.IO) 
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where the combined bending stiffness (EI)BD is defined as: 

(A 17. 11) 

The linear hysteretic loss factor of the beam-damping layer structure 1JBD can 

be written from equation (A17.7) as: 

(A17.12) 
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Appendix A18 

Signal-To-Noise Ratio 

A measured displacement signal may be seen as a superposition of pure 

displacement signal and pure' noise signal. Assume' that the uncontaminated 

spatial displacement signal varies sinusoidal with beam distance. In contrast, 

the noise signal is distributed randomly over the beam distance. Thus, an 

averaged quantity is needed, which contains information of both spatially 

varying deflections. Hence, the signal-to-noise ratio (SNR) for signals of finite 

length is defined in this work as the uncontaminated mean squared 

displacement signal and the mean squared noise signal. This is given by: 

(A18.1) 

Herein, u(x)s is the displacement signal that is not contaminated by noise and 

u( x) N is the randomly distributed noise signal. In practice, the spatial 

functions u(x)s and U(X)N are not easy accessible. However, its spectral 

components can be retrieved from the wavenumber spectrum of the 

superimposed signal. If one applies Parseval's theorem (energy theorem), 

which provides a useful relation between the average power of the spatial 

signal and the averaged power of the spectral signal, it can be shown that the 

squared spectral magnitude of the displacement signal and noise signal can be 

used instead to approximate the SNR as [142]: 

(A18.2) 
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Herein, I U(k)sI2 is the wavenumber power spectrum of the uncontaminated 

displacement signal and I U(k)NI2 is the wavenumber power spectrum of the 

noise. Note, the factor in front of both integral expressions can be cancelled. 

However, it is kept to remind the reader of the mean squared value origin. 

The advantage of this method is that these spectral data are easily accessible 

from applying a fast Fourier transform (FFT) to the recorded data. Thus, for 

single frequency excitation the squared magnitude spectra, I U(k)sI2 and 

I U(k)NI2 can be extracted from the wavenumber domain by simple spectrum 

manipulation. To solve the integral expression for a complex, single-frequency 

signal, as shown in the numerator in equation (AI8.1), the mean squared 

amplitude of the uncontaminated, complex displacement signal can be 

written as: 

(AI8.3) 

Here, As is the peak amplitude of the complex beam displacement that can 

be obtained from the spectrum. Taking the above given uncontaminated 

displacement definition into account, equation (AI8.1) can be rewritten as: 

(AI8.4) 

When integrating the noise in the wavenumber spectrum, as shown III the 

denominator of equation (AI8.4), the mean squared noise amplitude can be 

found. By taking the square root of this value, the root-mean-squared (RMS) 

noise amplitude may be determined. 
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Appendix A19 

Tables of Predicted Cut-Off Points and Relative Mean Square Error of 

Three Differently Damped Simply Supported Beam Structures Using 

Extracted ESPI Noise and Measured Force Magnitude 

n 6 8 9 11 

fn 838.3 Hz 1490.3 Hz 1886.1 Hz 2817.5 Hz 

(% of IB+I)"al [%] 2 3.4 8.8 6.8 

9l(1O·loglO(ll)) 3.61 -2.84 8.58 5.15 

(% of IB+l)imag [%] 3.6 3.4 6 6.8 

3 (10·log lO(ll)) 49.51 43.14 90.69 20.60 

Table A19.l Optimum ideal filtered non-layer damped beam cut-off points and 

relative MSE using the VEFESPI method. 

n 6 8 9 11 

/., 818.2 Hz 1454.5 Hz 1840.8 Hz 2749.9 Hz 

(% of IB+I)"al [%] 3.8 3 5.8 3.6 

9l(10·loglO(ll)) 1.75 -3.46 -4.66 -3.70 

(% of IB+I)imag [%] 5 4 3.8 4 

3(1O·loglO(ll)) 73.61 41.98 61.15 26.26 

Table A19.2 Optimum ideal filtered single-layer damped beam cut-off points and 

relative MSE using the VEFESPI method. 
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n 6 8 9 11 

fn 799.9 Hz 1422 Hz 1799.7 Hz 2688.4 Hz 

(% of IB+I)rMI [%] 6.6 9.4 10 7.2 

IR(lO·!oglQ(fl) ) -5.59 -5.45 11.87 5.94 

(% of IB+I)'mag [%] 6.4 9.4 10 7.4 

:3(lO'!oglQ(fl)) 64.28 37.76 48.18 23.37 

Table A19.3 Optimum ideal filtered double-layer damped beam cut-off points and 

relative MSE using the VEFESPI method. 

n 6 8 9 11 

fn 838.3 Hz 1490.3 Hz 1886.1 Hz 2817.5 Hz 

(k,)"a' [rad/m] U5·A;, 1. O· A;, 1.0·A;, 1.0H;1 

IR(lO'!oglQ(fl) ) 2.63 -6.91 3.74 3.98 

(k, )imag [rad/m] U5·A;, 1.0·A;, 2.025·A;, 1. 46· A;, 

:3(lO·!oglQ(fl)) 62.1 41.81 65.68 28.54 

Table A19.4 Optimum Butterworth filtered non-layer damped beam cut-off 

frequencies and relative MSE using the VEFESPI method. 

n 6 8 9 11 

fn 818.2 Hz 1454.5 Hz 1840.8 Hz 2749.9 Hz 

(kJreo' [rad/m] U5·A;, 1. 3· A;, 1.2·A;, 1. 04· A;, 

IR(lO·!oglQ(fl)) 2.24 -3.90 2.75 -3.25 

(kJimag [rad/m] 2.05·A;, 2.0·A;, 1.275·A;, 1.02·A;, 

:3(lO'!oglQ(fl)) 52.57 48.01 62.26 35.14 

Table A19.5 Optimum Butterworth filtered single-layer damped beam cut-off 

frequencies and relative MSE using the VEFESPI method. 
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n 6 8 9 11 

fn 799.9 Hz 1422 Hz 1799.7 Hz 2688.4 Hz 

(k,)real [rad/m] 1.45·Au 1.033·Au 1.0·Au 1.02·Au 

9l(lO'!ogIO(17) ) -6.16 -8.04 3.84 -3.23 

(kc)'mag [rad/m] 1.0·Au 1.0·Au 1.0·Au 1.3·Au 

3(10'!OglO(17)) 77.24 36.70 51.92 27.21 

Table Al9.6 Optimum Butterworth filtered double-layer damped beam cut-off 

frequencies and relative MSE using the VEFESPI method. 

n 6 8 9 11 

fn 838.3 Hz 1490.3 Hz 1886.1 Hz 2817.5 Hz 

(% of IB+I)"nl [%] 3.6 7.0 8.8 4.2 

9l(10'!OglO(17) ) -38.90 -38.25 -38.62 -38.79 

(% of IB+l)imag [%] 4.2 7 8.8 10 

3(10'!ogw(17)) 15.10 8.43 49.94 37.58 

Table Al9.1 Optimum ideal filtered non-layer damped beam cut-off points and 

relative MSE using the lED! method. 

n 6 8 9 11 

fa 818.2 Hz 1454.5 Hz 1840.8 Hz 2749.9 Hz 

(% of IB+I)real [%] 6.6 5.2 6 4.4 

9l(lO'!ogw(17) ) -39.81 -38.74 -38.90 -38.46 

(% of IB+l)imag [%] 6.6 5.2 6 4.4 

3(10'!OglO(17) ) 46.07 9.44 37.28 7.13 

Table Al9.S Optimum ideal filtered single-layer damped beam cut-off points and 

relative MSE using the IEDI method. 
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n 6 8 9 11 

fn 799.9 Hz 1422 Hz 1799.7 Hz 2688.4 Hz 

(% of IB+I),,,I [%] 3.6 9.2 10 3.4 

9t(lO·loglO(fl)) -42.07 -31.43 -32.23 -31.61 

(% of IB+I)imag [%] 8.8 8 7.2 5.6 

3(1O·loglO(fl)) 44.36 49.95 58.14 41.08 

Table A19.9 Optimum ideal filtered double-layer damped beam cut-off points and 

relative MSE using the lED! method. 

n 6 8 9 11 

fn 838.3 Hz 1490.3 Hz 1886.1 Hz 2817.5 Hz 

(k, )"al [rad/m] 1.H" 1. 23H;, 1.175·h;, 1.22·h;, 

9t(lO·]oglO(fl)) -37.32 -34.13 -38.04 -42.05 

(kJimag [rad/m] 1.0·h;, 1.0·h;, 1. 5· h;, 1. 26· h;, 

3(1O·]oglo(fl)) 64.28 51.80 74.25 46.57 

Table A19.1O Optimum Butterworth filtered non-layer damped beam cut-off 

frequencies and relative MSE using the IEDI method. 

n 6 8 9 11 

fn 818.2 Hz 1454.5 Hz 1840.8 Hz 2749.9 Hz 

(k, )".1 [rad/m] 1.45·h;, 1.233·h;, 1.175·h;, 1. 22· h;, 

9t(lO']oglO(fl)) -36.00 -32.91 -33.80 -37.21 

(kJimag [rad/m] 1.75·h;, 1.033·h;, 1.2·h;, . 1.02·h;, 

3(1O·]oglO(fl)) 69.28 59.29 71.66 46.37 

Table A19.11 Optimum Butterworth filtered single-layer damped beam cut-off 

frequencies and relative MSE using the IEDI method. 
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n 6 8 9 11 

fn 799.9 Hz 1422 Hz 1799.7 Hz 2688.4 Hz 

(k, )".1 [rad/m] 1.45·"" 1. 2· "" 1.175·"" 1.22''''' 

W(lO·loglO(J7)) -36.39 -30.82 -32.01 -33.71 

(k, )imag [rad/m] 1.0· "" 1. O· "" 1.275·"" 1.02·"" 

3(10·loglO (J7)) 83.05 45.40 61.34 31.24 

Table A19.12 Optimum Butterworth filtered double-layer damped beam cut-off 

frequencies and relative MSE using the lED I method. 
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Appendix A20 

Figures of Truncated ESP I Displacement and ESPI Measured Vibrational 

Energy Flow of "Infinite" Bean1 
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Figure A20.l E PI image of t he measured beam displacement at 801 Hz: (a) 20 real 

part , (b) 20 imagi nary part , (c) ID real part , (d) ID imagilHtry part . 
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Figure A20.3 ESP] image of t he measured beam displ>;cement at 1112 Hz: (a) 2D 
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Here, 3; is the beam length and y is the beam width . 
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Appendix A21 

Transducer Measured Vibrational Input Power, Measured Four­

Accelerometer and Two-Acceleromet er Transmitted Energy of the Simply 

Supported Beam 

Below , n is mode number , I" is the resonant exc ita tion frequency, (F:..)F" is 

the measured VJP , (~,., ) is the four-acce lerometer measured transmitted 

energy, and (p" ,) is the two-accelerometer measured t ransmitted energy to 

the left and to t he right of the excitat ion locat ion . 

n 6 8 9 11 

10 857 J-Jz 14.67.5 Hz 1874. Hz 2772 Hz 

(p, ,, )"" 1.8449·10-" 3.7349 ·10'" 1 .3127'10-" 2.5009· 10-' 

( p'..),ef/ -4.6487·10-" -2 .1928·10-" -2 .7560·10''' -4..1243·10'" 

(~" t,/oL 1.1438 .10-4 9.9085 ·10-" 1.6196·10-" 1.1088·10-' 

L (p" ,) 5.7925 ·10'" 3.1837-10-" 2.9180·10-" 5.2330·10'" 

Table A21.1 Transducer measured input power and measured trnnsmitted energy of 

t he non-layer damped beam (all power values given in uni ts of \'Vatts). 

n 6 8 9 11 

I" 833.5 J-Jz 144.1 J-Jz 1830.5 I-Iz 2745 I-I z 

(F:..)F" 9.0819·10-" 2.4778·10" 2.0965 ·10''' 1.9544·10'" 

(~" tIt -1.7404. ·10-· -5 .5333'10-" -3.9034·10'" -6.54.69·10-' 

( ~'4 ) '-'!JM. 
5.5399'10-" 8.2122.10.5 6 .2524.10-5 5 .9291·10-' 

L(p", ) 5. 7139·10'" 8.2122·10-" 1.0156·10-" 1. 2476.10-1 

Table A21.2 Transducer measured input power and mea.sured transmitted energy of 

the single-layer damped beam (all power val ues given in units of \~Iatts). 
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n 6 8 9 11 

fn 821 I-Iz 1426 I-Iz 1797 I-Iz 26 2 I-Iz 

(P''' )F" 2.8646·10"" 1.6653·10"' 1.8977·10" 2.6488·10'" 

( P" , )',{I -5.5720·10"" -1.4471·10" -9 .8116·10" -3.7872·10'" 

(~r4 ) '19111 
2.2064·10'" 4.434 ·10" 1.8676·10"" 2.2237·10'" 

I: (p".) 2.7636·10" 1. 906·10" 1.1679·10"' 6.0109 ·10"" 

Table A21.3 Transducer measured input power and measured transmi tted energy of 

the double-layer damped beam (all power v"lues given in units of vVatts) . 

n 6 8 9 11 

fo 857 IIz 1467.5 IIz 1874 IIz 2772 Ilz 

(p''' )'''' 1.8449·10'" 3.7349 ·10" 1.3127·10'" 2.5009 ·10'" 

(p" , L "~I' -8.4475·10"' -7.7153.10.1, -1.0221·10"' -1.73 5·10'" 

(p" ) 
:1 er "!111t 

1.3379·10"' 2. 1496·10'" 5.0500·10" 1.2318·10"' 

I:(p" ,L 2.1826·10" 2.9211-10'" 1.5271-10'" 2.9702 ·10'" 

Table A21.4 Transducer mensl.lred input power and measured transmitted energy of 

t he non-layer damped beam (all power v"lues given in units of \Vatts). 

n 6 8 9 11 

f. 833.5 I-Iz 1441 Hz 1830.5 Hz 2745 I-lz 

(P''')F" 9.0819·10" 2.4778·10" 2.0965·10" 1.9544·10'" 

(p" , L ,,/1 -1.738 .10"' -8,9068·10" -5.1867·10'" -8.2533·10" 

(p., ) 
' "I; ,·r "ulll 5.9086·10"' 1.6623·10'" 9.0806·10" 7.9381·10"' 

I: (p',Jr 7.6474·10"' 1.7513·10'" 1.4267-10'" 1.6192.10.3 

Table A21.5 Transducer measured input power and measured transmitted energy of 

tbe single-layer damped beam (all power values given in units of Watts). 
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n 6 9 11 

fo 21 IIz 1426 Hz 1797 I-Iz 2682 I-Iz 

(P''' )F" 2.8646.10-4 1.6653-10-4 1.8977-10-" 2.6488·10'" 

(p,,; L /_" -4 .7323·10-" -4.0214 ·10'" -5.'136'1·10-" -2.592'1·10-" 

( ~r'l ) er I,gltL 1.7195·10'" 1.0172. 10.4 9.3 76.10-5 1.6037·10''' 

L(P"J~ 2.1928.10.4 1.4193·1 0'" 1.4824·10--' 4.1961·10-" 

Table A21.6 Tmnsducer measured input power ancl measurecl trftnsmittecl ener y of 

the double-layer clamped beam (all power values given in units of Watts). 
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Appendix A22 

ESP I Measured Vibrational Energy Flow of Experimental Simply Supported 

Beams Using the VEFESPI Method 
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layer: (a) active VEF, (b) reactive VEF. da.mping I"yer: (a) active VEF, (b) 

reactive VEF. 
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In the above shown figures, the quan tity hown on the :v-axls IS t he beam 

length x. 
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Appendix A23 

ESPI Measured Vibrational Energy F low of Experimental Simply Supported 

Beams Using the Incremental Energy Density Integration Method 
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In the above shown fi gures , t he qua nti ty shown on the x-axIs IS the beam 

length x. 
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Appendix A24 

Forced Vibration of an Infinite Plate due to Point Force Excitation 

It is as umed herein tha t the solution of the pla te's homogenous partial 

differential eq ua t ion of mot ion is in genera l fonTI of [18]: 

(A24.1 ) 

Here, T IS t he rad ia l d istance from the point of excitation, e is t he angle 

bet ween rad ius and t he posit ive x-ax is, 'W (1·, e, t) is the polar and t empom l 

plate di placement , t is t he variable t ime and 11 is any integcr number. If one 

subst it utes equat ion (A 2'1.1 ) in to the homogenous part of t he t hin plate's 

d ifferen tial equat ion , as shown in (A3.21 ), and employs t he two-d imensional 

Laplacian operator \72 in polar form , as given by equat iou (3.62), onc can 

di vide the 4'" order d ifferent ial equa t ion in to two 2",1 order d ifferent ia l 

equa tions as [109]: 

(A24.2) 

It can be noticed that t he above d i p layed di fferent ial equat ion is equi valent 

to Besse! 's d ifferent ia l equat ion . T he general solu t ion of B ssel's different ia l 

equa t ion is t he Bessel funct ion of t he second kind [143]. T aki ng into account 

the Sommerfeld rad iation cond ition and the following boundary condit ion at 

t he excitation location [103]: 

aw(O,t ) = 0 , 
aT (A24.3) 

one can fi nd the solution to the point force excited infinite plate as a 

combin ation of two Bessel funct ions o f t he t hi rd kind . Using a complex 
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solution , the Ha nkcl fun ction of second kind and zero order can be used to 

form the infinite plate di placement response as [103]: 

(A 24.4) 

Here, Wo is the displacement amplitude at t he excitation locat ion a nd 

H~2) (kr) is the IIa nkel function of second kind a nd zero order (n = 0). This 

part physically represents t he far fi eld of t he vibrating p late. H~2) (- j/,;7') a lso 

denotes a Ha nkel function of second kind and zero order however , represent 

a decaying nearfield a round the excitation location. T he unknown 

disp lacement a mplitude Wo can be determined from apply ing the following 

boundary condition as given by [103]: 

,. 
J Q(7j»)de = F . (A24.5) 
o 

Equation (A24.5) stat es that the integrated radia l shear force Q(70) around a 

small circle o f rad ius 70 is equal to the excitation force F = FoeJw
'. The 

diameter of the circle should be smaller than the wavelength of t he fl exura l 

wave, generated a t the excitation locat ion however, large enough to avoid the 

singularity of the IIankcl function at 70 = O. Solving (A24.5) and taking the 

circumference 21!7o into account, the d isplacement of a point force excited 

infinite plate is given by [103]: 

(A24.6) 

Here, D is the plate's fl ex ura l rigidity a defined by equation (A3.13). 
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Appendix A25 

Transmitted Vibrational Energy in an Infinite Plate Using Polar Coordinates 

The infini te plate d isplacement based on the tr1lncated asymptotic expansion 

for la rge val ues of IMI is given by [103J: 

(10,6) 

The first exponential term in equation (10,6) represents a travelling wave and 

the second exponential term in equation (10,6) represents a n evanescent 

wave, If one substitutes the exponentia l decaying part of equat ion (10,6) into 

equation (3,6 ) (all spa tial der ivatives in equation (3,69) will be zero), the 

time-averaged polar shear force VEF d ue to t he evanescent waves can be 

written as: 

- ,wFo2e >IT (5 2 4 8 1 
pc. = J - , -, + - ,-" +"+-2-' ( ,,,"JF~ 512D1f k"" kr" 1;; ' " kr' 

(A25 ,l) 

Analogously , t he time-averaged polar bending moment VEF due to 

evanescent waves can be found to be: 

3 10 12 8 
- '-I +- , -" +"+- 2- -
k",.' 1;;' " , 1;;' " I;; " 

( 
2 8 8 1 // - ,- + --'I + - ,-

k",," 1;;",, ' k"r,2 

(A25.2) 

As mentioned before, due to zero ang1l lar displacement variation , the angular 

twisting moment and , thus, the angular energy tra nsmission is zero , 
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The total time-averaged polar VEF within the infinite plate due to 

evanescent waves. i.e. (p, ) = (p, ) - (p, ), can be defined as; 
ellan Foo S evan FOt> B etJan FO(> 

P = .w oe __ v 4 v-I __ + __ F' -2k' [1 + (1 1)) (,~an)Foo J 256D7f k'r4 + ( ) k4r3 k"r' . (A25.3) 

VEF due to travelling wave can be found analogously. If one substitutes the 

exponential travelling part of equation (10.6) into equation (3.6S), the time­

averaged polar shear force VEF due to the travelling waves may be written 

as; 

(p ) _ F;,'w [~ __ 2 + .(_5 __ 4 )) 
's teav Foo - 512D7f k'r k 4r 3 J k'r4 k3r' . 

(A25.4) 

Analogously, the time-averaged polar bending moment VEF due to the 

travelling waves may be found as; 

(-) Fo'w [S 2 .(3-2V 4-SV)) 
P,8'mv Foo = 512D7f - k'r + k4r 3 + J k5r 4 + k"r' . (A25.5) 

The total time-averaged polar VEF due to the travelling waves, i.e. 

(p',mv).; = (p,s"avt; - (P'B"..)F ,is given by; 
00 00 00 

(p ) = F;,'w (~ __ 4_ 2.[1 + v 4(v -1))) 
r'mv Foo 512D7f k'r k4r3 + J k'r4 + k"r' . 

(A25.6) 
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Appendix A26 

Transmitted Vibrational Energy in an Infmite Plate Using Cartesian 

Coordinates 

The polar infinite plate displacement can be transformed into a Cartesian 

coordinate based infinite plate displacement by employing the relation 

r' = x' + y'. If one substitutes this relation into equation (10.6), the 

Cartesian coordinate based infinite plate displacement of the infinite plate 

may be written as: 

w(x,y,t) "'" Po, 
j8Dk 

2 

[ 

_,[k(x'+y,)Lc;.) .. (, ')! 1 . 4 . -,. x +y 2 jwt 
1 e - Je e. 

nk(x' + y')' 
(10.12) 

By substituting the evanescent part of equation (10.12) into equation (3.49), 

the time-averaged shear force VEF due to the evanescent waves of the 

infinite plate in the x direction can be found to be: 

1 

, 5x + 2kx(x' + y')2 + 
F,2 ~2k(x2+y2)2 

(p ) = . __ o"-w_e ___ --,- 4k'x(x' + y') + 
Xsevan F J 5 

00 512Dk5n(x' +y'), 3 

8k
3x(x' + y')' 

(A26.1) 

Analogously, the twisting moment VEF can be found as: 

I 

5xy' ..,....,:---,,--::-,.- + 20k'xy' + 
(x' + y') 

_ "" ( -1) -2k(x'+r?F 
(
p ) __ . £0 W v e 

Zrevan F - J 5 

00 512Dk5n(x' +y')2 

18kxy' 
--=.:.c..cc~""1 + 
(x' +y'), 

(A26.2) 

1 

8k'xy' (x' + y')' 
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The bending moment VEF due to the evanescent waves may be written as: 

4kx l(X'-y'-v(x'-y'))+ 
(x' + y'), 

. ( , X ') (x'(3-2v)+y'(3v-2))+ 

(p ) _.C x +y 
XB evan F - J B 3 

00 8k x ( ) ---T, X4 + x'y' + v (x'y' + y4) + 
(x' + y')' 
8k'x (x' _ y' - v(x' _ y')) + 

2kx 1 (x' (3 - 2v) + y' (3v - 2)) 
(x' + y')' 

with the constant CB being defined as: 

(A26.3) 

(A26.4) 

It can be realised from equation (A26.1) that equation (A26.1) is equal to 

equation (A25.1). Equation (A25.1) can be obtained, if one substitutes 

r = (x' + y,)y, and x = cos(O)r with 0 = 0, into equation (A25.1). The 

same procedure holds true for the remaining VEF expressions due to bending 

moment and twisting moment. The total time-averaged Cartesian coordinate 

based VEF in the x direction due to evanescent waves, which simply is the 

difference of all three VEF parts, i.e. 

(p ) = (p ) -(p ) -(p ) is given by: 
x evan Foo. Xs evan F"", Xo evan Foe Xr evan F"", ' 
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• ",2 -2k(x'+1I')' 
(
p ) '. "0 wxe ' 

x "an Fro = J 256Dk' 7l" (X2 + y2 )' 

1 

4k2 (X2 + y2)2 (V -1) + 

4k (v -1) + (v + 1) 1 

(X2 + y2)2 

Appendix 

(A26.5) 

If one substitutes the travelling part of equation (10.12) into equation (3.49). 

the Cartesian coordinate based time-averaged shear force VEF can be written 

as: 

1 

5jx-2kx(x2 +y2)2-

4jk2x(X2 +y2)+ 

3 

8k"X(X2 +y2)2 

The bending moment VEF the 'x direction may be written as: 

(T ) --c 
Xn trav Foe - B 

4jex (4 2 2 (2 2 4)) 
( 2 2) X + X Y + v x y + y + 
x +y 

4kx 1 (X2 _y2 -V(X2 _y2))+ 
(X2 + y2)2 

( 
2 jx 2) (X2 (2v - 3) + y2 (2 - 3v)) + 

x +y 

8k"x 1 (x' + X2y2 + V (X2y2 + y4))_ 

(X2 +y2)2 

8jeX{x2 _ y2 _ V(X2 _ y2)) + 

2kx 
------;-1 (X2 (2v - 3) + y2 (2 - 3v)) 
(X2 + y2)2 
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with the constant CB being defined as: 

F;,'w (Dk'7r r' 
CB = , . (A26.8) 

512(x' +y'), 

The twisting moment in the x direction can be found to be: 

5jxy' -:-::-,,-,,-:-, + 12jk'xy' + 
(x' + y') 

(
- ) __ Fo'w(Dk'7rr' (v -1) 2kxy' 
p - , --~-'1 :IT tray F u 

00 512 (x' + y')' (x' + y'), 
(A26.9) 

1 

8exy' (X' + y')' 

Shear force, bending moment and twisting moment VEF expression in the y 

direction can be found analogously, simply by interchanging x and y in the 

above given equations. The total time-averaged transmitted VEF, i.e. 

(p ) = (p ) - (p ) - (p ) is given by: 
xtrav F"" Xs tray Foo XB tray Poo x'r tray F"", ' 

8e (x' + y')' - 2k (x' + y') + 
_ F;,'w(Dk'7rtx 

(p ) = 1 [(V + 1) + ) . 
x'ca" Foo 256 (x' + y'), '(x' + ')'2 

J y 4k'(v-1)(x' +y') 

(A26.10) 
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Appendix A27 

Transmitted Vibrational Energy in a Simply Supported Plate 

The derivation of VEF in a simply supported plate is based on the 

eigenfunction expansion theorem applied to define the simply supported 

rectangular plate displacement as given by: 

. . (m7rx) . (n7rx) . (m7rXO) . (n7rYo) sm -- sm -- sm -- sm --

( t) = 4Foeiwt ~ ~ Lx Lv Lx Lv 
w X,y, L.JL.J 2,' • 

phLxLy m~l n~l wmn (1 + )1)) - w 
(10.25) 

If one substitutes equation (10.25) into equation (3.49), one may obtain the 

time-averaged VEF of the shear force, bending moment and twisting moment 

component in x the direction separately. The shear force VEF term in the x 

direction is then given by: 

() 
jwDC' 

Px, F., - 2 (A27.1) 

In equation (A27.1) and the following presented VEF expressions, the below 

listed simplifications are employed: 

(A27.2) 

C =!!!:!!.. 
m L' 

x 

(A27.3) 
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C = n7r 
n L' 

y 

(A27.4) 

. (
m7rX

o) Cn, =sm T' (A27.5) 

(
n7rYo) 

C'" = sin ---r:: . (A27.6) 

Analogously, the bending moment VEF in the x direction can be found to be: 

() 
iwDC' 

PXB F., - 2 

00 00 C C [sin (CmX) sin (Cny) X) 
LL "" "" X 
m=1 n=1 w!n (1 + iT!) - w' (C! + vC~) 

00 00 C C 
~8 w~m (1::: iT!) _ w' Cm cos (CmX) sin (Cny) 

(A27.7) 

The twisting moment VEF in the x direction can be obtained as: 

iwDC' 
2 

LL "'<> '" X 
00 00 C C (I-v) (CmCn X ') 

m=1 n=1 w!" (1 + iT!) - w' cos(Cmx)cos(Cny) . (A27.8) 

tt ,C""C,) 2 Cnsin(C",x)COS(C"y) 
m=l n=l Wmn (1 - J'r/ - W 

The transmitted energy in the Y direction can be determined due to 

symmetry properties simply by interchanging x and Y as well as m and n in 

equations (A27.I), (A27.7) and A(27.8). Thus, VEF in the simply supported 

rectangular plate due to the shear force component in Y direction is: 

. (A27.9) 
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Similarly, the bending moment VEF in the Y direction is given by: 

jwDC' 
2 

Appendix 

VEF due to the twisting moment component in the Y direction may be 

written as: 

jwDC' 
2 

LL '''' '" X 
00 00 C C 0- v) (CmCn x ) 

m~l n~l w!n (1 + j1J) - w' cos(Cmx)cos(Cny) . (A27.11) 

tt , c,,,,,C,) ,Cm cos (Cmx) sin (CnY) 
m=l n=1 wmn (1 -)11 - w 

The total VEF due to shear force, bending moment, and twisting moment 

components can be found by summing up the shear force, bending moment, 

and twisting moment VEF term, i.e. (PX)F. = (PX,)F. - (PX.)F. - (P.,. )F •. 
Thus, the total VEF in the x direction can be. found to be: 

(p) = jwDC' tttt C"""C"oC"C'" x 
x F., 2 m~l n~l k~l i~l (w!n (1 + j1J) - w')(wZ, (1- j1J) - w') 

cos (Cmx) sin (CnY) sin (Ckx) sin (CiY) (C! + CmC~)-
sin (Cmx) sin (Cny) cos (Ckx) sin (CiY) Ck (C! + vC~) + . (A27.12) 

(1- v)cos (Cmx) cos (CnY) sin (Ckx) cos (Ciy)CmCnCi 

In equation (A27.12) the rule of a product of two double series: 

(A27.13) 
m=l n=1 m=1 n=1 m=l n=1 k=l i=l 
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as well as the sum rule of two double series: 

00 00 00 00 00 00 

EEA",Bn ±EEEmKn = EE(A",Bn ± EmKn), (A27.14) 
m=l n""l m=l n=l m=l n=l 

were taken into account in order to form a fourfold series expression. 

Analogously, the total VEF in the Y direction can be found simply by 

interchanging x and y, m and n as well as k and i and, thus: 

(p)' = jwDC' tttt C""C""C",C" x 
y F., 2 m~l n~l k~l i~l (w!n (1 + j1]) - w')(wJ, (1- j7J) - w') 

sin (Cmx) cos (CnY) sin (Ckx) sin (CiY)(C~ + CnC!)-

sin (CmX) sin (CnY) sin (Ckx) cos (Ciy)Ci (C~ + vC!) + . (A27.15) 

(1 - v )cos (CmX) cos (CnY) cos (Ckx )sin (Ciy) Cm Cn Ck 

Equations (A27.12) and (A27.15) display the total VEF within a simply 

supported plate in the x and y direction, respectively. These expressions can 

be simplified further, by using the cotangent function. If one takes into 

account that cot (x) = COs(x)/sin(x) , equation (A27.12) can also be written 

as: 

(px)JC = jwDC' tttt( 2 ( . )c"'C;)f"':( .) ') x 
.. 2 m~l ,,~1 k~l i~l wm" 1 + J7J - w w<; 1 - J7J - w 

sin (Cmx) sin (Cny) sin (Ckx) sin (CiY) x 

[
cot(CmX)(C! + CmC~) - cot (CkX)Ck (C! + vC~) +). 

(A27.16) 
(1- v)cot (Cmx) cot (CnY) cot (C,Y)CmCnCi 
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By interchanging x and y, m and n as well as k and i, the VEF within a 

simply supported rectangular plate in the y direction can be defined as: 

(p) = jwDC
2 f::f::f::f:: Cm,c""Ck"C~ x 

y F. 2 m~l n~l k~l '~1 (w!n (1 + j1)) - W2)(W~, (1- j1)) - w2) 
sin (Cmx) sin (Cny) sin (Ckx) sin (C,y) x 

(cot(CnY)(C~ + CP!) - cot (C,y) c, (C~ + yC!) +) 
(1- y) cot (Crnx) cot (CnY) cot (Ckx)Cn.GnCk . 

(A27.17) 

Note, the constants Ck, and C~ as well as Ck and C, can be found by 

substituting the integer variable k and i into equations (A27.3) to (A27.6) 

accordingly. 
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Appendix A28 

Unconstrained Layer Damping of Plates 

The attachment of a damping layer, as shown in Figure 10.2, causes a shift of 

the neutral axis of bending away from the plate's middle plane towards the 

attached layer. Due to the layer attachment, the original flexural rigidity of 

the plate changes. If one considers that the resultant normal force on the 

transverse cross-section due to the bending stress U x must be zero, I.e. 

J axdz = 0, the following definition may be formulated as: 

z (hD+ZN) J axpdz + J axDdz = o. (A28.1) 
-(hp-zN ) ZN 

Herein, the subscript P denotes plate properties and the subscript D denotes 

damping layer properties. If one substitutes the plate and damping layer 

bending stress in the x direction, as given by equation (A3.7), into equation 

(A28.1), one may find the shifting distance ZN to be: 

(A28.2) 

Here, hp is the plate's thickness, hD is the damping layer thickness, 

eDP = E D / E p and H DP = hD / hp. The under-bar denotes complex quantities. 

As it can be seen in equation (A28.2), a complex Young's modulus is 

employed to take structural damping into account. The respective complex 

Young's modulus is given as: 

(A28.3) 

(A17.3) 
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where 1/ is the respective linear hysteretic loss factor. To simplify the 

definition of the neutral axis offset ZN, it was assumed in equation (A28.2) 

that Poisson's ratio of both materials is approximately the same thus, 

vp "'" VD' The complex, combined, flexural rigidity, DPD = Dp + f2r" in 

general obtained using equations (3.7) and (3.10), may be, given by: 

E z2dz + D 

I-v2 
D 

(A28.4) 

It can be seen from equation (A28.4) that the combined flexural rigidity is 

the sum of the plate's and damping layer rigidity. However, in equation 

(A28.4) the offset of the neutral axis of bending is taken into account, If one 

substitutes equation (A28.2) into (A28.4), the plate rigidity due to neutral 

axis offset can be defined as: 

(A28.5) 

Analogously, the damping layer flexural rigidity due to neutral axis offset 

may be written as: 

Herein epD = (eDpf' and HpD = (HDpf'. It can be seen from equations 

(A28.5) and (A28.6) that both definitions are complex fractions. If one 

substitutes equations (A28.3) and (AI7.3) into equation (A28.5), the 

complex, flexural plate rigidity can be found to be: 

(A28.7) 
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Herein Ap, Bp and Gp are defined as: 

EnpFp (6H;'p + 12H~p - 6H'iJP) -12EpnFnHnp + 
Ap = E~p (Fi + K~)(3H~p + 6H;'p) - 3E~n (Fi + K~) +, (A28.8) 

(FpFn + KpKn)(3H~p + 6H;p - 3H~p) -12H~p 

In the above shown expressions, the following abbreviations were used: 

F = 1 + 7}p7}n 
p 1 + 2 ' 7}p 

(A28.11) 

F: - 1 + 7}p7}n 
D- 1+ 2 ' 7}n 

(A28.12) 

(A28.13) 

K = 7}p - 7}n 
n 1 + 2 • 7}n 

(A28.14) 

Similarly, the flexural rigidity of the attached layer can be written as: 

(A28.15) 
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Herein, AD and BD are defined as: 

-12EDPFpH;p + EpDFD (6HpD + 12 - 6HDP ) + 

AD = E;D (F~ + K~ ) (3H;D + 6HpD ) -3E;JPH~p (Fi + K;) +, (A28.16) 

(FpFD + KpKD)(3 + 6HDP - 3H~p) -12H~p 

(

EPDKD(6HpD +12+6HDP)+ ) 

BD = (KDFp -KpFD)(3H~p +3+6HDP ) . 
(A28.17) 

It can be seen from equations (A28.7) and (A28.15) that in both expressions 

the respective Poisson ratio is employed. Adding both terms will yield to a 

rather extensive expression. However, if one assumes again that vp "'" //D , the 

combined flexural rigidity lbD can be written as: 

(A28.18) 

It can be noticed from equation (A28.18) that this expression is in form of 

DPD = DpD(1+j11PD) , where llPD is the combined loss factor. Here, ApD, BpD 

and CPD are given as: 

BEh (AEh + E;h; + E~h~) + 

21)P1)D (E;h;EDhD + E~h~Ephp) + 
APD = 

1);Ephp (AEh + 2E;h; - Eph;BEh) + ' 
(A28.19) 

1)1EDhD (AEh + 2E~h~ - EDh;BEh ) 
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7J~7JDEphp (AEh + Eph;EDhD) + 

7Jp (EDhD (AEh - EDh;Ephp) - E;'h~ (Ephp - 2BEh )) + 
BpD = (A28.20) 

7JD (Ephp (AEh - Eph;EDhD) - E~h~ (EDhD - 2BEh )) + ' 

7Jp7J1EDhD (AEh + EDh;Ephp) + 7J~E;h; + 7J;E;h; 

(A28.21) 

In equations (A28.19), (A28.20) and (A28.21) the following abbreviations are 

used: 

(A28.22) 

(A28.23) 

Using equations (A28.19), (A28.20), (A28.22) and (A28.23), the hysteretic 

loss factor 1]PD = BPDI ApD of the plate-layer compound is given by: 

7J~7JDEphp (AEh + Eph;EDhD) + 
7Jp (EDhD (AEh - EDh;Ephp) - E;'h~ (Ephp - 2BEh )) + 

7JD (Ephp (AEh - Eph;EDhD) - E~h~ (EDhD - 2BEh )) + 

7Jp7J1EDhD (AEh + EDh;Ephp) + 7J~E;h; + 7J~E;h; 
7JPD =~----~--~~------~~--~~--~~----~ 

BEh (AEh + E;'h; + E~h~) + 
27JP7JD (E;'h:EDhD + E'vh~Ephp) + 

7J~Ephp (AEh + 2E;'h~ - Eph;BEh) + 
7J'vEDhD (AEh + 2E~h~ - EDh;BEh ) 
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Appendix A29 

Tables of Predicted Cut-Off Points and Relative Mean Square Error of 

Three Differently Damped Simply Supported Plate Structures Using 

Extracted ESPI Noise and Measured Force Magnitude 

Due to brevity reasons the following abbreviations are employed in the 

columns in the tables below: 

A % of max IAmplitudelx of real displacement 

B lO·loglo(91(fix)) 

C % of max IAmplitudel. of real displacement 

D lO·loglO(91(n.)) 

E % of max IAmplitudelx of imaginary displacement 

F 10·loglO(3(fix)) 

G % of max IAmplitudel. of imaginary displacement 

H 1O·loglo(3(n.)) 

mode fm,,, [Hz] A[%] B C [%] D E[%] F G[%] H 

(3,3) 428,7 6.8 0.99 4.4 15.75 6.4 8.54 5.8 19.86 

(5,3) 711.6 6.2 -6.63 6.2 0,87 7,2 13.74 3.6 7.16 

(1,5) 766.7 6.2 -1.44 3.8 -11.41 1.6 -11.78 8,2 43,99 

(7,1) 896,2 6.2 28.43 6.2 -1.46 7,6 33.36 2.2 -11.89 

(5,5) 1190,9 4,6 0,33 7.8 -7.29 7,2 3,00 7.8 18.71 

(9,1) 1461.9 2.8 -6,57 3,2 10.48 4.8 28,83 5,6 -8.32 

(7,5) 1615.2 4.8 1.32 6,0 19,69 5,6 5.49 9,6 24,72 

(9.5) 2180,9 7.4 -2.72 6.8 10,09 6,6 4,67 8.2 -0.98 

Table A29.1 Optimum, ideal filtered, non-layer damped plate cut-off points and 

relative MSE using the VEFESPI method. 
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mode fm,,, [Hz] A [%] B c [%] D E[%] F G[%] H 

(3,3) 398,1 6,8 19,15 6,8 6,60 4,2 7,8 6 19,87 

(5,3) 660,7 6.8 -6.83 6.8 -3.33 6.8 16.0 5.4 12.12 

(7,1) 832.1 3.4 10.68 9.2 -6.27 6.8 20.41 6.6 -4.33 

(5,5) 1105.7 4.6 -6.19 4.8 -7.78 7.8 12.0 4.0 32.74 

(9,1) 1357.3 4.8 -21.20 3.8 2.46 6.6 16.23 4.8 -10.17 

(7,5) 1499.6 8.8 -6.85 5.0 2.80 4.0 9.52 8.8 -0.67 

(5,7) 1773.3 5.2 -7.27 5.6 -19.98 7.4 -2.96 7.4 13.18 

(11,1) 2013.8 4.8 -9.45 7.0 -8.03 4.6 5.34 5.2 10.98 

Table A29.2 Optimum, ideal filtered, single-layer damped pl~te cut-off points and 

relative MSE using the VEFESPI method. 

mode fm,,, [Hz] A [%] B c [%] D E[%] F G[%] H 

(3,3) 412.1 7.4 2.25 7.4 2.99 3.8 4.41 3.6 17.35 

(5,3) 684.0 6.4 -6.69 6.4 -1.73 7.2 14.23 4.6 9.85 

(7,1) 861.4 3.4 29.88 8.2 -1.72 8.2 23.32 6.4 -6.02 

(5,5) 1144.7 3.2 -2.08 4.2 -7.85 7.2 3.01 9.4 22.41 

(9,1) 1405.2 4.8 -11.77 4.8 22.50 9.8 26.15 5.8 -5.66 

(7,5) 1552.6 9 -7.30 4.6 0.07 7.0 11.0 9.0 -0.84 

(5,7) 1835.9 4.8 -7.90 4.6 -18.32 7.4 -0.01 7.2 9.03 

(9,5) 2096.3 4.6 -18.9 5.8 -5.58 3.4 17.45 9.6 -0.08 

Table A29.3 Optimum, ideal filtered, checkerboard-layer damped plate cut-off points 

and relative MSE using the VEFESPI method. 
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mode fm,n [Hz] A [%] B C [%] D E[%] F G[%] H 

(3,3) 428.7 3.0 5.05 3,0 61.94 2.0 -24,79 1.0 -16.06 

(5,3) 711.6 2,2 3.42 3.4 -3,76 1.4 -19.65 1 -9,53 

(1,5) 766.7 

(7,1) 896.2 

(5,5) 1190.9 2.6 20.95 2.2 -13.98 1.6 -11.57 1.4 1.95 

(9,1) 1461.9 

(7,5) 1615.2 1.4 18.32 5.6 7.62 4.4 20.14 3.4 -3.91 

(9.5) 2180.9 6.2 -9.03 8.8 4.6 6.2 8.97 6.6 5.26 

Table A29.4 Optimum, ideal filtered, non-layer damped plate cut-off points and 

relative MSE of integer-wave truncated simply supported plate displacement using 

the VEFESPI method. 

mode fm.n [Hz] A [%] B c [%] D E[%] F G[%] H 

(3,3) 398.1 2.8 -2.96 2.2 38.03 4.0 -26.37 4.0 -23.40 

(5,3) 660.7 2.4 -4.80 3.8 -7.67 4.4 -20.04 5.2 -17.98 

(7,1) 832.1 

(5,5) 1105.7 1.4 2.54 2.4 -15.04 1.4 -3.44 2.2 6.08 

(9,1) 1357.3 

(7,5) 1499.6 3.0 -13.70 2.2 -6.58 4.0 -1.84 1.6 -1.80 

(5,7) 1773.3 1.8 -12.83 3.4 -19.63 1.8 -1.38 2.4 -1.42 

(11,1) 2013.8 

Table A29.5 Optimum, ideal filtered, single-layer damped plate cut-off points and 

relative MSE of integer-wave truncated simply supported plate displacement using 

the VEFESPI method. 
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mode Im,n [Hz] A [%] B C [%] D E[%] F G[%] H 

(3,3) 412,1 2.6 -7.12 2.0 36.25 3.2 -16.51 7.0 -22,44 

(5,3) 684.0 2.0 -9.40 1.8 -1.00 2.4 -5.39 1.0 -6.36 

(7,1) 861.4 

(5,5) 1144.7 3.0 38.83 2.8 -14.13 8.0 -27.03 8.0 16.64 

(9,1) 1405.2 

(7,5) 1552.6 7.6 -14.38 4.4 1.53 1.6 2.94 2.6 -6.36 

(5,7) 1835.9 3.2 -8.49 2.8 -21.28 2.8 -12.53 2.4 0.22 

(9,5) 2096.3 4.2 -13.36 6.6 26.85 6.6 -10.68 4.0 -4.54 

Table A29.6 Optimum, ideal filtered, checker board-layer damped plate cut-off points 

and relative MSE of integer-wave truncated simply supported plate displacement 

using the VEFESPI method. 

I (k,. / kx )real 

J (k" / ky )real 

K (k,. / kx )ima, 

L (k" / ky )'ma, 

mode Im.n [Hz] I B J D K F L H 

(3,3) 428.7 2.6492 3.95 2.7134 12.42 3.6681 4.02 3.6527 22.14 

(5,3) 711.6 2.2099 -9.04 2.1018 16.23 2.052 16.63 2.9102 13.10 

(1,5) 766.7 2.0505 -4.27 1.5402 -14.74 2.0505 -9.73 1.2602 24.18 

(7,1) 896.2 2.3107 9.01 1.3017 -5.56 1.2709 22.49 1.8934 -10.4 

(5,5) 1190.9 1.5284 -6.73 2.0664 -7.13 2.0175 3.99 2.0038 7.83 

(9,1) 1461.9 1.8340 -14.8 2.5047 29.0 1.2227 25.12 2.4003 -10.2 

(7,5) 1615.2 1.3950 -4.59 1.9581 24.12 1.7051 1.62 1.6935 -0.05 

(9.5) 2180.9 1.5949 -12.5 1.6335 -4.52 2.0505 7.09 2.0069 14.78 

Table A29.7 Optimum, Butterworth filtered, non-layer damped plate cut-off points 

and relative MSE using the VEFESPI method. 
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mode fm,n [Hz] I B J D K F L H 

(3,3) 398.1 2.7511 2.18 2.7178 12.77 3,6681 4.64 3,8614 16,18 

(5,3) 660.7 2,2888 -9.18 2.1018 15,79 2,1310 16.40 2,9910 8.39 

(7,1) 832,1 1.7330 7,21 2.6034 -6.30 1.2709 38,80 2.4850 -4.44 

(5,5) 1105,7 2.3843 -8.04 2.0038 -8.21 2,0175 2.59 2.0038 9.90 

(9,1) 1357.3 1.7322 -19.5 2.4003 -3.61 1.4265 14,99 1.8785 -10.3 

(7,5) 1499,6 1.9634 -6.04 1.4289 -7.74 2,0667 16.22 2.0110 32,78 

(5,7) 1773.3 2.1184 -13.1 1.5347 -7,88 1.7567 -1.92 2,0110 6.50 

(11,1) 2013.8 1.6590 -10.4 2.7376 -16.4 2.6728 28.45 2.3600 9.44 

Table A29.8 Optimum, Butterworth filtered, single-layer damped plate cut-off points 

and relative MSE using the VEFESPI method. 

mode fm,n [Hz] I B J D K F L H 

(3,3) 412.1 2,7511 2,97 1.9829 8.20 3.6681 4,00 3.7570 17.61 

(5,3) 684,0 2.2888 -8.74 2,1018 13,58 1.9731 14.10 2,9910 12.30 

(7,1) 861.4 1.7330 10.95 1.7750 -6,73 1.1553 13.36 2,6034 -6.59 

(5,5) 1144.7 1.5284 -6,72 2.0664 -7.03 1.9563 3,27 1.6280 0.81 

(9,1) 1405,2 1.6303 -11.5 2.1916 37.8 1.4265 31.9 1.7742 -12,1 

(7,5) 1552.6 1.3950 -5.65 1.4289 -7,31 1.7051 22.89 1.5347 30.17 

(5,7) 1835.9 2,0667 -13.4 1.5347 -7,68 1.8084 -0.66 1.6935 0.56 

(9,5) 2096,3 1.4126 -18,5 1.6335 -10.8 1.8227 5.68 1.5869 11.04 

Table A29.9 Optimum, Butterworth filtered, checkerboard-Iayer damped plate cut-

off points and relative MSE using the VEFESPI method, 
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mode fm,,, [Hz] I B J D K F L H 

(3,3) 428,7 2.1614 -9.18 2.1174 46.32 2.1614 -25.29 3.1055 -16,3 

(5,3) 711.6 1.8348 7.67 1.8488 -8,35 1.6513 -20.58 3.9151 -15.0 

(1,5) 766.7 

(7,1) 896,2 

(5,5) 1190.9 2,1684 7,34 1.9563 -12.8 1.8793 -19.6 3.1441 -6.05 

(9,1) 1461.9 

(7,5) 1615.2 1.5004 13.19 1.5741 -2.12 1.5004 -2.28 2.0404 -6.84 

(9.5) 2180.9 1.4433 -9.89 1.4691 -2.59 1.6839 -2.52 1.9098 -4.20 

Table A29.1O Optimum, Butterworth filtered, non-layer damped plate cut-off points 

and relative MSE of integer-wave truncated simply supported plate displacement 

using the VEFESPI method. 

mode fm,,, [Hz] I B J D K F L H 

(3,3) 398,1 2.4199 -12.63 2.4128 45.19 2.2775 -28.5 1.5612 -21.1 

(5,3) 660.7 1.7431 -10.56 1.8588 -6.0 1.6513 -20.7 1.5308 -18,0 

(7,1) 832.1 

(5,5) 1105.7 2.6207 -4.62 1.9651 -15.0 2,5499 -10.4 2.1756 6,75 

(9,1) 1357,3 

(7,5) 1499,6 1.6217 -12.6 2.2153 -5.51 1.6776 -1.61 2.7400 -1.05 

(5,7) 1773.3 2.3625 -16.33 1.8289 -19.2 2,3035 -0.32 1.8844 -0.61 

(11,1) 2013.8 

Table A29.11 Optimum, Butterworth filtered, single-layer damped plate cut-off 

points and relative MSE of integer-wave truncated simply supported plate 

displacement using the VEFESPI method, 
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mode fm,n [Hz] I B J D K F L H 

(3,3) 412.1 2.2596 -6.09 2.1289 12.01 1.5535 -16.61 1.7031 -21.9 

(5,3) 684.0 1.6402 -9.0 1.8394 -5.28 1.6402 -10.0 3.2461 -2.58 

(7,1) 861.4 

(5,5) 1144.7 1.9318 16.0 1.9563 -13.8 1.6456 -25.8 3.0742 -2.51 

(9,1) 1405.2 

(7,5) 1552.6 1.6418 -13.0 1.5806 -5.16 1.6418 4.48 2.1661 -6.24 

(5,7) 1835.9 1.6107 -8.50 1.6557 -20.8 2.0879 -15.46 2.4284 -4.95 

(9,5) 2096.3 1.4870 -14.9 1.5095 12.48 2.3984 -7.31 2.0127 -7.25 

Table A29.12 Optimum, Butterworth filtered, checker board-layer damped plate cut-

off points and relative MSE of integer-wave truncated simply supported plate 

displacement using the VEFESPI method. 
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Appendix A30 

Figures of Truncated ESPI Displacement and ESP I Measured Vibrational 

Energy Flow of "Infinite" Plate 

This sect ion p resents the E PI ampli tude and ESP! phase plots recorded 

during the ex perimenta l "infinite" pla te experiment for a ll fi ve excita t ion 

frequencies. Furthermore, the truncated displacements and its top vIew 

Images are shown. Also, the fil tered acti ve a nd reacti ve energy flow maps 

determined from the prior d isplayed and t runcated E SP! plate d isplacements 

are presented . In addition , t he totaI transmitted vibrational energy (TTVE) 

through a numerOIlS number of square contours about t he excitation location 

is shown in compari son to t he vibrationa l input power (VIP) inject ed in to t he 

pla te. Fina lly, the rela ti ve difference bet ween t he TTVE and the VIP in 

percen t is d isp layed . 
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Figure A30.1 ESP! image of the measw-ed "infi nite" plate displacement at 569.7 Hz: 

(a) amplitude, (b) phase. 
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Figure A30.2 ESPI Image of the measured and truncated "infinite" plate 

displacement I\t 569.7 Hz: (a) 20 real part, (b) 20 imaginary pcu-t, (c) real part 

ima.gel (d) imaginary part image. 

(a) 

, , I ; 
I , I , 

0.1: : . . __ : : ~ I I ; 
: ; ;:::..::"':: \ I ~~ : 

o· ; :: ::::::-.: -:: :::::::: : : 
~---- ...... , ---- ... "', 

-0.1 : . ... . . . . . 

, ............ - . . \ ........... -, . " ....... . . . " .. - . 

-0 .1 o 
x [m] 

0.1 

(b) 

E . ! 

0 .1: 
~""" \\I ' - -­
-_· ·· .. '\1 .. --­... . - .. ,,--- - .. 

E 0: 
: :: :~~~..::..:: : 

: : ; ~/I'''::: : .. .,. /// " .... . 
>. 

-0 .1 o 
x [m] 

0.1 

( c) 

: : ' :::~~ ~l~ ~: ::~ 
01 · ····· ·, \\,- , ··· . : :: ~ ~~ :: , ,;~ : :: . 

. : : .:-=.:::"::: ~ ~ ~~~ : . : . 
0 : ; ; ::::::: -: ~:::::: : .. . ------- .... , ...... .... . 

- --- - .... 1\,-- · " 
----- ... · 11' -- ' ·· 

-0.1 : : : : ~ : , , ; 1 ~ ~ ~ i ~ 
-0 .1 o 

x [In] 
0.1 

(cl) 

........ \ j ... ... .. - .... , , ..... ... 
0.1: : - ..... , ..... -

.. .. \ I I ..... -

-'\ ,l /"--
• .. ..... I I ...... .. -

O' I • 
: ::;',- 1,';:" ,;:: . " , , ... .. 
. ,/ " ", ,, . , , , , , .. .. . 

( .. . 
_0.11 : : : I . . . .. ..... , ....... .. 

-0 .1 o 
x [Ill] 

0 .1 

Figure A30.3 Fil tered VEF maps from the "infinite" plate displacement I\t 569.7 Hz: 

(a) active VEF - ideal filter , (b) reactive VEF - ideal filter, (c) active VEF -

Buttenvortb fil ter, (d) reactive VEF - Blltterworth filter. 
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Figure A30.4 Compnrison of ESP I measured active TTVE and transducer measured 

VIP at 569. 7 Hz. 
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Figure A30.5 Relative difference in percent between ESPl measured active TTVE 

and transducer measured V[P at 569. 7 Hz. 
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Figure A30.6 ESPI image of t he measm ed "infinite" pla te di splacement a t 605.6 Hz: 

(a) amplitude, (b) phase. 
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Figure A30.7 ESPI image of the measUl'ed and t runcated "infini te" plate 

displacement at 605.6 Hz: (a) 2D real part , (b) 2D imaginary part, (c) real part 

ilnage, (d) imaginary part image. 
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Butterworth filter , (d) reactive VEF - Butterworth filter. 
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VIP at 605.6 Hz. 
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Figure A30.11 ESP! image of the measured "infi nite" plate displacement at 899.5 

Hz: (a) amplitude, (b) phase. 
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Figure A30.13 Filtered VEF maps from the "infini te" plate displacement at 899.5 

Hz: (a) active VEF - ideal filter, (b) reactive VEF - ideal filter, (c) active VEF -

Butterworth fil ter , (d) reactive VEF - Butterworth fil ter. 
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Figure A30.l5 Relati ve difference in percent between ESP I measured active TTVE 

and t ransducer measm ed VIP at 899.5 Hz. 
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Figure A30.16 ESP! image of t he measured "infi nite" plate displacement at 1194.4 

Hz: (a) amplit ude , (b) phase. 
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Figure A30.18 Fil tered VEF maps from the "infinite" plate displacement a t 1194.4 

Hz: (a) Ilctive VEF - ideal fil ter, (b) rellctiv VEF - ideal fil ter, (c) Ilct ive VEF -

But terworth filter , (d) reactive VEF - Butterworth filter. 
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Figure A30.19 Comparison of ESP[ me..'1Sured active TTVE and t ransducer 

meilSured VIP at 1194.4 Hz. 
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Figure A30.20 Relat ive difference in percent between ESP! measm ed active TTVE 
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Figure A30.21 ESP I image of t he measured "infinite" plate displacement at 1503.2 

Hz: (a) amplitude, (b) phase. 
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Figure A30.23 Filtered VEF maps from the "infinite" plate di splacement at 1503.2 

Hz: (a) active VEF - ideal filter, (b) reactive VEF - ideal filter , (c) active VEF -

Butterworth filter , (d) reactive VEF - Butterworth filter. 
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Figure A30.24 Comparison of ESP [ measured active TTVE and t ransducer 

measured VIP at 1503.2 Hz. 

100 

60 

If!- 20 Ideal fil ter 

'" <l -20 Butterworth fil ter 

-60 

-100 
0 2 4 6 

Ikrl 8 10 12 

Figure A30.25 R elative difference in percent between ESP! measured active TTVE 

and transducer measured V IP at 1503.2 Hz. 
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Appendix A3l 

Measured Vibrational Input Power of the Experimental Simply Supported 

Plates 

mode (P'u)Fu [W] 

(3,3) l.3930·1O"" 

(5,3) 4.7663.10-5 

(1,5) 0 

(7,1) 9.3091.10.5 

(5,5) l.3710·1O·4 

(9,1) l.9988·10-·' 

(7,5) 4.3866.10-4 

(9.5) 9.2169·10-" 

Table A31.1 Transducer measured vibrational input power of the experimen tal non­

layer damped simply supported plate. 

mode (P'u )Fu [W] 

(3,3) l. 0766·1O-" 

(5 ,3) l.8218·10-4 

(7,1) 3.4381'10-" 

(5,5) 7.7383·10"" 

(9,1) 8.6997·10"4 

(7,5) 7.9213.10-4 

(5,7) 1.401 5·10'" 

(11,1 ) l. 334·10':\ 

Table A31.2 Transducer mell.Sured vibrational input power of the experimental 

single-layer dam ped simply supported plate. 
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mode (p'..) p, [W] 

(3,3) 4.8013·10" 

(5,3) 1.6354-10'" 

(7,1) 7.0699·10'" 

(5,5) 2.94 9·10" 

(9 ,1) 2.0285·lO" 

(7,5) 7.5562·lO" 

(5,7) 4 .5899·lO" 

(9,5) l.7498·lO'" 

Table A31.3 Transducer meas ured vibrational input power of the experimental 

checkerboard pattern layer-damped simply supported plate. 
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Appendix A32 

Measured Vibrational Energy Flow Maps of the Experimental Simply 

Supported Plates Using the VEFESPI Method 

The VEF m aps shown 111 thi s sect io n were compu ted frOIlI the per iodically 

truncated and ESPI measured simply supported plates d isp lacements. 

Further , in the figures shown below x is the plate length and y is t he plate 

width. 
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Figure A32.1 Fil tered VEF maps of the experimentnl, non-layer damped , simply 

supported plate at 422.5 I-Iz & mode (3 ,3): (a) active ideal fil tered , (b) reactive ideal 

fil tered, (c) active Bll tterworth filtered, (d) react ive Blltterworth filtered. 
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Figure A32.2 Filtered VEF maps of the experimental non-layer damped , simply 

supported plate at 689 Hz & mode (5,3): (a) active ideal filtered, (b) reactive ideal 

filtered , (c) active Butterworth filtered , (d) reactive Butterworth filtered. 
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Figure A32.3 Filtered VEF maps of the experimental , non-layer damped , simply 

supported plate at 1139 Hz & mode (5,5): (a) active ideRl filtered , (b) reacti ve ideal 

filtered , (c) active Butterworth filtered , (d) reactive Butterworth filtered. 
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Figure A32.4 Filtered VEF maps of t he experimental non-layer damped , simply 

supported plate at 1536 Hz & mode (7 ,5): (a) active ideal filtered , (b) reactive ideal 

filtered , (c) active Butterworth filtered , (d) reactive Butterworth filtered. 
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Figure A32.5 Filtered VEF maps of the experimental, non-layer damped , simply 

supported plate at 2040.5 Hz & mode (9 ,5): (a) active ideal fil tered , (b) reactive 

ideal filtered , (c) active Butterworth filtered, (d) reactive Butterworth filtered . 
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Figure A32.6 Filtered VEF maps of t he experimental si ngle-layer damped , simply 

supported plate nt 402 Hz & mode (3,3): (a) active ideal filtered , (b) reactive ideal 

filtered , (c) active Butten vorth fil tered, (d) reactive Butterworth filtered. 
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Figure A32.7 Filtered VEF maps of t he ex perimental , single-layer damped , imply 

supported plate at 658 Hz & mode (5,3): (n) active ideal filtered, (b) reactive ideal 

filtered, (c) active Buttenvort h filtered, (d) reactive Butterworth filtered . 
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Figure A32.8 Filtered VEF maps of the experiment,,1 single-layer damped , simply 

supported plate at 1086 Hz & mode (5,5) : (,,) active ide,,1 fi ltered , (b) reactive ide,,1 

filtered , (c) active Butterworth filtered, (d) reactive Buttel'\vorth filtered. 
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Figure A32.9 Filtered VEF maps of the ex perimental , single-layer damped , simply 

supported plate at 1459 Hz & mode (7,5): (a) active ideal filtered, (b) reactive ideal 

filtered , (c) active Butterworth filtered, (d) reactive Buttel'\vorth filtered . 
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filtered, (c) active Buttenvorth filtered , (d) reactive Butterworth filtered . 
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supported plate at 404.5 Hz & mode (3,3): (et) active ideal filtered , (b) reactive ideal 

filtered, (c) active Butterworth filtered , (d) reactive Butten vorth fil tered . 
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Figure A32.12 VEF maps of t he experimental, checkerboard-Iayer damped , simply 

supported plate at 669 Hz & mode (5,3): (a) acti ve ideal filtered , (b) reactive ideal 

filtered , (c) active Butten vort h fil tered , (d ) rm, ctive Butterwort h filtered . 
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Figure A32_13 VEF ma ps of the ex perim ental, checker board-layer damped , simply 

supported plate at 1111.5 Ilz & mode (5,5) : (a) active ideal fil tered , (b) reactive 

ideal filtered , (c) acti ve Butterworth filtered , (d ) reacti ve Butterworth fil tered . 
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Figure A32.14 VEF maps of t he experimental , checkerboard-Iayer damped , simply 

supported plate nt 1486.5 Hz & mode (7 ,5): (a) active ideal filtered , (b) re,,-ctive 

ideal filtered , (c) active Butterworth filtered , (d) reactive Butterworth filtered. 
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supported plate at 1750 Hz & mode (5,7): (a) active ideal filtered , (b) reactive ideal 

filtered , (cl active Butterworth filtered , (d) reactive Butterworth filtered. 
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Append ix 

Figure A32.16 VEF maps of t he experimental , checkcrboard-Iayer damped , simply 

supported plate e.t 2005.5 I-lz & mode (9,5): (a) active ideal filtered, (b) reactive 

ideal filtered, (c) active Butterworth filtered , (d ) reactive Butterworth filtered. 
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Appendix A33 

Analytical Vibrational Energy Flow Maps of Simply Supported Plate 

(a) 
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(b) 

Figme A33.1 Analytical VEF maps of the simply supported plate excited at mode 

(3 ,3): (a) active \fEF, (b) reactive \fEF. 
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Figm e A33.2 Analytical VEF maps of the simply supported plate excited at mode 

(5,3): (a) active \fEF , (b) reactive \TEF. 
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Figure A33.3 Analytical VEF maps of t he simply supported plate excited at mode 

(5 ,5): (a) active VEF, (b) renctivc VEF. 
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Figure A33.4 Analytical VEF maps of the simply supported plate excited at mode 

(7,5): (a) nctive VEF , (b) reactive VEF. 
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Figure A33.5 Analytical VEF maps of t he simply supported plate excited a t mode 

(5,7): (a) active VEF, (b) reactive VEF. 
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Figure A33.6 Analytical VEF maps of t he simply sl1 pported phtte excited at mode 

(9,5): (a) act ive VEF, (b) reacti ve VEF . 
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