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HILBERT C-MODULES: STRUCTURAL PROPERTIES
AND APPLICATIONS TO VARIATIONAL PROBLEMS

CLAUDIA GARETTO AND HANS VERNAEVE

ABSTRACT. We develop a theory of Hilbert C-modules which forms the core of
a new functional analytic approach to algebras of generalized functions. Partic-
ular attention is given to finitely generated submodules, projection operators,
representation theorems for C-linear functionals and (E-sesquilinear forms. We
establish a generalized Lax-Milgram theorem and use it to prove existence and
uniqueness theorems for variational problems involving a generalized bilinear
or sesquilinear form.

0. INTRODUCTION

Over the past thirty years, nonlinear theories of generalized functions have been
developed by many authors [T, 6, 12, 19], mainly inspired by the work of J. F.
Colombeau [3, 4]. They have proved to be a valuable tool for treating partial
differential equations with singular data or coefficients [11},[14}, (15} 16}, 20]. Also, they
have found a wealth of applications to differential geometry [13] [I§] and relativity
theory (cf. [12] and the references therein). As a consequence of intense research in
the field, increasing importance is attached to an understanding of algebraic [2] 21]
and topological structures [5l [7] in spaces of generalized functions.

This paper is part of a wider project which aims to introduce functional ana-
lytic methods into Colombeau algebras of generalized functions. Our intent is to
deal with the general problem of existence and qualitative properties of solutions
of partial differential equations in the Colombeau setting by means of functional
analytic tools adapted and generalized to the range of topological modules over the
ring C of generalized numbers. Starting from the topological background given in
[T, 8], in this paper we develop a theory of Hilbert C-modules. This will be the
framework used to investigate variational equalities and inequalities generated by
highly singular problems in partial differential equations.

A first example of a Hilbert C-module is the Colombeau space Gy of generalized
functions based on a Hilbert space (H,(-|-)) [7, Definition 3.1], where the scalar
product is obtained by letting (|-) act componentwise at the representatives level.
A number of theorems, such as projection theorem, Riesz-representation and the
Lax-Milgram theorem, can be obtained in a direct way when we work on Gy by
applying the corresponding classical results at the level of representatives at first
and then by checking the necessary moderateness conditions. This is a sort of
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transfer method, which has been exclusively employed so far, for producing results
in a Colombeau context deeply related to a classical one. The novelty of our work
is the introduction of a general notion of a Hilbert C-module which no longer
has the internal structure of Gy, and the completely intrinsic way of developing
a topological and functional analytic theory within this abstract setting. As we
will see in the course of the paper, the wide generality of our approach on the one
hand entails some technicalities in the proofs and on the other hand leads to the
introduction of a number of new concepts, such as edged subsets of a C-module,
normalization property, etc.

We now describe the contents of the sections in more detail.

The first section serves to collect some basic notions necessary for the compre-
hension of the paper. We begin in Subsection [I.1] by recalling the definition of the
Colombeau space Gg of generalized functions based on a locally convex topological
vector space E. In order to view G as a particular example of a locally convex
topological C- module, where C is the ring Gc of generalized constants, we make use
of concepts such as valuation and ultra- pseudo-seminorm and of some fundamental
ingredients of the theory of topological C-modules elaborated in [7, [§]. Particular
attention is given to C-linear maps and C- sesquilinear forms acting on locally con-
vex topological C-modules and to their basic structure when we work on spaces of
Gp-type [10] Definition 1.1]. We introduce the property of being internal for subsets
of Gg as the analogue of the basic structure for maps. Internal subsets will play
a main role in the paper, in the existence and uniqueness theorems for variational
equalities and inequalities of Sections [7] and Bl We conclude Subsection [T by dis-
cussing some issues concerning the ring R of real generalized numbers: definition
and properties of the order relation >, invertibility and negligibility with respect
to a subset S of (0, 1], characterization of zero divisors and idempotent elements,
and infimum and close infimum in R. _ _

The second part of Section [[ldeals with the class of C-modules with R-seminorms.
Making use of the order relation > in R and of the classical notion of seminorm
as a blueprint, we introduce the concept of R-seminorm on a C-module G. This
induces a topology on G which turns out to be (E—locally convex. In other words
we find a special class of locally convex topological C-modules which contains the
spaces of generalized functions based on a locally convex topological vector space
as a particular case.

Section [2] is devoted to the definition and the first properties of the family of
topological C-modules which are the mathematical core of the paper: the Hilbert
C-modules. They are defined by means of a generalized scalar product (:|-) with
values in C which determines the R-norm ||u| = (u|u)% This means that they
are particular R-normed C-modules. As first examples of Hilbert C-modules we
consider the space Gy based on a vector space H with scalar product and, more
generally, given a net (H.,(:|") HE)E’ the quotient of the corresponding moderate
nets over negligible nets (Proposition 7).

With the intent of developing a topological and functional analytic theory of
Hilbert C-modules, we start in Subsection by investigating the notion of pro-
jection on a suitable subset C' of a Hilbert C-module G. This requires some new
assumptions on C, such as being reachable from a point u of G, the property of
being edged, i.e., reachable from any u, and a formulation of convexity in terms of
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R-linear combinations which resembles the well-known classical definition for sub-
sets of a vector space but differs from the C-convexity introduced in [7]. In detail,
we prove that if C'is a closed nonempty subset of the Hilbert C-module G such that
C + C C 2C and it is reachable from u € G, i.e., the set {|ju — w]||, w € C} has a
close infimum in @, then the projection Po(u) of u on C exists. The operator Po
is globally defined and continuous when C' is edged and is C-linear when C' = M is
a closed and edged C-submodule of G. We also see, by means of a counterexample,
that the condition of being edged is necessary for the existence of Py and that
this operator allows us to extend any continuous C-linear map with values in a
topological C-module from M to the whole of G. In this way we obtain a version of
the Hahn-Banach theorem where the fact that M is edged is essential. Moreover,
closed and edged submodules of G can be characterized as those submodules M for
which M + M+ =G. B

Section [B] gives a closer look at edged submodules of a Hilbert C-module. For
the sake of generality we work in the context of ]K—Hiodules7 where K is R or C, and
we state many results in the framework of Banach K-modules. In our investigation
on submodules we distinguish between cyclic submodules, i.e., generated by one
element, and submodules generated by m > 1 elements. In particular, we prove
that when a submodule is finitely generated the property of being edged is deeply
related to topological closedness and to some structural properties of the genera-
tors. We carefully comment our statements by providing explanatory examples and
counterexamples.

The main topic of Section [ is the formulation of a Riesz representation theorem
for continuous C-linear functionals acting on a Hilbert C-module. We prove that a
functional T' can be written in the form T'(u) = (u|c) if and only if there exists a
closed and cyclic C-submodule N such that N+ C Ker T In particular, on Gy, the
Riesz representation theorem gives necessary and sufficient conditions for a C-linear
functional to be basic. The structural properties of continuous ((N:—sesquilinear forms
on Hilbert C-modules are investigated by making use of the previous representation
theorem. B
__ In Section Bl we concentrate on continuous C-linear operators acting on a Hilbert
C-module. In detail, we deal with isometric, unitary, self-adjoint and projection
operators obtaining the following characterization: T is a projection operator (i.e.,
self-adjoint and idempotent) if and only if it is the projection Py on a closed and
edged C-submodule M. _

A version of the Lax-Milgram theorem valid for Hilbert C-modules and (a—sesqui—
linear forms is proved in Section [ for forms of the type a(u,v) = (u|g(v)), when
we assume that the range of g is edged and that a satisfies a suitable coercivity
condition. This theorem applies to any basic and coercive (E—sesquilinear form on
Gy and plays a relevant role in the applications of the last section of the paper.

Section [ concerns variational inequalities involving a continuous R-bilinear form
in the framework of Hilbert R-modules. Under suitable hypotheses on the set C C G
we prove that the problem

alu,v —u) > (flv —u), forallv e C

is uniquely solvable in C' if a is a symmetric, coercive and continuous @—biline%r
form and the functional I(u) = a(u,u) — 2 (f|u) has a close infimum on C' in R.



2050 C. GARETTO AND H. VERNAEVE

This applies to the case of basic and coercive forms on Gy when C'is internal and
can be extended to basic R-sesquilinear forms which are nonsymmetric via some
contraction techniques. The theorems of Section [1] are one of the first examples
of existence and uniqueness theorems in the Colombeau framework obtained in an
intrinsic way via topological and functional analytic methods.

The paper ends by discussing some concrete problems coming from partial differ-
ential operators with highly singular coefficients, which in variational form can be
solved by making use of the theorems on variational equalities and inequalities of
Section[fl The generalized framework within which we work allows us to approach
problems which are not solvable classically and to obtain results consistent with
the classical ones when the latter exist.

1. BASIC NOTIONS

This section of preliminary notions provides some topological background neces-
sary for the comprehension of the paper. Particular attention is given to Colombeau
spaces of generalized f functions, locally convex topological C-modules and topolog-
ical C-modules with R-seminorms. The main references are [7, 8, [10].

1.1. Colombeau spaces of generalized functions and topological C-modules.

1.1.1. First definitions, valuations and ultra-pseudo-seminorms. Let E be a lo-
cally convex topological vector space topologized through the family of seminorms
{pi}icr- The elements of

Mp :={(u). e EOY:vie IIN e N pi(u.) = O(eN)ase — 0},
Neg i={(u). e EOU: VieIVgeN p;(u.)=0()ase — 0},

are called F-moderate and F-negligible, respectively. The space of Colombeau
generalized functzons based on E is defined as the quotient Gg := Mg /NEg.

The rings C=¢ v /N of complex generalized numbers and R of real generalized
numbers are obtained by taking £ = C and E = R, respectively. One can easily see
that for any locally convex topological vector space F (on C), the space Gg has the
structure of a C-module. We use the notation u = [(uz).] for the class u of (u).
in Gg. This is the usual way adopted in the paper to denote an equivalence class.

C is trivially a module over itself and it can be endowed with a structure of a
topological ring. This is done by defining the valuation v of a representative (r¢). of
reCassup{beR: |r] =0()as ¢ — 0}. By observing that v((r.).) = v((r e)
for all representatives (r.)., (L) of r, one can let v act on C and define the map

| |e:=C = [0,400) : u = |ue := e V),

The properties of the valuation on C make the coarsest topology on C for which
the map | - | is continuous compatible with the ring structure. It is common in the
already existing literature [19] 22 23] 24] to use the adjective “sharp” for such a
topology.

A topological C-module is a C-module G endowed with a C-linear topology, i.e.,
with a topology such that the addition G x G — G : (u,v) — u+ v and the product
CxG—G: (A, u) = Au are continuous. A locally convex topological C-module is
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a topological C-module whose topology is determined by a family of ultra-pseudo-
seminorms. As defined in [7, Definition 1.8] an ultra-pseudo-seminorm on G is a
map P : G — [0, +00) such that
(i) P(0) =0,
(ii) P(Au) < |MeP(u) for all A € C, u € G,
(ili) P(u+v) < max{P(u),P(v)}.
Note that since |[(e7%)]]e = [[(e%)c]]e ", from (ii) it follows that
(i) P(Au) = [A|¢P(u) for all A = [(ce?).], c€ C,a e R, u €g.
The notion of valuation can be introduced in the general context of C-modules as
follows: a valuation on G is a function v : G — (—o0, +00] such that
(i) v(0) = +o0,
(i) v(hu) > va(A) + v(u) for all A € C, u € G,
(i) v(u+ v) > min{v(u), v(v)}.
As above, from (ii) it follows that
(ii)" v(Au) = vg(A) + v(u) for all A = [(ce?)], c€ C,a € R, u € G.
Any valuation generates an ultra-pseudo-seminorm by setting P(u) = eV, An
ultra-pseudo-seminorm P such that P(u) = 0 if and only if u = 0 is called an
ultra-pseudo-norm. The topological dual of a topological C-module G is the set
L(G, @) of all continuous and C-linear functionals on G. A thorough investigation
of L(G, ((NS) can be found in [7, [§], together with interesting examples coming from
Colombeau theory.
The family of seminorms {p;};cr on E equips Gg with the structure of a locally
convex topological C-module by means of the valuations

Vp, ([(ue)e]) == vp, (ue)s) :=sup{b e R: pi(u:) = O(Eb) as e — 0}

and the corresponding ultra-pseudo-seminorms {P;}icr, where P;(u) = e~ Vri (u),

1.1.2. Basic C-linear maps and @—sesquilmear forms. Consider locally convex topo-
logical C-modules (G, {P;}ics) and (F, {Q;}jes). Theorem 1.16 and Corollary 1.17
in [7] prove that a C-linear map T : G — F is continuous if and only if it is contin-
uous at the origin, if and only if for all j € J there exists a constant C' > 0 and a
finite subset Iy of I such that the inequality

(1.1) Q;(Tu) < Cné&}x P;(u)

holds for all v € G. _

In the particular case of G = Gg and F = Gp, we recall that a C-linear map
T : Gg — Gr is basic if there exists a net (7). of continuous linear maps from E
to F' fulfilling the continuity-property

(1.2) Vj € J3Iy C Ifinite IN € N3In € (0,1]Vu € EVe € (0,7)
g (Teu) <™V " pi(u),
i€l
and such that Tu = [(T:(ue))e] for all uw € Gg. It is clear that (I2) implies (L)),
and therefore any basic map is continuous.

This notion of basic structure can be easily extended to multilinear maps from
G, X ... x Gg, — Gp. In this paper we will often work with basic C-sesquilinear
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forms. A basic (E-sesquilinear form a on Gg X Gp is a @—sesquilinear map a from
Gr x G — C such that there exists a net (ac). of continuous sesquilinear forms on
E x F fulfilling the continuity-property

(1.3) 3Iy C Ifinite3Jy C Jfinite IN € N3n € (0,1]Vu € EVv € F Ve € (0, 7]
jac(u,0)| < e Y pilu) Y 4j(v)

i€lp Jj€Jo

and such that a(u,v) = [(ac(ue,ve))e] for all u € Gg and v € Gp.

1.1.3. Internal subsets of Gg. A subset A C G is called internal [21] if there exists
anet (A:).g(o,1) of subsets A. C E such that

A = {u € Gg : 3 representative (uc). of udey € (0,1]Ve < egu. € A}

If all A. # 0, then we can take g = 1 in the previous definition without loss of
generality. The internal set corresponding to the net (A.). is denoted by [(A4:)c].
Let E be a normed vector space and A an internal subset of Gr. Then the following
hold [21]:
(i) A is closed.
(ii) Let u € Gg. If A is not empty, then there exists v € A such that |ju — v|| =
mingea ||u—w|| [21].

1.1.4. Some properties of the ring of real generalized numbers. We finally concen-
trate on the ring R of real generalized numbers. It can be equipped with the order
relation < given by r < s if and only if there exist (r.). and (s.). representatives
of r and s respectively such that r. < s. for all ¢ € (0,1]. We say that r € R is
nonnegative iff 0 < r. We write r > 0 if and only if » > 0 and r # 0. Equipped
with this order, Ris a partially ordered ring. One can define the square root of a
nonnegative generalized number 7 € R by setting 72 = [(7“5% )e] for any representa-
tive (r¢)e of r such that r. > 0 for all e. We leave it to the reader to check that
2o = |r|2 for all r € R and that |r2|, = |r|§ for all » > 0. In the sequel we collect
some further properties concerning the order relation in R which will be useful in
the course of the paper.

Proposition 1.1. Let a,b,b,,r be real generalized numbers. The following asser-
tions hold:
(i) > 0 if and only if there exists a representative (re)e of v such that ro > 0
for all € € (0,1] if and only if for all representatives (re). of v and for all
q € N there exists n € (0,1] such that ro > —e? for all € € (0,7);
(i) ifa >0, b>0 and a® < b2, then a < b;
(iii) if a < b, for alln € N and b, — b as n — oo, then a < b.

Let S C (0,1]. We denote by eg € R the generalized number with the character-
istic function (ys(€)). as representative, and S¢ = (0,1] \ S. Then clearly, eg # 0
iff 0 € S and eg # 1iff 0 € 5°.

Let z € Cand S C (0,1] with eg # 0. Then z is called invertible w.r.t. S if there
exists 2/ € C such that 2z’ = es; z is called zero w.r.t. S if zeg = 0. The following
holds [25]:

Let (z)e be a representative of z.
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(i) ziszerow.r.t S iff (Vm € N)(Inp > 0)(Ve € SN(0,n))(|zc| <e™) it (VT C S
with er # 0)(z is not invertible w.r.t. T');

(ii) z is invertible w.r.t. S iff (Im € N)(In > 0)(Ve € SN (0,7n))(|ze| > ™) ift
(VT C S with er # 0)(z is not zero w.r.t. T).

Finally we have the following characterizations of the zero divisors and the idem-
potent elements of C. Let z, 2’ € C such that z2' = 0. Then, there exists S C (0,1]
such that zeg = 0 and 2’ege = 0 [25]. If 2z = 22, then there exists S C (0, 1] such
that z = eg [2].

1.1.5. Infima in R. Let A C R. Asin any partially ordered set, § € R is a lower
bound for A iff § < a, for each a € A. The infimum of A, denoted by inf A, if
it exists, is the greatest lower bound for A. As the set of lower bounds of A is
equal to the set of lower bounds of A, inf A exists iff inf A exists, and in that case,
inf A = inf A. The following proposition gives a characterization of the infimum.

Proposition 1.2. Let A C R. Let § € R be a lower bound for A. The following
are equivalent:
(i) d =inf A4;
(ii) Vm € N VS C (0,1] withes #0 Ja € A aes 7 (6 + [(e)c]™)es;
(iii) Ym € N VS C (0,1] with es # 0 3T C S withep # 0 Ja € A aer <
(0 +[(e)]™)er.

Proof. (i) = (ii): Suppose there exists m € N and S C (0, 1] with eg # 0 such that
for each a € A, aes > (6 + [(¢)c]™)es. Then also a > aege + (6 + [(€):]™)es >
0+ [(g)e]™es. So &+ [(e)c]™es is a lower bound for A. As eg # 0, 6 # inf A.

(ii) = (iii): If aes Z (6 + [(¢)c]™)es, then there exists T C S with ez # 0 such
that aer < (0 + [(g)c]™)er.

(iii) = (i): Let p € R be a lower bound for A. Suppose p & 4. Then there exists
S C (0,1] with eg # 0 and m € N such that pes > (6 + [(¢)c]™)es. By hypothesis,
there exists T C S with ez # 0 and a € A such that aer < (3 + [(€)]™ er.
Hence (6 + [(g)c]™)er < per < (6 + [(¢)c]™ 1 )er, which contradicts the fact that
er 7& 0. ([

__The infimum of A is called close if inf A € A. In this case we use the notation
infA. Unlike R, an infimum in R is not automatically close.

Example 1.3. Let T C (0,1] with er # 0 and ege # 0 and let A = {er +
[(e)e]™ere : m € N}U{ere +[(€):]™er : m € N}. Clearly, 0 is a lower bound for A.
Let 6 € R be a lower bound for A. Then § < lim,, oo (e + [(€)e]™eTe) = er; hence
depe < 0 and similarly der < 0. So § = depec +der < 0 and inf A = 0. On the other
hand, |er + [(g)]™ere|, = |ere + [(¢)c]™er|, = 1, for each m € N. Hence 0 ¢ A.

The close infimum can be easily characterized as follows.

Proposition 1.4. Let A C R. Let § € R be a lower bound for A. Then § is a close
nfimum iff

YVmeNdae A a<d+[(e)]™.

Clearly, if A reaches a minimum, then inf A = min A and the infimum is close.
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1.2. C-modules with R-seminorms. We introduce the notion of an R-seminorm
on a C-module G. This determines a special kind of topological C-module: C-
modules with R-seminorms. In the sequel, given A = [(A.).] € C we define || as
the equivalent class of (|A.|): in R.

Definition 1.5. Let G be a C-module. An R-seminorm on G is a map p: G — R
such that
(i) p(0) =0 and p(u) > 0 for all u € G;
(ii) p(Au) = [A|p(u) for all A € C and for all u € G;
(iti) p(u+v) < p(u) + p(v) for all u,v € G.

An R-seminorm p such that p(u) = 0 if and only if u = 0 is called an R-norm.

From the properties which define an R-seminorm we easily see that the coarsest
topology which makes a family {p;}ics of R-seminorms on G continuous equips
G with the structure of a topological C-module. Hence, any C-module with R-
seminorms is a topological C-module. More precisely we have the following result.

Proposition 1.6. Any R-seminorm p on G generates an ultra-pseudo-seminorm
P by setting 7Z(u) = |p(u)|e = e VP®) | The C-linear topology on G determined by

the family of R-seminorms {p;}icr coincides with the topology of the corresponding
ultra-pseudo-seminorms {P; }icr.

Proof. The fact that P is an ultra-pseudo-seminorm follows from the properties of
p combined with the defining conditions of the ultra-pseudo-norm |- |, of R. The
families {p;};cr and {P;}icr generate the same topology on G since for all n > 0,
6 > 0 and v € G we have that

fueG: pi(u) <[ .1} S fuecG: Pi(u) <n)
C{ueG: pilw) < [(e5). ).

O

In the particular case of G = G, where (E, {p; }icr) is a locally convex topological
vector space, one can extend any seminorm p; to an R-seminorm on Gg. This is
due to the fact that if (uc)e € Mg, then (p;(ue))e € En and if (v, — ul). € Ng,
then |p;(ues) — pi(ul)] < pi(u. —ul) = O(e?) for all ¢ € N. Proposition says
that the sharp topology on Gg can be regarded as the topology of the R-seminorms
pi(u) := [(pi(ue))e] as well as the topology of the ultra-pseudo-seminorms P;(u) =

‘pi(u)|c~
Proposition 1.7. Let (G, {piticr), (F,{q}jes) and (H,{ri}recx) be topological
C-modules with R-seminorms.

(i) A C-linear map T : G — F is continuous if and only if the following
assertion holds: for all j € J, there exist a finite subset Iy of I and a
constant C' € R such that

(1.4) g;(Tu) < C Y pi(u)
i€l

forallu e gG.
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(ii) A (E-sesquilinear map a from G x F to H is continuous if and only if for
all k € K there exist finite subsets In and Jo of I and J respectively and a
constant C' € R such that

(15) r(a(u0) < €Y pi(u) 3 4;(0),

1€y j€Jo

forallue G andv e F.

Proof. 1f the inequality (IZ) holds, then the C-linear map T is continuous, since
from (L4) we have that

Q;(Tu) <|Cle max P;(u).
i€ly

This characterizes the continuity of T' as proved by Corollary 1.17 in [7]. Assume
now that T is continuous at 0. Hence, for all j € J and for all ¢ € R there exist
b € R and a finite subset Iy of I such that ¢;(T'w) < [(e)c] if >, piu) < [(e%)e]-
Let ¢ € N. For any u € G we have that [(e®)Ju/(3;c;, pi(u) + [(7)<]) belongs to
the set of all v € G such that >, ; pi(v) < [(€%)c]. Thus,

q;(Tu) < [( (sz ]).

i€ly

Letting ¢ go to co we conclude that (L) is valid for C' = [(e°7°).].
The proof of the second assertion of the proposition is similar and therefore left
to the reader. O

We now consider the framework of Colombeau spaces of generalized functions
based on a normed space, and we provide a characterization for continuous C-
linear maps given by a representative. We recall that a representative (7:). of a
C-linear map T : Gg — G, if it exists, is a net of linear maps from E to F' such
that (True)e € Mp for all (us)e € Mg, (Teue)e € N for all (u.). € Ng and
Tu = [(Teue)e] for all u = [(ue)e] € GE.

Proposition 1.8. Let E, F' be normed spaces and let (T.). be a net of linear maps
from E to F such that (T.u.). € Mg for each (ue)e € Ng. Then (Tu.). € Mp
for each (us)e € Mg and (Toue)e € N for each (ue)e € Ng.

Proof. Let (u.). € Mg, ie., there exists N € N such that [juc]| < =V, for
sufficiently small e. Suppose that (T.uc). ¢ Mp. Then we can find a decreasing
sequence (&, )nen with lim, e, = 0 such that ||T. u., || > e,™. Let v., = u., en/?,
Vn € N and let v. =0 if € ¢ {€,, : n € N}. Then for any M € N, [|v.|| < |Juce M|| <
eM=N for sufficiently small €, but for each n € N, ||T., (ve,)| = a€"/2||TE (ue,)|l >
en™?. Hence v. € N, but T. (ve) ¢ Mg, which contradicts the hypotheses.
Slmllarly, let (uc): € N, ie., for each m € N, |Juc| < &™ as soon as ¢ <1, €
(0,1]. Suppose that (Teue). ¢ NF. Then we can find m € N and a decreasing

sequence (&, )nen with lim, &, = 0, such that ¢, < n,, and ||T%, (ue, )| > &}, Vn €
N. Let v, = u,, eﬁn/z Vn € N and let v. = 0 if € ¢ {e,, : n € N}. Then for each
n e N, oo, || < llue, o2 < €72, but |1T2, (ve,) | = 112, e, Ylen™? > "2,

Hence v, € Ng, but T.(v.) ¢ Mg, which contradicts the hypotheses. O

Inspired by a similar result in [2I] we obtain the following proposition.
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Proposition 1.9. Let E and F be normed spaces and T : Gg — Gr a C-linear
map. If T has a representative (T:)e, then it is continuous.

Proof. We prove that if (u¢). € Ng implies (True)e € Np, then
(1.6)
Vn € Ndm € Ndgg € (0, 1] Ve € (O,EQ)V’UJ cF HUHE <™ = HTEU’”F <™

Indeed, if we negate ([L6]), then we can find some n’ € N, a decreasing sequence &,,
converging to 0 and some u,, € E with ||ju., ||z < &™ such that | T, u., ||F > ™
Now let u. = u,, for € € [e;,em—1) and u. = 0 for € € [gg,1]. By construction
we have that (u;). € Ng and |1, uc,,
with (True)e € Np.

The assertion (L) says that for all n € N there exists a neighborhood U = {u €
Ge : |lulle < [(€™)c]} of 0 which has image T'(U) contained in the neighborhood
V={vegr: ||vl|r <[]} Hence, the map T is continuous at 0 and thus
continuous from Gg to Gp. ([

p > e for all m. This is in contradiction

Proposition 1.10. Let E and F' be normed spaces, and let T be a continuous
C-linear map from Gg to Grp with a representative and C > 0 in R. Then, the
following assertions are equivalent:
(i) | Tullr < Cllullp for all u € Gp;
(ii) for all representatives (T.). of T, for all representatives (Cc)e of C and for
all ¢ € N there exists n € (0,1] such that

(1.7) [Teullr < (Ce +eM)ulle

for allu € E and e € (0,7];
(iii) for all representatives (T.). of T there exists a representative (Ce). of C
and n € (0, 1] such that

(1.8) [T-ullr < Cellulls
for allu € E and € € (0,7).

Proof. From Proposition [[.7] we have that the continuity of T is equivalent to ().
In order to prove that (i) implies (i), we begin by observing that (¢) is equivalent
to esl|Tul|lp < Ceg|lu||g for all S C (0,1]. We want to prove that the negation
of (i4) implies that there exists a subset S of (0,1] and some u € Gg such that
es||Tullr > Ceg|lu||g. From

A(Te)e I(Ce)e g € NV € (0,1]Fe € (0,n]Fu € E || Teullr > (Ce +e¥)|ullg
we have that there exists a decreasing sequence (gx)r C (0, 1] converging to 0 and
a sequence (uc, )i of elements of E with norm 1 such that

[1T%, (ue, )| P > (Cep + €)-
Let us fix z € E with ||z||g = 1. The net u. = u,, when ¢ = ¢ and u. = x
otherwise generates an element u = [(u.).] of Gg with R-norm 1. Now let S = {¢, :

k € N}. By construction we have that

esl|Tullr = [(xsTe (ue,))e] = es(C +[(€7)c]) > esC.
This contradicts (). It is easy to prove that (é¢) implies (éi7). Indeed, by fixing
representatives (7). and (C.). of T and C respectively, we can extract a decreasing
sequence (74)qen tending to 0 such that [|T:(u)||p < (CL + €7)||ul|g for all u € E
and £ € (0,7m,]. The net n. = €? for ¢ € (n?,n4] is negligible, and therefore
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C. = C! + n. satisfies (L8)) on the interval (0,70]. Finally, it is clear that (i)
implies (7). O

Note that from the previous propositions we have that if T is given by a repre-
sentative (7;)c, then it is a basic map.

2. HILBERT C-MODULES

2.1. Definition. This section is devoted to the definition and the first properties
of the class of topological C-modules which are the mathematical core of the paper:
the Hilbert C-modules. With the intent of developing a topological and functional
analytic theory of Hilbert (E-modules7 we start in Subsection by investigating
the notion of projection on suitable subsets of a Hilbert C-module G. This requires
the new concept of an edged subset of G and a formulation of convexity, which unlike
the C-convexity introduced in [7], resembles the well-known classical definition for
subsets of a vector space.

Definition 2.1. Let G be a C-module. A scalar product (-|-) is a C-sesquilinear
form from G x G to C satisfying the following properties:

(i) (ulv) = (v|u) for all u,v € G,

(ii) (u|u) € R and (uju) > 0 for all u € G,
(iii) (uw|u) =0 if and only if u = 0.

In the sequel we denote \/(u|u) by |Ju.
Since C is not a field, the following proposition is not immediate.

Proposition 2.2. Let G be a C-module with scalar product (-|-). Then for all
u,v € G the Cauchy-Schwarz inequality holds:

(2.1) | (o) | < [ullllv]].

Proof. Let o € C. By definition of a scalar product we know that lu + avl| is a
positive generalized real number. Hence, the C-sesquilinearity of (-|-) yields

(2.2) 0 < [lu+ av]* = [[ull® + alulv) + @ (ulv) + [af*]lv]*.

We will derive the Cauchy-Schwarz inequality (21)) from ([2:2)) by choosing a suitable

sequence of o € C. In detail, let a,, := — (u|v) /(||lv]| + [(€)]). The equality (Z2)
combined with [|v]|? < ||v]|? + [(e")] yields
2 2 2
S [ [ 1 T [T S
Il = o e ™ Tl e Tl + ez !

| (ufv) |2 | (ufv)
TP+ ] TolP+ (e

< Jlull?* -2

Hence,
0 < [ulPP(llvl® + [(e™)]) = | (ulv) |?

for all n, and since the sequence (||v]|2 4 [(™)])n tends to ||v]|2 in R, it follows that
the Cauchy-Schwarz inequality ([2) holds. O

We use the Cauchy-Schwarz inequality in proving the following proposition.
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Proposition 2.3. The map ||| : G = R:u — ||ul| := (u|u)% is an R-norm on G,
and the map P : G — [0, 4+00) : u — | (u|u)% le = | (u]u) |e% is an ultra-pseudo-norm
on G.
Proof. The third property of Definition [2.1] ensures that |ju|| = 0 if and only if
u = 0. Let us now take A € C. From the homogeneity of the scalar product we
have that ) )

Xl = (huldu)® = (AP [ull)z = [X[]full-
Finally, we write ||u + v||? as [|ul|?> + 2R (u|v) + ||v|?, and since R (u|v) < | (u|v) |
we obtain from the Cauchy-Schwarz inequality (Z1]) that

lu+ ol < flull + ol + 2] (ulv) | < (lull + [[0])*.

It follows that ||u + v|| < ||u|| + [Jv] for all u,v € G. Thus | - || is an R-norm on
G. Proposition [L8, combined with the fact that |Az |, = \)\|e , allows us to conclude
that P is an ultra-pseudo-norm. O

From Proposition we have that a C-module G with scalar product (-]-) can
be endowed with the topology of the R-norm || - || generated by (-|-) or equivalently
with the topology of the ultra-pseudo-norm P(u) = | (u|u) |e% This means that
any C-module with a scalar product is a C-module with an R-norm and hence a

topological C-module. Proposition 2.2, combined with Proposition 23] yields the
following continuity result.

Proposition 2.4. Let G be a C-module with scalar product (-]-), topologized through

1 ~
the ultra-pseudo-norm P(u) = | (u|u)|c2. The scalar product is a continuous C-
sesquilinear map from G x G to C.

Definition 2.5. A Hilbert C-module is a C-module with scalar product (+|-) which
is complete when endowed with the topology of the corresponding ultra-pseudo-
norm P.

Since a closed subset of a complete topological C-module is complete, we have
that a closed C-submodule of a Hilbert C-module is itself a Hilbert C-module.

Example 2.6.

(i) A first example of a Hilbert C-module is given by Gp, where (H, () is
a Hilbert space. The scalar product on Gy is obtained by letting (+|-) act
componentwise on the representatives of the generalized functions in Gy
as follows: (u|v) = [((uc|ve))e]. By Proposition 3.4 in [7] one can omit the
assumption of completeness on H and still obtain that Gy is complete with
respect to the sharp topology induced by the scalar product.

(ii) The topological structure on Gp determined by the scalar product of H
can be equivalently generated by any continuous (ﬁ—sesquilinear form a on
Gr x Gg such that a(u,v) = a(v,u) for all u,v € Gy, a(u,u) > 0 for all
u € Gy and the following bound from below holds:

(2.3) 3C € R,C > 0, invertible, Vu € Gy a(u,u) > C|lul?

(see also Definition [6.1]). Since a satisfies the conditions of Definition 2] it
is a scalar product on Gy and the corresponding Cauchy-Schwarz inequality

is valid. Hence, ||u]s := a(u,u)? is an R-norm. Combining the continuity
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of a with the estimate ([Z3) we have that | - || is equivalent to the usual R-
norm ||-||. This means that there exist C, Cy > 0 real generalized numbers
such that

Crllull < flulla < Collull

for all u € Gg.
A further example of a Hilbert C-module is provided by the following proposition.

Proposition 2.7. Let (H.,(-[)y_)c be a net of vector spaces with scalar product
and let G be the C-module obtained by factorizing the set

May. = {(u:)e : Ve € (0,1]u. € H. and 3N € N|u|z. =0 )}
of moderate nets with respect to the set
Ny, = {(ue)e - Ve € (0,1 uc € Ho  and Vg € N |Jullz, = O(9)}
of negligible nets. Let (-|-) : GxG — C be the (E—sesquilinear form defined as follows:

(2.4) (ulv) = [((uelve) g, )e]-
Then, (-]-) is a scalar product on G which equips G with the structure of a Hilbert
C-module.

Proof. Applying the Cauchy-Schwarz inequality componentwise in any Hilbert space
H. we have that (24 is a well-defined (E—sesquilinear form on G x G such that
the properties (i), (i¢), (i74) of Definition 1] are fulfilled. Let G be endowed with
the topology of this scalar product, i.e., with the topology of the R-norm lul| =
[(Jluellm.)e]- We want to prove that any Cauchy sequence in G is convergent. If
(un)n is a Cauchy sequence, then we can extract a subsequence (uy, ) and a corre-
sponding subsequence ((tn, <) )x of representatives such that ||ty e —Un, ||z, <
e for all € € (0,ex), with ex \, 0, e, < 27% for all k € N. Arguing as in the proof
of [7, Proposition 3.4] we set hy. = Un, e — Un, e for e € (0,ex) and hy . = 0 for
€ € [eg, 1]. Obviously, (hge): € Mgy, and ||hg|/g. < € on the whole interval
(0,1]. Now let

o0
Ug 1= Z Pie + Ung e
k=0
This sum is locally finite and moderate, since

(o) o0 o0
lucllzr, < Whwella, + lungellar, < ek + lungellm, <0275 + llung el
k=0 k=0 k=0

Hence, (uc). generates an element of G. By construction the sequence (uy, )i con-
verges to u. Indeed, for all £ > 1 we have that

o0
[ung.e = uellm. = ||tng.e = ttng,e = Z h,e
k=0 HE

o0 _ o0 _ o0
= H— d hpel| <Y e <ty 27k
k=k k=k k=k

and the proof is complete. O

He
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Proposition 2.8. The Hilbert C-module G = M(HE)E/MHE)E defined in the pre-
vious proposition is (algebraically and isometrically) isomorphic with an internal
submodule of a Hilbert C-module Gy for some pre-Hilbert space H.

Proof. Let H = ®Ae(0,1] H ), be the direct sum of the pre-Hilbert spaces H), which
is by definition the set of all nets (ux)xe(o,1), Wwhere uy € Hy for each A, which
satisty > ye(0.1] Hu/\”?{)\ < +400. This is a pre-Hilbert space [I7, Section 2.6] for the
componentwise algebraic operations and the inner product

(@)alw)r) = > (ualor) g, -
A€(0,1]
(When all Hy are Hilbert spaces, the direct sum is actually a Hilbert space ([I7,
Section 2.6]).) Each H) is canonically (algebraically and isometrically) isomorphic
with a submodule Hy of H by the embedding tx: Hx — H: ty(u) = (up), with
ux = u, u, = 0if u # X\. Hence we can consider the internal subset [(ﬁa)s] C Gy.
Now let ©: G — Gp be defined on representatives by ¢((ue)e) = (te(ue))e. Since
l[uell g, = llee(ue)l| 5 for each e, (ce(uc))e belongs to My, resp. Ny, iff (u. ). belongs
to M., resp. N(p.).. Hence ¢ is well-defined and injective. Clearly, the image of
vis contained in [(H.).]. Conversely, each v € [(H.).] has a representative (v, ). with
each v, € H.. So v. = t.(u.), for some u. € H.. Again by [well g7, = llee(ue)ll 4,

the net (uc). belongs to Mg )_, so it represents u € G with ¢(u) = v. O

We see fr0~m the previous proposition that there is no loss of generality by con-
sidering the C-modules Gy instead of the factors M(HE)E/MHE)E-

2.2. Projection on a subset C.

Definition 2.9. Let G be a Hilbert C-module and C a nonempty subset of G. We
say that C' is reachable from u € G if

infyec|lu —wl|
exists in R. C' is called edged if it is reachable from any u € G.

From the definition it is clear that if C' is edged, then u + C'is edged as well for
all uw € G. Since inf | _&|u — w|| = inf,cc|u — w|| we have that C' is edged if and
only if C' is edged.

Theorem 2.10. Let C be a closed nonempty subset of the Hilbert C-module G such
that C + C C 2C. If C is reachable from u € G, then there exists a unique v € C
such that

ool = in flu—wl.

The element v is called the projection of u on C' and denoted by Po(u).

Proof. Note that when inf,cc|lu — wl|| exists in R one has that infyec|u — w|| =
(infyec|lu —w||)?. As the properties of C are translation invariant, we can assume
u=0. We set inf,ec|/w||? = & in R. By definition of close infimum we can extract
a sequence wy, in C such that |jw,||> — . The fact that C + C C 2C implies that
% belongs to C' for all n,m € N. So,

(2.5)

0 < fuwn — wn* = —4] 225"

574 2wnl* +2wn|* < —40+2fwn|* + 2w *.
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From ||w,|* — ¢ it follows that (w,,), is a Cauchy sequence in C' and therefore
it is convergent in G to an element v of C'. By continuity of the R-norm we have
that |[v]|> = 6. Finally, if we assume that there exists another v" € C such that
[v'||? = 8, the inequality (2.3 is valid for v — v" and proves that v =v" in G. O

Corollary 2.11. Let C be a closed edged subset of the Hilbert C-module G such
that C + C C 2C. Then, for all w € G there exists a unique v € C' such that

lu—v|| = inf ||Ju—w].
welC

The following example shows that the hypothesis of close infimum is necessary
in the assumptions of the previous theorem.

Example 2.12. There exists a nonempty closed subset C' of C with AC+(1-N)C C
C for each A € [0,1] := {z € R: 0 < x < 1} for which infecc |¢| exists, but which
is not reachable from 0 € C.

Proof. Let for each n € N, S,, C (0,1] with es, # 0 and S, NSy, = 0 if n # m.
Let T = {T C (0,1] : er # 0 and ereg, = 0,¥Yn € N} U{S, : n € N}. Let
A = {epe : T € T}. We show that inf A = 0. Let p € R, p < ege for each
T € T. Suppose that p £ 0. Then there exist U C (0,1] with ey # 0 and m € N
such that pey > [(¢€)c]™ey. Then also [(¢)-]"eves, < peves, < escepes, = 0,
so eyes, = 0, Vn. Hence U € T, and [(¢)]™ey < pey < eyeey = 0, which
contradicts ey # 0. -

Now let B = {\a1 + -+ Apaym : m € Nya; € AN € [0,1],370, 0 = 1}

— j=1
Then also inf B =0 and AB + (1 — A\)B C B for each X € [0, 1]. We show that 0 is
not a close infimum for B.

Let Mai + -+ 4+ Appay, € B. Fix representatives ;. of \; and let
Uj = {E S (0, ].] : >‘j,6 = max()\lys, ey Am,s)}

Then ey, = Y;°; Aiey, < mAjey, for j = 1,...,m. So Aja1 + -+ + Apam >
Lep,a1+--+euy,,am) with JU; = (0,1]. Let a; = ere, T; € T. By the definition
of T, there exists n € N such that ep,eg, =+ = eTméSn =0. Then A\a; +--- +
A G, > %(eUleTlc +---+ey,ere es, > %esn. Hence |Aa1 + -+ + Apam|, > 1.
Consequently, 0 ¢ B.

Finally, let C = B. O

Under the hypotheses of Corollary 2.11] we can define the map Pc as the map
which assigns to each u € G its projection on C'. A careful investigation of the prop-

erties of the map Pg requires the following lemma, which is obtained by observing
the proof of Theorem 210l

Lemma 2.13. Let C be a closed nonempty subset of the Hilbert C-module G such
that C + C C 2C, u an element of G such that C is reachable from u and (vy)n
a sequence of elements of C. If ||u — vn|| = infyec ||u — w| = ||u — Po(u)|| in R,
then v, — Po(u) in G.

Proposition 2.14. Let C be a closed edged subset of the Hilbert C-module G such
that C + C C 2C. The operator Pc has the following properties:

(i) Po(u) =wu if and only if u € C;

(ii) Pc(9) =C;
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(ii)) P2 = Pe;
(iv) Pc is a continuous operator on G.
Proof. (i) It is obvious that u belongs to C if it coincides with its projection.
Conversely, if v € C, then ||u — Po(u)|| = infyec Jlu —w| = 0, and therefore
u = Po(u). The assertion (i7) is trivial, and from (i) it follows that the operator
P¢ is idempotent. Let us now prove that Pg is continuous. Since G is a metric

space it is sufficient to prove that P is sequentially continuous, i.e., u,, — u implies
Peo(un) = Pe(u). This is guaranteed by Lemma T3] if we prove that the sequence

lu — Pe(uy)]|| converges to |ju — Po(u)|| in R. The triangle inequality, valid in R
for ||-||, combined with the fact that ||Ju, — Po(u,)|| < ||un — Pe(u)|], leads to

lu— Pe(un)| < llu—un| + lun — Po(un)|| < 2[lu —un| + lu — Pe(u)]]-
It follows that
0 < [lu — Po(un)|| — [lu — Pe(u)|| < 2[lu — unl|.

Since u, — u, we conclude that ||u — Po(uy)| — |lu — Po(u)|| in R. 0

Proposition 2.15. Let C be a closed nonempty subset of the Hilbert C-module G
such that \C'+(1—X)C C C for all real generalized numbers A € {[(€7):]}qenU{3}.
C is reachable from u € G if and only if there exists v € C such that

(2.6) R(u—vw—v)<0
for all w € C. In this case v = Po(u).

Proof. We begin by assuming that C is reachable from u. Then, Po(u) € C and
|lu — Po(u)]|? = infyec [[u —w||?>. Let w € C. By the hypotheses on C' we know
that (1 — [(?)c])Po(u) + [(e?)c]w belongs to C. Hence,
lu — Pe(u)|* < [lu— Po(u) — [(e9):](w — Pe(u))|?
< lu = Pe(w)l* = 2[(e"):]R (u — Po(u)|lw — Pe(u)) + [(e9):]|lw — P (u)|.

By the previous inequality and the invertibility of [(¢7).] we obtain
. NN () P
R (u— Po(u)lw = Pe(u) < =5 |lw = Po(u)]".

Letting ¢ tend to oo we conclude that R (v — Po(u)|w — Po(u)) < 0.
Now assume that v € C and R (u — vjw —v) <0 for all w € C. By the properties
of a scalar product we can write

lu =l = llu = wll* = flu = v]|* = flu = v]|* + 2R (u — v|w —v) = w = v||* <0
for all w € C. This means that ||u — v||? < inf,ecc |[u — wl|/?, and since v € C we

conclude that ||u — v||? = min,ec ||u — w||?. Thus, v = Po(u). O

In Proposition B.11] we will prove that under - the assumptions of the previous
theorem, in fact A\C+ (1 —A)C CCforall A e [0,]]={zeR:0<z < 1}.

Corollary 2.16. Let M be a closed C-submodule of G. Then, defining the C-
submodule M+ := {w € G : Yv € M (w|v) = 0}, we have that M is reachable from
u € G if and only if there exists v € M such that u —v € M=+ if and only if u € G
can be uniquely written in the form u = uy + ug, where uy € M and uy € M*E.
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Proof. Since M is a closed C-submodule, (Z8) is equivalent to (u — v|w) = 0 for all
w € M. Indeed, (v — v|w) = 0, and from (u — v| — w) = 0 we have S (u — v|w) =
0. Hence, v = v + (u — v), where v € M and v — v € M+ are uniquely determined
by the scalar product on G since M N M+ = {0}. O

Corollary 2.17. Let M be a C-submodule of G. Then,

(i) M is closed and edged if and only if G = M & M*, i.e., G = M + M+ and

Mn M+ ={0}.

If M is closed and edged, the following holds:

(ii) if M+ = {0}, then M = G;

(iii) M+ = M;
(iv) the projection Pys is a C-linear operator on G;
(v) (Par(u)|u) >0 for allu € G;
(vi) Mt is closed and edged, and Py;i(u) = u — Pyr(u).

Proof. (i) = is clear from Corollary Let us assume that G = M + M~
and that v € M. It follows that v = u; + ue with u; € M and us € M*. So,

u—u; =uy € MnN M= {0}. Hence, v € M and M is closed. From Corollary
we have that M is edged.

(ii) Now assume that M+ = {0}. Then M has to coincide with G. This follows
from the fact that any u € G\ M can be written as u; + ug, where u; € M and
ug # 0 belongs to M+,

(iii) By construction M C M*+. From the first assertion of this proposition
we know that any u € M+ can be written as uy + ug, where u; € M C M++
and ug € M+, Hence, ug = v —u; € M+, and since us € ML we obtain that
(ugluz) = 0. It follows that v € M.

(tv) The C-linearity of the operator Py is due to the uniqueness of the de-
composition uy + ug = Par(ur) + Par(ug) + (w1 + ue — Ppr(u1) — Par(uz)), where
Pr(uy) + Pa(ug) € M and uy + us — Par(uy) — Pyr(uz) € M+, Analogously,
for all A € C one has that APy(u) € M, Au — Py(u)) € ML and hu =

(v) We write u as the sum of u — Pys(u) € M+ and Py(u) € M. Tt follows that

(Par(w)u) = (Par(w)lu = Par(w)) + (Par(w)| Par(w)) = [[Par(w)]|*.

(vi) It is clear that if M is a closed C-submodule, then M= is a closed C-
submodule, too. We want to prove that M= is edged, i.e., it is reachable from
every element of G. By Corollary we know that every element u of G can be
uniquely wriiten as Pys(u) + (u — Pas(u)), where u — Py(u) € M+. By assertion
(iii) we have that Py(u) € M = M*1. So, again by Corollary we conclude
that M~ is reachable from u. O

Remark 2.18. In [25] it is shown that for G = C and M a maximal ideal (in
particular a closed submodule) of C, M+ = {0} and thus M+ = {0}. Hence, the
condition that M is edged cannot be dropped in the statements (ii) and (iié) of the
previous corollary.

The proof of Corollary makes use of the following lemma.

Lemma 2.19. Let a,b,c € R with a,b,c>0. If b < a and ab < ac, then b < c.
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Proof. Fix a representative (a.). of a. For each n € N, let S, = {¢ € (0,1] :
lac| > e™}. Since a is invertible with respect to S, we have that beg, < ceg, < c.
Further, 0 < b — bes, = bese < aese — 0, so b = lim,, bes, < c. O

Note that Lemma [Z.19 allows us to deduce for positive real generalized numbers
a and ¢ that a? < ac implies a < ¢ without involving any invertibility assumption
on a.

Corollary 2.20. Let C be a closed edged subset of the Hilb%@—module G such
that A\C' + (1 — A\)C C C for all real generalized numbers A € [0,1]. Then,

| Po(u1) — Po(u2)]] < [luy — us|
for all uy,us € G.

Proof. By Proposition 215, the inequalities R (u1 — Po(u1)|Peo(uz) — Po(u1)) <0
and R (uz — Po(u2)|Pe(u1) — Pe(usz)) < 0 hold for all uy,us € G. Thus,

=R (w1 — Po(ur)|Po(w) = Po(uz)) + R (u2 — Po(uz)|Po(u1) — Po(uz))
=R (ug — u1 + Po(u1) — Po(uz)|Po(ur) — Po(uz))
=R (uz — wi|Pe(ur) — Po(us)) + || Pe(u1) — Pe(uz)||* < 0.
By the Cauchy-Schwarz inequality, it follows that

| P (u1) — Pe(ug)||* < R (uy — uz|Po(ur) — Po(uz))
< lur — uzll||[Po(ur) — Po(ug)-

Lemma 219 allows us to deduce that |Po(u1) — Po(u2)|| < |lup — uz]|. O

When we work on the Hilbert C-module Gy and the set C' C Gy is internal, the
projection operator Po and the set C- have the following expected properties.

Proposition 2.21.

(i) Let H be a Hilbert space, (C:)e a net of nonempty convex subsets of H and
C:=[(C.)e]. IfC # 0, then it is closed and edged and Po(u) = [(Pg_(uc))e]
for alluw € Gy.

(ii) In particular, if (C.). is a net of closed subspaces of H, then C+ = [(C.F).].

Proof. (i) Let u = [(ue)e] € Gu. Working at the level of representatives we have
that [|uc — Pgz_(uc)|| = inf 5. [|ue —wl|. Let v be an arbitrary element of C. Then
there exists a representative (vc). such that v. € C; for all € and |lus — Pg_(uc)|| <
Jte — vell. Since | P (ue) | < 1P (ue) — tell + [[ucl] < [lue — vl + e the et
([[Pz_(uc)|)e is moderate . It follows that [lu — [(Pg_(ue))e]ll < [[u — | for all
v € C. Since, as proved in [2], the set C is closed and edged, by Corollary 2-IT] we
have that [(Pg_(uc))e] coincides with P (u).

(#7) The inclusion [(C.h).] € C* is clear. If u € C*, then Po(u) = 0, and
from the first assertion of this proposition the net (||Pc, (ue)|)e is negligible. So,
(ue — Po,(ue))e is another representative of u and u. — Pg, (u.) belongs to CZ- for
each e. 0

We conclude this section with a version of the Hahn-Banach theorem for opera-
tors acting on Hilbert C-modules.
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Theorem 2.22. Let G be a Hilbert C- module, M a closed and edged C-submodule
of G and H a topological C-module. Let J: M — H be a continuous C-linear map.
Then, f can be extended to a continuous C-linear map on G.

Proof. Take the projection operator Pys. From Corollary .17 we know that P :
G — M is C-linear and continuous and that Pp(u) = w when u € M. Thus,
foPuy:G— His a continuous C-linear extension of f. (|

Since there exists a (without loss of generality, closed) submodule M of Cand a
continuous C-linear functional T : M — C which cannot be extended to the whole
of C [25], we see that the condition that M is edged cannot be dropped in the
previous theorem.

3. EDGED SUBMODULES

In this section, we take a closer look at edged submodules of a Hilbert C-module
(cf. Definition 2.9)). In the case of finitely generated submodules, edged submodules
can be characterized by a topologlcal condition (TheoremB:EI) Some of the results
hold for more general R-normed K-modules (here K denotes either R or (C) fulfilling
the following normalization property.

Definition 3.1. An R-normed K-module G fulfills the normalization property if
for all u € G there exists v in G such that v||u| = u.

Proposition 3.2. Let G be an @—noimed K-module. Then G has the normalization
property iff for each u € G and A € K, the following holds: if ||u|| < C'|\| for some
C € R, then there exists v € G such that u = Av.

Proof. =: By absolute convexity of ideals in ]K, there exists u € K such that

|lu]l = pA. By the normalization property, there exists v € G such that |lullv = u.
Hence u = A(uv).
<: choose A = ||ul|. O

We observe that the Colombeau space Gg of generalized functions based on the
normed space F fulfills the normalization property.

Proposition 3.3. Let E be a normed space. The K-module Gg fulfills the normal-
ization property.

Proof. Let u € Gg with representative (u.).. We define v, as u./||uc|| when ||uc| #
0 and 0 otherwise. The net (v.). is clearly moderate, and v.|uc| = u. for all .
This defines an element v € Gg such that v||ul| = u. O

_ Note that Definition can clearly be stated in the more general context of
R-normed K-modules. We recall that a Banach K-module is a complete ultra-
pseudo-normed K-module [7, [].

Proposition 3.4. Let M be a closed submodule of a Banach K-module G and let
G/M be endowed with the usual quotient topology.
(i) G/M is a Banach K-module.
(ii) If G is R-normed and M is edged, then G/M is R-normed.
(iii) If G is a Hilbert C-module and M is edged, then G/M is a Hilbert C-module.
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(iv) If G is a Hilbert C-module satisfying the normalization property and M is
edged, then M has the normalization property.

Proof. (i) By [7, Example 1.12], the relative topology on G/M is generated by one
ultra-pseudo-seminorm. It is easy to check that this ultra-pseudo-seminorm is an
ultra-pseudo-norm if M is closed. By Proposition 4.25 in [9] we have that G/M is
complete.

(ii) For u € G, let @ := u+ M € G/M. We define |.|: G/M — R: ||| =
infyen |Ju —w||. As M is edged, the infimum exists. It is easy to see that |||
does not depend on the representative u € G, that ||u|| > 0 and |0 = 0. If
l@]| = infyenr ||u — w|| = 0, then there exists a sequence (wy,), with w, € M and
u = lim,, w,,. Hence u € M = M and @ = 0. Let uq,us € G and wy,ws € M. Then

TR _
i+ all = i s + o — w
< lua + ug = (wr +wo)|| < fluy —wil| + [Jug — wall-
Taking the infimum over wy € M and wy € M, we obtain |41 + 2| < ||a1]| + |zl
Now let u € G and A € K. Then
IA@]| = inf |[[Au—w| < inf ||Au— Aw||
weM weM
= inf [Alllu—w| =[A] inf [lu—w| =[]zl
weM weM

If A = 0, the converse inequality trivially holds. If A # 0, let S C (0, 1] with eg # 0
such that A is invertible w.r.t. S, say Au = eg, and let w € M. Then

IAesu —wl|| > || desu — w|les = || Aesu — Aes(uw)]|
> inf ||A - A =|A ||
u}EM || esu esw|| | |es||u\|

Fix a representative (\.). of A and let S, = {€ € (0,1] : |Ac| > &™} for each n € N.
Then eg, # 0 and A is invertible w.r.t. .S, for sufficiently large n. As A = lim,, Aeg

n)

by the continuity of the R-norm,

[Au = wl[| = lim [[Aes, v — w]| > Tim [Al es, [[@]] = [A][fz]]-

Taking the infimum over w € M, we obtain | @ > |A||[@]|. So ||| is an R-norm
on G/M. By the continuity of the sharp norm [.|, on R and the fact that |.|, is
increasing on {z € R : z > 0}, the corresponding ultra-pseudo-norm

P(a) = |lwlll, =

inf ||u—w|‘ = inf |[Jlu—w]||, = inf Plu—w)
weM o WEM ¢ weM

is the usual quotient ultra-pseudo-norm.

(iii) The map f: G/M — M*: w+ M +— Py1(u) is well defined, since for v € G
with u+M = v+ M, Pyri (u) — Pyre (v) = Pyro (u—v) = 0. Further, f is C-linear
and surjective and ||ju + M|| = infyenr ||u — w|| = ||lu — Par(w)|| = || Pare(u)|, so f
is an algebraic and isometric isomorphism. Hence G/M is a Hilbert C-module for
the scalar product (u+ Mv+ M)g 5 = (Pars (u)|Pars (v))g-

(iv) Let w € M. If there exists v € G such that |lul]jv = w, then Py (v) € M,
and by the linearity of the projection operator, ||u|| Py (v) = Pas(|lul|v) = Pa(u) =
U. O



HILBERT C-MODULES AND VARIATIONAL PROBLEMS 2067

3.1. Cyclic submodules.

Definition 3.5. Let G, # be K-modules with R-norm ||.||. A map ¢: G — H is an
isometry iff ||¢(u) — ¢(v)|| = ||lu — v|| for each u,v € G.

The submodules considered in the sequel are always K-submodules. We recall
that a K-module M is called cyclic iff it is generated by one element, i.e., there
exists u € M such that M = uK. An ideal I of K (for short I < K) which is
generated by one element is said to be principal. Before proving Proposition B.8 we
collect some results concerning the ideals of K which will be used later. Detailed
proofs can be found in [25].

Proposition 3.6. Let I < K.
(i) I is absolutely order conver, i.e., ifx € I,y € K and |y| < |z|, then y € I.
(i) If x € I is invertible w.r.t. S C (0,1], then eg € I.
(iii) A principal ideal T of]K is closed if and only if there exists S C (0, 1] such
that I = eSHN{,

Theorem 3.7. For an ideal I of K, the following statements are equivalent:

(i) I is internal.

(ii) I is closed and edged.

(it") I is edged.

(i) I is a direct summand of K, i.e., there exists an ideal J ofJK such that
I+J=Kand InJ={0}.

(iv) (35 C (0,1))(I = esK).

Proof. (i) = (ii): holds for any nonempty internal set of K [21].

(ii) = (ii4): by Corollary ZI7, [ + I+ =K and I NI+ = {0}.

(#4i) = (iv): by hypothesis, 1 = a+ b witha € T and b € J. Asab e INJ,
ab=0. Let x € I. Then 2b € I'NJ, so b =0 and = = z(a + b) = za. Therefore,
I=aK. Asa= a(a+ b) = a?, a is idempotent; hence a = eg for some S C (0, 1].

(iv) = (i): let I. =K if ¢ € S and I. = {0}, otherwise. Then I = [(I.)].

(ii) < (ii'): let I be edged. As I is closed and edged, the previous equivalences
show that T = es]K for some S C (0,1]. But if eg € I, then eg € I by Proposition
B8l sol=1. O

Proposition 3.8. Let M = uK be a cyclic submodule of an R-normed K-module
g.
(i) M is isometrically isomorphic with the ideal ||u||K < K.
(ii) M is isometrically isomorphic with an ideal I <K and ||ul|K C I C ||jul|K.
If G is a Banach K-module, then I = |ju||K.
) Ifve M and ||v| is invertible w.r.t. S, then ves € M.
) If v e M and ||v| < c|lul|, for some c € R, then v € M.
(v) If v € M and ||u]| < ¢||v]|, for some ¢ € R, then M = vK.

) If there exists w € G and S C (0,1] such that M = wK and ||w|| = eg
(or equivalently, ||u|| is invertible w.r.t. S and zero w.r.t. S¢), then M is
closed. ~
(vil) If G is a Banach K-module, then M 1is closed iff there exists w € G and

S C(0,1] such that M = wK and ||Jw|| = es.
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(viii) If M is closed, then any edged submodule N of M is closed and cyclic.
(ix) If G has the normalization property, then M is contained in a closed cyclic
submodule of G.
(x) If G has the normalization property and M is edged, then M is closed.
(xi) If G is a Hilbert K-module, v € G and ||[v|| < c||ul|, for some ¢ € R, then
there exists Py (v) € M, which is both the unique element of M such that
lv = Ppr(v)|| = d(v, M) and the unique element of M such that (viu) =
(P (v)[w). ~
(xii) If G is a Hilbert K-module and M is closed, then M is edged. If u is a
generator of M with idempotent norm, then for anyv € G, Py (v) = (v|u) u.
(xiii) IfG is a Hilbert K-module with the normalization property, then M-+ =M.

Proof. (i) Define ¢: M — K: ¢(Mu) = Aul| (A € K). Then the equality
M — pul] = |p(Auw) — ¢(pu)| shows that ¢ is well defined and isometric (hence
also injective). It is easy to check that ¢ is K-linear and ¢(M) = |ju||K.

(i1) We extend ¢: M — K to a map M — K by defining o(lim, Apu) =
lim,, ¢(A,u). Because (A u), is a Cauchy-sequence, (¢(A,u)), is also a Cauchy-
sequence in ]K, and hence convergent in K. To see that ¢ is well defined, let
lim,, A,u=1im,, g, u. Then also the interlaced sequence (A\ju, p1u, . . ., Apt, pt, - . )
is a Cauchy-sequence. Hence also (¢p(Au), p(piu), ..., d(Apu), d(pnu), ... ) is con-
vergent to lim, ¢(A,u) = lim, ¢(u,u). It is easy to check that also the extended ¢
is linear and isometric and that ¢(3M) is an ideal of K such that ||u|K C ¢(M) C

||u\|11~§ If G is complete, we find that the image under ¢~! of any convergent se-

quence in ||ul|K (say to A € |Ju||K) is a Cauchy sequence and hence convergent to

an element v € M. By definition of the extended map ¢, we have that ¢(v) = A
and therefore (M) = ||ul|K.

(iii) As ¢ is an isometry, |p(v)| is invertible w.r.t. S. As ¢(v) € |ul|K, by
Proposition B8(ii), es € |Jul| K. Hence also ¢(ves) = ¢(v)eg € ¢(M). So veg € M
by the injectivity of ¢.

(iv) As ¢ is an isometry, |¢p(v)| = |jv]| < ¢||lu||. By absolute order convexity of
ideals in K, ¢(v) € ||u||K = ¢(M). So v € M by the injectivity of ¢.

(v) As |Ju|l < cllv]| = ¢|é(v)], by absolute order convexity of ideals in K, |jul| =
pd(v) for some p € K. So ¢(u) = |Jul| = (), and u € vK by the injectivity of ¢.
It follows that M = vK.

(vi) Let us assume that ||| is invertible w.r.t. S and zero w.r.t. S¢. Then, there
exists A € R such that AJu| = eg = || Au|| and ||u]ege = 0. It follows that uege = 0
or equivalently u = weg. Hence, uK = )\uf{, and we can choose w = Au. Now,
d(M) = |w|K = esK is closed in K, and hence complete, so M is also complete,
and hence closed.

(vii) Let M be closed. As a closed submodule of a Banach ]K—module, M is
complete. By part (1), ||u|UI~< is also a complete, hence closed, principal ideal of K.
By Proposition BB(iii) this implies that ||u]|K = esK for some S C (0, 1].

(viit) By part (vii), we may assume that |Jul| = eg for some S C (0,1]. If N is
edged, then it is reachable from any element of M. By the isometry, ¢(N) is also
reachable from every element of ¢(M) = esK. Hence, for cach A € ¢(N) C esK
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and,uE}K,
= Al = [ —Alese + [n— Ales = |ul ese + |ues — Al

so ¢(N) is also reachable from p. This implies that ¢(N) is an edged ideal of K
and by Theorem B that ¢(V) is closed (hence complete) and principal. So N is
closed and cyclic.

(iz) Consider v € G with ||ul|v = u. Then ||ul||[v|| = |lu]l, so ||u||(1—|lv]) = 0. By
a characterization of zero divisors in R, there exists S C (0, 1] such that ||ul|ese = 0
and ||v]jes = eg. Let w = veg; then ||w|| = eg. Hence the cyclic submodule wK is
closed by part (vi). Further, u = ueg = |jul|w, so M = uK C wK.

() By parts (viii) and (iz).

(xi) By the Cauchy-Schwarz inequality (1), |(v |u)\ < ullllv] < e|lull?, so by
absolute order convexity of ideals in K, there exists A € K such that (v|u) = /\||uH
We show that Py;(v) = Au. First, for p € K, (uulu) = (vju) iff (1 — \)|ul|® = 0.
It follows that | — A” |[ul|® = ||(u — Nul® = 0 as well, so pu = Au, and Py (v)
is the unique element in M such that (v|u) = (Pa(v)|u). From this equality, it
follows that |Jv — Pps(v) + pu||® = |[v — Par(v)]|* + ||ul|?, which is only minimal if
pu = 0.

(xii) By part (vii), we can suppose that ||u|]| = eg for some S C (0,1]. In
particular, ||eseul| = 0, so v = egu. Let v € G and let p = (v|u)u € M. Then
(v —plu) = (v|u) — (v|u) (uju) = (v]esu) — (v|u) eg = 0. It follows from Corollary
that M is reachable from v. So M is edged and p = Py (v).

(ziii) By parts (vii), (iz) and (xii), M C wK with wK closed and edged, and
|lw| = eg for some S C (0, 1].

Let v € M*L. If A € K and (u|[Aw) = 0, then (v|Aw) = 0. By Corollary 217
ML C (wK)*t = wK. Let ¢ be the isometric embedding wK — K: ¢(Aw) =
Aeg. Since ¢ is a K-linear isometry, ¢ also preserves the scalar product. For
a € esK, (alp(Aw)) = ares = aX. Soif A € K and ¢(u)X = 0, then ¢(v)A = 0,
i.e., ¢(v) is orthogonal to any A € ¢(M)~ (orthogonal complement in K). Hence
o(v) € ¢(M)LLE = ¢(M) since ¢(M) is a principal ideal of K [25]. By part (i),
#(M) = ¢(M). By the injectivity of ¢, v € M. The converse inclusion holds for
any submodule. ([l

The following example shows that the normalization property cannot be dropped
in Proposition B8(x).

Example 3.9. For each m € N, let S,, C (0,1] with 0 € S, and such that
Sp NSy =0if n #m.

Let 8. =™ for each € € S,,, and 8. =0 for € € (0,1] \ U S». Let 8 € R be the
element with representative (55)5

Then G = ,BK the closure in K of ,BK is a Hilbert K-module and BK #* BK as it
is proven in [25]. Then M = ,BK is an edged cyclic submodule of G, since for each
u € G, infyensu —v| = 0; yet BK is not closed in G.

The following example shows that Proposition B.8(¢) does not hold for a general
Banach K- module §. In particular it provides an example of a Banach K-module
which is not R-normed and proves that a quotient of a Hilbert K-module over a
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closed but not edged submodule is not necessarily a Hilbert K-module itself. We
recall that for v € K, Ann(v) denotes the set of all € K such that 7y = 0.

Example 3.10. Let g € R as in Example 30l Then G = K/BK is a cyclic Banach
]K-module yet G is not algebraically isomorphic with an ideal of K.

Proof. By Proposition 3.4l G is a Banach K-module. For z € K we denote by &
the class x + ﬁK € G. Then G is generated by the element 1 € §. Suppose that
G1I (asa K—module) for some I <K. Then there exists a € K such that I = aK.
By the algebraic isomorphism, 21 =0iff za =0, Vo € K. So the annihilator ideal
Ann(a) = Ann(1) = BK. But Ann(a) is either principal or is not the closure of a
countably generated ideal, whereas BK is the closure of a countably generated ideal
but is not principal [25]. O

By means of Proposition 3.8 we are now able to prove that the formulation of
convexity on C given in Proposition 2.15] automatically holds for all the values of

Ain[0,1]={zeR:0<z <1}

Proposition 3.11. Let C be a closed edged subset of the Hilbert C-module G such
that A\C + (1 = A)C C C for all A € {[(¢)c]"}qen U{3}. Then A\C + (1= N)C CC
for all X € [0,1].

Proof. Let u,u’ € C and X € [0,1]. We show that v = Au+ (1 — A)u’ € C. As the
properties of C' are translation invariant, we may suppose that v’ =0 (so v = Au).
If |Ju|| = 0, then trivially v = 0 € C. So, without loss of generality ||u|| # 0. Let
S C (0,1] with eg # 0 such that |Ju|| is invertible w.r.t. S. Then |lues|| = |lulles is
invertible w.r.t. S and zero w.r.t. S¢, so M = ues((N: is a closed, edged submodule
by Proposition B8 Let Py (Po(v)es) = (i + ik)ues for some g,k € R. Then
Po(v)es = (n+ik)ues +w, with (u|w) = (ueg|w) = 0. Fix representatives (\.)c of
Xand (pe)e of . Let T={ec € S: A < pe}; then 0 < Aer < per. By Proposition

02 R (v~ Po(v)| = Pe(v) er = =R (v| Pe(v)er) + [|Pe(v)| er
= “Mullul®er + (1 + &%) ||ul*er + |[w]|*er,
S0
0 < [[w|®er + w*|ul*er < (A = p)pljul*er < 0.
By the invertibility of |Ju|| w.r.t. S, (A — p)per = wer = ker = 0. Then also
0<(A—p)2er = (A—p)rer <0 and Xer = per.
Denoting U = S\ T, we have pey < ey < ey. Again by Proposition 2.T5]

0=R(v— Po(v)u—Po(v))ev
= R (v|u) e = R (v|Pe(v)ev) = R (Po(v)|u) ey + || Po(v)| *eu
= Mull*ev = Aullull®er — pllul*ev + (1* + &%) |Jul *evr + [|w] *ev,
0
0 < [lwl®er + K2[lul *er < (A = ) (p = 1)l *err < 0.
Hence, as before, (A — p)(1n — 1)ey = wey = key = 0. Then also 0 < (A — p)?ey <
A=)l = pey =0 and Aey = pey.
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Together, this yields w = weg = 0, keg = 0 and Aeg = peg. It follows that
Pc(v)es = pues = Aues = ves. Now fix a representative (||ull_)c of [lu| and
consider S, = {e € (0,1] : |lul|, > "} for n € N. Since |lul| # 0, es, # 0 for
sufficiently large n. As |lu|| is invertible w.r.t. S,, Po(v)es, = veg, for sufficiently
large n. Further, as 0 € C, ||Pc(v)]| < [|[Pe(v) —v| + ||v]| < 2||v]] < 2|A] |Jul]. As
lim,, [|ullese = 0, then also lim,, || Pc(v)|ese = lim, ||v]|ese = 0, so v = lim,, ves, =
lim,, Po(v)es, = Po(v) € C. O

Theorem 3.12.

(i) Let G be a Hilbert K-module with the normalization property. Then a cyclic
submodule is edged iff it is closed iff it is generated by an element with
idempotent R-norm.

(ii) Let Gg be a Banach K-module constructed by means of a Banach space E.
Then a cyclic submodule is edged iff it is closed iff it is generated by an

element with idempotent norm iff it is internal.

Proof. (i) Follows by Proposition B.8] assertions (viz), (z), and (zii).

(ii) By Proposition B3] Gg has the normalization property. So, by Proposition
B8 we already have the implications edged = closed = generated by an
element with idempotent R-norm.

Let M = uK be a submodule of Gp, and suppose that [lul| = es for some
S C (0,1]. We show that M is internal. Let (u.). be a representative of u.
As uege = 0, we may suppose that u. = 0 for each ¢ € S Let A, = u.K
for each ¢ € (0,1]. If v = Au for some A € K, then there exist representatives
such that v, = Acue, so v € [(A:)e]. For the converse inclusion, if v € [(A4:).],
we find A € K such that, on representatives, v. = A.u.. We may assume that
Ae = 0 for ¢ € S¢. Then, denoting by xs the characteristic function of S, the

net (|[Ac]): = (”Zj‘l Xs(€))e is moderate (since |Ju|| is invertible w.r.t. S). So (Ac)e

represents A\ € K and v = Au.
Finally, any internal set in G is edged [21]. d

In spite of the obtained results, some elementary operations on cyclic modules
appear not to preserve the property of being edged. Even in R?, neither intersec-
tions nor projections, nor sums preserve this property.

Example 3.13. Let 3 € R as in Example B0 Then (1, 3)R N (1,0)R = Ann(8) x
{0} is not edged in R? (since Ann(j) is not edged in R [25]). Since ||(1,5)] is
invertible by Theorem we have that (1, )R is edged.

Example 3.14. Let g € R as in Example B9 Let M = (1,0)1@ C R2. Then
Py ((B,1)R) = (B,0)R is not edged in R? (since SR is not generated by an idem-
potent [2]).

This also gives an example of a projection of a closed submodule on a closed
submodule which is not closed.

Example 3.15. Let 8 € R as in Example B9l Let M = (1,,8)[@—!— (1,0)[@ c R2.
As ||(1,5)]| and ||(1,0)] are invertible, M is the sum of cyclic edged submodules.
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Yet M is not edged, since M = (0, B)Hi + (1, O)Hi7 SO

infoen|(0,a) — of| = nf, , g (lul* +la — A[*)"/? = Inf, 5 |a — A8

does not exist for some a € R, since Bﬂi is not edged.

This also gives an example of two submodules M, N with M + N # M + N.
Concerning direct sums of edged submodules, see Theorem below.

3.2. Submodules generated by m > 1 elements.

Theorem 3.16. Let G be a Hilbert K-module and M a submodule of G generated
by m elements. Then

(i) M is a direct sum of m mutually orthogonal cyclic modules (‘interleaved
Gram-Schmidt’).
(i) M is isometrically isomorphic with a submodule M’ of K™,
(iii) M is isometrically isomorphic with M’ (closure in K™ ).
(iv) M is closed iff M is a direct sum of m mutually orthogonal closed cyclic
modules.
(v) If M is closed, then M is edged.
(vi) If M is closed, any edged submodule N of M is closed and finitely generated.
(vii) If G has the normalization property and M is a direct sum of mutually or-
thogonal cyclic modules My, ..., M,,, then there exist mutually orthogonal
closed cyclic modules N; such that M; C N; forj=1,..., m.
(viii) If G has the normalization property and M is edged, then M is closed.

Proof. (i) We proceed by induction on m. The case m =1 is trivial.
Let M = wyK + -+ + u, K. Fix representatives (||u;||_)e of |lu;|| and define
recursively for j =1, ..., m

S = {2 € .11 s, = maxffunl }\ {1, Sja).

= 1. By Proposition[3.8] we can project

m

Then es,es, = 0if j # k, and es, +- - -+eg
ujeg, on N = ures, K, obtaining U = ujes, — Py(ujes,) with (ui|@;) = 0 and
Uj; = Ujes, (j >1). With N' = ﬂgf{—i—- . -+am11"é, we also have Meg, = uleSIK—I—N’
and u; € N'*. By induction, there exist mutually orthogonal generators vél), .
oly) of N'. Since N'eg, = N/, v§1) = 1)](»1)651 for all j. With v%l) = ujes, we
obtain m mutually orthogonal generators of Meg,. Similarly, we obtain m mutually

orthogonal generators v%k), el w(,]f) of Meg, (k=1,...,m) (in particular satisfying
vj(k) = vj(k)egk). Then v; = >0, v](.k) (j =1, ..., m) are mutually orthogonal

generators of M. By orthogonality, it follows that the sum is a direct sum: if
>_;j Aju; = 0 for some A; € K, then 0 = (225 Agus] 225 Agvg) = 325 I\jv5]1%, so each
)\jvj = 0. _ _

(#) By part (i), M = 1K+ -+ + v, K, with v; mutually orthogonal. Define
¢ M = K™ ¢(3;Mv;) = Mllvill - Amllomll) (A; € K). Then, by the
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orthogonality,
(> ne) = o( X mows) | =210 =l
J J
= HZ(M - Mj)vj = HZ Ajus = D pjv; i
i i i

which shows that ¢ is well defined and isometric (hence also injective). It is easy
to check that ¢ is K-linear.

(iii) We extend ¢: M — K™ to a map M — K™ by defining ¢(lim,, w,) :=
lim,, ¢(wy,) (w, € M). Because (wy,)y is a Cauchy-sequence, (¢(wy,))n is also a
Cauchy-sequence in ]Km, and hence convergent in K™. To see that ¢ is well defined,
let lim,, w,, = lim,, w/,. Then also the interlaced sequence (wy, w}, ..., wy,wh,...)is
a Cauchy-sequence. Hence also (¢(w1), p(wh), ..., ¢(wn), p(wl),...) is convergent
to lim, ¢(wy,) = lim, ¢(w))). Tt is easy to check that the extended ¢ is linear and
isometric as well. As G is complete, we find that the image under ¢! of any
convergent sequence in ¢(M) (say to & € ¢(M)) is a Cauchy sequence, and hence
convergent to an element w € M. By definition of the extended map ¢, ¢(w) = &.
So ¢(M) C ¢(M). The converse inclusion holds by continuity of ¢.

(iv), (v) Let M be closed. By part (i), M = w;K + - - - + u, K with u; mutually

orthogonal. Let w € uﬂK, so w = lim,, A\,u; for some A, € K. As M is closed,
w =3, pju; for some p; € K. By the continuity of the scalar product, (w|u;) =

)

limy, A (U1|UJ) =0 for j > 1. So 0 = (wlu;) = Ek pie (urlug) = MJH“J” for j > 1.
So also H,ujugH =0forj>1and w=jus €wK. Similarly, u]K is closed (j = 1,
coym).

Conversely, let M = wK—+- -+ umﬂg, with uj]K closed and u; mutually orthog-
onal. By Proposition B.8(xit), we know that M; = uj]IN{ are edged. Let v € G and
let p =" Pu,(v) € M. Then by orthogonality, (v — plu;) = (v — P, (v)|u;) = 0.
So, by Corollary m( ) it follows that M is closed and edged.

(vi) Let M = WK+ 4 upK. As N is edged and closed, by the linearity of
the projection operator Py, N = Py(M) = viK + - + v, K with vj = Pyu;. By
part (iv), we may suppose 'that ||v]H = eg, for some S; C (0,1] and that v; are
mutually orthogonal. Therefore,

1/2
0= Mfs, e Zujng =iy yen (1= P es, + 3 llusesl)?)

7>1
so for each m € N there exist >, pi;v; € N with |1 — pi|es, < [(e™)e], [[pjvs]| <
[(e™)]. For sufficiently large m, this implies that p; is invertible w.r.t. S;. Let
Apn = eg, with Ay = Aes,. Then, |uiles, > (1 = [(e™)e])es, > %651- Hence,
|A1] < 2egs,. So for each m, there exist vy + Zﬁél vy € N with ||piv;] < [(€™)e].
Similarly, for each m, there exist vy + >, 1 )vj € N with Hu(k)ij < [(e™)¢]
(k=1, m). Then there also exist linear combinations

(v1+Zu§”v )—nies, (v2+2u v;) = (1= es,nPes, )t > s € N,

J#1 J#1,2
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with o] arbitrarily small. As 1 — ugl)eszu(lz)esl is invertible (for m sufficiently
large), this also implies that there exist vi+3_,; , #jv; € N with H‘ﬁvj || arbitrarily
small, and so on. We conclude that v, ..., v,, € N. So N = N is closed and
finitely generated.

(vit) Let M = w1 K+ - -+ + 4, K with u; mutually orthogonal. By the normal-
ization property, there exists v1 € G with |Jui||v; = u1. As in Proposition B8(ix),
there exists S; C (0, 1] such that [|u|lese = 0 and [|v1[les, = es,. As (u1|u;) = 0 for
j > 1, then also |Juq]| (v1]u;) = 0, so by a characterization of zero divisors in K, there
exist S; C (0,1] such that [|ui|[es: =0 and (vi]u;) es; = 0. Let wy = vieg, - -es

m*

Then |lwi|| = eg, - -es, is idempotent, and hence wiK is closed by Proposi-

tion B8(vi). Further, uy = wjes, ---es, = ||ui]wi, so uﬂf{ - wlf{. Finally,
(wiluj) = (v1|uj)es, ---es, = 0 for j > 1. Similarly, we find we € G such that
wyK is closed, usK C woK and (wa|wy) = (welus) = - - - = (wa]um) = 0, and so on.
(viii) By parts (i) and (vii), M = u1 K+ - - 4+ u,, K and there exist w; with wﬂK
closed and with u; € wj}K and w; mutually orthogonal. As H = wl]K is closed, it
is itself a Hilbert K-module. We show that u;K is an edged submodule of H.
So let A € K. Since M is edged in G, inf,enr|[ My — v|| exists. So by orthogo-

nality,

_ _ 1/2
T T 2 2
if, e[ = 3 | = B8, ez (v = g+ 3 g )

J

j>1

=inf, gllAwi — muf;

hence uﬂK is edged in H. By Proposition B8(viii), uﬂK is closed in ‘H and, by
completeness, also in G. Similarly, u;K is closed (j = 1, ..., m). By the fourth
assertion of this theorem, M is closed. ([l

Theorem 3.17. Let Gy be a Hilbert K-module constructed by means of a Hilbert
space H. Then a finitely generated submodule M of Gy is edged iff M 1is closed
iff M is a finite direct sum of mutually orthogonal closed cyclic modules iff M is
internal.

Proof. Let M be a finite direct sum of mutually orthogonal closed cyclic modules,
so M = u K+ - + u,, K with u; mutually orthogonal and |u;|| = es; for some
S; € (0,1]. We show that M is internal.

Fix representatives (u;.). of (u;). By interleaved Gram-Schmidt process at the
level of representatives, we may suppose that (uj.e|up,e) = 0 for j # k. As ujege =
0, we may also suppose that u;. = 0 for each £ € 57. Let Ac =u K+ +upy K
for each € € (0,1]. If v € M, looking at representatives, v € [(A:):]. Conversely, if
v € [(A:)c], we find X . € K such that, on representatives, v. = Zj Ajctje. We
may assume that \;. = 0 for e € S§. Then (ve|uje) = Aje (ujelujc), 50 (Aje)e
are moderate (since ||u;|| are invertible w.r.t. S;). So (), ). represent \; € K and
v = Zj )\jUj e M.

Further, any nonempty internal set in Gp is edged [21].

Since Gy has the normalization property, the other equivalences follow by the
previous theorem. (I
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Theorem 3.18.

(i) Let M be a finitely generated submodule of K. Then M is generated by d
elements. _

(ii) Let M be a submodule of a Hilbert K-module G that is generated by m
elements. Then any finitely generated submodule of M is generated by m
elements.

Proof. (i) Let M = wK+ - + u,K with m > d. Applying interleaved Gram-
Schmidt process at the level of representatives, we can obtain representatives (u;¢)e
of u; such that for each e, (u;|uk) = 01if j # k. Define recursively for j =1, ...,
m

S = {e € (0. 1]z llujll, < max flugl| .} \ {1, Sj-a}-

Then eg;es, = 0if j # k and eg, +--- +es,, = 1. Let € € 1. Should uy . # 0,
then also u;. # 0 for all j. So we would obtain m > d orthogonal (hence linearly

independent) elements of K¢, a contradiction. So ujes, = 0, and Meg, = vgl)f{ +

et v,(ﬁ)_l]K for vj(-l) = Ujt1es,. Similarly, Meg, = vgk)]K +o 4+ v,(,lf)_lﬂg for some

vj(.k) € K¢ satisfying vj(-k) = v](»k)esk (k=1,...,m). Thenv; = > 7", vj(-k) (j =1,
.., m—1) are m — 1 generators of M.
(1) Follows from part (i) and Theorem O

Theorem 3.19. Let M, N be edged submodules of a Hilbert K-module G. If M 1
N, then M + N is edged and M + N = M + N.

Proof. First, by the continuity of the scalar product in G, if M L N, then also
M 1 N. o
Let v € G. For each u € M,

(v = (Pg(v) + Pr(v))|u) = (v = Pgz(v)) + Pg(v)[u) =0

by the properties of the Py and the fact that M 1 N. Switching roles of M and N,
we obtain that v—(Py;(v)+Px(v)) € (M+N)*+. Asalso Pyp(v)+Py(v) € M+N, it
follows from Corollary 217 that M + N is closed and edged. As M+N C M+ N C
M + N and M + N is closed, M + N = M + N. U

Theorem 3.20. Let M, N be submodules of a Hilbert K-module G. Let M be
closed and finitely generated, and let N be closed and edged. If M NN = {0}, then
M + N s closed and edged.

Proof. We proceed by induction on the number m of generators of M.

First, let M = uK be cyclic. By Proposition B.8] we may suppose that ||u|| = eg
for some S C (0, 1]. Now suppose that |[u — Py (u)]|| is not invertible w.r.t. S. Then
there exists T C S with 0 € T such that |luer — Px(u)er| = |[u — Py (u)|ler = 0,
so uer = Py(u)er € M NN, and |luer| = eser = er # 0, which contradicts
MNN = {0} As 0 < ||Py(w)]| < |lu|l, then also ||u — Py(u)|esc = 0, and
M’ = (u— Py (u))K is also closed, hence edged by Proposition B8 parts (vi) and
(xii). Since M’ 1 N, by Theorem BI9d M + N = M’ + N is closed and edged.

Now let M be generated by m elements. By Theorem 316, M is a direct sum of
a closed cyclic module M7 and a closed module M5 generated by m — 1 elements.
By induction, as MoNN = {0}, M2+ N is closed and edged. As also M+ (Mzy+N)
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is a direct sum, then by the first part of the proof M + N = M; + (M2 + N) is
closed and edged. O

4. A RIESZ—RENPRESENTATION THEOREM
FOR CONTINUOUS C-LINEAR FUNCTIONALS ON G

In this section we consider Hilbert C-modules with the normalization property
and we prove a Riesz representation theorem for the corresponding continuous C-
linear functionals.

Theorem 4.1. Lezg be a Hilbert C-module with the normalization property and let
T be a continuous C-linear functional on G. The following assertions are equivalent:

(i) there eists a closed edged C-submodule M of KerT and a subset S of (0, 1]
such that
(a) there exists up € M+ with |u1|| = es;
() |lu| = esl|lu|| for all u € M*;
(c) T(u)v —T(v)u € M for all u,v € M*;

(ii) there exists a closed, cyclic (and hence edged) C-submodule N of G such
that N+ C Ker T';

(ili) there exists a unique ¢ € G such that T'(u) = (ulc).

Proof. (i) = (iii) Let uy € M~ satisfying the condition (a) and u € M+. From (c)
we get that T'(u)uy — T(ui)u € M and thus T(u)es = T(u)|lu1||* = T(uz) (uluy).
Since T is continuous there exists C' > 0 such that |T(u)| < C||lu||. It follows that
|T(u)lese < C|lullese = 0 because of property (b). So T'(u) = T(u)es = (ulc),
where ¢ = T'(uq)u;.

Now let w € G. By Corollary 21T we know that u = (u— Pas(u))+ Pas(u), where
u — Py(u) € M+ and Py(u) € M. Since T(u) = T(u — Pyr(u)), by the previous
case we have that T'(u) = (u — Pp(u)|c) = (ulc).

(#4i) = (i7) By the normalization property and the assertions (ixz) and (zii) of
Proposition [ B8, we know that there exists a closed cyclic and edged C-module N
such that ¢C C N. Thus, N+ C (¢C)+ = KerT.

(#4) = (i) From the assertion (vu) of Proposition B.8 we have that N is generated

by an element w € G such that [w| = eg for some S C (0,1]. Let us define
M = N+. By Corollary 2I7 M is closed and edged. (a) and (b) are straightforward,
and (c) follows from the fact that M= is cyclic. O

Remark 4.2. Note that (i) = (4i¢) is valid without assuming the normalization
property on G. In the first assertion of Theorem [.I] we assume the existence of an
edged and closed C-submodule M contained in Ker T’ because in general the kernel
of a continuous C-linear functional is not edged. Indeed, taking 8 as in and the
functional 7:C — C : z — Bz, we have that Ker T = Ann(3) is not edged [25].

The following example shows that there are continuous C-linear functionals on
Hilbert C-modules for which the Riesz representation theorem does not hold.

Example 4.3. By [25] there exists a submodule (=ideal) M of C and a continuous
C-linear map 1T: M — C that cannot be extended to a C-linear map C — C.
Let G = M (the topological closure of M in (C). Then M is a Hilbert C-module

as a closed submodule of a Hilbert C-module. By continuity, 7' can be uniquely
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extended to a continuous C-linear map T: G — C. _Suppose that there exists c € §
such that T'(u) = (u|c). Then the C-linear map C — C: u + (uc) would be an
extension of T, a contradiction.

Proposition 4.4. Let H be a Hilbert space and Gy the corresponding Hilbert C-
module. A continuous C-linear functional T on Gy is basic if and only if it fulfills
the equivalent properties of the previous theorem.

Proof. Apply the Riesz theorem at the level of representatives, noting that T (u) =
(ufce) with e || = [|Tc[]. O

Conjecture. there exists a Hilbert space H (necessarily infinitely dimensional) and
a continuous C-linear functional that is not basic.

We now investigate the structural properties of continuous (E—Sesquilinear forms
on Hilbert C-modules by making use of the previous representation theorem.

Theorem 4.5. Let G and H be Hilbert C-modules with H satisfying the normal-
ization property, and let a : G X H — C be a continuous C- sesquilinear form. The
following assertions are equivalent:
(i) for all u € G there exists a closed and cyclic C-submodule N, of H such
that Nt C {v € H : a(u,v) = 0};
(ii) there exists a unique continuous C-linear map T : G — H such that
a(u,v) = (Tulv) for allu € G and v € H.

Proof. (i) = (ii) Let u € G. We consider the continuous C-linear functional a,, :
H — C: v — a(u,v). Since Ker a, = {v € H : a(u,v) = 0} contains the orthogonal
complement of a closed and cyclic C-submodule N, of H, by Theorem 1] there
exists a unique ¢ € H such that a(u,v) = (v|c). We define T : G — H : u — c¢. By
construction, a(u,v) = (Tu|v). We leave it to the reader to check that the map T
is C-linear. By definition of the operator T" we have that

(4.1) IT(u)]* = (Tu|Tu) = a(u, Tu) < Cllul|Tull,

where the constant C' € R comes from the continuity of a. Applying Lemma 2T9]
to (@) we have that |T(u)|| < C||u|| for all w. This shows that T is continuous.
(ii) = (i) Let us fix u € G. Since v — a(u,v) = (v|Tu) is a continuous C-linear
functional on H satisying the assertion (ii7) of Theorem 1] we find a subset N,
as desired. d

Proposition 4.6. Let H and K be Hilbert spaces and let a be a basic (E—sesquilinear
form on Gy X Gi. Then the hypotheses of Theorem are satisfied. Moreover,
the map T : Gg — Gk such that a(u,v) = (Tu|v) is basic.

Proof. By Proposition 33 the @—modulNe Gk has the normalization property. If a
is basic, then for any fixed u € Gy the C-linear functional G — C : v — a(u,v) is

basic, too. Hence, from Theorem H.] there exists a closed and cyclic C-submodule
N, of Gx such that Nt C {v € G : a(u,v) = 0}. It remains to prove that the
continuous C-linear map T : Gy — Gk, that we know to exist from Theorem (5]
has a basic structure. Let us take a net (a.). representing the C-sesquilinear form
a. By fixing u € H we obtain from the continuity of a. that there exist a net
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(ce)e of elements of K and a net t.(u) = ¢, of linear maps from H to K such that
ac(u,v) = (v|ce) for all v € K. Since for some N € N and 7 € (0, 1] the inequality

[t ()[I* = ac(u, te(u)) < e Jull [[t=(w)]|
holds for all w € H and ¢ € (0, 7], we obtain that (¢.). defines a basic map " : Gy —

G such that a(u,v) = (T'u|v). By Theorem [L3] there exists a unique continuous

C-linear map from Gy to Gx having this property. It follows that 7" = T and that
T is basic. (]

5. CONTINUOUS C-LINEAR OPERATORS ON A HILBERT C-MODULE

In this section we focus on continuous C-linear operators acting on a Hilbert
C-module. In particular we deal with isometric, unitary, self-adjoint and projection
operators obtaining an interesting characterization for the projection operators.

5.1. Adjoint.

Definition 5.1. Let G and H be Hilbert C-modules and let T : G — H be a
continuous C-linear map. A continuous C-linear operator T : H — G is called
adjoint of T if

(5.1) (Tulv) = (u|T™"v)
forallu e G and v € H.

Note that if there exists an operator T* satistying (B.I), then it is unique.
The following proposition characterizes the existence of the adjoint 7™ under
suitable hypotheses on the spaces G and H.

Proposition 5.2. Let G and H be Hilbert C-modules with G satisfying the normal-
ization property, and let T : G — H be a continuous C-linear map. The adjoint
T : H — G exists if and only if for all v € H there exists a closed and cyclic
C-submodule N, of G such that N- C {u € G : (v|Tw) = 0}.

v =

Proof. The proof is clear by applying Theorem to the continuous ((N:—sesquilinear
forma:H xG— C: (v,u) = (v|Tu). O

Proposition 5.3. If H and K are Hilbert spaces and T is a basic C-linear map
from Gy to Gg, then the hypotheses of the previous proposition are fulfilled. In
particular the operator T™ : G — Gy is basic.

Proof. It suffices to observe that the C-sesquilinear form (v|Tw) is basic and to
apply Proposition O

Propgsition 5.4. Let G and H be Hilbert C-modules and S, T :G — H be contin-
wous C-linear maps having an adjoint. The following properties hold:

(i) (S+T)" =S* +T%;

(i) (AT)* =XT* for all A € C;
(i) (T*(v)|u) = (v|Tu) for allu € G and v € H;
(iv) T* = T;
(v) T*T =0 if and only if T = 0;
(vi) (ST)* =T*S*;
(vii) if M CG, N CH and T(M) C N, then T*(N+) C M*;
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(viii) if M C G and N is a closed and edged C-submodule of H, then T(M) C N
if and only if T*(N+) C M+.

Proof. We omit the proof of the first seven assertions of the proposition because
they are elementary.

(viii) From assertion (vii) we have that T(M) C N implies T*(N+) C M*.
Conversely, assume that T*(N1) € M+ and apply (vii) to T*. It follows that
(T*)*(M*+) € N*+L. By (iv) we can write T(M) C T(M++) € N1+, and from
Corollary 217(ii7) we have that T (M) C N. O

Propgsition 5.5. Let G and H be Hilbert C-modules and T - G — H be a contin-
uwous C-linear map. Assume that the adjoint of T exists. The following equalities
hold:

(i) KerT = (T*(H))*;
(i) KerT* = (T(G))*;

(iii) if T*(H) is a closed and edged C-submodule of G, then (KerT): = T*(H);
(iv) if T(G) is a closed and edged C-submodule of H, then (KerT*): = T(G).

Proof. An application of Proposition B4 vii) and (i#) to T and T™ yields

(5.2) T*(H) C (Ker 7)™,
(5.3) T(G) C (Ker T*)*,
(5.4) (T(G))" C KerT™,
(5.5) (T*(H))* C KerT.

(E2), combined with (5, entails the first assertion, while (54]), combined with
(B3, entails the second assertion. The assertions (iii) and (iv) are obtained from
(i) and (i%) respectively, making use of Corollary 2I7|i74). O

5.2. Isometric, unitary, self-adjoint and projection operators.

Definition 5.6. Let G and H be Hilbert C-modules. A continuous C-linear oper-
ator T': G — H is said to be isometric if |Tu|| = |Ju|| for all u € G.

Lemma 5.7. Any @—sesquilmear forma:GxG — C is determined by its values
on the diagonal, in the sense that

1
a(u,v) = Z[a(u—i—v,u—l—v)—a(u—v,u—v)—|—z’a(u+iv,u+iv)—ia(u—iv,u—iv)]
for all u,v € G.

Proposition 5.8. Let G and H be Hilbert C-modules and T - G — H be a contin-
uous C-linear operator with an adjoint. The following assertions are equivalent:
(i) T is isometric;
(ii) T*T =1;
(iii) (Tu|Tv) = (ulv) for all u,v € G.

Proof. (i) = (ii) By definition of an isometric operator and an adjoint operator
we have that (u|u) = (Tu|Tu) = (T*Tulu). Hence, (T*Tu — Iu|u) = 0. Since the
form (u,v) — (T*Tu — Tulv) is C-sesquilinear, from Lemma [5.7 we conclude that
(T*Tu — Tu|v) = 0 for all u,v; that is, T*T = I. The implications (i) = (i) and
(#9i) = (@) are immediate. O
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More generally, from Lemma [5.7 we have that (7) is equivalent to (i47) for any
continuous C-linear operator T : G — H even when the adjoint 7™ does not exist.

Proposition 5.9. The range of an isometric operator T : G — H between Hilbert
C-modules is a closed C-submodule of H.

Proof. Let v € T(G). There exists a sequence (uy,), of elements of G such that
Tu, — v in H. By definition of isometric operator we obtain that (u,), is a
Cauchy sequence in G and therefore it is convergent to some u € G. It follows that
v =Tu. ]

Proposition 5.10. Let T: G — H be a continuous C-linear ~operator between
Hilbert C-modules. If T* exists and there exists a continuous C-linear operator
S: H — G such that T*TS = T*, then T(G) is closed and edged. Moreover,

Proof. Let u € H. Then T*(u — TSu) = T*u — T*u = 0, so by Proposition .5
u=(u—TSu)+TSu € KerT* +T(G) = T(G)* +T(G). By Corollary ZIT, T(G)
is closed and edged, and Ppg) =T'S. O

Corollary 5.11. Let G and H be Hilbert C-modules and T be an isometric operator
with adjoint. Then, T(G) is closed and edged.

Proof. Apply Proposition to T with S = T™. O

Example 5.12. A basic operator T : Gg — Gy given by a net of isometric oper-
ators (T.): on H is clearly isometric on Gg. In particular, by the corollary above

the range T(Gg) is a closed and edged C-submodule of Gy

Definition 5.13. Let G be a Hilbert C-module and T : G — G be a continuous
C-linear operator with an adjoint. T is unitary if and only if T*T =TT* = I.

Proposition 5.14. Let G be a Hilbert C-module and T : G — G be a continuous
C-linear operator with an adjoint. The following conditions are equivalent:

(i) T is unitary;

(il) T* is unitary;

(iii) T and T* are isometric;

(iv) T is isometric and T* is injective;

(v) T is isometric and surjective;

(vi) T is bijective and T~! = T*.

Proof. By Proposition 5.8 it is clear that (i), (#4) and (i#4) are equivalent. Since
any isometric operator is injective we have that (i4¢) implies (iv).

(iv) = (v) By Corollary .11 we know that T(G) is a closed and edged C-
submodule of G and that KerT* = {0}. Hence, by Proposition E2(iv) we have
that {0} = (Ker T*)* = T(G), which means that G = T/(G).

(v) = (vi) T is isometric and surjective. Thus, it is bijective. Moreover, T*T =
I =TT~ Thus, T* = T*(TT~') = (T*T)T~' = T~!. The fact that (vi) implies
(i) is clear. O

Definition 5.15. Let G be a Hilbert C-module and T : G — G be a continuous and
C-linear operator. T is said to be self-adjoint if (T'u|v) = (u|Tv) for all u,v € G.

If T is self-adjoint, then the adjoint operator T™ exists and coincides with 7.
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Proposition 5.16. The following conditions are equivalent:
(i) T is self-adjoint;
(ii) (Tulu) = (u|Tw) for allu € G;

(iii) (Tulu) € R for allu € G.

Proof. We prove that (ii7) implies (7). By Lemma [57] we can write (Tu|v) as

[(T(u+v)lu+v) = (T(u—v)lu—0v)]

=

+ zi[(T(u + iv)|u + ) — (T(u — iv)|u —iv) |.

Since each scalar product belongs to R and therefore (Tw|w) = (w|Tw) for all
w € G, we obtain that (T'ulv) = (u|Tv). O

We leave it to the reader to prove the following proposition.

Proposition 5.17. Let G be a Hilbert C-module and let S, T : G — G be continuous
C-linear operators.
(i) If S,T are self-adjoint, then S+ T is self-adjoint;
(ii) of T is self-adjoint and o € R, then oT is self-adjoint;
(iii) of T* ewists, then T*T and T + T* are self-adjoint;
(iv) if S and T are self-adjoint, then ST is self-adjoint if and only if ST =TS.

_ Note that Proposition can be stated for self-adjoint operators on a Hilbert
C-module G by replacing T* with T.

Example 5.18. There are self-adjoint operators whose range is not edged. Indeed,
let 8 € R be as in Example B9 and T : C — C: u — Bu. T is self-adjoint, but
T(C) = SC is not edged [25].

Definition 5.19. A continuous C-linear operator T' : G — G on a Hilbert C-module
G is called a projection if it is self-adjoint and T'=TT.

Note that when M is a closed and edged C-submodule of G, then the corre-
sponding Py is a projection in the sense of Definition (.19 Indeed, by Proposition
2I4((éii) Py is idempotent, and combining Corollary Z17(v) with Proposition
we have that P is self-adjoint. We prove the converse in the following proposition.

Proposition 5.20. If T is a projection, then T(G) is an edged and closed C-
submodule of G and T = Prg.

Proof. We apply Proposition .10 with S = 1. O

6. LAX-MILGRAM THEOREM FOR HILBERT C-MODULES

As in the classical theory of Hilbert spaces we prove that for any f € G the
problem

a(u,v) = (v|f), for all v € G,

can be uniquely solved in G under suitable hypotheses on thej@—sesquilinear form
a. In this way, we obtain a Lax-Milgram theorem for Hilbert C-modules.
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Definition 6.1. A (E-sesquiligear form a on a Hilbert C-module G is coercive if
there exists an invertible o € R with o > 0 such that

(6.1) a(u,u) > allu?
for all u € G.

Theorem 6.2. Let G be a Hilbert C-module and g:G—Gbea C-linear continuous
map such that g(G) is edged. Let a be the @-sesquilinear form on G defined by
a(u,v) = (ulg(v)). If a is coercive, then for all f € G there exists a unique u € G
such that

a(v,u) = (vf)
forallveqg.
Proof. We want to prove that the map ¢ is an isomorphism on G. We begin by

observing that the coercivity of a, combined with the Cauchy-Schwarz inequality,
yields for all u € G,

(6.2) allull® < lalu,u)| = | (ulg(u) | < [|ullllg(u)]-
By applying Lemma 219 it follows that
(6.3) allull < flg(w)]].

This means that g is an isomorphism of G onto g(G). It remains to prove that g is
surjective. The C-submodule g(G) is closed. Indeed, if g(u,) — v € G, then from
(63) we have that (uy),, is a Cauchy sequence in G converging to some u € G. Since
g is continuous we conclude that v = g(u). In addition, ¢(G) is edged by assumption
and ([6.2) entails g(G)* = {0}. Hence, by Corollary 217 ¢(G) coincides with G.
Now let f € G. We have proved that there exists a unique v € G such that f = g(u).
Thus, a(v,u) = (v|g(u)) = (v|f) for all v € G. O

Note that when C' is a subspace of H the corresponding space G of generalized
functions based on C' is canonically embedded into Gp.

Lemma 6.3. Let H be a Hilbert space, C be a subspace of H, o € R be positive and
invertible, and a be a basic @—sesquilinear form on Gg. The following assertions
are equivalent:
(i) a(u,u) > allul|?® for all u € Go;
(ii) for all representatives (ac)e of a and (ae)e of a and for all ¢ € N there
exists n € (0, 1] such that

ac(u,u) > (o —)||ull?

for allu € C and € € (0,n);
(iii) for all representatives (ac)e of a there exists a representative (ae). of a and
a constant n € (0,1] such that

ac (u,u) > olul]?
for allu € C and £ € (0,7].
Proof. Tt is clear that (i44) implies (). We begin by proving that (i¢) implies (¢i1).
Let (o). be a representative of a. Assume that there exists a decreasing sequence
(ng)q tending to 0 such that a(u,u) > (ol —&?)|jul|? for all u € C and € € (0,7,].

The net n. = ¢ for € € (n?971, n4] is negligible, and therefore a. = o’ — n. satisfies
the inequality of the assertion (7i7) on the interval (0,no].
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Note that the first assertion is equivalent to ega(u,u) > «aful?es for all S C
(0,1]. We now want to prove that if
(6.4)

J(ac)e Hae)e g e NV € (0,1]3e € (0,9] u € C ac(u,u) < (e —e9)|ull?,
then we can find S C (0,1] and u € G¢ such that esa(u,u) < a|ul*es. From (6.4)
it follows that there exists a decreasing sequence (ex)r C (0, 1] converging to 0 and
a sequence (ug, ) of elements of C' with norm 1 such that

Qg (UEM ufk) < Qg — EZ'
Let us fix € C with ||z|| = 1. The net v. = u,, when € = ¢, and v. = z otherwise

generates an element v = [(ve)c] of Go with R-norm 1. Now let S = {¢, : k € N}.
By construction we have that

esa(v,v) = [(Xsae, (e, ue,))e] < esla — [(€9)e]) < esallv]*.

This contradicts assertion (). O

Proposition 6.4. Let H be a Hilbert space, a be a basic coercive (E—sesquilinear
form on Gy and f be a basic functional on Gy . Then there exists a unique u € Gy
such that a(v,u) = f(v) for allv € Gp.

Proof. By applying Proposition to the C-sesquilinear form b(u,v) = a(v,u),
there exists a basic map g : Gy — Gp such that a(u,v) = (u|g(v)). In order to
apply Theorem it remains to prove that g(Gg) is edged. By the continuity
of g and the inequality (€3], we find by Proposition and Lemma that
C =[(C.).] € R and an invertible a = [(a.).] € R, a > 0, for which

(6.5) aclull <lge()ll < Cellull,Vu € H,Ve <.

Let us call H. the Hilbert space H provided with the scalar product (u|v), :=
(9-(u)|g=(v)) and consider the Hilbert C-module G = M.y, /N(a.). as in Propo-
sition 271 By equation (63, a net (u.). of elements of H is moderate (resp.
negligible) in Gy iff it is moderate (resp. negligible) in G. Hence the map §:
G — G §([(ue)e]) = [g-(ue)s] is a well-defined isometric C-linear operator with
9(G) = g(Gu). Let go: H. — H: g.(u) = ge(u). As g. is a continuous linear
map, there exists g*: H — H. such that (g.(u)|v) = (u|gZ(v))., Vu € H., Vv € H
and with [|gZ[| = [|ge||. Hence the map §*: Gy — G: §"([(ue)e]) = [G2(uc)e] is a
well-defined continuous C-linear map and is the adjoint of g. By Corollary 5111
3(G) = 9(Gu) is edged in G- 0

7. VARIATIONAL INEQUALITIES IN HILBERT R-MODULES

In the framework of Hilbert R-modules we now study variational inequalities
involving a continuous and R-bilinear form. We will make use of the results proved
in the previous sections in the context of Hilbert C-modules which can be easily
seen to be valid for Hilbert R-modules. We begin with a general formulation in
Theorem [l and then we concentrate on some internal versions in Proposition [T.3]
and Theorem

Theorem 7.1. Let a(u,v) be a symmetric, coercive and continuous R-bilinear form

on a Hilbert R-module G. Let C be a nonempty closed subset of G such that \C' +
(1=X)C C C for all real generalized numbers X € {[(£7):]}qenU{3}. Forall f € G
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such that the functional I(u) = a(u,u) — 2(f|u) has a close infimum on C in R,
there exists a unique solution u € C' of the following problem:

(7.1) a(u,v —u) > (flv—u) forallv e C.

Proof. Let d be the close infimum of the functional I on C' and (uy,), € C be a min-
imizing sequence such that d < I(u,) < d+[(¢")]. By means of the parallelogram
law and the assumptions on C we obtain that

al|u, — um||2 < a(ty — Uy, Up, — Up,)
Up + U, Uy + Um

= 2a(tp, un) + 2a(tpm, Unm) — 4a( 5 , 5

)
=21 (un) + 21 (up,) — 4I(U”+Tum)
< 2d+[(e")e] +d+[(e™)] — 2d)
< 2[(emm )],

Since « is invertible, it follows that (u,), is a Cauchy sequence, and therefore it is
convergent to some u € C such that I'(u) = limy, o0 I(uy,) = d.

For any v € C let us take w = u + A(v — u) with A = [(¢9).]. By the properties
of C we know that w € C and I(w) > I(u). It follows that

alu+ Av—u),u+A(v—u)) = 2(flu+Av—1u)) —a(u,u) + 2 (f|u)
= a(u,v —u) + Aa(v — u, u) + Na(v — u,v — u) — 2\ (flv — u) >0,

and since A is invertible,
1
alu,v —u) > (flv—u) — EAa(U—u,v—u).

Letting A = [(¢7).] tend to 0 in R we conclude that a(u,v —u) > (f|v — u) for all
v € C, or in other words that wu is a solution of our problem.

Finally, assume that ui,us are both solutions in C' of the variational inequality
problem (ZII). Then, a(u1,u1 —ug) < (flur — uz2), —a(ug, ur —uz) < — (flur — u2)
and

alluy — usl|? < a(ug — ug,uy —up) < 0.

This means that u; = us and that the problem (7)) is uniquely solvable in C. O

Corollary 7.2. Let a(u,v) be a symmetric, coercive and continuous R-bilinear
form on a Hilbert R-module G. For all f € G such that the functional I(u) =
a(u,u) — 2 (f|u) has a close infimum in R, there exists a unique solution u € G of
the problem

a(u,v) = (flv) forallv e G.

Proof. Since Theorem [T.1] applies to the case of C' = G, we have that there exists
a unique u € G such that a(u,v —u) > (f|v —u) for all v € G. This implies that
a(u,v) = (flv) for all v € G. O

Note that unlike Theorem [6.2] Corollary does not require the particular
structure (u|g(v)) for the symmetric R-bilinear form a(u, ).

As a particular case of Theorem [I.T] we obtain the following result for basic,
symmetric and coercive R-bilinear forms on GH.
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Proposition 7.3. Let H be a real Hilbert space, (C:): be a net of convex subsets of
H, C =1(C.).] and a be a basic, symmetric and coercive R-bilinear form on Gg. If
C # 0, then for all basic functionals f on Gy there exists a unique solution u € C
of the problem

a(u,v—u) > f(v—u) forallveC.

Proof. By Proposition 4] and Theorem [£.1], there exists b € Gy such that f(v) =
(blv), Vv € Gy Since C'is a closed and edged subset of G such that AC+(1—-X)C C
C for all real generalized numbers X € {[(¢9):]}qenU{3}, in order to apply Theorem
[[1lit suffices to prove that the functional I(u) = a(u,u)—2 (blu) has a close infimum
on C in R. We fix representatives (ae)e and (b.)e of a and b respectively, and we
denote the corresponding net of functionals by (I;)c. From the coercivity of a and
Lemma [63] it follows that for each sufficiently small ¢ the inequality

Ce \2 1 1
(72)  IL(w) > alllw]| — 2¢c[lw]] = (Vo uw]| - \/275) - a—lgcﬁ > —a—écﬁ
holds on H, where a. = o, — €9, (c.). is a representative of ¢ = ||b|| and ¢ € N.

Hence, I. has an infimum d. on C. such that —c.2/a’ < d.. Let v. € C. be such
that I.(v.) < d. + €'/¢. From (Z2) we see that for every moderate net of real
numbers (¢ ). there exists a moderate net (p.)e such that I.(u:) > Ac as soon as
ue € H and |luc|* > pe. Applying this to A\. = 1 + d., we conclude that the net
(Jlve]|?)e is moderate and v = [(v.)] € C. It follows that the functional I reaches

its minimum d = [(d.)<] on C in v. The uniqueness of the solution follows as in the
proof of Theorem [T.11 O

Remark 7.4. Note that Proposition [Z.3]l makes use of the completeness of Gy which
holds even if H is not complete (see [, Proposition 3.4]).

We extend now Proposition [.3] to R-bilinear forms which are not necessarily
symmetric by making use of some contraction techniques.

Theorem 7.5. Let H be a real Hilbert space, (C:): be a net of convexr subsets of

H, C = [(C:)e] and a be a basic and coercive R-bilinear form on Gg. If C # 0,
then for all basic functionals f on Gy there exists a unique solution u € C of the
problem

a(u,v—u) > f(v—u) for allv e C.
Proof. By Proposition 4] and Theorem (] there exists ¢ € Gy such that f(v) =
(c|v), Yv € Gg. By Proposition and Theorem ELB] there exists a basic R-linear

map T: Gy — Gg such that a(u,v) = (Tulv), Yu,v € Gy. We look for u € C
satisfying the inequality

(Tulv — u) > (clv —u), Yv e C.
For any p € @, with p > 0 invertible, the inequality is equivalent with
((pc — pTu+u) —ujv —u) <0, Vv e C.
By Proposition [Z21i), C is closed and edged; further, A\C + (1 — \)C C C,
VYA € R with 0 < A < 1. So by Proposition we look for u € Gy with u =
Pco(pe — pTu + u) (for a suitable p that will be determined below).

By the basic structure of T' we know that there exists a moderate net (M. ). and
m € (0,1] such that ||T.ul| < M¢||u|, Vu € H, Ve € (0,1m1]. By coercivity of a,
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there exists a moderate net (o). and m € N with a > €™, Ve and there exists
ne € (0,1], such that (Trulu) > acllul|?, Yu € H, Ve € (0,1 (Lemma [E3)). Let
n = min(ny,n2). Fix € € (0,7]. Let p. = & and

S.:C.—C.:8.(v) = Pga(pgcE — pTov 4 v).
For vy, vy € C,, by the properties of Ps._,
[Se(v1) = Se(v2)|l < [[(v1 = v2) = pe(Tovr — Teva)],
S0

[1S=(v1) = Se(v2)||* < |lvr — val|* = 2pe (Tovy — Tevalvr — v2) + pZ||Tevy — Tevol?

a2
< (1= 20+ 232 - el = (1= ) or = P
€

So S is a contraction. Let w € C with representative (w;)e, we € Ce, Ve. Denoting
a? )1/

the contraction constant by k. = (1 - e 2, by the properties of a contraction,

152 (we) — we| < ﬁHSE(wg) — we||, Vn € N. In particular, for the fixed point u.

of S in C, then also |u. — w.| < 2|S:(w.) — we||. Hence
1
el < ool + 1S ) = ]

Now there exists m € N such that k;? <1—¢&™,Ve; hence k., <y/1—em<1-— %,
Ve. Further, if p = [(pe)e], then [(S:(we))e] = Po(pe—pTw+w) by Proposition 22211
So (Jjue]])e is a moderate net, and hence (uc). represents some v € C. Similarly,
as Se(us) = ug, Ve < 1, we have u = Po(pc — pTu + u) for p = [(1\(252)5] € R with
p > 0 and invertible, as required. :

The uniqueness of the solution follows as in the proof of Theorem [Z.1l O

8. APPLICATIONS

We conclude the paper by applying the theorems on variational equalities and
inequalities of Section [ to some concrete problems coming from partial differential
operators with highly singular coefficients. The generalized framework within which
we work allows us to approach problems which are not solvable classically and to
get results consistent with the classical ones when the latter exist.

8.1. The generalized obstacle problem. In the sequel 2 C R™ is assumed to
be open, bounded and connected with smooth boundary 9€2. We consider a net
(¥e). € HY(2)(1 such that 1. < 0 a.e. on 99 for all &, and we define the set

C’l’ = {[(us)a] € gHé(Q) Ve Ue > ’lpg a.e. OHQ}.

One can easily see that C'y, is a nonempty internal subset of the Hilbert C-module
Gri(o) given by a net of convex subsets of H}(2). Note that the net (¢.). can
be generated by a highly singular obstacle v regularized via convolution with the
mollifier ., where ¢ € C°(2), [¢dx =1 and ¢ (x) = e "p(x/e). For instance,
on Q= {z € R": |z| <1} one can take an arbitrary ¢ € £'(€). From the structure
theorem for distributions with compact support we obtain that there exists some
n € (0,1] such that (¢ * p.)e<, is a H(£2)-moderate net.
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Let (ai,jc)e be moderate nets of L>-functions on 2 such that

(8.1) At < Z i je(2)€5€ < AE

4,j=1

holds for some positive and invertible [(A.)] € R and for all (z,£) € Q x R™. From
B it follows that

4,j=1

is a well-defined basic R-bilinear form on Gui(q)- Before proceeding we recall
that from [7, Proposition 3.22] the space Gg-1(q) coincides with the set of basic

functionals in £(Gp1(q), C).
We are now ready to state the following theorem.

Theorem 8.1. Let a be as in B2). For any f € Gy-1(q) there exists a unique
solution u € Cy of the problem

alu,v —u) > f(v—u) for allv e Cy.

Proof. In order to apply Theorem we have to prove that the R-bilinear form a
is coercive, in the sense of Definition The condition (&I]) on the coefficients of
a and the Poincaré inequality yield that

a(v,v) = A ol 0
is valid for all v € Gy1(q). This completes the proof. O

Remark 8.2. When the obstacle 1 and the coeflicients a; ; are classical, for any
f € H~Y(Q) the problem a(u,v —u) > f(v —u) can be classically settled in HE(Q)
by looking for a solution u in C’fbl ={u € HYQ): u>1 ae onQ}. Let ug € C’j}
such that

(8.3) a(ug,v —ug) > f(v—1up)

for all v € Cf;. Note that by embedding H~'(Q) into Gg-1(q) by means of f —
[(f)e], we can study the previous obstacle problem in the generalized context of

Gpi()- By Theorem Bl we know that there exists a unique u € Cy := {[(ve)] €
Gria): Ve v: > ae. onQ} such that

(8.4) a(u, v —u) = [(f)e)(v —u)

for all v € Cy. By the fact that (84) is uniquely solvable it follows that u coincides
with the classical solution, i.e., v = [(ug):]. Indeed, since for any v € Cy we can
find a representative (v¢ ) such that v, € C’;} for all e, from (B3] we have that

a(ug, ve — ug) > f(ve — uo)
for all v = [(v:)e] € Cy.
Example 8.3. When the coefficients a; ; are not bounded, the obstacle problem
is in general not solvable in the Sobolev space H{(f2). In this case one can think

of regularizing the coefficients by convolution with a mollifier ¢, and looking for a
generalized solution in some subset of G m}(0)- For instance, let p; be finite measures

on R™ with p; > exv, i = 1,...,n, where V is a neighbourhood of Q, xy denotes
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the characteristic function of V" and ¢ € R, ¢ > 0. Let us take a; ; = 0 when ¢ # j
and a;; = p; for i,5 =1,...,n. If p is a nonnegative function in C°(R™) such that
J ¢ =1and p.(z) = e "p(z/e), we obtain for sufficiently small ¢ and = € Q2 that

n

¢ < i+ pe(x) < pi(R") [l < ce™
for some constant ¢ € R depending on ¢ and the measures p;. It follows that
setting a; ; «(z) = pi * pe(x), the net

/Q Z Qii,e (x)aibu(x)ambv(l‘) dx

of bilinear forms on H} () generates a basic and coercive R-bilinear form on G HL(Q)-
For a generalized Cy, as at the beginning of this subsection and any f € Gy-1(q),
the corresponding obstacle problem is uniquely solvable.

8.2. A generalized Dirichlet problem. We want to study the homogeneous
Dirichlet problem

(8.5) -V (AVu) +apu=f in Q, u=0 on 0,

where A = [(A.):] and ag = [(ao )] are Groo () generalized functions satisfying the
following conditions. There exist some positive moderate nets (\.)., with moderate
inverse (AZ1)., and (u.)e such that for all z € Q and ¢ € (0, 1],

€

(8.6) ME< A(x) < A\
and
(8.7) 0 <agpe(z) < pe.

Let f € Gy-1(q). We formulate the problem (83) in Gy-1(q). Its variational

formulation is given within the Hilbert R-module G H1(e in terms of the equation
(8.8) a(u,v) = f(v) for all v € G (q),

where
o, v) = K /Q A (@) Ve (2) - Voo (z) dz + /Q .0 (2)ue ()0 (2) d:v)]

From (RH), (B1) and the Poincaré inequality it follows that a is a basic and coercive
R-bilinear form on Gp1 (). Recalling that f is a basic functional on Gy1(q), an
application of Proposition yields the desired solvability in G H(Q)-

Theorem 8.4. For any f € Gy-1(q) the variational problem BF)) is uniquely
solvable in Gp1(q)-

Example 8.5. Let us consider the one-dimensional Dirichlet problem given by the
equation

(8.9) —(H(x)u') +ou=f

in some interval I = (—a,a). One can think of approximating the singular coef-
ficients which appear in ([89) by means of moderate nets of L functions which
satisfy the conditions (86) and §T). Let (1.). € R(O! be a positive moderate net
with moderate inverse (v !). such that v. — 0 if € — 0. We easily see that A.(z),
equal to 1 for z € (0,a) and to v, for z € (—a, 0], fulfills (826)), while ag (z) = p(z),
x € I, with ¢ € C°(R) as in Example B3] has the property (87). From Theorem
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B4l we have that for any f € Gy-1(y) the variational problem associated to (B.3)
is uniquely solvable in G mi(n)- 1t is clear that a similar result can be obtained for
other functions h > 0 with zeroes instead of the Heaviside-function H.

In a similar way we can deal with the inhomogeneous problem
(8.10) -V (AVu) +apu = f inQ, u=g on 99,

where we assume that g € Gei(sa). Let (g-). be a representative of g and (gz). be
a net in MHl(Q)mc(ﬁ) such that g. = g. on 0. Defining,

C={v=[(ve)e] € G ve =Gz € Hy()},
a variational formulation of (8I0) is
(8.11) a(u,v) = f(v) for all v € C.
Under the assumptions (80) and (871 for A and ag we obtain the following result.

Theorem 8.6. For any f € Gy-1(q) the variational problem BII) is uniquely
solvable in C.
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