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In this Thes1s the design and analysis of parallel algorithms is 

1nvestigated under the framework of, either, being suitable for execution 

on asynchronous Multiprocessor testbeds (MIMD organ1zations), or, due 

to the recent remarkable advance of 'Very Large Scale Integrated' - VZSI 

circuitry, of being suitable for direct hardware implementat1on. 

In the first three introductory Chapters a brief and taxonomically 

disciplined state-of-the-art survey 1s presented w1th up-to-date 

informat1on on the parallel computing environment. This survey 1s 

relatively complemented by the contents of the last Chapter VTII, where 

most of the envisaged technological advancements are discussed. 

More analytically, Chapter I is devoted to the overview of parallel 

computer systems and prototypes. After the explo1tation of parallelism 

in various parallel computer structures, in terms of classifying the 

various architectural designs, the Chapter continues with the genealogical 

taxonomy of the main current multiple processor complexes. 
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In Chapter II the programming tools and algorithms to exploit the 

parallel hardware potential are introduced. In particular, concurrent 

programming languages motivations and general concepts for parallel 

processing are discussed, to continue with various methodological design 

and analysis aspects of parallel algorithms to appropriately map onto 

the different architectural categories. 

In both these Chapters particular reference has been made to the 

'NEPTUNE' MIMD prototype, sited at the Department of Computer Studies, 

at Loughborough University of Technology, on which the bulk of the 

experimental work contained here1n was carried out. 

Developments in microelectronics have revolutionized computer 

design. VLSI technology has enormously increased the number and 

complexity of components that can fit on a chip. As a result, machines

on-a-chip have emerged; these machines can be used as special-purpose 

devices attached to a conventional 'host' computer. In Chapter III, 

at first, various computat1onal models and 'Knowledge Information 

Processing Systems' - KIPS are introduced, to continue with the embedding 

of information flow schemes on grids and 1n VLSI chip area and time. 

An extensive investigation on the potential parallelism of a new 

powerful class of Group Explicit methods compared to the Standard 

Expl1c1t method is carried out in Chapter IV, for the solution of 

parabol1c partial differential equations. For the performance analysis, 

on the prov1ded MIMD testbed, of all parallel implementations in the 

Thesis, a deta1led 'Determ1nistic Performance Model' - DPM is established 

along with all the part1cular general formulae for the estimation of 1ts 

various parameters. 

A complete performance exploitation of the 'NEPI'UNE' MIMD 
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prototype is pursued in Chapter V, by implementing several parallel 

algorithms using the Cyclic Odd-Even reduction technique, in 

combination with all the possible parallel constructs for the system, 

to solve Toeplitz tridiagonal linear systems for use in signal and 

1mage processing applications. The Chapter continues with the 

1mplementat1on of several new parallel algorithms using the same 

technique, to solve general periodic and non-periodic tridiagonal 

linear systems, follow1ng an alternate approach for the utilization 

of any number of processors. 

In Chapter VI the research is being concentrated on algorithmically 

specialized systo~ic networks. A new powerful 'rotating' and 'folding' 

technique is 1ntroduced and applied on two-dimensional systol1c 

communication geometr1es to solve a variety of occurring problems. 

In particular, at first, the matrix-vector and matrix multiplication 

problems are treated; then, the method is applied to tridiagonal and 

quindiagonal linear systems, and eventually generalized for p semi

bandwidth linear systems. To bypass the complexity arising along with 

the increase of the semi-bandwidth of the coefficient matrix, an 

alternat1ve 'unidirectional' factorization of the central formatted 

submatrix is proposed and exemplified. 

The resulting upper and lower tr1angular l1near systems are solved 

aga1n by the new method us1ng a l1near systolic array of processors. 

Finally, 1n Chapter VII, s1ngle stage computational dewavefronts 

are investigated, as an expans1on of the 'rotate' and 'fold' method, 

for the 1mplementation of the 'Quadrant Interlock1ng Factor1zation' -

QIF parallel method on a data-driven 'Wavefront Array Processor' - WAP, 

for the case that the coeffic1ent matrix of the linear system is a 
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compact dense (nxn) matrix. 

The Thesis 1s concluded with general comments on future computer 

architectures, overviewing conclusions and a discussion for further 

future research topics 1n this area. References and Appendices with 

complementary theory and proofs, where needed, and a selection of 

optimized parallel comPuter programs from our experimental work are 

also included. • 
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V.A.l: INTRODUCTORY REMARKS 

In th1s Chapter a thorough performance exposure and exploitat1on of 

the 'NEPTUNE' (MIMDl prototype system 1s carr1ed out, by present1ng a 

selection of algor1thms wh1ch, ut1l1zing different parallel strategies, 

or constructs available on the system, 1mplement the cyclic odd-even 

reduct1on method and search for the optimal values of the granularity 

factor in terms of the s1ze of the final sequent1ally solved subsystems. 

In the present Section A we 1n1t1ate the reader to the necessary 

fundamental concepts and notations of matr1X computational Algebra and 

to the var1ous methods for solving l1near systems of equat1ons. 

Then, the cycl1c odd-even reduct1on method, wh1ch possesses 

advantages for transforming sequential computat1ons into highly parallel 

ones, is exemplified for part1cular problems 1nvolving coeff1c1ent 

matrices of Toeplitz type, 1.e., symmetr1c constant-tridiagonal and 

symmetric constant-tridiagonal periodic matr1ces. 

The sequent1al algor1thmic flowcharts of the aforement1oned 

techn1que, for both cases, are given, wh1le 1ts 1nherent potential 

parallelism is detected through a numerical example for the latter type 

of matrices above. 
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FLnally, th~s Seation concludes w~th the analyt~cal evaluat~on 

of the algebraic-complexity of the ser~al and parallel vers~ons of 

the method and the actual exper~mentat~on and performance analyses of 

~ts various ~mplemented parallel 1nvar~ants, 1n comparison w~th the 

most eff~c~ent sequent~al algor~thm of Gaussian elimLnation. These 

performance analyses are dependent on the detailed performance model 

established ~n the prev~ous Chapter. They are, aga1n, substant~ated 

by an analysis of the system's resources provided and the resources 

demanded by the parallel algor~thms. In part~cular, all the selected 

parallel variants of the method are analyzed 1n a theoretical (i.e., 

program dependent) and exper~mental (~.e., system dependent) manner. 

The exper~mental veh~cle for th~s ~mplementation was chosen to be 

the symmetr~c constant-diagonal per~odic case, s1nce it ~s more 

compl~cated and ~ts concept Lndirectly includes that of the corresponding 

non-per10d1c case. 

In Seation B we use the same method for solv1ng general tr~diagonal 

equat~ons with coeffic~ent matrices of non-per~od~c and per~odic type. 

The analytical evaluations of the algebraic-complex~ty of the ser~al 

and parallel versions of the method, the exper~mental results and the 

performance analyses of ~ts parallel var~ants for each of these cases, 

on the NEPTUNE prototype system, are s~milarly as before presented, 1n 

comparison with a general~zed version of Gaussian elimination. 

The Chapter concludes with general comments and conclusions 

concerning various algorithmic aspects, 1n relation w~th future computer 

architectural des~gns. For further invest~gat~on, emphasis has been 

g~ven on the implementation of the parallel version of the method on 

VZSI processor arrays ut~lizing a tree-struature of processing elements. 
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V.A. 2: FUNDAMENTAL CoNCEPTS AND NOTATIONS OF MATRIX COMPUTATIONAL 

ALGEBRA 

Th~s Chapter starts by review~ng some prelim~nar~es of matr~x 

algebra, and s~nce we have already ~ntroduced matrix computat~ons ~n 

the prev~ous Chapter, ~ts primary purpose ~s to serve as a brief, but 

formal, glossary of some part~cular and most commonly used concepts 

and notat~ons. 

Let us beg~n w~th the symbol ~xn which denotes the vector space 

of all the m-by-n order real matr~ces, i.e., 

A E lR mxn .. A = [ 1 aiJ = ::] 
~n fact, the capital letters are used to denote a matrixt , while the 

correspond~ng lower case letters w~th the subscr~pt ij imply the (i,jl 

component of the matr~x, where i refers to the rows and j to the 

columns of the matr~x. 

The bas~c computational man~pulat~ons w~th matr~ces can be found 

~n any relevant literature. 

The n-by-n matrices are sa~d to be square. In spec~f~c, the n-by~ 

identity matrix is denoted by In and its kth column by e~n), ~.e., 

I = 
n 

. . . 
Tt 

= (O, ..• ,O,l,O, ... ,O) • 
k 

In the case that the d~mens~on is clear from context, then we simply 

wr~te I and ek, respect~vely. 

+ 
'Enclosing the general matrix element, e.g. a~J , in square brackets 
is another way of representing a m:ztrix, as shown above. 

tOne of the basic manipulations of matrices is 'Transposition' (1Rmxn+1Rnxm), 
i.e., C=AT, cij=aji" 
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nq . 
If A and B ~n JR sat~sfy AB~ I, then B ~s the 'I-nVerse of A 

and ~s denoted by A-l 
-1 

If A exists, then A is said to be non-

singular>; otherwise, A ~s singular. 

lxl 
If A~(a) E JR , then ~ts detel:'minant ~s g~ven by det(A)~a. 

nxn 
For A E JR , we have 

det(A) ~ 

n 
\" J+l 
L (-1) a

1 
det (A

1 
) , 

J~l J J 

where A1J ~s an (n-1)-by-(n-l)matr~x obta~ned by delet~ng the f~rst 

.th 
row and J column of A. In accordance, for 

nxn 
A E JR ,det (A) /'0 +> A ~s non-singular. 

A set of vectors {a
1

, ... ,an} in JR m ~s linearly independent if 

n 
La a == a~cx1= ••• =an;: 0; 

J~l J J 

~s sa~d to be linearly dependent. 

m 
A subspace of JR 15 a subset that 15 also a vector space. 

Th t f ll l mb t · f E JR m 's a ub e se o a 1.near eo 1.na 1.ons o a
1

, ... ,an .... s space 

referred to as the span of {a
1

, .•. ,an}, ~.e., 

span{a1 , ... ,an} ~ {L8jaJis
1

, ... ,anEJR}. 
J 

A subset {ai1 , .•• ,aik} is a maximal linearly independent subset 

of {a1 , .•• ,an} ~f {ail, •• ·• ,aik} ~s linearly ~ndependent and is not 

properly contained in any linearly ~ndependent subset of {a
1

, .•. ,an}. 

If {a~1 , •.• ,aik} ~s maximal, then, 

span{a1 , ... ,an} ~ span{a~1 , ... ,aik} 

and {a~1 , .•• ,a~k} ~sa basis for span{a
1

, ••• ,an}. m 
If s c JR ~s a 

subspace, then there ex~st ~ndependent bas~c vectors a
1

, ••• ,ak ~n S 
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such that 

All the bases for a subspace S have the same number of elements, wh1ch 

1s called the dimension of S and 1s denoted by d1m(S). 

In part1cular, there are two 1mportant subspaces associated w1th 

mxn 
a matr1x A 1n lR The range of A, wh1ch is def1ned by 

R (A) {y € lR m I y=Ax for some x E lR '1, 

and the nutt space of A by 

N(A) = {x € lRniAx=o}. 

If A=[a
1

, ... ,an] then 

R(A) = span{a
1

, •.. ,an}. 

The rank of a matr1x A 1s defined by 

rank (A) = d1m[R(A)]. 

T 
It can be shown that rank(A)=rank(A), and thus, the rank of a matr1x 

equals the maximal number of independent rows or columns. 

mxn 
For any A € lR , dim[N(A)]+rank(A)=n. If m=n, then the 

follow1ng are equivalent: 

i) A 1s non-s1ngular 

ii) N(A) ={o} 

iii) rank(A)=n. 

We shall now consider 1nstances of matr1ces with special patterns 

of zero entries, also w1th special symmetries and properties. Let us 

begin by classify1ng matr1ces accord1ng to their zero/non-zero 

structure. We say that A € JR m>n has tower bandwidth r and upper 

bandwidth s 1f aij=O whenever i>j+r and j>i+s • In the case of r=s 

then A is s1mply said to have bandwidth r. The most frequently 
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occurrLng specLal classes of real band matrLces are shown Ln Table 

(V.A.2-tl), whLle analogous definLtionst hold for lower bidiagonal, 

lower triangular, strictly lower triangular, and lower Hessenberg 

matr1.ces. 

If most of the elements of a matrix are zero, then it LS saLd 

mxn 
to be a sparse matrix; Ln fact, banded matrices in m whose band-

widths are much smaller than m and n are sparse. However, Lf most of 

the matrLx elements are non-zero, then the matrLx LS said to be a 

dense matrix, 

In accordance wLth some specLal propertLes occurrLng, the 

class of real square matrLces can be further dLstinguished Lnto several 

Lmportant types as shown Ln Table (V.A.2-t2). In specifLc, for A E mnxn 

nxn T 
and if X E m LS non-sLngular, then we say that A and X AX are 

congruent. We must poLnt out that the propertLes of symmetry, skew-

symmetry, and definLteness are preserved under congruence transformatLons 

(see Golub and Van Loan [GOLU83]). 

MATRIX DEFINITION [A E m mxnl 

DLagonal If a =0 whenever ir!J 
LJ 

TrLdiagonal If aiJ =0 whenever I L-JI >1 

Upper bLdLagonal If aiJ =0 whenever L)J or J>i+l 

Upper trLangular If a =0 
Lj 

whenever L)J 

StrLctly upper trLangular If a =0 whenever L~J 
LJ 

Upper Hessenberg If a1{o whenever L>J+l 

Table V.A.2-tl: The DefLnitLons of Special Types of Band MatrLces. 

tJust apply these definitions to AT. 



MATRIX PROPERTY 

Symmetr~c 

Skew-Symmetr~c 

Pos~t~ve def~n~te 

Non-negat~ve def~n~te 

Indef~n~te 

Orthogonal 

N~lpotent 

Idempotent 

Pos~t1.ve 

Non-negative 

Diagonally dom~nant 

Str~ctly diagonally 
dom~nant 

PermutatJ.on 
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DEFINITION [A E R n xn 1 

If AT~A 

T 
If A ~-A 

T n 
If x Ax>O, O~x E lR 

T n 
If x Ax~o. x E JR 

T T n 
If {x Ax) {y Ay)<O, for some x,y ( lR 

T 
If A A~In 

If Ak~o, for some pos~t~ve integer k 

If A2 ~A 

If a. >O, for all i and j 
~) 

If a ~0, for all i and j 
~J n 

If lauh L la I, for all 
)~1 

~) 

)~~ 

i 

I a .I , for all i 
~) 

If A~[e , ••. ,e 1, where {s
1

, ••• ,sn) 
s 1 s 11 

~sa permutation of {1,2, ••• ,n) 

Table V.A.2-t2: Some Spec~al Propert~es of Square Matr~ces. 

Many of the propert~es described above can be extended to block 

matrices {~.e., matr~ces whose elements are aga~n matr~ces) and 

l t . h b . d d mxn n comp ex ma nces w ose m- y-n set ~s be~ng enote by X: and by :c 

the set of complex n-vectors. In part~cular, for {m
1

, ••. ,mp} and 

{n
1

, ••• ,nq} sets of pos~tive integers, ~f 
m .xn . 

AiJ E lR ~ J i~l, ••• ,p, J~l, ••. ,q 

then 
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A [A ] 
~] 

~s a p-by-q block matrix and A ~s referred to as the (i,j) block. 
~] 

On the other hand, ~fA € ~mxn, then ~ts conjugate transpose AH is 

def~ned by 
(a:-) 0 

]~ 

n 
The inner product of x and y ~n ~ thus has the form 

H 
X y H = y X 

€ ~nxn Furthermore, an A ~ ~s sa~d to be 

i) unitary ~f 
H 

A A=In 

ii) Hermitian ~f AH=A 

iii) positive definite ~f 
H 

X Ax>O for all non-zero x E ~ n. 

t 
We shall conclude with the concepts related w~th the eigenvalues 

of a matrix A € ~ nxn wh~ch are the n roots of ~ts characteristic 

polynomial 

p (z) = det (zi-A) • 

The set of these roots ~s called the spectrum and is denoted by A(A). 

If A(A)={A
1

, ••• ,An}, then ~t follows that 

n 
det(A) = ITAi • 

~=1 

Moreover, if we def~ne the trace of A by 

n 
trace(A)= La.,A€~nxn, 

~=1 ~~ 

tThe eigenvalues and eigenvectors are otherwise called 'latent' roots 
and vectors, respectively. 



n 
then trace(A) = L 

J.=l 
A o 

l. 
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n If A € A (A) , then the non-zero vectors x € X: that satJ.sfy 

Ax = AX 

0 t t are referred to as e~genvea orso ThJ.s eigenproblem may be written as 

(AI-A) x = 0 

whJ.ch J.s a system of n homogeneous linear equatJ.onso Th1.s system has 

non-trivJ.al solutJ.ons J.f and only if J.ts matrix is singular, i.e., 

det (AI-A) = o. 

The speatral radius of matr1.x A J.s defJ.ned as 

P (A) = maxI A I • 
l. 

l~~~n 

FJ.nally, 1.n accordance with the eJ.genvalues concept, a real 

matrJ.x J.s positive definite J.f and only J.f it is symmetric and all 

its eigenvalues are strJ.ctly positJ.ve. 

tfhe eigenvalues and eigenveators are otherwise aalled 'Zatent' roots 
and veators, respeatively. 
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V.A.3: CLASSIFICATION AND MERITS OF THE METHODS FoR SOLVING LINEAR 

SYSTEMS OF EQUATIONS 

As we have seen ~n the prev~ous Chapter a f~n~te-difference 

method leads to a system of algebra~c simultaneous equat~ons, which 

~n the case of l~near boundary-value problems area always l~near. 

However, the s~ze of the result~ng system ~s generally large and, for 

this reason, ~ts eff~c~ent solut~on ~s a maJor problem ~n itself. 

These problems can be expressed in matrix-vector notat~on by the 

equation 
(V.A.3:1) 

t 
where A ~s an (nxn) matr~x of the coeff~cients, b ~s a known n-vector 

and x ~s an unknown n-vector whose value ~s to be found. The reader 

should note the d~fferent vector notation l<that has been ~ntroduced 

~n Chapter II. Provided that det(A) ~s non-zero, the unique solut~on 

of the equation is expressed s~mply as 

-1 
X = A b 1 

-1 
where A , as we have previously seen, ~s the ~nverse of matr1x A. 

In numer~cal pract~ce, however, the computat~on of th~s inverse 

~s preferably avo~ded, since more efficient ways of solv~ng the problem 

are available. On the other hand, the occurr~ng matr~ces ~n real-time, 

generally, fall ~nto one of the two categor~es of matrices, ~.e. dense, 

but not large, and sparse and perhaps very large matr~ces; and, it ~s 

for the latter type, to be specific, ~t ~s unlikely (except in very 

special cases) that the sparsity ~s preserved ~n the ~nverse computation, 

D~fferent solut~on methods are usually used for these two categor~es 

+ 
classed as direct and indirect or iterative methods.+ 

+The most common notation for a n-by-n matrix. 

*some Algebra books also advocate Cramer's rule, but it is not indicated 
for large n. 
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The opt~ons that someone has of try~ng to find a solut~on to 

equat~on (V.A.J:l), ~n general, are e~ther to change the matr~x A (most 

su~table for dense matr~ces via the d~rect methods), or s~mply to leave 

A unaltered (most su~table for sparse matr~ces via the ~terative 

methods). In part~cular for the dense matrices, when stored ~n full, 

2 
then n locat~ons are required and any zero elements are l~kely to be 

changed to non-zero, a fact wh~ch could be d~sastrous for the latter 

category of matr~ces. In that case, a matr~x ~s l~kely to be generated 

and only the non-zero elements need to be stored. 

Direct Methods are pr~nc~pally based on el~m~nat~ont techn~ques 

and the amount of work ~nvolved ~s f~xed and known beforehand. 

Furthermore, the solution process is done JUSt once and the only errors 

ar~s~ng ~n the solution are only the round-off errors introduced in the 

computat1on. 

A common direct (factor~zation) method (a var~ant of the well 

known Gaussian el~m1nation method) for the solut~on of equation (V.A.J:l) 

requ1res the decomposit1on of matrix A into lower and upper tr1angular 

matr~ces L,U, respect~vely, of the same order as A, w~th the U matr~x 

having l's on ~ts d~agonal. Th~s method+ is known as the tr~angular-

decomposit1on method, or LU-decomposit~on method; also named as Crout 

reduction, or, after another d~scoverer, the Cholesky method (see 

Bekakos {BEKA81]) and it 1s feas~ble only if the matr~x A ~s non-

sLngular. Hence, equat~on (V.A.J:l) can then be replaced by 

LUx = b , (V.A. 3:2) 

twe consider the 'factorization techniques' indistinguishably related 
with the elimination procedure (see Johnson and Riess [JOHN??}),pp.34-35). 

+An equivalent method transforms A into an L,U pair in which the L matrix 
has l's on its diagonal. This is called 'Doolittle's method' . 

• 
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or by ~ntroduc~ng an aux~l~ary vector z (say) the system of equat~ons 

(V.A.3:2) can be formulated as 

Lz = b (V.A.J:J) 

Ux z (V. A. 3:4) 

Then, the or~g~nal set of equations (V.A.J:l) ~s solved ~n two stages, 

by solv~ng (V.A.3:3) for z, followed by (V.A.3:4)for x, called - -
forward elimination and back-substitution procedures,respect~vely. 

However, for th~s propos~t~on to be v~able, (V.A.J:J) and (V.A.3:4) 

must be eas~ly solved. 

As opposed to the d~rect methods for solv~ng a set of linear 

equations, wh~ch are the prem~er and exclus~ve scope of th~s Chapter, 

when the coefficient matr~x is sparse, then Iterative methods are much 

more preferred due to the fact that they provide more rap~d solut~ons; 

but ~n certa~n cases only, since the occurrence of the zeros may 

follow some easy pattern from which the elim~nation methods can take 

advantage. 

Each iterative method ~s des~gned to generate a sequence of 

• { (k) 00 • 
vectors, (~terates), ~ }k=O' wh~ch hopefully converge to a value 

close to the true solut~on, ~· of the system (V.A.3:1). The 

~terative procedure ~s said to be convergent when the d~fference 

between the exact solution and the success~ve approximat~ons tends to 

zero, as the number of iterations ~ncreases. 

The basic ~dea of iterative methods can be described as follows: 

i) The matr~x A ~s wr~tten as the d~fference of two matr~ces N and P, 

so that 

A = N-P • (V. A. 3:5) 

This decompos~tion of A ~s called a splitting. 
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ii) 
(0) 

An LnLtLal guess x is made for the solutLon vector x • 
-t 

iii) 
(l) (2) (3) 

A sequence ~ ,~ ,~ , ... , of estunates to ~ l.S generated 

by the formula 

Nx (k+l) Px(k)+b , k=O,l,2, ••• • (V.A. 3:6) 

The fLrst thLng to observe is that solvLng system (V.A.3:1) LS 

equLvalent to solvLng the system 

Nx = Px + b • (V.A. 3:7) 

In order to get some Ldea of what mLght constLtute a good choice N 

and P, we cons1der formula (V.A.3:6). ThLs formula says that if we 

(k) (k+l) 
have ~ , then we can get the next Lterate x provLded we can 

solve the linear system 

Nx (k+l) = h (k) ' 

(k) 
where the vector ~ LS gLven by 

Px(k) + b 

(V.A. 3:8) 

(V. A. 3:9) 

Thus, Lt is clear that we must requLre N to be non-sLngular in order 

to be assured that we can Lmplement the LteratLon. Furthermore, for 

an iterative procedure to be efficient, N should be chosen so that 

(V.A.3:8) LS quite easy to solve; thLs is the case Lf, for instance, 

N LS chosen to be a triangular or a diagonal matrLx. 

However, the total amount of work Lnvolved is not known, as the 

calculations contLnue Lndefinitely until the answers have converged to 

suffLcient accuracy. In fact, the process may not even converge and 

therefore it LS Lmportant to know of any condLtLons under which an 

iterative procedure can be guaranteed to converge (see Varga [VARG62]). 

The first and simplest iteratLve method LS the Jaaobi method. 

For the purposes of brLefly discussing thLs method it LS convenLent 
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to think of the matr~x P as the sum of lower and upper tr~angular 

matr~ces. To be spec~f~c, let L,D1 and U to be the lower tr~angular, 

d~agonal, and upper tr~angular parts of the (nxn) matr~x A. Thus, 

A= L+D+U , (V.A.3:10) 

and so the Jacob~ splitting ~s g~ven by 

N D 

P - (L+U) 

The Jacobi method for solv~ng the system (V.A.3:1) is g~ven by 

wh~le the matrix 

- (L+U) ~ (k) + b 

-1 
M = -D (L+U) 

J 

~s called the Jacobi iterative matrix. 

In actual computation, equat~on (V.A.3:12) would have to be 

wr~tten out element-wise. Suppose the vector x(k) ~s given by 

(k) 
X 

• (k) 
X 

n 

I k=O,l,2, . ... 

(V.A.3:11J 

(V.A. 3: 12) 

(V.A. 3: 13) 

(V.A. 3: 14) 

Then,equat~on (V.A.3:12) leads to the follow~ng ~teration for the ith 

component of x(kl, 

(k+l) 
xi 

-1 
a: 
~~ 

(V.A. 3: 15) 

wh~ch shows that the Jacobi iterat~on is quite easy to program. The 

only real problem is to determine an effic~ent test for terminat~ng 

the ~terat~on. However, in order for the Jacobi method to be used, 

the diagonal elements of A must all be non-zero, but this requirement 
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causes no real d~ff~culty. 

There are many other, much faster, iterat~ve methods bes~des 

Jacob~, the most ~mportant be~ng, the Gauss-Seidel method, the 

Success~ve Over-Relaxat~on (SOR) method and the Alternat~ng-D~rect~on 

Impl~c~t (ADI) method,for wh~ch a good advanced reference ~s Varga 

[VARG62]. 

F~nally, arranged ~n tabular form, we shall summar~ze the mer~ts 

of ~terat~ve methods compared w~th el~minat~on methods: 

Advantages 

1. Probably more effic~ent for large order systems 

2. Implementat~on is s~mpler 

3. Advantage can be taken of a known approx~mate solution, ~f one ex~sts 

4. Low accuracy solutions can be obta~ned quickly 

5. Where the equat~ons have a repet~t~ve form, their coeff~cients 

need not be stored but can be generated, 

and for sparse matrices only 

6. Less storage space requ~red for an ~terat~ve solution 

?. The storage requirement is more eas~ly defined ~n advance 

8. The order of specificat~on of the variables ~s not, usually, important. 

Disadvantages 

1. Addit~onal right hand s~des are not eas~ly processed 

2. The convergence, even if assured, may be slow and so the amount of 

work ~s not pred~ctable 

J. The t~e and accuracy of the result depends on a Jud~c~ous cho~ce 

of parameters 
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4. If the convergence rate is poor, the results must be ~nterpreted 

w~th caut~on 

5. No advantage in t~me per ~terat~on can be gained ~f the coeffic~ent 

matr~x is symmetric. For el~m~nat~on the t~e can be halved. 

(k+l) (k) 
All ~terat~ve methods are s~m~lar to ~ =~ +~ , so that 

2 
~f A ~s a (nxn) full matr~x, the number of mult~plicat~ons ~s -n per 

~teration. Since th~s number for el~m~nation methods ~s -n 3/3, an 

~terat~ve method for solv~ng (V.A.3:1) is l~kely to be v~able ~f the 

number of ~terat~ons ~s <n/3 (or <n/6 for symmetr~c A). 
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V.A.4: THE SYMMETRIC CoNSTANT-DIAGONAL CASE 

The prLnCLpal aLm of the present Chapter LS to investLgate the so 

termed implicit parallelism of a specLal technLque known as cyclic Odd

Even Reduction+. ThLs form of parallelism Lnvolves the dLscovery of 

Lndependent sub-expressLons in the computatLOn capable of proceedLng 

Ln parallel. The aforementioned technLque possesses advantages for 

transformLng a sequentLal calculatLon Lnto a hLghly parallel one, and 

appears to be one of the best techniques for the symmetric constant-

tridiagonal case. 

To be more specLfic, we assume a set of n lLnear equatLons of the 

form 

~ = Y. ' (V. A. 4: 1) 

where A LS a trLdLagonal matrLX such as, 

a 0 

whLch, Ln shorthand notatLon, we denote as the ( ••• ,a,b,a, ... ) case. 

As a parenthesLs, matrLces whose entrLes are constant along each 

diagonal arise in many applLcatLons and are called Toeplitz matrices. 

Formally, T ElR nxn is ToeplLtz:j: Lf there exist scalars r 
1

, ... ,r
0

, ... , 
-n+ 

rn_1 such that t .. =r . . , for all i and j. ToeplLtz matrLces belong 
"-J r"-

• • E lRnxn to the larger class of persymmetr1-c matr1-ces. We say that B 

is persymmetric if Lt is symmetrLc about its northeast-southwest 

+cyclic reduction was first used to solve tridiagonal equations by 
Hackney (1965) in collaboration with Golub (see Hackney and Jesshope 
[HOCK81}). 

+A Toeplitz matrix is completely specified by its first row and column. 
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d1agonal, i.e. if b . . =b . 1 . 1, for all i and j. 
1-J n-J+ , n-1-+ 

The def1n1t1on of Toepl1tz matrices extends, in a correspond1ng manner, 

to complex square matr1ces as well. 

Finally, a particular, and most frequently occurring, subclass of 

Toepl1tz matrices is the class of circulant matrices which are def1ned 

by the further property that t .=t .,for i=1,2, •.• ,n-1. A circulant 
-'~- n-?-

matrix is completely specified by 1ts first row; each further row may 

be obtained from the prev1ous one by a right cyclic sh1ft. 

On the other hand, the absolute performance behaviour of Multi-

processor testbeds w1ll be revealed by implementing and analyzing, 

according to the determ1n1stic modelling approach established 1n the 

prev1ous Chapter, several parallel algor1thms using the above solution 

techn1que in combination w1th most of the ava1lable parallel constructs 

for the exper1mental system in hand, 1.e., the NEPTUNE prototype system. 

Th1s techn1que 1s applicable to the same class of problems, as 

applied to the Recursive Doubling process. 

In the follow1ng discussion, we assume that n can take any of the 

m m m 
following values, i.e., 2 -1, 2 , 2 +1, where m is any pos1tive 

integer (see Bekakos [BEKA81)). 

The general procedure of the cyclic odd-even reduction algorithm 

is as follows; let us cons1der three adJacent rows of A, i.e., 

i-1 a b a 

i a b a (V.A.4:3) 

i+1 a b a. 

A multiple of the m1ddle row i is added to the summation of the i-1,i+1 

rows, thus obtaining the form ( ••• ,a',O,b',O,a', ••• ). This operation 

creates a tridiagonal system consisting of 2m-l-1, or 2m-l, or 2m-l+l 
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only, even or odd rows of the or~g~nal matrix A. 

For example, if we cons~der that, orig1nally, the number of 

m 
equat~ons ~s: n=2 -1, and the new system cons~sts of the even rows of 

m-1 the or~ginal matrix A, 2 -1 the number, then although the odd rows 

have been el~minated, the odd unknowns can be computed from the even 

unknowns by a back-substitution process. 

m-1 Repeating the process to the new system of 2 -1 equations, ~nvolving 

JUSt the even unknowns, we can el~m1nate every other row, thus obta1ning 

a set of 2m-
2
-1 equat~ons involving unknowns w~th subscr~pts wh~ch are 

multiples of 4. We can repeat this process until we obtain a single 

equat~on for x m-l' which can then be eas~ly solved. 
2 

Then, by back-substituting, we can compute the el~m~nated unknowns 1n 

the reverse order 1n wh~ch they were eliminated. 

The cyclic odd-even reduction algorithm reaches a signif~cant 

speed increase when the 'a' coeff~c~ents of matrix A are in~tially 

equal to unity, i.e., the shorthand notation now has the form ( ••• ,l,b,l, 

••• ), s1nce they remain equal to un~ty throughout the computat~on, thus 

reducing the number of add~tions and rnult~pl~cat~ons per ~teration. 

The symmetric constant-tridiagonaZ system, given in (V.A.4:1), 

can be normalized in the ( .•• ,l,b,l, ••• ) form, d~v~ding by 'a', to 

normalize 'b' and '¥..', to produce the symmetria constant-diagonal form. 

Th~s can be performed simultaneously, in most of the parallel computers, 

since the diagonal elements are a constant number. 

More specifically, to descr~e the algor~thm, let us cons~der the 

m 
case that n=2 -1, where m=3, i.e., the original rnatr~ A consists of 7 

equations. In this case the matrix equation given in (V.A.4:1), 

after normalization, has the form, 



[Ch. V/See. A 536] 

eq. 

1 b 1 l xl IYl 

2 1 b 1 x2 y2 
0 

J 1 b 1 x3 y3 

4 1 b 1 x4 y4 
= (V.A. 4 :4) 

5 1 b 1 xs Ys 
0 

6 1 b 1 x6 y6 

7 1 b x7 7 

When the procedure described previously ~s appl~ed, e.g., for the 

even rows, we mult~ply equat~ons 2,4,6 by ' -b' , add~g the 

rows to each of them. Then, the system (V.A.4:4) becomes, 

..!!S... 
1 b 1 xl yl 

2 0 
b [2) 0 1 [2) 

0 
x2 y2 

J 1 b 1 x3 y3 

4 1 0 b [2) 
0 1 x4 

[2) 
= y4 

5 1 b 1 xs Ys 

6 0 1 0 b [2) 
0 x6 

[2) 
y6 

7 1 b x7 7 

where, b [2) = 2-b2 

[2) 
yi yi-1-byi+yi+l' for i=2,4,6. 

Since the even rows 2,4,6 in the system (V.A.4:5) are 

of the odd rows, they may be separated as follows, 

eq. 

1{2) 

~'" 1 0 
[2) 

x2 y2 

2(4) b[2) 1 = 
[2) 

x4 y4 

3(6) 1 b [2) 
x6 

[2) 
y6 

two adJacent 

(V.A.4:5) 

(V.A.4:6) 

(V. A. 4:7) 

independent 

(V. A. 4 :8) 
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Apply1ng the above process, once more, to the system (V.A.4:8), 

~.e., mult~ply~ng the second row of the system (V.A.4:8)by '-b[ 2]' 

and add~ng to ~t the first and th~rd rows, the system (V.A.4:8) 

becomes, 

eq. 

1(2) b [2] 1 0 

r: 
[2] 

Y2 

2 (4) 0 b (3] 0 = [3] 
y4 

3 (6) 0 1 b[2] 
x6 

[2] 
y6 

(V.A.4:9) 

where 
b[3] 2-(b[2])2 = (V.A.4:10) 

[3] 
y4 = [2] b[2] [2] [2] Yz - Y4 +y6 (V.A.4:11) 

From the system (V.A.4:9), by separating the second row, we obta1n 

(V.A.4:12) 

wh~ch can be eas~ly solved, thus f~nd1ng x
4

• 

By a process of back-substitution, and in terms of x
4

, the first 

and third rows of the system (V.A.4 :9) may be 

= [2] 
Y2 -x4 

[2] 
= y6 -x4 

Therefore, we can easily calculate x
2 

and x
6

• 

wr1.tten as, 

(V.A.4: 13) 

(V.A.4:14) 

By cont~nuing the back-substitut~on process, ~n the same way, to the 

thus finding the solution of the matrix equation (V.A.4:4). 

To conclude, the above descr~ed process can be appl~ed for any 

m m m 
of the values of n, (~.e. 2 -1, 2 ,2 +1, where m ~s any pos~tive 

1nteger), choosing each time the even or odd rows of the system to 

work w~th. 
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V.A.5: THE SYMMETRIC CONSTANT-DIAGONAL PERIODIC CASE 

Here~, we shall aga~ exam1ne the previously descr1bed, eff1c1ent 

for parallel1sm exploitat1on, technique, but now operating on a set of 

n l~ear equat1ons of the form 

Ax = X.• (V. A. 5: 1) 

where the matrLK A has the representation 

b a a 

a b a 
0 

A ab a~ 

~a 
a a b 

(V.A.5:2) 

wh1ch, ~shorthand notation, we denote as the (a, ••• ,a,b,a, ••• ,a) 

case. 

In the discuss1on wh1ch follows, we assume, for greatest efficiency, 

m 
that n=2 , where m 1s any pos1tive integer. Although the general 

procedure for solv~g the system (V.A.5:1), applying the cyclic odd-

even reduction technique, 1s s1m1lar to that exhibited previously, the 

f1rst and last equations are special cases because of the per1od1c 

nature of the problem, These cases w1ll be explained later ~ th1s 

paragraph, dur1ng the solution procedure of the given example. 

Let us, again, consider three adJacent rows of A, i.e., 

i-1 a b a 

i a b a (V. A. 5 :J) 

i+l a b a 

The aim is to obta~ a form like (a, ••• ,a•,o,b',O,a', ••• ,a), by add~g 

rows i+l,i-1, to a multiple of the middle i row, and th1s for every 
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three adjacent rows of A. The resulting tr1d1agonal system cons1sts 

m-1 
of 2 only, even or odd rows of the or1g1nal matr1x A, reta1ning at 

the same t1me the per1od1city of the or1g1nal system. 

We can repeat th1s process that many times unt1l we obta1n a s1ngle 

equat1on for x or x 
1 

, 1f we are apply1ng the method by choos1ng 
2m 2m- +l 

the even or odd rows, respect1vely. 

Finally, the el1m1nated unknowns can be computed by a back-

substitution process, exactly in the reverse order to the eliminat1on 

process. 

Aga1n, similarly to the s1mple case, because of the s1gn1ficant 

speed 1ncrease obta1ned when the 'a' coefficients are 1n1tially equal 

to unity (since that way the number of operat1ons 1s reduced), we can 

normaZize the system (V.A.5:1) to the (l, ••• ,l,b,l, •.• ,l) form, 

d1v1d1ng by 'a', to normal1ze 'b' and 'z', to produce the symmetric 

constant-diagonaZ periodic form. 

For a clearer 1ns1ght of the algor1thm, 1n the symmetric constant-

diagonaZ periodic case, let us consider the 1nstance that n=S, 1.e., 

the or1g1nal matrix A cons1sts of 8 equat1ons. 

Thus, the system (V. A. 5: 1) becomes, 

~ 
1 b 1 1 xl 

-, 
yl 

2 1 b 1 x2 Yz 
3 1 b 1 

0 
x3 y3 

4 1 b 1 x4 y4 (V. A. 5:4) = 
5 1 b 1 xs Ys 

6 1 b 1 x6 y6 

7 0 
1 b 1 x7 y7 

8 1 b XB y 
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In a s1m1lar manner as before, hav1ng chosen the even rows to 

work w1th when apply1ng the method, we mult1ply rows 2,4,6,8 by '-b' 

and add the two adJacent rows to each of them to obtain the following 

system, 

1 b 1 1 xl yl 

2 0 b [2] 0 1 

1 b 1 

1 

0 

[2] 
x2 y2 

x3 y3 

4 1 0 b [2] 
0 1 x4 

[2] 
y4 

' 5 1 b 1 xs = Ys (V.A. 5:5) 

6 

? 

1 

0 
0 b [2] 0 1 

1 b 1 

[2] 
x6 y6 

x7 y7 

8 0 1 1 0 b [2] 
xs 

[2] 
Ys 

where (V.A.5:6) 

(V.A.5:?) 

Not1ceably, different from the s1mple case 1s that every t1me for the 

last row of the system, due to the per1odicity of the problem, the next 

row 1s taken to be the f1rst row of the system (1.e. n+l[modn]=l). 

Because of the independency between the even and odd rows, in the 

system (V.A.5:5) the even rows may be separated as follows, 

1(2) 

2(4) 

3(6) 0 

4(8) Ll 
1 

0 

1 l 
0 

= 

1 

Again, applyLng the above process, th1s 

the rows 2(4), 4{8), we obtain, 

r- [2] 
IY2 

[2] 
y4 

[2] 
y6 

[2]J 
Ys 

(V.A.5:8) 

time multiplyLng by '-b£ 21' 
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~ 

1{2) b [2] 
1 0 1 x2 

[2] 
y2 

2 (4) 0 b 131 0 2 
[3] 

x4 y4 

b 121 1 
= (2] {V. A. 5:9) 

3 {6) 0 1 x6 y6 

4 (8) 0 2 0 b [3] [ 3] 
xa 8 

where, 
b [3] 2-(b[2])2 = {V.A. 5: 10) 

[3] 
yi = [2] b (2] [2] [2] 

y1-2- y1 +y1+2' for i=4 ,a. {V. A. 5: 11) 

Separating again the even rows, 1n the system {V.A.5:9), we obta1n, 

1(4) 
(V.A.5:12) 

2{8) 

[3] A f1nal application of the process, mult1ply1ng by '-b ' row 

2(8), produces a system of the form, 

1{4) 

2{8) 

~[3] r- [3]] IY4 

~[4] ' 
8 

{V. A. 5: 13) 

where the two adJacent rows added to the second row co1nc1de w1th the 

f1rst row of the system {V.A.5:13). 

Th1s t1me, except1onally, 

(V.A.5:14) 

{V.A. 5: 15) 

From the system {V.A.5:13)we can easily calculate x
8

, and then by 

back-substituting in systems (V.A.5:13), {V.A.5:9), {V.A.5:5) we 

obtain the values for (x
4
h (x

2
,x

6
), (x

1
,x

3
,x

5
,x

7
), respectively, 1n 

terms of the prev1ously found values for the xi's. 
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To conclude, J.n the case that we choose the odd rows to work 

with, applyJ.ng the ayaZia odd-even reduction algorithm, then the 

st 
special case occurs J.n the 1 row of the orJ.ginal system (V.A.5:4) 

and every subsequent system resultJ.ng during the process, the last 

row, each tJ.me, beJ.ng consJ.dered as the top adjacent row to J.t. 
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V.A.6: ALGORITHMIC FLOWCHART REPRESENTATION AND INHERENT PARALLELISM 

DETECTION 

In an attempt to ident1fy sect1ons of parallelism 1n a ser1al 

algor1thm a pragmatic approach would seem reasonable: The serial 

algor1thms are analyzed for patterns of frequently occurring basic 

elements wh1ch are then arranged 1nto a parallel format1on. 

In our case, although both of the presented algorithms are very 

eff1c1ent as serial algor1thms, however, because they have been 

constructed follow1ng the 'serial way of thinking~1ndirectly trans

formLng them 1nto parallel ones would result in algor1thms wh1ch are 

not the opt1mum from the effic1ency point of view. 

For th1s pure sequential 1mplementat1on of both algor1thmic cases, and 

the stated values for n, the flowcharts are Lllustrated in Figures 

(V.A.6-fl,f2) respect1vely, and were coded and run on the VAX ?50 

computer, at Loughborough Un1vers1ty (see Bekakos [BEKA81]). 

As we have discussed in prev1ous Chapters, the more natural and 

effic1ent approach to construct1ng a parallel algorithm 1s to follow 

the 'parallel way of thinking' directly from the problem 1tself. In 

the follow1ng discussion we shall exempl1fy this approach consider1ng 

the symmetric constant-diagonal periodic case to work w1th, s1nce 1t 

is more broad in concept cover1ng the non-per1odic case. 

In order to 1llustrate dLagrammatically the ser1al algorithm 

described 1n (par.-V.A.5) we present the scheme depicted 1n Figure 

(V.A.6-f3). Therein, we have cons1dered the even rows to work with, 

and eventually we end up with a single equation having the x
8 

as unknown, 

which can be easily solved. Then, by back-substitution we can evaluate 

the rema1n1ng unknowns in both, even and odd rows • 
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( read 
r,n,m,b 

INITIALIZATION 

x(m+l)=O.O 
b(i)=O.O, for i•l,3*m/2 
w(l)=r, z(l)•r 
t=l 

~YES z(t+l)=l-w(t)*z(t) r--

~YES 
~ • 

z(t+l)=2-w(t)*z(t) 

I t=l, n-1 I 

+ 
w( t+l)•2- (w(t) **2) 

~ YES 

z(t+2)•1-w(t+l)*z(t+l) 

L j•2**t,m,2**t 
I 
I 

b(j)•b(j-(2**(t-l)))-w(t)*b(j)+b(j+(2**(t-l))) 

A 
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A 
continued 

m•(2**n)-l YES 

• 
~(2**n)=b(2**n)*(-w(n))+b(2**(n-l)) 

x(2**n)•b(2**n)/z(n+l) 
I 

BACK~SUBSTITUTION 

I i•l,n-1 I 
I 

t 
l t=n-i J 

~ 
j • ((2**t)+(2**( t+1))) ,m, 2**(t-ti) 

x(j)•(b(j)-x(j-(2**t))-x(j+{2**t}}}/w(t+1} 

' ' 
x(2**t}•(b(2**t}-x(2**(t+1}}}/w(t+1} J 

x(l}•(b(1)-x(2}}/r 

0 YES 

x(m)a(b(m)-x(m-1}}/r 
I • I . I 

1 J•J,m-1,2 I .. 
l x(j}•(b(j}-x(j-l}-x(j+1}}/r I 

Figure V.A.6-fl: The Sequential Flowchart of the Cyclic Odd-Even 
ReductLon Algorithm for the Symmetric Constant
DiagonaZ Case (see Bekakos [BEKABl)). 
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+ 
INITIALIZATION 

w(l)~r 

+ 
_j t=1,n-1 I 

' w(t+1)=2-(w(t)**2) 

+ 
I j=2**t ,m, 2**t I 
l I 

YES 
j=2**n b (j) =b (j- (2** (t-J)))-w( t) *b (j) +b ( 2**U:-1) -

1 b(j, =b u- (2** < t-1),, -w( t) *b (j,., o +(2** (t-u,, 

w(n+1)~4-(w(n)**2) 

b(2**n)=b(2**n)*(-w(n))+2*b(2**(n-1)) 
x(2**n)=b(2**n)/w(n+1) 

x(2**(n-1))=(b(2**(n-1))-2*x(2**n))/w(n) 
lUTlUN 

I i=l,n-1 

I t=n-i I 
+ 

1j=((2**t)+(2**(t+1))),m,2**(t+l): 

+ 
x(j)=(b(j)-x(j-(2**t))-x(j+(2**t)))/w(t+1) 

' ' I k=2**t I 

k•2**(n-1) 
YES 

lx(k) ~(b (k)-x(2**(t+1) )-x(2**n)) /w(t+1) I 

B 
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continued 

x(l)=(b(l)-x(2)-x(2**n))/r 

j=3,m-1,2 

x(j)•(b(j)-x(j-1)-x(j+l))/r 

Figure V.A.6-[2: The Sequent~al Flowchart of the Cycl~c Odd-Even 
Reduction Algor~thm for the Symmetria Constant
Diagonal Periodia Case (see Bekakos [BEKA81]). 
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4-
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'Back-Subst1tut1on' 

/ 

x, x2 Xs Xs X a 

9 0 

~-e 
I 
I 
I 
I 
I 
I 
I 

_t;> • 

... _,M .. -.. 
.. J\t..J 

1--- 'Penod1c1ty' -

{

g, = (1, b, 1, yl) 
where: 

q 111 = q 
_I _I 

Figure V A.•-h Senal Evaluallon Routong of the Symmetnc Constant- Diagonal Penodoc Case 
(woth reference to 'even' rows and 'n' = 8) 
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In a s1m1lar manner, we could have chosen the odd rows to work 

w1th 1nstead, thus el1minat1ng the even rows, and f1nally, aga1n, by 

back-subst1tut1ng to obtain s1m1lar results. 

However, by approaching this problem in a parallel manner, s1nce 

e1ther process, i.e., the even or odd rows, develops 1ndependently of 

the other, we could consider both choices apply1ng the descr1bed 

algor~thm for each of them, s1multaneously. Let us now cons1der an 

example apply1ng this concept and to conclude we shall present 

d1agrarnmat1cally the process of the new evaluat1on. 

We shall make use of the same system (for n=8) as we had 1n (par.-V.A.5) 

1.e., 

eq, 

1 b 1 1 xl yl 
2 1 b 1 x2 y2 
J 1 b 1 0 x3 y3 
4 1 b 1 x4 y4 

(V. A. 6: 1) 5 1 b 1 xs Ys 
6 

0 
1 b 1 x6 y6 

7 1 b 

~J x7 y7 
8 1 1 x8 Ys 

At first we choose the even rows to apply the cyclic odd-even 

reduction algorithm,1.e., mult1ply the rows 2,4,6,8, by '-b' and add 

the two adjacent rows to each of them. Thus,we obta1n the following 

system, 



eq. 

1 

2 

J 

4 

5 

6 

7 

8 

where 

b 1 1 

0 b[ 2] 0 1 1 

1 b 0 

1 0 0 1 

1 b 

1 0 0 1 

0 1 b 1 

L£ 1 1 0 b[ 2 ] 

b[ 2] = 2-b2 

[2] 
y~ = y~_1-by~+y~+l' for i=2,4,6,8 , 
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= 

IYl 
[2] 

y2 

y3 

[ 2] 
y4 

Ys 
[2] 

y6 

y7 
[ 2] 

Ys 

, (V.A.6:2) 

(V.A.6 :J) 

(V.A.6 :4) 

th st 
where the next row to the 8 row is cons~dered as the 1 row of the 

system due to the per~odic~ty of the problem. 

If, on the other hand, we aga~n apply the cyclic odd-even redUction 

algorithm to the or~g~al system, but this time consider~ng the odd 

rows to work w~th, we obta~n the follow~ng system, 

eq. 

1 0 1 1 

2 1 b 
0 

J 1 0 0 1 

4 1 b 

5 1 0 0 1 

6 1 b 

0 
7 1 1 0 

8 b 1 

where, 

0 

b 

[ 2] 
y1 

y2 

[2] 
y3 

= y4 
[2] 

Ys 

y6 

[2] 
y7 

lYa 
(V.A. 6 :5) 
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2 
2-b 

y 
1

-by +y 
1

, for i=l,3,5,7 
1.- l. 1.+ 

(V. A. 6 :6) 

(V.A.6:7) 

and as the top adjacent row for the 18 t row ~s cons~dered the 8th 

row of the system. 

Thus, separating the even from the odd rows and vice-versa, ~n 

the systems (V.A.6:2),(V.A.6:5), respectively, we obtain two ;;ystems 

of the form, 

...!&.. 
1(2) b(2] l 0 l x2 

[2] 
y2 

2 (4) l b [2] l 0 
[2] 

x4 y4 

b [2] [ 2] (V.A. 6 :8) 
3 (6) 0 l l x6 y6 

4(8) l 0 l b [2] 
x8 

[2] 
8 

and 

...!9..,_ 

1(1) b [2] l 0 l xl 
[2] 

yl 

2(3) l b [2] l 0 
[ 2] 

x3 y3 

b [2] [2] (V.A.6:9) 
3 (5) 0 l l xs Ys 

4 (?) l 0 l b [2] 
x7 

[ 2] 
y? 

we can now apply the eyeZia odd-even reduction algorithm again, 

independently to each of the systems (V.A.6:8), (V.A.6:9), mult~ply~g 

[2] 
by '-b • the appropr~ate rows each t~me, to obtain two (2x2) sub-

systems from each system, one from the even case and one from the odd 

case. 

In spec1.f1.c, from the system (V.A.6:8), we obta~, 

..=_g_,_ 
1(4) ~[3] 

:[3]] ~:1 = ry~::J (even case) , (V. A. 6: 10) 

2(8) xs LYs 
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where 2-(b[2))2 

[2) b [2) [2) [2) 
yi-2- yl. +yl.+2 , for J.=4,8 

and 

eq. 

1(2) [b[3) 
2 (6) 2 ~y~3)] [3) (odd case), 

y6 

where 
b[3) = 2-(b[2) )2 

[3) = y[2)_b[2)y[2)+y[2) 
y l. l.-2 i l.+2 , for i:::::2,6 • 

On the other hand, from the system (V.A.6:9), we obtain, 

where 

and 

where 

.!..9..,_ 

l(J) 

2(7) 

~ 
l(l) 

2 (5) 

~[3) [3) 

~!31] (even case), 

b[3) = 2-(b[2))2 

[3) = [2)_b[2) [2) + [2) 
yl. yl.-2 yi yl.+2 , for i=3, 7 

~[3) 
:[3)] ~:l hi3] [ 3) (odd case), 

Ys 

b[3) 2-(b[2))2 

[3) [2) [2) [2) [2) 
, for l.=l,S. yl. y 2-b y i +y. 2 

~- ~+ 

(V.A.6:11) 

(V.A.6:12) 

(V.A.6:13) 

(V.A.6:14) 

(V.A.6: 15) 

(V.A.6:16) 

(V.A.6:17) 

(V.A.6:18) 

(V.A.6:19) 

(V.A.6 :20) 

(V.A.6 :21) 

Again, the periodl.cl.ty of the problem is used, so we always have two 

adjacent rows for each consl.dered row of the systems. 

The four (2x2) systems obtained can be easJ.ly solved eJ.ther by 

applying, once more, the above technique (l..e., consJ.derJ.ng for each 
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(2x2) system once the even and once the odd row, separately, to be 

[3] 
mult~pl~ed by '-b '),or by any other method (e.g., Cramer's rule, 

etc.) • 

In order to reta~n as much parallel~sm as poss~le throughout 

the reduct~on phase, and for further exemplificat~on purposes, let us 

follow the same techn~que as above. Thus, from the system (V.A.6:10) 

we obtaJ.n, 

and 

where 

eq. 

l (4) 

2 (8) 

eq. 

1(4) 

2 (8) 

~ (3) 

~[4] 

2 J r;J 
b

[4] 
x8 

~:l 

p [3]] 
~!41 (even case), (V.A.6 :22) 

(V.A.6 :23) 

(V.A.6 :24) 

(V.A.6 :25) 

(V.A.6 :26) 

thus evaluat~ng s~multaneously x
8 

and x
4 

from systems (V.A.6:22), 

(V.A.6:23), respectively; from the system (V.A.6:1~we obta~n, 

and 

where 

eq. 

1(2) 

2(6) 

eq. 

1(2) 

2(6) 

~[3] 
[::l (even case), (V.A.6:27) 

[::l (odd case), (V. A. 6 :28) 
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b[4] = 4-(b[3])2 (V.A.6 :29) 

[ 4] = 2y[3]_b[3]y[3] 
(V.A.6 :50) y6 2 6 

[4] = 2y [3] b [3] [3] 
(V. A. 6 :51) y2 6 - y2 

thus evaluat1ng simultaneously x
6 

and x
2 

from systems (V.A.6:2?), 

(V.A.6:28), respect~vely; from the system (V.A.6:16) we obta1n, 

and 

where 

~ 

1(3) 

2(7) 

~ 
1(3) 

2 (7) 

~[3] ry[3]] 
6:!41 (even case), 

~[4] 

(V.A.6 :52) 

(V. A. 6 :55) 

(V. A. 6. 54) 

(V.A. 6 :55) 

(V.A. 6. 56) 

thus evaluat~ng simultaneously x
7 

and x
3 

from systems (V.A.6:52), 

(V.A.6:33), respectively; and, finally, from the system (V.A.6:19) 

we obtain, 

and 

where 

~ 
l(l} 

2(5) 

~ 
l(l) 

2(5) 

~[4] 

= 

= ~
i4]] 
[3] 
5 

(even case) , (V.A.6 :57) 

(odd case), (V.A.6 :58) 
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b [4] = 4-(b[3])2 (V.A.6 :39) 

[4] 
Ys = 

2 [3] b [3] [3] 
Y1 - Ys (V. A. 6 :40) 

[4] 
yl = 

2 [3] b[3] [3] 
Ys - Y1 (V.A.6 :41) 

thus evaluat~ng simultaneously x
5 

and x
1 

from systems (V.A.6:3?), 

(V. A. 6 :38), respectively. 

Therefore, we apparently reach the conclus~on that by follow~ng 

the 'parallel way of thinking' we have created ~dependent 

computat~onal streams, concern~g the even and odd rows of the system(s) 

each t~me, wh~ch can proceed concurrently. Hence, the whole second 

part of the prev~ously descr~ed ser~al algor~thm (~.e. the back-

substitution process) can be el~minated, because this way we end up 

w~th all the solutions of the original system (V.A.6:1) in one step, 

s~multaneously, thus sav~g almost half (theoretically) of the total 

comput~ng t~me. Diagrammat~cally the parallel process descr~ed above 

(i.e., for n=B) ~s shown ~n Figure (V.A.6-f4), below. 



REDUCTION 
LEVEL 

1-

2-

3 

4 

9 9 

x, x2 Xs Xs 

Ftgure V A.o- f,: Parallel Evaluation Routmg of the Symmetnc Constant- D.agonal Penodtc Case ('n' = 8). 

9 9 

{

g, = (1,b,1,y,l 
where: 

q Ill= q -· -· 
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V.A. 7: IMPLEMENTATION OF THE PARALLEL SYMMETRIC CONSTANT-DIAGONAL 

PERIODIC CASE: EXPERIMENTAL RESULTS AND PERFORMANCE ANALYSIS 

ON THE 'NEPTUNE' PROTOTYPE SYSTEM 

Here~n, a thorough performance exposure and explo~tation of the 

'NEPTUNE' (MIMD) computer complex ~s carr~ed out aga~n, by present~ng 

a select~on of algorithms which implement the parallel evaluat~on 

rout~ng g~ven ~n Figure (V.A.6-f4) and search for the opt~mal values 

of the granular~ty factor, accord~ng to spec~f~c sequential subrout~nes 

~nv~ted ~n some of the programs, ~n comb~nation w~th most of the ava~lable 

parallel constructs on this mach~ne. 

For the cycl~c odd-even reduction techn~que the symmetr~c constant-

d~agonal per~odic case ~s chosen as the exper~mental vehicle, s~nce ~t 

is more complLcated and, as we have mentioned earlLer, Lts concept 

~nd~rectly ~ncludes that of the correspond~ng non-per~od~c case. 

The assumpt~on of suff~ciently diagonaZZy dominant, constant-

tr~diagonal per~od~c systems would def~n~tely prevent the occurrence 

of ~11-cond~t~oned s~tuations, dur~ng the solut~on process, which would 

result in not so accurate answers. In our case, however, because of 

the computer's lim~tat~ons on the real ar~thmetic ranget, we were forced 

into a trade-off ~n solution accuracy w~th the performance explo~tat~on 

of the mach~ne and the techn~que used. In other words, ~n our des~re 

to exper~ment w~th as large a system as poss~ble, we have cons~dered 

sl~ghtly < diagonally dom~nant systems, with the diagonal dominance 

analogously weaken~ng along with the system s~ze ~ncrements; th~s ~s due 

to the fact that the initial constant-diagonal entry ~ncreases 

tTh t' " th' · 1 -?a +?5 • • a· eore ~eaooy, ~s range ~s 0 <x<lO , ~neou ~ng zero. 
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quadraticaZZy dur~ng the cycl~c odd-even reduct~on process and be~ng system 

s~ze dependent, for systems of s~ze >(64x64), reaches such values which 

cause error s~tuat~ons reported by the computer as: 'FLOATING POINT, 

DIVIDE BY ZERO AT', e.g.,'>f;64C IN $MAIN'. 

Th~s method was, ~nitially, implemented on a serial computer, the 

IBM 7090, and was chosen ~n preference to Gauss~an elim~nation because 

cycl~c reduct~on deals w~th period~c boundary cond~tions ~n a much 

neater way, avo~d~ng the need for the calculat~on of aux~l~ary vectors. 

In the subsequent experimentat~on, and although no restrictions 

are necessary, for the method, for conven1ence 1n balancing the 

computat~onal load amongst the utilized combinat~ons of the mach~ne's 

processors, the s~ze of the cons~dered systems was, always, taken to be 

a power of two. 

Let us now work out the algebra of the serial cycl~c odd-even 

reduct~on method, ~n a general form, cons~dering the symmetr~c constant-

m 
d~agonal per~odic system given by (V.A.5:4), w~th n=2 (where m ~s any 

pos~t~ve integer) number of equat~ons. 

In accordance w~th (par.-V.A.S), at every reduction level, th~s number 

~s be~ng halved; clearly th~s process w~ll be repeated recursively 

unt~l, after Zog
2
n levels of reduct~on, we obta~n a s~ngle equat~on 

for x . 
n 

The reduction process formulae, for reduct~on levels ~=1,2, ••. ,Zog2n, 

are g~ven by 

(V.A.7:1) 

and 
(V.A. 7:2) 

... 
'The superscript ~between [} indicates the Zevel of reduction, whiZe 

the initiaZ vaZues are: b[O}=b, y(0l=y .. 
-z. -z. 
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~ ~ 2m. where ~=2 (step 2 ) unt~l 

In particular, the reader should bear ~n m~nd the per~od~city of the 

problem when the f~rst and last rows of each system are cons~dered ~n 

the reduct~on process. It ~s due to th~s fact that, except~onally 

for the last reduct~on level, formula (V.A.?:l) is slightly mod~f~ed 

as the formula (V.A.5:14). 

The solut~on for the f~nal equat~on is obta~ned by the d~v~s~on 

(V.A. ?:3) 

The unknowns at level r-1 can now be found from a back f~ll~ng in 

procedure us~ng the equation 

x = (y[r-l]_2x )/b[r-l] , for ~=n/2 • 
~ ~ n 

(V. A. ?:4) 

Th~s f~ll~ng in procedure ~s repeated unt~l, f~nally, all the odd 

unknowns are found us~ng the or~g~nal equat~ons. 

The recurs~ve f~ll~ng ~n of the solut~on, ~n general, for i=log
2
n+l, 

log2n, •.. ,2,1,~s g~ven by the formula, 

(V.A. ?:5) 

. 2 <~-l) ( 2 <~-l)) 2m. where ~= step unt~l 

Note that, ~n the implementat~on of the above formula, when the subscr~pts 

of the x~s take values ly~ng outs~de the def~ned range l~i~n, then as 
~ 

the~r correct values are cons~dered the boundary values of the corresp-

ond~ng system each time, accord~ng to the period~c~ty of the problem. 

In part~cular, for the last reduct~on level, ~.e., ~=log2n , where we 

have only one equat~on, the out of bounds x~s are considered to be of 
~ 

zero value. Also, note that, ~ the analyt~cal exempl~f~cation of all 

algorithms ~n th~s Chap~,including the diagrammat~cal rout~ngs g~ven ~n 
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Figures (V.A.6-f3,f4), the ~n~t~al values are cons~dered of be~ng at 

reduct~on level one {~nstead of level zero as ~mpl~ed ~n the prev~ous 

formulae), wh~ch ~n fact results ~n log2n+l decept~ve levels of 

reduct~on, and this 1s for conven1ent reasons in programmLng. 

The algebra~c-complex~ty sum of formulae(V.A.7:1,2), cons~der~ng 

a theoret~cal equ~valence ~n the ar~thmetic {see below), is 
lo~2n n 

Ac[R} = 2log2n + 3 L -;;-
~=1 2" 

(V.A. 7:6) 

wh~le for the back-subst~tut~on phase, ~.e., through formula (V.A.?:5), 

Lt l.S 

lo~2n ~ 
Ac[S} = 1 + 3 ). , 

~=1 2" 
(V.A.7:?) 

Note that, all formulae have been wr~tten down accord~ng to the 

operat~ons sequence appear~ng ~n the computational process. Hence, 

the total algebra~c-complexity of the ser~al evaluat~on rout~ng of the 

cycl~c odd-even reduct~on method ~s 

Ac[R] + Ac[S] = 1+ 2log2n (V.A. 7 :8) 

On the other hand, ~t ~s obv~ously qu~te complex and parallel 

mach~ne dependent to evaluate, on a per parallel path bas~s, the total 

algebra~c-complex~ty of the parallel variant of th~s method {where no 

back-subst~tut~on phase occurs) , taking ~nto account the reduct~on 

{for Pipe lined Vector or SIMD computers) or increment t {for Multi-

processors) ~n parallel~sm at each reduct~on level of the process. 

In part~cular, for the last k~nd of computers, the total algebra~c-

complex~ty of the parallel algor~thrn using the cycl~c odd-even reduction 

tDepending on the, in terms of processors, potential of the parallel 
machine in hand and until the optimal 'granularity factor' is obtained. 
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techn1que, for the same problem, d1agrammat1cally shown 1n Figure 

(V.A.6-f4), on a p-processor system is 
lo~2n 

Aa[//] ~ 2log2n + L 
~~1 

(V.A. 7:9) 

In terms of the t1me-complexity (whLch conceptually 1s beLng 

cons1dered as a superset of the algebra1c-complex1ty), cons1dering 

each basLc operat1on requ1ring the same execut1onal t1me-step length, 

we obtain the following theoretical Speed-up (L.e., internaL 

acceleration) and Eff1c1ency (i.e., utilization of the parallel machLne) 

rat1os of the parallel var1ant compared to the serial one 

sp 

and 

E 
p 

(t) 
Ts 1+2log2n 

~ --
(t) 

Tp 2log2n + 

s 
~...P.. 

p 

+ 6 lor2n 

~~1 

lor2n ~ 

r.?_1 
~~1 

p 

n lor2n 
1+2log2n+6 

2~ ~~1 
~ 

3n 210g2n 1 lor2n 
- +r ~ 2log

2
n+ -(3 

2!1. p p Jl.~l 

- 0 (p) t (s1nce lx 1 ~x) 

t 
~ 1 . 

n 
2~ 

n+2log2n) 

(V.A. 7:10) 

(V.A.7:11) 

These should not, however, be considered as the true performance ratios, 

since, as we have repeatedly ment1oned, the capab1l1t1es of the parallel 

varLant should be compared w1th the best (L.e., most eff1c1entl exLstLng 

sequentLal algorLthm for the spec1f1c Lnstance, which Ln our case happens 

to be Gaussian eliminat1on. 

Let us now proceed wLth the actual experimentation of the cyclLc 

odd-even reduction method at fLrst considerLng a brLef descrLptLon of 

tWhiah are their optimaL theoreticaL vaLues. 
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the selected character~st~c programs, each mak~ng use of a d~fferent 

parallel strategy, or construct ava~lable on the NEPTUNE system. 

These programs are ~ncluded in the Appendix C-V, ~n the same order and 

under the follow~ng mean~ngful names: 

-(i) MB$2t.GAUSCDP GAUSs algor~thm for the symmetr~c 

fonstant-~~agonal feriodic case. 

-(ii) MB$2t.POEGSBP farallel cycl~c Qdd-!ven reduct~on 

algorithm call~ng the Gauss SuBrout~ne 

for the symmetric constant-d~agonal 

Per iod1.c case . 

-(iii) MB$2t.POERSBP Parallel cycl~c Odd-Even reduction 

algor~thm call~ng the cycl~c odd-even 

Reduct~on SuBrout~ne for the symmetr~c 

constant-d~agonal Eer~od~c case. 

-(iv) MB$2t.POEXLDP farallel cycl~c Qdd-!ven reduct~on 

algor~thm to make use of the XPFCLD 

command for the symmetric constant-

d~agonal ?er~od~c case. 

-(v) MB$2t.POEDPRP farallel cycl~c Qdd-!ven reduct~on 

algor~thm util~z~ng solely the $QOE~/ 

$PAREND parallel construct for the 

symmetr~c constant-diagonal Eer~odic case. 

-(vi) MB$2t.POECSCP farallel cyclic Qdd-!ven reduct~on 

algorithm ut~l~z~ng £r~t~cal ~eft~ons 

for the symmetr~c constant-diagonal 

Per ~od~c case • 

tD. ?-rectory name. 
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More analyt~cally, program (i), represent~ng the most efficient 

sequent~al algor~thm ex~st~ng, ~mplements the well known Gauss 

el~m~nat~on method. As the Relative (or normalized) Speed~ (RS ) 
p 

w~ll be cons~dered the rat~o between the experimental t~me-complex~ty 

of th~s un~processor standard solut~on and the experimental t~me-

complex~ties of the cycl~c odd-even reduct~on parallel algor~thms 

ach1eved 1n a uniprocessor and parallel implementat1on. 

In program (ii) the number of created pathst ~s always equal to 

the number of ava~lable processors each time. Then, after a pre-set 

number of reduct~on steps, we cont~nue by apply~ng the Gauss 

el~m~nat~on sequent~al procedure to solve the resulting subsystems, 

~n each of the created parallel paths, s~multaneously. 

The not~on beh1nd program (iii) ~s sim~lar to that of program (ii) 

except that, after the pre-set number of reduct1on steps, we cont~nue 

by apply1ng the cycl~c odd-even reduct~on techn1que aga~n, but 

sequent~ally th1s time, to solve the result~ng subsystems, ~n each of 

the created parallel paths, s1multaneously. 

In e~ther of programs (ii) and (iii) the parallel paths are 

created/ter~nated ut~lizing the $DOPAR/$PAREND parallel construct. 

The pr~nc~pal a~m behind these two 1mplementations is, on the one hand, 

to determ~ne the opt1mal granularity faetor of parallelism and, on 

the other hand, to compare their parallel performance w~th that of the 

follow~ng programs. 

Program (iv) performs log2n reduct~on steps 1n total, wh1le it 

creates as many parallel paths as 1t 1s pcss1ble, ~.e., in a manner 

independent of the number of ava~lable processors; but there is an 

tAt eaeh reduction level. 
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~mportant restr~ct~on, that ~s, the max~mum number of parallel paths 

that can be generated on this particular MIMD prototype, ut~l~z~ng 

the XPFCL command, ~s 75. If, however, an alternate command ~s 

ut~l~zed, i.e., the XPFCLD command, then as many as 32,767 parallel 

paths can be generated. Certa~nly, ~n our case, this number ~s 

d~rectly dependent upon the reduct~on level each t~me, while the 

$DOPAR/$PAREND parallel construct ~s, aga~n, utilized. 

t In program (V} the number of created paths ~s, as before, 

always equal to the number of ava~lable processors each t~me. Th~s 

program performs a total number of Log2n reduct~on steps as well, 

us~ng solely the $DOPAR/$PAREND parallel construct. 

Finally, program (vi) creates the parallel paths ~n a semi-

asynchronous manner, util~z~ng cr~t~cal sections only (~.e., the 

$ENT.SR/$EXIT parallel construct), depending on the reduct~on level 

and the number of available processors each t~me. In other words, 

th~s progra~ in~t~ally, creates two parallel paths and then, each t~me, 

the next available processor creates the next parallel path. The 

total number of reduction levels performed is sim~larly as before Log
2
n. 

In terms of the programming strategy followed, ~n all these 

parallel var~ants, we have declared the follow~ng shared arrays: 

w It stores the muLtipLiers of the constant-diagonal 

entry of matr~x A dur~ng the eli~nat~on process. 

B It stores the r.h.s. entr~es of the considered system 

each t~me. On th~s array will be appl~ed the even 

stream of the cyclic odd-even reduct~on procedure. 

tAt eaah reduation LeveL. 
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c It stores a copy of the array B. On this array 

wLll be applied the odd stream of the cyclLc odd-

X 

INDE 

INDO 

I TIME 

even reduct~on procedure. 

It stores the solution of the system. 

It stores the INDLces of the Even stream of the 

cyclLc odd-even reduction procedure. 

It stores the INDLces of the Odd stream of the 

cyclLc odd-even reductLon procedure. 

It stores the timing LnformatLon. 

Each program can be, theoretLcally, dLstLnguished Lnto five 

dLfferent parts, where at the end of the parallel sections all the 

processors are forced to synchronLze. All parts, except the last, 

are included Ln a DO-loop the executLon of whLch LS related to the 

pre-set depth of recursLon, whLch determLnes the granularLty factor. 

In the first part the odd and even computational streams of the 

cyclic odd-even reductLon procedure are created and the correspondLng 

elements are calculated separately. 

In the next three consecutLve parts, correspondLngly, we interchange 

the computed r.h.s. values via the approprLate arrays of indices, 

shuffle the even and odd used Lndices to the top of the respective 

arrays, and fLnally, copy the odd and even used LndLces at the rear 

half of each other's array. Note that, all physical 'removals' of 

the elements between the arrays, after every reduction cycle, have 

been avoLded by the use of an indexLng procedure, which experimentally 

has proved to be far cheaper (in computing tLme) compared to the 

former approach. In addLtion, extensLve experLmentatLon proved that 
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the work 1nvolved 1n these three parts was not worthwh1le be1ng 

performed in parallel and hence the sequent1al approach was followed 

(Ln fact, 1t proved much faster than the parallel one). 

F1nally, 1n the last part, the or1g1nal system has been reduced 

to a number of subsystems of pre-determLned size, wh1ch, 1n a 

theoret1cal environment of a mach1ne w1th an appropriate potential 

(1n terms of the number of processors), could be solved 1n one 

tLme-step, s1multaneously. Note that, in the case that the granular1ty 

factor 1S a (2x2) subsystem, the solut1on is obta1ned by repeat1ng the 

cycl1c odd-even reduct1on procedure once more, as exempl1f1ed 1n 

(par. -V. A. 6) • 

- Experimental Results 

The exper1mental results obtained for all the parallel var1ants 

of the cycl1c odd-even reduct1on algor1thm (and for the standard 

Gauss1an e11minat1onl on the NEPTUNE system, along with the values 

of some other parameters of the determ1n1st1c performance model 

estimated statically, are presented in Tables (V.A.7-tl,t2). 

As we ment1oned previously, the 1ntent1on of the exper1mentation 

by being incl1ned, mainly, towards the best achievable parallel 

performance, 1n con]unctLon w1th the smallest poss1ble uniprocessor 

tLme-complexity, led us l1terally to the upper l1m1ts of the NEPTUNE 

mach1ne, i.e., to the maximum allowed exper1mental system size for this 

part1cular problem wh1ch was (2048x2048). 

+ 
The comb1nations of the ut1lized processors (NPROCS) ' have been 

analytically and 1n the g1ven order stated in the above Tables,due to 

tFor a perfect balancing, in the sake of parallelism, between the 
problem's computational load and the utilized processors we have 
experimented with a power of 'two' combinations of the latter. 



MS 256 X 256 

THE GRANULARITY FACTOR IN TERMS OF THE SIZE OF THE FINAL SEQUENTIALLY SOLVED SUBSYSTEMS 

The resu1tLng subsystems each t~me are sequentially solved by the correspond~ng subrout~nes 

[POEGSBP] : Gauss Elimination Subrout~ne [POERSBP] : Odd-Even Reduct~on Subrout~ne 
NSTEP GF NPROCS Ta(e) s Rs F .T(e) T a(e) c s Rs E F .T(e) cp E 

(secs) p p p p 8 
(se""' 

p p p p p 8 

MS ~ 4.310 4.310 1 0.578 1 1 2. 770 2. 770 1 0.899 1 1 
2 i ~.1 2.260 4.520 1.907 1.102 0.954 1.818 1.470 2.940 1.884 1.694 0.942 l. 775 

~.1,2,3 1.210 4.840 3. 562 2.058 0.890 3.172 0.820 3.280 3.378 3.037 0.845 2.853 

MS ~ 4.860 4.860 1 0.512 1 1 3.390 3.390 1 o. 735 1 1 
3 7 ~.1 2.570 5.140 1.891 0.969 0.946 1.788 1.820 3.640 1.863 1.368 0.931 l. 735 

~.1,2,3 1.400 5.600 3.471 l. 779 0.868 3.013 1.010 4.040 3.356 2.465 0.839 2.816 

MS ~ 5.360 5.360 1 0.465 1 1 4.000 4.000 1 0.623 1 1 
4 

~ ~.1 2.820 5.640 1.901 0.883 0.950 1.806 2.140 4.280 1.869 1.164 0.935 l. 747 
~.1,2,3 1.540 6.160 3.481 1.617 0.870 3.029 1.210 4.840 3.306 2.Q58 !_a.B26_ ?.71? 

MS ~ 5.720 5. 720 1 0.435 1 1 4.570 4.570 1 0.545 1 1 
5 ;s ~.1 3.030 6.060 1.888 0.822 0.944 l. 782 2.440 4.880 1.873 1.020 0.936 1.754 

/ILl 21 1 .hQ() r; . 7F.n 1. 1R'i 1.473 n R4F. I? RF.a 1 10n <; . <;e;,-, 1.?RR l. 791 0.822 2.7n? 

[GAUSCDP] 
Ta(e) ~ 2.490 

(secs) 

Table V.A.7-tl: Exper~mental Results and Performance Measurements, for the Symmetric Constant-D~agonal Per~od~c Case, of 
Parallel Var~ants of the Cycl~c Odd-Even Reduct~on Method on the 'NEPTUNE' Prototype System, for Granular~ty 
Factors of Var~ous S~zes. 



H 512 X 512 
s 

THE GRANULARITY FACTOR IN TERHS OF THE SIZE OF THE FINAL SEQUENTIALLY SOLVED SUBSYSTE~lS 

The result1ng subsystems each t1.me are sequent1ally solved by the correspond1nq subrout1.nes 

[POEGSBP] : Gauss El1rn1nation Subroutine [POERSBP] : Odd-Even Reduct1on Subrout1.ne 

NSTEP Gp NPROCS Tc(e) Rs F .T(e) Tc(e) R .T(e) c s E c s s E F 
(secs) p p p p p s (secs} p p p p p s 

MS 
~ 8.670 8.670 1 0.578 1 1 5.460 5.460 1 0.918 1 1 

2 
22 

l'l, 1 4.470 8.940 1.940 1.121 0.970 1.881 2.850 5.700 1.916 1. 758 0.958 1.835 

~.1,2,3 2.340 9.360 3.705 2.141 0.926 3.432 1.550 6.200 3.523 3.232 0.881 3.102 

us 
~ 9.810 9.810 1 0.511 1 1 6.650 6.650 1 o. 753 1 1 

3 
23 

~.1 5.090 10.180 1.927 0.984 0.964 1.857 3.490 6.980 1.905 1.436 0.953 1.815 

~.1,2,3 2.680 10.720 3.660 1.869 0.915 3.350 1.890 7.560 3.519 2.651 0.880 3.095 

H ~ 10.870 10.870 1 0.461 1 1 7.910 7.910 1 0.633 1 1 

4 
s 

~.1 5.660 11.320 1.920 0.885 0.960 1.844 4.170 8.340 1.897 1.201 0.948 1.799 
24 

~.1,2,3 3.020 12.080 3.599 1.659 0.900 3.239 2.270 9.080 3.485 2.207 0.871 3.036 

MS 
~ 11.920 11.920 1 0.420 1 1 9.120 9.120 1 0.549 1 1 

5 ~. 1 6.200 12.400 1.923 0.808 0.961 1.848 4.800 9.600 1.900 1.044 0.950 1.805 
25 

111.1 2 3 3.340 13.360 3.569 1.500 0.892 3.184 2.650 10.600 3.442 1.891 0.860 2 961 

[GAUSCDP] 
Tc(e) ~ 5.010 

(secs) 

1abZe V.A.7-tl(cont.d): Exper1rnental Results and Performance Measurements, for the Syrnrnetr1c Constant-D1agonal Per1od1c Case, 
of Parallel Var1ants of the Cycl1c Odd-Even Reduct1on Method on the 'NEPTUNE' Prototype System, for 
Granular1ty Factors of Var1ous S1zes. 

----- ----------------------------------------------------------------------------------------------------------------------------~ 



MS 1024 X 1024 

THE GRANULARITY FACTOR IN TERMS OF THE SIZE OF THE FINAL SEQUENTIALLY SOLVED SUBSYSTE~ffi 

The resulting subsystems each t1me are sequent1ally solved by the correspond1ng subrout~nes 

[POEGSBP] : Gauss El1m1nat1on Subrout1ne [POERSBP] : Odd-Even Reduct1on Subroutine 

NSTEP GF NPROCS Tc(e) Rsp F .T(e) Tc(e) Rs F .T(e) c s E c s E 
(secs) p p p p 8 lsecsl p p p p p 8 

MS 
p 17.470 17.470 1 0.575 1 1 10.880 10.880 1 0.923 1 1 

2 7 p,l 8.920 17.840 1.959 1.126 0.979 1.918 5.600 11.200 1.943 1. 793 0.971 1.887 

p,l,2,3 4.610 18.440 3. 790 2.178 0.947 3.590 2.970 11.880 3.663 3.380 0.916 3.355 

MS 
p 19.760 19.760 1 0.508 1 1 13.250 13.250 1 0.758 1 1 

3 
? p,l 10.140 20.280 1.949 0.990 0.974 1.899 6.870 13.740 1.929 1.461 0.964 1.860 

p,l,2,3 5.310 21.240 3. 721 1.891 0.930 3.462 3.680 14.720 3.601 2. 728 0.900 3.241 

MS 
p 21.950 21.950 1 0.457 1 1 15.760 15.760 1 0.637 1 1 

4 
24 

p,l 11.330 22.660 1.937 0.886 0.969 1.877 8.190 16.380 1.924 1.226 0.962 1.851 

p,l,2,3 5.950 23 .Boo 3.689 1.687 0.922 3.402 4.410 17.640 3.574 2.277 0.893 3.193 

MS 
p 24.210 24.210 1 0.415 1 1 18.170 18.170 1 0.553 1 1 

5 
25 

p,l 12.500 25.000 1.937 0.803 0.968 1.876 9.480 18.960 1.917 1.059 0.958 1.837 

p,l,2,3 6.620 26.480 3.657 1.517 0.914 3.344 5.130 20.520 3.542 1.957 0.885 3.136 

[GAJ,CDP] 
,-: e) p 10.040 
(secs) 

Table V.A.?-tl(cont.d): Exper1mental Results and Performance Measurements, for the Symmetr1c constant-D1agonal Per1od1c Case, 
of Parallel Var1ants of the Cyclic Odd-Even Reduction Method on the 'NEPTUNE' Prototype System, for 
Granular1ty Factors of var1ous S1zes. 



MS 
2048 X 2048 

THE GRANULARITY FACTOR IN TERMS OF THE SIZE OF THE FINAL SEQUENTIALLY SOLVED SUBSYSTEMS 

The result~ng subsystems each t1.me are sequent~ally solved by the correspond~ng subrout1.nes 

[POEGSBP) : Gauss El1.m1nation Subroutine [POERSBP) : Odd-Even Reduct~on Subroutine 

NSTEP GF N 
Tc(e) F • T( e) Tc(e) F .T(e) PROCS 

c Rs Rs s E c s E 
(see<:\ p p p p p s 

(<:Pt'~) 
p p p p p s 

~ 35.000 35.000 1 0.575 1 1 21.850 21.850 1 0.920 1 1 

2 
MS 

~.1 17.830 35.'660 1.963 1.128 0.981 1.927 11.220 22.440 1.947 1.792 0.974 1.896 
22 

~.1,2,3 9.170 36.680 3.817 2.193 0.954 3.642 5.890 23.560 3. 710 3.414 0.927 3.440 

~ 39.740 39.740 1 0.506 1 1 26.670 26.670 1 o. 754 1 1 

3 
MS 

~.1 20.330 40.660 1.955 0.989 0.977 1.911 13.730 27.460 1.942 1.465 0.971 1.887 

?" 
~.1,2,3 10.560 42.240 3. 763 1.904 0.941 3.541 7.250 29.000 3.679 2. 774 0.920 3.383 

~ 44.330 44.330 1 0.454 1 1 31.490 31.490 1 0.639 1 1 

4 
MS 

~.1 22.780 45.560 1.946 0.883 0.973 1.893 16.330 32.660 1.928 1.231 0.964 1.859 

if 
~.1,2,3 11.930 4 7. 720 3. 716 1.686 0.929 3.452 8.690 34.760 3.624 2.314 0.906 3.283 

~ 48.840 48.840 1 0.412 1 1 36.410 36.410 1 0.552 1 1 

5 
MS 

~.1 25.150 50.300 1.942 0.800 0.971 1.886 18.860 37.720 1.931 1.066 0.965 1.863 
25 

~.1,2,3 13.220 52.880 3.694 1.521 0.924 3.412 10.100 40.400 3.605 1.991 0.901 3.249 
'-

[GAUSCDP) 
~ 20.110 T (e) 

( ~~csl 
Tab le V. A. 7-tl (cont. d): "' Exper~mental Results and Performance Measurements, for the Symmetr~c Constant-D~agonal Per~od~c case, ~ 

of Parallel Var~ants of the Cycl~c Odd-Even Reduction Method on the 'NEPTUNE' Prototype System, for ~ 

Granular1ty Factors of var1ous Sizes. 



MS 256 X 256 512 X 512 

THE GRANULARITY FACTOR IN TERMS OF THE SIZE OF THE FINAL SEQUENTIALLY SOLVED SUBSYSTEMS 

Tc(e) R F .T(e) 
(e) 

Rs " .T(e) Program GF NPROCS c s s E Tc c s E {secs) p p p p p s {secs) p p p p p s 

MS 
fl) 4.850 4.850 1 0.513 1 1 10.740 10.740 1 0.466 1 1 

[POEDPRP] fl), 1 2.650 5.300 1.830 0.940 0.915 1.675 5.750 11.500 1.868 0.871 0.934 1.744 {m-1) 
2 

f/),1,2,3 1.530 6.120 3.170 1.627 0.792 2.512 3.240 12.960 3.315 1.546 0.829 2.747 

MS 
fl) 5.090 5.090 1 0.489 1 1 11.250 11.250 1 0.445 1 1 

[POECSCP] 
(m-1) f/),1 2.790 5.580 1.824 0.892 0.912 1.664 6.020 12.040 1.869 0.832 0.934 l. 746 

2 f/),1,2,3 l. 770 2.876 7.080 1.407 o. 719 2.067 3.660 14.640 3.074 1.369 o. 768 2.362 

MS 
fl) 5.180 5.180 1 0.481 1 1 11.440 11.440 1 0.438 1 1 

[POEXLDP] 
2 

{m-1) f/),1 2.800 5.600 1.850 0.889 0.925 1. 711 6.050 12.100 1.891 0.828 0.945 l. 788 

f/),1,2,3 1. 720 6.880 3.012 1.448 0. 753 2.267 3.640 14.560 3.143 1.376 0. 786 2.469 

[GAUSCDP] 

Tc(e) fl) 2.490 5.010 

{secs) 

Table V.A.7-t2: Exper1mental Results and Performance Measurements, for the Symmetr1c Constant-Diagonal Per1od1c Case, of 
Parallel Variants of the Cycl1c Odd-Even Reduct1on Method on the 'NEPTUNE' Prototype System, for a 
Granular1ty Factor of Size (2x2). 



MS 1024 X 1024 2048 X 2048 

THE GRANULARITY FACTOR IN TERMS OF THE SIZE OF THE FINAL SEQUENTIALLY SOLVED SUBSYSTEMS 

Program GF N 
PROCS 

Ta(e) 
(secs} c s Rs E F .T(e) Tc(e) c p (secs} 

s 
R F .T(e) s E p p p p s p p p p p s 

MS 
{11 23.890 23.890 1 0.420 1 1 52.440 52.440 1 0.383 1 1 

[POEDPRP] 
2 

(m-1} {11, 1 12.620 25.240 1.893 0. 796 0.947 1.792 27.540 55.080 1.904 o. 730 0.952 1.813 
{11,1,2,3 6.950 27.800 3.437 1.445 0.859 2.954 15.170 60.680 3.457 1.326 0.864 2.987 

MS 
{11 24.870 24.870 1 0.404 1 1 54.560 54.560 1 0.369 1 1 

[POECSCP] 
2 

(m-1} !11, 1 13.170 26.340 1.888 o. 762 0.944 1. 783 28.760 57.520 1.897 0.699 0.949 1. 799 

{11,1,2,3 7.910 31.640 3.144 1.269 0.786 2.471 16.920 67.680 3.225 1.189 0.806 2.599 

M {11 25.300 25.300 1 0.397 1 1 55.270 55.270 1 0.364 1 1 

[POEXLDP] s {11,1 13.230 26.460 1.912 0.759 0.956 1.828 28.840 57.680 1.916 0.697 0.958 
2 

(m-1} 1.836 

{11,1,2,3 7.810 31.240 3.239 1.286 0.810 2.623 16.830 67.320 3.284 1.195 0.821 2.696 

[GAUSCDP] 
Tc(e) p 10.040 20.110 

(secs} 

Table V.A. 7-t2 (cont. d): Experimental Results and Performance MeasureMents, for the Symmetr~c Constant-D~agonal Per~od~c 
of Parallel Var~ants of the Cycl~c Odd-Even Reduct~on Method on the 'NEPTUNE' Prototype System, 
a Granularity Factor of S~ze (2x2). 

Case, > 
for 
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the occurrLng varLations Ln theLr relatLve speeds whLch would 

certaLnly lead to dLfferent sets of results Lf other processor 

combinatLons were to be utLlLzed. 

The reader should note that Lt was of no use estLmatLng the 

Reference internal Speed-up (R
5 

), due to the obvLous effect of the 
p 

granularLty factor upon the tLme-complexLtLes obtaLned. 

Some conclusLons that can apparently be drawn from the 

examLnatLon of the above Tables are that, Ln terms of the Sp and Ep 

parameters, all programs exhLbLt results whLch improve analogously 

to the system sLze experimented WLth, whLch at the computer's lLmits 

reach values very close to the optLmum theoretical ones, L.e., ~p 

(e) 
and ~1, respectLvely. In addLtLon, the F .T parameter also exhLbLts 

p 8 

optllnum results of 0(p). These observatLons, however, are directly 

dependent upon the granularLty factor and are generally analogous 

to its decrement. 

In terms of the real Cost of each parallel varLant, as was 

normally expected, Lt Lncreases along WLth the increase of the number 

of utLlized processors. 

To accomplLsh the princLpally set target, concernLng the 

determLUation of the optimal granularity factor, a comparLson between 

the dLfferent parallel varLants of the method would prove that Lts 

most efficLent value is, always, the sLze of the systems obtaLned at 

the earlLest reductLon level that the number of created parallel paths 

becomes equal to the number of utLlized processors of the machLne. 

More analytically, we observe that the implementations LnvLtLng the 

sequentLal cyclLc odd-even reductLon and the Gauss elLmLnatLon 
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subrout~nes, after a pre-set number of reductLon steps, are far 

super~or, and ~n that pr~ority sequence, compared to the other 

~mplementations which proceed unt~l the last reduct~on level. Th~s 

can apparently be seen from the t~me-complex~ties ach~eved in a un~-

processor and parallel implementat~on, s~nce the more reduct~on levels 

wh~ch are performed, the more expens~ve the ~mplementat~on becomes. 

In particular for the latter 1mplementat~ons, they have been presented 

~n Table (V.A.?-t2) ~n the pr~or~ty sequence of the best parallel 

performance achieved, in conJunct~on with the1r t1me-complexities. 

From the aspect of the real l~fe 'true' Relative or normalized 

Speed-up (R
8 

} results, ach~eved when compared w~th the most efficient 
p 

ser~al implementat~on of the Gauss eliminat~on, we observe that the 

above comments, regarding the opt~mal granular~ty factor and the 'best' 

parallel var~ant of the cycl~c odd-even reduct~on method, apply equally 

well for them. In fact for that granular~ty factor, the results 

obtained from the MB$2.POERSBP parallel variant are always of 0(p) 

and are cont~nuously 1mprov~ng up to the NEPTUNE system's l~mits. 

It would certa~nly be of great interest in experiment~ng with very-

4 
very large scale systems (i.e., of s~ze >10 } and a MIMD computer 

complex of more processors. 

The parallel behaviour of all these versions of the cyclic odd

even reduct~on method1 s~nce the symmetric constant-d~agonal periodic 

case cons~sts of the ~deal problem for this technique to be appl~ed, 

is diagrammat~cally depicted ~n the Figures below. In particular, 

Figures (V.A.?-fl,f2) correspond~ngly exh~b~t the experimental Time-

complexit~es and the respective Speed-ups achieved on the NEPTUNE 

prototype system. In Figures (V.A.?-f3,f4) the Relat~ve (or normalized} 

tFor that matrix size for which the performance analyses are carried out. 
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Speed-ups and the Eff1c1enc1es ach1eved are 1llustrated, wh1le the 

real Costs of all these vers1ons are g1ven in Figure (V.A.7-f5). 

F1nally, let us formally 1ntroduce, 1n Table (V.A.7-t3), the 

complementary new loaal parameters set for th1s part1cular method and 

already ut1l1zed 1n the theoret1cal evaluation of its algebra1c-

complex1ty and the Tables w1th the exper1mental results. 

locAL PARAMETERS 

Ac[R] The Algebraia-aomplexi-ty of the Reduction 

process 1n terms of flops. 

Ac[S] The Algebraia-aomplexity of the recurs1ve 

f1lling 1n Solution procedure in terms of flops. 

The total Algebraia-aomplexi-ty of the 

parallel algor1thm using the cycl1c odd-even 

reduct1on techn1que 1n terms of flops. 

The Size of the or1g1nal Matrix. 

The Granularity Factor 1n terms of the s1ze 

of the f1nal sequent1ally solved subsystems. 

The Number of reduct1on STEPs. 

Table V.A.7-t3: L1st of Loaal Parameters for the Performance Model. 

- Performance Analys1s 

The program and system dependent performance analyses of the 

parallel var1ants of the cyclic odd-even reduction method are 

correspondingly given 1n Tables (IV.A.7-t4,t5). Note, the mod1f1cat1on 

of the local parameters Ac(. ·; 
1-,J 

(t) 
and Tar. ·;, 

1-,J 
appear1ng 1n the 

performance analyses 1n Chapter IV, to Aaln and Taln' respectively, 
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Legend 
~ POE~SBP(NST~P=2} 

0 POEGSBP(NSTEP=3] 

XX POEGS_B_P_{NSTEP=:~J 

181 POEGSB'1_NSTEP~ 

$ ~~~~-~~!.(~~~!..~] 
ffi POERSBP_[NSTEP=3] 

0 POERSBP(NSTEP=~ 

EB ~~~~~~-~1~.~~-~-~] 
181 ~Q~Q~~~ ------
~ POECSCP 

0 POEXLDP 

04---------~----------.----------.----------. 
0 2 3 

Number of Processors 

Figure V. A. ?- f l : The Time - Complexity of Parallel Variants of the Cyclic Odd
Even Reduction r1ethod for the Symmetric Constant-Diagonal 
Periodic Case . 
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Legend 
1::1 POE<!SBP{NST~P=2] 

0 POEGSBP[NSTEP=3] 

XX POEGS!Jf(NSTEP~-4) 

181 POEGSB~STEP=_§J 

• ~~~~!~~r~-~~~1 
ffi POERSBP1NSTEP=3] 

0 POERSBP[NSTEP=-4) 

83 ~~~~!?.~.~[~~T.F;~1 
181 POEDPRP ------------- -
~ POECSCP ---
0 POEXLDP --·--·--

04-------------~------------r------------,-------------, 

0 1 2 3 
Number of Processors 

Figure V. A. ?-J2 : The Speed-ups achieved by Parallel Variants of the Cyclic Odd
Even Reduction Method for the Symmetric Constant- Diagonal 
Periodic Case . 
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Figure V.A . ?- f3 : The ReLative (o r NormaLized ) Speed- Ups achieved by Paralle l 
Variants of the Cyclic Odd-Even Reduction Hethod for the 
Symmetric Constant- Diagonal Periodic Case . 
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Figure V. A. 7-f4 : The Efficiency achieved by Parall e l Variants of t he Cyclic 
Odd-Even Reduction Method for the Symme tric Constant-Diagonal 
Periodic Case . 
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~mplying the Algebra~c-complexity (~n terms of flops) and the T~me-

complex~ty per l~ne of the l~near system of equations. 

In terms of the Ra(s) global parameter, when the processing-to

shared memory module access rat~o ~s very high, then the cost of 

calling and sett~ng the F$RITP subroutine (i.e., -252.6~s) ~s. generally, 

~gnorable. In cases s~m~lar to the present one, however, th~s overhead 

can be cons~dered as an additional real-time flop. 

In part~cular for the ~mplementat~on ~nvolv~ng the mutual 

exclus~on mechan~sm, we found that, at the period of experimentat~on 

and after extensive experirnentst, for the execution of the mechanism 

~tself, ~.e., the $ENTER/$EXIT parallel construct, requ~red a t~me 

(t ) of -561~, ~nstead of -Goo~ as g~ven in the (Appendix C-II/par.
as 

II.B.3.1), hav~ng used the 'XPFCL' command to generate the load modules; 

the processors cycle time (t~y), when wa1t1ng access to a cr1tical 

sect~on resource, was -lo7o~s, while the blocked t~e (tb) aga~n 

exh~b~ted some fluctuation ~n values around -319~s. 

As we observe from the program dependent performance analyses all 

programs produce an apparently considerable overhead when access~ng 

the shared data, parallel path schedul~ng and crit~cal sections resources. 

Although the best out of th~s asynchronousMIMDsystem was achieved by 

produc~ng long independent tasks ~n the programs calling the subroutines 

for the sequent~al solut~on part, however, a cross-compar~son between 

the theoretical and experimental results obta~ned proves that, albe~t 

it was not possible to verify+, an opt~zat~on mechan~sm, by means of 

local reg~sters, must operate in the system tak~ng care of mult~ple 

With the oZd ('parity') memory instaZZed. 

+This is internal information of Texas software not available. 
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V.A. '-t : Program Dependent Performance Analyses, for the Symmetr~c Constant-D~agonal Per~odLc Case, of Parallel 
VarLants of the CyclLc Odd-Even Reduction Method. 
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Table V.A.7-t4 (cont.d): Program Dependent Performance Analyses, for the Symmetr1c Constant-D1agonal Per1od1c Case, of 
Parallel Var1ants of the Cyc11c Odd-Even Reduct1on Method. 
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accesses and transfers to, and from the same shared structures. 

Indirectly, thLs was assured through some of our experiments in whLch 

we elLmLnated the excess of the accesses to the shared data resource, 

by declaring 'dummy' local variables for the multL-used shared 

structures. The results obta1ned, though, were more or less the same, 

Lf not worse. For future Lnvestigation, it would be very interesting 

to study a general Redundancy Analysis and reveal such optLmal aspects 

for MIMD asynchronous MultLprocessors testbeds, dependLng upon and 

thus integrating the 'DetermLnistLc Performance Model' - DPM establLshed 

Ln the prevLous Chapter. 

The conclusLons presented Ln the numerical experLmentatLon are, 

also, reflected from the results of the generalLzed performance analyses 

gLven Ln Tables (V.A.7-t4,t5), whLch addLtLonally hint possLbilities of 

dLfferent LmplementatLon structures in terms of using the available 

processing power. Note, however, that unpredLctable dynamic (Lnternal 

and external) factors, affecting the behavLoural status of the NEPTUNE 

prototype system, have caused, SLmLlarly to the prevLous experLmental 

results, the partLcular, deceptLve though, declLnatLons from the 

generally drawn lLne of conclusions. 

WLth respect to the programs callLng the sequentLal subroutLnes to 

perform the solutLon part, although the overheads of the program 

LnvolvLng the Gauss subroutine are less than the other's, Lts overall 

higher executLonal costt is due to the alteration from cyclLc odd-even 

reduct1on to Gaussian el1m1nation, wh1ch 1nvolves an extensive copy1ng 

procedure of the already obtaLned results at that reductLon level. 

In fact, the larger the sLze of the sequentially solved subsystems, or 

tit results in better internal acceleration results. 
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otherwLse, the lesser the refinement steps of analysLs, the hLgher 

the relatLve time-complexLty achieved. 

ThLs observation can be proved by considerLng the ratLos between the 

corresponding tLme-complexLtLes of these implementatLons, which call 

the subroutines to perform serLal GaussLan elLminatLon and cyclLc odd

even reductLon, respectively, for different granularity factors; these 

rat~os are decreas~ng along w~th the ~ncrease of the reduct1on steps. 

On the other hand, because of these extensive sequentLal parts 

of the Lnvolved subroutLnes, the very low rates of accesses resulted 

Ln unmeasurable shared memory and parallel path schedulLng losses for 

the correspondLng solutLon parts and therefore theLr performance 

analysLs has been omitted. 

In addLtion, for all 1mplementat1ons, except the shared resources' 

contr1but1on to performance degradat1on, by means of 'wait~g· accesses, 

the unavoidable sequentLal parts performing the intePchanging of the 

computed r.h.s. values v1a the approprLate arrays of Lnd1ces, and the 

shuff~ing and copying of the odd and even used 1nd1ces to the top of 

the correspond1ng arrays and at the rear half of each other's array, 

respectively, also negatively affect the overall parallel performance. 

Consequently, due to all these factors, the potential performance 

of an algor1thm LS always affected, thus the balance between the number 

of parallel paths and their algebraLc-complexLty and the number of 

sequent1al paths and theLr algebraic-complex1ty determines the maxLmum 

parallel performance obtainable. 

Let us now add some more explanatory comments about the 

1mplementat1on utLlLZ1ng crLtical sect1ons, to assist in a better 

understanding of the program dependent performance analysis. 
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The number of the generated parallel paths, ~n terms of the 

ut~l~zation cost of the parallel mechan~sm, depends upon the number 

of ava~lable processors each t~me; wh~le, ~n terms of the utilizat~on 

cost of the mutual exclus~on mechanism, the sectioning of the problem's 

l~nes, on wh~ch the cycl~c odd-even reduct~on techn~que is appl~ed, 

depends upon the current reduct~on level. The allocat~on of these 

var~ous created sections to the available processors takes place ~n 

an asynchronous manner to benefit from the~r different relat~ve speeds. 

Due to th~s d~fference ~n relat~ve speeds, however, the number of 

implementat~on cycles executed by each processor (for p>l) may vary; 

~n other words, the faster processor may execute more cycles compared 

to the slower one, but th~s ~s only for cases where there are many 

sect~ons of small relatively length. 

The fact that at the end of each reduct~on level all utilized processors 

are forced to synchron~ze character~zes the ~mplementat~on as a 

semi-asynchronous one. 

The complementary informat~on to that given ~n <Appendix C-II/par. 

-II.B.J.l) ~s as it was presented ~n (par.-IV.B.J.l). In part~cular 

for the ~nformation obta~ned from the shared array ITIME when testing 

the parallel var~ants of the cycl~c odd-even reduct~on method, many 

exper~mental runs were carr~ed out always cons~dering the average 

f~gures accord~ngly. Th~s ~nformat~on be~ng essent~al for the 

est~mation of their exper~ent dependent performance analys~s parameters, 

in the case of a maximum ut~l~zation of the NEPTUNE system and ~n the 

corresponding ~mplementation sequence as ~t appears ~n Tables (V.A.7-t4,t5), 

was as follows: 

i) The smallest run-t~mes to be utilized ~n formula (IV.B.J.1:25) 
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were (1n secs) 9.160, 5.870, 15.160, 16.900, 16.820; 

ii) the total numbers of wa1t cycles to be ut1l1zed 1n formula 

(IV.B.J.1:26) were 156, 151, 767, 1212, 1111, wh1ch 1mpl1ed 

average numbers of wa1t cycles per processor of 39, -38, -192, 303, 

-278, respect1vely; 

iii) the average experimental t1mings of all cooperat1ng processors 

were (in secs) -9.168, 5.880, -15.168, 16.910, -16.823; and, 

iv) the numbers of parallel paths run by each processor, consider1ng 

the average of all cooperat1ng processors but P 
0

, were 4, 4, 12, 

12' 7 68 0 

In particular, for the sem1-asynchronous parallel var1ant the 

average numbers of accesses to crit1cal sect1ons and wa1t cycles to 

access resource 1 were -779 and 61, respectively. 

The t1mes the system was not used product1vely (W) , being estimated 

through the formula (IV.B.J.1:22) by us1ng the average exper1mental 

tim1ngs 1n iii), were (in secs) -1.672, 1.670, -8.232, 13.080, -12.022; 

a good approx1mat1on to these total wasted t1mes can be obta1ned from 

the sum of the wasted t1mes stat1cally and dynam1cally g1ven 1n the 

performance analys1s Tables. 

F1nally, for the implementat1on us1ng mutual exclus1on, we may 

consider a performance l1mitation 1n terms of a theoret1cal upper 

bound on the number of cooperat1ng processors, in connect1on w1th the 

eyele time of the cr1t1cal sections resources. The correspond1ng 

est1mat1on formula is 

s es(r>) 
R ( ) .f 

= a es pt 
t (V.A. 7: 12) 
es 

R, 
wh1ch, 1n th1s case, produced (m) values of 4,216/2 and 7, respect1vely. 

p 



In add1t1on, for the same 1mplementat1on, the 

for the static est1mat1on of the average IdZe time 

[Ch. V/Sec. A 589] 

formula (IV.B.3.1:25), 

(t) t 
(ldt ) , was 

mod1f1ed to 1nclude the 1dle t1me due to the execut1on of the mutual 

exclus1on mechan1sm as 

(maxps-m1nps) . 

(V.A.?:lJ) 

Furthermore, despite the generality of the est1mat1ng formulae 

of the performance model, some very spec1f1c 1mplementations of the 

parallel constructs consist of except1ons of the followed predict1on 

l1ne, thus 1mpos1ng some minor alterations to the exist1ng formulae. 

In our case, this takes place for the POECSCP and the POEXLDP parallel 

variants. 

In part1cular for the former 1mplementat1on, the formula (IV.B.3.1:23) 

1s mod1f1ed as follows, 

Wst = p.(qa.IcZ.Np(p)"LO(//J"te+tp.Np(pJ"LO(//J)+tcs"Np{p)"LO{cs) 
p 

= Np(p).[qa.IcZ"LO(//J" 1~1 (scy1-icy1)+p.tp.LO(//ftcs"LO(csJl' 

(V.A.?: 14) 

to take care of the sem1-asynchronous structure. 

Note, for this var1ant, in TabZe {V.A.?-t4), the 1mplied use of the 

L parameter with values for the reduction and solut1on parts of 2i 
O(cs) 
and 1024, respect1vely. 

For both the above 1mplementations 2i 1mpl1es the value of 

Zog,2n-l 
2

NSTEP = Zog 2n-l 
L. 2 (2 -1) (V.A. ?:15) 

NSTEP=l 

tFor the figure given in 'TabZe (V.A.?-t4) 1 we have considered the case 
that aZZ four processors of the 'NEPTUNE' system were cooperating. 
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wh~ch for th~s part~cular exper~mental case was 2046; wh1lst the 

approx1mat1ons g1ven for some of the pred~cted values are ma1nly due 

to the ex~st1ng d1fferences in the processors relat~ve speeds, wh1ch 

are absolutely v1tal for these types of 1mplementat~on. 

On the other hand, for the POEXLDP parallel var1ant, the use of 

the LO(//) parameter 1n formulae (IV.B.3.1:23,25) ~s superfluous, s1nce 

the parallel paths are generated independently to the number of ut111zed 

processors. 

To conclude, in respect to the TabZe (V.A.7-t4), note that the 

normal~zation and ~nteger round~ng of the number of accesses to the 

shared data resource would 1ntroduce slight discrepanc~es in the 

results, ~f they were to be ut~l1zed where ~t was necessary. 

The correct results are obta~ned ~f the real processing-to-access 

ratios are used, ~.e., 3 and 11 fZops over 10 and 22 accesses to the 

shared data resource, respect~vely, for each 1mplementat~on cycle. 

t 
In accordance to what was d1scussed ~n (par.-IV.B.3.1) most of 

the performance analyses f1gures can be ver~f1ed by a cross-exam1nation 

of the program and system dependent TabZes, while, generally, 1t 

should be noted that the execut1onal cost of all integer operat1ons, 

1nvolv~ng shared or local var~ables, DO-loop ~ncrements, etc., has 

been cons1dered as 1gnorable. 

t 
NameZy, for the same, in terms of processors utiZization, impZementation 
instances. 
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V.B.l: THE GENERAL NoN-PERIODIC CASE: EXPERIMENTAL RESULTS AND 

PERFORMANCE ANALYSIS ON THE 'NEPTUNE' PROTOTYPE SYSTEM 

In th~s Section we ~nvest~gate the tr~d~agonal equat~on solvers 

in the~r most general forms and obta~n the~r algebraic-complex~ty 

counts. The cycl1c odd-even reduct~on algor~thms we descr1be are 

d~rect general~zat~ons of the prev~ous Section's parallel algor~thms, 

solving non-constant coeffic~ent systems. 

Here~n, we shall exam~ne the case of a tr~d~agonal non-per~od~c 

coeff~c~ent matr~ and exper~ment, for greatest eff~c~ency when 

balanc~ng the comput~ng power ava~lable from the MIMD parallel system 

~n hand, w~th a number of equations taken to be a power of 'two'. 

For a theoret1cal simpl1c~ty, however, we shall assume that 

' L m . n=n -1, where n -2 and m ~s any pos~t~ve integer, and solve the general 

tr~d~agonal set of linear algebra~c equat1ons 

~1 cl xl IYll 

b2 c 0 x2 Yz 2 2 ~ ~ 
~ ~~ ~ I I 

~~~ ~~ 
~~ 

~~~ I I 
(V.B.l:l) ~~~ ~~ 

~~ = I 
~ ~~ ~~~ I 

~" 
~ ~ ~ ........ ...._ I 

~~ ....... a ........ b ~~ 
I c 

0 n-1 n-1 n-1 I 
I 

a b X 
n n n 
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or, 1n matr1x-vector notation 

Ax = X. • (V.B.1:2) 

To exempl1fy the cycl1c odd-even reduct1on process consider the 

follow1ng three adJacent equat1ons from (V.B.l:l), 

a1_lxi-2 + b1-lx1-l + c1_lxi = y1-l 

ai x1-1 + bi x1 + c1 x1+l = y ,(V.B.1:3) 
1 

a X +b X +c X 
1+1 1 1+1 1+1 1+1 1+2 = y1+1 

for L=2,4, ... ,n'-2. 

If the f1rst of these equat1ons 1s multipl1ed by ~ =-a
1
/b 

1
, and 

1 1-

the last by y =-c /b 
1

, and the three equations are added, all 
1 1 1+ 

reference to the var1ables x 
1

,x 
1 

1s el1m1nated, to obta1n 
L- ~+ 

where 
[ 1] 

a. = ~ a 
1 1 1-1 1 
[ 1] 

c = y1c1+l 1 I 
b [1] = b +~ c. 

1
+y a 

1 1 1 l.- ~ 1+1 

[1] 
= y1+~1y1-l+y1y1+1 yi 

) 

(V.B.1:4) 

(V.B.l :5) 

Note that, for the spec1al end equat1ons, the out of bounds x's are 
1 

cons1dered of zero value. 

The equat1ons (V.B.1:4,5) relate every second variable and, 1f 

wr1tten for i=2,4, •.• ,n'-2, aga1n cons1st of a tr1diagonal set of 

equat1ons of the same form as the orig1nal equat1ons (V.B.1:3), but 

. [1] [1] [1] w1th d1fferent coeff1cients, i.e., a. ,b ,c . The number of 
1 ~ 1 1 

equat1ons in (V.B.l:l) has, thus, been roughly halved. 

Obv1ously the above process can be repeated recursively until, 

after Zog2n'-1 levels of reduct1on, only the central equat1on for 
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1=n'/2 rema1ns. Th1s equat1on 1s 

[r J 
yn' /2 (V.B.1:6) 

where, aga1n, the superscr1pt r=log
2
n'-1indicates the level of 

reduct1on. The solut1on for the equation (V.B.1:6) 1s s1mply obtained 

by d1V1S1on, 1.e., 

(V.B.1:7) 

The rema1n1ng unknowns can now be found from a back f1ll1ng in 

procedure. In actual fact, the unknowns at level r-1 can be found 

us1ng the equat1on 

X 
1 

= ( [r-1] [r-1] [r-1] 
1 
/b [r-1] 

yl. -al. xl.-n'/4-ci xi+n'/4 1. ' 

for i=n'/4 and 3n'/4. 

(V.B.1:8) 

Th1s f1ll1ng in procedure 1s repeated until, finally, all the odd 

unknowns are found us1ng the orig1nal equat1ons. 

Therefore, the cyclic reductJ.on procedure J.nvolves the recurs1.ve 

computat1on of new coeff1cients and r1ght-hand s1des, for levels 

£=1,2, ••. ,m-1, from 

[£] [£-1] 

1 
a a a 

1 1 . 2 (£-1) 1-

[£] [£-1] 
c. = yic (£-1) 

I 
1 1+2 

b ~£] b [£-1] [2-1] [£-1] r 
+(l c 

+y 1 a 2 (£-1) 1 1 1 2 (£-1) 
1- 1+ 

(V.B.1 :9) 

[2] 
= 

[£-1] [2-1] [£-1] 

J 
y1 y 1 +CI1Y (£-1) +y 1y (£-1) 

1-2 1+2 
where, 

Cl. = -a ~£-1] /b [£-1] 

) 
1 1 . 2(£-1) 1-

y1 = [£-1] /b [2-1] 
-ci 2 (£-1) 

1+ 

(V.B.1:10) 
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and 
R- R- R-

~=2 (step 2 ) unt~l n'-2 , 

[0] [0] 
w~th the ~it~al values a =a , b =b 

~ ~ l. l. 

[0] 
and c =c . 

~ ~ 

For the solut~on a recurs~ve f~ll~ng ~n process ~s followed, for 

t=m,m-1, ... ,2,1 , from 

where 

X 
~ 

( [2-1] [2-1] [2-1] [R.-1] 
y -a x (R.-l)-c~ x (R--l))/b~ 
~ ~ ~-2 ~+2 

' 2 (R--1) n -

, (V.B.l:ll) 

and x
0 

=xn, =0 when they occur. The routing d~agram for th~s algor~thm 

can be stra~ght-forwardly der~ved from Figure (V.A.6-f3) bear~ng ~ 

mind the non-per~od~c nature of the problem. 

Also, note that, ~n this d~agrammatical routine the ~n~t~al values 

are considered of be~g at reduct~on level one (~nstead of level zero 

as ~mpl~ed ~the prev~ous formulae), wh~ch ~n fact would result ~n 

log2n' deceptive levels of reduct~on, and th~s ~s for conven~ent 

reasons 1n programm~g. 

The algebra~c-complex~ty sum of formulae (V.B.1:9,10), 

cons1der1ng as before a theoret1.cal equivalence 1n the ar1thmet1c, 1.s 

log n'-1 
A 2L 1...!!...1 t 

a [R] = 12 R-=l ~:J , (V.B.l: 12) 

wh~le for the back-subst~tution phase, ~.e. through formula (V.B.l:ll), 

~t ~s approx~matelyt 

Ac[S] 

log
2
n' -1 

_ 1 + s I 
R-=1 

(V.B.l: 13) 

Hence, the total algebra~c-complex~ty of the general ser~al evaluat~on 

tTo take care of the not exactly divisible number of considered equations. 

lThis approximation is due to the non-periodic treatment of the 
special end equations at each reduction level. 
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rout1ng of the cycl~c odd-even reduct~on method ~s approx~mately 

k[R} + Ae[S] 1 + 12 (V.B.1:14) 

On the other hand, as for the symmetr~c constant-d~agonal per~od~c 

case, ~t ~s obv~ously qu~te complex and parallel mach1ne dependent to 

evaluate, on a per parallel path basis, the total algebra~c-complex~ty 

of the parallel var~ant of this method (where no back-substitut~on 

phase occurs) . 

For the part~cular type of the parallel system 1n hand, the total 

algebra~c-complex~ty of the parallel algor~thm using the cyclic odd-

even reduct~on technique, for the same problem as previously, Whose 

diagrammat~cal rout~ng can be stra~ght-forwardly der~ved from Figure 

(V.A.6-f4), on a hypothet~cal p-processor system is approx~mately 

( ~~ll;n~ -l) + (V.B.l:15) 

Th~s approx~mation ~s due to the fact that the prev~ously considered 

t 
number of equations does not ass~st 1n produc~ng symmetr~cal workloads 

for every available processor, each time; ~ fact, this formula 

approx~mates the longest, ~n terms of ar~thmetic operat~ons, parallel 

path, Wh~le ~t should be noted that the number of operat~ons requ~red 

for the spec~al end equat~ons ~s only half the number required for the 

rest. Also, the number of reduction levels, 1n the parallel ~mplementat~on, 

has been 1ncreased by one. 

In terms of the t~me-complexity, cons~der1ng each bas~c operation 

t Bear in mind the particular construction of the parallel programs. 
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requ~r~ng the same execut~onal t~me-step length, we obta~ the 

follow~g theoret~cal Speed-up (~.e., internalaccelerat~on) and 

Eff~c~ency (~.e., utilization of the parallel machine) rat~os of the 

parallel var~ant compared to the ser~al one 

and 

s 
p 

E 
p 

s p(l+ 

= _12. < 
p ' 

p 

log
2
n' -1 

I n) 
t 

R.=l 
~ 1 log

2
n• 

I n 
R.=l 

log
2
n'-l 

p(l+ I n) 

R.=l - 0 (p) t 
log2n• 

I n 
R.=l 

(V.B.l: 16) 

(V.B.1:17) 

Certa~ly, the respect~ve opt~mal values of p and one for the Speed-up 

and Effic~ency factors, as for the symmetric constant-d~agonal 

periodic case, are ach~eved for very large values of n. Aga~n, note 

that, these are not the true performance rat~os, s~nce the parallel 

variant should be compared with the most eff~cient ex~sting sequent~al 

algorithm of Gaussian el~m~ation. 

Let us now proceed w~th the actual experimentat~on of the cycl~c 

odd-even reduction method on the NEPTUNE parallel system, at f~rst 

cons~dering a brief descr~ption of the selected character~st~c programs, 

each mak~g use of a d~fferent parallel strategy. These programs 

are ~eluded in the Appendix C-V under the follow~ng mean~ngful 

names: 

-(i} MB$4t.GAUSSGNP : g~~~~ algor~thm for the General 

Non-Per1od~c case. 
~----------------------
tWhiah are 

*vireotory 

their optimal theoretical values. 

name. 
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-(ii) MB$4t.POEGENNP : ~arallel cycl~c ~dd-Even reduct~on 

algorithm for the Q§~eral Non-

Period~c case. 

-(iii) MB$4t.POEGSGNP : Parallel cycl~c Odd-Even reduct~on 

algor~thm call~g the Qauss 

Subroutine for the General Non-

Per1od1c case. 

-(iv) MB$4t.POERSGNP : Parallel cycl~c Odd-Even reduction 

algorithm call~ng the cycl~c odd-

even Reduct~on Subrout~e for the 

General Non-Periodic case. 

More analyt~cally, program {i), representing the most eff~c~ent 

sequent~al algor~thm exist~g, ~mplements the well known Gauss 

el~m~ation method. As the Re~tive (or normalized) Speed-up (R 
sp 

w~ll be cons~dered the rat~o between the experimental t~me-complexity 

of th~s uniprocessor standard solut~on and the exper~mental t~me-

complexit~es of the cycl~c odd-even reduct~on parallel algorithms 

ach~eved ~n a uniprocessor and parallel ~mplementation. 

Program (ii) performs log2n reduct~on steps in total, wh~le the 

number of created parallel paths, at each reduct~on level, ~s always 

equal to the number of available processors each t~me. 

The structure of programs (iii),(iv)is sim~lar to that of 

program (ii) except that, after a pre-set number of reduct~on steps, 

we continue sequent1ally by apply~g the Gauss el~m~nat1on and the 

cycl1c odd-even reduction techn1ques, respect1vely, to solve the 

resulting subsystems, ~ each of the created parallel paths, simultaneously. 

tDireatory name. 
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In terms of the programm~ng strategy followed, ~ all these 

parallel var~ants, we have declared the follow~g shared arrays: 

EA : 

EB : 

EC : 

RHSE : 

It stores the sub-d~agonal entr~es of the 

coeff~cient matrix. 

It stores the diagonal entr~es of the 

coeff~c~ent matr~. 

It stores the super-d~agonal entr~es of the 

coeff~c~ent matr~. 

It stores the r.h.s. entr~es of the system. 

On the above arrays w~ll be appl~ed the Even stream of the cyclw 

odd-even reduct~on procedure. 

INDEX : It stores the Jfl.I!.~ces of the !!_ven stream of 

the cycl~c odd-even reduct~on procedure. 

OA : It stores a copy of the array EA. 

OB : It stores a copy of the array EB. 

GC : It stores a copy of the array EC. 

RHSO : It stores a copy of the array RHSE. 

On these arrays w~ll be applied the Odd-stream of the cycl~c odd-

even reduct1on procedure. 

INDOX 

WE 

WO 

X 

ITIME 

A 

: 

: 

: 

: 

: 

It stores the lNQ~ces of the Qdd stream of the 

cycl~c odd-even reduct~on procedure. 

It stores the mu~tip~iers for the even stream 

of the cycl~c odd-even reduct~on procedure. 

It stores the mu~tip~iers for the odd stream 

of the cyclic odd-even reduction procedure. 

It stores the so~ution of the system. 

It stores the timing ~format~on. 

It stores the computed return po~nts of the 

cyclic odd-even reduct~on procedure. 
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F1nally, the theoret1cal structural subd1v1s1on of each program, 

1n general, follows that of the symmetr1c constant-dlagonal per1od1c 

case, wh1le the parallel paths are created/term1nated ut1l1z1ng the 

$DOPAR/$PAREND parallel construct. For a better balanc1ng of the 

workload, however, the potential of the parallel system (ln terms of 

the number of util1zed processors) 1s appl1ed on the same computat1onal 

stream (odd or even) each t1me. In addit1on, another part1cular 

d1fference appears in the program call1ng the cycl1c odd-even reduct1on 

subrout1ne, 1n wh1ch we have avo1ded the natural back-subst1tut1on 

phase by perform1ng the parallel process of the ma1n program ser1ally, 

1n each of the created parallel paths, s1multaneously. 

- Exper1mental Results 

The exper1mental results obta1ned on the NEPTUNE parallel system, 

for the prev1ous parallel var1ants of the cycl1c odd-even reduct1on 

algor1thm (and for the standard Gauss1an el1mination) , along w1th the 

values of some other parameters of the DPM estimated stat1cally, are 

presented 1n Table (V.B.l-tl). 

Although the intent1on of the experimentat1on was the exploitat1on 

of the parallel machine and the method 1tself, however, the natural 

programm1ng length and complex1ty of the implementat1ons (the 

general1ty of the problem 1mposed the plethora of used arrays) forced 

us, on the one hand, 1nto the solution of strictly d1agonally 

t dominant systems w1th the max1mum allowed coeff1c1ent matr1x size 

of (256x256J wh1le, on the other hand, to subd1v1de the actual programs 

into smaller, appropriately 1nterrelated, subrout1nes. Certa1nly, 

tBy the parallel machine. 



MS 64 X 64 

THE GRANULARITY FACTOR IN TERMS OF THE SIZE OF THE FINAL SEQUENTIALLY SOLVED SUBSYSTEMS 

The resultmg subsystems each tJ.me are sequentJ.ally solved by the corresponding subroutrnes 

[POEGSGNP] : Gauss ElJ.minatJ.on Subroutme [POERSGNP]: Odd-Even ReductJ.on SubroutJ.ne 

NSTEP GF NPROCS Te(e) c s Rs E F .T(e) Te(e) c s Rs E F .T(e) 

I (secs) 
p p p p p s (secs) p p p p p s 

l'l 1.970 1.970 1 0.183 1 1 2.440 2.440 1 0.148 1 1 

3 
MS 

l'l' 1 1.130 2.260 1. 743 0.319 0.872 1.520 1.370 2. 740 1.781 0.263 0.891 1.586 

? 1'),1,2 0.900 2.700 2.189 0.400 0. 730 1.597 1.130 3.390 2.159 0.319 0. 720 1.554 

l'l 1 2,3 0.680 2. 720 2.897 0.529 0.724 2.098 0.800 3.200 3.050 0.450 o. 763 2.326 

l'l 2.430 2.430 1 0.148 1 1 2.880 2.880 1 0.125 1 1 

4 
MS l'l' 1 1.380 2.760 1.761 0.261 0.880 1.550 1.610 3.220 1. 789 0.224 0.894 1.600 

24 1'),1,2 1.030 3.090 2.359 0.350 0.786 1.855 1.190 3.570 2.420 0.303 0.807 1.952 
1'),1,2,3 0.840 3.360 2.893 0.429 I o. 723 2.092 0.960 3.840 3.000 0.375 o. 750 2.250 

l'l 2.800 2.800 1 0.129 1 1 3.440 3.440 1 0.105 1 1 
M 

l'l' 1 1.600 3.200 1. 750 0.225 0.875 1.531 1.940 3.880 1. 773 0.186 0.887 1.572 s 5 
25 1'),1,2 1.200 3.600 2.333 0.300 0. 778 1.815 1.430 4.290 2.406 0.252 0.802 1.929 

o\_1_?_1 0.980 3.920 2.857 0.367 I o 714 2.041 l_ 110 4 440 ~ OQQ I o.1?4 ; o_77S 2 4n1 

[GAUSSGNP] 
T e(e) l'l 0.360 

(secs) 
Ms 

[POEGENNP] : THE CYCLIC ODD-EVEN REDUCTION TECHNIQUE IS APPLIED UNTIL T (2X2) SUBSYSTEMS ARE OBTAINED 

l'l 2.800 2.800 1 0.129 1 1 

(m-1) 
MS 

l'l,l 1.620 3.240 1. 728 0.222 0.864 1.494 

2 
(m-1) 

1'),1,2 1.200 3.600 2.333 0.300 o. 778 1.815 
_Q\.1 ? ~ ln.9Rn ~ Q?n ? R57 0.367 0.714 ?.041 

Table V.B.l-tl: ExperJ.mental Results and Performance Measurements, for the General Non-PerJ.odJ.c case, of Parallel VarJ.ants of 
the CyclJ.c Odd-Even Reduction Method on the 'NEPTUNE' Prototype System, for GranularJ.ty Factors of VarJ.ous SJ.zes. 



MS 128 X 128 

THE GRANULARITY FACTOR IN TERMS OF THE SIZE OF THE FINAL SEQUENTIALLY SOLVED SUBSYSTEMS 

The resulting subsystems each t1me are sequent1ally solved by the corresponding subroutines 

[POEGSGNP] : Gauss El1m1nat1on SubroutJ.ne [POERSGNP]: Odd-Even Reduct1on Subrout1ne 
NSTEP GF NPROCS 

T,/eJ Rs F .T(e) Tc (e) Rs F .T(e) c s E c s E 
(secs) p p p p p s (secs) p p p p p s 

r6 4.010 4.010 1 0.180 1 1 4.970 4.970 1 0.145 1 1 

MS f<l, 1 2.170 4.340 1.848 0.332 0.924 1. 707 2.670 5.340 1.861 0.270 0.931 1.732 
3 7 (6,1,2 1.710 .5.130 2.345 0.421 0.782 1.833 2.140 6.420 2.322 0.336 o. 774 1. 798 

0.1 2 3 l . 21 o 4.R4o 3 .314 o.S<lS o.R2<l 2.746 1 .460 S.R40 3.404 o.4<l1 lo.RS1 ?.R<l7 

r6 5.030 5.030 1 0.143 1 1 5.950 5.950 1 0.121 1 1 

MS (6, 1 2. 730 5.460 1.842 0.264 0.921 1.697 3.180 6.360 1.871 0.226 0.936 1. 750 
4 

24 \<J,1,2 1.970 5.910 2.553 0.365 0.851 2.173 2.340 7.020 2.543 0.308 0.848 2.155 
(6,1,2,3 1.510 6.040 3.331 0.477 0.833 2.774 1.760 7.040 3.381 0.409 0.845 2.857 

0 5.940 5.490 1 0.121 1 1 6.830 6.830 1 0.105 1 1 

5 
MS (6, 1 3.230 6.460 1.839 0.223 0.920 1.691 3.690 7.380 1.851 0.195 0.925 1. 713 
25 (6,1,2 2.320 6.960 2.560 0.310 0.853 2.185 2.660 7.980 2.568 0.271 0.856 2.198 

(6,1,2,3 1.810 7.240 3.282 0.398 0.820 2.693 2.020 8.080 3.381 0.356 0.845 2 858 

[GAUSSGNP] 

Tc(e) r6 o. 720 
(secs) 

[POEGENNP]: THE CYCLIC ODD-EVEN REDUCTION TECHNIQUE IS 
'"'s 

APPLIED UNTIL :2 (2x2) SUBSYSTEMS ARE OBTAINED 

r6 6. 700 6. 700 1 0.107 1 1 

(m-1) 
MS )1,1 3.620 7.240 1.851 0.199 0.925 1. 713 

(m-1) 
2 (6,1,2 2.650 7.950 2.528 0.272 0.843 2.131 

ol.l 2 3 ? .020 _B .080 3.317 0.356 0.829 2.750 
Table V.B.l-tl (cont.d): Experl.ffiental Results and Performance Measurements, for the General Non-Per1od1c Case, of Parallel 

variants of the eycl1c Odd-Even Method on the 'NEPTUNE'Prototype System, for Granular1ty Factors of 
Var1.ous S1.zes. 



MS 256 X 256 

THE GRANULARITY FACTOR IN TERMS OF THE SIZE OF THE FINAL SEQUENTIALLY SOLVED SUBSYSTEMS 

The result1ng subsystems each t1me are sequent1ally solved by the corresponding subrou tmes 

NSTE! G NPROCS 
!POEGSGNPl : Gauss Elim~nat1on Subrout-ine [POERSGNP] : Odd-Even Reduct1on Subroutme 

F Ta(e) R (e) Ta(e) R (e) 

(secs) 
cp sp sp Ep Fp.Ts 

I ~Pr~l 
cp sp sp Ep Fp.Ts 

0 8.080 8.080 1 0.179 1 1 9.970 9.970 1 0.145 1 1 
MS 0,1 4.230 8.460 1.910 0.343 0.955 1.824 5.170 10.340 1.928 0.280 0.964 1.859 3 ? 0,1,2 3.180 9.540 2.541 0.456 0.847 2.152 4.120 12.360 2.420 0.352 0.807 1.952 

11!,1,2,3 2.250 9.000 3.591 0.644 n~RqR < ??4 ?.7~n ilLnnn 3.625 0.527 o.9o6 }.?Rfi 

0 10.220 10.220 1 0.142 1 1 12.050 12.050 1 0.120 1 1 

MS 0,1 5.380 10.760 1.900 0.270 0.950 1.804 6.290 12.580 1.916 0.231 0.958 1.835 
4 

24 I)S,l,2 3.770 11.310 2.711 0.385 0.904 2.450 4.460 13.380 2.702 0.325 0.901 2.433 
(ll 1 2 3 2.890 111.560 3._5_16 _0_.502 n.RR4 < ~ l ?fi 3.350 13.400 3.597 0.433 0.899 3.235 

ID 12.270 12.270 1 0.118 1 1 14.080 14.080 1 0.103 1 1 

5 
MS ID, 1 6.450 12.900 1.902 0.225 0.951 1.809 7.350 14.700 1.916 0.197 0.958 1.835 
25 ID,l,2 4.520 13.560 2. 715 0.321 0.905 2.456 5.200 15.600 2.708 0.279 0.903 2.444 

I)S,l,2,3 3.480 13.920 3.526 0.417 0.881 3.108 3.910 11 ~ fi4n < finl In <71 0.900 1 ?A? 

[GAUSSGNP) 
Ta(e) 0 1.450 

(secs) 

···, [POEGENNP) : THE CYCLIC ODD-EVEN REDUCTION TECHNIQUE IS APPLIED UNTIL : (2x2) SUBSYSTEMS ARE OBTAINED 

ID 15.600 15.600 1 0.093 1 1 

MS lt>,l 8.200 16.400 1.902 0.177 0.951 1.810 
(m-1) 

(m-1) ID,l,2 5.680 17.040 2. 746 0.255 0.915 2.514 
2 I)S,l 2,3 4.450 17.f!OO 3.506 0 326 0 876 3.072 

Table V.B.l-tl (aont.d): Exper1mental Results and Performance Measurements, for the General Non-Per1od1c Case, of Parallel 
Var1ants of the Cycl1c Odd-even Reduct1on Method on the 'NEPTUNE' Prototype System, for Granular1ty 
Factors of Var~ous s~zes. 
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the fact of involv1ng so many subrout1nes has contributed the 

unavo1dable and superfluous overhead to 'call' them. 

An advantage, due to the suff1cient d1agonal dominance cond1tion 

sought from the tr1d1agonal system, 1s that the cycl1c reduct1on 

t 
algor1thm may be stopped before completion w1thout loss of accuracy. 

Let us def1ne the d1agonal dom1nance of the or1g1nal system of equat1ons 

(V.B.1:1) as o, the m1n1mum over all the equations of the rat1os 

lb I! la I and lb l!lc I. We can then cons1der the solut1on of the 
l. l. l. l. 

s1mpler set of constant coeff1cient equat1ons: 

ax 
1 

+ bx + ax. 
1 

= y, J.=l,2, ... ,n, 
].- l. J.+ l. 

(V.B.1:18) 

w1th lb/al=o. Th1s, 1n fact, 1s equally or less d1agonally dom1nant 

than the or1g1nal. Consequently, 1f the system (V.B.1:18) can be 

solved to a certain approx1mat1on, then the or1g1nal set of equat1ons 

will be solved more accurately. The cycl1c reduct1on recurrences 

1n (V.B.1:9) for th1s case become 

(V.B.1: 19) 

(V.B.1 :20) 

- , [0] [0] [R,] [R.] 
for R.-1,2, ..• ,Zog2n -1, where a =a, b =b, c =a and the 

subscr1pt 'i' has been dropped because the coeff1c1ents are the same 

for all equat1ons. The recurrence relat1on for the d1agonal dom1nance, 

obta1ned d1v1d1ng equat1on (V.B.1:20) by equat1on (V.B.1:19), 1s 

o[tl lb[t1 l!la[tll 

= I <a[R.-11 >2-21, (V.B.1 :21) 

for R.=1,2, ••• ,Zog
2
n'-1, where 0 [0]=0 • 

Hence, 1.f the in1t1.al d1agonal dom~ance 0>2, the d1.agonal dom~ance 

tThe reduotion prooess. 
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WLll grow quadraticaZ~at least as fast as equation (V.B.1:21), 

and 
[R.l zR. 

0 ~ 0 ' for o>>2 • (V.B.l :22) 

Some conclusLons that can apparently be drawn from the exaiDLnatLon 

of the TabZe wLth the experLmental results are that, Ln terms of the 

internaZacceleration and machine utilization parameters, all programs 

exhLbLt results whLch Lmprove analogously to the system size 

experLmented wLth. 

Desp~te the fact that the computer's hardware restrict1ons were 

too severe to not allow our method to be tested for very-very large 

system sizes, the performance characteristics obtained from our 

experLments were encouragLng, following a sLmilar pattern as that for 

the symmetric constant-diagonal perLodLc case. 

All performance measurements, Ln the sake of parallelism, are dLrectly 

dependent and, Ln general, although Lt LS not quite obvioust due to 

the imposed experimentatLon wLth small sLze systems, deterLorate 

analogously WLth the granularLty factor's decrement; since the nature 

of the method Ltself assists in a perfect balancing between the 

problem's computational load and the number of utLlized processors 

only and only if a power of 'two' combinatLons of the latter LS used, 

thLs fact JUStLfLes the alteratLon of the performance pattern Ln the 

case that three processors are cooperatLnq. 

In terms of the real Cost of each parallel variant, it, normally, 

Lncreases along wLth the Lncrease of the number of utLlized processors. 

~~th respect to the deterrn~nat~on of the 'best' ~mplementat~on and 

the optLmal granularity factor, a comparison of the experLmental results 

tFrom some of the parametric figures. 
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obtained from all parallel var~ants proves that the most eff~c~ent ~s 

the implementat~on calling the Gauss subroutine at the largest, in 

terms of the Gp parameter, reduct~on level experimented with. 

Finally, from the aspect of the Relative or normalized Speed-up 

(R5 ) resultst, achieved when the implementations calling the 
p 

sequent~al subrout~es are compared with the implementation of 

Gaussian elimination*, the improvement in values obta~ed as the system 

s~ze ~ncreases proves the s~~lar potent~al of the method, as that for 

the symmetric constant-diagonal period~c case, and the necess~ty for 

exper~entat~on w~th very-very large systems (~.e., of s~ze at least 

4 
10 ) • 

The parallel behaviour of all these versions of the cyclic odd-

even reduction method, for that matr~ size for wh~ch the performance 

analyses are carr~ed out, ~s diagrammatically dep~cted ~ the Figures 

below. 

In particular, Figures (V.B.l-fl,f2) correspond~gly exh~~t the 

experimental Time-complex~t~es and the respective Speed-ups achieved 

on the NEPTUNE prototype system, wh~le Figures (V.B.l-f3,f4) d~splay 

the Eff~ciencies obta~ed and the occurr~g real Costs. All these 

d~agrammat~c representat~ons refer only to the opt~mal results ach~eved 

in accordance w~th the potential of the hardware ~n hand. 

Note that, the local parameters, for the DPM, util~zed for the 

general non-periodic case, stand exactly as they were ~troduced ~ 

Table (V.A.?-t3). As for the symmetric constant-d~agonal period~c case, 

tNote that, the respective concepts of the Relative or normalized 
Efficiency and the Reference internal Efficiency (where it applies) 
mzy be introduced as E l=R5 /p, E f=R

5 
/p. 

r p r P 

*It is widely accepted as the most efficient serial method. 
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... 

Legend 
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Figure V. B. 1-fl : The Time -complexity of Parallel Variants of 
the Cyclic Odd-Even Reduction Method for 
the General Non-Periodic Case . 
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Legend 
6 POE~SG~P[N~EP~ 

0 POERSGNP[NSTEP=3] 
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04-----------~------------~-----------.-----------, 

0 1 2 3 

Number of Processors 

Figure V. B. l -f2: The Speed-ups achieved by Parallel variants of 
the Cyclic Odd- Even Reduction Method for the 
General Non-Periodic Case . 
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Figure V. B. l - f 3: The Efficiency achieved by Parallel Variants of 
the Cyclic Odd- Even Reduction Method for 
t h e Gene r a l Non- Per iodic Case . 
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Figure V.B. l-f4 : The ReaZ Cost of Parallel Variants of 
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however, an appropr~ate consideration must be given to the defin~t~on 
(t) 

of the Acln and Tcln parameters for the analyzed solution parts of 

each implementat~on. 

- Performance Analys~s 

The program and system dependent performance analyses, of the 

parallel var~ants of the cycl~c odd-even reduction method introduced 

here~n, are correspond~gly g~ven in Tables (V.B.l-t2,t3). In the sake 

of accuracy, a 'ce~l~ng' funct~on should be applied on some of the 

figures ~n the former Table, when a mod/0 ~vis~on occurs. 

In terms of the unavo~dable and superfluous overhead of call~g 

every time the var1ous subroutines 1n each program, extens1ve 

exper~entat~on made poss~le the est~mat~on of th~s considerable 

overhead as -216~s (per call); however, note that, this value reflects 

the part~cular exper~mental case ~ hand, since the overhead analogously 

~creases w~th the number of arguments ~nvolved ~ the subrout~ne call. 

On the other hand, we should also recall the observat~on made 

in the prev~ous Section about the overhead to call and set the F$RITP 

subroutine, wh~ch can be cons~dered as an add~t~onal real-t~me flop 

in casest s~m~lar to these appearing ~ the present ChapteP. Th~s ~s 

quite ~mportant ~ order to just~fy any d~screpanc~es occurring 

between the theoret~cal and exper~mental results given. 

W~th respect to the loss due to the access~ng of the shared data 

resource, sim1lar 1nd1cat1ons as before were obtaLned about the 

ex~stence of that opt~mization mechanism, wh~ch takes care of the 

multiple accesses and transfers to, and from the same shared structures. 

t Namely, when a very 'pooP' pPocessing-to-shaPed module access nztio 
OCCUPS. 



MS PROCESSORS(p) SHARED DATA 
T (tJ Tc(t) 

I(~ PH GF kln cln I cl k 
rp(p) ILor.r ;, JtJ 

Nt s p p R 
p a(s) st(s) 

Program (secs) (secs) 

128 
3 p. 739 

1 p~n O(p) 15 flops 0.0058 -- 1. 9 2 x1o flops 1 3 2:1 flop 0.471% 
MS p p p 

[POEGSGNP] 1--
23 ~ "~~~~ 

3 4 Gauss - 1 1 - -5 N2 0(p) - - -
p El1mrna t1.on 

128 
3 p. 739 

1 0(p) 15 flops 0.0058 1.92xlO flops 1 3 2:1 flop 0.4 71% 
MS 

p~n -- p p p 
[POERSGNP] r-

23 3 4 
Serial 

5 p~2 0(p) - - - Odd-Even - 1 1 - -p Reduction 

128 
3 p. 739 

1 p~n 0(p) 15 flops 0.0058 1.92xlo flops 1 ,,, 2:1 flop 0.471% --
p "2 

MS p p 
[POEGENNP] . uog2n-1) 

0.96xlo
3 
flops (log

2
n-l) 64 p.370 

5 O(p) 15 flops 0.0058 - 1 1 1:1 flop 0.209% 
p~2 p p p 

Table V.B.l-t2: Program Dependent Performance Analyses, for the General Non-Per1od1c Case, of Parallel Variants 
of the Cycl1c Odd-Even Reduct1on Method. 

·-I·• .. 

•• 
- ,. •• 

"' 



• • • 

4 
PARALLEL PATH LIMITS TO PERFORMANCE 

IitJ 
(t) 

8d(rJ 8d(r) 8h(r) 
t wst 

Ra( I I) 0 st(/ IJ (secs) 

I 3 
616 l 1.92Xl0 fl -0.5% : ops 0.162p% m =212 m =170 m ~ 0.025 

' 
p p p p p 

- - - - - - -

3 616 
1 1.92xl0 fl O.l62p% m =212 mp=l70 -0.4% 0.025 : ops m ---

' 
p p p p 

- - - - - - -

3 
616 l 1.92Xl0 fl O.l62p% m =212 m =170 0.058 : ops m ~ _, p p p p p 

3 -0.6% 

1 : o.96xlo flops 308 0.325p% m =478 m =382 m~ O.oo6 
p p p p p 

Table V.B.l-t2 (cont.d): Program Dependent Performance Analyses, for the General 
Non-Per1od1c Case, of Parallel Var1ants of the Cycl1c 
Odd-Even Reduct1on Method. 



MS T{e) PARALLEL PATH T{e) PARALLEL T(e) SHARED 
s 

C s~cs l CONTROL lcs~csl DATA s p 1 c ld{e) (256X256) (secs) 
t tb (e) o(e) (e) (e) 

l.=l y i oy t 0st(IIJ !XPFCLN] 0 tUIIJ !XPFCLS] 0 tUsJ Program !XPFCL] !1\,1 !1\,1,2 !1\,1,2,3 (secs) (secs) on (I I J 

[POEGSGNP] 8.080 1.91( 2.541 3.591 71 -10,800 -8.6% -686 0.48% 0.55% 8.055 0.31% 8.010 0.56% 

[POERSGNP] 9.970 1.928 2.420 3.625 80 -10,800 -7.9% -686 0.39% 0.50% 9.951 0.19% 9.910 0.41% 

[POEGENNP] 15.600 1.902 2.746 3 .5o6 180 -10,800 i0.9% -686 0.46% 0.69% 15.550 0.32% 15.430 o. 77% 

Table V.B.l-t3: System Dependent Performance Analyses, for the General Non-Perl.odl.c Case, of Parallel Varl.ants of the 
Cycl1c Odd-Even Reductl.on Method. 

wdo 
(,.,,..,) 

o. 767 

0.864 

1.944 
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The conclus1ons der1ved from the numer1cal exper1mentat1on can be, 

also, ver~fied from the general~zed performance analyses 1ntroduced in 

Tables (V.B.l-t2,t3), which ~n turn reveal d~fferent ~mplementing 

strateg~es ~n terms of using the ava~lable process~ng potential. 

Unpred1ctable dynam1c (1nternal and external) factors, however, 

d1rectly affect1ng the behavioural status of the NEPTUNE testbed, 

have caused some, deceptive though, decl1nations from the generally 

drawn pattern of conclusions. 

In part1cular for the programs call1ng the sequent1al subroutines 

to perform the solut1on part, the observat1ons made for the symmetr1c 

constant-d1agonal periodic case are reversed 1n favour of the program 

call1ng the Gauss subrout1ne; th1s 1s due to the alterat~on 1n the 

sequent1al procedure, in the cycl1c odd-even reduction subrout1ne, 

wh1ch results in higher execut1onal costs. 

In add1t1on, the very low rates of accesses, due to the extensive 

seguent1al parts of the 1nvolved subrout1nes, resulted 1n unmeasurable 

shared memory and parallel path schedul~ng losses, for the corresponding 

solut1on parts and therefore the1r performance analys1s has been 

om1tted. 

Furthermore, for every 1mplementat1on, a considerable amount of 

the performance degradation, bes1des that result1ng from the shared 

resources' demands, 1s contrlbuted by the unavo1dable sequent1al 

parts perform1ng the interchanging of the modified elements and the 

shuffling and copying of the used 1nd1ces 1n the appropr~ate arrays. 

Consequently, s1m1larly as before, the balance between the 

number of parallel paths and the1r algebra1c-complex1ty and the 

number of sequent1al paths and the1r algebra1c-complexity determines 
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the max~mum parallel performance obtainable. 

The complementary informat~on to that given ~n Appendix C-II/ 

par.-II.B.3.1) is as ~t was presented ~n (par.-IV.B.3.1), W~th respect 

to the ~format~on obta~ed from the shared array ITIME when test~ng 

the parallel var~ants of the cyclic odd-even reduction method, many 

exper1mental runs were carried out always considerLng the average 

f~gures accord~ngly. This essent~al ~nformat~on for the est~mat~on 

of the~r exper~ment dependent performance analys~s parameters, ~ the 

case of a max~mum ut~l~zat~on of the NEPTUNE prototype and in the 

corresponding ~mplementat~on sequence as it appears ~n Tables 

(V.B.l-t2,t3), was as follows: 

i) The smallest run-t~mes 
(e) 

T to be ut~l~zed ~n formula 
p 

(IV.B.3.1:25) were (~n secs.) 2.250, 2.740, 4.440; 

ii) the total numbers of wa~t cycles to be util~zed ~n formula 

(IV.B.3.1:27) were 71, So, 180, wh~ch ~mpl~ed average numbers 

of wa~t cycles per processor of ·18, 20, 45, respect~vely; 

iii) the average experimental t~mings of all cooperat~ng processors 

were (in secs.) 2.250, ~2.748, 4.445; and, 

iv) the numbers of parallel paths run by each processor, 

cons~der~ng the average of all cooperat~ng processors but 

P
0

, were 9,9,17. 

The times the system was not used product~vely (W), be~g 

est~mated through the formula (IV.B.3.1:22) by using the average 

exper~mental t~m~ngs ~n iii), were (~n secs.) 0.920, -1.022, 2.180; 

aga~n, the sum of the wasted t~mes stat~cally and dynam~cally (see 

performance analys~s Tables) can g~ve us a good approximat~on to these 

total wasted times. 
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It should be noted that most of the performance analyses f~gures 

can be ver~f~ed by an appropr~ate exam~at~on of the program and 

system dependent Tables, while tak~ng ~to account that the execut~onal 

cost of all ~teger operations, ~nvolv~ng shared or local variables, 

DD-loop ~ncrements, etc., has been cons~dered as ignorable. 

Furthermore, to obtain the accurate results presented in Table 

(V.B.l-t2) the real process~ng-to-access rat~os should be used, ~.e., 

t 
15 flops over 36 and 16 correspond~gly accesses to the shared data 

resource, for each ~mplementat~on cycle. This is due to the fact that 

the normal~zat~on and integer rounding of the numbers of accesses to 

the shared data resource would, otherw~se, ~traduce sl~ght 

d1screpanc1es 1n the results. 

In conclus~on, the ut~lizat~on of the parallel constructs for 

each set of odd and even l~nes ~mpl1es that the parametr1c f~gures 

per parallel path, g~ven ~n Table (V.B.l-t2), should be doubled. 

tFor the 'fifth' phase of the [POEGENNP} prog~m. 



[Ch. V!Sec.. B 618] 

V. B. 2: THE GENERAL PERIODIC CASE: ExPERIMENTAL RESULTS AND 

PERFORMANCE ANALYSIS ON THE 'NEPTUNE' PROTOTYPE SYSTEM 

We shall cont1nue our invest1gat1on on the solution of non

constant coeff1c1ent systems, using the generalized form of the cyclic 

odd-even reduction solver, to fully explo1t the case of a tr1d1agonal 

period1c coeff1c1ent matr1x. 

As we 1mpl1ed 1n (par.-V.B.l), although the cyclw odd-even 

reduct1on method is generally classif1ed as a direct method, under 

spec1al cond1t1ons 1t behaves 11ke an iterative method. 

The values of 1ntermed1ate quant1t1es converge to f1nal values and may 

reach the f1nal values to w1th1n mach1ne accuracy well before the full 

number of 'iterat1ons• has been performed. The convergence can be 

tested, and the algorithm can be term1nated early when full mach1ne 

accuracy 1s atta1ned. 

Therefore, the cyclic odd-even reduct1on method can be, l1terally, 

cons1dered as a semi-direct method (or perhaps, should be called a 

semi-iterative method). 

For an algorithm to be convergent, some dom1nance cond1t1ons must 

hold for the tr1diagonal system of equat1ons. Most often 1t 1s 

conven1ent to assume the system 1s diagonally dom1nant. 

For our purpose, and under the severe computer's hardware lim1tat1ons, 

we have assumed a str1ct form of dominance 1n the systems exper1mented 

W1th, while, aga1n for greatest efficiency when balancing the comput1ng 

power available from the MIMD parallel prototype 1n hand, the number 

of equat1ons was, always, taken to be a power of 'two'. 

We w1sh to solve a general tr1d1agonal set of l1near algebra1c 

equat1ons, s1m1lar to that g1ven 1n (V.B.1:1) but, with the coeff1c1ent 
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matr~ A now hav~g the per~odic form 

bl cl 
a

1 l 
a2 b2 c;c., 0 -- ' ' ' ' ' ' ' ' ' ' ' ' ' A = 

' ' ' ' ' ' ' ' ""b ..... .. c '"a 
n-1 

Lcn 

0 n-1 n-1 

a b 
n n 

(V.B.2:1) 

S~nce the theoret~cal analysis of the cyclic reduct~on techn~que, 

t 
introduced~ (paP.-V.B.l), ~nd~rectly covers the general per~od~c case , 

we shall describe the parallel cyclic odd-even reduction process, for 

th~s particular case, through the following numer~cal example (for n=S): 

4 1 ~ xl 7 

1 4 2 x2 7 

1 3 1 0 x3 5 

2 5 2 x4 9 
(V.B.2:2) = 

1 3 1 x5 5 

0 2 6 3 x6 11 

1 4 2 x7 7 
1 

2 4 x8 7 

Note, the str~ct form of d~agonal dom~nance hold~ng and that, for t~dy 

purposes, the solut~on sought has been pre-arranged to be 
T 
~ =(1,1, ... ,1). 

(i) - The Even Computat~onal Stream a 's y 's 
~ ~ 

4 1 21 xl ~l 
-1/4 -1/4 

1 4 2 x2 

1 3 1 0 x3 5 

2 5 2 x4 9 
= (V.B.2:3) 1 3 1 x5 5 

0 
2 6 3 j x6 11 

1 4 x7 l ~J 1 2 x8 

We just 
special 

need to take into account the pePiodic 
end equations at each PedUction level. 

tPeatment of the 



[Ch. V/Sec. B 620) 

1st Reduction LeveZ 
a 's y 's 

l. i 
37/12 -2/3 0 -1/21 

l,x;l r2 3/11 8/37x 3/37 

-2/3 11/3 -2/3 0 

f> 
7/3 

0 -2/3 55/12 -3/2J 29/12 6/55 8/55 

-1/4 0 -1/2 5/2 x8 7/4 J 
(V.B.2:4) 

13/4 -1/2 0 -1 x1 I 7/4 '"Xu" -1/4 21/10 -2/5 0 x3 29/20 

= 
0 -2/5 34/15 -1/2 xs 41/30 5/34 3/17 

-1/2 0 -1/3 5/2 x7 S/3J 
(V.B.2:5) 

2nd Reduction LeveZ a.'s 
l. 

6971 664 l·j 6307l 
258 

2035 2035 2035 6971 

lx8 

= (V.B.2:6) 
258 4672 4414J 

2035 2035 2035 

440 "] [:J 
I,, J 3 

221 442 442 44 
= (V.B.2: ?) 

30 2009 ~889 
221 884 884 

["' "] l::l [ ·:: 1 179 
330 330 1922 

= (V.B.2:8) 
179 2747 214 
660 660 55 

~'" "] l·j I';~] 
31 

105 315 628 

lxs 

(V.B.2:9) 
31 223 

l 83 
210 105 42 



3rd Reduction Level 

2 .28374695x
8 

= 2.28374695 ._ x
8

=1 

2.26136364x
7 

= 2.26136364 ._ x
7

=1 

4 .14151925x
6 

= 4.14151925 ._ x
6

=1 

2.11252654x5 = 2.11252654 - x5=1 

(ii) - The Odd Computational Stream 

4 1 

1 4 2 

1 3 1 0 

2 5 2 9 

1 3 1 5 

0 2 6 3 11 

1 4 2 7 

1 2 4 7 

let Reduction Level 

13/4 -1/2 0 -1 l X 1 

-1/4 

0 

21/10 -2/5 

-2/5 34/15 

0 

-1/2 

5/2J 

29/20 

41/301 

-1/2 0 -1/3 

37/12 -2/3 0 

-2/3 11/3 -2/3 

0 -2/3 55/12 

-1/4 0 -1/2 

-1/2] 

0 

-3/2 

5/2 

5/3 J 
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a.'s 
~ 

-1/4 -1/4 

-1/5 

-1/6 

-1/2 

(V.B.2:10) 

(V.B.2:11) 

(V.B. 2: 12) 

(V.B.2:13) 

(V.B.2:14) 

ex 's 
~ 

y. 's 
~ 

4/21 5/21 X (V.B.2:15) 

2/5 1/5 

2/11><2/11 
(V.B.2:16) 

1/5 3/5 



2nd RedUction Level 

314 
105 

31 
210 

[

2§.!_ 
330 

179 
660 

440 
221 

30 
221 

6971 
2035 

258 
2035 

7~ 315 

223 
1051 

7~ 330 

2747 
660 

73 
442 

2009 
88 

664 
2035 

4672 
2035 

3rd RedUction Level 

2.97458894x
1 

= 2.97458894 

2.89770659x2 2.89770659 

1.98108512x3 1.98108512 

= 

807 
442 

1889 
884 

63071 2035 

4414 
035 

X =1 
1 

X =l 
2 

X =1 
3 

3 .40753425x
4 

= 3.40753425 <=> x
4
=l 

y 's 
~ 

72 
669 

146 
2747 

146 
2009 

664 
4672 
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(V.B.2:17) 

(V.B.2: 18) 

(V.B.2:19) 

(V.B.2:20) 

(V.B.2:21) 

(V. B. 2: 22) 

(V.B.2:23) 

(V.B.2:24) 

Note that, the systems (V.B.2:5), (V.B.2:8,9) and (V.B.2:16), (V.B.2:19,20) 

have been, respect~vely, der~ved through the complementary, at each 

reduct~on level, computat~onal stream. 

The routing d~agrams for both, ser~al and parallel ~mplementat~ons 

can be eas~ly deduced from Figures (V.A.6-f3,f4), respectively. 
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The recursive computational formulae (for the reduction and back 

fillLng in parts), as well as the correspondLng algebraic-complex~ty 

formulae, taking into account the remark made about the start~ng 

level of the init~al values, remaLn as were introduced in (par.-V.B.l). 

For the former recursive formulae, however, when any of the subscripts 

takes a value ly~ng outside the def1ned range l~i~n, then as its correct 

value 1s cons1dered to be the boundary value of the correspondLng 

system each t1me, according to the periodic1ty of the problem. In 

particular, for the last reduct1on level, 1.e. t=Zog2n'-1, where we 

have only one equat1on, the out of bounds x.'s are taken to be of zero 
1 

value. In the actual programm1ng, however, the cycl1c odd-even 

procedure for the last reduction level is apparently more costly than 

the d1rect solut1on of the (2x2) resulting subsystems. On the other 

hand, in respect of the algebra1c-complex1ty formulae, some of the 

approx1mating relations (due to the non-per1odic treatment of the 

spec1al end equat1ons) in the present case should be altered to 

equal1t1es. 

From the actual experimentat1on aspect, the selected character1st1c 

programs, for the general per1od1c case, are Lncluded in the Appendix 

C-V under the follow1ng mean1ngful names: 

- (i) MB$4.tGAUSSGP : g~g§~ algor1thm for the General 

fer1odic case. 

- (ii) MB$4.tPOEGENP : £arallel cyclic Qdd-~en 

reduct1on algorithm for the 

gg~eral Periodic case. 

t . 
D~reato~ name. 



[Ch. V/See. B 624] 

- (iii) MB$4. tPOEGSGP : ~arallel cyclic ~dd-fven 

reductLon algorithm callLng the 

Gauss Subroutine for the General 

PerLodLc case. 

- (ivJ MB$4.tPOERSGP : Parallel cyclLc Odd-Even 

reductLon algorithm callLng the 

odd-even Reduction Subroutine for 

the General PerLodic case. 

The general structure of the above programs, the parallel 

strategLes followed, the parallel constructs and even the shared 

arrays utilLzed, are correspondingly sLmilar to those of the programs 

Lntroduced Ln (par.-V.B.l). 

Furthermore, Ln partLcular for the observations made thereLn about the 

better balancLng of the workload and the sequentLal executLon, Ln the 

cyclic odd-even reduction subroutine, of the parallel process of the 

maLn program, stLll apply to the present perLodLc case. 

- ExperLmental Results 

The experimental results obtained on the NEPTUNE parallel system, 

for the parallel varLants of the cyclLc odd-even reductLon algorLthm 

(and for the standard GaussLan eliminatLon) Lntroduced hereLn, along 

WLth the values of some other parameters of the DPM estLmated 

statLcally, are presented Ln Tab~e (V.B.2-t1). 

For the same reasons, as for the general non-period~c case, the 

maxLmum coefficient matrix size allowed by the parallel machLne to 

experLment w1th was of (256x256). 

The Lnvolvement of so many Lnterrelated subrout1nes in each 

tD. ~rectory name. 



MS 64 X 64 

THE GRANULARITY FACTOR IN TERMS OF THE SIZE OF THE FINAL SEQUENTIALLY SOLVED SUBSYSTEMS 

The resulting subsystems each t~me are sequent~ally solved by the correspond~ng subrout~nes 

~STEP GF NPROCS 
[POEGSGP) : Gauss Elimination Subroutine IPOERSGP : Odd-Even Reduction Subroutin 

F .T{e) Ta(e) R F .T(e) T {e) 
cp 

R E 
(secs) 

cp sp sp Ep p 8 ' a _, sp sp p p 8 

~ 2.410 2.410 1 0.324 1 1 2.640 2.640 1 0.295 1 1 
MS ~.1 1.350 2.700 1. 785 0.578 0.893 1.593 1.460 2.920 1.808 0.534 0.904 1.635 3 
23 3.330 2.171 0.703 o. 724 1.571 1.230 3.690 2.146 0.634 o. 715 1.536 ~.1,2 1.110 

~ 1 2 3 o. 770 3 .o8o 3.130 1.013 I o 782 2.449 n A<in l l!';n h 14l 0.929 n.7A!'; 2 469 
~ 2.840 2.840 1 0.275 1 1 3.210 3.210 1 0.243 1 1 

MS ~.1 1.600 3.200 1. 775 0.488 0.888 1.575 1.790 3.580 1. 793 0.436 0.897 1.608 
4 

24 ~.1,2 3.570 2.387 0.655 o. 796 1.899 1.330 3.990 2.414 0.586 0.805 1.942 1.190 
1'1.1 2.3 I o.95o 3.Ann ?.9RQ In. A?l n.747 ? .. ?ld 1 n?n 4 nAn l 147 ln.7h~ n.7A7 ~ A7t:: 

~ 4.060 4.060 1 0.192 1 1 
MS The granularity factor ~s too small to 

~.1 2.230 4.460 1.821 0.350 0.910 1.657 
5 

25 ap,ly the G~uss pro~edure 
~.1,2 1.680 5.040 2.417 0.464 0.806 1.947 

o\.1 2.l 1.270 5.080 3.197 I n.614 n.799 ? ~~~ 

[GAUSSGP) 

Ta(e) ~ o. 780 

I secs\ 
PI, 

[POEGENP) : THE CYCLIC ODD-EVEN REDUCTION TECHNIQUE IS APPLIED UNTIL 
2
S (2X2) SUBSYSTEMS ARE OBTAINED 

Ill 3.330 3.330 1 0.234 1 1 

MS ~.1 1.890 3.780 1.762 0.413 0.881 1.552 
(m-1) 

2 (m-1) ~.1,2 1.390 4.170 2.396 0.561 o. 799 1.913 

~-1 2 3 l.llO 4.440 3.()()() 0.703 0.750 2 .25Q 

Table V.B.2-tl: Exper~mental Results and Performance Measurements, for the General Per~odic Case, of Parallel Variants of the 
Cycl~c Odd-Even Reduct~on Method on the 'NEPTUNE' Prototype System, for Granular~ty Factors of Various S~zes. 



MS 128 X 128 

THE GRANULARITY FACTOR IN TERMS OF THE SIZE OF THE FINAL SEQUENTIALLY SOLVED SUBSYSTEMS 

The resultung subsystems each t~me are sequent~ally solved by the correspond1ng subrout1.11es 

[POEGSGP] : Gauss Elirninat1on Subroutine [POERSGP] : Odd-Even Reduction Subroutine 

INSTEP GF NPROCS Tc(e) c s R F .T(e) Tc(e) c s R F .T(e) s E s E 
(secs) p p p p p s r secsl p p p p p s 

0 4.920 4.920 1 0.317 1 1 5.230 5.230 1 0.298 1 1 

3 
MS 0,1 2.610 5.220 1.885 0.598 0.943 1. 777 2. 770 5.540 1.888 0.563 0.944 1. 782 

~ 0,1,2 2.130 6.390 2.310 o. 732 o. 770 1. 778 2.290 6.870 2.284 0.681 o. 761 1. 739 
Q\. 1 2 3 1.420 5.680 13.465 1.099 ,., ""'"' 1 ,.,.,, 1.520 6.080 3 441 . 1.026 0.860 ? O<"n 

0 5.910 5.910 1 0.264 1 1 6.360 6.360 1 0.245 1 1 

4 
MS 0,1 3.160 6.320 1.870 0.494 0.935 1. 749 3.380 6.760 1.882 0.462 0.941 1. 770 
24 0,1,2 2.310 6.930 2.558 0.675 0.853 2.182 2.470 7.410 2.575 0.632 0.858 2.210 

(1\ 1 2 3 1. 740 l6.'l6n ll.l'l7 0,8_91_ 0.849 2.884 1.840 7 360 3 457 I o.848 0.864 ? QR7 

0 6. 770 6. 770 1 0.230 1 1 7.500 7.500 1 0.208 1 1 
M o,l 3.630 7.260 1.865 0.430 0.933 1. 739 3.990 7.980 1.880 0.391 0.940 1. 767 s 5 
25 0,1,2 2.660 7.980 2.545 0.586 0.848 2.159 2.920 8. 760 2.568 0.534 0.856 2.199 

\21,1,2,3 ?_()(),., I R -,.,()() 11.1RS n _ 7Rn r-. QA<O ? Q<OO 2.180 8 72n h .44() ln.716 ()_86() ? QOQ 

[GAUSSGP] 

Ta(e) 0 1.560 

(secs) 

[POEGENP] : THE CYCLIC ODD-EVEN REDUCTION TECHNIQUE IS 
, .. 

APPLIED UNTIL ; {2X2) SUBSYSTEMS ARE OBTAINED 

0 7.900 7.900 1 0.197 1 1 

{m-1) 
MS O,l 4.240 8.480 1.863 0.368 0.932 1.736 

2 {m-l) 0,1,2 3.060 9.180 2.582 0.510 0.861 2.222 
!21,1,2 3 2.330 9.320 3 391 0.670 0.848 2.874 

Table V.B.2-t1 (cont.d): Exper~mental Results and Performance Measurements, for the General Per~od~c Case, of Parallel 
Var~ants of the Cycl~c Odd-Even Reduct~on Method on the 'NEPTUNE' Prototype System, for Granularity 
Factors of Var~ous S~zes. 



MS 256 X 256 

THE GRANULARITY FACTOR IN TERMS OF THE SIZE OF THE FINAL SEQUENTIALLY SOLVED SUBSYSTEMS 

The resulting subsystems each time are sequentially solveJ by the correspond1ng subrout1nes 

NSTEP GF NPROCS 
[POEGSGP]: Gauss El1m1nation Subroutine [POERSGP] : Odd-Even Reduction Subrout1ne 

Tc(e) Rs F .T(e) Tc(e) Rsp F (e) c s E c s E 
(secs) 

p p p p p s (secs) 
p p p p"Ts 

Ill 9.870 9.870 1 0.315 1 1 10.410 10.410 1 0.299 1 1 

MS !1:\,1 5.150 10.300 1.917 0.604 0.958 1.836 5.410 10.820 1.924 0.575 0.962 1.851 
3 

? !1:\,1,2 4.080 12.240 2.419 o. 762 o.8o6 1.951 4.320 12.960 2.410 o. 720 0.803 1.936 

!1:\,1 2 3 2.750 11.000 3 589 1 131 0.897 3 220 2 880 11 520 3.615 11.080 0.904 3.266 
Ill 11.990 11.990 1 0.259 1 1 12.590 12.590 1 0.247 1 1 

MS Ill' 1 6.250 12.500 1.918 0.498 0.959 1.840 6.560 13.120 1.919 0.474 0.960 1.842 
4 

24 !1:\,1,2 4.430 13.290 2.707 0.702 0.902 2.442 4.660 13.980 2.702 0.667 0.901 2.433 
0.1 2 3 1.160 1 1 .44n 1.S68 o_g?fi o_Rg? 1.1 R1 1. S1 o 14 .040 3.587 lo.RRfi o_Rg? 1 .216 

Ill 13.970 13.970 1 0.223 1 1 14.840 14.840 1 0.210 1 1 

MS !1:\,1 7.310 14.620 1.911 0.425 0.956 1.826 7.730 15.460 1.920 0.402 0.960 1.843 
5 

25 !1:\, 1, 2 5.120 15.360 2. 729 0.607 0.910 2.482 5.490 16.470 2.703 0.566 0.901 2.436 

0 1 2.1 3-900 15.600 1.SR? 0. 7g7 o_Rg6 1.?oR 4 .110 16 S?o 1 o;g, lo_7S1 o RqR 1.2?R 

[GAUSSGP] 
Tc(e) Ill 3.110 

(secs) 

[POEGENP]: THE CYCLIC ODD-EVEN REDUCTION TECHNIQUE IS APPLIED UNTIL "s (2x2) SUBSYSTEMS ARE OBTAINED 
2 

Ill 18.160 18.160 1 0.171 1 1 

(m-1) 
MS !1:\,1 9.520 19 .040 1.908 0.327 0.954 1.819 

2 
(m-1) !1:\,1,2 6.580 19.740 2.760 0.473 0.920 2.539 

!1:\,1 2 3 5.110 20.440 3.554 0.609 0.888 3.157 

Table V.B.2-tl (cont.d): Exper1mental Results and Performance Measurements, for the General Period1c Case, of Parallel 
Var1ants of the Cycl1c Odd-Even Reduct1on Method on the 'NEPTUNE' Prototype System, for Granular1ty 
t'actors ot Var~ous S1.zes. 
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~mplementat~on has, aga~n, caused the same superfluous overhead 

exper1enced 1n the previous case. 

The conclus~ons drawn from the examinat~on of the Table w~th the 

exper~mental results, ~n general, follow the same l~ne as that for 

the prev~ous cases examined in th~s Chapter. 

All performance measurements, from the aspect of parallel~sm, ~n a 

similar manner as for the general non-period1c case, deter1orate 

analogously w~th the granular~ty factor's decrement. Th~s ~s not, 

however, apparently shown by some of the parametric figurest ~n the 

above Table, due to the restr~cted exper~mentation w~th relatively 

very small size systems. Aga~n, the phenomenon of the alterat~on ~n 

the performance pattern, due to an unavo1dably 1neff1c1ent workload 

balance, appears ~n the case that three processors are cooperatlnq 

w~th respect to the determ~natlon of the 'best' ~mplementat~on, 

tak~ng ~to account the real Cost f~gures obta~ned, this ~s the 

~mplementat~on call~ng the Gauss subrout~e at the earl~est reduct~on 

level exper~mented w~th, wh~ch, therefore, ~mpl~es the optimal 

granular~ty factor value. 

Finally, the same observations, as those made for the general 

non-period1c case, about the Relative or normalized Speed-up (R
8
pl 

results, ach1eved, in spec1f1c, When compar1ng the 1mplementations 

call~ng the sequential subroutines w~th that perform~ng Gauss~an 

el~minat~on, still apply to the present case. 

The parallel behav~our of all these vers~ons of the cycl~c odd-

even reduct~on method, for that matr~ size for which the performance 

t~e occurring fluctuations will smooth out when very-very large 
size systems are tested. 

628] 
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analyses are carried out, ~s d~agrammat~cally depicted ~n the Figures 

below. 

In part~cular, Figures (V.B.2-fl,f2) correspond~gly exh~~t the 

experimental T~me-complex~t~es and the respect~ve Speed-ups ach~eved 

on the NEPTUNE prototype system, Wh~le Figures (V.B.2-f3,f4) d~splay 

the Eff~c~enc~es obta~ned and the occurring real Costs, These 

d~agrammatic representations refer to the opt~mal results ach~eved in 

accordance w~th the hardware potent~al of the parallel machine ~n 

hand. 

Lastly, note that, the ZoeaZ parameters for the DPM of the 

present case remain ~dentical to those utilized ~n (par.-V.B.l). 

- Performance Analysis 

The program and system dependent performance analyses, of the 

parallel var~ants of the cyclic odd-even reduction method ~ntroduced 

here~, are correspond~ngly g~ven ~n TabZes (V.B.2-t2,t3}. 

W~th respect to the programs call~ng the sequent~al subrout~nes, 

• 
~t can be observed, from TabZe (V.B.2-t3}, that although the program 

call~ng the Gauss subroutine presents relat~vely greater statie and 

contention overheads than the other program, however, the alterat~on 

~n the sequent~al procedure, ~n the cycl~c odd-even reduct~on 

subrout~e, results ~n cons~derably higher execut~onal costs for th~s 

~mplementat~on. 

In both these programm~ng cases, for s~m~lar reasons to those for the 

general non-per~od~c problem, the program dependent performance 

analysis of the~r solution parts has been omitted. 

F~ally, let us cons~der the essent~al ~nformat~on for the 
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Legend 
l:l POE~SG~~S!EP=_~ 
0 POERSGP(NSTEP 3) 
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Figure V. B. 2- f2 : The Speed-ups achieved by Paral lel Variants of 
the Cyclic Odd-Even Reduction l'1ethod for 
the General Periodi c Case . 
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Figure V. B.2-f4 : The Real Cost of Parallel Variants of 
the Cyclic Odd-Even Reduction Method for 
the General Periodic Case . 



MS PROCESSORS(p) SHARED DATA 

(256 "256) p GF Aeln 
T (t) 1el Ae Te(t) N 

L 0( 11 H eln p p p(p) o(t) 
Nt s Ra(s) Program p (secs) (~Pc~) 

st(s) 

3 
l 0(p) 15 flops 0.0058 

128 l.92xlo flops 0.739 
l 3 2 :l flop 0.471% p~n ---M p p p s 

[POEGSGP] - 7 Ser~al 

5 3 
0(p) 

4 
l p~2 - - - Gauss - l - -p 

El1minat1on 

l 0(p) 15 flops 0.0058 
128 l.92xlo

3 
fl 0. 739 

l 3 2 :l flop 0.471% p~n -- ops ---
MS 

p p p 

[POERSGP] - 7 Ser1al 3 4 
5 p~2 O(pl - - - Odd-Even - l l - -p Reduction 

128 3 0.788 
l 0(p) 16 flops 0.0062 2.048xlo fl l (logl'l-1) 2:1 flop 0.441% p~n -- ops 

"s 
p p p 

[POEGENP] (l.og
2
n-1) 

2 (l.og2n-l) 3 
0.370 5 0(p) 15 flops 0.0058 64 

0.96xlo 
flops l l l :l flop 0.209% p~2 ---- p p p 

Table V.B.2-t2: Program Dependent Performance Analyses, for the General Periodic Case, of Parallel Variants of the 
Cycl~c Odd-Even Reduct1on Method. 

·-
·•..:..: 

• 
·- ••• 

"' 



• • • 

4 
PARALLEL PATH LIMITS TO PERFORMANCE 

I it) 
wst 

(t) t 

Ra( I I) ostrll) 8d(r) 8d(r) 8h(r) (secs) 

I l:1.92x10
3 

flop' o.l62p% m =212 m =170 
616 

...0.4% 0.025 

' 
m ~ 

p p p p p 

- - - - - - -
3 616 

1 ,1.92xl0 
flop• 0.162p% m =212 m =170 m ~ -0.4% 0.025 

' 
p p p p p 

- - - - - - -

3 657 
1 :2 .048xlo flop• O.l52p% mp=226 mp=l81 m --- 0.058 _, p p p 

-0.5% 
3 

308 
1 o.96xlo fl : ops o.325p% m·=478 m =382 m ~ 0.006 

p p p p p 

Table V.B.2-t2 (cont.d): Program Dependent Performance Analyses, for the General 
Per1od1c Case, of Parallel Var1ants of the Cycl1c Odd
Even Reduct1on Method. 



MS T(e) PARALLEL PATH T(e} PARALLEl T(e) SHARED s 8 8 
8 p p 

IafeJ 
(secs} CONTROL (secs} DATA 

(secs} I c t tb o'e; (e~ 
~=l y i cy t · 8t(//) 0 cn(/ I J [XPFCLN) 0~~~/1) [XPFCLS) o~7_~8) 

Program [XPFCLI ~.1 ~.1,2 0,1,2,3 (l.lsecs} (l.lsecs} 

[POEGSGP] 9.870 1.917 2.419 3.589 85 -1o,8oo -8.3% -686 0.39% 0.53% 9.850 0.20% 9.810 0.41% 

[POERSGP) 10.410 1.924 2.410 3.615 84 -10,800 -7.9% -686 0.38% 0.50% 10.380 0.29% 10.330 0.48% 

[POEGENP) 18.160 1.908 2.760 3.554 178 -10,800 -9.5% -686 0.40% 0.60% 18.105 0.30% 18.010 0.52% 

Table V.B.2-tJ: System Dependent Performance Analyses, for the General Period~c Case, of Parallel Variants of the Cyclic 
Odd-Even Reduct~on Method. 

wda 
(secs} 

0.918 

0.907 

1.922 
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estimat1on of all the experiment dependent performance analys1s 

parameters, for the parallel var1ants of the cyclic odd-even 

reduction method, obta1ned from the shared array ITIME. Th1s 

1nformat1on, having averaged the respect1ve f1gures of many 

exper1mental runs, 1n the case of a maximum ut1l1zation of the NEPTUNE 

prototype and 1n the correspond1ng 1mplementat1on sequence as 1t 

appears 1n Tables (V.B.2-t2,t3), was as follows: 

i) The smallest run-t1mes T(d to be ut1l1zed 1n formula 
p 

(IV.B.3.1:25)were (1n secs.) 2.730, 2.870, 5.110; 

ii) the total numbers of wa1t cycles to be ut1lized 1n formula 

(IV.B.3.1:2?) were 85, 84, 178, wh1ch 1mplied average numbers 

of wa1t cycles per processor of -21, 21, -45, respect1vely; 

iii) the average exper1mental t1m1ngs of all coooerat1ng 

processors were (1n secs.) 2.740, 2.875, 5.110; and, 

iv) the numbers of parallel paths run by each processor, 

cons1der1ng the average of all cooperat1ng processors but 

P
0

, were 9,9,17. 

The t1mes the system was not used product1vely (W), be1ng 

est1mated through the formula (V.B.3.1:22) by using the average 

experimental t1m1ngs 1n iii), were (in secs.) 1.090, 1.090, 2.280. 

Note that, the sum of the wasted t1mes stat1cally and dynam1cally can 

g1ve us a good approx1mat1on to these total wasted t1mes. 

For the ver1f1cat1on of the results presented 1n Table (V.B.2-t2) 

the real process1ng-to-access rat1os should be used, 1.e., 15 flops/36t, 

16 flops/36t and 15 flops/16t correspond1ngly accesses to the shared 

tFor the programs calling the sequential subroutines. 

*For the reduction and solution parts, respectively, of the last 
implementation. 
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data resource, for each ~mplementat~on cycle. Due to the same 

reason, however, as that~ (par.-V.B.l), the parametr~c f~gures 

per parallel path, g~ven ~n the above Table, should be doubled. 

To conclude, the reader should, once more, bear 1n m1nd, on 

638] 

the one hand, the overheads contr1buted by the unavo~dable calls of 

the var~ous ~nterrelated subrout~es ~ each program and the call and 

set of the F$RITP subrout~e every time; wh~le, on the other hand, the 

deduced existence of an opt~m~zation mechanism, wh~ch takes care of 

the mult~ple accesses and transfers to, and from the same shared 

structures. 

Furthermore, one should take ~to account the add~t~onal performance 

degradat~on contr1buted by the unavo~dable sequent~al parts carry~ng 

out the interchanging of the mod~f~ed elements and the shuffling and 

copying of the used ~d~ces ~ the appropr~ate arrays. As usual, the 

m~or losses due to all sorts of ~teger operat~ons, DO-loop ~ncrements, 

etc., have been cons~dered as ~gnorable. 
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V.B.3 GENERAL CoMMENTS ANo CoNCLUSIONS 

The d~scussion in the previous Sections shows that parallel 

computat~on ~s not a simple and d~rect adaptat~on of the serial 

computat~on, but that it is an area w~th ~ts own set of character~st~c 

problems over and above any attributes inherited from ser~al computation, 

Most of the results obtained have generated cause for opt~m~sm 

about the cost-effect~veness of parallel computers for selected classes 

of computat~ons. s~nce the construct~on of parallel computers has st~ll 

a long way to advance, further research ~n parallel computat~on stands 

to ~nfluence the arch~tecture of parallel computers, as much as the 

programm~ng of parallel computers. 

It is relat~vely easy to ~nvent algorithms. In pract~ce, however, 

one wants not only algorithms, one wants effect~ve algorithms. Thus, 

the object~ve is to ~nvent effect~ve algor~thms and prove the~r 

effectiveness. The effect~veness of an algor~thm can be appraised by 

a var~ety of cr~ter~a. One of the most ~mportant is the t~me taken to 

execute 1t. There are several aspects of such a time cr1ter1on, one 

be~ng the execut~on time requ~red by d~fferent algorithms for the 

solut~on of a part~cular problem on a part~cular computer architecture. 

Such an emp~r~cal measure, however, ~s strongly dependent upon both 

the program and the machine used to ~mplement ~t. 

A useful alternat1ve to such emp1r1cal measurements 1s a 

mathematical analysis of the ~ntr~ns~c d~ff~culty of solv~ng a problem 

computat1onally, wh1ch, ]Ud1c1ously used, can prov1de an 1mportant means 

of evaluat~ng the execut~onal cost of the algor~thm. 

In general, the cost of obta1n1ng a solut1on 1ncreases with the 

problem size. If ~ts value ~s suff~c~ently small, even an ~neff~cient 



[Ch. V/See. B 640] 

algorLthm wLll not cost much to run; consequentl~ the choLce of an 

algorLthm for a small problem LS not crLtLcal (unless the problem LS to 

be solved many tLmes}. 

In analyzLng algorLthms for solvLng numerLcal problems, the 

accuracy of the computed results is another very important crLterLon 

for distLnguLshing between effective and Lneffective algorithms, Ln 

relatLon to the computer Ln hand. 

In partLcular for the complexity analysLs amongst other thLngs, 

Lt LS concerned wLth obtaLnLng upper and lower bounds on the performance 

of algorLthms. The exLstence of complexity bounds for the algorLthms 

avaLlable can serve as a basLs for classLfyLng problems. In terms of 

optLmalLty, the goal of complexLty analysLs LS to show that Ln order to 

solve a certaLn problem computatLonally, one requLres a certaLn number 

of operatLons of a certaLn type. ThLs LS a very dLffLcult ob]ectLve; 

for the majorLty of practLcal problems we stLll have to rely on 

experLence to Judge the effectLveness of an algorLthm. 

In partLcular for the various presented versLons of the cyclLc odd

even reduct1on method, the conclus1ons that we arr1ve at, after the 

deta1led tests and compar1sons of the results, are not 1nnovat1ve, but 

they consLst of a verLfLcatLon of what has been dLscussed already. The 

most 1mportant conclus1on 1s that, 1n order to obta1n the best poss1ble 

performance on an asynchronous parallel computer arch1tecture, we 

should construct the unavoidable sequentLal paths of a program as short 

as possLble, whereas, to the contrary, the parallel paths as long as 

possLble, mLnLmLzing at the same tLme the accesses to the shared 

resources both 1n number and durat1on. 

On the other hand, testLng all these dLfferent parallel algorLthmLc 
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variants of the method, we do not only test and solve the problem 

~tself, but at the same t~e we ex~ne and test the parallel system, 

prov~g ~ts weaknesses by means of overheads and ~dle losses due to the 

various relat~ve speeds of the processors. Furthermore, the way that 

the parallel rout~ng of the cycl~c odd-even reduction method has been 

constructed, allows us, ~n future ~nv~st~gat~on, a stra~ghtforward 

~mplementat~on on VZSI processor arrays ut~l~z~ng a tree-structure of 

process~ng elements. 

F~nally, the results of the experimental attempts here~n should 

ass~st hardware designers, ~n the near future, to prov~de or ~nvent a 

parallel architecture wh~ch WLll be in a posLt~on to meet the resources 

demands of most algorithms; but, th~s can only succeed ~f and only ~f 

they w~ll be gu~ded from such or sLmLlar results, by group~ng them ~n 

sets present1ng s1m1lar resources demands. 
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VI.A.l: INTRODUCTION 

"I have not kept the .&qUMe, but thllt to come 

Slut.U aU. be done by the twl.e." 

WilZiam Shakespeare. 
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In any g1ven technology format1on follows funct1on 1n a part1cular way. 

The most eff1c1ent f1rst step towards understand1ng the arch1tectural 

possib1l1t1es of a technology is the study of carefully selected ex1st1ng 

des1gns. 

In order to real1ze, however, how the evolution of the VLSI 

technology has changed the nature of the game we must br1efly d1scuss 

the progress carr1ed on in Integrated C1rcu1ts (IC) technology. 

All IC work depends on the foundat1on of sem1conductor-dev1ce 

phys1cs that prov1des the essent1al knowledge of how the IC's elements 

funct1on. Log1cally bu1lt on top of th1s knowledge 1s that of sem1-

conductor fabricat1on technology, wh1ch allows the des1gned IC's to be 

phys1cally constructed, and above this 1n turn 1s the circu1t- and 

log1c-des1gn knowledge that the IC des1gner br1ngs to his part of the 

overall eng1neering task. 
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At present, dev1ce phys1cs is a mature area of knowledge 1n which 

the number of dramat1cally new 1deas be1ng added is small, wh1le 

fabrication technology, although st1ll develop1ng, 1s reach1ng the 

po1nt at wh1ch we have essent1ally all the fundamental knowledge that 

w1ll be requ1red. 

On the other hand, c1rcuit- and log1c-des1gn techn1ques are st1ll 

developing rap1dly- there is still room left for 'some cleverness', 

but that too will soon saturate. 

645] 

The three component-sk1lls of current IC des1gn work are thus all 

very well establ1shed, but are they any longer all that 1s requ1red? 

In fact, all the ev1dence available strongly suggests that these 

trad1t1onal skills are not enough. Throughout the world, des1gn teams 

work1ng on VLSI proJects have all found the need for an even higher 

level set of sk1lls to coord1nate the1r lower level des1gn efforts, 

sk1lls that can generally be summed-up as form1ng a large-systems design 

methodology. The knowledge and techniques requ1red for future VLSI 

systems are only JUSt beg1nn1ng to be acqu1red and many fundamental 

1deas have yet to be d1scovered. 

Inev1tably, the many d1fferent groups work1ng in this f1eld all 

have their own particular approach to the problems of establ1sh1ng an 

effect1ve formal design methodology, but certain ideas seem to have 

been almost un1versally adopted, and these seem l1kely to form the 

bas1c elements of whatever fully developed methodolog1es emerge 1n 

future. 

Wh1le the IC des1gn has tradit1onally been a h1ghly spec1al1zed 

task, and certa1nly the des1gn of a typical custom LSI ch1p 1s far from 

be1ng a task for an 'amateur', the changed nature of VLSI work means 
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that spec1alists 1n other areas of technology are uacreasuagly 

real1z1ng as possible the des1gn and manufacture of the1r own VLSI 

devices, at least for exper1mental and prototyping purposes. 

The VLSI technology has made one thuag clear. S1mple and regular 

1nterconnect1ons lead to cheap 1mplementat1ons and h1gh dens1t1es, and 

h1gh dens1ty impl1es both h1gh performance and low overhead for support 

components. 

The system arch1tecture and des1gn, however, l1ke any art, can 

only be learned by attempt. To carry a small des1gn from conception 

through to successful completion provides the confidence necessary to 

undertake larger des1gns. 

646] 

Further on, and due to the fact that an appl1cat1on 1s effic1ently 

1mplemented on a VLSI c1rcu1t ch1p 1f any large problem can be tackled 

on a considerably small network of processors, let us abstractly 

1ntroduce here the three approaches cons1dered by H.T. Kung, in [KUNGBO], 

one can follow for solv1ng a large problem on a small network: 

i) Use algorithms with large modular granularity, 1.e., each 

processor handles a large group of elements, rather than a few 

elements. Th1s approach 1s su1table for SIMD machuaes, where 

processors can have relat1vely large local memor1es. 

ii) Decompose the problem, so that the result1ng subproblems w1ll 

iii) 

be small enough to be solved on the small network of processors. 

Decompose an algorithm that originally requires a Zarge network, 

1.e., there 1s a further analys1s of the simultaneous operations 

invoked 1n every step of the or1g1nal algorithm, so they w1ll be 

performed 1n more than one step by fewer processors of the 

smaller network. 
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The Ldea behind the three approaches LS a functLonal dependency 

amongst the number of the processors Lnvolved Ln the network and the 

tLme that they wLll be kept busy. The longer the tLme kept busy and 

the sequences of data, the better, from the effLcLency poLnt of view, 

the VLSI chip. 

In thLs Chapter a new class of 'pipelined' array structures for 

algorLthm systolLzatLon LS Lntroduced. 

647] 

In the present Section A we LnLtLate the reader to the classificatLon 

and fundamental prLncLples of 1systoZic 1 algorLthms, along wLth the 

presentation of an abstract mathematLcal model for the verLfLcatLon of 

1systoZic 1 networks. 

The princLpal part of this Section covers the LnvestLgatLon of a 

new data stream 'rotatLng' and 'foldLng' technLque on algorLthmLcally 

specLalLzed 1systoZic 1 networks. 

At first, the matrLX-vector and matrLX multLplLcatLon problems are 

tackled usLng two-dLmensLonal 1systoZic 1 communLcatLon geometries. Then, 

1systoZic 1 LU-factorizatLon dequeues for trLdLagonal systems are 

presented and both cases, when n-odd and n-even, are LnvestLgated, 

along wLth the LntroductLOn of the necessary mathematLcal background 

of the double GaussLan elimination streams for full matrLces. Further 

on, the complementLng dequeues for solvLng the resultLng trLangular 

lLnear systems are correspondLngly gLven. 

FLnally, thLs Section concludes wLth general comments about the 

existLng pLvotLng problem and the 'orthogonal' factorLzatLon based on 

G1vens's transformat1on. 

In Section B the LnvestLgatLon LS extended to concurrent 

systolLzatLon for solvLng general banded linear systems. 
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In particular, 'systo~ie' LU-factor1zat1on dequeues are g1ven 

for qu~d1agonal systems and the complexity problems occurr~g are 

exempl1f1ed. This fact led to the 1ntroduction of mod1fied dequeues 

for the un1direct1onal el1m1nat1on of the 'central' subsystems, thus 

bypass~g the superfluous complexity caused by the overlapp1ng of the 

oppos1te factor1zat1on streams. 

F~ally, the boundar1es of the central formatted submatr1x for 

the general banded case are 1nvest1gated, along w1th the 1ntroduct1on 

of the complementary background theory s1mpl1fy~g the var1ety of the 

occurr1ng cases. 

The ChapteP concludes w1th a part of the work g1ven 1n [BEKA85a] , 

wh1ch extends the research ~to the 'soft-systo~ie' area by proceed~g 

to h1gher level fold~gs and prov1ng the super1or1ty of th1s new 

'systolie' solution techn1que compared with the other approaches 

d~scussed earl1er here1n. 

648] 
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VI.A.2: CLASSIFICATION AND PRINCIPLES OF 'SYSTOLIC' ALGORITHMS 

SystoZie processors are a new class of 'p1pel~ned 1 array arch1tectures, 

p~oneered by H.T. Kung, wh~ch are becom~g ~creas~ngly attract~ve 

because of cont~uous advances ~ VLSI technology. 

As we have already ment~oned ~ ChapteP III, a systoZia system 

~s a 'network of processors wh~ch rhythm~cally compute and pass data 

through the system'. The fundamental operat~on on systol~c arrays ~s 

a mult~ply-and-add performable by an 'Inner-Product-Step' - (IPS) cell. 

It is shown in [KUNG78] that some of these basic cells can be ZoaaZZy 

connected together to perform d~g~tal f1ltering, matrix mult1pl~cat~on, 

and other related operat~ons. 

The systol~c array features the ~mportant propert~es of modular~ty, 

regular~ty, local ~terconnect~on, a h~gh degree of pipel~n~ng, and 

h~ghly synchron~zed mult~process~g. The data movements ~ a systol~c 

array are often descr~ed ~ terms of the 'snapshots' of the activit~es. 

As the unit of t~me is cons~dered the t~me necessary to ach~eve a 

mult~ply-and-add operat~on. 

One of the maJor challeng~ng research items, therefore, has become 

the development of algorithms that can be mapped ~nto and executed 

eff1c~ently by a spec~al-purpose computer system. Algor~thms that match 

w~th systol1c systems, ut~l~z~g extens~ve p~pel~n~ng and mult~process~g, 

are called systoZia aZgoPithms. As we have prev~ously ment1oned, 

systol~c algor~thms, ~n a general comparison with SIMD and MIMD 

algorithms, are the most structured and MIMD algorithms are the least 

structured. More spec1f1cally, systol1c algor1thms deal w1th s~mple 

and frequently 1nteract1ng task modules, while the s~tuat1on is reversed 

for MIMD algor1thms. 
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Recent developments in programm1ng languages along w1th the chip 

technology has made it possible to class1fy systolic algor1thms into 

broad groups dependent on the1r propert1es. 

We class1fy systol1c algor1thms 1nto two ma1n sets (see Bekakos and 

Evans [BEKA85]): 

i) Hard-systolia algor1thms: - denoted SH, and 

ii) Soft-systolia algor1thms: - denoted ss. 

Hard-systolia algor1thms 

These are the trad1tional algor1thms wh1ch, as well as observing 

the general features g1ven above, are SubJected to further restr1ct1ons 

placed on the1r des1gns. In other words, the graph model representat1on 

t must be planar, broadcast1ng to cells to be avoided, or a l1m1ted amount 

to be allowed (Semi-hard-systolia algor1thms), and the least amount of 

area 1n a ch1p des1gn to be requ1red. 

Soft-systolia algor1thms 

These algorithms are more flexible than the Hard-systol1c algor1thms, 

s1nce non-planar graphs may be represented and area 1s not, d1rectly, 

a maJor cons1derat1on (this translates to storage used 1n a program) • 

In add1t1on, they do not have to be fabr1cable (but must be s1mulatable 

1n some appropriate programming language, e.g. OCCAM, CONCURRENT PROLOG), 

and broadcast1ng is not to be avo1ded. Intu1tively such an algorithm 

may not be su1table for ch1p implementat1on, but 1t can be performed 

on a su1table parallel comput1ng structure. 

It is ev1dent that all Hard-systol1c algor1thms are spec1al cases 

of Soft-systol1C ones and so can also be s1mulated 1n the same 

tif over long distanaes aloak skew oaaurs and data aan beaome 
unsynahronized. 
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programm~ng languages. Further it ~s also apparent that some Soft-

systolic algor~thms will be very close to being Hard-systolic, but 

under the strict definit~ons would not be purely classed as such, but 

as Hybrid-systoZia algor~thms: - denoted SHy 

Hybrid-systoZia algorithms 

They will represent a grey area of algor~thms be~g ~ a state of 

'm~grat~on' between Soft and Hard and altering technolog~cal cond~tions 

over t~me. In spec~fic, algorithms wh~ch allow local broadcasting (not 

necessar~ly between nearest-ne~ghbour cells), l~m~ted non-planar~ty or 

large amounts of non-planar~ty (but ~ a control sense, w~th regular 

connect~on structures), could be cons~dered as cand~dates for th~s 

category of algor~thms. 

All the above def~~tions w~ll become increasingly ~mportant as 

FGCS evolve. The relations between these classes of algor~thms, in a 

set theory manner, are: 

ii) sc:s c:s 
H- Hy- S 

s={All systol~c algor~thms} 

the ~mportant question ar~s~ng ~s whether SH=Ss, because if this is the 

case then, all Soft-systol~c algorithms can be ~n essence fabr~cable. 

651] 

In the follow~g paragraph a mathematical model for the ver~f~cat~on 

of systol~c networks w~ll be introduced (see Melhem and Rhe~nboldt 

[MELHm]), along with the data sequences to represent the data appear~ng 

on the commun1cat1on lLnks at success1ve t1me 1ntervals, and the causal 

operators which model the computations performed by a cell of the 

network. The latter concept was pr~mar~ly insp1red by correspond~g 

approaches 1n systems theory (see Faurre and Depeyrot [FAUR??]). 
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VI.A.J: AN ABSTRACT ~THEMATICAL MoDEL fOR THE VERIFICATION OF 

'SYSTOLIC' NETWORKS 

In all theoretical models of VLSI circu~ts two parameters are of 

vital importance, size and speed . S~ce VLSI ~s essent~ally two-

d~mens~onal, the size of a c~rcu~t is best expressed in terms of its 

area. Suff~c~ent area must be prov~ded ~ a c~rcu~t layout for each 

gate and each w~re. Gates are not allowed to overlap each other at all, 

and only two (or perhaps three) wires can pass over the same point. 

The speed of a synchronous VLSI c~rcuit can be measured by the 

number of clock pulses ~t takes to complete ~ts computat~on. The 

t 
actual s~ze of th~s time unit, however, ~s a technolog~cal var~able. 

The speed of the VLSI c~rcu~t may be adversely affected by the 

presence of very long w1res, unless spec1al measures are taken. In 

many VLSI processes, a m1n1mum-s1zed transistor cannot send a s1gnal 

from one end of the chip to the other ~n one clock period. Today, to 

accompl1sh such un1t-delay cross-chip communicat1on, and to ach1eve 

large fan-outs, spec~al 'driver' (ampLifier) c~rcuits are employed. 

In general, an eff~c~ent systolic array should exhib~t a Linear-

rate pipeLinability,, ~.e., ~t should ach~eve 0(m) speed-up, ~terms 

of process~g rates, where m ~s the number of PE's. The term Efficiency 

(E) will denote the fract~on of processor cycles dur~ng which a typical 

processor ~s act~vely employed ~ the array. 

Let us now proceed w~th the def~n~t~on of the ma~n elements of 

the mathemat~cal model for the ver~f~cat~on of systolic networks. 

-Abstract ModeL of Data, CausaL ReLations 

We def~ne a data sequence to be an ~f~~te sequence whose elements 

tFor the superconducting technoLogy of Josephson junctions, a cLock 
period of 1-Jns is achievabLe today, using a process for which the 
area unit is 25~m2 (see Ketchen [KETCBO]J. 



are members of the set R 
0 

=R U { t5} · 

R={Real numbers} 
Notation: 

[Ch. VI/See. A 653] 

o='don't care element' (or, 'dummy element') £ R. 

we extend any operator defl.ned on R to R0 eJ.ther: 

i) By add1ng the rule that the result of any operator 

involving 0 is t5 (class of o-regular operators), or 

ii) by treatJ.ng t5 as a specl.al symbol that affects the result 

of the operatJ.on (class of non-oS-regular operators). 

Definition: Operatl.ons 

i) o-regular operators, e.g.,o 'op'x=x'op' o=o Vx E R
0

, 

ii) non-o-regular operators, e.g., bJ.nary operator(±) such that 

for any x,yE R
0

, x®y=x+y J.f x,y>/o, x0o=t5 @x=x. 

Def~nition: Let N be the set of posl.tl.ve J.ntegers. Then any data 

sequence n J.s defJ.ned as a mappl.ng from N to R
0

; that J.s, the l.mage 

th 
element n(l.), l. EN, l.S the l. element 1n the sequence. The set of 

all data sequences, that l.S the set of all such mapp1ngs, Wl.ll be 

denoted by Rt={nln : N + R0}. 

Remark: Any arithmetic operation on R
0 

is extended to R6 by applying 

the operatl.on elementwl.se to the elements of the sequences, Wl.th t5 

beJ.ng the result of any undefJ.ned operation, e.g., 

l.f 'op' l.S a bJ.nary operation defJ.ned on R
0

, then 'tn
1

,n
2 

E R;5, n
1 

'op'n2=n
3

, 

where Vl. EN r nl (l.) 'op'n2 (l.)' 

i t5 
' otherwl.se. D 

Definitions: 

d1: We can also use scalar operations on sequences, e.g., 

scalar product: 



for 
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T1 E R 0 A w E R, ~ = w. T1 E R; for winch ~ ( 1) =wn ( 1) , i E N. 

d2: Bounded Data Sequence set: R* ~ R ={All sequences hav1ng only 
0 0 

a finite number of non-o-elements}. 

d3: Te:r>mination Function: Tf:R0 -+ N such that, for n E R
0

, Tf (TI) 

1s the pos1t1on of the last non-o-element in T}; in other words: 

for any 11 ER;s, Tf(ll) = i <=Ti(1);o!o and TI(J)=o for J>L 
de f. 

In addit1on to the operators extended from R
0
to R

0
, we may also 

def1ne operators d1rectly on R0 • 

d4: The n-ary Sequence Operato:r> (f): 1s a transformat1on 

of n cop1es of R0 . 

where 

k d5: Shift and Spread Operators (Q ,9'): 

~ (i) = 

l 
0 

~(1-k) 

r ~(Hr) 
J r+l 

l 0 

l.f l.~k 

, 1=l,r+2,2r+3, ... ,(n-l)r+n, •.. , 

otherw1.se. 

k 
More descr1pt1vel~ Q inserts k o-elements at the beg1nn1ng of a 

sequence, wh1le e' 1nserts r o -elements between every two elements of 

= a., 
1 
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It ~s clear that we can def~ne a sequence operator by comb~n~ng 

prev~ously def~ned sequence operators. For example, we might def~ne 

where square brackets are used for group~g and parentheses for 

enclos~g the arguments of the operator. 

- n-d6: CausaZ Operators: Any n-ary sequence operator f:[R
0

] +R
0

, 

wh h f th th th 
,th 

~c sat~s ~es the causal~ty property ~ e sence at e ~ 

th 
element of any of ~ts operands can only affect the J element of ~ts 

~mage for J>~. More formally, assume that for any nr E R0 , r=l,2, .•. ,n, 

the image under r ~s ~=r(n , •.. ,n , ••• ,n). Then r is a causal 
1 r n 

operator ~f by replac~g any operands nr by another sequencen~ 

sat~sfy~ng 

n' (t) = n (t) , lEt<~. 
r r 

the result~ng ~mage ~·=r<n 1 , .•• ,n', •.• ,n) sat~sfies 
r n 

~'(t) = ~(t), lftEi. 

Namely, the value of ~(~) depends only on the f~rst ~-1 elements of 

n , lfrfn. In the case that the ith element of the ~mage sequence ~(~) 
r 

depends only on the f~rst i elements of the operands nr' lErEn, then 

we are talk~g about weakZy eausaZ operators. 

- Abstract SystoZie Network ModeZ 

The systol~c model ~s def~ned to be composed of the follow~ng 

components: 

i) A loopless mult~graph G(V,E,~ .~ ), wh~ch ~turn ~s 
- + 

composed of 

a) v={Nodes or cells} 

b) E={o~rected edges} 



a) 
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two funct~ons ~ .~ :E + V sat~sfy~g the condit~on 
- + 

that for any (edge) e E E, ~ (e);i~ (e) (~.e., 
- + 

prevents d~rect loops) . The nodes ~ (e) and ~ (e) 
+ 

656] 

are the 'source' and 'dest~nat~on' node, respect~vely, 

of edge e E E. 

The notation v
5

,vT,VI w1ll be used for the subsets of V def1ned 

as: 

1) v
5
={source nodes (no edges d~rected IN)} 

2) vT={s~k nodes (no edges d1rected OUT)} 

3) vi={Inter~or nodes (not a source or s~nk)}; 

certainly, the cond1t1on v 5 U VT U VI = V 1s always sat~sf~ed. 

ii) A colour1ng function col:E + CE, where CE 1s a g1ven f~n1te 

set of colours. 

iii) 

iv) 

Essent1ally, 1nput edges to the same node receive d1fferent 

colours, as do output edges, e.g.,y=col(e) denotes edge e has 

colour y. 

For each edge e E E, a sequence ~ E R 1s spec1f1ed. 
e 6 

For each ~ter1or node v E V w1th IN-degree m and OUT-degree 

1 - m 
n, n causal m-ary operators rv:[R 0] + R0 are g1ven, which 

specify the 'node I/O descr1pt~on'. More spec1f1cally, if nJ, 

j=l,2, ... ,m, and~~, 1=1,2, ... ,n, are the sequences assoc1ated 

w1th the IN and OUT edges of v, respect1vely, then then 

relatJ.ons 
<1 = ~( 1 2 m ~ r n ,n , ... ,n ), J.=l,2, ••. ,n, 

V 

are the I/0 descr1pt1on of v. The d1fferent IN and OUT edges 

of v are dist1ngu1shed ~ the I/O descr1pt1on by the1r colours. 
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Remark: Each 1nterior node represents a computat~onal cellt/ 

processor and each source/sink node corresponds to an ~nput/output 

cell for the overall network. Each edge e E E ~s a un~d~rectional 

commun~cat~on l~nk or channel.D 

Finally, g~ven a systol~c network based on the graph ~{V,E,~ ,~ }, 
- + 

a subset Vi c VI of ~nter~or nodes ~s said to be a homogeneous set ~f: 

i) All the nodes ~n Vi have ~dent~cal IN-and OUT-degrees, say m 

and n, respect~vely. 

ii) The m colours of the IN edges of any v E V' are ~dent~cal and 
I 

so are the n colours of the OUT edges of v. 

iii) The node I/O descr~pt~ons of any v E Vi are gener~c [MELH84] • 

To conclude, a network is sa~d to be homogeneOU3 ~f the set of 

inter~or nodes VI, ~n ~ts graph G, is a homogeneous set. More generally, 

a network ~s sa~d to be k-part~ally homogeneous ~f there ex~sts a 
k 

part~t~on U V~ of VI into k non-empty homogeneous subsets V~, 
i=l 

l.=l,2, ... ,k. 

tThe computations performed by the cells are modelled by a system of 
difference equations involving operations on the various data sequences. 
The input/output descriptions, which describe the global effect of the 
computations performed by the network, are obtained by solving this 
system of difference equations [MELH84]. 
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VI.A.4: THE DATA STREAM 'ROTATING' AND 'fOLDING' TECHNIQUE 

Matrix-Vector Multiplication 

Def1nition of the Problem 

G1ven a (n~n) matrix A and a n-vector ~· compute a n-vector z, 

from~~· Th1s problem was tackled for a matrix w1th bandwidth w=p+q-1 

by Leiserson [LEIS81], from wh1ch we get the follow1ng Theorem. 

For a (n~n)-band matr1X A=(a ), of bandwidth w, the elements in 
1J~ 

T 
the matr1X-vector product y=(y

1
, ••• ,y ) can be computed by the following 

- n 

recurrences: 

(n+l) 
= y l. , 

on a systolJ.c array of w lJ.nearly connected processors, in 2n+w time-

unJ.ts .. 

As we have previously def1ned, a t1me-unit 1s the cost of one IPS (see 

Figure (VI.A.4-fl)). 

Remark: The effic1ency of the l1near array of processors is: E=l/2; 

in other words, the Effic1ency really evaluates the 1ntr1ns1c degree of 

parallel1sm which the array can achieve.O 

We shall ut1l1ze the same type of IPSP as 1llustrated in Figure 

(VI.A.4-fl), mak1ng use of the 'delays' appear1ng 1n Le1serson's 

implementat1on. More spec1f1cally, 1n that 1mplementat1on after w un1ts 

(cycles) of time the components Of the product z=~ start sh1ft1ng out 

from the left-end processor in the w-11near array of processors, at the 

rate of one output every two un1ts of t1me. Therefore, the O(wn) time 

needed for the sequent1al algor1thm on a un1processor was reduced to 2n+w. 
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a X y 

a Y=Y+BIIX 

Figure VI.A. 4-fl: The ArchJ.tecture of Leiserson' sIPS Processor. 

Remark: A good measure for the potential of the systolic array is the 

well defl.ned by now Speed-up factor, 1n thl.s case, however, bel.ng 

estl.mated in terms of processl.ng rates reflecting the pl.pell.nl.ng potential 

of the systoll.c algorithm.D 

To make use of the gaps ('delays') appearl.ng in the data stream of 

the above l.mplementation we can apply any of the following three ways: 
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a) S1nce at any given time alternating processors are 'Ldle', by 

eoaZeseing pairs of adjacent processors 1t is possLble to use w/2 

processors in the systolLc network, for a general banded matrix 

wLth bandw1dth w. This can be ach1eved by interleav=g the d1agonals 

of the matrix, wh1le Leiserson's time-units are kept invariant 

(mathematieaZ approaeh); 

b) by us=g a double pipe construction, i.e., by creat1ng a second 

pipelLne consisting of the alternat1ve processors = the lLnear 

array, to el1m1nate their occurr1ng 'dormant' situat1ons (see 

Robert [ROBE85]) (hardware approaeh); 

e) by foZdingthe oppos1te extreme ends of the matr1x band to form a 

dequeue (or destream, or dewave) w1th the elements of the lower-half 

of the matrLX band interleaved Ln the prev1ous delay spaces 

(mathematieaZ approaeh) . 

A d1rect compar1son of these three approaches, bearing in m1nd the 

present state of technology, would prove the last approach far super1or 

for any type of systolic algorithms, desp1te the mathemat1cal 

compl1cat1ons occurrLng, s=ce they can be eas1ly tackled by elementary 

hardware or programm=g. 

In the following we shall exempl1fy the latter approach, cons1dering 

the above defLned problem for the s1mple case of A being a tr1d1agonal 

matr~, 1.e., p=q=2, w=3. 

Theorem [VI.A.4:82} 

The (nxn)-band matrix-vector multLplLcatLon problem with bandwLdth 

w=p+q-1 can be solved= n+w+l time-unLts, using Leiserson's l1near 

t array of w IPSP•s. 

tWith the modifieations displayed in Figure (VI.A.4-f2). 
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Proof: 

(By construction of the array).O 

Rerrark: The Eff~c~ency of the l~near array of processors ~s: E=l.o 

Consider the tr~d~agonal matr1X A (for n=S} 

-P-

I x, y, 
q 

I a22 a23 x2 Y2 
~ "" a32 ~ @ ® 
: Foldmg direct1on -

a44 x. v. :Computational d1rect1on 

x5 Y5 

t 
The dequeue result~g when applying the fold~g techn~que ~s the 

following: 

a33 

a43 0 a34 

a23 a44 a32 notation : o"' dummy element 

a 54 a22 a45 

a,2 a 55 a2, 

@x. X2 

Note that, the m1ddle element of the ~-vector, and consequently the 

correspond~g element ~the r.h.s. vector, have to be kept ~the 

t 
This technique is not a simple folding of the band of the matrix, but 
involves a simultaneous 'rotation' of the off-diagonals. 
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a X X y 

y 

Figure VI.A.4-[2: The Arch~tecture of Le~serson's MDdif~ed IPSP. 
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respectLve opposLte-end processors for two clock tLcks, which can be 

easLly tackled either by programming, or by alterLng slLghtly the 

structure of the IPSP (see Figure (VI.A.4-f2l. 

Remark: We have chosen the trLdiagonal case for sLmple exemplifLcation 

purposes. The reader should bear Ln mind, however, that as the semi-

bandwLdths of matrLX A Lncrease, Lrrespective of the size of the matrLX, 

Ln the middle of the dequeue we have the formatLon of a full submatrLX 

the sLze of whLch depends on the semi-bandwidths (p,q).O 

FLnally, all the computatLonal steps of the systolic algorithm 

are Lllustrated in Figure (VI.A.4-f3). 

Step 
Number 

0 Xo ::::l]::===x,==~g g y, I= Yo 

1 x =J t::J?=====y=,=;.~~,=,x=,====~t::J~====~v~.====~r=Y• 
2 X~ x, 

= -- .,. ••• --::::... a,, 
2 y1 = a11 x1 + a12 x2 Ys = Bs.Xs Yz = 8z1X1 

3 
~ 

x, x. >---- x. - -a,. - a22 - ••• 
Vs.= BssXs + Bs,4X4 Yz = a2,x1 + 8zzXz Y4 = 84sXs 

~ 
X x, 1-- Xs 

5 a,, ...=.. ... ...=.. a, 
Yz = Bz1X1 + BzzXz + Bz3X3 Y4 = 84sXs +a~ Ya = BazXz 4 

-::::: x, x. 1-- Xo 

~ 843 
- -- 0 ....=- .,. 

Y 4 = 84s)(5 + 844X.. + 843X3 Ya = BazXz + 834X.. 5 
-::::: X a 1-- 1-::::- X. -Y• 

Fig1£1'e VI.A.4-f3: The Computatwnal Steps of the MatrLX-Vector 
MultiplLcation Algorithm (n=S) usLng a Dequeue. 

Y• 

1-

r- Ya 

1-

r-

1-

1-
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VI.A.5: A •RoTATING' AND •FoLDING' ALGORITHM UsiNG A Two-DIMENSIONAL 

'SYSTOLIC' COMMUNICATION GEOMETRY 

How can processors be d1stributed in a two-dimensional area so 

that they can be mesh-connected in a s~mple and regular way, ~n the 

sense that the connect~ons are all symmetr~c and of the same length? 

This problem is related to that of f~n~ng regular figures that can be 

closely packed to completely cover a two-dimens~onal area. 

It turns out that one of the most preferable solutions to th~s 

problem, possessing the above property, is the hexagon. 

In the follow~ng we shall demonstrate a mod~fied rotating and foLding 

algor~thm, ut~l~z1ng such a systol~c commun~cation network. 

t Matrix Mult~pl~cation on a Hex-connected Systol~c Array 

Theorem [VI.A.5:e 1J 

Let A=(a .. ) and B=(b ) be (nxn)-band matr~ces of bandw~dths w1 ~] ~] 

and w2 , respect~vely. The~r product C=(cij) can be computed by the 

follow~ng recurrences: 

(1) = 0 
cij 

(k+l) (k) 
c = c + aikbkJ , k=l,2, ... ,n ij ij 

= (n+l) 
ciJ ciJ ' 

on asystolic network of w
1

w
2 

hex-connected IPSP's, in 3n+min(w1 ,w2 > 

t~me-units (see Leiserson ~EISBlJ). 

Remark: The Efficiency of the d~amond-shaped hexagonal array ~s: E=l/3; 

this is due to the fact that in any row or column of the network, out of 

every three consecut~ve processors, only one is act~ve at any g~ven time.O 

We shall apply the'rotate'and'fold'algor~th~c concept to th~s 

problem, mak1ng use of the same systolic network of processors with 

tAn abbreviation for HexagonaLLy mesh-conneated. 
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identical cell specifications. The outl~ne of the IPS hexagonal cell 

~s given~ Figure (VI.A.5-fl). To rev~ew the general IPS operat~onal 

procedure irrespect~vely of the used geometry, each processor has three 

reg~sters RA,RB,RC and six external connections, three for ~put and 

three for output. In each t~me-un~t interval, the processor shifts the 

data on ~ts input lines denoted by A,B and c, into RA,RB and RC, 

respectively, computes RC+RC+RAxRB, and makes the ~put values for RA 

and RB, together with the new value of Re' ava~lable as outputs on the 

output l~nes denoted by A,B and C respect~vely. 

c 

B 

t 
c 

Figure VI.A.5-fl: The Outline of the IPS cell in the Hexagonal Geometry. 

Again, all outputs are latched and the log~c ~s clocked so that, when 

one processor ~s connected to another, the chang~ng output of one dur~ng 

a t~e-un~t ~terval w~ll not interfere w~th the ~put to another during 

th~s t~e ~terval. Th~s is not, however, the only process~g element 

we shall make use of, but it will be the work horse. 

Comment: The geometr~cal type of the IPS cell introduced in (par.VI.A.4) 

~s most suitable to be used for matrix-vector multiplicat~on and the 

solut~on of tr~angular linear systems. The cell geometry introduced 
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here~ is most suitable for matr~x multiplicat~on and LU-decompos~t~on.D 

Theorem [VI.A.5:e2] 

The (nxn)-band matr~ mult~pl~cation problem: C=AxB, w~th band

widths w1 and w2 , respect~vely, can be solved in L~ t +m~ (w
1

,w) 

t~me-un~ts, using Le~serson's systol~c network of w
1

w
2 

hex-connected 

IPSP's. 

Proof: 

(By construct~on of the array).D 

Remark: The Effic~ency (E) of the hexagonal array ~s not constant, but 

exh~its a fluctuat~on between 1/2 and 2/3. The reader should bear ~ 

m1nd that these results can De ver~f~ed by cons~dering the well known 
T{e) 

s Efficiency formula: EP = , where p is the number of PE's ~ 

the systol~c network.D 

Pr~or to illustrat~ng the'rotate'and'fold'concept, as we have 

noted, the band-shape of the matrices to be multipl~ed plays a s~gnif~cant 

role in the format~on of the appropriate dequeues. In particular, the 

diff~culties ar~se ~f one of the matrices has not equal sem~-bands. 

Then, the 'rotating'and'fold~g'technique must be carefully applied on 

the elements of those super- or sub-d~agonals whose presence alters 

the band symmetry. We shall exam~e both the symmetr~c and unsymmetr~c 

semi-band cases by cons~der~g appropriate Parad~gms. 

Let us consider the follow~ng (nxn)-band matrix multiplicat~on 

problem (for n=S), which is a symmetric sem~-band example: ~.e., 

tIt rrrzy ahange to 1-~i +min (w1 ,w2J depending on the band-shape of the 

matriaes to be multiplied. 



Computat1onal 
direction 

= 

0 

[Ch. VI/See. A 667] 

A 

The dequeues resulting when apply1ng the new technique to each of 

the involved matrices, together with the systolic hexagonal array, are 

g1ven 1n Figu!U(VI.A.5-f2). Note that, each c is 1nit1alized to zero 
1J 

as it eneters the network through the bottom boundar1es. 

Remark: The top data stream, 1n each factor matrix of the multiplicat1on, 

slightly overlaps the bottom orig1nated data stream for the sake of the 

ta1l elements (note the elements 1n circles). Besides th1s, each of 

the dequeues with the data of the factor matrices is ident1cal to the 

dequeue given for the matrix-vector multiplicat1on problem.O 

To measure accurately the time-complexity of systol1c arrays we 

should sum all the steps requ1red for load1ng inputs, process1ng, and 

retriev1ng outputs. For this specific Parad1gm the matr1x mult1pl1cat1on 

is computed 1n ~2nj+min(3,3)=10 t1me-un1ts, instead of 3n+min(3,3)=18 

time-un1ts that would be requ1red normally. 
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Paradigm [VI.A.5:~2J 
Let us now consider the followLng (nxn)-band matrLx multLplLcatLon 

problem (for n=S), whLch is an unsymmetric semi-band example: 

-P2---pl-
rcn I all al2 I bn bl2 bl3 cl2 cl3 cl4 0 

q 
ql 

a21 a22 a23 
0 

I b21 b22 b23 b24 0 c21 c22 c23 c24 c25 

a31 a32 a33 a34 b32 b33 b34 b35 = c31 c32 c33 c34 c35 

a42 a43 a44 a4S 0 b43 b44 b4S 

l:l 

c42 c43 c44 c45 

0 
aS3 aS4 ass bS4 bss cS2 cS3 cS4 css 

A B c 

In particular for the factor matrLces, an 'on-the-fly' modifLcation 

of the 'rotatLng'and'folding'concept LS necessary, and thLs is due to the 

lack of band symmetry. In respect to the product matrLx c, again a 

slLght advancement of the top data stream agaLnst the bottom orLgLnated 

one would take place normally, for the sake of the factor dequeues' 

taLl elements. 

The dequeuesof data resulting when applyLng this 'on-the-fly' 

modLfied/normal 'rotate'and'fold'to the correspcndingly Lnvolved matrices, 

together wLth the systolic hexagonal array, are given Ln Figure (VI.A.5-f3). 

Note that, all the in-between gaps are filled in with 'don't care 

elements', which for clean diagrammatical purpcses have been omitted. 

In Figure (VI.A.5-f4) are dLsplayed four consecutive computational 

steps on this hex-connected systolic array, whLle the matrix 

multLplicatLon is computed m ~32n~ +min (4 ,4)=12 time-units in total, 

instead of 3n+min(4,4)=19 time-units that would be required normally. 

The reader LS invited to study the data flow (indLcated by 'arrows') 
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continued •• -~ 
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(iii) 

(iv) 

Figure VI.A.5-[4 : Four Consecutive Computational Steps of the MatrLK 
Mult~plicat~on Problem of Faradigm [VI.A.5:n2]. 
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of this problem more closely by making transparencies of the banded 

matrices, and mov1ng them over the network p1cture as previously 

descrilied. 

We shall conclude by introduc1ng the appropriate formulae for the 

estimat1on of the (semi)-bandwLdth(s) of the product matrix in the 

matrix mult1plication problem. 

CoroLlary [VI.A. 5-P
1
J 

G1ven two (nxn)-band matrices A=(a
1

j) and B=(biJ) of semi-bandw1dths 

pA,qA and pB,qB respectively, the correspond1ng semi-bandwidths pc,qc 

of their product matr1X C=(c ) 
1J 

Pc = PA + PB - 1 

qc = qA + q - 1 
B 

Condition 

i) PA :;: n-pB 

ii) qA :;: n-qB 

Corollary [VI.A.5-P
2

] 

are estimated by formulae: 

} 

In the complementary condition cases: 

i) PA > n-pB A qA > n-qB 

ii) PA > n-pB A qA :i' n-qB 

iii) PA :;: n-pB A qA > n-qB ' 

the bandwidth of the product matr1X C=(c ) 1s estimated by the 
1J 

corresponding formulae given for each case: 

WC = 2n-l 

l WC = n + q + q - 2 
A B 

WC = n + PA + PB 2 
) 

(VI.A.5:1) 

(VI.A.5:2) 
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VI.A.6: 'SYSTOLIC' LU-FACTORIZATIONDEQUEUES FoR TRIDIAGONAL SYSTEMS 

The problem of factorLng a matrix A=(aij} into lower and upper 

triangular matr1ces Land U (1.e., LU-decomposition} has been proved 

(see [KUNG80], [LEIS81]) that 1t can be done naturally on hexagonal 

systolic arrays. It 1s assumed, however, that the matr1x A has the 

property that its LU-decomposit1on can be done by Gaussian el1m1nat1on 

without p1votLng. Th1s 1s true, for example, when A 1s a symmetric 

pos1t1ve-definite, or an irreducible, diagonally dominant matrix. 

Usually this cond1t1on 1s not a problem, since most of the systems 

encountered in practice are d1agonally dominant; on the other hand, 

however, there is currently no eff1cient way of incorporat1ng a p1vot 

strategy 1nto exist1ng vector or parallel algor1thms. 

Once the L and U factor matr1ces are computed, 1t is relat1vely easy 

to solve the resulting tr1angular linear systems. 

The hex-connected systolic array of processors to 1mplement the 

LU-decompos1tion, displayed Ln Figure (VI.A.6-fl), 1s constructed as 

follows. The processors below the upper boundaries are the standard 

IPSP's and are hex-connected exactly the same as the matrix multiplication 

computing network presented in (par.-VI.A.5). The processor at the top, 

denoted by a circle, is a spec1al processor. It computes the reciprocal 

of 1ts 1nput and pumps the result southwest, and also pumps the same 

1nput northwards unchanged. The other processors on the upper boundaries 

are agaLn IPSP•s, but the1r orientat1on is changed: the processors on 

the upper left boundary are rotated 120 degrees clockw1se; the 

processors on the upper r1ght boundary are rotated 120 degrees counter

clockw1se. Again, the flow of data in the array is Lnd1cated by arrows. 
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t t 

Figure VI.A.6-fl: Hexagonal Array of Processors for P1pel1n~g the LU
decomposit1on of a (nxn}-Band Matr1X w1th Bandw1dth 
-7. 

Remark: A maJor part of the LU-decompos1t1on network 1s formed from 

the matr1X mult1pl1cat1on network due to the s1m1larity of the def~~g 

recurrences. In other words, th1s 1mplies that the rotating and folding 

technique should be successfully applied on the present problem and 

systolic network, to ~crease, ~ a s1m1lar manner, the overall eff1c1ency 

of the array. 0 

Pr1or to proceeding to the format1on of the systol1c LU-factor1zat1on 

dequeue we shall 1ntroduce the follow1ng Theorem and Lemma obta~ed from 

[LEISBll. 

Theorem [VI.A.6: e1J 

Let A=(a. } be a (nxn}-band matrix w1th bandw1dth w=p+q-1, then a 
1J 

processor array having no more than pq hex-connected processors can 

compute the LU-decompos1tion of A 10 3n+min(p,q} t1me-units. 
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2 Let A=(a, ,) be a (nxn)-dense matrix, then n hex-connected 
~J 

processors can compute the L and U matr~ces in 4n time-un~ts. 

Remark: It ~s not to be forgotten that these complex~t~es ~elude I/0, 

control, and data movement.D 

When we apply the new 'rotate' and 'fold' concept we obtain two LU-

factor~zat~on streams funct~on~g concurrently and in opposite d~rections, 

one from the top downwards and the other vice versa. Certainly, the 

two factorization streams should confront each other ~n the center of 

the matrix and the degree of d~fficulty ~n handling the factor~zing 

procedures in this part is d~ectly dependent upon the s~ze and the 

semi-bandwidths of the matrix. Herein, we shall exemplify the concept 

of the systolic LU-factorization dequeue for tridiagonal matrices. 

Theorem [VI.A.6:e2J 

Let A=(aij) be a (nxn)-band matrix w~th sem~-bandw~dths p=q=2, 

then by apply~g the 'rotate' and 'fold' technique the factor~zat~on 

of A into the L and U matrices can be done in l-3
2
nl !m~ (p,q) t~me-un~ts, 

us~g a hex-connected systol~c network of pq processors. 

Proof: 

(By the construction of the array~ the Parad~gms wh~ch follow).D 

Paradigm [VI.A.6:n1J 

n-odd 

Let us cons~der the following (nxn) tr~d~gonal matr~x (for n=9): 

tThe aeiling funation is used to take aare of the aase that n is an 
odd nwnber. 
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The general recurrences for the p~pelined systol~c evaluation of 

the tr~angular matrices L=(~ ) and U=(u ) , for any (nxn)-band matrLx 
~J ~J 

with bandwidth w=p+q-1, are the follow~ng: 

(l) 
aij = 

(k+l) 
a~j 

= { 

a~j 
(k) 

a 
~J 

0 if ~<k 

~f ~=k 

~f k>j 

if k~J· 

(VI.A.6:2) 

The resulting matrices for the particular case of p=q=2, and n=9 

have the form 
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1 

.1,21 1 

.1,32 1 

.1,43 1 0 

L .!,54 1 = 
.1,65 1 

.1,76 1 

0 
.1,87 1 

R.ga 1 

rll ul2 

u22 u23 

u33 u34 
0 

u44 u45 

u = u55 u56 

u66 u67 

0 u77 u78 

u88 u89 

u99 

Pr1or to illustrat1ng the LU-factor1zation dequeue let us discuss 

the mathematical alterations 1mposed on the recurrences (VI.A.6:2) 

for the application of the Totate'and ~old'technique. In particular, 

the matrix A will be rewritten as two separate matr1ces A
1

, A2 of half

band length each, 1.e., 



-p

I all al2 
q 

I a21 a22 

Al = a32 

and 

-q-

1 a99 a98 
p 

I a89 a88 a87 
A = 

2 

0 

1 

0 

1 

0 
= 

0 

02 
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1 0 

1 

1 

0 
1 

J 

0 l 
(1st stream) 

l 
1 0 

1 

0 
1 

J 
0 

(2nd stream) 

Remark: For this specLfLc example, where the semi-bandwidths are p=q=2, 

we shall use a (2x2) systolic array of hex-connected processors.C 



[Ch. VI/Sec. A 680] 

The recurrences given in (VI.A.6:2) w~ll be mod~fied to the 

following: 

and 

a 
(1) 

~) 

(2) 
al.i = 

u . 
rJ 

(1) 
a. = 
~) 

(2) 
a .. = 
~~ 

t~r = 

r 
u = l rJ 

+ t (-u ) 
l.,J.-1 J.-1,1. 

( 3) (2) 
a .. , a = a 
~) ~~ ~i 

(1) 
a +t 

1 
( -u. 

1 
. ) 

l.l. l.,l.+ 1.+ ,1 

0 ~f ~>r 

nd (VI.A.6:4) 
1 if i=r 

(2 stream) 

(1) -1 
~f i<r air u 

rr 

0 ~f r<J 

(2) 
a if r=Jin 
r) 
(1) 

if r>J,r=J=n a 
rJ 

Corrment: S1.nce n is chosen to be odd, each stream in the destream 

procedure modif~es the center element of the matr~x m~ddle row; and to 

be more spec~fic (~n the above example) the ass element (only) is 

t 
mod~fied tw~ce. 0 

Let us now compute the correspond~ng elements of the result~ng 

triangular matr~ces, by us~ng the above recurrences for the oppos~te 

tThis implies that after its first modification this element has to be 
collected 'on-the-fly' from the output of the cell and brought back 
into the serial stream to re-enter that cell (in the same time-unit 
step) for the next modification. 



factorization streams. 

18 t Stream 

(1} 
a 

l.J 

u1J 

u2J 

u3J 

u4J 

USj 

(2} 
a 

l.l. 

(2} 
a 

l.l. 

(2} 
a, 

l.l. 

nd 
2 Stream 

(1} 
a 

l.J 

u9J 

uSJ 

u7j 

u6j 

uSJ 

(1} -1 
= a21 ull 

(1} -1 
= a32 u22 

(1} -1 
= a43 u33 

(1} -1 
= aS4 u44 

(1} 
a12 (l.nl.tl.ally} 

(1} 
= a23 

(1} 
= a34 

(1} 
= a4S 

(1} 
= a22 +£21 (-u12} 

(1} 
= a33 H32(-u23} 

(1}+ ( } 
= a44 R-43 -u34 

(1} (2} (1} 
= al.i +R.i4 (-u4l.} • ass = ass +R-54 (-u4S} • 

....:::.::..___::.~~-:!:--

= a~~} (l.nl.tially} 

( 1} 
= a87 

(1} 
= a76 

(1} 
= a6S 
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1 

J 
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\g 
(1) -1 

R.S9 
(1) -1 

l 
= ai9 u99 • = aS9 u99 

R.l.S = (1) -1 .. 
R.7S = 

(1) -1 
al.S uSS a7S uSS 

(L2) (1) -1 .. (1) -1 
R.l.7 = al.7 u77 R.67 = a67u77 

R.l.6 = (1) -1 .. 
R.S6 = 

(1) -1 
J ai6 u66 aS6 u66 

(2) (1) .. (2) (1) a = a +R.9(-u9) ass = ass. +R.S9 (-ugsl l.l. l.l. l. l. 

(2) (1) (2) (1) a = al.i +R.l.S (-uSi) .. a77 = a77 H7S ( -uS7) l.l. 

(2) (1) .. (2) (1) a aii +R.l.7(-u7i) a66 a66 H67(-u76) l.l. 

(2) (1) .. (2) (1) a aii +R.i6 (-u6l.) ass = ass +R.S6 (-u6S) • l.l. 

The Ef f ic J.ency achieved l.n [KUNGBO] from the srngle stream LU-

decomposl.tl.on scheme J.s: E=l/3, since in any row or column of the hex-

connected systolic array, sJ.milar to the matrl.X multl.plication case, 

only one out of every three consecutive processors is act1.ve at a g1ven 

t1.me. 

The dequeue of data resultl.ng when applying the'rotate'and ~old' 

concept to the two half-A matrices, to take advantage of the processors 

'dormant' instances occurr1ng in the above l.mplementatJ.on, together 

Wl.th the systoll.c array, are given l.n Figure (VI.A.6-f2). 

Remark: The Efficiency achieved has now been J.ncreased to E:l/2, 

whereas the number of IPS cells l.S the same as for the usual LU-

decomposJ.tl.on array.D 

For exemplary purposes of the new concept, m Figure (VI.A.6-f3) 

are displayed all the computatJ.onal steps required on thl.s hex-

connected systoll.c array of processors. For thl.s specific Paradl.gm the 

LU-factorl.Zatl.On l.S computed l.n j32nl +mm (2,2) =16 tJ.me-unJ.ts, J.nstead of 

3n+m>.n(2,2)=29 tJ.me-units that would be required normally. 
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t 

"' ' "' ' "' ' "' ' "' ' "' ' "' ' ., 
a99 ' ... 'I 

"' ' ' "' ,, ( a21 a12 

aS9 a9S 

a22 

ass 

a32 a23 

a7S aS7 

a33 

a77 

a43 a34 

a67 a76 

a44 

a66 

a 54 a45 

a 56 a65 

~ 

Figure VI.A.6-[2: The Dequeue of Data for the LU-factorization on a 
Hexagonal Systol~c Array (for p~q~2, and n~9). 
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-1 
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0 0 

C9 9. 
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10. 
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continued •• -~ 



0 

14. 

t 

The pr1me denotes 
that th1s element 
has been mod1f1ed 
by the previous stream. 

13. 

nd 
(for the 2 
stream) 

-1 15. 

0 

0 

Figure VI.A.6-[J: All the Computat1onal Steps of the LU-factorizat1on of Paradigm [VI.A.6:n
1
1 

st 
the 1 stream) 

-1 
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Again, the reader ~s ~nvited to ver~fy the computat~onal snapshots 

given in the above Figure by mak~ng transparenc~es either of the 

compound data stream, or the network ~tself, and moving them one over 

the other appropr~ately. 

n-even 

Let us cons~der the following (nxn) tr~d~agonal matr~x (for n=4): 

-P--

I all al2 
0 q 

I a21 a22 a23 
A = (VI.A.6:5) 

0 
a32 a33 a34 

The matrix A will be rewr~tten as two separate matrices A
1

,A
2 

one of wh~ch is greater than a half-band length, i.e., 

--p--

I all al2 0 

Al = r a21 a22 a23 = 

0 

and the other as 

= 

1 
0 

£.21 1 

0 £,32 1 

cl r44 u43l 

~ lo 6YJ 

0 

ul 

st 
(1 stream) 

nd (2 stream) 

Remark: Again, we shall use a (2X2) systolic array of hex-connected 

processors. 0 

The recurrences that we shall use in this case are: 



and 

(1) 
a 

l.J 
(3) 

a 
l.l. 

(2) = a .. l.l. 

(2) 
aii 

(1) 
=a +iiil(-u 1') 11 , - 1- ,1 

2, = 1 1f i:;:r 
l.r 

l.f i>r 

0 if r>J 

u = 
rJ 

(1) 

(2) 
a 
rJ 
(1) 

a 
rJ 

a = a, 
l.J l.J 

if r=j;!l 

if r<J, r=j=l 

(2) =a (1)+ R. (-u l 
ai1 11 1,1+1 1+1,1 

u 
r) 

r 0 

-11 
(1) -1 

a u 
1.r rr 

l.f l.>r 

l.f l.=r 

l.f i<r 

l.f r<j 

l.f r=j#n 
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(VI .A. 6 :6) 

(1st stream) 

(VI.A.6:?) 

nd 
(2 stream) 

Let us now compute the corresponding elements of the resulting 

trl.angular matrl.ces, by using the above recurrences for the opposl.te 

factorl.zation streams. 

st 
1 Stream 

( 3) 
a .. l.l. 

= 
(1) (1) 

(initially) L. all ' ul2 = al2 

= (2) = (1) 
a22 ' u23 a23 

j = 
(2) 

a33 

= 
(1) 

ulJ alj .. ull 

u2j = (2) 
a2J • u22 

= (2) 
u3J a3j • u33 



nd 2 Stream 

(2) 
a l.l. 

= a (l)u-l .. t 
l.l ll 21 
(1) -1 

= al.2 u22 .. t32 = 

(2) 
a33 
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''"'~"'' l 
} (L2) 

The dequeue of data resultl.ng when applying the 'rotate' and ~old' 

concept to the matrl.ces A
1 

and A2 , to benefl.t from the processors 

l.nactl.ve instances occurrl.ng l.n the sl.ngle LU-decompcsl.tl.on stream, 

together wl.th the systoll.c array, are given l.n Figure (VI.A.6-f4). 

Remark: The Effl.Cl.ency achieved has agal.n been l.ncreased to: E=l/2, 

whereas the number of IPS cells l.S the same as for the usual LU-

decomposl.tl.on array.O 

Agal.n, for exemplary purpcses of the 'rotate' and ~old'concept for 

thl.s case, l.n Figure (VI.A.6-f5) are dl.splayed all the computatl.onal 

steps required on thl.s hex-connected systoll.c array of processors. For 

thl.s specifl.c Paradl.gm the LU-factorl.zation is computed in ~n min(2,2)+1=9 

time-units, l.nstead of 3n+ml.n(2,2)=14 time-unl.ts that would be requl.red 

normally. 

Comment: Note that, the a
33 

element after l.ts fl.rst modl.fl.cation has 
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L u 

~ ' + + I I I 
I 

t I 

t I 
·1 I 

I 

0 

Figure VI.A.6-[4: The Dequeue of Data for the LU-factorization on a 
Hexagonal Systol~c Array (for p=q=2, and n=4). 

to be collected 'on-the-fly' from the output of the cell and brought 

back ~nto the serial stream to re-enter that cell, w~th a t~me-un~t 

st delay, for the next modif~cat~on by the 1 wave. 

691] 

For a better ass~stance ~n understand~ng the'rotate'and"fold'concept, 

in Appendix C-VI, the mathemat~cal background of the double Gauss~an 

el~~nat~on streamst ~s introduced, accompan~ed by an appropriate general 

numer~cal example, ~.e. for a full (nxn) matr~x, to demonstrate the 

eff~ciency of the method. 

For the spec~f~c ~nstance of the present case, however, let us 

present a s~mple numer~cal example illustrat~ng th~s necessary 'on-the-fly' 

modificat~on d~scussed above. 

tFor fuZZ matrices. 



0 0 

0 0 

cont1.nued ••• ~ 

t 



0 

6. 

The prune denotes that this 
element has been modif1ed 
by the prev1ous stream. 

0 

5. 

-1 

B. 

-1 C9 
0 

C9 (for the 2nd stPeam) 

t 

continued •. -~ 



the 1st stream) 

t -1 

0 ,:_0 

9. t 

Figure VI.A.6-f5: All the Computat~onal Steps of the LU-factor~zat~on of Paradigm [VI.A.6:~2J. 
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ConsJ.der the followJ.ng (4x4) trJ.dJ.agonal lJ.near system: 

2 1 

0 l r~ l:l 1 3 1 x2 

~ l::J 
= (VI.A. 6:8) -1 2 2 

0 
L3j 1 

NOtice that, the coeffJ.cJ.ent matrix J.s dJ.agonally dominant. 

By applyJ.ng the foldJ.ng algorJ.thmic process we obtaJ.n the followJ.ng 

solutJ.on steps: 

2 1 

1 3 

-1 

0 

2 1 

1st step 5/2 

-1 

0 

2 1 

nd 2 step 
5/2 

0 

1 0 

2 

1 

t 

1 

@ 
0 l 
,J 1 

t 

1 0 

1 2 

multipliers (!op-Qottom streams) 

mt ~ 

r 3 l -1/2 

5 

2 

3 -1/2 

2/5 

7/2 

The circle and square schemes underlJ.ne the modJ.fJ.cation sequence of 

that element by the bottom and top streams, respectively. The solution 

T 
vector x was pre-arranged to be ~=(1,1,1,1) • Further, note that, 

since n is even the foldJ.ng procedure ends-up with the formation of a 
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(2x2) central submatrix. On th~s matrix, only the top stream el~m~nates 

the correspond~ng element and hence the backward, forward subst~tut~ons 

start from unsymmetr~c matrix positions. 

To conclude, in respect to the ut~l~zed systolic array for the 

Paradigms here~n, there are several other equivalent networks that 

reflect only m~nor changes compared with ~t. For example, the elements 

of L and U can be retr~eved as output in a number of d~fferent ways. 

Also, the '-1' ~nput to the network can be changed to a '+1' if the 

special processor at the top of the network computes minus the 

reciprocal of ~ts input. 

VI.A.6.1: 'DEQUEUES' FoR SOLVING TRIANGULAR LINEAR SYSTEMS 

Th~s paragraph concerns ~tself with the solution of the correspond-

~ng tr~angular l~near systems resulting from the factorizat~on of the 

numer~cal examples of Paradigms [VI.A.6: ~1 .~2 }, by applying the rotate' 

and 'fold' concept aga~n, to obtain a s~milar ~ncreased eff~c~ency as 

that for the factoriz~ng part. 

Suppose that we want to solve a linear system: ~=~. In fact, 

after the LU-decompos~t~on we have to solve two tr~angular l~near systems: 

(VI.A.6:1) 

An upper triangular linear system can always be rewritten as a lower 

triangular l~near system without any loss of general~ty. 

Here~n, we shall investigate both problems ~ndiv~dually, making 

use of the same systolic network introduced ~n [KUl1G80] ; but, instead 

of a s~ngle data stream we shall form an appropriate dequeue for each 

of the problems above, to solve two triangular linear systems in the 
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same amount of t1me requ1red for the solution of one in the above 

implementatl.on. 

Further, note that, we shall tackle both these problems for the 

correspond1.ngly resulting tr1angular l1near systems of the above 

Parad1gms, in order to cover the 1nstances of n being odd and even. 

CASE A - (of Paradigm [VI.A.6: ,.
1

] l 

(i) - Lower Tr1angular Linear Systems 

Let A=(a ) be a non-singular (9x9)-band lower tr1angular matrl.x. 
1) 

T 
Suppose that A and vector £=Cb1 , ••• ,b

9
) are given. The problem 1s to 

T 
compute ~=Cx1 , ••• ,x9 l such that: Ax=b. The vector x can be computed 

by the follow1ng recurrences: 

(1) 
yi = 0 

(VI.A.6.1:1) 

(2) (1) 
(when 1=1, then y

1 
=y

1 
) • 

More specifically, let us cons1der the lower tr1.angular linear 

system and compute the solut1on vector~· us1ng the above recurrences, 

i.e., 

q 
all 

l rx~l 1,? 
I a21 a22 x2 b2 

a32 a33 
0 

x3 b3 

a43 a44 x4 b4 

aS4 ass xs = bs (VI.A.6.1:2) 

a6S a66 x6 

~·, a76 a77 x7 b7 

0 aS7 ass 

a991 

xs bs 

a9S Xgl bg 

A X b 



The solut~on will be: 

x1 = b/a11 

a21 xl +a22x2 = b2 -.x2 

a32x2+a33x3 = b3 -.x3 

a43x3+a44x4 = b4 -x4 

a54x4+a55x5 = bs -xs 

a65x5+a66x6 = b6 ._x6 

a x +a x = b7 -.x
7 76 6 77 7 

a87x7+a88x8 = bB -xs 

a98x8+a99x9 = b9 -x9 

= (b2 -a21 xl) /a22 

= (b3-a32x2)/a33 

= (b4-a43x3)/a44 

= (b5-a54x4)/a55 

(b6-a65x5) /a66 

= (b7-a76x6)/a77 

= (b8-a87x7)/a88 

= (b9-a98x8)/a99 
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In th~s case (i.e., tr~d~agonal matr~x), the bandwidth of the 

matr~x ~s w=q=2. The above given recurrences, in (VI.A.6.1:1), can be 

evaluated by the algorithm and network almost ~dent~cal to those used 

for the band matr~x-vector mult~pl~cation problem. The outline of 

this systolic network ~s illustrated ~n Figure (VI.A.6.1-fl) further on. 

On th~s network, the y , which are ~n~t~ally zero, move leftwards 
~ 

through the network, wh~le the x.,a , and b are mov~ng as ~nd~cated 
~ l.J ~ 

in Figure (VI.A.6.1-fl). The left-end processor is spec~al ~n that 

~t performs x. + (b -yi)/a. • In fact, the special processor ~ntroduced 
~ l. l.l. 

in the LU-decomposition problem is a spec~al case of th~s more general 

processor. 

Each y~ accumulates an ~nner product term ~n the square processor as ~t 

moves to the left. At the t~me y reaches the left-end processor, ~t 
l. . 

has, in general, the value a 
1

x
1

+a.
2

x
2

+ ••• +a . 
1

x 
1

, and consequently 
l. l. l. ,J.- l.-

the x. computed by the formula above at the processor w~ll have the 
~ 

correct value. From [KUNGBOl we obtain the following Theorem. 
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Theorem [VI.A.6.1: e1J 

Let A~(a .) be a non-s~ngular (n~n)-band lower triangular matr~x 
~J 

of bandw~dth w~q. 
T 

Suppose that A and ann-vector b~(b1 , ••• ,b) are 
- n 

g~ven. 
T 

Then, ann-vector x~(x1 , •.• ,x ) such that: ~~~, can be 
- n 

computed in 2n+q time-units on a l~nearly connected systol~c network 

of w IPSP's. 

Aga~n, we shall take advantage from the fact that the number of 

processors required by the network can be reduced to w/2. In part~cular, 

we shall make use of the gaps (~.e., 'idle' processors) by coalesc~ng 

with the f~rst stream of data, a second stream, thus halving the total 

solution time. 

More specif~cally, we have to solve two lower triangular linear 

systems, i.e. , 

all X~ ~~ 
a21 a22 0 x2 b2 

(Result~ng from the 

a32 a33 x3 ~ b3 st 1 stream of the LU-

0 a43 a44 

~ 
x4 b4 

decomposition) 

a54 xs bs 

Al ~1 ~1 
and 

a99 l \:~ 
b9 

aS9 ass bs 
(Result~ng from the 

0 nd 
a78 a77 x7 b7 

2 stream of the LU-

0 a67 a66 x6 b6 
decompos~t~on) 

a56 xs bs 

A2 ~2 ~2 



------------------------------

[Ch. VI/See. A 700] 

The recurrence formulae for the system: A1~1 = £1 will be: 

(1) 
0 yl. = 

(2) (1) 
yi = y. +a . 1x. 1 ~ ~,J.- ~-

(2) 
x. = (bl.-yi )/aJ.i' l. 

and for the system: A2~2 = £2 : 

(1) 
yl. 

(2) 
yl. 

0 

= a x 
l.,J.-1 i-1 

(1st stream) 

(when i=J...y (2) =y (1)) 
1 1 ' 

(VI.A.6.1:3J 

nd 
(2 stream) 

I . 
(VI.A.6.1:4) 

Let us now compute the solutJ.on for the above systems, so later, 

in the step-by-step analysis, we shall be able to follow the results 

in each step. 

st 1 Stream 

xl = b/a11 

a21 xl +a22x2 = b2- xz = (b2 -a21 xl) /a22 

a32x2 +a33x3 = b3- x3 = (b3-a32x2)/a33 

a43x3+a44x4 = b4- x4 = (b4-a43x3)/a44 

aS4x4+assxs = bs- xs = (bS-aS4x4) /ass 

nd 2 Stream 

x9 = b9/a99 

a89x9+a88x8 = bs- xs = (b8-a89x9)/a88 

a78x8+a77x7 = b7- x7 = (b7-a78x8) /a77 

a67x7+a66x6 = b6- x6 = (b6-a67x7)/a66 

aS6x6 +assxs = bs- xs = (bS-aS6x6)/ass 
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Theorem [VI.A.6.1: e2] 

An (nxn)-band lower triangular l~near system: ~=£, with 

- t 
coeff~c~ent matr~x bandwidth w=q=2, can be solved ~n n+2p~ t~-

un~ts apply~ng the 'rotate' and 'fold' concept on a l~nearly connected 

systolic network of w IPSP's. 

Proof: 

(See experimental results of Figure (VI.A.6.1-f2).C 

The dequeue of data result~ng when applying the above concept to 

the two half-parts A
1 

and A
2 

of the or~ginal matrix A, together w~th 

the systol~c array, are given in Figure (VI.A.6.1-f1). 

Remark: The Eff~c~ency ach~eved has been increased from: E=l/2 to 1, 

whereas the number of IPSP•s ~s the same as ~n [KUNG80] .0 

In Figure (VI.A.6.1-f2) are illustrated all the computat~onal steps 

required on th~s l~near systolic network of processors. Note from th~s 

Figure that the common elements to both streams, denoted by c~rcles 

~n the Figure (VI.A.6.1-f1), are sub]ect to spec~al handl~ng. For th~s 

specif~c Paradigm, the solut~on of the lower triangular l~near system ~s 

computed in 13 t~me-units, since (n,p) are (odd,even)+, instead of 20 

t~me-un~ts that would be required normally. It ~s obv~ous that the new 

techn~que, for n very large, pipel~nes the solut~on twiae as fast. 

CASE B - (of Paradigm [VI.A.6: ~ 1 11 

(ii) - Upper Triangular Linear Systems 

As we have mentioned, an upper triangular l~near system can be 

rewritten as a lower triangular linear system and then solved us~ng the 

tNote that, p is either p-1 or p (p is the semi-bandWidth of the original 
matrix) depending on the combination (odd/even) of (n,p). The related 
theory is given in Seation B. 

+Henae, p=p-1. 
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aS6 

aS4 

a67 

a43 

a7S 

a32 

aS9 

a21 __ J __ .,. 
- I 

I 

' ~ 

-

Figure VI.A.6.1-[1: The Dequeue of Data for the Solution of the Lower 
Triangular Linear System of Paradigm [VI.A.6: n1J 
on the Linearly Connected Systol~c Array (for w~=2). 

follow~ng recurrence formulae which consist of a general>zat~on of the 

formulae (VI.A.6.1:3,4), respectively: 

For the system: A
1

x = b 
-1 -1 



all a99 a2l 
~ ' I ' - - y2 - - Yg yl Yg 

y
1 

enters xl y
9 

enters 

bl processor 2. 2. - - -- - processor 
x9 xl=(bl-yl) /all= 

I b/a11 
(s~nce y

1
=o). 

bg 
1. 

2. 
a22 a89 

' I 

- a21 - Ys 
y2 y2=a2lxl. 

- - xl - x9=(b9-y9)/a99= 
x2 

b9/a99 (swce y
9

=o). 

b2 J. 

a32 a78 
I I -- - - - n 

y7 ;s-
a32 a89 y3 Ys=as9x9. 

y3 y3=a32x2. <::: Ys xs ~ x2=(b2-y2)/a22= xs= (ba-Ys> /ass= ----- (J) - bs - x2 "' - Xg - ~ (b2 -a21 xl) /a22 · X9 (bs -a89x9) /ass· r> x3 
x

1 
is output. 

~s output. > t t x9 
bs b3 -... 

4. 5. cont~nued ···~~ 



a77 a43 
a44 a67 

J J I I 

- - -a78 y4 a43 y6 

y7 y7=a78x8. y4 y4=a43x3 · 

- XB - 6) x3=(b3-y3)/a33= - - x3 - ~ 
x7=(b7-y7)/a77= 

x4 
(b7-a78x8)/a77" (b3 -a32x2)/a33 • 

t 
l.S output. x8 l.S output. 

b7 x2 

a66 
6. 

aS4 
7. 

J I 

- -a67 Ys 

y6 
y6=a67x7. 

- - x7 - (3) 
x4=(b4-y4)/a44= 

x6 (b4-a43x3)/a44 • 
t x3 is output. 

b6 

ass 
8. 

aS6 

J I 

- - - - -aS4 Ys ..., 
aS6 "'" 

Ys ys=as4x4 · 
Ys 

ys=as6x6. 
<:: 

x6=(b6-y6)/a66= xs=(bs-ys)/ass= 
..... - x4 - 6) xs - - - x4 ----x6 (/) 

(b6-a67x7)/a66 · (bs-aS4x4)/ass· "" n 

t x7 is output. t x
4 

1s output. > 
bs b' =x 

s 5 

9. 10. 
-.. 

cont1.nued .. -~ ~ 



-
- xs 

Figure VI.A.6.1-[2: 

-
xs=<bs-ys)/ass= 

(bs-a56x6)/ass· - (§) 
x

6 
~s output. 

11. 

-
-

-
-

x
5 

~s output 
nd 

(from the 2 

stream). 

13. 

xs 

All the Computat~onal Steps of the Solut~on of the Lower Tr~angular 
Linear System of Paradigm [VI.A.6: ~ 11. 

- x
5 

~s output 
st 

(from the 1 - ~stream). 

12. 



(k) 
y +a x 

L Lk k 

X = (b -y(L))/a 
L L i LL 

and 

for the system: A2~2 = £z 

where 

(k) 
yt 0 

(k+ 1) (k) 
yt = y +a x t tr r 

t = n-Hl 

r = n-k+l 
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(1st stream) (VI.A.6 .1:5) 

nd (2 stream) (VI .A.6.1:6) 

In partLcular, the two upper systems rewritten as lower trLangular 

hnear systems to be solved concurrently by the two opposLte elimJ.natJ.on 

streams are: 

~~ I@ ~~ a45 a44 x4 (ResultLng from the 

0 st 
a34 a33 x3 = b3 1 stream of the LU-

l a23 a22 
x2 J b2 decompositLon) 

0 
all blj al2 xl 

Al ~1 £1 

and 

@ G)l @l X 
(ResultLng from the 

a65 a66 0 6 b6 
nd = 2 stream of the LU-

a76 a77 X ,, J 7 

X 
bs 

decomposLtion) 

0 
aS7 ass s 

a9S a99 Xg b9 

A2 ~2 £2 
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Let us now compute the solut1on vector for the above systems, so 

that we can follow the results g1ven in the subsequent step-by-step 

systol1c computat1on. 

st 1 Stream 

: Solution for the system: A1~1 

xs=bs/a55 

a45x5 + a44x4 = b4 -x4 

a34x4 + a33x3 = b3 -x3 

a23x3 + a22x2 = b2 .... xz 

al2x2 + allxl = bl ..,. xl 

nd 2 Stream 

: Solution for the system: A2~2 

xs=bs/ass 

a65x5 + a66x6 = b6..,.. x6 

a76x6 + a77x7 = b7 ._x7 

a87x7 + a88x8 = bs -xs 

a98xS + a99x9 
= bg -xg 

~ ~1 

= (b4-a45x5) /a44 

= (b3-a34x4) /a33 

= (b2-a23x3)/a22 

= (bl-al2x2) /all 

= ~2 

= (b6-a65x5)/a66 

= (b7 -a7 6x6) I a77 

= (b8-a87x7) /ass 

= (b9 -a98xS) /a99 

The dequeue of data resulting when applying the 'rotate'and'fold' 

concept to the two half-parts A1 and A2 of the or1g1nal matr1x A, 

together with the systolic array, are given in Figure (VI.A.6.1-f3). 

The remark made 1n the previous case, about the Eff1c1ency ach1eved, 

applies to the present case as well. 

Finally in Figure (VI.A.6.1-f4) are illustrated all the computat-

ional steps required on th1s l1near systolic network of processors. 

Aga1n, the common elements to both streams, denoted by c1rcles 1n Figure 

(VI.A.6.1-fJ), are subject to spec1al handl1ng. The solut1on was 

obtained, as expected, 1n 13 time-unitst. 

t In faat, it aan be obtained in even fewer time-units. 



a99 

all 

a88 

a22 

a77 

a33 

a66 

a98 

a12 

a87 

a23 

a76 

a34 

a44 a65 : 

~ a45 I \.2)1 _..J a __ ... 

55 ------ I 

--- I ~----- ' '~ l 

t 
bs 

(5) 
b4 

b6 

b3 

b7 

b2 

b8 

bl 

bg 

-
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-

Figure VI.A.6.1-[3: The Dequeue of Data for the Solution of the Upper 
TrLangular Linear System of Paradigm [VI.A.6:~1 J 
on the Linearly Connected Systolic Array (for w:q=2) • 
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-
-
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- -ass'\ 
xs 
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b5 
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Ys} -
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xs=(bs-ysl /ass= 

bs/ass(s1nce ys=Ol. 

-
-

I' 
Ys -

- Ys enters 

processor 2. 
xs=(bs-ys)/ass= 

bS/aSS (s1nce y 5=0) . 

2. 

y3=a34x4. 

- x6=(b6-y6)/a66= 

~ (b6-a6SxS)/a66" 

xS 1s output. 

5. 
cont1nued ... ~~ 

.._ 
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bs 
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x
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J.S output. 
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a77 \ 
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Ys;as7"7· 
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(b2-a23x3)/a22. 

x
3 

J.s output. 

B. 

-
-

"3 

I' 
a23 -

y2 -

-
-e 

y2;a23"3· 

"7;(b7-y7)/a77; 

(b7 -a76"6) I a77 · 

x
6 

1s output. 

7. 

Yg;ags"s. 

"1; (bl-y 1) /all= 

(bl-al2x2) /all· 

x
2 

l.S output. 

10. 
cont1.nued ... ~ ~ 



- - -
x9=(b9-y9)/a99= 

- xl - 6) 
(b9 -a98x8) /a99 • - x9 
x

8 
l.S output. 

11. 

- -
x

9 
l.S output. 

- -
13. 

Figure VI.A.6.1-[4: All the ComputatJ.onal Steps of the SolutJ.on of the Upper Trl.angular 
LJ.near System of Paradigm [VI.A.6: n1]. 

-
xl is output. 

- 6) 

12. 
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CASE A - (of Paradigm [VI.A.6 :rr 2J l 

(i) - Lower Tr~angular L~near Systems 

The lower tr~angular hnear systems to be solved are the following: 

[" 0 l lbll st 

a22 

~ 
(Result~ng from the 1 stream 

a21 

0 a32 6)J of the LU-decompos~tion) 
3 

Al ~1 £1 

and 

QJ l6) l6>1 
nd 

e44 

(Result~ng from the 2 stream 

a34 
of the LU-decompos~t~on) 

3 3 

A2 ~2 £2 

The recurrence solut~on formulae for these systems are those given 

~n (VI.A.6.1:3,4), or the general ones in (VI.A.6.1:5,6), respect~vely. 

The correspond~ng solut~on for each of these systems ~s: 

1st Stream 

: Solut~on far the system: A1~1 = £
1 

":!. = b/au 

a2lxl + a22x2 = b2 -x2 = (b2-a2lxl)/a22 

a32x2 + a33x3 = b3 -x3 = (b3 -a32x2) /a33 

nd 2 Stream 

: Solut~on for the system: A2~2 = £2 

x4 = b/a44 

a34x4 + a33x3 = b3 ._ x3 = (b3 -a34x4) /a33 • 

The dequeva of data for the solution of the above systems, together 

w~th the systol~c network, are g~ven ~n Figure (VI.A.6.1-f5). All the 
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computat~onal steps requ~red on th~s systol~c array are d~splayed ~n 

Figure (VI.A.6.1-f6); in spec~f~c. the solut~on was obta~ned in 8 t~me-

units, 1nstead of 10 time-units that would be required normally. The 

Eff~c~ency ach~eved has been increased from: E=l/2 to 1, wh~le the 

number of cells has remained the same as in [KUNGBO]. 

Note, the spec~al handling of the common elements to both streams, 

denoted by c1rcles ~n Figure (VI.A.6.1-f5), and that for n very large 

the solut~on w~ll be p~pel~ned twice as fast as ~n the above 1mplementation. 

-\ 
J 

(5)"3"2" 4"i"~t _...,l't...-__;-=----t. ___ j--=-~ 

bl 

b4 

b2 

b3 

6) 

Figure VI.A.6.1-f5: The Dequeue of Data for the Solut~on of the Lower 
Tu angular Linear System of Paradigm [VI .A. 6: rr 2] 
on the Linearly Connected Systolic Array (for w=q=2). 



all 
a44 a21 

~ • I • - - -yl y4 y4 y2 

y
1 

enters y4 enters 

- - processor 2. X - - - processor 2. 4 

xl=(bl-yl)/all= 

bl 1. b4 
b/a11 

(s~nce y 
1 

=0) . 

a22 a34 2. 

• • - a21 - y3 
y2 y2=a2lxl. 

x2 - - xl - x4=(b4-y4)/a44= 

b/a44 (s~nce y
4

=o). 

b2 3. 

a32 

• • 
~ - a34 - - a32 - ("") 

y3 ;s-

y3 y3=a34x4 y3 y3 y 3 =a32x2 · <:: .... 
x3=(b3-y3)/a33= --.. - - x2=(b2-y2)/a22= x- - x2 - X V:> x4 X 

3 "' (b3-a34x4)/a33" (> 

(b2 -a21 xl) /a22 • 
t x4 ~s output. )>-

b3 xl ~s output. 
b•=x 

3 3 ._. 
4. 5. 

cont1nued .. -~ ""'" ._ 



-
- x3 

Figure VI.A.6.1-[6: 

- - -
x3;(b)-y3)/a33; 

- 6) (bJ-a32x2) /a33 · - x3 -
x2 

6. 

t 

1s output. 

x
3 

is output 
st (from the 1 

stream) . 

B. 

All the eomputat1onal Steps of the Solut1on of the Lower Triangular 
L1near System of Paradigm [VI.A.6: 112]. 

x
3 

1s output 

6> nd 
(from the 2 

stream) . 

7. 
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CASE B - (of Paradigm [VI.A.6:~2JJ 

(ii) - Upper Tr~angular L~near Systems 

s~nce an upper triangular linear system can be rewritten as a 

lower tr~angular l~near system, the systems to be solved are: 

and 
2!.1 

(Result~ng from the 1st 

stream of the LU-

decomposit~on) 

nd 
(Result~ng from the 2 stream 

of the LU-decomposition) 

We shall make use of the recurrence solut~on formulae g~ven ~n 

(VI.A.6.1:J,4), or the general ones ~n (VI.A.6.1:5,6k respect~vely. 

The correspond~ng solut~on for each of these systems ~s: 

1st Stream 

a23x3 + a22x2 = b2- x2 = (b2-a23x3) /a22 

a12x2 + allxl = bl- xl = (bl-al2x2) /all . 
nd 2 Stream 
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The dequeue of data for the solutLon of the above systems, 

together w~th the systol~c array of processors, are g1ven in 

Figure (VI.A.6.1-f7). Note, the common elements to both streams denoted 

by cLrcles. 

FLnally, all the computatLonal steps required on thLs network are 

dLsplayed Ln Figure (VI.A.6.1-f8); Ln specLfLc, the solutLon was 

obtaLned Ln 8 tLme-unLtst, while the comments made in the previous case, 

about the EffLcLency and the matrix size, stLll apply to the present case. 

Figure VI.A.6.1-[7: The Dequeue of Data for the SolutLon of the Upper 
Triangular LLnear System of Paradigm [VI.A.6:rr2J 
on the LLnearly Connected SystolLc Array (for w=q=2). 

tin faat, it aan be obtained in even fewer time-units. 



' - -y3 

- -

x2 -
t 

b2 

y3 

a22 

' 
y3 

y
3 

enters 

processor 2. 

1. 

... 

- x3 

y4=a43x3. 
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is output. 
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- - -
xl = (bl-yl) /all= - x4 - 6> - xl 
(bl-al2x2) /all. 

x2 is output. 
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1 
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B. 

Figure VI.A.B.l-[8: All the Computatl.onal Steps of the SolutJ.on of the Upper TrJ.angular 
LJ.near System of Paradigm [VI.A.6: rr2J. 

-
x4 is output. - (1) 

?. 
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VI. A. 6. 2: GENERAL COMMENTS: THE PrvariNG PROBLEM, AND 0RTHOGONAL 

FACTORIZATION 

Research ~n ~nterconnection networks and algorithms has been 

trad~t~onally motivated by large scale parallel Array computers, such 

as the ILLIAC IV. The techn~que presented herein was motivated by the 

advance in VLSI, albeit th~s ~s certainly applicable to any parallel 

computer complex. We have exempl~f~ed that many bas~c computat~ons can 

be performed very effic~ently by special-purpose multiple processor 

networks, wh~ch may be bu~lt very cheaply us~ng the evolv~ng VLSI 

technology. The important feature, common to all algorithms presented, 

~s that their data flows are very simpLe and reguLar, and they are 

pipeLinabLe aLgorithms. 

In respect of the mathematical s~de, in everyth~ng that has been 

d~scussed prev~ously, we have assumed that the matr~ces have the property 

that there is no need of us~ng pivoting when the Gaussian el~ination 

~s applied to them. What, however, should one do if the matr~ces do 

not have this 'nice' property? Note that, the Gauss~an el~~nation 

becomes very ~nefficient on mesh-connected processors, ~f p~vot~ng ~s 

necessary. 

This question has motivated the considerat~on of G~vens's trans

formation (see Hammar~ng [HAMM741) for triangular~z~ng a matr~x, wh~ch 

~s known to be a numer~cally stable method. 

It turns out that, like Gaussian el~mination without pivot~ng, the 

orthogonal factorization based on Givens's transformation can be 

implemented naturally on mesh-connected processors, although a pipelined 

impmementat~on appears to be more complex. Sameh and Kuck, ~n [SAME781, 

cons~dered parallel linear system solvers based on Givens's transformat~on, 

but they d~d not give solut~ons to the processor communication problem 

considered here. 
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VI.B.l: 'SYSTOLIC' LU-FACTORIZATION DEQUEUES FOR QurNDIAGONAL SYSTEMS 

Aga1n, we ought to exam1ne two cases when n is odd and when n 1s 

even. 

The general form of the matr1X A 1s: 

p 
l all al2 al3 

q a21 a22 a23 a24 0 

I a31 a32 a33 a34 a 
35 

a42 a43 a44 a45 a46 ~ 
A ' ' ~ - ~ 

~ 

' ~ 

' 
~ 

' -- ~ 
~ 

' ' 
~ -- ~ 

' ~ 

' -' ' - ~ 

' ' ~ - ~ 

' ' ~ 
~ - ~a 

n-2,n ' 
~ 

' 
~ ' ' ' ... , ' ' ' ' ' ' 0 ... - ' ' a a 

n-l,n-2 
a 
n-l,n-1 

a n-l,n 

L 
n-l,n-3 

a n,n-2 
a 
n,n-1 a 

nn (VI.B.l: 1) 

We shall cons1der a small (in size) example to apply the 'rotate' 

and 'fold' method, s1nce 1rrespect1ve of the band-length of the 

cons1dered matr1X the procedural steps are the same. The only 

d1ff1culty ar1ses when we reach the f1nal el1m1nat1on stage to obta1n 

the peak of the two streams 1n order to start the backward and forward 

substitu t1ons. 

In the penultimate stage of the elim1nat1on the middle element 1s 



[Ch. VI/Sec. B 723] 

modif1ed tw1ce and then the f1nal stage commences. In th1s f1nal 

stage we have a (3x3)-full matr1x and the eliminat1on process cannot 

be performed 1n parallel by both streams. So, obv1ously we have an 

overhead 1n the whole method, but 1t 1s 1nf1n1t1vely small compar1ng 

1t with the total amount of ach1evable parallelism 1n terms of speed-up. 

Hence, conclusively, the two streams w1ll unavo1dably confront 

each other at the f1nal stage of the el1m1nat1on process. 

Paradigm [VI.B.l:n1} 

n-odd 

Let us cons1der a (SxS) qu1nd1agonal matr1x, s1nce this case will 

demonstrate the critical cases 1n part1cular, 1.e., the last 

confrontation stages above are the only el1m1nat1on stages to be carr1ed 

out. The matr1X A will be: 

1st stream 
+ 

A= 

q 

I 

--P--

all al2 al3 

a21 a22 a23 

a32 a33 

a42 a43 

aS3 

a44 a4S (VI.B.l :2) 

aS4 ass t 

2nd stream 

The m1ddle row 1s the th1rd row, so for each of the two streams 

the two submatr1ces w1ll include one more row than the m1ddle one (1.e. 

the last/first row of the central (3x3) subsystem for the top/bottom 

el1m1nat1on streams, respectively). Consequently, the matr1X A, 

accord1ng to the 'rotate' and 'fold' concept d1agrammat1cally shown 

1n (VI.B.1:2), w1ll be rewr1tten as the follow1ng two submatr1ces A
1 

and A
2

: 
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1st Stream 
__ p 

I 
q 

A = I 
1 

all a12 al3 

a21 a22 a23 

a31 a32 a33 

0 11 ull ul2 ul3 0 
0 

6;) £21 1 u22 u23 u24 

6;) = 
£31 £32 l u33 u34 0 

0 (9~ 
'- ~ 0 £42 £43 1 u44 

Ll ul 

nd 2 Stream 
__ q 

ass a 54 0 1 u55 uS4 uS3 0 

p a4S ~w i4S 1 0 u44 u43 u42 43 
A2= I . 

a 5 
34 .G.~w £35 £34 1 u33 u32 .. 0 
~(9~ 0 £24 £23 l u22 

L 
L2 u2 

We assume that matrLK A has the property that each LU-decomposit~on 

can be done by Gauss~an el~m~ation w~thout p~vot~ng. 

Rermrks: The el~m~at~on process for the elements surrounded by the 

sol~d l~es ~ the matr~ces A
1 

and A
2 

~s to be carr~ed out concurrently. 

On the other hand, the el~m~ation process for the elements ~n the 

c~rcles ~s to be carried out sequent~ally, ~.e., part of the f~al 

el~m~at~on of the (3x3) central submatrLK. The elements ~ the squares 

are completely ~gnored by the bottom or~g~nated el~m~at~on stream.O 

The correspond~g tr~angular matrices L=(i ) and U=(u ) are 
~J ~J 

evaluated according to the follow~g general recurrences: 

1st Stream 

(l) 
a~J = aiJ 

(k+l) (k) 
a =a +iik(-uk ) 
~J ~J J 

nd 2 Stream 

(1) 
a 
~J 

(k+l) 
a 

l.J 
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0 ~f ~<k 0 ~f J.>t 

l!.~k = 1 ~f ~=k !!. = 1 
~t 

~f ~=t 

(k) -1 
aik ukk ~f ~>k 

(k) -1 'f 
a~t utt ~ ~<t 

(VI.B.l:J) 

{ 0 ~f k>) { 0 ~f t<) 
ukJ = ut) = (k) (k) 

~) ~f k~) a ~f t~J 
t) 

t=n-k+l. 

Because of the bandw~dth of the matrLK A, ~.e., p=q=3, we have 

for the 1st stream: 

(k) 
= 

l ai+2,i a 
1.+2,1. 

(k) for l~k~1., ~~2 ' a = a 
1.,1.+2 1,~+2 

(VI.B.1:4) 

and for the 2nd stream: 

(k) 

) 
a. 2 a 

l.-2,i J.- ,1. 

(k) for l~k~[n-~+1] .~~[n-1] . 
a .. 2 = a 

1.,1.- J., J.-2 

(VI.B.l:S) 

Rerrark: The above recurrences certa1nly can be appl~ed to the 

tr~d~agonal case of (par.-VI.A.6) as ~s proved ~Appendix C-VI.D 

Let us now compute the correspond~g elements of the result~g 

triangular matrices, by us~ng the above recurrences for the oppos~te 

factor~zation streams, so we shall have an analyt~cal view of the 

sequence of the mod~ficat~ons. 

st 1 Stream (k denotes steps and rows) 

(1) 
a a .. 
~) ~) 

(k=l) + = 
( 1) (1) (1) 

= 
(1) 

ulJ al) ... ull all ' u12 = a12 ' ul3 al3 

(k=2) + 
u2J = 

(2) 
a2J .. u22 (2) m 

a22 ' u23 = a23 ' u24 = 
(2) 

a24 
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(k=3) ( 3) @ © ~ (Ul) 

u3j a => u33 = ' u34 = a34 3) 

(4) (4) [+a~!)] (k=4) + 
u4J a => u44 = a44 

J 
4) 

(k=l) "'n = 
(1) -1 

al.l ull => "'n 
(1) -1 

a21 ull' R,31 = (1) -1 
a31 ull 

(k=2) 
\2 

(2) -1 
al.2 u22 => R,32 = 

(2) -1 
a32 u22' "'42 

(2) -1 
a42 u22 (Ll) 

(k=JJ + R,l.3 = 
(3) -1 

al.3 u33 => R,43 
(3) -1 

a43 u33 

(2) (1) (2) (1) 

(2) (1) 
a22 =a22 +R-21(-ul2), a23 =a23 

(k=l) a. = a +R- '1 ( -ul ) "" 
+R-21 (-ul3) l.) l.) l. J 

(2) (1) (2) (1) 
la32 =a32 +R-31(-ul2), a33 =a33 

+R-31 (-ul3) 

(3) (2) 
a33 =a33 +R,32(-u23), 

(3) (2) 
a34 =a34 

(k=2) (3) (2) + a = a +R- (-u )=> 
l.) l.) l.2 2) H32 (-u24) 

(3) (2) 
a43 =a43 +R,42(-u23)' 

(3) (2) 
a44 =a44 

+R-42(-u24) · 

Rermrks: The elements m the Cl.rcles have to be collected 'on-the-fly' 

from the outputs of the correspondl.ng cells and brought back into the 

nd serJ.al stream for a further modifJ.catJ.on by the 2 uxzve. In partJ.cular, 

(3) the element l.n the rectangle despite its modJ.ficatJ.on to an a
23 

by 

nd 
the 2 factorJ.zatJ.on stream belongs to the present stream for the 

solutJ.on process (i.e., backward substJ.tutJ.on). The underlined 

element is J.gnored, sJ.nce the element a
43 

l.S not elJ.minated.O 

nd 
2 Stream (k denotes steps and rows) 



a 
(1) 

=a 
1) 1) 

(k=l) .. t=S 

(k=2J .. t=4 

(k=JJ .. t=3 

(k=4) .. t=2 

(k=l) => t=S 

(k=2) .. t=4 

(k=JJ .. t=3 

(k=lJ => t=S 

(k=2) .. t=4 

Remzrks: 

+ 
uS] = 

+ 
u4J = 

+ 
u3J = 

+ 
u2J = 

(2) 
a = 

1) 

(3) 
a.. = 

1) 
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( 1) 
aSJ .. uSS 

(2) 
a4J => u44 

(3) 
a3J .. u33 

( 4) 
a2J 

.. u22 

= 
(1) 

ass , US4 
( 1) 

aS4 ' 

=@,lu43 =~ 
= 

( 3) 
a33 

= 
(4) 

a22 

(4) 
[+a33 l , u32 

R. 
3S 

uS3 = 
( 1) 

aS3 

u42 = 
(2) 

a42 

= 
( 3) 

a32 

(('2) -11 R. (2) -1 
=~44 ' ~2~4 __ =_a~2~4~u4~4~ 

(1) 
a. +R. s<-us l,. 

1) 1 J 

a (2) +R. 4(-u4 ) 
1) 1 J 

(U2) 

J 

The elements in the circles have to be collected 'on-the-fly' 

from the outputs of the corresponding cells and brought back into the 

serLal stream for a further mod1f1cation by the 1st wave. In part1cular, 

the elements Ln the rectangles w1ll be f1nally outputted by the bottom 

(3) (3) -1 (4)- (3) + orjg1nated factor1zation stream as: u43=a
43 

, R.
34

=a
34 

u
44

, a
33 

-a
33 

R-
34 

(-u43 l, wh1lst, on the other hand, the underlined elements are completely 

ignored. D 



[Ch. VI/See. B 728] 

The dequeue of data result1ng when the 'rotate' and 'fold' concept 

1s appl1ed to the two subparts of the matrix A, together with the 

systol1c network of the hex-connected processors, are 1llustrated 1n 

Figure (VI.B.l-fl). Note that, the labell1ng of data denotes the 

sequence of mod1ficat1ons by the oppos1te factorizat1on streams. 

We must not1ce the diff1cult1es ar1s1ng when we attempt to represent 

the data stream, due to the 'on-the-fly' mod1ficat1ons imposed, wh1ch 

1n add1t1on make it keep pace w1th the k 1ncrement 

{espec1ally for the 

1mpossilile to 

nd 2 streal11) . In other words, the formulae (VI.B.1:3) 

th 
are appl1ed correctly, but the k step, because of the multiple 

t 
mod1ficat1on of the same data {only 1n the el1m1nat1on part of the 

central {3X3) submatrix), alters w1thout being controlled by these formulae. 

Comments: Again, the hex-connected processors have the properties 

def1ned in {par.-VI.A.6). The sequent1al b1d1rectional elim1nation 

process 1n the central {3X3) submatr1x commences when {for n-odd) the 

m1ddle element, 1n th1s example the element a
33

, f1rst enters the systolic 

nd 
network as an element of the 2 stream. Then, all the elements of the 

nd 
2 stream already in the network {ready to ex1t or ex1ting 1t 1n that 

t1me-unit) have to be collected 'on-the-fly' as modif1ed a .. •s*, 
1] 

instead 

of t. 's and u 's, and brought back into the ser1al flow aga1n. Th1s 
l.J 1] 

procedure certa1nly 1ncludes the center element {J..e., the element a
33

), 

st 
as well as the element a 23· which belongs to the 1 stream and is the 

only element {except the m1ddle one) of that stream which w1ll be 

mod1fied aga1n by the 2nd stream. D 

Due to the sequentia~ nature of the factorization process in that part. 

*These e~ements are denoted by 'doub~e' cira~es in Figure (VI.B.l-f2). 
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L u .. . 
+ + f t I I ' I 

t 

-1 

I 
I ....... 
I ., ,. ., ass' .... 
I ... ... 

"' .._ I 
I "' all ..... ..... ... ... ... ... ... ... 

a 54 
... ... a45 ... ... ... 

I "' 
.... ... ... 

r"' a21 a12 ... 
I 

:a35 a44 a 53 
1a31 a22 al3 

a34 a43 

a32 a23 

6Y 
a42 a24 

© 
© 

© 
© ~ 3 3 

@ 

Figure VI.B.l-[1: The Dequeue of Data for the LU-factorizat1on 
on a Hexagonal Systolic Array (for p=q=3, 
and n=S). 
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From the speed-up po1nt of v1ew, the sequent1al el1m1nat1on 

process for the (3x3} central submatrix contributes an unavo1dable 

(but constant, 1ndependent of the orig1nal matrix s1ze} overhead of 7 

t1me-units to the t1me anticipated by Theorem [VI.A.6:e2].t The 

prev1ous eliminat1on stages, 1ncluding the penult1mate stage of the 

tw1ce mod1fied middle element a33 , are carr1ed out 1n half the t1me 

requ1red by the s1ngle stream LU-decompos1tion. 

Finally, s1nce the presented example demonstrated only the critical 

s1tuations ar1sing 1n qu1nd1agonal banded matrices, the t1ming obta1ned 

applying the 'rotate' and 'fold' technique was 1dent1cal to that of the 

s1ngle stream LU-decompos1tion. However, for large (nxn} quindiagonal 

banded matr1ces (e.g. n=4096} the speed-up ach1eved approx1mates the 

opt1mal value of 2. In terms of the Eff1c1ency (E) achieved 1t has 

been normally as before 1ncreased from: E=l/3 to 1/2, whereas the number 

of IPS cells is the same as for the usual LU-decompos1tion array. 

In Figure (VI.B.l-{2) are d1splayed six consecutive computational 

steps on th1s hex-connected systol1c array. 

In conclusion, for the spec1fic 1nstance of the present critical 

case, let us present a s1mple numer1cal example 1llustrating the necessary 

'on-the-fly' mod1f1cations discussed above. 

Cons1der the follow1ng (5x5} qu1nd1agonal l1near system: 

4 1 -1 0 xl ~ 1 4 -1 1 x2 

-1 1 5 -1 1 x3 = 5 (VI.B.1:6) 

0 
1 2 8 -2 x4 9 

-1 1 4 xs 4 



--------------------------------------------------
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1. 

2. 

continued .•• ~ 
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3. 

0 

4. 

continued ••• ~ 
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The labellLng denotes that this 
element has been modLfLed by the 
nd 2 stream. 

Figure VI.B.l-[2: Six ConsecutLve ComputatLonal Steps of the LU
factorization of a QULndLagonal MatrLx (for n=S) • 
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By applymg the foldmg algor1thmic process we obtal.fl the follow1ng 

t multipliers (!op-£ottom streams) 
solution steps: 

mt ~ 
4 1 -1 xl 

r: 
1 4 -1 1 x2 

-1 1 5 -1 x3 = 

l: 1 2 8 x4 

c -1 1 x5 {-1/4 ,1/2} 

+ + 
1 -1 0 xl 4 {-1/4 ,1/4} 

4 -1 1 x2 5 

st 0 1 step + 1 21/4 -5/4 x3 = 4 

1 3/2 17/2 x4 11 
0 

-1 1 4 Lx 4 

+ + 
4 1 -1 xl 4 

0 
15/4 -3/4 1 x2 4 {-1/3 ,-4/15} 

nd C9 5 -5/4 5 2 step + x3 = 

0 3/2 17/2 x4 11 

0 
-1 1 4 x5 4 

+ + 
4 1 -1 0 xl 4 

15/4 -"'& x2 4 

rd 
21/4 19~2 11/3 J step + x3 = 

0 17/10 247/30 x4 149/15 {-30/247,95/494} 

-1 1 4 x5 4 

+ + 

Note the sequential presentation of the parallel aomputational steps. 
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4 1 1 

l 
xl 4 l 

15/4 -945/988 0 x2 690/247 

4th step + 2755/494 x3 = 27SS/494 

I 0 17/10 247/30 

::J 
149/lS 

J J -1 1 4 

The solut~on vector x was pre-arranged to T 
be ~=(1,1,1,1,1) • The 

elements ill the c~rcles are the elements to be el~millated at the next 

solut~on step. 

Tr~angular Linear Systems 

Let us now ~nvest~gate the solut~on of the four result~ng tri-

angular llllear systems of Paradigm [VI. B.l: rr
1

], considerlllg, aga~n, that 

an upper tr~angular llllear system can always be rewr~tten as a lower 

tr~angular l~near system w~thout loss of general~ty. 

We shall make use of the same systol~c network requ~red for the 

s~ngle LU-decompos~t~on, coalesc~ng two data streams to solve two 

lower tr~angular linear systems concurrently. 

(i) - Lower Tr~angular Linear Systems 

The systems to be solved are: 

all x1l ~' 0 
a21 a22 

"'j 
b2 

a31 a32 a33 x3 = 
lb3 

0 a42 a43 a44 Lx4 b4 

and 
Al ~1 £1 

ass l xs bs 

a4S a44 0 x4 b4 

.,j a3S a34 a33 x3 = b3 

0 a24 a23 x2 b2 

A2 ~2 £2 

(Resulting from the 1st 

stream of the LU-decompos~tion) 

nd (Resultlllg from the 2 

stream of the LU-decompos~t~on) 
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The recurrence solution formulae for these systems are those 

given 1n (VI.A.6.1:5,6), respect1vely, w1th the 1n1t1al1zat1on: 

y~l}=y~l}=O. 
t 

For later conven1ence 1n follow1ng the systolic computat1onal 

steps, let us proceed w1th the notat1onal computation of the r.h.s. 

vector ~. dur1ng the solution of the or1g1nal system w1th the 

coeff1c1ent matr1X given 1n (VI.B.1:2), by apply1ng the b1d1rect1onal 

Gauss1an el1mLnation, 1.e., 
st 1 stream 

' @I 2 ::: 

1st step ~ a 
- 32 

0 

1st stream 

f 

nd 
2 step 

0 

0 

nd + 
2 stream 

0 

nd + 
2 stream 

The 'exponent1al' labell1ng in the r.h.s. vector b denotes as 

before the modif1cat1on sequence by the two eliminat1on streams. More 

st 1 12 2 
analyt1cally, 1n the 1 step th1s sequence w1ll be: b

2
,b

3 
,b

4
, to 

nd 2 12 1 
cont1nue 1n the 2 step by: b

2
, b

3
, b

4
• Consequently, the f1nal 

r.h.s. vector~. wh1ch w1ll be used 1n the solut1on of the upper 

triangular l1near system, w1ll have the form: 

tSince, due to the interleaving opposite elimination streams, it is 
not necessary to complete the solution process implied from each of 
the above systems. 
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bl 

bl2 
2 

bl212 

b 
3 

= 
b21 

4 

bs 

In part~cular, accord~ng to the above denoted modif~cation 

sequence, the ~terleaved x. values expected dur~ng the systol~c 
~ 

computational steps are: 

x2 = (b2-a2lxl)/a22 

x3 = (b3-a3lxl)/a33 I 
I 

st (1 stream) 

nd 
(2 stream) 

st 
(1 stream) 

nd 
(2 stream) 

Furthermore, note that, every tl.l'le the y 's enter the systolic lrnear 
~ 

array they are rn~t~al~zed to zero. 

The dequeue of data resulting from the application of the 'rotate' 

and 'fold' concept to those subparts A
1 

and A
2 

of the original matr~ A, 

together w~th the systolic array, are given ~n Figure (VI.B.l-[3). 

Except~onally for th~s case the 'don't care elements' do appear for 

conven~ency in the data stream, wh~le the elements rn the squares are 

ignored completely berng cons~dered as add~t~onal delays. Note the 

mult~ply 'on-the-fly' mod~f~ed elements denoted by the circles. 



Figure VI.B.l-[3: 
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-

The Dequeue of Data for the Solut1on of the Lower 
Triangular L1near System of Paradigm [VI.B.1:~1J on the L1nearly Connected Systol1c Array {for w=q=3) . 
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In Figure (VI.B.l-f4) are d~splayed twelve consecut~ve 

computat~onal steps requ~red on this l~near systolic network of 

processors. 

This spec~f~c Paradigm (~.e., critical case) cannot assist in a 

fair compar~son of the t~me-un1ts requ1red using the 'rotate' and 'fold' 

technique against the normal single stream solut~on process. In other 

words, the former techn~que requ~res 21 time-un~ts as compared to the 

13 time-un~ts for the latter. Consequently, the Theorem [VI.A.6.1:e2J 

does not apply to the present case due to the increased complex~ty ~n 

the 'on-the-fly' multiple modif~cat~on of common elements, which ar~ses 

from the concept of seek~ngfor a central peak (~n the forward el~m~nation 

procedure) for both el~~nat~on streams. In actual fact both streams 

perform the el~mination process on the (pXp) central subsystem 

sequent~ally, and ~n equal depth, wh~ch espec~ally for th~s example 

(~.e., n=S, q=3) proves to be cr~tical. 

For n>>q, however, the 'rotate' and 'fold' techn~que has again an 

advantage ~ speed-up compared to the normal process; but, there ~s no 

reason to follow such an uneconomical process, s~nce the mod~fied 

dequeues for un~direct~onal factorization of the central subsystems, 

to be introduced in (par.-VI.B.l.l{, w~ll be proved to be much more 

efficient even for small s~ze examples. In addit~on, by us~g the 

'rotate' and 'fold' concept as it stands herein, the 'tail' ~ the data 

stream is much more compl~cated compared to that of the und~rect~onal 

process. 

Remark: The Eff~ciency achieved for the parallel el~minat~on part has 

been increased from: E=l/2 to 1 (i.e., one output every t~me-un~t), 

tTherefore, the case when n is 'even' will be investigated therein in 
accordance with the new concept. 



ass a21 ii a4S 
a l 

I I I 
ii ii a21 ii - Ys y2 y4 - y - y4 - y3 

- ii ii xl ii 

xl=(bl-yl)/all= y2=a2lxl. 

1. b/a11 2. xs=<bs-ys)/ass= 
b2 bs (since y

1
=o). bs/ass 

0 a35 ii 0 (s1nce ys=O). 

I I I I 
a4S 

ii a3S -ii - a31 - --y y3 y3 
Ys y 3 

xs -~ -. 
x- - xs xl 

y3=a3lxl. x2 
3=a3SxS. 

(") 

4 ;s-

3. 
y4=a4SxS. 

4. x4=(b4-y4)/a44 <::: 
x2=(b2-y2)/a22 ..... 

b4 b3 =(b4-a45x5)/~44. [;:; 
= (b2-a21x/a22 • . "' 

x1 1s output. ~ 
,., 

ii 0 
ii ii 

"" 
I I I I .._. 

ii ii 
..,. 

ii 0 0 0 <:> 

ii - -y ._ - 3 1 y 
x3=(b3-y3)/a33 

~ 
x- x3 - -x - x4 - x2 2 x3 x4 2 

= (b~-a35x5) l\'33 • -- • 3=(b3-y3)/a33 
6. Th1s x

2 
is an 1nter-I -- =(b3-a~lx!)/a33. ---- 5. 

b1 :::x .... ------------------"""" 0 
mediate value~ x

5 
l.S ou pu • 

~8. 3 3 cont1nued ... 



a32 0 ® 0 a42 

l l I l I 
I 

a32 0 0 0 I - 0 - y3 I - y3 - 0 -y 
I 4 
' ' - x3 -x ' x3 3 4 ' 2 

' y3=a32x2. This x4 is an inter- t 8. t ' This x
3 

l.s an 7. mediate value. ' 'bl2_ intermed1ate value. 3 -x3 

0 0 0 0 0 

l l l @ l l 
0 0 a42 I 

0 0 0 - -- y4 -o y4 

- 0 - x2 -x3 x3 
y4=a42x2. ', Th1S x

2 
1s an 

9. x3=(b~2-y3)/a33 ',, 2! 
10. 1ntermed1ate value. 

- 12_ b4=x4 
-(b3 a32x2l/a33• 

This x3 is an inter-
a34 0 

0 0 med1ate value. 0 0 
l 

....., 
l l l n 

;s-

0 0 0 0 <:: 
cS cS cS y3 ..... - cS - .._ 

"' "' - 2 - x4 C> x3 0 x4=(b4-y4)/a44 
Th1s x

3 
is an "' =(b~-a42x2)/a44. 12. 

value. 
.. 11. intermed1ate 

0 .._. ..,. 
Figure VI.B.1-[_4: TWeZve Consecut1ve Computat1onal 

System of Pavadigm [VI.B.1:n1]. 
Steps for the Solution of the Lower Triangular L1near ._ 
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whereas when the oppos~te streams reach the central subsystem delays 

occur due to the multiple modification of the common elements.o 

(ii) - Upper Triangular L~near Systems 

For the completion of the presented example, the two upper tr~-

angular l~near systems rewritten as lower tr~angular l~near systems to 

be solved concurrently by the two opposite eliminat~on streams are: 

a44 x4 b4 

8 e st 
a34 (Result~ng from the 1 stream 

~ 

a24 x2 b2 of the LU-decompos1t~on) 

0 al3 al2 all xl bl 

Al ~ bl 
and 

a22 
r2 

b2 

@ nd 
a32 ~ (Resulting from the 2 stream 

~ 

b4 of the LU-decompos~t1on) a42 t· 0 xs bs 

A2 ~ b2 

Comment: In this phase we have the f~al backward subst1tut1on 

process commencing from the central element of the or~g~nal matr1x, the 

peak of the two streams. In th~s substitution process, only the 

elements ~ncluded ~ the tr~angles are required and hence these will 

form the dequeue of data for the systol1c computation.D 

The recurrence solution formulae for these systems, taking ~nto 

considerat1on the peculiarity of the case 1mposed by the 'rotate' and 

'fold' techn1que, are those g1ven in (VI.A.6.1:5,6)t, respectively; the 

solution vector to be obtained 1s the following: 

t y!.lJ=yt(lJ_-o. With the initialization: " 
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st 1 Stream 

bl212; 
x3 = 3 a33 

nd 2 Stream 

X = 3 
bl212; 

3 a33 

The dequeue of data resultLng when the 'rotate' and 'fold' concept 

LS applLed to those subparts of the orLgLnal matrLx A surrounded by the 

triangles, together with the systolLc array, are gLven in Figure 

(VI.B.l-f5). AgaLn, the common elements to both streams, denoted by 

cLrcles, are subject to special handlLng. 

FLnally, in Figure (VI.B.l-f6) are displayed six consecutLve 

computatLonal steps on this linear systolLc network of processors. The 

solution was obtaLned Ln 11 time-units. 

Rerrr:zrks: ThLs number of tLme-units was closely anticLpated by the 

Theorem [VI.A.6.1-a2J, so conclusively the whole delay is caused from 

the forward elLminatLon process due to the multLple modifLcation of the 

common elements. The Efficiency achieved has been increased from: 

E=l/2 to 1, whereas the number of IPSP's LS the same as for the normal 

solutLon of triangular linear systems.O 
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ass 

all aS4 

a44 al2 aS3 

a22 a43 al3 
•• 

@ 
... 

a23 
.. 

I • .. I 

a33 
...... 1 ... .. I ,. ,, 

,('" 
I 

j 

- -
-

0 
bl212 

~ 
b2 

Figure VI.B.l-[5: 

b2l 
4 

bl 

bs 

The DequeUBof Data for the SolutLon of the Upper 
Triangular Linear System of Paradigm [VI.B.l:n1J 
on the Linearly Connected SystolLc Array (for w=q=3) • 



a23 0 a22 a43 al3 

l l l l 
6 0 a23 6 - y3 - y2 -4 y2 y4 y1 

6 - 6 - 1212 x2_ 6 
x3=(b3 -y3)/a33 

x3 y2=a23x3. 

1212 
1. =b1212/ 2. x3=(b3 -y3)/a33 

3 a33 
(since y

3
=o). =b1212/ 

3 a33 

a44 a12 aS3 a 4 (since y
3
=o). 

l l l l 
a43 al3 a44 a12 - aS3 - y4 y1 Ys y4 y1 Ys 

x 4 b21 x2 - x3 
x3 - x3 y1 =al3x3 • 4 

3. 
Y 4=a43x3 · 

4. 
Ys=as3x3. 

x2=(b~2-y2)/a22 
b1 

y1=a13x3+a12x2. 

=(b~2-a23x3)/a22" 21 
x4=(b4 -y4)/a44 

ass 
21 

l l =(b4 -a43x3)/a44" ...... ..., 
x

3 
~s output. 

;:s-

aS4 <:: ..... 
y - ---(/) 

bs e "' - x1 x4 n 
x4 - x2 ><.3 

Ys=as3x3+aS4x4. xs= (bs -y s> /ass "" 5. 
xl=(b1-y1)/all 

6. 
=(bS-aS3x3-aS4x4)/: 

=(b1-a13x3-a12x2)/a11" x
2 

~s output. ass~ ._ 

x 3 ~s output. 

Figure VI.B.l.-[6: Six Consecutive Computat~onal 
Paradigm [VI.B.1:n11· 

Steps for the So1ut~on of the Upper Tr~angu1ar L~near System of 
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In conclusLon, with the new concept followLng we avoLd the double 

sequential part Ln the center of the matr2X and bring a balance 

between the otherwLse should be identical timLngs in solvLng the 

triangular lLnear systems, by reducing, consLderably, the timing for 

the lower system, and increasLng, slightly, the tLming for the upper 

system, to verify the antLcLpated timLngs by the above Theorem. 

t 
VI.B.l.l: MoDIFIED DEQUEUES FOR THE UNIDIRECTIONAL FACTORIZATION OF 

THE 'CENTRAL' SuBSYSTEMs 

Let us consider agaLn the case when n is odd and the matr2X A as 

given Ln the prevLous Paradigm [VI.B.1:~ 1J, i.e., 

--P---
1st ""' l :treaml all al2 al3 ' ', 0 

q ~ a22 a23 a24 ~ 
I (VI.B.l.l:l) 

A ~ 

t 

2nd stream 

In accordance wLth the new concept, the parallel part of the oppcsLte 

elimLnating streams remaLns the same as ~n the prev1ous process; however, 

when the 'central' subsystem is reached (L.e., the (3X3) system denoted 

by the rectangle above) then instead of two sequential parts there is 

only one for the top stream, which settles a peak Lnside the area 

belonging to the bottom stream according to the prevLous concept (L.e., 

the element a 44 J. When the center element (i.e., the element a 33 J 

. nd 
first enters the systolLC network as an element of the 2 stream, 

+This term is indistinguishably related with the Gaussian elimination 
procedure. 
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nd 
~n a s~m~lar manner as before, all the elements of the 2 stream 

already ~n the network (ready to ex~t or ex~ting ~t ~n that t~me-un~t) 

have to be collected 'on-the-fly' as mod~fied a 's, ~stead of t 's 
~J ~J 

and u 's, and brought back ~nto the ser~al flow aga~n. Th~s procedure 
l.J 

does not include the center matr~x element (~.e., the element a 33 >. 

Note the el1.m1.nat1.on process of the top/bottom streams denoted by 

squares and c1rcles, respectively. 

Another d1.fference 1.s that, ~n the backward subst~tut~on process, 

the 1st stream from the top commences ahead of the 2nd stream from the 

bottom, because 1.t has to go through the seguent1.al part at f~rst, 

nd 
before the 2 stream engages 1.n the parallel process. 

Consequently, accord~g to the new concept d1.agrammat~cally shown 

in (VI.B.l.l:l), the matrl.X A w1.ll be rewr1.tten as the follow~g two 

submatr1.ces A
1 

and A
2

: 

1st Stream 

p --

ol -
all al2 al3 1 

l 
ull ul2 ul3 ol 0 q a2l a22 a23 a24 221 

1 u22 u23 u24 

Al = = 
a31 a32 a33 a34 231 £32 1 u33 u34 

lj 
0 

0 a42 a43 a44 0 £42 243 L u44 

Ll ul 

nd 2 Stream 

--q 

~'" 
ass aS4 aS3 

0 
uss uS4 uS3 

A2 p a4S a44 a43 = u44 u43 1 

I a3S ~ a33 L3S G 1 0 u33 
...J 

L2 u2 

' 
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Remark: nd Note that, the element a 34 (1n cJ.rcle) of the 2 stream 

l.S J.gnored.O 

The corresponding triangular matr1ces L=(t ) and U=(u .) are 
l.J l.J 

SJ.milarly evaluated accordJ.ng to the recurrences and relations g1ven 

1n (VI.B.1:3,4,5). 

Let us now compute the corresponding elements J.n both elJ.mJ.nation 

streams, by us1ng these recurrences, for a better ass1stance 1n 

followJ.ng the sequence of modJ.fJ.cations. 

st 1 Stream <k denotes steps and rows) 

(1) 
a = a 

l.J l.J 

(k=l) + ulJ = 
(1) 

alJ => ull = (1) 
all ' ul2 

(k=2) + u2J = 
(2) 

a2j => u22 
(2) 

a22 ' u23 

(k=3) + u3J = (3) 
a3J => u33 

(3) 
a33 ' u34 

(k=4) + u4J 
(4) 

a4J => u44 
( 4) 

a44 

(k=l) + 

(k=2) + 

(k=3) + 

(k=l) + 
(2) (1) 

a . =a. +t 
1

<-u
1 

) => 
l.J l.J ]. J 

(k=2) + 

(k=3) + 
(4) (3) 

a =a , +JI. 
3

<-u
3 

,) "* 
l.J l.J ]. J 

(1) 
= 

(1) 

l 
= al2 ' ul3 al3 

(2) 
u24 = (2) 

a23 ' a24 

(3) 
a34 

J 

(Ul) 
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nd 2 Stream (k denotes steps and rows) 

(1) 
aij = a~j 

(k=l) ~ t=5 ... (1) 
=- u55 = 

(1) 
= 

(1) 

'") u5J a5J ass ' uS4 aS4 ' uS3 = aS3 

(2) (2) (2) 
(U2) 

(k=2) .. t=4 ... u4J a4j =- u44 = a44 ' u43 = a43 

(k=l) .. t=5 ... 

(k=l) .. t=5 ... 

The mod~f~ed dequeue of data result~ng when the 'rotate' and 'fold' 

concept ~s applied to the two subparts of the matr~x A, together with 

the systolic network of the hex-connected processors, are dep~cted ~ 

Figure (VI.B.l.l-fl). Note, aga~, the labell~ng of data which denotes 

the sequence of modif~cations by the oppos~te factorizat~on streams. 

In Figure (VI.B.l.l-f2) are d~splayed eight consecutive 

computational steps on th~s systol~c array. 

Comments: The t~m~ng formula for th~s case, a mod~f~cation of the 

formula g~ven ~Theorem [VI.A.6:e2],is: 3l%J+4p, where p ~s e~ther p-1 

or p. For p=p-1, th~s formula ver~f~es the total number of t~me-un~ts 

(i.e., 14 time-units) requ~red for the factor~zat~on of the previous 

(SxS) example us~ng the new concept. A comparison w~th the tim~g 

requ~red using the prev~ous concept (~.e., 18 t~me-units)proves that 

a cons~derable reduction in t~me-un~ts was obta~ed albe~t the size 

of the cons~dered Parad~gm was very small. Note that, for the parallel 

part the Eff~c~ency was increased to two outputs every three time-un~ts, 
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L u 

• . • .. ~ f I ' I 

t 

-1 

I 
I 
I 
I 
I 
I I .... ~ 

I .... ~ I ,.,. ass ~ 

I I ~ 
~ 

I 

)"" 
.... 

~" I all ~ 

I .... ~ 
........ ~ 

I ~ .... a45 a 54 ~ 
~ 

)"" 
.... 

~ 
~ 
~ .... 

a21 al2 ~ 1" 

a35 a44 a 53 

a31 a22 al3 

a34 a43 

a32 

9 
a23 

a42 a24 

© © 
© 

Figure VI.B.l.l-[1: The Modif~ed Dequeue of Data for the LU
factorizat1on on a Hexagonal Systol~c 
Array (for p=q=3, and n=S). 
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0 

cont~nued •• -~ 
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4. 

continued .•. ~ 
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5. 

6. 

continued .. -~ 
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Figure VI.B.l.l-[2: Eight Consecutive computational Steps of 
the Un1d1rectional (for the Central Sub
matr1X) LU-factorization of a QUind1agonal 
Matr1x (for n=S) • 
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whereas for the sequentLal part the EfficLency still remaLned: E=l/3. 

In respect to the k-step numbering, each factorLzation stream maLntains 

Lts own counter Lndependent of the other's. 

A complete discussLon about the general tLmLng formula for the LU-

factorizatLon of general banded lLnear systems will be considered Ln 

the next paragraph along with the related theory.D 

FLnally, let us now exemplify the new concept for the specific 

Lnstance of the present crLtical case, considerLng the (5x5) quLndLagonal 

lLnear system of (VI.B.1:6), L.e., 

4 1 -1 0 xl 4 

1 4 -1 1 x2 5 

-1 1 5 -1 1 x3 = 5 (VI.B.1.1:2) 

1 2 8 -2 x4 9 

0 -1 1 4 4 x5 

By applyLng the foldLng algorithmLc process accordLng to thLs 

concept we obtaLn the followLng solutLon stepst: 
multi-e_Ziers ( !_op-!?_ottom 

mt "b 
streams) 

4 1 -1 xl 4 

1 4 -1 1 x2 5 

-1 1 5 -1 x3 = 5 

1 2 8 x4 9 

0 
-1 1 x5 4 {-1/4,1/2} 
+ + 

1 -1 0 x1 4 {-1/4,1/4} 

4 -1 1 x2 5 

1st ste-e_+ 1 21/4 -5/4 x3 = 4 

0 1 3/2 17/2 x4 11 

-1 1 
5 

+ + 
t Note the sequential presentation of the paraUel computational steps. 
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4 1 -1 

' 0 
15/4 -3/4 1 

nd 8 5 -5/4 2 stee + 

I 

lo 0 3/2 17/2 

-1 1 4 

h1 
4 

1 
x2 4 { -1/3,-4/15} 

::r 
5 

11 

J x5 4 

+ + 

4 1 -1 
0 x11 4 

15/4 -3/4 1 x2 4 

rd 
21/4 -19/12 3 stee + x3 11/3 

l 0 8 247/30 

-1 1 4 

x4 149/15 {-34/105} 

x5 4 

+ + 

1 -1 ol 
15/4 -3/4 1 

4th stee 21/4 -19/12 

.,1 4 

x2 4 

X = 11/3 
3 

x4 551/63 

x5 4 

T 
The solut~on vector~ was pre-arranged to be ~=(1,1,1,1,1) . The 

elements ~ the c~rcles are the elements to be eliminated at the next 

solut~on step. 

Tr~angular L~near Systems 

We shall aga~ ~vest~gate the solution of the four result~ng 

tr~angular l~ear systems according to the new un~direct~onal 

factor~zation of the central subsystem. The systolic network to be 

used ~s ~dent~cal to that used for the solution of the systems result~ng 

from the single LU-decomposition, while a compound data stream is 
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p~pel~ned through it for the concurrent solution of the pa~rs of lower 

triangular l~ear systems. 

(i) - Lower Triangular Linear Systems 

The systems to be solved are: 

all xl bl 

a21 a22 
0 

x2 b2 st 
(Result~ng from the 1 stream 

= 
a31 a32 a33 x3 b3 of the LU-decomposit~on) 

0 a42 a43 a44 x4 b4 

Al ~1 ~1 
and 

ass 0 xsl 

[:' nd 
a4S a44 

xj 

b4 (Result~g from the 2 stream 

a3S a34 a33 x3 b3 of the LU-decompos~t~on) 

L 
A2 ~2 ~2 

The recurrence solut~on formulae for these systems are those g~ven 

t 
~ (VI.A.6.1:5,6), respect~vely. Aga~, for later conven~ence ~n 

follow~g the systol~c computat~onal steps, let us proceed w~th the 

notat~onal computat~on of the r.h.s. vector ~. dur~g the solut~on of 

the orig~nal system w~th the coeff~c~ent matr~ g~ven ~n (VI.B.1:2), 

by apply~ng the b1direct1onal Gauss1an el1m1nat1on, i.e., 

st 1 stream 

~ all al2 al3 0 .,1 bl 

6Y a22 a23 a24 x2 (5) 
1st 

step + 6Y a32 a33 a34 ~ ::j 
= ~ 

a42 a43 a44 ~ ~ 
0 

aS3 aS4 ass xs bs t 
~ ~ 2nd 

twith the initialization: y~l) = /1) stream 
= o. 

'Z- t 
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st 
1 stream 

+ 
all a12 al3 

a22 a23 a24 
0 

bl 

bl 
2 

nd 
(9 2 step + a33 a34 

9 a43 a44 
0 

a 53 a 54 

+ 

~ 
L bs t 

2nd + stream 
st 

1 stream 

+ all a12 al3 

a22 a23 a24 

0 
bl 

bl 
2 

;fd ste72. + a33 a34 
b211 

3 

0 @ a44 © 
a 53 a 54 bs t 

2nd 
stream 

Note, again, the 'exponentLal' labellLng Ln the r.h.s. vector b 

denotLng the modLfLcat1on sequence by the opposLte eliminatLon streams. 

Consequently, the fLnal r.h.s. vector~' whLch will be used Ln the 

solutLon of the upper trLangular linear system, wLll have the form: 

b ~ 

bl 

bl 
2 

b211 
3 

b211 
4 

bs 

In partLcular, accordLng to the double modLficatLon stream, the 

Lnterleaved x values expected durLng the systolic computatLonal steps 
L 

are: 

x2 ~ (b2-a2lxl)/a22 

2 
x3 ~ (b3-a3lxl)/a33 ) st 

(1 stream) 



(b4-a45x5)/a44l 

x3 = (b3-a35x5)/a33 

nd (2 stream) 

st 
(1 stream) 

st 
(1 stream). 
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Aga1n, the y~s are 1nLtLalized to zero each tLme they enter the systolLc 
L 

l1near array. 

The modifLed dequeue of data result1ng from the applLcation of the 

new unidLrectLonal (for the central submatrLX) 'rotate' and 'fold' 

concept to those subparts A
1 

and A
2 

of the orig1nal matrix A, together 

wLth the systolic array, are gLven in Figure (VI.B.1.1-f3). The delays 

are, aga1n, denoted by 'don't care elements', the element 1n the square 

LS Lgnored completely being considered as an add1tional delay, while 

the elements 1n circles are subJect to specLal handl1ng. 

Rem:zrk: Note that, 1n the parallel part the EfficLency (E) of the 

array has been ~ncreased to one output every t1me-unit, whereas in the 

sequential part Lt has maintaLned the value 1/2.0 

In Figure (VI.B.1.1-f4) are d1splayed six consecutLve computatLonal 

steps requLred on thLs l1near systolLc array of processors. The total 

number of tLme-units requLred for the solution of the previous systems, 

anticipated by the Theorem [VI.A.6.1:e 2], equals the number of tLme-

units (L.e., 13 tLme-units) requLred by the sLngle stream solution 

process. The consLdered case, however, is cons1dered to be a crLtical 

case, and hence, for n>>p, the new 'rotate' and 1 fold' concept proves 

to be twice as fast compared to the above normal process. 
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9 
0 

8 
a33 

a22 

a44 

all 

--- ---

-
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a43 

0 a42 

a32 0 

w~o a31 

a21 a35 
a 45 ___ ,..-------

l 

-

The Mod1f1ed Dequeue of Data for the Solut1on of 
the Lower Tr1angluar Linear System of Paradigm 
[VI.B.1:~1J on the L1nearly Connected Systolic 

Array (for w=q=3} . 



-
X 

Figure VI.B.l.l-[4: 

1-==-!o 

I 

0 

I 
Y-t-==-J 

I 
-

xs=(bs-Ysl/ass 

1. =bs/ass 
(since y

5
=o). 

3• y2=a21x1 • 

x4 = (b4 -y4) /a44 

=(b4-a45x5)/a44" 

-
- 0 

-

y4=a45x5 • 
2• xl=(bl-yl)/all 

=b/a11 • 

(SlllCe y
1 

=Q). 

J---'--1 x 4 i-==-ixl - @ 
r-.:.=--' '------' y3-a3lxl. 

I 
- -
-

I 

4
• x2=(b2-y2) /a22 

=(b2-a2lxl)/a22" 

x
5 

l.S output. 

Th1s x
4 

1s an 1ntermed1ate value. 

Six Consecutl.ve ComputatJ.onal Steps for the Solutl.on of the Lower Triangular Ll.near System of Paradigm 
[VI.B.l:n1J UsJ.ng a Modl.fl.ed Dequeue of Data. 
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(ii) - Upper Tr1angular L1near Systems 

In th1s part we shall solve the second pa1r of systems, i.e. the 

upper tr1angular l1near systems, by converting them to lower ones; 

thus, the systems to be solved are: 

0 

0 

~1 

and 

0 
= 

~2 

= 

.e_l 

(Resulting from the 

st 1 stream of the LU-

decompos1t1on) 

(Resulting from the 

st 1 stream of the LU-

decompos1t1on) 

Comment: The elements of the matr1X A
2 

denoted by the c1rcles are 

1gnored, since the solut1on process of these subsystems 1s a stra1ght 

backward subst1tut1on process due to the lack of 1nterference between 

the two oppos1te streams, accord1ng to the unid1rect1onal concept 

appl1ed on the central submatr1x.D 

The recurrence solut1on formulae for these systems are those 

t g1ven in (VI.A.6.1:5,6), wh1le the correspond1ng solut1on for each of 

these systems is: 

1st Stream 

t w With the initialization: yi (1) = Yt = 0. 
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<=>x 
3 

nd 2 Stream 

The modified dequeue of data for the solution of the above systems, 

together w1th the systolic l1near array, are g1ven in Figure (VI.B.l.l-f5). 

Note the 1nterchange of pos1t1ons of the elements of matr1x A2 denoted 

by squares, and the duplication of the elements denoted by c1rcles 1n 

th1s Figure to avo1d the spec1al 'on-the-fly' handl1ng requis1te. 

F1nally, in Figure (VI.B.l.l-f6) are d1splayed six consecutive 

computat1onal steps on th1s linear systolic network of processors. 

Renr:zrk: The total number of t1me-un1ts requ1red, and ant1c1pated 

by Theorem [VI.A.6.1:~] (forp=p-1), was 12, wh1le the observations made 

for the previous pair of systems, i.e., about the Eff1c1ency of the array 

and the potential of the new concept, well apply to the present case.O 

Pr1or to proceed1ng w1th the next Parad1gm to summar1ze the new 

concept, when the central submatr1X has been reached we do not seek 

for a center element, or two opposite stream peaks, 1n order to start 

the destream backward subst1tution from, but the el1m1nat1on process 

1s a s1ngle, top or1g1nated, LU-decomposition. The acceptability of 

this new concept is supported by the facts that: a) The s1ze of the 

central submatr1X 1s very small in comparison with the s1ze of the 
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all 

ass al2 

a22 w 
0 a23 

a33 0 

0 a34 

a44 --------· ---

0 
0 
b2ll 

4 
0 
b2ll 

3 
0 
bl 

2 

bs 

bl 

---
j 

-
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al3 

@ 

a24 

------
j 

The ModLfied Dequeue of Data for the Solution of 
the Upper TrLangular Linear System of Paradigm 
[VI.B.1:~1J on the LLnearly Connected SystolLc 

Array (for w=q=3). 



IS IS IS 
a24 

a34 

l l I 
6 IS a34 IS - IS - - IS y3 - y2 y3 IS 

- 6 IS 211 x- x4 -
x4=(b4 -y4)/a44 3 x4 y3=a34x4 • 

211 ~ 2. 
1. =b4 /a44 11 

(since y
4

=o). 
b3 

a23 a 54 
a 53 al3 

I I I I 
IS a24 - a23 - a 54 -IS - y2 -ys y2 Ys y1 

- x4 x4 x2 
x3 4 x4 

y2=a24x4. 

211 4. 
Ys=as4x4 · 

J. x3=(b3 -y3)/a33 y2=a24x4+a23x3 · b1 
211 2 x4 l.S output. 

=(b3 -a34x4)/a33. ~ 

n 

a 2 
;:s-

I I I <:: ..... --a12 "' a 53 a13 "' 
Ys - y1 " 

o; - x3 x3 
x4 x2 x3 x3 

y1 =al3x3. y1=a13x3+a12x2. .._. 
"' 5. ys=a54x4 +a53x3 · 6. xs=(bs-ys)/ass "' ._ 

1 bl 
x2=(b2-y2)/a22 =(b5-a54x4-a53x3)/~~ The dup1l.cate x4 l.s output. 

=(~-a24x4-a23X3)/a22· x3 l.S output. 
Figure VI.B.l.l-[6: Six ConsecutJ.ve Cornputatl.ona1 steps for the So1utJ.on 

[VI.B.l:n1J Usl.ng a Modl.fied Dequeue of Data. 
of the Upper Trl.angu1ar LJ.near System of Paradigm 
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or~g~al matrLX (in real l~fe problems); b) the degree of d~ff~culty 

~n transform~ng the 'ta~l' of the data stream ~s cons~derably smaller 

than prev~ously; and e) the t~me-complex~ty has been reduced. 

Paradigm [VI.B.1.1:~1J 
n-even 

Let us cons~der the follow~g (4x4) qu~d~agonal matr~x, which 

s~m~larly as before consists of a critical case, i.e., 

st 1 stream 

p-- -
all al2 au" 0 

q a21 a22 a23 a2'4-
(VI.B.l.l :3) A= 

a31 a32 a33 a341 

0 a42 a43 a441 .... t 

2nd stream 
In accordance w1th the recurrences and relations g1ven 1n 

(VI.B.1:3,4,5) each of the factor~zat~on streams w~ll cons~der 

l1nes of the or1g1nal matr~ for the •parallel' el1m~ation, 1.e., 3 

l~es for th~s Paradigm. The result~ng (2x2) central submatrix w~ll 

have been modified tw~ce by both streams ~n this b~d~rect~onal 

12 procedure, so what remains ~s the el~m~at~on of the element a
32 

by 

st 
the 1 stream. 

Consequently, we have: 

1st Stream 

all al2 a 13l 
Al = a21 a22 a23 

a31 a32 a33 
1 

1 

"'n 

R,3l 

0 

J 
ull ul2 ul3 

1 u22 u23 

R,32 0 
u33 

J 
Ll ul 
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nd 2 Stream 

a44 a43 a42 1 
0 u44 u43 u42 

A2 = a34 a33 a32 
234 

1 
= u33 u32 

a24 a23 a22 224 e 1 0 

L2 u2 

Rerrark: For the elements surrounded by the Cl.rcles note that, the 

rnultl.pll.er .t
23 

l.S not needed and consequently the element u
22 

is not 

modif1ed agaJ.n for the ell.mination of the element a
23

.D 

AgaJ.n, we assume that the matrl.X A has the property that J.ts LU-

decomposJ.tJ.on can be done by GaussJ.an elJ.mJ.natJ.on w1thout p1voting. 

The trJ.angular matr1ces L=(2ij) and U=(u
1

J) are evaluated us1ng 

the recurrences and relatJ.ons g1ven 1n (VI.B.1:3,4,5), whereas for a 

better assistance 1n follow1ng the sequence of modif1cat1ons we shall 

compute the correspond1ng elements 1n both factorization streams. 

st 1 Stream (k denotes steps and rows) 

( 1) 
aiJ 

(k=l) 

(k=2) 

(k=3) 

(k=l) 

(k=2) 

(k=l) 

(k=2) 

= a. 
l.J 

(2) =a .,. 
2] 

= a(3 )=> u 
3] 33 

2 = 
l.l 

2 = 
l.2 

(2) 
a. 

l.J 

(3) 
a 

l.J 

(3) 
= a33 

' 

(2) 
= a23 

(1) 
= al3 

) 
(2) (1) (2) (1) 

a22 =a22 +221 (-ul2) ,a23 =a23 +221 

( -ul3) 

(2) (1) (2) (1) 
a32 =a32 H31 (-ul2) ,a33 =a33 +231 
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nd 2 Stream (k denotes steps and rows) 

(1) 
a =a. 

1] 1] 

(k=l) .. t=4 + u4J = ( 1) 
a4J "" u44 = 

(1) 
a44 ' u43 = (1) (1) 

a43 ' u42 a42 

(k=2) .. t=3 + u3J = (2) 
a3J "" u33 = 

(2) 
a33 ' u32 

(2) 
a32 (U2) 

(k=J) .. t=2 + u2J = (3) 
a2J 

.. u22 = 
(3) 

a22 

(k=l) .. t=4 + iJ.4 
(1) -1 

= a14 u44 .. i 
34 

= 
(1) -1 

a34 u44' ~4 = 
(1) -1 

a24 u44 } (L2) 

(k=l) .. 

Re=rks: 

t=4 + 
(2) 

a 
1] 

Note that, s1nce there are common elements to both streams 

(these are the elements cons1stJ.ng of the central submatrJ.X) they are 

computed correctly through the gJ.ven recurrences, but irrespect1ve of 

the index k, which cannot follow the pace of the alternate modif1cations, 

s1nce 1ts increment is un1que to each elimJ.nation stream. The elements 

cons1st1ng of the central submatr1x will be defined by the appropr1ate 

theory J.ntroduced for the general case J.n (par.-VI.B.2), so J.t w1ll be 

known beforehand what exempt1ons in terms of the 1ndex k should be 

expected 1n the factorizat1on formulae.D 

The mod1f1ed dequeue of data resultJ.ng when the new concept for 

the above factor1zat1on 1s appl1ed, together w1th the systol1c network 

of the hex-connected processors, are J.llustrated J.n Figure (VI.B.l.l-f?). 

In Figure (VI.B.l.l-{8) are d1splayed six consecut1ve computat1onal 



[Ch. VI/See. B 769] 

L u 

' 
0 • • f • I ' I 

I 
I 
I 
I 

t I 
I 

-1 

I 
I 
I 

I I 
I I 
I 

I I I " ... 
" ... 

I I " all 
... I 

" ... 
I I " ... I " ..... 

J." a44 ... I 
" ... 

I " ... 
" a2l al2 

... 
" ... I " ... 

" 'l I " a34 a43 ~ ... 
" ... 

" ... , 
... , r 

a3l a22 al3 

a24 a33 a42 

a32 a23 

© G) 
8;) 
© 

~ 3 @ 3 

~ 3 

Figure VI.B.l.l-[7: The Mod~fied Dequeue of Data for the LU
factor~zat~on on a Hexagonal Systol~c Array 
(for p=q=3, and n=4). 
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1. 

2. 

con t1.nued ••• ~ 
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continued •.• ~ 
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Figure VI.B.l.l-[8: Six Consecut1ve Computat1onal Steps of the un1-
direct1onal (for the Central Submatrix) LU
factor1zat1on of a Qu1ndiagonal Matr1X (for n=4). 
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steps on th~s systol1c array. In part1cular, we should underl1ne the 

spec1al 'on-the-fly' handl1ng of the element a
33

, and the fact that 

when ~t f1rst enters the systol1c network as an element of the 1st 

t stream, then all the elements already 1n the network at that snapshot 

(or ex1ting ~t in that t1me-unit) have to be collected 'on-the-fly' as 

mod1f1ed a 's, 1nstead of i 's and u 'sand brought back ~to the 
1] ~] 1j 

ser1al flow aga1n~ 

Comments: The t1m1ng formula 1s as the one g1ven for the case when 

n 1s odd, 1.e., 3l%J+4p. Aga1n, for p=p-1, this formula verif1es the 

total number of t1me-un~ts (i.e., 14 t1me-un1ts) requ1red for the 

factor1zation of the cons1dered (4x4) example. The comments made for 

the above case (1.e., n is odd) regard1ng the Effic~ency achieved apply 

to the present case as well. Note that, when n>>p, the above t1m1ng 

formula becomes a relation depend1ng only up to n, wh1ch 1mpl1es a twice 

as fast execut1on t1m~g compared to the normal single stream LU-

decompos 1 t1on. [] 

F1nally, let us now exempl1fy the new concept for the spec1f1c 

1nstance of the present cr1tical case, cons1der~ng the (4x4) qu1nd1agonal 

l1near system: 

4 1 1 0 xl 6 

1 4 -1 1 x2 5 
= (VI.B.1.1:4) 

2 1 8 -1 x3 10 

0 -1 1 2 x4J 2 

By apply1ng the folding algor1thmic process accord1ng to th1s 

concept we obta1n the follow1ng s1ngle solut1on step: 

tThe eZement a33 is certainZy incZuded. 



4 1 1 

1 4 -1 

2 1 8 

0 -1 1 

1st step + 

0 

1 

= 
-1 

2 

= 

2 

5 
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multipliers (~op-~ottom streams) 

mt 

{-1/4.""-1/2} 

10 

2 

+ 

8 

2 

{-1/2,1/2} 

T The solut1on vector x was pre-arranged to be ~=(1,1,1,1) • 

Tr~angular L1near Systems 

The next th1ng to 1nvest1gate 1s the solut1on of the four 

result1ng tr1angular l1near systems apply1ng the 'rotate' and 'fold' 

concept. 

(i} - Lower Tr1angular Linear S~stems 

The systems to be solved are: -
all 

0 
xl bl 

a21 a22 x2 = b2 

a31 a32 a33 x3 b3 

and Al ~1 ~1 

a44 
0 l x4 b4 

a34 a33 

.,~ 
x3 = b3 

a24 (5) x2 b2 

-
A2 ~2 ~2 

st (Result1ng from the 1 stream 

of the LU-decompos1t1on) 

nd (Resulting from the 2 stream 

of the LU-decomposit1on) 

The element denoted by a c1rcle 1s not used, according to the 

el1~nat1on process, and hence 1t w1ll be considered as a 'don't care 

element' in the mod1f1ed dequeue of data which will be g1ven further on. 
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The recurrence solut~on formulae are as those for the case when n 

is odd, wh1lst the correspond1ng solut1on for each of the above systems 

LS: 

1st Stream 

a3lxl+a32x2+a33x3 = b3 ~ x3 = (b3-a3lxl-a32x2)/a33" 

nd 2 Stream 

solution for the system: A2~2=~2 

x4 = b4/a44 

a34x4+a33x3 = b3 ~ x3 = (b3-a34x4)/a33 

a24x4+a23x3+a22x2 = b2 ~ x2 = (b2-a24x4-~)/a22 
Comment: The underl1ned elements denote the 1ntermed1ate values obtained 

dur1ng the mult1ple mod1f1cat1on of these common elements, which will 

subst1tute the correspond1ng r.h.s. b 's for the computat1on of the f1nal 
1 

solut1on value.O 

The mod1f1ed dequeue of data for the solut1on of the above systems, 

together w1th the systol1c l1near array, are g1ven 1n Figure (VI.B.1.1-f9). 

In Figure (VI.B.1.1-f10) are d1splayed six consecut1ve computat1onal 

steps on th1s l1near systol1c network of processors. 

Remarks: The total number of time-un1ts requ1red, and ant1c1pated by 

Theorem {VI.A.6.1:e 2J (for p=p-1), was 11, wh1ch 1s ]Ust1f1ed by the 

fact that the exam1ned case 1s considered to be a cr1tical case. The 

Eff1c1ency (E) of the array has been s1m1larly as before increased to 

one output every time-un1t for the parallel part, whereas 1n the 
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sequent1al part 1t has ma1nta1ned the value 1/2. Hence, for n>>p, the 

mod1fied dequeue w1ll prove to be twiae as fast compared to the s1ngle 

stream solut~on process. 0 

(ii) - Upper Tr1angular Linear Systems 

The pa1r of the result1ng upper tr1angular systems to be solved, 

converted to a pa1r of lower tr1angular systems, are the following: 

a33 0 x3 b3 st 
(Result1ng from the 1 stream 

a23 a22 x2 = b2 
of the LU-decompos1t1on) 

al3 al2 all xl bl 

Al !!.1 .!?.1 

and 

16) ~l nd 

(90 (Result1ng from the 2 stream 

l~ ej" of the LU-decompos1t1on) 

lb4 w a44 x4 

A2 !!.z .!?.z 

Comments: The elements of the matr1X A
2 

denoted by the circles are 

1gnored, s1nce the solut1on process of these subsystems 1s a straight 

backward subst1tution process due to the lack of 1nterference between 

the two oppos1te streams, accord1ng to the un1d1rect1onal concept appl1ed 

on the central submatrix. The elements denoted by the squares have 

1nterchanged pos1t1ons 1n the mod1f1ed dequeue of data to be presented 

1n the follow1ng. Also, note the duplicat1on of the elements 1n c1rcles 

1n that Figure to avo1d the spec1al 'on-the-fly' handling requ1site.D 

The recurrence solut1on formulae for these systems are those given 

in (VI.A.6.1:5,6), w1th the 1nit1alizat1on: y(l)=y(l)=O, wh1le the 
1 t 

correspond1ng solut1on for each of these systems 1s: 
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-

The Mod1f1ed Dequeue of Data for the Solution of 
the Lower Triangular Linear System of Paradigm 
[VI.B.1.1:~1J on the Linearly Connected Systol1c 

Array (for w=q=3) • 



0 a33 a21 a24 

I I 
0 a34 0 -y3 y2 - y2 y2 

y3 -
0 

x4=(b4-y4)/a44 4 
0 

y3=a34x4. 

1. =bia44 

(sl.nce y
4
=o). b3 

2. xl = (bl-yl) /all 

=b/a11 

0 

I 
a31 

I 
a32 (sl.nce y

1
=o). 

I 
- a24 -y2 y3 

0 - a31 -y2 y3 

1 4 y2=a21 xl · 
x2 

x3 xl 

3. y2=a24x4 · 
___ x3=(b3-y3)/a33 

-- =(b3-a34x4)/a33" x 
4 

l.S output. ---
I --

1,-- -r I 
I 

I 

Figure VI.B.1.1-f10: 

5. 

x
1 

l.S output. 

y3=a3lxl+a32x2. 

x2=(b~-y2)/a22 

=(b~-a24x4)/a22" 

- -
2 

Thl.s x
3 

l.S an 1ntermed1ate value. 

Six Consecutl.ve Computational Steps for the Solutl.on of the Upper Triangular Linear System of 
Paradigm [VI.B.1.1:n1J Us1ng a Mod1f1ed Dequeue of Data. 
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st 1 Stream 

nd 2 Stream 

The mod~f~ed dequeue of data for the solut~on of these systems, 

together with the systol~c linear array, are g~ven in Figure (VI.B.1.1-f11). 

F~ally, ~Figure (VI.B.1.1-f12)are ~llustrated six consecutive 

computat~onal steps on th~s l~ear systol~c network of processors. 

Rermrks: The total number of time-un~ts requ~red, and antic~pated by 

Theorem [VI.A.6.1:6;} (for p=p-1), was 11, wh~le the observations made 

for the previous pa~r of systems, ~.e., about the Efficiency of the 

systolic array of processors and the potent~al of the mod~f~ed 'rotate' 

and 'fold' concept, apply equally well to the present case. In part~cular, 

by equal~z~g the tim~g formulae given by the above Theorem and 

Theorem [VIA.6.1:a 1]we obta~: p=n/2, 1-Auch, ~reverse, ~nd~cates the 

~stance that these t~m~gs w~ll co~c~de. As an example, however, ~f 

we cons~der the qu~d~agonal case for n=4096, then the solut~on process 

using a modified dequeue proves to be 1.997 ••• faster than the single 

stream solut~on process. Overall, and ~ more pract~cal terms, for the 

parallel solut~on parts we apply the t~m~g formula g~ven by Theorem 

[VI.A.6.1:a 2J, whereas for the sequent~al parts ~mposed due to the 

format~on of the (pxp) central submatr~ the t~ming formula g~ven by 

Theorem [VI.A.6 .1:a1J is apphed. [J 



I! 
0 
0 

b21 
3 

0 
bl2 

2 
0 

b4 

bl 

all 

a44 a12 
0 a42 

a22 0 

0 a23 ---a33 _ ... --- ... ----
J) IJ 

-

---

-
-
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I 
I 
I 
I 
I 

a13 1 
I 

a43 I 
I --- ---

Figure VI.B.1.1-[11: The Mod~f~ed Dequeue of Data for the Solut~on of 
the Upper Triangular L~ear System of Paradigm 
[VI.B.1.1:~1 J on the L~early Connected Systolic 

Array (for w=q=3). 



6 a23 6 8 a43 

l l l l 
6 6 a23 6 - 6 - - - 6 - y4 Y2 Y2 

- - - x3 - 6 -6 6 
21 y2=a23x3. 

1. 
x3=(b3 -y3)/a33 2. 

=b21/a 
8 3 33 b12 

(since y
3
=o). 2 

a42 a13 a44 a12 

l l I l 
6 a43 a42 - al3 -- 6 - y yl 

- x2 - x3 x3 x3 
-. 
(") 

y4=a43x3. ;s-

3. x2=(bf"y2)/a22 4. 
y4=a43x3+a42x2. 

<::: ..... 
0 12 I b4 ---=(b2 -a23x3) a22· (/) 

x
3 

J.s output. "" n 

O:l 

l l 
" "" a12 - - ...... 

y1 - y1 
x4 x2 X - x2 1=(b1-y1)/all 

5. y (afi 3x3 +aFx2 . 6. =(b1-a13x3-a12x2)/ 

bl 
x4- ( 4-y 4) a44 

output. all. 
The dup1J.cate x3 J.s output. = (b4-a43x3-a42x2) /a44· 

x2 J.s 

Figure VI.B.l.l-f12: Six Consecutive ComputatJ.ona1 Steps for the So1utJ.on of the Upper Triangular LJ.near System of 
Paradigm [VI.B.1.1:~1 J UsJ.ng a ModJ.fJ.ed Dequeue of Data. 
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VI.B.2: 'SYSTOLIC' PIPELINABILITY 'ROTATING' AND 'FOLDING' GENERAL 

BANDED MATRICES 

After the detaLled LnvestLgatLon of the 'rotate' and 'fold' concept 

Ln the prevLous paragraphs, and sLnce the dLffLcultLest arLsing Ln the 

LmplementatLon of thLs technLque were bypassed by the establLshed and 

exemplifLed unLdLrectLonal procedure, hereLn we shall examLne the 

boundaries of the central formatted submatrix for the general banded 

case and Lntroduce the complementary+ background theory sLmplLfyLng the 

var1ety of the occurr1ng cases. 

The problem of solvLng a banded system of lLnear equatLons 

~=b (VI.B.2:1) 

occurs frequently Ln the numerLcal solutLon of partLal and ordLnary 

dLfferentLal equations. In the subsequent analysLs we shall consLder, 

agaLn, the case that the coeffLcLent matrLx A has the property that Lts 

LU-decomposLtLon can be done by GaussLan elLmLnatLon wLthout pLvotLng, 

and Lt LS of the following symmetrLc semL-band type: 

tDue to the interference of the two opposite factorization streams. 

+To the theory for fuZZ matrices introduced in (Appendix C-VI/par.-VI.A.6). 



A 

all al2 

a21 a22 

a31 a32 

p I 

' 
' " 

' 

' 

p 

' ' ' I '-
'-.. 

a 
2,p+l 

a 
3,p+l 
I 
I 

a 
3,p+2 
I ' 
I 
I 
I 
I 

a------- a a a 
p3 pp, p,p+l p,p+2 ---- ----

' ..... ' '-, ' ....._ 
' ' ....._ .......... ....._ ' 

' ' ' ' .... 
' .... ' ....._ 

....._ 

l 
0 

' -..,a 
---- p,2p-l 

' 

- a n-p+l ,n 
I 

' ....._ ' ' ' I ....._ ' ' ' ' ' 
' ' 

' ..... 

' 
.... 

' 

' ' .... 
' 

' 
..... 

' ' ' .... 
' ' ' 

' 
..... 

' 0 ' ' 
' a 

n,n-p+l 

' ' ..... 

' ' ... 
' a 

n,n-p+2 

' 
' .... .... ' .... 

....._ 
....._ 

..... 
' 

....._ 

' ' ' ' --..a 
n-2,n 

' ' -...a , .........._ n-l,n 
' ' a ' 'a n,n-p+3 _________ nn 

(VI.B.2:2) 

In particular, for simpler exemplif~cation purposes, let us cons~der the case that the matr~ A has a sem~-

bandw~dth p=4. The LU-decomposit~on of th~s general heptadiagonal matr~ us~ng the 'rotate' and 'fold' 

concept for the opposite factor~zat~on streams will be presented as: 



1
st 

stream 

~ 

p 

A 

J. 

p-

all a12 ~4------------------ ----------- ---·--- --
a21 a22 

a31 a32 
0 

a41 a42 a43 •• a41 a45, a46 .... a47·. 
......... .... .... ............. .... ... ... .................... ..... 

.... .... .... ..... ... ..... ... .... t 1 ..... ..., .... .... .... .... .... cen ra 
......................... ....., ... :.... ... ... ..... ... .... .... ""'........ ...... sytJmatr1x .... .... .... ... ... ...~.::--...:. ____ _:: ___ .,.: ...... __________ ,..-
---- ... ~-- --'~-.... .~o--:: ... ____ a . 

.... .... .... .... !r-P+ 1 ;r-p+.: tt 
........ . .... .... .... 

o o a 
r-p+l ,r t,t+p-1 ·---.... -- ...... ...... r-- ..... _ ...... 

r, r-P+l at+P-1 ;t · .. ;rat+ff-T, t+P-1'-- _..._~::"=-a -
3
-----

... n- ,n 
~----~~--~----~~~ 

0 
.... .... .... .... .... .... .... .... .... .... .... .... 

.... 

-----------------------------
• -.... .... .... .... .... .... .... .... .... 

"a 
n,n 

t 
nd 

2 stream 



which ~mp1~es that: 

A= 
1 

and 

~ 
i21 1 

i31 i32 1 0 
R. R. 42 i43 1 

41 
t------,----1 ... 
52 "" ... 
' ' ' ... ', ...... 

' ' ' ' '.R. '1 
', t,t-1 ...... 

' ' ' ' ' ...... 
0 ' ' ' ' ' ' ... ...... ... 

... ' ...... 
' ' ' i '-------i' '1 

t+p-1,t+p-4 t+p-1,t+p-2 _j 

L1 

0 

0 

1 

in-1,n 1 

in-2 ,n in-2 ,n-1 1 

in-3 ,n --- in-3 ,n-2 
1 
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st 
( 1 stream) 

l 

l 

nd 
(2 stream) 
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u u u u 
nn n,.n-1 n,n-2 n,n-3 

u u u u 
n-l,n-1 n-l,n-2 n-l,n-3 n-l,n-4 

u 
n-2 ,n-2 un-2 n-3 un-2,n-4 un-2 n-5 

' I ' .... I ... ' .... ... .. ' .... .... .... .... ' ... ... ' .... .... ....... .... ... ... ... 
... ..._ ....... .... ...... 

~.... ' ... .... 
.... .... ' ... ... .... .... ... 

... ' .... ... 

0 

' u - - - - _ .... _ - - - - - ~ - - - - - - - - _ ... u -
rr •r,r-p+l 

' 
' 

0 ' ' ' ' ' ' ' ' 

I 

l 

', I 

'ur-p+l,r-p+!o_ 

The tr1angular matr1ces L=(2. ) and U=(u .) are evaluated according 
1] 1] 

to the recurrences given 1n (VI.B.1:3). However, because of the band-

w1dth of the matrix A, i.e., p=4, we have the relat1ons (VI.B.1:4,5) 

respectively mod1f1ed as: 

1st Stream 

(k) 
ai+3,l. 

(k) 
a 

1.,1.+3 

and for the 

nd 2 Stream 

(k) 
a 

l.-3,1. 

(k) 
a. 3 l.,l.-

a l 1.+3,1. 

= a 
1,1+3 J 

for l~k~i and i~2, 

= a 3 ·1 1.- ,1. 

= a 
1 ,i-3 J 

for l~k~[n-1+l), 1~[n-l) • 

(VI.B.2:3) 

(VI.B.2:4) 

Comments: Although the central formatted submatrix is un1que, the 

existence of d1fferent counters 1n each of the factor1zat1on streams 

1mposes the general express1on of its elementst as each of the opposite 

tThese elements aonsist of the exemption for the formulae giving at eaah 
k-step the general matrix elements modification. 
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streams 1s 'fac1ng' them, for any sem1-bandw1dth p (1.e., odd or even) 

and any value of n (i.e., odd or even). In other words, for the 1st 

stream the central submatr1x appears as: 

jt.t,----- ft,t+p-1 l 
I '- I 

I ',, : J 
I ',I 
at+f)-I;-t---- -at+p-l,t+p-1 

nd 
for the 2 stream 1t appears whereas 

[nl IP-11 
, where t=j2J-L: 2 J 

as: 

[nl [:P-ll 
, where r=l21+1"--2--l. 

The value of p depends on the s1ze of the central submatrLX wh1ch 1s 

known beforehand as (pxp) or [(p-l)X(p-1)] .0 

Let us now solve a numer1cal example cons1der1ng the follow1ng 

(5x5) heptad1agonal l1near system, 1.e., 

t, 
1 -1 1 ~ xl 

1: 4 -1 1 1 x2 

1 5 -1 1 x3 
= (VI.B.2:5) 

~ 2 1 8 -2 x4 10 

-1 1 -1 4 Lx L 3 

By applying the fold1ng algor1thm1c process according to the 

original concept we obtain the follow1ng solution steps: 
multipliers (!op-bottom streams) 

f4 
mt ~ 

1 -1 1 0 

·~ 5 { -1/'4."1/4 ,-1/4} 

4 -1 1 1 x2 6 

1 5 -1 1 

:~ 
= 5 

2 1 8 -2 10 

-1 1 -1 4 3 

~ ~ 



4 1 

15/4 

0 5/4 

7/4 

-1 

4 1 

4 

nd Q 
2 step+ 0 1(0 

4 

6 
0 

1 

4 

0 

-1 

-3/4 

19/4 

1 0 

3/4 CD 
-3/4 (D x

3 

5/4 31/4 

1 -1 4 

-1 

-1 

9/2 

7/4 

1 

+ 

1 

1 

-1/2 0 

29/4 

-1 

+ 
1 -48/37 

4 -48/37 0 

190/37 
0 

33/16 lll,1.6 x
4 

3/4 -3/4 4 x5 
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11:/4 
= 25/4 

l3:/4 
{-1/4,-1/4,1/2} 

+ 

{-3/8,-5/16,1/4} 

= 11/2 

{-16/111,-16/111,14/111} 

+ 
r-37 /37l 

[wo/37[ 

= 190/37 

T The solution vector x was pre-arranged to be ~=(1,1,1,1,1) • The 

elements in the c~rcles are the elements to be eliminated at the next 

solut~on step. 

With the unid~rect~onal procedure 1nvest1gated prev~ously we avo~ded 

the superfluous complexity caused by the overlapping of the oppos1te 
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factorizat1on streams; since the degree of the1r 1nterference, however, 

gradually 1ncreases along w1th the 1ncrease of the sem1-bandw1dth pt, 

to conclude with the format1on of the central full submatr1X, it is 

necessary to 1ntroduce, br1efly, the relat1ve background theory. 

We shall apply s1m1lar techn1ques as 1n (Appendix C-VI/pa~.-VI.A.6) 

to transform the matr1X A w1th the form g1ven by (VI.B.2:2). 

For the case when n is odd we proceed as follows: 

(i) The elements a are elim1nated by the top stream for 1,J 1n the 
1] 

range: 

n+l 
J = 1 (1) [2 -p]' i=[J+l] (1) [J+p-1] ' (VI.B.2:6) 

which 1mpl1es that the elements an-1+l,n-j+l are elim1nated by the 

bottom stream. The transformed matr1X A has the form: 

+-p-+ 

0 

t 
n +1 _ P 

2 
l 

t 
p 

l_ 

(ii) From th1s stage onwards we need to introduce sl1ghtly more 

(VI.B.2:?) 

soph1st1cated factorization techn1ques as the oppos1te streams start 

interfer1ng since they have to eliminate elements of the same row. The 

elements a to be el1minated are for i,J 1n the range+: 
1) 

tin aooo~dance with the cases exemplified p~eviously in this Chapte~ it 
is appa~ent that any p~oblem tends to become c~itioal for degene~ate 
oases of p-m. 

+A oe~tain degree of flexibility should be allowed in the application of 
these fo~mulae when same degenerated oases (i.e., almost full mat~ioes) 
are to be oonside~ed. 



j 
n+1 

[-2- -p+l] (1) t 

i = []+1] (1) [j+p-1] 

and 

n+1 
J = t(1) [~p-1] 

l. = [J-p+1] (1) [J-1] 

(n-p) 
2 

(n-p+l) 
2 
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• p-odd 1 

l

(lst 

p-even 
(VI.B.2:8) 

stream) 

l 
(n+p+2) dd ~ 

2 ' p-o nd 
h t 

2 stream) were = 
(n+p+1) 

2 
p-evenl (VI.B.2:9) 

The resu1tJ.ng transformed matrJ.x A WJ.11 have the form: 

and 

t 
p 

~ 

0 

+-P-+ 

0 

t 
0 n-p 

0 
P-1 

'\----1------

1-----t.:- - - - - -

-2-

! 

t 
n- P+1 

2 
! 

]!~1 

for p- odd 
(VI .B. 2: 10) 

for p- even. 
(VI.B.2:11) 



[Ch. VI/Sec.. B 791] 

(iii) F~nally, at th~s stage, ~ accordance w~th the or~g~nal (not 

the un~d~rect~onal) procedure, each pivot~g row el~m~nates f~rst the 

appropr~ate element of the opposite process, so that each el~m~nat~on 

does not recreate values ~n the zero elements created by the other. 

The elim~nat~on procedure continues now exactly as for the case of a 

full matr~ result~ng w~th the matr~ A hav~g the form: 

+-P-+ 

0 

t 
n+1 
---P 

0 2 
________ j_ 

t 
p 

! 
(VI.B.2: 12) 

The case when n is even can also be treated ~ a s~m~lar manner 

by follow~g the prev~ous steps w~th the follow~ng differences at each 

step: 

(i) Instead of (VI.B.2:6), the top stream el~m~nates the elements a 
~J 

such that 
n 

J = 1(1) [2 -p+l]' ~ [J+l] (1) [J+p-1] ' (VI.B.2:13) 

which ~mplies aga~n that the elements a 
1 1 

are el~m~nated by 
n-1.+ ,n-J+ 

the bottom stream. The transformed matr~ A has the form: 
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t 
n 
2 -p +1 

_! __ -
_f_P_-~ 

(VI.B.2:14) 

(ii) Then, 1nstead of (VI.B.2:8,9), the elements a. wh1ch are 
1] 

correspond1ngly el1m1nated are for 1, J 1n the range: 

n 
n-p+l J [2 -p+2] (1) t 

l p-odd 2 st , where t (1 stream) 
1 ~ [J+l] (1) []+p-1] n-p , p-even 

2 
(VI.B. 2: 15) 

and 

n 
n+p-1 

1 J ~ t (1) [2 +p-1] 

l p-odd 2 + ' nd 
' 

where t (2 stream) 
1 ~ []-p+l] (1) [J-1] n+p +1 p-even (VI.B.2:16) 2 ' 

The result1ng transformed matr1x A w1ll have the form (VI.B.2:11) 

for p-odd and the form (VI.B.2:10) for p-even. 

(iii) Finally, the matrlX A has the eas1ly solvable form: 

(VI.B.2:1?) 
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wh~ch ~s treated sim~larly to the even case as exempl~f~ed for the 

~nstance when matrix A ~s full. 

In accordance w~th the prev~ous background theory, the conclus~on 

emanat~g ~s that we must always ~vestigate four different cases, 

namely, two subcases when n-odd, one for p-odd and the other for p-even, 

and two corresponding subcases when n-even. Th~s variety of cases, 

however, may be s~mpl~f~ed to only one case despite the values of n and p. 

It can be not~ced eas~ly that the cases: (n-even/p-even) and (n-odd! 

p-oddl conclude w~th the format~on of a central subsystem of s~ze (pxp) 

On the other hand, the rema~~g complementary cases, ~.e., (n-even/ 

p-oddl and (n-odd/p-even), conclude with the formation of a central 

subsystem of size [(p-l)x(p-1)]. Hence, the four different cases have 

been reduced to two cases. 

Furthermore, ~ every case the format~on of the central full sub

matrix commences at ~n;~+l l~es depth for both factor~zat~on streams, 

count~g from the corresponding f~rst l~e for each wave. Apparently, 

we may cons~der the case: (n-odd/p-odd) as a subcase of the case: 

(n-odd/p-even), as well as the case: (n-even/p-even) a subcase of the 

case: (n-even/p-odd). Hence, we end up w~th only one case. 

All these relations between the variety of cases occurr~g are 

d~agrammat~cally ~llustrated ~Figure (VI.B.2-fl). 

Comments: In th~s FiguJBthe number of l~es per factor~zat~on stream 

is cons~dered accord~g to the original 'rotate' and 'fold' concept. 

We must not~ce that when n-odd/p-odd or n-even/p-even, then the range 

for each of the oppos~te streams does not reach the last l~ne of the 

central submatr~, but stops one line before ~t. To the contrary, 

when we cons1der the superset cases of the above pa1rs, 1ee., when 
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n-odd/p-even or n-even/p-odd, then each stream overlaps the other the 

full length of the central submatr~. Hence, due to the relat1on = 
between the former and latter pa1rs of cases always we may cons1der 

the latter range of overlap.O 

S1nce the size of the matr~ 1n real l1fe problems 1s bound to be 

n>>p, we may cons1der that the number of lines treated by each stream 

1S l%J. Consequently, 1n accordance w1th the mod1f1ed 'rotate' and 'fold' 

the t1m1ng formula 1s: 3l~ +'the t1me for the central full 

matr~·, i.e., 4p, Where p;p-1 or p. 

concept, 

Theorem [VI.B.2:e 1J 

The systol1c p1pelinab1l1ty of the LU-factor1zat1on of (nxn) 

symmetric sem1-bandw1dth matr1ces by the 'rotat1ng' and 'fold1ng' 

techn1que 1s d1rectly dependent upon the relat1on between the1r s1ze 

and sem1-bandw1dth. 

Proof: 

By equal1z1ng the above t1m1ng formula with the s1ngle stream LU-

l~+l~ f..-

L1nes/Stream 

n+p -1 2 1--

L1nes/Stream 

n-odd c:: n-odd -
p-odd p-even 

(pxp)+Central. +[(p-l)x(p-l)] 
Submatn.x 

t 
n-even c:: - n-even 

p-even p-odd 

l%J+ ~ 
L1nes/Stream 

~ +lr.l 2 L2J 
L1nes/Stream 

Figure VI.B.2-[1: The Relat1v1ty of the Various Cases for a (nxn) 
Banded Matr~ of Sem1-bandw1dth p. 
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decompos~tion formula g~ven by Theorem {VI.A.6:e
1
J we obta~: 

3l~+4p = 3n+p • (VI.B.2: 18) 

We must exam~e the cases: p=p-1 and p=p. Hence, for p=p-1 

we have: 

4 (p-1) -p = 3n-3l~ -. 

3p-4 = 3f~ .... 

p-l = i%l· (VI.B.2:19) 

On the other hand, for p=p, we have: 

3p = 3J~ -

P = i%l · (VI.B.2:20) 

Consequently, from formulae (VI.B.2:19,20) we may write: 

(VI.B.2:21) 

The last relation deter~nes the cr~t~cal bounds for p and n. 

In other terms, if we have a problem where p and n ver~fy the relation 

(VI.B.2:21), then the expected tim~ngs from both schemes will be 

~dent~cal. If p< i%1, then the 'rotate' and 'fold' techn~que proves to 

be superior, whereas due to the enlargement of the formatted central 

submatr~x exactly the oppos~te appl~es for p> t%l· 
Rerrarks: In pract~ce ~t is bound that n>>p, hence the superiority 

of the 'rotate' and 'fold' techn~que is apparent. If we consider an 

arithmetic example, ~.e., p=S and n=4o96, then the speed-up ach~eved 

by th~s techn~que ~s approximately 2. Also, take ~to account that 

due to the relat~on ~ illustrated in Figure (VI.B.2-fl) we can 

pract~cally cons~der that p=p-1 for every occurring case.D 
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To conclude, the reader ~s once more ~nv~ted to follow any of the 

solved examples ~ the present Chapter, by making transparenc~es 

e~ther of the compound data stream, or the network ~tself, and mov~g 

them one over the other appropriately. In add~t~on, as a further 

exercise, the ver1f1cat1on of the t1mings obta1ned 1n these examples 

(for the LU-factor~zat~on and the solution of the result~g tr~angular 

systems} ~s proposed, by apply~g the appropriate general formulae 

establ~shed,respect~vely. 
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VI.B.J: FURTHER RESEARCH IN THE 'SOFT-SYSTOLIC' AREA, CONCLUSIVE 

REMARKS 

The data stream 'rotatLng' and 'folding' techn~que can be 

naturally extended to higher level fold~ngs (see Bekakos and Evans 

[BEKA85a]. In spec~fic, ~f we cons~der, for s~mpl~c~ty, the problem 

and the ~nstance def~ned ~n (par.-VI.A.4), then we get the followLng 

Theorem. 

Theorem [VI.B.J: e
1
J 

The (nxn)-band matr~-vector mult~pl~cat~on problem w~th bandw~dth 

w=p+q-1 can be solved ~n ln!:Zl +w t~me-un~ts, usLng a systol~c array 

of w double IPSP's (w~th only a s~mple modif~cat~on for the x's), and 

one adder, applyLng the fourfoZding techn~que. 

Proof: 

(By construction of the array).O 

In other words, each cell will cons~st of 2 IPSP's (binary afiZ) 

and the adder ~s to be used for the m~ddle po~nt of the matr~x, since 

~t w~ll be evaluated concurrently Ln both streams. In Figure (VI.B.J-fl) 

1s ~llustrated the def1n1t1on of the b~nary cell. 

tl tl -- r 
= 

1-
; xj 

: L 
11 11 

1 

-1 

J 

-r Vi 

-... Yi 

-Xi F 

F 

Figure VI.B.J-fl: Definition of the Binary CeZZ. 
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Cons~der aga~n the trid~agonal matr~ A (for n=S) 

-P-

I x, y, q 

I @ Y2 ~ ..... 
a33 X3 = Yl 

: Folding direction 

a43 a44 @ Y4 : Computational 
direction 

a 54 ass Xs Ys 

t The quadrequeue result~ng when apply~ng the fourfold~g techn~que is 

the follow~g: 

notatron . 5 = dummy element 

In Figure (VI.B.3-f2) are illustrated all the computat1onal steps 

of the algorithm. 

Rermrk: The adJacent elements to the middle element of the x-vector 

have to be kept in the left-end b~ary cell for two clock ticks, as 

well as a copy of them to propagate to their right-ne~ghbour. Th~s can 

be eas~ly ach1eved by perform1ng a s~mple modif~cation in the cell 

structure g~ven ~Figure (VI.A.4-f2), for each ~ndividual IPSP ~n the 

tThis technique involves a 'rotation' of the corresponding off-diagonals 
for each folding of the matrix band. 
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x. 

b1nary cell, i.e., connect the [NOT-AND] log1c element to the output 

line for x's, cancel the clock for the y's.D 

S1nce we ha;,e entered the space of the soft-systol:W algorithms 

when talk1ng about b1nary cells (although 1t could be constructed a 

s1mple cell w1th 6 registers and an adder}, in [BEKA85a], we have made 

use of the flex1b1l1ty of the area to solve another problem 1nvolv1ng 

the d1agonal and ant1-d1agonal banded matrix, otherw1se known as 

X-band matrix. Many problems g1ve a matr1X of th1s general structure, 

x, D 
x.J x, 

x. u 
x. x. 

a, ~ 
y1 = a,x, + a12x2 

X 

x.J 
-... 

Vs = assXs + 854X4 

x. 

0 

D ... 
y1 = a11x1 x, 

- Xj --••• ., t-
YJ = 8a3X3 Y2 = a2,x, 

X• x, -- - [ 

~ 
.. , 

VJ = 8JJXJ + 8J2X2 

•• x, D 
., 

Y2 = a21X1 + a22X2 

x • I 
~] 

... 
YJ = B34X. 

X 

J Y2 ~ a,.x, + :;,x, + a23x3 0 
~through the J a43 D 

adder y4 = a45x5 +=~X.+ 84,3X3 _ 

... 
Y• = 84sXs + 844X4 

X 

D 

[ 
[ 

[ 

Figure VI.B.J-f2: The Computational Steps of the Matrix-Vector Multi
pl1cat1on Algor1thm (n=S) us1ng a 'Quadrequeue'. 

Step 
Number 

0 

2 

3 

4 

5 
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~f we are flexible in allow~ng some of the sparseness to be ~eluded 

~ the X-bands. 

8001 

Certa~ly the 'rotate' and 'fold' method as exemplif~ed ~ [BEKA85a] 

can be generalized reta~~ng the quadrequeue as the fundamental 

granular~ty factor. Th~s process, however, ~mpl~es the ut~l~zation of 

more compl1cated b~ary cell networks w1th always a doubl~g number of 

IPSP's, compared to the ~mmed~ately prev~ous folding level, but with a 

d~rectly analogous computational speed-up. The number of cells may be 

cons~dered as increas1ng rapLdly, however, since we are Ln the space 

of the soft-systolic algor1thms, we can have a non-planar (multi-layer) 

structure accommodat1ng on each layer a mod1f~ed Le~serson's l1near 

systolic array w1th local broadcast1ng between them. 

In th1s work the 'rotating' and 'fold~g' technique has been used 

and cons~dered up to the fourfold level. Theoret1cally we can cont1nue 

these fold1ngs unt1l we end up w1th a (SxS} sub-band part~t1on of the 

or1ginal band, wh1ch is the m~1mum boundary allow~g a fourfold~g 

step. This 1s currently under ~vestigat1on. 

The super1or1ty of the 'rotat~g' and 'fold~g' techn1que compared 

with the other approaches d1scussed ~ (par.-VI.A.4) has already (by 

constructing the arrays} become apparent. In specif1c, assum~g a 

constraint-free technolog1cal status, there ~s no comparison w1th the 

~terleav~g of the diagonals approach. On the other hand, 1n the soft

systol~c space, a d1rect comparison of this mathemat1cal approach w1th 

the hardware double p1pe approach would prove that the t~ming results 

obtained are of the same order. However, 1n the latter approach the 

number of IPSP's ~creases quadratically, wh1le in our case 1t doubles 

for each new fourfolding level. Th1s is even more obvious ~ the 
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s1ngle-band matr1x-vector mult1pl1cat1on case, where w1th the double 

p1pe approach tw1ce as many IPSP's are requ1red compared to our case 

1n order to obtain sim1lar t1m1ng results. 

801 1 

we shall conclude th1s Chapter overv1ew1ng some v1tal po1nts made 

1n earl1er Chaptersabout the des1gn of spec1al-purpose VLSI computer 

systems. In spec1f1c, the cost-effectiveness of such systems has always 

been a ma)or concern; the1r fabricat1on cost must be low enough to 

)USt1fy the1r spec1alized, and consequently l1m1ted, appl1cab1l1ty. 

Cost can be d1st1ngu1shed 1n non-recurring design and recurring 

part costs. Any fall of the latter's cost 1s equally appl1ed for the 

mer1t of both, spec1al-purpose and general-purpose computer systems. 

Furthermore, th1s cost 1s even less s1gn1f1cant than the design cost, 

s1nce the product1on of special-purpose computer systems 1n large 

quant1t1es 1s quite a rare phenomenon. 

Hence, the design cost of such a system should be relat1vely small 

for 1t to be more attractive compared to a general-purpose computer, 

and th1s can be ach1eved by the ut1l1zat1on of appropr1ate arch1tectures. 

More explanatory, if the decomposition of a structure 1nto a few types 

of s1mple substructures, wh1ch are respect1vely ut1l1zed w1th s1mple 

1nterfaces, 1s feaslble, then s1gn1f1cant cost sav1ngs can be ach1eved. 

In add1t1on, spec1al-purpose computer systems based on s1mple 

and regular des1gns are l1kely to be modular and, therefore, adJustable 

to var1ous performance goals - that 1s, systems• cost can be made 

analogous to the performance requ1red. Th1s fact reveals that 

accompl1sh1ng the arch1tectural challenge for s1mple and regular 

designs y1elds cost-effective spec1al-purpose computer systems. 
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VII.l: INTRODUCTORY REMARKS 

As it has become apparent from the prevLous Chapter, the Lntroduction 

of the VLSI cLrcuLt technology has offered a promising scenario for 

processLng large scale data by a multiprocessor array Ln a hLghly 

parallel mode. Nevertheless, prior to the efficLent utilLzation of such 

an advanced technology Ln large processor array structures, let us 

summarLze several of the fundamental problems Lmposed by the above 

technology: 

i) Interconnection: In massLvely parallel array processors thLs is 

the most critLcal Lssue of the system design, sLnce communLcatLon is 

very expens1ve in terms of area, power, and t1me consumpt1on. Therefore, 

communicatLon has to be restricted to '~oca~ized interconnections'. 

ii) Description: A novel descrLptLve tool is requLred to assist Ln 

the vLsualLzation, descrLptLon and verifLcation of parallel algorithms 

Ln a large computLng network. 

iii) C~ocking: The clocking scheme LS another very crLtical Lssue. 

In the globally synchronous scheme, there is a global clock network to 

broadcast the clock sLgnal over the entire array. For very large systems, 

however, the clock skew unavoidably incurred Ln this signal distrLbution 
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is a non-trLvLal factor, causLng unnecessary slowdown Ln the clock rate 

(see S.Y. Kung and Gal-Ezer [KUNG82). Hence, a self-timed scheme 

appears to be more preferable. 

iv) Design Complexity: Large desLgn of layout costs suggest the 

utLlizatLon of repetLtLve modular structures, L.e., a few dLfferent 

types of sLmple (and often standard) cells. 

v) PPogrammabiZity: Programmable processor modules (as opposed to 

dedicated modules) are preferable due to cost-effectLveness consLder

atLons. The hLgh cost of desLgnLng such modules may be amortLzed over 

a broader range of applicatLons. Indeed, a major portion of scientific 

computations can be reduced to a basLc set of matrix operatLons and 

other related algorLthms, whLch should be carefully investigated Ln the 

attempt to sLmplLfy the hardware module. 

All these constraints which are Lmposed by VLSI will render the 

general-purpose processor array very ineffLcLent, sometLmes almost 

LmpossLble, a fact which should dLctate the scope of the algorLthms 

whLch can be tackled by thLs array. 

In this Chapter a special-purpose network of processors LS 

Lntroduced, which was also conceived and further developed by S.Y. Kung, 

et al [KUNG82a). The Lmportant feature of this uuvefront array processor 

LS its computational notatLon which removes the need for global 

synchronizatLon and also proves to be useful for programming the machLne 

and describLng the algorithm. 

The principal theme hereLn is the direct hardware LmplementatLon of 

an alternate matrLX procedure for the solutLon of linear systems: ~=£, 

where A LS a compact dense (nxn) matrLx. The method is based on the 

factorLzatLon of the coeffLcient matrLX into components which are of 
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butterfly form, i.e., interlock1ng matr1x quadrants, and for its 

1mplementation the concept of computational dewavefronts 1s 1nvestigated. 

The Chapter concludes with remarks on the simulat1on of the 

phenomenon of the propagation of the waves and a further d1scussion 

about some improved 1ssues of the QIF method. 

In add1t1on, further invest1gat1ng hints are given for a possible, area 

eff1cient, comb1ned utilizat1on of both systolic and wavefront conceptual 

computat1onal tools for a fully parallel solution of general banded 

linear systems. 
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VII.2 A PIPELINABLE Two-DIMENSIONAL CoMPUTATIONAL WAVEFRONT CONCEPT 

It has recently been ~nd~cated (see Speiser and Whitehouse [SPEIBO)) 

that a s~gn~f~cant part of the computatlonal requirements for signal 

processing and other applled mathematical problems can, ln fact, be 

reduced to a baslc set of matr~ operatlons and other related algorithms. 

These algorlthms malnly lnvolve the repeated appllcatlon of relatlvely 

Slmple operatlons Wlth regular data flow. 

The systolic array configurat~ons, ~nvest~gated in the prevlous 

Chapter, explolt these properties for the parallel executlon of those 

recursive algorithms ln a synchronlzed and regular mode. 

The systolic array of processors, however, requires global 

synchronlsatlon, a fact whlch would generally cause difflcult~es in lts 

VLSI lmplementation. 

The introduced approach here~n bypasses such global synchronizatlon 

requlrements by adopting the notion of contlnuously advancing waves of 

data and computat~onal actlvity, resembling a phys~cal wave propagation 

phenomenon. 

In the previous Chapter the hex-connected network of processors was 

ut~lized to solve the matr~ multlpllcation problem. We may conslder 

a different scheme for matrix multlplicatlon involv~ng an orthogonal 

network of IPSP•s. In partlcular, let us consider A=(a .. ) and B=(b ) , 
lJ lJ 

and the~r product C=AxB=(c .. ) all be (nxn) matrlces. If we decompose 
lJ 

both factor matrices correspondingly lnto columns (Ail and rows (Bj)' 

then, 
(VII.2:1) 

Thus, the matr~ multlplication can be carried out inn recursions, 

executing 

= C(k-l) +AB 
k k 

(VII.2:2) 
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recurskvely for k=l,2, •.• ,n. 

It becomes apparent how the parallelism can be exploLted havkng (nxn) \ 

processing elements avaLlable, and hence Lt LS almost trLvial the 

parallel algorithm for thks case. 

In terms of VLSI deskgn, the topology of such an algorLthm, with 

thLs degree of localized interconnectkons and data flow, can be naturally 

mapped to a square (nxn) matrix array, illustrated in Figure (VII.2-fl), 

by uskng the computational wavefront concept. 

en 

"' ..J 
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0 
:I! 

> 
a: 
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"' :I! 

PROGRA 
CODE 

MEMORY 
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MEMORY MODULES 
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6:T1me-Un•t of Data Transfer 

T:Time-Un1t Of Arithmetic Operat•on 

.... 
" ... <• 

"" ~t> 
" -..!, , 

·"' t. ... 
}' 

, " rot> 
, ;<' 

.... ... 
" .. ~ 

"" !\'t> 
• ,-<' 

Figure VII.2-[1: The ConfLguratkon for a (nxn)-Square wavefront 
Array Processor (WAP). 
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For the purpose of the matr~ mult~pl~cat~on problem each wavefront 

~n the network of processors will correspond to a mathemat~cal recursion 

in the algorithm. Hence, successive pipel~ning of the wavefronts w~ll 

accomplish the computat~on of all recurs~ons in the algor~thm~c process. 

Let us now exempl~fy the first recurs~on for th~s problem supposing 

that the registers of all the PE's are in~t~ally set to zero, i.e., c(~)=O, 
~] 

for all (~,J). The elements of matr~x A are stored ~n the memory modules 

on the left (~n columns) , wh~le the elements of matrix B ~n the memory 

modules on the top (~ rows) • 

The process commences with~n the top northwest PE(l,l) as: 

The end of th~s computat~on activates the successor ne~ghbours: PE(l,2) 

and PE(2,1), wh~ch w~ll execute (in parallel): 

and 

After this computation, the~r correspond~ng successor neighbours: PE(l,3), 

PE(2,2), and PE(3,1) will be act~vated, thus creating a wave of 

hierarch~cal computat~ons travell~ng down the orthogonal network of 

processors. It may be noted, however, that wave propagat~on ~mplies 

local~zed data flow. 

Once the wavefront sweeps through all the cells, the f~rst recurs~on 

has been completed. 

The ~nherent parallelism lies ~ the fact that synchronously with 

the unfold~g of the first wave and ~mmediately after the emergence of 

the f~rst front of computation we can propagate the second wave (i.e., 

recurs~on of the algor~thm), and then the third wave, and so on, until 

the matrix multiplication problem is computed. 
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For ~nstance, ~ the second wave the PE(~,j) will execute: 

and so on. 

The pipelining of these computat~ons is feasible because the wave-

fronts will never ~ntersect (Huyghen's wavefront pr~nc~ple), assum~ng 

that they w~ll be us~ng d~fferent processors and bypass~ng any contention 

s~tuat~ons. The overall mach~ne arch~tecture is essent~ally the mult~-

processor lattice with additional memory modules on the north and west 

edges of the latt~ce. From the PE's architectural aspect, they are 

be~ng bu~lt out of conventional LSI modules as illustrated in [KUNG82a]. 

F~ally, to summar~ze the key advantages claimed by S.Y. Kung and 

his eo-workers for the wavefront concept are: 

i) It drast~cally reduces the complex~ty of descr~b~ng parallel 

algorithms for matrix computations, 

ii) the wavefront language (developed for the machine) allows the WAP 

to be programmable and increases its appl~cability range, 

iii) the wavefront language makes it possible to simulate and hence 

ver~fy parallel algor~thms, and 

iv) the processors have an asynchronous waiting capab~l~ty wh~ch obeys 

the Huyghen's pr~ciple that wavefronts can never intersect. 

To conclude, the 1n1tiative of this network of processors 1n our 

investigation, independently to S.Y. Kung and his eo-workers, was 

mot~vated as the means for the d~rect hardware implementation of the 

alternate butterfZy matr~ procedure, established by Evans and Hatzopoulos 

~n [EVAN?9] as an efficient parallel l~near system solver. To be more 

specific, the attempt to complementt the systolic ~mplementation of the 

tNameZy, for compact dense (n~n) matrices. 
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LU-factor~zat~on of general banded l~ear systems, invest~gated ~n the 

previous Chapter, apply~ng the 'rotate'and'fold' techniquet, led us 

d~rectly to the s~gle stage dewavefront concept (note the similar~ty 

in glossary) and a s~mpler issue of the previous technique. 

tit shouZd be reminded that the degree of interference of the opposite 
factorization streams, and hence the compZexity of the process, was 
increasing anaZogousZy with the increase of the semi-bandWidth p. 
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VII.3 ON THE SoLUTION OF LINEAR SYSTEMS APPLYING THE QuADRANT 

INTERLOCKING fACTORIZATION - QIF METHOD 

Conslder the following set of llnear equations 

Ax=.e_, (VII. 3: 1) 

where A lS a non-slngular compact dense (nxn) matrlX, ~ is an unknown 

(nxl) column matrlx and b is a glven (nxl) column matrlX. 

The alternate matrlX procedure will now be introduced, whlch lS 

based on the factorizatlon of the coefflclent matrix lnto components 

whlch are of butter>fly form, Le., lnterlocklng matrlX quadrants. More 

speclflcally, ln thls dlrect method, whlch lS equlvalent to a (2x2) 

block LU-factorizatlon, we conslder the matrlX A lS factorlzed lnto two 

matrlces W and z, of the form, 

1 
0 

1 

w 

w 
n-2,1 

w 
n-2,2 0 

w 0 0 
n-1,1 

0 

and 

[" zl2 zl3 

z22 z23 

z33 

z = 0 

z 
n-2 ,3 • 

z 
n-1,2 z n-1,3' 

znl zn2 zn3 

0 

0 

w 
3,n-l 

0 l 

1 w 
n-2,n-l 

w 
n-2,n 

1 w 
n-l,n 

1 

z 
l,n-2 z 

l,n-1 zln 

z 2,n-2 z 
2,n-l 

z 3,n-2 

0 

z 
n-2 ,n-2 

z 
n-l,n-2 

z 
n-l,n-1 

z n,n-2 
z 
n,n-1 z 

nn 

(VII.J:2) 

(VII.J:J) 



[Ch. VII 812] 

and the followLng relat1onsh1p holds, 1.e., 

A= WZ (VII.3:4) 

The matrices can be seen to possess an Lnterlock1ng quadrant appearance 

w1th matr1x structures s1m1lar to the capital letters W and z. 

The matr1ces W and Z can be wr1tten 1n the compact form shown 

below, 

and 
ZT = [Zl,z2, ••• ,Znl ' 

(VII.3:5) 

where W and Z , 1=l(l)n are the column vectors of the matr1ces Wand 
1 1 

ZT, wh1ch are of the following general forms: 

{i) For n-odd 

T [O,o, ... ,o,l,w 
1 

, ... ,w ,o, ... ,O] , 
~ ~+ ,1 n-1,1 

n-1 
1=1(1) £fl' 

and 

w 
1 

z 
1 

1 

T n+l [o,o, ... ,o,l,o, ... ,oJ , 1.~ (VII. 3:6) 

T n+3 [O,o, ••• ,o,w . 2 , ..• ,w 
1 

,1,o, ••• ,o1 , 1=[-
2
-1 (l)n, n-J.+ ,J. l.- ,1. 

n-i+l 

r
[o,o, ... ,o,z. , ... ,z 

1
,o, ... ,o]T, 

1.1. l.,n-J.+ 

-1 1-1 

[o,o, ... ,o,z. 
1

, ... ,z.,,o, ... ,o]T, 
J.,n-1.+ J.J. 

(VII. 3: ?) 

i=[n;31 (l)n; 

n-1 
(ii) for n-even, 

w 
1 

[O,O, .•• ,O,l,w. l .•••• ,w ,O, ..• ,OIT, i=l(l) [.!!
2
-11, 

J.+ ,J. n-J.,J. 

T n n 
[Q,Q, • • • ,0,1,0, • • .,Q] 1 J.-21~11 

T [o,o, ... ,o,w 
2 

, ... ,w. 
1 

,l,o, ... ,o], 
n-J.+ ,1. 1.- ,1. 

n-i+l 

(VII.3:8) 

n 
i=[z-+21 (l)n, 
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and 

z 
l. 

T n [o,o, ... ,o,z. , ... ,z 
1

,o, ... ,o] , 1=1(1)-
2 

, 
11 1.,n-1.+ 

J.-1 
(VII.3:9) 

T n [O,O, ... ,o,z. . 
1

, ... ,z, ,o, ... ,o] , J.=[.,-+
2 

1] (l)n. 
~~ 1,n-1.+ 11. 

n-l. 

The elements of the matrl.ces Wand Z can be evaluated l.n L<n-l)/2j 

dJ.stJ.nct stages. From the gl.ven forms of the matrl.ces W and Z l.n 

(VII.3:6,?,8,9) and the equalJ.ty (VII.3:4), J.t can easily be observed 

that the values of the elements of the fJ.rst and last rows of the 

matrl.X z are as follows: 

) <or >•'<>in . (VII. 3:10) and 
z . = a 

n1. n1. 

The elements of the fl.rst and last columns of the matrl.X W are 

then evaluated by solvl.ng (n-2) sets of (2x2) linear systems gl.ven by 

z w 
ln l.l 

+ z w = a ) nl l.n J.l 

+ z w = a 
nn 1.n 1.n 

for J.=2 (1) [n-1] • (VII. 3: 11) 

Thl.s then completes the fl.rst stage of the factorl.zatJ.on process, 

whereas l.n preparatJ.on for the next stage the elements of the matrl.X A 

are modifJ.ed accordJ.ng to the following formula: 

a =a - w 1 z1 . - w, z , for i,J=2(1) [n-1]. (VII.3:12) l.J l.J l. J l.n nJ 

th 
In general, at the l. stage of the factorl.zatJ.on process we 

have the relatJ.onshl.ps, 

z a, 
l.J l.J 

) <or Nl>l (n-H>( (VII.3:13) and 
z i 1 = a · 1 n- + ,J n-J.+ ,J 

and the solutl.on of the (2x2) lJ.near systems: 
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Z, W, + Z , W , l =a } 
~1 ]1 n-L+l,L ] 1 n-L+ JL 

z w +z w =a 
L1ll-L+l jL ll-L+l,n-L+l J,ll-L+l j,n-L+l J 

for J=[i+l] (1) [n-~1 , (VII.3:14) 

to g~ve the unknown quant~t~es w, , w 
1

, for J=[~+l] (1) [n-i], 
J~ J,n-~+ 

and f~nally the modif~ed a 's are evaluated from the formula: 
~J 

ak' = ak' - wk,z,, - w z , for k,JI.=[~+l] (1) [n-~] • 
.~~.. "' ........ .~~.. k,n-1.+1 n-i+l,R. 

(VII. 3: 15) 

In order to solve the system (VII.3:1) by the QIF method ~t can 

be seen from (VII.3:4) that the system 

(WZ)~ = £ , (VII.3:16) 

can be solved instead of (VII.3:1). Hence, we need to solve two 

related and s~mpler linear systems of the form: 

wz = b (VII.3:1?) 

and zx = y_ (VII.3:18) 

The system (VII.3:1?) ~s first solved for the ~ntermed~ate vector 

y_ and then the final solut~on ~of the system (VII.3:1) can be obta~ned 

by solv~ng the l~ear system (VII.3:18). 

The solution of the l~near system (VII.3:1?) can be obta~ed ~ 

L(n-l)/2j steps, w~th the evaluat~on procedure carr~ed out ~n pa~rs 

from the top and bottom of the vector y_, ~.e., the y
1 

and yn are 

evaluated f~rst, then the y
2

, yn_
1
,and so on. To typ~fy the 

computational process, in general, at the ith stage (i=l,2, ••. ,L(n-l)/2j) 

we have: 

(i) 

and 

y = b, 
~ ~ l (VII. 3: 19) 
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(ii) b = b - w y - w y , for J=[L+l] (1) [n-i], J J )1 1 J ,n-1+1 n-1+l (VII.J:20) 

and then we proceed to the next stage. 

For the solut1on of the lLnear system (VII.3:18) we d1st1ngu1sh 

aga1n the cases that n LS an odd or even number. 

If n 1s odd, then we can find that 

(VII.J:21) 

and 1n preparat1on for the next stage we compute: 

Yj = YJ - xtzJt' for J=l(l)n and Jl(n+l)/2. (VII. 3:22) 

The remaLnLng elements of the vector ~ can agaLn be evaluated 1n pa1rs 

by solv1ng (n-1)/2 sets of (2x2) l1near systems in (n-1)/2 d1st1nct 

stages. 

In general, at the ith stage we solve the follow1ng (2x2) l1near 

system: 

zx+z x =y 
11 1 1,n-1+l n-i+l i 

Z X +z X , 
n-1+!,1 1 n-1+l,n-1+l n-1+l 

to compute x, and x 
1

. we then set 
.... n-1.+ 

-X Z 
n-1+1 j ,n-L+l 

and proceed to the next stage. 

1=[t-l] (-1)1 

(VII.3:23) 

1=[t-l] (-1)1 

J=l (1) [L-1] and 
[n-1+2] (l)n 

(VII.3:24) 

on the other hand, 1f n 1s even, then all the components of the 

vector x are found Ln pa1rs. To f1nd all the pa1rs, the lLnear system 

(VII.3:23) and the formula (VII.3:24) are executed, respect1vely, for 

i=n/2 ( -1) 1. 

To conclude, Ln the hardware implementatLon of the QIF method 

ut1liz1ng two-dimensional s1ngle stage computat1onal dewavefronts, we 

shall refer to some alternatLve solut1on strateg1es for the (2x2) lLnear 

systems and discuss the appropriate hardware confLgurations to carry them out. 
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VII.4 SINGLE STAGE COMPUTATIONAL DEWAVEFRONTS FOR THE IMPLEMENTATION 

OF THE QIF ALGORITHM 

As a summar~z~ng prologue to the computat~onal dewavefront concept 

~traduced here~, a WAP ~s a comput~g network possess~g the follow~ng 

features: 

i) Self-Timed, Data-Driven Computation: No global clock~g 

synchronizat~on ~s necessary due to the self-t~m~g property. 

ii) ModuZarity and Local Interconnection: Th~s ~s bas~cally the same 

as ~ a systol~c network of processors. The WAP, however, can be 

extended ~def~~tely w~thout hav~g to deal w~th the global synchron

~zat~on problem. 

iii) PipeZinabiZity: This ~s sim~lar to the systolic network of 

processors. 

Hence, the princ~pal d~fference between the WAP and the systol~c 

array ~s the data-driven property of the former network. Consequently, 

the temporal local~ty cond~t~on required ~ systolic arrays (~.e., it 

has to be at least one time-un~t delay allotted, so that signal trans

act~ons from one node to the next can be completed) is no longer 

necessary, s~ce there is no expl1c1t t1m1ng reference ~ the wavefront 

arrays. By relax~ng the strict t~ming requ~rement, there are many 

advantages to be ga~ed, such as speed and programm~g simpl~c~ty. 

As can be observed from (par.-VII.J), each computational stage of 

the factor~zation and solut~on parts of the QIF method can be generally 

d~st~gu~shed ~to two sub-stages correspondingly perform~g: 

a) The solution of (2x2) l~ear system(s), and 

b) the mod~f~cat~on of the appropriate matr~x element(s). 

More analyt~cally, the QIF algor~thm can be expressed ~ a 
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recurs1vely (s1ngle stage) regular manner for 1ts VLSI 1mplementat1on 

to obta1n the following homogen1zed steps: 

i) Factor1zat1on process: At each computat1onal stage 1 we have to 

solve (n-2i) (2x2) l1near systems to evaluate the corresponding w 's 
1J 

(moving, at each step, one column inwards from each s1de of the matr1x 

A), and to perform the modif1cat1on of the (n-2i)
2 

elements a of the 
1J 

inner square (at every stage) of the coeff1cient matr1x A, end1ng up 

w1th a central peak matr1X element (1.e., n 1s odd), or a (2x2) central 

submatr1X (1.e., n 1s even). 

ii) Solut1on of the system: (VII.3:17): In th1s part of the butterfly 

algor1thm we have the analogous mod1fication of (n-21) b 's (moving, 
1 

at each computat1onal step 1, one row 1nwards from the top and bottom 

of the r.h.s. vector b). 

iii) Solution of the system: (VII.3:18): For the f 1nal solution x 

of the system (VII.J:l) we have to solve at every stage a (2x2) l1near 

t 
system and to modify all the outer-pos1t1oned y~s (movLng, at each 

1 

computational step 1, one row outwards to the top and bottom of the 

r.h.s. vector z>. 

Pr1or to exempl1fying numerically the above process, let us 

introduce, 1n br1ef, two alternat1ve solut1on strateg1es for the (2x2) 

l1near systems: 

i) Crum8rs' Rule: Each of the (2x2) l1near systems can be solved by 

the follow1ng procedure (applied, for 1nstance, to the (2x2) systems 

g1ven by (VII.J:14)): 

i.l) -The quant1ties R
1

, R
2 

and R
3 

are evaluated: 

R::::zz -z z 
1 i~ n-1+l,n-1+l n-1+!,1 i,n-1+1 

tWith an exception for the aase that n is odd. 
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and R = z a -a, ,z 
1 

. 
3 i~ J,n-~+1 J~ ~.n-~+ 

i.2) - Then, the quant~t~es w .;R
2

/R
1 

and w . 
1 

; R
3

/R
1 

are 
Jl. J,n-1+ 

computed. 

Apparently, from the def~ition of R , we have that ~f any of the 
1 

z . 1 . J n-I.+ ,I. 

; 

2
n-I.+l,n-i+l 

0 ' (VII. 4: 1) 

then the method w~ll break down. Although there are two well known 

pivotal strateg1es to avo~d such an event (1.e., part~al/complete 

pivoting), the ~eff1c~ency caused in the VZSI implementat1on, if 

p1vot~g is to be necessary, ~mposes a non-s~gular~ty cond1t1on to be 

sat~sf~ed all the t~me. 

ii) Gaussian EZimination: This method was fully explo~ted ~n the 

previous Chapter from both the software and hardware aspects. 

Let us now present a numer1.cal example where due to the s~m~lar1ty 

of the process for n-odd/n-even, without loss of general~ty, we have 

chosen n to be odd. 

Cons1der the follow~g (5x5)-dense l~ear system: 

6 1 1 2 1 xl ul 
1 8 2 1 2 x2 14 

1 1 5 1 1 x3 9 (VII.4:2) ; 

2 1 1 6 1 x4 11 

uJ 1 2 1 1 6 xs 

A X b 

Factorization Process 

In accordance with the method, the matrix A w~ll be factor1zed 
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lllto two matrices W and Z of the following form: 

1 0 

w21 1 0 0 w25 

w w31 w32 1 w34 w35 (VII.4:3) 

w41 0 0 1 w45 

0 0 

and 
zll z12 zl3 zl4 zl5 

z22 z23 z24 

z = 0 z33 c (VII.4:4) 

z42 z43 z44 

z51 z52 z53 z54 z55 

Stage 1 

The first and last rows of the matr~ Z are as follows: 

2, 

= 1 

1, 

= 6. 

For the matr~ W, i.e., the evaluat1on of the elements of 1ts 

f1rst and last columns, we need to solve three (2x2) linear systems, 

for J=2(1}4: 

]=2: 

zll w21 +z51 w25 = 

zl5w21 +z55w25 = 

]=3: 

zll w31 +z51 w35 = 

zl5w3l+z55w35 = 

a21 
+ 

a25 

a31 
+ 

a35 

6w2l+w25 = 1 

w21 +6w25 = 2 

6w3l+w35 = 1 

w31 +6w35 = 1 

~-- w21 = 4/35 

~~ w25 = 11/35 
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j=4: 

zll w41 +z51 w45 = a41 6w41 +w45 = 2 ~w41 = 11/35 
~ 

~w45 zl5w41 +z55w45 = a45 w41 +6w45 = 1 = 4/35 . 
Mod~f~cat~on of the aki 's [for k,R-=2(1)4] 

k=2/i=2(1)4: 

a22 = a22-w21 zl2-w25z52 ._ a22 = 254/35 

a23 a23 -w21 zl3 -w25z53 ._ a23 = 55/35 

a24 = a24 -w21 zl4 -w25z54...,. a24 = 16/35 

k=3/i=2(1)4: 

a32 = a32-w31 zl2-w35z52 ._ a32 = 4/7 

a33 = a33 -w31 zl3 -w35z53-. a33 = 33/7 

a34 a34 -w31 zl4 -w35z54 ._ a34 = 4/7 

k=4/i=2 (1) 4: 

a42 a42-w41 zl2-w45z52 ._ a42 = 16/35 

a43 = a43-w4lzl3-w45z53...,. a43 = 20/35 

a44 = a44-w4lzl4-w45z54 ._ a44 184/35 

Stage 2 

The f~rst and last rows of the ~ner formatted matr~x of Z are as 

follows, 

z22 = a22 = 254/35, z23 = a23 55/35, z24 = a24 = 16/35 

z42 = a42 = 16/35, z43 = a43 = 20/35, z44 = a44 = 184/35 

For the correspond~g ~nner f~rst and last columns of matr~x w we 

need to solve the follow~g (2x2) linear system (]=3(1)3): 

]=3: 

254 16 4 
762/10541 z22w32+z42w34 = a32 3s w32+ 35 w34 =- /w32 = 7 

~ 
16 --.......... 184 4 

17/166. z24w32+z44w34 = a34 35 w32"'"35 w34 =- w34 = 7 



Mod1ficat1on of the akt 's [for k,~=3(1)3] 

k=3/~ =3 (m1ddle element) : 
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a
33 

= a
33

-w
32

z
23

-w
34

z
43 

._ a
33 

= 47879/10541 • 

Hence, the matrices W and Z after the evaluat1on of the1r elements 

are as follows: 

w = 

and 

z = 

1 

4/35 1 

1/7 762/10541 

11/35 

0 

6 

0 

1 

0 

1 

0 

1 

254/35 55/35 

0 

0 11/35 

17/166 1/7 

1 4/35 

1 

0 47879/10541 

2 

16/35 

0 

184/35 

1 

16/35 20/35 

1 2 1 

Solution FTocess 

(VII.4:5) 

1 

(VII.4:6) 

6 

We need to solve the two resulting and related linear systems 

g1ven by (VII.3:1?,18), respect1vely. The former system 1s f1rst solved 

for the 1ntermediate vector z and then the f1nal solut1on x of the 

or1grnal system (VII.3:1) can be obtarned by solv1ng the linear system 

(VII.3:18). 

: Solut1on of the system: wz=£ 
Stage 1 

In accordance w1th (VII.3:19) we have: 

y1 = b
1 

= 11, y
5 

= b
5 

= 11. 



Modification of the b 's [for ]=2(1)4) 

]=2 b2 = b2-w2lyl-w25Y5 ..,. b2 = 65/7 

]=3 b3 = b3-w3lyl-w35Y5..,. b3 = 41/7 

]=4 b4 = b4-w4lyl-w45Y5 ._ b4 = 44/7. 

Stafl_e 2 

ModLfLcatLon of the b.'s [for ]=3(1)3) 

: SolutLon of the system: Z~=~ 

Stafl_e 1 

SLnce n LS odd, we have that 

47879 
10541 

= 4 7879 I 47879 = 
£=3 x3 10541 10541 - x3 1 ' 

ModLfLcation of the y,'s [for J=1(1)5 & ]#3) 

J=l yl = yl-x3zl3 - yl = 10 

j=2 Yz = y2-x3z23 - Yz = 270/35 

j=4 y4 = y4-x3z43 - Y4 = 200/35 

:::: 10 .. 
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Now, for each value of L=2(-l)l, we need agaLn to solve a (2x2) 

linear system and modLfy the correspondLng outerlying y 's. 
J 

Stafl_e 2 

L=2 : 

z22x2+z24x4 = Y2 

z42x2+z44x4 = Y4 
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Mod1f1cat1on of they 's [for J=l(l)l & ]=5(1)5] 

Stage 3 

1=1 

zllxl+zl5x5 = yl 

z5lxl+z55x5 = Y5 

= 7 

= 7. 

6x
1

+x
5 

= 7 

x
1

+6x
5 

= 7 

X =1 __ 1_ 

........ X =1 
5 

T Note that, the solut1on vector~ was pre-arranged to be ~=(1,1,1,1,1) • 

In the same procedural sequence we shall now introduce the 

appropriate hardware conf1guration to solve the (2x2) l1near systems and 

the dewavefront concept to take care of the modLfication at each 

computat1onal stage of the appropr1ate matrLX element(s). 

The sLIDpler way to solve the (2x2) linear systems is by applying 

Cramer's rule under the non-sLngularLty constraint imposed for theLr 

determLnants. For the clear understanding of the appropr1ate hardware 

to be introduced and, without loss of generality, for the Lnstance of 

the (2x2) lLnear systems g1ven by (VII.3:14) we have in matr1x form: 

~
. LL 

1.,n-1.+l ::::::::_ .. J [:::.J . ~::.J 
for J=[L+l] (1) [n-1]. 

In accordance w1.th Cramer's rule 

and 

D. = Det 
L 

fii 
tL,n-i+l 

= 
1 

D 
L 

z . 1 . J n-L+ ,L -' 
r 0 , 

zn-i+l,n-L+l 

fn-i+l,n-i+l 

1-z L i,n-1.+1 

(VII.4:7) 

(VII.4:8) 

(VII.4:9) 
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For the d1rect hardware computation of the involved determinants 

we shall utilize a spec1al type of cells, wh1ch we call determinant 

ce~~s. A determ1nant cell 1s a cell w1th four inputs a,b,c,d, which can 

compute the determ1nant 'ad-be'. For the phys1cal realization of such a 

cell, two mult1pl1ers, one subtractor and some latches are needed. The 

two mult1pl1ers are controlled by the same 1nternal clock and hence the 

subtract1on can be pipelined w1th the two multiplications, i.e., it can 

commence when the f1rst bits of 'ad' and 'be' are available. Thus, the 

cycle delay of a determ1nant cell 1s exactly the same as the one of an 

IPS cell. 

In Figure (VII.4-f1) 1s presented the general hardware configurat1on 

(note the h1gh degree of 1nterconnect1on regular1ty) to perform Cramer's 

rule, 1llustrat1ng as an example the solution for the system (VII.4:9). 

Now, return1ng to the QIF process, the difficulty was 1n the 

modificat1on at the end of each computational stage of the general 

matrix elements aiJ" Th~s was because we had to form two products, 

which impl1ed a recursive procedure (very compl1cated) 1ns1de the same 

stage 1f we were to use the same type of hex-connected systolic network 

of processors that was used for the destream LU-factorization. By 

simplify1ng, however, the matrix multipl1cation process us1ng the wave

front concept we obtained the means to perform the double product very 

eas1ly. 

The proposed network 1s s1m1lar to that used for matr1X mult1pl1cation, 

but 1t w1ll cons1st of (n-2)
2 

processors (instead of n
2

) and all its 

boundary cells w1ll be locally interconnected with dedicated memory 

modules (registers) commun1cat1ng with the host computer system. 

For the instance of the QIF factorization process, since the action, 
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0= Delay 

t read a, b, e 
e 

t+1 c=b/e,d=a/e 

c d 

Figure VII.4-[1: Hardware Configuration for a (2x2) LLnear System 
Solver Using Cramer's Rule. 
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at each computat~onal stage, ~s moving ~nwards by one row and column 

from each s~de of the square matrix, each t~me the appropriate entr~es 

of the matr~x w will be accord~ngly stored ~n the vert~cal memory 

modules and the appropr~ate entries of the matr~x Z accordingly stored 

~n the horizontal memory modules. Hence, any broadcasting e~ther from 

the computation of the w's or the z's w~ll be dr~ven to the appropriate 

dedicated reg~sters. 

There ~s a sl~ght d~fference, however, between the modules ded~cated to 

the w values (~ th~s case) compared w~th the rest, in that these 

registers w~ll change to negative every value entering the network of 

processors. 

The dewavefront term ~s self-explanatory and impl~es that the 

single stage process concept is s~m~lar to that of the matrix multi-

pl~cation, but ~nstead of a s~ngle wave or~ginat~ng from the top north-

west cell and travell~ng downwards, we have an additional concurrent 

wavet or~ginat~ng from the bottom southeast cell and travell~ng ~ the 

oppos~te direct~on. The pictor~al representation of the opposite 

travell~ng act~on, having flex~bly gathered computat~onal dewavefronts 

at d~fferent stages ~n a pipel~ing sequence on the orthogonal network 

of processors, ~s ~llustrated in Figure (VII.4-f2). Note the 'dummy' 

occurrence of each cell for the sake of the clear percept~on of the 

dewavefronts travell~ng act~on, and the variab~l~ty of rt due to the 

d~fferent overall time requ~rement of each (2x2) linear systems solut~on 

and mod~f~cations stage. 

As an example, let us consider the ~nstance of a (SxS) matr~, ~.e., 

tAs for the dewave LU-faatorization. 

tit is not the time-unit of the preaeding arithmetic operation in this 
aase. 
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AI!OW3W 

FIRST WAVE 
SECOND WAVE : 

S31nOOW AI!OW3W 

6:Time-Un1t of Data Transfer 

T:T•me-Complex1ty [<2x2) L1near System Solver] 

Figure VII.4-[2: The Propagation of Two-DimensLonal 
computational 'Dewave[ronts'. 
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of odd s~ze, and examine parad~gmatically for the remain~ng occurr~ng 

cases the computational dewavefront for the f~rst stage of the factoriz-

ation process. 

The values of the z's in the first and last rows of the matrix Z 

are known accord~g to the formulae (VII.3:10), whereas thew's for this 

stage have been computed by using the hardware configuration of Figure 

(VII.4-fl). Hence, the horizontal memory modules w~ll be ready to 

forward ~nto the network the values of z1 ,~ (top reg~sters) and z5~ 

(bottom registers), for ~=2(1)4, respectively. On the other hand, the 

vert~cal memory modules w~ll be ready to forward into the network the 

values of -wil (left registers) and -wi
5 

(right registers), for i=2(1)4, 

respectively. Note that, the (3X3) orthogonal network of processors 

will be ~n~tialized (once only) with the corresponding inner (n-2)
2 

elements a of matr~ A. Also, each of the oppos1te computational 
~] 

wavefronts will have the capabil~ty to activate the successor neigh-

bour~g processors ~n its own propagat~ng direct~on. 

(k) 
If we present the modified elements by cij , where k ~s the recurs~on 

stage, then we have: 

1st Wavefront (top) 

The process starts w~th PE(l,l) wh~ch w~ll execute: 

C(l) = a w z 
11 22- 21 12 • (VII.4:10) 

It then act~vates ~ts successor ne~ghbour~ng PE's(l,2) and (2,1), wh~ch 

will execute: 

c(l) = a -w z 
12 23 21 13 (VII.4:11) 

and 
(VII.4:11) 

They, in turn, w~ll act~vate the~r successor ne~ghbouring PE's(l,3), 

(2,2) and (3,1), creating a computat~onal wavefront travelling down the 

processor array. 
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2nd Wavefront (bottom) 

Concurrently w~th the commencement of the top wavefront th~s 

process starts with PE(3,3) wh~ch w~ll execute: 

(VII.4:12) 

The complet~on of th~s computat~on act~vates the successor ne~ghbour~g 

PE's(2,3) and (3,2) wh~ch w~ll execute: 

C (l) = a -·· z 
23 34 "35 54 

(VII.4:13) 

and 
(VII.4:14) 

Hence, once the dewavefront sweeps through all the cells the 

mod~f~cat~ons of the f~rst stage w~ll have been completed, each PE 

conta~~ng two negat~ve products added to the or~g~nal matr~ element 

stored ~n that cell. For example, the PE(l,l) w~ll conta~n: 

(VII.4: 15) 

we note that the computat~onal wavefronts are sim~lar to electro-

magnet~c wavefronts (they both obey Huygens' pr~nc~ple), s~nce each 

processor acts as a secondary source and ~s respons~le for the 

propagat~on of the wavefront. In add~t~on, wave propagat~on ~mplies 

local~zed data flow as well as local~zed control (handshaking) . The 

p1pelin1ng is feasLble because the wavefronts of two success1ve 

recurs~on stages w~ll never intersect (Huygens' wavefront pr~nc~ple), 

thus avo~d~ng any content~on problems. From the hardware perspective, 

the des1red 'separation' between two consecut1ve wavefronts, a funda-

mental pr~nc~ple for the matr~x multipl~cation problem reaff~rmed by 

t 
the 'separators' w~th proper handshaking,~s not necessary for the 

tA handshaked separator is a device, usuaUy syrri>oZized by a rhorri>us, 
whose role is to prevent any incoming data from directly passing 
through, until the handsaking flag signals a 'pass'. 
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present problem due to the natural d~st1nction between the wavefronts 

of d~fferent computat1onal stages. In part1cular, the 'confrontat1on' 

stage of the oppos~te travelling wavefronts on the same cell can be 

resolved by us~ng appropr~ate ar~thmet~c log~c unit latches or 

ded~cated I/O control latches which will impose, at the worst case, 

the delay of one t~me-un~t overall for every modif~cation stage. 

Remarks: It ~s possible to have wavefront propagat~on ~n several 

d~fferent fash~ons. In the extreme case of non-un~form clock~ng, the 

wavefronts are actually crooked. Hence, for the QIF algor~thm to avo~d 

such a s~tuat~on due to the var~ab~lity ofT, we may cons~der, as a 

un~que value for ~t, the value of the longest f~rst factor~zat~on stage. 

What ~s most s~gn~ficant, however, ~s that the order of task sequencing 

must be correctly followed.D 

S1nce the 1nput data streams (for each phase of the algor~thm) to 

the hardware conf~gurat~on of the (2x2) linear system solver can be 

stra~ghtforwardly der~ved from Figure (VII.4-fl~ 1n the follow~ng we 

shall Dntroduce the ~nput data streams for the mod~f~cat~on parts of 

the three different phases of the QIF algor~thm for the case of the 

(5x5) cons~dered example. 

For the mod~ficat~on part of the factorization phase the data 

streams are dep~cted 1n Figure (VII.4-f3). 
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Figure VII.4-[3: The Data Streams for the Mod1f1cat1on Part of the 
Factor1zation Phase (for n=5). 

Rerrark: Note the 1n1t1alizat1on snapshot (once for th1s phase) of the 

processors 1n the network w1th the inner (n-2)
2 

matr1X elements a 
1J 

The circle denotation 1n all the phases w1ll 1mply the multiple 

mod1ficat1on of those elements by success1ve dewavefronts.D 

For the mod1f1cat1on part during the solution phase of the system: 

wz=£, the corresponding data streams along W1th the 1nit1alizat1on 

snapshot are dep1cted in Figure (VII.4-[4). 
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Figure VII.4-f4: The Data Streams for the Modif1cat1on Part of the 
Forward Solut1on Phase (for n=S). 

Remark: For the particular case when n is odd the solut1on for the 

middle element of matrix w can be obtained by us1ng a 's1ngle't d1v1de 

cell.C 

Finally, 1n Figure (VII.4-f5) are g1ven the data streams, along 

W1th the 1n1t1al1zat1on snapshot, for the modification part dur1ng the 

final solut1on phase of the system: Z~~· Note that, the pa1rs of 

elements in the network of processors 1ndicate the requ1red 1n1tial1zation 

sequence for the success1ve computational stages. 

tNote the definition of a 'double' divide oell in Figure (VII.4-fl). 
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Figure VII.4-f5: The Data Streams for the Mod1f1cat1on Part of the 
Backward Solut1on Phase (for n=S) • 

Comment: Since we have cons1dered the not1on of a programmable network 

of processors, the basic wavefront array can be e~ther a square array 

of (nxn) PE's, a l1near array of (lxn) PE's, or a b1l1near array of 

(2xn) PE's, which are all 1dent1cal and orthogonally connected. This 

fact can certa1nly reduce the amount of computational travelling 

2 
espec1ally for the degenerated cases occurr1ng where the (n-2) mesh 

of processors is partly used.D 

The est1mation of the overall time-complexityt for the VLSI 

1mplementation of the QIF method 1s a very d1ff1cult task due to the 

dist1nct1on of th1s direct method 1nto several d1fferent phases. S1nce 

tin terms of the number of time-units required. 
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the most complex phase to analyze l.S the factorl.zation phase, we shall 

restrict our attention solely to that. In fact, 1.n the worst bound 

case the rema1.ning degenerated phases of the forward and backward 

solutions of the resultJ.ng subsystems, due to the s1.milarity of the 

occurr1.ng stages, can be roughly considered as of the same tJ.me-order 

to this phase. 

The tJ.me-complexity for the solut1.on of all the occurr1.ng (2x2) 

l1.near systems on the hardware conf1.gurat1.on 1.ntroduced by Figure 

(VII.4-f1) 1.s given by 

Tc , 
SO<-

l n;lj 

L (n-21.) 
i=l 

I ,-J,.l 
+ 5[-2-J . (VII.4:16) 

On the other hand, for the modJ.fJ.catJ.on part J.nterfered 1.n each 

computat1.onal stage we have a tJ.me-complexity g1.ven by 

Tc d mo 

ln;~ 
L (2n-4) 

l.=l 
(VII.4:1?) 

However, the summat1.on of formulae (VII.4:16,1?) would result 1.n 

a quite m1.sleading timing, since these timings refer to d1.st1.nct stages 

added together; namely, for the orthogonal network of processors, the 

programming flex1.bil1.ty provided by the wavefront concept (sl.ml.lar to 

the flexib1.l1.ty of the soft-systolic space) has not yet been cons1.dered. 

In particular for the network of processors, at the end of every 

computatJ.onal stage pairs of two rows and two columns of processors 

become 'dormant', which l.IDplies an artif1c1.al (l.n programming terms) 

reduction, or rather 'shrinking' of the effect1.ve network s1.ze and 

hence computatJ.onal tJ.IDing. To be spec1.f1.c, making use of this 

flex1bility, the formula (VII.4:1?) becomes 
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Ta d mo 
~ 

tn;lj 
I 2 {n-h) (VII.4:18) 
~~1 

Hence, the total number of t~me-units requ~red for the completion 

of the factor~zat~on stage w~ll be given by 

Ta 7 + 
so .. Ta d mo 

~ 

ln-11 
[2] 

I 3 {n-h) 
~~1 

ln-11 
+ 5[-2-]. (VII.4:19) 

Due to the simpl~c~ty of the hardware structure implementing 

Cramer's rule ~ts replicat~on would be ~nexpensive to take advantage of 

the p~pelin~ng capab~lit~es provided by the QIF method. In other words, 

the second hardware structure of the {2x2) l~near system solver w~ll be 

ded~cated to the bottom or~g~nated wavefront for the solut~on {~n 

parallel w~th the top wavefront) of approx~mately half the number of 

{2X2) l~near systems at each computational stage; thus, the overall 

t~e-complex~ty for the factor~zat~on phase will be sufficiently 

reduced by consider~ng the overlapp~ng, at each stage of the same phase, 

between the solution output of each {2X2) l~near system and the dewave-

front propagat~on pr~or to the confrontation ~stant. In th~s case the 

formula (VII.4:19) is modif~ed to 

Ta 7 +Ta d ~ 
SOL- mo (VII.4:20) 

Remarks: Note that, the I/O ~nterface w~th the host computer has been 

excluded from our est~tions since we assume as relatively ~gnorable 

the contributed t~me overheads. Also, we have cons~dered d~rect 

commun~cation l~nks {bypass~ng the delay of storing the values ~n the 

memory modules) between the outputs from the hardware structure of the 
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(2x2) l~near system solvers and the corresponding boundary PE's. 

To conclude, a rough picture of the overall proposed hardware 

conf~guration for the complete ~mplementat~on of the QIF algor~thm ~s 

given ~n Figure (VII.4-f6).D 



[Ch. VII 

• b 

~· 
time c d 

t read a, b, a 

·~ 
q • 

A...a•u 
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VII.5 DISCUSSION ANo fURTHER REMARKS 

To simulate the phenomenon of the propagation of the waves, the 

processors in the orthogonal network must be 'dormant' (idle) until the 

computat1onal act1v1ty and the required data via each wavefront arrive. 

In other terms, each PE can be cons1dered as capable of being 1n any of 

the three states: Active, dormant, and disabled. 

The dormant state 1mplies that the PE 1n that state is 'wait1ng' 

to be act1vated, and thus change to the active state, by an oncom1ng 

computational wavefront, s1nce process1ng can be performed only by 

active PE's. 

A disabled PE rema1ns unaffected by the activ1ty wavefronts, be1ng 

in effect 'dead', until 1t is 'woken' out of that state by a special 

control wavefront. Note the significance of the last state due to the 

fact that some appl1cat1ons (l1ke the QIF algorithm) need a 'shr1nk1ng' 

1n the effective s1ze of the array of PE's. 

S1nce each PE in the wavefront, 1n accordance W1th Huyghen's first 

principle, behaves as a secondary source capable of act1vating 1ts 

ne1ghbouring two processors 1n the travell1ng direction of the wave, 

1mpl1es the alteration of the neighbours' state from dormant to active. 

At the same time the PE 1s able to deact1vate itself and thus cause a 

'movement' of the computat1onal front. 

In accordance with Huyghen's second pr1nc1ple the wavefronts must 

never 1ntersect, so to ensure that a PE will not attempt the activat1on 

of an already active neighbouring PE. Instead, the PE will 'wait' for 

the previous (or oppos1te in the confrontat1on 1nstances of the QIF 

algor1thm) wavefront to leave the neighbours and make them dormant, 

before it propagates the new wavefront and reactivates them. Thus, the 
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wavefront concept can be preserved. Note that, all these capabilit~es 

must be built ~nto the PE hardware (see S.Y. Kung, et al [KUNG82a]), as 

well as the ~nterpretat~on of ~ts ~struct~on set. 

Albe~t a PE may be active, it has to 'wa~t· for the data front to 

arr~ve before ~t starts the actual processing. For the ~mplementat~on 

of such a wa~t state, the PE's must be provided with data transfer 

buffers. Therefore, a 'fetching' of data ~valves an inherent 'wa~ting' 

for the buffer to be filled by the adjacent PE. On the other hand, 

the Zatahes on each entrance to the PE's will ensure that a processor 

cannot send new data to the buffer unless the old data has been used by 

the receiver ne~ghbour. The wait~ng property for wavefronts of data 

and act~vat~on allow for globally asynchronous operation of the PE's 

~n the network. 

F~nally, in concern w~th the dynamic 'shr~nk~ng' of the effective 

size of the array of PE's, mentioned~ (par.-VII.4), ~t can be ach~eved 

by a special 'global' program ~n the 'Matrix Data-Flow Language' - MDFL, 

a wavefront-oriented language introduced by S.Y. Kung, et al ~n [KUNG82a]. 

From the aspect of the QIF method itself two other vers~ons of it 

have been presented in an attempt to further ~mprove it. 

The f~rst modified QIF method (see Evans and Had]~d~mos [EVANBO]) 

although it possesses many of the bas~c characterist~cs of the previous 

one, it can also cope successfully with the parallel numerical solution 

of linear systems with a real symmetric pos~tive-def~nite coeff~c~ent 

matrix A, by us~ng an analogous procedure to the square root free 

Choleski type factor~zation. Th~s feature is not one of the character

ist~cs of the QIF method investigated here~n. In add~tion, the new 

method can very easily produce a parallel algor~thm for the evaluation 
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of the determlnant of a matrix A. 

A further ~mprovement of the above modif~ed QIF method was 

introduced in {Evans, Noutsos, and Hadj~dimos [EVANBl)). The new method 

was ~n many respects at least as good as the one introduced by Sameh 

and Kuck [SA~?5] , wh~ch, in turn, was based on a parallel LU-type 

factor1zat1on. 

To conclude, ~n further future research on d~rect hardware systol~c/ 

wavefront ~mplementations these vers~ons of theQIFmethod w~ll be 

invest~gated. We shall be primarily seeking for a possible soft or 

hardware reconf~gurat~on of the appropriate central part of the hex

connected systol~c network of processors, for an area efficient dewave

front-l~e factorizat~on of the central compact dense formatted square 

submatrix, due to the 'rotate' and 'fold' of the original coeffic~ent 

matr~x A, for a fully parallel solution of general banded l~ear systems. 
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From the very outset, the central role of informatLon processing systems 

Ln all walks of lLfe has been the maJor driving force behLnd the 

evolutLon of computer generatLons. 

The popular concepts of a computer as an Lnformation processing 

machine, of data as strings of symbols manLpulated by a computer at 

speeds not emulatable by the people and interpreted by the user, and 

of programs which transform a general-purpose machLne into one dedLcated 

to a partLcular range of tasks, are the products of some of the most 

brillLant minds of the twentieth century. Thus, we have come from the 

Entsoheidungsproblem - the problem of a definite method - to the 

prolLferatLon of computing in the early 1980s. 

In the past computers have developed more processing power, 

firstly, by the increase in the density of integratLon/and, secondly, 

by the operational accelerat~on of the basLc swLtchLng elements. Both 

these methods, however, lead to a higher power dissipatLon per unit 

area to which there are fundamental thermodynamic limits. 

For a further improvement of the performance attainable by present 

day computers technologically, Lt LS lLkely that radLcal new developments 
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must take place. Some of the env~saged technological advancements 

include log~c c~rcu~ts from Gallium Arsenide and Superconducting 

Josephson Junctions. 

Gallium arsenide can g~ve a ten to a hundredfold speed enhancement 

compared to current sil~con based systems. The bas~c mater~al, however, 

~s more expensive and new techn~ques w~ll be necessary to obta~n the 

large, pure crystals requ~red to make sem~conductors. Many manufacturers 

and universit~es are developing this mater~al, which exhibits a quite 

h~gh heat d~ss~pat~on level for each bas~c trans~stor, and s~mple 

log~c gates can now be rel~ably built. 

Josephson junctions operate only with superconducting mater~als 

(at temperatures below -268 Centigrades, 5 Kelv~n) , but reta~n a very 

low heat dissipat~on and a very s~rnple fabricat~on lead~ng to a potent~ally 

large 1ncrease 1n density and speed of log1c circuits. Research 1n 

supercomputing technology has been undertaken by only a few manufacturers 

because of the very great d1ff1culty of operat1ng at such low 

temperatures (the temperature of OUter Space!). Due to th1s phys1cal 

constraint 1t 1s only l1kely to be used 1n very costly, h1gh-speed 

computer arch1tectures at least 1n the foreseeable future. 

Parallel processing, therefore, is w1dely v1ewed as the only 

natural and feaslble way forward to ach1eve a signif1cant (hundredfold 

or even more) increase in process1ng power. The bas1c 1dea 1s 

attractive - the cost of a ZBO m1croprocessor 1s about 1/lOO,OOOth of 

th the cost of a Cray Supercomputer, but only 1/5,000 of the latter's 

process1ng speed. The occurring overheads, however, due to the 

required commun1cat1on and synchron1zat1on between all the processors 

contrlbute to the d1fficulties arising for the parallel implementation 
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of certa~n algor~thms. It ~s as d1ff~cult to organ1ze a parallel 

computer eff1c~ently as ~t ~s to persuade groups of people to work 

together efficiently. 

Parallel computers, as ~t has been d1scussed 1n the introductory 

Chapters of the Thes1s, are class1fied ~ var1ous d~fferent types, each 

of wh1ch has an effective range of problems to wh~ch it ~s most su~ted 

to be capable of solv1ng. 

There are some other alternat~ves to attempt~ng the parallel 

organ~zation of computers built w~th ex1st1ng technology. 

In the so-called Distributed Systems, parallel process1ng ~s 

ach1eved by spread1ng the work between geographically separated computer 

systems where the 1ntercommun1cat1on is carr1ed out via 'Local Area 

Networks' - LANs and 'W1de Area Networks' - WANs, accord~ng to whether 

the range 1s less than about a mile, or hundreds/thousands of miles. 

In part1cular, two technolog1es are ~n use for LANs, the Cambridge ring 

and the Ethernet, but the latter is by far the most w1dely used 

commerc1ally. The Cambridge r~ng system is in fact ~tended to comprise 

very many spec~alized services provided by computers d~str~uted around 

the rLng (e.g., process servers, f1le servers, comp1lers, printers, 

etc.) • 

Two much more opt1m1st1c alternat~ves are the optical Computers 

and the Biocomputers. 

The optical Computers use l1ght beams ~nstead of electrons 

flow~g along w1res. S~mple circuits can be bu~lt by using a material 

that can be set to become e1ther transparent or opaque (e.g. Ind1um 

Ant~mon1de). Holographic technology can be used to control the 'inter

connection' of l~ght beams between these simple sw~tching devices and 
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potent1ally offers a very h1gh level of parallel1sm, 1n1t1ally at 

least of SIMD type; 1t 1s l1m1ted only by the number of 1nd1v1dual 

beams that can be focussed on one InSb wafer, and not by a complex 

etch1ng process as for s1l1con systems. 

W1th respect to BiotechnoZogy the ult1mate goal w1ll be the 

fabr1cat1on of a remarkably spec1al dev1ce called the biochip. The 

sw1tch1ng elements in th1s case w1ll be organ1c substances, probably 

s1mple prote1ns. The sw1tch1ng speed w1ll be inherently slower than 

for electronic systems as the prote1n w1ll sw1tch by chang1ng e1ther 

1ts molecular structure, or 1ts topology. The achievable level of 

1ntegration w1ll be extremely h1gh with a stra1ghtforward applicat1on 

1n the three-d1mensional space, rather than 1n two d1mens1ons as for 

the current s1licon systems. In fact, it was orig1nally cla1med that 

a biochip could accommodate the log1c c1rcu1try of all the currently 

ex1st1ng computers worldw1de, and all these 1n a volume of JUSt one 

sugar cube; but, nowadays, they only cla1m about a cub1c foot of volume. 

Such a computer w1ll be very d1ff1cult to des1gn and build, but 1ts 

ach1evement may prov1de Computer Science with a new mean1ng. 

To-date, 1n concern w1th the imm1nent next generat1on of computer 

systems, the ep1tome of contemporary comput1ng - the Supercomputer -

consists of banks of high-speed processors, operat1ng in parallel on 

arrays of numbers or closely coupled 1n a p1pel1ne, with further 

processors to pass the 1nformation to and from secondary storage. 

The total assembly ach1eves a very h1gh throughput of data, and makes 

use of densely packed VLSI ch1ps. The processing power of these 

Supercomputers cont1nues to grow exponent1ally, the1r phys1cal volume 

and power requ1rements decrease with each new model, and their pr1ces 

reduce in real terms. 
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However, these mach1nes cannot 'real1ze' the data they process. 

They do not take LnLtLatLves, nor can they make sense of fuzzy, 

LnCOmplete, or contradictory LnformatLon. They cannot cope wLth 

LnformatLon Ln a natural language, and albeLt they produce spectacular 

graphLcal dLsplays, they cannot Lnterpret Lnformation Ln a vLsual form. 

TheLr prowess is no more than the product of the sequences of 

LnstructLons WhLch control them and the data on whLch these LnstructLons 

operate. 

To-date computers have come to be the standard tools of the 

'exact' sc1ences, 1.e., Mathemat1cs, Physics, Chem1stry, and to some 

extent BLology. They are LndLspensable Ln all branches of EngLneerLng, 

and the advances Ln AeronautLcs and space travel Ln the last forty 

years could not have taken place wLthout them. However, they bear no 

resemblance at all to 'FLfth GeneratLon Computer Systems' - FGCS, whLch 

are meant to be used by people who are not necessarLly computer 

specLalLsts. TheLr scope wLll be totally dLfferent to that of the 

computers today, since they wLll be Lntended to move to the center of 

the stage Ln such fLelds as SocLology, EconomLcs and, above all, MedLcine, 

where the fundamental knowledge is not so precise and easily quantifiable. 

In these fields the hLghly qualifLed and experLenced expert is the 

ultimate decLsLon maker. 

Much of thLs wLll change if even some of the aspLratLons of the 

FGCS are achieved. 

In broad terms, a FGCS LS conceived as a 'serLes of Lnterconnected 

data base and parallel processLng machLnes, accessed by means of an 

LntellLgent inference machine WhLch can (amongst other thLngs) accept 

problem statements in a natural language' (see Bramer [BRAM84]). Its 
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ma~n funct1on 1s not 1nformat1on process1ng, 1n the conventional sense, 

but drawing 1nferences from knowledge bases. It 1S to 1ncorporate a 

much h1gher degree of intell1gence than contemporary computers, 

approach1ng that of a human expert in certa1n c1rcumstances. The 

ma1n appl1cat1on area of FGCS 1s expected to be the solution of h1ghly 

complex problems, ones wh1ch requ1re a cons1derable measure of reason~g, 

1ntell1gence and expert1ze when carried out by people. 

Although the arch1tecture of FGCS 1s bas1cally d1fferent from what 

1s 1n use today, the fundamental hardware technology rema1ns the same -

Very Large Scale Integrat1on of sem1conductor components. Gallium 

arsen1de is be1ng 1nvest1gated as an alternative to s1l1con, and novel 

ways of cool1ng very large, densely packed ch1ps are being tr1ed out. 

The constant reduct1on 1n the s1ze of ch1p elements g1ves rise to 

enormous eng1neer1ng and qual1ty control problems at every stage of 

ch1p fabr1cat1on. At present the constra1nt 1s the width of a conduct1ng 

path on a ch1p- currently of the order of half a m1cro~but likely to 

reduce to a quarter of a m1cron dur1ng the t1me-scale of the FGCS 

programme. The precision of the ch1p fabricat1on stages has to 

Lncrease continually to cope w1th these requ1rements, and for future 

research some measure of redundancy has to be dev1sed and 1ncorporated 

1nto ch1p designs to compensate for the 1nev1table flaws. The ult1mate 

l1miting factor 1s the speed of l1ght: The speed with wh1ch electr1cal 

s1gnals propagate along a conductor. In order to ach1eve nanosecond 

performance, all the PE's of a computer have to be conta1ned within a 

volume of a 30 cm cube (light travels approx1mately 30 cm Ln one 

nanosecond) • 

One challeng1ng VZSI technique 1s 'Wafer Scale Integrat1on' - WSI 
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wh1ch attempts the product1on, onto a s1ngle wafer, of systems wh1ch 

are 'better' than convent1onal ones (realized w1th commerc1ally 

ava1lable ICs or class1cal dedicated VLSI) according to the cr1ter1a 

of performance, cost, rel1ab1l1ty, power consumption and compact1on 

It is well known, however, that the most cr1tical problem of WSI 

1s y1eld. 

The conventional ch1p fabr1cation process 1s to form a few 

hundred 1dentical ch1ps on a circular sl1ce - a wafer - of s1l1con 

crystal. A seem1ngly obv1ous step forward 1s to ut1lize the ent1re 

s1l1con wafer for a s1ngle chip, some 5 cm square. However, the 

convent1onal ch1ps are tested before they are separated from their 

wafer, and defect1ve ones are discarded. In practice the yield var1es 

cons1derably, but 1s seldom over 90%. On the other hand, 1f 1t 1s a 

real1st1c assumption to put on a wafer systems compr1s1ng 150-200 PE's 

each hav1ng the complex1ty of a 16-bit m1croprocessor, and 1f a y1eld 

of 30% 1s also a real1stic assumpt1on for those PE's, 1t 1s apparent 

that the y1eld of the system on the whole wafer is catastroph1c. In 

other words, 1n order to be usable, a ch1p made by WSI must be close 

enough to perfection for the redundancy 1n 1ts des1gn to cope. 

To summarize, WSI requ1res adequate design styles (regular 

structure, standby resources), 1ntell1gent mult1-level reconfiguration 

fac1l1ties, simple and eff1c1ent test approaches. Regular, h1ghly 

parallel data-flow systems and memor1es rema1n the most reasonable 

targets. If the progress in technology (sw1tches) goes on, WSI has a 

good chance of be1ng a reality 1n the foreseeable future. In fact, 

some f1rst attempts have already been made 1n the 'Laboratory of 

Circu1ts and Systems' - LCS, at IMAG, Grenoble Un1vers1ty, w1th the 



[Ch. VIII 849] 

study of the HYETI - a high y~eld defect-tolerant processor and the 

breadboard of a systol~c machine, the SYSTOLIMAG I mach~ne, des~gned 

to ~mplement 'any' systol~c algor~thm, includ~ng matrix transformation 

(e.g. Choleski and Jacobi algor~thms). However, the matr~x node was 

rather complex caus~ng integrat~on diff~cult~es, so the breadboard~ng 

of the SYSTOLIMAG II machine ~s ~mm~nent at LCS/IMAG with the specifi

cat~on of a new matrix w~th less complex nodes and more signal process~g 

or~ented. 

Also, CMU has bu~lt a 32-bit float~ng-point systol~c array, the 

so calledWarpprocessor, that can efficiently program many essential 

computations in signal processing l~ke the FFT and convolution. Th~s 

~s a one-d1mens1onal systol1c array that, 1n general, takes inputs from 

one end cell and produces outputs at the other end, w~th data and 

control all flow~ng ~n one d~rect~on at a very h~gh-speed. The CMU 

prototype has 10 cells, each of wh~ch is capable of perform~ng 10 

m~llion float~ng-point operat~ons per second (i.e. lOM flops/s) and ~s 

bu~lt on a single board using only off-the-shelf components. Th~s 10-

cell processor, for example, can process 1024-point complex FFTs at a 

rate of one FFT every 6l4.4~s. Under program control it can also 

perform (amongst other things) two-d~ensional convolut~on and complex 

matr~ multipl~cat~on, at a rate of lOOM flops. 

Another key to FGCS, and as ~t ~s agreed by all concerned the 

most ~mportant one, is paraZZeZ processing, but certainly ~n a much 

h~gher degree than is incorporated into computers at present. It is 

likely that there will be a number of layers of parallel~sm: Closely 

coupled process~ng elements reflect~ng the parallelism inherent ~n 

~nference or knowledge base processing operat~ons, looser coupling 
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between the var1ous subsystems in a FGCS, and d1stributed process1ng 

across LANs and WANs. 

The central theme of the Thes1s 1s the 1nterrelated real1zat1on 

of the parallel process1ng concepts as applied on parallel computer 

complexes and VLSI structures. 

In general, programming parallel systems 1s more d1ff1cult than 

programm1ng un1processor systems, and this has led to the parallelism 

being concealed on most ex1st1ng MIMD prototypes. This kind of mach1ne 

consisted of the pr1mary testbed for all numerical algor1thms designed 

and analyzed here1n. The actual prototype that carr1ed out the extens1ve 

bulk of our exper1ments and measures was the NEPTUNE MIMD four processors' 

complex at Loughborough Un1vers1ty of Technology. 

The techn1ques for programming th1s type of computers for effic1ent 

parallel operations are much less developed than the correspond1ng 

techniques for SIMD systems. This, however, does not 1mply that the 

category of problems suitable for the former type of systems can be 

eas1ly 1mplemented. 

The problem wh1ch ar1ses here l1es in making the p computers 

cons1sting of the testbed to cooperate, so that one problem can be 

appropr1ately part1tioned amongst them to be solved with greater speed 

than 1t could be solved on a uniprocessor. 

In order to make the Multiprocessor complex effect1ve 1t 1s vital 

that the speed increase is substant1al, hopefully of 0(p), 1n compar1son 

w1th the smallest poss1ble sequential time-complex1ty achievable for the 

same problem when solv1ng 1t by any of the relat1vely 'best' considered 

ex1st1ng methods. 

This can be achieved when specif1c attent1on is paid to the problem of 
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min1m1z1ng the synchron1zat1onsof the part1c1pant processors and the 

data sharing amongst them, which are d1rectly dependent upon the 

overall computat1onal schedul1ng. 

The performance analys1s of an algor1thm 1s very s1gn1f1cant 

from various aspects. Bas1cally, it can help one to understand the 

algor1thm better and sometimes to reveal necessary further improvements. 

In other words, the careful search required for a proper performance 

analys1s often leads to more eff1c1ent and more correct 1mplementat1ons 

of algor1thms. However, the more complicated the algor1thm, the more 

d1fficult 1ts performance analysis. 

Th1s fact was the major dr1v1ng force for the establ1shment of a general 

DPM for the analys1s of any type of algorithm on such as the NEPTUNE 

Multiprocessor testbed. 

The princ1ple beh1nd th1s analys1s 1s that parallel process1ng 

involves the sharing of some resources which have a l1m1ted ava1lab1l1ty. 

Th1s has the consequence that there 1s a lim1t to the number of demands 

that can be sat1sf1ed and some of them must wa1t 1f there are some 

compet1ng ones. These demands are determ1ned by the program, wh1le the 

ava1lab1l1ty and allocat1on algor1thm are properties of the system. 

Obviously, the capab1l1ty of a given parallel computer to meet the 

resource demands of a program l1m1ts only the effectiveness of the 

program on that computer. When the results of the analytic study come 

to an acceptable agreement w1th those of the corresponding emp1r1cal 

study, one can then be conv1nced of the val1d1ty of the algor1thm, as 

well as the correctness of the process of analys1s. 

From the aspect of hardware algorithmic 1mplementation on VLSI 

structures many alternatives exist for the implementation of systolic 
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algor~thms at both ch~p and board levels. we can class~fy them along 

two d~mensions: The interconnection topology d~scussed ~n the 

~ntroductory Chapters of the Thesis (~.e., l~near systol~c arrays, 2-D 

systol~c arrays), and the flexibility. 

Along the latter d~mension we can dist~nguish s~ngle-purpose 

systol~c arrays, multi-purpose systol~c arrays, non-programmable/ 

programmable bu~lding-blocks, and programmable systol~c arrays. 

The most straightforward way to ~mplement a systol~c algor~thm ~s 

to construct a special-purpose systolic array processor just for that 

spec~fic algor~thm. Th~s approach seems reasonable ~f one or more 

of the follow~ng cond~t~ons hold: i) The performance of the processor 

is of ult~ate ~mportance and the use of the processor ~s well-understood; 

ii) the processor will be used in large quant~ties despite the fact that 

it ~s s~ngle-purpose; and iii) the design and ~mplementation cost of 

the processor is low - th~s ~n fact ~s the case for those systol~c 

arrays cons~st~ng of only a few types of very simple cells l~e some 

of the pattern matching and correlat~on arrays. 

The multi-purpose systolic array processor ~s ~ntended for the 

~mplementat~on of a predefined set of systol~c algorithms. Th~s 

approach ~s based on the observat~on that many systolic algor~thms like 

those for convolution and matrix mult~plication can be executed on 

systolic arrays of very sim~lar structures. Hence, such systol~c 

processors with little overheads for prov~d~ng the necessary flex~b~lity, 

can perform a number of funct~ons under some s~mple controls. 

Most cells of a large number of systol~c arrays can perform 

common funct~ons like 'mult~ply-accumulate'. Thus, it is possible to 

construct non-programmable building-block processors capable of execut~ng 
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a few predef~ed and commonly used funct~ons, and then connect them 

to form a var~ety of systolic processors of various s1zes and shapes. 

An effic~ent bu~ld~ng-block should meet the needs from current as well 

as future systolic algor~thms. 

In the programmable building-blocksapproach a large number of 

systolic cells can be ~mplemented by programm~g. The reader should 

recall the classificat~on of systol~c algorithms ~nto the two main sets 

of SH and SS. Certa~nly, the programmable approach ~s not as efficient 

as the non-programmable one, due to the overheads for support~ng the 

programmab~l~ty. Nevertheless it fulf~lls the need of ~mplement~ng 

those systol~c arrays, each of which ~s not s~gn~ficant enough for 

warrant~g ind~vidual, custom hardware implementation, but in aggregate 

can be ~mplemented cost-effect~vely by some programmable building-blocks. 

In addition,~n some systol~c des~gns, the ~nstruct~on that the cell 

executes in a cycle depends, ~n a complicated way, on the ~nputs to the 

cell and the cell's state during that cycle. The programmable approach 

seems to be the only effect~ve way to ~mplement those complicated, data

dependent systol~c arrays. 

F~nally, ~n the programmable systolic array processors approach 

a fixed number of programmable PEs are ~nterconnected in a certa~n 

manner, possibly with other control c~rcuits. In particular, when a 

number of programmable building-blocks ment~oned above are connected 

~nto a f~xed array, they then form such a programmable systolic array. 

However, it ~s poss~le for PEs not intended to be programmable build~ng

blocks for any other systolic array to assemble such a programmable 

systolic array. Programmable systol~c arrays are more flexible (most 

often character~zed as dece~vable by present Technology) than the multi-
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purpose systolic arrays ~n the sense that the PEs are programmable 

(s~mulatable) and somet~mes even their interconnections can be configured 

by software control before a computation starts. 

So far, the des~gn of VLSI arch~tectures has been more of an 'art 

and tr~al and error' act~vity, rather than a systemat~c process wh~ch, 

start~ng from the descr~ption of an algorithm, yields the spec~ficat~on 

of the optimal VLSI architecture for that algor~thm (or class of 

algor~thms). A lot of research has to be performed ~n exactly the 

oppos~te d~rect~on for the devise of methodologies to transform or~g~nal 

algor~thms, wh~ch can hardly be mapped under their present state onto 

array conf~gurat~ons, ~nto other 'equ~valent' algor~thms for which an 

easy mapping ex~sts and ~t allows for maximal parallelism us~ng a 

m~n1mum number of processors. 

As a future ~nvest~gat~onal hint, the set of data dependenc~es 

w~ll cons~st of the most ~mportant component for our VLSI des~gn 

procedure based on algor~thm transformat~ons. Always dr~ven by the 

f~nal des~rable form of the data commun~cat~on, the matr~cial represent

at~ons of algorithms dependenc~es should be closely ~nvest~gated for 

the conce~vement of the~r appropr~ate (un~d~rect~onal?) execut~onal re

ordering to explore the potentiality of the VLSI structures. 

The introduction of part~al transformation models for the d~fferent 

existing clasess of algor~thms will be apparently the next ~nvestigation 

goal to be pursued, to cont~nue with the theoretical optim~zat~on of 

these var~ous models and, if poss~ble, the un~ficat~on of all models 

and the establishment of a general algor~thm transformat~on model. 

If such an ~nvest~gat~on proves to be fru~tful, then the next 

~mposable step will be the simulat~on of all multiple processor 
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arch1tectures, depart1ng from MIMD mach1nes, by VZSI systol1c (or 

wavefront) array processor structures. 

From the aspect of the wavefront computat1onal concept, the maJor 

flex1bility offered by its programm1ng capab1l1t1es is that software 

reconfigurabil1ty can be used to map a l1near or bilinear array onto a 

square array hardware. Therefore, a hardw1red square array may be used 

for the purpose of linear (or b1l1near) wavefront array process1ng. 

In particular for the QIF 1mplementation, this method was mainly 

pursued for future 1nvest1gat1on 1n the space of opt1cal array 

processors. In other words, the advantage of this powerful l1near 

system solver 1s its capab1l1ty to d1rectly map onto the orthogonal 

network of processors. Hence, since there 1s a rapidly grow1ng interest 

in the developments of opt1cal array processors, from an optical 1nter

connect1on perspective each computational stage of the method could be 

instantaneously(!) implemented (see caulfield, et al [CAUL81] and 

Goodman, et al [GOOD84]). 

In conclusion, it can be foreseeable that both the systol1c and 

data-dr1ven computing will play a maJor role in future supercornputing, 

especially for number 'crunch1ng' problems. Most comput1ng networks 

will be systematically converted 1nto systolic or wavefront arrays 

following some of the already well establ1shed procedures. This fact 

should encourage more sc1ent1sts to develop advanced hardware and 

software for massively parallel-array processors. The impact of the 

novel architectures upon future supercornputer designs cannot be 

overest1mated. 
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PARAGRAPH - I.B.4.1 

The Speed-up, generally for a Parallel system, J.s defJ.ned as the 

quotJ.ent of the sequentJ.al run-tJ.me over the tJ.me obtained when 

performed J.n parallel. In formula (I.B.4.1:2), 

1 .. 
T J.s the sequentJ.al s 

tJ.me and T . is the pipeline time. 
p1-pe 

J.s the tJ.me taken for a 
i=l '1-

process to be extended sequentially and consequently thJ.s J.s the tJ.me 

requued for the completJ.on of the fJ.rst process J.n the pl.pelJ.ne; J.n 

addJ.tion, there J.s always a set-up time J.nvolved with the fJ.rst process 

flowJ.ng J.n, thus allowJ.ng the pl.pe to become full. The bottleneck tJ.me 

T. is considered as the time lJ.mJ.ting the output of the remaining 
J 

processes, and therefore the formula: 

k. I T, 
l. 

= 

IT +(k-1) .T 
i=l l. J J.s obtaJ.ned. 

In the J.deal case, where no bottleneck exists and T .=•, 
'1-

for i € [l,p},thJ.s formula simplJ.fJ.es to: 

= _.!:P:.:.·~k.!.. '!..,.-,.
p.T+(k-1) •• = 

p.k 
p+k-1 

(A.C-I: 1) 

A dJ.Vl.SJ.On of (A.C-I:l) by k l.mplJ.es: p 
p k-1 -+
k k 

taking the lJ.mJ.t 

(k-+oo) we obtain: 

T s 
T • 

p1-pe 

k 12.. 1 due to ( ....,) k' k+ 0. 

lim(~)+lim(l-~) 
k- k-

= p ' 

The Efficiency for a Parallel system J.S, J.n general, defined as 

the quotJ.ent of the achieved Spee~up over the correspondJ.ng number of 

utLlized processors, i.e., 
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Parallel Efficiency = ~peed;up 
o. o procs. 

If spipe is the 

p~pell.ne is: 

ach~eved p~pel~ne Speed-up, then the Efficiencyof the 

k. I T 
i=l ~ 

s . 1 T +(k-l).T k. IT. 

E . p-z,pe 
- p-z,pe = 
- No. of rodules 

~=1 ~ J 
= 

~=1 ~ --=--='---- = 
p 

p. [I T +(k-1) ,T I 
~=1 ~ J 

k. 

(A.C-I:2) 

I [IT +(k-l).T I 
~=1 ~=1 ~ J 

Again, ~n the ~deal case, where no nottleneck exists and -r.=-r, 
'!, 

for, i E{1,p}, formula (A.C-I:2) s~mpbhes as: 

E • p-z,pe 

k. I T 

~=1 
-::---:::=-='---- = 

1 [ 1 T+(k-l).TI 
i=l i=l 

k,p,T 
p.p,T+(k-1) .p.T 

k (A.C-I:3) 
p+k-1 

At the l~mit (k~), the Eff~c~ency approaches the theoretical value 1, 

. e. 1 0 
s~nce k' k + • 

Another way to v~ew the Eff~ciency of the p~peline ~s to cons~der 

the Efficiency over indiv~dual modules, i.e., 

Efficiency of a rodule Time m:Jdule i is active k ·' i 
= Total time pipeline is active = --~----=------

). T +(k-1) .T. 
~=1 ~ J 

Consequently the pipeline Eff~c~ency ~s: 

Efficiency of the whole pipeline 
~ k.T. 

= L ~ 

i=l 1 T +(k-1) ,T, 
~=1 ~ J 

k. 1 T. 
i=l ~ 

= 

1 [I T,+(k-1).-r.l 
i=l i=l ~ J 

(A. C-I:4) 
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PARAGRAPH- II.A.J 

i) The 'NEPTUNE'parallel path execut1.on scheme for 'XPFCL' 

Th1.s scheme, implemented by Dr. R.H. Barlow, util1.zes a shared 

array of path descriptor blocks+ to represent the parallel paths. Each 

path descr1.ptor block conta1.ns the follow1.ng informat1.on: 

- Start of path address 

- Address of parent path descriptor block 

- Index var1.able address 

- Index var1.able value 

- Wh1.ch processor to execute a path (zero, 1.f any) 

- Count of act1.ve ch1.ldren; 

there are 75 of these 1.nformation blocks. 

The l.nl.tl.all.zation rout1.ne INIT (from $USEPAR construct) sets all 

the blocks 'empty' and sets-up a s1.ngle block to descr1.be the f1.rst 

sequent1.al path 1.n the program. All processors then enter the scheduling 

routine to choose a new path to execute, if no path l.S ava1.lable, for 

a processor to run, it enters an 'idle' loop w1.th1.n the scheduler and 

then rescans the array (the 'wa1.t' cycle t1.me l.S lO~s, at present). 

When a processor encounters a 'CALL PORKtinstruct1.on (from $DOPAR/ 

$DOALL/$FORK)), a 'free' path descr1.ptor block l.S taken from the array 

for each path created; ~f there are no 'free' blocks, then an error 

message is reported and the caller enters an 'idle' loop and rescans the 

array unt1.l sufficient new blocks have been found. The number of paths 

l.S f1.xed when the'PORK'is executed, rather than in normal FORTRAN 

where the end and 1.ncrement value, as well as, the 1.ndex variable 1.tself 

+The so-called 'Task Control Blocks' -'TCBs'. 

t A computed FORK'. 
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can be mod~f~ed dur~ng the execut~on of the DO-loop. 

For the $DOALL construct a path block ~s ~nit~al~zed for each 

~a~ processor execut~ng the program, w~th ~ts ~ set on one of the blocks 

so that each processor has a single path to execute. 

The 
0DOPAR~ creates a path block for each value of the ~ndex 

var~able and sets the value ~n the block. Any processor may choose a 

'DOPAR'path block, and because the path descriptor array ~s scanned ~n 

order, the ~ndex values w~ll be chosen in the same order as for the 

sequent~al DO-loop. When choos~ng a bOPAR'path, the address of the loop 

~ndex var~able ~s set to the index value held on the block; th~s var~able 

must, therefore, be ~n pr~vate memory or several processors would try to 

set the same locatLon. 

Because of the storage of the ~ndex var~able ~n pr~vate memory, a 

problem ex~sts w~th nested DOPAR'constructs, because the parent path 

~ndex var~able may not hold the same value as that of the parent path 

of the current path (see example - A.C.-II:1). 

INTEGER I,J,K 
DOPAR 3~ I=1,3 

$DOPAR 2~ J=1,3 

[ 
[

$DOPAR 1~ K=1,2 
WRITS (6,1~~~) I,J,K 
$PAREND 

$PAREND 
$PAREND 

(A.C-II:1) 

This program is not correct ~n that a wr~te statement ~s not permitted 

~n a parallel construct, but if ~t was, all the comb~nat~ons of I,J,K 

should be pr~nted. When a processor chooses a path for the K-$DOPAR, 

~t must set the values of I and J ~n ~ts local memory, appropriate to 

that path. Th~s is a result of the fact that a processor can choose 

t~dentifier 
~ 

+Either'$SOPAR'or ~FORK: 
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any 'free' path from a ~OPAR', LrrespectLve of the prev1ous path 

executed by that processor. ThLs being saLd, nested ~OPAR'constructs 

are so rarely found Ln actual parallel programs that the overhead of 

settLng the parent values LS not 1mportant. 

When a processor executes a ~ALL JOIN'(from $PAREND/$JOINJ the 

t count of actLve ch1ldren LS decremented on the parent block; if the 

count 1s zero, then there are no outstand1ng chLld paths and the processor 

that executed the 'CALL FORK' can now, when Lt next chooses a path, 

execute the code followLng the 'CALL JOIN'. The path descrLptor block LS 

set 'empty' and the processor enters the schedul1ng routine to choose a 

new block. 

FLnally, all the operat1ons that modLfy the descr1ptor blocks are 

made WLth1n a crLtLcal regLon, controlled by the same 'CALL GETRES~from 

$ENTER) and'CALL PUTRES'(from $EXIT) that are ut111zed by the FORTRAN 

program. Resource number nine 1s utLlLzed, th1s has the benefLt that 

the TIMOUT rout1ne wLll return the number of accesses and 'waLt' cycles 

Lnvolved Ln controllLng schedul1ng, as well as, the resources utLlized 

by the FORTRAN programmer. 

ii) I I I I 
The NEPTUNE parallel path execut1on scheme for XPFCLD 

Although'XPFCL'has been utilized for the majorLty of parallel 

programs, there were some defLc1encLes that suggested an amended vers1on 

may somet~mes be useful. These problems were as follows: 

1) The lLmLt of ?5 path schedulLng blocks was too low. Even 

though Lt has been seen that the most efficLent parallel 

algorLthms tend to utLlLze a much smaller number of paths, 1t 

tThe ~ermination'eounter. 
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LS useful to be able to measure the actual performance 

degradatLon as more paths are utLlLzed. 

2) The layout of the blocks as an array, rather than a lLst, meant 

that the parallel path scheduling overhead contaLns a term 

t quadratLc Ln the number of paths created • This happens because 

all the prevLously executed and now 'empty' blocks are scanned 

when look~ng for a new path to execute. A 'queue' organ~zat1on 

of two separate l1sts, of 'allocated' and 'free' blocks, would 

reduce thLs effect. 

3) The crLtLcal resource routLnes GETRES/PUTRES utLlLze the 

1nd1v1s1ble 'test' and 'set' hardware 1nstruct1on'ABsf This 

LnstructLon locks the shared memory for a longer tLme than other 

LnstructLons and has led to several system 'memory tLme-out' 

faults. A combLned resource sharLng algorLthm developed Ln the 

Department of Computer StudLes, removes the need to ut11Lze an 

1nd1v1sible 1nstruct1on, albe1t w1th an 1ncreased execut1on t1me. 

4) It 1s not necessary to have a path descriptor block for each 

parallel path. If a s1ngle block 1s ut1l1zed for a VOPAR~ the 

block management operatLons would be removed and so reduce the 

overhead of execut1ng a parallel path. 

Accord1ngly, a new vers1on was written in September 1982, to 

incorporate these new fac1l1t1es. None of the changes should effect the 

behav1our of a parallel program, but WLll obvLously affect the actual 

t1m1ng obta1ned. 

The new path descrLptor block holds the follow1ng LnformatLon: 

tSee (A.C-II:J) 

+ABSolute vaZue 
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- Start of path address 

- Po~nter to next block ~n the l~st (-1 ~f end of list) 

- Address of parent path descriptor block (as ~n XPFCL~ 

- Type of block CDOPAR,' DOALL', JOIN,'Empty DOPAR~ 

- Count of active paths on th~s block 

- Index value of parent block (~f ~OPAR~ 

•parameters• - The ~dent~f~er of the processor that executed the 

'FORK' 

- Index var~able address Flags for 

- Current ~ndex value each 
for or for 

- Index end value DOPAR' processor '$DOALL' 

- Index ~ncrement to run a path 

Each block occupies 2~ bytest, ~nstead of 12 bytes for XPFCL', 

and there are 6IJ blocks as opposed to ?5 ~n 'XPFCL'. The two l~sts of 

blocks are referenced by l~st headers, a value of -1 ind~cates an 'empty' 

l~st. 

When a'CALL FORK'~s executed, a 'free' block ~s taken from the head 

of the 'free' l~st (sometimes the current block can be re-ut~l~zed 

~nstead) and ~n~t~alized according to the parameters, the processor 

number and the current index value of the parent. The processor then 

enters the normal path schedul~ng rout~ne, scann~ng the l~st of act~ve 

blocks for one with outstand~ng work. Th~s w~ll either be a $DOALL 

w~th th~s processor yet to run ~t, a JOIN'block to be executed, or a 

DOPAR'w~th outstand~ng paths. 

If ~t ~s a DOPAR; the next ~ndex value ~s calculated (~.e. current 

tThe type of block and the count of active paths occupy a half word each, 
whilst the rest one word each, altogether a total of ten words (i.e. 20 
bytes). 
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+ ~ncrement) and set ~nto local memory; ~f th~s ~s the last path, the 

~OPAH ~s set as an 'empty'DOPAR block and the set of nested 'DOPAH ~ndex 

values ~s set as ~n the case for 'XPFCL'. 

The JOIN'operat~on is even more compl~cated. When a path term~nates, 

the count of act~ve paths on that block ~s decremented; ~f ~t ~s zero 

and the block ~s an 'empty' ~OPAR',then the block is f~n~shed and ~t ~s 

' ' mod~fied ~nto a JOIN block, wh~ch resembles a$DOALLthat must be executed 

' ' by only one processor, the one that executed the or~ginal FORK. 

A s~m~lar fate befalls a $DOALL,when all the processors have 

completed the~r paths. Only ~f the block ~s a JOIN block type ~s ~t 

released to the 'free' l~st. It ~s these JOidblocks that are s~mply 

re-ut~l~zed when a VALL FORK occurs, as the only informat~on requ~red 

for such a block ~s the address of the parent and the executing processor. 

These, rather obscure, rules ensure that the number of block l~nk and 

del~nk operations are kept to a m~n~mum. Indeed, for a program w~th no 

nested parallel FORK constructs, such as in the example-A.C-II:2), 

only a s~ngle scheduling block ~s ut~l~zed throughout the program. 

$USEPAR 

[

$fOALL 1~ 

1~ $PAREND 

. 

2~ 
[

$fOPAR 2~ I=1,5~ 

$PAREND 

[

$fOALL 3~ 

3~ $PAREND 

(A.C-II:2) 

The ut~l~zat~on of a single block, for each VOPAH, has enabled the 
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t maximum number of paths to be l1m1ted by the word length and not the 

path schedul1ng workspace s1ze. Performance measurements show that, 

' ' although the path block set-up t1me 1s about the same, as for XPFCL, the 

new vers1on has a s1gn1f1cantly lower parallel path overhead. These 

overheads, for a DOPAR'to create N paths for the two vers1ons, are as 

follows: 

XPFCL': 2 1.2 + l.llSN + 0.024N ms 

XPFCLD': 1. 3 + o . 8 7N ms 
(A.C-II:J) 

In conclusion, some add1tional up-to-date informat1on about the 

NEPTUNE system 1s that, as ment1oned earlier, 1t utilizes (for the 'xPFCLd 

command only}, a new 'coordination' algor1thm, the so-called hybrid' 

algor1thm (designated WARR), thus subst1tut1ng the ind1v1s1ble 'test' 

and 'set' hardware 1nstruct1on ABS' (of the 1XPFCL' command}. The WARR 

comb1ned shar1ng algor1thm, behaves as a bartering algorithm for periods 

of low resource ut1l1zation and as resource master algor1thm at h1gh 

levels of resource ut1lization. The concept behind this algorithm was 

that, s1nce the performance characterist1cs of the two classes of 

algorithms were (in some sense} complementary, then 1f an algor1thm 

wh1ch would dynam1cally alter 1ts nature could be developed, the best 

performance of each class would be ach1eved, w1thout the corresponding 

poor performance associated w1th each class separately. 

' ' F1nally, a new XPFCLX command has been implemented, s1m1larly, 

' ' to the XPFCLD one, but w1th the s1gn1ficant advantage of extending the 

1 I ( , I I 

'nesting' levels of the XPFCL/XPFCLD commands, from four for any FORK, 

to a hundred1
for $FORK and unl1m1ted 'nesting' for $DOPAR/$DOALL. 

tft i~ 15 bits + 1 'sign' bit, i.e.: 215-1=32767 parallel paths per 
DOPAR block. 
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PARAGRAPH- II.B.3.1 

APPROXIMATE NEW TIMINGS 

Processor 
Resourue PO pl p2 p3 

RelatJ.ve Speeds t 1.000 1.014 1.006 1.019 

FloatJ.ng poJ.nt* -700 -700 -700 -700 

Integer* - 20 - 20 - 20 - 20 

Local Memory Access* 0.98 0.95 0.92 0.92 

Shared Memory Access* 1. 73 1. 70 1.68 1.68 

Mutual Exclus~on MechanJ.sm*(for 'XPFCL? -600 -600 -6oo -6oo 

Mutual Exclusion MechanJ.sm*(for'XPFCLD? -8oo -aoo -soo -soo 

Parallel Path MechanJ.sm*(for XPFCL~ -1200 -1200 -1200 -1200 

Parallel Path MechanJ.sm*(for XPFCLD~ -900 -900 -900 -900 

Overhead of executl.ng a $DOPAR*(for ~PFCL~ -1200 -1200 -1200 -1200 

Overhead of execut1.ng a $DOPAR*(for XPFCLD~ -1300 -1300 -1300 -1300 

- t excluding access to shared memory 

- * t1.mes in ml.croseconds 

Note that processors P1 ,P2 and P3 have parity memory, whJ.le 

processor P~ has two dJ.fferent blocks of error correctJ.ng memory. FJ.nally, 

. ' J.t J.s apparent from the above Tabte that the dJ.fferences between XPFCL 

and XPFCLD'wJ.ll affect the parallel programs executJ.on tJ.mes and,consequently, 

the tJ.mJ.ngs achJ.eved respectJ.vely cannot be dJ.rectly compared. However, 

all parallel programs that run wJ.th'XPFCL: WJ.ll functJ.on under 'XPFCLD' 

and J.t is J.ntended to phase out the utJ.lJ.zation of the former. 
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I 
2 
3 
4 
5 
6 
7 
a 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

c 
C DIRECTORY,FILENAME I 
c 

<><><><><><><><> 
<> MBS5.STEXM <> 
<><><><><><><><> 

c 
c 
C THIS PROGRAM IMPLEMENTS THE STANDARD EXPLICIT METHOD TO SOLVE 
C BURGERS' 1-D NON-LINEAR PARABOLIC P,D,E, 
C THE NATURE AND COMPLEXITY OF THE METHOD INEVITABLY INTRODUCE 
C SYNCHRONIZATION ACTIVITIES,WITHOUT ANY PERFORMANCE LOSS THOUGH, 
C DUE TO THE FAST SYNCHRONIZATION TOOL OF THE 'NEPTUNE' PROTOTYPE 
C SYSTEM, 
c 
c 
c 
c 
c 

<><><><><><><><><> 
<> P H A S E I <> 
<><><><><><><><><> 

1 SET THE FRAMEWORK, 

C SET THE REQUIRED ARRAYS. 
c 

DIMENSION Ull940loWII940l,ERRORII940loZII940loiTIME1100l 
DIMENSION Fl500o2l 

21 c 
22 c 
23 c 
24 c 
25 c 

SPECIFICATION OF THE ARRAYS 
""""""""""""""""""""""""""'' 

u • IT HOLDS TEMPORARILY,AT EACH TIME-LEVEL,THE P.D.E.'S 
APPROXIMATE VALUES AT THE INTERNAL POINTS,COMPUTED 
USING THE STANDARD EXPLICIT FINITE-DIFFERENCE FORMULA, 

26 
27 
29 
29 
30 
31 
32 
33 
34 
35 
36 
37 
39 
39 
40 
41 
42 
43 
44 
45 
46 
47 
49 
49 
50 
51 
52 
53 
54 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

W I 

ERROR 

z 

I TIME 
F 

IT HOLDS THE P,D,E,'S EXACT THEORETICAL VALUES AT ALL THE 
BOUNDARY AND INTERNAL POINTS,AT THE MAXIMUM TIME-LEVEL, 
COMPUTED USING THE CHOSEN EXACT SOLUTION FORMULA, 
IT HOLDS THE DIFFERENCES BETWEEN THE P.D.E,'S EXACT AND 
APPROXIMATE VALUES AT THE INTERNAL POINTS,AT THE MAXIMUM 
Tl ME -LEVEL, 
IT HOLDS.AT EACH TIME-LEVEL,THE P.D.E,'S EXACT AND APPROXIMATE 
VALUES AT ALL THE BOUNDARY AND INTERNAL POINTS,COPIED FROM THE 
ARRAY 'F' AND THE WORK-ARRAY 'U',RESPECTIVELY. 
IT HOLDS THE TIHINO INFORMATION. 
IT HOLDS THE P.D.E,'S EXACT VALUES AT THE POINTS ON BOTH 
BOUNDARIES,FOR ALL TIME-LEVELS,COMPUTED USING THE CHOSEN 
EXACT SOLUTION FORMULA. 

REAL IQ.lT.IMoiK.LOT 
C SET THE SHARED DATA, 

$SHARED U.NPROC,ITIHE7EPSLN7R, 
-OX.OT,IH.Z,IL,F 

C SET CRITICAL SECTIONS. 
$REGION NOPROC 

C INITIALIZE PARALLELISM. 
SUSEPAR 
NPROC=O 

C GENERATE PARALLEL PATHS TO SET DYNAMICALLY THE NUMBER OF 
C PROCESSORS TO BE UTILIZED EACH TIME IN THE PROGRAM, 

•ooALL 1000 
C ENTER CRITICAL SECTION. 

55 $ENTER NOPROC 
56 NPROC=NPROC+1 
57 C RELEASE CRITICAL SECTION. 
58 SEXIT NOPROC 
59 C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS, 
60 1000 SPAREND 
61 C READ THE NUMBER OF INTERNAL POINTS AND TIME-STEPS, 
62 
63 
64 
65 
66 
67 
69 
69 
70 
71 
72 
73 
74 
75 
76 
77 
79 
79 
90 
81 
82 
83 
84 
95 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
99 
99 

100 
101 
102 
103 
104 
105 
106 
107 
108 

READI5o99990l NPOINToiSTEP 
EPSLN=0,003 

C SET THE VALUE FOR THE GRID RATIO I R • DT/IDX**2l. 
R=0,5 

C COMPUTE THE GRID'S X-SPACING UNIT,FOR THE RANGE [O,!l. 
DX=1./(NPOINT+1) 

C COMPUTE THE GRID'S T-SPACINO UNJT,FOR THE RANGE [O,+oo). 
DT=R•<DX**2) 

WRITE(b,99991) NPOINT.ISTEP,EPSLN,R.DX,DT 
IN=NPOINT+2 
IR=NPOINT+I 

C IN ACCORDANCE WITH THE UTILIZED NUMBER OF PROCESSORS EACH TIME, 
C SET THE SIZE OF EACH SUBSET OF INTERNAL POINTS TO BE ASSIGNED 
C TO A PARALLEL PATH <•GRANULARITY FACTOR•>. 

I H=NPO I NT INPROC 
C IN ACCORDANCE WITH THE UTILIZED NUMBER OF PROCESSORS EACH TIME, 
C SET THE SIZE OF EACH SUBSET OF BOUNDARY POINTS TO BE ASSIGNED 
C TO A PARALLEL PATH <•GRANULARITY FACTOR•l. 

IL•ISTEP/NPROC 
C GENERATE PARALLEL PATHS TO SET LOCAL COPIES TO DIMINISH THE 
C OVERHEADS DUE TO SHARED MEMORY ACCESSES. 

SDOALL 1500 
EPSLNL=EPSLN 
RL=R 
DXL=DX 
DTL=DT 
IHL=IH 
ILL=IL 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS, 
1500 SPAREND 

c 
c 
c 
c 
c 
c 

<><><><><><><><><> 
<> P H A S E 2 <> r 
<><><><><><><><><> 

00 2000 I=t, IN 
X=C 1-1 )*DXL 

COMPUTATION OF THE EXACT THEORETICAL VALUES 
AT ALL THE BOUNDARY AND INTERNAL POINTS7AT 
THE MAXIMUM TIME-LEVEL,USING THE CHOSEN EXACT 
SOLUTION FORMULA. 

SDT=ISTEP•DTL 
XH=X-0.5 
A=O.OS•CXM+4.954SDT)/EPSLNL 
B:0,25*1XM+0,75•SDTl/EPSLNL 
C=0.5*1X-0,375l/EPSLNL 
XI=EXPI-Al 
X2=EXPI-Bl 
X3:EXPI-Cl 
IT=O.t•X1+0.~4X2+X3 



109 
110 
Ill 
112 
113 
114 
115 
116 
117 
118 
119 
120 
121 
122 
123 
124 
125 
126 
127 
129 
129 
130 
131 
132 
133 
134 
135 
136 
137 
139 
139 
140 
141 
142 
143 
144 
145 
146 
147 
149 
149 
150 
151 
152 
153 
154 
155 
156 
157 
158 
159 
160 
161 
162 

tQsX1+X2+X3 
WCil•lTIIQ 

2000 CONTINUE 
C COPY THE COMPUTED EXACT VALUES AT BOTH BOUNDARY POINTS,AT 
C THE MAXIMUM TIME-LEVEL, INTO THE APPROPRIATE ARRAY. 

lSTPl•ISTEP+l 
FCISTPt.t>sW(l) 
FC ISTPl I 2>=WC IN> 

c 
WRITE(6,99992> !STEP, CWCI>.t•l,IN> 

C START TIMING THE COMPUTATIONAL PROCEDURE. 
c 
c [J[J[J[J[J[J[J[J[J[J 
c [J[J[J[J[J[J[J[J[J 

SOOALL 2500 
CALL TIMEST 

2500 SPAREND 
c [J[J[J[J[J[J[J[J[J 
c [l[J[J[J[J[J[J[J[J[J 
c 
c 
c <><><><><><><><><> 
C <> P H A S E 3 <> I 

c <><><><><><><><><> 

COMPUTATION OF THE EXACT VALUES AT ALL THE 
POINTS ON BOTH BOUNDARIES,FROM ZERO UP TO 
THE PENULTIMATE TIME-LEVEL,USINO THE CHOSEN 
EXACT SOLUTION FORMULA. c 

c 
lT•O.O 
IQ .. O.O 

C GENERATE 'NPROC' PARALLEL PATHS AND ASSIGN TO THEM THE CREATED 
C SUBSETS OF BOUNDARY POINTS. 

SDOPAR 4000 J=J,NPROC 
C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 

IS=CJ-l>•ILL+l 
IE=IS+ILL-1 

DO 3500 KztS.tE 
L=K-1 

DO 3000 1=1,2 
IMI=I-1 
DM!M=IMI-0.5 
LDT=L•DTL 
A~0.05•CDM1M+4.95•LDT)/EPSLNL 
9s0.25•CDM1M+0.7S•LOT)/EPSLNL 
C=0.5*CIMI-0.375l/EPSLNL 
XI=EXPC-Al 
X2•EXPC-Bl 
X3=EXPC-Cl 
ITaO.l•Xl+O.S•X2+X3 
IQ=Xl+X2+X3 
FCK,J)=IT/IQ 

3000 CONTINUE 
3500 CONTINUE 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
4000 SPAREND 

c 

163 
164 
165 
lOb 
167 
169 
169 
170 
171 
172 
173 
174 
175 
176 
177 
178 
179 
180 
181 
192 
183 
184 
185 
196 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 
197 
198 
199 
200 
201 
202 
203 
204 
205 
206 
207 
209 
209 
210 
211 
212 
213 
214 
215 
216 

c <><><><><><><><><> 
C <> P H A S E 4 <> 
c <><><><><><><><><> 
c 

COMPUTATION OF THE EXACT INITIAL VALUES 
AT THE INTERNAL POINTS,USING THE CHOSEN 
EXACT SOLUTION FORMULA. 

IT•O.O 
IQ=O.O 

C GENERATE 'NPROC' PARALLEL PATHS AND ASSIGN TO THEM THE CREATED 
C SUBSETS OF INTERNAL POINTS (*ZERO TIME-LEVEL•!. 

SDOPAR 5000 J•I,NPROC 
C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 

IS.,CJ-l)*IHL+l 
IE=-IS+IHL-1 

DO 4500 I=JS,JE 
X=I•OXL 
XM=X-0.5 
A•O.OS•XM/EPSLNL 
B=0.25•XM/EPSLNL 
C=0.54CX-0.375l/EPSLNL 
XI=EXPC-Al 
X2=EXP(-9) 
X3=EXPC-C> 
IT=O.t•Xl+O.~•X2+X3 

IQ=Xl+X2+X3 
ZC l+ll•IT/IQ 

4500 CONTINUE 
C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 

5000 SPAREND 
c 
c <><><><><><><><><> 
C <> P H A S E 5 <> I 
c <><><><><><><><><> 

COMPUTATION OF THE APPROXIMATE VALUES AT 
THE INTERNAL POINTS,AT EVERY TIME-LEVEL, 
FOR ALL TIME-STEPS,USING THE STANDARD 
EXPLICIT FINITE-DIFFERENCE FORMULA. c 

c 
C COPY INTO THE APPROPRIATE ARRAY THE PRE-COMPUTED EXACT VALUES, 
C AT BOTH BOUNDARY POINTS (*ZERO TIME-LEVEL*!. 

Z<l>=F<l,t) 
ZCIN>=FC1,2> 
DO 7000 K=I,JSTEP 

C EVERY TIME-STEP,GENERATE 'NPROC' PARALLEL PATHS AND ASSIGN 
C TO THEM THE CREATED SUBSETS OF INTERNAL POINTS. 

SDOPAR 6000 J=I,NPROC 
C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 

IS,..CJ-1 >•H-ft...+l 
JE=IS+IHL-1 

DO 5500 !=IS, lE 
IP2zi+2 
IPl.,I+l 
IM=EPSLNL•RL*CZCIP2l-2*ZCIPil+ZCill 
IK~<t-RL•DXL•<Z<IP2)-Z(I))/2)*Z<IP1) 
UC lP! l=IM+IK 

5500 CONTINUE 
C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
6000 SPAREND 

C COPY INTO THE APPROPRIATE ARRAY THE PRE-COMPUTED EXACT 



217 
218 
219 
220 
221 
222 
223 
224 
22:1 
226 
227 
228 
229 
230 
231 
232 
233 
234 
23:1 
236 
237 
238 
239 
240 
241 
242 
243 
244 
24:1 
246 
247 
248 
249 
250 
251 
2:12 
2:13 
2:14 
2:!5 
256 
257 
258 
259 
260 
261 
262 
263 
264 
265 
266 
267 
268 
269 
270 

C VALUES,AT BOTH BOUNDARY POINTS,FOR THE PRESENT TIME-LEVEL. 

C COPY THE 
C FROM THE 

6:100 

KP1~K+1 

ZU>=FCKP1,1) 
Z<INl~FIKPI.2l 

COMPUTED APPROXIMATE VALUES AT THE 
WORK-ARRAY 'U' INTO THE ARRAY 'Z'. 

DO 6~00 1•2, IR 
ZC ll•UI ll 

CONTINUE 
7000 CONTINUE 

c 

INTERNAL POINTS, 

C TERMINATE TIMING THE COMPUTATIONAL PROCEDURE. 
c 
c [][][][][][][][][][][][][] 
c [][][][][][][][][][][][] 

SDOALL 7500 
CALL TIMOUTIITIMEl 

7500 tPAREND 
c [][][][][][][][][][][][] 
c [][][][][][][][][][][][][] 
c 
c 
c <><><><><><><><><> 
C <> P H A S E 6 <> I 
c <><><><><><><><><> 

OUTPUT THE RESULTS OBTAINED FROM THE TIMED 
COMPUTATIONAL PROCEDURE AND COMPUTE THE MAXIMUM 
ABSOLUTE ERROR AND THE MAXIMUM PERCENTAGE ERROR. 

c 
WRITEI6,99993) !TIME 
WRITE(6,99994l ISTEP,(Z(!l,I•2,!Rl 

C COMPUTE AND PRINT OUT THE DIFFERENCES BETWEEN THE EXACT AND 
C APPROXIMATE VALUES AT THE INTERNAL POINTS,AT THE MAXIMUM 
C TIME-LEVEL. 

DO 8000 K•2, IR 
ERROR!Kl•WIKl-ZIKl 

8000 CONTINUE 

T1 110.0 
T2•0.0 

WRITE(6,99995liERROR(I),!•2,1Rl 

C COMPUTE THE MAXIMUM "ABSOLUTE ERROR"-'A.E.' 
DO 9000 1•2, IR 

IF!ABSIERRORI!ll.OT.Til GO TO 8500 
GO TO 9000 

8500 TI•ABSIERRORI!ll 
T2•ABSIWI Ill 

9000 CONTINUE 
C COMPUTE THE MAXIMUM "PERCENTAGE ERROR"-'P.E.' 

PERR•100•Tl/T2 
C PRINT OUT THE MAXIMUM 'A.E.',THE MAXIMUM 'P.E.' 

WRITEI6,99996l TI.PERR 
c 
C SET THE FORMATS 

c 
99990 
99991 

FORMAT!I6,JX,I6l 
FORMATCtX,'NPOINT •',I4,4X,'ISTEP •',J4,4X,'EPSLN ='• 

271 
272 99992 
273 
274 99993 
27:1 99994 
276 
277 99995 
278 99996 
279 
280 C TERMINATE 
291 $STOP 
282 SEND 

E12.4,4X,'R •',E12.4,4X,'DX •',El4.6,4X,'DT ~',E14.6) 
FORMATIIX,'THE EXACT THEORETICAL VALUES AT TIME-LEVEL 1', 
I5.3X.'ARE I'/3(E18.9.2X)/) 
FORMATC/,'TIMINO(S)-C•Fo~ STEXH*) 1',/8CI6,2X)) 
FORMATIIX,'THE APPROXIMATE VALUES AT TIME-LEVEL 1', 
IS.3X,'ARE I'/3CE18.9,2X)/) 
FORMATCtX,'THE ERRORS ARE 1'/3CE18.9,2X)/) 
FORMATCtX,'THE MAXIMUM A.E. IS =',E18.9, 
SX,'THE MAXIMUM P.E. IS =',Et8.9) 

PROGRAM. 



1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 

c 
C DIRECTORY.FILENAME 
c 
c 
c 

<><><><><><><><><> 
<> MBSS.GEUONI <> 
<><><><><><><><><> 

C THIS PROORAM IMPLEMENTS THE "GROUP EXPLICIT WITH BOTH 
C UNGROUPED ENDS"-'G.E.U.' METHOD TO SOLVE BURGERS' 1-D 
C NON-LINEAR PARABOLIC P.D.E. 
C THE NATURE AND COMPLEXITY OF THE METHOD INEVITABLY INTRODUCE 
C SYNCHRONIZATION ACTIVITIES,WITHOUT ANY PERFORMANCE LOSS THOUGH, 
C DUE TO THE FAST SYNCHRONIZATION TOOL OF THE 'NEPTUNE' PROTOTYPE 
C SYSTEM. 
c 
c <><><><><><><><><> 
C <> P H A S E 1 <> I SET THE FRAMEWORK. 
c <><><><><><><><><> 
c 
C SET THE REQUIRED ARRAYS. 
c 

DIMENSION UC1940l,WC1940l,ERRORC1940l,ZC1940l,ITIMEC100) 
DIMENSION FC500,2l 

22 c 
23 c 
24 c 
25 c 
26 c 

SPECIFICATION OF THE ARRAYS 
"""""""""""""""''""""""""""" 

U I IT HOLDS TEMPORARILY,AT EACH TIME-LEVEL,THE P.D.E.'S 
APPROXIMATE VALUES AT ALL THE INTERNAL POINTS.THE VALUES 27 

28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
so 
51 
52 
53 
54 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

W I 

ERROR 

Z I 

!TIME I 
F I 

AT THE 'LEFT' AND 'RIGHT' UNGROUPED NEAR BOUNDARY POINTS ARE 
COMPUTED USING SAUL'YEV'S 'L->R','L<-R' ASYMMETRIC FORMULAE, 
RESPECTIVELY,WHILE AT THE REMAINING GROUPS OF '2' INTERNAL 
POINTS THE GROUP EXPLICIT FINITE-DIFFERENCE FORMULAE ARE 
UTILIZED. 
IT HOLDS THE P.D.E.'S EXACT THEORETICAL VALUES AT THE 
INTERNAL POINTS,AT THE MAXIMUM TIME-LEVEL.COMPUTED 
USINO THE CHOSEN EXACT SOLUTION FORMULA. 
IT HOLDS THE DIFFERENCES BETWEEN THE P.D.E.'S EXACT AND 
APPROXIMATE VALUES AT THE INTERNAL POINTS,AT THE MAXIMUM 
Tl ME -LEVEL. 
IT HOLDS,AT EACH TIME-LEVEL,THE P.D.E.'S EXACT AND APPROXIMATE 
VALUES AT ALL THE BOUNDARY AND INTERNAL POINTS,COPIED FROM THE 
ARRAY 'F' AND THE WORK-ARRAY 'U',RESPECTIVELY. 
IT HOLDS THE TIMING INFORMATION. 
IT HOLDS THE P.D.E.'S EXACT VALUES AT THE POINTS ON BOTH 
BOUNDARIES,FOR ALL TIME-LEVELS,COMPUTED USING THE CHOSEN 
EXACT SOLUTION FORMULA. 

REAL IQ,IToKK,KL,LDT 
C SET THE SHARED DATA. 

•sHARED U,NPOINT,NPROC,ITIME,EPSLN,R, 
-DX,OT,tN,IH,Z,ILoFoiRoDX2 

C SET CRITICAL SECTIONS. 
SREOION NOPROC 

C INITIALIZE PARALLELISM. 
SUSEPAR 

55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
so 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
108 

NPROC~O 
C GENERATE PARALLEL PATHS TO SET DYNAMICALLY THE NUMBER OF 
C PROCESSORS TO BE UTILIZED EACH TIME IN THE PROGRAM. 

SDOALL 1000 
C ENTER CRITICAL SECTION. 

SE:NTER NOPROC 
NPROC=NPROC+l 

C RELEASE CRITICAL SECTION. 
$EXIT NOPROC 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
1000 SPAREND 

C READ THE NUMBER OF INTERNAL POINTS AND TIME-STEPS. 
READC5,99990l NPOINT,ISTEP 

EPSLN~0.003 

C SET THE VALUE FOR THE GRID RATIO I R ~ DT/CDX••2l. 
R~1.o 

C COMPUTE THE GRID'S X-SPACING UNJT,FOR THE RANGE [0,1J. 
DX~t./CNPOINHll 

C COMPUTE THE GRID'S T-SPACINO UNIT,FOR THE RANGE [Q,+oo). 
DT=R•CDX**2) 

WRITECb,99991) NPOINT,ISTEP,EPSLN,R.OXoOT 
DX2=0X/2 
IN~NPOINT+2 

IR•=NPOINT+l 
C IN ACCORDANCE WITH THE UTILIZED NUMBER OF PROCESSORS EACH TIME. 
C SET THE SIZE OF EACH SUBSET OF INTERNAL POINTS TO BE ASSIGNED 
C TO A PARALLEL PATH <•GRANULARITY FACTOR•>. 

IH~NPOINT/NPROC 

C IN ACCORDANCE WITH THE UTILIZED NUMBER OF PROCESSORS EACH TIME, 
C SET THE SIZE OF EACH SUBSET OF BOUNDARY POINTS TO BE ASSIGNED 
C TO A PARALLEL PATH <•GRANULARITY FACTOR•>. 

ll::ISTEP/NPROC 
C GENERATE PARALLEL PATHS TO SET LOCAL COPIES TO DIMINISH THE 
C OVERHEADS DUE TO SHARED MEMORY ACCESSES. 

SDOALL 1500 
EPSLNL~EPSLN 
RL~R 

OXL=OX 
DTL•DT 
DX2L=DX2 
INL~IN 

IRL~IR 
INPTL~NPOINT 

IHL•IH 
ILL=IL 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 

c 
c 
c 
c 
c 

1500 SPAREND 

<><><><><><><><><> 
<> P H A S E 2 () I 
<><><><><><><><><> 

DO 2000 1•2,IRL 
X•( I-1 >•DXL 

COMPUTATION OF THE EXACT THEORETICAL VALUES 
AT THE INTERNAL POINTS,AT THE MAXIMUM TIME- -c 
LEVEL,USINO THE CHOSEN EXACT SOLUTION FORMULA.'> 



109 
110 
111 
112 
113 
114 
115 
116 
117 
118 
119 
120 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
142 
143 
144 
145 
146 
147 
148 
149 
ISO 
151 
152 
153 
154 
155 
156 
157 
158 
159 
160 
161 
162 

c 

SDTsiSTEP*DTL 
XM=X-0.5 
A=O.OS•CXM+4.9S•SDTJ/EPSLNL 
B=0.2~•<XM+0.7S•SDTJ/EPSLNL 

C=0.5•<X-0.375)/EPSLNL 
XI=EXP(-A) 
X2eEXP<-Bl 
X3=EXP(-C) 
IT=O.t•Xt+O.~•X2+X3 
IQ•Xl+X2+X3 
W(I)•IT/IQ 

2000 CONTINUE 
WRITE(6,99992) ISTEP,(W(I),I=2,1RLl 

C START TIMING THE COMPUTATIONAL PROCEDURE. 
c 
c [][][][][][][][][][] 
c [][][][][][][][][] 

SDOALL 2500 
CALL TIMEST 

2500 SPAREND 
c [][][][][][][][][] 
c [][][][][][][][][][] 
c 
c 
c <><><><><><><><><> 
C <> P H A S E 3 <> I 
c <><><><><><><><><> 

COMPUTATION OF THE EXACT VALUES AT ALL THE 
POINTS ON BOTH BOUNDARIES,FOR ALL TIME-LEVELS, 
STARTING FROM TIME-LEVEL ONE,USINO THE CHOSEN 
EXACT SOLUTION FORMULA. c 

c 
IT•O.O 
IQ=O.O 

C GENERATE 'NPROC' PARALLEL PATHS AND ASSIGN TO THEM THE CREATED 
C SUBSETS OF BOUNDARY POINTS. 

SDOPAR 4000 J=!,NPROC 
C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 

IS•<J-1l•ILL+1 
IE•IS+ILL-1 

DO 3500 K•IS.IE 
DO 3000 1=1,2 

IMl•l-1 
DMIM=IHI-0.5 
LDTeK•DTL 
A=O.O~*CDM1H+4.9~•LDTJ/EPSLNL 
B•O.~•CDH1H+0.75•LDTJ/EPSLNL 
C•0.5•CIM1-0.375)/EPSLNL 
XI•EXP<-Al 
X2•EXP<-Bl 
X3=EXP<-Cl 
IT•0.1*Xl+0.3•X2+X3 
IQ•X1+X2+X3 
FU<:,IJ•lT/IQ 

3000 CONTINUE 
3500 CONTINUE 

C TERMINATE PARALLEL 

c 
c 
c 
c 
c 

4000 SPAREND 

<><><><><><><><><> 
<> P H A S E 4 <> 
<><><><><><><><><> 

JTmO.O 
IQ=O.O 

PATHS AND SYNCHRONIZE PROCESSORS. 

COMPUTATION OF THE EXACT INITIAL 
AT THE INTERNAL POINTS.USINO THE 
EXACT SOLUTION FORMULA. 

C GENERATE 'NPROC' PARALLEL PATHS AND ASSIGN TO THEM THE 
C SUBSETS OF INTERNAL POINTS <•ZERO TIME-LEVEL•). 

SDOPAR 5000 J=!,NPROC 
C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 

IS=CJ-1 )*IHL+l 
IE•IS+IHL-1 

DO 4500 I=IS,IE 
X=I•DXL 
XM=X-0.5 
A=O.OS•XM/EPSLNL 
Be0,25•XM/EPSLNL 
C=0.5•<X-0.375l/EPSLNL 
XI=EXP<-Al 
X2=EXP(-B) 
X3=EXP<-Cl 
IT=0.1•Xt+O.S•X2+X3 
IQ=X1+X2+X3 
ZU+U=IT/IQ 

4500 CONTINUE 
C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 

5000 SPAREND 
c 

VALUES 
CHOSEN 

CREATED 

c <><><><><><><><><> 
C <> P H A S E 5 <> I 
c <><><><><><><><><> 
c 
c 

163 
164 
165 
166 
167 
168 
169 
170 
171 
172 
173 
174 
175 
176 
177 
178 
179 
180 
181 
182 
183 
184 
185 
186 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 
197 
198 
199 
200 
201 c 
202 c 
203 
204 
205 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 

COMPUTATION OF THE APPROXIMATE VALUES AT 
THE INTERNAL POINTS,AT EVERY TIME-LEVEL, 
FOR ALL TIME-STEPS,USING THE GROUP EXPLICIT 
FINITE-DIFFERENCE AND SAUL'YEV'S ASYMMETRIC 
FORMULAE, ACCORDINGLY. 

c 
DO 10500 K=!,ISTEP 

EVERY TIME-STEP,COPY INTO THE 
EXACT VALUES,AT BOTH BOUNDARY 

Z ( 1l=F<K.t) 
ZCINLJ=FCK,2) 

APPROPRIATE ARRAY THE PRE-COMPUTED 
POINTS. 

C EVERY TIME-STEP,OENERATE 'NPROC' PARALLEL PATHS AND ASSIGN 
C TO THEM THE CREATED SUBSETS OF INTERNAL POINTS. 

SDOPAR 9500 J=1,NPROC 
C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 

IS=CJ-1 J•IHL+2 
IE•IS+IHL-1 

DO 9000 I=IS,IE,2 
IMl•I-1 
IM2=1-2 
IP1=1+1 
IP2=1+2 
IP3=I+3 



217 
218 
219 
220 
221 
222 
223 
224 
22S 
226 
227 
228 
229 
230 
231 
232 
233 
234 
2~ 
236 
237 
238 
239 
240 
241 
242 
243 
244 
24:5 
246 
247 
248 
249 
2:50 
2:51 
2:52 
2:53 
2:54 
2:5:5 
2:56 
2:57 
2:58 
2:59 
260 
261 
262 
263 
264 
26:5 
266 
267 
268 
269 
270 

KLEDX2L•Z<IPil 
KK=DX2L•ZCI) 
AI•EPSLNL-KL 
A2•EPSLNL-KK 
BIEEPSLNL+KL 
B2zEPSLNL+KK 
AIR•AI*RL 
A2R=A2•RL 
BIR=BI*RL 
B2R•B2•RL 
0•1+A1R+B2R 

C CHECK FOR THE 'LEFT' UNOROUPED NEAR BOUNDARY POINT. 
IF<I.EQ.2) GO TO 8200 

EPI=B2R•<1-B1Rl*Z<IM1l 
EP2•(1+AIR-A2R-A1R•A2Rl•Z<Il 
EP3z9tR•B2R•ZCIH2>+Cl+A1R)*A2R•ZCIP1> 
UCI)•(EP1+EP2+EP3l/D 

C CHECK FOR THE 'RIGHT' UNGROUPED NEAR BOUNDARY POINT. 
IF<I.EQ.INPTLl GO TO 8:500 

8000 CONTINUE 
OP1=C1+82R-B1R-B1R•B2R)*ZCIP1> 
OP2=<1-A2Rl•AIR•Z<IP2l 
OP3•(1+B2R>•BtR•ZCI>+AtR•A2R*ZCIP3> 
UCIP1)=COPl+OP2+0P3)/D 

GO TO 9000 
C COMPUTE THE VALUE AT THE 'LEFT' UNOROUPED NEAR BOUNDARY POINT. 
8200 A=EPSLNL-DX2L•Z<2l 

B=EPSLNL+DX2L*Z<2> 
RA=RL*A 
RB=RL•B 
Ut2>•CRB*Z(J)+RA•ZC3)+(1-RA>•Z<2))/(1+RB> 

GO TO 8000 
C COMPUTE THE VALUE AT THE 'RIGHT' UNGROUPED NEAR BOUNDARY POINT. 

8500 A=EPSLNL-DX2L*Z<IRLl 
B=EPSLNL+DX2L*Z<IRLl 
RA=RL•A 
RB=RL•B 
UCIRl)K(RA•ZCINL>+RB•Z<INPTL)+(l-RB>•Z<IRL))/(l+RA> 

9000 CONTINUE 
C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 

9:500 SPAREND 
C COPY THE COMPUTED APPROXIMATE VALUES AT THE INTERNAL POINTS, 
C FROM THE WORK-ARRAY 'U' INTO THE ARRAY 'Z'. 

10000 
10:500 CONTINUE 
c 
C TERMINATE TIMING 

DO 10000 1•2,IRL 
Z<l I•U<I l 

CONTINUE 

THE COMPUTATIONAL PROCEDURE. 
c 
c 
c 

[J[][J[J[J[J[J[J[J[J[J[J[l 
[J[J[J[][J[J[J[J[J[J[J[J 

SDOALL 11000 
CALL TIMOUT!ITIMEl 

271 
272 
273 
274 
273 
276 
277 
278 
279 
280 
281 
282 
283 
284 
285 
286 
287 
2e8 
289" 
290 
291 
292 
293 
294 
295 
296 
297 
298 
299 
300 
301 
302 
303 
304 
305 
306 
307 
308 
309 
310 
311 
312 
313 
314 
315 
316 
317 
318 
319 

11000 .PAREND 
c [J[J[J[J[J[J[J[J[J[J[J[J 
c [J[J[J[J[J[J[J[J[J[J[J[J[J 
c 
c 
c <><><><><><><><><> 
C <> P H A S E 6 <> I 
c <><><><><><><><><> 

OUTPUT THE RESULTS OBTAINED FROM THE TIMED 
COMPUTATIONAL PROCEDURE AND COMPUTE THE MAXIMUM 
ABSOLUTE ERROR AND THE MAXIMUM PERCENTAGE ERROR. 

c 
WRITE(6,99993l !TIME 
WRITEC6999994) ISTEP,(Z(J),J•2,IRL> 

C COMPUTE AND PRINT OUT THE DIFFERENCES BETWEEN THE EXACT AND 
C APPROXIMATE VALUES AT THE INTERNAL POINTS,AT THE MAXIMUM 
C TIME-LEVEL. 

DO 11500 K=2, IRL 
ERROR!Kl=W(Kl-Z!Kl 

11500 CONTINUE 
WRITE!6,99993l!ERROR(!),I=2,IRLl 

TI=O.O 
T2=0.0 

C COMPUTE THE MAXIMUM "ABSOLUTE ERROR"-'A.E.' 
DO 12300 1•2,IRL 

IF<ABS<ERROR!Ill,GT.Tll 00 TO 12000 
GO TO 12500 

12000 T1=ABS!ERROR<Ill 
T2=ABS<W<Ill 

12500 CONTINUE 
C COMPUTE THE MAXIMUM "PERCENTAGE ERROR"-'P.E.' 

PERR=1004TI/T2 
C PRINT OUT THE MAXIMUM 'A.E.',THE MAXIMUM 'P.E.' 

WRITE(6,99996l T1,PERR 
c 
C SET THE FORMATS 
c """"""''"""""""" 
c 
99990 
99991 

99992 

99993 
99994 

99995 
99996 

C TERMINATE 
SS TOP 
$END 

FORMAT(I6,1X ,J6l 
FORHATClX,'NPOINT •',I4,4X,'ISTEP =',I4,4X,'EPSLN =', 
El2.4,4X,'R •',E12.4,4X,'DX z',El4.6,4X,'DT ='El4.6) 
FORMAT!IX,'THE EXACT THEORETICAL VALUES AT TIME-LEVEL 
I5,3X,'ARE r'/3CE1S.9,2XJ/) 
FORMAT(/,'TIMING<Sl-(4For GEUONI•l :',/8(!6,2Xll 
FORMAT!1X,'THE APPROXIMATE VALUES AT TIME-LEVEL 1', 
IS,3X,'ARE t'/3(E18.9t2X)/) 
FORMAT!IX,'THE ERRORS ARE I'/3(E18.9,2Xl/l 
FORMAT<tX,'THE MAXIMUM A.E. IS ~',El8.9, 
SX,'THE MAXIMUM P.E. IS c',E18.9) 

PROGRAM. 

. '. 



I C 
2 C DIRECTORY.FILENAME 
3 c 

<><><><><><><><><> 
<> MB$5,GECONI <> 
<><><><><><><><><> 

4 c 
5 c 
6 C THIS PROGRAM IMPLEMENTS THE ""GROUP EXPLICIT COMPLETE"-'G.E.C.' 
7 C METHOD TO SOLVE BURGERS' 1-D NON-LINEAR PARABOLIC P.D.E. 
8 C THE NATURE AND COMPLEXITY OF THE METHOD INEVITABLY INTRODUCE 
9 C SYNCRONIZATION ACTIVITIES,WITHOUT ANY PERFORMANCE LOSS THOUGH, 

10 C DUE TO THE FAST SYNCHRONIZATION TOOL OF THE 'NEPTUNE' PROTOTYPE 
11 C SYSTEM. 
12 c 
13 c <><><><><><><><><> 
14 C <> P H A S E I <> I SET THE FRAMEWORK. 
15 c <><><><><><><><><> 
16 c 
17 C SET THE REQUIRED ARRAYS. 
18 c 
19 
20 
21 
22 
23 
24 
25 
26 
27 
29 
29 
30 
31 

c 

DIMENSION UC1940l,WC1940l,ERRORC1940l,ZCI940l,ITIMEC100) 
DIMENSION FC500,21 

C SPECIFICATION OF THE ARRAYS 
c """"""""""""""""""""""""""'' 
c 
c 
c 
c 
c 
c 
c 
c 

U 1 IT HOLDS TEMPORARILY,AT EACH TIME-LEVEL,THE P.D.E.'S 
APPROXIMATE VALUES AT ALL THE GROUPS OF '2' INTERNAL 
POINTS,COMPUTED USING THE GROUP EXPLICIT FINITE-DIFFERENCE 
FORMULAE. 

W 1 IT HOLDS THE P.D.E.'S EXACT THEORETICAL VALUES AT ALL 
THE BOUNDARY AND INTERNAL POINTS,AT THE MAXIMUM TIME-LEVEL, 
COMPUTED USING THE CHOSEN EXACT SOLUTION FORMULA. 

32 C ERROR I 

33 c 
IT HOLDS THE DIFFERENCES BETWEEN THE P.D.E.'S EXACT AND 
APPROXIMATE VALUES AT THE INTERNAL POINTS.AT THE MAXIMUM 
TIME-LEVEL. 34 c 

35 c 
36 c 
37 c 

Z I IT HOLDS,AT EACH TIME-LEVEL.THE P.D.E.'S EXACT AND APPROXIMATE 
VALUES AT ALL THE BOUNDARY AND INTERNAL POINTS,COPIED FROM THE 
ARRAY 'F' AND THE WORK-ARRAY 'U',RESPECTIVELY. 

39 C ITIME t 
39 C F I 

40 c 

IT HOLDS THE TIMINO INFORMATION. 
IT HOLDS THE P.D.E.'S EXACT VALUES AT THE POINTS ON BOTH 
BOUNDARIES.FOR ALL TIME-LEVELS,COMPUTED USING THE CHOSEN 
EXACT SOLUTION FORMULA. 41 c 

42 
43 

REAL IQ,IT,KK,KLoLOT 
C SET THE SHARED DATA. 

44 $SHARED U,NPROC,ITIME,EPSLN,R, 
45 -OX,OT,IH,z,IL,F,DX2 
46 C SET CRITICAL SECTIONS. 
47 tREGION NOPROC 
48 C INITIALIZE PARALLELISM. 
49 tUSEPAR 
50 
51 
52 
53 
54 

NPROC•O 
C GENERATE PARALLEL PATHS TO SET DYNAMICALLY THE NUMBER OF 
C PROCESSORS TO BE UTILIZED EACH TIME IN THE PROGRAM. 

*DOALL 1000 
C ENTER CRITICAL SECTION. 

55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
so 
SI 
82 
83 
84 
85 
86 
97 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 

lOO 
101 
102 
103 
104 
105 
106 
107 
108 

$ENTER NOPROC 
NPROC=NPROC+l 

C RELEASE CRITICAL SECTION. 
SEX IT NOPROC 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
1000 $PAREND 

C READ THE NUMBER OF INTERNAL POINTS AND TIME-STEPS. 
REAOC5,99990} NPOINT,ISTEP 

EPSLN~0.003 

C SET THE VALUE FOR THE GRID RATIO t R ~ OT/CDX**2), 
R=t.o 

C COMPUTE THE GRID'S X-SPACING UNIT,FOR THE RANGE [0,1]. 
DX~I./CNPOINT+Il 

C COMPUTE THE GRID'S T-SPACING UNIToFOR THE RANGE CO,+oo). 
DT=R•COX••2) 

WRITEC6,99991) NPOINTolSTEP,EPSLN,R,OX,OT 
DX2~DX/2 

IN=NPOINT+2 
IR=NPOINT+l 

C IN ACCORDANCE WITH THE UTILIZED NUMBER OF PROCESSORS EACH TIME, 
C SET THE SIZE OF EACH SUBSET OF INTERNAL POINTS TO BE ASSIONED 
C TO A PARALLEL PATH !•GRANULARITY FACTOR•!. 

IH=NPOINT/NPROC 
C IN ACCORDANCE WITH THE UTILIZED NUMBER OF PROCESSORS EACH TIME9 
C SET THE SIZE OF EACH SUBSET OF BOUNDARY POINTS TO BE ASSIGNED 
C TO A PARALLEL PATH !•GRANULARITY FACTOR•!. 

IL=ISTEP/NPROC 
C GENERATE PARALLEL PATHS TO SET LOCAL COPIES TO DIMINISH THE 
C OVERHEADS DUE TO SHARED MEMORY ACCESSES. 

SDOALL 1500 
EPSLNL=EPSLN 
RL~R 

DXL~DX 

DTL=DT 
DX2L=DX2 
IHL~IH 

ILL•IL 
C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 

1500 tPAREND 
c 
c <><><><><><><><><> 
C <> P H A S E 2 <> I 
c <><><><><><><><><> 

COMPUTATION OF THE EXACT THEORETICAL VALUES -, 
AT ALL THE BOUNDARY AND INTERNAL POINTS,AT ~ 
THE MAXIMUM TIME-LEVEL, USING THE CHOSEN EXACT ~ 
SOLUTION FORMULA. c 

c 
DO 2000 I•!, IN 

X=CJ-Il•DXL 
SDT=ISTEP•DTL 
XM=X-0.5 
A=0.05•CXM+4.95•SDTI/EPSLNL 
B=0.25*(XH+0.75*SDT)/EPSLNL 
C=0.5*CX-0.3751/EPSLNL 
XI=EXPC-Al 
X2=EXPC-Bl 



109 X3=EXPC-Cl 
110 JT•O.t•Xt+0.5*X2+X3 
111 IQ=Xl+X2+X3 
112 W(J)•JT/IQ 
113 2000 CONTINUE 
114 C COPY THE COMPUTED EXACT VALUES AT BOTH BOUNDARY POINTS,AT 
11~ C THE MAXIMUM TIME-LEVEL, INTO THE APPROPRIATE ARRAY, 
116 ISTPic!STEP+I 
117 F<ISTPl,t>=W(l) 
118 FCISTPI.2>=WCIN> 
119 WRITEC6.99992l ISTEP,CWCI>,I=I,IN> 
120 c 
121 C START TIMING THE COMPUTATIONAL PROCEDURE. 
122 c 
123 c [J[J[J[J[J[J[J[J[J[l 
124 c [J[J[J[J[J[J[l[J[J 
123 SDOALL 2~00 
126 CALL TIMEST 
127 2500 SPAREND 
128 c [J[J[J[J[J[J[J[J[J 
129 C [J[J[J[J[l[JIJ[J[J[J 
130 c 
131 c 
132 C <><><><><><><><><> COMPUTATION OF THE EXACT VALUES AT ALL THE 
133 C <> P H A S E 3 <> t POINTS ON BOTH BOUNDARIES,FROM ZERO UP TO 
134 C <><><><><><><><><> THE PENULTIMATE TIME-LEVEL.USINO THE CHOSEN 
13~ C EXACT SOLUTION FORMULA. 
136 c 
137 IT•O.O 
138 IQ=O.O 
139 C GENERATE 'NPROC' PARALLEL PATHS AND ASSIGN TO THEH THE CREATED 
140 C SUBSETS OF BOUNDARY POINTS, 
141 $DOPAR 4000 J•l,NPROC 
142 C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET, 
143 IS=(~-1 >•ILL+l 
144 IE=IS+ILL-1 
145 DO 3500 K=IS.IE 
146 L=K-1 
147 DO 3000 1•1.2 
148 IMI•I-1 
149 DMlM•IMl-0.~ 
150 LDT=L*DTL 
151 A=O.O~•<DM1H+4.9~*LDT>IEPSLNL 
152 B=0.2S•COM1H+0.75•LDT>IEPSLNL 
153 C=O.S*CIMI-0.375)/EPSLNL 
1~4 XI=EXPC-Al 
~~~ X2=EXPC-Bl 
1~6 X3•EXPC-Cl 
157 1T•O.t•Xl+O.~*X2+X3 
1~8 IQ•XI+X2+X3 
1~9 FCK.Il•IT/IQ 
160 3000 CONTINUE 
161 3500 CONTINUE 
162 C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 

163 
164 
165 
166 
167 
168 
169 
170 
171 
172 
173 
174 
175 
176 
177 
178 
179 
180 
181 
182 
183 
184 
183 
186 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 
197 
199 
199 
200 
201 
202 
203 
204 
205 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 

4000 $PAREND 
c 
c <><><><><><><><><> 
C <> P H A S E 4 <> : 
c <><><><><><><><><> 

COMPUTATION OF THE EXACT INITIAL VALUES 
AT THE INTERNAL POINTS,USING THE CHOSEN 
EXACT SOLUTION FORMULA. 

c 
JTzO.O 
IQ=O.O 

C GENERATE 'NPROC' PARALLEL PATHS AND ASSIGN TO THEM THE CREATED 
C SUBSETS OF INTERNAL POINTS <•ZERO TIME-LEVEL•>. 

SDOPAR 5000 J=I,NPROC 
C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET, 

IS=<J-1 HIHL+l 
JE::::JS+IHL-1 

DO 4500 I=IS,IE 
X=I•DXL 
XM=X-0.5 
A==O.OS•XM/EPSLNL 
B=0.25*XM/EPSLNL 
C=0.5*CX-0.373)/EPSLNL 
XI=EXPC-A> 
X2=EXPC-B> 
X3=EXPC-Cl 
IT=O.l*Xl+0.5*X2+X3 
IQ=Xl+X2+X3 
ZCI+Il=ITIIQ 

4500 CONTINUE 
C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS, 

5000 SPAREND 
c 
c 
c 
c 
c 
c 

<><><><><><><><><> 
<> P H A S E 5 <> 
<><><><><><><><><> 

COMPUTATION OF THE APPROXIMATE VALUES AT 
THE INTERNAL POINTS,AT EVERY TIME-LEVEL, 
FOR ALL TIME-STEPS,USINO THE GROUP EXPLICIT 
FINITE-DIFFERENCE FORMULAE. 

C COPY INTO THE APPROPRIATE ARRAY THE PRE-COMPUTED EXACT VALUES, 
C AT BOTH BOUNDARY POINTS <*ZERO TIME-LEVEL*)• 

Z(l)=F<1,1) 
ZCIN>=FCI,2l 
DO 7000 K•l,ISTEP 

C EVERY TIME-STEP,OENERATE 'NPROC' PARALLEL PATHS AND ASSIGN 
C TO THEM THE CREATED SUBSETS OF INTERNAL POINTS, 

$DOPAR 6000 J=I,NPROC 
C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 

IS=<J-1 >*IHL+2 
IE=IS+IHL-1 

DO 5500 lmiS,IE,2 
IPici+I 
IP2 .. I+2 
IMlzi-1 
KLaDX2L*Z C ll 
KK,..OX2L*Z ( IPl > 
AI=EPSLNL-KL 
A2=EPSLNL-KK 



217 
219 
219 
220 
221 
222 
223 
224 
2~ 

226 
227 
229 
229 
230 
231 
232 
233 
234 
235 
236 
237 
239 
239 
240 
241 
242 
243 
244 
245 
246 
247 
249 
249 
250 
251 
252 
253 
2!54 
255 
256 
~7 
259 
259 
260 
261 
262 
263 
264 
265 
266 
267 
269 
269 
270 

Bt-=EPSLNL+KL 
B2mEPSLNL+KK 
A!RzAIORL 
A2R•A2•RL 
BlR•Bl*RL 
B2R•B2•RL 
D•l+A1R+B2R 
OPI•CI+B2R-BIR-BIR•B2Rl•Z<Il 
OP2•(1-A2Rl•AIR•Z<IP!l 
OP3s(t+B2R>•BtR•Z<IHl>+A1R•A2R•Z<IP2) 
UCJ)•COP1+0P2+0P3>/D 
EP1•92R•Ct-BlR>•Z<I> 
EP2•(1+A1R-A2R-A1R•A2R>•ZCIP1) 
EP3zBIR•B2R•Z<IMil+(I+AIRl•A2R•Z<IP2l 
UCIP!l•(EPI+EP2+EP3l/D 

5500 CONTI i'AJE 
C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 

6000 SPAREND 
C COPY INTO THE APPROPRIATE ARRAY THE PRE-COMPUTED EXACT 
C VALUESoAT BOTH BOUNDARY POINTS,FOR THE PRESENT TIME-LEVEL. 

KP11ZK+1 
ZCl>,.,.F<KPt,U 
Z<IN>•FCKP1,2) 

C COPY THE COMPUTED APPROXIMATE VALUES AT THE INTERNAL POINTS, 
C FROM THE WORK-ARRAY 'U' INTO THE ARRAY 'Z', 

DO 6~00 1•2, IR 
ZCI>=UCI) 

6500 CONTINUE 
7000 CONTINUE 

c 
C TERMINATE TIMINO THE COMPUTATIONAL PROCEDURE. 
c 
c 
c 

[J[J[J[J[J[J[J[J[J[J[J[J[J 
[J[J[J[J[J[J[J[J[J[J[J[J 

SDOALL 7500 
CALL TIMOUT<ITIMEl 

7500 SPAREND 
c [J[J[J[][][J[J[J[J[J[J[J 
c [J[J[J[][][J[][J[J[J[][][] 
c 
c 
c <><><><><><><><><> 
C () P H A S E 6 <> I 
c <><><><><><><><><> 

OUTPUT THE RESULTS OBTAINED FROM THE TIMED 
COMPUTATibNAL PROCEDURE AND COMPUTE THE MAXIMUM 
ABSOLUTE ERROR AND THE MAXIMUM PERCENTAGE ERROR, 

c 
c 

C COMPUTE AND 
C APPROXIMATE 
C TIME-LEVEL. 

WRITE(6,99993l !TIME 
WRITEC6,99994) 1STEP.CZ<I>,I•2,JR> 

PRINT OUT THE DIFFERENCES BETWEEN THE EXACT AND 
VALUES AT THE INTERNAL POINTS,AT THE MAXIMUM 

DO 9000 K•2,1R 
ERROR<K>=W<K>-ZCK> 

9000 CONTINUE 

WRITE(6,99995lCERROR(I),I=2,IRl 271 
272 
273 
274 
275 
271> 
277 
278 
279 
280 
281 
282 
283 
284 
285 c 
286 

TI=O,O 
T2=0.0 

287 
2ee 
289 
290 
291 
292 
293 
294 
295 
296 

C COMPUTE THE MAXIMUM "ABSOLUTE ERROR"-'A.E.' 

8500 

DO 9000 1=2,IR 
IFCABS<ERRORCill.GT.Til 00 TO 8500 
GO TO 9000 
TI=ABSCERROR<Ill 
T2=ABS <W< I)) 

9000 CONTINUE 
C COMPUTE THE MAXIMUM "PERCENTAGE ERROR"-'P.E.' 

PERR=100.0•Tl/T2 
C PRINT OUT THE MAXIMUM ;A.E.;,THE MAXIMUM /P.E./ 

WRITE<6,99996) Tt.PERR 

C SET THE FORMATS 

c 
99990 
99991 

99992 

99993 
99994 

FORMAT< I6, IX, 16) 
FORMATC1X,'NPOINT ~',I4,4X,'ISTEP =',J4,4X,'EPSLN ~', 
E12.4.4X,'R =',E12.4.4X,'OX =',E14.6.4X,'OT =',E14.6) 
FORMATCIX,'THE EXACT THEORETICAL VALUES AT TIME-LEVEL 
I5,3X,'ARE I'/3CE18.9,2X)/) 
FORMATC/,'TIMINOCS>-<•For GECONI*) :'/8CI6,2X)) 
FORMATClX,'THE APPROXIMATE VALUES AT TIME-LEVEL:', 
15.3X,'ARE t'/3CE18.9.2X)/) 

297 99995 
298 99996 

FORMATCIX,'THE ERRORS ARE I'/3(E!8.9,2Xl/l 
FORMATC!X,'THE MAXIMUM A.E. IS =',E18,9, 
5X,'THE MAXIMUM P.E. IS ~',E18.9l 299 

300 c 
301 
302 

TERMINATE 
$STOP 
$END 

PROGRAM. 

I ', 



c I 
2 
3 
4 
:5 

C DIRECTORY.FILENAME 
c 

<><><><><><><><><> 
<> MBSS.SAGEONI <> 
<><><><><><><><><> 

c 
c 

" 7 
C THIS PROGRAM IMPLEMENTS THE ""<SINGLEl ALTERNATING GROUP EXPLICIT""
C ~(Sl.A.O.E.~ METHOD,WHICH IS THE COUPLED USE OF THE ~o.E.U.' AND 

e 
9 

10 
11 
12 
13 
14 
1:5 
16 
17 
1e 
19 
20 
21 
22 

C 'G.E.C,' SCHEMES AT EVERY ALTERNATE TIME-LEVEL,TO SOLVE BUROERS' 
C 1-D NON-LINEAR PARABOLIC P.D.E. 
C THE NATURE AND COMPLEXITY OF THE METHOD INEVITABLY INTRODUCE 
C SYNCHRONIZATION ACTIVITIES,WITHOUT ANY PERFORMANCE LOSS THOUGH, 
C DUE TO THE FAST SYNCHRONIZATION TOOL OF THE 'NEPTUNE' PROTOTYPE 
C SYSTEM. 
c 
c <><><><><><><><><> 
C <> P H A S E I <> I SET THE FRAMEWORK. 
c <><><><><><><><><> 
c 
C SET THE REQUIRED ARRAYS. 
c 

DIMENSION U<1940loW(1940l,ERROR<I940l,Z<I940l,ITIME<IOOl 
DIMENSION F<S00,2l 

SPECIFICATION OF THE ARRAYS 
"""''""""""""""""''"""""""""" 

U I 

W I 

ERROR I 

Z I 

!TIME I 
F I 

IT HOLDS TEMPORARILY,AT EACH TIME-LEVEL,THE P.D.E.'S 
APPROXIMATE VALUES AT ALL THE INTERNAL POINTS.THE VALUES 
AT THE 'LEFT' AND 'RIGHT' UNGROUPED NEAR BOUNDARY POINTS, 
AT EVERY TIME-LEVEL THAT THE 'O.E.U.' SCHEME IS APPLIED, 
ARE COMPUTED USING SAUL'YEV'S 'L-)R','L<-R' ASYMMETRIC 
FORMULAE.RESPECTIVELY.THE VALUES AT ALL OR THE REMAINING 
-FOR THE 'O.E.U,' SCHEME- GROUPS OF '2' INTERNAL POINTS ARE 
COMPUTED USING THE GROUP EXPLICIT FINITE-DIFFERENCE FORMULAE. 
IT HOLDS THE P.D.E.'S EXACT THEORETICAL VALUES AT THE 
INTERNAL POINTS,AT THE MAXIMUM TIME-LEVEL,COMPUTED 
USING THE CHOSEN EXACT SOLUTION FORML~A. 
IT HOLDS THE DIFFERENCES BETWEEN THE P.D.E.'S EXACT AND 
APPROXIMATE VALUES AT THE INTERNAL POINTS,AT THE MAXIMUM 
TIME -LEVEL. 
IT HOLDS.AT EACH TIME-LEVEL,THE P.D.E.'S EXACT AND APPROXIMATE 
VALUES AT ALL THE BOUNDARY AND INTERNAL POINTS,COPIED FROM THE 
ARRAY 'F' AND THE WORK-ARRAY 'U',RESPECTIVELY. 
IT HOLDS THE TIMING INFORMATION. 
IT HOLDS THE P.D.E.'S EXACT VALUES AT THE POINTS ON BOTH 
BOUNDARIES,FOR ALL TIME-LEVELS,COMPUTED USINO THE CHOSEN 
EXACT SOLUTION FORMULA. 

23 c 
24 c 
23 c 
26 c 
27 c 
2e c 
29 c 
30 c 
31 c 
32 c 
33 c 
34 c 
3:5 c 
36 c 
37 c 
39 c 
39 c 
40 c 
41 c 
42 c 
43 c 
44 c 
4:5 c 
46 c 
47 c 
49 c 
49 REAL IQ,JT,KK,KL,LDT 

C SET THE SHARED DATA. :50 
SI 
:52 
53 
:54 

SSHARED UoNPOINT,NPROC,JTIME,EPSLN,R, 
-DX,OT,IN,IH.Z,tL.F,JR,DX2 

C SET CRITICAL SECTIONS. 
•REO I ON NOPROC 

55 
56 
57 
se 
:59 
60 
61 
62 
63 
64 
65 
66 
67 
6e 
69 
70 
71 
72 
73 
74 
75 
76 
77 
79 
79 
eo 
el 
82 
83 
84 
85 
86 
e7 
88 
89 
90 
91 
92 
93 
94 
9:5 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
IOe 

C INITIALIZE PARALLELISM. 
SUSEPAR 
NPRoc~o 

C GENERATE PARALLEL PATHS TO SET DYNAMICALLY THE NUMBER OF 
C PROCESSORS TO BE UTILIZED EACH TIME IN THE PROGRAM. 

SDOALL 1000 
C ENTER CRITICAL SECTION. 

•ENTER NOPROC 
NPROC•NPROC+l 

C RELEASE CRITICAL SECTION. 
.EXIT NOPROC 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
1000 SPAREND 

C READ THE NUMBER OF INTERNAL POINTS,TIME-STEPS AND THE VALUE 
C FOR THE GRID RATIO I R • DT/(DX••2l. 

READ<:5,99990l NPOINT.ISTEP,R 
EPSLN~0.003 

C COMPUTE THE GRID'S X-SPACING UNIT,FOR THE RANGE [Q,IJ. 
DX~I.t<NPOINT+Il 

C COMPUTE THE GRID'S T-SPACING UNIT,FOR THE RANGE [O,+ool. 
DT~RHDX**2l 

WRIT£(6,99991) NPOINT,ISTEP.EPSLN,R,OX,DT 
DX2~DX/2 

IN=NPOINT+2 
IR~NPOINT+l 

C IN ACCORDANCE WITH THE UTILIZED NUMBER OF PROCESSORS EACH TIME, 
C SET THE SIZE OF EACH SUBSET OF INTERNAL POINTS TO BE ASSIGNED 
C TO A PARALLEL PATH (*GRANULARITY FACTOR•). 

IH=NPOINT INPROC 
C IN ACCORDANCE WITH THE UTILIZED NUMBER OF PROCESSORS EACH TIME, 
C SET THE SIZE OF EACH SUBSET OF BOUNDARY POINTS TO BE ASSIGNED 
C TO A PARALLEL PATH <•GRANULARITY FACTOR•l. 

IL=ISTEP/NPROC 
C GENERATE PARALLEL PATHS TO SET LOCAL COPIES TO DIMINISH THE 
C OVERHEADS DUE TO SHARED MEMORY ACCESSES. 

•DOALL 1500 
EPSLNL=EPSLN 
RL=R 
DXL•DX 
DTL=DT 
DX2L=DX2 
1NL= IN 
IRL•IR 
INPTL•NPOINT 
IHL=IH 
ILL•IL 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
1500 SPAREND 

c 
COMPUTATION OF THE EXACT THEORETICAL VALUES c 

c 
c 
c 

<><><><><><><><><> 
<> P H A S E 2 () I 
<><><><><><><><><> 

AT THE INTERNAL POINTS,AT THE MAXIMUM TIME- ~ 
LEVEL, USING THE CHOSEN EXACT SOLUTION FORMULA. eo ._ 

00 2000 t~2,JRL 



X•( 1-1 I•DXL 
SDT•ISTEP•DTL 
XM>=X-0.5 
A=O.O~•<XM+4.95•SDT>IEPSLNL 
B•0.2~•CXH+0.75•SDTl/EPSLNL 
C•O.~•<X-0.37~1/EPSLNL 
XI•EXPI-Al 

2000 

c 

X2•EXPI-BI 
X3•EXPC-C) 
IT•O.t•Xt+O.~•X2+X3 
IQ•Xl+X2+X3 
W<I )•IT /IQ 

CONTINUE 

C START TIMING THE COMPUTATIONAL 
c 
c 
c 

[J[J[J[J[J[J[J[l[J[J 
[J[J[J[J[J[J[][J[J 

SDOALL 2!500 
CALL TIMEST 

2!500 SPAREND 
c [J[J[J[J[J[J[J[J[] 
c [l[J[J[J[J[J[l[J[J[] 
c 
c 

PROCEDURE. 

109 
110 
Ill 
112 
113 
114 
11~ 

116 
117 
118 
119 
120 
121 
122 
123 
124 
12~ 
126 
127 
128 
129 
130 
131 
132 
133 
134 
13~ 
136 
137 
138 
139 
140 
141 
142 c 
143 c 
144 
14!5 c 
146 
147 
148 
149 
1~0 

c <><><><><><><><><> 
C <> P H A S E 3 <> I 
c <><><><><><><><><> 
c 

COMPUTATION OF THE EXACT VALUES AT ALL THE 
POINTS ON BOTH BOUNDARIES,FOR ALL TIME-LEVELS, 
STARTING FROM TIME-LEVEL QNE,USINO THE CHOSEN 
EXACT SOLUTION FORMULA. 

1~1 
1!52 
1!53 
1!54 
~~~ 
1!56 
1~7 
1!58 
1!59 
160 
161 
162 

c 
IT•O.O 
10•0.0 

GENERATE 'NPROC' PARALLEL PATHS AND ASSIGN TO THEM THE 
SUBSETS OF BOUNDARY POINTS. 

*DOPAR 4000 Jst,NPROC 
COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 

IS•CJ-tl•ILL+l 
IE•IS+ILL-1 

DO 3500 K=IS, IE 
DO 3000 1•1, 2 

IMI•I-1 
DMIM•IMI-0.5 
LDT=K•DTL 
A•0.05•CDM1M+4.95•LDT)/EPSLNL 
B•0.2!5*!DI'I1M+0.7!5*LDTI/EPSLNL 
C•O.~•<IMl-0.37~)/EPSLNL 
Xl•EXPl-AJ 
X2zEXPI-BI 
X3•EXPI-Cl 
IT•0.1•Xl+O.~•X2+X3 
IQ•X1+X2+X3 

3000 
F<K .. I )•IT/IQ 

CONTINUE 

CREATED 

163 
164 
16!5 
lbb 
167 
168 
169 
170 
171 
172 
173 
174 
17!5 
176 
177 
179 
179 
180 
181 
182 
183 
184 
18!5 
186 
187 
188 
189 
190 
191 
192 
193 
194 
19!5 
196 
197 
198 
199 
200 
201 
202 
203 
204 
20!5 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 

3500 CONTINUE 
C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 

4000 $PAREND 
c 
c <><><><><><><><><> 
C <> P H A S E 4 <> I 
c <><><><><><><><><> 

COMPUTATION OF THE EXACT INITIAL VALUES 
AT THE INTERNAL POINTS.USING THE CHOSEN 
EXACT SOLUTION FORMULA. 

c 
IT•O.O 
IQ•O.O 

C GENERATE 'NPROC' PARALLEL PATHS AND ASSIGN TO THEM THE 
C SUBSETS OF INTERNAL POINTS (*ZERO TIME-LEVEL•I. 

SDOPAR ~000 ~at,NPROC 
C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 

IS•CJ-l>•IHL+t 
IE=IS+IHL-1 

DO 4500 I-IS, lE 
X=rl*DXL 
XHzX-0.5 
A•0.05•XM/EPSLNL 
B=0.2!5*XM/EPSLNL 
C=0.5*1X-0.3751/EPSLNL 
Xl=EXPC-A> 
X2•EXP!-BI 
X3=EXPI-CI 
IT•O.t•Xt+0.5•X2+X3 
IQ•X1+X2+X3 
Z< 1+1 I=IT/10 

4!500 CONTINUE 
C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 

!5000 SPAREND 
c 

CREATED 

c <><><><><><><><><> 
C <> P H A S E !5 <> I 
c <><><><><><><><><> 
c 
c 

COMPUTATION OF THE APPROXIMATE VALUES AT 
THE INTERNAL POINTS,AT EVERY TIME-LEVEL, 
FOR ALL TIME-STEPS.USING THE GROUP EXPLICIT 
FINITE-DIFFERENCE AND SAUL'YEV'S ASYMMETRIC 
FORMULAE, ACCORDINGLY. 

c 
IND=-1 
ISTD2=1STEP/2 
DO 10000 K•t,JSTD2 

CAT EVERY ALTERNATE TIME-LEVEL,FOR THE 'G.E.U.' SCHEME,COPY 
C INTO THE APPROPRIATE ARRAY THE PRE-COMPUTED EXACT VALUES AT 
C BOTH BOUNDARY POINTS. 

Z ( II•F IIND.I I 
ZCINL>•FCIND,2) 

CAT EVERY ALTERNATE TIME-LEVEL,FOR THE 'G.E.U.' SCHEME,GENERATE 
C 'NPROC' PARALLEL PATHS AND ASSIGN TO THEM THE CREATED SUBSETS 
C OF INTERNAL POINTS. 

SDOPAR 7!500 J=I,NPROC 
C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 

IS•CJ-1 HIHL+2 
IE=IS+IHL-1 

DO 7000 I=IS.IE.2 



217 IMl•I-1 
218 IM2•1-2 
219 IP1•1+1 
220 IP2•1+2 
221 IP3•1+3 
222 KL•DX2L•Z!IPII 
223 KK•DX2L•Z!II 
224 AI~EPSLNL-KL 
225 A2•EPSLNL-KK 
226 Bl•EPSLNL+KL 
227 B2•EPSLNL+KK 
228 AIR•AI•RL 
229 A2R•A2•RL 
230 BIR•BI•RL 
231 B2R•B2•RL 
232 D•I+AIR+B2R 
233 C CHECK FOR THE 'LEFT' UNOROUPED NEAR BOUNDARY POINT. 
234 IF!I.EQ.21 00 TO 6000 
235 EPI•B2R*(I-BIRI•Z!IMII 
236 EP2e(t+AlR-A2R-AtR•A2R>•Z<I> 
237 EP3=91R*92R*ZCIM2)+(1+A1RJ•A2R•Z<IP1) 
238 U(II•!EPI+EP2+EP31/D 
239 C CHECK FOR THE 'RIGHT' UNOROUPED NEAR BOUNDARY POINT. 
240 IF!I.EQ.INPTLI 00 TO 6500 
241 5500 CONTINUE 
242 OPI•!I+B2R-BIR-BIR•B2RI•Z<IPII 
243 OP2•(1-A2RI•AIR•Z!IP21 
244 OP3•(1+92RJ•BtR•Z<I>+AlR•A2R•Z<IP3) 
245 U!IPII•!OPI+OP2+0P31/D 
246 GO TO 7000 
247 C COMPUTE THE VALUE AT THE 'LEFT' UNGROUPED NEAR BOUNDARY POINT. 
248 6000 A•EPSLNL-DX2L•Z!21 
249 B•EPSLNL+DX2L•Z!21 
250 RA•RL•A 
251 RB=RL•B 
2~2 UC2J•CRB•Z(l)+RA•Z<3J+C1-RA)*ZC2))/(l+RBJ 
253 GO TO 5500 
254 C COMPUTE THE VALUE AT THE 'RIGHT' UNGROUPED NEAR BOUNDARY POINT. 
255 6500 A•EPSLNL-DX2L•Z!IRLI 
2~6 B•EPSLNL+DX2L•Z<IRL> 
257 RA=RL•A 
2~8 RB•RL•B 
~9 UCIRL>•CRA•Z<INL>+RB•ZCINPTLJ+Cl-R9J•Z<IRL))/(1+RAJ 
260 7000 CONTINUE 
261 C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
262 7500 tPAREND 
263 C COPY THE COMPUTEDoWITH THE 'O.E.U.' SCHEME.APPROXIMATE VALUES 
264 CAT THE INTERNAL POINTSoFROM THE WORK-ARRAY 'U' INTO THE ARRAY 'Z'. 
265 DO 8000 1=2.1RL 
266 Z!II•U!II 
267 8000 CONTINUE 
268 C AT EVERY ALTERNATE TIME-LEVELoFOR THE 'O.E.C.' SCHEME.GENERATE 
269 C 'NPROC' PARALLEL PATHS AND ASSIGN TO THEM THE CREATED SUBSETS 
270 C OF INTERNAL POINTS. 

271 
272 
273 
274 
275 
276 
277 
278 
279 
280 
281 
282 
283 
284 
285 
286 
287 
288 
289 
290 
291 
292 
293 
294 
295 
296 
297 
298 
299 
300 
301 
302 
303 
304 
305 
306 
307 
308 
309 
310 
311 
312 
313 
314 
315 
316 
317 
318 
319 
320 
321 
322 
323 
324 

tDOPAR 9000 J=I.NPROC 
C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 

IS=<..J-1 >•IH...+2 
IE=IS+IHL-1 

DO 8500 I=IS.IE.2 
IPl=I+l 
IP2=1+2 
11'11•1-1 
KL-=DX2L•Z<I> 
KK•DX2L•Z ( IPI I 
AI=EPSLNL-KL 
A2=EPSLNL-KK 
BI=EPSLNL+KL 
B2=EPSLNL+KK 
AlR=At•RL 
A2R=A2•RL 
BIR•BI•RL 
B2R=B2•RL 
D=1+AlR+B2R 
OP1=Cl+B2R-BlR-BlR*B2R>•ZCl) 
OP2=!1-A2RI•AIR•Z!IPII 
OP3=C1+82R>•BlR•ZCIMl)+AlR*A2R*ZCIP2) 
U<II=!OPI+OP2+0P31/D 
EPI=B2R*(I-BIRI•Z!II 
EP2=Cl+A1R-A2R-A1R•A2RJ•Z<IP1) 
EP3=BlR•B2R•Z<IM1)+(1+AlRJ*A2R•Z<IP2> 
U!IPII=!EPI+EP2+EP31/D 

8500 CONTINUE 
C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 

9000 tPAREND 
IND,..IN0+2 

C COPY THE COMPUTED,WITH THE 'G.E.C.' SCHEME.APPROXIMATE VALUES 
C AT THE INTERNAL POINTS,FROM THE WORK-ARRAY 'U' INTO THE ARRAY 

DO 9500 1=2,1RL 
Z!II=U!II 

9500 CONTINUE 
10000 CONTINUE 
c 
C TERMINATE TIMING THE COMPUTATIONAL PROCEDURE. 
c 
c [][][][][][][][][][][][][] 
c [][][][][][][][][][][][] 

tDOALL 10500 
CALL TIMOUT!ITIMEI 

10500 tPAREND 
c [][][][][][][][][][][][] 
c [][][][][][][][][][][][][] 
c 

"'Z"'. 

c 
c 
c 
c 
c 

<><><><><><><><><> 
<> P H A S E 6 <> I 
<><><><><><><><><> 

OUTPUT THE RESULTS OBTAINED FROM THE TIMED -o 
COMPUTATIONAL PROCEDURE AND COMPUTE THE MAXIMUM ~ 
ABSOLUTE ERROR AND THE MAXIMUM PERCENTAGE ERROR.~ 

WRITE(6,999931 !TIME 



325 
326 
327 
328 
329 
330 
331 
332 
333 
334 
335 
336 
337 
338 
339 
340 
341 
342 
343 
344 
345 
346 
347 
348 
349 
350 
351 
352 
353 
354 
355 
356 
357 
358 
359 
360 
361 
362 
363 

WRITE(6,99994l !STEP, (Z(Il,I•2,IRL) 
C COMPUTE AND PRINT OUT THE DIFFERENCES BETWEEN THE EXACT AND 
C APPROXIMATE VALUES AT THE INTERNAL POINTS,AT THE MAXIMUM 
C TIME-LEVEL, 

DO 11000 K•2, IRL 
ERROR<Kl•W(Kl-Z(K) 

11000 CONTINUE 
WRITEC6,9999~JCERRORCI>,I=2,IRL> 

Tl-=0.0 
T2zo.o 

C COMPUTE THE MAXIMUM "ABSOLUTE ERROR"-'A.E.' 
DO 12000 1•2,IRL 

IF<ABS(ERROR(i)),OT.Til 00 TO 11500 
00 TO 12000 

11500 TI~ABS(ERROR(il) 
T2=ABS(W(I l l 

12000 CONTINUE 
C COMPUTE THE MAXIMUM "PERCENTAGE ERROR"-'P,E.' 

PERR•100•Tl/T2 
C PRINT OUT THE MAXIMUM 'A,E,',THE MAXIMUM 'P,E,' 

WRITEC6,9999b) Tl,PERR 
c 
C SET THE FORMATS 

c 
99990 
99991 

99992 

99993 
99994 

99995 
99996 

C TERMINATE 
SS TOP 
SEND 

FORHATCI6.1X,I6,1X,F6.2> 
FORMATClX,'NPOINT •',I4,4X,'ISTEP •',13,4X,'EPSLN •'• 
E12.4,4X,'R •',E12.4,4X,'DX •',£14.6,4X,'DT •',£14.6> 
FORMAT(IXo'THE EXACT THEORETICAL VALUES AT TIME-LEVEL 
~~.3X.'ARE I'/3CE18.9.2XJ/) 
FORMATC/,'TIMINOCS>-C•For SAGEONI•> I',/8CI6,2XJ) 
FORMAT<IX,'THE APPROXIMATE VALUES AT TIME-LEVEL 1', 
I~.3X.'ARE I'/3CE18.9.2X)/) 
FORMAT<IX,'THE ERRORS ARE 1'/3(EI8,9,2Xl/) 
FORMATC1X,'THE MAXIMUM A.E. IS •',£18.9, 
~X.'THE MAXIMUM P.E. IS •',£18.9) 

PROGRAM, 



I C 
2 c 
3 c 
4 c 
:s c 
6 c 
7 c 
8 c 
9 c 

10 c 
11 c 
12 c 
13 c 
14 c 
15 c 
16 c 
17 c 
18 c 
19 c 
20 c 
21 c 
22 
23 

c 

DIRECTORY.FILENAME I 
<><><><><><><><><> 
<> MBS5.DAGEONI <> 
<><><><><><><><><> 

THIS PROORAM IMPLEMENTS THE "!DOUBLE) ALTERNATING GROUP EXPLICIT"
'(D).A.G.E.' METHOD TO SOLVE BURGERS' 1-D NON-LINEAR PARABOLIC P.D.E. 
THIS SCHEME IS THE PERIODIC ROTATION OF THE 'TWO' TIME-LEVEL 
'!S),A,G.E.' SCHEME.RESULTINO IN A 'FOUR' TIME-LEVEL STEP PROCESS 
WITH THE SECOND HALF CYCLE IN REVERSE ORDER. 
THE NATURE AND COMPLEXITY OF THE METHOD INEVITABLY INTRODUCE 
SYNCHRONIZATION ACTIVITIES~WtTHOUT ANY PERFORMANCE LOSS THOUGH• 
DUE TO THE FAST SYNCHRONIZATION TOOL OF THE 'NEPTUNE' PROTOTYPE 
SYSTEM. 

<><><><><><><><><> 
<> P H A S E I <> 
<><><><><><><><><> 

I SET THE FRAMEWORK. 

SET THE REQUIRED ARRAYS. 

DIMENSION U!I940),W(I940),ERRORII940),Z!I940),1TIME!I00) 
DIMENSION F!500.2) 

24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 

C SPECIFICATION OF THE ARRAYS 
c """"""""""""""""""""""""""" 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

U I 

W I 

39 C ERROR I 
40 c 
41 c 
42 c 
43 c 
44 c 

Z I 

45 C ITIME I 
46 C F I 
47 c 
48 c 
49 c 

IT HOLDS TEMPORARILY,AT EACH TIME-LEVEL, THE P.D.E.'S 
APPROXIMATE VALUES AT ALL THE INTERNAL POINTS. THE VALUES 
AT THE 'LEFT' AND 'RIGHT' UNGROUPED NEAR BOUNDARY POINTS, 
AT EVERY TIME-LEVEL THAT THE 'G.E.U.' SCHEME IS APPLIED, 
ARE COMPUTED USING SAUL~YEV~s 'L->R;,'L<-R' ASYMMETRIC 
FORMULAE,RESPECTIVELY.THE VALUES AT ALL OR THE REMAINING 
-FOR THE 'G.E.U.' SCHEME- GROUPS OF '2' INTERNAL POINTS ARE 
COMPUTED USING THE GROUP EXPLICIT FINITE-DIFFERENCE FORMULAE. 
IT HOLDS THE P.D.E.'S EXACT THEORETICAL VALUES AT THE 
INTERNAL POINTS,AT THE MAXIMUM TIME-LEVEL,COMPUTED USING 
THE CHOSEN EXACT SOLUTION FORMULA. 
IT HOLDS THE DIFFERENCES BETWEEN THE P.D.E.'S EXACT AND 
APPROXIMATE VALUES AT THE INTERNAL POINTS,AT THE MAXIMUM 
TIME-LEVEL. 
IT HOLDS,AT EACH TIME-LEVEL,THE P.D.E.'S EXACT AND APPROXIMATE 
VALUES AT ALL THE BOUNDARY AND INTERNAL POINTS,COPIED FROM THE 
ARRAY 'F' AND THE WORK-ARRAY 'U',RESPECTIVELY. 
IT HOLDS THE TIMING INFORMATION. 
IT HOLDS THE P.D.E.'S EXACT VALUES AT THE POINTS ON BOTH 
BOUNDARIES,FOR ALL TIME-LEVELS,COMPUTED USING THE CHOSEN 
EXACT SOLUTION FORMULA. 

:so 
:SI 
:52 
:53 
54 

REAL IQ,JT,KK,KL,LDT 
C SET THE SHARED DATA. 

SSHARED U,NPOINT,NPROC,ITIME,EPSLN,R, 
-DXwDT,IN,tH,Z,IL,F,JR,OX2 

C SET CRITICAL SECTIONS. 

55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
8:5 
86 
87 
ss 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
108 

$REGION NOPROC 
C INITIALIZE PARALLELISM. 

SUSEPAR 
NPROC=O 

C GENERATE PARALLEL PATHS TO SET DYNAMICALLY THE NUMBER OF 
C PROCESSORS TO BE UTILIZED EACH TIME IN THE PROGRAM. 

SDOALL 1000 
C ENTER CRITICAL SECTION. 

SENTER NOPROC 
NPROC=NPROC+I 

C RELEASE CRITICAL SECTION. 
$EXIT NOPROC 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
1000 SPAREND 

C READ THE NUMBER OF INTERNAL POINTS,TIME-STEPS AND THE VALUE 
C FOR THE GRID RATIO : R = DT/CDX**2>. 

READ!5,99990) NPOINT,ISTEP,R 
EPSLN=0.003 

C COMPUTE THE GRID'S X-SPACING UNIT,FOR THE RANGE [O,IJ. 
DX•l./CNPOINT+l> 

C COMPUTE THE GRID'S T-SPACING UNIT,FOR THE RANGE [O,+oo). 
DT,.R•CDX**2l 

WRITE!6.99991) NPOINT,JSTEP,EPSLN,R,DX,DT 
DX2MDX/2 
JNzNPOINT+2 
IR=NPOINT+I 

C IN ACCORDANCE WITH THE UTILIZED NUMBER OF PROCESSORS EACH TIME, 
C SET THE SIZE OF EACH SUBSET OF INTERNAL POINTS TO BE ASSIGNED 
C TO A PARALLEL PATH (*GRANULARITY FACTOR*)• 

IH=NPOINT/NPROC 
C IN ACCORDANCE WITH THE UTILIZED NUMBER OF PROCESSORS EACH TIME, 
C SET THE SIZE OF EACH SUBSET OF BOUNDARY POINTS TO BE ASSIGNED 
C TO A PARALLEL PATH <*GRANULARITY FACTOR*). 

IL=ISTEP/NPROC 
C GENERATE PARALLEL PATHS TO SET LOCAL COPIES TO DIMINISH THE 
C OVERHEADS DUE TO SHARED MEMORY ACCESSES. 

SDOALL 1500 
EPSLNL=EPSLN 
RL=R 
DXL=DX 
DTL=DT 
DX2L=DX2 
1NL= IN 
IRL=IR 
INPTL~NPOINT 
IHLziH 
ILL=IL 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
1500 SPAREND 

COMPUTATION OF THE EXACT THEORETICAL VALUES 
c 
c 
c 
c 
c 

<><><><><><><><><> 
<> P H A S E 2 <> I 
<><><><><><><><><> 

"" <.N AT THE INTERNAL POINTS,AT THE MAXIMUM TIME- '> 
LEVEL,USINO THE CHOSEN EXACT SOLUTION FORMULA.~ 



109 DO 2000 Im2,1RL 
110 X=li-I)*DXL 
Ill SDT•ISTEP•DTL 
112 XM•X-0.5 
113 A•O.O~•<XM+4.9~•SDT)/EPSLNL 
114 Be0.25*(XM+0,75•SDT)/EPSLNL 
115 C•0.5•<X-0.375l/EPSLNL 
116 XI=EXPl-A) 
117 X2=EXP(-B) 
liS X3=EXPl-C) 
119 IT=O.t•Xl+0.5*X2+X3 
120 IQ=X1+X2+X3 
121 Wli)•IT/IQ 
122 2000 CONTINUE 
123 C COPY THE COMPUTED EXACT VALUES AT BOTH BOUNDARY POINTS,AT 
124 C THE MAXIMUM TIME-LEVEL. INTO THE APPROPRIATE ARRAY. 
125 ISTPl•ISTEP+l 
126 FliSTP1,1)•W(I) 
127 FCISTP1,2)•WCINL) 
128 WRITEC6,99992) ISTEP,(W(I),J•2,IRL> 
129 c 
130 C START TIMING THE COMPUTATIONAL PROCEDURE, 
131 c 
132 c [][][][][][][][][][] 
133 c [][][][][][][][][] 
134 $DOALL 2500 
135 CALL TIMEST 
136 2500 $PAREND 
137 c [][][][][][][][][] 
13S c [][][][][][][][][][] 
139 c 
140 c 
141 C <><><><><><><><><> COMPUTATION OF THE EXACT VALUES AT ALL THE 
142 C <> P H A S E 3 <> I POINTS ON BOTH BOUNDARIES,FOR ALL TIME-LEVELS, 
143 C <><><><><><><><><> STARTING FROM TIME-LEVEL ONE,USING THE CHOSEN 
144 C EXACT SOLUTION FORMULA. 
145 c 
146 IT=O.O 
147 IQ=O.O 
I4S C GENERATE 'NPROC' PARALLEL PATHS AND ASSIGN TO THEM THE CREATED 
149 C SUBSETS OF BOUNDARY POINTS. 
150 $DOPAR 4000 Jei,NPROC 
151 C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 
152 IS•(J-t>•tLL+l 
153 IE•IS+ILL-1 
154 DO 3500 K•IS.IE 
155 DO 3000 1=1,2 
156 IMl•l-1 
157 DMIM•IMI-0.5 
158 LDTaL•DTL 
159 A•0.054(DMIM+4,954LDT)/EPSLNL 
160 B=0.25*(DMIM+0.754LDT)/EPSLNL 
161 C•0.5*(IMI-0.375)/EPSLNL 
162 XI=EXP(-A) 

X2=EXPl-B) 
X3=EXP(-C) 
IT=O.t•Xt+0.5•X2+X3 
IQ=Xt+X2+X3 
F<K, I >•IT/IQ 

3000 CONTINUE 
3500 CONTINUE 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
4000 $PAREND 

c 

163 
164 
165 
166 
167 
16S 
169 
170 
171 
172 
173 
174 
175 
176 
177 
17S 
179 
ISO 
181 
182 
183 
184 
185 
186 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 
197 
198 
199 
200 
201 
202 
203 
204 
205 
206 
207 
20S 
209 
210 
211 
212 
213 
214 c 
215 c 
216 

c <><><><><><><><><> 
C <> P H A S E 4 <> I 
c <><><><><><><><><> 

COMPUTATION OF THE EXACT INITIAL VALUES 
AT THE INTERNAL POINTS,USINO THE CHOSEN 
EXACT SOLUTION FORMULA. 

c 
IT•O.O 
IQ•O.O 

C GENERATE 'NPROC' PARALLEL PATHS AND ASSIGN TO THEM THE 
C SUBSETS OF INTERNAL POINTS (*ZERO TIME-LEVEL•). 

SDOPAR 5000 J*l,NPROC 
C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 

IS=CJ-t>•IHL+l 
IE=IS+IHL-1 

DO 4500 I•IS,IE 
X=t•DXL 
XM=X-0.5 
A=0.05*XM/EPSLNL 
B•0.25•XM/EPSLNL 
C•0.5•CX-0.375)/EPSLNL 
XI•EXP(-A) 
X2=EXP(-B) 
X3=EXP(-C) 
IT=O.t•Xt+0.5•X2+X3 
IQ==Xl+X2+X3 
HI+U=IT/IQ 

4300 CONTINUE 
C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 

5000 $PAREND 
c 

CREATED 

c <><><><><><><><><> 
C <> P H A S E 3 <> I 

c <><><><><><><><><> 
c 
c 

COMPUTATION OF THE APPROXIMATE VALUES AT 
THE INTERNAL POINTS,AT EVERY TIME-LEVEL, 
FOR ALL TIME-STEPS,USING THE GROUP EXPLICIT 
FINITE-DIFFERENCE AND SAUL'YEV'S ASYMMETRIC 
FORMULAE, ACCORDINGLY. 

c 
K•O 

C INITIALIZE THE 'FLAO' CONTROLLING THE ALTERNATING SEQUENCE BETWEEN r> 
C THE 'O.E.U,' AND 'O.E.C.' SCHEMES,TO FORM A 'FOUR' TIME-LEVEL STEP 1 
C PROCESS WITH THE SECOND HALF CYCLE IN REVERSE ORDER. ~ 
5500 IFLAG=O ~ 
6000 CONTINUE 

K•K+t 
TERMINATE THE ALTERNATING SEQUENCE WHEN THE NUMBER OF TIME-STEPS 
IS EXHAUSTED. 

IF<K.GT.ISTEP) 00 TO 11500 



217 
218 
219 
220 
221 
222 
223 
224 
22~ 
226 
227 
228 
229 
230 
231 
232 
233 
234 
23~ 
236 
237 
238 
239 
240 
241 
242 
243 
244 
24~ 

246 
247 
248 
249 
2~0 

2~1 
2~2 

~3 
2~4 

2~~ 
256 
2~7 
~8 
259 
260 
261 
262 
263 
264 
26~ 
266 
267 
268 
269 
270 

C IN ACCORDANCE WITH THE COUNTER 'K',FOR THE 'O,E.U,' SCHEME.COPY 
C INTO THE APPROPRIATE ARRAY THE PRE-COMPUTED EXACT VALUES AT BOTH 
C BOUNDARY POINTS. 

ZCl>=FCK,ll 
ZCINL>•FCK,2> 

C GENERATE,FOR THE 'G.E,U,' SCHEME,'NPROC' PARALLEL PATHS AND ASSIGN 
C TO THEM THE CREATED SUBSETS OF INTERNAL POINTS. 

•ooPAR 8~00 J•t.NPROC 
C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET, 

IS=CJ-1 >*IHL+2 
IE=IS+IHL-1 

DO 8000 I=IS,JE,2 
IMI•I-1 
IM2=1-2 
IPl•I+l 
IP2•1+2 
IP3•1+3 
KL=DX2L•Z< IPI > 
KK=DX2l*Z (! l 
Al=EPSLNL-KL 
A2=EPSLNL-KK 
BI=EPSLNL+KL 
B2=EPSLNL+KK 
AlR•Al•RL 
A2R•A2•RL 
BlR•Bl•RL 
B2R•B2•RL 
D•l+A1R+B2R 

C CHECK FOR THE 'LEFT' UNGROUPED NEAR BOUNDARY POINT. 
IF!I.EQ,2l GO TO 7000 

EPl=BZR•Ct-BtR>•ZCIHll 
EP2•Cl+A1R-A2R-AtR•A2R>•ZCJ) 
EP3=81R•B2R•Z<IM2)+(1+A1R>•A2R•ZCIP1) 
UCil•CEP1+EP2+EP3)/0 

C CHECK FOR THE 'RIGHT' UNGROUPED NEAR BOUNDARY POINT, 
IF!I.EQ,INPTLl GO TO 7~00 

6500 CONTINUE 
OP1•<1+82R-91R-B1R*B2Rl*ZCIP1l 
OP2=C1-A2R>•AtR•ZCIP2> 
OP3=Cl+B2Rl•BtR•Z<I>+AtR•A2R•Z<IP3l 
UCIPll=COPl+OP2+0P3l/D 

GO TO 8000 
C COMPUTE THE VALUE AT THE 'LEFT' UNOROUPED NEAR BOUNDARY POINT. 

7000 A•EPSLNL-DX2l•Z(2l 
B•EPSLNL+OX2L•ZC2l 
RA•RL•A 
RB•RL•B 
UC2l•CRB•ZC1l+RA*ZC3l+C1-RA>•ZC2l)/(1+RB) 

GO TO 6~00 
C COtiPUTE THE VALUE AT THE 'RIGHT' UNOROUPED NEAR BOUNDARY POINT. 
7~00 A=EPSLNL-DX2L•Z!IRll 

B•EPSLNL+DX2L•ZCIRL> 
RA•RL•A 
RB=RL•B 

271 
272 
273 
274 
275 
276 
277 
279 
279 
290 
281 
282 
283 
294 
285 
286 
297 
288 
299 
290 
291 
292 
293 
294 
295 
296 
297 
298 
299 
300 
301 
302 
303 
304 
305 
306 
307 
308 
309 
310 
311 
312 
313 
314 
315 
316 
317 
318 
319 
320 
321 
322 
323 
324 

UCIRL>=<RA*ZCINLJ+RB•Z<INPTLJ+Cl-RBJ•ZCIRLJJ/Cl+RA) 
8000 CONTINUE 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
9500 SPAREND 

C COPY THE COMPUTED,WITH THE 'G,E,U.' SCHEME,APPROXIMATE VALUES 
CAT THE INTERNAL POINTSoFROM THE WORK-ARRAY 'U' INTO THE ARRAY 'Z'. 

DO 9000 1=2, IRL 
Z!Il•UIIl 

9000 CONTINUE 
IF!IFLAO,EQ,Il GO TO 5500 

9500 CONTINUE 
K=K+l 

C TERMINATE THE ALTERNATING SEQUENCE WHEN THE NUMBER OF TIME-STEPS 
C IS EXHAUSTED, 

IF(K,GT.ISTEPl 00 TO 11500 
C GENERATE,FOR THE 'O.E.C.' SCHEME,'NPROC' PARALLEL PATHS AND ASSIGN 
C TO THEM THE CREATED SUBSETS OF INTERNAL POINTS. 

SDOPAR 10500 J•loNPROC 
C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 

IS=CJ-t>•IHL+2 
IE=IS+IHL-1 

DO 10000 I•IS,J£,2 
IPt•I+l 
IP2zi+2 
IM1•I-I 
KL=DX2L•ZCIJ 
KK•DX2l•Z!IPil 
AI•EPSLNL-KL 
A2=EPSLNL-KK 
Bl=EPSLNL+KL 
B2=EPSLNL+KK 
A1R•AI•RL 
A2R=A2•RL 
BlR=-Bt•RL 
82R=B2•RL 
D•l+AlR+B2R 
OP1=Cl+B2R-B1R-BtR•B2Rl*ZCIJ 
OP2=Cl-A2R>•A1R•ZCIP1) 
OP3=C1+82RJ•BtR•ZCIMll+A1R•A2R*ZCIP2) 
UCIJ=COP1+0P2+0P3l/O 
EP1=92R•<t-B1RJ•ZCI) 
EP2=Cl+AlR-A2R-AtR•A2RJ•Z<IP1l 
EP3=81R•B2R•ZCIM1l+Ct+A1Rl*A2R*ZCIP2l 
U!IPil•!EP1+EP2+EP3l/D 

10000 CONTINUE 
C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS, 
10500 SPAREND 

IF!IFLAO.EQ,Il GO TO 10600 
C IN ACCORDANCE WITH THE COUNTER 'K',FOR THE 'O.E.C.' SCHEME,COPY 
C INTO THE APPROPRIATE ARRAY THE PRE-COMPUTED EXACT VALUES AT BOTH 
C BOUNDARY POINTS. 

ZC1)..,F(K,1) 
Z(INL)eF(K 7 2) 

10600 CONTINUE 



32:5 
326 
327 
328 
329 
330 
331 
332 
333 
334 
335 
336 
337 
338 
339 
340 
341 
342 
343 
344 
345 
346 
347 
348 
349 
350 
351 
3:52 
353 
354 
3:55 
356 
357 
3:58 
339 
360 
361 
362 
363 
364 
365 
366 
367 
368 
369 
370 
371 
372 
373 
374 
375 
376 
377 
378 

C COPY THE COMPUTED,WITH THE 'O,E.C.' SCHEME,APPROXIMATE VALUES 
C AT THE INTERNAL POINTS,FROM THE WORK-ARRAY 'U' INTO THE ARRAY 

DO 11000 1~2,1RL 
ZCil=UCI) 

11000 CONTINUE 
IFCIFLAO,EQ.I) 
IFLAO•J 

00 TO 6000 

11500 
c 

00 TO 9:500 
CONTINUE 

C TERMINATE TIMINO THE COMPUTATIONAL PROCEDURE. 
c 
c 
c 

[J[J[l[J[J[J[J[J[J[J[J[J[J 
[J[J[J[J[J[J[l[J[J[l[J[J 

*DOALL 12000 
CALL TIMOUTCITIME) 

12000 *PAREND 
c [J[J[J[J[J[J[J[J[J[J[J[J 
c [J[l[J[J[J[J[J[J[J[J[l[l[J 
c 
c 

"l". 

c <><><><><><><><><> 
C <> P H A S E 6 <> I 
c <><><><><><><><><> 

OUTPUT THE RESULTS OBTAINED FROM THE TIMED 
COMPUTATIONAL PROCEDURE AND COMPUTE THE MAXIMUM 
ABSOLUTE ERROR AND THE MAXIMUM PERCENTAGE ERROR. 

c 
WRITEC6,99993) ITIME 
WRITEC6,99994) ISTEP,CZCI),I=2,1RL) 

C COMPUTE AND PRINT OUT THE DIFFERENCES BETWEEN THE EXACT AND 
C APPROXIMATE VALUES AT THE INTERNAL POINTS,AT THE MAXIMUM 
C TIME-LEVEL. 

DO 12300 K=2,1RL 
ERRORCKl=WCKl-ZCK) 

12500 CONTINUE 

Tl=O.O 
T2=-0.0 

WRJTEC6,99995)CERRORCI),I=2,IRL) 

C COMPUTE THE MAXIMUM "ABSOLUTE ERROR"-'A.E.' 
DO 13500 1=2, IRL 

IFCABSCERRORCI)).GT.TI) 00 TO 13000 
GO TO 13500 

13000 TI•ABSCERRORCI)) 
T2•ABSCWCI)) 

13500 CONTINUE 
C COMPUTE THE MAXIMUM "PERCENTAGE ERROR"-'P.E.' 

PERR=100•Tt/T2 
C PRINT OUT THE MAXIMUM 'A.E.',THE MAXIMUM 'P.E.' 

WRITEC6,99996) Tt,PERR 
c 
C SET THE FORMATS 

c 
99990 
99991 

FORMATCJ6,JX,J6,F6.2l 
FORMATCJX,"NPOINT :a',J4,4X,"ISTEP =',I3.4X,'EPSLN ='• 
E12.4.4X,'R =",E12.4,4X,'DX s",E14.6,4X,'DT =',E14.6} 

379 99992 
380 
381 99993 
382 99994 
383 
384 99995 
38:5 99996 
386 
387 c TERMINATE 
388 SS TOP 
389 $END 

FORMATCIX,'THE EXACT THEORETICAL VALUES AT TIME-LEVEL r', 
J5.3X,'ARE I'/3CE18.9.2X)/) 
FORHATC/,'TIMINOCS)-C*For DAOEONI*) Z',/8CJ6,2X)) 
FORMATCIX,'THE APPROXIMATE VALUES AT TIME-LEVEL 1', 
I5.3X,'ARE I'/3CE18.9.2X)/) 
FORMATCIX,'THE ERRORS ARE r'/3CE18.9,2Xl/) 
FORMATCIX,'THE MAXIMUM A.E. IS •',E18.9, 
5X,'THE MAXIMUM P.E. IS •',E18.9) 

PROGRAM. 



I C <><><><><><><><><><> 
2 C DIRECTORY.FILENAME I <> MB$5,MDAGEONI <> 
3 c <><><><><><><><><><> 
4 c 
3 c 
6 C THIS PROGRAM IMPLEMENTS THE "<MODIFIED DOUBLE) ALTERNATING OROUP 
7 C EXPLICIT"-'(M,Dl.A.O.E,' METHOD TO SOLVE BURGERS' 1-D NON-LINEAR 
8 C PARABOLIC P.D.E. 
9 C THIS SCHEME IS THE PERIODIC ROTATION OF THE 'O.E.C.' AND 'O.E.U.' 

10 C SCHEMES TO FORM AN ASYMMETRIC 'THREE' TIME-LEVEL STEP PROCESS, 
11 C WHERE THE 'G.E.C,' SCHEME IS APPLIED AT THE FIRST TIME-LEVEL AND 
12 C THE 'O.E.U.' SCHEME AT THE LAST TWO TIME-LEVELS. 
13 C THE NATURE AND COMPLEXITY OF THE METHOD INEVITABLY INTRODUCE 
14 C SYNCHRONIZATION ACTIVITIESoWITHOUT ANY PERFORMANCE LOSS THOUGH, 
13 C DUE TO THE FAST SYNCHRONIZATION TOOL OF THE 'NEPTUNE' PROTOTYPE 
16 C SYSTEM. 
17 c 
18 c <><><><><><><><><> 
19 C <> P H A S E 1 <> I SET THE FRAMEWORK. 
20 c <><><><><><><><><> 
21 c 
22 C SET THE REQUIRED ARRAYS. 
23 c 
24 DIMENSION U(1940l,WC1940),ERRORC1940l,ZC1940),ITIMEC100l 
25 DIMENSION F(500,2l 
26 c 
27 C SPECIFICATION OF THE ARRAYS 
28 c """""""""""""""'""""'"'"""""" 
29 c 
30 C U I IT HOLDS TEMPORARILY,AT EACH TIME-LEVEL,THE P,D.E.'S 
31 C APPROXIMATE VALUES AT ALL THE INTERNAL POINTS.THE VALUES 
32 C AT THE 'LEFT' AND 'RIGHT' UNGROUPED NEAR BOUNDARY POINTS, 
33 C AT EVERY TIME-LEVEL THAT THE 'O.E.U.' SCHEME IS APPLIED, 
34 C ARE COMPUTED USING SAUL'YEV'S 'L->R','L<-R' ASYMMETRIC 
35 C FORMULAE,RESPECTIVELY.THE VALUES AT ALL OR THE REMAINING 
36 C -FOR THE 'O,E,U,' SCHEME- GROUPS OF '2' INTERNAL POINTS ARE 
37 C COMPUTED USING THE GROUP EXPLICIT FINITE-DIFFERENCE FORMULAE. 
38 C W ' IT HOLDS THE P.D.E.'S EXACT THEORETICAL VALUES AT ALL THE 
39 C BOUNDARY AND INTERNAL POINTS.AT THE MAXIMUM TIME-LEVEL, 
40 C COMPUTED USING THE CHOSEN EXACT SOLUTION FORMULA. 
41 C ERROR I IT HOLDS THE DIFFERENCES BETWEEN THE P.D.E,'S EXACT AND 
42 C APPROXIMATE VALUES AT THE INTERNAL POINTS,AT THE MAXIMUM 
43 C TIME-LEVEL. 
44 C Z ' IT HOLDS,AT EACH TIME-LEVEL,THE P.D.E,'S EXACT AND APPROXIMATE 
45 C VALUES AT ALL THE BOUNDARY AND INTERNAL POINTS,COPIED FROM THE 
46 C ARRAY 'F' AND THE WORK-ARRAY 'U',RESPECTIVELV. 
47 C !TIME I IT HOLDS THE TIMING INFORMATION. 
48 C F I IT HOLDS THE P,D,E,'S EXACT VALUES AT THE POINTS ON BOTH 
49 C BOUNDARIES,FOR ALL TIME-LEVELS,COMPUTED USING THE CHOSEN 
50 C EXACT SOLUTION FORMULA. 
51 REAL IQ, IT, KK, KL, LOT 
52 C SET THE SHARED DATA. 
53 •SHARED u,NPOINT,NPROC,ITIME,EPSLN,Ro 
~4 -DX,DT,IN,IH,z,tL.F.IR,DX2 

55 C SET CRITICAL SECTIONS. 
56 $REGION NOPROC 
57 C INITIALIZE PARALLELISM. 
58 SUSEPAR 
59 NPROC=O 
60 C GENERATE PARALLEL PATHS TO SET DYNAMICALLY THE NUMBER OF 
61 C PROCESSORS TO BE UTILIZED EACH TIME IN THE PROGRAM, 
62 SDOALL 1000 
63 C ENTER CRITICAL SECTION, 
64 $ENTER NOPROC 
65 NPROC=NPROC+l 
66 C RELEASE CRITICAL SECTION. 
67 SEXIT NOPROC 
68 C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS, 
69 1000 SPAREND 
70 C READ THE NUMBER OF INTERNAL POINTS,TIME-STEPS AND THE VALUE 
71 C FOR THE ORID RATIO : R = DT/tDX••2l. 
72 READC5,99990l NPOINT,ISTEP,R 
73 EPSLN=0.003 
74 C COMPUTE THE GRID'S X-SPACING UNIT.FOR THE RANGE [0, tl. 
73 DX=t./CNPOINT+Il 
76 C COMPUTE THE GRID'S T-SPACINO UNIT,FOR THE RANGE [O,+oo), 
77 DT=R•CDX••2l 
78 WRITEt6~99991> NPOINT~ISTEP~EP~LN~R.DX,DT 
79 
eo 
81 

DX2=DX/2 
IN=NPOINT+2 
IR=NPOINT+l 

IN ACCORDANCE WITH THE UTILIZED NUMBER OF PROCESSORS EACH TIME, 
SET THE SIZE OF EACH SUBSET OF INTERNAL POINTS TO BE ASSIGNED 
TO A PARALLEL PATH <*GRANULARITY FACTOR*). 

I H=NPO I NT INPROC 

82 c 
83 c 
84 c 
85 

C IN ACCORDANCE WITH THE UTILI ZED NUMBER OF PROCESSORS EACH TIME, 
C SET THE SIZE OF EACH SUBSET OF BOUNDARY POINTS TO BE ASSIGNED 
C TO A PARALLEL PATH <•GRANULARITY FACTOR*>· 

86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
108 

IL=ISTEPINPROC 
C GENERATE PARALLEL PATHS TO SET LOCAL COPIES TO DIMINISH THE 
C OVERHEADS DUE TO SHARED MEMORY ACCESSES. 

SDOALL 1500 
EPSLNL=EPSLN 
RL=R 
DXL=DX 
DTL=DT 
DX2L=DX2 
INL::IN 
IRL=IR 
INPTL=NPOINT 
IHL=IH 
ILL=IL 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 

c 
c 
c 
c 

1500 SPAREND 

<><><><><><><><><> 
<> P H A S E 2 <> : 
<><><><><><><><><> 

COMPUTATION OF THE EXACT THEORETICAL VALUES -o 
AT ALL THE BOUNDARY AND INTERNAL POINTS,AT ~ 
THE MAXIMUM TIME-LEVEL,USING THE CHOSEN EXACT~ 



SOLUTION FORMULA. 

DO 2000 I=l,INL 
X=ll-1l•DXL 
SDT=ISTEP•DTL 
XM=X-0.5 
A=0.05*(XM+4.9S•SDT)/EPSLNL 
B=0.25*(XM+0.75•SDTI/EPSLNL 
C=O.~•<X-0.375)/EPSLNL 
XI=EXP(-Al 
X2=EXPt-Bl 
X3=EXPC-C) 
IT=O.t•Xt+0.5•X2+X3 
IQ=-=Xl+X2+X3 
Wtll=IT/IQ 

2000 CONTINUE 
C COPY THE COMPUTED EXACT VALUES AT BOTH BOUNDARY POINTS,AT 
C THE MAXIMUM TIME-LEVEL,INTO THE APPROPRIATE ARRAY. 

109 c 
110 c 
Ill 
112 
113 
114 
115 
116 
117 
118 
119 
120 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
142 
143 
144 
145 
146 
147 
148 
149 
ISO C 
151 c 
152 
153 c 
154 
155 
156 
157 
158 
159 
160 
161 
162 

c 

ISTPI=ISTEP+I 
F< ISTPl, 1 )=W< 1) 
FCISTP1,2)=W<INL) 

WRITEC6,99992) ISTEP,CWCI>,I=l,INL) 

C START TIMINO THE COMPUTATIONAL PROCEDURE. 
c 
c [][][][][][][][}[}[} 
c [][][][][][][][][] 

SDOALL 2500 
CALL TIMEST 

2500 SPAREND 
c [][][][][][][][][] 
c [][][][][][][][][][] 
c 
c 
c <><><><><><><><><> 
C <> P H A S E 3 <> 1 

c <><><><><><><><><> 
c 

COMPUTATION OF THE EXACT VALUES AT ALL THE 
POINTS ON BOTH BOUNDARIES,FROM ZERO UP TO 
THE PENULTIMATE TIME-LEVEL,USING THE CHOSEN 
EXACT SOLUTION FORMULA. 

c 
IT=O.O 
IQ=O.O 

GENERATE 'NPROC' PARALLEL PATHS AND ASSIGN TO THEM THE 
SUBSETS OF BOUNDARY POINTS. 

$00PAR 4000 J=l,NPROC 
COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 

IS=<J-l>•ILL+l 
IE•IS+ILL-1 

DO 3500 K=IS,IE 
L=K-1 

DO 3000 1=1,2 
IMI=l-1 
DMIM=IMI-0.5 
LOT=L•DTL 
A=0.05•<DM1M+4.95•LDT)/EPSLNL 

CREATED 

B=0.25•tDMIM+0.75•LDTl/EPSLNL 
C•0.5*(1MI-0.375l/EPSLNL 
XI=EXPt-Al 
X2:o::EXPC-8) 
X3=EXPt-Cl 
IT=O.l•Xl+0.5•X2+X3 
1Q•Xl+X2+X3 
FtK.I l=IT /IQ 

3000 CONTINUE 
3500 CONTINUE 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
4000 SPAREND 

c 

163 
164 
165 
166 
167 
168 
169 
170 
171 
172 
173 
174 
175 
176 
177 
178 
179 
180 
181 
182 c 
183 c 
184 
185 c 

c <><><><><><><><><> 
C <> P H A S E 4 <> 
c <><><><><><><><><> 
c 

COMPUTATION OF THE EXACT INITIAL VALUES 
AT THE INTERNAL POINTS,USING THE CHOSEN 
EXACT SOLUTION FORMULA. 

186 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 
197 
198 
199 
200 
201 
202 
203 
204 
205 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 

IT=O.O 
10=0.0 

GENERATE 'NPROC' PARALLEL PATHS AND ASSIGN TO THEM THE 
SUBSETS OF INTERNAL POINTS <•ZERO TIME-LEVEL•). 

SDOPAR 5000 J=I,NPROC 
COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 

IS=<J-l)•IHL+l 
IE=IS+IHL-1 

DO 4500 I=IS,IE 
X=I•DXL 
XM=X-0.5 
A=O.OS•XM/EPSLNL 
B=0.25•XM/EPSLNL 
C=O.S•<X-0.3751/EPSLNL 
XI=EXPt-Al 
X2=EXPC-B> 
X3=EXPC-Cl 
IT=O.l•Xl+0.5•X2+X3 
IQ=Xl+X2+X3 
Z<I+l)=IT/IQ 

4500 CONTINUE 
C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 

5000 SPAREND 
c 

CREATED 

c <><><><><><><><><> 
C <> P H A S E 5 <> 
c <><><><><><><><><> 
c 
c 

COMPUTATION OF THE APPROXIMATE VALUES AT 
THE INTERNAL POINTS,AT EVERY TIME-LEVEL, 
FOR ALL TIME-STEPS.USING THE GROUP EXPLICIT 
FINITE-DIFFERENCE AND SAUL'YEV'S ASYMMETRIC 
FORMULAE, ACCORDINGLY. 

c 
C COPY INTO THE APPROPRIATE ARRAY THE PRE-COMPUTED EXACT VALUES, 
CAT BOTH BOUNDARY POINTS <•ZERO TIME-LEVEL•>. 

5500 

Zt I l=F(I,Il 
Z<INL)=F(1,2) 

K=O 
CONTINUE 
K=K+l 



217 C TERMINATE THE ALTERNATING SEQUENCE BETWEEN THE 'G.E.C.' AND 'G.E.U.' 
218 C SCHEMES WHEN THE NUMBER OF TIME-STEPS IS EXHAUSTED. 
219 IF<K.GT.ISTEPl GO TO 10500 
220 C GENERATE,FOR THE 'G.E.C.' SCHEME,'NPROC' PARALLEL PATHS AND ASSIGN 
221 C TO THEM THE CREATED SUBSETS OF INTERNAL POINTS, 
222 SDOPAR 6500 J•I,NPROC 
223 C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 
224 IS=CJ-1>•IHL+2 
225 IE=IS+IHL-1 
226 DO 6000 l=IS,JE,2 
227 IPI=I+I 
228 IP2•I+2 
229 IHl•l-1 
230 KL•DX2L•ZCI) 
231 KK=DX2L•Z<IPil 
232 AI=EPSLNL-KL 
233 A2=EPSLNL-KK 
234 Bl=EPSLNL+KL 
235 B2•EPSLNL+KK 
236 AIR=AI•RL 
237 A2R•A2•RL 
239 BlR•Bl*RL 
239 92R•B2*RL 
240 Oz1+A1R+B2R 
241 OPI=(I+B2R-BIR-BIR•B2Rl•Z<Il 
242 OP2=(1-A2Rl•AIR•Z<IPil 
243 OP3•Cl+B2R)*81R*ZCIMl)+AlR*A2R*ZCIP2) 
244 UCI>•COP1+0P2+0P3)/0 
245 EPI=B2R•<I-B1Rl•Z<Il 
246 EP2a(I+AIR-A2R-AIR•A2Rl•Z<IPil 
247 EP3=BtR•B2R*ZCIMl>+Cl+AlR>•A2R•ZCIP2) 
248 U<IPil=<EPI+EP2+EP3l/D 
249 6000 CONTINUE 
250 C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS, 
251 6500 tPAREND 
252 C COPY THE COMPUTED,WITH THE 'O.E.C.' SCHEME,APPROXIMATE VALUES 
253 CAT THE INTERNAL POINTS,FROM THE WORK-ARRAY 'U' INTO THE ARRAY 'Z'. 
254 DO 7000 1=2,1RL 
255 Z<Il=U<Il 
256 7000 CONTINUE 
257 C INITIALIZE THE 'FLAO' CONTROLLING THE ALTERNATING SEQUENCE BETWEEN 
258 C THE 'G.E.C.' AND 'O.E.U,' SCHEMES,TO FORM AN ASYMMETRIC 'THREE' 
259 C TIME-LEVEL PROCESS, 
260 IFLAO=O 
261 7500 CONTINUE 
262 K=K+t 
263 C TERMINATE THE ALTERNATING SEQUENCE BETWEEN THE 'G.E.C.' AND 'G,E.U.' 
264 C SCHEMES WHEN THE NUMBER OF TIME-STEPS IS EXHAUSTED. 
265 IF(K.GT.ISTEPl GO TO 10500 
266 KPlzK+l 
267 C IN ACCORDANCE WITH THE COUNTER 'K',FOR THE 'G.E.U.' SCHEME,COPY 
268 C INTO THE APPROPRIATE ARRAY THE PRE-COMPUTED EXACT VALUES AT BOTH 
269 C BOUNDARY POINTS. 
270 Z(ll=F<KPioll 

271 
272 
273 
274 
275 
276 
277 
278 
279 
280 
281 
282 
283 
284 
285 
286 
287 
288 
289 
290 
291 
292 
293 
294 
295 
296 
297 
298 
299 
300 
301 
302 
303 
304 
305 
306 
307 
308 
309 
310 
311 
312 
313 
314 
315 
316 
317 
318 
319 
320 
321 
322 
323 
324 

ZCINL>~F<KP1.2) 
C GENERATE,FOR THE 'G.E.U,' SCHEME,'NPROC' PARALLEL PATHS AND ASSIGN 
C TO THEM THE CREATED SUBSETS OF INTERNAL POINTS. 

$DOPAR 9500 J=I,NPROC 
C COMPUTE THE 'START' AND 'END' POINTS FOR EACH SUBSET. 

IS=CJ-l>•IHL+2 
IE=IS+IHL-1 

DO 9000 I=IS,IE,2 
IMl=I-1 
IM2=1-2 
IP1=1+1 
IP2=1+2 
IP3=J+3 
KL=DX2L•ZCIP1) 
KK=DX2L•Z<I> 
Al=EP~LNL-KL 

A2zEPSLNL-KK 
Bl=EPSLNL+KL 
B2=EPSLNL+KK 
AIR=AI•RL 
A2R=A2•RL 
BlR=Bl*RL 
B2R=B2•RL 
D=l+A1R+82R 

C CHECK FOR THE 'LEFT' UNOROUPED NEAR BOUNDARY POINT. 
IF<l.EQ.2) GO TO 8200 

EP1=82R*C1-B1R>•ZCIM1> 
EP2=C1+A1R-A2R-A1R•A2R>•ZCI> 
EP3=B1R•82R•ZC1M2)+(1+A1R>•A2R•ZCIP1) 
UCI>=<EP1+EP2+EP3)/0 

C CHECK FOR THE 'RIOHT' UNGROUPED NEAR BOUNDARY POINT, 
IF<I.EQ.INPTLl GO TO 8500 

8000 CONTINUE 
0Pl=C1+B2R-B1R-B1R•B2R>•Z<IP1) 
OP2=C1-A2R>•AtR•Z<IP2> 
OP3=C1+B2R>•B1R•Z<I>+A1R*A2R*ZCIP3) 
UC1P1>=COP1+0P2+0P3)/0 

GO TO 9000 
C COMPUTE THE VALUE AT THE 'LEFT' UNGROUPED NEAR BOUNDARY POINT. 

8200 A=EPSLNL-DX2L•Z<2> 
B=EPSLNL+OX2L•ZC2> 
RA=RL•A 
RB=RL*B 
UC2>=CRB•ZC1)+RA•ZC3>+C1-RA>•ZC2))/(1+RB> 
GO TO 8000 

C COMPUTE THE VALUE AT THE 'RIGHT' UNGROUPED NEAR BOUNDARY POINT. 
8500 A=EPSLNL-DX2L•Z<IRLl 

B=EPSLNL+OX2L•ZCIRL> 
RA=RL•A 
RB=RL*B 
UCIRL>=CRA*ZCINL)+RB•ZCINPTL)+Cl-RB)*ZCIRL))/Cl+RA> 

9000 CONTINUE 
C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS, 

9500 $PAREND 



325 
326 
327 
329 
329 
330 
331 
332 
333 
334 
335 
336 
337 
338 
339 
340 
341 
342 
343 
344 
34!5 
346 
347 
348 
349 
3!50 
3!51 
3!52 
353 
3!54 
3!5!5 
3!56 
3!57 
3!58 
3!59 
360 
361 
362 
363 
364 
36!5 
366 
367 
369 
369 
370 
371 
372 
373 
374 
37!5 
376 
377 
379 

C COPY THE COMPUTED,WITH THE 'O.E.U.' SCHEME,APPROXIMATE VALUES 
C AT THE INTERNAL POINTS.FROM THE WORK-ARRAY 'U' INTO THE ARRAY 

DO 10000 1=2,IRL 
ZCII~UCil 

10000 CONTINUE 
IFCIFLAO,EQ,1) 
I FLAG= I 

00 TO !5500 

10500 
c 

GO TO 7500 
CONTINUE 

C TERMINATE TIMING THE COMPUTATIONAL PROCEDURE. 
c 
c 
c 

[J[J[J[J[J[J[J[J[J[][][][] 
[][][][][][][][][][][][] 

SOOALL 11000 
CALL TIMOUTCITIMEI 

11000 SPAREND 
c [][][][][][][][][][][][] 
c [][][][][][][][][][][][][] 
c 

"z;. 

c 
c 
c 
c 
c 

<><><><><><><><><> 
<> P H A S E 6 <> I 
<><><><><><><><><> 

OUTPUT THE RESULTS OBTAINED FROM THE TIMED 
COMPUTATIONAL PROCEDURE AND COMPUTE THE MAXIMUM 
ABSOLUTE ERROR AND THE MAXIMUM PERCENTAGE ERROR. 

WRITEC6,999931 !TIME 
WRIT£(6,99994) ISTEP,<Z<J),JQ2,JRL) 

C COMPUTE AND PRINT OUT THE DIFFERENCES BETWEEN THE EXACT AND 
C APPROXIMATE VALUES AT THE INTERNAL POINTS,AT THE MAXIMUM 
C TIME-LEVEL. 

DO 11500 K•2,IRL 
ERRORCK>~WCKI-ZCK) 

11500 CONTINUE 

TlcO,O 
T2•0.0 

WRITEC6.9999!51CERRORCII,I=2,IRL) 

C COMPUTE THE MAXIMUM "ABSOLUTE ERROR"-"A.E.' 
DO 12500 Ja2,IRL 

IFCABSCERRORCIII,OT.T1) 00 TO 12000 
00 TO 12500 

12000 Tl•ABSCERROR<I>> 
T2=ABSCWCI)) 

12!500 CONTINUE 
C COMPUTE THE MAXIMUM "PERCENTAGE ERROR"-'P.E.' 

PERR•IOO*T1/T2 
C PRINT OUT THE MAXIMUM 'A.E.',THE MAXIMUM 'P.E.' 

WRITEC6,999961 TI,PERR 
c 
C SET THE FORMATS 

c 
99990 
99991 

FORMAT(J6,JX,J6,F6.2) 
FORMAT<lX,'NPOINT •',J4,4X,'ISTEP •',J3,4X,'EPSLN ='• 
E12.4,4X,'R •',E12.4,4X,'DX •',E14.6,4X,'OT •',£14.6) 

379 
380 
381 
382 
383 
384 
385 
386 
337 
388 
389 

99992 

99993 
99994 

99995 
99996 

c TERMINATE 
SSTOP 
SEND 

FORMATCIX,'THE EXACT THEORETICAL VALUES AT TIME-LEVEL 1', 
15,3X,'ARE :'/3(E18.9,2X)/) 
FORMAT(/,'TIMINO<S>-<•For MDAOEONI•> 1',/8(J6,2X)) 
FORMAT<tX,'THE APPROXIMATE VALUES AT TIME-LEVEL 1', 
I5.3X.'ARE I'/3(E18.9.2X)/) 
FORMATC1X,'THE ERRORS ARE r'/3CE18.9,2X)/) 
FORMATC1X,'THE MAXIMUM A.E. IS =',E19.9, 
SX,'THE MAXIMUM P.E. IS •'.El8.9) 

PROGRAM. 
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c 1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 

C DIRECTORV.FILENAME I 
c 

<><><><><><><><><> 
<> MBS2.GAUSCDP <> 
<><><><><><><><><> 

c 
c 
C THIS PROORAM IMPLEMENTS THE GAUSS ELIMINATION METHOD TO 
C SOLVE THE MATRIX EQUATION I AV=V ,SEQUENTIALLY.WHERE 'A' 
C IS A TRIDIAOONAL PERIODIC MATRIX WITH CONSTANT-DIAGONAL 
C AND UNIT OFF-DIAGONAL ENTRIES. 
c 
C SET THE REQUIRED ARRAVS. 
c 

14 
15 c 
16 c 
17 c 
18 c 
19 c 
20 c 
21 c 
22 c 
23 c 
24 c 
25 
26 
27 

DIMENSION AI2048),VI2048l,DI2048l,VI2048l 
DIMENSION ITIMEilOOl 

SPECIFICATION OF THE ARRAVS 
-~""""""""""""""""""""""""" 

A I 
V I 
D 
V 

ITIME I 

IT HOLDS THE CONSTANT-DIAGONAL ENTRIES OF MATRIX 
IT HOLDS THE R. H. S. ENTR'IES OF THE SYSTEM. 
IT HOLDS THE PERIODIC ENTRIES OF MATRIX 'A'. 
IT HOLDS THE SOLUTION OF THE SYSTEM. 
IT HOLDS THE TIMING INFORMATION. 

SUSEPAR 
READI5,9990l !PRINT 
READIS,9991l CONS,M 
WRITEC6t9991) CONS,M 

C THE SIZE OF MATRIX 'A'. 
N=2••M 

C THE PERIODIC ENTRIES OF MATRIX 'A'. 
Dlll=I.O 

"A' • 

28 
29 
30 
31 
32 
"33 
34 
35 
36 
37 
38 
39 
40 

C INITIALIZATION OF THE CONSTANT-DIAGONAL ENTRIES 
DO 10 I•J,N 

OF MATRIX 'A'. 

All l=CONS 
10 CONTINUE 

C READ THE R.H.S. ELEMENTS OF THE SYSTEM. 

41 c 
42 c 
43 c 
44 c 
45 c 
46 
47 
48 

c 
c 
c 
c 

15 

DO 15 I.,.l,N 
READI~.9992l VII) 

CONTINUE 

START TIMINO THE COMPUTATIONAL PROCEDURE. 

[][][][][][][][][][! 
[][][][][][][][][] 

*DOALL 23 
CALL TIMEST 

23 *PAREND 
[][][][][][][![][] 

[][][][][][][][][![] 
49 
:;o 
51 
52 
53 
54 

C PERFORM THE ELIMINATION PROCEDURE THAT MANV TIMES UNTIL 
C THE ORIOINAL TRIDIAOONAL MATRIX IS REDUCED TO A FULL 

:;:; 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

C 13X3l MATRIX. 
INN=N-3 

DO 20 K=l I INN 
FACT=I.O/AIKl 
ACK+l)EACK+l)-FACT 
VCK+l)EVCK+l)-FACT•VCK) 

C THE PERIODICITY OF THE SYSTEM. 
FACT=DIKl/AIKl 
DCK+l)=-FACT 
AINl=AINl-FACT•DIKl 
VINl=VINl-FACT•VIKl 

20 CONTINUE bb 
67 
68 
69 
70 

C THE ORIGINAL TRIDIAGONAL MATRIX HAS BECOME A FULL 
C 13X3l MATRIX. CARRV ON THE GAUSS ELIMINATION PROCESS. 

FACT•l.O/ACN-2J 
AIN-ll=AIN-ll-FACT 
DCN-tJ~t.O-FACT•DCN-2) 
VIN-ll=VIN-ll-FACT•VIN-2) 

71 
72 
73 
74 
75 

C THE PERIODICITY OF THE SYSTEM. 
FACT=DIN-2)/AIN-2) 
AINl=AINl-FACT•D<N-2l 
VINl=VINl-FACT•VIN-2l 7b 

77 
78 
79 
80 

C THE FINAL ELIMINATION PROCESS IN THE RESULTING 12X2l MATRIX. 

81 
82 c 
83 c 
84 c 
85 
86 
87 
sa 
89 
90 
91 
92 c 
93 c 
94 c 
95 c 
96 c 
97 
98 
99 

100 c 
101 c 
102 
103 
104 
lOS 
106 
107 
lOS 

c 
c 
c 
c 

FACT2•l.O-FACT 
FACT=FACT2/AIN-Il 
AINl•AINl-FACT•D<N-1l 
VINl•VINl-FACT•VIN-1) 

THE SOLUTION PROCESS [Back-substltuttonl. 

30 

VINl=VINl/AIN) 
VIN-1l•IVIN-Il-DIN-Il•VINll/AIN-1l 
INJ=N-2 

DO 30 I ]El, INJ 
I=N-1-11 
Vlll•IVIIl-VII+1l-DIIl•VINll/AIIl 

CONTINUE 

TERMINATE TIMING THE COMPUTATIONAL PROCEDURE. 

[][][][][][][][][][][][][] 
[][][][][][][][][][][][] 

*DOALL 24 
CALL TIMOUTIITIMEl 

24 SPAREND 
[][][][][][][][][][][][] 

[][][][][][][][][][][][][] 

OUTPUT THE RESULTS OBTAINED FROM THE TIMED COMPUTATIONAL 
PROCEDURE. 

WRITE16,9993) 
IFIIPRINT.EQ.Ol 00 

WRITEC6,9994) 

I TIME 
TO 9999 
(Y(I),I=l,N) 

-> :g 



109 c 
110 C SET THE FORMATS 
111 C HMMUHMMIIMMMMMbb 

112 c 
113 9990 FORMAT!I2l 
114 9991 FORMAT!F4.2.2X.I2l 
115 9992 FORMAT!F8.4l 
116 9993 FORMAT(/,'TIMlNG-<•Fo~ GAUSCDP*) I',/8(16,2X)l 
117 9994 FORMAT!IX,'THE SOLUTION IS a',/5tEI2.5,2Xll 
118 C TERMINATE PROGRAM. 
119 9999 tSTOP 
120 tEND 



I C 
2 C DIRECTORY.FILENAME • 
3 c 

<><><><><><><><><> 
<> MDS2.POEGSBP <> 
<><><><><><><><><> 

4 c 
5 c 
b C THIS PROGRAM IMPLEMENTS THE CYCLIC ODD-EVEN REDUCTION TECHNIQUE 
7 C TO SOLVE THE MATRIX EQUATION I AX~B .WHERE 'A' IS A TRIDIAGONAL 
8 C PERIODIC MATRIX WITH CONSTANT-DIAGONAL AND UNIT OFF-DIAGONAL 
9 C ENTRIES. 

10 C THE NUMBER OF CREATED PATHS IS ALWAYS EQUAL TO THE NUMBER OF 
11 C AVAILABLE PROCESSORS EACH TIME. 
12 C THENoAFTER A PRE-SET NUMBER OF REDUCTION STEPS.WE CONTINUE BY 
13 C APPLYING THE GAUSS ELIMINATION SEQUENTIAL PROCEDURE TO SOLVE THE 
14 C RESULTING SUBSYSTEMS, IN EACH OF THE CREATED PARALLEL PATHS, 
15 C SIMULTANEOUSLY. 
lb c 
17 c 
18 C SET THE REQUIRED ARRAYS. 
19 c 
20 
21 

c 

DIMENSION WCIOI,BC20481,CC20481,XC20481,1NDEC20481 
DIMENSION ITIMECIOOI, INDOC20481 

22 
23 C SPECIFICATION OF THE ARRAYS 
24 c """"""""""""""""""""""""""" 
25 c 
26 c 
27 c 
28 c 
29 c 
30 c 
31 c 
32 c 
33 c 

w • 

B ' 

c • 

34 C X 
35 C lNDE I 
3b c 
37 C INDO I 
38 c 
39 C !TIME 
40 c 

IT HOLDS THE MULTIPLIERS OF THE CONSTANT-DIAGONAL ENTRY 
OF MATRIX 'A' DURING THE ELIMINATION PROCESS. 
IT HOLDS THE R.H.S. ENTRIES OF THE SYSTEM. ON THIS 
ARRAY WILL BE APPLIED THE 'EVEN' STREAM OF THE CYCLIC 
ODD-EVEN REDUCTION PROCEDURE. 
IT HOLDS A COPY OF THE ARRAY 'B'. ON THIS ARRAY WILL BE 
APPLIED THE 'ODD' STREAM OF THE CYCLIC ODD-EVEN REDUCTION 
PROCEDURE. 
IT HOLDS THE SOLUTION OF THE SYSTEM. 
IT HOLDS THE INDICES OF THE 'EVEN' STREAM OF THE CYCLIC 
ODD-EVEN REDUCTION PROCEDURE. 
IT HOLDS THE INDICES OF THE 'ODD' STREAM OF THE CYCLIC 
ODD-EVEN REDUCTION PROCEDURE. 
IT HOLDS THE TIMING INFORMATION. 

41 INTEGER LS 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 

C SET THE SHARED DATA. 
SSHARED N.R,B,X,IT,C,W,JNDE,INOO,JTIME,NSTEP,IJ, 

- IQ,JA,JZ,NPROC,JB,JU, IH 
C SET CRITICAL SECTIONS. 

SREOION NOPROC 
C INITIALIZE PARALLELISM. 

SUSEPAR 
NPROC=O 

C GENERATE PARALLEL PATHS TO SET DYNAMICALLY THE NUMBER OF 
C PROCESSORS TO BE UTILIZED EACH TIME IN THE PROGRAM. 

SDOALL 2000 
C ENTER CRITICAL SECTION. 

SENTER NOPROC 

55 NPROC~NPROC+I 
56 C RELEASE CRITICAL SECTION. 
57 SEXIT NOPROC 
58 C TERMINATE PARALLEL PATHS AND 

2000 SPARENO 59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 

SYNCHRONIZE PROCESSORS. 

WCll=R 

READCS.99901 !PRINT 
READCS,9991) R,N 
WRITEC6,9992) R,N 

C THE SIZE OF MATRIX 'A'. 
JT=2••N 

C READ THE R.H.S. ELEMENTS OF THE SYSTEM. 
DO 20 J:zl,JT 

READC5,9993l BCJl 
C MAKE A COPY OF THE R.H.S. ELEMENTS OF THE SYSTEM. 

CCJl=BCJl 
C INITIALIZE THE ARRAYS OF INDICES. 

INDE(J):cJ 
INDOCJl~J 

20 CONTINUE 
C READ THE "[oEPTH" OF RECURSION UPON WHICH THE GRANULARITY 
C FACTOR DEPENDS. 

79 c 
80 c 
81 c 
82 c 
83 c 
84 
as 
86 
87 c 
88 c 
89 c 
90 c 
91 c 
92 
93 
94 
95 
96 
97 
98 

REAOC7,9994) IZ 
WRITEC6,9995l IZ 

START TIMING THE COMPUTATIONAL PROCEDURE. 

[][1[][][][][][][1[] 
[][][][][][][][][] 

SOOALL 4S 
CALL TIMEST 

45 SPAREND 
[][][][][][][][][] 

[][][][][][][1[1[][] 

START THE REDUCTION PROCESS. 
DO 60 NSTEP•I.IZ 

IN=2••CNSTEP-1) 
IJ•IT /IN 
IFCNSTEP.EQ.IZl GO TO 999 
WCNSTEP•Il~2-WCNSTEPl•WCNSTEPl 
N=N-1 
ID=-2••NSTEP 
IQ=IT/ID 
IFCNPROC.NE.Il GO TO 1002 
lA= I 

99 
100 
101 
102 
103 
104 
105 
106 
107 
108 

1002 
1003 

GO TO 1003 
IA=NPROC/2 
IB=IT/IA 

999 

IFCNPROC~EQ~4) GO TO 3000 
GO TO 1000 
WC 1 >=WC ll) 
IU=IT/2••CN+1) 

("") 

' <:: 



109 
110 
Ill 
112 
113 
114 
115 
116 
117 
IlB 
119 
120 
121 
122 
123 
124 
125 
126 
127 
129 
129 
130 
131 
132 
133 
134 
135 
136 
137 
139 
139 
140 
141 
142 
143 
144 
145 
146 
147 
149 
149 
150 
151 
152 
153 
154 
155 
156 
157 
159 
159 
160 

IH=IU/2 
IF<NPROC.EQ.4) 00 TO 3000 

C GENERATE 'NPROC' PARALLEL PATHS. 
1000 SDOPAR 71 1•1, NPROC 

C CREATE THE 'ODD' AND 'EVEN' COMPUTATIONAL STREAMS OF THE 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 

IF<NPROC.EQ.Il 00 TO 101 
IF<I.LE.!Al 00 TO 100 

C CHECK THE "DEPTH" OF RECURSION IN ORDER TO CALL THE GAUSS 
C ELIMINATION SUBROUTINE TO SOLVE THE SUBSYSTEMS RESULTING 
C FROH THE 'EVEN' STREAM OF THE CYCLIC ODD-EVEN REDUCTION 
C PROCEDURE. 

101 

92 

3001 

81 

IF(NSTEP.EQ.IZl GO TO 92 
15•2 
IE=IB 
00 TO 91 

DO 3001 IC=I,IU 
IS•CIC-J)•I..J+l 
IE•IS+IJ-1 
CALL CYCCB,JS,IE,JNDE) 

CONTINUE 
IF<NPROC.EQ.Il 00 TO 100 

GO TO 71 
L•O 

DO 90 J=IS, JE, 2 
L:o::L+l 

C CHECK FOR THE PERIODICITY OF THE SYSTEM. 

110 

90 

IF<L.EQ.!Ql 00 TO 110 
B<INOE(J))•B<INOE(J-Ill-W<NSTEPl•B<INDE<Jll+B(INDE<J+Ill 
GO TO 90 
ZaBCINDECJ-2•L+J)) 
L•O 
B<INDE<Jll•B<INDE(J-Ill-W<NSTEPl•B<INDE<Jll+Z 

CONTINUE 
IF<NPROC.EQ.Il GO TO 100 

GO TO 71 
C CHECK THE "DEPTH" OF RECURSION IN ORDER TO CALL THE GAUSS 
C ELIMINATION SUBROUTINE TO SOLVE THE SUBSYSTEMS RESULTING 
C FROM THE 'ODD' STREAM OF THE CYCLIC ODD-EVEN REDUCTION 
C PROCEDURE. 

lOO 

93 

3002 

IF<NSTEP.EQ.IZl GO TO 93 
IS• I 
IE•IB 
GO TO lOb 

DO 3002 IC=I, lU 
IS•( IC-1 )•t.J+l 
IE•IS+IJ-1 
CALL CYC<C.IS.IE,INDOl 

CONTINUE 

106 
00 TO 71 

L=O 

lbl 
162 c 

DO 120 J•IS,JE.2 
L=L+l 

CHECKS FOR THE PERIODICITY OF THE SYSTEH. 

IF<J.EQ.IS) GO TO 131 lb3 
164 
lb5 
166 
167 
lbB 
169 
170 
171 
172 
173 
174 c 
175 
17b 
177 
179 
179 
180 
181 
182 
183 
184 
185 
186 
187 
188 
189 
190 
191 

IF<L.EQ.IQl 00 TO 130 
CCINDOCJ))*CCINOOCJ-1))-WCNSTEP)•CCINDOCJ))+CCJNDOCJ+l)) 
C.O TO 120 
D=CCINOOCJ+2•L-J)) 
L=O 

192 
193 
194 
195 
196 
197 
198 
199 
200 
201 
202 
203 
204 
205 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 

130 

131 
GO TO 132 
DaC(INDO<IS+IJ-Ill 
L=O 

132 C<INDO<Jll=D-W<NSTEP>•C<INDO<Jl)+C<INDO(J+Il) 
120 CONTINUE 
TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 

71 SPAREND 
GO TO b3 

c 
C IN CASE THAT ALL PROCESSORS ARE UTILIZED THEN THIS PART OF THE 
C PROGRAM IS EXECUTED. 
c 
C GENERATE 'NPROC' PARALLEL PATHS. 

3000 SDOPAR 70 ial,NPROC 
C CREATE THE 'ODD' AND 'EVEN' COHPUTATIONAL STREAMS OF THE 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 

IF(I.LE.IAl GO TO 400 
IF<NSTEP.EQ.I) 00 TO 117 

C CHECK THE "DEPTH" OF RECURSION IN ORDER TO CALL THE GAUSS 
C ELIMINATION SUBROUTINE TO SOLVE THE SUBSYSTEMS RESULTING 
C FROM THE 'EVEN' STREAH OF THE CYCLIC ODD-EVEN REDUCTION 
C PROCEDURE. 

117 

1~7 

127 

3004 

300~ 

3003 

181 
182 

C CHECK 

GO TO 70 

IF<NSTEP.EQ.!Zl 
K=2 
IS•< I-J>•IB+2 
JE .. JS+IB-2 
GO TO 181 
K=4 
IS=-CJ-2)*2 
JE•IT 

GO TO 127 

IF<I.EQ.4l 00 TO 157 
GO TO 181 
L:::o:JQ/2 
GO TO 182 

DO 3003 IC•J,JH 
IF<I.EQ.4) 00 TO 3004 
IS•CJ-2)•CJC-l)*IJ+l 
IE•IS+IJ-1 
00 TO 300!1 
IS•I8/2+CJ-3)*CIC-t)•JJ+l 
IE=IS+IJ-1 
CALL CYCCB,JS,JE,JNOE) 

CONTINUE 

L=O 
[10 91 J::.JS, IE,K 

L=L·t-1 
FOR THE PERIODICITY OF THE SYSTEM. 

0 
I 

<:: 



217 
218 
219 
220 
221 
222 
223 
224 
22~ 
226 
227 
228 
229 
230 
231 
232 
233 
234 
23~ 

236 
237 
238 
239 
240 
241 
242 
243 
244 
24~ 
246 
247 
248 
249 
~ 
~I 
252 
253 
~4 
25~ 

256 
~7 
~8 
259 
260 
261 
262 
263 
264 
26~ 

266 
267 
268 
269 
270 

IF<L.EQ.IQ) 00 TO 510 
B<INDE(Jll=B<INDE(J-1))-W(NSTEPl•B<INDE<Jll+B!INDE(J+I)) 
GO TO 91 

510 Z•B<INDE(J-2•L+Il) 
L=O 
B<INOECJ))•SCINDECJ-1))-WCNSTEP>•BCINDE(J))+Z 

91 CONTINUE 
00 TO 70 

400 IF<NSTEP.EQ.I) GO TO 103 
C CHECK THE "DEPTH" OF RECURSION IN ORDER TO CALL THE GAUSS 
C ELIMINATION SUBROUTINE TO SOLVE THE SUBSYSTEMS RESULTING 
C FROM THE 'ODD' STREAM OF THE CYCLIC ODD-EVEN REDUCTION 
C PROCEDURE. 

103 

166 

3007 

3008 
3006 

IF(NSTEP.EQ.IZ) GO TO 166 
K•2 
IS•<I-1>•18+1 
IE•IS ... IB-1 
L=O 
IF<NSTEP.OT.2) L=IQ 
GO TO 206 
K=4 
IS•( 1-1 >•1+1 
lE• IT 
L•O 
GO TO 206 

DO 3006 ICzt, IH 
IF(I.EQ.2) GO TO 3007 
IS•I•<IC-t>•IJ+l 
IE=IS+IJ-1 
GO TO 3008 
IS=IB/2+CI-l>•CJC-1>•IJ+1 
IE=IS+IJ-1 
CALL CYCCC,IS,JE,INDO> 

CONTINUE 
00 TO 70 

206 DO 121 J=IS.IE.K 
C CHECKS FOR THE PERIODICITY OF THE SYSTEM. 

IF<NSTEP.EQ.Il GO TO 1021 
LcL+l 
IFCL.EQ.(IJ+l)) GO TO 232 
IF(J.EQ.ISl GO TO 231 
GO TO 1022 

1021 IF(J.EQ.I) GO TO 231 
1022 C<INOO<Jll•C<INDO<J-Ill-W!NSTEPl•C<INDO<Jll+C<INDO<J+I)) 

GO TO 121 
231 D=C<INDO<IS+IJ-1)) 

00 TO 233 
232 D=C<INDO(J+L-2ll 

L•IQ+l 
233 C<INDO<Jll=D-W<NSTEPl•C<INDO<Jll+C(INDO<J+I)) 
121 CONTINUE 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
70 SPAREND 
63 IF<NSTEP.EQ.IZl GO TO 60 

C INTERCHANGE THE COMPUTED R.H.S. VALUES VIA THE 
C APPROPRIATE ARRAYS OF INDICES. 

271 
272 
273 
274 
275 
276 
277 
278 
279 
280 
281 
282 
283 
284 
285 
286 
287 
288 
289 
290 
291 
292 
293 
294 
295 
296 c 
297 c 
298 c 
299 c 
300 c 
301 
302 
303 
304 
305 
306 
307 
308 
309 
310 
311 
312 
313 
314 
315 
316 
317 
318 
319 
320 
321 
322 
323 
324 

DO 140 Jc2,JT,2 
C(INOE(J)l•B<INOE<Jl) 
B<INOO<J-Ill=C<INOO(J-1)) 

140 CONTINUE 
C SHUFFLE THE 'EVEN' AND 'ODD' USED INDICES TO THE 
C TOP OF THE CORRESPONDING ARRAYS. 

169 

LS•O 
DO 169 J=2.1T. 2 

LS•LS+l 
INDE<LSl=INDE(J) 
INDO<LSl•INDO<J-1) 

CONTINUE 
IF<NSTEP.EQ.<IZ-Ill GO TO 60 

C COPY THE 'ODD' AND 'EVEN' USED INDICES AT THE REAR HALF 
C OF EACH OTHER'S ARRAY. 

LS==O 
IW•IT/2+1 

DO 170 M=IW.IT 
LS=LS•t 
INOE(M)•INDO<LS) 
INDOCH>•INDECLS) 

170 CONTINUE 
60 CONTINUE 

TERMINATE TIMING THE COMPUTATIONAL PROCEDURE. 

c 
c 
c 
c 

[][][][][][][][][][][][][] 
[][][][][][][][][][][][] 

$00ALL 265 
CALL TIMOUT(ITIMEl 

265 SPAREND 
Cltltltltllllltltltltltl 

[][][][][][][][][][][][][] 

C OUTPUT THE RESULTS OBTAINED FROM 
C PROCEDURE. 

IT IME 

THE TIMED COMPUTATIONAL 

'WRITEC6,9996) 
IF<IPRINT.EQ.O) 00 

WRITE!6.9997) 
TO 370 
CX(J),J;Et.ITl 

c 
C SET THE FORMATS c ............................. .. 
c 

9990 
9991 
9992 
9993 
9994 
9995 
9996 
9997 

FORMAT< 12) 
FORMAT<F4.2.2X.12l 
FORMAT<F4.2o2X.I2) 
FORMAT< F8. 4) 
FORMAT( 12) 
FORMAT<tX.~IZ =~.12) 

FORMATC/,'TIMINGCS)-(*Fo~ POEGSBP•) :;,/8CJ6,2X)) 
FORMAT<IX.'THE SOLUTION IS 1',/7(EI5.6,2Xl/) 



C TERMINATE PROGRAM. 
370 SSTOP 

325 
326 
327 
328 c 
329 c 
330 c 
331 
332 
333 
334 
335 
336 
337 
338 
339 
340 
341 
342 
343 
344 
345 
346 
347 
348 
349 
350 
351 
352 
353 
354 
355 
356 
357 
358 
359 
360 
361 
362 
363 
364 
365 
366 
367 
368 
369 
370 
371 
372 
373 
374 
375 
376 
377 
378 

c 
c 
c 
c 
c 
c 
c 

SEND 

SUBROUTINE CYC!E,IS.IE.INDEXl 

************************* 
• THE GAUSS ELIMINATION * 
••••••••••••••••••••••••• 

C THIS SUBROUTINE SOLVES THE MATRIX EQUATION • QX=E ,SEQUENTIALLY, 
C WHERE 'Q' IS A TRIDIAGONAL PERIODIC MATRIX WITH CONSTANT-DIAGONAL 
C AND UNIT OFF-DIAGONAL ENTRIES. THE IMPLEMENTATION IS AS THAT OF THE 
C PROGRAM 1 MBS2.GAUSCDP ,BUT MAKING USE OF THE ARRAYS OF INDICES 
C SPECIFIED IN THE MAIN PROGRAM .. 
c 

c 

DIMENSION A(512l.D(512l.X!2048l,IND0!2048l 
DIMENSION EC2048),W(10>.8C204B>.CC204S>.INDEC2048> 
DIMENSION ITIME!IOOl,INDEX!2048l 

C SPECIFICATION OF THE ADDITIONAL ARRAYS 
c """""""""""""""""""""""""""""""""''"""" 
c 
c 
c 
c 
c 
c 

A ' 
D ' 
E ' 

IT HOLDS THE CONSTANT-DIAGONAL ENTRIES OF MATRIX 'Q', 
IT HOLDS THE PERIODIC ENTRIES OF MATRIX 'Q', 
IT HOLDS THE VALUES OF EITHER OF 'B' OR 'C' ARRAY 
DEPENDING ON THE STREAM OF THE CYCLIC ODD-EVEN REDUCTION 
PROCEDURE CALLINO THE SUBROUTINEa 

C INDEX I 

c 
IT HOLDS THE INDICES OF EITHER OF 'INDE' OR 'INDO' ARRAY 
DEPENDING ON THE STREAM OF THE CYCLIC ODD-EVEN REDUCTION 

c PROCEDURE CALLING THE SUBROUTINE. 
$SHARED M.R,B,X,JT,C,W,JNDE,JNDO,JTIME.NSTEP,JJ, 

- JQ,JA,IZ,NPROC,JB,JU,JH 
C THE SIZE OF MATRIX 'Q'. 

N=2••M 
C THE PERIODIC ENTRIES OF THE MATRIX. 

D<l)'*'"LO 
C INITIALIZATION OF THE CONSTANT-DIAGONAL ENTRIES OF MATRIX 'Q', 

DO 890 JzJ,N 
A! I l=WU l 

890 CONTINUE 
C PERFORM THE ELIMINATION PROCEDURE THAT MANY TIMES UNTIL 
C THE CONSIDERED MATRIX EACH TIME IS REDUCED TO A FULL 
C !3X3l MATRIX. 

ILK,..N-3 
DO 882 K .. J,JLK 

JSS=JS..-K 
IST=ISS-1 
ISL=JS+N 
ISJ=ISL-1 

FACT=I.O/A!Kl 
ACk+J>~A<K+J>-FACT 
ECINDEXCISS))•E(JNDEXCISS))-FACT*E<INDEXCJST>> 

C THE PERIODICITY OF THE SYSTEM. 
FACT=D!Kl/A!Kl 
D!K+Il=-FACT 

WRITE(6,9998) DfK+1) 
A<N)=AfN)-FACT•DfK) 

WRITE(6,9998l A!Nl 
E!INDEX!ISJll=E!INDEX!ISJ)l-FACT•E!INDEX!ISTll 

WRITE!6,9998) E(INDEX!ISJll 
882 CONTINUE 

C THE TRIDIAGONAL MATRIX HAS BECOME A FULL !3X3l MATRIX. CARRY ON 
C THE GAUSS ELIMINATION PROCESS. 

379 
380 
381 
382 
383 
384 
385 c 
386 
387 c 
388 
389 c 
390 
391 
392 
393 
394 
395 
396 
397 
398 
399 
400 
401 
402 
403 
404 
405 
406 
407 
408 
409 c 
410 
411 
412 
413 
414 
415 
416 
417 
418 
419 
420 
421 
422 
423 
424 
425 
426 
427 
428 
429 

ISK=IS+N-1 
ISZ~ISK-1 
ISX~ISK-2 
FACT=I.O/A!N-2l 
A<N-1)=A<N-1>-FACT 
D!N-Il•I.O-FACT•D!N-2l 
E!INDEX(ISZll•E(INDEX!ISZll-FACT*E!INDEX(ISXll 

C THE PERIODICITY OF THE SYSTEM. 
FACT=D!N-2l/A(N-2l 
A<N>=A<N>-FACT•DCN-2> 
E<INDEX<ISK))sE(INDEX<ISK>>-FACT•E<INDEXCISX>) 

C THE FINAL ELIMINATION PROCESS IN THE RESULTING !2X2l MATRIX. 
F ACT2= I. O-F ACT 
FACT~FACT2/A!N-Il 
A!Nl=A!Nl-FACT•D!N-Il 
E!INDEX!ISKll=E!INDEX!ISKll-FACT•E!INDEX!ISZll 

c 
c 

THE SOLUTION PROCESS CB~ck-substatutlonl. 

883 
c 

X (INDEX ( ISKl l=E! INDEX ( ISKl) /A!Nl 
X!INDEX(ISZil•(E(INDEX!ISZll
D!N-Il•X!INDEX!ISKlll/A!N-Il 
ILJ=N-2 

DO 883 11=1, ILJ 
l=N-1-11 
IMT=IS-..I 
IMM~IHT-1 

X!INDEX!IMMll•(E(INDEX!IMMll
X!INDEX(IMTll-D!Il•X!INDEX(ISKlll/A!Il 

CONTINUE 

C SET THE FORMATS 
c """"""""""""""'' 
c 

9998 
RETURN 
SEND 

FORMAT!F25.9l 

(") 
I 

<::: 



--------------------------------------------

1 c 
2 C DIRECTORY.FILENAME I 
3 c 

<><><><><><><><><> 
<> MBt2.POERSBP <> 
<><><><><><><><><> 

4 c 
~ c 
b C THIS PROGRAM IMPLEMENTS THE CYCLIC ODD-EVEN REIXJCTION TECHNIQUE 
7 C TO SOLVE THE MATRIX EQUATION I AX•B .WHERE 'A' IS A TRIDIAOONAL 
8 C PERIODIC MATRIX WITH CONSTANT-DIAGONAL AND UNIT OFF-DIAGONAL 
9 C ENTRIES. 

10 C THE NUMBER OF CREATED PATHS IS ALWAYS EQUAL TO THE NUMBER OF 
11 C AVAILA&LE PROCESSORS EACH TIME. 
12 C THEN.AFTER A PRE-5ET NUMBER OF REDUCTION STEPS,WE CONTINUE BY 
13 C APPLYING THE ODD-EVEN REDUCTION TECHNIQUE AGAJN,BUT SEQUENTIALLY 
14 C THIS TIME, TO SOLVE THE RESULTING SUBSYSTEMS, IN EACH OF THE CREATED 
15 C PARALLEL PATHS,SIMULTANEOUSLY. 
16 c 
17 c 
18 C SET THE REQUIRED ARRAYS. 
19 c 
20 DIMENSION W(IQ),8(2048),C(2048),X(2048),JNDE!204e) 

DIMENSION ITIME!I00),JND0(204el 21 
22 c 
23 c 
24 c 
25 c 

SPECIFICATION OF THE ARRAYS 

W I IT HOLDS THE MULTIPLIERS OF THE CONSTANT-DIAGONAL ENTRY 
OF MATRIX 'A' DURING THE ELIMINATION PROCESS. 26 

27 
2e 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
4e 
49 
so 
'51 
~2 

53 
54 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

B I 

C I 

X 
INDE I 

INDO 

!TIME : 

IT HOLDS THE R.H.S. ENTRIES OF THE SYSTEM. ON THIS 
ARRAY WILL BE APPLIED THE 'EVEN' STREAM OF THE CYCLIC 
ODD-EVEN REDUCTION PROCEDURE. 
IT HOLDS A COPY OF THE ARRAY 'B'. ON THIS ARRAY WILL BE 
APPLIED THE 'ODD' STREAM OF THE CYCLIC ODD-EVEN REDUCTION 
PROCEDURE. 
IT HOLDS THE SOLUTION OF THE SYSTEM. 
IT HOLDS THE INDICES OF THE 'EVEN' STREAM OF THE CYCLIC 
ODD-EVEN REIXJCTION PROCEDURE. 
IT HOLDS THE INDICES OF THE 'ODD' STREAM OF THE CYCLIC 
ODD-EVEN REDUCTION PROCEDURE. 
IT HOLDS THE TIMING INFORMATION. 

INTEGER LS 
C SET THE SHARED DATA. 

$SHARED N,R,S,X,JT,C,W,JNOE,JNDO,JTIME,NSTEP,J~, 
- IQ,JA,JZ,NPROC,JB,JU,JH 

C SET CRITICAL SECTIONS. 
tREGION NOPROC 

C INITIALIZE PARALLELISM. 
tUSEPAR 
NPROC=O 

C GENERATE PARALLEL PATHS TO SET DYNAMICALLY THE NUMBER OF 
C PROCESSORS TO BE UTILIZED EACH TIME IN THE PROGRAM. 

tDOALL 2000 
C ENTER CRITICAL SECTION. 

tENTER NOPROC 
NPROC•NPROC+l 

~5 C RELEASE CRITICAL SECTION. 
51> tEXIT NOPROC 
57 C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
~e 2000 tPAREND 
59 REA0(5,9990) !PRINT 
60 READ(5,9991) R,N 
1>1 WRITE!b,9992) R,N 
62 W!l)=R 
1>3 C THE SIZE OF MATRIX 'A'. 
04 IT=2••N 
1>5 C READ THE R.H.S. ELEMENTS OF THE SYSTEM. 
bb DO 20 J=l.JT 
67 READ!5,9993) B!J) 
68 C MAKE A COPY OF THE R.H.S. ELEMENTS OF THE SYSTEM. 
69 C!J)•B(J) 
70 C INITIALIZE THE ARRAYS OF INDICES. 
71 INDEC~)c~ 
72 JNDOCJ)•J 
73 20 CONTINUE 
74 C READ THE "DEPTH" OF RECURSION UPON WHICH THE GRANULARITY 
75 C FACTOR DEPENDS. 
76 READ(7,9994l IZ 
77 WRITE(6,9995l IZ 
7e c 
79 C START TIMING THE COMPUTATIONAL PROCEDURE. 
eo c 
et c [J[J[J[l[J[J[I[J[I[J 
e2 c [J[J[J[J[J[I[J[J[I 
83 tDOALL 4~ 
84 CALL TII1EST 
85 45 SPAREND 
e6 c [][][][][][][][][] 
e7 c [][][][][][][][][][] 
ea c 
e9 c 
90 C START THE REDUCTION PROCESS. 
91 DO 60 NSTEPat,JZ 
92 IN=2••<NSTEP-1) 
93 IJ•JT/JN 
94 IF!NSTEP.EQ.IZl GO TO 999 
95 WCNSTEP•t)•2-WCNSTEP)•WCNSTEP) 
96 N=N-1 
97 ID•2••NSTEP 
98 JQ~IT/10 

99 IF!NPROC.NE.ll 00 TO 1002 
100 IA•1 
101 GO TO 1003 
102 1002 IA=NPROC/2 
103 1003 IB=IT/IA 
104 [F!NPROC.EQ.4) GO TO 3000 
105 GO TO 1000 
106 999 W!1l•W!IZl 
107 IU=JT/2**(N+1) 
108 IH=IU/2 

n 
I 

<::: 



109 
110 
Ill 
112 
113 
114 
11:5 
116 
117 
118 
119 
120 
121 
122 
123 
124 
12:5 
126 
127 
128 
129 
130 
131 
132 
133 
134 
13:5 
136 
137 
138 
139 
140 
141 
142 
143 
144 
14:5 
146 
147 
148 
149 
1:50 
1:51 
152 
153 
1:54 
1:5:5 
156 
1:57 
158 
!59 
160 
161 
162 

IF<NPROC.EQ.4l GO TO 3000 
C GENERATE 'NPROC' PARALLEL PATHS. 

1000 SDOPAR 71 l~t.NPROC 

C CREATE THE 'ODD' AND 'EVEN' COMPUTATIONAL STREAMS OF THE 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 

IF<NPROC.EQ.Il 00 TO 101 
IF<I.LE.IAf 00 TO 100 

C CHECK THE "DEPTH" OF RECURSION IN ORDER TO CALL THE 
C SUBROUTINE PERFORMING THE ODD-EVEN REDUCTION TO SOLVE 
C THE SUBSYSTEMS RESULTING FROM THE 'EVEN' STREAM OF THE 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE IN THE MAIN PROGRAM. 

101 IFINSTEP.EQ.IZl GO TO 82 
15•2 
IE•IB 
GO TO 81 

82 DO 3001 IC~t,JU 

IS•< IC-1 )•:: .. J+·l 
IE•IS+I..l-1 
CALL SYHCDPCB,JS,JE,JNDE) 

3001 CONTINUE 
IFINPROC.EQ.1l GO TO 100 

00 TO 71 
et L~o 

DO 90 J•JS, JE,2 
L•L+l 

C CHECK FOR THE PERIODICITY OF THE SYSTEM. 
IFIL.EQ.IQl GO TO 110 
B!INDE<Jll=B!INDE<J-1ll-WINSTEPl•B<INDE<Jll+BIINDE<J+1ll 
00 TO 90 

110 Z•BIINDEIJ-2•L+lJ) 
L•O 
BCINDECJ))•BIINDE<J-1))-WCNSTEP>•BIINDECJ))+Z 

90 CONTINUE 
IFINPROC.EQ.Il 00 TO 100 

00 TO 71 
C CHECK THE "DEPTH" OF RECURSION IN ORDER TO CALL THE 
C SUBROUTINE PERFORMING THE ODD-EVEN REDUCTION TO SOLVE 
C THE SUBSYSTEMS RESULTING FROM THE 'ODD' STREAM OF THE 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE IN THE MAIN PROGRAM. 

100 IF<NSTEP.EQ.IZl GO TO 93 
IS=l 
IE•IB 
00 TO 106 

93 DO 3002 IC•I.IU 
IS•< IC-ll•JJ+l 
IE•IS+J..J-1 
CALL SYMCDPIC,JS,JE,JNDO) 

3002 CONTINUE 
00 TO 71 

106 L=O 
DO 120 J•JS,JE,2 

L•L+l 
C CHECKS FOR THE PERIODICITY OF THE SYSTEM. 

IFIJ.EQ.ISl 00 TO 131 

c 

130 

131 

IF<L.EQ.IQl GO TO 130 
C<INDO<Jll=C<INDO<J-1ll-W<NSTEPl•C<IND0(Jll+C<INDOIJ+1ll 
GO TO 120 
D=CIIND0(J+2•L-1ll 
L•O 
GO TO 132 
D•C<INDO<IS+IJ-111 
L=O 

132 C<INDO!Jll•D-~INSTEPl•C<INDO(Jll+C<INDOIJ+1ll 
120 CONTINUE 
TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS 

71 •PAREND • 
GO TO 63 

163 
164 
16:5 
166 
167 
168 
169 
170 
171 
172 
173 c 
174 
175 
176 
177 
178 
179 
180 
181 
182 
183 
184 

C IN CASE THAT ALL PROCESSORS ARE UTILIZED THEN THIS PART OF THE 
C PROGRAM IS EXECUTED. 

185 
186 
197 
188 
189 
190 
191 
192 
193 
194 
195 
196 
197 
198 
199 
200 
201 
202 
203 
204 
20:5 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 

c 
C GENERATE 'NPROC' PARALLEL PATHS. 
3000 SDOPAR 70 1=1.NPROC 

C CREATE THE 'ODD' AND 'EVEN' COMPUTATIONAL STREAMS OF THE 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 

IF<I.LE.IAl 00 TO 400 
IFINSTEP.EQ.1) 00 TO 117 

C CHECK THE "DEPTH" OF RECURSION IN ORDER TO CALL THE 
C SUBROUTINE PERFORMING THE ODD-EVEN REDUCTION TO SOLVE 
C THE SUBSYSTEMS RESULTING FROM THE 'EVEN' STREAM OF THE 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE IN THE MAIN PROGRAM. 

117 

157 

127 

3004 

3005 
3003 

IFINSTEP.EQ.IZl GO TO 127 
K=2 
IS=C I-3>•IB-t2 
IE=JS+JB-2 
GO TO 181 
K=4 
IS.=<I-2>•2 
lE= IT 
IFII.EQ.4l GO TO 157 
GO TO 181 
L=IQ/2 
00 TO 182 

DO 3003 JC:o;t,JH 
IFII.EQ.4l 00 TO 3004 
tS~<I-2>•<IC-lJ•IJ+1 
IE•IS+IJ-1 
GO TO 300:5 
IS=IB/2+CJ-3>•<IC-1J•IJ+l 
IE•IS•I..J-1 
CALL SYHCDP<B.IS.IE,INDEl 

CONTINUE 
GO TO 70 

181 
182 

C CHECK FOR 

L*O 
DO 91 J=IS.IE~K 

L==L+l 
THE PERIODICITY OF THE SYSTEM. 

IFIL.EQ.IQl GO TO 510 



BIINDEIJ))cBIINDEIJ-J))-WINSTEPl*BIINDEIJ))+BIINDEIJ+J)) 
GO TO 91 

510 Z=BIINDEIJ-2*L+J)) 
LeO 
BCINDEt~))•BClNDECJ-1))-WCNSTEP)*BCINDECJ))+Z 

91 CONTINUE 
GO TO 70 

400 IFINSTEP.EQ.J) GO TO 103 
C CHECK THE ""DEPTH" OF RECURSION IN ORDER TO CALL THE 

217 
218 
219 
220 
221 
222 
223 
224 
22~ 
226 
227 
228 
229 
230 
231 
232 
233 
234 
23~ 
236 
237 
238 
239 
240 
241 
242 
243 
244 
245 
246 
247 
248 
249 
250 
~I 
2~2 
2~3 
254 
255 
256 
257 
~8 
259 
260 
261 
262 
263 
264 
265 
266 
267 
268 
269 
270 c 

C SUBROUTINE PERFORMING THE ODD-EVEN REDUCTION TO SOLVE 
C THE SUBSYSTEMS RESULTING FROM THE 'ODD' STREAM OF THE 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE IN THE MAIN PROGRAM. 

103 

166 

3007 

3008 
3006 

IFINSTEP.EQ.IZ) GO TO 166 
Kz2 
IS•U-1 )•IB+l 
IE•IS+IB-1 
LeO 
IFINSTEP.GT.2l 
00 TO 206 
Kc4 
IS•< 1-1 hl ... l 
lE• IT 
LeO 
00 TO 206 

00 TO 70 

DO 3006 JCst,JH 
IFII.EQ.2) 00 TO 3007 
JSsJ•CIC-t>•IJ+l 
lEaJS+IJ-1 
GO TO 3008 
JScJB/2+CJ-l)•(JC-l>•IJ+l 
IE•IS+IJ-1 
CALL SYMCDPCC,JS,JE,JNDO> 

CONTINUE 

206 DO 121 J•JS,JE,K 
C CHECKS FOR THE PERIODICITY 

IFINSTEP.EQ.J) 
OF THE SYSTEM. 
GO TO 1021 

1021 
1022 

231 

232 

L•L•t 
IFIL.EQ.IIJ+I)) GO TO 232 
IFIJ.EQ.IS) GO TO 231 
00 TO 1022 
IFIJ.EQ.I) 00 TO 231 
CCINOOCJ))•CCIN~9CJ-1))-WCNSTEP>•CCINDOCJ))+CCINOOCJ+l)) 

GO TO 121 
D=CIINDOIIS+IJ-1)) 
00 TO 233 
D=CC INDOCJ+L-2)) 
L=JQ+l 

233 CIINDOIJ))cD-WINSTEPl•CIINDOIJ))+CIINDOIJ+I)) 
121 CONTINUE 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
70 tPAREND 
63 IFINSTEP.EQ.IZ) GO TO 60 

INTERCHANGE THE COMPUTED R.H.S. VALUES VIA THE 

C APPROPRIATE ARRAYS OF INDICES. 271 
272 
273 
274 
275 
276 
277 
278 
279 
280 
281 
282 
283 
284 
285 
286 
287 
288 
289 
290 
291 
292 
293 
294 
295 c 
296 c 
297 c 
298 c 
299 c 
300 

DO 140 Ja2,JT.2 
CIINOEIJ))cBIINOEIJ)) 
BIINOOIJ-I))•CIINDOIJ-1)) 

301 
302 
303 
304 
305 
306 
307 
308 
309 
310 
311 
312 
313 
314 
315 
316 
317 
318 
319 
320 
321 
322 
323 
324 

140 CONTINUE 
C SHUFFLE THE 'EVEN' AND 'ODD' USED INDICES TO THE 
C TOP OF THE CORRESPONDING ARRAYS. 

LS•O 
DO 169 J•2,JT.2 

LS=LS+l 
INDEILS)z!NDEIJ) 

169 
INDOCLS>=INDOCJ-1) 

CONTINUE 
IFINSTEP.EQ.IIZ-1)) GO TO 60 

C COPY THE 'ODD' AND 'EVEN' USED INDICES AT THE REAR HALF 
C OF EACH OTHER'S ARRAY. 

170 
60 CONTINUE 

LS=O 
JW•IT/2+1 

DO 170 11"'JW, IT 
LSa::LS+l 
INDEIM)•INDOILS) 
INDOIMl•INDEILS) 

CONTINUE 

TERMINATE TIMING THE COMPUTATIONAL PROCEDURE. 

c 
c 
c 
c 

[][][][][][][][][][][][][] 
[][][][][][][][][][][][] 

•ooALL 265 
CALL TIMOUTCITIHE) 

265 $PAREND 
[][][][][][][][][][][][] 

[][][][][][][][][][][][][] 

C OUTPUT THE RESULTS OBTAINED FROI1 THE 
C PROCEDURE. 

I TIME 

TIMED COI1PUTATIONAL 

WRITE16.9996) 
IFIIPRINT.EQ.O) GO 

WRITEC6,9997) 
TO 370 
txCJ),J-=t.In 

c 
C SET THE FORMATS c WMWMMMWMMMWMWMM 

c 
9990 
9991 
9992 
9993 
9994 
9995 
9996 
9997 

C TERMINATE 

FORMATII2) 
FORHATCF4.2,2X,J2) 
FORMATIF4.2.2X.I2) 
FORHATI FB. 4) 
FORMATII2) 
FORMAT<1X,'I2 -'.12) 
FORMATC/,;TIHINGCS)-C•For POERSBP•) I;,/8CJ6,2X)) 
FORMATIIX.'THE SOLUTION IS :',/71E15.bo2X)/) 

PROGRAM. 



c 
c 
c 
c 
c 
c 
c 
c 

370 $STOP 
tEND 

SUBROUTINE SYMCDPCO,JS,IE.INDEX) 

•••••••••••••••••••••••••••••••••••••••• * ODD-EVEN REDUCTION FOR THE SYMMETRIC * 
* CONSTANT-DIAUONAL PERIODIC CASE * 
•••••••••••••••••••••••••••••••••••••••• 

C THIS SUBROUTINE SOLVES THE MATRIX EQUATION 
C WHERE 'Q' IS A TRIDIAOONAL PERIODIC MATRIX 
C AND UNIT OFF-DIAGONAL ENTRIES. 

32~ 
326 
327 c 
328 c 
329 c 
330 
331 
332 
333 
334 
33~ 
336 
337 
338 
339 
340 
341 
342 
343 
344 
34~ 
346 
347 
348 
349 
3~0 
~I 
3~2 
~3 
3~4 
3~~ 
~6 
3~7 

3~8 
3~9 

300 
361 
362 
363 
364 
36~ 
366 
367 
3bB 
369 
370 
371 
372 
373 
374 
37~ 

376 
377 
378 

I QXcG ,SEQUENTIALLVo 
WITH CONSTANT-DIAGONAL 

c 

c 

DIHENSION WC10),8C2048),CC2048J,XC2048),JNDEC2048) 
DIMENSION 0(2048l.INDEX(2048l.IND0(2048l.ITIME(100l 

C SPECIFICATION OF THE ADDITIONAL ARRAYS c MMMMMMMKMMMMMMMMhMMMMHMHMHMMMMMMUMHMMH 

c 
C G 1 IT HOLDS THE VALUES OF EITHER OF 'B' OR 'C' ARRAY 
C DEPENDING ON THE STREAM OF THE CYCLIC ODD-EVEN REDUCTION 
C PROCEDURE CALLING THE SUBROUTINE. 
C INDEX 1 IT HOLDS THE INDICES OF EITHER OF 'INDE' OR 'INDO' ARRAY 
C DEPENDING ON THE STREAM OF THE CYCLIC ODD-EVEN REDUCTION 
C PROCEDURE CALLING THE SUBROUTINE. 

INTEGER LT 
$SHARED N,R,e.x.tt.C,W,JNOE,JNDO,ITIHE.NSTEP,IJ, 

- JQ,JA,IZ.NPRQC,IB,JU,IH 
C SET THE "DEPTH" OF RECURSION.WHERE 'N' IS THE EXPONENT OF THE 
C SIZE OF MATRIX 'Q',i·•• I M~2••N. 

ITZ=N-1 
C START THE REDUCTION PROCESS. 

c 

320 

2 
I 

C THE 
c 

00 1 LT•t,ITZ 
WCLT~l>•2-WCLT>•W(LT> 
IKK•2••LT 
ITT•IKK•IS-1 
ITJ=2••CLT-1> 

DO 2 J•ITT,JE,JKK 
IFlJ.EQ.IEl GO TO 320 
OCINDEXCJ>>•GCINDEXCJ-ITJ>>-WCLT>•OCINDEXCJ))+ 
Gl INDEXIJHTJl l 
00 TO 2 
GliNDEXlJll•GIINDEX(J-ITJll-WlLTl•GliNDEX(Jll• 
GliNDEXliTJ•IS-Ill 

CONTINUE 
CONTINUE 

SOLUTION PROCESS IBack-substituttonl. 

379 
380 
381 
382 
383 
384 
385 
386 
387 
388 
389 
390 
391 
392 
393 
394 
395 
396 
397 
398 
399 
400 
401 
402 
403 
404 
40S 
406 

WCN~1)=4-WCN)•WCN) 

ILR=C IS+ lE-I) /2 
GC INDEX( JE) )=GC INDEX C JE) )*( -WCNJ )+2•GC INDEX< ILRJ) 
XliNDEXliEllzG(INDEXl!Ell/WlN•tl 
X (INDEX ( ILRl l•lG( INDEX ( ILRl l-2•X (INDEX (!Ell l /W(N) 

DO 3 J ... l, ITZ 
LT=N-1 
ITL=2••ITZ+IS-1 
JJT::o:2••LT 
IJJ=2••LTTIS-1 
II=2••<LT+l) 
JJ=JJJ+II 

DO 4 JzJJ,JE,JI 
IF(JU.GT.!El GO TO 4 
XCINDEXCJ))aCGCINDEXCJ))-XCINDEXCJ-IJT))
XliNDEX(J•IJTlll/W(LT•Il 

4 CONTINUE 
IF(IJU.EQ.ITLl GO TO 3 
XliNDEXliJUl)•(G(INDEXliJUll-XliNDEXlii•IS-1ll
X(INDEXliElll/W(LT•1l 

3 CONTINUE 
XliNOEXliSll=(G(INDEX(ISll-XllNDEXliS•lll-XliNDEXliElll/W(ll 

JK=IS+2 
DO 8 J"'JK, IE,2 

XliNDEX(Jll•(G(INDEX(Jll-XliNDEXlJ-Ill-XliNDEXlJ•Illl/W(Il 
8 CONTINUE 

RETURN 
SEND 



I C 
2 C DIRECTORY.FILENAME I 
3 c 

{){){){){){){){){) 
<> MB.2.POEXLDP <> 
<><><><><><><><><> 

4 c 
~ c 
6 C THIS PROGRAM IMPLEMENTS THE CYCLIC ODD-EVEN REDUCTION TECHNIQUE 
7 C TO SOLVE THE MATRIX EQUATION I AX=B ,WHERE 'A' IS A TRIDIAGONAL 
8 C PERIODIC MATRIX WITH CONSTANT-DIAGONAL AND UNIT OFF-DIAGONAL 
9 C ENTRIES. 

10 C THE PROGRAM PERFORMS !N-Il REDUCTION STEPS,WHERE 'N' IS THE EXPONENT 
11 C OF THE SIZE OF THE MATRIX. IT GENERATES AS MANY PARALLEL PATHS AS 
12 C IT CAN.1.e •• IT IS INDEPENDENT OF THE NUMBER OF AVAILABLE PROCESSORS, 
13 C BUT THERE IS AN IMPORTANT RESTRICTION I THIS IS THAT THE MAXIMUM 
14 C NUMBER OF PARALLEL PATHS THAT CAN BE GENERATED ON THE 'NEPTUNE' 
1~ C "111110' PROTOTYPE.UTILIZING THE "XPFCL" Cot1MAND,JS 7~. 
16 C HOWEVER.IF AN ALTERNATE COMMAND IS UTILIZEDol.o .. THE "XPFCLD" COMMAND, 
17 C THEN AS MANY AS 32,767 PARALLEL PATHS CAN BE GENERATED. 
18 c 
19 c 
20 C SET THE REQUIRED ARRAYS. 
21 c 
22 
23 
24 c 
25 c 
26 c 
27 c 
28 c 
29 c 
30 c 
31 c 
32 c 
33 c 
34 c 
~ c 
36 c 
37 c 
38 c 
39 c 
40 c 
41 c 
42 c 
43 

DIMENSION W!I21.B!204BI.C!20481.X!20481,1NDE!204BI.IND0!20481 
DIMENSION ITIME!IOOI 

SPECIFICATION OF THE ARRAYS 

W I 

B I 

C I 

X I 

INDE 

INDO 

ITIME r 

IT HOLDS THE MULTIPLIERS OF THE CONSTANT-DIAGONAL ENTRY 
OF MATRIX 'A' DURING THE ELIMINATION PROCESS. 
IT HOLDS THE R.H.S. ENTRIES OF THE SYSTEM. ON THIS ARRAY 
WILL BE APPLIED THE 'EVEN' STREAM OF THE CYCLIC ODD-EVEN 
REDUCTION PROCEDURE. 
IT HOLDS A COPY OF THE ARRAY 'B'. ON THIS ARRAY WILL BE 
APPLIED THE 'ODD' STREAM OF THE CYCLIC ODD-EVEN REDUCTION 
PROCEDURE. 
IT HOLDS THE SOLUTION OF THE SYSTEM. 
IT HOLDS THE INDICES OF THE 'EVEN' STREAM OF THE CYCLIC 
ODD-EVEN REDUCTION PROCEDURE. 
IT HOLDS THE INDICES OF THE 'ODD' STREAM OF THE CYCLIC 
ODD-EVEN REDUCTION PROCEDURE. 
IT HOLDS THE TIMING INFORMATION. 

INTEGER T,S 
44 C SET THE SHARED DATA. 
45 SSHARED N.R,JT,e,c,x,W,JNDE,INDO,JTIHE,NSTEP,[Z,JN,JM,[K, 
46 - IJ,JQ,JU,JH 
47 C INITIALIZE PARALLELISM. 
48 •usEPAR 
49 READ!S,99901 IPRINT 
50 READC5,999J) R,N 
51 WRITE!b,99921 R,N 
'52 
53 
'54 

C THE 
WCJ)zR 

SIZE OF MATRIX 
IT=2••N 

'A'. 

55 
56 
57 
'58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
7'5 

C READ THE R.H.S. ELEMENTS OF THE SYSTEM. 
DO 10 J""l• IT 

READC~,9993) BCJ) 
C HAKE A COPY OF THE R.H.S. ELEMENTS OF THE SYSTEM. 

C!JI•B!JI 
C INITIALIZE THE ARRAYS OF INDICES. 

INOE(J)•J 
JNDOCJ).,.J 

10 CONTINUE 
C SET THE "DEPTH" OF RECURSION UPON WHICH THE GRANULARITY 
C FACTOR DEPENDS. 

c 

IZ=N-1 
WRITE!6.99941 

C START 
c 

TIMING THE COMPUTATIONAL PROCEDURE. 

c 
c 

[J[J[J[J[J[J[J[J[J[J 
[J[J[J[J[J[J[J[J[J 

•DOALL 14 

76 c 
77 c 
78 c 

CALL TIMEST 
14 •PAREND 
[J[J[J[J[J[J[J[J[] 

[J[J[J[J[J[J[J[J[J[J 

79 
eo 
81 
e2 
83 
e4 
as 
e6 
87 
ea 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
108 

c 
C START THE REDUCTION PROCESS. 

DO 20 NSTEP=1,IZ 
WCNSTEP+1)=2-CWCNSTEP)••2) 
IM=-2••NSTEP 
IN=2••<NSTEP-1) 
IJ=IT/IN 
IQ=IT/IM 
IH=U1/2 

C GENERATE AS MANY PARALLEL PATHS AS IT IS POSSIBLE 
C DEPENDING ON THE REDUCTION LEVEL EACH TIME. 

SDOPAR 30 l=l.IH 
C CREATE THE 'ODD' AND 'EVEN' COMPUTATIONAL STREAMS OF THE 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 

IF!I.LE.IHI OD TO 100 
C THIS IS THE 'EVEN' COMPUTATIONAL STREAM. 

IS•2+IJ•!I-IN-II 
IE•IJ•! I-1NI 
L•O 

DO 40 J,.IS.I£.2 
LaL+.l 

C CHECK FOR THE PERIODICITY OF THE SYSTEM. 

60 

IF!L.EQ.IQI 00 TO 60 
BCINDECJ))=BCINDECJ-1))-W(NSTEPJ•B<INDECJJJ+BCINDECJ+l))~ 
oorow ~ 
Z=B( INDECJ-2•L+l)) ..._ 
L~o 

B!INDE!JII=B<INDE!J-111-W<NSTEPI•B!INDE<JII+Z 
40 CONTINUE 

GO TO 30 



C THIS IS THE 'ODD' COMPUTATIONAL STREAM. 109 
110 
Ill 
112 
113 
114 
115 
116 
117 
ue 
119 
120 
121 
122 
123 
124 
125 
126 
127 
12e 
129 
130 
131 
132 
133 
134 
135 
136 
137 
13e 
139 
140 
141 
142 
143 
144 
145 
146 
147 c 
14e c 
149 c 
150 
151 
152 
153 
154 
155 
156 
157 
15e 
159 
160 
161 
162 

100 JS•CJ-t)•JJ+l 
IE•IJ•I 
D=C( INDO( IJ•I l l 

DO 70 J=JS,JE,2 
C CHECK FOR THE PERIODICITY OF THE SYSTEM. 

IF<J.EQ.ISl GO TO eo 
C<INDO!Jll•C!INDO<J-Ill-W!NSTEPl•C<INDO(Jl}+C<INDO!J+Ill 
GO TO 70 

eo C!INDO<Jll=D-W<NSTEPIOC!INDO!Jl}+C!INDO(J+Ill 
70 CONTINUE 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
30 SPAREND 

C INTERCHANGE THE COMPUTED R.H.S. VALUES VIA THE APPROPRIATE 
C ARRAYS OF INDICES. 

DO 141 J•2,JT,2 
C!INDE!Jll=B<INDE!J}l 
B<INDO<J-1ll=C!INDO!J-1}} 

141 CONTINUE 
C SHUFFLE THE 'EVEN' AND 'ODD' USED INDICES TO THE TOP OF 
C THE CORRESPONDING ARRAYS. 

LS-=0 
DO 160 .J•2,JT,2 

LS=LS+l 
INDE<LSl•INDE!Jl 

160 
INDO!LSl•INDO(J-1} 

CONTINUE 
IF!NSTEP.EQ.IZl 00 TO 20 

C COPY THE 'ODD' AND 'EVEN' USED INDICES 
C OF EACH OTHER'S ARRAY. 

170 
20 CONTINUE 

LS=O 
IW=IT/2+1 

DO 170 M•IW.IT 
LS=LS+l 
INDE<Ml=INDO!LSl 
INDO<Ml=INDE<LSl 

CONTINUE 

AT THE REAR HALF 

THE SOLUTION PROCESS [Back-substitution]. 

WCN+t)~4-CWCN)••2) 

JKz::2••<N-1) 
IU=IK/2 

C GENERATE THAT MANY PARALLEL PATHS AS THE NUMBER OF RESULTING 
C (2X2l SUBSYSTEMS. 

SDOPAR 130 I•t.IK 
C CREATE THE 'ODD' AND 'EVEN' SOLUTION STREAMS. 

IF!I.LE.IUl 00 TO 140 
C THIS IS THE 'EVEN' SOLUTION STREAM. 

IS==2•C l-IU-1 )+1 
IE=IS+t 
BC JNDEC JE) )=BC INDEC lE) l•C-WCN) )+2*8< INOEC IS)) 
XCINDECIE))c8CINOECIEll/WCN+l) 

GO 
THIS IS 
140 

X!INDE!ISll•<B<INDE<ISll-2•X<INDE<IElll/W!Nl 
TO 130 
THE 'ODD' SOLUTION STREAM. 

15•2•< 1-l )+1 
IE•IS+t 

163 
164 
165 c 
166 
167 
16e 
169 
170 
171 
172 
173 c 
174 c 
175 c 
176 c 
177 c 
178 
179 
180 
181 c 
182 c 
183 c 
184 c 
185 c 
186 c 
187 
188 
189 
190 c 
191 c 
192 c 
193 
194 
195 
196 
197 
198 
199 
200 
201 
202 

Cl INDO! !El l•C( INDOl !El }o(-W!Nl l+2oC! INDO( ISI} 
Xl INDO! I El l•C( INDOl !El l/WlN+ll 
XCINDOCJS))•CCCINDOCJS))-2•XCJNDOCJE)))/WCN) 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
130 SPAREND 

TERMINATE TIMING THE COMPUTATIONAL PROCEDURE. 

[][][][][][][][][][][][][] 
[][][][][][)[][][][][][] 

$DOALL 131 
CALL TIMOUTliTIMEl 

131 SPAREND 
[][][][][][][][][][][)[] 

[][][)[][][][][][][)[][][] 

OUTPUT THE RESULTS OBTAINED FROM THE TIMED COMPUTATIONAL 
PROCEDURE. 

WRITEt6,9995) 
IF!IPRINT.EQ.Ol 00 

WRITE!6.9996l 

SET THE FORMATS 
.............................. 

9990 FORMAT!I2l 

IT IME 
TO 151 
CXCJ),Ja:t,JT) 

9991 FORMAT<F4.2.2X.I2l 
9992 FORMATCF4.2,2X.I2) 
9993 FORMAT!F9.4l 
9994 FORMAT<lX.~IZ = n-1') 
9995 FORMAT<I.~TIMING<S)-<*For POEXLDP•) a~./8(16.2X)) 
9996 FORMAT!1X.'THE SOLUTION IS z'./4<E15.6.2Xl/} 

C TERMINATE PROGRAM. 
151 $STOP 

SEND 



c 

3 
4 
:1 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 

2 c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

20 c 
21 c 
22 c 
23 c 
24 c 
25 c 
26 c 
27 c 
28 c 
29 c 
30 c 
31 c 
32 c 
33 c 
34 c 
3S c 
36 c 
37 c 
38 c 
39 

DIRECTORY.FILENAME • 
<><><><><><><><><> 
<> MBS2.POEDPRP <> 
<><><><><><><><><> 

THIS PROGRAM IMPLEMENTS THE CYCLIC ODD-EVEN REDUCTION TECHNIQUE, 
TO SOLVE THE MATRIX EQUATION • AXDB ,WHERE 'A' IS A TRIDIAGONAL 
PERIODIC MATRIX WITH CONSTANT-DIAGONAL AND UNIT OFF-DIAGONAL 
ENTRIES. 
THE NUMBER OF CREATED PATHS IS ALWAYS EQUAL TO THE NUMBER OF 
AVAILABLE PROCESSORS EACH TIME. 
THE PROGRAM PERFORMS (N-Il REDUCTION STEPS,WHERE 'N' IS THE EXPONENT 
OF THE SIZE OF THE MATRIXoUSINO THE '•DOPAR' CONSTRUCT. 

SET THE REQUIRED ARRAYS. 

DIMENSION W(IOioB(20481,C(20481,X(20481,1NDE(20481 
DIMENSION ITIME(IOOI,IND0(20481 

SPECIFICATION OF THE ARRAYS 

w ' 

B ' 

c ' 

X 
INDE I 

INDO 

ITIHE I 

IT HOLDS THE MULTIPLIERS OF THE CONSTANT-DIAGONAL ENTRV 
OF MATRIX 'A' DURING THE ELIMINATION PROCESS. 
IT HOLDS THE R.H.S. ENTRIES OF THE SYSTEM. ON THIS ARRAY 
WILL BE APPLIED THE 'EVEN' STREAM OF THE CYCLIC ODD-EVEN 
REDUCTION PROCEDURE. 
IT HOLDS A COPY OF THE ARRAY 'B'. ON THIS ARRAY WILL BE 
APPLIED THE 'ODD' STREAM OF THE CYCLIC ODD-EVEN REDUCTION 
PROCEDURE. 
IT HOLDS THE SOLUTION OF THE SYSTEM. 
IT HOLDS THE INDICES OF THE 'EVEN' STREAM OF THE CYCLIC 
ODD-EVEN REDUCTION PROCEDURE. 
IT HOLDS THE INDICES OF THE 'ODD' STREAM OF THE CYCLIC 
ODD-EVEN REDUCTION. 
IT HOLDS THE TIMING INFORMATION. 

INTEGER LS 
40 C SET THE SHARED DATA. 
41 
42 
43 
44 
45 
46 
47 
48 
49 
:10 
51 
52 
53 
:14 

$SHARED N,R,B,X,JT,C,W,INDE,INDO,JTIME,NSTEP,JJ, 
- JQ,JA,JZ,NPROC,JB,IH 

C SET CRITICAL SECTIONS. 
•REGION NOPRGC 

C INITIALIZE PARALLELISM. 
SUSEPAR 
NPROC=O 

C GENERATE PARALLEL PATHS TO SET DYNAMICALLY THE NUMBER OF 
C PROCESSORS TO BE UTILIZED EACH TIME IN THE PROGRAM. 

•noALL 2000 
C ENTER CRITICAL SECTION. 

.ENTER NOPROC 
NPROCcNPROC+t 

C RELEASE CRITICAL SECTION. 

:1:1 SEXIT NOPROC 
:16 
:17 
58 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 

:19 
60 
61 
62 
63 
64 
65 
66 

2000 •PAREND 

W( li~R 

READ(:!,99901 !PRINT 
REAOC~o9991) R~N 
WRITE(6,99921 R,N 

C THE SIZE OF MATRIX 'A'. 
IT=2••N 

C READ THE R.H.S. ELEMENTS OF THE SYSTEM. 
DO 20 J:at, IT 

READ(:!,99931 B(JI 
67 
68 
69 
70 
71 

C MAKE A COPY OF THE R.H.S. ELEMENTS OF THE SYSTEM. 

72 

C(JizB(JI 
C INITIALIZE THE ARRAYS OF INDICES. 

INDE(JI;J 
INDO(JI=J 

20 CONTINUE 
73 c 
74 c 
75 

SET THE "DEPTH" OF RECURSION UPON WHICH THE GRANULARITY 
FACTOR DEPENDS. 

76 
77 c 
78 c 
79 c 
eo c 
81 c 
82 
83 
84 
85 c 
86 c 
87 c 
88 c 
89 c 
90 
91 
92 
93 
94 
95 
96 
97 
98 

I Z=N-1 
WRITE(6,99941 

START TIMING THE COMPUTATIONAL PROCEDURE. 

[J[][J[][J[J[J[J[J[J 
[J[J[J[J[J[J[J[J[J 

SDOALL 45 
CALL TIMEST 

45 SPAREND 
[J[J[J[J[][][J[][] 

[J[J[J[J[J[J[J[J[J[J 

START THE REDUCTION PROCESS. 

1002 
1003 

DO 60 NSTEP=I,JZ 
IN=2••<NSTEP-1) 
IJ=IT I IN 
WCNSTEP~l)•2-WCNSTEPJ•WCNSTEPJ 

ID=2••NSTEP 
IQ=IT/10 
IF(NPROC.NE.II GO TO 1002 
IA""l 
GO TO 1003 
IA=NPROC/2 
IB=IT/IA 

IF(NPROC.EQ.41 GO TO 3000 
GENERATE 'NPROC' PARALLEL PATHS. 

.DOPAR 71 I=I,NPROC 

99 
100 
101 
102 c 
103 
104 
10:1 
106 
107 
108 c 

C CREATE THE 'ODD' AND 'EVEN' COMPUTATIONAL 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 

JF(NPROC.EQ.II GO TO 101 
JF(I.LE.IAI GO TO 100 

THIS IS THE 'EVEN' COMPUTATIONAL STREAM. 

STREAMS OF THE 



101 IS=-2 
IE•IB 
L•O 

DO 90 ~·IS,J£,2 
L•L+l 

C CHECK FOR 

109 
110 
Ill 
112 
113 
114 
115 
116 
117 
118 
119 
120 
121 
122 
123 
124 c 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 

THE PERIODICITY OF THE SYSTEM. 

110 

90 

GO 
THIS IS 
lOO 

IFCL.EQ.IQ) GO TO 110 
B!INDE!~ll•B!INDE(~-Ill-W(NSTEPl*B<INDE!~ll+B!INDE(~+Ill 
00 TO 90 
Z•BCINDECJ-2•L+1)) 
L•O 
B(INDE!~ll=B(INOE(~-Ill-W(NSTEPl*B!INDE!~ll+Z 

CONTINUE 
IF!NPROC.EQ.Il GO TO 100 

TO 71 
THE 'ODD' COMPUTATIONAL STREAM. 

IS=l 
IE=IB 
L=O 

DO 120 J•JS,JE,2 
L•L+l 

C CHECKS FOR THE PERIODICITY OF THE SYSTEM. 
IF<~.EQ.!Sl 00 TO 131 
IFCL.EQ.!Ql GO TO 130 
C<INDO<Jll•C<INDO!J-Ill-W<NSTEPl•C<INDO(Jll+C!INDO!J+Ill 
00 TO 120 

130 

131 

D•CCINDOCJ+2•L-J:> 
L•O 
GO TO 132 
D=CCJNDOCJS+IJ-1)) 
L=O 

13:5 
136 
137 
138 
139 
140 
141 
142 c 
143 
144 
145 
146 
147 
148 
149 
150 
151 
152 
153 
154 
155 
156 
157 
158 
159 
160 

132 CCINDOCJ>>=D-WCNSTEP>•CCINDOCJ))+CCINDOCJ+lJ) 
120 CONTINUE 

161 
162 

TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
71 SPAREND 

GO TO 63 
c 
C IN CASE THAT ALL PROCESSORS ARE UTILIZED 
C PROGRAM IS EXECUTED. 
c 
C GENERATE 'NPROC' PARALLEL PATHS. 

3000 SDOPAR 70 l•l,NPROC 
C CREATE THE 'ODD' AND 'EVEN' COMPUTATIONAL 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 

IF(I,LE.!Al GO TO 400 
C THIS IS THE 'EVEN' COMPUTATIONAL STREAM. 

117 

IF<NSTEP.EQ.I) GO TO 117 
K•2 
IS•CI-3>•18+2 
IE,.IS+JB-2 
GO TO 181 
K•4 
IS•(!-21•2 
lE• IT 

THEN THIS PART OF THE 

STREAMS OF THE 

157 

181 
182 

IFCI.EQ,4l 00 TO 157 
GO TO 181 
L•IQ/2 
00 TO 182 
L=O 

DO 91 J•JS,JE.K 
L=L+J 

163 
164 
165 
166 
167 
168 
169 
170 
171 
172 
173 
174 
175 
176 
177 
178 
179 c 
180 
181 
182 
183 
184 
185 
186 
187 
188 
189 

C CHECK FOR THE PERIODICITY OF THE SYSTEM. 
IF!L.EQ,IQl GO TO 510 

510 

91 
GO 

THIS IS 
400 

103 

BCJNDECJJJ•BCINDECJ-1>)-WCNSTEPJ•B<INDECJ))+BCINDECJ+l)) 
00 TO 91 
Z=BCINDECJ-2•L+1)) 
L=O 
B!INDE!Jll=B!INDE(J-Ill-W<NSTEPl•B<INDE(J))+Z 

CONTINUE 
TO 70 
THE 'ODD' COMPUTATIONAL STREAM. 

IF!NSTEP.EQ.Il 00 TO 103 
K=2 
IS•C I-1 J•IB+1 
IE=IS+IB-1 
L=O 
IF<NSTEP.OT.2l 
GO TO 206 
K=4 
I SeC I-1 )*1+1 
lE= IT 

190 L=O 
191 206 DO 121 J•IS,JE,K 
192 C CHECKS FOR THE PERIODICITY OF THE SYSTEM. 
193 IF!NSTEP.ED.Il GO TO 1021 
194 L=L+l 
195 IFCL.EQ,(IJ+Ill GO TO 232 
196 IFCJ.EQ.!Sl GO TO 231 
197 GO TO 1022 
198 1021 IF!J.EQ.I) GO TO 231 
199 1022 CCJNDOCJ))aCCINDOCJ-1))-WCNSTEP>•C<INDOCJ))+CCJNOOCJ+l)) 
200 GO TO 121 
201 231 D=C<INOO!IS+IJ-Ill 
202 GO TO 233 
203 232 D•C!INDO(J+L-2)) 
204 L=IQ+l 
205 233 C!INDO!Jll=D-W<NSTEPl•C<INDO!Jll+C<INDO<J+Ill 
206 121 CONTINUE 
207 C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS, 
208 70 SPAREND 
209 C INTERCHANGE THE COMPUTED R.H.S. VALUES VIA THE 
210 C APPROPRIATE ARRAYS OF INDICES, 
211 63 DO 140 J=2,IT.2 
212 C(INDE(Jll•B!INDE!Jll 
213 B!INDO<~-Ill=C!INDO(J-1)) 
214 140 CONTINUE 
215 C SHUFFLE THE 'EVEN' AND 'ODD' USED INDICES TO THE TOP 
216 C OF THE CORRESPONDING ARRAYS. 



169 

LS•O 
DO 169 J~2~JT,2 

LS-=LS+l 
INDEtLSl•INDEtJl 
INDOtLSl•INDOtJ-Il 

CONTINUE 
IFtNSTEP.EQ,IZl 00 TO 60 

C COPY THE 'ODD' AND 'EVEN' USED INDICES AT 
C OF EACH OTHER'S ARRAY. 

170 

LS•O 
IW•IT/2+1 

DO 170 M""IW,JT 
LS=LS+l 
INDEtMl•INDOtLSl 
INDOtMl•INDEtLSl 

CONTINUE 
60 CONTINUE 

c 
CTHE 
c 

SOLUTION PROCESS CB~ck-substitutlonl. 

WCN+1)•4-WCNl•WCN) 
IH•2••NINPROC 

C GENERATE 'NPROC' PARALLEL PATHS. 
SDOPAR 270 I•I.NPROC 

THE REAR HALF 

C CREATE THE 'ODD' AND 'EVEN' SOLUTION 
IFtNPROC.NE.Il GO TO 291 

IH•IH/2 

217 
218 
219 
220 
221 
222 
223 
224 
225 
Z2b 
227 
228 
229 
230 
231 
232 
233 
234 
2~ 
236 
237 
238 
239 
240 
241 
242 
243 
244 
24:1 
246 
247 
248 
249 
250 
2:11 
2:12 
2:13 
254 
25:1 
2:16 
2:17 
2:18 
259 
260 
261 
262 
263 
264 
263 
266 
267 
268 c 
269 
270 c 

STREAMS. 

GO TO 280 
291 IFti.LE,IAl 00 TO 290 

IFtNPROC,EQ,4l 00 TO 281 
C THIS IS THE 'EVEN' SOLUTION STREAM. 

280 

281 

305 

285 

GO 
C THIS IS 

290 

IS•l 
IE•IH 
GO TO 303 
IS•CI-3l•IH+1 
IE•IS+JH-1 

DO 285 J•JS,JE,2 
BCINDECJ+l))•8CINDECJ+1))*(-W(N))+2•BCINDECJ)) 
XCINOECJ+l))=BCJNDECJ+l))/WCN+l) 
XCJNDECJ))=CBC1NDECJ))-2*XCINDECJ+1)))/WCN) 

CONTINUE 
IFtNPROC.EQ,Il GO TO 290 
TO 270 
THE 'ODD' SOLUTION STREAM. 

IS•< 1-l >•lH+l 
IEciS+IH-1 

DO 295 J=IS,IE.2 
C<INDOCJ+l)l•CCINDOCJ+l))*C-WCN))+2•CCINDOCJ)) 
XtlNDOCJ+tll=CtiNOOtJ+l))/WCN+l) 
XCINDOtJ))=tCCINOOCJ))-2•X<INDOCJ+1)))/WCN> 

295 CONTINUE 
TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
270 $PAREND 

271 C TERMINATE TIMING THE COMPUTATIONAL PROCEDURE. 
272 c 
273 c [][][][][][][][][][)[][][] 
274 c [][][][][][][][][][][][] 
275 •ooALL 3oo 
276 CALL TIMOUTtiTIMEl 
277 300 SPAREND 
278 c [][][][][][][][][][][][] 
279 c [][][][][][][][][][][][][] 
280 c 
281 c 
282 C OUTPUT THE RESULTS OBTAINED FROM THE TIMED COMPUTATIONAL 
283 C PROCEDUREa 
284 WRITEtb,999Sl !TIME 
285 IFtiPRINT.EQ,Ol GO TO 370 
286 WRITEt6,9996) (Xtll,I=I,ITl 
287 c 
288 C SET THE FORMATS 
289 c ............................ .. 
290 9990 FORMATtl2l 
291 9991 FORMATtF4.2,2X,I2l 
292 9992 FORMATtF4.2,2X,I2l 
293 9993 FORMATtF8.4l 
294 9994 FORMATClX,'IZ • n-1') 
295 9995 FORHATC/,'TIMINOCS)-C•For POEDPRP•) :',/8CI6.2X)) 
296 9996 FORMATtiX,'THE SOLUTION IS :',/7tEIS.6,2Xl/l 
297 C TERMINATE PROGRAM. 
298 370 SSTOP 
299 SEND 



c I 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 

C DIRECTORY.FILENAME 
c 

<><><><><><><><><> 
<> MBS2.POECSCP <> 
<><><><><><><><><> 

c 
c 
C THIS PROGRAM IMPLEMENTS THE CYCLIC ODD-EVEN REDUCTION TECHNIQUE 
C TO SOLVE THE MATRIX EQUATION I AX=B ,WHERE 'A' IS A TRIDIAGONAL 
C PERIODIC MATRIX WITH CONSTANT-DIAGONAL AND UNIT OFF-DIAGONAL 
C ENTRIES. 
C THE PROGRAM GENERATES THE PARALLEL PATHS IN A SEMI-ASYNCHRONOUS 
C MANNER DEPENDING ON THE NUMBER OF AVAILABLE PROCESSOR<Sl EACH TIME. 
C IN OTHER WORDS.THE PROGRAM.INITIALLY,GENERATES TWO PARALLEL PATHS 
C AND THEN,EACH TIME.THE NEXT AVAILABLE PROCESSOR GENERATES THE NEXT 
C PARALLEL PATH. 
c 
C SET THE REQUIRED ARRAYS. 
c 

DIMENSION W(l2l.B<2048l,C~2048l.X<2048l.INDE<2048l.IND0(2048l 
DIMENSION ITIME(100l 

SPECIFICATION OF THE ARRAYS 

W I 

B ' 

C I 

X I 
INDE : 

INOO : 

ITIME : 

IT HOLDS THE MULTIPLIERS OF THE CONSTANT-DIAGONAL ENTRY 
OF MATRIX 'A' DURING THE ELIMINATION PROCESS. 
IT HOLDS THE R.H.S, ENTRIES OF THE SYSTEM. ON THIS 
ARRAY WILL BE APPLIED THE 'EVEN' STREAM OF THE CYCLIC 
ODD-EVEN REDUCTION PROCEDURE, 
IT HOLDS A COPY OF THE ARRAY '8'. ON THIS ARRAY WILL BE 
APPLIED THE 'ODD' STREAM OF THE CYCLIC ODD-EVEN REDUCTION 
PROCEDURE. 
IT HOLDS THE SOLUTION OF THE SYSTEM. 
IT HOLDS THE INDICES OF THE 'EVEN' STREAM OF THE CYCLIC 
ODD-EVEN REDUCTION PROCEDURE. 
IT HOLDS THE INDICES OF THE 'ODD' STREAM OF THE CYCLIC 
ODD-EVEN REDUCTION PROCEDURE. 
IT HOLDS THE TIMING INFORMATION, 

20 c 
21 c 
22 c 
23 c 
24 c 
25 c 
26 c 
27 c 
28 c 
29 c 
30 c 
31 c 
32 c 
33 c 
34 c 
35 c 
36 c 
37 c 
38 c 
39 INTEGER LT,LS 

C SET THE SHARED DATA. 40 
41 
42 
43 c 
44 
45 c 
46 
47 
48 
49 

$SHARED N,R,IT.B,C,X,W.INOE, lNOO.ITIHE,NSTEP,IZ,IN,JM,JK, 
- IO.IP,JJ,JQ,JA,JB,JU 

SET CRITICAL SECTIONS. 
$REGION PATH 

INITIALIZE PARALLELISM. 
SUSEPAR 

W<ll=R 

READ(5,9990) IFRINT 
READ<5,9991l R.N 
WRITE<6.9992l R,N 

50 
51 
52 

C THE SIZE OF MATRIX 'A'. 

53 
54 

IT=2••N 
C READ THE R.H.S, ELEMENTS OF THE SYSTEM. 

D020J=-=t,JT 

READ<5,9993l B<Jl 55 
56 
57 
58 
59 
60 

C HAKE A COPY OF THE R.H.S. ELEMENTS OF THE SYSTEM. 

61 

C<Jl=B<Jl 
C INITIALIZE THE ARRAY$ OF INDICES. 

INDE<Jl=J 
INDO<.J>=J 

20 CONTINUE 
62 
63 
64 
65 

C SET THE "DEPTH" OF RECURSION UPON WHICH THE GRANULARITY 
C FACTOR DEPENDS. 

IZ=N-1 
WRITE<6.9994l 

66 c 
67 c 
68 c 
69 c 
70 c 
71 

START TIMING THE COMPUTATIONAL PROCEDURE. 

[J[][][J[][J[J[][J[] 
[][][][][][][][][] 

SDOALL 40 
72 
73 
74 
75 
76 
77 
78 
79 
eo 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
108 

c 
c 
c 

CALL TIHEST 
40 SPAREND 
[][][][][][][][][] 

[J[][J[J[][J[J[][J[J 

C START THE REDUCTION PROCESS. 
DO 60 NSTEP=1.1Z 

WCNSTEP+l)=O.O 
WCNSTEP+1)=2-WCNSTEP>•WCNSTEP) 
IN=O 
IM=1 
ID=2u·NSTEP 
IN=2••<NSTEP-1> 
IJ=IT/1N 
IQ= IT/ID 
IA=ID/2 
IB=IT/2 

C GENERATE PARALLEL PATHS. 
SDOALL 70 

C ENTER CRITICAL SECTION. 
80 SENTER PATH 

I=IM 
IM=IH1-l 

C RELEASE CRITICAL SECTION. 
$EXIT PATH 

IF<I.OT.IDI GO TO 70 
C CREATE THE 'ODD' AND 'EVEN' COMPUTATIONAL 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 

IFCI.LE.IA) GO TO 100 
C THIS IS THE 'EVEN' COMPUTATIONAL STREAM. 

lS=21-IJ•ti-IN-1> 
IE=IJ•( 1-INI 
L=O 

DO 90 J=IS.IE,2 

C CHECK FOR 
L=L+l 

THE PERIODICITY 
IF<L.EO.IOI 60 

OF THE SYSTEM. 
TO 110 

STREAMS OF THE (") 
I 

<:: 



109 
110 
Ill 
112 
113 
114 
115 
116 
117 
118 
119 
120 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
142 
143 
144 
145 
144 
147 
148 
149 
150 
151 
152 
!53 
154 
155 
154 
157 
158 
159 
160 
161 
162 

BC INOECJJ J=B< INDECJ-1) )-WCNSTEPl*BC INDECJ) )+BC INDEC.J+l)) 
00 TO 90 

110 Z=BIINDEIJ-2*L+lll 
L=O 
BCINDECJ))=BClNOECJ-lJ)-WCNSTEPJ•BCJNDECJJJ+Z 

90 CONTINUE 
00 TO 80 

C THIS IS THE 'ODD' COMPUTATIONAL STREAM, 
100 IS•CI-tJ•IJ+l 

IE=IJ•I 
D=CI INDO( IJ•I)) 

DO 120 J~JS,JE,2 
C CHECK FOR THE PERIODICITY OF THE SYSTEM, 

IFCJ.EQ.ISl GO TO 130 
CCINDO(Jll=CIINDOCJ-Ill-WCNSTEPl•CCINDOIJ))+C(INDOCJ+1ll 
00 TO 120 

130 CCINOOCJJ)=D-WCNSTEP)•CCJNDOCJ))+CCJNDOCJ+l)J 
120 CONTINUE 

00 TO 80 
C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 

70 SPAREND 
C INTERCHANGE THE COMPUTED R.H.S. VALUES VIA THE APPROPRIATE 
C ARRAYS OF INDICES AND SHUFFLE THE 'EVEN' AND 'ODD' USED 
C INDICES TO THE TOP OF THE CORRESPONDING ARRAYS. 

LS=O 
00 140 J=2,JT.2 

LS=LS+l 
C( INDE!Jl l=BI INDE!Jl l 
INDEILSl=INDEIJl 

140 CONTINUE 
LT=O 

DO 160 J=1o1To2 
LT•LT+l 
BIINOO(Jll=CIINDOIJ)l 
INDOIL Tl=INDO(J) 

160 CONTINUE 
IFINSTEP.EQ.IZl GO TO 60 

C COPY THE 'ODD' AND ~EVEN~ USED INDICES AT THE REAR HALF 
C OF EACH OTHER'S ARRAY, 

LT=O 
IW=IT/2+1 

DO 170 M=IWoiT 
LT=LT+I 
INDEIMl=INDOILTl 
INDOIMl•INDEILTl 

170 CONTINUE 
40 CONTINUE 

C THE SOLUTION PROCESS [B•ck-substltutaonJ. 
WCN+1J=4-WCNJ•W<NJ 
IP•2••<N-U 
u~-• 
IU•IP/2 

C GENERATE PARALLEL PATHS. 
SDOALL 260 

C ENTER 
270 

CRITICAL SECTION. 
$ENTER PATH 

I=IK 
IK=IK+l 

C RELEASE CRITICAL SECTION. 
5EXIT PATH 

IFII.GT.IPl GO TO 260 
C CREATE THE 'ODD' AND 'EVEN' SOLUTION STREAMS. 

163 
164 
165 
166 
147 
168 
169 
170 
171 
172 
173 
174 
175 
174 
177 
178 
179 
180 
181 
182 
183 
184 
185 
186 
187 
188 c 
189 c 
190 c 
191 c 
192 c 
193 
194 
195 
194 
197 
198 
199 
200 
201 
202 
203 
204 
205 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 

IFII,LE.IUl GO TO 280 
C THIS IS THE 'EVEN' SOLUTION STREAM. 

IS=2•<I-IU-1)+1 
IE=JS+l 
BC INDE C lE) J=B( INDE (lE) >•<-W<N> H2*8( INDEC JS)) 
X I INDEI !El l=BI INDE (I Ell /WIN>! l 
XI INDEI ISl l=IBI INDEI IS) l-2•XI INDEI !Ell l /WIN) 

GO TO 270 
C THIS IS THE 'ODD' SOLUTION STREAM. 

280 IS=2•CI-l)+l 
lE=lSTl 
CC INDOC lE) )=CC INDOC lE> >•<-W<N> H2*C( INDOC JS)) 
X I INDOI I El l=CI !NODI I El) /WIN+1 l 
XIINDOIISll=ICIINDOIISll-2•XCIND0(1Elll/WINl 

GO TO 270 
C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 

260 SPARENO 

TERMINATE TIMING THE COMPUTATIONAL PROCEDURE, 

c 
c 
c 

[][][][][][][][][][][][][] 
[][][][][][][][][][][][] 

SOOALL 26'5 
CALL TIMOUTIITIMEl 

265 $PAREND 
[][][][][][][][][][][][] 

[][][][][][][][][][][][][] 

C OUTPUT THE RESULTS OBTAINED 
C PROCEWRE, 

c 

WRITEI6,9995l 
IFIIPRINT.EO,Ol GO 

WRITE(6,9996l 

C SET THE FORMATS c ~NAMMAWAAHMANMN 
9990 FORMATII2l 

FROM THE TIMED COMPUTATIONAL 

I TIME 
TO 99990 
IXIIloi=I.XTl 

9991 FORMATIF4.2,2Xol2l 
9992 FORMATIF4.2,2Xol2l 
9993 FORMATIFB.4l -o 
9994 FORMATCtX.~Iz = n-1~) ~ 

9995 FORMATC/.~TIMINGCS>-C•For POECSCP•) c~./8CI6,2X))2: 
9996 FORMAT<tx.~THE SOLUTION IS :~./7CE15.6.2X)/) 

C TERMINATE PROGRAM. 
99990 $STOP 

SEND 



I C <><><><><><><><><> 
<> MBS4.POEGENP <> 
<><><><><><><><><> 

2 C DIRECTORY.FILENAME 
3 c 
4 c 
5 c 
6 C THIS PROGRAM IMPLEMENTS THE CYCLIC ODD-EVEN REDUCTION TECHNIQUE 

C TO SOLVE THE MATRIX EQ4ATION : GX=B .WHERE 'G IS A GENERAL 7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 

C TRIDIAGONAL PERIODIC MATRIX. 
C THE PROGRAM PERFORMS <N-Il REDUCTION STEPS,WHERE 'N IS THE EXPONENT 
C OF THE SIZE OF THE MATRIX. THE NUMBER OF CREATED PATHS IS ALWAYS 
C EQUAL TO THE NUMBER OF AVAILABLE PROCESSORS EACH TIME,WHILE ONE ONLY 
C ARRAY WITH INDICES IS UTILIZED FOR EACH COMPUTATIONAL STREAM. 
c 
C SET THE REQUIRED ARRAYS. 
c 

c 

DIMENSION EA<5121,EB<5121.EC(512l,INDEX(512l 
DIMENSION OA<512I,OB<5121.0C!5121.1NDOX!5121 
DIMENSION RHSE(512),RHS0(512) 
DIMENSION WE!512l,W0<512l.X!512l 
DIMENSION ITIME(100),A(512) 
INTEGER A 

C SPECIFICATION OF THE ARRAYS c NMMMMMMMMMUHMHMMHMHMHHMMMNH 

c 
C EA I IT HOLDS THE SUB-DIAGONAL ENTRIES OF MATRIX /0~. 
C EB I IT HOLDS THE DIAGONAL ENTRIES OF MATRIX 'G'. 
C EC I IT HOLDS THE SUPER-DIAGONAL ENTRIES OF MATRIX 'G'. 
C RHSE I IT HOLDS THE R.H.S. ENTRIES OF THE SYSTEM. 
COn the above arravs ~111 be aPPiled the /even; stream of the 
C cvcl1c odd-even reduct1on Procedure. 
C INDEX I IT HOLDS THE INDICES OF THE 'EVEN' STREAM OF THE CYCLIC 
C ODD-EVEN REDUCTION PROCEDURE. 
C OA I IT HOLDS A COPY OF THE ARRAY 'EA'. 
C OB I IT HOLDS A COPY OF THE ARRAY 'EB', 
C OC I IT HOLDS A COPY OF THE ARRAY 'EC'. 
C RHSO I IT HOLDS A COPY OF THE ARRAY 'RHSE'. 
COn the above arravs w1ll ~e aPPlied the 'odd' stream of the 
C cvcl1c odd-even reduct1on Procedure. 
C INOOX I IT HOLDS THE INDICES OF THE 'ODD' STREAM OF THE CYCLIC 
C ODD-EVEN REDUCTION PROCEDURE. 
C WE I IT HOLDS THE MULTIPLIERS FOR THE 'EVEN' STREAM OF THE 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 
C WO I IT HOLDS THE MULTIPLIERS FOR THE 'ODD' STREAM OF THE 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 
C X IT HOLDS THE SOLUTION OF THE SYSTEM. 
C !TIME IT HOLDS THE TIMING INFORMATION, 
C A I IT HOLDS THE COMPUTED 'RETURN' POINTS OF THE CYCLIC 
C ODD-EVEN REDUCTION PROCEDURE. 
c 
C SET THE SHARED DATA. 

•SHARED EA.EB.EC,JNDEX,QA,QB,OC.INOOX, 
- RHSE,RHSQ,N,WE,WQ,X,JT,JQ,JZ,NPROC, 
- ITIME,NSTEP.IJ.IH.IPRINT,A 

55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
108 

C SET CRITICAL SECTIONS. 
$REGION NOPROC 

C INITIALIZE PARALLELISM. 
SUSEPAR 
NPROC=O 

C GENERATE PARALLEL PATHS TO ~ET DYNAMICALLY THE NUMBER OF 
C PROCESSORS TO BE UTILIZED EACH TIME IN THE PROGRAM. 

SOOALL 1000 
C ENTER CRITICAL SECTION. 

SENTER NOPROC 
NPROC=NPROC.+l 

C RELEASE CRITICAL SECTION. 
$EX IT NuPROC 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
1000 $PARENO 

CALL INITIAL 
c 
C START TIMING THE COMPUTATIONAL PROCEDURE. 
c 
c [][][][][][][][][][] 
c [][![][][][][][![] 

SOOALL 2000 
CALL TIMEST 

2000 $PAREND 
c [][][][][![][][][] 
C [J[J[J[][][J[J[I[I[J 
c 
c 
c 
c 

c 

THE ROUNDING PROCEDURE TO THE OPPOSITE 
NEAREST <SMALLER OR GREATER) INTEGER. 

IH=IT/NPROC 
K=MOO( IT, NPROC) 
IF<K.EQ.OJ GO TO 2600 
L=2•K 
IF!L.LE.NPROCl IH=IH+I 

C START THE REDUCTION PROCESS. 
c 
2600 DO 21000 NSTEP= 1. IZ 

IN=2**<NSTEP-1) 
IJ=IT/IN 
10=2••NSTEP 

C COMPUTATION OF THE INCREMENT. 
IQ= IT/ID 

THAN THE 

C STORE THE COMPUTED ~RElURN~ POINTS EACH TIME. 

3000 
c 

DO 3000 K=l• IN 
LFNTE=K•IJ 
LPNTO=LPNTE-IJ+l 
A<LPNTEJ=LPNTE 
A<LPNTOJ::LPNTO 

CONTINUE 

C THE COMFUTATION OF THE /EVEN/ LINES OF THE SYSTEM. 
c 



109 
110 
111 
112 
113 
114 
115 
11b 
117 
118 
119 
120 
121 
122 
123 
124 
125 
12b 
127 
128 
129 
130 
131 
132 
133 
134 
135 
13b 
137 
138 
139 
140 
141 
142 
143 
144 
14:5 
14b 
147 
148 
149 
150 
151 
152 
153 
154 
155 
15o 
157 
158 
159 
100 
101 
1o2 

5000 
oOOO 

c 

$DOPAR 11000 l=loNPROC 
IS=< 1-1 >•IH+2 
IE=IS+IH-2 
IF! I,EQ.NPROC) lE= IT 

DO 10000 J=IS~IE.2 
.JM!Ec.J-1 
JPlE=J+l 
Zl=EA!INDEX!.JMIEl) 
IF!.J.EQ.A!.J)) GO TO 7000 
WE!.JM1El=-EA!INDEX!.J))/EB!INDEX(.JMIE)) 
Z2=WEC ... "-:1E> 
WE!.Jl=-EC!INDEX(.J))/EB(INDEX!.JP1E)) 
Z3=WE!.J) 
EB( INDEX ( .J) ) =Z2•EC ( INDEX ( .JM1E l ) +EB (INDEX ( .J) ) + 
Z3•EACINDEXCJP1E>> 
IF!I.J.EQ,4) 00 TO 5000 
EA!INDEX!.J)l=Z2•Z1 
0=0.0 
GO TO oOOO 
D=Z2•ll 
EC!INDEX(.J)l=Z3•EC!INDEX!.JP1Ell+D 
RHSECINOEXCJ>>=Z2•RH~ECINOEXCJM1E>>+ 
RHSECINOEXCJ))+Z3•RHSECINDEXCJP1E>> 
GO TO 10000 

C THE PERIODICITY OF THE SYSTEM. 
c 
7000 .JJ=JP1E-2•JQ 

WE!.JM1El=-EC!INDEX(.J))/EB!INDEX(.J.J)) 
Z4=WE ( .JM 1 E) 
WE!.Jl=-EA!INDEX!.Jl)/EB!INDEX!.JM1E)) 
Z5=WE!.J) 

C THE LAST PHASE OF THE 'REFINEMENT' STEPS. 

8000 
9000 

10000 
11000 
c 

IF!I.J.EQ.4) GO TO 8000 
D=O.O 
EA!INDEX!Jll=Z5*Z1 
GO TO 9000 
D=ZS•Zl 
ECCINDEXCJ>>=Z4•ECCJNDEXCJJ))+0 
EBCINDEXCJ>>=Z5•ECCJNOEX<JM1E>>+EBCINDEXCJ))+ 
Z4•EACINDEXCJJ)) 
RHSECINDEX<J>>=Z4•RHSECINDEX<JJ))+ 
RHSE(INDEX(.J))+Z5•RHSE!INDEX!.JM1El) 

CONTINUE 
SPARENO 

C THE COMPUTATION OF THE 'ODD' LINES OF THE SYSTEM. 
c 

$DOPAR 1QOOO I=I,NPROC 
JS=<I-1>•IH+1 
IE=IS+IH-1 
lf(I,EO.NPROC) IE=IT 

DO 18000 .J=ISoiEo2 
.JMIO=.J-1 

1o3 
104 
1o5 
too 
1o7 
1o8 
1o9 
170 
171 
172 
173 
174 
175 
170 
177 
178 
179 
180 
181 
182 
183 
184 
185 
18o 
187 
188 
189 
190 
191 
192 
193 
194 
195 
19o 
197 
198 
199 
200 
201 
202 
203 
204 
205 
20o 
207 
208 
209 
210 
211 
:212 
213 
214 
215 
:216 

12000 
13000 

c 

JPlO=J+l 
IF!J.EQ.A(.J)) GO TO 14000 
Q1cOA!INDOX!JM10)) 
WOCJ>~-OACINOOXCJ))/08CINDOXCJM10)) 
Q2=WOCJ) 
W0(.JPI0)=-0C!INDOX(.J))/0B(INDOX!.JP10)) 
Q3=WO!.JP10) 
IFC IJ.E0.4) GO TO 12000 
D=O.O 
OACINDOXCJ))=Q2*Ql 
GO TO 13000 
D=Q2*Ql 
0BtlNOOXCJ))=03*0ACINDOX<JPlO>>+OBCJNOOXCJ))+ 
Q2•0CCJNDOXCJM10)) 
OCCINDOXCJ>>=Q3•0CCJNDOX<JP10))+0 
RHSOCINDOXCJ))=Q2•RHSOCINDOX<JM10))+ 
RHSOCJNDOXCJ))+Q3•RHSOCINDOXCJP10)) 
GO TO 18000 

C THE PERIODICITY OF THE SYSTEM. 
c 
14000 LVAR=JM10+2•IO 

Q4=0A(INDOX!LVARl) 
WO(.J)=-OA(INDOX!.J)l/OB!INDOX!LVARll 
Q5:WOCJ) 
WO!.JP10l=-OC!INDOX(.J))/0B!INDOX!.JP10l) 
Oo=WO!JP10) 

C THE LAST PHASE OF THE 'REFINEMENT~ STEPS. 

10000 
17000 

18000 
19000 

21000 
c 
c 
c 
c 
c 

c 

IFCIJ.EQ.4) GO TO lboOO 
OACJNDOXCJ>>=05•04 
D=O.O 
GO TO 17000 
0=05•04 
OBCINOOXCJ>>=06•0ACINDOX<JP10))+0BCINDOXtJ))+ 
05•0C!INDOX(LVARl) 
OC!INDOX(.J))=Qo•OC(INDOX(.JP10)l+D 
RHSO!INDOX(.J))=OS•RHSO!INDOX!LVAR))+ 
RHSOtlNOOXtJ))+Qb•RHSO<INDOX(JPIO)) 

CONTINUE 
$PAREND 

CALL SHUFFLE 
CONTINUE 

***************************** * S o 1 u t 1 o n P a r t * 
***************************** 

CALL SOLVER 

C TERMINATE TIMING THE COMPUTATIONAL PROCEDURE. 
c 
c 
c 

[][][][][][][1[][][1[][1[1 
[][][][][][][][][][][][] 

$00ALL 30000 



CALL TIMOUT<ITIMEl 
30000 SPAREND 

217 
219 
219 
220 
221 
222 
223 
224 
225 
226 
227 
229 
229 
230 
231 
232 
233 c 
234 c 
235 c 
231> c 
237 c 
239 
239 c 
240 c 
241 c 
242 
243 
244 
245 
241> 
247 
249 
249 
250 
251 
252 
253 
254 
255 
251> 
257 
259 
259 
21>0 
261 
21>2 
21>3 
21>4 
21>5 
266 
267 
269 
21>9 
270 

c [][][][][][][][][][][][] 
c [][][][][][][][][][][][][] 
c 
c 
C OUTPUT THE RESULTS OBTAINED FROM THE TIMED COMPUTATIONAL 
C PROCEDURE. 

WRITE(I>,40000l !TIME 
40000 FORMAT<I~'TIMINGCS)-(*For POEGENP•) 1'~/8([6,2X)) 

!Ft!PRINT.EQ,Ol GO TO 60000 
WR!TEt6.50000l (X(!l.I=I,!Tl 

50000 FORMAT(!X.'THE SOLUTION IS l',/4tE!5.6.2Xl/l 
C TERMINATE PROGRAM. 
60000 $STOP 

SEND 

••••••••••••••••••• 
• P h • 5 e One * 
••••••••••••••••••• 
SUBROUTINE INITIAL 

THIS SUBROUTINE PERFORMS INITIALIZATION. 

1100 

1150 

1200 

1300 

1400 

DIMENSION EAt512l.EBt512l.ECt512l.!NDEXt512l 
DIMENSION 0At512l.OB(512l,OC(512l.INDOX(512l 
DIMENSION RHSEt512l.RHS0(512l 
DIMENSION WE(512loW0(512),X(512l 
DIMENSION ITIMEtiOOl.At512l 
INTEGER A 
$SHARED EA,EBtEC,INDEXoOA,QB,QC,INDOX. 

- RHSE,RHSQ,N,WE,WO,X,IT,IQ,IZ.NPROC, 
- ITIME,NSTEP,I~.IH.IPRINT,A 

READt5.!100l IPRINT.N 
WRITEt6,!100l IPRINT.N 
FORMAT(2( 12.1Xl l 
IZ=N-1 
ITz2••N 

DO 1150 NSIZE~t.IT 
AtNS!ZEl=O 

CONTINUE 
DO 1300 J=l oil 

READ(5,!200l EA<Jl.EB<Jl,ECt.Jl 
FORHATt3<F4.2.2X)) 
OA(Jl=EA(Jl 
OB(Jl=EB(Jl 
OC(Jl=EC(J) 
INDEX< • .J)•J 
INDOX(Jl=J 

CONTINUE 
DO 1500 Jzl,IT 

READt~.!400l RHSE(Jl 
FORMAT<F6. 21 

1500 
RETURN 
SEND 

RHSOt.Jl=RHSEt.JJ 
CONTINUE 

•••••••••••••••••••• 
•Pt.ase- Two • 
•••••••••••••••••••• 

SUBROUTINE SHUFFLE 

271 
272 
273 
274 
275 c 
276 c 
277 c 
278 c 
279 c 
290 
291 c 
292 c 
293 c 
294 c 
285 c 
296 
287 
298 
289 
290 
291 
292 
293 
294 

THIS SUBROUTINE PERFORMS THE INTERCHANGING OF 
ELEMENTS AND THE SHUFFLING AND COPYING OF THE 
IN THE APPROPRIATE ARRAYS. 

THE MODIFIED 
USED INDICES 

DIMENSION EA<S12),E8C51~),ECC512),JNDEX<512) 
DIMENSION OAC512),0BC512),0C<512),JNDOXC512) 
DIMENSION RHSEC512),RHS0(512) 
DIMENSION WEC512),WOC512),XC512) 
DIMENSION ITIMEC100),AC512) 
INTEGER A 
$SHARED EA.EB.EC,JNOEX,QA,QB,QC,JNDOX, 

- RHSE,RHSO.N.WE,WO,X,JT,JQ,JZ,NPROC, 
- ITIME,NSTEP,JJ,JH,JPRINT,A 

295 
296 c 
297 c 

IFtNSTEP,EO.IZl GO TO 20300 

COPY THE COMPUTED ELEMENTS FROM THE 'EVEN' AND 'ODD' LINES 
TO THE CORRESPONDING POSITIONS IN THE OPPOS!Tt ARRAYS. 298 

299 
300 
301 
302 
303 
304 
305 
306 
307 
308 
309 
310 
311 
312 
313 
314 
315 
316 
317 
318 
319 
320 
321 
322 
323 
324 

c 
c 

20100 
c 

DO 20100 J=2,JT,2 
OACINDEXCJ))=EACINOEXCJ)) 
08( INDEX(Jl l=EB< INDEXt.Jl l 
OCtiNDEX(Jll=ECCINDEXtJll 
EA<INDOX(J-Ill=OA(INDOX(J-Ill 
EBCINDOX(J-Ill=08(1ND0X(J-Ill 
ECt!NDOX(J-Ill=OCtiNDOX(J-Ill 
RHSO<INDEXt.Jll=RHSEtiNDEX(Jll 
RHSE<INDOX(J-lll=RHSOtiNDOX(J-Ill 

CONTINUE 

C SHUFFLE THE 'EVEN' AND 'ODD' 
C THE CORRESPONDING ARRAYS. 

USED INDICES TO THE TOP OF 

c 
20300 LS=O 

20400 
c 

DO 20400 

CONTINUE 

J=::?,JT,2 
LS=LS,..l 
INDEXCLS>=INDEXCJ) 
INDOXCLS>=INOOXCJ-1) 

C COPY THE ~ooo~ AND ~EVEN~ U~ED INDICES AT THE REAR HALF 
C OF EACH OTHER'S ARRAY IN ORDER TO PROCEED AGAIN WITH THE 
C NEW ODD-EVEN CYCLE. 
c 



IFINSTEP.EQ,IZI GO TO 20600 
LS=O 
lW= IT /2+1 

DO 20~('0 M::::~JW,JT 

LSzLS+1 
INDEXIMI=INDOXILSI 
INDOXIMI~INDEXILSI 

20:500 

325 
326 
327 
328 
329 
330 
331 
332 
333 
334 
335 c 
336 c 
337 c 
338 c 
339 c 
340 
341 c 
342 c 
343 c 
344 
345 
346 
347 
348 
349 
350 
351 
352 
3:53 
3:54 c 
355 c 
3:56 
357 
358 c 
3:59 c 
360 
361 
362 
363 
364 c 
365 c 
366 c 
367 
368 
369 
370 
371 
372 
373 
374 
37:5 
376 
377 
378 

CONTINUE 
20600 RETURN 

SEND 

•••••••••••••••••••••• 
* P h a s e Three * 
•••••••••••••••••••••• 

SUBROUTINE SOLVER 

THIS SUBROUTINE PERFORMS THE, SOLUTION PART. 

DIMENSION EAC5121,EBC5121.EC15121,JNDEXI5121 
DIMENSION OAC512I,OBI5121,0CI512l,INDOXI5121 
DIMENSION RHSE15121,RHS0!5121 
DIMENSION WEC5121,WOC512l,XC5121 
DIMENSION ITIMECIOOI,AI5121 
INTEGER A 
SSHARED EA,EB.EC.INDEX,QA,QB,QC,JNDOX, 

- RHSE,RHSQ,N,WE,WO,X,JT,JQ,JZ,NPROC, 
- ITJHE,NSTEPoJJ,JH,JPRJNT,A,JT2 

SREGION NOPROC 
THE NUMBER OF OROUPS.!.e •• THE NUMBER OF PAIRS OF THE 
FINAL (2x21 SUBSYSTEMS TO SOLVE. 

IPAIRSziT/4 
IT2•1T/2 

THE ROUNDING PROCEDURE TO THE NEAREST !SMALLER OR GREATERI 
INTEGER. 

IH=IPAIRS/NPROC 
L•2•MODCIPAIRS,NPROCI 
IFCL.GE.NPROC) IH=IH+t 
IH=2•IH 

THE COMPUTATION OF THE VALUES ON THE 'EVEN' CONSIDERED ARRAVS, 

SDOPAR 21200 I=I,NPROC 
IS=(J-1)•1H+1 
IE=IS+IH-1 
IF<I.EQ.NPROC) IE=lT2 

DO 21100 J•lS.lE.2 
JPlE=J+1 
IXl•INDEX(.JPIEI 
X2~EC( INDEXCJI I 
IX3•1NDEX(.JI 
X4•RHSEC INDEXIJI I 
SL~-EC<INDEX<.JPIEII/EB<IX31 
IF<ABS(SLI.LT.(O,IE-0611 SL=O.O 

379 
380 
381 
382 
383 
384 
385 
386 
387 
388 
389 
390 
391 
392 
393 
394 
395 
396 
397 
398 
399 
400 
401 
402 
403 
404 
405 
406 
407 

21100 
21200 
c 

SK=SL•X2+EBCIX1J 
SR=SL•X4+RHSEIINOEXI~P1EJ> 
XIIXli=SR/SK 
XIJX3Jz(X4-X2•X<IXlJJ/EBIIX3J 

CONTINUE 
SPAREND 

C THE COMPUTATION OF THE VALUES ON THE '~DD' CONSIDERED ARRAVS. 
c 

21300 
21400 

RETURN 
SEND 

$DOPAR 21400 I=l,NPROC 
IS=< 1-1 >•IH+l 
lE=lS+JH-1 
IF< I.EQ.NPROCJ IE=IT2 

DO 21300 ~=JS,JE,2 
JPIO=>~J•l 

IVI=INDOXI.JPIOI 
V2=0C I INDOX I .J I I 
IV3=INDOXI.JI 
Y4=RHSOCINDOXI.JII 
SL=-OCCINDOXIJPIOII/OBIIV31 
IFCABSISLI.LT.CO.IE-0611 SL=O,O 
SK•SL•Y2+08( lVI I 
SRzSL•Y4+RHSO!INDOXIJPIOII 
X ( lVI )•SR/SK 
X(JY3)•(Y4-V2•X<IYl>J/08CJV3> 

CONTINUE 
SPAREND 



I 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 

c 
C DIRECTORY.FILENAME I 
c 

<><><><><><><><><> 
<> MB$4.POERSGP <> 
<><><><><><><><><> 

c 
c 
C THIS PROGRAM IMPLEMENTS THE CYCLIC ODD-EVEN REDUCTION TECHNIQUE 
C TO SOLVE THE MATRIX EQUATION I ox~B ,WHERE 'G' IS A GENERAL 
C TRIDIAGONAL PERIODIC MATRIX. 
C THE NUMBER OF CREATED PATHS IS ALWAYS EQUAL TO THE NUMBER OF 
C AVAILABLE PROCESSORS EACH TIME. 
C THEN,AFTER A PRE-SET NUMBER OF REDUCTION STEPS,WE CONTINUE BY 
C APPLYING THE ODD-EVEN REDUCTION TECHNIQUE AGAIN,BUT SEOUENTIALLY 
C THIS TJME,TO SOLVE THE RESULTING SUBSYSTEMS, IN EACH OF THE CREATED 
C PARALLEL PATHS,SIMULTANEOUSLY. FOR EACH COMPUTATIONAL STREAM ONLY 
C ONE ARRAY WITH INDICES IS UTILIZED. 
c 
C SET THE REQUIRED ARRAYS. 
c 

DIMENSION EAC256l,EBC256),ECC256l,JNDEXC256) 
DIMENSION OAC256),Q8(256),0C<2S6>,INDOX<256) 
DIMENSION RHSEC256),RHSOC256) 
DIMENSION WEC250),WOC250).XC256) 
DIMENSION ITIMECIOOl,AC256l 
INTEGER A 

25 c 
26 C SPECIFICATION OF THE ARRAYS 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 

c """"""""""""""""""""""""""" 
c 
C EA IT HOLDS THE SUB-DIAGONAL ENTRIES OF MATRIX 'G'. 
C EB IT HOLDS THE DIAGONAL ENTRIES OF MATRIX 'G'. 
C EC IT HOLDS THE SUPER-DIAGONAL ENTRIES OF MATRIX 'G'. 
C RHSE IT HOLDS THE R.H.S. ENTRIES OF THE SYSTEM. 
COn the above arravs w111 be a~~1ied the ~even; stream of the 
C cvclic odd-even reduct1on Procedure. 
C INDEX IT HOLDS THE INDICES OF THE 'EVEN' STREAM OF THE CYCLIC 
C ODD-EVEN REDUCTION PROCEDURE. 
C OA IT HOLDS A COPY OF THE ARRAY 'EA', 
C OB IT HOLDS A COPY OF THE ARRAY 'EB'. 
C OC I IT HOLDS A COPY OF THE ARRAY 'EC'. 
C RHSO I IT HOLDS A COPY OF THE ARRAY 'RHSE'. 
COn the above arravs will be ap~lied the ;odd; str~am of the 
C cvcl tc odd-even reductlor• Procedure. 
C INDOX I IT HOLDS THE INDICES OF THE 'ODD' STREAM OF THE CYCLIC 
C ODD-EVEN REDUCTION PROCEDURE. 
C WE I IT HOLDS THE I1IA.. T I PLIERS FOR THE 'EVEN' STREAM OF THE 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 
C WO I IT HOLDS THE MULTIPLIERS FOR THE 'ODD' STREAM OF THE 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 
C X I IT HOLDS THE SOLUTION OF THE SYSTEM. 
C !TIME I IT HOLDS THE TIMINO INFORMATION. 
C A I IT HOLDS THE COMPUTED 'RETURN' POINTS OF THE CYCLIC 
C ODD-EVEN REDUCTION PROCEDURE. 
c 
C SET THE SHARED DATA. 

55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
lOB 

$SHARED EA,EB,EC,INDEX,QA,OB.OC.INDOX, 
- RHSE,RHSQ,N,WE,WQ,X,IT.IQ,IZ,NPRQC, 
- ITIME,NSTEP.I~.IH,IPRJNT.A,IN.LPNTE,KK,ICOUNT 

COMMON/BL2/IFLAG 
C SET CRITICAL SECTIONS. 

$REO ION NOPROC 
C INITIALIZE PARALLELISM. 

$USEPAR 
NPROC~o 

C GENERATE PARALLEL PATHS TO SET DYNAMICALLY THE NUMBER OF 
C PROCESSORS TO BE UTILIZED IN THE PROGRAM. 

$DOALL 1000 
C ENTER CRITICAL SECTION. 

$ENTER NOPROC 
NPROC=NPROC+l 

C RELEASE CRITICAL SECTION. 
$EX IT NOPROC 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
1000 $PAREND 

CALL INITIAL 
c 
C START TIMING THE COMPUTATIONAL PROCEDURE. 
c 
c [J[J[J[J[][][][][][J 
c [][][][][][][][][] 

$DOALL 2000 
CALL TIMEST 

2000 $PAREND 
c [][J[J[J[J[J[J[J[J 
c [J[J[][][][][J[][J[] 
c 
c 
C THE ROUNDING PROCEDURE TO THE OPPOSITE THAN THE 
C NEAREST CSMALLER OR GREATER) INTEGER. 

c 

IH=IT/NPROC 
K=MODCIT,NPROCl 
IFCK.EQ.Ol GO TO 2600 
L:s:2•K 
IFCL.LE.NPROCl IH=IH+l 

C START THE REDUCTION PROCESS. 
c 
2600 DO 21000 NSTEP=I,IZ 

1N=2••<NSTEP-l) 
IJ=ITIJN 
ID=2••NSTEP 

C COMPUTATION OF THE INCREMENT. 
IQ=ITIJD 
IF<NSTEP.LT.JZ) 60 TO 2700 
IN=IN/2 
IH=IN/NPROC 
K~'=MODC IN,NPROC) 
WRITE(b,2650) JH,t<t< 

2650 FORMAT<lX,'IH =',I4,4X, KK =',14) 



109 GO TO 3~00 
110 C STORE THE COMPUTED 'RETURN' POINTS EACH TIME. 
Ill 2700 DO 3000 K=I,IN 
112 LPNTE=K•IJ 
113 LPNTO=LPNTE-IJ+I 
114 ACLPNTElaLPNTE 
11~ AILPNTOl~LPNTO 
116 3000 CONTINUE 
117 c 
118 C THE COMPUTATION OF THE 'EVEN' LINES OF THE SYSTEM. 
119 c 
120 3500 $DOPAR 11000 I~I.NPROC 
121 IF<NSTEP.EO.IZl GO TO 10100 
122 IS=ti-1J•JH+2 
123 IE=IS+IH-2 
124 IFCI.EO.NPROCl IE=IT 
125 DO 10000 ~=IS.JE.2 
126 JMIE=J-1 
127 ~PlE=~+l 

128 Zl~EACINDEXCJMIEll 
129 IF(J.EO.ACJl l GO TO 7000 
130 WE(JMIEl=-EACINDEXCJll/EBCINDEX<JMIEll 
131 Z2=WECJM1El 
132 WEIJl=-EC<INDEXCJll/EBIINDEX<JPIEll 
133 Z3=WECJl 
134 EB< INDEX(~) J=l2+EC< INDEX<JMlEJ J+EBtJNDEXt.J> J+ 
135 Z3*EAtiNDEXtJP1EJJ 
136 EACJNDEX<JJ)=Z2•l1 
137 ECCINDEXCJll=Z3•ECCINDEXCJPIEll 
138 RHSECJNDEX<JJJ=l2+RHSEtiNDEXtJH1EJJ+ 
139 RHSECINDEXCJll+Z3•RHSECINDEXCJPIEll 
140 GO TO 10000 
141 c 
142 C THE PERIODICITY OF THE SYSTEM~ 
143 c 
144 7000 ~J=JP1E-2+IQ 

14~ WECJMIEl=-ECCINDEXCJll/EBCINDEX<JJll 
146 Z4=WECJMIEl 
147 WECJl=-EACINDEXCJll/EB<INDEX<JM1Ell 
148 ZS=WE<JJ 
149 C THE LAST PHASE OF THE 'REFINEMENT' STEPS. 
150 EAtiNDEXCJJJ=Z5+Z1 
151 EC( INOEX(J) ):Z4*EC< INDEX (JJ)) 
152 EBtlNOEXtJJJ=Z5•EC<INDEXCJM1EJJ+EBCINDEXtJ))+ 
153 Z4*EA<INDEX<JJ)) 
154 RHSECJNDEX<J)J=Z4*RHSEtiNDEXtJJJJ+ 
155 RHSECINDEXtJ)J+lS•RHSECJNDEXtJM1EJ> 
156 10000 CONTINUE 
157 GO TO 11000 
158 10100 IFLAG=O 
159 IFIKK.NE.Ol GO TO 10200 
160 IHL=IH 
161 ICOUNT=IHL 
162 GO TO 10500 

163 
164 
16~ 
lbb 
167 
168 
169 
170 
171 
172 
173 
174 
175 
176 
177 
178 
179 
180 
181 
182 
183 
184 
185 
186 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 
197 
198 
199 
200 
201 
202 
203 
204 
205 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 

10200 

10450 

10500 

10700 
11000 
c 

L=2•KK 
IF<L.uE.NPROCl 00 TO 10450 
IHL=IH 
ICOUNT=IHL 
IFCI.EO.NPROCl IHL=IH+KK 
uO TO 10500 
JHL=IH+l 
ICOUNT=IHL 
IFCI.EO.NPROCl IHL=¥K 
DO 10700 JL=I,IHL 
IS=<JL-t>•IJ+1+ICOUNT+IJ+ti-1J 
IE=IS+IJ-1 
CALL GENPtiS,IEJ 
CONTINUE 

SPAREND 

C THE COMPUTATION OF THE 'ODD' LINES OF THE SYSTEM. 
c 

c 

SDOPAR 19000 I~t,NPROC 
IFCNSTEP.EO.IZl GO TO 
IS=< 1-1 J+IH+1 
IE=IS+IH-1 
IFCI.EO.NPROCl IE=IT 

DO 18000 J=IS,I£,2 
JM10=J-1 
JP10,..J+l 

18100 

IFIJ.EQ.ACJll GO TO 14000 
OI=OACINDOX<JM10ll 
WOIJl=-OAIINDOXCJll/OBCINDOX<JM10ll 
Q2=WOCJJ 
WOtJPlOJ=-OC<INOOXtJJJ/OB<INDOXtJP10)) 
Q3=WOCJP10l 
0ACINDOXtJJJ=Q2•Q1 
OBtiNDOXtJJ)=Q3•0AtiNDOX<JP10))+0BtiNDOXtJJJ+ 
Q2•0CCINDOX<JM10JJ 
OCtiNDOXtJJJ=03•0CtiNDOX<JPIOJJ 
RHSOCINDOXtJJJ=Q2•RHSOtJNDOXtJM10JJ+ 
RHSO( INDOX<JJ J+Q3+RHS0( INDOX(,JP10l) 
GO TO 18000 

C THE PERIODICITY OF THE SYSTEM. 
c 
14000 LVAR=JM10+2*1Q 

Q4=0AtiNDOXtLVAR)) 
WO(J)=-OACINDOX(J))/OBfiNDOXfLVARJ) 
Q5=WO(J) 
WO<JP10l=-OCCINDOXCJll/OBCINDOXCJPIOll 

' <:: 

Q6=WOtJP10J ~ 
C THE LAST PHASE OF THE /REFINEMENT/ STEPS. ~ 

OACINDOXCJ>J=Q5*04 ~ 
OB< INDOX (._1) J=G•6•0At JNDOX (JPtOJ HOB< INDOX (J) J + 
QS•OC( INDOXfLVAR>) 
OCt INOOX<J> J=06+0Ct INDOXt JPlOJ > 
RHSOtiNDOXfJJJ=05•RHSO<JNDOXCLVAR>)+ 



18000 

18100 

18200 

18450 

18500 

18700 
19000 

21000 
c 

RHSOIINDOX(J))+Q6•RHSOIINDOX<JP10)) 
CONTINUE 

GO TO 19000 
I FLAG= I 
IFIKK.NE.O) GO TO 18200 
IHL•IH 
ICOUNT=IHL 
GO TO 18500 
L=2•KK 
IF<L.GE.NPROC) GO TO 18450 
IHL=IH 
ICOUNT=IHL 
IFII.EQ.NPROC) IHL=IH+KK 
GO TO 18500 
IHL•IH+1 
ICOUNT=IHL 
IFII.EQ.NPROC) IHL=KK 
DO 18700 JK=I,IHL 
IS=CJK-1)•1J+1+1COUNT•IJ•CI-1) 
IE=IS+IJ-1 
CALL GENP< IS, lE) 
CONTINUE 

SPAREND 
IFINSTEP.EQ.IZ) GO TO 21000 

CALL SHUFI 
CONTINUE 

217 
218 
219 
220 
221 
222 
223 
224 
22~ 

226 
227 
228 
229 
230 
231 
232 
233 
234 
235 
236 
237 
238 
239 
240 
241 
242 
243 
244 
245 
246 
247 
248 
249 
250 
251 
252 
253 
254 
255 
256 
257 
258 
259 
260 
261 
262 
263 
264 
265 c 
266 c 
267 c 
268 c 
269 c 
270 

C TERMINATE TIMING THE COMPUTATIONAL PROCEDURE. 
c 
c 
c 

[][][][][][][][][][][][][] 
[][][][][][][][][][][][] 

SDOALL 30000 
CALL T1MOUT<ITIME) 

30000 SPAREND 
c [][][][][][][][][][][][] 
c [][][][][][][][][][][][][] 
c 
c 
C OUTPUT THE RESULTS OBTAINED FROM THE TIMED COMPUTATIONAL 
C PROCEDURE. 

WRlTEt6,40000) ITIME 
40000 FORMATC/,'TIMINGCS>-C•Fo~ POERSGP•> Z',/BCI6,2X)) 

IFIIPRINT.EQ.O) GO TO 6000U 
WRITE<o.SOOOO) (~(I),I=I,IT) 

50000 FORMATCIX1'THE SOLUTION IS :',/4CE15.6,2X)/) 
C TERMINATE PROGRAM. 
60000 SSTOP 

.END 

••••••••••••••••••• * P h a s e One * 
••••••••••••••••••• 
SUBROUTINE INITIAL 

c 
C THIS SUBROUTINE PERFORMS INITIALIZATION, 
c 

271 
272 
273 
274 
275 
276 
277 
278 
279 
280 
281 
282 
283 
284 
285 
286 
287 
288 
289 
290 
291 
292 
293 
294 
295 
296 
297 
298 
299 
300 
301 
302 
303 
304 
305 
306 
307 
308 
309 c 
310 c 
311 c 
312 c 
313 c 
314 
315 c 
316 c 
317 c 
318 c 
319 c 
320 
321 
322 
323 
324 

1100 

1120 

1150 

1200 

1300 

1400 

1500 

DIMENSION EAI256),EBI256),EC<256),1NDEXI256) 
DIMENSION OAI256),0BI256),0CI25o),INDOX(2~o) 
DIMENSION RHSEC256),RHSOC256) 
DIMENSION WE12So),W01256),X(256) 
DIMENSION ITIMEII00),AI256) 
INTEGER A 
•sHARED EA,EB,EC,JNDEX,QA,OB,OC,JNDOX, 

- RHSE,RHSO,N,WE.WO,X,JT,IQ,JZ,NPROC, 
- ITIME,NSTEP,JJ,JH,IPRINT.AoJN,LPNTE.KK 

READI5.1100) IPRINT,N 
WRITEC6,1100) IPRINT,N 
FORMATC2CJ2, IX)) 
READI3,11~0) IZ 
WRITEC6,1120) IZ 
FORMAT< 12) 
IT=2• ... N 

DO 1150 NSIZE=I,IT 
ACNSIZE>=O 

CONTINUE 

RETURN 
SEND 

DO 1300 J=loiT 
READ<5,1200) EAIJ),EBIJ),ECIJ) 
FORMATI31F4.2,2X)) 
OAIJ)=EAIJ) 
OBCJ)=EBCJ) 
OCIJ)=ECIJ) 
INDEXIJ)=J 
INDOX(J)=J 

CONTINUE 
DO 1500 J=1 .IT 

READ<5,J400) RHSE(J) 
FORMATCF6,2> 
RHSO (..J) =RHSE < J l 

CONTINUE 

• ••••••••••••••••••••• * P h a s ~ T w o • ........................ 
SUBROUTINE SHUF1 

THIS SUBROUTINE PERFORMS THE INTERCHANGING OF 
ELEMENTS AND THE SHUFFLING AND COPYING OF THE 
IN THE APPROPRIATE ARRAYS. 

THE MODIFIED 
USED INDICES 

DIMENSION EAC256) I EBC256). EC(256) I INDEX (256) 
DIMENSION OA<Z56>~0B<256).0C<256>,JNOOXC256) 
DIMENSION RHSE < .25t ) • RH 50 ( 256) 
DIMENSION WE<256)~W0<256),X(256) 
DIMENSION 1TIMEC100),A(.256) 



INTEGER A 
$SHARED EA,EB,EC,JNOEX,OA,QB,QC,JNDOX, 

- RHSE.RHSO,N.WE,WO,X,JT,IQ,[Z,NPROC, 
- lTIME.NSTEP,JJ,JH,JPRINT.AoiN,LPNTE,KK 

IF<NSTEP.EQ.<IZ-111 GO TO 74300 

325 
326 
327 
328 
329 
330 c 
331 c 
332 c 
333 c 
334 
335 
336 
337 
338 
339 
340 
341 
342 
343 
344 
345 
346 
347 
348 
349 
350 
351 
352 
353 
354 
355 
356 
357 
358 
359 
360 
361 
362 
363 
364 
365 
366 
367 
368 
369 c 
370 c 
371 c 
372 c 
373 c 
374 c 
375 

COPY THE COMPUTED ELEMENTS FROM THE 'EVEN' AND 'ODD' LINES 
TO THE CORRESPONDINO POSITIONS IN THE OPPOSITE ARRAVS, 

74100 
c 

DO 74100 J~2,JT,2 
OA<INDEX(JII•EA<INDEX(JII 
OB<INDEX<Jll•EB<INDEX<Jll 
OC<INDEX(Jli=EC<INDEX<JII 
EA<INDOX<J-Ili=OA(INDOX(J-Ill 
EB<INDOXCJ-l))=OBCINDOX(J-1)) 
EC<INDOX<J-Ili•OC<INDOX<J-111 
RHSO([NDEX<Jl l=RHSE< INDEX(Jl l 
RHSECINDOXCJ-l>>=RHSOCJNDOXCJ-1)) 

CONTINUE 

C SHUFFLE THE 'EVEN' AND 'ODD' 
C OF THE CORRESPONDING ARRAYS. 
c 

USED INDICES TO THE TOP 

74300 LS=O 

74200 
c 

DO 74200 J=2,1T,2 

CONTINUE 

LS=LS+l 
INDEX<LSl=INDEX<Jl 
INOOX(LSJ=INOOX(J-1) 

C COPY THE 'ODD' AND 'EVEN' U~ED INDICES AT THE REAR HALF 
C OF EACH OTHER'S ARRAY IN ORDER TO PROCEED AGAIN WITH THE 
C NEW ODD-EVEN CYCLE, 
c 

IF<NSTEP.EQ. <IZ-1)) 
LS=O 
IW=IT/2+1 

DO 74500 

GO TO 74600 

M=IW.IT 
LS=LS+1 
INDEX<Ml=INDOX<LS) 
INDOXCH)=JNDEXCLS) 

74:100 CONTINUE 
74600 RETURN 

SEND 

370 c 
377 c 
37B C 

•••••••••••••••••••••••• 
• P h ~ s @ T h r e e • 
•••••••••••••••••••••••• 

SUBROUTINE GENP<IS.IEI 

THIS SUBROUTINE SOLVES THE MATRIX EQUATION • QX"Z ,WHERE 'Q' IS 
A GENERAL TRIDIAGONAL PERIODIC MATRIX,SEQUENTIALLY,BV APPLYING 

379 
380 
3BI 
382 
3B3 
3B4 
385 
3B6 
3B7 
3BB 
389 
390 
391 
392 
393 
394 
395 
396 
397 
39B 
399 
400 
401 
402 
403 
404 
405 
406 
407 
40B 
409 
410 
411 
412 
413 
414 
415 
416 
417 
41B 
419 
420 
421 
422 
423 
424 
425 
426 
427 
42B 
429 
430 
431 
432 

C THE ODD-EVEN REDUCTION TECHNIQUE AGAIN. 
C THE ADDITIONALLY DECLARED ARRAYS FORM THE WORKSPACE IN THE 
C SUBROUTINE ACCOMMODATING EACH TIME THE CORRESPONDING MODIFIED 
C ELEMENTS OF THE SYSTEM, IN ACCORDANCE WITH THE COMPUTATIONAL 
C STREAM THE SUBROUTINE IS CALLED FROM. 
c 

DIMENSION EAC256),EBC2~6),ECC256),JNDEXC256) 
DIMENSION OA<256I,OB<2561,0C(2561oiNDOX(2561 
DIMENSION RHSE!256l,RHS0!256l 
DIMENSION WL<256),W0C256),XC256> 
DIMENSION EAGC256),EBOC256),ECGC256),1NDEXGC32) 
DIMENSION OAGt256),08GC256),0CGC256>,JNDOXGC32) 
DIMENSION RHSEGC256),RHSOGC256) 
DIMENSION W~GC32),W0Gt32) 
DIMENSION 1TlMEt100),At2S6),A0(32) 
INTEGER A 
$SHARED EA.EB,EColNOEX.OA,QB,OC,JNDOX, 

- RHSE.RHSO,N,WE.WO~X,JT,IQ,JZ,NPROC, 
- ITIME,NSTEP,JJ,JH,IPRINT,A,JN,LPNTE.KK 

COMMON/BL1/EAG,EBG,ECG,INDEXG,OAG,OBG,OCG,INOOXO, 
- RHSEGoRHSOG,WEO,WOO,AG,ISTEP,NSTEPG 

COMMON/BL2/IFLAG 
CALL INITG<IS,IEl 
DO 76000 NSTEPG=I,ISTEP 

ING=2••(NSTEP0-1) 
IJG=IJ/ING 
IOG=2••NSTEPG 

C COMPUTATION OF THE INCREMENT. 
JQG=IJ/IDG 

C STORE THE COMPUTED 'RETURN' POINTS EACH TIME. 

61000 
c 

DO tlOOO K=1,ING 
LPNTEG=K•I.JG 
LPNTQG:LPNTEG-IJ0+1 
AG<LPNTEGI=LPNTEG 
AOtLPNTOG)cLPNTOG 

CONTINUE 

C THE COMPUTATION OF THE 'EVEN' LINES OF THE SYSTEM. 
c 

DO 67000 J=2.1J.2 
JMIE=J-1 
JP1E=J+1 
ZI=EAG<INDEXG<JMIEll 
IF<J.EQ.AG(JII GO TO 64000 
WEG<JMIEI~-EAG<INDEXG<JII/EBG<INDEXG(J~IEil 
Z2=WEG!JMIEI 
WEG<Jl•-ECG<INDEXG(Jll/EBG<INDEXG<JPIEII 
Z3=WEG(J) ~ 
EBG< INDEXG<J) )=Z2•ECG< INDEXG(JM1E) )+EBG< INDEXG(.J) )+ "-'"' 

Z3•EAOCINDEXGCJP1E)) ~ 
IF<IJG.EQ.4l GO TO 62000 
EAG(INDEXG!Jil=Z2•ZI 
o=o.o 
GO TO 63000 



433 
434 
435 
436 
437 
438 
439 
440 
441 
442 
443 
444 
445 
446 
447 
448 
449 
450 
451 
452 
453 
454 
455 
456 
457 
458 
459 
460 
461 
462 
463 
464 
465 
466 
467 
468 
469 
470 
471 
472 
473 
474 
47:1 
476 
477 
478 
479 
480 
481 
482 
483 
484 
485 
486 

62000 
63000 

c 

D=Z2*Zl 
ECO(INDEXOCJl)=Z3*ECOCINDEXGCJPIEll+D 
RHSEOCINDEXOCJJ)=Z2•RHSEGCJNDEXOCJM1E)l+ 
RHSEO<INDEXGCJ))+Z3•RHSEOCINDEXG<JP1Ell 
00 TO 67000 

C THE PERIODICITY OF THE SYSTEM. 
c 
64000 

C THE LAST 

65000 
66000 

67000 
c 

JJ=JPIE-2•IQG 
WEOCJHIEl•-ECO<INDEXOCJll/EBGCINDEXGCJJ)) 
Z4=WEGCJMIE) 
WEOCJl=-EAGCINDEXG(J)l/EBOCINDEXOCJMIEll 
Z5=WEG(J) 

PHASE OF THE 'REFINEMENT' STEPS. 
JFtlJO.EQ.4) GO TO 65000 
D=O.O 
EAGCINDEXGCJll=Z5•ZI 
GO TO 66000 ' 
DzZS•Zl 
ECGCINDEXGCJll=Z4•ECGCINDEXG(JJ))+D 
EBGCINOEXOCJJ)=Z~•ECOCINOEXGCJMlEJJ+EBOCINDEXGCJ))+ 
Z4•EAGCINDEXGCJJ)) 
RHSEGCINDEXGCJ)l=Z4•RHSEOCINDEXG(JJ))+ 
RHSEGCINOEXGCJ))+lS•RHSEGCINDEXGCJMlEJJ 

CONTINUE 

C THE COMPUTATION OF THE 'ODD' LINES OF THE SYSTEM. 
c 

69000 
70000 

c 

DO 74000 J=t,IJ,2 
JMIO=J-1 
JP10=J+1 
IFCJ.EQ.AG(J)) GO TO 71000 
QI=OAGCINDOXOCJMIQ)) 
WOGCJl=-OAGCINDOXG(Jll/OBGCINDOXGCJMIOll 
Q2=WOG(J) 
WOGCJPIOl=-OCGCINDOXGCJll/OBGCINDOXGCJPIOll 
Q3=WOG(JPIOl 
IFCIJG.EQ.4) GO TO 69000 
0""'0.0 
OAGCINDOXG(J))=Q2•Qt 
GO TO 70000 
D•02•Qt 
OBGCINDOXOCJll=Q3•0AGCINDOXOCJPIOl)+ 
OBGCJNDOXOCJ))+Q2•0COCINDOXOCJM10)) 
OCOCINOOXG(J))cQ3•0COCINDOXOCJPlO>>+D 
RHSOOCINDOXG(J))•Q2•RHSOGCINDOXOCJMIOll+ 
RHSOOCINDOXGCJl)+Q3•RHSOGCINDOXGCJPIOll 
00 TO 74000 

C THE PERIODICITY OF THE SYSTEM. 
c 
71000 LVAR=JM10+2•IQG 

Q4=0AGCINDOXOCLVAR)) 
WOGCJl=-OAOCINOOXOCJ))/OBO<INDOXG(LVAR)) 

Q5=WOG(J) 
WOOCJPIOl=-OCG<INDOXG(J))/OBG(INDOXGCJPIOll 
Q6=WOOCJPIO) 

C THE LAST PHASE OF THE 'REFINEMENT' STEPS. 

487 
488 
489 
490 
491 
492 
493 
494 
49:1 
496 
497 
498 
499 
500 
:101 
502 
503 
504 
505 
:106 
507 
508 
509 
510 
:Ill 
512 c 
513 c 
514 c 
515 c 
516 c 
517 
518 c 
519 c 
520 c 
521 
522 
:123 
524 
525 
526 
527 
528 
529 
530 
531 
532 
533 
534 
53:1 
536 
537 
538 
539 
540 

72000 
73000 

74000 

76000 
c 
c 
c 
c 
c 

IFCIJG.EQ.4) GO TO 72000 
OAGCINDOXGCJ))•QS•Q4 
D=O.O 
GO TO 73000 
D•05•Q4 
08GCINOOXGCJ))=Q6•0AGC1NDOXGCJP10))+ 
OBGCINDOXO(~))+QS•OCGtlNOOXGCLVAR)} 
OCGCINDOXOCJ))•Q6•0CGCINDOXOCJP10)J+D 
RHSOGCINDOXGCJ))$Q~•RHSOG<INDOXGCLVAR))+ 
RHSOGCINDOXGCJJ)+Q6•RHSOGCINOOXGCJP10ll 

CONTINUE 
CALL SHUF2 
CONTINUE 

••••••••••••••••••••••••••••• 
• S o 1 u t 1 o n P ~ ~ t • 
••••••••••••••••••••••••••••• 

CALL SOLVER 
RETURN 
$END 

*********************** 
* P h ~ s e F o u r • 
••••••••••••••••••••••• 
SUBROUTINE INITOCIS,IE) 

THIS SUBROUTINE PERFORMS INITIALIZATION. 

133 

DIMEN510N EAC256l,EBC256l,ECC256l,INDEXC256l 
DIMENSION OAC25b),Q8(25b),QC(256),1NOOX<2~6) 
DIMENSION RHSEC256l.RHSOC256) 
DIHENSION WEC256),WQ(256l,X(256) 
DIMENSION EAGC256l,E&0(256l,ECG(256l,INDEXGC32l 
DIMENSION OAG(256),080C256),0CGC256),1NDOXGC32) 
DIMENSION RHSEOC256),RHSOOC256) 
DIHENSION WEGC32l,W00(32l 
DIHENSION ITIMECIOOl,AC256loAOC32) 
INTEGER AoAG 
SSHARED EA.EB,EC,INOEX,QA,QB,QC,JNDOX, 

- RHSE.RHSQ,N,WE,WQ,X,JT,JQ,JZ,NPROC, 
- ITIME.NSTEP,IJ.IH,JPRJNT.A,IN,LPNTE,KK 

COHHON/BLI/EAG.EBG.ECO.INDEXG,OAG,OBG,OCu,INDOXGo 
- RHSEG,RHSOG,WEG,WOG,AO.ISTEPoNSTEPO 

COHHON/BL2/IFLAG 
DO 133 I=1• IJ 
AOC ll=O 
CONTINUE 
ISTEP=N-IZ 



541 IFIIFLAO.EQ.I) GO TO 10700 
542 L=O 
543 DO 10600 J=ISoiE 
544 LcL+l 
545 INDEXOILI•INDEXIJ) 
546 INDOXOILI•INDEXGILI 
547 EAOI INDEXOILI l•EAI INDEX (J)) 
549 OAOIINDOXGILII•EAOIINDEXGILII 
549 EBOIINDEXOILII•EBIINDEXIJII 
550 OBOIINDOXOILII•EBOIINDEXOILII 
551 ECOIINDEXOILII•ECIINDEXIJII 
552 OCOIINDOXOILII•ECOIINDEXOILII 
553 RHSEOIINDEXOILII•RHSEIINDEXIJ)) 
554 RHSOOIINDOXGILII•RHSEGIINDEXGILI) 
555 10600 CONTINUE 
556 GO TO 10900 
557 10700 L•O 
559 DO 10900 J•IS.IE 
559 LDL+1 
560 INDOXGILI=INDOXIJI 
561 INDEXOILI•INDOXGILI 
562 OAGIINDOXGILII•OAIINDOXIJII 
563 EAOIINDEXOILII•OAOIINDOXOILII 
564 OBOIINDOXOILII•OBIINDOXIJ)) 
565 EBOIINDEXOILII•OBOIINDOXOILII 
566 OCOIINDOXOILII•OCIINDOXIJ)) 
567 ECOIINDEXOILII=OCGIINDOXOILII 
569 RHSOGIINDOXGILII•RHSOIINDOXIJII 
569 RHSEOIINDEXOILII=RHSOOIINDOXOIL)l 
570 10800 CONTINUE 
571 10900 RETURN 
572 .END 
573 c 
574 c •••••••••••••••••••••••• 
575 c * p h .. • • F 1 V .. • 
576 c •••••••••••••••••••••••• 
577 c 
579 SUBROUTINE SHUF2 
579 c 
590 C THIS SUBROUTINE PERFORMS THE INTERCHANOINO OF THE MODIFIED 
591 C ELEMENTS AND THE SHUFFLING AND COPYING OF THE USED INDICES 
592 C IN THE APPROPRIATE ARRAYS. 
593 c 
594 DIMENSION EAI256l,EBI256l,EC12561,INDEXI2561 
595 DIMENSION OAI256),08(256),QC(256),JND0X(256) 
596 DIMENSION RHSE1256l,RHSOI2561 
597 DIMENSION WEI256),W01256l,XI2561 
599 DIMENSION EA01256l,EB01256l,ECOI2561,1NDEXOI321 
599 DIMENSION OAOI256l,OB01256),0C01256l,INDOXGI321 
590 DIMENSION RHSE01256l,RHSOOI2561 
591 DIMENSION WEOI32),W001321 
592 DIMENSION JTIMEC100),A(256),AOC32) 
593 INTEGER A 
594 $SHARED EA.EB.EC.INOEX,OA,QB,QC,JNDOX, 

595 
596 
597 
598 
599 
000 
601 
002 
003 
604 
005 
606 
007 
608 
609 
010 
611 
612 
613 
614 
615 
616 
617 
618 
619 
620 
621 
622 
623 
624 
625 
626 
627 
628 
629 
630 
631 
632 
633 
634 
635 
636 
637 
639 
639 
640 
641 
642 
643 
044 
645 
646 
647 
649 

c 

- RHSE,RHSO,N,WE,WO,X,JT,JQ,JZ,NPROC, 
- ITIME,NSTEP,JJ,JH,JPRINT.A,JN,LPNTE,KK 

COMMON/BLl/EAO,EBG,ECG,JNOEXO,OAG.OBG.OCO,JNDOXO, 
- RHSEO,RHSOG,WEG,WOG,AO,ISTEP,NSTEPO 

IFINSTEPO.EQ.ISTEPI GO TO 74300 

C COPY THE COMPUTED ELEMENTS FROM THE 'EVEW AND 'ODD' LINES 
C TO THE CORRESPONDING POSITIONS IN THE OPPOSITE ARRAYS. 
c 

74100 
c 

DO 74100 J=2,IJ,2 
OAGIINDEXGIJII=EAGIINDEXGIJ)) 
OBGIINOEXGIJII=EBOIINDEXGIJ)) 
OCGIINDEXGIJII=ECOIINDEXGIJI) 
EAGIINDOXGIJ-Ill•OAGIINDOXGIJ-1)) 
EBGIINDOXGIJ-Ill=OBGIINDOXGIJ-1)) 
ECGIINDOXGIJ-Ill=OCGIINDOXGIJ-111 
RHSOGIINDEXG(J)l=RHSEGIINDEXGIJ)) 
RHSEOCINDOXG(J-l))•RHSOG(JNDOXG(J-1)) 

CONTINUE 

C SHUFFLE THE 'EVEN' AND 'ODD' 
C OF THE CORRESPONDING ARRAYS. 
c 

USED INDICES TO THE TOP 

74300 LS=O 
DO 74400 ~~2,1~,2 

LS~LS+l 
INDEXGILS)ziNDEXGIJ) 
INDOXOILSI•INDOXOIJ-1) 

74400 CONTINUE 
c 
C COPY THE 'ODD' AND 'EVEN' USED INDICES AT THE REAR HALF 
C OF EACH OTHER'S ARRAY IN ORDER TO PROCEED AGAIN WITH THE 
C NEW ODD-EVEN CYCLE. 
c 

74500 

IFINSTEPG.EQ.ISTEPI GO TO 74600 
LS""O 
lW=l~/2+1 

DO 74500 M=IW,IJ 

CONTINUE 

LS=LS+I 
INDEXGIMI=INDOXGILSI 
INDOXGIHI=INDEXGILSI 

7 4600 RETURN 
SEND 

c 
c ********************** 
C • P h • s e S 1 x • 
c •••••••••••••••••••••• 
c 

SUBROUTINE SOLVER 
c 
C THIS SUBROUTINE PERFORMS THE SOLUTION PART. 
c 

DIMENSION EAI256l.EB12561.EC1256l,JNDEXI256) 



DIMENSION OA<2~6),08C256l,OC(256l,INDOX<256l 
DIMENSION RHSEC256l,RHSOC256l 
DIMENSION WEC256l,W0<2~6),XC256) 
DIMENSION EAGC256l,EBOC2~6),ECGC256l.INDEXGC32) 
DIMENSION OAG(2~6),080(2~6),0CG(256),1NDOXG<32l 
DIMENSION RHSEG<2~6l.RHSOGC256) 
DIMENSION WEOC32l,WOG<32l 
DIMENSION ITIMECIOOl.AC256),AG<32) 
INTEGER A 
SSHAREO EA~EB,EC, INDEX,(IA,QB,QC, JNOOX, 

- RHSE,RHSO,N,WE,WO,X,JT,JQ,JZ,NPROC, 
- ITIME.NSTEP,J~,JH,IPRINT,A,JN,LPNTE,KK 

COMMON/BLI/EAG,EBG.ECG,INDEXO,OAG.OBO,OCG,INDOXG, 
- RHSEO,RHSOG,WEG,WOG,AG.ISTEP 

IJ2•IJ/2 

649 
6~0 
6~1 

6~2 

653 
6~4 

6~~ 

6~6 
657 
6~8 
659 
660 
661 
662 
663 
664 c 
66~ c 
666 c 
667 
668 
669 
670 
671 
672 
673 
674 
67~ 

676 
677 
678 
679 
680 
681 
682 
683 
684 
68~ 

686 
687 
688 
689 
690 
691 
692 
693 
694 
6~ 
696 
697 

THE COMPUTATION OF THE VALUES ON THE 'EVEN' CONSIDERED ARRAYS. 

76100 
c 

DO 76100 J=I.IJ2,2 
JPlE=J+l 
IXIziNDEXG<JPIE) 
X2•ECOCINDEXGCJ)) 
IX3=1NDEXGCJ) 
X4=RHSEG<INDEXGCJ)) 
SL=-ECG<INDEXG<JPIEll/EBG<IX3l 
IF<ABS<SL).LT. <O.IE-06)) SL=O,O 
SK=SL•X2+EBG(JX1) 
SR=SL•X4+RHSEG<INDEXG<JP1Ell 
X <I X ll =SR/SK 
XCIX3)=CX4-X2•X<IXI)l/EBG<IX3) 

CONTINUE 

C THE COMPUTATION OF THE VALUES ON THE 'ODD' CONSIDERED ARRAYS. 
c 

76200 
RETURN 
.END 

DO 76200 J=1,JJ2.2 
.JPlO=J+l 
IYI=INDOXGCJPIO) 
Y2=0CG<INDOXG(J)l 
IY3=1NDOXG(J) 
Y4=RHSOG<INDOXG(J)) 
SL=-OCO<INDOXO(JP10ll/OBG<IY3l 
IFCABSCSL>.LT.(O.IE-06)) SL=O.O 
SK=SL•Y2+0BGCIY1> 
SR=SL•Y4+RHSOGCJNDOXOCJP10)) 
X ( IVIl=SR/SK 
X<IV3l=<Y4-Y2•X<IYil)/0BG<IY3l 

CONTINUE 



I C <><><><><><><><><> 
<> MB$4.POEGSGP <> 
<><><><><><><><><> 

2 C DIRECTORY.FILENAME I 
3 c 
4 c 
~ c 
6 c 
7 c 
8 c 
9 c 

10 c 

THIS PROGRAM IMPLEMENTS THE CYCLIC ODD-EVEN REDUCTION TECHNIQUE 
TO SOLVE THE MATRIX EQUATION I GX=B .WHERE 'G' IS A GENERAL 
TRIDIAGONAL PERIODIC MATRIX. 
THE NUMBER OF CREATED PATHS IS ALWAYS EQUAL TO THE NUMBER OF 
AVAILABLE PROCESSORS EACH TIME. 

11 c 
12 c 
13 c 
14 c 
15 c 
16 c 

THEN,AFTER A PRE-SET NUMBER OF REDUCTION STEPS,WE CONTINUE BY 
APPLYING THE GAUSS ELIMINATION SEQUENTIAL PROCEDURE TO SOLVE THE 
RESULTING SUBSYSTEMS.IN EACH OF THE CREATED PARALLEL PATHS, 
SIMULTANEOUSLY. FOR EACH COMPUTATIONAL STREAM ONLY ONE ARRAY WITH 
INDICES IS UTILIZED. 

17 C SET THE REQUIRED ARRAYS. 
18 c 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
~~ 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 

c 

DIMENSION EA(25bl,EB!256),EC<256l,INDEX!25b) 
DIMENSION OAC2SO>.OBC256),QCC256),1NDOXC256) 
DIMENSION RHSE<2Sbl,RHS0!25bl 
DIMENSION WEC256),W0<256),X(256) 
DIMENSION ITIME(I00),A(256l 
INTEGER A 

C SPECIFICATION OF THE ARRAYS 
c """"""""""""""""""""""""""" 
c 
C EA IT HOLDS THE SUB-DIAGONAL ENTRIES OF MATRIX 'G'. 
C EB I IT HOLDS THE DIAGONAL ENTRIES OF MATRIX 'G'. 
C EC I IT HOLDS THE SUPER-DIAGONAL ENTRIES OF MATRIX 'G'. 
C RHSE IT HOLDS THE R.H.S. ENTRIES OF THE SYSTEM. 
COn the above a~ravs w111 be aPPlted the ~even~ stream of the 
C cvcltc odd-even reductton Procedure. 
C INDEX IT HOLDS THE INDICES OF THE 'EVEN' STREAM OF THE CYCLIC 
C ODD-EVEN REDUCTION PROCEDURE. 
C OA I IT HOLDS A COPY OF THE ARRAY 'EA'. 
C OB IT HOLDS A COPY OF THE ARRAY 'EB'. 
C OC I IT HOLDS A COPY OF THE ARRAY 'EC'. 
C RHSO 1 IT HOLDS A COPY OF THE ARRAY 'RHSE'. 
COn the above arraYs wtll be aPPlied the ~odd~ stream of the 
C cvcl1c odd-eve~ reductton Procedure. 
C INDOX I IT HOLDS THE INDICES OF THE 'ODD' STREAM OF THE CYCLIC 
C ODD-EVEN REDUCTION PROCEDURE. 
C WE I IT HOLDS THE MULTIPLIERS FOR THE 'EVEN' STREAM OF THE 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 
C WO IT HOLDS THE MULTIPLIERS FOR THE 'ODD' STREAM OF THE 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 
C X I IT HOLDS THE SOLUTION OF THE SYSTEM. 
C !TIME 1 IT HOLDS THE TIMING INFORMATION. 
C A IT HOLDS THE COMPUTED 'RETURN' POINTS OF THE CYCLIC 
C ODD-EVEN REDUCTION PROCEDURE. 
c 
C SET THE SHARED DATA. 

~5 $SHARED EA.EB.EC,INDEX.OA,QB,QC,INDOX. 
~6 - RHSE,RHSQ,N,WE.WO,X.IT.IQ,IZ.NPRQC, 
~7 - JTIME.NSTEP.IJ.IH.IPRINT.A,JN.LPNTE.KK,ICOUNT 
58 COMMON/BL2/IFLAG 
~9 C SET CRITICAL SECTIONS. 
bO $REGION NOPROC 
bl C INITIALIZE PARALLELISM. 
62 $USEPAR 
63 NPROC=O 
64 C GENERATE PARALLEL PATHS TO SET DYNAMICALLY THE NUMBER OF 
65 C PROCESSORS TO BE UTILIZED IN THE PROGRAM. 
66 SDOALL 1000 
b7 C ENTER CRITICAL SECTION. 
68 $ENTER NOPROC 
69 NPROC=NPROC~l 
70 C RELEASE CRITICAL SECTION. 
71 $EXIT NOPROC 
72 C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
73 1000 SPAREND 
74 CALL INITIAL 
7~ c 
7b C START TIMING THE COMPUTATIONAL PROCEDURE. 
77 c 
78 c [J[l[I[I[I[J[][][][] 
79 c [][][][][][][][][] 
80 SDOALL 2000 
81 CALL TIMEST 
82 2000 SPAREND 
83 c [][][][][][][][][] 
84 c [][][][][][][][][][] 
85 c 
86 c 
87 C THE ROUNDING PROCEDURE TO THE OPPOSITE THAN THE 
88 C NEAREST <SMALLER OR GREATER! INTEGER. 
89 IH=IT/NPROC 
90 K=MOD<IT,NPROC) 
91 IF<~.EQ.O) GO TO 2600 
92 L=2•K 
93 IF<L.LE.NPROCl IH=IH+l 
94 c 
95 C START THE REDUCTION PROCESS. 
9b c 
97 2600 DO 21000 NSTEP=l,IZ 
98 IN=2••(NSTEP-1) 
99 IJ=IT/IN 

100 ID=2••NSTEP 
101 C COMPUTATION OF THE INCREMENT. 
102 IQ=IT/ID 
103 IF<NSTEP.LT.IZl GO TO 2700 
104 IN=IN/2 
105 IH=IN/NPROC 
lOb ~K=MOD<IN,NPROCl 
107 GO TO 3500 
108 C STORE THE COMPUTED 'RETURN' POINTS EACH TIME. 



109 
110 
Ill 
112 
113 
114 
11~ 

116 
117 
118 
119 
120 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
13~ 
136 
137 
138 
139 
140 
141 
142 
143 
144 
14~ 
146 
147 
148 
149 
1:50 
151 
152 
153 
1:54 
15~ 
156 
157 
1:58 
159 
160 
161 
162 

2700 

3000 
c 
C THE 
c 
3500 

c 
CTHE 
c 
7000 

DO 3000 K=t.IN 
LPNTE=K•IJ 
LPNTO=LPNTE-IJ+I 
ACLPNTE)=LPNTE 
ACLPNTO)=LPNTO 

CONTINUE 

COMPUTATION OF THE 'EVEN' LINES OF THE SYSTEM. 

SDOPAR 11000 I=I,NPROC 
IFCNSTEP.EQ.!Z) GO TO 10100 
IS=tl-ll•IH+2 
IE=IS+IH-2 
IFC!.EQ.NPROC) IE=IT 

DO 10000 J=IS,IE.2 
JMIE=J-1 
.JPlE=.J+l 
ZI=EACINDEXCJMIE)) 
IFCJ.EQ.ACJ)) GO TO 7000 
WECJMIE)=-EACINDEXCJ))/EBCINDEXCJMIE)) 
Z2=WECJMIE) 
WECJ)=-ECCINDEXCJ))/EBCINDEXCJPIE)) 
Z3=WECJ) 
EBC1NDEXC.J))=Z2•ECCINDEXCJM1Ell+EBCINOEXCJ))+ 
Z3•EACINDEXCJPIE)) 
EACINDEX(J))=Z2•ZI 
ECCINDEXCJ))=Z3•ECCINDEXCJPIE)) 
RHSECINDEXCJ)l=Z2•RHSECINDEXC.JM1E))+ 
RHSECJNDEXCJ))+Z3•RHSECINDEXCJP1El) 
GO TO 10000 

PERIODICITY OF THE SYSTEM. 

JJ=JP1E-2•1Q 
WECJMIE)=-ECCINDEXCJ))/EBCINDEXCJJ)) 
Z4=WECJMIE) 
WE(J)=-EACINDEXCJ))/EBCINDEXCJMIE)) 
Z5=WECJ) 

C THE LAST PHASE OF THE 'REFINEMENT' STEPS. 

10000 

10100 

10200 

EACINDEXCJ))=ZS•Zl 
ECC INDEXCJ) )=Z4•ECC INDEXCJJ)) 
EBCJNDEXCJ))=ZS•ECCINDEXCJMIE))+EBCINDEXCJ))+ 
Z4•EACINDEXCJJ)) 
RHSECINDEXCJ))=Z4*RHSECINDEXCJJ))+ 
RHSECINOEXCJ))+ZS•RHSECJNDEXCJMIE)) 

CONTINUE 
GO TO 11000 
IFLAG=O 
IFCKK.NE.O) GO TO 10200 
IHL=IH 
JCOUNT•IHL 
GO TO 10500 
L=2•KK 
IFCL.GE.NPROC) GO TO 10450 

163 
164 
165 
166 
167 
168 
169 
170 
171 
172 
173 
174 
175 
176 
177 
178 
179 
180 
181 
182 
183 
184 
185 
186 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 
197 
198 
199 
200 
201 
202 
203 
204 
205 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 

10450 

10500 

10700 
11000 
c 

IHL=IH 
ICOUNT=IHL 
IFCI.EO.NPROC) IHL=IH+KK 
GO TO 10500 
IHL=IH+l 
ICOUNT=IHL 
IFCI.EQ.NPROC) IHL=KK 
DO 10700 JL=I.IHL 
IS=CJL-tl•IJ+l+ICOUNT•IJ•<I-ll 
JE::JS+IJ-1 
CALL GAUSSPCIS.IE) 
CONTINUE 

$PARENO 

C THE COMPUTATION OF THE ~ooo~ LINES OF THE SYSTEM. 
c 

c 

$DOPAR 19000 I=I,NPROC 
IFCNSTEP.EQ.IZ) 00 TO 18100 
IS=< 1-1 >•IH+l 
IE=IS+IH-1 
IFCI.EQ.NPROC) IE=IT 

DO 18000 ~=IS.IE,2 
JMIO=J-1 
JP10=J+1 
IFCJ.EQ.ACJ)) GO TO 14000 
QI=OACINDOXCJM10)) 
WOCJ)=-OACINDOXCJ))/0BCINDOXCJM10)) 
Q2=WOCJ) 
WOCJP10)=-0CCINDOXCJ))/0B!INDOXCJP10)) 
Q3=WOCJP10) 
0ACJNDOXCJ))cQ2•Q1 
OBCJNOOXCJ))=Q3•0ACINDOXCJP10))+0BCINOOXCJ))+ 
02•0CCINDOXCJM10)) 
OCCINDOXC~))=Q3•0CCINDOXCJP10)) 
RHSO<INOOXCJ))=Q2•RHSOCJNQPXCJH10>>+ 
RHSOCINDOX(~))+Q3•RHSOCINDOXCJP10)) 
GO TO 18000 

C THE PERIODICITY OF THE SYSTEM. 
c 
14000 LVAR=JH10•2•IQ 

Q4=0ACINDOXCLVAR)) 
WOCJ)=-OACINDOXCJ))/OBCINDOXCLVAR)) 
Q5=WOCJ) 
WOCJPIO)~-OCCINDOXCJ))/0BCINDOXCJP10)) 

Q6=WOCJP10) 
C THE LAST PHASE OF THE 'REFINEMENT' STEPS. 

18000 

OACINDOXCJ))=QS•Q4 
OBCINOOXCJ>)=Q6•0ACINDOXCJP10))+0BCINDOXCJ>)+ 
QS•OCCJNOOXCLVAR)) ~ 
OCC JNOOXCJ) )=Qb•OC< INOOX<JPIO>) c 
RHSOCINOOX(J))=05•RHSOCINDOXCLVAR>>+ ~ 
RHSOCINDOX(J))+Q6•RHSOCINDOXCJP10)) 

CONTINUE 



18100 

18200 

10450 

18500 

18700 
19000 

21000 
c 

00 TO 19000 
I FLAG= I 
IFIKK.NE.Ol 
IHL•IH 

GO TO 18200 

I COUNT• I HI. 
00 TO 18500 
L•2•KK 
IFIL.OE,NPROCl 
U-L•IH 
ICOUNT=IHL 
IFI I.EQ.NPROCl 
00 TO 18500 
IHL=IH+l 
ICOUNT=IHL 

GO TO 18450 

IHL=IH+KK 

IFI I,EQ,NPROCl IHL=KK 
DO 18700 JK=I,IHL 
IS=CJK-l)•JJ+l+ICOUNT•IJ•CJ-1) 
IE=IS+IJ~I 
CALL GAUSSPIIS,!El 
CONTINUE 

$PAR END 
IFINSTEP.EQ,!Zl GO TO 21000 

CALL SHUFI 
CONTINUE 

C TERMINATE TIMING THE COMPUTATIONAL PROCEDURE. 
c 

217 
218 
219 
220 
221 
222 
223 
224 
225 
226 
227 
228 
229 
230 
231 
232 
233 
234 
235 
236 
237 
238 
239 
240 
241 
242 
243 
244 
245 
246 
247 
248 
249 
250 
251 
252 
253 
254 
255 
256 
257 
258 
259 
260 
261 
2b2 
263 c 
264 c 
265 c 
266 c 
267 c 
268 
269 
270 

c 
c 

[][][][][][][][][][][][][] 
[][][][][][][][][][][][] 

$DOALL 30000 
CALL TIMOUTIITIMEl 

30000 $PAREND 
c [][][][][][][][][][][][] 
c [][][][][][][][][][][][][] 
c 
c 
C OUTPUT THE RESULTS OBTAINED FROM THE TIMED COMPUTATIONAL 
C PROCEDURE. 

WRITEC6.40000) ITIME 
40000 FORMATC/,'TIHINGCS)-C•For POEGSGP•) I',/SCI6,2Xl) 

IFIIPRINT.EO.Ol GO TO 60000 
WRITEC6,S0000) CXCI),J=l,IT) 

50000 FORMATClX,'THE SOLUTION IS a',/4CE1~.6,2X)/) 
C TERMINATE PROGRAM. 
60000 $STOP 

c 

SEND 

••••••••••••••••••• 
• P h a 1 e One * 
••••••••••••••••••• 
SUBROUTINE INITIAL 

C THIS SUBROUTINE PERFORMS INITIALIZATION. 

c 

1100 

1120 

1150 

1200 

1300 

1400 

1500 

c 

DIMENSION EAI256J,EBI256),EC1256),1NDEXI256) 
DIMENSION OAI256l,OBI256l,OCC256),1NDOXI256l 
DIMENSION RHSE1256l,RHSOC256l 
DIMENSION WEC256l,WOC256l,XC256) 
DIMENSION ITIMEIIOOl,AI256l 
INTEGER A 
$SHARED EA,EB.EC,JNOEX,OA,OB,QC,INDOX, 

- RHSE,RHSQ,N,WE,WO,X,[T,IQ,[Z,NPROC, 
- ITIHE,NSTEP,[J,IH.IPRINT,A,IN.LPNTE,KK 

READCS,J100) IPRINT,N 
WRITE<6,1100) IPRINT,N 
FORMATI2112.1Xll 
READI3.1120l IZ 
WRITEC6.1120l IZ 
FORMATII2l 
IT=2••N 

DO 1150 NSIZE=I,IT 
ACNSIZE)•O 

CONTINUE 

RETURN 
SEND 

DO 1300 J=I•IT 
READC5,1200) EA(J),EBCJl,ECCJ) 
FORMATC3CF4.2,2Xll 
OACJ)=EACJ) 
OBIJl•EBIJl 
OCIJl•ECIJl 
INDEX IJl=J 
INDOXIJl=J 

CONTINUE 
00 1500 J=t,IT 

READC5.1400l RHSEIJ) 
FORMATIF6.2l 
RHSOIJl=RHSEIJl 

CONTINUE 

•••••••••••••••••••••• 
• P h a s e T w o • 
********************** 

SUBROUTINE SHUFI 

271 
272 
273 
274 
275 
276 
277 
278 
279 
280 
281 
282 
283 
284 
285 
286 
287 
288 
289 
290 
291 
292 
293 
294 
295 
296 
297 
298 
299 
300 
301 
302 
303 
304 
305 
306 
307 c 
308 c 
309 c 
310 c 
311 c 
312 
313 
314 
315 
316 
317 
318 
319 
320 
321 
322 
323 
324 

C THIS SUBROUTINE PERFORMS THE INTERCHANGINO OF THE MODIFIED 
C ELEMENTS AND THE SHUFFLING AND COPYING OF THE U~ED INDICES 
C IN THE APPROPRIATE ARRAYS. 
c 

DIMENSION EAC256),EBC256),ECC256),[NDEXC256) 
DIMENSION OAI256l,OBI256l,OCC256l,INDOXI256l 
DIMENSION RHSEI256l,RHSOC256l 
DIMENSION WEC256),W0C256),XC256) 
DIMENSION ITIMECIOOl,AI256l 
INTEGER A 
$SHARED EA.EB.EC.INDEX.OA.OB.OC,INDOX, 



- RHSE,RHSO.N.WE.WO,X.IT.IQ,JZ,NPRQC, 
- ITIME,NSTEP,[J,IH,IPRINT.A,JN,LPNTE,KK 

IFCNSTEP.EQ,(IZ-Ill GO TO 19200 
c 
C COPY THE COMPUTED ELEMENTS FROM THE 'EVEN' AND 'ODD' LINES 
C TO THE CORRESPONDING POSITIONS IN THE OPPOSITE ARRAYS. 

325 
326 
327 
328 
329 
330 
331 
332 
333 
334 
3~ 
336 
337 
338 
339 
340 
341 
342 
343 
344 
345 
346 
347 
348 
349 
350 
~I 
352 
353 
354 
~5 
356 
357 
358 
359 
360 
361 
362 
363 
364 
365 
366 
367 c 
368 c 
369 c 
370 c 
371 c 
372 
373 c 
374 c 
375 c 
376 c 
377 c 
378 c 

c 

19100 
c 

DO 19100 J•2tiT,2 
OACINDEXCJll~EACINDEXCJll 

OBCINDEXCJll•EBCINDEXCJll 
OCCINDEXCJll•ECCINDEXCJll 
EACINDOX(J-Ill=OACINDOXCJ-Ill 
EBCINOOXCJ-Ill=OBCINDOX(J-Ill 
ECCINDOX(J-Ill=OCCINDOX(J-Ill 
RHSOCINDEXCJll=RHSECINDEXCJl) 
RHSECINDOXCJ-Ill=RHSOCINDOXCJ-lll 

CONTINUE 

C SHUFFLE THE 'EVEN' AND 'ODD' 
C THE CORRESPONDING ARRAYS. 

USED INDICES TO THE TOP OF 

c 
19200 LS=O 

DO 19300 J=2,1T,2 
LS=LS+l 
INDEXCLSl=INDEXCJl 
INDOX(LSl=INDOXCJ-Il 

19300 
c 

CONTINUE 

C COPY THE 'ODD' AND 'EVEN' USED INDICES AT THE REAR HALF 
C OF EACH OTHER'S ARRAY IN ORDER TO PROCEED AGAIN WITH THE 
C NEW ODD-EVEN CYCLE. 
c 

IFCNSTEP.EQ,CIZ-Ill 
LS=O 
IW=lT/2+1 

GO TO 19500 

DO 19400 M=IW,IT 
LS=LS+1 
INDEXCMl=INDOXCLSl 
INDOXCMl=INDEXCLSl 

19400 
19500 RETURN 

SEND 

CONTINUE 

•••••••••••••••••••••••• 
• P h & s ~ T h r • e * 
•••••••••••••••••••••••• 
SUBROUTINE OAUSSP( IS.IEl 

THIS SUBROUTINE SOLVES THE MATRIX EQUATION I OX=V ,WHERE 'Q' 
IS A GENERAL TRIDIAOONAL PERIODIC MATRIX,SEQUENTIALLY,BY APPLYING 
THE GAUSS ELIMINATION METHOD. 
THE ADDITIONALLY DECLARED ARRAYS FORM THE WOR~SPACE IN THE 
SUBROUTINE ACCOMMODATING EACH TIME THE CORRESPONDING MODIFIED 

ELEMENTS OF THE SYSTEM. IN ACCORDANCE WITH THE COMPUTATIONAL 
STREAM THE SUBROUTINE IS CALLED FROM, 

DIMENSION EAC256l,EBC256l.ECC256l.INDEXC256l 
DIMENSION OAC256l,OBC256l,OCC256l,INDOXC256l 
DIMENSION RHSEC256),RHSOC2~6) 
DIMENSION WEC256l,WOC256l,XC256l 
DIMENSION ITIMECIOOl 
DIMENSION ADC256l,SUBD(256l,SUPDC256l 
DIMENSION DUC32),0LC32),VC256),1NDEXGC32) 
$SHARED EA.EB.EC,INDEX,QA,OB,OC,INOOX, 

- RHSE,RHSQ,N,WE,WO,X,IT,IQ,Jl,NPROC, 
- ITIME.NSTEP,IJ,IH,JPRINT,A,JN,LPNTEoKK 

COMMON/BL2/IFLAG 

~PECIFICATION OF THE ADDITIONAL ARRAYS 

AD 
SUBD 
SUPD ; 

DU 

DL 

V 
INDEXG ; 

IT HOLDS THE DIAGONAL ELEMENTS OF MATRIX '0'. 
IT HOLDS THE SUB-DIAGONAL ELEMENTS OF MATRIX 'Q'. 
IT HOLDS THE SUPER-DIAGONAL ELEMENTS OF MATRIX 0'. 
IT HOLDS THE MODIFICATIONS OF THE UPPER PERIODIC 
ENTRIES OF MATRIX 'Q'. 
IT HOLDS THE MODIFICATIONS OF THE LOWER PERIODIC 
ENTRIES OF MATRIX 'Q'. 
IT HOLDS THE R.H.S. ELEMENTS OF THE SYSTEM. 
IT HOLDS THE INDICES OF EITHER OF 'INDEX' OR 'INDOX' 
ARRAY DEPENDING ON THE STREAM OF THE CYCLIC ODD-EVEN 
REDUCTION PROCEDURE CALLING THE SUBROUTINE. 

ISTEP=N-IZ+1 

379 c 
380 c 
381 c 
382 
383 
384 
385 
386 
387 
388 
389 
390 
391 
392 
393 c 
394 c 
395 c 
396 c 
397 c 
398 c 
399 c 
400 c 
401 c 
402 c 
403 c 
404 c 
405 c 
406 c 
407 c 
408 c 
409 
410 C THE SIZE OF MATRIX 'Q'. 
411 
412 
413 
414 
415 
416 
417 
418 
419 
420 

LN=2••ISTEP 
IFCIFLAG.EQ.ll GO 
L=O 
DO 10510 J=IS,IE 

L=L+1 

TO 10520 

INDEXGCLl=INDEXCJl 
SUBD<INDEXG<L))=EA(lNDEX(J)) 
ADCINDEXGCLll=EBCINDEX(J)l 
SUPDCINDEXGCLll=ECCINDEXCJll 
VCINDEX&CLll=RHSECINDEXCJll 

421 10510 
422 

CONTINUE 
GO TO 10540 

L=O 423 10520 
424 
425 
426 
427 
428 
429 
430 
431 10530 
432 c 

DO 10530 J=IS,IE 
L=L+l 
INDEXGCLl•INDOXCJl 
SUBDCINDEXGCLll=OACINDOXCJll 
ADCINDEXGCLll=OBCINDOXCJll 
SUPDC INDEXGCLl l=OCCINDOX(Jl l 
V<INDEXG(L))=RHSO<INDOX(J)) 

CONTINUE 



C THE 
c 
10540 

c 

INITIAL PERIODIC ELEMENTS. 

DU(11=SUBD!INDEXG!lll 
DLt11=SUPDtlNDEXG!LNll 

C THIS IS !LN-31,BECAUSE WE 
C TO ELIMINATE.AND THE LAST 
C FINAL FULL 13131 MATRIX. 
c 

433 
434 
435 
436 
437 
438 
439 
440 
441 
442 
443 c 
444 c 
445 c 
446 
447 
448 
449 
450 
451 
452 
453 
454 
455 
456 
457 
458 
459 
460 
461 
462 
463 
404 
465 
466 
467 c 
468 
469 
470 
471 
472 
473 c 
474 
475 
470 
477 c 
478 c 
479 c 
480 c 
491 c 

HAVE !LN-11 SUB-DIAGONAL ELEMENTS 
2 ELEMENTS ARE INCLUDED IN THE 

INN=LN-3 

THE ELIMINATION PROCESS STARTS. 

DO 10550 K~t~INN 
FACT•SUBD!INDEXGtK•1li/AD!INDEXG!KII 
ADCINDEXGCK+l)l=ADtlNDEXGCK+l))-FACT•SUPOCJNDEXGCK)) 
VtlNDEXGtK•111=VtiNDEXGtK•III-FACT•VtlNDEXG!KII 
DUtK•11=-FACT•DU!KI 
IFCABSCOUCK+l)).Ll. <O.lE-08)) OUCK+l)=O.O 
FACT=DL!KI/AD!INDEXG!KII 
DLCK+l)=-FACT•SUPDCINDEXGCK)) 
IF!ABS!DL<K•111.LT.t0.1E-0811 DL<K•11=0,0 
AD!INDEXG!LNII=AD!INDEXG<LNII-FACT•DU!KI 
VtiNDEXG!LNII=VtlNDEXG!LNII-FACT•VtlNDEXO(Kil 

10550 
c 

CONTINUE 

C THE LAST PART OF THE ELIMINATION PROCESS.WHEN THE ORIGINAL 
C MATRIX HAS BECOME A FULL t3X31 MATRIX. 
c 

FACT=SUBD!INDEXG!LN-111/AD!INDEXG!LN-211 
AD!INDEXG!LN-111•AD!INDEXO!LN-III-FACT•SUPD!INDEXG!LN-211 
DUCLN-ll=SUPDCINDEXGCLN-1))-FACT•DUCLN-2) 
IF!ABS!DU!LN-1ll.LT.t0.1E-0811 DU!LN-11~0.0 
V<INDEXO<LN-111=V<INDEXG<LN-111-FACT•Vt!NDEXO!LN-211 

FACT•DL<LN-21/AD<INDEXO<LN-211 
DL!LN-11=SUBD<INDEXO!LNII-FACT•SUPD!INDEXG<LN-211 
IF!ABS!DLCLN-III.LT.<O.IE-0811 DL!LN-11=0,0 
AD!INDEXG(LNII=AD<INDEXG!LNII-FACT•DU!LN-21 
VCJNDEXOCLN))=V<INDEXG<LN>>-FACT•VCINDEXGCLN-2)) 

FACT=DL!LN-11/AD!INDEXO!LN-111 
AD<INDEXG(LNil=AD<INDEXG!LNII-FACT•DUtLN-11 
V<INDEXG!LNII=Vt!NDEXG!LNII-FACT•V<INDEXG<LN-111 

THE SOLUTION PART. 

THE COMPUTATION OF X<LNI,X!LN-11, 

482 XCJNDEXGCLN>>=VCINDE~UCLN))/ADCINDEXGCLN)) 

483 Xt!NDEXO!LN-1li=(V(INDEXG!LN-111-DU<LN-II*X(INDEXG<LNIII/ 
484 - AD!INDEXG<LN-111 
485 c 
486 C THE COMPUTATION OF THE REST X's,IN A BACK-SUBSTITUTION PROCESS, 

487 c 
488 
489 
490 
491 
492 
493 10560 
494 
495 

KREST=LN-2 

RETURN 
SEND 

DO 10560 II=l.KREST 
I=LN-11-1 
X<INDEXO<III=tV<INDEXGtlii-SUPD<INDEXO<III• 
X<INDEXOti•III-DU<II•X<INDEXG!LNIII/ADtiNDEXOtlll 

CONTINUE 



I C 
2 c 
3 c 
4 c 
5 c 
b c 
7 c 
a c 
9 c 

10 c 
11 c 
12 
13 

c 

DIRECTORY.FILENAHE I 
<><><><><><><><><> 
<> MBS4.GAUSSGP <> 
<><><><><><><><><> 

THIS PROGRAM IMPLEMENTS THE GAUSS ELIMINATION METHOD TO SOLVE 
THE MATRIX EQUATION I QY=V .SEQUENTIALLY,WHERE 'Q' IS A GENERAL 
TRIDIAGONAL PERIODIC MATRIX. 

SET THE REQUIRED ARRAYS. 

DIMENSION At25b),SUBDt25b),SUPDt256),DUt256),0Lt256) 
DIMENSION Vt256),Yt256l,ITIME(100) 

14 
15 C SPECIFICATION OF THE ARRAYS 
16 c UMMUMMMMMMUMMMMMMMUHUMHnU•oo 

17 c 
18 c 
19 c 
20 c 
21 c 
22 c 
23 c 
24 c 
25 c 
26 
27 
28 
29 
30 

c 
c 
c 

A I 

SUBD I 

SUPD 
DU I 

DL 

V 
y 

IT IME 

IT HOLDS THE DIAGONAL ELEMENTS OF MATRIX 'Q'. 
IT HOLDS THE SUB-DIAGONAL ELEMENTS OF MATRIX 'Q'. 
IT HOLDS THE SUPER-DIAGONAL ELEMENTS OF MATRIX '0'. 
IT HOLDS THE MODIFICATIONS OF THE UPPER PERIODIC 
ENTRIES OF MATRIX '0'. 
IT HOLDS THE MODIFICATIONS OF THE LOWER PERIODIC 
ENTRIES OF MATRIX 'Q'. 
IT HOLDS THE R.H.S. ELEMENTS OF THE SYSTEM. 
IT HOLDS THE SOLUTION OF THE SYSTEM. 
IT HOLDS THE TIMING INFORMATION. 

SUSEPAR 

31 
32 
33 
34 

C THE 

READ(5,9990) IPRINT,M 
WRITEt6.9990) IPRINT,M 

SIZE OF MATRIX 'Q'. 

35 
36 
37 
38 
39 
40 c 
41 c 
42 c 
43 c 
44 c 
45 
46 
47 
48 c 
49 c 
50 c 
51 c 
52 c 
53 c 
54 

10 

11 

N=2••M 
DO 10 I=t,N 

READ<5,9991l 
CONTINUE 
DO 11 I-=t.N 

READ(5,9992) 
CONTINUE 

SUBD(I),Ati),SUPDtll 

V< I) 

START TIMING THE COMPUTATIONAL PROCEDURE. 

[][][][][][][][][][] 
[][][][][][][][][] 

SDOALL 12 
CALL TIMEST 

12 SPAREND 
[][][][][][][][][] 

[][][][][][][][][][] 

THE INITIAL PERIODIC ELEMENTS. 

DUU l=SUBD( ll 

55 DL(1l=SUPD(N) 
56 c 
57 C THIS IS (N-3),8ECAUSE WE HAVE <N-Il SUB-DIAGONAL ELEMENTS 
58 C TO ELIMINATE,AND THE LAST 2 ELEMENTS ARE INCLUDED IN THE 
59 C FINAL FULL (3X3) MATRIX. 
bO C 

INN=N-3 
c 

61 
62 
63 
64 
65 
66 
67 

C THE 
c 

ELIMINATION PROCESS STARTS. 

68 
69 
70 
71 
72 
73 
74 
75 
76 
77 c 
78 c 
79 c 
eo c 
81 
82 
83 
84 
85 
86 c 
87 
88 
89 
90 
91 
92 c 
93 
94 
95 
96 c 
97 c 
98 c 
99 c 

100 c 

20 

DO 20 K=t, INN 
FACT=SUBOCKTl)/ACK) 
ACK+ll=ACK+l)-FACT•SUPOCK) 
VCK+l)=VCK+ll-FACT•VCK) 
DUCK+ll=-FACT•DUCK> 
IFtABS<DU<K+I)l.LT.tO.IE-08)) 
FACT•DL(K)/A(K) 
DLCK+ll=-FACT•SUPDCKl 
IFCABSCDLCK+l)).LT.<O.lE-08)) 
A<Nl=AtNl-FACT•DU<Kl 
VCNl=VCNl-FACT•VCKl 

CONTINUE 

DUCK+l )•0.0 

DL<K+Il=O.O 

THE LAST PART OF THE ELIMINATION PROCESS,WHEN THE ORIGINAL 
MATRIX HAS BECOME A FULL t3X3) MATRIX. 

FACT=SUBOCN-1)/ACN-2) 
AtN-Il=A<N-ll-FACT•SUPD<N-21 
DUtN-Il=,UFD<N-Il-FACT•DUtN-21 
IFtABS<DUtN-Ill.LT.tO.IE-08)) OUtN-Il=O.O 
VCN-ll=VCN-ll-FACT•V<N-2) 

FACT=DLtN-2l/AtN-2l 
DLtN-ll=SUBD(Nl-FACT•SUPD<N-21 
IFtABStDL(N-Ill.LT.<O.IE-08)) DL<N-11=0.0 
AtNl=AtNl-FACT•DU<N-2) 
VtNl=V<Nl-FACT•V<N-2) 

FACT=DL<N-ll/ACN-1) 
A<Nl=ACNl-FACT•DUCN-1) 
VtNl=VtNl-FACT•V<N-11 

THE SOLUTION PART. 

THE COMPUTATION OF YtNl,Y<N-11. 

WRITE<6,9993) <V< ll .1=1,8) 
YtNl:V(Nl/AtNl 
Y(N-1l=<V<N-Il-DU<N-I)•YtN))/AtN-1) "' .... 

101 c 
102 
103 
104 c 
105 c 
lOb C 
107 
108 

THE COMPUTATION OF THE REST V;s,IN A BACK-SUBSTITUTION PROCESS.=: 

~REST=N-2 
DO 30 11=1.KREST 



109 
110 
Ill 
112 c 
113 c 
114 c 
115 c 
116 c 
117 
118 
119 
120 c 
121 c 

c 
c 
c 
c 

c 

30 

I=N-11-1 
YCIJ=CVCIJ-SUPDCIJ•Ytl+l)-OUCIJ•Y<NJ>/ACJ) 

CONTINUE 

TERMINATE TIMING THE COMPUTATIONAL PROCEDURE. 

[][][][][][][][][](][][][] 
[][][][][][][][][][][][] 

$DOALL 35 
CALL TIMOUT!ITIMEl 

35 SPAREND 
[][][][][][][][][][][][] 

[][][][][][][][][][][][][] 

OUTPUT THE RESULTS OBTAINED FROM THE TIMED COMPUTATIONAL 
PROCEDURE. 

WRITEt6.9994) 
IF!IPRINT.EQ.O) 00 

WRITEt6.9995l 

IT IME 
TO 50 
CYCIJ,I=l,NJ 

122 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
13:5 
136 
137 
138 
139 
140 
141 

C SET THE FORMATS 
c """"""""""""""" 
c 
9990 FORMAT<?tl2.1Xll 
9991 FORMAT!3(F4.2.2Xll 
9992 FORMAT!F6.2) 
9993 FORMAT!4!EJ5.4)/) 
9994 FORHATC/,'TIMING-C•For OAUSSOP•J 1',/8CI6.2XJJ 
9995 FORMATClX,'THE SOLUTION IS I',/5CE12a~o2XJ/) 
C TERMINATE PROORAM. 

50 SSTOP 
$END 



-------------------------------------------------------------------------------------------------------------------------------

I C <><><><><><><><><><> 
2 C DIRECTORY.FILENAHE I <> MB$4.POEGENNP <> 
3 c <><><><><><><><><><> 
4 c 
:i c 
6 C THIS PROORAM IMPLEMENTS THE CYCLIC ODD-EVEN REDUCTION TECHNIQUE 
7 C TO SOLVE THE MATRIX EQUATION 1 GXsB .WHERE '0' IS A GENERAL 
9 C TRIDIAOONAL MATRIX. 
9 C THE PROORAM PERFORMS <N-1) REDUCTION STEPSoWHERE 'N' IS THE 

10 C EXPONENT OF THE SIZE OF THE MATRIX. THE NUMBER OF CREATED PATHS 
11 C IS ALWAYS EQUAL TO THE NUMBER OF AVAILABLE PROCESSORS EACH TIME. 
12 C WHILE ONE ONLY ARRAY WITH INDICES IS UTILIZED FOR EACH COMPUTATIONAL 
13 C STREAM. 
14 c 
l:i C SET THE REQUIRED ARRAYS. 
lb c 
17 DIMENSION EAC312loEBC512loECC:il2loiNDEXC512l 
IB DIMENSION OAC512l.OBC512).0CC312).1NDOXC512) 
19 DIMENSION RHSEC512),RHSOC~12) 
20 DIMENSION WEC512),WOC512),XC512l 
21 DIMENSION ITIMECIOOl,AC512) 
22 INTEOER A 
23 c 
24 C 5PECIFICATION OF THE ARRAYS 
25 c ................................................... .. 
21> c 
27 C EA I IT HOLDS THE SUB-DIAOONAL ENTRIES OF MATRIX 'G'. 
29 C EB IT HOLDS THE DIAGONAL ENTRIES OF MATRIX '0'. 
29 C EC IT HOLDS THE SUPER-DIAGONAL ENTRIES OF MATRIX '0'. 
30 C RHSE I IT HOLDS THE R.H.S. ENTRIES OF THE SYSTEM. 
31 COn the •bov@ arravs w1ll be a~Plied the 'even' strea• of the 
32 C cvcltc odd-even reduction ~rocedure. 
33 C INDEX I IT HOLDS THE INDICES OF THE 'EVEN' STREAM OF THE CYCLIC 
34 C ODD-EVEN REDUCTION PROCEDURE. 
35 C OA I IT HOLDS A COPY OF THE ARRAY 'EA'. 
31> C OB I IT HOLDS A COPY OF THE ARRAY 'EB'. 
37 C OC I IT HOLDS A COPY OF THE ARRAY 'EC'. 
39 C RHSO I IT HOLDS A COPY OF THE ARRAY 'RHSE'. 
39 COn the above arravs Wlll be &~Plied the 'odd' 5trea• of the 
40 C cvclic odd-even reduction Procedure. 
41 C INDOX I IT HOLDS THE INDICES OF THE 'ODD' STREAM OF THE CYCLIC 
42 C ODD-EVEN REDUCTION PROCEDURE. 
43 C WE I IT HOLDS THE MULTIPLIERS FOR THE 'EVEN' STREAM OF THE 
44 C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 
45 C WO I IT HOLDS THE MULTIPLIERS FOR THE 'ODD' STREAM OF THE 
41> C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 
47 C X IT HOLDS THE SOLUTION OF THE SYSTEM. 
48 C !TIME IT HOLDS THE TIMINO INFORMATION. 
49 C A I IT HOLDS THE COMPUTED 'RETURN' POINTS OF THE CYCLIC 
50 C ODD-EVEN REDUCTION PROCEDURE. 
51 c 
52 C SET THE SHARED DATA. 
53 •sHARED EA,EB,EC,JNDEX,QA,QB,OC,JNDOX, 
~4 - RHSE,RHSQ,N,WE.WO,X,JT,IZ.NPROC, 

So 
57 
58 
59 
bO 
bl 
1>2 
1>3 
1>4 
65 
bb 
67 

- ITIHE.NSTEP,JJ,JH,JPRINT,A 
C SET CRITICAL SECTIONS. 

$REGION NOPROC 
C INITIALIZE PARALLELISM. 

$USEPAR 
NPROC=O 

C GENERATE PARALLEL PATHS TO SET DYNAMICALLY THE NUMBER OF 
C PROCESSORS TO BE UTILIZED EACH TIME IN THE PROGRAM. 

$00ALL 1000 
C ENTER CRITICAL SECTION. 

$ENTER NOPROC 
NPROC==NPROC+l 

C RELEASE CRITICAL 5ECTION. 
oB $EXIT NOPROC 
69 C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
70 1000 $PAREND 
71 CALL INITIAL 
72 
73 
74 
75 
7b 
77 
79 
79 
eo 
81 
82 
83 
84 
85 
81> 
87 
ea 
89 
90 
91 
92 
93 
94 
95 
91> 
97 
98 
99 

100 
101 
102 
103 
104 
105 
lOb 
107 
108 

c 
C START TIMING THE COMPUTATIONAL PROCEDURE. 
c 
c [][][][][][][][l[lll 
c [][][][][][][][][] 

$DOALL 2000 
CALL TIMEST 

2000 sPAREND 
c [][][][][][][][I[] 
c [][][][][][][][][][] 
c 
c 
c 
c 

THE ROUNDING PROCEDURE TO THE OPPOSITE 
NEAREST CSMALLER OR GREATER) INTEGER. 

IH=IT /NPROC 
K=MODC IT ,NPROC) 
IFCK.EQ.O) GO TO 21>00 
L•2*K 
IFCL.LE.NPROC) IH=IH+I 

C START THE REDUCTION PROCESS. 
21>00 DO 21000 NSTEP=I,IZ 

IN=2•*<NSTEP-1) 
IJ=IT/IN 

THAN THE 

C STORE THE COMPUTED 'RETURN' POINTS EACH TIME. 

3000 
c 

DO 3000 K•l~ IN 
LPNTE=K•I..J 
LPNTO=LPNTE-IJ+I 
ACLPNTEl•LPNTE 
ACLPNTOl•LPNTO 

CONTINUE 

C THE COMPUTATION OF THE 'EVEN' LINES OF THE SYSTEM. 
c 

$DOPAR 11000 lsi,NPROC 
IS•( 1-1 )•IH+2 
IE•IS ... IH-2 
IFCI.EQ.NPROC> IE=IT 



c 

DO 10000 J~IS,IE.2 
JHlE•J-1 
JP1E•J+1 
Z1 ~EAC INDEX CJI'II E I I 
IFCJ.EQ.ACJII 00 TO 7000 
WECJI'IIEI•-EACINDEXCJII/EBCINDEXCJMIEII 
Z2•WECJI11EI 
WECJI•-ECCINDEXCJII/EBCINDEXCJPIEII 
Z3•WECJI 
EBCINDEXCJII•Z2•ECCINDEXCJI'IIEII+EBCINDEXCJII+ 
Z3•EACINDEXCJPIEII 
EACINDEXCJII•Z2•ZI 
ECCINDEXCJII~Z3•ECCINDEXCJPIEII 
RHSECINDEXCJII~Z2•RHSECINDEXCJMIEII+ 
RHSECINDEXCJII+Z3•RHSECINDEXCJPIEII 
00 TO lC"('-00 

C THE LAST PHASE OF THE 'REFINEMENT' STEPS. 
c 

109 
110 
Ill 
112 
113 
114 
11:1 
116 
117 
118 
119 
120 
121 
122 
123 
124 
12:1 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
142 
143 
144 
14:1 
146 
147 
148 
149 
1:10 
1:11 
1:12 
1:13 
1:14 
1:1:1 
1:16 
1:17 
1:18 
1:19 
160 c 
161 c 
162 c 

7000 

10000 
11000 
c 

WECJI•-EACINDEXCJII/EBCINDEXCJMIEII 
Z5~WECJI 
ECC INDEXCJI 1=0.0 
EACINDEXCJII~ZS•ZI 
EBCINDEXCJII~Z5•ECCINDEXCJMIEII+EBCINDEXCJII+ 
Z4•EAC INDEXCJJI I 
RHSECINDEXCJ))=RHSECINDEXCJ))+ZS•RHSECINDEXCJM1El) 

CONTINUE 
•PAREND 

C THE COMPUTATION OF THE 'ODD' LINES OF THE SYSTEM. 
c 

•DOPAR 19000 I•I,NPROC 
IS•C 1-1 l•IH+l 
lE=IS-tiH-1 
IFCI.EQ,NPROCI IE=IT 

00 18000 J•IS.IE,2 
JMIO•J-1 
JPlO•J+l 
IFCJ.EQ,ACJII GO TO 14000 
QI•OAC INDOXCJMIOI I 
WOCJI•-OACINDOXCJII/OBCINDOXCJMIOII 
Q2=WOCJI 
WOCJPIOI•-OCCINDOXCJII/OBCINDOXCJPIOII 
Q3•WOCJPIOI 
OCCINDOXCJII•Q3•0CCINDOXCJPIOII 
OBCINDOXCJ))•Q3•0ACINDOXC~10))+0BCINDOXCJ))+ 
Q2•0CCINDOXCJI11011 
OACINDOXCJII•Q2•QI 
RHSOCINDOXCJII•Q2•RHSOCINDOXCJI11011+ 
RHSOCINDOXCJII+Q3•RHSOCINDOXCJPIOII 
GO TO 18000 

THE LAST PHASE OF THE 'REFINEMENT' STEPS. 

14000 WOCJP101•-0CCINDOXCJII/OBCINDOXCJP1011 
Q6=WOCJP101 

163 
164 
165 
166 
167 
168 
169 
170 
171 
172 
173 
174 
175 
176 
177 
178 
179 
180 
181 
182 
183 
184 
185 
186 
187 
188 
189 
190 
191 
192 
193 
194 
19:1 
196 
197 
198 
199 
200 
201 
202 c 
203 c 
204 c 
205 c 
206 c 
207 
208 c 
209 c 
210 c 
211 
212 
213 
214 
215 
216 

OACINDOXCJII•O.O 
OBCINDOXCJII•Q6•0ACINDOXCJP1011+0BCINDOXCJII 
OCCINDOXCJ))=Q6•0C<INDOXCJP10)) 
RHSOCINDOXCJII•RHSOCINDOXCJII+Q6• 
RHSOCINDOXCJP1011 

18000 
19000 

21000 
c 
c 
c 
c 
c 

c 

CONTINUE 
•PAREND 

CALL SHUFFLE 
CONTINUE 

••••••••••••••••••••••••••••• 
* S o I u t 1 o n P ~ r t * 
••••••••••••••••••••••••••••• 

CALL SOLVER 

C TERMINATE TIMING THE COMPUTATIONAL PROCEDURE. 
c 
c [][][][][][][][][][][][][] 
c [][][][][][][][][][][][] 

•DOALL 30000 
CALL TIMOUTCITIHEI 

30000 .PAREND 
c [][][][][][][][][![][][] 
c [][][][][][][][][][][][][] 
c 
c 
C OUTPUT THE RESULTS OBTAINED FROM THE TIMED COMPUTATIONAL 
C PROCEDURE. 

WRITEC6,400001 !TIME 
40000 FORHATC/,~TIHINGCS)-C•Fo~ POEGENNP•> :',/8([6,2X)) 

IFCIPRINT.EQ,OI GO TO 60000 
WRITE(6,500001 CXCII,l•1,1TI 

50000 FORMATC1X,'THE SOLUTION IS 1',/4CE15.6,2XI/l 
C TERMINATE PROGRAM. 
60000 •sTOP 

.END 

••••••••••••••••••• * P h ~ s e One • 
••••••••••••••••••• 
SUBROUTINE INITIAL 

THIS SUBROUTINE PERFORMS INITIALIZATION. 

DIMENSION EAC5121,EBC5121,ECC512l,INDEXC5121 
DIMENSION OAC512),QB(5121,0CC5121,JNDOXC5121 
DIMENSION RHSEC5121,RHSOC5121 
DIMENSION WEt5121,WOC5121,XC512) 
DIMENSION ITIHEC100),AC5121 
INTEGER A 

..., 
I 

<:: 



1100 

1150 

1200 

1300 

1400 

1500 

c 

$SHARED EA,EB.EC,JNDEX,OA,QB,QC,JNDOX, 
- RHSE,RHSO,NoWE.WO.X,JT,IZ,NPROC, 
- lllME.NSTEP.IJ,IH.IPRINT.A 

READC5.1100) IPRINT.N 
WRITEI6.1100) IPRINT,N 
FORMATI2112.1X)) 
IZ=N-1 
JT:.2••N 

DO 1150 NSIZE•t,JT 
AINSIZE)•O 

CONTINUE 

RETURN 
SEND 

DO 1300 J=l• IT 
READI5.1200) EAIJ),EBIJ),ECIJ) 
FORMATI31F4,2.2X)) 
OAIJ)•EAIJ) 
OB(J)=EBCJ) 
OCIJ)zECIJ) 
JNDEX(..J)=..J 
INDOXIJ)•J 

CONTINUE 
DO 1~00 J•loiT 

READI5,1400) RHSEIJ) 
FORMATIF6.2) 
RHSOIJ)zRHSEIJ) 

CONTINUE 

•••••••••••••••••••• 
• P h a s • Two * 
•••••••••••••••••••• 

SUBROUTINE SHUFFLE 

217 
218 
219 
220 
221 
222 
223 
224 
225 
226 
227 
228 
229 
230 
231 
232 
233 
234 
235 
236 
237 
238 
239 
240 
241 
242 
243 
244 c 
245 c 
246 c 
247 c 
248 c 
249 
250 
251 
252 
253 
254 
255 
256 
257 
258 
259 
260 
261 
262 
263 
264 
26:5 c 
266 c 
267 c 
268 c 
269 
270 

C THIS SUBROUTINE PERFORMS THE INTERCHANGING OF 
C ELEMENTS AND THE SHUFFLING AND COPYING OF THE 
C IN THE APPROPRIATE ARRAYS. 

THE MODIFIED 
USED INDICES 

c 
DIMENSION EAI512),EBI512),ECI512),1NDEXI512) 
DIMENSION OAC512),Q8(512),QCCS12),JNDOX<S12) 
DIMENSION RHSEC512),RHSOC512) 
DIMENSION WEI512),W01512),XI512) 
DIMENSION ITIMEI100),AI512) 
INTEGER A 
$SHARED EA,EB,EC,JNOEX,OA,QB,OC,JNDOX, 

- RHSE,RHSQ,N,WE.WO,X,JT,JZ,NPROC, 
- ITIHE,NSTEP.JJ,JH,JPRINToA 

IFINSTEP.EQ.IZ) 00 TO 20300 

COPY THE COMPUTED E!~MENTS FROM THE 'EVEN' AND 'ODD' LINES 
TO THE CORRESPONDING POSITIONS IN THE OPPOSITE ARRAYS. 

DO 20100 J~2,JT.2 
OAIINDEXIJ))=EAIINDEXIJ)) 

OBI INDEX IJ) )zEBI INDEX IJ)) 
OCIINDEXIJ))•ECIINDEXIJ)) 
EAI INDOXIJ-1) )cOAl INDOX CJ-1)) 
EBIINDOXIJ-l))cOBIINDOXCJ-1)) 
ECIINDOXIJ-l))=OCIINDOXCJ-1)) 
RHSOIINDEXIJ))•RHSEIINDEXCJ)) 
RHSEIINDOXCJ-l))cRHSQCINDOXIJ-1)) 

20100 
c 

271 
272 
273 
274 
275 
276 
277 
278 
279 
280 
281 
282 
283 
284 
285 
286 
287 
288 
289 
290 
291 
292 
293 
294 
295 
296 
297 
298 
299 
300 
301 
302 
303 
304 c 
305 c 
306 c 
307 c 
308 c 
309 
310 c 
311 c 
312 c 
313 
314 
315 
316 
317 
318 
319 
320 
321 
322 
323 c 
324 c 

CONTINUE 

C SHUFFLE THE ~EVEN' AND ~ODD' 

C THE CORRESPONDING ARRAYS. 
USED INDICES TO THE TOP OF 

c 
20300 LS=O 

20400 
c 

DO 20400 

CONTINUE 

J•2,JT,2 
LS•LS ... l 
INDEXILS)•INDEXIJ) 
INDOXILS)•INDOXCJ-1) 

C COPY THE 'ODD' AND 'EVEN' USED 
C OF EACH OTHER'S ARRAY IN ORDER 
C NEW ODD-EVEN CYCLE. 

INDICES AT THE REAR HALF 
TO PROCEED AGAIN WITH THE 

c 
IFINSTEP.EQ.IZ) GO TO 20600 
LS=O 
IW=IT/2+1 

DO 20500 M=IW,IT 
LS .. LS+l 
INDEXIM)~INDOXILS) 

INDOXIM)•INDEXILS) 
20500 CONTINUE 
20600 RETURN 

SEND 

•••••••••••••••••••••• * P h ~ s e Three • 
•••••••••••••••••••••• 

SUBROUTINE SOLVER 

THIS SUBROUTINE PERFORMS THE SOLUTION PART. 

DIMENSION EAI512),EBI512),EC1512),1NDEXI512) 
DIMENSION OAI512),Q81512),0CI512),1NDOXI512) 
DIMENSION RHSEC512),RHS0<512) 
DIMENSION WE1512),W01512),XI512) 
DIMENSION ITIME1100),AI512) 
INTEGER A 
SSHARED EA,EB.EC,INOEX,QA,QB,QC,JNDQX, 

- RHSE,RHSO,N.WE.WO,X,JT,JZ,NPROC, 
- ITIME,NSTEP.JJ,JH,JPRINT.A,JT2 

SREGION NOPROC 
THE NUMBER OF GROUPS,,,e,,THE NUMBER OF PAIRS OF THE 
FINAL 12x2) SUBSYSTEMS TO SOLVE. 



325 
326 
327 
328 
329 
330 
331 
332 
333 
334 
335 
336 
337 
338 
339 
340 
341 
342 
343 
344 
345 
346 
347 
348 
349 
350 
351 
352 
353 
354 
355 
356 
357 
358 
359 
360 
361 
362 
363 
364 
365 
366 
367 
368 
369 
370 
371 
372 
373 
374 
375 

!PAIRS• IT /4 
IT2•IT/2 

C THE ROUNDING PROCEDURE TO THE NEAREST !SMALLER OR GREATER! INTEGER. 
IH=IPAIRS/NPROC 
L=2•HODCIPAIRS.NPROCl 
IFIL.GE,NPROCl IH•IH+I 
JH-=2•IH 

c 
C THE COMPUTATION OF THE VALUES ON THE 'EVEN' CONSIDERED ARRAYS, 
c 

21100 
21200 
c 

$DOPAR 21200 l=l,NPROC 
IS=< 1-1 )*IH+l 
IE•lS+IH-1 
IFCJ,EQ.NPROCl IE•IT2 

DO 21100 J*IS.JE.2 
JPlE•J+l 
IX1=INDEXCJP1El 
X2•ECUNDEX CJ) l 
JX 3= I NOExt •. H 
X4=RHSEC INDEX<Jl l 
SL•-EACINDEXCJP1Ell/EBCIX3l 
IFCABSCSLl.LT.CO.lE-061) SL=O.O 
SK•SL•X2+EBC!XIl 
SR•SL•X4+RHSEIINDEXCJP1Ell 
XC lXI l•SR/SK 
XCIX3)~(X4-X2•XCIX1))/EBCIX3) 

CONTINUE 
$PAREND 

C THE COMPUTATION OF THE VALUES ON THE 'ODD' CONSIDERED ARRAVS. 
c 

21300 
21400 

RETURN 
SEND 

$DOPAR 21400 l=l,NPROC 
IS=< 1-l )•JH+l 
IE=IS+IH-1 
IFCI,EQ.NPROCl IE=IT2 

DO 21300 J=JS,JE,2 
JPJO=J+l 
IYI•INDOXCJP10l 
Y2=0CC INDOXCJl l 
IY3=1NOOXCJl 
V4=RHSOCINDOXCJll 
SL=-OACINDOXCJP10ll/OBCIY3l 
IFCABSCSLl.LT.CO.lE-0611 SL=O.O 
SK=SL•Y2+0BC IYl) 
SR=SL•Y4+RHSOCJNDOXCJP10)) 
XCIYll•SR/SK 
XCIY3l=CY4-Y2•XCIY1ll/OBCIY3l 

CONTINUE 
$PAREND 

n 
I 

<::: 



I 
2 
3 
4 
:5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 

c 
c D!RECTORY.FlLENAME I 
c 

<><><><><><><><><><> 
<> MB$4,POERSGNP <> 
<><><><><><><><><><> 

c 
c 
C THIS PROGRAM IMPLEMENTS THE CYCLIC ODD-EVEN REDUCTION TECHNIQUE 
C TO SOLVE THE MATRIX EQUATION 1 GX~B .WHERE '0' !S A GENERAL 
C TR!DlAGONAL MATRIX. 
C THE MJMBER OF CREATED PATHS IS ALWAYS EQUAL TO THE NUMBER OF 
C AVAILABLE PROCESSORS EACH TIME. 
C THEN.AFTER A PRE-SET lll.IMBER OF REDUCTION STEPS,WE CONTINUE BY 
C APPLYING THE ODD-EVEN REDUCTION TECHNIQUE AOA!N,BUT SEQUENT!ALLY 
C THIS T!ME,TO SOLVE THE RESULTING SUBSYSTEMS, IN EACH OF THE CREATED 
C PARALLEL PATHS,S!MULTANEOUSLY. FOR EACH COMPUTATIONAL STREAM ONLY 
C ONE ARRAY WITH INDICES IS UTILIZED. 
c 
C SET THE REQUIRED ARRAYS. 
c 

DIMENSION EA<2:16l,EB(256),EC<2:>6l,INDEX<256) 
DIMENSION 0A(2:>6),0B(256),0C(2:16),!NDOX(2:56) 
DIMENSION RHSE(2:16l,RHS0(2:16l 
DIMENSION WE<256),W0(2:>6),X<256) 
DIMENSION IT!ME(IOO),A(256l 
INTEOER A 

2:5 c 
26 c 
27 c 
28 c 
29 c 
30 c 
31 c 
32 c 

SPECIFICATION OF THE ARRAYS •.••••....•••.......•••.... 
EA I 
EB I 
EC I 

RHSE I 

IT HOLDS THE 
IT HOLDS THE 
IT HOLDS THE 
IT HOLDS THE 

SUB-DIAGONAL ENTRIES OF MATRIX '0'. 
DIAGONAL ENTRIES OF 11ATRIX '0', 
SUPER-DIAGONAL ENTRIES OF MATRIX '0', 
R.H.E. ENTRIES OF THE SYSTEM. 

33 COn the above arravs ~111 be a~Plted the 'even' stre•• of the 
34 C cvclic odd-even reduction Procedure. 
3:5 C INDEX 1 IT HOLDS THE INDICES OF THE 'EVEN' STREAM OF THE CYCLIC 
36 C ODD-EVEN REDUCTION PROCEDURE. 
37 C OA I IT HOLDS A COPY OF THE ARRAY 'EA', 
38 C OB IT HOLDS A COPY OF THE ARRAY 'EB'. 
39 C OC IT HOLDS A COPY OF THE ARRAY 'EC', 
40 C RHSO I IT HOLDS A COPY OF THE ARRAY 'RHSE', 
41 COn the above arravs wtll be aPPlied the 'odd' stream of the 
42 C cvclic odd-even reduction Procedure. 
43 C INDOX 1 IT HOLDS THE INDICES OF THE 'ODD' STREAM OF THE CYCLIC 
44 C ODD-EVEN REDUCT!ON PROCEDURE. 
4:5 C WE I IT HOLDS THE MUL T1 PLIERS FOR THE 'EVEN' STREAM OF THE 
46 C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 
47 C WO I IT HOLDS THE MULTIPLIERS FOR THE 'ODD' STREAM OF THE 
48 C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 
49 C X IT HOLDS THE SOLUTION OF THE SYSTEI1. 
:10 C ITI11E IT HOLDS THE TilliNG INFORMATION. 
:11 C A 1 IT HOLDS THE C011PUTED 'RETURN' POINTS OF THE CYCLIC 
:12 C ODD-EVEN REDUCTION PROCEDURE. 
:13 c 
:14 C SET THE SHARED DATA. 

55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 

$SHARED EA.EB,EC.INOEX,QA,QB,QC,JNDOX, 
- RHSE.RHSQ,N,WE,WO.X,IT.IZ,NPROCt 
- ITIHE,NSTEP,J~.JH,JPRJNT.A,KK 

COI1MONIBL2/IFLAO 
C SET CRITICAL SECTIONS. 

$REO ION NOPROC 
C INITIALIZE PARALLELISM. 

$USEPM 
NPROCmO 

C GENERATE PARALLEL PATHS TO SET DYNAMICALLY THE NUMBER OF 
C PROCESSORS TO BE UTILIZED IN THE PROGRAM. 

$DOALL 1000 
C ENTER CRITICAL SECTION. 

$ENTER NOPROC 
NPROC=NPROC+I 

C RELEASE CRITICAL SECTION. 
$EX IT NOPROC 

C TERI11NATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
I 000 •PAREND 

CALL INITIAL 
7:> c 
76 c 
77 c 
78 c 
79 c 
eo 

START TIMING THE COMPUTATIONAL PROCEDURE. 

[][][][][][][][][][] 
[][]!][][][][][][] 

$00ALL 2000 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
9:1 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
108 

CALL TIMEST 
2000 $PAREND 
c [][][][][][][][][] 
c [][][][][][][][][][] 
c 
c 
c 

THE ROUNDING PROCEDURE TO THE OPPOSITE THAN THE 
NEAREST (SMALLER OR GREATER) INTEGER. 

!H=IT INPROC 
K~I10D( IT.NPROCl 
!F<K.EQ,Ol GO TO 2600 
L=-2•K 
IF<L.LE.NPROCl lH•IH+I 

C START THE REDUCTION PROCESS, 
2600 DO 21000 NSTEP•I.IZ 

JN=2••CNSTEP-1) 
IJ=ITIIN 

C COI1PUTATION OF THE INCREI1ENT. 
IF<NSTEP.LT.!Zl 00 TO 2700 
IN=IN/2 
IH=IN/NPROC 
KK~MODCJN,NPROC) 

GO TO 3:500 
C STORE THE COI1PUTED 'RETURN' POINTS EACH TI11E. 
2700 DO 3000 K•I•IN 

LPNTE=K•l.J 
LPNTO=LPNTE-IJ+I 
A<LPNTEl•LPNTE 
A<LPNTOl=LPNTO 



109 
110 
Ill 
112 
113 
114 
liS 
116 
117 
118 
119 
120 
121 
122 
123 
124 
12:5 
126 
127 
128 
129 
130 
131 
132 
133 
134 
13:5 
136 
137 
138 
139 
140 
141 
142 
143 
144 
14S 
146 
147 
148 
149 
ISO 
ISI 
IS2 
IS3 
IS4 
ISS 
IS6 
1:57 
IS8 
159 
160 
161 
162 

3000 
c 
c nE 
c 
3:500 

c 

CONTINUE 

COMPUTATION OF TIE 'EVEN' LINES OF THE SYSTEM. 

tDOPAR 11000 1•1, NPROC 
IFINSTEP.EQ.Il) 00 TO 10100 
IS•CJ-1)*1H+2 
IE•IS+IH-2 
IFII.EQ.NPROC) IE•IT 

DO 10000 ~·JS,JE.2 
.JMI E -.J-1 
.JP l E• •. J+ 1 
li•EAIINDEXIJMIEll 
IFIJ.EQ.A(J)) GO TO 7000 
WEIJMIEI•-EAIINDEXIJll/EBIINDEXIJMIEll 
Z2•WEIJt11El 
WEIJl•-ECIINDEXIJll/EBIINDEXIJPIEll 
Z3-wEIJl , 
EBIINDEXIJll•Z2•ECIINDEXIJt11Ell•EBIINDEXIJll• 
Z3•EAIINDEXIJPIEll 
EAIINDEXIJ)l•Z2•ZI 
ECIINDEXIJll•Z3•ECIINDEXIJPIEll 
RHSEI INDEX (J) l•Z2•RHSEI INDEX IJMIEl l• 
RHSEIINDEXIJII•Z3•RHSEIINDEXIJPIEll 
GO TO 10000 

C THE LAST PHASE OF THE 'REFINEMENT' STEPS. 
c 
7000 

10000 

10100 

10200 

104SO 

IOSOO 

WEIJl•-EAIINDEXIJll/EBIINDEXIJt11Ell 
Z5•WEIJl 
ECIINDEXIJll•O.O 
EAIINDEXIJll•Z5•ZI 
EBIINDEXIJ)l•ZS•ECIINDEXIJMIEll•EBIINDEXIJ)l 
RHSEIINDEXIJll•RHSEIINDEXIJll•ZS•RHSEIINDEXIJMIEll 

CONTINUE 
GO TO 11000 
IFLAG•O 
IFIKK.NE.Ol GO TO 10200 
IHL•IH 
ICOUNT•IHL 
GO TO IOSOO 
L•2•KK 
IFIL.GE.NPROCl 00 TO 10450 
IHL•IH 
ICOUNT•IHL 
IFCI.EQ.NPROC) IHL•JH+KK 
GO TO IOSOO 
IHL.•IH+l 
ICOLINT•IHL 
IFII.EQ.NPROCl IHL•KK 
DO 10700 JL.•t. Il-L 
IS•CJL-t)•JJ+t+JCOUNT•I..J•<I-1) 
IE•IS+I..J-1 
CALL GENNPCJS,JE> 

163 
164 
16S 
166 
167 
168 
169 
170 
171 
172 
173 
174 
175 
176 
177 
178 
179 
180 
181 
182 
183 
184 
18S 
186 
187 
188 
189 
190 
191 
192 
193 
194 
19S 
196 
197 
198 
199 
200 
201 
202 
203 
204 
20S 
206 
207 
208 
209 
210 
211 
212 
213 
214 
21S 
216 

10700 CONTINUE 
11000 $PAREND 
c 
C THE COt1PUTATION OF THE 'ODD' LINES OF THE SYSTEM. 
c 

c 

$1l0PAR 19000 I•I,NPROC 
IFINSTEP.EQ.IZI GO TO 18100 
JS•C 1-1 )•JH•l 
IE•IS•IH-1 
IFII.EQ.NPROCI IE•IT 

DO 18000 J•JS,JE,2 
JMIO•J-1 
.JPIO•..J+l 
IFIJ.EQ.A(J)l GO TO 14000 
QI•OAIINDOXIJMIOll 
WOIJl•-OAIINDOX(J)l/OBIINDOXIJMIOll 
Q2=W0(J) 
WOIJPIOl•-OCIINDOXIJ))/OBIINDOXIJPIOll 
Q3=WOIJPI0) 
OCI INDOX (J) l•Q3•0CI INDOX IJPIOl l 
OBI INDOX(J) )=Q3•0AI INDOXIJPIO) I•OBI INDOX (J) H 
Q2•0CIINDOXIJt110ll 
OAIINDOX(J))•Q2•QI 
RHSOIINDOXIJl)•Q2•RHSOIINDOXIJt110ll• 
RHSOIINDOXIJil•Q3•RHSOIINDOXIJPIOll 
GO TO 18000 

C THE LAST PHASE OF THE 'REFINEMENT' STEPS. 
c 
14000 

18000 

18100 

18200 

18450 

18500 

WOCJP10)•-0CCINDOXCJ))/0BCINDOXCJP10)) 
Q6=WOIJPIOl 
OAIINOOXIJll=O.O 
OBIINDOXIJ))•Q6•0AIINDOXIJPIOil•OBIINOOXIJll 
OCIINDOXIJll=Q6•0CIINDOXIJPIOl) 
RHSOIINDOXIJli•RHSOIINDOXIJll•Q6• 
RHSOIINDOXIJPIOll 

CONTINUE 
GO TO 19000 
I FLAG• I 
IFIKK.NE.O) GO TO 18200 
IHL•IH 
ICOUNT•IHL 
GO TO 18500 
La2•KJ< 
IFIL.GE.NPROCI GO TO 18450 
IHL=IH 
ICOUNT•IHL 
IFCI.EQ.NPROC) IHL•JH+KK 
00 TO 18500 
IHL=JH+I 
ICOUNT•IHL 
IFII.EQ.NPROCl IHL•KK 
DO 18700 JK•I,IHL 
JS•(..JK-l)*I..J+l+ICOUNT•I..J•CI-1) 



18700 
19000 

21000 
c 

IE•IS+J.J-1 
CALL GENNPIIS,IEl 
CONTINUE 

SPAREND 
IFINSTEP.EQ.IZl GO TO 21000 

CALL SlfJFI 
CONTINUE 

C TERHINATE TIHINO THE COHPUTATIONAL PROCEDURE. 

217 
218 
219 
220 
221 
222 
223 
224 
22:1 
226 
227 
228 
229 
230 
231 
232 
233 
234 
23:1 
236 
237 
238 
239 
240 
241 
242 
243 
244 
24:1 c 
246 c 
247 c 
248 c 
249 c 
2:10 
2:11 
2:12 
2:13 
2:14 
2:1:1 
2:16 
2:17 
2:18 
2:19 
260 
261 
262 
263 
264 
26:1 
266 
267 
268 
269 
270 

c 
c [][][][][][][][][][][][][] 
c [][][][][][][][][][][][] 

•DDALL 30000 
CALL TIHOUTIITIHEl 

30000 •PAREND 
c [][][][][][][][][][][][] 
c [][][][][][][][][][][][][] 
c 
C OUTPUT THE RESULTS OBTAINED FROH THE TI~D COHPUTATIONAL 
C PROCEDURE. 

WRITE16,40000l ITIHE 
40000 FORHAT(/,'TlHINOISl-I*Fo• POERSONP•l 1',/81!6,2Xll 

IFIIPRINT.EQ,O) 00 TO 60000 
WRITEC6w50000) CXCJ),J•l,JT) 

~0000 FORMATC1X.~THE SOLUTION IS s~,/4CE1~.6.2X)/) 
C TERHINATE PROOR~. 
60000 •sTOP 

c 

SEND 

••••••••••••••••••• 
• P h • s • One • 
••••••••••••••••••• 
SUBROUTINE INITIAL 

C THIS SUBROUTINE PERFO~S 
c 

INITIAL! ZATION. 

1100 

1120 

DIHENSION EA12:16l,EBI2:16l,ECI2:16l,lNDEXI2:16) 
Dl~NSION 0A(2:16l,OBI2:161,QCI2:161,INDOX(2:161 
Dl~NSION RHSEI256l,RHSOI2561 
Dl~NSION WEI2561,WOI2:16l,X(2561 
Dl~NSION ITIHEIIOOI,A12561 
INTEGER A 
$SHARED EA,EB.EC,INOEX,OA.QB,OC,JNDOX, 

- RHSE,RHSO.N.WE,WQ,X,JT,IZ.NPROC, 
- ITIME,NSTEP,J.J,JH,JPRINT.A,kK 

READI5,11001 IPRINT.N 
WRITE(6,11001 IPRINT,N 
FOR~TI2112,1XII 

READI3.1120) IZ 
WRITEI6,1120l IZ 
FORHATII21 
IT•2••N 

DO 1150 NSIZE•I,IT 

1150 

1200 

1300 

1400 

1:100 

AINSIZEI•O 
CONTINUE 

RETURN 
SEND 

DO 1300 .J•I, IT 
READC5,J200) EA(J),E8CJ) 1 ECC.J) 
F~TI31F4.2,2XII 
QA(,J)•EAC..J) 
OBI.JI•EBI.JI 
OCCJ)•ECCJ) 
INDEX(.J)•J 
INDOXCJ)•J 

CONTINUE 
DO 1-:liOO ..J•t, IT 

READI5,14001 RHSEI.Jl 
FORMTIF6, 21 
RHSO I .J I •RHSE I .J l 

CONTINUE 

• ••••••••••••••••••••• * P h • s • T w o * 
•••••••••••••••••••••• 

SUBROUTINE SHUFI 

271 
272 
273 
274 
27:1 
276 
277 
278 
279 
280 
281 
282 
283 
284 
28:1 
286 
287 
288 
289 c 
290 c 
291 c 
292 c 
293 c 
294 
29:1 c 
296 c 
297 c 
298 c 
299 c 
300 
301 

THIS SUBROUTINE PERFOR~ THE INTERCHANGING OF 
ELE~NTS AND THE SlfJFFLINO AND COPYING OF THE 
IN THE APPROPRIATE ARRAYS, 

THE ~DIFIED 
USED INDICES 

302 
303 
304 
30:1 
306 
307 
308 

c 

Dl~NSION EAI2561.EBI2561,ECI2:161,INDEXI2561 
Dl~NSION OAI256I,OBI2561,0C(2561,INDOX12:161 
DIHENSION RHSE12561,RHS01256) 
DIHENSION WEI2561,WOI2561,XI2561 
Dl~NSION 1Tl~(IOOI,A12561 
INTEGER A 
•sHARED EA,EB.EC.INDEX,QA,QB,OC,INDOX. 

- RHSE,RHSO.N.WE,WO,X,IT.IZ,NPROC, 
- ITIME.NSTEP,I~.IH.IPRINT.A.KK 

IFINSTEP.EQ.IIZ-111 GO TO 74300 309 
310 
311 
312 
313 
314 
31:1 
316 
317 
318 
319 
320 

C COPY THE ~UTED ELEHENTS FR~ THE 'EVEN' AND 'ODD' LINES 
C TO THE CORRESPONDINO POSITIONS IN THE OPPOSITE ARRAYS. c 

321 
322 
323 
324 

74100 
c 

DO 74100 ~a2,IT.2 
OAIINDEXI.JII•EAIINDEXI.JII 
OBIINDEX(.JII•EBIINDEXI.JII 
OC(!NDEXI.JII•ECIINDEXI.JII 
EAIINDOX(..J-IIl•OAIINDOXI..J-111 
EBI!NDOXI..J-III•OBIINDOXI..J-111 
ECIINDOX(..J-III*OCIINDOXI..J-111 
RHSOIINDEXI.JII•RHSEIINDEXI.Jll 
RHSEIINDOXI..J-III*RHSOIINDOXI..J-111 

CONTINUE 

("") 
I 

<::: 



C SHUFFLE THE ;EVEN' AND 'ODD' 
C THE CORRESPONDING ARRAYS. 

325 
326 
327 
328 
329 
330 
331 
332 
333 
334 
33~ 
336 
337 
338 
339 
340 
341 
342 
343 
344 
34~ 
346 
347 
348 
349 c 
3:10 c 
~I C 
~2 c 
~3 c 
3~4 c 
3~~ 

~ 
~7 

~8 
3:59 
360 
361 
362 
363 
364 
36:5 
366 
367 
368 
369 
370 
371 
372 
373 
374 
37~ 
376 
377 
378 

USED INDICES TO THE TOP OF 

c 
74300 LS•O 

74200 
c 

DO 74200 J•2,JT,2 
LS•LS+l 
INDEXILSl•INDEXI~l 
INDOXILSl•INDOX(~-1) 

CONTINUE 

C COPY THE 'ODD' AND 'EYEN' USED INDICES AT THE REAR HALF 
C OF EACH OTHER'S ARRAY IN ORDER TO PROCEED AOAIN WITH THE 
C NEW ODD-EYEN CYCLE. 
c 

74:500 

IFINSTEP.EQ,(IZ-Ill 
LS•O 
IW•IT/2+1 

GO TO 74600 

DO 74500 M•IW,IT 

CONTINUE 

LS•LS+l 
INDEXIMl=INDOXILSl 
INDOXIMl=INDEXILSl 

74600 RETURN 
•END 

c 

•••••••••••••••••••••••• * P h a s e T h r • e • 
•••••••••••••••••••••••• 

SUBROUTINE OENNPIIS,!El 

C THIS SUBROUTINE SOLVES THE MATRIX EQUATION I QX•Z ,WHERE 'Q' 
C IS A GENERAL TRIDIAGONAL MATRIX,SEQUENTIALLY,BY APPLYING THE 
C ODD-EVEN REDUCTION TECHNIQUE AGAIN. 
C THE ADDITIONALLY DECLARED ARRAYS FORM THE WORKSPACE IN THE 
C SUBROUTINE ACCOI'1MODATING EACH TIME THE CORRESPONDING 110DIFIED 
C ELEMENTS OF THE SYSTEM. IN ACCORDANCE WITH THE COMPUTATIONAL 
C STREAM THE SUBROUTINE IS CALLED FROM. 
c 

DIMENSION EAI2:5bl.EBI2~6loECI256),!NDEXI256l 
DIMENSION OAI2:56),08(25bl,OCI2:56l,INDOXI2:56l 
DIMENSION RHSEI2:56l.RHS0(2:56l 
DIMENSION WEI256l.WOI256),XI256l 
DIMENSION EAOI2:56l,EB012:56l,ECOI2:56l,INDEXOI32l 
DIMENSION OA0(256l ,QBG1256l ,OC0125bl ,INDOX0132l 
DIMENSION RHSEO<:z56l,RHSOGI256l 
DIMENSION WE0(32l,W00132l 
DIMENSION ITIME<IOOl,AI2:56l,A0132l 
INTEGER A 
•SHARED EA,£8,£C,INOEX,OA,OB,QC,INDOX, 

- RHSE.RHSO.N.WE,WQ,X,JT,JZ,NPRQC, 
- ITI~,NSTEP,JJ,JH,JPRINT,A.KK 

COMMON/BLl/EAG,EBO,ECO,INDEXO,QAO,OBO,QCO,JNDOXO, 

379 
380 
381 
382 
383 
384 
385 
386 
387 
388 
389 
390 
391 
392 
393 
394 
395 
396 
397 
398 
399 
400 
401 
402 
403 
404 
405 
406 
407 
408 
409 
410 
411 
412 
413 
414 
415 
416 
417 
418 
419 
420 
421 
422 
423 
424 
42:5 
426 
427 
428 
429 
430 
431 
432 

- RHSEO,RHSOG,WEO,WOG.AO,JSTEP,NSTEPO 
COMHON/BL2/IFLAO 
CALL INITGIIS,!El 
DO 76000 NSTEPG•I·ISTEP 

IN0~2••<NSTEP0-1) 
I~O~IJ/ING 

C STORE THE COMPUTED 'RETURN' POINTS EACH TIME. 

61000 
c 

DO 61000 K•I•INO 
LPNTEG•K•I~ 
LPNTOO•LPNTEG-1~0+1 
AGILPNTEOl•LPNTEO 
AOILPNTOGl•LPNTOO 

CONTINUE 

C THE COMPUTATION OF THE 'EYEN' LINES OF THE SYSTEM. 
c 

c 

DO 67000 ~=2,1~.2 
Jl"llE~~~:..J-1 

JPlE•J+l 
ZI=EAOIINDEXO<~MIEll 
IFI~.EQ.AGI~ll GO TO 64000 
WEOI~IEl•-EAOIINDEXGI~ll/EBGIINDEXG(~IEll 
Z2•WEGI~1El 
WEOI~l•-ECOIINDEXGI~ll/EBGIINDEXOI~IEll 
Z3•WEGI~l 
EBGCINDEXOCJ))=Z2*ECOCINDEXGCJM1E))+E8GCINDEXGCJ))+ 
Z3•EAG<INDEXG<~IEll 
EAGIINDEXGIJll•Z2•ZI 
ECG!INDEXG(~ll~Z3•ECO!INDEXOIJPlEll 
RHSEGCINDEXOCJ))•Z2•RHSEGCINDEXGCJM1E>>+ 
RHSEGIINDEXGI~ll+Z3•RHSEGIINDEXOI~PIEll 
GO TO 67000 

C THE LAST PHASE OF THE 'REFINEMENT' STEPS. 
c 
64000 

67000 
c 

WEGI~l=-EAGIINDEXOI~ll/EBG!INDEXGI~MIEll 
Z5=WEGI~l 

ECGIINDEXGI~ll=O.O 
EAGCINDEXOCJ))•ZS*Zl 
EBGIINDEXGI~ll=Z5•ECG(INDEXGI~M1Ell+EBGIINDEXO!Jll 

RHSEGIINDEXOIJll=RHSEG!INDEXGI~ll+Z5• 
RHSEOIINDEXGI~IEll 

CONTINUE 

C THE COMPUTATION OF THE 'ODD' LINES OF THE SYSTEM. 
c 

DO 74000 J~t.JJ,2 
~MIO=J-1 
JPlO•J+l 
IFI~.EQ,AGIJll GO TO 71000 
Ql=OAOIINDOXGIJMIOll 
WOGCJ>=-OAGCINDOXOCJ))/0BOCINDOXOCJM10)) 
Q2•WOGI~l 

WOGI~PIOl•-OCOIINDOXGI~ll/08011NDOXG!~IOll 



c 

Q3•WOO!.JP101 
OCGCINDOXOCJ))aQ3•0CGCINDOXOCJP10)) 
OBO!INDOXO(.JII•Q3•0AG(INDOXO!.JP1011+ 
OBO!INDOXG(.JII+Q2•0CG!INOOXG(.JM1011 
OAO!INDOXG(.JII•Q2•Q1 
RHSOG!INDOX0(.JII•Q2•RHSOG!INDOXO(.JM1011+ 
R~SOO!INDOXO(.JII+Q3•RHSOG!INDOXO(.JP1011 

GO TO 74000 

C THE LAST PHASE OF THE 'REFINEMENT' STEPS. 
c 
71000 

74000 

76000 
c 
c 
c 
c 
c 

WOO!.JP101=-0CO(INDOXO(.JII/080(1NDOXG(.JP1011 
Q6•WOO!.JPIOI 
OAO!INDOXG!.JII•O.O 
OBGCINOOXOCJ))•Q6•0AOCJNDOXOCJP10)J+ 
080( INOOXO!.JII 
OCO(INOOXG(.JII•Q6•0CO(INDOXO(.JP1011 
RHSOO!INOOX0(.JII•RHSOO!INDOXO(.JII+Q6• 
RHS00(1NDOXG(.JP1011 

CONTINUE 
CALL SHUF2 
CONTINUE 

••••••••••••••••••••••••••••• 
• s o I u t t o n P ~ r t • 
••••••••••••••••••••••••••••• 

CALL SOLVER 
RETURN 
$END 

••••••••••••••••••••••• 
• P h a s • F o u r • 
••••••••••••••••••••••• 
SUBROUTINE INITO!IS.IEI 

433 
434 
43:5 
436 
437 
438 
439 
440 
441 
442 
443 
444 
44:5 
446 
447 
448 
449 
450 
4:51 
452 
453 
454 
4:55 
456 
457 
4:58 
4:59 
460 
461 
462 
463 c 
464 c 
465 c 
466 c 
467 c 
468 
469 c 
470 c 
471 c 
472 
473 
474 
475 
476 
477 
478 
479 
480 
481 
482 
483 
484 
485 
486 

THIS SUBROUTINE PERFORMS INITIALIZATION. 

DIMENSION EA(2561,EB!2561,EC!2:561,INOEX(2561 
DIMENSION OA(2561.08!2:561.0C!2561,INOOX(2561 
DIHENSION RHSE!2:561.RHS0(2:561 
DIHENSION WE!2561,W0!2561,X!2561 
DIHENSION EA0(2561,EB0!2561.EC0(2561,INDEX0!321 
DIMENSION OA0!2561,0B0!256I,OC0!2561,INOOX0(321 
DIHENSION RHSE0(2561,RHS00!2561 
DIMENSION WE0!321,W00!321 
DIHENSION ITIME!100I,A!2561,A0!321 
INTEGER A.AO 
*SHARED EA,£8,EC,INDEX,OA,OB.OC,INDOX, 

- RHSE,RHSO,N,WE.WO.X,JT,JZ,NPROC, 
- ITIME.NSTEP,JJ,JH,IPRINT.A,KK 

COHHON/BLI/EAO.EBO,ECO,INDEXO,OAQ,OBO,OCG•INDOXO, 
- RHSEO,RHSOO,WEO,WQG,AO,ISTEP,NSTEPO 

133 

10600 

10700 

10800 

COHHON/BL2/IFLAG 
DO 133 1=1, I.J 
AG!U•O 
CONTINUE 
ISTEP=N-IZ 
IF!IFLAG,EQ.11 GO TO 10700 

L=O 
DO 10600 .J•IS,IE 
L;;;;;L+l 
INDEXG!LI•INDEX!.JI 
INDOXGCLJ•INDEXGCLJ 
EAG!INDEXG!LII=EA!INDEX!.JII 
OAG! INDOXO!LII=EAG!INDEXG!U I 
EBGCINOEXOCL)J:EBCINDEXCJ)) 
080(1NDOXG!LII=E8G!INDEXG!LII 
ECG!INDEXG!LII=EC!INDEX!.JII 
OCG!INDOXO!LII•ECG!INDEXO!LII 
RHSEG!INDEXG!LII•RHSE!INOEX!.JII 
RHSOG!INDOXO(LII•RHSEO!INDEXG!LII 
CONTINUE 
GO TO 10900 
L•O 
DO 10800 .J•IS,IE 
L~L+l 

INOOXG(LI•INDOX(.JI 
INDEXGCL)•JNDOXOCLJ 
OAGCINOOXOCL))•OACINDOX(JJJ 
EAG!INOEXG!LII;OAG!INDOXG!LII 
OBG!INDOXG!LIIEOB!INOOX(.JII 
EBG!INDEXO!LII•OBG(INDOXO!LII 
OCO!INDOXG!LII=OC!INDOX!.JII 
ECG( INDEXG!U I=OCG( INDOXG!U I 
RHSOG(INDOXG!LII•RHSO!INDOX(.JII 
RHSEG!INOEXO!LII•RHSOO(!NDOXG!LII 
CONTINUE 

487 
488 
489 
490 
491 
492 
493 
494 
495 
496 
497 
498 
499 
500 
501 
502 
503 
:504 
505 
506 
507 
508 
509 
:510 
511 
512 
513 
514 
515 
:516 
517 
518 
519 
:520 
521 
:522 
523 
524 c 
52:5 c 
526 c 
527 c 
528 c 
:529 
530 
531 
532 
:533 
534 
535 
536 
537 
538 
539 
540 

10900 RETURN 
tEND 

c 

•••••••••••••••••••••••• 
• P h a s e F i v * • 
•••••••••••••••••••••••• 

SUBROUTINE SHUF2 

C THIS SUBROUTINE PERFORMS THE INTERCHANOING OF THE HODIFIED 
C ELEMENTS AND THE SHUFFLI NO AND COPY I NO OF THE USED I NO ICES 
C IN THE APPROPRIATE ARRAYS. 
c 

DIMENSION EA!2561,EB!2561,EC!2561·1NDEX(2561 
DIMENSION OA!2561.08(2561,0C!2561,INDOX!2561 
DIMENSION RHSE!2561.RHS0!2561 
DIMENSION WE!2561,W0!2561,X!2561 
DIMENSION EAGC25b).EBGC25b).ECOC256),1NDEXGC32) 
DIHENSION OAG!2561,080!256I,OCG!2561.INDOXG!321 



c 

DIMENSION RHSEG(2S61,RHS00!2561 
DII1ENSION WEG(321,WOG!321 
DIMENSION IT111E(IOOI,A(2561,AG(321 
INTEGER A 
•SHARED EA.EBtEC,JNOEX,OA,QB,OC,JNDOX, 

- RHSE,RHSO.N.WE,WQ,X,JT,JZ,NPROC, 
- ITIHE,NSTEP,J~,JH,JPRINT,A,KK 

C~/Blt/EAO.EBO,ECO,JNDEXO,OAO,OBO,OCG,JNDOXO, 
- RHSEO,RHSOO,WEO,WQO,AO,JSTEP,NSTEPO 

IF<NSTEPO.EQ.ISTEPI 00 TO 74300 

C COPY THE COMPUTED ELEI£NTS FROM THE 'EVEN' AND 'ODD' LINES 
C TO THE CORRESPONDING POSITIONS IN THE OPPOSITE ARRAYS. 

541 
542 
543 
S44 
S4S 
546 
S47 
548 
S49 
sso 
SS! 
SS2 
SS3 
5S4 
sss 
SS6 
557 
SS8 
SS9 
560 
561 
562 
563 
564 
56S 
566 
S67 
S68 
S69 
S70 
S71 
S72 
S73 
574 
575 
S76 
S77 
S78 
S79 
580 
581 
582 
583 
584 
585 
586 
S87 
588 
589 
590 c 
591 c 
S92 c 
593 c 
S94 c 

c 

74100 
c 

DO 74100 ~-2.1~,2 
OAG(INDEXO!JII&EAO!INDEXG!JII 
OBO(INDEXO!JII&EBO!INDEXG(JII 
OCO!INDEXO!JII•ECO<INDEXG!JII 
EAO( INDOXQ(,J-III&OAG< INDOXG<J-111 
EBO!INDOXO<J-III•OBG(INDOXG(J-111 
ECO<INDOXO(J-III&OCG!INDOXG(J-111 
RHSOO(INDEXO<JII&RHSEO<INDEXG!JII 
RHSEG(INDOXG<J-III•RHSOO(INDOXG(J-111 

CONTINUE 

C SHUFFLE THE 'EVEN' AND 'ODD' 
C THE CORRESPONDING ARRAYS. 

USED I NO ICES TO THE TOP OF 

c 
74300 LS•O 

74400 
c 

DO 74400 

CONTINUE 

..J•2.JJ.2 
LS•LS+l 
INDEXG(LS)•INDEXO(J) 
INDOXG<LSI•INDOXG(J-11 

C COPY THE 'ODD' AND 'EVEN' USED INDICES AT THE REAR HALF 
C OF EACH OTHER'S ARRAY IN ORDER TO PROCEED AGAIN WITH THE 
C NEW ODD-EVEN CYCLE. 
c 

74500 

IF!NSTEPG.EQ.ISTEPI 00 TO 74600 
LS=-0 
IW•IJ/2+1 

DO 74500 

CONTINUE 

H•JW, J.J 
LS•LS+l 
INDEXO!MI•INDOXO<LSI 
INDOXG!MI•INDEXG<LSI 

74600 RETURN 
•END 

•••••••••••••••••••••• 
* P h & S e S i X * 
•••••••••••••••••••••• 

SUBROUTINE SOLVER 595 
596 c 
597 c 
598 c 
599 
600 
601 
602 
603 
604 
605 
606 
607 
608 
609 
610 
611 
612 
613 
614 
615 c 
616 c 
617 c 
618 
619 
620 
621 
622 
623 
624 
625 
626 
627 
628 
629 
630 
631 
632 
633 
634 
63S 
636 
637 

THIS SUBROUTINE PERFORMS THE SOLUTION PART. 

638 
639 
640 
641 
642 
643 
644 
645 
646 
647 
648 

DIMENSION EA!2561,E8(2561,EC!2561,1NDEX!2561 
DIMENSION 0AC256),QBC256),QCC256),JNOOXC256> 
DIMENSION RHSEt256>,RHS0(2~6) 
DIMENSION WE!2561,W0<2561,X!2561 
DIMENSION EAG!2561,EBG!2561,ECG(2561,1NDEXG(321 
DIMENSION 0AG(256I.OBG(2561,0CG!2561.1NDOX0!321 
DIMENSION RHSEG!2561,RHSOG!2561 
DIMENSION WEG!321,WOG!321 
DIMENSION JTIME1100).AC250),AGC32) 
INTEGER A 
$SHARED EA.EB,EC,JNDEX,QA,QB,QC,JNDOX, 

- RHSE,RHSO,N,WE,WO,X,JT,JZ,NPROC. 
- ITIME,NSTEP,J~.JH,JPRJNT.A,KK 

COMHON/BLl/EAG,EBG.ECG,JNDEXO,OAG,OBG,OCG.JNOOXO, 
- RHSEO,RHSOO,WEQ,WQG,AG,JSTEP 

IJ2=1J/2 

THE COMPUTATION OF THE VALUES ON THE 'EVEN' CONSIDERED ARRAVS. 

76100 
c 

DO 76100 J•1.1~2.2 
JPIE-=~·H 

IXI=INDEXG(JPIEI 
X2=ECG(INDEXG!JII 
IX3=1NDEXG(JI 
X4=RHSEG<INDEXG(JII 
SL=-EAG<INDEXG!JPIEII/EBG<IX31 
IF<ABS<SLI.LT.<O.IE-0611 SL~O.O 
SK:SL•X2+EBGCIX1) 
SR-=SL•X4+RHSEGCINOEXOCJPIE)) 
X ([X ll•SR/SK 
XCIX3)•CX4-X2•XCIX1))/EBGCJX3) 

CONTINUE 

C THE COMPUTATION OF THE VALUES ON THE 'ODD' CONSIDERED ARRAVS. c 

76200 
RETURN 
$END 

DO 76200 J=I,JJ2,2 
.JPlO=J+l 
IVI•INDOXG!JPIOI 
Y2=0CG(INDOXG(JII 
IV3•1NDOXG!JI 
Y4~RHSOOCINDOXGCJ)) 
SL•-OAOIINDOXG!JPIOII/OBG!IV31 
IF<ABS<SLI.LT.!O.IE-0611 SL•O.O 
SK•SL•Y2+0BGCIY1) 
SR=SL•V4•RHSOG!INDOXO!JPIOI) 
XCIYl)•SR/SK 
X!IV31•(V4-Y2•X<IVIII/OBG!IV31 

CONTINUE 

" I 
<:: 



I 
2 
3 
4 
s 
6 
7 
8 
9 

10 
11 
12 
13 
14 
IS 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
so 
SI 
52 
53 
54 

c 
C DIRECTORY.FILENAME I 
c 

<><><><><><><><><><> 
<> MB.4.POEOSGNP <> 
<><><><><><><><><><> 

c 
c 
C THIS PROORAM IMPLEMENTS THE CYCLIC ODD-EVEN REDUCTION TECHNIQUE 
C TO SOLVE THE MATRIX EQUATION I OXcB ,WHERE '0' IS A GENERAL 
C TRIDIAOONAL MATRIX, 
C THE NUMBER OF CREATED PATHS IS ALWAYS EQUAL TO THE NUMBER OF 
C AVAILABLE PROCESSORS EACH TIME. 
C THEN.AFTER A PRE-SET NUMBER OF REDUCTION STEPS,WE CONTINUE BY 
C APPLYING THE GAUSS ELIMINATION SEQUENTIAL PROCEDURE TO SOLVE THE 
C RESULTING SUBSYSTEMS, IN EACH OF THE CREATED PARALLEL PATHS, 
C SIMULTANEOUSLY. FOR EACH COMPUTATIONAL STREAM ONLY ONE ARRAY WITH 
C INDICES IS UTILIZED. 
c 
C SET THE REQUIRED ARRAYS. 
c 

c 

DIMENSION EAI256),EBI256l,EC1256l,INDEXI256) 
DIMENSION OAI256),0BI256),0CI256l,INDOXI256) 
DIMENSION RHSE(25b),RHS0(250) 
DIMENSION WEI256),W01256),X(256l 
DIMENSION ITIHEIIOO),AI256) 
INTEGER A 

C SPECIFICATION OF THE ARRAYS c ••••••••••••••••••••••••••• 
c 
C EA 1 IT HOLDS THE SUB-DIAGONAL ENTRIES OF MATRIX '0', 
C EB IT HOLDS THE DIAGONAL ENTRIES OF MATRIX '0'. 
C EC IT HOLDS THE SUPER-DIAGONAL ENTRIES OF MATRIX '0'. 
C RHSE IT HOLDS THE R.H.S. ENTRIES OF THE SYSTEM. 
COn the above arravs wall be aP~l1ed the 'even' stream of the 
C cvclic odd-even reductton ~rocedure. 
C INDEX 1 IT HOLDS THE INDICES OF THE 'EVEN' STREAM OF THE CYCLIC 
C ODD-EVEN REDUCTION PROCEDURE. 
C OA I IT HOLDS A COPY OF THE ARRAY 'EA'. 
C OB I IT HOLDS A COPY OF THE ARRAY 'EB'. 
C OC I IT HOLDS A COPY OF THE ARRAY 'EC'. 
C RHSO I IT HOLDS A COPY OF THE ARRAY 'RHSE'. 
COn the above arravs ~111 be a~Plted the 'odd' strea• of the 
C cvc1tc odd-even reduction Procedure. 
C INDOX I IT HOLDS THE INDICES OF THE 'ODD' STREAM OF THE CYCLIC 
C ODD-EVEN REDUCTION PROCEDURE. 
C WE I IT HOLDS THE MULTIPLIERS FOR THE 'EVEN' STREAM OF THE 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 
C WO I IT HOLDS THE MULTIPLIERS FOR THE 'ODD' STREAM OF THE 
C CYCLIC ODD-EVEN REDUCTION PROCEDURE. 
C X 1 IT HOLDS THE SOLUTION OF THE SYSTEM. 
C !TIME I IT HOLDS THE TIMING INFORMATION. 
C A 1 IT HOLDS THE COMPUTED 'RETURN' POINTS OF THE CYCLIC 
C ODD-EVEN REDUCTION PROCEDURE. 
c 
C SET THE SHARED DATA. 

55 c 
56 $SHARED EA.EB.EC,INDEX,QA,QB,QC,INDOX, 

- RHSE,RHSO,N,WE,WQ,X,JT,JZ,NPROC, 57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
9S 
96 
97 
98 
99 

100 
101 
102 
103 
104 
105 
106 
107 
108 

- ITIME,NSTEP,J~.IH,JPRINT,A,KK 
COHHON/BL2/IFLAO 

C SET CRITICAL SECTIONS. 
.REO ION NOPROC 

C INITIALIZE PARALLELISM. 
SUSEPAR 
NPROC~~~<O 

C GENERATE PARALLEL PATHS TO SET DYNAMICALLY THE NUMBER OF 
C PROCESSORS TO BE UTILIZED IN THE PROGRAM. 

SDOALL 1000 
C ENTER CRITICAL SECTION. 

•ENTER NOPROC 
NPROC•NPROC+I 

C RELEASE CRITICAL SECTION. 
$EXIT NOPROC 

C TERMINATE PARALLEL PATHS AND SYNCHRONIZE PROCESSORS. 
1000 $PAREND 

CALL INITIAL 
c 
C START TIMING THE COMPUTATIONAL PROCEDURE. 
c 
c [J[J[J[J[JIJ[J[J[J[J 
c IJ[][JIJIJ[][][J[] 

$DOALL 2000 
CALL TIMEST 

2000 SPAREND 
c [][][][][][][][][] 
c [J[JIJ[][J[J[J[J[J[J 
c 
c 
c 

c 

THE ROUNDING PROCEDURE TO THE OPPOSITE 
NEAREST ISHALLER OR GREATER) INTEGER. 

IH•IT /NPROC 
Kz::MOD<IT,NPROC) 
IFIK.EQ.O) GO TO 2600 
L,..2•K 
lf(L.LE.NPROC) IH=IH+l 

C START THE REDUCTION PROCESS. 
c 
2600 DO 21000 NSTEP=I.IZ 

IN•2 .. 1NSTEP-I) 
IJ•IT/IN 

C COMPUTATION OF THE INCREMENT. 
IFINSTEP.LT.IZ) GO TO 2700 
IN=IN/2 
IH•IN/NPROC 
KK•HODIIN,NPROC) 
GO TO 3500 

THAN THE 

C STORE THE COMPUTED 'RETURN' POINTS EACH TIME. 
2700 DO 3000 K•I.IN 

LPNTE=K•IJ 



109 
110 
111 
112 
113 
114 
11:1 
116 
117 
118 
119 
120 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
142 
143 
144 
145 
146 
147 
148 
149 
150 
151 
152 
1:13 
1:14 
155 
156 
1:17 
1:18 
1:19 
160 
161 
162 

3000 
c 
CTHE 
c 
3:100 

c 

LPNTO"'LPNTE-1..1+1 
ACLPNTE)•LPNTE 
A<LPNTOI•LPNTO 

CONTINUE 

COMPUTATION OF THE 'EVEN' LINES OF THE SYSTEM. 

•DOPAR 11000 I •1 I NPROC 
IF<NSTEP.EQ.IZI 00 TO 10100 
JS•C 1-1 J•IH+2 
IE•JS+JH-2 
IF<I.EQ.NPROCI IEziT 

00 10000 ~·JS,JE.2 
Jf11E•.J-1 
JPlE•J+l 
ZlzEA<INDEX<.JHIEII 
IF(.J.EQ.A(.JII 00 TO 7000 
WE(.JHIEI•-EA<INDEX(.JII/EB<INDEX<.JMIEII 
Z2=WE<.JHIEI 
WE(.JI•-ECIINDEXI.JII/EBIINDEX(.JPIEII 
Z3zWE<.JI 
EB<INDEX<.JII•Z2*EC<INDEX<.JMIEII+EB(INDEX<.JII+ 
Z3*EA<INDEX(.JPIEII 
EA<INDEX(.JII=Z2•ZI 
EC<INDEX<.JII=Z3•ECIINDEX<.JPIEII 
RHSE<INDEX(.JII•Z2•RHSE<INDEX(.JMIEII+ 
RHSE<INDEX!.JII+Z3•RHSE<INDEXIJPIEII 
GO TO 10000 

C THE LAST PHASE OF THE 'REFINEMENT' STEPS. 
c 
7000 

10000 

10100 

10200 

104:10 

WECJ)c-EACINDEXCJJJ/EBCINDEXC.JM1EJJ 
Z5=WEI.JI 
EC<INDEX<.JII=O.O 
EACINDEXCJ)J•ZS•Zl 
EB<INDEX<.JII=Z5*EC<INDEXI.JMIEII+EB<INDEX(.JII 
RHSEIINDEX(.JII=RHSE<INDEX(.JII+Z5• 
RHSE<INDEX(.JMIEII 

CONTINUE 
GO TO 11000 
IFLAG•O 
IFIKK.NE.OI 00 TO 10200 
IHL•IH 
ICOUNT•IHL 
00 TO 10:100 
La2•KK 
IF<L.OE.NPROCI 00 TO 10450 
UL•IH 
ICOUNT•IHL 
IF(I.EQ.NPROCI IHL•IH+KK 
00 TO 10500 
lt-L•IH+l 
ICOUNT•IHL 
IF<I.EQ.NPROCI IHL•KK 

163 
164 
165 
166 
167 
168 
169 
170 
171 
172 
173 
174 
175 
176 
177 
178 
179 
180 
181 
182 
183 
184 
185 
186 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 
197 
198 
199 
200 
201 
202 
203 
204 
205 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 

10500 

10700 
11000 
c 
CTHE 
c 

c 

00 10700 .JL•1, IHL 
IS•CJL-l)•JJ+l+ICOUNT•IJ•CJ-1) 
IE=1S+I.J-1 
CALL OAUSSNP<JS,IEI 
CONTINUE 

SPAREND 

COMPUTATION OF THE 'ODD' LINES OF THE SYSTEM. 

SOOPAR 19000 I•I,NPROC 
JF(NSTEP.EQ.IZI 00 TO 18100 
lS•C I-1 J•IH·t-1 
IE•IS+IH-1 
IFCJ.EQ.NPROCJ JE•IT 

DO 18000 J~JS,JE,2 
Jt110 .. J-l 
JPlO•J+l 
IF<.J.EQ.A(.JII GO TO 14000 
QI•OA<INDOX(.JMIOII 
WO!JI•-OA<INDOX(.JII/OB(INDOXI.JMIOII 
Q2•WOCJ) 
WO(.JPIOI•-OC<INDOX<.JII/OB<INDOX<.JP1011 
Q3•WOC.JP10) 
OC(INDOX(.JII•Q3•0C(INOOXIJPIOII 
OB!INDOX(.JII•Q3•0AIINDOX(.JPIOII+OB!INDOX(.JII+ 
Q2•0C<INDOX!.JHIOII 
OA!INDOX<.JII•Q2•QI 
RHSOCINDOXCJJ)•Q2•RHSOCINDOXCJM10J)+ 
RHSO(INOOX!.JII+Q3•RHSO(INOOX<.JPIOII 
GO TO 18000 

C THE LAST PHASE OF THE 'REFINEMENT' STEPS. 
c 
14000 

18000 

18100 

18200 

18450 

WO<.JPIOI•-OC!INDOX!.JII/09(1NOOX<JP1011 
Q6=WO(.JPIOI 
OA!INDOX!.JIIzO.O 
OB!INDOX<.JII•Q6•0A!INDOX!.JPIOII+OB!INDOX!.JII 
OC!INDOX(.JII•Q6•0C!INDOX!JPIOII 
RHSOCINDOXCJJ)cRHSOCJNDOXCJ))+Q6• 
RHSOIINDOXC.JPIOII 

CONTINUE 
GO TO 19000 
I FLAG= I 
IFCKK.NE.OI GO TO 18200 
Itil•IH 
ICOUNT•lt-1.... 
GO TO 18:100 
L•2•KK 
IF(L.GE.NPROCI GO TO 18450 
IHLzJH 
ICOUNT=IHL 
IFCI.EQ.NPROCI IHL=IH+KK 
GO TO 18500 
IHL-=IH+l 



ICOUNT•IHL 
IFII.EQ.NPROCl IHL•KK 

18:500 

217 
219 
219 
220 
221 
222 
223 
224 
225 
226 
227 
229 
229 
230 
231 
232 
233 
234 
23:5 
236 
237 
239 
239 
240 
241 
242 
243 
244 
24:5 
246 
247 
249 
249 c 
2:50 c 
2:51 c 
252 c 
253 c 
254 
25:5 c 
256 c 
2:57 c 
2:59 
259 
260 
261 
262 
263 
264 
26:5 
266 
267 
268 
269 
270 

DO 19700 JK=1,IHL 
lS•C~K-t>•IJ+l+ICOUNT•IJ•<I-1> 
IE•IS+I.J-1 

19700 
19000 

CALL OAUSSNPIIS,IEl 
CONTINUE 

$PAR END 
IFINSTEP.EQ.IZl 00 TO 21000 

CALL SHUF1 
21000 
c 

CONTINUE 

C TER"INATE TI"INO THE Cot1PUTATIONAL PROCEDURE, 
c 
c 
c 

[][][][][][][][][][][][][] 
[][][][][][][][][][][][] 

$DOALL 30000 
CALL TI~UTIITI~l 

30000 SPAREND 
c [][][][][][][][][][][][] 
c [](][][][][][][][][][][][J 
c 
C OUTPUT THE RESULTS OBTAINED FRO" THE TI~D CO"PUTATIONAL 
C PROCEDURE. 

WRITEI6,40000l IT!~ 
40000 FORKAT(/,'TIMINGCS)-(*Fo~ POEGSONP•> 1',/8(J6,2X)> 

IFIIPRINT.EQ.Ol GO TO 60000 
WRITE(6,:50000l IXIIl,I•I.ITl 

:50000 FOR"ATIIX,'THE SOLUTION IS 1',/41E1:5.6,2Xl/l 
C TER"INATE PROOR~. 
60000 SSTOP 

SEND 

••••••••••••••••••• 
* P h • s e One • 
••••••••••••••••••• 
SUBROUTINE INITIAL 

THIS SUBROUTINE PERFOR"S INITIALIZATION, 

DI~SION EAI256l.EBI2:56l.EC1256l.INDEXI256l 
DIMENSION OAC2~b),Q8(2~6),0CC256>,JNOOXC250) 
DI~NSION RHSE1256l,RHS0(2:56l 

1100 

DI~NSION WEI2:56l.WOI256l,X1256l 
DI~NSION IT1~(100l.A1256l 

INTEGER A 
$SHARED EA.EBoEC,INOEX,QA,QB,OC,INOOX, 

- RHSE,RHSQ,N,WE.WO.X.IT,JZ,NPROC, 
- ITIME,NSTEP,JJ,IH,JPRINT,A,KK 

READI:5.1100l IPRINT.N 
WRITEI6,1100l IPRINT.N 
FOR~TI21 12.1Xl l 
READI3.1120l IZ 

1120 

1150 

1200 

1300 

1400 

1500 

c 

WRITEI6.1120l IZ 
FO~AT( 121 
IT•2••N 

DO 1150 NSIZE•I,IT 
AINSIZEl•O 

CONTINUE 

RETURN 
SEND 

00 1300 J•l, IT 
READI:5.1200l EAIJl.EBIJl.ECIJl 
FOR~TI31F4.2,2Xll 
OAIJl~EAIJl 

OBIJl=EBIJl 
OCIJl=ECIJl 
INDEX<J>=J 
INDOX(J)~eJ 

CONTINUE 
DO 1500 .Ja:t,IT 

READI:5,1400l RHSEIJl 
FOR~TIF6.2l 
RHSOIJl•RHSE(Jl 

CONTINUE 

• ••••••••••••••••••••• * P h • s e T w o • 
•••••••••••••••••••••• 

SUBROUTINE SHUF1 

271 
272 
273 
274 
275 
276 
277 
279 
279 
280 
281 
282 
283 
284 
285 
286 
297 
288 
299 
290 
291 
292 
293 c 
294 c 
295 c 
296 c 
297 c 
298 
299 
300 
301 
302 
303 
304 
305 
306 
307 
308 
309 
310 
311 
312 
313 
314 
31:5 
316 
317 
318 
319 
320 
321 
322 
323 
324 

C THIS SUBROUTINE PERFOR"S THE INTERCHANGING OF THE "ODIFIED 
C ELE"ENTS AND THE SHUFFLING AND COPYING OF THE USED INDICES 
C IN THE APPROPRIATE ARRAYS. 
c 

c 

DI"ENSION EAI256l.EB1256l.EC1256),1NDEX1256l 
DI"ENSION OAI256l,OBI256),0CI256l.INDOXI256l 
DI"ENSION RHSEI256l,RHS0(256l 
DIMENSION WEI256l,W01256l,X1256l 
DIMENSION ITIMEIIOO),A(256l 
INTEGER A 
$SHARED EA,EB,EC.INDEX.OA,OB.OC.INDOX. 

- RHSE.RHSO.N.WE,WO.X,IT,IZ.NPROC. 
- ITIME,NSTEP.IJ,JH,IPRINT.A.KK 

IFINSTEP.EQ,(IZ-1ll 00 TO 19200 

C COPY THE COMPUTED ELEMENTS FRO" THE 'EVEN' AND 'ODD' LINES 
C TO THE CORRESPONDING POSITIONS IN THE OPPOSITE ARRAVS. 
c 

DO 19100 J~2.1T.2 
OAIINDEXIJll~EAIINDEXIJll 

OBIINDEXIJll~EBIINDEXIJll 
OCIINDEXIJll~ECIINDEXIJll 
EAIINDOXIJ-Ill~OAIINDOXIJ-Ill 
EBIINDOXIJ-1ll=OBIINDOXIJ-1ll 
EC<INOOX(J-IllzOCIINDOXIJ-1ll 

n 
I 

<:: 



19100 
c 

RHSOIINDEX(J))¥RHSEIINDEXIJ)) 
RHSEIINDOX(J-Ill•RHSOIINDOXIJ-Ill 

CONTINUE 

C SHUFFLE THE 'EVEN' AND 'ODD' 
C THE CORRESPONDING ARRAYS. 

325 
326 
327 
328 
329 
330 
331 
332 
333 
334 
335 
336 
337 
338 
339 
340 
341 
342 
343 
344 
345 
346 
347 
348 
349 
350 
351 
352 
353 c 
354 c 
355 c 
356 c 
357 c 
358 c 
359 
300 
361 
362 
303 
304 
365 
366 
367 
308 
369 
370 
371 
372 
373 
374 
375 
376 
377 
378 

USED INDICES TO THE TOP OF 

c 
19200 LS~O 

DO 19300 J=2oiT,2 
LS~LS+l 

INDEXILSl•INDEXIJl 
INDOXILSl=INDOXIJ-Il 

19300 
c 

CONTINUE 

c 
c 
c 
c 

COPY THE 'ODD' AND 'EVEN' USED INDICES AT THE REAR HALF 
OF EACH OTHER'S ARRAY IN ORDER TO PROCEED AGAIN WITH THE 
NEW ODD-EVEN CYCLE. 

IFINSTEP.EQ.IIZ-1)) GO TO 19500 
LSzO 
IW•IT/2+1 

DO 19400 M=IW, IT 
LS•LS+l 
INDEXIMl=INDOXILSl 
INDOXIMl=INDEXILSl 

19400 CONTINUE 
19500 RETURN 

$END 

c 

•••••••••••••••••••••••• * P h a s e T h r e e • 
•••••••••••••••••••••••• 

SUBROUTINE GAUSSNPIIS,IE) 

C THIS SUBROUTINE SOLVES THE MATRIX EQUATION 1 QX=V ,WHERE 'Q' 
C IS A GENERAL TRIDIAGONAL HATRIX,SEQUENTIALLY,BY APPLYING THE 
C GAUSS ELIMINATION METHOD. 
C THE ADDITIONALLY DECLARED ARRAYS FORH THE WORKSPACE IN THE 
C SUBROUTINE ACCOHODATING EACH TIME THE CORRE5PONDINO MODIFIED 
C ELEMENTS OF THE SYSTEM. IN ACCORDANCE WITH THE COMPUTATIONAL 
C STREAM THE SUBROUTINE IS CALLED FROM. 
c 

DIMENSION EAI256l,EB1256),EC1256),1NDEX<256) 
DIMENSION 0AI256l.OBI256l,OCI256l,INDOX<256l 
DIMENSION RHSEI25bl,RHSOI250) 
DIMENSION WEI256l,W01256l,XI256) 
DIMENSION ITIME<IOOl.INDEXOI32) 
DIMENSION ADI256),SUBDI256l,SUPDI256),VI256) 
SSHARED EA.EB,EC,JNDEX,QA,QB,OC,JNDOX, 

- RHSE.RHSO,N.WE,WQ,X,JT,JZ,NPROC. 
- JTIME.NSTEP,JJ,JH,JPRJNT.A,KK 

COHHON/BL2/IFLAO 

379 c 
c 
c 
c 
c 
c 
c 

380 
381 
382 
383 
384 
385 

SPECIFICATION OF THE ADDITIONAL ARRAYS 
NNMMNNNMMMMMMHHWNHNNMNHNNHNHHHNNHHHNNH 

AD 
SUBD 
SUPD 

IT HOLDS THE DIAGONAL ELEMENTS OF MATRIX 'Q'. 
IT HOLDS THE SUB-DIAGONAL ELEMENTS OF MATRIX 'Q'. 
IT HOLDS THE SUPER-DIAGONAL ELEMENTS OF MATRIX 'Q'. 
IT HOLDS THE R.H.S. ELEMENTS OF THE SYSTEM. V 

INDEXG IT HOLDS THE INDICES OF EITHER OF 'INDEX' OR 'INOOX' 
ARRAY DEPENDING ON THE STREAM OF THE CYCLIC ODD-EVEN 

C THE 

1051U 

10520 

10530 
C THE 
10540 

10550 
c 

REDUCTION PROCEDURE CALLING THE SUBROUTINE. 

ISTEP=N-IZ+l 
SIZE OF MATRIX 'Q'. 

LN=2••ISTEP 
IFIIFLAG.EQ.t) GO TO 10520 
L=O 
DO 10510 J=IS,IE 

L=L+l 
INDEXGCL)=JNDEX(~) 
SUBDIINDEXG<Lll•EAIINDEXG<Lll 
AD<INDEXGILll~EB<INDEXGIL)l 
SUPOCINDEXGCL))c£CCINDEXOCL)> 
VIINDEXOILll~RHSEIINDEXOILll 

CONTINUE 
GO TO 10540 

L~o 

DO 10530 J=IS.IE 
L=L+l 
INDEXGILl~INDOXIJl 
SUBDIINDEXOIL)l=OAIINDEXGILll 
ADIINDEXGILll=OBIINDEXGILll 
SUPDIINDEXGILll=OCIINDEXGIL)) 
VIINDEXGIL) l•RHSO< INDEXGILl l 

CONTINUE 
ELIMINATION PROCESS STARTS. 

INN=LN-1 
DO 10550 K=l .INN 

FACT=SUBO<INDEXGCK+l))/ADCINDEXGCK>> 
AOCINDEXGCK+l>>=AOCINDEXGCK+l))-FACT•SUPDCINDEXOCK>> 
V<INDEXGIK+Ill=VIINDEXGIK+Ill-FACT•V<INDEXGIKll 

CONTINUE 

386 c 
387 c 
388 c 
389 c 
390 c 
391 
392 
393 
394 
395 
396 
397 
398 
399 
400 
401 
402 
403 
404 
405 
406 
407 
408 
409 
410 
411 
412 
413 
414 
415 
416 
417 
418 
419 
420 
421 
422 
423 
424 
425 
426 
427 
428 

C THE SOLUTION PART [8ack-substltutlonl. 
c 

429 
430 
431 
432 

10560 

XIINDEXOILNll=VIINDEXGILNll/AD<INDEXGILNll 
KN=LN-1 

RETURN 
fEND 

DO 10560 II=l,KN 
I=LN-11 
XCINDEXGCI>>=CVCINDEXG<I>>-SUPOCINDEXGCI>>* 
XIINDEXGII+Illl/ADIINDEXGIIll 

CONTINUE 



1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 

c 
C DIRECTORV.FILENAME I 
c 

<><><><><><><><><><> 
<> MBS4,0AUSSGNP <> 
<><><><><><><><><><> 

c 
c 
C THIS PROGRAM IMPLEMENTS THE GAUSS ELIMINATION METHOD TO SOLVE 
C THE MATRIX EQUATION I QX•V .SEQUENTIALLV.WHERE 'Q' IS A GENERAL 
C TRIDIAOONAL MATRIX. 
c 
C SET THE REQUIRED ARRAYS. 
c 

c 

DIMENSION ADC256l,SUPDC256l.SUBDC256l,VC256l,XC256l 
DIMENSION ITIME<tOOl 

C SPECIFICATION OF THE ARRAYS c ••••••••••••••••••••••••••• 
c 
c 
c 
c 
c 
c 
c 
c 

AD I 

SUPD I 
SUBD I 

V 
X 

!TIME I 

IT HOLDS THE DIAGONAL ELEMENTS OF MATRIX 'Q'. 
IT HOLDS THE SUPER-DIAGONAL ELEMENTS OF MATRIX 'Q'. 
IT HOLDS THE SUB-DIAGONAL ELEMENTS OF MATRIX 'Q', 
IT HOLDS THE R.H.S. ELEMENTS OF THE SYSTEM. 
IT HOLDS THE SOLUTION OF THE SYSTEM. 
IT HOLDS THE TIMING INFORMATION. 

SUSEPAR 

27 
28 c 
29 
30 

READC5,9990l IPRINT.M 
WRITEC6,9990l IPRINT,M 

THE SIZE OF MATRIX 'Q'. 
N•2••H 

DO 30 I•t,N 
READC5.9991 l 31 

32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 

30 

c 

CONTINUE 
DO 50 1=-=1 ,N 

READI5.9992l 
CONTINUE 

SUBDIIl.ADIIl.SUPDIIl 

VIII 

C START 
c 

TIMING THE Cllt1PUTATIONAL PROCEDURE. 

c 
c 

c 
c 
c 

[][][][][][][][][][] 
[][][][][][][][][] 

SDOALL 45 
CALL TIMEST 

45 SPAREND 
[][][][][][][][][] 

[][][l[][][J[J[l[l[l 

c 
CTHE 
c 

ELIMINATION PROCESS STARTS. 

DO 60 K•l,I~ 
FACT•SUBDIK+Il/ADCKl 
ADIK+Il•ADIK+Il-FACToSUPDIKl 
VCK+l).V(K+l)-FACT•VIK) 

55 
56 
57 
58 
59 
60 
61 
62 c 
63 c 
64 c 
65 c 
66 c 
67 
68 
69 
70 c 
71 c 
72 c 
73 c 
74 c 
75 c 
76 
77 

c 

60 

70 

CONTINUE 
XINl•VINl/ADINl 
LN=N-1 

DO 70 11•1, LN 
I=N-11 
XII)=CVCI)-SUPDCI)•XCI+l))/AOCJ) 

CONTINUE 

TERMINATE TIMING THE COMPUTATIONAL PROCEDURE. 

[][][][][][][][][][][][][] 
[][][][][][][][][][][][] 

$00ALL 80 
CALL TIMOUTIITIMEl 

80 $PAREND 
[][][][][][][][][][][][] 

[][][][][][][][][][][][][] 

OUTPUT THE RESULTS OBTAINED FROM THE TIMED COMPUTATIONAL 
PROCEDURE. 

WRITEC6.9993l !TIME 
IFI!PRINT.EQ.Ol 00 TO 100 

WRITEC6,9994) CXCJ),I•t,N) 78 
79 
eo 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 

C SET THE FORMATS c •••.••••••••••• 
c 

9990 FORMATC2CI2,1X)) 
9991 FORMATI31F4.2.2Xll 
9992 FORMATIF6.2l 
9993 FORMATC/,'TIHING-C•For GAUSSONP•> a',/8CJ6,2X)) 
9994 FORMATIIX,'THE SOLUTION IS :',/51EI2,5.2Xl/l 

C TERMINATE PROGRAM. 
100 $STOP 

sEND 
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PARAGRAPH - VI.A.6 

We have assumed that the (nxn) matr~x A has the property that ~ts 

LU-decomposit~on can be done by Gaussian el~m~nat~on w~thout p~vot~ng, 

wh~ch is true ~fA is a symmetr~c posit~ve-def~n~te, or an irreduc~ble, 

d~agonally dom~nant matrix. 

Gauss~an el~nat~on can s~mply be described as a ser~es of trans-

format~ons that takes the matrix A ~nto a triangular form g~ven by 

(A. C-VI: 1) 

where N ~s the transformat~on that eli~nates the elements a , ~<j~n. 
~ J~ 

We may ~ntroduce a ser~es of s~ilar transformat~ons N' (see 
~ 

Hatzopoulos [HATZ74]), wh~ch alternately with theN transformations 
~ 

el~m~nate the elements a. , l~J<~. Thus, the folding algor~t~c 
J~ 

concept can be visual~zed as a Gaussian forward el~~nation process 

carr~ed out from the top of the matrix and a Gauss~an backward el~m~nat~on 

process performed from the bottom of the matr~x. 

and 

The transformation matr~ces N and N' are g~ven by 
~ ~ 

N 
~ 

= 

r 

j 

I 
l 

- ajk 

akk 

1 

0 

- aJk 

akk 

1 

0 

for k=~, k<J ::n 

for J=k 

elsewhere 

for k=~, l~J<~ 

for J=k 

elsewhere 

(A.C-VI:2) 

(A.C-VI:3) 

Let us suppose that n is odd (i.e., n=2m+l), then the el~m~ation 

processes y~eld the following matrix ~dent~ty: 

N' 
2

N ... N' 
1

N
2

N'NlA = M , m+ m n- n (A.C-VI:4) 



where M has the form: 

------------ f 
0 n+l 

2 
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___ ----~~---- __ __ j middle row (A. C-VI:5) 

0 
..... 

n+l. -
-2---~ 

In a s~~lar manner, if n ~seven (1.e., n=2m), the el1m1nat1on 

processes when carr1ed out produce the matr1x identity: 

N' 
2

N 
1 

••• N' 
1

N
2
N'NlA =M' , 

m+ m- n- n 

where M' has the form: 
n 

-z-1---~~ ----------1, 
n 
7 

(A.C-VI:6) 

0 

! middle rows (A. C-VI: 7) 

t 

Jl 0 

L n 
-z-

For the solution of the transformed system w1th a coeff1c1ent 

matr1x as 1n (A.C-VI:5), a backward and a forward subst1tut1on process 

commenc1ng at the (n+l)/2 diagonal element 1s required; whereas, for 

the system w1th a coefficient matr1x as in (A.C-VI:?), we f1rst have to 

solve the resulting (2x2) central subsystem, before carry1ng out the 

necessary backward and forward substitut1on processes from the n/2+1 

and n/2 d1agonal elements, respectively. 

Let us now cons1der a character1st1c numerical example for the 
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case that n 1s even, s1nce 1t 11tera11y covers the other 1nstance. 

Example: 

Consider the (4X4} l1.near system: 

2 3 4 ~ 1:~1 1':1 3 1 2 1 
= (A. C-VI :8) 2 1 3 1 l~' l.; 4 1 2 :J xi] 

the so1utJ.on vector of wh1ch has been pre-arranged to be 
T 

~=(1,2,1,2} . 

The matr1x 1dentity, g1ven by (A.C-VI:6J! produces: 

But, until the .•. NmN~+l transfo~tion stage. In this case the 

backward and forward substitution processes start from the n/2 and n/2+1 
diagonal elements, respectively. 



N' N2 N' N1 A 3 

~ 11 Jl, 4 
- a14l I 1 

r J al3 
1 0 0 0 0 0 0 0 0 2 3 4 

a33 a44 

a23 a24 a21 
1 -- 0 0 1 0 0 0 1 0 1 0 0 3 1 2 1 0 a33 a44 all 

a32 a34 a31 
0 0 1 0 0 -- 1 0 0 0 1 0 1 0 2 1 3 1 

lo 

a22 a44 all 

~ a42 
1 1 

a41 
~ 2 3 0 0 1 -- 0 0 0 0 0 0 1 1 

a22 all j 

1-3~2 0 0 ol f2 3 4 

~ st 1 0 

0 il 1 2 1 step_ 
-1 0 1 JJ1u! 1 3 

L -2 0 0 1 2 ll 
j 

~ 
0 0 

-1 1 I 2 3 4 
-1~21 nd 

2 step_ 1 0 
1;2 J ~ -7/2 -4 

0 1 -2 -1 ~J 0 0 1 cb 0 -5 -6 

o o :1~ , lw 

prq uet 
[1 0 I 

:f'd step_ 

~ 
1 0 0 0 -6 -7 0 

J -1/3 1 0 0 -2 -1 0 
-5/6 0 1j 0 -5 -6 1 

~___pro ,uet ____J 

-'~ 
0 -15/2 ~l [2 8 j lO 0 

th 1 21/4 0 ~ -6 -7 0 4 step_ 
0 1 OJ 0 0 4/3 0 

....... 12 0 0 1 0 0 -1/6 lj )>. -, l____prodUet____j "ts 

~ 
8 I o 

~ 
n -6 0 ' <::: 0 4/3 ..... 

0 -1/6 

"' "' ...,., ...... 
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whereas, for the r.h.s. vector, ~t correspondingly produces: 

b = 

Hence, 

~s 

b (1) 

·:1 
14 

-12 ... N xb = ... 
1-

-5 

lJ -14 

the solut~on obta~ned 

~ 
8 0 

~ -6 0 

~ 0 4/3 

0 -1/6 lj 

-6x
2 

= -12 ._ x
2 

= 2 
.....:::. __ 

4/3x
3 

= 4/3 -. x
3 

1 

b(2) b (3) 

28 281 

N4xb (l) 
-19 

N
2

xb( 2 ) = ... = 
-5 

-14 

_, J ... 
4/3 

L11/6 

b (4) 

1_:: l 
h 11/6 

from the f~nal system: 

X~ " ~::l x2 

(A.C-VI:9) 
x3 l•n J 
x.J 11/6 

F~nally, ~t is obv~ous that for a full general matr~x the folding 

method requ~res more elim~nations (i.e., more numerical operat~ons) 

compared with the standard un~direct~onal Gaussian elimination. It ~s 

also ~nterest~ng to note that the solut~on proces~ for the fold~ng method 

~s effected from the center values of the matrix outwards, thus reducing 
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the growth of the round~ng error ~n the forward and backward substitution 

processes. 

In conclusion, the folding method is very suitable for p~pelin~ng 

on systolic arrays of banded matr~ces ~n part~cular, tak~ng ~nto 

considerat~on, however, the ~ncrease in the degree of difficulty to 

handle the opposite factor~z~ng procedures ~n the center of the matrix. 
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PARAGRAPH - VI.B.l 

Aga1n, we shall d1stinguish two cases depend1ng upon the value of 

n. For both cases, however, because the matr1x A has sem1-bandw1dths 

p=q=2, we must consider the following relat1ons: 

(k) 
a = a 

l.+l,J. 1.+1,1. 

(k) 
a = a 

l.,J.+l 1.,1.+1 
for l~k~1, i~2 , (1st stream) (A.C-VI: 10) 

and 

(k) 
ai+l,J.+l = 

(k) 

a 
1.+1,1.+1 

a l.=a 1' 1.- ,J. 1.- ,1. 

(k) 
a a 

J.,l.-1 1.,1.-l 
nd 

Hk~ [n-i+l] , (2 stream) (A. C-VI: 11) 

(k) 
a. 1 1 = a. 1 · 1 1.- ,J.- 1.- ,J.-

1~ [n-1] 

S1milarly, note that, k 1ndicates computational steps and rows. 

Let us now compute the correspond1ng elements of the result1ng 

tr1angular matr1ces of Paradigms [VI.A.6:~1 .~2J, respectively, using the 

recurrences (VI.B.l:J) in conjunct1.on w1.th the above relat1.ons. 

Paradigm [VI.A. 6:~ 
1
} 

n-odd 

st 
1 Stream 

(k=l) = (1) (1) (1) 

1 
+ ulJ alJ "* ull = all ' ul2 = al2 

(k=2) = 
(2) 

= 
(2) 

= 
(2) 

+ u2J a2j "* u22 a22 ' u23 a23 

(k=JJ + u3J = 
(3) 

a3J "* u33 = (3) 
a33 ' u34 = 

(3) 
a34 (Ul) 

(k=4J + u4j = (4) 
a4J "* u44 = 

(4) 
a44 ' u4S 

(4) 
= a4S 

(k=5J + uSj = 
(S) 

aSJ .. uss = 
(S) 

ass 



(k=l) 

(k=2J 

(k=JJ 

(k=4) 

(k=lJ 

+ 

+ 

+ 

+ 

(k+1) Smce p=q=2 '* ~=J '* a 
i1 

(1)+, ( ) 
a ,_ 1 -u1. 

l.l. .1. l. 
+ 

(k=2) + (3) 
a 
~~ 

(2) 
=a +2. 2 (-u

2
.) "'" 

11. l. l. 

(k=JJ + (3) 
a. +£. 3(-u3 ) '* 

l.l. .1. l. 

(k=4) + 

nd 
2 Stream 

(k=l) '* t=9 + 

(k=2) '* t=B + 

(k=JJ '* t=7 + 

(k=4) '* t=6 + 

(k=5) '* t=5 + u 
S] 

(k=2J '* t=B 

(k=3) '* t=7 + 

(1) 
= a9J 

(2) 
= a8j 

(4) 
= a6J 

(S) 
= a5J 

. (k+1) Since p=q=2 ~ ~=J ~a,, 
~~ 

(5) 
= ass 

(3) 
= a44 +243(-u34) 

(4) 
ass +254 (-u4sl 

(4) 
= a65 

J . 

[App. C-VI 999] 



[App. C-VI 1000] 

(k=l) ~ t=9 (2} (1} (2} (1} + a = a +R..
9

(-u
9 

} ~ ass ass +R.S9 ( -u9Sl u. l.l. l. l. 

(k=2) ~ t=S (3} (2} ( 3} (2} + a = a . H.s<-u8 l ,. a77 = a77 + R.7S ( -uS7} l.l. l.J. 1. l. 

(k=3) ~ t=7 (4} (3} (4} (3} + ail. = a H . 7 (-u7 } ~ a66 = a66 +R-67 ( -u76} l.l. l. l. 

(k=4) ~ t=6 (5} (4} (5} (4} + a = a +R. (-u } ~ a55 = a55 H56 ( -u65} l.l. l.l. l.6 6l. 

Paradigm [VI.A.6:rr
2

} 

n-even 

st 
1 Stream 

(k=l) + ulJ = 
(1} 

alj "" ull = 
(1} 

all ' ul2 
(1} 

= al2 

(k=2) + 
u2J = 

( 2} 
a2j => u22 = 

(2} 
a22 ' u23 = 

(2} 
a23 

(k=3) + u3J = 
(3} 

a3j => u33 
(3} 

a33 

(k=l) R.il 
(1} -1 (1} -1 

1 
+ = al.l ull => R-21 = a21 ull 

(k=2) + R.l.2 
(2} -1 

R-32 
(2} -1 = ai2 u22 => = a32 u22 

) 

Again, sl.nce p=q=2 => i=J => a~k+l} = a~~)+R.. (-u } , hence: 
l.l. l.l. l.k kl. 

(k=l) + 

(k=2) + 
(3} a. 
l.l. 

2nd Stream 

(k=l) .. t=4 (1} 
= 

(1} 
= 

(1} 
+ u4j a4J => u44 a44 ' u43 a43 

(k=2) => t=3 + u3j 
(2} 

= 
(2} 

a3j ""u33 a33 
} 

(1} -1 (1} -1 (k=l) => t=4 + " = a u => " - a u Nl.4 i4 44 N34 - 34 44 } 

. (k+l} (k} 
Sl.nce p=q=2 => l.=J =>a. = a . +R..t(-ut.}, hence: 

l.l. l.J. l. l. 



(k=l) .. 

Comment: 

t=4 -> a (2) 
~~ 

[App. C-VI 

When n is odd the center (twice modified) element, i.e., 

the element aSS 1n Paradigm [VI.A.6:~1J, rema1ns in the same kth step 

st 
after 1ts f~rst mod1f1cat1on by the 1 stream, s~nce it will be 

nd 
modified by the 2 streamas for the f1rst time, and so the k steps 

1001] 

should agree w1th those given by the formulae for the iiJ's and u
1
J's. 

In the case when n is even there 1s no such problem.D 



N 0 T E S - N 0 T E S - N 0 T E S 



N 0 T E S - N 0 T E S - N 0 T E S 



N 0 T E S - N 0 T E S - N 0 T E S 



N 0 T E S - N 0 T E S - N 0 T E S 




