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(i) 

SUM!1ARY 

Low speed tests have been made to investigate the 

performa.nce of three annular diffusers having centre bodies 

of tmiform diameter and conically di.,rerging outer walls. The 

diffusers had a common area ratio of 2.0 : 1, an inlet rad1.us 

ratio of 0.833, and non-dir.~ens1onal lengths of 5,0, 7.5 and 

10,0 respectively. The tests were carried out with fully 

developed flow at inlet; the inlet cond1tions were obtained 

by natural develop;:tent in a long annular entry length, 

The overall static pressure rise coeffic1.ent \Vas in 

good agreement with published data after applying a correction 

to take account of the increased boundary layer thickness at 

inlet, In addition to the overall performance characteristics, 

a detailed study has been made of the growth of the boundary 

layer along the 1nner and outer walls in each of the three 

diffusers. Measurements have been made of the mean velocity 

profiles and turbulence structure at a number of stations along 

the length of the d1ffusers. The data. shows excellent symmetry 

of flow, and the momentum-balance plots are in good agreement. 

The resul~s indicate an asymmetric growth of the boundary 
I 

layers along the inner and outer walls. The rate of increase 

in the shape parameters becoming significantly greater on the 

outer wall as the outer wall angle increases, This asy'llllletry 

is mainly attri~uted to the disturbance associated with the 

change in. outer wall angle at inlet. The measured shear stress 

distributions exhibit considerable lag, and a large gradient of 

I 
' 



(ii) 

shear stress near the wall in regions of severe adverse 

pressure qradrent. 

An integral approach has been used to predict the 
I 

boundary layer grO\<th, based on the assumption that no 

net mass transfer takes place between the inner and outer 

wall boundary layers., \Y1 thi::1 the limits of experimental 

error, this assumption has been verifrcd. For the diffusers 

having non-dimensional lengths of 7.5 and 10.0, good 

agreement, sufficient for most engineerrng purposes, has 

been achieved between the theoretical and experimental values 

of overall and internal performance. HO\Ifever, this agreement 

was only obtained by commencing the calculations downstream of 
' 

the disturbance associated \dth the inlet bend. In the case 

of the minimum length diff¥Ser, the predicted values of shape 

parameter along the outer wall are too lowo This is 

considered to be due to a failure of the accepted methods 

of velocity profile representation in severe adverse pressure 

grad1ents. 
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SECTION 1 

INTRODUCTIO~ 

1 -1 The Diffuser 

In many internal fluid flml/ systems it is often necessary 

to reduce the kinetic energy of the flm<. Th1s may be accomp

lished by allowing the fluid to pass through a duct of increas

ing area knmvn as a diffuser. The reduction in k1net1c energy 

is accompanied by a corresponding 1ncrease in the pressure 

energy of the fluid. 

Hm1ever, due to the adverse pressure gradient \vh1ch 

occurs, the boundary layer thickens, and if the pressure 

gradient is too severe, separation will occur and the fluid 

will tend to flow back in the direct1on of the pressure 

gradient. Eddies formed by separation result in some kinetic 

energy being converted into random or disordered energy, thus 

reducing the arnonnt of energy available for conversion into 

pressure energy. Consequently in all diffuser applications 

it is desirable to minimise the loss of ava1lable energy, and 

therefore attention can be focused on the velocity-decrease or 

pressure-increase opjective in various installations. 

In order to avoid excessive losses in eng1ne components 

it is often necessary to reduce the velocity of the gases; a 

typical example is the design of a pure Jet eng1ne exhaust 

system. In most installations a diffuser 1s fitted downstream 

of the turbine to reduce the velocity in the jet pipe to an 

acceptable level. Diffusers are also used at exit of the 

compressor in a gas turbine engine. Aga1n the objective is 

to reduce the velocity level to prevent excessive losses in 
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a downstream component, namely the combust1on chamber. 

The use of a diffuser at exit of a power turbine is an 

example of an application where the pressure rise characteristic 

is important. The diffuser increases the expansion ratio across 

the turbine thus increasing the power output. 

In addition to the overall performance characteristics, 

the velocity prof1le and stability of flow at ex1t may be 

equally important if the diffuser is linked to a downstream 

component ''~hose performance is sensitive to 1.nlet conditions o 

Such considerations apply to the intake d1ffuser of an aircraft 

gas turbine engine, since the surge line and efficiency of the 

compressor are known to depend on the flow conditions at inlet. 

1-2 Diffuser Geometry 

The siriple, two-dimensional diffuser may be descr1bed by 

three geometric parameters : the area ratio (AR), the wall 

divergence angle (~}, and the ratio of wall length to entry 

They are related by the expression 

AR = 1 + 2_1_ s•n p 
w, 1-2-1 

It is usual to plot the diffuser characteristics against (AR - 1} 

and L;w1, the wall angle entering as a dependent parameter. 

Conical diffusers have three parameters related 1n a similar 

manner 
AR 1- 2-2 

where R
1 

is the radius at diffuser inlet. 

The nomenclature used to define the geometric character-

istics of annular diffusers are shown in Fig. 1-2-1. In the 

general case where both wall angles vary the relationship 

betWeen the geometric parameters is more complex : 

' . 
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1-2-3 

whereL'.R
1 

= (R
0 

- Ri)
1 

is the annulus height at diffuser inlet, 

and L is the average wall length (L"' L & L. provid1ng the 
0 1 

difference between the wall angles is not very large). Thus, 

two additional parameters, the inlet radius-ratio, and a wall 

angle, are required to specify the geometry of simple straight 

walled annular diffusers. 

The larger number of parameters increases the difficulties 

involved in attempting to generalise the performance 

characteristics. 

Some simplification can be introduced by considering 

the case of a constant inner d1ameter diffuser (see Fig. 1-2-1) 

since, 

AR=\+2~ 
LIR, 

+ 

-- 1-2-4 

As the inle~ radius ratio Ri ) approaches 1.0 the 
R 1 

0 

relationship tends towards that of a plane diffuser, a conical 

diffuser being the limiting case as (Ri/ )
1 

approaches zero. 
R 

0 

All the preceding remarks apply to diffusers that are 

"clean", or free from any internal obstructions. However, in 

many engineering applications aerofoil-shaped struts are 

incorporated to transmit aux1liary drives, and air supplies, 

across the annulus. Such obstructions may modify the diffuser 

geometry considerably. 
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1-3 Performance Parameters 

A large number of parameters have been suggested as 

suitable criter1a for evaluating diffuser performance. Most are 

based on the static pressure recovery because of the particular 

ease w1th which the static pressure rrse can be measured, since 

in the absence of swirl and streamline curvature the static 

pressure at any section can be based on the wall value. 

The pressure recovery coefficient Cp relates the actual 

pressure ribc to the maximum attainable ass~~rng uniform flow 

at inlet and an infin1te area ratio. 

P,- P, 
I 2 

2f" U I 

The overall diffuser effectiveness relates the actual 

1-3-1 

pressure rise to that ach1evable with inv1scid one-dimenslO!lal 

flow, thus 

, c-, - ,) zf> u, - Uz 

c: = P2 - P, 
I 2. 

2f'U 1 

and the effectiveness c 
"[ = Cp =-, 

Cp -

1 -

P2 - P, 

lYith non-uniform inlet flow the kinetic energy flux 

1-3-2 

1-3-3 

enter1ng a diffuser is greater than it would be for the same 

mass flm'i rate enterit1g tmder uniform cond1 tions, and it is 

therefore possible for the effectiveness to exceed un1ty. The 

relation defining effectiveness has often been referred to as 

the "efficiency", but efficiency is associated with a loss of 

available energy, and Eqn. 1-3-3 describes the effectiveness 

of a d1ffuser of fixed area ratio to recover pressure energy. 
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1-3-2 Loss Cocff>C>ent 

If the flm< is inco'!lpressible, and the stat>c pressure 

constant across the section, the mass-mean total pressure can be 

expressed as 

where c< (f U3
dA) is the energy coeff1c1ent of the velocity profJ.le, 

u3 A 

the value ofO( r>sing from unity as the non-un>formity or 

distort1on increases. Writing the energy equation betw·een inlet 

and exit we have 

1-3-1 

><here LIPT >s the mass averaged total pressure loss >n the 

diffuser and is a measure of the loss of ava>lable energy. The 

loss coeffic>ent A 
1

_
2 

is def>ned as; 

11 = 1-2 
t>P,. 

1--=- 2 
2f>u, 

Rearranging Equation 1-3-1 we obta>n 

ex,- .2_ 
AR 2 

Cp 
[

o( ,-- _1 21 - [ o(2- 1 ] 

AR }- AR 2 

Considering the terms in Eqn. 1-3-4, the first term 

represents the pressure coeffic>ent wh>ch would be 

1-3-2 

1-3-3 

1-3-4 

attained if the flow were uniform at exit. The value of ( o<2-1) 

in the second term is a measure of the distortion of the outlet 

veloc>ty profile and therefore the term <Xz - 1 represents the 
AR 2 

reduction in pressure recovery due to excess kinetic energy at 
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exit. The pressure recovery or effectiveness can therefore be 

lDl<ered by 1nsuf:fic1cnt di:f:fusion as represented by the second 

term or ine:f:fic1ent di:f:fusion as represented by the loss 

coeff1cicnt. Thus, apart from the static pressure rise, 

measurements o:f the inlet and outlet velocity pro:files are 

required in order to determ1ne the loss coefficient. However, 

due to poss1ble asymmetry and the unstead1ness o:f flDl< at exit 

it is d1:fficult to obta1n rel1able values o:f ~2 , and there:fore 

most o:f the published information on di:f:fuser performance is in 

the form of pressure recovery characteristics. Experimentally 

it has been shown that: 

D1:f:fuser E:f:fectiveness = -f (Di:f:fuser Geometry, inlet boundary 

layer characteristics, external 

in:fluences, inlet ~~eh No., Reynolds 

No., entry swirl, sur:face :finlsh.) 

1-4 Factors A:ffecting Dif:fuser Performance 

1-4-1 D1:f:fuser Geometry 

Extensive and systemat1c testing is rcqu1red to determine 

the influence of diffuser geometry. Such an investigation has 

been carried out :for two-dimensional diffusers by Renau, Johnston, 
(1) 

& Kline. 

A contour plot o:f Cp as a :function o:f area ratio AR, and 

non-dimensional length N/W
1 

is shown in Fig. 1-4-1. The values 

of AR and N/W
1 

prescribe the overall pressure gradient, which is 

the principal :factor govern1ng the boundary layer development 

and consequently the values of ex1t energy coefficient ~2 , 

loss coefficient ">-
1

_2 , and overall per:formance. 

Two opt1mum lines have been added to the performance 
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chart, The line Cp* is the locus of points lf!uch define the 

diffuser area ratio producing maximum pressure recovery at a 

given non-dimens1onal length. The other, line Cp,** is the locus 

of points which define the non-dimensional length producing 

maximum pressure recovery at a given area ratio. The location 

of the Cp** line is somewhat arbitrary, since at a f1xed area 

ratio, Cp remains almost constant for values of N/W
1 

greater than 

those defining the Cp* line. 

Of equal 1mportance 1n assessing the 1nfluence of 

diffuser geometry is the Flow-Reg1me charts, due to Kllne, 

Abbott, & Fox, ( 2 ) and shown in Fig. 1-4-1. Four different flow 

reg1.mes exist, three o_f wh1ch have reasonably "steady" flmY". 

The region of no-appreciable-stall is steady and uniform 1<h1lst 

the reg1on of trans1tory stall is unsteady and non-uniform. 

Holfever, the line defining the onset of transitory stalling is 

approximate since 1t is based on observed flow patterns. This 

line has been plotted on Fig. 1-4-1 and it will be seen that 

optimum Cp! d1ffusers operate in or near the region of trans1.tory 

stalling, It follows that in many engineering applications 

where a diffuser has to match with upstream and dolfnstream 

components, the minimum length diffuser is chosen consistent ,.; th 

"steady" flow conditions at exit. 

1-4-2 Inlet Boundary Layer Characteristics 

It has been sholfll by Livesey, and Turner (3 ) in work on 

· 1 d ff d tl b W lf and Johnston( 4 ) con1ca 1 users, an more recen y y o , 

for two-dimensional diffusers; that inlet conditions are not 

specif1ed simply by the boundary layer thickness, but also by 

the "previous history" of the flow, or the lfay in which the 

inlet conditions have been generated. Consider the case of 
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inlet conditions developed naturally in entry lengths. 

(i) Naturally Developed Inlet Conditions 

It has been shown in Sect1o~ 1-2 that the effectiveness 

is determined by the energy coefficient of the outlet velocity 

profile o<
2

, and the loss coefficient A
1

_
2

• Both values depend 

on the development of the boundary layer, 1n particular the 

value ofc<
2 

1s determined by the shape of the velocity profile 

which under certain circumstances can be characterised by the 

shape parameter H. It has been shown theoretically by Schlichting 

and Gersten(5 l, and verified experimentally by Sprenger(G), that 

the outlet shape parameter is strongly dependent on the inlet 

boundary layer th1ckness ( 0 "or 8 ) , Therefore initial attempts (51,) 

to correlate the influence of inlet conditions l'/ere based on 

inlet boundary momentum thickness. In view of the difficulty 1n 

obtaining reliable values of~2 , and doubts surrounding the 

significance ofA
1

_
2

, Sovran and Klomp adopted an alternat1ve 

approach. 

Writing the total pressure at the point of maximum velocity 

we have 

1-4-1 

If the static pressure is~uniform across all sections of the 

diffuser, then the static pressure rise along the streamline of 

maximum velocity will be the same as that for the diffuser and 

can be expressed as; 

P2-P, = ~p(U,2-U2
2

)-l:IPTm 
where liPT is the total pressure loss along the streamline of 

m 

maximum veloc1ty. Therefore the effectiveness c can be written 

as; 

1-4-2 
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and Am is the loss coeff1cient 
1-2 

T~e maximum velocities can be related by introducing 

the concept of effect1ve and blocked area, The effective area 

is def'1.ned as; 

A 
A 

AeU = J u dA uA and Ae = J-"!_ dA 
0 0 u 

A 

J udA = uA and u = Ae 
also 

0 u A 

Thus the greater the degree of non un1formi ty ( 0 <: 1.0) the u 

1-4-.3 

smaller the effective area. The blocked area is defined as the 

difference between the geometric and effective areas i.e. 

A 

AB= A-Ae ~ S (1--"!.)dA 
0 u 1-t.-5 

expressing both areas as fractions of the geometric area A we 

have; 

E 1. 0- B where E = Ae and B AB 
A A 

From Eqn. 1-4-4 : E = Ae = u 1-4-6 
A u 

Thus the velocity profile parameter E can be obtained 

without taking, a detailed velocity traverse, if the flow rate 

and maximum velocity are known, (Some of the attraction of this 

approach is removed in annular d1ffuscrs due to asymmetry 

problems at outlet), From the cont1nuity equation we have 

~21 = ( ~:) ( t) 1-4-7 

Introducing this into Eqn, 1-4-2 we have 

1-4-8 
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The term A7-z will be zero if an 1nviscid core exists 

throughout the length of the diffuser. However, Sovran and 

Klomp reasoned that even when th1s was not the case, Am
1

_2 

could be neglected in comparison with the first term in Eqn. 1-4-8, 

since the shear stress in the vicinity of the pos1tion of 

maximum velocity would be very small. They therefore went on to 

conclude that the first term in Eqn. 1-~-8 largely accounts for 

the variation in effectiveness, even in cases where separation 

occurs the reduction in effectiveness is considered to be due 

to a large increase 1n blockage rather than 1nternal losses. 

Sovran and Kl~mp have shown that for opt1mum diffusers on the 

Cp* line, in which pr"'ssure forces dominate the growth of the 

boundary layer, the effective area fraction E
2 

correlates with 

inlet blockage and area ratio. The correlat1on wh1ch was based 

on experimental results from tests with naturally developed 

inlet cond1tions on two-dimensional, conical, and annular 

diffusers is shown in Fig. 1-4-2. 

(ii) Artificially Generated Inlet Conditions 

The inlet conditions considered in the previous sect1on 

comprised of boundary layer types of non-uniformity which are 

frequently combined with ~nvi~fd core flow. In many 

engineering applications however, this simple flow model is not 

applicable because of various upstream flow conditions such as, 

wakes from blockages, and energy gradients from compressors. 

The effect of certain types of non-uniformity on the performance 

of two-dimensional diffusers has been investigated by Waitman, 

. (8) . (3) (4) 
Reneau, & Kl1ne , L1vesey & Turner , and Wolf & Johnston • 

Wolf & Johnston considered uniform and non-uniform shear flow 
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as illustrated below; 

BOUNDARY BOUNDARY 

/ 
LAYER ~ LAYER 

~ REGION /: REGION 
I 

CORE 

u l 
REGION 

l • CORE 
' I REGION 

y 

UNIFOIDI SHEAR 

y 
NON-UNIFOIDI SHEAR 

The shear stress in the core region having a linear 

velocity profile is constant (assuming constant eddy viscosity), 

Hence no net shear force exists and the slope of the prof~le 

remains constant, In the terminology of Livesey & Turner this 

profile can be said to have a lm< decay rate, Hm<ever, in the 

non-uniform profil~, large velocity gradients in the core 

region generate large net shear forces that "m~x" the profile 

towardsuni~orm conditions, such a profile 1s sa1d to have a 

large decay rate, These are just two examples of the many 

flow situations that could exist, in addit1on an increase in 

the turbulence intensity of boundary-layer-type profiles has 

been shown by Migay( 9 ), and Waitman et al. (B) to influence 

diffuser performanceo 

Wolf & Johnston attempted to correlate the outlet 

' velocity profile parameter E2 using the method due to Sovran 
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& Klomp, the results are shown in Fig, 1-4-~. The following 

effects were observed w1th profiles exhib1ting a low velocity 

near the wall: 

a) The onset of transitory stalling occurred at a lower 

value of area ratio for fixed N~v1 (see Fig, 1-4-1). 

b) The values of peak pressure recovery at constant N/lv1 

are decreased relative to the performance obtained 

with naturally developed inlet cond1tions. 

With wake flow at inlet, in several diffuser geometries the 

performance increased above that obtained With naturally 

developed inlet conditions, 

1Vhilst the maximum blockage fraction investigated by 

( 10) . 
Wolf & Johnston was 0,23, Tyler & Wclliamson have carried 

out tests on conical diffusers with blockage fractions as high 

'IS 0.65, Their results when compared with the correlation due 

Sovran & Klomp show that agreement is restricted to the 

"boundary layer" range of Inlet blockage values, beyond which 

the values of E2 depart significantly. Unfortunately it is 

not possible to categorise the type of profile presented to the 

diffuser as detailed inlet velocity traverses were not carried 

out. 

As yet no acceptable parameter, or group of parameters, 

has been found to correlate the effect of inlet velocity profile 

distortion. The most successful attempts to date have been made 

by studying the influence of certain types of velocity profile, 

However complete elucidation of the dependence of diffuser 

performance on init1al turbulence level and decay rate awaits 

further investigation, 
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1-4-3 Entry Swirl 

Very l1ttle published data is available on the influence 

of 1nl et swir 1. 
(11) : 

Schwartz carr1ed out tests on an annular 

diffuser of constant outer diameter and concluded that swirl 

angles up to 10° produced little effect on performance, but 

further increases 1n swirl angle produced a rapid deterioration. 

1-4-4 Reynolds Number 

. ( 12) 
G1bson reported that Reynolds number did not have a 

significant effect on diffuser performance. More recently 

( 13) 
McDonald & Fox have shown that for Reynolds numbers greater 

than 7 x 10
4 

no Variation in performance can be detected. 

1-4-5 Inlet Mach Number 

( 14) . 
Tests carr1ed out by Young & Green, and L1ttle & 

Wilbur, ( 15 ) indicate that the pressure recovery is essentially 

independent of }mch number until the flow becomes locally 

supersonic around the corner at inlet. Little & Wilbur found 

that the mean Mach number at which recovery is seriously affected 

was decreased from 0,82 to 0,72 by increases in 1nlet bow1dary 

2.3* (-- = 0,012 to o,o6). 
D1 

layer thickness 

1-4-6 Surface Finish 
~ 

An increase in surface roughness has been shown by Little 

& Wilbur( 15 ) to inhibit separation whdst leaving the pressure 

recovery unaltered. Migay( 1G) invest1gated the influence of 

transverse ribs, and found that for conical diffusers at very 

large wall angles (~ > 20°) the loss coefficient is reduced 
0 

considerably. Very little attention has been paid to this 

effect despite 1ts considerable practical importance. 



1-t.-7 External Influences 

(i) Settling Length 

If a constant area duct, or settling length, follolis the 

d1:ffuser, a recovery of pressure may occur. lVriting the energy 

equation over the settling length from station 2 at diffuser 

exit to station .3 where recovery is complete, gives 

Hence a pressure rise occurs due to turbulent mixing reducing 

the degree of distortion in the velocity profile ( "'
3 

< <X 2 ). 

(1) 
Renau, et al. found that for t\ro-dimensional types the 

performance of the diffuser is unaffected by the presence of 

the settling length. The fraction of Cp occurring in the 

settling length is small (up to approx. 7/o)for diffuser 

geometries below peak recovery, and increases as the amom1t of 

stalling (distort1on) 1n the diffuser increases. For diffusers 

operating in the region of transitory stall as much as 30% of 

the recovery may take place in the settling length. 

(ii) Downstream Obstructions 

It is possible th>t the performance of a diffuser could 

be improved by placing a restriction in the centre of the 

stream at the downstream end, thereby forcing the floli to 

follow the diverging walls more closely. Such a suggestion has 

been investigated by Ilenderson(l?) who placed circular discs or 

"target plates" at exit of a conical diffuser. The results 

indicated that the losses due to the restriction outweighed any 

improvements i11 the diffusion process. The influence of 
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streamlining the plate was not considered since the 1ncreased 

length was undesirable for the particular application considered 

viz. rocket pump diffusers. 

Such a situation can exist in the diffuser which is 

situated between the exit of the compressor and the entry to 

the combustion system of a gas turbine, depending on the des1gn 

philosophy. Fig. 1-4-5 shows typical installations in current 

aircraft gas turb1nes, it will be seen that in Type A the head 

plate can influence the flow in the exit region of the diffuser. 

In Type B the obstruction, i.e. the "snout", extends into the 

diffuser, and diffusion takes place in the surrounding annulus. 

1-5 Boundary Layer Thickness Definitions 

The blocked area concept suggested by Sovran & Klomp ( 7 ) 

for equating inlet velocity profiles to diffusers of various 

cross-sectional shapes can be used to define the axisymmetric 

boundary layer parameter d*; 
A 

Since A6 = J ( 1 - ~) dA 
0 u 

then 

and 

1-4.-5 

1-5-1 

for a circular cross section of radius R • Comparison of Eqn. 
0 

1-5-1 with the two-dimensional definition of displacement 

thickness Ro 

= J ( 1 - .\!_) dR 
0 u 

shows that , thus the concept of wall displacement 

valid for two-dimensional boundary layers is not appl1cable in 
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axisymnetric flows. 

Okiishi & Scrvoy( 1B) have adopted similar definitions for 

an annular cross section. For the outer wall boundary layer 

Ro 

= s ( 1 - .!l_) B_ dR 
R U Ro 

bo 

8* 
0 1-5-2 

where the integral extends to Rbo• the radius at the llmit of 

the outer wall boundary layer. For the inner wall 

Rbt 

$~ = i ( 1 - ~) 
R, 

Rb
1 

being the radius at the limit of the inner wall layer. 

Equations 1-5-2 & 1-5-3 can be combined to give 

u 
u 

= E 1- B 

1-5-3 

1-5-4 

In eA~erimcnts on symmetrical annular diffusers in which 

Ri ~ 0 the definitions of Eqns. 1-5-2 & 1-5-3 are not satisfactory, 

and Stevens & Markland( 19 ) therefore adopted the following 

definitions: 

Ro 

d: 1

= J (t-~)-R dR 
R U (R0-R,) 

bo -

1-5-5 

which combine to give 

u = 
u 

1- B = 1 - 1-5-6 

Whilst the displacement thickness £• and momentum thickness 8 

are calculated for two-dimensional and axisymmetric definitions 

(based on the local radius and the annulus height) in Appendices 

~/6/8, throughout the remainder of this thesis the axisymmetric 



- 17 -

definitions based on local radii (Eqns 1-5-2 & 1-5-3) will be 

1mplied unless specifically stated otherwise. 

To sturunarise; 

Ax1symmetric value of: 

Displacement Thickness 

6* 

Momentum Thickness -

e 

Energy Thiclmess 
,su 

Shape Parameter 

H 

Energy Shape Parameter 

H 

Outer Wall 

1-6 Review of Previous \vork on Annular Di:f:fusers 

Inner Wall 

Many diffuser applications, part1cularly in turbomachinery 

where the fluid stream has to flow over and around a central 

shaft, involve d1ffus1on in an annular passage. However, the 

annular diffuser has been the subject of considerably less 

investigation than have other diffuser geometries-partly due to 

the difficulties involved in the study of the larger number of 

geometrical parameters and in the presentation of the data. 

A considerable amount of information must have been 

obtained about the performance of particular configurations used 

in the many power plants built in the last decade but the amount 

of publ1shed data is still rather small, and limited exclusively 

to tests under laboratory conditions. 
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Some of the first experiments 1<ere carried out at the 

. • A. 1 ( 20 ) d J h t ( 21 ) Nat1onal Gas Turb1ne Establ1shment by 1n ey an o ns on 

on symmetrical diffusers of fixed area ratio (3,19) but vary1ng 

1<all divergence angle. Using almost uniform inlet conditions 

Ainley established the d1ffuser geometries for maximum pressure 

recovery and the onset of transitory stalling, In addition, 

measurements 1<ere made of the pressure recovery in the do1<nstream 

settling length; the results being in accordance with the 

findings of Rena~et al,( 1
), in that the recovery increased as 

the amount of stalling increased, For operation at a wall angle 

0 of 19 ,35~6 of the recovery took place in the do1<nstream settling 

length, Ainley also noted that the settling length was 

considerably shorter than the six diameters generally required 

with conical diffusers. The effect of non-uniform inlet 

conditions produced by gauzcs was studied by Johnston but as 

these were in close proximity to the inlet, the effects of 

inlet boundary layer thickness and of decay rate cannot be 

separated, A similar conclusion has been reached by Wolf(~), 

in a recent analysis of Jolmston 1 s experiments. 

The work done at N.A,S,A, which has been reported by 

W d d I' . b t-h ( 22 ) • t . f oo an 1~gg1n o am concerns 1mprovemen s 1n per ormance 

obtained by incorporat1ng vortex generators 1n annular 

diffusers with constant diameter at the outer wtll, The results 

obtained are shown in Fig. 1-6-1. Vortex generators improved 

the performance, whilst the introduction of inlet swirl produced 

a slight deterioration, Nevertheless doubts must be expressed 

concerning the accuracy of these results in view of the asymmetry 

in the inlet velocity profile, as there was a 35% var1ation in 
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outer wall momentum thickness beb<een the four radial stations. 

Further attempts at improving performance using suction and 

injection have been reported by lvilbur, and lligginbotham. ( 23 ) 

The 1nfluence of inlet swirl on the diffuser tested by 

( 11) 
Wood and Higg1nbotham was investigated by Schwartz who 

concluded that swirl angles up to 10° produced little effect 

on per:formance, although further increases in swirl angle 

produced a rapid deterioration. 
. (21,) 

QU1te recently Horlock has 

reported an experiment by Hoadley on the 1nfluence of free 

vortex flow on the performance of an optimum Cp* diffuser having 

a centre body of uniform diameter. Fig. 1-6-2 shows the total 

pressure distributionS with and without swirl. Severe separation 

occurred on the outer wall when there 1-las no swirl, but 

separation moved to the inner wall when large sw1rl angles were 

introduced at inlet. 

Early attempts to correlate the performance of annular 

. (25) 
d1:ffusers (Henry, et al. ) had been frustrated by a general 

lack of data, and some of that which was available was of 

doubtful accuracy on diffusers of poor performance. _Sovran and 

Klomp(?) remedied this situation by measuring pressures 

recoveries of about one h\JI1dred different geometries, ninety-

three of which had expanding centre bodies, and the value of 

inlet radius ratio was 0.55 or Oo70o The range of geometries 

tested is shown 1n Fig. 1-6-3. The test programme was conducted 

with an inlet Mach No. less than 0.3, a Reynolds No. of 1,.8 x 105 
to 8.5 x 105, and a single inlet velocity profile. The inlet 

boundary layers were fairly thin (inlet blockage fract1on ~ 0.02), 

and the dif:fusers had a free diEcharge. In order to obtain a 
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correlation the geometrical parameters ,.,ere div1ded 1nto two 

groups, those expected to have the greatest influence on 

diffuser performance, and those expected to produce only second

order effects. Following the technique of Renau, et al.( 1
) 

the area ratio AR and non-d1mensional length L/11R1 were chosen 

as the primary group, as they prescribe the overall pressure 

gradient. The cho1ce of the inlet annulus height LIR1 as the 

normalising factor 1.as based on Eqn. 1-2-l,, since in this way 

it was possible to plot the performance characteristics of, 

two-dimensional, conical, and annular types on the same set of 

axes. Analysis of the results revealed that the area ratio for 

maximum pressure recovery (cp*) at a given non-dimensional 

length was relatively independent of the wall angle-inlet 

radius ratio combination adopted. A s1milar conclusion was 

reached for the geometry defining the optimum Cp•• performance. 

The qualitative variat1on of recovery away from the region of 

the optimum lines was established by investigat1ng the 

0 
performance of a family of diffusers hav1ng a 15 outer wall 

angle and an inlet radius ratio of 0.70. The perfor~nce chart 

obtained is shown in Fig. 1-6-3. Analysis of these results 

indicate that all the opt~mum Cp* diffusers have an 

approximately constant effectiveness of 8~/o. Based on the 

results obtained for conical and two-dimensional diffusers 

Sovran & Klomp assumed that the optimum geometries would be in-

dependent of inlet boundary layer thickness. A comparison of the 

optimum lines for the var1ous d1ffuser types is sho1m 1n Fig. 

1-6-3. Although the boundary layers were not measured, the 

effect of variation of inlet velocity profile, and of the 
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growth of boundary layers along the diffuser, were discussed 

in terms of the area-blockage concept outlined in Section 1-5. 

The 1nfluence of inlet velocity prof1le d1stortion on the 

performance of two optimum Cp*, constant inner diameter annular 

d1ffusers, hav1ng AR - L/~R1 combinat1ons of; 2.25-6.5, and 

3.25-12.0 respectively, has been invest1gated by Tyler and 

. ( 10) 
W~ll1amson. The Reynolds No., based on diffuser inlet 

diameter, was in the range 0.3 x 106 to 1.3 x 106. The inlet 

Mach No. did not exceed 0.35. By placing the entry flare in 

the working section of a ldnd tunnel, in a plane normal to j:he 

direction of flow, blockage fractions as h1gh as Oo70 were 

produced (see Fig. 1-6-4). The results shown in Fig. 1-6-4 

indicate that the correlation of effective outlet area 

fractions due to Sovran & Klomp is restricted to essentially 

11 boundary-layer 11 types of inlet distortion, beyond which the 

performance deteriorates sign1ficantly. In addition the 

optimum area ratio at a given non-dimensional length was found 

to be reduced by as much as 5~G for high blockage fractions. 

Unfortunately, .no measurements were made of the 1nlet velocity 

profile, and in view of possible asymmetry, due to the way in 

which the inlet conditions- were generated, the results 

obtained should be treated with caution. 

(26) 
Howard, et al. have reported tests on symmetrical 

annular dlffusers, and diffusers having constant inner diameter, 

using fully developed flm< cond1tions at 1nlet. The inlet 

radius ratios were 0.515 and 0.775; the range of geometries 

covered is shown in Fig. 1-6-5. The syi!Unetrical diffusers 

showed lines of first stall and optimum pressure recovery at 
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constant non-d1mensional length close to those of two-

dimensional d1ffusers 1dth which they share a common relationship 

between AR, LfAR11 and ~oo Annular diffusers with constant 

inner diameter showed characterist~cs intermediate between two-

dimensional and conical diffusers. Insuffic1ent data was 

obtained to determ1ne explicitly the effect of inlet radius 

ratio. 

Whilst most of the published work has centred on the 

overall performance characteristics of annular diffusers Stevens 

and Markland(l9) investigated the growth of the boundary layer 

along the walls of two symmetrical diffusers having an area 

ratio of 4.0:1. The divergence angle of the outer wall, and 

the convergence angle of the inner wall, was 2.5° in one diffuser, 

and 5° in the other, the geometry of the diffusers is shown in 

Fig. 1-6-6. The condit~ons at inlet were varied by adJust1ng 

the approach lengths, and for the 2.5° wall-angle d1ffuser only, 

by annular gauzes placed some 20 hydraulic diameters upstream 

of the inlet. The overall performance was in excellent agreement 

with the results of Howard, et. al., and the variation of 

effeet1veness with inlet blockage is shown 1n Fig. 1-6-6. 

Measurements of the press~e recovery in the downstream settling 

length confirmed the f1ndings of Ainley in that the recovery 

increased as the dmount of stalling increased. The growth of 

the boundary layers was investigated with fully developed flow at 

inlet, the results are summarised in Fig. 1~6-6. Although the 

0 
flow 1n the 2o5 wall angle d1ffuser did not separate, there was 

a noticeable asymmetry. The shape parameters on both inner and 

outer walls grew rapidly at the starto Subsequently, the shape 



- 2:,>-

parameters decreased as turbulent m1xing predominated 1n a 

region of low pressure grad1ent. The flm< in the 5° wall angle 

diffuser separated from the outer wall at XjN~0.35 and beyond 

this po1nt very considerable asymmetry was apparent. No 

separation was detected on the inner body, Ilm<ard et al. ( 26 ) 

(2/o) 
and Horlock lmve also reported separat1on only on the 

outer wall. Further results are given 1n reference 27. 

Accord1ng to reference 26 the 2,5° wall angle d1ffuser lies in 

the zone of large trans1tory stall which is clearly incorrect, 

Also reference 26 l.ndicates that the 5° wall angle d1ffuser 

lies on the opt1mum Cp! line, Whilst the value of recovery 

is 5% lower than the value predicted by Sovran & Klomp, 

separation and asymmetry render this diffuser useless for 

practical applications, The work of Stevens & }mrkland 

therefore confirmed the published values of overall performance 

but cast some doubt on the flm< reg1me charts of Howard, et al. 

Although not specifically related to annular diffusers, 

(28) (29) 
Hoses and Goldberg have Measured the boundary layer 

growth on a cylinder in axially symmetric internal flow, The 

influence of various types of pressure gradient l'ras investigated, 

two of which are of interest in relation to the behaviour of 

the boundary layer on the centre body of an annular diffuser. 

These experiments are particularly important since not only the 

mean veloc1 ty profile but the turbulence structure of the flm< was 

measured. 

(30) ' Although a number of attempts, notably by Imbach and 

Nicoll, & Ramaprian (3!), have been made to predict the boundary 

layer growth in con1cal diffusers, very little attent1on has 
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been focused on annular diffusers. 
(32) Soo extended the three-

dimensional momentum integral equation to explore flow over 

bodies of revolution. Separat~on was predicted by extending 

the two-dimensional relations for shape parameter and an 

annular diffuser design based on imminent separation was ill-

ustrated• 

In common with almost all methods, Soo's method relied 

on the existence of a potential core throughout the length of 

the diffuser. The author( 33 ) extended the work reported in 

·reference 27 and applied the axially symmetric form of the 

momentum integral equation to the calculation of the flow in 

annular d~ffusers, based on the assumption of pm<er law 

velocity profiles. The method is restr~cted to the case of 

fully developed inlet flow with no potential core. Good 

agreement between the predicted and measured shape parameters 

has been ach~eved for a conical diffuser of 5° wall angle, and 

along the outer wall of a 5° wall angle symmetrical annular 

d ·fr (19) 
1 user. 

From the above it can be seen that a cons~derable 

amount of data ex~st notably due to Sovran & Klomp, which 

enable the pred~ction of nverall performance to be ~ade to the 

limits of engineering accuracy. Such predictions are limited 

to "boundary-layer" types of inlet non-uniformity, and to 

"clean" or unobstructed d~f;fusing passages. Considerable 

doubt however surrounds the precise location of the lines of 

first stall on the flow-regime charts for annular diffusers. 

There is therefore, as concluded by Sovran & Klomp, "a 

need for detailed performance data which can serve as a basis 
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for analytical studies". Such detailed data must include 

measurements of the boundary layer growth, This requirement 

has been brought into slmrper focus by the recent AFOSR-IFP

Stanford 1968 Conference on Computation of Turbulent Boundary 

layers; where both the Evaluation Committee( 31,) and Coles( 31,) 

stress the urgent need for good detailed exper1mental data, 

It should be noted that 1n almost all of the data submitted 

to the con~erence three-dimensional effects were present, and 

in only one case (Stratford35 ) ~<as the adverse pressure 

gradient as severe as those exper1enced 1n optimum (Cp*) 

diffusers. The only investigation of boundary layer growth 

in annular diffusers (Stevens & Markland( 19 )) showed strong 

three-dimensional effects, and therefore at present no 

su1table data e=st on which a theoret1cal prediction method 

can be assessed. 

In view of the larger number of geometrical variables, 

and the need to investigate such effects as boundary layer suction, 

there is considerable st1mulus for a theoretical approach to 

annular d1ffuser des1gn. Nany of the prediction methods 

available are capable of being applied, but in the1r present form 

are restricted by the need to assume the existence of a potent1al 

core, Moreover, the methods are all correlative and it is 

uncertain h01< well they lHll extrapolate beyond the range of 

the original data, i.e. to large adverse pressure gradients, 

}lore serious is the fact that all methods fail to predict 

accurately what is one of the ma1n objects; namely the onset 

of stalling, The Evaluat1on Committee of the Stanford 

Conference drmi no conclusions regard1ng the prediction of 

• 
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separation on the grotmds that; (~) no theory presented 

apphes there, and (~i) the data is nearly all suspect in this 

region. Thus at present no universally acceptable method is 

available to the designer. 

1-7 Choice of Difft~er Geometry to be Investigated 

In selecting the annular diffuser configuration to be 

invest~gated it was noted that most of ihe published data had 

been obta~ned on diffusers with ~nlet radius rat~os in the 

range, 0.50 to 0.70, these figures being typical of most gas 

turb~ne exhaust annulus d~ffusers. However, an equally 

important application is that of the diffuser at compressor 

exit, and 1n such applications radius ratios as high as 0.9~ 

have been used, In view of this it was decided to design for 

the highest possible inlet radius ratio, the value finally 

chosen being 0.83. This figure was dec~ded by practical 

limitations outlined in Section 2. An area ratio of 2.0 was 

chosen as being the limiting value for most engineering 

applications. The selection of wall angles was influenced by 

the programme of research being carried out in the Department. 

The choice lay betl<een a diffuser incorporating a large turning 

angle at inlet (see Fig. 1-4-5) and one in which the air had a 

relatively str.ught passage into the diffuser. An investigation 

was already in hand on the former alternative(3G) and the 

straight entry was therefore selected. A diffuser with a 

constant inner diameter was chosen as a gas turbine configuration 

yielding data of practical utility. Since the flow turning 

occurred only on the outer wall 1 the influence of the disturbance 

associated with the change in outer wall angle at inlet could 

be investigated. In addition the flow on the inner wall would 
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be of general interest since the flow would have a well def1ned 

h1story of development, 

A fully annular configuration was to be used, the large 

radius ratio indicating a tendency tol-rardstwo-dimcnsional 

condit1ons, It was hoped that, prov1ding significant 

separation was avo1ded, no scr1ous three-d1mcnsional effects 

would be present. 

The diffuser non-dimens1onal length was based on the 

opt1mrnn performance lines of Sovran & Klomp(7) for an area 

ratio of 2.0 

(1) An optimrnn Cp* diffuser - L/fl R1 = 5,0 

(11) An optimrnn Cp** diffuser - Lj~R1 = 7.5 

(1ii) A calibration diffuser of Lj~R1 = 10o0 

1-8 Objectives and Scope of Present Invest1gation 

The general objective of this work is to provide 

performance data on optimum annular diffusers having centre 

bodies of uniform diameter and conically d1verg1ng outer walls. 

Fully developed fl01< was chosen as the diffuser inlet condition, 

because it is more representative of the state of the flow in 

many applications than the thin boundary layer condition 

frequently used for diffuser research, 

The specific objectives are: 

(i) To measure the overall performance in terms of the 

pressure recovery and loss coefi1cient, paying particular 

regard to the stability of the outlet flow, 

(ii) To achieve a d1ffusing flow free from any 

significant three-dimensional effects, 

(ii1) To measure in detail the growth of the boundary 
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layer along the inner and outer walls; the measurements to 

include not only the mean velocity profiles, but the shear 

stress and turbulence intensity distributions. 

(iv) To measure the pressure recovery, and velocity 

profiles in the d01mstream settling length. 

J 
(v) To compare the experimental data with the prediction 

method outHned by the author. (33 ) 

(vi) To introduce the Coles two parameter velocity 

profile representation into the prcdict1on method. 

The exper1mental data 1s analysed 1n Section 4, and the 

theoret1cal analysis based on both the single and two

parameter veloc1ty prof1les is developed in Section 5. The 

results are compared with the theoretical pred1ct1ons in 

Section 6. In view of the current interest 1n the turbulence 

structure of boundary layers the actual test observations are 

included 1n the Appendix. 
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SECTION 2 

EXPERUlENTAL FACILITY 

2 -1 Design of Apparatu~ 

As stated in Section 1, diffusers l<hich have centre bodies 

of uniform d1ameter are to be investigated, having fully 

developed flol< at 1nlet, It l<as decided that the inlet conditions 

would be achieved by natural development in a long annular entry 

length, This method was chosen, rather than artificial thicken1ng, 

due to uncertainhes regard1ng the turbulence structure of such 

layers. A suct1on layout was chosen 1n order that the inlet 

boundary layer l<Ould have a l<ell def1ned upstream history, 

although such a layout produced a rather inflexible rig, The 

d1mensions of the rig \ofere determ1ned by the following cons1der-

ations:-

i) Space available 

ii) The need to achieve an inlet Reynolds No,> 1 x 105 • 

ii1) To test at an inlet veloc1ty consistent w1th a 

measurable outlet dynamic pressure 

iv) Adequate annulus he1ght at inlet for boundary layer 

traverses. 

v) D1ffuser Geometry: Area Ratio 2,0 

= 10.0. 

vi) To design for a high inlet radius ratio (R1/Ro) 

Bearing in mind the considerations listed above, it was 

decided to design for the largest practical inlet diameter, 

Tubing to a very high standard of accuracy (typically 10,0 

+ 0,005 
- 0,000 1ns. p.D, over a length of 30 ins) was required, since 
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{27) 
experience with an carl1er r1g had shown that minor 

eccentricity of the annulus core had a marked effect on the 

ci.rcumferential uniformity of the mean velocity profile. No 

commercial tub1ng to such close tolerances was available, and 

therefore the manufacture had to be carried out ldthin the 

department. !1achining capacity hm1 ted the maximum tube 

diameter to 13.75 ins. and the following d1mensions were there-

fore chosen: 

Outer wall diameter at inlet 12.0 ins. 

Inner wall diameter at 1nlet 10.0 ins. 

Outer wall diameter at outlet - 13.75 ins. 

Inlet radius ratio 0.833 

Inlet annulus height 1.0 ins. 

The 11 design11 operating conditions were: 

Mean inlet velocity 120 ft./sec. 

Mean outlet dynamic pressure 0.82 ins. water gauge 

Inlet Reynolds No. 1.28 X lo5. 

It was necessary to check the overall length of the rig, assuming 

a d1ffuser having L/ .D.R 1 = 10.0 

Estimated Length of Rig 

Entry Flare 

Entry Length {assuming a length equal to 

Diffuser 

50 {D0 -D1 )
1 

to achieve fully 

developed flow) 

Settling length {based on a length equal to 

8 {D - D·) ) 0 1 2 
I 

Total length 

1 ft. 6 ins. 

8 ft. 4 ins. 

0 10 ins. 

2 ft. 6 1ns. 

13 ft. 2 1ns. 
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One of the main problems assoc1ated \H th the design of an 

earlier rig ( 2?) was the large number of struts required to 

centralise the inner tube in the entry length. In view of the 

uncertainties regard1ng the influence of wakes from support struts 

on the subsequent growth of the boundary layer in the diffuser it 

was decided to mount the rig vertically (see F1g. 2-l-2). The 

advantage of this arrangement was that as all the inner tubes 

were spigotted together they could be positioned simply by three 

struts in the entry flare, the we1ght of the tubes being supported 

by two rods at the end of the settling length (see Fig. 2-l-l). 

In this way the influence of entry length supports was reduced 

to a minimum. The r1g was mounted on a plenum chamber (6 ft. x 

2 ft. x 3 ft. ) , and the clearance bet\<een the entry flare and 

the roof of the laboratory '>'as 4 ft. 

A suitable fan w1th a volume flow of 1800 ft. 3/min. at a 

pressure rise of approximately 4 1ns. water gauge was selected; 

the dr1ve '>'as prov1ded by an electr1c motor '>'ith a res1stive 

speed control. In order to facihtate flm; v1suahsation studies 

the tubing and diffusers were constructed in i ins. clear perspex 

sheet. The tubes were manufactured by shrinking a heated perspex 

sheet, which had been joined with Tensol No. 3 cement, onto an 

accurately machined former. Using th1s technique a tube could 

be constructed to an accuracy of 0.003 ins. on a d1ameter of 

12.0 ins. and this tolerance maintained over a length of 30 ins. 

The entry length comprised of three tube assemblies, each 30 ins. 

long, spigotted together to produce surfaces wh1ch mated 

accurately. 

' A flared intake and nose bullet followed by a 10 1ns. 



length of tubing, made up the inlet section. The des1gn of the 

intake flare was based on a standard I.S.A. nozzle. Transition 

on the flare and nose bullet was stabihscd by tr1p wires. 

Asswning that the Reynolds nwnber based on wire d1ameter must 

exceed 600 to achieve transition( 37 ) wires of 0.020 1ns. diameter 

were attached to the surfaces of the tubes downstream of the 

throat. To avoid any problems assoc1ated w1th depos1tion of 

dirt on hot wire probes and small bora pitot tubes a fine mesh 

cloth filter was fitted around the 1ntake flare. 

The settling length comprised of perspex tubing 30 1ns. 

long, at the end of wh1ch a Dufayli te honeycomb l<as f1 tted to 

ensure that no swirl was 1nduced in the flow by prerotation at 

fan inlet. To prevent fan vibrations from reach1ng the test 

sect1on a flexible hose was used to connect the inlet of the fan 

to the plenum chamber. 

2 -2 D1ffuser Geometry 

The particulars of the d1ffusers tested are tabulated below 

Do 1 (ins.) 12.0 12.0 12.0 

Di1 (ins.) 10.0 10.0 10.0 

f5 0 (degrees) 5·0 6.62 10.0 

f5 i (degrees) 0 0 0 

Area Ratio 2.0 2.0 2.0 

L/ AR1 10.01 7.514 5.018 

N/ AR1 10.0 7·5 5.0 

(Ri/Ro)l 0.833 0.833 0.833 

In view of the small differences between L; 11R1 and 

values of L; /1R1 will be quoted as 10.0, 7.5, and 5.0 
• 

respective-

ly throughout this thesis. 
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2-3 Instrumentat1on 

2-3-1 Pressure Measurements 

The following wall static pressure measurements w·ere 

taken:-

1) Throat of entry flare (3 off) 

i1) Upstream of diffuser inlet on inner and outer walls 

(18 off) 

iii) Along the length of the diffuser on inner and outer 

walls (6 off at each stat1on) 

iv) Diffuser ex1t (6 off) 

v) Downstream settling length on 1nner and outer walls of 

stat1ons 3.75 ins apart (6 off at each stat1on) 

All static pressure holes were 0.031 1ns. d1ameter, and at each 

station three tappings were made, equally spaced round the 

circumference of the 1nner and outer walls. The axial locat1on 

of the stat1ons is shown in Fig. 2-3-1 

Total pressure traverses were made along three equally spaced 

radii at a station 3 ins. upstream of diffuser inlet, and at 

various stat1ons along the length of the diffuser and downstream 

settling length (see Fig. 2-3-2). The end section of the total 

head tube was flattened to a rectangular shape o.o4o x 0.015 ins. 

Separate probes were used for inner and outer wall traverses, each 

being bent slightly, to ensure that only the tip of the probe 

w~s in contact ,.,ith the surface of the tube. The traverses were 

carried out normal to the walls of the tubes using micrometers 

(see Fig. 2-3-3) wh1ch, after removing any backlash, could be set 

to an accura~y of 0.0005 ins. When the traverse holes \'i'ere not 

in use they were plugged w1th screwed inserts. All pressures 
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were recorded on Betz projection manometers. 

2-3-2 Hot-IVire Measurements 

Turbulence measurements "ere carr1ed out us1ng a D,I,S,A. 

55A01 constant temperature anemometer. The D.C. component of 

the output was monitored on a lveir D. V.M. Type 500, D. r.s.A. 

probe elements Type 55A53 and 55A54 were used, the lHres were of 

plat1num-plated tunasten 5 microns d1ameter 1 0.45 m.m. long (see 

Fig. 2-3-4). No suitable commercial X-probe was available for 

making shear stress measurements, and therefore a single q5° slant 

wire '"as used. The technique used lvas to present the wire at an 

angle of 45° to the mean direction of flow, and then to turn the 

wire through an angle,of 180° as ind1cated below 

- -
( 29) 

This technique is the same as that employed by Goldberg and 

Lee( 63 l, In order to facil1tate the re-orientation of the wire 

the probe element was mounted 1n a square sectioned carrier, and 

fitted into the traverse gear, W1th the square sectioned carrier 

the wires could be placed 1n four positions relat1ve to the flow 

viz. the u 1 -v 1 , and u'w' planes. The carrier and probe element 

are shmm 1n Fig. 2-3-4, and a cross-sectional view is given 

overleaf: 
R 

• 



- 45 -

/ ~/ 
/ / ~ 

I I / 

""' 
CROSS SECTIONAL VIE\'/ OF PROBE AND CARRIER 

A single straight wire probe (Type 55A53)was used to determine 

the longitudinal component of the turbulent fluctuations. 
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FIGURE 2 - 1 - 2 ANNULAR DIFFUSER TEST RIG 
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SECTION 3 

EXPERIMENTAL lvORK 

3-1 Scope of Expcr1mental \York 

Low speed tests were carr1ed out on three annular diffusers 

having centre bodies of uniform diameter and conically diverging 

outer walls. The diffusers had a common area ratio of 2,0:1 and 

non-d1mensional lengths (L/~R1 ) of 5.0, 7.5, and 10.0 respect1vely. 

The tests, using air as the working flu1d, were carried out w1th a 

fully developed inlet velocity profile having a maximum velocity 

of approximately 140 ft./sec. The inlet Reynolds No. was 1.30 x 

1o5. 

To enable the overall performance and boundary layer 

growth to be determined, the static pressures and mean velocity 

profiles were measured at, on average, 16 stat1ons along the 

length of each d1ffuser and the downstream settling length. At 

a number of stations measurements were taken of the distribution 

of Reynolds shear stresses (u 1 v 1 & u 1w1 ) and the longitudinal, 

radial, and transverse components of the turbulent velocity 

fluctuations. 

3-2 Experimental Technique 

For most of the tests the speed of the fan was adJUSted 

to g1ve approximately the same different1al head across the entry 

flare, in this way inlet conditions were maintained as near 

constant as possibleo The fan was then run for 20 mins. to allow 

conditions to settle. The test programme was split into two 

phases, one cbnccrned with the overall performance, the other 
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with the internal performance. 

3-2-1 Overall Performance 

In these tests all the static pressures were recorded 

relat1ve to a reference static pressure measured on the outer 

wall 3.0 ins. upstream of the diffuser inlet. No instabil1ty 

of pressure was noted. 

3-2-2 Internal Performance 

Mean Velocity Prof1les 

Total head traverses were carried out along three equally 

spaced radii at the stat1ons sho•m in Fig. 2-3-1• The velocity 

was calculated from the measured difference between the total and 

wall static pressures on the assumption that the static pressure 

along each radial traverse, was the same as that measured at the 

wall. At each station all three total head probes were 

traversed at the same t1me; the technique adopted was to traverse 

in from the outer wall for some distance past the point of 

maximum velocity, and then with the rig still running to change 

probes and static pressure connections; and traverse from the 

inner wall. When the probes were in contact with the wall, the 

micrometer was set at a distance corresponding to the effective 

displacement of the centre of the probe. Using the correction 

(38) 
due to Young and Maas the centre of the probe was assumed to 

be Oo015 ins. from the wall. 

Turbulence Measurements 

Most of the measurements were carried out at one rad1al 

location, although at inlet, exit, and one or two stations in 

the diffuser, measurements were taken along all three radii • • 
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Inner and outer \i'all traverses were aga1n carried out 

separately. Five traverses were made from each 'Hall as 

detailed belOl<: 

i ) stra1 ght wire pro be - u 1 -v' plane. 

ii) slant wire probe-u'-v' plane. 

iii) slant wire probe turned through 180°- u'-v' plane. 

iv) slant w1re probe - u 1 -w 1 plane 

v) slant wire probe turned through 180°-- u'-w' plane 

(For ~urther details see Appendix 11) 

Considerable care was taken to ensure that the probes were 

correctly ahgned to the fl0l< 7 and accurately positioned from 

the wall, Also the hot-wires were examined at frequent 

intervals under a microscope, to check for contamina t1on \'li th 

dirt, and cleaned when necessary with Kistler contact cleaner 

(Freon 1001). For further information on the precautions 

taken to avoid 11 drift 11 due to dirt see Appendix 13, 

3-3 Computahonal Hethods and Reduction o;f R<'sults 

3-3-1 Hean Velocity Profiles 

A detailed analysis of a typical set of experimental data 

is given in Appendix 1, The values of non-dimensional velocity 

(U/U ) were calculated by hand, and plotted graph1cally at each 

station, A mean line was drawn through the data, and values taken 

from the mean line were tabulated at appropriate intervals, The 

tabulated data was punched on r ,C,T, cards, and an I,C,T, 1905 

Digital Computer was used to reduce the data further, The 

computer program~e used to process the 1nner and outer wall 

velocity profiles 1s detailed in Append1x 2 • 
• 

Using this programme values of displacement thickness, 
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momentum thickness, energy thickness, shape parameter, and 

energy shape parameter, were calculated for tl'/o-d1mensional 

definitions, and axi-symrnctric definitions based on local radius 

and annulus height, Values of the ratio of mean to maximum 

velocity, momentum coeffic1cnt, energy coeff1c1ent, volume flow, 

and the percentage flow entrained in the outer wall layer, were 

also calculated, 

3-3-2 Turbulence Structure 

The reduction of a typical set of turbulence measurements 

is illustrated in Appendix 11. Values of the R,M,S, voltage 

were plotted against distance from the wall, and the square of 

the bridge D,C, volts was plotted against the square root of the 

local velocity ratio (U/U ). Mean lines were drawn through the 

data, and tabulated values fed to a computer programme (see 

Appendix 12). This programme was used to compute values of, 

~2 R2 Jw:2 1 ( U'2 + V'2 + ""'2) 
- ' - , - ' -2 ' U U U 2U 

After the turbulence measurements had been processed, a 

further programme (Appendix 18) was used to calculate the 

Reynolds normal stress, diss1pation coefficient, mixing length, 

and eddy viscosity at a specified number of po1nts across the 

layer, The analysis of a typical set of data is detailed in 

Appendix 17. 

3-4 Estimated Experimental Accuracy 

Pressure measurements liere taken throughout using 

Betz manometers which could be read to an accuracy of 0,01 1ns. 

water-gauge. Therefore the error 111 non-dimensional velocity 

• 
( 11/u) near the wall at inlet should be approximately .:!:. 1% 
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rising to .±. 2% at exit. However-, wh1.lst a correct1on l'las made 

for the effective displacement of the probe, pos1t1oning errors 

could 1ncrease the values quoted to + 2% near the ~<all at inlet. 

No corrections were made for the effects of turbulence, or 

streamline curvature. In general the degree of scatter is 

within the l1mits of exper1mental error, and the accuracies 

quoted are confirmed by the fact that the volume flo1<s 

obtained by integrating the mean veloc1ty prof1les, agree to 

within :!:f:g % of the inlet value-. (see Appendices 4/6/8), This 

is considerably better than the accuracy achieved in earlier 

diffuser investigations, where the volume flow at exit is, 

typically, 5- l~h higher than the measured inlet value,(l5 ) 

The values of static pressure r1.se coeff1cient are 

cons1dered to be with1n .:!: 3%. The loss coeff1c1ent ~<as not 

measured d1rectly but calculated as the difference between 

the ideal and measured values of pressure rise coefficient, and 

therefore suffered in accuracy due to the fact that a small 

difference 1<as calculated from two relatively large quantities, 

The error could be as high as .:!: 20%, nevertheless the loss 

coeffic1ent is small, typically, 0,06, 

The accuracy of the turbulence measurements is considerably 

more diff1cult to quantify, due to such problems as drift, 

orientation of the hot-l<ires, h1gh turbulence levels, and large 

vertical components of velocity as the flow approaches separation, 

The significance of these effects 1s discussed in Appendix 13, 

and the follmdng accuracies are suggested: 

Early stages of diffusion 5% in 

10-15% 1ll 

./u-2/ U 

2. u'v'/U 2 
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Latter stages of d1ffusion 2D"fo in §2/u 

2 u'v'/U 2 

Hm~ever, in the outer reg1ons of the layers further errors in 

u'v' may be 1ncurred due to misal1gnment of the slant wire 

probes. 

The accuracy of the boundary layer parameters, 

is approx1.mately .:t, 3% near diffuser inlet and + 4% at ex1t. 

3-5 Calibration Tests 

Initial calibrat1on tests were carried out on the L/t:.R1 

10 diffuser, since the flow in this diffuser was expected to be 

free from transitory stalling. 

3-5-1 Symmetry of Flow 

Initially flow visuali.sat1on checks were carried out 

using wool tufts, At no point 1n the test d1ffuser or the 

downstream settling length could any s~<irl be detected, Next, 

the circumferential static pressure variation at each station 

was investigated, and, within experimental error, no variation 

could be detected, Finally, the veloc1ty profiles at diffuser 

inlet and exit were measured; excellent symmetry of flow was 

observed, and the integrated volume flo~<s at the tl<o stahons 

were with1n Ii%. Therefore no evidence of any three-dimensional 

flo~< could be detected, 

3-5-2 Calibration of Intake Flare 

It was or1g1nally proposed to fit an I.S.A. nozzle in the 

fan discharge, but in view of the excellent symmetry of flow it 

was decided that the mass flows calculated at diffuser 1nlet 

could be taken as the "correct" values. Tests carried out over 

• a range of fan speeds indicated a mean discharge coeffic1ent of 
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0.97 for the 1ntake flare, a value of 0.975 has been obtained 

. (27) 
for a flare of s1m1lar dcs1gn. 

3-5-3 Influence of Intake Filter 

Neasurements were carried out a station 3 ins. upstream 

of diffuser inlet with and without the filter around the intake 

flare. Within the limits of exper1rnental error no d1fference 

could be detected 1n either the velocity prof1le or the shear 

stress distribution. 

3-5-4 Influence of Diffuser Inlet Bend 

The d1ffuser 1nlet static pressure is usually measured 

some d1stance upstream of the entry plane, because curvature 

of the flm< produces a local reduction of pressure on the 

surface near the entry. At a later stage 1n the test programme, 

a survey of the static pressure distribut1on was made along the 

walls just upstream of the entry to the L; llll1 ~ 5 diffuser. 

The results are shown in F1g. 3-5-1 also included are the 

results for the other two diffusers. The quoted d1ffuser inlet 

conditions are based on traverses carried out at a plane 3 ins. 

upstream of the entry, which is shown to be unaffected by the 

local curvature of the flow. 
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SECTION I, 

RESULTS AND DISCUSSION OF EXPERHlENTAL IVORK 

4-1 Diffuser Inlet Conditions 

The mean velocity profile measured along three equally 

spaced radii at a station 3 ins, upstream of diffuser Inlet 

(henceforward referred to DIFFUSER INLET) is shown In Fig, 4-1-1. 

. (39) The results are compared With those due to Brighton and Jones , 

for approximately the same Reynolds nwnber, and a radius ratio, 

Ri ( 26) 
/Ro = 0,562, The results are 1n good agreement; Hm<ard et al 

have produced a similar finding, Also the position of the point 

of maximum velocity In turbulent flow is much the same as that 

for laminar flm't". 

In order to verify that the data followsthe well established 

"Law of the lvall", the results are shown in Fig. 4-1-2 in the 

form of a semilogarithmic plot, The law Is; 

~ = _!_ log [(Ro-R) u.,.] + C 
u K e v .,. 

4-1-1 

Values of the constants, K & c, in annular flm< have been quoted 

(40) 
by Knudsen and Katz as 0,38 and 3,0 respectively, In VIew 

of the large rad1.us ratio 1.t l'las considered more appropriate to 

(1>1) 
use the values suggested by Coles for two-dimensional flow 

i.e., o,4 & 5.1. Similar assumptions have been made by Goldberg 
(29) 

in an experiment ,,ith annular flow at an equivalent radius ratio. 

Eqlli~tion 4-1-1 can be expressed ~or the outer wall boundary 

layer in the form; 

~=No{ 2.5 loge[(Ro-:)U~ro] +51}- 4-2-2 

and for the inner wall layer as; 

~ = lW· { 2.51o_ge[(R-~,)UAr,] +5.1}-4-2-3 

Equations 4-2-2 and 4-2-3, have been plotted as a universal 
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family for various values of Cf, the measured veloe1ty prof1les 

are also plotted, and the value of Cf determ1ned by selecting the 

appropriate me'l!ber of the fam1ly which best fits the expcr1mental 

data. Whilst the veloc1ty prof1les on inner and outer walls 

follow a logarithmic variation, the experimental data lie on a 

line of greater slope than that predicted by Coles. Th1s 

variation 1n slope makes it diff1cult to estimate values of Cf 

to better than .:!;5%. The table below compares the est1mated 

(42) 
values with those pred1cted by Lud,neg and T11lmann and 

(43) 
Felsch for the same values of Re 6 and H. 

COMPARISON OF SKIN FRICTION COEFFICIENTS 

OUTER WALL INNER WALL 

Cf - Exper1ment 0.0033 o.oo34 

Cf - Ludw1eg & T1llmann 0.00356 0.00378 

Cf - Felsch 0.00357 0.0038 

The lower experimental values are attr1buted to the lack of a 

suitable form of the universal law, Knudsen and Katz (40) in 

reviewing flOl'/ 1.n annular passages state that 11 extens~ve invest-

igation has failed to produce a satisfactory relationship". 

The boundary layer momentum thickness ( e I (Ro - Ri) ) on 

inner and outer walls is 0.039 and o.ry>2 respectively, compared 

(27) 
with values of 0.036 and o.o41 reported by the author for a 

radius ratio of o.6o. 

The Reynolds shear stress d1stribution (see Fig. 4-1-3) 

was found to be linear, indicating that the flow was dlso fully 

developed 1n terms of the turbulence structure. The shear stress 

distributions were extrapolated to the wall to give further 

estimates of the skin fr1ct1on coefficients viz. Cfo "" Cfi = 0.0031 
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The distribution of longitud1nal turbulence intens1ty is 

shown 1n Fig. ~-1-~ ; lt will be seen that there is good agreement 

with the outer wall values due to Brighton and Jones, but the 

results are approximately 15% lower over a large proportion of 

the inner layer. 

Thus on the basis of the mean veloc1ty profiles and 

turbulent shear stress distributions it can be stated that fully 

developed flow has been established at d1ffuser inlet. It should 

be noted that these condit1ons have been achieved in an entry 

length of 50 hydraul1c diameters with the aid of trans1tion w1res 

on the intake, compared with a length of 59 diameters used by the 

author( 2?) in an earlier investigation. W d (22) . . .1 oo us1ng a s1m1 ar 

arrangement required 45 diameters, whilst Brighton and Jones using 

gauzes and roughness elements required 35 diameters. 

4-2 Outlet Cond1tions and Flow Stability 

Fig. ~-2-1 shm<s the outlet velocity profiles for the 

three d1ffusers; the following points are noted: 

(i) As the non-dimensional length of the diffuser is 

reduced, the distortion of the outlet velocity profile increases. 

The increased distortion is reflected in the progressive increase 

in the profile energy coefficient "'z. 

(ii) The increased distortion is associated mainly with 

an increase in the shape parameter of the outer wall boundary 

layer. 

(iii) Although considerable distortion of the flow has 

taken place, only in the case of the L/ AR
1 

= 5 diffuser is 

any asymmetry of flow observed. The symmetry of flow in the 

other diffusers is very good. 
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The imminence of separation at outlet o:f the L/ !!> R
1 

= 5 

diffuser is indicated by the asymmetry of flow, and the high 

outer wall shape parameter. However failure to measure a separ-

ated profile cannot be taken unreservedly as proof of the 

absence of separation, but merely indicates that separation 

has not occurred at the positions at which the measurements were 

made. Examination of the :flow at outlet using wool tufts 

indicated that ~nterm~ttent transitory stalling was occurr~ng at 

vary~ng positions on the outer wall between the outlet plane 

and a stat~on approx~mately one inch upstream. 

In the other two diffusers tested there was a general 

unsteadiness ~n the outlet :flm< but no stalling could be 

detected, 

4-3 Static Pressure Distr1bution 

The i11crease of pressure along the inner and outer walls 

of the d1:ffusers 1s 1ndicated 1n F~gs. 4-3-1/2/3, in terms of 

the local pressure coefficient def1ned as 

C - P-P, 4-3-1 p- ~ 
2_Pu1 

The experimental observations are given in Appendix 9. The 

inlet pressure P
1 

is taken as the stat~c pressure measured 3 ins. 

upstream of diffuser entry (see Section 3-5), A similar 

al. (26), technique has been adopted by H01<ard et and Stevens and 

Markland(l9 ). There is a sign~f1cant difference in static 

pressure across the annulus in the vic1nity of the diffuser entry 

due to the local curvature of :flQw, This pressure difference, 

which increases w~th outer wall angle, has the effect o:f 

. . (dP) 
~ncrcas~ng the local pressure gradient dx on the outer wall 

in the initial stages of d1:ffus1Qn, Over the remaining length 
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of the diffusers, with the cxcephon of the L/LIR
1

=5 diffuser, 

the pressures on the inner and outer walls at each statron are 

1ndist1nguishable. In the case of the L/ LIR
1

=5 diffuser, the 

small but detectable difference in pressures is not considered 

to be s1gnifrcant. 

The measured values of pressure rise coeffrcrent are 

lower than the ideal values calculated from Eqn. 1-3-2 due to 

the comb1ned effects of incrcas1ng non-un1form1ty of flow and 

energy losses along the length of the d1ffuser, Neglect1ng 

energy losses, the pressure rrse coefficient is obtained from 

Eqn. 1-3-3 as; 

cp = [o(• - o(2. ] 

AR 2 4-3-2 

The predicted values of Cp obtained by substitut1ng the 

experimental values of velocity profile energy coefficient 1n 

Eqn. 4-3-2 are also sh01<n in Figs, 4-3-1/2/3. It will be seen 

that the lower experimental values of Cp are due mainly to 

insufficient diffusron associated With the increased kinetic 

energy flux due to fl01< distortion, rather than inefficient 

d1ffusion due to energy losses. 

4-4 Overall Performance 

The overall performance of the diffusers is summarised 

below: 

DIFFUSER L/ L1 R 
1 

-Cp 1-2 

-, 
Cp 1-2 

El-2. Cp/Cp I 

eX} 

o<2 * 

:>- 1-2 

5.0 7·5 

0.51> o.63 

0.75 0.75 

0.72 0.84 

r.ot±s 1.045 

1.740 1.41 

o.os o.o65 

10,0 

0,64 

0.75 

0.85 

lool>5 

1.31 

0.077 

*Arithmetic 
mean value 
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The calculation of the loss coef:fic1ents (A 1-2) 1s detailed in 

Appendix 10, and the values of outlet velocity prof1le energy 

coeff1c1ent ( o< 2) are given 1n Appendices 4/6/8. 

The results show· that an increase 1n the non-d1mensional 

length of the diffuser results in an improvement 1n the static 

pressure rise coe£ficient. However within the lim1ts of experi-

mental error the valuesof Cp1_2 for the L/ 6R
1

=7•5 and 10.0 

diffusers are the same; this is due to the reduced d1stortion 

in the L/ C. R
1 
=10.0 diffuser be1ng offset by the slightly larger 

energy losses associated with the increased length of diffusion. 

4-5 Comparison of Overall Performance with Publ1shed Data 

(26) . 
Howard et al. have carr1ed out overall performance 

tests with fully developed flow at inlet, on a range of annular 

diffusers wh1ch had centre bod1es of uniform diameter and inlet 

radius ratios of 0.775 and 0.515. Although the influence of 

inlet radius ratio was found to be significant,, the higher 

value of 0.775 is reasonably close to the value used in the 

present tests and the results are compared in the table below. 

DIFFUSER L/ ll R
1 5o0 7.5 10.0 

Cpl-2 (Expt) 0.54 o.63 o.64 

- * 
Cpl-2 (Howard et al.) 0.53 0.59 o.6o 

• Interpolated 

It can be seen that within the limits of experimental error 

there is good agreement between the datao 

(7) 
Sovran and Klomp have proposed a universal correlation 

to predict the influence of inlet boundary layer thickness on 

diffuser performance (Fig. 1-4-}). The correlation 1s restr1cted 

to diffusers having geometr1es on or near the optimum Cp • line 
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i.e. Substitution of the appropriate 

values of area ratio and inlet blockage fraction yields a 

predicted value of ( u /U)
2 

~ 0.60 compared \dth the experimental 

value ~ 0.62. Us1ng th1s result, and neglecting the total 

pressure loss along the streamline of max1murn velocity, a 

static pressure rise coefficient of 0.555 is predicted, which 

is in excellent agreement with the measured value. 

Very llttle published data is available on annular 

. (25) 
d1ffuser loss coeff1c1ents, however Henry et al. have 

suggested a correlat1on based on the included wall angle. The 

experimental data is compared with this correlation 1n Fig. 

4-5-1. It can be seen that there is reasonable agreement with 

(82) 
the data due to Nelson and Popp. 

4-6 Influence of DO\mstream Settling Length 

Measurements were made of the variat1on of stat1c pressure, 

velocity profile, and turbulence structure along the length of 

the constant area duct dO\mstream of the diffuser. Traverses 

were carried out at stations, 3.75, 7.50 and 11.25 ins. down-

stream of the diffuser exit plane. The velocity profiles are 

shown in Appendices 3/5/7, and the pressure d1stributionsand 

turbulence data are given in Appendices 9/14/15/16. 

There is an increase in pressure in the dmmstream 

settling length due to radial momentum transfer reducing the 

distort1on or momentum coefficient of the velocity profile. 

This effect is shown in F1go 4-6-1 where the reduction in 

distortion is indicated by the lower values of shape parameter. 

The momentum equat1on for flow in the settling length is; 
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Where 'Tw is the mean wall shear stress, and (3 is the momentum 

coeff1cicnt defined as 

l.t-6-2 

If the flow is assumed to be near to separat1on at outlet, 

the term [ "T..,n (Do + Di) dx]has a very small influence in the 

equation, and can be safely neglected. Equat1on l.t-6-1 therefore 

reduces to 

P3-Pz = 2((32-(33J(A,\2 
.lpu 2 Az) 
2 1 

l.t-6-3 

In the table below the measured values of pressure r1se coeffici-

ent are compared Wlth the value obta1ned by subst1tuting the 

experimental values of (32 and [33 in Eqn. l.t-6-3. 

DIFFUSER L/ t;,R
1 5.0 7·5 10.0 

(32 1.239* l.ll.t2 1.106 

f33 1.021± 1.017 1.017 

( )/ -2 Eqn. P3-P2 lpu, (l,-6_3 ) 0.107 o.o62 o.ol.tl.t 

(P3-P2)/ i put (expt) 0.125 o.o'<3 0.050 

Cp-1-3 0.665 o.668 0.690 

-
Cp 1-2 0.51.t0 0.625 o.6l.to 

% increase in -Cp 23.0 7.0 8.0 

* Arithmetic mean value 

Within the limits of experimental error, there is good agreement. 

The discrepancy 1n the case of the L/ f. R
1 

=5 diffuser is 

cons1dered to be due, in part, to the difficulty in establishing 

an accurate value of ~ 2 for the asymmetric d1ffuser outlet 

velocity proflle. It can be seen that the downstream settling 

length produces an appreciable increase in the static pressure 

L 
rise coeff1cient, particularly 1n the case of the '/ 1:!. R

1 
=5 

diffuser. 
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The overall loss coefficient, A l-3, for the diffuser -

settling length combination has been obtained from: 

A1_3 = [0(•- «3 J :._ cp 
(A-,jA,)2 

t- 3 4-6-4 

The values ofAl-3 are tabulated below: 

DIFFUSER Ll liR1 5.0 7·5 

o<l 1.o'±5 1.045 

o<3 l.o67 1,o'±8 

0(1 cX3 
- I(A3IA1) 2 0.778 0.783 

- (expt.) 0.665 o.668 Cp 
1-3 

'A l-3 0.113 0.115 

/-1-2 o.o8o 0.065 

"2-3 
!>PT 

= ...!.flu2. 0.033 0.050 
2 I 

'A2-3 = liPT I {f'"~ 0.132 0.200 

cp 2-3 = liP f ~f'u: 0.500 0.172 

L 
Based on the results for the Ill R=5 & 10 d1ffusers, the 

I 

10.0 

1.045 

1.050 

0.783 

0.690 

0.093 

0,077 

0.016 

o.o64 

0.200 

increased turbulent mixing has resulted in an increase of approx-

imately 30% in the overall loss coeffic1ent. These values are 

approximate, since they have been calculated from the difference 

between the ideal and actual static pressure rise coefficients, 

and as discussed in Sect1on 3-4 this approach can lead to large 

errors, e,g. the results for the Ll ll R
1
=7.5 d1ffuser. 

To summarise, the addit1on of a dmmstream settling 

length produced in all cases an 1mprovement in the pressure rise 

L coefficient, part1cularly 1n the case of the I 6 R
1 

= 5 diffuser 

which exhibited the greatest flow distort1on. In all cases the 

stability of flow in the settling length increased considerably. 

However, these improvements are obtained at the expense of an 
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increase in the mean total pressure loss. 

lt-7 Mean Velocity Prof~les and Boundary Layer Grmrlh 

4-7-1 Mean Veloc~ty Profiles 

The development of the mean velocity profile, at one 

circumferential posit~on, along the inner and outer walls of the 

three diffusers is shown ~n Figs. 4-7-1 to 4-7-6. The profiles 

plotted aga~nst the non-dimensional distance from the inner wall 

are presented in Figs. 4-7-7 to lt-7-9, whilst the results of the 

traverses taken along the three equally spaced radii are g~ven 

~n Append~ces 3/5/7. The boundary layer parameters quoted on the 

graphs are based on ax1-symmetr1c def1nitions e.g. 

* JRm l Rm d; = (1- ~)B_ dR 1 9; = ~(1-!!.) 3_ dR 1 
R U R, R U U R, 
' ' 

H, = 8,•/e, 

The velocity prof~les in Append~ces 3/5/7, exhibit excellent 

symmetry of flow at all stations; only on the outer wall at exit 

of L/LIR
1

=5 d~ffuser 1s any asymmetry noted, 

lt-7-2 Boundary Layer Growth 

The boundary layer parameters at each station are listed 

in Appendices lt/6/8, and their rate of growth along the inner 

and outer walls is presented ~n Figs. lt-7-10 and lt-7-11. 

There is a significant difference in the growth of the 

shape parameter H along the inner and outer walls. The rate of 

( dll) increase ~n the shape parameter dx ~s greater on the outer 

wall, and this effect increases with outer wall angle, until in 

the case of the L/ C.R
1

=5 diffuser a value of H ~ 3.5 is 

obtained at exit. The exit shape parameter on the inner wall 

remains approximately constant at 1.70 in all three diffusers. 

In order to explain these effects, the physical interpret-

ation of profile distortion is briefly reviewed, The two-dimension-

al boundary layer equation for the mean flow may be wr~tten as 
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~-2 
ou + 
ax 4-7-1 

If the influence of Reynolds stresses is 1gnored and the term 

vau is assumed to be small in the inner reg10n of the layer, 
ay 

then the equation indicates that 1n the presence of a pressure 

gradient the change 1n velocity ilu is 1nversely proportional 
ilx 

to the local veloc1ty. In a diffuser where 4? is posit1ve, 
dx 

there will therefore be a reduction in velocity. The reduct1on 

in velocity is greatest where the local velocity is smallest and 

the distortion of the flow is accentuated. This simplified 

approach is modified by the inclus1on of the other terms in the 

equation, of which the most important is the Reynolds shear 

stress, which represents the mean transfer in the y d1rection of 

x - component momentum. Neasurements of the shear stress 

distribution, in a boundary layer subJected to a strong adverse 

pressure gradient, indicate that the flow in the vicinity of the 

wall rece1ves momentum from the outer reg1ons of the layer which 

assists it to advance to a reg1on of higher pressure. Therefore, 

in an adverse pressure gradient the Reynolds shear stress reduces 

the degree of distortion, and the changes 1n prof1le shape will 

therefore depend on the relat1ve magnitude of the pressure 

grad1ent and Reynolds stress terms. 

Since the static pressure is nearly constant across any 

stat1on 1n the diffuser, the boundary layers on inner and outer 

walls must experience the same pressure gradient, and therefore 

the asymmetric growth of the boundary layer shape parameters is 

due to 

(i) Init1al distortion produced by the flow curvature at 

entry, 
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and/or 

(ii) Significantly d1fferent turbulence structures in the 

inner and outer wall layers. 

Although a generous blend1ng radius (see Fig. 2-1-1) was used to 

ensure a smooth change 1n flow direction on the outer wall at 

~nlet, the measured static pressure distributions in the vtcinity 

of the inlet flange indicate a Slgnificant pressure d1fference 

across the annulus as illustrated below. 

0 
X X 

- - - Inner Wall -- Outer Wall 

After the minimum pressure po1nt the boundary layer on the 

outer wall experiences a more severe adverse pressure gradient 

which is reflected 1n a higher shape parameter on the outer 

wall at a station 0.3 ins. downstream of the inlet flange. 

UPSTREAH DOWNSTHEAM 

DIFFUSEH L/6R
1 5.0 7o5 10.0 

Station (X ins) -3.0 0.3 Oo3 0,3 

Outer Wall H 0 1.30 1.39 1.36 1.30 
f---. 

Inner Wall H i 1.28 1.31 1,28 1.32 
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In the case of Lj~R1 = 5 diffuser the 1nitial pressure gradient 

(41,) 
is very large and, Coles has suggested that under such 

conditt.ons lithe mean mot1on 1s determined by pressure :forces 

alone," Therefore in the L;~n1 = 5 diffuser the asymmetric 

growth of the shape parameters is attr1buted to the init1al 

distort1on produced by flow curvature at inlet, wh1ch 1s then 

accentuated by a very sevemadverse pressure gradient rn which 

the turbulent Reynolds stresses play only a minor role. 

A similar phenomenon has been reported by Stevens and 

Eccleston(36 ) 1n an experiment in which a d1ffuser was 

preceded by a 40° annular bend, Due to the d1stortion produced 

by the bend the shape parameters on the 1nner and outer walls 

at diffuser inlet were 1,22 and 1.t.3 respect1vely, The severe 

adverse pressure grad1ent 1n the d1ffuser (L/AR1 = 6,2, A2/A1 = 2,0) 

accentuated this dt.stortion to produce shape parameters on inner 

and outer walls at diffuser exit of 1.28 and 3,0. 

The asym·1etric growth of the shape parameters is reduced 

as the outer wall angle is decreased, s1nce not only the degree of 

in1tial d1stortion, but the pressure gradient also is reduced, and 

the turbulent Reynolds stresses exert a greater influence on the 

development of the mean motion. 

As discussed in Section t.-2 intermittent transitory 

stalling was detected over approximately the last 20% of the 

outer wall of the Lj~R1 = 5 diffuser. The experimental boundary 

layer parameters are compared in Fig, t.-7-12 with the correlations 

. (45) 
suggested by Sandborn and L1u for pred1cting intermittent 

and fully developed separation, It can be seen that the 



- 71 -

condit1ons at diffuser exit correspond to fully developed 

separation. Whilst the shear stress at this point is very small, 

only a trans1tory stall could be detected. Furthermore, the 

correlation predicts the onset of stall1ng at a station 

approximately 3 ins. from d1ffuser inlet, whereas wool tuft 

observations indicated that transitory stalling did not occur 

until appronmately I, ins. from 1nlet. Therefore whilst Sandborn 

and Liu correlat1on is partially successful, like many other 

separat1on predictions it merely ind1cates the imminence of 

stalling. 

l,-8 Longitudinal Turbulence Intens1ty Distr1but1on 

The measured long1tud1nal turbulence intensities are 

presented in Figs. l,-8-1 to q-8-6. The method of reduc1ng the 

data is given in Appendix 11 and the results are tabulated in 

Appendices 14/15/16. It is emphas1sed that apart from plott1ng 

the test data to remove spurious poi~ts, the results are based 

on the raw test data with no corrections apphed. Although the 

order of accuracy probably varies from 5-10% 1n the early stages 

of diffusion, to approximately zry~ in the latter stages, the 

results do indicate general trends when results for the 

different diffuser geometries are compared. 

The data showsthat 1n an adverse pressure grad1ent the 

value of }-;;.'
2 

/U near the wall develops to a maximum which 

increases and moves away from the wall as the flow proceeds 

downstream. Wh1lst the flow rema1ns within the adverse pressure 

gradient the maximum level of Ju'2 
/U is maintained, but when the 

pressure gradient is relaxed in the dmmstream settling length 
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the maximum falls rap1dly. 

(46) 
Spangenberg et al have suggested that areas of 

intermittent stalling occur when the root-mean-square 1ntensity 

in the inner 10% of the layer exceeds about 3396 of the local 

mean velocity. Using this criterion the data indicatesthe onset 

of intermittent stalling on the outer wall of the L/6R1 = 5 

diffuser at a station approximately 2.50 1ns. from inlet, and on 

the outer wall of the Lj4R1 = 7o5 diffuser approximately 6.0 ins. 

from inlet. Careful investigation using wool tufts did not 

confirm these pred1ct1ons. Intermittent stalling was confined to 

a region on the outer wall of the Lj6R1 = 5 d1ffuser approximately 

4 ins. from inlet, where r.m.s. fluctuat1ons as high as 7~~ of the 

local velocity were recorded. 

In the latter stages of diffusion, along the outer wall 

of the Lj6R1 = 5 diffuser, there is a sharp fall 1n the value of 

Ju' 2 /U, which suggests that in regions near to intermittent 

stalling the force opposing the pressure grad1ent is probably 

der1ved not only from the shear stress gradient, but also from 

the grad1ent of Reynolds normal stress. 

The measured longitud1nal turbulence 1ntens1ties in the 

downstream settling length distal to the three diffusers are 

presented in Figs. A14-1/2, A15-1/2, and A16-1/2. The 

distribut1ons are given along one radius at three stations 

located 3.75, 7.50, and 11.25 1ns. from diffuser outlet. There 

are insuff1c1ent number of traverses to draw conclusions 

regarding the ax1al grad1ent of turbulence intensity but an 

indicat1on is obtained of the level of values at the measuring 

stations. Figs. A15-2 and A16-2 ind1cate that the maximum 
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value decreases as the flmv approaches eqmlibr1um. However, 

although the boundary layer shape parameters on Inner and outer 

walls at the station 11.25 ins from outlet are in the range 

1o37 to 1.28 the values of turbulence intensity are relatively 

high. Therefore the velocity profile IS returning to equilibrilli~ 

faster than the turbulence intensity distribution. 

4-9 Turbulent Shear Stress Distribution 

The distribution of turbulent shear stress (2~ 1 ) at one 
u:r 

circumferential position for a number of stations in the three 

diffusers is presented in Figs. 4-9-1 to 4-9-3. The method of 

reducing the data is detailed In Appendix 11 and the results 

obtained using a computer programme (see Appendix 12) are 

tabulated in Appendices 14/15/16. To complete the shear stress 

distributions, the shear stress at the wall, estimated from the 

equation due to Lud,<ieg and Tillmann(42 ) has been added. The 

turbulent shear stress measured in the u'-w' plane was found to 

be extremely small, and is therefore not presented in a graphical 

form. 

At a selected number of stations measurements were made 

of the shear stress distribution along three equally spaced radii; 

the results are tabulated in Appendices 14/15/16 and presented 

graphically in Figs. A14-5/6, A15-5, and A16-6. Within the 

' limits of experimental error, the distributions are symmetrical, 

and only in the case of the measurements taken at exit of the 

L/AR1 = 5 diffuser is any marked asymmetry observed. 

The shear stress distributions are very similar to the 

longitudinal turbulence intensity distributions, in that, near 

the wall a max1mum develops which moves away as the flow proceeds 
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entailed in mak:tng accurate shear stress measurements the 

general trend of the results is very cons1stent. It is possible 

to see qual1tat1vely on physical grounds how the shear1ng stress 

must be distributed across the layer. The shearing stress is 

always 1n such a direction that fluid layers further out pull on 

layers further in. ln1cn the pressure is either constant, or 

falling, all pull is ultimately exerted on the surface. Therefore 

the shearing stress must be at least as high at the surface as 

it 1s elsewhere and it would be expected to be a maximum there, 

as it must fall to zero outside the layer. When the pressure is 

r1sing, part of the pull must be exerted on that part of the 

fluid near the wall, wh1ch has insufficient energy of its own 

to progress to reg1ons of h1gher pressure. In other words, the 

fl u1d in such layers must be pulled upon harder than it pulls 

upon the adJacent layer nearer the surface. This means that the 

shear stress must have a maximwn away from the wall 1n regions 

of adverse pressure gradient. 

An alternative approach 1s to write the mean flow equation 

(Eqn. 4-7-l)near the wall as 

d-r- dp 
dy - dx 4-7-2 

assuming that the remaining terms 1n the equation are negl1gible 

in the vicinity of the wa11. Therefore 1n the initial stages of 

diffusion where the pressure gradient is at its maximum value, 

steep gradients of shear stress are observed near the wall. Then as 

the flow proceeds dmmstream, and the pressure gradient is relaxed so 

the grad1ent of shear stress normal to the wall is reduced. The 

region between the wall and the po1nt of maximwn shear stress is 
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receiving energy per unit voltm1e at each point at a rate g1ven 

by u a 'T ' and therefore the positive 
ay 

slope eh , 
ay 

is evidence that 

the shear stress 1s act1ng to prevent separation. The fall to 

near zero in shear stress on the outer wall at exit of the 

L/ 6 R
1 

= 5 diffuser 1s attributed to the extremely low velocity 

in this region, and that a condition has developed in which no 

energy can be receivedo 

(31o) 
A number of workers notably Bradshaw and Spangenberg 

(1,6) 
et al , have investigated the val1dity of Eqn, lo-7-2. 

Bradshaw found that d 'T ~ .!. <:!P , and Spangenberg et al. , in an 
dy 2 dx 

investigation of a near separating layer, found that at no 

point near the wall did d-r equal dP ; in fact close to separa-
dy dx 

tion d-r ~ 0.2 dP 
dy dx 

As separation was approached a condition 

of near zero wall shear stress was reached, and in this region 

the force reqmred to overcome the pressure gradient was found 

to be der1ved mainly from the Reynolds normal stress term, a 

value of du'2 
0:0.6 dP 

dx dx 
being obtained near to separation. 

Examination of the experimental data along the outer wall of 

L the '/ ll R
1 

= 5 d1ffuser revealed that 

initial stages of d1ffusion, falling to 

d'T ~0 8 dP in the 
dy dx 

d'T "' O. 25 dP 
dy dx 

at a stat1on 3.75 ins. from entry. The gradient of Reynolds 

normal stresses at a point 0,5 ins, from the wall, for the 

station 3.75 ins, from entry, was found to be equal to 

approximately 0,3 dP • It appears therefore that at this point 
dx 

the other terms in the mean flow equation must be taken into 

account. For a deta1led analysis of the flow, additional 

measurements are requ1red near the wall. 

It 1s of interest that despite the signif1cant differences 

in mean flow development in the three diffusers, the maximum 
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values of shear stress along 1nner and outer walls are very 

similar. This seems to suggest that the turbulence components 

have orig1nated from sources other than the local mean velocity 

gradient. 

The shear stress d1str1bution at the three traverse 

stat1ons in the downstream settling length are presented in 

Figs. Al4 - 3/4, Al5 - 3/4 and Al6 - 3/4. It can be noted that 

in the L/ AR
1 

= 5 & 7.5 d1ffusers the maximum value of shear 

stress in the outer wall boru1dary layer cont1nues to 1ncrease 

up to the stat1on 7.5 1ns. from d1ffuser outlet, reflecting 

the large amonnt of turbulent mixing \~Thich is occurring. 

Although 1n the inner wall boundary layer the max1mum value of 

shear stress is decreasing cont1nuously 1 there J..S evidence, 

particularly 1n the outer wall boundary layer, of the turbulence 

structure lagging behind the development of the mean velocity 

profile. 

4-10 D1str1bution of ~hxing Length and Eddy Viscosity 

4-10-1 Mixing Len9th 

The mix1ng length defined by Prandtl as 

e- [-u'v' J'/z 
- ~~~~!~ 

4-10-1 

is often used to relate the turbulent shear stress to the mean, 

velocity prof1le. It is frequently assumed that the mix1ng 

length stays constant in the outer 80% of the boundary layer and 

equal to 0.098 , wh1lst for the 1nner region of the layer the 

Prandtl relationship, e = 0.4 y 1 is used. A review of expressions 

for mixing length is given by Patanker & Spalding~ 78 l 

The method used to obtain the values of mixing length 1s 

deta1lcd in Append1ces 17/18, and the results are tabulated 1n 
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Append1ces 20/21/22. The values of mixing length have been non-

d1mensionalised w1th respect to displacement th1ckness,and are 

presented in Figs. ~-10-1/2, A21-l/2, and A22-l/2. 

Brighton and Jones(39 ) have shown that in fully developed 

flow the mixing length, e, goes to 1nfin1ty as R- Rm; the 

same effect 1s noted at the edge of a number of the test boundary 

layers, due to small d1fferences between the radii of the po1nt 

of maximwn veloc1ty (~~ = o), and zero shear stress. The 

mixing length, e ' physically represents the distance over wlueh 

a flU1d part1cle m1grates before exchanging momentum with fluid 

particles of different layers. Thus, 1t would be impossible to 

have values of f of the order of 6 or greater. This anomaly is 

confined however to a small portion of the flol'l. 

Apart from cond1t1ons near to diffuser entry where mix1ng 

length increases with distance from the wall, the distr1butions 

agree reasonably well with the assumption of constant mixing 

length over most of the boundary layer, although the magn1tude 

of this constant level varies considerably. As the flow proceeds 

along the d1ffuser the value of f/ 8 * 1S reduced, due to the 

turbulent shear stress distr1bution lagg1ng bch1nd the development 

of the mean velocity profile. In the downstream settling length 

the values of u s• increase rapidly. Similar results have been 

. (29) (~7) 
obta1ned by Goldberg and Rotta • 

It has been suggested by many research workers e.g. 

(~8) (3~) 
Bradshaw and Reynolds that m1xing length theory is 

unsonnd when applied to condi t1.ons far removed from 11 local 

equilibr1um11 • As a matter of interest, the mean values of (/ 8 , 

f/ £*, and f/ Ro- Ri) in the outer portions of the layers were 
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compared to see if the magnitude of the variations could be 

reduced by an alternative method of non-d1mensionalis1ng. The 

results are g1ven 1n Table 4-1. The variat1on in the mean values 

0 < and e; ~· of ,jo o l.S compared ldth the results due to Goldberg in 

the table below. 

Goldberg Present Investigation 

c; s· e;& e; s* U8 ~/(Ro-Ri) 

maximum value 0.55 0.10 o.t.~:o 0.098 o.oL.3 

min1mum value 0.10 o.oL. 0.11 0.054 o.o28 

IVhilst the var1ations in the present exper1ments are less 

than those obtained by Goldberg, the variat1ons can be reduced 

still further by considering inner and outer wall boundary layers 

separately. 

e;6* f/8 U(Ro-Ri) 

inner wall 0.35 ~ ~~% 0.088 
+ 11 % 0.038 + llr"' 

12. ,, - 9 -
outer wall 0.20 ~ 45 % 0.062 

+ 19 
% 0.033 

+ 30 0, 

18 )0 - 15 -
The values of C/o give the lowest percentage variation, the 

inner wall values being in good agreement Wlth the correlation 

. (49) 
suggested by Spald1ng • 

An unsuccessful attempt was also made to correlate the 

values of rn1xing length with the non-dimensional pressure 

grad1ent parameter ( .£_* d P ) • 
'Tw dx 

4~10-2 Eddy V1scosity 

The eddy viscos1ty E , def1ned 1n Eqn. 4-10-2, has also 

been used to relate the turbulent shear stress to the mean 

velocity prof1le. 

- U
1
V

1 

du 
dR 

4-10-2 
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The s1mplest assumpt1on of a constant value of E in the outer 

region of the boundary layer was applied to equil1brium layers 

(51) 
by Clauser who suggested 

0.018 4-10-3 

The solution obtained 1n this way was joined with the universal 

law of the wall to g1ve the veloc1 ty profile for the whole of 

the boundary layer. . (50) 
Bradshaw and Ferr1s , and more recently 

(29) 
Goldberg , have shown that the assumpt1on of constant eddy 

viscosity away from the wall does not hold in non-equilibrium flows. 

Also the variation of .£. at fixed :!... , exhibits the same trend 
us• o 

as the mix1ng length data, 1n that, ~ decreases in an adverse 
us* 

pressure gradient, then increases rapidly in the downstream sett-

ling length. Goldberg attempted to determine a more appropr1ate 

normal1sation of eddy viscos1ty, but found that even the best 

grouping, 1L , had maximum and min1mum values of 1.4 and 0.51 
UT6 

respectively compared with values of 0.028 and o.oo48 for E 

us* • 
The method used to obtain the values of eddy viscosity 1s 

detailed 1n Appendices 17/18, and the results are tabulated in 

Appendices 20/21/22. The values of eddy v1scosity have been 

non-d1mens1onal1sed w1th respect to displacement thickness and 

annulus height. Although in the outer reg1on of a number of 

layers, the value of .£.* is approx1mately constant, as in u.s 
Goldberg's experiments, there 1s a considerable variat1on in the 

value of .£.,at f1xed ~ , typical maximum and min1mum values u.s o 

being 0.035 and 0.007 respectively. * The variat1on of E/U8 along 

the outer wall. of the L/ !:. n
1 

= 5.0 diffuser is presented in 

Figure A20-l. 
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4-11 Skin Friction Coeffic1ents 

No direct measurements \vere made of wall shear stress, 

and the local skin frict1on coeffic1ent was estimated from the 

measured velocity profiles us1ng the method due to Clauser(5ll. 

The conventional form of the law of the wall (Equat1on 4-l-l) 1s 

replotted as a universal fa1mly for a range of values of Cf • 

The measured profile is then plotted and the value of (f 

determined by selecting the appropriate member of the fanily 

which best fits the exper1mental data. It may be noted that 

during the 1n1tial stages of diffusion there is an absence of any 

clear logarithmic portion in the measured profiles and under 

these conditions the estimated values of (f can only be 

considered as approxrmate. The Clauser plots are shown in Frgso 

4-ll-1 to 4-11-6 1nclus1ve. The results are plotted 1n F1gs. 

4-11-7/8 and compared with the values pred1cted by Ludw1eg and 

. (42) (41) 
T1llmann , and Coles for the same value of Re e and H. 

The results 1nd1cate a rapid decrease 1n skin friction 

coefficient during the in1tial stages of d1ffus1on, and that on 

L 
the outer wall at exit of the /f. n

1 
= 5 d1ffuser a condition 

of near zero \;all shear exists. Both Coles Law and the relation 

due to Ludwieg and Tillmann, overestimate the value of skin 

friction coefficrent by as much as 35% in some cases. Discrep-

(27) ancies of a s1milar order have been noted by the author and 

(29) . 
Goldberg 1n exper1ments performed under conditions of severe 

adverse pressure gradrent. 

4-12 Balance of Nomentum and Energy Equat1ons 

4-12-1 Dalance of Nomentum Equation 

As a guide to the accuracy of the experimental data, and 
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the relative s1gnificance of the terms 1n the momentum equations, 

momentum balances were carried out at a number of stations along 

the length of each diffuser. Writing the momentwn integral 

equations (Appendix 25 and Reference 33) for the flm< along the 

inner and outer walls as: 

Rm 

de;= (f, - §.• dR; _ 8, dU(H, +2)+ Rm2-R?_I_ 
2
(dP,, + J_

2 
.4_ J(u'2+v.;,2-v' 2l~,dR 

dx 2. R, dx U dx R, 2pU dx/m U dx R, - l,-12-2 

The momentum balance consists of us1ng the experimental 

values of e, H, u, R , etc., at a given station, to calculate 
m 

the terms on the right hand side of the equation, and then to 

compare the calculated value of 
dEl 

dx 
•nth the value estimated 

from the grad1ent of the measured values of momentwn thickness. 

A similar technique has been adopted by NcDonald and Stoddart(52 ) 

1n analysing the data of Schubauer and Klebanoff( 53 l, and by 

{31,) 
Coles and Burst 1n preparing the data for the recent 

AFOSR-IFP- Stanford Conference. The results obta1ned by NcDonald 

and Stoddart are presented 1n Fig. l,-12-1; the descrepancy in 

(~) is generally attr1buted to three-dimensional effects and 

(1,1,) . 
Coles has found that a balance 1s rare in flows developed in 

a strong adverse pressure gradient. 

Equation 4-12-1/2 d1ffers from the usual form of the axi-

symmetric momentum integral equation in the follow1ng respects: 

(i) &, R,2-R;2_1_2(dPT) 
R; 2pU dx m 

are the terms which take account of the total pressure loss along 

the streamline of maximum velocity. In cases where an invisc1d 
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core flow is present 

(li) The Reynolds normal stresses I d J( -,2 -•2 -,2) d _ _ u + vm- v _8_ R 
U2 dx R, 

The term t . . _, 2 d" tl f th t con a1.n1.ng u comes 1rec y rom e x-momen wn 

equation. 
-,'2 

The V terms enter the equat1on through the R-momentum 

equation for the stat1c pressure var1.ation across the boundary 

layer. If inviscl.d core flow is present d cv·'J. o dx m 

The methods used to calculate the exper1mental values of 

pressure gradient and the other terms in momentum equations are 

detailed in Appendix 23. It should be stated that the calculations 

are sensitive to the methods used to smooth the data and obtain 

the differentials, nevertheless considerable care has been taken 

to prov1de data free from bias. The results are listed 1n Tables 

A23-1 to A23-6, and presented graphically in Figs. 4-12-2/3 and 

A23-1 to A23-4. The values of momentum thickness are compared 

with the values obtained from a graph1.cal intcgrat1.on of the 

exper1mentally predicted values of(~) in Figs. 4-12-4 and A23-5/6. 

It can be seen that 1n all cases the comparison between the left 

and right-hand sides of the momentum equat1ons is very good, 

bearing in mind the large adverse pressure gradient. In v1.ew of 

this, it can be stated with confidence, that apart from the ex1t 

of the Lj~R1 = 5 diffuser, the data is free from any s1gnif1cant 

three-dl.mensional effects. This conclusion is confirmed by wool 

tuft investigations, the symmetry of the mean velocity profiles, 

and the good agreement in integrated volwne flows at all stations 

along the d1ffuser. The avoidance of three-dimensional effects is 

considered to be due to the fully annular configuration i.e. no 

sidewalls, and the h1gh standard of accuracy mainta1ned throughout 

the construct1on of the rig. C 1 (34) 
This v1ew is confirmed by o es 

in the paper "On the need for better experiments", in wh1ch he 

stated 11 ! can see advantages in the use of an axially-symmetric 
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con:f1guration like that developed at M. I. T • 11 

The main conclusions to be drawn from the momentum-balance 

results are: 

i) Apart :from the initial stages o:f di:f:fus1on the skin 

:frict1on term is extremely small 

ii) The Reynolds normal stress term is only o:f importance 

when the boundary layer is near to separation 

iii) The term incorporating the total pressure loss along 

the streamline of maximum velocity is significant 

iv) In all the cases cons1dered the term incorporating the 

pressure gradient, (H + 2) ft dU 
u dx 

, dom1nates the equation, 

In :fact, :for engineering purposes, it would be su:f:ficient 

to write the momentum equation as de= e du(H +2) 
dx u dx 

4-12-2 Balance o:f Energy Equation 

The balance o:f the energy equation ><as investigated using 

the same techn1que as that outlined in the previous section, 

experimental values o:f u, 8**, 'r , etc. being used to calculate 

the right-hand-side o:f the energy integral equation, Neglecting 

the Reynolds normal stress term we may l<rite: 

ddo**= (J-<5:)£ (dPT) + 2 olJo 3ct"'*du 4-12-3 pu3 
_o -

d)( pU2 dx m u dx 

do7' = (J-cl',*)~ (dPT) + 2.zli - 3 .£7* dU 4-12-'• dX pU2 d x m pu3 u ax 
Bearing in m1.nd poss1ble errors 1n the measurement o:f turbulent 

shear stress, and the large radius ratio, the two-d1mensional 

:form o:f the diss1pat1on integral has been used w1thout incurring 

any significant error. The remaining boundary layer parameters 

are based on ax1symmetr1.c def1nitions. Again a term is included 

to take account o:f the total pressure loss along the streamline 
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of max1mum velocity, The method of analys1ng the exper1mental 

data is outlined in Appendix 24 1 and the values listed in Tables 

A24-l to A24-3. It can be seen that the r1ght-hand-s1de of the 

energy equation is dominated by the term 1ncorporat1ng the 

C** pressure grad1ent 3 Q. dU , the dissipation coefficient making a 
U dx 

relatively small contr1bution. Values of the energy thickness 

r** '· 1 o calculated from equations .. -12-1 2 are compared with the 

values obta1.ned from the mean velocity profile data in Figs. 

A24-l to A24-3, aga1n the general level of agreement is very good, 
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TABLE h-1 

VALUES OF HIXING LENGTH IN OUTER REGION OF 

BOUNDARY LAYERS 

OUTER PORTIONS OHLY 

DIFFUSER L/1!. R1 = 5 Ot:TER 1ofALL Typical Hean 

X tnS for values 2.55 3.15 3o75 1,,85 Value 

e/ s~ 
less than 0,20 0,16 0.11, 0,11 0.13 
X= 2·55 1ns. 

et s. no signif- Oo050 0,051, Oo051, 0.058 0.057 

e/CR.-R,) icant 0,030 
const. 

0,028 0,028 0.031 0,029 

region 

DIFFUSER L/b.R1 ; 5 INNER tJALL 

X ins 2.55 3.15 3·75 1,.85 

e;s: , o.t..o 0.38 Oo38 0.33 0.38 

e./8, 0,090 0,091 0.091, 0.092 0,092 

ef(R0 -R,) 0,039 0,039 0.035 0,031, 0,037 

DIFFUSER L/ C. R 1 = 7.5 OUTER lvALL Typ1cal Hean 
Value 

X ms 1,,10 5.05 6.00 7.35 

ets; For X < 4.10 tns, 0.23 0,20 0.19 0,18 0,20 

e /8. ej S' of Const. o.o6i, o.oso 0,062 0,065 o,o63 

Cf(R.-R,) 0,031 0.031 0,032 0,037 0.033 

X tns. INNER WALL 1,,10 5.05 6.00 7o35 

<ts; 0.36 0.33 0,28 0.27 0.31 

</8, " 0,087 0,080 o.os1 0,085 0,091 

etu~.-R,) o.o~o 0,037 0.036 0,037 0,038 

DIFFUSER L I C.R 1 ; 10 OUTER IVALL Typ1cal Nean 
Value 

X ms "'·25 5.45 7.25 9.85 

ets: For X< 4 25 ms 0,29 0,27 0.27 0,20 0,26 

e f8o efs* t Const, 
o,o68 0,066 0.074 0.070 o.o68 

ef (R
0
-R,) 0.031 0.032 0.037 o.o43 0,036 

X ins INNER WALL 1,25 5.45 7.25 9.85 

e /8~ 0.37 0.33 0.37 0.32 0.35 

e.J s. " o.os o.os1 0.098 0,097 o.o89 

e/(R0 -R,) o.o'•3 0,035 o.o42 o.o42 o.o4o 
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SECTION 5 

THEORETICAL ANALYSIS 

5-l Introduction 

Theoretical analysis of the flow 1n diffusers is effectively 

a problem in the calculation of the rate of growth of a turbulent 

boundary layer in an adverse pressure gradiento The object1vcs of 

the analysis are the predict1on of: 

i) The pressure recovery 

ii) Imminence of separation or transitory stalling 

iii) Energy losses 

In contrast to the case of a body surrounded by a free 

stream, the pressure is no longer determ1ned by the frictionless 

external flm', but by the development of the boundary layer 1 tself. 

Therefore one of the main d1ff1culties in calculat1ng diffuser 

flows is that the pressure distribution is unknown to begin with, 

and is only obtained in the course of the calculations. Nearly 

all calculation methods assume that over the length of the 

diffuser there ex1sts a core of fluid having constant total energy, 

1n which case the pressure 1s only influenced by the boundary 

layer through the continuity relations. From measurements made 

(6) (Sit) (27) . . 
by Sprenger Cockrell and the author 1t 1s known that 

flm' situations can occur in which the boundary layers merge 

together, and in these circumstances cons1derable discrepancies 

between theory and experiment can occur. Furthermore, many of the 

existing laws for calculating the turbulent boundary layer e.g. 

mean velocity profile, and skin friction, are based on data from 

experiments with relatively mild adverse pressure gradients, and 

because of this only the case of a d1ffuser with a modest overall 

pressure grad1ent operating with a thin inlet boundary layer can 
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be pred1cted with confidence. (Cockanower et al(55 )), 

Finally, boundary layer theory will only g1ve a criter1on 

for the imminence of separahon. Several authors,but notably 

( 45) 
Sandborn , have proposed the shape parameter H as a gu1de and 

pred1cted transitory stalling for values of H between 2.0 and 3.2, 

and separation bet\veen 2.6 and 4..0. 

The present invest1gation in a minimum length diffuser 

operat1ng with fully developed flow conditions at inlet represents 

an extremely severetest of boundary layer theory. 

5-2 Summary of Predichon Methods 

5-2-1 Differential Equations of ~lotion 

The boundary layer equations are obtained from the Navier-

Stokes equations, after su1table time-averaging of the fluctuat1ng 

components and applying the normal boundary layer approx1mations 

(see Appendix 25). 

The continuity equation for axially symmetr1c flow is 

2._ (RU) 
ox 

+ E_(RV) = 0. 
iJR 

The strcamwise mean momentum equation is 

u ()u + v ilu = 
ox OR 

5-2-1 

5-2-:l 

and the mean momentum equat1on normal to the wall reduces to 

~ + V' 2 
= Const. 5-2-3 

The constant of integration in equat1on 5-2-3 1s obtained by 

writing the equation at the point of maximum velocity (R = Rm) 

to g1ve 

and 

P = Pm + Cv'2
- v' 2

) 
(> (> m 

(
-2 - 2) 

I dP = ..!. d Pm + d V~- V' 
(> dx f" dx dx 

5-2-4 

5-2-5 

P is the stat1c pressure at Rm, and is obta1ned by writing 
m 

BernoulliS equation at the point of maximum velocity 
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P, = Pm + -'-FU2 
m 2., 5-2-6 

Differentiating eqn. 5-2-6, and comb1n1ng with eqn. 5-2-5, 

enables the stream1v~se momcntwn equation to be w·ritten as: 

u au + vou = udu _ .!(dPr) + ~a(wr) -.£ (u'2+v~-v·') 5_2 _7 ox ilR dx p dx m pR aR dx 

A simplification normally made is that the last term in eqn, 

5-2-7 is only of importance near separat1on. (30) Imbach has 

suggested that the total pressure gradient along the streamline 

of maximum velocity can be related to the shear stress grad1ent. 

Writing 

• • • 

eqn. 5-2-2 at R , and neglecting the 
m 

U dU = .!(dP) + _1 [.£ ( R'T)J 
dx pdxm fRmoR Rm 

( d P,) = _!_ [ .£ ( R T)J 
dx m Rm ()R Rm 

term aU'2 

ax 
yields 

5-2-8 

The equations may be modified to take account of a 

transverse pressure gradient, although except near separation or 

in regions of large surface curvature, this mod1fication may be 

safely neglected. 

Neglect1ng Reynolds normal stresses, equations 5-2-1, 

5-2-7 and 5-2-8 can be solved for a g1ven distribution of U , 

providing the relations governing Reynolds' shear stress 

'T" = - fU'v' are known. It is the way in which this information 

is incorporated which accounts for the large number of pred1ction 

methods available. These methods fall into two broad categor1es 1 

namely, integral, and d1fferential. 

5-2-2 Integral Approach 

The need to assume something explicitly about the local 

Reynolds' stresses can be avoided by integrat1ng Eqn. 5-2-7 

across the boundary layer. The techn1que is detailed 1n Appendix 

2~ and the momentum integral equations for the inner and outer 
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wall bow1dary layers are obtained. 

de,+ 6, dR, +QodU(H 1+2) ~ 
dx R, dx u dx 

R, 
dSo+ _\)0 dR0 +8odU(H0+2)~ Cf0 + R;-R,;; _1_ (dPT) +_I_ E.j(u' 2+v~2-v• 2)B.dR 
dx R dx u dx 2 R 2nu2 dx u2 dx Ro o o r m 

Rm - 5-2-10 

The velocity U is coupled 'dth the displacement thickness 8 * 

in the continuity equat1on 

* U = 1.0- 2Rodo 
U R2 -R 2 

_ 2R,&i 
R2-R 2 

5-2-ll 
0 I 0 I 

To obtain a solution the W1knmms in the equations must be 

inter-related 1'lith each other, and w·ith known flow· parameters. 

Some of the required relationships can be established if the 

velocity profiles are def1ned; the simplest possib1lity is to 

assume the velocity profile as a one-parameter family which may 

be approximated by a power law. In addition, an auxiliary 

equation w1ll be required for the var1ation of the shape parameter. 

(56) Thompson has shown that the first order differential equations 

for the var1ation of the shape parameter assume that the shear 

stress profile depends only on the mean velocity prof1le, the 

Reynolds number, and the pressure gradient. 

Therefore whilst the turbulent shear stress is not 

(34) 
contained expl1c1tly in Eqns. 5-2-9/10, as stated by Reynolds 

"such assumptions amonnt to global assumpt1ons about the implicit 

effects of the turbulence". 

As an alternative to the sem1-empir1cal aux1l1ary equation 

additional relationships can be der1ved to relate the mean flow 

(57) 
properties e.g. the entra1nment equat1on of' Head , the energy 

. 1 t. (58 ) th t f t t . ( 28 ) d 1ntegra equa 10n , e momen o momen um equa 1on , an 

the semi-integrated momentum equat1on( 34 ). Frequently these 
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add1t1onal relat1onships requ1re assumptions to be made regard1ng 

the Reynolds stress d1stnbution e.g. the dissipation 1ntegral 

( J 'f ( dujdy) dy ) is contained in the energy integral equation. 

5-2-3 Diffcrent1al Approach 

Differential methods fall into two groups, depending on the 

method of treatment of the Reynolds stress term 

i) Mean-Field Methods 

These.methods relate the shear stress to the local mean 

velocity gradient. This can be done by introducing an eddy 

VlSCosity E and writing 

5-2-12 

(51) 
Clauser has shown that for equil1brium boundary layers 

E = 0.18Uo* 

Alternat1vely a mixing length model may be adopted 

-u'v' ~ e2
1 dujdR! du/dR 

5-2-13 

5-2-14 

Escud1er & Spalding(59 ) have suggested that the mixing length is 

constant in the outer 8~ of the layer and equal to 0.09 0 • A 

f . . 1 th 1 t. . . b s ld" (/±9) summary o m1x1ng eng re a 1ons 1s g1ven y pa 1ng • 

ii) Turbulent Field Methods 

In these methods the shear stress 1s assumed to be 

I (
-,2 -·2. -,2) closely related to the turbulent kinetic energy 2.f u +'< +W 

. (61) the latter being governed by the turbubnt energy equat1on. 

+ 

advection production diffusion dissipation 

where 

The long1tudinal transfer of energy by normal stresses being 

neglected. . (60) 
Bradshaw and Ferr1s in solving eqn. 5-2-15 define 



'r/fq2 

( 'T If' tlz I E 5-2-16 L 

G ( PV + J.. q;v) I ( T max)'h. :!__ 
p 2 f' p 

Substitution of these relationaships 1n equat1on 5-2-15 yields 

• ~3/z 
+ ( Tmax\Z _.9. (G :!:) + ( -rj PJ = 0. 

f' J ay f' L 
5-2-17 

Equation 5-2-17 together with the continuity and momentum 

equations giVe three equat~ons in the three unknowns u, v, and T. 

The equations form a hyperbolic set, and, providing adequate 

assu~pt1ons can be made for a
1

, L, and G, the method of 

characterist1cs can be used to obtain a solut1on. 

(34) 
Other differential methods are reviewed by Reynolds 

5-3 History Effects in Turbulent Boundary Layc~~ 

It has been known for many years that the upstream 

development of the flow (history), as well as the mean velocity 

profile, plays an important part in establishing the turbulent 

shear stress d1stribut1on. 

The early attempts to represent turbulent shear stress 

draw analogies between the behaviour of turbulent flow and the 

behaviour of the molecules of a gas according to the kinetic 

theory. The shear stress 1n the outer regions of a layer is now 

attributed, however, to the production of large eddies which 

or1ginate near the wall and move out towards the high velocity 

free stream. Kline(G2 ) has suggested that the production of 

eddies occurs via a local 1nstabil1ty of the mean or instantaneous 

velocity profile. 
(48) (34) . 

Bradshaw , and Rotta cons1der that the 

lifetime of an eddy may correspond to a downstream travel of ten 

to five times the boundary layer thickness. It follows that the 
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shear stress at a point has 1ts origin in a disturbance propagated 

near the wall some distance upstream. It is this "memory" or 

upstream history effect which most integral, and some differential, 

prediction methods fa1l to take into account. Exper1mental 

evidence of h1story effects Imve been observed by, Lee( 63 ) in an 

(64) 
entry length, Sandborn and Slogar in adverse pressure grad1ents, 

(29) • and Goldberg 1n rela=ng pressure gradients; in all cases a 

relaxation time is required for the values of shear stress to 

revert to those associated w1th local equ1libr1um. 

In the light of such evidence the question arises, 11 Is 

it justifiable to base the calculation of shear stress on local 

condJ.tions, e.g. mean velocity profile ? 11 • Hany \Vorkers have 

attempted to answer this question, and Reynolds( 31,) and Bradshaw(l,S) 

concluded that only when the boundary layer is changing very 

slowly (near to local equ1librium) can mean-field methods work 

successfully. However turbulent f1eld methods are capable of 

taking such effects into account. History effects have been 

(52) 
incorporated 1n integral methods by HcDonald and Stoddart and 

Goldberg( 29 ). In these methods auxiliary equat1ons are used which 

incorporate the shear stress 1ntegral, which is calculated by 

relating its departure from the equilibrium value to the local non-

dimensional pressure gradient. 

5-'* Theoret1cal Approach Adopted 

A mean-field approach was not adopted because of the 

argument expressed above concerning the inabil1ty of mean-field 

methods to take account of history effects, which were expected to 

be sign1ficant in pract1cal diffuser flows. Turbulent-Field 

methods appeared attrachve, but in attempting to apply the method 
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due to Bradshm< et al. (60) a number of d>fficulties arose: 

(>) The method requ>red considerably more soph>sticated 

asswnptions, and at the time no exper1mental data ,.,as ava1lable 

to calculate the constants a, L, and G, in an extremely severe 

adverse pressure gradient. 

(>i) In an experiment with fully developed inlet flow, or 

merged inner and outer wall layers, a posit1on of zero shear 

stress must occur at a point where the turbulent kinetic energy 

has a f>nite value. Therefore the assumption that the shear stress 

is proportional to the turbulent kinetic energy needs to be 

revisedo 

Owing to the initial lack of suitable experimental data on 

Wh>ch to base a modified version of the turbulent field method 

due to Bradshaw et al.(Gol, it was decided to postpone its 

application unt>l integral methods had been fully investigated. 

In a rev>ew of existing integral methods Thompson(SG) has 

shown that of all the aux>liary equations available, the 

Entrainment equation due to Head(S?)proved to be the most 

satisfactory. Recently the proceedings of the AFOSR-IFP-Stanford 

Conference on Computation of Turbulent Boundary Layers, have 

become available, and whilst considerable controversy arose 

regarding the inadequacy of mean-f>eld methods (pp 399(34 ll, one 

indisputable fact emerged namely, that in strong adverse pressure 

gradients (Hoses ( 
44

) case 3) the "better" integral method predicts 

the flow as well as the "better" differenhal method. The two 

methods being; integral- Head,(S?) differential- Reyhner( 34 l. 

In view of the results of the Stanford Conference, and the 

comparative success ach>eved by the author in applying an integral 
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method to calculate the flo" in symmetr~cal and expand~ng ~nncr 

(27) (80) 
cone annular d~ffusers it was decided to adopt an 

integral approach. 

Whilst integral methods w~ll probably be overshadm<ed 

eventually by subsequent d1fferential methods, many workers are 

str~v1ng for a method 'ihich w1ll be satisfactory for all classes 

of boundary layers, e.g. relaxing flows, severe adverse pressure 

gradients, etc. In practical diffuser systems only one class of 

flows is generally encountered, namely strong adverse pressure 

gradients, and by removing the catholicity of the requirements it 

was hoped that an integral approach would be reasonably successful. 

5-5 Method of Solution for a Con~cal Diffuser 

It is required to solve the momentum integral equations 

along ~nner and outer "alls for the case of merged boundary 

layers. In order to illustrate the solution procedure the case 

of rotat1onally symmetric flm., in a conical diffuser is 

considered first. 

The procedure ~s outlined by the author in reference 33, 

ignoring Reynolds normal stresses we may wr1te the momentum 

integral equation as 

de 
dx 

+ 8 dRo + 8 dU (H+2) = Tw 
R0 dx Udx pU2 

where H = iS*/ e 

+ ~ (dP,) 
2pU 2 dx m 

and R = wall radius 
0 

5-5-1 

To solve the equat~on the following add~t~onal relat~ons are 

required: 

i) Cont~nuity Equation 

Using the ax~symmetric definition of displacement 

~* thickness o the continuity equation can be expressed as 

5-5-2 
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ii) Mean VeloC1 ty Prof1le 

The s1mplest possib1lity is t? assume the veloc1ty profiles 

as a one-parameter family which may be approximated by a power law. 

~ ·(1rn · (\Rt 5-5-3 
(65) 

Pretsch has shown that for plane turbulent boundary layers 1n 

an adverse pressure grad1ent, admitt1ng a varying exponent 

j_ ; 
n 

using axisymmetric definitions of 8* and e we obtain 
Ro 

s*~ f (1-~H0dR = f 1 [t ,n] 5 _5 _~, 
OR o 

(l = J ~ ( 1 - .'! ) ~ d R = f 2 [ Q , n J 5-5-5 
V U R0 R0 

0 

iii) Diffuser Geometry 

It is assumed that the initial value of Ro, and the wall 

angle (dRo/dx) ldll be speC1fied 

iv) Local Skin Fr1ct1on Coeff1cient 

Due to the dominating influence of the pressure gradient 

an equation for plane boundary layers due to Ludwieg and 

Tillmann(L,z) is sufficiently accurate. Using axisymmetric boundary 

layer parameters, 

f~ 0.678H 0.268) 
0.\23 10 Re 

e 5-5-6 

v) Total Pressure Gradient along the Streamline of ~hximum 

Velocity 

The total pressure grad1ent (~')m can be obtained 

empir1cally by correlation with a suitable mean flow parameter, 

(30) 
say H, or as proposed by Imbach from the shear stress gradient 

(dP,) ~ 
d X m 

-..!.. Q_ [ R '~'] 
R dR 

5-5-7 

Imbach suggested that if the shear stress d1stribution in the 

immediate vic1ni ty of R • 0 is approximated by a straight line 



then 

( dP,) ~ 
dx m 
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- 2. d'T 
dR 5-5-8 

Assuming an eddy v1scos1ty( e.g. E = 0.018) and a parabolic 
US* 

velocity distribut1on near the point of maximum velocity (dPT) 
dx m 

can be estimated from equation 5-5-8. 

vi) Auxiliary Equation 

In order to form a closed set of equations addit1onal 

assumpt1ons are requ1red, which for a develop1ng internal flow 

could be provided by a modified form of Head 1 s(57 ) entrainment 

equation. The rnodificat1on 1s required to take account of the 

reduct1on in entrainment area due to the growth of the boundary 

layer. However for fully developed flm< at inlet, i.e. merged 

boundary layers over the length of the diffuser, there is no 

net entrainment, and provided the flm< is symmetrical, the 

boundary layer thickness S = R0 • Closure is therefore effected 

by a simple, physically acceptable asswnption, w1thout the need 

to incorporate additional emp1ric1sm in the form of an auxiliary 

equation. 

Substitut1on in equations 5-5-4, and 5-5-5 yields 

5-5-9 

t = n• [(n+r)
1
(2n+l) (2+n)(\>.+2n)] 

5
-
5

-
10 

The momentum integral equation can no>< be solved, step-by-

step, iterating for values of the exponent 1 n 1 • The success of 

the method h1nges on the correctness of the assumed veloc1ty 

prof1le. A flow diagram is sho><n in Fig. 5-5-1, and a compar1son 

bet><een theory and experiment is also presented. It will be seen 

that there is good agreement. 
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5-6 Method of Solution for an Annular D1ffuser 

The momentum integral equations (see Reference 33 and 

Appendix 25) for the inner and outer l<all boundary layers are 

d9o + 
dx 5-6-1 

d9; + S;dR, +(H,+2)9, dU = Tw, + Rm2-R,' _I_ (dPT) +..!.. dJ, 
dx R, dx U dx pU 2 R, 2pU 2 dx m u2 dx 5-6-2 

Rm 
where J; =J (u'2+v~-v'2)~,dR & H, =0~/8; 

R, 
Follmdng a s1milar techn1que to that outlined in Section 5-5 the 

following equations are required 

(1) Cont1nuity Equat1on 

the 

Using the ax1syrnmetric 

* 1Ro 8 = (I - ~) B_ dR 
0 U R 

Rm 0 

~* f. Rm O; = (1- ~)R.dR 
R, U R, 

continlllty equation may be 

(ii) Mean Velocity Prof1les 

def1n1tions of d1splacement th1ckness 

5-6-3 

5-6-4, 

written as 

5-6-5 

In order to introduce the method of solution pm<er law 

velocity profiles are assumed, The two-parameter presentation 

due to Coles(4l) is considered in Section 5-6-1, Therefore in 

the outer l<all boundary layer 

.!!.. = ( R0 -R)'/no 
U 00 

5-6-6 

and since there 1s no potential core ~0 ~ Ro - Rm and 

.!!.. = ( Ro- R ) '/no 5-6-7 
U R0 - Rm 

the boundary layer parameters are obtained by integrating across 

the layer. 
(27) 



- 141 -

and 

Similarly, for the inner ~<all layer 

..!:!.. = (R- R;)l/n; = ( R- R, )'/n, 
U S; Rm- R, 

of = Rm+R, _..!.. [ Rmn; _ (Rm-R;)n? ] 
Rm-Ri 2.R, R; (1+n,) (1+n;)(1+2n,) 

5-6-8 

5-6-10 

5-6-11 

El; 
Rm-Ri 

Rm n, _ n; _ Rm-Ro n, - n, 
5 

6 
12 [ J [ 2 2 J 

R; (t+n;) (2+n;) ~ (1+n;)(1+2n,) (2+2n~(2+n,) - -

(iii) Diffuser Geometry 

The initial values of Ro and Ri together ~<ith dRo/dx 

and dRi/dx will be specified 

iv) Local Skin Frrction Coefficient 

Again the equation due to Ludwieg and Tillmann( 4Z) is 

f(, 0.678H 0.2~8) 
assumed, namely T.., = 0. 12 3 \10 Re 8 5-6-13 

pU2 

The inner and outer wall boundary layer parameters being used as 

appropriate. 

v) Reynold 1 s Normal Stress Coefficient 

Since this term is only considered to be significant when 

the flow is near to separation it is assumed that no s1gnificant 

error will be incurred by writing, (see Appendix 25), 
R 0 Ro 

l AJ(t:?.v~-v·')E.aR=.!. iJCu'2-v'2
)dR 

U2 dx Ro U2 dx 
Rm Rm (29) 

in which case the correlation due to Goldberg is assumed 
s 

..!. 4 J ( "L?-~·2)dR = o.o3bs ( H- 1.o) do* 5 _6_14 
U2 dx dx 

0 

Inner and outer wall boundary layer parameters being used as 

appropriate. 
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(vi) Total Pressure Gradient alon~ the Streamline of Maximum 

\leloci ty 

Whilst th1s term could be calculated from equation 5-5-7 

by estimating the shear stress gradient at the position of 

maximum velocity, difficult1es arose due to the power law 

velocity profile failing to satisfy the condition; au- 0 

ilR 

as R ~ Rm. In addition to this an assumed value of mixing 

length or eddy viscosity was required, and, it was dec1ded 

therefore to obtain (dPT/dx) empirically. The experimental 
m 

values of Oo
2

- Dm
2 ~ (dP,) were plotted aga1nst the 

D0 pU 2 dx m 

outer wall shape parameter Ho, and within the limits of 

·exper1mental error a reasonable correlation was achieved (see 

Appendix 10). 

The method of calculat1ng (dP;/ctx) for the two-parameter 
m 

velocity profile equation due to Coles(l,l) is considered in 

Section 5-6-1 

vii) Auxiliary Equations 

Additional equations are required before a solution can be 

obtained; these could take the form of moment of momentum 

equations, or, poss1bly kinetic energy integral equations, but 

both approaches incorporate the integral of the shear stress 

across the layers. It was decided to abandon these approaches 

because of the lack of success of existing methods of est1mating 

the shear stress, particularly in a severe adverse pressure 

gradient, and assume that no net mass transfer takes place 

between the inner and outer wall layers. Therefore; 

Q=2nRu[R.0-R.:_ o*] 
o o R o 

0 

= constant 5-6-15 

Q = 2rrR, U [Rm2 -R,2 
_ o~ J 

I -I 

Ri 
= constant 5-6-16 
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Admittedly such an assumption is open to question, but a similar 

approach has met with reasonable success when applied to a 

conical and a symmetrical annular di.ffuser( 33). However, it must 

be emphas1sed that this approach can only be applied to the case 

of smooth walled dJ.ffusers ldth naturally developed boundary 

layers at inlet. It is not expected to hold in cases where the 

inlet boundary layers have a high rate of decay. 

The momentum equations are solved separately iterating 
I I 

for values of the exponents n
0 

and n;, and the boundary condJ.tion 

that the maximum velocity in both layers should be the same 1s 

satisfied by iterating values of the radius of the position of 

maximum velocity Rm. The solution procedure is outlined in 

Fig. 5-5-2 and deta1led in Appendix 28. 

Because of the importance attached to the velocity profile 

equation, an additional computer programme was comp1led using the 

(41) 
two-parameter representation due to Coles • The basic 

equations remain unaltered, and only those terms affected by the 

modified velocity profile equation will be d1scussed. 

5-6-1 Calculation Procedure using Velocity Profile Equation 

Due to Coles 

i) Coles Law 

(41) 
Coles has shown that the velocity profile in a 

turbulent boundary layer can be expressed as the sum of two 

functions, one representing the "Law of the Wall" and the other 

in Coles 1 terminology the "Law of the Wake". This representation 

is based on the idea that, "a typical boundary layer can be 

viewed as a wake-like structure which is constra1ned by a wall," 
- ; 

a schematic representation of a typical profile is shown overleaf 
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where 
2 u,. ; 'fw/ro 0 The function f (the Law of the Wall) has 

the form 

f( Y;r) = I 
loge (->'~') + c 5-6-18 K 

outs1de the sublayero The constants K and C are taken as 0,40 

and 5.1 respectively, independent of pressure gradient. The 

function w(I) is the "Law of the \{ake11 , which for analytical 

purposes is taken as 

w ( ~) = 1 + sin [ 1f ( ~ - o. 5)] 
and satisf1es the two normalising conditions 

w ( 1. o) = 2.0 

f~dG)= 1.0 
} 5-6-20 

0 

rr is a parameter which depends on the pressure gradient, and 

can be obtained by writing equation 5-6-17 at y ; 8 

~'T = J ~f = 
~ lege ( d ~-r) + C + 2: 

given K, c, V , and tJ , this equation determines any one of the 

three parameters u 'T ' J ' rr ' 1 f the other two are known. 

However considerable care is necessary in applying Coles• 
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formulation, particularly l<hen (; and u., are the knol<n parameters. 

Coles Law 1s shol<n belm< in a semi-logarithmic plot 

u 
u1" .........___ - - - - - - - -- - - - - - - -......-: 

I 

I 
211 I 1 
K I 

L---------~----------'o~s~e~8~c __ _L;tog.o 
logeY 

In Coles' formulation Jc is the value of y at which the 

slope of the velocity profile 0 ( U I U r) / 0 ( loge Y u.,-I )1 ) 

near the edge of the layer 1s equal to the slope which the 

logarithmic prof1le has near the wall viz. I • In his original 
K 

paper Coles assumed that the veloc1ty (Uc) at 8c was experimentally 

indistinguishable from U the free stream velocity, and although 

this is an acceptable assumption, he l<ent on to assume that 8c 

was equal to J , the value of y at U • It is this assumption, 

recognised by Bu11( 66 ) which can have serious effects on profile 

representation. 
(44) 

In a more recent paper Coles has limited his 

method of analysis to values of This solution to the 

problem of the "corner effect" may be acceptable in analysing 

experimental data but it does not assist in the theoretical 

prediction of velocity profiles. 

. (67) 
T1tcomb and Fox us1ng Coles Law in its original form 

have shown (see Fig. 5-6-1) that for a given Reynolds number, 

~ ~ f (H). Therefore, since the integral method adopted 
0 

predicts e for assumed values of H and 0 ( 8 = Ro-Rml, the 

predicted value of e will be affected directly by errors in 8 • 

This approach should be compared with normal methods where !I and 
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8 are obtained from the aux1liary and momentum equations 

respect1vely. The experimental velocity profile is then compared 

with Coles representation for given values of 8 and H. 

Consequently errors in 8 of the order of l~h are frequently 

accepted, provided good agreement is achieved in the inner 

regions of the layer. It is, therefore, critical to the success 

of the integral method adopted, that the correct value of Oc is 

used 1n ColesLaw. It has been suggested by Bull(G6 ) that the 

ratio ( Oc / & ) should be correlated with the parameter TT 

which depends on the pressure grad~ento The correlation is shm ... 'l1 

1n F1g. 5-6-2, the data sh01<sthat as the pressure grad1ent 

increases, the assumption ( Oc ~ 0 ) becomes more accurate. 

When attempts were made to use the correlat1on due to Bull 

difficulty was experienced 1n obtaining the correct in1tial 

values of momentum thickness, It was found that a d1fferent 

correlation was required depending on whether the calculations 

were initiated upstream or downstream of the inlet bend, This 

was considered to be due to the fact that whereas the velocity 

profiles were in equ1l1br1um upstream of the inlet bend, 

downstream in the diffusing section, grossly non-equilibrium 

prof1lcs were present. Two correlations were therefore used as 

indicated in Fig. 5-6-2. The lack of agreement w1th the data due 

to Bull is thought to be due to h1story effects, and the higher 

turbulence intens1ties at the edge of the test boundary layers. 

The pred1cted values of 6 and 0~ were obtained by numerical 

integration as deta1led in Appendix 28, 

(ii) Local Skln Fnction Coefficient 

The skin friction coeff1c1ent was obtained from Coles Law 

(see Appendix 28). 
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(iii) Total Pressure Gradient along the Streamline of }hxlmum 

Velocity 

Apart from the empirical correlat~on discussed in Section 

5-5, the total pressure loss was calculated from the shear stress 

gradient near the edge of the outer wall boundary layer assuming 

a value of mixing length equal to 0.20 o: 
rad1us ratio (Ri/Ro) it was assumed that 

(see Appendix 21..). 

An attempt was also made to obtain 

energy integral equation. 

In vim< of the large 

I .£ (R'T) ~ o1" 
R i'IR oR 

(d PT /dx) from the 
m 

The dissipation 1ntegral being obtained using the express1ons due 

to Goldberg( 29) and Rotta(Gll. 

The calculation procedure was very similar to that 

outlined in Fig. 5-5-2, differing only in the followtng respects; 

i) Skin friction coeff1cient obtained from Coles Law 

ii) That the solution of the momentum integral equations was 

obtained by iterating values of Cf rather than the exponent ( 1/n ). 

The computer program~e is detailed in Appendix 28. The calculations 

were carried out on an I.C.T. 1905 computer, the running times 

being; Power Law Programme~ 40 secs., Coles Law Program~e ~ 2 mins. 

Tests were carried out to prove the convergence of the methods, 

the step lengths and iteration limits chosen were such as to incur 

no significant error. 

5-6-2 In1tial Conditions 

The calculations were initiated at two stations, one 

upstream of diffuser inlet, the other at the first convenient 

measuring station downstream of the inlet bend. The dm<nstream 
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station was chosen to avoid the disturbance due to the change in 

outer wall angle, In this way it was hoped to investigate the 

sensitivity of the prcdict~ons to inlet conditions. The inlet 

conditions arc detailed 1n Appendix 29, calculat1ons started 

downstream of the inlet bend required add1tional 1nformation 

regarding the experimental pressure rise, total pressure loss 

etc. up to the initial station, The theoretical cases considered 

are listed in Sect1on 6-6, and the computer pr1nt-out for a 

selected number of cases is shmm in Appendix 29, 
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SECTION 6 

DISCUSSION OF THEORETICAL RESULTS AND COMPARISON 

\YITH EXPERINENT 

In seeking to compare the theoretical pred1ctions with 

exper1ment, the following criteria are normally used: 

(i) To calculate accurately the development of the 

velocity profile and hence the pressure recovery. 

(ii) To indicate the imminence of stalling. 

Criterion (i) implies that the momentum th1ckness 6 , 

shape parameter H, and maximum veloc1ty at any sect1on are known, 

and that the velocity profile may be accurately represented by a 

single or two parameter equation. No suitable theory ex1sts to 

sat1sfy the second criter1on(;;~) although the shape parameter 

is often used as a guide, values rang1ng from 1.8 to ~.0 have 

been quoted as an indication of stalling. 

One of the d1fficulties in assessing the large number of 

predictions used, is that in merely comparing e ' 11, etc. the 

effect of the individual assumptions may well be lost. Thus in 

order to establish the accuracy of the pred1ction method adopted 

the valid1ty of the assumptions will be examined by direct 

comparison with exper1ment. The theoretical approach adopted 

depends on: 

(i) That no net mass transfer takes place between 

the inner and outer wall boundary layers. 

(ii) The velocity profile equation. 

(iii) An est1mate of the total pressure loss along the 

streamline of maximum velocityo 

(iv) An empirical correlation for the Reynolds 

normal stresses 
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(v) An est1mate of the skin friction coefficient. 

6-1 No Net ~mss Transfer Assumption 

The percentage mass flow in the outer wall boundary layer 

calculated by 1ntegrating the veloc1ty profile at each station is 

shown in Fig. 6-1-1. lVhilst such a calculation is sensit1ve to 

the est1mated value of ~~ the results show that within the limits 

of exper1mental accuracy the mass flow 1n the outer wall boundary 

layer remains constant. Only at exit of the L/6R1 = 5 d1ffuscr 

is any s1gnificant scatter noted, and this is attributed to the 

presence of a trans1tory stall, 

The estimated position of the streamline of max1mum 

velocity (Rm) and the locat1on of the point of zero shear stress 

( R7=
0 

) are compared in F1g. 6-1-2. Changes in total pressure 

along a streaml1ne are caused by momentum transfer between 

adjacent streamlines; thus 1f Reynolds shear stresses, which 

represent the mean momentum transfer in the 'R' direction of 1 x ' 

component momentum per unit volume, are small 1n the vicinity of 

Rm, then the total pressure loss at this point should also be 

very small. Fig, 6-1-2 confirms that this 1s the case, and in 

view of the local symmetry of the velocity profile 1n this 

region, the indications are that both the momentum, and mass 

transfer, at the pos1tion of maximum velocity are indeed very 

small. 

It is not possible to state conclusively that no net 

mass transfer takes place between the inner and outer wall 

b~w1dary layers, but 1t can be stated that, within the Iim1ts of 

expe;imental accuracy, any net mass transfer which does take 

place is very small. 
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6-2 Mean Veloc2ty Profiles 

The s2mplest method of representing a turbulent velocity 

profile is the one parameter representat2on initiated by Prandtl 

for turbulent pipe flow. 
( 65) ( 68) 

Pretsch and Spence have 

expressed this result 2n the form of the pm< er law. However, it 

is ·now generally accepted on phys2cal grounds, that the turbulent 

boundary layer can only be descr2bed in terms of a minimum of two 

regions (inner and outer), and th2s necessitates the use of at 

least two parameters to def2ne the velocity prof2le. The Coles 

"Wake Law" which describes the departure of the profile in the 

outer region, from the un2versal "Law of the Wall" has been used 

in this investigation. 

6-2-1 Relationship between Boundary Layer Parameters 

(29) (69) 
Many authors (Goldberg and Thompson ) have plotted 

the energy shape parameter H as a function of H to establish 

that the experimental data can be represented satisfactorily by 

a one or two parameter equation. The experimental results for 

inner and outer wall layers are plotted in a similar manner in 

Fig. 6-2-1; also shown are the power law and Coles law values. 

Whilst the inner wall data form a well def2ned line, some 

scatter is noted in the outer wall results. Since this method 

of analysis is rather 1nsens1tive at h1gh values of H, an 

alternative method of comparison was adopted. 

The theoretical pred2ction of flow in a diffuser with 

merged boundary layers requires that S be calculated from 

assumed values of H, o and U • In view of this the results are 

compared by plothng values of e I 0 as a function of H in 

Figs. 6-2-2/3 respectively. The inner wall values again form, 
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within the limits of experimental error, a well defined line 

although some 20% lower than the predicted values. In the case 

of the outer wall the results do not collapse onto a un1que l1ne, 

although the results,for ind1vidual diffuser tests appear to 

follow well defined variations with little scatter. As the 

ditfuser non-dimens1onal length decreases so the disparity 

between exper1mental and predicted values becomes more evident, 

therefore in the case of outer wall profiles both the one and 

two parameter representations clearly fail. 

The inadequacy of the accepted methods of profile 

representation could be due to one, or a combination of the 

following factors: 

i) That in large adverse pressure gradients, the velocity 

prof1le equations are not well enough known; e.g. a failure of 

the universal law of the wall, and/or the law of the wake 

ii) Upstream history effects 

iii) The comparatively large turbulent fluctuations in the 

outer regions of the layers. 

6-2-2 Proximity to Local Equilibrium in Boundary Layers w1th 

Adverse Pressure Gradients 

In order to assess the severity of the pressure gradients 

the shape parameter H is plotted against the non-d1mensional 

pressure gradient parameter ( *w ~ 
an approach has been used by Rotta( 6 l) 

effects in boundary layer development. 

in Figs. 6-2-4/5. Such 

to illustrate history 

Clauser( 5 l) has shown 

that if ( 9 dP ) , which expresses the ratio of the pressure 
'fw dx 

gradient to skin friction forces, remains constant, the velocity 

profiles are of similar shape. These profiles wh1ch have a 

constant history are kn01m as 'equilibrium' profiles, and Nash (?O) 
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has suggested the following rclat1onship for equilibr1um values 

of H 

)
o.s 

= 6.1 (2..* dP +.1.81 -1.7 
'~"w dx 

Nash analysed the data 
(53) (71) 

of Schubauer and Klebanoff , Ne1mann , 

and Ludwieg and Tillmann~42 ) and found that the results were in 

goQd agreement with the line for equilibrium values. This is not 

to say that the boundary layers were 1n equilibrium, but that 

"the variatlon 1n shape parameter is the same as if the layers 

were passing through each possible equillbrium state", Nash 

therefore referred to the data, which has always been classified 

as "strong adverse pressure gradient", as being in "local 

equi li bri urn" o 

The results for the 1nner wall boundary layers, shmm in 

Fig. 6-2-4 indicate that the profiles in the L/6 R
1 

= 10 diffuser 

are in local equilibrium, However the layers in the L/6R1 = 

7,5 & 10,0 diffusers initially depart from equilibrium, and then 

rett.n'n as the pressure gradient is relaxed. The same tendency is 

observed in the relaxing pressure gradient data of Bradshaw( 5ol, 

Thus for the satne pressure gradient parameter velocity profiles of 

different shape are produced, Rotta stated that "this demonstrates 

clearly that our system has a dynamic character and that the 

behaviour of the output is influenced by the previous history 

of the input. n 

. (28) The adverse pressure grad1ent data of Hoses and 

Ludweig . (42) 
and T1llmann are included with the outer wall results 

in Fig, 6-2-5, also shmm is the data due to Stratford (IDENT. 

(44) . (44) . 
5200 & 5300 ) for wh1ch Coles 1s 1 "conv1nced of a real 

fa1lure of the similarity laws", Again the results for the 



- 158 -

L/ /:, R1 = 10 diffuser are near to "local equilibr1um11 whereas 

there is a significant departure for the other test conf1gurations, 

with no tendency for a return to equilibrium cond1t1ons. It is 

of interest that the 111 severe adverse pressure gradient" data of 

Moses( 2B) is 1n "local equilibrium", but the data of Stratford 

shows a marked departure followed by the characterist1c return 

in a relaxing pressure gradient. 

6-2-3 Compar1son of Velocity Profiles 

In v1ew of the suspicion that history effects may be 

present it was decided to compare the measured veloc1ty profiles 

with the accepted methods of representation 1.e. using the power 

law and Coles law. Sufficient data was available to compare 

profiles of the same shape parameter hav1ng different upstream 

histories. 

In comparing veloc1ty prof1les of the same H it is 

conventional to plot u/U against the non-dimens1onal distance 

from the wall (Y/6 ), e being used because its value can be 

obtained more precisely than 6 • For the power law 

U (:/)[ H-1 ]H~I 
U = B H(H+1) 

* 6-2-1 

Such a calculation proceeds up to a value of u/u = 0,99, at 

which po>nt it is generally assumed that the velocity is 

experimentally ind~stinguishable from the maximum value. However, 

many research workers go further and assume the value of y at 

u/U = Oo99, is equal to the boundary layer th>ckness 8 , The 

error involved in such an assumption 1s usually neglected in 

view of the inaccuracy of the profile equation 1n this region, 

and the diff1culty of obtain1ng an accurate value of 8 • For a 

power law e = 
8 

H -1 
H(H+1) 

* two-dimensional version 

* 6-2-2 
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In the theoretical approach adopted e 1S calculated from asswned 

values of 0 (i,e, Ro - Rrn) and H, and the profile equations are 

asswncd to hdld up to the edge of the layer (y = 0 ), Whilst in 

the normal manner of,presentation, an error, typ1cally la%, is 

accepted between theoret1cal and exper1mental values of 8 , in 

this investigation such a situation would result in a la% error 

in the predicted value of 8 o Therefore the theoretical approach 

adopted places a particularly severe test on the velocity profile 

equations. It was decided that for comparative purposes 8 and 

H would be specified and values of u/U calculated at v~rying 

distances from the wall, in this way errors in 0 could be 

observed directly, 

Power Law Veloc1ty Profile 

In this case the profiles were treated as plane boundary 

layers, and the two-dimensional values of 0 and H were specified, 

(the values differ by less than, 7.5% for 8 , and 3% for H from 

the axisymmetric values, see appendix 4). 

Coles Law Veloc1ty Profile 

As d1scussed in Section 5-6-1 part1cular care needs to be 

exercised in applying Coles law. 
(44) . . 

Coles 1n prepar1ng data 

for the conference at Stanford Univcrsity(34 ) recognised the 

deficiency in the equations near the edge of the boundary layer 

and took this into account by limiting the region of aurve 

fitting, Coles stated 11 I have chosen to attack the data by finding 

values of the two parameters 0 and U'!" for each of the profiles 

such that the R • m. s. deviation of the data from the 

formula (1) is minim1sed"• The curve fitting region \fas limited 

to Y / 0 !!;, 0.9 when the wake component was large, to 0.75 for 
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flow at constant pressure, and to 0.60 as the \mke component 

vanished. Noreovcr in some cases significant disagreement was 

found between the experimental data and Eqn. 5-6-17 in the 10 

. (44) 
to 15% of the prof1le near the \<all. Coles assumed that the 

discrepancy could be attributed to experimental error; only in 

. (50) (35) the large pressure grad1ent data of Bradshaw and Stratford 

was he 11 conv1nced o:f a real faJ.lure of the similarity laws 11 • 

In comparing the data with the representat1on due to 

Coles, a number of methods of attack were considered, namely; 

i) To follm< the latest techn1que, curve fitting over 

a limited range of Y / S 

ii) Solve the velocity prof1le Equat1on 5-16-7 to give the 

experimental values of 9 and H in the manner 

illustrated below 

Snecify U, o , )} , C, &, K 

Assume a value 

Obtain TI from boundary conditions 
new 

Integrate prof1le to determine H 

Specified value of H? 
L:~~~:=~~~~~~}----------------No 

Yes 

I Specifled ~alue of e? r-1------------No 

Yes 

t 
Print out uju & e 

new 
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i1i) Using experimental values of 8 and Cf (from law of 

wall plot) compare the velocity defect ><ith Coles 

wake :fnnct1on. 

Approach (i) removes much of the simplicity which makes 

Coles law so attract1ve s1nce additional relationships I<Ould be 

required to specify the shape of the profile 1n the outer regions 

of the layer. Titcomb and Fox( 67 ) used approach (iii) and 

concluded that in order to fit exper1mental profiles over a 

wide range of values of H three different versions of Coles Law 

were required. Approach (ii) was therefore adopted with,a view 

to obta1ning a correlation between 0 and 
Coles 0 expt" 

To assess the valid1 ty of approach ( ii) the prof1les due 

(72) 
to Perry were analysed, and the results compared with those 

of Coles who limited the range of curve fitting to values ofY/6 

betl<een 0.125 and O. 90. The main results are g1 ven in Table 6-1 

and the profiles compared in Fig. 6-2-6. It w1ll be seen that 

there is excellent agreement. 

In analys1ng the experimental data outer wall velocity 

profiles having shape parameters of 1.5, 1.69, 1.9 and 2.1 were 

invcstigatedo For each shape parameter two profiles were 

chosen, one non-equ1librium1 the other near to local equilibrium. 

On the inner wall three profiles were analysed. The location of 

the profiles relat1ve to local equilibr1um is ind1cated 1n 

Figs. 6-2-4/5. The experimental results are compared with the 

power law and Coles Law predictions in Figs. 6-2-7 to 6-2-121 the 

turbulent shear stress distribution is also included. The 

following 1nitial observations may be made: 
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i) In nearly all the cases considered there is a 

significant difference between 0 as g1ven by Coles 

Law and the experimental value. The ratio ljJ 

( \jJ = 
0 c~les; 0 expt.) falling to as low as 0, 76 for 

the outer wall profile at X = 1.35 ins., Lf,:, R1 = 5.0. 

ii) For the twelve profiles investigated, in only four can 

good agreement be claimed for the two parameter 

representation due to Coles. These profiles are at: 

x = 6,0 1ns., Lft>R1 = 7.5, outer wall 

x 9.851ns., Lft>R1 =10.0, inner wall 

x 4.28ins., L/t>R1 = 5.0, outer wall 

x = 7•7 ins., Lf,:,R1 =10.0, outer wall 

three of which are near to local equilibrium (the 

prof1le at x = 4.28 ins. is outside the range of the 

data upon which Nashls correlation is based). Also 

all of the profiles are in the latter stages of 

. (dP) diffusion w1th relatively low pressure grad1ents dx 

iii) In those cases where significant disagreement occurs 

between experiment and Coles law the failure is always 

of the same character namely that the predicted values 

are; too high near the wall, too low in the middle of 

the layer, and too high at the edge of the layer. 

(56) These findings are identical to those of Thompson 

who compared a two parameter family with the results 

of Stratford(35 ) for a boundary layer in a large 

adverse pressure grad1ent. . (67) T1 tcomb and Fox 

obtained s1milar results for boundary layers in a 

conical diffuser. 
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iv) In nearly all the cases where a failure of Coles law 

occurs, the power law is considerably better, 

parhcularly in the 1nner 6CI',, of the layer, Th1s is 

particularly surprising s1nce the merit of Coles law 

is its good agreement near the wall, If it is accepted 

that some correct1on too Will be required Whichever 

prof1le representation is used, then for the maJOr1ty 

of the profiles 1nvestigated the po~<er law 1s to be 

preferred, 

Since on physical grounds Coles law is normally preferred, 

it is important to establish, if possible, the physical reasons 

for its failure, It is therefore proposed to exam1ne the two 

similar~ty law·s. 

6-2-4 The Law of the Wall 

As already noted 1n Section 4-11 many of the velocity 

profiles fail to sat1sfy the law of the wall, In some cases no 

logarithmic variat1on can be detected even down to values of 

( yu7 ) as !ow as 100, In view of this it is proposed to review 
:V 

the justification for the law of the wall, Prandtl assumed that, 

at large Reynolds numbers, the shear stress outside the laminar 

sublayer may be written as 

The mixing length •e• was assumed to proport1onal to the distance 

from the wall i,e, e2 = k2y2, The assumption was also made that 

for a thin layer near the wall the shear stress remains constant 

Thus k2 2(du)2 j'J ::1 -
I dy 

6-2-3 
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integration of F4n. 6-2-3 yields 

u = I u'f loge y + Const. 
K 

6-2-4 

where the friction veloc1ty u'f = f!ji 
Equation 6-2-4 known as the universal law of the wall has been 

found to be valid not only in the vicin1ty of the wall, but over a 

much larger proport1on of the layer than would normally be 

expected. Following the experiments of Ludwieg and Tillman(
42 ) 

the nniversal lmV" was also assumed to hold in an adverse pressure 

grad1ent, although the extent of the logarithmic port1on was 

reduced cons1derably. 
. (61) 

However as po1ntcd out by Rotta and 

(56) 
Thompson the pressure gradients in Luffi<1eg and Tillmanns' 

experiments were relatively small. 

When a botmdary layer J.s exposed to an extremely severe 

pressure gradient examination of the experimental shear stress 

distributions in the v1cinity of the wall (see Figs. 4-9-1/2/3) 

reveals that; 

(i) the wall shear stress decreases rapidly 

(ii) there is a large gradient of shear stress nornml to 

the wall. 

Thus the constant shear stress hypothes1s 1 upon which the 

universal law is based, is invalidated in a strong pressure 

gradient. 

Using a mixing length approach, Stratford(35 ) considered 

the influence of a shear stress gradient on the flow near the 

wa11 when the skin friction is negligible. Since the inertia 

forces at a wall are zero, the mean flow equation reduces to; 

dP 

dX 
6-2-5 
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Integrat1on of Eqn. 6-2-5 across a small reg1on close to the 

wall g1ves -r.ydP 
dX 

Eliminating 1" between Eqns. 6-2-5 and 6-2-6 

du =·(...!.. dP )os :/o.s 
dy pK 2 dX 

Integrating, and us1ng the no-slip condition gives 

6-2-6 

u = 1.. ..!' y 6-2-7 ( 
d 

)
0.5 0 5 

pK2 dx 

Townsend(7~) and McDonald(?3 ) have considered the general case 

of a shear stress grad1ent comb~ned with finite \'lall shear. 

1": ~w+(~:)Y 
d u = ( ay ~ 1" w ) o. 5 

dy POSky 
to give 

which 1ntegrates to 

K2y2(du)2. 
f' dy 

d = dP 
dx 

6-2-8 

Townsend has written the non-dimensional form of Eqn, 6-2-8 as 

6-2-9 

where 
~ = dP )/ 

dx fuT3 

y+ ::J UT 

)J 

and B+ 5.0 K = o.~o 

The add1tive constant B+ is obtained by matching the profiles at 

the edge of the sublayer, It was suggested by Townsend that the 

flow in the sublayer would not be affected by moderate pressure 

gradients and he therefore assumed the zero pressure gradient 

additive constanto Townsend 1 s equation has recently been 

rnadified by McDonald(?3 ) to take account of the influence of 

pressure grad1ent on the flo\.., 111 the sublayer, and an allowance 

was also made for the departure from the wall value of the 



- 166 -

gradient of shear stress normal to the wall. 

The correctness of the "convcnt1onal 11 universal equat1on 

is therefore seen to depend on the magnitude of the parameter 

o ( J/ dP ) 
pu~ 3 dx 

as illustrated in Fig, 6-2-13, The 

.,strong adverse pressure gradient" data of Ludwieg and Tillmann 

' correspond only to values of o ~ 0,0035, whilst ~n some of 

the prof~les of Stratford, for wh~ch l5 ~ 0,11± 0 no logar~thmic 

portion can be found, Thompson has suggested that if o > 0,10 

estimates of Cf from the Coles two-parameter profile could be 1n 

error by as much as 6o%, 

Great diff1culty arises in attempting to compare measured 

profiles Wlth the predicted values from Eqn, 6-2-9 since the 

wall shear must be known before any meaningful comparison can be 

made. In the literature there 1s not one case ''~here significant 

pressure gradient effects could be expected and where both the 

velocity profile and skin friction have been measured directly. 

An attempt was made to see 1f the approach due to Clauser 
(51) 

could be used to obta1n more accurate values of Cf, since the 

experimental pressure gradient was known, and a plot of u/U 

against 
(Ra-R) U 

could be obtained from Eqn. 6-2-9 for various 
)J 

values of Cf, Unfortunately this approach was not successful 

as the experimental points did not lie on a line of constant 

Cf, The reasons for this apparent failure can be traced to the 

underlying assumptions, since many authors, particularly 

(46) 
Spangenberg et al. have shown that away from the wall 

d 1 f- dP. 
d.Y dx 

Dradshaw(}t.)found that d'f ~ 1 dP. 
dy 2 dy 

Spangenberg 

suggested that the rem;under of the force near the wall to 

overcome the pressure gradient 1s to be found in the Reynolds 
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normal stress term. Also, the actual rate of development of the 

mean flow ( u ou 
ox 

+ " 0 u 
/)R 

) and upstream h1story can be 

expected to have an effect. The influence of these effects, 

using the data prese~ted in th1s thesis, is the subJect of a 

continu1ng investigation. 

Therefore the estimates of Cf from the conventional law 

of the wall equation in Sect1on ~-11 can only be considered 

as approximate and the experimental values o£ ~ given 1n Table 

6-2 are only a guide to the relative signif1cance of pressure 

gradient effects. It will be seen that in many cases the values 

of 0 are an order of magnitude greater than those recorded 

in Ludwieg and Tillmann 1 s experiments, whilst along the outer 

L 
wall of the I 6 R1 = 5 d1ffuser values are obta1ned that are 

higher than those achieved by Stratford. It can therefore be 

concluded that the failure of the experimental prof1les to 

exhibit a logarithmic variation near the wall is due to the 

large adverse pressure gradients which have been encountered. 

Since the experimental values of wall shear stress are 

relat1vely low it can be argued that the shear stress at a 

point in the vicinity of the wall is approximately equal to 

, in which case us1ng the approach due to Stratford 

2 
( R0 - R) (~) ; 

Kl 6-2-10 

where K1 = 2 ~ 2 dP K2 pU2 dx ) 6-2-11 

The experimental values of ( ufu )2 
plotted against distance 

L 
fr.om the wall for the I 6 R1 = 5 & 10 diffusers are shown in 

Figs. 6-2-1~/15. Also indicated is the approx1mate position of 

the point of maximum shear stress. 
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In the case of the profiles measured ~n 
L 

the / llR1 = 5 

diffuser, nearly all follow the half-power law ( ·uju = k y 0
"
5 ), 

The fa~lure at X = ~.28 ~ns, along the outer wall ~s considered 

to be due to the non-linearity ~n.the turbulent shear stress 

prof~le. At a number of stat~ons the exper~mental value of 

K1 '(Eqn. 6-2-11) was compared with the theoretical value assuming 

zero wall shear. W~thout exception the exper~mental values were 

fotmd to be higher, by as much as 4(JJ6 in some cases. The reason 

for th~s discrepancy is due in part to the fact that Prandtl's 

assumption i.e., e o.~o y, ~s only true ,in the immediate 

vicin~ty of the wall, In the latter stages of d~ffusion the 

variation of mixing length follows a ramp function with the value 

of e remaining constant over a large proportion of the layer. 

Also indicated in Figs. 6-2-1~/15 is the approximate 

position of maximu~ shear stress; 1t is surprising to see that 

the half-power law, based on the assumption of a constant shear 

stress grad1ent continues for some distance past this point. 

This is rather s~milar to the situat~on which prevails in 

equilibrium layers where a mixing length approach based on 

constant shear stress extends over a greater proportion of the 

profile than would normally be expected, It is d~fficult to 

state precisely why this should occur since many :factors can 

influence the shape of the profile in the o~ter regions of the 

layer e.g. a variation in the shear stress gradient, Reynolds 

normal stress etc. The clarification of the relative influence 

o£ these effects is st~ll under invest~gation, 

Despite the lower overall pressure gradient a number of 

the velocity profiles ~n the L/!!. R1 = 10 diffuser follow 



- 169 -

Stratford's half-power law. Again the exper1mental values of K1 

were found to approximately 30')6 higher than the predicted values. 

Recent exper~ments reported by Stevens and Eccleston 
(36) 

-· on an opt1mum Cp annular d1ffuser in wh1ch both wall angles 

were pos1.t1.ve, have confirmed the half-pow·er law 1n severe 

adverse pressure gradients. NcDonald(?3 ) has drawn similar 

conclusions after analysing the data of Spangenberg et al. (
46

) 

for which 0 :e o.ol>. 

In sUmmary, an initial analysis of the inner region of the 

velocity profiles indicates a clear failure of the conventional 

form of the "Law of the Wall". This 1s due to the large shear 

stress gradient which is required to balance the pressure forces 

near the wall. A large proportion of the velocity profiles 

follow Stratford's half-power law. 

6-2-5 The Law of the Wake 

The normalised velocity defect curves for the profiles 

analysed in the prev1ous section were compared with Coles 

universal wake function w (~ ). In the maJOr1ty of cases the 

level of agreement was poor, the d1screpancy 1ncreasing as the 

value of o increased. In addition w ( ~ ) = 2.0 occurred at a 

value of ,Y / fi < 1.0. Similar conclusions l<ere reached by 

. (67) 
T1 tcomb and Fox , who modified the wake function, and l<hi 1st 

some improvement was obtained the general level of agreement 

with experimental profiles was st1ll unacceptable. Thus the 

failure of Coles Law to predict the shape of the outer region 

o~ the velocity profiles could be due to: 

i) That the velocity defect curves do not follow a 

universal wake function 
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ii) That the velocity defect curves have been based on 

an incorrect 'law of the wall'. 

hi) History effects 

Non-Universal Velocjty Defect Profile 

(66) . . (75) Bull >n analys>ng the data of Melior and G>bson 

suggested that the normalised veloc>ty defect curve >s not a 

universal function. The inability of the function to extend to 

the edge of the layer, i.e. w ( yjo ) ~ 2,0 at ::; /S < 1.0, has 

been taken into account by Bull who plotted ~ ( S Coles/ 0 expt) 

against the Coles parameter TT wh>ch is a funct>on of pressure 

gradient. The experimental values of ~ are shown in Fig,6-2-16 

and compared with the two correlations used in the prediction 

method, lvlulst the 1nner wall values of ~ correlate reasonably 

well, there is a large amount of scatter >n the outer wall 

results. This is to be expected s~nce the correlat1on is based 

on a two-parameter velocity profile equation which has been 

shown to be inadequate for a large number of the outer wall 

profiles. 

A failure of the wake function for the profiles due 

to Stratford(35 ) has also been reported by Thompson(56 l. In this 

case the convent>onal form of the 'law of the wall' was also 

used to obtain the velocity defect profile, 

Incorrect 1 Law of the Wall' 

It has been shmm in the previous section that in regions 

of severe adverse pressure gradient a modified law of the wall 

equat>on is requ>red, The wake function due to Coles cannot 

therefore be expected to apply in such cases since it is based on 

a simi lar1 ty lal'/ wh1.ch is assumed to be independent of pressure 
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grad1ent. The question arises, if a modified 'law of the wall' 

equation is used w1ll the correspond1ng velocity defect curves 

follow a universal function? The answer hinges on the 

correctness of the mod1fied law of the wall, wh1ch must be 

verified by direct measurement of wall shear stress. , Until this 

' has been done no conclus1ve remarks can be made, moreover the 

problem is further complicated by the influence of upstream 

history. 

6-2-6 History Effects 

Evidence of history effects can be observed 1n Figs.6-2-7 

to 6-2-12 in the sense that at a given value of H different shear 

stress distr1butions arc measured. Although the velocity profile 

cannot in many cases be characterised by a two-parameter family, 

neither can the shear stress be uniquely defined by the local 

velocity gradient. More information is needed concerning what 

has gone before, i.e. concerning the upstream history of the 

flow. 

The classical case of history effects is observed in 

attempts to calculate the behaviour of a boundary layer in a 

relaxing pressure gradient. In such a case information 

regarding the in1tial shear stress distribution and its 

subsequent rate of development 1s required before meaningful 

calculations can be made. The relahve importance of history 

effects can be stud1ed by examining the equation of motion 

uou + V OU = -I dP - _Q (i:l'2) + oT 
ox ay ? dx ox oy 

Hi'story effects enter the equat1on v1a the last two terms on 

the right-hand-side, namely the Rcynolds normal and shear 

stresses. lf the pressure gradient term is large in compar1son 
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with the Reynolds stresses, history effects will have negligible 

influence on the development of the boundary layer. Stratford(76 ) 

assumed that in the outer part of the layer the shear stress is 

negligible if the pressure gradient 1s sufficiently strong. In 

which case the pressure force is in competition w1th inertia 

' forces only, and the total head is approx1mately constant along 

a streamline. In order to assess the significance of history 

effects in the profiles shown in F1gs. 6-2-7 to 6-2-12, the 

value of d,-- 1ms calculated in the outer regions of the layers i.e. 
dy 

outside the range of the half-power law. The results of the 

calculations are tabulated bel01<. 

H station wall D1ffuscr Fig.No. d ( 2'T) 
x (ins) L/ AR1 dy pu> 

d (2P1 
(approx) dx pu' 

1.50 0.75 outer s.o 6-2-3 o.oot. 0.260 

1.50 1.25 outer 7.5 6-2-3 0.0053 0.146 

1.69 lo35 outer 5·0 6-2-1 o.oo6 0.185 

1.69 4.70 outer 10.0 6-2-1 0.010 0.073 

1.90 1.95 outer 5.0 6-2-4 o.oo85 0.132 

1.90 7o7 outer 10.0 6-2-4 0.0165 0.057 

2.10 2o55 outer 5.0 6-2-2 0.0128 0.098 

2.10 6.00 outer 7.5 6-2-2 0.032 o.o68 

In the above calculations the profiles were treated as plane 

boundary layers. 1Vhilst history effects are present their 

influence is negligible during the initial stages of diffusion. 

This is mainly due to the large initial pressure gradient, and, 

to a lesser extent, to the lag in the shear stress distribut1on. 
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• Only in the later stages of diffus1on does the term d-r become 
dy 

signif1cant. In which case the pressure gradient-should be 

compared ,;ith the difference between the gradient of Reynolds 

stress in the measured profile, and in an equilibrium profile 

having the same value of H (assum1ng 

The profile at X = 7.7 ins. has, within experimental error, an 

equilibrium shear stress distribution (based on _E_ ) in the 
us* 

outer reg1on of the layer. In the case of the prof1le at 

X m 6.0 ins. the measured shear stress d1str1bution is lower 

than the equil1brium value but the discrepancy is not large 

enough to have a significant 1nfluence. Both prof1les are in 

fact relatively close to equilibrium (see Fig. 6-2-5), and 

because of this h1story effects which can be observed in the 

lag of the shear stress distribut1ons do not signif1cantly 

influence the flow in the outer regions of the layers. 

History effects are normally associated w1th the flow in 

the outer region, but there is evidence to suggest that the 

Reynolds normal stresses may influence the flow 1n the inner 

region. Spangenberget a1~46 ) in noting that dP 
dx 

suggested that the remainder of the force near the wall was to 

be found in the normal stresses. An investigation of this 

L 
effect along the outer wall of the / l'>R1 = 5 d1ffuser revealed 

that near the inlet d-rjdy = o.B dPjdx decreasing to 0.25 dP(dx 

at XjL = 0.75. Calculations at X/L = 0.75 1nd1cate that the 

discrepancy could be ascr1bed to the influence of Reynolds 

normal stresses. On the outer wall of the L / Ll R1 = 10 d1ffuser 

at X/L = .725, d,- = 0.9 dP and in this case the long1tudinal 
dy dx 

turbulence intens1ty d1stributions confirm that the contr1but1on 
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J.S small. 

6-2-7 Velocity D1stribution at the Edge of the Layer 

It was ant1c1patod that the higher turbulence intensities 

at the edge of the layers t<euld influence the velocity distr1bution 

in that region. However no ev1dence to support this view \V'as 

found, since the profile which is in good agreement with Coles 

lat< at the edge of the layer (X = 7'. 7 ins. Lj 6 R1 = 10, 

Fig. 6-2-4) has a relat1vely high level of "edge" turbulence 

intensity. Whereas the. profiles which are in poor agreement near 

the edge of the layer are often to be found in the 1n1tial stages 

of diffusion Wlth a relatively low level of "edge" turbulence 

intens1ty. Therefore the frequent failure of Coles lat< to 

predict the velocity distribution near the edge of the layer lS 

cons1dered to be due to a breakdown of the sim1larity laws 

rather than the influence of "edge11 turbulence intensity. 

6-2-8 Concluding Remarks 

The object of the analysis in this sect1on nas been to 

establish the reasons for the fa1lure of Coles Law to adequately 

describe the outer wall velocity profiles in the Lj 6R1 = 5 & 

7.5 diffusers. These profiles which have been developed in an 

extremely severe adverse pressure gradient are far removed from 

a state of local equilibrium and under such cond1tions it has 

been shown that: 

i) The universal law of the wall which is the corner 

stone of most turbulent skin friction laws is invalid. 

(74) . 
The modified law proposed by Townsend t<h1ch takes 

account of the influence of pressure gradient is more 

applicable. 
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ii) In a severe adverse pressure grad1ent the velocity 

distribut>on in the inner region of the layer 

follows a half-power law. 

ii>) In a near-separat1ng boundary layer the force 

required to overcome the pressure gradient is 

principally derived from the Reynolds normal 

stresses. 

iv) The tmJ.Versal "Law o:f the Wake" in its present form 

is unsuitable 

v) History effects do not have a s>gn>ficant influence 

in the outer reg>on of the layer. 

The outer wall velocity profiles >n the Lj!::. R1 = 10 

d>ffuser and the majority of the inner wall profiles, can be 

adequately represented by Coles Law providing a su>table 

corrcctJ.on is made to the boundary layer thlckness. 

In conclusion, it appears that for velocity profiles near 

to a condition of local equilibr>um the accepted methods of 

profile representation are adequate. However for profiles that 

are grossly non-equil>brium there is a real failure of the 

existing similarity laws. 

6-3 Total Pressure Gradient along the Streamline of Naximum 

Velocity 

Three methods of attack were used to obtain values of the 

total pressure loss along the streamline of maximum velocity. 

These were; 

i) A theoretical calculat>on of the shear stress 

gradient in the vicinity of the position of 

maximum velocity. 
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ii) Energy Equation 

iii) Empirical correlation of exper~mental data 

The shear stress grad~ent was calculated us~ng a mixing 

length approach. A value of ejs* = 0.2 was assumed, and the 

slope of the velocity profile near the edge of the outer wall 

bm1ndary layer was calculated using Coles law. 

A number of methods were used to obtain the dissipation 

ff . . t th t• G ldb ( 29) R tt ( 6l) coe 1c1cn 1n e energy cqua 10n e.g. o erg , o a , 

and mixing length theory, but this approach was abandoned due 

to numerical difficulties. Examination of the relative 

magnitude of the terms ~n the energy equat~on (see Tables A2~-l 

to A2~-3) indicates that the term incorporating the total 

pressure loss ( £. ( S- 8 *) (d PT) ) is small in comparison 
[>U2 dx m 

with the pressure gradient term ( 3Q." du ) and therefore small 
U dx 

errors in the prediction of the later produce disproportionate 

changes 1n the total pressure loss. 

The correlat~on of £. Dh( dPT{dx)m lHth the outer wall 
pu2 

shape parameter Ho (see Fig. AlO - 6 ) was based on the 

experimental results quoted in Append~x 10, and a test carried 

out on a con~cal diffuser. IVhilst in the con~cal diffuser the 

values of ( dPTjdx )m were obtained by direct measurement, the 

values in the annular d~ffusers have been calculated from the 

static pressure rise and the kinetic energy coefficient at each 

station. 

A comparison of the experimental and predicted values is 

shOwn in Fig. 6-j-1. The gradient of shear stress at the 

position of maximum veloc~ty was also estimated from the 

measured shear stress distributions, and the values obtained in 
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this way are included in F>g. 6-3-1. Bearing in m>nd the 

d1fficultics involved in making accurate shear stress measurements, 

the values obta.tned are 1n reasonable agreement with the 

experimental data. 

The momentum-balance plots >ndicate that the contribution 

fro\n the term o - m _I_ ( d P, dx ) increases with distance R2 R 2 I 
Ro 2.p u> m 

along the d>ffuser until at exit it represents approximately 

dGo • 
dx 

Fig. 6-3-1 shm;s that the empirical correlation 

predicts 2 ( dP,) at diffuser exit to with>n 30% or better, 
pU 2 dx m 

represent>ng at most a 10% error in the theoretical value of 

The lower empirical values of total pressure loss W>ll lead to 

an overestimate of th~ shape parameter. 

In attempt>ng to calculate the shear stress gradient in 

de 
dx 

the vicinity of the streamline of maximum velocity the value of 

ejs* was chosen with a view to achieving a reasonably accurate 

estimate in the latter stages of d>ffusion. It can be seen that 

this approach has been parhally successful although better 

agreement could be achieved by correlat>ng e;s* aga>nst a suitable 

mean flow parameter e.g. H0 • Nevertheless doubts must be 

expressed regard>ng the physical correctness (see Batchelor(Bl)) 

of using a mixing length approach near the edge of a boundary 

layer. 

6-4 Reynolds Normal Stresses 

A comparison of the measured outer wall values of 

c..: !! J(u'2+v~·- v'2
)dR 

.u2 dx 

is shmm >n Fig. 6-~-1. 

. (29) 
with the correlat>on due to Goldberg 

The fact that Goldberg 1 s correlation ,;as 

d -,2 
based on results in a potential core s.ttuation, for which ...:!m= 0. 

dx 
has been shown >n Appendix 23 to be of only minor >mportance. The 

. . 
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results for the 

of the original 

L; t.R1 = 10 diffuser arc l<i th~n the scatter band 

L 
data, but the results for the / l>R1 = 7.5 & 5.0 

diffusers are discrepant and follow the general trend of the 

(53) data due to Schubauer and Klebanoff • The failure of 

Goldberg 1 s correlation to pred1ct the 10\;er experimental values 

is 'considered to be due to the lag in the turbulence structure. 

Although a lag or h1story effect was present 1n Goldberg 1 s 

experiments the values of pressure gradient 1n the L / l'> R1 5 

diffuser are very high and Nash(?O) has shown that lag 

increases w1th pressure gradient. 

The difference between the experimental and predicted 

values shown 1n Fig. 6-4-2 is not serious since the normal 

stress term is only of importance when the boundary layer is 

driven toward large values of shape parameter. No compar1sons 

are included for the inner wall data as the normal stress term 

does not make a srgnificant contribution to de,. 
dx 

The failure of Goldbergs correlation illustrates the 

fundamental weakness of relat1ng turbulence to the local mean 

flo,., quanti ties. 

6-5 Internal Performance 

The results of the various predict1on methods are 

summarised in Figs. 6-5-2 to 6-5-5; the following coding 1s 

used to identify the methods employed: 

C Coles Law only 

CA - Coles Law incorporating a modification to the 

boundary layer thickness (Ref. Fig. 5-6-2) 

CNA - Coles Law 'nth modified thickness and including 

Goldberg 1 s correlation for the Reynolds normal 

stress (N.s.c.) 

. ' 
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CNEA - ColesLaw w1th modif1cd thickness, N.s.c., and 

( d PT/ dx ) m obtained from an empir1cal 

correlation 

CNSA - As above, but ( d PT/ dx) m 

shear stress gradient 

P Power Law 

PN - Power Law with N.s.c. 

calculated from the 

PNE- Power Law with N.s.c. and ( dPT/dx)m 

obtained from empirical correlat1on. 

The number in front of the cod1ng indicates the aX1al d1stance 

(1ns.) downstream of the diffuser throat at wh1ch the calculations 

commence. The computer print-out for a selected nwnber of cases 

is given in Appendices 27 and 29. Apart from H and 6, values of the 

various terms in momentum and energy equations, and the energy 

thicknesses etc. are included. In the absence of any pred1ction 

criteria for turbulent separation the programmes were allowed to 

run to diffuser exit. 

In the methods based on a power law velocity profile no 

attempt was made to calculate the shear stress gradient near the 

edge of the boundary layer, because of the known inaccuracy of the 

power law in this region. The maJ0r1ty of the calculations using 

Coles law, wh1ch commence downstream of the diffuser throat 

incorporate a modification to the boundary layer thickness based on 

correlation 'AI (see Fig. 5-6-2). This correlat1on 1s for 

e~sentially non-equ1librium flow, and for calculations commencing 

at the d1ffuser throat correlation 1 D1 was used to ensure the 

correct initial value of momentum th1ckness. In a number of cases 

both correlations were used for comparative purposes. 

. ' 

.• 

/ 
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In attempting to Judge the relative success of the 

theoretical predictions it must be emphas1sed that emp1rical 

corrections are included in all turbulent boundary layer 

calculations,and a prediction of Hand e to within 10)6 can be 

considered to be good. If Coles la\V is used it is important that 

both parameters should be predicted accurately, otherwise the 

estimate of the velocity profile and static pressure rise coefficient 

will be impaired. Furthermore, the wide range of pressure gradients 

obtained in the test diffusers represents a severe test of the 

prediction methods. To assist 1.n assessing the relat1.ve success of 

the methods used, tloe results of all the theoretical compar1sons 

(3'•) from the Stanford Conference for the adverse pressure gradient 

data of Hoses (Case 3) are shown in Fig, 6-5-1. It can be seen 

that all the differential methods fail, and of the integral methods 

only that due to Head(5?) is successful, Head's method pred1cts 

final values of H and G which arc lower by approximately 10 and 

The calculations which commence at the diffuser throat eg, 

O,CNEA predict approximately the same shape parameter at exit, on 

both inner and outer walls, The failure to predict the asymmetric 

grOI<th of the shape parameters is due to the inabihty of the 

methods to take account of the disturbance associated with the change 

in flow direction on the outer wall at inlet, Theoret1cally the 

calculation should take account of the streamline curvature. In 

view of this, the calculations were started downstream of the 

tqroat at a station where the flow was assumed to have adjusted to 

the initial disturbance; a sim1lar approach has been adopted by 

. (31) N1coll and Ramapr1an • Unfortunately, 1f calculations are 

. ' 
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started downstream of the throat more initial data is required 
' 

e.g. Cp 1 6. PT' etc. 1 there is a dearth of informat1on on flow 

ip annular bends and su?h data is normally unhkely to be 

available. 

1 Applying Colcs law w1thout 1ncorporating a modification to 

the boundary layer thickness results in an overest1mat1on of e ' 

and the pressure gradient term 8dU (H+2). Consequently the 
Udx 

pred1cted values of shape parameter are too high in all the cases 

w1th the exception of the outer wall in the L/ 6.R1 = 5 diffuser. 

The inclusion of Reynolds normal stresses does not have any 

significant effect, and there is little overall d1fference between 

the two methods of estimating (dPT/ dx )m • Due to the dominant 

influence of pressure grad1ent we may \vri te: 

de 
dx 

~du (H+2.) 
u dx 6-6-1 

Comparing the 1.0 CNEA - correlation 'B' pred1ctions •dth the 

exper1rnental data it will be seen that there is good agreement for 
' 

both 0 and H in the L/i'. Rl = 10 diffuser. L 
In the case of /6. R1 = 

7.5 diffuser the 1.25 CNEA approach using correlat1on 'A' yields 

good agreement along the outer wall, but because of an incorrect 

calculation of the in1t1al inner wall momentum thickness the 

predicted values of e . and lh are lo\;er by approximately 35% and 
1 

15% respect>vely, The fa1lure to estimate 8 correctly on the inner 

wall is due to the fact that correlation 1A 1 is for non-equil1briwn 

flo)< whereas the flow along the inner wall tends towards a condition 

of local equil1brium. The calculations were repeated using 

correlation 1 B1 and as would be expected this gives good results 

along the inner wall but due to the higher estimated values of 

. ' 
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momentum thickness the predicted values of H0 are approximately 

3o% too high. Whilst reasonable agreement is obtained along the 

inner wall of the L/6R1 = 5 diffuser there is a real failure >n the 

prediction of H 0 , the values being approximately 35% too low. 

S1nce the no net mass transfer assumption has been sho1rn, within 

the' limits of experimental error, to be correct, the failure of 

the predictions in the Lj6R1 = 5 d>ffuser and the partial failure 

in the Lj6R1 = 7.5 diffuser can be traced to a breakdown of the 

similarity laws >n Colcs equation as discussed >n Section 6-2. 

Apart from the failure of the similar>ty lm<s, the need to include 

add>tional emp>ricism in the form of mod1f1cations to the boundary 

layer thickness removes a lot of the attraction in applying Coles 

for~~ation. Although calculations were carr1ed out with d>ffering 

correlations the results are not included since they did not 

produce any s1gnificant improvement. In fact, the main advantage 

of Coles law appears to l>e >n the analysis of experimental data. 

In view of this calculat1ons were also carried out us~ng 

the power law veloc>ty profile, which had previously been 

reasonably successful when applied to a symmetrical annular 

d "ff (27) 1 user. It can be seen that the power law overestimates a 

resulting in higher predicted values of shape parameter. However, 

the values of shape parameter are only marginally inferior to the 

values obta>ned using the modified Coles law. In add>tion the 

calculat1ons started at the diffuser throat are slightly better 

than the Coles law predictions. Thus the power law appears to be 

t~e better choice although on physical grounds it has less appeal. 

Desp1te the fact that the integral method chosen has only 

been partially successful it can be stated with reasonable confidence 
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that no other available integral method would have been any more 

successful. In fact many of those available rely on auxiliary 

(56) 
equations which have been shmm by Thompson to be 

notoriously inaccurate, and the 11 best 11 integral method namely 

that due to Head(57 l is not applicable for the case of fully 

developed flow at inlet. 

The most disturbing feature of the results 1s the 

failure to calculate the behaviour of flow in the diffuser of 

engineering interest i.eo the optimum - * L Cp diffuser ( I Cl R
1 

= 5 l. 

The successful application of an integral method to this case 

reqlilres the formulat1on of a new velocity profile equation 

which takes account of the influence of pressure gradient on the 

flow in the inner region of the layer. In view of the greater 

potential of differential methods, despite their failure to 

predict the Noses, Case 3, data(:~!.), work is in hand( 77 l to 

. (78) modify the method due to Patankar and Spald1ng • 

6-6 Overall Performance 

The pred1ction of overall performance is centred on two 

parameters namely the loss coeff1cient and the static pressure 

rise coeff1cient. 

6-6-1 Total Pressure Loss Coefficient 

The experimental values of loss cocff1cient A,_2 are 

compared with the predicted values in the table below 

L 
DIFFUSER I Cl R1 5 7.5 

Experimental value "1-2 o.oBo o.o65 

Predicted values "1-2 

o. 7511.2511.0 CNEA o.o65 0.07!. 

0.7511.2511.0 CNSA o.o68 0.076 

OIPNE 0.052 o.o65 

10 

0.077 

0.055 

o.o6o 

0.063 
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The experimental values are quoted relat1ve to measurements 

taken at a plane 3ins. upstream of the throat. The in1tial 

conditions supplied to the programme based on Coles lm< also 

1nclude the loss betl<een the measuring plane and the stations at 

which the calculations commenceo In the case of the calculations 

using a power law velocity profile a value of 0.02 has been 

added to the predicted loss coefficient. Th1s is the estimated 

loss based on a f'riction .factor of 0.0033 between the measuring 

plane and the d1ffuser throat. It can be seen that with1n the 

limits of experimental error there is good agreement. 

6-6-2 Static Pressure Rise Coefficient 

The static pressure rise coefficient 1s obtained from the 

equation 

1-3-3 

Thus for specif1ed inlet cond1tions the prediction of Cp 

depends on the estimation of the loss coeffic1ent A 1-2 and the 

velocity prof1le energy coeffic1ent c< 
2

• The value of c< 
2 

is 

determined by the shape of the exit velocity profile and is 

calculated in the case of the Coles law representation from the 

predicted values of 6 , H , 6. , H., U , and Rm• The 
0 0 l. l. 

experimental and predicted values of c< 2 and Cp are compared 

in Fig. 6-6-1. It can be seen that in the case of the 

L; AR1 = 7.5 and 10.0 diffusers although there are errors in 

the predicted values of o< 2 they do not significantly affect 

the values of Cp, which are in good agreement with the 

measured data. Therefore whilst the theoretical approaches 

are less than totally adequate for boundary layer calculations, 

they do appear to be suffic1<mt for pred1ctions of overall 
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• .. 
performance. Similar conclusions have been reached by Cocanower 

Ho1<ever in the case of the outer lfall boundary layer 

in the L; C>.R1 = 5 diffuser there is a more serious failure of 

the prediction methods and as a consequence the estimated values 

of Cp are approximately 2o% too high. 
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TABLE 6-1 

COMPARISON OF PROFILE PREDICTIONS 

DATA DUE TO PERRY( 72 ) 

PROFILE 
INDENT. 

No. 2906 2907* 2908* 2909 2910 

X ft. 10.0 - 11.0 12.5 1L,.o 15.0 

U ft /sec 84.55 82.16 79.91, 77.27 76.ol, 

cf COLES 
0.00076 o.ooo61• o.oooL,7 0.00033 o.ooo225 

(f AUTHOR 0.00079 o.ooo61 o.ooo~,5 0.00031 0.000210 

n COLES 1,.778 5-955 7o771 10.1,8 13.921 

n AUIHOR 1,.723 5·979 7.81,7 10.59 13.992 

e lrl5 (OLE.S 1.~15 1.682 1.930 2.327 2.1,86 

ems. 
AVIHOR 

1.1,1,2 1.680 1.930 2.321, 2.1,79 

D 1ns. 
COLES 

9 .oo~, 10.312 11.1,31 11,.293 15.512 

8 ins. 
AU\HoR 

9.058 10.31,2 11.765 11,.235 15.1,1,6 

0 in5 9.50 11.00 11.50 13·5 15.59 
PERRY 

~ Oo955 0.91,1 1.02 1.055 1.00 

H COLES 1.755 1.86 2.02 2.20 2.1,1 

H AUTHOR 1.755 1.87 2.02 2.21 2.1,1 

* compared graphically 
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TABLE 6-2 

APPROXIMATE VALUES OF 

L//l.Rl ; 5 DIFFUSER 

' 
X (ws) 0.75 1.35 1.95 

15 Outer Wall 0,055 0.093 0,156 

15 Inner Wall o.o43 o.o43 0.038 

L/, 
/l Rl ;7.5 DIFFUSER 

X (ins) lo25 2,2 3.15 

I) Outer Wall 0,0388 o. ()1,8 0,060 

lS Inner Wall 0,0273 0,()33 0.038 

L//lR 
j ; 10,0 DIFFUSER 

X (ins) 1.0 2,25 3.25 

~ Outer Wall 0,016 o.023 0,026 

15 Inner Wall 0,015 0,017 0.020 

-

' 

. 

2.55 3.15 3.75 1,,28 

0.197 0,361, 0,665 1.460 

0.038 0.036 0.0306 0,0276 

0,076 Oo093 0,120 Oo189 

0,032 0.037 o.o'.o o.o66 

0,023 0.028 0,028 0,029 
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SECTION 7 

CONCLUSIONS 

7-1 Extension of Theoretical Approach 

7-1-1 Integral Methods 

It has been shown that for d~ffusers of moderate overall 

pressure gradient (L/ llR1 = 7.5 and 10.0), reasonable agreement, 

sufficient for most engineering purposes, can be achieved between 

exper~mental and theoretical values of internal and overall 

performance. However, this agreement is restricted by the 

necessity to commence calculations at a station downstream of 

the inlet bend. Failure to take account of the disturbance due 

to the inlet bend results in a failure to predict the asymmetric 
/ 

grOl.-th of the boundary layers. 

In attempting to apply ~ntegral methods to the calculation 

of the flow in a minimum length d~ffuser ( L / ll R1 = 5. 0 )~ serious 

discrepancies arise. These d1screpancies have been traced, in 

the main, to a failure of the existing methods of representing 

the mean velocity prof1le in a severe adverse pressure gradient. 

The failure of the two parameter representation due to Coles(4l) 

has been shown to be due to a failure of the well known law of 

the wall, resulting in an overestimate of the skin friction 

coefficient and the local velocity. 

In order to apply integral methods in severe adverse 

pressure gradients a new approach is required. This may take 

the form of a revised law of the wall as suggested by McDonald(73 ~ 

wqich takes account of the ~nfluence of local pressure gradient, 

combined w1th a un~versal defect law. Another possible line of 

(44) 
attack has been suggested by Coles , namely that the flow near 

the wall should be treated as "non-turbulent". Alternatively an 
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approach based on the half-power lm< due to Stratford (76) appears 

promisingo 

Suff1cient data has been obta1ned, in which history effects 

are present, to 1nvestigate the relaxation technique, proposed 

by Nelson( 79 ) and Rotta( 34 >, for the calculation of the dissipation 

' integral. In add1tion, improved empirical relations are required 

for the Reynolds normal stress coeff1cient, taking account of 

turbulence lag, and aga1n a relaxation technique may give the 

best leverage. In the absence of an accurate mean velocity profile 

equation, and the d1fficulties surrounding the correct choice of 

mixing length, the calculat1on of the total pressure gradient 

along the streamline of max1mum velocity appears to be 

restricted to improved empirical correlations. 

7-1-2 Differential Hethods 

Different1al techniques are still in the in1t1al stages of 

development and no "best" method has yet been determined. The 

recently published results from the AFOSR-IFP-Stanford 1968 

Conference on Computation of Turbulent Boundary Layers, confirm 

the view expressed by Rotta( 34 ) who stated that, "it appears 

doubtful that much improvement in predict1on techniques w1ll be 

gained by adopting mean-field methods." The data obtained in 

this investigat1on support this view, m1lcss some means can be 

found to predict the values of mixing length in an adverse 

pressure gradient. An approach using a relaxation techn1que 

where the length scale is dependent on local pressure gradient 

mqy be possible. In view of this, a modified wall function and 

values of mixing length, based on the experimental data are to 

be incorporated in the Spalding GENHIX-4 programme <78 ) (7?). 

----------
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A more promising approach may be to use the data in a 

turbulent-field method notably that due to Beclorith and Bushnell(34! 
Finally, an attempt must be made to incorporate the calculation of 

streamline curvature effects, so that the influence of the inlet 

bend may be Included. 

7-2 Extension of Experimental \fork 

The data obtained representsa detailed investigation of the 

flow through annular diffusers hav1ng centre bodies of uniform 

diameter, and operating With fully developed flow conditions at 

inlet. Ho,.,ever there is a great need for further comprehensive 

data on other types of annular diffuser operating near to the 

lines of optimum performance. Such data should, where possible, 

be free from any significant three-dimensional effects, and in 

this respect the work reported in this thesis indicates that a 

fully annular rig is desirable. 

In addition to detailed measurements of the mean velocity 

profile and turbulence structure attempts should be made to 

measure the wall shear directly. Such measurements are necessary 

for a complete analytical study of the flow near a wall in a 

severe adverse-pressure gradiento Also apparatus should permit 

flow visualisatJ.on studies, in order to check for regions of 

intermittent transitory stalling which may not be detected by 

measurements along selected radii. 

Apart from measurements Within the diffuser there is a 

need for detailed data on the flow around the inlet bend which 

~n serve as a basis for theoretical predJ.ctions. Very little 

information has been published on flow in annular bends. Another 

aspect which reqUlres further work is the determination of 
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acceptable predict1on cr1teria for turbulent separation. This 

work is particularly difficult since separated flow is essent1ally 

three dimensional and unsteady, and consequently more complex 

instrumentation is reqU1red. 

F1nally most diffuser work is carr1ed out on "clean" 

d1ffusers free from any 1nternal obstruct1ons, hmiever 1.n nearly 

all gas t~b1ne applications struts are present. The struts, 

which can number as many as eighteen in certain combustion 

chamber applications, often extend over half the length of the 

diffuser. The interact1on of these components in the presence of 

a turbulent shear flow frequently controls diffuser design. 

No published data are known to the author on this aspect of 

diffuser per£ormance. 

7-3 Conclusions 

Overall performance data has been obtained for three 

annular diffusers having centre bodies of uniform diameter and 

conically diverging outer walls. The diffusers have a common 

area ratio of 2.0 : 1, and non-dimens1onal lengths (L/ ~R1 ) of 

5.0, 7.5, and 10.0 respectively. The tests were carried out 

with fully developed flow at inlet, the inlet conditions being 

obtained by natural development in a long annular entry length • 

• For the optimum (Cp ) diffuser the measured static pressure rise 

coefficient is 1n good agreement with published data after 

applying a correction to take account of the increased boundary 

layer thickness at inlet. Also for the diffuser area ratio 

i~vestigated the non-d1mens1onal length consistent with the 

onset of trans1tory stalling has been established. 

In addition to the overall performance characteristics 

.. 



- 217 -

• 
a deta1led study has been made of the growth of the boundary 

layers along the inner and outer walls in each of the three 

diffusers. Measurements were made of the mean velocity profiles 

and turbulence structure at a number of stations along the 

length of the diffusers. The data showsexcellent symmetry of 

flOw, and momentum - balance plots, including the contribution 

due to Reynolds normal stresses, were in excellent agreement, 

indicating that no sign1ficant three-dimensional effects were 

present. It is considered that this data will be extremely 

useful as a basis of comparison for future theoretical studies. 

The results indicate an asymmetr1c gro,•th of the boundary 

layers along the inner and outer walls. The rate of ~ncrease in 

the shape parameters becoming significantly greater on the outer 

wall as the outer wall angle increases. This asymnetry is 

attributed, mainly, to the disturbance associated w1th the change 

in outer wall angle at inlet. The measured shear stress 

distributions exhibit considerable lag, and a large gradient of 

shear stress near the wall 1n regions of severe adverse pressure 

gradient. As a result of the large shear stress gradients a 

number of the velocity profiles do not obey the conventional 

form of the law of the wall, but follow more closely a half-power 

lawo In these circumstances the use of the two-parameter method 

of profile representation gives rise to considerable error. 

An integral approach has been used to predict the boundary 

layer growth, based on the assumption that no net mass transfer 

takes place between the inner and outer wall boundary layers. 

Within the limits of exper1mental error, th1s assumption has been 

verified, for the case of naturally developed inlet cond1tions. 

. . 
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For two of the d1ffusers ( /6R1 = 7.5 and 10.0), good agreement, 

sufficient for most eng1neering purposes, has been achieved 

between the theoretical and experimental values of overall and 

internal performance. However th1s agreement 1s only obtained by 

commenc1ng the calculations do,<nstream of the d1sturbance 

associated with the inlet bend. In the case of the minimum length 

-· (Cp ) diffuser, the predicted values of shape parameter along the 

outer wall were too low. This 1s considered to be due to a 

fa1lure of the accepted methods of velocity profile representation 

in severe adverse pressure grad1ents. 

. , 
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