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Abstract 

 

The current state-of-the-art tyre models tend to be demanding in parameterisation terms, typically 

requiring extensive and expensive testing, and computational power. Consequently, an alternative 

parameterisation approach, which also allows for the separation of model fidelity from computational 

demand, is essential.  

Based on the above, a tyre model is introduced in this work. Tyre motion is separated into two 

components, the first being the non-linear global motion of the tyre as a rigid body and the second 

being the linear local deformation of each node. The resulting system of differential equations of 

motion consists of a reduced number of equations, depending on the number of rigid and elastic modes 

considered rather than the degrees of freedom. These equations are populated by the eigenvectors and 

the eigenvalues of the elastic tyre modes, the eigenvectors corresponding to the rigid tyre modes and 

the inertia properties of the tyre. The contact sub-model consists of bristles attached to each belt node. 

Shear forces generated in the contact area are calculated by a distributed LuGre friction model while 

vertical tread dynamics are obtained by the vertical motion of the contact nodes and the corresponding 

bristle stiffness and damping characteristics. 

To populate the abovementioned system of differential equations, the modal properties of the rigid and 

the elastic belt modes are required. In the context of the present work, rigid belt modes are calculated 

analytically, while in-plane and out-of-plane elastic belt modes are identified experimentally by 

performing modal testing on the physical tyre. To this end, the eigenvalue of any particular mode is 

obtained by fitting a rational fraction polynomial expression to frequency response data surrounding 

that mode. The eigenvector calculation requires a different approach as typically modes located in the 

vicinity of the examined mode have an effect on the apparent residue. Consequently, an alternative 

method has been developed which takes into account the out-of-band modes leading to identified 

residues representing only the modes of interest. 

The validation of the proposed modelling approach is performed by comparing simulation results to 

experimental data and trends found in the literature. In terms of vertical stiffness, correlation with 

experimental data is achieved for a limited vertical load range, due to the nature of the identified modal 

properties. Moreover, the tyre model response to transient lateral slip is investigated for a range of 

longitudinal speeds and vertical loads, and the resulting relaxation length trends are compared with the 

relevant literature. 

 

Keywords: tyre modelling, tyre modal testing, flexible tyre belt, tyre response, tyre belt eigenvalues, 

tyre belt eigenvectors 
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1. Introduction 

 

1.1 Background, motivation and broad aim  

 

Tyre modelling has been a challenging engineering field for at least three decades. Starting 

from simple steady-state empirical tyre models, the engineering community has currently 

reached a point where high-fidelity physical tyre models are available, capable of capturing 

various phenomena, such as dynamic contact forces and moments or tyre NVH characteristics. 

These advances, introduced between the first tyre modelling attempts and the current state-

of-the-art, are presented in Chapter 2 of the present work. However, in order to achieve a 

certain level of accuracy and fidelity, the most recent tyre models are quite complex in 

structure, expensive in terms of computational power, and require extensive parameterisation 

procedures.  

 

Specifically, after examining the current state-of-the-art regarding the established tyre models, 

it has been noticed that each one of these – from the analytical to the empirical ones – 

required some sort of experimental procedure to identify a, model-specific, variety of tyre 

properties. In many cases, this parameter identification may introduce extensive technical 

difficulties which, in addition to the unavoidable assumptions which follow the structure of 

any model, could jeopardise its results. This particular observation led to the concept 

presented in this work, which includes the development of an efficient tyre model, 

reconstructed directly from – feasible to obtain – modal testing data.  

 

The tyre modal model presented in this work has been designed to couple the structural 

dynamics of the tyre belt, derived directly from modal testing, with the non-linearities 

associated with the motion of the pneumatic tyre. This feature is of interest in several 

automotive applications, particularly in cases where the mass of the tyre is comparable to the 

mass of the vehicle and, consequently, excitation arisen by the rigid body motion of the wheel 

could influence the vehicle to a great extent.  

 

Consequently, the first critical objective of the present work is the development of a three-

dimensional high-fidelity tyre model requiring data obtained either by simple static 

measurements, such as the tyre mass or tyre dimensions, or directly by modal testing on the 

physical tyre. This is a rather challenging task as the starting point is the typical second order 
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system of differential equations of motion. It follows that the next fundamental objective is 

the identification of those modal quantities required to populate the system matrices of the 

abovementioned tyre model. This particular objective is divided into two sub-objectives: the 

first being the experimental acquisition of the digital signals representing the transfer 

functions relating the force applied on the tyre to the respective acceleration of each tyre belt 

node – that is the actual modal testing performed on the physical tyre; the second being the 

post-processing of the aforementioned set of data to identify the eigenvalues and 

eigenvectors corresponding to the elastic modes of the tyre belt. The third objective is the 

validation of the proposed modelling approach and, in particular, the effect of belt 

deformation on tyre response. 

 

The generic broad aim of the research work presented in this Thesis is to demonstrate the 

requirement for a shift in the way that tyre models are formulated and consequently in the 

way that tyre modelling parameters are obtained. In this work, a balance between the two is 

sought. The proposed tyre model is formulated having in mind the experimental procedure 

required to identify the necessary model parameters and, additionally, the experimental 

procedure is designed and executed in order to derive these parameters, so that the 

combination of these two actions – model formulation and parameter identification – is 

efficient and streamlined. Moreover, this combination is designed to require the minimum 

possible workload – the proposed tyre model is designed to directly exploit the experimentally 

acquired data, and the experimental procedure consists of typical modal testing performed on 

the physical tyre, instead of intricate tasks, for example measuring material properties for the 

tyre sidewall or the tyre belt layers. 

 

1.2 Structure of the present work 

 

Initially, a broad range of tyre models is presented in Chapter 2, so as to expose the reader to 

the current state-of-the-art in tyre modelling and tyre model parameter identification and the 

potential benefits of the suggested approach, which is the development of a tyre model 

directly from modal testing. Also, Chapter 2 is demonstrating a number of useful modelling 

techniques and approaches that are implemented or could potentially be implemented in the 

suggested model, in particular ways to model contact between the tyre and the ground. 
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The approach adopted in this work demonstrates that parameter identification for dynamic 

tyre modelling does not necessarily have to be an experimentally intensive procedure. To this 

end, the system of second order differential equations capturing the tyre motion is further 

developed in Chapter 3, so that it may be populated by feasible to obtain quantities, namely 

the experimentally obtained eigenvalues and eigenvectors of the tyre belt, instead of the 

laborious to identify and typically-used inertia, stiffness and damping matrices. In addition, the 

macroscopic rigid-body motion of the tyre and the local deformation of the tyre belt are 

solved separately, the only interconnection being that a change in the tyre rigid-body states 

will excite the respective elastic structural modes. To complete the tyre modelling suite, an 

elastic boundary between the tyre and the ground and a distributed LuGre contact model[113] 

are embedded, having as input the global motion of each belt node – rigid-body motion 

coupled with local deformation – and calculating contact forces as outputs. It should be noted 

that, in the context of the present work, the tyre is examined macroscopically. Contrary to 

previous FEM studies where the structure of the examined tyre is modelled in detail, i.e. 

modelling of the specific elements formulating the real-world tyre structure (steel cords, 

rubber layers, etc), in this work the virtual tyre is represented as follows: 

 

 

 

 

The next step in formulating the complete tyre model, which – in addition – is one of the vital 

elements of the presented work demonstrating the effectiveness of the proposed approach, is 

the required modal testing. This particular procedure has been designed and executed having 

in mind the necessity to identify the modal quantities required to populate the structural 

component of the tyre model developed in Chapter 3. The quality of the obtained modal data 

is critical as it defines the accuracy of any performed simulation using this particular tyre 

model. In the context of the present formulation, that is the adopted floating physical tyre 

modelling approach where a change in the tyre motion will excite the respective elastic 

structural modes, the identified eigenvalues and eigenvectors need to be derived from the 

modal set containing also the contribution of rigid-body modes. This requirement, along with 

1 

2 

3 

Figure 1.1 – Tyre formulation (1: tyre tread, 2: rim, 3: tyre belt, sidewall and air cavity) 
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other practical reasons described in Chapter 4, dictated the boundary condition of the 

performed modal testing. In particular, the tyre has been freely suspended from elastic cords, 

so that the measured acceleration of each node contains the contribution of both rigid-body 

and elastic modes.  

 

In terms of modal parameter identification, also presented in Chapter 4, two distinct 

procedures have been applied to the measured transfer functions. Initially, the eigenvalues of 

the system have been identified by fitting a predefined expression in the frequency band 

surrounding each elastic mode, taking into account the effect of adjacent elastic modes. With 

regard to eigenvector identification, a new approach has been developed and implemented. 

Similarly to the eigenvalue identification procedure, each elastic mode is considered and 

treated separately. To enhance the accuracy of the identified eigenvector component, the 

adopted approach isolates the mode under investigation from all the out-of-band modes and 

therefore it results in identified properties corresponding exclusively to the mode of interest. 

Because of the experimental origin of the obtained structural properties corresponding to the 

frequency band of interest, it has been noted that the eigenvectors contain a certain level of 

spatial noise. Since the purpose of these eigenvectors is to be exploited in a tyre modelling 

environment, this spatial noise has been eliminated by applying a digital spatial filter to every 

identified eigenvector. This process enhanced the accuracy of the proposed tyre model as it 

resulted in noise-free eigenvectors, without any loss of fundamental information with respect 

to the waveform of each mode shape.  

 

Having developed the theoretical background of the proposed tyre model in Chapter 3 and 

identified the structural properties of the tyre in Chapter 4, Chapter 5 is dedicated to 

demonstrating the respective validation process. Initially, the vertical deflection of the virtual 

tyre under the application of vertical load is examined for different levels of modal reduction, 

followed by a comparison between the virtual tyre and experimentally obtained data in terms 

of vertical stiffness. These processes revealed several interesting features and limitations of 

the proposed modelling approach with regards to the relation between model fidelity and 

applied vertical load. Additionally, the virtual tyre has been validated in terms of response to 

dynamic lateral slip. Two distinct scenarios have been examined, namely tyre response for 

varying longitudinal speed and for varying level of applied vertical force. The tyre response, or 

more precisely the time delay occurring between an imposed variation of a model input and 

the respective response of the tyre model, has been quantified by adopting the relaxation 
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length concept. For the particular case examined in the present work, the abovementioned 

model input and output are a predefined variation in the user-defined steering angle and the 

resulting contact lateral force, respectively. The relaxation length trends obtained by the 

virtual tyre for the two examined cases described above are found in accordance with similar 

trends found in the literature. 
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2. Previously conducted research on dynamic tyre modelling 

 

2.1 Introduction 

 

Tyre modelling has been one of the most popular and expanding topics in automotive research 

and industry for at least the past thirty years. A tyre is a highly non-linear and complex 

structure[37] and as a result the respective simulation requires a significant amount of 

computational power, a resource which was not widely available for the majority of the 20th 

century. During these early stages, tyre modelling was performed by fitting a polynomial 

expression in experimental data, a procedure which is demonstrated by J. R. Ellis in [29]. 

Without the current computing facilities available, this procedure was extremely work-

intensive and time-consuming. 

 

The rapidly evolving field of computer science, along with our constantly developing 

understanding of tyre dynamics, led to a new generation of more complex and more accurate 

tyre models. This new era started when H. B. Pacejka et al. in [81] presented an alternative 

modelling method (“Magic Formula”) which would revolutionise the way tyres are simulated. 

Since the introduction of the Magic Formula, which is capable of simulating a limited amount 

of steady state phenomena, tyre models have been evolving in an attempt to improve their 

accuracy and their ability to predict tyre behaviour as a response to various inputs. Although 

this evolution has been highly important, as it provided a broad insight into tyre dynamics, it 

led to the current situation in which tyre models are extremely demanding in terms of 

computational power and parameter identification. In particular, this new tyre modelling 

generation is divided into three major categories; namely, the analytical, the empirical and the 

high-fidelity discretised models. The fundamental difference between these three approaches 

is the way in which each model is formulated. The analytical models are based on currently 

established theoretical knowledge and, through various assumptions, simulate the tyre 

structure as a significantly less complex body. On the other hand, the empirical tyre models 

require numerous experimentally obtained data so as predict the response of the tyre. The 

high-fidelity discretised models exploit recent advances in computer science and the 

investigated tyre is modelled as the sum of simpler elements. Typical representatives of the 

last category are tyre models developed in an FEM environment. 
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Without any doubt, the current state-of-the art in tyre modelling, which is demonstrated in 

the following sections, represents a significant leap in simulating tyre-related phenomena. In 

spite of that, it is also demonstrated that each one of these models imposes the requirement 

for a variety of intensive experimental procedures in order to identify numerous parameters 

associated with its structure. Apart from the time-inefficiency of this approach, current models 

tend to become extremely parameter-sensitive and as a result a minor, experimentally 

induced, parameterisation error could compromise the validity of the simulation output. After 

all, one could state that “a tyre model is as accurate as its identified parameters” and one may 

wonder whether the current tendency in tyre modelling is on the right path or an alternative 

approach is required.  

 

The objective of this chapter is to present the tyre models which have made a significant 

contribution in this particular research field. This presentation is aimed at demonstrating the 

requirement, mentioned above, for acquisition of a significant amount of intricate 

experimental data and, in addition, the identification of several parameters, along with 

complexities arising from the formulation of each model. 

 

2.2 Magic Formula 

 

H. B. Pacejka’s Magic Formula (MF) has been the starting point of significant advances in tyre 

modelling. It has altered the way in which tyres had been modelled for decades, it is used even 

today for steady-state studies and it can be implemented as the essential friction model in 

more advanced high-fidelity tyre models. 

 

In [9], [10], [80] and [81], H. B. Pacejka et al. used a modelling method similar to the tyre 

modelling approach widely spread during that era – fitting of a polynomial expression to 

experimentally obtained data[29]. By examining the tyre shear force and moment 

characteristics, as a function of longitudinal or lateral slip, it became apparent that the 

adoption of a polynomial, as a way to express these curves using an analytical form, may not 

be the optimum method. An alternative equation, with a basic form which is similar to the 

force and moment versus slip curves, was required and the outcome of that investigation is 

the following expression: 

 

                                        2.2–1 
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in which 

 

              2.2–2 

 

        2.2–3 

 

and 

B: stiffness factor  

C: shape factor 

D: peak value 

E: curvature factor 

SH: horizontal shift 

SV: vertical shift 

 

The above quantities correspond to the force versus slip or moment versus slip curves, see 

Figure 2.1. 

 

Also: 

Y: longitudinal force, lateral force or aligning moment generated in the contact area between 

the tyre and the ground 

X: slip angle (α) or slip ratio (κ) as defined by the following two expressions: 

 

            
   

  
  2.2–4 

 

 
   

     
 
  

  
 

2.2–5 

 

where Vx is the longitudinal speed of the wheel centre, Vsy is the lateral component of the slip 

velocity, Ω0 is the lateral component of the rotational velocity of the wheel corresponding to 

Vx and Ω is the actual lateral component of the rotational velocity of the wheel. 

 

Depending on the range of the experimental data, this formulation of the MF can produce 

reliable results, for steady-state studies, using minimum computational resources. The above 
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constants are identified using a set of experimental data points and they are influenced by tyre 

parameters, such as vertical load and camber angle. As it is obvious, more data points give 

more accurate constant values. The way in which these constants affect the shape of the MF 

curves is displayed in the following figure: 

 

 

Figure 2.1 – Magic Formula curves and influence of constant terms ([80]) 

 

Advanced versions of the MF have been developed in order to reproduce more complex 

phenomena, such as combined slip, turn slip, and combination of ply-steer and conicity or 

even dynamic input and inflation pressure variations[16][78]. The main difference between 

Equations 2.2–1 to 2.2–3 and these versions is the interpretation of constants and inputs, 

which are modified to include the parameters that affect the abovementioned phenomena. 

 

A comparison between MF results and experimental data can be found in [80]. The correlation 

between simulation and reality is accurate for pure lateral or pure longitudinal slip for a broad 

range of vertical loads. On the other hand, for combined slip, the deviation between MF and 

experimental data is significant, especially in the case of the aligning torque. As it can be seen 

from Equation 2.2–1, tyre deformation is not taken into account and consequently first order 

tyre behaviour cannot be captured using MF. Nevertheless, MF has successfully been 

introduced as the friction sub-model of higher fidelity models which take into account tyre 

belt dynamics, see Section 2.4. 

 

2.3 Brush model 

 

A thorough description of the tyre brush model can been found in [80]. The structure of this 

model consists of a number of elastic bristles connected to a rigid wheel. Some of these 

bristles are in contact to the ground and their deflection produces the horizontal contact 
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forces of the tyre. In the most fundamental form of the brush model, there are three distinct 

sets of equations, depending on the slip direction. 

 

 

Figure 2.2 – The brush tyre model; view of the driven and side-slipping tyre ([80]) 

 

2.3.1 Pure lateral slip 
 

In this case, the bristles in contact to the ground are deflected only in the lateral direction and 

as a result, the force vector has only a lateral component. A significant parameter of this 

model is the slip angle in which the tread is sliding, experiencing no adhesion regions. This 

angle is given by the following expression[80]: 

 

          
 

  
 2.3–1 

 

where 
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 2.3–2 

 

and cpy is the lateral stiffness of the bristle, a is half of the length of the contact area, μ is the 

coefficient of friction and Fz is the normal force acting on the contact area. For additional 

information on the derivation of θy, the reader may refer to equations 3.1 to 3.5 of [80]. 

 

The magnitude of the lateral force and the aligning moment depend on the relation between 

the actual slip angle and the αsl defined above. If        , then: 

 

                    2.3–3 

 

and 

 

         
              2.3–4 

 

where 

 

                2.3–5 

 

while if        , then: 

 

              2.3–6 

 

and 

 

      2.3–7 

 

It should be noted that quantity λ in the above equations, expresses the distribution of sliding 

and adhesion regions. Another important quantity is the pneumatic trail, which is the distance 

between the contact centre and the point at which the resultant lateral force acts. If the 

magnitude of the slip angle is lower than αsl, then the pneumatic trail is: 

 

    
  

  
 2.3–8 
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In any other case, the pneumatic trail is equal to zero. 

 

2.3.2 Pure longitudinal slip  
 

The equations describing the pure longitudinal slip situation are similar to those presented 

above. If a particular study is focused only on the linear area of the tyre, then the resulting 

longitudinal force is given by the following expression[80]: 

 

         2.3–9 

 

in which the term κ is the slip ratio and the term     is the longitudinal slip stiffness. 

 

An analytical expression for the longitudinal slip stiffness is the following: 

 

         
  

 
   

      
  2.3–10 

 

2.3.3 Combined slip  
 

This section requires the introduction of the alternative slip, which is presented in the 

following equation, in vectorial form: 

 

    
  
  
   

 

 

    
  
  
  

 

 

    
 

  
 
   
   

  2.3–11 

 

where Vs is the slip speed vector, and Vr is the rolling speed (see figure below). 
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Figure 2.3 – Vectorial form of total slip 

 

The method presented in the lateral force subsection is applied for the calculation of the total 

combined force. Initially, the slip, at which the total contact area is sliding, is obtained as 

follows: 

 

     
 

 
 2.3–12 

 

where parameter θ is given by the following relation, assuming an isotropic material: 

 

         
 

 

   
 

   
 2.3–13 

 

The general form for the resulting force is the following: 

 

    
  
  
   

 

 
 2.3–14 

 

If σ≥σsl, the magnitude F of the force F is simply a function of the vertical load and the 

coefficient of friction: 

 

       2.3–15 

 

If σ≤σsl, the effect of partial slip regarding the contact area should be included in the 

expression for the magnitude F: 
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             2.3–16 

 

where 

 

        2.3–17 

 

The calculation of the aligning moment requires a modified expression of the pneumatic trail 

in order to adapt to the case of combined slip. An alternative form of the equation of the 

pneumatic trail, derived in the subsection of the pure lateral slip, is used by substituting the 

term θy∙σy by θ∙σ. By doing so, it is possible to obtain the pneumatic trail for the combined slip 

case (parameter θ and slip σ are functions of x and y) and, as a result, the aligning moment is: 

 

             2.3–18 

 

Similarly to the Magic Formula tyre model, presented in the preceding section, the brush 

model is capable of simulating the steady-steady shear force generation of a tyre in contact to 

the ground, but once again tyre belt dynamics are not taken into account.  

 

2.4 Short Wavelength Intermediate Frequency Tyre model (SWIFT model) 

 

The SWIFT model is described thoroughly in [80] and [93] and it is an extension of H. B. 

Pacejka’s Magic Formula. As it was stated in Section 2.2, the MF can only be applied in steady-

state studies. When the excitation of a wheel is not performed by a constant – in the time 

domain – input, there is significant deviation between the results of the MF and experimental 

data, because of the frequency dependency between an input variation and the respective 

tyre response[93]. The research group led by H. B. Pacejka has made several attempts to 

implement the MF into a more generic and dynamic tyre model. These preliminary steps 

include the relaxation length concept[50][72], the introduction of a contact patch sub-model 

along with the MF[78], or even the combination of these two elements with an elastically 

founded rigid ring which represents the – non-deformable in that context – tyre belt[71][118].  

 

On the relaxation length concept, its primary role is to accommodate for the phase lag 

between a dynamic tyre input (slip angle or slip ratio variation) and the resulting contact force 
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or moment. It is defined as the travelling distance of the tyre required so as the force 

generated in the contact area reaches the 63% of the respective steady-state value. The first 

dominant factor which dictates the relaxation length value is the compliance of the tyre 

structure, as most of the phase lag derives from the deformation of the tyre belt and the tyre 

sidewall[93]. The second effect, which is taken into account via this particular concept, is the 

mechanism which governs friction generation in viscoelastic materials. From a mathematical 

point of view, it is used as a ‘distance’ constant in the differential equations which describe the 

contact force development[71]. In the same study, it is demonstrated that a MF/relaxation 

length combination is capable of generating valid results for cases in which the excitation 

frequency does not exceed 8Hz. With reference to the present work, the relaxation length 

concept has been exploited for the validation of the proposed tyre model, see Chapter 5. 

 

In cases where the investigation is focused on higher-fidelity tyre modelling, then a rigid ring 

representing the tyre belt should be included in the formulation of the model. Although the 

rigid ring implementation allows for a simple way to broaden the fidelity band of the tyre 

model, it imposes a significant limitation, i.e. an upper frequency limit which is located in the 

area between 60Hz and 100Hz[93], depending on the tyre.  In typical passenger car tyres, a 

higher excitation frequency results in triggering of tyre flexible modes and, consequently, the 

phenomena associated with these modes cannot be neglected, thus it is not valid to describe 

the tyre belt as a rigid ring[118].  

 

The basic structure of the SWIFT model is presented extensively in [92] and [93] and consists 

of the following 4 parts: 

 Magic Formula 

 Contact patch slip model 

 Rigid ring 

 Obstacle enveloping model 

 

The theory describing the Magic Formula has been presented in Section 2.2. In the context of 

the SWIFT model, the MF is used to define the forces and moments which act on the contact 

patch. These forces and moments are used as an input to the contact patch slip model to 

excite the rigid ring.  
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Figure 2.4 – SWIFT model formulation ([93]) 

 

As has been stated above, for an excitation frequency of up to circa 100Hz, the tyre belt can be 

simulated as a rigid ring[51][93] with moderate loss of information, as the contribution of tyre 

belt flexible modes is not dominant in that frequency band. In the SWIFT model, the rigid ring 

is constrained to the rim in all spatial six degrees of freedom by a number of elastic elements. 

Also, the residual elements presented in Figure 2.4 connect the ring to the contact patch. The 

influence of the rigid ring dynamics on the whole model is presented in [93], where a 

comparison between the MF model, the SWIFT model and experimental data is carried out. It 

is clear that the inclusion of the rigid ring is important for any cases where the excitation 

frequency is higher than circa 5Hz. 

 

The final element of the SWIFT model is the obstacle enveloping feature, which allows for the 

simulation of road irregularities by using an effective road surface. This surface is produced by 

a number of elliptical cams and it is defined by three parameters. The first parameter is the 

vertical position of the effective road surface which is the average result of the vertical 

position of each cam across the width of the contact patch. The second one is the slope of the 

effective road, which is calculated by the same method as the vertical position. The third 

parameter is the road camber, which represents the slope of the road in the lateral direction. 

 

An investigation of particular interest, which demonstrates the strong and the weak points of 

the SWIFT model and follows the previous work of P. W. A. Zegelaar et al. ([118]), is conducted 

by J. P. Pauwelussen et al. in [83]. In that study, the SWIFT model is compared to a sum of 

experimental data, in an attempt to simulate the challenging case of ABS-aided braking on 

uneven road. As it has been expected, in the lower frequency range (up to a critical point 

which is located between 60Hz and 70Hz where the first flexible tyre mode is triggered) the 

simulation results almost coincide with measurements. Beyond that critical point, the 
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deviation becomes non-negligible and consequently the results produced by the SWIFT model 

may not be trusted. Furthermore, in [51], the SWIFT model has been used to simulate a 

complicated parking manoeuvre and the respective results are compared to experimental data 

in terms of aligning torque. Some fine-tuning regarding the parameters of the model 

eliminates the deviation between the simulation and the experimental data, demonstrating 

that this particular model is capable of generating valid results for the abovementioned limited 

excitation frequency range. 

 

Since the fundamental formulation and structure of the SWIFT model has been established, 

there have been various improved versions attempting to evolve it into a more generic model. 

H. B. Pacejka in [79] has developed an extended version to accommodate for the forces 

generated by the spin of the tyre, which is defined as “the component of the rotational velocity 

of a body which is normal to the contacting surface”. The same research group has 

investigated the possibility to include the tyre inflation pressure as a parameter of the SWIFT 

model in [16].  

 

In the context of the present work, a tyre model formulation similar to the one found in SWIFT 

is adopted, as the contact sub-model output is used to excite the tyre structure. The 

fundamental difference between the proposed tyre model and the SWIFT model is that in the 

former case tyre deformation is taken into account. 

 

2.5 LuGre tyre model 

 

As it is stated in [17], the LuGre tyre model derives from the Dahl friction model. Consequently, 

a brief description of the latter is required before proceeding to the presentation of the 

former. The main expression of the Dahl model, regarding the friction force F between two 

bodies, is the following: 

 

 
  

   
     

 

  
        

 

 2.5–1 

 

where xr is the relative displacement, σ is the stiffness coefficient, Fc is the maximal friction 

force,           is the relative speed and β is a parameter which depends on the stress-

strain curve. The shape of the friction force F, as it is derived by the above equation, is 
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different from the one obtained by the Magic Formula. The Dahl friction force increases for 

increasing relative displacement while the force from the Magic Formula reaches a maximum 

and then decreases. 

 

The derivative of the friction force with respect to time is obtained by using the chain rule: 

 

 
  

  
 
  

   

   
  

 
  

   
       

 

  
        

 

   2.5–2 

 

If β=1 the time derivative of the friction force is: 

 

   

  
      

 

  
      2.5–3 

 

or in state model description: 

 

   

  
     

 

  
     2.5–4 

 

where z is a relative displacement given by the following equation: 

 

 
  

 

 
 2.5–5 

 

The relative length distance is defined as: 

 

 
                

 

 

 2.5–6 

 

The final expression for the Dahl model is obtained by implementation of the above equation 

in Equation 2.5–4: 

 

  

 

  

   
  

 

  
          2.5–7 
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As it was mentioned above, the LuGre model is a tyre-specific application of the Dahl model. 

Its most fundamental version (“lumped model”) is presented in [17] and [26] and consists of 

the following 3 equations: 

 

 
      

      

     
  2.5–8 

 

                  
          2.5–9 

 

                     2.5–10 

 

where σ0 and σ1 are the lumped stiffness and damping in the longitudinal direction, σ2 is the 

viscous relative damping, μs and μc are the normalized static and Coulomb friction, Fn is the 

normal force,           and vs are the relative and the Stribeck relative velocity, z is the 

internal friction state and parameter α is used to adapt the expression of F to the steady state 

friction/slip curve. 

 

A more complex version of the LuGre model can be found in [17]. The main difference 

between the lumped version and this, more advanced, model (“distributed model”) is that the 

latter evaluates the friction force for different points along the contact patch. If ζ is the 

position of a point at the contact patch, the time rate of the deflection distribution is given by 

the following expression: 

 

        

  
    

      

     
  2.5–11 

 

and the respective friction force: 

 

 
          

 

 

 2.5–12 

 

The integration term of Equation 2.5–12, can be derived from Equation 2.5–13: 

 

 
                     

       

  
                2.5–13 
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In steady-state condition, the normal force distribution is only a function of space: 

 

                      2.5–14 

 

thus it can be expressed, by using the force per unit length function fn(ζ), as follows: 

 

                2.5–15 

 

Combination of Equations 2.5–13 and 2.5–15, yields the expression of the total friction force: 

 

 
                

       

  
       

 

 

        2.5–16 

 

Finally, the time derivative of variable z may be written in the following form: 

 

        

  
 
  

  

  

  
 
  

  
 2.5–17 

 

Substitution of 2.5–17 into 2.5–11 produces a partial differential equation of z in space and 

time, which can be used to calculate the total friction force: 

 

 
  

  

  

  
 
  

  
    

      

     
 

  

  
     

       
 

 

   

  
     

  

  
    

      

     
  2.5–18 

 

A two dimensional version of the LuGre model is developed in [112]. The force along axis x and 

y is calculated using the following equation: 

 

 
             

 

 

                          2.5–19 

 

and the aligning torque is: 
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      2.5–20 

 

In order to derive the term μi of Equations 2.5–19 and 2.5–20, a friction model needs to be 

defined. This friction model consists of an expression regarding the deflection distribution and 

another one regarding the friction coefficient: 

 

 
                 

   

  
  2.5–21 

 

 
   

    
    

    
    
    

     
    
    

    2.5–22 

 

Function          , may be calculated by the following equation: 

 

 
          

   
    

     
 2.5–23 

 

where function g(    is defined as: 

 

 
      

   
    

      
  

   
    

      
 
   

    

      
  

  
    
  

 
 

 2.5–24 

 

If μk is the kinetic coefficient of friction, the matrix Mk is: 

 

 
    

    
    

  2.5–25 

 

and if μs is the static coefficient of friction, the respective matrix is: 

 

 
    

    
    

  2.5–26 

 

The matrix K, found in Equation 2.5–21, consists of the bristle stiffness in each direction: 

 

 
     

    
    

  2.5–27 
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Finally,    is the relative velocity between the bristles and the ground. 

 

Having established the above friction model, a more suitable form for this particular 

application can be derived. The first quantity that needs to be defined is the matrix of the 

relative velocity between the contact area and the ground: 

 

 
    

   
   

   
            
         

  2.5–28 

 

 

Figure 2.5 – Frame of reference and velocities at the contact patch. Derivation of the distributed tire model ([107]) 

 

The two-dimensional LuGre friction model consists of the following equations: 

 

         

  
 
        

  
 
        

  
                                      2.5–29 

 

 
                       

        

  
                     2.5–30 

 

Substitution of equation 2.5–30 into equations 2.5–19 and 2.5–20, produces the longitudinal 

and lateral friction forces and the aligning moment of the two-dimensional LuGre model, as 

presented in [112]. In that work, the abovementioned model is compared to a number of 

simulation data which can be found in [31] and the results coincide to a great extent. 

 

Throughout the LuGre tyre model presented above, it is assumed that the tyre is a rigid body, 

see longitudinal and lateral speed calculation in equation 2.5–28, and consequently tyre 

flexible modes are not taken into account. With reference to the tyre model presented in this 

work, a modified version of the LuGre model presented above is embedded as the friction sub-
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model exciting the flexible belt, see Section 3.4.2. The key element of this modified model, 

which was inspired by the work of J. Deur et al. in [26], is that sliding longitudinal and lateral 

speeds depend on tyre belt deformation. 

 

 

2.6 Models based on the macroscopic physical description of tyres 

 

2.6.1 Introduction 
 

This category of tyre models is located between the empirical models, such as the Magic 

Formula or the SWIFT model, and the finite element models. One major issue of the empirical 

models is that, depending on the initial experimental data set, their valid simulation range is 

limited[34]. On the other hand, the finite element models tend to be accurate but demanding in 

computational power and, as a result, time-inefficient. 

 

The following sections demonstrate the two dominant representatives of an alternative 

approach in tyre modelling, according to which the tyre is modelled as a whole structure, 

hence the term ‘macroscopic’, and not by identifying the physical properties of each tyre sub-

component, such as the cord layers. Although this formulation allows for rapidly generated 

and accurate results for a wide range of simulation scenarios, it leads to the necessity to 

identify numerous tyre properties which, in the vast majority of tyre studies, represents a 

significant drawback. 

 

During the writing of this thesis, the software entities developing the tyre models presented in 

the following two sections have released real-time versions of the respective models. Because 

of the commercial nature of these tyre models, no particular details have been published but 

it is to the author’s understanding that these real-time versions have been possible based on 

recent advances in solver algorithms in addition to significantly simplifying the virtual tyre 

representation by eliminating degrees of freedom and/or by adopting an extensive modal 

reduction approach. Nevertheless, although the economy of these models is enhanced in 

these latest releases, the fundamental drawback highlighted in this work, namely the 

extensive requirements in terms of parameter identification, is still confining the efficiency of 

the overall tyre modelling process. 
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2.6.2 Flexible structure tire model (FTire) 
 

FTire is a commercially available tyre model which is presented in [39] and [40]. It is a highly 

non-linear model and it is able to cope with high-frequency inputs. The main structure of this 

particular model consists of two components. The first one is the structural part, which 

simulates the stiffness and damping phenomena within the tyre, while the second part 

describes the interaction between the tyre and the road. 

 

The structural part is represented by a number of distributed nodes along the circumference 

of the tyre. Each one of these nodes is connected to the adjacent ones by stiffness elements as 

it can be seen in Figure 2.6. 

 

 

Figure 2.6 – Some force elements between adjacent belt elements and rim ([40]) 

 

The connection between the nodes and the rim is achieved by the model shown in the 

following figure: 

 

 

Figure 2.7 – Force elements between single belt node and rim (only those in radial direction shown) ([40]) 
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It should be noted that the above spring and damping elements depend on the inflation 

pressure of the tyre. 

 

The contact model consists of several stiffness elements located between two neighbouring 

nodes. The forces generated by these elements affect the nodes and, as a consequence, the 

structural model is excited. The shear force acting on an element of the contact model is a 

function of the normal load and the coefficient of friction: 

 

                                              2.6–1 

 

The above description refers to the most basic version of the FTire model. There are several 

additional features which could be combined with this basic version. In [39] a temperature and 

a wear model can be found. 

 

Since this model is commercially available, literature references regarding the respective 

solver algorithm are limited. A brief presentation is included in [40] but it is quite insufficient 

in describing the solver. Nevertheless, as it has been stated above, a significant disadvantage 

of the FTire model is the necessity to identify numerous parameters, a requirement which, 

depending on the available equipment, is not always effective and it introduces a substantial 

workload. These parameters may be found on the FTire official website and the complete list 

is presented below: 

 

‘The actual version of FTire needs as input: 

 rolling circumference 

 rim diameter 

 tread width 

 tyre overall mass 

 portion of tyre mass that ‘moves’ with belt or tire radial stiffness at very low loads 

 increase of overall radial stiffness at high speed, compared to radial stiffness during stand-

still, and wheel speed, at which this dynamic stiffening reaches half of the final value 

 percentage of rolling circumference growth at a running speed of 200km/h, compared to 

low speed 

 natural frequencies and respective damping moduli of first, second and fourth vibration 

mode of inflated, but unloaded tyre with fixed rim 
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 natural frequency of the in-plane bending mode or belt in-plane bending stiffness of 

inflated but unloaded tyre 

 natural frequency of the out-of-plane bending mode or belt out-of-plane bending stiffness 

of inflated but unloaded tyre 

 

 

Figure 2.8 – First unloaded vibration modes for use in FTire parameterization and validation ([39]) 

 

 profile height, i.e. mean groove depth in tread, 

 rubber height over steel belt for zero profile height, i.e. distance between steel belt and 

grooves 

 stiffness of tread rubber 

 percentage of contact area with respect to overall footprint area 

 quotient  of tread rubber damping and elasticity moduli 

 sum of the moments of inertia of rim and other rotating parts with respect to the wheel 

spin axis 

 coefficients of maximum friction and sliding friction that occur between tread rubber and 

road, both at very low and at very high ground pressure values’ 

 

From this extensive list, it is obvious that, although FTire is a powerful tyre model widely used 

in research and industry, the identification of each one of these parameters imposes a 

significant challenge to every tyre modelling study which incorporates the FTire model. 

Additionally, a non-accurate estimation or identification of a parameter could jeopardise the 

quality of the simulation results. 
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2.6.3 CDTire 
 

Similarly to the FTire model, CDTire is a commercially available tyre model and, consequently, 

the related published material is quite limited. Nevertheless, an overview of the various 

versions can be found in [34]. 

 

The three different version of this particular model vary in terms of complexity, fidelity and 

capabilities: 

 

 Model 20 

Structural: Rigid ring with viscous-elastic sidewall 

Frictional: Geometric normal contact and shear contact derived by a partial differential 

equation (no more information is provided) 

 

 

Figure 2.9 – CDTire model family (Model 20) ([34]) 

 

 Model 30 

Structural: In-plane flexible tyre belt with viscous-elastic sidewall 

Frictional: Brush type contact 

 

 

Figure 2.10 – CDTire model family (Model 30) ([34]) 
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 Model 40 

Structural: 3D flexible tyre belt with viscous-elastic sidewall 

Frictional: Brush type contact 

 

 

Figure 2.11 – CDTire model family (Model 40) ([34]) 
 

 

Each one of these versions dictates the identification of several parameters. The procedure 

according to which these parameters are identified is demonstrated in [34] and [35]. Initially, a 

tyre test rig is required in order to perform a series of static and dynamic measurements. 

These measurements include the estimation of the modal properties of the tyre, its capability 

for shear force generation and phenomena which affect the interaction between the tyre 

contact area and the (level or not) ground. Each set of measurements, which represents a 

significantly intensive and time-consuming workload, has to be repeated several times for 

different values of inflation pressure, preload and tyre speed[35]. Having obtained these 

experimental data, the next step is their exploitation so as to estimate the optimum set of 

parameters for the CDTire model via the implementation of an optimization algorithm. This 

algorithm minimizes an objective function, i.e. the deviation between the actual measurement 

and the outcome of the CDTire model for each set of parameters. After what seems like a 

computationally demanding process, described in [35], the abovementioned objective 

function is minimized. Consequently, the set of parameters which has generated these results 

is the optimum representation of the measured tyre. 
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Figure 2.12 – Generic description of CDTire parameter identification procedure ([34]) 

 

A detailed comparison between the FTire and the CDTire models, in terms of tyre response to 

a cleat, is conducted in [48]. In that study, these two models are compared to a series of 

experimentally obtained results, which have been acquired using a unique tyre testing rig 

consisting of a double drum, a rigid frame mounted on the ground and an automotive 

suspension attached to the frame. Additionally, that rig has the feature to introduce several 

cleats attached along the circumference of the double drum. 

 

The comparison between these two models and the experimental data is divided into two 

distinct cases. In the first case the investigation examines whether the simulation results are 

capable of matching the force generation of a ‘tyre without suspension on a drum’, while the 

second case explores the potential to simulate a ‘tyre-suspension assembly on a drum’.  

 

The first investigation, which is of major interest in the context of the present work, has 

proved that either one of these two models is capable of generating valid results for the 

situation in which a tyre meets one or even several cleats, one of the most intriguing 

challenges for every tyre modelling attempt.  
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Figure 2.13 – Vertical force for a trapezoid cleat 20 mm high (without a suspension; drum surface speed, 40 km h−1) 
([48]) 

 

In the second case, the experimental data are obtained from the suspension members of the 

rig, a situation which exceeds the purpose of the present work and it is closer to the 

immediate interests of the automotive industry. An additional sub-model representing the 

suspension has to be implemented in both models. According to H. Haga in [48], the 

suspension sub-models, which have been developed by the research groups developing these 

two tyre models, are responsible to a great extend for the deviation between simulation 

results and experimental data (see Figure 2.14 and Figure 2.15). In particular, the reason which 

causes this deviation is considered to be the bushing sub-model formulation and the non-

linearity associated with that particular suspension component. 

 

 

Figure 2.14 – Longitudinal force for a variant cleat 36 mm high (drum surface speed, 40 km h−1) ([48]) 
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Figure 2.15 – Longitudinal force for a variant cleat 36 mm high (drum surface speed, 20 km h−1) ([48]) 

 

2.7 Finite element tyre models 

 

The recent significant advances in computer science enabled the development of tyre models 

based on the finite element theory, a formulation which allows for dynamic and highly 

accurate simulation of tyre related phenomena as the tyre belt is represented by a deformable 

body. In general, the finite element theory, which is presented thoroughly in [47], [53] and 

[89], investigates the behaviour of simple elastic elements so as to generate analytical 

expressions for various quantities of interest, such as the deformation or the stress 

distribution along each element.  

 

Having obtained the abovementioned analytical expressions, it is possible to simulate more 

complex geometries by combining a number of individual finite elements. Initially, it is 

necessary to generate a distribution of nodes along the original geometry of the body of 

interest, a procedure which is usually called meshing. These nodes define the edges of each 

element and, consequently, the initial body is divided into a number of basic elements.  

 

Moreover, the location and the orientation of each element allow for the transformation and 

the combination of the local system matrices of each element into global stiffness, mass and 

damping matrices. These global matrices are used to simulate the dynamic response of the 

tyre as they formulate a system of second order differential equations, the input of which is 

the external force vector. 

 

The current state-of-the-art in finite element tyre models varies in terms of complexity and 

some of the most typical cases are presented below. The simpler formulation of this category 
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of tyre models consists of an isolated two or a three-dimensional tyre belt. In this case, the 

input force vector depends on the air pressure, the sidewall forces acting on the inner edge or 

surface of the belt, and the distribution of contact forces. One representative model of this 

category has been formulated by H. Sugiyama and Y. Suda in [104]. In that work, the authors 

used their own purpose-developed curved beam element (see [102]), which is based on the 

theory of absolute nodal coordinate formulation developed by A. A. Shabana et al. in [13], [94], 

[95] and [103]. Some typical examples of the implementation of this formulation into beam-

like elements, similar to the ones that could model the belt of a tyre, may be found in [14] and 

[96]. 

 

At this point, it is necessary to mention the RMOD-K tyre model. This is another commercial 

model, so literature resources are limited. However, C. Oertel and A. Fandre in [75] provide an 

insight into the structure and the expected results of this particular model. The main structure 

of the most advanced version of RMOD-K consists of a flexible belt and a rigid rim. 

 

 

Figure 2.16 – Illustration of flexible belt and rigid rim ([75]) 

 

The following figure is derived from a 2D version of the flexible model and it represents the 

first five mode shapes, which are in accordance with results from theoretical models[60][110]. 

 

 

Figure 2.17 – Calculated mode shapes ([75]) 
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In the same paper, there is an extensive comparison between the results of RMOD-K and 

measured data for various scenarios. The lack of deviation between simulation and 

experiment is remarkable for almost every case.  

 

Furthermore, in the general case of tyre models consisting of finite elements, the next step is 

to include the sidewall structure in the mesh geometry. A typical example of this case has 

been the outcome of the research conducted by J. R. Cho et al. in [22]. The more advanced 

formulations include the air cavity in the mesh and describe the wheel as a deformable body 

as well. These models are too complex for regular handling studies and their use is focused on 

research associated with NVH phenomena. Such an investigation may be found in [58]. 

 

Currently, the most advanced finite element models are able to represent in detail various 

physical tyre properties, such as the tread pattern (see [21]). Due to the computational 

demands, imposed by such level of detail, the use and development of these models is usually 

oriented towards industrial exploitation. Another requirement for this type of models is the 

identification of material properties for each body represented by finite elements. In the 

present study, an attempt has been made to address these two elements – computational 

demands and identification of material properties – by introducing the proposed tyre model. 

 

2.8 Analytical tyre models 

 

The analytical – vibrational tyre models represent an extensive field of research. Although 

there is no intention to explore these methods in the context of the present work, they offer a 

useful insight in the structural behaviour of pneumatic tyres. The fundamental formulation of 

such a model includes an analytical expression which describes tyre deformation. Several 

different approaches may be found in the literature and an extensive comparison has been 

conducted by A. Tsotras and G. Mavros in [111]. In particular, the analytical tyre models are 

divided into two distinct categories: 

 In the first category the tyre belt is simulated using a one-dimensional linear element, 

such as a string or a beam, or a two-dimensional level element, such as a membrane 

element. 

 In the second category the belt is modelled by a circular analytical element. 
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With regard to the first case, one may refer to the work of J. Perisse et al. in [84]. In that study, 

an orthotropic thin plate under tension is used to model the dynamic behaviour of an 

unloaded tyre. This plate is divided into three regions, along its longitudinal axis. The two 

external regions represent the sidewall of the tyre while the central one describes the belt: 

 

 

Figure 2.18 – Tire model: orthotropic thin plate under tension ([84]) 

 

According to Kirchhoff’s hypothesis of thin plates, the governing equation of the vertical 

motion of such a plate is as follows: 

 

 

    
   

   
    

   

   
   

   

   
   

   

   
  

    
   

      
      

   

   
            

2.8–1 

 

The tension of the membrane, which depends on the inflation pressure of the tyre, is denoted 

by Tox and Toy, along axes x and y respectively, while Bx, By and Bxy represent the stiffness of the 

tyre in each direction. 

 

The motivation of the investigation presented in [84] is to demonstrate the capability of such a 

plate to simulate the modal behaviour of a smooth tyre, for a given frequency range. Towards 

that aim, a series of measurements has been conducted in order to investigate the response of 

a freely suspended tyre to point excitation. The acquired data are exploited to modal update 

the parameters of the theoretical model. The deviation between the experimentally obtained 

eigenproperties and the results of the updated plate is minimized, for a limited frequency 

range, which can be altered by adjusting the updated parameters of the theoretical model, 

thus demonstrating that a pre-tensed orthotropic plate and a smooth tyre have similar modal 

behaviour, as illustrated in the following figures: 
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Figure 2.19 – Correlation between theoretical (pre-tensed orthotropic thin plate) and experimental results. (Left pair: 
model parameters updated within [20-400]Hz – Right pair: model parameters updated within [500-2000] Hz) ([84])  

 

On the other hand, several tyre simulation attempts have used circular analytical elements to 

formulate a structural or even a complete tyre model. In [60], F. Kozhevnikov examines the 

vibrational characteristics of an unloaded in-plane tyre model by implementing two concentric 

bodies, namely a rigid disc and a cylinder. The modal behaviour of this model is described by 

two equations, the first one calculating the nth natural frequency of the tyre and the second 

one the respective mode shape: 
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  2.8–3 

 

Equations 2.8–2 and 2.8–3 produce the following mode shapes: 

 

 

Figure 2.20 – The first four mode shapes derived by equation 2.8–3 ([60]) 

 

Several similar studies have been conducted in the past. In [62], C. Lecomte et al. examine the 

correlation between simulation results obtained by the tyre belt model developed in [61] and 
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the response of several established analytical models. This particular model consists of an 

orthotropic cylinder, a layout which is depicted in the following figure: 

 

 

Figure 2.21 – Geometry of the infinite cylinder ([62]) 

 

The above formulation has been capable of producing valid results in the frequency range in 

which that particular – acoustic – study is focused (50 – 500Hz). Nevertheless, it has been 

noted by the authors that their proposed model should be altered in order to expand its 

effective frequency range, by incorporating the rotary inertia of the belt. Such a development 

has been included in the work of R. J. Pinnington in [85] and [86]. In that investigation, the 

primary aim of which is to examine the phenomena associated with the waves around and 

across the belt (propagating and standing respectively), the author has derived a six-order 

differential equation which predicts the deformation of the tyre, in the excitation frequency 

range between 0Hz and 4000Hz. One of the most significant features of this formulation is that 

the abovementioned equation is capable of including a variety of parameters, such as the 

inflation pressure, the rotary inertia of the wheel and its speed, in the prediction of the 

response of the tyre. 
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Figure 2.22 – Real part of input radial mobility as a function of speed ([85]) 

 

A. Tsotras, in [110], has conducted an in-depth research on in-plane, analytical tyre modelling. 

Based on previous work ([65] and [100]), he investigated its application in the field of tyre 

dynamics. The proposed equations of motion of a one-dimensional arch are the following: 

 

  
     

   
 
 

  
      

    
   

   2.8–4 

 

  
    
  

 
 

  

    

  
   

    
   

   2.8–5 

 

where Mss is the normalised bending moment of the arch, Nss is the tension pressure of the 

arch, Rs is the radius of the arch and s is the length along the central axis of the arch. Analysis 

of equations 2.8–4 and 2.8–5 provides the following mode shape pattern: 
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Figure 2.23 – Ring model mode shapes ([110]) 

 

A (pseudo) three dimensional analytical tyre model has been developed by P. Kindt et al. ([58]). 

Although the purpose of that work is to predict the tyre-generated noise, and the final version 

of that model was realised by applying the finite element theory, the initial approach offers 

the chance to examine the out-of-plane structural phenomena from an analytical point of view. 

The equations of motion of an elastic ring on elastic foundation are the following (the lateral 

motion is not included): 
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Figure 2.24 – Flexible ring on elastic foundation with internal pressure ([58]) 

 

The eigenvalues and the amplitude ratio of radial and tangential displacements can be 

calculated from equations 2.8–6 and 2.8–7. In addition, because of the exclusion of the lateral 

motion component from the equations of motion presented above, this structure is 

considered as a single degree of freedom system with regard to the lateral direction, hence 

the term “pseudo three-dimensional model”. By making this assumption, it is possible to 

derive the natural frequency of the lateral mode: 

 

       
  

  
  

 2.8–8 

 

Another representative of this class of tyre models is the UniTire model, presented in the work 

of K. Guo et al. in [46]. This particular model is driven by an array of user-defined kinematic 

and dynamic inputs and the – purely dynamic – output consists of contact forces and the 

resulting moments. In essence, this model demonstrates a dual nature, partially empirical and 

partially physical. Similarly to the SWIFT tyre model, contact forces are calculated by an 

analytical expression comparable to the Magic Formula presented in section 2.2. Moreover, 

the physical component of this particular model consists of the calculation of tyre belt 

dynamics, in order to capture the first order behaviour of the tyre, and consequently the 

respective stiffness values have to be identified. 

 

2.9 A modal approach towards the simulation of tyre deformation 

 

As has been demonstrated in the preceding sections of this chapter, the ability of a tyre model 

to capture the tyre response to dynamic input depends heavily on whether the tyre belt and 
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the sidewall deformation is included in the formulation of the model. The FTire model, which 

has been demonstrated in Section 2.6, represents a broad category of tyre models in which 

the belt and the sidewall are taken into account via the distribution of linear and non-linear 

springs and dampers. On the other hand, the finite element method has been implemented 

into a range of tyre models, in which the tyre belt and the sidewall are divided into a number 

of analytical finite elements and the deformation of the whole structure is calculated by the 

deformation of each element. 

 

The recent advances in modal experimental equipment, along with our understanding of 

structural tyre behaviour which has been enhanced by the development and use of the 

abovementioned models, have led to an alternative, efficient, and accurate way of simulating 

tyre deformation. This method, which has been a cornerstone for the present study, ranges 

from identification of tyre properties to development of complete tyre models derived directly 

from experimental modal procedures and/or modal analysis. 

 

This particular method may be used for acquiring several tyre eigenproperties. L. H. Yam et al. 

in [116] have experimentally obtained the three-dimensional mode shapes of a tyre. Moreover, 

F. Chengjian and G. Dihua have used modal testing and analysis to examine the tyre vertical 

properties and their influence on force generation along the contact patch in [19]. On a 

relatively more complex phenomenon, tyre damping has been studied in [36] and [87]. In 

these studies, the non-proportional viscous damping of a physical tyre has been derived by 

modal experimental data, see Figure 2.25. 
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Figure 2.25 – Identification of general viscous damping in the pneumatic tyre (7.5 bar): (a) modal coordinates; (b) 
physical coordinates ([36]) 

 

I. Lopez et al. have extensively investigated the potential of using modal properties in tyre 

modelling in [64] along with the effect of tyre operation upon these properties ([63]). A similar 

study has been conducted by D. Guan et al. in [43], in which tyre vertical properties are 

described by a combination of theoretical and experimentally derived spring coefficients. In 

particular, the sidewall and tread stiffness coefficients are obtained from literature while the 

carcass stiffness is calculated from modal parameters which have been obtained by exciting a 

freely suspended tyre.  

 

On the matter of tread modelling, P. Andersson et al. ([6]) have focused their research on the 

higher frequency range in an attempt to broaden our understanding regarding this challenging 

area. Although the general purpose of the present study sets the upper frequency limit 

significantly lower than the typical frequencies found in the work mentioned above, the 

outcomes of [6] have been useful in providing a valuable insight into tread modelling. 
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2.10 Assessment of the presented tyre models 

 

The preceding presentation of the advances achieved in tyre modelling during the last three 

decades offers a broad overview into the current tendencies in the respective research field. It 

has been evident that a major issue arises in each one of these models, namely the 

identification of the required parameters or the acquisition of an adequate amount of 

experimental data.  

 

Although the Magic Formula may be considered as a relatively straightforward steady-state 

model, an extensive range of experimental data is required for its application. This range 

consists of a number of curves, which represent the force or moment generation versus tyre 

slip, for a given set of tyre parameters, such as vertical load, camber angle etc. The procedure 

to obtain these curves requires a significant investment in financial and time resources, as 

specifically designed and manufactured equipment has to be developed along with the time-

consuming routine of logging tyre forces for various slip sweeps in addition to the necessary 

post processing. Moreover, this particular tyre model does not take tyre deformation into 

account and consequently it is considered as a low-fidelity model.  

 

Remaining in the same category of steady-state models, the shear force generation in the case 

of the brush model derives from the local longitudinal and lateral deformation of an array of 

elastic bristles. Every bristle located between the leading and the trailing edges of the contact 

patch interacts with the ground through the locally applied contact force. This force results in 

the deformation of the bristle and consequently the bristle generates a force which acts on 

the tyre belt. Similarly to the Magic Formula, force/moment versus slip curves are required so 

as to identify the – highly critical in the context of this particular model – structural properties 

of the bristles. 

 

The Short Wavelength Intermediate Frequency Tyre (SWIFT) model has been an evolution of 

the Magic Formula (MF). As it has been demonstrated in the present study, the latter model is 

not capable of capturing the response of a tyre structure to an input of relatively high 

frequency. The SWIFT model overcomes this limitation by initially applying the relaxation 

length concept. In particular, in each time step, the steady-state response of the tyre is 

obtained by implementing the MF. This response and the differential equation associated with 

the relaxation length are the fundamental elements in calculating the actual response of the 
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structure. According to [93], this formulation is capable of generating valid results for an input 

frequency of up to 8Hz, which is not adequate for NVH studies. As the input frequency of the 

model rises, the influence of the belt rotation and deformation along with the resulting forces 

cannot be neglected. Consequently, in the SWIFT model formulation, a rigid ring on an elastic 

foundation is implemented to accommodate for these phenomena. In commercially available 

road tyres, the belt can be simulated as a rigid ring for an input frequency of up to 

approximately 60Hz, due to the deformation of the belt at higher frequencies. This constraint 

is one major drawback of the SWIFT model as an NVH investigation tool. Moreover, the layout 

of the rigid ring on elastic foundation imposes an additional constraint in terms of vertical 

stiffness as correlation is achieved via residual spring elements[80]. On the contrary, the tyre 

model introduced in Chapter 3 of the present body of work has been formulated so that 

vertical deflection modes are part of the proposed flexible belt model and additionally these 

two components share a common parameterisation process which leads to minimisation of 

tyre testing requirements.    

 

One recently developed category of tyre models, which lies between the less complex 

empirical models and the more advanced and demanding finite element models, is the one 

represented by the commercially available FTire and CDTire software packages. The principle 

involved in these two formulations is that the tyre is modelled as a whole structure in a 

‘macroscopic’ manner. This method allows for time-effective simulation studies, in comparison 

to models based on the finite element theory where the tyre structure is modelled in 

extensive detail. Additionally, these models are capable of simulating an extended range of 

phenomena which may affect a tyre and their simulation results are significantly more 

accurate in a broader frequency range than the ones derived from empirical models, such as 

the Magic Formula or the brush model. These impressive advantages come with a significant 

drawback, which is the parameter identification required by each one of these packages. In 

particular, the FTire model requires a combination of geometrical, modal and frictional tests in 

order to estimate an extensive list of parameters, while the CDTire parameters are derived by 

implementing an algorithm which minimises the deviation between the results of the model 

and experimentally obtained data. 

 

The finite element method has its origin in the 1940s but it has been implemented in tyre-

related studies only in the recent years. A complete tyre simulation requires the mesh 

generation for various materials of different properties, including the ones used in tyre 
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structure (rubber and steel for instance) along with the ones surrounding the tyre (wheel, road, 

air, etc). This is a computationally demanding task and as a result it was not a feasible option 

until the required computational resources became widely available. Although the finite 

element (FE) tyre models represent a class of high-fidelity models that generate valid results 

and are capable of simulating a wide range of phenomena, including tyre tread/road contact 

and hydroplaning, there are some significant drawbacks. Even in cases where computational 

power is adequately high, at least for the current standards, detailed finite element tyre 

models tend to be time-inefficient. Moreover, the requirement to identify material properties 

could introduce an additional parameterisation challenge. 

 

The case of tyre modelling using analytical expressions to capture the deformation of the tyre 

belt is relatively similar to the one consisting of a model where the tyre structure is 

represented “macroscopically’ by a number of stiffness and damping elements. Models found 

in this category are time-efficient as they introduce low demands in computational power. In 

addition, the respective results do not depend on numerical issues, contrary to other 

formulations where this dependency may introduce several problematic effects in the 

simulation procedure. Nevertheless, the necessity to obtain a valid set of modal parameters is 

still present and, as the respective identification is not always feasible and/or reliable, it may 

fundamentally jeopardise the quality of the simulation results. 

 

Currently, it seems that tyre modelling using modal techniques may introduce a relatively new 

way into simulating tyre-associated phenomena. In the majority of simulation studies, the 

frequency range of interest, which depends on the purpose of each particular investigation, is 

defined during the initial stages of model formulation. Although this frequency restriction sets 

a limitation in the model use, it introduces a positive side-effect as it allows for the 

transformation from physical to modal coordinates, presented in [64]. In the generic case, the 

number of modes used, which is dictated by the desired frequency range, is significantly lower 

than the degrees of freedom of the system. Consequently, this transformation reduces the 

number of differential equations describing the motion of the tyre, making the model more 

time-effective and less demanding in computational power. In addition, instead of making an 

attempt to experimentally identify material properties or spring element characteristics – 

which are essential in order to capture tyre deformation for some models – a modal model 

derived directly by modal testing on the actual tyre could provide an effective method of 

identifying tyre belt deformation. 
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2.11 Alternative tyre modelling approach 

 

Each one of the models presented above imposes the necessity to perform a series of, not 

always efficient, measurements so as to either obtain adequate experimental data in order to 

describe the force generation properties of the tyre, or to identify a number of physical tyre 

properties, which are associated with the tyre structure and dictate its response to dynamic 

excitation, or both. Consequently, this Chapter has demonstrated that the currently 

established tyre models require the collection of a significant amount of experimental data. 

Having obtained these data sets, their post-processing will provide the optimum estimation of 

several quantities of interest and through various assumptions, which may introduce a level of 

inaccuracy in the simulation results, each tyre model is formulated. At this point, one may 

wonder whether there is an actual necessity for the abovementioned process. An alternative 

tyre modelling approach, that is a tyre model formulated by data derived directly from modal 

testing, allows for the feasible and straightforward representation of the structural part of the 

tyre, and consequently the broad aim of this body of work is to demonstrate that this 

approach could result in a fully operational three dimensional tyre model.  

 

Accordingly, this alternative tyre modelling approach has been adopted within the present 

work, and the role of the structural tyre sub-model presented in Chapter 3 is to capture the 

tyre belt deformation, occurring when the tyre is excited either by the application of contact 

forces or by the tyre motion or by a combination of these two phenomena. The respective 

equations of motion are populated by exploiting data derived directly from modal testing 

performed on the physical tyre, thus it is a feasible to populate and a time-efficient model of 

high fidelity. In addition, the number of differential equations of motion depends on the 

fidelity of the model, rather than the number of degrees of freedom. This approach is 

particularly suitable for the case of tyre modelling because, depending on the purpose of the 

tyre model, the number of elastic modes taken into account is significantly lower the number 

of nodes representing the tyre, which typically is chosen relatively high so that distribution of 

contact forces is calculated with a minimum discretisation error. Moreover, as the present 

study is not oriented into examining tread modelling in depth, a common formulation has 

been implemented into the proposed tyre model so as to secure reliability and consistency in 

the interaction between the tyre and the ground. Vertical tread dynamics are captured by 
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applying an elastic layer between the tyre and the ground and shear force generation is 

calculated by a distributed LuGre model. 

 

The introduction of rigid-body modes of the wheel in the proposed tyre model is one of the 

key elements in the present investigation. The rapidly rotating mass of the wheel affects the 

acceleration of every point of the tyre structure. The immediate consequence of this influence, 

depending on the triggered tyre flexible modes, is the structural deformation of the tyre, and 

this effect is of great importance in cases where the mass of the tyre is comparable to the 

mass of the vehicle. As it is demonstrated in Chapter 3, these two sub-models – flexible tyre 

belt and rigid wheel – have been formulated starting from first principles and they are solved 

in a parallel manner to yield the total tyre motion and deformation.  
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3. Tyre model formulation 

 

3.1 Introduction 

 

As has been demonstrated in the second Chapter of the present Thesis, the ability to predict 

dynamic tyre phenomena depends mainly on the inclusion of tyre belt deformation modes, 

which occur in a frequency band exceeding 60Hz, as will be shown in Chapter 4. This imposes 

an additional complexity, as the current high fidelity dynamic tyre models are either 

demanding in terms of computational power (models adopting the finite element method), or 

require numerous parameters which are not always feasibly obtainable (physical and/or 

analytical models). This limited parameterisation and simulation efficiency of the current 

state-of-the-art of high-fidelity tyre models has been the motivation of the present work. In 

the proposed approach, the key element is the coupling between the non-linear three-

dimensional macroscopic motion of the wheel with the linear tyre belt deformation, the 

modelling of which is performed using parameters obtained directly by eigenanalysis of modal 

testing data.  

 

This particular modelling approach is described in detail in the following sections. Initially, the 

structure of the model is presented in Section 3.2, while in Section 3.3 the core of the model is 

demonstrated. Starting from a first principles approach, the motion of the wheel is divided 

into two distinct components, namely the macroscopic non-linear motion of the wheel as a 

rigid body, and the local linear deformation of the tyre belt, see Section 3.3.1. The system of 

equations expressing the tyre belt as a flexible body is presented in Section 3.3.2. The 

calculation of the rigid-body motion of the wheel is conducted in an analytical manner and 

demonstrated in Section 3.3.3, while the next section is dedicated to capturing the motion of 

every belt node with respect to the global frame of reference, a process which is essential in 

calculating the contact forces generated between the tyre and the road. The topic of the last 

sub-section of 3.3 is the formulation of the external force vector used to excite the flexible 

tyre belt. In this particular vector both nodal contact forces and the motion of the wheel as a 

rigid body are taken into account. 

 

The implemented contact sub-model is presented in Section 3.4. Initially, the vertical force 

distribution in the contact patch is calculated, via an approach based on an elastic boundary 

concept. To this end, the global vertical position and velocity of the tyre belt nodes, which 
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have been obtained in the previous section, are exploited. Shear force generation in the 

contact patch is modelled using a distributed LuGre friction model. Having previously obtained 

the vertical force distribution and the global velocities of the contact nodes, the distribution of 

longitudinal and lateral contact forces is calculated. The last part of Section 3.4 demonstrates 

the rotating drum concept which is embedded within the contact sub-model. This addition has 

been essential as experimental data presented in Chapter 5 have been acquired by a tyre 

testing facility which incorporates a rotating drum. 

 

3.2 Model overview 

 

3.2.1 Model formulation 
 

The cornerstone of the proposed model is the way in which belt response is obtained, i.e. by 

superposition of the responses of a non-linear rigid wheel and a linearly deformable belt. The 

main advantage of this approach is that a non-linear rigid body model can be developed 

analytically while the deformable belt model derives directly from experimental modal 

analysis. In total, the proposed tyre model consists of the following sub-models: 

 Rigid-body motion sub-model 

 Belt deformation sub-model 

 Contact sub-model 

 

The belt deformation and the rigid-body motion sub-models consist of a number of nodes, 

which are located in the circumference of the belt and are capable of moving in the three-

dimensional space. The equations which describe these two sub-models are solved separately, 

in an almost parallel manner, and the superposition of the respective results defines the total 

response of the belt. 

 

The contact sub-model implements a brush-like formulation to predict vertical pressure 

distribution and shear force generation in the contact area. In particular, the vertical pressure 

distribution is calculated by a number of vertical Kelvin elements, each attached to a belt node 

located in the contact patch. With regards to frictional forces, the distributed LuGre model – 

presented in the second Chapter – is used. 

 

The excitation of the model consists of four user-defined quantities, see Figure 3.1: 

 vertical load (Fz), 
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 steer angle (sa), 

 road/drum longitudinal speed (vd) and  

 wheel angular velocity along the lateral wheel-fixed axis (Ω). 

 

 

 

In each time-step, the belt and contact dynamics are excited by these user-imposed quantities 

and the resulting contact forces. Consequently, the response of the model generates a new 

contact force vector associated with the current time-step and used to excite the tyre in the 

next time-step. 

 

3.2.2 Frames of reference and transformations 
 

Since there are three distinct sub-models, it is unavoidable that various quantities have to be 

transformed in an appropriate form to pass from one sub-model to the next. These quantities 

are the nodal coordinates of the belt nodes, the respective velocity and acceleration vectors 

and the forces acting on these nodes. But prior to calculating the transformation matrices, the 

respective frames of reference have to be defined: 

 Global (inertial) frame of reference (O1) 

 Rig-fixed frame of reference (O2) 

 Upright-fixed frame of reference (O3) 

 Wheel-fixed frame of reference (O4) 

 

These frames of reference have been selected so that the proposed tyre model replicates the 

following tyre testing facility: 

 

vd 

sa 

Fz Ω 

Figure 3.1 – Graphical representation of the four user-defined input quantities of the proposed tyre model 
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Figure 3.2 – Indoor tyre testing facility (photograph courtesy of the Department of Aeronautical and Automotive 
Engineering, Loughborough University) 

 

The global frame of reference (O1) is attached to the ground, that is, the blue beams of Figure 

3.2. The rig-fixed frame of reference (O2) is attached to the red beams of the above figure and 

demonstrates a single degree of freedom in the vertical direction with respect to (O1). The 

upright-fixed frame of reference (O3) is attached to the grey beam illustrated in Figure 3.2, 

which is able to rotate about the vertical axis with respect to (O2). Finally, the wheel-fixed 

frame of reference (O4) is attached to the wheel and exhibits a single degree of freedom – 

rotation about the lateral axis – with respect to (O3). 

 

A. Wheel-fixed to upright-fixed frame of reference 

 

The linear and non-linear dynamics of the belt are defined with respect to the wheel-fixed 

coordinate system. Consequently, in each time-step, the position and motion of the belt nodes 

– nodal coordinates, velocity and acceleration vectors – are captured in this particular frame 

of reference. In addition, in order to take contact phenomena into account, it is essential that 

these quantities are also expressed in global terms. So, a series of transformations of these 

quantities is needed, starting from the most local frame of reference and moving towards the 

inertial one. 

 

The wheel-fixed frame of reference is attached to the wheel, in a layout identical to the one 

proposed by I. Lopez et al. in [64]. Wheel rotation introduces deviation – angle θ – between 

the wheel-fixed and upright-fixed frames of reference, as it can be seen in Figure 3.3. 
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The key element in this first transformation is the following matrix[24]: 

 

    
         
   

          
  3.2–1 

 

where θ is the angle formed by axes xupright and xwheel or zupright and zwheel. 

 

If the position vector of a particular node is expressed with respect to the wheel-fixed frame of 

reference as follows: 

 

                     3.2–2 

 

and the respective position vector with respect to the upright-fixed frame of reference is 

expressed as follows: 

 

                     3.2–3 

 

then these two vectors are linked by Equation 3.2–4: 

 

xupright 

zupright 

Pzupright 

x
wheel

 

z
wheel

 

θ P
xuprigh

t
 

P
zwh

 

P
xwh

 

P 
            

  

Initial configuration of 

belt nodes  

Deformed state  

of node P  

Figure 3.3 – Tyre belt node position expressed in both the wheel-fixed and the upright-fixed frames of reference 
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                 3.2–4 

 

and the respective velocity is obtained by time differentiation of the above equation: 

 

        

  
 
  

  
          

       
  

   

 

 
       

  
 
  

  
 
  

  
          

       
  

   

 

 
       

  
 
  

  
            

       
  

 3.2–5 

 

where Ω is the user-defined angular velocity of the wheel. 

 

The transformation of the nodal belt motion requires the additional calculation of the 

respective acceleration vector: 

 

 

        

   
 
   

   
           

  

  
 
  

  
        

  
  

  
   

       
  

   
        
   

 

3.2–6 

 

Transformation of quantities from the upright-fixed to the wheel-fixed frame of reference is 

performed by using the inverse of transformation matrix A instead: 

 

      
          
   
         

  3.2–7 
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 3.2–9 
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B. Upright-fixed to rig-fixed frame of reference 

 

The origin and the vertical axis z of the upright-fixed coordinate system coincide with the 

respective one of the rig-fixed frame. Deviation between these two systems occurs due to the 

user-imposed steering angle, as it can be seen in the following figure: 

 

 

Figure 3.4 – Transformation from upright-fixed and rig-fixed frames of reference 

 

This deviation is expressed by the following transformation matrix: 

 

    
                  
                 

   

  3.2–11 

 

and the motion  of each node with respect to the rig-fixed coordinate system is obtained by 

the following expressions: 

 

                  3.2–12 

 

 
        

  
 
  

   
 
   

  
          

       

  
 3.2–13 
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3.2–14 

 

where        and         are the position vectors of a belt node expressed in the upright-fixed and 

the rig-fixed frames respectively. Once again, the inverse transformation is performed by first 

calculating the inverse of matrix B:  

 

      
                 
                  

   

  3.2–15 

 

The motion of each node, with respect to the upright-fixed frame of reference is obtained by 

the following equations: 

 

                    3.2–16 

 

 
       

  
 
    

   
 
   

  
             

        

  
 3.2–17 

 

 

        

   
 
     

    
  
   

  
 
 

         
    

   
 
    

   
         

  
    

   
 
   

  
 
        

  
     

         

   
 

3.2–18 

 

C. Rig-fixed to global frame of reference 

 

The last transformation required in order to express the locally defined motion of the belt in 

global terms, and consequently to be able to identify contact and calculate contact forces, is 

that between the rig-fixed and the inertial frame of reference. These two systems have their 

axes parallel to each other and the only deviation is the vertical coordinate of the respective 

origin points. During the initial time-steps of each simulation run, the centre of the tyre is 

located at distance z0 above the ground and these two points of origin coincide. The 

application of the user-imposed vertical load results in deviation between these two frames of 

reference: 
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Figure 3.5 – Vertical translational degree of freedom; a) Configuration at the first time step; b) Configuration after the 
application of Fz 

 

The transformation between these two coordinate systems is significantly simpler than the 

ones described above, as no rotation is involved:  

 

                      
  3.2–19 

 

 
       

  
 
        

  
    

   
  
 
 

 3.2–20 

 

 
        

   
 
         

   
    

    
   

 
 

 3.2–21 

 

Solving Equations 3.2–19 to 3.2–21 for         results in the inverse coordinate transformation 

between these two frames of reference: 
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  3.2–22 

 

 
        

  
 
       

  
    

   
  
 
 

 3.2–23 

 

 
         

   
 
        

   
    

    
   

 
 

 3.2–24 

 

3.3 Tyre belt modelling 

 

3.3.1 Overview 
 

The foundation of the present study and the element which differentiates this particular 

model from those currently established is the way in which belt deformation is simulated. As 

presented in the previous chapter, the vast majority of steady-state or dynamic tyre models 

tend to either simulate the tyre belt as a rigid and non-deformable body, or generate a 

complex and demanding virtual representation. For typical road tyres, high-fidelity studies 

require the contribution of flexible belt modes to be included in the total tyre response and 

consequently the first abovementioned type of tyre models is not a valid option. On the other 

hand, the models included in the second case require the experimental identification of 

numerous parameters, a process which can be extremely demanding and time consuming. 

Additionally, due to the complexity of these models, computational power requirements tend 

to be high. 

 

The dynamic tyre model presented in this chapter consists of a number of nodes, equally 

distributed along the circumference of the belt. Each node is capable of moving in the three-

dimensional space and the system of differential equations which governs this motion is the 

following: 

 

                            3.3–1 

 

where                                    
  is the vector containing the coordinates of 

each node in the wheel-fixed frame of reference, 

K3Nx3N is the stiffness matrix of the system, 

C3Nx3N is the non-proportional viscous damping matrix of the system, 
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 M3Nx3N is the mass matrix of the system, 

            consists of the components of the external force acting on each node, and 

 N is the number of belt nodes 

 

It would be possible to use equation 3.3–1 in order to calculate the response of a tyre for the 

excitation imposed by vector       , but this approach requires to solve a total of 3N second-

order differential equations which is numerically inefficient. Moreover, system matrices are 

typically challenging to identify. Furthermore, the assumptions made in the estimation process 

of these matrices, namely K, C and M, may introduce significant deviation between the actual 

motion and deformation of the tyre and simulation results. 

 

To overcome these drawbacks, the tyre dynamics are divided into the dynamics of the non-

deformable wheel and the dynamics of the flexible tyre belt. In particular, vector     is divided 

into two distinct components, the first one representing the rigid-body motion of the tyre, 

while the second one captures the local deformation of each node. This way, the dynamics of 

the flexible tyre may be identified by performing modal testing on a stationary tyre, as 

described in Chapter 4,  an experimentally feasible option which also results in partial 

minimisation of the frequency loci veering – described in [63] – typically originating from tyre 

operation. It follows: 

 

                   3.3–2 

   

Substitution of Equation 3.3–2 to 3.3–1 yields: 

 

 
           

                    
                                    

 

 
          

                    
        

 

                   
       

 

               
3.3–3 

 

Terms A and B in Equation 3.3–3 are equal to zero as          represents the motion of the 

wheel as a non-deformable body. Consequently: 
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  3.3–4 

 

Examination of Equation 3.3–4 along with the non-proportionality of tyre belt damping[36][87], 

leads to the necessity to identify the system matrices. A general overview of structural 

parameters identification may be found in the survey paper of G. Kerschen et al. in [54] and in 

the work of M. Prandina et al. in [88]. With regard to damping identification one may refer to 

the work conducted by S. Adhikari and J. Woodhouse in [1] and [2] and J Woodhouse in [115], 

while  additional information is presented in [69].  

 

The fundamental drawback of estimating system matrices from frequency response data is the 

requirement to identify a minimum number of structural modes, which is equal to the number 

of equations of motion governing the system. This means that in order to identify the matrices 

of a tyre belt consisting of 30 three-dimensional nodes, a total of 90 structural modes needs to 

be obtained. This is a significantly challenging task which is beyond the context and the scope 

of the present modelling approach, as the frequency band of interest is confined and modal 

reduction[109] is a key element of this work. Depending on the application, by including only a 

certain number of flexible tyre belt modes, the efficiency of the model is enhanced without 

extensively compromising the model fidelity in the frequency band of interest. 

 

An alternative method of attack is to express the equations of motion in state-space[30][70] in 

order to transform the system from the physical to the modal domain. Thus, a new coordinate 

vector is defined: 

 

           
    

     
  3.3–5 

 

Equations 3.3–4 and 3.3–5 along with the following identity equation: 

 

                         3.3–6 

 

yield the state-space equations of motion: 

 

  
  
  

        
  
   

       
                

 

   
  3.3–7 
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The vector containing the rigid-body coordinates may be expressed as the linear superposition 

of the rigid-body modes of the wheel: 

 

                 3.3–8 

 

where ΦRB is the 3Nx6 modal matrix containing the real rigid-body eigenvectors of the 

structure and {q}6x1 is the vector of the modal participation factors, i.e. the contribution of 

each rigid-body mode to the total motion of the wheel. Since the geometry of the nodes in the 

wheel-fixed frame of reference is constant and given, the identification of matrix ΦRB can be 

conducted by exploiting the findings of the relative research area, i.e. the identification of 

rigid-body parameters via frequency response data – see R. A. B. Almeida et al. in [4] and [5], A. 

M. Fareed  and F. Wahl in [32], and M. Okuma et al. in [76] and [77]. One particular case of 

interest, similar to the above formulation of the rigid component of the tyre belt, is presented 

in [77] where the centre of gravity of the test structure coincides with the origin of the 

reference frame used and the respective frame axes are parallel to the principal axes of inertia 

of the structure. Such a layout yields the following matrix of rigid-body modes: 

 

     

 
 
 
 
 
 
 
 
  
 
 
 
  
 
 
 
  

 
   
   
     
 

  
     
   
   

  
   
     
   
 
 
 
 
 

   3.3–9 

 

where (xi,yi,zi) is the position vector of the ith node with respect to the wheel-fixed frame of 

reference and each column of Equation 3.3–9 corresponds to one of the six rigid body wheel 

modes. These modes are depicted in the following figures: 

 

 

Figure 3.6 – Nodal configuration of the belt – first rigid body mode 
(-o-: Initial nodal coordinates – -x-: nodal coordinates demonstrating rigid body motion along the tyre-fixed x axis) 
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Figure 3.7 – Nodal configuration of the belt – second rigid body mode 
(-o-: Initial nodal coordinates – -x-: nodal coordinates demonstrating rigid body motion along the tyre-fixed z axis) 

 

 

 

 

Figure 3.8 – Nodal configuration of the belt – third rigid body mode 
(-o-: Initial nodal coordinates – -x-: nodal coordinates demonstrating rigid body motion along the tyre-fixed y axis) 
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Figure 3.9 – Nodal configuration of the belt – fourth rigid body mode 
(-o-: Initial nodal coordinates – -x-: nodal coordinates demonstrating rigid body rotation around the tyre-fixed x axis) 

 

 

Figure 3.10 – Nodal configuration of the belt – fifth rigid body mode 
(-o-: Initial nodal coordinates – -x-: nodal coordinates demonstrating generic rigid body rotation) 
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Figure 3.11 – Nodal configuration of the belt – sixth rigid body mode 
(-o-: Initial nodal coordinates – -x-: nodal coordinates demonstrating rigid body rotation around the tyre-fixed z axis) 

 

Substitution of Equation 3.3–8 in 3.3–7 yields the following alternative form of the equations 

of motion: 

 

  
  
  

        
  
   

       
               

   
  3.3–10 

 

Following the approach proposed by D. J. Ewins in [30] and by N. M. M. Maia et al. in [70], the 

extended coordinate vector of tyre belt deformation may be expressed as a linear 

combination of the state-space eigenvectors: 

 

 
          

    

      
      

    

      
        

     

        
 
 

      
 

 

              
   

 
     

   
 
       

     
  
  

 
 

             3.3–11 

 

where   
      is the state-space modal matrix, consisting of the complex eigenvectors {ψi} 

and the respective eigenvalues si, and {dq}6Nx1 is the vector containing the modal participation 
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factor of each flexible mode. Note that (*) denotes the complex conjugate of the quantity in 

the brackets. 

 

As will be demonstrated in Chapter 4, in the vast majority of modal testing cases the 

deformation of the structure is expressed by using the first m modes, where m < 3N, either 

because it is not possible to obtain the full eigenvector matrix[30] or because this is part of the 

intentional modal reduction. As mentioned above, this modal reduction may seem to have a 

negative impact on the accuracy of the proposed model but, as demonstrated by A. Tsotras 

and G. Mavros in [109], this particular limitation enhances its efficiency in the frequency band 

confined by the imposed cut-off frequency, i.e. the natural frequency of the mth mode. 

Consequently, the actual – experimentally identified – modal matrix is: 

 

   
       

    

      
 

    

      

   
  

   
    

  
   

  

   
    

    

 

   
           

      
    

       
     3.3–12 

 

Since only the first m modes are included in the modal matrix, inspection of Equation 3.3–11 

reveals the necessity to alter the length of vector {dq} from 6Nx1 to 2mx1. 

 

              
   

 
     

   
 
      

     
  
  

 
 

            
              3.3–13 

 

Using Equation 3.3–13, the system of Equations 3.3–10 becomes: 

 

  
  
  

          
  
   

         
               

   
    

 

                   
               

   
  3.3–14 

 

Equation 3.3–14 still contains the inertia, stiffness and damping matrices of the system which 

can be eliminated by defining a new modal matrix of the following form: 
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   3.3–15 

 

Pre-multiplication of the transpose of     
  with the system of equations of motion, yields the 

following expression: 

 

     
                

               
    

               
   

  3.3–16 

 

Due to the eigenvectors being orthogonal to each other, the above equation may be re-

written as follows: 

  

 

 
 
 
 
 
 
 
 
 
  

 

 

 

 
 
 

    
 
 
 
 
 

      

 
 
 
 
 
 
 
 
 
  

 

 

 

 
 
 

    
 
 
 
 
 

     

 
 
 
 
 
 
 
      

 

 
      

 

    
 

 

   
 
 
 
 
 
 
 
 
 
 

       

 
 
 
 
 
 
 
      

 

 
      

 

    
 

 

   
 
 
 
 
 
 
 
 
 
 

         3.3–17 

 

where ai and bi are the scaling factors of the state-space eigenvectors, with regard to matrices 

A and B of Equation 3.3–14 respectively, which are presented in detail in Chapter 4. Due to the 

formulation of the eigenvector experimental identification, scaling factors ai are equal to unity, 

while factors bi are governed by Equation 3.3–18[30]: 

 

           3.3–18 

 

Substitution of the scaling factors ai and bi into Equation 3.3–17 yields: 

 

 

 
 
 
 
 
 
 
 
 
 

 

 

 

 
 
 

  
 
 
 
 
 

      

 
 
 
 
 
 
 
 
 
   

 

 

 

 
 
 

   
  
 
 
 
 
 

     

 
 
 
 
 
   

 

    
 

 

   
 
 
 
 
 
 
 
 

       

 
 
 
 
 
   

 

    
 

 

   
 
 
 
 
 
 
 
 

         3.3–19 

 

In order to eliminate the – unknown – mass matrix located in the last term of the above 

equation, one may refer to the work of M. Okuma et al. in [76] according to which the 

following expression holds: 
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          3.3–20 

 

Matrix MRB contains the macroscopic inertia properties of the wheel and, for the particular 

case used in this formulation of the tyre belt nodes expressed in the wheel-fixed coordinate 

system, it has the following form: 

 

     

 
 
 
 
 
 
    

    
    

   
   

    
 
 
 
 
 

 3.3–21 

 

where mtot is the total wheel mass and Ixx, Iyy, Izz are the moments of inertia with respect to 

axes x, y, z. Taking into account Equation 3.3–20 and the orthogonality properties of the 

eigenvectors, the equations of motion become: 

 

 

 
 
 
 
 
 
 
 
 
 

 

 

 

 
 
 

  
 
 
 
 
 

      

 
 
 
 
 
 
 
 
 
   

 

 

 

 
 
 

   
  
 
 
 
 
 

     

 
 
 
 
   
 

    
 

 
   

    
 
 
 
        

   

   
      3.3–22 

 

Inspection of equation 3.3–22 reveals the main achievements of the proposed formulation 

thus far: 

 tyre belt dynamics are simulated using quantities which are identifiable via either 

feasible modal testing (eigenvalues si and eigenvectors {ψi}) or analytical pre-

processing (mass matrix MRB and rigid-body eigenvector matrix ΦRB), 

 instead of the initial 6N equations of motion, the present system includes (2m+6) 

equations, a number which is generally lower than the total of the state-space degrees 

of freedom, hence enhancing the efficiency of the proposed model and 

 the rigid-body non-linear dynamics of the belt  are uncoupled from the equations 

associated with the deformation of each node, as demonstrated by the following two 

systems of equations:  
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                3.3–23 

 

  
 

 
 

        
   

 
   

 
       

    
 

 
   

   
                3.3–24 

 

This uncoupling offers a convenient way to deal with these two systems of equations, which 

will be examined separately in the following sections. 

 

3.3.2 Linear dynamics of the deformable belt 
 

The fundamental expression describing the belt deformation is presented above in Equation 

3.3–24: 

 

  
 

 
 

        
   

 
   

 
       

    
 

 
   

   
        3.3–25 

 

Calculation of modal participation factors {dq} yields the physical states of the belt, see 

Equations 3.3–5 and 3.3–13: 

 

            
              

 
 

           
    

     
  3.3–26 

 

where:  

{du} is the state vector,  

   is the experimentally identified complex modal matrix containing the complex  

eigenvectors of the belt, the associated eigenvalues and the respective conjugate 

quantities and 

 {dx} is the vector of the physical nodal deformation of the belt. 
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As will be demonstrated in the following sections, vector {fext} is not obtained directly  as there 

are forces acting on the wheel centre, a point missing from the nodes included in the above 

system of the equations. Instead, an equivalent force vector is introduced which has the same 

net effect as the actual external forces and it is calculated by Equation 3.3–52. 

 

3.3.3 Non-linear dynamics of the non-deformable belt 
 

Following the introduction of the wheel motion presented in Sections 3.2.1 and 3.2.2, the 

wheel – as a rigid body – demonstrates three degrees of freedom in the context of the present 

work: 

 vertical motion with respect to the inertial frame of reference, 

 rotation around the global z axis and 

 rotation around the wheel-fixed y axis. 

 

The following user-defined input quantities have been defined in the same introductory 

sections: 

 vertical force (Fz), 

 steer angle (sa) and 

 wheel angular velocity (Ω). 

 

It is apparent that each degree of freedom is associated with the respective model input 

quantity. An additional input quantity is included, namely the road/drum velocity (vd), but it 

does not affect the motion of the wheel and it is exclusively used for calculating contact forces.  

 

The fundamental system of equations of motion describing the response of the non-

deformable belt has been obtained in the preceding section by associating the participation of 

every rigid-body mode to the externally applied nodal forces according to equation 3.3–27: 

 

    
                3.3–27 

 

Combining the above expression, from which vector {q} is obtained, with Equation 3.3–8 leads 

to the calculation of vector {xrigid} which demonstrates the effect of {fext} on the position of 

each belt node. Taking into account the application point of the user-imposed quantities listed 
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above, the formulation of the vector containing the external forces applied to the wheel is not 

straightforward as the wheel centre motion is not included in the initial system of differential 

equations of motion, see Equation 3.3–1. The rationale supporting this choice is that modal 

testing of the wheel centre is not feasible without altering the structural characteristics of the 

wheel, as the wheel centre of typical passenger car wheels is void and a supporting structure is 

required. Nevertheless, three out of four user-defined quantities exciting the model (vertical 

force, steering angle and wheel angular velocity) are applied to the wheel centre and 

consequently and alternative approach is needed. However, it should be noted that contact 

forces are evaluated for every node, so these forces may be directly added in vector {fext}. 

 

In any particular time-step, all quantities – kinematic (steering angle and wheel angular 

velocity) and dynamic (applied vertical force and calculated contact forces) – exciting the 

wheel are either known or already calculated in the previous time-step, and the motion of the 

rigid-wheel may be captured by applying a classic mechanics approach. This analysis 

commences locally, that is with respect to the wheel-fixed frame of reference O4, where nodal 

coordinates of the rigid-body are fixed and the ultimate requirement is to obtain the global 

nodal position, velocity and acceleration after the application of contact forces and the user-

defined kinematic and dynamic inputs. 

 

As the magnitude of the wheel angular velocity (Ω) is defined by the user, the respective 

angular velocity vector is: 

 

     
       

          3.3–28 

 

Τhe relative angular position of the wheel with respect to the upright-fixed frame of reference 

is calculated by integrating Ω: 

 

         3.3–29 

 

The respective angular acceleration is obtained by differentiating Ω with respect to time: 

 

     
       

     
  

  
  

 

 3.3–30 
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The above quantities – θΩ, {ωΩ} and {αΩ} – fully describe the motion of the wheel as a result of 

the first degree of freedom, which is the relative rotation around the common  
   (or  

  ) 

axis between the wheel-fixed (O4) and the upright-fixed (O3) frame of reference. The next 

rigid-body degree of freedom is the relative rotation between the upright-fixed and the rig-

fixed (O2) frame of reference around the common vertical axis  
   (or  

  ). The relative angle 

between these two frames is the user-imposed steering angle (sa). The resulting angular 

velocity and acceleration vectors are simply obtained as follows: 

 

      
        

      
     

  
 
 

 3.3–31 

 

      
        

      
      

   
 
 

 3.3–32 

 

The final rigid-body degree of freedom is the vertical linear motion of the wheel with respect 

to the ground. This corresponds to relative vertical translational motion between the rig-fixed 

and the global (O1) frame of reference. The vertical acceleration vector of the wheel (      
  

) 

with respect to the global frame of reference – as a result of the application of the user-

imposed vertical force Fz and the vertical contact forces – is obtained by the following 

expression: 

 

      
        

      
          

      
   

    

 

 

 3.3–33 

 

where      
  is the contact force vector of node i expressed in the global frame of reference: 

 

      
     

   
   

  
 

 3.3–34 

 

and mtot is the total mass of the tyre/wheel assembly. The respective wheel velocity vector is 

obtained by integrating, with respect to time, the above acceleration vector: 

 

      
  

      
  

     
          

      
   

    
   

 

 3.3–35 
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Finally, the relative position vector between (O1) and (O2) is calculated as follows: 

 

      
  

      
  

      
          

      
   

    
     

 

 3.3–36 

 

 

The expressions presented above are exploited to define the non-linear motion of the wheel in 

space as a result of the application of the user-defined input quantities and contact forces. At 

this point, one may notice that only vertical contact forces are taken into account in the above 

analysis. In the context of the present work, and as far as the motion of the wheel as a rigid 

body is examined, lateral and longitudinal contact forces are reacted by the virtual rig, as the 

only translational degree of freedom is defined along the global vertical axis. With regard to 

moments generated by these forces, the rigid wheel examined in the present section 

demonstrates degrees of freedom along the axes of the self-aligning and the rolling resistance 

moments. The net effect of these moments is included in the respective user-defined input 

quantities, steering angle and angular wheel velocity respectively, so no control loop is 

required to maintain these two quantities as specified during every simulation run.  

 

3.3.4 Nodal motion expressed with respect to the global frame of reference 
 

Having defined the macroscopic rigid-body motion of the wheel, the next step is the 

calculation of the global position, velocity and acceleration of each belt node. This procedure 

is required by the contact sub-model, so that interaction between the tyre nodes and the 

ground is captured and contact forces are calculated. Initially, when expressed in the wheel-

fixed frame of reference (O4), the position vector of the ith belt node – in the non-deformed 

configuration examined in this section – remains constant throughout the simulation process, 

see Figure 3.3: 

 

     
             3.3–37 

 

The velocity and acceleration of every belt node, within the rigid-body configuration and with 

respect to the wheel-fixed frame of reference, is equal to zero:  
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        3.3–38 

 

        
   

   
        3.3–39 

 

Having obtained the local linear deformation of each belt node by Equation 3.3–26, the actual 

motion of the ith node expressed in the wheel-fixed frame of reference is calculated by 

superimposing the non-deformed and the deformed nodal motion in accordance to the 

following relations: 

 

   
       

        
   3.3–40 

 

     
   

  
 
      

   

  
 
       

   

  
  

 

 

     
   

  
       

   3.3–41 

 

      
   

   
 
        

   

  
  

 

 

      
   

   
       

   3.3–42 

 

The above quantities may be expressed in the upright-fixed frame of reference (O3) by 

combining Equations 3.2–4, 3.3–29 and 3.3–30 as follows: 

 

   
           

   3.3–43 

 

The calculation of the respective velocity and acceleration vectors follows a similar pattern 

based on Equation 3.2–5 for nodal velocity: 

 

 
    

   

  
 
      

   
     

         
    

   

  
 3.3–44 
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and Equations 3.2–6 and 3.3–30 for nodal acceleration: 

 

 

    
  

   
 
       

   
       

   
      

   
     
        

    

 
      

   
   

   
  

  
       

    
  

   
 

3.3–45 

 

Similarly, these quantities are expressed in the rig-fixed frame of reference (O2) by combining 

the transformation equations of Section 3.2.2 with the equations presented above. In 

particular, the steering angle is defined by the user and the resulting velocity and acceleration 

vectors are provided by Equations 3.3–31 and 3.3–32 respectively. Having obtained these 

quantities, the position of belt nodes in O2 may be calculated by exploiting Equation 3.2–12: 

 

   
           

   3.3–46 

 

The velocity of the ith node expressed in O2 is obtained from Equations 3.2–13 and 3.3–31: 

 

    
  

  
 
      

   
      
        

         
   
  

  
 3.3–47 

 

and the respective acceleration vector derives from Equations 3.2–14 and 3.3–32: 

 

 

    
  

   
 
       

    
       
      

 
   
   

      

   
  

     
        

    
      

   
      
      

   
  

  
       

    
  

   
 

3.3–48 

 

Finally, these quantities may be expressed in the inertial frame of reference (O1), as follows: 

 

   
     

        
   3.3–49 

 

    
  

  
 
   
  

  
      

   3.3–50 
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 3.3–51 

 

These expressions describe the motion of each belt node with respect to global coordinates. 

As it is demonstrated in the following sections, this process is critical in calculating contact 

forces between the tyre belt and the road. 

 

3.3.5 External force vector 
 

The final step in this process is the calculation of the vector containing the external forces 

acting on the tyre. As has been demonstrated above, this is not a straightforward task, as 

three user-imposed excitations are applied on the wheel centre, the motion of which is not 

included in the system of differential equations representing the tyre. 

 

Taking into account the above, the concept of equivalent nodal forces is introduced. The main 

feature of this particular force vector is that it has the same net effect as the user-defined 

quantities mentioned in the preceding paragraph, but now this effect is evaluated for each 

node rather than the wheel centre. As a result, the vector of external nodal forces found in 

Equations 3.3–23 and 3.3–24 may be expressed as follows: 

 

                       
             3.3–52 

 

where             
 consists of nodal forces which have an equivalent effect in the wheel 

motion as the user-defined input quantities (variation of steering angle, wheel angular 

velocity and vertical force), 

             consists of nodal forces generated by the interaction between the 

tyre/wheel assembly and the ground. 

 

The present section is dedicated to demonstrating the implemented method of attack with 

regard to calculating vector {fequi}3Nx1. For information on vector {fcont}3Nx1 the reader may refer 

to Section 3.4. To calculate vector {fequi}3Nx1, contact forces are set equal to zero (that is {fcont} = 

{0}3Nx1) and Equation 3.3–23 is exploited and rewritten as follows: 
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3.3–53 

 

At this point, the fact that contact forces have been set equal to zero does not introduce an 

artificial simplification to the model. On the contrary, as {fequi} corresponds only to external 

forces derived from the user-imposed input quantities, the inclusion of contact forces in the 

above equations would lead to erroneous results. Additionally, contact forces are eventually 

added to vector {fequi} according to Equation 3.3–52. 

 

Combination of Equations 3.3–8 and 3.3–53 yields: 

 

                    3.3–54 

 

where, in the current context,               represents the non-linear three dimensional 

acceleration of each belt node due to the external user-imposed excitation applied to the 

wheel structure, as it is implied by term {fequi} in the left-hand side of Equation 3.3–54.  

 

Vector           is calculated analytically by taking into account the translational velocity and 

acceleration of the wheel centre and the respective angular acceleration and velocity as a 

result of the user-imposed excitation. In addition, the position vector of each belt node is 

required which, for the case of the non-deformable belt and with respect to the wheel-

attached frame of reference, remains constant throughout the simulation process. In 
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particular, as it has been demonstrated in the work of G. Mavros in [73], the acceleration of 

the ith belt node is calculated as follows: 

 

  

        

        

        

 

 

  

   

   

   

        3.3–55 

 

     

                

                

                

  3.3–56 

 

     

   
      

     
     

                  
               

   
      

     
     

                  
               

   
      

     
     

                  
               

  3.3–57 

 

where: 

O4{ac} = [xac yac zac]
T is the linear acceleration vector of the wheel centre,  

O4{αc} = [xαc yαc zαc]
T is the angular acceleration vector of the wheel, 

O4{vc} = [xvc yvc zvc]
T is the linear velocity vector of the wheel centre, 

O4{ωc} = [xωc yωc zωc]
T is the angular velocity vector of the wheel and 

O4{Pi} = [            ]
Τ is the position vector of the ith node. 

 

It should be noted that all the above quantities are expressed with respect to the wheel-fixed 

(O4) frame of reference. The above velocity and acceleration vectors originate from the 

following 3 user-imposed excitation quantities: 

 vertical force (Fz), 

 steer angle (sa) and 

 wheel angular velocity (Ω). 

 

As has been demonstrated above, the applied vertical force results in a linear vertical 

acceleration of the wheel with respect to the global frame of reference (O1). By taking into 

account the total mass of the wheel-tyre assembly, the equivalent acceleration resulting only 

from the application of the user-defined vertical force is simply calculated as follows: 

 

      
  

    
    

  
    
  

 
 3.3–58 
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The calculation of the respective linear velocity is achieved by integrating Equation 3.3–58 

with respect to time: 

 

      
  

    
      

  
    
     

 

 3.3–59 

 

To populate Equations 3.3–55 to 3.3–57, the above two vectors have to be expressed in the 

local (O4) frame of reference. To this end, they are initially expressed in the rig-fixed frame of 

reference (O2). Since the respective axes of the global and the rig-fixed frames are parallel to 

each other, see Figure 3.12, the following expressions hold: 

 

      
  

    
      

  

    
   

 

      
  

    
    

  
    
  

 
 3.3–60 

 

      
  

    
      

  

    
   

 

      
  

    
      

  
    
     

 

 3.3–61 
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Figure 3.12 – Expression of vertical acceleration vector in the inertial and the rig-fixed frame of reference 
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The next step is to express vector          
 with respect to O3. As it is illustrated in Figure 

3.13, vector      
  

    
 expressed in O2 is equal to vector      

  

    
 expressed in O3, as 

these two coordinate systems share a common z axis. Consequently: 

 

      
  

    
      

  

    
   

 

      
  

    
    

  
    
  

 
 3.3–62 

 

The same principle applies to velocity vector      
  

    
 : 

 

      
  

    
      

  

    
   

 

      
  

    
      

  
    
     

 

 3.3–63 

 

 

 

 

With reference to the user-induced steering angle, the respective angular velocity and 

acceleration are required by Equations 3.3–55 to 3.3–57. It follows from the above that these 

vectors have a single component along the common z axis of O2 and O3, and consequently they 

may be directly expressed in O3. In particular, the respective angular velocity vector is 

provided by equation 3.3–31: 

 

XO2 

XO3 

yO3 

yO2 

sa       

Figure 3.13 – Expression of vertical acceleration vector in the rig-fixed and the upright-fixed frame of reference 
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 3.3–64 

 

Angular acceleration vector derived by steering angle variation is provided by equation 3.3–32: 

 

      
      

      

   
 
 

 3.3–65 

 

The final transformation of the user-defined quantities is conducted between O3 and O4. As 

has been established in section 3.2.1, the transformation matrix between these two 

coordinates systems is the following: 

 

        
           
   

            

  3.3–66 

 

 

 

 

Angular deviation θΩ between O3 and O4 has been previously calculated in Equation 3.3–29. 

Vertical acceleration vector      , originating from the user-defined vertical load Fz, is 

expressed in O3 in equation 3.3–62 and the respective linear vertical velocity may be found in 

Equation 3.3–63. These quantities are expressed in O4 as follows: 
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Figure 3.14 – Expression of vertical acceleration vector in the upright-fixed and the wheel-fixed frame of reference 
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 3.3–67 

 

Velocity vector {vc}, which is collinear to acceleration vector {ac}, is expressed in O4 following 

an identical approach: 

 

      
  

    
 

 
 
 
 
        

  
    

  

 

       
  
    

  
 
 
 
 
 

 3.3–68 

 

Angular velocity and acceleration vectors, found in Equations 3.3–64 and 3.3–65, are also 

rotated by θΩ so as to be expressed in O4. First, angular velocity      
   is transformed 

into      
  : 

 

      
              

    
 

 

      
    

           
   

            

   

 
 

     

  

   
 

 

      
   

 
 
 
 
       

     

  
 

      
     

   
 
 
 
 

 3.3–69 

 

In addition, slip-angle induced angular acceleration is expressed with respect to O4: 

 



91 
 

      
   

 
 
 
 
       

      

   

 

      
      

    
 
 
 
 

 3.3–70 

 

The final user-imposed input quantity of the model, defining the motion of the wheel as a rigid 

body, is angular velocity Ω which consists of a single component along the y axis of O4, see 

Equation 3.3–28: 

 

     
    

 
 
 
  3.3–71 

 

The respective angular acceleration is obtained by Equation 3.3–30: 

 

     
    

 
    

  
 

  3.3–72 

 

The velocity and acceleration vectors calculated above are exploited to populate the 

corresponding vectors found in Equations 3.3–55 to 3.3–57. With exclusive reference to user-

defined quantities, the motion of the wheel is described by four vectors; two vectors for 

translational and two for rotational motion. Since vertical load is the only translational user 

input, the user-induced translational motion of the wheel is only affected by the acceleration 

and velocity vectors derived by vertical load Fz. In particular: 

 

     
            

    
 

 

  

   

   

   

  

 
 
 
 
       

  
    

 

      
  
     

 
 
 
 

 3.3–73 
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 3.3–74 

 

With regard to the rotational motion of the wheel, the acceleration and velocity vectors are 

calculated by combining the motion due to slip angle variation with the motion derived by the 

primary angular velocity of the wheel (Ω): 

 

     
        

       
    

 
 

  

   

   

   

  

 
 
 
 
 
 
       

      

   

    

  

      
      

    
 
 
 
 
 
 

 3.3–75 

 

     
        

       
    

 
 

  

   

   

   

  

 
 
 
 
       

     

  
 

      
     

   
 
 
 
 

 3.3–76 

 

The non-linear acceleration of each node is obtained from Equation 3.3–55 and vector           

is populated. Visual inspection of Equation 3.3–54 would suggest that the equivalent force 

vector could be calculated by multiplying the inverse of matrix Q by the nodal acceleration 

vector calculated above. However, this is not possible due to the origin of matrix Q, see 

Equation 3.3–53. Since the rank of matrix Q is equal to 6 and the equations included in the 

system of 3.3–55 are 3N, with 3N significantly higher than 6, direct inversion is impossible and 

the system of Equations 3.3–55 is classified as rank deficient. A typical method to approach 

similar rank deficient systems is by obtaining the reduced singular value decomposition[23][101] 

(SVD) of matrix Q, which demonstrates the following form: 

 

 
         3.3–77 
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Compared to the typical SVD of a system which is not rank deficient, the three matrices 

introduced above are sub-matrices of the original ones. In particular, matrix Σ consists of the 

6x6 principal sub-matrix of the complete matrix Σtot, and matrices U and V consist of the first 6 

columns of the original matrices, Utot and Vtot respectively. Substitution of matrix Q in equation 

3.3–54 yields: 

 

                         3.3–78 

 

which may be solved for         as follows: 

 

 
                

       
 

          
3.3–79 

 

As a demonstration of the method presented above, the wheel is represented by 1680 

circumferential nodes and it is excited by applying a user-defined vertical force of 1000N at 

the wheel centre. Having set the wheel mass equal to 10kg, every belt node is vertically 

accelerated at 100m/s2. Consequently the following expression holds: 

 

                      3.3–80 

 

By applying the above nodal acceleration vector in Equation 3.3–79, the equivalent force 

vector is calculated as follows: 

 

                       3.3–81 

 

The z-component of the above expression is the equivalent of distributing the centrally applied 

vertical force to all the 1680 nodes. Hence, by analytically calculating the nodal non-linear 

acceleration (vector          ), it is possible to obtain the equivalent force vector which applies 

directly to the nodes and it also takes into account dynamic and kinematic user-defined inputs 

applied to the wheel centre. Moreover, term A of Equation 3.3–79 is not time-dependent, 

therefore its admittedly elaborate calculation is performed only once as part of the 

initialisation procedure of the proposed tyre model. 
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Based on the singular value decomposition presented in Equation 3.3–77, vector {fequi} is 

obtained by Equation 3.3–79. Following the methodology presented in Section 3.4, vector {fcont} 

– consisting of the contact forces between the tyre and the ground – is calculated and used in 

Equation 3.3–52 along with the equivalent forces vector {fequi}. Finally, vector {fext} obtained by 

Equation 3.3–52 is consequently used in Equation 3.3–25 to excite the flexible dynamics of the 

tyre belt.  

 

3.4 Estimation of contact forces 

 

3.4.1 Vertical tread modelling 
 

With regard to modelling vertical tread dynamics, several alternative approaches may be 

found in the literature. These approaches range from tyre models having the tyre elastically 

founded to the ground by a single Kelvin element, to brush-like models integrating a more 

advanced tread representation, where the contact patch is formed by several bristles with 

three-dimensional stiffness and damping properties along the radial, the tangential and the 

lateral axis of each tread node.  

 

The elastic foundation of the tyre on a single spring/damper unit offers an economical and 

efficient way of predicting the total vertical force applied to the contact patch and it is suitable 

for studies where the calculation of the vertical load distribution is not critical, for example in 

real-time vehicle handling simulations. In cases where the vertical load distribution is required, 

three main analytical approaches may be found in literature: 

 spatially constant vertical load distribution, 

 parabolic vertical load distribution, and 

 trapezoidal vertical load distribution. 

The first case is a rather coarse representation of the vertical force distribution applied to the 

contact patch. Moreover, such an approach does not satisfy the boundary conditions at the 

leading and trailing edges of the contact patch, where the vertical load is equal to zero. The 

second and third cases allow for modelling a more realistic vertical force variation along the 

contact patch. Both approaches may generate valid results depending on the combination of 

the magnitude of the applied vertical force and the structural characteristics of the tyre. 

Experimental results (W. Hall et al. in [49], S. Kim et al. in [56], M. Pau et al. in [82] and E. Sakai 

in [91]) suggest that, for a given tyre, the vertical force distribution in the contact patch 

demonstrates a parabolic shape – maximum force at the centre of the contact patch and zero 
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force at both the leading and trailing edges – for cases where the applied vertical load is 

relatively low. On the contrary, as the applied vertical load increases, the shape of the vertical 

force distribution switches to trapezoidal – a flat central area of constant vertical force 

surrounded by two slopes adjacent to both contact patch edges. In addition, the geometry of 

the contact patch and the vertical force distribution depend on tyre operation, as 

demonstrated in the work of H. Shiobara et al. in [98] and [99]. 

 

Studies investigating both low and high vertical loads need to incorporate both the 

abovementioned parabolic and trapezoidal cases. A common approach[110] is the utilisation of 

the following two modelling features: 

 flexible belt dynamics and 

 tread sub-model consisting of radial, tangential, and lateral bristle-like Kelvin elements. 

Such an implementation allows for switching between the two distributions of vertical force. 

Once contact occurs, the tread elements located between the leading and trailing edges are 

deformed radially and tangentially. These local deformations result in the application of 

contact forces to the belt. During the initial contact stages – and before a high enough load is 

applied to the tyre – the arc of the flexible belt corresponding to the contact patch retains its 

circular shape and consequently the nodal contact forces demonstrate a parabolic shape. An 

increase in the applied vertical load would cause that particular belt arc to straighten, due to 

belt compliance and the increased contact forces. Contrary to the lower vertical load case, the 

vertical forces applied to the central points of the contact patch exhibit a constant value, while 

the respective forces applied close to the two contact edges decrease abruptly, hence the 

term “trapezoidal” vertical force distribution.  

 

In the context of the present work, a tread model of intermediate complexity is implemented. 

While the flexible belt dynamics represent the core of the proposed modelling approach, the 

two elements forming the implemented tread model, namely vertical tread dynamics and 

shear force generation, have been chosen on the grounds of being efficient in order to keep in 

line with the generic purpose of this study. Implementing a tread model similar to the one 

demonstrated in [57] or the one in [110], that is one three-dimensional Kelvin element per 

belt node, would impose a further 3N second-order differential equations to solve in each 

time step, where N is the number of tread nodes.  
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A less demanding version of this approach derives by neglecting tread mass, similar in that 

respect to the work of A. Zanten et al. in [117] and the work of J. Zhou et al. in [119], so that 

the tread model is associated with 3N first-order differential equations of motion, an approach 

which is fundamentally equivalent to the tread formulation adopted in the present study. In 

particular, in this work each belt node is associated with an elastic bristle, leading to a brush-

like tread representation. Each bristle demonstrates three-dimensional stiffness which breaks 

down into a number of purely vertical Kelvin elements, used for modelling tread dynamics 

along the vertical direction – analysed in the following paragraphs – and a distributed LuGre 

friction model for estimation of shear forces along the contact area, see Section 2.5 in Chapter 

2 for the respective theoretical background, and Section 3.4.2 for the present implementation. 

 

As is depicted in the following diagram, an elastic boundary has been placed between the tyre 

belt and the ground level, in a layout similar to the one proposed by the Hankook Tire 

model[66]. In each time step, the global vertical position of the belt nodes is examined and, if 

found within this elastic boundary, the respective Kelvin element has an effect on the vertical 

motion of the tyre. The width of the elastic boundary (l0) may be interpreted as the free length 

of these Kelvin elements. 

 

 

 

 

Ground (z0) 

l0 

x 

z 

Figure 3.15 – Illustration of the elastic boundary introduced between the tyre belt and the ground 
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Figure 3.16 – Distinction between nodes locate within the elastic boundary (contact nodes) and nodes located above 
the elastic boundary (no contact nodes) 

 

As this elastic boundary consists of simple Kelvin elements, the force law governing this 

contact phenomenon is described by the following equation: 

 

     
                                       
                     

  3.4–1 

 

where: vz is the nodal velocity along the z axis of the global coordinate system [m/s] 

kz is the elastic boundary vertical stiffness per unit length (            ) 

cz is the elastic boundary vertical damping per unit length (             ) 

dxy is the projection of the distance between two adjacent nodes on the global xy 

plane [m] 

 δz is obtained by the following expression: 

 

                3.4–2 

 

Term dxy is included in Equation 3.4–1 to allow for vertical stiffness and damping constants to 

be expressed in a “per unit length” form. This approach enables the contact model to be valid 

for any number of belt nodes included in the belt sub-model. Moreover, kz has been obtained 

by the tread simulation model presented in [80], while cz has been set to a value which 

provides a reasonable stiffness to damping ratio when compared to previous studies, see for 

example the work of A. Tsotras in [110].  

 

The use of purely vertical Kelvin elements may represent a less detailed tread modelling 

approach as opposed to similar attempts which incorporate Kelvin elements along the radial, 

the tangential, and the lateral direction of every tyre belt node[110]. The main drawback 

inherited by the present approach is that longitudinal shear forces along the contact patch – 

Ground (z0) 

l0 

x 

z : contact nodes 

: no contact 
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for the case where only vertical load is applied and the tyre is otherwise stationary – are 

exclusively based on nodal velocity, because of the implemented LuGre contact model, rather 

than tread deformation. On the other hand, implementation of radial / tangential / lateral 

tread elements in the present study would lead to a more complicated tread model, compared 

to the one presented above. Additionally it would not be in line with the adopted LuGre model 

presented in the following section and used to calculate shear forces generated in the contact 

area. 

 

3.4.2 Force generation in the contact area 
 

The contact sub-model implemented within the proposed tyre modelling approach consists of 

a distributed LuGre model and it is based on the work conducted by E. Velenis et al. in [112] 

and [113]. This class of models has already been presented in Chapter 2. The approach 

adopted in this work has been inspired by the work of J. Deur et al. in [26] where the tyre belt 

flexibility and its effect on contact-related phenomena is investigated. In the context of the 

present model, the main inputs of the contact sub-model are the following three quantities: 

 vertical force distribution, 

 longitudinal nodal velocity relative to the ground, and 

 lateral nodal velocity relative to the ground. 

The first input of the contact model is the vertical force distribution (Fz), expressed in the 

global frame of reference, which is obtained by evaluating Equation 3.4–1 for every node in 

contact to the ground. The second and third inputs consist of the relative velocity of the 

contact belt nodes with respect to the ground. This relative velocity may be analysed in two 

components, one longitudinal and one lateral and, similarly to the vertical force distribution, 

they are both expressed with respect to the global frame of reference (O1).  

 

Two quantities influence this relative velocity, namely the user defined kinematic inputs and 

the deformation velocity of every contact node. For the ith belt node, the longitudinal 

component of the relative to the ground velocity is provided by the following expression: 

 

      
   
  

  
       3.4–3 
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where  
   
  

  
    is obtained from Equation 3.3–50 and represents the velocity component of 

the ith node expressed along the x axis of O1 and vd is the user defined drum velocity. The 

respective expression for the lateral relative velocity component is: 

 

      
   
  

  
    3.4–4 

 

The parameters for the contact sub-model presented in the section are obtained by the work 

conducted by E. Velenis et al. in [113] and they are summarised in the following table: 

 

Table 3.1: Contact parameters for the LuGre sub-model 

σ0x 

[1/m] 

σ0y 

[1/m] 

μkx 

[-] 

μky 

[-] 

μsx 

[-] 

μsy 

[-] 

γ 

[-] 

vs 

[m/s] 

247 211 0.75 0.79 1.24 1.18 1 4.02 

 

For all the contact nodes, normalised dimension ζ is defined between the leading and the 

trailing edges, as is illustrated in the following figure: 
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Figure 3.17 – Frames of reference and velocities at the contact patch ([113]) 

   

In every time step, and for every ζ position along the contact patch, the longitudinal and 

lateral deflection of the contact elements are denoted as zx(t,ζ) and zy(t,ζ), respectively. The 

differential equations governing these deflections for the ith contact node have the following 

form[113]: 

 

 

 

    
  

                    3.4–5 

 

where j stands for either x or y, ivrj is provided by Equations 3.4–3 and 3.4–4 and C0j(ivrj) is 

equal to: 

 

           
            

   
  3.4–6 

 

Function λ(ivr) is calculated by the following expression: 
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 3.4–7 

 

with Mk = diag(μkx,μky), {ivr} = [ivrx ivry]
T and 

 

 
         

   
        

          
  

   
        

          
 
   

        

          
  

 
       

  
 

 

 
3.4–8 

 

Having obtained the longitudinal and lateral deformation of every contact element, the 

effective coefficient of friction is calculated: 

 

              3.4–9 

 

As a result, for the ith contact node under investigation, the contact forces in the global x-y 

plane are obtained as follows: 

 

             3.4–10 

 

             3.4–11 

 

By obtaining the respective force values along the global longitudinal, lateral and vertical 

directions, contact vector {fcont} found in Equation 3.3–52 may be populated. This vector is 

essential in exciting both the flexible and the rigid-body components of the proposed tyre 

model. Moreover, the following expressions hold for the total longitudinal and lateral contact 

forces: 

 

         

 

   

           

 

   

 3.4–12 

 

         

 

   

           

 

   

 3.4–13 
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3.4.3 Implementation of drum surface instead of even road 
 

Several tyre testing facilities perform tests in the controlled environment of a laboratory 

rather than on a road surface. In these cases, due to spatial restrictions, the test road is usually 

represented by a rotating drum. Experimental results presented in Chapter 5 have been 

acquired using a similar layout and consequently the proposed tyre model is offering the 

option to switch between an even horizontal road and a rotating drum. 

 

 

Figure 3.18 – Illustration of the ‘tyre on a drum’ option offered by the proposed tyre model 

 

In the above diagram, the origin of the global reference system is located at the initial wheel 

centre. The vertical position of the horizontal ground is equal to z0 = -0.3063m and it is a 

model parameter specified by the user. In addition, the diameter of the rotating drum used for 

the experimental measurements presented in Chapter 5 is equal to d = 0.60m. The upper half 

of the drum may be expressed as a function of the longitudinal position x by implementing a 

quadratic expression to fit a parabola to the top of the drum circumference (the area 

surrounding point A): 

 

                   3.4–14 

 

For points A, B and C presented in Figure 3.18 the following coordinates apply: 

 

(0,0) 
x 

z 

A 

C B 

z0 

d 
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Table 3.2: X and Z coordinates of drum key ponts 

Point X Z 

A 0 z0 = -0.3063 

B -d/2 = -0.30 z0 – d/2 = -0.6063 

C d/2 = 0.30 z0 – d/2 = -0.6063 

 

By combining the above coordinates with Equation 3.4–14, the following coefficients are 

obtained: 

 

Table 3.3: Coefficients of drum quadratic expression 

A B c 

-3.3333 0.0000 -0.3063 

 

Consequently, Equation 3.4–14 becomes: 

 

                             3.4–15 

 

A better representation of the drum surface would be the following circle equation: 

 

       
            

     3.4–16 

 

where xc and zc are the coordinates of the drum centre and r is the drum radius. Depending on 

the global longitudinal position of each belt node in contact to the ground (xnode), z0node = zdrum 

(xnode) is evaluated and used in Equation 3.4–2, instead of z0. 

 

3.5 Remarks on Chapter 3 

 

In this chapter, an alternative method for tyre modelling has been presented. As has been 

demonstrated in Chapter 2, the currently established tyre models require the identification of 

a significant number of parameters, a drawback which compromises the accuracy and the 

adaptability of any model. Since the experimental identification of several parameters seems 

inevitable, one may wonder why not examine the tyre directly, and consequently the objective 

of this study is to develop a method which will enable engineers to rapidly generate accurate 
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and effective tyre models by having to conduct only the minimum amount of experimental 

work or any other identification procedure. 

 

The core of the proposed method is the system of second-order differential equations 

describing the motion of the nodes representing the tyre belt. This particular system, widely 

used in the respective literature towards this purpose, has been subjected to several 

alterations in order to be transformed into a form able to minimise the parameterisation 

requirements observed in some of the current tyre models. In particular, the motion of each 

belt node has been divided into two separate components, one representing the global 

motion of the rigid wheel and a second one taking into account local belt deformation. 

 

An important asset of this formulation is that it allows for modal superposition and modal 

reduction to be implemented. This procedure reduces the number of differential equations to 

be solved, from the initial 3N equations (where N denotes the number of belt nodes 

implemented in the model) to a figure directly proportional to the number of the modes 

selected to be used rather than the degrees of freedom of the system. However, the main 

improvement in this proposed tyre model is that the equations of motion are populated by 

quantities which are feasible to obtain experimentally, instead of the typically challenging to 

identify system matrices.  

 

This feature significantly increases the model fidelity without compromising the quality of the 

generated results, assuming that an adequate number of flexible modes is included and the 

model is operating in a frequency range confined by the maximum eigenvalue associated with 

the included modes. The outcome of the above demanding procedure is a structural tyre 

model of varying fidelity which may be excited by forces developed within the contact patch 

and by the motion of the wheel itself, a feature which is of importance for cases where the 

tyre mass and inertia are comparable to those corresponding to the vehicle. 

 

With reference to the contact sub-model exciting the tyre, a number of vertical Kelvin 

elements attached to the tyre belt nodes capture the vertical contact force distribution 

developed by the vertical interaction between the tyre and the road. Having obtained the 

vertical force applied to every contact node and having calculated the global nodal velocity – 

deriving by the motion and the deformation of the tyre belt – a distributed LuGre friction 

model is implemented to capture the shear contact forces. Although this formulation may not 
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be the most efficient, it offers a unique opportunity to study in detail the effect of tyre belt 

modal behaviour on several contact phenomena, as every contact node is examined 

separately and not in a lumped manner.  

 

The parameters required by the proposed tyre model are summarised below: 

 tyre belt eigenvectors, see vectors {ψi} in equation 3.3–25 

 tyre belt eigenvalues, see terms si in equation 3.3–25 

 mass and inertia matrix of tyre/rim assembly, see matrix MRB in equation 3.3–23 

 initial coordinates of tyre belt nodes, see equation 3.3–9 

 parameters of vertical contact sub-model, see equation 3.4–1 

 parameters of shear contact sub-model, see Table 3.1 
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4. Identification of tyre modal parameters 

 

4.1 Previously conducted research on modal parameter identification of 

pneumatic tyres 

 

Tyre modal parameter identification has been a topic of extensive research during the past 

few decades. This field ranges from frequency response function (FRF) acquisition, to 

calculation of tyre eigenproperties, depending on the scope of each work. Consequently, this 

section is dedicated to presenting valuable research findings in this field which are of interest 

within the context of the present work. In particular, Z. Geng et al. in [36] and A. A. Popov et al. 

in [87]  have developed a tyre damping model by conducting a series of modal testing 

experiments. The tyre in-plane modes were excited using a chirp-sweeping input generated by 

a shaker along the radial direction of the tyre. The respective response was measured by 

placing an accelerometer in 16 distinct, equi-spaced locations along the circumference of the 

tyre. One of the first conclusions drawn in this investigation is that a pneumatic tyre can be 

considered as a linear (see Figure 4.1) and reciprocal (see Figure 4.2) structure. 

 

 

Figure 4.1 – Linearity of the tyre structure under steady sinusoidal excitation with different amplitudes ([36]) 
 



107 
 

 
Figure 4.2 – Real and imaginary parts of the frequency response functions ([36]) 

 

Having obtained the FRFs of the tyre, the next step in that particular research is the 

identification of the damping matrix; consequently, a theoretical foundation is needed. Initially, 

the proportional damping model is adopted but the respective curve-fitting procedure is 

unable to match the experimental data, at frequencies exceeding 120 Hz, as can be observed 

in Figure 4.3. 
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Figure 4.3 – Measured and fitted frequency response functions; a) real and imaginary parts, b) amplitudes and phase 
angles ([36]) 

 

The complex modal interpretation is investigated further in [1], [2] and [115], where Rayleigh’s 

small-damping approximation is presented. According to this approach, the modal analysis of 

a lowly-damped system may undergo a few alterations: 

 frequency response functions described within the second-order space, 
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 use of natural frequencies and real normal modes instead of complex eigenvalues and 

eigenvectors, and 

 damping distribution derived from the eigenvectors. 

 

In the more general case of non-proportional viscous damping, which is proposed as more 

appropriate for the case of the pneumatic tyre in [36] and [87], the respective characteristic 

equation is the following: 

 

        
             4.1–1 

 

Assuming that      and      are the unit-mass normalised eigenvectors and the undamped 

natural frequencies of the system, Equations 4.1–2 and 4.1–3 hold: 

 

     
          4.1–2 

 

          
        4.1–3 

 

Rayleigh’s small-damping assumption states that the complex eigenvalues      and the 

complex eigenvectors        of a lowly-damped dynamic system are similar to the undamped 

natural frequencies       and the unit-mass normalised eigenvectors       , respectively, 

yielding the following expression:  

 

         
       

 

   

 4.1–4 

 

where   
   

   and    
   
         . 

 

Equations 4.1–2, 4.1–3 and 4.1–4, combined with Equation 4.1–1, generate an alternative 

form of the eigenvalue problem associated with the examined dynamic system: 
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      4.1–5 

 

Equation 4.1–5 yields the following expression for the term   
   : 

 

   
   

 
      

 

             
  

 4.1–6 

 

Substitution of Equation 4.1–6 in 4.1–4 and rearrangement of terms result in the following 

expression for the complex eigenvectors: 

 

             
      

 

             
  
    

 

   

 4.1–7 

 

In the equations above, matrix C’ denotes the modal damping matrix and   
  is the complex 

conjugate of complex eigenvalue   . The above three equations are a key element to the 

present study, as they represent a valid and established way to identify damping distribution 

of a tyre structure. It should be noted that the modal damping matrix (C’) satisfies the 

following transformation: 

 

            4.1–8 

 

where C  is the damping matrix of the system expressed in spatial coordinates and    is the 

normalised eigenvector matrix. Typically, matrix C is unknown and only part of matrix     is 

identifiable. Consequently, matrix C’ is derived as follows[36]: 

 

    
      

              
  

  
         4.1–9 

 

    
          4.1–10 

 

with Bkn satisfying the following expression: 
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 4.1–11 

 

and      obtained by:  

 

                         4.1–12 

 

                    4.1–13 

 

Still discussing the same bodies of work mentioned above, Z. Geng et al. in [36] and A. A. 

Popov et al. in [87] used this assumption and a set of experimentally obtained eigenvalues and 

eigenvectors to calculate the modal damping components. The outcome is presented in Figure 

4.4: 

 

 

Figure 4.4 – Identification of general viscous damping in the pneumatic tyre expressed in modal coordinates ([36]) 

  

Moreover, on tyre modelling using experimentally obtained modal parameters, a field which is 

of great interest for this particular study, extensive work has been conducting in Tsinghua 

University by the research groups of G. Dihua and D. H. Guan. Published material representing 

the work of these groups may be found in [19], [44] and [116]. One fundamental difference 

between these works and the research of Z. Geng et al. in [36] and A. A. Popov et al. in [87] 

presented above, is the supporting structure of the tested tyre. In particular, the latter studies 

are conducted by having the tyre rigidly attached to a seismic table, while the former studies 

compare a rigidly attached to a freely suspended tyre. The respective results revealed the 

superiority of the free-free boundary condition, due to the introduction of two additional non-

tyre-related modes in the case of the rigid attachment.  
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In [44], the linearity of the tyre is examined and confirmed by comparing the excitation force 

applied on the tyre (single point excitation) with the resulting natural frequencies and 

damping ratios. A second valuable investigation of that study is that performed with reference 

to the appropriate device to excite the tyre, namely an electromagnetic exciter. The option to 

use a hammer has been rejected due to its limited frequency spectrum. In the same body of 

work, a sinusoidal sweep signal driving the exciter is preferred compared to a white noise 

signal due to the leakage occurring in the second case, an issue which has been addressed in 

the present study by applying a Hamming window to the experimentally acquired data. 

Nevertheless, the frequency response functions from [44] comparing white noise to sinusoidal 

sweep excitation are presented in the following two figures: 

 

 

Figure 4.5 – Frequency response function for white noise excitation ([44]) 

 

 

Figure 4.6 – Frequency response function for sinusoidal sweep excitation ([44]) 
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A further step is conducted in [116] where the tyre is excited by a sinusoidal sweep signal in 

the radial and tangential directions, and its response is acquired in the radial, tangential and 

lateral directions. The respective FRFs are obtained and consequently the mode shapes are 

calculated. This procedure led to the following conclusions: 

 “modes in different directions have nearly the same modal frequencies, 

 modes of the same order but in different directions have the same number of nodal 

lines, and 

 the position of nodal lines and the points for maximum amplitudes are the same for 

radial and lateral mode shapes, whereas the positions of nodal lines and the maximum 

amplitudes are exchanges in tangential mode shapes and the corresponding radial 

mode shapes.”[116] 

 

Another point of interest is the comparison between radial and tangential excitation. It has 

been observed that tangential excitation triggers lower response levels. As a result the quality 

of the experimental data cannot match the one of the radial excitation case, as the signal to 

noise ratio (SNR) is lower. Consequently, experimental errors are expected to be higher in the 

case of tangential excitation – a hypothesis which has been tested and demonstrated in that 

study. It is noteworthy that this observation has been replicated in the present study, see 

Section 4.4. 

 

Similar to the work presented in this Thesis, the abovementioned procedures of tyre modal 

parameter identification are exploited by F. Chengjian and G. Dihua in [19], where the modal 

parameters, i.e. mode shape, natural frequency and damping ratio, of the in-plane bending 

modes located between 0Hz and 350Hz have been identified. The tyre deformation is 

calculated by the following expression: 

 

           4.1–14 

 

where {D} is the deformation vector, containing radial and tangential elements, {f} is the force 

vector acting on the tyre and H is the transfer matrix, which consists of four distinct sub-

matrices (see equation 4.1–15). The symbols in the subscript of each sub-matrix state the 

direction of the displacement and the direction of the imposed excitation, respectively. 

 

    
      
      

  4.1–15 
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Equation 4.1–14 can be rewritten, for a single carcass element, as follows: 

 

  
 
 
   

      
      

  
  
  
  4.1–16 

 

In Equation 4.1–16, vector  
 
 
  represents the total radial and tangential deformation as a 

result of the application of the external force vector  
  
  
 .  

 

The tyre model presented above has been virtually tested against a flat surface for several 

vertical loads. The resulting vertical and shear forces are presented in Figure 4.7. These results 

are in accordance with the outcome of various different simulation formulations[42][108].  

 

 

Figure 4.7 – Calculation results of contact forces distributions under three static loads ([19]) 

 

 

Figure 4.8 – The calculated static vertical force as function of the static deflection ([19]) 
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The model described by Equations 4.1–14 to 4.1–16 has been assessed in [20]. Initially, this 

particular tyre model – which has been formulated by modal parameters identified in a limited 

frequency band up to 300Hz – demonstrates deviation when compared to experimental data, 

in terms of vertical stiffness (Figure 4.9) and footprint area (Figure 4.10). The modal reduction 

implemented by the upper limit of 300Hz is considered as a significant factor for the deviation 

occurred between the simulation outcome and the measurements, so the upper frequency 

limit of the associated modal analysis is increased to 700Hz, which allows for the introduction 

of ten additional modes. These alterations slightly improved the vertical stiffness calculated 

correlation (Figure 4.11) and minimised the error between the footprint length calculation and 

the respective measured data (Figure 4.12). The observation about the relation between 

modal reduction and vertical stiffness has been replicated by the proposed tyre model in 

Chapter 5 and, for the case of the proposed tyre model, correlation has been achieved for a 

limited vertical load range; in general, different levels of modal reduction would allow for tyre 

models of varying fidelity, depending on the simulation requirements. In essence, a single tyre 

modelling approach is feasible and could be used for any task, ranging from real-time tyre 

models to NVH studies. 

 

 

Figure 4.9 – Vertical stiffness versus vertical load (300Hz) ([20]) 
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Figure 4.10 – Footprint length versus vertical load (300Hz) ([20]) 

 

 

Figure 4.11 – Vertical stiffness versus vertical load (700Hz) ([20]) 

 

 

Figure 4.12 – Footprint length versus vertical load (700Hz) ([20]) 

 

To improve further the accuracy of this tyre model, the non-linear sidewall concept is 

implemented. The overall vertical deflection, as a result of the application of the vertical load, 

is governed by three distinct stiffness elements, which are connected in a serial layout: 
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 sidewall stiffness element, 

 carcass stiffness element (described by the tyre model presented above) and 

 tread stiffness element. 

Consequently, the resulting overall vertical deformation derives from the calculation of the 

deformation of the above elements, in addition to the deformation associated with the 

stiffness of the carcass. This formulation leads to simulation results which are significantly 

closer to the experimental data (Figure 4.13 and Figure 4.14). 

 

 

Figure 4.13 – Vertical stiffness versus vertical load (non-linear sidewall) ([20]) 

 

 

Figure 4.14 – Footprint length versus vertical load (non-linear sidewall) ([20]) 

 

The work presented in the preceding paragraphs, namely the formulation of tyre models via 

experimental identification of modal parameters and the investigation of the three 

dimensional modal behaviour of tyre structures, led to the development of an out-of-plane 

dynamic tyre model directly by exploitation of experimental modal parameters[97]. Initially, a 

geometrical description of the contact area is performed. According to that description, lateral 

contact forces arise when the centreline of the footprint does not coincide with the centreline 
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of the tyre, in the top-down view. The deviation of these two lines, denoted as {Δyt}, generates 

lateral forces, which are described by the vector {f} and they are calculated by the following 

expression: 

 

              4.1–17 

 

where Kc is the lateral stiffness of the contact elements. 

 

Moving on, the transfer function of the tyre to lateral excitation (Ht) is obtained by identifing 

modal parameters up to 200Hz. Assuming that the excitation is applied at point l, the response 

at location p is described by an element of the total transfer function matrix (see equation 

4.1–18). At this point, the authors perform a critical transformation, from time domain to 

space frequency domain, by introducing the space frequency which is equal to time related 

frequency divided by the magnitude of the wheel speed vector. As a result, an alternative form 

of the transfer function in the space frequency domain can be obtained by Equation 4.1–19. 

 

    
   

       

          

 

   

 4.1–18 

 

    
   

       

    
           

 

   

 4.1–19 

 

A further evolution of Equation 4.1–19 includes the effect of tyre rotation in its dynamic 

response (“induced transfer function”). The driving point induced transfer function has a 

similar form with the one presented above for the stationary tyre: 

 

 

    
      

   
 

 
 

 

        
   
   

 

     
   
     

 

   

 
 

        
   
   

 

     
   
     

  

4.1–20 
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This induced transfer function may be used for calculating the lateral deformation of the 

contact area in the ith longitudinal position, as a result of the action of contact force fj(S) at 

point j and the rotation of the tyre, which is included in the induced transfer function (    
 ): 

 

              
        4.1–21 

 

Equation 4.1–21 is a vital element of the study presented above, as it enables the authors to 

obtain analytical expressions for the transfer functions of the lateral force and the self-aligning 

moment with respect to several quantities of interest, such as the slip angle of the tyre, the 

yaw angle and the lateral displacement of the contact area. The calculated results are in 

relatively good agreement with experimental data (Figure 4.15 and Figure 4.16). Moreover, 

the way in which the transfer function of the self-aligning moment with respect to the yaw 

angle of the tyre is affected by wheel speed is depicted in Figure 4.17. 

 

 

Figure 4.15 – Comparison between calculated and test results of transfer function of lateral force to yaw angle ([97]) 

 

 

Figure 4.16 – Comparison between calculated and test results of transfer function of self-aligning moment to yaw angle 
([97]) 
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Figure 4.17 – Transfer function of self-aligning moment to yaw angle for high frequency range at two velocities ([97]) 

 

A study incorporating free-free boundary conditions may be found in the work of J. Perisse et 

al. in [84], where the modal parameters of a tyre are identified and exploited to modal update 

the analytical tyre model (“orthotropic thin plate under tension”) presented in Section 2.8. The 

experimental layout is similar to the one developed by the researchers of Tsinghua University 

mentioned above. The main difference between these two works is the type of the excitation 

signal sent to the shaker. While the research groups of D. H. Guan and G. Dihua use sinusoidal 

signals to excite tyre structures, J. Perisse et al. adopt random excitation and averaging 

procedures, similar to the technique adopted in the present work. Having obtained the 

respective point mobility FRF (Figure 4.18), the low-frequency modes, which are of interest for 

the proposed tyre model, are identified by the application of a global curve fitting method 

which expresses the FRF using the partial fraction series form[30]. 
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Figure 4.18 – Point mobility of the tyre measured at the centre of the belt ([84]) 

 

Moreover, the authors in [84] investigate the influence of the size of the excitation area on the 

obtained data. Experimental results support the conclusion that a larger excitation area will 

lead to a point mobility of lower magnitude. As can be seen in Figure 4.19, while the lower 

frequency band (“modal domain”) remains relatively unaffected, the higher band (“non-modal 

domain”) seems more sensitive to this particular effect (“local stiffness”). To compensate for 

this phenomenon, a corrective term is needed. A typical form of this term is depicted in Figure 

4.20. Although it seems that the excitation area must be as small as possible, there is a lower 

limit which, according to [25], is equal to the thickness of the examined structure. 

 

 

Figure 4.19 – Influence of driving force area on point mobility ([84]) 

 

d=13mm 

d=17mm 

d=23mm 
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Figure 4.20 – Corrective term due to local stiffness effect for several excitation circular areas ([84])
 

 

4.2 Theoretical approach 

 

For a system with 3N degrees of freedom, where N is the number of nodes representing the 

structure, the correlation between the applied forces and the response of each degree of 

freedom is captured via the frequency response function matrix which is expressed – in the 

frequency domain – by the following equation: 

 

                        

 

  

     
     
 

      

   

             

             
 

       
  

        

   

     
     
 

      

  4.2–1 

 

where αij(ω) is the receptance frequency response function (FRF) associated with the 

displacement xi(ω) of the ith degree of freedom and the force Fj(ω) applied on the jth degree of 

freedom. Inspection of equation 4.2–1 leads to the conclusion that, in order to fully describe a 

structure, one has to obtain a sum of (3N)2 frequency response functions.  

 

In the particular case of the three-dimensional pneumatic tyre, the elements of vector {x} are 

presented in groups of three, as they correspond to the three components associated with the 

three spatial coordinates defining the motion of each node. Due to the geometry of the tyre 

belt, these coordinates are expressed in a node-specific radial/tangential coordinate system 

(see Figure 4.21) instead of a Cartesian one having its origin attached to the wheel centre. The 

same formulation applies to vector {F}. 
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 4.2–2 

 

 

Figure 4.21 – Radial/lateral/tangential node-specific frame of reference 

 

Based on the findings of Z. Geng, A. A. Popov and D. J. Cole in [36] and A. A. Popov and Z. Geng 

in [87], the number of the required frequency response functions can be reduced to a figure in 

the order of 5N. Initially, as demonstrated in section 4.1, the real and the imaginary parts of 

each FRF are distributed symmetrically along the frequency axis, an observation which leads to 

the conclusion that the principle of reciprocity holds: 

 

               4.2–3 

 

As a result of the above equation, only the upper or lower triangular FRF matrix of equation 

4.2–2 needs to be experimentally populated. Moreover, the abovementioned researchers 

have examined the application of the proportional viscous damping model in order to 

replicate the experimentally obtained frequency response of the tyre structure, an approach 

which could not replicate the experimentally obtained frequency response of the tyre 
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structure. Therefore, an alternative – non proportional – viscous damping model has been 

adopted, which seems to describe the modal behaviour of the pneumatic tyre more accurately. 

The receptance FRF of this particular damping model demonstrates the following form (note 

that the superscript * refers to the complex conjugate of each quantity): 

 

          
      

         
 

        
 

  
       

  
 

 

   

 4.2–4 

 

According to the above equation, the response of the ith degree of freedom due to the 

excitation applied on the jth degree of freedom can be described as the sum of the 

contribution of each one of the m modes of the structure. Scaling factor ar depends on mode 

identification and, for the purposes of the present work, is equal to unity – see Equations 3.3–

17 to 3.3–19. In addition, each structural mode is associated with its unique eigenvalue sr: 

 

                    4.2–5 

 

where ωr is the damped natural frequency of mode r and ξr is the respective damping ratio. 

Combination of the above two equations yields the following expression for the receptance 

FRF: 

 

 

         
      

                   
   

 

   

 
   
    

 

                       
  

4.2–6 

 

The numerators of the two fractions in Equation 4.2–6 are the residues of mode r, which form 

the eigenvector matrix: 

 

      

                
     

                    

 

    

             4.2–7 

 

From Equations 4.2–2 and 4.2–6 one may deduce that matrix [Ψ] can be populated by 

obtaining only one set of three consecutive columns or three consecutive rows – 
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corresponding to a unique node (“node j”) – of the receptance FRF matrix, according to the 

modal constants consistency[70]: 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 

   

   

   

 

 

   

   

   

 

 

 

   

   

   

 

 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
 
 
 
 
 
           
           
           
           
           
           

 

              
              
            

           
           
           
           
           
           

 

              
              
            

           
           
           
           
           
           

 

              
              
             

 
 
 
 
 
 
 
 
 

    

  

   

   

   

  4.2–8 

 

Equation 4.2–8 implies the necessity to obtain 9N frequency response functions which, 

compared to the initial (3N)2, represents a significant improvement in the efficiency of the 

experimental procedure. A final step, which will reduce this number to 5N, is the ad hoc 

assumption made in this work that there is no energy exchange between in and out-of-plane 

modes, which means that an in-plane excitation will trigger only in-plane response, a response 

which will not be triggered by an out-of-plane force acting on the tyre belt. The rationale 

supporting this assumption is that, in the context of the present work, the key validation 

element is the response of the proposed tyre model in terms of vertical stiffness and 

hysteresis due to lateral slip. Even with the abovementioned assumption in place, by 

experimentally obtaining the purely in-plane and out-of-plane modes and populating the 

proposed tyre model, there is sufficient information to study these two validation scenarios, 

as demonstrated in Chapter 5.  Nevertheless, a complete three-dimensional tyre model 

requires the omitted frequency response functions, as this assumption is not valid for physical 

tyres where there is cross-talking between the excitation of any degree of freedom and the 

resulting three-dimensional response of every node (see Figure 4.22). The benefit of adopting 

this assumption may be quantified, in terms of experimental efficiency by comparing 

expression 4.2–8 to the following updated equation: 
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  4.2–9 

 

 

Figure 4.22 – Frequency response function (lateral response)/(radial excitation) 

 

The main outcome of the analysis presented above is that the transformation from the spatial 

to the modal model requires the acquisition of a number of receptance FRF equal to 5N, 

where N is the number of nodes representing the structure, as opposed to the initial (3N)2. For 

the particular case of the investigated pneumatic tyre, which in the present work is 

represented by 30 equi-spaced three-dimensional nodes, this approach reduced the number 

of frequency response functions from 8100 ((3N)2)  to 270 (9N) and finally to 150 (5N). 
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4.3 Experimental set-up 

 

4.3.1 Overview 
 

In Chapter 3, the proposed tyre model has been presented. Examination of Equation 3.3–25 

reveals the necessity to experimentally identify the eigenvalues of the tyre belt and to 

populate the respective complex eigenvector matrix. In addition, because of the way nodal 

motion is defined and captured in the context of the proposed tyre model, the eigenvalues 

and the eigenvectors of the tyre belt have to be identified from frequency response functions 

containing rigid-body modes as well, an observation which dictated the adopted – free-free – 

boundary condition of the tyre. Moreover, the theoretical approach developed in the previous 

section, and specifically Equation 4.2–9, provides a thorough insight into the experimental 

challenges imposed in the present project. In particular, two distinct experimental procedures 

have been developed, the first one associated with the in-plane modes of the tyre and the 

second one with the out-of-plane modes. The fundamental distinction between these two 

procedures is the orientation of the tyre:  

 

 

Figure 4.23 – Experimental layout for measurement of in-plane tyre belt modes 
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Figure 4.24 – experimental layout for measurement of out-of-plane tyre belt modes 

 

As the elastic bands constraining the tyre are relatively stiff along their axial direction, the 

suspension of the tyre is altered between in-plane and out-of-plane tests. This is necessary in 

order to ensure that the excitation force is applied in a direction perpendicular to the axial 

direction of the bands, so as to eliminate reaction forces applied from the bands to the wheel. 

 

Due to the digital nature of data acquisition, an analogue band pass filter is implemented in 

order to minimise aliasing effects jeopardising the quality of the acquired digital signals 

corresponding to the excitation – force – and the response – acceleration – of each 

component in the frequency response function matrix of Equation 4.2–9. These filtered signals 

have been analysed and the corresponding accelerance frequency response functions have 

been obtained by applying the method introduced by P. D. Welch in [114], the selection of 

which has been based on the nature of the applied excitation, i.e. white Gaussian noise. In 

addition, to minimise the leakage phenomenon mentioned in [44], a Hanning window has 

been applied to the experimentally acquired data. Each excitation sequence has been 

repeated five times and the respective accelerance frequency response functions (      ) 

have been obtained. To populate Equation 4.2–9, the respective receptance frequency 

response functions are calculated from the corresponding accelerance frequency response 

functions as follows[30]: 
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 4.3–1 

These experimentally obtained receptance frequency response functions have been averaged 

to yield the final receptance frequency response function. The experimental equipment and 

parameters used and adopted for the modal tests described in this Chapter are presented in 

the following table.  

 

Table 4.1: Experimental equipment and parameters 

Tyre Continental  195/50 R15 

Sampling rate 20000 [Hz] 

Analogue band-pass filter [1 3000] [Hz] 

Force transducer Brüel & Kjær – Type 8230 

Accelerometer Brüel & Kjær – Type 4332 

Charge Amplifier 
Brüel & Kjær – Nexus 

Type 2691-A-0S2 

Modal Shaker Brüel & Kjær – LDS V201 

Acquisition Card NI PCIe-6259 

 

 

4.3.2 Boundary conditions 
 

In general, any tyre modal testing procedure commences with the appropriate structural 

support of the physical tyre. One common challenge in this type of modal testing is the 

isolation of the tyre from resonances originating from the support structure. Since the desired 

outcome of these tests is the identification of certain tyre properties, it is vital to ensure that 

the support structure does not significantly affect the experimentally obtained data. To this 

end two options have been used in previous studies. The first one includes the attachment of 

the tyre to an adequately rigid foundation (“grounded support”), such as the seismic table 

used in the work of A. A. Popov and Z. Geng in [87]. According to D. J. Ewins in [30], this 

supporting type could lead to questionable measurements as real-world support structures 

are generally not able to properly ground any test piece, especially close to their natural 

frequencies where resonances occur.  
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Nevertheless, as the tyre has to eventually be supported, an alternative formation found in 

literature is the suspension of the wheel by a number of elastic cords[19][43][116], a supporting 

layout which is usually described by the term “free-free boundary condition”, a term adopted 

within the present body of work. Although this particular supporting layout does not represent 

a theoretically perfect option, it can lead to valid measurements, as long as attention is paid to 

some key-points found in the work of D. J. Ewins in [30] and the tyre-related research 

conducted by D. H. Guan et al. in [43] and [116]. Moreover, as has been mentioned above and 

having in mind the general scope of the proposed modal testing – which is associated with the 

identification of tyre model properties to be used in the tyre modelling environment 

presented in Chapter 3 – it is required that the identified properties are obtained from a 

modal set containing the contribution of rigid-body modes, which is another factor in favour of 

the free-free boundary condition. 

 

The first preliminary check of an elastic support structure refers to the natural frequencies of 

the rigid body modes of the test piece. Since the test tyre does not float into space, its six 

lower natural frequencies, which in a pure free-free modal test would be associated with the 

rigid body modes, are not equal to zero. The critical point, with regard to these frequencies, is 

the comparison between their magnitudes and the magnitude of the frequency corresponding 

to the first elastic mode. In the work conducted by T. G. Carne et al. in [18], it is mentioned 

that the natural frequencies related to the rigid-body motion of a test piece should be kept 

lower than 10% of the frequency of the first bending mode, see Figure 4.25 and Figure 4.26. In 

the particular case of modal testing conducted for this project, this requirement has been 

satisfied as natural frequencies corresponding to pseudo rigid-body modes have been 

confined in the [0.5Hz – 5Hz] frequency band, while the natural frequency corresponding to 

the first flexible mode has been identified equal to 59.39Hz. Nevertheless, it should be noted 

that the correlation between the experimentally identified and the actual damping seems to 

be more sensitive in terms of the elastic mode frequency over the rigid-body mode frequency 

ratio – see Figure 4.26 – compared to the respective correlation between the experimentally 

identified and the actual natural frequency – see Figure 4.25. This could substantially influence 

the identified damping of the first few elastic modes but, as elastic modes are identified in 

higher natural frequencies, the effect of this phenomenon is kept to a minimum. 
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Figure 4.25 – Changes in modal frequency as a function of the frequency ratio ([18]) 

 

 

Figure 4.26 – Changes in modal damping as a function of the frequency ratio ([18]) 

 

Moreover, the location of the points where the elastic bands attach to the tyre could 

jeopardise the accuracy of the acquired data, especially in the cases where the stiffness of the 

bands is non-negligible. The bands should be located close to the nodal points of each mode of 

the tyre in order to avoid exciting the band modes. The direction of the bands is critical as well, 

due to their construction and the high value of longitudinal to radial stiffness ratio. Depending 

on the tyre mode of interest, the bands should be as perpendicular as possible to the primary 

direction of vibration in order to avoid any deformation in the band longitudinal direction and 

the associated forces, which could affect the motion and the vibration of the tyre. This 

requirement has also been satisfied by modifying the modal testing layout depending on the 

excitation direction, see Figure 4.23 and Figure 4.24. 
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The tyre belt has been excited via an electromagnetic shaker (Brüel & Kjær – LDS V201) along 

the radial, tangential and lateral directions of the first belt node. The shaker has been 

connected to the node using a drive rod, which has been aligned with the excitation direction 

of each test. In order to enhance the quality of the acquired data, the selected rod is stiff along 

its axial direction and relatively flexible along every other axis. This configuration ensures that 

the excitation of secondary degrees of freedom is minimised. The force transducer (Brüel & 

Kjær – Type 8230) is located between the drive rod and the tyre so as to eliminate the effect 

of the excitation equipment on the acquired frequency response. 

 

4.4 Modal parameter identification procedures and results 

 

4.4.1 Identification of eigenvalues and eigenvectors 
 

Having obtained the necessary receptance frequency response functions, defined in equation 

4.2–9, the next challenging step has been to use these experimental data to identify the 

eigenproperties of the tested tyre. At this point, one may refer to the receptance FRF 

expression (equation 4.2–6): 

 

 

         
      

                    

 

   

 
   
    

 

                    
  

4.4–1 

 

In theory, m tends to infinity, as new modes are triggered with increasing excitation frequency. 

But, in practice, the number m of identifiable modes has an upper limit which is defined by the 

experimental equipment used and the conducted modal testing. As a result, only a certain 

number of modes may be studied. This restricted frequency band may be expressed by the 

following equation, which is an alternative version of equation 4.4–1 including the residual 

terms C1 and C3: 

 

 
        

 

     
 

     
  

   
      

                 
   

 
   
    

 

                 
   

 

 

   

                                           
  

 
 

   
 

 
  

 4.4–2 
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Nevertheless, these identifiable modes can provide a valuable insight into the dynamics of the 

tyre belt, so the quantities of equation 4.4–1 – or equivalently the quantities corresponding to 

term C2 in equation 4.4–2 – need to be identified. With regard to this particular challenge, 

there are several methods of attack[30][70] and the selection between them has been done by 

taking into account the quality of the experimental data and the availability of computational 

power. In general, these methods are divided into two categories, based on the way they deal 

with the modes of the structure. The Single Degree of Freedom (SDOF) methods identify one 

mode at a time, and consequently such a method should be applied more than once on the 

same set of experimental data in order to identify several modes. On the other hand, the Multi 

Degrees of Freedom (MDOF) methods identify all the modes located within a frequency band 

at once, but they tend to be more demanding in terms of computational power compared to 

the SDOF methods. 

 

In the present work, a dual approach has been adopted. The eigenvalues of the modes of 

interest are identified by fitting a predefined fractional expression directly to the 

experimentally acquired data while the respective residues are identified by introducing an 

additional post-processing level, presented below, in order to minimise the influence of out-

of-band modes. The rationale behind this approach has been that typically the residue of a 

mode is heavily affected by adjacent modes compared to the effect of the respective natural 

frequency and damping ratio.  

 

Consequently, the eigenvalue of a particular mode is identified by selecting a frequency band 

surrounding the mode, see ω1 and ω2 in Figure 4.27. In addition, a frequency close to the 

resonance frequency of the mode under investigation is specified. As has been stated above, a 

fractional expression, similar to the one presented in term C2 of equation 4.4–2, is fitted to 

experimental data found in the [ω1 ω2] frequency band. Depending on the proximity of the 

mode of interest to neighbouring modes, additional terms may be included at the user’s will. 

In that case, the fitting process will yield the natural frequency and the damping ratio 

associated with each included term. As a result, although a single mode is investigated, there 

is information of adjacent modes, depending on the number of included terms. The selection 

of the identified properties for the pair of natural frequency and damping ratio corresponding 

to the examined mode, is conducted in terms of natural frequency. The identified natural 

frequencies are compared to the user-defined coarse resonance frequency, and the one found 

closest to that frequency reveals the pair corresponding to the investigated mode. Finally, this 
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process is repeated for every resonance in every experimentally acquired receptance 

frequency response function. 

 

 

Figure 4.27 – User-defined band surrounding the investigated flexible mode of the tyre belt 

 

With reference to residue identification, and the aforementioned problematic influence of 

out-of-band modes, one particular SDOF method (“Dobson’s method”[70] or “General inverse 

analysis method”[30]), originally developed by B. J. Dobson in [26], takes into account that 

influence and, as a result, the identified modal properties correspond only to the investigated 

modes. This is achieved by making the assumption that the residuals – terms C1 and C3 in 

Equation 4.4–2 – are constant in the vicinity of each resonance. The relevant published 

material is based on the hysteretic damping model and consequently an alternative version of 

the Dobson’s method has been developed for the purposes of the present work, since the 

non-proportional viscous damping model is more appropriate in describing the damping 

phenomena associated with the pneumatic tyre, as demonstrated in Section 4.1. The 

receptance FRF of a single in-band mode derives from the following expression: 
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   4.4–3 

 

where K represents the effect of the remaining modes on        . For a user-specified 

frequency ωf (“fixing frequency”) close to the natural frequency of mode r, Equation 4.4–3 

yields: 

 

          
                   

                       

               
  

   4.4–4 

 

Following B. J. Dobson’s approach[26], the residual term K is assumed to remain constant for 

frequencies close to the resonant frequency of mode r. Thus, it can be eliminated by defining a 

new function as follows: 

 

 
                               

      
                 

   
4.4–5 

 

It is apparent that the subtraction located in the first parenthesis of the right hand side of 

Equation 4.4–5 eliminates the residual terms K. This particular equation demonstrates the 

main difference between the Dobson’s original method and the proposed extended version, 

i.e. the necessity to identify the eigenvalue associated with mode r in advance, a task which 

can be conducted using any SDOF or MDOF method as these values are less sensitive to 

adjacent or even out-of-band modes than the residues. As a function of frequency, Equation 

4.4–5 results in a quadratic expression: 

 

 

                              
   

         
                                   

4.4–6 

 

where a and b are the real and imaginary part of eigenvalue sr respectively. Since all the 

quantities included in Equation 4.4–5 have been acquired via modal testing or identified via 

the post-processing procedure presented above, it is possible to make an estimation of D(ω) 

based only on experimental (        ,         ) and identified (  
 ,   ) data. This estimation 

has the following form: 
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         4.4–7 

 

Comparison of the experimentally obtained terms of the polynomial in 4.4–7 with the 

analytical terms of 4.4–6 leads to the calculation of the residue constants A and B. By denoting 

as Λ1 and Λ2 the real and the imaginary part, respectively, of the known term K1 the following 

system holds: 

 

  
                        

                 

    

 

 

     
  

   

 

     
          

  
 

4.4–8 

 

It should be noted that only term K1 has been exploited in the above expressions, see 

definition of Λ1 and Λ2. The rationale supporting this choice is that residue constants derived 

by K1 where more consistent, compared to the respective residue constants obtained by K2 or 

K3, for the case of a simple analytical test model used for the validation of the proposed 

identification method. 

 

Provided that the fixing frequency is close enough to the natural frequency of mode r, its value 

should not affect the estimation of A and B derived by Equation 4.4–8. Nevertheless, due to 

experimentally induced errors and inaccuracy in the fitting procedure of Equation 4.4–7, it 

seems that the selection of ωf does influence the outcome of Equation 4.4–8 and as a result 

the identified frequency response function is sensitive to the fixing frequency selection, as is 

illustrated in the following figure:  
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Figure 4.28 – Variation of identified receptance frequency response function as a function of fixing frequency ωf 

 

Taking into account that the FRF of mode r is dominant in the vicinity of the resonant 

frequency ωr, a criterion is defined in order to select the most appropriate set of A and B. 

According to this criterion the deviation between the value of the estimated FRF in the natural 

frequency of mode r and the respective value obtained by experimental data should be 

minimal: 

 

                            4.4–9 

 

The pair of A and B that minimises the above criterion is the best estimation of the residue 

constants for mode r: 

 

 

Figure 4.29 – Selected receptance frequency response function based on the criterion introduced in equation 4.4–9 

 

Following the procedure described above, it has been possible to identify the natural 

frequency, the damping ratio and the respective residue for each category of modes – radial, 

lateral and tangential. The residue vector of each radial mode has the following form: 

 

                                                         4.4–10 
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while for the case of tangential modes, the respective vector is: 

 

                                                         4.4–11 

 

The eigenvector components of each radial mode are easily obtained by Equation 4.4–10, as 

the residue of the driving point is included in the residue vector, which yields φ1. Dividing the 

residue vector of radial mode r by φ1, which is unique for each mode of the structure, the 

associated complex eigenvector is calculated: 

 

      
            

  
   

 

                       
  4.4–12 

 

Similarly, for the case of tangential modes, the key component is φ3, found in the residue 

vector of equation 4.4–11 and the respective eigenvector is the following: 

 

      
            

  
   

 

                       
  4.4–13 

 

With regard to the lateral modes of the tyre belt, a similar approach is adopted. In this case, 

the residue vector has the form presented in the following equation: 

 

                                           4.4–14 

 

and the resulting eigenvector of each lateral mode is obtained using the component φ2: 

 

      
            

  
   

 

                      4.4–15 
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4.4.2 Identified properties 
 

At this point, following the procedures described above, frequency response data have been 

used to identify the radial, tangential and lateral modes of the tyre belt. The eigenvalue 

corresponding to each identified mode yields the respective natural frequency and damping 

ratio, and these quantities are presented in the following tables: 

 

 

Table 4.2: In-plane Radial Modes 

Mode 
Nat. Freq. [Hz] 

(radial resp.) 

Nat Freq. [Hz] 

(tangential resp.) 
Delta [%] 

Damp. Ratio [%] 

(radial resp.) 

Damp. Ratio [%] 

(tangential resp.) 

1 115 118 2.58 3.63 3.81 

2 131 133 1.51 6.19 5.91 

3 155 153 1.30 6.61 6.28 

4 180 180 0.00 5.93 6.26 

5 208 207 0.48 5.48 6.05 

6 242 241 0.41 3.28 2.35 

7 275 276 0.36 5.81 5.91 

8 320 321 0.31 5.61 6.71 

9 371 370 0.27 6.87 6.87 

10 413 420 1.68 7.05 5.77 

 

 

Figure 4.30 – Frequency response function corresponding to a radially excited tyre belt mode 
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Table 4.3: In-plane Tangential Modes 

Mode 
Nat. Freq. [Hz] 

(radial resp.) 

Nat Freq. [Hz] 

(tangential resp.) 
Delta [%] 

Damp. Ratio [%] 

(radial resp.) 

Damp. Ratio [%] 

(tangential resp.) 

1 108 106 1.87 4.14 3.54 

2 116 117 0.86 4.22 4.09 

3 134 135 0.74 6.50 6.63 

4 153 150 1.98 6.06 6.25 

5 177 177 0.00 5.28 6.48 

6 196 198 1.02 4.23 8.18 

7 207 208 0.48 4.64 5.26 

8 236 238 0.84 4.47 4.24 

9 273 272 0.37 4.51 4.56 

10 318 318 0.00 4.74 4.58 

11 375 375 0.00 5.95 5.18 

12 404 403 0.25 4.06 4.59 

13 473 459 3.00 1.64 2.20 

 

 

Figure  4.31 – Frequency response function corresponding to a tangentially excited tyre belt mode 

 

Table 4.4: Out-of-plane Modes 

Mode Natural Frequency [Hz] Damping Ratio [%] 

1 59.39 2.75 

2 72.95 4.83 

3 103.19 4.38 

4 114.91 3.70 
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5 131.26 4.49 

6 152.63 5.50 

7 174.56 4.78 

8 195.14 4.38 

9 216.03 3.44 

10 246.21 3.67 

11 274.12 4.68 

 

 

Figure  4.32 – Frequency response function corresponding to a laterally excited tyre belt mode 

 

The agreement between the radial and the tangential response of each, radially or tangentially 

excited, mode is expressed by function Delta: 

 

       
       

       
  

 4.4–16 

 

Previous research on tyre modal analysis, L. H. Yam et al. in [116], suggests that any tyre 

structural mode measured along different directions – for example radial and tangential in the 

case examined in this work – should demonstrate resonances occurring in close frequencies, a 

requirement which is quantified by function Delta in equation 4.4–16. It is noteworthy that the 

maximum value of Delta is kept to a certain minimum, as it is equal to 2.58% and 3.00% for the 

case of radial and tangential modes respectively, hence demonstrating the quality of the 

acquired data and the accuracy of the associated post-processing procedures described above. 

The natural frequencies of the in-plane and the out-of-plane modes are compared in the 

following figure, which demonstrates the agreement – in terms of natural frequency – 
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between the radial and the tangential responses of each mode and also between radial, 

tangential and lateral modes: 

 

 

Figure 4.33 – Comparison of the identified natural frequencies for all the tested combinations of excitation and response 

 

Close examination of the above diagram and also of Tables 4.1 and 4.2 reveals partial 

inconsistency between radial, tangential and lateral modes. Although there is agreement 

between these three mode categories for the majority of cases presented above, there are 

two missing radial modes. In particular, the first and sixth identified tangential modes – or 

similarly the third and eighth lateral modes – have no counterpart in the radially excited 

modes. This has been predicted in the analytical work of A. Tsotras in [110], where the tyre 

belt is modelled as a flexible ring, and this inconsistency originates from the free-free 

boundary condition. Specifically, the radial modes associated with the first and sixth tangential 

modes and the third and eighth lateral modes were originally flexible but became rigid-body 

modes, because of the adopted boundary condition. Moreover, one may notice the existence 

of two lateral modes which do not correspond to any in-plane mode, see modes 1 and 2 in 

Table 4.3 and also the first two modes in Figure 4.33. This phenomenon has been investigated 

further and the respective conclusion is presented below, in Section 4.4.3. 

 

Moving the discussion to the identified residues which yield the eigenvector components of 

each mode, tyre belt modes are complex, due to the non-proportional nature of tyre damping, 

and as a result the respective eigenvectors do not demonstrate fixed nodal points. This 

complexity is depicted in the following Argand diagrams, where the relative phase between 
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the components of each eigenvector is distributed in the range [-180o 180o], a typical 

behaviour of non-standing waves. On the contrary, real eigenvectors associated with simpler 

damping phenomena demonstrate relative phase angles close to 0o or 180o.  

 

 

Figure 4.34 – Identified residues: complex radial modes, radial response (top row: modes 1 to 5; bottom row: modes 6 
to 10) 

 

 

Figure 4.35 – Identified residues: complex radial modes, tangential response (top row: modes 1 to 5; bottom row: 
modes 6 to 10) 
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Figure 4.36 – Identified residues: complex tangential modes, radial response (top row: modes 1 to 7; bottom row: 
modes 8 to 13) 

 

 

Figure 4.37 – Identified residues: complex tangential modes, tangential response (top row: modes 1 to 7; bottom row: 
modes 8 to 13) 
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Figure 4.38 – Identified residues: complex lateral modes, lateral response (top row: modes 1 to 6; bottom row: modes 7 
to 13) 

 

4.4.3 Complex to real normal modes 
 

Since the residues identified in the section above are complex and represent travelling waves, 

a conversion method is required in order to obtain the equivalent standing mode shapes. This 

step is of importance as it allows for visual validation of the identified mode shapes and also, 

in a more generic scope, it could be exploited as a correlation tool between the identified 

modes and those derived by an analytical or an FEM tyre belt model. In the context of the 

present work, the outcome of such a transformation, from complex to real, is validated by 

having previous tyre-related analytical[110] and experimental[116] research as reference points. 

 

Obviously, the easiest method is to discard the complex phase element and simply assign a 

phase of 0 or 180 degrees to the modulus of each eigenvector component[30]. While this 

approach is suitable for modes demonstrating quasi-real behaviour, i.e. the mode components 

lie in groups of a limited phase range (see Figure 4.39), it cannot be used to estimate a real 

mode shape corresponding to a heavily complex mode (see Figure 4.40) as it is not clear which 

components correspond to 0o and which to 180o.  
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Figure 4.39 – Complex eigenvector components demonstrating an “almost” real behaviour 

 

 

Figure 4.40 – Complex eigenvector components demonstrating a heavily complex behaviour 

 

An alternative method has been developed by G. W. Asher in [7] and it extracts the undamped 

modes of a generally damped structure by applying a mono-phase and multi-point excitation. 

Having identified a complex set of eigenvectors Ψ and eigenvalues λ, it is possible to calculate 

the associated frequency response function: 

 

                4.4–17 

 

The undamped natural frequencies can be obtained as follows: 

 

                 4.4–18 

 

and the respective undamped eigenvectors by the following expression: 

 

                4.4–19 
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The force vector located in equation 4.4–19 is calculated in a similar way using the complex 

frequency response function: 

 

                  4.4–20 

 

As is implied by the above analysis, this method requires multi-point excitation and 

consequently it is not suitable for the present work since the experimental procedure follows 

a single input – single output pattern, but it could be implemented in a future attempt to 

obtain the structural properties of a tyre via modal testing. 

 

E. Balmes in [11] developed a conversion method which is in agreement with the experimental 

work presented in the above sections. In that work, the real modes of the structure derive 

from the identified system matrices. Following E. Balmes’ approach the system matrices are 

identified based on Equations 4.4–21 to 4.4–23: 

 

         
  

 4.4–21 

 

            4.4–22 

 

            
  

 4.4–23 

 

where Λ6Nx6N is the eigenvalue matrix and ψ3Nx6N is the eigenvector matrix, with N being the 

number of nodes along the tyre circumference. As has been demonstrated above, the main 

drawback of this approach is that one has to experimentally identify a number of modes at 

least equal to the degrees of freedom of each particular system in order to obtain a valid set of 

system matrices. As most systems consist of numerous degrees of freedom, the above 

requirement is experimentally challenging and, in most cases, the set of modes is defined as 

incomplete, i.e. the size of matrix ψ is 3Nx2m where m is the number of identified modes. 

 

The problem of incomplete sets of modes is addressed by U. Fuellekrug in [33]. In that work, 

the real normal modes and the undamped natural frequencies of a complete modal model are 

obtained by the following equation: 
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4.4–24 

 

with the mass modified stiffness matrix (term A) given by: 

 

 
           

    

      
 

     

        
 

     
         

        

4.4–25 

 

In cases of incomplete models, a transformation is proposed. Initially, matrix X is defined as 

follows: 

 

                       4.4–26 

 

where m is the number of identified modes. The key point of this approach is to apply the 

singular value decomposition technique on matrix X. 

 

           4.4–27 

 

The transformation from physical to reduced coordinates (denoted by ~) is conducted using 

the transformation matrix T2Nxm, found in the expression above. Therefore, the complex 

eigenvectors expressed in reduced coordinates are obtained by: 

 

              4.4–28 

 

Exploiting this new reduced set of eigenvectors and expressions 4.4–24 and 4.4–25, the 

undamped natural frequencies and the real modes may be calculated: 

 

                
     

       
 

      

         
      

          
         4.4–29 

 

 
  
  
  

   
 

              
4.4–30 

 

Having obtained the real normal modes in reduced coordinates, the inverse transformation is 

needed in order to express these modes in physical coordinates: 
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             4.4–31 

 

It should be noted that a similar approach is adopted by W. Tong et al. in [106]. 

 

In the present work, the concept of the transformation matrix between damped and 

undamped eigenvectors is retained, although in a simpler implementation originally proposed 

by N. Niedbal in [74]. The relation between complex and real modes is described by the 

following transformation: 

 

         4.4–32 

 

where T1 and T2 are the transformation matrices, Φ is the real eigenvector matrix and Ψ is the 

complex eigenvector matrix. The real part of matrix T1 is chosen arbitrarily equal to the 

identity matrix I. The respective imaginary part is calculated by the equation below: 

 

                      
  
                  4.4–33 

 

Using the transformation matrix T1 along with the experimentally identified eigenvalues of the 

system, two auxiliary matrices are obtained: 

 

     
    4.4–34 

 

     
        4.4–35 

 

Matrices M and K formulate the eigenproblem which yields the undamped natural frequencies 

of the system (ωr) and the transformation matrix T2: 

 

       
            4.4–36 

 

Substitution of matrices T1 and T2 in equation 4.4–32 yields the real eigenvectors of the system. 

The fundamental asset of the method presented above is that, given the experimentally 

identified eigenvalues and complex modes of any system, it demonstrates an efficient and 
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easy-to-implement formulation for the calculation of the respective undamped natural 

frequencies and real eigenvectors, taking into account the unavoidable modal truncation. 

 

By adopting this technique to post-process the complex results presented in the preceding 

section, the following real mode shapes are obtained: 

 

 

Figure 4.41 – Real mode shapes; radial excitation radial response (top row: modes 1 to 5; bottom row: modes 6 to 10) 

 

 

Figure 4.42 – Real mode shapes; radial excitation, tangential response (top row: modes 1 to 5; bottom row: modes 6 to 
10) 
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Figure 4.43 – Real mode shapes; tangential excitation, radial response (top row: modes 1 to 7; bottom row: modes 8 to 
13) 

 

 

Figure 4.44 – Real mode shapes; tangential excitation, tangential response (top row: modes 1 to 7; bottom row: modes 
8 to 13) 

 

 

Figure 4.45 – Real mode shapes; lateral excitation, lateral response (top row: modes 1 to 6; bottom row: modes 7 to 11) 

 

The horizontal axes of the above diagrams represent the index of each belt node and the 

vertical axes represent the respective amplitude of each mode shape. 

 

4.4.4 Digital filtering 
 

Previously conducted analytical research[110] proposes that each mode shape demonstrates a 

sinusoidal form of a unique spatial frequency (ωs) along the circumference of the tyre belt 

(variable l):  

 

                4.4–37 

 

0 20
-0.02

-0.01

0

0.01

0.02
Mode 1

0 20
-0.01

0

0.01

0.02
Mode 2

0 20
-0.02

0

0.02

0.04
Mode 3

0 20
-0.02

-0.01

0

0.01
Mode 4

0 20
-5

0

5

10

15
x 10

-3 Mode 5

0 20
-0.01

0

0.01

0.02

0.03
Mode 6

0 20
-0.02

-0.01

0

0.01

0.02
Mode 7

0 20
-0.01

0

0.01

0.02
Mode 8

0 20
-5

0

5

10
x 10

-3 Mode 9

0 20
-0.04

-0.02

0

0.02

0.04
Mode 10

0 20
-0.01

-0.005

0

0.005

0.01
Mode 11

0 20
-0.01

-0.005

0

0.005

0.01
Mode 12

0 20
-0.02

-0.01

0

0.01

0.02
Mode 13

0 10 20 30
-0.08

-0.06

-0.04

-0.02

0
Mode 1

0 10 20 30
-0.03

-0.02

-0.01

0
Mode 2

0 10 20 30
-0.05

0

0.05
Mode 3

0 10 20 30
-0.02

-0.01

0

0.01

0.02
Mode 4

0 10 20 30
-0.1

-0.05

0

0.05

0.1
Mode 5

0 10 20 30
-0.05

0

0.05

0.1

0.15
Mode 6

0 10 20 30
-0.02

-0.01

0

0.01

0.02
Mode 7

0 10 20 30
-0.02

-0.01

0

0.01

0.02
Mode 8

0 10 20 30
-0.03

-0.02

-0.01

0

0.01
Mode 9

0 10 20 30
-0.02

-0.01

0

0.01

0.02
Mode 10

0 10 20 30
-0.02

-0.01

0

0.01
Mode 11



152 
 

Visual inspection of the figures above reveals that, due to experimentally induced inaccuracy 

and numerical errors, the identified mode shapes actually consist of several sinusoidal waves. 

Therefore, instead of Equation 4.4–37, the following expression holds: 

 

                    

 

   

 4.4–38 

 

This leakage hypothesis is supported by expressing these spatial waves in the spatial frequency 

domain via the Fast Fourier Transform. A typical example of such a spatial frequency spectra is 

presented in the following figure. This particular diagram is associated with the radial response 

of the 2nd radially excited mode. 

 

 

Figure 4.46 – Waveform corresponding to a real mode shape analysed in the space domain. 

 

Taking into account the further scope of the present experimental work, i.e. the identification 

of eigenvectors and eigenvalues corresponding to a physical tyre so that they are used in a 

simulation environment, the effect of this noise on the waveform of each mode shape should 

be minimised. The purpose of this digital filtering process is the calculation of a set of spatially 

smooth mode shapes, without any loss of fundamental information compared to the 
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experimentally identified ones. It is conducted by eliminating every spatial wave component 

except that which demonstrates the maximum amplitude. By denoting as rmax the index of the 

dominant component of the spatial frequency spectrum (for example, in the above diagram 

rmax=3), an alternative form of Equation 4.4–38 holds: 

 

                         4.4–39 

 

           
         

    4.4–40 

 

As is evident from the above equations, these new frequency spectra consist of a single 

component. The following figure demonstrates the digitally filtered equivalent of Figure 4.46: 

 

 

Figure 4.47 – Application of equations 4.4–39 and 4.4–40 in the spatial frequency spectrum of Figure 4.46 

 

The main drawback of this digital filtering approach is that manufacturing asymmetries – 

which would manifest as secondary spatial waveforms – are excluded from the final 
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each waveform, along with implementation of the Inverse Fast Fourier Transformation, yield 

smooth and digitally filtered mode shapes, presented in the following figures: 

 

 

Figure 4.48 – Radial response of radially excited modes, comparison of original (dotted lines) and filtered (solid lines) 
waveforms (starting from the left, top row: modes 1 to 5, bottom row: modes 6 to 10) 

 

 

Figure 4.49 – Radial response of radially excited modes (starting from the left, top row: modes 1 to 5, bottom row: 
modes 6 to 10) 

 

 

Figure 4.50 – Tangential response of radially excited modes, comparison of original (dotted lines) and filtered (solid 
lines) waveforms (starting from the left, top row: modes 1 to 5, bottom row: modes 6 to 10) 
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Figure 4.51 – Tangential response of radially excited modes (starting from the left, top row: modes 1 to 5, bottom row: 
modes 6 to 10) 

  

 

Figure 4.52 – Radial response of tangentially excited modes, comparison of original (dotted lines) and filtered (solid 
lines) waveforms (starting from the left, top row: modes 1 to 7, bottom row: modes 8 to 13) 

 

 

Figure 4.53 – Radial response of tangentially excited modes (starting from the left, top row: modes 1 to 7, bottom row: 
modes 8 to 13) 
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Figure 4.54 – Tangential response of tangentially excited modes, comparison of original (dotted lines) and filtered (solid 
lines) waveforms (starting from the left, top row: modes 1 to 7, bottom row: modes 8 to 13) 

 

 

Figure 4.55 – Tangential response of tangentially excited modes (starting from the left, top row: modes 1 to 7, bottom 
row: modes 8 to 13) 

 

 

Figure 4.56 – Real lateral mode shapes, comparison of original (dotted lines) and filtered (solid lines) waveforms 
(starting from the left, top row: modes 1 to 6, bottom row: modes 7 to 11) 
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Figure 4.57 – Real lateral mode shapes (starting from the left, top row: modes 1 to 6, bottom row: modes 7 to 11) 

 

It should be noted that tangential response has been illustrated as radial deformation in Figure 

4.51 and Figure 4.55, for clarity purposes.  

 

The above smooth mode shapes coupled with the complex phase component of the initial 

experimentally identified modes result in a new set of complex modes, capable of being used 

in the tyre model presented in the previous chapter. In addition, the reconstructed mode 

shapes may be evaluated in tyre belt centreline locations other than the initial 30 nodes, a 

process which results in reconstructed mode shapes demonstrating an artificial increase in the 

spatial degrees of freedom. This enhanced representation of the tyre belt is a key element for 

the contact sub-model as the discretisation of – vertical or shear – contact forces is 

significantly finer and close to reality, compared to the case where the tyre is only represented 

by 30 circumferential nodes. Nevertheless, the main limitation of this approach is the phase 

discretisation, as phasing information is only obtained for the initial 30 nodes. Consequently, 

the complex phase component of the reconstructed nodes is equal to the complex phase 

component of the closest original node. 

 

The methods and the procedures presented in the sections above are summarised in the 

following flowchart (for the case of in-plane modes only; however, an equivalent approach is 

applied to out-of-plane modes as well), which is divided into three distinct parts: part (A) 

demonstrates the purely experimental part presented in Section 4.3, part (B) describes the 

identification of modal properties of Sections 4.4.1 to 4.4.3, and part (C) refers to the digital 

filtering of the current section: 
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Figure 4.58 – Flowchart describing the identification process of in-plane structural tyre belt modes 

 

4.4.5 From radial/tangential to wheel-fixed coordinates 
 

Due to the geometry of the tyre belt, the eigenvectors identified in the previous sections are 

expressed with respect to the radial/tangential/lateral (rtl) node-specific frame of reference of 

Figure 4.21. Inspection of Equation 3.3–25 reveals the necessity to transform these 

eigenvectors to another node-specific frame of reference (xyz), oriented in parallel to the 

wheel-fixed Cartesian frame of reference defined in Chapter 3. This section is dedicated to 

presenting the adopted approach. As has been demonstrated above, the deformation of the 

structure, as a result of a three-dimensional force vector acting on the first node, is obtained 

via the receptance FRF matrix of Equation 4.2–9: 
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  4.4–41 

 

Similarly, the tyre belt deformation with respect to the wheel-fixed coordinate system is 

obtained by an equivalent equation: 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

   

   

   

 

 

   

   

   

 

 

 

   

   

   

 

 
 
 
 
 
 
 
 
 
 
 
 
 

       

   

   

   

  4.4–42 

 

The transformation matrix between these two frames of reference depends on the position of 

each node. By denoting as ai the angle formed by the position vector of node i and the x axis of 

the wheel-fixed frame of reference, the respective transformation matrix is calculated: 
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  4.4–43 

 

The transformation of the deformation vector from the rtl to the xyz coordinate system is 

governed by the following equation: 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

   

   

   

 

 

   

   

   

 

 

 

   

   

   

 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
    

    
 
     

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

   

   

   

 

 

   

   

   

 

 

 

   

   

   

 

 
 
 
 
 
 
 
 
 
 
 
 
 

   

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

   

   

   

 

 

   

   

   

 

 

 

   

   

   

 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
    

    
 
     

 
 
 
 
  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

   

   

   

 

 

   

   

   

 

 

 

   

   

   

 

 
 
 
 
 
 
 
 
 
 
 
 
 

 4.4–44 

 

Moreover, with regard to the force vectors of Equations 4.4–41 and 4.4–42, the following 

expression holds: 
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  4.4–45 

 

Since the position vector of the first node, which is the application node of the force vector, 

lies along the x axis of the xyz coordinate system, angle a1 is equal to zero and the respective 

transformation matrix of the first node becomes: 

 

       
   
   
   

  4.4–46 

 

Substitution of Equation 4.4–46 in Equation 4.4–45 yields the following expression for the first 

node: 

 

  

   

   

   

   

   

   

   

  4.4–47 

 

Combination of Equations 4.4–41, 4.4–44 and 4.4–47 yields:  
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  4.4–48 

 

Comparison between 4.4–42 and 4.4–48 reveals the following relation for the receptance FRF 

matrix expressed in the xyz coordinate system: 

 

      

 
 
 
 
 
    

    
 
     

 
 
 
 

     4.4–49 

 

Inspection of the above expression, for an arbitrary node i, yields: 

 

  

           
       

           

   
            
   

           

  

           
       

           

  4.4–50 

 

The first element of the matrix located in the left hand side of the above equation is equal to: 

 

         
        

    
 
    
     

 

    
  

 

   

 4.4–51 

 

A second expression for that particular element may be obtained from equation 4.4–50:  
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4.4–52 

 

Examination of Equation 4.4–52 and application of the above approach to every element in 

the left hand side of equation 4.4–50 yield the respective expressions for the calculation of the 

transformed eigenvector components. The key point of the above procedure is that the 

experimentally identified residues – expressed in the radial/tangential frame of reference – 

can easily be transformed into the xyz frame of reference given the position, i.e. angle ai, of 

each belt node, starting from the driving point to initially identify      and     . Due to the 

lateral axis of the radial/tangential frame of reference being parallel to the y axis of the xyz 

frame of reference, no transformation is needed for the respective eigenvector components. 

 

4.4.6 Apparent repeated mode shapes 
 

Visual inspection of the modal testing results presented in Section 4.4.4 reveals a series of 

repeated mode shapes which are not in accordance with previously conducted analytical[110] 

and experimental[116] research. Since it is not consistent for two or more modes associated 

with two or more natural frequencies to demonstrate mode shapes of equal spatial frequency, 

one concludes that the state of the tyre/rim assembly should include distinct characteristics 

for those cases. To further investigate those characteristics, the motion of the rim has been 

acquired and analysed, in order to experimentally verify the existence of rim modes coinciding 

with belt modes. The following table summarises the correlation between each case of 

repeated modes and the respective rim resonances, denoted by (*). For each case of repeated 
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mode shapes, there is one – at most – instance of exclusive belt deformation. The remaining 

instances include rim motion and/or deformation along with belt deformation and as a result 

they demonstrate a different tyre/rim state compared to the case of exclusive belt 

deformation, a finding which is in accordance with previous results[110] [116]. 

 

R
ad

ia
l M

o
d

es
 

116.5 Hz (*) 132.0 Hz 
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59.4 Hz (*) 73.0 Hz 

  

103.2 Hz (*) 114.9 Hz (*) 
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152.6 Hz (*) 174.6 Hz (*) 195.1 Hz 

   

216.0 Hz 246.2 Hz (*) 

  

 

4.4.7 Multiple modes 
 

There are certain configurations of the belt nodes – within the frequency band dictated by the 

maximum identified natural frequency – which cannot be expressed as a linear combination of 

the identified modes. As is described in [30], axisymmetric structures demonstrate multiple 

modes, i.e. two modes occurring at the same natural frequency. For the experimental layout 

employed in the present work only one mode can be identified, for a given natural frequency. 

 

These non-identifiable modes are estimated by adopting an analytical approach, which will be 

demonstrated in detail for the simple case of the first real radial mode. The exact same 

method has been applied to the remaining modes. As has been analysed in Chapter 3, the 

relation between each mode and the physical coordinates of a structure is expressed by the 

following equation: 

 

              4.4–53 

 

where {ψ}r is the eigenvector of mode r, dqr is the associated modal participation factor and 

{dx} is the vector containing the respective physical deformation of each degree of freedom. 
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The value of the modal participation factor controls how each eigenvector – only the first real 

radial one in this particular case of demonstration – contributes to the total deformation state 

of the tyre belt, a relation which is depicted in the following figure: 

 

 

Figure 4.59 – Illustration of the real mode shapes, corresponding to the first radial mode, calculated for a positive and a 
negative modal participation factor  

  

It is evident that, for dq ϵ (-∞,∞), point A will always be the point where the maximum 

deformation occurs while point B will always remain stationary. This observation derives from 

the exclusive use of this particular eigenvector, which is not able to account for any alternative 

deformation pattern. To overcome this problematic situation, a second eigenvector 

(corresponding to the same eigenvalue) has been introduced. This new eigenvector is 

orthogonal to the experimentally identified one and it is calculated by rotating the original 

eigenvector by a certain angle. The exact value of this angle depends on the number of peaks 

demonstrated by the mode shape, i.e. the number of points similar to point A in the above 

figure, and it is the one which will reverse the deformation pattern between points A and B; 

with reference to the analytically calculated orthogonal eigenvector, the new point A will 

always remain stationary while point B will demonstrate the maximum deformation for any 

given dq. If p1 is the number of peaks observed in the first real radial mode shape, then the 

associated rotation angle is obtained by the following expression: 
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     4.4–54 

 

which yields δφ1 = 0.785 rad = 45o for p1=2 . Having calculated the rotation angle, the following 

equation holds for the new orthogonal eigenvector: 

 

                   4.4–55 

 

where Ttot is the total transformation matrix: 

 

       

       
       
       

  4.4–56 

 

and Torth is the transformation matrix of each node containing the rotation angle δφ1: 

 

        
                  

   
                 

  4.4–57 

 

Consequently, Equation 4.4–53 is extended to include the new additional eigenvector as 

follows: 

 

 
                 

 

    
            

         
 

 
4.4–58 

 

The effect of each term in Equation 4.4–58 is demonstrated in the following diagram where 

modal participation factors (    and    
    ) are both set equal to 4: 
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Figure 4.60 – First radial mode: comparison between the experimentally identified real mode shape (term A) and the 
calculated orthogonal one (term B) 

 

By comparing the two deformed states of the tyre belt in Figure 4.60 – terms A and B 

respectively – it is evident that the nodes demonstrating the minimum deformation in term A 

are the ones which exhibit the maximum deformation in term B. Therefore, Equation 4.4–58 is 

able to describe every possible nodal configuration corresponding to the first real radial mode.  
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5. Tyre model validation 

 

5.1 Introduction 

 

The validation of the proposed tyre modelling approach is presented in the following sections 

and is conducted by comparing simulation results to either literature or experimental data, for 

the following three scenarios: 

 Vertical stiffness 

 Transient lateral slip for varying longitudinal speed 

 Transient lateral slip for varying vertical load 

These scenarios have been selected on the basis that they capture various phenomena related 

to tyre deformation and they allow for demonstrating the proposed model capability in 

including belt flexibility in the tyre response.  

 

With regard to the first scenario, namely tyre vertical stiffness, it is noteworthy that it 

highlights the model capability in terms of modelling flexible belt dynamics. In addition, this 

particular test scenario exposes the current fundamental limitations of the proposed tyre 

modelling approach, which are inherited from the nature of the conducted modal testing and 

also from the performed modal reduction, as is described by the modal matrix in Equation 

3.3–13. Initially, in Section 5.3.2, tyre vertical stiffness is investigated for a series of tyre belt 

fidelity cases, under the application of the same vertical load range. This process is performed 

exclusively within the virtual environment developed in this work. Sections 5.3.3 and 5.3.4 are 

dedicated to data acquisition and to comparing these experimental data to simulation results, 

respectively. The experimental facility used to obtain the experimental data, which consist of 

the vertical position of the wheel centre and the applied vertical force, is presented in Section 

5.2.  

 

For the remaining two test cases, namely transient lateral slip tyre behaviour as a function of 

longitudinal speed and vertical load, the tyre response and the influence of the flexible belt 

dynamics are compared against trends obtained from the literature, due to limitations 

imposed by the available experimental facility during the conduction of the present work. 
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5.2 Experimental layout 

 

The required experimental data acquisition for the vertical stiffness test scenario has been 

conducted using the indoor tyre rig developed by the Department of Aeronautical and 

Automotive Engineering, Loughborough University, which is depicted in Figure 5.1. The 

selection of this particular indoor facility – over an outdoor one – is based on the necessity to 

perform each test in as controlled conditions as possible. In outdoor rigs, factors beyond 

control (i.e. road contamination or different types of road surface) may jeopardise the quality 

of the acquired data. As these tests have been replicated by the tyre model in a virtual 

environment, non-controlled experimental conditions could lead to false conclusions with 

respect to the validity of the modelling approach.  

 

In this particular rig, during typical operation, the tyre is pressed against a rotating steel drum. 

Similarly to the tyre model demonstrated in the present work, the user-defined tyre testing 

input parameters are as follows: 

 vertical load, via the application of hydraulic force 

 manual adjustment of the tyre slip angle 

 drum angular velocity 

 brake hydraulic pressure 

 

In terms of data acquisition, the rig incorporates an array of sensors and strain gauges, so as 

the following quantities are measured during each run: 

 slip angle 

 vertical load 

 longitudinal force 

 lateral force 

 tread temperature 

 angular velocity  

 vertical deformation 
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Figure 5.1 – Indoor tyre testing facility (photograph courtesy of the Department of Aeronautical and Automotive 
Engineering, Loughborough University) 

 

5.3 Vertical stiffness 

 

5.3.1 Theoretical and experimental background 
 

Typically, tyre vertical stiffness is calculated by applying a vertical force on the wheel centre 

and measuring the resulting vertical deflection. The available literature has been summarised 

and presented by V. Alkan et al. in [3]. In general, pneumatic tyre vertical stiffness is mainly 

dependent on tyre structure and testing parameters, i.e. rotational velocity, inflation pressure, 

shear force generation and camber angle[41]. 

 

Tyre vertical stiffness (   ) is equal to the ratio of an infinitesimal change in vertical force (   ) 

over the resulting infinitesimal change in vertical position (  )[15]: 

 

     
   
  

 5.3–1 

 

This ratio demonstrates a non-linear behaviour for higher load and deflection combinations, as 

is presented in the experimental work of R. K. Taylor et al. in [105] on agricultural tyres and in 

the work of K. Ramji et al. in [90] on small-sized pneumatic tyres, with the latter being more 

relevant to the present study. Investigation on this field has also been conducted by I. J. M. 

Besselink et al. (    ), where the cases of the stationary and the rotating tyre have been 

compared in terms of vertical stiffness, for both conventional and run-flat tyres. In that 

particular work, the non-linear nature of the vertical force / vertical displacement relationship 

is experimentally confirmed, as expected. It should be noted that this non-linearity is 
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significantly more apparent and evident for the case of run-flat tyres compared to 

conventional ones. 

 

Several proposed approaches, which allow for modelling vertical stiffness related phenomena, 

may be found in the literature. As this is one of the fundamental requirements for structural 

dynamics and NVH studies, tyre models focused on these fields incorporate vertical flexible 

tyre dynamics[8][28].  In [41], P. Gruber et al. present a finite element tyre model which is 

compared against experimental data for the case of vertical stiffness. In that particular work, 

emphasis was placed on the influence of camber angle and friction on the tyre vertical 

stiffness. Correlation has been achieved for both upright and cambered tyres. G. Gim et al. 

have adopted a different approach[38], namely the development of an analytical method for 

the calculation of the tyre vertical stiffness. Similarly to the work of P. Gruber et al, 

dependencies between vertical load, vertical deflection, camber angle and lateral force are 

examined and the resulting analytical expressions describing these phenomena consist of 

empirical factors. In terms of validation, good correlation is demonstrated between simulation 

results generated by this model and measured data. 

 

The case of the stationary tyre is examined below, both experimentally and virtually. It should 

be noted that the proposed modelling approach does not fundamentally exclude the 

remaining factors affecting vertical stiffness; namely, friction, inflation pressure and camber 

angle. An extended model is required incorporating the following modifications, albeit beyond 

the scope of the present work: 

 Contrary to the ad hoc assumption made in the present study, that there is no energy 

exchange between in and out-of-plane modes – see Section 4.2 – a more close to reality 

approach is required. A complete three dimensional modal representation of the tyre – 

including cross-talking between in and out-of-plane modes – would allow for 

communication between radial, tangential and lateral modes, and consequently the full 

effect of shear forces on vertical stiffness would be feasible to predict. 

 Repetition of the modal testing procedure presented in Sections 4.2 to 4.4 for a range of 

inflation pressures and incorporation of the inflation pressure as a parameter in both the 

identified eigenvalues and the identified eigenvectors (although Y. Guan et al. in [45] 

suggest that the effect of inflation pressure on tyre belt eigenvectors is minimal) used to 

populate Equation 3.3–22, which – for this study – is the fundamental system of 

equations of motion of the tyre belt. 
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 Currently, the model consists of nodes which are initially located in a unique plane, that 

defined by global axes x and z. In order to take into account the effect of camber angle on 

vertical stiffness, additional nodes – located in planes offset laterally to the central one – 

are needed. These additional nodes would allow for capturing the lateral tread modes 

and consequently the vertical stiffness dependency on camber angle. 

 Fundamentally, the proposed tyre model takes into account only certain tyre belt 

deformation modes. This limitation, which enhances the model efficiency, has a direct 

effect on the tyre response, as higher frequency belt modes are excluded. Moreover, the 

fact that the included tyre belt modes have been identified close to the nodal equilibrium 

position introduces a certain unreliability factor for cases of large belt deformation, the 

influence of which is demonstrated in the following sections. 

 

5.3.2 Vertical stiffness dependency on tyre belt fidelity 
 

One essential asset of the proposed tyre modelling approach is the capability of adapting to 

varying fidelity demands by including or excluding particular flexible modes of the tyre belt, a 

feature which is demonstrated by Equation 3.3–12, and number m in particular which 

represents the number of included flexible belt modes. Similar investigations on the relation 

between tyre belt fidelity and vertical stiffness may be found in the literature, for example the 

work of A. Tsotras in [110], where the calculated vertical load is examined, for an imposed 

array of vertical tyre deformations and  for cases of different modal reduction resulting in the 

following diagram: 
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Figure 5.2 – The total vertical load as a function of the imposed deformation for various degrees of reduction ([110]) 

 

From the above figure, it is apparent that higher model fidelity results in lower vertical 

stiffness. The explanation for this observation is that a limited modal reduction will lead to the 

inclusion of additional flexible modes, and the associated effect they have on total tyre 

deformation, compared to cases of extensive modal reduction where the total tyre 

deformation is the result of the participation of a limited number of modes. In the present 

work, a similar investigation has been conducted. The tyre is excited by a vertical load, applied 

on the wheel centre, and the vertical deflection of the tyre belt is monitored for different 

levels of modal reduction or equivalently for varying model fidelity.  The excitation signal is 

presented in the following figure: 
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Figure 5.3 – Vertical force applied at the wheel centre 

 

The following modal reduction cases have been examined: 

 

Table 5.1: Modal reduction scenarios 

 Radial modes Tangential modes 

First radial mode only (115Hz) 1 0 

In-plane modes up to 133Hz 2 3 

In-plane modes up to 150Hz 3 4 

In-plane modes up to 207Hz 5 7 

 

For comparison purposes, vertical deformation observed for the first modal reduction case at -

800N is set as the point of reference. The resulting vertical deformations for the remaining 

vertical loads and modal reduction cases are presented in the following table: 

 

Table 5.2: Vertical deflection measured at the wheel centre 

Vertical deflection [mm] 

 -800N -1000N -1200N -1400N 

First radial mode only (115Hz) 0.00 1.34 2.63 3.68 
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In-plane modes up to 133Hz 0.14 1.51 2.76 3.99 

In-plane modes up to 150Hz 0.16 1.52 2.77 4.03 

In-plane modes up to 207Hz 0.19 1.55 2.80 4.05 

 

 

Figure 5.4 – Vertical load versus vertical deformation of the tyre belt for four cases of modal reduction 

 

 

Figure 5.5 – Detail of Figure 5.4, area in the rectangle 

0 0.5 1 1.5 2 2.5 3 3.5 4
-1400

-1300

-1200

-1100

-1000

-900

-800

 

 

V
e
rt

ic
a
l 

lo
a
d

 [
N

]

Vertical deformation [mm]

1st Radial mode (115Hz)

In-plane modes up to 133Hz

In-plane modes up to 150Hz

In-plane modes up to 207Hz

2.5 2.55 2.6 2.65 2.7 2.75 2.8 2.85 2.9 2.95 3
-1220

-1215

-1210

-1205

-1200

-1195

-1190

-1185

-1180

 

 

V
e
rt

ic
a
l 

lo
a
d

 [
N

]

Vertical deformation [mm]

1st Radial mode (115Hz)

In-plane modes up to 133Hz

In-plane modes up to 150Hz

In-plane modes up to 207Hz



177 
 

 

The four test cases presented above demonstrate the effect of modal reduction to the vertical 

deformation of the tyre belt and, as expected, inclusion of additional modes results in 

increased tyre belt compliance. In addition, the impact of this phenomenon exhibits an 

increasing behaviour with increased vertical load, as the four curves become more separated 

in the higher load area (bottom right corner of Figure 5.4). In terms of vertical stiffness – as it 

is defined by Equation 5.3–1 – and the respective dependency on model fidelity, the four test 

cases analysed above yield the following values: 

  

Table 5.3: Tyre vertical stiffness dependency as a function of tyre belt fidelity 

 Vertical stiffness          

First radial mode only (115Hz) 163N/mm - 

In-plane modes up to 133Hz 156 N/mm 4.29% 

In-plane modes up to 150Hz 155 N/mm 4.91% 

In-plane modes up to 207Hz 155 N/mm 4.91% 

 

Although the imposed vertical load has been kept at minimum levels, the inclusion of 

additional belt modes has a direct impact on tyre vertical deformation and consequently on 

tyre vertical stiffness. For the cases examined in the present section, comparison of the first 

two cases of the above table reveals the dependency of     on model fidelity, as the addition 

of one radial and three tangential belt modes resulted in a vertical stiffness reduction of 4.29%. 

Inclusion of all the in-plane modes up to 150Hz has led to an additional reduction of 0.62%, 

while no further reduction has been noticed for the last test case, an effect which is partially 

due to the limited vertical load applied on the tyre belt. 

 

5.3.3 Data acquisition 
 

In this section, vertical tyre compliance and stiffness are experimentally examined for the case 

of the non - rotating tyre, using the tyre test rig presented in Section 5.2. The hydraulic vertical 

load applied on the tyre is determined by the user at will, while the acting force value is 

acquired and stored at a sample rate of 100Hz. The full vertical force time history is depicted in 

the following figure: 
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Figure 5.6 – Vertical stiffness test, total vertical force applied at the wheel centre versus time 

  

The time history of the wheel centre vertical displacement resulting from the imposed vertical 

force of Figure 5.6 is presented below: 

 

 

Figure 5.7 – Vertical stiffness test, total wheel centre vertical displacement versus time 

 

To enhance the post-processing efficiency, only the four characteristic areas marked in Figure 

5.6 are examined. This allowed for the exclusion of low-interest areas, for example areas 

where only the net vertical load of the tyre rig is applied. The four selected areas were chosen 

on the basis that they capture several aspects of the tyre vertical dynamics. Areas A and B 

represent a step change in the applied vertical load. Area C represents a vertical load profile of 

higher frequency whereas area D consists of a gradual transition from a lower (1000N) to a 

higher (2600N) applied vertical load. These areas are magnified for clarity in the following 

vertical load and vertical displacement diagrams: 

 

A B C D 
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Figure 5.8 – Vertical stiffness test, vertical force versus time (Area A) 

 

 

Figure 5.9 – Vertical stiffness test, vertical force versus time (Area B) 

 

 

Figure 5.10 – Vertical stiffness test, vertical force versus time (Area C) 
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Figure 5.11 – Vertical stiffness test, vertical force versus time (Area D) 

 

 

Figure 5.12 – Vertical stiffness test, wheel centre vertical displacement versus time (Area A) 

 

 

Figure 5.13 – Vertical stiffness test, wheel centre vertical displacement versus time (Area B) 
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Figure 5.14 – Vertical stiffness test, wheel centre vertical displacement versus time (Area C) 

 

 

Figure 5.15 – Vertical stiffness test, wheel centre vertical displacement versus time (Area D) 

 

A particular case of interest is that presented by area D. Because of the gradual nature of the 

transition between the initial and the final state of the tyre, all the intermediate vertical load / 

vertical displacement pairs are acquired, a property which is not the case for areas A and B. 

Theoretically, for each one of areas A and B, the vertical load versus vertical displacement 

diagram consists of only two points, namely the one representing the initial state and the one 

representing the final state of the force and displacement curves. Although these two areas 

are critical for the validation of the present study, they provide significantly less information 

when compared to area D, with regard to the relation between the vertical load and the 

vertical displacement. The locus generated by the data points forming area D leads to the 

conclusion that – for the given vertical load range – the relation between the vertical load and 

the vertical displacement is almost linear, i.e. vertical stiffness is constant: 
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Figure 5.16 – Vertical stiffness test, wheel vertical force versus wheel centre vertical displacement (Area D) 

 

It should be noted that experimentally induced limitations did not allow for the application of 

a higher vertical load so as to reach the non-linear vertical stiffness region. In the context of 

the present work, this is not considered as a significant drawback as the nature of the 

performed modal testing and the identified belt modes are limited to the linear vertical 

stiffness region around the equilibrium position of the tyre belt nodes.  

 

The next required step is to fit a linear expression in the experimentally derived data points of 

the above figure. As it has been demonstrated by Equation 5.3–1 in Section 5.3.1, the gradient 

of this expression is the vertical stiffness of the tyre for the vertical load range between 1000N 

and 2600N:  

 

 

Figure 5.17 – Vertical stiffness test, wheel vertical force versus wheel centre vertical displacement  
including fitted linear expression (Area D) 

 

The linear expression describing the above fitted line (blue line in Figure 5.17) is presented 

below: 
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      5.3–2 

 

where: Fz [N] is the vertical force applied on the tyre, 

              δ [m] is the wheel centre vertical displacement, 

                       
 = 136054 N/m is the experimentally obtained vertical stiffness as defined by 

Equation 5.3–1 

              C1 =        N is the constant term. 

 

To demonstrate the nature of the constant term C1 of the above expression, Figure 5.16 and 

Figure 5.17 should be analysed further. In both these figures – and consequently in expression 

5.3–2 – the wheel centre vertical displacement is expressed as the deviation from the absolute 

vertical position of the tyre when the initial – for area D – vertical force of 1000N is applied. If 

– instead of the vertical deviation – the absolute vertical position of the wheel centre were to 

be used, then the above constant term would be eliminated as the above fitted linear 

expression would cross point (0, 0), i.e. for an applied vertical force of 0N the wheel centre will 

remain in its initial vertical position, which is equal to 0m. Clearly this is not the case in the 

above two diagrams, as the fitted expression passes through point (0, 995.17). However, the 

attempt to express the vertical position of the tyre as the deviation from a vertical position 

other than the initial one makes comparing experimental data and simulation results feasible, 

as typically they do not have a common inertial frame of reference. Nevertheless, the quantity 

of interest in the above expression, which is the tyre vertical stiffness, is not affected by this 

approach, as it is calculated by taking into account changes of both vertical load and vertical 

position rather than absolute values. 

 

An interesting comparison may be made between the experimental findings of this section 

and the simulation results presented in Section 5.3.2. The tyre vertical stiffness obtained by 

the experimental results above is equal to          
           . In theory, this value 

captures the contribution of an infinite number of structural modes, since it derives from 

experimental data. Simulation results, corresponding to modal parameters derived by the tyre 

which generated the above experimental results, have been presented in the previous section. 

For the case of maximum simulation fidelity, i.e. inclusion of all the in-plane tyre belt modes 

up to 207Hz, the calculated vertical stiffness is         
           . Direct comparison of 

the above two vertical stiffness figures provides an indication of the vertical stiffness 
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dependency on vertical load range but, importantly, it also quantifies the actual contribution 

of an infinite number of excluded in-plane modes in the total model response. In particular, 

based on the values presented above, the performed modal reduction – exclusion of all the in-

plane modes beyond 207Hz – resulted in the following vertical stiffness overestimation: 

 

   
         

           

         

 
 

 

          5.3–3 

 

5.3.4 Simulation results and comparison to experimental data 
 

Similar to Section 5.3.2, the above scenario, i.e. vertical loading of the tyre by the force time 

history depicted in Figure 5.6, is replicated exploiting the virtual environment of the tyre 

model developed in the present work. The simulation runs presented in this section are based 

on the virtual non-rotating tyre being vertically loaded by the corresponding vertical force 

acquired during the respective experimental procedure. The required user-defined input 

quantities are summarised in the following table: 

 

Table 5.4: Vertical stiffness test – User defined input quantities 

Vertical load (Fz) [N] 
Area A Area B Area C Area D 

Figure 5.8 Figure 5.9 Figure 5.10 Figure 5.11 

Slip angle (sa)  0o 0o 0o 0o 

Drum speed (vr)  0 m/s 0 m/s 0 m/s 0 m/s 

Wheel angular velocity (ω)  0 rad/s 0 rad/s 0 rad/s 0 rad/s 
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while the main simulation parameters are presented below: 

 

Table 5.5: Vertical stiffness test – Main simulation parameters 

Time step 0.0005 s 

Number of belt / tread nodes 1160 

Number of radial belt modes 7 

Number of tangential belt modes 9 

Number of lateral belt modes 11 

 

Keeping in mind the rationale behind the proposed modelling approach, i.e. effective 

identification of modelling parameters and efficient tyre simulation, the chosen time step and 

node number combination represents a reasonable compromise between simulation accuracy 

and simulation elapsed time. The comparison between the time histories of the 

experimentally obtained wheel centre vertical deflection for areas A, B, C and D, depicted in 

Figure 5.12 to Figure 5.15, and those calculated based on the above simulation parameters is 

presented below: 

 

 x 

z 

Fz

Figure 5.18 – Vertical stiffness test, graphical representation of user-defined quantities 

Fz 
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Figure 5.19 – Vertical stiffness test, comparison between experimental and simulation data in terms of wheel centre 
vertical displacement (Area A) 

 

 

Figure 5.20 – Vertical stiffness test, comparison between experimental and simulation data in terms of wheel centre 
vertical displacement (Area B) 
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Figure 5.21 – Vertical stiffness test, comparison between experimental and simulation data in terms of wheel centre 
vertical displacement (Area C) 

 

 

Figure 5.22 – Vertical stiffness test, comparison between experimental and simulation data in terms of wheel centre 
vertical displacement (Area D) 
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the real-world test tyre is already loaded in the initial time instance of each of the above 

scenarios. Nevertheless, after a few tenths of a second these oscillations are dampened and 

most importantly the two tyres are in a similar state at the start of each transition phase. 

 

The above figures, and specifically Figure 5.19 to Figure 5.21, demonstrate that correlation 

between experiment and simulation has been achieved for both step-like and pseudo-random 

vertical force variations.  In these three particular test cases, vertical tyre force has not 

exceeded 1200N, demonstrating that the number of included flexible belt modes offers 

reasonable accuracy in the vertical force range up to 1200N. Loading the tyre beyond that 

point leads to deviation between experiment and simulation because of the limitations 

presented in Section 5.3.1, which are associated to either the proposed tyre model or the 

experimentally identified quantities used to populate the flexible tyre belt model.  

 

This phenomenon is demonstrated in Figure 5.22, where the tyre is loaded up to almost 2600N. 

Initially, correlation is achieved up to the point in which vertical force is equal to 1750N, see 

point A in Figure 5.22. Beyond this vertical force and up to the maximum measured vertical 

force of 2600N, significant deviation is observed between experiment and simulation. 

Following the investigation on vertical stiffness as a function of model fidelity presented in 

Section 5.3.2, it is deduced that the main source of deviation presented Figure 5.22 is the 

limited number of flexible belt modes included in the tyre model. 

 

This observed deviation may be quantified by calculating the tyre vertical stiffness 

corresponding to simulation results for Αrea D. Following a process similar to the one 

presented above for the experimental data of Αrea D, the locus of points obtained by the 

applied vertical force and the simulated wheel centre displacement reveals the relationship 

between these two quantities. A linear expression is fitted to these points and the respective 

gradient is equal to the vertical stiffness of the virtual tyre. 
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Figure 5.23 – Vertical stiffness test, virtual wheel vertical force versus wheel centre vertical displacement  
including fitted linear expression (Area D) 

 

The fitted linear expression of the above diagram is described by the following equation: 

 

             
      5.3–4 

 

where: Fz is the vertical force applied on the tyre, 

              δ is the wheel centre vertical displacement, 

                       
 = 199833 N/m is the vertical stiffness as defined by Equation 5.3–1, obtained 

by the tyre model presented in this work, 

              C2 = 915.19 N is the constant term and  

R2 = 99.39%. 

 

Value          
 represents a critical element in this section as it is providing a quantified 

comparison element between simulation results and experimental data. As both the physical 

and the virtual tyre have been excited by the exact same vertical force time history, the 

deviation between          
, which includes a finite number of modes, and          

, which 

– in theory – includes the contribution of all the flexible tyre belt modes, derives directly from 

the modal reduction adopted in the proposed tyre model. The consequent vertical stiffness 

overestimation is calculated as follows:  
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          5.3–5 

 

Clearly, the above overestimation value demonstrates that additional tyre belt modes are 

required, and the number of required belt modes increases with the increased vertical force. 

This is illustrated by the four test cases presented above. Correlation between the virtual and 

the physical tyre has been achieved for cases A to C, where the applied vertical force is 

confined within a limited range. On the other hand, case D exposes a weakness of the 

proposed modelling approach as the imposed modal reduction, along with the non-linear 

deformation of the tyre which is not captured by the flexible tyre belt sub-model, leads to 

significant deviation between experimental data and simulation results. In these cases, i.e. 

cases of relatively high vertical load, a less aggressive modal reduction approach is highly 

advisable to the tyre model user. 

 

5.4 Transient lateral slip 

 

5.4.1 Introduction 
 

Following the investigation on the influence of flexible belt dynamics on tyre vertical stiffness 

presented in the preceding sections, an additional study is conducted below. It has been well 

established within literature that contact forces between a tyre and the road are highly 

influenced by tyre deformation[80]. This influence is clearly observed in cases where the tyre is 

subjected to variation of slip angle or driving torque as it is illustrated in the experimentally 

obtained Figure 5.24[68]. 
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Figure 5.24 – Changes of lateral reaction force Fy, transmitted by wheel, as a response for the wheel cornering angle δ 
oscillatory changes (v=30km/h, f=2Hz); a) changes of the wheel cornering angle δ - input signal; b) changes of lateral 

force reaction Fy, transmitted by wheel - output signal([68]) 

 

This delay is typically identified by introducing the relaxation length concept, which is defined 

as the length required so that a certain level (63%) of the steady-state longitudinal or lateral 

force is achieved[80], after the introduction of slip angle or driving torque step-like variation. 

The proposed tyre model is capable of capturing this first-order behaviour, as is illustrated in 

the following figure: 
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Figure 5.25 - Time delay and frequency dependency of lateral force generation 

 

In the context of the present work, two cases of lateral force hysteresis are examined. In these 

cases, the tyre model is excited by varying the steering angle using a sinusoidal signal of 

increasing frequency, see Figure 5.26. Tyre relaxation behaviour is captured for three different 

drum velocities and three different vertical loads, for the first and second test cases 

respectively. These tests and the selected user-defined input parameters are summarised in 

the following table: 

 

Table 5.6: Tyre hysteresis to slip angle variation – Virtual testing parameters 

Test Drum velocity Vertical load Rad. modes Tan. modes Lat. modes 

1a 2.0 m/s 1000 N 7 9 11 

1b 2.5 m/s 1000 N 7 9 11 

1c / 2a 3.0 m/s 1000 N 7 9 11 

2b 3.0 m/s 1200 N 7 9 11 

2c 3.0 m/s 1400 N 7 9 11 

2d 3.0 m/s 1600 N 7 9 11 

 

For each test, the tyre model is excited by varying the user-defined steering angle. The 

resulting digital signal – expressed in the time domain – is stored as the model input: 
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  5.4–1 

 

where A is the amplitude of the steering angle, ωexcit is the time-dependent excitation 

frequency, Fs is the sampling frequency and k is the sampling index. Let Ttot denote the total 

simulation duration, k fulfils the following expression: 

 

              
 

 

       5.4–2 

 

with N being the total number of samples obtained. Initially, before sample kset is reached, 

steering angle is kept equal to zero and the only model input is the applied vertical load, so 

that the virtual tyre settles. The steering angle time history is demonstrated below: 

 

 

Figure 5.26 – Steering angle variation, expressed in the time domain 

 

The steering angle data series presented above may be expressed in the frequency domain by 

applying the following Fast Fourier Transformation expression: 
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 5.4–3 

 

A similar approach is adopted in the post-processing procedure of the output digital signal, 

namely the resulting lateral force: 

 

         
 

 
         

  
    
  

   

   

 5.4–4 

 

The above frequency spectra are exploited to calculate the transfer function of the virtual tyre, 

as follows: 

 

        
       

      
 5.4–5 

 

The transfer function introduced in Equation 5.4–5 is modelled by a first-order expression: 

 

       
  

    
 5.4–6 

 

In the above expression, time constant τ is the time required so that the system output, i.e. 

the lateral force generated by the virtual tyre, reaches 63% of the steady-state value after a 

step change is imposed on the model input. It follows that calculation of time constant τ is 

vital in calculating the relaxation length of the virtual tyre. By fitting Equation 5.4–6 to the 

transfer function curve derived by the input and output frequency spectra of each test, 

constant τ is obtained and the respective relaxation length σ may be calculated by taking into 

account the forward tyre speed vd: 

 

        5.4–7 

 

This process is performed in the following two sections. As it has been demonstrated above, 

these sections are dedicated to examining relaxation length behaviour for varying longitudinal 

speed and vertical load. The assessment of the results is performed based on trends for these 

phenomena found in literature. 
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5.4.2 Slip angle frequency sweep – Longitudinal velocity variation 
 

Initially, model transient behaviour is examined in terms of longitudinal speed variation. The 

respective simulation parameters are a subset of the one presented in the above section and 

they are re-introduced below: 

 

Table 5.7: Tyre first-order behaviour – Virtual testing parameters 

Longitudinal velocity variation tests 

Test Drum velocity Vertical load Rad. modes Tan. modes Lat. modes 

1a 2.0 m/s 1000 N 7 9 11 

1b 2.5 m/s 1000 N 7 9 11 

1c  3.0 m/s 1000 N 7 9 11 

 

The primary model excitation is the slip angle time history presented in Figure 5.26. With 

regard to the remaining three user-defined model inputs, vertical load is common for all three 

tests and equal to 1000N, longitudinal drum velocity is specified in the above table, and wheel 

rotational velocity is adjusted accordingly to result into zero longitudinal slip. The resulting 

lateral force is obtained for each one of the tests found in the above table and the respective 

time histories are presented in Figure 5.27 to Figure 5.29:  

 

 

Figure 5.27 – Lateral force, time domain (vd=2m/s, Fz=-1000N) 
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Figure 5.28 – Lateral force, time domain (vd=2.5m/s, Fz=-1000N) 

 

 

Figure 5.29 – Lateral force, time domain (vd=3m/s, Fz=-1000N) 

 

By modelling the virtual tyre as a first-order system, the transfer function relating the steering 

angle input with the lateral force output demonstrates the following form: 
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 5.4–8 

 

Fitting of expression 5.4–8 to the experimentally derived expression 5.4–5 results in obtaining 

the poles p of the system for each one of the above test cases: 

 

Table 5.8: Tyre first-order behaviour – Simulation results 

Longitudinal velocity variation tests 

Test Drum Velocity Pole 

1a 2.0 m/s -3.0532 

1b 2.5 m/s -3.1349 

1c 3.0 m/s -3.7014 

 

 

 Expression 5.4–8 may be rearranged to yield Expression 5.4–6 as follows: 

 

       
       

           
  

 

 

       
  

         
  

 

 

       
  

    
  5.4–9 

 

where time constant τ is equal to: 

 

    
 

 
 5.4–10 
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Application of Expression 5.4–10 to the system poles obtained above yields the time constant 

for each test case. Moreover, these time constants lead to the calculation of the relaxation 

length via Equation 5.4–7. These results are presented in the following table: 

 

Table 5.9: Tyre first-order behaviour – Simulation results 

Longitudinal velocity variation tests 

Test Drum Velocity Pole Time Constant Relaxation Length 

1a 2.0 m/s -3.0532 0.3275 s 0.6550 m 

1b 2.5 m/s -3.1349 0.3190 s 0.7975 m 

1c 3.0 m/s -3.7014 0.2702 s 0.8106 m 

 

In addition, the cut-off frequency of the system may be calculated: 

 

    
 

   
 5.4–11 

 

Which yields the final result table for the simulation runs conducted within this section: 

 

Table 5.10: Tyre first-order behaviour – Simulation results 

Longitudinal velocity variation tests 

Test Drum Velocity Pole Time Constant Cut-off frequency Relaxation Length 

1a 2.0 m/s -3.0532 0.3275 s 0.4860 Hz 0.6550 m 

1b 2.5 m/s -3.1349 0.3190 s 0.4989 Hz 0.7975 m 

1c 3.0 m/s -3.7014 0.2702 s 0.5890 Hz 0.8106 m 

 

The trend observed in the results presented above is in agreement with measured trends 

found in literature, for example the work of H. Pacejka in [80], the experimental work of P. 

Bandel et al. in [12], or the work of W. Luty in [68]. In particular, the cut-off frequency of a 

physical tyre, excited by a sinusoidal variation of the steering angle, increases with increased 

wheel longitudinal speed, see Figure 5.30. As it may be seen in the results presented above, a 

similar trend is observed for the tyre model presented in this work. 
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Figure 5.30 – Amplitude characteristics, determined in frequency domain, for different wheel rolling speed, in conditions 
of the wheel cornering angle oscillatory changes([68]) 

 

5.4.3 Slip angle frequency sweep – Vertical load variation 
 

Similarly to the test cases presented above, this section is dedicated to investigate the 

dependency between vertical force variation and transient tyre response. The simulation 

parameters are presented in the following table: 

 

 

 

 

Table 5.11: Tyre first-order behaviour – Virtual testing parameters 

Vertical force variation tests 

Test Drum speed Vertical load Rad. modes Tan. modes Lat. modes 

2a 3.0 m/s 1000 N 7 9 11 

2b 3.0 m/s 1200 N 7 9 11 

2c 3.0 m/s 1400 N 7 9 11 

2d 3.0 m/s 1600 N 7 9 11 

 

In this case, the primary model input is the vertical load which varies between 1000N and 

1600N in increments of 200N. As has already been demonstrated in Section 5.3.4, correlation 

has been achieved between the virtual and the physical tyre for this particular vertical loading 

range and level of modal reduction displayed in the above table. The virtual tyre is again 

excited by the slip angle signal presented in Figure 5.1. Drum longitudinal speed is kept 

constant at 3m/s and wheel rotational speed is adjusted so that zero longitudinal slip is 

achieved, resulting in pure lateral slip.  Following the excitation of the tyre model via the 
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steering angle signal presented in Figure 5.26, the lateral force time histories corresponding to 

the tests presented in the above table are depicted below: 

 

 

Figure 5.31 – Lateral force expressed in the time domain (vd = 3m/s, Fz = 1000N) 
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Figure 5.32 – Lateral force expressed in the time domain (vd = 3m/s, Fz = 1200N) 

 

 

 

Figure 5.33 – Lateral force expressed in the time domain (vd = 3m/s, Fz = 1400N) 
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Figure 5.34 – Lateral force expressed in the time domain (vd = 3m/s, Fz = 1600N) 

 

A direct visual comparison of the above diagrams is possible by normalising the lateral force 

for each one of the above cases, in order to compensate for the different levels of maximum 

lateral force generated by the different applied vertical forces. This normalisation is based on 

the following expression: 

 

        
   

           
 5.4–12 

 

The normalised lateral force time histories are displayed in the following diagram and a close 

up of area A is presented in Figure 5.36: 
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Figure 5.35 – Normalised lateral force time histories (vd = 3m/s, Fz: 1000N – 1600N) 

 

Figure 5.36 – Normalised lateral force time histories, close up of area A. 
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tyre is related to the respective relaxation length via the cornering stiffness, and this 

mechanism is governed by the following equation[16]: 

 

   
    
  

 5.4–13 

 

where CFsa and Cy are the cornering and the lateral stiffness respectively. According to H. 

Pacejka in [80], for typical passenger car tyres, the dependency of relaxation length on vertical 

load is similar to the one of cornering stiffness on vertical load, hence lateral stiffness Cy in 

equation 5.4–13 is a neutral factor compared to the contribution of cornering stiffness CFsa for 

varying vertical load. The parabolic relation between cornering stiffness and vertical load has 

been extensively documented in literature, see for example [38] and [80]: 

 

 

Figure 5.37 – Cornering stiffness vs vertical load ([80]) 

 

For the case of limited applied vertical load and zero camber angle examined in this work, 

cornering stiffness is considered as monotonically increasing with vertical load and therefore, 

based on the above, the same trend should apply between relaxation length and vertical load. 

Dependency between relaxation length and vertical load is further supported by experimental 

data presented in the work of W. Luty in [67]. In particular, for three distinct load cases, 

measured relaxation length demonstrates the following behaviour: 

 



205 
 

 

Figure 5.38 – Variations of the relaxation length value Ln, after forcing a cornering angle step δ (all-steel 275/70R22.5 
tire, normal load Fz=20000N) ([67]) 

 

Following an approach identical to the one adopted in the previous section, the following 

expression is fitted to the data sets presented above (lateral force time histories depicted in 

Figure 5.31 to Figure 5.34 and steering angle time history displayed in Figure 5.26): 

 

       
      

     
 

 

   
 5.4–14 

 

Pole p is obtained for each load case and, by applying Equation 5.4–10, the corresponding 

time constant is calculated. Finally, the relaxation length associated with each vertical load is 

obtained by Equation 5.4–7. The quantities mentioned above are illustrated in the following 

table: 

 

Table 5.12: Tyre first-order behaviour – Simulation results 

Vertical force variation tests 

Test Vertical load Pole Time constant Cut-off frequency Relaxation length 

2a 1000 N -3.7014 0.2702 s 0.5890 Hz 0.8105 m 

2b 1200 N -3.6889 0.2711 s 0.5871 Hz 0.8132 m 

2c 1400 N -3.6041 0.2775 s 0.5735 Hz 0.8324 m 

2d 1600 N -3.5007 0.2857 s 0.5571 Hz 0.8570 m 
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The relaxation length trend presented in the above table is in accordance with Equation 5.4–

13 and with experimental data presented in [67], see Figure 5.38. Therefore, it may be 

concluded that the trend between vertical load and delay in lateral force generation observed 

in a physical tyre is replicated by the proposed tyre modelling approach, as the effect of the 

main mechanism responsible for this behaviour, namely tyre deformation, is a fundamental 

part of the virtual tyre presented in Chapter 3.  

 

5.5 Remarks on chapter 5 

 

Having developed the equations formulating the proposed tyre model in Chapter 3 and having 

obtained experimental data to populate these aforementioned equations in Chapter 4, the 

next step has been the validation of the tyre model, a process which is demonstrated in the 

preceding sections. The virtual tyre is mainly tested and validated in terms of vertical stiffness 

and relaxation length corresponding to lateral tyre slip. 

 

Initially, the effect of model fidelity on tyre vertical stiffness is examined. The virtual tyre is 

loaded, by applying several different vertical forces, and for each vertical force the respective 

tyre vertical deformation is obtained. The outcome of this process is that, for the presented 

tyre model, tyre vertical stiffness depends on the level of modal reduction. In particular, it has 

been demonstrated that inclusion of additional modes results in a decrease of the observed 

tyre vertical stiffness, a conclusion which is in accordance with literature and also supported 

by the observation that – for a given load – the contribution of additional modes would 

increase tyre vertical deformation, hence decreasing tyre vertical stiffness. Moreover, this 

relation between modal reduction and tyre vertical stiffness is found to depend on the level of 

the applied vertical load.  

 

The validation of the proposed tyre model in terms of vertical stiffness has been examined 

further and compared to experimental data obtained using an indoor tyre test rig and applying 

vertical force on the wheel centre against a stationary steel drum. The collected experimental 

data cover a broad range of vertical loading scenarios. In particular, data corresponding to the 

following cases have been obtained: 

 Step transition, 

 Pseudo – random transition, and 

 Gradual transition. 
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The first two cases have been examined in relatively low levels of vertical force, while a 

considerably higher vertical force has been applied in the third case. The outcome of the 

comparison between the obtained experimental data and simulation results acquired for the 

exact same vertical force is that correlation has been achieved for the first two cases, where 

applied vertical load has been kept within a limited range.  

 

On the contrary, comparison between experimental and simulation data corresponding to the 

third case reveals a fundamental limitation of the proposed modelling approach, which is 

associated with the limited number of structural modes included in the tyre model. This modal 

reduction leads to higher vertical stiffness values, compared to the measured ones, as the tyre 

appears to be stiffer since the contribution of the excluded modes is not taken into account. 

An additional limitation of the proposed model contributing to this phenomenon is that the 

experimentally acquired structural modes are linear and, consequently, the accuracy of the 

model decreases for cases of large deformations – for example, those corresponding to high 

vertical loads. 

 

Moving the discussion to the response of the tyre to lateral slip variations, the following two 

test cases have been investigated: 

 Relaxation length calculation as a function of forward speed, and 

 Relaxation length calculation as a function of vertical load. 

For each of the above test cases, the virtual tyre has been excited by steering angle variation, 

driven by a sinusoidal signal of increasing frequency. The relaxation lengths, corresponding to 

each simulation run, have been calculated by modelling the tyre as a single input (steering 

angle) – single output (lateral force) system and the poles of the respective transfer functions 

have been identified leading to the calculation of the associated time constant term. By taking 

into account the forward speed of the tyre, the relaxation length of each test scenario has 

been obtained. This process revealed that the relaxation length variation follows certain 

trends for both the above test scenarios. In particular, relaxation length increases with both 

longitudinal speed and vertical force, an observation which is in agreement with trends found 

in literature. 
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6. Conclusions, contribution to knowledge and suggestions for future 

work 

 

6.1 Conclusions 

 

In the first chapter of this work, a series of objectives has been defined. The fundamental 

criterion in setting these objectives has been the requirement to investigate the potential and 

limitations of developing a dynamic tyre model which exploits data derived directly from 

modal testing. To this end, these objectives reflect the phases of the research work required 

to develop the abovementioned model and have been set as follows: 

 development of a high fidelity tyre model exploiting data obtained directly from 

performing modal testing on a physical tyre, 

 three dimensional modal testing on a physical tyre adopting the free-free boundary 

condition, 

 identification of eigenvalues and eigenvectors corresponding to a number of flexible 

tyre belt modes and 

 validation of the abovementioned tyre model in cases where tyre response depends 

highly on tyre deformation.  

The following sections describe each one of these objectives in detail. The main scope of this 

process is to examine how these challenges have been dealt with.  

 

6.1.1 Objective 1 
 

Development of a high-fidelity tyre model exploiting data obtained directly by performing 

modal testing on a physical tyre 

 

The dynamic tyre model presented in this work is based on a first principles approach, as 

demonstrated by Equation 3.3–1. The main assumption made in this expression is that the 

linear non-proportional viscous damping model is the most appropriate for simulating tyre 

belt damping – a modelling choice which is in accordance with the findings of Z. Geng et al. in 

[36] and A. A. Popov and Z. Geng in [87]. Starting from this first principles level, tyre motion 

has been divided into two distinct components; namely, the macroscopic motion of each belt 

node and the respective local deformation.  
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The next key point of this development process has been the expression of this nodal motion 

in terms of contribution of – rigid-body or elastic – tyre belt modes (see Equations 3.3–8 and 

3.3–11), rather than spatial translation and deformation of tyre belt nodes. This approach had 

a dual contribution in developing further the presented tyre model (see Equation 3.3–22): 

 this method allowed for expressing these equations of motion in terms of modal 

matrices instead of the inefficient – from a numerical and a parameterisation point of 

view – linear mass, stiffness and damping matrices, and 

 the number of differential equations of motion representing the tyre is directly 

proportional to the respective fidelity, i.e. the number of tyre belt modes included in 

the corresponding matrices, rather than to the number of degrees of freedom, i.e. the 

number of nodes representing the tyre belt. 

 

The first point listed above has been fundamental for this work, as the flexible component of 

the proposed tyre model is exclusively populated by a set of flexible belt modes, feasibly 

obtained by modal testing. To this end, Equation 3.3–15 may be considered as a cornerstone 

of this work as it allows the uncoupling of the equations of rigid body motion from those 

corresponding to local deformation and, in addition, eliminates all the system matrices 

associated with spatial coordinates and yields two systems of differential equations which are 

populated by modal or macroscopic inertial quantities (see Equation 3.3–23 for the rigid-body 

motion and Equation 3.3–24 for the local deformation). 

 

The excitation of the first system of differential equations of motion, describing the rigid-body 

motion of the wheel, consists of user-defined inputs, of kinematic and dynamic nature, and 

the calculated contact forces. Given this excitation vector, the rigid-body motion of the wheel 

is calculated analytically. As the user-defined input quantities of the model are applied on the 

wheel centre, a point which is not represented by a node, the second system of differential 

equations of motion – corresponding to local deformation of the tyre belt – is excited by an 

equivalent force vector which introduces the same net effect in terms of wheel motion but is 

applied on circumferential tyre belt nodes rather than on the wheel centre. Moreover, this 

process is not required for the excitation component introduced by contact forces, as the 

respective calculation is performed at a nodal level which results in a distributed force vector. 

Finally, the total wheel response – as expressed by Equations 3.3–40 to 3.3–42 – is the 

superposition outcome of the analytically derived rigid-body motion, presented in Section 

3.3.3, and the numerically calculated local deformation, Equations 3.3–25 and 3.3–26. 
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With reference to the implemented contact sub-model, an elastic boundary approach is 

adopted to accommodate for vertical contact phenomena and a distributed LuGre model is 

embedded. Initially, tyre belt nodes in proximity to the ground – within a user-defined spatial 

tolerance representing the radial length of the tyre tread – are identified as contact nodes. 

For each one of these nodes, the vertical component of the contact force is calculated based 

on nodal vertical position and vertical speed expressed in the inertial frame of reference. 

Having obtained the distribution of the vertical contact force along the contact patch, the 

next step is the calculation of the shear contact forces via the distributed LuGre model. Apart 

from the vertical force distribution, these contact forces also depend on the sliding speed of 

the wheel with respect to the ground, which in turn is a function of the following user 

imposed quantities: 

 steering angle, 

 wheel angular speed, and  

 linear longitudinal speed  

in addition to the calculated nodal deformation speed along the global longitudinal and 

lateral axes, see Equations 3.4–3 and 3.4–4.  

 

6.1.2 Objective 2a 
 

Three-dimensional modal testing on a physical tyre adopting the free-free boundary 

condition 

 

This objective summarises the experimental work conducted for this project. The structural 

parameters required to populate the system matrices of the proposed tyre model have been 

defined in Chapter 3 of the present work, see Equation 3.3–25. Because of the nature of the 

proposed tyre model and specifically the way tyre motion is expressed, that is as the 

superposition of nodal translation and deformation, the structural parameters corresponding 

to tyre belt flexibility and found in the abovementioned equation have to derive from a mode 

set containing both rigid-body and flexible tyre belt modes. The above observation dictated 

the boundary condition of the performed modal testing, an attribute which represented one 

of the main challenges in terms of experimental design. Since the acquired data should reflect 

both rigid-body motion and tyre belt deformation, the free-free boundary condition has been 

adopted, see Figure 4.23 and Figure 4.24.  
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Populating the full frequency response function matrix, see Equation 4.2–1, could impose a 

significant challenge time-wise, a resource which is considered vital in the context of the 

present work. The efficiency of the above experimental procedure has been enhanced by 

adopting elements found in relevant literature. Initially, by exploiting the principle of 

reciprocity, the number of required frequency response functions is significantly reduced as 

only the upper or lower triangular frequency response function matrix has to be obtained. 

Furthermore, application of the modal constants consistency led to a further reduction in the 

required frequency response functions, as applying the excitation force on a single tyre belt 

node and measuring the resulting acceleration of all nodes – or vice versa – provides adequate 

information to identify the eigenvectors and the eigenvalues of the full tyre belt. Without any 

loss of information or any model simplification, these two steps reduced the total number of 

required frequency response functions from (3N)2 to 9N, where N is the number of tyre belt 

nodes. The final step in this process has been the ad hoc assumption that there is no energy 

exchange between in-plane and out-of-plane tyre belt flexible modes. This assumption 

reduced the required frequency response functions further, from 9N to 5N. 

 

The physical tyre has been discretised into 30 equi-spaced circumferential nodes along the 

tread centreline. Excitation force has been applied on the first node via an electromagnetic 

shaker driven by a white noise signal, along the radial, tangential, and lateral directions. In 

terms of data acquisition, both the excitation force and the resulting acceleration of each node 

have been acquired. For each combination of excitation and response, the above acquisition 

process has been repeated five times. The logged force and acceleration time histories have 

been analysed in the frequency domain, providing the respective spectra and ultimately the 

respective accelerance frequency response functions which yielded the receptance frequency 

response functions. By averaging these five transfer functions, the final frequency response 

function corresponding to each excitation-response combination and used to identify the 

structural properties of the tyre belt, is obtained. The outcome of this procedure is that 

Equation 4.2–9 is populated. 

 

6.1.3 Objective 2b 
 

Identification of eigenvalues and eigenvectors corresponding to a number of flexible tyre 

belt modes 
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Having obtained the receptance frequency response functions corresponding to the in-plane 

and the out-of-plane modes of the tyre belt, a task described in Sections 4.2 and 4.3, Equation 

4.2–9 has been populated. This has been a fundamental milestone of the present work, as it 

allowed for identifying the quantities found in Equation 3.3–24, namely the eigenvalues and 

the eigenvectors of a number of flexible modes of the tyre belt. 

 

The identified receptance frequency response functions consisted of numerous tyre belt 

deformation modes, which introduced a substantial identification challenge – especially for 

cases where several modes were found within a limited frequency band – in the sense that the 

identified quantities used in Equation 3.3–24 had to correspond to a single mode each. The 

requirement to distinguish between the contribution of a particular mode and the 

contribution of neighbouring modes to the measured frequency response functions, dictated 

to a great extent the identification strategy presented in Section 4.4.1.  

 

The first step has been the identification of eigenvalues corresponding to the modes of 

interest, which has been performed by fitting a series of fraction terms to measured data. The 

degrees of the numerator and the denominator polynomials of the fitted curve depend on the 

number of modes in the vicinity of the investigated mode and the respective eigenvalue is 

calculated based on the identified polynomial coefficients. In terms of residue identification, 

the fitted curve approach applied above would not generate reliable identified values, as the 

residue of each mode depends heavily on adjacent or out-of-band modes and consequently a 

more advanced identification process has been developed. In particular, every experimentally 

acquired frequency response function is examined around each observed resonance. For each 

resonance, the frequency response function is evaluated for the corresponding natural 

frequency, which has been identified in the previous step, and for a fixing frequency which is 

located relatively close to the identified natural frequency. Because of the relative position of 

these two frequency values along the frequency axis, it is assumed that out-of-band modes 

have an identical effect on the two abovementioned evaluations, an approach inspired by the 

work of B. J. Dobson in [27]. Correlation between the analytical, Equation 4.4–6, and the 

experimental, Equation 4.4–7, expressions yields the complex residues which ultimately form 

the eigenvectors of the tyre belt used in Equation 3.3–24.  

 

The outcome of the tasks presented above, namely the damped natural frequency, the 

damping ratio and the residue of every investigated mode, is summarised in Section 4.4.2. 
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Moreover, a quantitative assessment of the identified natural frequencies is presented in the 

same section. As expected, the identified natural frequencies derived by radial, tangential and 

lateral response follow a specific pattern which is consistent between mode categories – that 

is radially, tangentially and laterally excited modes, see Figure 4.33. The maximum observed 

deviation in terms of identified natural frequency, expressed by function Delta in Equation 

4.4–16, is equal to 3%, an error which is considered negligible in the context of the present 

work.  

 

Section 4.4.3 has been dedicated to transforming the identified complex eigenvectors to real 

ones. At the early stages of this work, the motivation to complete this task has been to 

perform a qualitative visual assessment of the identified eigenvectors. Taking into account the 

experimental process followed to identify the complex eigenvectors, the transformation 

sequence proposed by Niedbal in [74] has been adopted. The core of this particular 

transformation method is Equation 4.4–32, which yielded the real mode shapes corresponding 

to the identified complex eigenvectors. Visual observation of the calculated real eigenvectors 

revealed agreement between the results presented in this work and previously conducted 

related research, for example the work of D. Guan et al. in [44]. Another – alarming – 

observation has been the apparent spatial noise observed in the real mode shapes, which 

would severely compromise the proposed tyre model.  

 

To overcome this particular issue, a spatial digital filter has been applied to all mode shapes, as 

is demonstrated in Section 4.4.4. The calculated waveform representing each mode shape has 

been analysed in the spatial domain and the dominant spatial frequency component has been 

identified, see Figure 4.46. The next step has been the application of a spatial digital filter, so 

that the filtered waveform consists exclusively of the dominant component identified above, 

see Equations 4.4–39 and 4.4–40 and Figure 4.47. The process of reconstructing each mode 

shape based on the respective identified dominant component has been performed by 

applying the inverse Fast Fourier Transform and has offered a unique opportunity to enhance 

the proposed tyre model, by evaluating the mode shape for interpolated points other than the 

initial 30 nodes representing the tyre, a number which imposes a significant experimental 

workload in terms of acquisition of frequency response functions but could be found 

inadequate in terms of tyre modelling. Consequently, without any loss of fundamental 

information, this filtering process led to spatially noise-free mode shapes. The final necessary 

post-processing item has been the transformation of the identified eigenvectors from the 
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node-specific radial/tangential/lateral frame of reference, see Figure 4.21, to a frame of 

reference which axes are parallel to the wheel-fixed coordinate system presented in Section 

3.2.2, so that the eigenvectors used for populating Equation 3.3–24 are expressed 

appropriately. 

 

Visual examination of the identified real mode shapes reveals some anomalies in the form of 

repeated modes shapes corresponding to different natural frequencies, an observation which 

is not in accordance with relevant literature[44]. This phenomenon is investigated in Section 

4.4.6, where it is presented that each set of repeated modes consists of modes demonstrating 

a different motion and deformation state of the tyre/wheel assembly. Moreover, every 

identified natural frequency is associated with two eigenvectors, due to tyre symmetry. The 

experimental procedure presented in Chapter 4 yields only one of these eigenvectors and 

consequently the second one is calculated analytically in Section 4.4.7 – by rotating the first 

eigenvector about the lateral axis of the tyre according to Equation 4.4–54. Having obtained 

these two eigenvectors, every possible nodal configuration corresponding to the respective 

tyre belt mode may be replicated by the tyre model, see Figure 4.60. 

 

6.1.4 Objective 3 
 

Validation of the presented tyre model in cases where tyre response depends highly on tyre 

deformation 

 

The validation of the proposed tyre model is performed on two distinct levels, namely tyre 

vertical stiffness and relaxation length. For the former case, tyre model response is 

investigated for cases of different tyre belt fidelity and, in addition, it is compared to data 

acquired using the experimental facility presented in Section 5.2. As presented in Section 5.3.2, 

four cases of tyre belt fidelity are examined, see Table 5.1. For each modal reduction case, the 

vertical deflection of the wheel centre is obtained by the proposed tyre model, see Table 5.2, 

as the result of the application of a varying vertical force, see Figure 5.3. The comparison 

between the four modal reduction test cases, in terms of vertical force versus vertical 

deflection, is illustrated in Figure 5.4 and in Figure 5.5. As expected[110], the introduction of 

additional tyre belt modes resulted in increased overall tyre vertical compliance. This effect is 

quantified in Table 5.3.  
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With reference to data acquisition, the exploitation of the abovementioned dedicated tyre 

test facility has allowed for the application of a user-defined vertical force at the wheel centre, 

via a closed hydraulic circuit. Measurements have been acquired for three test cases of vertical 

force variation, namely: 

 step variation, 

 pseudo-random transient, and 

 low rate transition between low and high vertical force values. 

These vertical force data sets are displayed in Figure 5.6 to Figure 5.11. Simultaneously, the 

vertical position of the wheel centre has been obtained and the respective time histories are 

displayed in Figure 5.12 to Figure 5.15. The next step of this process has been the excitation of 

the tyre model using the experimentally acquired vertical force curves. Comparison between 

measured and simulated tyre vertical deflection reveals that correlation is achieved for the 

test cases where vertical force is kept below a certain level, see Figure 5.19 to Figure 5.21. In 

case the applied vertical force is increased further, deviation is observed between 

experimental data and simulation results. This phenomenon has been demonstrated by 

Equation 5.3–5. 

 

The second validation level is performed by assessing relaxation length trends for two test 

scenarios, namely longitudinal speed variation and vertical force variation. Details on these 

test cases may be found in Table 5.6. The tyre is excited by a pre-specified sinusoidal steering 

angle profile of increasing frequency, see Figure 5.26. The steering angle time history and 

resulting lateral force time history of each test case are analysed in the frequency domain to 

calculate the transfer function of the tyre corresponding to a first-order system. As the 

forward speed of each test case is known, the corresponding transfer function is exploited to 

yield the respective relaxation length. This process is summarised in Table 5.10 and Table 5.12. 

For both test scenarios, the relaxation length trends are found to be in accordance with 

experimental findings from literature[12][67][68].  

 

6.2 Contribution to knowledge 

 

 A modal testing procedure, adopting the free-free boundary condition, has been 

developed to test a pneumatic tyre, in terms of both in-plane and out-of-plane modes. 

The boundary condition resulted in the identification of additional modes which have 

not been observed previously in similar experimental works. 
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 An efficient post-processing procedure has been developed to identify the mode 

shapes corresponding to the tyre belt structural modes. The novel element of this 

procedure is that out-of-band modes are taken into account and consequently the 

identified residues correspond exclusively to the investigated modes. In addition, a 

digital filter has been applied to the identified mode shapes which yielded waveforms 

free from spatial noise and optimal for introduction in a tyre modelling environment, 

without any loss of fundamental information.  

 

 A fully operational three-dimensional tyre structural model has been formulated by 

exploiting properties derived directly by performing modal testing on a physical 

pneumatic tyre. Moreover, the presented tyre model includes non-linear kinematic 

effects, and the respective contribution in tyre response is coupled with tyre belt 

deformation. 

 

 The presented tyre model has been partially validated. This validation process has 

been performed for two distinct scenarios, namely vertical stiffness and relaxation 

length. In terms of vertical stiffness, correlation to experimental data has been 

achieved for a limited range of vertical loads. As expected, when the applied vertical 

load reaches and exceeds a certain value, deviation is observed between a physical 

tyre and the tyre model. This vertical load value is a direct function of the performed 

modal reduction. Introduction of additional tyre belt structural modes would expand 

the valid vertical load range. With reference to the first-order behaviour of the tyre 

model, as expressed by the respective relaxation length, the model is in agreement 

with trends found in the literature for the cases of longitudinal speed and vertical load 

variation. 

 

6.3 Suggestions for future work 

 

In the present work, a high-fidelity physical tyre model has been developed by exploiting data 

obtained directly from performing modal testing on a pneumatic tyre. The computational 

requirements of this tyre model depend on the number of included flexible modes of the tyre 

belt instead of the number of degrees of freedom. This has been achieved by solving the 
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equations of motion with respect to the contribution of each tyre belt mode on the total tyre 

motion and deformation rather than the calculation of the nodal spatial motion. 

 

In terms of developing this model further, the first suggested action is the introduction of the 

wheel centre as an additional, centrally located, node. This feature would allow for the 

application of kinematic and dynamic inputs simply as another component of the excitation 

vector as opposed to the current formulation, where the equivalent force vector of Equation 

3.3–52 has been introduced. As has been demonstrated in Chapter 3, the introduction of this 

central node, and the consequent requirement to perform modal testing on it, would alter the 

structural characteristics of the tyre/wheel assembly, but such a development would 

significantly simplify the model structure. In addition, with reference to the embedded contact 

model, real time capability could be achieved by adopting a lumped LuGre formulation instead 

of the current distributed one, along with modifying the elastic foundation of the tyre to a 

single Kelvin element from the currently implemented elastic layer. These actions would 

reduce the contact-associated number of equations to solve, form the current 3Ncont to only 3 

equations, where Ncont is the number of contact nodes.  

 

Another suggestion, relevant to the one proposed above, is the introduction of a flexible 

wheel sub-model within the proposed tyre modelling approach. Relevant research, see the 

work of B. Kao et al. in [52] or the work of P. Kindt et al. in [59], suggests that the modal 

behaviour of typical passenger car wheels may influence to a great extent the tyre motion and 

deflection in the frequency band of interest. The effect of wheel motion and deflection has 

already been preliminary investigated in the context of the present work in Section 4.4.6. Such 

a sub-model could be introduced either by performing modal testing on the physical wheel, 

similarly to the approach adopted for the tyre belt sub-model, or by developing a separate 

finite element model, as wheel material properties are less laborious to identify. 

 

Moreover, in order to capture camber-related phenomena, additional tyre belt nodes are 

required. In the present formulation, the tyre belt is represented by a series of nodes all 

located at the wheel-fixed XZ plane, see Figure 3.3. An introduction of two additional nodal 

series, one with a positive offset and one with a negative offset along the wheel-fixed Y axis, 

would allow for the camber angle of the wheel to have an effect on tyre vertical stiffness 

calculated by the model, as demonstrated in Section 5.3.1. The introduction of the additional 

series of nodes would be implemented in the present model by slightly modifying Equation 
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3.3–24 to accommodate of the additional equations of motion and the respective coupling 

with the already existing ones. 

 

An additional enhancement of the proposed tyre model would be the capture of the effect 

that inflation pressure has on tyre belt eigenvectors and eigenvalues. These effects have been 

extensively investigated in the literature, see for example the work of Y. Guan et al. in [45] and 

the work of B. Kim et al. in [55]. In the first work it is suggested that eigenvectors are not 

affected by inflation pressure variations. On the other hand, both mentioned works produce 

data according to which natural frequencies and damping ratios depend heavily on inflation 

pressure. In particular, for the case of the freely suspended tyre, natural frequencies increase 

with inflation pressure, while damping ratios decrease. These dependencies could be 

implemented in the proposed tyre model by introducing two scaling factors in Equation 4.2–5, 

one for the pressure-dependent natural frequency ωr and one of the pressure-dependent 

damping ration ξr. These, experimentally identified, scaling factors would then be directly 

reflected in the core of the tyre model by adjusting the eigenvalues si, found in Equation 3.3–

24, based on the inflation pressure. 
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