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Introduction 

 Fracture toughness 
depends on the fracture 
mode partition. 

 Predicting fracture 
toughness requires 
knowledge of the 
partition of a mixed-
mode fracture. 

 It is therefore essential 
to have a correct 
analytical partition 
theory in order to predict 
the fracture toughness. 
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Presenter
Presentation Notes
It is important to be able to predict the fracture toughness since delamination is a very dangerous failure mechanism, often accompanied with catastrophic failure of the structure.
Design Engineers need to be able to reliably predict the fracture toughness in order to design safe structures.
However, facture toughness depends on…
Therefore, predicting fracture toughness requires…



Introduction 

 Previous work1 by the authors shows that 
Loughborough University’s Euler beam (EB) partition 
theory performs very well when predicting the mode-
dependent fracture toughness. 

 Davidson et al.’s (Syracuse, NY) non-singular field 
(NSF) partition theory2 is developed based on 
experimental fracture toughness measurements. It 
also works very well. 

 Therefore, it is reasonable to speculate that Davidson 
et al.’s NSF partition theory approaches to 
Loughborough’s EB partition theory. 
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1 Harvey, Wang (2012), Compos Struct 94. 
2 Davidson et al. (2000), Int J Fract 105. 



Aims 

 To assess the EB1 
and NSF2 theories 
thoroughly using 
Davidson’s et al.’s 
experimental fracture 
toughness data2. 
 

 To explore the 
connections between 
the two theories1,2. 
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1 Harvey, Wang (2012), Compos Struct 94. 
2 Davidson et al. (2000), Int J Fract 105. 



Partition theories 

 Loughborough University’s 
EB partition theory 
(completely analytical): 
 
 
 
 

 Davidson et al.’s NSF 
partition theory: 
 
 
 
 The mode mix parameter Ω 

is determined with the aid of 
experimental data. 
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Presenter
Presentation Notes
The two partition theories, that is, the EB and NSF partition theories, provide formulae for the ERR partition, GI and GII, or GII/G.
The Euler beam partition, which is completely analytical, can be written in this form, where M1B and M2B are the bending moments at the crack tip on the top and bottom beams respectively, and N1B and N2B are the axial forces at the crack tip on the top and bottom beams respectively.
theta1 and theta1’ represent the crack tip bending moment ratios M2B/M1B that cause a pure mode I modes.
beta1 and beta1’ represent the crack tip bending moment ratios that cause a pure mode II mode.
The subscripts 2 and 3 in theta2, beta3’, etc. represents the pure mode ratios for other loading conditions with axial forces.
The NSF partition theory gives GII/G in this form where Nc and Mc are the crack tip axial force and bending moment. The parameter Omega is called the mode mix parameter and this was determined with the aid of experimental data.



Davidson et al.’s fracture testing methods 
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Double cantilever beam (DCB) test 
 Gives the pure mode I fracture 

toughness 𝐺𝐺𝐼𝐼𝐼𝐼  
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Presentation Notes
This is the DCB test
It’s a conventional fracture testing method for determining the mode I fracture toughness, GIc
A simple DCB specimen is loaded in the way shown in the figure to obtain a load-displacement plot



Davidson et al.’s fracture testing methods 

End-notched flexure (ENF) test 
 Gives the pure mode II fracture 

toughness 𝐺𝐺𝐼𝐼𝐼𝐼𝑐𝑐 

Single leg bending (SLB) test 
 Mixed mode  
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Davidson et al.’s fracture testing methods 

Mixed mode bending (MMB) test 
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Presentation Notes
Limited bending moments. Crack tip can be compressed by the fulcrum.



 Objective was to compare the fracture toughness obtained 
at each partition 𝐺𝐺𝐼𝐼𝐼𝐼 𝐺𝐺⁄  against the failure locus. 

 However, the failure locus is not readily available: 
 In early work, a linear failure 

locus was assumed. 
 In Davidson et al.’s work, 

unidirectional (UD) midplane 
delamination testing work was 
used to obtain the failure locus. 

 This is possible because all existing partition theories 
agree for UD midplane delamination. 

 Therefore, in Davidson et al.’s work and in our work, the UD 
midplane failure locus is used to assess the accuracy of a 
partition theory for offset delaminations and general layups. 

Methodology 
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Test specimens 

 Davidson et al. (2000), Int J Fract 105. 
 C12K/R6376 graphite/epoxy (relatively low toughness) 

 Davidson et al. (2006), Compos Sci Tech 66. 
 T800H/3900-2 graphite/epoxy (relatively high toughness) 

 

 3 specimen types and DCB, ENF, MMB, SSLB, UENF tests 
1. UD 0 / 0 interface 
2. Constrained UD 0 / 0 interface (‘d’ = delamination location) 

 [0/10/-15/010/-15/10/0/d]s    Layup A 
 [(0/±15/0)3/d/(0/±15/0)/(0/ ∓ 15/0)4)    Layup B 
 [(0/±15/0)4/(0/ ∓ 15/0)/d/(0 ∓ 15/0)3)    Layup C 

3. Multi-Directional (MD) interfaces 
 5A          [(0  ∓ 45/90)s/d/(45/90/0/-452/0/90/45)s/(0  ∓ 45/90)s] Layup D 
 12A          [(±45 /02/∓45/±45 /02/∓45)s/d/(0±45/∓45/0)s] Layup E 
 19A          [(∓45 /08/±45 )s/d/(∓45 /08/±45 )]   Layup F 
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UD 0/0 Interface 
Data from Davidson et al. (2000) 

C12K/R6376 graphite/epoxy (relatively low toughness) 
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This is 1 set of data, which has been partitioned with each of the 3 partition methods to obtain GII/G (the partition)
The measured fracture toughness values are on the y axis
The partition GII/G is on the x axis
Since we have 3 analytical methods to calculate GII/G, for each value of the fracture toughness we have 3 data points
The thick black line is the UD midplane failure locus determined from testing.
The shaded area represents +/- 1 STDEV from the UD midplane testing
The other data points are for offset UD delaminations
The red triangles represent EB partitions
The blue squares represent NSF partitions
The green diamonds represent the SF field (obtained from FEM simulations)
The EB partition theory and the NSF theory give almost the same results and are both very close to the UD midplane failure locus
The SF partitions (based on 2D FEM) do not agree as closely
Since the EB and NSF theories agree so well on this graph, next we explore a larger domain of thickness ratio and loading condition to see if the 2 theories always agree.



Difference between EB and NSF partitions 
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Presentation Notes
The graph shows the difference between the EB and NSF values of GI/G. Blue = very small difference. Red = 40% difference.
Outside of gamma is greater than 1/3 and smaller than 3, large discrepancies of up to 40% can occur
Inside of this region, there is very close agreement.
The test points for UD beams are overlaid – the grey crosses
It is interesting to note that the crosses all lie inside this region of close agreement. This explains why both theories work so well on the previous slide.
More recent published work shows that the EB theory seems to work better than the NSF theory outside of the blue area.



Constrained UD 0 / 0 interface 
Data from Davidson et al. (2000) 

C12K/R6376 graphite/epoxy (relatively low toughness) 
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The NSF and EB partition theories still work very well
SF partition also performs ok. It is improved in comparison to the UD 0/0 but there are no data points in the region where it performed badly before
(Jump back 2 slides and compare to SF there)




Multi-Directional (MD) interfaces – First set 
Data from Davidson et al. (2000) 

C12K/R6376 graphite/epoxy (relatively low toughness) 
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All the partition theories do not work very well.
The reason is that the failure locus (the thick black line and shaded area) is based on the 0/0 interfaces across the delamination but this is not the case here.
It is obvious that if the fracture toughness values GIc and GIIc of the angle ply interfaces in the MD specimens are different from those of the UD specimens, even the correct partition results for MD specimens will not agree well with the failure locus determined from the midplane UD specimens.
Therefore, the comparison on this graph is not very helpful.
However, the EB and NSF data points are still reasonably close to each other.
The next graph helps us to see the different failure loci more clearly by replotting in the form of GI vs. GII.



Multi-Directional (MD) interfaces – First set 
Data from Davidson et al. (2000) 

C12K/R6376 graphite/epoxy (relatively low toughness) 
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Solid lines and filled markers represent UD laminates. Dashed lines and unfilled markers represent MD laminates.
Now we compare the failure locus from UD midplane tests against MD tests from the EB and NSF theories.
It is seen that a linear failure locus is a good approximation for the midplane delamination of UD specimens:
The EB partitions of UD specimens with offset delaminations almost exactly coincide with the linear failure locus
The NSF partitions are also very close.
Based on this observation, it is assumed that the angle ply interfaces in the MD specimens also have linear failure locus.
One MD interface is considered (+/- 45).
Linear failure loci provide a good fit to the EB and NSF partitions (dashed red and blue lines respectively).
It is also seen that Gic is over 400 N/m which is considerably larger than the UD one.

All of the test data so far has been for graphite/epoxy laminates with a relatively low fracture toughness.
The effect of interface ply angles is expected to be more severe for low specimens with low fracture toughness.
(The severity is seen in this graph.)
For laminates with a higher fracture toughness, we expect to see the effect of interface ply angle reduce.
Therefore next we consider the second set of results with relatively high fracture toughness.



Multi-Directional (MD) interfaces – First set 
Data from Davidson et al. (2006) 

T800H/3900-2 graphite/epoxy (relatively high toughness) : (Layups D – F together) 
 

16 

Presenter
Presentation Notes
The thick black line represents the UD midplane failure locus obtained with this higher toughness material. As the test results fall almost exactly on the line, they are not plotted on the figure for clarity.
The other data points represent offset delaminations in MD laminates with MD interfaces.
It is impressive to see that partition results from the EB partition theory fall almost exactly on the line except for one data point, however, this test however has a large standard deviation for its fracture toughness measurements.
The SF and NSF theories also works quite well.



Conclusions 

 SF does not have great agreement with the fracture 
toughness data 
 Care must be taken when using the 2D finite 

element method. ERR partitions will be based on 
the SF and this gives poor predictions offracture 
toughness. 

 

 NSF theory – based on experimental data – works 
very well in predicting mixed-mode fracture 
toughness. 

 EB theory – completely analytical – works very well in 
predicting mixed-mode fracture toughness. 
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Thank you for listening 
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Appendix 

Data from Davidson et al. (2000) for C12K/R6376 graphite/epoxy 
 

Data from Davidson et al. (2006) for T800H/3900-2 graphite/epoxy  
 

Table 1: Unidirectional material properties  
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Appendix 

Table 2: Fracture toughness of midplane and offset delaminations in unidirectional laminates made from C12K/R6376. 

 
 

Data from Davidson et al. (2000) 
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Appendix 

Table 3: Fracture toughness of midplane and offset delaminations in constrained unidirectional laminates made 
from C12K/R6376. 

Data from Davidson et al. (2000) 
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Appendix 

Table 4: Fracture toughness of midplane and offset delaminations in multidirectional laminates made from 
C12K/R6376 

Data from Davidson et al. (2000) 
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Appendix 

Table 5: Fracture toughness of offset delaminations under the loading case 

Data from Davidson et al. (2000) 
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Appendix 

Table 6: Fracture toughness of midplane and offset delaminations in multidirectional laminates T800H/3900-2. 

Data from Davidson et al. (2006) 
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