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ABSTRACT
In the p,resent work, the ground vibrations generated by underground trains are
investigated theoretically in the low-frequency approximation, i.e. for characteristic
wave-lengths of generated bulk acoustic waves in the grountl being essentially larger
than the diameter of the tunnel. The Green's function Jbrmalism is appliej to calculate
contributions of all sleepers of the track located inside the tunnel antl subjected to the
action of a quasi-static pressure from all wheel axles. parameters of a train, track and
a tunnel as well as mechanical properties of soil (including contact nonlinearity of the
track-soil system) are being taken into account. The correspontling numerical
calculations show that for most of the practical values of a tunnel depth, the main
contribution to the vertical component ofthe sutface grourul vibration velocity is due to
the radiated shear bulk waves rather than to the ktngitudinal ones. Comparison of the
ground vibration spectra generated by typical underground trains with the spectra of
the above-ground trains shows that the shapes of these spectra are similar. This implie:s
thal one can use for underground trains the same methods of suppressing ground
vibrations at speed-dependent frequencies that can be usetl for above-ground trains,
e.9., by choosing special relations between the track and train parameters.

INTRODUCTION
Railways, which were considered an anachronism during the last two decades,
are now experiencing dramatic revival in Europe. They have suddenly become
one of the most advanced and fast developing branches of transportation
technology that may be compared with the space technology breakthrough of
the sixties. The reason is the high speeds achievable by the most advanced
modern railway trains. Speeds close to or greater than 300 km/h are now quite
typical for French rGV-trains and German lCE-trains. British Rail is also in a
position to introduce high-speed services on lines linked with the continent
through the Channel Tunnel.

The increased attention to railway communications makes it especially
important to predict the environmental impact of railway trains, including trains
travelling underground. In contrast to the above-ground trains fbr which the
direct railway noise propagating through the air inside the buildings is usually
more intensive than structure-borne noise associated with ground vibrations
(ground elastic waves), in the case of underground trains, the ground-borne
noise makes the main contribution. understanding basic mechanisms of
generating ground vibrations by underground trains is of particular importance
in constructing new underground railway-lines since major environmental
concerns of residents about new underground lines are usually connected with
expected vibrations and structure-bome noise, as well as with possible damage
to their properties. Both these effects depend strongly on the spectra of
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generated ground vibrations that, in turn, are functions of the train, track and
tunnel parameters as well as of soil properties.

several experimental investigations of ground vibration spectra from
underground railways have been carried out (e.g., Refs. 1 & 2). However, apart
from the papers3'a using an indirect impedance approach to estimate the energy
of ground vibrations generated by underground trains, no theoretical
investigation based on analytical solution of the elastic field equations has been
undertaken so far.

In the present work, the approximate low-frequency analysis is attempted
using the approach recently developed at the Nottingham Trent university for
above-ground trains5,6. According to this approach, the Green's function
formalism is applied to calculate ground vibrations generated by all sleepers of
the track located inside the tunnel and subjected to the action of a quasi-static
pressure from all wheel axles. For high quality wheels and tracks, this
excitation mechanism gives the major contribution to the ground vibration
spectra in the low-frequency range (below 50 Hz). Parameters of a train, track
and a tunnel as well as mechanical properties of soil (including contact
nonlinearity of the track-soil system) are taken into account. The main practical
aim of this study is to explore methods to suppress ground vibrations as much
as possible on the track itself.

THEORETICAL BACKGROUND
In comparison with above-ground trains, the case of underground trains is more
complicated for theoretical description, partly because of the influence of the
tunnel geometry making the problem of constructing the corresponding Green's
function extremely difficult. we recall that the physical meaning of the Green's
function for the problem under consideration is that it describes the ground
vibrations generated by an individual sleeper which may be regarded as a point
source in the low-frequency band. In the case of underground trains, i.e. for
sleepers placed on the bottom of a tunnel, bulk acoustic waves usually make a
major contribution to the ground vibration field near the surface, in contrast to
the case of above-ground trains where Rayleigh surface acoustic waves prevail.

The approximate analytical approach being described here considers the
problem in the low,frequency approximation, i.e. the characteristic wave-
lengths of generated bulk acoustic waves in the ground are assumed to be
essentially larger than the diameter of the tunnel (Figure l). In such an
approximation the formal expression for the vertical component of the particle
velocity of ground vibrations generated on the ground surface by trains
travelling underground may be written as follows:

v,(x,y,ro) = P(x', y',2', rrl)G,,.(r,tto) dx' dy' dz' (l)

Here G,,(r,to) is the correspondent component of the elastic half-space Green's
tensor (Green's function) describing the vertical component of the particle
vibration velocity due to a vertical point force located in the depth ofthe elastic
medium, r = [(x - x')z + (y - y')2 + (z - z'12|rz is the distance from the current
elementary source to the observation point, and P(x',y',2',a) describes the
Fourier transform of the total distribution of vertical load forces along the
underground track.

For large distances r (in comparison with wave-lengths of radiated waves)
the approximate expression for the Green's function G..(r,rrr) at z = 0 may be
written with only bulk elastic waves being taken into account.

G,,(r,rrl)1,=o = (io/4npsr)1si{'hl 1t + R,(rrl,<p))cos2(g) -

"it'h), 
(1 + R,(ro,q))sinz(q)l

[[[
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Here terms with the exponents 
"i(t'vc] 

and 
"i(tor'), 

describe contributions of
radiated longitudinal and shear bulk waves, Rr(ro,E) and R,(co,g) are the
corresponding reflection coefficients from the surface for the incident
longitudinal and shear waves respectively (note that each of these coefficients
takes account of both waves reflected from the surface - longitudinal and
shear), and g is the observation angle relative to the vertical direction (cosg =
(z - z')/r). The dependence on frequency in R,1rrl,g) and R,1at,g) takes account
of impedance load resulting from the influence of buildings or other
engineering structures on the surface. In what follows we assume, without loss
of generality, that R,(ro,q) = 0 and R,(ro,g) = 0, i.e. all the energy of radiated
waves is absorbed by the structure.

Figure I Geometry of the problem.

The load-force distributions along underground tracks may be written in the
form similar to that for the above-ground tracks5. For a full train moving at
speed v along the track lying underground at the depth H this distribution has
the form

p(t,x',y',2')= i y An[p(t-(x, + nt-)/v) +
m= @ n--O

P(t-(x'+ M + nl-)iv)16(x'- md)6(y')6(z' -H) (3)

Here m denotes a number of a current sleeper, n denotes a number of a current
carriage, N is the number of carriages, M is the distance between bogies in a
carriage, L is the total carriage length, An takes account of different carriage
masses (in funher consideration we assume for simplicity that all masses are
equal, i.e. An = 1); P(t - x'lv) is determined by the expression

P(t - x'lv) = T[2w(t - x'lv)/wn u*](d/xo) (4)

where T is the axle load, w-u, is the maximum value of the track deflection
function w(x) = w(vt) resuiting from the quasi-static pressure of the moving
axle load, d is the distance between adjacent sleepers, and xe is the
characteristic deflection distance (terms on the right of T take into account the
distribution of axle load between sleepers within the deflection distance5).
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Taking the Fourier transform of Eqn. (3) and substituting it into Eqn. (l) with
account of (2) and (4), one can obtain, after some manipulations, the following
expression for the frequency spectra of vertical vibrations at z = O, x = 0 and
y = y0 generated by an underground train:

N-l
v,(O,ys,o) = [itoP(ro)/4np0f> > [1 + exp(iMc/v)] exp[i(o/v)(md + nL)] x

6=+ p=Q

( I /r.) { exp[(-y'<rlr-/c') + i(rdc')r-] cos2(g-) - exp[(-y,ror-/c,) +

i(ro/c,)r.lsin2(9.)]

Here r- = [yo2 + (md)2 + Hzftlz, cos(g-) = FVr., and P(rrl) = (Il2n)[-ef,l
exp(itot)dt is a Fourier transform of P(t). In writing Eqn. (5) we accounf: for
attenuation in soil by replacing 1/c1 and l/c, in the exponentials by the complex
values l/c1 + iy/q and 1/c, + iy/c, where y1,, << I are the constants describing
the "strength" of dissipation of longitudinal and shear waves in the soil (Eqn.
(5) implies a linear frequency dependence of soil attenuation, in agreement with
experimental data).

To generalise Eqn. (5) to describe the action of two axle loads separated by
the distance a (the case of a bogie) one should replace P(ol) by:

Po(ro) = 2P(co)cos(<oa/2v)

It follows from Eqn. (5) that, similarly to the case of above-ground trains, the
spectrum of ground vibrations under consideration is quasi-discrete, with the
maxima at frequencies determined by the condition (to/v)(sd + qL) = 2ttl,where
s,Q,l = 1,2,3,... Obviously, g = 0 corresponds to the passage frequencies tos

determined by the sleeper period d. Other more frequent maxima are

determined either by the carriage length L (s = 0) or by a combination of both
parameters (for q + 0. s * 0).

The summation over m in Eqn. (5) considers an infinite number of sleepers.

However, the contribution of remote sleepers is small because of soil
attenuation and spherical spreading, and a few hundred sleepers are adequate

for practical calculations.

NUMERICAL RESULTS AND DISCUSSION
Numerical calculations of the ground vibration velocity according to Eqn. (5)

have been carried out for different train, track, soil and tunnel parameters. It
follows from the calculations that for most of the practical values of a tunnel
depth H, the main contribution to the veritcal component v, of the total ground
vibration field at the ground surface is due to the radiated shear bulk waves
rather than to the longitudinal bulk waves.

The amplitudes of generated ground vibrations at the frequency 15 Hz (in dB
re l0-e m/s) as functions of the tunnel depth H for Yn = 0 are shown in Figure
2: the total field (A) and the contributions of longitudinal (B) and shear (C)
waves separately. Speed of a 5-carriage train (N = 5) was 50 km/h; other
parameters were the following: the elastic parameters of the soil were cr= 2'12

m/s, cr = 41 I tli'ls (corresponding to a Poisson's ratio of o = 0.25), the mass

density of soil p0 was set at 2000 kg/m:, the axle load was 100 kN, and

geometrical dimensions of the train were L = 8.3 m, M = 4.88 m and a = 2.2 m.

The soil attenuation parameters Yl,r were chosen as 0.005.
It is seen that for values of H less than 150-160 m the contribution of shear

waves (C) is essentially superior to the contribution of longitudinal waves (B).

(5)

(6)
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contributions of shear and longitudinal waves become
other and the resulting field (A) shows an oscillatory

For larger depths, the
comparable with each
behaviour versus H.

Yr,d B
i0

-lr:r

-?t)

C

Yr= 0

Figure 2.
H,m

Ground vibration amplitudes as functions of the tunnel depth H.

Generated ground vibrations at the frequency 15 Hz as functions of the
observation distance from the track Y' for H = 30 m are shown in Figure 3: the
total field (A) and the contributions of longitudinal (B) and shear (C) waves.
Parameters of the train are the same as in Figure 2. One can see that all fields
decrease with the distance Ys, especially the field of longitudinal waves (B).
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Figure 3.

Y., m
Ground vibration amplitudes as functions of the distance Yu.

Figure 4 illustrates full ground vibration spectra generated by the above-
mentioned underground trains. Calculations were carried out for the values of
tunnel depth H = 30, 60 and 90 m (curves A, B and C respectively). Other
parameters are the same as on the previous figures. For comparison, the
corresponding spectrum of ground vibrations from the above-ground train of
the same parameters is also displayed on this figure (curve D). One can see that,
although lower in amplitudes, the shapes of the ground vibration spectra for
underground trains are very similar to those generated by the trains travelling
above the ground. This implies that one can use the same methods of
suppressing ground vibrations at speed-dependent frequencies that can be used
for above-ground trainsa,5, e.g. by choosing special relations between the track
and train parameters.
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Figure 4.
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Ground vibration spectra for under- and above-ground trains.
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