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Abstract

This thesis looks at the learning and teaching of mathematics through the issue of
economy. Here, economy is concerned with the personal time and effort given by a learner
to achieve some desired learning. The study sets out to establish that the principle of
economy informs the learning and teaching of mathematics, and to establish a list of
principles which can assist an economic approach to the teaching of mathematics.

The study is carried out within the Discipline of Noticing and is based on the development
of theory from significant events building on the work carried out by Caleb Gattegno on
the subordination of teaching to learning. An account of these events are given, followed
by accounting for them, and linking the generality contained within these isolated events
with everyday learning experiences. At times, the reader is asked to carry out simple tasks
which assist in drawing their attention, through a personal experience, to the points being
developed.

The learning process which turns something newly met into something which can be done
with little conscious attention, is analysed and called functionalisation. The analysis of
this process produces the idea of practice through progress, where the learner's attention
is placed in a task which requires the desired learning to be subordinated to it. Particular
attention is given to the learning of young children before entering school, since this is
impressive in terms of economy. This study identifies powers children use in their early
learning, and how these link in with root notions in mathematics called mathematical
essences. A list of principles of economy are developed which provide guide-lines for
approaches to teaching to make use of children's powers and utilise mathematical
essences. A computer program, GRID Algebra, is developed to demonstrate how the
principles of economy can be incorporated into a resource.
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1 Beginnings

1.1 Introduction

The title of this thesis includes the word economy which has financial associations.
However, I am not using the word to refer to the finances of learning and teaching
mathematics. Instead I am concerning myself with other resources - human resources.
These are the resources of both learners and teachers. Children in the UK spend 11
years of their life in compulsory schooling. This is a considerable commitment of time
and thus a resource of great potential. Time is the first of the human resources which
both teacher and learner have at their disposal. The potential of this resource is
concerned with what can be gained in terms of learning as that period of time
transforms the future into the past. I agree with Bruner (1966, p1) that Instruction is,
after all, an effort to assist or to shape growth, and thus a teacher is employed for two
reasons: firstly to influence what is learned over this period of time (shaping growth);
and secondly, to influence Zow something is learned over this period of time (assisting
growth). It is the second of these two roles which is of interest to me in this thesis. The
influence of how the what is taught can influence the quantity and the quality of

learning over a period of time.

It is sometimes said that young children spend most of their time p/aying. Indeed, many
activities in their early schooling could be described as educational play. By the time a
child becomes an adolescent, the emphasis on schooling is concerned with work, with
play being relegated to lunch and break times. I have not found it helpful to contrast
work and play since learning can be taking place in both cases. As Rousseau said in
about 1760:

Work or play are all one to him [Emile], his games are his work;
he knows no difference. He brings to everything the cheerfulness
of interest, the charm of freedom, and he shows the bent of his
own mind and the extent of his knowledge. (1986, p126)

It is the amount of effort put into either work or play which is of interest to me in this
thesis. Effort is the result of a commitment of human energy, and this is the second
resource which both teacher and learner have at their disposal. The amount of energy, in
terms of effort, is limited for both teacher and learner, and so brings the question of
what is gained, in terms of learning, by either party increasing or decreasing their effort,

or directing it differently.



Bruner includes economy in his factors which affect a learner gaining mastery of a

domain of knowledge:

The structure of any domain of knowledge may be characterized
in three ways, each affecting the ability of any learner to master
it: the mode of representation in which it is put, its economy, and
its effective power. (1966, p44)

With regard to economy, Bruner states:

Economy in representing a domain of knowledge relates to the
amount of information that must be held and processed to
achieve comprehension. The more items of information one must
carry to understand something or deal with a problem, the more
successive steps one must take in processing that information to
achieve a conclusion, and the less the economy. (1966, p45)

From this I understand that Bruner is thinking mainly of economy in terms of
representations. The examples he goes on to give are concerned with whether a
representation is economical, and whether that representation is powerful. Regarding

power, Bruner says:

The power of a representation can also be described as its
capacity, in the hands of a learner, to connect matters that, on the
surface, seem quite separate. (1966, p48)

His use of economy and power all relates to the idea of gaining as much productive
learning as possible with the least amount of personal time and effort involved.
However, he focuses on representations whereas [ am interested in all the dynamics
involved in the process of teaching and learning, of which representations are one part.
For example, as well as the consideration of a particular representation, I am also
interested in what aspect of that representation might be stressed at any given time and
what might be ignored. Where attention is placed can also be a factor in the amount of
time and effort required to achieve some learning. Thus, I widen the use of the word
economy and shift from economy of representation to economy of personal time and
effort. Thus, the principle of economy is concerned with the management of the human
resources of time and effort, in relation to the quality and quantity of learning achieved.

I will relate this to the learning and teaching of mathematics in particular.



The following section outlines some experiences which led me to an interest in the
principle of economy, and develops some of the key ideas which are involved in this
study. This background leads up to the questions which I had when embarking on this
study, which I articulate in section 1.3. The questions, in their turn, drive the issue of
methodology which is discussed in chapter 2. It is also in this second chapter that the
remaining structure of the thesis is described since its structure is influenced by

methodological issues.

1.2 Background

In this section I will give the background of my own experiences, influences and
thinking which led me to work at the notion of economy in the learning and teaching of

mathematics.

From 1973 to 1976 I studied mathematics at a university. I remember working hard in
the first year in that I allocated a reasonable amount of time for my studies and put in
some effort into understanding the courses I took. During the second year of the course
I began to question the way in which I was being asked to spend my time. Lectures
lasted one hour, and during that time it was not unusual for the lecturer to pay little or
no attention to whether anything being written or said made any sense to the students
who were present. Several lectures involved the lecturer spending less than a minute
reminding us which lemma number we had got up to in the previous lecture, and then
proceeding to start writing on the first of nine blackboards. The writing continued for
one hour and was often accompanied by a verbal rendering of what was being written. I
gave up any attempt to understand what was being written since, if I stopped for a while
to consider a particular statement, I would find myself several blackboards behind. The
pressure on me was simply to copy down what was being written on the boards so that I

could work at trying to understand it later.

If it was intended that lectures were simply a means of passing on written notes to
students, then why not hand out the notes in the first place? It seemed to me that the
lectures were a complete waste of time for both the students and the lecturers. This was
the first time I can recall being aware of the fact that my time was a valuable resource
and that lectures were not a productive way of spending my time. I stopped attending

lectures.

As well as becoming aware of time as a resource, I began to ask myself questions as to
the nature of teaching. I felt that what went on in most of the lectures I attended was not

teaching. What might someone do so that their actions would be appropriately described



as teaching? I had learned that teaching was something different to passing on

information. My interest in teaching was greatly assisted by the poor lectures I attended.

During my PGCE year in 1978-79, my tutor, Denis Crawforth, asked me when did you
first operate mathematically? This was a question which was to stay with me for a long
time. I began to see mathematics as something far more than that which is learned in
schools. I became sensitive to a wide variety of mathematical activity in the everyday
learning of a young child. In the first years of my teaching I tried to discover what
students were able to achieve when presented with mathematical situations to explore. I
learned, from the students I worked with, that they were able to formulate their own
mathematical questions, develop systems in their approach to a question, spot patterns,
make conjectures and justify their statements. I learned that the students were already
operating as mathematicians. However, I still had my question of what someone might

do which I would regard as teaching.

Following my PGCE course, I went to Bristol to teach and got involved in a writing
group at the Resources for Learning Development Unit (RLDU). There, I met some
people with whom I was to continue meeting and discussing ideas over the years which
followed. The group included Laurinda Brown, Jo Waddingham, Pat Evans, John
Chatley, Eileen Billington and Christine Hopkins. We met on a regular basis, sometimes
weekly, throughout the first half of the 1980's. It was within this group that many ideas
and experiences concerning teaching and learning mathematics were shared and
discussed. This group was influential in my development as a teacher, through the
sharing of ideas and the mutual desire to explore and develop new approaches to
teaching. The group was also influential in my development as someone who tries to
articulate reasons for my actions in a classroom, through being challenged and

questioned in a supportive atmosphere at meetings.

In November 1981, I attended a week long seminar given by Caleb Gattegno at Charney
Manor in Oxfordshire. One evening, Gattegno worked with a group of us using his
computer program, Infused reading in Spanish', designed to teach illiterate speakers of
Spanish to read Spanish. After 30 minutes, we were all reading Spanish out loud. We
did not understand what we were saying but then we were not Spanish speakers to start
with. However, we could read the written words on the screen and pronounce them with
a good Spanish accent. Along with most other people who were in that room, I gained a
sense of the potential of the program in helping someone gain the reading of their own
native language. Furthermore, it only needed 30 minutes. In fact, this last statement is
not true, since more practice would be required to help the learning become something

which would remain for life. However, this did not change how impressed I felt about

1 Available for the Apple II computer from Educational Solutions, New York.
4



how much had been achieved in only 30 minutes, and further developed my interest in

economy.

In the following years until Gattegno's death in 1988, I attended a number of Gattegno
seminars in Bristol and London and was influenced by his work. The notion of economy
was central to much of his work, not only in mathematics but also in a variety of other
areas of learning, notably reading and foreign languages. I was inspired by the seminars
I attended, to explore and develop new ways of working in my own classroom. In
particular, I was attempting not only to observe students' abilities as mathematicians,
but also to ask what actions I might take as a teacher which could assist students using
these abilities to gain a more substantial understanding and command over a given
mathematics syllabus. Thus, my attention shifted from consideration of activities I
might provide to allow students to exercise their mathematical abilities, to what actions
I, as a teacher, might make to encourage more productive use of those abilities within
the given mathematics syllabus. The shift was from prepared activities to teacher's
actions. In particular, I was interested in what was the minimal contribution I could
make in order to help a student make a significant shift in their learning. What type of

contribution might this be? verbal? visual?...

Alongside the development of my teaching, came an increasing awareness of talents
that students had outside the classroom. Through conversations with students I learned
that many of them were involved in activities which required a high level of skill and
knowledge. At the same time, these same students were sometimes struggling with their
work inside classrooms. I felt that we must be failing to some extent not to make more

use within the classroom of the talents students display outside classrooms.

Another contrast of which I became aware was that of the learning achieved by young
children before school age and the learning achieved by adolescents in mathematics
classrooms. Several of my friends had children and as a consequence I began to have
contact with babies and young children. I was, and am, fascinated by the achievements
of young children and began considering how children manage to learn so much in their
early years with little explicit teaching taking place. Furthermore, I felt that, in
comparison, very little was being achieved in the learning of mathematics by the
students in my classroom. For example, so much of what young children learn in the
first five years of their life stays with them for the rest of their life; whereas, so much of
what I attempted to teach my students in the five years of their attendance in my
mathematics classroom was being forgotten before they even left school. These
contrasts meant that [ paid as much attention to learning happening outside classrooms

as much as inside classrooms.



At the time of beginning work on this study in January 1987, I was in my third school,
as a Head of Department, and I felt I had developed considerably in my teaching style
since beginning teaching. However, I was not able to articulate a theoretical basis for
what I was doing in the classroom. My actions were mainly based on years of
exploration, finding that some things worked and others did not. I continued to develop
the things that appeared to be productive and stopped doing the things that did not. I
had, what Elliot describes as practical wisdom:

Practical wisdom as the form of the practitioner's professional
knowledge is not stored in the mind as sets of theoretical
propositions, but as a reflectively processed repertoire of cases.
Theoretical understandings are encapsulated in such cases, but it
is the latter which are primarily utilized in attempts to understand
current circumstances. Comparisons with past cases illuminate
practically relevant features of the present situation. (1991, p53)

I wished to develop a pedagogy of the way in which I was attempting to work in the
classroom, and to articulate some of the theoretical understandings which my practice
was based on. Additionally, I felt that Gattegno's work could be built on and developed
to make more explicit the way in which students could be helped to work more

productively in their learning of mathematics.

As a practising teacher, I had classes which I observed on a daily basis and with whom I
could develop different ways of working in the classroom. I had set up within the
mathematics department a system whereby we all observed each other teach, and spent
time after the lesson discussing what we had seen. This meant that I was able to observe
other people's classrooms as well as having discussions about my own. I developed this
further with a group of teachers from a variety of disciplines within the school, where
we met on a regular basis and visited each others' classrooms. Thus, I had opportunities

to observe a variety of lessons outside of my own classroom and subject area.

During the beginning of 1990, I spent a few months on secondment to the RLDU in
Avon as Mathematics Editor. As part of a project I carried out, I visited a number of
mathematics classrooms in different parts of the county. Then, in September 1990, I
became a lecturer in mathematics education at the University of Birmingham. This

brought me in contact with a variety of schools and mathematics classrooms in the area.

My interest in engaging in this study was partly to provide myself with a discipline to
continue developing my skills as a teacher of mathematics, a discipline to devote some
time and thought to a theoretical basis for my work which would also feed into my

practice as a teacher. The other aspect was that I felt [ had something to say and

6



something to contribute to a body of knowledge on the learning and teaching of
mathematics. [ wanted to devote time to develop what it was I had to say, and to be able

to say it in a reasonably coherent form.

1.3 Initial questions

In this section I begin by presenting a series of questions which were on my mind as I

approached the commencement of this study.

The question which drove my interest in beginning this study was how can I become a
more effective teacher of mathematics? Although this was a driving force for much of
my work, the question itself was not a useful one for me to work on. It was not a
question which indicated a direction for me to look, or provided a focus for my
attention. I needed something which, if I attended to it, could help me learn something
relevant to the original question. One direction was the consideration of time as a

resource. Gattegno talks of the transference of time into experiences:

While time is given, experience is created. Hence, the most
primitive generation of wealth is the transformation of time into
experience. Time is a universal raw material out of which
humans make all the things that are "objectivations of energy" - a
pot, a novel, a hypothesis, a theorem. Time that is spent - actively
exchanged for experience - leads to objectivations. (1986, p214)

Thus, the transferring of time into experiences could lead to 'objectivations' within
mathematics. What sort of experiences are helpful to learning? In considering this
question I began to consider my own experiences and reflect on those which I thought
had been particularly effective in terms of my own learning. Was there anything these

experiences have in common?

Neville talked about indirect teaching as being more powerful than direct, traditional

methods:

They [indirect teaching methods] emulate the way in which
children and adults 'pick up' information, skills and values more
or less unconsciously as they go about the business of living.
(1989, p15).



There is so much that we do 'pick up' in the course of our daily living. How do we learn
so much apparently unconsciously and yet forget so much that we consciously try to

remember?

The activity of young children was of particular interest since so much impressive
learning takes place in relatively little time. How is it that children can learn so much
when they are young and learn relatively little in mathematics classrooms when they
are older? Is there a difference in the way they are being asked to learn in each
circumstance? If the impressive learning of young children can be brought into the
mathematics classroom, then what sort of mathematical experiences can be called

upon?

Kilpatrick said that:

When a child's mind is viewed from an information-processing
perspective, one has a difficult time seeing it as anything like a
blank slate. The child comes equipped with wiring already
installed and programs already running. Whether one views these
programs as microworlds or as domains of subjective
experiences, the school-age child is a self-programming being
who has already put together many programs for dealing with
intellectual tasks. Some of these programs are quite different
from the programs that teachers have in mind. (1984, p19)

Was there a mis-match between the 'programs' I had in mind as a teacher, and the

'‘programs' children are actually equipped with?

There is so much that students learn when they are very young which will stay with
them for the rest of their life. In mathematics classrooms, there is so much that students
learn that they forget within a matter of a few weeks, hours, or even minutes. Why is
this so? What is it about the nature of the relative experiences such that in one case time

appears well spent and in the other, time appears to have been wasted?

When do I notice a lot of effort going into some work? What is gained from this effort?
Does this commitment of energy lead to learning or only to frustration? When does the

effort appear to be fruitful in terms of learning, and when does it not appear so?

Gattegno (1974, pvii) made a powerful statement that only awareness is educable. This
implies that my attention as a teacher needs to be concerned with awareness. In what

ways can I assist the education of a student's awareness in mathematics?



In the end, these questions relate to teaching, which involves decisions and actions to
be taken. How are these questions going to relate to the question of how I might act in a
classroom so as to assist economic learning of mathematics? What might guide my
decisions as to what I do or do not do in the classroom? What can be discovered and
learned by students on their own and what needs to be provided by a teacher? Rousseau
wrote (in about 1760):

With our foolish and pedantic methods we are always preventing
children from learning what they could learn much better by
themselves, while we neglect what we alone can teach them. Can
anything be sillier than the pains taken to teach them to walk, as
if there were anyone who was unable to walk when he grows up
through his nurses neglect? How many we see walking badly all
their life because they were ill taught? (1986, p42)

What requires our intervention and what is best left to the students themselves?

I give this flow of questions in order to provide a flavour for the areas of interest I have
and the fact that consideration of a question leads to several more questions, perhaps
more than any answers. Below, I articulate the main questions which have driven my

study. These will incorporate most of the above questions within them:

- What abilities and powers do young children make use of in their

productive early learning?

Are these powers being called upon within mathematics classrooms?
How might they be called upon more?

- Why is it that some learning is lost over a period of time? How can this
be prevented?

- Are there ways of working with students on mathematics which could be
described as economic? What is significant about these ways of working
which leads to economy?

How might I act as a teacher to enhance economic learning?

What aspects of an activity assist economic learning?



- How can the teaching of mathematics be approached in terms of the

education of awareness?

In particular, I set out in this study to

(a) establish that the principle of economy is one which can inform the
learning and teaching of mathematics;

(b) establish a list of principles which can assist an economic approach to
the teaching of mathematics; and

(c) demonstrate the development of a piece of computer software based on

these principles.
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2 Methodology

2.1 Introduction

When I began my study I knew I was interested in the economy of learning and
teaching mathematics. The issues I raised in the last chapter have indicated that in order
to be informed about economy I need to look at places where there are examples of
economic learning. One obvious source is the learning of young children before they are
socialised into school learning. Another source is learning which takes place outside
classrooms, as well as what happens inside classrooms. Thus, I need to look outside
classrooms as much as inside classrooms, and I need to pay attention to the learning of
young children. Furthermore, my interest is not confined to the learning of mathematics,
since economic learning of any kind may well offer some information about ways of
learning which could be applied in a mathematics classroom. Indeed, attempts at
learning which have not been economic are also of interest, as they can inform what not

to do in a classroom.

I consider all young children to be impressive learners. Emphasis can be placed on the
fact that some children begin walking before others, and that some children (not
necessarily the same) can say more words in their native language, by the time they are
two years of age, than other children. There are differences between all children.
However, there are also some things which are the same for all children. Unless there
are particular handicaps or accidents which befall them, all children do learn a
language, all children do learn to walk, and all children do learn to count. My interest is
not so much in what it is that all children learn, but in the fact that they are all
successful learners. So, if a child suffers an accident which means they are unable to
make use of their legs in order to walk, all this means is that their impressive learning
may be manifested in other ways. I recently saw a child on television who has born with
severely deformed limbs, yet this did not prevent the child finding a way to use their
limbs to move speedily across a room. This child's form of movement was different to
that of most children, but the fact that they learned to use their limbs in order to gain
mobility is the same. My interest is in powers children possess and utilise within their
learning, whatever form that learning may take. To find out about economic learning
does not require study of a particular set of people since what I am looking for is

common within all people.

Information valuable to my study is available from a variety of sources, including the
daily activities of the people I meet in the normal course of my life, both at work and
outside work. I consider that a specially constructed set of circumstances in which to do

observations offers no more information relevant to my study than those circumstances
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I find myself in during the normal course of my life. Thus, it is not so much a matter of
choosing particular situations to observe, or particular people to observe, but more a
matter of to what I might attend within any given situation, or any given set of people. It
is for these reasons that I reject the idea of carrying out specially organised sets of

observations.

I am particularly interested in the personal time and effort involved in learning.
Objective measurement of these are fraught with difficulties. If I consider some of my
own learning of mathematics, I have sometimes immersed myself in a problem and
spent, say, two hours consciously working without achieving any resolution. Then, I
have left the problem and carried on with some domestic or social activities. Some time
later, perhaps several days, the problem suddenly comes into my conscious thoughts
along with a solution. Such scenarios are quite common. Each person to whom I have
described such a situation, has been able to describe something similar from their own
experience. In one sense, the time taken from being presented with the problem to
achieving a solution was several days. However, for all but a few hours, I had been
consciously attending to other matters. Yet to say that the time taken was a few hours
would not be accurate since I appeared to need time away from consciously thinking
about the problem. Time and effort are linked in a personal way where some of the time
is involved in consciously applying effort to the problem, whilst other time has
conscious effort withdrawn from the problem. Both periods of time are significant. The
precise measurement of time and effort is not only difficult, but does not provide
information which informs my study further. In the example I have given, what is of
interest is the dynamic between time and effort, and the fact that solutions can
sometimes appear at times when my conscious effort is not in the problem. Whether I
spend two or ten hours originally working consciously on the problem is of little
importance; whether it is one day or one month between working on the problem and
suddenly knowing a solution is also of little importance. The anecdote contains
possibilities for shared experiences about how we learn without the requirement for any
objective measurements. In fact the measurements might make us place our attention in
something which is not of importance in the study. For this reason there is no attempt to

make objective measurements within my study.

The data presented here to be worked on consists of observations of particular incidents
of individuals, sometimes not in a classroom setting, sometimes not concerned with
mathematics. Yet I wish these observations to have some application to mathematics
classrooms. Thus, in making observations, I am interested in noticing events which are
representative of behaviour beyond that particular situation. One way I can recognise
generality is to see events as examples of behaviour I have seen on other occasions. A

second way is to recognise events within my own experience. In both cases, what is
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important is analysis of the event in terms of the generality. Each particular incident is
related to other experiences and described in a manner designed to resonate with the
reader's experience. Thus, general principles drawn from particular incidents achieve

their generality and validity by making sense of the past and informing the future.

If there are some general statements to be made which apply to us all, as human beings,
drawing attention to ways in which we worked as young children and ways we may still
work as adults, then I do not have to observe particular groups of people. If there are
things that can be said about the learning in our everyday life, in terms of economy,
then I am surrounded by potential data if only I choose to notice. Thus, to develop a
theory concerning economy, I have plenty of opportunity to make the observations

required to inform my theory from within my existing surroundings.

Alongside a development of theory is my practice of teaching mathematics in
classrooms. The development of theory informs my practice as a teacher which in turn
produces opportunities for noticing events which, in turn, inform my theory. Thus, the
development of theory and practice are linked together. This study is also concerned

with the development of practice informed by principles of economy.

2.2 Assumptions

The way in which I approach this study depends upon the way in which I view social
reality. Burrell and Morgan (1979) identified four sets of assumptions which lie behind
our conceptions of the social world: (a) ontological; (b) epistemological; (c)
relationships between human beings and their environment; and (d) methodological. As
Cohen and Manion (1985, p7-8) indicated, the views held on the first three influence the
methodology used in searching for greater understanding of the dynamics of the social

world (in my case a subset of the social world: learning and teaching mathematics).

Below, I state some assumptions I bring with me to this study so that the reader is aware
of the perspectives I have. They are beliefs, not facts; beliefs I have held during this
study:

(a) objects have an independent existence which is not dependent on people.
However, objects have no meaning in their own right. Meaning comes from a
person interacting with that object. An example from the world of teaching and
learning is that a teacher may attempt to explain verbally an aspect of
mathematics. The words exist in terms of sound waves. However, whether a

student develops meaning for those sound waves is dependent on the work of the
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student. For knowledge to exist it has to be meaningful for some person or
persons and as such is dependent on people. I view knowledge as a potential set

of relationships, not as an external object;

(b) knowledge cannot be transferred in a mechanistic way. A student can only
receive waves of sound, photons of light, impacts of kinesthetic energy,
molecules of gases, liquids or solids. Whether the student pays attention to these
is another matter. Whether the student attempts to relate their own experiences
to these is another matter. Thus, I perceive coming to know as a personal activity
which cannot be done for the student by a teacher. The process of coming to
know happens as a person develops meaning with the potentiality of a set of
relationships becoming actuality. The two beliefs: (i) that developing meaning is
a personal activity, and (ii) that coming to know is gained through developing
meaning, has a consequence for my notion of truth. The knowledge someone
gains through the process of coming to know, which in turn is gained through
the development of meaning, is also personal. Knowledge is personal. Thus, the
question of whether the knowledge gained is true is a relative question. For each
person, truth lies within internal consistency of experiences. Some of these
experiences will come from contact with other people's opinions or practices,
and from this there can come a consensus amongst groups of people as to

whether something is considered to be true.

(c) people create their own thoughts and make their own decisions about their
actions. Children surprise teachers by their thoughts and actions since they have
independent and creative minds which can choose to go against expectations and

social norms.

As a consequence of these assumptions, I do not consider that the factors affecting the
learning and teaching of mathematics are externally measurable. Some of my
assumptions link with a constructivist perspective. For example, the notion of truth links
with the issue of 'rightness' which von Glasersfeld discusses:

From a constructivist point of view, it makes no sense to assume
that any powerful cognitive satisfaction springs from simply
being told that one has done something right, as long as
"rightness" is assessed by someone else. To become a source of
real satisfaction, "rightness" must be seen as the fit with an order
one has established oneself. (1987, p15)

I entered teaching with a belief that students do not come to know something by
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passively listening to words of wisdom from their teacher. I was aware that [ had to sort
out my own understanding of the world around me and that it was the same for my
students and the world of mathematics. From my first teaching job, I began exploring
ways of working with students which are concerned with discovering and developing
the mathematical awarenesses they already have. I am clear that it is the students'
responsibility to do their own learning, whilst it is my responsibility to do my own
learning of what contributions I can make to assist and enhance the students' learning.
Since I have been working in such a way with students for a long time before I heard of
constructivism, many of the notions attributed to constructivism have had little impact
on me since, if anything, they seem obvious. Noddings talks of pedagogical
constructivism, as opposed to cognitive constructivism, as a way of teaching that
acknowledges learners as active knowers (1990, p10). To this extent someone
observing my lessons and talking with me might decide I am a pedagogical
constructivist. Also, there are links between my stated beliefs and the following list of
cognitive aspects of constructivism which Noddings gives as those things which

constructivists generally agree on:

1. All knowledge is constructed. Mathematical knowledge is
constructed, at least in part, through a process of reflective
abstraction.

2. There exist cognitive structures that are activated in the
processes of construction. These structures account for the
construction; that is, they explain the result of cognitive
activity in roughly the way a computer program accounts for
the output of a computer.

3. Cognitive structures are under continual development.
Purposive activity induces transformation of existing
structures. The environment presses the organism to adapt.

(1990, p10)

However, I do not describe my study as coming from a constructivist perspective since
(a) it is not a perspective which offers me new insights into the dynamics of my
classroom; and (b) I find Gattegno's use of the word awareness offers more, in terms of
processes involved in learning, than the language associated with construction. So,
although I am in sympathy with many aspects of constructivism, my study is not written

within a constructivist paradigm.

2.3 Methodologies
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My study is a qualitative one which is primarily concerned with two aspects: the
development of my own teaching, and the development of a theory which addresses the
issue of economy in the learning and teaching of mathematics. A standard methodology

which relates to the former is that of action research. Elliott says that:

The fundamental aim of action research is to improve practice
rather than to improve knowledge. The production and utilization
of knowledge is subordinate to, and conditioned by, this
fundamental aim. (1991, p49)

This places my desire to develop theory as subordinate to my desire to improve
practice. In fact, although the former was an initial motivational reason for my interest

in economy, the study was concerned equally with both. Cohen and Manion say that:

action research is situational - it is concerned with diagnosing a
problem in a specific context and attempting to solve it in that
context. (1985, p208)

The context for my study is beyond my own classroom. I am interested in how young
children, in general, manage to learn so much in such a short space of time. [ am
interested in general issues about why students in mathematics classrooms might not be
learning as productively as they used to learn as young children. I am interested in the
role of a teacher within the learning process. I am interested in what can be learned
from experiences of learning outside a classroom context. My theory involves much
more than the particular situation of my own classroom, although I expect it still to be
relevant to my classroom. Thus, my prime interest is not one of my immediate situation.
I see my classroom as offering opportunities to learn through noticing and
experimenting. My classroom is, in this sense, subordinate to my desire to improve my
knowledge which in turn would feed into a theory, which in turn would inform my

practice. This is more in line with Carr and Kemmis who say that:

action research involves practitioners directly in the
reconstruction and transformation of practice through involving
them in planning, acting, observing, and reflecting on practice,
and the situation in which practice occurs. In this way, action
research helps practitioners to theorize their practice, to revise
their theories self-critically in the light of practice, and to
transform their practice into praxis (informed, committed action).
(1993, p237)
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However, this brings in the issue of the structure of action research. Definite stages are
proposed based round the idea of a cycle of planning, implementing, evaluating,
revising plan, implementing, evaluating, revising plan, and so on. This structure is of
particular importance when the research is of a collaborative nature. If several people
are involved then there is a need for a structure in order for such things as: identifying
issues; discussing problems; co-ordinating and linking what is happening in different
classrooms; and sharing observations. The fact that I am working on individual research
means that there is no organisational need to operate within a tight structure. Indeed, a
tight structure can limit opportunities to carry out the important components of
planning, implementing and evaluating at a time when they are most required, rather
than following mechanistic procedures. Since teaching is an activity where every single
day there is more potential data which can inform my study, it is more appropriate for
me to remain flexible. Events which are of importance to my study can happen at any
time and not just at times when I plan to carry out careful observation, or plan particular
courses of action. Furthermore, my interests involve learning outside of the classroom
as well as inside. Thus, events informing my study might happen at any time, at any
place, and with any group of people. It is for this reason that action research does not

offer me a methodological model which suits my particular needs.

My study involves reflection on my practice as a teacher, and Lerman and Scott-
Hodgetts talk of the reflective practitioner as someone who uses reflection for more

than on the spot decision making in the classroom:

. when we use the term reflective practitioner, we are also
describing metacognitive processes of, for instance, recording
those special incidents for later evaluation and self-criticism,
leading to action research; consciously sharpening one's attention
in order to notice more incidents; finding one's experiences
resonating with others, and/or the literature, and so on. (1991,
p293-294)

They talk of the transition from a researcher-in-action (Schon 1984) to a researcher:

... who has a developed critical attention, noticing interesting and
significant incidents, and turning these into research questions.
(1991, p294)

This raises the role of critical incidents which might inform a research study, and, most
importantly, the notion of noticing incidents significant to that study. The analysis of

critical incidents assumes the fact that a researcher already manages to notice an
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incident as critical. The fact that I might notice an incident as critical or significant can
be informative in itself as much as my analysis of that incident. Joy Davis talks of these

incidents as Teaching Moments and comments that:

Their [Teaching Moments] significance lies in the fact that they
do stand out, that they come readily to mind. (1992, p170)

In fact, analysis may well include the question of why I found events significant by

relating the event to the research questions I had at the time of observing.

2.4 The Discipline of Noticing

To notice something is to become suddenly aware of something,
to distinguish it from its surrounding context. The word noticing
has its roots in the making of a distinction, in stressing some
perceived features and consequently ignoring others, and refers
to a shift in the focus, locus, or structure of attention.

Mason with Nevile (1992, p5).

There are many things on a daily basis of which I am aware. However, my
interpretation of the above quote is that this awareness distinguishes that something
from its surrounding context. Thus, I notice something as an example of a general
phenomenon, or I link that something to other noticings I have had. Noticing requires a
sensitivity not only to my surroundings but also to my past experiences and
awarenesses. For this study, I am interested in developing ways in which I can notice
events which relate to my research interest. Thus, initially, I will consider ways in

which I can develop my sensitivity to noticing for this study.

There is potential material for my study from my job, my social life, and through
reflecting on my own learning. I cannot spend my whole life collecting information.
There has to be a way in which the collection of information is both manageable and

relevant. To consider this, I relate the following story:

I was in my mid-twenties when I was walking one autumn with a friend, Pat, in
Wales. She commented on how she loved autumn because of the variety of reds
and greens in the trees. This was the first time I became consciously aware of
the fact that the leaves of some trees turn red in autumn. Following this incident,

I have enjoyed the reds and greens of autumns.
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This is an example of the fact that the way I view something is related to what [ am
aware of at the time. Before that autumn in Wales, I still looked at trees and the same
frequencies of light entered my retina. However, I did not notice the reds. After that
autumn, I noticed the reds. I am naturally selective about what I choose to attend to
from my environment, and this is dictated by the awarenesses I have at that time. This is

no new idea, Stuart Braham quotes Alphonse Bertillon:

Bertillon said that one can only see what one observes, and one
observes only things which are already in the mind. (1986, p171)

Laurinda Brown made reference to this quote when she wrote the following:

Having moved into a new house and therefore acquired a new
garden to go with it, watching the changes in vegetation was a
minor obsession. A ground-cover plant with a central silver stripe
to its leaves was new to me and eventually I tracked it down by
the name of 'horus'.

On a recent walk around Cliftonwood, our old haunts, I observed
a large expanse of horus and said to my companion, 'I'm
beginning to see horus now.' We had talked many times about the
apparently strange phenomenon of learning a new word and then
suddenly seeming to read it everywhere, or meeting a new idea
and hearing it again shortly afterwards, or more mystically,
thinking of old friends and they arrive!

Shortly after 'horus' walks, the above quote literally leapt out of
the page at me. I found it interesting but carried on reading. The
next day the quote lived with me and pictures of horus and my
use of 'see'. Horus has 'always' been there, as have the dianthus
and ivies which were unremarkable to me that day and, no doubt,
other varieties of plant which may one day become available to
me when I go through a process of coming to know them. (1986,

p3)

There are so many things which are part of our visual environment, but what we 'see’'
has to do with what we are aware of at the time. John Berger comments that The way we
see things is affected by what we know or what we believe. (1973, p8). Thus, noticing is
not an objective activity, what is noticed is determined by the person who is doing the
noticing and of what they are aware at the time. Noticing is an individual experience of

personally becoming aware of something.

My noticing is individual, although it is not in isolation of those around me. My
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attention can be affected by other people, through their stressing and ignoring. So,
frequently I notice what is also significant within my culture. However, sometimes I do
not, as [ had not done for so many years with the colours of leaves in Autumn. I may
notice things differently to others since my noticing is based on a unique collection of

awarenesses and experiences.

As I began my study, there were a number of questions I had on my mind. These
questions were representative of some awarenesses [ had at the time. Thus, the events
which were happening around me as part of my daily encounters, were viewed from a
perspective of these awarenesses (amongst, of course, many others). An event would
become significant to me, in terms of this study, if I found myself relating to the event
with these particular awarenesses. An ability to catch this happening gave me the
opportunity to note down an account of the event. Reflecting on the dynamics between
the event and the awarenesses which were involved in viewing the event, gave me the
opportunity to account for that event in terms of those awarenesses. Such a process not
only sheds some light on the event but also sheds light on the awarenesses and hence

the questions behind them.

Thus, my questions are developed and refined through the process of noticing. I use the
term noticing as that process where an event is viewed through a particular set of
awarenesses and is analysed in terms of those awarenesses. The process not only gives
an account of the event and an account for the event, but also informs the awarenesses.
As a consequence of this process, the event is seen as something beyond its immediate

surroundings and thus my use of noticing fits alongside that of Mason's (op cit).

In order for the process of noticing to be effective, I need to be steeped in my research
questions. By this I mean that the related awarenesses become sufficiently part of me
that I am able to view events in terms of those awarenesses. This is not always the case,
for example there are a number of questions I have heard on Gardener's Question Time
but I have not become involved in those questions and as such do not view my garden
with any great awareness of what is happening with my plants and flowers. The more
steeped I am in my research questions, the more I notice events of interest to my study

within my daily life.

When I began my study, I was steeped in my questions as a consequence of wanting to
improve my practice as a teacher, and through a desire to articulate some principles
behind the way I was trying to work. Thus, the first way in which I selected from my
environment was to become steeped in my research questions and to allow the process
of noticing to select those events which appeared relevant to my study. These events |

describe as significant events.
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As my initial questions informed my noticing, I began to develop conjectures which led
to the development of my practice. Thus, I might try a different way of approaching the
teaching of some mathematics, or a different way of responding to a question I am
asked by a student. Lessons of this nature I tape-recorded with a microphone hidden
under my jumper and a tape machine in my pocket. This was another way in which I
gathered information, although very few direct transcriptions have ended up forming
part of this thesis.

The noticings informed my awareness, which in turn modified my research questions.
The cycle of events continued with the new questions prompting awarenesses which
influenced the next collection of noticings,... It was in this way that my theories

developed. Mason describes such a cycle as:

Accounts [of incidents] provide data for detecting threads, and
threads detected will tend to influence the subsequent incidents
which are noticed.

Mason with Nevile (1992, p11)

2.5 Validity

Mason states that:

A world of personal reflection and development supports
awareness, noticing, and resonance seeking, and is typical of the
noticing paradigm. (1992, p6)

The process I have described involves a considerable amount of personal reflection,
with development happening in terms of my research questions and my practice as a
teacher. As this process of development continued, I was gradually building a theory
which would articulate a number of principles of economy. Issues of validity are
connected with the resonance seeking that Mason talked about. There are four ways in

which I considered issues of validity regarding my developing theory:

(a) consistency of theory between a number of events;
(b) resonance with my own experiences;
(c) resonance with others through exercises designed to highlight key factors;

(d) my practice being informed by a developing theory.
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(a) The theory needs to account for a variety of incidents and not just the events from
which it stemmed. I have addressed this through the use of the same key notions and
terminology, developed in the theory, which give accounts for a variety of events
referred to in this thesis. Joy Davis talks of personal validation involving laying the
strands of your experience alongside each other and comparing them (1992, p174). 1
view the strands of my experience as individual events, and the linking is achieved

through a theory which places each event within a common generality.

(b) Further to this, I have reflected on my own experiences to see whether the theory,
developed to give an account for certain events, also informs my own experience. This
includes both my experience of teaching other people mathematics, and my experience
of personal learning in everyday life.

(c) Mason says that within the Discipline of Noticing:

The essence of validation is two fold: selecting and honing
descriptions which others instantly recognise; refining tasks
which highlight fruitful skills or sensitivities.

Mason with Nevile (1992, p25)

My undertaking of the first is through descriptions within the thesis of examples taken
from everyday experiences which others may be able to recognise within their own
experience. My undertaking of the second is through a number of exercises which are
designed as opportunities for the reader to relate their own experiences to the issues
being raised at that point in the thesis. The exercises frequently involve reflection on
simple activities involved in everyday life and as such make few assumptions about the
particularity of past experiences the reader may or may not have. On some occasions |

include reactions others have had to these activities.

(d) As I have mentioned on several occasions, the development of theory and practice
have been inter-connected within this study. Thus, much of the way in which I have
worked with students, and to which I have made reference in this thesis, has been
influenced by my developing theory. I have made careful observation of the new
developments in my classroom practice, by the use of tape-recordings and notes from
lessons. Such observations have fed back into the theory. Thus, the development of
theory is inter-connected with observations from practice, and the development of
practice is informed by my theory. In particular, I present examples of my practice and a
computer program I developed which is based on the principles developed from my
theory.
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As there have been things that I have noticed during my study, so I have attempted to
help the reader notice these things within their experience. Something becomes valid for
the reader if they can recognise what is being said, within their own experience, and if
the reader is led to greater sensitivity to the dynamics of learning and teaching
mathematics as a consequence. This is not something which can be guaranteed but is
dependent upon the reader as well as the content of the thesis. This is consistent with
my assumptions about truth, which I mentioned above, as lying within internal
consistency of experiences. The thesis is not written for all possible readers. For
example, there are assumptions I make about the reader being someone who has
experiences of learning and teaching mathematics, and of observing young children. I
make assumptions that the reader can reflect on their own learning experiences and is
prepared to engage in exercises of noticing (i.e. engage within the paradigm of noticing
for the purpose of reading this thesis). [ make assumptions that the reader can read the
thesis from the perspective of the ontological, epistemological, and human relationship

assumptions outlined above.

2.6 Structure

This approach to my study has resulted in a particular structure to the presentation of
my thesis. I start, in chapters 3, 4 and 5, with significant events which have shaped my
thinking. These events are classified under the headings of pre-classrooms (with young
children before they are old enough to enter school), inside classrooms, and outside
classrooms. Within these chapters I give an account of the event, followed by an
analysis which accounts for the event in relation to the notion of economy. This analysis
also informs my awareness of economy, and the awarenesses gained from each event
are articulated in a short statement contained in parentheses and printed in bold. These

statements will feed into the following chapters.

Chapter 6 turns attention to the learning of young children in particular, and identifies
powers they possess and make use of in their learning. I consider children's learning
first since I am following Gattegno's (1971) demand of subordinating teaching to
learning. Thus it is these powers of children to which teaching is to be subordinated. I
have a brief analysis of some text books, in chapter 7, to demonstrate that few of
children's powers are called upon as students attempt to learn mathematics from these
books. In contrast to this, the next three chapters give examples of practice which are
designed to make good use of children's powers. Alongside these examples, I continue
developing my theory but with the attention this time on the act of teaching. This
produces a list of principles of economy for the learning and teaching of mathematics
which are included in my conclusions in chapter 11 with further questions following my

study discussed in chapter 12.
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3 Significant events 1: pre-classrooms

3.1 Introduction

There have been many encounters I have had with young children, adolescents and
adults. In fact there were many encounters every day during this study. In the next three
chapters, I describe 19 events which have been particularly influential in the
development of my thinking. This is but a small number of all the encounters I had, and
have been chosen because I noticed something within the encounter which related to the
awarenesses [ had at the time about my research questions. They acted as generic
examples round which I began to develop a theory. Sometimes I developed ideas whilst
the encounter was taking place and this affected the way in which I responded within
the situation. On other occasions it was not until some time after, when I was reflecting
on the encounter, that my ideas developed. However, it is interesting to note that in
some way all of these encounters affected me significantly, remaining with me so that I
was able to recall and reflect on the incidents some time after they happened. I am not
always able to re-enter every encounter I have with people, and so in some way these

were significant incidents for me whether or not [ was aware of this at the time.

I will give a descriptive account of each encounter followed by my reflections after the
event. During the reflection, I will attempt to account for what happened and why I
found the incident significant. This technique of giving an account of followed by
giving an account for is one of which I became aware from John Mason (1991) and Joy

Davis. Joy writes that:

We distinguish here between an account of the moment, by
which we mean an account free of judgement and justification,
an as-far-as-possible clean account of what took place, and
accounting for the incident through explanation, justification and
judgement. (1992, p170)

I will summarise in a short sentence, or even a single word, key factors which have
pedagogic significance for me, which stem from my reflections. These will be put in
curly brackets - {...} - and will be picked up and explored further in later chapters. At
this stage, these summary statements are mainly signals of meaning for me and may not

have meaning for the reader until they are developed in later chapters.

Thus the structure for each encounter will be:
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anecdote (account of)
reflection (account for)

summary of key pedagogic factors - {...}

The bracketed summary statements which have been highlighted during the chapter will
feed in to later chapters. There, they will contribute to the development of theories
concerned with the powers children have, the nature of learning, and implications for
teaching. Section 3.3 will give a list of the summary statements from this chapter and

indicate exactly where each statement will be developed in later chapters.

3.2 Encounters with young children

2.1 Mark

In 1985, I spent Boxing Day with my brother, his wife and our respective parents. After
breakfast, my brother's neighbours came to spend the morning with us. They had a boy,

aged two, who I will call Mark.

I brought a BBC computer down and as [ was setting it up, Mark was already sitting at
the keyboard pressing the keys. I typed a program to produce a random triangle in a
random colour whenever a key was pressed. I told him to press a key and he seemed
interested in what was happening on the screen. A minute later I found his attention was
no longer on the screen but fixed on the keyboard and he was looking delighted with
himself. He had found the Shift Lock button which made a light on the computer go on

and off. The triangles appeared to be of no further interest.

I had left Mark and was talking with the others when a loud beep interrupted us. We
looked over and saw a huge grin. He had found the Copy key. This became the centre of
attention for a while, mixed with some repeated pressing of the Shift Lock button. I
thought that it would be a good idea to turn the keyboard into a noise making machine
with each key having its own sound. He moved over and sat quietly whilst I wrote a

new program.

After I'd finished, I told Mark to press a key again. He was very excited. The room
remained noisy for some time. The computer's buffer was getting well stocked up and
sounds kept booming out even though his fingers were not always on the keys.
Then.....silence! He had pressed the Escape key which had stopped the program
running. It didn't seem to bother Mark much, he turned his attention back to some

practice with the lights.
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I quickly added a line in the program, so that the Escape button would just make it sit
and wait for the next key to be pressed, and let Mark loose. He appeared to like certain
sounds and kept repeating them, but he could also stop them when he wanted. The
Escape key now stopped the sound. He practised this time and again, filling the buffer
by holding a key down and then deliberately pressing Escape. He also began pressing
the keys at regular intervals by waiting until one sound had finished before hitting
another key. I was impressed by how regular the rhythm of sound was, even when he

included different notes.

Reflections on Mark

The coloured triangles appeared to be an initial attraction for Mark and I was surprised
at first that one light on the keyboard, once he had discovered it, took more of his
attention than the triangles on the screen. It seemed that the light was something he
could gain some control over, by being able to turn it on or turn it off by pressing a
particular button. The triangles may have been of interest to watch but after a while the
screen became crowded with various coloured triangles and there was less dynamic
change each time a new one appeared compared to when the first triangle came on the
screen. It seemed to me that Mark was interested when something happened as a
consequence of his actions. In this case it was initially a shape appearing on the screen,
then a light on the keyboard, and then different sounds. Through his exploration, Mark
ended up knowing the effect certain keys had.

He seemed to enjoy pressing keys at the start, but after a while, he became more
interested in pressing particular keys because of the effect they had. I relate this to a
baby who is exploring the sounds they can make through their mouth; initially they may
be involved in making a number of sounds but they might become more interested in
sounds which have a particular effect such as their parents showing delight, or the
parents repeating the sound back to them. This might increase the likelihood that the
baby repeats the sound just as Mark was repeating the pressing of the buttons which

produced an interesting effect.

Gattegno describes such a possible event:

While practicing his nth sound and amalgamation of sounds, a
baby may be uttering a sequence of dadada or mamama or
papapa... when an adult hears him and exclaims, "Listen, he is
calling his father or his mother." And the adult may even believe
it. Then all the family surrounds the baby and asks for encores,
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uttering the sounds the baby is practicing and is therefore acutely
aware of. (1973, p77)

I have observed a number of occasions when an adult has recognised a collection of
sounds that a baby has made as one that belongs to their native language. The adult
expresses delight and often repeats the word back to the baby. This type of response

increases the likelihood of the baby repeating those sounds.

Here, babies experience reactions of others to their own actions. Claxon said:

... I cannot learn if I am not attentive to, or aware of the success
or failure of my actions at some, not necessarily conscious, level.
(1984, p45)

Mark was experiencing the consequences, in terms of lights and sounds, of his actions.
This reminds me of a situation with a young boy, Idris (who is the subject of other
encounters later), who was less than two years of age. He was confident with walking
and was in a kitchen trying to reach up to some biscuits. There was a ball lying on the
floor and he went to step on it in order to reach higher. As soon as he put pressure on
the ball, it slid away from under his foot and, due to the backspin created, the ball
stopped and slowly rolled back to him. In this situation, Idris had not only found out
that this may not be the way to reach what he wanted, but he also had the opportunity to
become aware of the consequences of pushing down on a ball with his foot. Thus, by
being informed of the consequences of his actions, Idris can learn two things at once.
He does not need to be informed that he had not reached what he wanted because Idris
can look around and see that this was so. He had, however, got the potential richness of
pursuing the dynamics of making balls spin. This appeared to become a more relevant
challenge to him at that particular time as he turned his attention away from the biscuits
and onto the ball. Thus, it is sometimes the case that children switch quickly from one
activity to another, before an adult might feel a child has completed the first activity. In
many ways, this is something I felt Mark had done, as his attention shifted from the

screen to the lights and then to the sounds.

{Experiencing the consequences of their actions}

Mark did not do one thing and then go straight on to the next. He continued exploring
the lights and the sounds for some time. He was pressing the key to make the light go
on, then off, on, off, on,... Why is it that adults sometimes express the fact that it can be
hard to keep a child's attention when there are times such as this when a child becomes

seemingly obsessed with something, repeating it again and again (sometimes to the
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adult's annoyance!)? John Mason recalled to me the fact that his daughter, Lydia, at
about 9 years of age could not sit through a meal without getting up and doing a
handstand against the wall. Is it that once a child is involved in something, they wish to
stay with it until they have gained control and mastery over the situation? Gaining
control of something can be a way in which you come to know about your
surroundings; your understanding of something can be in terms of the way you can

exert control over it.

White talks of competence as being a desired aim which motivates much early learning:

It [competence] is... a suitable word to describe such things as
grasping and exploring, crawling and walking, attention and
perception, all of which promote an effective - a competent -
interaction with the environment... I shall argue that it is
necessary to make competence a motivational concept... The
behavior that leads to the building up of effective grasping,
handling, and letting go of objects, to take one example, is not
random behavior that is produced by an overflow of energy. It is
a directed, selective, and persistent, not because it serves primary
drives, which indeed it cannot serve until it is almost perfect, but
because it satisfies an intrinsic need to deal with the
environment. (1959, p317-318)

Papousek (1969) carried out a number of experiments. He started out by rewarding
babies with some milk if they made certain simple movements. Another experiment
made a light appear if certain movements were made. In both cases, he observed that the
babies continued to make the movements and showed apparent pleasure even when they
were no longer hungry, and so didn't want milk, or did not pay particular attention to the
lights. Papousek concluded that it was not primarily the sight of lights involved in his
experiment which pleased the children, but rather their success in mastering a skill.

Donaldson talks of Papousek's conclusion:

If he is right in this - and there is a considerable amount of other
confirming evidence - then we may conclude that there exists a
fundamental human urge to make sense of the world and bring it
under deliberate control. (1986, p111)

I ask whether it is more the case of making sense of the world by bringing it under

deliberate control?

{Gaining control}
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3.2.2 Idris 1

In 1988, I was in the back of a car with a 2 year old boy, Idris. He suddenly called out
tractor. 1 looked around but could not see any tractor. Idris said it again, and I looked to
see where he was looking. Then I saw that in between two houses there was a small
gap; through that gap, in the distance, was a field; and in the field, you could just make

out a tractor.

Reflections on Idris 1

I was amazed that amongst all the complexity to explore within his possible field of
vision, as the car was moving, he was able to notice something so small (due to it being
so far away). This was also true for myself as the observer of this event: of all the
events that were happening around me at that time, I was able to notice the fact that
Idris had noticed the tractor. The ability to extract is one which we are all using in our

daily lives.

Borges wrote in 1942 about a fictitious person, Funes, whose perception and memory
were infallible. It was as if Funes did not extract from his surroundings, but that all
aspects of his surroundings remained with him for the rest of his life. At the same time,

Borges portrayed the image of someone who was not very capable of thought:

To think is to forget a difference, to generalize, to abstract. In the
overly replete world of Funes there were nothing but details,
almost contiguous details. (1985, p104).

Part of the engagement I had with the story was trying to imagine what life might be
like for Funes, since I had not heard of anyone with such abilities. This highlights the
fact that people do extract from their surroundings, otherwise the character of Funes
would not be so unusual. The ability to extract is a powerful ability as it gives us the
possibility to place our attention somewhere in particular rather than keep our attention

spread over everything which is before us.

From the encounter with Idris, I realise that children, and adults, are able to turn their
attention to one part of all the information that enters their senses. This comes through

the stressing of some things and, unlike Funes, the ignoring of others.

{Extraction through stressing and ignoring}
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3.2.3 Idris 2

In October 1988, I was sitting with a 2 years and 4 months old boy, Idris, whilst he had

a number of toys around him on the floor.

There were a number of models of animals, people and bikes over the floor. Idris
carefully put a cow on top of a man, looked up at me, saying the cow is eating the man.
Then he took the cow off, put it on the floor, and put the man on top of it. Idris looked
up at me and said now the man's eating the cow. Later on he said the man's going to get

on the bike. And then, the man's going to get off now.

Reflections on Idris 2

I could imagine someone describing this situation as 'Idris playing with his models'. It
seemed to me that Idris was also playing with language and using the models as a
means by which to carry out this language exploration and practice. I had been with
Idris on a number of occasions before and watched him gain control over saying many
English words. I had also watched him master putting one thing on top of another, and
pushing something along the floor. On this day, these were all being subordinated to a
new situation. In the first pair of sentences, Idris created a situation with the models
such that the subject had become the object and vice versa. This has implications in
terms of the language used to describe the situation, and a transformation is required
within the descriptive sentence. To become competent at the grammar of a language
requires practice. Although Idris's attention appeared to be with the models, I felt he
was working at his language ability which he was using in order to describe the

situation.

Idris looked at me each time he said a sentence. At the time I felt this was because he
wanted to get me involved in his playing and that this was a social desire. This is one
aspect, but also I realised that by looking at me, he could observe my reaction to his
sentence. This was a way to test whether what he said was acceptable to someone whom
he perceives as having command over this world of language he was exploring. If I
reacted negatively, by frowning for example, he might learn that there would have to be
some changes made to the way he was saying his sentence. If I appeared to accept what

he said, he may repeat such structures in his sentences in the future.

The second pair of sentences involve a change in the verb tense to those sentences he
said before. He did state each sentence before carrying out the action. Thus, a change in

the order within time (action-then-sentence to sentence-then-action) also requires a
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change in the content of the sentence. The ability to make transformations in sentences
is one which is continually used as children engage with the learning of a language.

Gattegno says:

... we have to acknowledge that children have the power to make
transformations, for to learn to speak is to use transformations
constantly. In every verbal situation in which someone is trying
to tell us something, the words are to be used by us as they are by
the others. The words cannot simply be repeated.

If someone says to me, "This is my pen," and I repeated it, I
would be wrong; and if we were children we might quarrel. Then
perhaps I would see that I have to say something else to be at
peace with the other person, and I might learn very quickly. In
any case, [ will learn to say, "That is your pen."

Again, if I look at one person, a woman, and I talk to her, I will
use the word "you." But if I look at her and talk of a third person,
a man, I must say, "he." Such transformations go on all the time.
(1971, p9-10)

{Children performing transformations within language}

It seemed that Idris was working hard at quite high level challenges whilst he was
'playing' with his models. I was also struck by the fact that adults might perceive his
attention to be with the toys (as indeed I did initially) and yet a development of his
learning was taking place within the language. Thus, there may be times when what is

learned is different to the apparent external focus of attention.

{Learning is not always taking place where the observable attention is}

As mentioned previously, I had watched Idris acquire many physical skills which were
now being used in the placing of one thing on top of another. In this way, old skills
were now being subordinated to engage in the acquisition of new skills. There is a sense
of progression here: having learned the skills required to place one object on top of
another, Idris can practise that by becoming involved in a new language challenge.

Learning and practice come together. Practise the old whilst learning the new.

{Subordinate the old to engage in the new}

{Practise the old whilst learning the new}

Watching Idris, I recalled a weekend I had spent learning Spanish in September 1988.
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The weekend was run by Laura Guajardo and was taught The Silent Way (a method
developed by Gattegno, see Gattegno (1972)). On the Sunday, I was creating situations
with some resources that were available (books, cuisenaire rods, people,...) in order to
test whether I was able to make a statement about the situation. I realised that, although
I only had a small vocabulary, I was still able to explore, within that vocabulary, many
aspects of the structure of the language. When I watched Idris a month later, I felt that I

was watching myself on the Sunday of the Spanish weekend.

Reflecting back on my development throughout the weekend, I realised that the
challenges I was engaged in on the Sunday (those primarily of structure and grammar)
were unknown to me when I began on the Friday night. At that time, I was involved
purely in making sounds which form the basis of the Spanish language. With the sounds
came the possibility of combining them to make words. At this time, I did not know
whether the words I was saying were part of the language or whether they were simply
a combination of sounds. With the combining of sounds, I was aware that there is
choice over the emphasis placed on certain sounds rather than others. Intonation needed
to be worked on and practised for each word. Knowing some words, and knowing that
they were obtained by a process of combining sounds, leads to the possibility of
combining words. Thus sentences were formed, and again the dynamic of stress worked

on for each one of those.

Once I was able to say a particular sentence, I was told to point at someone whilst
looking at someone else, and then say the sentence. For the first time the challenge was
now concerned with meaning. From the situations in which I and my fellow students
were placed whilst certain sentences were said, I began to develop possible meanings
for the sentence, or more appropriately, other situations in which I might be able to say
the same sentence. I could test this out and see whether it was acceptable, as I perceived

Idris to have done. I was in a position where I had to develop my own meaning.

{It is the learner who develops meaning}

Within similar situations, I noticed that the sentences some people were told to say had
similarities and differences to sentences others were told to say. In this way, [ became
aware of how certain words changed according to whether there were one or many,
masculine or feminine, or concerned with me, you or others. I found myself engaged in
the structure of the language and ended up using the limited vocabulary that I had in

order to explore situations where I could test and develop my skill and understanding.

Reflecting on this experience, along with my observation of Idris, I realised that
although I may have begun to gain control over a current challenge, I did not feel as if I

had mastered it until I was able to subordinate it successfully in gaining control of a
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subsequent, higher order challenge.

{Control/mastery comes only when it is subordinated to higher order challenges}

I felt that the understanding and abilities I had accrued were part of me and available to
be used rather than memorised. Thus I was not concerned with forgetting because I had
not made a particular effort to remember.

{Learning without the need to remember}

2.4 Robert

On 7th December 1991, my nephew, Robert, was two years and two weeks old. As I
went into the spare bedroom, Chris, my brother, had Robert on his lap. In front of them
was a computer. Robert switched it on. He pressed the n key which was required in
order to progress with the booting up of the machine. He leaned over and got the mouse,
moving it until the arrow on the screen was pointing at the appropriate place. Robert
proceeded to get into the program solitaire which was a version of the card game of
patience. This had involved a double-click on the mouse, an impressive demonstration

of his manual dexterity. Then, I was amazed to see him beginning the game.

Robert still needed some help in playing the game and I became fascinated with the way
in which Chris helped him. At times Chris placed his hand on top of Robert's hand
which, in turn, was holding the mouse. In this way, Chris would guide the mouse so that
the arrow was in the appropriate place on the screen. Whilst this guiding was going on I
noticed Robert's attention appeared to be with the screen rather than the mouse. Because
Robert's hand was over the mouse, he was experiencing the movements required to
obtain such a resultant movement on the screen. Chris helped in this way quite rarely;

most of the time Robert was moving the mouse on his own.

Robert had learned to click on the pack of cards to reveal a card which then can be used
in the game. A card can be placed on another if it is one lower in value and is of a
different colour. Chris helped him with this aspect of the game by saying such things as
the red seven will go on the black eight, accompanying it with a finger pointing at the
appropriate places on the screen. Robert responded by moving the mouse over to where
Chris had first pointed, clicking the mouse button and holding it down. Then, moving
the mouse so that the card was dragged across the screen on top of the second card

Chris had pointed to, and releasing the button to drop the card.

At one point an ace appeared and Robert quickly did a double-click on the mouse which
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sent the ace to the top of the screen and started one of the four piles that correspond to
the four suits. The object of the game is to build up the four piles from the ace to the
king. Robert had clearly recognised the ace as a significant card. A while later, I noticed
Robert had moved one card on top of the other when Chris had said the black five can
go on the red six and not pointed. Later, I learned that Robert was able to press the

appropriate number on the keyboard if I told him a particular number from one to nine.

The next day we were downstairs with a pack of cards and I asked him to give me a six.
He searched through the pack and gave me the first six that appeared. At this point in
time, Robert did not seem to know red and black, however I felt it would not be long
before he did.

Reflections on Robert

As I watched, I recalled an ex-teacher of physical education, Jean Lyttle, who described
to me how she helped someone develop their skill of hitting a rounders ball. She used to
put her arms round the student and hold their hands whilst they held the rounders bat.
As the ball was thrown, she made sure the student experienced the movements required
for a successful hit of the ball. As time passed, the student began to make the necessary
movements themself and she gradually began to allow her own hands to take a passive

role by going along with the student's movements.

This contrasts with a teaching style I was encouraged to use when I went on a training
course to coach squash. I was told to describe in words how the racket should be held
and a particular shot played. This was to be followed with a demonstration of playing
the shot. Then the students were to have a go themselves with you encouraging them for
what they do right and telling them where they went wrong. This is a crude description
which does not mention the subtleties of the coaching, however, it was based on
explanation and demonstration with verbal encouragement and correction. With such a
style, the learner is in a position of having to translate what they see, or hear, into their
own muscular movements. With Jean's example, and that of Chris's, the learner has the
opportunity of directly experiencing the physical movements and observing the
successful consequences of them. No translation is involved. What is required is for the
learner to use their muscles in a way which keeps them in harmony with the movements
made. This appears an easier task than having to create those movements in the first
place. Once harmony is achieved, the teacher can begin to withdraw their dominance

and allow the learner to take control.

{Reduce the need for a learner to translate from one medium to another}
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Jean and Chris's style also contrasts with that of simply allowing the learner to practise
and find their own way of achieving success. Jean could have thrown the rounders ball
to the learner a hundred times, giving them a collection of experiences to learn from. In
such a case, the learner would be encouraged to develop their own strategies of how
they might hold and swing the bat in order to hit the ball successfully. However, she

decided to be more interventionist.

A statement, such as the red seven will go on the black eight, requires considerable
interpretation and understanding if it is to be translated successfully into the required
physical action of the mouse. This is particularly so for someone who has only turned
two and can only say a few words of their first language. The pointing, that Chris did,
provided more for Robert to work with. However, a finger pointing in one position and
moving to point to another, still requires considerable interpretation. Since Robert was
able to move the card successfully from one place to the other, this demonstrates that
some learning had already taken place. I found out later that Chris used to hold Robert's
hand on top of the mouse, as mentioned above, and do the necessary pressing of the
button and moving. Sufficient learning had taken place by this time as Chris had been

able to withdraw his hand completely.

Initially I was not convinced Robert had learned more than being able to move a card
from one place to another as indicated by Chris's finger pointing. However when he was
able to move cards without Chris's pointing, I was sure more learning had taken place.
Robert seemed confident with numbers from one to ten, even though he was unable to
say any of the associated words. This, along with the physical skills demonstrated by his

use of the mouse, was an impressive piece of learning.

Robert did not know all the rules of the game, yet he was playing it and was involved.
When Robert began playing, he knew none of the rules. This contrasts with a pedagogy
that says someone can only begin doing something after a teacher has explained what it
is they have to do. I have observed so many lessons (including many of my own) where
the teacher has begun a lesson with an explanation of what they want the students to do.
This may, for example, be the rules of a game, or it may be a method to change an
amount of money from one currency to another. This is often followed by a
demonstration, as in my training for squash coaching. In classrooms the demonstration
is often called an example. The problem remains for the learners to translate these
explanations and demonstrations into their own personal mental operations. Often, if a
learner has difficulty with making a successful translation, the teacher offers further
examples which still require the same translation to be made. The learner is treated as

someone who needs to be told. Yet nobody is going to explain to Robert the changes he
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needs to make in the movement of his tongue in order to say uncle as others do in the
English language. Nobody is going to explain to him that you have to add ed at the end
of a verb to change it from the present to the past tense. However, despite not being
told, Robert will do these things. He will do them because he operates intelligently and
is required to do so in a world where he is engaged and is still trying to find out and

apply rules.

{Begin, then discover rules through what is accepted and what is not}

{No explanations}

I have stated that Robert will be able to do these things as indeed you have been able to
do them. How did you learn to do them?

How do you move your tongue when you say the word

uncle'?

You may be able to move your tongue in an appropriate way to say uncle but are you
aware which way that is? There is an issue here about knowing. In one sense I can say
you must be aware because otherwise you would not be able to do it. In another sense,
you are not aware of everything you become able to do. People say at times that they
found themselves doing it. This indicates they began doing something and became
aware of it afterwards. Thus, our knowledge consists of more than that which we might
be able to articulate.

{Our knowledge consists of more than that which we might be able to articulate}

Vygotsky refers to this difference between what someone can do and what someone
knows they can do, when discussing a child's process of detaching meaning from an

object, or a word from an object:

... before a child has acquired grammatical and written language,
he knows how to do things but does not know that he knows. He
does not master these activities voluntarily. In play a child
spontaneously makes use of his ability to separate meaning from
an object without knowing he is doing it, just as he does not
know he is speaking in prose but talks without paying attention
to the words. (1978, p99)

I suggest that, immediately before reading this chapter, you were not aware of how you
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moved your tongue in order to say uncle even though you have moved your tongue in
such a way on many occasions during your life. Yet I can force? this awareness on you
by asking you to put your attention in the movement of your tongue whilst saying uncle
a number of times. I feel confident you will gain this awareness because I have asked
you to do nothing else but attend to something you can already do. Trying to explain
this to Robert, or trying to explain how you play a boast shot in squash to a beginner, is
asking them to attend to something they cannot do at present. As Vygotsky states, being

able to do something often comes before a conscious awareness of that something:

.. consciousness and control appear only at a late stage in the
development of a function, after it has been used and practiced
unconsciously and spontaneously. In order to subject a function
to intellectual and volitional control, we must first possess it.
(1962, p90)

{Forcing awareness by affecting attention}

{Pay attention to what you can do rather than what you cannot do}

I observe Robert participating in a computer activity he as yet knows nothing about, but
his teacher, Chris, does. There is no prerequisite that Robert understands.
Understanding comes through participating. Chris ensures that Robert experiences the
playing of the game rather than having it demonstrated or explained. This requires
Robert to place a level of trust in Chris. Robert does not know, at the outset, what he is
required to do yet he is prepared to put trust in his father and allow himself to be taken
on a journey into the unknown. Not all learners demonstrate this trust and, as a
consequence, they may not allow themselves to be taken on such a journey. Their
energies may go on wanting to be told what is to come, thus diverting their attention
from being with what is happening at present. In this way, they may fail to participate in

the activity since this requires their attention in the present.

{Attention is in the present and not in the unknown future}

Robert learns some abilities, which might be referred to as content in an educational
syllabus, as a by-product of wanting to participate successfully in the activity. His
attention is with the activity and not with the content itself. Indeed, Robert may not be
aware that he has learned anything. It may require a separate, reflective, activity for him
to become aware of what he has been doing for some time. Indeed, Vygotsky talks of a

child having a pseudo-concept when their action is consistent with the action of

21 say more about the phrase forcing awareness in section 5.2.3.
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someone who has a certain concept, yet the child's actions are guided by perceptual

likenesses rather than coming from a knowledge of the concept itself.

. the child begins to operate with concepts, to practice
conceptual thinking, before he is clearly aware of the nature of
these operations. This particular genetic situation is not limited to
the attainment of concepts; it is the rule rather than an exception
in the intellectual development of the child. (1962, p69)

By being able to successfully carry out actions consistent with a certain concept, a child
has the opportunity of reflecting on those actions and articulating for themselves what

might lay behind the consistency of those actions.

{Successfully do, followed by reflecting on that doing}

3.2.5 Helen and Mark

On 8th April 1990 my nephew, Robert, who was 4 months old, was christened.
Afterwards, a number of people came back for food and drink. Several children were
there and one of them, who I will call Helen (aged 3), was playing with a line of plastic

people attached to Robert's chair:

Figure 1: Drawing of attachment to Robert's chair.

Helen started counting as she touched each of the people. My brother, Chris, joined in
and counted with her, taking turns in saying the numbers. I felt this was a nice activity

that offered the potential to gain experience of odd and even.
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Later, I found myself nearby Robert's chair and touched the first person, saying one. 1
waited and Helen said fwo, hitting the second. We continued taking turns until we
reached the end of the line with Helen saying six. We repeated this a few times,
sometimes with me starting and sometimes with her starting. Then, after Helen had said
six, I hit the first one again and said seven. After I kept doing this a few times, Helen
went along with me and continued by saying eight. She confidently counted up to the
mid -teens and then, equally confidently, said a variety of numbers beyond, although

not in numerical order.

This toy seemed to offer potential as a focus whilst saying numbers, so I decided to
explore other word activities. On the next game, I started by saying twenty- quietly
before saying one. Helen replied two. I said twenty-three. At this point she came back
with twenty-four. The twenty was said tentatively but as we continued counting it was
said with growing confidence. We played this game, starting with twenty-one, fifty-
one, thirty-one,... At one time, we got to thirty-nine, Helen hesitated and then started
again at thirty-one. There seeme