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Abstract

Systems of quasilinear partial differential equations of the first order, known as hydrody-
namic type systems, are one of the most important classes of nonlinear partial differential
equations in the modern theory of integrable systems. They naturally arise in continuum
mechanics and in a wide range of applications, both in pure and applied mathematics.

Deep connections between the mathematical theory of hydrodynamic type systems
with differential geometry, firstly revealed by Riemann in the nineteenth century, have
been thoroughly investigated in the eighties by Dubrovin and Novikov. They introduced
and studied a class of Poisson structures generated by a flat pseudo-Riemannian metric,
called first-order Poisson brackets of hydrodynamic type. Subsequently, these structures
have been generalised in a whole variety of different ways: degenerate, non-homogene-
ous, higher order, multi-dimensional, and non-local.

The first part of this thesis is devoted to the classification of such structures in two di-
mensions, both non-degenerate and degenerate. Complete lists of such structures are pro-
vided for a small number of components, as well as partial results in the multi-component
non-degenerate case.

In the second part of the thesis we deal with deformations of Poisson structures of
hydrodynamic type. The deformation theory of Poisson structures is of great interest in
the theory of integrable systems, and also plays a key role in the theory of Frobenius
manifolds. In particular, we investigate deformations of two classes of structures of hy-
drodynamic type: degenerate one-dimensional Poisson brackets and non-semisimple bi-
Hamiltonian structures associated with Balinskii-Novikov algebras. Complete classifica-

tion of second-order deformations are presented for two-component structures.
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Introduction

Hamiltonian formalism plays fundamental role in the field of integrable systems. One of
the principal tools, considered the most natural basis for constructing a Hamiltonian for-
malism of finite- and infinite-dimensional dynamical systems, is represented by Poisson
brackets. The theory of finite-dimensional Poisson brackets as a part of differential ge-
ometry was developed by a number of geometers beginning with Darboux and Lie (turn
of the twentieth century). The approach to the infinite-dimensional case, which began
as a natural consequence of this theory, has taken hold in the mathematics community
since the early seventies. In particular, the theory of Poisson brackets for a special class
of systems, namely the systems of hydrodynamic type (first-order quasi-linear systems of
PDEs), introduced in 1983 by Dubrovin and Novikov [32], has been an area of intensive
research in recent decades.

Systems of hydrodynamic type appear in a wide range of applications, namely hy-
drodynamics, chemical kinetics, fluid mechanics, gas dynamics, general relativity, the
Whitham averaging method, the theory of Frobenius manifolds and so on (see the review
papers [34, 96] for further details and references). These systems are given by equations
of first-order

ui:viﬁo‘(u)%, u=u(z,...,z2%t), i=1,....n, a=1,...,d, (1)

where the standard summation rule over repeated indices is assumed. The field variables
u = (ul,...,u") are usually the density of momentum, energy, mass, or others. In the
one-dimensional situation (d = 1), a Poisson bracket on a space of fields u!(z), ..., u" ()

is called a bracket of hydrodynamic type, or a Dubrovin-Novikov bracket, if it has the form

{u'(2), 4 (y)} = g" (a(2))d' (x — y) + b (u(@))ufd(z ). )



Therefore, for any pair of functionals F' = [ ¢ (u, ug, Ugg, . ..) dz, G = [ ¢(u, ug, Ugy . . .) dx

we have

SF .. §G g g d y
(F.6) = [ 5P s e P =) g+l 0

where the first-order differential operator P¥ is called a Hamiltonian operator or a Poisson
bivector of hydrodynamic type. Without any loss of generality, the term Poisson structure
(of hydrodynamic type) can refer both to the Poisson bracket (of hydrodynamic type) and

the Hamiltonian operator.

Remark. Note that when we consider Poisson structures (and not the systems associated
with them), without any loss of generality we omit writing the dependence of local coor-

dinates u on the independent variable ¢.

As already noted by Riemann in the case of hydrodynamic type systems (1), the theory
of Poisson brackets of hydrodynamic type is a tensorial theory. Indeed, the class of Pois-
son brackets (2) is invariant under invertible smooth changes of the field variables of the
form u® — o', where u' = u!(v): the coefficients g/ (u) are transformed like components
of a tensor of type (0,2), while assuming that the matrix ¢/ (u) is non-degenerate, the
quantities I‘; (1), defined by sz(u) =— gis(u)I‘g (1), are transformed like the Christoffel
symbols of a differential-geometric connection.

Poisson brackets of hydrodynamic type for which det(g¥(u)) # 0 are called non-
degenerate, and clearly, the non-degeneracy condition is invariant under local changes of
the field variables. Dubrovin and Novikov proved that, in the non-degenerate case, ex-
pression (2) defines a Poisson bracket if and only if the tensor ¢/ (u) is symmetric (that is,
it specifies a pseudo-Riemannian metric with upper indices) and the connection F;'- p(u) is
compatible with the metric g;;(u) (with lower indices) and has no torsion, and the cur-
vature tensor vanishes. In other words, the metric g;;(u) must be flat and F;k(u) is the
associated Levi-Civita connection. This immediately establishes Darboux’s theorem for
such structures: in the flat coordinates of the metric g;;(u), the bracket (2) (or, equiva-
lently, the Hamiltonian operator P/ defined in (3)) takes constant coefficient form.

Since the pioneering work of Dubrovin and Novikov, several authors have investi-

gated generalisations of the theory of Poisson brackets of hydrodynamic type:

e Ferapontov and Mokhov [78] (see also [41, 73, 77]) found a non-local generalisa-



tion of these structures: they are defined by arbitrary pseudo-Riemannian metrics
of constant Riemannian curvature (zero Riemannian curvature leads to Dubrovin-
Novikov brackets) and play a very important role in the theory of systems of hydro-

dynamic type, for instance, in the theory of the Whitham equations.

The study of non-homogeneous Poisson structures of hydrodynamic type, which have
applications in the theories of Heisenberg magnets, the Korteweg-de Vries equation,
N-wave equations, and other non-homogeneous systems of hydrodynamic type,
leads to the theory of Killing-Poisson bivectors on manifolds of constant Rieman-

nian curvature, constructed in [77].

The problem of classification of general local homogeneous Poisson structures, pro-
posed by Dubrovin and Novikov in [35], is far from being completely solved: only
homogeneous Poisson structures of zero-order (Darboux), first-order (Dubrovin and
Novikov [32]), and second-order (Potémin [85, 84], Doyle [24]) are completely clas-
sified, while partial results are available for third-order structures (Potémin [85,
83], Doyle [24], Baladin and Potémin [6], Ferapontov, Pavlov and Vitolo [51, 52]).
Third-order homogeneous Poisson structures arise in the theory of Monge-Ampere
equations (Ferapontov and Mokhov [47]) and equations of associativity in two-

dimensional topological field theory (Ferapontov, Galvao, Mokhov and Nutku [42]).

In the Hamiltonian theory of multi-dimensional systems of hydrodynamic type (1),
local multi-dimensional Poisson structures cannot be reduced in general to constant
coefficients form. The obstruction can be expressed in terms of tensorial relations
[35, 74] and the classification of such structures, proposed again by Dubrovin and
Novikov in [35], reduces to the classification of algebras of certain type [35, 74].
This problem was firstly addressed in [74] resulting in a complete description of
one- and two-component structures. In the author’s joint work with Ferapontov
and Lorenzoni [46], the two-dimensional case is discussed. Adopting a differential-
geometric point of view, the classification up to four components is obtained, as well
as a complete classification for any number of components in a special case (details
will be given in Chapter 2). Important examples of hydrodynamic type systems in
two spatial dimensions occur in gas dynamics, shallow water theory, combustion

theory, general relativity, nonlinear elasticity and magneto-fluid dynamics [66].



e Equations of gas dynamics are Hamiltonian with respect to Poisson brackets of hy-
drodynamic type with degenerate metrics. Some results about degenerate Poisson
brackets were announced for the first time by Grinberg in 1985, in a short commu-
nication [56], and later investigated by Bogoyavlenskij [9, 10]. In the author’s recent
works [87], a complete classification of one- and two-dimensional degenerate struc-
tures is obtained up to the three-component case. Unfortunately, a fully geometric

interpretation of this class of structures is not yet clear.

Another interesting problem in the modern theory of integrable systems is the classi-

fication of systems of the form
ut:Fi(u,ux,um,...,u(m),...), i1=1,...,n. 4

Clearly, hydrodynamic type systems are a special subclass of equations of this kind, where
the functions F depend arbitrarily on the local field u = (u',...,u") and linearly on the

first derivatives u, = (u}

xry e

,ul). Among integrable systems of such form, the most in-
teresting are bi-Hamiltonian systems introduced for the first time by Magri in [65]. The
importance of this class is due to the fact that the bi-Hamiltonian structure captures all
integrability properties. A system is called bi-Hamiltonian if it can be written as a Hamil-
tonian system with respect to two compatible Poisson brackets, where compatible means
that each linear combination of the two Poisson brackets, defining the bi-Hamiltonian
structure, is still a Poisson bracket [65]. Compatible Poisson brackets of hydrodynamic
type arise in the theory of Frobenius manifolds [25], and are strictly related to the theory
of compatible and almost compatible metrics introduced by Mokhov [70, 71]. Dubrovin
proved that the compatibility of two Poisson structures of hydrodynamic type is equiva-
lent to the fact that the correspondent flat metrics form a flat pencil (precise definition will
be given in Chapter 1). Therefore, the theory of bi-Hamiltonian structures of hydrody-
namic type has a strongly geometric nature. Since the bi-Hamiltonian structure encodes
all the characteristics of an integrable system, Dubrovin and Zhang [38] proposed to study
integrable perturbations of systems of the form (4), by studying perturbations (deforma-
tions) of their associated bi-Hamiltonian structure, and classifying them modulo Miura

transformations. For instance, the famous Korteweg-de Vries equation,

Ut = Uy + €2uxa:a:7 (5)



can be seen as a deformation of the less renowned, but equally important, Hopf equa-
tion u; = wu,. The KAV equation (5) is Hamiltonian with respect to two different Pois-
son structures: the Gardner-Zakharov-Faddeev bracket [53, 100], given by {u(x),u(y)} =
8’ (z — y), and the Magri bracket [65],

fule), u(y)) = bz~ 9) + Jued(z —y) — 26" (x — y), ©

which are compatible. Therefore, the KdV equation is also an example of a bi-Hamiltonian
equation. Note that the bracket (6) is not a first-order Poisson bracket of hydrodynamic
type since it contains the term 6"’ (x — y). However, it can be interpreted as a deformation
of the dispersionless limit (corresponding to the case ¢ — 0), which clearly is a Poisson
bracket of Dubrovin-Novikov type.

The study of deformations of non-degenerate bi-Hamiltonian structures of hydrody-
namic type was originally motivated by questions arising in the theory of Frobenius man-
ifolds, Gromov-Witten invariants and topological field theory [36, 37, 25, 26, 38, 55]. In
this setting, the deformations satisfy some additional constraints (7-structure, Virasoro
constraints) and the undeformed structure is related to a Frobenius manifold [25] (see [27,
28, 57, 67] for further details on the theory of Frobenius manifolds). In the Dubrovin and
Zhang approach [38], the pencil of metrics [25, 40], defining the dispersionless limit of
the bi-Hamiltonian structure, is assumed to be semisimple, meaning that there exists a
special set of coordinates such that both metrics of the pencil take diagonal form. In the
scalar case, a complete classification of such deformations has been obtained, see Loren-
zoni [64], Liu and Zhang [63, 60], Arsie and Lorenzoni [2], Carlet, Posthuma and Shadrin
[16, 18]. The semisimple case has been thoroughly investigated by many authors (Barakat
[8], Dubrovin, Liu and Zhang [31], Dubrovin and Zhang [38], Liu and Zhang [62], Carlet,
Posthuma and Shadrin [17]), leading to a wide understanding and a complete classifica-
tion of such structures. Only recently, in the author’s joint work with Della Vedova and
Lorenzoni [22], the non-semisimple case has been discussed for the first time.

On the other hand, deformations of a single non-degenerate Dubrovin-Novikov bra-
cket are completely understood: Getzler [54] and independently Degiovanni, Sciacca and
Magri [21] proved that any such deformation is trivial, that is, can be obtained via Miura
transformation. This is not the case for deformations of degenerate structures, as re-

cently shown in the author’s paper [87]: these deformations depend on arbitrary func-



tions, which cannot be eliminated by Miura transformations. A similar behaviour (non-
triviality) has recently been observed also in the case of deformations of multi-dimensio-

nal structures of hydrodynamic type [19, 15].

Remark. In the whole thesis, unless otherwise specified, according to the Einstein nota-

tion, the summation over repeating upper and lower indices is assumed.

Organisation of the thesis and summary of the main results

As we have seen, the study of Poisson brackets of hydrodynamic type and their generali-
sations has been an area of intensive research over the last three decades. Although some
branches have been fully understood, this theory still offers interesting aspects to be in-
vestigated. In this thesis we are mainly interested in the classification of two-dimensional
Hamiltonian operators, both degenerate and non-degenerate, as well as the deformation
theory for two classes of structures, never discussed before: one-dimensional degenerate
Dubrovin-Novikov brackets and non-semisimple bi-Hamiltonian structures of hydrody-
namic type.

A general overview concerning the theory of Poisson brackets for finite- and infinite-
dimensional systems, and in particular the theory developed in the framework of hy-
drodynamic type systems, is given in Chapter 1. The aim of this introductory chapter
is two-fold. On one hand, we introduce the basics needed for a better understanding of
the thesis: Poisson structures and their deformations, Poisson-Lichnerowicz cohomology,
multi-dimensional Hamiltonian operators. On the other hand, we recall the main results
obtained in these areas mainly due to Dubrovin, Novikov and Mokhov. Other more spe-
cific results will be presented in the appropriate chapters.

The new results presented in Chapters 2, 3, 4 and 5, are published in the author’s joint
works with Ferapontov and Lorenzoni [46], Della Vedova and Lorenzoni [22], and in the
author’s own works [87, 86]. Let us summarise the main results obtained, chapter by
chapter.

We point out that, due to the technical nature of some cumbersome computations,
proofs of some theorems in Chapters 3, 4 and 5 are omitted. Detailed proofs can be found

in the original papers or on the arXiv version.



Chapter 2: Classification of non-degenerate Hamiltonian operators in 2D

Any non-degenerate 2D Hamiltonian operator,

P = ) -+ b )+ 7)1+ B ()l 7)
is defined by a pair of contravariant metrics g and g. It was demonstrated by Dubrovin
and Novikov [35] that in the flat coordinates of the first metric g, the second one, that is g,
must be linear. Mokhov [70] showed that these two metrics must be almost-compatible,
that is the Nijenhuis torsion of L = gg~! must be identically zero. Moreover, in [76,
74] he gives general relations for the coefficients of the Hamiltonian operator of the form
(7), which follow from the Jacobi identity. Our first result establishes a link between 2D

Hamiltonian operators (7) and the theory of Killing tensors:

Theorem. Let g and § be two flat metrics. Formula (7) defines a Hamiltonian operator if and only

if the following conditions are satisfied:

1. Linearity of §* in the flat coordinates of g. Invariantly, this means V*§ = 0 where V denotes

covariant differentiation in the Levi-Civita connection of g.
2. The vanishing of the Nijenhuis torsion of the affinor L} = g''g;;.
3. The Killing condition for the bivector §: Vighl 4+ Vkgi + vigik = 0.
Furthermore, the flatness of g and the above three conditions imply the flatness of §.

Thus, the classification of Hamiltonian operators of the form (7) is reduced to the clas-
sification of linear Killing bivectors with zero Nijenhuis torsion in flat pseudo-Euclidean
spaces. Using the fact that any Killing bivector in flat space is the sum of symmetrised
tensor products of Killing vectors, we obtain a complete classification of 2D Hamiltonian
operators with n < 4 components.

The Killing condition also plays a key role in the proof of the splitting property for
Hamiltonian operators, which can be seen as an analogue of the splitting lemma for
affinors with zero Nijenhuis torsion proved by Bolsinov and Matveev [11] in the con-
text of projectively equivalent metrics. First of all we recall their result. Let M be an
n-dimensional manifold, and let L be an affinor on M with zero Nijenhuis torsion. Sup-

pose that there exists a frame (not necessarily holonomic) in which L takes block diagonal



form,
A 0
L= : (®)
0 B
where Spec(A) N Spec(B) = (). Then there exists a coordinate system (u, v) = (ul,...,u™,
v™*L .. v™) such that A depends on u and B depends on v only, that is, L is a direct sum

of two affinors (both with vanishing Nijenhuis torsion). Adding the Killing condition, we
show how to extend this splitting structure to the metrics, namely we prove that, in the

same coordinate system, the two metrics g and g also assume block diagonal forms,

0 g2(v) 0 ga(v)

This suggests the definition of reducible operators: given an m-component operator P;

with the dependent variables u!, ..., u™, and an (n — m)-component operator P» with the
dependent variables v™*1, ... v, their direct sum is the n-component operator P defined
by the formula

B P 0

o m )
on the combined set of variables (u!,...,u™,v™* ... v™). The corresponding metrics g,

g will be direct sums of the metrics defining P; and P,. Operators of this type will be

called reducible. Thus, our second result can be formulated as follows:

The Splitting Lemma. Let P be a Hamiltonian operator such that the corresponding affinor

1 can be represented in the block-diagonal form (8) in some (non-holonomic) frame, and

L =gg9~
let Spec(A) N Spec(B) = 0. Then P decouples into a direct sum of two Hamiltonian operators,

with the corresponding affinors A and B.

Thus, any Hamiltonian operator (7) can be represented as a direct sum of irreducible
operators P, (each generated by a pair of flat metrics g,, jn, defined on a manifold of
dimension n,) such that the corresponding affinor L, = gng, ' either has a unique real
eigenvalue of multiplicity n,, or a pair of complex conjugate eigenvalues of the same
multiplicity (in the last case n, must be even).

As a consequence of the splitting lemma we will prove that, if the affinor L is diag-

onal, then the Hamiltonian operator can be brought to constant coefficient form. This



generalises the analogous result of [69] obtained under the additional assumption of the
simplicity of the spectrum of L. In what follows, we will be interested in Hamiltonian
operators which are not reducible, and not transformable to constant coefficient form.
Our approach to the classification of Hamiltonian operators in 2D is based on the
Killing property, and allows us to obtain a full classification up to four components. In

the three-component case, the main result is as follows.

Theorem. Any irreducible non-constant three-component Hamiltonian operator in 2D can be
brought (by a change of the dependent variables u') to the form +P where P can have one of the

two following canonical forms (in both cases the affinor L is a single 3 x 3 Jordan block):

1. Jordan block with constant eigenvalue

001 —2u® uP A —up 2ui 0

P=lo1olL+| w A ol L+|-ut 0 o0
dzx w dy Uy ’

1 00 A 0 0 0 0 0

2. Jordan block with non-constant eigenvalue
0 01 ; —2ul —%uQ u? ; —ull/ %uz 2u§j
— el 1,2 3 - 2 1.3

P=1010 dx+ —3u u 0 dy+ —uy guy 0
100 u? 0 0 —uy 0 0

In the four-component situation calculations become more complicated, and we get sev-
eral canonical forms labelled by Segre types of the affinor L.

Although our approach works for any number of components n, for n > 4 compu-
tations become rather cumbersome. The main difficulty is when the affinor L consists of
several Jordan blocks with the same eigenvalue. In the case of a single n x n Jordan block

we obtain the following result:

1

Theorem. Let P be a Hamiltonian operator (7) such that the affinor L = gg~" is a single n x n

Jordan block with non-constant eigenvalue. Then there exists a coordinate system in which g and



10

g can be reduced to the following canonical forms:

1 p(7:0) if n#1mod 3,
g== ;o g=EQ pm0 4 mu(”;nT_l) if n=1mod 3,n # 4,
1 50 4o D g if n=4.

Here ry is an arbitrary constant, the symmetric bivector 1(™*) is defined as
pRE = (3(7 4 5) — 2(n + 2 — k)JuitI TR

and yug is the constant symmetric matrix pf = 547 4 X659, X = const.

An analogous statement can be proved for the constant eigenvalue case. This result,
combined with the splitting lemma, provides a complete classification of 2D operators of
Dubrovin-Novikov type in the case of a direct sum of Jordan blocks with distinct eigen-
values. We also show that the case of a single n x n Jordan block with non-constant
eigenvalue gives rise to the trivial non-semisimple Frobenius manifold whose underlying
Frobenius algebra corresponds to the cohomology ring of CP" 1.

Finally, we extend our approach to Hamiltonian operators in dimensions higher than
two. This leads to a complete description of three-component operators which are essen-

tially three-dimensional, and cannot be transformed to constant coefficients:

Theorem. Any non-degenerate three-component Hamiltonian operator in 3D, which is not trans-

formable to constant coefficients, can be brought by a local change of the dependent variables u® to

o d _..d g e d e .
P = g 5 (g + a4 ) 4 B ),

where cy, ca are constants, lN)Zj are the contravariant Christoffel symbols of g, and the contravariant

metrics g, g, ho assume one of the two following canonical forms

o form 1:
001 —2ul —lu? B v 0 0
g=|(0 1 0|, g=|-3® «* 0|, ho=|0 0 0],
100 u? 0 0 000

where v = const;
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o form 2:
010 —2ul w? 0 0 p O
g=110 0|, g=] «* 0 O, ho=|p 0 0O},
001 0 0 X 00 v

where \, u, v are constants.

Chapter 3: Degenerate Dubrovin-Novikov structures and integrable systems

In this chapter, we give a complete list of two- and three-component Poisson structures

of hydrodynamic type with degenerate metrics in 1D and 2D. For instance, in the two-

component case, any one-dimensional structure can be brought by a local change of coor-

dinates to one of the following canonical forms,
0, 0

P: 7_P:
0 O

“, )

:H‘sg:m gQ')

where 0, = %.

Degenerate two-dimensional structures of hydrodynamic type, defined through a pair
of metrics g and g, are classified according to the rank of the pencil g — Ag. In the two-

dimensional case, rank 0 structures are trivial while for rank 1 we obtain

2 2,2
2 1,2 UL +u uy
P . 6$ + u 8y + 2uy ul
- 2 2,2 9
uz+uuy
ul 0

where € can be either 0 or 1.
Furthermore, we discuss the integrability by the method of hydrodynamic reduc-
tions for Hamiltonian systems arising from degenerate two-dimensional three-component

structures. Our analysis leads to the following statment.

Theorem. The method of hydrodynamic reductions imposes additional differential constraints
under which Hamiltonian equations arising from three-component two-dimensional Hamiltonian

operators reduce to known classes of systems considered before:
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o rank-zero structures lead to trivial systems

1_.2_ 3 _
u; = u; =uy =0,

o rank-one structures lead to one dimensional systems of the form

uf + flutul =0, uf =ud =0,

o rank-two structures lead either to one dimensional systems of the form

U% + (hUQ)SC - O) U? + (h’ul)l’ = 07 u? — 07

utl + (h‘u2):}c =0, u% + (hu1 )27 + (hu2)y =0,
uf + (2ut g Fu?hye —h) g (uthy2)y = 0, w4 (uPhy) e+ (20?2 Futhy —h), =0,

plus the trivial equation u} = 0, or to the systems
u% + (hy2)e + (hu5)y =0, uz% + (hy1)e =0, u? + (hul)y = 0.

Chapter 4: Deformations of degenerate Dubrovin-Novikov structures

Given a Poisson structure P defined on a manifold M, a deformation of order k& of P is a
formal series

P =P+eP + Py + ...

satisfying the condition [P¢, P¢] = O(e¥*1) for any value of the parameter ¢, where [, -]
is the Schouten-Nijenhuis bracket. Deformation theory for non-degenerate Poisson struc-
tures of hydrodynamic type in 1D is completely understood (under the assumption of
homogeneity, further details will be given later). It has been proved that any such defor-
mation is trivial, that is P¢ can be reduced to P by the action of the Miura group. In this

chapter we show that in the two-component case, first- and second-order deformations of
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degenerate structures are not trivial, that is, they cannot be eliminated by Miura transfor-
mations, and we prove that they depend on a certain number of arbitrary functions of the

variable u?.
Theorem. Up to Miura-type transformations, the following holds:

e first-order deformations of (9), depend on 2 functions of u?, and second-order deformations

on 6 functions of u?;

e first-order deformations of (9) depend on 1 function of u?, and second-order deformations

on 2 functions of u®.

In the three-component case, we provide some examples of non-trivial first-order de-
formations (as we will see, in this case second-order deformations involve too many un-
known functions, and computations become very hard), focusing on the Poisson struc-

tures given by

0 ul 0 9. 00 9 0 0
P=|-w o0 o, P=]10 00|, P=]0 08, 0
0 0 0 0 0 0 0 0 0

In particular, our results imply that the first homogeneous component of the second
Poisson-Lichnerowicz cohomology group for all the structures we have considered, does
not vanish. This implies that the second cohomology group for such degenerate structures

is not trivial, contrary to what happens in the non-degenerate case [54, 21] .

Chapter 5: Deformations of non-semisimple bi-Hamiltonian structures of hy-

drodynamic type

The last chapter is devoted to the study of deformations of non-semisimple two-compo-
nent bi-Hamiltonian structures related to two-dimensional Balinskii-Novikov algebras [7]
and the associated invariant bilinear forms. The undeformed structures can be reduced to
the form

d

PQZJ _ )\PIZJ :gz]% —I—b?uﬁ _ )‘UU%

where ¢ = (b + bl')u* and the coefficients b/ and 7"/ are constant. We focus on the

following cases:
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Type Py Py’
(3) oo o
—utd, —ul 0 20, 1?20,
(N5) 0 0y + uj 0 70,
u'dy  2(ut + u?)0y + ul 4 ul 20, 7?20,
(N3, N4, N6) 0 (14 K)u'dy + ug 0 n0,
Y (1+ k)uld, + kul 20?0, + u? N0, 1*20,

According to Bai-Meng's list [4], N3 corresponds to x = 1, while N4 to x = 0.
We show that in most cases the second-order deformations are parametrised by two
functions of a single variable, while in two exceptional cases the second-order deforma-

tions are parametrised by four functions.

Theorem. Second-order deformations can be reduced by Miura transformations to the form
Iy = P, — APy + €’Liex Py + O(¢€?)

where

e in the cases T3, N3, N5 and N6 with k #0,—1,—2, X = P dH — P,0 K with
Hlu] = /Z (hijullogul) dz, Klu] = /Z (kijullogul) dz,
i,J 2%

and the functions h;; and k;; are uniquely determined in terms of two arbitrary functions

Fy, Fy depending only on the eigenvalue of the tensor L = gn~!;

o in the cases N4 and N6 with k = —2, X depends on four functions Fy, F», F3, Fy of eigen-

value of the tensor L = gn~1.

In particular, in the cases T3, N3, N5 and N6 with x # 0, —1, —2, second-order deforma-
tions are quasi-trivial, that is, they can be reduced to the dispersionless limit by a quasi-
Miura transformation.

It turns out that in the cases T3, N3, N5 and N6 with « # 0,—1,—2, one function
is invariant with respect to the subgroup of Miura transformations preserving the dis-

persionless limit, and another function is related to a one-parameter family of truncated
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structures. In the two exceptional cases N4 and N6 with k = —2, two functions are invari-
ants, and two are related to a two-parameter family of truncated structures.

We finally provide an example corresponding to the lift of deformations of the bi-
Hamiltonian structure associated with the KdV equation. This example suggests that
deformations of non-semisimple pencils corresponding to the lifted invariant parameters

are unobstructed.



Poisson geometry and Dubrovin-Novikov

brackets

In this chapter we summarise some of the main notions we need from the general theory
of Poisson brackets for finite- and infinite-dimensional systems. The overview of finite-
dimensional Poisson structures can be found in several text books on classical mechanics,
for instance [1, 80], while to describe the Poisson structures on loop spaces we follow [33,
38]. Furthermore, we also recall the main aspects of Dubrovin-Zhang approach to the
deformation theory of bi-Hamiltonian structures of hydrodynamic type [38] (following
the detailed overview given in [2]), the notion of Poisson-Lichnerowicz cohomology [59],
as well as the known results in the framework of multi-dimensional Dubrovin-Novikov

brackets [35, 74, 69].

1.1 Poisson brackets on finite-dimensional manifolds

Let M be a (smooth) finite-dimensional manifold, n = dim M, and let z',... 2" be a

system of local coordinates on M.

Definition 1.1. A Poisson bracket is a bilinear operation { , } : C>°(M) x C*°(M) — C*°(M)
which satisfies, for all f,g,h € C*°(M):

(i) skew-symmetry: {f,qg} = —{g, f};
(ii) Leibniz identity: {fg,h} = f{g,h} + g{f. h};
(iii) Jacobi identity: {{f,g},h} + {{g.h}, f} + {{h, f}, g} = 0.

A symplectic structure on M is a non-degenerate closed 2-form Q = w,gdz® A daP.
Non-degenerate means that the skew-symmetric matrix w,s is non-singular for all points

x € M, that is det wypg(x) # 0. Thus, since skew-symmetric matrix in odd dimensions is

16
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necessarily singular, a symplectic structure is defined only if the dimension of M is even.

The following general statement holds.

Darboux’s theorem (Symplectic form). Let §2 be a closed non-degenerate differential 2-form
in a neighbourhood of a point x in the space R*". Then in some neighbourhood of x one can
choose a coordinate system (py,...,DPn,q",...,q") such that the 2-form has the standard form

Q=" dpi Addq'.

Let P denote the inverse matrix of w, that is P*? wpy = 05. We will see that the matrix P*?
determines everything important for the theory of Hamiltonian systems. Given P*®, we

can define a natural operation on the functions f, g € C°°(M), that is

as 9 99

(1.1)

It is easy to check that (1.1) satisfies bilinearity, skew-symmetry and Leibniz rule, while

the Jacobi identity is non-obvious. In local coordinates we have that

OPP 9z ops
a B pafB a B — kp _ k
Ty = P et e e = et T ek b
so the Jacobi identity is given by
opP*s . 0P s OPPT

Definition 1.2. A skew-symmetric C°° (M )-tensor field P*® satisfying (1.2) is called Poisson

structure on M.

In the scientific literature, the tensor field P is also called a Poisson bivector or, equivalently,

a Hamiltonian operator.
Definition 1.3. A manifold M endowed with a Poisson structure is called a Poisson manifold.

Remark. If P*# is non-singular and w, 3 denotes the inverse matrix, (1.2) is also equivalent

to
Owag  Owya — Owpy
Oxk Oxk Oxk

:07 va76777

that is

d Z Wapdx™ A d® | =0,

a<f
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i.e. the closedness of the 2-form w,gdz® A daP.

If we restrict our attention to the domain where the rank of the Poisson structure is
constant (in particular, on the open subset where it achieves its maximum) the geometric
picture underlying the symplectic foliation simplifies considerably. In fact, we can intro-
duce local coordinates which make the foliation of particularly simple canonical form.

This is the content of Darboux’s theorem.

Darboux’s theorem (Poisson form). Let M be an n-dimensional Poisson manifold of constant
rank 2m < n everywhere. At each xy € M there exist canonical local coordinates (p,q,z) =
m 1

(p', .., p™ g g™, 2 2, 2m 4+ 1 = n, in terms of which the Poisson bracket takes the

form

N~ [0f 99 0g Of
The leaves of the symplectic foliation intersect the coordinate chart in the slices {2 = c1,..., 2! =
1} determined by the distinguished coordinates z.
A Poisson bracket defines an anti-homomorphism between the space of the smooth
functions C*° (M) and the space of vector fields on M by

Hw— Xg:= {-,H}, [XH17XH2] = _X{Hl,HQ}'

The object X is called a Hamiltonian vector field, and the corresponding dynamical system

%xa:{xa,H}, a=1,...,n, (1.3)

is called a Hamiltonian system with the Hamiltonian H (u). Clearly, (1.3) is a symmetry of the

Poisson bracket, namely, Liex, { , } = 0.

Definition 1.4. A function f € C°°(M) is called a Casimir for the given Poisson bracket if it
belongs to the kernel of the Poisson bracket, i.e. if for any function g € C°° (M) we have { f, g} = 0.

A function f which is a Casimir for the given Poisson bracket is automatically an integral

of the Hamiltonian system (1.3)
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1.1.1 Poisson-Lichnerowicz cohomology

The notion of Poisson cohomology of a Poisson manifold (M, { , }) was introduced for the
first time by Lichnerowicz [59]. It can be described introducing the Schouten-Nijenhuis
bracket [88, 79]. Let us denote the space of multivectors on M by A* (the space of k-vectors
is then denoted by AF). The Schouten-Nijenhuis bracket is a bilinear extension of the Lie-
derivative of vector fields to the space of multivectors, given by the map [, ] : AF x Al —

A¥*1=1 uniquely determined by the following properties:
e supersymmetry: [b,a] = (—1)¥*[a,b], a € A¥ bec A}
e graded Leibniz: [c,a Ab] = [c,a] Ab+ (—D)*Tka Ae,b], a€ AF ce A

o [f,gl=0for f,g e A% v, f] = vigg{i forv e AL f € AY and for vy, ve € Al, [v,v9] is

the usual commutator of vector fields.

In particular, for a vector field v and a multivector a we have [v,a] = Lie,a. For a pair
of bivectors h = (h¥/) and f = (f%), their Schouten-Nijenhuis brackets is given by the
following trivector

oxs

ofik

ij ki
of hek Oh
oxs

ofki ;  oni*
oxs oxs L

h*.
oxs oxs

[, f17F = o+ £+ £+

Let us point out that the Jacobi condition (1.2) is equivalent to [P, P]* = 0.
The Schouten-Nijenhuis bracket satisfies the so called graded Jacobi identity [79]

(_1)km[[a7 b]’ C] + (_1)ml[[cv CL], b] + (_]‘)lk[[ba C],CL] = 07 ac Akv be Al7 ce A™.
It follows that, for a Poisson bivector P, the map d : AF — AFF1 such that for Q € AF we
have dQ = [P, Q)], is a differential, that is d* = 0.

Definition 1.5. The cohomology of the complex (A*, d) is called Poisson-Lichnerowicz cohomol-

ogy of (M, {, }).

Usually, it is denoted by H*(M, { , }) = @r>0H*(M,{, }), or just by HP*, where P is the

Poisson bivector related to the Poisson bracket { , }. In particular:

e HY(M,{, }) corresponds to the ring of Casimirs of the Poisson bracket;
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e H'(M,{,}) is the quotient of the Lie algebra of infinitesimal symmetries over the

subalgebra of Hamiltonian vector fields;

e H?(M,{,}) coincides with the space of infinitesimal deformations of the Poisson

bracket modulo those that can be obtained by infinitesimal changes of coordinates.

1.2 Local Poisson structures on loop spaces

In this section we want to describe an appropriate class of Poisson brackets on the loop
space of a (smooth) n-dimensional manifold M, that is the space L(M) of all smooth maps
St — M. Here £L(M) is treated formally in the spirit of formal variational calculus (see
[23, 20]) and it is defined in terms of the ring of functions on it. Let U C M be a chart on
M with the coordinates u'(z), ...u"(z). We denote by A = A(U) the ring of differential

polynomials in the independent variables u%s), i=1,....,n,s=1,2,...,
flz,u,uy,...) = | Z fil,sl;...;im,sm(fﬂ,U)U&) . ..ué;"m),
21,815---2m;Sm
where u = (u!,...,u"), ug) = (u%s), s uly) with ufs) = (). We also require that

the coefficients fi, s,:. .i...sm (2, 1) Of these differential polynomials are smooth functions
on S! x M. Denote by Ay = A/R the space of differential polynomials modulo constants,
and A; = Ag dz. Then we have a well-defined map d : 4y — A; such that

_[9f of i
The quotient space A = A;/dA, is called the space of local functionals on L(M), whose
elements are expressed as integrals over S! of a representative differential polynomial,

namely

A> M= flz,u,ug, ... upy,)) dr.
Sl

Since we are considering suitable boundary conditions, two elements A\; and A in A are
specified by a differential polynomial up to a total derivative.
In order to study Poisson bivectors on the loop space, we need to introduce the notion

of local multivectors (k-vectors).
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Definition 1.6. A local k-vector o on the loop space L(M) is a formal infinite sum of the form

0 0

A=) SO OAT N A
Z k! k 8ul(181)(x1) 8ul(];k)($k)

with coefficients

Attt = N Bl (@), U (1), )00 (1 — @) L, 6P (2 — ),

DP2ye-,PE >0

where By % (u(x1), uy(x1),...) € A (the ring of differential polynomials) and the coefficients
At called the components of the k-vector «, satisfy the skew-symmetry condition with respect

to simultaneous exchange (i,, x,) with (is, ).

o-functions, as well as their derivatives and products, are defined by the formulae

/ )8z — ) dy = f(2), / F)6 (@ — ) dy = I

dz™

/f(:cl, )8 (2 — @) 8 (2 — ap) dy . g,

= 8;’;2 .. 8gjﬁ (@1, k) a1 =zo=.. =y, -

We denote the space of local k-vectors as Al . For example, for k = 0, the subspace

AV Ax

Toc is identified with the space of local functionals of the form

loc
. fu(z),uz(z),...)dz, f(u(z),u(x),...) € Ap. (1.4)

In the case where k = 1, the subspace Al _ represents the space of local vector fields on

loc

L(M), and its generic element is expressed by the following formula

=) oX'(u(z), uy(x),. .. )af' : (1.5)

i=1 5>0 ®)
The components X in (1.5) do not depend explicitly on the variable x and for this reason
they are called translationally invariant evolutionary vector fields.

Let us consider the space of local bivectors (k = 2). A generic element P € A? _has the

loc
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form

ZaTaSAW ‘a R , (1.6)

where

AY — Aij(x —y;u(z),uz(z),...) = ZAij(u(x), u(z),... )5(t)(I —9).

>0
In order to characterise which local bivector P € Af . corresponds to a Poisson bivector
we need to introduce a criterion for the Jacobi identity. We have seen that in the finite-
dimensional case the Jacobi identity can be written in terms of the Schouten-Nijenhuis
bracket (see Section 1.1). An infinite-dimensional version of this bracket can be defined

=AY @ A2

on the space of local multivectors with its natural gradation A}, 0 @A

loc loc loc s

through a bilinear operation

[, ] Aje X A — AT Lo s>0.

loc

Let us describe how the Schouten-Nijenhuis bracket operates on certain pairs of local

multi-vectors:

e Forany F,G € A} we have [F,G] = 0 identically.

loc

e If £ is alocal vector (1.5) and F' is a local functional (1.4), then

", OF
[£,F) = ZZat :/SIZ;XW(I)CM

ST >0 i=1

oF et [ OF
Sui(x) Z(_l) Oa <8 / >

>0 Ut

where

is the variational derivative of the local functional F. Observe that [{, F] is indeed

an element of AlOC

e The Schouten-Nijenhuis bracket of two local vector fields &, n of the form (1.5), with

components X', Y respectively, is again a vector field ;1 given by

i . Xi
n=1[gn = Zy(” _Y<>a )aai '
st uly dujyy ) Oui
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e The Schouten-Nijenhuis bracket of a local bivector P of the form (1.6) and a local

functional F' gives rise to a local vector field whose components are

i 5F
Z Ak]a]; dud (x

e Analogously the Schouten-Nijenhuis bracket of a local bivector P (1.6) and a local

vector field £ (1.5) is again a local bivector whose components are given by

0AY

U%WzZ(%ﬁm@%J

k,s

8u’(“3) (x) a

M%m-@ﬁhwwww%wg
uiy(x) Qugyw) " )
(1.7)

We refer to formula (1.7) as Lie derivative of a translationally invariant bivector P

along a translationally invariant vector field ¢, that is, (Lieg P)” = [P, ¢]¥.

e If P and Q are two translationally invariant bivectors with the components A% (z —

Y; u(a:), u(y) ux(x) um(y) .-

) and BY(x — y;u(z),u(y); ug(z), us(y);. .

.), that we

denote respectively by A%, and BY,, then the Schouten-Nijenhuis bracket [P, Q] is

a translation invariant trivector with the components

[P, QI =

R L PL e L LA
8u(s)(x) ’ 8u(8)(az) au(s)(y) ﬁu(s)(y) ’
ki ki ki ki
L TR BT TR N
aul(s) (2) v aués) (2) v aués) () Y Bul(s) (x) Y

DALY, ., 0Bl DA}, ., 0Bt
e e LA L e L
(9u(8)( Y) ’ Ou(s)(y) ’ 8u(8)(z) au(s)( z)

As in the finite-dimensional case, the Schouten-Nijenhuis bracket satisfies the following

properties for every a € AF | b€ Al

loc? loc?

e supersymmetry: [a,b] = (—1)¥[b, a];

e graded Jacobi: (—1)*™[[a,b],c] +

ce A"

(_l)ml[[cv CL], b] + (_

loc*

D)*[[b, ], a] = 0.

We can now introduce the notion of local Poisson structure.

Definition 1.7. A local bivector P € A?
L(M) if [P, P] = 0.

i of the form (1.6) is called a local Poisson structure on
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1.2.1 Deformations of local Poisson structures

A local Poisson structure P € A2 gives rise to a Poisson bracket on the space of local

loc

functionals by the formula

5G
{F,G} = /5125 u, x,..)ai“éj()da:, (1.8)

which, using a special choice of local functionals, namely, F' = [u‘(w)é(w — z) dw, G =

J W (w)§(w — y) dw, leads to the usual representation of a Poisson structure:

{u'(@),w ()} = Y A (@), us(2), ... )"z —y).
k>0
It has been observed that the rescaling of the independent variable v, : x — e induces a
natural gradation on the space A . Now we describe how the various ingredients rescale

under .. First of all we define (¢cu’)(z) = u'(ex), which immediately implies

dzs O (=), 8ufs)(em) e aués) (z)

Concerning the scaling of ¢ distribution and its derivatives, let us consider

[ @i ean= [ 5 (2)59) E = -y / I gy %2

1
— (VO i = [ F@8 @) da,

from which we get

50 (ex) = 09 @) g, 80 (a) = e(50))(@).

With this information, one can show that the rescaling 1. induces a decomposition on A}’

into monomials of different degrees.

and A2

For simplicity, we focus on the cases of A} o

loc

field £ has the form (1.5). Since the changes of 0; and

As seen above, any local vector

6 — induced by the rescaling
Us)

are reciprocal to each other, the splitting of the vector field ¢ into homogeneous monomi-

als depends only on its components X°. In general, the components X' split under the
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rescaling into homogeneous monomials as follows:

n n
—I-GZbZ Jul, + € Zez(u)ugjm + Z h;l(u)uﬁcué +...,
j=1

J,l=1

and this gives rise to an analogous decomposition as

oo
1 1
Aloc - @ Ak,loc’
k=0

where A} .. € AL is the space of local vector fields £ whose components X' are ho-
mogeneous differential polynomials of degree k. Following the same procedure, let us

consider the space of local bivectors A2 . A local bivector P with components A" is given

loc*

by (1.6). Again, since the terms 9;0; and

“m @ N 8%) @ have reciprocal scaling factors,
the decomposition of the local bivector P into homogeneous monomials under the action
of 1. is completely controlled by the way in which its components Al decompose. Thus,
rewriting AV as

SN (A7)0 (@ —y),

>0 1>0

where (A}’), is the homogeneous component of degree [ of the differential polynomial

Aij , and applying 1., we obtain

Z Z(Aij)lelthJrlé(t)(x —y).

t>0 1>0
Setting k = [ +t + 1, it reads
k—

>SS (A1 (@ - y). (1.9)

k=1 t=0

,_.

In this way the components A of the bivector P decompose in homogeneous terms [AY],

of the form

kol
—_

[Aij]k = (Aij)k—lft(S(t) (z —y).

if
o
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As above, we have an induced decomposition of A120C as

2 2
Aloc = @ Ak,loc7
k>1
where P € A7 | if its components A” are of the form (1.9). We can now define the notion

of a deformation of a Poisson bivector P € Ai loc*

Definition 1.8. Any Poisson structure of the form
(P+Q) € Af,e, (1.10)

where Q = 3,1 Qs and Q, € A§+k,loc is called a deformation of P € A%,loc'

Finally, under the rescaling 7)., the deformation (1.10) transforms into (P + 2521 €Qs),

so (1.10) can be rewritten as

P+ Z € Qs.

s>1

In the general case, it turns out that the space of j-multivectors Afo . can be decomposed
into terms which are homogeneous under rescaling, that is A] . = GB;CA;1 ocr Where any

element P ¢ A{; 1o 18 transformed to €* P under rescaling.

1.2.2 Poisson-Lichnerowicz cohomology on loop spaces
Let P € A2, _be a Poisson bivector (the choice of the space A2, _will be clear in the next
section) and let dp be a map defined as follows

dp: N — AT dp(a) = [P,a).

loc loc

Clearly, dp maps Ai,l oc tO A?:é,l oc- Moreover, using the graded Jacobi identity satisfied by
the Schouten-Nijenhuis bracket, and the fact that P is a Poisson structure, one can easily
prove that dp is a differential, namely d = 0 identically. This property allows us to define
the analogues of the cohomology groups, defined in the finite-dimensional framework by

Lichnerowicz (see Section 1.1.1), through

loc loc

= 1 :
Im{dp : Afoc — Afoc}

. Ker{dp : Al — AJ*!
HI(L (M), P) = Sertdr  Aige = Ajge
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Remembering that dp preserves the natural decomposition of the space of j-multivec-
tors A’ into components homogeneous under rescaling, each cohomology group inherits

a natural decomposition into homogeneous parts. Thus, we can introduce

CAJ Jj+1
. Ker{dp : Ak,loc — Ak+2,loc}

H}(L(M), P)

= — : ,
Im{dP : Agc72,loc - Agc,loc}
where a class [a] € H ,]c(ﬁ(M ), P) if any of its representative can be chosen in A?;l oc- This

leads to the following decomposition H7(L(M), P) = @, H ,i(E(M ), P), which is typical
of the infinite dimensional situation. Indeed, there is no analogous correspondence in the

finite dimensional case.

1.2.3 Dubrovin-Novikov brackets

2

We have seen that a local Poisson structure P € Al e

of the form (1.6) gives rise to a Poisson
bracket on the space of local functionals by formula (1.8). Without any loss of generality,

we can identify the Poisson structure P by its components,

N

{u'(),0/ ()} = P7 =AY (u(z), us(2),... )W (z - y), (1.11)
k=0

for a certain number N € N.

Remark. The bivector P¥ can be represented as

A7 () s (o). i ) o ).

where the differential operators A" are given by

g d o d®
ij . _ ij
A <u(aj),u$(:p),...,dw> Es A T

For multivectors of higher rank the language of differential operator was used by Olver
[81]. In what follows, we will denote by P the Poisson structure (equivalently, Poisson

bivector or Hamiltonian operator) written in terms of differential operators.

It is natural to require that the Poisson structure is independent on the choice of local

coordinates on M. Thus, the coefficients Afg have to transform in an suitable way when
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we apply a change of coordinates v = v(u). The transformation law of these coefficients

is determined by the Leibniz identity

(7). 09 ()} = S () g () ), ),

together with the following identities for the derivatives of §-function
(K
- =3 (7) 7@ = ).
Let us assign degrees to the derivatives putting

dsut
dxzs

deg =s, s=12,...,

and deg f(u) = 0 if the function f is independent of the derivatives.

Definition 1.9. A Poisson structure (1.11) is graded homogeneous of the degree D if the coeffi-
cients are graded homogeneous polynomials in the derivatives of the degrees deg Aﬁj =D —k, for

k=0,1,...,N.

Clearly, the order IV of (1.11) cannot be greater than the degree D. Using the transforma-
tion property described before one can easily prove that the degree D does not depend on

the choice of local coordinates u', ..., u™.

For instance, the graded homogeneous Poisson structure of degree 0 has the form

{u'(2), 4 (y)} = h¥ (u(2))d(z —y),

where h/ (u) is a usual (i.e. finite-dimensional) Poisson structure on the manifold M.
The main example, which will be the starting point of our analysis, is the graded ho-

mogeneous Poisson structure of degree 1, namely
{u' (@), 4 (1)} = g7 ((@))8' (x — ) + b (u(@))uzd (@ — ), (1.12)

where ¢/ (u) and b?(u) are some functions on M depending on the choice of local coor-

dinates. In other words, for arbitrary functionals F'[u] and G[u] a Poisson bracket of the
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form
OF . d 2 J
— i Bt ] k
(16) = [ 5o (s ] + it ) 550 an (113)
is defined. Thus, the differential operator P is given by
ij ij d | ij k
PY(u) =g (u(a:))% + b,/ (u(x))u;. (1.14)

This class of Poisson brackets is invariant under transformations of the field variables v =

vi(ul, ..., u™). More precisely, the coefficients g/ and b/ transform as object of differential

geometry, according to the rules
ot o™
~ml _ ij
gmv) = 555597 (),
ot 9™ ouP i () vt duk o™ ()
= 9wl dw ok dvs Y out Qvs Qui kT

b (v)

Poisson structures of the form (1.12) (or, equivalently, (1.13)) were introduced and
studied by Dubrovin and Novikov [32, 35, 34], and they are called Poisson brackets of
hydrodynamic type, or Dubrovin-Novikov brackets. If det(¢”) # 0, we say that the Pois-
son bracket is non-degenerate. Dubrovin and Novikov provided a complete description of

non-degenerate Poisson brackets in terms of Riemannian geometry.

Theorem 1.1 (Dubrovin-Novikov, [32]). Let " be non-degenerate. Formula (1.12) defines a
Poisson brackets if and only if the tensor g* is symmetric, i.e it specifies a pseudo-Riemannian
metric (with upper indices), and the connection T, = —g;sb}’ is compatible with the metric g%

and has zero curvature and torsion.

As a direct consequence, doing a change of the dependent variables u‘(z) — w®(u(z)),

we can rewrite the Poisson structure (1.12) in the following constant form

{w*(z1), wﬁ(acg)} = 170"36’(:61 — x9), (or, equivalently, poB — 77&656) ,

where the constant coefficients n“? are the entries of the matrix of the metric in the flat

coordinates t.

Remark. If P ¢ A120C is a bivector of hydrodynamic type, that is of the form (1.12), then

Pe A%,loc' Furthermore, any element of A;IOC is indeed a bivector of hydrodynamic type.
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1.2.4 Deformations of Dubrovin-Novikov brackets

In the framework of the theory of Frobenius manifolds [27, 36, 38], Dubrovin conjectured
the triviality of homogeneous formal deformations of structures (1.14). The problem for-
mulated by Dubrovin can be stated as follows. Let us consider a Poisson manifold A
endowed with a Poisson structure of hydrodynamic type (bivector) Py which satisfies the
Jacobi condition written in terms of the Schouten bracket on the algebra of multivector

fields on M, that is [Py, Py] = 0.

Definition 1.10. A deformation of order k of a Poisson bivector Py is a formal series
P6:P0+6P1+62P2+...

in the space of bivector fields on M satisfying the condition [P¢, P€] = O(e**1) for any value of
the parameter e.

In particular, if [P¢, P°] = 0, we say that P¢ is a deformation of Fy. A deformation (of

order k) is trivial if there exists a Miura transformation ¢, : M — M,

[e.9]

Ge = Z €m¢ma

m=0

which pulls back P¢ to Py, that is P = ¢ FPy. Therefore, the allowed deformations P are

formal series of the form

k+1 dk+1-s
P, = ;As(u, Uy, ... ’uk—H)W’

where the entries of the n x n matrices A, are homogenous polynomials of degree s in the

x-derivative, namely deg(As) = s.

Problem. Does there exists a Miura transformation that brings the homogeneous deformation P¢

to Po?

This problem can be reformulated in cohomological terms. Indeed, as we have seen in
Section 1.2.2, triviality of deformations is equivalent to the vanishing of the second coho-
mology group in the Poisson-Lichnerowicz cohomology. Getzler [54] and independently
Degiovanni, Sciacca and Magri [21] solved Dubrovin’s conjecture proving that this coho-

mology group is trivial (in particular, Getzler proved that all positive integer cohomology
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groups are trivial, that is, H*(£(M),Q) = 0 for Q € A2 oc and k& = 1,2,... ). This result

immediately implies that any deformation of w of the form

o
P =Q+> P, Pi€Alye
k=1

can be obtained from @ by performing a Miura transformation, namely a change of de-

pendent variables u!, ..., u" of the form

' = Fi(a) + Z Fi(u, ug, Uy, .. ), (1.15)
k
where F} are differential polynomials in the derivatives of u’ of degree k and det % # 0.
Indeed, the Poisson condition [P€, P¢| = 0, implies that P is a cocycle of w and therefore
a coboundary

Py = Liex, Q,

for a suitable vector field X;. This means that, performing a transformation of the form
(1.15) generated by the vector field —X;, we can eliminate the term in ¢, obtaining a local

Poisson bivector of the form

o
Pe = Q + Zﬁkpk
k=2

Analogously, there exists a vector field X, such that P, = Lie x, @ and the transformation
(1.15) generated by — X, allows us to eliminate P,. Following this procedure, step by
step, we can reduce P to (). Finally, the reducing transformation of the form (1.15) is
the composition of the infinite sequence of transformations (1.15) generated by the vector

fields — X1, — X5, — X3 and so on.

1.3 Multi-dimensional Dubrovin-Novikov brackets

The multi-dimensional analogue of the Drubrovin-Novikov brackets (1.12) has the form

{u'(x), 4 (y)} = g7 (u(x))da(x — y) + b (u(x))uld(x — y), (1.16)

where u = (u',...,u") are local coordinates on a smooth n-dimensional manifold M,

x = (z},...,2Y)and x = (y',...,y") are independent variables, 6,(x — y) = %,



1.3 Multi-dimensional Dubrovin-Novikov brackets 32

k

Y=, a=1,..., N. The differential operator P associated with (1.16) is defined by

xozl

uk =

Q

Q

d

Pij(u) = Qija(u)dxj

+ 07 (u)uk. (1.17)

«

The operator (1.17) is called non-degenerate if det g/ # 0 for any a. However, since under
unimodular changes of the spatial variable z* = cgiﬁ , ¢§ = const, det(cg) = 1, for fixed

i, j, k, the objects g/ and bffjo‘ transform like vectors, that is
ijo _ caziif i _ afiB 118
g - Cﬁg ) k. cﬂ k ( . )

it is sufficient to assume that ¢/ is non-degenerate for one «, or similarly, that there exists
a linear combination of g“/“ such that det(\,g“%) # 0, A, € R.

As in the one-dimensional case, the form of the Poisson bracket (1.16) is invariant un-
der local transformations of coordinates, v = v(u). In particular, for each « the coefficients
g“® transform as components of a contravariant tensor of rank 2, and the coefficients bga
are transformed as components of the contravariant Levi-Civita connection.

Although the bilinearity property and Leibniz identity are fulfilled, the condition of
skew-symmetry and the Jacobi identity for a Poisson bracket (1.16) impose very severe

restrictions on the coefficients g*/*(u) and b, (u).

Theorem 1.2 ([76]). A bracket of the form (1.16) is a Poisson bracket, (or, equivalently, an operator
of the form (1.17) is a Hamiltonian operator) i.e. it is skew-symmetric and satisfies the Jacobi

identity, if and only if the following relations for the coefficients of the operator are fulfilled:

giie = gt (1.19)
ijo L. ..
oz
3 ( g gsjﬁbz;"a> — 0, (1.21)
(@.B)
Z ( g gsjﬁbga> —0, (1.22)
(i,4,7)
. 3 JrB ) o
Z [gsza (aabsq - 88()(13 ) + béjab;rﬁ — b?aszﬁl =0, (123)
u u
(c,)
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bjra abwﬁ

Ehad' I tjBpsra _ pirBpjsa s iapsrf isB1jra
e ] S = by — e, (1.24)
0 | o000 00"\ e o (06 bl
st s ijagsrfB _ pirapsjf sif kK s
ouk [ < oud ous 0 b (Z) % ous’ ouk
Z7‘77r
O | wp(oOWF  on® ooy’ ablP
sif8 s ij 87,51 irBysjc sia 9 S —
to ( i )+b by — b P b +(Z) [b ( R 0.
,7,r
(1.25)

The signs }_, 3 and }_; ; ;) mean cyclic summation in the indicated indices. Note that
in one-dimensional case these conditions reduce to Grinberg’s conditions [56]. These re-

lations imply the following important property.

Lemma 1.3 ([35, 69]). Every multi-dimensional Poisson bracket of the form (1.16) is always the

sum of one-dimensional Poisson brackets with respect to each of the independent variables x.
In other words, every summand on the right-hand side of the formula (1.17), namely

d k

ija sza
g7 ()2 + b (W),

defines a one-dimensional Hamiltonian operator with respect to z.

1.3.1 Non-degenerate multi-dimensional brackets

Multi-dimensional Poisson brackets of hydrodynamic type, introduced by Dubrovin and
Novikov in [35], have been thoroughly investigated by Mokhov [74, 76, 69] in the non-
degenerate case. Under this assumption, in virtue of Dubrovin-Novikov theorem (see
Theorem 1.1), Lemma 1.3 implies that all tensors ¢”/* must be flat contravariant met-

rics, and each affine connection Fﬁ = —g5,,by"™ must be compatible with the respective
metric ¢*/%, and has zero torsion and zero Riemann curvature, i.e. F;C,; is the Levi-Civita
connection [35]. Hence, each non-degenerate multi-dimensional Poisson brackets of the
form (1.16) is uniquely determined by the flat metrics g*/*, which must satisfy further
restrictions. Thus, the classification problem of non-degenerate multi-dimensional Pois-
son brackets of hydrodynamic type, proposed by Dubrovin and Novikov in [35], can be
reduced to a classification of admissible set of flat metrics g/°.

The main difference with respect to the one-dimensional case is that, although all the
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metrics ¢g¥/® must be flat, they can no longer be reduced to a constant coefficient form si-
multaneously: an obstruction is given by the tensors TJZ?B (u) = F;*Z (u)— F;‘,; (u). Dubrovin
and Novikov proved that the vanishing of the obstruction tensors is a necessary and suf-
ficient condition for the existence of coordinates where the bracket (1.16) takes constant
coefficient forms [35]. Under the assumption of non-degeneracy, Theorem 1.2 can be re-

formulated in term of the obstruction tensor.

Theorem 1.4 (Mokhov [74]). Flat non-degenerate metrics g“*(u) define a multi-dimensional

Hamiltonian operator of the form (1.17) if and only if the following relations are fulfilled:

Tijkaﬁ(u> — rkjiap (u), (1.26)
Z TitkeB () = 0, (1.27)
(4,3,k)
T )T (w) = TP () T (), (1.28)
v?éTijkOéﬁ(u) =0, (1.29)

where T/p” (u) = T () — Tig(u), TP (w) = kb (w)g"(w) T4 (), the sign 3 4
means summation over all cyclic permutations of indices (i, j, k), V< is the covariant derivative

given by the connection F}%(u), and I‘;%(u) is the Levi-Civita connection generated by the metric
g7%(u).
These tensorial conditions imply another important property of non-degenerate multi-

dimensional brackets, as stated in the following theorem.

Theorem 1.5 ([35, 74]). A non-degenerate multi-dimensional Hamiltonian operator (1.17) for
n=1 can be reduced to constant form, and for n > 2 can be reduced to a linear form, that is the
metrics g'% () assume the form g (u) = ¢7*u* 4 giI*, where ¢/ = b7* + b, b * and g

are constants.

In particular, since all the metrics are flat, we can always choose a system of coordinates
where one metric, say ¢ with « fixed, is reduced to constant coefficient form, and all the
remaining metrics, gijﬂ with 5 # «, are linear. Such coordinates are called flat coordinates
for the metric g¥/°.

This is a first step towards a geometric interpretation of the tensorial conditions (1.26)-

(1.29). The second step is related to the theory of compatible metrics constructed by Mokhov



1.3 Multi-dimensional Dubrovin-Novikov brackets 35

in [70].

Definition 1.11. Two Riemannian or pseudo-Riemannian contravariant metrics g“*(u) and

g2 (u) are called compatible if for any linear combination of these metrics
9" (0) = Mgl (w) + AogP*(w),

where \; and Xy are arbitrary constants such that det(g% (u)) 2 0, the coefficients of the corre-
sponding Levi-Civita connections and the components of the corresponding tensors of Riemannian

curvature are related by the same linear formula:

b (u) = \biZ (w) + Aobl? (u), (1.30)

R (u) = MR () + AR (). (1.31)

We shall also say in this case that the metrics g*'(u) and g*%(u) form a pencil of metrics.

If for any linear combination of metrics only (1.30) is fulfilled, then the metrics are called
almost compatible. Almost-compatibility is also equivalent to the vanishing of the Nijenhuis
tensor of the affinor (that s, (1, 1)-tensor) L (u) = ¢***(u)g; ;(u), where ¢g**! (u) gy ; (u) = 67,
which is defined by

. oL (u oL . QL (u . OLE
) = 50 20 g P P P )

see [71, 40] for further detalils.
Concerning Mokhov’s conditions, by straightforward computations one can easily
see that condition (1.26) is equivalent to the almost-compatibility of each pair of metrics

(g9, g"P), while adding (1.28) we get the compatibility.

Theorem 1.6 ([75]). All metrics g”“(u), 1 < o < N, defining a multi-dimensional Poisson

bracket of the form (1.16) are mutually compatible.

A pair of compatible flat metric defines a flat pencil of metrics. We emphasize that
this notion plays an important role in the theory of Frobenius manifolds introduced by
Dubrovin [29, 27], and in the theory of compatible Dubrovin-Novikov brackets. Accord-
ing to Magri [65], two Poisson brackets are called compatible if each their linear combi-

nation is a Poisson bracket. In the framework of hydrodynamic Poisson brackets, two
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non-degenerate Dubrovin-Novikov brackets are compatible if and only if the correspon-
dent flat metrics form a flat pencil [27, 25]. Therefore, Theorem 1.6 says that all one-
dimensional Dubrovin-Novikov brackets forming a multi-dimensional Poisson brackets
of hydrodynamic type are also mutually compatible. This means that the study of non-
degenerate multi-dimensional Poisson brackets of hydrodynamic type corresponds to the
study of a subclass of compatible one-dimensional Dubrovin-Novikov brackets, identified

by the additional conditions (1.27) and (1.29).



Classification of non-degenerate

Hamiltonian operators in 2D

In this chapter, based on the author’s joint work with E.V. Ferapontov and P. Lorenzoni
[46], we address the classification of non-degenerate Hamiltonian operators of Dubrovin-
Novikov type in two dimensions. As we mentioned in Section 1.3.1, such operators are
generated by two flat metrics, that we now denote with g, §, which can be assumed non-

degenerate without any loss of generality. In this notation, the operator (1.17) takes the

form
Pii — i ()% 4 b ) 4 5 ()% 4 5 ) 21
=g (U)%—‘r k(u)ux+g (u)diy_‘_ k(u)uy7 ( . )
with b = —¢*TY, and b} = —§*T,, where I and T" are the Levi-Civita connections of g

and j, the obstruction tensor is given by 77, = TI'), — I}, , and Theorem 1.4 reads

Theorem 2.1. Let g and g be two flat metrics. Formula (2.1) defines a Hamiltonian operator if

and only if the obstruction tensor satisfies the relations

Tk — kit (2.2)
> Tk =, (2.3)
(i.5.k)
TUSTT, = TsT7 (2.4)
VT9F =, (2.5)
VTHk = 0. (2.6)

Here TI% = i kST, and V',V are covariant derivatives given by the Levi-Civita connections of

the metrics g, g.

As we have seen in Section 1.3.1, these conditions imply that, in the flat coordinates of

37
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g, the second metric g becomes linear, so that the classification of such operators reduces to
the classification of algebras of certain type [35, 74]. This problem was addressed in [74],
resulting in a complete description of one- and two-component operators of the form (2.1).
Here we adopt a differential-geometric point of view, starting from the vanishing of the
Nijenhuis torsion of the affinor L} = 5" gj.;.

In the case when L has simple spectrum, (Hamiltonian operators of this type are
known as non-singular or semisimple), the results of [69] imply the existence of coor-
dinates where the Hamiltonian operator P takes constant coefficient form. It turns out
that all interesting (non-constant) examples correspond to the case when L has non-trivial
Jordan block structure. The simplest known example of this kind is provided by the two-

component Mokhov’s Hamiltonian operator

0 1\ 4 —2ul w?\ ¢ —u; 2u
— +
1ojdr \ w2 ofd \-u2 o

< N

: 2.7)

which is related to the Lie algebra of vector fields on the plane [35, 74]. It is generated by

the flat contravariant metrics

One can easily see that, for generic values of u', u?, the corresponding affinor L = gg—! is

a single 2 x 2 Jordan block.

2.1 Linear Killing tensors with zero Nijenhuis torsion

In this section we rewrite Mokhov’s conditions (2.2)—(2.6) in a form which is more suitable

for our purposes, making link with the theory of Killing tensors.

Theorem 2.2. Let g and g be two flat metrics which define the Hamiltonian operator (2.1). The
Mokhov conditions (2.2)—(2.6) are equivalent to the following:

1. Linearity of the bivector g% in flat coordinates of g. Invariantly, this means V*g§ = 0 where

V denotes covariant differentiation in the Levi-Civita connection of g.

2. The vanishing of the Nijenhuis torsion of the affinor L = dg;.
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3. The Killing condition for the bivector g:
Vigh + vk 4+ vigit = 0. (2.8)

Moreover, the flatness of g and the above three conditions imply the flatness of the second metric §.
Proof:

(a). Condition (2.2) is equivalent to the vanishing of the Nijenuis torsion of L.
This was proved by Mokhov [71, 72], here we briefly recall the proof. Let sz =— g“fgk be

contravariant Christoffel symbols of the second metric,

71 ~isTJ 1 ~is ~jt ~ ~ ~

bk =g Fsk = —59 g <8sgtk + Ok Gst — 3tgsk)-
By definition they satisfy the conditions

oG = B+,

gill;{k — ik,
Written in flat coordinates of g, the condition (2.2) reads
. .
gzlbg — g]lb;k.

This means that the contravariant Christoffel symbols of the pencil gy = § — Ag are equal
to the pencil of the Christoffel symbols of g and g. Thus, the metrics g and g are almost
compatible, and this is known to be equivalent to the vanishing of the Nijenhuis torsion
[70].

(b). Condition (2.3) is equivalent to the Killing property.

Using (2.2) we can rewrite (2.3) as

S [Tk 4 TR = 0,
(1’7j7k)
In flat coordinates of g we have

(4,3,k)
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= gksgirfis + gisgkrfis + gisgjrfﬁs + gjsgirfxﬁs + gjsgkrfwis + gksgjrfwqu
= —lg" b + g™ + g7 by + g bLE + B + g7 Bl
— _[girargk:j + gkrargij + gjrargik]

= —[0'g" + 0* G + 975" = 0.
In invariant notation, this gives the Killing condition,
Vigh + VFgi 4+ vighk = o,

here V is the Levi-Civita connection of g.
(c). Condition (2.5) is equivalent to the linearity of § in flat coordinates of g.

In flat coordinates of g, (2.5) implies
On(TY* + T™) = 0,[g" (0 +17")) = 8,0'g" = 0.

This means that g is linear. Conversely, assuming that § is linear in flat coordinates of g,

and using (2.2) and (2.3), we obtain (2.5):
0= 3T(Tijk + Tikj) — aT(Tijk + Tjki) _ —8TT’“ij.

(d). Conditions (2.4) and (2.5) are equivalent to the flatness of g.
Condition (2.5) means that, in flat coordinates of g, the contravariant Christoffel symbols

5}3 are constant. This follows from the identity
~0,T* = 0,(g"™0}3)) = g0 by], = 0.

Similarly, condition (2.6) means that, in flat coordinates of g, the contravariant Christoffel

symbols bg are constant. Written in flat coordinates of g, the condition (2.4) reads

§*1g'PTy I'7, = §*g™T7 T,

or

gP(BITY, — b TY,) =0,
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that is

YT, — BT, =0,

which is equivalent to

bIbL — be'bY = 0.
Due to (2.5), the vanishing of the curvature of V, written in flat coordinates of g, reads
g (07 = 0ybI") = BiIb + BTy = BBy + BB =0,

(e). Condition (2.6) can be dropped.
Recall that, in flat coordinates of g, we have T = —g!mpki and T;k = f;'.k = f‘};j = T,ij
(by the symmetry of V). Thus,
Vo T = V(=g b]) = = (Veg" b + gV, bE)
= W (0rg"™ + Tg™ + T7ig") — g™ (0.0 + TR, + T, — Ty
= —i’%fizglm - ~kj~7«19 - gimf‘ﬁlg% - Qimfizgﬁi + im~£’m~z
= (B Th I+ T

= (1T 4 TETY T TR,
Using conditions (2.2), (2.3) and (2.4), this term vanishes. Indeed, by (2.2) it reads
V T9% = —(T T+ THT 4 T 1),
Using (2.4) for the underlined terms we obtain
V, Tk = kit i 4 i),
and, by (2.3)
V, 7% = —Th(-T"" 4 7,

The last term vanishes by (2.2).
(f). The flatness of g follows from the flatness of g, linearity of g, the Killing condition, and the

vanishing of the Nijenhuis torsion.
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Since lN)é- , are constant in flat coordinates of g (see step (c)), from the condition g =

Ezj + 5{:, it follows immediately
39 = (7 + 0"l + gf. (2.9)
Thus in flat coordinates of g the condition §b7* = 37'bi* implies
(i + BB = (B3 4 B )ik, (2.10)
Moreover, the Killing condition
g+ B g + B + g B+ B = o,
can be rewritten, using (2.2) for the underlined terms, as

0= g™ b7 + g0 + g b7 + g0 + g7 (O + B
= 2gksl~)éj + 2gjsl~)ik + 2gjsl~)ls”

= 2(gkbY + ¢7* (b + BEYY),

that is
b g% 4 (K 4 ) g% = 0. (2.11)

Taking into account the above condition (2.11), the equation (2.10) becomes
(g BB — g = 0
Using (2.2) for the underlined terms, we finally get
mrg”* (O] = BJB*) = 0.

In what follows we will need an alternative form of the Killing condition (2.8), namely

95055 + " 0557 + ¢7° 055" — 505" — G059 — §7°059™ = 0. (2.12)
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This can be easily obtained: computing the covariant derivative of §*/ we get

gksvsgij — ng(asgij + Pém~mj + Fgmgzm)
= g"0:g" — g™ — g™ (2.13)
Using 959 = b + bl' and substituting (2.13) into the Killing condition (2.8), one arrives
at (2.12).
2.2 The splitting lemma

The Killing condition plays a key role in the proof of the splitting property for Hamilto-

nian operators. First of all, let us give a definition.

Definition 2.1. Given an m-component operator P, with the dependent variables u', ..., u™,
and an (n — m)-component operator Py with the dependent variables v™ V1, ... v, their direct
sum is the n-component operator P defined by the formula

P 0

0 P
on the combined set of variables (u',...,u™, v™ 1 ... v"). The corresponding metrics g, § will

be direct sums of the metrics defining P, and P,. Operators of this type will be called reducible.
The main result of this section can be stated as follows.

Lemma 2.3 (Splitting Lemma for Hamiltonian operators). Let P be a Hamiltonian operator

1

such that the corresponding affinor L = gg— can be represented in the block-diagonal form

A 0
L= ) (2.14)
0 B
in some (non-holonomic) frame, and let Spec(A) N Spec(B) = 0. Then P decouples into a direct

sum of two Hamiltonian operators, with the corresponding affinors A and B.

Thus, any Hamiltonian operator (2.1) can be represented as a direct sum of irreducible
operators P, (each generated by a pair of flat metrics g,, o, defined on a manifold of

dimension n,) such that the corresponding affinor L, = §ng, ' either has a unique real
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eigenvalue of multiplicity n,, or a pair of complex conjugate eigenvalues of the same
multiplicity (in the last case n, must be even).

Lemma 2.3 can be seen as an analogue of the splitting lemma for affinors with zero Ni-
jenhuis torsion proved by Bolsinov and Matveev [12] in the context of projectively equiv-

alent metrics.

Lemma 2.4 (Splitting Lemma, [12]). Let L be an affinor with zero Nijenhuis torsion on a mani-
fold M, dimM = n. Suppose there exists a (non-holonomic) frame in which L takes block diagonal

form,

A O
L= ;

0 B

where Spec(A) N Spec(B) = (. Then there exists a local coordinate system (u', ..., u™, o™ ...,

v™) such that

Using the Killing condition, one can extend the splitting structure to the metrics. First

of all we recall two well-known facts from linear algebra.

1. In the hypothesis of the above lemma, if g and g are two non-degenerate symmetric

bivectors related by the affinor L, that is 7/ = L),¢", then g and j assume the form

(2.15)

o
3

S
Rl

2. Let A and B be two square matrices (not necessarily of the same size), such that

Spec(A) N Spec(B) = (). Suppose that AC' = C'B for a certain matrix C. Then C' = 0.

For convenience of the reader, let us briefly prove this last statement. Let us bring A to

upper triangular form, that is A = XA X ~! where

AL *
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and X are the eigenvalues of A. Then
XAX'C=CB = AX'C=X"'CB
Let X~1C = C. Thus
AC =CB (2.16)
where A is upper triangular and A’ € Spec(A). Let Cy, ..., Cy, be the rows of C. Compar-
ing the m’th rows in (2.16) we get

\C,, = C,,B.

Since \™ ¢ Spec(B), then C,,, = 0. Comparing the (m — 1)’th rows in (2.16) we get (since
Cp =0)
Am_lémfl = C’mlea

sothatC,, 1 = 0. By induction, this implies C =0,s0that C = 0as X is non-degenerate.

Lemma 2.5. In the hypothesis of Lemma 2.4, let g and g be two non-degenerate symmetric bivec-

tors (2.15) such that §' = Li g*i. If the Killing condition (2.8) holds, then o, & must depend only

onu = (ul,...,u™), and n, 7 must depend only on v = (v ... ™).

Proof:

By Lemma 2.4, A = A(u) is an m x m matrix, and B = B(v) is an (n — m) x (n —m)
matrix. Let / = {1,...,m}and J = {m+1,...,n}. We know thatifi € I and j € J, then
g7 = 0. Then, fori € I and j,k € J, the condition (2.12) leads to

g°0:g" — §°0.9" =0,

in particular,

O_isasﬁkj _ 5.i58577kj —0.

By hypothesis g is non-degenerate, thus ¢ is non-degenerate, then multiplying by the

inverse matrix o;; we obtain

O(BinPT) — Aj9n*7 =0,
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as 6*'o; = Aj. Since | € I and the elements of B depend on v only, our relation becomes
BEomP — Aj0.m™ = 0.

Fixing j, let Cf = 9in™. Thus, we get B;f(]p = C’fAf, that is BC = C'A. As Spec(A) N
Spec(B) = (), we can conclude that C' = 0. Thus

o't =0,Viel, Vijkel
If we now take i € J and j, k € I, following the same method we get
9ic* =0, VieJ Vjkel.

u

This establishes Lemma 2.3 (Splitting Lemma for Hamiltonian operators). It allows us

to focus on affinors with one single eigenvalue, otherwise we can split them and consider
each block separately.

As a simple application of Lemma 2.3 we can establish Darboux’s theorem for Hamil-

tonian operators whose affinor L is diagonal (has no non-trivial Jordan blocks: note that

we allow coinciding eigenvalues). It is based on the following result:

Proposition 2.6. Let L be a diagonal affinor, g be a flat contravariant metric, and g = Lg.
Suppose that the Nijenhuis torsion of L vanishes, and the Killing condition holds. Then there

exists a coordinate system where L and g take constant coefficient form.
Proof:

Since the Nijenhuis torsion of L vanishes, using Lemma 2.4 we can bring L to block diag-

onal form,
Ly

Loy
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Here each L; is a scalar operator with the same eigenvalue,

)\i

)\i

A £ M for i # j, and A\' depends on coordinates of its own block only. By Lemma 2.5, we

have

g Mg

Gk A Gk
where g,: depends on coordinates of its own block only. Thus we can consider each block
separately. For instance, suppose L is an m x m scalar operator with the eigenvalue \!.
Let us set A = A and h = gy1. We know that A and h depend on u!, ..., u™ only, and no

other block depends on these coordinates. Condition (2.12) leads to
W RO + WM 0\ + W R0\ = 0.
Since h is non-degenerate, contracting with hq;h,; we get
SN OgA + hypgh™* 0.\ + 6E9,\ = 0.
Setting ¢ = k and summing over k we obtain
A+ hpr R ON +mOpA =0 = (m+2)9p\ = 0.

Thus A must be constant, as m > 0. Since g is flat, we can find a change of coordinates
which brings h to constant form. As L; is a constant scalar operator, it retains its form in
any coordinate system. Similarly A\’ and g,: can be reduced to constant form. [

This leads to the following

Theorem 2.7. Consider a non-degenerate Hamiltonian operator (2.1) such that the affinor L; =
G* gi.; has (pointwise) diagonal Jordan normal form. Then this operator can be reduced to constant

coefficient form by a local change of coordinates.

This extends the analogous result of Mokhov [69] obtained under the additional as-
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sumption of simplicity of the spectrum of L.
Suppose that g has Euclidean signature (or, more generally, there exists a non-degene-
rate Euclidean combination of the form Ag + 1g). Then the affinor L can be brought to

diagonal form. By Theorem 2.7 we have

Corollary 2.8. If one of the contravariant metrics which define a 2D Hamiltonian operator is

Euclidean, then the operator can be reduced to constant coefficient form.

This shows that the most interesting case is when each representative of the pencil Ag+ g

is essentially pseudo-Euclidean, and the affinor L has non-trivial Jordan block structure.

2.3 Classification results

In this section we classify Hamiltonian operators of type (2.1) with the number of compo-
nents n < 4. This will be done up to arbitrary transformations of the dependent variables

u'. Our approach is based on the following two fundamental facts:

1. Any Killing bivector in flat space is the sum of symmetrized tensor products of

Killing vectors (see, e.g. [94, 95, 68]);

2. A pair of symmetric bivectors can be brought to the Segre normal form [89] (see, e.g.

[58] for a modern description).

We recall that (see Theorem 1.5) the first metric g can always be reduced to constant form,

and the second one must be linear, that is
= czjuk + g(i]j, (2.17)

here g and gy are constant symmetric matrices, and ¢}’ are constant coefficients. Taking

‘generic’ values u§ of the variables u* and applying the shift of variables,

u® —>u’8—|—vk,

we obtain the transformed metric,

ok + g (2.18)

N}
I
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The genericity of uf allows us to assume that the Segre type of the pair (g, §) is the same
as that of (g, go). Recall that the Segre type of a pair of symmetric forms can be read off
the Jordan normal form of the corresponding affinor L, see below. Bringing g and g to
the Segre normal form leads to a considerable simplification of calculations. Furthermore,
the splitting lemma allows us to consider irreducible cases only, where the affinor L either
has one real eigenvalue, or two complex conjugate eigenvalues.

The theory of normal forms of pairs of symmetric bilinear forms is based on the fol-

lowing result, see e.g. [58]:

Theorem 2.9. Suppose L is a g-selfadjoint operator on a real vector space V. There exist a canon-
ical basis ey, . ..,e, € V in which L and g can be simultaneously reduced to the following block

diagonal canonical forms:

Ly g1
Lo 92
Lcan - . 5 Gean = . 5
Ly Js
where
1
1
gj = + . )
1
and
Mool
N
L;= ,
1
bV

in the case of real eigenvalues N € R (real Jordan block), or
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a b 1 0
-b a 01
a b
b a
L; = ,
a b 10
-b a 01
a b
—-b a

in the case of complex conjugate eigenvalues )\71'72 = a £ ib (complex Jordan block). It is assumed

that for each j the blocks g; and L; are of the same size.

Remark. Let us briefly comment on what we mean by Segre type. Suppose n = 4 and let
us consider the affinor L = gg~!. In the case of two complex conjugate eigenvalues v + i\

and v — i), the canonical form of L reads

v =Ax 1 0
A v 0 1
0 0 v =X
0 0 X v

In the case of a single real eigenvalue we have the following four canonical forms:

A1 00 A1 00 A1 00 A1 00
0A 10 00X 10 0 A 00 0 A 00
o0 x 1| Jooxo|l Joox1| Joo o
00 0 A 00 0 A 00 0 A 00 0 A
Segre type [4] Segre type [(3,1)] Segre type [(2,2)] Segre type [(2,1,1)]

Segre type indicates the number and sizes of Jordan blocks with the same eigenvalue \.



2.3 Classification results 51

2.3.1 One-component case

It was shown in [32, 74] that any one-component operator can be reduced to constant
coefficient form, P = A9, + p0,, here X and . are arbitrary constants.

2.3.2 Two-component case

The two-component situation is also understood completely [35, 74]: we have only one
non-constant Hamiltonian operator (2.7), the corresponding affinor L is a single Jordan

block with non-constant eigenvalue:

0 1\ 4 —2ut w?\ 4 —u; 2u
—+
1 0)dv w0 )W \—u2 o0

<N

P=

Let us give an alternative proof of this result based on the Killing condition. First we

reduce g to flat coordinates,

9= )
10

recall that, by Corollary 2.8, ¢ must be Lorentzian. Since g is a Killing tensor of g, it is a
quadratic expression in the isometries uld1—u?0y, 01, Oo. Since § is linear, the first isometry

can only enter linearly, so that
§ = (u'0y — u?dy)(ady + B0y) + Y0 + 20010, + €03,

here o, 3,7, 0, € are arbitrary constants. The vanishing of the Nijenhuis torsion of the cor-

responding affinor L gives

(au' +7)8=0, (Bu?—e€)a=0.

Without any loss of generality one can take 5 = 0. In this case o must be nonzero, other-

wise § will have constant coefficients. Then ¢ = 0, and modulo translations of u!, u? we

arrive at the required expression (2.7).

2.3.3 Three-component case

Our main result can be summarised as follows.
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Theorem 2.10. Any irreducible non-constant three-component Hamiltonian operator in 2D can
be brought (by a change of the dependent variables u®) to the form &P where P can have one of the

two following canonical forms (in both cases the affinor L is a single 3 x 3 Jordan block):

1. Jordan block with constant eigenvalue

001 —2u? P A —uy 2u 0

P=1010 R A0 <y 50 0
dz u dy _Uy )

1 00 A0 0 0 0 0

2. Jordan block with non-constant eigenvalue
0 01 ; —2u! —%u2 u? ; —u?lJ %uz 2u2
- el 1 Bl 1
P=1010 o —su? w0 dy+ —uy suy 0
100 u? 0 0 —ul 0 0
Proof:

Since the complex conjugate case cannot occur (it requires an even number of compo-
nents), we only need to consider the cases where the affinor L has one triple eigenvalue,
and has Segre type [3] or [(2,1)]. Since the case [(2,1)] gives no non-constant irreducible
examples, we will concentrate on Segre type [3]. Then there exists a coordinate system

where g and gy take the form

00 1 0 1 A
g =101 0|, =11 10
10 0 A0 0

The general solution of Mokhov’s conditions is given by the two-parameter family g =

K191 + K2g2 + go, where k; are arbitrary constants, and the bivectors g; are as follows:

—2ut —%uz ud —2u? w0
g1 = —%uQ ud 0], 92= ud 0 0
u? 0 0 0 0 0

In the non-constant eigenvalue case, k1 # 0, using the following transformations which
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preserve both g and go,
1 2K 2K 2K
@ Ly Bas 24, 2
K1 5 K1 9 1 9 1
K K1 —
U2 — 2 2 3 ! )

we can reduce the above family to § = g1 +go (thatis, we canset k1 = 1, ky = 0). After that
we can eliminate §y by appropriate translations of u? and u?, arriving at the final answer
g = gi1. Similarly, in the constant eigenvalue case, k; = 0, we can set k2 = 1, and use an
appropriate translations of u? to arrive at the normal form above. In detail, if k3 > 0, the

transformation given by

N[

ut —>ozu1, u? —>u2, u? —>a_1u3+a—1, =Ky ?,
preserves g and § and implies § = g1 + Jo. Using a shift of u3, we finally get the normal
form above. If k2 < 0, it is sufficient to choose o = (—/{2)_% in the above transformation,

and then applying a shift of u® we get the same result.

2.3.4 Four-component case

The four-component situation is more complicated since we have more Segre types. In
this section we present the results of classification of four-component Hamiltonian oper-
ators of the form (2.1) with one real eigenvalue, as well as with two complex conjugate
eigenvalues (the latter turn out to be complexifications of the 2 x 2 operator (2.7)). We
will only give canonical forms for the contravariant metrics g, g: the symbols Efj of the
second metric can be computed directly. We skip the details of calculations: these follow
the procedure outlined at the beginning of Section 2.3, and are essentially the same as in

the proof of Theorem 2.10.

Segre type [(2,1,1)]

One can show that this case leads to constant coefficient operators.
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Segre type [(2,2)]

By Theorem 2.9, we have to consider two different cases.

Case 1: There exists a coordinate system where g and g, take the form

0100 1 A0 0
100 0 . lx 000
g7 = 96 =

v J0
000 1 00 1 A
0010 00 A O

The general solution of Mokhov’s conditions is given by § = Z?Zl KiG; + go, where k; are

arbitrary constants, and the bivectors g; are as follows:

U —%u2 %u:‘ 0 u? 0 —%uQ 0
3 —su? 0 0 0 3 0 0 0 0
g1 = y 92 = )
ud 0 0 —iu? —2u> 0 0 0
0 0 -4 0 0O 0 0 0
0 §u4 Lt 0 0 O §u4 0
et 0 0 0 o 0o 0o o0
e —%ul 0 —u? %uA‘ S %u‘* 0 —u?> 0
0 0 u' O 00 0 O

The eigenvalue of the corresponding affinor L is 1 (ksu® — k1u®) + \. Using symmetries

which preserve g and gy one can set the coefficients x3 and x4 equal to zero, arriving at

the normal form

g = K1g1 + K2G2 + Jo-

Case 2: There exists a coordinate system where g and gy take the form

01 0 0 1 A 0 0
10 0 O i A0 0 0
gv = . 05 =

00 0 -1 0 0 —1 —)\

00 —1 0 0 0 —A 0

The eigenvalue of the corresponding affinor L is £ (k3u® — k1u?) + A. The general solution
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of Mokhov’s conditions is given by g = Zf-‘:l kiGi + Jo, where k; are arbitrary constants,

and the bivectors g; are as follows:

ul —%uQ %ug 0 ut 0 §u2 0
i —* 0 0 0 ) 0 0 0 0
g1 = ) go = )
b 00 g W2 0 0 0
0 0 v 0 0 0 0 0
0 gu' Ju' 0 0 0 u' 0
) sut 0 0 0 ) 0 0 0 O
93 = TS
sul 0 w o —gul sut 0 uw? 0
0 0 -t o0 0 0 0 0

Using symmetries which preserve g and gy one can reduce the above four-parameter fam-

ily to one of the following normal forms:

K101 + K204

K1G2 + K203
K1, kg = const.

@
Il
N}

S
+

g2 £ ga

g1 £ 93+ K104

Segre type [(3,1)]

Here we also have two different cases.

Case 1: There exists a coordinate system where g and gy take the form

0010 01 A0
o100 2 1 A o00
.gU: 9 gOJ:

1 000 0 0 0

0 0 01 0 0 0 A

The general solution of Mokhov’s conditions is given by § = Z?Zl KiG; + go, where k; are
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arbitrary constants, and the bivectors g; are as follows:

2u! %uQ —u? %uA‘ u? —%ug‘ 0 0
~ %uQ —u? 0 0 - *%Ug 0 00
g1 = ) g2 = )
- 0 0 0 0 0 0 0
sut 00 —u? 0 0 00
ut 0 0 —idB 0 sul 0 —u?
) 0O 00 O ) 2wt 0 0 0
g3 = ) g4 =
0 00 0 0 0 0 0
—su3 0 0 0 —su? 0 0 0

The eigenvalue of the corresponding affinor L is A\ — xju3. Using symmetries which pre-

serve g and go one can bring the above four-parameter family to one of the following

canonical forms:

K192 + K2g3
g=go+ K1G3 + K204 K1, K2, k3 = const.

K191 + k202 + K34

Case 2: There exists a coordinate system where g and gy take the form

0 01 O 01 X 0
ot o o |t a0 0
g]: ) ()J:

1 00 O A0 0 O

0 00 -1 0 0 0 =X

The general solution of Mokhov’s conditions is given by § = Z?:l kiGi + Go, where k; are

arbitrary constants, and the bivectors g; are as follows:

2! §u2 —y3 §u4 u? —%u3 0 0
. suz —® 00 N —2u® 0 00
g1 = . y 92 = )

—ud 0 0 0 0 0 00

ut 0 0 0 0 00
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uwt 0 0 %u?’ 0 %u‘l 0 %u2
3 0 00 0 . sut 0 0 0
g3 = , g4 =

0 00 0 0 0 0 0

su 0.0 0 su> 0 0 0

The eigenvalue of the corresponding affinor L is A — r1u®. Using symmetries which pre-
serve g and gg one can bring the above four-parameter family to one of the following

normal forms:

K192 + K2g3
g=29go+ 4 K193+ K2ga K1, K2, k3 = const.

K191 + K202 + K304

Segre type [4]

This is the case where the corresponding affinor L is a single Jordan block (see Section 2.4

for the general theory). There exists a coordinate system where g and gg take the form

000 1 0 0 1 )\
. 0010 i 01 XA 0
g’ = y 9o =

0100 00

1000 A0 0 0

It turns out that the general solution of Mokhov’s conditions is g = Z?Zl kig' + o where

ki are arbitrary constants, and the bivectors g; are as follows:

—ul —%u2 0 %UA‘ 202 §u3 —ut 0
_ —%uQ 0 §u4 0 ~ %u‘g —ut 0 0
g1 = ) 92 = 3
0 §u4 0 0 —ut 0 0 0
ut 0 0 0 0 0 0 0
u? —%u4 0 0
N —su* 0 00
g3 =
0 0 00
0 0 00
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Here the eigenvalue of the affinor L is £r1u? + . Using symmetries which preserve g and
go one can bring the above three-parameter family to one of the following normal forms:

in the non-constant eigenvalue case
9 =90+ g1+ Kig2, K1 = const,
while in the constant eigenvalue case

g2
k1 = const.

Qe
Il
K
S
+

k193

Complex conjugate case

In the case of two pairs of complex conjugate eigenvalues v + ¢\ and v — i), there exists a

coordinate system such that

0 0 0 1 0 1 =X v

G oo 1ol 1 0 v A
g = 9 g() =

0100 -2 v 0 0

1 000 v A 0 0

The general solution of Mokhov’s conditions is § = k1§1 + k2g2 + o where r; are arbitrary

constants, and the bivectors g; are as follows:

2?2 =2t —ut ol 2t 2?2 —u? —ut
~ —2ul —2u? W _ 202 —2ut —ut B
g1 = ) g2 =
—ut ud 0 0 —ud =t 0 0
ud ut 0 0 —ut ud 0 0

Using symmetries which preserve the form of g one can eliminate gy, and bring g to the

normal form
2u?  —2ut —ut Wl

§ =
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The eigenvalues of the corresponding affinor L are u? & iu*. Note that this case is a com-
plexification of the two-component operator (2.7), which can be achieved via the following
recipe (see [11] for more details): each complex entry a -+ ib of g* and §C is replaced by the

2 x 2 block
-b a

a b

)

where ¢ and §© are the complexified bivectors of the operator (2.7):

2=l +iu?, 22 =+t

2.4 The single Jordan block case

Let us begin with examples of n-component Hamiltonian operators of the single Jordan
block type. The Hamiltonian property of these examples will be proved later in this sec-

tion.

Example 1. One of the most important examples was discovered by Mokhov [74]. Here

the first n x n contravariant metric is constant and anti-diagonal,

while the second contravariant metric g is defined as follows:

i . . .
oo i, | A
b ;1 =3j—n—2 otherwise.

One can verify that the Jordan normal form for the corresponding affinor L is a single
Jordan block with non-constant eigenvalue (for any n # 4: in the exceptional case n = 4
the affinor L is the sum of two 2 x 2 Jordan blocks). We will refer to this case as the Mokhov

operator. The affinor L is given by L’ = [3(i — j) +n — 1Ju"""/. The equivalent form for g
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is

37 =B +j) = 2(n + 2",

for i+ j —1 < n, and 0 otherwise (in what follows, we use the following convention: if

a > n then u® = 0). For n = 2, 3,4 the explicit form of g is as follows:

Example 2. Another n-component example has g the same as in Example 1, while the

second contravariant metric is given by

by =0 if ki + j,

ij
biy;

§9 = (b7 + bHuk + Ag,
=3j —n—1 otherwise,

with A = const. One can verify that this pair of contravariant metrics defines a Hamilto-
nian operator for any n > 3 (the case n = 2 is trivial since all bfﬂj vanish). The correspond-
ing affinor L is a single Jordan block with constant eigenvalue \. For instance, for n = 3, 4

the second contravariant metric reads

) —4u? —ud 2ut A
—2u? w? A
_ ~ —ud 2ut N 0
g = U3 A 0 ) g =
20t N 0 0
A 0 0
A 0 0 0

The aim of this section is to give a complete description of the case where the affinor
L is a single Jordan block. We will see that the Mokhov example plays fundamental role
in this picture. To formulate our main result, let us introduce symmetric bivectors u(";k)

as follows:
pR = [3(i 4 5) — 2(n + 2 — k)|u IR, (2.19)

In particular, (%% coincides with the second contravariant metric § of the Mokhov oper-

ator from Example 1. Note also that u(™*) = 0 for k > n — 2. Let us present the explicit
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form for some j("i%)

—du? —ud 24t 0 —2u3 wt 0 0
—2u? w3 0 5 A A
—u 2u 0 O U 0O 0 O
pB) — 30 of, p®Y Cp42) =
2wt 0 0 0 0 0 0 0
0 0 0
0 0 0 0 0 0 0 0

We will show that in the case when the affinor L is a single Jordan block, the general

solution of Mokhov’s conditions reads
n—2
g=do+ Yy Emutmm, (2.20)
m=0

where &, are arbitrary constants, and

Here the eigenvalue of L equals {y(n — 1)u™ + A. In the non-constant eigenvalue case,

o # 0, we have the following result:

Theorem 2.11. Let P be a Hamiltonian operator (2.1) such that the affinor L = gg~* is a single
n x n Jordan block with non-constant eigenvalue. Then there exists a coordinate system in which

g and § can be reduced to the following canonical forms:

1 p(7:0) if n#1mod 3,
g== , g== ,u(”?o)qt/@u(”?%l) if n=1mod 3,n#4,
1 pE0) gD 4 g if n=4.

Here k is an arbitrary constant.

In the constant eigenvalue case, {; = 0, we have several canonical forms depending

on how many coefficients among &; are equal to zero:

Theorem 2.12 (Constant eigenvalue case). Suppose §; = 0 for i = 0,...,a — 1. Then the
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family (2.20) can be reduced to

5 n—1+4 2«
—"_907 m:77

n;a+m)

G = ) 4 ol

if m € N, otherwise to

(n;cx)

+ Jo-

Qe
Il
=

2.4.1 Proof of Theorem 2.11

The idea of the proof is as follows: first, we find the general solution of Mokhov’s equa-
tions. It turns out (Proposition 2.14) that this solution depends on n — 1 parameters plus
the constant )\ appearing in go. Using orthogonal transformations, we then reduce this
family of solutions to various normal forms (Lemma 2.16 and Proposition 2.17). We work

in coordinates where ¢ and gy take canonical form

For definiteness, we consider the + sign. In what follows we will need the following

result:

Proposition 2.13. The Killing vectors of g are the following Sn(n — 1) vector fields:
X(a,,@) = uaaﬁ - Un_‘_l_BanJrlfa» X’y = a’ya

here a4+ B < n+1,and 9, = 52=.

The affinor L and the metric § are given by

i ik ~il
Ly = cpu” + 909,

~ij il i k| ~ij
g7 = ngj—cm-l—j,ku +9p -

These have to satisfy a set of constraints (note that the vanishing of the Nijenhuis torsion,

N(L) =0, gives two types of relations: linear and quadratic in cé )
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e Linear part of the condition NV (L) = 0 reads

k k k+1

Cj,ifl — ci,j*l + Cij ck‘+1 - 07 (221)

7t
e Quadratic part of the condition N (L) = 0 reads

s . m s m m S m .S _ Q.
CiiCjs — CjiCis + CqCij — Cg 5 = 0;
e Symmetry of g gives

it = (2.22)
e The Killing condition gives

g R g T =0, (2.23)

Remarkably, the linear system (2.21)-(2.23) can be solved explicitly:

Proposition 2.14. The general solution of the linear system (2.21)-(2.23) is given by (2.20),
n—2
g=do+ Y &mu™m,
m=0
where &, are arbitrary constants. The eigenvalue of the corresponding affinor L is {o(n—1)u™+ .

Proof:

The key observation allowing one to prove Proposition 2.14 by induction is as follows.
Suppose ¢j; = 0. In this case it is easy to see that ck; and cg‘?l must also vanish, indeed,

from (2.22) we have

Cn+1—j _.n
1k - Y%k

and from (2.23) and (2.22) we obtain

n+1—j n+l1—k n+l—j
Clk + Cij + ¢ =0.

k

Then the remaining equations for Cijs withi,7 =2,...,nand k = 1,...,n — 1, coincide with

k

the system one obtains in the (n — 1)-component case with 6% =i -1/

allowing one to
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use inductive assumption.

Our strategy will be the following: first we show that the above equations imply c7; =

0, cf; = 0and % = 0 apart from ¢}, = ¢, ¢}, = cand ¢};; = —2c. We already know a

solution with ¢ # 0, which comes from Mokhov’s example. The generic solution can be

written as a linear combination of Mokhov’s solution and a solution of the system with

¢ = c’fi = c;? = 0 (in which case we can use inductive assumption as outlined above).

From (2.22) and (2.21) we have (for j # 1)

k
CTj1= Cptl-kj-1 = Cin—k-
Using this identity we can write (2.21) as

n k-+1 k+1 _
Cin—k — C1j + cj o = 0.

Similarly, from (2.23) we obtain
ikt M4 clf;.rl =0.

71

Combining these two conditions we get cﬁj = 0, for any 7 # 1,5 # 1. Writing out (2.23)

with j = k = 1 we get
T e ey =20 T+ e =0,
which implies ¢}; = 0. Summarizing, we have
ch; =0, Vi #1,
which, for symmetry reasons, implies
=0, Vi#m,

and

=0, Vi#lj#n.

Our next remark is that c{ ;= 0forj =1,..,n—2. This follows from (2.21) evaluated at
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k=i=1,
cij_l - c%j + c?l =0.
This readily implies ¢, = 0 and ¢;; = 0 for k = 1,...,n — 2, as well as k| = 0 for
k =3,...,n. Itis also easy to see that the three non-vanishing coefficients c?,,, ci, , c., are
related by
Ano=cl,, el =2 .

We still need to prove that cinfl = 0. Due to the above computations the first column of
the affinor L has the form (v,0,...,0)" where v = ¢}, u"~' + ¢1 ,u" 4 X is the (unique)
eigenvalue of L. Similarly, the last row of L is given by (0,...,0,v). Let us denote by

e, - -, € ) the canonical frame of the pair (L, g). Thus,
1) (n) p
ik _ i i
Lke(p) = V@(p) + e(p—l)' (224)

It follows from the vanishing of the Nijenhuis torsion of L thate(;)(v) = 0fori =1,...,n—
1, where e(;) (v) denotes the Lie derivative of v in direction e;), see [11]. Due to the form

of the affinor we have (set i = n in (2.24)):
e?p):o, p=1,...,n—1.

This means that e(y), . . ., €(,—1) do not contain %, and thus v must depend on " only, so
thatcy,, ; = 0.
This proves that the general solution is given by (2.20). A direct computation shows
that (2.20) also satisfies the quadratic conditions coming from N (L) = 0.
|
Thus, the general solution depends on n — 1 parameters plus A (see (2.20)). At this
point one might wonder whether this number can be reduced. The answer is yes, the list

of normal forms is presented below. In order to proceed, we need the following statement.

Lemma 2.15. The n—2 vector fields X ;) = Z?:_f (n—k+1-2i)u*0;, wherek = 1,...,n—2,
satisfy the relations
1. Liex,,g =0 (thus, they are isometries of g),

2. LieXw“(n;a) = p[n,k,a]ﬂ(";o”rk),
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3. Lie%(k)u(”;a) = (H;n:_ol (p[n,k,a} _ ka)) Iu(n;a-i-mk:)/
where the coefficients pyy, i, o) are defined as pjy, o) = 3k +1 —n — 2a.

Proof:

The condition 1 follows immediately by the proposition 2.13, since X, are linear combi-
nations of the vector fields X, g).

A straightforward computation shows that
Liex(k)u(n;a) =Bk+1-n—-20)3(i+j)—2(n+2—a—k)) yitita-1+k

Thus condition 2 holds, which is equivalent to condition 3 for m = 1. By induction, let us

assume that it is true for m, thus

m—1

Lie%(':)lu(n;a) = Liex,, (Lie%@%n;a)) = Liex,, (H (Pnje,a] — 2/€s)lu(”%a+mk)> =
s=0

m—1

s=0

Since pu("e M) = [3(i + j) — 2(n 4+ 2 — a — mk)|Ju' I ITeHME it is easy to see that its Lie

derivative reads (3k + 1 — n — 2o — 2km)u(+t(m+1k) that is,

m—1
Liefg ) = (H (Ppna] = 2ks)> (3k +1 — n — 20 — 2em)p(mectmTDE)
5=0

- (H(p[n,k,a} - 2k:s)> p(miot(m+1k)

s=0
Then, 2 is fulfilled.
|
Consider now the general solution (2.20). Note that in the non-constant eigenvalue
case, & # 0, one can eliminate the constant term gy by a translation of variables u’. Let Sy

be the resulting n — 1 parameter family of solutions,

n—2
So=_ &n", (225)
=0
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and let Ly be the Lie series

L[k] = exp tkLleX(k> Z kLleX(k),
s>0

where X ;) are as in Lemma 2.15. We point out that, when applied to 1) for n fixed,

Ly consists of a finite number of terms: recall that p%9) =0 fori >n — 2.

Lemma 2.16. If {, # 0, then it can be set equal to one.
Proof:

Let us consider the scaling transformation

where v # 0 is an arbitrary constant. It is easy to see that this preserves the form of g.

Indeed, we have

g= 61,TL+17_] auzau] — 5z,n+17],yn+lfzfj aviauj — 52,n+173708vi8w — 61,“4’17_] aviauj’

where 0,;; = a?ﬂ' i = %. Taking a metric of the form (2.19) and applying the above

transformation, we get

M(n,k)zj(u)auzauj _ [3(2 +]) n 2(n +92— k)]fyi+j—1+k—nTHUi+j_1+kry”+1_i_javiavj
= [3(i+J) — 2(n+2 — K™ TR,

= 7nT_1+k/L(n;k)ij (V)aviavj :

2
Thus, setting v = 50 , we can reduce the coefficient of 1("? to 1. ]

To finish the proof of Theorem 2.11 we need the following
Proposition 2.17. Suppose &y # 0. Then

1. ifn # 1mod 3, there exists an orthogonal transformation which brings the (n— 1)-parameter

solution Sy to p(™9);

2. if n = lmod 3, n # 4, there exists an orthogonal transformation which brings Sy to the

one-parameter family () + rop ("3,
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where k is an arbitrary constant.
Proof:

By Lemma 2.16 we can consider the family Sy in the form
n—2 A
SO = M(n70) + Z Hi#(nn)’
i=1

where k; are arbitrary constant coefficients. Suppose n # 1mod 3, then the coefficients
DPlk,n,0 defined in Lemma 2.15 do not vanish. Let us apply L to Sy and look at the

coefficient of z(™1):

n—2

1
(n—2)!
= plm0) 4 (K1 + t1Ppm,1,0)) plml) 4

. 7 o
Ly)So = So + thLiex ;) S0 + §1L1e§((1)5‘0 T Lle?{(i S

We can always choose t; such that the coefficient of u(”;l) is zero. Let us call 57 the result-

ing (n — 2)-parameter family:

n—2
" i=2

Applying Ly and looking at the coefficient of 11("2) we obtain
LSt = p™ + (R + toppae) 1™ + ...

Again, we can choose ¢ such that the coefficient of u(”?2) vanishes, and so on. Ultimately,
we get

n;0
Lo L_g -+ LyySo = p™,

as required.
To prove the second part of the proposition, let us set n = 3m + 1. It is easy to see that

Liex,,,, 1 (7:0)

= 0, since the coefficient py, ,, o) vanishes. Note that in this case py, ;.0 # 0
for £ # m. For fixed m, until ¥ = m — 1 we can apply the same procedure as above,

obtaining

n—2
Sy = pt™0) 4 Z R0,
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At this point, applying Liex,, , to Sp,—1, we cannot eliminate the coefficient of pm), since

(n;0) n;m+-1)
7

Liex,, = 0. However, applying Liey ,, , and looking at the coefficient of I

Lim1)Sm—1 = ) + s 4 (Fong1 + tms1Ppmer,o) 6 4
we can eliminate it. Following the same method, we arrive at the canonical form
Scan = M(n;O) + ’%mﬂ(n;m)'

|

The case n = 4 is special. Indeed, the 4 x 4 Mokhov metric does not correspond to the
single Jordan block case. In the n = 4 Jordan block case, normal forms are presented in
Section 2.3.4. This concludes the proof of Theorem 2.11. In the constant eigenvalue case,
£ = 0, we cannot eliminate gy by a shift. Finally, Theorem 2.12 can be established by

following the same procedure as above.

2.4.2 Relation to Frobenius manifolds

In this section we demonstrate the relation between Mokhov’s Hamiltonian operator and
the trivial Frobenius manifold associated with the cohomology ring of projective space.

For this purpose let us briefly recall the definition of a Frobenius manifolds [29, 27].

Definition 2.2. A Frobenius manifold (M, g, o, e, E) is a manifold M endowed with a (pseudo)-
Riemannian metric g, a product o on the tangent spaces T,,M and a pair of vector fields e and E

such that

e the product o is commutative and associative:
i i i il
Cik = Ckj>  Cj1Ckh = CkiCjn-

o g is flat, invariant with respect to o,

k k
GikCj1 = 9jkCils
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and the associated Levi-Civita connection V is compatible with o:
Vichy = Vcl- (2.26)

This implies that there exists a function F, called the Frobenius potential, such that, in flat
coordinates for g,

Cijk = gilcé-k = &OjakF
o The product o has a unity e which is flat: Ve = 0.

o The Euler vector field E satisfies:
VVE =0, Liege= —e, Liego=o0, Liegg=(2—d)g,

for some constant d. The existence of the Euler vector field is related to the existence of a flat
contravariant metric called the intersection form. In local coordinates it is defined by the
formula

G = gilCZkEk.

If, in the flat coordinates for g, the functions cé.k are constant, the Frobenius mani-
fold is called trivial [27]. In this case, the Frobenius potential is a cubic polynomial,
F = écijkuiujuk.

It is known that flat pencils of metrics associated with a Frobenius manifold are exact

[25]. Let us recall what is the exactness of a flat pencil of metrics.

Definition 2.3. Let (g, §) a be pair of flat contravariant metrics. We say that they define an exact

flat pencil of metrics if there exists a vector fields X such that the conditions
Liexg =g, Liexg=0

are satisfied.

It is easy to check that the associated Poisson bivectors P and P satisfy the relations
LiexP = P and LiexP = 0. A straightforward computation shows that in the case
of a single Jordan block with non-constant eigenvalue, the flat pencil given by the pair

of flat contravariant metrics (g, 1("9) is exact. Indeed, let us consider the vector field
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(n;0)

X = (n —1)79,n. Clearly, Lie,g = 0. Computing the Lie derivative of ("% we get

(Liex u™ )0 = X"y 0% = (0 — 1) 710, ((3(i + ) — 2(n +2))u+I71)
= (0= 1)7H (300 + ) = 200+ )2 = (0= 1)7THB( + ) = 2An+2))80

— (TL _ 1)—1(n _ 1)5i,n+1—j _ gz’j‘

Remark. In general, using Mokhov’s conditions it is easy to prove that if the pair (g, )
defines a 2D Hamiltonian operator, then in flat coordinates of g, g itself and the homo-
geneous linear part of § define an exact flat pencil of metrics. More precisely, we have
Liexg = g and Liexgy = 0, where g/ = (b + b")u! and X? = —gi gaul.

Moreover, X is constant in flat coordinates of gnom (@homX =0).

Thus, this fact suggest the existence of a relation between Hamiltonian operators and
the theory of Frobenius manifolds. In the case of Mokhov’s Hamiltonian operator, we can

easily define a trivial Frobenius manifold associated with it.

Theorem 2.18. The metric

1 ifi+j=n+1,
9ij = )
0 otherwise,

the structure constants

; il 1 fl=2n+1—-j—k=n+1—ithatisj+k—i=n,
Cik = 9 Cijk = )
0 otherwise,

the unity e = %, and the Euler vector field E = Y _,(3k — 2n — l)uk% define a trivial

Frobenius manifold with d = 3. Moreover, the intersection form,

§9 = gl B* = 3 +7) —2n —4u71 dfitj—1<n,
= g'c], BF =
0 otherwise,

coincides with the second metric of Mokhov’s operator.
Proof:

Commutativity of the product is trivial. Associativity

il il
Cj1Ckm = CkICjm (2.27)
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is also satisfied since the left hand side of (2.27) is different from 0if ] =7 — j = k+m and
the right hand side of (2.27) is different from 0 if [ = i — k = j 4+ m. Finally, applying the

Euler vector field to the Frobenius potential we get

n n
OF
> (3l—2n—1)ulwz > [Bi—2n—1+3j—2n—1+3@2n+1—i—j)—2n—1]=0.
u

=1 ij=1

In order to prove that Christoffel symbols Ezj coincide with Christoffel symbols of Mokhov

examples we have to prove that

g’ = b+, (2.28)

Pt = gt (2.29)
Condition (2.28) is trivially satisfied if k¥ # i+ j — 1, while for k£ = i+ j — 1 we have we get
g’ =3(i+j)+2n—4=3j-—n—2+3i—n—2=>07 +b"
Moreover,
P = Py = Bk~ 1) — 20— 4)(3k —n — 2) = I = G

u

To conclude this section we compare the Frobenius algebra underlying Mokhov’s ex-
ample with the Frobenius algebra structure on the full cohomology ring of projective
space H*(CP?). This can be defined with respect to the natural basis e; = 1, eg =
W, ..., egp1 = Wl generated by powers of the standard Kahler form normalized as
Jopew? = 1. The contravariant components of the metric g and the structure constants

c;'- .. are defined respectively by

1 ifi+j=n+1,
9ij = _
0 otherwise,
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and ej A e, = cj-kei = ejtk—1, that s,

1 ifj4+k—i=1,
0 otherwise.

Putting ' = n + 1 — ¢ we obtain the Frobenius algebra of Mokhov’s example.

2.5 Multi-dimensional Hamiltonian operators

The theory developed by Mokhov holds for a generic N-dimensional Hamiltonian oper-

ator
Y d
ij ijo ijo k
Pl = az::l <g 7)o b (u)ua> : (2.30)
here u = u(x) = (u!(x),...,u"(x)) are local coordinate on a certain smooth n-dimensio-
nal manifolds M, x = (z!,...,2") are independent variables and u = gziz. In the non-

degenerate situation, that is when a generic linear combination of g* is non-degenerate
(without any loss of generality we will assume that each ¢g* is non-degenerate: this can
always be achieved by a suitable linear transformation of the independent variables =),
the Mokhov’s conditions involving the obstruction tensor must be satisfied by each pair
of metrics appearing in the differential operator (see Section 1.3). This implies that each
pair of metrics (¢°, g7) for 8 # ~ must define a 2D Hamiltonian operator. Moreover, we
have seen that all metrics ¢® must be flat and all the coefficients b;ja define Levi-Civita
connection with respect to the metrics g® corresponding to them (see Lemma 1.3). There-
fore, Mokhov’s theorem for a generic /N-dimensional Hamiltonian operator (Theorem 1.4)

can be rewritten as follows.

Theorem 2.19. Suppose g“ are flat contravariant metrics. An operator of the form (2.30) defines

a N-dimensional Hamiltonian operator if and only if the following conditions are fulfilled for all

B, such that 8 # ~:

1. Linearity of g° in flat coordinates of g7.
2. Vanishing of the Nijenhuis torsion of the affinors L1?7) = ¢%(g7)~1.

3. The Killing condition between each pair of metrics:
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where V corresponds to g°.

Remark. It is sufficient to require the flatness of only one of the metrics g*. Indeed, let us
suppose that the metric g is flat. Then, since the pair (g%, ¢%) must define a 2D Hamil-
tonian operator for all 3, the linearity, Nijenhuis and Killing conditions imply the flatness

of g° (see Theorem 2.2).

It was demonstrated by Mokhov [69] that there exist no non-constant 3D Hamiltonian
operator with one or two components. Here we show that there exist only two non trivial

three-components 3D Hamiltonian operators.

Theorem 2.20. Every three-components 3D Hamiltonian operator either can be reduced to con-

stant form, or can be reduced to

0, 0 0, —2u25y — “12/ u38y + 2u2 0
P=10 0, 0|+]| v,—u 0 0], (2.31)
o 0 0 0 0 0
or
0 0Oy 0 —2u1(9y - ugll u2(9y + 2u§ 0
P=19, 0 0 |[+| v?0—u} 0 0], (2.32)
0 0 0,+0, 0 0 0

by a local change of coordinates u' and a linear change of the independent space variables x,y, z.
Proof:

Since we are interested in the non-constant case, we will consider 3D operators as defor-
mation of 2D non-constant operators which have been classified already (Theorem 2.10).

There exist only three such operators, defined by the following pairs of contravariant met-

rics:
0 0 1 —ou! —%uQ u3
g=|0 1 0|, 9g=[—-3u®> «* 0], (2.33)
1 00 ud 0 0
0 0 1 —2u? 3

A
g=101 0|, g=1| «* X 0], (2.34)
100 A 0 0
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and (reducible case)

010 —2ul w? 0
g=110 0], g=| «* 0 0]- (2.35)
00 1 0 0 A

Fixing one of the above pairs, let us add a third contravariant metric h. Since we are
in the flat coordinates of the first metric g, the bivector A must be linear. Since the pair
(g, h) satisfies the Killing condition, we can represent i as a sum of symmetrized tensor
products of infinitesimal isometries of g. Assuming this, let us consider the above three
cases separately.

Case (2.33): Checking the Killing condition for the pair (g,h) we obtain that h must
be a linear combination of g and g. This means that our operator is essentially two-
dimensional.

Case (2.34): Checking the Killing condition for the pair (g, ) we obtain h = ¢1g+ c2g + ho

where
v 0 0

ho=10 0 0
0 0 0

One can verify that this ansatz for h satisfies all other conditions.
Case (2.35): In this case, it is no longer sufficient to consider the Killing condition alone:
we also need the linearity of h with respect to g, that is V2h = 0, where V correponds to

g. These conditions imply h = ¢1g + 2§ + ho, where

0 p O
ho=1{pu 0 0
0 0 v

One can verify that this ansatz for h satisfy all other conditions.
It remains to note that all constants appearing in the classification can be eliminated
by linear transformations of z, y, z leading to the normal forms (2.31) and (2.32). |
If one does not allow linear changes of the independent variables z, y, z, the analogue

of Theorem 2.20 reads as follows

Theorem 2.21. Any non-degenerate three-component Hamiltonian operator in 3D, which is not
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transformable to constant coefficients, can be brought by a transformation of the dependent vari-
ables u' to
l;zj(u]; + CQUI;),

i d d gy d
+ 37—+ (197 + 2§ + b ) +

P =
9 dy dz

where c1, co are constants, gij are the contravariant Christoffel symbols of g, and the contravariant

metrics g, g, ho assume one of the two canonical forms

o form1:
001 —2ul —1u? B v 0 0
g=10 1 0|, g=|-3u> «* 0|, ho=]0 0 0f,
100 u? 0 0 000

here v = const;

o form 2:
010 —2u' w? 0 0 u O
g=110 0|, g=| «> 0 0|, ho=|p 0 0],
0 0 1 0 0 A 0 0 v

here X, 1, v are constants.

It follows from the proof of Theorem 2.20 that any non-degenerate three-component
Hamiltonian operator in 4D is essentially 3D, or can be transformed to constant coefficient
form. We point out that there exists non-trivial examples of Hamiltonian operators in any

dimension.

Example 3. The following expression provides the example of a non-constant irreducible
N-component Hamiltonian operator in NV dimensions:

N-2

d d ..
R S S
m=1

d
dxmt2’

where

e 7 is the constant N x N anti-diagonal metric n¥/ = §-V+1-7;
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e the metric g in components is ¥ = p

(2.19), namely

(N;N-2)

+ géj , where 1

and géj = §bN=I 4 2§ N+,

o sz are the contravariant Christoffel symbols of g, namely

11 _
bN—l -

_17

by =2,

and all the remaining coefficients equal to 0;

Vil = —1,

e the N — 2 constant metrics h™ are defined by h"/™ = §imed .

For N = 3, this example corresponds to (2.31).

(N;N-2)

is defined by

Let us demonstrate that this example is actually a N-dimensional Hamiltonian opera-

tor. We consider the metrics h as a unique metric  defined by N — 2 arbitrary constants

om, thatis h'7 = a;490", for i = 1,...,N — 2. For clearness, let us write the metrics in

matrix form, namely

ulN 0
0

g=
0 1
1 A
A

0 1 X
0 1 A
1 A

>

a3

Qy

aAN-1

Y

We already know that the pair (7, g) is a 2D Hamiltonian operator. Since / is constant,

then the pair (7, k) also defines a 2D Hamiltonian operator. We want to show that the pair

(h,g) also satisfies all Mokhov’s condition. Linearity is obvious. The Killing condition

reads

Bisasgjk: + Bjsasgki + Bksasgij = 0.

Since g depends on v ="', u"N and 2% = 0 fori,j € {N — 1, N}, then the Killing condition

is easily fulfilled. It remains to prove that the Nijenhuis torsion vanishes. We will show
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that L = fzgfl is constant, and then its Nijenhuis torsion is zero.

1

Let us compute g—*. Since g is upper triangular, the inverse is lower triangular, in

particular of the form

g = * ok %k
E I E
* I

It is not difficult to see that in this particular case the coordinates v’V ~1, vV appear only

in the 2 x 2 block identified by the square. Thus, the product of h and g~ reads

where all the non zero coefficients * are constant. Therefore the Nijenhuis tensor vanishes.

This proves that the triple (7, g, h) defines a 3D Hamiltonian operator, depending on the

N —2 parameters «;. Choosing h¥/™ = S s, up to linear change of the independent

variables 23, ..., 2V, that is 2 — 2, we finally get the starting N — 2 metrics A"". By

K3

construction, the metrics (1, g, ', ..., v ~2) definea N -component Hamiltonian operator

in N dimensions.



Degenerate Dubrovin-Novikov structures

and integrable systems

In the previous chapter we discussed first-order Hamiltonian operators of hydrodynamic
type under the assumption of non-degeneracy. One might wonder what happens if we
remove this requirement. Let us recall that a 2D Hamiltonian operator
P = g9 ()% 4 b () + 3 () + B () 61)
de ¥ ’ dy % v
is degenerate if det(g + Ag) = 0 for all A\ € R. The study of such structures is motivated
by the existence of systems of hydrodynamic type which admit a Hamiltonian formula-

tion with a degenerate operator. An example is given by two-dimensional isentropic gas

dynamics equations (see, for instance [44])

pr + (pu)s + (pv)y =0,  u + uuy + vuy + % =0, v+ uv, +ovy,+ % =0, (3.2

where p = p(p) is the equation of state. One can easily see that this system can be written

in Hamiltonian form as u; + Ph,, = 0, where the operator P is given by

010 0 0 1 0 0 0

g d d

P — e — Uy —Vz 3.3
100 —+foo0o0 dy+ 0 0 > , (3.3)
0 00 1 00 0 % 0

the Hamiltonian density h is h(p, u,v) = $p(u?+v?)+k(p), and the equation of state p and
the function £ are related by p, = pk,,. Clearly, in this case there is no linear combination
g + Ag such that det(g + A\g) # 0.

According to Lemma 1.3, in the degenerate situation the z-part and the y-part of the

operator (3.1), which we call respectively F,) and P,), must both define one-dimensional

79
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Hamiltonian operators of hydrodynamic type. Unfortunately, since both metrics ¢*/ and
g" are degenerate, Dubrovin-Novikov theorem (Theorem 1.1) does not hold. This leads

to two main problems:

1. The symbols sz and BZJ are not uniquely determined by the respective metrics, that

is, they are no longer the contravariant Christoffel symbols of g% and §%.

2. The analogues of Darboux theorem for Hamiltonian operators (which is a straightfor-
ward consequence of Dubrovin-Novikov theorem) does not hold, that is, we cannot
reduce a degenerate one-dimensional first-order Hamiltonian operator of hydrody-

namic type to constant coefficient form.

Therefore, in order to discuss the classification of degenerate Hamiltonian operators in
2D, we firstly need to deal with the one-dimensional case.

In 2+1 dimensions, a quasilinear system is said to be integrable if it can be decoupled
in infinitely many ways into a pair of compatible m-component 1D systems in Riemann
invariants [43]. Ferapontov and Khusnutdinova proved that the requirement of the ex-
istence of sufficiently many m-component reductions provides an effective classification
criterion. The method of hydrodynamic reductions, which is a natural analogue of the
generalised hodograph transform in higher dimensions, leads to finite-dimensional mod-
uli spaces of integrable Hamiltonians.

The purpose of this chapter is two-fold. Starting from the classification of degenerate
brackets in 1D, we want to describe degenerate Hamiltonian operators of hydrodynamic
type in 2D. Our analysis leads to a complete classification of two- and three-component
degenerate structures. Secondly, we study the integrability, by the method of hydrody-
namic reductions, of Hamiltonian systems arising from three-component structures we
classified.

The one-dimensional discussion is based on the author’s paper [87]. The classification

of 2D structures and the analysis of integrability is based on the author’s paper [86].
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3.1 Degenerate one-dimensional Hamiltonian operators

One-dimensional Poisson structures (Hamiltonian operators) of hydrodynamic type, al-

ready mentioned in Section 1.2.3 formula (1.14), namely

g o d i
PY(u) = g% () + by (w)uf,

(3.4)

with degenerate metric, that is det(¢”) = 0, where first studied by Grinberg [56] in
1985, and later investigated by Bogoyavlenskij [9, 10]. The requirement that such struc-
tures satisfy skew-symmetry and Jacobi conditions implies constraints on the differential-

geometric objects ¢/ and b}/

Theorem 3.1 ([56]). Operator (3.4) defines a Poisson structure if and only if the pair (g, b) satis-

fies the following conditions

97 =4¢", (3.5)
dg" ij ji
g"*b]" = Y}, (3.7)
y o M opt* opt*
wptk _ pikpty . Jti L t
bt b’l" bt bT‘ g (aut aur Y (3'8)
o o0\ e (OB OB\ | _
> [(au‘au KO T A 42

where y; ; ) means cyclic summation over i, j, k.

As mentioned in Section 1.3, this result has been later generalised to the multi-dimensio-
nal case by Mokhov, see Theorem 1.2. To the best of our knowledge, up to now a fully
geometric interpretation of these equations (under the assumption of degeneracy) is not
clear. Moreover, there is no classification of such structures in the literature. Our first aim
is to obtain this classification up to three-component case.

In the non-degenerate situation, there always exists a system of coordinates where the
pair (g,b) assumes constant form. In the degenerate case, this is not true, but a weaker

result holds:

Theorem 3.2 ([56]). Suppose that the bivector (3.4) defines a n-component Hamiltonian operator,

and rank(g*) = m < n. Then g% can be reduced to a constant form.
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Although we can easily classify all possible canonical forms for degenerate constant met-
rics, the symbols b7/ are no longer defined through ¢¥/. Fixing g%/, the coefficients b}/ can
be found solving equations (3.5)—(3.9).

In her paper [56], Grinberg gives a description of two- and three-component degener-
ate Hamiltonian operators (one-component case is trivial), without explicitly writing out
the canonical forms. Here, starting from her results, we list all possible canonical forms,

up to arbitrary changes of dependent variables.

Remark. Once the metric is fixed and Grinberg’s conditions are solved, in order to reduce
them to canonical forms we need a change of coordinates which preserves the form of the
metric. Following [56], this class of transformations is called admissible. Unfortunately, in
general, under admissible change of coordinates, the symbols bﬁj do not transform like

components of a (2, 1)-tensor.

Lemma 3.3 ([87]). Suppose that 0 < rank(g*”) = m < n. Among all transformations which
preserve the form of the constant metric g/, those which transform the symbols sz as components

of a (2, 1)-tensor must be of the form
o (b, u") = dut 4™+ FT (™ u), r=1,...,n, (3.10)

where ¢, are constants and ¢ = 0 forr € {m +1,...,n}.

Of course, the requirement of admissibility imposes some further restrictions on the coef-

ficients cf.

3.1.1 Two-component case

Fixing the number of components, degenerate metrics can be characterised by their rank.
In particular, for n = 2, we have to investigate metrics with rank(¢g”) = 0,1. In two-

component case, we have only two canonical forms.

Theorem 3.4. Any non-trivial degenerate two-component Hamiltonian operator of Dubrovin-
Novikov type in 1D can be brought, by a change of the dependent variables, to one of the following

two canonical forms:

1. Constant form
O 0
pP= , (3.11)
0 0
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2. Non-constant form

I
I

|

(3.12)

S P

Proof:

If rank(g"/) = 0 then the Hamiltonian operator is identically zero [56]. Suppose rank(g¥/) =
1, thus the metric can be reduced by local changes to constant form. Without any loss of

generality we can assume

gl = . (3.13)

By a straightforward computation we obtain that all b vanish except b}?> = —b3', which

has to satisfy the condition

a1b32 = (b3?)2.

If b3 = 0, all the coefficients bg vanish and we have the constant solution (3.11). Other-

wise, for b? # 0 we get

b12 — 1
2 fw?) -l

for an arbitrary f(u?). Applying the admissible transformation
ol =ub — f(u?), v? =4 (3.14)

we can reduce b}” to —J; obtaining (3.12). [

Remark. A generic admissible transformation for the metric (3.13) is given by
vl =ul + F(u?), o* = Gu?), (3.15)

and therefore it is of the form (3.10). This implies that the symbols bfg transform as tensors
so that the structures (3.11) and (3.12) cannot be equivalent. Indeed, in the first case the
coefficients bfg vanish, while in (3.12) they are non-zero.

3.1.2 Three-component case

In the three-component case there are three distinct possibilities: rank(g¥) = 0, 1, 2.
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Theorem 3.5. Any non-trivial degenerate three-component Hamiltonian operator of Dubrovin-

Novikov type in 1D can be brought, by a change of the dependent variables, to one of the following

canonical forms:
o rank(g) = 0:
0 ud 0
P=|-w 0 0f, (3.16)
0 0 0
o rank(g) =1:
o 0 0 Oy ud 0 8960—3—%
P=10 00|, P=|-u} 0 0, P=f0 0 0 [
0 00 0 0 0 “ o0 0
(3.17)
2 3
o —% —if
P = % 0 0 )
o000
o rank(g)=2:
3 3
0 9 0 0 0 —% 0 O it
3 .3 3,3
0 0 0 %0 0 P R 0
(3.18)
23,3
d, 0 0 0. 0 0 Oy 0 iy
P:03IO,P:035,;—%%7P: 0 Oz ﬁ
3 3,3 _..3
0 0 0 0 % 0 o 0
(3.19)

Furthermore, the canonical forms (3.18) and (3.19) are equivalent under complex transformations.

The proof of this theorem can be obtained by a straightforward computation, and can

be found in the appendix of [87].
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3.2 Degenerate two-dimensional Hamiltonian operators

Classification of degenerate operators of hydrodynamic type (3.1) in 2D can be obtained
solving general Mokhov’s conditions (1.19)—(1.25) directly, but the analysis of these con-
ditions is not straightforward. In order to deal with it, we firstly fix the pair (g, b) given by
the classification of 1D Hamiltonian operators described in the previous section, and then
we find (g, 13) solving (1.19)—(1.25). After that, we look for canonical forms of 2D structures
using transformations which preserve the form of the first structure given by (g, b). As we

will see, in some cases these transformations are not enough to eliminate all the functional

parameters appearing in the 2D structure. Let us firstly introduce a definition.

Definition 3.1. A degenerate Hamiltonian operator of the form (3.1) is called trivial if it is iden-

tically zero, or if it can be reduced to the form
77 =¢q", b = ey, (3.20)

for & constant.

Notice that allowing linear changes of the independent variables z, y, an operator satisfy-
ing (3.20) is essentially 1D.

3.2.1 Two-component case

Here we provide a full description of the two-component case.

Theorem 3.6. Any non-trivial degenerate two-component Hamiltonian operator of Dubrovin-

Novikov type in 2D can be brought, by a change of the dependent variables, to the following form

2 2,2

0y + w20y + du2 BT
P = 2,22 ) (3.21)
uz+uuy
€E—1— 0
u
where € can be either 0 or 1.
Proof:

First of all, the case g = § = 0 gives no non-trivial solutions. In the case where the rank of

the pencil g% + A\g is constantly equal to one, there exists a coordinates system (u!, u?)
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where

0 0 0 0
here f = f(u',u?) is some function. Let us fix the P, structure.

Case (3.11). If sz are all identically zero, conditions (1.19)—(1.25) imply

~ f’
f=red), B=L

and all other IN)Z equal to zero. If f = £ is constant, than g = g, b = &b. Otherwise, using a

transformation which preserves P, that is of the form (3.15), we can easily reduce f to

v?, obtaining (3.21) with € = 0.

Case (3.12). Suppose b3' = —b}* = .. Conditions (1.19)=(1.25) imply

If f = £ is constant, than § = &g, b = £b. Otherwise, let us assume f non-constant.
Transformations which preserve P, are given by u! = v!', v* = F(v?), then we can
always choose F such that f reduces to v? in the new coordinate system, obtaining (3.21)

with e = 1. [ |

3.2.2 Three-component case

The analysis of the three-component situation is more complicated. Let us consider sepa-
rately the cases according to the rank of the pencil g\ =g—Ag. The results can be stated as

follows.

Theorem 3.7. Rank(g)) = 0. Any non-trivial degenerate three-component Hamiltonian operator

of Dubrovin-Novikov type in 2D can be brought, by a change of the dependent variables, to one of

the following forms:
0 ud + ulug 0 0 ud + u3u2 0
P=1—u}—u'u) 0 0, P=]—-ul—vu} 0 0 (3.22)
0 0 0 0 0 0

In this case, we do not need any linear change of the independent variables z, y.
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Theorem 3.8. Rank(gy) = 1. Any non-trivial degenerate three-component Hamiltonian operator
of Dubrovin-Novikov type in 2D can be brought, by a change of the dependent variables and linear
change of = and y, to one of the following forms:

6x+e(u2ay+u7§) 0 hul 8x+fay+w ot hid 0
pP= 0 o o |, P= s , |
_huz 0 0 . . O
(3.23)
0r 4 0, + BIGTAIN o il
o y ’ 0 ) (3.24)
ui_hzﬂ 0 0
o o 0 0 : (3.25)
0 .

where f = f(u?,u®), h = h(u®,u3) are arbitrary functions and e can be either 0 or 1.

Theorem 3.9. Rank(g)) = 2. Any non-trivial degenerate three-component Hamiltonian operator
of Dubrovin-Novikov type in 2D can be brought, by a change of the dependent variables and linear
change of x and y, to one of the following forms:

—2u18y - ugll Oy + u? Oy + QUZ euz 0 0, Oy
P =0, +u%0, — ul 0 0, P=]8. 0 o[, (3.26)
—eud 0 0 9 0 0
/0,3
p8y+p;y (%—i—qﬁy—i-euz 0 Oy Oy —Z—%
1,3
P=|0,+0q—e 19+ 0|, P=[a, 0 0 [, (3.27)
0 0 0 Y00
i+ 3,3 i_ 1
€d, O + U0y, — 0 0 ——=
P=109,+0u° 0 0 , P=19, 0 9, |, (328
3 3,3 3_.1
AR 0 0 L9, 0
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3 _u2

0 9, 9, — WO+ 9, - %y, -
T Y u? Y 2 z 2 7Y Y u?
9 u2
p= o 0 0 . P=|0,-2o,+% 0 0 |
d, +* 0 0 L 0 0
y + s
(3.29)
) 9 ) ud —2u3ud
Yy x — U0y B2
3,3 3)2,,3
_ 3 3 3 wdus —2(u’)?u
P=10,-0u u’Oyu ——r—— | (3.30)
ud—2ulud  wdud—2(ud)%ud 0
Y P R wBul—u2?
3 3 3
1 . KUy, Uz —2Kuy
Hayﬁ O ﬂay + 2u3 udul —u?
KU udud —2ku3 u3
P=10,- K“ay 9 5 Huga + 2y Bul—u? ) (3.31)
u272nu2 wdud —2kud uz
T Bul—u2 Bul—u2 0

3

where p, q, r are arbitrary functions on u”, k is constant and e can be either 0 or 1.

The proofs of these theorems can be found in the appendix of [86]. Let us point out that,

2

after the change of coordinates u! = u,u? = p,u® = v, the operator (3.28), corresponds to

the Hamiltonian operator for the 2D equations of gas dynamics (3.3).

3.3 Hamiltonian systems of hydrodynamic type in 2+1 dimen-

sions

In this section we discuss (2+1)-dimensional Hamiltonian systems of hydrodynamic type,
w + A(u)u, + B(u)u, =0, (3.32)

which are representable in the form u; + Phy,, = 0, where h(u) is a Hamiltonian density
and P is a two-dimensional Hamiltonian operator of differential-geometric type (3.1). A
(2+1)-dimensional quasi-linear system is said to be integrable if it can be decoupled in in-
finitely many ways into a pair of compatible m-component one-dimensional systems in
Riemann invariants. This definition of integrability follows from the method of hydrody-

namic reduction introduced by Ferapontov and Khusnutdinova in [43].

3.3.1 The method of hydrodynamic reductions

The method of hydrodynamic reductions is based on the existence of exact solutions of

(2+1)-dimensional system (3.32) of the form u = u(R!, ..., R™), where the Riemann in-
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variants R = (R!,..., R™) solve a pair of commuting diagonal systems
Ri=X(R)R.,, R}, =/ '(R)R.. (3.33)

Let us point out that we do not impose any constraint on the number of Riemann invari-
ants: m is arbitrary. Therefore, the (2+1)-dimensional system (3.32), is decoupled into a
pair of diagonal (1+1)-dimensional systems given by (3.33). These solutions are known as
nonlinear interactions of m planar simple waves.
It turns out that the commutativity of the flows (3.33) is equivalent to the following
constraints on the characteristic speeds \’, u* [96]:
i\ oju’t 0

)\j_)\l ,LLJ—MZ7 27&]7 J 8R-77

(3.34)

(no summation). Imposing these restrictions, the general solution of systems (3.33) is

given by the implicit generalised hodograph formula [96]
v'R) =z + N R)t+p'(R)y, i=1,...m. (3.35)
Here the functions v’(R) are characteristic speeds of the general flow commuting with

(3.33), namely, the general solution of the linear system

8jvi 8j)\i @/ﬂ . 3
: - = — - = — . . 3.36
T T VN e (3.36)

By straightforward computation, the substitution of u(R!, ..., R™) into (3.32), using (3.33),
leads to

(E+NA+u'BYou=0, i=1,..m, (3.37)

where FE is the n x n identity matrix. This means that both A\’ and ' have to satisfy the
dispersion relation

det(E + XA+ u'B) =0. (3.38)

The construction of nonlinear interactions of m planar simple waves can be summarised
as follows. First of all, we have to decouple the initial (2+1)-dimensional system (3.32) into
a pair of commuting flows (3.33), by solving the equations (3.34), (3.37) for u(R), \‘(R),

1 (R) as functions depending on the Riemann invariants R!, ..., R™. It is not difficult to
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see that for m > 3 the system given by these equations is overdetermined. Thus, in general
this system does not possess solutions. However, if we are able to construct a particular
reduction of the form (3.33), the second step is quite straightforward: we have to solve
the linear system given by (3.36) for the functions v*(R), and then obtain R*,..., R™ as
functions of ¢, z, y from the implicit hodograph formula (3.35).

What can we say about the number of m-component reductions that a (2+1)-dimensio-
nal system (3.32) may admit? Analysing equations (3.34) and (3.37), one can prove that
this number is parametrised, up to changes of variables of the form R* — f!(R'), by m
arbitrary functions of a single variable. Remarkably, this number does not depend on n.

This leads to the following definition.

Definition 3.2 ([43]). A (2+1)-dimensional quasi-linear system is said to be integrable if it pos-
sesses m-component reductions of the form (3.33) parametrised by m arbitrary functions of a single

argument.

Looking at the structure of equations (3.34) and (3.37), one can see that their consistency
conditions involve only triples of indices i # j # k. Moreover, all these conditions are
completely symmetric in ¢, j and k, and then it is enough to verify them setting, for in-
stance, ¢ = 1, j = 2, k = 3. This means that the existence of non-trivial three-component

reductions implies the existence of m-component reductions for arbitrary m.

Remark. We require that A’ and ' do not satisfy any linear relation, otherwise we would
not have sufficiently many arbitrary functions of a single argument. Indeed, let us sup-
pose that ;i = aX\’ + b. Condition (3.34) reads 9;a\’ + 9;b = 0, which implies a and b

constant. Thus, solutions of the system (3.33),
R;=XR,, R, =(aX+Db)R.,

are of the form R' = R'(z + by,t + ay). These solutions correspond to travelling wave

reductions, and they clearly do not contain enough arbitrary functions.
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3.3.2 Generalised two-dimensional gas dynamics equations

The equations of two-dimensional isentropic gas dynamics (3.2) can be written in the

matrix form (3.32) where u = (p, u,v)! and

S
S
o
)
A

v
2
A:7u07B:O2U )
p
C—Ov
0 0 u p

here ¢? = p/(p) is the sound speed. As demonstrated in [90], there exist potential flows
describing nonlinear interaction of two sound waves which are locally parametrised by
four arbitrary functions of a single argument.

Furthermore, as we have already mentioned, the system (3.2) admits the Hamiltonian
formulation u; + Phy, = 0 where P is given by (3.3) and the Hamiltonian density & is
h(p,u,v) = 2p(u®+v?) +k(p). Let us now assume h = h(p, u, v) generic, hence the system

u; + Phy = 0 reads

Uy — Vg Vg — Uy

pr+ (hu)z+ (hy)y =0, w4+ (hp)z+ hy =0, v+ (hy)y+ hy = 0. (3.39)

Let us consider the Riemann invariants R', ..., R™ solving
R,=X(R)R;, R,=p'(R)R;, i=1,...,m.

By straightforward computation, the substitution p = p(R),u = u(R),v = v(R) into
(3.39) implies

(14 XNohpy + p1'hp) Ot 4 hppAidip = 0, (3.40)
(L4 AN hpy + 1) 0iv + hppi'Oip = 0, (3.41)

herei = 1,...,m, ; = 5%. Note that since 1'0;u = A'0;v (this easy follows from (3.40)

and (3.41), assuming 1+)\ihp’u,+,uihpv # 0), one has u, = v,. Thus, solutions are necessarily
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potential. Then, setting u = ¢, and v = ¢,, system (3.39) reads
pr 4 (hu)z + (ho)y =0, @ar + (hp)z =0, @yt + (hy)y = 0. (3.43)
The last two equations give ¢; + h, = 0, so we finally have the following system
pt+ (hu)z + (ho)y =0, ¢+ h, =0. (3.44)
If we consider the partial Legendre transform
p=h, d=u, ©=v, h=h-—ph,, (3.45)
the derivatives with respect to the new variables are
hy=—p, ha=hu, hs=hy, (3.46)

and we can rewrite system (3.44) in the form

The function h depends only on ¢,, ¢y, ¢; and thus we obtain a three-dimensional Euler-

Lagrange equation (setting h=f)

(fgoz)z + (fapy)y + (f@t)t =0, (3-47)

corresponding to a Lagrangian density of the form f(y., ¢y, ¢:). For example, the La-
grangian density f = u2 + u? — 2¢" leads to the Boyer-Finley equation gz, + ty, = " uy
[13].

In [45] Ferapontov, Khusnutdinova and Tsarev derived a system of partial differential
equations for the Lagrangian density f(yz, ¢y, ¢¢) which are necessary and sufficient for
the integrability of the equation (3.47) by the method of hydrodynamic reductions (see
also [49] for further details). Setting a = ¢.,b = ¢,,c = ¢4, these conditions can be

represented in a remarkable compact form:

Theorem 3.10 ([45]). For a non-degenerate Lagrangian, the Euler-Lagrange equation (3.47) is
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integrable by the method of hydrodynamic reductions if and only if the density f satisfies the

relation
dH 3
4y _ 73 .
d*f=d°f— + — det(dM); (3.48)

here d3 f and d* f are the symmetric differentials of f. The Hessian H and the 4 x 4 matrix M are

defined as follows:
0 fo fo [fe
faa fab fac f f f f
H=det| tu fuw fu |, M=| "0 70 7@ T | (3.49)
foo fab fob e
fac fbc fcc

fc fac fbc fcc

The differential dM = M,da + Mydb + M.dc is a matrix-valued form

0 faa fab fac 0 fab fbb fbc

AM — faa faaa faab faac da -+ fab faab fabb fabc db
fab  faab  fabb  fabe Joo  favb  Soob  Sobe
fac faac fabc facc fbc fabc fbbc fbcc

0 fac fbc fcc
+ fac faac fabc facc de.
f be f abc f bbe f bee

fcc facc fbcc fccc

Finally, we recall that the equations of gas dynamics possess double waves only, and
are not integrable by the method of hydrodynamic reductions [44]. On the other hand,
the generalised equations (3.39) define a (2+1)-dimensional integrable system when the
Lagrangian density f(¢., ¥y, ¢:), obtained from the Hamiltonian density h(p,u,v) per-

forming a partial Legendre transform (3.45), satisfies the conditions given by Theorem

3.10.

3.3.3 Three-component Hamiltonian systems with degenerate structure

We have seen that the degenerate Hamiltonian operator (3.28), leads to a class of inte-
grable systems related to Lagrangian densities of the form f(y,, ¢y, ). Here we are

going to discuss all three-component cases arising from our classification.



3.3 Hamiltonian systems of hydrodynamic type in 2+1 dimensions 94

The aim of this section is to apply the method of hydrodynamic reductions to three-
component Hamiltonian systems given by u; + Ph, = 0, where P is a Hamiltonian struc-
ture appearing in Theorems 3.7, 3.8 and 3.9. Let us identify the Hamiltonian operators
we obtained with the rank of the pencil g,. For instance, we call rank-zero structures the

Hamiltonian operators listed in Theorem 3.7.

Theorem 3.11. The method of hydrodynamic reductions imposes additional differential constra-

ints under which equations under study reduce to known classes of systems considered before:

o rank-zero structures lead to trivial systems

o rank-one structures lead to one dimensional systems of the form

up + fuh)ul =0, wf =u} =0,

o rank-two structures lead either to one dimensional systems to the form
up 4 (hy2)e = 0, Ul + (hy1)e =0, ud =0,
or two-component non-degenerate Hamiltonian systems
uf + (hy)e =0, uf + (hy2)y =0, (3.50)

uf + (hy2)z =0, 47 + (hyt)z + (hy2)y =0, (3.51)

uf+ (2ul hyt by —h)p+ (uhy2)y = 0, uf+ (uhy1) e+ (20?2 +ulhy —h), =0,
(3.52)

plus the trivial equation uj = 0, or to the systems
u% + (h’uQ)w + (hu3)y =0, ut2 + (hy)z =0, 'LL? + (hul)y = 0. (3.53)

We point out that the integrability of two-component non-degenerate Hamiltonian
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systems (3.50), (3.51) and (3.52), generated respectively by the Hamiltonian operators

O O 0 o ul w?\ 4 0 wu! d U
p=|" , P= 1. P= —+ — +
0 0y Or Oy w2 0 ) dr w22 ) U

N 8y
SN Q=

is completely understood, see [50] for further details. Furthermore, as we showed above,
system (3.53) reduces to the three-dimensional Euler-Lagrange equations (3.47) after per-

forming a partial Legendre transformation of the form (3.45).
Proof of Theorem 3.11:

First of all, let us remark that if ui = 0, for some i, the method of hydrodynamic
reductions necessarily implies u’ = const. Secondly, if one of the equations of the system
is of the form u} + ¢(u)u’, + w(u)u; = 0, the method of hydrodynamic reductions implies
(N + ¢ + ¢p)0;u’ = 0, which leads to u’ = const, since we are imposing that M and p/
do not satisfy any linear relation. Furthermore, in these cases we can replace u’ with a
constant, and then the Hamiltonian will depend on v’ for j # i.

Using these observations, the proof is straightforward. Rank-zero structures easily
lead to trivial systems. For the rank-one structures we always have u? and u® constant,

which leads to an operator of the form

O +k0, 0 0
P = 0 0 0|, &=const,
0 00

which is essentially one-dimensional (up to linear changes of the independent variables x
and y).

The analysis of rank-two structures is a bit more complicated. In the cases (3.26), and
(3.29),, the method of hydrodynamic reductions implies u® = const. Thus, up to a change
of local coordinates u', u?, the 3 x 3 degenerate Hamiltonian operator reduces to a direct

sum of the 2 x 2 two-component non-degenerate Mokhov’s Hamiltonian operator [74, 69]

2l w2\ g 0 wul d ul ol
P — df + df + N Y 3
u? 0] T ul 2u?) @Y ui u

and the trivial 1 x 1 operator P = 0.
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In the cases (3.27), 5, (3.28);, (3.30) and (3.31) the method of hydrodynamic reductions

3 = const. These structures reduce to direct sum of constant 2 x 2 two-

implies again u
component non-degenerate Hamiltonian operator, and the trivial 1 x 1 operator P = 0.
Constant 2 x 2 non-degenerate Hamiltonian operators are known [50]: if they do not

reduce to one-dimensional operator

onax,

0r O

(for instance, (3.28), for € = 1), they can be brought to one of the following two forms

P:axo’P:08x7

0 9, 0: 0,

by a change of local coordinates u!,u? and a linear change of the independent variables
x,y.

It remains to consider the cases (3.26), and (3.29),. It is not difficult to see that in both
cases we get u2 = uj. Therefore, solutions are necessarily potential. Then, setting u* = ¢,

and u® = ¢, the system leads to (3.43). [

Remark. We have seen that most of the Hamiltonian systems, arising from three-compo-
nent degenerate Poisson structures of hydrodynamic type in 2D, present an equation of
the form uj = 0, or uf + ¢(u)ul, + ¢ (u)ul, = 0, which, on application of the method of hy-
drodynamic reductions, leads to u’ = const. It is remarkable that only Poisson structures
(3.26),, (3.28),, (3.29), generate “non-trivial” three-component Hamiltonian systems, and
that, by imposing the method of hydrodynamic reductions, these systems reduce to the

generalisation of the gas dynamics equations, given by (3.53).



Deformations of degenerate

Dubrovin-Novikov structures

In this chapter we discuss second-order deformations of two-component Poisson struc-
tures in 1D we have classified in the previous chapter, and investigate which of those
deformations can be obtained by Miura transformations. The Miura group coincides with
the semidirect product of the subgroup of diffeomorphisms (local change of coordinates)

on the manifold M and the subgroup of Miura-type transformations
u' — u' + eAj(u)ug + €2 <B; (w)ul, + 2C;k(u)ugcu§> + ..., (4.1)

see [38] for further details. Following [63], we call the transformations of these two sub-
groups the Miura-type transformations of the first and second kind respectively.

As we will see, the action of the subgroup of diffeomorphisms is not straightforward:
it leads to several branches. Thus, for simplicity, we firstly discuss the action of the sub-
group of Miura-type transformations of the second kind, and only at a later time we anal-
yse the action of local changes of coordinates.

Even though higher-order deformations can be obtained following the same proce-
dure, the computations become much more complicated. Furthermore, we also analyse
some examples of first-order deformations for three-component structures.

In the non-degenerate case any such deformation is trivial, that is, can be obtained
via Miura transformation. In this chapter we demonstrate that in the degenerate case
this class of deformations is non-trivial, and depends on a certain number of arbitrary
functions.

As defined in the introduction, a deformation of order k of a n-component Poisson

97
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bivector P, is a formal series
P6:P0+6P1+62P2+...

satisfying the condition [P¢, P¢] = O(e¥*1), where each coefficient P; has degree k + 1,

and is given by

k+1 dk+1—s
Pk:ZAS(u7ux,...,Uk+1)W, deg(AS):s.
s=0

The form of the operator P, depends on an increasing number of arbitrary functions of
the coordinates u?, i = 1,...,n. Furthermore, these functions must be chosen in such a
way that P, is skew-symmetric, namely P} = —F.

In particular, the first two coefficients, P; and P», have the form

g d g
P = a0 g+ S B g+ SO + 3 D
k r<k
- iy d
k
Py = EY(u d —— +ZF” uzﬁ—l— ZG” M+ZH;i(u)ugux -
r<k
k
+> L (w) W+ZM” uguy Y N (wujufu.
k s<r<k
This means that the operator P; is defined by M functions depending on the
variables u!, ..., u", while the operator P, is given b n2(nt2)(n?+10n0+3) 11 tHons in the
P & y 6
variables u',...,u" Thus, one can see that the number of unknown functions is quite

high already for a low number of components: for n = 2 we have 104 unknowns, while
for n = 3 they are 432. Of course, imposing the skew-symmetry condition, this number

falls.

Remark. In order to simplify the computations, it is convenient to substitute the coefti-

cients D, H, N with D, H, N such that
yy y 1 . Y .
Dy =Dy = iDi]k if r<k, otherwise Dy, =D},

y 1 y iy
iJ ] 1] . : 1] __ 1]
H; =H;, = §H7,k if r<k, otherwise H, = H;,



99

Ng“k: = ngr - N:]]{?S = N;icr = Nkrs = N;ék = ENg“k if s<r<k,
N, = N = N, = I e v e
N =N, = NJ, = §N§f~r if r>s,
N, =N,

In this way, the summations involving these coefficients become

Z D;Jk(u)ul, = Z D” Z H” Z ﬁ% (w)uluk,

r<k r<k r,k
iJ r, k __ 1] uu k
E : Nsrk uS T § :Nsrkz Uy U Uy«
s<r<k s,k

Lemma 4.1. A first-order deformation is skew-symmetric if and only if the following conditions

hold

A = — AT (4.2)

Bj) = 20, A7 + B, (4.3)

Y = —9, A" + Bl - ¢, (4.4)

DY = —0,0,A7 + % (0B +oBI') - D). (4.5)

Provided that the above conditions are satisfied, a second-order deformation is skew-symmetric if

and only if the following conditions hold

EY = 7t (4.6)

F = 30,E" — FJ", (4.7)

G = 30,7 — 2F)' + G, (4.8)

HY = 30,0, — 8, F)" — 9y F7* + H}, (4.9)
LY = x B — FJ' + GI — L), (4.10)

MU = 30,0,E7 — 20, FJ' — 0,F)* + 0,GI' + 27 — M7! | (4.11)
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Ny = 00,057 — & (9.0, F]' + 0,0 P + 0,0, ") (4.12)
+1 (asﬁzli + 8, H]' + 81@[:]571«) - NI

The proof is a straightforward computation (see [87] for further details). For instance, for

n = 2 the number of unknown functions falls to 42.

4.1 The action of Miura-type transformations of the second kind

Let us start with deformations of order 1. These deformations have to satisfy the Ja-
cobi condition [Py, P;] = 0. We want to eliminate deformations that can be obtained
by an Miura-type transformations of the second kind, that is, those that can be written as
Liex Py, where X is a suitable vector field of degree 1. In the non-degenerate case, it has
been proved that all deformations of order 1 can be written in this way, but we will show
that in the degenerate case this is not true.

Secondly, concerning deformations of order 2, namely
P =Py +eP + 62P2 + 0(63),

we have to consider the Jacobi condition 2[FPy, P;] + [Py, P1] = 0. In our cases, first-order
deformations P. cannot be reduced to F. In order to simplify the form of second-order
deformations without changing lower order terms, we have to use Miura-type transfor-
mations of the second kind like

Liey P, + Liez Py (413)

where Z is an arbitrary vector field of degree 2 and Y is a vector field of degree 1 which
is a symmetry for P, namely Liey Py = 0.
To better understand this formula, let us consider the Lie series given by the vector

field €Y + €2Z, we have
1
Loy 1e27(P) = Py + e(Py + Liey Py) + €2 (Pg + Liey P; + §Lie§/Po + LieZPo> + O(e).

Since Liey P is assumed to vanish, we obtain exactly (4.13).
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41.1 Deformation results

In two-component case, we have two different Poisson structures with degenerate metric
(Theorem 3.4), one constant and one non-constant, which we call Pél) and PO(Q) respec-

tively:

&
o

C
QD
|
[

T

0 0 %o

Theorem 4.2. o All first-order deformations of Pél) can be reduced by Miura-type transforma-
tions of the second kind to P = Pél) + €P; + O(€?) where

0 —uix— u§2
P = Piles — )™ ) (4.14)

pu, +q(u2)? rud, + %(rui);c

here p, q,r are arbitrary functions of u>.
o All second-order deformations of Pél) can be reduced by Miura-type transformations of the sec-

ond kind to P = Pél) + ePy + 2Py + O(€®), where Py is given by (4.14) with the constraint

r =0, and
0 0\ 43 0 0\ a2 0 0\ 4 0 7t
0 o22] dx 0 g2/ dv 0 ~22) du _pl2 p22
with
o2 — ¢ 522_376/“2 2 9 h(u2)?
=e, = Y = gug, + h(uz)”,

2 v
n'? = (2p%u! — Du,, + pquy(ul)? + pPPuzul, + (2u' (pd + ¢%) — n) (u2)’
+ (2pu' (3¢ + p) — m) uiul,,

P hu2)2). — 1,5
2 = 2(guzx + (ur) )I 4(6 um)xma

where p, q, e, g, h,l,m,n are arbitrary functions of u®, and ' denotes the derivative with respect to

u?. Furthermore, it is always possible to reduce to zero one of the two functions m or n.

Theorem 4.3. o All first-order deformations of PéQ) can be reduced by Miura-type transforma-
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tions of the second kind to P = PéZ) + Py + O(€?), where

0 0 d 0 — S (u?)?
P = —+ v o 2) : (4.16)
0 ) o \Ghpd? 3 (),

here r, s are arbitrary functions of u®.
o All second-order deformations of PéQ) can be reduced by Miura-type transformations of the sec-

ond kind to P = P0(2) + €Py + €2Py + O(€3), where P is given by (4.16) and

0 0\ a3 0 0\ 2 0 2\ 4 0 n'?
Py = s —— — 417
2 0 o2 da3 + 0 g2 dx? + A2 22 dx + 2l 22 ’ (4.17)
with
2 ' 2
2 T 92 3’ 4 3re 12 19sr 1,2 1,2
o= 2(u1)4’ pY = 2(u1)4uw B (u1)5uw’ - 6(u1)5 ( Ugy — uxux)v
151 2r2 1 Ory! D
22 142 1 1.2 2
Y - 2(u1)6 (um) - (u1)5umm - (u1)5 < 92 +p> Uy Uy + (u1)4uxm
5sr 5sr 32sr 3sr’ + s'r
,'712 = 42(’&1)4 uixm - 2(U1)5 u;xuczt - 3(7u1)5uiu§x WU%U?MC
32sr 3sr’ + s'r 252
+3(u1)6 (ui)Quz‘ (u1)5 ualr(u:%)Q - (u1)5( 3:)37
o1 28T 2sr | o 3lsr | o 13sr+sr’ 4 4
n = 3(u1)4ugxzz - 3(u1)5uz:cucc - 6(u1)5 xYrx 6(u1)4 x WYy
3lsr 13s'r + sr’ 252
+6(u1)6 (uy)*ui — Wui(uiy + DB (u3)?,
1 3rr! 1572 1 5!
22 1.2 143 1.2
n — 2(u1)5 < 2 - 5])) Uy Uy — 2(u1)7(um) - 2(u1)5 2 +p> U Uy

br? 1,1 1 3, "2 " 1/,2\2
+(u1)6“wum T 2%y \ 2 (0" = ) + ") ) ug(uz)”,
where r, s, p are arbitrary functions of u? and ' denote the derivative with respect to u?.

These results can be obtained performing a cumbersome computation. Details of the proof

are given in the author’s paper [87].
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The classification of three-component Poisson structures with degenerate metric is
quite extensive (Theorem 3.5), so we have decided to study only some of them. Espe-

cially, we describe first-order deformations for the following operators:

0 ud 0 9, 0 0 8, 0 0
PP=|-w3 o o, PY=10 00|, P?=|0 o, 0
0 0 0 0 0 0 0 0 0

We refer again to [87] for the proofs of the following results.

Theorem 4.4. All first-order deformations of Pé?’) can be reduced by Miura-type transformations
of the second kind to P = P0(3) + Py + O(€?), where

0 —a2' 0 gl g2 g3 AL y12 13
d? d
P = |2 0 0 e + | g2t g2 g2 - |42 422 423 (4.18)
0 0 0 513 523 0 731 732 0
with
o2l = a
Bl = (200 — b3 — Dys — Bor)ul + bilu2,
g2 = (018 — 281a)u31: + (b%1 — 282(1)14520 — 283au§’:,
B2 = Oisu, + b3,
% = bvPul 4 orrul,
523 = - <618 + 8217‘> ui,
b2l — 9ys — O 01631 — 0,098 — 9,0
- <82a -2 2’“) ub, + (alaga - o 27") (ub)?
+ <32(93a — 0sb3' — 02035 8283T> ulud + 783()51 wlud + @uz
2 X T T 2 T
(e 00y O
2 2 2l _ 9, pll 2
- (825 +ohr+ 182 2 —Oiby _ 8;@> (u2)? + (8,035 — 20103a) utud

30,63 + 30,0
+< 105 1025

5 + 01021 — 62261) ubuZ + (93b3" — 0203a) ulul
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2 22 2
+ (38218 i 4+ L a%“) (ug)” + (b3' — Daa)us, — Dsauy,

(818 — 81(1) — 83(1( )2
81b2 — 01098 1 3 I agbgl + 09038 + 02031

A3 = (825+32r)uim + 5 u U, 5 (ui)2,
Oob2t + 01bi — 925 — O3r  O2a hb?2 + 0%r  92s
,721 _ < 2 24 2 2l % (ui)2_ 1 y 1 —i—% (Uclc)Q
O b3t + 9,0
- <12—}2_12S + (9182r> utu — Oydzauul,
b2 onr O5b%2 0ab?? + 0%r 01037
2 ul 017 9 301" 1. 3 207 i7" 1 2 1037 o 3
’7 - 2 acac + 2 ua:ac + 2 uacua: + 2 uacuac + 2 umum
b
TRCLia L S
0163 — 0,0 010
723 _ 1 5 1 28u2 3 <3 D35 + 1 37“) (u ) (615+817“) U
2 2 2
432 = 6;7‘ 3 <31 057‘) wbud — b3t +81228+8162ru92£ 3

2

where a,r, s, byt b3, b22are arbitrary functions of u*, u?, u3, and Oy means partial derivative with

respect to u¥, for k =1,2,3.

Theorem 4.5. All first-order deformations of Pé4) can be reduced by Miura-type transformations
of the second kind to P = PO(4) + P + O(€?), where

0 0 0 , 0 0 O 0 —2t 3t
d
P=1o _a3? 3 +1o g2 B3 . + 421 42 423 (4.19)
0 a32 0 0 532 633 731 ’Y32 733

with
0432 =a, 6” _ bzg 2 _|_bm 3 (Z > ]), 623 — 632 _ 26117

NI = u2, + Tl + el (u2)? + ehulud + e (ud)? (i > j),

. 1 ..
23 32 32 % i1
= ﬁ:p —Age —7°Y , Y = 5 T

wherea,bz,ck,e k(fOTT>S€lTldk>mandZ>j,ZUh€T€Zj—l 2,3and r,s,m, k =2,3)

are arbitrary functions of u*, u3.

Theorem 4.6. All first-order deformations of Pé5) can be reduced by Miura-type transformations
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of the second kind to P = PO(S) + €eP + O(€?), where

00 0 0 —2 43
Pr=10 0 0 %-i- o 0 —v32 (4.20)
00 533 731 732 ,733
with
1 g g g
B =i, 4% =3 (), Y =)+ T, (> ),

where b, ¢, €%, for i > j, are arbitrary functions of u®. Furthermore, it is always possible to

reduce to zero one of the functions e*! or ¢*L.

4.2 The action of local changes of coordinates

The classification provided in the previous section has been obtained using Miura-type
transformations of the second kind. As we pointed out above, the whole Miura group
contains also local changes of coordinates which preserve the dispersionless limit of our

structures.

4.2.1 Two-component case

Let us consider deformations of the structure Po(l), Theorem 4.2. Local changes of co-
ordinates which preserve the form of the dispersionless term Po(l)(u) are of the form
ut = vt +wi(v?), u? = wa(v?). Let us apply this transformation to the bivector P; given by
(4.14), using the transformation rule P(v) = JP(u)J!, where ! means the transpose and

Ji = 2% We have

Jj T oul”
1 -5
J = “2
0 1
wh

where prime denotes the derivative with respect to v2. Looking at the coefficient of 9, in

(4.14), it transforms as
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In the general case where r # 0, this transformation suggests to set wj; = 0, otherwise
we would have a new arbitrary function in the coefficient of J, in P;. Without any loss
of generality, at this stage we can consider w; = 0. Looking at the whole bivector P, by

straightforward computation, we get the following rule for the arbitrary functions r, p, ¢:

4

E‘j) ) plen). ) plen) 2 + g,

T(u2) —

(if » = 0, the action of local changes of coordinates is still the same, namely, the function
w1 is not involved in the transformation of p and ¢). Thus, with a suitable choice of ws,
one can eliminate the function gq.

Looking at the deformations of order two (4.15), since r = 0, we still have the freedom
of one arbitrary function due to w;. Suppose we have used w, to simplify p or ¢. Then, the

coefficient of 93 transforms as

0 0 —(@))2e(?) Whe(v?)

0 e(u?) wie(v?) e(v?)

Once again, this means that w} = 0, otherwise we would have an extra function. Sum-

marising, up to diffeomorphisms, we are able to simplify at most one arbitrary function

in the first and second deformation of Pél).

Considering PSQ), a generic change of coordinates which preserves its form is given
by u! = v, u? = w(v?). Here, looking at first-order deformations, Theorem 4.3, the two

arbitrary functions r and s appearing in P; transform as

s(uQ) > s(wa)wh, r(uQ) —
Therefore, in this case we can also simplify at most one single function.

4.2.2 Three-component case

Although the analysis of the three-component case can be performed in the same way,
computations become much more complicated. Therefore, it is not always possible to
provide a complete description of the action of local changes of coordinates on the struc-
tures we studied. In this subsection, we are going to describe the action of the group of

diffeomorphisms on second-order deformations of P(§5), since this is the only case where
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we can provide a detailed analysis.
Up to Miura-type transformations of the second kind, a first-order deformation of P0(5)
reduces to the one described in Theorem 4.6. Diffeomorphisms which preserve the form

of PO(S) are

1 1 2 1

u' = vlcosk +visink + @1 (v?), w? =vlsink —ov?

cos&—i—(pl(v?’), U :cpg(v?’),

Without any loss of generality, we can set x = 0. The coefficient of 9, in (4.20) transforms

as
00 0 (1)?b(p3)vd  @iehb(ws)vd  —@)bles)vd
/ / /
Y3 Y3 ¥3
VN 3 /7\2 3 A 3
0 0 0 — <P1S02b(ls03)v;c (¥5) b(/SDS)Ux ng(jos)vx ’
P3 P3 ¥3
—o'b 3 —olb 3 3
0 0 b(ug) Ll (;ﬂ3)'UI P2 (jp3)vz b(593/)vz
Y3 Y3 ¥3

here ' denote the derivative with respect to v3. Therefore, when b # 0, we have to impose
¢, = 0, for i = 1,2, otherwise two new functions would appear in the coefficient of 9,.
Setting ¢; = &;, where §; = const, i = 1, 2, the functions appearing in (4.20) transform as

370,42 37,
21 2/ N2, 21 21 o1 1 35 €7(ps) 4+ ey
7, € —e (303) T3, ¢ T, e’ — / )

P3 ¥3

b— ng '—)CSj,

for j = 1,2 (here €, ¢ on the left hans side depend on u?, while on the right hand side
they depend on ¢3(v?)). Thus, in the most general case, namely b # 0, local changes of
coordinates allow to reduce by one the number of arbitrary functions appearing in the
deformation. For instance, we can choose to reduce b to 1. Let us recall that Miura-type
transformations of the second kind allow to reduce to 0 one function among e?! and c¢?!.

Thus, we have the following

Theorem 4.7. Up to Miura transformations, a generic second-order deformation of Pé5) depends

on 5 functions of u.

At this point, one could ask: if b = 0, how does the group of diffeomorphisms act
on the structure? Although this is a reasonable question, a deeper analysis of this case
does not provide any further information about the general form of the deformation we
are studying. However, it is remarkable that under this strong assumption (b = 0), we
still have the freedom of three arbitrary functions ¢1, 2, 3. Let us discuss this sub-case.

Clearly, the number of arbitrary functions appearing in the deformation is already re-
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duced by one, since b is assumed to be zero. The functions e/, ¢/ transform as

/ 631 / 2+C31 m o 632 / 2+C32 "
o2l 621(@/3)2 + 621%/ . ©h(e” (¥5) 903)80/ @1 (€7 () 803)7
3

21, 7 31, 7 32 7/ 37
@5 — Ty + ey, e

() + g

; A Y,
#3

Ao —

for j = 1, 2. Let us assume for simplicity that all €/, ¢/ are non-zero (otherwise, we should
discuss case by case). Therefore, both 2! and ¢! can be brought to 0, using 1, 2. Finally,

the freedom of 3 allows to simplify other functions among 3!, €32, ¢3! and ¢32.

Corollary 4.8. Let b = 0 in (4.20). Up to Miura transformations, second-order deformations of
P0(5) depend on 3 functions of u®.

Changes of local coordinates which preserve the form of the undeformed Poisson

) )

structure Pég and Pé4) are quite easy to compute. For Pég these transformations are

given by

ul = (101(1]17’027@3)7 UQ = @2(”172}27’03)’ u- = 303(’03)7

with the constraint

0
01910202 — 0210102 = D303, 0; = 0l

while for P(g4) we have

1

u' = vl 4 @1 (v

%), ut = (0?,0%), Wl = ps(v?,07).
Unfortunately, the action of these transformations on the respective deformed structures
are very cumbersome, and we are not going to describe it.

Summarising, as we have seen, the action of the subgroup of diffeomorphisms leads
to several branches for each case, depending wherever the functional parameters are con-
stant, zero or arbitrary. Furthermore, the number of additional arbitrary functions appear-
ing in these transformations, is always lower than the number of functional parameters
appearing in the deformations. This implies that, in each cases we have studied, we can-
not reduce the deformation to its dispersionless term, and therefore the deformation is

not trivial.



Deformations of non-semisimple Poisson

pencils of hydrodynamic type

Two Poisson brackets are called compatible if any their linear combination is still a Poisson
bracket [65]. Therefore, a pair of compatible Poisson structures P;, P» implicitly defines a
one-parameter family of Poisson structures Iy = P> — AP; (A € R) called Poisson pencil or
bi-Hamiltonian structure (note that here and in the rest of this chapter P; and P, denote
two Poisson structures and they do not necessarily represent first- and second-order de-
formations as in the previous chapter). Poisson pencils of hydrodynamic type and their
deformations play an important role in the modern theory of integrable PDEs. Originally
the study of such structures was motivated by questions arising in the theory of Frobenius
manifolds, Gromov-Witten invariants and topological field theory [25, 38]. In this setting,
deformations satisfy some additional constraints (7-structure, Virasoro constraints) and
the undeformed pencil is related to a Frobenius manifold [25].

A perturbative approach to the study of these deformations was developed by Dubro-

vin and Zhang in [38]. In their approach, the full pencil

k+1 +1 k+1 ) dk 1+1
z] zg U
+Z Z 2klda;k z+1_ +Z ZAlkldxk +1 | > (5.1)

E>1 1=0 k>1 1=0
where Ao Kl = Ae 1 (@ Uz, ... ug)) are homogeneous differential polynomials of degree
[, is obtained via a bi-Hamiltonian deformation procedure from the dispersionless limit

e — 0:

. d d
—)\Plj—de —I—bzku —)\<gld+b1ku> (5.2)

The pencil of metrics gy = g2 — Ag1 defining this limit (5.2) is assumed to be semisimple,
meaning that there exists a special set of coordinates, the roots (r?, ..., 7") of the equation

det g = 0, such that both metrics of the pencil g, take diagonal form. It can be shown (see

109



5.1 The semisimple case 110

[40]) that in this canonical coordinates r = (r!,...,7") the metric can be represented in the
form g/ = fi(r)d;;, g5 = r'fi(x)sy;.

Whereas the semisimple case is fairly well understood, the non-semisimple case is large-
ly open. Besides computational difficulties, the lack of canonical coordinates, or at least of
anormal form theorem for non-semisimple pencils, makes a unified approach to the prob-
lem very hard. For this reason, in the joint work with A. Della Vedova and P. Lorenzoni
[22], we studied the general case focusing on two special subcases where computations

are feasible:

e Deformations of Poisson pencils related to two-dimensional Balinskii-Novikov al-

gebras [7] and the associated invariant bilinear forms.
o Lifts of deformations of semisimple structures.

In order not to stretch the thesis, in this chapter we mainly discuss the results obtained
concerning the first class of structures. The second part, related to the lift of deformations

of semisimple structures, will only be mentioned. Details can be found in [22].

5.1 The semisimple case

The deformation theory of Poisson structures defined on a loop space has been already
introduced in Section 1.2.1. In the case of Dubrovin-Novikov brackets, we have seen that
any such deformation is trivial, that is, can be obtained via Miura transformation (see
Section 1.2.4). In the bi-Hamiltonian setting, we have an analogous definition of k-order
deformation: pencil (5.1) defines a deformation of order k if [II),11,] = O(e**1), where
[-, -] is the Schouten-Nijenhuis bracket (see Section 1.2). Moreover, two deformations I
and IT,, of the same pencil are considered equivalent if they are related by a Miura trans-

formation of the form

@t :ui—i—ZekF,i(u,ux,...,u(k)), (5.3)
E>1
where F}(u,ug,..., u,) are differential polynomials of degree k. This means that two

pencils belonging to the same class are related by

py o
Iy = LTI L,
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where

, o’ . ou’
- _az 57’ L*z — 8;
k Zs:( ) au@) K ES: 8u€“5)

Under the assumption of semisemplicity, Dubrovin, Liu and Zhang proved that this
equivalence classes are labelled by n functions c'(r?) called central invariants [61, 31], ob-

tained expanding the roots A’ of the equation

det | g = gt + 3 (A 0(w) = AT () " | =0, (5.4)
k>1
near \' = r%:
No=r" 4> Ayp™, (5.5)

and selecting the coefficient of p. The central invariants are then defined as [30, 61]:

) 1 )\1 1 _ ZR]{?Z)
c = = — — iS4 , 1=1,...,n,
390 () gé; — )

where f are the diagonal components of the contravariant metric g; in canonical coordi-

nates, and
R (w) = A p(w), S7(W) = Apy(w), iG =1, =12

They can also be defined by (see [39])

Res)\ yiTr [gA (Sij + (g;l)lle)fR’;\j) ;

C, = —

3fi
where S{/ = S5/ — AS} and RY = RY — ARY.

In this framework the following facts should be mentioned:

e Each function ¢! depends only on the corresponding canonical coordinate 7%, and it

is invariant with respect to Miura transformations (5.3) [61].

e Two deformations (of the same pencil) belong to the same equivalence class if and

only if they have the same central invariants [31].

e For any choice of the dispersionless limit and of the central invariants the equiv-
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alence classes are not empty. This fact, suggested by some computations (for the
scalar case see [64, 2]), has been proved only recently: by Liu and Zhang in the
scalar case [60] and by Carlet, Posthuma and Shadrin in the general semisimple case
[17]. The proof is based on the vanishing of certain cohomology groups introduced

in [61].

¢ Given the dispersionless limit wy and the central invariants ¢ (r'), there exists a

Miura transformation (5.3) reducing the pencil to the standard form [61]

I, = P,—\P+ e2LieX(CIMC")P1 + €'y + 106 + . ...

= P—- )P+ 62Liey(61’_'76n)P2 + 64H4 + EGHG + ...,

where the polynomial vector fields X(., .. and Y, . .. canbe written as the dif-

ference of two Hamiltonian vector fields

Xieren) = P26H — PLOK, Y, )= Py6H — P 6K,

15--Cn

with non polynomial Hamiltonian densities:
Hfr] = Z/ci(ri)rfclogrfc dx, Kir]= Z/Tici(ri)rilogr; dx.  (5.6)
i=1 i=1

A = zn;/

c(rt)

- rilogri dz, Klr] = Z/ci(ri)rilogr; dx. (5.7)
i=1

e The coefficients Fy(u,u,. .., uy,)) of the Miura transformation (5.3) are assumed to
depend polynomially on the derivatives of u’. Removing this assumption the clas-
sification problem becomes “trivial”: all deformations turn out to be equivalent to
their dispersionless limit. This remarkable property was discovered in [31] and is
called quasi-triviality. For instance, it is easy to check that the canonical quasi-Miura
transformation generated by the Hamiltonian H defined in the formula (5.6) reduces

the pencil IT to the form Py’ — AP} 4+ O(Y).
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5.2 Linear Poisson pencils of hydrodynamic type

In this section we introduce Poisson pencils of hydrodynamic type related to Balinskii-
Novikov algebras [7] and the associated invariant bilinear forms [3]. These are Poisson

pencils that can be reduced to the form

y L d . d
Py — AP} = g”% + b uy — )\77”%,

where ¢/ depends linearly on the variables (u',...,u") and the coefficients b} and 7%
are constant. Therefore, Py is a linear Hamiltonian operator of hydrodynamic type. As
proved by Balinskii and Novikov in [7] these operators have the form

P = (7 4 by Ly

= (b + by )u %‘F E Y

where the numbers ij are the structure constants of an algebra B satisfying the following

properties

a-(b-c)=b-(a-c),
(@a-b)-c—a-(b-c)=(a-c)-b—a-(c-b).

We refer to them as Balinskii-Novikov algebras, even if in the literature they are often called
Novikov algebras (following [82]).

First approach to the study of such algebras was made by Zelmanov [101]. In low
dimensions, the problem of classification was addressed by Bai and Meng [4, 5] and re-
cently by Burde and de Graaf [14], resulting in a complete description of one-, two- and
three-dimensional Balinskii-Novikov algebras. Unfortunately, a full classification of these

structures of dimension four and higher is far from being complete.

5.2.1 Invariant bilinear forms and bi-Hamiltonian structures

Given a Balinskii-Novikov algebra B, as observed in [93], any invariant bilinear symmet-
ric form on it gives rise to a bi-Hamiltonian structure in a canonical way. For convenience
of the reader let us briefly recall how they are defined. Let ¢!, ..., e" be a basis of B, and

let bfj be the corresponding structure constants. A bilinear form n : B x B — F'is called
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invariant if and only if

net- el ef) = el - o).

Bai and Meng classified invariant bilinear forms on two- and three-dimensional Balin-
skii-Novikov algebras in [4, 3]. For future reference we recall the two-dimensional classi-

fication in the following table.

Table 5.1: Two-dimensional Balinskii-Novikov algebras and invariant bilinear forms.

Characteristic Linear Poisson Invariant

Type o
matrix e* - e’ structure bilinear forms

(T1)

0 0

(62 0 (2u28z + ui 0)

(T2)

0 0 0 0

0 O
(T3)
(N1) et 0

0 €2
(N2)

0 0
(N3)

e 0

[
»

N
N

3
v O
N}

3
—
)

o

3»—-
»

[
M

o

3
N
[V}

3
—
[V}

o

(7711
2t
[
12
( 0
2
il
¥
it
¥
(1711
2
-
2t
( 0
2
( 0
12

(N4) 0 ¢t 0 uldy 4+ ul 12
0 €2 u'd, 2u0, + ui 22

(N5) 0 et 0 u'd, + ui 7712
0 e'4e? w0y 2(u' +u?)0y +ul +ul 22

( 0 el> 0 (1 +K)u'0s + ul 12

1 2 xr x
(N6) ke ¢ 1 1 2 2 22
(1+ K)u 0z + Kuy 2u°0; + us

Kk #0,1

Remark. Notice that the case N4 with n'! £ 0 is semisimple. For this reason we will
consider only the case n'! = 0. The cases N3 and N4 can be considered as subcases of N6,
if we remove the constraints x # 0, 1. Indeed, for x = 0 we easily get N4 (with 5! = 0)
while N3 is equivalent to the case x = 1, up to swapping the local coordinates u!, u.
According to [4], this distinction is due to different algebraic properties: the cases N3 and

N4 are characterized by the associativity of the algebra, while this is not the case for N6
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with x # 0, 1. However, for our purposes, we do not need to distinguish these cases.

Let us point out that adding the constraint ! = 1'% in T1 and N4, the bilinear invari-
ant forms associated with two-dimensional Balinskii-Novikov algebra become symmetric.
As observed by Strachan and Szablikowski in [93] the associated Hamiltonian operator
179, is compatible with the linear Hamiltonian operator defining the Balinskii-Novikov

algebra.

Remark. A pair of compatible flat metrics defines a (2+1)-Poisson structure of hydrody-
namic type under some additional conditions. Among the structures coming from two
component Balinskii-Novikov algebras, such additional conditions are satisfied just by

N6 with k = —2[35, 74, 69, 46].

5.3 Classification results

In this section we provide a classification of second-order deformations of Poisson pencils
coming from two-dimensional Balinskii-Novikov algebras. We have to distinguish two

cases:

1. The cases T3, N3, N5 and N6 with x # 0,—1,—2, where second-order deformed

structures depend on two functions.

2. The remaining cases N4 (which corresponds to x = 0) and N6 with x = —2, namely
0 n'? 0 Zu'
g1 = 7712 1722 y 92 = :l:ul 2u2 )

where second-order deformed structures depend on four functions.

Theorem 5.1. e In the cases T3, N3, N5 and N6 with r # 0, —1, —2, second-order deformations

can be reduced by a Miura transformation to the form

) = Py — APy + €’Liex,,. .., Pa+ O(€),

F1,Fa)

with X(p, gy = PLOH — P2dK, where

Hu] = /Z (hijui logug;) dzx, Klu] = /Z (k”u; logu%) dx,
i i
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and the functions h;j and k;; are uniquely determined in terms of two arbitrary functions F, F»
depending only on the (unique) eigenvalue of the affinor L = gagy*. Calling K = (k;;) and
H = (hij), we have K = LTH, where LT means the transpose of L, and H. is given respectively

for each case by

e T3: h12 = h22 = 0and

01242 71242
e n2Zul 12u2 + 22u1 e n2Zul
hi1 = 312 <7722u1F2' + 77u1nF2> — P, ho=-— 3 Fy;
e Nb5: hlg = h22 = 0and
By, — V2P E @) Pl (20" — 1**) Py LA
3nl2 6112 \/27712(U1 + u2) — 22yl 2n12’

1

ho1 =
3202 (ul + u?) — n22ul

Fy;

° N3, N6 (KJ 7é 0, —1, —2).’ h12 = h22 = 0and

(20'20% = (n+ Dnu!) 5 Fy (2% — (5 + DiPul) 5 Fy

hiy = _
H 3(k + 1)2nt2 6112
Fy
n2k(k +2)’
B (2n'2u? — (k + 1)7722u1)k2;1
ha1 = Fy;
3(k+1

where F; = F;(u'), i =1,2.
o [n the case N4, namely

0 7712 0 ul

92 = g2 22 » 1= Wl o242

second-order deformations can be reduced by a Miura transformation to the form
Iy = P, — AP; + ’Liex Py + O(é%),

where

X' = Xijug, + X5(uy)® + Xgupug + Xi(up)” + Xpuz,,
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with

X = 6R,
X = 01(0F)

X; = 0,(0F),

X} = 0F,
X2 = o0,
X2 = 0F;,

F
X2 = o (9%1?4—81 2>,
n

X; = 0 <9§F4 - 87;F2> ;

81F2
7712 :

X2 = 63F -

In the above formulae, F; are 4 arbitrary functions of u' and 0 = (n*?u! — 2n'2u?)~L.

o In the case N6 with k = —2, namely
0 7]12 0 —ul
g1 = 7]12 7]22 y g2 = _ul 2u2 y

second-order deformations can be reduced by a Miura transformation to the form
Iy = Py — AP; + €’Liex P, + O(¢?),

where

X' = Xjuy, + X5(up)? + Xupu? + X4(ul)? + Xiu?

T

with

X{ = o0,
2R
X} = 2?2 (93F4 - 761(912 2)> +OF,
n
X! = 2203 F, — 0,03 Fy),

Xi = —4n"0'F,
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X = PR,

Xt = o,

X2 = Fj,

X3 = im0,
X2 = 40,(6PF,) + 05(03 Fy),
X2 = 93F4—81(§122F2).

In the above formulae, F; are 4 arbitrary functions of u' and 0 = (2n'2u? + n?*u!)~L.

Due to its technical nature, and cumbersome computations, we refer to [22] for the

proof of the previous theorem.

Corollary 5.2. In the cases T3, N3, N5 and N6 with k # 0, —1, —2, all second-order deformations

are quasi-trivial.
Proof:

By construction, the canonical quasi-Miura transformation generated by H [u] reduces the

pencil to its dispersionless limit up to terms of order O(€?).

Remark. General Miura transformations have the form

u' — @' = fi(u) + ZekF,i(u, Uy, ..o, U )
k>1

where det% # 0. In this thesis we are interested in Miura transformations preserving

the disperionless limit and for this reason we consider the subgroup

u — =+ Z ' Fi(u,u,,... s U(g))-
k>1

Indeed, the only diffeomorphism preserving both metrics of the pencil is the identity.
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5.4 Invariants of bi-Hamiltonian structures

As already mentioned in Section 5.1, the central invariants for deformations of semisimple

Poisson pencils of hydrodynamic type (5.1) are related to the roots of the equation

det g )\gl _|_Z (A;Jko Aijko( )> 2| =o.
E>1

Expanding these roots near A\ = 7 one obtains a series:
[ee]
No=r' ) ApF, (5.8)
k=1

whose coefficients are invariants (up to permutations) with respect to Miura transforma-
tions as shown by Dubrovin, Liu and Zhang in [30]. Due to the skew-symmetry of the
pencil, the sum and product of the roots contain only even powers of p. In the semisim-
ple case, expansions (5.8) contain only even powers of p, while in the non-semisimple
case, odd powers may appear. For instance, in the case of deformations of non semisim-
ple pencils associated with two-dimensional Balinskii-Novikov algebras one obtains the

expansions

=ul + Z ALpk, A =ul ) AR (5.9)
k=1
where, due to skew-symmetry,
Mop1 + X1 =0, Ay — A5, =0, (5.10)

Thus it is natural to divide Poisson pencils associated with Balinskii-Novikov algebras in
two classes: those admitting as invariants A\] = —\} and A} = A3 (and eventually higher
order coefficients of the expansions (5.9)) and those admitting as invariants only A} = A3

(and eventually higher order coefficients of the expansions (5.9)).

5.4.1 The cases T3, N3, N5 and N6 with x # 0, —1, —2.

In the cases T3, N3, N5 and N6 with x # 0, —1, -2, the expansions of A" do not contain

the linear term in p, and coefficients of the quadratic terms A} = )3 are related to the
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functional parameter F5.

Theorem 5.3. Let Py = P, — AP, bi-Hamiltonian structure corresponding to one of the Balinskii-
Novikov algebras T3, N3, N5 and N6 with k # 0, —1, —2 and the associated symmetric bilinear
invariant form 7. Let us consider a bi-Hamiltonian structures Iy of the form (5.1) with leading
term Pij . Then the coefficients A} and A3 of the expansion (5.8) coincide, and are related to the

functional parameter F by the formulae:

4 1 12,2
o T3: )\ = We n22ul Fg(ul);
ul Fy(ul)

7712 \/27712 (ul + u2) _ ,,722u1

o N5: )\, =

(k4 Dl (20202 — (k + Dp?2ul) s

e N3, N6 with k # 0, —1,—2: \b = — m

F2(U1).

Proof:

We are going to prove this statement in the case T3 with 7?2 # 0. In this case the disper-

sionless limit is given by

12 1
Plij _ 0 n d P;j _ 0 —u) d N 0 0
7712 7722 dzx Y B dx —ul 0

If we write the pencil in the standard form

§ 2 kk+1 B § dE—l+1 ,
H/\] = P)\J + Ze Z (AQJ;k,l(u7 e ,u(l)) — AAlj;k,l(u’ .. .,ll(l))) P Es) + O(e),

the first two terms of the expansion (5.8) are

Noo= 0, (5.11)
- L (gn (B RSi ulsi s RpRP
2 ni2 \ 72 ul 212 nl2 ’

(5.12)

where

Ry () = A ,(n), Sf(w)=AF,4(m), i,j=1,..,n, 0=12

We know from general theory that these coefficients are invariant up to permutations. The

condition A}, = A3, implies that they are genuine invariants.
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Using this, the proof is a straightforward computation: substituting the relations

1211,2
00 0 ule 2l Fy(u')
Ri =Ry =5 = ; Sy = 12,2 ;
00 ule n22ul Fg(ul) *

in the formula (5.12) we get the result. Remaining cases can be proved following the same

procedure.

Remark. The invariant A} can be also written as

. 1
N = —§Res)\:5\Tr(g;1A>\),

where ) is the eigenvalue of the affinor L = gog; Land Ai\j = Sij + %(g;l) lle)\iRij )

5.4.2 The cases N4 and N6 with k = —2

In the remaining cases the expansion of A\’ contains also the linear term in p, and the
invariants A] = —)\} and A} = A3 are related to the functional parameters F, and F}

respectively.

Theorem 5.4. Let Py = P, — AP bi-Hamiltonian structure corresponding to one of the Balinskii-
Novikov algebras N4 and N6 with = —2 and the associated symmetric bilinear invariant form
n. Let us consider bi-Hamiltonian structures 11 of the form (5.1) with the leading term P;\j .
Then, the invariants (\})? and N are related to the functional parameters Fy and Fy through the

formulae:

o N4:

( 1) = 1213
(n'?)
o1 (u' Fy) ulFy

Ny = — ;
2 (n12)2 ni2 \/_27712,“2 T 22

e N6, k= —2:

e ,
(,r] )3(2n12u2 + 772211’1)2
)\i _ U1F4 B (2n12u2 _ 7722U1)F2 + U1F2/
2 = 7712(27712,“2 + 7722U1)3/2 (7712)2(27712U2 + 7722U1)3
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Proof:

We outline the proof in the case N4 (corresponding to x = 0). In this case, the standard

form of the pencil is

gy g . . & o d? d .
ij _ pij 20ij 3\ _ pi 2 1] 1J o L) 3
Iy = P/ + 0 + O(e’) = Py + ¢ <®(3)dx3 + 0 o Jr@(l)dx +O0) | T O(e”),
where
N T e - I
ul 2] dx 0 u? n2 p?2 dx
and
2ulFy u'Fy ulFy 4 2u’F
Oy 20124272241 ) \/m 2122 — 12241
( ) u1F2/ _ u1F4 + 2u2F2 4U2F2/ _ 4u2F4
nl2 [Zoni2u2 {22yt | 2ntPut—n?2ul nl2 /—on2u2 {221

From the general theory and relations (5.10) we know that (A\!)? and \} are invariants.
Using the invariance, the proof is a straightforward computation. The case N6 with x =

—2 can be treated in a similar way. [

Remark. The function @%g) can be also written as

12 n'? 1
@(3) = —TRQS)\::\TI‘(Q)T /\/\)7

where )\ is the eigenvalue of the affinor L = g2g; 1 and Af\j = Sf\j + %(g;l)szl/\iRﬁj .

5.5 Truncated structures

In Theorems 5.3, 5.4 we proved the invariant nature of some functional parameters ap-
pearing in deformations. In this section we prove that the remaining parameters are
related to truncated structures. These are Poisson pencils of the form (5.1) depending
polynomially on the parameter e (that is, the sum in (5.1) contains finitely many terms).
We show that setting to zero the invariant parameters we obtain deformations that are
Miura equivalent to truncated pencils up to the order three. More precisely we prove that
in the cases T3, N3, N5 and N6 with « # 0,—1, —2 the additional parameter provides a

one-parameter family of truncated structures, while in the cases N4 and N6 with k = —2
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the two additional parameters provide a two-parameter family of truncated structures.

Theorem 5.5. In the cases T3, N3, N5 and N6 with xk # 0,—1, —2, second-order deformations
with Fy = 0 can be reduced by a Miura transformation to the form Iy = Py + €20 + O(e3),

0 0\ ¢ 0 0 d2 0 0 d
0= ——+ — + —, (5.13)

with f = f(u'). Moreover, the truncated pencil Py + €2© is a Poisson pencil.

where

Proof:

The form (5.13) can be easily obtained from the results of Theorem 5.1 rescaling the func-

tion F}. In particular, we have to set:

1
o [(ul) = f(ul ),for T3;
u

12
o Fy(ut) = & , for N5;
12
o Fi(ul) = —m, for N3, N6 with # # 0, —1, —2.

To prove that P + €20 is a Poisson pencil, we have to show that

1 ..
5[@7 @]Uk(‘x Y, Z) =

i ki ik )
8@ (I7y) 8;(_)”6(1,, Z) + 8@ ; (Z I) 88(_)”( ) + a@ ; (y’ Z) 8;@l7,(y’ x) = 0.
53) 8“(5)( z) 8u(s) (y)
Taking into account that ©'! = 612 = ©?! = 0 and 362 = 0, we obtain the result.
)
u
Theorem 5.6. In the case N6 with k = —2, second-order deformations with F» = Fy = 0 can be
reduced by a Miura transformation to the form Iy = Py + €20 + O(e3), where
0 0) ¢ 0 0\ & 0 0 d 0 0
o- & L 2 SN CATY

0 27) 4 N0 3£,) % \0 fuwt29) % \0 g

with f = f(u') and g = (h(u')ul) + h(u')ul,. Moreover, the truncated pencil Py + ¢*© is a

Poisson pencil.

Proof:
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Here we prove only the first part of the theorem. The second part can be obtained as
above by straightforward computation.

By Theorem 5.1 we have
Iy = P, — AP, + €2 Liex Py + O(€),
where components of the vector field X are given by
X'=0F(u))?, X% = Fy(ul)?,
with 6 = (2n'2u? + n??u!)~L. The Miura transformation
u' — exp(—eY)ul, i=1,2,

generated by the vector field Y with components

Y1 = —n"Rug, — "0 R(u;)* — n'*0s Rugu3,

Y? = =i Rug, — ™0 R(uy)” + (201 R — ™ 0s Ryugu + 0" 02 R(u3)* + 0" Ru3,,
where R = .5 (27]?215;1 7ary, reduces the pencil to the form Py — APy + e?Lie g P, + O(€?),
where

o1 eulFlualm HUIF{ 2/ 12, 2 221 1,2 2,12, 1 1,2

X = - 5 — 9 _0(77 u”+n U)Fl (uz> +077 UFlua:uJ:?

B 0221F1 01F2 GlF/

X2 7 ;77121um + 2 21u‘m - ( u2 L4 6%(n"u? +?722u2)F1> upul

0220l F!
_ < 77277%2 Ly 920222, — F3> (Uglc)Q _ 927712u1F1(u§)2.
To conclude it is easy to check that Lie z P, coincides with (5.14), setting F; = — 2’7112 ! and
y X g ”

Fy=—1

Theorem 5.7. In the case N4 with F» = F, = 0, second-order deformations can be reduced by a
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Miura transformation to the form Il = Py + €20 + O(€®), where

0 0\ a8 0 q3?) &2 o' @?\ d ' a?
0= dz3 12 2| da? 91 2| dr 21 22|’ (5-15)
0 q¢3%) @ —4° ¢ " a @M 490
with
it = 2f,

@? = 400" fug,

%> = 3f'u,

ait = =800 f(u;)?,

ai? = @0 = 20%0 0P f 4 20°h) (uy)?,

git = (=600 f" = 100" 0 f + 20%h) (ug)* +16(0n')* fugui — 800" fug,,

G2 = (2000 662 (n') PR () — 802kl + (f -+ 40(n') M),

ait = = (4022 80 (') ) (uh)® + 16(0m'2)% () - 8(00'2) Fubul,,
ai? = (0% +40%72h) (uh)? — 86%0'2h(ub) 2l + 40%hulul,.

qgl — (_297712]0// _ 802n127722f/ _ 1293,'712(7722)2’}:')(“;)3
+(12(00")2 f + 400° (n'2)*n*? £) (up)*ul + (—80n" f' — 166°n'?n* flulu,,
—32(00'%)° fuy (u2)? + 8(6n'*)? fuyul, + 16(0n™2) fuy,ul — 460" fu)

rr rxr T TTT?

@ = (O?) 7 +46° ()T + 60°(n'?) ()7 h) (ug)?

xT

+(—66%h — 200°0*2h) (ul)*u2 + (40(n'*) 1 h 4 86%(n**) " 1n*2h)ulul

rx

+160°n" 2 hul (u2)? — 260%hulu?, — 402hul u? + 0(n'?) " thul

T TT rx T xrxx)

where f = f(ul), h = h(u') and 0 = (2n'2u? — n*2u!)~L. Moreover, the truncated pencil

Py + €20 is a Poisson pencil.
Proof:

By Theorem 5.1 we have Ily = P, — AP, + e?Liex Py + O(e?), where the components of the

vector field X are given by

X' =—0F(u})®, X*=—0F3(u})?,
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with 0 = (2n'2u? — n*2u!)~1. The Miura transformation
u' — exp(—eY)ul, i=1,2,

generated by the vector field Y with components

yl = —1712Ru31m — 771281R(ui)2 — nm@gRu;ui,
Y? = —n?Ruy, — 01 R(uy)? + (01 R — n? 02 R)uyul + 1?0 R(u2)? + n'* RuZ,,
where R = — T (277}‘21 ;1_772%1) , reduces the pencil to the form

Py — APy + €’Lieg P, + O(€%),

where
¥l — 9U11;1U31m n <9U;F1, —62(n2? — 7722u2)F1> (ul)? — 022! Fule2,
X o O 0T (O0F g )
<977;27;SF{ + 6?0?22 Py — (9F3> (u2)? + 62 2l Fy (u2)?.

To conclude the first part of the theorem we observe that Lieg P, = © (F} = 21112 ! and

3= —7712%). The second part is a cumbersome computation.
u
Remark. Truncated Poisson pencils of the form
y y 2 2l D, i N
ij _ pij ij ij ij ij
Y =P +e) (A7), - Ml )7 e > (A, - M) 75 (5.16)
1=0 1=0

where P, is a Poisson pencil of hydrodynamic type associated with a Balinskii-Novikov

algebra, appear in [93]. In this case, the coefficients
ij ij ij ij
Asi.00 A0 Asi00 At

are related to second and third order cocycles of the Balinskii-Novikov algebra. In order

to reduce deformations of the form (5.16) to the canonical form Iy = Py + €20 + O(e3),
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one has to peform a Miura transformation producing (in general) infinitely many terms
in the right hand side of (5.16). For this reason, Strachan-Szablikowski truncated pencils

correspond in our framework to non truncated pencils.

5.6 Example

Let us consider second-order deformations of N3 obtained in Theorem 5.1, and set n?? =
0,72 =1, Fi(u') = 0 and Fy(u') = —%“11). The Miura transformation u* — exp(—eY )u?,

i = 1,2, generated by the vector field Y with components

/ i i /
vioLub e Batr, vi— L - L,

reduces the pencil to the form

R 0 185

I, = o, | (5.17)

I 22000 g,
where II, coincides with
I —2u1i+u1—)\i+e2 23d—3+33d—2+5 a + O(e3) (5.18)
AT g T dx dx3 Tdx? " T dx ' )

with s = s(u!). The structure (5.17) is, up to terms of order €, the complete lift of deforma-

tions of the dispersionless scalar structure

d d
= > T T N, 1
P =2u— +us — A (5.19)

here u! = u. This complete lift can be viewed as an infinite-dimensional analogue of the
complete lift introduced by Yano and Kobayashi [97, 98, 99]. Further details can be found
in [22].

It is well known that the scalar structure (5.19) admits deformations to any order. This
suggests that deformations of non-semisimple pencils corresponding to the invariant pa-

rameter are unobstructed.

Remark. One can prove that the complete lift of a semisimple structure leads to a non-

semisimple pencil [22].



Concluding remarks

Poisson structures of hydrodynamic type and their deformations have been the subject
of extensive research in recent years, and this area is still offering challenging problems.
In this framework, we restricted ourselves to three main topics: classification of two-
dimensional Poisson structures, both degenerate and non-degenerate (for a small number
of components), deformations of degenerate one-dimensional structures, and deforma-
tions of non-semisimple Poisson pencils.

Firstly, using a novel approach to the study of multi-dimensional brackets, based on
Riemannian geometry, we obtained a complete list of two-dimensional non-degenerate
Dubrovin-Novikov structures with three and four components, as well as the classifica-
tion of multi-component non-degenerate structures in the case where the corresponding

affinor consists of Jordan blocks with distinct eigenvalues.

e Our calculations demonstrate that the most challenging case is the one where the

I consists of several Jordan blocks with

Jordan normal form of the affinor L = gg~
the same eigenvalue. To complete the classification, one needs to understand the
structure of such operators: due to the splitting lemma, the general Hamiltonian

operator would be representable as their direct sum.

e Given any 2D Poisson structures from our list, it would be interesting to classify
Hamiltonians which generate integrable 2 + 1 dimensional systems of hydrody-
namic type. The existing results suggest that integrable Hamiltonians form finite-
dimensional moduli spaces, and are quite non-trivial even for constant-coefficient

operators, see [43, 48, 50] for the first steps in this direction.

e It would be interesting to develop a deformation theory of 2D Hamiltonian opera-
tors in the spirit of [54, 21, 38], and to investigate triviality of Poisson cohomology

in 2D. Some results in this direction were recently obtained in [19, 15].
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Then, we obtained the classification (up to three components) of degenerate two-dimen-
sional structures, analysing also the integrability by the method of hydrodynamic reduc-

tion for all of the three-component structures we classified.

e Obtaining a complete classification of degenerate structures (at least in four compo-
nents) is still an open problem. The main obstacle is the lack of a full description of
1D degenerate Poisson brackets. Indeed, already for four-component 1D degenerate

structures, the computation of Jacobi conditions is quite complicated [56, 87].

e Any 2D Hamiltonian operator gives rise to a pair of 1D compatible brackets of
Dubrovin-Novikov type, and therefore a bi-Hamiltonian structure. This property
is still true in the case of degenerate structures [76, 69]. Degenerate bi-Hamiltonian
structures of hydrodynamic type were firstly investigated by Strachan [92, 91], re-
vealing a nice relation with the theory of Frobenius manifolds with degenerate met-
ric. It turns out that some of the degenerate bi-Hamiltonian structures arising from
our classification are not of the kind investigated by Strachan. It would be inter-
esting to analyse these structures and to study a possible correspondence with the

theory of Frobenius manifolds.

In the framework of deformation theory for Poisson brackets of hydrodynamic type with
degenerate metric, our main contributions include the proof that in the two-component
case, first- and second-order deformations are not trivial, as well as examples of non-

trivial first-order deformations for some three-component structures.
e Our results suggest the following conjecture.

Conjecture. The k-order deformations of two-component Poisson structures with degener-

ate metric are characterised by functions depending on the single variable u>.

Unfortunately, the number of unknowns in this problem grows rapidly with the
increase of the order of deformations, and computations become more and more
complicated. Thus, it seems necessary to find a different approach in order to prove

the conjecture.

e A deeper analysis of the three-component case would be an important step to bet-
ter understand what happens in a more general context, in order to generalise our

results:
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Conjecture. If a matrix g which defines a n-component Poisson structure of hydrodynamic
type P has rank m < n, deformations of P are characterised by arbitrary functions depend-

ing only on the set of variables (u™ 1, ... u").

Finally, we analysed deformations of two-component non-semisimple Poisson pencils
of hydrodynamic type associated with Balinskii-Novikov algebras. We proved that in
most cases second-order deformations are parametrised by two functions of a single vari-
able: one function is invariant with respect to the subgroup of Miura transformations
preserving the dispersionless limit, and another function is related to a one-parameter
family of truncated structures. In two exceptional cases, second-order deformations are
parametrised by four functions: two are invariants and two are related to a two-parameter

family of truncated structures.

e Our computations provide the first step towards the study of deformations of non-
semisimple Poisson pencils of hydrodynamic type. It would be interesting to inves-
tigate higher order deformations and to increase the number of components. Unfor-
tunately, as in the case of deformations of a single degenerate structure, increasing

the order, or the number of components, leads to very complicated computations.

e The undeformed structures we considered are non-semisimple and therefore they
are related to non-semisimple Frobenius manifolds. Furthermore, as observed in
[22], the lift of a semisimple Frobenius manifold leads to a non-semisimple Frobe-
nius manifold. Since this class of structures has not been deeply studied yet, this

could be a starting point for further investigations.
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