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Abstract

It has been shown that backward doubly stochastic differential equations (BDS-
DEs) provide a probabilistic representation for a certain class of nonlinear parabolic
stochastic partial differential equations (SPDEs). It has also been shown that the
solution of a BDSDE with Lipschitz coefficients can be approximated by first dis-
cretizing time and then calculating a sequence of conditional expectations. Given
fixed points in time and space, this approximation has been shown to converge in
mean square.

In this thesis, we investigate the approximation of solutions of BDSDESs with coeffi-
cients that are measurable in time and space using a time discretization scheme with
a view towards applications to SPDEs. To achieve this, we require the underlying
forward diffusion to have smooth coefficients and we consider convergence in a norm
which includes a weighted spatial integral. This combination of smoother forward
coefficients and weaker norm allows the use of an equivalence of norms result which
is key to our approach. We additionally take a brief look at the approximation of
solutions of a class of infinite horizon BDSDEs with a view towards approximating
stationary solutions of SPDEs.

Whilst we remain agnostic with regards to the implementation of our discretization
scheme, our scheme should be amenable to a Monte Carlo simulation based approach.
If this is the case, we propose that in addition to being attractive from a performance
perspective in higher dimensions, such an approach has a potential advantage when
considering measurable coefficients. Specifically, since we only discretize time and
effectively rely on simulations of the underlying forward diffusion to explore space,
we are potentially less vulnerable to systematically overestimating or underestimating

the effects of coefficients with spatial discontinuities than alternative approaches such

il



Abstract

as finite difference or finite element schemes that do discretize space.

Another advantage of the BDSDE approach is that it is possible to derive an upper
bound on the error of our method for a fairly broad class of conditions in a single
analysis. Furthermore, our conditions seem more general in some respects than is

typically considered in the SPDE literature.

v
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Introduction

As explained in the abstract:

It has been shown that backward doubly stochastic differential equa-
tions (BDSDEs) provide a probabilistic representation for a certain class

of nonlinear parabolic stochastic partial differential equations (SPDEs).

In this thesis, we investigate the approximation of solutions of BDSDEs
with coefficients that are measurable in time and space using a time dis-
cretization scheme with a view towards applications to SPDEs. To achieve
this, we require the underlying forward diffusion to have smooth coeffi-
cients and we consider convergence in a norm which includes a weighted
spatial integral. This combination of smoother forward coefficients and
weaker norm allows the use of an equivalence of norms result which is key
to our approach. We additionally take a brief look at the approximation
of solutions of a class of infinite horizon BDSDEs with a view towards

approximating stationary solutions of SPDEs.

The connection between BDSDEs and nonlinear parabolic SPDEs was established
in [36] for BDSDEs with smooth coefficients and extended to the measurable co-
efficient case of this thesis in [5] and [50]. The approximation scheme we define for
BDSDEs with measurable coefficients is based upon the approximation schemes of [§]
and [49] for BSDEs with Lipschitz coefficients. We note that in [2], an approximation
scheme for BDSDEs with Lipschitz coefficients also based upon [8] and [49] is defined.

Whilst there is some overlap between the work of this thesis and [2], the two works



1. Introduction

were developed independently of each other and as our conditions are significantly
weaker than those of [2], the overlap is not substantial.

SPDEs of parabolic type have a variety of applications including (see e.g. [12]):
chemical reactions, neurophysiology, population genetics, turbulence and geophysical
fluid dynamics. As is the case for PDEs, the exact solution of a SPDE is typically a
difficult problem which motivates their approximation by numerical methods. As a
consequence, the development of new numerical methods for SPDEs with weakened
conditions will only help to broaden the applicability of SPDEs.

There are a variety of strategies for the numerical approximation of parabolic
SPDEs of which we mention just a few: [1] considers weak convergence of finite
difference and finite element schemes for linear SPDEs with L? coefficient and addi-
tive noise; [30], [18] and [19] consider finite difference schemes for nonlinear SPDEs
with continuous coefficients; [21] constructs stochastic Taylor expansions for nonlin-
ear SPDEs with smooth coefficients and additive noise; [32] considers a Monte Carlo
scheme based upon the method of characteristics for linear SPDEs with smooth coef-
ficients; [44] considers weak convergence of a finite difference scheme for the stochastic
heat equation; [47] considers finite element schemes for nonlinear SPDEs with Lips-
chitz coefficients; [2] considers the approximation of BDSDEs with Lipschitz coeffi-
cients via time discretization which (as is observed in the abstract above) implicitly
provides an approximation to a class of nonlinear parabolic SPDEs.

With the exception of [32] and [2], the equations considered in the above are es-
sentially the stochastic heat equation with additional terms. It seems an advantage
of probabilistic schemes such as the Monte Carlo scheme of [32] and the BDSDE ap-
proach leveraged in this thesis and in [2] that it is easier to consider more general drift
and diffusion terms. We note, however, that both [32] and [2] require significantly
more regularity on the coefficients of their respective SPDEs than we do.

The structure of this thesis is as follows. In Chapter 2 we provide some background
material on standard notation and stochastic analysis. In Chapter 3 we provide a
review of the literature on BSDEs, BDSDEs and their numerical approximation. In
Chapter 4 we introduce the notation used in this thesis and define the problems that
we wish to solve.

The main work of this thesis commences in Chapter 5. The approach taken in this
thesis is to first approximate the BDSDEs that we wish to solve with BDSDEs with

more regular coefficients. We then define a discretization scheme for these BDSDESs
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with more regular coefficents. To this end, in Chapter 5 we present the approximation
of BDSDEs with measurable coefficients with BDSDEs with Lipschitz coefficents and
BDSDEs with smooth coefficents. In Chapter 6 we then derive some results on the
regularity of the solutions of BDSDEs with Lipschitz coefficients and BDSDEs with
smooth coefficients. In Chapter 7 we define a discretization scheme for BDSDEs with
Lipschitz coefficents and determine an upper bound for the error of the scheme using
the regularity results of Chapter 6. In Chapter 8 we consider the problem of defining
a discretization scheme for infinite horizon BDSDEs with contractive coefficients.
Chapter 9 is a discussion of this thesis and potential future problems to consider and

finally Chapter A in the appendix is a collection of useful results.



Background Material

This chapter contains background material on notation, function spaces and stochas-
tic analysis. Please proceed to Chapter 3 if this material is already familiar. The
material for this chapter is taken from [4], [16], [22], [23], [26], [33], [35], [37], [40],
[41], [43] and [45]. Further details on the majority of the material can be found in
[23], [37] and [40].

General Notation

Let d be a positive integer. For any vector z € R% |z| will denote the standard
Euclidean norm of z. For any d x d matrix A, ||A|| == vVTrAAT.

Let p and ¢ be positive integers. C°(RP, R?) denotes the space of continuous func-
tions f : R? — RY. For k > 1, C*(RP,R?) consists of all functions in C°(R?, R?) whose
derivatives of order less than or equal to k are continuous. For k > 1, CF(RP, RY)
consists of all functions in C*(R?, R?) whose derivatives of order less than or equal to
k are bounded. Note that this does not imply that the function itself is bounded. For
k> 1, C¥(RP,R?) consists of all functions in C*(RP,R?) whose support is a compact
subset of R?.

Let (€2, F, ;) be a measure space, p be a real number with p > 1 and d a positive
integer. Then LP((Q, F, u); R?) consists of all R? valued Borel-measurable functions
such that [, |f|Pdu < oo. If dy and dy are positive integers then LP(R*;R%) =
LP((R¥, B(R™),1); R%) where [ denotes the Lebesgue measure. For a non-negative
function p € L'(R*;R), the p-weighted space L5(R™;R%) consists of all R*-valued

Borel-measurable functions such that [, |f(x)[?p(z)dz < co.



2. Background Material

Filtrations, Martingales and Brownian Motion

“A stochastic process is a mathematical model for the occurrence, at each

moment after the initial time, of a random phenomenon.” [23]

For the remainder of this chapter we will assume as given a complete probability
space (2, F, P).

Definition. A family of o-algebras {F;;t > 0} such that Fs C Fy C F for s € [0,1)
s said to be a filtration of F.

Definition. A stochastic process X on (Q,F, P) is a collection of R-valued (with
d > 1) random variables {X¢;t > 0} on (Q,F, P). If (2, F, P) is equipped with a
filtration {Fy;t > 0} and X, is an Fi-measurable random variable for each t, then the
process X is said to be adapted to {F;} and we write {X;, Fi;t > 0}.

Definition. A real-valued, adapted process {M;, Fy;t > 0} is called a martingale
(respectively supermartingale, submartingale) with respect to the filtration {F} if for
every 0 < s <t < o0,

1. My € LY((Q, F,P);R).
2. E[My|Fs| = My a.s. (respectively < Mg, > M;).

Definition. Let X andY be stochastic processes defined on (Q, F, P). They are said
to be versions or modifications of each other if X; =Y; a.s. for eacht > 0. They are
said to be indistinguishable if a.s. it holds that Xy =Y; for all t > 0.

Definition. A stochastic process X is said to be continuous (respectively left-continuous,
right-continuous, cadlag) if it a.s. has sample paths which are continuous (respectively

left-continuous, right-continuous, cadlag).
Definition. A filtration {F;;t > 0} is said to satisfy the usual conditions if
1. Fy contains the P-null sets of F.

2. Fi = \ysy Fu for all t > 0.
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Remark. 1t is easy to find an example of why the first of the “usual conditions” is
desirable. For example, if {X;, F;;t > 0} is an adapted process, Y is a modification
of X and Fy contains the P-null sets of F then Y is also adapted to {F;}. The
following theorem provides an example of the benefit of additionally assuming the

second of the usual conditions.

Theorem. Suppose that {F;t > 0} satisfies the usual conditions and let { My, Fy;t >

0} be a martingale. Then there exists a unique modification of M which is cadlag.

Definition. Let X be a stochastic process. The natural filtration of X, denoted
{FX:t > 0}, is defined for each t > 0 by FX := o(Xs;s € [0,t]). Obviously, X
is adapted to {F}. If the P-null sets of F are denoted by N then the augmented
filtration of X is defined for each t >0 by o(FX UN).

Definition. An adapted, continuous process {Wy, Fy;t > 0} taking values in R? (with
d > 1) is called a d-dimensional {F;} standard Wiener process or standard Brownian

motion if
1. Wy =0 a.s.
2. For s € [0,t), Wy — Wy is independent of F.

3. For s € [0,t), Wy — Wy is a Gaussian random variable with mean zero and

covariance matriz (t — s)Iy, where I; denotes the d x d identity matriz.

Remark. If {F;t > 0} is taken to be the augmented filtration of the Wiener process
W, then W is sometimes called a Wiener process without specifying the filtration.
The following theorem shows that it is not difficult to attain the usual conditions of

a filtration.

Theorem. The augmented filtration of the standard Wiener process satisfies the usual

conditions.

Definition. A random variable T : Q — [0,00] is said to be a random time. If in
addition there is a filtration {Fy;;t > 0} such that the event {T < t} € F; for all
t >0, then T is said to be a stopping time of {F;}.

Definition. Let X be a stochastic process and T be a random time. The random
variable X is defined on the event {T' < oo} by Xp(w) = Xy, (w).
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Definition. For each a > 0 let S, denote the stopping times T of {F;t > 0} such
that T < a a.s. and let X be a right-continuous stochastic process. Then X s said to

be of class DL if the family (Xr1)res, is uniformly integrable for every 0 < a < oo.
Definition. An adapted process A is called increasing if

1. Ag =0 a.s.

2. t — Ay is a non-decreasing, right-continuous function a.s.

3. E[A] < oo for every t > 0.

Theorem (Doob-Meyer Decomposition). Let {F:;t > 0} satisfy the usual conditions.
If X is a right-continuous {JF; }-submartingale of class DL, then there exists a right-
continuous {F; }-martingale M and an increasing process A adapted to {F;} such that
Xy = M; + Ay for each t > 0.

Definition. Let X be a right-continuous martingale. M is said to be square-integrable
if E[X?] < oo for every t > 0.

Definition. Let M be a square-integrable martingale with My = 0 a.s. The quadratic
variation of M is defined to be the process (M) := A, where A is the increasing

process in the Doob-Meyer decomposition of M?.

Remark. Let W be a one-dimensional standard Brownian motion. Then W is a

square-integrable martingale with (W), = t.

Definition. Let X and Y be square-integrable martingales with Xo =0, Yy =0 a.s.

The cross-variation process of X and Y is defined by
1
Definition. Let X be a stochastic process, fix t > 0 and let 11 = {tg,t1,...,t,} with

0=ty <ty <...<t, ="t be a partition of [0,t]. The p-th variation for p >0 of X
over Il is defined to be

VI =YX, - X, P
k=1
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Remark. Define the mesh of IT as ||II|| := maxj<g<p|ty —tr—1]|. If ‘/;(2)(1_[) converges as
|IIT]] = 0 (in some sense), then the limit could also be called the quadratic variation
of X on [0,%]. The following theorem shows that these two definitions of quadratic

variation are consistent.

Theorem. Let M be a square-integrable martingale with My = 0 a.s. and let
Iy, I, ... be a sequence of partitions of [0,t] such that lim, o ||II,]| =0. Then
Vt@)(Hn) — (M), in probability as n — oo.

Definition. The stochastic process X* defined for all t > 0 by X! := Xyar is said
to be the process stopped at T'.

Definition. A stochastic process { My, Fi;t > 0} is called a local martingale if there
exists a non-decreasing sequence of stopping times of {F;}, {Tn;n > 1}, such that

the stopped process M™ is a martingale for each n > 1 and lim,_,o, T}, = 00 a.s.

Stochastic Integration

A consequence of the non-zero quadratic variation of Brownian motion and the con-
tinuity of its sample paths is that it has sample paths of unbounded variation on any
interval a.s. As a result, it is not possible to define Riemann-Stieltjes integrals of
general continuous stochastic processes with respect to Brownian motion.

In this subsection, the theory of stochastic integration initiated by Ito6 that avoids
the problems inherent in a Riemann-Stieltjes approach is reviewed. The approach is
to define stochastic integration with respect to martingale integrators for integrands
that are adapted to the same filtration as the martingale. Throughout this subsection,
let {F;;t > 0} be a filtration satisfying the usual conditions and let {M;, F;;t > 0}

be a continuous square-integrable martingale.

Definition. Let X be an {F;;t > 0}-adapted process. Denote by

= | [ xiaon ]

and

[X] = 27" (1 + [X]n).
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Definition. A stochastic process X is said to be progressively measurable with respect
to the filtration {Fy;t > 0} if for each t > 0 and A € B(R?),

{(s,w);s € ]0,t],w € Q, X,(w) € A} € B([0,1]) ® F;.

Remark. The following theorem shows that the condition of progressive measurability
is not difficult to attain. Indeed, Brownian motion has a progressively measurable

modification.

Theorem. Let {X;, Fi;t > 0} be an adapted process. If every sample path of X is
right-continuous or every sample path of X is left-continuous then X is progressively

measurable with respect to {F;}.

Definition. Let L* denote the set of equivalence classes of progressively measurable

processes satisfying [ X|r < oo for all T > 0.

Definition. A process X is called simple if there exists a strictly increasing sequence

of real numbers {t,}°, with to = 0 and lim,_, t, = 00 such that:

1. There exists a sequence of random variables {£,}5°, and a constant C' such that

SUp,,>g |n(w)| < C for every w € (1.
2. &, is Fy, -measurable for every n > 0.

3. X is defined for allt > 0 and w € Q) by

Xi(w) = &o(w)jny (¢ +Z€z Lt i1 (2)-

The class of simple processes is denoted by L.

Definition. For X € Ly, the stochastic integral of X with respect to M, I,(X), is
defined fort > 0 by

I(X) = Z&‘(Mt/\tm — Min,)-
i=0

Remark. The extension of the definition of the stochastic integral from the set Ly to

the set £* in a well-defined (i.e. unique) way is based upon the observation that for
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X € Ly,

Bl - £ | [ X

and the following result.

Theorem. L is dense in L* with respect to the metric d(X,Y) = [X — Y] for
X, Y e

Definition. For X € L*, the stochastic integral of X with respect to M 1is the unique
square-integrable martingale 1(X) = {L,(X), Fi;t > 0} which satisfies

lim =0
n—oo

. VENI(XM™) - I[(X)]2] A1
;V (|1 )Qk (X)[?]

for every sequence {X ™Y | C Lo with lim,_,o[X™ — X] = 0. Denote fort >0
t
L(X) = / XsdMs.
0
Theorem. For X € L*,
t
BRx)P) = | [ x2a0n,
0
and
t
1)) = [ x2aqw).
0
Theorem (It6’s Formula). Let {M; = (Mt(l),...,]\/[t(d)),ﬂ;t > 0} be a vector of
continuous local martingales with My = 0 a.s. and {A; := (AS), . ,Agd)),]-"t;t >0}
a vector of adapted processes of bounded variation with Ag = 0. Set X; = Xo+ M;+ A,

fort > 0 where Xy is an Fy-measurable random vector in RY and let f € CY2(RT x
R%R). Then a.s. it holds that for all t > 0,

t d t
f(t,Xy) _f(O,X0)+/O %f(s,Xs)ds—i—Z/o %f(s,Xs)dAg")

10
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t
0 ;
+ Z/ﬂ 8$Z_f(s, X,)dM®

Remark. We note that It6’s Formula is a fundamental tool in stochastic analysis and

makes it easy to consider functions of semi-martingales.

Theorem (Burkholder-Davis-Gundy Inequality). Let M be a continuous local mar-
tingale such that My = 0 a.s. Then for every m > 0 there exist positive constants k,,

and K,, such that for every stopping time T

kmE[(M)7] < E

s€[0,7

sup |Ms|2m] < KnE[(M)7].

Remark. As we will see, the Burkholder-Davis-Gundy Inequality is a very useful tool
and one which we shall make frequent use of. In our uses of the inequality, the

continuous local martingale M will be a stochastic integral.

Theorem (Martingale Representation Thoerem). Let {W;, Fi;t > 0} be a d-dimensional
standard Brownian motion where {F;} is the augmented filtration of W. Then for
any square-integrable martingale { My, Fy;t > 0} with My = 0 a.s. and cadlag paths
a.s., there exist square-integrable progressively measurable processes {Yt(j),]:t;t >0}
such that fort >0

d t
M, = Z/ Y@Oaw .
j=1"0

Remark. As we will see, the Martingale Representation Thoerem is fundamental to

the theory of backward stochastic differential equations.

Now let {W;, Fy;t > 0} be a d-dimensional standard Brownian motion and recall
that {F;} satisfies the usual conditions. Let { Xy, F3;t > 0} be a d-dimensional vector
of adapted processes satisfying for 1 <4 < d and any ¢t > 0,

t
/(Xgi))2d3<oo a.s.
0

11
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Lo L1t
Z)(X) = exp{Z/ XDqw® —5/ \X§z>|2ds}

d t
Z(X)=1+)_ / ZJ(X)XDdw D,
i=1 70

It follows that Z(X) is a continuous local martingale with Zy(X) = 1. If Z(X) is a
martingale, define for each T' > 0 the probability measure Q7 on Fr by Qr(A) =
E [I4Z7(X)] for each A € Fr.

Theorem (Novikov’s Condition). If for all T > 0

1 (T
E [exp{i/ |XS|2ds}
0

then Z(X) is a martingale.

< 00

Theorem (Bayes’ Rule). Fiz T > 0 and assume that Z(X) is a martingale. If
0<s<t<T andY is an Fi-measurable random variable with Eq, [|Y|] < oo then

1

Bor [V17] = 575

EYZ(X)|Fs] , P-a.s and Qr-a.s.

Theorem (Girsanov’s Theorem). Assume that Z(X) is a martingale and define the
d-dimensional process {Wt, Fi;t >0} by

W = w —/ XWds: 1<i<d, t>0.
0

Then for each fired T > 0, {W,, Fy;t € [0,T]} is a d-dimensional standard Brownian
motion on (2, Fr,Qr).

Stochastic Differential Equations

Let b;i(t,z), 04(t,x); 1 < i < d, 1 < j < r, be Borel-measurable functions from
RT x R? into R. Define the vector b(t,z) := {b;(t,z);1 < i < d} and the matrix

12
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o(t,x) == {o;(t,x);1 <i<d,1<j<r} Furthermore, let W = {W;;¢t > 0} be an
r-dimensional standard Brownian motion and take {F;;t > 0} to be the augmented
filtration of .

Consider the stochastic differential equation

dX9 =b(s, X!")ds + o (s, X!")dW, , s € [t,T] (2.1)
X' =z
Definition. A strong solution of the stochastic differential equation (2.1) is an adapted
process { Xy, Fi;t > 0} with continuous sample paths such that

1. Forevery1 <1<d,1<j<randt>0
t
/0 {1bi(s, Xo)| + 07(s, Xs) b ds < 00 a.s.

2. a.s. it holds for all s >t that

Xt — gt / b(r, X' )dr + / o (r, X17) AW,
t t

Theorem. If there exists a constant K such that for everyt > 0 and z,y € R?

then the stochastic differential equation (2.1) has a unique up to indistinguishability

strong solution.

Theorem (Feynman-Kac). Suppose that the conditions of the previous theorem hold

and define the differential operator

d 92

Lu —Zb (t2) 5 Z )5 o (aij(t,x)) == o0l (t,z).

Fiz T > 0 and assume that there exist constants L > 0 and A > 2 such that the
continuous functions f : R* - R, g : [0,7] x R - R and k : [0,T] x R — R
satisfy

1 |f(x)| < L(1+|z])); zeRL

13
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2. lgt,x)| < L(1L+ |z]*) ; t€]0,T], z € R
Suppose further that u € CY2([0,T) x R%: R) satisfies the PDE

_ Ou(t, )

5t + k(t, 2)u(t,z) = Lu(t,z) +g(t,x); t€[0,T),xc R (2.2)

uw(T,z) = f(z); = cR%
If in addition there exist constants M > 0 and p > 0 such that

max |u(t,z)| < M(1+|z[*); zeR?,
te[0,7

then for t € [0,T] and z € RY,

u(t,z) = E [f(X%z) exp {— /tT k(r, Xﬁ’x)dr}

T s
-I—/ g(s,Xﬁ’”")exp{—/ E(r, Xf’“”)dr} ds} :
¢ ¢

Remark. Heuristically, this says that we can solve the PDE (2.2) by letting the
stochastic process X explore space until time 7" and then calculate a functional of
its path. The process X explores space in just the right way to generate the dif-
ferential operator £. The theme of probabilistic representations of the solution of
a PDE is fundamental to the topic of this thesis. As we will see in our review of
literature in Chapter 3, backward doubly stochastic differential equations (BDSDEs)
provide probabilistic representations of a class of stochastic PDEs and so by approx-
imating solutions of certain BDSDESs, we are in fact able to approximate solutions of
stochastic PDEs.

Remark. We note that the concept of a probabilistic representation is implicit in the
following elementary result on the heat equation: the solution to the initial value
problem

ou(t,x)  10%u(t,x)

o ~2 g Om) =k

is given by

u(t,z) = \/% /_OO e~ @2 () dy = E [h(z + W,)].

(e 9]

14
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Backward Stochastic Differential Equations

Backward stochastic differential equations (BSDEs) have a similar form to SDEs with
random coefficients in the sense that they contain a Lebesgue integral term and a
stochastic integral term. Furthermore, as in the case of the solution of an SDE, the
solution of a BSDE is adapted to the filtration of the driving noise.

The backward nomenclature refers to the provision of a terminal condition as part of
the specification of a BSDE as opposed to a starting condition. As a result of this, the
solution of a BSDE is no longer a single process but in fact a pair of processes. BSDEs
have applications to stochastic control and also provide probabilistic representations
for a class of semilinear PDEs (see for example [40] or Chapter 3). As we will see in
our review of literature in Chapter 3, the advantage of the BSDE representation of
PDEs is that it is allows more non-linearity in the coefficients of the PDE.

To introduce BSDEs, let {W,, F;;t > 0} be a d-dimensional Brownian motion with
{F;} the augmented filtration of W and fix T > 0. Let & € L*((Q, Fr, P);R) and
f:Ox[0,T] x RxRY - R. f(w,t,y,2) is written as f(¢,y,2) (i.e. the dependence

on w is implicit) and it is assumed that

1. For any fixed y € R and z € R?, the random function f(.,y, z) is progressively

measurable.
T 2
2. E[fo I£(t,0,0)2dt| < oo .

3. There exists a constant C' such that for all yi,y» € R, 21, 2o € R? almost every
t €10,7) and a.s.

‘f(taylu 21) - f(t,y2,22)| < C(’yl - y2\ + \21 - 2’2!)~
Counsider the BSDE
d}/;f = f(t7 )/1-57 Zt)dt - <Zt7 th) ) YT = 6 (23)

Definition. A solution to the BSDE (2.3) is a progressively measurable pair (Y, Z)
satisfying for all t € [0,T]

T T
Vg [ sevazyds— [ (Zoaw)
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such that

E < 0.

T
sup Vi + [ |z
] 0

tel0,T

Theorem. Given a pair (£, f) satisfying the conditions above, there exists a unique

solution to the BSDE (2.3).

Remark. Given that the random terminal condition is specified in the definition of
BSDE (2.3), it is not clear how to construct the solution (Y, Z) so that they are both
adapted to {F;}. To give the main idea of how this is done, we reproduce part of the

proof (taken from [40]) below with several technical points omitted.

Proof. The proof is based upon the fixed point method. Consider the mapping
(U, V) — (Y, Z) defined by

T T
Yt:g+/ f(s,Us,Vs)ds—/ (Z., W) .

The pair (Y, Z) is constructed as follows: first define the martingale

T
M, =F [{—i—/ f(s,Us, Vi)ds
0

]

Then, by the Martingale Representation Theorem, there exists an adapted process Z
such that

t
Mt:MOJr/ (Zy,dW,) .
0

Define the process Y by

T
KZEF+/1@ﬂM@%

ﬂ} |
It follows that since Yy = &,

t
nzm—/ﬂﬂ@ww
0

t t
:MO—/ f(s,Us,Vs)der/ (Z. AW
0 0

16
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¢+ [ (s, U Va)ds — / (W

as required. The remainder of the proof shows that this mapping is a contraction
and is omitted. O

Backward Martingales

In this section we introduce backward martingales which will be helpful in under-
standing the theory of backward doubly stochastic differential equations. To this
end, let T" > 0 be some fixed finite time.

Definition. A family of o-algebras {Fir;t € [0,T]} such that Fir C Fsr C F if
0<s<t<T issaid to be a backward filtration of F.

Remark. For the remainder of this section we will assume a backward filtration,
{Fir;t €10,T]}, as given.

Definition. A stochastic process X = {Xy;t € [0, T} is said to be adapted to {F;r}
if Xi is Fir-measurable for every t € [0,T.

Definition. A real-valued process {My;t € [0, T} is called a {Fyr} backward mar-
tingale if

1. My € LY(Q, F, P);R) for every t € [0,T].
2. M is adapted to {Fir}.
3. E[M|Fir| = M, a.s. for every0 <s <t <T.

Definition. A continuous process {Wt;t € [0, T)} taking values in R (with d > 1)

is called a d-dimensional {F,r} backward Wiener process if
1. W s adapted to {Fir}.
2. WT =0 a.s.
3. For0<s<t<T, 17/5 — Wt is independent of Fyr.

4. For0 < s <t <T, 17/3 — Wt 1s a Gaussian random variable with mean zero

and covariance matriz (t — s)l4, where I, denotes the d x d identity matriz.

17



2. Background Material

Remark. Let W be a standard one-dimensional Wiener process and define the back-
ward filtration F; 7 := o{W, — Wyp;s € [t,T]}. Then the process Wt =W, —Wris

a one-dimensional {F; 7} backward Wiener process.

Definition. A process X is called simple with respect to {Fyr} if there ezists a
strictly increasing sequence of real numbers {tx}y_,, with to = 0 and t,, = T such
that:

1. There exists a sequence of random variables {ék}gzl and a constant C' such that
n [&k(w)| < C for every w € Q.

.....

2. & 1s Fy, r-measurable for every k > 1.

3. X is defined for allt € [0,T] and w € Q2 by
ng H[tk 1,tk) ) + gn( )H{T} (t)

Definition. Let {M;;t € [0,T]} be a continuous square-integrable {Fyr} backward

martingale and X be a simple process with respect to {Fyr}. Then the backward
e

stochastic integral of X with respect to M, I (X), is defined fort € [0,T] by

?t(X) = Zflg(Z\/[ltVtIc - Mt\/tk—l)'

k=1

Remark. Just as the (forward) stochastic integral is defined as the limit in probability
of the stochastic integral of a sequence of simple processes with respect to a (forward)
filtration, the backward stochastic integral is defined as the limit in probability of the
backward stochastic integral of simple processes with respect to a backward filtration.
Indeed, as remarked in [37], if W is an {Fi.r} backward Wiener process and X is
a continuous process adapted to {F; r} then the backward stochastic integral of X
with respect to W can be defined as

T n
/ Xsém/s = lim Zth(Wt\/tk - thtk_1)
t

I —0 4=

in probability (where ||II]| := maxj<g<n|ty — tx—1| and it is implicit that n — oo as
[T} = 0).
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The review of literature in this chapter is separated into three sections. Section 3.1
covers the general theory and applications of backward stochastic differential equa-
tions (BSDEs), Section 3.2 covers the approximation of BSDEs and finally Section
3.3 covers backward doubly stochastic differential equations (BDSDEs).

The work in this thesis relies heavily upon three of the references reviewed in this
chapter: the paper [49] (Zhang, 2004) on the approximation of BSDEs develops a
general strategy based upon deriving a regularity result for Z which we adapt to the
BDSDE setting; the papers [36] (Pardoux and Peng, 1994) and [50] (Zhang and Zhao
2007) on the general theory of BDSDESs contain results which we make repeated use
of. As a consequence, these references are covered in additional detail in three “Key

Reference” subsections.

3.1. BSDEs

Motivated by stochastic control theory, BSDEs were introduced by Pardoux and Peng
in 1990 in the paper [34]. They consider BSDEs of the form

T T
YS:£+/ f(r,K,Zr)err/ o(r Yo, Z,)dWV, (3.1)

for s € [0,7] where {W;;t > 0} is a k-dimensional standard Wiener process on
a complete probability space (2, F,P) with {F;;t > 0} the augmented natural
filtration of W; & € L2((Q, Fr, P);RY). f : Q x [0,7] x R? x R>* — R4 and
g:Qx[0,T] x R x R>* — R?** are random functions such that
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1. fis P® B(RY x R™*)/B(RY)-measurable and g is P @ B(R? x R¥*F) / B(RPK)-
measurable where P denotes the o-algebra of {F;}-progressively measurable

subsets of © x [0,T].
2. B [J {1£(r,0,0) + [lg(r,0,0) [} dr] < oo.
3. For a.e. (t,w), f and g are globally Lipschitz in y and z.

4. There exists a constant « > 0 such that for every y and a.e. (¢,w), |g(t,y,21) —
9(t,y, 2)| = alyr — yal.

In this context, they show that there exists a unique {F;}-progressively measurable
pair (Y, Z) satisfying E [fOT {2+ 11Z%} dr] < oo which solves (3.1).

In [39] (1991), Peng established the connection between BSDEs and quasilinear
PDEs. This was achieved by introducing loosely-coupled BSDEs of the form

Xt =g +/ b(r, X" dr +/ o(r, X;*)dW,,
¢ . t .
YE" = h(X5) +/ flr, X02, Y00, Z0% ) dr _/ Zyrdw, (3.2)

for s € [t,T]. We note that the terminology “loosely-coupled” refers to the fact that
the backward equation for Y and Z depends upon the forward equation for X but
the forward equation is independent of the backward equation. Given differentiability
conditions on the coefficients and non-degeneracy of o, Peng showed that if u solves
the parabolic PDE

ou(t, )

T Lu(t,x) + f(t,z,u(t, z), Vu(t,x)o(t, )), (3.3)
u(T, ) = h(x)
where
: 0 1 d 92
= ‘ 9y 9 ij —_— g T
EU = lz:; bz(ta w) 8ZEZ + 2 Z; azj (t; .ZC) axzaxj ) (a”(t7 l’)) : oo (t’ .I)

then u(t,z) = Y;**. Peng also established similar relations for parabolic and elliptic
PDEs defined on bounded domains of R¢.
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In [35] (1992) Pardoux and Peng made significant inroads in extending the theory
of loosely-coupled BSDES. Given differentiability conditions on the coefficients of
BSDE (3.2), Pardoux and Peng showed that u(t, z) := Y;*" solves the PDE (3.3). An

intermediate step to this result was the derivation of the key relationship
2 = VY (VXL) o (XE7).

They also showed that if f and h are just Lipschitz continuous in y and z then
u(t, ) :== Y;"" is a viscosity solution of the PDE (3.3). Despite this being a key paper
in the theory of BSDEs and their connection to PDEs, we do not provide further
details here. This has been done to avoid repetition when in the next section we
provide details of their paper [36] on BDSDEs which is very much in the same vein
as [35].

Remark. As we will see, in [49] Zhang uses the representation
Z3" = VYT (VXT) lo(X07)

derived in [35] to construct his key result on the regularity of Z. In [36] Pardoux and
Peng derive the same representation of Z for the BDSDE case and we will make use

of this representation to prove our result on the regularity of Z.

In [6] (1997) Barles, Buckdahn and Pardoux consider loosely-coupled BSDEs and
incorporate a Poisson random measure into the driving noise of both the forward and
backward equations. In this setting, the solution of the BSDE is no longer a pair
(Y, Z) but now a triple (Y, Z,U). With conditions similar to [35], they show that the
BSDE has a unique solution. They then (again in a similar vein to [35]) connect the
solution of the BSDE to the viscosity solution of a system of parabolic integral-partial

differential equations.
In [25] (2000) Kobylanski considers BSDEs of the form

T T
Vi—gr [ feaZ)ds— [ Zaw,
t t
for ¢ € [0, 7] where the terminal condition £ is bounded and f is continuous and has

quadratic growth in Z. She then specializes these conditions to the loosely coupled

BSDE setting and connects the solution of the loosely coupled BSDE to the viscosity
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solution of the corresponding PDE.
In [3] (1993) Antonelli considers adapted solutions to fully coupled forward-backward
SDEs (FBSDESs) of the form

t
Ut - Jt +/ f(S, Usa ‘/s)dXs
0

T

Vt:E[/ g(s,Us,Vs)dZﬁY'ft}, te[0,T],
t

Ve =Y,

where Y is an Fpr-measurable random variable, f and ¢ are uniformly Lipschitz in u
and v, X and Z are semimartingales and J; is a cadlag process. We note that here,
as both U and V appear in both the forward and backward equations, we refer to the
equations as fully coupled. We also note that whilst the equations are in some sense
more general (for example the fully coupling and the generalization to semimartingale
noise), they are less general in the sense that the driver g of the backward equation
only depends upon U and V. We note that this is a significant departure from the
loosely coupled case as in the loosely coupled case the backward equation is allowed
to depend upon the solution of the forward equation but the forward equation may
not depend upon the solution of the backward equation.
In [29] (1994) Ma, Protter and Yong consider fully coupled FBSDEs of the form

X;vl’:x—i-/ b(r,Xﬁ’x,}/f’x,Zﬁ’x)dr—i—/ o(r, X0 Y dW,,
! T ! T
Vi =)+ [ XY 2 [ gt XY 2,

where W is a d-dimensional Brownian motion and b, o, f and g are all smooth
functions. Under these strong conditions, they show that this very general form of
FBSDE has a unique adapted solution triple (X, Y, Z) : [0, T] x Q — R" x R™ x R™*4,
They achieve this by following what they call the “Four Step Scheme”:

Step 1 Find a smooth mapping z : [0, 7] x R® x R™ x R™*" — R™*? satisfying for
all (t,2,y,p) € [0,T] x R™ x R™ x R™xn

po(t,z,y)+ gt z,y,2(t,z,y,p)) = 0.
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Step 2 Using z, solve the following PDE for u(t, x):

1
uf + §tr(uma(t, z,u)o(t, x,u)T)) + (b(t, x, u, 2(t, x, u, ux)),uf:)
ot oou, 2(t 2, u,u,)) =0, k=1,....m, (t,x)€[0,T)xR",
w(T,xz) =h(x), xeR"

Step 3 Using u and z, solve the SDE:
¢t t
X, = x+/ b(s,Xs)ds—l—/ (s, Xs)dWy
0 0

where b(t, z) == b(t, z, u(t, ), 2(t, z, u(t, ©), uy(t, ) and 5(¢, z) := o (t, z, u(t, x)).

Step 4 Set

Y = u(t, Xy),
Zt = Z(t7 Xt; U(t, Xt), u$(t, Xt))

It is interesting to note the use of the PDE connection in the Four Step Scheme.
In [13] (2002) Delarue considers fully coupled FBSDEs of the form

t t
X, =€+ / b(s, Xo, Vo, Z2)ds + / o (s, X, Y2)dIW,,
0 0

T T
Y, = h(Xr) + / F(s, X, Yo, Z0)ds — / Z.aw,
t t

under conditions weaker than those of [29]. Delarue derives existence and uniqueness
of the above FBSDE under fairly standard Lipschitz conditions on the coefficients
along with a non-degeneracy condition on 0. We note that as in [29], the PDE con-
nection plays a role in the proof; namely Delarue proves the existence and uniqueness
of an adapted triple (X, Y, Z) that solves the FBSDE over a small (enough) time in-
terval and uses the PDE connection to extend the result to an arbitrary (but fixed)
time interval. We note that the PDE in this case (ditto [29]) is significantly more
general than the case of [35] since the coefficient b is now allowed to depend upon Y

and Z and o is allowed to depend upon Y.
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As we have seen, one application of BSDEs is to provide a probabilistic represen-
tation for a class of PDEs. The PDE connection is not, however, the only area of
application for BSDEs. For example, in [15] (1997) El Karoui et al consider reflected
BSDEs with solution triple (Y, Z, K) of the form

t T

Yt:§+/ f(s,YS,ZS)ds+KT—Kt—/ Z dW, , te [O,T], (3.4)
0 t

;> S, tel0,T]

where S is a given continuous, progressively measurable process known as the ob-
stacle. In addition, the new component to the solution, K, must be continuous and

increasing and Y and K must satisfy

T
/ {Y, = Sr}dK, = 0.
0

They show that if f is Lipschitz in y and z then there exists a unique solution to the
reflected BSDE. They then relate the solution component Y to the value function of
optimal stopping problems and, by loosely coupling the BSDE (3.4) to the solution
of an SDE, the viscosity solution of PDE obstacle problems. Furthermore, in [20]
(2007) Hamadene and Jeanblanc apply reflected BSDEs to real option problems such
as determining the optimal strategy for electricity production by a power station.
In [11] (2014) Cohen considers BSDEs where the noise is generated by a continuous
time Markov chain and the terminal value is prescribed by a stopping time. With this
formulation, he finds applications to determining the optimal policy (for each message
sending node) for transmitting messages over a finite network and the optimal control

(on the speed of individual edge traversals) for traversing a directed graph.

3.2. Approximation of BSDEs

There have been several approaches to solving BSDEs numerically (or at least via
discretization scheme upon which a numerical scheme could potentially be based).
Most of these approaches fall quite comfortably into one of three camps.

The first camp makes use of the PDE connection to BSDEs and solves the associ-

ated PDE numerically. Indeed, one could simply approximate loosley coupled BSDEs
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of the form
Xbe = x+/ b(r, X1 dr +/ o(r, X)YdW, |
¢ . t .
vie—n) 4 [ ez - [ zimaw, (3.5)
s t

by approximating the related PDE using standard techniques.

A second camp approximates the driving Brownian motion with a simpler stochas-
tic process, such as a random walk and shows that the solution to the simpler equation
converges to the solution of the original BSDE in some sense. Whilst this approach
is direct and appealing from a mathematical point of view, to date it has tended to
require strong assumptions on the coefficients of the BSDE.

A final camp attacks the BSDE problem directly by simply discretizing the BSDE
itself. For example, a simple Euler-like discretization scheme of the BSDE given by
(3.5) would take the form

Y:st’x ~ YJ’I + f(u,XZ’x, qujxa ZZ’I)(U - 5) o <Z;7x> Wy, — W5>

for t < s < wu. A problem with this approximation, however, is that it fails to ensure
that Y, is Fy-measurable. To fix this, we can take conditional expectations to give

the explicit approximation
VI N B Y fn XY 2 - )|

We note that this is effectively the approach taken by Zhang in [49] and the approach
taken in this thesis for the BDSDE case.

We begin our review on the approximation of BSDEs with a paper from the PDE
camp. In [14] (1996) Douglas, Ma and Protter consider fully coupled FBSDEs of the

form considered in [29]:

X1 — 2+ / b(r, X2, Y0, 20 dr + [ olr, X0%, Y)W,
t

t

T T
YT = h(Xf") + / Fr, X0, Y, 207 dr + / glr, XE2, Y1, ZE0)dW,

where W is a d-dimensional Brownian motion and b, o, f and g are all smooth
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functions. To approximate the above equation, they follow the “Four Step Scheme”
of [29]. They use standard techniques to approximate the PDE of Step 2 and use the
Euler scheme to approximate the SDE of Step 3. We note that in [31] (2006) Milstein
and Tretyakov refine this approach to obtain a more efficient scheme by utilising more
advanced techniques to approximate the equations in steps 2 and 3 of the “Four Step
Scheme” of [29]

The first scheme to directly approximate loosely coupled BSDEs with conditions
similar to those required for existence and uniqueness as derived by Pardoux and
Peng in [35] was that of Zhang in [49] of which we give a detailed overview in this
section. Prior to this, we mention three earlier attempts at direct approximation.

Firstly in [10] (1997) Chevance considers loosely coupled BSDEs of the form

¢ ¢
X, =¢ +/ b(s, Xs)ds +/ o(s, Xs)dWs |
’ T ’ T
Y; = h(Xr) + / Flr, X, Ys)ds — / Z,dW,
¢ ¢

where the coefficients b, o, f and h satisfy strong smoothness conditions. To describe
his scheme, let t = to,t1,...,t, =T be a uniform partition of [0, 7], h := %, U™ be a
discrete-time approximation of W and {F}'} the natural filtration of U". Chevance’s

scheme approximates X and Y with X and Y respectively where X is given by

)?O = 57

Xj = Aj71 + hb(tjfl,)?jfl) + \/EO'(tjfl,)?jfl)Un s 1 Sj S n

J

and Y is given by

Y, = h(X,),
Y, =E [Aj+1 + Bf (t1, Xjers Yign) ]:ﬂ , 1<j<n

In comparison to the results derived in [49], Chevance’s scheme requires much stronger
conditions on the coefficients and does not allow f to depend upon z.
In [9] (2001) Briand, Delyon and Mémin do construct a scheme that allows f to
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depend upon z. They consider equations of the form

T T
Y;ﬁ = 5 + / f(Y:ea Zs)ds - / stWs
t t

where £ € L*((Q, Fr, P),R) and f is Lipschitz in y and 2. Their scheme is based
upon approximating the standard Brownian motion W with a scaled random walk.
More specifically, they uniformly discretize [0, 7] into n subintervals, define h := %
and take {€x}1<k<n to be an i.i.d. Bernoulli symmetric sequence. They define their

approximation scheme by

Yn = gn’
Uk = Yrs1 + hf (Yr, 2) — \/EZ]{;Ek-_i_l , k=n-1,...,0
2 =h2E [Yir1€r41|Gr] -

They then show that if
[t/h)
Wr=vhy e, teloT],
k=1

satisfies sup,co 77 [W;* — Wi — 0 in probability then

T
sup |V — Y[ +/ |Z" — Z,|ds — 0
tel0,T) 0
in probability where Yy := 1, , |, Z" := 2} |-

We note that in [28] (2002) Ma et al also construct an approximation scheme based
upon approximating standard Brownian motion W with a scaled random walk. They,

however, consider equations of the form

T T
Yt—g‘i‘/ f(&Ys)dS—/ ZsdW
t t
where ¢ € L*((Q, Fr, P),R) and f is Lipschitz in s and y. Whilst some of their

conditions are weaker than those of [9], their driver f cannot depend upon z - at

least not in a nonlinear way.
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Key Reference: [49] - Zhang, 2004

To describe the approach of Zhang in [49], let T > 0 be a fixed terminal time,
(Q, F, P) be a complete probability space on which is defined a standard Brownian
motion W and take {F;;t > 0} to be the augmented filtration of W. Denote by D
the space of all real-valued cadlag functions defined on [0, 7. Let b,o : [0,7] xR — R
and f:[0,7] x R x R x R be deterministic functions and ® : D¢ — R a deterministic
functional. Zhang then considers the following loosely-coupled BSDE where X, Y

and Z are all real-valued stochastic processes:

¢ ¢
X, =x+ / b(s, Xs)ds + / o(s, Xs)dWs | (3.6)
0 0

T T
Ytch(XH/ f(s,Xs,Ys,Zs)ds—/ Z,dW,.
t t

Zhang assumes that:

1. b,o and f are uniformly % Holder continuous in ¢ and uniformly Lipschitz

continuous in their remaining variables.

2. There exists a constant K such that for all x1,z € D,

|®(21) — ®(22)| < K sup |z41(t) — zo(t)].

0<t<T
3. There exists a constant K such that

sup {b(t,0)| + ot 0)] + |£(£,0,0,0)[} + [B(0)] < K.

0<t<T

Remark. From the results of [35] and under the above conditions, the SDE and BSDE

given by (3.6) have a unique solution.

Zhang defines IT : 0 = ¢y < ... < t, = T to be a partition of [0,7] and defines
At; :=t; —t;_ and |II| := max; At;. Before introducing his discretization scheme, he
derives the following result on the regularity of Z.

Remark. The following result is really the key result of the paper and is what makes

Zhang’s approach work. As previously noted, the result hinges on the representation

of Z derived in [35].
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Theorem. Suppose that the above conditions hold, that Z is cadlag and let IT be any
partition of [0, T]. There exists a constant C > 0 depending only upon T and K such
that

Y E U {12, = Zi,,|* + |2, — Z,|?} dr} < C(1+ |zH)|11. (3.7)
i=1 tia
Zhang then defines his discretization scheme as follows. Define 7 (t) := t;,_; for

t € [ti—1,t;) and let X™ be the solution to the SDE

t t
X7 —x—i—/ b(w(s),Xﬁ(s))ds—l—/ o(m(s), Xr(s))dWs.
0 0
Now define
Yi=¢ . Z5' =0
and for t € [t;_1,t;),i=n,n—1,...,1
t;
Y =Y+ f(t;, 00 At; — / ZTdW,
t
where
& e L((Q, Fr, PR, OF" = (X[, Y7, 201

and

1 1 tit1
Z7" = 1) Z%d .
t; Ati+l |:/tl r T ‘Ez:|

He then proves the following theorem which provides a bound on the mean square

error of the scheme.

Theorem. Suppose that the above conditions hold, that Z is cadlag and that there is
a constant Ko > 0 such that partition 11 satisfies At; > % fori=1,....n. Then

T
wx B (v, ~ 7P + 8 | [ 12, - 22
0<i<n v 0
< C((1+ =)+ E [|2(X) - £7%])
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where C' depends only upon T, K and K.

In [8] (2004) Bouchard and Touzi consider loosely coupled BSDEs of the form
X0 =g +/ b(r, X1*)dr +/ o(r, XP")dW, |
T
Y= h(X3") + / flr, XP0, Y00, 20 dr —/ ZET AW,
t

They define the following implicit discretization scheme which we note is simpler than
the one defined by Zhang in [49].

~

U= n(R) U = B VR s R T 2 A,
Z=0, Zb" = g [ﬁwAWimH] .
n i At i
From here, they construct a continuous time scheme via the Martingale Represen-
tation Theorem. Taking advantage of the key result on the regularity of Z derived
in [49], they show a similar form of L? convergance as in [49]. They then go on to
consider some simulation based implementations of their discretization scheme.
In [17] (2005) Gobet, Lemor and Warin also consider loosely coupled BSDEs of the

form
X =g +/ b(r, XH*)dr +/ o(r, X1")dw, |
T
Y = h(X7") / fr, X5 Y00, Z0% ) dr —/ ZE AW,
t

They develop a least squares Monte Carlo numerical scheme based upon the implicit
scheme of [8]. The basis of the scheme is to generate a number of forward paths
(instances of X , the numerical approximation of X') and for each path, w, to calculate
h(X7(w)). The scheme then proceeds by stepping backwards in time calculating
conditional expectations (essentially with respect to F;,) by regressing upon the values
of X.

Remark. Least squares Monte Carlo schemes of this kind were made popular by [27]

for pricing American options.

In other directions, we mention that in [7] (2008) Bouchard and Elie extend the
approach of [49] to loosely coupled FBSDEs with jumps (as considered in [6]) and
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in [42] (2011), Richou extends the approach of [49] to loosely coupled FBSDEs with
bounded terminal condition and driver f with quadratic growth in Z as introduced
in [25].

3.3. BDSDEs

Backward doubly stochastic differential equations (BDSDEs) were introduced in 1994
by Pardoux and Peng in their paper [36]. In [36], they extend the setting of BSDEs
in [35] by introducing a second noise - hence the term doubly stochastic. They then
generalise the connection between BSDEs and PDEs to one between BDSDEs and
stochastic PDEs (SPDEs). As this is material is fundamental to the thesis, we now

provide a detailed review of [36].

Key Reference: [36] - Pardoux and Peng, 1994

The setting for [36] is as follows. On a probability space (€2, F, P) let {W;;¢t > 0} and
{By;t > 0} be mutually independent standard Brownian motions taking values in R¢
and R™ respectively. Let N denote the P-null sets of F and fix T' > 0. For each
s € [0,T), define F, := F" vV FL, where for any process {¢s}, F?, := 0{du — ¢r;u €
[r,s]} VN and F? := fgjs.

For any n € N, let M?([0,T];R") denote the set of n-dimensional {F;}-adapted
processes {¢;;t € [0,T]} that satisfy F [fOT |¢t|2dt] < oo. Similarly, let S%([0, T]; R")
denote the set of n-dimensional {F;}-adapted processes {¢;;t € [0,7]} that satisfy
E [supg<y<r |¢1]?] < 0.

They define the coefficients of the BDSDE as follows. Let

f:Qx[0,T] x RF x R¥ 5 RF
g:Qx[0,T] x R x R — RF>m

be jointly measurable and such that for any (y, z) € RFxR¥>4 f(. y, 2) € M?([0, T]; R¥),
9(.,y,2) € M*([0, T}; R®*™) and:

PP94.1 There exist constants C' > 0 and « € (0,1) such that for any (w,t) €
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Q x [0, 7] and (y1,21), (y2, 22) € R* x R**™ the following inequalities hold:

|t y1,21) = ft g, 22) P < Clyr — wol® + |21 — 22|1?)
9(t, 1, 21) — 9(t, y2, 22)|* < Clyr — 1ol + af| 21 — 2.

Given & € L?((Q, Fr, P); R¥), they consider the BDSDE
T T — T
Vgt [ fevaz)ds+ [ gls Yo 2B~ [ Zaw. (39
t t t
<5 . .
for t € [0,T] where dB; denotes the backward It6 integral with respect to By and

prove the following existence and uniqueness result.

Theorem. Suppose that condition PP94.1 holds. Then the BDSDE (3.8) has a
unique solution (Y, Z) € S%([0, T); R¥) x M?([0, T]; R*>™).

To make the connection to SPDEs, they proceed as follows. Let functions b €
C3 (R RY) and o0 € CP(RY,R™?) and for each s € [0,7] and x € R? denote by
{X%*:t € [0,7T]} the unique strong solution of the SDE

tr
X" =z,

dXb = b(XP")ds + o(XED)AW, , s € [t T).

The functions f and g now take the less general forms

f(
g(

)
)

Y,z
, 2

Y

S,
S,

f(s7 X§7x7 y7 Z)7
g(s, X"y, 2)

where

00, 7] x R x RF x R*4 5 R¥,
g:[0,T] x RY x R* x R — RM™

and they introduce the function h : R? — R* to give the BDSDE

T
V) [ s X e 2 s
t
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T — T
+ / g(s, Xt o gty Jp / Zqw,, (3.9)
t t

Furthermore, they assume that for any s € [0,7], (z,y,2) = (f(z,y, 2),9(x,y, 2))
is of class O3, all derivatives are bounded on [0, 7] x R? x R* x R**? and h is of class

C?. They first derive the following representation of Z.

Theorem. The random field {Z5%;0 <t < s < T,z € R?} has an a.s. continuous
version which is given by Zb® = VY *(VX12) "o (X)),

Remark. Just as the equivalent representation of Z derived in [35] for the BSDE case
is used in [49] to derive the regularity result for Z, we use this relation to derive our
result on the regularity of Z in the BDSDE case.

Finally, in the following two theorems they relate the BDSDE (3.9) to the following
system of quasilinear backward SPDEs:

u(t,z) = h(z) + /t [Lu(s,x) + f(s,z,u(s,z), Vu(s,z)o(x))] ds
—i—/t g(s,z,u(s, ), Vu(s,x)a(x))gés (3.10)

where u : Q x R, x R? — R¥, Lu = (Luy, ..., Lux)T and

: o 1 o2
_ _ T
Lu = ZZI bl(I)ﬁ_xz t3 ”ZI aij(x)m . (ay(2)) =00 ().
Theorem. Suppose that the above conditions hold and let {u(t,x);t € [0,T], z € R}
be a random field such that u(t, ) is Fp-measurable for each (t,x), u € C%*([0,T] x
R%: R¥) a.s, and u satisfies equation (3.10). Thenu(t,z) = Y"", where {(Y1*, Z5%);0 <
t <s<T,zv R is the unique solution of the BDSDE (3.9).

Theorem. Suppose that the above conditions hold. Then {u(t,z) := Y;"*;0 < t <
T,z € R4} is the unique classical solution of the system of backward SPDFEs (3.10).

In [5] (2001) Bally and Matoussi translate the loosely coupled BDSDEs of [36] to
a weak formulation setting. The benefit of this approach is that it allows significant
weakening on the conditions on the coefficients of the BDSDES. To save repetition,

however, we do not provide an overview of this paper as the results of [5] are extended
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with significant overlap by the paper [50] which we cover next. We do note, however,
that the key tool that the weak formulation setting enables and which makes the
weakening of the conditions on the coefficients possible is an equivalence of norms
result for the forward diffusion X (Result A.3 on page 148). It is this equivalence of
norms result (or one very similar) that plays a key role in [5], [50] and this thesis. We

also note that it was the paper [5] that first considered weak solutions of BDSDEs.

Key Reference: [50] - Zhang and Zhao, 2007

In [50], Zhang and Zhao extend the weak solution formulation of [5] to the infinite
dimensional noise and infinite horizon case. Indeed, it is shown in [50] that the
solution of an infinite horizon BDSDE at initial time ¢ corresponds to the stationary
solution of the corresponding SPDE.

To describe the results of [50] we proceed as follows. On a probability space
(Q,F,P) let {Wyt > 0} and {B;;t > 0} be mutually independent stochastic pro-
cesses with W a standard Brownian motion valued in R? and B a Q-Wiener process
valued on a separable Hilbert space U with countable base {e;}32; with Qe; = Aje;
and > 77, \; < oo. B has the expansion (see [12])

By = Z V8;(t)e;

where 8, 7 = 1,2,... are mutually independent real-valued Brownian motions on
(Q,F,P).
Let N denote the P-null sets of F and let us fix T' > 0. Define

Fir = ftW\/Ft?T7 te[0,T];
Fi=FVvFE t>0.

t,00

Here for any process {¢y;t > 0}, fit = o{¢, — g7 € [s,t]} VN, F? = F&t and
E(’foo = Vrso ]_—Z)T‘ Let the weight function p : R? — R be defined by p(z) := K e’/
for constants v < 0 and K, > 0 such that [, p(x)dz =1. For s >t, let X)* be the
solution of the SDE

Xi’x:x+/ b(Xﬁ’x)dr+/ o(XL7)dW,
t t
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where b € CZ(R%RY) and 0 € C3(R%; R x R?).
Zhang and Zhao consider the following BDSDE with infinite-dimensional noise for
s € 0,77

VI = h(X5T) + / flr, XE2 YEe 257 dr (3.11)
—/ g(r, X7, Y%, 247)dB, — / (Z)*,dW,.)

where gET denotes the backward stochastic integral with respect to B. Here h :
OxR* =R, f:[0,T]xR*xR xR - Rand g:[0,7] xR xR xR* — L} (R)
where Uy = QY/2(U). Setting g; := g /Aje; : [0,T] x R x R x R? — R then equation
(3.11) is equivalent to

T
Vi hOX) + [ X 2 ar
-2 / gi(r, Xp™, Y%, Z,7)dBy — / (Zp*,dW, ) .
j=1"% s

They prove weak existence and uniqueness for the following assumptions and defini-

tions:

Z707.1 his Ff,, ® B(R?)/B(R) measurable and

E {/Rd |h(x)]2p(x)dx] < o0.

7707.2 Functions f and g are Borel-measurable and there exists constants C, C},
aj > 0 with 377, Cj < oo and » 77, a; < 1 such that for any s € [0, 7],
and z € R?

f(s,2,51,21) = f(s,2, 9, 2) P < Clyr — of* + |21 — 20f*)  and
|gj<87x7y1721) - 9j(37$ay2122)|2 S Cj|y1 - y2|2 +04]|21 - ZQ|2-

7707.3

T
/ |f(r,2,0,0)*p(x)dxdr < oo
0 Rd

35



3. Review of Literature

and
T
/o /Rng(TaI,070)||%%]0(R)p(x)da:dr < 0.

Definition. Let S be a Hilbert space with norm ||-||s and Borel o-field S. For K €
R, denote by M*°([t, T|;S) the set of B([t,T]) ® F/S measurable random processes
{&(s); s € [t,T]} with values on S satisfying:

1. ¢(s) : Q=S is For V Fp, measurable for s € [t,T).

2. E [ffuq;(s)ugds] < .

Also denote by S*°([t,T1;S) the set of B([t,T]) ® F/S measurable random processes
{Y(s);s € [t,T|} with values on S satisfying:

1. 4(s) : Q= S is For V Ff, measurable for s € [t,T] and 1(-,w) is continuous

a.s.

2. F [supse[t,T]Hlb(S)Hé} < 00

Definition. A pair of processes
te oty 2,0 . 72/(md. 2,0 . 72(md. Tod
(Y, 7)€ §29([0, T); L2(R% R)) x M2°((0, T]; L2(R%; RY))

is called a solution of equation (3.11) if for any ¢ € C°(R% R),
T
/ Y'St,xgb(x)dx = / h(Xff/lw)Qb(flf)dx _|_/ f(’l“, X;t,x’y;t,x’ Zﬁ’I)Qb(ZU)dZL‘d’I“
Rd Rd S Rd
oo T
_Z/ / g;(r, Xﬁ’UCaYrt’m,Zﬁ’x)Qﬁ(m)dmcﬁZ
j_]. S Rd

_ /_T< /R Zﬁ’$¢(x)dx,dWr> ..

Theorem 3.1. Under conditions (2Z07.1)-(ZZ07.4), equation (3.11) has a unique

solution.

They then consider the following SPDE and connect its weak solution (defined
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below) to the previously defined (weak) solution to BDSDE (3.11).

u(t, ) = h(x) +/t {Lu(s,2) + f(s,z,u(s,x),0" (x)Vu(s,z))} ds

+/t g(s,:z:,u(s,x),aT(I)Vu(S,x))ggs (3.12)

where u: Q x Ry x R = R, Lu = (Luy, ..., Lug)T with

Lu = Zb 3 aij<x>%;xj (@) = 00T ().

m=1

Definition. A process u is called a weak solution (solution in L2(R%R)) of equa-
tion (3.12) if (u,0"Vu) € M>°([0,T]; L2(R% R)) x M>°([0, T]; L2(R% R?)) (where
(6TVu) (s, z) is intepreted as T (z)Vu(s,x)) and for an arbitrary ¢» € C1>([0,T] x
R%R),

/ ' /R du(s,w)a—w(s,x)d:cds—i— /R ult )b (tw)de /R W@)(T, ) de
- / /R (07 () Vs, 2)) (0 (2) Vs, ) drds
— /t /R du(s,x)div((b—A)¢)(s,x)dxds

_ /t (s, 1)o7 (2)Vuls, 2)) (s, 2)deds

oo K T .
- / / gi(s,m,u(s,z), 0" (x)Vu(s, z))¥(s, v)dzdB? a.s.
j=1 vt R4

Here A; = Z (9&6” and A= (A, ... Ay".
L

Theorem 3.2. Assume conditions (Z207.1)-(ZZ07.4) hold and define u(t,z) = Y;"",
where (Y2*, Z4%) is the solution of equation (3.11). Then u(t,x) is the unique weak
solution of (3.12).

They then, for some K > 0, consider the following BDSDE with infinite-dimensional
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noise on infinite horizon
Koyt — [T oK [ Y, 20 1 KYE Y dr (313)

T T
_/ —Kr (Xta: th th)dBj / efKr <Zi’m,dWr>

They assume broadly the same conditions as above along with the monotonicity

condition

(yl - yQ)(f(Sa T, Y1, Z) - f(S, T, Y2, Z)) < _:U‘yl - y2‘2

for some p > 0 sufficiently large. They then show that u(t, z) := V" where Y is the

solution to (3.13), has a version which is a stationary solution to the SPDE
T
u(t,z) =u(T,x) + / {Lu(s, ) + f(z,u(s,z),0” (z)Vu(s,z)) } ds  (3.14)
t
T
—|—/ g(m,u(s,a:),aT(x)Vu(s,x))éﬁ?s.
t

In [51] (2010) Zhang and Zhao weaken the conditions placed on f in equations
(3.13) and (3.14) of [50] from being Lipschitz in y to satisfying the linear growth

condition
|f(z,y,2)| < C(1+|y| + |2])

for some constant C. They then again show that u(t,z) := Y;"* is a stationary
solution to the SPDE (3.14).
In terms of approximations of BDSDEs, [2] (2013) Aman considers BDSDEs of the

form
X0 =+ /s b(r, XE")dr + /S o(r, X1*)dW,
Y = h(X5") + / fr, X2 YT 780 dr
—/ g(r, X1, Y1) ABI — / (ZL* dW,.)

where the coefficients are Lipschitz. Aman first derives a regularity result for Z of
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the form derived in [49] for BSDEs although we note that we believe Aman’s proof
to be incomplete (see the discussion preceding Lemma 6.8). He then defines an
approximation scheme similar to the scheme defined in [8] for BSDEs

}//\vttﬁc = h’(itn )7

n

}//\Z’,xl =F |:}’;Z,x + g(tia )?f;x> 267I)ABJ"T_;‘/%1] + f<ti7 )?ffl ) }Zii? Z\ttil)At’

fo =0,
~ 1 ~ ~ ~
Zfil = EE [(Yz’x + g(tia Xtt;m? YZ’I>A31> AWi“Ftifl:|

and provides a bound of the L? error of the scheme.

Remark. Whilst there is some overlap between the results of this thesis and [2] this
is a consequence of both works following the approaches of [49] and [8]. The results
of this thesis were derived independently of [2] and we note that our conditions are

significantly weaker than those in [2].
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In the first section of this chapter we summarise the main notations used in this
thesis. We note that this is not comprehensive - we omit some notations that are
used only locally (for example within a single proof). In the second section, we state

our assumptions and the questions that we will seek to address in this thesis.

4.1. Notation

{f, J, 71} step coefficients, page 47.

{f, g, B}: Lipschitz coefficients, page 66.

{ﬁ ﬁ,%}: smooth coefficients, page 73.

X: Euler approximation of X, page 116.

}/}, Z: solution of discretization scheme, page 120.
CE: partition constant, page 47.

C)s: truncation constant, page 47.

C¢: maximum slope of Lipschitz coefficients, page 66.
T, X: partitions of [t,T] and [—C)y, Cps]? respectively, page 57.
T!: partition of [¢,T], page T8.

T?2: partition of [t, T], page 81.
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T3: partition of [¢,T], page 106.

T*: partition of [t, T], page 107.

N(X): number of elements in the partition X', page 47.

E ], Eup ], Er[-]: functionals, page 57.

B9 the set of boundary points of the partition 7, page 65.

Br: the set of points in [t, 7| that are within g—g of a boundary point of the partition
T, page 65.

MNy.: the set of neighbouring partition elements of the partition element X}, page 65.
BY%.: the set of boundary points of the partition X, page 65.

B y: the set of points in [~Cyy, Cps]? that are within g—fg of a boundary point of the

partition X, page 65.

By x: the set of points in the partition element X}, that are within g—]g of the element

boundary, page 65.

Sy, Byt subsets of R?, page 106.
p(A): measure function, page 69.
W constant, page 79.

Y (Kgy): constant, page 110.

4.2. Problem Statements

We will now define the problems that we wish to solve. To this end we make the
following assumptions based upon those in [50]. On a probability space (2, F, P) let
{Wi;t > 0} and {By;;t > 0} be mutually independent standard Brownian motions
taking values in R? and R™ respectively. Let N denote the P-null sets of F and
fix T > 0. For each s € [0,T], define F, := F}' V FZ, where for any process
{05}, Foy = o{du — ¢riu € [r,s]} VN and F? := J—"(;st. Let the weight function

41



4. Notation and Problem Statements

p: R? — R be defined by p(x) := K,e'!*! for constants v < 0 and K, > 0 such that

Jpa p(z)de = 1.
Let us now define, X, the solution to our forward equation. We note that for the

remainder of this thesis, X will always be defined as it is here.

Definition 4.1. Define X to be the solution to the SDE
X0 = x—l—/ b(Xff’I)dr+/ o (X5")dW,
t t

where b € C3(RY, R?Y) and o € C3(R?, R*9).

Remark. We note that the conditions of Definition 4.1 are sufficient for the equivalence
of norms result to hold (as stated in Result A.3 on page 148). This result is a powerful

tool and is key for many of the arguments in this thesis.

Definition 4.2. Define the Lipschitz constant

o) Mo PVl otz

|79 — @9/?

Lx := sup {

x1#T2ERY

Remark. 1t follows from Definition 4.1 that Lx < oc.

4.2.1. Finite Horizon Problem

<—.
We will consider the following BDSDE with 0 <t < s < T and dB] denoting the
backward Ito integral with respect to Bi:

T m T
e
Ystvw—h(X;I)—i—/ fr, Xb= Yvhe 25 dr — Z/ g;(r, X5 Y1) dBI (4.1)
7j=1

/ (74, aw,)

Remark. In what follows we will at times refer to the functions f and g; as f(r, 05)
and g¢;(r, 057) with 0% = (X!P*, Y"* Z5®) even though g; does not depend upon
Zb*. We allow this abuse of notation, however, for conciseness. We will also use the

abbreviation g := {g1,..., gm}-

Definition 4.3. Any set of coefficients {f,g,h} are called measurable coefficients if
they satisfy following conditions:
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M.1 h: R?* — R is Borel-measurable and there exist constants v > 2 and Cp < >
such that

/R @) plr)de = G,

M.2 f : [0,T] x R x R x R — R is Borel-measurable and for j = 1,...,m,
g; : [0, T) xR xR — R is Borel-measurable. Furthermore, there exist constants

v > 2 and Cyiqy < 00 such that

T m /2
/ / |f(r,z,0,0)]" + (Z lg;(r, z, O)|2) p(z)dxdr = Cryy.
t R4 j=1

M.3 There exists a positive constants L and e, > 0 such that for any s € [0,T],
r €RY y1, yo €R and 21, 20 € [-S., S.]¢

|f(57557y172’1) - f(S,fF»yQ’ 22)|2 < L(|y1 - y2|2 + |Zl - 22|2) and

m

Z |gj<5;$7y1) - gj(571373/2)’2 S L|y1 - y2|2-
j=1

M.} There exist positive constants L, S, and €. such that for any s € [0,T], v € R,
y € R and 21,2 ¢ [-8S.,S.]%,

|f(37$7% Zl) - f(87x7y)z2)|2 S L|Z1 - Z2|2_€z‘

Remark. We note that by Theorem 3.1 on page 36 from the review of [50], the
conditions of Definition 4.1 and Definition 4.3 are sufficient for the existence of a
unique solution to BDSDE (4.1).

We illustrate these conditions with some examples:

Example. Let f: R = R, fir S, > 0 and for z € R define

zsinz +/S;, |2/ < S,
f(z) =
S.sin S, ++/|z|, |2] > S..
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Then for |z],|z2] < S,
1£(21) = f(22)> < 52|21 — 2)?

and

|f(21) - f(22)|2 = (\/W— \/@)2

< |z — 2|
for |z1], |z2| > S..

Example. Let f: [0,T] X RxR xR = R, fixr S, >0 and fort,z,y,z € [0,T] x R x
R x R define

ft,z,y,2) = yl(x > t) + (z* A SHI(z < t).

Example. Let h: R — R be defined by h := z*1(|z] > 1).
Finite Horizon Problem:

e [s it possible to approximate the solutions of BDSDE (4.1) with measurable

coefficients as defined in Definition 4.3 using a time discretization scheme?

4.2.2. Infinite Horizon Problem

We will consider the following infinite horizon BDSDE with 0 < ¢t < s and K > 0
fixed:

00 o <
esty*st,x — / efKr(f(Xﬁ,:pj Y;t,x) + KY;,t’x>d7’ . / eiKrg(Xﬁ’m, }/Tt,:v)dBT

— / e KT ZbT AW, (4.2)
Definition 4.4. Given a positive constant K, called the decay factor, any pair of

coefficients f and g are called contractive coefficients if they satisfy the following

conditions:

C.1 f,g: R xR — R are Borel-measurable. Furthermore, there exists a constant
Of—i-!] < 00 such that |f(070)| + |g(070)| = Of—H]'

44



4. Notation and Problem Statements
C.2 There exist positive constants L and Ly, such that for any (z,y) € R x R,

|f($17y1) - f(xz,y2)|2 < L{|$1 - $2|2 + |yl - y2|2},
9(z1,y) — (@2, y)|* < L{|z1 — 22|},
l9(z,y1) — g(z,y2) > < Lgylyn — vl

C.3 There exists a positive constant v called the contraction coefficient satisfying
p> L+ (K + Ly,) such that for any z € R?,

(1 — v2) (f (2, 01) — fl2,92) < —plyn — v2)*

Remark. We note that by the results in [50] on infinite horizon BDSDEs, the condi-
tions of Definitions 4.1 and 4.4 are sufficient for the existence of a unique solution to
the BDSDE (4.2).

Infinite Horizon Problem:

e [s it possible to approximate the solutions of BDSDE (4.2) with contractive

coefficients as defined in Definition 4.4 using a time discretization scheme?

Remark. We will tackle the Finite Horizon Problem in Chapters 5 - 7 and the Infinite
Horizon Problem in Chapter 8.

45



Continuous-Time Approximations

5.1. Introduction

In this chapter we approximate BDSDEs with measurable coefficients {f, g, h} as
defined in Definition 4.3 with BDSDEs with successively more regular coefficients.

In Section 5.2, BDSDEs with measurable coefficients are approximated by BDS-
DEs with step coefficients. The step coefficients are parameterized by two positive
constants, Cg and C)y, and defined upon partitions of [¢t,7] and [—Cys, Cpr]%. The
constant C'gy determines the minimum edge length of each partition element and the
constant C); determines the boundary of the spatial domain of the step coefficients
and the maximum absolute value of the step coefficients. As a consequence, by mak-
ing Cg smaller and C); larger, one is able to find step coefficients such that the
BDSDE approximation is more accurate.

In Section 5.3, BDSDEs with measurable coefficients are approximated by BDSDEs
with Lipschitz coefficients. The Lipschitz coefficients are approximations of the step
coefficients of Section 5.2 that are Lipschitz in ¢t and x and are parameterized by a
positive constant, Cg, which determines the maximum slope of the coefficients. As a
consequence, by making Cg larger, one is able to find Lipschitz coefficients such that
the BDSDE approximation is more accurate.

In Section 5.4, BDSDEs with measurable coefficients are approximated by BDS-
DEs with smooth coefficients. The smooth coefficients are simply constructed by
mollifying the Lipschitz coefficients of Section 5.3.

Whilst the results of this chapter are potentially interesting in their own right, they

are central to the approach taken in this thesis to approximate BDSDEs with mea-

46



5. Continuous-Time Approximations

surable coefficients via discretization scheme. Indeed, in Chapter 7 a discretization
scheme for BDSDEs with Lipschitz coefficients is constructed and so the approxima-
tion of BDSDEs with measurable coefficients by BDSDEs with Lipschitz coefficients
is a fundamental step.

We note that the approximation of BDSDEs with measurable coefficients by BDS-
DEs with step coefficients derived in Section 5.2 is only used within Section 5.3 to
obtain the approximation by BDSDEs with Lipschitz coefficients. The approximation
of BDSDESs with measurable coefficients by BDSDEs with smooth coefficients derived
in Section 5.4 is used in deriving the error estimate for the discretization scheme in

Chapter 7 via the regularity result for smooth coefficients of Chapter 6.

5.2. BDSDEs with Step Coefficients

In this section we approximate measurable coefficients with step coefficients and
show that the solution of the BDSDE (4.1) with step coefficients approximates the
solution of the BDSDE (4.1) with measurable coefficients. To this end, we start with

the following definitions.

Definition 5.1. Given a positive constant Cp and a partition X of [-C,C)* for
some fired C > 0, we say that X is a partition parameterised by Cg or simply a

parameterised partition uf

1. X consists of a finite number of partition elements, N(X'), with each element a
left-closed, right-open interval (or a closed interval when the right-most point of
the interval is at the partition boundary). We enumerate the partition elements
of X as Xy,..., Xnw).

2. Fach element of X has edges of length at least Cg.
We call C'g; the partition constant.

Definition 5.2. Given positive constants C'g and Cy; and parameterised partitions
T and X? for ¢ = f,g,h of [t,T] and [—Chr, Cr]?¢ respectively, a set of coefficients
{ f, g, f_i} are step coefficients parameterised by Cr and Cy; or simply step coeffi-
cients if they are measurable coefficients as defined in Definition 4.3 on page 42 and

additionally satisfy the following conditions. We call Cy; the truncation constant.
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5. Continuous-Time Approximations

S.1: Fork=1,... N(X") there exist constants hy such that |hy,| < Cyy and

S.2: There exist functions f;k RxRY =R and fori=1,...,m, g;k : R — R such
that |fi(y, 2)|, 3, ()] < Cas for all 1 < j < N(T), 1 <k < N(X), y € R,

2z € R% and
N(T) N(&x¥)
f(?",il?,y,Z) = Z ]IE(T)]IXI;‘(ZL')f]k(y,Z),
j=1 k=1
N(T) N(x9%)
gi(r,z,y) = L7 (r)Lys: ()G ()
j=1 k=1

Definition 5.3. Given measurable coefficients {f, g, h} as defined in Definition 4.3
on page 42, positive constants Cy and Cyy and parameterised partitions T and X®
for ¢ = f,g,h of [t,T] and [—Chs, Cpr]? respectively, we call coefficients {f, g H} as
constructed below averaged step coefficients.

Let h be the truncation of h defined by
(h(x) V —CM> ANCy, x€ [—CM, CM]d

0, otherwise.

We define
N(xh)
h(z) = Z Lyn ()P,
k=1

where for each k, ka 1s the p-weighted mean of h over X} given by

L
hy = — h(x)p(z)dz
M J x)
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5. Continuous-Time Approximations

and

i ::/ p(x)dx.
X

Similarly, we define forr € [t,T], y € R and z € R,

(f(r,z,y,2) V—Cuy) ACuy, € [—Chy, Ciy]?
fr,m,y,2) =

0, otherwise

and

flroay,2) =) Y ()l (@) fialy. 2)
j=1 k=1

where for each j, k,

Fily,2) - M]k/ f(r,z,y,2)p(x)dxdr

xr

and
fig = (41 — tj)/ plx)dz.
xf

The construction for g is analogous.

Remark. The coefficients { f.q, 71} as constructed in Definition 5.3 satisfy the con-

ditions of Definition 5.2. In other words, averaged step coefficients are step coef-

ficients. For example, the Lipschitz condition M.3 is satisfied by f since by the

Cauchy-Schwarz inequality and for j, k such that s € T;, 2’ € A%, y1,y2 € R and

21, 22 € [_Sza Sz]d

—

|f(s,1”,y1,21) ( aI y2,22)|2
= fix(yr,21) = fin(ye, 22) [

-z / fr,2,y1,21) — f(r, 2,92, 20) p(w)ddr
M5 k - Jx,

2
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5. Continuous-Time Approximations
< — / |f(r, oy, 21) — i(r,x,yg,zQ)\zp(:U)dzcdr
N’j k X,

k
< [ [ L= P 41— 2P ple)dods
Hj ke T; J X

=1L (|y1 — o>+ |21 — Z2|2) .

Note that in the above, we have also demonstrated that the Lipschitz condition
M.3 is satisfied by the function f;k

In the remainder of this section, we will first prove a few technical lemmas before
proving the main result of this section: Theorem 5.9. We begin by noting that it is
well known that it is possible to approximate integrable Borel-measurable functions
with step functions in the L' norm. Lemma 5.4 is a straightforward extension of this
result and a sketch proof that is a slight adaptation of that given in [46] on page 131
for the standard L! result is provided for completeness.

Given a fixed S > 0, let us define Dy (S) := [-S, 8], Dz(S) = [-S5,5]? and
D(S) := [t,T] x R? x Dy(S) x Dy(S). Let us also define the measure A by its
differential d\ := p(z)dx x dy x dz x dr and note that A is a finite measure on D(S)
that is absolutely continuous with respect to Lebesgue measure. We define the space
L (D(S),R) to be the set of Borel-measurable functions f : D(S) — R such that

[ 1y zpin < oc.

D(S)

Lemma 5.4. Let f € L3(D(S),R). For each e > 0 we can find a constant Cp; < 00, a
partition A = {A,..., Any} of D(Cu, S) == [t, T] x [=Chr, Crt]* X Dy (S) x Dz(S)

with a finite number of elements and constants F; with |F;| < Cy such that the

function

F(r,z,y,z Z La,(r,2,y,2)F; satisfies

| 18ta2) - Flrago)Par<e
D(S)

Proof. (See [46] for additional detail). Firstly, we may approximate f with a bounded
measurable function with compact support f., such that for some Cy; < o0, |f.| < Cy
and f.(r,z,y,2) =0 for x ¢ [-Cyr, Cp]%
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5. Continuous-Time Approximations

We may further approximate f. with a simple function and since each simple func-
tion is the finite sum of multiples of indicator functions, it is sufficient to show that
each indicator function can be approximated by the indicator function of a finite
number of disjoint boxes (which will constitute the elements of the desired partition
A).

For each Borel subset B of D(C)y, S), we can find an open set O such that O O B
and A\(O\ B) < 5. From the countable union of disjoint open balls making up O, we
can select a finite number whose union form Og such that A(O\Oy) < 5. Furthermore,
we can find a finite number of boxes whose union form By such that A(OyABy) < 5

It then follows that A\(BABy) < e. O

Remark. Since we only required a finite number of partition elements to construct an
approximating step function in Lemma 5.4, we may claim that the elements have a

minimum width of C'g for some constant Cg > 0.

Lemma 5.5. Let measurable coefficients { f, g, h} as defined in Definition 4.3 on page
42 and positive constants S and € be given. Then there exist positive constants Cg
and Cys, constants F_}’k’l,m, (_jm’l and H, satisfying |}?’]klm|, ]C_jj,kﬂ, |ﬁk| < Cy for
each j =1,...,N(T), k=1,...,NX), l =1,...,N(Y), m = 1,...,N(2) and
parameterised partitions T, X, Y and Z of [t,T], [-=Cur,Cu|?, Dy (S) and Dy(S)
respectively such that the coefficients {F,G, H} defined by

F 7” x y? . Z HT ]IXk ]Iyl( )Hzm(z)ﬁjvk7lam7
7.k, lm
G(r,z,y) ==Y Tg; (r)y, (2)Ty, (9) G,
7.kl

v) =Y Iy (z)Hy

satisfy
|F(r,2,y,2) = f(r,,y,2)]d < e,

D(S)
T
/ G(r,2,) — g(r, 2, y)Pp(e)dedydr < c,
Rd

\ﬁ@g—huﬂp@mx<a

\\\

g
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5. Continuous-Time Approximations

Proof. We just show the result for f as it is the most complicated case. Firstly, let

us note that

/ oy, 2)PdA < / (1£(r.2,0,0) + L(lyP + |1%)) d
D(S) D(5)
< (25)%(Cyrg + (T — H)L(1 + d)5?)

< 00

and so f € L3(D(S),R). By Lemma 5.4, for each ¢ > 0 we can find constants
Cy < o0 and Cf > 0, a corresponding partition A := {A;,..., An)} of D(Cy, S)
and constants F; with |F;| < Cy such that the function

N(A)
F(r,z,y,z) := Z La,(r,2,y, 2)F;
j=1
satisfies
[ 18a2) - Py )Py <e
D(S)

Let us note that each partition element of A is a (2d + 2)-dimensional box. As
a consequence, to obtain our partition 7 of [¢,T] we simply need to project each

element of A onto the line segment [¢t, T]. For example, suppose that

Aj = {50, t2) X (250, 750] X oo X (25041, Tj2a] X (Y15 Yj.2]

X(Zj,17 Zj,?] X ... X (Zjvgdfl, Zj,?d]}-

Then the projection P, : A — [t,T] x [t,T] is given by P,(A;) :=={t;1,t;2}

Let us define the set 7' := {to,...,tn} = U;P(A;) with any duplicate entries
removed. We then take 7 := {7y..., Tn(r)} where N(T) := N'—1, Ty := [to, t1] and
for j=1,...,N(T), T; :== (tj,tj4+1]. We obtain X, Y and Z analogously.

Since there are a finite number of elements in A each with a non-zero minimum
width, we have that each of 7, X', )V and Z also consists of a finite number of elements
each with a non-zero minimum width. If we take Cg to be the smallest of these then

Cg > 0 and the proof is complete. O

Lemma 5.6. Given measurable coefficients {f,g,h} as defined in Definition 4.3 on
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5. Continuous-Time Approximations

page 42 and positive constants S and €, there exist constants Cr and Cyr and pa-
rameterised partitions T and X? for ¢ = f,g,h of [t,T] and [—Chr, Cps]¢ respectively
such that the averaged step coefficients {f, g, i_i} defined in Definition 5.3 satisfy

/ |f(r7x7y7z>_f(rvx7yuz)|2d>\<€,
D(S)
T
/ / 5(r,2,9) = 9(r,2,)Ppla)dadydr < ¢ and
Dy (S) J R4

[ @) = ho)Pota)da <.

Proof. We again just prove the result for f as it is the most complicated case. Let
us, by Lemma 5.5, select values of C'r and C); and corresponding partitions 7 and
X of [t,T] and [~Cyr, Cy]¢ and partitions Y and Z of Dy (S) and Dy(S) such that

there exist constants ijlm satisfying |F’ klm| < Cyr and

3k, lm

satisfies
| 1By = S ) Pir <
D(S)

We do not now restrict Y and Z to have a minimum element width Cg but assume
(since the respective domains D(Y') and D(Z) are bounded and so could further refine

the partitions ) and Z if necessary) that ) and Z have a maximum element width

of V¢

Recalling that f denotes the Cy-truncation of f, let us now define for each j, k, 1, m

7.k,lm

1
[ ][ s
/'Ljak‘Jvm 73 m yl Xk_

where

fj,k,l,m =
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5. Continuous-Time Approximations

and
fiktm = (L1 — ) (Y1 — yz)/ / p(x)dxdz.
m Xk

Then we have that since the mean (which in this case is f ) is the best least squares

estimator,

/ 2y, 2) — f(r oy, 2)Pdr < / Flr,2,y,2) — f(r.2,y, 2) P\
D(S)

D(S)
< €. (5.1)

Recalling Definition 5.3, we have that for any j, k, [, m,

1

fj,k,l,m =
Him

/ ﬂk(y,z)dydz where  fim = (Y141 — yl)/ dz.
m yl "

As a consequence, for any j,k,l,mand r € T;, v € Xy, y € ), z € Z,,,, we have that

—

| (T,QT,y,Z) - f(r,:v,y, Z)|2

| Fik (s 2) = Fipaml?

< sup | Fie (v, 21) = fin(yas 22) |
Y1,Y2€V1,21,22€Zm
<L sup (Jyr — v2l® + |21 — 22|?)
Y1,Y2€V1,21,22€Zm
< L(1+d)€

since )V and Z have a maximum element width of v/¢. And S0,

/ f(r 2y, 2) = f(r 2y, 2)PdX < (T — ) (28)FL(1 + d)e’ (5.2)
D(S)

Since €' was arbitrary, the result follows by (5.1) and (5.2). O

Remark. Note that given measurable coefficients { f, g, h} and domain D(S), the step
coefficients { f.q, E} are uniquely generated by the constants Cj; and Cg and the
parameterised partitions 7 and X? for ¢ = f, g, h of [t,T] and [—Cys, Cis]%.

Lemma 5.7. Let measurable coefficients f and g as defined in Definition 4.3 on
page 42, domain D(S) and constant € > 0 all be given. Then there exist positive
constants C and Cy; and parameterised partitions T and X° for ¢ = f,g of [t,T]
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5. Continuous-Time Approximations

and [—Chr, Cy]? such that the averaged step coefficients f, g defined in Definition 5.3
satisfy

/‘/“ swp | flra) — £y 2)Pplo)ddr < ¢ and
R4 yEDy

ZEDZ S)

/ / sup gr,x,y) — g(r,z,y) | p(z)drdr < e.
R4 yEDy

Proof. As usual, we just prove the result for f. Let us suppose that the result does

not hold; this means that there exists an € > 0 such that for any values of Cj; < oo

and Cr > 0 and corresponding partitions 7 and X of [t,T] and [—C)y, Cps]? we have

that the uniquely generated averaged step coefficient f satisfies

T
/’/ swp |2y, 2) — fr 2y, 2)Pp(a)dedr > e
]Rd

yE€Dy (5),2€Dz(S)

Let us define the set

C:: (TVT) S [t7T] XRd sup ’f(rax7y7z)_f(r7xuy7z)’2 Z ; .
yE€Dy (5),2€Dz(S) 2(T —t)
Then
[ sw o (fres) - S Powdsdr < [ oo Cpdaar
Ce yeDy (S),2€D(S) v Jra 2(T = 1)
€
=3
As a consequence,
[ s (frng) - ) Ppldsdr > 5 (5.3)
C yeDy (S),2€D5(S) 2

For fixed r and z, f and f are continuous functions of y and z which implies that for
each ¢ := (r., z.) € C, there exist y. € Dy (S) and z. € Dg(S) such that

’ (Tcaxcaycazc)_f<rcaxc>ycazc)|2 = sup | (rc,xc,y,z)—f(?“c,xc,y,z)IQ.
y€Dy (5),2€Dz(S5)

For § > 0 and ¢ € C let YV.(d) denote any interval of length ¢ such that y. € V.(9)
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5. Continuous-Time Approximations

and Z.(d) denote any cuboid of edge length ¢ such that z. € Z.(d). Then since for
fixed r and z, f and f are Lipschitz functions of y and z, we have that for y € V.(6)
and z € Z.(0)

|f(res @eyys 2) = f(re, 2.y, 2)]
2 ’f(rca Tey Ye, ZC) - f(rca Ley Ye, Zc)‘ - | _)(7“0, Ley Ye, Zc) - f(rc: Tey Y, Z)|
_|f(rca Tey Ye,s ZC) - f(’f’c, Tey Y, Z)‘

2 |f<rc; Tey Yoy Ze) = [(Tes Tes Yoy 2e)| — 204/ L(1 + d). (5.4)

If we choose

Ve

0 <
T 4\/2(T —t)L(1 +d)

then we have by the definition of C that

— —

|f(rey ey Yoy 2e) — [(Tes Tey Yoy 26)| = sup |f(re, xe, y, 2) — f(re, 2e,y, 2)|
yEDy (S),2€Dz(S)

“\aTr =9
> 44/ L(1 + d)o.

As a consequence, it follows by (5.4) that for y € V.(0) and z € Z.(9),

—

1
’ (Tcaxcay7z)_f(r67$my7 Z)P Z a sup | (rmxmya Z)_f(meCay?Z)’Z'
yE€Dy (S),2€Dz(S)

—

We then have by (5.3) that

—

’ (T7 x,y, Z) - f(T,[E, Yy, Z)’2d)\

S—

(5)

—

]ch(é) (y)]IZC(J) (Z)| (’I", r,y, Z) - f(ra z,Y, Z)|2d)\

v

pry(S)sz(S)

1
>3 / Ly, 5)()z.(5)(2)
CXDy(S)sz(S)

—

sup \flr,z,y,2) — flr,m,y, 2)[PdA
y'€Dy (5),2'€Dz(S)

V
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5. Continuous-Time Approximations

51+d .
= a4 sup | (r,:c,y, Z) —f<7',$,y,2:)|2p<l’)dl’d7“
2 Jeyeny (8),2eD4 ()
651+d
4

As a consequence, there is no averaged step coefficient f that can approximate f in
L3(D(S),R) which is a contradiction by Lemma 5.6. O

Definition 5.8. For a random function v : Q x R — R, define
Eluteal]i= B | [ vwaplone].
R
For a random function ¢ : Q x [t,T] x R? — R, define

Ean 0] = B | sup [ wlralp(ois] - ana

t<r<T JRd

rlwe. o) = | [ ' [ vler )]

Theorem 5.9. Let (Y, Z) denote the solution to the BDSDE (4.1) with measurable
coefficients {f,g,h} as defined in Definition 4.3 on page 42. Then for each € > 0
there exist positive constants Cp and Cy; and parameterised partitions T and X¢ (for
¢ = f,g.h) of [t,T] and [—Chr, Car]® such that (Y, Z), the solution to the BDSDE
with averaged step coefficients {f, g E} defined in Definition 5.3, satisfies

Enp |V = Y122| + &p |12 = 707 <

Proof. In the following proof, C' will denote a generic constant that can vary from
line to line but will not depend upon Cg or Cy;. Let us denote by 0 = (X, Y, 2)
By 1to’s formula (Result A.4) we have that for any s € [t,7] and a.e. x € R?,

— T —

o v 170 - 2 ar

—

T
= [A(X7") = h(Xz")P + 2/ (V0 =Y (f(r,007) — f(r, 0:7))dr

m T
+ Z / |§j(r7 ijw) — g (7”, 9£71>|2dr - Mgm
j=1v%
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5. Continuous-Time Approximations

where

Mt,m = 9 — r )_/'t,:r o Yt,x = 9_%,3: o et,x Cﬁj
s T Z ( T r ) g](TJ r ) gJ<T7 T ) r
j=1"5

vo [ (W v G- ) ).

Our strategy is to first apply Gronwall’s inequality to transform the equation above
into an amenable form. We will then prove the inequality without the sup using
the equivalence of norms result (Result A.3). Finally, we will apply the Burkholder-
—~Davis-Gundy inequality to obtain the result with the sup.

Step 1: By Young’s inequality, for any 6 > 0

l

2V~ V1) (Flr 87) — . 00)
1o x T ot x

< g| rt’ - Y;’t’ |2 + (5|f<7’, 9? ) - f(T, fo )|2
1 — — —, — —

< 5| Ttw - Y;"t7$|2 + 20 <|f(7“, Qi’w) - f(Tv 0£7$)|2 + |f(7“, ef"’x) - f(rv 9£7$)|2>
]_ — — —

S g| Tt,x - Y;t,x|2 4 25[/ (l}/rt,x o Y;t,:):|2 4 |Z1zz,x - Z:,x’2>

—

|f(7”, 0;61,3:) - f(”f’, 0i7z>|2

+
[\
=%

Similarly, we have that
D 1Gi(r, 06%) = gi(r, 057) [P < 2LIYE = Y42 [gi(r,607) — g;(r, 007 .
j=1 j=1

It follows that

T
T -y |12 - 2

S

- T 1 .
< R - nOxgop + (5 Lo+ m) e yrep
+OL\Zp" = 20+ 20|, 07) = £, 0°)

+2 Z |gj<7", 0:@) —gj (Tv 9£’z>|2d7” - M?z
j=1
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5. Continuous-Time Approximations
Consequently, choosing § > 0 so that 20L = 1 — ¢’ for some 0 < ¢’ < 1, we have that
— T —
|Y;t,x o Y;t,:c|2 + 5// ’Z?:c - Zi,x|2d7,,
— ) T — —
< IROG) = OGOP + € [ (1T =¥ 4 1l 0 = £ 0000 (55)

+Z 1, (r, 007) = g(r, 0,7)%) dr — M".

Taking expectations, applying spatial integrals and Fubini’s theorem and then mul-

tiplying throughout by 5 gives us (for a new constant C) that
— T —
(17 —vep] v | [ [ 120 - 2 pptayioa]
s R4

<C (5 [| (XL") — h(Xw)ﬂ (5.6)

|, 00) = F(r, 02 + Z 15 (r, 0:7) — g;(r, ef;x)|2]
T —

+/ (c/' |:‘Y;t,x - Y;ﬂt,z‘2:| d?“) )

Applying Gronwall’s inequality to the function of s, £ [Di,” - Y;‘”P]7 we have that

for any s € [t,T] (and again for a new constant C'),

c [D_}tx _ Yt,ac|2]
< c( [yh (X" — h(Xt””)ﬂ (5.7)
s

flr,01%) = f(r,077) \2+Zlg] ,07%) — g5(r, 95””)|2]> :

Now,

T
[ e[ iwe = v ar < (- 0) sup £ [T - vie]

t<s<T

and so applying equation (5.7) to equation (5.6) gives us that

£ [D_}St,x - YZ,IP] + gT [lz_’i,x o Zﬁ,x|2:|
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5. Continuous-Time Approximations

( [1h(x <X%f>|2} (5.8)
| _)(7“ etx) . th |2+Z|gﬂ gtz —gj(r,é’fjm)|2]> '

Step 2: By the equivalence of norms (Result A.3), there exists a constant C' > 0 such
that

£ (IO — P < € | 1) = b))

Since, by Lemma 5.6, h approximates h in Lz(Rd,R), for any ¢ > 0 we can find a
truncation constant Cp(h) € (0,00), a partition constant Cg(h) > 0 and a corre-
sponding partition X" of [—~Cy(h), Cpr(h)]? so that

d \h(z) — h(z))?p(x)dz < € (5.9)

For f and g we note that for any S € [S,,00), Dy(S) := [=5,S5] and Dy(S) =
[_Sv S]d7

—

|f(r,007) — f(r, 057)]?
= £(r,05%) — £(r,05)? (Ipy (5)(Y") + Ipy 5y (Y,27)) (Ipy(s)(Z57) + Ipy(s)-(Z57)) .

We will proceed by just examining the cases {Dy (S) x Dz(S)} and {Dy (5)¢ x Dz(S5)°}
as the cases {Dy(S) x Dz(S5)¢} and {Dy (5)¢ x Dy(S)} follow similarly.

Case 1 - Dy (S) x Dz(S): Let us define

—

F(’/’,ilf) = sup ‘ (T,.Q?,y,Z) _f(raxaya Z)‘2
y€Dy (5),2€Dz(S)
<2 sup |f(r, 2y, 2)|* + 2 sup |f(r, @y, 2)?
y€Dy (S), ZGDZ(S) y€Dy (S),2€Dz(S)

< 203, +4|f(r,2,0,0)* + 4(d + 1)LS?

and so

/ T [ 1F G lpta)dadr < o
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5. Continuous-Time Approximations

and Result A.3 (equivalence of norms) can be applied. It then follows by the equiv-

alence of norms and Lemma 5.7 that for any ¢ > 0,

’ﬂ

[ (. 00%) = £ (7, 00°) Py () (V) ) (227
< &r [F(r, X))

SC’/ / (r,x)p(x)dzdr
Rd

if we choose (dependent upon S) a large enough value of truncation constant Cy;(f),

(5.10)

a small enough value of partition constant Cr(f) € (0, Cg(h)] and corresponding par-
titions 7/ and X/ of [t,T] and [—Cy(f), Car(f)]%. Note that we will choose € > 0

to be a fraction of the e from the statement of our result.

Case 2 - Dy (S5)¢ x Dz(S): Let us first note that by Fubini’s theorem and Cheby-

shev’s inequality,

T
Er [Ty (s)-(Y,"")] = /t /R B (Iny (5)-(Y;")] pl)dadr

T
:/ / P |y > S) p(x)dzdr
R4
< 52/ / [1Y,2" 1] p(a)dadr

- S 5 [|th| }

Similarly, &z [Ipe (Z57)] < g7 [|Z57]?]. Now,

|, 627) = £(r,007)PLog, (V) (207)

< 3 (1r,00) = Flr X22,0,Z09) 2 | Flr, XE2,0, 25) = flr, X170, Z15)
£ X070, 217) = F(r607)]?) Iy ) (V)T )+ (207

< GLIY, " PIpy (s5)e (V) + 3| (. X1, 0, 25%) — (1, X170, 277) Plo ) (Z57).

By Results A.1 and A.5 (on the moments of X and Y) and the equivalence of norms,
we know that &7 [|Y,%*|?P] < oo for 2p € [2,7]. Consequently, by Holder’s inequality
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5. Continuous-Time Approximations

we have that for p € (1, 1] and ¢ conjugate to p

[|th| Ip, (Yt:c)} ( ; [|Ytat|2p])1/17 (5T []IDY (S (Yt:c)})l/q
<
— §2/q

Similarly, we have that since S > S,

X070, 217) = f(r, XE7,0, 207) Pl 5)0(217)
<3 (1. X020, 28) = Flr. X020, 2(r,2))
1 X070, 2 2)") = Fr, X7, 0,2 2)")
+ | f(r, X07,0,2(r, 2)%) — f(r, X7, 0, Zﬁx)‘z) Ip,(s)e(Z77)
< 6L|ZL7 [ T, (5)2(Z17) + 3 (r, X170, 2(r,2)") = f(r, X1%,0,2(r,2)) P

where z(r, 2)* denotes the unique closest point in Dz(S) to Z-* and so
2% — o) < |22
Similarly to Case 1, by equivalence of norms, Lemma 5.7 and since z(r, z)* € Dz(S),

7 (170 X020, 20, 2)") = f(r, X020, 2(r,0)) | < & [F(r, X17)]

/
<€,

for any ¢ given the choices of Cr(f), Cy(f), T/ and X/ in Case 1.

Furthermore, by Holder’s inequality, selecting p = % and ¢ conjugate to p, we

have that

Er (12T (20)] < (Ex [1ZE°P]) " (Er [Tosi-(207)])
C
S2/q°

Arguing similarly for the cases {Dy (S) x Dz(S)¢} and {Dy(S)¢ x Dz(S)} we con-
clude that we can find Cg(f), Car(f), T/ and X7/ so that

—

T |1f(r,007) = f(r 007)%| < o7 + € (5.11)
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5. Continuous-Time Approximations

The coefficients {g,} can be treated using the same argument.

As we progress through ¢ = f, g, h, let us select non-increasing values of parti-
tion constant Cg, non-decreasing values of truncation constant C; and successively
refined partitions 7. Since the number of functions is finite, we are able to find
Cy < 00, Cg > 0 and corresponding partitions 7 and X® of [t,T] and [—C)y, Cps]?
so that all of the above inequalities are satisfied for gg each defined on 7 and X°.
Consequently, by (5.8), (5.9), (5.10), (5.11) and choosing S large enough, the result

without the sup now follows:
£ [n?;w - Yjﬂ?] +&r [|Zﬁ’f — 7] < (5.12)

Step 3: Applying spatial integrals and Fubini’s theorem to equation (5.5), taking the

sup over s € [t,T] and then taking expectations gives

Ssup [’}_}St,m _ Y;t,:p’2:|

< & |IRxgE) - n(XEP| (5.13)
O | [V = Y12 4| Flr,66) — £( mfﬁ+§]% — g5(r,007)P

+Eup [~ ML)

By Step 2, it is sufficient to show that ., [-ME*] < e. Now, by the stochastic Fubini

theorem we have that

Mxmwz//wxW<w%wwmmmﬁ
R4

T
w2 [ [ e = ve@ - 2ptondn,an,),
s R4

Furthermore, by the Burkholder-Davis—-Gundy inequality, the Cauchy-Schwarz in-

equality and Young’s inequality, we have that for each j =1,...,m and any 6 > 0
t T t x ntx t.x { 1
{SUP / / (Y r =Y ") (g;(r,0,7) — g;(r, 0, ))p(:z:)da:dBﬁ}
t<s<T R4

) 1/2
<CFE (/ dr)
¢

/Rd(y;ta: Yt x)( ( gt x) _ gj(T, Hi’x»p(x)dx

63



5. Continuous-Time Approximations

<cr|([ ([ =vero)

1/2
( 19 67) = g5 ef:z>|2p<x>dl") dr) ]
R

1/2
<o |(sw [ W - vipao)
t<s<T .JRd
T 1/2
( [ [ 508 - o eﬁ@)\zmxmxdr) ]
t R4
Vs C — Ntz x
< C0y |[VI7 = VI P| + S Er ||6)(r.617) = 9,027
. 2 .
< Oty [V = Y1) + 2 [T — Y2 P 4 |y 08 — 0y 08)7].

The & [|37;fvx - WP] term can be handled by Fubini’s theorem and (5.12). Addi-
tionally, we have already argued in Step 2 that

. - . C
Ex [1g;(r.657) = g, (r. 60)P) < o + €.

We can similarly show that

T
Bl s | [ ([ -y - 2w,
t<s<T s Rd
> C -
e s I

< C6Euy [‘Y_'*tm _ }/St,a:‘2i| Le

s

by equation (5.12). The result now follows by choosing a small enough § so that the
Eaup |[V1" — Y,F"’CP] terms can be moved to the left hand side of equation (5.13). [

Definition 5.10. Given measurable coefficients {f, g, h} as defined in Definition 4.3
on page 42 and averaged step coefficients {f, g, l_i} as defined in Definition 5.3 with
partition constant Cg, truncation constant Cy; and parameterised partitions T and
X? (for ¢ = f,g,h), define the function B : RT x Rt — R* to represent the error
term of Theorem 5.9:

B(C, ) 1= B [I7% — Y2#P] 41 [1 220 — 207,
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5. Continuous-Time Approximations

Remark. Given a required accuracy of € and measurable coefficients {f, g, h} as de-
fined in Definition 4.3 on page 42 as inputs, we have constants C'; and Cp, corre-
sponding partitions 7 and X? for ¢ = f,g,h of [t,T] and [~Cy, Cys]¢ respectively
and step coefficients { f, g, ﬁ} as defined in Definition 5.2 as outputs. In subsequent
sections, we will assume that these outputs have now been fixed and will make use

only of Theorem 5.9.

Remark. Whilst we have shown that we can make e arbitrarily small by making C'g
small and C; large, the relation between the constants C'z and C); and the error
function  is not straighforward. Indeed, the relation depends on the measurable

coefficients { f, g, h} which can be highly non-linear.

5.3. BDSDEs with Lipschitz Coefficients

In this section we approximate step coefficients with Lipschitz coefficients and show
that the solution of the BDSDE with Lipschitz coefficients approximates the solution
of the BDSDE with step coefficients. Combining this with the main result of Section
5.2 we conclude that the solution of the BDSDE with Lipschitz coefficients approxi-
mates the solution of the BDSDE with measurable coefficients. To this end, we start

with the following definitions.

Definition 5.11. Let a truncation constant Cy; and partition constant Cg be given

and let T and X be parameterised partitions as defined in Definition 5.1 of [t,T]| and

Cg

(where dist denotes the standard Euclidean distance between sets):

[—Chr, Cur]? respectively. Given a constant Cg > we define the following sets

%g’ = {t())tly s atN(T)}v

Cu
= t,T — 1 < —
my=Ulselnfs-niz gt}

Ny = {X] eXxX ‘diSt(Xj,Xk) = O},
BY = U {z € X |dist(z, M) =0},
k

By = {JZ c [—CM,CM]d dlSt(l’,%OX) < C—M}
G

%;{7]@ =By NAL.
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5. Continuous-Time Approximations

In words these are as follows:
B9 is the set of boundary points of the partition T .
B is the set of points in [t,T] that are within g—fg of a boundary point of the partition
T.
Ny is the set of neighbouring partition elements of the partition element Xj,.
BY. is the set of boundary points of the partition X .
By is the set of points in [—Chy, Cyr]? that are within g—fg of a boundary point of the
partition X .
Cum

By i 15 the set of points in the partition element X, that are within or of the element

boundary.

d
Remark. We note that {(B7) is ~ g—]‘; and p(By) is ~ <g—1‘;> . For motivation on

why we define these sets, see the remark after the following definition.

Definition 5.12. Let {f, g, ﬁ} denote step coefficients as defined in Definition 5.2
with truncation constant Cyy, partition constant C'y and parameterised partitions T

and X° for ¢ = f,g,h of [t,T] and [—Chs, Cr]? respectively. Let Cq be a constant

satisfying Cq > Qg—g Then {f,3,h} are called Lipschitz approximations with max-

imum slope C¢ of { f, g, fl} or simply Lipschitz coefficients if they are measurable
coefficients as defined in Definition 4.3 on page 42 and additionally satisfy the fol-

lowing conditions:

1. For any x1,z; € R?
h(a2) — hf2)] < Calor — ol
2. For anyt,t, €[0,T], z,2€ Ry, yeRandj=1,...,m

|f(t1,$,y,2) - f(t27xay7z>| S OGItl - t2|

and
|gj(t17$ay7z) - gj<t2,$7y, 2)| S CG|t1 - t2|
3. Foranyt € [0,T], z1,79,2 € R, yeRand j=1,...,m

|f‘(t7x17y7z) - f(taany7Z)| S CGlxl - ZL‘2|
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5. Continuous-Time Approximations
and
|gj(t7 Ty, Z) - gj<t) x2,Y, Z)| S CG|tl - t2|

4. For all x & Byn, h(z) = h(z). For allt ¢ By, © ¢ Bas, y € R and
z € R ft,a,y, 2) = f(t,x,y,z). For allt ¢ Br, © ¢ Bys and y € R,
9(t,z,y) = §(t, =,y).
Remark. The final condition of the above definition requires that the sets 8+ and
B yr0n contain the parts of the domain [t, T] x R? upon which the step coefficients
{ f.q, E} and the Lipschitz coefficients { f, g, h} are not equal. As a consequence, the
regions where the Lipschitz coefficient have a slope of C¢ are restricted to 8+ and
Byron. As we will see, to make the Lipschitz approximations more accurate, we
must make Cg larger. Since the term Cg is present in error terms in subsequent
chapters, it is desirable to be able to quantify the effect of increasing Cs which is

precisely what the sets B+ and B y s allow.

Remark. We note that given a set of Lipschitz coefficients {f, g, h} as defined above,
there is implicitly a fixed partition constant Cpg, truncation constant C};, maxi-
mum slope C and parameterised partitions 7 and X¢ for ¢ = f,g,h of [t,T] and
[—Chr, Cr]? respectively. Furthermore, the sets defined in Definition 5.11 are also
fixed.

Example. As an ezample, we give an explicit definition of a possible choice for h

when d =1 (see also Figure 5.1).

-

hap-1) + (fl(xkz) - H(xk_1)> CaltBltO e |ap — Ghomn + %)

h(z) = h(zy), x€ BRI g—g)

| i)+ (o) = o)) g o€ [ - G+ G).

Remark. We require that Cg > Qg—EM otherwise it may not be possible to perform the

interpolation.

Lemma 5.13. Let step coefficients {f, g, fz} as defined in Definition 5.2 with trun-

cation constant Cy; < oo, partition constant Cg > 0 and corresponding partitions T
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5. Continuous-Time Approximations
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Figure 5.1.: h (solid line) and % (broken line) for d = 1. We note that the interpolation
is split evenly between adjacent partition elements and that we can choose
to interpolate with different slopes between elements as long as they do
not exceed Cg.
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5. Continuous-Time Approximations

and X¢ for ¢ = f,g,h of [t,T] and [—Chr, Car)?® respectively be given. For each con-
stant Cg > Qg—;f it is possible to find Lipschitz approzimations {f, g, h} of {f, g, E}
with mazimum slope Cg.

Proof. Let us first consider the case h. For all z € 8%, define h(z) := h(z). This
defines h(z) on unconnected cuboids of R It remains to define h for € B in
such a way that & is a Lipschitz function of = with Lipschitz constant Cl.

Let X} and X, be adjacent partition elements of X". By the definition of B yn,
there is a distance of at least Qg—é‘f between the points of X1 N B¢, and the points of
Xy MBS

Suppose that z; € A} is on the border of By that is facing A5 and similarly
x9 € Xy is on the border of B yu that is facing X;. Then since |E(x1) — ﬁ(x2)| < 2Cy
we can choose h such that it linearly interpolates between z; and x5 in such a manner
that A is a Lipschitz function with Lipschitz constant C. For simplicity, let us always
interpolate evenly between adjacent partitions (see Figure 5.1 for an example of this).
As a consequence, since we can always construct such a function h and since h satisfies
the conditions of Definition 5.12, the proof for A is complete.

Let us now consider f (g is the same). We note that since (t,z) € [0,T] x R?
R and d was arbitrary, there is no difficulty in adding a dependence upon t. For
f, instead of linearly interpolating between two constants, we now just interpolate
between two functions - namely the functions ﬁ,k(y, z) from Definition 5.2.

Since a linear combination of two measurable coefficients (as defined in Definition
4.3 on page 42) is itself a measurable coefficient, it follows that f is a measurable

coefficient and the proof is complete.
O

Definition 5.14. For a set A C R?, we define
n(4)i= | L@pla)ds,
Rd
Lemma 5.15. Let (Y, Z) denote the solution to the BDSDE with step coefficients

{f.,h} as defined in Definition 5.2, and (Y,Z) the solution to the BDSDE with
Lipschitz coefficients {f,g,h} as defined in Definition 5.12. Then there exists a
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Figure 5.2.: A visualization of the sets from Definition 5.11 related to Xy, := [z, Tx—1).
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5. Continuous-Time Approximations
constant C' > 0 independent of Cg, Cy and Cg such that
Enp |V = V12| + &r 120 = Z072) < CC3 (UB7) + p(B))
where | represents Lebesgue measure and p is defined in Definition 5.1/.
Proof. By Ito’s formula (Result A.4) we have that for any s € [t,T] and a.e. z € R,

T
Vie VP 4 / 207 — 70y
S

—

T
— R — B + 2 / (Vi — ) (F(r,65) — Fr,65))dr

+z [t )

where
moT . 5 ., —.
M= 2 Y [T (300 0) - 50, ) OB
j=17%
T o — & —.
9 / ((0pe = ¥t)(27 — 2%).aw, )

Following the same argument based upon Gronwall’s inequality as in the proof of
Theorem 5.9 we have that

g |Vim = Viop] + & [| 20 — 70
< O (& [Ihxg) — FegnP)

—»

v & |10 ) — Flr e \2+Z\gﬂ°9”"’ _WWD

By equivalence of norms and the definition of Lipschitz coefficients it follows that
& [Ih(xf) = RXE] < 4c3€ []I%X (X547 }

R4

= CCJQMM(‘BX)-
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5. Continuous-Time Approximations
Similarly, for ¢ = f, g
Er [16r,01) = 3(r, Fe) ] < ACHEr [T, () + T (X17)]

<402, ( /T Iy, (r)dr + C(T — t) /R d ]I%X(x)p(x)da:dr>
=407 ((B7) + C(T = )p(B))

and the result without the sup follows.
The result with the sup follows, as in the proof of Theorem 5.9, by applying the
Burkholder-Davis-Gundy inequality to M5*. O

An easy corollary of Theorem 5.9 and Lemma 5.15 is the following theorem which

is the main result of this section.

Theorem 5.16. Let (Y, Z) denote the solution to the BDSDE with measurable coef-
ficients {f, g, h} as defined in Definition 4.3 on page 42 and (Y, Z) the solution to
the BDSDE with Lipschitz coefficients {f,§,h} as defined in Definition 5.12. Then
there exists a constant C' > 0 independent of Cg, Cyr and Cq such that

Eoup [V =Y P + Ep [|207 — Z0F)P] < B(Cp,Cu) + CCRy (1(B7) + 1(Ba))

where | represents Lebesque measure, p is defined in Definition 5.14 and B is defined
in Definition 5.10.

Remark. As previously noted, we can make the term §(Cg, Cyy) arbitrarily small by
making Cg small and C); large and selecting the partitions 7 and X accordingly.
For a fixed value of C this will, however, likely make the terms I(B7) and u(Bx)
larger. The actual effect on altering Cr and Cj; on the terms (Cg, Cy), [(B7) and
1(B x) is highly dependent on the coefficients and the choices 7 and X'. It is of course
possible to place upper bounds on the effects but these will be gross overestimates
in most cases and quite unhelpful. For example, doubling the value of C}; could
obviously double the value of [(#8+) but this would certainly not be typical.

Despite this, it is easy to see that we can always find values of Cg, C); and Cg to
make the error bound in Theorem 5.16 arbitrarily small. To see this, suppose that

e > 0 is given and we require that

Euw (172 = V2] + 0 267 - 27F] <.
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5. Continuous-Time Approximations

By Theorem 5.9, we can find values of Cg and Cjy so that 3(Cg, Cy) < 5. Now let
us fix, C'g and C); to these values. For fixed Cr and C);, we can by Lemma 5.15
find a value of C¢ such that CC3; (I(B7) + u(Bx)) < 5 and our desired inequality
is satisfied.

5.4. BDSDEs with Smooth Coefficients

In this section we approximate Lipschitz coefficients with smooth coefficients and
show that the solution of the BDSDE with Lipschitz coefficients approximates the
solution of the BDSDE with smooth coefficients. The motiviation for this is to be
able to apply the regularity result for BDSDEs with smooth coefficients derived in
Chapter 6 when deriving an upper bound for the error term in our discretization
scheme in Chapter 7. An easy corollary of approximating the solution of BDSDEs
with Lipschitz coefficients with the solution of BDSDEs with smooth coefficients is
that we can approximate the solution of BDSDE with measurable coefficients with
the solution of BDSDEs with smooth coefficients.

Lemma 5.17. Suppose that f : R* — R is a Holder-continuous function with expo-

nent o and let us define for each 6 > 0, the smooth function

f5(z) = 67 /Rd A\ (x > x) F(a)da!

where

ANz) = { CeXp{larP;—l}’ x| <1

0, 2| > 1

and C'is chosen so that [o. A(x) = 1. Then fs is also a Hélder-continuous function

with exponent o and fs — f uniformly on R as § — 0.

Proof. The proof is practically the same as the standard result for continuous func-
tions with compact support (see for example [43], p.19). The difference is that we no
longer require f to have compact support since the Holder-continuity of f is sufficient

to imply uniform continuity on the entire domain. O
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5. Continuous-Time Approximations

Definition 5.18. Let {f, g, iL} be Lipschitz coefficients as defined in Definition 5.12.
We call {f, g,ﬁ} their smooth approximations parameterised by § or simply smooth
coefficients if they are defined for some 6 > 0 by

~ T+6 o I\
T, 2) = 67D / [ (555 (555 ) forat e dar,
t Rd 6 5
T+6 o o
g(r,x,y) : d“/ /)\(r T>)\<x x)g(r’,x’,y)dx’dr' and
t R4 (5 (5

() == 5~ [ <“’ — x) h(a')da!

Remark. Since we are required in Definition 5.18 to integrate over the enlarged inter-

val [t — 0, T + 6], we extend f and § as follows:

Theorem 5.19. Let (Y, Z) denote the solution to the BDSDE with Lipschitz coef-
ficients {f,g,iz} as defined in Definition 5.12. Then for each € > 0, there exists a
§ > 0 such that the solution (Y, Z) to the BDSDE with smooth coefficients {f,§, h}
parameterised by 6 as defined in Definition 5.18 satisfies

Eun (197 = V1| w80 1207 — 2P
Proof. By Ito’s formula (Result A.4) we have that for any s € [t,T] and a.e. x € R,
o~ ~ T ~ ~
T - Voo [ 120 - 2
~ - ’ T ~ - ~ ~ “
= (ROG) = OGP 2 [ (T = Vi) (Fr ) = )

s

m T
#30 [ 1508 = g5 0 P~ A
=178

where

(—B .

m T ~ -
Memim2 30 [T (5,08 - 0500 ) OB
j=1"°
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5. Continuous-Time Approximations

T
w2 [T =V - 2,0,

Following the same argument based upon Gronwall’s inequality as in the proof of
Theorem 5.9 we have that

& |[Vem = Vo] + & || 2 — 207
< O (& [[Rxg) = he)P

7 87) - r@”\2+2|gjre” - <r9“>|]>.

+&r

By Lemma 5.17, |h(z) — h(z)| can be made arbitrarily small uniformly in z. As a

consequence, we have that
E | Ih(X7") = h(Xp")| < e

Similarly, \f(r,agy,z) — f(r,z,y,2)| and lg;(r,x,y) — g;(r,x,y)| can also be made
arbitrarily small uniformly in 7, x,y and z. It is easy to see that the result without
the sup now follows.

The result with the sup follows, as in the proof of Theorem 5.9, by applying the
Burkholder-Davis-Gundy inequality to M5, O

The following corollary follows directly from Theorem 5.16 and Theorem 5.19.

Corollary 5.20. Let (Y, Z) denote the solution to the BDSDE with measurable coef-
ficients { f, g, h} as defined in Definition 4.53. There exist smooth coefficients {fv, ﬁ,%}
as defined in Definition 5.18 parameterised by a 0 > 0 and a constant C' > 0 indepen-
dent of Cr, Cyr, Cq and 6 such that the solution (17, Z) to the BDSDE with smooth

coefficients satisfies
Eup |V = Y122| + &0 1287 = 21| < B(Cr, Cur) + CC3y (Br) + ju(Br))

where | represents Lebesque measure, j 1s defined in Definition 5.14 and € is defined
in Definition 5.10.

Remark. We note that in the corollary above, the inclusion of Cg, Cy; and Cg is due

to the implicit dependence of the smooth coefficients {]7, g,ﬁ} upon them.
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5. Continuous-Time Approximations

5.5. Conclusion
The main results of this chapter are:

e Theorem 5.16: the approximation of BDSDEs with measurable coefficients by
BDSDEs with Lipschitz coefficients.

e Theorem 5.19: the approximation of BDSDEs with Lipschitz coefficients by
BDSDEs with smooth coefficients.

By Theorem 5.16 we are able to shift our discretization problem to the Lipschitz
coefficient setting and by Theorem 5.19 we are able to shift to a smooth coefficient

setting when this is convenient.

Remark. Let us recall Theorem 3.2 on page 37 from the review of [50] on the con-
nection between BDSDEs and SPDEs. In light of Theorem 3.2, the results of this
chapter can be recast as results on the approximation of SPDEs with measurable
coefficients by SPDEs with Lipschitz / smooth coefficients.
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Regularity of Y and Z

6.1. Introduction

In this chapter we derive a regularity result for Y given Lipschitz coefficients and
for Z given smooth coefficients as they will be central to deriving the error bound of
the discretization scheme in Chapter 7. To achieve this, we will need to construct
a suitable refinement of 7 for which these regularity results hold and which we can

subsequently base our discretization scheme upon.

Remark. These regularity results are an extension of those found in [49]. Regularity
results for conditions stronger than ours are derived in [2]. As we will note, however,

there is a missing step in the proof of the regularity of Z in [2] which we address.

Remark. The majority of the definitions and results in this chapter are parameterised
by a value At. We stress that the definitions and results hold for any At € (0, Cg].
In particuar, the value of At is not fized. Instead, the value of Cg is now fixed but
we are free to choose any At € (0, Cg] to plug into the definitions and results of this
chapter.

6.2. Regularity of Y for BDSDEs with Lipschitz

Coefficients

In this section our main result is a regularity result for Y given Lipschitz coefficients.
Prior to proving this theorem, we will introduce the concept of a partition without

cluster and prove a couple of technical lemmas.
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6. Regularity of Y and Z

From here on we will assume that our step coefficients as defined in Definition 5.2
on page 47 and their Lipschitz approximations as defined in Definition 5.12 on page
66 are fixed. As a consequence, the constants Cg, Cy; and Cg are now fixed as are
the partitions 7 and X? for ¢ = f, g, h of [t,T] and [—C)y, Cy]? respectively.

Definition 6.1. Suppose thatU is a set of partitions of [t, T] each of which is a refine-

ment of T. U is called a family of partitions without cluster of order x if there exists

a constant k > 1 independent of the partition constant Cg and truncation constant

Cwy such that for any At > 0 there exists a partition U; = {ug, u1, . .. ,UN(uj)} ceu
T—t

satisfying max;(u; —u;—) < At and N(U;) < k [55E]. U; is in turn called a partition

without cluster of order x and granularity At.

Example. If T is the trivial partition (T = {t,T}) then the set of all uniform

partitions of [t,T] is a family of partitions without cluster of order one.

Remark. The reason for introducing the concept of partitions without cluster will
become apparent as we proceed but let us have a brief preview. The functions f
and g are allowed to be irregular in both ¢ and . Our strategy to cope with this
irregularity with respect to x will be to utilise the spatial integral in the formulation
of our norm and appeal to the equivalence of norms result. Effectively, this will cause
the irregularities to be “averaged out”. With the time irregularity, however, we will
not be able to use a similar argument. Instead, whenever we encounter an irregular
region, we will drop the step size in this region to compensate. The trick will be to
demonstrate that we do not have to add too many extra discretization points for this

to work - this is where the concept of partitions without cluster becomes helpful.

We will construct our partition of [¢,T] via successive refinements of 7. We recall
that by definition, each interval of T is of length at least C'z. We now define our first

refinement of T~

Definition 6.2. We denote by T' any refinement of T where each interval of T of
length [ satisfying (n+1)Cg > 1 > nCg for some integer n > 2, is divided into n — 1
subintervals of length C'r and a single subinterval of length < 2CF.

Remark. A consequence of Definition 6.2 is that 7' consists of intervals all of length
| € [Cg,2CE). This means that in the terminology of Definition 6.1, 7 is a partition

without cluster of order 2 and granularity 2Cg.
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T H‘

g N |
[
[
[
[
[

Figure 6.1.: Construction of 7' from 7 each interval of 7! has width € [Cg, 2CE).

Definition 6.3. We denote

o= V(B )+ (Br) + 3 VB,

Lemma 6.4. Let (Y, Z) denote the solution to the BDSDE with smooth coefficients
{]?, ’gv,?z} as defined in Definition 5.18. Then for each p > 2, there exists a constant
C > 0 independent of Cg, Cy and Cg such that for any s € [t,T)

£ [|V?j’x|p] < CC%(mP* ™ + 1) .

Proof. In this proof we adapt the approach of [49]. We have (see [36], p. 223) that
vt t,xe\\T t:c tac nt,x tr tx<_'
VY = (ho(XE)NTVXE /f NENR dr—Z/ i (r,05")V oL dB)

T T
- / <VZ£’””> aw,
where we have used the shorthand for 5 = f, g
O (. )V = (00 (r 67)) VXL + 0y (r,0) VY 4 (0:(r,017) TV 21",
We note that the first and third terms are the product of a vector and a matrix and

the second term is the product of a scalar and a vector.
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6. Regularity of Y and Z

By Result A.5 on the moments of Y and since each of the derivatives of ]?, g and

h are bounded, we have that
£ [IV¥rep| < C& [ (X)) I X

p/2
+CEr ||(Fulr, 0TV XL (ngew Tvx:zf)

By the Cauchy-Schwarz inequality, the equivalence of norms, and Result A.1 on the
moments of VX it follows that

& [|W (X)) v X3P
< 26 [ChL . (X§7) [V X5

1/2
<t ([ 1 @ptoir g (9]
Rd
< COLp®B ).

Note that as a result of the mollification process, |h/(X5")| > 0 for regions outside
of B yr (which we can make small by making ¢ in Definition 5.18 small). This is
the reason for introducing the factor of two in the inequality above. By Jensen’s

inequality,

p/2 m
(Z (s 677)) TVX?IF) <mPP Y | G, 6,) VX
Jj=1

and so

p/2
o | (St dronces)

< omPicn, ZST I, (X0) |90

1/2
< Cmp/HOP ( / / Is ,, (¢)p(x)dadréy UVX“”FP])
< CmP*IC, Z V(B ).
=1
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6. Regularity of Y and Z

The result follows via a similar argument for f. m

Definition 6.5. Let g denote a Lipschitz coefficient as defined in Definition 5.12 on
page 66 and let T+ be as defined in Definition 6.2. Suppose that T' is represented by
the points r; wheret =ro<r; <...<r,=T.

Define

T m
U::/ / S 145, 2, 0)Pp(@)dadr < 20y,

t JrdZ

J=1

and fori=1,....,n

i = i J R ,0 2 d d
‘ //Z\gw )2p(a)ddr
so that U =" u,.

We define the refinement T of T by partitioning each interval [r;_i,7;) where

n

nu;

into ( 7 ] equally spaced subintervals.

Given a At € (0,Cg], we define the refinement T+? of T by dividing each of

the 2n intervals of T*! into subintervals of mazimum length At.

Define N := (%w Then we define the refinement T2 of T2 by uniformly dividing

each interval of T into exactly [2X] subintervals.

Lemma 6.6. Let g denote a Lipschitz coefficient as defined in Definition 5.12 on page
66 with partition constant Cg, truncation constant Cy; and maximum slope Cg and
let T2 be as defined in Definition 6.5. Then there exists a constant C' > 0 independent
of Cg, Cy and Cg such that for any At € (0,Cg|, T? is a partition without cluster
of order 6 and granularity At such that fori=1,..., N(T?)

t; m
/ / > " 1g;(r,2,0)?p(x)dadr < CAL.
ti—1 J R4 =1
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6. Regularity of Y and Z

T [ T

T [ I |
[RARRRNNN Ll |
[RARRRNNN Ll |
[RARRRNNN Ll |
T Tl |

Figure 6.2.: Construction of 7'! from 7*: each interval of 7' that has a high value
of u; (as defined in Definition 6.5) is split into subintervals.

Ck
Tl.l N HHHHHHH ________ ‘ ‘ ‘ ‘

- 1 1 1 1
| | | | |
| | | | |
| | | | |
| | | | |

Figure 6.3.: Construction of 72 from 7!: each interval of 712 has maximum width
At.

Figure 6.4.: Construction of 72 from 7 '?: each interval of 7' is split into an equal
number of subintervals.
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6. Regularity of Y and Z

Proof. Let us use the notation of Definition 6.5. By definition, for any j, k, [, any
r € T, and any x € A}, ¢;(r,z,0) is constant. We will first show that we can
add an additional n points to the partition 7' to construct the refinement 7! :=

{s0,51,-.,S2,} such that for i =1,...,2n,

Sq m § U
= / / Z |9;(r, 2, 0)|*p(x)dxdr < —.
si—1 J R4 j=1 n

To see this, note that for every w; such that u; > %, it is sufficient to partition
each corresponding interval (r;_i,r;] into (%w equally spaced subintervals (since
(ri1,m5) = T, C T; for some j and g is constant on 7; for fixed ). To achieve this
we require (%] —-1< L”“’J additional points. This means that the total number of

extra points we require is bounded by

S| < f S us

=1

as required.
We now divide each of the 2n intervals of 7! into subintervals of maximum length
At to obtain T2, Since T has n steps of length at least Cg, we have that Cp < T

To achieve an interval length | < At, since each interval of 7! has length | < 2C5

2Cg

N W subintervals. If we define

it is sufficient to divide each interval into at most [
o [Tt 1 N
N = IVE—I then AL S T—t and

20p _2T—t) N 2N

At — n T—t n’

It follows that Pcﬂ < [%1 and it is sufficient to divide each of the 2n intervals of
T into {%W subintervals which requires at most %Qn = 4N additional points.

We now construct the refinement 72 of 712 by uniformly dividing each interval of
T'2 into exactly [2Y] subintervals. This means that 72 := {to,t1,...,tx(72)} Is a
partition without cluster of order 6 and granularity At such that fori =1,..., N(7?),
we have that ¢; — ;1 < At and

/ /Z|g]rx0|p( )d:pdr<gﬁ_2(;{—Ajt).
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6. Regularity of Y and Z

]

Theorem 6.7. Let (Y,Z) denote the solution to the BDSDE with Lipschitz coeffi-
cients {f, g, 71} as defined in Definition 5.12 on page 66. Then there exists a constant
C' > 0 independent of Cg,Chy,Cq such that for any At € (0,Cg| and for each
i=1,...,n with T? := {to,t1,...,tn} as defined in Definition 6.5

E [ sup YEe -y (x)dx] < CAtCE(m +1)y/ux
t

i—1<s<t; JRd

where py as defined in Definition 6.3.

Proof. In this proof we adapt the approach of [49]. For s € [t;_1,t;] and a.e. x € RY,

we have by Jensen’s inequality and the Cauchy-Schwarz inequality that

/ (r, 9”” dB]

2

t;
émm_zm?gm/ |Fr, 00 dr+mz
ti—1

2
-+

t;
/ (ZL*, dW,)

Applying spatial integrals, Fubini’s theorem, the Burkholder—-Davis—Gundy inequality

and the equivalence of norms gives us that

B sw [ VP
ti—1<s<t; JRd

t; .
<CFE / (At|f(r,05)|? —l—mz |G, (r, 057) 2 + |Zﬁ’m|2)dr]
ti—1

t; .
<CE / (2A¢|f(r, X7, 0,0) ]2+2m2|g] r, X5 0)]

L ti—1

+2(m + ADL|YVE? + (1+ 2AtL)|ZJ3‘”I )dr]

t; . m

< C/ / (At f(r,2,0,0)* +m Y [g;(r,z,0)]*)p(x) dadr
ti— R4 -
i—1 ]21

t;
+CE {/ / (m|Y,""|* + | 2% p(x)dxdr}
ti_1 JR4
t;
< CmAt+ CE {/ / |Zvﬁ’z|2p(x)da:dr}
ti—1 JR4

by Lemma 6.6 and Result A.5.
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6. Regularity of Y and Z

Now let (Y, Z) denote the solution to the BDSDE with smooth coefficients {f, g, k}
as defined in Definition 5.18 on page 73. Then (see [36], p. 223) we have that

Zb = VY (VX o(XDY).

By Fubini’s theorem, the Cauchy-Schwarz inequality and Young’s inequality it follows

that
ti -
E {/ / ]Zﬁ’z|2p(:z:)dxd’r}
ti—1 JRY

< At Sup & [|Zt$| }

SG i— 1t]

sup /€ [[vVie \/5 (VXL 18 4 |o(X57)[5].
Setl 1t1]

The result now follows by Theorem 5.19, Lemma 6.4, Result A.1 and the Lipschitz
property of o. m

6.3. Regularity of Z for BDSDEs with Smooth

Coefficients

In this section our main result is a regularity result for Z given smooth coefficients.
Prior to proving this theorem, we will discuss the missing step in the corresponding
proof in [2] and prove a technical lemma that fills this gap.

Let (Y, Z) denote the solution to the BDSDE with smooth coefficients {f, g, h} as
defined in Definition 5.18 on page 73. To derive our regularity result for Z we will
make use of the relation (see [36], p. 223)

7y = (VYN (VXP) o (X0).
Let us define the notation (which is similar to that used in [49])

;‘ﬁz o V?t,x)
Ctx = Zt,a:
( ) _f:r( 7511‘;73:)7
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6. Regularity of Y and Z

Gj,w<7a) = gj,w (Tu 57{@)7
H, := hy (X5

and similarly for ﬁy(r), F.(r) and éy(r). For the sake of conciseness, we can rewrite

the linear BDSDE (again see [36], p. 223)

VYH = (h (X)) VXL

T rs N re -~ -~ ~
/ ((fx( et,x))TVXt,m + fy(ru 9;&,1) th (fz( ’ei,m))Tvzﬁ,x)drr
- Z/ (@5 (r, 02V XE 4 Gy (r, 007) VY1) 0B

- / ' (véﬂ aw,

in this notation as

moeT _ A T, 7
- / () + Gy W)aTBi— [ (@) av. o
If we now define

As::exp{/t %Z dr—Z/ il cﬁﬁ}

and could apply integration by parts directly, we would have that

<_

o~ T ~ ~ ~, m T ~ .
MG =M+ [0 (R + BnG) dr =3 [ 4Ga() 0B
s j=1"5

-/ A (@) aw,

where K(r) := Fy(r) — éx(r)éy(r) We note that it appears that this approach
has been followed in [2]. The problem with this approach is that A, is not even
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6. Regularity of Y and Z

.7: Wy }" r-measurable which means that the term

m T
S / A, G, (r)dB
j=17s

is not well defined. It is possible to obtain a slightly modified version of this equation

as the following lemma shows. To achieve this let us define
T m m .7
— ~ 1 ~ ~ .
As:=exp {_ / (Fy(r) — 2 Z |Gj7y(7°)| )dr + Z/ Gj,y(r)dBi}
s j=1 s

F
and observe that A, is F}% V Ffp-measurable, A, is F) V FZ-measurable and
A = ATA

Lemma 6.8. Let (57, Z) denote the solution to the BDSDE with smooth coefficients
{f, 5,%} as defined in Definition 5.18 on page 73. Then

T . m T "
MG = Aafl+ [0 (R)+ B0G) dr = ar Y [RGB,
s j=1"s

[ (@)

Proof. We note that the proof of this result closely follows the proof of It6’s formula
given in [23], p. 149.

We will show that
T m T
T“m H+/ K«(K(HF ) / fif?
s j=1
T ~ \T
N, / A, (g;f’f) daw,

from which the desired result readily follows upon multiplying both sides by Ar.

N

Let us note that since fy and g, are bounded, we can show that for each p > 1
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6. Regularity of Y and Z
there exists a constant C' > 0 such that
%
E [ sup {|A5|p + |As|p}} <.
t<s<T
Now, let us define for each n > 1 the stopping time
< ~t,x

T, == sup{s € [t, T); | K] + 57| > n}. (6:2)

Since lim,, ,, T, = s almost surely, it is sufficient to prove the result for the stopped

— ~t — _
processes A g7, and ”yszn. As a consequence, we may assume that A and 3% are
bounded. Now,

Kszl_/f( ij: )Adr—i—Z/ N, dBI.  (6.3)

Since the coefficients in equations (6.1) and (6.3) are almost surely continuous, we
can find a sequence of partitions I1(™ of [s, T] with N(n) steps (which we abbreviate

as N) and random variables R™ and S™ such that

% = H, + (F (te) + B, (t)%" + F (t@(fj) Aty
k=1
m N
S (Gt + Gl ) AFL - 3 (E) w5
=1 k=1 k=1

—. .
where Aty := tp 1 —t, AB7 = RW — Bl , AW, :=W,,,, —W,, and R®™, S™ — 0
in mean square as n — oo.

To see this, note that if we define éﬁ? (r) :

I
Q
o
@
—
~
ol
+
—
N—
jav]
]
[oN
=
NS
|
=
o
x
o
=
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6. Regularity of Y and Z

€ [tk,tk+1) then

m N m T 2
~ — : ~ e
E ZZGJ y(tk“‘l)AtqulA%gc - Z/ G; y(T>ATdB£
j=1 k=1 j=1"7s

by the dominated convergence theorem and the almost sure continuity of éj y(r) and
F

A,

Similarly, for k = 1,..., N, there exist random variables r,ﬁ"’ and sl(cn)

such that
% (_ . m . m
Atk = Atk+1 - (Fy(tk) - Z ‘Gj,y(tk)P) Z thrl Atk+1ABi + rl(c )?
J=1 J=1
W= (Fet) + Fy(t)3e7 + Fo(0)G ) At
~ ~ \T
- Z ( ja(ter1) + Giy(tein) ’Ytk+1> A§ (Ctt;;x> AWy + Sl(c )
and r,in), sl(Cn) — 0 in mean square as n — oQ.
Rearranging gives us that
— Uilape — = ~ WA — n
Atk+1 +Z Gj»y(tk+1> Atk+1ABi: = Atk + (Fy<tk> B Z |Gjyy<tk>|2> AtkAtk _TIE: :
j=1 J=1

~t.x - =~ ~ ~t,x i
T = (Gj,z(fkﬂ) + Gj,y(tkﬂ)’ﬁm) AB;
j=1

—_— ~t7x

~ ~ ~ ~, ~, T
=Yy, ~ (Fx(tk) + By (t)Ar + Fz(tk)cff) Aty + (g:ﬁ) AW, — s\,

And so, discarding the (Aty)?, AtxAW, Atks,i") and Atkr,g") terms, we have that

< ~t,x — ~ ~ ~t,x e j
AN, =Y <Gj,x(tk+1) + Gj,y(tk+1>7§k+1) AtkHA%fg

Jj=1
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6. Regularity of Y and Z

m

+ Z G] Y tk:—H A tk+1;77f1:_1A§]

- (Z Gy(trsr) AtkHABi) <Z (Gj,z(tkﬂ) + Gy (tera) me) Agﬂ)
— —
= N0 = (Btto) + B3 + 687 Mo Aty
< “t,x T - ~ T
+Atk (C:k > AWk + (Fy(tk) - Z ’Gj,y(tk)F) At;ﬂt Atk

n<_ n)~t,xr
—s,g)Jth—TI(C )7t’ —Tk (C > AWk+rk s,g).

ty

4
Upon rearranging again and recalling that A, = ArpA,,, it follows that

As:ﬁ’x - Hz
N e —
=Y (Atﬁtt:ﬂ _ Atkﬁfkil)
k=1
N _ mo _ ~ “
= Z (Fm(tk) + Z |Gy (te) P77 + Fz(tk)gf> Ay Aty
k=1 j=1
N m m
- (Z Gy(tetr) AtkHABi) (Z (Gj,x(tkﬂ) + Gj, y(tk+1)7:k+1> ABi)
k=1 \j=1 j=1
m N " “ gj “ N .
S Gt K, AT - K Y00, (G) AW
j=1 k=1 k=1

oy % e\ A ) )
S ty +rk ﬁYtk _'_rk Ctk k rk Sk

WE

We will show the convergence in L'(€,R) for each A;.

A= (fz(tk) +

T

~ moo. - ~ ~, —
- (Fx(r) + DG (P + FAT)C?“") A dr
7=1

S

|Gy () 31" + F. (m)dﬁ) Ay, Aty
1

in L?(2,R) as n — oo (and so N := N(n) — oo). This is easy to see - we can just
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6. Regularity of Y and Z

follow the argument above that showed that S™ — 0 in L?(©2,R) as n — oo.
For A, first

m N
~ ~ ~ b < .\ 2
ZZGjy 7981 (Gj,z<tk+1> + Gj,y<tk+1)7tt;;+1) Ay (ABi;)

=1 k=1
-2
-1

J

w(trr)
/T ém(?‘) <éjx(r) + éjy(m:ﬁ;;;) Krdr

s

%
in L?(Q,R) as n — oo. This is standard (see [23]) using the boundedness of A and
b afforded by introducing T, in (6.2). As a consequence, it is sufficient to show

that in mean square,

N
~ ~ ~ x| &, .
Z Z Giy(tetr) (Gi,x(tk—i-l) + Gi,y(tk—i-l)’yzf,;H) Atk-«-lABkA%‘lyc — 0.
k=1 i#j
. ~ ~ ~ ~tz\ &
Denoting G(t)ij = Gy (t) (Gialti) + Gig (L)) Ry, we have that

E (ZN: G(tk+1>i,jA§§cA§£)

k=1 i#j

N 2
= =
—E [Z > Glten)i,ABLABY,

k=1 \ i%j
+2E ) ( G(tk—kl)i,jA%;ﬂA%i) (Z G(tl+1)i,jA§?A§{>
| k<l \i#j itj
=E ) (Glten)ij + Gltasr)ja)’ (A§2>2 <A<§§§>2
< le’;};{zk} — 0 as n — oo.

To see this, first note that

<Z G(tk—&-l)i,jA%i:A%i)

i#]

— Z (G(trsr)ij + Gltri1):)° <A<§2>2 <A§i>2

i#]
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+ > G(tk+1)i1,j1G(tk+1)z‘2,j2A§?AgilAﬁfA%f

117£71,127]2

where additionally iy # j> and/or iy # j;. This latter sum has zero expectation since,

taking an example term with [ := 15 = j;, we have that
2 . .
B |GGt (851) ABpa By

L
_E [c:(zﬁkﬂ)“lc;(t,ﬁ1 o [(A%l) ABiABP
—0.

|

Secondly, we have that since k < [, i; # j; and 15 # jo

E [G(thrl)ihﬁA<§§clAEZ:IG(tlJrl)iz,jzA(E;QA%{z}
=FE [G(tkﬂ)il,jlG(tl+1)z’2,j2A§?A§fE [A§§2A<§{2
= 0.

FlvFE |

Finally,

E [(G(tk+1)z‘,y‘ + Gti)ja)” (AE“)Q (A§i>2:|

—Y Y s [mmu + Gl B | (8BL) (AT | 2 v 72,4
k=1 i#j
< maX{Atk} Z Z E tk:-i—l i,j + G(tk+1)] z) Atk}
k=1 i#j

< CmI?X{Atk}

since
N T
E ) (Gtr)ij+ Glte);o)* Aty | = B [/ (G(r)ij+ G(r)js)* dr| < oo.
k=1 s
m N N - . m T o
As :ZZGJ”C(M“)A%HA%i_)Z/ Ga(r) A dB?
j=1 k=1 j=1s
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6. Regularity of Y and Z

in L2(Q,R) as n — oo is standard.

Ay = XT;NIA% (Zf,;“)T AW, = R p /ST A, (gtm)T dw,

|

g/\tk (g;tf)T AW, — / ' A, (@)T AW,

in L'(Q,R) as n — oo. To see this, note that

97 1/2

and since (7, €) is the solution of a BDSDE with smooth coefficients, we can (see [36])
take E to be continuous.

We will now show that

N

Z )Atk + rkn)vfk‘r + rk <ka$) AWy — rk s,g — 0
k=

in L'(Q,R) as n — oo. It is sufficient to show that

N
SB[+ 157 = 0
k=1

as n — 00. To see that this is sufficient, note for example that

N ) 172 , N . o\ 1/2
5|50 (@) sw| < (z\r,@ ) (Z (&) am )
k=1 k=1 k=1
N ) 1/2 TN . o\ 1/2
< (E > D EIY () am )
k=1 Lk=1
and
N T 2 N N 9 T 9
By (g,f,f) AW | =E Y |G| at —>E{/ ta dr]<oo
k=1 k=1 $
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6. Regularity of Y and Z
as n — 0o. We now follow the same arguments as we did to show that
E[|[R™MP+|S™P] -0

as n — oo. For a step function ¢ defined on II™ we define ¢™ (r) := ¢(t;) and

¢ (r) := ¢(tps1) for r € [th,try1) C I, Let us consider ’I“l(j) (the argument for

s\ is similar):

il

o

4 ~ T~ 2\
=E||Ay, — Ay, + (Fy(tk) -y ‘Gj,y(tk) ) A Aty
j=1
m 2
~ — .
- ZGj,y(thrl)AtkHA%gc
j=1
tet1 ~ m ~(n 2\ —(n) ~ ™o~ 2\
—E /t <(Fy(”)(r)—Z‘G§.7y)(r)‘ N = (B = 3|6l ) AT) dr
k j=1 j=1
m tk+1 ’V(n+) <_(n) " <_ <_— 2_
S / (G4 R = Gyy(r) K, ) B
j=1 "1tk
Now,
2
E ]

and similarly for G. Furthermore,

m tet1 B -
By GOYN — Gy ()N B
j=1 "t
. ROV ORI — |2
S CZE Gj,y(T)Ar _Gj7y<T)AT dr
j=1 22
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2
— CAt, I

T

sup ‘ny tr) Atk — Gjﬂy(r)

rels, T

J=1

It follows that
N
S5 [17]
k=1

SC{E /j{

Y

2
Fm () (K( ' Kr)

i <—(n S
Z Jy ( - ) + ZAT‘< |G1y( )|> dr
j=1 7j=1
. A 1/2
~ — < —
+E sup ‘Gj,y(tk) Ay = Giy(r) Ay
=1 re(s,T)

— 0 as n — oo by the dominated convergence theorem and the almost sure continuity
of f,, g, and N Arguing almost verbatim from [23], we now note that by taking
some subsequence of partitions the result holds almost surely for each s € [¢t,T] and
so the processes on either side of our equality are modifications of each other and

since they are both almost surely continuous, they are indistinguishable. O]
We now prove our result on the regularity of Z with the help of Lemma 6.8.

Theorem 6.9. Let (EN/, Z) denote the solution to the BDSDE with smooth coefficients
{]?, ﬁJNz} as defined in Definition 5.18 and {tg,t1, ..., t,} be a partition without cluster
with granularity At as defined in Definition 6.1. Then there exists a constant C' > 0
independent of Cg, Cyr, Ca and At such that

Se| [ [ (12 -2 P12 - 20F) pladoar | < OmaeCE v
i=1 ti-1 JRY

where py 1s as defined in Definition 6.5.

Proof. In this proof we adapt the approach of [49] and so our approach is similar to
that found in [2]. We separate the proof into two steps - in the first, we derive an
alternative representation for Z and in the second we utilise this representation to

obtain the desired inequality.
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6. Regularity of Y and Z

Step 1: By Lemma 6.8 we have that
_ T _ o mooeT -
MG = Ae+ [0 (R + B0G) dr - ar Y [ R.Grul)B;
S le S

T ~ \T
- / A, (g:w) dw,.
Let us now define

M=o [(Enam) - [ 1F0Pa

with F,(r) = 0 for r < t and note that M is a martingale with respect to the filtration
G, := FV v FE. By Girsanov’s theorem, we have that {WS, Gs;0 < s < T} defined
fori=1,...,d by

Wi =W —/ E..(r)dr
0

is a d-dimensional BM on (Q2,Gr, @), where @ is defined for A € Gy by Q(A) =
E [IaMyr]. Tt follows that

T m T
~ ~ ~ «— .
AAYT = ApH, + / A K (r)dr — Ap ) / N, G, (r)dBI
S ]:1 S
T 3 T
—//ywﬁ)mw
Putting

s " m s . —
AbT = AT 4 / A K (r)dr — Ap ) / R, (r)dBY,
t j=1 Yt

& =, (6.4)
¢ = Ay (28°)"

we have that

T
e =g [ i,
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6. Regularity of Y and Z

Now,
T T =T
/ AW, = ApH, — AF'" + / A K (r)dr — Ag ) / X,Gur) B}
s $ j=17%

and since the right hand side is square-integrable it follows that the left hand side is
a martingale and not just a local martingale with respect to the filtration G. As a

consequence, we may write

7" = Eq [¢71G4]

and so
300 = AT B [€901G,] — A / AK(r)dr + A7 A2 Y / R, G (r)iABI.
t ot

By Bayes’ rule, we have that
Eq [€°1G,] = M['E [Mr&"|G,] -

It then follows by the Martingale Representation Theorem that

< <,

T = ATIMIE — AT / AK(r)dr + A, Ar Y / NG a(r)dB.
¢ 1t
where
et = B [Mré*16.] = B [Mre=lG] + [ naW, (65
t
for some 7 satisfying

T
E {/ ]nr|2dr} < 00.
¢

It follows that

7y = (VY (VXL) T o(X0)
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6. Regularity of Y and Z

m s T
— <MS‘1§§’“— / AJ?(r)dMATE j / KTG]-@(T)CTBg;) V.
t =17t

where V, := AJH (VXL lo(XE7) .
Step 2: Let us suppose that t < s < u < T such that u — s < At. Then
‘Z'Ex - Z§’2| < -[1(87 u) + 12(57 u) + I3<S7u) + [4(S,U)

where

I (s, u) = (/tu A,f((r)dr)T vV, — (/t Ajm«)dr)T Vi

m u T m s " T
(s, u) = (ATZ /t Xraj,m(r)éﬁag V, — (ATZ /t Xrajwméﬁgg‘) Vi,

Is(s,u) := |57 M 'V, — M1V,
Ly(s,u) = |€" — &7 | MV,

Let us define for r < s, AS := AgA;'. Then since each of f,, f. and g, is bounded,

we can show that for each p > 1 there exists a constant C' > 0 such that

<_
E[ o {|Af|p+!As‘llp+IAS|P+|MS\P+|M§1|1”}] <G,
t<r<s<T

(6.6)
E AL = AT + AN = AP+ | My — MP + | M, — MY P] < C(AL)P2.

We omit the proof for I; and proceed to I, which is similar.

Case 1 (Io):

m

Z/ N, G0 (r)dBI

ATV + |ArV, — Ar V|

< |3 [ a0,

Jj=1
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6. Regularity of Y and Z

Now,
m m 2
& |:Z/ Xrij(r)é@i |ATVU|2
j=17"%
- 4N /2
<(s{2 | K.Gut)iB; ) (& [IArval'])"?
j=17%

m u 4
£ Z/ N, G, (r) B
j=17%
Pl e~ PN e s =P e s,
—& Z/ AG;o(r)dB? +622/ A.G;o(r)dB? /ATG]x(r)dBi
j=1 s 7=2 =1 $ $
m u 4
<(1+3m-1)E|> / X, G, (r) B
j=1 s
m u 2
o215 2
< Omé (Z/ K 21G . ()] dr) ]
j=1"%
2

< szge [( IR G ar) ]

< cmzzi‘le 15 [ 1G]

comSS (e[ ([ mra) e[ ( G<>)D
< cmzmg (e [ 1T rar)e| [ Gura] ) "

. 1/2
< Om?*(At QZ ( sup 5 |A | sup &£ [|C§'M(7“)|8}>

re(s,ul re(s,u)
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6. Regularity of Y and Z
since
& [1GianI] < C5E [T, (X)) < COE(Bs).
It is easy to show that & UAT‘/;Z.|4] < 0o and so
8 {

Similarly,

2

‘ATViz ’2

3 / N.G,u(r) B

j=17%

< CmALCE\/lix.

2

/ N, G, (r)ABL| |AgVi — AV, 2

o5
(:

< CmC/imyJ€ [|ArVi — AV,

AN 12
N, G o (r)dBY ) (& [IArV, — ArVi)]) Y2

Now

E [|ArV, — ArVi|Y]
= £ [|IA(VxE) o (xy) - AT(Vng)AO—(ng)r]
< C{ UAT AT (v xte) (Xf;ff)ﬂ
iy [’AT’ | VXL g (XY — (VXz’z)_la(Xz’x)r‘]}
<o{(e[Iar - a7 e [looxe o))
+ (8 [IAT] € [lvxe o) - (v o) .
By Results A.1 and A.2,
£ [l(vxt) o (Xe) — (Vxt) o (x|
<c{e[|wxe) - @x) P lotx)f]
+ e[|Vt P o(xt) — o (x|}

100



6. Regularity of Y and Z

< o{ (e looxet - wxen ) e [locen) )

+ (5 [|(VXi’m)_l|16] & [\O(Xf;‘”) — U(Xz,z)‘mbl/z}
< (At

Recalling Result A.1 and equation (6.6) we have that & [|[A7V, — ATVS|4} < C(At)?

and so

& [|[I2(s,w)]?] < CmAtCE/pix.

Since U is a partition without cluster it follows that

n

sup & [|I(tie1, u)[?] < CmCy/px.
i—1 Li—1Sust;

Case 2 (I3): Since s < w and V and M are adapted to the filtration G, we have by
equations (6.4) and (6.5) that

£l

I3(s,u)|?]

€57 PIM, 'V — MV

(B [|Mr&" |Gu) 1M, 'V, — MV,

[ Mg P\ MV, — MV

[1€17) ™ (€ [IMrl 1MV, = M V[Y)

T 4 m T N
/ A K (r)dr Ar Z / (KTGjyx(r)élT?
t ot

1/2

IN

1/2

£
£
£
(€

IA

4T\ /2

IN

C| & ||ArH, | +

S <,

+

(& [IMe|*[M, 1V, — MTMVY)
< CmOg/pix (€ [|Mr|'| M7V, — MTV[')

1/2

by arguments similar to those in Case 1. Furthermore,

£ (M| MV, — MWL < (€ [|Mr] € [IM; 1V, — MWAE]) Y
< C(At)?
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6. Regularity of Y and Z
again by arguments similar to those on Case 1. As a consequence,

E [II:(s,u)[’] < CmAICE/px.

As in Case 1, since U is a partition without cluster it follows that
n

sup € [|I3(ti1, u)[’] < CmC/1x.

=1 ti—1Sust;

Case 3 (I): Let us denote by

To:= sup {14 VX" + |[(VXP") 7' + A7 + |87}
t<r<s

Iy := sup {1+ |X}"|}.
t<r<s

Recalling that " — &% = [Fn,.dW,,

swp B [|L(ti,u)?] = sup B [IM Vi e — €

ti—1<u<t; ti—1<u<t;
tl 1| |gtz 1]]

<C sup E[0S T B[lgb - I&
o]

ti—1<u<t;

=C sup FE [FglfilE [/u .| *dr
tio1<u<t; tio1
o]
— g, -
Since I' and T are positive and non-decreasing, it follows that
ZE[ ti— 1_tz 1

n—1
—92 T =2
F?n,1 tn— 1|§ |2 F?() t0|§ |2 ; ( F? 1Fti_1>]

=1

t;
<CE {rgijE { / I, [2dr
tl 1

t,x 2

= OE [Pgi—lfi—l (

&

g )]

=F

—92 -
< B |ISTHIer ).
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6. Regularity of Y and Z

As a consequence,

n

sup & [\14(&'71,’&)]2} <C¢& [F‘}F?} ‘fth 2}

=1 ti—1Sust;

< C\/g Ty € [l

By equation (6.6) and Result A.1 we know that the first expectation is bounded. For

the second, we have that

E[ler "] < € [|Mrg" '] < VE[IMr[F] E 1P,

By equation (6.6) and the arguments found in Case 1 it follows that
sup € [[Lu(tiz1, u)[?] < CmCy/pix.

i—1 bi—1Sust;

For r € [ti—la tz],

|Zbe — ZPT P < 2|28 - 207 P+ 2128 - 2 P

and so
2" U / (1262 = Zt7, P + 12 - Zt7P2) P(:U)d:cdr}
i=1 ti—1 Rd
n 4 N . ~ )
= Z/ ¢ [<3|Zix - fo1|2 + 2|fo _ ZZilQﬂ o
i=1 Y ti-1
< 5At su g |:Zt,:r N Zt’m 2]
- 'LZI ti—1 Sl’igtl | uw ti 1 |
n 4
< CAt su E I tif,u 2
) ZZP [17;(ti-1,0)]
< OmAtCEx
as required. D
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6. Regularity of Y and Z

6.4. Conclusion

The main results of this chapter are:
e Theorem 6.7: the regularity of Y for BDSDEs with Lipschitz coefficients.
e Theorem 6.9: the regularity of Z for BDSDEs with smooth coefficients.

These results are key to deriving the mean square error bound of our approximation

scheme in the next chapter.
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Discretization Scheme

7.1. Introduction

In this chapter we define our discretization scheme for BDSDEs with Lipschitz coef-
ficients (as defined in Definition 5.12 on page 66) in Section 7.3 and derive a bound
for the mean square error of the scheme in Section 7.4. To equip us for this, we first
finalise our partition of [t, 7] and derive some technical lemmas in Section 7.2.

In this chapter we will assume as fixed Lipschitz coefficients. As a consequence, the
values of partition constant Cg (as defined in Definition 5.1 on page 47), truncation
constant C; (as defined in Definition 5.2 on page 47) and maximum slope C¢ (as
defined in Definition 5.12 on page 66) are all fixed. The majority of results in this
chapter are parameterised by a value At. As we will see, the only restriction with
ci

o A Cg. We are free to choose
G

any connection to previous chapters is that At <
any value of At that satisfies this inequality.

The main results of this chapter make use of the results of Chapter 6. The results
of Chapter 6 are also parameterised by by a value At. The only restriction upon At
in Chapter 6 is that At € (0, Cg].

As a consequence, within this chapter, we are free to select any value of At such
that At < g—%;cf A Cg and plug this value into the results of Chapter 6. We stress that
there is no restriction to our choice of At from any previous chapters other than the

aforementioned inequality.
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7. Discretization Scheme

7.2. Preliminary Results

Let us denote throughout this chapter by (Y, Z) the solution of the BDSDE (4.1)
with Lipschitz coefficients { f ,g,h} as defined in Definition 5.12 on page 66 and
recall the filtration G, := FV Vv FE. We will make use of the following shorthand:
E;[] := E[.|Gy,].

The argument that follows will depend upon measuring the irregularity of the
coefficients { f.q, ﬁ} in some sense. To this end, let us recall Definition 5.11 on page
65 and further define:

Definition 7.1. Let X € {X/ X9 X"}, Then we define

Gy = {Z’ERd

dist(z,By) > C—M}
Ca

kCy (K + 1)CM] }

Q5X,k = {LE e Gy CG ) CG

dist(z,By) € (

for k> 1.

We will now make a final refinement of our partition 72 as defined in Definition
6.5 on page 81. As already discussed, the constants Cg, Cy; and Cg are now fixed.
Without loss of generality, let us assume that C'r < 1. We are now free to select in

2
what follows any value of At such that At < SHTAYN Cg. We tacitly assume from now
that this is the case.

e

Definition 7.2. We denote by T2 any refinement of T? that is a partition without
cluster of granularity At such that for each i, either T.> C B or T2 N By = 0.

Remark. In words, Definition 7.2 means that each element of 72 must either lie
entirely within g_g of a boundary point of the partition 7 or lie entirely at least g—”g

from every boundary point of the partition 7.

To refine 72 so that for each i either 7> C B7 or 7> N B = 0 it is sufficient
to add twice as many partition elements as there were in the partition 7. To see
this note that for each k, each element 7, € T has just two boundary points; as a
consequence, there can be at most two sub-elements of Ty, 7731, 7}32 € T2, such that
T2 ¢ By and T2 N B7 # 0. It follows that, 72 is also a partition without cluster of
granularity At.
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7. Discretization Scheme

€Br € Br
T2 — l !

S €Br

T? ]
|
|

5
\}

L]

|

Figure 7.1.: Construction of 72 from 72: each interval of 73 lies either entirely within
B entirely without.

Definition 7.3. Let the partition T° be as defined in Definition 7.2 and denote by J
those i such that T;> C By. Then we define T* to be the refinement of T2 constructed
by dividing for each i € J the interval T into

At;
Atl(B7)
equal subintervals.

Lemma 7.4. The partition T* as defined in Definition 7.3 is a partition without
cluster of granularity At such that for any partition element T.* := [t;,tiv1) of T*
and for any s € T.* we have that for ¢ = f.q

I = € [|0(s,05%) — 6(t:,857) ] < AtCE(Br). (7.1)

Proof. When T2 N8B = ) then [; = 0 and when T2 C B, I; < (CgAt;)? where
At; = t; — t;_1. Let us again denote by J those i such that 72 C Bs. As a
consequence, it is sufficient to ensure that At; < \/W whenever ¢ € J. It is
thus sufficient to divide each such 7;* C B into

Atl(Br)
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7. Discretization Scheme

T |
| |
| |
| |
| |

Figure 7.2.: Construction of 7* from 773.

subintervals. This means that to ensure that I; < AtCZ1(B+) upon T.*, it is sufficient
to add

At;
Atl(B 1)
subintervals to the partition.

Now

> At =1(B7)

eJ

and so the total number of additional intervals required, N*, satisfies

A I(Br) _ VT 1
pe \/Atl %T At T AL

As a consequence, since T2 is a partition without cluster of granularity At, so is

T [l

Lemma 7.5. Let X € {X7 X9 X"}. Then for each j > 1

Ha(Bxg) < (1+ e )pa(Ba) and  po(E%) < (2+ €”)pa(Ba).
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7. Discretization Scheme

Proof. For any subset A C [—Ciy, Chr]?,

1 (A) = /R Li)p)dr =Y /X Ly(2)p(x)dz.

k>0

Without loss of generality, let us assume that 0 € A and that A has maximum edge
length < 2C'g. If this is not the case, it is easy to see that we can refine X so that
this is the case without violating the restriction that each edge of X must have length
at least Cg.

We first show that for any j,

g/){k Héx,j(x)p(x)daj < Nm(%/\?)-

Let £ > 1, and suppose that the partition element X}, is the d-dimensional box with
dimensions d; X 0y X ... X dg4.

The boundary of X}, consists of 2d, (d — 1)-dimensional surfaces each of which
comes as a symmetric pair with each member of a pair having the same (d — 1)-
dimensional surface area. For example, when d = 1 the boundary consists of two
points, when d = 2 the boundary consists of the outline of a rectangle and when
d = 3 the boundary consists of the surface of a rectangular cuboid.

Since k # 0 we know that 0 ¢ X, and so for each pair we can identify the unique
member that is closest to 0. Let ;, © = 1,...d, be the member of each of the surface

pairs that is closest to the origin and let us denote by

By; = {l’ € A,

dlSt(l‘,wZ) S C—M} and Bgi_l = {ZE S Xkl
Ca

G

where &}, denotes the unique partition element that shares 1); as a boundary with
X.

We now denote by Gy j := & ; N Ay, the points of A, that are between Jg—GM and
% from the nearest point of the boundary of Xj. G} ; can be separated into d

pairs of boxes:
(Gla G2)a (G?)a G4)a sy (G2d—17 GQd)'

where each of these pairs runs parallel to a distinct boundary surface, ;. Without
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7. Discretization Scheme

loss of generality, let GGo;_1 and G; run parallel to 1; for each i. If we now associate
G, with B; for j = 1,...,2d it is clear that {(B;) > [(G;) where [ denotes Lebesgue
measure, and dist(0, B;) < dist(0,G;) and so p(B;) > p(G;) (see Figure 7.3 for an
illustration of this association when d = 2). It now follows that since the B; are

distinct, disjoint and each is a subset of By,

Z/Xk s, (7)p(r)dr < Z/ Ig, (x)p(x)dx = p.(By).

k>1

For k =0,

[ oo, @)t = [ e, e Has

Xo

< / T, (z)e " (e1=Cr) gz
Xo

< e"" 1, (By)

and the first result follows.
The second result follows by noting that 85 = By U (85 \ By). Following the
same argument as for ®y ; we have that p,(&% \ Br) < (14 €”)p(Br). O

For the sake of brevity we now define a parameterised constant that will be used

repeatedly.

Definition 7.6. Given a constant Ky > 0, we define for X = X7 U X9U X"

T(Ky) = (UB7) + p(Ba) ™55 ) V Vi

Lemma 7.7. For each Ky > 0, there exists a constant C' > 0 independent of
Cg,Cy, Cq and At such that

& [Ih(xf) = H(XE)E] < CArT (Ku)CE
and for = f,g,i=1,...n and s € [t;_, t;]

€ [16(s,0) — (s, K17, V17, 20) | < CAUT(Kow) G2,
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| | | |
| | | |
| | | |
| | | |
| | | |
_____ 8 ) I DU I
| | | |
[ [ [ [
————— g |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
PP BE
| | | |
| | | |
A ]
| | | |
| | | |
| | | |
| | ¢2 | |
| | | |
| | | |
| | | |
_____ O | O I
I I B, I I
[ [ [ [
_____ _|___|.____________B_3____________|___|._____
| | | |
| | | |
| | | |
| | | |
| | | |

Figure 7.3.: Finding an upper bound for p,(Gx;): %; denotes the member of each
of the surface pairs that is closest to the origin; B; denotes a member of
B y; G; denotes an element of &, associated with B;.
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Proof. We prove the result for ¢ as h is simpler. To this end, we note that

05, 657) = o(te, K7, V)", 200 < 316(5.007) — 0(8:.657)

s

310005, 057) — o(ts, XL, Vi, 227

S

+3|¢(tivXZ$>Yst7x7 ngx) _ qb(ti,X;’x,Kt’x, Z;,z)|2
As a consequence, we have the following cases to consider:

L. |o(s, 05) — o(t:, 047) |2,

2. |¢(t7,7 éé,x) - ¢(tw X:;xv }};t,x) Z?w)|2

3. |¢<t17 Xf;xu }V/St#t’ Z;,x) - qb(tla )?:;xu Y’St,x7 Zﬁ’x)|2

We note that Case 3 is analagous to the result for h so we will not prove the result

for h separately.
Case 1: This follows by Lemma 7.4.
Case 3: For X := X¢,
& [lott, XE7, Vi, 20%) = olts, X1, Vi, 200)

< CiE

RUE R (H@;(Xfﬁ 2 Lo (X0 s o) (X7 = Xff!))]
L G

where we have argued that we have an upper bound if for all instances where either
X" does not lie in S or X;* does lie in & but )/(\'t” is far enough away from X;*
to have possibly either entered into or crossed over By we assign a Lipschitz constant
of Cq.

By Holder’s inequality, equivalence of norms and Lemmas 7.10 and 7.5 we have

that for conjugate indices p and ¢
& [1X17 — Ri7 Lo, (X17)]

< (e[t - <)) e tagtxin])
=¢ (mfi)p /R 1+ !x\2p)0(:v)dx) v ( /R Teg (o (x)dx) 1a

112



7. Discretization Scheme

< CALp, (65)1*
O A (65, 2+K)

< C Aty (By) /)

choosing ¢ = 2 + K.

For the second term, we similarly have that for conjugate indices a and b
tx tx (2 tx tx vtx
€ |1t — REPloy (XU agy ) (K87 - RE7)
Cq’
t,x vt,x |2 1/a t,x t,x vt M
< (5 [l = R) ™ (& [Toan s (X7 - KD )
G
R 1/b
< CAt (5 |:]I@X7k (X;_’x)]l(ch OO)(|X;’$ - sz’xl)}) .
Cqg "’

By Fubini’s theorem, equivalence of norms, Chebyshev’s inequality and Lemma 7.5

we have that for conjugate indices p and g,
g |:]I®X,k(XZI)]I(kCM OO)(IX;’I — szx|)]
Cag?

N 1/q
< (€ e X0 (& [T (1637 - 7)) )

G

1/p R /'CCM 1/q
<o ([ towstomtoan) ([ P (b= %> 50 o)
Rd Rd Ca

1/p 0(2; t,x vtz |2 Ve
< Cln@x)” (o€ |12 - Xi7P] )

CZA\
i)

< cnma (1)

< C(a(B))” (

: c2,
since we have assumed At < Z4. Consequently,
G

€ {IXff = X Pl (X0 prae o) (107 = X0
G

k>1

< CAH (1, (Ba)) 7 Y k7

k>1
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< CAH(j1,(By)) &)

choosing b and p so that bp = 2 + Ky and bg < 2.

Case 2: Although we could get a stronger result for this case using the Markovian
property of X and a slightly more complex argument, the desired inequality follows

using essentially the same argument as in Case 3. O

We now derive a specialized form of the discrete Gronwall inequality. For the

standard discrete Gronwall inequality see, for example, [49], p. 479.

Lemma 7.8. Suppose that for j = 0,...,n a;j,b;,c; > 0 and there exist positive

constants C' and r such that either

a;+bj < (14 CAL) (aje1 + bja) + Cejpn + C (A1) (7.2)
or
| It j+k
a; + b]' < (1 + CAt) (ajH + bj+1) + 5 Z bl +C Z c + C (At)hr?’? (73)
I=j+2 I=j+1

In the latter case, we assume also that fori=j+1,....,5+k—1,
1
a; + b; < (]_ + CAt) (ai—i—l + §bi+1> + OCZ‘+1 +C (At)l-‘rT .

Then there exists a constant C' independent of At such that

max (a; + b;) < C’ (an +0b, + Z o+ (At)7"> )

0<i<n
=1

Proof. 1f (7.3) holds, we have that

j+k j+k

1
CL]‘ + bj S (1 + CAt)z (CL]’+2 —|— bj+2) + 5 Z bl + C Z ] —|— (1 + CAt) CC]'+2
I=j+3 I=j+1
+C (AH) (14 (14 CAY))
J+k
< (14 CAY" (@jsk + bjk) +C Y a(l+ (1+ CAL)=UH)
I=j+1
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e
—_

+C (A (1 + CALY

i

Il
=)

J+k
< (1+CAt)* <aj+k +bik+C Y a+kC (M”’“) :

I=j+1

Now, if for positive integers ki and ks,

Jj+k1
CLj ‘f‘ bj S (1 + CAt)kl <aj+k1 —f— bj+k1 —|— C Z ] —f— kl(] (At)prr)

I=j+1
and
J
@ty + bjpy, < (14+CALM (aj +bh+C > a+kC (At)”’”)
l=j—k2+l
then

Aj—ky + by

Jj+k1
< (14 CAphTe <aj+k1 +bjm +C Y athC (At)Hr)
I=j+1

+(1+CA)™C ( i c + ke (At)HT)

l=j—ko+1

Jj+k1
< (14 CAprH e <aj+k1 bk +C Y a+ (ki +k)C (At)”’”) .

l=j—ko+1

As a consequence, if we decompose n = ky+ ko +. ..+ k,, where k; = 1 indicates that
(7.2) holds, then recalling that x denotes the order of the partition, we have that for
any j =n—k; — ke — ... — ki,

a; +b; < (1+CAt)" <an +ba+C D> o+ (n—j)C (At)“’“)

I=j+1

< (1+CAt)" (an +by+CD a+nC (At)”’")

=1
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< (1 N wy (aﬁbﬁcicl + CR(T — 1) (At)r>

n
=1

< OR(T—1) (an +b,+C Z c+ Cr(T —t) (At)T> :
=1

]

Finally, to define our discretization scheme for (Y, Z ) we will require a discretization

scheme X. For the sake of simplicity, we select the Euler approximation:

Definition 7.9. Let X be defined as in Definition 4.1 on page 42. We denote by X
the Euler approzimation of X (see for example [24]) given by

)?ttox =,
X{7 = X004+ b(XDT) AL+ o (X)) AWy
where AWipy =Wy, —W,,.

The following result provides an upper bound on the higher order moments of the
error of the Euler scheme. A bound on the mean of the absolute value of the error
is derived in [24]. We note that the following result is likely to be already known
(although an existing proof was not located) and that the proof is similar to that of

the aforementioned result in [24]. We do provide a proof, however, for completeness.

Lemma 7.10. Let X be defined as in Definition 4.1 on page 42 andt =: to, t1,...t, =
T be a partition without cluster of order k and granularity At. For every p > 2, there

is a constant C' independent of At such that for everyi=1,...,n
B [1X07 = REP) < OO+ ap) Ay,

Proof. For ease of presentation, we prove the result for dimension d = 1. If we define
X by )A(ttz =z and for s € (¢;,t;41],1=0,...,n—1

X0 = XP7 4+ b(X)7) (s — t) + o (X[ (W — W)

then our notation is consistent with the Euler scheme. By Ité’s Formula, for s €
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(tiytiva]
X0 = X = X0 = X

4 [ ple - R - R0 - R
t.

'L

4 / PIXEE — Up2(X0 K1) ((XE) — o(K5T)dW,
t;

Sp x v x| |p— x v »L
+ [ B - DXt = R o) - o(Xi
t;

It follows that
- X | < B{Ixie - X

tit1 . N
v | [ X = R ) - R
t;

E||X}"

tit1

tit1
p T vt |p— x vz
v | [ b= it - R o (xe) - o (R
ti
Recalling the definition of Lx from Definition 4.2 on page 42,

X5 = R () — (KL
< VIxlXp - KPP (10 - X X - XL
< VIx (20 = XU 4 X0 = X0+ |X5T = RUEP))

Similarly,

[P = X 2o (X0) = o (K0P
S 2LX (2’Xﬁ’x _ )?i,x‘p + ’X;E,a: _ Xtt;x‘p + |XZI o )’(\—szrD) .

As a consequence, for a positive constant C' independent of At,

B Xt

< B ||1x - X4

tit1 - -
vop | [ {ixe - Remp s i - X4 X0 - R}
t;

_ )?:x |p]

i+1
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< (L+CADE X7 = REP| + O+ o) Aty
tit1 R
CE [ / Xt medr}
t;

by Result A.2. By Gronwall’s inequality it follows that, again with C' a positive

constant independent of At,

B IXi7, = Xiz ] < (14 CANE [|IX7 = RiP | + O+ [af) (At

If we write this as
Iy < (14 CAt); + aAt
it follows that

Iy <1+ CAY)((1+ CAY Ly + aAt) + KAt
n—1

< oAty (14 CAty

i=0

since Iy = 0. Since the partition is a partition without cluster of granularity x, we

have that At < “(TT_t) As a consequence,

,_.

n—

(1+CAtY < nzl ( —O“(T_”)j

Jj=0 j=0 n
Cr(T —t)\"
<n (1 ¥ ¥>
n

S GCK,(T t)

< K(T —1) (OR(T—t)

- At
It follows that for ¢ = 1,...,n there is a positive constant C' independent of At such
that

I <Ca=C(1+ |x|p)(At)p/2

as required. O
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7'*

C1 \ Co C3 Cy Cx Cgq Cr Cg
T

Figure 7.4.: Construction of chains ¢y, co, ..., cg on T*.

7.3. Definition of the Scheme

Chains

Before we define our discretization scheme, we need to split the partition 7* (defined
in Definition 7.3 on page 107) into a sequence of chains as described below. To under-
stand why this is neccessary, we note that in [49], the derivation of the error bound
relies upon the partition of time being K-uniform. In our notation, a partition 7 of
[t,T] is K-uniform if there is a K > 0 such that At; > 2 for all i = 1,...,n (where
n denotes the number of intervals in 7*). To cope with the irregular coefficients in
this thesis, however, we allow individual elements of 7* to be arbitrarily small and
as a consequence, it is not possible for 7* to be K-uniform. By using the concept of

a chain we can circumvent the requirement of having a K-uniform partition.

Definition 7.11. To split the partition T* 1t =ty < t; < ... <t, =T (defined in
Definition 7.3) into a sequence of chains we start by first placing the first partition
element T;* = [to,t1) into its own chain and closing the chain. We then start the

following procedure with 1 = 2:
1. Open a new chain and add the partition element T.* := [t;_1,1;).
2. Ift,_1—t;_o < t;—t;_1 then close the chain and restart the process with 1 = i+1.

3. Otherwise if t; 1 — t;_o > t; — t;_1 then continue to add partition elements
it Tivgy o Ty until t_y — tig < tiy, — iy and close the chain. Now

restart the process foriv =1+ k + 1.
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7. Discretization Scheme

Discretization Scheme

Definition 7.12. The discretization scheme for (Y, Z) is initialised with
}A/tim = h(X,) . anz :=0.
If we define

0L = i+ (0 0)A = 3 651,07 A B

7=1
where @zx = ()?tm, ?;”, fo) and AB] := B}, — B] | then
YZiEl = Ei—l [Uf;zi| .
If t;_1 1s not the start point of a chain of length greater than one, then we define

N 1 N
27, = B [0 ami].

When t;_1 is the start point of a chain of length k > 1, we define

T
L

MS

k—
itz L § : -~ J
Vz-‘rk 1 z+k 1 Z+l7 t i1 Atl+l - J (tl+l7 9 )ABl—l-l

= l

Il
o
<.

Il
-

and

—t,x

T
ti—1 - k—1 At Vz+k 1 2 :AVVH‘Z
1=0 i+l

Remark. The scheme above follows a mixture of the approaches followed by [49] and
[8] and consequently, in the case where each chain is of length one, is similar to the

scheme described in [2].

Continuous-time Representation

We now construct a continuous-time representation of our discretization scheme. We

note that this approach is similar to that taken in [8] for their implicit discretization
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scheme for BSDEs. This continuous-time representation will be used in the derivation
of the error bound of our scheme.

To this end, if we now define for s € [t;_1, ;]

M, = E U

G|
then
M, , =Y/ and M, =U"

By an extension of the Martingale Representation Theorem (see [36], p. 212), there
exists a process Z; adapted to G, such that

M, = M,, | +/ (Zb* dW,.). (7.4)
ti—1

Definition 7.13. We denote by Z the stochastic process defined by equation (7.4).

It follows that

t;
Vi =0 [ (zram) (7.5)
ti—1

m t -
ti—1

=1

As a consequence, if we define for s € [t;_1,t;)
VIO =V 4 f(t, 0,7t — s) Z )(B] — BY) / (Zb®, dW,)

then Y is a continuous time process that takes the correct values at each discretization
point and consequently our notation is consistent.

If ¢;_4 is not the start point of a chain of length greater than one we have by (7.5)
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the relation

>t 1 [t
70 = Ap B | 0 AWZ}

1
= —E |V + Zb d AW,
i (T [ ey ) aw

1 .
= —F, Zhrd
At; ' -\/til T:|

>t e .
and so Z;" minimizes the mean-square error among all G, -measurable random

variables in estimating Z%* over [t;_1,1;].
When t;_; is the start point of a chain of length k& > 1 we have by (7.5) that since
Ei |:}/;;fi_x1 ;:01 AWiH} =0,

o~ 1

k—1
tr it ot
Ztifl T k-1 By (V;Hkﬂ - Y;ifl) 2 :AVVH'Z
1=0 AtiJrl =0

1 . .
- g [((Ut _pte ) + (U — v )
R AN ti

<Utz+k 1 t+k 2)) Z AWz
1 titk—1 . k—1
= ?Eifl / <Zr’ adWr> Z AWy
1=0 Ati—i—l ti—1 1=0

1 litk—1
= S P { / Zﬁ’xdr}
1=0 AtiJrl ti—1

= e .
and so Z;* minimizes the mean-square error among all G, -measurable random

variables in estimating Z%* over [t; 1, t;ix_1].

7.4. Error Estimate

Lemma 7.14. Let (Y, Z) denote the solution to the BDSDE with Lipschitz coeffi-
cients {f,g, h} as defined in Definition 5.12 on page 66, Y the approzimation to Y
defined in Definition 7.12 and Z the approzimation to Z defined in Definition 7.13.
For each Kz > 0 there exist positive constants C' and Aty independent of Cg, Cyy
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7. Discretization Scheme
and Cq such that for any At € (0, Aty A g—?‘f A C’E}
G

max € [[V1 = 2] + & (|20 — Z62) < CAHCEY (Kow) + 1)

0<i<n
where Y(Ky) is as defined in Definition 7.6.

Proof. This proof follows a mixture of the approaches followed by [49] and [8] and
consequently is similar to the corresponding proof in [2] (although, of course, the
schemes are slightly different and there is no concept of a chain in [2]).

Fori=1,...,n, s € [ti_1,t;), we have that
~ AN ~ AN t’L ~ ~ ~
S / [F0r0) = f0 )} dr
— ti _
—Z/ r, 6h7) — Vj(ti,égf)} dBJ —/ (Zb® — 7% dw,) .

By our standard argument we have that for any ¢ > 0,

Js;:fz[mt@—ﬁwﬂJrEU / |21 — 74 p(x) d:cdr]
< el -vep] ][ [ (G- Ter e aie.an - fedr
s Rd

+ Z| 5 (r, 05" — g (tz,é;t’x)|2> p(z)dxdr

J=1

Now,
r A b T 1 3 T - vt rtx otz
70 = 0B < (14 5 ) 1F08) = flo Rer 3w, 20
(L4 O (b, X7, Y0, 28 — [t 6:7))
1 .. . ~ . .
< (14 3) 1) - foo ez v 2

FU+ DL ([0 = 072 4 |20 = Z7P2))

. Jt.x o nt.x - At - vthe yrtx st
|G;(r, 65%) — g; (i, 6:7)) < (1+ 5 |G;(r, 057 — g; (s, X0, Y00, 2072
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Vi =Y < (1 + %) V52— VT2 (14 6)| V" = VP2
Consequently, we have by Theorem 6.7 and Lemma 7.7 that
Jy €|V = v
+E [/ / ( Vi — Y2 46 (1 + > | (r,087) — f(ts, X0, Vb, 202
R
+LS(1 +6) (mm — VP12 - 2
( ) Z 1G;(r, 607) = g;(ts, X55, V27, Z07)?

+ (1+9) (mL|YTt"” - th’fc ) p(x)dxdr]

<& | - v
§ Lot Vta|2 1 2
+FE |:/ /Rd (SD/TJ—Y;’ﬂ +((5—I—m) (1+S) CAtCGT(KsB)
1Y\ - . . ~
rLln e o)(1+0) (145 ) 178 = VP 4 (L DT - TP
(14 0)Lo| 20 — Z;fﬂ?p(x)dxdr]
ti } N
< O’/ Jydr + (1 + CAHE [|Yfﬁ‘”” — Yf.’”“|2]
+(1490)LOE {/ / |Zbe — 70 (x)da:dr] + C(A)?*CEY (Kp).
It then follows by Gronwall’s inequality that
Ty < (O (€77 = TP

+ (14 8)LOE [ /t _ti /R 17 - 2§;z|2p(x)dxer (7.6)
O(ADR(CEY (Fo) 4 1).

To see this note that as we are interested in convergence as At — 0 and since C’

does not depend upon At we may assume that C’At < 1. It then follows that for
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At < Aty with Aty = &

C'At ! (C/At)Q
e =1+C'At+ o
C'At  (C'At)?
:1+C’At(1+ 51 +( o ) +>

<1+ e“ACIAE
<14 3C'At.

Now, for the solution (Y™*, Z*) of any associated BDSDE with mollified coefficients
we have that for any 6 > 0

1 > 7t T, % 1, % >t
§) 18 = 2P (02 - 2

2 = > ST, % St,2,% —t.x
(2+ )(!Z” Zy P |2 = ) + (L 0)| 2 = 2

|20 = ZEP < (1 +

Now, if t; is not the start point of a chain of length greater than one,

el - 2] e || - o[ [ 2]
.y ‘ { m Zh — Zt’mdr] |
At '
1 T otes  sta P
< mf E; /tl Zti — Z%dr ”
1 : b1 Stk At ’
N (Ati+1>2g / A A ]

1 [ -ti+1 71,2 ,% ~t.x|2
< Ati+1E \Zti — 2% p(x)dzdr

1 ’L+1 -«
At Rd

+ (14 5)|Z£""? — Z2°1) plx >dwdr}

1 M i § ) ) V
<m B0z - zep iz - 2o
Aty s, R

+ (L+8)|20" = Z6")?) p(x)dadr]

where we have used Fubini’s theorem and the Cauchy-Schwarz inequality. Since
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At; < At; 1 (which we know because t; is not the start point of a chain of length

greater than one), we have that
ti . R
E {/ / | 28" — Ztti’x\zp(x)dxdr]
ti—1 R4
tit1 . . . .
<op| [ ] Gz - zep vz - 20) playdaar
ti—1 Rd
tit1 _ _
+(140)E V / e Zﬁwy?p(x)dxdr} |
t; Rd
Consequently, recalling (7.6) and choosing § so that
! 3 1
(1+C'At)(14+9)°L = 1
we have that
1 1
A+ B+ 1B < (14+ CAt) A; + 5B+ CC;+ C(A*(CEY(Ky) +1) (7.7)
where we have defined

A= IV =T

[ rtiv . _
B;:=FE / / | ZL* — Z8* | p(x)dzdr
LS t; Rd

and

[ flit . . . .
C;:=F / / (|25 = ZEm* | 4 | ZEm — Z87?) p(x)dxdr}
LS t; R4

Similarly, when ¢; is the start point of a chain of length &£ > 1,

. 1 Livk 2
Z,i’m* — k—Ei {/ Zﬁ’xdr}
Do Aty t;

1 Livk 3 5 ) )
S k—E |:/ / (C (|Z§Z’$’* — Z£’27*|2 + |Z113,£B,* - Zﬁ,x|2)
Zl:l Atl+l t; Rd

+ (1+6)| 2" = ZE*)?) p(x)dadr] .

ellzir - 2] =€
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Since At; < Zle At;y;, we have that

ti R
E {/ | Z5" — Zfﬂ%(m)dmdr}
ti_1 JR4

tivk . . . .
<op [ [ 02— zeep e - 2 tayisar

(148 U ”k/ 7 — 22 (s )dxdr}

and
1
Ai 1+ Bi1 + ZBi (7.8)
i+k
1 1 o
< (L+CA) A+ 5B+ 5 > (B +CCy) + C(AL)*(CEY(Ks) + 1)
j=i+l

Defining I; := A; + B;, we have by Lemma 7.8 that

max [; < C(I, + Z C; + AHCEY (Kyg) + 1)).

0<i<n
=1

By Theorems 5.19 and 6.9 (and choosing € small enough), >1" | C; < CAtCEY(Ky).
By Lemma 7.7 and since B,, = 0,

I,=E { |h(XET) — h(XE") P p(a)de| < CALCEY (Ky).

Rd

It follows that

max [; < CAt(CEY (Kg) + 1)

0<i<n

which gives the result for Y. Summing both sides of (7.7) and (7.8) gives us that

n—2 T n—1

1 . _
§ Li+ZE [/ / |Z£’I—Zﬁ’z|2p(:n)d:1:dr} < § (14+CA) L;+CAH(CEY (Kp)+1).
i=0 t JRY =0
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Consequently, we have that

T
E {/ / | Zb® — Z’f’xlzp(x)dxdr}
t JR4

n—1

< C(L+ CAOL,y + Iy + CALY I + CAHCEY (Ky) + 1)
=0

< CAHCEY (Kp) + 1)

as required. 0
Let us now define for s € [t;_1,t;), the step processes )A(ﬁz = )A(ffl, }A/St’m =
?ti’_xl, 2;‘” = Zi_’fl where )A(ffl is the Euler approximation to X and (3/}, Z\) are the

approximation to (Y, Z) defined in Definition 7.12. Furthermore, we define 5;96 =
(Xem, Yim, Z0).

Theorem 7.15. Let (Y, Z) denote the solution to the BDSDE with Lipschitz coef-
ficients {f,g,ﬁ} as defined in Definition 5.12 on page 66 and let )A(,}A/, 7 be defined
as above. For each Kp > 0 there exist positive constants C' and Aty independent of
Cg,Cy and Cg such that for any At € (0, Atg N\ ngzg A C’E]

max F | sup YT — }Zt’ﬂzp(x)dx] +&r [|Zv7’fl’ - Zﬁxﬂ < CAHCEY (Kp)+1)

1<isn |:ti—1§5§ti R4
where Y (Kp) is as defined in Definition 7.6.

Proof. This proof is very similar to corresponding proof in [49]. For 1 <i < n,

B sw [ - T Ppaas]
ti—1<s<t; JRd
| sw [T Pt
ti—1<s<t; JRd

<op| s [ - v Pateyds| 4 26 172, - T ).
]R‘i

ti—1<s<i;

and the result for Y follows by Theorem 6.7 and Lemma 7.14.
For the solution (Y, Z) of any associated BDSDE with mollified coefficients we
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have that

t; _ . t; _ .
B[ [ 12z pootear] < B | [ [ 1207~ 2 Potorteds
ti—1 JRA ti—1 JRE

since, as previously noted, ZH minimizes the mean square error over all G, -
measurable random variables in estimating Z over [t;_1,t;]. Consequently, it follows
that

&r |12 = 7t

<28, |27 - 2] + 26 |27 — 2]
. _ n t; _ N
=ogp 7= 2 w23 B | [ [ 17 2 Poteaa]
i=1 ti—1 JRA

2z 2B | [ [ e - 2 oty
i=1 tiz1
2% — ZiP]

2

IN

Er |
§25T[

n ti_1 B . . . - ~
+6> E M /R (|Z;E~’f — ZbeE |2 — 2R | 2 — Zf;71|2> p(x)dxdr}
=1 i

= 8&r [|Zﬁx — Zﬁ””ﬂ
n ti—1 . _ _ .
+6 Z E {/ / |Zt* — Z8712 | 28" — foj%o(:v)d:vdr}
i=1 ti Rd

and the result for Z follows by Theorems 5.19 and 6.9 and Lemma 7.14. O

Remark. In the above result, the approximation improves as At — 0 but worsens
as the maximum slope Cs — oo (as defined in Definition 5.12 on page 66). In
Theorem 5.16, however, the approximation improves as Cg — 00. As a consequence,

to have overall convergence of the scheme, we require that AtCZ — 0 as At — 0 and

1
3-
&

It follows that if to construct an approximation we really do need to have Cg — 0

Ce — 00. We could achieve this, for example, by having At ~

or Cy — oo (and so Cg — oo at a relatively fast rate) then the upper bound given
by the previous result on the rate of convergence could be very poor. Of course, this
is not really a surprise since we are providing an upper bound for cases which include

very irregular coefficients.

Combining Theorems 7.15 and 5.16 (on page 72) gives us the main result of the
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thesis:

Theorem 7.16. Let (Y, Z) denote the solution to the BDSDE with measurable co-
efficients {f, g, h} as defined in Definition 4.3 on page 42 and let X’, }A/, 7 be defined

as above. For each Ky > 0 there exist positive constants C' and Aty independent of

Cg,Cy and Cg such that for any At € (0, Atg N\ %12” A C’E]
G
max E [ sup [ |V - ?:%m:)da:] +&r |12 - 2P
lsisn ti—1<s<t; JRd

< CAHCZY (Ksp) + 1) + 28(Cg, Cy) + CC3y (1(B7) + u(Bx))

where Y(Kwy) is as defined in Definition 7.6, | represents Lebesque measure, p is
defined in Definition 5.1/ on page 69 and [ is defined in Definition 5.10 on page 64.

7.5. Conclusion

The main results of this chapter are Theorem 7.15 which gives a bound of the mean
square error of our discretization scheme for BDSDEs with Lipschitz coefficients and
Theorem 7.16 which combines Theorems 7.15 and 5.16 to give a bound of the mean

square error of our discretization scheme for BDSDEs with measurable coefficients.

Remark. Let us recall Theorem 3.2 on page 37 restated in the review of [50] on the
connection between BDSDEs and SPDEs. In light of Theorem 3.2, the main result of
this chapter can be recast as a result on the approximation of SPDEs with measurable

coefficients via a time discretization scheme.
In practice, the application of Theorem 7.16 separates into three stages:
1. In the first stage, we approximate our measurable coefficients with a set of Lip-

schitz coefficients and in doing construct a partition of [¢,T], T, which defines

certain properties of the Lipschitz coefficients.

2. In the second stage, based upon certain properties of the Lipschitz coefficients,
we refine the partition 7 to obtain 7 so that when discretized using 7, the

Lipschitz coefficients have certain nice properties.
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3. In the final stage, the intervals of 7* are grouped into chains and our discretiza-

tion scheme is applied.

The first stage is highly dependent upon the measurable coefficients and so should

be considered in the context of a specific problem. As a consequence, we now provide

a brief summary of the final two stages where we assume as given a partition 7 of

[t, T| parameterised by partition constant Cz as defined in Definition 5.1 on page 47
and Lipschitz coefficients {f, g, h} as defined in Definition 5.12 on page 66.

1.

Construct 7! from T as specified in Definition 6.2 on page 78 which is straight-

forward.

Construct 72 from T as specified in Definition 6.5 on page 81. The intermedi-
ate step of constructing 7! requires calculating for each interval [r;_y,r;) € T*

the value

wi= [ [ Sl o) plodsar
ri_1 JR =1

We note that this may well require the use of numerical integration.

Construct 72 from 7?2 as specified in Definition 7.2 on page 106 which is
straightforward.

Construct 7* from 72 as specified in Definition 7.3 on page 107. We note that

this requires the computation of the value

At;
Atl(B7)

for each 7> C B7. We note, however, that this would not be hard to do

programmatically since the values At; and [(B7) are readily calculated.

Construct a chain on 7* as defined in Definition 7.11 on page 119 which is

straightforward.
Compute the Euler approximation of X given by given by

Si,
X" =z,

to
X = X b(XT) AL + o(XET) AWy

tivr1
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where AW, 1 := W,

a large number of Brownian paths with values at the points in time defined by

i1 — Wy, To implement this, one would typically simulate

7* and calculate X for each of these paths at the same time points.

7. Initialise the backward scheme with Ytz = h(X,,) and fo = 0.

8. For i =mn,...,1, calculate fftf_zl using the formula
T By [T 4 F(0, 8000~ 3 gyt B)AB:
7j=1

where and AB] := B} — B}
9. Foriv=mn,...,1, calculate Zt:l using the formula:
a) (if t;_; is not the start point of a chain of length greater than one)

VT (6 05 A = D ;1 6 ) ABIAW,

j=1

>t
Z _’m = _Ei—l

b) (if ¢;_ is the start point of a chain of length k& > 1)

~

1
L . __
2= B Vi E :Abml
1=0 Atz’—l—l

where

T
L

Vj <t1+la 0 )ABZJ,-Z

AMS

k—
T Ut,x
Vz+k 1" Yz+k 1 2 : tist, 0 t+z AtHl_

= l

Il
)
<

Il
—

Remark. We note that one possible approach to calculate the conditional expectations

above could be to perform a least squares regression as explored in [17] for BSDEs.

Remark. We note that it is not strictly necessary to use the Euler approximation to
construct X. Indeed, any approximation of X that satisfies the inequality of Lemma
7.10 would be sufficient.
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Infinite Horizon Case

8.1. Introduction

In this chapter we take a first look at the approximation of infinite horizon BDSDEs
(as introduced in [50]) via time discretization. For the sake of simplicity, we restrict
our presentation to the case where W and B are one-dimensional standard Brownian
motions and the coefficients f and ¢ are Lipschitz in ¢t and x. We do not, however,
restrict our attention to the BSDE case as we have seen in the previous chapters that
the transition from BSDEs to BDSDEs is not without casualties (for example the
dependence of g upon 7).

Indeed, it seems that the strategy used to derive the regularity of Z is somewhat
problematic in the infinite horizon case. As a consequence, in this first look, we will
also remove the dependence of f upon Z. The exact problem statement for this
chapter is given by the Infinite Horizon Problem of Section 4.2.2. Specifically, we will
approximate the BDSDE (4.2) with contractive coefficients as defined in Definition
4.4 on page 44. We note that the contraction coefficient p of Definition 4.4 is similar
in spirit to the contraction defined for the SDE case in [48].

In [50], it was shown (under more general contractive assumptions on the coeffi-
cients) that the BDSDE (4.2) has a unique solution (Y, Z) and u(t,.) := Y is a
stationary solution of the corresponding SPDE. As a consequence, if we are able to
approximate the BDSDE (4.2), we are able to approximate the eventual state of the
corresponding SPDE.

From [50] we know that we can approximate the BDSDE (4.2) with the following
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8. Infinite Horizon Case

finite horizon BDSDE

T T <«
estY?St,x — / efKr(f()(?zz,a:7 Y;t,x) + KY;t,x>d7, o / efKrg<X£,x’ Y;t,a:)dBr

T
— / e KTzt AW, (8.1)

The difference between the BDSDE (8.1) and the case we have considered in pre-
vious chapters is that our terminal time 7" is no longer fixed and can be arbitrarily
large so we must take care that any bounds we subsequently derive do not depend
upon 7.

8.2. Preliminary Results

We note that nothing in this section is really new. Indeed, similar arguments are
present in our previous chapters, [50], [49], [16], [23] and [24]. We include the following

proofs (which are just minor adaptations of other proofs) for the sake of clarity.

Lemma 8.1. Let X be defined as in Definition 4.1 on page 42. There exist positive
constants C' and K such that for any s >t

E[e™™X07P] < C(1+ |2)

Proof. Let us recall Lx from Definition 4.2 on page 42. By It6’s formula and Young’s

inequality we have that
E[IXy"] < 2P+ B U X7+ (DX + IU(Xf’I)Isz}
t
< fof + 25O + o)) + B | [ 1+ 4Lz ]
< |zl +2Cs+ (14 4Ly) / E [|X}*)?] dr.
t
By Gronwall’s inequality, it follows that
E[|X2P] < (|2) + 20s)eHTHExs,

The result follows upon choosing K > 1+ 4Lx. ]
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8. Infinite Horizon Case
Remark. For ¢ = f, g,
(X7, 0)P < O+ [ XE*)?).

It follows that if we choose K > 1+ 4Ly, then there exists a constant C' < oo such
that

E [/OO e T (A7, 0)) + [g (X, 0)F) dr| < C(1+[af?) (8.2)

t

- a condition that is more in line with that found in [50].

Lemma 8.2. Let X be defined as in Definition 4.1 on page 42. Suppose that positive

constants T and At are given and definen := TT_tt and fork=0,...,n, t, :=t+kAt.

There exist positive constants C' and K independent of T and At such that

n ti
Y E U e Kt xte — Xfﬂ?dr] < CAt(1 4+ |z)?).
i=1 ti-1

Proof. Let s € [ti_1,t;], then

2
+2

2

t;
REE G / b(X*)dr

t;
/ o(XE)dW,

and so
t; t;
E[IX5 - X*] < 2AtE [ / |b(Xﬁ’“"”)]2dr] 2 [ / ]a(X,f’I)Pdr]
t;
<CE U (1+ |Xﬁ’x\2)dr]
t;
< (JAH—C/ E [|XF*)?] dr.

Now, by Lemma 8.1, there exists a constant K; > 0 such that

t;
E [e7M|X0" — X{T)P] < e MNCAL 4+ C / e MU E | X7 dr

S

< CA(1 + |z]?).
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8. Infinite Horizon Case

If we now choose K = K; + « for some a > 0, it follows that

E E [/ e Kt
i=1 ti-1

X — Xff]er < CAt(1+ |$|2)/ e~ *dr
t
C
= —At(1 2
© at(1 + e

as required O

Lemma 8.3. Let X be defined as in Definition 4.1 on page 42, let X be the Euler
approximation to X as defined in Definition 7.9 on page 116 and suppose that a

positive constant T is given. There exist positive constants C', K and Aty independent
of T such that for any At € (0, Ato)

E E {/ e Kt
i=1 ti-1

Xbr — X Pdr| < CAHL + [2]?)

where n == It and for k=0,...,n, ty ==t + kAL

Proof. Firstly, let us note that
X5 — X7 < 2007 - X7 20 - Xt

It follows by Lemma 8.2 that it is sufficient to show that

i FE [e’mi
i=1

It is easy to see by Young’s inequality, Holder’s inequality and It0’s isometry that

|

X = X <o+ o).

t, t,
B X7, - X, P

S 1
<(1+AHE [|Xff - Xff|2] - (2 - Kt) E

tit1 -
/ (b(X1") — (X)) dr
t;

2
+2E

tit1
/ (o(X1%) — G (X)W,
t;

. tit1 -
<(1+AHE [\Xff — X,ff|2] + Lx(3+2A0)E [/ | X" — Xfi"'”]zdr}
t;

<A+AM{1+(1+6)Lx(3+2A0E [\X,ff - )?ffﬁ]
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8. Infinite Horizon Case

4 (1 + %) L(3+2A0)E l / e Xff|2dr} |
ti
It follows that
Jiy1 = e M E [|Xfi1 - )?;ilﬂ
< R4 AH{1+ (14 )Ly (3 +2A8)}) J; + CE [ / st Xt x|
ti

Now, for x > 0, ¢* > 1+ x and so

—K1At < 1

¢ S 15K AL

It follows that if we choose € and At small enough so that

and
Ky >1+4+4Lx
then
tit1
Ji1 < J;+CFE [/ | Xhr — Xfi’x\er}
t;
n t;
<Jh+C> E [ / e Ml X — Xff|2dr]
i=1 ti-1
< CAH1 + |x]?)
by Lemma 8.2.

If we now choose K = K; + « for some o > 0, then

n

n
> B[y - K] < ey
j=1

j=1

< CAH(1+ [2?) ) e/—alt

J=1
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8. Infinite Horizon Case

< CAH(1+ [2?) ) (1 + aAt)™
j=1

1
< CAt——
- alt
<C

as required. 0

Lemma 8.4. Let X be defined as in Definition 4.1 on page 42, (Y, Z) be the solution
of the BDSDE (8.1) with contractive coefficients f, g parameterised by decay factor
K as defined in Definition 4.4 on page 44 and suppose that a positive constant T is
giwen. There exists a positive constant C' and a positive value for the decay factor K
both independent of T' such that

T
E U e (I F(XPT YN P+ [g(X0m, Y0 P)dr | < C(L+ ().
t
Proof. We consider f only as ¢ is identical. Now,
[FGT Y0 < CAXT, 0) P + [Y17)7).

From [50], we know that

T T
B| [ epar] < op| [ e o + lotxe, 0P|
t t

The result now follows by (8.2). O

Definition 8.5. The f and g be contractive coefficients as defined in Definition 4.4
on page 44 and (Y, Z) the solution to BDSDE (8.1). We define

i;st,:c — 6—K5Y'8t,x’
Zﬁx = e Re b
f(s,@,y) = e ™o fx, e"%y) + Ky,

g(s,m,y) ="

Ks

g(z,e%y).

We still refer to K as the decay factor and p (from Definition 4.4) as the contraction

coefficient.
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8. Infinite Horizon Case

Using the notation of Definition 8.5, let us now rewrite (8.1) as

T _ _ T Y T _
= / Flr, X% Y5V dr — / G(r, X% Y dB, — / 75 AW, (8.3)

Remark. We note the following relations that follow directly from Definition 8.5
(where ¢ = f, g and without loss of generality, sy > s1):

|¢<81,l’ y) ¢(327‘T7y)|2 < 26_2K$1 (1 - 6_K(82_81))2 ’g(slvxay>|2
|¢(S,JZ1, ) gb( IQ’y)|2 < e_QKSlel - ZE2|2,
f(s.z,0) = f(s,z, ) < 2L+ K|y — ol
(1 — v2) (F(s,2,01) — F(s,2,90)) < (K — p)|yn — va]?,
|§(Saxayl) - ﬁ(s,x,yg)\Q < Lg,y’yl - y2|2'

S
S

Since, for any x > 0

2‘ 3'
< e *xe”
=T
it follows that
|$(81, xz, y) - %Z;(Sg, xz, y))|2 < 26_2K$1K2(82 - 81)2|$(817 x, y)|2 (84>

Lemma 8.6. Let 17, Z, ]? and g be defined as in Definition 8.5 parameterised by decay

” : . T—t
factor K. Suppose that positive constants T and At are given and define n = -
and for k=0,...,n, t, :=t+kAt. There exists a positive constant C and a positive

value for the decay factor K both independent of T and At such that

ZEU VE® — Y0 2dr| < CAH(1 + |zf).
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8. Infinite Horizon Case

Proof. For s € [t;_1,t],

1 2

ti . .
ST =T <o [ F X TP +

/ 3(r, X0, V)48,

ti—1

ti
/ Zteqw,

2
+

and so
BT - T <om | [ 170 X TR + 50 X TR + 26 ]
ti—1

It follows that

ti . t; - ~
E[ / W—nﬁﬂ"’dr} — [ BT - T dr
ti—1

ti—1

<At sup B[V -V

Se[ti_l,ti]

t; - . . .
<onep | [ X TP i X TR + 2.
ti—1

As a consequence, it is sufficient to show that there exists a C' independent of T" such
that

T
B| [ 1 X TR 4 gl Xe TP + || < €
t

The desired bound for f and g can be deduced from Lemma 8.4 and the bound for
Z is derived in [50]. O

8.3. Discretization Scheme

Definition 8.7. Let lN/, Z, f and g be defined as in Definition 8.5 and X be defined
as in Definition 7.9 on page 116. We define our discretization scheme for equation
(8.3) as:

?qéx =0, ?;st,ml =k f/}tz + f(ti,)?ttgx72ﬁ’x)ﬁtz‘ — ﬁ(tu)?f;zaﬁi@)ABi] . (8.5)
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8. Infinite Horizon Case

Theorem 8.8. Let 57, Z,f and g be defined as in Definition 8.5 parameterised by
decay factor K and contraction coefficient p and let Y be as defined in Definition
8.7. Suppose that K > % +2Lx, p > K + Lyy + L and that a positive T' is given.

Then there exist positive constants C' and Aty independent of T such that for any
At € (0, Aty]

max E [ﬁftj’z — V| < oAt + [2f?)

0<i<n
where n := % and for k=0,...,n, t, :=t + kAL.

Proof. Fori=1,...,n,s € [t;_1,t;), we have that
A A A Vs / {Fr X0 V00 = e, X7 900 } ar
ti—
t; 1~ R R — i
- / {5(7"7 Xﬁ7z7 Yrt’m) - g@w Xf;mu }/ti’m)} dBT - / th"’de’r
ti—1 ti—1

Instead of now applying Itd’s formula as was done in Lemma 7.14 (and in [8] and
[2]), we now instead follow the strategy of [49] by moving the final stochastic integral

to the left-hand-side, squaring and taking expectations to give:
Jiai= B[V =0

ti—1

_ t; .
< g7 - TP | [ 1zer]

i—

r t . ~ ~ ~ ~

= 5| =T [ {Fooxe T - fo ST far
L ti—1

2

t; _ . _ R R —
- [ {at x5~ gte i T 4B,
ti—1

It follows by the Cauchy-Schwarz inequality, I1td’s isometry, Young’s inequality and

since ()N/ttx — }Aftm) is JF;,-measurable that
i< E [\fﬁm - ?ttxﬂ
1 ti - ~ ~ ~
rae (1 2) B | [0 1Foxe T - o X TiPar] 0
€1 ti—1

143 - ~ ~
+(1+€)E {/ (r, X5®, V) — g(ti,Xfl;w%?x)Fdr}
ti—1
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8. Infinite Horizon Case

v2p | [ (T = T i 72 - Fe R T
ti—1

We now examine each of the final three terms in (8.6).

|f(ra Xﬁ,x’ i‘;;"tw) - f(tla )?sz 2127%)'2:

|.]?(T7 X£7I7 zt7z> - f(tza X:;xa ij’z)|
< |f(7“, Xﬁvx’ fYVVrtJ) - f(th Xﬁvxa }7;@56”

+|f<t17 X;E,wa it,x) - f(tu Xtia }A;;‘t7x)’

+’fN<t17 )?t” i;rt,ﬂ?) - f/(tla )?tw i?x)‘
+|f~<t7,7 th,“ i?x) - :fv(tla ‘S(\rtl‘? }/}tf’x)‘

It follows from (8.4) that
|f~(7’, Xﬁ,x’ zt,x> N fN(t“ )?f;x’ }’}ti,x)|2
<C {672KTK2(A15)2|J?(7‘, )(;t,a:7 ?*Tt,z>|2 + 672KtiL‘Xﬁ,x . 55;,1|2
AL KT T 2L+ KT TP

|§<T7 Xﬁ,x) i;;“tw) - §<t27 )/(\'ZI’ }//\Z’m) |2:

Similarly,

G0, X2, Y7) = Gt Xpm, Vo) P
1 BT 7 T it —Kt; x vt
: (3+ 5) {e TR AP, X0 V)P e LN - RGP

-~

Ly |V = VR 4+ (14 80) Ly [T = VP

2(Y" = V) (f (r, XPm, V") — f(t, X070, YE00)):

2(2?1‘ - ?ti’x)(]?(ﬁ Xﬁ7x7 ?rt’x) - fN(tw )?f;rv }//\;730))
= 27 = T { (e X0, T0) = For, X1, 51))

+ (f(?”, Xi’x7 i;;"tyx) - f(ra Xi’x7 }7;?93)) + (.f(rru Xﬁ@’ S}t?w) - .f(tlv 5(\'2967 }/}t?x))} :
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8. Infinite Horizon Case

Now,

~ A~

2(}/;@ - Yti’r>(f<r’ qu?wv ?Z,a:) - f(T, qu?wv Yz’m)) S 2(K - /vL)|i>t?x - Y;tt’_zl |2'

7 -1 7

Furthermore, by Young’s inequality,

2V = V) (Fr, X0, YV1") = Flr, XP5 Vi0)) < e (Vi = Vi )?

i i

1 ~ ~
+=2(L+ KV =Y,
€2

And finally,
2Y, " = V) (F(r, X0 Y0T) = flt, Xi0YE0)
Ut Ut,x 1~ z Ut ry vtr T
S 63(}/:? - }/;? )2 + g(f(ra X;E’ 7}/;? ) - f(thXZ; 7}/:::’ ))2
< eV = TP 4 2 (Lo R A Flr X, V1) P
€3
4 e—QKtiL|X:,m _ )A(ttlz|2}]
Substituting all of this back into (8.6), we have that
Ji1<E [nﬁ:@ — ﬁivﬂ {1+ AHCAt+ (14 €)(1 +30)Lyy + 2K — 20+ €3+ €3))}
t; . . ~
+C(At)’E V (S (r, X", VIO + [g(r, X2, Y00 ) dr

ti—1

+Ce 2Kt (A)?
t; -
+Ce MM E { / | X7 — Xff|2dr}
ti—1

ti .
+CE [ / Y — Y;ﬁvﬂer]
t;

i—1

Let us choose At, €1, €9, €3 and ¢ small enough so that
20 =CAt+ (1+€e)(1+35)Lyy +2K + 3+ 63+
for some a > 0. This gives us that

Jifl < (1 — CMAt)Jl + 672KtiC<At)2 + Ati
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8. Infinite Horizon Case

where

t;
A, =CE { / (e 2Kt
ti—1

t; " -~ ~
+C(AL)E U e f(r, XpT, VNP + [g(r, X7, Yrt’x)\2)d7"}
ti—1

t;
< CFE {/ (e_thi
ti—1

t;
FOPE | [ e X Y [P K2, V) P |
ti—1

R [T iiﬂ?)dr]

X = R [T = V]

It follows that

Jiot < Jo+ Ce  $H(ANY (1 —alt)* + ) A,
k=0

k=0
< CAH(1 + |z]?)
since
J, =0,
> 1
1— -
Z aAt OzAt’
k=0
and
> A, < CAH(L+ [a]) (8.7)
k=0

by Lemmas 8.3, 8.6 and 8.4. Since ¢ was arbitrary in the above, it follows that

max J; < CAt(1 + |z]?)

0<i<n
as required. O]

An easy corollary of Theorem 8.8 is the following theorem which is the main result

of this chapter.

Theorem 8.9. (Y, Z) be the solution of the BDSDE (8.1) with contractive coefficients

parameterised by decay factor K and contraction coefficient v as defined in Definition
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8. Infinite Horizon Case

4.4 on page 44 and let Y be as defined in Definition 8.7. Suppose that K > %—i— 2L,
> K+ Ly, + L and that a positive T is given. Then there exist positive constants
C' and Aty independent of T' such that for any At € (0, Aty

B[ = 1P| < ont(t + o)

wheren::% and for k=0,...,n, t, :=t+ kAt.

8.4. Conclusion

The main result of this chapter is Theorem 8.9 which shows that we are able to
approximate infinite horizon BDSDEs with contractive coefficients via a time dis-
cretization scheme. We do note, however, that this chapter is just a first look at the

problem and as a consequence, the assumptions made are quite restrictive.

Remark. In light of the connection made between infinite horizon BDSDEs with
contractive coeficients and SPDEs in [50], we note that the main result of this chapter
can be recast as a result on the approximation of the stationary solution of SPDEs

with contractive coefficients via a time discretization scheme.
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Discussion

With Theorem 7.16 we see that we have been able to answer in the affirmative the
question posed in Section 4.2.1 on the approximation of finite horizon BDSDEs via
time discretization scheme. Furthermore, with Theorem 8.9 we have been able to
answer in the affirmative the question posed in Section 4.2.2 on the approximation
of infinite horizon BDSDEs via time discretization scheme although the conditions
assumed are quite restrictive.

In the finite horizon case, if we compare our assumptions (as defined in Definition
4.3) with those of [5] we note that in [5: 7 = 2 in conditions M.1 and M.2, g
is permitted to depend upon Z and condition M.4 is not required. Each of these
differences has been a result of our method of proof and there is no compelling reason
to believe why a modified method could not yield the weaker assumptions of [5]. As

a consequence, a reasonable subsequent question would be:

o [s it possible to approzimate the solutions of BDSDFEs with coefficients as defined

in [5] using a time discretization scheme?

We also note that in [50], the setting in [5] is extended to include infinite-dimensional

noise and infinite horizon. As a consequence, reasonable questions would be:

e [s it possible to approximate the solutions of BDSDFEs with coefficients as defined

in [50] with infinite-dimensional noise using a time discretization scheme?

e [s it possible to approximate the solutions of infinite horizon BDSDFEs with

coefficients as defined in [50] using a time discretization scheme?
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9. Discussion

The study of BSDEs has also been extended to consider PDEs with boundary
conditions as opposed to the free space formulation of this thesis (see for example
[38]). A suitable question would be:

e [s it possible to approximate the solutions of SPDEs with boundary conditions
using a BDSDE approach?

Whilst this thesis proposes a discretization scheme for the solution of BDSDEs,
the actual calculation of the resulting conditional expectation is not explored. As a

consequence, a reasonable question would be:

o [s it possible to construct a numerical scheme for the solution of SPDFEs based

upon the discretization scheme of this thesis?
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Useful Results

In this section we collate some useful results. We note that we state the results in a
form that is sufficient for our use - the results may hold under more general conditions

in the references.

Result A.1 (Moments of X, [16]). Let X be defined as in Definition 4.1 on page
42. For each x € RY,

sup {|X07| + [ VXL + (VX)) 7MY e () LP(9).

s€t,T) p>1

Result A.2 (Regularity of X, [16]). Let X be defined as in Definition 4.1 on page
42. For each p > 2, there exists a constant C > 0 such that for anyt <r < s <T,

E [|X§x — Xﬁ"”|”} < C(1+|zP)(s — r)p/2 and
E[[(VXE)™ = (VXE")THP] < C(s — )P/,

Result A.3 (Equivalence of norms, [5]). Let X be defined as in Definition 4.1

on page 42 and let s € [t,T]. If ¢ : Q x R — R is independent of EVZ and ¢p €
LY((Q, F, P) x R%R), then there exist constants Cy, Co > 0 such that

arr| [ owiois] < B | [ loxilptaras] < o | [ owlptelas]

Moreover, if ¥ = Q x [t,T] x R* — R, 1(s,.) is independent of F}¥ and ¢p €
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A. Useful Results

LYQ x [t,T] x RY), then there exist constants Cy,Cy > 0 such that

ar|[ ) RrezaEy ' [ ot X lpte)sar]
< O,F { /t ' /R ot x)|p(g;)dxdr] .

Result A.4 (Extension of Itd’s formula, [36]). For any n € N, let M?([0, T]; R")
denote the set of n-dimensional {F;}-adapted processes {¢y;t € [0,T]} that satisfy
E [fOT \(bt]th] < oo. Similarly, let S*([0,T];R™) denote the set of n-dimensional
{F:}-adapted processes {¢y;t € [0,T)} that satisfy E [supgcicr |¢|?] < co.  Let
a € S%([0,T);R¥), g€ M%([0,T);R¥), v € M?([0, T|; R>™), § € M?([0, T]; R**?) be
such that fort € [0,

t t — t
o = o + / Bsds + / %st + / 5SdWS
0 0 0

where c%s denotes the backward Ito integral and dWy the standard forward Ité inte-
gral. Then for ¢ € C?(R* R),

oo = oton) + [ (w8 ds+ [ (3B + [ (e, by
-3 [ @t v [ T apsats

0

Result A.5 (Moments of Y and Z, [36]). Let (Y,Z) denote the solution to the
BDSDE (4.1) with measurable coefficients {f,g,h} as defined in Definition 4.3 on
page 42. Then for each p € [2,7], (with vy as in Definition 4.3) there exists a constant
C > 0 such that for a.e. x € R?,

T p/2
sup [VAP + ( / |Z£’I|2dr> ]
t<s<T t

T p/2
<cE |h<X;w>|p+/ [F(r, X5, 0,0)7 (Zlgj X1, 0) ) dr
t

E

Result A.6 (Representation of 7, [36]). Let (Y,Z) denote the solution to the
BDSDE (4.1) with smooth coefficients as defined in Definition 5.18 on page 73. Then
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A. Useful Results

Z has an a.s. continuous version which is given by

Z3" = VYH(VXT) To(X07).
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