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1 Abstract

A one-dimensional quantum harmonic oscillator perturbed by a smooth com-
pactly supported potential is considered. For the corresponding eigenvalues
An, & complete asymptotic expansion for large n is obtained, and the coeffi-
cients of this expansion are expressed in terms of heat invariants. A sequence
of trace formulas is obtained, expressing regularised sums of integer powers
of eigenvalues A, also in terms of heat invariants.

The approach to this problem follows that employed by Gel’fand, Levitan
and Dikii, see [9], [10], [7], on the corresponding problem for Sturm-Liouville
differential operators. In [7] can be found the analogous results for the high
energy asymptotic expansion and sequence of trace formulas for the Sturm-
Liouville problem.

The approach employed here differs in that the coefficients of the asymp-
totic expansion are given in terms of heat invariants. The motivation for this
is the recent result of I. Polterovich. In [18] is obtained an explicit formula
for each heat invariant. This allows one to calculate the coefficients of the
asymptotic expansion of A, for large n in terms of integrals of the perturbing
potential and its derivatives.

A first result of this work is to establish the existence of an asymptotic
expansion for A, in terms of the eigenvalues A2 of the Hamiltonian of the one
dimensional harmonic oscillator.

One has the asymptotic expansion

An ~

c ¢ ¢
’\’9‘+\/—;Tg+f),:+f\/,\_—g+"" n — 0o,

for some undetermined coefficients {c;} € R. These coefficients {c;} are
then determined in terms of heat invariants of the operator.

The trace formulas are obtained by considering the function Z(s) =
> A;° for Res > { and its meromorphic continuation. This is known as
the Zeta function of the operator. The method used here is identical to that
employed in [7]. o -
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3 Introduction and Background

In this work trace formulas and a high energy asymptotic expansion are es-
tablished for the one dimensional perturbed harmonic oscillator, where the
perturbation has compact support. The approach to this problem follows
that employed by Gel’fand, Levitan and Dikii, see [9], [10], [7], on the cor-
responding problem for Sturm-Liouville differential operators. However, the
method here differs in that the results are expressed in terms of the heat
invariants of the operator. Indeed, part of the motivation for this work
came from recent advances in the computation of heat invariants due to
1. Polterovich, see [18].

This section gives a brief description of heat invariants - where they arise
and how they are computed - followed by an outline of Gel’fand, Levitan and

Dikii’s work and results for Sturm-Liouville differential operators.

3.1 Local heat invariants

Define the Schrédinger operator i = —A+q(z) in L2(R"), for n > 1 arbitrary,
where g € C°(R") and its derivatives are uniformly bounded in R*. Consider
the operator e~**, ¢ > 0, and denote its integral kernel by e~**(z,y). It is

well known that the following asymptotic expansion holds true as ¢ — 10 :

o)

e(z,7) ~ (4mt) 3 Y tay(a), (3.1)

=0
locally uniformly in R®, see Appendix D for more details on the proof of
(3.1) in the one dimensional case. The coefficients {a;(x)} of (3.1) are called
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the local heat invariants of the operator & and are polynomials in ¢ and its
derivatives.

Heat invariants were first given by a recursive system of differential equa-
tions, see [16]. Later, Gilkey presented a way to obtain recursive formulas
for heat invariants, see [11], based on a method for derivation of heat kernel
asymptotics due to Seeley, [25].

Much work has been done on computing heat invariants. It is a well
known problem in spectral geometry and further references can be found in
[18]. However, only recently has an explicit formula for each heat invariant
been available.

This explicit formula for the computation of the local heat invariants was
obtained in [18]. Below is Theorem 1.2.1 of [18] adapted to the case of one
dimensional Schrodinger operators.

Theorem 3.1. One has

: J k+j 2%
alo(e)) = 5 T+ D i+ a) (o = ™) byee

4R EI( k+J)'(3 — kN D(k+3) (3:2)

k=0

Theorem 3.1 was developed from results in [17], [19], where a method
of computing heat invariants was obtained, based on the Agmon-Kannai
asymptotic expansion of resolvent kernels of elliptic operators, see [2].

From (3.2) or otherwise, one obtains

cola(@)] =1, arlal] = ~a(a), adla(z)] = 22(2) ~ 30'(0)
[ (1’)] - q + ﬁqq + 112q’2 610q(4)
aslg(@)] = 54" + %¢7" + 29 + (")’ — F5a® — H9"F - (@)

3.2 Sturm-Liouville Differential Operators

The following is an outline of the work of Gel’fand, Levitan and Dikii, as seen
in [7], in which a high energy asymoptotic expansion and trace formulae were
obtained for Sturm-Liouville differential operators. This work provided much



of the motivation and method for the approach to the analogous problem for
the harmonic oscillator that is the focus of this text.

Consider Hy = —gf in L*(0, 7) with Dirichlet boundary conditions. Then
it is well known that Hy has eigenvalues A2 = n?, n € N. Now let H =
Hy+4q, g € C§°(0,7) (the discussion here shall be limited to the results of
[7] for the case where ¢ and its derivatives vanish at the ends of the interval
(0,7) ). Let A, be the eigenvalues of H such that A\; < A2 < A3 < +-. Then

it was already known that the following asymptotic expansion held true as

n — 00,
Co C3
A ~ A0 — 3.3
fot+d +(A0) +(,\g)3+ ) (3.3)
for some coefficients {c;}.
In [7] are obtained equations for the computation of ¢y, ¢,.... In the

proof and formulation of the results is employed the inverse of the series

(3.3), which is also an asymptotic series

B b b
Y(n) =20 = Ay + by + = + 2+X%
n

A /\2 _|_...

for some coefficients {b;}.

Below is Theorem 3.1 of [7] reformulated in terms of heat invariants.

Theorem 3.2. (Gel’fand) The formal asymptotic expansions

\/ and ZCJ\/—F( )/ ajlg(z)]ldz (3.4)

=0

coincide, where a; are the heat invariants.

One has
b b
—9(~() = \/C—bo g—%+<§+
= b b b b
_\/Z\/l cte-atat

b  1by —1by  Lbyhy — ib _
_ ._,2_0 U1 g8v0 2 Y0Vl 22‘”.
Ve-Zr e e



This is now differentiated with respect to (.

Although, heat invariants were known at the time there was no explicit
formula available for their computation. In [7], the coefficients of the asymp-
totic eigenvalue expansion are calculated by means of recurrence formulae
developed from expansions of the trace of the resolvent. In [12], it is shown
how similar expansions for the resolvent together with further combinatorial
techniques produces the explicit formula (3.1) for the computation of the
heat invariants.

The first three coefficients of (3.3) are given by

1 T
== — d
co ﬂfo q(z)dz,

o = 3 [ i)~ apis
o = g [ @) - afde+ o [f@)e

In [7] trace formulas are also obtained. Assume A, > 0 for all n. Let
Z(s) =3, A3, for Re s > ;. The function Z(s) is called the "zeta function”
of the operator H. In the case that ¢ = 0 then Z(s) = ((25) = Yoo, (n?)™,
where ¢ is the Riemann zeta function. It is possible to consider the mero-
morphic continuation of Z(s) towards the left. This was used in deriving the

following theorem, which is Theorem 4.2 of [7],

Theorem 3.3. (Gel’fand) If g(z) and its derivatives vanish af the ends of
the interval (0,7), then

Z(-k)=0, VEeN. (3.5)

This result can be reformulated to give more explicit formulas. For neg-
ative integers s the values of Z(s) can be regarded as regularizations of the
traces > oo AK.

Consider the asymptotic expansion (3.3} of A, raised to the power —s.



One has

Ca
(A )2 [EE
— —s C1 3(3 + 1)
= OO oen T Ty
coer  s{s+1)(s+2) ¢

& )‘s(1+ o+ ooyt +ee)™

e et pap T
Thus,
o0
2~ D d(5)09) ™, n o oo,
§=0
where d;(s) are explicit polynomials in s and ¢;. For example
do(S) = 1, dl (S) = —8Cy, dz(S) = —8¢c| + S(S;- 1)0(2),
1 2
ds(s) = —sca + (s + 1)cocy — s+ ;(S + )cg.
It was shown in [7] for k € N that
Z(—k) = E{A’“ Zd (—E)(AD)*} - ‘dk( k)=
ni=0 3
For example, in the case k =1,
= 1
— = -— 0 _— —— =
2(-1) ;w X = o) = 500=0.
For the case k = 2,
(—2) = Z(A2 —2X0¢0—2¢1 — ) - 2o +6 _ 0.
0 2

For k = 3, one has

-3) = Z(Aﬁ — (A0 — (3cp + 3c2)AY — (3cg + 6oy + )

_ (3cz + 6coer +¢f))
2

In this way, expressions can be formed for all Z{—k), k € N.

= 0.

8



The analogous trace formulas for the one dimensional harmonic oscillator
are given in section 4. The proof is given in section 7 and uses the same
method as set out in [7] for the trace formulas of the Sturm-Liouville problem

as described above.

4 Main Results

Let Hy in L?(R) be the Hamiltonian of the one dimensional harmonic oscilla-
tor, that is Hy = _'&i:’i + z2. The eigenvalues of Hy are given by A\ =2n—1,
where n € N.

Let V & C§°(R), with supp V C (—R, R) for some R > 0, be a real valued
function (potential in physical terminology), let H = Hy+V. It is well known
that V is a relatively compact perturbation of Hy. Therefore, by Theorem
XIIL.14 of [22], the spectrum of H is also discrete. Let Ay < Az < -+- be
the eigenvalues of H. Our main aim is to describe a high energy asymptotic
expansion for the eigenvalues A, of Hy + V in terms of the unperturbed
eigenvalues AJ.

In section 6 the following preliminary result shall be established.

Lemma 4.1. Let V' € CP(R). Then the following asymptotic expansion
holds true as t — +0:

Te(e™tH — ¢~tHo) i \/%Etj f_ " (@la? + V(@) - gledz. (A1)

Formally, the formula (4.1) follows from subtracting (3.1) with ¢(z) = z*
from (3.1) with ¢(z) = z? + V() and integrating over z.

Here is the main result:
Theorem 4.2. i) One has the asymptotic expansion
~A0+ﬁ_+.c_2+_ﬂ___+..
Y, APV

for some coefficients c; € R.

An *, =00, (4'2)



i) The coefficients of the expansion (4.2) can be obtained by inverting the
formal asymptotic series
by by bs

20~
LRI Wl WY, wil P s w

) n— m, (4.3)

where
b; = (VAT (S — ) [ (0315 + V()] — as[a?))de- (4.4)

In other words, Theorem 4.2 (ii) implies that each ¢; of (4.2) is uniquely
‘determined by a well defined algebraic procedure, namely series inversion.

In order to compute a coefficient ¢;, one needs to know finitely many
coefficients b;. For example,

1
aa=—b, c=0, cga=-by, 4= —55?,
Cp = —b3, Cg = —2b1b2, Cy = gb? — by.

One thing to note is the absence of negative integer powers of X, in the
expansion (4.3). Inverting the expansion (4.2) gives

¢ C2 < {cs+ %Cﬁ) __ % _ ...
Vi A A, M2 A2/ An

Hence, the absence of whole integer negative powers is equivalent to a

(4.5)

series of identities for the coefficients ¢;. For example, the first three identities

of this type are
cz =0, C§+2C4='-0, C6+C§+20103 = (.

The first few c; are given below.

O
G = ;]LWV(.'E)d.'E,
0

¢z = \,
_ 1 2 | e
cy = 271_(./;0 V(z)z d:c-!-E/:mV (a:)da:),
1
cCqp = —EC‘-I,,

s = 8% / [V +3V2? + 3Vt + %(V')2 — 2V}dz.

10



We also obtain trace formulas, which as mentioned before, are a direct
analogue of the trace formulas for the Sturm-Liouville problem, see [10], [9],

[7], and our proofs follow the method as described in {7]. Let us introduce
the Zeta functions

Z(s) = i)\;s, Zo(s) = i()\g)"’, Res > 1. (4.6)

(e o]

If Ap = 0 for some n, then the corresponding term in the sum > 77 A7 * is
omitted. If A, < 0 for some n, then A;* should be understood as |A,|~*e¢~*"*.
Due to the explicit formula A2 = 2n—1, we have Zy(s) = (1—27°)((s), where
¢(s) is the Riemann Zeta function. By the properties of ¢, we conclude that
Zy(s) has a meromorphic continuation into the entire complex plane with
the only pole at s = 1, and this pole is simple with residue 3 (see 23.2 of [1]).
The real zeros of Zy areat s=—-2n,n=20,1,2,....

Theorem 4.3. One has that Z(s) is meromorphic for s € C with its only

poles located at s=1 and s = —1,-3,-2,. . and
Z(—F) - Zo(—k) =0, k€ N. 4.7)

The proof is given in section 7. Given the asymptotics {4.2), we can give
explicit formulas for Z(—k), k € N. Consider the asymptotic expansion (4.2)
of A, raised to the power —s. One has

C2

Ao~ QO 2 By

OOF O o
_ yoy-spq _ ScL sc  sc3 | s(s+1)d
= MU Gt T oer "ot T o )
Thus,
At~ D di(s) (X)), oo, (48)

=0

11



where d;(s) are explicit polynomials in s and ¢;. For example,

do(s) = 1, dl(S) = dz(S) = 0, d3(S) = —80,
dy(s) = —sce, ds(s) = —scs,

s(s+

de(S) = —s5c4 + —2116%, d7(8) = —8c5 + 3(8 + 1)c1c2,

1
ds(s) = —scs + ES(S + 1) + s(s + 1)cics.

Using this notation, we have for any k¥ € N, Res > 1:

2k42 2k+2

Z(s) Z{,\ s~ Zd YO UAY + 3 " di(s) Zols + (3/2)).  (4.9)
=0

Now both sides of (4.9) can be meromorphically continued into the half-
plane Res > —k — 1. By Theorem 4.3, the Lh.s. of (4.9) is analytic at
s = —k. By (4.8), the same applies to the first term in the r.h.s. of (4.9).
Thus, the second term in the r.h.s. of (4.9) is also analytic at s = —k. As
Zo(s) has a simple pole at s = 1 with residue 7 (and no other poles), it
follows that dogio(—k) =0 and

) 1
sy’lilk doksa(5)Zo(s+k+1) = '2'd:.>k+2(—k)°

Thus, we obtain

2k+1 2k+1

Z(-k) = Z{Ak Zd BYOSY U} dy(—k) Zo(—k+(5/2)+5 dk+2(k)-

n=0 j=0

Combined with (4.7), this yields a series of formulas for £ € N

2k+1 2k+1
Z{)\k Zd k)(-’\o)k'(’fz)}+z+:d( —k)Zo(~k+(i/2))+3 d’zk+2(k)
n=0 j=1

(4.10)

12



In particular, for ¥ =1, 2,3 we obtain

c0

> a2~ \/c%) + CIZO(%) = 0; (4.11)
n=0
Z(/\z 201\/— ;ca—) + 20120(——) + 2c3Z0( ) - —01 0;

(4.12)

D (% = (A =3 ()2 = 3e3(A) Y2 = 3(ea + ) — 3es(A3) /)

n=0
3 1 1 1
+ 3C1Z0(—§) + 3C3Zo(—§) + 36520(5) - 50163 =0.
(4.13)

The above formulas can be rearranged, replacing asymptotic expansions
in powers of A9 by expansions in powers of n. For example, (4.11) is equiva-

lent to
1
An +— =0. 4.14
;( 1- T+ () (414)
Formula (4.14) in various equivalent forms appeared before in the literature;
see for example [3], {4]. Formulas (4.10) with k& > 2 are believed to be new.
Remark. The following formula is presented in [14] and appears to be

similar to (4.12),
N

;[A ~ (M) - Avn— B\/_]—

‘where Cp is defined as before and

AC! + BCy, (4.15)

A= -%? V(z)dz,
B= ‘2/—7?- ~::(Vz(x) + V(z)2? ~ V(x))dz

13



However, the series in formula (4.15) does not converge. This can be seen by
squaring (4.2) and converting it into the same form as (4.15). One has

X o= (92 +20v08 + 2 4 O(n~})

7
(A%)? 4- 2v/2¢4 (\/7_7« 4\/-) \/_cs + 0O(n~ ), n — 00,

where
_ 1 f ” V(z)d
i = . x,
€3 = .1_(/00 V(z)z%dz + -l-foo Vz(a:)dm).
. 2r \ J_o 2/ e

Comparing this with the terms of the series in (4.15), one has

— (XY — Av/n — B% = _Zl;r\[% /;:V%::)d::: +0(n"%), n — oo.

This implies that the series in (4.15) does not converge.

5 Proof of Theorem 4.2 (ii)

The proof is based on the following

Lemma 5.1. Let A2 =2n—1, ne€ N, and let \; < Xy < --- be a sequence
of real numbers such that A, = A2 + O(1) as n — oco. Suppose that an
asymptotic expansion ‘

A0~ +Zp3)\ % +Zq3 A, n— oo, (5.1)
F=1 =1
holds true, where 0 < oy < g < --- are some non-integer exponents and

{p;} C R, {g;} CR. Then one has the asymptotic expansion

Ze‘*"“NE Ep-”rl — o)t = 1ogtzq, 1)|t~’+z'rt’° (5.2)

as t — +0, where {ry} C R are some constants.

14



Given Lemma 5.1 and part (i) of Theorem 4.2, the proof of Theorem 4.2 (ii)
is immediate. Indeed, inverting the asymptotic expansion (4.2) yields the ex-
pansion of the form

oo 1 ® .
M~ At Y AT Y B, nooo
J=1 j=1
with some real coefficients {b;}, {b;}. Now using Lemma 5.1 and the explicit
. formula "2, e~ = (2sinh )=}, we obtain the asymptotic expansion

= —tAn _ ,—tAl Ni, ooﬁ §_- i
;(e %) tZ2F(2 Mt
+5 2o th (1) t’+z"rt’°
- 1)

with some real coefficients {7} Comparmg this to (4.1), we see that all
coefficients b; vanish and the coefficients b; are related to the heat invariants
by formulas (4.4). This completes the proof of Theorem 4.2 (ii).

The important part of this section is the proof of Lemma 5.1. Broadly
speaking, this Lemma can be regarded as a discrete analogue of the following
version of Watson’s Lemma:

Lemma 5.2. Let ¢ : R — R be a locally bounded measurable function, such
that 4(A) = 0 for all X near —oo. Suppose that 1y has the following asymptotic
eTpansion

=3 oA+ A+ OA™M) A oo, (5.3)
J j

where {a;} € R\N, {5;} C N, {p;} C R, {g;} C R are finite sets and
M > max({a;} U {B;}), M € (0,00) \ N. Then the following asymptotic
formula for the Laplace transform of 3 holds true for t — +4-0:

f_ " e~ Pp(N)d\ = Zp,l"(l—al)t“‘ 1+(logt)2q,( )tﬁs

+ Y mf oM, (5.4)

0<k<M-1

with some coefficients {r}.

15



The proof of this lemma is carried out by straightforward computation.
It is presented at the end of this section.

Proof of Lemma 5.1. 1. Let
NOQ) =t{n] <A}, No(N) =Hn]|X2 <A}

The main idea of the proof is to approximate N()) by No(¢¥(A)), where ¢ is
a function constructed to have the asymptotic expansion

PAY=A+ D p A+ Y AT +O(AM), A oo,
a; <M F<M
where the exponents and coefficients are the same as those in (5.1). The
function 4 is constructed in terms of its inverse as follows.
The formal inversion of the expansion (5.1) has the form

A~ XY+ 5007, n— oo, (5.5)
Jj=1

where 0 < 7 < 2 < ... and {s;} C R. Fix some sufficiently large M €
(0,0} \ N; we have

A= 204 3 50 +0((A) ™M), n- oo, (5.6)
<M
Let ¢ € C*(R) be such that
(i) ¢(A) > 0forall A € R and ¢(A) = 0 for all A < 1;
(ii) ¢(A) is strictly increasing for A > 1;
(i) Ay = A+ Z s;A7% for all sufficiently large A > 0.
<M
Let ¢ € C(0, oo) be such that ¢(¥(A)) = A VA > 0. Finally, for A > 0
let us write No(A) = 3 4+ w()), where w()) is a 2-periodic function.

16



With this notation we have:

Ze'”‘" =f e dN()) =t/ e AN (\)dX
n=1 -0 =00

_¢ f " e (V) — Mol () dA+ 3t fo " (A dA

+ ¢ /(; ” e Pw((N\))dA
= Fl(t) + Fg(t) + Fs(t).

Below we consider separately the integrals F(t), Fa(t) and F3(¢).
2. Consider Fy(t). By the construction of 1, we have the asymptotics

YA =2+ Y gAY+ gAT+0AM) A— oo

aj <M <M

with the same exponents and coeflicients as in (5.1). By Lemma 5.2, one
has:

1 17
t)~——+ Z Bira-o) t%+zlogt)2q,—-—-)ﬁ’

a,(M i<M
+ ) ntf o),  t—+0. (57)
0<k<M
3. Consider Fi(t). Let f,(t) = e~ —#0%). Then Fi(t) = 3.2, fa(2).
By the construction of ¢, we have A, = ¢(\2) + O(n~M), as n — o0, and so
fn(t) — e't’\“(l - etO(n”M))_

Now f, has infinitely many continuous derivatives. One has that

fat) = e ™ 0(tn™™)
and D) = On~MH),

for t € [0,00). Therefore, S F9(#) is uniformly convergent as N — co
for j < [M]—1 and t € [0, 00).

By applying Theorem 7.17 of [23] to the sequence {3°N_, fx ¢ £)}%.,, one
has that Fl(t) has at least [M] — 1 continuous derivatives in ¢ on [0, co) and

17



therefore, by the Taylor formula,
Bt = > FPOF+o™M), t— 0. (5.8)
0<k<[M]-1

4. Let us prove that F; has continuous derivatives in ¢ € [0,00) of any

order, and so

oo
Fy(t) ~ Y FP0)tF, t— +0. (5.9)
: k=0
Fix N € N. Changing the variable, we obtain

R) =t [ etunan =t [ e 0 e
| = [Ty uuan

Note that if & is a 2 periodic function then [ @(A)dX = &1(k) +p [ &(N)dA
where o, is a 2 periodic function. From the definition of w, one has f02 w(A)dh =

0. Therefore, integrating by parts N times gives

By(t) = (-1 fo "SI (o (1) + o () s (5.10)

where wy is a 2 periodic function and py is a polynomial of degree NV - 1.

However, integrating by parts again one obtains

0 o0
(_1)N+1/0 (8_t¢(u))(N+l)PN(H)dN — /0 (e"“i’(“))'(p%v)(u))du =0;
the boundary terms at g = 0 vanish by the assumption ¢(u) =0 for p < 1.
Thus, - .
R(0) = (<1 [ (e )8 () (5.11)
0

Using the property (iii) of ¢, we obtain

() (P ) 4 5 HOG I,
=1

Substituting this into (5.11), the first term will have the form

OO —
f e~HOHOMN+10(1) ),  (512)
0
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while the other terms will be of the form

/ ” e~ IO A-N-2-m)g) (5.13)
0

forlel,2,...,N.

Both (5.12) and (5.13) can be differentiated N times in ¢ before there is
a problem with the convergence of the integral at ¢ = 0. The derivatives are
also continuous,

It follows that F3 has at least N continuous derivatives on [0,00). As
N € N can be taken arbitrary large, this proves the statement.

5. Combining (5.7) — (5.9), and using the fact that M can be taken
arbitrary large, we get the desired statement. O

Proof of Lemma 5.2. 1. The proof can be performed by explicit compu-
tation, checking that each term in the asymptotics (5.3) gives the desired
contribution to (5.4). It is enough to consider the Laplace transforms of

h(A) = A7%(A-1), a eR\N, (5.14)
Ya(A) = APH(A—1), BEN, (5.15)
W) = OM™), A— o0, M € (0,00)\N, M > max{c, 5},(5.16)

where 6()\) = (1 + sign()))/2 is the Heaviside function.
2. Consider (5.14). One has

f " e (\)dA = ] ” e PAT(A — 1)dA

—00 —00
oo
= f e~ A%\ (5.17)
1
Changing the variable gives,
00 o0 .
f PN = ¢! f e~ "rdr. (5.18)
1 ¢

Note the Gamma function present in (5.4). Now for Re z < 1, the Euler
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definition of the Gamma function gives

P(l—z) = f e A~7d)
0

00 t
- f e A%\ + / e X"Zd)\
t 0

o0 1
= f e AT\ 4 12 f e~ AT\
t 0

) M]-1  oyiog
— f e—)\A-zd/\_*_tl——z ( 1) t : 1
. - o j+1~2
=0
+OMI=+Y ¢ 4, (5.19)

where [M] denotes the integer part of M.

The above expression can be meromorphically continued to the right and
will hold true for z € C\ N such that Re z < [M] + 1.
Using (5.19) and (5.18), one has

f " ety (\)dA

MI=1 . Nigs ‘
= " M(1l-a)~ ) ( i?t j+11 =~ +0(@E"), ¢ — +0.(5.20)
= P a

3. Consider (5.15). Integrating by parts, one has

f " e B N)dA

= f e"PAPd)

(-lul)e‘t

+ (ﬁ_l)f fw A_ﬁ-i-le—t’\d)\
- 1

g-1
_ e (=1) (-1)% (—1)6-1¢5-2
- ° (ﬁ—1+(ﬁ~1)(ﬁ—2)+ * (B —1)! )
(._l)ﬂ-ltﬂ—l o .
BT fl ATtemd). (5.21)
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Taking the last intgral seperately, one has

f A"l tA g

f log Ae™dA — f log Ae~*d))
[M)-1

= / log—e"\d/\ j (Z( ”Jm’ 0((19\)1“1)) log Ad\

= —logt f =2+ f log Ae™*d\
0

o

|

g i+l
+ ) Erer 1) / X log AdA + Oty (5.22)
j=0
Substituting (5.22) into (5.21) and expanding the exponential term, one
has

(M]-1 (_l)ﬁtﬁ—l (M)
A)dA = ————logt t t 0 5.23

[Lpin=3 a4 S et 0, £~ 40, (623)
for some constants {a;}.

4. Finally, consider (5.16). By the conditions of the lemma, assume 3)3())
is measurable, bounded and 43(A) = 0 for all A < @, for some a € R. Let
3(X) = ¥3(A)AM. Then f3(A) = O(1), as A — oco. It is also bounded.

One has

w0 & L %))
e P(A)d = oy (= )
[ evsimn = [ (en- eyt
[M] =y
W f Pa(\) N, (5.24)

It suffices to show that the first integral on the RHS above is O(tM-1).
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Assume t € [0, 1). By a change of variable one has

[M]-1
/ (nm J_ZO( I)W)\’)lb;gj\) Y
[M]-1

Il

-1 f (e ;( 1)1»)%()

< ot f .\ (e [M]ZI( I!W) L|d)\, (5.25)

where C is some constant.
Substituting (5.25) into (5.24) gives

[M]-1
f e My (N)dA = Z b; 4 O(tM- D, t = +0, (5.26)

j=0

for some constants {b;}.

Now (5.20), (5.23) and (5.26) establish that the Laplace transforms of
(5.14), (5.15) and (5.16), respectively, give the correct contribution to (5.4).
This completes the proof of Lemma 5.2.

O

6 Proof of Lemma 4.1

We shall require the following:

Lemma 6.1. Let V € C{°(R). Then the following expansion holds true
uniformly in any bounded interval Q C R:

tH(:I: 27) Z

3—0

tjaj[:r:2 +V(z)], t—+0, (6.1)

where the heat invariants a;|V (z)] are polynomials in V(z) and its deriva-
tives.
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Proof The asymptotic expansion (6.1) needs to be proved to hold uni-
formly in any interval. For simplicity of notation, we will prove this for
(~1,1). Let g(z) € C§°(R) be a scalar potential with the following proper-
ties:

g(z) = z* for |z) < 2 and ¢{z) = 0 for |z] > 3. (6.2)

Let A = —%; + ¢ + V be the corresponding operator. All the coefficieints
of the operator H are in Cg°, and so the exisiting proofs (see Appendix D)
of the heat kernel expansion are valid. One has

e (z, ) tha; (22 + V(z t — 40, 6.3
( ( e Z ilz® + V(z)], (6.3)
uniformly in £ € (—1,1). Thus, it suffices to prove the estimate
sup |e”H (z,z) — eH(z, z)| = O(t™), t — +0. (6.4)
lzf<1

Using a standard representation for operators of this type, one has
e~tH _ gt _ / t g=(t-9)H (¢(z) — z2)e~*Hds.
0
From this, one obtains |
le A (z, z) — ¢ tH(z, 2)|

-1 s [ g e a,9)(e) - e 0, 2)
-1 ds f. ) ) e )l (69

From here using the diamagnetic inequality, see [26]:

(z —y)?
4t

where m = infg(V(z) + 2?), one obtains

le~ (2, )| < (4t) L exp ( - - tm), t>0 z,ycR, (6.6)

2

: ¢ _Ge=p? _(z-wP
sup le”(z,z) — e *H(z,2)| < sup ¢ ds dy(y® + e G-

lz]<1 o |zj<1 B2 lyl>2

= O(t™), t —-+0. 0O
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Proof of Lemma 4.1 For simplicity of notation, let us assume that the
support of V belongs to the interval (—1,1). For any r > 0, denote by x,
the characteristic function of the interval (—r,r) and let ¥, = 1 — x». By
Lemma 6.1, it suffices to prove that

Tr(ge(e ™ — 7)) = O(t), ¢t — +0. (6.7)
We have that
e tH _ pgtHo — f ' g~ (t=)Hoy/—sH 1
0
Therefore,

Tr(fa(e™ — e700)))|
[[R2(e™ — e70) %4,
t
< /0ds||)"cge‘“"3)HX1VX1€_SH>~C2"31

IA

IA

4
fo dslzae~ o1Vl sllxae™ H el (6.8)

where | Tr(AB)| < ||AB|ls, < ||Alls,]IB]ls, has been used,with Sy, Sa the
Trace and Hilbert-Schmidt classes respectively, see Appendix A.
Using the diagmagnetic inequality (6.6) we can make the following calcu-

lation

i

e Vs, = [ [ dedsle @ uV )P

i<l

-—2tm @=y)? 2 9
< G/ f Lyt S y2(y)
28—2tm /~
< ——=su Sy y)dzx
(4?‘1'102 151 Jit2 @)
—2tm 2 z_lzd
< supV f T dx
(4 t)? Iyl<p1 ®)
= O(t*), t— +0,. (6.9)

A similar calculation shows that ||x1e ¥ %2lls, = O(t*), as t — +0.
Using the above two estimates in (6.8) we obtain the required result. 0
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7 Proof of trace formulas

This follows the arguments of [7]. First let us assume A, # 0 for all n. Fix
k € N and consider formula (4.9} reproduced below:

2k+2 2k4-2

Z(s) = Z{A-s Z dj(s)(A) 701D} + Z di(s)Za(s + (/2)), (T.1)
n=0
where Res > 1. The second term in the r.h.s. is meromorphic in C with
possible poles at ¢ = 1—-21, j=0,1,2,...,2k+2. The first term in ther.h.s. of
(7.1) admits analytic continuation into the half-plane Res > —k—1. Askcan
be taken arbitrary large, it follows that Z admits a meromorphic continuation
into the whole complex plane, all poles of Z are simple and located at the
points s =1 — %, j = 0,1,2,....The function Zo(s) is meromorphic and its
only pole is at s = 1.
For ¢ > 1, one has the following integral representation (see 13.2.9 of [1}),

(et — et = f fiwt"’l"(z)(Z(z) — Zo()de  (1.2)

By the meromorphic continuation of Z(s) the contour of integration can
be shifted to the left of zero, see Appendix B for an explanation of why this
is possible.

One has
o 2N+2
Z(e—un _ etkﬂ) = Z Res [F $)(Z(s) — Zo(s))t*]
n=1 j=0 =1
1 —N—e-tico

T(s)(Z(s) — Zo(s))}t~*ds, (7.3)

2mi —N—g~ico

where the last integral is of the order O(t¥+¢), see Appendix B.

It is known that I'(s) has a pole of order 1 with residue (—1)*/k! at
s=—-k k=0,1,2,8,.... By (7.1) it is also possible for Z(s) to have a pole
oforder lat s =—k, k=1,2,3,.... Let k € N, if Z(s) hasapoleat s = -k -
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then I'(s)Z(s) has a pole of order 2. Thus

T'(s)Z(s)t™*

- (g w )

(Gror * Gap t/@)E A+ 6+ R+ 0(s+8?)

where a3, ay are constants and f(s) is regular in a neighbourhood of s = —k.
This implies that Ress——r(I'(s)Z(s)t™°) = ast*Int + tFa;. By comparison
with (4.1) , where there are no terms involving Inf, one can draw the con-
clusion that Z(s) is regular for s = —k, & € N. Now, for k € N, one has
that

R -8y _ (_l)k k
Res(T(s)(2(s) — Zo(s))t™*) = 77— (Z(=F) — Zo(=k))¢".

Again by comparison with (4.1), one can draw the conclusion that Z(—k) —
Zo(~k) =0, for all k € N.

To consider the case where one of the eigenvalues of H vanishes: A\, = 0,
repeat the arguments of the proof for the sequence {\.}, n € N\ {m}. For
example (7.1) becomes

2k4+2 2k+2
Z(s) = Z - Zjd(s)(/\°)**-"f2)}+2d(s)zos+(/2)) (7.4)
neN\{m} Jj= j=0

Then one simply uses that e ®*» = 1 in (7.2). One obtains the same set
of results, apart from the formula Z(0) = 0; this should be replaced by
Z(0) = —1. This completes the proof of Theorem 4.3. [

8 Proof of Theorem 4.2 (i)

Let us define two solutions 98 = ¥9(z, ) of the equation —4" + 2% = M
by )
¥(z,0) = U(-5,2v2), ¥(s)) = (-- ~2v/2),
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where U is the parabolic cylinder function (see [1, §19]). For any z € R, the
solutions %3 (z,A) are entire functions of A. For any A € C, the solutions
¥3(z, \) have the asymptotics

@A) =9 (-2, ) = @BV 4 o(1), 7 +oo,
and the Wronskian wo(A) = W (92, 93) = (2 ),v8 — ¢8 (42), is given by

wo(A) = F%li% - %r(%ﬁ)cos(%). 8.1)

At the eigenvalues X2 = 2n — 1, the Wronskian wo(}) vanishes and we have
Y@, A) = (1)1l (5, ) = 27Ty (2),  (82)

where H,, is the n’th Hermite polynomial.
Next, let 1+ = 1+(z, A) be the solutions of the equation —y" + (z° +
V(z)) = A, normalised by

¥i(z,A) =9%(z,A), > supsuppV,
Y_(z,A) =92 (z,)), = <infsuppV.

The eigenvalues A, coincide with the zeros of the Wronskian w(A) = W(¥_, 9¥4).
Theorem 4.2 (i) will follow from the three lemmas below.
Let € be the half-strip

D={AeC|ReX20,|Im}| <1},
for A € § let us denote by v/A a branch of the square root, so that Re v > 0.

Lemma 8.1. The Wronskian w(}) is analytic in A € Q. The following
asymptotic expansion holds true:

2 14X A - s = IDJ
w(A) ~ WI‘(%-) (cos (% Z; +s n(Z Z (\/X)J) , (8.3)

J=0

as |A] — o0, A € Q. Here Q;, P; € C are some coefficients, Qy =1, Po = 0.
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Lemma 8.2. Let w be a function analytic in the half-strip £ and having the
asymptotic expansion (8.8) with Qo = 1, Py = 0. Let {\,}32, be the zeros
of w in 2, enumerated such that ReA; < ReXy < ---. Then for somek € Z
one has the asymptotic expansion

C3

N0

An— +

v, Ab

with some coefficients {c;} € C.

+... (8.4)

Note that the coefficients {c;} above will actually be real because the
zeros of w are the eigenvalues of H.

It is necessary to show that if Lemma 8.2 is applied to the Wronskian
w({A) = W(-,94), then one has k = 0 in (8.4). This will follow from

Lemma 8.3. For the eigenvalues \; < Mg < -+ of H, we have A, = X% +

o(1), n — oo.

8.1 Proof of Lemma 8.1
Let z > supsupp V; then
w(A) = (Y_(z, \)),¥3 (2, A) — P (z, ) (@3 (z, N))z. (8.5)

We will use this formula and construct #. in a standard way as a solution
to the integral equation

@ = 0@+ [ GEIVE-aNE 69
where the integral kernel Gy(z,y) is given by
Grleny) =~ A)( Y2, NY2 (9, A) = ¥2(, M9l (9, A)- (8.7)

The kernel G(z,y) is an entire function of A. One can see this from
examining seperately the component functions of Gi(z,y).
The function

BN G - @0 wmY)  (68)

28



is an entire function of A because the functions 4§ (z, \) are entire.
By (8.1), the function WI(JJ is analytic everywhere except at the points
A2 where it has simple poles. However, at these points the function (8.8)
vanishes due to the relation (8.2). Therefore, Gi(z,y) is indeed analytic.
Let R > 0 be sufficiently large so that suppV C (—R, R). Denote A =
[-2R,2R]; let Ly : C(A) — C(A) be the Volterra type integral operator
from (8.6),

Ln: fe) - [ :R Ga(z, )V ()f (W)dy. (89)

Then the solution of the integral equation (8.6) can be written as

po= LY,

n=0

where the convergence of the series shall be justified later, and so for the
Wronskian (8.5) we have the series representation

w\) =S W2, 9%)(x), =€ (R 2R).

n=0

Lemma 8.4. For anyn € N and any z € (R, 2R), the Wronskian W{L3%,43)(z)
is analytic in A € £ and one haes the estimate

e, e)@) < S e o= oA, A oo AR
(8.10) -
The asymptotic expansion

2 QY < pM
WL, 42)(z) ~ D(&2) | cos(Z2 L 4 gin(Z s },
()\ ¢+)() (2)( (2)§(ﬁ)3 (2)2(\/;)3
(8.11)
with some coefficients Q;-") , Pj(") holds true as |A| — oo, A€ Q.

Clearly, Lemma 8.1 follows from Lemma 8.4.
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8.2 Proof of Lemma 8.4:

1. It is convenient to introduce two linear combinations ey and e_ of of the
solutions 4.

ﬁz(l—)\)/a&
cos(Z2)I(H2)
e_(z,A) = e;(—z,A). The solutions ey (z, A} are analytic in A € 2 (with

removeable singularities at A2 — see (8.2)). These solutions are chosen so

e(z, A) =

(e—iw(A+1)/4¢2 (z, ) + emTO+D/40 () A)), (8.12)

that they have convenient asymptotic expansions as A — oo, A € R. Let

es(z,\) = gur (@A) Eini(2,)) eﬂ:i\ﬁ:c’ (8.13)

here u,, u; are the functions v,, v;, given in 19.9.5 of {1], with zv/2 and \/%-
substituted in for z and p.

Let A = (—2R,2R). One has the following asymptotic expansions:
(Lo | () _ 9Cfin) - B o)

Y Y
o _(5f | Foti(Fa0 | BCFe) - H(Fa)
Ui(i’,/\) - \/Z—A -+ (\/ﬂ)iﬁ -+ (m)5 —a.

asA— oo, A€ forx €A
For our purposes it suffices to rewrite (8.13) as

: rp
es(z,)) ~ etV (1 + T T i)f) . A—oo, AEQ, (8.14)

for some R;-—', which are polynomials in .

The functions ey have oscillatory terms of the type e¥V® present in
their asymptotic expansions. These terms do not make a contribution to the
resulting expansion of A,. However, oscillatory terms of the type ¢ appear
in the asymptotic expansion for w(}) and these do give a contribution to the
asymptotic expansion of A,.

From the recursion formula (see (19.6.2) of [1]), one has that
Wi(z, V) = 298(z, ) F V29 (2,1 +2).
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Using (8.12), this allows one to compute

(32
(ex(m, A))e = zes(z, A) £ 221_15-:’:_;61(33 A+2). (8.15)
Usmg Stirling’s formula, which is given by 6.1.37 of [1] as
1 1 139

—z gl 1
~ 1 _ 1
DY) ~ 2 2 (2m)3(1L + 12 T ogs? “smaom T b (816)

z — o0, |argz| <,

one has that

P—E?;;l J(HZ 1) [\l =00, XeQ, (8-17)

i=1
for some constants ;.
By (8.15) with (8.17) and (8.14), one has that

(ex(z,N)), ~ efivie (:f:z\/_—i-Z:J 0(—\%;27)) , A—o00, A€, (8.18)

where I?E;t are polynomials in x.
2. Let us first prove the bound (8.10). We have

WL, 94 )(@) = (L392 (z, ))eyl (2, A) — L3492 (2, M)(¥4 (x, M)z (8.19)

let us obtain appropriate bounds for each term in the r.h.s. of (8.19). Ex-
pressing 1. in terms of ey,

¥(@,3) = g2 VADR) (O ez, ) - O ey, ),
(8.20)
and using (8.14), (8.18), we obtain
H93C Mlleay = 012YT(ER)), N — o0, e, (8:21)
LG MD)lleay = O(N 22 TER)]), Al — oo, A€ (8.22)
Note the factors present in the above formulas. The following estimate,

from Stirling’s formula (8.16), explains the presence of I'(1£2) in (8.10). One
has

(r(2)2y’

rimy) = o0 “5), A= o0, Ae (8.23)
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Next, expressing the kernel Gi(z, y) in terms of ey,

LICE) (es(m, Ne-(y, A) ~ e—(z, e (v, A)), (8.24)

Gi(z,y) = E@)‘

and using the asymptotics (8.14), we obtain

sup sup |Ga(z,v)| = O(IA"3), |A|—o0, AEQ.

lzI<RlWI<R
Using this estimate and the fact that Ly is a Volterra type operator (see
Appendix E for description of norm estimates for the powers of Volterra
operaotrs) we obtain

n coy _
L3 lcay—cia) < Ez!) . CO)=0(AI"Y?), A — o0, AcQ. (8.25)

Finally, in order to estimate the term (L392),, let us introduce the operator
I : C(A) = C(A) by

Ly: f(z) /_ 1 %V(y)f (v)dy.

Then (L3492 (z,\)), = LALY "¢ (z, ). Using (8.24) with the asymptotics
(8.14) and (8.18), one obtains

L3 llcay—cay = OQ), |A| = oo, Ae (8.26)

Combining (8.19), (8.21)—(8.23), (8.24)-(8.26) one obtains (8.10).
3. Let us prove the asymptotic expansion (8.11). Using (8.20), we obtain

w(Lp 0_,1/,3)=Z%z(*—l)/?P(ﬂlﬁ)?(W(LKehe+)+W( Ae-re-)

_ e—iﬂ(1+A)/2W(L§e_, 6..|..) _ eiﬂ(1+A)/2w(LRE+’ 6_))

Denote
L‘S\lei(w ) A) .-

+ _
9n (@A) = ex(z,)) '’

(8.27)
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by (8.14), the denominator does not vanish for all sufficiently large A. Using

this notation, one obtains

WL, 4%)
= &}-7;2(1\—1)/211(1?)2 (W(QIB.H 8+) + W(g;e_’ e_)

_e I (g=e_ e} — MV (e, e_))

= 200 (RY (g e, N)ses (@ New (z, )

+(97 (2, M)ze-(2, Ne-(z, )
—e~ N2 g~z A))ee..(z,N)es(z,A)
—e N 20— (2 A\YW (e, e4)
—e™ N2 (g2 A)Y.ey (3, Ne—(z, \)
TNt (5 W (e ).

From (8.14) the asymptotics of ex(z,A) and the estimate (8.23), one has

W (32, 42) = 2P DD (R (—e 0 20 (0, W (e 4)
— NG (5 W (e, )
+ (@ NLOIT(E)) + (95 (2, DLOITCR)).  (8.28)
Using (8.12) and (8.1) one can calculate that
Wiesre-) = 4iy/aT(42)2°7 (D(42)) .

Substituting this into (8.28), one has

W(LR¢3,¢2)=% (L42) (N 2gE _ gmin(1+2)/25-)
+ (g7 (2, 01T + (97 (= 2),0(T(H2))). - (8.29)

It suffices to show that if z € (R, 2R), then g& have the asymptotic expan-
sions o S*( )
+ i \E

T, A) ~ Y M—o00, A 8.30

G@N~ Yy W (8.30)

j=n
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for some coefficients .S';-’: € C*(R), and that for any z € (R,2R),

(972, X))z =O(\|™), Al—o00, A (8.31)
By the definition of g, we have
¢ Gz,
i) = [ 2k ey WG (632

The expansion (8.30) shall be proved by induction. We shall only consider
the case of g but the same argument can be applied to g,. For n = 0,
one has g = 1, which clearly satisfies (8.30). Assume (8.30) holds for some
fixed n. Now substitute into (8.32) the expression (8.24) for Gx(z,y) and
the asymptotics (8.14). Using the inductive assumption (8.30), one has an
expression of the form

gha(@)) = f

5 VA
+f_RF( OV )V )y,

for any integer N > n, where, by the inductive assumption and the asymp-
totics (8.14), one has T; € C®(R) and T; € C®(R,R). By repeatedly
integrating by parts and using z ¢ suppV = (—R, R), one can show

mr'!"'jﬁ =2iv Az ,2iv Ay T, —co
/_R I‘Ei;;_kge Vet ,_Zn (‘(/y—;)‘/( )dy = O(]A™).  (8.33)

;(Z:r: y) —21\/_3: 21\/_1;2 \/—)J))V(y)dy

J-'ﬂ

This implies that

sin@n = [ Eﬁz( SV ()y-+OVAI™2). (834

It follows from this and the asymptotics of the Gamma function that g}, ;
can be expressed in the form (8.30). This establishes (8.30) for all n.
The asymptotics (8.31) follows by differentiation of (8.32). Having set
‘z ¢ suppV = (—R, R), one has

gl = f_ n (dx(f: (z A)))g" v Mesly, MV (u)dy-
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Using (8.24), the expression for G'y(x,y), one has

d
E‘Qfﬂ(m /\)

L LTCR) 7 (sl sl Nes0 )y
4z I‘(i) ex(z, A) el (z, )

xyi:(ya A)e:i:(y: A)V(y)dy

Note the above expression only contains the terms ey (y, A) and not ex(y, ).

If one substitutes in the asymptotics (8.14) and (8.18), one produces an ex-
pression where all the terms are of a similar form to (8.33), that is they con-
tain an exponential term of the form e?Y*, which does not cancel. Therefore,
because z ¢ suppV = (—R, R) , integrating by parts will give {8.31).

That Qg =1 and Py = 0 in (8.11) follows from (8.1). [J

8.3 Proof of Lemma 8.2

1. Let Q, = {z| {Im2| < 1, 2(n—1) < Re2 < 2n}. Fixesuchthat 0 <e < 1
and let Ty, . = {z| |2—A2| = £} with B, . denoting the interior of I', .. Denote

70 = e

the zeros of w in 2 coincide with the zeros of w. From the conditions of

Lemma 8.2, one has
w(A) = cos = + O(\/—) A — o0, A€ (8.35)

We can now apply Rouche 8 Theorem to {2, and B, see Appendix F.
It follows that there exists N € N such that for all n > N, the domain ,
contains exactly one zero of @ and this zero is located in B, ..

2. Let the half strip {2} [Im2| <1, Rez < 2(N — 1)} contain m zeros of
w. Suppose the zeros A, of w are enumerated as ReA; < ReA; < --- then
it follows that for k = N —m — 1, we have A, € B,,, n > N. '

3. Fix e > 0. By the previous arguments and Cauchy’s theorem, it follows
that for all sufficiently large n we have

Mk = 5 f f'(’\) (8.36)



4. Let us discuss the asymptotic expansion for %%}, A€l asn — co.
The notation F;(A), where ¢ € N is an index, shall be used in place of any
function which has an asymptotic expansion of the following form

J-'(A)~ﬁ+c;‘+%+ , A= 00,

for some cocfficients {¢;;} € C.
Using this notation, one has @(A) = cos % + cos Z2F;(A) + sin 2 F(A).
Then (using Appendix C.1)

F(\) = —Fsin ™ = T ﬂ ™
w'(A) = 5 sin 5~ 5 sin Fi1(A) + cos 5 Fi(N)
+ gcos ..5’}]:2(,\) + sin Z—AFQ(A), A—00,A €. (8.37)

From here, one has

w'(d) _ cos —(.7:’ (A) + ZF(N) + tan B2 (F5(A) ~ £ — 3F1(N)))
w(h) cos Z2(1 + .7-'1()\) + tan ”".7-'2()\))
= (FX)+ —.7'-2()\) + (tan —)(f'(A) - — —.7-'1 o))

1 _1yn an n
X( +;( 1) (.7-'1()\)+ta,n 2 -7:2()\)) )
where A € 'y ¢ for sufficiently large n. Note tan % A is bounded on |
For arbitrary NV and A € T, ., this expansion can be written as
W)  w,_wA A

'&7(/\) = —-Et 2 +.‘F3()\) -+ —.ﬂ()\)tan—,;

3t ZY(VA T3, - 0, A€ D, (539)

J=2
5. Now (8.38) can be substituted into (8.36) to give

Ane k"sz /\(—-gta.n——+f3()\)+ f4(A)tan”—2)‘-
| N . (8.39)
+Z(tan Y (VR 42 f110(N) + O(IN~%) ) dx

J=
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where the functions f;()) are analyticin A € 0 and satisfy f;(A)+O(JA|"%) =
F).

This can be integrated term by term to produce an asymptotic expansion
for A,_x. The remainder term gives,

AO(IA"T)dA = O(|X2|~F+1). (8.40)

Cn,e

For the other terms of (8.39), by Cauchy’s theorem only those with tan 12)-‘ in

the numerator will contribute to the integral. By the calculus of residues,

1 TA TA

0
- - - 4
2 Jy, T2 tan d= X, (8.41)
and for the other terms
1 tan/ 72 1 tand (Z(A + AJ ))
— A 2ed) = —— f dX 8.42
omi Jr,,” A% 278 Jp,, (A+ Q)7 (8.42)
j-1
= (DTN () (8.43)
k=0

where {ax} € C, depends on j and m.
Thus, from (8.39), (8.40), (8.41) and (8.42) one has

L T
RNyt

The radius € of B, can be taken arbitrarily small and still A,_; will be

An—k:"")\ + oo+ —

contained within B, . for sufficiently large n. This implies ¢o = 0. O

8.4 Proof of Lemma 8.3

1. Consider the family of operators H, = Hy + oV, « € [0,1], on L*(R),
with w(A, &) the corresponding Wronskian, Let A;(a) < As{a) < ..., be the
eigenvalues of H, and hence the zeros of w(}, @). Thus, A,{0) = A2 =2n—1
and A,(1), is an eigenvalue of H.

2. Consider the eigenvalues A, (a), which as mentioned are the zeros of
the Wronskian w(A, a). Since all zeros of the Wronskian are simple and the
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 Wronskian is analytic in o and A, we have 22(), @) # 0. Thus, by the implicit
function theorem, the functions A, = )\n(a) are continous in c.
3. Let \/_ (/\ )
. Tw(A, o
WA @) = - 1"(-—":—)
Then W(A, &) and w(A, @) have the same zeros in .
Below we prove that the following asymptotic expansion holds uniformly
in o,

A 1
A, Z+o
w(A, a) = cos 5 (\/)_\

Let ¥4 (c, z, A) be the solutions to

), |A|—> o0, A€ (8.44)

—i(o, 2, 0) + 2%us(a, 2, A) + aV (2)pa(e, 7, X) = Mps(oy 3,0}, 2 €R, AEC,

normalised by

¥u(e,2,2) = ¥2(z,X), > supsupp;
Y_{o,z, A} =9°(z,)), =z <infsuppV.

Then ¥1(1, z, A) = ¥+(z, A} and ¥4.(0, z, A) = 2 (z, A). By substituting aV
for V in (8.9}, the definition of Ly, we have that

(e,z,A) = Za"‘L"’qu (8.45)

n=0

By (8.45) and again fixing z € (R, 2R), we have that
w(), @) = wo(A)+Za"W(L 2, 98)(@).
n=1%

By (8.1) and Lemma 8.4, one has (8.44).

4. Let Q, and B,. be defined as in the proof of Lemma 8.2. Fix €
such that 0 < ¢ < 1. Using (8.44) one can apply Rouché’s Theorem, see
Appendix F. It follows that there exists N € N such that for all n > N and
all o € [0,1], the domain €, contains exactly one zero of W(A, a) and this

zero is located in By.
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5. Let m(cr) denote the number of zeros of W(\, &) contained in the half
strip {z| [Imz] < 1, Rez < 2(N - 1)}. For k(a) = N — 1 — m(a) the zero
located in By is An_g)(a) for all n > N.

It shall be shown below that m{«) is constant for & € [0, 1]. By definition
m(0) = N — 1, as it corresponds to the number of X < 2(N —1). Therefore,
k(e) = 0and A,{a) € By foralln > N and « € [0, 1]. Specifically, A, € By
for all n > N. Once this is established, it proves Lemma 8.3.

That m(e) is constant shall be proven by contradiction. The proof relies
on two facts. '

i) An(a) € R for n € N, as A\,(e) is an eigenvalue of the self adjoint
operator H,.

ii) A,(a) is continuous in « € [0, 1].

By i) and ii) for m{a) to vary, it must be that there exists ap € [0,1]
and j € N such that A\;j(ag) € Qn but A\j(ao) ¢ Bn,e. By part 4. this is
impossible. Therefore, m(a) is constant for & € [0,1]. O
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A The Trace and Hilbert-Schmidt classes

The Trace and Hilbert-Schmidt classes, S; and S respectively, are defined
by

S1 = {A€ S isn(A) < oo}

{Ae Sy i(sn(A)F < 0o}

where s,(A) is defined to be the square root of the n’th eigenvalue of A*A
and Se is the space of compact operators.
If a(z,y) € LR x R) is the integral kernel of A € S; then one has

lAlls, = ( / f |a($,y)[2dxdy)%.

B Shifting the Contour of Integration

Sy

In this section we present a more detailed explanation of the shifting of
contour argument used in section 7, notably to produce the equation (7.3).

Here we are concerned with the integral
1 ctioo
— 7 T(2)(Z(2) — Zo(2))d=. (B.1)
2mi c—ioo
By the meromorphic continuation of Z(s) the contour of integration can
be shifted to the left of zero. This uses the fact that I'(2) decreases exponen-
tially as 2 — +ico while Z(2) increases at most as a power of z.
That I'(z) decreases exponentially can be seen from {1}, 6.1.45, which

states
(21) 5T (2 +iy)| ~ e 7 Wy| 372, as Jy| — oo. (B.2)

To show that Z(z) increases at most as a power of z, as z — *ioco, one
can use the representation (7.1}, which states

oo 2k+2 2k+2
2(z) =) {07 = 2 @00+ Y di(2)Ze(z + (3/2)), (B3) T
n=0 j=0 =0

40



where the coefficients {d;(z)} are polynomials in z. If Zy(z) is polynomially
bounded as z — +ico then all the terms on the right hand side of (B.3) are
polynomially bounded.

To prove this properety of Zp, one can use the following representation,
given by 23.2.3 of [1],

2k—1

Z+2n By (z — [2])
- ( 2n+1 ) \/1 prm+l dx) (B4)

where s # 1, n € N, Re s > —2n, By, are the Bernoulli numbers and

Bopn+1(z) are the Bernoulli polynomials.

Zo(z) =(1—-2"*)(2)=(1 - —z(__+ +Zsz(z+2k—2)

The Binomial coefficients in (B.4) can be shown to be polynomially
bounded, as z' — Zioo, from their definition in terms of Gamma functions,

that is
z\ I(z+1)
w/] Tw+)Nz—w+1)

and the formula (B.2). This proves that Z(z) is polynomially bounded as
z — ico.

Returning to (B.1), as the contour is shifted to the left, the poles of the
integrand have to be taken into account. For the functions Z and Z,, as
defined in section 7, one has

1 ct+ioo

— t*T(2)(Z(2z) — Zo(2))dz

2mi £—100
2N+2

1 ~N=—e+ico

2mi J_ Neemico ['(s)(Z(s) — Zo(s))t™"ds,

where the last integral is of the order O(tV+¢).
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This can be shown by changing the variable,

‘f%ﬁmm@w@—z@mﬂﬁ

—N—-g—ioo

= thV+e fioo I'(s—N—-€)(Z(s—N—¢€)— Zy(s— N —¢e))t~%ds

—{co

< wﬂf%W@—N—dw&—N—@—%@mN~@Ms

= O@V*).

Here the final integral has been estimated from the facts, shown above,
that T'(s) decreases exponentially as s — +ioo, while Z(s) and Zy(s) increase
only polynomially as s — +ioo.

Therefore, one can produce an asymptotic expansion for (B.1).

C Asymptotic Expansions

In the following definition of an asymptotic expansion, taken from [8}, a,
denotes a constant, ¢,(z) a numerical function of = defined in C, and ¢,
an element of an asymptotic sequence. An asymptotic sequence is such that
®n+1 = 0(¢n) a8 £ — Ty, for each n and some limit point zy € C.

The formal series ) | a,¢,(z), is said to be an asymptotic expansion to N
terms of f(x) as z — xp if .

f(z)= Zan¢n(z) + o(dw), T — To.

n=1

An asymptotic expansion to any number of terms is written as

Throughout this work, only the cases of ¢, being powers or logarithms are
dealt with.
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C.1 Analytic Functions in a Strip: Possibility of Dif-

ferentiation

Let us consider a function f(z) which is analytic in the half strip @ = {z ¢
C|Rez > 0, |Imz| < 1}. Suppose f admits asymptotic expansion of the form

f(z) ~ 9(2) Z_sz_“’ +0(|2|™) (C.1)

as |z| — o0, z € ©, where {o;} C R, M > max{c;}, g(2) is a function
analytic in 2 and P; € C are some coefficients and the branch of 27/ is
fixed by 2~% = 2|l 8% argz e [-Z,Z].

It shall be shown that differentiating the asymptotic expansion of f is

legitimate. That is, the derivative of f admits the asymptotic expansion
f'z) ~ Za — (9(2)27) + O(I2|™), (C2)

as |z| — 00, z € Q and |Imz2] < 1.

It is possible to show (C.2) from Cauchy’s integral formula. Consider
a belonging to the interior of {1 and define I’y = {2| |z —a| = ¢} to be a
positively oriented contour, where € > 0 is chosen such that ', € . One

has
fla) = 27rz :(—zl
, 1 F4
fla) = ﬁfp (zfi)zdz (C.3)

Substituting (C.1) into (C.3) gives

Pglmres, L [ O(™)
- ZWZZf “(z—a)p +27rz' r, (z—a)?

Now (C.2) follows from Cauchy’s integral formula.

Thus, we have shown that differentiating the asymptotic expansion of f _

gives the asymptotic expansion for its derivative.
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D Heat Invariants

Define the Schrédinger operator h = —-£; +g(z) in L?(R), where g € C®(R)
and its derivatives are uniformly bounded. Consider the operator e~**, ¢ > 0,
and denote its integral kernel by e=**(xz,y). Then one has

= 0]
e ™z, ) ~ (4nt)~} Z ta;(z), t — +0, (D.1)
=0

locally uniformly. As desribed in the introduction, the coefficients {a;(x)} of
(D.1) are called the local heat invarinats of the operator » and are polyno-
mials in ¢ and its derivatives.

In this section shall be presented an outline of the proof for the existence
of the asymptotic expansion (D.1) with some unknown coefficients a;. The
formula (3.1) for these coefficients was obtained by a difficult combinatorial
analysis due to Polterovich, see [18].

The discussion here of the existence of (D.1), describes the method as
shown in [12], but different approaches to this can be found, for example see
[2].

This approach uses the iterated resolvent identity which as its name sug-
gests is an iteration of the usual resolvent identity

R(z) = Ry(z) — R(z)V Rs(2),

where Ry(z) = (Ho — 2)™!, R(z) = (H — 2)~! and applies to all operators
Hy=H§, H= Hy+V and V = V* is bounded. In order to prove (D.1),
the iterated resolent identity shall be defined for Hy = hg = —%2; and h as
defined above. One needs the operators X,,, m > 1, defined recursively by

Xo=1I, Xmp1 = Xmho = hXm, (D.2)
on domain Np,>oDom(hF). These operators are also used in [2] but are defined

equivalently by multiple commutators which is a more complicated form. One -
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has,

Xl = —4q,
d? d?
Xy = q@+(—d—9ﬂ-+q)q
— ﬁ._ﬁ + 2
= O T gr? T

_ dg\ d d?q 9
= Z(dx) dz (dx?) te

The iterated resolvent identity is

M
R(2) =) | XnBgH(2) + R(2) Xara BY(2) (D.3)

m=0
and holds true for any M > 1.
This can be proven by induction. The M = 0 case is the usual resolvent

identity. Assume (D.3) holds for some fixed N. The following computation
shows it holds for all M > 1,

R(2)Xn+1 Ry *(2)
= R(2)Xn1(ho — z)Ry T(2)
= R(2)[(h— 2)Xn11 — (b — 2)Xn41 + Xns1(ho — 2)| RYT2(2)
= R(2)[(h— 2)Xn11+ Xni1ho — hXn41 ) RYT2(2)
= Xn41RYT3(2) + R(2)XnyaRY¥2(2).
Now to prove {D.1), one can use the itereated resolvent identity in the

following way. Fix ¢ < 0, ¢ < info(h), and ¢ > 0. Multiply (D.3) by e~*
and integrate over z from ¢ — 00 to ¢ + i00 to obtain

M gm 1 c+ioo
eth=3" — Xme ™0+ — R(2)Xun1 Ryt (2)e %dz. (D4
= ml 278 Jo—ioo

By Lemma 3.2 of [12] one has that

1 e+ico
Py R(2)Xpr 11 RYH(2)e ¥ dz = O(tM+D/2-1/2),

21 fo—ioo
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Now we can look at the first term on the RHS of (D.4). The operators

X have the form
-1

Z e dmj (D.5)

where by,; are polynomials in ¢ and the derivatives of g. The explicit expres-
sion for the integral kernel of e~ is ‘

T
e (g, ) = (dnt) e (D.8)

Using (D.5) and (D.6) it is easy to compute the m’th term in the sum in
(D.4). One has

-1 2
Xme~to(z, z) = (4nt)~2 Z bim(z) 7€ % o=
. por

For 7 = 1, one has

d _z-y?
blm(m)d_xe at Ia:=y
N d (z-9)? l@E-y°
= bimle) g (1 “Tx 3@t lz=y

= Q.

For j = 2, one has

d? (z—y) 1@-y) 1
bom(@) 3 (1 & ty@e T )"“” = bn(z)3;

From this it is clear that only even derivatives will give a non zero contribu-
tion. Therefore for the m’th term in (D.4) one has

m

" Xme™™(z,2) = (4mt)™% Y tfmi(z), t>0,
j=[m/2J+1
where fn; are some polynomials in ¢ and the derivatives of gq. Converting
(D.4), with the understanding that for large enough N the second term on
the RHS becomes the remainder term, to integral kernels and substituting _

in the above one arrives at (D.1).
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E Estimates for Volterra Type Operators

In this section we describe some basic properties of Volterra operators (see
[20], for example). Volterra operators are integral operators of the form
(K¢)(x) = [7 k(z,t)p(t)dt, where k : [a,b] x [a,b] — C is a measurable
function and z € (a, b).

We are going to consider the case where k is continuous and bounded
on [a,b] X [a,b] and K maps C{a,b) to itself. We are interested in finding

solutions to equations of the form
T
8@ - [ Mook =1@), esosb (k1)
a

That is (I — K)¢ = f. If 307 [|K*||c(apy—cClap) cOnVerges, then the series
Yoo o K™ converges in B(C(a, b)), the space of bounded linear maps from
C(a,b) to itself, and (I — K)™! = 32 | K™. Therefore, the equation (E.1)
has the unique solution ¢ =3 - K" f.

To ascertain the conditions for the series 3"°° (|| K"||c(ab)—c(ay t0 con-
verge, we shall produce an estimate for || K™|{c(a,t)—c(a,t)- Firstly, for K* one
has

(K*9)(o) = K(KA@) = [ hiz,s)(Ka)(o)is
_ f . f " k(z, s)k(s, £)b(¢)dtds
_ f i ft " k(z, $)k(s, t)b(t)dsdt
= f:kg(az,t)gb(t)dt (E.2)

where ky(z,t) = [ k(z,s)k(s,t)ds is the kernel of K>. Denote M :=
sup{|k(z,t)| : —a <t < z < b}. From (E.2) we have that

\ka(z, )] < f M2 = M (z— £).
¢
For all n € N, denote the kernel of K™ by k,(z,t) then

bnsa (@, 1) = f ka(@, s)k(s,8)ds, a <t <z <b
4
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We shall show for any n € N, that one has

lh@JHSQQ%E%EL

Proceed by induction in n. For n = 1, (E.3) holds. Assume that (E.3) holds
for some fixed n. Then

|mﬁﬂ@n|==|/m@¢mgm&ﬂﬁ|

< | [

Mn-i-l( T — )
n!

a<t<z<h (E.3)

This proves (E.3) for alln € N.
Using (E.3) one has

X
1K lc@s-cen < sup [ Vo (z, £)

a<z<bJa
x M"(CL‘ — t)n—l
< s —dt
“aéﬁl (n— 1)l
_ M*b-a)"
= T-

This implies that 3 oo , K™ converges for any value of M. Thus, the equation
(E.1} has a unique solution for all Volterra operators of the type K.

F' Rouché’s Theorem

1. Fixesuch that 0 < e < 2 and let I’ . = {A| [A— (2n — 1)| = }. Consider
the analytic function

w(A) = cos % +O(%), A — oo. | (F.1)
It shall be shown that there exists N € N such that if n > N then w(}) has
the same number of zeros as cos %2 A within Ty .

This is essential done by an application of Rouché’s theorem, a simplified

version of which appears below.
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Theorem F.1 (Rouché). Let T be a circle in a region Q. Suppose w and wy
* are two holomorphic functions on Q. If Jwo(2) —w(z)| < |wo(2)| V 2 € T then
w and wo have an identical number of zero’s within T', counted according to
their multiplicities.

For the full theorem and proof see 10.43 of [24].

If | cos -’525| is bounded from below on I, . independently of n, then one
can apply Rouché’s theorem to w(}) and cos%*. This will give the desired
result.

2. Let us show |cos 2| is bounded from below on I'yc. Let a+ ib= 22
where a, b € R. Then |cos 2| > |e¢* — e~?|. This implies that away from the
real line | cos "2—"| is bounded from below. At the points of ', . on the real line
|cos %] = |cos ZE| > 0. Therefore, by continuity |cos | is bounded from
below on I'y, .
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