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Abstract 
The main theme of this thesis is that of wave and submerged structure interaction in 

two-layer fluids. By a two-layer fluid we mean one which contains a layer of finite 

depth bounded above by a free surface and below by an infinite or finite layer of greater 

density. For such a situation time-harmonic waves can propagate with two different 

wavenumbers for a given frequency. One of these wavenumbers corresponds to waves 

where the motion is concentrated near the free surface and the other to waves near the 

interface between the two fluids. 

All the problems that will be examined will be based on linear inviscid water wave 

theory. The work is separated into two parts; in part I three-dimensional problems 

involving spheres are investigated whereas part II is concerned with the two-dimensional 

problems of horizontal circular cylinders. All of the problems are solved using the 

method of multipole expansions. 
In a single-layer fluid there are a number of reciprocity relations that exist which 

connect various hydrodynamic quantities. In chapter 2 we systematically extend all these 

relations to the three-dimensional two-layer fluid case. The radiation and scattering 

problems of a sphere in either the upper and lower layer are then solved. Chapter 3 

examines the effect of a finite-depth lower layer on the radiation problem. 
Chapters 4 and 5 investigate the transmission and reflection of incident waves by a 

horizontal circular cylinder. Chapter 4 contains the scattering problem where the lower 

layer is of finite depth whilst in chapter 5 obliquely incident waves are considered in a 
finite-depth single-layer fluid and then in a two-layer fluid. For the latter case, we find 

that there are frequencies at which complete reflection of the obliquely incident waves 

occurs. 
Trapped modes above a horizontal circular cylinder are looked into in chapter 6. We 

first consider the single-layer problem for finite depth and then move onto the two-layer 

case. Using the fact that obliquely incident waves on a horizontal circular cylinder can 
be totally reflected we seek embedded trapped modes between a cylinder and a wall in 

chapter 7. 
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Chapter I 

Introduction 

1.1 Historical review 

This thesis is concerned with the interaction of surface gravity and internal waves with 

rigid bodies. Gravity waves are the type which occur on the surface of large bodies of 

water such as seas and lakes. The main restoring force of such waves is gravity, hence 

the name, and are generally generated by wind acting on the water surface. Internal 

waves occur along pycnoclines and thermoclines which are horizontal layers of sharp 

density stratification due to temperature and salinity variations. Gravity plays a role in 

the restoring force of the internal waves also. 

One motivation for the study of the interaction of waves and structures in two-layer 

fluids is the suggestion by Friis, Crue & Palm (1991) that an underwater pipe bridge 

might be built across one of the Norwegian fjords. A fjord typically consists of a layer of 
fresh water about 10 m thick on top of a very deep body of salt water. A bridge would 

have a diameter large enough for a two-lane road, about 10 m, and would enter the 

water at a gentle slope passing through the free surface, the middle section being 40 m 

or so below the free surface, (and therefore totally within the lower layer), before rising 

through the upper layer and breaking the free surface on the other side of the fjord. A 

two-layer fluid model can also be used to investigate the effects of muddy water at the 

bottoms of channels and harbours on the hydrodynamic characteristics of ships. Over 

recent years a number of journal papers and conference proceedings have been written 

on the subject of waves in two-layer fluids. 

We consider a fluid consisting of a layer of finite depth bounded above by a free 

surface and below by either a finite or infinite layer of fluid of greater density. There is 
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a density jump at the interface between the upper and lower fluids which represents an 
infinitely thin pycnocline. Although the largest currents which can occur in the fjords, 

around 1-2m/s, would cause some mixing of the layers at the interface, we will assume 

no mixing occurs. 
The analysis of the effects of water waves upon structures was initiated well over a 

century ago by W Froude and A. N. Krylov. The interest in this area has become more 

widespread over the last half a century with investigators progressively becoming more 

ambitious. One reason for such interest in this field is the need to accurately predict 

the forces that will be exerted by waves on offshore structures placed in the sea. Such 

structures will move in response to waves incident on them and also radiate waves due 

to their motion. Solutions of such problems are extremely difficult even when the body 

geometry is simple. 
In order to simplify the wave/structure interaction problems, we assume that the fluid 

is inviscid and incompressible which are good approximations in the case of water waves. 
The flow will be assumed to be irrotational such that potential theory can be employed. 
In wave-body interaction there are three relevant length scales; the characteristic body 

dimension a, the wavelength 27r/k, and the wave amplitude A. These lengths can be 

combined to obtain two non-dimensional parameters, for example, kA and ka. We 

shall assume that the amplitude of the waves is much smaller than the wavelength 

so that kA < 1. Furthermore we shall assume that the body is large (ka = 0(1)) 

such that its presence alters the pattern of wave propagation significantly and produces 

diffraction. Under these assumptions the equations of motion and boundary conditions 

can be linearised. Due to linearisation we can decompose the problem of waves incident 

on a moving body into two simpler problems; the radiation of waves due to a body 

oscillating in an otherwise still water and the scattering (or diffraction) of waves by a 
fixed body. 

A rigid body in three dimensions has six degrees of freedom and thus six possible 

modes of motion. The three translational modes are referred to as sway, surge and 
heave while the three rotational modes are referred to as pitch, roll and yaw. In figure 

1.1 these modes of motion are shown where the z-axis points directlY upwards opposite 
in direction to the acceleration due to gravity. The solution to a problem in which 

an incident wave interacts with a body which is completely free to move requires the 

solution of seven separate problems; six radiation problems corresponding to each mode 
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Figure 1.1: The components of motion. 

of motion and a scattering problem. These problems can be solved separately but 

are not all independent and the various quantities which arise from the radiation and 

scattering problems are connected by a series of reciprocity relations. These relations 

have been derived by many authors over the years and can be obtained by applying 

Green's theorem to two different potentials corresponding to two different problems. 

A systematic derivation of all the first-order reciprocity relations is given by Newman 

(1976) for a body in a single-layer fluid in two and three dimensions. 

When the problem is reduced to two dimensions there are only three possible modes 

of motion for the body (sway, heave and roll) which provides some simplification. Out- 

going waves in two dimensions have constant amplitude far from a wave source which 

allows us to define reflection and transmission coefficients. These coefficients are the 

ratios of the amplitude of the reflected wave to that of the incident wave and the am- 

plitude of the transmitted wave to that of the incident wave respectively. Tile general 

scattering problem in two dimensions was first considered by Kreisel (1949). 

Simple geometries have to be considered for analytical progress to be made. In 

this thesis we will only be concerned with the interaction of waves with horizontal 

circular cylinders and spheres. We investigate cylinders because they represent a rea- 

sonable model of a pipe bridge. A sphere is used because it is one of the simplest 
three-dimensional geometries. Many authors have studied both types of structure in 

a single-layer fluid and it is interesting to investigate the corresponding situations in 

a two-layer fluid. Some of the previous research involving single-layer fluids and the 
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bodies we are considering is described below. 

One of the most surprising results involving horizontal circular cylinders was discov- 

ered by Dean (1948), who used a conformal mapping technique to solve the problem 

of wave scattering by a submerged cylinder in infinite depth water. Dean showed that 

incident waves propagating perpendicular to the generator of the cylinder are com- 

pletely transmitted. The only effect of the obstacle at a great distance is that there is 

a phase-difference between the incident and transmitted waves, their amplitudes being 

the same. This result was confirmed by Ursell (1950) and later by Ogilvie (1963). To 

solve the scattering problem Ursell invented the method of multipole expansions which 

will be used for all the problems in this thesis. Multipoles are singular solutions of the 

governing equation which satisfy all the boundary conditions except those on the body 

boundary and behave like outgoing waves far from the singular point. Ursell gener- 

ated these multipoles by repeated differentiation of a wave source with respect to the 

source point. Thorne (1953) provided a different method for generating multipoles using 

complex analysis. 
Levine (1965) investigated the scattering problem of waves obliquely incident on 

a horizontal circular cylinder in deep water. Using an integral equation technique he 

found that Dean's result of zero reflection does not occur for these waves. Work by 

Evans & Linton (1989) showed that normally incident waves in finite depth are also not 

completely transmitted. 

The existence of trapped modes in a channel above a submerged horizontal cylinder 

spanning the sidewalls was first established by Ursell (1951) for when the radius of the 

cylinder is small compared to the length of the waves. By trapped modes we mean 

the free, time-harmonic oscillations of the fluid which decay to zero at infinity down 

the channel. Ursell showed that existence of the trapped modes depended upon the 

vanishing of a certain infinite determinant. Numerical results were obtained by McIver 

& Evans (1985) for trapped modes above a circular submerged cylinder. They found 

that only a single mode exists for a depth of submergence of the cylinder greater than 

about 1.07 of its radius. As the depth of submergence is decreased, further trapped 

modes appear. 

There is much work on the radiation and scattering problems of waves by spherical 

objects in a single-layer fluid. Havelock (1955) solved the heave radiation problem for a 

half-immersed sphere in deep water and this work was later improved and extended by 
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Hulme (1982) to the case of sway motion. Numerical calculations of forces on a fixed 

sphere, both half-immersed and totally submerged, due to an incident wave in deep 

water, were made by Milgram & Halkyard (1971), and Cray (1978) solved the scattering 

problem for the submerged sphere, again in deep water, by formulating the problem as 

an integral equation and then expanding the Green's function and the velocity potential 
in spherical harmonics in order to reduce the problem to the solution of an infinite set 

of linear algebraic equations. The method of multipoles first used by Ursell (1950), 

which is much simpler than this, was used by Srokosz (1979) to solve the heave and 

sway radiation problems for a submerged sphere in deep water. More recently, Linton 

(1991) solved the radiation and scattering problems for a sphere submerged in finite 

depth again using multipole expansions. 

The propagation of waves in a two-layer fluid which does not contain any bodies 

was first investigated by Stokes (1847) and a description of some of the types of linear 

motion which can occur is given in Lamb (1932) Art. 231. Very little work has been 

done on wave/structure interactions in two-layer fluids, except by approximating the free 

surface by a rigid lid. With this simplifying assumption Sturova (1994), for example, 

studied the radiation of waves by an oscillating cylinder which is moving uniformly 

in a direction perpendicular to its axis. Also Sturova (1999) considered the radiation 

and scattering problem for a cylinder in a two- and three-layer fluid which is bounded 

above and below by rigid horizontal walls. For the three-layer case the middle layer is 

linearly stratified representing a smooth pycnocline. Using the method of multipoles 

Sturova calculated the added-mass and damping coefficients of the radiation problem 

and the disturbing forces and scattering coefficients for the scattering problem. Further 

work investigating the smooth pycnocline was done by Gavrilov, Ermanyuk & Sturova 

(1999), again for a horizontal circular cylinder where the fluid is bounded above and 

below by rigid walls. A comparison of theoretical and experimental results was also 

given in Gavrilov et al. (1999) and they agreed quite well qualitatively but with notable 

quantitative disagreement. Other work on two-layer fluids includes Zilman & Miloh 

(1995) where the wave resistance due to a shallow layer of fluid mud is considered. 

Kassem (1982) developed two- and three-dimensional multipole expansions for the case 

of a two-layer fluid bounded above and below by rigid walls. 

When the correct linear free-surface boundary condition is used, in the absence of 

obstacles, Lamb (1932) Art. 231 showed that the appropriate dispersion relation for a 
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two-layer fluid has two solutions for a given frequency. One of these solutions corresponds 

to waves where the majority of the disturbance is close to the free surface and the other 

to waves on the interface between the two fluid layers. More recently, Iooss (1999) has 

studied nonlinear periodic travelling waves in two dimensions, again in the absence of 

any obstacles. 
When a wave is scattered by an obstacle there is the possibility that the wave energy 

will be transferred between the two modes. Nguyen & Yeung (1997) investigated the free- 

surface and internal waves due to a translating point source in a finite-depth two-layer 

fluid using Green's functions. In Barth6lemy, Kabbaj & Germain (2000) the scattering 

of surface waves by a step bottom in a two-layer fluid was considered. This problem 
is of particular interest to understand how tides are scattered at the continental shelf 
break. A WKBJ technique, which approximates the solution by simple travelling waves 
locally, was employed to find the reflection and transmission coefficients of the surface 

waves past the step and the proportion of the surface motion transferred to the interface 

can be seen from the results. 
Yeung & Nguyen (1999) solved the radiation and diffraction problems for a rect- 

angular barge in a two-layer fluid using an integral-equation method. The symmetry 

relations for the added-mass and damping matrices and an analogue to the Haskind 

relations were given (see chapter 2 below). 

The study of trapped modes in two-layer fluids has received very little attention. 
Kuznetsov (1993) investigated trapped modes in a channel spanned by a cylinder sub- 

merged in the lower fluid layer of a two-layer fluid. This work assumed the difference in 

density between the two fluid layers was small. Using a perturbation method Kuznetsov 

claimed to show that there were two sets of frequencies of trapped modes; one set cor- 

responding to trapped modes on the free surface and the other to trapped modes on 

the interface. The work in chapter 6 of this thesis suggests that this is not actually the 

case. Only the set of interfacial modes exist, the frequencies at which the free-surface 

modes would exist are such that waves would propagate on the interface thus ruling out 

the possibility of the existence of a trapped mode. 
Much of the research presented in this thesis is an extension of the work by Linton 

McIver (1995) who looked at the scattering of waves by a submerged horizontal 

cylinder in a two-layer fluid where the lower layer has infinite depth. Following the 

approach of Newman (1976), all the first-order reciprocity relations for a two-layer fluid 
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were systematically derived using Green's theorem. The scattering problem was also 

solved using the method of multipoles and the transmission and reflection coefficients 

computed. It was shown that a cylinder in the (infinite) lower fluid of a two-layer fluid 

reflected no waves, extending the well-known result for the single-layer case. When 

the cylinder was positioned in the (finite) upper fluid zero reflection does not occur 

consistent with the interface acting as a rigid bottom when the density of the lower fluid 

tends to infinity. 

Part I of this thesis is concerned with the three-dimensional problems of spheres 

submerged in a two-layer fluid. In chapter 2 we extend all the reciprocity relations for 

the two-layer fluid, given in Linton & McIver (1995), to three dimensions. The heave 

and sway radiation problems of a sphere entirely within the upper or lower fluid layers is 

solved and the added-mass and damping coefficients computed. The scattering problem 

is then solved and the exciting forces exerted on the sphere calculated. The results are 

compared to those found in Linton (1991). The work presented in chapter 2 has already 

been published and can be found in Cadby & Linton (2000). Chapter 3 considers the 

radiation problems for a sphere where the lower fluid is of finite depth. 

Two-dimensional problems concerning submerged horizontal circular cylinders are 

considered in Part II of this thesis. In chapter 4 we investigate the effect of finite depth 

of the lower fluid layer on the scattering of waves by a cylinder submerged in the lower 

fluid. Chapter 5 solves the scattering problems of oblique waves by a cylinder; first in a 

single-layer finite-depth fluid and then in a two-layer infinite-depth fluid. Comparison 

with the results obtained by using the method given by Levine (1965) is included. We 

find that at certain frequencies, for a given submergence and depth of the upper fluid 

layer, zero transmission occurs. 

Týapped modes above a cylinder are considered in chapter 6. We begin by extending 

the work by McIver & Evans (1985) of a cylinder in a single-layer fluid to finite-depth 

in section 6.1. In section 6.2 the trapped mode frequencies for a cylinder in the upper 

and lower fluid layers of a two-layer fluid are calculated. Free-surface and internal 

wave profiles are also presented confirming that the trapped mode waves for a cylinder 

submerged in the lower fluid layer are centred about the interface. For a cylinder in the 

upper fluid layer however we find that there can be waves on both surfaces. 
Chapter 7 is devoted to finding embedded trapped modes between a wall and a 

cylinder in a two-layer fluid. These modes are called embedded trapped modes as the 
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frequencies at which the trapped mode waves occur are embedded in the continuous 

spectrum of a certain differential operator. Linton & Kuznetsov (1997) investigated these 

types of waves between a pair of identical surface piercing inclined barriers. Symmetry 

conditions were used such that the geometry was equivalent to a barrier next to a wall. 
An interesting hydrodynamic property of these barriers is that at a particular frequency, 

for a given inclination, the transmission coefficient is zero and a wave incident upon 

the plate is totally reflected. Linton & Kuznetsov (1997) used this property to seek 

frequencies of waves which are continually reflected between the two barriers leading to 

a trapped oscillation. Since we find that oblique waves incident upon a cylinder in a 

two-layer fluid can be totally reflecting we investigate these trapped modes between two 

identical cylinders submerged in the lower fluid layer. 

1.2 Linear water wave theory 

We shall first consider a single-layer fluid. We choose Cartesian coordinates such that 

x, y are horizontal and z is vertically upwards. The undisturbed air-water interface 

which will be called the mean free surface is positioned at z=0. We assume that the 

fluid is inviscid and incompressible and the flow is irrotational (no local rotation). Due 

to irrotationality the velocity vector u of a point in the fluid can be expressed as the 

gradient of a scalar potential 4) 

u GX, Y, -ý, t) -= V"l> GX, Y, Z, t). (1.2.1) 

Conservation of mass, V-u=0, requires that the potential satisfies Laplace's equation 

V24) =0 in the fluid. 

There are at least three relevant length scales in wave-body interactions; a, a typical 

body dimension, A, the wavelength and A, the wave amplitude. The wavenumber k is 

defined by kA = 27r. These lengths can be combined to obtain two non-dimensional 

parameters for the problem, ka and kA. We shall assume that the wave-steepness 

kA <1 which allows us to simplify some of the boundary conditions. The free surface 
is described by z= H(x, y, t) and the linearised free-surface boundary conditions are 

aH a(D 

Yt- TZ, 
gH 

(9. (D 
at 
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both applied on the undisturbed free surface. These can be combined to give 

01(p 04) 
-5 -t2 + gaZ =0 on z 

The total pressure in the fluid is given by linearising Bernoulli's equation. Thus 

427, Y, Z, t) --, z -p9z -p1 at 

where the term -pa(DIOt is called the dynamic pressure. 

We shall further simplify things by considering monochromatic waves, i. e. waves at a 

single frequency, wl2r. We shall also assume that the constraints on any body are such 

as to produce a response at this frequency only. This requires the equations of motion 

of the body to be linear as well as the equations of fluid motion. For convenience we 

write 

(D(x, y, z, t) =RIO(x, y, z)e-wtl, 

H(x, y, t) =Rfq(x, y)e-"'}, 

P(x, y, z, t) =Rfp(x, y, z)e-wtl - pgz. 

Thus the conditions become 

V20 =O 

KO '90 
az 

in the fluid, 

on z= 

(1.2.7) 

(1.2.8) 

(1.2.9) 

(1.2.10) 

(1.2.11) 

where K =- w'lg. 
We shall now consider a two-layer fluid and derive the general linearised governing 

equations. Cartesian coordinates x, y, z are chosen with x, y horizontal and z vertically 

upwards. The undisturbed interface and free surface are at z=0 and z=d respectively. 

The upper fluid, 0<z<d, will be referred to as region I, whilst the lower fluid, z<0, 

will be referred to as region IL The fluid velocity in the upper fluid (of density pI) is 

u, and that in the lower fluid (of density pII > pI) is uII. From now on in this chapter, 
for convenience, when a quantity appears without a superscript I or II then it refers to 

both. 

As above, we assume the fluids are inviscid and incompressible, the motion is irrota- 

tional and the wave steepness is small. The free surface is described by z= Hd(x, y, t) 

and the interface by z= Ho (x, y, t). We have two velocity potentials describing the mo- 

tion in the two fluid layers, both of which must satisfy Laplace's equation. The velocity 
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potential V for the upper fluid must satisfy the free-surface condition, at z=d. The 

continuity of the normal velocity and pressure at the interface are represented by 

Mo &D, 0-I)II 
on z =0, (1.2.12) 

at az 
P =-+g 
1 (0(1)1 

+ gHo) 
0, I)II 

HO on z =0. (1.2.13) 
P II 57z-- 

'9z 
The velocity potentials and pressure can be expressed in the same way as (1.2.7) and 

(1.2.9). The free surface and interface are given in a similar way 

Ho(x, y, t) =Rf 77o(x, y)e-wt}, (1.2.14) 

Hd(x, y, t) =34? 7d(X7Y)e-iwt}- (1.2.15) 

The conditions can be reduced to 

V20 =0 in the fluid, (1.2.16) 

KOI ='OOI on z =d, (1.2.17) 
Oz 

on z =0, (1.2.18) 
Oz Oz 

ao I- 
K01) =ýe- - KOII on z =0. (1.2.19) 7 az Oz 

Region II is of infinite depth which implies that 

VOII --. ý as z --+ -oo. (1.2.20) 

If region II has constant depth h then we would use the following alternative condition 

00II 
Oz =0 on z= -h. (1.2.21) 

1.3 The interaction of a body with an incident wave 

Let us consider a moving body, with an impermeable surface, in the fluid. The velocity 

of the body at a point on its surface can be written as 

V(x, y, z, t) = R{U(x, y, z)e-'wtl . 
(1.3.1) 

The continuity of normal velocity implies that 

00 
- U. n on the body, (1.3.2) 

, 9n 
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where n is the inward unit normal to the body surface, i. e. the outward normal to 

the fluid. If we assume that the body motions are characterised by the same smallness 

parameter as for wave motions, (Ka), then we can linearise this condition by applying 

it on the fixed equilibrium position of the body. 

When an incident wave, described by potential Oinci interacts with a body it diffracts 

to produce a scattered wave field, described by potential Os, and also sets the body in 

motion generating an additional radiated field, described by potential OR- In linear 

water wave theory the total effect can be determined by simply adding the various 

effects together. The total velocity potential can be written as 

0: 
-"ý 

Oinc + OS + OR- 

If we restrict our attention to rigid body motions, then the complex velocity of a point 

on the body surface, U, defined in (1.3.1), can be written as 

(Ul 
I 

U29 U3) + (017 02 
7 

03) xr 

where U1, U2, U3 are the components of velocity in surge, sway and heave; Q1,023 Q3 

are the components of angular velocity in roll, pitch and yaw, and r is the position 

vector of the point on the body surface with the origin at the centre of rotation. 

If we write 

ui = ni i=4,5,6, (1.3.5) 

ni = n. ei i=1,2,3, (1.3.6) 

ni = (r x n)i i=4,5,6, (1.3.7) 

where ej, i=1,2,3 are the unit vectors along the x, y, z axes respectively, then the 

body boundary condition, (1.3.2), becomes 
6 

EUini 
On i=l 

(1.3.8) 

and if OR is decomposed into six radiation potentials, one for each mode of motion, by 
6 

OR UiOi (1.3.9) 

then the conditions satisfied by the various potentials on the body are 

'90S 
- 

ogoi. ý 
On On 

= ni i an 
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Far away from the body we require the potentials OS and Oj, i=1,... 6, to describe 

outgoing waves. The problems for OS and Oj, i=1,... 6, are all independent and can 
therefore be considered separately. 

1.4 Hydrodynamic characteristics 

From now on we shall restrict attention to bodies which are entirely within either the 

upper or the lower fluid layer. The case when a body straddles both fluid layers will not 
be considered. The force on a body in waves is made up of two components. The first is 

the hydrostatic force which is extremely important when studying floating bodies. In this 
thesis we will only be considering completely submerged bodies and so tile hydrostatic 

forces will present no theoretical difficulty. A description of the hydrostatic forces is 

given in Newman (1977) but here we shall not discuss them. The second component 

of the force is that due to the motion of the waves, called the hydrodynamic force. 

The generalised hydrodynamic force on the body in the jth direction, Fj, is found by 

integrating the dynamic pressure times the appropriate component of the normal over 
the body surface. Thus 

Rf fje-"'1, 

where fj is given by 

fj 
= ipw 

fSB 

OnjdS. 

For i=4,5,6 this will be a moment. Now 0= Oinc+OS+OR so we can write fj =f ý+f 

where 

fjs =ipw 
1 
sý, ý+ 

Os) njdS, S 

fR =iPW j 

ISB 

ORnjdS 
6 

UiTij, 

and 

Tij = ipw Oinj dS. 
S" 

The vector fS having components fjS is called the exciting force on the stationary body 

due to the incident wave, whilst the matrix element Tij represents the contribution to 

12 



the hydrodynamic force in the jth direction due to a unit velocity of the body in the 

ith mode of motion. The complex matrix T can be split into two real matrices, one in 

phase with the acceleration of the body, M, which is called the added mass matrix, and 

one in 
I 
phase with the velocity of the body, B, which is called the radiation damping 

matrix. Thus if we write 

Tij = -Bij + iwMij =, zpw 
fSB 

OinjdS 

then 
6 

fjR Ui(-Bij + iwAlij) 

corresponding to the force 

6 
FR 

j (t) E[BijRfUie-'t} + MijRf-iwUie-"t}] 

where the terms multiplying Bij and Mij are the velocity and acceleration of the body 

in the ith mode respectively. The matrices Af and B are independent of the velocity 

of the body and depend solely on the geometry of the body and the frequency of the 

oscillation. 
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Part I 

Submerged Spheres 
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Chapter 2 

Infinite depth of lower fluid 

2.1 Introduction 

This chapter is concerned with three-dimensional wave/structure interaction in two-layer 

fluids. The work presented here has been published and can be found in Cadby & Linton 

(2000). General relations exist for water wave radiation and diffraction problems. They 

can be found by using Green's theorem with various pairings of radiation and scattering 

potentials, see Mei (1983) chapter 7. These relations were extended to two-layer fluids 

in two dimensions by Linton & McIver (1995). In this chapter I shall be extending their 

results to the three-dimensional case. All the identities found are useful in theoretical 

and practical argument and can be used to check calculations or reduce the numerical 

work of calculating certain quantities. 
Srokosz (1979) used the multiPole method to solve the heave and sway radiation 

problems of a sphere in deep water. Using the same method Linton (1991) examined 

the radiation and diffraction of waves by a sphere in finite-depth water. Here we will 

employ the multipole method to solve the radiation and scattering problems for a sphere 

submerged in a two-layer fluid. The added-mass and damping coefficients will be cal- 

culated for the radiation problems and the exciting forces on the sphere due to incident 

waves will be calculated for the scattering problems. 
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2.2 General relations between hydrodynamic 

quantities 

Horizontal coordinates are x and y whilst the vertical coordinate z is measured upwards 

from the undisturbed interface between the two fluids, the free surface being linearised 

about z=d. Cylindrical polar coordinates defined by 

x= Rcosa, y= Rsina, 

will also be used. 

(2.2.1) 

As described in chapter 1, the upper fluid, 0<z<d, will be referred to as region I, 

whilst the lower fluid, z<0, will be referred to as region II. The potential in the upper 

fluid (of density p') is 0, and that in the lower fluid (of density pII > pl) is 011. The 

motion is assumed to be irrotational and so both 0, and 011 satisfy Laplace's equation: 

V201 = V20II = 0. (2.2.2) 

If we now define p= p'lp"(< 1) (not to be confused with the notation in the previous 

chapter) then the linearised boundary conditions on the interface and free surface are 

01 = ý5II 
ZZ on z=0, (2.2.3) 

p(0, - KOI) = 0� - KOI, on z=0, Z 
(2.2.4) 

0, = Ko, 
Z on z=d, (2.2.5) 

where K= w'lg, the time-dependence of e-'wt having been suppressed. The boundary 

conditions (2-2.3) and (2.2.4) represent the continuity of normal velocity and pressure 

at the interface respectively. 

To derive the wave potentials which satisfy the above conditions we use standard 

three-dimensional water wave theory, for example Mei (1983) chapter 7, combined with 

two-dimensional two-layer fluid theory, Linton & McIver (1995). Thus in a two-layer 

fluid outgoing cylindrical waves have the form 

1/2 
iKR-iir/4 K2 

1/2 
ikR-iir/4 ee 'Ai(ce) + 

(Tk7R- 
e9 (z) Bi (a) (2.2.6) Gr W 

(2 
1/2 

e 
iKR-iir/4 

e 
Kz Ai (a) +2 

/2 

e 
ikR-i7r/4 

ekzBi(a) (2.2.7) 
-7rKR) 7rkR) 

1 
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as KR --+ oo, where 

(Z) = 
Ku -ke kz+ K-k 

-kz (2.2.8) 
K(u - 1) K(or 1) e 

P-1 kz + p-1 +e 2kd 
-kz 

e2kd e e2kd -e (2.2.9) 

o, = (1 + p)1(1 - p) and Ai(a), Bi(a) are the far field amplitudes of the waves of 

wavenumbers K, k respectively - The dispersion relation is given by 

K)(K(u +e -lud) - u(1 -e -lud» = 

It follows that either u=K or u=k where 

K(a +e -2kd) = k(l -e -2kd). 

This has exactly one positive root k which lies in the range 

Kor <k< 
K(or + 1) 
1- e-2Kda 

(2.2.10) 

(2.2.11) 

(2.2.12) 

An incident plane wave making an angle ainc with the positive x-axis with wavenumber 

k has the form 

01 --, z 
'kRcos(a-aj.. ) (2.2.13) inc -- g(z)e' 1 

0� =e 
k, 

eikRCOS(a-ainc) 
. (2.2.14) inc 

An incident wave of wavenumber K has the form 

Oinc =e 
Kz 

e 
iKRcos(a-ai. c) (2.2.15) 

in both the upper and lower fluids. 

Now consider a situation in which there are a number of bodies, some in the upper 

layer, some in the lower layer, and some straddling the two. The boundaries of those 

bodies in the upper fluid will be denoted by BI and those in the lower fluid by B'I. 

Assume that 0 and V) are solutions to two different problems, with 190/an and (9,0/an 

given on the boundaries B' and BII. Now apply Green's theorem, which for harmonic 

functions 0 and V) takes the form 

oLo - 7P! 
Lo dS = 0, fs ( 

an an) 
(2.2.16) 

where S is the boundary of a fluid region completely contained in one of the fluid 

layers and O/On is the derivative with respect to the outward normal. In region I, S is 
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composed of the free surface, the boundary of the bodies BI, the interface 17, and a 

cylinder S,,,,, whose radius is sufficiently large for the asymptotic forms of the potentials 

to be used. In region II, S is composed of a surface parallel to the interface whose 
depth will be made to tend to infinity, the boundary of the bodies BII, the interface F, 

and a cylinder of large radius S. II. Using (2.2.3) and (2.2.4) we obtain 

p(t/ -= (b' - I")çb' 

and p(OI - KOI), O, = (01, - KOII)V)I, 
zzzz 

on z=0. Subtracting these two equations gives 
I �goi 

ä7 (2.2.17) 
Oz Oz 

on z=0. Using Green's theorem in region I, and noting that the integral along the free 

surface disappears due to (2-2-5), gives 

dS -f0,001 r I) r 
Isi 

5-R- OR Oz 
00 

( 
-01. dS 

B, 

(0,901 
- 01901) dS = 0. (2.2.18) + än- Wn 

In region II the integral on the surface at depth infinity disappears, and so Green's 

theorem yields 

dS + dS 
r 

(011,9011 0 OR OR az az 
II I' 

+ 
9011) 

dS = 0. (2.2.19) 
,' 

(0110011 
- 0� ý IB 

ä-n --än- 

Multiplying (2-2-18) by p, adding to (2.2.19) and using (2.2.17) gives 

B, 

(OI'9OI-, 
OIOOI)dS+ 

,, 

(OIIOOII-OIIOOII)dS 
pf L On 

fB 
5-n- On 

Jov)i v -P 0 ), 
C90I dS 

00ii 
dS. (2.2.20) fs 

1. 

( 
-jR- OR) - 

fS 
-5 T -O-R) 

By using this equation with radiation and scattering potentials for 0 and 0 we can 

obtain a number of relations between various hydrodynamic quantities. 

2.3 Two radiation potentials 

First let's consider the case of two radiation potentials. For the rest of this chapter we 

shall restrict our attention to a single body with boundary SB. Let 0= Oi and 0= Oj, 

18 



where Oj, Oj are two radiation potentials whose behaviour in the far field is given by 

(2.2.6) and (2.2.7). Now 

pdp 
Id (K+k)z + e(K-k)z e"g(z)dz =n 

[(Ko, 
- k)e (K - k), I 

K(o, - 1) 0] 
dz (2.3.1) 

=- 
p Kor -k (e (K+k)d + e(K-k)d (2.3.2) 

K(o, - 1) 

[ 

K+k 

This can be simplified using (2.2.11) to give 

pd e"g(z)dz 
p ýKu -k+1 (2.3.3) 10 

K(u-l) K+k 

P(O, + 1) 
(2.3.4) 

(a 1)(K + k) 

(2.3.5) 
K+k 
f0e (K+k)'dz. (2.3.6) 

00 

Noting the above and using (2-2.20) we see that the right-hand side equates to zero 
leaving 

Oi 
aoj 

- oj 
aoý 

dS = 0, (2.3.7) 

where J=p if bodies are in fluid I or J=1 if bodies are in fluid II. Since Doi/On = ni, 

see equation (1.3.10), on the body, where ni is the normal of the body in the ith direction, 

the above gives 

OinjdS OjnidS. 
SB Sý, 

(2.3.8) 

It follows from this and (1.4.7) that the added-mass and damping matrices are symmetric 

as was found for the two-dimensional case by Linton & McIver (1995). This is a classical 

result which has been derived in different contexts by many authors. 

Suppose now we use ?P= Oj. The function Oj satisfies the complex conjugate of the 

equations governing Oj and describes an incoming cylindrical wave far from the body. 

Thus, using the fact that the ni are real, (2.2.20) becomes 

SB(q5inj - 
Tjni)dS =W! a ýj OinjdS is, 

00 

2i (JK 121r 
Ai(a)Tj(a)da + Jk 

j2r 
Bi(a)Uj-(a)da), (2.3.9) 

7r 00 
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where 

JK + 2p fo de 2K'dz (2.3.10) 

(1 + P(e 2Kd (2.3.11) 
K 

0 
A1+ 2p 

fd [g(Z)12 dz (2.3.12) k0 
1+ 2p (e 2kd 1) 
k K2(or - 1)2 2k 

-2kd + 2(Ku - k)(K - k)d - 2k 
(e (2.3.13) 

Thus the damping coefficient Bij can be found in terms of the far-field behaviour 

Bij -Rip,, Jw 
JSB 

OinjdS (2.3.14) 

p IIW [JK 12'r Jk 12" -(a)da] 
. 0 

Ai(a)Tj(a)da + Bi(a)Uj 
7r 0 

(2.3.15) 

This is an interesting result as we have the damping coefficient related to the amplitude 

of the waves radiated away from the body which is not physically obvious. For the 

special case of (2.3.15) where j=i we find that the diagonal elements of the damping 

coefficient matrix are proportional to the energy radiated away from the body. The 

time-averaged energy flux, t, of outgoing waves of the form (2.2.6) and (2.2.7) is given 

by 

II (9(De(b fp 
IIS. 

I 
+p 

Is. 
l, 

1 

(9t On 
dS (2.3.16) 

0 

p IIW [JK 12" Ai (a)jj (a) da+ Jk 
27r 

Bi(a)Uj(a)da (2.3.17) 
0 

10 
27r 

Equation (2.3.15) is a useful method of calculating the damping coefficient which does 

not require integrating the potential over the body surface. Later we will calculate the 

damping coefficient with (2.3.14) and use (2.3.15) to provide a numerical check for the 

results. 

2.4 A radiation and a scattering potential 

Suppose now we use 0= Oinc + Os and 7P = Oj, where Oinc is an incident wave and OS is 

the scattered field potential. The left hand side of (2.2.20) will be 

Jf 
ý0-nc ) 

dS +J 
S", 

(Os L" 
- Oi 

Oos) 
dS. an On On On 
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Since Oi and OS both represent outgoing cylindrical waves the contribution in the far 

field due to the second integral will disappear, leaving just the contribution due to the 

radiation and incident potentials in the far field. Now consider the case of an incident 

wave of wavenumber K making an angle aiIc with the positive x-axis. Using (2.2.20) 

and noting that DOlan =0 and Ooi/On = ni on the body, we get 

Jf OnidS = lim UK KR) 1/2 

e -i7r/4 
si, KR-+oo 

( 
27r 

x 
10 21r 

(1 - cos (a - ai,,, ))e iKR(1+COS(ct-ctinc))Ai(a)da]. (2.4.2) 

Using stationary phase arguments, see appendix A, this evaluates to 

Jf onjdS=-2iJKAj(aj,,, +-7r). (2.4.3) 
ASB 

Doing the same but with an incident wave of wavenumber k gives 

Jf OnjdS=-2iJkBj(aj,,, +7r). (2.4.4) 
A S" 

The hydrodynamic force on the body in the jth mode of motion is given by Fj(t) = 
Rf fje-iwll where fj is found by integrating the dynamic pressure times the appropriate 

component of the normal over the body surface. In other words 

fj = ijp, Iw fSB 

OnjdS, (2.4.5) 

which when combined with (2.4.3) gives the exciting force in the jth direction due to 

an incident wave of wavenumber K as 

fj = 2p,, wJKAj(ai,,, + 7r). (2.4.6) 

The same can be done with an incident wave of wavenumber k using (2-4.4) to give 

fj = 2p', wJk Bj (ai,,, + 7r). (2.4.7) 

In both cases the exciting force is related to the amplitude of the radiated wave with the 

same wavenumber as the incident wave in the direction opposite to that of the incident 

wave. These formulas represent extensions to two-layer fluids of the Haskind relations 
(see Newman (1976)). These relations are particularly useful as the exciting forces can 

be derived from the properties of the radiation problem making it unnecessary to solve 

the scattering problem for these forces. We will use these relations to verify numerical 

calculations of the exciting forces found from (2.4-5). 
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2.5 Two scattering potentials 

If 0 and 0 in (2.2.20) are both potentials of the form Oin, + OS for diffracted incident 

waves then the body surface integrals will be zero leaving 

-pf - 0,1901) dS -1 dS = 0. _ä7R- -aR -äR- -äR- s. 

We will use the notation O(u, aj) to represent a scattering potential for which the incident 

wave has wavenumber u and makes an angle ai with the positive x-axis. In the far field 

such a potential takes the form 

(u, ai) 01 
2 1/2 

e 
iKR-i7r/4 

e K'A(') (a) +2 
)1/2 

e 
ikR-i7r/4 

g (z) B( )(a) 
inc + (ý-K-R) 

u 
(7rkR 

(2.5.2) 

2 /2 

e iKR-iir/4 e 
Kz A(') (a) +2 

1/2 

e 
ikR-iir/4 

e k'B (') (a) 
inc 0� (U, ai) _O� + 

(7rKR) 1u (7rkR) 
u 

(2.5.3) 

with the appropriate form for the incident wave depending on its wavenumber. Using 

(2.5-1) with 0 == O(K, a, ) and 0= O(K, a2) we will only get a contribution from the 

incident waves with the scattering potentials, leaving 

(2) (a, + 7r) = A(') (a2 + 7r) - (2.5.4) KK 

With 0= O(k, a, ) and o= O(k, a2) we get 

B (2) (al + 7r) = B(l) (a2 + 7r) (2.5.5) kk 

In other words, if we have two incident waves of wavenumber K (k) the amplitude of 

the first scattered wave with wavenumber K (k) towards the second incident wave is 

the same as that of the second scattered wave towards the first. In particular, taking 

a2 == a, + 7r, it follows that for an incident wave of wavenumber K (k) the amplitude of 

the scattered wave with wavenumber K (k) in the same direction as the incident wave 

is unchanged if the direction of the incident wave is reversed. With 0= O(K, a, ) and 

,0=0 (k, a2), (2.5.1) reduces to 

A 
(2) (a, + 7r) = JBK(l) (a2 + 7r) k (2.5.6) 

where J= JkIJK. Equations (2-5.4)-(2.5.6) are the three-dimensional analogues of 

equations (2.27)-(2.32) from Linton & McIver (1995). They are useful because they 

relate the scattered wave amplitudes from one problem to another. 
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The complex conjugate of a scattering potential satisfies the same condition on the 

body boundary and so (2.2.20) still applies if either or both of 0 and 0 are of this form. 

With 0= O(K, a, ) and 0= ý(K, a2) we obtain, after considerable algebra, 

7rA 
(2) (a, ) + 7rA(')(a2) + 

27r 

A(') (a) A (2) (a)da +J 
2r 

T3 (1) (a) T:? (2 
K 

fo 
KK 

fo 
`K 'K) (a) da = 0, (2.5.7) 

and with 0= O(k, a, ) and 0= ý(k, a2) the result is 

(2) 27r 1 (2) r27r (2) 
7rJB (a, ) + 7rJB(1) 

(a2) + AO(a)A (a)da+J B(l)(a)Bk (a)da = 0. kkkkJk 
fo 

0 

(2.5.8) 

Finally, with 0= O(K, a, ) and V) = ý(k, a2) we get 

(2) 2r 1 (2) r27r (1) (2) 
7rAk (a, ) + 7rJBK(')(Cf2) + fo AK()(a)Ak (a)da+J JO B)ý (a) Bk (a) da = 0. 

(2.5.9) 

These last three relations are the three-dimensional analogues of equations (2.38)-(2.43) 

from Linton & McIver (1995). Putting a2 = a, into equations (2.5.7) and (2.5.8) gives 

Rf A(') (a, ) I=-1 
(fn 2r 

(a) 12 J 
fo 27r 

I BK(1) (a) 12 JA(1) K 
7r 0K 

da +0 da) (2.5.10) 

1( 21r 
12 J 

27r 
IB (1) (a) 12 10 JA(1)(a) da+ 

fo 
k da) . (2.5.11) RIB11)(001 =--0k0 

7r 

Similar relations are well known in quantum mechanics and other physical contexts as 

the optical theorem. These equations imply that for an incident wave of wavenumber 

K (k) the total energy of the scattered waves can be found from the amplitude of the 

scattered wave with wavenumber K (k) in the forward direction alone. 
To complete the reciprocity relations the two-layer equivalent of the three-dimensional 

Bessho-Newman relations can be derived. The potential Oi - Ti, where Oi is a radia- 

tion potential whose behaviour in the far field is given by (2-2.6) and (2.2.7) and which 

satisfies the body boundary condition given in (1.3.10), has zero normal derivative on 

the body boundary (since ni is real) and is thus an appropriate potential to use in 

(2.2.20). We apply (2.2.20) to the potential 0= 0i - Tj and each of the scattering po- 

tentials V) = O(K, ainc) (for which the scattering amplitudes will be labelled AK(a) and 

BK (a)) and 0= O(k, ainj (for which the scattering amplitudes will be labelled Ak (a) 

and Bk(a)) in turn. The three-dimensional equivalents of Linton & McIver (1995), 

equations (2.69)-(2.72), can thus be shown to be 
21r 27r 

0 7rAi(ai. c +70 + 7rAi(ai, c) + AK(a)Ti(a)da+Jf BK(a)Wi-(a)da =0 (2.5.12) fo 
0 
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and 
27t 21r 

Ak(a)Tj(a)da+J 7rBi(aiý�+ir)+7rBi(aiý, c 
10 )+ 10 Bk(a)! Ti(a)da) = 0. 

(2.5.13) 

Although not used in this thesis these Bessho-Newman relations can be used to deter- 

mine relationships between the phase angles of certain hydrodynamic quantities as was 
done by Newman (1976) for the single fluid case. 

2.6 Heave and sway radiation problems 

To illustrate the general theory of the three-dimensional wave/structure interactions in 

two-layer fluids we will solve various problems involving submerged spheres. Radiation 

and scattering problems for such geometries can be solved using multipole expansions, 

the technique having been used to solve similar problems in unstratified fluids by Srokosz 

(1979) (deep water) and Linton (1991) (finite depth). The centre of the sphere will be 

at x=y=0, z=f so that if f<0 the sphere is in the lower layer, whereas if f>0 

the sphere is in the upper layer. We will use spherical coordinates (r, 0, a) centred on 

the sphere defined by 

x=r cos a sin 0, y= rsinasinO, z-f= rcoso, 

as illustrated in figure 2.1, with r=a being the sphere surface. If f<0 we require 

a< If 11 whereas if f>0 we need a< min(d - f, f). 

2.6.1 Sphere in lower fluid layer 

Multipole expansions 

Multipoles are singular solutions of the governing equation which satisfy all the boundary 

conditions of the problem except that on the sphere and behave like outgoing waves far 

from the singular point. For the case of a sphere centred at (0,0, f ), f<0 of radius 

a (< If 1) we need to develop multipoles singular at z=f. A solution of Laplace's 

equation singular at z=f is r-"-1P, -, (cosO)cosma, n >- m >- 0, and this has the 

integral representation, valid for z>f, 

R- (cos 0) Cos ma 00 
.n 

rn+l cos ma (n - m)! 
fo 

un e-u('-f)J .. (uR)du, (2.6.2) 
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Figure 2.1: Definition sketch 

see Gray & Matthews (1952) page 100 equation (6). Note the definition of P, -, used here 

corresponds to that in Thorne (1953): P, ', (cos 0) = sin' Od'P,, (cos 0)/d(cos 0)7n, which 

differs from a factor of (-l)' from that used by some other authors. Multipoles can be 

constructed from the solution of Laplace's equation 

olm a n+2 Cos ma 00 
n 

n (n - m)! 
lo 

u [AL(u)eu'+BL(u)e-u']Jn(uR)du (2.6.3) 

'm 00 OIIM =a 
n+2 cos ma 

[ Pn (Cos 0) 1 
U"CL(u)euzJm(uR)dul (2.6.4) nL rn+l 

+ -Cn --m)! 
fo 

To find the functions A(u), B(u) and C(u) the multipole functions must satisfy the 

boundary conditions below 

0IM - OHM 
zz 

p(o, ' - KOI') = 0'1' - KOII' 
zz 

KOI' 

on z=0, (2.6.5) 

on z=0, (2.6.6) 

on z=d. (2.6.7) 

After applying these conditions to the multipoles Nve obtain expressions involving AL (U) 
i 

BL(u) and CL(u) which are 

AL(U) -BL(U)-CL(U) --2-eufg (2.6.8) 

pAL(U) -pu 
+K BL (U) - CL (u) u+K 

euf (2.6.9) 
u-K 

AL(U) _, -2udU +K BL(U) = 0. (2.6.10) 
u-K 
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When the above equations are solved we obtain the following functions 

ALM = K(l + a) (u + K)eu(f -2d) /(u - K)h(u), 

BL(u) = K(l + a)euf /h(u), 

CL(u) = (u + K)e'f [(u + Ku)e -2ud -u+ K]/(u - K)h(u), 

where 

h(u) = (u + K)e -lud _u+ Ka, 

(2.6.11) 

(2.6.12) 

(2-6.13) 

(2.6.14) 

such that h(k) = 0, from the dispersion relation. The multipole functions (2.6.11)- 

(2.6.13) are identical to (3.7)-(3.9) in Linton & McIver (1995). We now notice that 

these functions have poles so the multipoles should be written as 

ojm = 
an+2 COS Ma 00 

n (n m)! 0 
U'[AL(U)eu'+ BL(U)e-u']Jm(uR)du (2.6.15) 

O, Im =a n+2COSMa 
PIT(COSO) 

-1 
foUnCL(U) u'J 

.. 
(uR)dU] (2.6.16) 

n rn+l 0 
+ Tn 

- m)! 0 

where the path of integration is indented to pass beneath the poles of the integrand at 

u=K and u=k so that the multipoles, behave like outgoing waves as KR --+ oo. If 

the integrand were to pass above the poles the multipoles would behave like incoming 

waves far away from the sphere. 

The far-field form of 0,,, in the lower fluid, is (see appendix B for details) 

ojj,,, 
(-i)-+'a n+2 cos ma 27r 1/2 

n (n - m)! 

(R) 

(1ý-n-1/2 iKRCK Kz n-1/2 ikRCk kz -i7r/4 xeLe+ke Le 
)e7 (2.6.17) 

as KR --+ oo, where CK and C' re, the residues of CL(u) at u=K and u=k LLa 

respectively, which are given by 

K 2K(l + o, )e K(f -2d) 
"1 (2.6.18) CL 2e-2Kd -1+ 

and k 
(K + k)e kf [(Kc + k)e -2kd -k+ IC]_. 

(2.6.19) CL 
(k - K) [(l - 2d(K + k))e-2kd - 1] 

The multipoles defined by (2.6.15) and (2.6.16) can be expanded about r=0 in 

spherical coordinates by using the identity (see Thorne (1953)) 

- (±ur)-q 
e: ku('-I)J,,, (uR) "(COSO). (2.6.20) 

S=M + 
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This gives 

0"m =a COS ma 
[(a)n+l 

PnT (COS 0) 
nr 

00 8 
A' p- 

S=M 
ns 

(a 
" 

(Cos (2.6.21) 

where 

A. ' __a 
fo(au)n+seuf 

CL(u)du ns (n m)! (s + m)! 
(2.6.22) 

For computational purposes we note that the contour integral in the above expression 

can be written 

)n+seKf CK )n kf Ck 100(au)"-'euf CL(u)du + 7ri(Ka L+ 7ri(ka +"e L (2.6.23) 
0 

and that the principal-value integral can be evaluated using the method described in 

appendix C. 

Formulation of problem 

The solutions to the problems of heave and sway will be denoted by '0' and 01 respec- 

tively. In the case of heave the body velocity is given by UO = R[Ue`1}e3, where e3 is 

a unit vector in the z-direction, whereas in sway the body velocity is U1 = Rf Ue-'w'}el, 

where el is a unit vector in the x-direction. Hence for the heave and sway problems we 

have the following boundary conditions on the body 

ý-oo 
=U Cos 0 onr=a, 0<0<7r, O<a<27r, (2.6.24) 

0r 
2ý1 

= Usin0cosa onr=a, 0<0<7r, O<a<27r. (2.6.25) 
Or 

These body boundary conditions can be written in terms of associated Legendre func- 

tions, noting that Plo (cos 0) = cos 0 and P11 (cos 0) = sin 0, giving 

a0m 
= "m (cos 0) cos ma on r=a, 00 7r, 0a 27r, m=0,1. (2.6.26) 

Or 
UP, 

In order to solve the heave and sway problems the velocity potential is expanded in 

rnultipole potentials as follows: 

00 
nom 0 =UEVn n 

n=I 
(2.6.27) 

for some unknown coefficients brn. Note that the n=0 term which could appear in the 

expansion for 0' has been omitted. This term corresponds to a r-1 singularity at the 
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centre of the sphere which is physically unacceptable, as it would imply an instantaneous 

flux of fluid across the surface of the sphere. 

The expansion of 0' satisfies all the conditions of the problem except that on the 

body surface (2.6.26). By applying this condition to (2.6.27) we obtain 

00 00 
n prn( Z b; 
nn 

(n + 1)P, ", (cos 0) +Z sAn', P, (cos 0) cos 0) m=0,1. (2.6.28) 1 
n=l 

1- 

s=l 

1 

Using the orthogonality relations of the Legendre Functions 

ff P' (cos 0) P, (cos 0) sin 0d0 = dij 
2/(2j + 1) m=O 

1) i 2j(j + l)/(2j + 1) m=1 
(2.6.29) 

where Jjj is the Kronecker delta, we can reduce equation (2.6.28) to 

+, 
ZAbn" m=0,1, (2.6.30) b, ' - 7- '= -di, /2 

+, ns 
19 1 0, >l n= 

which is an infinite system of linear equations in an infinite number of unknowns. When 

computing the solution of this the system is truncated into an NxN system and 

then approximations to the finite set of coefficients b,, s=1,2, ... ,N computed. For 

the results presented here I have used a4x4 system which gives results correct to 3 

decimal places. The hydrodynamic force on the sphere in the direction of motion is 

F- = RIfle"I where f"' is given by 

21r 7r 

mp Hwi 
00 

om (a, 0, a) Pm (cos 0) cos ma a2 sin OdOda m=0,1, (2.6.31) 

from (1.4.4). Using (2.6.21), (2.6.27) and (2.6.29), we can reduce this to 

4 
7ra3UpIIwi bT + 00 Aml m 

31 
Jý, 

n1 
bn (2.6.32) 

1 

n=l 

I 

This can be simplified by using (2.6.30) with s=1. If the force is non-dimensionalised 

with respect to the mass of the fluid displaced by the sphere and the maximum accelera- 

tion of the sphere (Uw), we get expressions for the non-dimensionalised added-mass and 

damping coefficients p' and v' (the diagonal entries in the added-mass and damping 

matrices), which are 

tirn + ivm =- (1 + 3bm, ) m=0,1. (2.6.33) 

We note that equations (2-6-30), (2.6.32) and (2.6.33) are the same as the respective 

equations (13), (15) and (16) in Linton (1991). The form of An differs and hence so do ns 

the coefficients b, ",. 
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The damping coefficient Bij is related to the energy radiated to infinity, see equation 
(2.3.14), given by 

Bij =4 7rp 
II 

a3 wv m=p 
IIW [JK 27r 

lAm(a) 12da + jk 
27r 

B'(a) 12 da 
3 7r 

10 

01 
(2.6.34) 

where A7n(a) and B'(a) are the far-field coefficients of wavenumbers K and k respec- 

tively in (ý'. The far-field form for 07n, in the lower fluid layer, can be written as 

U-10M "2 
/2 

e 
iKR-iir/4 

e K'Am (a) +(2 
)1/2 

e 
ikR-i7r/4 

e k'Bm(a) (2.6.35) (7rKR)' 
7rkR 

as KR --+ oo. We use this form as opposed to the form in the upper fluid layer because 

it does not contain the g(z) function so it is simpler to extract the A'(a) and B'(a) 

coefficients. From (2.6.17) and (2.6.27) we have that 

00 (Ka)nbin 2 
2CK COS MCV)2 IA'(a)l' = M)! 

(7ra L (2.6.36) (n 
(ka)nbT 2 

12 =__n 2Ck )2. IBm(a) 
ln=l 

(n - m)! ý 
(7ra 

L COS ma (2.6.37) 

Any numerical results produced by solving (2.6-30) can then be checked against the 

following identity 

n CL p 
)nbL )nbm 2 "0 (ka n2 7ra JK 

ý: L (Ka Kn Kk 
2cm 

(- 

M)! 
+ Jk 

n=l 
(n - m)! 

CL (2.6.38) 

n=l 
(n 

II 

where co = 1, e.. =2 for m>1, which follows from (2-6-34) using (2-6.33) and (2.6.36)- 

(2.6.37). The results produced by (2-6-33) were checked using (2.6.38) and agreed in all 

cases. 

Results 

Curves of added-mass and damping coefficients for spheres in the lower fluid layer in 

both heave and sway are shown in figures 2.2-2.5. In all the curves p(= pllpl, ) is 0.95 

and the ratio of the depth of the upper fluid layer to the radius of sphere, d/a, is 2.0. 

Each plot shows the results obtained for four different submersion depths, f /a, of the 

sphere, -1.1, -1.5, -2 and -3. The case fla = -1.1 represents a sphere close to the 

interface between the two fluid layers, with If /a I increasing as the sphere becomes more 

deeply submerged. 

Figures 2.2 and 2.3 show the damping coefficients for heave and sway respectively and 

it can be seen that in each case there are two local maximums. These occur near ka = 1, 
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which corresponds to Ka -_ 0.025, and Ka =1 and in order to satisfactorily illustrate 

both of them on the same figure we have plotted the results (here and subsequently) on 

a log scale. The damping coefficient is proportional to the radiated energy, see (2.6.34), 

and the local maximum around ka =1 corresponds to the sphere's increased ability 

to make waves on the interface at this frequency, whereas the local maximum around 
Ka =1 corresponds to the sphere's increased free surface wave-making ability (see, for 

example, Linton (1991)). As one would expect, the closer the sphere is to the interface 

the greater the wave-making capability and hence the greater the damping coefficient. 

Since the sphere is in the lower layer it affects the interface a lot more than the free 

surface and so the variation in the damping coefficient near ka =1 is greater than 

that near Ka = 1. In all cases the heave damping coefficient is greater than the sway 

damping coefficient, just as was reported in Srokosz (1979) for the single-layer fluid case. 
Figures 2.4 and 2.5 show the added-mass coefficients for heave and sway respectively. 

As the immersion depth increases the added-mass curves tend towards the constant value 

of 1/2, which is the added-mass of a sphere oscillating in an infinite expanse of fluid. 

When the sphere is close to the interface, the deviation from 1/2 is greater in the case 

of heave. It is again noticeable that there is an effect due to the presence of the free 

surface near Ka = 1. In the limit as Ka --+ 0, the interface boundary conditions (2.2.3) 

and (2.2.4) reduce to 0,1 =0 and we get the same results in the long-wave limit as if z 
the interface were the free-surface in a single-layer fluid. Thus the solid curve in figure 

2 of Linton (1991) tends to the same value as Ka --+ 0 as the f /a 1.5 curve in figure 

2.4 here. 
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Figure 2.2: Damping coefficient v' (heave) plotted against Ka for a submerged sphere 

at different depths in the lower fluid layer; p=0.95 and d/a = 2.0. 
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Figure 2.3: Damping coefficient vI (sway) plotted against Ka for a submerged sphere 

at different depths in the lower fluid layer; p=0.95 and d/a = 2.0. 
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Figure 2.4: Added mass coefficient IzO (heave) plotted against Ka for a submerged sphere 

at different depths in the lower fluid layer; p=0.95 and d/a = 2.0. 
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Figure 2.5: Added mass coefficient jil (sway) plotted against Ka for a submerged sphere 

at different depths in the lower fluid layer; p=0.95 and d/a = 2.0. 
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2.6.2 Sphere in upper fluid layer 

Multipole expansions 

For problems involving a sphere in the upper fluid layer we need to develop multipoles 

singular at z=f>0. To do so we require in addition to the integral representation 

(2.6.2), the following representation valid for z<f: 

P, m (Cos 0) (-l)m+n 00 
.n 

rn+l -- (n - m)! 
fo 

un eu('-f)Jm(uR)du. (2-6-39) 

This is derived from (2.6.2) by replacing 0 by 7r -0 and so z-f (= r cos 0) is replaced 

by f-z and also the following identity is used 

P, ', (-COS 0) = (-1)'+'P�'(COS 0). (2.6.40) 

Suitable multipoles are of the form 

m (COS 0) 
n+2 

Pnr 
O'm =a ;:;; +l + Cos ma [- - n 

(-l)m+n 00 
u[Au(u)eu'+ Bu(u)e-u']Jm(uR)d (2.6.41) 

(n - m)! 
lo 

Ul 

0IIM 
(_l)m+n a n+2 COS M 00 

unJ,,, (uR)Cu(u)eu'du. (2.6.42) 
n- (n - m)! 

C, ýo 

After application of (2.6.5)-(2.6.7) we get equations involving AU(u), BU(u) and Cu(u) 

which are 

Au(u) - Bu (u) - Cu (u) = -e-uf , (2.6.43) 

pAu(u)-pu 
+K Bu(u) -Cu(u) = -pe-uf , (2.6.44) 

u-K 
u-K e 

2ud Au(u) -Bu(u) = (_ 1) m+n euf . 
(2.6.45) ý-+ WIC 

Solving the above gives expressions for the multipole functions which are 

Au(u) =(u + K)e -2ud[(_l)m+n+l(U - Kor)euf - (u - K)e-'fjl(u - K)h(u), (2.6.46) 

Bu(u) =[(_l)m+n+l (u + K)e'(f -2d) 
- (u - K)e-ufl/h(u), (2.6.47) 

Cu(u) =K(l - or)Bu(u)/(u - K). (2.6.48) 

We note that the functions (2.6.46)-(2-6.48) are the same as (4.7)-(4.9) in Linton & 

McIver (1995) with q replaced by m. The multipoles are expanded about r=0 by using 

33 



(2.6.20) and we obtain 

OnlIm --": + 
oo (-j)m+n c3o 

un [Au(u)e'f(ur)-+ 
rn+l 

Z ýo 

, =m 
(n - m) 1 

pm (COS 0) 
a: n+2 (-l)'+'Bu(u)e-uf(ur)'Idu ' Cos ma. (2.6.49) 

(s + M)! 

I 

The above can be written as 

= 
[(a)n+l 

P,,, 
' (r)s 

'' On'm 
n 

(COS 0) +E Bn, P(cosO)l acosma 
r s=m a 

(2.6.50) 

where 

Bm=_ 
(-l)m+na 1 00 )n+, 

-1)m+"e-'fBu(u)ldu. (2.6.51) ns n m) I (s + M)! , 
(au [e'f Au (u) +( 

The far-field form of 0m, in the lower fluid, is given by n 

m 
(-1)ni-+lan+2 cosma (27r) 1/2 

4- (n - m)! 

n-1/2 iKRCK Kz n-1/2 RR kz iir/4, x (K e ue +k e Cu'e e- (2.6.52) 

as KR --+ oo, where 

CK 
(_l)m+n+12K(l 

- or)e 
K(f -2d) 

u 2e-2ud -1+ or 
(2.6.53) 

c ull 
K(l _ 0, ) [(_ 1) m+n+ I (K + k)e k(f -2d) - (k - K)e -kf 

(2.6.54) (k - K)[(l - 2d(K + k))e-2kd - 11 

Formulation of problem 

First express the velocity potential in terms of the multipoles as in (2-6.27) 

00 
u b-mOm m=0,1, (2.6.55) nn 

n=l 

and then apply the body boundary condition (2.6.26) to give 

00 00 
E bn' (n + 1) Pn' (cos 0) +Es Bn, P, ' (cos 0 
n=l 

I- 

8=1 
ns 

)] = Pr (COS 0) m=0,1. (2.6.56) 

Using the orthogonality of the Legendre functions we can reduce this to 
w 

br -[ '3 ] L' B, "�bT = -5j, /2 s=1,2.... m=0,1, (2.6.57) 7+ 1 
n=l 

which, as before, is an infinite system of linear equations in an infinite number of un- 

knowns. Equation (2.6.57) is the same as (2.6.30) with A' replaced with Bnm ns The 

force f', from (1.4.4), is given by 

pI wi 
10 27r 

0r 
0-(a, 0, a) Pj (cos 0)cos ma a2 sin OdOda m=0,1. (2.6.58) 
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Using (2.6.50), (2.6.55) and (2.6.29), this reduces to 

4 
M+ 

0" 
mm 

3 7ra'Up, wi bl BnV, (2.6.59) 
1 

n=l 

which can be simplified by using (2.6.57) with s=1. By non-dimensionalising with 

respect to the mass of fluid displaced by the sphere and the maximum acceleration 

of the sphere (Uw), we get expressions for the non-dimensionalised added-mass and 

damping coefficients p' and v'. These are 

p'+iv' = -(l+3bj )m=0,1. (2.6.60) 

We again notice the similarities with the single-layer formulas as in Linton (1991). The 

damping coefficient v' is related to the energy radiated to infinity, equation (2.3.14), 

given by 

00 
Bij =4 7rp 

Ia3 wv m=P 
IIW [JK 12, r 

jAm(a) 12da + Jk f21r m(a) 12da] (2.6.61) 
3 7r 00 

Now A'(a) and B-(a) can be found using (2.6.35), (2.6.52) and (2.6.27). They are 
)nbLn 

Ký2 jAm(a) 12 (-Ka n Cg (a 27r COS Ma)2 (2.6.62) 
n=l (n - m)l 

CU -ka)nbnm k22 )2 IBm(a) 12 
ýý (Ka 

7r cosma (2.6.63) E -(n --m)! 
ln=l 

Note the residues of Cu are included in the summation because they depend on n. The 

numerical check for results of added-mass and damping coefficients with the sphere in 

the upper fluid is now 
12 )nbnm 

CU -Ka)nbnmCK -ka ký2) 7ra I: t ( I: t ((n 

m)! 
K 

(n m)! u+ Jk 

n=l 

(2.6.64) ýCmP 
n=l 

which follows from (2-6.61) using (2.6-60) and (2.6.62)-(2.6.63). Tile results presented 

below, produced by (2.6.60), were checked using the identity (2-6.64) and agreed in all 

cases. 

Results 

Curves of added-mass and damping coefficients for spheres in the upper fluid layer are 

shown in figures 2.6-2-9. In all the curves p is 0.95 and d/a is 4.0. Each plot shows the 

results obtained for four different submersion depths, f /a, of the sphere. The values of 

f /a have been chosen so there are results close to the interface (f /a =1- 1), close to the 

free surface (f /a = 2.9) and at two intermediate values (f /a == 1.7 and 2.3). 
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Figures 2.6 and 2.7 show the damping coefficients for heave and sway motion respec- 

tively. The two cases lead to similar results, but those for heave motion are greater than 

those obtained for sway. As with the results for the sphere in the lower region there 

are two local maximums, one near ka =1 which corresponds to waves being generated 

on the interface and one near Ka =1 which corresponds to waves on the free surface. 
When the sphere is close to the interface (fla = 1.1) the first local maximum is the 

greatest as more waves are generated on the interface than on the free surface. As the 

sphere approaches the free surface the ability to make waves on the interface decreases 

whilst it becomes easier to generate waves on the free surface. The maximum value of 

the damping coefficient is greater when fla = 2.9 (when the distance of the sphere's 

surface is 0.1a from the free surface) than for the case fla = 1.1 (when the distance of 

the sphere's surface is 0.1a from the interface) showing that the ability to make waves 

on the free-surface is greater than that on the interface. It is also noteworthy that the 

range of values of Ka over which there is a noticeable effect on the free surface is an 

order of magnitude bigger than the range for which the interface is affected. 

The added-mass coefficients for heave and sway are shown in figures 2.8 and 2.9 

respectively and again the deviations from the infinite fluid value of 1/2 are greater 

for heave motion than for sway motion. The effect of the interface is pronounced when 

f /a = 1.1 as can be seen by the fact that large variations occur in the added-mass around 

ka =1 (Ka ; z: ý 0.025) whereas for f /a = 2.9 it is the free-surface effect which dominates 

with large variations around Ka = 1. In the limit as Ka --+ 0 the problem reduces 

to that of a sphere oscillating between parallel planes and so we get the same limiting 

value for f /a = 1.1 and 2.9 (as in each case the sphere's surface is a distance 0. la from 

one of the walls) and similarly the same limiting value is obtained for fla = 1.7 and 

2.3 (in each case the sphere's surface is a distance 0.7a from one of the walls). Though 

not present on these figures, negative added-mass can occur for the heave problem when 

the sphere is either very close to the free surface or to the interface. This phenomenon, 

which does not appear to occur for sway, or when the sphere is below the interface is 

discussed by McIver & Evans (1984). 
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Figure 2.6: Damping coefficient vI (heave) plotted against Ka for a submerged sphere 

at different depths in the upper fluid layer; p=0.95 and d/a = 4.0. 
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Figure 2.7: Damping coefficient v1 (sway) plotted against Ka for a submerged sphere 

at different depths in the upper fluid layer; p=0.95 and d/a = 4.0. 
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Figure 2.8: Added mass coefficient yO (heave) plotted against Ka for a submerged sphere 

at different depths in the upper fluid layer; p=0.95 and d/a = 4.0. 
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Figure 2.9: Added mass coefficient jil (sway) plotted against Ka for a submerged sphere 

at different depths in the upper fluid layer; p=0.95 and d/a = 4.0. 
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2.7 Scattering problem 

In this section we will solve the problem of the scattering of an incident plane wave, of 

wavenumber either K or k, by a submerged sphere, first situated in the lower layer and 

then above the interface. In each case the total scattering potential can be decomposed 

into two parts: 

0= Oi. C + os (2.7.1) 

where Oi,,, is the potential representing the incident plane wave (given, up to an arbitrary 

multiplicative constant by (2.2.15) if the incident wave has wavenumber K and by 

(2.2.13) and (2.2.14) if the incident wave has wavenumber k) and OS therefore must 

satisfy (2-2.2)-(2.2.5), the body boundary condition 

00S 
- 

'90i.. on r 
ar Or 

(2.7.2) 

and behave as an outgoing cylindrical wave far from the sphere. Without loss of gener- 

ality we can assume that the incident wave is from x= -oo so that Cfinc = 0- 

2.7.1 Sphere in lower fluid layer 

Incident wavenumber K 

First we consider an incident plane wave of wavenumber K and amplitude A on the free 

surface (z = d). The time independent free-surface elevation, 77d, of such a wave is 

77d = Ae iKR cos a (2.7.3) 

where the velocity potential, 0j., of the wave is given, up to a constant B, by 

Oi,,, = Be Kz 
e 

iKRcosa (2.7.4) 

from (2.2.15). To find the constant B we apply the free-surface condition gi7d = iwO, on 

z=d which gives 

igA 
e -Kd (2.7.5) 

w 

so we can now write the potential as 

igA K(Z-d) iKRcosa 10inc = --e e (2.7.6) 
w 
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This potential can be expanded in spherical polar coordinates using Abramowitz & 

Stegun (1965), equations (9.1.44), (9.1.45), and (2.6.20) from earlier, to give 

. rA K(z-d) iKRcosa Oinc -zgAe e (2.7.7) 
w 

igA K(z-d) 
00 

eEe,,, i' J,,, (KR) cos ma (2.7.8) 
M=o 

igA 
e 

K(f -d) 
00 00 (Kr)' E E,,, i' Cos ma E PIM (Cos 0). (2.7.9) 

M=o , =m 
(s + rn)! 

where co = 1, c,,, =2 for m>1. 

For the radiation problems considered in the previous section the dependence on the 

azimuthal angle a was known, but here it is not (apart from the fact that its even) and 

so we must use a more general multipole expansion. We write, 

igA 00 00 
Os =-EZ CTOT) 

aw m=O n=ml 
(2.7.10) 

where mi == max(m, 1) and Om is given (in the lower fluid layer) by (2.6.21). If we then n 

apply the boundary condition (2.7.2) we obtain 

00 00 00 

,, 
P'(co (cos 0) -E sAn' E 1: cýnn cos ma (n + 1) Pn' 

m=o n=ml S=M 
ns a SO)] 

K(f -d) 
00 00 (K2)L 

e 6mim cos ma + 
Pm (Cos 0). (2.7.11) 

M=o S=M M)! 

Integrating the above equation from 0 to 27r with respect to a gives, I 

00 K(f-d) 00 s(Ka)' 1: sAon, PO, (cos E- E con 
[(n 

+ 1) Pno (cos 0) -t 0) =e 
n=l 8=0 

I 

8=0 81 
PO(cos 0). (2.7.12) 

Using the orthogonality of the Legendre functions (2.6.29) yields an infinite system of 

equations for the set of coefficients co., n=1,2,.. ., which is 

00 
0-[s1 c'A's =e 

K(f -d) s(Ka) 
s=1,2,... . (2.7.13) Znn 

n=l 

Now if (2.7.11) is multiplied by cos ma, m>1, and integrated from 0 to 27r with respect 

to a we obtain 

00 0', 
E Cýn (cos 0) -E SA' P, ' (cos 0) 

n=ml 
n 

[(n 
+ 1)Pn' 

8=M 
ns 

I 

K(f-d) 
00 s(Ka)" 2i'e Z Zs + m)! 

P, ' (cos 0). (2.7.14) 
s=M 
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Then by using the orthogonality of the Legendre functions again we get an infinite 

system of equations for the set of coefficients c,,, n=1,2.... for each m=1,2.... 

which is 

00 91 K(f -d) 
(Ka)' s A'cn' =2 i'e s (2.7.15) +1 

n=ml 
ns S+l (s + M)! 

It is clear that the systems C'P,, and c,,, can be represented with one equation which is 

CT ; -- ý' A,,, c,, = c,,, 
[s 's ] i'e K(f-d) (Ka), ' 

+1+1 (s + M)! 
(2.7.16) -Is 

1"00 

ns 9 

for s> mi. These systems can be solved by truncation with an additional truncation 

parameter being the number of systems that are solved. In computations presented 
below two 4X4 systems were solved. 

The vertical and horizontal exciting forces on the sphere due to an incident wave of 

wavenumber K, fK' and f K1, can be calculated from 

0 
0 

27r f7r 

'(cos 0) a2 (2.7.17) fý p wi 
fo 

00 
(a, 0, a) Pl' sin OdOda 

and 
27r 7r 

2 
fk = -P, Iwz f o(a, O, a)Pll(cosO)cosaa sinOdOda. (2.7.18) 

00 

Performing the integration gives 

42 
Il K(f -d 

00 
f'o 7ra p gA 

[e 
)Ka + col +E AOlco, (2.7.19) 

3 
n=l 

and 
42 

K(f -d 
00 

1 1e Ka + c' +EA,, Ic, 
', (2.7.20) f, k =-3 7ra pIIgA 

li 

1 
n=l 

I- 

These can be simplified using (2.7.13) and (2.7.15) giving 

fýo =- 47ra 2p I, gAc',, 

fk=- 47ra 2 11 
gAcl lp 

17 (2.7.21) 

and after non-dimensionalising we are led to the results 

f0 
Ku = 02H If 

Ku/(a p gA)I 
0 

= 47rlc, l, (2-7.22) 
TK'- 

= If 
K11(a 

2 
p,, gA) I = 

47rlcl'l. 
1 (2.7.23) 
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Note that fj? does not mean the complex conjugate of fj? here. Equations (2-7.22) and 
(2.7.23) are the same as the single fluid case as in Linton (1991) equations (28a) and 
(28b). Now, from (2.4.6), the expression that relates the exciting forces on a fixed body 

due to an incident wave of wavenumber K to that wave field radiated by the same body 

in motion is 

fm = 2pIIwJKA'(ajý,, + 7r). (2.7.24) 

The vertical and horizontal forces are found by using heave and sway radiation potentials 

respectively. So, with ai,,, = 0, we have 

0 ir 
,ý =2p wJKA'(7r), 

k =2p wJKA(7r), 

(2.7.25) 

(2.7.26) 

where A' is found from the far-field behaviour of the multipole given by (2.6.17) and 
0 and f K' and using (2.7.21) gives (2.6.27). Substituting A' into fK 

LK 
C? -KdCLK 

00 bo, (Ka)' 
e (2.7.27) 

2 n=1 n! 
)n bI (Ka K -KdCK n ci 2eL 

n=1 
(n (2.7.28) 

where the coefficients bn' are the solutions of (2.6.30). These identities were used as a 

numerical check on the results obtained from the radiation and scattering problems. 

Incident wavenumber k 

Next we consider the case of an incident plane wave of amplitude A on the interface 

(z = 0) with wavenumber k. The time independent interfacial elevation, 770, of such a 

wave is written as 

? jo = Ae ikRcosci (2.7.29) 

and the velocity potential, up to a constant B, is 

inc : --Bg(z)e' (2.7.30) 

inc ek'e ikRcosa 0� =B, 1 (2.7.31) 

from (2.2.13)-(2.2.14). To find B we apply the interface condition -iw? 7o = c9Oj., /(9z, 

on z=0 which gives 

B=- 
iwA igAK 

(2.7.32) k wk 
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The incident wave potential can now be written as 

o! - 
igAK, 

g(Z)eikRcosoi (2.7.33) inc wk 
o! I 

igAK kz 
e 

ikRcosa (2.7.34) inc wk 

In region II this incident wave is similar to that of an incident wave of wavenumber K 

and so the analysis above can be closely followed. We use the same expansion for OS as 

before, (2.7.10), but denote the unknown coefficients by e,, and we obtain the infinite 

systems of equations 
[8 eni'sKa(ka)s-le kf 

dr-n A'cr,, =s> ml, (2.7.35) 
8+M n=Tnl 

ns 8+11 (s + M)! 

for each m>0. The vertical and horizontal exciting forces are given by 

f'o 47ra 2 11 
gAdol, (2.7.36) kL p 

fkl 47ra 2p HgAd', (2.7.37) 

and after non-dimensionalising we get 

T0 
- 0/(a 2 

pIIgA)I =I fk = 47rldoll, (2.7.38) 
Tk-l 

= I fkl I (a 2 
p,, gA)l = 47rldlll. (2.7.39) 

Now, from (2.4.7), the relation between the forces on the body due to an incident wave 

of wavenumber k and the wave field radiated by the body is 

fm = 2p ii wJkB'(ai,,, + 7r). (2.7.40) 

Where B' (a) is from the far-field form of 0-, from (2.6.52) and (2.6.55), and is the am- 

plitude of the radiated waves of wavenumber k. The formulas connecting this scattering 

problem to the heave and sway radiation problems are 
Ak b2Ka(ka)n-1 do, =-Ln (2.7.41) -TCL 

n=l . nt 
iA b'Ka(ka)n-I d', =_22 

CLk n 
(n 1)! 

(2.7.42) 
n=l 

Equations (2.7.41) and (2.7.42) were used as numerical checks on the results obtained 

from the radiation and scattering problem. 

Equations (2.6.33), (2.7.22), (2.7.23), (2.7.27), (2.7.28), (2.7.38), (2.7-39), (2.7.41) 

and (2.7.42) can be combined with (2.6.38) with m=0 and 1 to give 

vm = 
3a e2Kd T2 k2 

87re.. 
( 

JK K+ K2jk 
7k-M 2 

(2.7.43) 
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which relates the heave and sway damping coefficients to the vertical and horizontal ex- 

citing forces respectively. Equation (2.7.43) was used as an extra check on the radiation 

and scattering results shown in this chapter. 

Results 

Figures 2.10-2.13 show curves of f0 and fI plotted against Ka for both scattering 

problems considered above. In each figure there are four curves corresponding to dif- 

ferent immersion depths of the sphere in the lower region. These immersion depths, 

fla = -1.1, -1.5, -2 and -3 are the same as those used in the lower fluid radiation 

problems as are the values p=0.95 and d/a = 2.0. 

Figures 2.10 and 2.11 show, respectively, the non-dimensionalised vertical and hori- 

zontal exciting forces on the sphere due to an incident wave of wavenumber K. Tile two 

sets of curves are very similar and show that, as one would expect, the forces increase 

the closer the sphere is to the interface (and hence to the free surface). This is simply 
because there is more motion occuring higher up in the fluid, especially on the free 

surface due to the incident wave. 
Figures 2.12 and 2.13 show curves for the case of an incident wave of wavenumber 

k. Again, the figures for the vertical and horizontal forces look similar but the results 
0 are greater that those for fkl. The exciting forces increase as the surface obtained forTk 

of the sphere approaches the interface. These forces are an order of magnitude smaller 

than those for an incident wave of wavenumber K. 
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7- Figure 2.10: Non-dimensionalised vertical force KI by incident wave of wavenumber K 

on sphere plotted against Ka for different submersion depths in the lower fluid layer; 

P=0.95 and d/a = 2.0. 
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Figure 2.11: Non-dimensionalised horizontal force 7K-' by incident wave of wavenumber 

K on sphere plotted against Ka for different submersion depths in the lower fluid layer; 

p=0.95 and d1a = 2.0. 
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Figure 2.12: Non-dimensionalised vertical force fk' by incident wave of wavenumber k 

on sphere plotted against Ka for different submersion depths in the lower fluid layer; 

p=0.95 and d1a = 2.0. 
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Figure 2.13: Non-dimensionalised horizontal forceTk' by incident wave of wavenumber 

k on sphere plotted against Ka for different submersion depths in the lower fluid layer; 

p=0.95 and d1a = 2.0. 
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2.7.2 Sphere in upper fluid layer 

Incident wavenumber K 

An incident plane wave of wavenumber K and amplitude A on the free surface (z = d) 

has the same form in the upper layer as in the lower layer, given by (2.7.9). The form 

for Os is the same as (2.7.10) but we now use the multipole expansions developed for the 

upper fluid layer, (2.6.50). As before we let ai,,, =0 and then apply the body boundary 

condition (2.7.2) to get 

00 00 00 
EE 6' n cos ma (n + 1)P,, m(cos 0) - 1: sBm,, Pm(cos 0) 

m=o n=mi B=M 

I 

e K(f -d) 
00 00 (ýLa) 8 

Pm (cos 0). (2.7.44) E fmim Cos ma E, ý 78 T M)! m M=o S= 

Again using the orthogonality of the functions cos ma, m=0,1, ... and of the Legendre 

functions we obtain the infinite systems of equations for the coefficients cT,, , rn >- 0 which 

is 

er B,,, cT = c,, 
[8] im e 

K(f -d) 
(Ka)' 

(2.7.45) 
, 
-mni 5+1 (s + M)! ' 

J0 

for s> rni. We note that this is the same as equation (2.7.16), for the sphere in the 

ns ,. The vertical and horizontal exciting forces on lower fluid, with A' replaced with BnI, 

the sphere in the upper fluid layer can be calculated from 

2x 7r 2 fk = -PIwi 00 
0(a, O, a)Plo(cosO)a sinOdOda (2.7.46) 

and 
21r 7r 

12 
fk = -PIwi 

I 
0f 

0(aj07a)Pj'(cosO)cosaa sinOdOda. (2.7.47) 
0 

Performing the integration and simplifying gives 

fKO = -47ra 
2 
P, gAcol, (2.7.48) 

211 f K1 = -47ra p gAcl, (2.7.49) 

and after non-dimensionalising this gives 

021 fKo = 
IfKI(a 

p gA)I= 47rlcol, 1 (2.7.50) 
7K1 

= 
Ifk'l(a 2 

p, gA)l = 4ric', I. (2.7.51) K 
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The vertical and horizontal exciting forces on the sphere can be found from the wave 
field radiated by the sphere in heave and sway motion respectively from (2.4.6). Using 

this with the far-field form of the multipoles from (2.6.52) and (2.6.55) we obtain the 

following numerical checks 

0 
JK 

-Kd 
02 bO, (-Ka)n CK, 

C, = -ý pen! 
(2.7.52) u 

n=l 

1= 'JK 
-Kd 

02 bnl(-Ka)n 
CK, ci ýp eu (2.7.53) 

n=l 
(n l)! 

which were used on the results calculated. 

Incident wavenumber k 

For the case of an incident wave of wavenumber k (and amplitude A on the interface 

z= 0) we note that in region I this takes the form 

0, igAK kRcosa 

inc wk 
g(z)e' (2.7.54) 

igA [Kor -ke kz+ K-k 
e -kz] e ikRcosa. (2.7.55) 

wk (or - 1) (0-1) 

Expanding this into spherical polar coordinates gives 

igA 00 
Oinc : -- 

1: c,, i- cos ma 
wk(o, - 1) 

m=o 
00 kf -kfl 

(kr)" 
P,,, (cos 0). x 1: [(Kar 

- k)e + (- 1)'+'(K - k) 
a 

(2.7.56) 
S=M 

(8 + M)! 

The expansion for OS with unknowns d, -n, m >- 0 is used and the body boundary 

condition, (2.7.2), on the sphere is applied. Using the orthogonality of the functions 

cosma, m=0, L... on (0,27r) and that of the Legendre functions we obtain the infinite 

system of equations for d,, which is 

00 
M 

+ 
Bndn dm 

n=mi 
M 

cmims(ka)s (Ka - k)ekf + (-l)m+s(K - k)e-kf 
Is >mi. (2.7.57) 

(s + 1) (s + m)! k(or - 1) 

The vertical and horizontal exciting forces can be calculated from (2.7.46) and 

(2.7.47) respectively, and after simPlification one obtains 

fko 
= -47ra 

2p IgAdol, (2.7.58) 

f1= 
-47ra 

2 IgAd' kl p 1. (2.7.59) 
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After non-dimensionalising these become 

021 fko = lfk'l(a p gA)I= 47rldoll, (2.7.60) 

121 fkl =I fk'l (a p gA) 47r I d1l (2.7.61) 

The vertical and horizontal exciting forces on the sphere can be found from the 

wave field radiated by the sphere in heave and sway motion respectively from (2.4.7). 

Using this with the far-field form of the multiPoles from (2.6.52) and (2.6.55) we obtain 

numerical checks for do, and d' which are 11 
KJk bn(-ka)n 

C Uk do, =- ý-pk n! 
(2.7.62) 

n=l 
iKJk 00 bl(-ka)n k d1l =E ýnl, wwý/ q, (2.7.63) -Tp-k 

n=l 
(n - 1)! 

which were employed on the results shown below. 

Equations (2.6.60), (2.7.50)-(2.7.53), (2.7.60)-(2.7.63) can be combined with (2.6.64) 

with m=0 and 1 to give 

,,, = 
3ap e 

2Kd 
T2 +k2 m2) v 

8c,,, 7r 

( 

JK , K2 Jk 
R (2.7.64) 

which is the upper fluid equivalent of (2.7.43). This can be used to solve the radiation 

problem of a sphere in the upper fluid layer using the results obtained from the cor- 

responding scattering problem as well as a numerical check on both results. Equation 

(2.7.64) was used to check the results for the radiation and scattering problems shown 

in this chapter. 

Results 

Figures 2.14-2.17 show curves of f0 and fI plotted against Ka for incident wavenum- 

bers K and k when p=0.95 and d/a = 4.0. For each figure there are four curves 

corresponding to the immersion depths fla = 1.1,1.7,2.3 and 2.9. These immersion 

depths are the same as those used in the upper region radiation problem. 

Figures 2.14 and 2.15 show, respectively, the non-dimensionalised vertical and hor- 

izontal exciting forces on the sphere due to an incident wave of wavenumber K. The 

0 are larger than those for fK' and the curves are very similar (apart values obtained for 7K 

from the Ka values) to those shown in figures 2.12 and 2.13 in which the incident wave 

is associated with the interface and the sphere is in the lower fluid. As one would expect 

the forces are greater the closer the sphere is to the free surface. 
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Figures 2.16 and 2.17 show curves for the case of an incident wave of wavenumber 
k. Again, the values obtained for the vertical forces are greater that those for the 

horizontal forces but this time the forces increase as the surface of the sphere approaches 

the interface. 

2.8 Conclusion 

In this chapter we have examined the relationships that exist between the solutions to 

three-dimensional radiation and scattering problems in two-layer fluids where the upper 

fluid is bounded above by a free surface and the lower (denser) fluid is infinite in extent. 
In such a situation propagating waves can exist at two different wavenumbers for any 

given frequency. A systematic derivation, using Green's theorem, of all the reciprocity 

relations for such problems has been carried out including extensions to the two-fluid case 

of the Haskind and Bessho-Newman relations. We have then used multipole expansions 

to solve radiation and scattering problems for a sphere situated entirely within either 

the upper of lower fluid layer. 
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0 Figure 2.14: Non-dimensionalised vertical force K by incident wave of wavenumber K 

on sphere plotted against Ka for different submersion depths in the upper fluid layer; 

P=0.95 and d/a = 4.0. 
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Figure 2.15: Non-dimensionalised horizontal force 7K' by incident wave of wavenumber 

K on sphere plotted against Ka for different submersion depths in the upper fluid layer; 

p=0.95 and d1a = 4.0. 
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Figure 2.16: Non-dimensionalised vertical force fkI by incident wave of wavenumber k 

on sphere plotted against Ka for different submersion depths in the upper fluid layer; 

p=0.95 and d/a = 4.0. 
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Figure 2.17: Non-dimensionalised horizontal force fk! by incident wave of wavenumber 

k on sphere plotted against Ka for different submersion depths in the upper fluid layer; 

p=0.95 and d1a = 4.0. 
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Chapter 3 

Finite depth of lower fluid 

3.1 Introduction 

We shall now consider the case when the lower fluid region has constant depth h, hence 

occupies the region -h <z<0. As in chapter 2, we apply Green's theorem to the 

fluid domain to derive some hydrodynamic relations, in particular the classic result of 

symmetrical added-mass and damping matrices. Multipoles are then developed for a 

singularity in the lower and upper fluids and the heave and sway radiation problems are 

solved. 

3.2 General theory 

The velocity potentials must satisfy the conditions (2.2-2)-(2.2.5) in addition to having 

zero normal derivative on z= -h. The conditions in full are 

V20I V2011 =0 everywhere in the fluid, (3.2.1) 

01 
z 

011 z on z=0, (3.2.2) 

p(OI - KOI) = 011 - KOII z on z=0, (3.2.3) 

0, 
z Kol on z=d, (3.2.4) 

011 
z 

0 on z= -h. (3.2.5) 

Solutions of Laplace's equation in polar coordinates, which are outgoing circular waves, 

are of the form 
cosmaiv H, (nl) (u R) 

I 

sin ma 
ý(Z), m=0,1,2,3.... (3.2.6) 
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see Mei (1983) page 306. With hindsight we define the function V)(z) as 

, 0I = (u + K)eu(z-d) + (u - K)e -u(z-d) (3.2-7) 

, 011 =B cosh u (z + h), (3.2-8) 

where B is some constant. Applying (3.2.3) we can find the constant B and hence V)II, 

which is 

2p(K 2_ U2) sinh ud 
cosh u(z + h). (3.2.9) 

u sinh uh -K cosh uh 

Using the remaining condition on z=0 we obtain the dispersion relation 

p(u' - K') = (u -K coth ud) (u -K coth uh). (3.2.10) 

By letting the depth of the lower region, h, tend to infinity this dispersion relation 

reduces to that of the infinite depth problem 

(u - K)[K(u +e -1, d) 
- u(1 -e -2ud)] = (3.2.11) 

The dispersion relation for the finite depth case has two roots, both of which will require 

numerical methods to find. We will denote the two roots as k, and k2, where k2 > k, > 0. 

In the limit as h --+ oo we find that k, --+ K and k2 --+ k, where k is the wavenumber 

described by (2.2.11), so we use K and k as estimates for the numerical evaluation k, 

and k2 respectively. For the results presented below the Newton-Raphson method was 

used to calculate the wavenumbers k, and k2- 

With the asymptotic formula for H, (,, ), the wave potential for an outgoing cylindrical 

wave of wavenumber u can be written 

0,1: H, (,, ) (u R) (a,,, cosma+sinm a) V) (z) (3.2.12) m m 

e.. j E(al cos ma +, 6ý' sin ma)e-imir/21 
(2) 1/2 

e 
iuR-iir/4 O(z) (3.2.13) 

1mm 
ýuR 

where a' and are some unknown coefficients. If we let the quantity inside be 
M 

some function of a then two-layer outgoing cylindrical waves in finite depth have the 

form 

[ki- 1/2 
e ikiRg, (z, kl)A(a) + k2 1/2 C ik2R 91 (Z, k2)B(a)] 2 1/2 

e-iir/4 
GR) (3.2.14) 

kj-1/2 e 
ikjR 

gII(z, kl)A(a) + k2 1/2 
e ik2RgII(z, k2)B(a)] (2 )1/2 

e -i7r/4 

7rR 
(3.2.15) 
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as KR --+ oo, where A(a) and B(a) are the angular variations of the waves of wavenum- 
bers k, and k2 respectively and 

g'(z, u) = (u + K)e'('-) + (u - K)e-u(z-d) 9 (3.2.16) 

g"(z, u) = [(u + K)e -ud _ (u - K) eud] 
cosh u (z + h) 

(3.2.17) 
sinh uh 

The functions gI (z, ki), g, (z, k2) i gII (z, ki) and gII (z, k2) satisfy 

g, (z, ki) -2KeK(, -d), (3.2.18) 

g, (z, k2) -e 
kd [(k - Ku)e kz + (k - K)e -kz], (3.2.19) 

K(z-d) 
g,, (z, ki) -2Ke (3.2.20) 

k(z+d) 
g,, (z, k2) -K(I - a)e (3.2.21) 

as h --+ oo. We can relate these to the infinite depth case by 

g'(z, ki) 
e Kz 

) (3.2.22) 
gII(O, ki) 

911(0, k2) g(Z), (3.2.23) 

gII(z, ki) Kz 
,e (3.2.24) 

gII(O, ki) 

III(z, k2) 

", e 
kz (3.2.25) 

gII(O, k2) 

as h --+ oo, where 

g(z) = 
Ka -ke kz+_ K-k 

e -kz (3.2.26) 
K(o, - 1) K(a - 1) 

from (2.2.8). The function g(z) is used in the infinite-depth case and is defined by 

(2.2.8). 

3.3 Hydrodynamic relations 

Applying Green's theorem to the problem of finite depth yields an equation very similar 

to that of infinite depth, see equation (2.2.20). The integral across the seabed vanishes 

so the only difference is the integral across S. 11 where we now integrate from z= -h to 

z=0. The equation we derive is 

pf 0j, a0ii 
- 0IIaoil 

001 
-0,001 

) 
dS + dS 

On On 
fBII 

On 
I 

Io, oi 
-v -P dS- f V5IIOoII) dS. (3.3.1) 

J, 
(01'1,9011 is., ( 

OR OR OR OR 
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3.4 Two radiation potentials 

Let us consider two radiation potentials. Let 0= Oi and 0= Oj, where Oj, Oj are two 

radiation potentials whose behaviour in the far field is described by (3.2.14) and (3.2.15). 

The first integral in the right-hand side of (3.3.1) after substituting in the forms for the 

potentials is 

d 21r 
01 Rdzda = 

2ie-iir/2p(ki - 
k2) 

i(kl+k2)R im c 
RI-+oo 

lý=0 1., 

', 
-äR- 

7r N/k 1 k2 

X 
Ido 

g, (z, ki) gI (z, k2)dzl 
27r 

- Aj(a)Bi(a)]da. (3.4.1) 
a=O[Ai(a)Bj(a) 

Now let us define I, to be the integral with respect to z, such that 

d 
g, (z, kl)g, (z, k2)dz (3.4.2) 

0 d 
[(ki + K)e kl(z-d) + (ki - K)e -kl(z-d) 

x [(k2 + K)e k2(z-d) + (k2 - K)e -k2(z-d) jdz (3.4.3) 

Jkl - K)(k2 - K) 
e 

(kl+k2)d 
_ 

(ki + K)(k2 + K) 
e-(kl+k2)d 

k, + k2 k, + k2 

(ki - K) (k2 + K) (ki -k2)d _ 
(ki + K) (k2 - K) (ki -k2)d + ki - 

k2 e ki - 
k2 e- (3.4.4) 

The second integral in the right-hand side of (3.3.1) after substitution of the potentials 

gives 
0 2r -i7r/2 

0II 
2ie (k, - k2) i(kl+k2)R lim -- Rdzda e 

Rýoo 

I. 

---h 

fa=O 
5R 

7rVkl k2 

xfo g,, (z, kl)g,, (z, k2)dzf 
2r 

- Aj(a)Bi(a)]da. (3.4.5) 
. =()[Ai(a)Bj(a) z=-h 

We define P, to be the integral with respect to z and evaluating this gives 

h g,, (z, kl)g,, (z, k2)dz (3.4.6) 
f0 

4p 2 (K 2-k 
12) 

(K 2-k 2) sinhkldsinhk2d 
(kisinhklh - Kcoshk, h)(k2sinhk2h - Kcoslik2h) 

x0 cosh ki (z + h) cosh k2(Z + lt)dz (3.4.7) 
fh 

4p 2 (K2 - k2) (K 2-k 2) sinh k, d sinh k2d 12 
(ki sinh ki h-K cosh k, h) (k2 sinh k2h -K cosli k2hý 

x 
[sinh (k, + k2)h 

+ sinh (k, - k2)h 
(3.4.8) 

k, + k2 ki - k2 
I- 

We can rearrange the dispersion relation to give 

p(K 
2_ U2) sinhud (u + K)e-ud - (u - K)e ud 

u sinh uh -K cosh uh 2 sinh uh 
(3.4.9) 
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for u= kl, k2- Substituting this into P we obtain 

-kid - ekid] -k2d ek2d] f(k, + K)e (k, - K) [(k2 + K)e (k2 - K), 
2sinhklhsinhk2h 

x 
ýsinh (k, + k2)h 

+ sinh (k, - k2)h 
(3.4.10) 

k, + k2 ki - k2 

I 

[(k, + K)e -kid - (k, - K)ekid][(k2 + K)e-k2d - (k2 - K)e k2 d] 

k2k2 12 

x [ki coth k2h - k2coth k1h). 

By rearranging the dispersion relation in a different way we can write 
2 2) [eud 

-e -udl u p(K -u cothuh =--- (3.4.12) 
K K[(u + K)e-ud (u - K)eud] 

for u= kl, k2- Substituting this into III gives 

p k2(K 2-k 2) [(k2 + K)e-k2d _ (k2 - K)e k2d] (e kid 
-e -kid) 

2 2) K(k, - 
k2 

2 2) e-kid _- K)e kid] k2d 
_ -k2d)] 

- ki(K - 
k2 [(ki + K), (ki (e e (3.4.13) 

_ P[(ki - K)(k2 - K) 
e 

(ki +k2)d 
_ 

(ki + K) (k2 + K) 
e-(kl+k2)d 

k, + k2 k, + k2 

+ 
(ki - K) (k2 + K) 

e 
(k, -k2)d _ 

(ki + K) (k2 - K) 
e-(ki-k2)d (3.4.14) 

ki - 
k2 ki - 

k2 

PII. (3.4.15) 

We can write this result as 

f0d 

h 
gII(z, kl)g,, (z, k2)dz = _p 

fo 
g, (z, ki) g1 (z, k2) dz. (3.4.16) 

Using this we can evaluate the right-hand side of (3.3.1) to give 

2i. -i7r/2 (k, - 
k2) 

e 
i(kl+k2)R(PII + III) 

2r 
[Ai(a)Bj(a) - Aj(a)Bi(a)]da = 0. (3.4.17) 

7 k- 
f, 

0 rN/ lk2 

So equation (3.3.1) reduces to 

oIaoi -, OIaoI dS+f 
I B,,, 

(0110011 
dS = 0. (3.4.18) PfBI an an 

Since 2±L = ni on the body, where ni is the inward normal to body in the ith direction, On 

the above gives 
f 

OinjdS =f OjnidS. 
SB sB 
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This result is the same as (2.3.8) for infinite depth, and tells us that the added-mass 

and damping matrices are symmetric. 

Suppose now we use 0= Oj. Thus, using the fact that the ni are real, (3.3.1) 

becomes 

5f (Oinj - Tjni)dS 
S 

0 

4i (Pfd 
[g, (z, ki )] 

2 
dz +01, (z, kl) 

2 
dz 

27r 

Ai (a)Tj (a) da 
7r 0 

Jh Ig I JO 

+ 
ki + k2 2i (p Id 

g, (z, kl)gl(z, k2)dz +0 (z, k2)dz 
0 

g,, (z, kl)g,, 
-v(kik2 7r 0 

fh 

x 
fo 27r 

e 
i(kl-k2)R Ai(a)-Rj-(a) + e-'(ki-k2)R Bj(a)"Aj-(a)da 

+ 
4i (p jd [g'r(z, k2)] 

2 
dz +0 II(z, k2) 

2 
dz 

27r 

Bi(a)Pj-(a)da, (3.4.20) 
0f 

19 
7r 0. -h 

I) in 

where J=p when the bodies are in region I or 5=1 when bodies are in region II. 

The second term in the right-hand side vanishes due to (3-4-16). Using the symmetry 

equation (3.4.19) we are left with 

if -'Fjni)dS =2iSQýj OinjdS (oinj 
s SSB 

(3.4.21) 

21 2 21r (Jk, 
Ai (a)jj (a) da+ Jk, Bi (a)Yj (a) da (3.4.22) 

7r 0 

10 

where 
Id [gj(Z, 

U)] 
2 

J� = 2p dz +2 (Z, u) 
1- 

h 
lg 1 dz. (3.4.23) 

Thus the damping coefficient Bij can be found in terms of the far-field behaviour 

Bij =- Rip,, Jw 
JSB 

OinjdS (3.4.24) 

00 
=p 

IIW [jk, f27r 
Ai(a)Tj(a)da + Jk, 

f 27r 
Bi (a)Tj (a) da] . (3.4.25) 

7r 00 

This result is very similar to (2.3.15) where JK and Jk have been replaced with Jk, and 
Jk, respec ivelir 

It is simple to show that all the reciprocity relations in chapter 2 can be used for 

finite depth by replacing JK and Jk by Jk, and Jk, respectively. 

3.5 Heave and sway radiation problems 

We will now solve the heave and sway radiation problems for a sphere submerged in 

the upper and lower fluid layers where the lower layer has finite depth. The Sphere has 
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radius a and its centre is positioned at x=y=0, z=f. We will use the spherical 

polar coordinates (r, 0, a) centred on the sphere defined by (2.6.1) with r=a being the 

sphere surface. 

3.5.1 Sphere in lower fluid layer 

Multipole expansions 

We shall now construct multipoles for the case of a sphere in finite depth. As before 

these multipoles will satisfy the boundary conditions, except on the sphere, and behave 

as outgoing waves far from the singular point at the centre of the sphere. To find the form 

of such multipoles we use the solution to Laplace's equation in polar coordinates and its 

integral representations given in equations (2.6.2) and (2.6.39). Hence the multipoles 

will take the form of 

orm -: 
a n+2 COS Ma oo 

un [AL(u)eu' + BL(u)e-u] J,,, (uR)du, (3.5.1) n (n - m)! 
Jo 

a n+2 COS ma 
Pnm (COS 0) 

+1 
loo 

Un 
[CL(u)eu' + DL(u)e-u'] Jr,, (uR)dul 

n rn+l (n - m)! 

(3.5.2) 

We note that the difference between the form of these multipoles and those for the 

infinite-depth case, equations (2.6.3)-(2.6.4), is the function DL(u). This is due to the 

extra boundary condition on z= -h which must be satisfied. To find the functions 

ALM, BL(U)i CL(u) and DL(U) we must apply the following boundary conditions to 

the multipole functions 

olm - OHM 
zz 

p(o, ' - KOI') = 011' - KOII' zz 
01' = KO" z 

OIIM 
z 

on z=0, (3-5.3) 

on z=0, (3.5.4) 

on z= dq (3.5.5) 

on z= -It. (3.5.6) 
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After applying these conditions we obtain expressions involving ALM, BL(U)i CL(U) 

and DL(U) which are 

AL(U) -BL(U) -CL(U) +DL(U) =- Of 

p 
u-K ALM -pBL(U)-U 

-K CL(U) +DL(U) =- euf u+K 
AL(U)- u+K e -2ud BL(U) =0) u-K 

CL(u)-e 2uh DL(U) (_l)m+n Cuf. 

(3.5-7) 

The solutions to these equations are 

AL(U) =K(u + K)e -2ud [(cothuh + 1), uf + (_l)m+n (coth uh - 1)e-uf ] /H(u), 

(3.5.8) 

BL(U) =K(u - K) [(cothuh + 1)e uf + (_l)m+n (cothuh - 1)e-uf] /H(u), (3.5.9) 

CL(u) =e 
2uh [K [u 

-K- (u+ K)e -2ud I 

x [(coth uh + 1)euf + (_l),, +n (coth uh - 1)e-uf 

- 
le uf + (_l)m+n e -u(2h+f) ] H(u)] /(1 -e 

2uh )H(u), (3.5.10) 

, DL(U)=[K[u-K-(u+K)e -2ud] 

x [(coth uh + 1)euf + (_l)m+n (cothuh - 1)e-uf I 

- 
[e uf + (-l)m+n Cul] H(u)] /(1 -e 

2uh )H(u), (3.5.11) 

where 

H(u) = 
[(u + K)e -2ud -u+ K] (u - Kcothuh) - p(K 2_ U2)(1 -e -2ud (3.5.12) 

such that H(ki) = H(k2) = 0, from the dispersion relation. We now notice that these 

functions have poles so the multipoles must be written as 

a n+2 cos ma ooUn [AL(u)eu'+ BL(u)e-u'] Jm(uR)du, (3.5.13) OnIM 
M)! 

ýO 

M 00 
0 IIm a n+2 cos ma 

[Pn (COS 0) 
+1Un [CL(u)e" +D 10 L(u)e-"] Jm(uR)du] 

n rn+1 (n - m)! 
ýO 

(3.5.14) 

where the path of integration is indented to pass beneath the poles of the integrand 

at'u = k, and u == k2- We indent beneath the poles so that the multipoles behave as 

outgoing waves far from the sphere. 
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The far-field form of 0,,, in the upper fluid, is 

0IM 
(-i)'+la'+2 cos ma 27r 1/2 

n, - (n - m)! 
(R) 

xk 
n-1/2 

e 
ikiR (e kl 'A ki 

+e -kl 'B ki 
+k n-1/2 

e 
ik2R 

e 
k2 'A k2 

+e -k2'B k2 
e -i7r/4 11LL)2LL )] 

(3.5.15) 

as KR --+ oo, where A ki (B ki ) and A 
k2 

(B 
k2 

) are the residues of ALM (BL(u)) at LLLL 

u= ki and u= k2 respectively. The forms of A k' and B k' are given by LL 

A ki 
= K(ki + K)e -2kid [(coth k, h+ 1) e 

kif + (-l)'+"(coth k1h - 1)e -kif 
LI 

/(l -e 
-2kid) [(K coth ki h- ki) (Kd cosech 

2 k1d + 1) 

+ (K coth kid - ki) (Kh cosech 2 k1h + 1) + 2pkl] (3.5.16) 

and 

B K(ki - K) [(cothklh + 1)e kif + (- 1)'+'(coth k, h- 1) e -k, f 

/(l -e 
-2kid) [(K coth ki h- ki) (Kd cosech 

2 k1d + 1) 

(K coth kid - ki) (Kh cosech 2 k1h + 1) + 2pkl]. (3.5.17) 

To obtain Ak" and B k2 we replace k, by k2 in (3-5.16) and (3.5.17) respectively. LL 
We can expand the multipoles around r=0 in spherical polar coordinates by using 

(2.6.20) to give 

0IIM 
[(a)n+l 00 (r )8 

A'n Pm (cos 0)] 
, 

(3.5.18) 
= acosma m 

n 
Pn"' (cos 0) + 

ns r, a 

where 

Am :=a 
(au)n+s 

ns (n - m)! (s + rn-) 1o 
[euf CL (u) + (- 1)'+'e-'f DL (u)] du. (3.5.19) 

Formulation of problem 

We can now follow exactly the same method as for infinite depth to obtain expressions 

for the heave and sway damping and added-mass coefficients. The only difference is that 

the matrix An's is more complicated. First we expand the velocity potential in multipole 

potentials 
00 

UEb. mrn m=0,1. (3.5.20) 
n=l 
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After application of the body boundary condition and using the orthogonality of the 

Legendre Functions we obtain the familiar infinite system of linear equations for an 

infinite number of unknowns. Hence 

A'bT = -5j, /2 s=1,2.... m=0,1. (3.5.21) bs S 
ns 

[s 

+ 

"0 

n=l 

This system was solved numerically by truncating it to an NxN system and increasing 

N until the required degree of accuracy was attained. For the results presented in this 

chapter a value of N=4 was used which gave results correct to 2 decimal places. Since 

(3.5.18) and (3-5.21) are the same as (2.6.21) and (2.6-30) respectively, but with different 

forms for A,,,, the non-dimensionalised added-mass and damping coefficients /, Im and vm ns 

respectively are given by (2.6.33). For convenience this result is 

tim + zvm = -(1 + 3bj )m=0,1. (3.5.22) 

The relation between the damping coefficient Bij and the energy radiated to infinity, see 

equation (3-4.25), is given by 

Bij =4 7ro, Ia 3 wv 1. = 
PIIW Jk 

1 

21r 
JA'(a) 12 da + Jký 

2r 
IB'(a) 12 da (3.5.23) 

3 7r 

1 10 10 1 

where A'(a) and B'(a) are the far-field coefficients of the waves of wavenumbers K 

and k respectively. The far-field form of 0', in the upper fluid region, can be written 

U-loIrn ,(2 
)1/2 Jkl- 1/2 

e 
ikR [(k, + K)e -kid e 

klz + (k, - K)e kid 
e -kiz A'(a) 

7rR 
I 

k2 1/2 
e 

ik2R [(k2 + K)e-k2d e 
k2Z + (k2 - K)e k2d 

e 
-k2Z 

I 

B'(a) 
Ie 

-i7r/4, (3.5.24) 

as KR --+ oo. This form is used opposed to the lower region form as tile functions 

Am(a) and Bm(a) are simpler. The coefficients Am(a) and B'(a) can be extracted 

from (3.5.20) and (3.5.15). We obtain 

IA'(a)l 2 
00 (kia)nbm 

A ki 
12 

a2 7r cosma e 
kid 2 

(3.5.25) 
ny: 

-(n --m)! L k, +K)t 
)nbLn 22- kid 2 0, (kia 

n kil (a 7rcosmae E BI (3.5.26) 
n=l 

(n - rn)! ki -K 

I Bm (a) 12 (k2a)nbT 
A 

k2 
2a2 

7r cos 7na e k2d)2 ln=l 

(n _ M)! L k2 +K 
(3.5.27) 

)nbnm 
B! 

2 k2d 2 (k2a k212 a 7r cosma e- (3.5.28) 
nE 

Tn --m)! k2 
-K 
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Numerical results computed from (3.5.21) were checked using the following identity 

%b'j) -7ra 
Jke2kid 

2c.. 

( 

(k, + K)2 

)nbT ' (kla n ki 
rn- --m)! AL 

Jk, e 2k2d 

Tk2+K)2 
(k2a)'bT k2 

12) 
kwwzý/ ýn AL (3.5.29) 

n=l (n m)! 

which follows from (3.5.23) using (3.5.22) and (3.5.25)-(3-5.28). We can write this iden- 

tity in three other ways using the alternative expressions of jAm(a) 12 and I B' (a) 12 from 

(3-5.25)-(3.5.28). There is no difference between these forms which are all algebraically 

the same. 

Results 

Curves of added-mass and damping coefficients for spheres in the lower fluid layer in 

both heave and sway are shown in figures 3.1-3.4. In all the curves P=0.95, d/a =2 

and f /a =-1.1. Each plot shows the results obtained for four different depths, h1a, of 

the lower fluid, 2.2,2.4,3 and 4. The case of h/a = 2.2 represents a sphere with equal 

distance, 0.1a, from the interface and the bottom, with h1a increasing as the bottom 

becomes further away from the sphere. As h1a --+ oo the problem tends to infinite depth 

and so previous results will be recovered. 

Figures 3.1 and 3.2 show the damping coefficients for heave and sway respectively. 

The two cases lead to similar results, but those for heave are greater than those for sway. 

As in the infinite depth case, there are two local maximums, one near kla(; z-, Ka) =1 

which corresponds to waves being generated on the free surface and one near k2a(; ze 

ka) == 1 which corresponds to waves on the interface. As one would expect we again 

see that the sphere's wave-making capabilities on the interface are much greater than 

those on the free surface. The effect of finite depth on the heave and sway damping 

coefficient for the chosen parameter values is relatively small. As the depth of the lower 

layer decreases we see that heave damping decreases whereas sway damping increases. 

The same effect was found to occur in the case of a sphere in a single-layer fluid of finite 

depth by Linton (1991). 

Figures 3.3 and 3.4 show the added-mass coefficients for heave and sway respectively. 

We note that, as with the infinite-depth radiation problem, the deviation from 1/2 is 

greater in the case of heave. We can again see that there is an effect due to the interface 

near k2a =1 (Ka r-o 0.025) and a much smaller effect due to the free surface near k1a =1 
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(Ka -- 1). It can be seen that the closer the sphere is to the bottom the greater its 

added mass. This effect was also observed in Linton (1991) for the single-fluid case. In 

figures 3.1-3.4 we can see that the results for h1a =4 are very close to the infinite-depth 

results shown in figures 2.2-2.5 for f /a =-1.1. 
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Figure 3.1: Damping coefficient v' (heave) plotted against Ka for a submerged sphere 

in the lower fluid layer with varying depth of the lower fluid layer; p=0.95, d/a = 2.0 

and fla = -1.1. 
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Figure 3.2: Damping coefficient v1 (sway) plotted against Ka for a submerged sphere 

in the lower fluid layer with varying depth of the lower fluid layer; p=0.95, d/a = 2.0 

and fla = -1-1. 
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Figure 3.3: Added mass coefficient AO (heave) plotted against Ka for a submerged sphere 

in the lower fluid layer with varying depth of the lower fluid layer; p=0.95, d1a = 2.0 

and fla 
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Figure 3.4: Added mass coefficient MI (sway) plotted against Ka for a submerged sphere 

in the lower fluid layer with varying depth of the lower fluid layer; p=0.95, d1a = 2.0 

and fla = -1-1. 
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3.5.2 Sphere in upper fluid layer 

Multipole expansions 

When the sphere is positioned in the upper region (f > 0) the multipoles will take the 

form 
'n 00 

a n+2 cos ma 
ýPn (COS 0) 

+lfun [Au(u)eu' + Bu(u)e-u'] J,,, (UR)du] 
n n+l 0 r (n - m)! 0 

(3.5.30) 

0IIm -a 
n+2 

COS Mo 00 
Un [Cu(u)eu' + Du(u)e-u'] J,,, (uR)du. 

n (n - m)! 
fo (3.5.31) 

We apply the boundary conditions (3.5-3)-(3-5.6) to these multipoles in order to find 

the functions Au(u), Bu(u), Cu(u) and DU(u). The seabed condition (3.5.6) yields the 

expression 

Cu(u) =e 
2uh Du(u), (3.5.32) 

which is different to what we obtained when the singularity was in the lower fluid layer. 

This allows us to simplify the multipoles in the lower fluid layer by writing 

0 
jjm =a 

n+2 COS Ma loo 
un coshu(z + h)Cu(u)Jm(uR)du. (3.5.33) On 

(n m)! 0 

Applying the remaining conditions (3.5.3)-(3.5.5) to the multipole functions we obtain 

Au(u) -Bu(u) - sinh uh Cu(u) =- 

Au(u)-u +K Bu(u)- u sinh uh -K cosli uh Cu (u) 1)'+'e-uf ý---K p(u - K) 

u-K e 2ud Au(u) -Bu(u) =euf (3.5.34) 
u+K 
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Solutions to these expressions are 

Au(u) =(u + K)e -2ud 
[ [K coth uh - u(1 - p)] (e uf + (_l)m+n 

e-uf) 

+ Kp(euf - (-l)m+ne-uf)] /H(u), (3.5.35) 

BU(u) =(u - K) 
[[Kcothuh 

- u(1 - p)] (euf + (_l)m+n Cuf 

+ Kp(e'f - (-l)m+ne-uf)] /H(u) - euf (3.5.36) 

CUM = (u + K)e -2ud -U+ Kcothuh - u(1 - p) +- 
H(u) I 

IC] 
II 

(u + K)e-2ud -U+ 

x (e uf + (_l)m+n e-uf) + Kp(euf 1) m+n )e-uf)] / (H(u) sinh uh), 

(3-5.37) 

where H(u) is given by (3.5.12). As in the previous problems these functions have poles 

so we write the multipoles as 

a n+2 cosrna 
Pnm (Cos 0) 

+1 
foun [Au(u)eul + Bu(u)e-u'] Jm(uR)du 

n+1 (n - m)! 0 nr01 

(3.5.38) 

O, Im a n+2 cos ma 00 
Un cosh u (z + h) Cu (u) Jm (uR) du. (3.5.39) 

n (n - rn)! 

Io 

where the path of integration is indented to pass beneath the poles of the integrand at 

u ki and u= k2 such that the multipoles behave as outgoing waves as KR --+ oo. 

The far-field form of the multipoles in the upper fluid layer is given by (3.5.15) with 

the residues of AL and BL replaced with the residues of AU and BU respectively. 

We can expand the multipoles around r=0 in spherical polar coordinates using 

(2.6.20), to give 
[(a)n+l 

M 
00 (r 

Bnn m (cos 0)] 01'rn =a cos ma Pn (Cos 0) + 1: 
-s. 1 

(3-5.40) 
nraP 

where 

Bn' =-a e'fAu(u)+(-1)'+"e-ufBu(u) du. (3.5.41) 
(n m)! (s + m)! 

ýo (au)n+s 

To simplify the writing and computation of the expression for Bn', we define the following 

functions 

c, (u) = (u + K) [K coth uh -u+ p(u + K)], (3.5.42) 

c2(u) =(u + K) [(-l)m+n + (-l)m+-q] [K coth uh -u+ p(u - K)], (3.5.43) 

C3 (U) =(_l)n+, (U - K) [K coth uh -u+ p(u - K)]. (3.5.44) 
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Then 

B' =a 
00 

)n+, -2ud 2uf 
ns 

[c, (u) e2u(f -d) + C2 (u) e+ C3(u)e- /H(u)du. (n - m)! (s + m)f 0 
(au 

(3.5.45) 

Formulation of problem 

The velocity potential can be expanded in terms of the multipoles exactly as in (3.5.20) 

and then application of the body boundary condition leads to the infinite system of 
linear equations 

+1 +1EB,,, 
b,, bý' - ;-'' -Jjý, /2 2,... m=0,1, (3.5.46) 

00 

n=l 

for the unknown coefficients b. l. The non-dimensionalised added-mass and damping 

coefficients p' and v' respectively are given by 

m' iv' = -(1 + 3bj )m=0,1, (3.5.47) 

which is the same as (3.5.22), where vI can also be written as 

00 
vm 

3 [jk, 12, r 
jAm(a) 12da + 42 

f27r 
IB'(a) 12da 47r2pa3 00 

(3.5.48) 

from (3.4.25). The coefficients A-(a) and Bm(a) are found from the far-field form of 

q5l and are 
)nbm 

12 (kia n ki IA(a) 
nE 

Tn- --m)! Au 

)nbLn (kia n ki 

nE 
ýn 

- m)! 

IB'(a) 12 
(k2a)nbnm 

k2 
ln=l 

m)! 
Au 

(k2a)nbn"' 
k2 Bu 

n=l 

2 
a 

27r 
cos ma e 

k, d 2 ( 
ki +K 

(3.5.49) 

2 
a2 7r cos ma e -k, d 2 ( 

ki -K 
(3.5.50) 

a2 7r cos ma ekId ( 
k2 +K 

(3.5-51) 

2 
a2 7r cos ma e -k'2d 2 ( 

k2 
-K) 

(3.5.52) 

Results produced by solving (3.5.46) were checked using the following identity 

7ra 00 (kia)nbm 2 
n k, 

! a(bm, ) 
2c .. p (ki + K)2 

En- 

m)! 
Au 

ln=l 

(I 

)nbm 2) (k2a 
nA k2 

(3.5.53) (k2 + K)2 
Z 

Zn 
_ M)! U 

In=I 

which follows from (3.5.48) using (3-5.47) and (3-5.49)-(3-5.52). 
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Results 

Curves of added-mass and damping coefficients for spheres in the upper fluid layer in 

both heave and sway are shown in figures 3.5-3-8. In all the curves p is 0.95, d/a is 4 

and f /a is 2. Each plot shows the results obtained for four different depths, h1a, of the 

lower fluid, 0.5,1,2 and 3. When h1a = 0.5 the seabed is fairly close, half the sphere's 

radius, to the interface. 

Figures 3.5 and 3.6 show the damping coefficients for heave and sway respectively. 

A, gain both cases lead to similar results with those for heave motion greater than those 

obtained for sway. As with the sphere in the lower fluid there are two local maximums 

near k1a =1 (Ka ;:: ý 1) and k2a =1 (Ka -- 0.025). We note that for this case the 

second local maximum is greatest as more waves are generated on the free surface. In 

both heave and sway motion we see that the first local maximum increases with the 

depth of the lower fluid, h1a, indicating that the sphere's wave-making capabilities on 

the interface is reduced with the presence of the bottom. The ability of the sphere to 

generate waves on the free surface is affected much less by the bottom as can be seen by 

the second local maximum. In the case of heave motion there is a slight decrease of the 

second maximum due to the presence of finite depth whereas for sway there is a slight 

increase. 

The added-mass coefficients for heave and sway are shown in figures 3.7 and 3.8 

respectively. As has been the case previously, the deviations from the infinite fluid value 

of 1/2 are greater for heave motion than for sway. The effect due to the free surface, 

near k1a = 1, is much greater than that due to the interface. For both heave and sway 

motion the added mass near k1a =1 increases with the presence of finite depth whereas 

the added mass near k2a =1 decreases. 

We can see in figures 3.5-3.8 that for when Ka ýý 0.06 the effects of finite depth is r1j 
the same as those discussed by Linton (1991). For Ka; ý 0.06 we find the effects due to 

the interface break these trends. 

3.6 Conclusion 

In this chapter we have considered three-dimensional radiation problems in a two-layer 

fluid where the upper fluid is bounded above by a free surface and the lower fluid is of 
finite depth. As in the infinite-depth case there are two different wavenumbers for a given 
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frequency at which waves can propagate. The added-mass and damping coefficients were 

calculated for heave and sway motion of a sphere situated entirely within either the 

upper or lower fluid layers. To solve these problems we expanded the velocity potential 
in terms of multipoles which are only applicable when the body geometry is simple. 
The multipoles are considerably more complicated than in the case of infinite depth but 

nevertheless provided accurate results for a small truncation parameter. 

The effects of finite depth were found to be the same as those discussed in Linton 

(1991) except in some cases for low frequencies corresponding to waves being generated 

on the interface. 
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Figure 3.5: Damping coefficient vO (heave) plotted against Ka for a submerged sphere 

in the upper fluid layer with varying depth of the lower fluid layer; p=0.95, d/a = 4.0 

and f /a = 2.0. 
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Figure 3.6: Damping coefficient v' (sway) plotted against Ka for a submerged sphere 

in the upper fluid layer with varying depth of the lower fluid layer; P=0.95, d/a = 4.0 

and f /a = 2.0. 
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Part 11 

Submerged Cylinders 
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Chapter 4 

Finite depth of lower fluid 

4.1 Introduction 

In this second part of the thesis we are concerned with two-dimensional wave problems. 

Outgoing two-dimensional waves have the property that they have constant amplitude as 

they travel away from a wave source. This allows us to define reflection and transmission 

coefficients for the problems of waves incident on a body in two dimensions. They are the 

proportions of the incident waves which are reflected and transmitted. For a two-layer 

fluid there are two wavenumbers for a given frequency; one corresponding to waves on 

the free surface and the other to waves on the interface. When incident waves interact 

with an obstacle wave energy can be transferred from one mode to the other. Linton 

& McIver (1995) calculated the transmission and reflection coefficients, using multipole 

expansions, for the scattering of incident waves with a horizontal circular cylinder in a 

two-layer fluid where the lower fluid is infinite. Linton & McIver (1995) also derived all 

the first-order reciprocity relations for two-dimensional waves in a two-layer fluid of this 

type. In this chapter we will extend their work by letting the lower layer have constant 

depth h and investigate the effect of finite depth on the scattering of incident waves by 

a cylinder in the lower fluid layer. We will not treat the problem of a cylinder in the 

upper layer, the method being so similar to that given below. 

4.2 Hydrodynamic relations 

The velocity potentials must satisfy the conditions (3.2.1)-(3.2.5) as in the 

three-dimensional finite-depth case. Using separation of variables we find that two-layer 
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progressive waves take the form 

eu(z-d) +- K)e -, (z-d) ), =Ae: ý'u'«u + K) , 
(u (4.2.1) 

+ K)e-ud - (u - K)eud 
=Ae: ý'u'(u cosh u(z + h), (4.2.2) 

sinh uh 

where A is some constant. The dispersion relation is given by (3.2.10) and so waves 

of wavenumbers k, and k2 exist and can propagate in either the positive or negative x 
direction. In any wave radiation or scattering problem therefore, the far field will take 

the form of incoming and outgoing waves of the wavenumbers k, and k2, It can be 

shown that the correct form for the far field is in general given by 

0, -Ale 
±iklx 

g, (z, ki) + Ble ±ik2X 
g, (z, k2) + Cle T-iklx 

gl(z, ki) + DLe T-ik2X 
g, (z, k2), 

(4.2.3) 

O�, -A±e 
±iklxgII(z, ki) + B±e : Lik2xgII (z, k2) + C±e: Fikl'g�(z, ki) + D±e : Fik2x gI, (z, k2) 

9 

(4.2.4) 

as x ±oo, where 

, (Z, u 
(U + K). u(z-d) + (U - 

K)e-u(z-d) 

tanli uh, (4.2.5) (u + K)e-ud - (u - K)eud 

(Z, u) = 
cosh u(z + h) 

(4.2.6) 
cosh uh 

and 
, 
A' (B') and CI (DI) are the respective far-field coefficients of outgoing and 

incoming waves of wavenumber k, (k2). The functions g'(z, u) and g"(z, u) are chosen 

such that as h --+ oo the far-field form tends to that given in Linton & McIver (1995) 

equations (2-8)-(2.9). A convenient shorthand for (4.2.3) and (4.2.4) is 

JA-, B-, C-, D-; A', B+, C+, D+}. (4.2.7) 

We now consider a situation in which there are a number of bodies within the fluid. 

The surfaces of those bodies in the upper fluid will be denoted by B, and those in tile 

lower fluid by B". We shall assume that the potentials Oi and Oj are solutions to two 

different problems, with DOj/i9n and 00jlan given on BI and B'I, and tile far-field 

forms given by 

Ci-, D, -; Aý, B, t, Ci', Di'}, (4.2-8) 

,, A - ,, f Aj I B;, C; -, D;; Aj+, Bj+, Cj+, Dj+}. K. 7 (4.2.9) 
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If we apply Green's theorem to the upper and lower fluid regions in the same way as 
Linton & McIver (1995) we obtain the following identity 

pf 
(OO'PI 

- 0,00I) ds 
B II 5n On 

011,9,011 - 011,9011 ds = Jký (A, ýCj - Ci'Ajl + A-C- - Ci Ai) fall( 
On Dn 

)i, 

+Dj - D+B. 
7-1 + B, -Dý - Di-B3-), (4.2.10) + Jk2(BZ 

iz 

where 

0 

(Pfd[gl( 0 
Ju = 2iu 

0 
Z, U)]2 dz + 

f-h[gII(Z' 
U)]2 dz) 

. 
(4.2.11) 

Equation (4.2-10) is the finite-depth equivalent of equation (2.16) in Linton & McIver 

(1995), the only difference being JK and Jk are replaced by Jk, and Jk, respectively. It 

is clear that all the relations in Linton & McIver (1995) for the infinite depth case can 
be used for the finite depth case simply by letting J= Jkýljk, 

4.3 Two radiation potentials 

Several relations exist between two different radiation problems. Here we will briefly 

derive two standard results. Let us consider the case of two radiation potentials Oi and 

Oj due to a body oscillating in directions i and j respectively. These radiation potentials 

are defined to have the following body boundary condition 

090i a0j 
= nj on SB, 

an On (4.3.1) 

where ni (nj) is the component of the inward normal to the body in the direction i 

and SB is the body boundary, which for simplicity we will assume is entirely contained 

within region I or region II. Application of (4.2.10) to Oi and Oj yields 

-Bij + iwAfij ý- iwJPII Oinjds = iwJpl, f Ojnids = -Bji + iwAIji, (4.3.2) 
ssB B 's 

where B and M are the damping and added-mass coefficients respectively. Equation 

(4.3.2) states that the damping and added-mass matrices are symmetric. The same 

result is shown for the three-dimensional case by (2.3-8) and (3.4.19). 

Application of (4.2.10) to q5i and the complex conjugate of Oj yields 

Bij -! 
eLw [Jk, (At; fj+- + Aj-Aj) + A, (Bý -TT +B7 (4.3.3) 299 .72 

which relates the damping coefficient to the far-field amplitudes. 
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4.4 Two scattering potentials 

We now consider the case of two scattering potentials having zero normal derivative 

on all the body boundaries hence the left-hand side of (4.2-10) will be zero. In general 

there are four problems to be considered. These are the scattering of an incident wave of 

wavenumber k, from x= -oo, which we shall refer to as problem 1; the scattering of an 
incident wave of wavenumber k, from x= +oo (problem 2); the scattering of an incident 

wave of wavenumber k2 from x= -oo (problem 3); and the scattering of an incident 

wave of wavenumber k2 from x= +oo (problem 4). In each case there may be reflected 

and transmitted waves of wavenumber k, and k2- We use R'P and TkP to represent 

the reflection and transmission coefficients corresponding to waves of wavenumber k-p, 

P"='l, 2. Applying (4.2.10) to the potential of each problem and its conjugate we obtain 

the following 

ERT E7R2 
j' '+ Ej' I+jj+ EjT2= 1, j=1,2,3 or 4 

where the energies are defined as follows 

E Ri 
i =I Rjki 12, 

j E 
R2 k2 12, 

= JlRj 

E Rl 
j =I Rjki 12 / J, 

R2 
Ej' = IRk212, 

j 

ETI = 1 JTýl 12 
3 

ET2 = j 
JITk212, 

j 

EjTi = ITkil2/jl 
j 

ET2 
j = ITk212, 

j 

ji 
= 1,21 

Ij 
= 3,4. 

(4.4.1) 

(4.4.2) 

(4.4.3) 

WR2 
in words, Ej is the reflected energy at wavenumber k2 due to an incident wave of 

unit energy and wavenumber k, from x= -oc and so on. Equation (4-4.1) represents 

the conservation of energy and we will use it as a numerical check on results for the 

transmission and reflection coefficients. There are many more relations which can be 

derived from (4.2.10) using different combinations of the scattering potentials but are 

all equivalent to those given in Linton & McIver (1995) with an appropriate change in 

the definition of J. 

4.5 Incident waves 

Due to the symmetry of the body we will be using we only have to consider problems 

and 3 described above. For problem 1 an incident wave of wavenumber ki on the free 
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surface from x= -oo has the form 

0, =e 
iklx I(z, inc 9 

0II iklx II 
inc =e g (z, 

(4.5.1) 

(4.5.2) 

Similarly for problem 3, an incident wave of wavenumber k2 on the interface from x= 

-oo has the form 

OIc =e 
ik2X I (z, Q 

in 9 

0II ik2X II 

inc =e g (z, k2)- 

(4.5.3) 

(4.5.4) 

4.6 Scattering by a cylinder in the lower fluid layer 

We will now solve the scattering problem of a horizontal circular cylinder in the lower 

fluid layer. For the case of a cylinder centred at x=0, z=f<0 of radius a(< If 1) we 

need to construct multipoles singular at z=f, f<0. It is convenient to distinguish 

those multipoles symmetric about x=0 and those antisymmetric about this line. These 

nn respectively. We then write the velocity potential as the sum of will be denoted 0' and Oa 

the incident wave potential and the multipoles and solve for some unknown coefficients 

using the body boundary condition. The transmission and reflection coefficients can 

be extracted from the far-field form of the velocity potential and values of these are 

presented below. 

4.6.1 Multipole expansions 

Solutions of Laplace's equation singular at z=f are r-I cos nO and r-n sin nO, n>1, 

where 

x= rsinO, z=f- rcosO, 

and these solutions have integral representations, valid for z 

cos nO 
= 

(-l)n 00 
u n-I e-u(---f) cos ux du, (4.6.2) 

, rn (n - 1)! o 
sin nO 

= 
(_l)n+l oo 

u n-1 -u(z-f ) sin ux du (4.6.3) 
. rn (n - 1)! 

fo 
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and for z 

cos nO 1 loo n- leu(z-f) cos ux du, (4.6.4) 
rn (n -0 

sin nO l foo 
un-1 eu(z-f) sin ux du (4.6.5) n0 r (n -0 

(Gradshteyn & Ryzhik (1980), equations 3.944(5) and (6)). The symmetric multipoles 
in the lower fluid layer take the form 

018 
n . 00 

n-1 
nU 

[A' (u) eu' + D' (u) e-u'] cos ux du, (4.6.6) 
(n - l)! 

lo 
LL 

113 cos n0 + 
(_1)n loo n-1 '(u)eu' + D' (u)e-u'] cos ux du. 

n0 (4.6.7) On' 
rn Zn 

- l)! () 
u[ CL' L 

Applying the boundary conditions (3.2.2)-(3.2.5) to these multipoles we obtain expres- 

sions involving A' (u), BL8 (u), CL3 (u) and D' (u). These are LL 

A'(u) -B'(u) -CL(u) +D'(u) euf (4.6.8) LLLI 
u-K u-K uf A'(u)-pB'(u)-ý- '(u) +D(u) e (4.6.9) LLý IC L + KCL 

u-K 
e 2ud A'(u) -BL(u) =o 1 (4.6.10) 

u+K L 

CL, (u) -e 
2uh DL' (U) (_1)n e-uf (4.6.11) 

Solving the above equations we obtain the following functions 

A'L(u) =K(u + K)e -2ud [(cothuh+1)euf+(-1)'(cothult-1)e-uf]/H(u), (4.6.12) 

BI (u) =K(u - K) [(coth uh + 1)e'f + (- 1)'(coth uh - 1)e-'f]/H(u), (4.6.13) L 
CL, (u) =e 

2uh DL' (U) 
_ 

(_1)n e-uf (4.6.14) 

D'(u) =(l - p)[«u + Koje -2ud u+ K)(u + K)e'f L 
+ (_1)n«U + K)e -2ud 

-u+ Ku)(u - K)e-'f]I(e 2uh 
_ 1)H(u), (4.6.15) 

where H(u) is given by (3.5.12). 

The antisymmetric multipoles in the lower fluid layer take the form 

la 
-0 Un-I [Aa 

(_l)n+l 00 
a (u)e-u'] sin ux du, (4.6.16) 'On' - (n - 1)1 

fo 
L (u) eu' + BL 

OIIa ==sin 
nO (_l)n+l 00 

n-1 a (u)eu' +Da (u)e-u'] sin ux du. 
n rn 

+ (n - 1)! 
fO 

u [CL L (4.6.17) 

Applying the boundary conditions (3-2-2)-(3.2.4) Nve obtain the expressions (4.6.8)- 

(4.6.10) for the functions A' (u), BLa (u), CLa (u) and Da L L(u). Tile seabed condition (3.2.5) 
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gives 

Ca2h a(U) 
L(u) -. u DL le-'f. (4.6.18) 

Hence the antisymmetric multipole functions will be the same as the symmetric func- 

tions but a (-l)n+' will replace any (-l)n. We can now write the symmetric and 

antisymmetric multipoles as 

0'- 
(-l)n 00 

u n-1 [A(O) L 
ý (u)eu' + BL(o) (u)e-u'] cos ux du, (4.6.19) 

n (n - l)! o 

OIIS = 
cos n0 1- + 

(-l)n 00 1 
- n-1 0) (u)eu' + D(O (u)e-"] cos ux du, u [CIL L (4.6.20) 

rn Zn 
-1)! 

Ia 
= x' n 

u n-1 [A(') L 5r (u)e" + BL()(u)e-"]sinux du, (4.6.21) 
(n - l)! o 

a 0 ii sin n0 + 
(-1)n+l oo ý n-1 u [C(l) (u)e" + D(l) (u)e-"] sin ux du, L L (4.6.22) 

. (n - l)! o 

where the path of integration is indented below the poles at u= ki and u= k2 so that 

the multipoles behave like outgoing waves as jxj --+ oo. The multipole functions are 

given by 

A 
(q) (u) =K(u + K)e -2ud [(coth uh + 1) uf + (- 1)'+q(coth uh - 1)e-uf J/H(u), 
L 

(4.6.23) 

BL(q) (u) =K(u - K) [(coth uh + 1) Of + (_1)n+q (coth uh - 1)e-uf J/H(u), (4.6.24) 

C 
L(q)(u) =e 

2uh D 
(q)(U) 

_ 
(_l)n+q 

e-uf, (4.6.25) L 
D 

(q)(U) 
=(l - p)[((u + Ko, )e -2ud 

-u+ K)(u + K)e'f L 
+ (_l)n+q((U + K)e -2ud _u+ Ka)(u - K)e-ufjl(e 2uh 

_ 1)H(u). (4.6.26) 

The far-field form of the multipole potentials in the upper region are given by 

,, (_ 1)n 7ri Is 
, On 

(n 1)! 

x [k n- le ±iklx (A (O)k'e kiz 
+ B(O) k'e -kiz +k n-1 e 

±ik2X(A (O)k2 
e 

k2Z 
+B 

(O)k2 
e -k2Z) 

1LL2LL11 

(4.6.27) 

oIa , :: F 
(_1)n7r 

n 

n- ±iklx(A(I)k klz (1)kl, -kiz n-I : Lik2X I)k2 k2Z (I)k2 -k2Z) x [k 'e 'e +B )+k e (A e+Be 1LL2LLII 
(4.6.28) 
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(q)k (q)k (q) 
' and BL P are the residues of A(') (u) and A (u) respectively as x --+ ±oo, where AL LL 

at u= k-p for q=0,1 and p=1,2. We use the far-field form in the upper region as the 

functions are simpler than those in the lower region. The residues are given by 

A 
(q)kp 

= K(k-p + K)e -2kpd [(coth kph + 1)e kpf + (_I)n+q (coth k-ph - 1) e -kpf 
LI 

/(l -e 
-2kpd) [(K coth kph - k-p) (Kd cosech 

2 k-pd + 1) 

+ (K coth k-pd - kp) (Kh cosech 2 k-ph + 1) + 2pk-p], (4.6.29) 

B 
(q)kp 

-- K(k - K) [(coth k-ph + 1)e kpf + (_l)n+q (coth kph - 1)e-kPI Lp 

/(l -e 
-2kpd ) [(K coth kph - k-p) (Kd cosech 

2 k-pd + 1) 

(K coth kpd - k-p) (Kh cosech 2 k-ph + 1) + 2pk-p]. (4.6.30) 

The multipoles 0' and 0' can be expanded about r=0 by using mm 
00 ( 

e: Lu(z-f)e'ux =Z_:: 
Fur)' 

e ý-j,, o (4.6.31) 
M=o M! 

(Gradshteyn & Ryzhik (1980), equations 1.463(l) and (2)) which gives, valid for r< If 1, 

08 cos nO 
nn+1: 

Anmr' cos mO, (4.6.32) 
r M=o 

oa sin nO 00 
a 

n =: 
rn 

+E Anmrm sin 7nO, (4. G. 33) 
M=o 

where 
(_1)n 00 

n+m-1 ( 0) (u) + e-'f D(O) (u)]du, L A' -u [(-1)me, fcL� 
nm (n - l)! ml 

ýO 
L (4.6.34) 

Aa 
(_1)n+l 00 

n+m-1 (4.6.35) - (n - l)! m! 
ýo [(-1)m+leuf CL(')(u) + e-ufD(1)(u)]du. nm 

uL 

To solve the scattering problem we write the velocity potential as the sum of the 

incident wave and the multipole potentials. Hence 

00 
na Oi., +Ea (anOn + OnOng) 

n=l 

(4.6.36) 

where Oinc is given by either (4.5.2) or (4.5.4) and a,, and fl,, are unknowns. Since 

DOI& =0 on r=a we have 

00 a 
1: a (anOn + PnOn") 

on r=a. (4.6.37) 
n=l 

Or Or 
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4.6.2 Incident wavenumber k, 

We now consider problem 1 which is the scattering of a plane progressive wave of 

wavenumber k, from x= -oo. First we expand the incident wave about r=0 us- 
ing (4.6.31) to give 

, Tj 
_coshkl(z+h) 

iklx 
inc cosh k, he 

(4.6.38) 

1 (kir)' ki (h -ki(h 1: [(-l)'e +f)e-"O +e +f)e"Ol. (4.6.39) ý"--ýco-shkjh,, 
o m! 

Substituting the polar expansions of the multipoles (4-6-32) and (4.6.33) and of the 

incident wave (4.6.39) into (4.6.37) and using the orthogonality of the trigonometric 

functions leads to uncoupled sets of equations for the unknowns a,, and 0, These are 

arn 
00 

a 
n+m Aa =i 

(kia)- 
_ 

[e-ki(h+f) 
_ (-l)me ki(h+f)l, (4.6.40) E 

nmCfn 
n=l 2(m! ) cosh k1h 
00 m 

om Ea n+mAn' 
(kia) 

-r, -ki(h+f) + ki(h+f)], 

n=l 
mon - 2m I cosh k, h L- (- 1)me (4.6.41) 

m == 1,2,. .. The equations decouple because of the symmetry of the geometry about 

the line x 0. 

The far-field form for 01, in the upper fluid, can be written as 

II eiklxgI(z, ki) +R kle -iklxgI (z, ki) +R 
k2 

e-ik2X 1(z, kx -+ -00, 119 2) 
01 

)+ Tk2 k2Xgl(z k2) x --ý +00. T, kieikjxgI(z ki ei 

(4.6.42) 

The upper region multipoles are used as the functions are simpler. We can extract the 

transmission and reflection coefficients from (4.6.36) using (4.6.27), (4-6.28) and (4.6.38). 

They are 

Tlki =1 - 
7r[ki +K- (ki - K)elkldl 00 (-kia)n 

[anA(l)k' - i, 3n A (O)kl], (4.6.43) 
ki (ki + K) tanh ki ! T- F=-, 

(n - 1)! LL 

7r[k2 +K- (k2 - K) p2k2dl oo ( )n 
Tk2 =--1: -k2a 

Ik 
[anA( 1)k2 

- iOn A (0) k2 
(4.6.44) 

2 (k2 + K) tanh k2 h n=l 
(n -LL 

k, ==7r[ki 
+K- (ki - 

K)e2kid (-kia)n 
R, 

I)kl (O)kl 
(4.6.45) [a LL ki (k, + K) tanh ki h nA( + i, 3n A 

n=l 
(n - 

-R k2 
= 7r[k2+ K- (k2 - K)e 2k2d (-k2a)n 

I)k2 (O)k2 

I k2 (k2 + K) tanh k2 h 
[anA2 + iOnAL (4-6.46) 

n=l 
(n 1)1 

To compute values for the reflection and transmission coefficients we must first solve 

(4.6.40) and (4-6.4 1) using a truncation procedure. The systems were truncated to NxN 
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systems and then the convergence of the results was observed as N increased. The results 

converged rapidly and a value of N=4 gave the reflected and transmitted energies to 

2 decimal places. The computed energies were then checked using the conservation of 

energy condition (4.4.1). 

4.6.3 Incident wavenumber k2 

For problem 3, the scattering of an incident wave of wavenumber k2 from x= -00, 

we simply replace k, with k2 in equations (4.6.39)-(4.6.41). The reflection coefficients 

R kI 
and R k' 

are given by (4.6.45) and (4.6.46) respectively whereas the transmission 22 

coefficients are given by 

ki 7r[k, +K- (k, - K) 2kidl (-kia)' (1)kl (O)k 
Pj ! "'ý! [CenA 

- ifln A '1, (4.6.47) T3 LL k, (k, + K) tanh ki h 
n=1 

(n - 1)! 

k2 7r[k2 +K- (k2 - K) 2k2dj (-k2a)n (I)k2 )k2 
3 [a LL T 

k2 (k2 + K) tanh k2 hj nA - i, 3nA(o (4.6.48) P 

n=1 
(n 1)! 

4.7 Results 

Figures 4.1-4.6 show the proportion of the incident energy that is transmitted and 

reflected at wavenumbers k, and k2 due to waves of wavenumber ki and k2 incident on a 

cylinder situated in the lower fluid. In all the curves p=0.95, d/a = 2.0 and f /a = -2. 

Each plot shows the results obtained for four different depths, h1a, of the lower fluid 

which are 3.2,4,5 and 6. For the case when h1a = 3.2 the bottom is a distance 0.2a 

from the surface of the cylinder. As h1a --+ oo the multipoles go over to those of the 

infinite-depth case and so results from Linton & McIver (1995) can be recovered. 

Firstly we note that the finite depth equivalents of equations (2.48) and (2.49) from 
ki k2 ki k2 

Linton & McIver (1995) are R= JR, and T' respectively. In terms of the 33 JT, ' 
RT 

energies, defined by (4.4.2) and (4.4.3), these imply E3R'l = El' and EV = ET2. Thus, 

figures 4.3 and 4.4 show the transmission and reflection energies at wavenumber k2 due 

to an incident wave of wavenumber k, as well as the transmission and reflection energies 

at wavenumber ki due to an incident wave of wavenumber k2, 

, 'ý Figures 4.1-4.4 show the reflected and transmitted energies due to an incident wave 

of wavenumber k, which corresponds to a free-surface wave. We can see that the trans- 

rnitted energy at wavenumber k, in figure 4.1 has two local minimums. The first of 

these minimums, near Ka = 0.014, is the effect due to the interface whereas the second 

84 



local minimum, near Ka = 0.17 is due to the presence of finite depth. We deduce this 

from the range of frequencies over which the effects occur for infinite depth shown in 

Linton & McIver (1995) figure 2. The interface affects the transmission of the incident 

wave more than the seabed. The effect due to the interface however occurs for very long 

waves whereas the finite-depth effect is for more realistic frequencies. For the case of a 

cylinder in the lower layer of infinite depth it was found, by Linton & McIver (1995), 

that the incident wave was completely transmitted. Here we find that the incident wave 

is transmitted and reflected at both wavenumbers k, and k2. The effect of finite depth 

therefore increases the cylinders ability to reflect the incident wave, albeit only by a 

small amount. As h1a increases the proportion of the incident energy which is reflected 

at wavenumbers ki and k2 decreases to zero whereas the energy which is transmitted at 

wavenumbers ki and k2 tends to the infinite depth values. 

Figures 4.3-4.6 show the results obtained for an incident wave of wavenumber k2 

which corresponds to an interface wave. Here we have only one local minimum for 

the energy transmitted at the incident wavenumber as shown in figure 4.5. As with 

an incident wave of wavenumber kj, we find that the cylinders reflective property is 

increased by the presence of finite depth. In the limit as h1a --+ oo we find that the 

Ri Ri (= R2 R2 
reflection energies El , E3' El ) and E3' tend to zero while E3T2 --+ EjT1 as in the 

infinite-depth case. 

4.8 Conclusion 

In this chapter we have examined the relationships that exist between the solutions of 

two-dimensional radiation and scattering problems in two-layer fluids where the upper 

fluid is bounded above by a free surface and the lower fluid is of finite depth. This is an 

extention of the work by Linton & McIver (1995) who considered infinite depth of the 

lower fluid. Using Green's theorem we found that all the reciprocity relations could be 

found using the infinite-depth relations by replacement of one function by another. 

We then considered the scattering problem for a horizontal cylinder situated entirely 

within the lower fluid layer. This problem was solved using multipole expansions. In 

the infinite-depth case it has been shown that no energy is reflected by such a cylinder. 

For finite depth of the lower fluid layer we do not observe zero reflection. This is to be 

expected as non-zero reflection exists in the single-layer finite-depth scattering problem, 

see for example Evans & Linton (1989). 
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Figure 4.1: Transmitted energies due to a wave of wavenumber k, incident on a cylinder 
in the lower layer with varying depth; p=0.95, d/a = 2.0 and f /a = -2.0. 
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Figure 4.2: Reflected energies due to a wave of wavenumber k, incident on a cylinder in 

the lower layer with varying depth; p=0.95, d1a = 2.0 and fla = -2.0. 
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Figure 4.3: Transmitted energies due to a wave of wavenumber k2 incident on a cylinder 

in the lower layer with varying depth; p=0.95, d/a = 2.0 and f /a = -2.0. 
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Figure 4.4: Reflected energies due to a wave of wavenumber k2 incident on a cylinder in 

the lower layer with varying depth; p=0.95, d/a = 2.0 and f /a = -2.0. 
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Figure 4.5: Transmitted energies due to a wave of wavenumber k2 incident on a cylinder 

in the lower layer with varying depth; p=0.95, d/a = 2.0 and f /a = -2.0. 
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Figure 4.6: Reflected energies due to a wave of wavenumber k2 incident on a cylinder in 

the lower layer with varying depth; p=0.95, d/a = 2.0 and f /a = -2.0. 
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Chapter 5 

Scattering of oblique 

infinite cylinder 

5.1 Introduction 

waves with an 

It can be shown using linear water wave theory that in infinitely deep water a submerged 

circular cylinder reflects no waves. This was arrived at originally by Dean (1948) and 

subsequently confirmed by Ursell (1950). Ogilvie (1963) further showed that a freely 

floating neutrally buoyant cylinder reflects no waves either. For the case of normal 
incidence in finite depth zero reflection does not occur, see Evans & Linton (1989). 

Levine (1965) investigated whether the zero reflection result was true for obliquely 
incident waves and he found, using an integral equation technique, that it was not. 
Further, Garrison (1985) applied a Green's function procedure to compute the added- 

mass and damping coefficients as well as the forces on a semi-immersed circular cylinder. 
In this chapter we shall solve the scattering problem of oblique waves on a circular 

cylinder; first in a single-layer finite-depth fluid and then in a two-layer fluid. For the 

single-layer fluid we will include a comparison to the results obtained by Levine (1965). 

5.2 Single-layer fluid 

Cartesian coordinates are chosen such that the (x, y)-plane coincides with the undis- 

turbed free surface of the fluid and the z-axis points directly upwards. The fluid occu- 

pies the region -h <z<0 and an infinite cylinder of radius a has its centre positioned 

at z=f<0 and its generator runs parallel to the y-axis. Polar coordinates (r, 0) are 
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z0 
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z= -h 

Figure 5.1: Definition sketch 

defined in the (x, z)-plane where 

x= rsinO and z=f- rcosO, 

as illustrated in figure 5.1. The fluid is assumed to be inviscid and incompressible, and 
its motion to be irrotational. The velocity potential 4) can be written as 

e(x, y, z, t) = RIO(x, y, z)e-'üjt} (5.2.2) 

and must satisfy the following 

V2, j) =0 everywhere in the fluid, (5.2.3) 

K4P =0 on z=0, (5.2.4) 
19Z O(D 

az =0 on z= -h, (5.2.5) 

&D Tr =0 on r=a. (5.2.6) 

Solutions to these equations which represent horizontally travelling waves with 

wavenumber k can be found provided k is a solution of the dispersion relation, given by 

K=k tanh kh, (5.2.7) 

where k=K for the infinite-depth case. The time independent potential Oi., (x, Y, z) 

of an obliquely incident plane wave (I)i. c with angle ai,, c to the positive x-axis takes the 
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form 

Oinc 
=e 

WX COS Ceinc+Y sin ainc) cosh k (z + h) 
=e 

ikx "'Illce"y cosh k(z + h) 
(5.2-8) 

cosh kh cosh kh 

where I=k sin ai,,,. We can now redefine the potentials 4)jý,, and Oinc as 

=RlOi,, c(x, z)e"ye-wt} (5.2.9) 

Oinc=e Wx cos ai. ccosh 
k(z + h) 

(5.2.10) 
cosh kh 

We shall now assume that the same can be done with the scattered field thus the problem 
is reduced to two dimensions. We now redefine the velocity potential as 

(P = RJO(x, z)e"ye-wt}. (5.2.11) 

All the conditions for 4) apply for 0 except for Laplace's equation, which becomes 

(V2 
_ 12)0 =0 (5.2.12) 

everywhere in the fluid. This is known as the modified Helmholtz equation. A general 

scattered potential has far-field behaviour described by 

cosli k(z + h) 
cosh kh 

(5.2.13) 

as x- --+ ±oo, where A' and B± are the coefficients of outgoing and incoming waves 

respectively. To find 3 we apply the modified Helmholtz equation to the give 

12 = kVl - sin ainc 2k COS ainc- (5.2.14) 

Hence all waves propagate at an angle ai,, c to the x-axis, see figure 5.2. We can use the 

following shorthand to represent the potential 

0- {A-, B-; A+, B+}. (5.2.15) 

5.2.1 Hydrodynamic relations 

Let us consider two potentials 0 and 0 which are solutions to two different problems 
involving submerged bodies. As both potentials satisfy the modified Helmholtz equation 

Green's theorem becomes 

I (ýLo 
-OLO) ds =0 (5.2.16) 

s On On 
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where S is the boundary around the entire fluid and n the outward normal. Due to the 

bottom condition, 0_, =0 on z= -h and the free-surface condition, 0, = KO on z=0 

equation (5.2.16) becomes 

0 
8'0 

-0 
00 

ds = lim fo 
-0 

00 )I 
dz 

-h 

(000 JSB 
(On 

On) M-00 Ox Ox 
x=-M 

- lim dz, (5.2.17) 
L-oo Ox Ox 

lx=L 

where SBis the boundary of the bodies. Now if we let 

A, -, B, -; Ai+, Bi+}, (5.2.18) iI 

,o= Oj, jAj, Bj; A. +?, Bj+} (5.2.19) 

and use (5.2.17) we obtain 

f 

OLO -, OLO ds 
SB 

(On 

an) 
0 (h 

+ sinh 2kh (As ++ Aj+ Aj). (5.2.20) 7B; + A+Bj - Bi - B, 
cosh 2 (kh) 2k s 

If we now let V) = Ti then (5.2.17) gives 

1 
SB 

ds 
s On On 

iß sinh 2kh 
12 + 12 _1B, + 12 _1 Bl- 12). h+ (JA7 1A (5.2.21) 

cosh 2 (kh) 

( 
2k ZZ 

We shall now consider the scattering problem as shown in figure 5.2, where the 

incident wave travels in the positive x- and y-direction. We can write the scattering 

potential as 

0- {R, 1; T, 0}, (5.2.22) 

where R and T are the reflection and transmission coefficients respectively. Using 

(5.2.21) we obtain 

JR12 + IT12 = 1, (5.2.23) 

which corresponds to conservation of energy. 
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Ot 

Figure 5.2: Scattering of an oh11(j1Wl. V WMV b. \- ;I Ilorizolitol (. 11-clilm. CYlilider 

5.2.2 Construction of nitiltipoles 

SN-11111101-ic mid ailt IsYllillictric S()IlltioIIS to the lim(lified 11(111111()ltz equilli"ll. 

(V2 
- 

/2 1 ýj p, Si II oil IjII-ý It I- 

(Ir) cos'm 0 mid (/ r) , 111 11; 0. (5.2.21) 

NVII(TO h'i'l is t he 111' 11 Order modified Bessel 1,11110 loll. These "olut lolls 11; 1\, (, t he hd1mvill" 

lilt o" 1-ýIl iolls 

co-d IIIIII cos (1.1-s IIII III)( W- f)coshll (/I/, f 
A ... 

(b. ) c''s 1110 
cosh /till cos (/. I- Silill II)c f 

(5.2.25) 

I*), - "- S11111 f 
Mo 

"11,11 /till Sill (1.1 (/It. . 
JO silill mIl'sili < J, 

(5.2.2() 

See appendix 1) 1,01. the denvation of those. SY11111letric ; 111(1 ; lilt IsY1111110 I. V. 111111111)(des 

ost, and respectivelY will toke the f(win 

cos til 0 COSI, /111, sild, 11 (11) + (5.2.27) 

sill I'lo + S11111,111 11 sin (/. I- ', illll 1/)[c`-'A" ('11) A- (5.2.2,8) 71 

where 1, = /coSlit/. To find the filliction", I-V(1/), A"(11) ; 111(1 W(I/). B"(11) We jjee(l to 
t 11C fl . ce-, "llifilce alld hottoill coildiflolis mid use (5-2-25) mid (5.2.2(1). Wc (61iii 
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the following functions 

[(_ 1)m+qev(f+h) + e-v(f+h)] 
A (q) (U) 

= 
(v + K) 

1 (5.2.29) 2 (v sinh vh -K cosh vh) 

B (q) (U) = 

(_l)m+q(V + K)e'(f-h) + (v - 
K)e-v(f+h) 

(5.2-30) 2 (v sinh vh -K cosh vh) 

such that A-(u) = AM (u), Aa (U) = A(')(u), B'(u) = B(o)(u) and Bl(u) = B(l)(u). We 

will now write the multipoles as 

00 0' =Ký(1r)cosmO+ coshmu cos (lx sinh u) C(O) (u) du, (5.2.31) 
m 

10 

0' = IC. (1r) sin mO + 
00 

sinh mu sin (lx sinh u)C(l) (u)du, (5.2.32) m 
10 

where 

C(q) (U) = 
(_l)m+q evf (v + K) cosh v(z + h) + e-l(f +h) (V cosh vz +K sinh vz) 

, (5.2.33) 
v sinh vh -K cosh vh 

m+q v+K 
ev(z+f) as h --+ oo, 

v-K 
(5.2.34) 

and the path of integration is indented to pass beneath the pole at u= -j, such that 

cosh ̂ t =. 
1 

and sinh^/=cotainc- (5.2.35) 
sin ainc 

The far-field form of the multipoles is given by 

os ��7ri cosh m-je±'flx C(o)-y (5.2.36) 

0, - :L 7r sinh m-ye: L'ßxC(l)-y 
m9 (5.2.37) 

as x --+ ±oo, where C(q)-y is the residue of C(7)(u) at u=y which is 

C(q)-j = 
(k cosh kz +K sinh kz)e -k(f+h) + (_l)m+q 

cosh k(z + h) (k + K)eV 
. 

(5.2.38) 
, 
8[(1 - Kh) sinh kh + kh cosh kh] 

The multipoles defined in (5-2.31) and (5.2.32) can be expanded about r=0 in 

cylindrical polar coordinates, see figure 5.1, using the identities 

e 
±I(f -z) cosh u cos (Ix sinh u) =E (± 1)'cn cosh nu cos nOI,, (1r) (5.2.39) 

m 

n=O 

e 
±I(f -z) cosh u sin (lx sinh u) =2 

E(±l)n+l 
sinh nu sin nOI,, (1r), (5.2.40) 

n=l 

where co =1 and c,, =2 for n00. These identities were derived from (D. 8) by letting 

r' =r and 0' =0 and then 0' = 7r - 0. Using the above expansions with (5-2.31) and 
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(5.2.32) we obtain 

00 
0' =K�, (1r)cosm0+EAn�I�(1r)cosnO, (5.2.41) m 

n=O 
0" 

=Kn(1r)sinm0+EA' I�(1r)sinn0, (5.2.42) m mn 
n=l 

where 

Am'n ý 
lýn cosh mu cosh nu D(O) (u) du, (5.2.43) 
20 

00 Aa 
mnýý, sinhmusinhnuD(1)(u)du, (5.2.44) 

and 

D(q)(u) =(((_l)q(V + K) [(_l)n + (-l)'] + (v - K)e-'vf)e-vh 

+ (-l)'+'(v + K)e(2f+h))I(V sinh vh -K cosh vh), (5.2.45) 

__+(_l)m+n 2e 2vf V+K 
as h --+ oo. (5.2.46) 

v-K 

5.2.3 Formulation of problem 

To solve the scattering problem for an incident plane wave from x= -oo we write 
00 

Oinc +E (am oa +, o 
M 

os 
MM 

m=O 
(5.2.47) 

where ao is included for convenience even though 00 is zero. The incident wave potential 

Oinc ý can be expanded in polar coordinates using (5.2.39) and (5.2.40) with u= -y, to 

give 

Offic =e io., cosh k (z + h) 
(5.2.48) 

cosh kh 
00 k(f+h) -k(f +h)) COS Mo COSIIrny 

Coshkh 
E +e 

M=o 
i((-1)'+'e k(f+h) +e -k(f +h) ) sin mO sinh m-y]. (5.2.49) 

Applying the body boundary condition, 0010r =0 on r=a, to (5-2-47) and substituting 

in'the forms of the multipoles (5.2.4l)-(5.2.42) and of the incident wave (5.2.48) we 
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obtain 

co 00 
Eam K,,, (la)sinmO+EA a I,, (1a) sin nO 

M=l n=l 
mn 

00 00 

+ 1: 3m K,,, (1a) cos mO + 1: A' In' (1a) cos nO 
M=l n=O 

mn 

00 (1a)[((-l)'e k(f +h) +e -k(f +h) ) cos mO cosh m-y 
cosh kh 

E 
M=o 

i((-l)'+'e k(f +h) +e-k(f+h))sinmOsinhm-yl. (5.2.50) 

Using the orthogonality of the trigonometric functions we find that the a,, and fl,, satisfy 

the following infinite systems of equations 

an + 
I,, (la) 'i sinh n-i l,, (la) 

«- 1)n ek(f+h) - e-k(f +h» n> Z amAm'n --": - 1 K'(la) cosh kh Kn' (la) 
n m=1 

(5.2.51) 

I, ', (la) ' c� cosh wy I' (la) +1 k(f+h) k(f +h) ßn +ß A' = ýnxwý/ «_1)n e- e- n>0. 
K'(Ia) 

Zm 
mn 2 cosh kh Kn' (la) 

n m=O 

(5.2.52) 

These systems can be solved as before using a truncation procedure. For most of the 

computations presented below two 4x4 systems were solved to obtain the coefficients 

a.. and, 6,,, to three decimal places. For small If /al some results required 16 x 16 systems 

to obtain the same accuracy. 

We can extract the reflection and transmission coefficients from the asymptotic forms 

of the multipoles. Using (5.2.36)-(5.2.37) and (5.2.47)-(5.2.48) we obtain 

T1+ 7r(k + K) 
1- Kh) tanh kh + kh) 

00 
x 1: (a.. sinhM7((-l)m+lekf + e-k(f+2h)) + i, 3mcoshm^t((-l)me kf + e-k(f +2h) 

I M=o 
(5.2.53) 

and -'' 

7r(k + K) 
Kh) tanh kh + kh) 

00 kf 
_ -k(f+2h)) + io,,, cosh m-y((- 1)mekf +e -k(f+2h) x E(a,, sinhm-y((-l)'e e 

M=o 
(5.2.54) 

Values of these can be checked using the conservation of energy equation (5.2.23). 
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For the case of infinite depth we can redo the analysis above or simply let h --+ oo 
in the equations above. The systems of equations which must be solved are given by 

I, ', (la) 1'(12) 
Kf 

a, +Z a�, Am'n 1)n 2i ýn\wý e sinh wy, n=1,2.... (5.2.55) 
K, 1, (la) K,, (1 a) n m=1 
In' (la) 

8 
'(la) Kf 

_1)n+l, 

In 
ßn + 

KI (la) 
ßmAmn : --(- n K., (la) e cosh n-f, n=0,1,... (5.2.56) 

n m=O 

where 

00 
As =(_1)m+n En cosh mu cosh nu e 

21f cosh u1 cosh u+K du, (5.2.57) 
mn 

ýo 
leoshu -K 

00 a =(_1)m+n 
21f cosh u1 cosh u+K Amn 2 ýo 

sinh mu sinh nu e Icoshu -K 
du. (5.2.58) 

The transmission and reflection coefficients are given by 

27re Kf oo 

R=1: (- 1)m [a,,, sinh m-y + W. cosh m-y] , 
(5.2.59) 

COS ainc M=o 
27re Kf oo 

T =1 - 
1: (- 1) m [a. sinh m-y - i, 8, 

n cosh my] (5.2.60) 
cos ainc tn=o 

Again values computed of these can be checked using the conservation of energy equation 
(5.2.23). 

5.2.4 Results 

Curves of the transmission energy IT12 for a cylinder in finite depth interacting with 

oblique waves are shown in figures 5.3-5.5. Graphs of the reflection energy have been 

ornitted because they are easily obtainable from the conservation of energy equation, i. e. 

R2 12 11- IT 
. 

To clearly illustrate the results they have been plotted on a log scale. 

The convergence of the results is much slower for small Iflal and high frequencies and 

so for some results 16 x 16 systems were solved to obtained 3 decimal place accuracy. 

Figure 5.3 shows the transmission energy for different submersion depths, f /a, of 

the cylinder, -1.1, -1.2, -1.25 and -1.5. The angle of incidence, ai,,,, is fixed at 1.1 

(; ý-, 630) and the depth of the fluid, h1a, is 3. For the case of the cylinder close to the 

free surface, fla = -1.1, we see there are two local minimums and also at Ka ;: t: 0.6 

there is a point of full transmission. For normal incidence waves in an infinite-depth 

fluid all the wave energy is transmitted so this is not a surprising result. As the cylinder 

is positioned deeper in the fluid we notice the frequency of full transmission increases as 

does that of the second minimum. For cylinders which are sufficiently deep the second 
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minimum vanishes altogether. Computations suggest that as the cylinder becomes closer 
to the free surface fla --+ -1 the number of frequencies at which IT12 =1 will increase 

indefinitely. 

Figure 5.4 shows the transmission energy for different angles, ai", of the incident 

wave, 0.9,1.1,1.3 and 1.4 covering the range between about 50' and 80'. The cylinder 
is submerged at fla = -1.2 and the depth of the fluid is h/a =I We see there are 

three local minimums for this case. As the angle of incidence is increased we see the 

transmitted energy decreases. 

Figure 5.5 shows transmission energies for different depths, h1a, of the fluid, 2.2, 

2.5,3 and 5. Here fla = -1.1 and ai,,, = 1.1. For the case h1a = 2.2 we have the 

bottom and the free surface an equal distance, 0.1a, from the surface of the cylinder. We 

notice there are two minimums and that as the depth of the fluid increases the second 

minimum decreases whereas the first decreases to begin with and then increases. 

The behaviour is quite complicated but we can conclude from these graphs that for 

a cylinder sufficiently close to the free surface there will be a number of frequencies at 

which ITI' = 1. The greater the angle of incidence the less energy is transmitted. 

Figure 5.6 shows transmission energies for infinite depth calculated by the multipole 

method (solid curves) and by the first approximation given by Levine (1965) (dashed 

curves). The two methods produce very similar results especially so for low frequencies 

Ka ;ý0.4 as convergence is quicker. For shallower submergence of the cylinder and rld 
incident angles closer to grazing the first approximation becomes less accurate. 

5.2.5 Conclusion 

In this chapter we have considered the scattering of oblique waves in a single-layer 

finite-depth fluid. We reduced the problem to two dimensions and then derived the 

classical expression of conservation of energy using Green's theorem. We then used 

the multipole method to solve the scattering problem for a horizontal circular cylinder. 

For normal incidence waves on a cylinder in deep water it is known that all the wave 

energy is transmitted. The presence of finite depth causes some of the wave energy to be 

reflected. Oblique incident waves are reflected more than normal incident waves and as 

the angle increases the reflection increases. For cylinders close to the free surface there 

are a number of frequencies at which full transmission occurs, the quantity of which 

increases as the submergence of the cylinder decreases. 
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The multipole method has again been shown to be an efficient way of solving such 

problems. However for small submergence and depth of the fluid quite large trunca- 

tion parameters were required to attain the required accuracy. In Levine (1965) the 

infinite-depth case is considered and a first approximation of the solution described. By 

comparison to the results obtained by the multipole, method we found the method in 

Levine (1965) to be a good estimation of the transmission and reflection coefficients 

when the cylinder is not close to the free surface. 
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Figure 5.4: 'Ransmission energies due to oblique plane waves with varying angle of 

incidence on a cylinder; h1a 3 and f /a 1.2. 

100 



1 

0.98 

0.96 

0.94 

171 20.92 

0.9 

0.88 

0.86 

A OA 

--- - --- --- 

''1 

h1a = 2.2 
h1a = 2.5 
h1a = 3.0 
h1a = 5.0 

V. Oý 
10-2 10-1 10 0 10 1 10 2 

Ka 

Figure 5.5: Transmission energies due to oblique plane waves incident on a cylinder with 

varying depth of the fluid; f /a =-1.1 and ai,,, = 1.1. 

0.9999 

171 0.9998 

0.9997 

0*9996 LI 
0 01 0! 2 0'3 0'. 4 0! 5 0! 6 0'7 0'8 0,9 1 

Ka 

Figure 5.6: Transmission energies due to oblique plane waves with varying angle of 

incidence on a cylinder in infinite depth; fla = -2. Multipole method (solid curves) 

and Levine's first approximation (dashed curves). 

0., 2 tvinc 0.2 

101 



5.3 Two-layer fluid 

We will now consider the case of oblique waves in a two-layer fluid where the lower 

fluid is infinitely deep. Cartesian coordinates are chosen such that the (x, y)-plane 

coincides with the undisturbed interface between the two fluids. The z-axis points 

directly upwards where z=0 describes the interface and z=d>0 describes the free 

surface. An infinite cylinder of radius a is positioned at zf and its generator runs 

parallel to the y-axis. Polar coordinates (r, 0) are defined in the (x, z)-plane where 

x= rsinO and z=f- rcosO. 

We shall assume that the velocity potentials are in the form 

,b= RJO(x, z)e"ye-wt} (5.3.2) 

where 0 satisfies the conditions (2.2.3)-(2.2.5) and the modified Helmholtz equation 

(5.2.12). The dispersion relation has two solutions as before which are K and k where 

k(>, K) is given by (2-2.11). 

An obliquely incident plane wave Oi,,, of wavenumber K with angle ainc to the positive 

x-axis has the form 

Wx Kz Oinc ýe "'i-ce 
. (5.3.3) 

From the modified Helmholtz equation we find that 1=K sin ain, A general scattered 

potential has the far-field behaviour described by 

0, -Ale"13'e 
Kz + Ble ±ibx 

g(z) + Cle: F', 3xe Kz + Dle: Fibx g(z), (5.3.4) 

Kz ±ib kz Kz : Fib kz 01, Ale"Oxe + Ble xe + Cl: e: F-'Oxe + Dle xe 
, (5.3.5) 

as x ±oo. When written in the shorthand form this is 

-- 
I10- 

JA-, B-, C-, D-; A+, B+, C+, D+}. (5.3.6) 

To find 3 and b we apply the modified Helmholtz equation to the above potentials. 

Hence 

=VK2 - 
12 Kcosainc) (5.3.7) 

222, b =vFk- - 
12 fýsin alinc- (5.3.8) 
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From (5.3.7) we see that scattered waves of wavenumber K propagate at an angle ai,,, 
to the positive or negative x-axis. We know that b is real since k>K and so scattered 

waves of wavenumber k will exist for all frequencies and 0< ain" :! ý 7r/2. The angle ak 

of the scattered waves of wavenumber k is given by 

tan ak : -- 
1K sin ai,,, (5.3.9) 
b I/k-2 -2 Si, 12 ainc' 

From this we know that tariak < tan ain, and hence ak < ainc- 

The form of an incident wave of wavenumber k with angle ai,,, to the positive x-axis 

is given by 

0, 
c =eikx cos ceincg 

in 

0II ikx cl lince kz. 
inc =e 

For the scattering of this wave we find 

1 =k sin ai,,,, 

=rjf2 - k2 sin 
2 anc, 

b=k cos ai,,,, 

(5.3.10) 

(5.3.11) 

(5.3.12) 

(5.3.13) 

(5.3.14) 

and so waves of wavenumber k travel at an angle ajný, to the x-axis. From (5.3.13) we 

see that for a given angle ai,,, there maybe a value of K for which K=k sin ain, and so 

,3=0. 
We will call this the cut-off frequency and denote it Kc. For K> Kc we have 

real 3 and so waves of wavenumber K will propagate in the fluid. When K< Kc the 

value of P will be complex corresponding to an evanescent mode which is only of local 

importance hence we have no propagating waves of wavenumber K. An expression for 

1, C, in terms of the incident angle can be found using (5.3.13) and the dispersion relation 

to give 

Kc d= sin ainc 
In 1+ sin ainc 

2[1- or sin ainc 
(5.3.15) 

Figure 5.7 shows a plot of the cut-off frequency Kd for a density ratio of p=0.5. There 

is a critical angle acrR7 given by sin-'(I/or), such that as ain, --'* acrit we have Kcd --+ oo 

and for ainc > acrit we have no propagating waves of wavenumber K for any frequencies. 

The scattering angle aK of the waves of wavenumber K is given by 

tan aK 
k sin ai,,, 

k2 sin2 ainc 
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Figure 5.7: Cut-off frequency K,, d due to an incident wave of wavenumber k; p=0.5. 

and hence aK > airic. 
We conclude that waves of the incident wavenumber propagate at an angle affic to 

the x-axis and waves of wavenumber k always scatter at an angle less than waves of 

wavenumber K. 

5.3.1 Hydrodynamic relations 

Let us consider a situation where there are a number of bodies entirely submerged in 

either the upper or lower fluid layer. From Green's theorem we have 

ds 
,'( On On) 

f, 
0 

10 d (0�9,01 
011,00 lim - 01901) 

Ix 
d,. -� +0 

(0119011 11 
dz 

M-. *oo 0 lox ax Ox -jx-) 
1 

0 
jiM 

f0 ld 
dz+ 

0 

L-oo 0 ex Ox 
x=L 

ex -UX 
) lx=L 

dzi 

(5.3.17) 

where SB is the boundary of the bodies. We now let 0= Oi and V) = Oj where Oj, Oj 

are two scattering potentials whose behaviour in the far field is described by (5.3-4) and 

Waves on free surface 

fl=O 

No waves on free surface 
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(5.3.5). Applying (5.3.17) we obtain 

j OLV) - O! 
Lo 

ds = JK(A, tC-+- Ci+Aj+ + A-C- - Ci-A. 7-) 
Is, ( 

On On) .7i .7 

+Jk(Bi+Dj+-Di+B. 7++B, -D. 7--D,. -Bi), (5.3.18) 

where 

JK =iß 
1+ 

2p 
de 

2Kd (5.3.19) 
[K 10 

Z] , 

0 
1 Id[g (Z)]2 Jk =ib + 2p 

0 
dz] (5.3.20) 

In particular, if 0 and 0 are both scattering potentials having zero normal derivative on 

all body boundaries then the left-hand side of (5.3.18) is zero. 

. Now let's consider the scattering of an incident wave of wavenumber K propagating 

at an angle ainc to the positive x-axis. We can write the velocity potential for this 

problem as 

01 - IRI, ri, 1,0; Ti, ti, 0,01 (5.3.21) 

where R, and r, are the reflection coefficients and T, and tj are the transmission coef- 

ficients of wavenumbers K and k respectively. If we let 0= 01 and ?p= ý-, in (5.3.18) 

we obtain 

1 12 + IT 12 + j(lt, 12 + 12) R, I jr, (5.3.22) 

where J= JkIJK. For an incident wave of wavenumber k we define the velocity potential 

to be 

03 "' {R37r3i()i 1; T3st3e090}9 

and after application of (5.3.18) with 0: = 03 and V) = T3 we obtain 

1 12 + IT R3 312 + J(It3 12 + jr312) = j. 

I 
It is convenient to define energies as follows 

ER=, IR, 12 ET = 1 IT 12 1 r 12 El = Jjr, , = jlt, 12, Et 
121j, R E3 = JR3 ET = 3 IT 312/j, Er = Ir 12 

33 E 12 I= lt3 
3 

(5-3.23) 

(5.3.24) 

(5.3.25) 

(5.3.26) 
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The energy relations (5.3.22) and (5.3.24) then become 

Eý+ET+Eý+Eý = 17 (5.3.27) 
.7j13 

Equation (5.3.27) serves as a numerical check on results obtained for the reflection and 

transmission coefficients. 

Equations (5.3.18)-(5.3.20) are the oblique equivalents of (2.16)-(2-18) in Linton 

McIver (1995). Since (5.3.18) and (2.16) are similar we can use the relations (2.44)- 

(2.51) derived in Linton & McIver (1995) for the oblique incident case simply by using 

the alternative forms for JK and Jk given by (5.3.19)-(5.3.20). However, these relations 

can only be used when the value of I is the same for both problems. Say we wish to 

relate a scattering problem with potential 01 and angle of incidence a, to a problem 

with potential 03 and angle a3- If we assign a value to a, then the angle a3 is given by 

a3 =sin-, 
K 

sin a, (5.3.28) 
(k 

and since k>K there will always be an angle a3- Unlike the normal incidence relations, 

we can only relate the results between the two problems at one certain frequency. If we 

assign a3 a value then 

a, = sin-' 
k 

sin a3 
(K 

(5.3.29) 

Here it will not always be possible to relate the problems because k>K. When the 

frequency is less than the cut-off frequency or when a3 is greater than the critical angle 

we will not be able to use the relations. 

5.3.2 Cylinder in the lower fluid layer 

MultipoIes 

Symmetric and antisymmetric multipoles 0' and 01 respectively for a cylinder in the MM 
lower fluid layer are 

00 
OIS ==(-J)M coshmucos(lxsinhu)[AL(u)e" + BL(u)e-"]du, (5-3.30) rn 

10 

00 

0118 =jiýn (1r) cos mO + (- 1)m cosh mu cos (lx sinh u) e" CL (u) du, (5.3.31) 
m ýo 

oIa sinhmusin (Ixsinliu)[AL(u)e" + BL(u)e-"]du, (5.3.32) 
m0 

00 
0MIIa =ICm (1r) sin mO + (- 1)'" ýo 

sinh mu sin (lx sinli u) e" CL (u) du, (5.3.33) 
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where v=I cosh u, 

ALM =K(l + u)(v + K)ev(f-")I(v - K)h(v), (5.3-34) 

BL (U) =K(l + u)e'f lh(v), (5.3.35) 

CL(u) =(v + K)[(v + Ku)e -2vd -v+ IC]evf /(v - K)h(v), (5.3.36) 

and h(u) =(u + K)e-'ud -u+ Ko,. (5.3.37) 

We note that the functions (5.3.34)-(5.3.36) are the same as (3.7)-(3.9) in Linton & 

McIver (1995) with u replaced by v(= 1coshu). From the dispersion relation h(k) =0 
hence the multipoles have poles at u= -yj and u= -y2 which are defined by 

cosh-yl = K11 and coshy2 = k1l. (5.3.38) 

For 1>K we note there is only one pole at u= 72. 

Using the following 

Isinh-yj=jVýcoshZ-yj-! = KV1-sin2ai,,,, =Kcosai,,, =, 3, (5.3.39) 

I sinh -t2 =1 VFCOIý112 -1 VFk-2 - K2 sin 2 anc =b, (5.3.40) 

we find that the far-field form of the multipoles, in the lower fluid, is given by 

Kz CY72 ±ibx kz (-l)'7ri[coshm-y, CL"e±', Oxe + cosh m^12 Lee 11 (5.3.41) 

a ±igx Kz le±'bxe kz], (5.3.42) 011 :: F (-l)'7r[sinhmy, CL"e e+ sinh m-y2CLI 
m 

and CLI L as x ±oo. Where C', 'Y' are the residues of CL(u) at u= -yj and u -y2 given 
I 
by 

CL I =2K(l 
+ u)e 

K(f -2d) 
(5.3.43) 

, 
3(2e-2Kd -1+ 0) 

and CLIY2 = 
(k + K)e kf [(k + Kor)e -2kd -k+ K]_. 

(5.3.44) 
b(k - K) [(1 - 2d(k + K))e-2kd - 1] 

The multipoles can be expanded in cylindrical polar coordinates about r=0 using 
(5.2.39) and (5.2.40) to give 

0�' =Km (1r) cos m0 +Z Am. � I� 
(1r). cos n0, m n=O 

oHa a 
"0 

m ý'm(1r)sinm0 +Z AmnI�(1r)sinn0, 
n=I 

where 
0( 

Aa . (_1)m+n 
mn en 

ýo 

00 
Aa =(_1)m+n 2 

mn 

ýo 

cosh mu cosh nu e'f CL (u) du, 

sinh mu sinh nu C'f CL(u)du. 
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Incident wavenumber K 

Let us consider the case of an incident plane wave of wavenumber K with angle ainc to 

the positive x-axis, hence 1=K sin ajý,,. The incident wave potential when expanded 

about r=0 using (5.2.39) and (5.2.40) has the form 

W 

. 
Oinc =e 

Oxe Kz =e 
Kf E em (- 1) m Im (1r) [cosh m-y cos mO -i sinh m-y sin 0], (5.3.49) 

M=0 

where cosh -y = 1/ sin ajý,,. For the scattering problem we write the velocity potential as 
00 

Oa + )3 0j., +E (am 
mmm 

(5.3.50) 
M=O 

where a,,, and, 3.. are unknowns and ao is included for convenience. To solve for a.. and 

, 3,,,, we substitute the polar expansions of the multipoles and of the incident wave into 

(5.3.50) and apply the body boundary condition 00, /Or =0 on r=a. We then use the 

orthogonality of the trigonometric functions to obtain infinite systems of equations for 

the unknowns a.. and, 3,,, which are 

,, 
(la 

a, + a) ' 
a,, A a =(_l)n 2i 

In' le Kf 
sinh n-y, n=1,2,... , (5.3.51) 

M= 
mn Kn'(1a) I (1a) n KnI 

I 'I (1a) S n+I 
In(1a Kf On +, n1: 3,,, Amn = (- 1) CnKn, 

le 
coshn-y, n=O, l 

..... 
(5.3.52) 

n 
(1a) KI (1a) 

,, =o 
These systems can be solved by truncation as before and in the computations presented 

below 5x5 systems were solved. When the cylinder has submergence fla = -2 we 

obtain five decimal place accuracy whereas for f /a 1.1 we have three decimal place 

accuracy. 
The far-field form for 01, in the lower fluid layer, can be written as 

e'OxeKz + Rie-', 3xeKz + rle-ibxe kz X 00, 

Kz + bx kz 
(5.3.53) 

TieOxe tie' eX +00. 

Using (5.3.50), (5.3.41) and (5.3.42) we can extract the reflection and transmission 

coefficients to obtain 

Ti =1 - 7rCL' E (-l)'[a .. sinh m-yi - ip,,, cosh m-yj], (5.3.54) 
M=O 

CO 
Ri =7rCL" 1)m [am sinh m-yj + i, 3, n coslim7l], (5.3.55) 

M=O 
00 

ti =7r C L"', 
E (-l)m[-a,,, sinhm72 +0. COSIM72], (5.3.56) 
M=O 
00 

ri =7rCL" E (- 1)' [am sinhrn^t2 + iOm cosh rn-y2j. (5.3.57) 
M=O 
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Computed values of these reflection and transmission coefficients were checked against 

the conservation of energy relation (5.3.27). 

Incident wavenumber k 

The velocity potential 03 for this problem can be expanded using (5.3.50). For an 
incident wave of wavenumber k and angle aincto the positive x-axis we have I=k sin ai,, c 
and the incident potential when expanded about r=0 is given by 

00 
Oinc =e 

ibx 
e 

kz =e 
kf em (- 1)m1m (1r) [cosh my cos rnO -i sinh m-y sin 0]. (5.3.58) 

M=O 
We note the only difference between this expansion and (5.3.49) is the wavenumber 

so'the equations for am and 8m are given by (5.3.51) and (5.3.52) where exp(Kf) is 

replaced by exp(kf). 
The far-field form for03 Jn the lower fluid layer, can be written as 

ibx kz Kz e-ib kz 
ee+ R3e-ioxe + r3 . 'e X --+ -00, OH, 3 (5.3.59) 

Kz + ibx kz T3e'Ox t3e eX --ý +00. 

Using the far-field forms of the multipoles (5.3.41) and (5.3.42) with the expansion of 

03we find that the expressions for R3 and r3are the same as those for R, and r, given 

by, 
_ 
(5.3.55) and (5.3.57). For the transmission coefficients we have 

T3=7rCL I., (-1)`[-a,,, sinhm-yj+i, 6.. cosh m-y1j, (5.3.60) 00 T 

M=O 
00 

t3 =1 - 7CLE (- 1) '[am sinh m-y2 - i, 8m cosh m-y2]. (5.3.61) 'Y2 

M=O 
For K less than the cut-off frequency K, there are no waves of wavenumber K propa- 

g, ating to infinity so we will have T3= R3 = 0- 

Results 

In figures 5.8-5.11 the reflection and transmission energies are shown for the case of a 

wave of wavenumber K incident on a cylinder in the lower fluid layer. In all these plots 

the'immersion depth f /a is -2, the depth of the upper fluid layer d/a is 2 and the density 

r atio ,p is 0.5. The value of p used here is not a realistic ratio of fresh water and salt water 

density (around 0.97) but has been chosen such that the various characteristics, which 

do occur for such realistic values, are easily recognised. The different curves correspond 

to different angles of incidence, ain, which are 1.35,1.4,1.53 and 1.56 covering the 
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range between about 75' to 89*. These values were chosen to illustrate the scattering 

behaviour when the angle of the incident wave approaches that of grazing (7r/2). From 

figures 5.8 and 5.9 we see that as the angle of incidence increases EjT decreases whereas 

ER- If increases. This effect is similar to the oblique scattering problem in a single-layer 

fluid. The transmission and reflection energies of the waves of wavenumber k, shown in 

figures 5.10 and 5.11, are small in comparison to those of wavenumber K but show there 

is some conversion of energy from one mode to the other. As ai,, c --+ 7r/2 it appears from 

the results that Elf, E' and ET tend to zero while ER tends to unity. A similar result 

for the single-layer problem has been shown by Levine (1965). As ainc --+ 0 we find that 

the energies tend to the normal incidence results where there is zero reflection as shown 

by Linton & McIver (1995). We can neither Put ainc =0 or ainc = 7/2 directly into the 

above analysis. 
Figures 5.12-5-15 show the transmission and reflection energies for the scattering 

of an incident wave of wavenumber k. Here the immersion depth of the cylinder is 

fla = -1.1 and we have the values d1a =2 and p=0.5, as before. Each plot shows 

the results obtained for four different angles, ai,,,, of the incident wave, 0.3,0.32,0.33 

and 0.34. When ai., = 0.34, which is greater than the critical angle a,, it = 0.3398 for 

the given parameter values, we have no waves of wavenumber K propagating through 

the fluid. For the remaining angles of incidence we have the following cut-off frequencies 

Ka -_ 0.180,0.248 and 0.313. Only for frequencies greater than the cut-off will there 

be conversion of energy from one mode to the other. The transmission and reflection 

energies for the incident wavenumber are shown in figures 5.14 and 5.15. For a frequency 

just less than the cut-off there is zero transmission and full reflection of the incident wave. 

As ainc increases the frequency of this zero of transmission increases and the spike from 

which it comes widens. When ai,,, = 0.34 there are in fact two zeros of transmission 

and full reflection, the second occuring at a higher frequency than those shown on the 

plot. 
Examples of oscillation where there are two frequencies of full reflection are shown 

in figures 5.16 and 5.17. Both these plots show the reflected energy of an inCident 

wave of wavenumber k where the values p=0.5 and ainc = 0.34 (> a,, it) have been 

used. In figure 5.16 the submergence of the cylinder is fixed at -1.95 and each curve 

corresponds to four different depths of the upper fluid layer, d/a =2.7,2.5,2.2 and 2. 

When d1a -- 2.5 we see there is just one frequency of full reflection. As the depth of the 

110 



upper fluid layer decreases this splits and gives two frequencies at which total reflection 

exists. A similar effect is observed when fixing the depth of the upper fluid and varying 

the submergence of the cylinder as in figure 5.17. This is somewhat surprising as normal 

incident waves on a cylinder in the lower fluid are completely transmitted as shown by 

'Linton & McIver (1995). 

For the scattering of an incident wave k as ainc --+ 7r/2 we find that E3' --o 1 while 

all the other energies tend to zero. As ai,, c --+ 0 we again find the energies tend to those 

of the normal incident case. 

If we let p --+ 0 in this problem then it is easy to show that the multipoles defined 

-by (5.3.31) and (5.3.33) go over to the single-layer multipoles for infinite depth defined 

by (5.2.31) and (5.2.32). Thus by letting p --+ 0 in the above analysis we recover the 

results for the scattering of oblique waves by a horizontal cylinder in deep water. 
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Figure 5.8: Transmission energies due to a wave of wavenumber K incident on a cylinder 

in the lower layer; p=0.5, d1a = 2.0 and f /a = -2-0. 
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Figure 5.9: Reflection energies due to a wave of wavenumber K incident on a cylinder 

in the lower layer; p=0.5, d/a = 2.0 and f /a = -2.0. 
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Figure 5.10: 'Ransmission energies due to a wave of wavenumber K incident on a cylinder 

in the lower layer; p=0.5, d/a = 2.0 and f /a = -2-0. 
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Figure 5.11: Reflection energies due to a wave of wavenumber K incident on a cylinder 

'In the lower layer; p=0.5, d1a = 2.0 and f /a = -2.0 . 
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Figure 5.12: Transmission energies due to a wave of wavenumber k incident on a cylinder 
in the lower layer; p=0.5, d/a = 2.0 and f /a =-1.1 . 
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Figure 5.13: Reflection energies due to a wave of wavenumber k incident on a cylinder 
in the lower layer; p=0.5, d/a = 2.0 and fla = -1.1 . 
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Figure 5.14: Transmission energies due to a wave of wavenumber k incident on a cylinder 

in the lower layer; p=0.5, d1a = 2.0 and fla = -1.1 . 
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Figure 5.15: Reflection energies due to a wave of wavenumber k incident on a cylinder 

in the lower layer; p=0.5, d1a = 2.0 and f /a =-1.1 . 
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Figure 5.16: Reflection energies due to a wave of wavenumber k incident on a cylinder 

in the lower layer; p=0.5, f /a =-1.95 and ainc = 0.34 . 
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Figure 5.17: Reflection energies due to a wave of wavenumber k incident on a cylinder 

in the lower layer; p=0.5, d/a = 2.0 and ainc = 0.34 
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5.3.3 Cylinder in the upper fluid layer 

Multipoles 

We now consider the case of a cylinder positioned in the upper fluid layer, f /a > 1. 

Suitable multipoles take the form 

0, ' =K�, (Ir) cos m0 + coshmucos (lxsinhu)[A(0)(u)e" + B(0)(u)e-"]du, rn OF 
uu 

OIIS = 
00 

VZ/-V(O) 

m 
ýo 

cosh mu cos (lx sinh u)e Cu (u)du, 

(5.3.62) 

(5.3.63) 

0" =K,,, (1r) sin mO + 
00 

sinh mu sin (Ix sinh u) [A(') (u)e" + Bu(P (u)e-"Idu, 
m 

10 
u 

0�, = sinh mu sin (lx sinh u)e"il-'u(') (u) du, 

where 

(5.3.64) 

(5.3.65) 

A 
(q) (U) 

=(v + K)e -2vd[(_l)m+q+I(V - Ko, )ef - (v - K)e-"f]l(v - K)lz(v), (5.3.66) u 
B (q) (U) 1) m+q+ 1 (V + v(f -2d) 

u K)e (v - K) e-vf ] 1h (v), (5.3-67) 

C 
U(q)(u) =K(l - or)B 

(q) (U) / (V 
- K). u (5.3.68) 

We note that the multipole functions (5.3.66)-(5.3.68) are the same as (4-7)-(4.9) in 

Linton & McIver (1995) with u replaced by v. 

The far-field form of the multipoles, in the lower fluid layer, is given by 

8 : Lißz KZ + COSI, r'V(0)'Y2 ±ibx kz 01,7ri[coshm-y, CU(O)"'e e MY2%-IU ec (5.3.69) 
m 

11 

IIa 7r 
(1)-ii ±ißz KZ t-1(1)'Y2 ±ibx kz [sinh m-tilu ec+ sinli MY2%-'U ec (5.3.70) 

as x --+ ±oo, where 

rv(q)-yj 
(_j)m+q+ '2K(l - or)e 

K(f -2d) 

%ý'U 0(2e-2Kd -1+ or) 
(5.3.71) 

and 
CU(q)-Y2 

K(l - or) [(- 1)'+q+'(k + K)e(f -2d) _ (k - K)c -kfl 
(5.3.72) 

b(k - K) [(l - 2d(k + K))e-2kd - 11 

We can expand the multipoles about r=0 using (5.2.39) and (5.2.40) to give 
00 

OMI' =I<;,, (1r) cos mO + 1: Bm,, cos nOI,, (1r), (5.3.73) 
n=O 
w 

(1r) sin mO +E Bm"nsin nOIn(1r), (5.3.74) 
n=l 
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where 

Bs n zzz'ýn cosh mu cosh nu[(- 1)n A(O)(u)e'f m OF u + B(O) (u)e-vf]du, u (5.3.75) 

a 00 Bmn : --2ý sinhmusinhnu[(-1)n+ 'A(1)(u)e'f u + Bý (1)(u)e-'f]du. (5.3.76) 

Incident wavenumber K 

The potential 01 can again be expanded using (5.3.50), but we now use the multipole 

expansions developed for the upper fluid layer, (5.3.62)-(5.3.65). The form of Oi,,, is 

given by (5.3.49) and after applying the body boundary condition, 10011or =0 on 

r=0, we obtain systems of equations for the unknowns a.,, and #,,,, which are 

I, ', (la) a =( 
I' (la) Kf 

mn _1)n an + iýn-l-(-1a) 
r- amB 2i 

K! 
n 

(1 a) 
e sinh n y, (5.3.77) 

m=1 
In' (la) 00 

-3 -1)n+l, 
' (la) 

e 
Kf 

cosh wy. 
Pn +ß.. Býn 

n 

1' 
(5.3.78) Kn' (la) 

n=o 
iC-nl- (la) 

The systems (5.3.77) and (5.3.78) were solved by truncating to 4x4 systems to produce 
the results presented below. The accuracy achieved with this truncation parameter was 
to three decimal places. 

The transmission and reflection coefficients are extracted from the far-field form of 
the potential 01. Using (5-3-50), (5.3.69) and (5.3.70) with (5.3.53) we obtain 

00 
T, + 7r E [a,,, sinh m-yi Cu()" + i, 3 .. cos Ii m-yj%(-, vu(o)*7l]l (5.3.79) 

M=o 

R, =7r E[-amsinlim-yl(', U()'Y' +i, 6,,, coslim-y, Cu(o)'"], (5.3.80) 
00 

M=o 
00 

tj =7r E [am sinli m-y2l%'/"vu()' + i, 3 .. cosIim-y2, C"U(o)'y (5.3.81) 
M=o 
00 

ri =7r E [-am sinh m-y2i, ', 'u + iOm COSII MY2f-v(o)^f2]. (5.3.82) 
M=o 

Again, calculations of the reflection and transmission coefficients were checked using the 

conservation of energy relation (5.3.27). 

118 



Incident wavenumber k 

For this problem Oi,,,, when expanded about r=0 using (5-2-39) and (5.2.40) with 

u= -y2 - -y, is described by 

OiL =ei'xg(Z) (5.3.83) 

., 
ibx 

K(a 1) 
[(Ka - k)e kz + (K - k)e -kz] (5-3.84) 

00 
=- 

1 1: emIm(lr)[((-l)'e kf (Ka - k) +e -kf (K - k)) cos mO cosh my K(a - 1) 
m=o 

i((-l)'+'e kf (Ko, - k) +e -kf (K - k)) sin mO sinh m-y]. (5.3-85) 

The velocity potential 03 is expanded in the same way as (5.3-50), where 
0,8,, 

and Oa,, 

are the symmetrical and antisymetrical multipoles developed for the upper fluid. After 

application of the body boundary condition we obtain the following systems of equations 

for the unknowns a.,, and 8,, 

1, ', (1 a) a 
2i In(la) 

_1)n 
kf a, +E amB n : -- K(or - la) 

[( e (Ka - k) 
Knl(la) 

m=l 
m 1) lf In 6 

_ e-kf (K - k)] sinh wy (5.3.86) 
I, ', (la) lEn I,, (la) 1 kf ßn + (0, a) _1)n+ , (Ku - k) 
Kn' (la) 

�n=o 
K- 1) Kn' (la) [( 

- -kf (K - k)] cosli n-y. (5.3.87) 

(5.3.88) 

The reflection and transmission coefficients are given by 

00 
o)-y' T3=7rE[a,,, sinhm-y, C(ul)"+i, 3, ncoslim-1, Cý'(U (5.3.89) 

M=o 
00 

R3 =7r E [-an sinh m-yi "-', 'U()" + iOn cosh m-yj Cu(o)^" (5.3.90) 
M=o 

00 1)'Y2 + jaM COSI, M-r2,11U(O)72 t3 + 7r E [an sinh m-y2, (-', u( 
M=o 

r', (O)'Y2] 00 
r3 =7r E [-a,, 

n sinh MY2%"""U()'y2 + Oyn COSII M^J2 (5.3.92) 
M=o 

Results 

Figures 5.18-5-21 show the reflection and transmission energies for an incident wave of 

wavenumber K on a cylinder submerged in the upper fluid layer. The submergence of 

the cylinder, f /a, is fixed at 1.25, the depth, d/a, of the upper fluid layer is 2.5 and 

119 



the density ratio, p, is 0.5. The different curves correspond to four different angles of 
incidence, ajý,, = 1.35,1.4,1.53 and 1.56. These angles are same as those used in figures 

5.8-5.11. The results are very similar to those for the scattering of an incident wave of 

wavenumber K in the lower fluid layer and display the same trends. 

Figures 5.22-5.25 show reflection and transmission energies of an incident wave of 

wavenumber k on a cylinder submerged in the upper fluid layer. Here we have the 

same parameter settings as in the case of an incident wavenumber K and the different 

curves correspond to ain, = 0.3,0.32,0.33 and 0.34. The critical angle, a,, it, is 0.3398 

and the cut-off frequencies for the first three angles are Ka ý- 0.144,0.198 and 0.250 

respectively. We find these results show similar trends to the corresponding case of 
the cylinder in the lower fluid. Again we only have mode swapping for frequencies 

greater than the cut-off frequency as shown in figures 5.22 and 5.23. Figures 5.24 and 
5.25 show the transmitted and reflected energies of the incident wave. There is a zero 

of transmission occuring before the cut-off frequency, however we have a point of full 

transmission preceeding this. As the angle of incidence is increased the frequencies of 
these pairs of zero and total transmission increase and also separate. 

Figure 5.26 shows the transmission energies E3' for an incident wave of wavenumber 
k with angle ai,,, = 0.35, which is greater than the critical angle. The ratio of the depth 

of the upper fluid layer to the submergence of the cylinder is fixed at d1f =2 so that 

the cylinder is always halfway between the interface and the free surface. Tile different 

curves correspond to the values d/a = 2.24,2.238,2.234 and 2.23. For all the curves 
there is a frequency of total transmission at Ka ; z: ý 0.213 followed shortly by a zero of 
transmission at Ka ý- 0.227. When d/a = 2.24 we have a local minimum at Ka - 1.825 

and as the depth of the upper fluid layer is decreased, bringing the free surface and 
interface closer to the surface of the cylinder, we obtain another zero of transmission. 

As the depth is decreased further this splits and we obtain a total of three zeros of 
transmission. 

As ainc tends to 7r/2 in either problem the reflected energy at the incident wavelium- 
ber tends to 1 while the other energies tend to zero. If we let p --+ 0 in this problem then 

the multipoles defined by (5-3.62) and (5.3.64) go over to the singIC-layer inultipoles for 

finite depth defined by (5.2.31) and (5.2.32). Thus by letting p --+ 0 we can recover 
the results for the scattering of oblique waves by a horizontal circular cylinder in finite 

water depth. 
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5.3.4 Conclusion 

In this section we have solved the scattering problem of oblique waves with a horizontal 

circular cylinder submerged in a two-layer fluid. The problem was reduced to two 

dimensions and the energy conservation relation was derived using Green's theorem. It 

was found that for waves incident along the interface there was a cut-off frequency for 

the scattered waves on the free surface. Only for frequencies greater than the cut-off 

frequency would there be conversion of energy from one mode to another. There is a 

critical angle of incidence such that for angles greater than it there is no cut-off frequency 

and so all the wave energy propagates on the interface for all frequencies. 

For normal incidence when the cylinder is positioned in the lower fluid layer it was 

shown by Linton & McIver (1995) that all the energy is transmitted. We have shown 

that this is not true for oblique waves. We have found that for oblique incident waves 

along the interface when a cylinder is in either fluid layer there are frequencies at which 

all the incident energy is reflected. The occurrence of these zeros of transmission leads 

us to consider embedded trapped modes between a pair of cylinders. 
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Figure 5.18: Transmission energies due to a wave of wavenumber K incident on a cylinder 

in the upper layer; p=0.5, d1a = 2.5 and f /a = 1.25. 
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Figure 5.19: Reflection energies due to a Nvave of wavenumber K incident on a cylinder 
in the upper layer; p=0.5, d/a = 2.5 and f /a = 1.25. 
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Figure 5.20: IYansmission energies due to a wave of wavenumber K incident on a cylinder 
in the upper layer; p=0.5, d1a = 2.5 and f /a = 1.25. 
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Figure 5.21: Reflection energies due to a wave of wavenumber K incident on a cylinder 
in the upper layer; p=0.5, d1a = 2.5 and f /a = 1.25 . 
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Figure 5.22: Transmission energies due to a wave of wavenumber k incident on a cylinder 
in the upper layer; p=0.5, d/a = 2.5 and f /a = 1.25 . 
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Figure 5.23: Reflection energies due to a wave of wavenumber k incident on a cylinder 
in the upper layer; p=0.5, d/a = 2.5 and f /a = 1.25 . 
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Figure 5.24: Týansrnission energies due to a wave of wavenumber k incident on a cylinder 

in the upper layer; p=0.5, d/a - 2.5 and f /a = 1.25 . 
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Figure 5.25: Reflection energies due to a wave of wavenumber k incident on a cylinder 

in the upper layer; p=0.5, d/a = 2.5 and f /a = 1.25 - 

125 



0.9 

0.8 

0.7 

0.6 

E3' 0.5 

0.4 

0.3 

0.2 

0.1 

0 
0 

d1a 2.24 
dla=2.238 
d1a = 2.234 

It d1a = 2.23 

it 

0.5 1 1.5 2 2.5 
Ka 

Figure 5.26: 'IYansmission energies due to a wave of wavenumber k incident on a cylinder 
in the upper layer; p=0.5, d1f =2 and ain, = 0.35 - 

12G 



Chapter 6 

Trapped modes above a cylinder 

6.1 Introduction 

A mass of fluid bounded by fixed surfaces and by a free surface of infinite extent is capable 

of vibrating under gravity in a mode, called a trapped mode, containing finite energy. 
The existence of a trapped mode above a submerged, horizontal, circular cylinder was 
first proved by Ursell (1951). On the basis of full linear theory of water waves he showed 

that the vanishing of a certain infinite determinant was required for the existence of the 

trapped waves. He went on to show that zeros of the determinant exist if the radius of 

the cylinder was small compared to the length of the waves. Further work by McIver 

& Evans (1985) found the dispersion curves by evaluating the determinant numerically 

and compared the results to those obtained using the mild slope equation. 
Trapped modes in a two-layer fluid have received very little attention. Kuznctsov 

(1993) studied trapped modes in a channel occupied by a two-layer fluid spanned by a 

cylinder. Using a perturbation method Kuznetsov claimed to show there are two sets 

of frequencies of trapped modes; one set corresponding to trapped modes on the free 

surface which are close to the single-layer fluid case, and the other set corresponding to 

trapped modes on the interface. Only the set of interfacial modes exist, the frequencies 

at which the free-surface modes would exist are such that waves would propagate on the 

interface thus cannot be trapped modes. 

In this chapter we will extend the work to the case of a submerged, horizontal, 

circular cylinder firstly in finite depth and then in a two-layer fluid. 
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6.2 Finite-depth single-layer fluid 

We choose Cartesian coordinates such that the (x, y)-plane coincides with the undis- 

turbed free surface of the fluid and the z-axis points directly upwards. The fluid occu- 

pies the region -h <z<0 and an infinite cylinder of radius a has its centre positioned 

at z=f<0 and its generator runs parallel to the y-axis. As in section 5.2, we write 

the velocity potential as 

qý = Rfo(x, z) e"ye-'wt} 1 

where 0 satisfies the following conditions 

V2 - 12)0 =0 everywhere in the fluid, (6.2.2) 

0ý, - KO =0 on z=0, (6.2.3) 

Oz =0 on z= -h, (6.2.4) 
00 

=0 on r=a, (6.2.5) 
Or 

from (5-2.3)-(5.2.6). 

Propagating waves have wavenumber k which satisfies the dispersion relation 

K=k tanh kh. A general scattering potential, which satisfies the above conditions, is 

described by (5.2.13) in the far field. For trapped mode solutions the motion must decay 

away from the cylinder, which implies 

q5, lVq5l --+ 0 as IxI --* oo. (6.2.6) 

To satisfy (6.2.6) we set I>k and so the far-field behaviour is described by 

Ale:: Fvrlr--ky' cosh k(z + h) 
(6.2.7) 

cosh kh 

as X ---* ±00, from (5.2.13). The term involving B± is removed as it grows exponentially 

away from the cylinder which is not physically feasible. We can represent the velocity 

potential in terms of the multipoles described by (5.2-31) and (5.2.32). Here we sliall 

only consider trapped modes symmetric about the line x=0 because we know they exist 

for the infinite-depth case as shown by McIver & Evans (1985). Some calculations of 

antisymmetric modes have been made by Martin (1989). We write the velocity potential 

as 
00 

0=E (6.2.8) 
M=o 
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where 
00 

0' =Iýý(1r)cosm0+EAn�I�(1r)cosnO, (6.2.9) m 
n=O 

A' = 
'En 00 

cosh mu cosh nu D(') (U)du, (6.2.10) 
mn 2 

lo 

D(o)(u) =(((v+K)[(-l)'+ (-l)'] + (v - K)e -2vf )e -vh 

+ (-l)'+'(v + K)ev(2f+h))/(Vsinhvh - Kcoshvh), 

and v=1 cosh u, from (5.2.41), (5.2-43) and (5.2.45). We note that the multipole 

function D(O) no longer has a pole because v cannot satisfy the dispersion relation since 

v=1 cosh u>k. This means that A' m>0n>0 and hence all the multipoles 01 mn, -I- MI 

m>0 will be real. To solve for the unknowns a, m>0 we apply the body boundary 

condition (6.2.5) to obtain 

I, ', (la) ' 
et, + a�Amn 0- (6.2.12) TC- In -(l a) 

Y- 
m=O 

We can write the above in matrix form 

Aa =0, (6.2.13) 

where A+1,, (1 a) A' K,, (I a) (6.2.14) m 

=[am], (6.2.15) 

and for non-trivial solutions we require the determinant of the real matrix A to be zero. 

The solution procedure used was to fix la and systematically vary ka, looking for zeros 

of a suitably truncated determinant. Convergence checks were made and convergence 

was worst with the cylinder close to the free surface. The results presented below were 

computed to three decimal places for which in some cases a 40 x 40 system was required. 

Generally, higher frequencies required more terms than lower frequencies. 

6.2.1 Results 

Figures 6.1 and 6.2 show the trapped mode frequencies for a circular cylinder submerged 

in a finite-depth single-layer fluid. In both graphs we have plotted the values of ka 

against la for when the determinant of the matrix A vanishes. The existence of the 

trapped modes requires k<I so the line k=1 (thin dashed line) is included as an upper 

bound for the dispersion curves. 
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In figure 6.1 the different curves correspond to different submergence depths, f /a, of 
the cylinder which are -1.01, -1.05, -1.1 and -1.5, where the depth, h1a, of the fluid is 3. 

For the submergence f /a =-1.5 we see there is just a single mode and that the curve 
lies close to the upper bound. As the cylinder approaches the free surface, If /al --+ 1, the 

frequency of the first mode decreases and as we come closer still a second mode appears. 
For fla = -1.05 a second mode exists for 2.1 < la < 19.4. When fla = -1.01 there 

is a third mode appearing at ka ý- 6. These results are very similar to those found in 

McIver & Evans (1985), and it would seem likely that the number of possible modes 

increases without bound as the top of the cylinder approaches the free surface. 

In Figure 6.2 the curves correspond to different depths, h/a, of the fluid which are 
2.03,2.5,3 and 15, where the submergence of the cylinder has the value fla = -1.01. 
We can see that the frequencies of the trapped modes are increased by the presence of 

the finite depth. The first mode being affected more that the second. 
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Figure 6.1: Trapped mode frequencies in a finite depth single layer fluid; h/a = 
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Figure 6.2: Trapped mode frequencies in a finite depth single layer fluid; f /a =-1.01. 
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6.3 Two-layer fluid 

We now consider the case of trapped modes above a horizontal cylinder in a two-layer 

fluid. The velocity potential is written as in (5.3.2) where the time independent potential 

O(x, z), satisfies the boundary conditions (2.2.3)-(2.2.5) and the modified Helmholtz 

equation (5.2.12). For trapped modes we restrict 1 to be in the range 1>k>K so that 

there are no waves propagating on either the free surface or the interface. The far-field 

behaviour, from (5.3.4)-(5.3.5), becomes 

0, -Ale: rße Kz + Ble : Fbxg (Z), 

Kz : Fb kz 0� -A: ýe9-ß'e + B: ýe 'e , (6.3.2) 

as x --+ ±oo, where 0= V-12 --K2 and b= V1112 --k2. This corresponds to waves 

progressing along the length of the cylinder in the y-axis direction with the motion 

decaying exponentially in the positive and negative x-direction. The terms involving 

Cý: and DI are removed as they tend to infinity as IxI ---+ oo. 

6.3.1 Cylinder in the lower fluid layer 

We seek trapped modes symmetric about the line x=0 as they are known to exist for 

the single-fluid problem. For symmetric modes we write the velocity potential as 

00 
8 a"Al 

M=o 
(6.3.3) 

where 01 are the symmetric multipoles described by (5.3.30)-(5.3.31), and when ex- M 
panded about zf (< 0) are 

8 
00 

0' =If .. (1r) cos mO +E An,, I,, (1r) cos nO, (6.3.4) 
M n=O 

00 

where A' =(_l)m+n En cosh mu cosh nu e"f CL (v) du, (6.3.5) mn 

JO 

-Ivd 
CL(v) = 

(v + K)[(v + Ku)e -v+ Klevf 
(6.3.6) 

(v - K)[(v + K)e-2vd-v+Ko, ] 

and v= 1coshu, from (5.3.45), (5-3.47) and (5.3.36). We note that since I>k>K 

there will be no real poles of the function CL(u) because 

cosh-yl 541, C11 < 1, (6.3.7) 

cosh -y2 54k1l < 1, (6.3.8) 
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and so the multipoles, 0' , will be real. Applying the body boundary condition, 9010r m 
0 on r=a, we obtain an infinite system of linear equations for the unknowns a,,,, which 

is 

a, + 
I,, (la) 

a�, Amn : -2 0- (6.3.9) Z'(- -1a) E 
m=O 

TYuncation allows us to write this in matrix form 

Aa =0, (6.3.10) 

where A+I,, (la)A' IK,, (Ia)], (6.3.11) mn 

a =[Cf7n]j (6.3.12) 

and for non-trivial solutions we require the determinant of the real matrix A to vanish. 

As before, we fix one parameter, say la, and vary another, say ka, to find the zeros 

of the truncated determinant of A. The results presented below were obtained to two 

decimal places and for some values a 32 x 32 system was required. 

Free-surface and interfacial elevations 

In order to appreciate the nature of the trapped modes in two-layer fluids it will be 

helpful to look at the profiles of the free-surface and interface. The free-surface and 

interfacial elevations, denoted by Hd and Ho respectively, can be written in the form 

H == Rf? l(x)e"ye-"'}. These elevations are related to the velocity potentials by 

OHd 
== 

&V 
z=d, (6.3.13) at az 

OHo 
= 

DVI 
= 

04), 
z=0. (6.3.14) at Oz Oz 

Using the form of the velocity potentials given by (5.3.2) with (6.3.13) and (6.3.14) we 

obtain 

Hd(X) =R 
2 0, (x, d)e'(ly-wt) 21 Z1 OI(x, d) sin(ly - wt), Z 

Ho(x) =-1 Oz(x, 0) sin(ly - wt), 
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where 
, >O 00 ev(f -d) 

, OI(x, d) = 1: (-1)'2(1 + a)K2a", vcoshmucos(lxsinhu) du Z 
m=O 

10 
(v - K)h(v) ' 

(6.3.17) 

Oz'(x, 0) =Z (- 1)' (1 + u) Ka�, 
w 

m=O 

x 
00 

v cosh mu cos(lx sinh u)ef 
[(v + K)e-'v' -v+ K] 

du, (6.3.18) 10 
(v - K)h(v) 

from (6.3.3), (5.3.30) and (5.3.34)-(5.3.35). The coefficients a,,, are the components 

of the eigenvector of the matrix A corresponding to the eigenvalue zero. The non- 
dimensionalised normalised maximum displacements of the free surface and interface 

from their mean positions, denoted Yd and YO, are written 

Yd(X) =Oz, (X, d/a)/77, (6.3.19) 

Yo(X) =oz, (X, 0)/171 (6.3.20) 

where H= max(jOI(O, d/a)j, j0I(0,0)j) and X= x1a. Hence, for each pair of profiles zz 
the amplitudes will be scaled such that the maximum deviation at X=0 is 1. 

Results 

Figures 6.3-6.5 show the results obtained for trapped modes above a circular horizontal 

cylinder situated in the lower fluid of a two-layer fluid. In all the figures the submergence, 
/a, of the cylinder is - 1.01 which is very close to the interface. 

Figure 6.3 shows the trapped mode frequencies for a density ratio of p=0.5. The 

different curves correspond to four different depths of the upper fluid layer; d/a = 0.5, 

1,1.5 and 2. For each value of d1a there are two curves; the lower curve will be referred 

to as the first mode and the upper curve will be referred to as the second mode. The 

existence of trapped modes requires I>k so that 1=k (thin dashed line) is an upper 
bound for these curves. The curves are similar to those obtained for a single-layer fluid. 

We notice that as we increase the depth of the upper fluid layer these trapped mode 
frequencies decrease. By fixing d1a and p and varying the submergence we can find 

different numbers of modes. As f /a approaches -1 we see a 'fanning out' of the curves 

as higher modes appear just like in the single-layer case. 

Figure 6.4 shows the trapped mode frequencies against p when la = 2. There are 
four sets of results corresponding to different depths of the upper fluid layer. These are 
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d/a = 0.8,1.0,1.2 and 2.0 and for each of these values there are two curves showing the 
first and second modes. We recover the results for the infinite-depth single-layer fluid 

problem when p=0. As p --* 1 we see that the frequency Ka of the trapped modes, in 

the lower plot, tends to 0 while the wavenumber ka, in the upper plot, tends to some 
limit for each mode. One would expect that as p --+ 1 we would recover the single-layer 
fluid results where the submergence of the cylinder is fla - d/a. This is not the case 
however and further discussion is given in section 6.3.3 below. 

In Figure 6.5 we have the free-surface and interfacial profiles, Yd and Yo respectively, 

of the trapped modes when la =2 and d1a = 1. The different curves correspond to six 
different values of the density ratio; p=0,0.2,0.4,0.6,0.8 and 0.999. The frequencies 

for these profiles are given by the dashed line in figure 6.4. The left-hand plots are for 

the first mode, no crossings of YO =0 or Yd = 0, corresponding to the lower frequencies 

in figure 6.4 whilst the right-hand plots are for the second mode, one zero crossing on 
the interface, corresponding to the higher frequencies. Note that for each density ratio 
the profiles for each mode are scaled such that the maximum deviation at X=0 is 1. 

For both modes the motion is concentrated about the interface as shown in the lower 

plots. The free-surface and interface are out of phase for the first mode whereas they 

are in phase for the second. We can see that the amplitude of the free surface becomes 

very small as p --+ 1 for both modes. The shape of the interface profile for the first 

mode barely changes over the range of values of p. For the second mode however the 

disturbance on the interface projects further into tile fluid as p -+ 1. This is explained 
by the value of the wavenumber k in the limit p --+ 1. In the far-field form of the 

potential we have an exp(--v/1' --k'lxl) term. We see as p --* 1 in figure 6.4 that the 

second mode ka -4 2= la. This is not a trapped mode in the limit as the exponential 

term will not decay away from the body. 

If we let p --+ 0 in this problem (corresponding to a --+ 1) then we must have pf --+ 0. 

The continuity of pressure condition (2.2.4) at tile interface reduces to a free-surface 

condition and the multipoles go over to those for a single-layer infinite-depth fluid. 

Thus by letting p --+ 0 in the above analysis we recover the results for trapped modes 

above a horizontal circular cylinder in deep water, as in McIver & Evans (1985). 
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6.3.2 Cylinder in upper layer 

For the case of a cylinder in the upper fluid layer the velocity potential can be expanded 

using (6.3.3), but we now use the symmetric multipole expansions for the upper fluid 

layer. Hence, from (5.3.73), (5-3-75), (5.3.66) and (5.3.67) the multipole potentials when 

expanded about r=0 are 
00 

=I, ýn(Ir)cosm0+ZB, 
��I�(Ir)cosnO, 

(6.3.21) 
In 

n=O 
00 

wliere B, ' nn: --En cosh mu cosh nu[(- 1)nA(") (v)e'f + BU(o) (v)e-f ]du, (6.3.22) 10 

-2vd 

U 

A(0)(v) = 
(v + K) e [(-1)'+'(v - Ker)e'f - (v - K) e-vf] (6.3.23) 

U (v - K)«v + K)e-2vd -v+ Kor) 

B(O)(v) = 
(v + K)ev(f -2d) - (v - K) e-vf (6.3.24) U (v + K)e-2vd -V+ JCU 

and v=1 cosh u. There are no poles of the functions Au(0) and Bu(0) so the multipoles 

will again be real. By applying the body boundary condition, OO/Or =0 on r=a, we 

obtain the same system of equations for a,,, as (6.3.9) except A, ",,,, is replaced by B, 8,,,,. 

We now need to find the zeros of the determinant of the real matrix described by 

B= [ömn + I(la)B/K(la)]. (6.3.25) 

The free-surface and interfacial elevations are given by (6.3.19) and (6.3.20), but we 

use the following forms for 0, z 
00 

OI(x, d) =Z 2Ka�, 
m=O 

x 
00 

veoshmucos(lxsinhu) 
e-vd[(-1)-(Ker - v)evf + (v - K)e-If ] 

du, 10 
(v - K)Ii(v) 

(6.3.26) 

00 
OI(x, 0) 1)Ka�, 

Z 
m=O 

xv cosh mu cos(lx sinh u) 
(- 1) ' (v + K) e(f -2d) + (v - K)e-vf 

du, (v - K)h(v) 

from (6.3.3), (5.3-62), (5.3.66)-(5-3-67) and (5.2.25). 

Results 

(6.3.27) 

Figures 6.6-6-13 show the results obtained for trapped modes in a two-layer fluid with 

a horizontal circular cYlinder situated in the uPper fluid. 

138 



Figure 6.6 shows the trapped mode frequencies where the depth of the upper region is 

d/a = 2.0 and the density ratio is fixed at p=0.5. There are four curves corresponding 

to different submergence depths of the cylinder. These submergence depths are f /a = 

1.01,1.09,1.17 and 1.34. The upper bound for trapped modes k=I is included, shown 

by the thin dashed line. We can see that as the surface of the cylinder approaches the 

interface, f /a --+ 1, the curves fold out from the upper bound k=1. A similar effect is 

observed when the cylinder surface approaches the free surface as shown in figure 6.7. 

It is noted that in figure 6.7 there is a curve for each value of f /a which lies roughly on 

k=1. 

In figure 6.8 we have the trapped mode frequencies plotted against the density ratio 

when la =2 and d1a = 2.1. The results presented are for four values of submergence: 

fla = 1.05,1.06,1.07 and 1.08. For each value of submergence there are two curves. 

When p=0 we recover the single-layer finite-depth fluid results for depth d/a and 

cylinder submergence fla - d/a. The first modes, the lower of each pair of curves, 

correspond to lines of constant Ka which are solutions to the single-layer fluid problem. 

These first modes appear to cross the second modes, the higher curves, but with closer 

inspection at these points, see figure 6.9, we observe near crossing. These near crossings, 

or diabolical points as described by Berry & Wilkinson (1984), of the trapped mode 

curves occur for other problems, see for example Linton & McIver (1998). Thus, for 

increasing p the first and second modes come very close to each other at some point 

after which the second mode terminates at ka = 2(= 1a) and the first tends to some 

value as p --+ 1. The limit of the first mode as p --+ 1 does not correspond to a solution 

of the single-layer fluid problem since Ka --+ 0 and discussion of its meaning is given in 

section 6.3.3. For f /a = 1.08 (the dotted curves) there is in fact a third mode for small 

p. This third mode has a near crossing with the second mode at around p ý- 0.045 and 

then terminates when it reaches ka = 2. For cylinders closer to the free surface more 

modes will appear and there will be more near crossings. 

Figures 6.10-6.13 show the free-surface and interfacial profiles for f /a = 1.05, d/a = 
2.1 and la = 2. The left-hand plots in figures 6.10-6.12 are the profiles corresponding 

to the lower frequencies of the solid curve shown in figure 6.8, whereas the right-hand 

plots are the profiles corresponding to the higher frequencies. The upper graphs are 

the free-surface profiles while the lower graphs are the interfacial profiles. For all values 

of p used, the free-surface and interfacial profiles are in phase for the second modes 
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and out of phase for the first modes. For low density ratios, shown in figure 6.10, the 

motion for the first mode is concentrated about the free surface and for the second mode 

the motion is concentrated about the interface. As the density ratio is increased the 

motion for the first mode (left-hand graphs) is transferred from the free surface to the 

interface. At a density ratio of p -- 0.3275 the free-surface and interfacial amplitudes 

for the first mode at X=0 are equal. For the second mode we have a similar effect 

where the motion transfers from the interface to the free surface at p ý- 0.326. We note 

that both these changes take place in the region of the near crossing of the modes shown 

by the solid curves in figure 6.9. If we follow the first (second) mode with increasing p 

we begin with a free-surface (interface) trapped mode which later becomes an interface 

(free-surface) trapped mode. About the near-crossing point trapped modes can exist on 

both the free-surface and interface for both modes. It seems likely that if there were 

more modes with near-crossing points then these points would have similar properties. 

The second mode stops at p ; z: ý 0.435 and approaching this value the motion remains on 

the free surface with very little happening at the interface. As p --+ 1 the motion of the 

first mode is confined to the interface as the free-surface elevation becomes very small, 

as shown in figure 6.13. 

When a submerged floating tunnel enters the fjord it does so at a gradual slope. 

At some point the tunnel would be completely within the upper fluid layer and typical 

parameter values would be f /a = 1.05, d1a = 2.1 and p=0.97. In such a situation 

trapped modes may exist on the interface with little motion on the free surface as 

illustrated in figure 6.13. 

If we let p --+ 0 in this case then we now must have p,, --+ oo. The dispersion relation 

reduces to K= ktanh(kd) and the multipoles go over to those for a single-layer finite- 

depth fluid. Thus by letting p --+ 0 we can recover the results for single-layer trapped 

modes above a cylinder in finite depth. 
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Figure 6-6: Trapped mode frequencies for a cylinder in the upper fluid layer; d/a =2 
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Figure 6.10: Free-surface and interfacial profiles for a cylinder in the upper fluid layer; 
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6.3.3 Limit as p --+ I 

We would expect to recover the infinite-depth single-layer fluid trapped mode results 
from the two-layer analysis by letting p -+ 1 (corresponding to a --+ oo). This is not the 

case as illustrated in the results presented above. 
In the limit p --+ 1, we find that Klk --+ 0, from the dispersion relation (2.2.11), and 

so if 1(> k) is fixed then K must tend to zero. Figures 6.4 and 6.8 show the trapped 

mode frequencies verses the density ratio for a cylinder in the lower and upper fluid 

respectively. For each set of parameter values there are two curves corresponding to 

two modes which are displayed in the graphs. We have already discussed the behaviour 

of the second mode as p --+ 1 in the results above. la exp(-V, '12 --k2jxj) term from 

the trapped mode. For a cylinder in either fluid layers, the lower mode tends to some 

value which is a trapped mode but certainly does not correspond to one of a single-layer 
fluid because Ka ---ý 0. To explain what is happening we shall consider the boundary 

conditions in the limit as p --+ 1 and K --+ 0 simultaneously. 
First let us define the following 

K<1, (6.3.28) 

p<1, (6.3.29) 

1K6 K =, 
- p 

0(l), (6.3.30) 

(the J used here is different to those used previously) such that when p --+ 1 along one 

of the lower curves in figure 6.4 or 6.8, which is for fixed 1, we have E --+ 0 and 5 --+ 0. 

The potentials satisfy the modified Helmholtz equation (V2 _ 12)0 =0 everywhere in 

the fluid. The free-surface condition becomes 

0, = KO, = Eo, --+ 0, on z=d, (6.3.31) 

which represents a rigid lid upon the fluid. The continuity of vertical velocity at the 

interface remains the same, 01 = 011, on z=0. We can write the continuity of pressure zz 
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on the interface as 

, o(0, - KOI) =OI, - KOII, 

I, II ON, (1-5)(oz - 601) =oz -E 
JOI, =6(1 - J)01, z 

K'OI, - Of, =K'(l - b)OI, 

--+K'O, as p --+ 1. 

The dispersion relation will have only one solution, k, which must satisfy 

2K'== k(l _ e-2kd). 

(6.3.32) 

(6.3-33) 

(6.3.34) 

(6.3.35) 

(6.3.36) 

In the absence of any bodies, oblique waves propagating in the fluid take the form 

0, =Ae: "' cosh k(z - d), 

kz 0" =- Ae-"b' sinh kd e, 

(6.3.37) 

(6.3.38) 

where b= vfk--2 --12. For trapped modes we require 1>k so that the motion decays as 

W --+ oo. Thus, in the limit p ---* 1 for fixed 1 we obtain a boundary-value problem in 

terms of the new spectral parameter K. It is simple to find the forms of the multipoles 

for this problem and compute the trapped mode frequencies. The results match those 

found in the limit of figures 6.4 and 6.8 and so we have related the limits of the trapped 

mode curves in figures 6.4 and 6.8 to the trapped modes for the limiting problem defined 

above. 
For trapped modes in a single-layer fluid we have the condition K<1 and for a 

two-layer fluid we have K<k<1. In the limit as p --+ 1 we have Klk -4 0 by the 

dispersion relation. As we have shown above, in the limit p --+ 1 when 1 is fixed we have 

K ---+ 0. If we fix K and let p --+ 1 then we have k --+ oo and hence 1 --+ oo. It is thus 

not possible to recover the single-layer fluid results in the limit p --+ 1. 

6.4 Conclusion 

In this chapter we have investigated trapped modes above a horizontal cylinder, first in 

a single-layer finite-depth fluid and then in a two-layer fluid. The existence of trapped 

modes for these problems required the vanishing of a certain infinite determinant. This 
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was first shown by Ursell (1951) for the case of a horizontal circular cylinder spanning 

a channel. 
For the single-layer case we have extended the work by McIver & Evans (1985) to 

finite depth and computed the trapped mode frequencies. Very similar results were found 

and the presence of finite depth has a small effect on the trapped mode frequencies. The 

main result being that the number of modes increases as the cylinder becomes closer to 

the free surface. 

We evaluated the trapped mode frequencies for a cylinder in the upper and lower 

layers of a two-layer fluid. For a cylinder in the lower fluid layer we found that the motion 

of the trapped modes was confined to the interface. When the cylinder is submerged 

entirely within the upper layer the trapped modes can be on either the free surface or 

the interface. By varying the density ratio of the fluid layers we found that a mode on 

the free surface can transfer to the interface and vice versa. These transfers take place 

when the trapped mode has a near crossing with another mode. For points close to 

the near crossing it is possible to have trapped waves on the free surface and interface 

simultaneously with the same amplitude. 
We related the two-layer problems to the single-layer problems by letting the density 

ratio tend to zero. In this limit the two-layer problem reduces to a single-layer fluid of 

infinite or finite depth when the cylinder is in the lower or upper layers respectively. We 

also investigated the trapped modes as the density ratio tends to 1. In this limit tile 

two-layer problem reduces to some boundary-value problem and the results show that 

trapped modes do exist for this problem. 
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Chapter 7 

Embedded trapped modes between 

a wall and a cylinder in a two-layer 

fluid 

7.1 Introduction 

In section 5.3 frequencies were found for oblique incident waves such that all the wave 

energy was reflected by a submerged horizontal cylinder in a two-layer fluid. Here we 

shall consider the case of a pair of identical horizontal cylinders arranged symmetrically 

about a vertical line in a two-layer fluid. Only oscillations symmetric about this line 

are considered so that the geometry is equivalent to a horizontal cylinder next to a 

vertical wall. We then look for embedded trapped modes, modes for which 1 is not 

greater than k, such that the wave motion is confined to the area between the wall 

and cylinder and decays far away. The frequencies at which the zeros of transmission 

occur provide a clue as to where one might start searching for eigenvalues. Physically, 

if the cylinders in our geometry are far enough apart it is reasonable to suggest that the 

presence of one cylinder will not influence what goes on at the other. Thus a wave, at a 

frequency for which zero transmission occurs, which exists between the cylinders might 

be totally reflected by one cylinder and then this reflected wave might travel to the 

other cylinder and be totally reflected and so on, thus leading to a trapped oscillation. 
A similar problem involving a pair of surface piercing barriers in a single-layer fluid 

was investigated by Linton & Kuznetsov (1997). The problem will be formulated as 
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in Linton & Kuznetsov (1997) leading to the need to calculate the zeros of a complex 
determinant. Complications arise from this method which we will overcome by using 

the alternative formulation given by Evans & Porter (1998). 

7.2 Formulation of problem 

z=d 

Z=o 

zf 

Figure 7.1: Definition sketch. 

Two circular horizontal cylinders of radius a are centred on (x, z) = (-ý, f) and 
f) and the problem considered will be equivalent to that of a cylinder next to a wall 

on x=0, see figure 7.1. In other words the solutions will satisfy 

ao 
=0 on x ax 

along with the conditions (2.2.3)-(2-2-5), (5.2.12) and zero normal velocity on the cylin- 

ders, where the velocity potential is defined by 4) = Rf O(x, z)e"Ye-iWt} - Here we shall 

only consider the case of a cylinder in the lower fluid layer, such that f<0, and so 

the superscripts I and II shall be omitted for notational convenience. We choose the 

problem of a cylinder in the lower fluid layer purely for simplicity, and the case of a 

cylinder in the upper fluid layer could also be solved. We use polar coordinates (ri, 01) 
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and (r2 
1 02) centred. about (-ý, f) and (ý, f) respectively such that 

ý+rj sin 01 =ý+ r2 sin 02, (7.2.2) 

z=f -rl COS 01 =f - r2 COS 02- (7.2.3) 

To satisfy the wall condition we write the velocity potential, expanded in polar coordi- 

nates, as 
00 

(oa(l) 
_ oa(2)) +p (os(l) + Oms(2))] O= E[am 

mmmm 
(7.2.4) 

M=o 
Os(q a(q 

where m) and 0,,, ) are the respective symmetric and antisymmetric multipoles de- 

scribed by equations (5.3.31) and (5.3.33) centred on rq = 0. The zeros of transmission 

in the oblique wave scattering problem were found just below the cut-off frequency so we 

restrict attention to K<1<k to obtain embedded trapped modes. In this region waves 

propagating to x= oo can exist with wavenumber k (associated with the interface) but 

not with wavenumber K (associated with the free surface). We let I=k sin ai,,,, as in 

the oblique scattering problem, and restrict K to be below the cut-off frequency, de- 

fined by (5.3.15). To apply the body boundary condition, and hence solve for a,,, '6"', 

m>0, we require all the multipoles to be expanded in the polar coordinates (r2,02)- 

The multipoles centred about f) are easily expanded in these coordinates and are 

given by 

00 
0, (2) 

=I<;,, (Ir2) COS M02 +A 
, 

I,, (lr2) COS n02 
m 

(7.2.5) 
n=O 

oa(2) a 
m =ICm(lr2)sinMO2+EAmnIn(lr2)sinnO2i (7.2.6) 

00 

n=O 

where 
Am' 

nand 
A' are given by equations (5.3.47) and (5.3.48). NVC write the Inulti- mn 

poles which are centred about f) as 

0'(1) = Ký (Irl) cos mOl + 08(l), (7.2.7) 
m 

0'(1) sin mOl + oma(l), (7.2.8) 
m 

where 

'Oms(l) =(-I)M 
10 00 

coshmucos[l(x+ý)sinliu]cl(z+f)coshuCL(u)du, (7.2.9) 

V)a(l) =(_l)m+l 
00 I(z+f)cosh 

m 
ýo 

sinhmusin[l(x +ý)sinhu]e uCL(u)du, (7.2.10) 

and CL(u) = 
(v + K)[(v + Ka)e -2vd -v+ KI (7.2.11) (v - K)H(v) 
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We can expand V)'(') and V)'(') in the polar coordinates (r2,02) by using the following mm 
identities 

e 
I(z+f ) cosh u cos [1(x + ý) sinh u] 

00 
e 21f coshu E (-l)'c 

.. 
(cosh MU COSIM02 COS (21ý sinh u) 

M=o 

sinh mu sinM02sin (21ýsinhu))Im(lr2)t (7.2.12) 

and 

eI 
(z+f ) cosh u sin [1 (x + ý) sinh u] 

00 
e 

21f cosh uE (- 1)'cn (cosh mu COSIM02 sin (21ý sinh u) 
M=o 

- sinh mu sin M02 COS (21ý sinh u))I,, (lr2)- (7.2.13) 

These are obtained from equation (D. 8) by letting r' = r2,01 = 02, multiplying both 

sides by exp(21f cosh u) exp(-2ilý sinh u) and then taking the real and imaginary parts. 

Applying (7.2.12) and (7.2.13) to and we obtain 

74(1) = (A'(') cos n02 + B( sin n02) In (Ir2) 
, n mn mn (7.2.14) 

n=O 
00 

V)ma(l) =E (A a(l) cos n02 -B 
a(l) sin n02) In (N) 

s (7.2.15) mn mn 
n=O 

where 
00 A'(') m+n en cosh mu cosh nu e 

21f cosh u cos (21ý sinh u)CL (u)du, (7.2.1 G) mn 

ýO 

00 
B m(1) 

=(_l)m+n fn ýO 
cosh mu sinh nu e 

21f cosh u sin (21ý sinh u) CL(u)du, (7.2.17) 

00 
A a(l) =(_l)m+n+l En sinh mu cosh nu e 

21f cosh u sin (21ý sinh u) CL (u) du, mn 

ýO 

=-B, 9(1) 
nm 

(7.2.18) 

00 
B a(l) =(_l)m+n+l En sinh mu sinh nu e 

21f cosh u cos (21ý sinh u)CL(u)du. (7.2.19) mn 

10 

We now need to expand Ifm (1rj) cos mOl and Km (Irl) sin m0i in the polar coordinates 

(r2 
, 
02). This is done in appendix E and we obtain 

00 
(lrl) cos mOl 2 

'I,, (lr2)(K,, 
-,, 

(21ý) + 
n= 

7r 
x 

[cos (m + n) 
Ir 

cos n02 - sin (m + n) - sin n02] (7.2.20) 
22 

00 
K,, (lrl) sin mOl E 

-"En In (Ir2) (Km-n(21ý) + (-1)m+ I lcm+n(21ý)) 
n= 

2 

x 
[sin (m + n) -7r cos n02 + cos (m + n)'r sin n02] (7.2.21) 2 
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If we now apply the body boundary condition on the cylinder, DO/C? r2 =0 on r2 = a, 

and use the orthogonality of the trigonometric functions we obtain two coupled infinite 

systems of equations for the unknowns a,, and, 6m, m>0. These are 
I, '(1a) ' 

a. -E (PMSC9M+QMS'6M 
Iiý' (1a) 

) =0, (7.2.22) 

00 
13S+ K ý' (1 a) 

E (Rnam +Tm, Om) =0, (7.2.23) 
M=0 

s>0, where 

P,, ns 
6' (K,, 

-., 
(21ý) + (- 1)m+l Km+, (21ý)) cos (m + .) 

7r 
22 

00 + (-l)M+SE, 21f cosh u 
9 
10 

sinh mu sinh su e (cos (21ý sinh u) - 1) CL (u) du, 

(7.2.24) 

Qms (Km-, (21ý) + (- 1)mKm+,, (21ý)) sin (m + s) '7r 
2 

00 + (-1)M+SC' 21f cosh u 10 
cosh mu sinh su e sin (21ý sinh u) CL (u) du, (7.2.25) 

Rms =L9-(Km-, (21ý) + (-1)'+1Ifm+, (21ý)) sin (m + )'7r 
22 

00 
+ (-1)M+S+1fS ýO 

sinh mu cosh su e 21f cosh u sin (21ý sinh u) CL (u)du, (7.2.26) 

Tms =L' (Kn-, (21ý) + (- 1)mKm+., (21ý)) Cos (M + 8) -7r 22 
00 

+ (-1)M+SCS ýO 
cosh mu cosh su e 21f cosh u (cos (21ý sinh u) + 1) CL (u) du. 

(7.2.27) 

NVe can write these systems of equations in matrix form as follows 

Ax =Q (7.2.28) 
R T+ I) 12ý I= 0' 

where 

P =[I., (1a)P,,,, 1K, (1a)], Q =[I, (1a)Q,,,, 1K, (1a)], (7.2.29) 

R =[I. (1a)R,,,, 1K,, (1a)], T =[I, (1a)T,,,, 1K, (1a)j, (7.2.30) 

ja =[a., ], 0 =[0119 (7.2.31) 

for s>0 and m >_ 0. For non-trivial solutions we require the determinant of the complex 

matrix A to be zero. To find these points we truncate the matrix A to a 2N x 2N system 

and calculate the determinant. By fixing, say, ý and varying K we can find where the 

real and imaginary parts vanish. We use a wide-spacing approximation to aid locating 

the points at which both the real and imaginary parts vanish. 
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7.3 A wide-spacing approximation 

The wide-spacing approximation has been used many times before to provide both good 

evidence for the existence of trapped-mode phenomena and also accurate and efficient 

methods for the computation of the frequencies at which they occur (see, for example, 

Linton & Kuznetsov (1997)). Consider a wave of wavenumber k with angle ainc to the 

positive x-axis of the form exp[ib(x - ý)] incident upon the right-hand cylinder in figure 

7.1 from x= -oo and assume that the wall at x=0 does not affect the interaction 

between the wave and the cylinder. Then, as shown in section 5.3, there are certain 

values of Ka at which zeros of transmission occur and the wave is totally reflected. 

At such a frequency the reflection coefficient can be written as r3 = exp jjX} for some 

XER. In order for this solution to be consistent with the presence of the wall we must 

have (note that because of the phase shift the r3 discussed above is for a cylinder whose 

centre is at (0j) ) 

e 
ib(x-C) + r3e-'b(x-C) =A cos bx 

where b=ý, Fk--2- 12 =k cos ai,,, and A is some complex constant. By substituting the 

form for r3 we find this is equivalent to the condition 

e i(x+2bý) 
= 1. (7.3.2) 

It follows that the distance of the cylinder from the wall must be related to the frequency 

at which total reflection occurs through the equation 

n7r X 

a ba 2ba 

for some integer n. 

(7.3.3) 

7.4 Results 
The values of Ka at which zeros of the real and imaginary parts of the determinant 

occur are plotted in figure 7.2 for a range of values of ý/a using N=8. In the curves p 

is 0.5, d1a is 2, fla is -1.1 and ainc is 0.34. Note that ainc is greater than the critical 

angle for the given parameter values so there is no cut-off frequency. This means that 

there are no propagating free-surface waves for all Ka and hence the range of values for 

Ka in which we seek embedded trapped modes is unbounded. The solid lines represent 
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Figure 7.2: Values of Ka at which the real part (solid lines) and the imaginary part 

(dashed lines) of the determinant vanish; d/a = 2, f /a =-1.1, p=0.5 and ai,,, = 0.34. 
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zeros of the real part and the dashed lines represent zeros of the imaginary part. The 

two sets of curves appear to touch and the numbers computed strongly suggest that this 

is the case but because of the nature of the contact (the lines do not cross) one cannot 

be sure. An embedded trapped mode will exist if the solid lines and dashed lines do 

actually touch. 

For the values of the parameters used here we find two frequencies, Ka ;: tý 0.4481 

(as shown in figure 5.15) and Ka -- 1.0825, at which zeros of transmission occur for the 

scattering of oblique waves. Using a wide-spacing approximation we obtain estimations 

for the separation variable ý/a as shown in table 7.1. The left-hand column in table 7.1 

ý/a, Ka = 0.44811 Va, Ka = 1.0825 

1 2.8186 1.2254 

2 5.2826 2.2515 

3 7.7466 3.2776 

4 10.2107 4.3037 

5 12.6747 5.3298 

6 15.1387 6.3559 

7 17.6028 7.3820 

Table 7.1: A wide-spacing approximation; p=0.5, d/a = 2, f /a = -1.1 and ai,,,, = 0.34. 

corresponds to predicted values of ý/a in the lower plot of figure 7.2 whereas the right- 

hand column corresponds to the upper plot. It would appear that for Ka %: tý 0.4481 these 

are poor estimates of where the curves possibly touch but for greater values of ý/a we 

find them more satisfactory. 

It is clear from figure 7.2 that if we vary ý/a an arbitrarily small amount from the 

point of contact then the embedded trapped mode will cease to exist. These modes 

are unstable in the sense that a small change in the geometry results in the loss of the 

trapped mode. We now need to consider a different method which will tell us if indeed 

the curves touch. 

7.5 Reformulation of problem 

We now consider the results if the multipoles in (7-2-4) are replaced by real-valued 

multipoles in which the indented integrals are replaced with principal-value integrals. 
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These integrals differ from the ones used previously by their forms in the far field. If 

we follow the above analysis with these real-valued multipoles the matrix A defined by 

(7.2.28) will be real and we will denote this real matrix by ý. The solutions of the 

reformulated problem, when det(ý, ) = 0, will correspond to either trapped modes or 

standing waves in the entire fluid. This method was used by Evans & Porter (1998) for 

the case of a rigid vertical circular cylinder placed on the centre-plane of a channel. To 

find the trapped mode frequencies we must calculate the potential in the far field for 

each solution and find when it vanishes, i. e. 0 as x --ý +oo. The far-field form of 

the multipoles is given by 

0, '(1) :: F (-1)'7rcoshm-y2CL"sinb(x+Z)ek(z+f) (7.5.1) 
m 

k(z+f) oa(1) , T- (-1)'7rsinhm-i2CL 
m cos b(x + e)e (7.5.2) 

os(2) :: F 1)m7r cosh m-j2CLI2sin b(x - e)e k(z+f) 
9 m 

(7.5.3) 

oa(2) :: F 1)m7r sinh m-y2CL" cos b(x - e)e k(z+f), (7.5.4) 
m 

as x --+ ±oo, where CL" is given by (5.3.44). To satisfy the far-field condition for 

embedded trapped modes we require 

00 
(oa(l) _ oa(2)) + O(os(l) + os(2))] 0 [am 

mMMM as x --ý oo. (7.5.5) 

m=O 

After substitution of the far-field form of the multipoles we obtain the following condition 

27rCL'e k(z+f) sin bx 1: (- 1) m [am sinh my2 sin bý - fl .. cosh m-y2 cos bý] = 0. (7.5.6) 
"0 

M=o 
Thus we need to find the frequencies at which both the determinant of the new matrix 

A and also the summation in (7.5.6) vanishes. We will denote the sum as S such that 

00 E (- 1)' [a,,, sinh m-12 sin bý COSII M72 cos bý]. (7.5.7) 
M=o 

The coefficients a.. andO.. in the sum are the eigenvectors of the matrix ý, corresponding 

to the eigenvalue zero. 

7.6 Results 

Figure 7.3 shows results obtained from using the real-valued multipoles; where the same 

values for the parameters have been used as before, fla = -1.1, d/a = 2, p=0.5, 

aj., = 0.34 and N=8. The top plot in figure 7.3 shows the values of Ka at which 
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the determinant of the real matrix i vanishes as a function of ý/a. Each curve has 

been given a different line style so that it can be recognised in the other plots. We note 

that these values are exactly the same as those found for where the real part of the 

complex matrix A determinant is zero. An explanation of why this is so is given below. 

The middle plot shows the corresponding far-field sums, S, and when they cross zero 

we have an embedded trapped mode. The points where the dashed curve crosses zero 

correspond to the approximations in the left-hand column of table 7.1, while those for 

the dot-dashed curve correspond to the numbers in the right-hand column. The solid 

curve has no S=0 crossings and so never describes an embedded trapped mode. The 

lower plot shows the modulus of the complex matrix A determinant where the frequency, 

Ka, and separation, ý/a, of the cylinder are given by the top graph. We can see that 

where there are zero crossings of the far-field sum the modulus of the complex matrix 
determinant touches zero. These figures provide confirmation that the curves in figure 

7.2 do indeed touch and thus that embedded trapped modes do exist for the geometry. 
We now explain why the real part of the determinant of the complex matrix A 

and the determinant of the real matrix A, vanish at the same values of Ka. Using 

(7.2.24)-(7.2.31) we can write the truncated complex matrix A in the form 

bil + icid, 

A 
b2l + iC2dj 

bm, + icmd, 

bl2+ icid2 
b22 + ic2d2 

bAf 2+ ickf d2 

bim + icidxf 
b2Af + ic2dtf 

bAfAf + icAf ditf 

(7.6.1) 

where Af =2xN. It is the special forms of the imaginary parts of the elements that is 

significant. If we consider N=1 we can write the determinant of such a matrix as 

detA =I 
bil + icid, b12 + icid2 
b2l + ic2d, b22 + iC2d2 

I bil b12 I 

b2l + ic2d, b22 + ic2d2 

icldl icid2 
b2l + iC2di b22 + ic2d2 

(7.6.2) 

(7.6.3) 

Using the elementary row operation Row 2= Row 2- c2 x Row 11c, on the second 

determinant of (7-6-3), which does not change its value, we get 

detA =I 
bil b12 

b2l + iC2dj b22 + iC2d2 

c1d, cid2 (7.6.4) 
b2l b22 
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If we now expand the first determinant in the above equation about the second row we 

obtain 

detA =I 
bil b12 

b2l b22 

bil b12 

+, 
cid, cid2 (7.6.5) 

C2d 1 c2d2 b2l b22 

where the second and third determinants are purely imaginary. Hence the real part of 

det A is given by the first determinant which is clearly det A. The above procedure can 

be applied to larger matrices where the algebra is more lengthy to give the same result. 

7.7 Conclusion 

In this chapter we have considered the case of embedded trapped modes for the case 

of a pair of horizontal circular cylinders in a two-layer fluid. Only symmetric oscilla- 

tions were considered such that the geometry was equivalent to a cylinder next to a 

wall. The existence of the embedded trapped modes depended upon the vanishing of a 

certain complex matrix. Due to the grazing nature of the real and imaginary zeros the 

problem was reformulated using the real-valued multipoles. Solutions to the problem 

then required the determinant of the matrix and the potential in the far field to vanish. 

We have shown that embedded trapped modes do exist for a cylinder situated in 

the lower fluid of a two-layer fluid next to a wall. For the parameter values chosen, 

nine trapped modes embedded in the continuous spectrum have been found for nine 

separation values. 

The wide-spacing equation we used suggests there are an infinite number of embedded 

trapped modes. For higher separations of the cylinder the wide-spacing approximation 

becomes more accurate, which provides strong evidence that there are indeed an infinite 

number of embedded trapped modes. 
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Appendix A 

The Method of Stationary Phase 

The stationary phase method was originally developed by Lord Kelvin for the ship-wave 

system. It is used to find an asymptotic approximation to the following general integral 

I= F(a)e iRO(a)da, 

where F(a) and G(a) are arbitrary regular functions and R is a large parameter such as 

the polar radius. The function F may be complex, but G will be assumed real. For large 

values of R, the phase RG will vary rapidly, and the integrand (A. 1) will be a highly 

oscillatory function. The resulting oscillations of the integrand will tend to cancel out 

over the range of the integration, except locally at points of stationary phase where the 

derivative G'(a) vanishes. 

Thus the principal contribution(s) to the integrand (A. 1) will come from the point(s) 

of stationary phase, assuming that such points exist in the range of integration. If a 

stationary phase point occurs at a= ao then the asymptotic approximation of (A. 1) is 

given by 

F(ao) 
27r 1/2 

exp[i(RG(ao) ± 7r/4)]. (A. 2) 
(IRGII(ao)l) 

The ± sign is the same as the sign of the second derivative G"(ao). This expression is 

valid, for sufficiently large values of R, unless G"(ao) = 0. If there are multiple points of 

stationary phase in the domain integration, the contribution from each may be treated 

separately, according to (A. 2), and added together to give the total contribution from all 

relevant points. The singular case G"(ao) =0 occurs if two points of stationary phase 

coalesce. This case will not be considered here as it does not occur in the integrals 

appearing in this thesis. 
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With this stationary phase approximation the integral (2.4.2) can be evaluated. So 

=5 
I Onids 
6 S" 

(A. 3) 

0 
=, JK (KR) 1/2 

e -i7r/4 
121r 

[cos(a - ai,,, ) - ile iKR[cos(a-ai,,, )"]Ai (a)da (A. 4) 27r 0 

KR) 1/2 
i7r/4 f2r 

eiRG(')da =iJK e- 
a 

F(a), (A. 5) 27r 0 

where 

F(a) =[cos(a - ai. c )- 1]Ai(a) (A. 6) 

and G(a) =K[cos(a - ai,,, ) + 1]. (A. 7) 

Stationary phase points are found when G'(a) =0 and are ao = ain, and a, = ainc + 

The contributions from these two points, given by (A. 2), are added and so the asymptotic 

approximation to (2.4.2) is given by 

I : --: 
iJK KR) 1/2 

e -i7r/4 F(ao) 
27r 1/2 

p[i(RG(ao) + 7r/4)] 
( 

27r 
I(I 

RG"(ao) I) ex 

+ F(al) 
2r 1/2 

exp[i(RG(al) + 7r/4)] (A-8) 
(FRG-"(a, 

)I) 
I 

=iJK 
KR) 1/2 

e-i7r/4 0- 2Ai(ai,,, + 7r) 
27r 1/2 

e 
iir/4 (A. 9) 

( 
27r 

(KR) 

2iJKAi(ai,, + 7r). (A. 10) 

If ajý,, =0 or ainc = 7r then one of the stationary points would lie at the limits of 
integration. This would not cause a problem as we can easily shift the limits, since the 

integrand is periodic with period 27r, and arrive at the same result given above. 
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Appendix B 

Far-field form of multipoles 

For many of the problems discussed in this thesis we are required to find the far-field 

form of the multipole expansions. In this appendix we will find the far-field form of the 

multipoles for the case of a point singularity situated below the interface in a two-layer 

fluid. Rom (2-6-4), these multipoles take the form in the lower fluid as 

n+2 ,m 
(COS 0) 00 

n CL 
, OS Ma 

[ Pn 
-1 

- m)! ýo a+ Zn 
- 

-m)! u (u)e"Jm(uR)du] (B. 1) 

where CL(u) is given by (2.6.13). The first term in the expression for O"m clearly makes n 

no contribution as R --+ oo. The second term is defined as the principal-value integral 

plus contributions from the residues of the integrand at the poles u=K and u=k. 
Using the asymptotic form for J,,, (uR), from Abramowitz & Stegun (1965) equation 
(9.2.1), we can write the integral as 

ý 00 00 

ou 
nCL (u)eu'J .. (uR)du = 

10 UnCL (u)eu'J .. (uR)du 

n Kzj k kz i7rK CKe (KR) + irk'CL"e J,, (kR) Lm (B. 2) 

0 
2 )112100 

u n-1/2CL (u)eu'cos(uR - 
m7r 

- 7r)du 
7rR 024 

27r 1/2 
n-1/2 K Kzcos(KR - 

7n7r 
- 

7r (K CL" e- +i 
Of )LA2 

n-1/2 k kz M7r 7r 
+k CLe cos(kR -2 4)) 

(B. 3) 

as KR --* oo. We can write the principal-value integral as follows 

00 
n- 

M7r 
_ 

Ir 
-iir/4 

00 iUR 10 
u '/CL(u)eluz cos(uR -24 )du =R (-i)e 10 

U 1/2cL (u)eu-e du 1 

(B. 4) 
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and to examine the behaviour of this as R --+ oo we look at 

lim (-i)'e -i7r/4 u n-1/2 CL(u)eu'e iuR du (B. 5) 
U-00 

Ir 

where IP is the contour in the complex u-plane comprising of ri, r2 and IP3 as described 

in figure B. 1. Since there are no singularities inside the r contour Cauchy's theorem 

implies that I=0. We denote the integral along contour r, as I, and if we let u= Ue'O 

u=iu 

1ý2 

Figure BA: Definition sketch. 

this becomes 

lim (-i)'+'e -i7r/4Un+1/2 
ir/2 

e 
i(n+1/2)OCL (Ue'o)e Uze'o, iURe 'o dO. (B. 6) 

Uýoo 0 

It is simple to show that the integrand in (B. 6) has an exponential factor of 

exp[U((z+f) Cos O-R sin 0)]. Thus, for sufficiently large R the integral I, will be zero. 

For the integral along r2, denoted 12, we let u= it to give 
0 

12 IiM (_l)mim+n+1/2 e -i7r/4 tn-1/2CL (it)e't'e-'Rdt. (B. 7) 
U-00 

fu, 

It is clear that as R --+ oo the integral 12 --+ 0 due to the e-tR terM. We arc now left 

with the integral along r3which is 

lim (-i)'e -iir/4 
uu 

n-1/2 CL(U)eu, e 
iuR du (B-8) 

U-00 
ýo 

=(_i),, -iir/4 

X 
(foo 

n-1/2CL iuR n-1/2CK Kz WR n-1/2 k kz ikR) 
0 

(u)eu'e du - 7riK ec 7rik CL" ee 0uL 

(B. 9) 
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Since I=0 we can write this as 

00 
(-i)me -ir/4 

10 
U n-1/2CL (u)eu'e iuR du 

112CLK Kz WR n-1/2Ck kz ikR) e-iir/4. -(-i)M+17r 
(K- 

ee+k Le e (B. 10) 

If we take the real part of both sides then we obtain a form for the principal-value 

integral in (B. 3). We can now write the far-field form of the multipole (B. 1) as 

OHM 
(-i)"n+la n+2 cos(, ma) 27r /2 

n-1/2CK Kz WR n-1/2Ck kz ikR -iir/4 
n (n m)l 

(R)l (K 
Le e +k Le e )e 

(B. 11) 

as KR --+ oo. A similar approach can be taken to find the far-field forms of the multipole 

functions for the other problems presented in this thesis. 
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Appendix C 

Numerical evaluation of 
00 

principal-value integrals 

In order to solve the various problems shown in this thesis we are required to numerically 

evaluate principal-value integrals. There are two methods shown in this appendix for 

such a task. The first technique was employed by the author for the calculation of 

the results shown and the second technique came to the author's attention after all 

calculations were completed. 

A principal-value integral with two singularities can be represented by 

-F(u) du 
0 Z5(U) (C. 1) 

where G(K) = G(k) = 0, G'(K) =ý4 0, G'(k) =54 0 and 0<K<k. This implies by 

definition, that 

K-c k-c foo F(U) 
du. I= lim 

C-0 

ý10 
+ 

IK+c 
+ Jk+e Zý(U) (C. 2) 

The problem arises from the fact that the integrals in (C. 2) are divergent and so cannot 

be evaluated independently. If we subtract the behaviour of the integrand near the 

singularity and then add it back on we can write I as 

00 F(') du + 10 2k ý F(u) F(K) F(k) ] 
du I= Ilk 

G(u) G(u) G'(K)(u-K) G'(k)(u-k) 
F(K) 2k du F(k) 2k du 

. 
(C. 3) 

O'(K) 
10 

u-K Gl(k) 0u-k 
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Evaluating the last two principal-value integrals gives 

k 

2k du 
= lim 

k-c 
+ 

12kl du lo 
u-k -0 

ýlo 

k+e u-k 
lim f [ln(k _ U)]k-e + [ln(u - 

k)]2k 
el £-0 

0 k+ 

=0 (C. 4) 

and 
2k du K-c 2k 

= lim +£ 
du lo 

7 --K 
gE-0 

ýlo 

+u-K 

lim ý[ln(K _ U)]K-e + [ln(u - 
K)]2k 

el E-0 
0 K+ 

lim fln(c) - In(K) + In(2k - K) - In(c)l 
C-0 

2k 
In 

(K 
_ 1) (C. 5) 

So now I becomes 

0 
F(U) 

u+ 
12k F(u) F(K) F(k) 

- du Lk d0 
[G(u) 

G'(K)(u-K) G'(k)(u-Zý)] 

+ 
F(K) 

In 
2k 

_1 (C. 6) Gl (K) 
(K 

This form of I ensures that the principal-value integrand is well behaved near u=K 

and u k. This is because G(u) - (u - k)G'(u) near u=k and G(u) - (u - K)G'(u) 

near u K. Hence the integrand will involve the subtraction of large numbers. For the 

case of a principal-value integral, I, with one singularity at u=k we obtain 

0 
I= 10 OOF(U) du = 200 

F(u) du + 
2k[F(u) F(k) du. (C. 7) Z5(U) 

lo 
G(u) G'(T- (u - k)] 

In a lot of cases we can write the principal-value integrals as 

00 
euf 

F(u) 
du (C. 8) 

G(U) 

where f<0, G(K) = G(k) = 0, G'(K) 54 0, G'(k) 00 and 0<K<k. If we subtract 

the behaviour of the integrand near the poles and then add it back on we obtain 

I= 00 
euf 

[F(u) F(K) F(k) ] 
du 10 

G(u) G'(K)(u - K) Gl(k)(u - k) 

+ 
F(K) oo euf du + 

F(k) oo uf du. (C. 9) G'(K) 
10 

u-K G(k) 
10 

u-k 
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We now evaluate the last two integrals as follows 

00 Of 
du = 

00 eef e-cl - Edt 
= e'f 

oo e-ct dt = -efEi(-cf) (C. 10) fo u-c ff if t -If I -f f 

where c=K or k and the exponential integral Ei(x) is described by Abramowitz 

Stegun (1965), equation (5.1.12). The principal-value integral can now be written as 

,= 00 
ef 

ýF(u) F(K) F(k) 
du -e Kf Ei(-Kf e kf Ei (- kf 10 

G(u) G'(K)(u-K) Gl(k)(u-k)] 

(C. 11) 
This second method can be found in Endo (1987). 
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Appendix D 

Integral representations of 

K,, (1r) cos nO and Kn (1r) sin nO 

Figure D. l: Definition sketch 

In this appendix we will develop integral representations of the functions P: ý(Ir) cos nO 

and If,, (1r) sin nO. We will use cylindrical polar coordinates (r, 0) and (r', 0') centred on 
f and z= -f respectively defined by 

x =rsinO =r'sinO' and z =f -rcosO = -f +r'cosO', (D. 1) 

as shown in figure D. 1. Rom Watson (1958) page 361 equation 8 we have the following 
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Graf's addition theorem 
00 

Kn (1r) cos nO = 
(_l)n E (-l)'Kn+,,, (-21f)ln(Ir')cosrnO'. (D. 2) 

M=-00 
Now from Gradshteyn & Ryzhik (1980) page 958 equation 8.432 (1) we have 

00 
K,, +, n(-21f) = 

fo 
cosh (n + m)u e 

21f cosh udU (D. 3) 

and substituting this into (D. 2) we obtain 
00 00 

Kn (1r) cos n0 == 
(_1)n 1: (-1)'I�, (lr')cosm0' cosh (n + m)u e 

21f cosh udu. (D. 4) 
M=-00 

10 

We will now write the summation so that it starts from zero, thus 

00 E (-l)'I,, (lr')cosmO'cosh(n+m)u 
M=-00 

00 
lo(lr')coshnu+ E(-1)'I,,, (lr')cosrnO'[cosh(n+m)u+cosli(n - m)ul 

M=l 
00 

=coshnuE(-l)'c,, I,,, (lr')cosmO'cOsllmu, (D. 5) 
M=o 

where co =1 and f,, =2 for m>2. We can now write (D. 4) as 

Ký (1r) cos nO 
00 

= (- 1), 10 
cosh nu e 

21f cosh u[Z (_ j)m 9mIm(Ir')cosmO'coslim du. (D. 6) 
m=O 

Ul 

From Gray (1978) page 32 equation 2 

exp 
1X (T 

+ IO(X) + 
(Tm 

+ 
ýý) I,. (X). (D. 7) 

[2 

M=o 
T 

Putting X= -Ir' and T= e'+io' and noting that I .. (-X) = (-l)'Im(X), (D. 7) 

becomes 

exp [-lr'(cosh u cos 0' +i sinh u sin 0')] 

00 E (-l)'c,,, [cosh mu cos mO'+ i sinh mu sin mO']In(lr'). (D. 8) 
M=o 

Taking the real part of (D. 8) and substituting into (D. 6) we obtain 

1ý, (1r) cos nO = (- 1) ' jo 00 cosh nu e'lf cosh ue-Ir'coshucosO'cos (Ir'Sinji u sin 0')du. (D. 9) 

Finally substituting Cartesian coordinates into the right-hand side gives 
00 lý, (Ir) cos n0 = (- 1)' 

0 
coshnucos (lxsinhu)e-'('-f)"" 'du Z>f. 
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By following a similar method the integral representation of K, ' (1r) sin nO can be found, 

which is 

Kn (1r) sin nO = 
(_l)n+l 

or sinhnu sin (Ix sinhu)e-'(z-f)coshudU z>f. 
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Appendix E 

Expansions of 

K,,, (lrl) cos mOl and Km(lrl) sin mOl 

in polar coordinates (r2,02) 

2le 

Figure E. 1: Definition sketch 

Graf's addition theorem can be written as 

Cos 00 Cos Ký(Irj) mO' =E If,,, +,, (21ý)I,, (lr2) nOl 
sin I 

n=-oo sin 
21 

2 

(E. 1) 

from Watson (1958) page 361 equation 8 and using figure E. l. From figure 7.1 we can 

write 0', = 7r/2 - 01 and 02' = 7r/2 + 02 and substituting thesc forms into equation (E. 1) 
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and expanding the trigonometric functions we obtain 

Ký, (lrj) cos 
rn7 

cos mOl + sin 
M7r 

sin mOl 221 
00 L7r n7r 

Km+n(21ý)In(lr2) 
[Cos 

2_ 
cos n02 - sin 

2 
sin n021 (E. 2) 

n=-oo 

and 

M7r m7r 
. K,,, (lrl) [sin 

2 cos mOl - cos -2 sin mOll 

00 nr 
= 1: K,,, +,, (21ý)I,, (lr2) sin2-7rcosnO2+cos-sinnO2]. (E. 3) 

n=-oo 

122 

To obtain an expression for K,, (lrl) cos mOl in terms of r2 and 02 we require 
(E. 2) x cos(m7r/2)+(E. 3) x sin(m7r/2) which gives 

00 
I, C, n (lrl) cos mOl E K,, I+n 

(21ý)In(lr2) 

n=-oo 
x os 

(m 
- n)7r 

cos n02+ sin 
(m - n)7r sin n02 (E. 4) 

IC 
221- 

Using (E. 2) x (sin m7r/2) - (E. 3) x (cos m7r/2) we obtain an equivalent expression for 

(lrl) sin mOl which is 

Co 
Iýý(lrl)sinm01 =Z Iiýn+. (21Z)In(1r2) 

n=-oo 

x sin 
(m - n)7r 

Cos n02 - COS 
(m - n)7r 

sin n02 (E. 5) 
1221- 

For convenience we require the summations to start from zero and so the expansions 

now take the form 

00 C, (lrl) cos m0i =E -yI,, 
(lr2) (21ý) + 

n=O 

x 
[COS 

2 cos n02 - sin 2 sin n02 

I 

(E. 6) 

and 

00 fn 
-1)m+l 

Km+n(21ý)) Ký, (lrl) sin mOl E21,, (Ir2)(Ilcm-n(21ý) + 
n= 

F. (m + Or 
x ýzn 

2 cos nO2 + cos 2 sin n021 . 
(E-7) 
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