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Abstract

In this thesis, we study the existence of pathwise random periodic solutions to both the
semilinear stochastic differential equations with linear multiplicative noise and the semi-
linear stochastic partial differential equations with linear multiplicative noise in a Hilbert
space. We identify them as the solutions of coupled forward-backward infinite horizon
stochastic integral equations in general cases, and then perform the argument of the rela-
tive compactness of Wiener-Sobolev spaces in C([0, 7], L?(Q2,R%)) or C([0,T], L?(22 x O))
and Schauder’s fixed point theorem to show the existence of a solution of the coupled

stochastic forward-backward infinite horizon integral equations.

Keywords: random periodic solution, random dynamical system, semilinear stochastic
partial differential equation, linear multiplicative noises, coupling method, relative com-
pactness, Malliavin derivative, coupled forward-backward infinite horizon stochastic inte-

gral equations.
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Chapter 1

Introduction

Periodicity is widely exhibited in a large number of natural phenomena like oscillations,
waves, or even lying behind many complicated ensembles such as biological, and economic
systems. Only until 19th century, after Henri Poincaré’s work in 1880s (Poincaré, 1881,
1882, 1885, 1886), periodic solutions gradually aroused attention and discussion and have
occupied an important position in the theory of the deterministic dynamical system ever
since then. The existence and construction of periodic solutions is a challenging problem
in the study of dynamical systems though they are relative simple trajectories themselves.
For example, periodic solutions of partial differential equations of parabolic type have been
studied by a number of authors, Hess (Hess, 1991), Vejvoda (Vejvoda, 1982), Fife (Fife,
1964), Lieberman (Lieberman, 1999, 2001), to name but a few. Even today, this topic
is still one of the most interesting nonlinear problems in dynamical systems, and as the
development of stochastic analysis, periodic behaviours are often found to be subject to
random perturbation or under the influence of noises. However, understanding the com-
plexities of stochastic systems are far from clear even for stationary solutions. The concept
of stationary solutions is the stochastic counter part of fixed points to deterministic dy-
namical systems. A fixed point is the simplest equilibrium and large time limiting set of
a deterministic dynamical system. A periodic solution is a more complicated limiting set.
From periodic solutions, more complicated solutions can be built in. Since the theory of the
existence of the solution of the stochastic differential equations (SDEs) and stochastic par-

tial differential equations (SPDEs) become better understood (Prato and Zabczyk, 1992)



(Prévot and Rockner, 2007), we need to study more detailed question about the behaviour
of solutions of SDEs and SPDEs. Mathematicians have been very much interested in the
study of the existence of stationary solutions of SDEs and SPDESs, and invariant manifolds
near stationary solutions. For results about SPDEs, see Sinai (Sinai, 1991, 1996), Mat-
tingly (Mattingly, 1999), E, Khanin, Mazel and Sinai (E et al., 2000), Caraballo, Kloeden
and Schmalfuss (Caraballo et al., 2004), Liu and Zhao (Liu and Zhao, 2009), Zhang and
Zhao (Zhang and Zhao, 2007, 2010), Duan, Lu and Schmalfuss (Duan et al., 2003, 2004),
Mohammed, Zhang and Zhao (Mohammed et al., 2008), and Lian and Lu (Lian and Lu,
2010), though there are still many problems that need to be understood. In literature,
there were only a few works on the periodicity of stochastic systems. For linear stochastic
differential equations with periodic coefficients in the sense of distribution, see Chojnowska-
Michalik (Chojnowska-Michalik, 1988, 1990), and for one-dimensional random mappings,
see Kliinger (Kliinger, 2001). Now I would like to mention the work by Zhao and Zheng
(Zhao and Zheng, 2009), in which the definition of pathwise random periodic solutions for
C'-cocycles was firstly introduced and studied. However, for random dynamical systems,
it is very difficult, if not impossible, to define a useful Poincaré map and to find its fixed
point as the trajectory does not return to the same set with certainty. In 2011, Feng, Zhao
and Zhou (Feng et al., 2011) gave the definition of pathwise random periodic solutions for

semiflows as follows:

Consider a semi-flow u: A x H x Q — H, where H is a separable Banach space.

Definition 1.0.1 (Random Periodic Solutions for Semiflows). If there exist an F-measurable

map ¢ : R x Q — H and a costant T such that

{ el =ty Vo< (1.1)

o(s +1,w) = ¢(s,0;w), VseR
for any w € Q, where A := {(t,s)|t > s,t,s € R}, then ¢ is called a random periodic

solution of period T of the semi-flow u

They showed the existence of random periodic solutions to the semilinear 7-periodic SDEs

with additive noise, i.e.,

{ du(t) = Au(t) dt + F(t,u(t)) dt + Bo(t)dW (t),  t>s 12)

u(s) =z € RY,



where F', A and By satisfy certain conditions, with a new analytical method for coupled
infinite horizon forward-backward integral equations instead of the traditional geometric

method of establishing the Poincaré mapping.

Not long after, Feng and Zhao (Feng and Zhao, 2012) studied the existence of pathwise

random periodic solutions to semilinear T-periodic SPDEs with additive noise,

du(t,r) = Lu(t,z)dt + F(t,u(t,z))dt + S22, or(t)dp(x)dWE(t), ¢ > s,
u(s) = € L*(D), (1.3)
u(t)|op =0,

where L is the second order differential operator with Dirichlet boundary condition on D,

14 0 ou
Lu = 3 Z 87:1:3 (aij(x)axi> + c(z)u. (1.4)
2,7=1
In this thesis we consider the pathwise random periodic solutions to semiliar 7-periodic

SDEs and SPDEs with linear multiplicative noise.

The problem is much more difficult than one would initially expect. Firstly as one will
see, under the hyperbolicity assumption of A, the random periodic solution depends on
the whole path of the Brownian motion, so it is not a process adapted to the filtration
generated by the Brownian motion. In the case that the eigenvalues of A are all negative
or positive, however, the random periodic solution only depends on either the future path
or the past path of the Brownian motion. To overcome this difficulty, we use the random
evolution operator generated by the linear part of the stochastic differential equations and

stochastic variations of constant formula method.

The structure of the thesis is as follows: first, in Chapter 2, besides the fundamental
knowledge on random dynamic systems, the Multiplicative Ergodic Theorems and Malli-
avin calculus, I briefly summarise the standard relative compactness criteria and some
extension, say, relative compactness criteria in Wiener-Sobolev spaces, which includes re-
sults in L2([0,T] x Q x O) (Bally and Saussereau, 2004) and C([0,T], L*(Q x O)) (Feng
et al., 2011). Also a modified version of Schauder’s fixed point theorem is presented. They

are the essential tools throughout the entire work.

In Chapter 3, we discuss the existence of pathwise random periodic solutions to the fol-
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lowing semilinear 7-periodic SDEs with linear multiplicative noises in finite-dimensional

Euclidean space R?,

{ du(t) = Au(t)dt + F(t,u(t)) dt + % Byu(t) o dWF, t>s
k=1 (1.5)

u(s) = € € RY,
where {By, 1 < k < M} is in £(R?), and W(t), t € R, is an M-dimensional Brownian

motion under the filtered Wiener space (2, F, (F!)er, P). Assume A is hyperbolic, i.e., all

its eigenvalues have nonzero real part. Then R% can be decomposed into
RE=E- @ ET (1.6)
where
E~ = span{v : v is an eigenvector of an eigenvalue X\ of A with Re(\) < 0}
and
ET = span{v : v is an eigenvector of an eigenvalue \ of A with Re(\) > 0}.

Let P~ be the projection of R? to E~ along Et and P+ be the projection of R¢ to E* along
E~. Following the idea of Feng, Zhao and Zhou (Feng et al., 2011) and Feng and Zhao
(Feng and Zhao, 2012), the random periodic solution of SDE (1.5) should be a solution of

the infinite horizon stochastic integral equation

Y(t) = /t Tt_SP_F(s,Y(s))ds—/t+ooTt_SP+F(s7Y(s))ds

—0o0

+/t Tt_sP_BY(s)odW(s)—/JrooTt_sPJrBY(s)odW(s), (1.7)

—0
where T} := e4? is a hyperbolic linear flow induced by A. In H.Amann (Amann, 1990), the
deterministic version of the infinite horizon integral equations were shown to be periodic
solutions to affine ordinary differential equations. Note the first difficulty to solve (1.7) is
that Y depends on the past and future of the Brownian motion, therefore the stochastic
integral is not integral with adapted integrand. We have to deal with anticipating stochastic
integrals. However, essential difficulty to study (1.7) directly arises when we study the

Malliavin derivative of Y, from the anticipating stochastic integral.
Note that (1.7) can be rewritten as
t t
Y(t,w) = Ti—sY(s,w)+ / T, sF(5,Y(8))ds + / T;_sBY (8) odW(3) (1.8)
S S
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for any ¢t > s. This is in connection with the stochastic differential equations with antic-
ipating initial condition studied by Nualart (Nualart, 2000). Note here the anticipating
initial condition is not given but to be found in our problem, while it was assumed known

in Nualart’s work.

To overcome the difficulty to deal with (1.7) directly, we use the linear random evolution

operator ® : R x Q — £(R%) defined by

{ dd(t) = A®(t)dt + % B ®(t) o dWk(t)
k=1 (1.9)

®(0) = I € L(RY).
Assume 0 : R x Q — Q is defined as §,W; = Wy, — W,. Then the solution of equation
(1.5) is given by

u(t,s,§w) = P(t — s,0w)€ + /t O(t — 8,0:w)F(8,u(8,s, & w))ds. (1.10)

In the further development, the celebrated Osledets Theorem (c.f. Arnold (1998)) plays a

key role. Similar to (1.6), R? can also be decomposed as

RE=E,®Ej 1@ ®Em1® - F1, as.

and
Wi = tli)rgo % log |®(t,w)z|, for z € E; \ {0}. (1.11)
We can order {i;}i=1,...4 such that pg < pg—1 < -+ < iy < -+ < g, and assume
there exists m € {0,1,2,--- ,d} such that p,+1 < 0 < u,,. Here we use the convention
far1 = —oo if m = d, and pg = oo when m = 0. With this we have
R'=E-@ET, (1.12)

where E- =E;®---®Ejuy1, and EY = E,,®---® E;. Let P*:R? — E* the projection
along ET. Then

|® (¢, 0,w) P+ < C(Bsw)ez#™,  when t < 0,
(1.13)

1B (¢, 0,w) P~ || < C(Bsw)ezm+1t  when ¢ > 0.

Here C(-) is a random variable tempered from above.



The idea is to consider the following stochastic integral equations of infinite horizon

V(o) = / Bt — 5, 0u0) P~ (0s0) F (s, Y (5, w))ds

—0o0

_ / TSt 5. 0u0) P (Bu) F (5. Y (5.0))ds. (1.14)

Similar to (1.8), one can see that if we can solve equation (1.14), then Y satisfies the

following;:
t
Y(t,w) = ®(t — s,0,w)Y(s,w) +/ O(t — 8,0:w)F(8,Y(5,w))ds (1.15)
S
for any ¢ > s. Now we can compare the equation (1.15) and (1.10) and get
Y(t,w) =u(t,s,Y(s,w),w).

Here u(t, s, Y (s,w),w) is the solution of equation (1.10) with initial condition Y (s,w). But
equation (1.15) and equation (1.5) are equivalent, at least for deterministic initial condition
&. Then by Nualart’s substitution theorem, we can see that Y (t,w) = u(t, s, Y (s,w),w) is

the solution of (1.5) with anticipating initial condition Y (s,w).

The main challenge is to solve the infinite horizon integral equation (1.14). Though the
equation seems to be represented for each w, but it is not enough to solve this equation
for each w. Typically this equation does not guarantee uniqueness. We cannot glue the
solutions for each individual w’s together to make the solution measurable for w due to the

lack of the uniqueness.

We will develop a stochastic functional analysis method to solve this equation in the lifted

space
CPR, L*(Q,RY) := {f € C*R,L*(Q,RY)) : for any t € R, f(t+7,w) = f(t,0,w)},
where the norm of the metric space CA(R, L?(Q,R%)) is given as follows,

1f 1l == sup e M £ (2, )] 2o o -
teR

Due to the infinity of the time horizon, the Banach fixed point theorem becomes powerless
to this problem. We will use Schauder’s fixed point theorem to find a fixed point of an
appropriate map M : CAR,L?(Q,RY)) — CMR,L?(Q,R?)). This is a powerful fixed

point theorem which allows us to find a fixed point in a quite general situation. Note when
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we view a map M : f(0,w) — f(7,w), it is impossible to find a real fixed point in the
classical sense. But we lift the solution to a space of a random field C2(R, L?(Q,R%)),
and then we can study the fixed point of a map M in the classical sense which gives a
random periodic solution. The second difficulty that immediately arises is that the long
time behaviours of ®(t,0,w)PT and ®(t,0,w)P~ in the desired space L?(2,RY) and in
probability 1 given by the ergodic theorem are very different. Here we naturally use the
classical truncation technique to make truncated random functions ||®V(¢,8,w)P*| and
|®N (¢, 05w) P~ || bounded. The main step to use a truncation technique is to make N — oco.
Unfortunately we cannot prove the sequence of the solution YV of the truncated equation
is a Cauchy sequence. We suspect this may not be true. We observe in Chapter 3 that we
can define an increasing sequence of subsets Q7 C Q5 C --- with limit (J;~, 2} such that
P(Upe Q5) = 1 and every € is invariant w.r.t. 6., for any n € N. Moreover on Qf, the
solution of the truncated equation is the solution of the original equation. That means in
fact the truncated technique leads to local solutions in the probability space. With this
observation we can measurably glue local solutions together to a global solution which is
defined for almost all w € 2. The global solution is measurable w.r.t. F, and solves the

original equation for almost all w € €.

Note it is not clear whether or not the local solution actually converges to the global

solution.

In Chapter 4, we deal with pathwise random periodic solutions of 7-periodic semi-linear
stochastic partial differential equations with linear multiplicative noises in an infinite-

dimensional Hilbert space H, i.e.,

du(t,z) = Lu(t,z) dt + F(t,u(t,x)) dt + Bu(t,x) o dW (1), t>s
u(s) =1 € H, (1.16)
u(t)|oo = 0.

We have the same anticipating difficulty as for the case of SDEs. To overcome the difficulty,

we use the linear stochastic evolution operator ®(¢,0sw) introduced in Mohammed et al.

(2008) and consider the following random integral directly due to the restriction of the



substitution theorems available,

u(t, s, 0, w)(x) = ®(t — s, 0sw)(x) + fst Ot — 5,0:w)F(8,u(8,s,¢,w))(x)ds, t>s
{ u(s) = € H,

u(t)|po = 0.
® is given in terms of Wiener-1td6 chaos expansion of the semigroup generated from the
second order differential operator and the noise. With the help of the Wiener-Ité chaos
expansion, we obtain a number of useful properties of ®, especially a more explicit form
of ®, (4.14). From this, we obtain the explicit dichotomous decomposition of L?(0) and
Lyapunov exponents in the multiplicative ergodic theorem. The explicit form of the tem-
pered random variable plays a key role in the analysis to use the Schauder’s fixed point

theorem, Wiener-Sobolev embedding theorem and localization to find a fixed point in the

space CMR,L2(Q x 0)) = {f e C(R, L*(QA x O)) : f(t +T,w) = f(t,0,w)}.



Chapter 2

Preliminaries

2.1 Random Dynamical Systems

In this section, basic concepts and classical results in random dynamical systems are re-
called for later use, and most contents are based on Arnold (1998). From now on, T stands

for the following (semi)groups:

e groups:
- T=7:={0,£1,42,...}: two-sided discrete time,
— T = R: two-sided continuous time,

e semigroups:

- T=27":=1{0,1,2,...} (sometimes T =7 := —Z" or T =N :={1,2,...} ):
one-sided discrete time,

— T =R" (sometimes T = R™ := —R™): one-sided continuous time.

T is always endowed with its Borel o-algebra B(T).

Definition 2.1.1 (Homomorphism, Isomorphism, Endomorphism). Let 6 be a measur-
able mapping of (1, F1,P1) to (2, F2). The measure 0Py on Fo defined by 6P (A) :=
P1(0~1A), A € Fa, is the image of Py with respect to 6.



2.1. RANDOM DYNAMICAL SYSTEMS

A measurable mapping 0 of (1, F1,P1) to (Qa, Fa,Py) with 0P = Py is called homomor-
phism of the corresponding probability spaces. It’s called isomorphism if, in addition,
it’s measurably invertible. A homomorphism of (2, F,P) to itself, i.e. 6P =P, is called an

endomorphism, and P is said to be invariant with respect to 6.

Definition 2.1.2 (Measurable Dynamical System). A family (6(t))ier of mappings of
(Q, F) into itself is called a measurable dynamical system with T if it meets the fol-

lowing conditions:

1. (w,t) = 0(t)w is F @ B(T), F-measurable,
2. If 0€ T, 6(0) = idg=identity on <,
3. (Semi)flow property: 0(s +t) = 0(s) o O(t) for all s,t € T.

Remark 2.1.3. 1. If T is a group, 0 will be included. Then we can apply the flow
property by putting t = —s with condition 2, which yields idg = 6(0) = (s — s) =
0(s) 0 O(—s) for all s € T. On the other side, idg = 0(—s) 0 §(s) for all s € T due to
the symmetry of flow property with respect to s and t. Therefore 0(s) are measurably

invertible with 0(s)~1 = 0(—s).

2. A measurable DS (6(t))ier on a probability space (Q, F,P) for which each 0(t) is
an endomorphism is called a measure preserving or metric DS and denoted by

(Q,F,P,(0(t))tet), or 6(-) or @ for short.

Definition 2.1.4 (Random Dynamical System). A measurable random dynamical
system on the measurable space (X, B) over a metric dynamical system (Q, F, P, (0(t))eT)

with time T is a mapping
e:TxQAxX =X, (twx)— o(t,w,x),

with the following properties:

1. Measurability: ¢ is B(T) ® F ® B, B-measurable.

2. Cocycle property: The mappings p(t,w) = p(t,w,-): X — X form a cocycle over
0(-), i.e. they satisfy

0(0,w) =1idx forall weQ if 0€T,

10



2.1. RANDOM DYNAMICAL SYSTEMS

o(t+ s,w) = @(t,0(s)w) o p(s,w) forall s,teT, we.

Definition 2.1.5 (Continuous RDS). A continuous or topological RDS on the topo-
logical space X over the metric DS (Q, F,P,(0(t))ier) is a measurable RDS which also

satisfies the following property: For each w € ) the mapping
o(hw, ) Tx X =X, (t,2)— ¢(t,w,z),
18 continuous.

Definition 2.1.6 (Linear RDS). A continuous RDS on a finite-dimensional vector space
is called a linear RDS, if p(t,w) € L(X) for eacht € T, w € Q, where L(X) is the space

of linear operators of X.

Theorem 2.1.7. Suppose T is a group.

1. Let ¢ be a measurable RDS on a measurable space (X,B) over 6. Then for all
(t,w) € T x Q, ¢(t,w) is a bimeasurable bijection of (X, B) and

o(t,w) ™ = p(—t,0(t)w) for all (t,w)e T x Q, (3.3)
or, equivalently,

o(—t,w) = p(t,0) 'w)™' forall (t,w) €T x Q. (3.4)

1

Moreover, the mapping (t,w,z) — @(t,w) " x is measurable.

2. Let ¢ be a continuous RDS on a topological space X. Then for all (t,w) € T x  we
have p(t,w) € Homeo(X ). If

(a) T =127, or
(b) T=R and X is a topological manifold, or

(¢c) T=R and X is a compact Hausdorff space

then (t,x) — p(t,w) 1z is continuous for all w € Q.

Now it is natural to discuss the filtration for two-sided continuous time. We recall some

work of Crauel (1991, 1993).

11



2.1. RANDOM DYNAMICAL SYSTEMS

Definition 2.1.8 (Past, Future of an RDS). Let ¢ be a measurable RDS on a standard
space (X, B) with two-sided time. We call a sub-o-algebra F~ C F a past of ¢ if it satisfies

for allt >0,

1. o(—t,-) is F~-measurable,

2. 0(—t) 1 F- C F-.

The past F~ is called exhaustive if F, = o{0(t)"1\F~ :t > 0} = F.

Analogously, F* C F is called future of o if it satisfies for all t > 0

1. @(t,-) is FT-measurable,

2. 0(t)~1F+ c FT.

The future F* is called exhaustive if F©__ = o{0(—t)"'F* :t >0} = F.

Remark 2.1.9. The smallest possible (but in general not exhaustive) choice for F* is of

course the past

F=o{e(-t,)x:t>0,z € X}

and the future
Ft=o{pt,)r:t>0,z€ X}

generated by .

Definition 2.1.10 (Two-Parameter Filtration). Assume F:, s,t € R, s < t, is a two-

parameter family of sub-c-algebra of F with the following properties:

1. FEC FY foru<s<t<uw,
2. ]:?_ ::ﬂv>tf§:f§: ff— i:ﬂu<s}-ﬁ=]:§f07"5§t7

3. Ft contains all P-null sets of F for every s < t.

S

Then Ft

s

s < t, is called a (two-parameter) filtration on (0, F,P). And we define

Flo=\/F, Fr=\/F.

s<t t>s

12



2.1. RANDOM DYNAMICAL SYSTEMS

Next we will introduce a concept, which can be considered as one of the characteristic

features of RDS.

Definition 2.1.11 (Tempered Random Variables). 1. A random variable C' :  — (0, 00)
is called tempered with respect to DS 0 if for the associated stationary stochastic pro-

cess t — C(0(t)-) the invariant set for which

1 _
hin : logC(O(t)w) =0

t—+oo

(t — —oo applies only to two-sided time) has full P-measure.
2. C:Q —[0,00) is called tempered from above if

1
lim —log" C(0(t)w) =0 P —a.s.,

t—+oo |t|
while C : Q — (0,00] is called tempered from below if % s tempered from above,
equivalently, if, with log™ x := max(0, — log x),

1
lim —

AT log" C(O(t)w) =0 P—a.s.

3. A random variable V : Q — R% is called tempered (from above or below) with respect
to DS 6 if the stationary stochastic process t — |V (6(t)-)| is tempered (from above or

below), where | - | is the standard Euclidean norm.

Proposition 2.1.12 (Dichotomy for Linear Growth of Stationary Process). Let (2, F, P, (6(%))teT)
be a metric DS and let C : 2 — R be measurable. Then
. 1 . 1
limsup ~C'(6(t)w) = limsup —C(0(t)w) € {0,00} P — a.s.
t—s00 t——00 |7f|
and

lim inf 1C(Q(t)(,u) = lim inf iC’(Q(?ﬁ)w) € {—00,0} P—a.s.

t—oo t t——00 ’t|

e For discrete time
+ 1 : 1 n
CT e L = limsup —C(0"w) =0 P—a.s.
n—+oo ’n‘
and
1
C~ e L' = limsup —C(0"w) =0 P —a.s.

n—4oo ’n‘

13



2.2, THE MULTIPLICATIVE ERGODIC THEOREM

e For continuous time

1
sup CT(A(t)-) € L' = limsup —C(A(t)w) =0 P — a.s.
0<t<1 t—oo |t]

and

1
sup C~(A(t):) € L' = liminf —C(A(t)w) =0 P — a.s,

0<t<1 t—+o00 ’t’

where the P — a.s. statements hold on an invariant set of full P—measure.

Moreover, if 0 is ergodic the above limsup’s and liminf’s are constant on an invariant set

of full P—measure.

Remark 2.1.13. (Caraballo et al., 2010) We note in the case of ergodicity, a random
variable is either tempered from above or alternatively there exists a {0;}ier-invariant set

Q of full measure such that

log™ C(0(t)w) A

lim sup =00, wef

t—*+oo |t|

Thus a random variable is tempered from above if and only if there exists a positive constant

A and a positive variable Cp(w) such that

COtw) < Cp(w)eM, vVieT P—a.s. (2.1)

2.2 The Multiplicative Ergodic Theorem

This section is mainly devoted to the presentation of multiplicative ergodic theorems (c.f.

Arnold (1998)), including both finite and infinite dimensional cases.

Definition 2.2.1 (Lyapunov Index of a Function). Let T = R* or Z* or N, and f: T —
R?, and name

A(f) = limsupilog |f(t)] € RU{—00, 00}
t—o0

the Lyapunov index of f. Then

1. Mc) =0 if ¢ # 0 is constant,
2. Maf) = A(f) for all « € R\ {0},

14



2.2.1 MET for Euclidean spaces

3. Mf +g) <max{A(f),\(g)} with equality if \(f) = X(g).

4. If T=R" and f is locally integrable, then

([ r0s) <) i o

A ( A f(s)ds) SAf) if Af) <0,

If f is measurable and locally bounded and g is locally integrable, then
t t
A [ stonas) <aim+a([ lotoias)
if A(f) = 0.

Similarly for T = Z* or N with integrals replaced by sums.

A((f:9)) < M) + Mg),
A(fI%) =aX(f)  for a€R.
Definition 2.2.2 (Lyapunov Exponents). The forward Lyapunov exponent of the so-

lution ®(t)x of a non-autonomous linear differential equation &y = A(t)z: starting at time

t =0 at the state x € RY is defined to be the Lyapunov index of ®(t),

1
AT (z) = M(z) := limsup : log |®(t)x|,

t—o00

and for two-sided time, the backward Lyapunov exponent of ®(t)x is defined as the
Lyapunov index of ®(—t)z,

1 1
A7 (z) =: limsup n log |®(—t)x| = limsup — log |®(¢)x|.

t—00 ts—oco |t

2.2.1 MET for Euclidean spaces

Theorem 2.2.3 (MET for One-Sided Time). Let ® be a linear cocycle with one-sided time
over the metric DS (Q, F,P,(0(t))ier). Then the following statements hold:

(A) Non-invertible case T = N: If the generator A = ®(1,-) : Q — R4 satisfies
10g+ HA()H S Ll(Qw/_..: ]P))7

15



2.2.1 MET for Euclidean spaces

where || - || is the norm on L(R?), then there exists a forward invariant set Q € F of

full measure such that for each w € )

1. The limit lim,, o0 (®(n, w)*®(n, w))/?" =: U(w) > 0 ezists.

2. Let M@ W) < ... < MW pe different eigenvalues of W (w) (possibly Ay (w) =
—00) and let Up(w) (W), s Uri(w) e the corresponding eigenspaces with multi-
plicities d;(w) := dim U;(w). Then

p(fw) = p(w),
MBW) = M) Ve (Lo pw),
di(0w) = di(w)  Vie{l,-- pw)}.
3. Put Vyy)+1(w) := {0} and fori=1,---  p(w)
Vl(w) = Up(w)(w) ©---D Ui(w)7
so that
Vi) (w) C - CVi(w) C -+ C Vi(w) =R?
defines a filtration of R%. Then for each x € R\ {0} the Lyapunov exponent

log |®
Mw, z) := li_}rn —Og| (n, w)z]
n—00 n

exists as a limit and
AMw,z) = \i(w) <= z € Vi(w) \ Vig1(w),

equivalently

Vi(w) = {z € RY . AMw, z) < Ai(w)}-

4. For all z € R\ {0}
AMOw, A(w)x) = AMw, x),

whence

Aw)Vi(w) C Vi(fw) Viefl,- pw)}.

5. If (Q, F, P, (0™)nen) is ergodic, then the function p(-) is constant on Q, and the

functions \i(-) and d;(-) are constant on {w € Q:p(w) >i}, i=1,---,d.

16



2.2.1 MET for Euclidean spaces

(B) Invertible case T =N: If A: Q — Gl(d,R) and
log™ ||4] € L'(, F,P)

and

log™ ||[A7Y]| € LY(Q, F,P),

then the set Q of full measure on which (A) holds (and on which in the ergodic case
p(+), Ai(+),di() are constant) can be chosen to be invariant. Further, A, (w) > —o0
on Q, and

A(W)Vi(w) = Vi(bw) Vie{l,--- p(w)}.

(C) Invertible case T = R*: Let ®(t,w) € GI(d,R). Assume ot € L' and o~ € L',
where

W)t = sup log* [|@(tw)=!|.
0<t<1

Then all statements of part (B) hold with n, 6 and A(w) replaced with t, 6(t) and

®(t,w), and the set QO € F of full measure is now invariant with respect to (0(t));cp+-

(D) Measurability: The function w — p(w) € {1,---,d} (measurably extended from Q
to Q) is measurable. The functions w — \j(w) € RU{—00}, w — d;(w) € {1,--- ,d},
w = Ui(w) € UZ:1 Gr(d) and w — Vi(w) € Ui:l Gr(d), Gi(d) the Grassmann
manifold of k-dimensional subspaces of R (measurably extended to {w : p(w) > i} €

F) are measurable.

Theorem 2.2.4 (MET for Two-Sided Time). Let ® be a linear cocycle with two-sided
time over the metric DS (Q, F,P, (0(t))ier). Then for the continuous time T = R, with the

assumption that at € L' and o= € L', where

a(w)® = sup log* [|®(t,w)*,
0<t<1

there exists an invariant set ) of full measure on which the statements of the MET for
T = R* hold. Moreover, for each w € Q there exists an Oseledets splitting

R? = El(w) D---D Ep(w)(w)
of R into random subspaces F;(w) with dimension dim E;(w) = d;(w) with the following
properties: Fori € {1,--- p(w)},
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2.2.2 MET for infinite dimensional spaces

1. If Pi(w) : R — E;(w) denotes the projection onto E;(w) along Fi(w) := ®;4E;(w),
then
O(t,w)Pi(w) = P;(Ow)P(t,w),

or equivalently

O(t,w)Ei(w) = Ei(fw),
where 0, is short for O(t).

2. We have
- log |O(t, w)x|
tilimoo — 5 = Ai(w) <=z € E;(w) \ {0},
3. The above convergence is uniform with respect to x € E;(w) N S for each fized w,
where

Sl = {zr eR?: |z]2 =1} c RY

2.2.2 MET for infinite dimensional spaces

Theorem 2.2.5 (Ruelle’s One-Sided MET). (Ruelle, 1982) Let ® : R x Q — L(H) be
strongly measurable, such that (®,0) is an L(H)-valued cocycle, with each ®(t,w) compact.
Suppose that

E sup log™ [|®(t, )Ly + E sup log™ |®(1 —¢,0:-)|| 1) < o0
0<t<1 0<t<1

Then there is a sure event Qo € F such that 0;Q C Qg for allt € RT, and for each w € Qy,
the limit
Alw) := lim (D (¢, w)*®(t,w))/?

t—o0
exists in the uniform operator norm. Fach linear operator A(w) is compact, non-negative

and self-adjoint with a discrete spectrum
eM>eM s M s

where the \;’s are distinct and non-random. Each eigenvalue e’ > 0 has a fized finite
non-random multiplicity m;, and a corresponding eigenspace E;(w), with m; = dimE;(w).

Set i = oo when \; = —o0. Define
Vi(w) = H, Vi(w):= @21 Ej(w)]*, i > 1, Vi = ker Aw).
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2.3. MALLIAVIN CALCULUS AND MALLIAVIN DERIVATIVES

Then
Voo Co-Coo- CVigi(w) CVi(w) -+ € Vo(w) € Vi(w) = H,
1 )\i; if ve ‘/Z w V; w),
lim log|®(t,w)x|:{ d W)\ Vi ()
tmoot —0Q, Zf HAS VOO(W),
and

O(t,w)(Vi(w)) € Vi(biw)

forallt>0,:i>1.

2.3 Malliavin Calculus and Malliavin Derivatives

This section mainly focuses on the principle concepts and conclusions arising from the
study of the Malliavin calculus and Malliavin derivatives (c.f. Nualart (2000), Nualart
(2009) and Oksendal (1997)).

Denote T = [0,77]. Let (2, F,P) be a probability space and (T, B) a Lebesgue measurable
space. Consider a one-dimensional Wiener process W (t) = W (t,w), t € T, w € Q, defined
on on (92, F,P) such that W(0,w) = 0 P-a.s. And let F; be a o-algebra generated by
W(s,-), 0 <s <t. From now on, W; is short for W (t) or W (t,w).

Denote
Inn(f) = - ft1, .o tm)dWy, .. dWy,,
where f(t1,...,tn) is a symmetric function in L?(T™). We just summarize one result as
follows:
Bl (@)= { i, 22)
m! < f,g >r2¢pmy, if n=m.

Theorem 2.3.1 (Wiener-1t6 Chaos Decomposition). (c.f. Oksendal (1997)) Let F be an
Fr-measurable random variable in L*(Q), then there exists a unique sequence {f,}°% of

deterministic symmetric function f,, € L*(T™) such that

o0

m=0
where Io(fo) = E(F). Moreover, we have the isometry

o

1F e = S mlllfunlle . (2.4)

m=0
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2.3. MALLIAVIN CALCULUS AND MALLIAVIN DERIVATIVES

Next I would like to introduce the Skorohod stochastic integral of the random process

u(t,w).

Definition 2.3.2. Suppose that u(t,w) is a stochastic process such that u(t,-) is Frp-

measurable and square-integrable for all t € T, and with Wiener-1té chaos expansion

w) = Z In(fn(-51))-
n=0

Then the Skorohod integral is defined as
6(u) == /‘ (t,w)6W; == }:hﬂ_ (2.5)
T

where f,, is the symmetrization of fu(ti, -+ ,tn,t) as a function of n+1 variablesty, - - tp,t.
We say u is Skorohod-integrable and write w € Dom(6) if the series in (2.5) converges

in L?(€2).

Remark 2.3.3. 1. Note that in Definition 2.3.2, u(t,w) is not necessary to be adapted
to the filtration {Fi}ier. Thus we are able to define the integral w.r.t an anticipating

integrand.
2. The It integral is a particular case of the Skorohod integral, with adapted integrand
(c.f. Nualart (2000)).
Another anticipating integral is of Stratonovich type and defined as follows:

Definition 2.3.4. A measurable process u(t,w) such that [ |u|dt < oo a.s. is Stratonovich

integrable if the familiy S™

Sﬂ— = / uthrdt7
T

where )
n—
Wy — We
Wr =Y Xt
t - tir — X(tz,tzﬂ}( );

converges in probability as |w| — 0 and in this case the limit will be denoted by fT ug o dWy.

Let S denote the class of smooth and cylindrical random variables of the form

F = f(W(h), -, W(hyn)),
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2.3. MALLIAVIN CALCULUS AND MALLIAVIN DERIVATIVES

where f € C°(R"), i.e., f and all its partial derivatives have polynomial growth order,
and hy,--- ,hy, € L*(T), and n > 1.

The derivative of F' is the L?(T)-valued random variable given by

D =3 5 W) W)

Then denote by D!? the domain of D in L?(f2), i.e. D12 is the closure of S with respect
to the norm

|F|[F 2 = EIF[® + E|D.F|[f2(p)-

Also we are able to define D'P as the closure of S with respect to the norm

1

1Fl1p = (EIFP + EDFI, )

Theorem 2.3.5. (c.f. Oksendal (1997)) Let F =% Iy (fm) € L*(Q), then F € D2
if and only if

o
S | 22y < o0,

m=0

and if this is the case we have

D,F = mlp-i1(fm(-7))-
m=0

Now suppose that (€, F,P) is the canonical probability space associated with a M-dimensional
Brownian motion {Wl,’J ,t € T,1 <j < M}, then the derivative DF of a random variable
F € DY? will be a M-dimensional process denoted by {DiF,r e T,1 <j < M}. For
example

DIW} = Ok,j X0, (T)-

Consider the M-dimensional stochastic differential equation:
d_ pt ' t
X, =20+ Z/ Aj(X)dW! +/ B(X,)ds, (2.6)

where A;, B : RM — RM 1 < j < d are measurable functions.

Proposition 2.3.6 (Differentiability of the solution). (c.f. Nualart (2009)) Suppose that

the coefficients A;, B are continuously differentiable and satisfy

max{|4;(z) — 4;(y)],|B(z) — B)l} < K|z —yl, Va,y e RY.
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2.3. MALLIAVIN CALCULUS AND MALLIAVIN DERIVATIVES

Then for all t € T and for all i = 1,--- , M the random variable X} belongs to the space
DL .= N,59DP and the derivative DZX? satisfies the following linear stochastic differ-

ential equation for r <t

M d t
DIX, = +ZZ/ OnA(x5)DIXFAW! +Z O B(X,)D] X} ds.
k=1 1=1 k=177

Finally all the Malliavin calculus results involved above can be naturally extended to
infinite time interval, which are mainly based on the following extended Wiener-It6 chaos

decomposition.

Theorem 2.3.7 (Wiener-I1t6 Chaos Decomposition). (c.f. Oksendal (1997)) Let F be an
F-measurable random variable in L*(Q), then there exists a unique sequence {fn}%, of

deterministic symmetric function fn,, € L?>(R™) such that

- Z Im(fm)’ (27)

m=0
where Iy(fo) = E(F) and
I(fm) = - (b1, .o b)) dWy, . AW,
and fu(t1,...,tm) is a symmetric element in L?(R™).
Moreover, we have the isometry
1By = S mlllflaggmy (2.8)
m=0

and if F € DY then we have

D,F =Y mIp 1(fm(-,7)).

m=0

Lemma 2.3.8. Suppose that F(-) € D2, then for all h € R, F(6;-) € DY2, and
IEOn) 12 = 1FC)l12,

where Oy, : Q — Q for all h € R is a measure preserving measurable DS on (Q, F,P).

Proof. First of all, by the measure-preserving property, it is easy to get
E|F(6),)* = E|F ().
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2.3. MALLIAVIN CALCULUS AND MALLIAVIN DERIVATIVES

Since F(-) € D2, then according to Theorem 2.3.7, it can be written into Wiener-It6 chaos

decomposition as follows,

Z/ /fk’ tlv th1 thk’

and

F(Qhw) = Z/ /fk t1,---,t (ehth) d(ehWtk)

= Z/R'”/Rfk(tl_hv'”7tk_h)th1"'thk'
k=0

Thus again by Theorem 2.3.7, we have

= Z/]\Q ‘ /Rfk(tla Tt 7tk—177‘)th1 o 'thk—U
k=1

and

F(ahw):Z/R-../Rfk(tl—h,m Jteo1 — hyr — h)dWy, - dWy, .
k=0

Therefore

IE/ | D, F(6y-)||*dr
R

k— 1)!/ I fe(tr =Ry steoy = hyr = h) || Fa ey dr
R

oo

= Z(k:—l)!/---/|fk(t1—h,--- to—1 — h,r — h)|?dty - - - dtp_1dr
k=0 R R

= Z —1 / ‘fk tl, tk 1,7 )‘ dtl dtk 1Cl7“

_ /||DF JI[2dr-

And it is not hard to extend Lemma 2.3.8 to the following result.

Lemma 2.3.9. Suppose that F is an F-measurable random variable in L?>(Q x O) with

o
F =Y | fult.. t;z)dW,...dW,,
m=0"R"™
where fm(t1, ..., tm, ) is a symmetric element in L>(R™) for x fized, and moreover let

F(-,z) € D'2, then for all h € R, F(6-,z) € D“2, and

/||F (On-s2) umdx—/ |F(- )3 pde

Proof. Similar to Lemma 2.3.8. O
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2.4. RELATIVE COMPACTNESS CRITERIA IN WIENER-SOBOLEV
SPACES

2.4 Relative Compactness Criteria in Wiener-Sobolev Spaces

Relative Compactness criteria always play an important role when we are dealing with
a fixed point problem, and among the criteria the Arzela-Ascoli lemma is the simplest
and mostly widely used one. In this section, a review of some more advanced relative

compactness criteria is given, which are be based on the Arzela-Ascoli lemma as well.

Definition 2.4.1 (Relatively Compact Subspace(or Subset)). Let V' be a metric space. A
subset S C V is called a relative compact subset of V if the closure of S is compact, or

in another word, if for any sequence in S, there exist a subsequence that converges.

Theorem 2.4.2 (Arzela-Ascoli Lemma). Consider a sequence {fn}nen € C([a,b],R). If

this sequence satisfies the following conditions:

1. There is an M € R such that

sup sup |fn(x)] < M,
n  z€la,b]

2. For any € > 0, there exists a § > 0 such that

sup | fn(z) — fu(y)| < € whenever |z —y| < 0.
n
Then there exists a subsequence {f,, } that converges uniformly.

Here follows another classical relative compactness criteria in L?([a, b]) space.

Theorem 2.4.3 (Riesz’s Relative Compactness Criteria). Consider a sequence { fn }nen €

L?([a,b]). Then {f,}nen is relatively compact if for any fn:

1. There is an M € R such that
sup ||fn‘|%2([a,b}) < M,
n

2. For any h € R,

sup ||7'hfn - fn||L2([a,b]) — 0 as h — 0,
where T fn := fu(t + D) (set fn(t) =0, if t & [a,b]).
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2.4.1 Relative Compactness Criteria in L*(T x Q x O)

Finally I will present two more general versions, one is the generalization of Arzela-Ascoli
Theorem (Kelley, 1991) and another one considers the case when the domain of L? is not

necessarily bounded (c.f. R. A. Adams (2003)).

Theorem 2.4.4 (Generalized Arzela-Ascoli Lemma). Let X be a compact Hausdorff space
and 'Y a metric space. Then a subset S is relatively compact in C(X,Y) if and only if it
s equicontinuous and pointwise relatively compact, by which we mean for each x € X, the

set Sy = {f(z), f € S} is relatively compact in'Y.

Then consider a function defined a.e. on D C R™, let f denote the zero extension of f
outside D:
7 { f(x), ifzxeD,
0, if z € R™\ D.
Theorem 2.4.5 (Generalized Riesz’s Relative Compactness Criteria). Let 1 < p < co. A
bounded subset S C LP(D) is relatively compact in LP(D) if and only if for any € > 0,
there exists a number § > 0 and a subset G € D such that for every f € S and h € R™

with |h| < & both of the following inequalities hold:
/ Fla+h) - fa)Pde < &, (2.9)
D

/ _|f(@)Pde < €. (2.10)
D\G

2.4.1 Relative Compactness Criteria in L*(T x Q x O)

The compactness criterion as a pure random variable version without including time and
space variables was firstly investigated by Da Prato, Malliavin and Nualart (Da Prato
et al., 1992) and Peszat (Peszat, 1993). In 2004, V. Bally and B. Saussereau transformed
the relative compactness criteria in Wiener-Sobolev spaces to classic Hilbert spaces L?(T™)
via both Wiener chaos expansion and spectrum decomposition in Hilbert space (Bally and
Saussereau, 2004). The Wiener-Sobolev compact embedding provides a powerful method
to study the convergence of a sequence of random fields. This is a new direction of Malliavin
calculus. The traditional application of Malliavin calculus was in regularity of densities

and was studied intensively in the literature.
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2.4.1 Relative Compactness Criteria in L*(T x Q x O)

In this part, I mainly summarized Bally-Saussereau’s work. Denote by O a bounded domain

in R4,

Theorem 2.4.6. Consider a sequence (vy)nen of L*(T x Q; HY(O)), where the Hilbert
space HY(O) denotes the completion of {v € CY(O),|jv

12,0 < oo} with respect to the

following norm:

Wlizo:={ > D20 |
0<al<1

and suppose that
1. sup,ey E [ |loa(t, -,w)Hip(O)dt = (] < 0.

2. For all p € C(0) and t € T, vf;(t,-) belongs to D2, where

vrf(t,w):/Ogo(:v)vn(t,x,w)dx,

and

sup E/ e (t,-)||2 odt = Co < 0.
neN Jr ’

3. For all ¢ € C°(0), m € N, the sequence (f}',)nen is relatively compact in L*(T x
T™), where the kernels of the Wiener-Ité chaos expansion decomposition of vy, Inips

for any n € N, are given as

fgftp(t’tlv ctm) = / o) fn (t z,t1, - tm)da,
@]
where
oo
vn(tz,w) = Ln(f7(t 2, ) ().
m=0

Then {vn, n € N} is relatively compact in L*(T x 2 x O).
Hypothesis 3 of the criteria above can be developed in the following version of Theorem

2.4.6, which mainly stemmed from the classical criteria Theorem 2.4.3 and Mallavin deriva-

tives.

Theorem 2.4.7. Consider a sequence (vy)nen of L?(T x Q; HY(O)) and suppose that
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2.4.2 Relative Compactness Criteria in C(T, L?(Q2 x 0))

1. sup,en E [ [|vn(t, -,w)H%{l(O)dt = (1 < o0.

2. For all p € C*(0) and t € T, vf;(t,-) € D2 and
sup IE/ Hvﬁ(t,-)”%th = () < 0.
neN T

3. For all ¢ € C°(0), the sequence (Evy )nen satisfies
(3i) For any 0 < a < < T, and h € R such that |h| < min{«a, T — B}, it holds

B
sup/ |Evf (t + h) — Evf (t)|?dt < C|h|.
neNJa

(3ii) For any € > 0, there exists 0 < o < < T such that

sup/ IEv? (t)|%dt < e.
neNJT\(«,8)

4. For all ¢ € C°(O) the following conditions are satisfied:
(4i) For any 0 < a < B <T ,0 <& < B < T and h,h € R such that |h| V || <
min{&, a, T — B,T — B}, it holds

B B . .
supIE/ / |Dyipvl(t+ h) — ngﬁ(t)|2d9dt < C(|h| + |h]).
neN o &

(4ii) For any € > 0, there exists 0 < a < < T and 0 < & < B < T such that

Sup E / [ Douf(1)|2dbdt < e.
neN  JT2\(a,8)x(&,B)

Then {v,, n € N} is relatively compact in L*(T x Q x O).

2.4.2 Relative Compactness Criteria in C(T, L*(Q x O))

It’s easy to check the following refined versions of relative compactness of Wiener-Sobolev
space in Bally and Saussereau (2004) also hold. Feng, Zhao and Zhou (Feng et al., 2011)
used the compactness of a sequence of stochastic processes in C(T, L?(£2)) to study periodic

solution of stochastic differential equations.
Theorem 2.4.8. (Relative Compactness in C(T, L%(Q))). Consider a sequence (vy)nen
of C(T,L?(Q)). Suppose that:

1. vp(t,-) € D and sup, ey super ||vn(t, )| < oo
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2.4.2 Relative Compactness Criteria in C(T, L?(Q2 x 0))

2. There exists a constant C' > 0 such that for any t,s € T,

sup E|v, (t) — va(s)2 < C|t — s].

3. (3i) There exists a constant C > 0 such that for any h € R, and any t € T,

sup/ E| D,y nvn(t) — Dpvn(t)[2dr < C|hl.
R

n

(8ii) For any € > 0, there exists —0o < a < 8 < +00 such that

sup sup/ E| Dy, () dr < e.
n t€T JR\[a,f]

Then {v,, n € N} is relatively compact in C(T, L?(52)).
Proof. According to the Generalized Arzela—Ascoli Lemma 2.4.4, it is sufficient to check
with the uniform equicontinuity and pointwise relative compactness.
1. Obviously hypothesis (2) contributes to the uniform equicontinuity in L?(£2)-norm.
2. Next define for each t € T,
Uy :={v,(t,-), n € N}.

I claim that Uy is relatively compact in L?(£2). To achieve this, develop v, in Wiener-

1t6 chaos expansions by Theorem 2.3.7,
alt,w) = Y In(f7 (1) (@), (2.11)
m=0

where f™(-,t) are symmetric elements of L?(R™) for each m > 0 and each t € T.
By Theorem 2.4.6, the relative compactness of {v,}nen is reduced to the relative
compactness of {f"},en for each finite m € N.

When m = 0, fO(t) = Ev,(t), and for any t;,t, € T, hypotheses (1) and (2) implies

the uniform boundedness of f?,

sup sup ]f,g(t)| < supsup E|v,(t)]? < sup sup||vp (-, t)]]1,2 < oo.
n tcT n teT neN teT
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Besides, applying with Jensen’s inequality gives the uniform equicontinuity of f2,

S |fu(t) = fult2)| = supy [Bon(t) = on(t2))] - < supElon(tr) = von(t)
< sup VE|va(t1) — va(t2)]2

< /Clty — to].

So {91, is relatively compact in C(T) according to the classical Arzela-Ascoli

lemma 2.4.2.

Using a similar argument as in the proof of Theorem 2.4.7 for each m > 1 with the
general relative compactness criterion 2.4.5, we claim that {f"(-,t) }nen is relatively
compact in L?(R™) for each fixed ¢.

To see this, let h = (hq,..., hy,) € R™. It holds

I fat = £ 172 @my

= / (4 Byt 4 ) — F (- ) [2dty - dE

m
< CZ/ |fn (@t s timnsts + hiytivn + higa, o St + han)
i=1 Y R™
— Ity bty by tien + hirty oot B2 dty - dty

= CZA\\fﬁ(t,...,ti+hi,...)—f,’;“(t,...,ti,...)uiz(Rm1)dti
=1

C % m m
= szMm_l(fﬂ (ty - oti+ gy ) = [Tt b, )|Pdts
=1

C & 2
< }E‘ I, mt’...’ti hi,-++) — mt,---,ti,--- ‘dti
< i 2o B D (et 2 )

C 2
< = E‘Dthvn(t)—Drvn(t)) dr

m: Jr
< Clhl,

here C is a constant only depending on m.

Moreover, for any € > 0, there exists [a, ] C R such that

/ E|D,v,(t)2dr < e.
R\[o,8]

Let G C R™ be such that [«, 5] C G1, where G} is the interval generated by taking
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2.4.2 Relative Compactness Criteria in C(T, L?(Q2 x 0))

the intersection of G and span{(1,0,---,0)}. Then we have

/ (bt ot 2ty - dty
R™\G

< C _ ”fran(tartha'”7tm)”%2(]Rm—1)d7'
R\G:

C/ 2
< = IE‘ 1 (F7 (¢, 7, )| dr
il Ja, mZ (i (t.r,0))
< < E|D,v, (t)>dr

m! R\Gl
< Ce.

By now it has been showed that {f7(t,-),n € N} is relatively compact in L?(R™)
for each finite m and fixed t € T, which is equivalent to {v,, n € N} being pointwise

relatively compact in L?(2).

Besides, by (2.11) and hypothesis (2) we can show that {f"(-, )} hen is equicontinous

in L2(R™) for each m:

sup [ £7° (1) = £ (5 9) lrz@my < sup > ml|[ £ (o) = £ (- 9) | p2gmy
= supE|v,(t,-) —vn(s,-)|2
< Clt—s|.

Now applying with generalized Arzela—Ascoli Lemma 2.4.4, we conclude that {v, }72; is

relatively compact in C(T, L?(12)). O

Theorem 2.4.9. (Relative Compactness in C(T,L?(Q2 x 0))). Let O be a bounded
domain in R%. Consider a sequence (v,)nen of C(T,L3(Q x O)). Suppose that:

1. Sup,cy Supser Ellvn(t, ‘)H%{l(o) < 00.
2. SUppen SUPseT fo |[vn(t, ')H%,de < 0.

3. There exists a constant C' > 0 such that for any t,s € T,

Sup/ Elvn(t, ) — vn(s,z)2dx < Ot — s|.
(@)

n
4. (41) There exists a constant C' such that for any h € R, and any t € T,
sup/ / E|Dorpvn(t, x) — Dyvy(t, z)>ddz < C|h).
n JOJR
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2.5. SCHAUDER'’S FIXED POINT ARGUMENTS

(4ii) For any € > 0, there exist —oo < a < 3 < 400 such that

supsup// E]ngn(t,x)\zdﬁdx<e.
n teT JO JR\(,B)

Then {v,, n € N} is relatively compact in C(T,L*(Q2 x O)).

The proof is analogous to the proof of Theorem 2.4.8.

2.5 Schauder’s Fixed Point Arguments

Theorem 2.5.1 (Schauder’s Fixed Point Theorem). Let S be a closed, convex subset of a
normed linear space H. Then every compact, continuous map M : S — S has at least one

fized point.

In Feng et al. (2011), Feng, Zhao and Zhou generalizes the Schauder’s fixed point theorem
in the sense that the condition the subset S of Banach space H has to be closed is no
longer necessary, but imposing that M be continuous from H to H as the fixed point may

not be in S.

Theorem 2.5.2 (Another Version of Schauder’s Fixed Point Theorem). Let H be a Banach
space, S be a convex subset of H. Assume a map M : H — H is continuous and M(S) C S

1s relatively compact in H. Then M has a fized point in H.
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Chapter 3

Random Periodic Solutions to
Nondissipative SDEs with

Multiplicative Noise

3.1 Problem Formulation

Above all, note that an SDE is said to be 7-periodic if its coefficients are all periodic in

time variable with period 7, where 7 > 0.

Consider the 7-periodic semilinear SDE of Stratonovich type with multiplicative linear

noises, i.e.,

{ du(t) = Au(t) dt + F(t,u(t)) dt + % Byu(t) o dW}, t>s
k=1 (3.1)

u(s) = ¢ € RY,
where A, {By, 1 < k < M} are in L(RY), W, := (W}, W2,--- , WM), t € R, is an
M-dimensional Brownian motion under the filtered Wiener space (Q, F, (F);er, P). Here
Q = Co(R,RM) := {w € C(R,RM) : w(0) = 0}, Wi(w) := w(t), and F* := Vs, F! with
Fli=o(Wy, —W,,s <v <wu<t). Besides, we define a shift so it leaves ) invariant by

O : Q2 —Q, Osw(t) =w(t+s)—w(s), s,t €R,

32



3.1. PROBLEM FORMULATION

and thus the shift 6 is measure preserving.

In addition, we assume that

Condition (C). The matrices A, A*, By, and B}, are mutually commutative.

To begin our initial problem, we can start at a deterministic £&. But we will note later that
our infinite horizon integral equation (3.13) is reduced to equation (3.1) with anticipating £
which depends on the whole history of the Brownian motion. Therefore the first challenge
in multiplicative case is that the integrals of noise parts are no longer of Ito type, i.e. the

relevant integrands are not adapted.

Now define a operator ® : R x Q — L(R%) by
M
dd(t) = A®(t)dt + > Br®(t) o dW}
k=1 (3.2)
®(0) = I € L(RY).
Due to the commutative property of A and By, ® can be written in the explicit form as

P(t,w) = exp { At + Zkle ByWF.

Note that since ® is a linear perfect cocycle (Mohammed et al., 2008), it is not hard to
check that ® satisfies the conditions of Theorem 2.2.4, the multiplicative ergodic theorem

in Euclidean space.

Lemma 3.1.1. Suppose that # has only nonzero eigenvalues with the order p, <
fp—1- < pmy1 < 0 < iy < --- < p1, p < d, and the corresponding eigenspaces
Up,- -+, Ur with multiplicity d; := dim U; and Zle d; =d. Then

1. There exists a non-random splitting such that

RI=E,®E, 1® - ®En1-- ®E P—as,

and

. 1
i = t_lgcnoo ;log |®(t,w)x|, & =z € E;\ {0},

for any i € {1,2,--- ,p}, where p; is the Lyapunov exponent of ®, with the corre-
sponding multiplicity d;, and E; = Uj.

Moreover, R% can be decomposed as
RI=E- @ ET,
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3.1. PROBLEM FORMULATION
where E= = E, ® E,_1 © -+ © Epq1 15 generated by the eigenvectors with negative
eigenvalues, while ET = E,, ® B, 1 @® -+ ® Ey is generated by the eigenvectors with
positive eigenvalues.
2. If P* : RY — E* denotes the projection onto ET along ET, then

®(t,0,w) P = PEO(t,0,w) P — a.s.,

with the bounds

{ 1@ (¢, 0sw) PH| < C(Bsw)ez ™t when t <0,
[®(t,0sw) P~ < C(st)e%um+1t7 when t > 0,

for any t,s € R, where C(w) is a tempered random variable from above. Thus there

exists an invariant set Q of full measure in which we have the following bounds instead

{ 1B (t, Os0) PH|| < Ca(w)eztnteMsl, when t <0, (33)

D(t,0,w)P~ || < Chrlw e%“m“teA'S', when t >0,
I

where A is an arbitrary positive number and Cp(w) a positive random variable de-

pending on A.

Proof. 1. It is easy to show that ® satisfies the condition sup log™ ||®(¢,w)*!|| € L' ().

0<t<1
In fact we have by the Burkholder-Davis-Gundy inequality

E sup log® ||®(t,w)*|| < E sup log" exp{|| + At + >0, BLWE||}
0<t<1 0<t<1

IN

M
E sup (|[Allt + 355 [ Bell[WE)
0<t<1

IN

M
IA + 3232, I BRlE sup [WE,|
0<t<1

M
< A+ G [|Brll < oo,

where C7 is a positive constant. Then the MET theorem holds that ensures the

existence of the random Oseledets splitting
RY = B)(w) & Bpo1(w) &+ @ B () -+ & By (w)

and the corresponding random projections P*(w).

But if we consider the forward filtration and limg oo (®(t,w)* ®(t,w))/? = ¥(w),
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the mutually commutative property of A, A*, By, and Bj leads to

M
, | . By, + B)WE
U(w) = tligloexp{2(14—|—A)+ (kk)t}

2t
k=1
AR Y, (B, + ByW
- ety plmer 2y
A+ A*
= ex .
P12

Let pp < pp—1--+ < g1 < 0 < py, < --- < py be the different eigenvalues
of A*'QA*, and let U,,---,U; the corresponding eigenspaces, with multiplicity d; :=

dim U;. Obviously, et < etr—1... < etmtl <1 < efm < .-+ < et are the different

eigenvalues of exp {AEA* }, and Up,---,U; are still the corresponding orthogonal

eigenspaces, with multiplicity d; := dim U;.

Then we can define V41 := {0}, and for 1 <i <p, i € N,
Vi=Up®Up1®---0U;. (3.4)
Therefore
V,CVp1C--CViC--CVp =R (3.5)

defines a forward filtration.

Now consider the backward filtration and limy e (®(—t, w)*®(—t,w))/? := ¥ (w),

2t

M % k
U(w) = By + B;)W
(w) tlim eXP{-;(A—{—A*)_ (kk>_t}

k=1

M
B A+ A —(By + Bp)W*,
- eXp{_ 2 }tli%loe"p{kzl 2
. At A
= expy — .
P 2

Similarly fi, < fip—1 -+ < fipr1—m <0 < fip—m < --- < fi1 are the different eigenval-

ues w.r.t —%. Let Up, .., U, be the corresponding eigenspaces, with multiplicity
d; = dim U;. Obviously, fi; = —pp+1—i, and therefore U, = Up+i—i- Then we can

define ‘7p+1 :={0}, and for 1 <i<p,ieN,

Vi=Up0Up1 @ @Ui=U1 002 @+ @ Uppa—s. (3.6)

Therefore

V,CVprC--CViCo-C V=R (3.7)
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defines the backward filtration. Then we can construct the space F; as the intersection

of certain spaces from the forward filtration (3.5) and the backward filtration (3.7),

Ei:=V,N V1 =U. (3.8)

Thus the Lyapunov exponents of ® depend on %(A + A*) only. This implies that the

Oseledets spaces are non-random and so are the corresponding projections P*.

. We have when t <0,

1@t )P = [[PT*@(t,w) @(t,w) P/

1/2
_ Hp+* exp {(A F AN+ M (B + B;;)Wt’“} P+H

IN

[P exp {4+ 40 PP e {8+ v

1 .
exp {5 S 1+ B WE |

IN

1
exp {2<A + A*)t} Pt

< onmt+ L [BIIWE|

M
< Bt TILL IBIWE bt

where || B|| := %maxke{l,z,m,M} | B + By ||, ¢t := min{—piy+1, i} > 0. Define a new

random variable
C(w) = sup O(t,w) = sup e 2AHFIRL IBIIWE > 1 (3.9)
teR teR
Now it suffices to check that C'(w) is tempered from above. This can be done similarly
as in Duan et al. (2003). Actually we have
. 1
lim —logC(fsw) =
s

s—too |

and via the inequality of |[W(t + s)| < Cs. + |s]° +[t]° P — a.s. for some £ < § <1

. 1
Slg:noo 5l log ilé]g C(t,0sw),

from the iterated logarithm law of Brownian motion, the estimation above could be

carried on as follows,

1
lim — log™ sup C(t, Osw)
s—Foo 3‘ teR

1
= lim — logsup C(t,0sw)
s—+oo 5‘ teR

— lim - suploge— dHItHEILL IBIIOW
s—+oo ’S‘ teR

IA

M

. 1 1

lim 57 S <—2M|t| + 2 IBIIW, ~ Wfl)
S

s—to0 ’3 t P
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IN

IN

1 W
Jm sup< mt|+zuBth+sr>+ lin ZHBH "

1
lim - sup (—ultl - MIB|(Cso + |l + \té)) 1o

s—+o0 |S|

1
i sup (=gl + 0111

s—too ‘
EX

+sup lim MHBH——l—sup lim
teR $—>Eo0 R s—*oo

||
1 5
lim Sup —*M\t\ + M| B||[¢]

s—too |S|

0, P-—a.s.,

M|[B||Cs|
5]

where the last inequality holds due to the fact that sup,er(—3pult|+ M|/ B|||t]°) < oo

This together with the fact that

Sgrfoo W log ile,l]g C(t,0sw) >

which leads to

1
lim —logC(fsw) =0 a.s.

s—+oo 8’

Similar argument applies to ®(t,0sw)P~.

Finally by Remark 2.1.13, we could easily conclude the boundedness of ®(t,0sw)P
and ®(t,0sw)P™.

For any N € N, we now set the truncation of ®(t,05;w)P* by N. As when t > 0,

and when t < 0,

N(t,0;w) P~ := ®(t,f;w) P~ min {1

N(t,0w)PT := ®(t,0;w) Pt min {1

Nezhm+1tgAl3|
[ @(t, Osw) P |

Ne%pmt€A|§|
| (t, Osw) P

Note the solution of (3.1) via (3.2) is written (Mohammed et al., 2008) as

(3.10)

(3.11)

t
u(t,s,z,w) = ®(t — s,0sw)x +/ O(t — 5,0:w)F(8,u(8, s, z,w))ds, t>s. (3.12)
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We will look for a B(R) ® F-measurable map Y : R x Q — R? which satisfies the following

coupled forward-backward infinite horizon stochastic integral equation,

Y(tw) = /t B(t — 8, 05w) P~ F(3,Y (3, w))ds

—00

- /+OO Ot — 5,0,w)PTF(3,Y(5,w))ds, (3.13)

for all w € 2, t € R, and a sequence B(R) ® F-measurable maps, {Y"} y>1, each of which

satisfying

t
YN (t,w) _/ DN (t — 5,0,w)P~F (5, YN (5,w))ds

—00

+oo
—/ DN (t — 5,0,w)PTF(5, YN (5,w))ds, (3.14)
t

for all w € Q, t € R. In the following, we will develop tools to solve equation (3.13) via
equation (3.14).

3.2 Main Results

The following substitution theorem for anticipating stochastic differential equations in Nu-
alart (2000) will play an important role in the development of the connection between the

infinite horizon integral equation and random perodic solutions.

Theorem 3.2.1. Consider the following stochastic differential equation

M t
X, = X0+Z/ Ai(Xs) o dWE+ [ Ag(Xs)ds
=170 0
t

M
= X0+Z/ Ai(Xg)dWSf—l—/ B(X;)ds, (3.15)
=170 0

where A; € C(RY), 0 <i < M, and B € C(R?). Assume that A;;1 < i < M, are of class
C3, and A;,1 < i < M, and B have bounded partial derivatives of first order. Then for any
random vector Xy, the process X = {¢p1(Xo),t € [0,1]} satisfies the anticipating stochastic
equation (3.15), where {¢(z),t € [0,1]} denotes the stochastic flow associated with the

coefficient of equation (3.15), that is, the solution to the following stochastic differential
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equation with initial value x € R?:

Mo et A t X
ale) = 2 +3 | st oawi+ [ Adgitoas
M ot . t R
> | Adestenawi+ [ Bt (3.16)

With the help of the substitution result above, we are able to identify the random periodic
solution of (3.1) with the solution of (3.13) similar to the additive noise case in Feng et al.
(2011). However, we have to deal with the anticipating case, which is a lot more difficult

than the additive noise case.

Theorem 3.2.2. Let F : R x R* — R? be a continuous map, globally bounded wtih the
Jacobian VF(t,-) globally bounded, and assume F(t,u) = F(t+ T,u) for some fixred T > 0.

If (3.1) has a unique solution u(t, s, z,w) and the coupled forward-backward infinite horizon
stochastic integral equation (3.13) has a B(R)®F measurable solution Y : R xQ — R such
that Y (t + 7,w) = Y (t,0,w) for any t € R, P-a.s., then Y is a random periodic solution of

equation (3.1) i.e.,

{ u(t+s,t,Y(t,w),w) =Y ({t+s,w), P-—as.,
Y(t+1w)=Y(t0;w), P-—as,

(3.17)

for anyt € R and s > 0.
Conversely, if the stochastic differential equation (3.1) has a random periodic solution
Y : R x Q — R? of period T, the modulus of which is tempered from above for each t, then

Y is a solution of the coupled forward-backward infinite horizon stochastic integral equation

(3.13).

Proof. If equation (3.13) has a solution Y'(-,w), then for any ¢ > s, by the cocycle property

of ® we have
Y(tw) = / B(t — 5,050)B(s — 5, 0s0) P~ F(3,Y (3, w))ds

+oo
—/ Bt — 5, 0,)D(t — 5, 0s) PHF(S, Y (5, w))d5

+ /t B(t — 5,0,w) P~ F(3,Y(5,w))d5 + /t Bt — 3, 050) PTF(3,Y (3,w))d3
= ®(t—s,0,w)Y(s,w)+ t<I>(t — 5,0;w)F(8,Y(8,w))ds.

S
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This is to say that Y (¢, w) satisfies (3.12) with initial value Y'(s,w). Now suppose that there
are two solutions u(t, s, p1,w) and u(t, s, p2, w) satisfying equation (3.12), with initial values

w1 and 9, which are F-measurable. Then via the cocycle property of ® we have that

’U,(t, S, 9017("}) - 'LL(t, S, ¥2, w)|2
< 2)|(t — 5, 050) 1?1 — o2l

t
+2(T — s) / |®(t — 8,0:0) |2 VF|?u(3, s, 01,w) — u(8, s, o, w)|? ds.
S

And for any t > s,

1 \
(e sl = flosw {54+ 49—} oo {3 Z B+ B = W) }H
M 1
< et (t=s) H exp {2‘Bk + BZH”Wtk - Wf“}
k=1
M
R | {||B\|(2C§w -+ [¢)° + |s|5)}
k=1
M
_ 6m(t—s>exp{2]\4||B\|(|t|5+|s|6)}exp{ZIIBIIZQ’{W}
k=1

M
< 6m(t—s) exp {QMHBHT} exp {QHBH Z C(lsc,w} )

where T := max{|T,|s|}, and the third line holds due to the fact that there exists € of

full measure and a constant % < 9 < 1 such that
IWE — W <205, + 1t + |s|’.
Then for any s <t < T,
Ju(t, s, ¢1,0) — u(t, s, p2,w)|?

< 2H,(T - s)|e1 — ¢2f?

LT — )| VF|PH(T — s / (8, 5, 01, 0) — (3, 5, 92, w) [ d,

where

M
Ho(T — 5) = e21(-9) gy {4M||B||T} exp {4|B|| 3y c{;w} .
k=1

Thus applying the Gronwall inequality gives
lu(t, s, p1,w) — ul(t, s, gOQ,w)\Q <2H,(T - s)|p1 — <p2\262”‘VF||(2>°HW(T_S)(T_5)2 P — as.
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This u(t, s, p1,w) — u(t, s, p2,w) when @1 — @9, for any w € Q; and ¢ € [s,T]. And from
P(Qy) =1,

P(u(t, s, p1,w) = u(t, s, p2,w), when p1 = p2,Vt € Qn|[s,T]) =1,

and from the continuity of u(t,s,-,w), we have shown it is a version of wu(t, s, p2,w) if

Y1 = $2.

This implies the uniqueness of solution to the SDE (3.12) within a finite time interval
[s,T]. Then by Theorem 3.2.1 and the uniqueness of the solution of the initial value
problem (3.12),

ultsww)| =l s Y(sw).w) = Y ()

Conversely, assume equation (3.1) has a random periodic solution which is tempered from

above. First note for any non-negative integer I, we have by Theorem 3.2.1,

Y(t,w) = u(txir,t,Y(t,05,w),05,w)
= (I)(:]:ZT, 0t¥17w)Y(t, 0$l7-w)

ttlr
+ / (p(t +ir— §, 9§¢ZTW)F(§, u(§, t, Y(t, 9¢l7-w), 9¢1Tw))d§.
t
In particular,

P_Y(ta w) - P_U(t + lT7 t, Y(t, Hfl‘rw% efl‘rw)
= Piq)(lT, Ht,h-w)Y(t, H,lTw)
t+lT
+ / Pfq)(t + Il — 8, HgflTw)F(@ u(§, t, Y(t, Q,ITM), Q,ITW))C@
t
= O(r,0_1;w)PY (t,0_1,w)
t+lT
+/ O(t+ It —35,0;_1;w)P F(5,Y (s —lr,w))ds
t
t
= O(r,0_1;w)P Y (t,0_1;w) + / O(t — 5,0;w)P™F(5,Y(8,w))ds
t—IlT

t
o / B(t — 5,00)P~F(5,Y(5,w)ds P —as.,

—00
as | — +o0o. Here P~ commutes with ® due to the Condition (C). The convergence
deserves some justification.

Actually the pointwise convergence ®(I7,0;_;,w)P~Y (t,0_j;w) "2H° 0 follows from the

41



3.2. MAIN RESULTS

estimation of ® together with the tempered property of Y (t,w) and C(w). First it is easy
to get
IR (I7, 01— 1rw) P~ || < C(Op—tyw)es'™m+t P —as.,

and since |Y(t,6_;;w)| is tempered from above for each t € R, i.e.,

1

- logt [V (t,0_1,w)| =0,

lim

=00

which is equal to say for any €1 > 0, there exists a 17, s.t. for all [T > T}, we have
Y (t,0_1;w)| < Ci(t,w)e" '™ P —as.,

where C(t,w) is finite P — a.s. which also depends on t. Similarly consider this random
variable C'(w) which is tempered from above, for any €2 > 0, there exists T5 such that for
any It > Ts,

C0,_rw) < Co(t,w)e™™ P —as.,

where Cs is almost surely finite random variable. Then totally we have
B (17, 0y_1;w) PTY (£, 0_,0)| < CyChelapmutartells p_ g g (3.18)

Letting €1 + €2 < 3 min{pm, |[m41|}, then the right hand side of (3.18) tends to 0 as
[ — +oo0.

For the last convergence part, we have that by considering the tempered random variable

lim ‘/t_h@(t—§,0§w)P_F(.§,Y(§,w))d§—/ B(t — §,0,w) P~ F(3,Y(3,w))ds

=400 —00

t—It
~  lim (/ B(t — 3, 0s) P~ F(3, Y (5,0))d3

l—=+o00
~ t—IT I )
< 02(taw)HF||oo lim / eEQ‘SH‘T(t—s)dg
=400 J_
A t—Ir L A )
< 02(t w)HFHoo lim / e(a2+§“m+1)(t_lT_S)d§€_82t€(52+§um+1)l7
N ’ =400 J
A 1
e NPl 1y st 0 B,
€2 + gfm+1 I—4o00
where
[1Flloc = sup_[F(t,u).
teR,u€R?
Thus

t
P7Y(t,w) = / O(t—3,0;w)P F(5,Y(8,w))ds P—as.

—0o0
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Analogously,
PTY(t,w) = PTu(t—Ir,t,Y(t 0,w),0,w)
= PTO(—I7,0,w0)Y (t,0,w)
+ / T DBt 1y — .0 o) F(3. Y (5, ) d
= <I>(—tl7', Or117w)PTY (t,0,,w)
+ /t 7 Ot — I — 3,051, w)PTF(3,Y (5 +17,w))ds
t t—HT
— B(lr, Oy 1) PY (1 ) — / ) PHE(3,Y (5, w))ds
- - /t+oo O(t — 5,0,w)PTF(3,Y(5,w))ds P—as.
as | — +o00. Therefore we have proved the converse part as Y = PTY + P7Y. ]

Before proving the existence theorem, some elementary but essential estimations are given

in the following lemma.

Lemma 3.2.3. For anyt >0, and § € R, we have
E|P~ = ®(t,05)P~||> = B[P~ — ®(t,-) P~ || < C(|t] + 1) ANAF2MIBIFI

where C is a constant that may depend on M, A, By, ttm+1, bm, F, and 7, and for any

t <0, and § € R, we have
E|Pt — ®(t, 05 ) PT|]2 = E||PT — ®(t, ) PT||2 < C(|t| + 1)e2IANI+2MIBIPIH 4
Moreover, we have for all t € R,
E||®(t, 05 ) PE|% = E|®(t, -)PE|? < Ce2lAllt+2MIBI*t]
Proof. We consider P~ case only. The estimation for P case can be derived analogously.

From equation (3.2) and the definition of P~ it is natural to express the projection ®P~
R x Q — L(RY, E7) as follows,

k=1 (3.19)

M
{ d®(t,w)P~ = A®(t)P~dt + Y Bp®(t)P~ o dW},
®(0,w)P~ =P~ € L(RY, E7).
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®; s P is short for ®(t, 0w)P*, and &, P* is short for ®(t,w)P* from now on. Then for

any t, § € R, by the ergodic property of 6 and Holder’s inequality we have that
E||P™ — ®(t,05) P ||?

t 1M 2
:EH/OA2Z )(I) Pdh+Z/Bk® PdW H

1 2 U \2
(M+1)HA+§ZB,3H E(/ I, P~ ldh) +(M+1)ZE/ B2l (P I2dh

IN

t+3 R
< M)At ZBkH |t\/ E|@; P~ |2dh + (M + 1) ZHBkH?/ E|®; P |2dh
k=1 §

< MM+ 1) (2 AP+ (S IBel2) o+ I B2 ) Al BTl

where we used

t ~ t i M R t .M )
/IE||<I>;LP—||2dh < /E”eAthZk:lB’“anzdhg/ €2||A||hHEe2IIBHIW,{“Idh
0

0 0 el
t X .
= 2M/ 2l AR 2MIBI*h g7, < 2M€2HAH|tI+2M||B||2\tI|t|. (3.20)
0
Finally the last inequality can be easily drawn from (3.20). O

Theorem 3.2.4. Let F : R x RY — R% be a continuous map, globally bounded and the
Jacobian VF(t,-) be globally bounded, and F(t,u) = F(t + 7,u) for some fixred T > 0.

Assume Condition (C), the commutativity assumption.

Then there exists at least one B(R) ® F-measurable map YV : R x Q — R? satisfying
equation (3.14) and YN (t + 7,w) = YN (t,0,w) for anyt € R and w € Q.
Moreover, there exists a B(R) ® F-measurable map Y : R x Q — RY satisfying equation

(3.13) and Y (t + 7,w) =Y (t,0,w) for anyt € R and w € Q.

The proof of this theorem is quite long, so we break into many parts. Firstly define a

Banach space C2(R, L?(Q2, R%))
CMR,L2(Q,RY) := {f € CMR, L*(Q,RY)) : for any t € R, f(t+7,w) = f(t,0,w)},
where the norm of the metric space C*(R, L?(Q,R%)) is given as follows,

£l := sup e M1 £(2, ) |2 pa)s

44



3.2. MAIN RESULTS

which is indeed a weighted norm with 0 < A < %u = %min{—,umﬂ, tm}. Define a map

MN: for any YV € CA(R, L2(Q,RY)),
t
MY YN (tw) = / N (t — 3,0;w)P~F(3,YN(3,w))ds
o
—/ ON(t — 3,0,w)PTF(5, YN (5,w))ds.
t
Lemma 3.2.5. Under the conditions of Theorem 3.2.4, the map

MY CMR, L2, RY)) — CAR, L2(Q,RY))

15 continuous.

Proof. Step 1: We show that MY maps C2(R, L?(Q,R%)) into itself.

(A) First verify that for any YV € CMR, L*(Q,R9)),

sup e 2MEIMN (YN8, )P < .
teR

Actually by (3.10) and (3.11) we have that

e M MY (V) 8, )

< 2A|tl1{«:‘/ oN P F(3,YV)d3

t—38,8

t +oo
< 2 rR ([ e pras) e ([ 1o pras)’]

t—8,8

t +oo
< QNQHFHgOezMu{(/ eaum+1<t—§>6A|§|d§>2+ (/ eéum(w)emldg)?}_
oo t

2 +oo
+2eA|tE)/ oN  PTF(5,YN)ds

2

Now notice that sl < e=A8 4 gAS =20t < o=2At gnd o= 2Ml < 20 for a]] §,¢ € R.

It follows from above that

e PAMEIMY (YY) (2, )7

IN

< 2N2HFH<2>O{</t (B pme1+A)(t=3) / L1 —A) S)ds>2
i .
+</t (zum+A Y(t—38) ) +< 2um Nt-3)y

1 1
+ + +
(Hm+1 + 2A)2 (ﬂm+1 =27 " (um + 2A) (Hm — 24)?

>
N———"
[N}
—

< 8N2||Fuio{

t
2N2HFH<2>062A|t|{</ 62,ll«m-',-115 3) >2+ (/ e%l‘«wn+1(t7§)e/\§d§>2
—0oQ
+oo 2 +00 i R R 2
+</ 62'um(t 3) ASdS 4 (/ ei,u«m(tfs)ef/\sd§> }
t
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(B) Next we show that MN(YN)(-,w) is continuous from R to L?(Q, R?) for any given
YN e CMR, L*(Q,R%)). First note for any ¢y, to € R with t; < to,

BLMY (V) (1) — MY (V) 1)
]| [ @ p el re a5 | [Col ey

|

IN

“+oo t2
+]/ (B o Pt =@, PT)F(3,YN)ds +’/ o) PTF(3,YN)ds
to

4
= ZTZ
i=1

It’s easy to check that

to 2
Ty = 4]1-1:,‘/ ON_, PTF(3,YN(3,))ds
t1
< arie( [ el pos)’
t2 2
< AN [ b enilas)
t1
< AN?||F||%, max{e?Alt2l M0l gy — 11)2,

and similarly
to 2

Ty :41[«:‘/ N o PTF(5,YN (3, ))ds| < AN?|F|% max{e® M2l 2l |, — 12
t1

As for T1, we have the following inequalities through the estimations in Lemma 3.2.3,

2

t1
T o= 4E‘/ ON P =N POF(,YN(5,-))ds

t1 Neshm+1(t1—8) oAl3|
< SE‘/ ((I)h—é,ép_ - q)tz—é,ép_)min{la < _e }F(’§¢YN)d’§
—00 ||q)t1 5P H

t1 Nezhm+1(t1—8) gAl3|
+8E}/ O, . P~ min{1, }
oo ( 1P, 58Pl

Nezhm+1(t2—38) gAl3]
[P, —s,5P ||

‘ 2

2

— min {1, }) F(3,YN(5,w))ds

By using inequality |min{1,a} — min{1,b}| < |a — b| whenever a,b > 0, T} can be
further developed as follows,

t1

1 2 a 2
Nezhm+1(ti—8) JAl3]
@4, 6P~ min {1, = — }as
—00

[P, 5P|
3 N 2
t1 Ne%,ulm-ﬁ-l(tl*S) €A‘§‘ Neéunl+1(t278)e/\|§|
SIIFII2E &, .. P _ g
8| ( / 1205 H‘ o s
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IN

IN

IN

IN

IN

IN

t1 . R 9
8N F|Z B sty 1, P~ — P-H?( / e%um+1<t1—s>eA|s|d§>

—00

2 2
N62Mm+1(t1 3) A\s| Ne%um+1(t275)€/\|§|
+16|| F||2.E / &y s P £
H Hoo ( —ooH to—38,8 H‘ |(I)t1—§,§P H H@tl_@gP—H
5 2 2
t1 N€§Mm+1(t275)6A\§| Ne%um+1(tgfs)eA|§|
+16|| F||2.E / &y, P _ £
H ”oo ( 700” to—3,3 ||‘ ||(I)t1—§,§P7H H<I>t2_§7§P*||

t1 A R 9
SN?||F||%E|| @y, sy, P~ _p—”2(/ e%um+1(t1—s)€A|s|d§)

—00

2
t  p—
+16N2”F”C2>OE / 1 eA|§| (@%M"H'l(tl_g) _ e%um-‘-l(tg—é)) H‘th—S,SP ||d§
—0 1,5, P~ |

i)

||(I)t1 ssP ”_||(I)t2 ssP H
[P, —5,5P ]

t1
+16N2HFH§OE(/ A8l dam 41 (t1-8)
—00

t1 . R 2
SN?||F||%E[[®1,_ry 1, P~ — P—||2(/ e 69l )

—00

t
+16N2HF||30E</1 6A|§|e%um+1(t1*§)<1 _ e%ﬂm+1(t2*t1)>
—o0

2
NPyt 0 P[P —5,5 P || £
[ @4, 5P|

(ti— S)H(I)h 5,507 — @y §§P—||d§)2

t1
116N2||F|2 E(/ M3l g 3Hma
IFISEC ) [®neel-|

1
96N2HFHgo{EH(I)tz—h,hPi o P*”2 + <e§#7n+1(t27t1) _ 1) EH(I)tQ—ththiHQ}

t1 R R 2
e%“m“(tl_s)e_[‘sdé) }

{([ Ly’

o0

1 1
384N2||F |2 eQAltl\{ n }
o™ Gy 72002 T (s — 2872

'(EH(I)b—thth_ - P_H2 + M72n+1(t2 - t1>2EHcI)t2—t1,t1P_H2)

1 1
CN2||F|2 €2Alt1|€2||AII\t27t1|+2MHBH2It27t1I{ I }
1Fl Grmes 282 ars — 2002

oo

A+ i)l =t + [t — 11}

where we have used the cocycle property of @,

[Pt 5P — Pry, 5P ||
[P, 58P ||

< H(I)t2—t1,t1p_ - P_H7

and the last inequality follows from Lemma 3.2.3. Similarly,

to—S8,8

+oo N N 2
Ty = 4IE’/ ON_, Pt —oN_ PHF(5,YN(3,-)ds
to
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1 1
< CONZ||F|2 e2Alt2] 2I\A\Ht2—t1|+2M\IBH2|tz—t1\{ }
< 1 F||5e € (hm + 210)2 + (1m — 2A)2

A+ i)tz =t + [t — [}
(C) We show that MY (YN)(t,041.w) = MN(YN)(t+7,w): similar as in Feng, Zhao and
Zhou (Feng et al., 2011),

t
MY YNt 0,w) = / Y o PTF(5,YN(3,0,w))ds

— 00

+oo
—/t Y o PTF(3,YN(5,0,w))d3
t
= [ e PG YV )
—00
oo N N
+ A ~ A~
_/t Qi) (s4r) L T EGEHT,Y (8 + T,w))dS

t+7
_ N i VNG 2
_ /oo N, P E(h YN (hw))dh

+00
N + 7 N/} ~
_/t+T (b(t-ﬂ')—il,izp F(h,Y" (h,w))dh
= MNYN)(t+7w),

since YN(t + 1,w) = YN (¢, 0,w).

Thus we completed the Step 1 and proved that MY maps CM(R, L?(Q,R9)) into itself.

Step 2: We now check the continuity of the map MY : CA(R, L?(Q,R%)) — CA(R, L2(,R%)).
For this, consider YN, V¥ € CAR, L2(Q,R%)), and t € [j7, (j + 1)7), j € Z, then
e PMIEIMY (V) () = MOYSY)(E, )

t t 2
< 26—%“1@‘/ <I>NA7AP‘F(§,Y1N(§,-))CZ§—/ oY PTF(3,Y$V(5,)ds
— 0o

S

—00

t—§,8

—+00 —+00 2
+2e‘2Alt|IE‘/ <1>N_A,P+F(§,Y1N(.§,-))d§—/ oV PR3,V (5, -))dé‘
t t

where we have

t

. ¢ 2
T = 262A|t|E‘/ oN APF(§,Y1N(§,‘))d§—/ oY PTF(5,Y)(3,))ds
—0o0

t—3§,8 S

—00

IA

t 2
2|V [Ze e ( [ o P (6 - 1Y (6, )lds)

—0o0

IN

t o 2
ANV e MB( [ b9 s ) - v (s, jds)

—0o0
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t R 2
< ANHVFIRE( [ el VOOV, - Vi, )ds)
2 2 ! L A)(t—3) |y N N 2
HNTFRE( [ Iy (s ) - vV (s, )lds)
t t
< ANV, [ e N Ogge [ b NN s - v ) s
t t
+AN?| V|2, / elzim1+0)(t=8) g3E / elarm it NI YN (3 ) — VN (5, )2ds
t
< NV [ b DOIRYN G - i) s
’,Um+1 - 2A’ —00
t
e NVVFIE, [l BN ) - ¥ 6. P
|/’Lm+1+2A| —00

Ty can be evaluated by the periodic property of Y and the measure-preserving property,

2 2 t A
1y < PIVERCL [ e VO ImIN s, - 3 (6. Pas
JT

|Hm41 — 24
izl el )
b 30 [T b VOB Gs, - v(s,) Pas)
2 2 t
2 |VF|°O{/ lapmi VIR YN (3, ) - Y5 (5, ) s
’Hm+1+2A| JjT
izl eGnr X
+ D / el H VIRV (5, — Y3V (5, ) [2ds |
2 F 2 t—jT1 R .
< T [ e TR ) Y36 000 Pl
r J-1
+ /0 3 e G N Gumn =NEIE YN (3,6;) — V5 (§,6i7-)|2d§}

8N?|IV I3

t—JT . ‘
|1 + 24| { /O ot N8 =G TR |YN (3, 0,,) — V3V (5, 050-)2d3
m

r J-1
+/ > et DR YN (5,6,0) - YV (5,6,)Pds |
0 -

2 2 t—jJT
_ |8N ||VF2||ZO {/ ! e(%#mﬂ—A)(t—§)€—(%ﬂm+1—A)jTE|Y1N(§, ) - YQN(§, .)‘ng
Hm+1 — 0
T ]_1 1 1
+/ D e =i = NOOR|YN (3, — N (5, ) Pds |
0 =—
2 2 t—jT1
’8N |V+FQ|Z<] {/ ! e(%,uerHrA)(tfé)e*(%,um+1Jr/\)j‘r]E‘Y*lN(é7 D= Y—2N(§7 )’2d§
Hm+1 0

r J-1
A D e i O R AR
0 .

1=—00
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SN?|VEIZ aar

< sup e_QA‘g‘E|YN(§7 ) - YN(‘§7 )’2
|Nm+1 - 2A| s€0,7) ! ?
t—j1 T ‘] L 1 . 1 ~
{ / (2#m+1 A)(t=3) —(3#ms1—A) )T 15 + / —(§Mm+1—A)ZTe(§Mm+1—A)(t—s)dg}
0 1=—00
SNZ|VF .
H H[c;o 2AT sup 6_2A|S|E‘Y1N(§, ) —YVQN(§,')|2
‘ﬂm-i-l +2 ’ 5€0,7)
t—jT r J=1
{ / JT (2Mm+1+A)(t S) (2/,L»,,L+1+A)]Td + / Z 6*(%Hm+1+A)Z'Te(%ﬂm+l+/\)(t7§)d§}
0 i=—00
2 t
_ 8N ||VF||OO 62/\7’ Sup 6—2/\‘§‘E|Y1N(§’ ) _ Y2N(§7 )’2 / e(%um+1—/\)(t—§)d§
|,um+1 - 2A| s€0,7) —o0
2 t
8N ||VF||OO 2AT sup 6_2A|§|]E‘Y1N(§, ) }/2 ( )|2/ 6(%'“m+1+A)(t_§)d§
lm+1 4+ 2A1 scon) —oo
1 1 .
< 16N?||VF|? 62“{ n }su e MR YN (3, — VN (3, )2,
= H Hoo (,Uferl _ 2A)2 (,U/erl + 2A)2 §e]11§ | 1 ( ) 2 ( )|

and similarly

. 1 1 )
T, < 16N?|VF|? ezAT{ n }su e MR YN (5,0 — VN (3, )2,
s < WONITFIRA{ s+ s fswe ) - G

Then the claim that MY : CAR, L2(Q,R%)) — CA(R, L2(2,R%)) is a continuous map is
verified. O

Remark 3.2.6. One can see that it is crucial to use the truncation of the tempered random
variable C(w) in the Step 2 of the proof. Without the truncation technique, it would be
difficult to seperate ||®;—ssP%|? and |Y{N (8, w) — Y5V (8,w)|? in the estimate of T1 and Ty.

For this, classical Holder’s inequality technique loses its power here.

Next introduce a subset of CA(R, L?(Q, R%)) as follows,

O R DY) = {fe CARIHQRY): flos € C0.7). DV,
and Vt € [0,7), L € {1,---, M},
‘2“'}3/ IDLf(t, )| 2dr < pN(2),
and Vo € R, sup e 2A|t‘ / DL s f(t, LE(t, ) Pdr < oo}.
tefo,r
Here
N (t) = KN / e 285N (8)ds + K (3.21)
0
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where

0o —Lpmir 00 —Lpmir 0o Y 00 1 ;
+1 Hm 11T
Doioqe 2T ST qematmtT ST jezkm D im_g €2k )
9

K= 12N VP[22 (
1 H Hoo ‘,U/m _4A‘ ’Mm+4A| ‘,U/m—I—l —4A‘ ’Mm-ﬁ-l +4A’

1 1 1 1
+ + + )
[bm + 283 gy = 203 |ptmg + 2AP  [png1 — 243

Lemma 3.2.7. Under the conditions of Theorem 3.2.4, we have

K} 1= 48| BIPN?| F12 (1+%)%

MN(CEN(R,D?)) c CAN (R, D).

Moreover, MN(CQ})N(R, D1’2)|[07T) is relatively compact in C([0,7), L2(Q, R?)).
Proof. Step 1: In this step we are going to prove that M” maps CﬁbN(R, DY2) into itself.

1. First we have MY (CA(R, L?(Q,R%))) € CA(R, L?(©2,R?)): the argument here is the

same as in Step 1 in the proof of Lemma 3.2.5.
2. Next to illustrate that for any ¢ € [0,7),1 € {1,--- , M} and any YV € C’Q;}N(R,DM),
g [ DM (vY) (e ) Par < V)
R

First we can calculate the Malliavin derivatives of ®V by the chain rule: when ¢ > 0,
from Proposition 1.2.3 and Proposition 1.2.4 in Nualart (2000) (or directly obtained
from the proof of Proposition 2.1.10 in Nualart (2000)), we know that ¢(F) :=
min{1, F'} € D12 if F € D12, and for fixed ¢t and s we have that
Shmt1t A3 Shm+1t pAl3]
(3.22)

Then we have, for [ = {1,2,--- , M},

DLV (t, 05w) P~

N62ﬂm+1t A| |
= D! | ®(t,0,w)P” mi
T<<’W) mm{|@t9wp|

Nezhm+it Als| }

= DL(®(t,05w)P~) mi
(2, 65) )mm{|@t9wP|

= D! (exp{At—{—Zk 1 Bebs(Wy) }P min < 1,

1 N
N 5Mm+1t A|S|
@t@wPDmln{l, e ¢

1@, Osw) P~ ||

N€2um+1t Al3|

| @(t, Osw) P~ ||}
NeQumHteAISl
1@, Osw) P~ |2

O(t,0;w)P~

l —
Xt 0500) P 5 NeBrmrtearsty () B Dr||®(t, ) Pl
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1 .
. Neahmtit oAl3]
= X{§S7.St+§}(’r)p£. (eXp{At + 224:1 Bkag(Wt)}P_) mn {17 W

Nezhm+1t A8
(¢, Osw) P~ |3

X 0t 0500) P |5 Nebrmertenrsy (@) B(E Osw) P

d

- D (@t 85w) P)i DL (D(t, O5w) P75

i,j=1
L )
N6§Hm+1t€/\|5|
R . B®(t,0;w)P” ming 1, —F————
X{s§r§t+s}(7“){ 12 (t, Os) mm{ " @(t, Osw) P ||

X{||<I><t,e§w>P—H>Ne%“m+1feA'§'}(w |®(t, Osw) P |3

d d
( 3 (®(t05w) P )i
ij=1

(B (B¢, egw)P—)kj) B(t, Osw) P~ }

(3.23)

k=1

Due to the equivalence of norms for matrix operators, here we define ||® (¢, Ozw)P~|| :=

\/Z” L [(@(t,05w)P~)i51%, (J)ij stands for the ijth element of the matrix J, and
D@ (1, 05) P )ig = Ljma (B)is( (1 050) P ).

Analogously, when t < 0,

DL(®N (t,0;w)PT)

1 ~

NezhmteAld|
B X + . e =
= X{t+s<r<§}(7"){ ~ Bi®(t, 63w) P min {1’ 1 (¢, Osw) P ||

1 o
Neglimtel\|s|

FX (1000 P+ |5 Nedrmtoatsty (4 |®(t, Osw) PT|3
d d
( Z ((I)(t, 9§W)P+)Z‘j (Bl)ik(q)(t; ng)PJr)kj) (p(t, 9§0.))P+}.
4,j=1 k=1

(3.24)

By the chain rule, (3.23) and (3.24), it is easy to write down the Malliavin derivative
of MN(YN)(t,w) as follows:

DMV (YY) (tw) = / Xreey (NDL@Y  P)F (3, YN (3,0))ds
+oo

- / Xrsey (VDL@Y  PH)F(3, YN (3,0))ds
t

+/ o), P VF(3, YN (3,w)DLYN (3, w)ds

400
—/ o), PTVF(3, YN (3,w)DLYN (3,w)ds, (3.25)
t
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from which we get for any ¢t € R the following L?-estimation,
¢2AlE / IDLMY (YY) (t, ) 2dr
R

t oo
6—2At|E/ |ID£MN(YN)(t7 -)|2dr+e—2“|E/ |D£MN(YN)(t,.)|2dr
— 00 t

IN

t r 2
362A|t|E/ ’/ Df«(q’ﬁg,gpf)F(@YN(g"))d‘é‘ dr
- +ooi +o0
+3€2At|E/ ) Dl ((pivs SP+)F(S YN dS‘ dr
t

t
3€2At|E/’/ oY, P VF(3,YN(5,))DLYN (s, ds’ dr
R —0o0

+
362At|IE/’/ Y PYUF(, YN (3 )DY N (3, )dd|
R t

=1

Together with expressions (3.23) and (3.24), we could estimate each term,

2
Ly = 362A|tE/ / DL(®Y , ;PT)F(5,YN(3,))ds| dr

1 R
Neatm+1toAl3| 2
GHF\E,Oe?AItlE/ (/ DL P [min d 1, N dg)
—00 —00 ’ H(I)t—§ §P—||
) Ald

T Nezhm+1(t— 2
®,_ ;P ||Dl min{ 1 d§> dr
(/;OO ” t—§,8 H r { H(I)tfé,ép || }

t r N R 2
GIBIENIFIL 0+ e [ ([ chmmienigg)
—00 —00

IN

t
+6]FHgoe_2At|E/

—00

<
t r R 2
< 12HBZH2N2HFH<2>O(1+d3)2/ e(um+1+2/\)(tr)</ e(%um+1+/\)(r78)d§> dr
t r R 2
+12||BzH2N2||FH§o(1+d3)2/ e<“m+1—2A)<t—”>(/ (=N =9g5) g
< 48| B|*N?|F| (1+d3)2{ ! + ! }
B - a1 + 2813 |1 — 2P0

where we have used

1 A ~
Neatm+1(t=3) oAl3|
‘Dimin 1, < 76 ‘
|@s—s5,:P |

Nezhm+1(t=38) oAl3|

- ’X{nqmg§Pf||>Ne%”m+1teA'§'} PP
d d
( Z Dy ss l] Z Bl zk (I)t ss )kj)X{sgrgt}(r)
1,j=1 k=1
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N62H7n+1(t s) A‘ I

< HBlH H(I) AAP7||3 Z Z’ q)t ss ky”(q)t ssPi)ij|
=88 1,7=1 k=1
1 a o
Nezhm+1(t=3) Al3]
< &|Bl &b (3.26)
—3§,8
Similarly,
+o0 +00 2
Ly = 362A|tE/ ‘ DL(@N, PTF(5,YN(3,-))ds| dr
t T

1 1
< 48||BH2N2HFH<2>O(1+d3)2(|u AP —2A|3)‘

As for terms Lg and L4, using Lemma 2.3.8,

Ly := _2A|tE/ ’/ o), P VF(3, YN (3, )DLy N (s, ds‘ dr
t
< 3NZ|VF|2e 2MME / ( / eMslespm+1(t=3)|ply N (5, -)]d§> dr
R —00
t . . 2
< 6N VF|%e 2MME / ( / eASe%ﬂm+1<t—S>|D£YN(§,-)|d§) dr
R —00
t X R 2
HONZ|[VE| e A E / ( / e M ehre DLy N (5, ) ds) dr
R —00
t t
< 6N2|VF|2 e 2 M / e2Adezim 1 (t=8) g5 / / e2tmt1 (=3 DLY N (5 ) 2dsdr
—co R J—oc0
t t
HONZ|[VF| e A E / e~ eam+1(t-3) g3E / / eatm =9 |DLy N (3,)2dsdr
—o0 RJ -0
2 t ;
< 6N2\|VFH§O/ e%#mﬂ(t—s)ﬂ«:/ IDLY N (3, ) Pdrds
lm+1 —4A] J_ R
+6N?|VEF|? / eéﬂmﬂ(f—@)ﬂz/ DLY N (5, ) |2drds
I HoommHJrM, . R! PY (S,
- <12N2HVFH?>O 12N2HVFH§O)
- \um+1—4A\ |[m+1 + 44
t—iT
Z / ehimertIg [ Dy (s, )Pdrds
R
—T 1 R
+Z/ ewmﬂ(t—%/ yDiYN(g,-)\2drd§}
T—1T R
< 12N?||VF|? ( ! + ! >62AT
- TN pmgr — 4A[ T [pmgr + 4A]

00 t
{262#m+117/ o3 Hm41(t=3) —2AIS|E/ |DIYN(S 0_ir-)|?drds

=0 0

-
_‘_Zeéum-uw/ 6§Mm+1(t_8+7)€_2AIS|E/R"Di,YN(é,9_(i+1)7-)‘2d?”d§}
i t
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1 1
< 19N2VF|?2 ( ) 2AT
< NIV Floo = 8] T s + 44)°

0 t
-{Ze%“m” / e3Hm+1(1=8) g~ 205 / IDLY N (3, ) Pdrds
i=0 0 R

o
+Zeéﬂm+1”/ ezhmt1(t=847) —2/\51[«:/ IDLY N (3, -)2drds

W—’

1 1 N1
< 12N2 VF 2 €2AT( + )( e§ﬂm+1’LT)
< VIV (G T 1) (X
t T
{/ eéum+1|t8|pN(§)d§+eéumﬂf/ e%ummtﬂ\pN(g)dg}
0 t
<12N2HVFH3>062AT 12N2HVFH3062“)( i ehimaiin) / " B N (8.
[Hmt1 — 4A] [m+1 + 4A] 0
Similarly,
+
Ly = 36_2A|tE/ ‘/t oY PYVF(5, YN (5, )DLY N (3, ds) dr

1 1
< 12N?|VF|? ( + )62AT
- IVl b — AA[ | + 44

00 t
_{Zeé#«mi‘r/ eéum(t§T)62A|§|E/ ‘DiYN(§79(Z,1)T)|2de§

+Ze zﬂm”/ ezhm1(t=8) o= 2013 |IE/ IDLY N (3, 9”)|2drds}
t

=0

1
12N2|VF? ezAT( )( 6_5“7"”)
IVEl | frm — ! \um T 4A| Z

t
femtim / e3rmlt=31 5N ()43 + / b=V ()a5 )
0 t

[e.9]

12N2 VF 2 2AT 12N2 VF 2 2AT ) T R
_ ( || Hooe + H ”ooe ) < Z eféumw) / e%u\tfs|pN(§)d§
i=—1 0

IA

|,um _4A| |,Uzm+4A‘

By now it has been shown that

4
eWIE/ DM (YN () 2dr < Z < KN / IS N (8)d5 + K = oM (1),
R — 0

Moreover, the solution p™ (t) to equation (3.21) is continous in ¢, so that for YV €

CﬁbN(R, DY2), there exists an integer N, such that for any t € [0, 7),
M [ (DAY (N () P < (E) < N

3. It remains to show that for any [ € {1,--- , M} and § € R,
o 2Alt]

sup

[ EIDL MY )2~ DM (r¥) )P < oo,
te[0,7) ‘6| R
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In fact the left hand side of the above can be separated into three integrals,
e 2Al ! NN I A 4N (N 2
sup EIDL s MY (YY)(t,) - DEMN (v V) (1, ) [2dr
teo,n) 10| Jr
_ e 2Al =0 N(yN I \gN(yN 2
= s S [ LMY ) - DIMY () e P
tejo,r) 19| -
oAl gt
+sup S B / DL MY (YN (1, ) — DEMY (YY)t )P
t€l0,7) |5’ t—§
—2A|t| +o0
+osup SB[ DL MY () - DMV () e, O
tel0,7) |5| t
= f(l + f{g + Kg. (327)
To consider K7 in (3.27), note when r < t — &, by (3.25) we have
DIMY (YY) (tw) = [ DU P Y (5 w)as
t
+/ o), P VF(3, YN (3,w)DLYN (3, w)ds
+oo
—/ ®) , PTVF(3, YN (3,w)DLYN (3,w)ds,
t
and
DL MY (YY) (tw) = / DL s 4 P)F (3, YV (5,0))d3
b O PR 6D 5, )i
+00
—/t ®) , PTVF(3, YN (3,w)DLsYN(5,w)ds.
Thus
& e Al =0 NN AN (VN 2
Kl = sup |5‘ E |Dr+5M (Y )(t") D'I‘M (Y )(t7)| dr
tE[O,T) -
2A|t\ -6 N ) .
S ts%p) | (I)t ssP VF( (S ))(DT—HS Dr)(y )(ta
€lo,r

+‘/ Dr+5¢)1]€vssp F(S YN

+00
+‘/ oY PYVE(3,YN(3,

sup
tefo,m) ;1

Qi~

i [

))(Dhys — DL)(YN)(t,-)d3

t—3§,8

Y, PTF(5,YN(3,-))ds
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First note that @)1 is bounded via measure preserving result in Lemma 2.3.8,

3672A|t\ t—0 ! N R
@ = el \/ oY 4 P VF(E YV (5,)(DL s — DY )(t,)ds| dr
2 t R N 2
= GNWZFHOO QM'E/ (/ eASe%“”““*SN(DM—Dﬁ)(YN><§w>!d§) ar
R —00
2 t
R —00
2 2 t
< 6N\|‘5V|F”oo / o(Stims1—20)(t=8) g

// ezttt (DL 5 — DLY(YN)(3, ) [dsdr

+6N2H’§‘FH§O /t (a1 +20)(1-8) g

E[ / e =9\ (DL — DLY(YN) (3, ) 2dsdr

<12N2|VF||2 12N?|VF|%, )
(0111t 1+ 4A] " [0l 1 — 4A]

IN

// extmr =9 (DL 5 — DL (YN) (5, ) [2dsdr

1 1
+ >62AT
[mt1 — 4A] - [pma1 + 44

IN

1282V P12
o 1 . T 1 ~ ~

{ Z e Hm+11T / €2Mm+1(t—s)e—2AsE/ |(D£=+§ _ Df,,)YN(é, 971‘7—')|2d7”d§
i=1 0 R

t
+/O eztm+1(t=9) —2ASE/| Ls — DLYN(3, )] drds}

1 1
12N2||V F|2 ( + )
IV ENoo\ i 28] ¥ T — 48

oo T t

{(Z eéﬂmﬂif)/ eahm+1(t=38) 3 +/ €é#m+1(tié)d‘§}
1=1 0

—2A|s|
M sup /\ Dyys — DY Y)(3,-)Pdr
3€l0,7) ’5|
W MVIVFE 1 1y
|Mm+1 +4A| |,Um+1 _4A|

IN

IN

|/Lm+1|
INE L,
sup / (DL, 5 — DY), )[2dr
s€l0,7) ’5‘
< o0,
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and analogously,

2A|t\ t—9 +00
@ = 2 [ B[ PrYRG YY)D = DO s dr
2AT AT2 2 1 1
= e NHVFHO"{M (um+4A)Jr (um—4A)}
e—2A|\ o,
sup S [ (D5 = D)6,
5€(0,7) |6|
< ©o0.

Secondly, Q2 can be estimated using (3.23), (3.24) and (3.26),

3e—20lt  [t=d
Q2 = / E‘/ Dr—i—é(l)ivssp F( Y (§,))d§
LN 2
/ D (I)t ssP F( f(.§,))d,§‘ dr
36—2A|t\HFHC2>O t—4 r+6
< Bt [ ([ kel spas) ar
t—0 r+6 R A 2
< 3N2€2A|t|HFHgOHBzH2(1+2d3)2¢|/ </ e%ﬂm+1(t75)e/\|5|d§> dr
t—o r+d R 2
< 6N2|F|% | B2 (1 + 24%)° \5I (/ =M= g5 g
t—ao r+6 R 2
+6N2|]F||§O||BlH2(1+2d3)2m/ (/ el 035 gy
t—48 - r+0 1 A
< 6N2HFH§OHBz||2(1+2d3)2/ e(“m+12A><t“)/ eGHmr1=N0+0-9) g3y
t—5
+6N2”FH ||BZH (1—|—2d3) / (Hm+1+2/\ )(t—6— r)/ 2,um+1+A)(r+5 )dédr
1 1
< 12N F|%)B2 (1 + 243 { + }
< LNIPIRIBI + 2 e + g
< Q.
Thus Kl < 00.

To consider K5 in (3.27), note that when r <t < r + §, the expressions (3.23) and

(3.24) gives us
DEMN (YN (¢, w) / DL(®Y , ;PT)F(3, YN (3,w))d3
+/ ) PTVF(3,YN(3,w)DLYN(5,w)ds
—00

t—38,8

+oo
—/ dN . PTVF(3,YN(3,w)DYN(3,w)ds,
t
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and
l N N oo N N
Dr+§M (Y )(tvw) = s Dr+6(q>t ssP+)F( Y (évw))dé
T+
t
+/ ) PTVF(3,YN(3,w)Dl sYN(8,w)ds
—o0
+eo N [ N
—/t Y PTVF(3, YN (3,w)DL sYN(5,w)ds.
Thus
Ry, = M [ o MY YN, ) = DEMY (Y V)¢, )|
2 = sup — DL s MY (YN)(t, ) = DLMN (YN (¢, ) [Pdr
tefo,r) 9] =5
4 —2A|t| 2
< ap [ [ Dk Gy s
te[0,7) ‘5’ t—6 ' J—
4e—2Al t 400
+ sup eIE/ Dl sON  PTF(5, YN (3 ds‘ dr
tefo,ry 9] t—6 1 Jrys
fe—2Alt t t 1y )
s Hom [ [ el G YN )DL - DH)
te[0,7) ‘5’ t—6 ' J—o0
4672A|t\ t 400
+osup SB[ [ PIREY Y, 0) (DL - DG
te[0,7) ‘5’ t—6 ' Jt
7
‘= sup Q;.
t€(0,7) 5=4
But
4672A\t| t r LN N
Qi = JE/5/ Dol PmF(3,YN( ds)dr
t
4 F
< ” ||oo —2A|t\ E(/ HfDl N ssP HdS)
9] s N
t . . 2
< wHFH |]Bl||2(1+2d3)2e_2“/ ([ ctrmatienias) a
t—08 —o0
1 1
< 32F2B21+2d32( + )
IFIE BI04 20 (s
< 00Q.

and similarly,

Qs

4e—2Al t
= * E/ ‘
6] t—6

oo l N
Dr—i—éq)t ssP F(
r+4

1 1
39| F||2 BZ1+2d32( T )
IFIIBIP 4+ 26 (s + T

< oQ.

2
YN ))d§) dr

IN

ds’ dr
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Besides, we have by similar calculations as in ()1 and )9,

e 2Alt 2
= 2w [ | [ e IRV - DO i i
¢ awBNIVR 1 1)
N ‘Mm—i—l’ ’,um+1 + 4A’ |Mm+1 - 4A‘
—2A13]|
Csup € / (DL 5 — DLY(YN) (3, ) dr
3€l0,7) ’5|
< o0,
and
72A|t| +oo " ~ . N R ,\2
@ = 2 [ [N PRGN )0 - D6 s
t
1
< 2AT AT2 2
s N”VF” (o™ * )
‘ —2AH . )
. sup [P = DY) ) Par
s€0,7)
< Q.

Now we have shown that Kg < 0.

To consider K3, note that when r > ¢, (3.23) and (3.24) gives us
DEMYN (YN (t,w) / DL(®) ; PTYF(3,YN(5,w))ds
+/ o), P VF(3, YN (3,w)DLY N (3, w)ds
—00

“+o00
[ e PRGN W) DY N 6 w)ds,
t

and

“+o0
DLaMY I w) = [ DL PG YN 6w
T+
t
[N PR YY)D Y 6w ds

—00

“+o0o
_/t (e ssP+VF( Y (§7W))ID£+5YN(§,W)CZ§.
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Then
- e~ 2l Hoo N /N 1« 4N /N 2
JOR— E/ DL MY (YNt ) — DEMY (V) (2, ) 2dr
tejo,r) 19| ¢
3672A|t| +o00 t N . N 2
< s 2w [ [ e Ry D - D6, s
tel0,7) —00
400 +o0 2
DL PRGN s — [ DY PR YN ()

2
S }dr

+oo
+| / &Y PVR(E Y (3,)(Dhs — DY), )

_ supz@l,

tER

and now it is easy to write down the following estimations,

3672A|t\ +o00 t N N N 9
Qs = B [ [ PRGN )0k~ DU (0] ar
24N?||VF|? 1 1
S 2AT || ||oo( + )
|Hm1] [ma1 + 4N g — 44
672A|\ L,
sup B [ (D = DY),
s€[0,7) ’ ‘
< o0,
and
3672A\t| +o0 400
Qo = 2B [ [T e PRGY Y ) s — DO 6] ar
t t
1 1
< 24*MN|VF|A -
< IV (G 2 s —28])
—2A| | . 5
s SB[ (DL = D) 6P
3€[0,7) ‘ |
< OoQ.

Similarly to Qs,

3e—2A 400
o = By
0] t

“+00

DL 5@ (PFF(5, YV (3,))ds

r—+4d
+o0o 2
- Dol PR3, YN (s, -))dé’ dr

T

1 1
24N?||F||2 || B> (1 + 2d3)?
1B+ 26 s + e

IN

< ©o0.

In summary, we have shown that

oAt
s | EIDL MY ()8, = DMV () 1) P < o,
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Thus we could conclude that M” maps C’ﬁ ,’DN(]R, DL2) into itself.

Step 2: Now we can prove that for each N € N, MN(CQ’,,N(R,DLQ))HO’T) is relatively
compact in C([0,7), L2(Q, R?)) .
In fact applying Theorem 2.4.8, result from Step 1 tells us that for any sequence { M (f,)}nen €
CﬁbN(R, D1’2)|[07T), there exists a subsequence, still denoted by { MY (f,)}nen and VY €
C([0,7), L?(92, R%)) such that
sup E|IMN(f)(t,) — VNt )> =0 (3.28)
t€[0,7)

as n — oo. O

Remark 3.2.8. Note that in Theorem 2.4.8, the relative compactness criterion allows us
to apply only with the bounded time intervals rather than R. But we can push it to the

whole real line by the random periodicity.

Proof of Theorem 3.2.4. Step 1: To prove for any fixed N, MN(C'Q’pN(]R,DLQ)) is rela-
tively compact in CA(R, L2(,R%)).

Due to the relative compactness in C([0, 7), L*(Q,R?)), we are able to find a subsequence,
denoted by { MY (Yn]j )}jen, from an arbitrary sequence {M¥Y (Y,N)}, ey such that it will
converge to the accumulation point V¥, denoted as before, in the norm shown in equation

(3.28). Now define for any t € [m7,m7 + 7),
VN(t,w) = VNt —mT, 0prw),
and note

,/\/lN(Yn]j)(t, Omrw) = MN(Yn]j)(t +m7,w).
With (3.28), the periodic property of MY (Y,{}f ), and the probability preserving of 6, we
obtain

sup 6_2A|t‘E‘MN(Yn]¥)<t7 ) - VN(ta )‘2

telmr,m7+71)

< sup EIMN(YY)(t +mr,) =V (t+mr, )

J

tel0,7)

= Sup E|MN(YnN)(t, emT) - VN(t) 977’1,7")‘2
te[0,7) !

= sup EIMY (YY)t ) = V(¢ )P =0,
te[0,7)
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Thus

sup e NI EIMY (YY) (¢, ) = V()P = 0,
teR

as j — oo. Therefore MN(CQ;,N(]R, D12)) is relatively compact in C2(R, L?(Q, RY)).

Step 2: According to the generalized Schauder’s fixed point theorem, MY has a fixed
point in CM(R, L?(Q,R?)). That is to say there exists a solution YV € C2(R, L?(Q,R?))
of equation (3.13) such that for any ¢t € R, YV (t + 7,w) = YV (¢, 0,w). Moreover, YV (¢ +
Tw)=YN(t 0,w).

Now define a subset of 2 as

= {us supma {sup [0 6.0)P" e~ 11N, sup (t, 0,) P e AT L < v}
sER t>0

As the random variable max{suptzo ||(I>(t,95w)P_||67%“|t‘, Sup;< H@(t,&sw)P*He*%”‘t'}

is tempered from above, it is easy to see that
P(Qy) —1, as N — oco.

Note also that Qy is an increasing sequence of sets, thus UyQy = Q and Q) has the full

measure. In fact

Q= {w: sup max {sup]@(t Osw)P ™ ||e” amltl= Alsl supH@(t Osw)Pt|le” ahltl=Als } < oo},
seR t>
therefore it is invariant with respect to 6.

Now define

ﬂe Qw,

n=—oo
then it is easy to see that {1} is invariant with respect to 6,; for each n. Besides we have

Oy C Q. which leads to

Uoio=U A ot = ) ot (o) = A o= () 2=

N n=-—o00 n=—00 n=—00 n=-—o00

with P() =
Now we can define Y :  x R — R? as a combination of Yy as follows

Y :=Yixa; + YzXQg\Q’{ -+ Ynxor A, T (3.29)

N-1
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Thus it is easy to see that Y is B(R) ® F measurable and satisfies the following property

Y(t+7,w)
= Yi(t+ 7 w)xo;(w) + Yot + 7w)xaner (W) + - + Yn(t 4+ 7,w)xas 05, (W) + -

N—-1

= Yi(t, 0-w)xo; (w) + Ya(t, Orw)xap; (W) + -+ Y (t, 0-0)xas 05, (W) + -+

N-1
= Yi(t, 0rw)xo; (6rw) + Ya(t, brw)xos\0; (0rw) + - - - + Y (t, 0rw)xoz 3, (Orw) + -+
= Y(t,0,w).

Moreover Y is a fixed point of M.
We can easily extend Y to the whole of  as P(Q) = 1, which is indistinguishable with ¥’
defined in (3.29). O

Remark 3.2.9. It is easy to see from (3.29) that |Y| < oo P—a.s. Moreover, we don’t know
whether or not Y (t,w) € CMR, L2(,R?)), though each YN (t,w) € CA(R, L?(2, R?)).

3.3 Examples

3.3.1 One Linear Multiplicative Noise Example

Consider the following 2-dimensional Stratonovich SDE with linear multiplicative noise,

dr, = —x1dt + sin(xo) sin(t)dt + z1 o AW}
{ 1 1 (z2) sin(t) 1 ; (3.30)
dxy = xodt + sin(x1) cos(t)dt + x2 o dW?,
or in a matrix form
x -1 0| |z sin(x9) sin(t 1 0] [z
a7 = P P Hooawt + '
o 0 1| [z9 sin(z1) cos(t) 0 0f [z2 0 1| |2

Obviously A, Bi, and By are symmetric, where

10 10 0 0
0 1 00 o 1

And it is easy to check that the matrices A, A*, By, B}, Bs, and B3 are mutually commu-

tative. Then we could write down the forward backward infinite horizon stochastic integral
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equation according to (3.13):

w) = [t e UHHWL s 5,w))sin(8)ds
{ Yl(t> ) f—oo (YQ( ) )) ( )d (331)

Yi(t,w) = 1 eI Wi gin(v7(5,w)) cos(8)d3,

Then by the existence theorem (3.2.4) the equation (3.31) is one pathwise periodic solution
to the original problem (3.30).

3.3.2 One Additive Noise Example

If we consider a simple 4-dimensional coupled ODE:

;

d

G =y (1 =y — ¥3) + X{rogy2ry2<20)

d

B=y -y —v3) + X{10<y2+y2<20} (3.32)
; :
B =ya—y(l—y3 —yi) + X{10<y2+43<20}

dy4

U= —ys—ya(1—y3 —yi) + X{10<y}+y3<20}>
it is not hard to figure out the limit cycles of this system, that is, y? + y3 = 1 and
y§ + 32 = 1. But we are interested in the random periodic solutions to the following

random perturbation of (3.32) with a white noise perturbation:

(
dyr = —yadt +y1 (1 — y7 — y3)dt + X{10<y2+y2<20ydt + dw

dys = y1dt +yo(1 — y§ — y3)dt + X (102242 <00y dt + AW

dy3 = y4dt - yS(l - yg y4)dt -+ X{10<y .y <20}dt + th

(3.33)

| dya = —yzdt — ya(1 — y3 — y3)dt + X{10<y?+y3<20y 0t + dWi,
Note the nonlinear parts are not bounded, we could not use the existence results we have

obtained so far. However, we are able to find the random periodic solutions to the following

coupled SDE;

p

—2y1 —y2 + 213~y — y%)X{nyrygglolO} + X{10§y§+y§§20})dt +dwy

dys = (y1 —2y2 +12(3 — yi — y%)X{y%+y2§1010} T X{10§y§+y2<20})dt +dW; (3.34)

= (2y3 + v —y3(3 — 93 — yi)X{y3+y4<1010} + X{10<y1+y2<20})dt +dWy

dys = (—y3 +2y2 —ya(3 — 3 — yZ)X{ngrygglolO} + X{10<y2+y2<20}) At + AW
Under the boundedness of the nonlinear part of (3.34), we could apply the existence result

in (Feng et al., 2011), and show the existence of pathwise periodic solutions of (3.34).

Moreover, the relevant ODE, obtained by eliminating all the noise parts in (3.34), has the
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same limit cycles with (3.32). It implies that the random periodic solutions to (3.33) exists

and coincides with the ones to (3.34).

66



Chapter 4

Random Periodic Solutions to
Stochastic Partial Differential
Equations with Linear

Multiplicative Noise

4.1 Problem Formulation

Consider a 7-periodic semilinear SPDEs with multiplicative linear noise, i.e.,

du(t,z) = Lu(t,z) dt + F(t,u(t,x)) dt + Bu(t,x) o dW (1), t>s
u(s) = € L3(0), (4.1)

u(t)|oo = 0.

where O is a bounded open subset of R? with smooth boundary, and £ is a second order
differential operator with Dirichlet boundary condition on O,
d

1 0 Oou
Lu = B ijz_l a—x] (aij(x)a%) + c(x)u (4.2)

with the uniformly elliptic condition

Condition (L): the coefficients a;;,c are smooth functions on 0, a;; = aj;, and there
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exists v > 0 such that Z?,j:l aij&i€; > v[€? for any € = (&1,&,- -+, &) € RY

Denote by L3(O) the standard space of all square integrable measurable functions van-
ishing on the boundary of O with norm || - ||z2(0). Under the above conditions, £ is a
self-adjoint uniformly elliptic operator so it has real-valued eigenvalues p; > po > - -+ such
that p, — —oo when k — oco. Denote by {¢, € L?(O), k > 1} a complete orthonormal
system of eigenfunctions of £ with corresponding eigenvalues p, k& > 1. A standard nota-
tion H{(O) denotes a standard Sobolev space of the square integrable measurable functions
having the first order weak derivative in L?(0) and Vanishing at the boundary 00O. This
is a Hilbert space with inner product (u,v) = [,u(z)v(z)dz + [,(Vu(z), Vo(z))dz, for
any u,v € H}(O). From the uniformly elliptic condition, it’s not difficult to know that
¢ € H}(O) and there exists a constant C' such that

Vil 20y < OV |pkl- (4.3)

Besides, with the heat kernel K (t,z,y) of the second order differential operator L,

(T:6)(x / K(t,, y)o(y)dy, (4.4)

defines a linear operator T} : L*(0) — L?*(0). And by Mercer’s theorem (Chapter 3,
Theorem 17, Hochstadt (1973)), we have

K(t, x,y) Zeﬂkt% (y)- (4.5)

Assume W;, t € R, is an L?(O)-valued Brownian motion defined on the canonical filtered

Wiener space, and may be represented by

Wi=> VMWiek(x), tER, (4.6)
k=1
where
D> A < oo (4.7)
k=1

and the driving noise W* are mutually independent one-dimensional two-sided standard
Brownian motions on the probability space (Q, F, (F")ier,P), Ft := c(WF - Wk s <v <
u < t) and F! = Ve FL. If define 6 : (—o0,00) x 2 — Q as the flow such that 6;w*(s) =
Wkt 4 s) — WE(t), then (Q, F,P, (0;)ier) is a metric dynamical system. Obviously for
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finite ¢, W; converges in L?(Q2, P, F; L?(0)). For large t, it is well known that the strong

law of large numbers for Brownian motion still holds in the infinite dimension case.

Lemma 4.1.1 (Law of Large Numbers For Infinite-Dimensional Brownian Motions). Given

a infinite-dimensional Brownian motion as defined in (4.6) and (4.7), then

lim Wl e =0 P—a.s,
t—+oo t
where || - | stands for norm in H := L?(0O).

Now denote by L(H) the Banach space of all linear and bounded opearators J; : H — H,
H := L?*(0), with the norm
Il = sup |[[J1(v)]|m,

vl m=1

where || - || denotes the norm of L(H). And denote by Lo(H) the Hilbert space of all

Hilbert-Schmidt operators Js : H — H, given the norm

0 1/2
[[J2]l2 := [ZIJQ(M)II%I ;

k=1

and B : H — Ly(H) is a bounded linear operator such that

B(u)(v) =Y onlu, pr) (v, $) bk, (4.8)
k=1
where u,v € H and
0% < 0. (4.9)
k=1

It is not hard to show the commutation property between T; and B.

Proposition 4.1.2. The operator Ty defined by (4.4) and (4.5) commutes with B defined
by (4.8). Besides, it also holds that for any u,v € H,

T B(u)(v)(x) = B(u)(Tiv)(z). (4.10)
Proof. Actually, for any u,v € H,
TiB(u)(v)(z) = / D et ()di() Y owlu, dr) (v, dr)br(y)dy
O j=1 k=1
=3 e 6,) (. 665 (x)

Jj=1

69
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= Zaj<u,e“jt¢j><v7¢j>¢j(f’3)
j=1

= Z@(]}U,(ﬁjﬂ%d’ﬂd’j(@
j=1

= B(Tiu)(v)(x),

where (-,-) denotes the inner product in L?(0). The commutativity follows from the

equation above. Moreover,

TBu)(v)(@) = > e'ojlu, 6;)(v,¢;)6;(x)

j=1

= Z gj (u, ¢]> (v, eujt¢j>¢j (z)

j=1
= > oj(u,¢;) (T, ¢;);()

j=1
= B(u)(Tw)(x).

So (4.10) follows. O

Set A := {(t,s) € R?,s < t}. Equation (4.1) generates a semi-flow u : A x L3(0) x  —
L2(O) when the solution exists uniquely in the space LZ(0). As to the continuous function
F :R xR — R, define the Nemytskii operator F' : R x L?(0) — L?*(O) with the same

notation

F(t,u@)(z) = F(tult, ),

Fi(t, u(t))(z) = /O F(t,u(t)) (4)6s(y)dydi(z), = € O, u, € L*(O).

Now we introduce an operator ® : R x Q — L(H), defined by

{ d®(t) = LO(t) dt + BD(t) o dW; (4.11)

®(0) = I € L(H),

then the mild solution of (4.1) via (4.11) can be written as (c.f. Mohammed et al. (2008))

{ u(t, s, ¥, w)(x) = Ot — 5, 0sw)p(x) + [ (t = 8, 05w) F (3, u(8, 5,7, w))(x)ds, t> 14.12)

Y € L§(0),
Note that since ® is a linear perfect cocycle and T; and B commute, it is not hard for us

to check that ® has the following properties:
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Lemma 4.1.3. Suppose the order of the eigenvalues w.r.t L is -+ < pmy1 < 0 < iy <

-+ < 1, and L*(O) has a direct sum decomposition
LX(0)= ®En1 ®En®-- @ En,

where Ej, := span{ér}, k = 1,2,---. Then we have for any v € L*(O), when t < 0 and

k<m,
— lm T log||0(t,w)Pruly P
pp = lim ; og ,w)P%u|| g a.s.,
and whent >0 and k > m + 1,

1
pg = ligrn ;logH@(t,w)kaHH P—a.s.,

t—+o0

where P* is the projection onto E* along ®ixp . And each operator
D(t,050)P* = P*O(t, 0,w0)
with the following estimate

{ | D(t, Ggw)PkH < C’A(w)e%“"te’“é' P—a.s., when t<0, k<m, (4.13)

| ®(t, Osw) PF|| < CA(w)e%“kteMg' P—a.s., when t>0, k>m+1,

where A is an arbitrary positive number and Cp(w) a positive random variable depending

on A. Besides, L*(O) can be decomposed as
L*(0)=E @ ET,

where E= = --- @& Epq0® By 1S generated by the eigenvectors with negative eigenvalues,
while Bt = B, ®E,,_1®---®E is generated by the eigenvectors with positive eigenvalues.

If P* :R% — E* denotes the projection onto E* along ET, then
B(t,0;w)PT = PED(t, O5w),

with the following estimate

{ B (¢, O;0) P+ < C(Osw)ezt, when t<0, P—as.,
| (¢, 0sw) P~ || < C(ng)e%”m“t, when t >0, P-—a.s.,

for any t,8 € R, where C(w) is a tempered random variable from above.
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Proof. According to Theorem 1.2.3 in Mohammed et al. (2008), generally ® can be written

in the following representation:

O(t,w) =T, + i Q" (t,w),

n=1

where

t
<I>1(t,w):/ T, s, BT, o dW (s1),
0

t
" (t,w) = / Ty s, B®"(s1,w) 0 dW(s1), n>2.
0

With the commutative property of B and T from Proposition 4.1.2, the expansion above

can be further developed,

o' (t,w) = T,BW(t TtZok\th (- ok Pr,

"(t,w) th SO AVE) (- bk, m > 2,

or totally

D(t,w) = TeBW® = T, Zeak\ﬁw (-, Or) Dk, (4.14)
k=1

where eBW®) is a well-defined operator mapping from L?(O) to L?(O). Now by (4.10) and

(4.14) it is easy to see that for any v € L?(0),
“o (1, 0sw0) (0)(x) = / K (1, y)PF (Y eV, 61)i(y)) dy
@] i=1

- /o‘f“”cmym()”kf NOWE ), ) o () dy
_ oAb W / et . ()i ()0 (y) dy
(@)

0 .
_ Zeai\/mgwg</
=1

o

e g (y)or (o) dy, 6:() )i (x)
_ i RN (T, PR0) (), 61() i)
= PVIN(T, PRy) ()
= T,eB0WO (Pry)(2)
= ®(t,0;w)P*(v)(x).
This implies that
kP (t, Osw) = B(t, Osw) P"
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Moreover, when k > m + 1 and ¢t > 0, we have from the definition of B and W, that,
D(t,w)PF(v) () = eI (G () () gp() = e VAW () (4.15)
where v*(z) := (¢1(-),v(-))dx(x). And in this way,

|®(t,w)P¥|I> = sup /|‘1’(t,w)Pk(v)($)\2d$
lvllg=1/0
_ sup eZukt+20katk‘|vk|’%{
llvll m=1
s

= p2mtt20kV/ AW
= ||®(t,w)P"|3.
Thus we have by Lemma 4.1.1,
sup supsup || ®(t, Osew) PF|[Pe 4t 2A

k>m+1 €R >0

= sup supsupexp{uxt + 205/ MW — 2A3]}
k>m+1 3€R >0

< sup supsupexp{yut + 20([Wissllm + [Wallzr) — 2415}
k>m+1 3€R ¢>0

< sup supsupexp{uit + Alt + 8| + 20(||Wissllm + [|Wslla) — Alt + 8| — 2A]8]}
k>m+1 3€R ¢>0

< sup supsupexp{upt + At + A[S| + 20(|Wipsllm + [|Waller) — Alt + 3] — 2A3]}
k>m+1 3€R >0

< sup supsupexp{(ux + M)t + 20([[Wipslla + [Wsllm) — Alt + 8|+ [3))}
k>m+1 3€R >0

< supsupexp{20([|[Wipsllar + [[Wallar) — A(t + 8] + [3])}
3€R >0

3€R $+teR
where o := sup, ;. Similar estimation can be applied to the case when k£ < m with ¢ < 0.

Then the boundedness (4.13) can be drawn from those estimations.

The definition of ET and E~ naturally permits the property ®(t,0;w)P* = PTd(t,0;w).

Now define a new random variable
C(w) :=/C}(w) + C3(w),

where
|@(t,w) P~ |2
eMm+1t

C%(w) := sup
te[0,00)

: (4.16)
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and
|®(t,w) P2
etmt '

C3(w) := sup

te(—o00,0]

(4.17)

It remains to show that C'(w) is a tempered random variable.

In fact we know from equation (4.15) that

(WP (v)(@) = Y B(tw)PrE)a)= Y eI (),
k=m+1 k=m+1
and .
B(t,w) P (v)(z) = Y et TIVIWE (),
k=1

Then from (4.17) we have that

m

C3(w) = sup  sup 37t A ok 2) 7,
o]l =1 te(—00,0] 1

and from the argument of Lemma 3.1.1 in Chapter 3, it is easy to show C3(w) is tempered
from above.

Similarly, from (4.16) we have that

oo
Cl2 (w):= sup sup e 2 pme4 )t4205 VAW Hvk(x)
lvllz=1t€f0,00) =1 g

I7-

Regarding the temperedness of C(w) (this proof mainly follows the argument of Theorem
3.4 in Caraballo et al. (2010)), we need to apply the Kingman’s subbadditive ergodic
Theorem (c.f. Theorem 3.3.2 in Arnold (1998)) to log ||®(¢,w)P~||?. Thus for every £ > 0,

there is a finite-valued random variable C. such that when n > m,
log | ®(n — m, 0,,w)P7||? < 2(n — m)pimy1 + ne + Ce(w), P —a.s. (4.18)
Now it is sufficient to verify that

lim C?(Q;w)e 2% =0,

§—o00
for some sufficiently large A. This follows from
12, 05w)P™[7 < @1+t~ [t] =1 —[8] + 8,0, qw) P ||

J@([t] = 1, g r) P17 - (1 — &+ [8], Gs0) P |2

< POR++19) DO 41w) o2([H =D pm+1+([E+[8))e+Ce (w) , D(O}5w)
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for ¢ > 1, where D(w) := log™ sup; sepo,1) 12 (¢ O:w)P~ ||, and

ED < logtE sup |®(t 0:w)P > =log"™E sup |T;eP%Wep—|?
5,t€l0,1] 5,t€(0,1]
0 .
= log"E sup sup Y VA i
stef01] lolla=1 ;5774

j 2
] Rv.ves 2.
S Z 6 \/ (S e2am/>\JWt 20'j>\Jt>

IIvIIH | Sl t€[0,2]

i A\ 2 .
\/E( sup e*?ﬂjﬁWﬁ*QU?kjS) ”UJH%—[

5€[0,1]

IN

< log™ Cy sup Z %% M 1% < oo,
lolla=1 ;577

where we use the Burkholder-Davis-Gundy inequality for the last line and C5 is a positive

constant. O

Remark 4.1.4. It is easy to check the assumption of Theorem 1.2.3 in Mohammed et al.
(2008). In fact in our case, we only need to verify that

o0

1
Z/TIIB(%)II% < 0.

n=1""

In fact by the defnition ofB we have that

= 1
\;anmn%)gn ZHngn (60)l3 = Zmy -

Remark 4.1.5. From (4.15),

\um!) ZU =

|Mm+1|

O(t,w)PH(v)(z) = e tHoVNIVE (G (2) u(2))gr(x)
= (gr(2), etV () gy ()

= (0ul), VI () u(r)
(o), Bl (419)
and
PH(w)(x) = (o(v). 01(0)) s (2) = v¥ (2). (420)

For any N € N, we set the truncation of ®(t,;w)P* by N according to the boundedness
of ® (4.13) as following: when t >0, j > m + 1,

OV (t,0;w) P* = ®(t, 050) P* min {1 (4.21)

NezhktAls|
T, Osw) PH|

75



4.2. MAIN RESULTS

and when ¢t <0, j < m,

(4.22)

1

NeztrtoAls|

N (t,0:w)P* = ®(t, 05w) PP min {1, — %
( Y CL)) ( ? w) min ) HCI)(t, 9§W)PkH

We will look for a B(R) @ F ® B(O)-measurable map Y : R x Q — L3(0) which satisfies

the following coupled forward-backward infinite horizon stochastic integral equation

Y(tw) = /t Bt — 3, 05w) P~ F(3,Y (3, w))ds

—0o0

“+oo
—/ O(t — 5,0,w)PTF(3,Y(5,w))ds

t
t 00
= / Y B(t—5,0:w)PFF(3,Y(3,w))ds

© k=m+1

_/+ooiq)(t o §,9§w)PkF(§,Y(§7w))d§7 (4.23)

for all w € Q, t € R. The value of Y(t,w) € L3(0) at = is Y (t,w)(z), or written as
Y (t,w, ). Also consider a sequence {YV}y>1 which satisfies

t [e.e]
YNt w) = / > V(- 5,0,w)PPF(5,Y (5,w))d3
T k=m+1

+oo ™M
—/ > N (t - 5,0,w)PFF(3,Y (3,w))ds, (4.24)
b k=1

forallw e Q, t € R.

4.2 Main Results

Theorem 4.2.1. Assume F(t,u) = F(t 4+ 7,u) for some fivzed T > 0. If the T-periodic
semilinear random PDE (4.12) has a unique solution u(t, s,w,x) and the coupled forward-
backward infinite horizon stochastic integral equation (4.23) has a solution'Y : (—oo, +00) X
Q — L%(O) such that Y (t+7,w) = Y (t,0,w) for any t € R a.s., thenY is a random periodic

solution of equation (4.12) i.e.
u(t+7,t,Y(tw),w) =Y (t+7w)=Y(t,0,w) forany teR a.s. (4.25)

Conversely, if equation (4.12) has a random periodic solution Y : (—oo, +00) x Q — L3(0)
of period T which is tempered from above for each t, then Y is a solution of the coupled

forward-backward infinite horizon stochastic integral equation (4.1).
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Proof. Similarly to the proof of Theorem 3.2.2. 0

Theorem 4.2.2. Let F : R x R — R be a continuous map, globally bounded and the
Jacobian VF(t,-) be globally bounded. Assume F(t,u) = F(t 4+ 7,u) for some fized T > 0,
and Condition (L) .

Then there exists a B(R) @ F-measurable map Y : R x Q — L%(O) satisfying equation
(4.23) and Y (t + T,w) =Y (t,0,w) for anyt € R and w € Q.
Firstly given a Banach space C2(R, L?(Q x O))

CMR,L*(Q x 0)) = {re CMR, L*(Q x 0)) with the following norm :

1115 == sup e > ) £l L2 0x0)
teR

and for any t € R, f(t+ 1w, x) = f(t, GTw,x)},

where 0 < A < 34 1=  min{—pn41, tm}. Then define for any YV € C-(R, L*(Q x O))

M (YN t,w, ) / Z (I>N 5 )PkF( Y (5 w))(x)ds
0 k=m+1

o /Jroo i(I)N(t - §aeéw)PkF(§,Y(§,w))(x)d§,
t k=1

Lemma 4.2.3. Under the condition of Theorem 4.2.2, we have the following estimation,

1 1 || |k |
+ E|T:P* — P*|2 < C + tl, 4.26
Qw—mquMM>”t | QM—M\MWMMw’ (4.26)

E||®; P* — T, P*||? < C max {1, X +200MI 620, (1t 4 [¢[2), (4.27)

whent >0, k>m+1; or whent <0, k <m, and C is a generic constant.

Proof. Firstly it is easy to get (4.26) since

1 1
+ T,P* — pk||2
(=1 * ) 1™ |

1
= (T,P* — P*)o(x)*d
<’Mk—2A| |Mk:+2A|) Hvsul;,pl O‘ ' Jole)fdr
1
= :u'kt . 2
<!,uk - 21\! |\ + 2A|) | S‘E{p 1/0‘ € Dor (), v(:))dr ()| d
1
= Mkt 2 k . 2
<’Mk—2A’ ’Mk+2A|>Slfllp1 LAY
( || || )|t|
e — 28] T+ 24
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Then from the following SPDEs of &y,

{ dd,P* = L&, P*dt + B®,P* o dW;,
Py Pk = Pk,

which gives us for ¢ > 0,

t
o, PF =T, PF + / T, ,B®,P* o dW,.
0

Thus

E|®,P* — T, P*|?
t 2
= E‘/ T,_, P*B®, P* o dW),
0

(o) t 2
= EY )\ / | / Tt,thBCPth(qﬁj)(a:)odW,Z‘ dx
= o'Jo

t 2
- )\kE/ ‘/ I}_thBCDth(gZ)k)(x)odW,’f‘ dz
o 0

2 ! k k k 2
= 2ME O‘ TP p (gbk)(a:)odWh‘ dz

IN

i 2
2ot [ ITPPE| [ ToaPhen Pt o) )} do
O 0

+2a,§Ak/OE‘/Ot(Tt_hpk)2q>hpk(¢k)(x)dhfd:c

IN

t
202 [ IZPHIE [T PHPEIBAP ) o) dhda
O 0

t 2
+202Ak/ E‘/ 1Ty PH[210n P (1) () dh|
@) 0

Cmax {1, 227 262\ (1] + [£]2),

IN

where

E[@5 P*(¢1) (2)|* < BeXM 2oV NWil| (g1 ()2 < X0 27NN () () 2.

The case for t < 0, 1 < k < m can be derived analogously.

Lemma 4.2.4. Under the conditions of Theorem 4.2.2,

MY CAR, LA x 0)) — CAR, L2 x 0)),

is a continous map. Moreover, MY maps C2(R, L?(Q2 x O)) into CM(R, L2(Q x 0)) N

L (R, L(Q, HY(0))).
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Proof. Step 1: To show that M” maps C2(R, L?(Q x O)) to itself.

(A) Firstly show that for any YV € CA(R, L*(Q2 x O)),

sup 6_2A|tE/ IMN(YM)(t, -, 2)Pdz < co.
teR @

In fact, for any t € R, from equation (4.19) we have

—2Al g / \MN(YN)(t,~,x)]2dm

2
< 2At|E/ ’/ _§?0§,)P7€F(§,YN)(x)d§’ dz
® k=m+1
2
9e-2Mlg / | / Zqﬂv 05 ) PR F (3, YN (2)ds
o t
2
_ 2AtlE/ ‘/ Z ¢k(y),q)N(t—.§,(93-)PkF(§,YN)(y)>¢k(93)d§‘ dx
* k=m +1
2
2e g | | / Z (@ (t = 5,00) PF01(y), (5, YY) () bu(a)ds | d
_ e Y /\/ (@t — 5,0:) Pox(y), F*(3, Y V) () be(w)ds] da
k=m-+1
+00 2
26—%%2 / | / (@ (t = 5,05 P p(y), F*(5,YN) (1) on ()3 d
2
< 2 S ][ s PG s outo) s
k= m+1
+00 2
2e*2A|t‘EZ / [ 1Y = 0 PR YY) ] o)
2
< 24 > ([ 1o aatiimts s
k=m+1 -
400 2
3 (i o))
< 26—2At|N2{ Z / o3k (t=3) AH,Fk( N)\dg)Q
k=m+1 -
too R . 2
HEZ ( / eaw—S)eMSHF’“(é,YNMdé) }
8N / A 3
< o (zhm+1=N)(t=3)g Fk Y™ 2d3
N ’Hm+1*2A| k%:—&-1| o
8N? b 5
I S eatm1+M)(t=3)g FR(5, YV 2ds
|[mt1 + 24 /oo k;ﬁ-l‘ | !
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o / eI S PR, YY) R
—_— e 2 S, S
|:um - 2A| —00 k=1

+ 8N2 /t (%M +A)(t—§)E§: ‘Fk(A YN)|2dA

_— elzhm 3, 3

‘:um + 2A‘ —00 k=1

1 1 1 1

< 16N2|F|1% (

where
x
IFI% = sup |F(tz)?= sup Y |F(tx)f
teR,zeR teR,zeR k=1

(B) Now we show that MY (Y")(t,w, ) is continuous w.r.t t. For ¢; < ta,
IE/ IM(YN)(ty, -, x) — M(YN)(tg, -, z)|dx
@)

[e%¢] t1 2
< 4 ) E/ ’/ (cbgf,g,ép’f—q>g,§,§Pk)F(§,YN)(x)d§‘ dx
(@) —o0

k=m+1
0o to 9
"y IE/ ‘/ @g_§7§PkF(§,YN)(:E)d§‘ dz
k=m+1 O/t

; i N k N k N 2
+4ZE/ ‘/ (P —5aP" = @y, 5 s PY)F(3,Y )(x)dé‘ dz

k=1 YO Jt2

m t2 )

k=1 JO 7l

4
= ZTZ
i=1

It’s easy to check that

e} to 2
o= 4y E/ )/ (I)ig_@éPkF(é,YN)(x)dé‘ dx
k=m+1 0/t

0o to
D> E/O)/t ON_, JPEFR(3,YN)(x)ds
1

k=m+1

oo t2 9
B3 (10N PRIFE G YY) ())ds) da
(@) t1

k=m+1

2
dzx

IN

IN

o0

IN

to to
AN? max{e2Altzl 28161y [ i (t-9) g5 /
t1 1 p=mi1

ON||F || max{e?H'2l, e2AnlY gy — 2,

IN

+ + +
a1 = 282 s + 2P [ = 217 [ + 202

0 to R to
AN? max{e?Mt2l 20100y Z / e“k(t25)d§E/ / |F*(3,YN) () Pdwd3
k +1 t1 t1 O

/ |F*(5,YN)(x)|2dxds
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where C is a general constant depending on N. Similarly

m t2 2
Ty = 421&/ ‘/ o) _, P"F(3,YN)(2)ds| dx
k=1 YO0/t

< ON|IF|% max{e V2l 20l — ¢, 2.
For terms 77 and T3, with Lemma 4.2.3 we have the following estimation,

e t1 2
no= 4y E/O)/ (@ﬁ,gﬁpk—@g,gﬁpk)p(g,YN)(x)dg‘ dx
—0oQ

{1 Neéuk(t1—§)e/\|§|}
L2y o |

A

oo

=
ST
H
8 fuiy

=)

B

2
(D4, 3. P" — @y, 5 s PFYF*(5, YY) (2)d5| da
o h Nesnn(ti—3) Als| Neshn(ta=3) Al
+8 E/ ’/ min{l, }—min{l, }
k:ZmH ol 1@, 5,5 P [

2
By, s s PR3, YN (3, -))(az)d§’ dz

o0 tl . A 2
< 8N Y B Pro PP [ ([ e et Y s ) ) ds)

k=m+1 < -

0 t1 Nezhrti—8) A3l Nezhn(ta—38) A3

2 Bo\ Y R O 2

2
-|Fk(§,YN(§,-))(x)|d§> da

0o t o
+16 Y E [N
(@] —00

k=m+1

Nezhr(t2=8) A3 N ezhn(ta—8) A3
1@, 5,5 Pl [T

2
i 16N2€2A\t1\

po I = 24

t1 R
'E<Hq’t2—t1,tlpk—PkHz I/ e@“k—A)“—s)rFk(é,YN(st,->><a:>|2d§d:c>
O J—-c0

o0

16N2€2A\t1\

k=m+1 |Mk T 2A‘

t1 R
B[0P = PHE [ DO Py Y ) ) P
O J—-
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+16N2 Z

k=m-+1

+16N2 Z

k=m+1

> 22A(t1]
< ¥ 32N72
k=m4+1 |lu’k3 - ‘

2 [ ([

2 ([

||(I)t2 S, SP ||

A3l eQuk(h 8) _ pzhk(ta— S)
”(I)h—S,sP ||

2
-|Fk(.§,YN(§,-))(:z)\d§> dz

u (t1—38) H(I)tl SSPkH_H(I)tQ sstH
(@, 5,8 P% ||
0o 2
> |F’f(§,YN(§,.))(x)|d§> dz
k=m+1

Hth tlpk PkHQ

t1 .
E/ / 6(%Mm+1_A)(t_S)‘Fk(,§’YN(§7 ))($>|2d§dﬂj‘
O J—-o0

i 32N2 2A [t

|Mk

+ 24|

HTt2 tlpk _PkH2

// Gt tNEI PR (3, YN (3,) () Pdda

o0

+HIFIZ D
k=m+
oo

HIFIZ Y

k=m+

i G64AN2e2At

\/ik

32N 2¢ 2A|t1]

|k — 24
3222\l

1

1

— 24

Tk + 20

t1 .
HEZ thk — (I>t2_t17tlpk‘2/ @(%ﬂk‘A)(t—S)dg
—00

t1 R
E||T,—t, P* — @44, ., PF|)? / (LA (t-9) g5
—o0

2
(1= edmttz=0) s, ., P2

/ / " el N (5 (3, (2) s

[e.9]

|Mk

Z 64N2 2A |1 |

+ 24|

(1 - 6%#k(t27t1)) HTt2 751]Dk||2

/ / G109 (3, Y N (3,.)) () Pdsda

o0
64N2e2M 0|
F|? i S
HFI. 3 T
'EH(I)tQ—tl,hP

oo
HIFIZ D

k=m+1

B[ Pry—ty .t

[e.9]

k=m+1 |

Z 64N2e 2A )¢ |

|\ + 24|

<1 _ 6%%@2—&))

t1 )
_th_tlpk”Q// (51— (t=3) g5 1
O J—-o0

64N 2e2Al

(1 _ e%uk(tz—h)) ?

t1 .
\P* — Ty, PF|? / / (2 M8 g3y
0 J—-c0

Hth t1Pk PkHQ

82



4.2. MAIN RESULTS

,))(@)Pdsd

>

t
E/ /1 e(%/ﬁm+1—/\)(t—§)’pk(§7y1\7<

o
64N 2e 2A|t1 ]
Z m”th _, PF— PF?

t1
// Ghmirt =) | pk (5 YN (5,.)) ()| déda

oo
64N2e2Mtl t o
+HF||go Z 7E||Tt2 t1 (I)tz—tl,tlpk‘2/ e(%uk*/\)(tfs)ds
k=m+1 "uk_2 | —00
oo
64N 2e2A0] t1 A
+HF”gO Z 7€E||E2_tlpk _q)t2—t1,t1Pk‘2/ a8 g3
k=m+1 ‘Mk+2A| —o0o
|:uk‘ f (l AV (4—3
< Cqsup——— 5 Hm+1—A)(t=3)
{ |Mk—2/\|
E Y / [F (3, YN (3,)) () Pdds
k=m+1
‘:u’k’ f (l +A)(t—3)
—i—supi 2Hm+1 5
|k + 20| J_
oo
E > /yFk(g,YN(g,-))(x)|2dxd§}N262Altll|t2—tly
k=m+1 <
+ON2||F |2 e ] max{ sup e2belta—ti+20EAdlta—ti] 1}
k>m+1
i ( oAy N oAy, )
o M = 202 | + 2407
1 1 ||
< CON?*||F|2 62A|t1|( ) - by —t
N 1l omis = 28]+ T + 28] P [ —2a] 2~ 1

o0
2
—|—C'N2HF||§OGQA|“| max { sup 62“k|t2_t1|+2”k>‘k|t2_t1|, 1}( E U%Ak)
k
k._

(g + gy ) (2 — 1l + 12— 1)
b1+ 202 T Jug — 22/ TS

where by the cocycle property of @,

[ P4, 3P| — [Pt 35 P |
| P, —s5.5P~||

[Pty 5P — Pr, 5P ||
B [ @4, 2,5

< H@tZ_thth_ - P_Hz'

where C' is a generic constant that may depend on ECZ (w). Similarly,

“+oo m 2
Ty = 4[{-«:/ ‘/ oN_, PF— N PMF(3, N)(x)dé) d
to

1 1 ||
< ON2IF|2 62A\t1\( + )su T orlta—1
< [ lttma1 — 2A] a1 + 24| kp |pex — 2A|’ 2 — t1]
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e}
2
+CON?|| F|2,e*M max { sup ¢~ 2Wslta—t1 [ +20 Nkt~ 1} ( > a%;Ak)
k

1 1 )
(|Hm + 2A)2 + i — 2)\|2>(|t2 — 1| + [t2 — t1]7).

(C) We show that MY (YN)(t,0L,w) = MV (YN)(t £+ 71,w):

t
MY o) = S BN s PR, Y, )
€ k=m+1

+o0 ™M
- Z@t s54-PPE(5, YN (3, 0,w))ds
t

N k a Ng a
= Z Qipr)—(sar)sar L F(3+ 7, Y (54 7,w))dS
T k=m+1

e m k N
/ t+7’ (S+T),§+TP F(§+7—,Y (§+T,w>)d§

t+1 o R . .
— / Z @éL b i PEE(h, YN (h,w))dh
T k=m+1
+oo0 ™M R
- / > oy Pk’F(h YN(h,w))dh
t+T1 _ (t+7)=h
k=1

= MYOYM)(t+T1,w).

Thus we have shown that MY maps from C2(R, L?(Q2 x O)) to itself.
Step 2: To show MY maps from CA(R, L2(Q x O)) to LL(R, L3(Q, HY(0))).

In fact for each t and w fixed, MY (YN)(¢,w, ) can be expressed as,
MY YY) (1,0.2) / MY V)0, )01 (y) s (), (428)
where ¢y, € H}(O), and we have

VMY (YNt w, ) Z / / BN JPF(E, YN (3,0)) (0)dii(1)dyV o i()

® k=m+1

+oo0 ™M
+Z / / D 0P EG Y5, )55 1)V 2.
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Then we get

2l / |vaN<YN><t,-,x>de

< 2enig || Z+ L / PG Y5, s )V
i [ \Z /. / D 4 PUE(3, Y (5, () 305 (0)dy Vo) d
=: Li+ Lo.

And by Cauchy-Schwarz inequality, (4.3) and (4.20) we have

L = ‘“'”E/ \ Z / / O PPF(, YV (5,))(5)dson (y)dy Vo ou(a)| da
< 2NZe MR Vodr(@)[de | [Vad;(z de :
,]Zm—i-l / / :

. / [N o ()P, ) ) s
1. [ e DN, ) LI, (5.)) )

< CNZ% —2A|t\E Z / /e2ukt 5) Als'M’¢k HFk ( 7.))(y)]dyd§)2
k= m+1
S / [ AN 6,16,V ) lgas) |
j=m+1
< CON% —QA'”E eQW il () Py ds

/ /eéumﬂ(t§)€2A|§||Fk(§7YN(§7 .))(y)ﬁdydg)
X ([ [ Al Paas

j=m+1
1
. / [ b9 N P s YN (s, ) Pays) |
—o00 JO
Thus we have

1 1
_l’_
ltmt1 = 2A] 1 + 24

Ly < CN?||F|%( ) < 0.

Similarly,
1 1

2 2
Lo <CN HFHOO(],LmeQM + |Mm+2A|

)<oo.
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Step 3 Now check the continuity of the map MY in C2(R,L?(Q x O)). Consider
YN, VN € CMR, L2(Q x O0)), and t € [j,(j + 1)7), j € Z, then

6—2A|tE/ \MN(YlN)(t, x) = MY)(t, - o) Pda

2
S —2At|E/ |:’/ @iVSSPkF( dS—/ ivggka(‘é?YQN)(x)dé
O k=m+1 ° k=m+1
+OO m +OO m 2
+‘/ SN, PR3, ds—/ <I>iVSSP’“F( ,Y5Y) (x)ds ]df’«"
t k=1
=: U + Uy,
where

¢ 2
/ B PPEGY s — [ o PG Y w)ds] o

—0o0

Ul — —2A|tE/
O k=

2
< pe Mg 3 / ([ 1P 160 w) - 6, 2 ) o
k= m+1
2
< IN2e 72A|t\E Z / / egukt 3) A| \’Fk( )( )—Fk(§,Y2N)($)‘d'§) dx
k=m+1
2
< avE Y / / MO8 PR (5 V) (@) - PR3, Y5V (2)]d5) " da
k=m+1
2
+ANE Z / / Gt N9 FR (5, YY) () — FH(3, V) ()| d3) da
k=m+1
< ,Mm+l_2A|/ k% | () = F¥(5.3") (@)
]
e 2#m+1+A )(t—3) / Fk ) ol ) dxds
‘:“m—l—l_QA‘ k=m+1 | G3DWF
N?||VF|?
< 2A7—8 Hv H sup 6_2A| E/ |Y1N(§7>x)_}/2 ( S5 )| dx

[m+1 — 2A] sejo.7

tf
{/ 7T b1 =D)(t=8) (21 —A)i7 g +/ Z o= (it =AY o (S ptg s —A) (- s)d}
0
i=—7+1

2 2
21\7% sup e_gAglE/ ’Y1N<§, -,$> - YQN(§7 -,x)\de
|Mm+1 + 2A‘ s€[0,7]

t—iT
{ / 7T Bt A)(E=8) = (S a1 +A)i7 g + / Z —(SHmar+A)iT (%um+1+A><t—§>d§}
0
i=—7+1

_ 2AT(16N2||VFH2 16N2HVFH2

2A|S|E/ YN (s B p
|Mm+1 +2A|2 |,U’m+1 —2A’ SGR | 8T ( Sy )| Zz,
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where
IVF||oo := sup |VE(t,x)
teR,z€R
Analogously,
16N?||VF|? 16N2||VF||2
< 2A7’< 00 2A|S|]E/ Y s . 2d .
o < e (T 5A o — 2 ) 2 Y, 2) =1 (5, o)

Then the claim that MY : C.(R, L?(2 x O)) = C-(R, L?(2 x O)) is a continuous map has

been confirmed. O

Next introduce a subset of CA(R, L?(Q x O)) as follows,

C?,;;N(R, L*(0,D"?)) = { feCMR, L (Q x 0)) : flor € c((o,7), L*(0,D"?)),

and Vt € [0,7), e 2Al Z/ IE/ |DIf(t, -, x)Pdadr < p™(t),
ok Jo

—2A[t] /E/ DI C ) — DI )2
sup e st (o x) = Dif(t, -, x)|"dxdr < oo .
tefo,7) Z ‘5| R O’ 1o ( ) ( )’

0eR
Here
T 1 R R . .
PV (t) = Ki]v/o e 231N () ds + KL, pi= min{ g, —ptmi1 ) (4.29)
where
1 ; _1 ;
K = 12N VF|Ze@NnT (Z(ﬁ e
ot £ it 34
(R SR ey
|t + 44 |tm — 4A[ /7
fio = max{—funi1, lm},
1 1
KY = 96| F|? < +
: W0\ s 7285 * s — 207

1
m F2AP —2A\3) ZUQA

Lemma 4.2.5. Under the conditions of Theorem 4.2.2, we have
MY CEN(R, L0, D)) € CAN (R, LX(0, D)),

and MY (CEN (R, L2(O, DY2)))|10.0 is relatively compact in C,([0,7), L*(Q x O)).
P [0,7)
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Proof. Step 1: Now we need to calculate the Malliavin derivatives of ®/. Firstly note that

for any v € L?*(O) we have for j > m + 1 and t > 0,

DId(t, 0s0) P (v)(z) = DiettoVAWWig () u())e;()

— 0V A Xpserart sy (NPT WD (60 () s(a)

= 0 \/A»J'X{égrgwé}(?”)q’(t, 0sw) P? (v)(z), (4.30)
and when k # j,
DId(t,050) P*(v)(2) = Diet oV Wa= Wi (g, () w())gp(x) = 0. (4.31)

Besides, we have

DI||(t, 630) PY|| = Dies VAW = o /XN acrerrsy (| (E, 630) P,

(4.32)
and when k # j,
Di||®(t, 05w) P*|| = 0. (4.33)
Analogously, when j < m and t <0,
Df@(t, ng)Pj(v)(:c) = —Uj\/)\jX{§+t§r§§}(7’)(I)(t, ng)Pj (v)(x), (4.34)
and
DI @(t,05) P || = =03/ AjXqita<r<sy (1| @t Osw) P || (4.35)
And when k # j,
Did(t,sw) Pk (v)(x) =0, (4.36)
and
Di||®(t, O;0)PF|| = 0. (4.37)

Then we are able to calculate the Malliavin derivatives of ®V by the chain rule with (4.30)
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0 (4.37): for j >m+1and t > 0,

DION (t,05w)P7 (v
. Nezﬂjt€A| 5|
~ DI o
T(mm{ B 0 P (t,0:w) P’ (v)(x)

Neshitehls
_ : ]
= mm{ [ D(t, 05w ng} (q>t9wP )(@ ))
. Nezhitehls| .
+D$, min {1, W @(t, 9§(/J)PJ (U)(IE)
. Neg“]t Als| .
= min {17 T8t 6s0) P [ 7V AjX{s<r<t+a} (1) @(t, Osw) P (v) ()

1
Neztitehls|

— A J R ) V| . J
X{Ne%wfeA\s\<||c1>(t,0§w)Pa‘||}(w)q)(t’ fsw) P’ (v)(x) |D(¢, Ggw)PJ‘H?DT”q)(t’ Gsw) P

1
Neilu'jteA"s‘

= o0j \/TjX{égrgwé} (r) min {1, WMP]H} d(t, Ggw)Pj (v)(x)

Nezhitehls| y
—Ujv)\jX{égrSt+§}(T)X{Ne%ujteA\s\<||q,(t,9§w)Pj”}(w W@(t,é?gw)P (v)(@),

(4.38)
and when k # j, it is obviously
DIdN (t,03w) P*(v)(z) = 0. (4.39)
Analogously, for j < m with ¢ <0, we have

DIdN (t,05w) P’ (v)(x)

1
Neatitehls|

= UJfX{t+s<r<s} ( mln{le}@(t79§w)Pj(v)(ﬂf)

Neststehll o oy 4.40
X e dnst eA|s|<Hq>(tew)PJH}( )W (6P (v)(@) |, (4.40)

and when k # j, it is obviously
DION (t,03w) P*(v) () = 0. (4.41)
And from (4.38) and (4.40), it is easy to obtain that when j > m+1,t >0orj <m,t <0
IDI®N (t,05w) PI|| < 20j+/A; Neztitesl, (4.42)

Next, show that for any ¢ € [0, 7),

o0

S [ B [ DIMY (V) ) Pdadr < p¥ ()
R (@]

J=1
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By the chain rules and results from (4.38) to (4.41), it is easy to write down the Malliavin

derivative of M (YN)(t,w, ) with respect to the jth Brownian motion for j > m + 1,
DIMY (YY) (two) = [ xpeg (D@ POFGYY (5,0 (0)ds

t o]
+/ Y N PPVF(E, YN (3,w)DIYVN (3w, x)ds
T k=m+1

t—8,8

+oo M )
—/ Z@N PEVE(3, YN (5,0)DIYN(3,w, x)ds,
t

(4.43)

from which we get the following L?-estimation

6—2A|t/E/ IDIMY (Y N)(t, -, 2)|2dadr
R O

t [e'e]
€—2A|t\ / +/ ]E/ IDIMN (YN (¢, -, ) *dzdr

2
2Atl/ /’/ DY , PIYF(3, YN (3, ) (x)ds| dudr
. 2
3672A|t‘ Z /E/ ’/ (pﬁé,éPkVF(g)YN(év7x))D7J"YN(§77‘r)d‘§‘ dxdr
k=m-+1 R (@) —00

32400 Y / E / | / O G PPVF(E YN (5,0,2)) DIV (3, 2)ds| dwdr
—J/r JolJi

IN

i=1,2,3

Then by (4.42) we have that

) t r 2
L, = 36—““'/ E/ ’/ Di( <I>§V§§PJ)F(§,YN(§,-))(x)dg( dxdr
—00 (@] —00
t r 2
< s|FEe [ B( [ oy pis) ar
—00 —00
t r 1 R N 2
< 12N2|]F||C2>Oa]2~)\je_2A|t/ (/ ei"j(t_s)e/\‘s‘d§> dr
—00 —00
2 2
SQMWHRQM—MPHM+MP
<

2 2

o5\ o5\

96N2|| F||2 10 17 :
H ||oo <|,Um+1 - 2A‘3 ‘,Ulm—l-l + 2A’3
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and

e t . 2
= 3€2At|/E 3 /‘/ @gV_g,gkaF(g,YN)DgYN(g,.,x))dg( dzdr

© t . 2
- 362At|/E 3 /O‘/ @ﬁg,ngVF(&YN)(D{,YN(é,-,x))(k)dé‘ dzdr
R —00

36—2At|N2/E
R

[e.9]

6N2/RIEZ

k=m+1

oo t R ) 2
+6N2/IE Z / (/ e(3Hm1=A) t—8>|VF(§,YN)|\(DgYN(§,-,x))“f)y?dé) dzdr
R

IN

t o ars . 2
/ (/ e%“k“—S)eA‘sl\VF(g,YN)H(D,ZYN(g,-,x))<k>yd§) dwdr
(@] —00

k=m+1

t . , 2
/ (/ e<%ﬂm+1+A><t—8>\VF’f(§,YN)H(DgYN(g,-,:I,-))Uf)ydé) dwdr
(@] —00

IN

o0

12N? ;
/ // ezhmt1(t=4) > IVEGEYMPUDIYY (3, ) F) Pdsdadr

lpim+1+ 44| k=m+1

IN

[e.9]

12N2 '
4A|/ // ezt tit=9 N 1GR3, Y V)2 |(DIYN(3, -, 2)) P Pdsdadr

|Mm+1 kot 1
_ (12N2||VF||20 12N2HVFH§O)
[Hmi1 +4A] |y — 4A]

o0 t
-{Zeé“m“”/ 62A|§|e§”m“(t§)/E/ DIYN(8,0_ir-, 2)|?dxdrds
R @

i=0 0
> . T 4 1 R .

—1-262“’"“”/ 6_2A|S|e2“m“(t+T_s>/E/ |D£YN(§,0_(i+1)T-,x)|2d1:drd§}
= ¢ R Jo

v (LN IVFIE, | INUIFIS Y (S5 i
|[Hm1 + 4A] |1 — 4A]

/ o hm1li=3] ,~2A]3 / /|DJYN 2)|?ddrds,
0

(DIY Y (3,0,2)® = DI((YN (5,), ) n(x) ).

IN

where

And similarly

) +oo ) 2
L = _2A|t/EZ/ (/ o), P'VF(3,Y )DﬁYN(§,~,x)d§‘ dxdr
| 12N2|VF|2, 12N2?||VF|? 1
< 6(2A+§,u,m)r( ) oo)( Z 6_5:“‘””7)
B |t + 4A| |t — 4A|

i
[ b [ g [ iy 6, s
0 R @
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Similar calculation can be applied to the case when j < m. Therefore we finally reach to

o o2\ 2102 o5 A
ZL{z%nFnio(F]_l” # DRI BRI | R
— Hm+

—2AP  fpmgr =28 — 2A18 0 [pm + 2A

and
. ) 1, 12N2||VF|| 12NV E|| _1y, 04
> (Lh+ L) < Ay ( AT A Oo)( PIE Ml”)
=1 S S\ e A e = 44| i=—1

T o0
: / e%ultfs\e*%lslz / E / IDIYN (3, -, 2)|2dedrds
0 /R Jo

K{V/ e%““_g‘pN(s)dé.
0

IN

To sum up, we have verified the following estimation:
o
D e A / E / IDIMN(YN)(t, -, z)Pdzdr < p™ (t).
R @

j=1

Moreover, the solution p™(t) to equation (4.29) is continous in ¢, so that for YV ¢

CAN(R, L2(O, D'?)), there exists an integer Ny, such that for any ¢ € [0, 7),
(o)
> e / E / [DIMY (YY) (2, -, ) dwdr < p" () < N
= R @

It remains to show that

o—2Al |
<o 9] / / |Di+5MN(YN)( %)~ DﬁMN(YN)(ta '7$)|2dﬂ:dr < 0.
te(0,7)
S€R J=1

According to the calculations in Lemma 3.2.7, the left hand side of the above can be

separated into three integrals,

o—2Alt] 4
w S (B [ DL MY ) DM O 1) P
tg[eoﬁi) | ’ j=1
o~ 2Alt t—5
= o S [ R [ R0 0) - DM )P
tg[e()ﬁg) | | j=1
e~ 2Al NN i NN 2
+ o S Z/ /mw YNt x) — DIMN (YY)t ) dudr
te(0,7)
SER J=1

—2Alt] 00 . .
+ sup — Z/ E/(OlDi+5MN(YN)(t,-,x)—DﬁMN(YN)(t,~,x)]2dxdr.

tg[eoff‘@r) | | j=1 t
= sup (Ki(t,08) + Ka(t,8) + K3(t,0)). (4.44)
te[0,7)
deR

92



4.2. MAIN RESULTS

To consider K (t,4), note that when r < 7+ & < t, by (4.38) and (4.40) we have

Ki(t,6)
_ e i / / D! MV, 2) = DIMN(YN)(t, -, )| Pdadr
9] ot o b " H
< Mz/t 51@/ {‘/t i BN . PPV, YN (S, 2))(D . — DI)YN)(t, -, x)ds
> |5| gl o oy i t—3,5 46 T »
r+0
Pz O] [ DL PIFGY™ () - / DY PIF(5, YN (5, )ds

+1/*°° 3

= Z Qi(tv 6)
=1

<1>N PEVE(, YN (5, 2)) (D

N r+5—D{)(YN)(t,~,x)d:§’ }da:dr

First note that ()1 is bounded as follows,

sup Q1(t,0)

te(0,7)
deER

IN

IN

IN

IN

36—2A\t| N t—0 t 0 .
sup T Z/ E/ ’ / Z t s sP VF( )
te[0,7) j=17-00 O'J—-oc0 k=m+1

d€eR
, 2
(Dq]ur& - D])(YN)(t, ° $)d§‘ dxdr
sup |5\ —2A|t|ZE Z / / / Msledm (=397 (3, v V)|
“SeR
; 2
|((Di+6 - Dﬁ)(YN)(@ 'a$))(k)|d§> dxdr

12N? 1 1 b o
sup < + ) /E/ / e3hmt1(t=5)
o) 0 Npmgr +4A[ [pmgr — 4A] ; R JoJ-oo

JeER
o0

> IVEGEYNPI(DL s — DHY )3, )W Pdsdadr
k=m+1

1 1
12N2HVFHZOezAT<

+ )
[pm1 +AA] [y — 4A]

{ ZeQMmHZT / ezhmi1(t=8)gs 4 /T e%umﬂ(t—@)dg}
0

sup / /| I~ DY) (&, ) 2dadr

56[0 T)

QAT24N2|VF||§O< 1 1

+ )
|pm+1] lm+1 +4A] |1 — 44

—2A|s| o0 N
B 3y ) RGeS R R
s€fo,7) ‘| ,]

0eR
o0,
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and analogously,

sup Qs(t,0) = sup e /t ’ / ‘/ Z(PivsstVF N(s, -, x)

te[0,7) tefo,7)
SER SER
. 2
(D!, s —DH(YN)(t, -, 2)ds| dudr
< zAT24N2||VFII?>o< 1 N 1 )
- b |t + AN |y, — 4A

—2A| | @
4 2
- sup 7] / / I( r+5_DJ (Y )(5,-,96)\ dxdr

s§[0 ,T) ] 1

< 0oQ.

Besides, we have

sup QQ (t’ 5)

te(0,7)
JeR

30—2Alt] <><> t—o N
= s S / /‘/ DI, N PIF(5, YN (3, x))ds
j=m-+

tel0,7)
SeR J=

t—3§,8

3e—2Alt t—§ 2
= sup ——— / /’/ D), N PIFI(3 YN(§,~,x))d§’ dzdr

r 2
—/ DIoN  PIF(3,Y (,-,w))d§’ dzdr

te(0,7)
sER
36—2A|t\ t—o 9
< sup 22— / IE/ (/ DI N P oz d§> dadr
sw S Z R (DL PG YY)
JER =
12N2 —2A|t| t—o . . ) 9
< sup o N / / / eéuj(tfs)eA‘SHF](é,YN(§,-,J:))|d§) dxdr
o
24N2 o t—48 2
< sup o2y 2 / / / 9| (5, YN (3, -, 2))]ds)
te(0,7)
sER
6 R . 2
+</ eGHi+M(E=3) | pi (3 YN (3, ., ))|d§) }dmdr
2 o
N TRy T
tE[OT)
s€
r+6
/ e 3Hm1—A)(t— S)Z|FJ 5, YN(5,-,2))|%ds
T j=1
r+6 ) . r+o6 ) R )
+/ e(gum+1+/\)(t8)d§/ (B tm1+A) (=) Z‘FJ A,YN(§,-,a:))]2d§}dmdr
t—5
< UV FIEol(©) [ el / el BN +39) s gy
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t—0 L r+0 L .
+24N20J2)\j||p||2 Uol(O)/ (gum+1+A)(t—6—r)/ e(GHm+1+A)(r+6=58) g5 1.
[ee) — 00
= 1
< o2NI6N?||F|? vol (O ( )
< TNINIFIElO) Y ([ + o

Jj=1
< 0oQ.

Thus sup K(t,8) < oo
te(0,7)
R

To consider Ko(t,8) in (4.44), note that when r < ¢ < r 4 4, (4.38) and (4.40) gives us

) —2AJf) 2t . ‘
Ra(t.d) = =3 [ B [ DL MY tw) = DIMY Y 1) P
— @)
de—2Al 2t ‘ oy N 2
< 0] Z/t J{X{jzmﬂ}(])E/o‘/ D]®," . P F(3,Y (37'737))615‘ dx
=171 oo
+oo . N 2
F(im) ()E / [ D PRGN s da
Jr
. 2
V8 [ [0 @ PRGN ) (D~ DO, )i o
© k=m+1
Foo m L N 2
+IE/ (/ O 4 PEVF(E YN (5, 2))(D] 5~ DY NG, )ds dx}dr
= sup Ql(tv(s)?
tE[O,T)iZ4
where
o—2Alt 00 )
sup Q4(t,0) = Sup / /‘/ DioN , PIF(5,YN(3,-,2))ds| dwdr
te(0,7) te[0,7) t—0
dER dER
. 2
< sup e Z / Ef / DI 4 PII|FI (5, (5, -, )ds)
tE[O T)| | t—0
16 oy L (t=3) AN 79 (5 YN (5. . o) d2)
< sup Z ezhi eMNFI(5, YN (8,-,x))|d§) dxdr
te(0,7) |5| t— 6
JeR
1
< 12807 F|Z vol +
= 1Elloovol(@ )(|um+1—2A| e )
< ©o0.
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and similarly,

2A\t| 9
sup Qs(t,9) = Sup / /‘ DJcbiVSSPJF( YN(3,.,x))ds| dedr
tefo,7) tefo,7) t—08 r44
JER deR

1
< 12802\ F |2 v0l(O ( )
I1F|12,v0l(O) mmfw P

< oQ.

Besides, we have by the similar calculations in Q1 and @2,

3e —2A[t|
sup Qo(t.6) = sup / [ |3 @ PvRE YY)
tefo,7) tefo,7) |5‘ t—08 0 f—m+1
deR 0ER
‘ 2
(DI, - D,Z)(YN)(t,.,x)dgj dzdr
< Ar B2V VF 12, ( 1 n )
B |1 b1+ 4AA] gy — 4A]
72A|s| o0 )
- sup / / I( TM—DJ (YN(3, -, z)Pddr
SE[OT) ‘6’ j=1
< oo,

and

sup Q7(t,0) := sup 3¢ 20 /t(S /‘/ @iVSSPkVF( (§,-,:c))

tefo,7) t€[0,7) ‘5|
S€R SER
- 2
(D)5 = DYN)(t, -, x)ds| dadr
A 32N? V|3 ( Lo )
B |t o + 4| " [pim — 4A]
—2A| | o
T / / (D45 —DI(YN) (3, 2)*dzdr
se€lo,7)
J€eR
< ©o0.

Thus we have that sup Ks(t,d) < oo
T

Finally to consider K3(t,d), note that when t < r, (4.38) and (4.40) gives us

Kﬁi(ta 5)

—2A|t] 00 ) .
6] Z/t E/O ‘DZ-MMN(YN)(@ Lx) = DIMYN(YN)(t, -, )| dedr
j=1

36—2A|t‘ e +oo t oo i ) ) A2
< S5s IRl I L e A R
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+00 +o0
e ] [ DL PG YV Goads = [T DIBY PPV 6, )ds
r+ T

400 M ‘
+‘ /t Z (I)ivs SPkVF( ( ))(Di—s—é - Dg’)(YN)(& ’

and now it is easy to write down the following estimations,

2
x)d.§‘ }dmdr

—2A|t]| +o0
sup QS(t75) ‘= sup 5 |5‘ / /‘/ Z (I)ivsspk ( YN(§7'7x))

—DH(YN)(t, -, x)dé’zd:xdr

x)|*dzdr

"SeR o % k=m+1
©,,
o o 2NZIVES < 1 N )
N 1] ltmt1 +4A[  |pms1 — 44|
o—2AJ8] &
) Sup 6 / / ‘ 7"—|—6 - DJ ( )(SJ )
s€lo,7) | |
0€ER

< oo,

and

sup Qi0(t,0) = sup —— 3¢ /+OO /’/ ch)t SSP’CVF YN, -, 1))

te(0,7) tefo,7)
d€eR SR
- 2
(Dfur& - Di)(YN)(t, -, x)ds| dxdr
VHCIVAR 1 1)
- | i, + 4A] T [ — 44
72A|s| oo
- Sup / /| r+5_DJ (YN)( x)Pdmdr
selo,7) |5|
deR
< 00.
Similarly to Q2(¢, ),
3e—2Alt| 400 N
sup Qolt0) = sup 5 / / ’ Tpi e PIF(E YN (5, x))ds
telo.m) e 10
dER SER
2
_ DJ@{VSSPJF( Y (,.,x))dg‘ dedr

T

1 1

< 960]2)\jN2HFH§ovol((’))<

< o0

+
i + 2A12 " [jim — 2AP2
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In summary, we have shown that

o~ 2Alt

sup

- / /|D MY (L) — DIMY (YN (2, -, ) Pdadr < oo,
tE[OT) 1
oc

Jj=

By now we could come to the conclusion that M” maps from C’?’ ’pN(]R, L*(0,DY?)) to

itself.

Step 2: It suffices to prove that for each N € N, MN(C?,;JN(R, L?(0,D?))]j 5 is relatively
compact in C([0,7), L?(2 x O)) .

In fact applying with the Theorem 2.4.9, result from Step 1 tells us that for any sequence
MN(f,) € C’Tp (R, L*(O,D*?))|j9.7), there exists a subsequence, still denoted by M™(f;,)
and V¥ € C([0,7), L?(Q x O)) such that

sup EIMY(fu)(t, ) = V(L 2)[[7 = 0 (4.45)

telo,7)
as n — oo. O
Proof of Theorem 4.2.2. Step 1: MY (S) is relatively compact in CA(R, L2(Q2 x O)), where

S = CAN(R, L*(2, DY) N LY (R, L*(Q, H'(0))),

and from Lemma 4.2.5, for any sequence M (Y,V) € Cﬁ;)N(R, L?*(O,D%?)), there exists a
subsequence, still denoted by MY (Y,V), and V¥ € C([0,7), L?(2 x O)) such that
sup E/ MY (YN (- ) — V(¢ - 2))Pde — 0 (4.46)
tel0,7)
as n — 0.

Set for any t € [mr, m7 + 1),
VN(t, w,T) = VN(t —mT, Oprw, ).
Note that by definition

MNYNY)(t, 0w, ) = MY YNt + mr,w, z).
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With (4.46) and the probability preserving of 6, we get as n — oo,

sup eI [ MY YN (1) - VY (o) P
O

telmr,mr+7)

= sup 6_2At_mT|E/ IMY (YNt 4 mr, -, z) — VY (t+mr, -, 2)|Pde

telo,7)

< sup E/ |./\/lN YN)( t, O0mr, )—VN( mr"y T )’ dx
tel0,7)

= sup IE/ IMN YN, - ) = V(- 2)|Pde
tE[OT

%

Thus
supe—QAtlE/ MY (YN, x) — V(- )| Pde — 0,
teR @]

as n — 0o. Therefore MY (S) is relatively compact in CA(R, L2(Q x O)).

According to the generalized Schauder’s fixed point theorem, MY has a fixed point in
CMR,L2(Q x 0)). That is to say there exists a solution YN € CA(R,L2(2 x 0)) of
equation (4.24) such that for any t € R, YN (t + 7,w,2) = YN (¢, 0,w, z).

Step 2: Now define a subset of Q as
Qn = {w, Ch(w) < N},
As the random variable Cj (w) is tempered from above, it is easy to get
P(Qn) — 1

as N — oco. Note also {2 is an increasing sequence of sets, thus U,Qn = Q) and Q) has full

measure, and is invariant with respect to #. Then define

ﬂe Q,

n=—oo

and Q}; is invariant with respect to 6, for each n. Besides we have (13, C Q% 41, Which

leads to
o= N solox= ) o (UQN> N eo= () 9=0.
N n=—o00 n=—oo N n=-—oo n=—oo
with P(Q) =
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Now we can define Y : Q x R — L3(O), as an combinations of Yy such that

Y :=Yixor + Yoxopar +--- + YNXQ}‘\,\Q* +to (4.47)

N-1

and it is easy to see that Y is B(R) ® F measurable and thus Y also satisfies the following

property

Y(t+7,w)

= Yi(t+7w)xo;(w) + Yot + 7, w)xasor (W) + -+ + Yn(t 4+ 7, w)xa5\05,_, (W) + -+

N-1
= Yi(¢,07w)xo; (w) + Ya(t, rw)xog\a; (W) + -+ + YN (t, 6rw)xas 05, (W) + -+

N-1

= Yi(t, 0rw)xo; (6rw) + Ya(t, 6rw)xos\0; (0-w) + -+ + YN (t, 0:w)xos 0\, (Orw) + -

1

= Y(t,0,w).
Moreover Y is a fixed point of M.

We can easily extend Y to the whole Q as P(2) = 1, which is distinguishable with Y
defined in (4.47). O
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