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Ito maps and analysis on path spaces

K. D. Elworthy & Xue-Mei Li

Abstract

We consider versions of Malliavin calculus on path spaces of compact manifolds
with diffusion measures, defining Gross-Sobolev spaces of differentiable functions
and proving their intertwining with solution maps, Z, of certain stochastic differential
equations. This is shown to shed light on fundamental uniqueness questions for this
calculus including uniqueness of the closed derivative operator d and Markov unique-
ness of the associated Dirichlet form. A continuity result for the divergence operator
by Kree and Kree is extended to this situation. The regularity of conditional expec-
tations of smooth functionals of classical Wiener space, given Z, is considered and
shown to have strong implications for these questions. A major role is played by the
(possibly sub-Riemannian) connections induced by stochastic differential equations:
Damped Markovian connections are used for the covariant derivatives.

1 Introduction

A natural approach to geometric analysis on path spaces, or loop spaces, of mani-
folds is to base it on continuous paths with Brownian motion (or other) diffusion)
measure. It became clear in the 1970’s from the early work of L. Gross on analysis
on Banach spaces with Gaussian measures, that in such analysis the differentiation
should be restricted to differentiation in directions given by a certain Hilbert space,
the Cameron-Martin space. These H-derivatives formed the basis of the highly suc-
cessful Malliavin Calculus, see e.g. Malliavin [36] [35]. Key tools in this were the
Sobolev spaces they generated, see for example the books by Ikeda-Watanabe [30] and
Nualart [38]. For paths on a Riemannian manifold, here based paths for simplicity,
with Brownian motion measure, it was realized that the Cameron-Martin space should
be replaced by Hilbert spaces of tangent vectors at almost all points of the path space:
the so called Bismut tangent spaces. These are described in terms of parallel trans-
lation of the usual Cameron-Martin space of finite energy paths in the tangent space
to M at the base point, Jones-Léandre [31]. The parallel translation was that of the
Levi-Civita connection. This was extended to more general connections by Driver in
[9] whose work led to rapid progress in creating a Sobolev calculus (depending on the
choice of connections) over the path spaces and loop spaces see e.g. Aida[l], Léandre
[33]. When M has curvature a major difficulty in this analysis comes from the non-
holonomic nature of the Bismut tangent “bundle”. There are no known “local charts”
which adequately preserve the structure. The standard method, as in Driver [9] has
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been to use the stochastic development which gives a measure theoretic isomorphism
of the Wiener space of based paths on Euclidean space with that on the manifold, and
classically gives a diffeomorphism between the corresponding spaces of finite energy
paths. However although this is smooth in the sense of Malliavin calculus, in general
its derivative does not map the Cameron-Martin space to the Bismut Hilbert spaces.
Moreover it seems clear from X-D Li [34] that the composition of it with a differen-
tiable function, say in ID”"!, on the path space may not be differentiable on the flat
space, e.g. not in D% for any 1 < ¢ < co: a loss of differentiability occurs. There is
an intertwining formula, Thm 2.6 in Cruzeiro-Malliavin [6], but it is for differentiation
given by “tangent processes” not by tangent vectors.

There are also fundamental unresolved uniqueness problems in the calculus on
these path spaces. The most basic is of the derivative operator itself: a standard ap-
proach is to take the closure in L? of the H-derivative defined on some initial domain
of manifestly regular functions, e.g. smooth cylindrical functions or bounded Fréchet
differentiable functions with bounded derivatives. In Wiener space the result does not
depend on any, reasonable, choice of such initial domain, Sugita [45]. For paths on M
when there is non-zero curvature this is not known. Alhough there is a self-adjoint ana-
logue d*d of the finite dimensional Laplace-Beltrami operator it is unknown whether
it is essentially self-adjoint or whether it, or equivalently the associated Dirichlet form,
has Markov uniqueness, taking the space of smooth cylindrical functions as initial do-
main. The latter concept relates to the uniqueness of a Markov process on the path
space which would play the role of a Brownian motion (or Ornstein-Uhlenbeck pro-
cess), see e.g. Eberle [12] and §6 below. Note that Aida has shown that such operators
on certain finite co-dimensional submanifolds of Wiener space [3] are essentially self
adjoint, and similarly for paths and loops on Lie groups [4]. An earlier work of Costa
has shown the essential self-adjointness for a larger core on such path groups.

Here we continue the approach of Aida-Elworthy [2], Aida [1], Elworthy-LeJan-Li
[17] and Elworthy-Li [19] using Itd6 maps, i.e. solution maps of stochastic differential
equations, as substitutes for charts, and filtering techniques. We work with a fairly gen-
eral class of, possibly degenerate, diffusion measures, with metric connections to define
the Bismut tangent spaces. The stochastic differential equations are those whose solu-
tions form the given diffusion process on M. We take M compact and all coefficients
smooth. The Itd maps are then infinitely differentiable in the sense of Malliavin Calcu-
lus, but as with the stochastic development their H-derivatives will not in general map
into the Bismut tangent spaces, nor can we expect there to be a ‘chain rule’ to say that
composition with them maps “differentiable” functions to ‘differentiable’ functions.
However if we restrict to stochastic differential equations whose associated connec-
tion, in the sense of Elworthy-LeJan-Li [17] [15], agrees with the connection defining
the Bismut tangent spaces, it turns out that such compositions are well behaved. The
aim of this article is to describe this and its possible deficiences, and show what light
it sheds on the fundamental uniqueness questions mentioned above. In particular we
show that the latter are related to a question on Classical Wiener space concerning the
regularity of differentiable functions after conditioning with respect to any of these Itd
maps, see Remark 7.9 below.

Since we are working in greater generality than usual, the calculus on path space
is developed from scratch, based on the integration by parts formulae of Elworthy-
Li [18] and Elworthy-LeJan-Li [15], [16]. This is done in section 4 for scalars and
with a covariant calculus in section 8 more generally. In section 2 the basic setup of
Bismut tangent bundles, damped parallel translations, stochastic differential equations
and associated connections, are described. In section 3 there is the key result, Theorem
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3.4, that if the connection associated to the stochastic differential equation is the same
as that used to define the Bismut tangent spaces then the Itd map can be used to pull
back any measurable H-1-form ¢ on the path space of M to an H-1-form on flat
Wiener space. We also give an explicit expression for the pull back Z* ¢ as a stochastic
integral. From this one obtains the pull back theorem, or chain rule, for functions
in a Sobolev space ID” ’1(C10M ;i R), Theorem 4.2 and Corollary 4.3. In particular if
f € DPY(Cu, M;R) then f o T € D" (Q;R) and d(f o T) = Z*(df) given some
conditions on the connection.

In section 5 we consider the divergence operator acting on H-vector fields and its
intertwining by these It6 maps. We show that V' lies in its domain if a certain pull back
of V' is in the domain of the divergence on flat space, Corollary 5.2. This enable us to
extend the flat space result of Kree-Kree [32] and see that D 1 H-vector fields lie in
the domain of the divergence, Theorem 5.8, a crucial result for our discussion of weak
differentiability later.

In section 6 we introduce weak differentiability and the weak Sobolev spaces W1,
Theorem 6.1 extends the chain rule to a precise intertwining:

f € WPHC,ho M;R)iff f 07 € D (CoR™; R).

The question is posed as to whether W»! = IDP!, as in flat space. In Theorem 6.9,
following Eberle [12], this is shown for the case of p = 2 to be equivalent to Markov
uniqueness, after demonstrating W21 = 9WW21 the latter being the weak Sobolev
space used in [12]. A key step in the proof is to show that smooth cylindrical forms are
dense in the space of ID** H-1-forms, Proposition 6.14.

Other uniqueness questions are considered in section 7.1. In particular it is shown
that the closure of the differentiation operator is independent of the initial domain if
that domain contains Cyl, the set of smooth cylindrical functions and consists of BC?,
twice Fréchet differentiable functions whose derivatives are bounded, Corollary 7.5.
However we are not able to prove the uniqueness of d when its initial domain is al-
lowed to contain general BC" functions. Some of these results for the special case of
Brownian motion measures and Levi-Civita connections are summarised in [21] cor-
recting [25].

In the case when it is possible to find a stochastic differential equation whose It6
map has no redundant noise, all the main results in this article hold without the Condi-
tion (Mj) which was often needed in the general situation. See section 9. In particular
we have Z7*d = dZ* on LP for 1 < p < oo and the Markov uniqueness. This ap-
plies to paths on Lie groups with left or right invariant connections and to paths on
the orthonormal frame bundle of a Riemannian manifold with measure associated to
the horizontal Laplacian. In this case our Itd map is essentially the stochastic devel-
opment map and our results are an extension of some of the isomorphism results by
Fang-Franchi [27] for path spaces on Lie groups.

The culmination of section 8 is Theorem 8.14 on the pull back by composition
with Z of higher order Sobolev spaces D", and weak Sobolev spaces Wk | =
1,2.... As for k = 1, in the weak case there is a precise intertwining. To differentiate
these Sobolev spaces requires a connection on the Bismut tangent ‘bundle’. We use
the ‘damped Markovian’ connection. This was introduced in Cruzeiro-Fang [5] for
Brownian motion measures with Levi-Civita connections. One key point in this work
is how well they fit into this situation, in some sense being induced by the derivative of
Z, Proposition 8.2.

Although we work in considerably greater generality, the main results here, The-
orem 3.4 and Theorem 8.14 on intertwining, Theorem 8.12 on the continuity of the
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divergence, Theorem 6.9 on Markov uniqueness, and Corollary 7.5 (BC? functions are
in ]D2’1), are essentially novel for the more standard case of Brownian motion measures
and Levi-Civita connections (thought there is a version of Theorem 3.4 in Elworthy-Li
[19]), as are the treatment of the covariant calculus in section 8, and the importance
shown for the rather general problem of the smoothness of conditional expectations in
classical Wiener space, Remark 7.9.
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2 Basic Assumptions

Let M be a C'*° connected manifold of dimension n. For simplicity assume it is com-
pact. Otherwise some bounded geometry assumptions on the manifold and bounds
on the coefficients of the stochastic differential equations we consider will need to be
imposed. Let A be a smooth semi-elliptic second order operator with no zero order
term. Assume its symbol o* : T*M — TM has constant rank p so that its image is a
sub-bundle E of T'M. It has a natural Riemannian metric induced by 0. Let V be a
metric connection on E. Then A can be written in the following form:

1
Af = §traCGEV—(df|E) + La(f) 2.1)

where A is a smooth vector field. Denote by i, the law of the Markov process
(z¢ : 0 <t <T)corresponding to A with initial value xy for some point 2y € M and
fixed T' > 0.
Consider
CogM = {0 :[0,T] — M | o(zg) = 0,0 is C°},

the space of continuous paths on M starting from zo equipped with the probability
measure iy, .
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2.1 An SDE which induces the connection V

The underlying probability space {2 will be taken to be the canonical space CoR™,
given by

Q =CoR™ = {w:[0,T] — R™ |w(0) = 0, w is continuous }, (2.2)

some natural number m. It is equipped with the Wiener measure P and its natural
filtration {F.}. Let {B; : 0 <t < T} be the canonical Brownian motion on R™, that
is By(w) = w(t), the evaluation map.

Denote by L(E; F') the space of bounded linear maps between linear spaces £ and
Fandlet X : R™ x M — TM be C* with X(x) € L(R™;T,M) for each z.
For each x € M, Image[ X (x)] inherits an inner product. We shall choose X so that
Image[ X (z)] = FE, as a Hilbert space. Let C"T'E be the space of C" sections of E.
For e in R™ let X ¢ be the section of F given by X®(x) = X(x)(e)and Y : £ — R™
the adjoint of X. Note that X (2)Y (x)(v) = v for all v € T, M. Write ker X (x) and
[ker X (2)]* respectively for the kernel of the map X (z) and its orthogonal comple-
ment. The result on which, Elworthy-LeJan-Li [15], and this article are based is the
following, c.f. Quillen [40], Narasimhan-Ramanan [37]:

Proposition 2.1 (Elworthy-LeJan-Li [17], [15], c. f.v Quillen[40]) For each such map
X :R™ x M — TM there is a unique connection V on E such that

VX =0, YveT,Myec M,ec ker X(y)]* (2.3)
This connection is metric. In fact
VU = X(2)d Y(U))) @), veT,MUEeCTE. 2.4)

Furthermore all metric connections on E can be obtained this way for some X and
some number m.

e Assumption (X). By this proposition we can and will suppose from now on that
map X induces the Riemannian metric and the connection V on E. Hence (2.3)
holds for V.

For A as in (2.1), consider the stochastic differential equation

It induces the diffusion measure i, on M.

2.1.1 Examples [15]

Example 1 (Gradient S.D.E.). Consider a Riemannian manifold M isometrically im-
mersed in R™ with immersion j. Set X¢ = X (-)(e) = V{j(-), ). Then X (z) : R™ —
T M is the orthogonal projection of R™ to T, M. The stochastic differential equa-
tion has solutions which are Brownian motions on M and it induces the Levi-Civita
connection on M as its associated connection.

Example 2. (Left invariant S.D.E.). Let M be a Lie group with left invariant metric,
identity e and Lie algebra g := T.G. Let (B;) be a Brownian motion on g. The
connection associated to the left invariant stochastic differential equation

dﬂ?t = X(.Tt) o dBt
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is the flat left invariant connection. Here X(e) : R™ — @G is some isometry and
X(g)e = (I'Ly)X(e). The solution of the equation is a process on the Lie group whose
filtration is the same as that of the noise (B;). It is a Brownian motion if the metric is
bi-invariant.

Example 3 (Symmetric space S.D.E.). Let M = G be a Lie group with bi-invariant
metric. It has a standard symmetric space structure:

_ Gx G
{(9,9): g€ G}

where G x G acts on GG as follows:

(g1, 92)T = gi12g5 "

Denote by L, and R, respectively the left and right group multiplications. Consider
the stochastic differential equation on G

1 1
dry = —=TL, odB; — —=TR,, 0dB,
t \/§ Tt t \/i Tt t
where (B;) and (Bj) are two independent Brownian motions on g. The corresponding
connection is the Levi-Civita connection on G.

Example 4 (Canonical SDE on frame bundles). Let N be an m dimensional Rie-
mannian manifold and let M be its orthonormal frame bundle, M = ON, with 7 :
ON — N the projection. Using the Levi-Civita connection for [V consider the canon-
ical stochastic differential equation on ON. Then X(u)e = H,(u(e)) where H, :
Tr@yN — T,ON denotes the horizontal lift map. Then E is the horizontal tangent
bundle of ON and p = m = dim N. The connection on F is the flat connection in-
duced by the trivialization X. The solutions to the S.D.E. on ON project to Brownian
motions on NV, and are the horizontal lifts of those Brownian motions.

2.2 The Covariant Differentiation operator

There is an adjoint semi-connection, V', of V. For each smooth vector field V on M
this gives a derivative
v,V eT,M

foreach v € E,, y € M. Itis defined by
V.,V =V,U+[U,VIy) (2.6)

for v = V(y) and U any smooth section of E with U(y) = u.
Using V there are parallel translations along smooth paths o in M

Nt = /[i(@) : Eo0) — Eoq)
and these preserve the inner products. Using V' we obtain parallel translation
N = /i) : TooyM — Ty M

along smooth paths which are ‘horizontal’. (A path o is horizontal if ¢(¢) belongs to
Ey) for each t.) There are also the operators % and %

D

d _
%Ut = //t%(//t Uy e Eswy
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D= L v € T
at L Mgt T = Ao
defined for vector fields along o, for U; € E,) each ¢, and for o horizontal in the case
of 2.
dt

We will need ‘damped’ versions of these operations. Let Z be a vector field on
M. When Z(x) € E, for each x, the damped parallel translation W7 = WZ(o) :
Ty M — T, M along a horizontal smooth path o is defined by

{ GV @l = =3 RicFWE o) + Vizoy 2 0<t<T o

W (vo) = vp.

Here Ric? : TM — E is defined by the Ricci curvature Ric corresponding to the
connection V: <Ric#(u),v>y = Ricy(u,v) = traceg(R(u, —)—,v),. Under these

conditions the corresponding operator % on vector fields along o is given by
D d
—V, =W/ — (WH™'V,).
dt '’ tdt (WiH™Vh)
Thus D D 1
— =+ “Ric* - VZ. 2.8
i~ ar TN Y (28)

In this case the damped (and undamped) parallel translation is defined almost surely
along the sample paths of the solutions to our stochastic differential equation (2.5), with
% and % being defined correspondingly on suitable vector fields along the paths.

If Z is not a section of E then the solution paths are not ‘horizontal’ and it is
convenient to introduce an auxiliary connection V! on TM. To obtain this take a
Riemannian metric on TM. Let E+ be the orthogonal bundle to E in TM and take

any metric connection V- on E*. Set
V=V +Vt (2.9)
and let V1’ be its adjoint. Now extend the definition of % to define

D DY 1
—V;:= =V, + =Ric"V, - Vi, Z 2.10
P I t+210 t— Vy, (2.10)
for any suitably regular vector field V along the paths of any continuous semi-martingale
on M.
In particular % is defined ., -almost surely for suitably regular vector fields along
the elements of C,, M. It follows from Proposition 3.3.9 of Elworthy-LeJan-Li [15]
and the Girsanov-Maruyama theorem that as such it depends only on V and Z and not
on the choice of E- or V+ provided that Z — A € I'(E) where A is the drift coefficient
of the SDE. Consequently for such Z the solution to
D
—v; =0 2.11
dt Ut ( )
given vg € T, M is defined along p,,-almost all paths and is independent of the
choice of the auxiliary connection on E-+. When Z = A it shall be denoted W (vg) to
extend that defined by (2.7). With these extensions it remains true that

D

d
T W%(Wt Lwo)). (2.12)
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2.2.1 Condition (M)

Some additional conditions will sometimes be imposed on our connection V and on
the stochastic differential equation. We are given a Riemannian metric only on E and
so will formulate the conditions in terms of that metric, avoiding using the metric we
imposed on 7'M, even though for a compact manifold M that is not really essential.

e Condition (M) : The damped parallel translation W, satisfies:

: -1
(1) SupOStST |(Wt |Emt)|L(E.7)t;T’IJUM) € L*>® and

(D) supo<i<r [V Xy, mriwme,, ) € L™

e Condition (M) : The adjoint connection V' is metric for some Riemannian
metric on 7'M, (which we will denote by (-, -)").

Note that if E = T'M condition (M) holds with (-, -)’ = (-, ) if and only if V is torsion
skew symmetric as described by Driver in [9]. In particular Condition (M) holds for
the SDE’s in Examples 1-3, section 2.1.1. For examples where it does not hold see
Elworthy-LeJan-Li [15], in which there is also the following result (Proposition 3.3.11,
p72):

Proposition 2.2 [15] For compact M,

—1
sup |\ Wslor arr. ap and  sup  |[W _
0<s<T (Tpo M T M) Ogng‘ |]L(T1,S]V[,TTOM)

lie in LP forall 1 < p < oo. If also condition (M ) holds then both are in L*>°. (Here
we are using any Riemannian metric on M.)

From this we see immediately that condition (M) implies condition (M) in the com-
pact case under consideration.

2.3 The L? tangent bundles L2, L>TC,,, M and the Bismut tangent bundle +

Recall that C;, M is a C°° Banach manifold, Eells [13], see Eliasson [14], and its
tangent space 1,,C,, M at a path o can be identified with the following space of vector
fields along it:

ToCooM = {v:[0,T] — TM |v; € ToyM,vo = 0}.

By the L? tangent space L?&, at o we mean the following set of measurable vector
fields along o

L6, ={v:[0,T] - E | vt € Eoq, |v.|r2e < 00} (2.13)

T
0| ae = / (w2 ds
0

These form the fibres of a smooth Hilbert bundle L2E over C,, M. It is associated to
the principal bundle

where
1/2

CyOF — Cyo M
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where 7 : OFE — M is the orthonormal frame bundle of E and
CuoOF = {u:[0,T] — OFE | u(0) € 7~ (x0)}.

Given the choice of a Riemannian metric on T'M extending that of E' we also have the
Hilbert subbundle of L? tangent vectors L?T'C,,, M, obtained as L?£ but using TM
rather than E. Then L€ is a subbundle of L*TC,, M. Let

:L°TC, M — L*E

denote the orthogonal projection.
Using the metric connection V which we have imposed on F, we can define a
family of subspaces H, C T,C,, M:

D D
—u € E,,(t),/ |—t2, . dt < oo} (2.14)
0

HU = {U S T{TC.’EOM dt W o(t)

(with the usual convention of absolute continuity after translation back to 17, M). This
is a Hilbert space under the obvious inner product

T
Du; D
o= [ (B2
0 dat = dt [ ,q

Note also that % determines an isometry of H, — L?&, for almost all o, with
inverse
W.: L%, - H,

given by
t
Wt(v):Wt/ W, lvds. (2.15)
0

Let’H = U,H,. Then it inherits a vector bundle structure (over a subset of full measure
in Cy, M) from L€ via % as does its dual H* = U, H.

In particular an L? H-form (or written as H-form) ¢ on C,, M is an LP section of
‘H*, i.e. an assignment of ¢, : H, — R, continuous linear, for almost all o in C,, M,
measurable in ¢ in the sense that o — ¢, (%—) is a measurable section of the dual of
the vector bundle L2E with

[9lLr == / |00 5. Aty (0) < 00.

Cog M

Let LPT"H* be the space of equivalence classes of L? H-forms.

Remark 2.3 Suppose V' € LPI'H, the space of LP H-vector fields on C,, M. Then,
for any inner product on 7,,, M and almost all o € Cyy M

t
D
sup |W; ' Vi(o)| / Wt d—VS(U)ds
t 0 S

sup
t

IN

1 _
1> SI}P|Wt BT i1V 122,

and so sup, | W, 'V;(0)| is in L? if condition (M) holds.
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3 Pull backs of H-forms by Ito maps.

3.1 The derivative TZ of the Ité map and 77
Let
Z:CR™ — Cpo M
T(w) = w¢(w)

be the Itd map of (2.5) for {&; : 0 < t < T'} the solution flow of (2.5) and z4(w) =
&i(zg,w). For each w € CyR™, let

T,Z:H=Ly'R™ — Ty (1)Cog M

be its H-derivative in the sense of Malliavin calculus. Strictly speaking conventional
Malliavin calculus just gives a derivative at each time ¢

TwIt H — th(w)CIOM.

However there is the formula, due to Bismut, for v;(w) = T,,Z;(h), h € H:

t
vt = Tooks / (Toob) " X(wo)hods, 0<t<T 3.1)
0

where Ty, &+ Ty M — T,, M is the derivative at zg of &. This shows that we do
have, for almost all w € CoR™, a continuous linear version 1,7 : H — T (,\Cqo M.
Moreover sup, |TZ|1 H:T,, M) lies in LP for all 1 < p < oo, (c.f. Proposition 2.2
below), for any Riemannian metric on our compact manifold M.

One of the key points in our discussion will be the decomposition of the ‘noise’
{B;: 0 <t < T} into ‘redundant’ and ‘relevant’ parts

dBy = [JidBy + J}rdBy, (32)

as described in Elworthy-Yor [23] for gradient systems and Elworthy-LeJan-Li [17],
[15] more generally. Here

@) /7t(w) : R”™ — R™ is an orthogonal transformation of R™, mapping ker X (x()
to ker X (z4(w)), given by parallel translation along {z; : 0 < ¢ < T} using a
connection on the trivial R™-bundle over M, canonically determined by X .

(i) B, = fg 7/5_1K L(x4)dB,, for K+(z) the orthogonal projection of R™ onto
[ker(X (x))]*; so {Bt : 0 <t < T} is a Brownian motion on [ker X (xzo)]*. It
has the same filtration as that of {z; : 0 < ¢ < T'}.

(i) B, := [y JJ: ' K(zs)dBs with K(z) = 1 — K (2); 50 {f# : 0 <t < T}is an
F.-Brownian motion on ker X (z), independent of {z; : 0 < s < T'}. From the
point of the view of the solution {z; : 0 < ¢t < oo} it is the ‘redundant noise’.

From Elworthy-LeJan-Li [16] or equation (4.16) p79 of [15], we have the covariant
It equation for v; = T7;(h) any h € H, using the connection VY on TM, defined
via (2.9),

- 1 .
DY'v, = Vo, X(J1dBy) — SRICF@dl + V), Adt + X@hedt  (3.3)
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which may be written, using notation (2.10),
Du; = Vo, X(JdBy) + X (@)hydt. (3.4)

The equation (3.3) comes from (3.2) and the defining property, (2.3), of the connection.

For almost all 0 € C, M and h € H define
TZ,(h) = E{T,Z(h)|z.(w) =0} . (3.5)
From (3.4), as in [15], we obtain a key property

Property 3.1 ( Elworthy-Li [24][19]) Suppo&the connection defined by the SDE (2.5)
is the same as that defining ‘H. Then the map TL, gives a projection

TZ,: H — H,

Sfor almost all o € Cy M. It is given by
—_ t .
TZy(h)y =W, / W, X (05)hsds
0
with isometric right inverse v — fo Yo(s) (%vs) ds.

3.2 Some useful lemmas

Lemma 3.1 Let (M;,0 < t < T) be a continuous local martingale with respect to
some filtration G, with values in L(R¥; G) for some separable Hilbert space G. Sup-
pose the tensor quadratic variation of (My) has a continuous density with respect to t.
Then the map

T
fH/O dMs(fs).

is continuous in probability as a map

L° (€, Go, P;L*([0, TI; RY)) — L% (Q,Gr, P;G)

Proof Suppose {f,,n > 1} is a sequence of Gy measurable functions converging in
probability to f. Form = 1,2,3,..., set 7,,, = inft>o{supn{fg |fn(s)|?ds} > m},
giving it the value T if the set is empty. Note that by going to a subsequence which
converges almost surely we can assume that sup,,{ fOT | fn(s)|?ds} is almost surely
finite and so these times increase to 7" almost surely. They are also Gp-measurable and
so can be used as stopping times. The processes{ x[0,r,,)(-)fn }5>; are bounded and so
converge in L to xo,7,,)(-) f for each m and p < co. Their stochastic integrals, after
localisation, will then converge in LP and the result follows. O

The next proposition extends the main technical tool used in Aida-Elworthy [2].
Compactness of M is not used though non-explosion of the underlying diffusion needs
to be assumed. First we record an easy consequence of the Burkholder-Davis-Gundy
inequalities.
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Lemma 3.2 For 0 < p < oo let ¢, C)p be the constants in the Burkholder-Davis-
Gundy inequalities. If {Z; : 0 < t < T} is a real-valued continuous local martingale
with respect to a filtration {G; : 0 < t < T} with Zy = 0, then almost surely

SE{(2,2)7 | Go} gE{ sup |Z P | go} < CGE{(Z,2)} | Go}.
0<t<T

Proof Let A be non-negative, Gy-measurable, and bounded. Then {)\%Zt :0<t<T}
is a G,-local martingale to which we can apply the Burkholder-Davis-Gundy inequali-
ties to see

¢, ENZ,Z)2 <EX sup |Z|P < C,EN(Z, Z)2
0<t<T

giving the result. U
Set F¥*0 = o{zs: 0 < s <T}.

Proposition 3.3 Assume condition (My) holds. Then for all 1 < p < oo there is a
constant o, with

E{ sup |W'TZ b)), ,, ’PEO} <aopl|hlly, all heH as.
0<s<T zo

Proof Take h € H. We only need to show the inequality for p > 2. From (3.4) we
have the It6 equation for u; := V[/t_1 (TZy(h)):

duy = Wi Vi X (/7tdﬂt> WX (@) (hy)dt (3.6)
giving
t - P
sup ful <27 sup | [ WV, ([Lds)
0<t<t o<t<r |Jo
t . p
+2P71 sup / W X (25)(hs)ds (3.7)
o<t<r |JOo

forany 0 < 7 < T. Set G; = F; V F*°. Then (3.) is a G,-Brownian motion and so we
can apply Lemma 3.2 to give
p
Fo }

E< sup
o<t<r

< GC,E /TZ |W;1VWS<uS)Xj\2 ds ‘ Fo
Oy

/ WV X (s,

[SS]

for X7(z) = X (x)(e?) where e!, ..., e™ is an orthonormal base for R™. Since p > 2,
condition (M) plus Jensen’s inequality gives

E{ ( /OT > W Vi X[ ds) :
J

Fol
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p
gconst.(| sup Ws_l‘E |L<x>) :
0<s<Tt e L(EwS;TmOJ\/I)
P B T
(I sup [V, Xy, JVI;JLz(Rm;Ez,»lLC"’) (72 1)E{/ s ds| 77}
0<s< 0 s 0

< const. / E{ sup |u, [P | F*o } ds.
0 0<r<s
Applying condition (M) to the second term on the right hand side of (3.7) we see that
(3.7) leads to

E{ sup |ug|? | F } < const. / E{ sup |u,|? | F*o } ds + const. (||| ;)"
0

0<t<r 0<r<s

and the result follows by Gronwall’s lemma. (]

3.3 The pull back map Z* and the push forward map 7Z(—)

If f:CyyM — Ris Fréchet C* with bounded derivative df : TC,,M — R we see
that Z*(df )., := df o T,,T is almost surely defined as a continuous linear functional on
H, (and by the usual approximation techniques this is d( foT),). Similarly we can pull
back any geometric 1-form ¢ : TC,,M — R to obtain an H-form 7*(¢) = ¢(I'Z—)
on CoR™. If f € L*(C,,M;R) is an arbitrary element in Dom(d) we have now the
H-form df, : H, — R for almost all o € Coo M. Set vy = TZy(h) for h € H. From
Bismut’s formula (3.1) we cannot expect v. to be in H and thus the usual pull back map
I* : A' — LO(Q; H*) defined by T*(¢)(h) = ¢(T'Z(h)), on geometric differential 1-
forms does not obviously extend to H-forms. In particular it is not at all clear that we
can define Z*(df). As shall be seen below we will need to interpret ¢(v.) as a stochastic
integral.

Theorem 3.4 Under the standing assumption Assumption (X), the map ¢ — T*¢ :=
@ o171 defined on measurable geometric forms on C,, M extends to a continuous linear
injective map

75 L°'TH*  —  L°(CoR™; H*)
Sfrom measurable H-one forms on Cy, M to measurable H-one -forms on CoR™, using
the topology of convergence in probability. The map is given by the It stochastic
integral

T /I Do# ~ .
T = [ (B iz X(Lan) + Xexids) . neH G8)
0 Ts

using the filtration G; := ]—'tB VvV FPo, 0< t < T. Moreover for 1 < p < o0,
(a) the map L™ restricts to a continuous linear map
T LPT*T'H* — LP (CoR™; H*) (3.9)
for any € > 0. If condition (M) holds, (3.9) holds for e = 0.

(b) ifp € L°T'H o
E{Z(¢(-)|F* } = ¢(I'L,. ) (3.10)
and

lllze < (D)l Lr- (3.11)
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Consequently T*[ L°TH*1NLP(CoR™; H) is closed in LP and is contained in T*[ LPTH*]
with equality if condition (M) holds.

Proof (1) For h € H set v; = TZ;(h). From (3.4 ),

t ~ .
v = We [ WAV X s + Wi (Xah) (3.12)
0

Consider ¢(v.) for ¢ a geometric 1-form. We can treat ¢ as an H-form by restriction.
As such it has a dual H-vector field (;5#, so if u € H, then

/D D 4
o(u) = go(u) = /0 <dtut’ %th (0)>a(t) dt.

Thus

t N T D .
d)('l}) = QS (Wt/ Ws_lvvsX(//sdﬁs)> +/ <dt¢?,X(1't)ht> dt (313)
0 0

For the second term on the right hand side, we have

T /D )
/0 <dt¢#,X(xt)ht> dt

Consequently the map h +— ¢, (W.(X (z.)(h.)) is in H* almost surely. For p = 0
or 1 < p < oo it gives an element of LP(CoR™; H*) depending continuously on the
restriction of ¢ in LPT'H*.

(2) For the more interesting first term on the right hand side of (3.13),

< % lre, Nl as.

®(h,¢) = ¢ (W. / WslvvsX(/stﬂa) , (3.14)

0
we assume that ¢ is a geometric differential form on C,, M which extends to give linear
functionals on the L? tangent spaces L?T,C,, M, for some choice of a Riemannian

metric on T'M extending that of . Then there is a section « of the vector bundle
L*TCpyM — Cy, M such that if u € L*T,C,, M then

T
d(u) =/ (a(0)t, ut) e dt. (3.15)
0

Assume avis in L2, ie. [, . [|c(0)[|32 dpigy(0) < 0o. We first show that for such ¢
&)

the right hand side of (3.8) makes sense and agrees with the pull back ¢(v.). It is easy
to verify that

T
of =W, (H(W.l)* / Wi, ds) : (3.16)

where W : T, M — T, M is the adjoint of W,.. Let el,...,e" P be an orthonormal
base for ker[ X (z¢)]. Set e = //se/ and 3] = <ﬁs, ej>Rm. Then

T
Z(b (W/ X10,1(W, Vo, X (e]) dﬂg)
. 0
j

T
3 /O b (i0.1(OW V.0, X(el)) B
J

(h, P)
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where W7 = W;1WS, since ¢, is F*° = Gy measurable. Using (3.15) this gives

T T ) ]
> / { / <at,WvasX(eg)dt>} ap?
j 0 s

/0 ' < / L) a0 dh ¥, X (/.as.) >
[ (Bt vx () )

This shows that ¢(v.) = Z*(¢) agrees with the right hand side of (3.8), as expected.

(h, ¢)

Ts

T

(3) In general for ¢ a measurable H-form define

t ~
(1) ::/o <C]Z¢f7VTL(—)X (//sdﬂs) > , 0<t<T.

Ts

Note that (<i>(1/))t, 0 <t <T)isalocal G,-martingale with values in H* since

T
/ sup
0 |lrllz<1

using the fact that

2
ds < o0, a.s.

(Vrz,mX)" (fli%/ff)

Ts

2
sup  sup ‘(VTIS(}")X”IL(RW;EZ,) <00 as. .
0<s<T ||h|| ;<1 °

The usual stopping time argument, see Lemma 3.1, shows that ®(¢/)(—) is a continuous
map from LOTH* to L°(CoR™; H*).

To see that the pull back map of a geometric differential 1-form ¢ evaluated at i
agrees with the right hand side of (3.8), we only need to show that <i>(¢)(h) = ®(h, ¢).
For this define a sequence of differential forms ¢,,, which extends over L2T'C,,, M, by

T
dn(o)(u) = ¢ <//.(cr) / An(s — -)//sl(o)usd8>
0

for suitable A,, : R® — R", n =1,2,... so that ¢,, converges to ¢ on (1,Cy,M)* for
almost all o, and observe that <f>(¢n)(h) — <i>(qb)(h) in particular from the convergence
of ¢, in H* and Lemma 3.1.

Furthermore by the Burkholder-Davis-Gundy inequalities, [8], for 0 < p < oo

T . D
CpE‘/O (Vrz,(-X) (dslbf)

*|P P
< cpE{OggSpTuvmf)X) e, oy 161 e G

2 p/2
ds

Lo(H;R™)

IA

~ p
E[d()|

For 1 < p < oo this gives by Holder’s inequality, for ¢ > 0,

‘é(zp)‘ < const. [l pore | sup [TT( Ny iprers ap | wwsor -
Lr 0<s<T e e



PULL BACKS OF H-FORMS BY ITO MAPS. 16

Since supg< <7 |TZs(—)| lies in L? for all 1 < ¢ < co we see that d gives a continu-
ous linear map ~
¢ : LPTT'H* — LP (CoR™; H*)

forall1 <p <ooande > 0.
Combining the two terms in (3.13) we obtain a continuous linear map

/D . d
» H/0 <dt¢f’vTL()X (//tdﬁt) +X($t)(dt—)>xt dt

from LPT<I"H* to LP(CoR™; H*) in the relevant range of 1 < p < oo, ¢ > 0, which
agrees with

Y= I()

when ) is an L section of (L2TC,,, M)*.
Supposing furthermore that condition (/) holds, observe that (3.17) gives

[80)1r <€)7 [0l - 1B{ sup [V ) X[ |77 o
0<s<T
with

E{ sup ‘VTIS(_)X’I) ‘]_‘To}
0<s<T

Fol

which is essentially bounded by condition (Mj) and Proposition 3.3. Thus in this case
we can take € = 0 and (a) is proved.

To see that Z7* : L® — LY is injective note that by (3.8) and the independence of 3
and F*o,

< sup Vw, X[}

. -1 L
0<s< bupT|Ws TZ( )’]LZ(H;

5
(TogarsLR™E: ) | g2 o Teg a1y

T
. 20} — D 4 d_ — &(TT, —
E{Z"(¢(—) |F }—/0 <d5¢s » X(@s) (o )>ms ds = (T, —)

(with a suitable interpretation of the conditional expectation if Z*(¢) is not in L' eg.
see Elworthy-LeJan-Li [15] p66). Using the inverse of TZ, see Property 3.1 we obtain

' D
asw.(—):E{I*(@ (/ Y., (ds—) ds)’f“}. 3.18)
0

This proves injectivity, giving a left inverse for Z*.
Moreover since v +— fo Yz, ( %vs) ds is an isometry of H, — H almost surely
we see

6l e [EAZ" () F*0} v

12| e

IN

completing the proof. (]

Remark 3.5 Although the term %qﬁf appearing in (3.8) may depend on the whole
path {zs : 0 < s < T}, the stochastic integral there can and was considered as an Itd
integral by regarding 3. as a martingale with respect to F*° U F;. We can also treat it



PULL BACKS OF H-FORMS BY ITO MAPS. 17

as a Skorohod integral, c.f. X-D Li [34] for pull backs by the stochastic development
map. In fact if ¢ € LPT¢T"H the stochastic integral can be written as

T D
/ <VTIS<>Y (dsbf OI> ,st>
0 S

and interpreted as a Skorohod integral on CoR™, i.e. as

. 4 D d
@dn* | a— | X0,1(5) VTZS(—)Y(£¢S OI)7£C¥5 RmdS

for%+%:1when1<p<oo.Here

d? =d},. : Dom(d?) C LY(CoR™; H*) — LYU(CoR™; Lo(H; H")).
Proof Set G = L, (H; L2 ([0,7); TmOM)) Define 0 : Q — Ly(H; G) by

T
0(a)(h); = / X0, OW Ve, X (ds)ds, a,he HO<T<T.
0
Then
T
AL O)(—)- = / X10,1(OW, ' Vrr, ) X(dBy) € L(H; Ty M).
0

Suppose first that ¢ is smooth and cylindrical. Then
T
P(—,¢9) = | W. / X10.1&OW Vg, X(dBs) | = do (WG (0)(-).) .
0

Now, if {Ek}zoz1 is an orthonormal base for H, g : CoR™ — R is C'* smooth
cylindrical, and h € H,

E 9o, (W.(d)0(-).) (W] = E [gqu. (W21 11z, 1) OB ]

=E > d' (96 (W.5)) (Efxe(Ef)(h),)]
J

=E | Y d'g(E))¢.. (W.O(E")(). )] +E [Z gd" (e (W.=)(E7) (0(E )(h))]
J J

J

=E(d%g, ¢o. (W.H(—)(h).) ;. +E [Z gd(¢z. (W.—))(E7) (6<Ef)(h>.)] :

Furthermore

> " d(p (W.=)(EI)OE)(h).)
j

= Y d(ée (W) ( | KL(%)Ezds) 60| KBS m),
j 0 0
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since TZ(E?) = TZ( fOT Kt (zy)Elds) and Vor,( X (EL) = Vor,o X (K (zs)(E))
by the defining property of V, Proposition 2.1. Note that the expression is independent
of the choice of basis and so vanishes giving

D(h, §) = ¢ (WL O(—).(h) = (d}.)" (¢ (W.H(—)(R).)) . (3.19)
Note that for h € H,

t
D
b (WO(=)R)F = / VY Coof s € H,
0

to obtain the desired result.

For general ¢ € LPTI"H we can take C> cylindrical one-forms ¢/, j = 1 to
00, converging to ¢ in LPT¢T"H. By the Theorem, Z*(¢’) — Z*(¢) in LP and we see
therefore that ®(—, ¢) is convergent in L. Thus V7, () Y_ (2 ¢#) is in the domain
of (d9)* and the result holds. [l

Remark 3.6 From (3.8) we see that T*(\¢) = M\I*(¢) for all ¢ € LOTH*, if X €
L°%(C,, M;R). This is because A o Z € Gy for all such \. From the Skorohod integral
representation,

T T
T*(9) = / <vm)¥ (?ﬁﬂ) ,st>+ / <f¢f7x<xs>hs> ds,
0 S 0 S

this is less obvious. However for sufficiently regular A,

T
/ <VTIS()Y (fl) (A7) oz) ,dBS>
0 S
T
= )\/ <VTIS(—)Y (C]?gf)? OI) ,st>
0 S

T
D d
- Y =¢FoT), —VOoZT
/O<VTIS() <d8¢30 )’dsv( ° )> ,

and as for the proof of Remark 3.5 the second term vanishes. [
For suitable h : CoR™ — H define a measurable vector field 7Z(h) on C,, M by
TZ(h) (o) =E{TI(h(-)|Z() =0}

for fi,,-almost alli inﬁCmoM . &te that if h is F%° measurable with h = hoZ
then TZ(h)(c) = TZ,(h(c)) for TZ as in Property 3.1. For completeness we give the
following extension of Theorem 2.2 of Elworthy-Li [19]:

Corollary 3.7 For § > 0 and 1 < q < oo the map h — TZ(h) gives a continuous
linear map
TZ(—): LY(CoR™; H) — LI °T'H.

(This map is the co-joint of L* in the sense that
/ T*(d)(h)dP = ¢ (TZ(h)) dP (3.20)
CoR™ CoR™
for ¢ € LPT*T'H* and h € LY(CoR™; H), taking € > 0 and % + % =1)

If Condition (My) holds we can allow § = 0 and also ¢ = oo, and TZ(—) :
LY(CoR™; H) — LT"H is surjective, 1 < q < oo.
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Proof First note that when ¢ is a true form
| T@mdp = E (o ®(TT0) 7 ) = Eo (TTR)

$0 (3.20) holds and it holds for ¢ € LPTI'H*, h € LY(CyR™; H) for % + % = 1by
continuity, from Theorem 3.4. Consequently for such ¢ and h,

‘/C o (TZ(h) dP’ <|T* W\ r - |hlpe < const. - || pose |B] s
oR™

Since this holds for all ¢ in LP¢ we see that TZ(h) € L7 and is continuous linear
in hinto L75<T. Thus if h € L9 then TZ(h) € L7 forall € > 0 so that TZ(—)
is continuous linear from L7 to L1~° for any § > 0, with § = 0 allowed if condition
(Mp) holds.

Surjectivity comes from the fact that TZ(—) has a right inverse

’ D
v / Y., (vs OI> ds (3.21)
0 ds

mapping LITH to L? (CoR™; H) as in Property 3.1. O

Analogously to (3.16) we have also:

Remark 3.8 Let NV : [0,7] x C,, M — RP be a continuous semi-martingale on the
filtered probability space {Cy, M, iy, , FZ0} where F;° = o{zs : 0 < s < t}. Sup-
pose . is a locally bounded section of L(R?; L?TC,,, M) which is F2° adapted. Then
the mapping

L*H — L°C,,M;R)

T
U o /O (U(@), a(0):dN(0)) 5 o)

can be considered as the map U — @(U(+)) for ¢ the H-one-form determined by the
H-vector field p# with

T
o =w, (H(W_l)*/ Ws*astS> , 0<t<T.
If the martingale part of V. is zero then no adapteness is required.

Remark 3.9 The proof of Theorem 2.2 in Elworthy-Li [19] as it stands has a trivial
mistake in the last line and only gives TZ(h) € L' when h € L?. However it is easily
modified by not taking expectations in the proof of Lemma 3.3 of [19]: this shows
that TZ(h) € L™ if h € L?*(CoR™,0{Bs : 0 < s < T}; H), not just L2, using
the observation that supy<,<p E{|TZ,|[?| 7™} < oo from Aida-Elworthy [2], i.e. a
special case of Proposition 3.3 above.
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4 Sobolev calculus on C,, M and its intertwining by It6 maps
If M is given a Riemannian metric then C,, M gets a Finsler structure defined by

lullo := sup |Vt|ow, v e T,Cpy M.
0<t<T

By the compactness of M different metrics produce uniformly equivalent Finsler norms.
From Elworthy-LeJan-Li [15] and Elworthy-Ma [26] and the compactness of M, for
almost all o the inclusion ‘H, — T,C,, M is continuous and its norm is in L? as a
function of o for all p € [1,00) and is essentially bounded for any of these Finsler
norms if condition (M) holds.

A function f : C,oM — R will be said to be BC! if it is Fréchet differentiable
and is bounded together with its differential df considered as a section of T*C,, M,
again using any of these Finsler structures. Note that then df restricts to H to give an
element of LPT"H* for all 1 < p < oo and lies in L>°T"H* if condition M holds, by
the definition of H and Proposition 2.2.

Denote by Cyl the space of smooth cylindrical functions on C,, M. Let Dom(dy)
be a linear subspace of L*°(C,, M ; R) with

Cyl € Dom(dy) C BC!. 4.1)

Define
d = dy : Dom(dy) — Mi<pcoo LPFTH™

by restriction:
(d’Hf)a = dfr;|'}-((7 .

Let Dom(dy,) be the space of equivalence classes of Dom(dy;) under equality up to
sets of pi,,-measure zero. However after this section we will not distinguish between
Dom(d) and Dom(d). By a standard result the set of smooth cylindrical functions is
dense in LP(C,,M;R), 1 < p < oo, and therefore so is Dom(dy).

We next give the proof of closability of dy restricted to Dom(dy) in our context.
For classical Wiener space this is one of the basic results of Malliavin calculus and
gives for each 1 < p < oo a closed linear operator

d = dP : Dom(d”) C LP(CoR™; R) — LP(CoR™; H*).

This is proved by the standard method of integration by parts in Nualart [38]. (Strictly
speaking his basic domain does not consist of BC" functions but it is easy to see, and
well known, that this gives the same closures d”.) On the path space dy is closable,
from Elworthy-LeJan-Li [15], in L*(C,,M;R). For p > 1 the following theorem
follows in the same way from the integration by parts results in Elworthy-LeJan-Li
[16], [15]. Related results in this context and a detailed discussion of the Dirichlet
forms which arise can be found in Elworthy-Ma [26] and [22]. See also Driver [9] and
Hsu [29].

Theorem 4.1 For 1 < p < oc the operator dy can be considered as a linear operator
dy : Dom(dy) C LP(Cpy M;R) — LPTH™.

It is closable for each 1 < p < oo and for p = 1 if condition (My) holds.
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Proof It is not immediately obvious that dj; is defined on Dom(dy): we need to
know that if f € Dom(dy) is piz,-almost surely O then dy;f = 0 almost surely (c.f.
Proposition 3.5 in Elworthy-Ma [26]). This comes together with closability from the
following proof that if f; € Dom(dy)has f; — 0in LP and dy f; — 6 in LPI"H* then
6 = 0. For this note that f; oZ — 0in LP(CoR™; R) and f; o 7 belongs to the domain
of d, as is well known, for example by Wong-Zakai approximations. Moreover

dP(f; 0 T) = dyyfj o TT = T*(dp f).

By Theorem 3.4, Z*(d f;) converges to Z%() in L¥ for any p’ € [1,p) and for
p’ = p = 1 if condition (M) holds. Since dP for CoR™ is closed this shows that
Z*(0) = 0. But Theorem 3.4 shows Z* is injective and so 6 = 0 as required. (]

Let d” : Dom(d?) C LP(C,,M;R) — LPT'"H*, 1 < p < o0, be the closures of dy
given by Theorem 4.1.
We now comes to our main result on the chain rule, or intertwining. For 1 < p’ <
p < oo let
T*: LP(Cyy M; R) — LP(CoR™;R) — L” (CoOR™;R)

denote the map Z* f = f o Z as well as the map from LPT'H* to Lp,(CORm; H?*), as
defined by Theorem 3.4. We will see below that the Itd map for our s.d.e. can be
used in some sense as a substitute for a chart for the ‘differential structure’ given by
the calculus. See also Aida-Elworthy [2], Aida [1], Elworthy-Li- [19] for the gradient
case, Elworthy-LeJan-Li [15], Elworthy-Li [20] more generally, and for related work
see Fang-Franchi [27], [34] and Cruzeiro-Malliavin [6].

Theorem 4.2 Suppose 1 < p' < p < oo, with 1 < p’ < p unless condition (M)
holds. The operators

T*d” : Dom(d”) C LP(Cyy M;R) —> LP (CoR™; H)
and
"I {f € LP | T* f € Dom(d”)} C LP(CyyM;R) —> L¥ (CoR™; H)
are densely defined. Moreover
(i) Z*dP is closable in general and closed if condition (My) holds and p = p';
(ii) dP' T* is closed.
(iii) )
I*dP C dP I~ 4.2)

Proof The denseness of the domain of @ Z7* and the fact that it is closed are automatic
by continuity of Z*, giving (ii). It is clear that 7*dP is densely defined.

For (i) first suppose that condition (M) holds and p = p’. Then Z* on L? H-forms
is continuous and has closed range, by Theorem 3.4. It follows that its composition
Z*dP with the closed operator d” is closed. In the general case suppose 1 < p’ < p and
{f; };";1 is a sequence in Dom(d®) with f; — 0in LP(C,,M;R) and Z*(dP f;) — 0 in
¥’ (CoR™; H*), some 6. By Theorem 3.4(b) we know 6 = Z*(«) for some o € LPTH
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with dP f; — ain L. Since fi — 0in L¥', dP" is closed and Dom(dP) C Dom(d?),
we have ,
a= lim d’f; =limd? f; = 0.
j—oo J

Thus 6§ = 0
As observed in the proof of closability, if f € Dom(dy) then Z*(f) € Dom(d?) all
1< ¢ < ooand
T*(dy f) = dUT" f), J € Dom(dy)

From this and using (i), (ii)
’ ’ pvpl ’
T d? = (T lponary ) C T

where ()p’pl indicates the closure as an operator from LP(C,,M;R) to v (CoR™; R).
The inclusion (4.2) will follow if we show

(T dp)?? = T dPyPP'
This is clear since if f € Dom(Z*dP) C Dom(dP) there exist f; € Dom(dy) with
f; — fin L? and dy f; — dPf in LP, but by continuity of Z* this implies that
f € Dom((Z*dy)P?"). 0
Let D? ’1(CwOM :R), IDP ’1(CIOM ) or IDP>! denote the domain of d? with its graph
norm )
[flloes = (1 fI70 + 1 f170)7 -

Note that these spaces depend on the choice of Cyl C Dom(dy) C BC?. But see §7.1.
The boundedness of Z* on ID*! in the next corollary was known from Aida-
Elworthy [2] for gradient Brownian stochastic differential equations.

Corollary 4.3 The pull back T* determines a continuous linear map
I* : D! (Cyy M; R) — DP"(CoR™; R),
SJor 1 < p' < p < oo, with the property that

| flloes < IZ*(Hllper,  for f € Ugs1 D™ (4.3)

If condition (My) holds we can take 1 < p’ = p < oo and then the map T* has closed
range in the case of p = p', and (4.3) holds for f € D!,

Proof From the theorem Dom(dP) C Dom(dp/I *). A comparison result of Hérmander,
(see Yosida [47], Theorem 2, §6 of chapter II, p79) therefore implies that there is a con-
stant C, ,» with

|dp I*fle’ < Cp,p’”pr,l'

(Alternatively use Theorem 3.4.) This, plus the continuity of Z* on LP, gives the
required continuity of Z* on ID? ’I(CzoM :R) into ID? /’I(CoRm; R).

Inequality (4.3) holds by (3.11) and the intertwining (4.2), and implies that Z* has
closed range when p = p’ and Condition (M) holds. ([
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Remark 44 (1) Aswe seein Theorem 6.9 below, an outstanding question is whether
Z*[IDP ’1(Cw0M ;R)] = ]D’]’_i;[,0 (CoR™; R), the space of F*° measurable elements
of ID”1(CoR™; R). This appear to be unknown even for gradient Brownian mo-
tion systems, with Levi-Civita connection, on any space with curvature (e.g. S™
any n).

(2) Even if Condition (M) does not hold we see that for 1 < ¢ < p < oo,
7*[D%! (C,, M;R)]NIDP* (CoR™; R)

is closed in DP''(CoR™; R). However, even given Condition (Mj), we do not
know whether Z*(f) € IDP"*(CoR™;R) and f € D?*(C,, M;R), some 1 < g <
p < oo, imply that f € ]D”’l(CIOM; R). See section 6.1 below.

5 The divergence operator and the spaces D! H

5.1 The divergence operator div

From now on we shall take Dom(d) to be closed under multiplication by elements of
Cyl, the set of smooth cylindrical functions on the path space. Assume 1 < p < o0
and 1% + é = 1. Define

div = div? : Dom(div?) ¢ LPT'H — LP(C,,M;R)

to be the cojoint of —d?. That is V' € Dom(div?) if and only V# is in Dom(d*) and
divPV = —d*(V#). So V € Dom(div") if and only if V is in LP and there is a
constant C'(V') such that,

‘/df(v)dﬂmo <CW)-|fler, Vf €DV (CyyM;R).

Lp

If Condition (M) holds we can take p = 1 and ¢ = oo. If it is necessary to distinguish
the underlying path spaces for the divergence operator, we shall use Dome, a(divP)
or Domg (div?).

Define Y : H — H whose restriction to H,,, o € C, M, is given by

Y, (h)() = / Y,. <]Dhs) ds, heH.. (5.1)
0 dS

Then TZ,(Y ,) : H — H is the identity map.
For any h : C;, M — H define K1h : C,y M — H by

t
(Kth)o) = | Kt(ooh(o)sds, 0<t<T (5.2)
0
and for h : CoR™ — H write

t
(KLh)(w): = / Kt (@s)hw)sds,  0<t<T.
0

Note that for all A : CoR™ — H,

TZ(K*h) = TZ(h), TI(KLh)=TI(h). (5.3)



THE DIVERGENCE OPERATOR AND THE SPACES IDP''H 24

Proposition 5.1 Let 1 < p < oo. For any h € Dom(divP) on the Wiener space, and
any 0 < § < p—1, TZ(h) € Dom(div’ ~%) on the path manifold. Furthermore

E—
div(TZ(h)) =divh = — / (hs,dBy). (5.4)
0

If condition (My) holds we take § = 0 and also allow p = oc.
Proof Take h € Dom(div’) € LP(CoR™; H) then by Corollary 4.3, for ¢ > 0,

/ d(Z* f)(h)dP = — / T* f(divh)dP, VY fe€ D YC,, M).
This implies that for all f € ]Dq+€’1(CmoM),
[ TZ) s, = [ Tarirar =~ [ 7 aivioar = - [ @i,

and so for all &~ € Dom(div?),

div(TZ(R))(o) = div h()
and (5.4) holds since divh = — fOT<hS, dBy), the Skorohod integral. O

Corollary 5.2 Let 1 < p’ < p < oo. An H-vector field V is in the domain of div?’ if it
is in LP and the vector field h on CoR™ given by

h:=V)oZ:CoR™ — H

is such that h is Skorohod integrable, i.e. h € Dom(div?) for CoR™. If so

T /D
(divV)(xz.) = —E {/ <V(x‘),X(3:s)st>
0 ds T

where the right hand side is interpreted as the Skorohod integral. In this case

s

.7-'9”0} (5.5)

div(V) = div(Z*(Y' (V))).

If condition (My) holds we can take 1 < p = p’ < .

Let ID’}}CD be the closed subspace of IDP!(Q2;R) consisting of F*° measurable
functions.

Corollary 5.3 Ifg € ]DI}iO then dg(—) = dg(K+—) almost surely.
Proof Take h € H. Then Kth € D%, a subset of Dom(div) by Kree-Kree [32].
Since by Proposition 5.1 div A = div (TZ(h)) = div (TZ(KCTh) ),
Edg(h) = —Egdivh = —E (gE{div h|F*°})
= —E(gdiv (TZ(h) o T) = —E (gdiv (TZ(KTh)) o T)
= —E(gdiv(K*h)) = Edg(K"h).
Replace h by A\h where A € Cyl to conclude that almost surely dg(h) = dg(]Cth). O

Finally we observe the following version of Corollary 5.2:
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Proposition 5.4 For an LY H-1-form ¢, if E{Z*$|F*°} € Domgq(d*) then ¢ belongs
to Dome, v (d*) and

(d"¢)o = B{d"E{T"¢|F" }|T = 0} = d*[¢z(TTz(-)](0).

Proof Just note that for f € Cyl,

/ (d(T* ), BAT* ¢| F*})dP / (T* f E{dE{Z* | F*0} | F*0})dP

/f(a)E{d*E{I*¢|.7:z°}|I = o }dfiz,(0)

on one hand and, since E{Z*(—)|F*°} is an isometry on one forms,

/ (AT ), BAT 6| F*})dp / (E{T" (P F™}  E{T" 6| F> })dP

— [ o,

on the other hand. O

5.2 Hilbert space valued L” functions

Let G be a separable Hilbert space and B = H or H*, or a similar ‘tensor bundle’.
Denote by LPI'B and LPI'(G ® B) respectively the L? sections of B and those of the
tensor product of the ‘bundle’ B with the trivial G bundle over C,, M. We always use
® to refer Hilbert space completions and ®¢ the incomplete algebraic tensor products.
For each densely defined linear map 1" from LP(C,,M; R) to LPI'B there is a naturally
defined linear operator 7¢ = Id ®7T from L (Cyo M; G) to LPT(G ® B) with domain
Dom(7T%) = Dom(T) ®q G, namely

Dom(T%) = {F : C,,M — G | F(o) =Y _ f;(0)g;,9; € G, f; € Dom(T),n € N}

j=1
and such that T¢(f ® g) = T(f) ® g for f € Dom(T) and g € G.

Proposition 5.5 If T with Dom(T) is a closable operator then so is T¢ = 1d @T with
Dom(T%) = G ®¢ Dom(T).

Proof Take F,, € Dom(7T'“) converging to 0 in LP(CyyM; G) with TF,, — «. For
an orthonomal basis {e;} for G write F,,(0) = 372, fi(0)ej and @ = Y- e; ® .
Then T'fJ — «j and fJ — 0in LP as n — oo. Consequently o; = 0. O

Now take T to be dyy with Dom(d) the set of smooth cylindrical functions. Define
d=dP = d"% : Dom(d”%) C LP(Cpy M; G) — LPT(G @ H*) ~ LPT(ILy(H; G))

to be the closure of (dH)G which exists by Proposition 5.5. Its domain shall be denoted
by IDP ’1(C1.0M ; @) and is the closure of Dom(d) = G ®¢ Dom(dy) under the graph
norm.

The following elementary lemma is useful in section 5.4.
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Lemma 5.6 Suppose 1 < p < oo, allowing p = 1 if Condition (My) holds. Let
G1 and Gy be two Hilbert spaces and 0 : M — L(G1;Gs) a C' map. Suppose
f 1 CoeM — L2([0,T]; Gy) is in DP* (Cyy M L*([0, T1; G1)). Then

O(f) : CoyM — L2([0,T1; Go)
given by o +— [t — 0(oy)(f(0)) isin DP: (C%M; L2([0,77; Gz)) with
[d” (©())), W]t = (d0)s,(V)(f(0)s) + O )(dP fo(V))s. (5.6)

Proof Take f, — f in D”" (C,, M; L*([0,T]; G1)) where

kn
fulo) =) N0

j=1
with )\;? real valued smooth cylindrical functions and A/ € L2([0,T]; G1). Then

kn
O(fn)(@)t) =Y N0,
j=1
Clearly O(f,) — O(f) in L? (CIOM; L2([0,T7; Gz)) and O(f,) is Fréchet differen-
tiable as a map into L2([0, T']; G>). For v € H,,
kn k

[dr (O(fn), @] = > (dnA}), @B@Dh] + Y NH(0)(dO)o, (vr)h]

Jj=1 j=1
= (d)g,(ve)(fr(0)) + O(o)(dfn)s(V)r)

and we see that dy; (O(f,)) converges in L? (Cy, M; L2([0, T; G2)) with limit given
by the right hand side of (5.6). Finally just approximate 6(o;) by a sequence of func-
tions 0, € D' (L*([0, T]; G)), for example set

n

0, (0) = tnijtﬁ (o)) +0 (o) 1] <t <t}
J+1 7Y
for suitable partitions 0 < ¢ < ... < t;l <...<T. O

5.3 Pull back of Hilbert space valued functions and H -forms

We follow the notation of section 5.2. For p = 2 there is the canonical isometry of
L?*(C,, M;R) ® G with L%(C,, M; G) mapping Dom(d) ® G onto Dom(d®).

By a G-valued H-1-form ¢ on C,, M we mean a measurable section of the bundle
L, (H; G), (or equivalence class of such sections under almost sure equality). There
is the standard identification of Ly (Hy; G) with G ® H,,. It is given by (g ® h)(v) =
(h, v)Hg g. We shall use ¢# to denote the section of G ® H corresponding to a G-
valued H-1-form ¢. Note that we can differentiate such ¢# to obtain (1G ® %) qﬁﬁs €
G@TU(S)M,O <s<T,o€ CIOM.

If f: CpyM — G is in DP-, its differential (df), € Lo(H; G) then determines the
gradient Vf € G ® H by V f(o) = (df)#. In the Nualart-Pardoux notation we obtain
(s — D, f) € I'(G ® L%E) by the isometries

D

1®E 2
Lo(H; ) ~GRH ~° G LE.
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Theorem 5.7 Theorem 3.4 and Theorem 4.2 and Corollary 4.3 hold for G-valued func-
tions. For a measurable G-valued H-1-form ¢ in LP the pull back 7*(¢) : CoOR™ —
Ls (H; G) is given by, for h € H,

T ~ .
@ = [ Ku;@ >¢#} (Vrz.w X (JsdBo) + X@)(hods) . (5.7)
0

Proof The proofs are essentially the same as those for the real valued case. Here we
assume that p = 2 to demonstrate the proof. If the G-valued ¢ has ¢7 = 2?21 gj ®1/);#
where 1/)3% € I'H and g; € G for j = 1 to k, we immediately obtain (5.7) from (3.8).
The general case and the rest of Theorem 3.4 follow by taking limits, in particular by
observing that (3.18) remains true in the G-valued case. The proof of Theorem 4.2 is
based on (3.18) and so is easily seen to extend to the G-valued case. The crucial remark
is that the stochastic integral in (5.7) can be considered as an Ly (H ; G)-valued integral
applied to h. To see this and perform the necessary estimates we need to show

T 2
[l )] srm
0

La2(H,G)
is finite almost surely for j = 1,....,m. First noted that the assumption that ¢, :
H — G is in Lo implies that so is V +— ¢,(W.V) from L€ to G, where L2€ is the
Hilbert bundle of E valued L? tangent vector fields on C,,, M. Moreover

T
¢”(W'V):/o <(1G® >¢ > ds.
a(s)

The norm of ¢,(W.—) equals ||¢, H]1242(H,,;G) and is given by

ds

T
oo oW re= [ [(1o6 Yot as
0 L2(Eqs);G)
which is finite. Now for o = Z(w),
T 12
/ {<1G ® ) qb#] Vr,z.X? ds
0 La(H;G)
T -
= / {(10 @ ) (b#] HVTWIS(_)XJ ||]L(H;Ea(s)) ds
0 Lo (Eo(0);G)
< w2 \Y X792
< l¢oo ||]L2(L2€;G) - sup H ToZs(—) HIL(H;E(,(S))
S
<

constant - [|¢, o WHJ%Q(L%;G) sup ”TwI”i(H;TaCmOM) < 0.
S

There are no difficulties with Corollary 4.3.
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5.4 The space D”'H
For 1 < p < o0, and allowing p = 1 if Condition (M) holds, define

DP'H ={V e L’'TH | Y.(V()) € D" (C,,M;H)}, (5.8)
Equip this space with the obvious norm:

[Vlipraw = ¥ Ve, ar.m) = (E[Y (V)P +E|d(Y(V))\p)% .

This depends only on the connection on E not on the specific stochastic differential
equation (2.5), or equivalently not on the particular choice of X as can be easily seen
by Lemma 5.6. In fact IDP*1H can also be described by covariant differentiation, see
§8.3 below. Similarly we can define IDP*!{*:

DP'H* = {¢ € L’'TH* | ¢(X(-)) € D" (CpyM;H*)}. (5.9)

We have the following analogue of a fundamental result of Kree-Kree [32] for
CoR™:

Theorem 5.8 For 1 < p/ < p < oo, the set DPY'H is contained in Dom(div? /) and
div?’ : DP'H — ¥ (Czy M ; R) is continuous. If Condition (My) holds we may take
p=p.

Proof Take r with p/ < r < p. If V. € DP'H then ¥(V) o Z € D"Y(Q; H) C
Domg,(div"), by Theorem 5.7 and the corresponding result for Wiener space of Kree-
Kree [32]. Then V = TZ(Y (V)) € Domcl,0 m(divP) by Proposition 5.1. Finally note
that

(Y -)

D71 Y0 priq; B) div — LPI(Q;R) conditional_ez(pectation

LY (Coy M;R)

is a continuous map and by Corollary 5.2, agrees with the divergence operator restricted
to IDP"' . Note that the continuity also follows from the closed graph theorem. (]

The following is a compliment of Proposition 5.1:

Proposition 5.9 For1 < p < oo, set
U={heD” (L H) | TI(h)eD"'H}. (5.10)

Then U is total in DP*(Q; H) and thus total in the domain, Dom(div?), of the diver-
gence on Wiener space.

Proof Consider the family of functions

T T
U, = {k{exp (/ (kg,dBy) — %/ |k52ds> ‘ E ke H}
0 0

Since the exponential martingales are total in IDP"! (Q; R) it is clear from the defi-
nition that Uy is total in IDP>1(Q; H) and so it is sufficient to show that

Image[TZ(h) : h € U;] C DP'(H),
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or equivalently that ¥ (T'Z(h)) belongs to ID? ’1((,'1;0 M; H). In fact for

T 1 (T .
h. =k exp (/ <k:s,dBS>—f/ |I~cs|2ds>,
0 2 0
we can write

T 5 1 /T .
h. = kexp </ <ks,//SdBS>—§/ |Kl(m5)ks|2ds>
0 0

T T 1 (T .
- exp </ / (ks, K(x5)dBs) — 7/ K(ivs)ks|2ds>.
o Jo 2 Jo

- T, o 1 T .
TTZ,(h) = exp (/ (k&//sst)—i/ |Kl(:cs)ks|2ds>
0 0

T T
X E{TL (k.' exp / (ks, K (25)dBs) — % / K(mi%:sl?ds) | f“} :
0 0
T . 1 T )
fi =E {exp < / (ks, K(z4)dBy) — 3 / |K(x$)k82ds> | F¥o v ]—‘t} .
0 0

Then (f;,0 < ¢t < T) is a martingale with respect to {F*° VV F;} and so

Set

t t
fi = exp < / (ke K (r)B.) — / K(zs)ksﬁds),
0

0

giving

T 1 (7 ]
E{TIt(k,’)exp </ (ks, K(xs)dBs) — 5/ |K(xs)ks|2ds>

0 0

fzo}
s}

t t
V, = TTy(k) exp (/ (ky, K(x5)dBs) — %/ |K(xs)ks|2ds>,
0 0

t t
= E{th(k{)exp (/ <I%S7K(xs)dBS>—%/ |K(:cs)k52ds>
0 0

On the other hand, if we set

then as in Elworthy-LeJan-Li [15], Elworthy-Li [19]

DV;

VX(V)dB; + %VX(Vt)(K(xt)kt)dt

t t
+TTi (k") exp ( / (ks, K(25)dBs) — % / |K(xs)ics|2ds) (kt, K (x4)dBy)
0 0

VX(V)dB; + %VX(Vt)(K(xt)kt)dt + (e, K(x)dBy) Vi
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Consequently, for V;(0) = E{V;|z. = o},

DV, 1 ;
dtfoz = 5V XK@k,

Thus

d__ — D - 1 _ .
ZY (V@) =Y (dtvt(x.)) - Y (VXTT (V@)K k) -

Since solutions of such a stochastic differential equation are in ID” dforall 1 < p < oo
by standard results, ¥ (V.) € IDp’l(CIOM; H). See Lemma 6.12 below. Finally note
that

T T
TTZy(h.), = exp ( / (ks, //sdBs) — % / |Kl<as>k52ds>v;<o>.
0 0

Since such exponential martingales belong to ID?"! for all finite ¢ we see that
- _ T, N 1 [T .
o Y(TZ,(h),) = Y (Vi(0)) exp / (ks [/sdBs) = 5 / |K*(0s)ks|?ds
0 0
belongs to IDP**(C,, M; H) forall 1 < p < oc. O

6 On the Markov Uniqueness of d

Throughout section 6 we take Dom(dy) = Cyl. To define the weak derivatives we
shall need to assume D?!'H* C Dom(dP)*), which is guaranteed by Theorem 5.8 if
Condition (Mj) holds or if X is injective.

6.1 Weak Differentiability

For % + % =1land 1 < p < oo, the weak Sobolev space WP+*(C,,, M), abbreviated as
WP, is the domain of the adjoint of the restriction of (d”)* to D1 H*:

WPl = Dom (((dp)* paiage )*) 6.1)

furnished with its graph norm. More precisely a function f belongs to W?-! if and only
if it is in LP and there is a constant C'(f) such that

/ A6 dpiay| < CCH)|b|La, Vo € DIV,
Cog M

Equivalently,
wrl = {f e LP: \/div(V)fdumO| < C|V|pa, forall V € DT H, some O}.
If f € WP it has a “weak derivative” df € LPT'H* defined by

/ df(V(0)dpig, (o) = — / f(o)div V(0)dpz, (0), YV € D¥YH, (6.2)
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and ~
d = ((d")[paap-)"

as a closed densely defined operator on LP. Denote by V the corresponding weak
gradient with values in LPT"H. Note that d is an extension of (d, ID? ’1).
Recall that Cyl denotes the space of smooth cylindrical functions on C,, M. Set

Cyl"H* = linear span {gdk | g,k € Cyl} (6.3)

and define
WPl = Dom(d* | Cyl"H*)*. (6.4)

From Proposition 6.14 below, Cyl’H* ¢ D?'H* C Dom(d*) and so
D»t c wpl cowrl,
In Theorem 6.7 below we show that W»:t = Opy/p:L,

Theorem 6.1 Suppose Condition (M) holds. For 1 < p < oo, the following are
equivalent:

(i) f € WP(CpM;R)
(ii) T*(f) € D”'(CoR™;R)

(iii) f € W"HCyy M;R)NLP(C,, M;R) some r € (1, p) and the weak derivative azf
isin LP.

Moreover
(iv) there is the following intertwining ofJ andI*:

d(T* ) = T*(df), for all f € WPY(Cy,M;R).
(v) if f € WPL(Cpy M;R),
df)e = B{d(T" flulz.(w) = o}Y ,. (6.5)

Proof Let V' € D%!'H. Suppose Z*(f) € ID”!* then by Corollary 5.2 and Kree-Kree
[32],

/ favVdpz, = / I*(f)div(V) o ZdP
CaogM CoR™
=/ T(f)divZ* (Y _(V(—)))dP
CoR™
=~ /C . AT (Y o) (V (2. (w)))dP(w)
- _/c ME{d(I*(f))W|x'(w)ZJ}YJ(V(U))CZM:EO(U).

Thus (ii) implies (i) and (6.5) holds.
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To show (i) implies (ii), suppose f € WP (CoR™) and take V = TZ(h) where
h € U, as defined in Proposition 5.9. By definition V' € ID?* and by Proposition 5.1
div(V) = div(h). So

/div(h)I*(f)dP = / div(V) fdpta,
Q Cog M

CHITZ AL,

IN

by Corollary 3.7. Since U is total in D%!(Q, H) the inequality holds for all h €
D?(Q; H). Consequently Z*(f) € WP 1(Q) = DP}(Q; R), using Sugita [45].
Next observe for f € WP(C,, M), h € D?,

/ d(Z* f)(h)dP = — / div(h)Z*(f)dP = — / div(V) fdpig,
Q Q C

wo M

= | @nwn, = [ @ inmar,
Cag M Q
which gives d(Z* f) = Z*(df).
To see the equivalence of (i) and (iii), take 1 41 = 1. That (i) implies (iii) is trivial.
To obtain (i) from (iii), take f € W"™1(C,, M;R), with cif € LP. Forany U € D*'H,

] / div(U)() f(@u(do) < df o [U1 1o

= ' / dfU)udo)

which, by continuity using Theorem 5.8, holds for all U € D?'H if f € LP, giving
). O

Corollary 6.2 Suppose Condition (My) holds. The symmetric form

e(f, 9) = / | (df, dg)dpis,

CogM
with domain W21(C,, M;R) is a Dirichlet form.
Proof Just observe that, by Theorem 6.1, the usual chain rule holds for composition
on the left by BC'! functions on R. (]

Note that if Z*[ID*!(C,,, M; R)] = D31, (; R) then, by Theorem 6.1, D*!(C,,, M; R) =
W21, M;R) and Z*d = dZ*. In particular we have the Markov uniqueness. Fur-
thermore there is equality of the following two Dirichlet forms:

|Vt dus, = [ Bz |y Fap
wo M Q
and there is a constant ¢ with
/ Af P dpta, < / dT* f[2dP < / (Af Pditay, | € W(Coy M3 R),
wo M Q o

c.f. Driver [11], Shigekawa [41].
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Corollary 6.3 Suppose Condition (My) holds. If T*[IDP'] = ]D%0 for the It6 map
T of one stochastic differential equation which induces (ji5,, V), then it holds for all
such It6 maps.

Proof This is immediate from Theorem 6.1 since W?-! depend only on ., and V. [J

Proposition 6.4 For1 < p < oo,
(1) ]Dp’l(CIOM; R) is a closed subspace of WP1(Cy, M; R).

(2) Set Wé”l ={f € WP [ fdps, = 0}. Suppose Condition (M) holds. Then
d: wl ’1(610M ;R) — LPT"H* has closed range and is a linear isomorphism
onto its image.

Proof Part (i) is automatic since d C d. For (2) the continuity holds by definition of
the graph norm while injectivity comes from the result for CoR™ using Theorem 6.1.

To show d has closed range, take ¢ € LPI'H* with ¢ = lim; dfj in LP, for
fi € Wp’ (Czy M;R). Then I*(dfj) = d(Z* f;) by Theorem 6.1 and

I*¢ = lim T*(df;) = lim d(Z* f;)
Jj—00 J—00

in LP by Theorem 3.4. Since d on the Wiener space has closed range, e.g. from
Shigekawa [42], we see 7% f; — g in DP1(Q; R) for some g € ]DPE0 By Theorem
6.1, g = T*(f) for some f € W¥" and f = lim f; in LP. Since d is closed, f € W2"'
with df = ¢. Thus d has closed range. ([

6.2 Markov uniqueness

Lett = {t1,...,tx} with0 < t; < ... <t <T,and write Mt 2 M x ... x M. A
cylindrical g-form on C,, M is of the form (ev;)* ¢ where ¢ is a smooth g-form on M%
and

evy : CyoM — ME

is the evaluation given by

CVE(O') = (O’(tl), e ,O'(tk)) .

Theorem 6.5 The space Cle H*, defined by (6.3), is total in the space DY H* for
1<qg<oo.

Proof Let (evy)*p be a typical cylindrical one form on C,, M. In local co-ordinates ¢
can be represented by an expression such as Z;-V:lgoj dx?, some N. It follows using a
partition of unity that p = Eé\]:lgj df’, for a finite set of smooth cylindrical functions
g7, f7 on ML. Thus Cyl® H* spans the space of all smooth cylindrical 1-forms. The
conclusion can be drawn from Proposition 6.14 in §6.3 below, which states there exists
a set of smooth cylindrical 1-forms which is dense in D% 7H*. ]
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Remark 6.6 If our Itd6 map is induced by a gradient stochastic differential equation
then the last part of the proof above is unnecessary since the forms ™ defined in (6.8)
would be in Cyl® H* as Y = dj for j the immersion of M in R, and so Proposition
6.14 shows directly that the set

{fe™*: fis C*and cylindrical ,e e R™",0 < 7 < T'}
of elements of Cyl® H* is total in D H*.

Combining Theorem 6.5 with Theorem 5.8 on the continuity of div? on D% H*,
we see if Condition (M) holds,

(dP)*|cyrorg= = (dP)* |paapg

as operators on L4 for 1 < g < oco. From this,

Theorem 6.7 Suppose Condition (M) holds. Let 1 < p < oo, then
Wp,l — pr,l

Following Eberle [12], consider the space of bounded functions in °WW 2! closed under
the weak Sobolev norm, which we shall denote by *W 2!,

Proposition 6.8 Suppose Condition (My) holds. Then "W21 = W21,

Proof Take f € “W?2! so f € W?! by Theorem 6.7. Then g = f o Z € D*(Q) by
Theorem 6.1. Set f,, = ﬁ and g, = Z*(f). Then | f,,| < % is bounded. Now

dgw)h n—g¢>

dgn(W)(h) = :

is bounded and g,, € D*'(Q) converges to g in ID**. Consequently f,, € °W 2! and
converges to f in W21 and so in W21, Thus “W?2! = 021, O

Consider the symmetric diffusion operator L = —d*d on L*(C,, M;R) with do-
main Cyl, the set of smooth cylindrical functions. It is called Markov unique if and
only if there is only one symmetric sub-Markovian C° contraction semi-group (P;)
on L?(C,, M;R) whose generator extends L. Equivalently there is a unique extension
of the corresponding Dirichlet form among the family of quasi-regular semi-Dirichlet
forms. Markov uniqueness implies that there is at most one reversible diffusion solving
the corresponding martingale problem, c.f. Eberle [12], though such results go back to
Takeda [46]. We can apply a result of Eberle to our situation to obtain:

Theorem 6.9 Suppose Condition (M) holds. The following are equivalent:
1. Markov uniqueness for —d*d;
2. WAl =D>%;
3. T*[D>'] = D%,
Proof It follows from Corollary 6.2 and a result of Eberle (page 115, [12]) that Markov

uniqueness is equivalent to D% = °TW 21, Proposition 6.8 then shows that (1) and (2)
are equivalent. The equivalence of (2) and (3) is immediate from Theorem 6.1. U

For discussion on when Z*[[D%!] = ]Dz’iO holds see Remark 7.4.
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6.3 Cylindrical 1-forms are dense in D% ! *

The following lemma will be useful technically, leading to the proof of Theorem 6.5,
in view of the fact that we do not know if W' = ID?! on our path spaces.

Lemma 6.10 Let G be a separable Hilbert space and L a dense family of linear func-
tionals on G. Suppose f : Cy M — G satisfies

(i) I'(f) € D" (CoR™; G)

(ii) lo f € DPY(Cpy M;R) forall l € L.

Then f € DP'(C,p, M; G).

Proof For f satisfying (i) and (ii) and [ € G* take [, € L — [. Then

p,1

T (U f) = L (T f) 25 1T f) = TU)-
By @4.3)1,f L lf and so we have
(@i)  lof € DPYCy M;R)foralll € G*.

Take an orthonormal base {g,, }, for G and let II,, be the orthogonal projection onto
the subspace spanned by its first n elements, n = 1,2,.... By (i), II, o f €
D*!(C,, M;R).

Now as n — oo we see II,, o f — f almost surely and also, if df is as in (6.5), for
almost all o,

|d(T, © £y = dfollT, = @50 — @H; 1T ) = D ldfo o ([dfo) (gp)I?

p>n

which converges to zero since d fo € G ® H. From this we can apply the monotone
convergence theorem to see that I,, o f — f in the L? graph norm and the result
follows. ]

The next two lemmas are essentially ‘well known’:

Lemma 6.11 Let V be a connection on the trivial RF-bundle over M. Suppose J :
M — L(R¥; RF) is C™ and define the *J-damped’ parallel translation Zy(c) : {xq} x
R* — {o;} x R¥ along o in C,,, M by
DZe) = Jow(Zie), O0<t<T 66)
Zo(e) e, e € RE,

Then the principal part ZF of Z; as a map from Cpo M — L(R*; R¥) is in Dl 1<
p < oo, for each t. Its H-derivative is an L(R*; R*)-valued H-1-form: h — dZF (h)
with
t t D
Mﬂm:mmc%nﬁ/Bmmﬂw@+/cuwf£mw,heHmﬂ
0 0
where

Ay, By, Cy € LP (CyoM; L(Ty M;LRMRF)), 1<p<oo, 0<t<T.
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Furthermore Ay(0), Bi(0), and Cy(0) : T,y M — L(R*: R¥) are almost surely con-
tinuous in t with

p
E( sup |At|L(T,,OM;L<Rk;Rk))> < 00,
0<t<T

p
E( sup |Bt]L(TIOM;]L(R’“:,R"'))) < 0,
0<t<T
p
E( sup |Ct|IL(TL01LI;]L(R’“;R’“))> < 0.
0<t<T

Proof That Z, € ID”! for all p and each ¢ is standard when we are using Brownian
motion measure and the Levi-Civita connection, e.g. see the Appendix in Aida [1],
or Léandre [33] and the proofs go over to our situation. The computation leading to
(6.7) is also standard, going back, at least, to Bismut. See also Driver [9], Cruzeiro-
Malliavin [6]. In particular if % is an adapted L?-H-vector field on C,, M, from (6.6),
the covariant derivative V n 2y satisfies the covariant Stratonovich equation

DVZi(e) = [(Vi, DZ@) + Jo(Vn Zue)] dt — Rihy, oo ZiGe).

Thus
t
Vi2u0) = Zi [ 2 {9 DZueNds - Bihodo) 200}
0

In fact by integration by parts, treating fot Z7YR(W—, odoy) Zs(e) as an L(Ty, M ; R¥)-
valued integral we see

t t
[ 2 Bt odo Zuge = ( / Z;lfz(Ws—,odos)Zs(e)) Wi th
0 0

t T
7/ (/ Zslé(ws,odas)zs(e)) (WTthT> dr.
0 0 dT

So our expression for \Y, nZ(e) is ‘tensorial’ in H and so holds for arbitrary elements
in H.

To obtain (6.7) we observe that the principal part of @th(—) and dZF (h) only
differ by T'(o(£))(h:)(ZF) where T is the Christoffel symbol T'. Finally the required
estimates come from Proposition 2.2 and the analogous observation that | sup, Z;| and
| sup, Z; *| are in LP for all p. O

Lemma 6.12 Let Z be the ‘J-damped’ parallel translation from Lemma 6.11. Then
forp>1,ande € (0,p — 1), the map f — Z(f) gives a continuous linear map

D?! (Cy M; L? ([0, T1;R¥)) — DP~ " (C, M; L? ([0, TT; RY)) .

Proof Take f in D”! (C,, M; L*([0, T]; R¥)). It is standard and easy to see using
Lemma 6.11 and weak differentiability, e.g. Sugita [45] Corollary 2.1, that Z*(Z(f)) €
DP~ ! (CoR™; L%([0, T1; R¥)). Let E,, be the subspace of L*([0, T']; R¥) spanned by
the polynomials of degree less than or equal to n, n = 1,2,..., with m,(Z(f)) the
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orthogonal projection of Z(f) into E,,. Since the evaluations {ev;,0 < ¢ < T'} span
a dense linear subspace of linear functionals on each F,,, we can apply the previous
lemmas to see that m,(Z(f)) € ID”*E’I(CIOM; L%([0,T];R¥)) foreachn = 1,2, .. ..
However as in the proof of Lemma 6.10 we see that Z7*(7m,(Z(f))) — Z*(Z(f)) in
the LP~¢ graph norm. Therefore Z(f) € D! (CmOM; L2([0,T7T; Rk)) . Continuity
follows as usual from continuity into LP~* and the closed graph theorem. ]

For cases including non-elliptic diffusion measures take a Riemannian metric (, )’
on T'M extending that of E with a metric connection V! and adjoint v extending V
and V' as in §2.2. Take a surjective vector bundle map X : R™ — TM for some 7,
inducing the metric (, ), which extends X if R™ is considered as a subspace of R™.
For x € M let Y : Ty M — R™ be the usual right inverse of X (x). Take a connection
V on R™ conjugate to VY on [ker X1+ and arbitrary on ker X . In the elliptic case we
could take X = X, Y = Y and if moreover V is the Levi-Civita connection then V
could be the standard metric connection on R™ induced by K, as in Elworthy-LeJan-Li
[15].

In order to prove the density of cylindrical forms in D%'H* fix 7 € [0,7] and
e € R™, Let ¢™¢ be the cylindrical one-form given by

e (V) = Yo (Vo)ye), V€ T,Coy M. (6.8)

In fact we will show that the set {f¢™¢ : f € Cyl,e € R™,0 < 7 < T} is total in

D% H*. Set .,
U = (7). (6.9)

Using the fact that
T D
WT/ Wl Vs =Vr
0 ° ds

we see that

D -
gUJ’e = X0, SL(WH W) * X (a(1))e), (6.10)

where 113 = II5(0) : TysyM — Eys) is the orthogonal projection and W) and Ws_l*
the adjoints using the extended metric (, )’.

Now define Z; = Z;(c) : R™ — R™ to be the damped parallel translation on the
trivial R™-bundle over M along o € C,, M given by

Zua) { Yo WiX(@o)a, ifa € [ker(X (o))"
' i@, if a € ker(X (o).

By (2.10), Z; solves (6.6) for
J(x)(a) = Y(z) (—ch +via ) X(z)a.

Let Z; : R™ — R™ be the usual adjoint of Z; and similarly for (Z; *)*. Set
AT = Xo.m()(Z; 1) Zre,
then

D -
U =TLX(o()AT". 6.11)



ON THE MARKOV UNIQUENESS OF d 38

Lemma 6.13 Set
E={fAT°:feCylecR"0<7<T} 6.12)
The sets Z =] and = are both total in D! (C%M; L2([0,T7; Rm)).

Proof Since every element of the Haar basis, {Ej }; say, of L2([0,T];R™) has the
form x0,7,1(-)e — X0,1()esome 0 < 7 < 71 <T,e € R™, using the definition of
D% we have

T = {fxon()e:0< 7 <T,ecR™, feCyl}

is total in D! (CxOM;LQ([O,T];Rm)) for 1 < g < oo. On the other hand, by
definition,

Z[El = {fxio,n()Zie.: f€Cyl, e eR™, 0< 7 < T}, (6.13)

a subset of D?"(C,, M; L*([0, T]; R™) from Lemma 6.10.
For eache € R and 7 € [0, 7] define e” : C,,, M — R™ by

e (0) = (Z:(o) e

Note that ™ € IDP!, 1 < p < oo, by Lemma 6.10 (applied to (Z~1)*). Consequently
given e > 0 and qo > 1, there exist g” € Cyl(C,, M; R™) with

lg™ =€l <& 1<q< qo.
Then, for 1 < ¢ < qq,
Ixt0.10)e = X101V 279" lpar e, ar22q0,71R)
— ||X[O,T](')(Z: T _ Z:gT)||D‘I’1(CIOM;LZ(IO’TkRm)) S CEHZ7—||Dr,1

for sufficiently large r and some constant C'.
Thus each x[0,-/(-)e € Spanq’lZ.*[E], 1<g¢g<oocand7 C Spanq’lZ.* [=]. Conse-
quently foreach 1 < ¢ < o0,

Span”' Z*[Z] = D" (C,,, M; L*([0, T}; R™))

as required for the first assertion. For the second, take fE? € Span7 and g < p < oo.
By Lemma 6.12 Z*(fE7) € D', Since by the first assertion ID”"! = Span Z*[Z],
there is a sequence {S™}, in Span[Z] with Z*(S") — Z*(fE’) in D?!. Using
Lemma 6.12, applied to (Z*)~!, we see S* — fE7 in ID?!, which implies the re-
sult by the totality of 7. |

Proposition 6.14 Smooth cylindrical I1-forms form a dense subspace of D% H*.

Proof By construction of X, if 7 : R™ — R™ is the projection map then [IX = X o7
and so ~ i
DYH = {WH(X(h)) | h € D¥Y(C,, M; L*([0, TY; Rm)} .

By Lemma 6.13, {W.ILX(fAT) : f € Cyl,e € R™,0 < 7 < T} is total in D' H.
Finally note that by (6.11), W.IILX (fA™°) = U7>¢ and so the set

{fo™¢: feCyl,ec R™",0<7<T}
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is total in D% H*,
To see that every cylindrical one-form gives an element of N, D% H suppose ¢
is one, given by

¢U(U) = @(U(tl)w-ﬁ(tk)) (Uhﬂ s 7vtk) y vE€H,
k

—~
where ® is a smooth 1-form on M x ... x M. We must show
$poTZ € DTNC,, M; H"), 1< q< 0.
For this write

9oTL,0) = ®(K@t)-, .., Xot)-)
tr 5 . te - .
</ Yoy Wi, X(a(s))hsds, . .. ,/ YoiunWe, X(a(s))hsds>
0 0
forhe H C Lg’l ([O7 T, Rm). The first part of the right hand side is in
NgescD?! (C$0M, (R™ x ... Rm)*> ,

being cylindrical. The second can be written as

ty X tr .

h— ( / Zy, Z7V K (0(s))hds, . . ., / ZthglKl(a(s))hsds)
0 0

which by Lemma 6.12 and 5.6 gives a continuous linear map
H — D" (Cpy M,(R™ x ... x R™).

Thus ¢ € D?!. O

7 On uniqueness of d

7.1 A weak uniqueness result on the Gross derivative operator d

If Condition (Mp) holds the map Z* sends D*!(C,, M; R) to D221, (Q; R) with closed
range, by Corollary 4.3. We investigate the question whether Z* []D2’1(C$0M ;R)] =
]D?_iio (©; R). We proceed using chaos expansions. An L? real valued function f on the
Wiener space has a chaos expansion

f = Zlk(ak)v
k=0
for Zy = 1d on constants, ag = E(f), [1(ay) = fOT<oz1(tl)7 dBy,), and for k > 1,

T tr t2
Ik(ak):k!/ / / (a (1, 1) ,dBy, ® ... @ dBy)gpem s  (1.1)
0 0 0

an iterated Itd integral. Here o, is considered to be an element of L? (Ak RP®...® Rm)
for A¥ = {(ty,...,11),0<t; <ty <...t, <T}
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Let R,, be the remainder term such that

F=> Inlar) + Ry,

k=0

Then f € D*!(Q;R) if and only if R,, — 0in L? and ||dR,| — 0in L? (e.g. see
Nualart [38], Proposition 1.2.2).

Let L%_-wo = L%_-mo (€2, R) be the closed subspace of L?(€2; R) whose elements are
JF™0 measurable.

Lemma7.1 If f € ]Dilio (€2, R) then the remainder term of its L? chaos expansion
has the following form

T Sk+1 S2
Rk:/ / / (ag+1(s1, ..., Sk41),dBs, ® ... ® dBy, ) (7.2)
0 0 0

for ar1 € L? (CoOR™ x AFTLR™ @ ... @ R™) such that
(i) Each ag11(81,- .., Sk+1) is F° measurable;

(ii) apg1(s1,...,5641) = (KH(2s) @ 1...®1) aF (s, ... sp11), where K+ (2) :
R™ — [ker X (x)]* is the orthogonal projection.

(iii) Furthermore aj11 € D*1(CoR™; L2(AF1; R™ @ ... @ R™)) and

ldRk 117> = (k + Dllaks1lZ> + dansa |7 (7.3)

Proof By the integral representation theorem there exists an L2, F,-adapted process
ay : [0,7T] x CoR™ — R™ with

T
= Ef—|—/ (a1(s),dBs). (7.4)
0

Since f = E{f|F"°} we see, using (3.2),

T
f=Ef+ / (K*(x)E{ai(s)|F*}, dB,).
0
By the uniqueness of the integral representation (7.4)
K (z)E{a1(s)|F*} = a1(s).
Thus a;(s) is F7° measurable and (i) and (ii) hold for k = 0. Suppose for induction (i)

and (ii) hold for £ — 1 some k£ > 1. Apply the integral representation theorem to the
F¢? measurable function ay (s, . .., Sg11) to see

S2
ak(827 ey Sk) =E (ak(827 ey Sk)) + / <ak+1(817 ey Sk+1)7 dBSl> )
0
where ag11(s1, ..., Sg+1) is F° measurable with

(K (@s) ®1...®1) aps1(s1, - Ski1) = Qps1(S1, - -, Sky1).
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By the uniqueness of the chaos expansion with remainder terms, we see that Ry, to-
gether with a1 satisfies (i) and (ii).
To prove part (iii), we apply a result of Pardoux-Peng [39], see Lemma 1.3.4 in

Nualart [38]: if
T
X:/ (us,dBsg)
0

where u is adapted and square integrable then X € D> implies u. € D*'. Moreover

T T
ldX|3. = / E|us|?ds +/ |dus||3 2 ds. (7.5)
0 0
Apply this to Ry, iteratively, to deduce that aj1(s1, .. ., Sx4+1) belongs to ID*! and
|dRk|7-
T Sk+41 2
= / (ar41(51,...,8,41),dBs; ® ... ®dBy,)| dspi1
Sk+1 2
/ / / / (aps1(51,- -y 8641),dBs; ® ... @ de,J d5k+1

5k+1
= lokstlZs + / /
Sk41 " _
-I—/ / d/ / / <ak+1(81,...,8k+1),d351 ®~~~®stk_1>
0 0 0 0 0

giving (7.3).
O

2

Note that Lemma 7.1 (iii) holds if F*° is replace by Fr everywhere in the state-
ment. This shows that a function f € ID?! if and only if

Ellag||2: — 0and ||day||%: — 0. (7.6)

Lemma 7.2 Let f € L?(Q; R) with chaos expansion f = Z,;“;O I(a). Set Ji(ou)(o) =
E {Ik(ozk)‘x. = 0}. Then Ji(ay,) is in ID2’1(CJOM). Consequently if f € IDilio then
each f — B{Ry|F™} is in T*[D*'(C,, M; R)].

Proof For 0 <t < T define

t tr to
Ik,t(ak) = k"/ / / (ak (fl,...7tk)7dBtl ®"'®dBtk>®Rm . (17
0 JO 0

Thus .
Ik;’t(ak) = ]{/’/ <I}€71,tk(ak ( . ,tk)), dBtk> (78)
O RTH,

considering s +— Ij_1 4, (ax(. .., s)) as a random element in L2 ([0,T]; R™), or more
precisely

t
Tealon) = k / (I, ® id) (ai(e 1)) s dBry Yo (7.9)
0

<ak+1(517~- ,Sk41),dBs, ® ... ®dBy, )

2

dskdsk_,_l

dSkd8k+1
L2
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if we identified L? (Q; R) ® R™ with L? (Q; R™). Set
ki (k) = E{lglar)| F*r, k=0,1,2,...
Jp () = Jir(ag).

Then inductively
t
Jis (cn) = k / (T (@6 (o 1)) K ) dByy o
0

Set B, = fg //571X (z5)dBs, the martingale part of the anti-development of x. to
see

K ()dB: = Y(@)X(@)dB: =Y (x)/f(x)dBy;

t
Ttl@)@ = k [ (s (0o t) @Y @) oo )dB, ) (110
0

The fact that J, k,¢(ay;) 1s in Dom(d) is essentially standard e.g. see Cruzeiro-Malliavin
[6] or the Appendix in Aida [1]. For a gradient stochastic differential equation (2.5)
determined by an isometric j : M — R™ it is especially clear since then K (z;)dB,

can be replaced by di; — 3 Aj(z,)dt for Z, = j(z;) € R™.

Finally just observe that for f € ]D%O,

f—E{Rg|F™} =" T" (Jelew))
j=1
which is in Z*[ID*!(C,, M)].
O

Proposition 7.3 Suppose Condition (My) holds. Then f € Dom(A) N L%no (2,R)
implies that f € T*[ID*'(Cy, M;R)].

Proof Take f € ID*'(Q2, R). By Corollary 4.3, Z*[ID*'(C,, M)] is closed in D*' (CoR™; R)
and so by Lemma 7.2 to show f € Z* []Dz’l(CzoM ; R) we only need to demonstrate
that ||d (E{Ry|F*°}) ||z — 0. Observe that, as iterated integrals,

T  prsSk+1 82
E{R,|F*} — / / /
0 0 0

{ars1(51,- .., 8541), K (25,)dBs, ® ... @ K+ (25,,,)dBs,.,.)
and for h € H,

d (E{R|F*}) (h)
k+1

T Sk41 52
:Z/ / / (ary1(s1,. .., 8k41),
= Jo Jo 0

K*(24)dBs, ® ... ® dK(Z,))(h)dBs, ... K (xs,,,)dBs, ., )
k+1

T Sk+1 S2
+Z/ / / <ak+1(317~"78k+1)7
=170 0 0
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Kt (@y)dBy, @ ... K (s)hs, © . .. Kl(xsk+1)stk+l>

T skt s2
+/ / cee / <d(ak+1(517 sy 5k+1))(h)a KL(xs1)dBS1 ... KJ_(xSk+1)dB8k+1>
0 0 0
= Ai(h) + As(h).

where

k+1

T  prsSk+1 s2
Ay(h) = Z/ / / (@p4+1(515 -5 Skt1),
= Jo Jo 0

K*(24,)dBs, ® ... ® d(K* 0 I, )(W)dBs, ® ... K*(x,,,,)dBs,., )

On the other hand

k+1

T prsk+1 S2
E{dRy,(h)|F™} :Z/ / / (ags1(51, .- k1),
= /0 Jo 0

Kt()dBs, ®...he ® ... KL(xSHl)dBSk+1>

T Sk+1 S2 .
+/ / / (E{d(ag41(s1, - - -y Sp41))M)|F0},
o Jo 0
K*(24,)dB;, ® ... K*-(x,,,)dB

3k:+1> :

Thus
d (E{Rg|F"°}) (h) = A1(h) 4+ Ca(h) + E{de(ICLh)|.7-'”°},

where KC is as defined by (5.1) and

T Sk41 52
Ca(h)y = / / / (d(ags1(s1,. .-, Sp41))(h)
o Jo 0

—E{d(ar+1(s1, ..., sk4))KTR)|F*}, K (2s,)dBs, ® ... K (z,,,)dBs, . ) -
However
T Sk+1 52
HCQH%2 §4/ / / ||dak+1(81,...,S;H_l)HQdeSl...dS;H_l :4||dak+1||2L2
o Jo 0
and |E{dRx(—)|F*°}|r2 < |[dRk(—)|/1> giving
ld (B{Rk|F*}) [I72 < 6]l Av][72 + 24]|dag+1]|72 + 6|dRu(—)]Z2.

For f € ]Dilio, |dRk(—)||3: — 0 and ||dag+1][2: — 0 by (7.3). Thus we only need
to show that ||A;||z2 — 0. Now

2 2 T a o k+1 2 2 2
HA1||L2 S Ck EA A /0 ||a + (81,...7Sk+1)” dSl...dSk+1 é Ck ”Rk”L?v

by Proposition 3.3, which converges to zero if f belongs to Dom(A). O



ON UNIQUENESS OF d 44

Remark 7.4 If we can show that || A |2, — 0 without the condition f € Dom(A) we
would have shown that Z* []D2’1(C$0M ;R)] = ]D?.lio (©2; R). This convergence should
hold, though we do not have a proof, as the similar term

k+1

T  rsk+1 s2
[A2(D)][z2 = HZ/ / / {ap41(51,- -, Skt1),
= Jo Jo 0

K*(x)dBs, ®@ ... K (x5)hs, @ ... K (25,,,)dBs, )

‘ - O’
L2

following from E{dRy(h)|F*°} — 0.

Observe that the pull back by Z of BC? functions belong to ]D%zo (2,R) and
D22, (Q,R) C Z*[D*!(C,, M;R)] by Proposition 7.3. We are lead to the follow-
ing :
Corollary 7.5 If Condition (My) holds then BC? functions on Cy, M are in D**(C,, M; R).

Corollary 7.5 corrects Theorem 2.1 of [25] which stated that BC'' functions are in
D*'(C,, M;R).

7.2 On the uniqueness of d

Definition 7.6 We say uniqueness holds for d” if the closure of d” is independent of
the choice of its initial domain dy satisfying Cyl C Dom(dy) C BC*.

Remark 7.7 Since BC' C WP! uniqueness for d” would be implied by Markov
uniqueness. It would also follow more generally if the image Z*[ID”*'] is independent
of the choice of Dom(dy).

Theorem 7.8 Assume Condition (My). Suppose T is a closed operator,
T : Dom(T) C L*(Cyy M;R) C L*T'H*
with the properties that
(i) T agrees with dy on smooth cylindrical functions.
(ii) Dom(T™) contains all smooth cylindrical one forms.
Then d C T C d, where d is the weak derivative.
Proof It is enough to show that (J)* C T, which follows from
@ = Tlpas = oy € T*.
|
Remark 7.9 IfE{f|F}isinID%'(Q, R) whenever f is in D% (€2, R) then Z*[ID*'] =
]D?glc0 and so Markov uniqueness, and hence uniqueness of d, holds. To see this take f
in Ifo’io so f = lim,, f™ in ID*! when f" is the sum of the finite terms in the chaos

expansion of f. We saw above that each E{ f"|F*°} lies in Z*[ID*']. Since the latter
is closed f itself must lie in it. See the Appendix, section 10.
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8 Covariant Differentiation

Our main aim in this section is to define higher order Sobolev and weak Sobolev spaces
and to prove the pull back theorem, Theorem 8.14.

For G a separable Hilbert space we can define WP'G = Wf”l(CmOM ; G) by
Proposition 5.5 to be the domain, by graph norm, of the closure of d“ whose domain
Dom(d®) consists of finite sums Zj fig; for f; € wrl(C,, M;R), g; € G. Let

d=d%: WPlG C LP(CpyM;G) — LPT(Ly(H; G))
also denote this closure.

Proposition 8.1 Assume Condition (My). For f : C;, M — R the following are equiv-
alent:

(i) f e WPHCpy M;G)
(ii) T*f € D*Y(CoR™:; G);
(iii) There is a constant cy such that if}% + % = 1 then for all G-valued 1-forms
¢ € D! (Cyo M; Lo(H; ),

|/c M <f’ (dG)*¢>GdWo < crlloll arLy - (8.1)

If f € WPX(C,, M; G) the intertwining formula of Theorem 6.1 and (6.5) extend
to G-valued functions.

Proof Suppose f € Wf”lG. Then f = lim;_, f; in graph norm for some sequence
{fi};2, in G ®( Dom(d). By Theorem 6.1, Z*(f;) € DP! for each [ and

dI*(f)) = I*d° fy).
By assumption d€ f; — d f in L? and so by continuity of Z*, Theorem 5.7, dZ*(f;)

converges in LP, showing that Z*(f) € D”! and d(Z* f) = Z*(d° f).
Conversely, if Z*(f) € DP(CoR™:; G), taking an orthogonal base {g9:}2, for G

k
() = lim Y g,
=1

in DPY(CoR™; G) for a; = (Z*(f), g1} € Dyi, (CoR™; R). By Theorem 6.1 oy =
Z*(f;) some f; € WPY(C,, M;R). Then f = limy_ oo Zle figi in LP(C,  M; R).
Since

k k
d°Q figd(=) =Y dfit)g

=1 =1

and df; is given in terms of da; by equation (6.5), we see the convergence is in
WP, M;G) and so f € WPL(C,,M;G). Thus (i) is equivalent to (ii). That
(i) is equivalent to (iii) can be seen as for the scalar case in Theorem 6.1. The only
additional point is to observe that if U is defined by (5.10) then G ®q U is total in
D”Y(Q,G® H)and 1 @ TZ)(h) € D»Y(G @ H) foreach h € G ®qU. Thus G ®¢ U
can take over the role U played in the proof of Theorem 6.1. This proof also shows
that the analogue of (6.5) holds for G-valued functions. (I
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8.1 The pointwise and the damped Markovan connections

To define higher order Sobolev spaces we need to introduce covariant derivatives.

Using the notation of §2.3 consider the principal Ci¢O(p)-bundle C,  OF — Cp, M
and its associated Hilbert bundle L2 — Cyo M. As described in Eliasson [14] our
metric connection V on E induces a so called pointwise connection V on L2E.

D
V,U = %U (expa_ SU.)

; (8.2)
s=0

for U a smooth section of L2€ and v € T, Cyo M where % and exp come from V.

The almost surely defined map g : H — L2&, is an isometric isomorphism which
we used to give H a vector bundle structure (at least over the subset on which g is
defined). We also use it to pull back V to obtain a connection on H, which we shall
denote by ¥. By definition

-D
V =WV—
dt’
see (2.15). As usual these connections induce connections on the relevant tensor bun-

dles and in particular on the dual bundles (L2€)* and H* respectively. Since the con-
nections are metric the latter are compatible with the natural isometries

(L%E)" — L€, (H)* — H.
For X : M x R™ — T'M as in (2.5) define:
X : CpyM x L3([0, T];R™) — L*E
by
(X(0)h), = X(a(®)(h(1)), 0<t<T

and its right inverse: -
Y : L?€ — L*([0,T];R™)

Y (0)r = You (v(t)), 0<t<T.

Also define
X:CyyMxH—H

by
X(o)h) =TZ,(h)=WX(o)h), 0<t<T

with right inverse ¥ : H — H, as defined by (5.1).
Proposition 8_.2 The connections NV, W on L2E arzd 7_—( are the connections corre-
sponding to X and X respectively in the sense that V, X (h) = 0 and ¥V, X(h) = 0 if

h € [ker X(o)]+ or equivalently h € [ker X(0)]* and v € T,Cpy M.
IfU, BV are C' sections of L*€ and v € T,Cy, M then

VU = X(0)d (o — Y U(w) (v) (8.3)

and
V.,V =X()d(a— Y, V() @). (8.4)
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Proof By definition

_ . D .
VoX(hy = X (exPysy sv¢) (h(t)]s=0

= V., X ()
= 0, if ht) L ker[ X (c(}))].

However h L ker[ X (0)] in L2([0, T]; R™) holds if and only if h(t) is orthogonal to
ker[ X (o(t))] for almost all ¢, and we see the pointwise connection is the connection
corresponding to X . From this (8.3) holds as in Elworthy-LeJan-Li [15]. The results
for H follow by conjugation with 2. O

In the case £ = T'M the connection ¥ is the damped Markovian connection de-
fined in a different way by Cruzeiro-Fang [5] and we refer to it as that in our more
general situation. For the case of M a Lie group with left invariant metric and connec-
tion, as Example 2 of section 2.1.1, see section 9.

8.2 Covariant Gross-Sobolev derivatives

Let G be a separable Hilbert space. First consider a smooth separable Hilbert bundle
G over Cy, M with a metric connection V determined by a smooth surjective vector
bundle map X : C;, M x G — G, with isometric right inverse

?U:X(O')*:ga_’G; Uecz0M~
Define Dom(V?) to be DP''G for
DPG = {V € LPTG | YV € DPY(Cyy M; G)} .

For V € DP'G, ¢ € D”'Ly(G; K), K a separable Hilbert space set

VeV
VPG = dP(H(X—))o(0)(Vy—). (8.6)

X(o)d? (Y/V) W), wveH,. (8.5)

Let K o) = Y/UX (o) be the orthogonal projection of G onto ker[f( )]+, 0 €
Cyo M. Note that, c.f. [15]:

XVY =0, and XdyK*+=0. (8.7)
To obtain a closed covariant differentiation operator we impose:
Condition K?. If f € D"!(C,, M;G) then K (-)f(-) € DPX(C,, M; ).

Note that this implies , by the closed graph theorem, that f — Kt f is continuous
from DP(C,, M; G) to IDP*(C,, M; G). Note that if X = X or X, then Condition
(Mp) implies Condition K holds for all p by Lemma 5.6.

Proposition 8.3 Assume Condition KP. Then C*°T'G N IDP'G is dense in IDP'G.

Proof For V € DP'G set f = YV and take smooth functions fx € ]Dp71(CxOM; G),
k=1,2,..., converging to f in ]Dp’l(CmOM; (). Then X fi, — V in LP. Observe that

VX f) = Xdpu(Y X f) — Xd(Y X f) = VV
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in L? by Condition KP. (]

The proposition is essentially due to the fact that Condition K” implies the smooth-
ness of X and in particular

U e D*Y(C,, M; G) <= X (U) € D'G. (8.8)

Corollary 8.4 Assume Condition KP . There is the Leibniz formula

PYV)=(NV_Y)V+YVPV, V e D>'G. (8.9)

Proof The formula holds for smooth V' and so in general by Proposition 8.3 since d”
is closed. (]

Lemma 8.5 Assume Condition KP. Then for 1 < p < oo, and for1 < p < oo if
condition (My) holds,

V? : Dom(VP) C LPTG — LPT(Ly(H; G))

is a closed operator.

Proof Let {U*}2 be a sequence in ID”"'G such that {U*, VPU*}22 ; converges to
some (U, Z). We must show that U € D?'G and Z = VPU. By definition Y/(U*) €
IDp’l(CIOM; G) and Y/(U*) — Y(U). Apply the Leibniz formula to see that

dYU") = Ay KHYU") + YVPUF = (dyKHYU)+ Y Z.

The convergence is in LPI'La(H; ) by Condition K. Since d is closed this shows that
YU € D" (Cyy M;G) and limy, . d(YU*) = d(YU). Consequently U € D”'G
and, using (8.5), VPU* = Xd(YU*) — Xd(YU) = VPU, giving Z = VPU. (]

Note that if G! and G? are smooth Hilbert bundles over C,,, M with metric connec-
tions given respectively by

X7 CoQMx Gl -Gl j=1,2

then the natural induced metric connections on the Hilbert bundles (G1)*, G! ® G2,
Lo(G'; G?) are determined by

CooM x (GHY — (G
(o,1) — loY,,
X'@X2:CoQ,M x (G*®G* — Gt §G?
and

CooM x Lo(GY; G —  La(G';G%)
(0, T) — X*o)TY}

respectively. Using these, iteratively, we can obtain closed operators acting on sections
of the tensor bundles constructed from an initial Hilbert bundle G, given the relevant
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Condition KP. For ‘bunglles’ of the form LLo(H; Lo(H; G)) which we can more com-
pactly write as G ® (H®")* we will use the isometry % : 'H — L?& to pull back the

*
covariant derivative operator from the one obtained as above on G ® ((L25 )®2) , (in

this case) using the pointwise connection on L. For example ID?*! (Q’ ® (H®2)> is

{V err (Q ®(H®2)) | (1 ® g ® g) Veb” (G® (L2€)®2)} .

Theorem 8.6 Assume Condition KP for X forall1 < p < oo. Then for 1 < p <
oo the above construction yields closed covariant derivative operators with domain
Dom(W7?):

Ve DT ((126)% @ (120 e 1O e (1))
L IPT ((L2€)®T ® (L26)™ 9 H ® (H*)@’b“)
foranyr, s a,b,€{0,1,2,...,}. Moreover V€ Dom(W?) if and only if
xrewby = ((97X) ® (o(@°Y)) ® (9°X) @ (o(&"¥))) V
CooM  — (L2(0,TR™) @ (L0, T R™)® @ H®" @ (H")®'

is in DP! and then WP = (X"5:0y*qr(X5a:bV/), If Condition (My) holds we may
take p = 1.

Proof It is only necessary to observe that Condition K? for X @b is implied by
Condition K9 for all 1 < g < oo for X, and if Condition (M) holds then X5
satisfies K'! by Lemma 5.6. O

8.3 The higher order Sobolev spaces ID”*

Suppose that G is a smooth Hilbert bundle over C,., M with connection V as given in
§8.2 by some X which together with all tensor products

X2 (@*X)®(0x"Y)

satisfies Condition K?. For a,b € {0,1,2,...} we can inductively define vP*® and
DPF (G @ H®* @ (H*)®Y), k = 1,2, ... as follows:
Set W”'V) = WP, defined as in Theorem 8.6, with

]Dp71 (g ® H®(l ® (H*)®b) = Dom(vp).
For k = {2,3,...} set
DPE (G @ MO @ (H)®?) = {V e DML | WPV € DY (G @ HE @ (11)*0+D) )

and VP® = yP*~DoWwP. Here we have used our usual identification of Lo(H ; Hs)
with Hy ® HY for Hilbert spaces H;, Hy. As usual we give ID? * the graph norm

|~

Wl = (VI + 197V, 4.4 1970V, )

i.e. the graph of the closed operator Id @V? & ... @ VP,
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8.3.1 The higher order weak Sobolev spaces /7"
Continuing with the previous notation let
(V)" : Dom(W")*  © LT (G @H )
— DT (GeHT @n®)
be the adjoint of V7, 1 + L =1, with ¢ = coif p = 1.

Lemma 8.7 Assume Condition KP holds for X" and X where

Xr,s

=S

X"

X ® (0" X)® (o(®°Y)),
X®(®'X)® (o(2°Y).

Then
(i) (WP)* = X" (dv)* (Xﬂ)
(ii) D! (G @ H®" ® H*®*T) C Dom(VP)*.

Proof After conjugation with % if necessary we can assume that r = s = 0. Then by
(8.9), @p(—) = Xdp?(—) and it is easy to see that

(VPY* 2 X (@) (Y @ 1) = X(d®)"(Y o —).

Suppose that ¢ € Dom(V?)* C LiT(G ® H*) ~ LT Ly(H; G). For (i) it suffices to
show that Y o ¢ € Dom((dP)*). For this take g € ]Dp’l(Cl.UM; G) then

/C . (¥ 0 6.7 dp,

/ » (0. XK g)) dps,

Now K+g =Y (Xg) and Xg € D”'G. So the first of these two terms is

|, (690 duay

The second term is

+

|, (o X@ED)

< cy|Xglpr < const. - cy gL

| (Fodr@og+ Kirg) dus,
Cag M

/CzoM <f’¢> dp(ffg)> At

IN

|const.¢|La|g|Le-
For (ii) suppose ¢ € D' Ly(H; G). By definition,
Y 0 ¢ € D! (Ly(H; () C Dom(dP)*

just as in the scalar case, Theorem 5.8. However (the easy part of ) (i) then shows
¢ € Dom(VP)* as required. ]
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Define WP (g ®RHE ® H*®s) to be domain of the adjoint of the restriction of
(VP)* to D! (G @ H®™ @ H*®*T1). Let

v’ et (g QHO" ® H*®s> c LT (g QHO ® H*®s)
— DT (gan @)

be the adjoint , considered as a closed operator.
= Dy(k) . . ..
As for D”* we can define W?* and ¥ ® iteratively, giving WP* the analogous

. =D (k) .
graph norm. Since V7® ¢ V7" we see DPF is always a closed subspace of WP:¥,

When @ is a trivial vector bundle C;, M x G we write them as vak(CxOM ;) and
D? ’k'(CIOM ; G) respectively. By Proposition 8.1 this agrees with the previous defini-
tion when k = 1.

We will consider the following possible conditions on X:

Condition K(N). For 1 < k < N, for g € G, the k' H-derivative of K+(—)(g) :
Czo M — G has a bound

@k—1) 7 7l
% Ay K—(=)(9)) G yoD < en()gla,

where ¢y = ess sup,cc s cn(0) is finite.
z0

Condition K(N)ID. For each g € G the map K'J-(—)(g) is in Np>1 ﬁszl DP* and
Condition K (N) holds.

Remark 8.8 If Condition M holds then Condition K (N)ID holds for X and X. To
see this observe that Condition K (V) holds because Condition (M) implies that the
norm i, ||, of the inclusion i, : Hy — T5Cyy M is in L*°(Cy, M ; R) while all the
derivatives of K+ : M — L(R™;R™) are bounded. Then Condition K (N)D follows
as in the proof of Lemma 5.6. Condition (M) suffices for Condition K (1)D.

Remark 8.9 The necessity of imposing Condition K (N)D in order to discuss IDP**
sections of G reflects the fact that we have not shown that Fréchet BC° functions are
in Np>1 N2, IDP*, and G should be “of class ID”"* ” in some sense.

Lemma 8.10 Assume Condition (Mp). Let 1 < p < o0.

(i) Under Condition K(N)D the map
freK*4f
gives a continuous linear map
D”*(C,, M; G) — DP*(C,, M;G)
forke{l,...,N}and f — dyK+(=)f a continuous linear map
D (Cry M G) — DPFH(Coy M Lo(H; G))

forke{1,2,... N}.
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(ii) Under Condition K(N) the corresponding results hold for weak derivatives.

Proof Assume Condition K (V). Consider Z7* (K +(-) f()) to see
K(Of() € WP (Cey M; G)
and o ~ ~ ~
dP(K* f) = dy (K () f + K ()dP f

by Proposition 8.1. Repeat this for dy (KH)(X-) f and higher derivatives to prove (ii)
(The continuity comes from the closed graph theorem). For (i) assume K(N)ID. We
already have the result for the weak derivatives. If f € Dom(dy )%, i.e. f € Cyl®G
we see K- f € D”!, as do successive derivatives of K-(—)f. Since D”! is closed in

WP: we obtain the result for k = 1, and by iterating this the result for 1 < k < N as

required.
O

Proposition 8.11 Suppose 1 < p < coand k € {1,2,...}. Assume Condition (My)
and that X *° defined in Lemma 8.7 satisfies Condition K (k). Then

V c Wp,k (g ® H®r ® H*@s)
; Y e p.k . ®r *®s PR _
if and only if X "~ )*V € WP (CIOM, G H®" @ H ) Furthermore V¥ =
XT’SdN(’“)(XT’S)*V. The corresponding result holds for DP* assuming Condition K(k)ID.

Proof After conjugation by % we can assume that 7 = s = 0. Suppose V € WP1G.
Then there exists ¢y such that

/C . (V.9 Z) dp,

On the other hand suppose ¢ € DY (G @ H*) ~ D?'Ly(H; G). Then, by definition,
X o¢ € DY'L(H;G) ~ DTG ® H*) and so

/CIOM <5~/V, (dq)*¢>g dpz, (o) = |/CIOM <V, X(dq)*¢>dd#xo(o’)

| (@ £o) duo

<cyl|Zlpe, NYZeD?(GaHY). (8.10)

< +

| (vx@y&s) o

Take Z = X o ¢ and use Lemma 8.10 with equation (8.10) to bound the first of
these two terms by a constant times |¢|z.. To obtain a similar bound for the second
term observe that there is a constant such that

/ (U. 3Oy K6) dus,| < clolia. VU € LT@),
Con M

zQ

because if U € ID”!, a dense subset of LP, we have YU € ID”! and

/C » <dq(ifU), f(¢> djta,

/CI i <(€_?)U LYV, f(¢> dpta,

IN

c1|U|e|@lra
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by Condition K (k), and since KY = 0. This proves that V € WP:1G implies YV e
WP, M; Q).

Conversely suppose YV € WPL(CuoM;G) and Z € DLy (H; G)). We shall
show (8.10) holds. Observe Y o Z € DY Ly (H; G)). By Lemma 8.7,

L v@z) dne

| vy d o) du)
Cag M o

[ (@@ o) duo
CogM o

IN

Cyv|Y 0 Z|1a < Cyy|Z|1a

So V € WP'1G and the result holds for k = 1.

Suppose now that the proposition holds for W»*~! some k € {2,3,...}. Take
V € WPkG. Then V € WP*-1G and W'V € WPk-1G. Equivalently YV €
WPL(Co, M;G) and YV'V € WPHF1Ly(H; G). Now

AdYV) = dKLYV) = (dy K=YV + K+d(YV) = (du K)(—)YV +YV'V,

which belongs to WP*~1(C,, M; G) by the previous lemma. Thus V' € WP*G implies
YV € WPk, M; G).
Conversely if YV € WP-* then

YV'V =dYV) = VIV (V) = dY V) = (dy KNV V
is in WPk~1 by the previous lemma, and so by the induction hypothesis V' € WP*¢G.
O

Note that we have not discussed the independence of IDP**G from the choice of X.
However our main interest is in sections of L2E or H and related tensor bundles. For
these we used X derived from a stochastic differential equation and for such X this is
clear, as in Lemma 5.6. An extension of Proposition 8.3 to ID? * and of the discussion
in section 7 to prove that BC*° functions are in Ny N2, DP * ¢f. Remark 8.9,
would give the general case.

As for the proof of Theorem 5.8, we have, using Remark 8.8

Theorem 8.12 Assume Condition (My). For 1 < p < oo, the set WP''H is contained
in Dom(div?) and div? : WP'H — LP(C,, M;R) is continuous.

8.4 Intertwining of higher order derivatives

First we define the Sobolev spaces over the Wiener space relative to the 1t6 map.

Definition 8.13 For any sub o-algebra a of the Borel o-algebra of R™ and separable
Hilbert space G, the space ]Dﬁ:é consists of those F' € LP (CoR™; G) s.t.

1. F'is a-measurable,
2. F € Domg/(dP).

Inductively ]Dflé consists of those F' € L? (CoR™; G) such that

1
1. FeDyyg
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2. E{d"Fla} : CoR™ — Ly (H;G)isinDIY 3 .
For F' € ]Dﬁlé define

1
3

k
(Il ) = (Z ||<dpE{—|a}>TF|ip>

These spaces are Banach spaces since d’E {—|a} F' is the composition of a closed
operator following a bounded operator and thus a closed operator.

The following theorem corrects the version in [25].

Theorem 8.14 Assume Condition (M). Let G be a separable Hilbert space. Then
f:CouM — Gisin WPF(Cp, M;G) some 1 < p < oo, k € {1,2,...} if and only if
I*(f) € ]Dglg. Moreover

. k . D,k
" WPHCpo M3 G) — DY
is a continuous linear isomorphism.

Proof For k = 1 this is Proposition 8.1. Suppose it holds for some k& € {1,2,...}.
Then if f € WPL(Cypy M; G)

E{dI*(/)|F™} = E{I*df)|F*} =T df oTT)=T*(df o X),

which belongs to DP** if and only if df oX € WP *(Cyo M; H*). The last holds if and
only if f € WP*+1(C,, M;G) by Proposition 8.11 and so the result holds for k + 1.
O

Corollary 8.15 Under the conditions of Theorem 8.14, T* maps IDP ok (Cyy M; G) onto
a closed subspace of ]D?_-{CG.

Note that many authors, e.g. Léandre [33], Li [34], have defined Sobolev spaces for
Cyo M using the flat connection on H defined by the trivialisation of H given by V. —
//~V. (in the Levi-Civita case). This cannot be expected to agree with our definition
because of the curvature term occurring in the covariant derivative of /=1, c.f. the
proof of Lemma 6.11. In particular Corollary 8.15 should not in general hold with
those definitions. For a covariant calculus using Markovian connections see Cruzeiro-
Malliavin [7].

9 Special case: no redundant noise

Suppose X(x) : R™ — T, M is injective for each x, so p = m and X trivialises
E. Or equivalently 7 = F7®°. Examples include left and right invariant stochastic
differential equations on Lie groups, Example 2 of section 2.1.1 and the canonical
stochastic differential equation on the orthonormal frame bundle, Example 4 of the
same section. Condition (M) may not hold for the injective case, see for example 2C
on page 24 of Elworthy-LeJan-Li [15]. However we still get complete intertwining
and all the results in this article. In fact condition (Mj) can be removed in the proof
of the key Theorems, Th 3.4, Th 4.2, Co 4.3 and their corresponding Hilbert space
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valued versions. Furthermore the Conditions K needed to define IDP** holds trivially.
The following theorem extends some of the results of Fang-Franchi [27] who were
concerned with Brownian motion measure on Lie groups.

Theorem 9.1 Suppose X is injective. Then for 1 < p < oo
1. T* maps ]Dp’k(CmOM; R) isometrically onto DP*(Q; R), k =1,2,. .., and
*dP = dPT*
T*WP O e — (gryh+DT
where, for 1) € LPTL (®k+1H; R),

T* () : @ — L@""H;R)
is given by T*(1)) = (¢ o @ *TVTT) o T.

2. On'H-1-forms (dP)*I* = I*(dP)*. An H-vector field V lies in Dom(div’c’m0 i
and only if (Y'V) o T is in Dom(divy,); if so

/D
(divV)oT = — / <V(xs), X(xs)st>
0 dS x

s

where the integral is a Skorohod integral.

3. The Laplacians, or ‘Ornstein-Uhlenbeck operators’, are conjugated by T*, as
operators on LP:

T*((dP)*dP = (dP)*dPT*.

Proof Since TZ = T1Z, it acts isometrically on H with inverse ¥. The proof of
Proposition 5.1 gives that 1 € Dom(divh) if and only if 7Z(h) € Dom(div?). Part
2 follows by (5.4). For k = 1, part 1 follows from part 2 since, by (3.8), Z* acts
isometrically on H-1-forms as well as on functions. For £ > 1 and higher order
Sobolev spaces, observe that for G a separable Hilbert space, ]D’}_lfo o =D" R, G).
Finally part 3 follows from part 1 and part 2.

d

Remark 9.2 From Theorem 9.1 we see Markov uniqueness holds if X is injective,
without assuming condition (My). In fact the proof in section 6.3 shows that Cyl® *
is total in Dom(d*) on C,, M and so ID>'H* is dense in Dom(d*) and (dP)* ‘Cy]oH* =
(dP)*|pa.17¢~ - The argument leading to Theorem 6.9 in section 6.2 proves D! = 2!
and Markov uniqueness. For the stronger result of the essential self-adjointness of
d*d|cy on L?(Cy, M;R) see the method of Aida [3].

For completeness and as an example we show that for Lie groups G with left in-
variant connection our connection ¥ agrees with the ‘Levi-Civita’ connection used
previously, c.f. Freed [28], Fang-Franchi [27], Aida [4], Driver-Lohrenz [10]. See also
Shigekawa [43], Shigekawa-Taniguchi [44]. For this let M = G with left invariant
stochastic differential equation as in Example 2 of section 2.1.1. Since the adjoint con-
nection V of V is the flat right invariant connection we have H-vector fields V'¥(o)
given by V(o) := TRy (ye), y € L(z)’l([O,T];g), forTRy : g = T.G — T4M the
derivative of right translation R, by g € G.
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Proposition 9.3 For y, z in Lg’l([O, TT; 9),

(Vv VY), = TRow[y(t), 2(1)].

Proof By definition of X and ¥ and since the Ricci curvature is zero and there is no
‘drift’,

D
(Vve)VY), = TLew {d (P — TLpldV.y) (VZ(CT))}
o t
= TLow[d (g TL TRyi) ) (TRoy(20)]
= TRyulyt),z1)]
as expected. ([

10 Appendix: The conditional expectations of exponential martin-
gales

Let £(a) be the exponential martingale

T 1 /7
e(a) := exp (/ (as,dBs) — 7/ |ds|2d8>
0 2 Jo

for a € H and set £(a) = E{e(a)|F}. By Proposition 7.3 we know &(a) is in ID%O.
As evidence that E{—|F°} maps D*' into itself we show, c.f. Remark 7.9:

Proposition 10.1 There is a constant C such that for all a € H

||§(a)||D2,1 S OH&((I)H]DZ,l .

t 1t
g; = g¢(a) = exp (/ (as,dBs) — f/ ds|2ds>.
0 2 /o

Denote by d¥ the H-derivative to distinguish it from the stochastic differential. Then
Elef? = exp ( fy las[2ds) and |le(@)]Ba. = (1 + llal3) exp (lla]%). Conditioning
the stochastic differential equation

Proof Set

d6t = <dt, dBt> Et
on F70 shows that &, = £4(a) = E{e;|F 0} satisfies:
déy = & <X($t)dt, X(-Tt)dBt> .

So

t t
& = exp ( / (X(x4)as, X(x5)dBs) — % / |X(;vs)as|2ds)
0 0

and

t
E|z|? = Eexp (/ |Kl(xs)as|2ds> ,
0
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where K+ : M x R™ — [ker(X)]" is the projection map Y (z)X (). From this, for
heH,

T
" @) = é{ | (Xt X@whds + Vaz, o Xdb.)
0

T T
+/ <VTIS(h)X(dS)7X(‘rS)dBS> - / <VTIS(h)X(xs)(ds),X(xs)as> ds} .
0 0
By Theorem 3.4, setting ¢* = &W (X (x.)a.), then
T
[ (X X)) + VXL (0)AB, ) = T (@)
0

Note that [|¢[|2 = E&2 [} |X(2,)as|?ds < |a|%,EE2.
Take any Riemannian metric on 7'M extending that of E' and for e € R™ define:

Zy(e): By — T, M

to be the adjoint of V_X(e) : T, M — E, for each x in M. Then
T T
€ {/ <VTIS(}L)X(dS)) X(xs)st> - / <VTIs(h)X(xs)(ds)7 X(xs)ab> dS}
0 0
T T
-z { [ @2, 2,60 (X@aaBo) - [ (TL.00,2.,60) (X(w0.) ds} ,
0 0
which can be verified to equal to Z*(¢/)(h), defined by Theorem 3.4, where
T
¥ = EW, <H(W,—1)* / Wi Zy (a4,)X (0,) (dB, — a,«dr)> .

We have used the expression (3.12) of T'Z for the verification. It remains to estimate

T
E[Z* ()| =/ /
CzyM JO
2

T T
= E& / (H(th)* / W:Zm,,,(aT)X(xT)(dBT—ardr)> dt.
0 t

2
D
VT dspag(do)

For this let {y; : 0 < ¢ < T'} be the solution to the stochastic differential equation

{dyt = X(y) o dBi + A(yy)dt + 2X (y¢)(ar)dt
Yo = o-

Then by the Girsanov-Maruyama theorem,

E|Z*(4)|?
2

T T T
= Eexp ( / KL(yS)dS|2ds> / <H(Wt1)* / W:Zy,,(ar)X(yT)(dB,+aTdr)) dt
0 0 t
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T T T 2
2E exp ( / |KL(ys)a52ds) / (H(W;l)* / W:Zyr(ar)(X(yr)dBr)> dt
0 0 t

2

T T T
+2E exp ( / KL(yS)(zs|2ds> / (H(W;l)* / W:Zyr(ar)(X(yT)ar)dr> dt
0 0 t

const. ||a||%; exp(||al|F)

T
+exp(||a||§{)Eexp </ |K(ys)ds|2ds> .
0

IN

IN

T T 2
/ (H(Wﬂ)* / W:Zy,.<K<yr>ar>X(yr><ar>dr> dt
0 t

where K (z) = 1 — K(x), using the fact that VX = VX o K. Now

T T T 2
Ecxp (— / |K(ys>as|2ds> - / (H(Wﬂ)* / W:Zy,‘(K(%J@)X(yn(andr) dt
0 0 t

T T (T T
< const.Eexp (—/ |K(ys)as|2ds) / {/ \K(yr)ar|2dr/ |Kl(yr)ar|2dr} dt
0 o Uk t
T ;T T
< const.|aj}E / ( / exp ( / |K(ys)asds|2ds>|KJ‘(yr)ar2dr) dt
0 t r
T T
< const.|a|2HE/ exp (—/ |K(ys)asd5|2ds)dt
0 t
< const.|a|f.
From this we see E|Z*())|2 < const.|a|3el?lii as required. O
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