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ABSTRACT. In this paper we study the solvability of backward doubly stochas-
tic differential equations (BDSDEs for short) with polynomial growth coeffi-
cients and their connections with SPDEs. The corresponding SPDE is in a
very general form, which may depend on the derivative of the solution. We use
Wiener-Sobolev compactness arguments to derive a strongly convergent sub-
sequence of approximating SPDEs. For this, we prove some new estimates to
the solution and its Malliavin derivative of the corresponding approximating
BDSDEs. These estimates lead to the verifications of the conditions in the
Wiener-Sobolev compactness theorem and the solvability of the BDSDEs and
the SPDEs with polynomial growth coefficients.

1. Introduction. In this paper, we use the Malliavin calculus to study the solv-
ability of BDSDEs with polynomial growth coefficients valued in a weighted L?(dx)
space

T
YET = h(XE")+ / Flr, Xp0, Y00, 23" dr (1)

T T
—/ g(r, Xb® yhe 74wy dt B, —/ Z85dW,, 0<t<s<T.

S S
Here the Brownian motion B could be a @-Wiener process with values in a separable
Hilbert space U and the stochastic integral with respect to B is a backward Ito’s
integral. But for simplicity, we only consider the finite dimensional Brownian motion
valued in R!. The other Brownian motion W is independent of B and takes values in
R?. The coefficients are given functions h : R? — R!, f: [0,T] x R x R! x R? — R!
and g : [0,7] x R? x R! x RY — R!. By the polynomially growing coefficient we
mean that f in (1) is of a polynomial growth with power p, p > 2, with respect to
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the solution Y. Specific assumptions on f and g are given in the next section. And
X is the solution of the SDE:

X — +/ b(X5")dr +/ o(XET)dW,, s >t,
t t

X =z 0<s<t, (2)

with b: R? — R?, o : R4*4 — R9. Actually, BDSDE (1) and SDE (2) constitute a
forward-backward stochastic differential system, and its connection with the classi-
cal solution of parabolic semilinear SPDE was first indicated in Pardoux and Peng
[6]. In this paper, we consider the connection between them in the sense of weak
solution of the following SPDE:

T
u(t,) = hiz)+ / (Lu(s,z) + F(s,2u(s,2), (0" V) (s, 2)))ds

T
—/ g(s,m,u(s,x), (U*Vu)(s,x))dTBs, 0<t<T. (3)
t
Here the second order differential operator £ is given by
1l
<= 5”2221(”" i) gans axj ;b axz

This work is a further study of [11]. Different from the previous work, the corre-
sponding SPDE we consider here involves the first order derivatives of the solution
in both the drift and the diffusion terms. This causes difficulties in applying the
Malliavin calculus method. Even in the case that ¢ in (3) does not depend on Vu,
the estimates in [11] are not enough. We need some new estimates on the integra-
bility and the continuity of Z and the Malliavin derivative of Z in the p-weighted
space Lj'(dx,dP), m > 2. This kind of estimates was not given in the estimates
derived from BDSDE (1), where only L2(dz,dP) can be given. The idea here is to
associate Z with VY, which can actually be the solution of another BDSDE if we
differentiate BDSDE (1). We construct a sequence of approximating SPDEs with
linear growth drift and deduce the desired estimates of their corresponding sequence
of BDSDEs, then the new estimates can be transferred from the BDSDEs to the
SPDEs. With these estimates, we verify that the approximating SPDEs satisfy
the Wiener-Sobolev compactness theorem. As a consequence, we are able to get a
strongly convergent subsequence of the solutions of approximating SPDEs and the
approximating BDSDEs.

As we have shown in our previous works [8, 9, 11], if f and g in (3) are independent
of the time variable, we can apply the time reverse transformation to (3) to obtain
a SPDE with an initial value

dv(t,z) = [Lo(t,z) + f(z,v(t, x), (6*Vv)(s,2))]dt
+g(z, v(t, x), (0*Vv)(s,2))dBy, (4)
v(0,z) = h(z),
where the Brownian motion B is the time reverse of B. Then we can construct the
stationary solution of SPDE (4) after extending the solvability from the finite time
horizon to the infinite time horizon. But we don’t intend to include this result here

and only show the main differences when the finite time horizon BDSDE (1) and
SPDE (3).
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The rest of this paper is organized as follows. In Sections 2, we introduce some
useful definitions and estimates. In section 3, some new estimates to the solutions of
approximating BDSDEs are proved. A strongly convergent subsequence of the solu-
tions of corresponding approximating SPDEs as well as approximating BDSDEs is
derived. In Section 4, we finally prove the existence and uniqueness of the solution to
BDSDE with the polynomial growth coefficient in our setting by weak convergence
and strong convergence arguments, and demonstrate the correspondence between
the BDSDESs and the SPDEs.

2. Preliminaries. As we know, when we consider such kind of BDSDEs and
SPDEs with a general form, we usually construct a sequence of approximating
BDSDEs and SPDEs. To get the strongly convergent subsequence is a key step.
The Wiener-Sobolev compactness theorem, which is a natural but not trivial exten-
sion of Rellich-Kondrachov compactness theorem to stochastic case, is the method
we use to get the strongly convergent subsequence. Here the Malliavin derivative
plays a key role in the assumptions. We begin our preliminaries with Malliavin
derivatives. For a smooth random variable F' such that F = f(W(hy), - -, W(hy))
with n € N, hy,- - - h, € L*([0,T]) and f € C°(R™), where C;°(R") is the set
of infinitely differentiable functions whose differentials of any order all grow in a
polynomial way. Let K be the class of smooth random variables F'. The derivative
operator of F denoted by the stochastic process {D.F, t € [0,T]} is then defined

by (cf. [4])

Dy

W (o) ) ha ().

We denote the domain of the operator D in L?(Q) by D2 with the norm below
IFIE 2 = EIFP]+ Bl DeFl220,1y))-

We first recall a version of a Wiener-Sobolev compactness theorem in the space
L2(2 x [0,T] x O;R!) used in this paper. The theorem was proved by Bally and
Saussereau [1]. See Da Prato, Malliavin and Nualart [2] and Peszat [7] for an earlier
version of time and space independent case and Feng and Zhao [3] for a relative
compactness result in the space C([0,T], L?(Q x O;R1).

Theorem 2.1. ([1]) Let O be a bounded domain in R%. Denote C*(O) the class of
k-times diﬁer@ntiable functions wz'th a compact support inside O. For p € C*(0O),

we define v¥(s,w) = [,v(s,z,w)p(x)dr. For a sequence (un)nen in L*([0,T] x
Q; HY(0)), assume that
(1) Sup,, fo Hun ||H1 dS} < 00.

(2) For all o € C¥(O) and t € [0,T), u?(s) € D2 and sup,, fOT uf(s)||21.2ds < o0.
(3) For all ¢ € C*(O), the sequence (E[uf])nen of L2([0,T)) satisfies
(3i) For any € > 0, there exists 0 < a < B < T s.t.

sup/ |E[uf (s)]|?ds < e.
n J0,T]\(a,8)
(3ii) For any 0 < a < B < T and h € R! s.t. |h| < min(a, T — B), it holds

B
sup/ E[uf (s + h)] — E[u ()] 2ds < C,|h.

n
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(4) For all ¢ € C*(O), the following conditions are satisfied:
(41) For any e > 0, there ezists 0 < a < 8 <T and 0 < o/ < B < T s.t.

sup E| |Douf (s)|>dOds] < e.

n ‘/[07T]2\(0‘7/8)><(0/7ﬂ,)
(4ii) For any 0 < a < B<T,0< o < B <T and h,h' € R s.t. maz(|h|,|V|) <
min(a, o/, T — B,T — '), it holds that

B B
sup B / / | Dot (s + ') — Dyu (s)[2d0ds] < Cy(|h] + [I]).

Then (un)nen is relatively compact in L?( x [0,T] x O;RY).

The conditions of Theorem 2.1 are not easy to verify, without the exception
to our case when we apply the theorem to the approximating SPDEs of (3). We
will utilize the correspondence between BDSDE and SPDE for the corresponding
approximating BDSDEs to verify the conditions of Theorem 2.1.

Since we will consider the solution of BDSDE (1) in a weighted L?(dz) space
which connects the weak solution of corresponding SPDE (3), a necessary equiva-
lence between the norms of the BDSDE and SPDE solution spaces is needed. For
this, we utilize the property of stochastic flow and always assume that

(A1): the diffusion coefficients b € C7,(R%;R?), o € CF(R%GRY x RY);

(A2): there exists a constant € > 0 s.t. go*(x) > ely.

Here Cl]fb, k > 0 denotes the set of C*-functions for which the partial deriva-
tives from the order 1 to k are bounded, but the functions themselves may not be
bounded, and C’f denotes the set of C*-functions for which the partial derivatives
from the order 0 to k are bounded.

Lemma 2.2. (Generalized equivalence of norm principle [8]) Let X be the diffusion
process defined in (2). If s € [t,T], ¢ : Q x RY — R is independent of the o-field
ft‘g and pp~t € LY(Q x RY), then there exist two constants ¢ > 0 and C > 0 s.t.

" {/Rd lp(@)lp™" (2)de] < B /R [P(XE7)|p~ (w)dar] < CB /R o) |p ™" (x)da).

Moreover if ¥ : Q x [t,T] x R — R, U(s,-) is independent of ﬁt‘g and Up~1 €
LY(Q x [t,T] x RY), then

ot [ sl @ras < B[ [ 0Gs, 50 @)

T
< CE[/t /R 10 (s, 2)|p~ (z)dwds]. (5)

The inequality (5) implies the equivalence of norm between BDSDEs and SPDEs
in their respective solution spaces when W is regarded as the weak solution of SPDE.
This equivalence of norm principle will be more clear after we clarify the definitions
for the solution spaces of BDSDEs and SPDEs in the following. Both the solutions
of BDSDEs and SPDEs are valued in a p~'-weighted L2, g > 2, space, denoted by
L%, where the weight function p(z) = (1 + [z])9, ¢ > d + 32p.

BDSDE (1) takes values in Lg(Rd;Rl) X Li(Rd;Rd). Fort <s<T and q > 2,
we denote by
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o M2([t,T]; L2(R%R?)) the space of all ﬁfT Vv .7 measurable processes f :  x
[t, T] — L2(R% R?) satisfying

T
£ 1ar2 (e, 7 12 (R R4 = \/E/ 1 ()12 o ey ds < 003
t

o S9([t, T); LZ(R% R)) the space of all fffT v 7Y measurable processes f : Q x
[t,T] — L2(R% RY) satisfying s — f(s) is a.s. continuous and

1f lso (e 7302 ReR1)) 7= <Et§3§T|f(8)lqug(Rd;Rl)> < oo.
Definition 2.3. A pair of processes (Y%, Z%%) is called a solution of BDSDE (1) if

t, t, . . . . T T :
(Y, Z07) € SP([t, T); LE(R% RY)) x M2([t, T); L2(R% RY)) and (Y7, Z1®) satisfies
(1) for a.e. x € RY as.

Correspondingly, we give the definition for weak solution of SPDE (3) in the
sense of C¢° test function.

Definition 2.4. A function w is called a weak solution of SPDE (3) if (u,c*Vu) €
LP([0,T]; LE(R% RY)) x L2([0, T1; L2 (R4 R?)) and for an arbitrary ¢ € C2°(R% RY),

1 /T . .
/Rd u(t, v)p(x)dz — y h(z)p(x)ds — i/t /Rd (0" Vu) (s, 2) (0" V) (2)dads
T
[ s o Ay eaaas
T
- /t /Rd f(s,z,u(s, x), (6" Vu)(s,z)) p(x)dzds

T
,/t /Rdg(svf”’u(svﬂf)a(U*VU)(Sax))cp(x)dxdTBS, te[0,T].

Here flj = %2?21 %ﬂc)jj(gj), and A = (/11,212,- e Ag)E

We then assume the conditions to BDSDE (1). Given constants L > 0 and

0<ac< vz for any s,81,82 € [O,TL T,T1,T2,%2,21,22 € Rd7 Y, Y1,Y2 € R17 we

2
assume
(H1): 9,h exists and |9,h| < L;
(H2): there exists a function fy : [0, 7] x RY — R! with

T
/ / |fo(s,2)**Pp~(2)dads < oo
0 JRd
s.t.
|f(s,2,y,2)] < LI fols, )| + [y[” + |2]),

f is locally Lipschitz on = and globally Lipschitz on z as follows:
[f(s.21,,2) = f(s,22,9.2)| < L(L+ [yl? + |2]) 1 — a2,
|f(57xayazl) - f(saxawaQ)' S L‘zl - Z2‘7

and there exists a constant yu € R s.t.

(y1 — yz)(f(s,:z:,yl,z) - f(vaayz,Z)) < plyr — y2|2;
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(H3): the derivatives 0, f, 0, f, 0. f exist and satisfy
[0y f (52,9, 2)] < L1+ [y~ ),
0. f (s, 21,91, 21) — O f (8, T2, Y2, 22)|
< LA+ [yl + [2D)(Jo1 — 2| + [y1 — y2| + |21 — 22]),
10y f (5,21, 9, 2) — Oy f (5, 22,y,2)| < L1+ [y["~ )21 — wal,
10y f (5,291, 2) = By f (s, 92, 2)| < LA+ [11]P72 + [y~ |yr — w2,
10y f (5, 2,9y, 21) = 0y f(s,,y, 22)| < L|z1 — 2],
0. f(s,21,y1,21) — 0- f(5,72,Y2, 22)| < E(|$1 — | + [y1 — ya| + |21 — 22]);
(H4): g is globally Lipschitz as follows:
l9(s1,21,y1,21) — g(52, T2, Y2, 22)| < E(|81 — So| + |71 — 2| + |y1 — y2|) + af21 — 22,
and the derivatives 0y9, 0,¢ exist and satisfy
029(5, 1, Y1, 21) — Oyg(s, T2, Y2, 22)| < L(|z1 — ma2| + Y1 — 2| + |21 — 22)),
|0y9(s, 21, y1, 21) — Oyg(s, T2, Y2, 22)| < L(|z1 — 22| + |31 — ya| + |21 — 22)),
10:9(s, 1,51, 21) — D-9(s, @2, Y2, 22)| < LJ&1 — o] + [y1 — 2| + |21 — 22]).

Remark 1. As indicated in the literatures (e.g. [5, 11]), the monotonic constant
w in (H2) can be assumed, without losing any generality, to be 0. To simplify the
calculation, we always take p = 0 in the rest of the paper.

Then we construct a sequence { fy, }nen which converges to f a.s. For this, first
set fn(s,x,y,2) = f(s,x,y,z) when |y| < n and f,(s,z,y,2) = f(s,x, ”‘Tﬂly,z) +
Oy f(s,z, TLIT—irlly’Z)( — ”lT"’lly) when |y| > n+ 1. Then we use the standard parti-
tion and unity method to define f, such that f,, has smooth enough connections
and is monotone on the interval [n,n + 1] and [-n — 1, —n]. For any s € [0, 7],
T, 1, T2, 2,21, 22 € RE y,y1, 42 € RY, £, satisfies the following conditions with the
constant L depending on L:

(H2)': for the same fp in (H2),
(s, 2.y, 2)| < L(|fo(s, @) + (1 + (n+ )P~ A fy[P~ Yyl + [2]),
fn is locally Lipschitz on z and globally Lipschitz on z as follows:
|fu(s, 21,9, 2) = fu(s,22,y,2)] < L1+ [y|” + |2[) |21 — 22|,
|fu(s,2,y,21) = fuls, 2, y,22)| < Llz1 — 22,
and there exists a constant u € R! s.t.
(y1 — y2) (fu(s, 2,91, 2) — fuls,2,42,2)) <0;
(H3)': the derivatives 0, fp, Oy fn, 0. fn exist and satisfy
|ayfn(57xay,z)| < L(l =+ |y|p71),
102 fr (s, 21, y1, 21) — Ox fu (S, T2, Y2, 22)|
< LA+ |ylP + |2[)(Jer — 22| + [y1 — ya| + |21 — 22]),
|0y f (5,21, Y, 2) = Oy fu(s, 02,9, 2)] < L1+ [y[P~h) |21 — 2],
|8yfn(s,x,y1,z) - ayfn(s7x7y27z)| < L(l + |y1‘p_2 + ‘y2|p—2)|y1 - y2‘7
10y fu(s, 2.y, 21) = Oy fu(s, @,y, 22)| < L|z1 — 22,
10 fn (s, 21,91, 21) — Oz fu(s, 22, Y2, 22)| < L(|z1 — @2 + [y1 — Y| + [21 — 22]).
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Note that f, is of linear growth in y for each n € N. We consider a sequence of
BDSDE:S of the linearly growing drift f,:

T
vien = g+ [t X0 vz

T T
- / (g(r, X17, Y7m, Z00m) dB,) / (245 dw,).  (6)

For BDSDEs with linear growth coefficients, we have some estimates for which the
reader can refer to [9, 11] for detailed proofs.

Proposition 1. Let assumptions (A1), (A2), (H1), (H2)', (H3), and (H4) be satis-
fied. Then BDSDE (6) has a unique solution (Y.""", %) € S([t, T L2(R%RY)) x
M2([t, T; L?)(Rd;Rd)). Moreover, for any 2 < m < 32p,

sup B sup [ Vo7 ()
n seft, T] JR

T
+supE[/ / [Yin 2 gt 257 () ]
n t R4

m
2

+s%pE[(/tT /]R |Zb"m 2 p~ () deds) 2 ]
< Op( | m@rme @a+ ' [ \ts.)mo ™ @)dads

T
+/ / 9(57377070)mp1($)dxds>
t R4

Here and in the rest of this paper C, is a generic constant depending only on
given parameters.

Proposition 2. Let assumptions (A1), (A2), (H1), (H2), (H3), and (H4) be
satisfied. Then uy,(t,x) := Y;t’z’" is the unique weak solution of the following SPDE

up(t,x) = h(x)—l—/t {Lun(s,2) + fu(s, @, un(s,2), (0" Vu,)(s,z)) Hds

T
_/t (9(s, 2, un(s, ), (U*Vun)(s,a:)),dTBs>, 0<t<T. (7)

Moreover,

Un (s, X0T) = YE21 | (0*Vu,) (s, XE®) = 25 for ae. s € [t,T], = € R? ass.

3. The compactness of solutions to approximating equations. The main
task in this section is to prove the relative compactness of the sequence of solutions
to SPDEs (7) and BDSDEs (6). We need some preparations. First, as we indicate
before, the Malliavin derivatives are used to obtain the strongly convergent subse-
quence of solutions of approximating equations. By (H3)’, (H4) and the results of
[1] or [6], the Malliavin derivative of (Y}®", Z5L®:m) in BDSDE (6) with respect to
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Brownian motion B exists and satisfies

DOYSt,m,n — g(a’Xg,x7Yewf,x,n’ Zé’x’n)
(4
+/ (ayfn(r, Xf,’w, Yrt’w’n’ Z’rt"a:7n)D0YTt,$7n
+0: fu(r, X0, Y000, 200 ) D 227" ) dr
6
_/ (yg(r, X0, Y000, Z0T ™) DpY, o on (8)
+0.9(r, Xﬁ’wv Yrt’z,n’ qu’a:’n)Db‘Zﬁ’z’n)dTBT

0
—/ Do Z""dW,, 0<6<T,

DoYi®m =0, t<6<s.

Furthermore, we need the following estimates for the Malliavin derivatives.

Proposition 3. Let assumptions (A1), (A2), and (H1)-(H4) be satisfied. For any
2<m <16,

sup sup FE[ sup / |DpY; “(z)dx)]

n 6elt,T] s€[t,T)]

+sup sup E/ / |DeY 2% | o~ (2)dds)
n 9eft,T)

+sup sup E/ / |DpYE®m ™™ 2|D Zbm 12 p7 Y (1) dads]
n QEtT

N3

+sup sup E[( / / Do ZL" " *p~ ! (2)dads) * |

n  9elt,T]

< Cp<1+ sup / 19(6,2,0,0)["p~ " (x)da

0e(t,T] JRE

+sup sup Ep/'|Ytz"r“ () da]
n 0€(t,T) R4

+sup sup E[/ |Zé’z’"|mp1(x)dac]).
n 0€(t,T) R4

However, different from the case that f and g are independent of z in [11], the
estimate for sup sup E[[q,|Z0""|™p~!(x)dx] is needed in Proposition 3. Since
n selt,T)
by the assumption on o,

= [o* (XL VYL < L9V i),

So we only need to estimate VY% instead.
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Noticing the smooth conditions (H1), (H3)’, (H4) and the form of SPDE (7), we
have

Vu(t, )

= 8$h(x)+/t {fVu”(s,x)—&—awfn(s,x,u (s,x), (o Vu")(s,x))

(
—|—8yfn(s,x,u"(s,a:) a*Vu'™) s,x))

40 fn (s, z,u"(s,x), (0*Vu™)(s,2)) ((o V2 ™)(s, x)

H(Vo Vur) (s, ) + (Voo V2um) (s, x) + (Vu" Vb)(s, )}ds

—/t {(’“)zg(s,:r,u”(s,x), (c*Vu™)(s,z))
+0yg(s, x,u"(s,x), (6*Vu"™)(s,z)) Vu" (s, z)
+0.9(s,z,u"(s,2), (c*Vu"™)(s,2)) ((c*V>u")(s,z) + (Vo*Vu™)(s, z)) }dTBS.

Set
YU = Vu(t,x), ZpT" = (o*VE")(t, ).

By the standard correspondence of BDSDE and SPDE (see e.g. [1] for details), we

know that (V,"®", ZL%™), <, <7 is the solution of the following BDSDE:

Yt,a:,n
T ~
S B AR TRACS SR N

+0y fo (r, Xp0, Y000, 0™ (X
+0, fn(r Xhr yhrn o*(XhT

) )Yt:vn
)Y
+Vo(XET)ZEwm 4 Ub(XE®)Y,h

21) (Vo™ (XE2)Yhon 4 Z8om)
}d
T ~
_/ {(%g(n X’}E,ZD’Yrt,w7n’o_*(X£,I)Yrt,w7n)
+ay9(7"aXﬁ’z7Yrt’m’",0*(Xt’r)f’ myhe
(Vo

T

+azg(ra X7t‘,z7Yrt7I7na o (Xt,m )

T

Xt I)Yt ,T,m + Zﬁ,z,n) }dTB7
T ~
- / Ztenaw,. )

Proposition 4. Let assumptions (A1), (A2), and (H1)-(H4) be satisfied. For any
2 <m <16,

sup sup E[/ [YLenmp=t(x )dm]—l—supE / / |zt 2~ )dmdr)%]
Rd

n se(t,T)

T
< G (1 + \/blip E[(/t y |Zﬁ’w’n|2p_1(a:)dxdr)m]>.
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Proof. We rewrite BDSDE (9) as

T ,m
Ys’)

where

T
D h(X5") + / {at(r,w)+bt(r,w)1~/rt’w7”+ct(r,w)2ﬁ’w’"}dr (10)

T T
—/ {dt(r,w) + et (r,w)yhen —|—jt(r,w)2ﬁ’x’”}dTér — / ZLendw,.,

a'(r,w) = 0pfn (7’, XL Yrt’z’", 0*(Xf:“")f/,f’z’"),
b (r,w) = By fu (r, K17, Y100, o (X171
+0. fn (’1", Xﬁ)xv Y:)an a* (Xﬁ’w)}}:)$7n)vg* (Xﬁw) + Vb(Xﬁ’I),
¢ (rw) = 0: fu(r, X0, Y00 0 (XPP)Y0M) 4 Va(X 1),
dt(r, w) — &Cg(r, Xﬁ,x’ Y'Tt,:c,n, o* (Xi,x)i;;t,x,n),
e'(r,w) = Oyg(r, XL°, Y,0"" o Xﬁw)};}”")
_|_azg(,r,, Xﬁ,m’ Y;t,m,n’ o* (Xf,,m)ﬁ,m,n)va* (Xf,,x),
(1) = Dug{r, X07, Y0 0 (XL T,

Taking integrations of (9) over R? and carrying out similar calculations as (A.6) in
[1], we have

IN

IN

() dz]

Rd

¢, | / X" g ()]

T
+CPE[(/ /Rd(|at(r,w)\ + |6t (r, w) ||V tr,w)|| 25 )pfl(w)dxdr)m]

T
+(1+2)E[( / / (ld* (ryw)| + e (r, )] [
g ()| Z577) 20 (@) dawdr) ]

E[/d@h(x;m “(@)da] + C,E[( // {r,w)|p~ (@) dwdr) ™)

+Cp\/ //|btrw)|2 ~U(z)dzdr)™ \/ //|Y““‘|2 ~1(x)dxdr)™]

vt ul( [ [ e @i+,
s Rd
T ~ m
+GE(( [ [ o @)dadr) )
+(1+¢)"F a™E[( / / |26 2~ () dadr) B,

where € can be taken sufficiently small.
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Note that
B[ 100X @) < [ Jouh(o)"™p (oo < o0
R4 R4
T
B / [ lat o (@)dadr)"
s R4
T ~
< GEL[ [ (e pr T @dedr] < o
s Rd
T
B[ [ 1w)Po @dodr)")
s R4
T
< CpE[/ /(1+|Yrt’w’"|2(p_1)m)p_1(x)dxdr]<oo.
s R4
Therefore,

E| / Ve o () de)
Rd

c, +cp\/E[(/ST /Rd V55" 2p= 1 () daedr) ™|

T
—i—Cp(T—s)%E[(/ / |25 25 (@) dedr)
s R4

IN

m
2

]

T m
+(1 +€)m2+2 amE[(/ / \ZEmm 2 p~ Y z)dwdr) 2 ). (11)
s R4

On the other hand, by B-D-G inequality and (10),

o3

B[ [ 177 e

T
< GE( [ [ Zemp w)dadw )
s R4
= GE| [ 2hXip  @de— [ T (@)
R4 Rd
T ~ ~
+/ / {at(r, w) + bt (r,w)YE5™ 4t (r, w)Zﬁ’x’"}p_l(x)dxdr
s R4
T ~ ~ A
- / / {dt(r,w)Jret(s,w)Yrt’z’"Jr jt(r,w)zﬁ’m’”}p*(z)dzdmm]
s R4
< at2

CoBL[ | 10:h(X47) " w)de] + 28 (1 &) B B[ 705757 )

T
0, E(( / / (a(r,0)|+ B ) [T57) +  (r,0) || 267 ) (o) ddr) ")

T
12 (14 o) 2 E( / / (1d*(r,w)| + [} (r, w) [ 7557
s R4

Ht(rw)[| 25 )p ™ (x) dadr)

m
2

-
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Noticing (11), we further have

T
B[ [ 12 @)dad)
T
Cp /Rd 10, h(2)|"p~ (z)dz + C, +Op\/E[(/ /Rd V52" 201 (z)dwdr) ™|

w3

]

<
T m
+0,,(T_s)%E[(/ / \Z:’Iv”|2p*1(as)dxdr)?}
+2% (1—|—€ )dxdr) } +C,
\/ / / [y, 2 p= )da:dr) ]
+C,(T —5)% / / | Zten2p~t )dxdr)%}
+C, 2p~Ha)dwdr)™]
+2% (1+) 7% o™ E( / / |25 20 (@) dadr) ]
< Cp+cp\/E[(/ / |Yrt7$’n|2,0_1(l‘)dxdr)m]

ol

+C,(T — 3) 2E / / |zt 2o~ (z)dxdr) ]

2% (14 2) "5 am / / |25 2o (o) dadr)

N\S

J (12)

Since o(X1*)ZL5" = (00*)(XL®) Y™ > Y% by Proposition 1,

E[(/tT /}R 7 P o (@) dedr) ™) < c,,E[(/tT /R 257 () dadr) ™) < oo.

Thus by (11) and (12), we get for a sufficiently small § > 0,

swp sup B[ [ [T @)
n se[T—46,T) R4

m
2

T
+ sup E[( | ZL= 2~ (2)dwdr) * ]

T—6 JRY

T
< G +CP\/SUPE[(/ 6/]12{ \Zﬁ’m’n|2p*1(x)dxdr)m] < 0.
n T— d

Noticing that ¢ only depends on the given parameters, we can extend the above
estimate to the interval [¢,T]. Thus Proposition 4 follows. o
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From Proposition 4, it follows immediately that for 2 < m < 16,

sup sup B[ [ 120%™ (a)d]
n  selt,T) R4

< Cpsup sup E[/ [yLenr|mp=L(z)dz] < oo. (13)
n  set,T] Rd

With (13), we can give the proof of Proposition 3.

Proof of Proposition 5. For 2 < m < 16, applying It6’s formula to eX7| Dy Y, 5% ™
we have

)

6
eKs|D9Yst,z,n|m_|_K/ eKrlDQ}/rt,a:,n|md,r
S

-1 0
+m(T)’L2 ) / eKr|D9Yrt,z,n|m72|DOZ£,w,n
S

= eg(0, Xy", Y 2y

2dr

6
+m/ eKTayfn(n Xﬁ,w7Y;t,wm’Zﬁ,x,n)‘Day;‘t,x,n|de
s

2
+m/ eK'r'azfn (T, Xﬁ,a:’ Y;t,x,n7 Zﬁ,x,n)Deyvrt,x,nDGZi,x,n|D0Yrt,x,n|m—2dT
s

m(m — 1)

6
5 / eKrl (8ygn (7“, Xﬁ,x, }/Tt,ac,n7 Z;f,ac,n)DGYVTt,z,n
S

_’_azgn(,r’ ‘X';t,,w7 Yrt,w,n’ Z’rt‘,x,n)DOZ:j,w,n) ‘2|D9Y7‘t,x,n|m—2d,’,
6
_m/ eI(r‘199}/73£,m,7L|7n—2<l)9}/7ﬁt,ac,n7 (8ygn(Ta )(}E,:t7 Yrt,m,n’ Zi,x,n)DG}/Tt,m,n
s
0., X7 Y5, 20 Dy 21 By)

0
_m/ eK'r"Dey;t,x,ﬂm—Q<D9Y2“t,x,n7 DeZﬁ’x’ndW,«>. (14)
s

From Conditions (H2)" and (H4), we know that for any s € [0,7], y € R}, 2,z € R?,

ayf"(s7xvyvz) = lim fn(57x,y+.€7z) _fn(37$>y72)

e—0 3

<0

b

and |0y9(s,z,y, z)| < L. Therefore, we get from (14) that

/ eKS|D0Y8t,z,n|mp—1(x)dx
Rd

1 -1, [’
—I—(K _ m(m + )L2 _ m(m ))/ / eKT|D9Y;t’I’n|mp_1(.’L‘)d.’l?dT
2 2e s Rd

—1—% (2m —3—(2m — 2)a’® — (2m — 2)a25)

0
% / / eKr‘DOYTt,m,n|m—2|D9Z:,m,n Qp_l(x)dl‘d’l“
s JRA
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< [ K. Xg Y 2 ()
R

0
_m/ / eKr|D0Y7}‘/,w,n|m72<D0Y;,w,n’ (aygn(r, Xﬁ,z7 Y'Tt,w,n’ Zﬁ,z,n)Dgyf/,w,n
Rd
+0gn (r, XLT, Y000, Z00™) D 2" p~ () dad' B,

6
—m / / , BT | DY, oM 2 (DY, T Do Z5 " o (2) dad W), (15)
s R

Then, it follows from (H4), Proposition 1 and (13) that

sup sup sup E[[ |DpYi*" (z)dx]

n gelt,T] selt,T| R4

+sup sup E/ | DY, o~ (1) ddr]
n o€t T] R4

+sup sup E/ / | DY, %" m=2| Dy Z%" |2 o~ () dwdr)
n 0e(t,T)

< Cpsup sup E[| |g(0, Xg", Y, ™", Zy™ ™)™ p~ () da]
n 0€(t,T] R4
< C, sup l9(0,,0,0)|™p~  (x)dx + Cpsup sup E[[ |V, p " (x)da]

oelt,T] JRE n 0e(t,T] R4

+Cysup sup E[[ |Zy""™p~ (z)dx] <
n Qeft,T) R4

Using the B-D-G inequality in (15), by the above formula we can further prove

"p ! (x)da]

sup sup FEJ sup |D9Y” de
n Qe[t,T] s€ft,T)

+sup sup E/ / |DeY 5% o~ () dxds)
n 0et,T)

+sup sup E/ / IDeY ™ 2| Dp 2™ 2 p~ (2)dads]
n Qeft,T)

+sup sup E[( / / |DgZt5m 20~ (2 )da:ds)%]
n 9elt,T)

IN

Cp+C, sup l9(6,2,0,0)|"p*(z)dx
0e(t,T] JR4

+Cpsup sup E[ |Y”"|m “(z)dx)
n fe(t,T]

+Cpsup sup EJ |Zt’g”’”m “(z)dx] <
n OGtT

The proof is completed. o
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Lemma 3.1. Let assumptions (A1), (A2), and (H1)-(H4) be satisfied. We have
the following continuity dependence estimate:

B[ 120 = 20m 0t ) da) < O,
Rd

for a constant C > 0.

Proof. First note that by a standard estimate, for 2 < m < 16p we have
B / X — X (a)da] + E / [y e = () da
Rd Rd
T ) N .
Bl [ 1z - g @t < o', (16)
s R4

Since

‘Z;erh,:r,n o Zﬁ,w,n| _ ‘0_* (X§+h,z)}~/st+h,z,n —o* (X;S,w))}st,w,”

L|Y/St+h,x,n . ?St,a:,n| + L‘?st,x,nHX;Jrh,m . X;’I‘,

IN

it turns out that

B[ 120 < 200t o) da)
Rd

1071 (2)dal (17)

+cp¢E[/ |?;vf*"|8p1<x>dx1\/E[ / X X181 (2)da.
Rd Rd

< CPE[/Rd |}~/St+h,oc,n _ Y/St,z,n

Define

Ys — Yst-‘rh,w,n _ Y'St,a:,n7 Zs — Z§+h,w,n _ Zﬁ,w,n’

X, = Xtthen _ xten YT ytthan _yten 7o gtthan _ ghen
Obviously, (?7 E) satisfies the following equation:
Y, = 0,h(XEM®) — 9, n(Xh")
s [ {0 ) — atr0) + FE 0 ) )
s
+Z8Bn (R x) — et (r, x)) + b, x)?r + x)Z}dr
— /T {(dt+h(r, z) — di(r,z)) + Ve (et (r 2) — et (r,x))

+Z,E’w’”(jt+h(7’7 1‘) _ jt(r, :13)) + €t+h(7“, w)?r + jt+h(7“, .’L‘)Z}dTBT

TT
—/ Z,.dW,..
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By a similar computation as in the proof of Proposition 4, we have

_ T _
sup sup E[/ Ye|*p ™ (z)da] +supE[(/ / |Zr|2p*1(z)d:cdr)2]
n selt,T] JRd n t Jre

IN

CoBL [ 10:(X5) = h(X5 ) o)
Rd

G [ [ 000 a0 + T 0 0 0) — 0 0)

+ZEE (T, 3) — a:))|p’1(a:)dxdr)4]

T T J—
+Cp\/E[(/ /]Rd |bt+h(r,:z:)|2p1(g:)dxd7’)4]\/E[(/ /Rd |ﬁ|2p71(x)dxdr)4]

T
GBI [ [ 10 ) = ) + T ) = )
FZEEN G () = )P (@) dodr) . (18)

Before we estimate each term on the right hand side of above inequality, we need
do some calculations. Firstly,

E[(/S /]Rd ‘(at-&-h(?”, .23) — (lt('r’ l‘))|p_1($)dxdr)4]

T —_ —_
< Gl [ (K V1907 (@)daar

T T
+0p\/E[/ / msp—l(x)da:dr]\/m/ [ s @)der] < i
s R4 s R4

Next for the continuity dependence on b,

T
B[ [ 10 ) = ¥ o ()|

T
< CpE[(/ /Rd |6yfn (T, X:+h,9c’ Y'Tt-',-h,x,n7 o* (Xﬁ+h,a:)}/rt+h,x,n)
s

—0y fn (7«’ Xﬁ,x)}/TtJrh,x,n?O,*(XﬁJrh,m)f/’:Jrh,x,n)|2

+|0y fn (767 xte, Y'Tt+h,x,n7U*(Xﬁ+h,a:)}}rt+h7x,n)

*8yfn (7", Xﬁ+h,$’Y;t,:r,n,0*(X£+h,a:)f/:+h,z,n)|2
+0y fu (r, X727, Yf’x’",a*(Xf,Jrhvr)yT&h,x,n)

—0y fu (r, X7, V00 0 (XET) YV B 2
FIVo* (XY (D fu (1, XﬁJrh,x,YrtJrh,m,nvJ*(X;E+h,z)f/;t+h,a:,n)

—0.fu (r XY 0" (XY ) P
[0 fo (1, X7, Y EE", O,*(X;f‘,w)i};t,w,n) (VU*(Xﬁ+h’w) Vo (X57)) 2
VBT = (X () drdr)']
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T
= E[(/ / (1 yrrhen =ty | Zpehen )25 |2
s R4
H(A+ [V Y P2
HZP + (X + VP + (Z: + DX + (X P e (@)dadr) |
T
: CME[/ [ e e 7 16) )1 (1) ]
s R4

\/ B[ X191 )]
\/ / ‘/Rd 1 + |Yt+hzn
\/ [ e

/ / Z, 20 (@)dedr) "] < Gyl (19)

—16)p=1(z)dxdr]

The continuity dependence on ¢ is shown below:

E[(/T |(cHh(r, ) — ct(r x))|2p’1(x)dxdr)4]
s R4 ’ ’

T
< E[(/ / |YT|2+|?T|2_|_|O-*(X:+h,m)(f/rt+h,r,n_}’};t,x,n)|2

s Rd

YO (o (XY — g% (XE7)) 2 (@) ddr) ]

T

< (Btf [ (%P + T e (20
\/ / / | X, |16 p— dxdr\/ / / |Y;Hm |16 = (x)dxdr])

< C,h'.

We are ready to estimate each term of (18) with the help of (19)—(20). For the first
term,

B[ | 10:h(X") = 0h(X5) ™ (0]

< G | IXF) — Xy o] < 2

For the second term, using the estimates in Proposition 4 we have

T
E[(/; e |(at—0—h(7“7 l‘) — at(r’ .13)) + Y/Tt,at,n(bt—i—h(r7 JJ) _ bt(n q;))

+Z8En (R x) — et (r, x)) | p (m)dmdr)ﬂ
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IN

E[(/ Rd |(at+h(r, m) _ at(n x))\p_l(x)dxdr)4}
T
E[(/ /]Rd |}~/Ttvm,n(bt+h(7’, Q:) _ bif(,r,7 33))\,071(1:)dxd7‘)4}

+E( / 12 () = ¢ ()| (@)dadr) ]

IN

R
Cyh? +C, //|W“|2 2)dwdr)’]

X\/E[(/ y [btHR () ) — bt (r, x)|2p*1(m)dxdr)4]

+C, E[( \Zf-7w’"|2p—1(x)dxdr)4]
s R4

T
X\/E[(/ » |ct+h(r, z) — ct(r, m)\gp—l(x)dxdr)4]
C, .

<

For the third term, \/E[( fST Jga 16T (r, x)|2p—1(x)da:dr)4] < oo can be deduced as
(19). So

\/E[(/ST [ )2 o)) \/ //|Y|2 2)dadr)’]
Op\/ Bl( | ' [ T @z’

<
T _ .
< B[ [ Koo 08T o))
s R4
T ~
< cp(EK [ [ e Plloot) (X e) - o) ()
s Rd
Ho(XEh) 2 = o (x2%) 262 Py @) daar) )
T - - - - 4
< B[ [ (R 2P 4 12 PR P w)dedr)
< \/E[/ / | X, |16 p=1( dwdr\/ / / Y5516 p=1 () dadr]
—I—E//|Z\p1 dmdr]
\///|X|16 dxdr\/ //\Z””PG dxdr})E
< COyh?.
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The estimate for the forth term is similar to the second one, and by the Lipschitz

conditions on 0.9, 0yg, 0.9 we have

T
E[(/s /]Rd (@, 2) = d (r,2)) + Y50 (0 (0, 2) = € (1, 2)

FZEP () — 3, 2)[Pp @) drdr) )

< C,h*

Eventually, we have

sup sup E[/ |)~/st+h,a:,n _ }7;’93’”|4p71(:17)dx}

n selt,T)

+sup E[(

Rd
T
~t+h,z,n ~t,x,n
/d |Zs - Zs P
R

(x)dzdr)?] < C,h2.

Then Lemma 3.1 follows immediately from (17) and (21).

(21)

&

Denote the Malliavin derivative of (Y.**", Z5*™) by (D.Y."™", D.Z**™). Then
(D.Y"®"™ D.Z5*™) is the solution of the following BDSDE:

(X;,w)?;,x,n)}};,w,n
, O'* (Xé,x)}}gtz,n) (VU* (X;,:r))}et,z,n

T
- / (Ci(T, w) + é(’ﬂ w)DG?;ﬂtw’n + 3(7’7 w)DGZf‘7w7TL)dTBT
s

)D Yt,w,n
)Yt Ty nD Yt z,n
) (Xt,z)yt,z,nDOYTt,x,n
)Zt T, nD Yt x, n

Mot (Xg") + Vb(Xi’“)

")

n)vg*(xt,m)

DoY " 0ag(0, Xg®, Yy ™", 0" (Xg ") Yy ™™)
10,9(0, X4, Vi o*
1,96, X1 Yo
T
+/ (CNL(T’, w) + b(Ta w)DG?rt’I’n + E(T,w)DQZﬁ’Z’”)dr
T ~
_/ DGZ'IE’xJLdWTv
where
a(r,w) = Opyful(r,XP" Y5, *(Xt,w)yt,m,n
+ayyfn(7", Xﬁ,x’}/rt,x,n7 *( é,m) r
+ayzfn(7~’Xﬁ7r,yTt,m,n (X;’x) t,x
+ayzfn(r7X£’$,Y;«t’I7n, *(X;’r)
b(r,w) = O fulr, X0T, Y500 g*(X57) rt
+ayfn(r7 X’ﬁ,a:’}/;‘tﬂ%n (Xt :L‘)Yr‘ , T,
0. fulr, X0,V o (XY

+0y: fn (7, XLE yhrn g
F0uu o, XL Y
+8zzfn(ra Xf-’% Y:@’na

(
o (X))
(

t

0
0_* Xt,ac

(4

Xy )y

Yo
y,he

)VO' (th)ytwn *(th)
)thn *(Xtar)

+7)



20 QI ZHANG AND HUAIZHONG ZHAO

Y/t,x,n + VO'(Xt :z:)

T

6(7’, (AJ) - azfn(rv Xrt*’xvyrt’x’n3o—*(X; I) )
d(r,w) = Ouyg(r, X0, YE0", 0% (X" )VE7m) DyY,bor

+0yyg(r, Xhr yhrn *(Xgm) 7t " n)Yt DY,

+ayzg( Xta: Yta:n *(X;,ac) Tt,a: ) (Xt’x)Yt’x’"DgY:’x’"
t,
0

+3yzg(7”,Xﬁ’$,YTt’x’”,J*(X z) vtx,n )ZtmnD thn

é(r,w) = Ouag(r, XP7, V0" 0% (Xy >f/ > (Xg™)
+0ygn(r, X2, V05" 0 (XgT)V,H0m)
+0.9(r, X5, Y05 0 (X“”) SEM Vo (X0T)
+(9yzg(’/‘,Xf.’m,}/f’m n70_ (Xt ac)f/ mn)Yt:cn *(Xt gc)
+0..g(r, X07, Y0 0f (Xg )Y P0 " Ve (X PP Y E5 ™ (Xg™)
+0z.g(r, XP7, Y7 0% (Xg W)Yo 200 e (X ),

Jlrw) = Og(r, XU, Y0 o (X )Y hmm).

We further assume

(H5): g(t,z,y,2) does not depend on z and the derivatives Oy f, Oz.f, Oyyf,
Oyzf 0:2f, Ouyg, Oyyg exist.

Obviously, f,, satisfies (H5).

Similar to the calculations of the estimate (10) in Proposition 4, we have

Proposition 5. Let assumptions (A1), (A2), and (H1)-(H5) be satisfied. For
2 < m < 8, the following estimate holds:

sup sup sup E[/ \Dgﬁt’m’ﬂmp*l(z)d:ﬂ
n  gelt,T] s€[t,T] R4

+sup sup E / /
n 9€t,T]
T
t,w,nQ 1 m
< C’p(l—i— sup sup E[(/ / |DoZy" | p=1 () ddr) ]),
n 9et,T) t R4

() dz],

w3

( )dacdr) ]

where Cp, depends on sup sup E| f]Rd |y Len
n seft,T]

sup Sl[lp]E[fRd VLo 2mp=d (@) da), sup B[( [, [ IZﬁ’w’”l%’l(x)dxdT)m] and

n se(t, T n

sup sup  sup E[[pq [DY ™" 4™ p~  (x)da].

n 0€(t,T) s€[t,T)

From Proposition 5, we know that for 2 < m < 8

sup sup sup E[/ |Dg ZL " |™ =t (2)dor]
n 0€(t,T) s€[t,T] R4

= sup sup sup E[/ |o* (X)) DY tem (x)dx] (22)
Rd

n Qe(t,T) s€lt,T]

< Cpsup sup sup E[/ |DpY =™ ™ p~ L (2)dx] < o0
n 9e(t,T] set,T) R4

Then we prove that a subsequence of u, (s, z) in SPDE (7) is relatively compact
by Theorem 2.1.
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Theorem 3.2. Let assumptions (A1), (A2), and (H1)-(H5) be satisfied, (Y™, Z5™)
be the solution of BDSDE (6) and O be a bounded domain in R?, then the sequence
Un (8, ) := Y55 is relatively compact in L*>(Q x [0,T] x O;RY).

Proof. We verify that u,, satisfies Conditions (1)—(4) in Theorem 2.1.
Step 1. It is not difficult to see that Condition (1) is satisfied. Actually, by
Lemma 2.2, Propositions 1 and 2, it yields that

T
sup E / tn (5, )21 0y

IN

Cpsp L[ [ (un(s.2) + Vit s.2) ) )]

IN

T
Cosp B[ [ (VI=02 412050 )p" ) dnds] < o
n 0 R

Step 2. We now check Condition (2). Note that Dgu(s) = [, Doun(s, x)p(z)dz.
By Proposition 3, Dyu,(s,z) = DaY %™ exists. We further prove uf(s) € DM2.
Computing as Propositions 1 and 4, we have

[BAOTHE

T
< GE([ lun(s o) @)da) + CEL[ [ Doua(s,)p ! (@)oo
R4 s R4
T
< GEL[ WO eyl + GE([ [ 1DaYen e w)deds
R4 s Rd
< Gy sup E[| [Y)*"?p N (x)dz] + C) sup / l9(s,2,0)[*p~ ! (z)da
s€[0,T] R4 s€[0,T] JR4
T
+C,E[ / / [V, 2 p~ (z)dwdd)
s R4
T
< C’psup/ |h(x)|2p_1(x)dx—|—0p/ / | fo(r, ) 2o~ (z)dzdr
n JRd 0 JR4
+Cp sup | g(s,2,0)[*p7" (x)dz. (23)
s€[0,7] JR4

The right hand side of the above inequality is bounded and independent of s and
n, so

T
sup [ ) s < .
n 0

Step 3. Let us verify Condition (3). First (3i) follows immediately from (23). To
see (3ii), assume h > 0 without losing any generality. From (6) and Cauchy-Schwarz
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inequality, we have

bup/ |E[uf (s + h)] — E[uf(s)]|*ds
< C sup/ / [t (8 4, x) — wn (s, 2)[2p " (z)dx]ds
< Cpowp [ B[ I - VOR dals
n a R4
B s+h
< G [ B[ [ X0 20w B (@)alds
n R Js
+C, sup/ / / g(r, X2, V00 2drp~t (x)dx]ds
n Rd
+Cpsup/ / / | Z%% 2drp~! () dx]ds
B s+h
<o f [ [ 1htope @
a Js Rd

B
+C) sup/ / sup (1+E[[ Y2 *p~ (2x)dx])drds
n Ja R4

rel0,T]

B s+h
+Cpsup/ / E[/ | Z%=m 2o~ (z)dx]drds

s+h
+C,p / / sup |g(r,x,0)\2p71(x)dxdrds.

ref0,T

Note that by changing integration order,

B s+h
sup/ / / |Z0wm 20~ () dx]drds
° as+h r
sup (/ / E[/ |Z0%m 12 o~ (1) dx)dsdr
/ / / |1 Z2%" 2o~ (@) da) dsdr
a+h Jr—h
B+h
+/ / E[/ |Z0®m12p71 (1 )dw]dsdr)
B r—h Rd
a+h
= sup ((r—a)/ E[/ |Z0=m 2
n @ R4
B
+h/ E[/ | Z0wm
a+h R4

B+h
w@en—n [ mlf 28 (@)

T
Cphsup E[/ / | 20w 120~ (1) dadr].
n 0 Jre

(x)dx]dr

2p~ Y (z)dx]dr
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A similar calculation can be carried out to

/f [ [ o aranas

Then it follows from (24) that

B
sup [ B[ (s + b)) - Eluz(s))Pds

IN

T
C [ [ ot (@)dadr

+Cphsup sup (1+E[/ |y 0@
n relo,T] R4

p~* (x)da])

T
+Cphsup E[/ / | Z2= ™2~ (@) dwdr] + Cyh sup lg(r, 2, 0)[*p~*(x)dz.
n 0 Rd rel0,T] JR4

Also noticing Condition (H2) and Proposition 1, we conclude that (3ii) holds.
Step 4. We finally check Condition (4). For (4i), since by the equivalence of
norm principle and (16) it turns out that

sup sup sup E[|Dgu?(s)|?]
n 0€(t,T] se[t,T]

< Cpsup sup sup E[/ | Doun (s, x)|?p~ "t (2)dz]
n  9elt,T] s€[t,T] R4
< Cpsup sup sup E[/ |DeY 2% |20~ (1) dx] < oo.
Rd

n 0€(t,T] s€[t,T]

So (4i) follows. To see (4ii), assume without losing any generality that h,h’ > 0,
then

B B
sup | / / |Dosnu(s + B') — Douf (s)[2d0ds] (25)
B+h' B
< Cpsup E[/ / / | Doy ntin(s, ) — Doun (s, x)|*p~ " (x)dxdfds]
n a+h' o O

B B
+C) sup E[/ / / | Dot (s + 1, x) — Doun (s, x)|?p~ " (x)dxdods).
n a Ja! @]

For the first term on the right hand side of (25), by the equivalence of norm principle,

B+h/ B/
sup E[/ / / | Doy ntin (s, x) — Douy (s, 2)|*p*(x)drdfds)
n a+h'! o’ O

B+h" B
sup B / / | Doy n Y50™ — DY 55" 2 o () dadfds) (26)
n a+h' % R4
B+h'

B/
Cpsup E| / / / | Doy n YOO — DY "™ 2o~ (2)dadds).
n a+h' ol R4

IA
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By BDSDE (8) we know that
(Dg1n — Dg)Y "™

0
HGO+R) + / (By fu (7, X170 Z05) (Do yn — Dg) Y,00"
+azfn(7', X’:vz’ Y;t’x’n, Z’f‘@',n)(D0+h _ DQ)Z:,;c,n)dr

- / 9 dyg(r, X}, Y,1"") (Do — Do) Y,o*"d' B, — / (Dosn — Do) Zb"aw,.
where ’ s
H(0,0+ h)
= g0+ h X570, Yo" — a0, X7, Yy

0+h
+/ (ayfn(T, X:E’EaKﬂt’mva:’w,n)D0+hYVrt7xm
0

+azf" (T’ X:7m7 }/Tt,m,n7 thﬂvx’n)D9+hZ$7xﬁn)d7“
0+h

0+h
- / 8yg(ra Xﬁ’za Yg’z’n)DO—&—tht’w’ndTBr - Dg_g_hZf,’z’ndWT.
9 0

Applying Itd’s formula to eX7|(Dgip — Dp)Y%"|? similarly as in (14)—(16), we
have

E[/Rd |(Dgin — Do) Y™™ *p~ ! () da]
0
E[/ / |(Dgrn — Do)Y, "2 p~ (z)dxdr]
/ / |(Dogn — Do) Z2* " 2p~ ! (z)dadr]

< CE[| |H®,0+ 1) (x)da]. 27)
]Rd
Next we prove that
B+h
sup ] / / (6,0 + 1)|2p~" () dzdbds] < Cyh. (28)
a-+h’ Rd

First note that
B[ 10,0+ 1)Po (0)d]
]Rd

IN

2p (x)da]

Cph? + cpE[/d | Xgi — Xg*

—"_CPE[/R |Y190+32n YOacn ( )dl‘]

0+h
CE([ [ 10, 0ulr X0 VP, 205 P D Y 2 o)
0 R4
0+h
+C, / sup sup E[/ |D Y0207 (1) da] drr
s€[0,T] r€[0,T] R4

6
+C E/ +h/ |D,Z%%" 2 p~ Y () dadr]. (29)
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We need to estimate each term in the above formula. From (2), we have

B | 1X05, — X307 Po ™ (@)l
R4

< o (f (0 )2 ()]

+Cy / E[/0+h o(X%%) [ dulp~ (z)dz
< /Rd /0+h 1+ | X272 dup™t (x)dzx] + C, E/ /:HZLQdupl(:c)dx]
< Cph/:+h E[/Rd(l—i— \X8’$|)2p_1(x)dx]du+CphE[/Rd L?p~Y(z)dz] < Cph.

By (H3)’, Proposition 1 and Proposition 3, we have

0+h
BU[ [ 10 dalr X0% Y050, 20502 Dy 0 P ()]
0 R4

IN

0+h
C’p/ Ssup sup sup (\/E[/ (14 |V, 4=4) p=1 (z)da]
0 R

n 0€[0,T] r€[0,T)
x\/E[/ | DY, " 4 p=1 (2)da] ) dr
Rd

IN

Cyh.

By Proposition 3 again, we also have that

0+h
/ sup sup sup E[/ |D Y0120~ (2)dx]dr < Cph.
0 n se€0.T]ref0,7] JR4

Hence, from (29), to prove (28) is reduced to prove

B+h" B 0+h
[ [ [ Lot
n a+h' o 0 R4

B+h' 0+h
+ sup / E[/ / |Ds 20" 2 p~ Y (x)dxdr]dfds < Cph.  (30)
a+h' (2] R4

(x)dxdr]dfds
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From (6), we have

B[ WO =¥ o (@)l

0+h
< GE| / Ul X0 Y05, 20525 ) ddr]
0
9+h
+C E/ lg(r, X0 Y,0m) 2 o=t () dadr]
Rd
0+h
GE[ [ 120 w)daar
] Rd
0+h
<qf [folr,) 2o~ () dedr
/] ]Rd

0+h
—|—C/ sup sup E[/ (14 |Y.2%"2P) p= Y (2)dx]dr
Rd

n rel0,T]
0+h
—|—O / / |ZO,m,n|2p—1 )dl‘]
0+h
+Cp / sup E[[ |g(r,z,0)|?p (z)dx]dr. (31)
rel0,T] R4

A similar calculation of changing the integrations order leads to

B+h’ 0+h
SUP/ / / / (Ifolr, )2 + 207 2)p~ ! () da]drdfds
n Cl+h/

< CphsupEl / | Ut + 12277 2o~ (@)docr,

Moreover, by Condition (H2)" and Proposition 1 we conclude from (31) that

B+h' 0+h
sup / E[/ / Y™ = Yo" 2p~ (@) dwdr]dfds < Cyh.
a+h'! 6 Rd

Furthermore, by changing the integrations order again and Proposition 3, we have

B+h' 0+h
sup/ / / |D Z0wm
a+h'

Hence (30) follows. So (28) holds. By (26) and (27) we can deduce that

(x)dzdr]dfds < Cph.

B+h'

sup F| . / /R |Dosntn (s, x) — Doun(s,z)|*p ! (z)dzdfds] < Cph.  (32)
n a+h' d

Next we deal with the second term on the right hand side of (25). Notice

supE/ / / | Dot (s + b, x) — Douy (s, z)|*p~ " (z)dzdfds)
< sup QE[/ / / |DoY 250 — DY 52 p~ ! () dadfds]
n a Jao' JR

B B
+8171Lp2E[/ / /O|D93;1+h’3 =N DY 2p Y (2)duddds].  (33)
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For the first term on the right hand side of (33), by (8), Lemma 2.2 and change of
the integrations order, it is easy to see that

’

B B
supE[/ / Ad\Dngiﬁﬁ—D Y5020~ (2)dedfds]

IN

s+h'
C, sup / (1+supE[/ [0 4= )=t () da] ) dre
] n

s€[0,T—h’

s+h'
+C, sup / (14 sup sup E[/ |DgY, %4 o~ (1) da])dr
s€[0,7—h'] n 0e0,T]
+Cph/ sup sup E/ / | Do ZE%" 120~ (z)dadr] < Cph'. (34)
n 6€l0,T)] R4

For the second term on the right hand side of (33), firstly from BDSDE (8) we know
that

+h'
DulYE ™ = Vi)

0
= J(87 s+ hl) + / 8yfn(7aa X?ma Yrs,zma Z:x’n)D@(Yrs_‘—hlw,n - Yr&m’n)dr
s+h'

0

3 o 3 - 3 ’ ” o

+/ azfn(r7 X:,a:’ Yré7‘1/77b7 Z:,l,n)DG(Z:-HL , T, Z;,L,n)d,r
s+h'

0
S S G M A CR T
s+h'
0

’
_ Dg(fo+h RO Zf.’z’n)dW,«,
s+h'

where

J(s,s+h')
= 9(97X5+h,,x,}/95+h’,1,n) 79(9’X§,17Y€s,x,n)
0
+/ (8yfn(r XS-‘rh/,x Y3+h/7377n Zs-‘rh/,x,n)
s+h/ " " r
_ayfn (’I“, X;’,I7 YVTSJ,TL7 ZfJ’n))DGK‘S—i_h/’I’"dT

6

s+h',x s+h',z,n s+h',x,n

b [ @l gy ggiten)
s+h'

=0 fulr, X8, Y0, 22 )) D 25 " e

0
‘/ . (Oyg(r, XThoe Y sthmny — g g(r, X3, Y,55")) DeY, st = dl B, .
s+h'
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Applying Itd’s formula to eX7| Dy (Y51 @ _ ys:2.m)|2 gimilarly as in (14)-(16), we
have

sup | /o Do(YEHE = — Y25 20~ (2)dal

6
+S“pE[/ / [Dy(V2 e Y e 2o () dudr ]
s+h’ JO

n

9
+S“IOE[/ / |Dg(Z5 0 wm — 2552 5 (@) dawelr]
s+h’ JO

n

< G sup E[/O |J(s, 5+ h)|?p~(z)dx]. (35)

So we only need to estimate E[ [, |J(s, s +h')[*p~* (z)dz]. Note that by Condition
(H’?))/v (H4)_(H5)7

B /o (5.5 + )2p~ " (x)da]

s+h',x s+h',z,n s,z s,z,n —
< CuBL a0, XY — g6, X5 Yy ()
0 ’ !’ ’7
ACE[ [ [afaln Xt e g
s+h’ JO
*8yfn(7"7 Xﬁ’m,}/TS’I’”,Zﬁ’m’n)|2|D9K5+hl’m’n|2p71(l‘)df£d7’]
6
+C,,E[/ / |0 fu (T, Xﬁ+h’,z, Yﬁ*h'ﬂ”’", Zﬁ*h'“’”)
s+h’ JO
76zfn(,r, Xﬁ,z, Yrs,z,n’ Zﬁ,x,n)|2|Dezﬁ+h”z,n|2pfl(I)dmdr]
6
CE([ [ agtrxge e
s+h!’ JO
—0yg(r, X3, Y0P | DgY, o 2o~ () dadr]
<

Gy /O X5 = X3P o (@)de] + Gy B /O Yy e Yt P () de
6
HCE[ [ X XL Y Dy P () o]
s+h’ JO
0 ! ’
SCE[ [ 125 < 2y DY e 2 s
s+h! JO

0
+CpE[/ . A |Y*Ts+h ,T,m K‘S’Z’n|2(]— + |Yr8+h ,:r,n|p72 + |Yrs,w,n|p72>2
s+h'
s+h',xn 2 —1
x| DY |“p™ " (z)dzdr]

0
Bl [ (gt e
s+h’ JO

x| Dg ZEH % 2 o=V () dardlr].

! ’
2 + |Y'Ts+h T,mn Y'Ts,x,n|2 4 |Zf+h ,T,m Zf’:Bm’

%)
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Noticing Lemma 3.1 and (22), we further have

IN

B[ Vs W) )
C, E| /@ X5~ X3 2p (@) da]

s+h',x,n S,T,n —
L[ [V =Yy @)
@]

0
i, | ¢ B[ X7 X275 (a)d]
s+h' (@]
E[/ | DYt B p =Y () da]) 3
Rd

< (E| / (L4 [V (8016) 571 () o)) b

[4
vy [\ JmL [ e -y
s+h' (@]

E| / | DYt 8y~ () da]) 5
d

S VP10 (@) dal) F dr

><(E[/ (1+ |y, then

+O / / |Zs+h T, stn|4 _1( )dx]
+h!
Xﬁ[ / DY 4 () da]dr
R
9 ’
40, [ B e - e ()l
s+h' (@)
" \/E [ / | Do 2357 |41 () ) dr
9 /
+C, / | / YR Yt 4 =1 (2) da
s+h' O
Xﬁ[ / D ZE N 1 () derdr
R
6 /
+Cp / El / |Z3 oz A= (2) da)
s+h' (@]

x\/ E| / | D ZEH ™4 p=1 () da)drr < Cp'. (36)
Rd

By (16), Lemmas 1 and 3, we know from (36) that

sup ] / T(s, 5+ W)[2p~ (2)da] < C)H. (37)
n 6]
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Therefore, by (35) and (37) we have

B B ,
sup / / / DY =0 DyYsan 2571 (1) ddBds) (38)
n (e o’ O
B B "
< G, / / sup E| / DY 255" — DY 25 2o~ (@) dar]dfds < Cpl.
« o’ n O

Finally, by (25), (32)—(34) and (38), (4ii) holds. Theorem 3.2 is proved. o

The above relative compactness of u, holds in L*(Q x [0,T]; L2(O;R")) for a
bounded domain O in R? rather than what we need in the space L*(Q2x [0, T]; L2(R%;
R')). But we can use the diagonal method (see [11]) and the estimate

T
i sup B{ [ [ Jun(s, ) Te(0)p ! (@)dods] = 0
0 R4

N—=oco pn

where Uy = {z € R? : |z| < N}, to prove that a subsequence of u,, strongly
converges in L?(Q x [0, 7T7; L%(Rd; R')). Then we have

Theorem 3.3. Let assumptions (A1), (A2), and (H1)-(H5) be satisfied, and (Y%,
Z5%™) be the solution of BDSDEs (6), then there is a subsequence of Y™, still
denoted by YI®", converging strongly to a limit Y5 in L2(2 x [t, T); Li(Rd;Rl)).

Based on the form of BDSDE (6), we can further deduce a few consequences
which are concluded in the following corollary. For the detailed proof procedure,
one can refer to [10].

Corollary 1. Let (Y.""" Z""™) be the solution of BDSDE (), of which Y™
converges strongly to Y. in M?([t,T); L2(R%RY)). Then (YPm 28 converges
strongly to (Y, Z"") in S?([t, T; L2(R%G RY)) x M2([t,T); L2(R%RY)) and Y €
SP([t, T); LE(R%; RY)). Moreover, the claim that Y* = Yf’X?m for a.e. s €t T,
r € R? a.s. holds.

4. The solvability theorem. Now we are well prepared to use both weak con-
vergence and strong convergence arguments to prove the main solvability theorem.

Theorem 4.1. Let assumptions (A1), (A2), and (H1)-(H5) be satisfied. Then
BDSDE (1) has a unique solution (Y., Z"") € SP([t, T); Lh(RERY)) < M2([t, T); L2
(R%RY)).

Proof. We start the proof from the weak convergence of BDSDEs (6). Taking
m = 2 in Proposition 1, we know

T T
sup E[/ / [YE=m2 07  (2)dwds] + supE[/ / |Z8%m 2 p~ Y (2)dads] < oo.
n t Rd n ¢ Rd
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Define UL = f,(s, X7, YE0m, Zb5m) and VEom = g(s, XE2,YE0), s > 1.
Using Lemma 1 again, we also have

S‘}lpE[/tT/Rd(

T
sup G | / / (14 1o, X5 4 g(s, X%, 0)]2
n t R4
HYn 2 g 2650 2) 5 (1) dads]

+UT?

2)p! (a)dads]

IN

< ©oQ.

Then, according to the Alaoglu lemma, we know that there exists a subse-
quence, still denoted by (Y"°", Zb™ Ub" V™), converging weakly to a limit
(Y5, z8 Ul vy in L2(Q x [5,T] x REGR! x RY x R x RY), or equivalently
L2(Q x [t, T]; L2(RG RY) x L2(R%GRY) x L2(REGRY) x L2(R%RY)). Now we take
the weak limit in L2(Q x [t,T] x R%;R")) to BDSDEs (6), we can verify that
(Yr, Zbe Ub® VI*) satisfies the following BDSDE:

T T . T
YT = h(Xg") + / Uptdr — / (Ve dBy) / (277, dWy).

S S S
For this, we need to check the weak convergence term by term. We only demonstrate
the weak convergence of L/;T(Vf’g‘m,dBﬁ7 and for the weak convergence of other
terms one can refer to [11].

Take arbitrary ﬁfT V.7 measurable n € L2(Q x [t,T] x R4 RY). First note
that n is Z&_, v 7Y measurable by setting B, = By_, — By. For fixed s € [t,T]
and z € RY, n(s,z) € L*(RY) is FPp_, V.7 measurable, hence there exist
Fp_, measurable ¢ € L*(Q x [t,T] x R? x [0, — t|; R") and .#} measurable
¢ € L2(Q x [t,T] x R x [t, T]; RY) s.t.

T—t T
n(s,x) = Eln(s, )] - / ($(s,2,7),dB,) + / (O(s,2,7),dW,).

By the relationship between forward and backward It6’s integrals, we have
T . T—t
| @andiBy == [ s wn.dB) s,
t 0
where (s, z,7) := (s, z, T —r) is ﬁfT measurable. Therefore, 1) and ¢ satisfy

0(s,z) = Eln(s,z)] + / (D (s,z,r),dB,) + / (65, 2,7, V).

Noticing that for a.e. s € [t,T], ¥(s,-,-) € L2(QxREx [t, T|;RY), ¢(s, -,-) € L*(Q x
R? x [t, T]; RY) and ftT sup,, EU;T Jga [VE=2p~ () dadr]ds < oo, by Lebesgue’s

dominated convergence theorem again, we obtain

//R/ (Ve — Vii®, dB, (s, @)p~ " (x)dwds]|
|/ /R / (VEor — VI (s, 2,1))drlp” (2)duds|

/ |E[/ / (vhen VTM,QL(S z,7))p"H(z)dxdr]|ds — 0, as n — oco.
t s Rd

IN
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However, the weak convergence is not enough to prove the identification
UL = f(s, X0" YE® Z07), VET = g(s, XL", YE") for ae. s € [t,T], © € R as.

With the strongly convergent subsequence Y™ and Z™ obtained from Theorem 3.3
and Corollary 1, the identification is true. We do not involve the proofs here and
one can refer to a similar proof in [11]. The identification also gives an end to the
proof for the existence of solution of BDSDE (1). As for the uniqueness, it can be
proved by a standard argument using It6’s formula. o

For this kind of solvability problems, to obtain a strongly convergent subsequence
is the key point. Once this is derived the solvability and the correspondence for
BDSDE and SPDE can be obtained following a standard procedure. So the following
corresponding result for SPDE is not a surprise and we omit its proof.

Theorem 4.2. Define u(t,z) = Y;"", where (Y5*, Z4%) is the solution of BDSDE
(1) with the assumptions (A1), (A2), and (H1)-(H5), then u(t,x) is the unique
weak solution of SPDE (3). Moreover, let u be a representative in the equiva-
lence class of the solution of the SPDE (3) in SP([t, T];Lg(]Rd;Rl)) with 0*Vu €
M?([t, T]; L2(R% R?)), then u(t,z) = Y for a.e. t €[0,T), x € R a.s. and

u(s, X4®) = Y52, (0*Vu)(s, X1%) = Z5 for a.e. s € [t,T], © € R as.
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