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Birationally rigid Pfaffian Fano 3-folds

Hamid Ahmadinezhad and Takuzo Okada

ABSTRACT

We classify birationally rigid orbifold Fano 3-folds of index 1 defined by 5 x 5 Pfaffian
varieties. We give a sharp criterion for the birational rigidity of these families based
on the type of singularities that the varieties admit. Various conjectures are born out
of our study, highlighting a possible approach to the classification of terminal Fano
3-folds. The birationally rigid cases are the first known rigid examples of Fano varieties
that are not (weighted) complete intersections.

1. Introduction

A variety X is Fano if its anticanonical class — Kx is ample. Fano varieties are central in geometry,
as any uniruled variety is birational to a Fano variety or a fibration into Fano varieties by the
minimal model program (MMP).

Smooth Fano 3-folds have been classified by Iskovskikh [Isk77, Isk78] and Mori-Mukai
[MMS81]. However, when we look at Fano varieties as outputs of MMP, the smoothness con-
dition must be relaxed and be replaced with Q-factorial and terminal. The graded ring approach
of Reid provides a list of Fano 3-folds to study. It considers a Fano 3-fold X embedded into a
weighted projective space via the anticanonical ring [ABR02]

R(X,-Kx) = PH (X, —nKx),

n=0

and using the numerical datum from such embedding produces families of Fano 3-folds. One
approach to the classification of Fano 3-folds would be to study birational relations among these
embedded Fano varieties. However, there are tens of thousands of candidate families, suggesting
the impossibility of such study. Conceptually, we aim to convince the reader that only a small
portion of this list may be relevant for birational classification, which could eventually result in
a complete classification of Mori fibre spaces in dimension three. We give evidence that perhaps
there are only a few hundreds of families that do not admit Mori fibrations over a curve or a
surface. Hence, a full study of relations between those that admit only Fano structures may be
possible. Next, one could continue the classification, by analysing Mori fibre spaces over a base
with positive dimension.
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BIRATIONALLY RIGID PFAFFIAN FANO 3-FOLDS

1.1 Birational rigidity of Fano varieties

A Fano variety X in the Mori category, that is, Q-factorial and terminal, is said to be birationally
rigid if the only Mori fibre space birational to X is X itself. In other words, X admits no
birational structure of a strict Mori fibre space Y — S (with dim S > 0) and X is not birational
to any other Fano variety. A birationally rigid Fano variety X is called birationally super-rigid
if Bir(X) = Aut(X). For example, it is known that a smooth hypersurface of degree n in P" is
birationally super-rigid for n > 4; see [IM71, Puk98, dF13] and [Suzl7] for a generalisation of
this.

The first case of the example above, that is, the smooth quartic 3-folds, a celebrated result
of Iskovskikh and Manin, was generalised in [CPR00] to show that a general quasi-smooth Fano
hypersuface of index 1 in a weighted projective space is birationally rigid. Such a Fano variety X is
defined as a hypersurface {f = 0} of degree d in a weighted projective space P(ag, a1, as, as, as),
where > a; —d = 1 (hence the index), the Jacobian of f vanishes only at the origin (hence
quasi-smooth), and the singularities on X are inherited from the ambient weighted projective
space and are all terminal. There are 95 families with this property. One can consider higher
codimension Fano varieties, for which the number of Fano families is shown in Table 1. These
numbers currently only serve as upper bounds, except in codimensions 1, 2 and 3, where they
are confirmed to be exact.

a

Codimension 1234 ][5 ]6 |7 |...] 18 ]..
Number of families || 95 [ 85 [ 70 [ 145 | 164 | 253 | 303 | ... | 4709 | ...

TABLE 1. Possible number of index 1 Fano families in each codimension

As mentioned before, Corti, Pukhlikov and Reid proved that a general member of each family
in codimension 1 is birationally rigid [CPR00]. This was generalised by Cheltsov and Park for
any such Fano variety that is quasi-smooth [CP17]. The codimension 2 families were studied by
Okada in [Okalda, Okal7, Okal4b]. For instance, the following result was shown.

THEOREM 1.1 ([IP96, Okal4a]). Let X be a general quasi-smooth Fano 3-fold of index 1 embed-
ded in codimension 2 in a weighted projective space. Then X is birationally rigid if and only if
it belongs to one of 18 specific families.

Theorem 1.1 in particular generalises a result of Iskovskikh and Pukhlikov that shows that
a general smooth complete intersection of a conic and a cubic in P? is birationally rigid; see
[IP96] and [Puk13, Chapter 2].

Theorem 1.1 has been generalised for quasi-smooth models (without the generality conditions)
by Ahmadinezhad and Zucconi [AZ16].

It is crucial to note that the birationally rigid cases in Theorem 1.1 are those that do not
admit a Type I centre, which is defined as follows.

DEFINITION 1.2 (Singularity types). Let X C P = P(aq,...,ay,) be a quasi-smooth Fano 3-fold.
Suppose that the singular point p € X is a coordinate point of IP of local analytic type é(l, b,a—b),
implying that n — 3 of the defining polynomials of X are of the form f; = z}'z; +---, where p is
the kth coordinate and a = as. Suppose that the other 3 weights (the tangent weights) are aq, ag
and a.; then p is of Type 1 if (1,b,a—b) = (aq, ag, a,), up to re-ordering, and Ky > 1/ab(a — b).
These are precisely the images of Type I unprojections [Rei00].
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Type 11 centres are, similarly, the images of Type II; unprojections, that is, generic complete
intersections of Type II unprojections [Pap06, Pap08].

We go further and examine birational rigidity in codimension 3.

Pfaffian Fano varieties

A Pfaffian Fano 3-fold X is determined by a 5 x 5 skew-symmetric matrix M, called the syzygy
matriz of X, whose entries are homogeneous polynomials in variables xg, ...,z with suitable
weights deg x; = a;. The 3-fold X is embedded in P(ay, . .., as) as a codimension 3 subvariety, and
it is defined by 5 Pfaffians varieties F1, ..., F5 of M. There are 69 families of Pfaffian Fano 3-folds,
which form all codimension 3 Fano 3-folds of index 1 together with X592 C p6 (the complete
intersection of 3 quadrics in P®). These are studied in detail in [ABR02]; they represent a success
story of the application of Eisenbud—Buchsbaum structure theory of Gorenstein codimension 3
ideals [BE77]. Some explicit examples of these are scattered in this article; see, for example,
Section 4.

Among these 69 families, only 5 families do not have a Type I centre. It was proved by Brown
and Zucconi [BZ10] that a general Pfaffian Fano with a Type I centre is birationally non-rigid.
The remaining 5 families are the main objects of this article, and the descriptions of the syzygy
matrix M and defining polynomials Fi, ..., F5 will be given at the beginning of Sections 4-8 (see
also the table in Section 9). Among the above 5 families, 2 families have a Type II; centre. The
aim of this article is to prove birational (super-)rigidity for the 3 families which do not admit
a Type I or Type II; centre and to prove birational non-rigidity of the 2 families which do not
admit a Type I centre but admit a Type II; centre.

MAIN THEOREM. Let X be a general Pfaffian Fano 3-fold. Then X is birationally rigid if and
only if it does not contain a Type I or Type 111 centre.

To summarise, a (general) quasi-smooth Fano variety in 95 out of 95 families in codimension 1,
in 19 out of 85 families in codimension 2 and in 3 out of 70 families in codimension 3 is birationally
rigid. Consequently, it is very natural to expect an affirmative answer to Question 1.3. Below
(Question 1.5), we discuss a more general, and perhaps more fundamental, version of this.

QUESTION 1.3. Does there exist a small n, say n = 4 or 5, such that for any codimension bigger
than n all Fano 3-folds, minimally embedded in a weighted projective space, admit a different
Mori fibre space structure, that is, they are all birationally non-rigid?

1.2 Classification of Fano 3-folds: Solid Fano varieties and Mori fibrations

The results of [Okal7, Okal4b] go beyond birational rigidity in codimension 2 and study birigid
Fano varieties in codimension 2, following [CMO04]. Birigid Fanos are Mori fibre space Fano
varieties that are not birationally rigid but birational to only one other Mori fibre space Fano
variety. To capture this phenomenon, we introduce the following notion, which we believe will
play a central role in the birational classification of Fano 3-folds.

DEFINITION 1.4. A Fano variety is called solid if it does not admit a birational map to any strict
Mori fibre space. By strict Mori fibre space we mean a Mori fibration with positive-dimensional
base, that is, a Mori fibre space with Picard number strictly greater than 1.

In particular, [Okal7] and [Okal4b] show that 6 families among the codimension 2 Fanos are
non-solid (birational to del Pezzo fibrations), and the rest are expected to be solid. Following
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these observations, and based on our experience and our result on the number of rigid Fano
varieties in codimension 3, we pose the following question, as a step further than Question 1.3.

QUESTION 1.5. Do solid Fano varieties exist in higher codimensions? In other words, does there
exist a small n such that for any codimension bigger than n, all Fano 3-folds admit a structure
of strict Mori fibre space?

The evidence, highlighted in this article, suggests that the answer to this question should
be “no”. In that case, it remains to classify solid Fano 3-folds and consider the non-solid Fano
varieties as the end point of Sarkisov links on del Pezzo fibrations or conic bundles. We then
examine the birational rigidity of del Pezzo fibrations and birational maps between them, and
do likewise for conic bundles, a subject of further study. This will eventually give a hierarchical
classification of Fano varieties and Mori fibre spaces in dimension 3.

1.3 Notation and conventions

We denote by py, the vertex of P = P(ao,...,as) at which only the coordinate z; does not
vanish. For homogeneous polynomials G1,...,G,,, we denote by (G; = --- = G,, = 0) the
closed subscheme of P defined by the homogeneous ideal (G, ...,Gy,). For a polynomial F' and
a monomial g, we write g € F' if the coefficient of g in F' is non-zero. For polynomials f and g,
we say that f and g are proportional (denoted f ~ g) if there are complex numbers A and p with
(A, p) # (0,0) such that A\f —ug = 0. Let X be a Pfaffian Fano 3-fold. We always assume that X
is quasi-smooth, that is, its affine cone Cx = (Fy = --- = F5 = 0) C A7, where Fy,..., F5 are
defining polynomials of X, is smooth outside the origin. We set A = —Kx.

DEFINITION 1.6. Let X be a Fano 3-fold. We say that an extremal divisorial extraction p: Y — X
with exceptional divisor F is a maximal extraction if there is a mobile linear system H ~g —nKx,
where n € Q, such that

a E(K X)

me(H) ’

where ¢(X,H) = max{\ | Kx + AH is canonical} is the canonical threshold of the pair (X, H),
ap(Kx) is the discrepancy of Kx along E and mg(Kx) is the multiplicity of H along E. The
centre ¢(FE) on X of a maximal extraction is called a maximal centre.

1
S s o(X,H) =
n>c( JH)

Structure of the proof. The proof of the birational rigidity will be done by excluding most
of the subvarieties as maximal centres and constructing a birational involution centred at the
remaining subvarieties. Curves and smooth points are excluded in Section 2. Section 3 summarises
the methods to exclude singular points. Then, in each following section we deal with one of the 5
families, and, finally, in Section 9, we encapsulate the results in a table.

2. Exclusion of curves and nonsingular points
Let X be a Pfaffian Fano 3-fold. We first exclude curves as maximal centres.
LEMMA 2.1. If (A3) < 1, then no curve on X is a maximal centre.

Proof. Let I' C X be an irreducible and reduced curve. We may assume that I' is contained in
the nonsingular locus of X because otherwise I' passes through a terminal quotient singular point
and thus there is no divisorial extraction centred along I' (see [Kaw96]). By [Okal7, Lemma 2.9]
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(see also [Okal7, Remark 2.10] and [CPR00, Theorem 5.1.1]), the curve I is not a maximal centre
if (A-T) > (A43). We have (A-T) > 1 since I is contained in the nonsingular locus of X. Thus
I' cannot be a maximal centre since (A -T) > 1 > (A43). O

PROPOSITION 2.2. Let X be a Pfaflian Fano 3-fold without Type I centre. Then no curve on X
is a maximal centre.

Proof. This follows immediately from Lemma 2.1 since (A3) < 1 in all cases. O
Next, we exclude nonsingular points as maximal centres.

DErFINITION 2.3. Let X be a normal projective variety and p € X a nonsingular point. We say
that a Weil divisor class L on X isolates p if p is an isolated component of the base locus of the
linear system

Ly = |Z5(sL)|

for some integer s > 0.

We refer the readers to [CPR00, Proof of (A), pp. 210-211] for the proof of the following
lemma. The proof given there is for weighted hypersurfaces, but the same argument applies.

LEMMA 2.4 ([CPRO0]). Let p € X be a nonsingular point of a Q-Fano 3-fold X. If A isolates p
for some 0 < [ < 4/(A3), then p is not a maximal centre.

Let P := P(ag,...,as) be the weighted projective 6-space with homogeneous coordinates
Zg, ..., T which is the ambient space of a Pfaffian Fano 3-fold X. We assume ag < a1 < -+ < ag.
The following enables us to find an isolating class.

LEMMA 2.5 ([CPRO0, Lemma 5.6.4]). Let p € X be a nonsingular point, and let {g;} be a finite
set of homogeneous polynomials in variables xg, . ..,xg. If p is a component of the set

XN )g=0),
then [A isolates p, where | = max{deg g;}.
LEMMA 2.6. Suppose asag < 4/(A3). Then no nonsingular point of X is a maximal centre.

Proof. Let p = (ag:---:a4) € X be a nonsingular point. Then, there exists a k € {0,1,...,6}
such that ag # 0. For i =0,1,...,6, we define
" lem(ag, ap)
Then we define g; = o z;"* — a;** 27" for i # k. We have
XN ﬂ (9:=0)={p}.
i€{0,1,...6}\{k}

Moreover, we have

degg; = A < a5
lem(a;, ay)
for any i # k. It follows from Lemma 2.5 that [ A isolates p for some | < asag. Now the assumption
asag < 4/(A3) and Lemma 2.4 complete the proof. O

ProposITION 2.7. Let X be a Pfafian Fano 3-fold without Type I centre. Then no nonsingular
point on X is a maximal centre.
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Proof. The condition asag < 4/(A3) is satisfied for Pfaffian Fano 3-folds X of degrees 1/42, 1/30,
1/20 and 1/12. Thus the assertion for these 4 families follows from Lemma 2.6.

It remains to consider a Pfaffian Fano 3-fold X of degree 1/4. Let z, y, 29, 21, to, t1, u be
the homogeneous coordinates of the ambient space P(1,2,3%,4%,5) and p € X a nonsingular
point. Let m: X — P := P(1,2,32% 42) be the projection from p,, which is indeed a morphism
since p, ¢ X (see the table in Section 9). Since there are monomials 212, 4, 23, 21, t3 and t3
of degree 12, we can find homogeneous polynomials g1, . .., g, as suitable linear combinations of
those monomials such that

on P. It follows that we have

X g=0) = 7 (x(p)).

and the right-hand side consists of finitely many points including p since m does not con-
tract a curve. This shows that 12A isolates p; hence p cannot be a maximal centre since
12 < 4/(A3) = 16. This completes the proof. O

3. Excluding methods for singular points

We will exclude singular points as maximal centres (or construct a Sarkisov link) on Pfaffian
Fano 3-folds without a Type I centre in the subsequent sections. In this section, we explain the
methods for excluding singular points.

We fix some notation which will be valid in the rest of this paper. Let X be a Pfaffian Fano
3-fold and p € X a singular point. Let p be of type %(1,@,7“ —a). We denote by ¢p: Y — X
the Kawamata blowup of X at p, that is, the weighted blowup with weight %(1, a,r — a). Note
that ¢ is the unique extremal divisorial extraction centred at the terminal quotient singular
point p (see [Kaw96]). We denote by E the exceptional divisor of ¢. We set A = —Kx and
B=—-Ky=¢p*A— %E We will frequently compute intersection numbers of divisors on Y. This
is done by the formula

7”2

*A?.E) = (¢*A-BE*) =0, (F*))=——.
(¢ )= (v ) - () a(r —a)
For a curve or divisor A C X, we denote by A its proper transform oA via ¢. We will exclude
singular points on X by applying the following criteria.

LeEMMA 3.1 ([Okal7, Corollary 2.17]). If (L - B?) < 0 for some nef divisor L on Y, then p € X
is not a maximal centre.

LEMMA 3.2 ([Okal7, Lemma 2.18]). Assume that there are surfaces S and T on Y with the
following properties:

(i) We have S ~g aB + dE and T ~qg bB + eE for some integers a, b, d, e such that a,b > 0,
0<e<ap(Kx)bandae—bd=>0.

(ii) The intersection I' :== SN T is a 1-cycle whose support consists of irreducible and reduced
curves which are numerically proportional to one another.

(ifi) (T-T)<0.

Then, p € X is not a maximal extraction.

Note that in Lemma 3.2, condition (iii) is equivalent to the condition (7"-S-T') < 0.
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When we apply Lemma 3.1, we need to find a nef divisor on Y, which will be done by the
following result.

LEMMA 3.3 ([Okal7, Lemma 6.6]). Suppose that there are prime divisors Dy, ..., Dy on X with
the following properties:

(i) The intersection D1 N ---N Dy does not contain a curve passing through p.
(ii) Fori=1,2,...,k, the divisor D; is Q-linearly equivalent to b;B + ¢;E for some b; > 0 and
e; = 0.
(iii) We have ¢ < ag(Kx), where ¢ = max{e; /b;} and ag(Kx) is the discrepancy of K x along E.
Then, the divisor L = B + cF is nef.

DEFINITION 3.4. Let X be a Pfaffian Fano 3-fold and p € X a (singular) point. We say that
{f1,..., fx}, where fi,..., fx are homogeneous polynomials, isolates pif (f1 =---= fr =0)NX
does not contain a curve passing through p.

Suppose that {fi,..., fi} isolates a singular point p € X, and let D; = (f; = 0) N X. Then
Dy, ..., Dy satisfy condition (i) of Lemma 3.3. We see

bi — TOI‘dE(fi)
r

D = bip*A —ordp(f;)E = b;B + E,

where b; = deg f; and r is the index of the singularity p € X. It follows from Lemma 3.3 that

L =B+ cF is nef on Y, where
_ {bl — TOI“dE(fi) }
¢c=max{q ———————=
bﬂ”
if b; > rordg(f;) for every ¢ and ¢ < 1/r.

In the course of excluding singular points or constructing Sarkisov links, it is necessary to
understand geometric objects on Y (for example, proper transforms of curves or divisors on X
and their intersections). We will give explicit descriptions of Kawamata blowups ¢: Y — X in
terms of the embedded weighted blowup of X C P at p in a general setting.

From now on until the end of this section, we work in a more general setting. Let X be a normal
projective Q-factorial 3-fold defined by homogeneous polynomials Fy,..., F,, € Clxg,...,Zpt3]
in a weighted projective space P = P(ay, ..., an+3) with homogeneous coordinates xy, . . ., Ty 3,
and let p be a terminal quotient singular point of type %( 1,a,7—a) and ¢: Y — X the Kawamata
blowup of X at p with exceptional divisor E. We give the computation of the vanishing order of
a section along F in the case where p can be transformed into a vertex by a coordinate change.

DEFINITION 3.5. Let ¥: V — X be a birational morphism from a normal projective variety V'
and F a prime exceptional divisor of ¥. For a global section s € H°(X, Ox(d)), we denote by
ordg(s) the rational number such that ¢*(s = 0) = ;!(s = 0) + ordp(s)F and call it the

vanishing order of s along F'. For global sections $1, ..., Sy, the expressions ordg(s1, ..., Smn) =
%(bl,...,bm) and ordg(s1,...,8m) = %(bl,...,bm) mean ordg(s;) = b;/r and ordg(s;) = b;/r,
respectively, for i = 1,... m.

We assume p = pg,. In this case » = ap. Then X is quasi-smooth at p if and only if,
after re-ordering z1,...,z,43 and Fi,..., Fy,, we have a:élxl € Fi,... ,xé"’?’xn € F,, for some
l1,...,1p > 0. In this case, we have a1 = 1,an42 = a,a,4+3 =7 —a (mod r), after re-oredering

Tptl, Tnt+2s Tnts, and the Kawamata blowup ¢: Y — X is the weighted blowup with weight
WE(Tp 41, Tng2, Tnts) = %(17077“ —a).
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We work on the open subset U of X where xg # 0. For a polynomial G(xg, 1, ..., Zn+3), We
set G|zy=1 = G(1,21,...,2p4+3). Then U is the geometric quotient of the affine scheme
V = (F1’10:1 —_— . = Fm‘zg:l = O) C An+3

by the Z,-action given by x; — (*x;, where ( is a primitive rth root of unity. We see that the
defining polynomials Fj, 11, ..., F}, are redundant around p since V' is a local complete intersection
(nonsingular) at its origin (whose image on U is the point p).

DEeFrFINITION 3.6. For a positive integer a, we denote by a the positive integer such that a = a
(mod r) and 0 < a < r.

We say that

1
W = ;(bl) an s 7bn+3)
is an admissible weight with respect to (X, p) if b1,...,bg are positive integer such that b; = a;
(mod r) fori=1,...,n+ 3. We call
r_ _
Win = ;(al, ag,...,0an4+3)
the initial weight of (X, p).

Note that 7 = r by the above definition. Note also that the initial weight is admissible.
For an admissible weight w, we can associate the weighted blowup ®w: Qw — P at p with

wt(z1,...,Tht3) = w. We see that the exceptional divisor of ®y, is isomorphic to the weighted
projective space P(by,ba,...,byy3) with coordinates xi,...,z,4+3. Here, by a slight abuse of
notation, we use x; for the coordinates of P(by,...,b,13). In this case, z; has weight b; and

this x; is different from the x; of P. We denote by Y, the proper transform of X via &y, by
pw: Yw — X the induced birational morphism and by Ey, the exceptional divisor of (.

DEFINITION 3.7. Let w be an admissible weight. For ¢ = 1,...,n, we denote by F the lowest-
weight part of Fj|;,—1 with respect to the w-weight. We say that w satisfies the Kawamata
blowup condition (abbreviated as KBL condition) if x; € F}Y for any i = 1,...,n and b; = a; for
i=n+1,n+2,n+3 (that is, (byt1,bnt2, bnys) = (1,a,7 — a)).

Suppose that w is an admissible weight which satisfies the KBL condition. Then we have an
isomorphism

Ew= (F =F=---=FY=0)CP(b,...,bny3).
Since x; € F}Y fori =1,...,n and b,1 = 1, by42 = a, b3 = r — a, we have an isomorphism
Ew 2 P(1,a,r — a) by eliminating 1, ..., x,. Moreover, ¢y is the Kawamata blowup of X at p

(see Remark 3.8).

Remark 3.8. Let w = %(bl, ..., bnt3) be an admissible weight satisfying the KBL condition. We
now show that ¢y : Yy — X is indeed the Kawamata blowup at p.

The congruence condition b; = a; (mod r) ensures that the embedded weighted blowup of
U C A™*3 at the origin with weight wt(z1,...,2,43) = (b1,...,bn13) is compatible with the Z,-
action on U C A" and gives a well-defined embedded weighted blowup of X C PP at p, which is
Ow: Yw — X. As explained above, the pw-exceptional divisor Ey, is isomorphic to P(1,a,r — a).
The singular locus of Yy, along Fy, is contained in the singular locus of Fy. Let p, and p,_q
be the points of Ey which correspond to the points (0:1:0) and (0:0:1) of P(1,a,7 — a),
respectively. Note that Fy is nonsingular outside {p,, pr—q} and that p, (respectively, p,_,) is a
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singular point of Ey, if and only if a > 1 (respectively, r —a > 1). In view of the KBL condition,
it is straightforward to check that the singularity of Yy at p, is of type %(1,7‘ — a,—1) when
a > 1 and that the singularity of Y at p,_q is of type ﬁ(l, a,—1) when r — a > 1. This shows
that ¢ is an extremal divisorial contraction centred at the terminal quotient singular point p.
By the uniqueness of such a divisorial contraction [Kaw96], we conclude that ¢y is indeed the

Kawamata blowup at p.

From here on, we show how to compute ordg(x;). It is clear that ordg(xn+1, Tnt2, Tnis)
=11,a,7 —a)
r ) ) .

LEMMA 3.9. Let w be an admissible weight satisfying the KBL condition. Then the following
hold:

(i) We have ordg(x;) = b;/r fori=1,... n.

(ii) If F}Y consists only of z; for some i = 1,...,n, then ordg(z;) > (b; +1)/r.
(iii) If F¥ consists only of x; for some i =1,...,n, then the weight
1
w = ;( b ar —a),

where b;- =bj for j # i and b, = b; + r, satisfies the KBL condition.

Proof. We see that ¢y, is the Kawamata blowup of X at p since w satisfies the KBL condition. It
is clear that x; vanishes along Fy, to order at least b;/r, so that we have ordg(z;) = ordg,, (x;) >
b;/r. This shows statement (i).

We prove statement (iii). We have z; € F}¥ for j = 1,...,n since w satisfies the KBL
condition. For a monomial g in the variables x1, ..., z,13, the w-weight of g is greater than or
equal to the w-weight. This implies that if there is a monomial g € F}¥ whose w’-weight and
w-weight are the same, then g € F o "I # 1, then the w-weight and w’-weight of z; coincide, so
that z; € FJW/. We have F¥ = ax; for some o € C\ {0}, and any other monomial in Fj|;,—; has
w-weight at least (b; +1)/r. Hence any monomial in F}|;,—; other than x; has w'-weight at least
(b +7) /7. Since the w'-weight of z; is (b; + ) /r, we see z; € F*'. This proves statement (ii).
Finally, statement (ii) follows from statements (i) and (iii). O

As an immediate consequence, we have the following somewhat obvious fact: ordg(x;) > a;/r
for any 1 <i < n+3.

In most of the cases, if z; is chosen as a general member of H°(X, Ox(a;)), then we have
ordg(z;) = a;/r. Sometimes we seek a coordinate z; with high vanishing order. Let us explain
how to obtain such a coordinate. In general, the lowest-weight part F;" ™ with respect to the initial
weight w;, contains a monomial other than x;. Now, we suppose that, after replacing x| suitably,
the terms in F}"™ other than 1 can be eliminated, that is, F}"™ = x1. Then by Lemma 3.9, we
have ordg(x1) > (a1 +r)/r. We can possibly repeat this process for some coordinates x; with
i =1,2,3 by replacing wi, with w = %((_11 + r,ag,...,an+3), which satisfies the KBL condition
by Lemma 3.9, and we obtain coordinates z; which vanish along F to an order higher than a;/r.

We will frequently apply the following simple coordinate change technique.
LEMMA 3.10. Let F' be a polynomial of the form
F =3 fi + zg(azy + f2) + zo(x1fs + f1) + 21 fs + 21 fs + fr,
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where o € C\ {0} and f; € Clza,...,x,|. Then, after replacing x1 with yx1 + h for suitable
v € C\ {0} and h € C[zg,x2,...,2ys], the terms divisible by x3 in F other than ax3z; are

eliminated.

Proof. We may assume o = 1. Then the replacement x1 — x1 —yf1 — fo+ f1fs — f7 f5 eliminates
the terms divisible by x% except for x%xl. O

4. Pfaffian Fano 3-fold of degree 1/42

Let X = Xi6,17,18,19,20 C P(14,5y,62, 7¢,84,9,10,) be a Pfaffian Fano 3-fold of degree 1/42.
Here, the degree of a Fano 3-fold means the anticanonical degree, so that (A43) = 1/42, where
A = —Kx. We exclude all the singular points on X and prove that X is birationally super-rigid
under a suitable generality condition. The syzygy matrix of X and the defining polynomials are
given as follows:

F| = ageig — a7b agb
0 ag ay as ao 1 6C10 7b9 + agog ,

0 bg by b Fy = agcin — arbio + agbs
M = 0 cio c11 |, F3=apdi2— agbip+ agby,
0 d52 Fy = a7dy2 — agern + agero

F5 = bgdia — bgci1 + biocio -

Here, the entries a;, b;, ¢;, d; of M are homogeneous polynomials of (weighted) degree i. The
basket of singularities of X, which indicates the numbers and types of singularities, is as follows:

1 1 1 1 1
—(1,1,1),-(1,1,2), =(1,1,4), =(1,2,3), =(1,1,6) p .
{2( ) ) )73( ) ) )75( ) ) )?5( ) ) )’7( ) ) )}

The aim of this section is to prove the following theorem, which will follow from Proposi-

tions 2.2 and 2.7 and the results of the present section (see also [Okal7, Theorem 2.32]). The
condition in the statement will be introduced later.

THEOREM 4.1. Let X be a Pfaffian Fano 3-fold of degree 1/42. If X satisfies Condition 4.5, then
it is birationally super-rigid.

4.1 Exclusion of the %(1, 1,1)-point

LEMMA 4.2. The point of type %(17 1,1) is not a maximal centre.

Proof. Let p be the point of type %(1, 1,1). It is clear that the set {z,y,t,v} isolates the point p
and ordg(x,y,t,v) > %(1, 1,1,1). Thus, we see that L = 9¢p*A — %E is nef by Lemma 3.3 and

we compute

1 9 1
L-B?) =9(A%) - = (F3%) == - = <0.
Therefore, p is not a maximal centre by Lemma 3.1. O

4.2 Exclusion of the %(1, 1, 2)-point
LEMMA 4.3. The point of type %(1, 1,2) is not a maximal centre.

Proof. Let p be the point of type %(1, 1,2). Weset Il = (x =y =t = u = 0). Then Fs| = aw?
with o # 0 since X does not contain p,,. It follows that

InX=@kx=y=t=u=w=0)NX ={p}

169



H. AHMADINEZHAD AND T. OKADA

and {z,y,t,u} isolates p. We see ordg(z,y,t,u) > %(1, 2,1,2). It follows that L = 7Tp*A — %E is
nef by Lemma 3.3 and we compute

(L-B%) =17(4% - (E3) — ——=0.

33 42 6
Therefore, p is not a maximal centre by Lemma 3.1. O

4.3 Exclusion of the %(1 1, 6) point
LEMMA 4.4. The point of type = (1, 1,6) is not a maximal centre.

Proof. We claim that {z,y,z} isolates the point p = p; of type (1,1,6). Set I = (z =y = 2 =
0). Then we have

Filn = avt + Bu?,  Fsln =qywu + 6v*, Fsln = ew?
for some «, f3,...,e € C. We see that none of 3,4, € is zero since py, py, pu ¢ X. It follows that
=w=0)={p},

that is, {z,y, z} isolates p. We see ordg(z,y,2) > %(1,5,6), so that L = p*A — %E is nef by
Lemma 3.3. We compute

=
D)
<
N
£}
|
<
|
W
|
g
Il
<

2 3 sy Lopsy_ 11
Therefore, p is not a maximal centre by Lemma 3.1. O

4.4 Exclusion of the 7(1 1,4)-point

Let p be the pomt of type (1, 1,4). After replacing coordinates, we may assume p = p,. We see
u? € Fy, 23,0 € Fy and w? € Fs since p., Pu, Pos Pw ¢ X, and this implies z € ag, 2% € dyo,
u € ag,bg, v € ag,bg and w € byg,c10. We claim ¢t € a7. Indeed, if t ¢ a7, then tw ¢ F, and
this implies that X is not quasi-smooth at the %(1, 1,6)-point py. This shows t € a;. Moreover,
since p is of type %(1, 1,4), we have y?z ¢ Fy, which implies 4? ¢ c19. By the quasi-smoothness
of X at p, we have y?>u € F3, which implies y? € byg. By setting II = (z = w = 0) and re-scaling
coordinates, we can write the restrictions of the syzygy matrix and defining polynomials to II as
follows:

Filg = —tv + au? ,
0 z t au Bv i ) )
0 uw v 2 Foln = v27y — ty” + pou,
Ml = 0 0 vy . F3ln = 02° + etzy — auy® + fo?,
2
0 oz g ety Fyln = 6t2* + et’y — ayuzy,

Fs|ln = duz? + euty — yvzy,

where «, 3,0 € C\ {0} and v,e € C. By the quasi-smoothness of X at the %(1, 1,6)-point py,
we have t2y € Fy, which implies € # 0. We set S = (ac =0)NX and T = (w = 0) N X. Then
I' := SNT is defined by the equations F1|H =... = F5]H = 0. We see ordg(z, z,t,u,v,w) >
Win = %(1, 1,2,3,4,5). Note that y3x ,yQt y2zx and y?z? are the monomials of degree 17 whose
initial weight is 2/5. The coefﬁcients of ty? and 2%y in Fy are —1 and , respectively. Let A and p
be the coefficients of y32? and y?zx in I, respectively. We define g = —ty + v22 + \y?ax? + uyzz.
Then we can write Fo = yg+G, where each monomial in G vanishes along E to order at least 7/5;
hence ordg(g) = 7/5. We set s = gl = —ty + 722, so that we have Fy| = ys + Buv.
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CoONDITION 4.5. Under the above choice of coordinates, v # 0 and § + ~ve # 0.

LEMMA 4.6. If X satisfies Condition 4.5, then p is not a maximal centre.

Proof. We will show that {x,w, g} isolates p or, equivalently, {z,w, s} isolates p. We set ¥ =

(r=w=s=0NX=XNIN(s=0). We see vu = 0 on X since Fa|y = ys + Svu and S # 0.

By the equation Fi| = 0 and the inequality « # 0, the equality v = 0 implies u = 0; hence
= (x:w:5:u:tv:523+stzy+ﬁv2 :5t22—|—6t2y:7v2y20),

set-theoretically. By the assumption & + ve # 0, we have that s = —ty + vz? is not proportional

to 822 + ety, so that (s = 022 + ety = 0) = (2 = ty = 0). Hence, it is straightforward to see

¥ = {py, p¢}, which shows that {z,w, g} isolates p.

We have ordg(z,w,s) > %(1,5,7), so that L = 10p*A — %E is nef by Lemma 3.3, and we
compute

) 10 1
L-B?) =10(4%) - = (F*) = — — - <.
( ) 0( ) 53 ( ) 49 4 <0
Therefore, p is not a maximal centre by Lemma 3.1. O

4.5 Exclusion of the %(1, 2, 3)-point
Let p be the point of type %(1, 2,3). We may assume p = p,. By the same argument as in the
previous subsection, we have t € a7, u € ag,bsg, v € ag,bg and w € byg, c19. Since p is of type
%(1,2,3), we have vy? € Fy,wy? € Fy and ty? ¢ Fy,uy® ¢ F3. We see that vy? € Fj implies
y? € c10 and ty? ¢ Fy implies y? ¢ byg. Since p; € X is of type %(1, 1,6), we have t?y € F, which
implies ty € dy2. Moreover, we have 23 € Fj since p, ¢ X, which implies z € ag. Hence y’z € Fy.
By Lemma 3.10, we can assume that 32z is the unique monomial in F; that is divisible by 7>
after replacing z.

Weset S=(x=0NX,T=(:2=0nNnX,I'=5SNT and II = (x = z = 0). Then, the

restrictions of the syzygy matrix and the defining polynomials to II can be written as follows:

Filg = —t 2
0 0 ¢t au Bv in vt out,
0 u v w Foln = —tw + fuv,
M|n = 0 yw+dy?> 0|, Bln=—auw+fv?,
0 té/ Filu = %y + Bywv + Bovy?

Fs|i = uty + yw? + dwy? .
Note that T is defined in II by the above 5 polynomials. Note also that none of «, 5, v and ¢
is zero.

LEMMA 4.7. The intersection I' is an irreducible and reduced curve.

Proof. By setting t = 1, we work on the open subset U C X on which ¢ # 0. By the equations
Filn = F2|p = 0, we can eliminate v = au? and w = Buv = aBu?. Hence I' N U is isomorphic to
the quotient of

(y + a2 8%y’ 4 aBduy? = 0) C Az’u
under the natural Zr-action. Thus I' N U is an irreducible and reduced affine curve. We have
I'n(t =0) = {p}. This shows that I" is irreducible and reduced. O

By our choice of coordinates, y?z is the unique monomial in F; divisible by 2, and we see
that any monomial of degree 16 which is not divisible by y? has initial weight at least 6/5. It
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follows that ordg(z) > 6/5 and ¢ is realized as the embedded weighted blowup at p with weight
wt(z, z,t,u,v,w) = %(1,6, 2,3,4,5) =: w. By looking at the monomials in Fi |, Fy|m, F5|m, we
see that the lowest-weight parts of Fi|y—1, F4|y—1 and Fj|y—; are of the form

FV=z4uvt+u?+f, FY=v+t’+yg, F¥=w+tut+h,
where f,g,h € Clz, z,t,u, v, w| vanish along (z = z = 0). Thus we have an isomorphism
Ex(z4vt+f=v+t?+g=w+ut+h=0)CP(1g6:,2,3u, 4v,50) -

LEMMA 4.8. The singular point of type %(17 2,3) is not a maximal centre.

Proof. We claim S NT =T. To see this, it is enough to see that S NT does not contain a curve
on E. The lifts of the sections = and z on Y restrict, respectively, to the coordinates z and z of
the ambient weighted projective space of E, and their zero loci coincide with SNEand TNE,
respectively. Since f, g, h are in the ideal (z, z), the set

gﬁTﬂE:(:c:zzvt+u2zv+t2:w+ut20)

consists of a single point. Thus SN7T = T. Since S ~g p*A— éE and T ~q 6p*A — %E, we have

(7 5.7) —62(a%) - S = 88 g
53 7 5 )
Therefore, p is not a maximal centre by Lemma 3.2. ]

5. Pfaffian Fano 3-fold of degree 1/30

Let X = Xi4.15,16,17,18 C P(12,5yo, Oy, 62, 7¢, 84, 9y) be a Pfaffian Fano 3-fold of degree 1/30. We
exclude all the singular points on X and prove that X is birationally super-rigid under a suitable
generality condition. The syzygy matrix of X and the defining polynomials are given as follows:

F| = ascqg — agb a7b
0 as ag ar as 1 5C9 6bs + a7o7,

0 by by by Fy = asc10 — agby + agbr,
M = 0 co cio|, F3=asdi1—arby+ agbs,
0 d(l)l Fy = agdy1 — arcio + agey

F5 = brdy1 — bgcio + bocy .
The basket of singularities of X is

1 1 1
-(1,1,4),2 x —(1,2 -(1,1 .
arnzxgasguns)

The aim of this section is to prove the following theorem, which will follow from Proposi-
tions 2.2 and 2.7 and the results of the present section. The condition in the statement will be
introduced later.

THEOREM 5.1. Let X be a Pfaffian Fano 3-fold of degree 1/30. If X satisfies Condition 5.6, then

it is birationally super-rigid.

5.1 Exclusion of the %(1, 2, 3)-points

Let p be a point of type %(1, 2,3). After replacing yo and y;, we may assume p = p,,. Note that
this implies y3 ¢ F,. Note also that t> € Fy, u?> € F3 and v? € Fj since pg, pu, py ¢ X, which
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implies ¢t € a7,b7, u € ag,bg and v € by, cg. By the quasi-smoothness of X at p, we have yv € F}
and y2yo € Fy. We divide the proof into 2 cases according to whether y?z € F3 or not.

First, we treat the case where y?z € F3.
LEMMA 5.2. If y?z € F3, then p is not a maximal centre.

Proof. Recall that yjv € Fi, y3yo € F» and 32z € F3. By Lemma 3.10, we may assume that
Y2z is the unique monomial in Fj divisible by y?. Consider the weight wt(x,yo, z,t,u,v) =
%(1, 5,6,2,3,4) =t w. Then v € F\¥,yg € F" and z € F3", so that ¢ is realized as the embedded
weighted blowup at p with the weight w.

We claim that {z,yo, 2} isolates p. Set Il = (x = yp = z = 0). We have
Filn=t+avy, Fu=u*+pvt, Fsln=v"+yuyi,
for some a, 3,7 € C. Hence
=y=2=0NXC(r=yw=2=Fln=Fn=Fn=0)),

and it is straightforward to see that the set on the right-hand side is finite (for any «, 3,7).
This shows that {x,yg, 2} isolates p. We see ordg(x, 3o, 2) = %(1, 5,6), so that L := B is nef by
Lemma 3.3 and we compute
1 1 1
L-BY)=(B)=UAN-=(F)=——-—=0
Therefore, p is not a maximal centre by Lemma 3.1. ]

Next, we treat the case where y%z ¢ F5. In this case, we have yi”x € F3. We set S = (z9 =
ONX, T=(y=0NXand'=5NT.

LEMMA 5.3. The support of I" is an irreducible curve.

Proof. We set II = (zg = yo = 0). We have y; € a5 because otherwise F3 = asd11 — arbg + agbs
cannot contain y3z. Then, we see y? ¢ cyo since y§ ¢ F. Note also that zy; ¢ dq since y3z ¢ F3.
We can write the restrictions of the syzygy matrix and defining polynomials to II as

Fin = yv — t?
0y az Bt Au 1n = y1v — azu + Bt°,

0 t u v Fylip = —adzv + yut,
Mg = 0 v 0|, Fslg=—p30vt+~yu?,
0 0] By =ndu,
0
F5’H = (5’02 .
Note that I' = X N1II is defined in II by the above 5 polynomials. Since 3,~,§ # 0, we have
I' = (t = w = v = 0) NII set-theoretically and the proof is completed. O

LEMMA 5.4. If y?z ¢ I3, then p is not a maximal centre.

Proof. We will show that the support of S N T is the proper transform of the support of SNT.
Consider the weight wt(x,yo, 2,t,u,v) = %(6,5,1,2,3,4) =: w. Then v € F\V, yo € F}¥ and
x € F3¥ since F3 does not contain y%z, which is the unique monomial of degree 16 with w-
weight % It follows that ¢ is realized as the embedded weighted blowup at p with weight w, and
we have an isomorphism

E= (F\ =Fy =Fy =0) CP(65,5y, 12,2, 3u,4y) -
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In view of the description of Fi|r, Fo|ir and F3|r, after re-scaling ¢ and u, we can write
FV=vdoazu+t?+f, FY=x+pvzt+ryut+g, Fy =uyo+ovt+u®>+h,

where «,...,0 € C with 7,0 # 0 and f, g, h are contained in the ideal (x,y) (Note that = ¢ ¢
and yo ¢ h). We have

gﬁTﬂE:(x:y(]:O)ﬁE:(x:yo:v+azu+t2:ﬁvz+7ut:5vt+u2:()),

and this is a finite set of points since 7,8 % 0. Thus, T N S is the proper transform of SN T.
We have S ~q ¢*A — %E and T ~qQ Sp*A — gE, so that

X & 203y 96 5
Therefore, p is not a maximal centre by Lemma 3.2. O

5.2 Exclusion of the %(1, 1,5)-point
LEMMA 5.5. The point of type %(1, 1,5) is not a maximal centre.
Proof. We claim that {x,yo,y1} isolates the %(1, 1,5)-point p = p,. Set Il = (z = ygp = y1 = 0).
Then, we can write
Filg = auz + B2, Fs|n = ot + du?, Fslnp = ev?
for some a, f3,...,e € C. Moreover, none of 3, 4, ¢ is zero since p¢, py, py ¢ X. Hence
=yw=n=00NXCz=y=y1=t=u=v=0)={p};
that is, {z, yo, y1} isolates p.

It is clear that ordg(zx,yo,y1) = é(1,5,5) since x, yo, y1 are of degree 1, 5, 5, respectively
(see Lemma 3.9(1)), so that L = ¢*A — + E is nef by Lemma 3.3. We compute

L R2) _ 3\ 3\ _ i 3\ i . i _
Therefore, p is not a maximal centre by Lemma 3.1. O

5.3 Exclusion of the %(1, 1,4)-point

Let p € X be the point of type %(1, 1,4). After replacing yo and y;, we may assume p = py,.
We have t? € Fy, u? € F3 and v? € Fj since py, pu, Py & X, which implies ¢ € a7, b7, u € ag,bs
and v € bg,cg. Since p is of type %(1,1,4), we have vy; ¢ Fy and y3z ¢ F3, which implies
y1 ¢ as. Since X has a point of type %(1, 1,5) at p., we have vz € Fy, which implies z € ag.
Since X has a single point of type %(1, 1,4) and 2 distinct points of type %(1,2,3), the set
(rt =2z=1t=u=uv = ascip = 0) consists of 3 distinct points. This implies y? € c1g since
y1 ¢ as. We set I = (z¢g = yo = 0). Then the restrictions of the syzygy matrix and the defining
polynomials can be written as follows:

Filn = at® — zu,

00 2z at pu
o 1 WY Bln=fut -z,
M| = 0w o |, Fsln=pu’—atv,
0 5*203/% Fy|n = Byuv — aty% + (5221/1 ,

Fsn = vv* — uyi + Stzyr,
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where a, 8,7 € C\ {0} and 6 € C. Weset S = (g =0)NX and 7' = (yp = 0) N X and let
I' =5 NT be the scheme-theoretic intersection. We assume the following condition.

CONDITION 5.6. Under the above choice of coordinates, § # 0.

LEMMA 5.7. The intersection I' is an irreducible and reduced curve.

Proof. The curve I' = X N1I is defined by Fi|f = --- = F5|;p = 0 in II. Recall that «, 8,y # 0.
We work on the open subset on which z # 0. By setting z = 1 in Fi| = Fa|g = 0, we have
u = at? and v = But = aBt3. By eliminating v and v in the equation F3|;y = Fy|ig = Fs|lp = 0,
we see that, on z # 0, the curve I' is isomorphic to the quotient of the curve

(oy1 — it + B2yt = 0) C A2,

by the natural Zs-action on A2, On the other hand, I' N (2 = 0) consists of the single point p.
Therefore, I' is an irreducible and reduced curve. ]

LEMMA 5.8. The point of type %(1, 1,4) is not a maximal centre.

Proof. We have y3yy € Fy, y3t € Fy and y3u € F5 by the quasi-smoothness of X at p. Consider
the initial weight wt(z, yo, 2, ¢, u,v) = %(1, 5,1,2,3,4) = wiy. In view of the description of Fi|,
after re-scaling coordinates, we have

B =yo+ut+zo+f, F"=t+022+g, F™=u+bdiz+h,

where 01,02 € C\ {0} and f, g, h are contained in the ideal (z¢,yo) (note that yo ¢ f). We
see that ¢ is realized as the embedded weighted blowup at p with weight w;,, and we have an
isomorphism

E = (B = '™ = F'™" = 0) CP(Le, 5y, 1, 2, 3, 40)
We see that
SNTNE = (x:yozut—zv:t—l—5122:u—|—52t220)
is a finite set, which imlies SN7T =T.
We have S ~q p*A — %E and T ~q Sp*A — %E, so that

2
(7-§-7) =5 (4%) - (5% =22 <0,

Therefore, p is not a maximal centre by Lemma 3.2. ]

6. Pfaffian Fano 3-fold of degree 1/20

Let X = Xi213,14,15,16 C P(14,4y,52,52,, 64, 74, 8,) be a Pfaffian Fano 3-fold of degree 1/20.
We exclude singular points on X other than the é(l, 2,3)-point at which there is a birational
involution and prove that X is birationally rigid under a suitable generality condition. The syzygy
matrix of X and the defining polynomials are given as follows:

F| = aqcg — asb aghb
0 ay as ag ar 1 4C8 507 + agog ,

0 bg by bg Fy = agcg — asbs + arbs
M = 0 Cs Cg s F3 = a4d10 - a6bg + (L7b7 s
0 d(1)o Fy = asdip — agcy + arcs,,

F5 = bgd1g — brcg + bscs .
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The basket of singularities of X is
1 1
—(1,1,1),-(1,1 1,1,4 1,2
{Jurnjansex e a2}

The aim of this section is to prove the following theorem, which will follow from Proposi-
tions 2.2 and 2.7 and the results of the present section. The condition in the statement will be
introduced later.

THEOREM 6.1. Let X be a Pfaffian Fano 3-fold of degree 1/20. If X satisfies Condition 6.4, then
it is birationally rigid.

6.1 Exclusion of the %(1 1,1)-point
LEMMA 6.2. The singular point of type = (17 1,1) is not a maximal centre.
Proof. Let p be the point of type 5 (1, 1,1). It is clear that {z, 2o, 21, u} isolates p and ordg/(z, 2o,
21,U) = 2(1, 1,1,1). It follows that L="Tp*A— lE is nef by Lemma 3.3, and we compute
7 1

(L-B%) =17(4% - (E3) 35 "3 <0

Therefore, p is not a maximal centre by Lemma 3.1. O

6.2 Exclusion of the %(1 1 4)-p0ints
LEMMA 6.3. A singular point of type = (1, 1,4) is not a maximal centre.

Proof. Let p be a point of type (1, 1,4). We may assume p = p,, after replacing zp and z;. We
claim that {z,y, zo} isolates p. Set Il = (z =y =z =0). Note that t* € 1, u? € F3 and v? € F5
since py, pu, Py ¢ X, hence we may assume that those coefficients are 1. Then, we can write

Fl\H:tQ—I—auzl, F3|H:u2+5vt, F5\H:v2+'ytz%
for some a, 3,7 € C. We see that
(r=y=20=00NnXCr=y=2=Fln=Fg=FHn=0),

and the set on the right-hand side of this inclusion is finite (for any «, 8, € C). This shows that
{z,y, z0} isolates p.

We see ordg(z,y,20) > £(1,4,5), so that L = B is nef by Lemma 3.3. We compute

B2 sy Lypay_ L1
Therefore, p is not a maximal centre by Lemma 3.1. 0

6.3 Exclusion of the 7(1 1, 3)-point

Let p be a point of type (1, 1,3). Replacing v, we may assume p = p,. We claim y € a4. Indeed,
if y & a4, then 23y, 2021y, 23y ¢ F3. This gives a contradiction since X admits a point q of type
%(1, 2, 3), hence there must be at least one of 23y, 2021y and 23y in F3. Hence y € a4 and we may
assume that the coefficient of y in a4 is 1 after re-scaling y. We can write a5 = ¢ + (other terms),
c9 = ylo + (other terms) and dip = g + (other terms), where ¢; and /¢2 are linear forms in zy,
21 and ¢ is the quadratic form in zg, 2;. Let § € C be the coefficient of y? € bg. We exclude p
assuming the following.
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CONDITION 6.4. Under the above choice of coordinates, the polynomials 5 — 6¢1 and ¢ have no
(non-trivial) common root.

We have Fy = y%(fy — 6¢1) + (other terms). Condition 6.4 in particular implies £5 — 6¢1 # 0.
Replacing zy and z;, we may assume fo — 6/1 = z;. This means that y%2z; € Fy and 3%z ¢ Fs.
By Lemma 3.10, replacing z; further, we may assume that 322; is the unique monomial in Fy
divisible by y2. We have t? € Iy, u? € F3 and v? € Fj since py, py,pv ¢ X, which implies
t € ag, b, u € a7z, by and v € bg, cg. By setting Il = (x = z; = 0), we can write

0 vy az t Bu
0 ~t U v+ 0y?
My = 0 evt+ny® Cay |,
0 Aty + p2d
0

where «, 3, ..., u € C. Note that 5,7, # 0. Note also that « is the coefficient of zg in ¢; and p
is the coefficient of zg in g. We have u # 0 because otherwise fo — d¢1 = ¢ = 0 has a solution
z1 = 0 and this is impossible by Condition 6.4 (here, recall that fo —§¢; = 21). Since p =p, € X
and the coefficient of 3® in Fi|r is 17, we have = 0. The coefficient of y22z in Fa|r1 is (¢ — )
which must be zero by our choice of coordinates. Thus, we have

Filn = eyv — auzg + 412,

Fyln = Byut — avzo,

Flm = (A = 0)ty* + pzdy — vt + Bu?,

Fiylin = (aX = Qtzoy + auz + Bevu,

Fy|n = y\t?y + 'yutzg — Cuzoy + ev? + devy?.
By the quasi-smoothness of X at p, we have A — § # 0. We compute ordg(z1). We see that y3z,
y%20 and y?z; are the monomials of degree 13 which have initial weight 1/4 and y3z, 3%z ¢ F»
by our choice of coordinates, hence ordg(z1) > 5/4. It follows that ¢ is realized as the embedded
weighted blowup at p with wt(x, 29, 21, ¢, u,v) = i(l, 1,5,2,3,4) = w.

We first consider the general case a@ # 0. Set S = (z = 0)N X, T = (1 = 0) N X and
r=sSnT=I1nX.

LEMMA 6.5. If o # 0, then I" is an irreducible and reduced curve.

Proof. In this case, we have ¢ = 4 since a({ —¢) = 0. We work on the open subset U = (29 # 0) C
IT by setting zp = 1. Re-scaling zp, we may assume o« = 1. By Fy|;p = 0, we have v = Svyut. For
a polynomial F = F(x,y, 20, 21,t,u,v), we set F' = F(0,y,1,0,u, 3yut). Then, by eliminating v,
we see that I' N U is the quotient of affine scheme defined by the polynomials

fii=Fy = Byeuty — u+~t?,

fai=F3 = (A= 0)ty® + py — Byut® + pu?,

fa=Fy= (A= 0)ty + p+ Byeu’t,

f5 := F5 = y\t2y + yut — duy + f2~*cu’t? + Bydeuty?
in Ag,t,u‘ We define

A=(fi=fs=fi=f=0)CAS, .
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We have f3 =y fys — Bufi and f5 = vt fy + oy fi, which implies that A is defined by f; = f4 = 0.
We set

Bvs 0,

and we eliminate the term uty from fi; that is, we consider f{ = fi1 — 6fs. Then A is defined
by fi = fi = 0. Here, we have f] = 01u + vt + Oou3t, where 6; = —(0u + 1) and 6 = —3%ve0.
Note that 6; can be zero while 65 # 0. We have (t = 0) N A = () since u # 0. It follows that A is
contained in the open subset (¢ # 0) C A3. The projection Ag,t,u - Af}u induces an isomorphism
A — ZN (t # 0), where Z is the curve in A?;,u defined by f{ = 0. If 6; # 0, it is clear that = is
irreducible and reduced, and so is A. If §; = 0, then f] = t(vt + 6u®) and =N (¢ # 0) is defined
by vt — fu® = 0. Since v # 0, we know that =N (¢ # 0) is irreducible and reduced, and so is A.
Therefore, A is irreducible and reduced, and so is I'N U.

We consider I' N (29 = 0). Since Fy|ip = fryut — vzp, we have I' N (z9 = 0) = X1 U Mg, where
Y1=TN(x=t=0)and Xy =T'N (20 =u=0)N(t #0). It is easy to see ¥; = {p,}. We have

22—(z0—U—€yv+7t2 (A= 8)y? — v = YA\t2y + v 4 devy? =0) N (t#0)
=(o=u=eyp+t*=A=8y*—v=0)N(t£0),

and it is straightforward to see that Yo consists of 2 points. Therefore, I' is an irreducible and
reduced curve. O

LEMMA 6.6. If o # 0, then p is not a maximal centre.
Proof. We will show SNT =T. We have an isomorphism
Ex (FY =F =F =0) CP(1g,14,52,2¢,3u,40) -
Note that F}¥|,—.,—o coincides with the lowest-weight part of (Fj|r1)|,=1. Hence, we have
FV =ev—uzg+yt°+ f, FY =pByut—vz+g, FY =O\—-0t+u+h,
where f,g,h € (z,21). It is straightforward to see
SNTNE=(z=2n=F =F'=F"=0)

is a finite set of points, which implies SNT =T.
Finally, since S ~q ¢*A — %E =Band T ~q Sp*A — §E = 5B, we have

(F.5.7) =524 - () =2 - % <o
43 4 12 ’
Therefore, p is not a maximal centre by Lemma 3.2. O

Next, we consider the case @ = 0.
LEMMA 6.7. If « = 0, then p is not a maximal centre.

Proof. We see that 3222, y?t and yzg are the only monomials of degree 14 having w-weight 2/4.
Note that the coefﬁcients of ty? and 23y in F3 are A — and 1, respectively, and let 6 be the
coefﬁment of y z? in F3 We set s = 0y?x? + (X — 0)ty + ,uzo Since the monomials in F3 other
than y322, ty? and 23y have w-weight greater than 2/4, we have ordg(s) > 6/4.

We will show that {z, z1, s} isolates p. It is enough to show that
Y= (8:F1|H:-~':F5‘H:0)HHOCHO
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is a finite set of points, where I1° = II N (y # 0). For a subset = of I and monomials ¢y, ..., gk,
we define Zg, 5 =EN(g1 = = gr =0). We claim X° := XN (u # 0) = . We have £° = X}
since Fy|r = Byut. Then we see X° = () since 3| = s|p — vt + fu? and v # 0 on X°. This
implies ¥ = ¥,,. We have F3|; = s|i — vt, hence F3|y, = —vt. Thus ¥ =%, = ¥, , UX, ;. Since
Filn, = eyv + 72&2, we have X, , C X, . This shows ¥ = >, ;, and this set is defined in II, ; by
the equations
uzg =eyv = ev? + devy? = 0.

It is now straightforward to see ¥ = {p}.

Now, since ordg(z, 21,s) = 1(1,5,6), we see that L = 10p*A — SE is nef by Lemma 3.3 and
we have

6 1 1
L-B?)=10(4% - = (F*) =- -2 =0.
Therefore, p is not a maximal centre by Lemma 3.1. O

6.4 The %(1, 2, 3)-point and birational involution

Let p € X be the point of type %(1, 2,3). We may assume p = p,, after replacing zp and z;. We
have u € ag, bg and v € ay, by since py, py ¢ X. Since p is of type %(1, 2,3), we have 23y € F3 and
z%zo € Fy4. Because z%y € F3 = aqdio — agbg + a7b7, we have y € a4 and z% € dyp. It follows that
22t € F5 = bgdyg — breg +bgcs. Thus ¢ is the weighted blowup with weight wt(z, u, v) = %(1, 2,3).
By Lemma 3.10, we can assume that z?t is the unique monomial in F divisible by z%. We see
that 23z and 2%t are all the monomials of degree 16 having initial weight % By our choice
of coordinates, zjx ¢ Fs; hence wt(z,y, 20,t,u,v) = %(1,4,5,6,2,3) =: w satisfies the KBL
condition.

Let m: X --» P:=1P(1,4,5,6) be the projection to the coordinates x, y, 2o, t. We have

F3(0,0,0,21,0,u,v) = Au?,  F5(0,0,0,21,0,u,v) = pv?

for some \, p € C\ {0} since u € ag, bg and v € ayby. Hence, we have (t =y =20 =t =0)NX =
{p}, which implies that 7 is defined outside p. Let wy: Y --» P be the induced rational map.
We take H € |Op(1)].

LEMMA 6.8. The map my is a surjective generically finite morphism of degree 2 such that B =
my-H.

Proof. First, we show that my is everywhere defined. It is enough to show that my is defined at
every point of E. We see that ¢ is realized as the embedded weighted blowup at p with weight w,
and we have an isomorphism

E= (Fy =F) =F =0) CP(1g,4y, 52,61, 2u,3,) -

The indeterminacy locus of 7y is the set (x =y =20 =t =0) N E. We see Fy¥ =y + au? + gs,
FZV = ZO+BUU+94 and ng = t+7U2 + gs, where 93,94,95 € (x7y72:07t)7 Yy ¢ g3, 20 ¢ 94, 13 ¢ 95
and «a, 8,7 # 0. Hence, the set (z = y = z9 = t = 0) N E is empty, which shows that my is
a morphism.

By construction, 75 H is the proper transform of (z = 0) N X via ¢, which is B since
ordg(z) = 1. We have (H?) = 15 and
1 1 1 1
B3) = (A% - Z (B} == - —=—.
This implies that 7y is a surjective generically finite morphism of degree 2. O

179



H. AHMADINEZHAD AND T. OKADA

PROPOSITION 6.9. One of the following holds:

(i) The point p is not a maximal centre.

(ii) There is a birational involution o: X --+ X which is a Sarkisov link centred at p.

Proof. We take the Stein factorization of 7y, let ¥: Y — Z be the birational morphism and
let mz: Z — P be the double cover such that my = 7z o ¢. By Lemma 6.10 below, 1) is not
an isomorphism. Thus, by [Okal7, Lemma 3.2], either statement (i) or statement (ii) holds,
depending on whether v is divisorial or small. O

We use the following result in the above proof.

LEMMA 6.10. Let X be a Q-Fano 3-fold embedded in a weighted projective space P(aq, ..., an).
Suppose that X is quasi-smooth, and let p: Y — X be the Kawamata blowup of X at a terminal
quotient singular point p € X. Then Y cannot be a double cover of any weighted projective 3-
space.

Proof. Assume that there is a double cover w: Y — P := P(by,...,b3). Let D C P be the
branched divisor and f the defining polynomial of D. Then Y is isomorphic to the weighted
hypersurface Z := (y> — f = 0) C P(bo,...,b3,d), where 2d = deg f and d = degy. Since
X is quasi-smooth and ¢ is a Kawamata blowup, we see that Y has only (terminal) quotient
singularities, and so does Z 22 Y. This implies that Z is quasi-smooth, which implies that the
Picard number of Z is 1 (see [Dol82, Theorem 3.2.4]). This gives a contradiction since the Picard
number of Y is 2. O

7. Pfaffian Fano 3-fold of degree 1/12

Let X = Xio,11,2,13,14 C P(14,3y,42, 545, 5¢,,64,7y) be a Pfaffian Fano 3-fold of degree 1—12
The main aim of this section is to prove that there is a Sarkisov link centred at the %(1, 2,3)-
point which links to a Mori fibre space other than X. This implies that X is not birationally
rigid. Unfortunately, we are unable to construct an explicit link. Instead, we will show that the
Kawamata blowup at the (1,2, 3)-point admits a flop (and thus there is a link to a Mori fibre
space) and then derive a contradiction assuming that the target of the link is isomorphic to X.
To do this, we need to exclude or untwist the other centres, so we will exclude singular points of
type %(1, 1,2) and construct a Sarkisov link centred at the %(1, 1,4)-point which is a birational
involution. The syzygy matrix of X and the defining polynomials are given as follows:

Fy = azcr — aqb asb
0 as as as ag 1 3C7 406 + as0s ,

0 bs bg by Fy = azcg — agbr + agbs
M = 0 ¢ cs|, F3=asdyg— asby+ aebs,
0 do Fy = a4qdg — ascs + ager

0

Fy = bsdg — bges + brer .
The basket of singularities of X is

1 1 1 1
2x—-(1,1,2),—(1,1 —(1,1,4), =(1,2 .
EEFCRTBERE IR CRT)

We have u € ag, bg and v € by, c7 since py, py ¢ X.
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7.1 Exclusion of the %(1, 1, 3)-point

Let p = p, be the point of type %(1, 1,3). For the entries as, bs, dg of the syzygy matrix M,
we write az = {1 + (other terms), bs = ¢2 + (other terms) and dy9 = zf3 + (other terms), where
l; = Li(to,t1) is a linear form. We see that the solutions of z =y = 2z = u = v = {1l = 0
correspond to the types %(1, 1,4) and %(1, 2,3), so that 1 # 0 and /2 are not proportional. We
assume z € aq. Then we can assume that the coefficient of z in a4 is 1 by re-scaling z and let
¢ € C be the coefficient of 22 in cs.

LEMMA 7.1. We have ¢35 # 0, and ¢1 and {3 are not proportional.
Proof. We have
h=0ls+--, F3=—fivo+---, F4:Z2€3—5Z2€1”-, Fy = 20903+ - - - .

Let q; and g2 be the singular points corresponding to the solutions ¢; = 0 and {5 = 0, respectively.
We see that qs is of type %(1, 1,4) since F3 = {1v + - - -; hence q is of type %(1,2,3). Assume
l3 = 04, for some 6§ € C. Then F3 = 0z{1ly + -- -, and this implies (0F/0z)(q2) = 0. This gives
a contradiction since qs is of type %(1, 1,4), and the proof is completed. O

We exclude the point p assuming the following.

CONDITION 7.2. We have z € a4 and, under the above choice of coordinates, f3 — 6€1 % £s.

We have u? € F3 and t? € Fj since py,py ¢ X, which implies u € ag,bg and v € by, c7. We
have Fy = 22(f3 —ef1)+--- and £3—¢cf; # 0 by Lemma 7.1. Replacing tg and t1, we may assume
(3 — 801 = tg. By Lemma 3.10, after further replacing ¢y, we can assume that 2%t is the unique
monomial in Fy which is divisible by 2z2. Set Il = (z = y = to = 0). Then the restriction of M
and the defining polynomials to II can be written as follows:

Filg=- t2
00 =z at U o yzu+afty,

0 Bti u v F2|H = —zv + Buty,
Mg = 0 v e22 |, Fsln=—ativ+yu?,
0 Cztl Fylin = (€ — ag)2ty + duw,

Fsln = BCzt? — yeuz? + dv?

for some a, B3, ...,¢ € C with ~,8 # 0. By our choice of coordinates, we have z2t; ¢ Fy, that is,
(—ae=0.

LEMMA 7.3. The point p of type %(1, 1,3) is not a maximal centre.

Proof. We see zu € Fy, zv € Fy and 2%ty € Fy. We see that 232 and 22t are the only monomials
of degree 13 having initial weight %. By our choice of coordinates, we have z3z ¢ Fj. This implies
that the weight wt(z,y, to, t1,u,v) = %(1, 3,5,1,2,3) satisfies the KBL condition.

We claim that none of o and f is zero. If a = 0, then ¢1 ~ ty. Since 3 — ef1 = zp, this implies
l3 ~ £1. This is impossible. If § = 0, then £5 ~ tg, and this is impossible by Condition 7.2.

It is now straightforward to check X NII = {p} since a, 3,7, # 0. In particular, {x,y,to}
isolates p. We have ordg(x,y,ty) > %(1,3,5), so that L = B is nef by Lemma 3.3, and we
compute

1 1 1
L-B) = (A% - —(F)=—-—-—=
Therefore, p is not a maximal centre by Lemma 3.1. O
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7.2 The 3(1,1,2)-point

Let p be a point of type %(1, 1,2). After replacing coordinates, we may assume p = p,. We
assume y € as. Then, re-scaling y, we can assume that the coefficient of y in ag is 1. We see
yv € F] and, replacing v, we may assume that yv is the unique monomial in F; divisible by y.
We can write the entries of the syzygy matrix as as = ¢1 + (other terms), b5 = f2+ (other terms),
cs = yl3 +nz> + (other terms) and dg = z¢4 + (other terms) for some linear forms ¢1, ..., ¢ in tg
and t; and 17 € C. Let o, B and § be the coefficients of z, y? and zy in a4, ag and by, respectively.

LEMMA 7.4. We have {1, {5 # 0. Moreover, {1 o4 £y, U1 o4 €y and fo o Us.
Proof. The set
(z=y=z=u=v=0NX=(@=y=z2=u=v="_00=0)

consists of 2 singular points of type %(1, 2,3) and %(1, 1,4), respectively, which implies ¢1¢5 # 0
and f1 ¢ 5. In this proof, we assume ¢; = ty and o = t; after replacing typ and t;. Since
F3 = asdyg — asby + agbg, v € by and v ¢ as, dyg, as, ag, bg, we see vty € F} and vty ¢ Fi. This
shows that py, and p;, are of type %(1, 1,4) and %(1, 2, 3), respectively.

Assume 03 ~ {3, that is, ¢35 = vt; for some v € C. Since py, is of type %(1, 1,4), we have
t%y € F,. But since Fylgp = —l1ls + -+, {1 = top and ¢35 = vt1, we see t%y ¢ F,. This gives
a contradiction.

Assume 04 ~ (1, that is, £4 = vty for some v € C. Since py, is of type %(1,2,3), we have
t22 € Fs. But since Fy| = 2foly + ---, fo = t; and £y = vtg, we see t2 ¢ Fy. This gives

a contradiction and the proof is completed. O

We exclude the point p assuming the following generality condition.

CONDITION 7.5. We have y € az, n — ad # 0, U3+ Bl 4 €1 and €4 — 501 £ L.

Note that u € ag,bg and v € by, ¢z since py,py, ¢ X. We set Il = (z = u = v = 0). Then we
can write

0y az 4 By?
0 o ~vy*  dzy

Mln = 0 ezy ylz+nz?
0 zly+Cy?
0
We see that the coefficients of zy? and y* in F|p and F3|p1 are e —ay and ¢+ 37, respectively, and
both of them are zero by our choice of coordinates. By eliminating € = ary and { = — 37, we have
Fin = ly4a,

Foln = y*(ls + Bla) + (n — ad)2%y,

Fslp = (44 — 041)z2y,

Fyln = —ylils + 2*(aly — 1) ,

Fsln = —v(ls + Bla)y® — v(n — ad)2y® + 2lsly .
LEMMA 7.6. No singular point of type %(17 1,2) is a maximal centre.

Proof. We will show that {z,u,v} isolates p. It is enough to show that X N1II° is a finite set of
points, where II° = II N (y # 0). We have F5|i + yyFa|n = zl2l4. Since Fi| = {142,

XNII° = (flgg = F2|H = F3|H = F4‘1'[ = z2loly = 0) NI =% U DI
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where
Y1 = (61 = FQ‘H = F3|H = F4|H = 2090y = 0) N HO,
Yo = (52 = FQ‘H = F3|H = F4|H = 0) NII°.
Since £1 # £y and £1 £ L4, the equalities £1 = €5 = 0 and ¢; = £4 = 0 both imply ¢ty = t; = 0.
Hence, we have ({1 = 2030y =0) = (to =t1 =0) U ({1 = 2 =0) and
Y= ((to =1t = (77*0[5)22y:0)ﬂﬂo) @] ((61 =z=1V3+ Bl :O)QHO) = {p},
since 1 — ad # 0 and £3 4+ Bl o4 £1 by Condition 7.5.
Since F3|H = (54 —(%1)2’:(/ and 54 —(%1 74 gg by Condition 7.5, we have (62 = F3|H = 0) NII° =
(to =t1 =0)U (l2 = z = 0). Hence
Yo = ((to =t1=(n— aé)zZy =0)N HO) U ((Eg =z =1y = —ylily = 0)N HO) ={p},

since l3 o4 l5. Thus, {x,u,v} isolates p.
We see that 3%z, y?z, yv are the monomials of degree 10 having initial weight %, and we
have y3z,y?z ¢ Fy by our choice of coordinates. Hence, we have ordp(z,u,v) > £(1,3,4) and

L =6p"A— %E is nef by Lemma 3.3. We compute

3 1 1
L-B)=6(4% - (F)=---=0.
Therefore p is not a maximal centre by Lemma 3.1. 0

7.3 The %(1, 1,4)-point and birational involution
Let p € X be the point of type %(1, 1,4). We may assume p = p;, after replacing ¢y and ¢;.
Then we have t1tg € Fy, tjv € F3 and t?y € Fy since p is of type %(1, 1,4). We have u € ag, bg
and v € by, ¢y since py,py ¢ X. We see that ¢ is the weighted blowup of X at p with weight
wt(z, z,u) = %(1, 4,1), and it is realized as the embedded weighted blowup with the initial weight
wt(z,y, 2, to, u, V) = Wi, = %(1,3,4,5, 1,2).

Let m: X --» P := P(1,3,4,5) be the projection to the coordinates z, u, z, ty, and let
7y : Y --» P the induced rational map. We take H € |Op(1)|.

LEMMA 7.7. The map my is a surjective generically finite morphism of degree 2 such that B =
my-H.

Proof. We will show that 7y is everywhere defined. We have an isomorphism
E o~ (Flvvin o F3vvin — FZVin = 0) C ]P)(]-Lta 3y7427 5t07 1u’ 21}) ,

and it is enough to show (z = y = z = t9p = 0) N E = 0. We can write F]"™ = ty + g1,
F}'™ = v+ au?+g3 and F}'™ = y+ Bou+ g4, where g; € (2,9, z,t9) and o, 8 € C\ {0}. It is now
clear that (z =y = z = tg = 0) N E = (). This shows that 7y is a morphism. We have B =}, H
since the section z lifts to an anticanonical section on Y. We have (H?3) = 1/60 and

1 1 1 1
B3) = (4% - (B3 = — - — = —
(B) =) -5 (E) =5 -5 =30
which shows that my is surjective and is generically finite of degree 2. O

By the same argument as in the proof of Proposition 6.9, this lemma implies the following.
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PROPOSITION 7.8. One of the following holds:

(i) The point p is not a maximal centre.

(ii) There is a birational involution o: X --» X which is a Sarkisov link centred at p.

7.4 The %(1, 2, 3)-point and birational non-rigidity

Let p be the point of type %(1, 2,3). We will show that there is a Sarkisov link to a Mori fibre
space which is not isomorphic to X, starting with the Kawamata blowup ¢. We denote by q € X
the unique singular point of type %(1, 1,4).

LEMMA 7.9. By a choice of coordinates, we can assume p = py,, q = py, and that the defining
polynomials of X are of the form

Fy = tito + vaz + vas + fio,

Fy = tyu + vby + ubs + g11,

F3 = tov + ves + au? + uhg + hia,

Fy = t3y + to(vdy + udy + hg) — Buwv + vhj + uhy + hia

Fs = t32 + t1(vea + ues + go) + Bv? + vuey 4 vgr + ues + ugs + g14
for some o, f € C\ {0}, ai, b;, ..., fi € Clz,y,z2], gi € Clz,y, 2,t0] and h;, hy € Clz,y, z, 1] with
t2y ¢ hio and t%z ¢ g14. Moreover, if X is general, then Condition 7.11 below is satisfied.

Proof. The syzygy matrix can be written as

as Qg4 A5 AG

M — 0 Bs au + toby + tlbll + bg By
0 0 —pfv+uc +toca+tich+cr vl +udy +toes +tics+cg |’
0 O 0 vdy + uds + tody + t1d) + dy

where o, 8 € C, a;,b;,b,,¢,¢,,c,di,d; € Clz,y, 2] and A;, B; € Clz,y,z,t0,t1,u,v]. We will
choose suitable coordinates such that the defining polynomials of X are in the desired forms.
First, we choose tg and ¢ such that

As =tg + CL4b/1 — agcé , Bs =114+ a4b; —ascy.

Then t1tp is the unique monomial in Fj that involves only on to and ¢, so that p;, and p;, are
the %(1, 1,4)- and %(1, 2,3)-points. We are going to arrange the coordinates such that p;, and
pt, are of type %(1, 1,4) and %(1,2,3), respectively. Since py, py ¢ X, we have u € Ag, v € By
and «a, 8 # 0. It follows that we can choose u and v such that

Ag=wu—ascy, Br=—v+ub +az(dy—bich).

By the quasi-smoothness of X at py, and p;,, we have t%y € Fy and t%z € F5, which imply y € c3

and z € dJj, respectively. Hence, we can choose y and z such that ¢3 = —y and d} = z + V5.
Under the above choice of coordinates, the polynomials F, ..., F5 are in the desired forms.
We have

Fy = tito + v(—PBas) + (other terms),
Fy = tju + v(asc) + aq) + (other terms),
Fs = t32 4+ tyv(dy — b)) — ) + fv? + (other terms).
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Clearly, y € —fas and z € asc} + a4 for a general X since § # 0. We see that the set
(—Bas = azch + as = z + v(dy — b ¢} — ch) + fv* = 0)
consists of 2 distinct points for a general X, and the proof is completed. O

Remark 7.10. Under the above choice of coordinates, p, is of type %(195, 2v,3y) and py, is of type
1
g(lma 1u7 42)

We assume the following condition, which is satisfied for a general X by the above lemma.

CONDITION 7.11. We have y € a3 and, under the above choice of coordinates, the set
(CL3 =by =z +vey + fv? = 0) C P(1;,3y,42,2y)

consists of 2 distinct points.

We see that each monomial in Fy = tju+ vby + ubs + g11 has initial weight at least 6/5 except
for tyu, so that the weight wt(z,y, z, to, u,v) = %(1, 3,4,5,6,2) =: w satisfies the KBL condition.
It follows that ¢ is realized as the embedded weighted blowup with weight w, and we have an
isomorphism

E = (tg+vag = u+vby = z + ves + fv° = 0) C P,
where P = P(1;, 3y, 4., 54y, 64, 2,). Let X --» IP(1,3,4,5,6) be the projection to z, y, z, ty, u which
is defined outside p, and denote by Z its image. Let p: Y --+ Z be the induced birational map.

LEMMA 7.12. The map p is a birational morphism, and it is the anticanonical model of Y .

Proof. We see that the sections x, y, z, tg, u lift to plurianticanonical sections on Y and that
they restrict to E the coordinates x, vy, z, t, u of P. It is straightforward to see

(r=y=z=t=u=0NE=0,

which implies that p is everywhere defined. For a general point of Z, its inverse image via p is a
single point since we can solve t; and v in terms of F} = F» = 0, which can be expressed as

to az\ (t1) _ _ (uas+ fio
uw bs) \v ubs +g11/)
This shows that p is birational and thus it is the anticanonical model of Y. O

The following lemma will be used in order to show that p is a small contraction.

LEMMA 7.13. Let V be a Q-Fano variety of Picard number 1, and let ¢: W — V be a Kyy-
negative extremal divisorial contraction with exceptional divisor E. Suppose that W admits a
Kyy-trivial divisorial contraction ¢p: W — U which contracts a divisor G. If a prime divisor D
on W is Q-linearly equivalent to —AKyw — uFE for some A, i with y > 0, then D = G.

Proof. Note that Pic(V) ® Q is generated by —Ky and E, and the cone of effective divisors
on W is generated by E and G.

Since ¥: W — U is divisorial and — Kjyy-trivial, there are infinitely many curves on W
contracted by 1 and they intersect —Kyy trivially and E positively. By [Okal7, Lemma 2.20)]
(see also [CP17]), the contraction ¢: W — V is not a maximal extraction. This implies that a
divisor which is Q-linearly equivalent to —\ Ky — ¢/ E' is not mobile if ¢/ > 0 (because otherwise
¢ is a maximal extraction).
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Let D ~g —AKw — pkE, where 1 > 0, be a prime divisor. We assume D # G. Since the cone
of effective divisor of W' is generated by F and G, we can write D ~g kG + [E for some rational
numbers k,I > 0. Take a positive integer m such that mD ~ mkG + mlE and mk, ml € Z.
This linear equivalence implies that the linear system |mD| is mobile since D # G, E. This gives
a contradiction and the assertion is proved. O

LEMMA 7.14. The map p is a flopping contraction.

Proof. We see that the set
(ag=by=0)NE = (a3:b4:t0:u:z+veg+02:0) cP
consists of 2 points {q1,q2} and that both of them are mapped to the same point q € p(E) via p,
where
{9} =(ag=bys=to=u=0) C P(1,3,4,5,6).
Note that this in particular implies that p is not an isomorphism.

It remains to show that p is not divisorial. Assume that p is divisorial, and let G be the
prime divisor on Y contracted by p. Since G is contracted by the B-trivial contraction p, we
have (B? - G) = 0. Since (B?) = 1/20, we compute

—(B2-G) = k(B — (B E) =~k gty = g 1L
0=(B*-G)=k(B’) - (B E)_on: 52l(E)_20k: sl

Since k and [ are integers, we have G ~g m(10B — 3E) for some positive integer m. We will
construct a prime divisor on Y which is Q-linearly equivalent to AB — uFE for some A and y with
0 <A< 10 and g > 0. We have

baFy — asFy = t1(tobs — uag) + ba(uas + fio) — as(ubs + g11) -
Thus, on X, we have
t1 (t0b4 — uag) = —b4(ua4 + f10) + ag(ub5 + 911) .

Each monomial on the right-hand side of this equation vanishes along E to order at least 14/5.
Let H ~qg 9A be the divisor on X defined by tobs —ua3z = 0. We have H ~Q 9g0*A—%4E =9B—F.
Note that H is not necessarily irreducible or reduced. However, there is a prime divisor D (which
is a component of H ) such that D ~g AB — pE with g > 0. The integer A necessarily satisfies
0 < A < 9. This implies D # G. By Lemma 7.13, this gives a contradiction and p is small. O

Let ¢': Y’ — X be the Kawamata blowup of X at the %(1, 1,4)-point q = py, with exceptional
divisor E’. We see that ¢’ can be realized as the embedded weighted blowup with the initial weight
wt(z,y, 2, t1, u,v) = %(1,3, 4,5,1,2), so that we have an isomorphism

E' = (t; +vas + uas = v+ au® = y + vdy + udy — fuv = 0) C P’

where P’ = P(1,3y, 42, 54,5 Lu, 20)-

Let 1: Y — Y be the Kawamata blowup of Y at the %(1, 1,4)-point p~1(q). We denote by
m: X --+ P(1,3,4) the projection to xz, y, z and by 7: Y --» P(1,3,4) the induced rational map.
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We have the following diagram:

where ¢/: Y — Y’ is the Kawamata blowup of Y’ at the 1(1,2,3)-point ¢ !(p) and 7 is the
rational map induced by m. Note that the exceptional divisors of ) and v’ are E' and E, which
are the proper transforms of E’ and FE, respectively, where we recall that E’ is the exceptional
divisor of the Kawamata blowup ¢': Y/ — X at the %(17 1,4)-point q = py,. We set B = —Ky
and B = — K. It is straightforward to compute that (B*) = 1/20 and (B3) = 0.

LEMMA 7.15. The map 1 is a morphism which is an elliptic fibration. Moreover, F and E' are,
respectively, 2- and 3-sections of 7).

Proof. The indeterminacy locus of the projection 7: X --+ P(1,3,4) is the set E := (z =y =
z=0)NX. We have

F1(0)0705t07t17u5 U) - tlth FQ(0,0,0,tO,th,’I}) :tluv
so that = = 21 U 2y, where
Ei=(rz=y=2=t=0NX, ZEZx=(rx=y=z=tr=u=0NX.

By looking at the other polynomials F3, Fy and F, it is easy to check that =1 = {p;, } and Zg =
{pt, }. This shows that 7 is defined outside {py,, ps, }. The proper transforms of the sections z, y
and z on Y restrict to the coordinates z, y and z on E C P, and we have (x =y =2z =0)NE = 0.
This shows that 7 is defined at every point of E. For A\, u € C, we set Sy = (y— A =0)NX
and T, = (z — pa* = 0) N X. We see that Sy N T}, is the fibre of mo ¢: Y —-» P(1,3,4) over the
point (1:A:p), and that S \|E and T, | E are hyperplane sections of degree 3 and 4, respectively,
on E C P, so that we have

3-4-5-6-4
1-3-4-5-6-2
This shows that E is a 2-section of 7. Let us explain this computation in more detail. Since F is a

complete intersection in P defined by equations of degree 5, 6 and 4 and S \| g and Tﬂ | p correspond
to hypersurfaces in P of degree 3 and 4, respectively, we have (S)|g-T,|g)E = 3-4-5-6-4-(Op(1))5.

(Sx T+ B) = (Shlp - Tulp) p =

The proper transforms of the sections z, y, z on Y restrict to the coordinates x, y, z on
E' C P, and we have (x = y = z = 0) N E' = (). This shows that 7 is defined at every point
of E'. We see that Si NT3, where S} = ¢ 1S, and T, = w’:lTH, is the fibre of ¢’ o 7 over the
point (1:X:y) and that S}|p and T/i| g are hyperplane sections of degree 3 and 4, respectively,
on F' C P, so that we have

3:4:5-2-3

“1345132 °

(S5 T ) = (Siler - Tiler)
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This shows that E is a 3-section of . We note that the intersections Sy NT,NE and S4N T,NE
can also be computed explicitly using local coordinates.

Thus 7 is everywhere defined. It is clear that the sections z, y, z lift to sections of B, 3B, 4B
respectively, so that 7 is the anticanonical morphism and it is an elliptic fibration. O

By Lemma 7.14, the map p is a flopping contraction. Let 7 = 79: Y --+ Y] be the flop of p.
Then Y; admits a Ky,-negative extremal ray because otherwise Ky, is nef and big, which is
impossible. There are 3 options: Y; is a Mori fibre space, Y7 admits a Ky,-negative divisorial
contractions to a Q-Fano 3-fold or Y; admits a flip Y7 --» Y5. In the last case, Y5 also has
the same options since Ky, is not nef and big. Thus the flop Y --» Y; followed by a sequence
of flips gives a 2-ray game which ends with a Mori fibre space; that is, we have a Sarkisov link
o: X --» X /S to a Mori fibre space. We will show that X is not isomorphic to X, which requires
all the results of this section.

THEOREM 7.16. The Sarkisov link o starting with the Kawamata blowup of X at the %(1, 2,3)-
point p is a link to a Mori fibre space which is not isomorphic to X. In particular, X is not
birationally rigid.

Proof. We assume X = X. Then the link o sits in the diagram

y Ty, -0 Ly, Ty
‘ ‘
X X,

where 7; is a flip for ¢ > 1 and ¢ is an extremal divisorial contraction. We see that ¢ coincides with
either ¢ or ¢’ because a centre other than p and py, is not a maximal centre. By Proposition 7.8
(see also [Okal7, Lemma 3.2]), the Sarkisov link starting with ¢’ ends with ¢’. By the uniqueness
of a 2-ray game starting with a given divisorial extraction, @ cannot be ¢’ and hence @ = .
Now Y 2 Y, so that it does not admit an inverse flip, which implies that 7,,, cannot be a flip.
Thus m = 0, that is, the link involves only the flop 7.

We have the following diagram:

where p’ is a flopping contraction. Note that p’ can be decomposed as p’ = #op, where 0: Z — Z
is an automorphism, since 7 induces an isomorphism between the anticanonical model Z of Y.
Let 7: Y --» Y be the birational automorphism induced by 7. We set N = B4eE for0<e < %,
which is nef and big since ¥*B = B+ %E’ is nef and big and B is nef. We choose 0 < £ < %
such that N is ¥-ample. Let p: Y — Z be the contraction associated with N.

We will show that the curves contracted by p are precisely the proper transforms of the
flopping curves on Y. Let I' C Y be a flopping curve. Then

1

0<(B-F)=(B-T)~ (B -T) = (E' 1) <0.

This shows D' N E' = 0 and (B -T) = 0. In particular, I" is contracted by p. Let A C ¥ be an
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irreducible curve on Y which is contracted by p. Note that A ¢ F' since N is i-ample. Then
0=(N-A)=(B-A)+e(E'-A)>¢(F-A) >0,

which implies ANE =0 and 0 = (B-A) = (B -1,A). Thus A is the proper transform of a
flopping curve on Y.

By the above argument, the curves contracted by p form a Ky-trivial extremal ray and p is
a flopping contraction over P(1,3,4). Moreover, Z is obtained as the Kawamata blowup of Z at
the $(1,1,4)-point g := p(¢'(q)). Since the point ¢ '(q) € Y is the unique singular point of
type %(1, 1,4), the point q € Z is the unique point of type %(1, 1,4). Hence 6 fixes q. It follows
that the birational map 7: Y --» Y is the flop of p, and we have the following commutative
diagram:

P(1,3,4),

where 1’ = x on for some automorphism x of P(1,3,4) since the flop 7 induces an isomorphism
of the anticanonical model P(1,3,4) of Y. Thus 7 is an isomorphism in codimension 1 and it
induces an isomorphism between the generic fibres of n and 7’'.

We have 7,B = B since 7 is small. By construction, we have #.E' = F' (because 0(3) = q).
Since the Weil divisor class group of Y is generated by B, FE and E’, we can write #,F =
aB - BE +~E' for some integers a, 3, v. Clearly, o > 0 since #,E is effective and non-zero. Note
that 7. F = aB — SF, and since 7 is a flop, we have g8 > 0. If a = 0, then 7.F = —8F and this
gives a contradiction since 7, F is effective. Hence a > 0. We have

(#3),E=a(l - B)B + B2E +~y(1 - B)F .

Since (%2)*177 is effective, we have a(1 — ) > 0, which implies 5 < 1. Thus we have § = 1. Since
7 induces an isomorphism between generic fibres of the elliptic fibrations n and 7/, the divisor
#.F is a 2-section of n'. Clearly, F and E' are 2- and 3-sections, respectively. Then, for a general
n'-fibre C’, we have

2= (#E-C')=a(B-C')— (E-C") +y(E' - C') = -2+37.

This gives a contradiction since v € Z. Therefore, ¢ cannot be a birational automorphism of X.

O]

Remark 7.17. We are unable to give an explicit construction of the link o, and we do not even
understand whether the target Mori fibre space X /S is a strict Mori fibre space or not.

8. Pfaffian Fano 3-fold of degree 1/4

Let X = X7889.10 C P(14,2y,32),32,, 449,44, 5u) be a Pfaffian Fano 3-fold of degree 1/4. The
main aim of this section is to prove that there is a Sarkisov link centred at the i(l, 1, 3)-point
to a Mori fibre space other than X. This implies that X is not birationally rigid. For a rigorous
proof, we need to exclude or untwist the other centres, so we will exclude points of type 5 (17 1,1)
and construct a Sarkisov link centred at each 3(1, 1,2)-point which is a birational 1nv01ut10n
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The syzygy matrix of X and the defining polynomials are given as follows:

Fi = ascs — asbly + akb
0 a a3 d) as 1 2C5 304 + asby,

0 by bi; bs Fy = agcg — azbs + agby,
M = 0 ¢ ¢, Fz3=asdsg— agbg) + CL4b£1 ,
0 ds Fy = asdg — aécG + aycs,

0

Fy = bydg — bi;CG + bses .
The basket of singularities of X is

1 1 1
—(1,1,1 —(1,1,2),—(1,1 .
{ax 5010350125019}

8.1 Exclusion of the %(1, 1, 1)-points
Let p be a point of type %(1, 1,1). Throughout the present subsection, we assume y € as and
then, re-scaling y, we may assume that the coefficient of y in a2 is 1. Replacing vy, tg, t1, we
assume p = p,. We have u? € Fy since py ¢ X, which implies u € bs, c5. It follows that yu € F;.
After replacing u, we may assume that yu is the unique monomial in F; which is divisible by .
For the entries of the syzygy matrix M, we can write az = ¢; + (other terms), af = lo +
(other terms), b5 = yl3 + (other terms), c5 = yly + (other terms), cg = dy> + q1 + (other terms)
and dg = €y> + g2 + (other terms), where §,¢ € C, £1,...,44 and qi, g2 are, respectively, linear
and quadratic forms in to and t;. Let 3,7 € C be the coefficients of y? in by and b, respectively.
We exclude the point p assuming the following generality condition.

CONDITION 8.1. We have y € as and the system of equations
q — lils = q2 — laly = Bgo — vq1 + L3y =0
does not have a non-trivial solution.

LEMMA 8.2. If X satisfies Condition 8.1, then no singular point of type %(1, 1,1) is a maximal
centre.
Proof. We will prove that the set {z,%o,t1,u} isolates p. We set IT = (z =ty = t; = u = 0).
Then we can write
0 Yy fl 22 ay2
0 By* vy*  yls

M|y = 0 yly 0°+aqn|,
0 e+
0
where «, 3,...,¢ € C and ¢; and ¢; are polynomials in zg and z; which are linear and quadratic,

respectively. Hence we have
Filn = y* (b —v01 + Bla)
Bln= 0+ aB)y* +yla — (103)
Bln = (e + an)y* +ylga — lals)
Falu = y*(ely — 8ly + aly) + brga — baqn
Fyln = (B —10)y° + v*(Baz — va1 + €34) .

By our choice of coordinates, there is no monomial in F; divisible by y other than yu, so that
by — b1 + Bla = 0. Since p = py € X, we see that the coefficients of vy, y* and 9° in Fy, Iy
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and Fj, respectively, are zero, which implies
d+af=c+ay=0c—7v=0.
Combining the above observations, we have
ely — by +aly = (e +ay)ly — (0 + af)ls =0,
hence Fi| = 0 and
Fln =yl — ls), Fsln=y(q —l2l3),
Fyln=liga —laqr,  Fsln = y*(Baz — va1 + €3la) .

By Condition 8.1, the intersection X N II consists of p and the 3 points of type %(1, 1,2). Thus
{x,to,t1,u} isolates p.

We see that g3z, y?29, y221 and yu are the monomials of degree 7 having initial weight %
By our choice of coordinates, yu is the unique monomial with initial weight % It follows that
ordg(z,to, t1,u) > %(1, 2,2,3). Hence L = 4¢p*A — %E is nef by Lemma 3.3 and we compute

(L-B?) =4(4%) — (B = — 2 =0.

Therefore, p is not a maximal centre by Lemma 3.1. O

8.2 The %(1, 1, 2)-points and birational involutions

Let p € X be a point of type %(1, 1,2). For a polynomial f = f(x,y, 20, 21, o, t1,u), we write
f = £(0,0, 20, 21, to, t1,0). Note that, for the entries ag, aj and a4, by, b} of the syzygy matrix
of X, the polynomials a3, a4 and as, bs, by are linear forms in zg, 21 and to, t1, respectively. Note
also that ¢ and dg are quadratic forms in zg, 21.

CoNDITION 8.3. The set
(—@3621 + d§,134 = @3626 — dgEG = a4 = 0) - P(Szm 321) X P(4t0, 4t1)
is empty.
It is clear that Condition 8.3 is satisfied for a general X, and we assume that X satisfies it.

Remark 8.4. Let X be a Paffian Fano 3-fold defined by the syzygy matrix

ag as ay ayq

M= 0 by b, bs
0 C; Cg ’
0 dg
and let I,..., F5 be defining polynomials. For o € C, the matrices
az az—oay  aj a4 az az a4y —aag a4
o 0 b4 — Oébil bﬁl b5 r 0 b4 bﬁl — Oéb4 b5
Mo = 0 cs cg—oadg |’ My = 0 cs c6
0 dg 0 dg — acg

both define the same Pfaffian 3-fold X with defining polynomials Fy, Fo — aF3, F3, Fy, F5 and
I, Fy, F3 —aFs, Fy, F5, respectively.

The following choice of coordinates will also be used in the next subsection.
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LEMMA 8.5. Let p € X be a point of type %(1, 1,2) and q € X the point of type %(1, 1,3). By
a choice of coordinates, we can assume p = p,, and q = py, and that the polynomials Fi, ..., Fj
are written as follows:

Fi = ti1z1 + uas + tpas + ar,

Fy = titg + ubs + tobg + 21b5 + bg

F3 = zyu+ ucs + t§ + tocs + tiga + 2105 + cs
Fy = 2320 + utg + ugy + togs + t1g + 21ds + do ,
Fs = t2y + t1(uey + hg) + u? + uhs + hig,

where a;, b;, ¢;,d;, e; € Clz,y, 20, gi € Clz,vy, 20, 21] and h; € Clx,y, 20, 21, to] are all contained in
the ideal (w,y, 29) and satisfy 2o € bg and 23z ¢ ho.

Proof. We have u € bs, c5 since u?> € Fs by the quasi-smoothness of X. The equation asbs =
(141321 = 0 has a unique non-trivial solution, which corresponds to the i(l, 1,3)-point of X. It
follows that by = b = 0 has no non-trivial solution, and the solution a4 = 0 corresponds to
the i(l, 1,3)-point. We choose coordinates such that p = p,, and q = py,, which are equivalent
to zo | (asds — a4ce) and as = to. By suitable modifications of the matrix M in Remark 8.4,
we may assume as = zg. We have t1 € by because otherwise the set in Condition 8.3 contains
the point ((0:1),(0:1)), which is impossible. Again by a suitable modification of M, we may
assume b = to. Then, since neither by = b}, = 0 nor a3 = a4 = 0 has non-trivial solution, we
have t; € by and 2 € as. Replacing t1 by t1 — e1tg and 21 by 21 — 229 for some 1,62 € C, we
may assume by = tq, a4 = to and a = z1. So far, we have chosen coordinates such that p = p,,,
q = pt, G3 = 20, @y = 21, by = t1, by = to and zy | &, where the last assertion follows from
20 | (C_L3J6 — (_Ig56) and az = zg.

We further replace coordinates while preserving the above properties. We replace u in such
a way that ¢; = u. We replace zy by hs(x,y) and 21 by z1 — hi(z,y) for suitable hs, by € Clz, y]
such that a3 = zp and a4 = 2z;. Now we can write the syzygy matrix M as

as 20 21 to + As
M= 0 t1+B4 t0+21b/1+b£1 au+t0€1+t16,1+B5
0 U ucy + toca + t10’2 +Cs |’
0 udy + tods + tldé + Dg
where o € C\{0}, ag, as,dl, ..., d5, e1,€} € Clx,y, 2] and Ay, By, Bs, Cg, Dg € Clz,y, 20, z1]. We
replace tg by tog — A4 — asch + € zp so that, after the replacement, we have Ay = —aac, + €} 2.

We then replace t1 by t1 + b 29 — By so that, after the replacement, we have By = b 2.

We claim y € d}. Indeed, since q = py, is of type %(1, 1,3), we have t?y € F5. The terms in
Fy divisible by 7 are computed as t3d5. Hence y € d} and the claim is proved. We replace y in
such a way that d, = y. We finish the choice of coordinates and in the following we observe that
this is the desired choice of coordinates.

We compute Fi, ..., F5. In the following descriptions, omitted terms - - - consist of monomials
in the variables x, y and zp. We have

Fi =t121 +uas —tozg + - -+,

Fy = titg + u(age; — azo) + to(ages + by 20) + aaCs — 20Bs + -+ -

Fy = —aziu+uagdy + 1§ + to(—z1e1 + -+ ) + t1(aady — z1€1) + aaDg — 21Bs + -+ -,
Fy = u(to— z1e1 + - -+ ) + t1(20y — 21¢5) + to(z0d2 — z102) + 20D6 — 21C5 .
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Recall that zgDg — 21Cg = 0 has 3 distinct solutions (corresponding to 3 points of type %(1, 1,2))
and, by our choice of coordinates, 2 | 20D — 21Cs. It follows that z% ¢ Cs and z% € Dg. Thus,
it is easy to see that Fj, F5 and F3 are in the form described in the statement after re-scaling w.
We have z%zo € Fy = z9Dg — z1Cg, which shows that Fy is also in the desired form. Although we
do not write down F5 explicitly here, it is easy to verify that

F5 = t%y + t(ue1 -+ h6) + 5u2 + uhs + hig

for some g € C\ {0}, ¢; € Clz,y,20] and h; € Clz,y, 20, 21, to]. It is easy to observe that
hs, hio € (2,9, z9) because their degrees are not divisible by 3, and neither can contain a power
of z1. This also explains that g;, g} € (x,y, z0). Note that hg = Dg — bjchz1 + - -+ and it contains
z% By replacing F5 by Fs — vz1F1, we can eliminate the term z% in hg. Finally, replacing y by
By and then replacing F5 by %F5, we may assume 3 = 1. This completes the proof. O

We choose and fix coordinates as above. It is easy to see that z1t; is the unique monomial
in I = z1t1 + uag + tpasz + a7 having initial weight % since a; = a;(x,y, zp) has initial weight %
The Kawamata blowup ¢: Y — X at p is realized as the embedded weighted blowup at q with
weight wt(x, y, 2o, to, t1,u) = %(1,2,3, 1,4,2) =: w.

Let m: X --» P := P(1,2,3,4) be the projection to the coordinates z,v, 2zo,t1, and let
my: Y --»P(1,2,3,4) be the induced rational map. We take H € |Op(1)|.

LEMMA 8.6. The map my is a surjective generically finite morphism of degree 2 such that B =
my-H.

Proof. By Lemma 8.5, it is easy to observe that the indeterminacy locus of 7, which is the set
(x =y =2zp =t =0)NX, consists of the single point p since aj, ..., €;, gi, gi, h; all vanish along
(x =y = 20 = 0). We have an isomorphism

E = (t1 +uas + toas = u + atg + vtoxr = 20 + uto + dur = 0) C P(14,2y, 320, Ltg, 411, 2u) ,

where 7,9 € C are the coefficients of tgz1x and zyx in hg and g4, respectively. The sections x, ¥,
zp, t1 lift to plurianticanonical sections on Y and restrict to the coordinates z, y, zg, t1 of the
ambient weighted projective space of E. It is clear that

(x=y=20=t1=0)NE =10

since a # 0. This shows that 7y is everywhere defined. We see 73, H = B, and we compute
(H3) =1/24 and

1 1 1 1
B) =(4% - (B} =-—--=—.
From this, we see that my is surjective and has degree 2. O

By the same argument as in the proof of Proposition 6.9, the above lemma implies the
following.

PROPOSITION 8.7. One of the following holds:

(i) The point p is not a maximal centre.

(ii) There is a birational involution o: X --+ X which is a Sarkisov link centred at p.
8.3 The %(1, 1, 3)-point and birational non-rigidity

Let p be the point of type %(17 1,3). We will show that the Kawamata blowup ¢: Y — X leads
to a Sarkisov link to a Mori fibre space which is not isomorphic to X. The arguments are similar
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to those in Section 7.4 but more complicated. Note that the X has 3 points of type %(1, 1,2),
denoted q1, g2, q3. We choose coordinates as in Lemma 8.5 for the %(1, 1,2)-point q; and the
%(1, 1,3)-point p such that q; = p,, and p = py,.

Recall that Lemma 8.5 is based on Condition 8.3, which we assume in this subsection. In
addition, we assume the following condition, which is satisfied for a general X.

ConDITION 8.8. Under the choice of coordinates as in Lemma 8.5, we have y € ao and the set
(a2 = by =y +uer +u* =0) C P(14,2y,32, 1u)

consists of 2 distinct points.

The Kawamata blowup ¢: Y — X at p is realized as the embedded weighted blowup with
the initial weight wt(z,y, 20, 21, to, u) = Win = %(1, 2,3,3,4,1), and we have an isomorphism

F= (21+ua2:t0+ub3:y+ue1+u2:0) c P,

where P = P(1,,2y,32,,32,,4¢y, lu). Let X --»P(1,2,3,3,4) be the projection to z, y, 20, 21, to,
and denote its image by Z. Let p: Y --» Z be the induced map.

LEMMA 8.9. The map p is a flopping contraction.

Proof. By Lemma 8.5, it is easy to observe that the projection X --+ P(1,2,3,3,4) is defined
outside p. The sections x, ¥y, zg, 21, to lift to plurianticanonical sections on Y and restrict to £
the coordinates x, y, 2g, 21, to of P. We see

(x=y=2=21=tr=0NE=0,

which shows that p is a morphism. By the same argument as in the proof Lemma 7.12, we see
that p is birational and is the anticanonical model of Y. The set (a2 = b3 = 0) N E consits of 2
points by Condition 8.8, which is mapped to the same point via p, which shows that p is not an
isomorphism.

It remains to show that p is small. Assume that p is divisorial, and let G be the prime divisor
on Y contracted by p. Since (B?-G) = 0, we have G ~¢g m(2B — E) for some positive integer m.
By the same argument as in the proof of Lemma 7.14, the proper transform H of the divisor
H on X defined by z1b3 — tgae = 0 satisfies H ~q@ 6B — E. By Lemma 7.13, a component of
H which is Q-linearly equivalent to AB — uE for some A, g with g > 0 is G. It follows that H
contains G as a component. This in particular implies m < 2. We see that ¢.G ~g 2mA is cut
out on X by a polynomial of degree 2m with 2m = 2 or 4. Hence, ¢,G contains the 3 singular
points of type %(1, 1,2), and we conclude that H contains the 3 singular points of type %(1, 1,2).
But this is impossible since H ~g 6A, and 6A is defined by z1b3 — tpaz = 0 and contains at most
2 singular points of type %(1, 1,2). This gives a contradiction, and p is a flipping contraction. [

Let ¢} : Y{ — X be the Kawamata blowup at the %(1, 1,2)-point q; with exceptional divi-
sor FY. As is argued in the previous subsection, ¢} is realized as the embedded weighted blowup
at q1 = p,, with weight wt(x,y, 2o, to, t1,u) = %(1, 2,3,1,4,2) and we have an isomorphism

B} = (t1 + uas + toas = u + t§ + ytow = 20 + utg + duz = 0) C P/

for some v, 6 € C, where P' = P(1;, 2y, 3., L1y, 4¢,, 2u)-

Let ¢1: Y7 — Y be the Kawamata blowup of Y at the %(1, 1,2)-point »~1(q1). We have
a natural birational morphism v : Vi — Y] which is the Kawamata blowup of the %(1, 1,3)-

point ¢’ l_l(p). We see that the proper transforms Ey and E{ of E and E] are the exceptional
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divisors of wjl and 11, respectively. We denote by m1: X --» P(1,2,3) the projection to z, y, zo
and by 71: Y --» P(1,2,3) the induced rational map. We set B = —Ky and B = —Ky..

LEMMA 8.10. The map 1 is a morphism which is an elliptic fibration. Moreover, Ey and E{ are,
respectively, 2- and 3-sections of ;.

Proof. We first show that 71 : X --» IP(1,2,3) is defined outside the set {qi,p} = {pz,, pt, }- The
indeterminacy locus of 7 is the set = := (x =y = 29 = 0) N X. We have

Fl(0,0,0,Zl,tO,t]_,’LL) = tlzl) F2(0)0)07 Zl)t07t17u) = tltO)

sotht E=(x=y=2=t1 =0)U(x =y =20 =2 =t =0). By looking at the other
polynomials F3, Fy and Fj, it is easy to check that the former and the latter sets are {p,, } and
{pt, }, respectively, so that = = {p.,, ps, }. It is straightforward to see (z =y =20 =0)NE =
(x =y =2 =0)NE =0, which shows that 7; is a morphism. Since x, y, zo lift to sections of
B, 2B, 3B , respectively, 7; is the anticanonical morphism of Yl, that is, it is an elliptic fibration.

For \,p € C, we set Sy = (y — A2 = 0)NX and T, = (20 — pz® = 0) N X. We see
that Sy N T},, where Sy and T are the proper transforms of Sy and 7}, via ¢, is the fibre of
mop:Y --»P(1,2,3) over the point (1:A:u), and we compute

. ~ - 2:3-3-4-2

Ty - E) = T - —

(Sv- D B) = (SileTule)p = 75 55000
Thus Ej is a 2-section of 7. Similarly, S5 N T, where S} and T}, are the proper transforms of
Sy and T}, via ¢}, is a fibre of m 0 ¢} : Y{ --» P(1,2,3) over the point (1:A:x), and we compute

2:3-4-2-3
/ . T/ . E/ — / .. T/ , , = —
(S/\ A 1) (S/\|E1 #|E1)E1 1.-2.3-1-4-2

This shows that Ei is a 3-section of 7. O

3.

The above arguments hold true for q;, where i = 2, 3, instead of q; (by re-choosing coordinates
as in Lemma 8.5 for q; and p), and we obtain the following diagram for i = 1,2, 3:

where ¢ : Y/ — X, 9;: Y, > Y, (e Y, — Y/ are the Kawamata blowups at q; € X, ¢ 1(q;) € Y,
o' 1(p) € Y/, respectively, and 7;: Y; — P(1,2,3) is the elliptic fibration induced by the natural
projection m;: X --» IP(1,2,3). Let E! be the ¢}-exceptional divisor, and let E; and El’ be the
proper transforms of E and E! via v¢; and 1}, respectively. By Lemma 8.10, the transforms E;
and E; are a 2- and 3-sections of 7, respectively.

THEOREM 8.11. The Sarkisov link o starting with the Kawamata blowup of X at the (1,1, 3)-
point is a link to a Mori fibre space which is not isomorphic to X. In particular, X is not
birationally rigid.
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Proof. Assume that the link ¢ is a birational automorphism. Then, by the same argument as in
the proof of Theorem 7.16, we obtain the flop 7 of p: X — Z, which is a birational automorphism
sitting in a diagram

Y-——--T - _>Y
N
@ ¥
X 7 9. 7 X

where 0 is an automorphism. Note that Y has 4 points of type %(1, 1,2), that is, p~1(q;) for
i1 =1,2,3 and the point q on the exceptional divisor E. By the same argument as in the proof
of Theorem 7.16, the curves contracted by p do not pass through ¢~!(q;) for i = 1,2, 3; hence p
is an isomorphism around ¢ ~'(q;). We set §; = p(v (q;)) € Z, which is of type %(1,1,2)7
and g = p(q). Since 6 is an automorphism, it maps a (1, 1,2)-point to a %(1,1,2)-point, and
the set of %(1, 1,2)-points on Z is contained in {qy,...,qs,q}. By renumbering, we may assume
6(q1) # q. Set 0(q1) = q; for j € {1,2,3}.

Fori=1,7, let p;: Y; — Z; be the morphism induced by N; = _KYQ + €E; for a sufficiently
small £ > 0. By the same argument as in the proof of Theorem 7.16, the morphism p; is a flopping
contraction and Z; is obtained as the Kawamata blowup of Z at ;. Now, since 6(q1) = q;, the
automorphism 6: Z — Z induces an isomorphism 0: 7y — Zj, and we have the following
diagram:

Yo G -7,
wll A Fi l%
Y n—-—="s7 Y
N |
@ ®
X A o A X,

where 7: ¥ --» Yj is the map induced by 7: Y --» Y. By construction, 7, E} = E; Hence 7 is
an isomorphism in codimension 1; that is, it is a flop. By considering the anticanonical models
of Y1 and Y}, we obtain an automorphism of P(1,2, 3) sitting in the commutative diagram

P(1,2,3) —=P(1,2,3),
and 7 induces an isomorphism between generic fibres of the elliptic fibrations 71, ;.
We set B = — v, and B; = —Kf,j. Then #.B; = E’j and %*E{ = E; We can write

TwEh = aBj — BE; + 7E§- for some integers «, (3, . Since 7, induces an isomorphism between
the divisor class groups, we have

1 0 0
a —fB v| €GLs(2),
0 0 1

which implies 8 = 1. Since %*El, Ej and EJ’ are 2-, 2- and 3-sections of n;, respectively, the

computation of intersection numbers of 2B = osz — Ej + 7]@2 and a general fibre C' of 7); gives
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~v = 4/3. This gives a contradiction since v is an integer, and the proof is completed. ]

9. The table

We summarize the result of this paper in the following table. The first column indicates the
numbers and the types of singular points of X. The second column indicates the existence of
a Sarkisov link centred at the corresponding point: if the second column is blank, then the
corresponding point is not a maximal centre, and the mark “Q.I.” or “d Link” indicates that
there is a Sarkisov link centred at the point which is a quadratic involution or a link to a Mori
fibre space not isomorphic to X, respectively. The third column indicates the generality condition
required to prove the result indicated in the second column.

X16,17,18,19,20 C P(1, 5y, 62, 7¢, 8u, 9, 10,); (A%) = 1/42.

$(1,1,1) no $(1,1,2) 1o
1(1,1,4) Condition 4.5 1(1,2,3) no
1(1,1,6) no

X14,15,16,17,18 C P(14,52, 62, 7¢, 84, 90); (A%) = 1/30.
1(1,1,4) Condition 5.6 2x£(1,2,3) no
£(1,1,5) no

X12,13,14,15,16 C P(1g, 4y, 52,64, T, 8y); (A%) = 1/20.
$(1,1,1) no 1(1,1,3) Condition 6.4
2x£(1,1,4) no $(1,2,3) Q.L

X10,11,12,13,14 C P(14,3y, 4,57, 64, 7y); (4%) = 1/12.
2x£(1,1,2) Condition 7.5 1(1,1,3) Condition 7.2
1(1,1,4) Q.L no 1(1,2,3) J Link | Condition 7.11

X788910 C P(13,2y,32,47,5,); (A%) =1/4.

3x1(1,1,1 Condition 8.1 3x1(1,1,2) | Q.L Condition 8.3
2 3

1(1,1,3) 3 Link | Conditions 8.3, 8.8
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