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Abstract

A Feynman-Kac-type formula for a Lévy and an infinite dimensional Gaussian
random process associated with a quantized radiation field is derived. In partic-
ular, a functional integral representation of e *PF generated by the Pauli-Fierz
Hamiltonian with spin 1/2 in non-relativistic quantum electrodynamics is con-
structed. When no external potential is applied Hpp turns translation invariant
and it is decomposed as a direct integral Hpp = fng Hpp(P)dP. The functional
integral representation of e *Pr(P) ig also given. Although all these Hamilto-
nians include spin, nevertheless the kernels obtained for the path measures are
scalar rather than matrix expressions. As an application of the functional integral
representations energy comparison inequalities are derived.
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2 The Pauli-Fierz model with spin

1 Introduction

Functional integration proved to be a useful approach in various applications to quan-
tum field theory. For the case of a quantum particle linearly coupled to a scalar boson
field, the so called Nelson model, it gives a tool to proving existence or absence of a
ground state in Fock space [LMS02a]. Furthermore, ground state properties can
be derived in terms of path measure expectations [BHLMS02], and the question how the
model Hamiltonian and its ground state behave under lifting the so called infrared and
ultraviolet cutoffs can also be treated by the same method [LMS02D, [GLOTal [GLOTH].
Another problem studied by this approach is that of the effective mass [BS03, [Spo87].
Some of these results have been obtained by functional integration only, thus sometimes

it offers a complementary method rather than a mere alternative.

In contrast with Nelson’s model, the Pauli-Fierz model describes a minimal cou-
pling of a particle to the quantized radiation field. The spectrum of the Pauli-Fierz
Hamiltonian has been extensively studied by a number of authors also using analytic
methods. In particular, the bottom of the spectrum of the Pauli-Fierz Hamiltonian
is contained in the absolutely continuous spectrum, no matter how small the coupling
constant is. Nevertheless, a ground state exists for arbitrary values of the coupling con-
stant without any infrared cutoff [BFS99, [GLLOT, [LL03]. Functional integration is also
useful in studying the spectrum of the Pauli-Fierz Hamiltonian which was addressed

in the spinless case so far Hir07, HLOT.

The spinless Pauli-Fierz Hamiltonian is written as
X 1 ,
HPF = 5(—2V—e¢2f) +V+Hrad (].].)

on L*(R?) @ L*(2), where the former is the particle state space and the latter is
the state space of the quantum field, &7 stands for the vector potential, H,,q for the
photon field, and V is an external potential acting on the electron. These objects
will be explained in the following section in detail. The Cy-semigroup e~tHer is defined
through spectral calculus. A functional integral representation of the semigroup e~ thrr
can be constructed on the space C([0,0); R3) x g, involving a process consisting of
3-dimensional Brownian motion (B;);>o for the particle, and an infinite dimensional

Ornstein-Uhlenbeck process on a function space 2y for the field [FFGIT, [Hab9g|, [Hir97].

One immediate corollary for the functional integral representation is the diamagnetic
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inequality [AHSTS| Hir97]
inf o(—(1/2)A 4+ V + Hyq) < inf o(Hpy). (1.2)

Using the fact that a path measure exists was also applied to proving self-adjointness
of Hpp for arbitrary values of the coupling constant e [Hir00bL, [Hir02]. Furthermore,
whenever Hpy has a ground state, the path measure can be used to prove its uniqueness
as an alternative to the methods making use of ergodic properties of the
semigroup in [Gro72, [GJ68]. Other applications for the study of the ground state
include [BHO7, HLOT.

The path measure of the coupled Brownian motion and Ornstein-Uhlenbeck process
can be written in terms of a mixture of two measures as the specific form of the
coupling between particle and field allows an explicit calculation of the Gaussian part.
The so obtained marginal over the particle is a Gibbs measure on Brownian paths
with densities dependent on the twice iterated It6 integral of a pair potential function
describing the effective field resulting from the Gaussian integration [Spo87, [Hir00Oal
BHO7, GLO7a].

Previous applications of rigorous functional integration to quantum field theory
covered, as far as we know, only cases when no spin was present in the model. In
this paper our main concern is to study by means of a Feynman-Kac-type formula the
Pauli-Fierz operator with spin 1/2. (L)) is in this case replaced by
1

pr = 2

(@ (—iV — e?))> + V + Hyaa, (1.3)

where & = (01,09, 03) are the Pauli matrices standing for the spin (see details in the
next section). The random process of the particle modifies to a 3+ 1 dimensional joint
Wiener and jump process (&)i>0 = (By, 0t)¢>0, where the effect of the spin appears in
the process o; = o(—1)* hopping between the two possible values of the spin variable
o, driven by a Poisson process (NV;);>o. Our approach owes a debt to the ideas in
[ALS83], where a path integral representation of a Cy-semigroup generated by Pauli
operators in quantum mechanics was obtained by making use of an R x Zy-valued
process, with Zs the additive group of order two. As we will see in the next subsection,
the Pauli operator is of a similar form as Hpr, in fact both operators describe minimal
interactions. While in [ALS83|] only a path integral representation of operators with
non-vanishing off-diagonal elements was constructed, we improve on this here since this

part of the spin interaction in general may have zeroes.
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Another model considered in the present paper is the so called translation invariant
Pauli-Fierz Hamiltonian which is the case of Hpr above with zero external potential V.
Translation invariance yields a fiber decomposition Hpp = fﬂg Hpp(P)dP with respect

to total momentum P'*', where the fiber Hamiltonian is given by

1
Hpy(P) := o (- (P — P; — eo?(0)))” + Hyaa, P ER. (1.4)
Here P; denotes the momentum operator of the field. While the translation invariant
Hamiltonian does not have any point spectrum, Hpp(P) under some conditions does
[Fro74l, [Che01]. In [Hir(7] the functional integral representation of e=“¥(F) for the

spinless fiber Hamiltonian is constructed, where

. 1
Hpr(P) = 5 (P = P - o/ (0))’ + Hyq, P €R® (1.5)
Furthermore, uniqueness of the ground state of H pr(0) as well as the energy comparison
inequality
inf o(Hpp(0)) < inf o(Hpp(P)) (1.6)
are shown.

Our main purpose in this paper is to extend the results on the spinless Hamiltonians

mentioned above to those with spin, i.e.,

(1) construct a functional integral representation of e *7F and e #7¢ (") with a scalar

kernel,
(2) derive some energy comparison inequalities for Hpp and Hpg(P).

We stress that Hpp and Hpp(P) include spin 1/2, nevertheless the kernels of their
functional integrals obtained here are scalar. (1) is achieved in Theorems 1T and [£.2]
and (2) in Corollaries and B.4] below.

Here is an outline of the key steps of proving (1) and (2). First we assume that the
form factor ¢ is a sufficiently smooth function of compact support. Then we will see
that there exists a Pauli operator Hp(¢), ¢ € 2, on L?(R?xZy), which can be used
to define

(&
HY = / HE(6)du(9). (1.7)
2

As it will turn out, for arbitrary values of the coupling constant e,

Hpp = Hpp + Hyad (1.8)
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holds as an equality of self-adjoint operators (4 denotes quadratic form sum). Al-
though for weak couplings this results by the Kato-Rellich Theorem, it is non-trivial
for arbitrary values of e. Thus it will suffice to construct a functional integral rep-
resentation of the right hand side of (L8). However, as was mentioned before, the
off-diagonal part of Hpp(¢) may have in general zeroes or a compact support. In order
to prevent the off-diagonal part vanish we change Hpg(¢) for H&(4) by adding a term

controlled by a small parameter € > 0. Then we work with

HI€>F = HIQE‘ _'_ Hrad (19)

tH.

and obtain the original Hamiltonian by lim._,o e *fr = ¢7tPF where in fact

D
HY = /g HY(6)du(8).

In particular, instead of for the semigroup e *PF we construct the functional integral

—tHgp

representation of e By the Trotter-Kato product formula we write

e~Hr = g lim (e~ ¢/MHBE e~ (/) Hraa)n (1.10)
and derive the functional integral of the Pauli-operator e “7#(®) by using that the
form factor ¢ is chosen to be bounded and sufficiently smooth, with non-zero off-
diagonals. By making use of a hypercontractivity argument for second quantization
and the Markov property of projections, we are able to construct the functional integral

—tHgp

representation of e An approximation argument on ¢ leads us then to our main

Theorem [A.T7] for reasonable form factors.

—tHer(P) is further obtained by a combi-

The functional integral representation of e
nation of that of e”*#*F and [Hir07]. Since the functional integral kernels are scalar,
we can estimate |(F, e "Pr@)| and |(F, e "Pr(P)G)| directly, and derive some energy
comparison inequalities.

Our paper is organized as follows. In Section 2 we discuss the Fock space re-
spectively Euclidean representations of the Pauli-Fierz Hamiltonian with spin 1/2 in
detail. Section 3 is devoted to discussing Lévy processes and functional integral rep-
resentations of Pauli operators. In Section 4 by using results of the previous section
and hypercontractivity properties of second quantization we construct the functional
integral representation of e *#P¥ and derive comparison inequalities for ground state

—tHPF(

energies. In Section 5 we derive the functional integral of e P) and obtain energy
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inequalities for this case. In Section 6 we comment on the multiplicity of ground states
of a model with spin. Section 7 is an appendix containing details on Poisson point

processes and a related It6 formula adapted to our context.

2 Function space representation of the Pauli-Fierz
model with spin

2.1 Pauli-Fierz model with spin 1/2 in Fock space

We begin by defining the Pauli-Fierz Hamiltonian as a self-adjoint operator.

Fock space  Let Hy, := L?(R3x{—1,1}) be the Hilbert space of a single photon, where
R® x {—1,1} 3 (k,j) are its momentum and polarization, respectively. Denote n-fold
symmetric tensor product by ®:ym, with ®gym ‘Hy, := C. The Fock space describing
the full photon field is defined then as the Hilbert space

7 =P ®Hb] (2.1)
n=0 [sym
with scalar product
(T, )5 =D (T, 0MW)gp 4 (2.2)
n=0
and ¥ = @7, 00 & = @7, dM. Alternatively, F can be identified as the set

of fo-sequences {W(M1> = with UM ¢ Qcym Hy. The vector @ = {1,0,0,...} € F is
called Fock vacuum. The finite particle subspace %5, is defined by

(m)

ﬁﬁn;:{{@m © eZ|AIMen: ¥ =, vsz}.

Field operators ~ With each f € H; a photon creation and annihilation operator is

associated. The creation operator a'(f) : # — Z is defined by
(' (HW)™ = VnS,(fov"Y), n>1,

where S, (fi @ -+ ® fn) = (1/n) > cn, fr) @ -+ @ frn) is the symmetrizer with
respect to the permutation group II, of degree n. The domain of a'(f) is maximally
defined by

D(a'(f)) == {{‘1’(") n0

S nlSi(f @ WD) < oo} .

n=1
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The annihilation operator a(f) is introduced as the adjoint a(f) = (af(f))* of a'(f)
with respect to scalar product Z2). af(f) and a(f) are closable operators, their closed
extensions will be denoted by the same symbols. Also, they leave %, invariant and

obey the canonical commutation relations on %g,:

Second quantization and free field Hamiltonian — Although the free field Hamiltonian

=3 [ lal (k. )a(k. )k
j==+1
is usually given in terms of formal kernels of creation and annihilation operators, we
define it as the infinitesimal generator of a one-parameter unitary group since this
definition has advantages in studying functional integral representations. We use the
label F for objects defined in Fock space. This unitary group is constructed through a
functor I'. Let ¥ (X — Y') denote the set of contraction operators from X to Y. Then
I':¢(Hy, — Hp) — €(F — F) is defined as

o

I(T) := Ple"T]
n=0
for T' € € (Hy,, — Hy), where the tensor product for n = 0 is the identity operator. For
a self-adjoint operator h on Hy,, I'(¢"), t € R, is a strongly continuous one-parameter
unitary group on .#. Then by Stone’s Theorem there exists a unique self-adjoint
operator dI'(h) on .% such that T'(e?") = (") ¢ ¢ R. dI'(h) is called the second
quantization of h. The second quantization of the identity operator, N := dI'(1) gives
the photon number operator. Let wy, be the multiplication operator f — wy, (k) f(k,j) =
\k|f(k,j), k € R®, j = £1 on ‘Hy,. The operator H, := dI'(wy,) is then the free field

Hamiltonian.

Polarization vectors — Two vectors e(k,+1) and e(k,—1), k # 0, are polarization

vectors whenever e(k, —1),e(k,+1),k/|k| form a right-handed system in R® with (1)

ek, 1) X (s, 1) = /], (2) e(k, 1) - e(k, ') = b, (3) e(ks ) - /] = 0. We have
. . k. k,

Z e,u(kaj)el’(k7j) = 5,11«1/ - ‘;;?7

j=%1
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independently of the specific choice of these vectors. One can choose the polarization

vectors at convenience since the Hamiltonians Hy}. defined below are unitary equivalent
up to this choice [Sas06].

Quantized radiation field  Note that af(f) is linear in f, where a* = a, af, thus formally
a(f) =" i1 J f(F, §)a*(k, j)dk. The quantized radiation field with ultraviolet cutoff

function (form factor) ¢ is defined through the vector potentials

) = i e . @(k) CLT ‘6—ik-x @(_k) a ‘6ik~:c
AM( )_ \/ij;l/ M(k>])< wb(k) (k>]) + wb(k) (k>]) )dk

Here ¢ is Fourier transform of ¢. A standing assumption in this paper is

Assumption 2.1 We take ¢(k) = p(—k) = p(k) and \/or@, ¢/wy, € L*(R?).

Under Assumption 211 A, (x) is a well-defined symmetric operator in .. By k-e(k, j) =

0, the Coulomb gauge condition

3
Z[amw Au(x)] =0,
pn=1
holds on .Zg,. By the fact that > >~ || A,(x)"®||/n! < 0o for & € Fp,, and Nelson’s
analytic vector theorem [RS75, Th.X.39] it follows that A, (z)[z,, is essentially self-
adjoint. We denote its closure A,(z)[#,, by the same symbol A, (x).

Electron state space and Schrodinger Hamiltonian — The Hilbert space describing the

electron is L?(R?;C?). Let 0y, 09, 03 be the 2 x 2 Pauli matrices

101 10— 10
o1 .= 1 ol 0’2.—Z. ol 0’3.—0 1l

We have 0,03 = dap + Z'Zizl eamav, where €*#7 is the totally antisymmetric tensor
with €!? = 1. Then the electron Hamiltonian on L?(R3;C?) with external potential V'

is given by
3

Z (Uu(_ivu))2 + V. (2.3)

p=1

H, =

(NN

Here V acts as a multiplication operator and in some statements below it will be

required to satisfy one or both of the following conditions:

Assumption 2.2 Let V' be
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(1) relatively bounded with respect to (—1/2)A with a bound strictly less than 1;
(2) sup,cps E [e_zﬂf V(Bs)ds] < 00, for allt € (0,00).

(1) above is a usual ingredient for self-adjointness of Schrédinger operators. In (2)
the expectation E* is meant under Wiener measure for 3-dimensional Brownian motion
(Bs)s>o starting at . It is in particular satisfied by Kato-class potentials which includes

Coulomb potential.
Pauli-Fierz Hamiltonian — The state space of the joint electron-field system is
H” = L*(R%C?) @ Z. (2.4)

The non-interacting system is described by the total free Hamiltonian H,®1+1® H7,.
To define the quantized radiation field A we identify H” with the set of C? ® .Z-
valued I? functions on R?, ie., H” = [5(c? ® F)dr. Then we have by definition
A, = fﬂg(l ® A, (x))dz. Hence (A, F)(z) = A,(x)F(z) for F(z) € D(A,(x)) and A,
is self-adjoint. Taking into account the minimal interaction —iV, — —iV, — eA,, we

obtain the Pauli-Fierz Hamiltonian

3 2
1
Hip = 5 <Zau(—¢vu®1 —eAM)) +Vel+1®HZ, (2.5)

p=1

with coupling constant e € R, i.e.,
1 e o
H, = S(=iV = ¢A? +V +HZ, — 5 > o.B,, (2.6)
p=1

where we omit the tensor product for convenience and write

; k) N

Bye) = -7 Z /(k x ek J)u—= O (a'(k, 5)e™™" = a(k, j)e™™) dk.
Jj==%1 b

In fact, B,(x) = (V x A(x)),, however, we regard A and B as independent operators

in this paper.

A first natural question is whether Hyp is a self-adjoint operator.

Proposition 2.3 Under Assumption 21 Hiy is self-adjoint on D(—A)ND(HZ,

rad

) and

bounded from below. Moreover, it is essentially self-adjoint on any core of Hy, + H.,.
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PROOF: See [Hir00b, [Hir02]. qed

A special case considered in this paper is the translation invariant Pauli-Fierz Hamil-

tonian obtained under V' = 0. Then
e Hpe W = H teR, p=1,2,3,
where P*' denotes the total electron-field momentum
Pt = =iV, @1+ 10 P,

and Pfff = dI'(k,) is the momentum of the field. By translation invariance the Hilbert
space H7 and the Hamiltonian Hf{fF can both be decomposed with respect to the
spectrum of P™" as fﬂg H7 (P)dP and Hiy = fﬂg K(P)dP, with a self-adjoint operator
K(P) labeled by P on H7(P). It is seen that K(P) and H7 (P) are isomorphic with
a self-adjoint operator resp. a Hilbert space. Define thus on C?> ® .# the Pauli-Fierz

operator at total momentum P € R? by
1 e o
HZ(P) = (P - P7 —eA(0))?+ H, — 5 > 0,B,(0). (2.7)
pn=1

Then we have

Proposition 2.4 Under Assumption 21 Hip(P), P € R?, is self-adjoint on the do-
main D(HZ,) ﬂile((Pf'f)z), and essentially self-adjoint on any core of the self-
adjoint operator %Zizl(ng)Q + HZ,. Moreover, H” = fﬂg C? ® FdP and Hgp =

rad*
1S HEZ(P)AP hold.

PROOF: See [Hir06, LMS06]. qed

Here is an incomplete list of results on the spectral properties of the Pauli-Fierz
Hamiltonian. The existence of the ground state of Hpp is established in [BFS99, [GLLOT]

LLO3] and that of Hpp(P) in [Fro74l [Che(1l HaHe06]. The multiplicity of the ground
state is estimated in HSO1, Hir06], a spectral scattering theory and

relaxation to ground states are studied in [Ara83al [Spo97, [FGSO1]. The perturbation
of embedded eigenvalues is reduced to investigating resonances [BES98al [BES9SL].
Energy estimates are obtained in [Fef96, [FFG97, [LLO0] and the effective mass is studied
in [HS03, [Che06), [HIOT]. Related works on particle systems
interacting with quantum fields include [Ger00, BDG04, [AGG04], [LMS06], [Sas06].
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2.2 Stochastic representation and spin variables in function
space

2.2.1 Stochastic representation

. . . . I .

In this section we prepare the necessary items for a Q-representation of Hgp and explain
how to accommodate spin in this framework.

To introduce a Q-representation, we define a bilinear form and construct a Gaussian

random process with mean zero and covariance given in terms of this form. Define the

A

field operator A, (f) by

S [ ety (7610 3) + F(—Rjalrs)) ak

j=%1

A(f) = %

and the 3 x 3 matrix D(k), k # 0, by

k., k
D(k) = (0, — =2 .
( ) (M ‘kP )1<M,I/<3

Consider the bilinear form g : ®3L*(R3) x ®3L*(R3) — C given by the scalar product

3

w(f.9) = D (AN A9)Q) 7 :% RS%-D(k)g(k)dk.

=1

Similarly to the representation of a Fuclidean free field in terms of path integrals over
the free Minkowski field in constructive quantum field theory [Sim74, Th.I11.6], we
introduce another bilinear form ¢; to define an additional Gaussian random process.
Let ¢q; : @3 L*(R*™) x @3 L*(R*™) — C be

1 ~ .
ql(F, G) = 5 /3+ F(]f, ]{70) : D(l{?)G(l{?, ko)dl{?dko
R3+1

Note that D(k) is independent of ky in the definition of ¢;. Use the label g for 0
or 1, let .Z(R3*7) be the set of real-valued Schwartz test functions on R*™ and put
S = &S (R*M7). The properties (1) Y7, Zizjexp(—qp(fi — fj, fi = f;)) = 0 for
arbitrary z; € Cand i = 1,...,n, VYn = 1,2, ...; (2) exp(—qg(g, g)) is strongly continuous
in g € ®L2(R3>P); (3) exp(—qs(0,0)) = 1 can be checked directly.

Let 25 := 3, where .} is the dual space of .75, and denote the pairing between
elements of 25 and .3 by (¢, f)3 € R. By the three properties listed above and the
Bochner-Minlos Theorem there exists a probability space (Zg, Z9,, i3) such that Zo,
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is the smallest o-field generated by {(¢, f)g, f € -#3} and (¢, f)g is a Gaussian random

variable with mean zero and covariance given by
R O A (2.8
2

Although (¢, @iéuy f)p is a Q-representation of the quantized radiation field with the
ultraviolet cutoff function f € . (R?), we have to extend f € .4 to a more general
class since our cutoff is (p/y/w)Y € L*(R3). This can be done in the following way.

For any f = fre + ifim € S (R3P) we set (@, f)g = (9, fre)s + i{®, fim)s- Since
S (R*9) is dense in L2(R3*#) and the inequality

106, 0)aPdial0) < 1 Bsuseses
23

holds by ([2.8)), we can define (¢, f)s for f € @3L*(R3*P) by (¢, f)5 = sHdim,, oo (, fn)s
in L*(2;), where {f,}22, C &% (R*"F) is any sequence such that s—lim, ... f, = f
in @3L%(R3"7). Thus we define the multiplication operator

(Z°(F)F) (¢) = (&, [)sF(9), &€ 2s, (2.9)

labeled by f € @*L*(R*"F) in L*(25), with domain

D(a/"(f)) := {F € L*(25)

[ 146 5aF @) Pt < oo} |

Denote the identity function in L?(23) by 1o, and the function &/°(f)14, by «/°(f)
unless confusion may arise. It is known that L*(2p) = @, L2(2;s), with

[2(25) = LHLAP(fr) - P(fo)]f; € @PL2(RFY, j = 1,2, ... n}.

Here L3(25) = {alg,|o € C} and :X: denotes Wick product recursively defined by

() (1) (fu): = PP (fr) - (fu):

=D aolf ) () ) - el ()

where X denotes removing X.
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Next we define the second quantization I'gs in ()-representation as the functor
Doy = € (L?(R3+ﬁ) - L?(R3+ﬁ’)) G (LX(2s) — [2(2y)) .
With T € €(L*(R*F) — L2(R3)), Tpa(T) € €(L*(25) — L*(2y)) is defined by
Log(T)1s, = oy, Do(T)d(fr) - (f): = /™ (D) " (T,
For notational simplicity we use I's for I'gz. For each self-adjoint operator h in

L2(R3*F), T)s(e™) is a one-parameter unitary group. Then ['g(eh) = s ¢ ¢ R,

for the unique self-adjoint operator dl's(h) in L?(25). We write
D=9, 9p:=2, p:i=np, pg:=m, Z=° ¥ =" (2.10)

in what follows, using the label E for “Euclidean” objects to distinguish from Fock
space objects. Thus it is seen that .%, A,(f) and dI'(h) are isomorphic to L2(2),
o (®3_,6,,f) and dly(h), respectively, where h = FAF~! and F denotes Fourier trans-
form on L?(R?). That is, there exists a unitary operator U :.% — L*(2) such that

(1) UQ = 1o,
2) VAL = /(O 1),
(3) WAL (h)U™" = dly(h).
The isomorphism U := 1@ U : H7 — L?(R%;C?) ® L*(2) maps Hp to a self-adjoint
operator on L?(R3;C?) @ L*(2). Let
A= (/vwy)”, (2.11)
where fdenotes inverse Fourier transform of f. Set &,(A(-—x)) := & (®3_,6,,\(- — 1))

and Hrad = dro((ﬁb) on Lz(c,@)
Finally we define Hpp, the main object in this paper, by

3
1, . e
Hpp = 5(—2V — et ) +V 4 Hpq — 5 Z 0, By, (2.12)

pn=1
where o7, := [ o, (\(- — 2))dz and B, =[5 B (\(- — x))dz, with
B (A = 1)) = A (B)_100u(Va X A(- = @),
Here the self-adjoint operator Hp is the Q-representation of Hiy, obtained through the

map UHZU ™" = Hpp. In this representation A, and B, turn into the multiplication

operators 7, and %, respectively.
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2.2.2 Spin variables in function space

In order to reduce (2I2) to a scalar operator, we introduce a two-valued variable o.
Let Zy := Z/2Z and [z]y denote the equivalence class of z € Z. Use the affine map
x +— 2x — 1 to arrive at the conventional variables {—1,+1} = Z,. Addition modulo 2
gives (+1) Bz, (+1) = +1, (+1) By, (1) = =1, (=1) Pz, (—1) = +1. Define

172 @ == D 1 0)Fams) < oo} :

[ASYA)

L*(R*x Zy) := {f ‘R3X Zy — C

The isomorphism between L?*(R?;C?) and L*(R® X Zj) is given by

L*(R* C?) > {ZEZ jg} — u(z,0) € L*(R® X 7).

} € H” with F(&1) € L*(R?*) ® L?(2). Then since

B 1 ) 9 e P B — 1By
HPF_ 5(_Zv_6d) +V+Hrad_§ [@1"‘1%2 _%3 5

our Hamiltonian can be regarded as the self-adjoint operator on
H = L*(R*xZy) ® L*(2) (2.13)

defined by
1
(HppF) (o) = (5(—iv — el )+ V + Hpq + ﬁ‘(ﬁ(a)) F(o)+ Hoq(—0)F(—0o) (2.14)
for o € Zy, where 73 and 7,4 denote the diagonal resp. off-diagonal parts of the spin

interaction explicitly given by
Ay = Hy(1,0) = —gaﬂg(k(- — 7)), (2.15)

Hog = Koz, —0) = —< (BN —2)) —i0Bo(A\(- — ). (2.16)

e
2

To investigate the translation invariant case let P; := dI'o(—iV). The transla-
tion invariant Pauli-Fierz Hamiltonian H{p(P) can also be mapped into a self-adjoint

operator on fy(Zy) @ L*(2) defined by

(Hpp(P)F)(0) = (%(P — Pt — et (0))? + Hypg + ,%@(0)) F(0) + #4(0)F(—0),
(2.17)
where F(+1) € L3(2), #,(0) = ,(\(- — 0)), Z4(0) = H#(0,0) and H4(0) =

H54(0,—0). In the following we will construct functional integral representations for

R.14) and @I7).
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3 A Feynman-Kac-type formula for jump processes

3.1 Pauli operators

In this section we consider the functional integral representation of the Pauli operator
in the context of quantum mechanics. The spin will be described in terms of a Z,-valued
Poisson point process. We start by reconsidering the path integral representation of the
Pauli operator established in [ALS83]. We turn the results of De Angelis, Jona-Lasinio
and Sirugue into precise statements and proofs, and add extensions and comments.

For a vector potential a we define the Pauli operator on L?(R3;C?) by
1 1
ha,b) = 5(~iV ~ a)?+V - 5 ; b, (3.1)

Usually for Pauli operators b = V x a. However, for the remainder of this section we
treat a and b as not necessarily dependent vectors. We require them to satisfy the

following conditions:

Assumption 3.1 Let a = (a1, as,a3) and b = (b, by, bs) be real valued with a, €
CE(R?) and b, € L=(R®), for p,v =1,2,3.

Under Assumptions2Z.2 and Bl h(a, b) is self-adjoint on D(A) and bounded from below,
moreover it is essentially self-adjoint on any core of —(1/2)A as a consequence of the
Kato-Rellich Theorem. In a similar manner to the previous section, h(a,b) can also be
reduced to the self-adjoint operator h(a,b) on L2(R3 X Z,) to obtain

1

(7, b) f)(0) = (%(—N _a 4V — %Ubg) flo) — 5(b —iob)f(~0).  (32)

3.2 A 3+ 1 dimensional jump process

—th(ab) in addition to the Brownian

In order to construct a Feynman-Kac formula for e
motion we need a Poisson point process to take the spin into account. For a summary
of basic definitions and facts as well as notations we refer to the Appendix.

Let (Bt)i>0 = (B}')i>0, 1<u<s be three dimensional Brownian motion on (W, By, P,)
with the forward filtration F; = o(By,s < t), t > 0, where W = ([0, 00); R®) and
P§, is Wiener measure with Pj (By = x) = 1. Let, moreover, (S,%, Pp) be a prob-
ability space with a right-continuous increasing family of sub-o-fields (3;);>0, and

Ep denote expectation with respect to Pp. Fix a measurable space (M, Bpy). Let
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p: (0,00) x S — M be a stationary (3;)-Poisson point process, and D(p) C (0, 00)
denote its domain. Note that #D(p) is finite for each 7 € S. The intensity of p is
given by A(t,U) := Ep[N,(t,U)] = tn(U) for some measure n on M, where N,, denotes

counting measure on ((0,00) X M, % ) X Ba) given by
N,(t,U):=#{s€ D(p)|se€(0,t], p(s) eU}, t>0,U€E By,

with N, [0,U] = 0, and %o~ is the Borel o-field of (0,00). Then

AN
Ep[N,(t,U) = N] = Ev)' e A,
Assume that n(M) = 1. Write
dN; = / N, (dtdm). (3.3)
M

Hence

t+
/ F(s, NJAN, = 3 £, ). (3.4)
0 reD(p)
0<r<t
Since #{s € D(p)|0 < s < t} < o0, for each 7 € S there exists N = N(7) € N and
0< s =51(7),...,sn = sny(7) <t such that

t+ N N
/0 F(s, N,)dN, = Zf(sj,zvsj) = f(s5,4)-

j=1

Since Ep[N;] = t and Ep[N; = N] = t¥e !/N!, the expectation of ([B.4) reduces to

Lebesgue integral:

Ep {/0” f(S,Ns)st} =Ep [/Otf(s,Ns)ds] = /Otgf(s,n)%e—sds.

Write (2, B, Po) = (W x S, Bw x ¥, Py @ Pp) and w :=w x 7 € W x S. For
w=w X T, we put B;(w) := By(w) and p(s,w) := p(s, 7).

Definition 3.2 The Zs-valued random process oy : Zo X §) — Zs is defined by

O =0 Dy, [NVi]o = o(—1)M, o€z,
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Here we have the paths [N;|o with values £1 € Z, corresponding to the equivalence
classes. The electron and spin processes together give us finally the (3+ 1)-dimensional

R3 X Zy-valued random process

(ft)tzo = (Bu [Nt]z)tzo = (Bt,Ut)tzo

on (0, Ba, Po). Let 0, = F; x ¥y, t > 0. For notational convenience, we write
E*[f(&)] = / flz+ B.,0 &y, [N]2)dPy = / f(x+ B.,0.)dPq
Q Q

as well as Eq[f] = [, fdPQ, E*[f = | [+ B)dPy, = [, f(B.)dF,, E7[g(0.)] =
Js9(0.)dPp, and Y- [dx f( ) = 20622 Jos dxf(x,0).

3.3 Generator and a Feynman-Kac formula for &

Next we compute the generator of the process & and derive a version of the Feynman-
Kac formula.

Let o be the fermionic harmonic oscillator defined by

1 ) ] 1
o 1= 5(03 +i0y) (03 — i09) — =

3 (3.5)

Note that op = —0y. A direct computation yields
(f, —(1/2) A+EUF Z/dl,ExU St) Nt] (36)

Thus the generator of & is given by
1
—§A + o
and by making use of the two-valued variable o,
1 1
(=58 +eor)f | (0) = 5Af(0) —ef(~0)

follows.

Proposition 3.3 [De Angelis, Jona-Lasinio, Sirugue| Suppose

t
/ds/ (2ms)~3/2
0 R3

log%\/bl(y)2 + by (y) e~ lv==l?/(29) dy < 0o (3.7)
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for all (z,t) € R® x [0,00). Then

(7009 (2,0) = e’ [eZg(6,)]. (3:8)
Here
3 + t
Zt = — Bs OdBf:— vBsd
Z;/o a,(Bs) /0 (Bs)ds

t 1 t+
—/ (—5) O'Sbg(BS)dS + / W(Bs> _Us—)dNSa
0 0

t
/ a,(Bs) o dB! denoting Stratonovich integral and
0

W(z, —0) = log (%(bl(x) _ z'abg(:)s))) |

Remark 3.4 We will prove Proposition B.3] by making use of the It6 formula. In order
that It0’s formula applies, however, the integrand in f:r ...dN, must be predictable
with respect to the given filtration. o, is, though, right continuous in s for each
w € Q, so we define o,_ = lim.g0s_.. Then o,_ is left continuous and W (B;, —0,_)
is predictable, i.e., W(Bs, —0,_) is {2, measurable and left continuous in s for each
w € €. This allows then an application of It6’s formula to f(er W (Bs, —0os_)dNj, for

more details see the Appendix.

Before turning to the proof of Proposition 3.3 we consider a simplified model. Let
U(-,0) and W (-, —0) be multiplication operators on L?(R3xZ,). Define the operator
K : [*(R®xZy) — L*(R®xZy) by

(Kf)(z,0):=U(x,0)f(x,0) — eW(x’_")f(x, —0). (3.9)

First we construct a functional integral for e =%,

Proposition 3.5 Let U(x,0) and W(x,—0c) be continuous bounded functions in x €

R, for each o = %1, such that U(z,0) = U(z,0), W(z,—0) = W(x,+0). Then K is
self-adjoint and

(e7g)(x,0) = e'E™” [g(:z, or)e” Jo Ulwos)ds+ [y W(l‘v—US*)dNS] . (3.10)
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PRrROOF: The proof of the self-adjointness of K is trivial. Write
Kig(z,0) = E"? [9(16, oy)e™ Jo Ul@oa)dst [ Wz,—ou-)dN,
Note that for each (z,w) € R? x Q,

t
05— )dNs SM/ dN, = M Ny, (3.11)
0

where M = sup,cgs ez, |W(93, —0)|. Then

4 o / M _
1Kgll < [lgll ™ EP7[eMM] = [|g]| & 77D

)

where M’ = Sup,eps yez, E7[€7 Jo Ul@os)ds) and K, is bounded. For each (7, w) € R®xQ
it is seen that fg+ W (x,—0s_)dNy is continuous in a neighborhood of ¢ = 0, since
#{0 < s <e€|s e D(p)} = 0 for sufficiently small € > 0, and then

/0 W(x,—0s_)dNs; = Z W (z,—o(=1)) =0

for small enough ¢. Hence for g € C5°(R3 x Zy),
: _ 2
lmn g — Kigl

<lim ) / dx E™” [\ 9(1,0) — g, 7)e Jo Uwodst i Wa—os)an. 2] _

t—0

by dominated convergence. Since C5°(R? x Zy) is dense in L?(R*xZs), it follows that K
is strongly continuous at ¢t = 0. Also, K; has the following semigroup property. Since

N, is a Markov process, for each (z,0) € R® x Zy, we have

(K Kig)(x,0)
=E"7 e J5 U@ ar)drt [§" W(z,—or—)dN, .o [6_ Jo U@onditJo" Wia,—er)dNy g (. O't>:|]

_ Ex,o fo U(z,or dr—l—f W (z,—or—)dNy

9(1'>Us+t)

_e— Is U(ac,ar)dr-l—fohL W(x,—arf)dNre— fss+t U(ac,al)cll—i-fs(sﬂ)7L W (z,—0;_)dN,

X EZC |:€— fss+t U(:(:,Jl)dl-l—fs(sﬂ)7L W (x,—o;_)dN,

]

9(z, Us-i—t)]

— %O
= (Ksng)(@,0).

K is thus a Cp-semigroup, hence the Hille-Yoshida Theorem says that there is a closed
operator h in L*(R®x Zy) such that K; = e~ ¢ > 0. We show that h = K + 1.
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Put dX; := X; — X,. By Itd’s formula, see Proposition below, we have do; =

5+(—205 JdN, and dg(x, o;) fo x,—0s ) —g(x,0,_))dN,. Let

t t+
Y, = —/ U(x,o4)ds —I—/ W (x,—0s_)dNs.
0 0
Then it follows that
t t+
de¥t = —/ e U(x,0,)ds +/ eV (W@ =) _ 1)dN,.
0 0
By using the product rule we get

d (eYtg(x,at))

t+
9(2,0,)" Uz, 0,)ds + / g(z,0,)e (Vo) _1)aN,
0

t+

S~

+ eYk (g(l’, _US—) - g(xv 08—)dNS
t+

+ (g(z, —0,_) — g(x,0,_))e* (W @==) —_1)dN,

o— —

S~

g(z,0,)e"U(x,0,)ds + / e’ (g(w, =0, )77 — g(z,0,)) dN..
0

Therefore

t
E" [e¥g(z,0¢) — eg(x, 00)] :/ E*7[G(s)]ds, (3.12)
0
where G(s) = G(z, 0, s) is defined by

—eYog(x, 0)U(z,04) + ¥ (g(x, —0,_ )V @) — g(x,0,_)), s>0,
G(s) ==
—g(z,0)U(z,0) + g(x, —0)eV == — g(z,0), s =0.

Thus for each (z,w) € R® x Q, G(s) is continuous in s at s = 0 and is bounded as
|G(s)| < eMN:M'|g(x,0)|, with constants M and M’. Dominated convergence gives
then

lim. > / drE[G(s)] =) / dz E™°[G(0)]
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Hence
}mg%(f (Kug— )
= 15% Z/dajf x, 0 B> [eYg(x, 00) — eg(x, 0)]
= 15% ds Z/dm (G(s)]
—Z/d:cfm “[G(0)]
=Y [ @ T@0) (~Ulw.a)gla,0) + g ~0)e =) - g(a. )
(f,—(K +1)g)
Since C§°(R3 x Zy) is a core of K, h = K + 1 follows. qed

PRrROOF OF PROPOSITION B3l We put U(x,0) = —(1/2)obs(x) and W (z, —0) =
log[(1/2)(by(x) —ioby(x))]. Recall that

3 t t t+ t
th—z'Z/o aM(BS)Ong‘—/O U(Bs,as)ds+/0 W(Bs,—as_)st—/O V(B,)ds
pn=1

W (Bs, —os-) is predictable and first we have to check that | f0t+ W (Bs, —0s_)dNs| is

finite for almost every w € €2 in order to apply Itd’s formula. Indeed,

£ [ /0 N W (B, —o—s_)st]
SEm’”{/Ot 1og< Vbi(B +b2B))‘st}

t 1
=2 / ds / (2ms) =326/ (29) |1og (5\/b1(y)2+b2(y)2)‘dy
0 R3

is finite by the assumption, hence | f:r W (Bs, —0s_)dNs| < 0o, for almost every w € ).
Define S; : L*(R?xZy) — L*(R®x Zy) by

Sig(w,0) = E™? [eztg(BmUt)} :

It can be seen that
ISigl < Vi ZeMteM =12 g,
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where M’ = sup,cps [b3(2)/2|, M = sup,cps (b3 (x) + b3(x))/4 and

Vs := sup E*[e”? Jo V(Bs)ds], (3.13)

TER3

which is finite by Assumption 2.2 Thus S; is bounded. Since Z; is continuous at ¢t = 0

for each w € (), dominated convergence yields
1S9 — gl < Z/dx E"lg(z, 0) — g(Bi, 01)e”[] — 0

as t — 0. The semigroup property of S; follows from the Markov property of the
process (B;, N;), which is shown in a similar way as that of K; in Proposition
Thus S; is a Cy-semigroup. Denote the generator of S; by the closed operator h. We
will see below that S; = e~ = ¢!+ From Proposition [Z.8 it follows that

1
9(Be, ) Z/ 02, 9(Bs, 03) Bu+2/ A,g(B,, 04)ds

n / (9(By, —0,-) — g(Bs,0,_)) N,

and

Z / (B oaBy + [ V(B

1

+3 / 2 ((=iV - a)(B.) + (—ia(B,))?) ds

t t+
—l—/ e?(=U(By, 0y))ds + / (eZS*JrW(BS’_”S*) — eZS*) dN.
0 0

By the product rule and the two identities above we have

A g(Buod) = [ |3au(Ba0) + (CiolB) (V.g)(Buo)

+ (%(-m(Bs)f ~V(B,) - U(B,, as)) 9(Bs, as)} ds

+Z/ % (02,9(Bs, 00) + (—iau(B.))g(Bs, 0,)) - dBY

t+
_l—/ 6257 [ (g(BS’ _US_) - g(Bs> 05—))
0
+(g(BS’ _05—) - 9(387 05—))(6W(BS’_0—57) — 1)
+g(Bs,0'_s>(€W(BS’_osf) _ 1) st
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Take expectation on both sides above. The martingale part vanishes and by (Z3]) we
obtain that

B[ g(By o) — g(z,0)] = / £%7(G(s)]ds,

where
G) = o |§AualBuo) + (ia(B) - (T.g)(Bcr)
+(G(-ia(B2 - V(B) - U(Bao) ) (B0

+e? ((9(By, —o-)eV P —g(By, 0,0))

with s > 0, and
1

L i)~ Vi(e) — Ul 0) - 1} g(z,0)

G(0) = {EAI, ~ia(r) Vet 5

2
+eV @) g(z, —0)
= —(h(a,b) + 1)g(z, 0).

We see that G(s) is continuous at s = 0, for each w € €2, whence

lim%(f,(St—l)g) ~ lim o dsZ/dx TTE s

t—0 t—0 t

= 3 [@r fe.0(600)
= (f, =(hla,0) +1)g).
Since C§°(R3 X Zy) is a core of h(a,b), (B8] follows. qed

Note that ([B.7) is a sufficient condition making sure that
t+
/ |W (B, —0s_)|dNs < 00, a.e. w € Q. (3.14)
0

When, however, b;(x) —ioby(x) vanishes for some (z, ), (B.14) is not clear. This case
is relevant and Proposition must be improved since we have to construct the path

th(a.) in which the off-diagonal part b; — iobs of h(a, b) has

integral representation of e~
zeroes or a compact support. Since the generator of & is —(1/2)A + o, as was seen

above, this then becomes singular. Take ¢ — 0 on both sides of

(f, —(1/2) A-l—sap Z/dl’ExU gt) Nt] (315)



24 The Pauli-Fierz model with spin

Then the right hand side of (I8 converges to > [dz E*[f(z,0)g(B;, 0)], see Remark
B.7 below. The off-diagonal part of h(a,b), however, in general may have zeroes. For
instance, a, for all = 1,2, 3 have compact support, and so does the off-diagonal part
in the case of b = V x a. Therefore, in order to avoid that the diagonal part vanishes,

we introduce

P (0, b) f(o) = @(—iv _ AP+ V- %abg,) (o)

+ (—%(bl —iohy) + eth, (—%(bl - wa))) f(=o), (3.16)

where 1), is the indicator function

V() = { (1) Iil ;ig (3.17)

We define 9. (K) for a self-adjoint operator K by the spectral theorem. In particular,
the identity

bo(K) = (2m) 12 / b (k) dk

holds. Thus | — 1(by — iobs) + eth(—2 (b1 — ioby))| > /2, which does not vanish for
any € > 0.

Proposition 3.6 We have

(@) (0,0) = B e g(6)), .19
and
(e—th(a,b)g) (0,7) = ll—r}% e'EP (% g(&,)], (3.19)
where
3 t t
Ze = _ZZ/ a,(Bs) o dBY —/ V(B,)ds
p=1"0 0
t 1 t+
—/ (——) UsbB(Bs)d5+/ We(Bs, —0s-)dN,
0 2 0
and

Wo(z, —0) == log (%(bl (z) — ioba(z)) — £, (—%(bl (z) — w@(@))) |
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Proor: (BIR) is derived as in Proposition B3l Since e (@) converges strongly to
e~ tab) a5 ¢ — 0, B19) follows. qed

Remark 3.7 We have the following cases.

(1)

(2)

Let the measure of
O, = {(x,a) € R x Zy | [(1/2)(by(x) —ioby(z))| < 5/2}
be zero for some € > 0. Then Proposition stays valid.

In case when the off-diagonal part identically vanishes, we have

lm B [ g(6)]

— lim e'E*0 [e—izizlfg au(Bs)odBY — [ V(Bs)ds—fot(—%)Jsba(Bs)dsgth(gt)}

e—0

— [6—1'22:1 [t a,(Bs)odBY — [ V(Bs)ds—fg(—%)crsbg(Bs)dsg(Bt’ U)}

—t(%(—iv—a)Q-i-V—%Ugbg)

=e g(z,0).

Here we used that as € — 0 the functions on K; := {w € Q| N;(w) > 1} vanish
and those on Kf := {w € Q| Ny(w) = 0} stay different from zero. Note that for
w € Kf, Ny(w) =0 whenever 0 < s <t, as N; is counting measure. Clearly, then

the right hand side in the expression above describes the diagonal Hamiltonian.

Since the diagonal part —(1/2)obs(z) acts as an external potential up to the sign
o = =, heuristically we have the integral f(f (—1/2)0sb3(Bs)ds in Z;. This explains
why f(f log[(1/2)(b1(Bs) — i0sba(Bs))|dNs appears in Z;. Consider T,F(x,0) =
E*7[F(By, 07)edo W(Bsm0s)dNs] Take, for simplicity, that W has no zeroes. Com-

pute the generator —K of T; by It6’s formula for Lévy processes to obtain

d (e o W(Bs,—as)st> _ (6 oW (Bo0s AN+ W (Bi—ov) _ o Ji* W(Bs,—asf)st) AN,
= o WBsmou)dNs (W (Bim0r) _ 1)qN,, (3.20)

On the other hand, we have
d (e— I V<Bs>ds) = e~ l VB (_y(B,))dt. (3.21)

From this we obtain that e~{—(/28+V) f(3) = gr[e~Jo V(B)ds £(B,)]. Comparing
(B20) and ([B:2T), it is seen that Itd’s formula gives the differential for continuous



26 The Pauli-Fierz model with spin

processes and the difference for discontinuous ones. From (320) it follows that

the generator K of T} is given by

Kf(o)= (—EA—eWWv—fﬂ + 1) f(=0).

2
Thus e K F(z,0) = e'E°[F(z, 0;)elo W(@=0:-)dN:] giving rise to the special form

of the off-diagonal part.

4 Functional integral representation of e //PF

4.1 Hypercontractivity and Markov property

In this section we discuss hypercontractivity and turn to the functional integral repre-

—tHpp

sentation of e . Also, we derive a comparison inequality for ground state energies.

Let ||F||, = (fﬂﬁ \F(¢)|pd,u5(<j>))l/p be LP-norm on (Zg, ug) and (-, )2 the scalar
product on L*(2p). As explained in Section 2, T'4(T) for [|T|| < 1 is a contraction
on L*(2s). It has also the strong property of hypercontractivity, i.e., for a bounded
operator K : L>(R3*9) — L2(R3+#") such that ||K|| < 1, T35 (K) is a bounded operator
from L?(25) to L*(2;3). Nelson proved the sharper result below.

Proposition 4.1 Let 1 < g < p and |T||* < (¢—1)(p—1)"' < 1. Then T4(T) is a
contraction operator from L1(2g3) to LP(Z2p), i.e., for & € LY(Zg), I's(T)® € LP(Z3)
and [To(1)8], < ©]],

PROOF: See [Nel73]. qed

We factorize e~ as is usually done. Let j; : L*(R3) — L2(R3*™!), t > 0, be
defined by

o —itko k R
Jef (k, ko) := eﬁ wb(ku)};(ﬁ\ko\?f(k)’ (k, ko) € R® X R.

The range of j;,, a <t < b, defines the o-field X5 of Zg, and the projection Ejqy)

to the set of ¥, ;-measurable functions can be represented as the second quantization

of a contraction operator. By using the Markov property of the family of projections
E;...) and hypercontractivity of Ej, ) E.q with [a,b] N [c,d] = 0, it can be shown that
Jo, 1TaF || 1,G||®|dpr < oo for F,G € L*(2) and ® € L'(Zg). We will prove this for

the massless case in Corollary [£4]
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The isometry j; preserves realness and j;j, = e *=5l»(=V) s ¢ € R follows. Define
Jt = FOl(jt)7 Jt . Lz(g) — Lz(gE)

Hence J;J, = e '=slfaa on [2(2). The operator e; := j;j; is the projection from
L2 ,(R3*™1) to Ranj;. Define

real

Ugy = LHAf € L2 (R**!) | f € Ranj, for some t € [a, b]}

real

real
on L?(2g) by E; :== J;J; = T'i(e;) and Elap = Ti(ey). Let Xy be the minimal
o-field generated by {&/®(f) € L*(Z2g) | f € Uy} and denote the set of X, -
measurable functions in L*(Zg) by Ey. The projection Ej,p has the properties

and let efqy « L2, (R*T!) — U,y denote orthogonal projection. Define the projections

below:

Lemma 4.2 Let a < b <t < ¢ < d. Then (1) eqevec = eqle, (2) €ap€i€lea =
elab€led; (3) RanE ) = Eap), (4) By EiLieqg = Ly Eieq-

PROOF: See [Sim74, [Hir97]. qed

Lemma implies that Ej, ;) is the projection from L*(Zg) onto &£, The fact
that EjqyEiEjeq = ElapLeq is called Markov property of the family E,. Let wy,, =
V]kP? +m?2 with m > 0. Define G g, ef:?g}, e™, E[(:";)], E™ and 5[(:2)] by ji,
Jty €ap)s €, Elap, By and Ey with wy replaced by wy,,,, respectively. Then Lemma
stays true for ey, and Ej,p) replaced by eg'?g] and E[(:Z)}, respectively. Note that

Loi(e7™bm), m > 0, is hypercontractive but it fails to be so for m = 0.

Lemma 4.3 Leta < b<t<c<d, F € 5[(@”’2)} and G € 5[(2:%. Take 1 < r < oo,
1 <p 1<gq r<pandr < q. Suppose that e 2™ < (p/r — 1)(q/r — 1) < 1
and F € LP(2g) and G € L1(2g). Then FG € L'(2g) and ||FG|, < ||F|,IIGll4 In
particular, for r such that
2 2

Ty e YT e
we have [|FG|, < ||Fl2[|G]2.

F, |F| < N, dGN:{ G, |G| < N,
0, |F|> N, 0, |G|> N.
|Gn|" € 5[(;'?%, and it follows that

re [1 00)7

PROOF: Let Fy = { Then |Fy|" € 5[2”}3},

/ Ewl Gl dus = (B En T, ESRIGT) = (1Fn]" Tu(eem Gal")

25 2
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Note that 7, := efgg}ef:fi)} satisfies

IT® = Negyes™ e egl® < ™5 I

[

= fleTleTtenm |2 < e < (p/fr — 1)(g/r = 1),
Thus by Hoélder inequality,
IENGNI: < MENT gD (TGl s, (4.1)

where 1 = l+ ", Since IT)? < (p/r — 1)(¢/r — 1) = (p/r — 1)(s = 1)7' < 1, by
Propositionslg:[l i% is seen that ||I'1(7¢)|Gn|"||s < |[|Gn|"|[p/r- Together with (4.I)) this
yields

IENG e < [ENllolGlly < [[FllgNGlp- (4.2)

Taking the limit N — oo on both sides of (£2)), by monotone convergence the lemma

follows. qed

An immediate consequence is

Corollary 4.4 Let ® € LY (2g) and F,G € L*(2g). Then, for a # b, (J,F)®(J,G) €
LY (2g) and

/3 |(JoF)P(SG)|dpr < |P|l1[| F]|2]|G][2- (4.3)
E
(m) 2 (m) LI
ProoF: Let a < b, and " = —————— and s"” > 1 be such that — 4+ — =1,
1 — e~mlb—a) r(m) = g(m)

i.e., st = ¢ /(M) _ 1) Without loss of generality we can assume that ® is a real-

valued function. Truncate ® as

N, &> N,
Dy:={ &, |B<N,
~N, &< —N.

By Lemma

(JIE, & I G| < /Q (T FY|| @] [(J™G) | dp

< 1@y [T FYITVEY o
= (| On s [[ ST Ffa[| IV G2
= [|On | sem [ Fll2| G-
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Since s—lim,,_ Jt(m) = J; in L*(Zg) by s—lim,, .o jt(m) = j; in L*(R*™), and @y is a

bounded multiplication operator, we have
(L F L [@n [ 1G]z < ([N Fl2l|Gllz < @[] Fll2/|Gll2- (4.4)

Since |®y| T |®| as N — oo, by monotone convergence |J,F||®||J,G| € L'(Z2g) and
(43)) follow. This completes the proof. qed

4.2 Functional integral

As explained in Section 1, a key idea of constructing a functional integral representation

of e tPF ig to use the identity

H:/ L2(R® X Z5)dpu(¢). (4.5)
2

We define the Pauli operator Hip(¢) in ([{7) for each fiber ¢ € 2 and set

52
KPF = Hrad + /g HI?’F(Cb)d:U“(gb)a (46)

where + denotes quadratic form sum. It is seen that Hpp = Kpp as a self-adjoint
operator. Using the path integral representation of Pauli operators discussed in Section
3, we can construct the functional integral representation of e=*#7r(® for each ¢ € 2.
From this the path integral representation of e=*/P¥ can be derived through the identity
Hpr = Kpr and the Trotter product formula for quadratic form sums [KMT7§].

Define the Pauli operator Hpp(¢) on L?(R?xZy) by

(300 = (39 = el ) +V 4 A ) o) + A )f (o), (47

Hy(6) = Hilw,0.0) = ~50B5(6),

€ .
Hoa(9) = Hoa(t, —0,9) = =5 (#1(9) — 10%B2(9)).
To avoid that the off-diagonal part #4(¢) vanishes, we introduce H3&(¢) in a similar

manner as in h#(a, b) above by

(HYH(6)f) (o) = (1<—z'v e (@) 4V + %(@) 7o) (4.8)

2
+ (Ha(9) + e (Ha(9))) f(—0),
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where 1), is the indicator function given by [BIT). Since |4(¢) + etb.(H5(d))| > €/2

for all (z,0) € R® x Zy, we can define

Wiz, —o) = log (= Ha(x, —0,¢) — e (Ha(w, —0,9))) .

Lemma 4.5 Assume that A € C°(R®). Then for each ¢ € 2, H3:(9) is self-adjoint
on D(—A) ® Zy and for g € L*(R3X Zy),

€ zof,— [ s)as
(e M@ g) (2, 0) = B[ V(PIEA @02 g )],

where

Zioe) = =iy [ A~ BB

t t+
_/ H(Bs, 0, 6)ds +/ WE(B,, —0._)dN,.
0 0
PROOF: Since A € C§°(R?), we have
Z,(¢) = (N — 2),0) = (¢, B0 (- — 7))o € OF(R;), ¢ € 2.

Then HPE(¢) is the Pauli operator with a sufficiently smooth bounded vector potential
o/ (¢), and the off-diagonal part is perturbed by the bounded operator e, (H#54(®)).
Hence it is self-adjoint on D(—A)®Z, and the functional integral representation follows
by Proposition B3] qed

Next we define the operator Kjp on H through Hp&(¢) and the constant fiber direct
integral representation (X)) of H. Assume that A € C§°(R?). Define the self-adjoint
operator H& on H by

(&)
HY = / HUE(6)du(4),
2
that is, (H3SF)(¢) = H3:(9)F(4) with domain
D(HY) = {F e H \ [ ) i) < oo} |

Set
Kla)F = ngli‘ _'_ Hrad- (49)
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Let L3 (2) = U _o{D,— L2(2) D, 1{0}} and define the dense subspace
Ho = C°(R® X Zy) ® L, (2), (4.10)

where & denotes algebraic tensor product. Also, define

e . 0 51/15(—5(%1 — ’L(%Q))
Lemma 4.6 Let A € C5°(R?). Then
(F e tHrr ) = lim (F, e Kee ). (4.12)

PROOF: It is seen that Kip = Hpp on Hy, implying that Kpp = Hpp as a self-adjoint
operator since Hy is a core of Hpp [Hir00b, Hir02]. Moreover, Hiy — Hpp on Hy as

e — 0 and H, is a common core of the sequence {Hpp}e>o. Thus s—lim. g e tHep =

e~ tHrr whence ([EI2) follows. qed

By (412) it suffices to construct a functional integral representation for the expres-

sions at its right hand side and then use a limiting procedure. Set

A (2,0.5) = =50 B — 1)), (4.13)
i, =0,5) = =5 (BEGAC = 2)) —i0BEGA( =) . (4.14)

Lemma 4.7 As a bounded multiplication operator on L*(2), for each (x,0) € R X Zy
Jse(Hoa(w, —0))J7 = Expe(Hi(x, —0,5)) B (4.15)

ProOOF: Note that ¢.(#a(x,—0)) is a function of the Gaussian random variable
O = Hog(x, —0) = (—e/2)(%1(x) — icPBs(x)) of mean zero and covariance

2 2
2

(4.16)

since

. . 9 kK,
57 Gk x el )8 x et ) = (5= 2

j=%1
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In general, for a given function g € L*(R), g(®) is approximated by

gn(P) = (2m)” 1/2/Rgn(k:)eik¢dk: (4.17)

in L?(2), where g, € . (R) is such that g, — ¢g as n — oo in L?(R). This follows from

19(®) — ga(®)[2 < (2mp) Y2 / 19(2) — gala)Pde. (4.18)

For the vector
= / Flky, ooy kp)e 2= @hido g, . dk,

with f € Z(R") and h; € ®3L*(R?), we have lim, o g,(P)F = g(P)F strongly by
(EI8). Since the set of vectors of form F are dense in L?(2), as bounded multiplication
operators ¢,(®) strongly converge to g(®) as n — oo. Thus there is a sequence
{2 (®)}>2, such that

Yr(P) = (27) V2 / b (k)e™* dk (4.19)
R
with 1. € .Z(R) and lim, Y (P) = 1. (P) in strong sense. By (AI19)
Ja™ (= Hog(z, —0))Jr = (2m) /2 / be (k) J,e*® J* dk
= (2m)"1/2 / U (k) Eye™® Bydk = B (— A5 (x, —0, 5))Es,
R

where ®(s) = (—¢/2)(Z7 (JsA(- — 2)) —i0 B3 (jsA(- — x))), and Y7 (A5 (x, —0, 5)) con-
verges strongly to 1. (% (x, —0, s)) with n — oo as a bounded multiplication operator

on L*(2g), yielding (L.I5). qed

The next statement is our key lemma.

Lemma 4.8 Let A € C3°(R?), F € £,y and s & [a,b]. Then

(F, Joe M8 5 GQ) = ¢ Z/dw E®7 [e‘ Jo V(BT)dT/ F(&)eM eI E.G(&)dus)| -
o Iy

(4.20)
Here

Xifes) = —ieY [ P BBy (4.21)

t t+
_/ %E(Br,UT,S)dT—l-/ WE(BT,—O'T_,S)dNT7
0 0
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and
We(z,—0,s) = log (—H5(x, —0,s) — e (x, —0, 5))) (4.22)

PROOF: First notice that the right hand side of (d.20) is bounded. By Corollary [£.4]
F(z,0) = JJ/F(x,0) for some [ € |a,b] and E;G(B;, 0¢) = JJ:G(By, o). We obtain

rhs. @] < Eo [e-fng > [P olllos +x,o—t>||2ueXt<E’s)I|1]
(4.23)

We will prove in Lemma .9 below that there exists a random variable ¢ = ¢(w) such
that

(1) [eXEINE < ¢, ae weQ,
(2) cis independent of (z,0) € R® X Zy,
(3) ¢ is independent of B}, p=1,2,3,
(4) Eq[c'/?] < o0.

By (#.23),

r.h.s. (E20)|

1/2 12
(Z / dz ||G(B; + =, at)||§> (Z / dz | F(z, 0)||2e 2 b v<BT-+x>drC>
1/27]
< [IGllxEq |2 <Z/da: ||F(:)3,a)||§e‘2f§V(Br+r)dr>

1/2

< |Gl Ealc*)E (Z/deF 2, 0)||2e 2o V(Brta)dr
< (|Gl [ FllnVai “Ealc?] < oo, (4.24)

where we used (1) above in the second line, (2) in the third line, (3) in the fourth line,
Assumption 22 and (4) in the fifth line, and where V), is defined in (3.13).
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Next we prove (£20). By Lemma .5 we have

(JIF, e "8 @)
- /g du(6) (TZF)(6), e 5O (12 G) () pagancr

_ /g (&) 3 / dr s [e= B VEITTR) (3, &) 9 (J:6)(, )]

23 Jaowee | tiveon [ o TEG & 160 8)

Here we used Fubini’s Theorem in the fourth line. Put

3 t t t+
£) = —ieZ/O o, (A\(- — By))dB" — /0 H3(Bs, 05)ds +/0 We(Bs, —0s—)d N,
p=1

with We(z, —0) := log (—Hq(x, —0) — ep.(Hoaq(x, —0))). Pick F,G € Hy. Given
that J*F € L*(2g) and %) J*G(B,, 0,) € L*(2g), we rewrite as

s

(JiF e M0 :G) =3 / dw B e B VBN (F(gy), JeH O T GE) r2(2)| -

The kernel J,e#©) J* is computed as follows. Divide it up into

JseZt(e)J;* _ Jse_iezizlfg o, (\(-—By))dB¥ J T fot%’é(Br,crr)er;

::I :;rII
X J oW B Ny g (4.25)

~~

:=III

We compute the three factors I, IT, III separately. First, by [Hir97]

Js exp (—Z@Z/ o, (A dB”) J:
= E, exp (—ieZ/ A (M- — BJ)dB{f) E
p=1"0

Secondly, for w € Q, there exist N = N(w) € Nand 51 = s1(w), ..., sy = sy (w) € (0, 00)
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such that on H,

= Js H (_%d(BSN _USi—) - 5w€(_%d(38i7 _Usi_))) J:

N
= E; H (_%E(Bsia —0s;— S) - E@DE(_%E(B&? “Osi—s S))) E;

i=1

t+
= F exp (/ We(B,, —o,_, s)dNr) E,,
0

where we used that Joo(f1) -+ (fo)J: = Esd®(jof1) - ¥ (s fn) Es as multipli-
cation operators, and that J.(5q(Bs,, —0s,_))J: = Exap.(#5(Bs,, —0,,_, 8))Es by
Lemma [£7 Finally, it can be seen that, similarly to III, factor II is computed on Hq

as
t n t
J, exp (—/ ji’ﬁ(Br,ar)dr) J; = lim JSHeXp <%(Bit/n,ait/n)g) J;

n t
= lim H Egexp <%E(Bit/n, Tit/ns s)%) E, = exp (—/ HE(B,, o, s)dr) E,.
=0 0

n—00 -

Putting all this together we get

(F, Je o0 g2y = > / dx E™° {e—féwBﬂdT / duEF(go)eXt(e’s)EsG(&)} (4.26)
o i

for F,G € Hy. By a limiting argument and the bound (£24)) it is seen that (4.20)
extends for F,G € 'H, completing the proof. qed

Lemma 4.9 There exists a random variable ¢ = c(w) satisfying (1)-(4) in the proof of
Lemma [].§

Proor: Note that

L i e [ e [

We estimate the right-hand side of this expression. Since

t t
/ %E(BTW Or, S)d’l“ = ‘@?]:: <_g / Urjs)‘(' - Br)dr)
0 0
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and Z),(f) is a Gaussian random variable with mean zero and covariance

1 (= . k.k,
[ s = 5 [ Fkath kb (5.~ ) dvdta, (127
we have
H fo BT or, )dr 2 _ (19 e 2f0 BT or, )drl )
2 1 PR kBB 2 2
—exp< / dr/ dlo,o ; wb(k‘) e (|k1]” + |ko|*)dE
€ G
< —) ¢ = . :
< exp ((2) t k) |k|*dk | == 1 < o0 (4.28)

¢1 is thus independent of (z,0) € R® x Zy. Next consider [|e/o [We(Br—or—s)ldNr 12 Gy
B (t) = B (j M- — By)) for notational convenience. For each w € Q, there exists
N = N(w) € Nand 1 = $1(w), ..., sy = sny(w) € (0, 00) such that

2
H JEWe(By,—07—,s)|dN;

< (IQE,eXp< /log[| |\/<@E 2 4 BB(r)? +52} dNr) L@E)2
1g,,exp <2Zlog le |\/<@E 2 B (s;)? +E2D 19E>
<1QE, ﬁ (B1(s0)* + By (si)* + €7) 1313)

1=1

(4.29)

2

0 comby, ™

o

(

- (4 |
<
<

)
%)wgew WY (e, (B (B Loy
)

E\

N
Z NS H%E - By 1o 3

comb
m m- fold

2N N
< (13) S avmr v m VIR = (130
m=0

where Zwmbm denotes summation over the 2 terms in the expansion of the product
[T (BY (5:)°+ By (s54)?), Py denotes one of B (s;), p=1,2,1 =1,..., N, and we used
that |a+ib+e| < V2va® + b2 + €2, a,b, e € R, in the first line, and the basic inequality
162 () ¥y < V2II\/Tk[@]|| Ny/>¥ |5 in the sixth. Note that c;(w) is independent of
(r,0) € R® X Zy and B}'. Set

R

c(w) = crea(w). (4.31)
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Then
> N N _N-m m Allm
Ealc'/?] < eHlV2Pely/ar $ (ﬂ) I A (VA 1 )
- |
N=0 \/§ m=0 Nl
(4.32)
This completes the proof of claims (1)-(4) above. qed

Next we define the L2(R**!)-valued stochastic integral [; j A(- — By)dBY by a lim-
iting procedure. Let A, (s) be the step function on the interval [0, ] given by

Ay(s) = Z i) L((i—1) mti/m) (S)- (4.33)

i=1

Define the sequence of the L?(R3*!)-valued random variable £ :  — L?(R3T!) by
t
= / Jan A — Bs)dBY, p=1,2,3.
0
This sequence converges, which is guaranteed by

t
Eolll€h — &nll") = Eq [/ l7an@AC = Bs) = Jam@A( = Bs)llzdS}
0
t
= 25 | [ (A = = B, eSO = By as| — 0
0

as n, m — o0.

Definition 4.10 We define

t
/ JA(- = By)dB! :=s—1lim &', p=1,2,3,
0 n—oo

[ otz o= o ([ s - sy

Now we are in the position to state the main theorem of this section.

and set

Theorem 4.11 For everyt >0 and all F,G € H

Fe ! iPFG E dx E*? [ —Jo V(Ba)ds dugJ Xe(e) JG(& ] 4.34
( / v /E HEJo (fo) ( ) ( )
and

(F,e PP @) = lim ¢’ Z/dxﬂi“ { ~Jo V(B / dppJoF (&)X J,G (ft)} - (4.35)

e—0
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Here
3 t
£) = —ieZ/ A (jsA(- — By))dB"
p=1"0

t t+
_/ HE(B,, 0y, 5)ds + / log (—5(Bs, —0s_, 8) — etp.(Hos(Bs, —0s_,5))) dN.
0 0

PROOF: Notice that 4 (jsf), f € L*(R®), s € R, p = 1,2,3, is a Gaussian random

variable with mean zero and covariance

: Euko\
B (35 ) B, (Grg)dpe = 5 / f(k |k;|2< ‘2‘2)6 [t—slon (8) g

5

Then similarly to [@24) we obtain |r.h.s.@3A)| < [|F|lx||Gll2 Vi B2 (/2] < C, where

—tHgp _, p—tHpr

¢ is given by (A31)) and C is a constant independent of . Since e

strongly as ¢ — 0, (£35) follows from (4.34]).

Now we turn to proving [E34). Take A = (p//wp)" € C5°(R?). Then by [E24)
E=7 [~ o VB Xee9) ()] € H for G € H, and

Remember that X;(e,s) was defined in (£21)) and V), in (3I3]). Define the bounded

operator

£ [ — [Lv(B)dr Xt(as)G(gt):|HH < V]\l/[/z]Ex,a[cuz] 1G]l

(SZSG)(ZIJ, 0.) — g% [6_ f(f V(Bu)du€Xt(€7s)G(€t)] ’ H — H.

Set

3 T
Xar(ers) = =ie Y- [ oG~ BBy
p=1"9

T T+
—/ HY(By, 01, 8)dl + W*(B;,—o,_,s)dN;.
S s

By making use of the Markov property of & we get

(StE,TS;:,lG) ($7 U)

_ psttpTo _e_ J§ V(Bu)du ,Xo,i(er) pBr.ot [ — [§ V(Bu)du g Xo.s(=0) (7 (53)”

- t s+t
_ 6s+tEx,U —fo V(Bu)du X()’t(E,T’)]EZ‘,U [e— /3 V(Bu)dueXt’stt(a,l)G(BS_H’ Us—}—t) | Qti”

_ €s+tEx, fs+t V(Bu)du Xo t(e,r)+Xt, 54t (e, l)G(Bs+t> Us—}—t)] ) (436)
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Note that for s; <--- <s,,

eXp (Xo,tl (,81) + Xty 1442 (65 82) + -+ Xy pottn 1 14410 (€ Sn)) € Eis, s, L*(2g).
(4.37)
For operators T, j = 1,...,N, write [[\_, T; := T1T>---T,. By using the identity
Hip = Hraa + [ Hip(9)du(9), we have
(F,e~tHir@) = (F, e—t(Hgg-‘}-H,ad)G)

— lm (F, (e—@/n)Hsse i) G)

n—oo

= lim | JoF, HJ,t/eW PR )J@)

n—1
- ,}LII;O JoF HEit/"Ste/n,it/nEit/n> JtG>

1=0

= nh—>nolo JOF’ H t/nzt/n) )

= ¢' lim g /d:v]Ex’” {e‘fo V(B*)d’"/ dugJoF(z,0)eXt© L,G(&)] ,
n—00 = 25
(4.38)

where we applied the Trotter-Kato product formula [KMT78] to the quadratic form sum
in the second line, the equality J*.J, = e~*=5fad in the third, Lemma & in the fourth,
(£37) and the Markov property of the family of projections E...| in the fifth, and (£36)
in the sixth line. Moreover X/'(¢) = Y;"(1) + Y;"(2) + Y,*(3,¢), with

3 ti/n

Y1) := —zez / E(Ju(i—1)/mA(- = Bs))dBY

“121 (zl/n

t
= —7,652{}3 (69/?1:1/ ]An(s))\( - Bs)ng) )
0

n ti/n
Y2 = =) HE(B,, 04, (i — 1)/n)ds %@ (By, 05, Ap(5))ds,
i Jti—1)/n

n ti/n+
yi3,e) = 3 /t(' | WBe = i = D m)dN, = /0 We(By, —0s_, An(s))dN,,
i=1 Jti=1)/n

and with W¢(x, —o,r) defined in (£22) and step function A, (s) given by (£33). Fur-
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thermore, put

t
V(1) = —iea/® <@i:1/ G- — Bs)ng) :
0
t
_/ %E(BS,O'S,S)dS,

0t+
Yi(3,¢) ::/ We(Bs, —0s—, s)dNs.

0

Then X;(e) = Yy(1) 4+ Yi(2) + Y3(3,¢). We claim that
r.hs. (A3]) = ¢ Z/dex"’ [e‘fot V(Bs)dS/ dugJyF(&)e*© JG(&)} . (4.39)
o i

Note that

Z/ B [e_m&)ds /g T (&) | 1G] |57 — eX“f’\duE]

(e

1/2
< |Gl (Z [dze V@ P, o) e - eXt@H%) (4.40)

and
||6Xgl(€)||% < (]-QEa |6Ytn(2)|213E) (]‘QE’ |€ €)| 1913) :

We continue by estimating the right-hand side above. It readily follows that

(13137 e 19]3

E)? .
_eXp< / ds/ drogo, o) e~ B=B) (|, 2 4 [o|2) eI AnE A0 (Dl k dk;)
R3 Wb(k?)

< exp (th / \@(k)\2|k|dk) = ¢, (4.41)
R

2
and the estimate of Hefot We(Bs,~0s—,An(s))dNs eJo We(Br,—0r—,5)dNy
2

explained in 30), with B, (j;, A(- — Bs,)) replaced by &} (ja, )M — Bs,)). Then,
for each w € Q, Hefot W (B (), || < ¢(w), with cy(w) given in (@30). Thus we
conclude that ||eXi®)]|? < ¢(w), where cz(w) = ci1c3(w) and E*7[c'/?] < oco. Similarly,
|eXt@)||; < C(w) and E*?[C?] < oo follows for a random variable C'(w). Note that
both ¢ and C' are independent of (x,0) € R® X Zy, B and n. Thus by ([£Z0) and

2
goes as that of ’
2
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dominated convergence, it suffices to show that for almost every w € €, eX#(€) — Xt()

as n — oo in L'(2g). We have

XPE) L Xele) o YP ) YI2) YT BE) _ Yell) T2 Y7 (3ie)

- -
'

=1
4 YD) V@) VI (B _ () V(@) Vi (3.2)

7

e

::H
| D NR) YT BE) | Vi) Vi) i(3) (4.42)
::‘I,H
We estimate I, IT and III. Notice that
[Tl < fle¥ @ — MW, [ PGy, (4.43)

By a minor modification of (A.28) and ([A30) it is seen that there is N = N(w) such
that

7 BSTCA < | DR P, (1.49)

AN 2N
< 64(6/2)2t2||\/m¢”2 (%) Z £2N=m 1 92m ||\/W@H2m
m=0

(. J/
-~

1=c3

By the expression of Y;(1) in Definition [4.10
2

("W M), = exp <—%q1(g?, Q’f)) ,

t
with o} = 69221/ (Jans)A(- — Bs) — jsA(- — B))dBY. Moreover,
0

xT,o T n 3 x,o ! N N
2 falef )] £ 3877 | [ oA = B~ - - B Pas]
t

< 3o | [ @R = 2RO - B> B) ds] 0
0

as n — 0. This implies that there exists a subsequence m such that for almost every
w € Q, lim,, oo (X" Y1), = 1 and thus [e¥" 1) — YW, — 0. We relabel this
subsequence by n. Then

T 1] =0 (1.45)

follows by ([£43)) for almost every w € .
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Next we estimate II. Since [e¥*)| = 1, we have
Ty < €7@ — i@ | G
and ||e¥"" 39|y < c3(w), see (EAD). A direct computation yields

le™ @13

:eXp< / ds/ dsasaT/dk| (f;g “RB=B) (1) |2 4 [k |?)e™ An<s>—An<r)wb(k>)
— ex d d dkw i e HBs=Br) (1L |2 4 |[y|2) e ls 7 lwn(k)
p s roso, o () (|k1)” + [ka|)e

" ||§

= |le
and

(7O X)),

_ L rey? |p(F)|? —ik-(Bs—B,) 2 2
— exp (Z %) / ds/ dro, T/dk; e (kal? + k)

s (e-15=Tlon(®) | o=ls=An(lwn(k) | o—lr—An()lwn(k) e—\An<s)—An<r>\wb<k>)>

2 2
e S) [ 05 o [k e )

as n — oo. Thus

lim [|T1)| < lim (||e"" @3 — 2R @, "), + 7@ |3) 5 =0 (4.46)
is obtained.
Finally, we deal with III. Since

||e )Yt (2) Y{" () _ eYt(l)eYt(2)eYt(3,e)H1 < HeYt(2)H2 HeYt”(&e) — €M(376)||2

and [[e"*@ |2 < e/ IVIRIZI it 5 enough to show that e¥¢' (39) — Y(3:2) in L*(2g).
By the definition of ¥;*(3,¢) we have

n ti/n+
¥t (3) = Hexp (/ We(Bs, —0s—,t(i — 1)/n)st) :
t(i—1)/n

For each w € ) there exists N = N(w) € N such that D(p) = {s1, ..., sy}, where p is

the point process defining the counting measure Ny, see ([B3). For sufficiently large n
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the number of s, contained in the interval (¢(i — 1)/n,ti/n| is at most one. Then by
taking n large enough and putting (n(s;), n(s;) + t/n] for the interval containing s;,
1=1,...., N, we get

N
6Ytn(376) - H (_%E(Bsi’ —Os;— n(sl)) - E¢E(%E(Bsi7 —O0s;— n(sl))) : (447)

1=1

Clearly, n(s;) — s; as n — oo. We want to show that

m—0o0

N
lim rhs. @I0) = [ [ (—A05(B.,, =04, 51) — e (A5 (By,, =04, 1)) . (4.48)
=1

Since S5(B,,, —0,,_,n(s;)) converges strongly to S5 (B,,, —0,._,8;) as n — 00 in
L?*(2g), we have by Lemma below that in L?(2g)

h_)I% ¢€(%E(Bsw —O0si—; n(sl))) = we(%E(BSN —Osi—; 82)) (449)

Set I(”? 7’) = ¢€(%E(Bsw “Osi—» n(sl>>>v [(OO, 7’) = ¢€(%E(Bsw “Osi—s Si>>7 A(nv Z) =
HE(Bs,, —0s,_,n(s;)) and A(oo,i) := HE(B,,, —0,_,s;). Since these are commu-

tative as operators, the right hand side of (447) can be expanded as a finite sum
of functions of the form C(n) := HI(n, #) H A(n,#), where # stands for one
k N—k

of 1,...,N. It suffices to show that each C(n) converges to C(c0) as n — oo in
L*(2g), where C(00) is C'(n) with n(s;) replaced by s;, i = 1,..., N. Take, for example
Co(n):=1(n,1)---I(n,k)A(n,k+1)---A(n, N). Then

I(n, 1) I(n,k) (A(n,k +1)- - A(n, N) — A(co, k + 1) - - - A(co, N))
+(I(n,1) - I(n,k) — (00, 1) - I(00,k)) A(co, k + 1) - - - A(c0, N).

Since I(n, i) is uniformly bounded in n, the first term at the right hand side of (£50)
goes to zero as n — oo in L?*(Zg). The second term can be estimated in this way.
First note that

| (I(n,i) — I(c0,i)) A(co,k+1)--- A(co, N)|5 =
(A(oo, k+1)2- - A(oco, N)2, I(n,i) — I(oo,i))

9

Since lim,, .« ||(I(n,1) — I(00,1))?|| = lim,_ ||I(n,7) — I(c0,7)|] = 0 by (E4J), the
second term of the right hand side of (£50) also converges to zero. Then Cy(n) —
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Co(00) as n — oo in L*(2g) follows, and hence [#AF). Since the right-hand side of
([@4R) equals €'t it is seen that lim, . [|e¥7' 32 — ¥1B32)||, = 0, and

nlg{)l() |11}, = 0. (4.51)
A combination of (£45]), ([440) and (A5]]) implies (£39), and thus (£34]).

Now we extend (3] to form factors for which v/wy @, ¢/v/w, € L*(R?), through a
limiting argument. Let ¢, € C§°(R?) satisfy ¢,,./v/w, — ¢/vw,, and V/w, @ — VW, @
strongly in L?(R®) as m — oo. For each ¢,,, [£30) holds. Let Hip(m) be Hip with
¢ replaced by ¢,,. Thus Hip(m) — Hpp as m — oo on the common core Hy. Then
e~tHEe(m) s o~tHir gtrongly in H as m — oo. Define X\™ (), ¥, (1), ¥,"™(2) and
Y;(m)(B,e) by X:(e), Yi(1), Yi(2) and Y;(3,¢) with ¢ replaced by ¢, respectively. It
is enough to see that eXiME)  Xi) iy LY (2g). We divide eXi™ () _ X1 iy the
same way as (L42) with Y,"(i) replaced by VAR (7). Then it suffices to show that

VG L ovili) strongly in L?(2g), for almost every w € € as m — oo. First, we have
2

(m) €
(eYt (1)’ eYt(l))z = exXp (_EQI(an? Q;n)) )

t
where o}' = 69221/ (JsAm(- — Bs) — jsA(- — Bs))dB" and A, = (pm/v/wy,)”. Further-
0

more,
t
o [ 1= B =X - BS>||2ds}
0

[@m/v/wy, = &/vwy || — 0

)

E™7[q1 (05", 05")] <

<

N W N W

as m — oo. Then there is a subsequence [ such that (e ,e¥t))y — 1 as [ — oo for

almost every w € 2, and hence

Jim e X, = . (4.52)

We relabel [ as m again. Secondly, we have

v,™ (2) ”2

:exp< / ds/ drasa,,/dlcwm((?)‘ _ik'(Bs_Br)(|kl|2_|_ |k2|2)e—s—rwb(k))’

(eyt(m) (2)’ eYt(2))2

1rey2 [* ' [P(k) + @um(R)|* _,
= — — d d sOp dk m —Zk)'(Bs—BT-)
exp (4 <2> /0 8/0 TOO /R3 oo () e
x (k) + \kQP)e—'S—T'%(’“)) .

le”
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From here

lim "™ — @2 — T ([ - 207D, ), 4 @) 0
(4.53)

Y1391 9, as m — oo in

follows. Finally we see that for each w € Q, %" (391 9, — €
L*(2g). There exists N = N(w) €N, s; = 51(w), ..., sy(w) € (0,00) such that

2

(m)
Y 36 H 317 _Jsi—7si7m) - 6w€ (’%)E(BSN_O-SZ'—ﬂS?ﬁm))) 9
1=1
where S5(B,,, —0,,_, si,m) is defined by SZ5(B,,, —o,,_, s;) with ¢ replaced by @,,.
Since S5 (Bs,, —0s,_, 8;,m) converges strongly to J€5(B,,, —0,,_,s;) as m — 0 in
L?*(2g), by Lemma FET2 we obtain

1}7}310 ¢5(‘%E(Bsi’ 05— Sis m)) = wa(‘%g(Bsw “Osi—s Sl)) (4'54)
in L?(2g). Similarly to the proof of lim,, ., '35 = Y1) we argue that
lim [[e¥" @) — GO, = 0, (4.55)

m—00

From (A.52), (£53)) and (4.55) we finally obtain ([4.39), completing the proof. qed
It remains to show (A49) and (£54).

Lemma 4.12 We have

nh_{lolo 1?6(%%(3&7 05— n(sl))) = 1?6(%5(3&7 —O0si— 82)) (456)
hm wa(‘%ﬁ( siy — Osi—s Sis m)) = wa(%E(Bsw —O0s;— 52)) (457)

strongly in L?(2g).

PROOF: We show (ILET), the proof of (56 is similar. Put n,, = J#5(Bs,, —0s,_, 8i,m)
and n = 5 (B,,, —0,._, 8;). Let g, € .#(R) be such that g, — 1. as n — oo in L*(R).
We have

[e(n) = Y=l < N9e(m) = gn(MI + 192(1) = gu ()] + 190 (1) — Le () |]-

It is readily seen that

le(n) — gu)|> < / e(2) — gu(2) F(2mp)2d (4.58)
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and

[ Gn (11m) — %(%)Hz < / Ve () — gn(I)|2(27rpm)_l/2dx> (4.59)
where p is given by (LI6) and p,, is obtained by replacing ¢ by ¢,,. Since p,, — p as
m — 0, the left hand sides of (Z58) and [{59) are bounded by C/||tb. — g, ||* with some
constant C' independent of m. Consequently, they both converge to zero uniformly in
m. We also see that

19:(12) = g () || < (27) 71/ / |Gn (K)[[le™" — e || da. (4.60)

R

Since e — e || — 0 as m — 0 for each n, the left hand side of ({60) converges to

zero as m — (. This gives the lemma. qed

4.3 Energy comparison inequality

Write

iIlfO'(HpF) = E(«Qf, %1, %2, %3)
for the bottom of the spectrum of Hpgr. Then for the spinless Pauli-Fierz Hamiltonian
Hpp we have infa(]ffpp) = FE(4,0,0,0) and the diamagnetic inequality F£(0,0,0,0) <
E(27,0,0,0) is well-known to hold [AHS78| [Hir97]. In this subsection we extend this

inequality to the case of the Hamiltonian with spin.

Define
e lel /o2 1+ 972
Hpp := Hy + Heaa — | 2'?3 . ’%;1 + 2| (4.61)
5\ Bl + By —5 B3
Furthermore, to avoid zeroes of the off-diagonal part to occur we also define
0 . (M B+ %’2>
Hie = H — y S (4.62)
et (7 Bt @g) 0

Since the spin interaction is infinitesimally small with respect to the free Hamiltonian
Hy+ Hyaq, Hpy and Hpg are self-adjoint on D(—A)ND(H,aq) and bounded from below.
Note that | #4| = /%2 + B3 and V. (o) = V(| Hoa]) = Vo(S\/ B} + B3). The

tHZ

functional integral representation of e™*"Pr is given by

(F,e v @) = lim(F, e 78 @)

e—0

= lim Z/dm E*° [e‘ I V(BS)dS/ dMEJoF(fo)extL(E)JtG(ft) ;
o “n

e—0
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where
t
Xt(e) = —/ (B, 0, 5)ds
0

t+
_'_/ log [|%E(st 05— 8)‘ + 5w€(|%]3(387 —O0s—, S)D] dNS
0

Corollary 4.13 For allt > 0 and F,G € H we have
(F e @) < (|F] e oG (4.63)

and

E(Ov V %% + '%%707'%3>

max E(O, \/@g +§3%,O,<@2) < E(%,%l,%%%g). (464)

E(O> V %g + %32,,0,%1)

PROOF: Since Hpy is unitary equivalent with the Hamiltonian obtained on replacing e
by —e, we may assume that e > 0 without loss of generality. By the functional integral

representation of e P we have
(F, e G)] = lim |(F, e 152G
e—

<lmb / dw” [e‘f3 e / duEqu(&o)l|JtG<£t>|eX*<€>]
=0 o 25

<t 3 [acees [ iV [ unlr@lceNe ).
T )

= lim(|F|, e"|G]) = (||, e |G,

where we used |eX*(©)| < X and the fact that [J,G| < J,|G| as J, is positivity pre-
serving. Thus ([ZG3) follows. From this, F(0,\/%? + %3,0,%Bs) < E(o/, B\, By, Bs3)
is obtained. Since E(, B, Bs, B3) = E(A, By, B, Bs) = E(A, By, B3, B1) by
symmetry, ([AL64]) follows. qed

5 Translation invariant Hamiltonians

In this section we assume that V' = 0. In the previous section we derived the functional

integral representation of e~ P¥ and e~*fr. By using them we can construct the
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functional integral representation of the translation invariant Hamiltonian
1
Hpp(P) = 5 (P = P — et (0))? + Hyag — Z 0, R

Before going to do this, we show translation invariance of the operator Hgy defined in
EID.

Lemma 5.1 Hpy is translation invariant and it follows that

(&)
Hip = / Hip(P)dP.
RS
where

e (p)_ 0 Pe(—5(£1(0) — i%,(0)))
HPF(P) - HPF(P)+ {@Z)a( %(%1( )_|_z~%2(0))) c 0 . (5.1)

PROOF: Let & = &(z) = (—¢/2)(B1(A\(- — x)) — iPBy(A(- — x))). Note that
. 0 e (D)
HPF - HPF _l_ |i€1/}€(q)> O :| )

where ® denotes the complex conjugate of ®. The term Hpp is translation invariant,
therefore we only show that so is ¢.(®). We already know that there exists ¢ € . (R)
such that ¢ (®) — 1. (P) strongly as a bounded multiplication operator when n — oo,
where ¢2(®) = (2m)712 [, . (k)e*®dk. Thus " is translation invariant, since ® is.
Hence 1. (®) is also a translation invariant bounded multiplication operator. The proof
for 1. (®) is similar.

Furthermore, Hpp + ¢2(®) is decomposed as

Hpr + [ ;f(]q)) w?éq))} - /R @ (HPF(P)+ L wg((c)p(())) =Ye(2(0 ))D aP.
( (

Since ¥"(®(0)) and ¥"(®(0)) converge strongly to ¥.(®(0)) and 1.(P(0)), respectively,
(1)) follows. qged

o

Theorem 5.2 Fort >0 and ®,¥ € Z, @ L*(2) we have
(@, e Hir@P)p) = ¢t Y~ g0 [e“’f‘t / d,uEJOCD(a)eXt(g)Jte_ipf'Bt\If(at)} (5.2)
[ ASVA) i
and

(B, e~ tHrr(P)y) :lin(l)etZEO’” [eiP'Bf / JOCI)(a)eXf(s)Jte_in'Bt\I/(at)d,uE]. (5.3)
£— 95

AV
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Proor: It suffices to show (52). The idea of proof is similar to that of Theo-
rem 3.3 in [Hir06]. Set Fy(0) = ps ® ®(0) and G,(0) = p, @ ¥(o), where ps(z) =
(2ms) 32 exp(—|x|?/(25)), s > 0, is the heat kernel, and ®(0), ¥ (o) € L2, (2). We
have by Lemma B}, for £ € R?,
(F37 e—tHEFe—if-PtotGr)H _ /

R

AP((UE,)(P), e HMor(P) =P (UG ) (P)) gy
3
where the unitary operator U : H — H is defined by
(UF,)(P) = (2%)_3/2/ e~ TPy (2)V(0)dw.

R3

Hence we have

lim(Fy, e~ e e PG, g = (2m) 702 / APV, e Mor P e EP (UG, ) (P))zy0.5-
S— RS

(5.4)
On the other hand, we have through the functional integral representation (A.33]),

(FS’ e—tH;Fe_ZE'PtOtGT)H —= /

R

_ps(@)Y(z)dz,

where

Y(z) =) E"° [pr(Bt —¢) / JO\If(a)eXt(E)Jte_if'Pfé(at)duE] .
e )
In Lemma below we show that Y is bounded and is continuous at z = 0. Thus
further we obtain that

lim ; ps(x)Y(x)dx = T(0) = ZEO"’ [Pr(Bt — f)/g

s—0
o E

Joxlf(o—)eXt@Jte—if'Pfcb(at)dME} :

Hence, together with (54]) we have
(2m)™/% / AP (W, e M (UG, ) (P)) 207

R3
= 3" B[ (By = ) JoW(0)e O e (o). (5.5)
SV
Since (¥, e or (UG, () 207 € L*(R?), by taking inverse Fourier transform on both
sides of (B.0]) we arrive at

(U, e e ) (UG,)(P)) (5.6)

ZoQRF

= (2m) 72 Y E™ { / dée* P, (B, — €) / JoU(0)eX® Je P (o, ) dug
R3 2

O0EZL> E
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for almost every P € R3. Since both sides of (5.0) are continuous in P, the equality
holds for all P € R3. Taking r — 0 on both sides of (5.6]), we get the desired result.
qed

We conclude by showing the lemma used above.
Lemma 5.3 T is bounded and is continuous at v = 0.

PrROOF: The boundedness is trivial, we proceed to show continuity. We have
T(2) = T(0)] < ™ |[W(@)a @) ol © = A O], (5.7)
with

3 t t
ZEe) = —ie} / AP — By — 2))dBE / (B, + 7,00, 5)ds
/J,Zl .

J/

-~

=77 (2)

J

=27(1)

t+
+/ lOg [_%d(Bs + X, —0g—, S) - 5¢a(%d(35 + X,0s5—, S))] st .
0

- -

=ZF(3,¢)

By (B.7) it is enough to show that
lim E7[[| ) — %@ ,] = 0, (5.8)
similarly to the proof of Theorem .11l We estimate I, II, III below:

T _ BO = ZVII DL Be) _ BV L) 2 ()

-

'

=1
4 AW ZE Q) FEBE) _ Z00) ) 77 (3)

7

::H
4 AW 2@ ZE(3E) _ 20 ZR2) Z0 ) (5.9)
:;fII
We have |[eZ@eZiB)|, < 64(6/2)2t2||\/m¢|‘203(w) = c4(w), where c3(w) is given in

(@A), and

2
[eZFW) — 212 = 2 — 2R (D A M) = 2 — 2exp <—%Q1(Q§, Qg)) :
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t
where ¢f = &7_, / Js(A(+ = Bs — x) — A(- — By))dB". Moreover,
0

g X 3
B [q1 (05, 05)] < 5 [/ IA( —2) = A= By)|?ds| — 0
as r — 0. Thus

lim EO,JHIHl < lim IE0,cr||ech(1) o eZ?(l) ||2||6Zf(2)62f(3,5) ||2

z—0 z—0
<l EO||e 0 — #0507}
< lim EO0[1 — e~ (¢*/2a1(e5.05)| g0 [ 1/2]
< lim E™[(e?/2)q1 (o, 0f)JE7[e}*] = 0.

Next we estimate II. We have

(7@ )

—exp< / dS/ drogo T»/dk‘| (];]Zg —ik(Bs—Br—x (|/{5 |2 |k2|2)6—|s—r|wb(k))

#O|3

— [le™

as  — 0. Then from |[eZf @ — ¢Z/@)||2 = 2||eZ/?)||2 — 2R (%) %' — ( it follows
that

lim |12 < c3lim |[eZ® — %) =
z—0 rz—0

for almost every w € (). Finally we estimate III. For each w € 2, there exist N =
N(w) € Nand s; = s1(w), ..., sy(w) € (0,00) such that

Zz3a

’,:]2

I + Bsza Usi—a Si) - E¢E (%E(x + Bsw _O-Si—a SZ))) .
7,:1

Since S5 (x + Bs,, —0,,_, s;) converges strongly to J€5(B,,,—0,,_,s;) as x — 0 in
L*(2g), we see that lim, o0 (5(x + By, —0s,—, 8:)) = U (HE(Bs,, —0s,_,5;)) in
L*(2g). This can be proven in the same way as Lemma 12l Hence

N
lim H (_%E(x + Bsm —O0s;—» Si) - 81/}6 (%E(m’ + BSN —O0s;—» SZ)))

N
= H (_%E(Bsw —O0si— Si) - 5'(/}8 (%E(Bsw —O0si— S,))) (510)
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follows. Thus we obtain hmx_@ ||eZE ) — o203

Z7(3,¢) Z9(3,¢) || ||e

o = 0 as well as lim, o ||IIT]j; <

lim, g ||e” —e 2|l = 0 for almost every w € Q, proving (5.8).  qed

From (B.3]), we can derive energy inequalities in a similar manner to Corollary A.13
Write
ll'lfO'(HpF(P)) = E(P, EQ/, %1, (%2, (%3),

and define
1 < %,(0) 1/ %,(0)2 + %,(0)2
HE(P) = =(P — P)? + H,pq — 3 2 .
pe(P) =5 (P = )7 Hoaa [' | B0 + 0 —£5(0)
Corollary 5.4 Fort >0
(@, e Pw)]| < (|0, e 0 w)) (5.11)

and

E(O>0a V %% +%%’07<@3)

max E(0,0,\/%?%—F%%,O,@Q) SE(P,%,%l,ﬂQ,%g). (512)

E(0,0, /72 + 22,0, %)

PROOF: Clearly, |e" 1 Btl| < e~ Bt| W], Therefore

(@, () <692Wﬂ/%wmﬁWm%%wmmm

[ASYA)

= r.h.s. (BI00).
(E12) is immediate from (G.ITI). ged

6 Concluding remarks

It is known that Hpp has degenerate ground states for weak enough couplings [HSO01]
[Hir06]. In this subsection we comment on the breaking of ground state degeneracy of
a toy model by using the functional integral obtained in Theorem A.TTl

Consider the self-adjoint operator on H with the spin interaction replaced by the

fermion harmonic oscillator (3.0) in Hpp:

1
—(=iV — eﬁ)z +V + H,pq + €0F.

H(e) = 5
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Whenever € = 0, the ground state of H(0) is degenerate at any coupling. In this case

(F’ e_tH(O)G) — et lim Z/dl‘ Ew,o [6_ f(f V(BS)dS(JoF(&)), e_iAc?NtJtG(ft))}

e—0

= e Z/dajE VIBds (10 F(x,0), e iAJtG(Bt,U))} :

where A = &/®(®5_, fo JsA(- — B,)dB"). We show, however, that the ground state of
H (€) becomes unique for arbltrary values of coupling constants as soon as € # (. Since
the fermion harmonic oscillator o is identical to —oy, the off-diagonal part of H(e)

is the non-zero constant —e. Then we have the functional integral representation of
et with the exponent X;(0) in (&3] replaced by

t
—z'eA+/ log ed N.
0
Thus

t .
(Fe™9G) =y / dz E™[Nrem o VB (T (&), e A TG(E)))-
Take the unitary operator 6 = e~*"/2N In [Hir00a] it was seen that T} := J;0~'e~40.J,
is positivity improving. This implies

Corollary 6.1 0 'ef()9 is positivity improving for € > 0 and, in particular, the

ground state of H(€), € # 0, is unique whenever it exists.

PrOOF: Note that H(e) and H(—e) are isomorphic, therefore we only take € > 0. By

a direct computation and the definition of T}, we have
(F 0~ 1 —tH(e QG)
_ ot Z/dx]Ew [e—fg V(Bs)ds o
X ((F(z,0), T;G(By,0)) coshet + (F(x,0), T;G(B;, —0)) sinh et)] .

Then for non-zero 0 < F,G € L?(R3 x Zy x 2) we see that the right-hand side above
is strictly positive, i.e., (F,0 et (9G) > 0. This means that e (<) is positivity
improving. The uniqueness of the ground state follows by an application of the Perron-

Frobenius theorem [GJ68, [GroT2]. qed
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The translation invariant version of the model is given by

1
H(e, P) == 5(P — P — e/ (0))? + Hyag + €0p.
The ground state of H(0, P) is degenerate, whenever it exists, however in this case too
the degeneracy is broken. By Theorem [5.2] the functional integral representation of

—tH (e,P)

e is given by

(T, e M) = et " 5 [N B (Jo(0), e A die P (0y))] (6.1)

AV

—iPr-Bt i5 positivity preserving in Q-

If P = 0, the phase e¢/7"Pt vanishes. Then, since e
representation, similarly to Corollary 6.1 we see that for P = 0 and € > 0, §~ e tH(<0)g

is positivity improving. This yields

Corollary 6.2 Let P = 0 and € # 0. Then 6~ 'e (09 is positivity improving and

the ground state of H(e,0) is unique, whenever it exists.
Remark 6.3 The spin-boson model is defined by
HSB :Ul®1+1®Hf+Oé0'3®¢(f), a € R,

on C? ® F(L*(R%)), where H; is the free field Hamiltonian of F(L?(R?)) and ¢(f) is
the field operator labeled by f € L?*(R?). We can also construct the functional integral
representation of e =58 by making use of the Z,-valued jump process o;. The functional

integral can then be used to prove uniqueness of the ground state whenever it exists

[Spo89], Hik99, Hik01l, HHOT].

7 Appendix: Ito formula for Lévy processes

In this appendix we recall and discuss some basic facts on Poisson processes and related
It6 formulas to make this paper sufficiently self-contained. A general reference on this
subject is [IW&1, DV07].

Let (5,3, Pp) be a complete probability space with a right-continuous increasing
family of sub-o-fields (X;)¢>0, where each ¥; contains all Pp-null sets. Also, let (X, By)
be a measurable space and w the set of Z, U{oo}-valued measures on (X', By ). Denote
by %, the smallest o-field on w such that @w > p+— pu(B), B € By, are measurable.

We define a class of measure-valued random variables.
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Definition 7.1 The (w, %A, )-valued random variable N on (S,%, Pp) is a Poisson

random measure on (X, Bxy) whenever the conditions below are satisfied:
(1) P(N(A) =n) =e MAA)"/n!, A€ By, where A(A) := Ep[N(A)],
(2) if Ay, ..., An € Bx are pairwise disjoint, then N(Ay), ..., N(A,) are independent.

A(A) is called the intensity of N(A), and Ep[e~*N )] = A1) holds.

Fix a measurable space (M, %Byr). By an M-valued point function p we mean a
map p : D(p) — M, where the domain D(p) is a countable subset of (0,00). Define
the counting measure N,(dtdm) on the measure space ((0,00) x M, % ) X ZBr) by

N,(t,U) := N, ((0,¢] x U) = #{s € D(p) | s € (0,t],p(s) e U}, ¢>0, U € B,

where (g, is the Borel o-field on (0,00). Let II(M) denote the set of all point
functions on M, and %rmy be the smallest o-field on II(M) with respect to which
p— Ny(t,U), t >0, U € B, are measurable.

Definition 7.2 A (II(M), Brm))-valued random variable p on (S, 3, Pp) is called an
M-valued point process on (S,%, Pp).

The point process p is called a stationary point process if and only if p(-) and p(s + -)
have the same law for all s > 0, with D(p(s+-)) ={t € (0,00) | s+t € D(p)}.

Definition 7.3 An M-valued point process p on (S, %, Pp) is called a Poisson point
process if and only if the counting measure N,(dtdm) is a Poisson random measure on
((0, OO) X M,%(QOO) X %M)

It is known that a Poisson point process p is stationary if and only if its intensity

measure is of the form

Ep[N, (dtdm)] = dtn(dm) (7.1)

for some measure n on (M, Bp,). An M-valued point process p on (S, %, Pp) is called
(X¢)-adapted if for every t > 0 and U € B, N,(t,U) is X, measurable for all ¢ > 0.
It is called o-finite if there exists U, € By, n = 1,2,..., such that U, T M and
Ep[N,(t,Uy,)] < oo, forallt > 0 and n = 1,2, ... Let p be a (¥;)-adapted, o-finite point
process. When Ep[N,(t,U)] < oo, Vt > 0, there exists a natural integrable increasing

~

process (N,(t,U))i>0 on (S, X, Pp) such that

Ny(t,U) — Ny(t,U) := N,(t,U)

is a martingale. Np(t, U) is called the compensator of point process p.
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Definition 7.4 An M-valued point process p on (S, %, Pp) is called a (3;)-Poisson
point process if it is an (X;)-adapted, o-finite Poisson point process such that the

mcrements

(N,(t+ 1, U) = Ny(t,U): h>0,U € Bpy}

are independent of ¥;.

Let p be a (X;)-Poisson point process. Then if ¢ +— Ep [N, (¢, U)] is continuous, it holds
that N,(t,U) = Ep[N,(t,U)]. In particular, a stationary (;)-Poisson point process has
the compensator N, (t,U) = tn(U), where n is that of (ZI), and for a disjoint family
of Uyin¥,i=1,..,N,

N
Ep [e‘ Zijilo‘in((s’ﬂXUi)} = exp ((t —5) Y (e - 1)n(Ui)> :
i=1

We give an example.

Example 7.5 Poisson point processes can be constructed through d-dimensional Lévy
processes.  Let (n)is0 be an R%-valued stationary Lévy process on probability space
(S, %, P) with the natural filtration ¥y = o(ns,s < t). Define the jump process p(s) =
( T) = ns(7) — ns—(7) for each T € S. Let D(p) = {s € (0,00)|p(s) # 0}. Then
D(p) — R4\ {0}, s — p(s), is an R?\ {0}-valued (3;)-Poisson point process and

P( N,(t,U) = n) = (v(U)t)"e "t n! holds, where v(U) is the Lévy measure given by
v(U) = Ep[Ny(1,U)] for U € Bga\j0y. Moreover, its compensator is N,(t,U) = tv(U).

Fix a stationary (X;)-Poisson point process p on (5,3, Pp) with values in M. In
Section 3 we set (2, Bq, Po) := (W xS, By x%, P, @P) and w := wx1 € WxS = Q.
Let IT be the smallest o-field on [0, 00) X M x Q such that all g having the properties

below are measurable:
(1) for each t > 0, (m,w) — g(t,m,w) is By x  measurable,

(2) for each (m,w), t — g(t, m,w) is left continuous.

Definition 7.6 We call a II-measurable function h : [0,00) x M x Q@ — R (£)-
predictable and denote their set by Qpred-
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Write
t+
F:= {f € Qprea | / / |f(s,m,w)|N,(dsdm) < oo for t > 0, a.e. w} :
0o Jm
t
i {7 € Qa5 [ [ [ 156 m Nyt < oo for £ 0
0 Jm
and
F21¢ = { f € Qprea | 370 () —stopping times : 7, 1 00 and 1po,r,(t).f (¢, m,w) € F}.

Let fi(t,w) and g'(s,w) be adapted with respect to (), Ea[fy | f(s,-)|?ds] < co and
g'(,w) € LL _(R) for a.e. w € Q. Furthermore, take hi € F and hi € F>°°. Define the
semi-martingale X; = (X}, ..., X2) on (Q, Baq, Pa) by

Xi = /t Fi(s,w)dBl + /t g(s,w)ds (7.2)

t+ t+
/ / R (s, m,w)N,(dsdm) + / / hy (s, m,w)N,(dsdm).

Here N,(dsdm) = N,(dsdm) — dsn(dm).

Proposition 7.7 Let F € C*(R?Y) and X; = (X}, ..., X) be given by (7.9). Suppose
hi € F, bl € F>¢, and hih} = 0 fori,j = 1,....d. Then F(X,) is a semimartingale
and the following Ito formula holds:

d 3 ¢
dF(X,) = Z > or (xX) fi(s,w)dB"

+

S~
2

i\

=

>

|

_|._

>

o

3

£

— F(X._)) Ny(dsdm)

where N,(dsdm) = dsn(dm).
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PROOF: See, e.g., [[W81], Theorem 5.1]. qed
Write (T2) as dX' = fidB' + g'dt + [, hidN + [, hbdN in concise notation. Let
d=1, B} = B; and

dZ = uydt +vzdB + / frdN + / gzdN,
M X

dY = uydt + vydB + / fydN + / gydN
M X

with fz97 =0, fzgvy =0, fygy = 0 and fy gz = 0. Then by Proposition [.7] we have
the product rule

d(ZY) = Zguyds + Zsoyd B, + / Zo_ fy Ny(dsdm) + / Z_gy N, (dsdm)
M

+Ysuzds + Y (s)vzdBs + /

Y- fzN,(dsdm) —I—/ Y (5—)gzN,(dsdm)
M M

+vgzvyds + / (fzfy + 929y )Np(dsdm).
M

This formula is written as d(ZY) =dZ-Y + Z - dY +dZ - dY in the concise notation.
Suppose n(M) = 1 and set N; := N,((0,t] x M) and dN; := [, N,(dtdm) a
mentioned in Section 3.2. Then the compensator of p is given by Np(t, M) =t and

Eqle=*Nt] = ef¢™"=1 . Moreover,

e[ [ stscmvyasam)] =z [ [ [ fs.0mdsntam)]

Hence we have for f = f(s,w) independent of m € M,

Eq { /0 N f(s,w)st} — { /0 t f(sw)ds} . (7.3)

Furthermore, Proposition [.7] gives

Proposition 7.8 Suppose hi € F, i = 1, ...,d, are independent of m € M. Let dX' =
fidB" + g'dt + h'dN, i =1,....d, and F € C*(R?). Then

irx) = Y3 [ EE g wany

d t
*Z/ 8F8<IZ> (5,0)ds + & Z/ M), F(s,0) F(5,0)ds

v TP+ h5,0)) — F(X,)) N,
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