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SUMMARY 

The low temperature adsorption of argon on a sample 

of silver iodide was studied and interpreted in relation 

to previous work on the theories of the surface hetero

geneity. Krypton isotherms were determined on two 

samples of caesium bromide, and the resultant isotherms 

were interpreted in the light of an improved version of 

the theory of Ross of physical adsorption on hetero-

geneous adsorbents. 

Numerical sophistication of this theory was carried 

out, resulting in the tabulation of theoreticaOl adsorption 

isotherms calculated using the new techniques. 

A fundamental shortcoming of this theory became 

apparent with respect to a change in adsorbate producing 

an apparent chanFe in the topography of the solid surface. 

Fundamental studies on the intermolecular forces 

underlying physical adsorption were undertaken, and a 

method of calculating adsorption potentials on varying 

sites of a heterogeneous surface was developed. Computa

tional methods of performing these calculations yield 

results which are in agreement with established theoret-

ical and experimental work, and studies on a simple 

surface vacancy defect in the argon-sodium chloride (100) 

face indicate the massive increase in adsorption 

potential at such a heterogeneity. 
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Cha:pter 1 

INTRODUCTION 

" 'The time has come'. the Walrus said. 

'To talk of many things: 

Of shoes - and ships - and sealing wax -

Of cabbages and kings -

And why the sea is boiling hot.

And whether pigs have wings'''; 

- Tweedledee. 



INTRODUCTION 

Chapter 1 

The broed basis for the work whi.ch will be described in 

this thesis was the study of the surface properties of silver 

iodide initiated by Jaycock (1,2) and further developed by 

Sidebottom (3). The approach to the problems interesting the 

above workers has developed using the tools of isothermal gas 

adsorption measurements to attempt to deepen the knowledge 

of the surface geometry and. energetics. Stated in its 

widest sense, the problem was one of atterrpting to explain 

the observed behaviour of gaseous systems in contact with a 
i 

solid in terms of a model for the interfacial region, allow

ing for the concept that the thermodynamics involved in the 

description of the adsorption process could not be based 

on any model, however sophisticated, assuming that the inter

facial region could be characterised by a constant potential 

term over the entire of the surface. Expressed otherwise, 

the assumption of a homogeneous surface, with respect to 

topography, extent, microstructure, and other factors inter

relating and related to these, was an unreasonable premise. 

The clear inference is that all surfaces are therefore 

heterogeneous (4) to a greater or lesser extent. 

J.B. de Boer has written (5), 

"Foc~ssi.ng our attention now on the experimental 

data, \"e Iray well state that our complete lack of 

knowledge l.rith respect to the devistions from homo

geneity of the real, actually occurring surfaces 

prevents us from drawing the correct numerical 

results from many experiments, especially if we 

want to translate the results into terms of 
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molecular properties of the adsorbed species". 

This immediately suggests that, at the date of writing 

(196~), methods of assessing deviations from homogeneity 

were absent, with respect to the majority of normal gas 

adsorption data, and that these deviations from hypothetical 

ideali ty should be discussed in terms of the rr.olecular 

processes involved. 

It seems appropriate at this stage to mention that 

the molecular processes involved in this work will be those 

between the constituent phases on either side of an inter

facial region, resulting in the formation of no covalent 

chemical bonds and no charge transfer species. The actual 

molecular processes involved will be discussed later, but 

in simpler terms, we will confine our discussions to 

processes which are totally reversible under tbe experi

mental conditions. These will constitute the driving forces 

for what is known a.s physical adeorption. It is of 

fundamental importance to the understanding of the varied 

phenomena of physical adsorption that all these are s' -

result of non-bonding intermolecular forces. Therefore it 

will be reasonable to both justify this statement and to 

expand into some little detail the nature of these forces. 

That non-bonding forces of this nature occur between 

molecules wae· first shown by the eX1?eriments which could 

not be explained in terms of a.toms consistinp: of hard 

spheres with no attractive forces between them. Notably 

these were the experiments of Andrews (6) which led to the 

formulation of the equation of state of van der Waals (7). 

This was the first attempt to introduce into an equation 

of state any terms indicating, as did the 'a' constant of 
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this work, that attractive forces of sorr.e nature existed 

between molecules of a gas. Van der Waals also allowed 

for the atoms to possess finite size, which was also 

previously neglected (cf. the 'b' constant). The success 

of this, and other more sophisticated equations of state 

in explaining the behaviour of real gases led to a desire 

to understand the reasons behind these forces. Further 

significant work in this direction was however delayed until 

the more detailed characterisation of the atomic structure 

of matter, and the developrrent of the tools of wave mechanics 

and the quantum tbeory. It is however of interest to note 

the efforts of workers such as Sutherland (8), who did 

attempt to derive functions based purely on the existence of 

these attractive and repulsive forces, describing the energy 

of interaction of two molecules. The Sutherland potential 

was a later version of his early attempts to explain the 

bulk fluid transport properties of matter based on a know

ledf!:e of' these model functions. His efforts at first 

produced the Square 1'1ell potential function, a model whose 

simplicity is such that it is still applied to diEcussions 

of many pro1jerties of matter. A l!.ore general approach to 

intermolecular forces was developed by Gustav Mie, who, 

as an extension of his studies on the interaction of light 

with molecules, postulated a general polynorrial form of the 

intermolecular potential (9). It therefore seelI'ed reason

able in the light of London's subsequent efforts to 

characterise the attractive term of the potential, to refer 

to the attractive forces as "dispersion" forces. It is 
'tY\'"l!l1I. Q. d\l<S 
aBemale~B to attribute the recognition of the fact of these 

forces to London, although he is normally credited with 
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the nomenclature. 

After the g,reat advances in atomic physics of the 

early years of th.is century, the truly significant work 

of Iondon (10) in recognising the reasons for the long rangEi 

attractive forces between molecules was Il'ede possible. 

London recognised the long ranlZe attractive forces as 

arising fro!:' the interaction of an instantaneous electronic 

dipole in one atom with the induced dipole in its neighbour. 

He then subsequently developed (11) expressions for the 

interatornic energy, showing that this was inversely pro

portional to the sixth power of the internuclear separation. 

The electronic nature of the energy was shown by London's 

use of the concept of "characteristic frequency". 

Other analogous forces of a similar origin were 

characterised by Fontana (12) for the induced dipole

quadrupole end induced quadrupole-qua.drupole processes. 

All these forces were inherently attractive in nature, 

and an examination of the quality of the forces balancing 

this attraction led to many. ll'ainly semi-empirical, 

expressions for the repulsive forces between molecules. With 

the recognition that these forces arose at very small ranges, 

of the order of a few atomic diameters, end the knowledge of 

the Exclusion Principle of Pauli, it becalf,e clear tbat these 

forces arose through the non-bonding distortion of the atomic 

orbitals of the atoll'S involved, and the consequential energy 

increase of the system. This positive increase in the 

energy of the system has been characterised by both a high 

order inverse polynomial and an inverse exponential expression, 

with the latter being more apparently justified on the grounds 

ot the que.ntum mechanical nature of the proces·s. 



Many of the oth.er interactions which result in char>ges 

to the energy of the systems are those which are already 

interpretable in terms 01' classical or semi-classical 

electrostatics. Such processes are typified by the example 

of the interaction of a permanent dipole with an electric 

field. 

The previous paragraphs are intentionally a bare outline 

of the fundamentals of such systems, and a full description 

of these interactions will be reserved for a later chapter 

(Chapter 6). 

The above outline is, however, intended to ferm a baSis 

for illustrating that the ITolecular constitution of a surface, 

and a detailed knowledge of surface geometries could be 

capable of causing inherent heterogeneity of surface potentials. 

The principle of pairwise additivities of the above 

mentioned interactions has been discussed (13) and has been 

criticised on the ~rounds of failing to adequately furnish a 

description of rrany phenomena, and this failure has been 

attributed (14) to the existence of three body interactions. 

These are, however, difficult to handle analytically and are 

so difficult to apply to numerical treatments of any realistic 

systems that this author has never seen any attempt to use 

them in calculations of surface phenomena. 

This yields us an immediate approach to the calculations 
.. 

of surface energies of solid surfaces and the surface adsorption 

potentials. In practical terms one requires a knowledge of a 

suitable potential functi9n between any two atoms or molecules, 

.. 
Surface energy is here defined as the increase in energy per· 

unit area of created surface from an infinite bulk. 
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and the combination rules pertaining to the parameters of 

heterogeneous systems, and values for the parameters of 

those potential functions, from either eXDerimental results, 

or, as is sloldy becoming more possible, froD' well character

ised sets of wave functions. This latter ar.proach has been 

excellently demonstrated by Hirschfelder (15) for the hydrogen

hydrogen atom system, and the resultant potential function 

has been both accurate and detailed in analytical form. 

HavinlZ thus proved that one lray derive parameters in this way, 

we are forced to face the fact that for almoEt all other 

atoms we must rely on experimental data achieved by techniques 

such as the temperature dependance of transport properties, 

low enerlZ:Y molecular beam scattering and virial coefficient 

studies •. Examples of these will be referred to more specifi-

cally in Chapter 6. 

A simple visualisation of a surface defect, such as an 

edpe, step, corner, Schottky vacancy or dislocation will show 

clearly, when considered relative to the idealised plane 

surface as an adsorntion site, the reason for a variation in 

adsorption potential. A simple but clear exposition of the 

relative site enerF.ies of such defects has been given by 

Dunning (16), amI is a phenomenon often referred to in explan

ations of the preferred sites for crystal growth, or for 

nucleation at many heterogeneous surfaces. 

In sUl'"gesting, as above, that we are dealing with two 

pure components in an adsorrtion system, it iE aE l'/e1l to 

realise that chemical heterogeneity may also result from the 

presence of impurities in the surface, even if geometric 

irnp'lfJt~; are absent. (Consider an aliovalent ion in an 

ionic surface.) 
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It is not possible here to list the evidence available 

for the existence of geometric heterogeneities, but perusal 

of almost any literature illu8trated by electron micrographs 

of crystals will show only too clearly a large variety of 

defects. Some excellent micrographs of emerging screw disloca

tions on growing crystals have been obtained (17) by the gold· 

decoration technique. 

It is also interesting to see that the best evidence for 

chemical heterogeneity is yielded by chemisorption studies, 

espeCially on the catalytic rate effects of increasing doping 

levels of impurities into crystals on gas phase reactions (18). 

It should be clear from the above paragraphs that it should 

be possible to calculate the energy arising from the adsorption 

of an atom or molecule on the surface of a solid, provided that 

we are armed with the necessary knowledge of potential functions, 

and of the geometry of the area surrounding the prospective 

adsorption site. This has been done by several methods on a 

variety of syste~s, but in all but the simplest cases, such as 

adsorption of an inert gas atom on a crystal of the same element, 

there is a lack of calculations of the energies re8ulting from 

adsorption at even the more common surface defects. A short 

bibliography of the best known attempts at such calculations 

is given in the e.ppendix to Chapter 6. In dealing with real 

systems, however, it is reasonable to expect a large numbe,r of 

differinrz types of surface defects, edr,es, corners, etc. These 

will all have associated with them differing adsorption potent

ials, and no knowledge of their surface concentrations is 

available without knowing their energies of formation, the 

surface enerrzies of the ideal crystal, and their activation 

energies of formation and translation. The equilibrium 
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concentration of bulk defects has been given (19) but this still 

furnishes us with no knowledge of a real system until muchmae 

work is done on their energies. The lack of calculations of 

the energy of formation of surface defects, and the subsequ

ent statistical mechanical calculations which would yield 

their distributions in the surface is regrettable. 

All we may say about a real surface therefore is that we 

* must expect it to possess a number of sites of adsorption pot-

ential varying from the mean value over the whole surface. 

Having recognised the fact that a real surface is inher

ently heterogeneous with respect to adsorption potential, it 

·is worthwhile examining theories ar gas adsorption in tms light. 

The development of the many and varied expressions descr

ibing the relationships between gas pressure and surface 

coverage have been well reviewed in many standard texts(20~ 

The form of the approach to the derivation of such express

ions has also been interesting, in that these initially diff

ered to a great extent. The kinetic approach was adopted by 

Langmuir ~21) in the formulation of the Langmuir isotherm, 

and earlier still, the appealingly simple application of 

Henry's Law was attempted. With the development of the conc~ 

of the interfacial region as a discrete phase by Gibbs (22), 

it became clear that an equation of state could be applied 

to describe the behaviour of that phase. This has led to the 

more modern approach adopted by de Boer (23) and other work

ers of transforming a suitable three dimensional equation of 

state into the appropriate form. An example of this transftIm

ation is given in the appendix to this chapter. 

• t· The word "site" is used here to define a 10ca J.on on a 
surface over which adsorption is considered, and not in 
the Langmuirian sense of implying a fixed location for non
mobile surface adsorption. 
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In the light of our approach to an accurate description 

of molecular processes in the interfacial region, a brief 

consideration of suitable equations of state and their iso

therms follows. 

An often used equation of state is the van der Waals' 

equation. We may express this in two dimensional form as 

follows: 

( TT + 0;:. ) ( er - ~) = kT 
Q'Z 

where 1\ is the two dimensional pressure 

~ is the area per molecule 

(1.i) 

It can be shown (Ref.23 and appendix to this chapter) 

that this transforms into the isotherw of adsorption attrib

uted to de Boer and Hill (2~). The justification for the use 

of the van der Waals equation of state is that (a) it is a 

good description of the (P,V,T) behaviour of real gases, and 

(b) it has a form easily interpretable in the allowance for 

attractive forces and the real size of molecules. These are 

very good grounds for considering it to furnish an adequate 

description of the two dimensional adsorbed film, provided 

that the phases present in that film are the ones for which 

this equation of state is adequate. The van der Waals equa

tion expressed the properties of the fluid state well, but~ 

inadequate to describe the liquid-solid phase transition. 

We must realise, therefore, that the use of the Hill-de Boer 

isotherm (hereafter abbreviated to HdB) implies that the ad

sorbed film never bas a solid state. This is clearly in con

flict with all the workers wbo had postulated Langmuirian 

site adsorption, with its implications of long range order 

and immobility of the adsorbate. Fowler and Guggenheim have 

derived an isotherm (25) to describe the behaviour of the 

adsorbed film where allowance is still made 
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for the attractive forces between the adsorbate molecules, but 

the concept of van der Waals that the size of the molecules con

trolled their packing behaviour is no longer valid, as the 

periodicity of the solid array in the film is the equilibrium 

separation of the' atows in the solid state. At this stage we 

must question the assumption that a valid description of the 

adsorbed film is obtainable from the two dimensional transform 

of the equation of state. The analytical form may be adequate 

to describe the general shape of the isotherms, but the assumptim 

that the transforwed pararoeters of the tbree dimensional bulk 

values will apply to the adsorbed phase implies that the adsorbent 

exerts no influence on the adsorbate atoms. This is not necess

arily so. ConSider for example the influence of an applied 

electric field on a film of polarisable ~olecules not possessing 

permanent dipoles. The interaction of all the induced dipoles 

in the film clearly alters the attractive term between adsorbate 

molecules compared with the attractive term transformed from the 

three dimensional case. The constants derived from bulk gas 

pararoeters should therefore not transform directly for ionic 

substrates. 

In earlier discussion on the concept of homogeneous and 

heterogeneous surfaces, it was shown that the geometry of the 

molecule adsorbed on a surface influences its adsorption~l. 

Solids have by definition an array of atomic locations with 

constant period. It follows from this that the potential along 

an ideal surface should vary with the sal1'e period as the repeat 

distance as the surface unit cell of tbe solid. This is shown 

in Fig.(I.1), where the height of the energy barriers to trans

lation across the surface is given by /... It should now be 

apparent that the relation between 'j' and the energy per adsorbed 

10 



FIG 1.1 Potential energies of an adsorbed 
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molecule will decide whether the adsorption should be ~ore 

accurately described as mobile, in which case the behaviour 

would be expected to conform to a suitable form of the two 

dimensional van der Waals' equation of state, or localised, 

with lattice spacing dictated primarily by the repeat period 

of the surface atoms of the substrate. 

the limits of the actual possibilities. 

These cases are clearly 

The effect of the 

lateral forces between the adsorbate mOlecules will also help to 

deter~ine the state of the adsorbed film. If the lateral inter

action energy exceeds X then one could have a mobile solid 

film of adsorbate. It is emphasised that the descriptions 

"localised" and "mobile" apply to the relative freedom between 

the adsorbed layer and the adsorbent, and the latter in no way 

implies any condition of phase of the adsorbate. Other factors 

will complicate these approaches, such as, for example, the 

closest packing radius of the adsorbate atoms being larger than 

the surface re~eat period, in which case unusual phenomena 

would be e~roected under conditions of high surface coverage, 

resulting from the adsorbed film and the surface atoms tending 

to be out of register. Much adsorption will tend to be a com

promise case between the limits of localised and mobile 

adsorption, where the adsorbed molecules may translate (or at 

least that portion of them in the appropriate part of the 

Boltz!l:ann distribution of energies) fairly freely across the 

surface, but are still influenced by the slight hindering of 

small energy barriers. 

As the height of the energy barriers, and in the case of 

polar molecules adsorbed on ionic or conducting substrates, the 

location of the barriers will vary froIT adsorbate to adsorbate, 

and the size effects referred to above will be a vital influence 

11 



on high coverage behaviour, it iahardly surprising that many 

parameters derived for identical adsorbents with different 

adsorbates show such a disparity of results. The raging contro

versy over the validity of the use of the equation of Brunauer, 

Emmett and Teller (26) to derive monolayer volumes and give 

cohesive answers with different adsorbates bears witness to this 

fact, and de Boer has shown (27) that the apparent viability of 

this theory for nitrogen at least, is very much due to a 

fortuitous "cancelling of errors". 

While workers in gas adsorption have, for many years, 

arrived at conclusions as to the condition pertaining in the 

adsorbed film by the fitting of various models to their data, 

many of which conclusions were by no means unambiguous, it is 

consoling to know that examples of all the types of adsorbed 

phases described above have been observed excerimentally using 

low energy electron diffraction (LEED). Lander (28), at Bell 

Telephone's laboratories, has characterised a gaseous, a liquid, 

and two solid phases in a film of bromine on graphite, and the 

transi tions between these phases were well chare.cterised. He also 

examined the results of registry or the leck of it on the close 

packed layers in the film at high coverages. Another mterestiJlg 

conclusion of this work was that "islands" of solid adsorbate 

did not occur in the systerrs he studied while the bulk of the 

adsorbate was in the liquid state. These are a clear pcss:\biJity, 

where the adsorbate-adsorbate interaction in a mobile film is 

high, and will be fa~iliar to workers who have experience of 

Langmuirtrough studies of water supported organic films. 

From the material introduced so far then, we conclude that 

there are isotherms which are capable of describing, within the 

prescribed limits of those models, the behaviour of an adsorbed 

liquid film on a homogeneous substrate. In order to apply 
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these models in a suitable form to a real surface, already 

shown to be inherently heterogeneous, we may consider the 

surface potentials of a substrate to be defined by a distribu

tion of energies, rather than a discr~mean value. As noted 

earlier there appears to be no a priori criterion for the shape 

of this distribution, except to observe that aE we are dealing 

here with physical adsorption, any adsorption potentials in 

excess of about 10 kcals mole-1 are unrealistic, and that a 

negative adsorption potential is meaningless where the adsorbate 

phase is a single pure component. If we define the distribution 

of adsorption potentials by: 

gi = G(Uoi ) 

where Uoi is the adsorption potential and 

gi is the number fraction of sites with that potential, 

we could consider that the isothermal adsorntion of the surface 

under conEideration could be obtained by the application of a 

suitable homogeneous isotherm model over the entire range of this 

function. Let the isotherm model be expressible in terms of 

the equilibrium gas pressure and the ad.sorption potential, 

This then yields the composite exact expression: 

(1.11) 

where E and G are the limits of the range of Uo ' 

This isotherm equation then crystallises our concept of 

"heterogeneity" very neatly into a characterisation of the 

properties of the function G(Uo)' A simple concept of hetero

geneity could be the variance of this distribution, and the 

adsorption potential of the surface is the mean of the distribu-
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tion thermodynamically. 

It should be noted that the distribution is always norm-'

alised in as far as the adsorbent surface is always defined 

as having unit area. 

We may now describe the problem of assessing the hetero

geneity of a surface as that of deriving the function G from 

isothermal adsorption data on that surface. To the mathemati

cally minded this problem is one of performing a suitable Urenr 

formation of the (p,9)T data of an isotherm, given the defin

ition of F, to yield G. This procedure has been adopted by 

many workers (29) who have followed the procedures initla~ 

by Zeldowitch (30), which has been reviewed by Todes and Bon

dareva (31) and a further excellent critique of all these 

methods is given by Honig (4). All these methods have in 

common the fact that in order to solve for G by any of the 

methods they discuss, some assumption as to the Feneral anal

ytical form of either F or G is necessary. Zeldowitch, in 

common with nearly all the Russian workers, assumed either 

that the isotherm equation was well expressed as the Lan~ 

or Freundlich equation, and then proceeded to consider not a 

distribution function in Uo ' but a distribution in the Lang

muir constant "b". Hill (24) has shown that this assumption 

is not valid as b is not linear in Uo• The method of Sips(29) 

assumes no analytical form of the function F as such, but 

only specifies that it must be a function interpolating the 

experimental data, and that it must enable the integrals in

volved in the construction of a Stieltjes transform to be 

evaluated. This transform enables G to be estimated by in

version. This is a general method in a sense of the above 

approach of Zeldowitch, with the Langmuir isotherm being 

used as the interpolating function. ROFinskii (29) has 
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specialised in the study of surfaces whose potentials may be 

best approximated by a step function distribution, and also 

calls attentiori to the fact that if the isotherm on a homo- ':

geneous area of surface is described by any model similar to 

the Langmuir equation (in so far as the coverage tends to 1 as 

pressure tends to (X, ), and if the distribution of adsorption 

potentials is more than 4.4 kT wide, then the approximation of 

F, the isotherm equation, to a simple step function, is valid. 

The conclusions of Honig as to the viability of these methods 

are worth comment. He concludes that this procedure is only 

applicable to low temperature, low pressure (and hence coverage) 

isotherms, on the ~rounds referred to by Hill (32), and also 

that the inversion procedure employed for G is very demanding 

on the quality of the data. Many of the assumptions employed 

in the inversion procedure may lead to vast changes in the 

resulting distribution function, and Honig (33) has shown, by 

following the methods of the authors of references (29) who 

defined F a8 the Langmuir equation, that four entirely differing 

forms of distribution of potentials of nitrogen on rutile at 

?70K resulted. Another result of inversion methods is that the 

resulting distribution function only tends to indicate the 

existence of a peak or a trough in the function, and does not 

show the form of the intermediate function with any accuracy. 

As a result of the gross complications inherent in the 

above methods for characterising G a completely different 

approach may be adopted. This is where a functional form of 

the distribution G is assumed, and is variable in shape accord

ing to the parameters of that function. An assumption of the 

parameters of that function which might reasonably be expected 

to exist for some systems then may be combined with the form of 
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F chosen from the isotherm models, to yield an isotherm based 

on the distribution so chosen. If a variety of parameters 

defining G are then incorporated in the calculations, a family 

of isotherms results. This approach was that adopted by Ross 

and Olivier (34), who chose the nor1!'al distribution function 

as being a very simple, but adequate form of approximating the 

behaviour of a reasonable number of systems. The parameters 

of such a distribution are the ~ean adsorption potential and 

the variance. This latter, as has been noted, gives a simple 

quantitative measure of heterogeneity, although Ross and 

Olivier prefer to define heterogeneity on their roodel as being 

the energy range width including half of the surface (r). They 

developed a method whereby the above parameters were obtainable 

from isotherm data by calculating theoretical isotherms in 

families of the parameters involved in both the functions F and 

G using the sum form ofeqn.(1.ii). 

9" y,G F(U . )G(Uoi ) l'.Uo . (1.iH) 
<---.lE o~ ~ 

i .. 1, N 
and comparing the resulting isotherms with the isotherm data to 

obtain the best comparison, and hence the parameters. The 

details of their method are considered in the next chapter. 

The fallibility of this method is that the assumption of 

the form of the distribution may be unrealistic, but it does, 

almost alone among the methods published, yield, for the 

assumptions involved, an unambiguous measure of the heterogeneity 

of a solid surface. 

Hoory and Prausni tz (35) have developed the m.ethod of 

Ross and Olivier to the Log-normal dietribution function, 

which hfls conceptual superiority to the normal one. 

The intent of the work in this thesis is to attempt the 
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refinement of the method postulated by Ross and Olivier, and 

to apply the resulting isotherms to the characterisation of 

adsorbents whicb are not expected to have a Gaussian distribu-
• 

tion of site adsorption potentials, but which may be reduced 

to that form. Euch non-Gaussian adsorbents may be typified 

by those systems yielding stepped isotherms, where the step is 

attributed to a phase change in the adsorbed film on an area 

of essentially homogeneous adsorbent. The effect of e. change 

of adsorbate on the value of the heterogeneity parameter 

derived by this method was also of interest, as Ross and OJivier's I 

method considered this to be a function of the surface only, 

not of the adsorbate. 

Further to the basis for heterogeneous potentials discussed 

earlier in this introduction, a method of calculating surface 

potentials of ionic crystals has been developed, which is 

capable of calculating the potentials over simple heterogenei

ties in the surface. This will be an improvement on the methods 

(36) used previously as the matheFwatical simplifications 

involved in performing lattice sums calculations, which pre-

assume a plane surface, are no longer so necessary with the 

advent of high speed computers. 

The experimental systems studied were (a) the silver iodide 

substrate studied by Sidebottom (3) with krypton as adsorbate, 

and (b) two samples of caesium bromide prepared in an attempt 

to yield high quality crystals of sufficient surface area on 

which to perform krypton adsorption experiments. 

The techniques used were those described by Jaycock (1) 

for the krypton adsorption experiments, and the argon adsorption 

isotherms were estimated using standard methods. The silver 

iodide sample was exarrined with respect to the isosteric heats 
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of adsorption also. 

The theory behind the calculations of synthetic isotherms 

after the method of Ross and 01ivier is given in Chapter 2. 

and the criteria upon which the choice of isotherm models and 

distribution functions is made are examined. The experimental 

method and the techniques are described in Chapter 3 and the 

results derived therefrom are described in Chapter 4, with 

tomment only as to their accuracy. In Chapter 5 an extended 

discussion of these results is given in light of the results 

obtained, both as to the theory adopted and the systems under 

consideration. Then follows a chapter describing the attempts 

made at calculations of surface potentials on model surfaces. 

and the possible methods ,by which heterogeneities can be allowed 

to influence these results. 

The aim of this introduction has been to describe the 

appreciation of the concept of surface heterogeneity as applied 

to physical adsorption studies. and to introduce possible 

approaches for the practical evaluation of heterogeneity. and 

this has necessitated balanCing the surveying of the literature 

between two very demanding schools: the surface chemists whose 

primary aim has been the development of models describing the 

behaviour of the solid-gas interface and the solid state 

physicists. to whom must be due. with their theoretical 

colleagues, the credit for the development of tbe tools for the 

job. Beyond the first cursory glance, it becomes clear that a 

study of the factors causing heterogeneity of surfaces and the 

effects of them on the interfacial behaviour of systems must 

attain the balance of the two schools referred to above. and 

yet not fall into the trap of over-emphasising the techniques 

of either one group of workers. 
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A lot of approximations have been made in the complex 

field of the assessment of intermolecular forces, and these 

have been necessary to enable some application of them in a 

field where the inherent complexity is so great that it is 

really in need more of simplification than amplification. It 

is hoped that this work has not succeeded in falling into the 

divide between over simplified physics and over extended 

physical chemistry. 
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Appendix 

Transformation of Equation of State into adsorption 

,isotherm 

Let a two dimennional equation of state be represented by: 

1\ '" 

. Hence 
IT .. f P JP 

kT \ ~ .• dJn p" (1f) 
..10 0 

e. d In P 

Equate the derivatives of (1) and (2) with respect to 

at constact T. 

(1) 

(2) 

dln P -6[ )sf(o',T)/~6' ]T M .. f\e,T)T dJne 0) 

Integrating 

where lllK is 

Expressing 

(3) 
IS" . 

lnp ,. f 6"f1 (O"', T)Td6+ lnK 
0 

an integration constant. 

(4) in terms of e we getr 
9 

lnp .. J f\e,T)Tdil9 +lnK 
o 

This is of the general 2D isotherm form: 

p - Kg(e,T) . 

To transform a 2D equation of state of form 

1\ = l(Tf(6 ,T) 

into the equivalent form of (p,9)T expression we apply the 

Gibbs Transformation, viz. 

p f 9. dln P 
o 

(4) 
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Chapter 2 THEORY 

"'And if you take one from three hundred 

and sixty-five, what remains?' 

'Three hundred and sixtY-four, of 

course'. 

Humpty Dumpty looked doubtful. 

'I'd rather see that done on paner', he 

said" • 

- Humpty Dumpty. 



2.1 Introduction 

The general basis for examination of relative hetero

geneity in surface energies has been introduced in Chapter 1. 

The intent of this section of the work is to draw on this 

to develop an approach to the analysis of the experimental 

data in terms of a suitable description of its energetically 

heterogeneous surface, similar to the work of Ross and 

Olivier (16). 

It will be worth while reiterating here the principal 

conclusions as expressed in the opening introduction, and 

using these to form the basis of our subsequent postulates. 

They are sUll'marised as follows: 

(i) Such a wide variety of site geometries and 

energy heterogeneities arise in any system as to make it 

alll'ost impossible to derive any ab initio distribution 

function of surface adsorption energies from solid state 

theory (1). 

(ii) Site energy distribution functions hereafter 

referred to merely as the 'distribution function' and denoted 

as before as G(Uo) should only have bounds (E and G as lower 

and upper respectively), such that E~O, end G<OO, and 

preferably, for any continuous isotherm model (such that 

9 =F(p,T,Uo) is continuous in the range 0 <9 <1) to apply, 

the range of the function (G-E) shouldbe less than 4.4 kT 

or cover not more than one order of magnitude (2). 

(iii) It has been shown (3,4,5) that mobile 

adsorption is almost always the case above liquid hydrogen 

temperatures, or at least where kT) \:/10, where x: is the 

barrier to translation across the surface (3). 
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(iv) Inversion theorems to derive G(Uo ) fromS(p,T) 

data, using the general expression 
G s:f F(p,T,Uo)G(Uo)dUo (2.i) 

E 
always impose very great accuracy requirements on the iso-

therm data, as well as requiring a very ~lide range of con

ditions of pressure and temperature in order to fix uniquely 

G(Uo)' (cf.1) This is because most practical inversions 

require the second derivatives with respect to p to be 

accurately deter~ined. It sbould again be noted, in 

connection with (ii) above, that it is analytically imposs

ible to derive interpolation distribution functions which 

are "open ended" with respect to C>o. (6) 

On account of the above riders it was decided to take 

the approach of adopting a particular form of distribution 

function and a particular form of isotherm model applicable 

to a homogeneous patch and to vary the parameters involved 

in both these functions to reproduce 8 variety of isotherm 

models with varying distributions (although all of the same 

analytical forrr'). Thus, by comparison of a suitable type 

with the model isotherms, one may derive the values of the 

parameters involved in the distribution function. 

Thus, with a suitable choice of functions F and G we may 

compute values of theta usin(Z the surr. forn; of (2. i): 

(2.11) 

where gi = G(Uoi )' DU 
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2.2 Considerations of an Isotherm Function F(p,T) 

To fit in with the above considerations it is necessary 

to find a model which allows for surface mobility (two 

dimensional liquid or gaseous state) and which reflects 

the effect of lateral interaction of the adsorbate molecules 

on one another in a realistic sense, i.e. as variable with 

packing'density or 9. These are also, by analogy with the 

three dimensional state, the requirements for an equation 

of state of a fluid. (Fluid, as the solid state is usually 

treated as being non-equilibrated in the bulk three dirr,ens

ional case. N.B. This does not hold for the solid adsorbed 

film, ,.hich is always in equilibrium with the gas phase.) 

Thus it is reasonable, given that a three-two dimensional 

transformation is possible, to adopt an equation of state 

as our starting pOint, which has the added advantage tbat 

three dimensional data on most systems is freely available 

and thus the parameters of the equation. The van der Waals 

equation of state has been much exa~ined in this context, 

and well characterised by fit with experiment, and is of a 

simple functional form, whose parameters can also be inter

preted in an easily visualised form (as distinct from, for 

example, the Virial Equation). 

(P+ a) (V - b) = kT 
V'2 

(2.iii) 

All units referred to in the text for parameters of 

various functions will be in molecular urits, i.e. molar 

units/L, unless otherwise indicated. 

The equation of state for three dimensions is readily 

transformed by a specific application of the Gibbs Adsorption 
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isotherm (7,8)\ cf. Appendix I, and the resultant two 

dimensional adsor~tion isotherm is: 

p a K . 9 exp( e -(2OC /kT.\-»e ) 
(1-~) (i-e) 

(2.iv) 

This transformation was independently developed by Hill (9) 

and de Boer (10) and is normally referred to as the Hill

de Boer Isotherm, hereafter abbreviated as the HdB isotherm. 

Let us consider the form of this expression. As does 

the equation of state from which it was derived, it describes 

the behaviour of the gas in the region above and below the 

critical point, at which a phase transformation takes place. 

This region, first noted by Andrews, and further considered 

by Maxwell, Thompson and van der Waals (11,12,13), occurs 

in practice, as a discontinuous portion of the analytical 

function described by both the van der i;laals and HdB 

equations. ~axwell first sug~ested that the region in which 

this equation of state was triple vS.lued with respect to p 

was a region in which supersaturation or superheating could 

occur, but in practice the phase boundary is described by a 

transformation at constant p. 

We now have to locate this transformation relative to 

the function, both for the three and hence the two dilliension-

al case. 

In the three dimensional case, theI'IDodynamic considera

tions show that the areas subtended by the phase boundary 

and the function, on either side of the middle of the three 

roots of their solution, should be equal. On transformation 

into the HdB isotherm, Hill and de Boer (14,15) have shown 

that this is analogous to equal areas being subtended on the 
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log form of their function. This is shown in Fig.II.1, with 

the areas in question being shaded. Expressed in another 

form, this is the condition that: 
y 

lLflP/K.de = XC x CD (2.v) 

where X, C, D are as shown. One can also show thst the 

cri ticsl case, which corresponds to the value of 20:: /kTp m 6.75 

is the one where the function has a single inflection and is 

no longer triple valued, i.e. where: 

dF(e)/de = 0, 

Therefore, for all cases where the HdB isotherm has 

2cx/kT~>6.75 we must derive values of p/K to locate the 

phase change. 

de Boer has calculated values of p/K for the transform

ation pOints for values of 2<X" /kT~ from 6.75 - 10.0, and 

also the e values at the onset and completion of two di~ens

ional condensation. These are referred to, as on Fig.1I.1, 

as eg,Qc respectively, where g refers to the gas phase, and 

c to the condensed phase. (15) 

These were all recomputed using an iterative 
-4", • a specified accuracy of 10 ~ ~n the areas under 

routine with 

the curve 

CDE, and compared well with de Boer's published data, 

although of a substantially higher precision. Results are 

shown in Table II.i. Program H069, used to compute these 

values is shown in Appendix 11. 

It is of interest to show the envelope of the phase 

boundaries for the condensation process over a range of 

2Ct/kT~ values. This is in fact a parabola, with its 

princi-pal axis at e - 0.33. Thus, if one were to take a series 

24 



iARLF. 11.1 

--- ---,-----i'A nTH 

--,0.-0-- :0:-: 5 il43161\ 
----9~9-- .0~7627D59-

-/').11 .():;~5()5311 
---r;. T-- .0.';1439{'99 

?0 --- --~-~1-4-3-5076-0::i 
._ .. -- .. --- -------~. ~~~-. O/,5307u34 

.. ----~. 4' , -. o:,.a15rifJ6,; 
-/'). -:;-- . G~['646933 

/').? .1J!i37S7646 
o.1.n~~n00R76 
9.il .O~9n';9{,f,<{ 

------ M_'. ________ -.-- --- - --- -- ••• ---- --". Q GC 2? 3 0 5 3!~-
---- G • <3 - • (j G 5 (, 1 3,; 78 

".7- .Ot~q2132B3 
- ----- - - 11 • h -- ". 0 '( 3 {) 5 7 as 3 

-----.--.-.---------- ,---"... ..- --- /~ • t; • -077-170642 
- ... ------------- ---.. -----" -----r:,. '~----.-() n,- 5;' 3 1 a 4 
---- - ..... -.-------- -----.-." .. ,.-,-----"",----- ' --_ .. --:1. ~- ----.- Oi,-f.)31 ,)~)''-f;.-
----~ ---- --- -- -----------------[\.f-- .f/'1404341 
------------------------- -------- - - r, ,- \l" 6 R 90 5 114 
-------~- 11:0 :':;21145492. 
~----------- ------------7.1)-.1 or; 3G f) 42') 
---------- ---------------- ---".11--.1 j()335157 
-------------------------- ----~. 7-----.1 ~40370()4 -
--------------------- ---7:('--.1 ~2515C;24 
-------------------.. --------.-- -7 ,-r, --- ----. 1 t~1 r; 1387Q 
-~-------- - ... 7'. t.----. 1 ~ 2 41999 4 __ ~--~~~~=-=-7. 3 - .16{.~9660:; 

7.7 .177927751 
------ -- ------------7 .,---. 1 ~ 301 9800 
.... ----.--------.. -.------- . ··---~------i. (}------.'21334(S~)A? 

-._------- ----- -- ---------(, • 9 ---- . 2 ~ [; 51 7 A ? 6 
------------.------- -- ------- t)". Ft ------ • 2"9 3 ~ 3 0 0 0 

- THFTAC pi/KI 

: 7~R6 71030 O. 2c'>9631lR 11'-0 1-
:7?4S96920- O:28n'29~~E.O' 
.720387470 n.?()-o994'72E .. 01--
. 71 (,03 S 1 411 . 0 . :; (i =' 2 I. 5 R 7F - () ,--
.711531810 -(1.~13e94~rE-01 
. 706_~ 61lti 3 -10 • 3 ~ 59 52(' 1 E- 0 1 
.7020]S970n.3!R4!227E-01 
.(,970?3340 O.3~134570r-n1 
./;i':1fl1 9 210 O.3('I.705~2E-()1-

.6Rti410950 O.37R5244~F.-O' 

.~R0784tiOO O.30~81541F-01 

.674924740 0.40759149P-01 

.6681\14210 O.4?~n660?E-01 

.6~?433R50 O,4~865244F-01· 

.65576Z130 o,4549 6447E-01 

.(.48'774770 . n,47,815Rn~-nl 

.641444160 n,4K922038E_01 

.~3373B690 0,50719222&.01 

.61'5(';>1900 . 0, 52~7454:>:F';01 

.617n51300n.54489429~.01-

.(,070 76886 - 0.5(,4 65291),.0'

.SQR339060 O,56~035R4F-n1 

.snSo65729 o,606057~1E-01 
:S7706R?SO n,62773135e.01· 
.56~23~?70 0.650072531=-01 
.Se,?423400 .. O,67309495F-01· 
.~3R'42n40 n;~Q~812A8F.01 - -- - ._
.5230~?3n7 o,7~12~971~-o'
.505793580 O,74h3R97RF..01 
.43ri132R50 0, 77227645E-01-
.46?070100- O,7Q1\91303E-01 
:433992330 n,B~(,3125~~_n1 
.366835861 n.S5355555~-01--



• 

FIG 11.1 

Logarithmic Hill-De Boer Function. 
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of isotherms of films of the same substance at different 

temperatures, one could fit the 9 g and 9c values to this 

parabola. This should be borne in mind, especially as many 

workers have attempted to derive values of 2T c from such 

data using linear extrapolations. Thus one could expect 

that much published data on two dimensional critical tempera

tures has given results which are too high, b~ an amount 

dependent on how near to the critical point they were working. 

This is important, as it will be shown later that despite 

earlier observations of the apparent accessibility of two 

dimensional van der Waals constants, these are not necessarily 

the ones applying under experimental conditions, and hence a 

knowledge of the true value of 2Tc is often critical. The 

envelope of phase boundaries is shown in Fig.II.2. 

2.4 Solution of the Hill-de Boer Equation 

In order to produce model isotherms, it is necessary to 

be able to solve the HdB equatien, for any desired value 

of p/K, or more generally for p/Kt, where the constant K 

is split into two parts, thus: 

(2.vi) 

The reason for this will become apparent later, but suffice 

it to say that we have now introduced into the HdB express

ion a term relating the absorptive potential of the substrate 

to the coverage. ThiS, and the pre-exponential term Ao ' 

are strictly analogous to the terms in the constant b of 

the Langmuir isotherm. Thus the term Kt now becomes 

essentially a scaling factor. In the ensuing discussion we 

will however continue to group these terms together as K. 

The mathematical description of the general form of the 

25 



.7 

.6 

.5 

9 

.4 

.3 

.2. 

FIG n.2 

The envelope of phase boundaries for sub-critical Hill- De Boer isotherms 
~~~~~~~~~~~I 

·~L==;::::=!~~~~~~~.r J 
2 l A 5 B J B B IDll .1 

p/K'(xl0) 



HdB equation is one which will strike terror into the most 

optimistic of mathematicians wishing to solve the equation 

for 9. In the worst cases, those with 2OC/kT~>6.75, the 

function is discontinuous, non-single valued, and assyptotic 

to infinity as theta tends to 1. Further, the expressions 

for the derivatives are very long indeed. As a direct con

sequence of this one has to be very wary of the method used 

to solve the eqaation for theta. Almost every method which 

could be used under normal circumstances, will be very 

sensitive to the following, if convergence is to be rapid: 

a) The initial guess at the solution. If this is sub

stantially inaccurate then the iterations may lead 

into the non-single valued region and hence oscillate 

ad infinitum between possible roots. 

b) Most methods of solution depend on the second deriva

tive of the expression being of constant sign in the 

region of operation of the process. No rapid conver

gence methods will tolerate the proximity of a dis

continuity. 

Neither of these conditions is fulfilled. 

Due to the above corollaries the only method which could 

be found which was simple, conSistent, and easily lent to 

reachine computation, was a refined trial and error method; 

more strictly, a two point iteration with reemory and variable 

step length. This does indeed solve one potential problem, 

in that the computer is not having to evaluate more exponent

ial terms than are necessary from the original expression, 

such as would be required if the derivatives were calculated 

each time. It is easy to check that the current iteration 

abscissa has not overstepped the bounds imposed on obtaining 
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solutions in any particular part of the function. 

A flow diagram of the solution process adopted with a 

table of bounds for the different possible cases encountered 

is shown in Fig.II.3. It should also be noted that in order 

to optimise the time required for a series of solutions of 

theta to be obtained, that they should be solved in serial 

order ~rogressing along the isotherm, using the result last 

obtained as the initial guess for the next, bearing in mind 

of course the bounds on the solution and hence the initial 

conditions for the next iteration process. 

The only parameter required for the iteration process 

apart from the values of p/K, initial theta, and details of 

any bounds (i.e. phase change location), is the numerical 

accuracy required. This is decided on the basis of the 

number of solutions summed into expression (2.ii) when the 

tina1 synthesis of the isotherm is performed, and on the 

desired overall accuracy. For example, consider that the 

isotherm is gOing to conSist of values of 9 . (p, T), 

obtained from considering the distribution function as 

consisting of 100 strips or patches of surface. To obtain 

a final value of theta to an accuracy of Z1 in the fourth 

decimal place, consisting of 100 sums of theta times gi 

values, which are exact to a good degree, an accuracy of ± 1 

in the sixth decimal place is the least required preCision 

of each solution. This was the figure used in all computa

tion. 

Note 

As the above process is undoubtedly slower than many other 

available methods for the solution of easier, better behaved 

functions, and even modern third generation computers find 
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it time consuming, some workers, notably Ross and 

Olivier (16,17), who desired to perform rapid solutions of 

the HdB equation wben considering a p~rticular form of 

heterogeneity analysis, approximated the H dB function by 

another, more easily handled, type of expression. In the 

case of the above workers, they inverted the isotherm and 

approximated it as a polynomial P in e, thus p/K a p(e), 

and solved this using a modified Newton-Raphson method. 

Attempts were made to approximate the HdB function, in the 

form of exact solutions, by polynomials, up to degree nine 

by this worker, but the standard deviations were very high 

in every case, and the final accuracy of any solutions 

derived from them would have been severely in doubt. The 

same result was unfortunately apparent when a Fourier series 

of up to 32 terms and sets of Chebyshev polynomials were 

tried. Thus one is once again faced with solving the 

original function. 

2.5 Consideration of the site energ~ distributi~ 

Function 5W!o2 
As ,.,as observed earlier, the derivation of the distribu

tion function by inversion methOds from isotherm data imposes 

very stringent requirements on the isotherm data used and the 

system, and we therefore opted for the use of a suitable 

type of distribution function with a number of parameters 

which could be varied to alter the shape of the function, 

and which could be subsequently solved for, from an approp

riate treatment of the data. 'lie "are thus faced with the 

task of supporting one typ~ of function compared with others, 

bearing in mind the limitations imposed on us by (a) physical 

considerations, and (b) numerical considerations. 
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The following is a short list of the factors that should 

be allowed for in the choice of function, under the above 

two broad headings. 

(a) The range of surface adsorption energies considered 

over anyone surface, in a system where only physical ad

sorption occurs, may be from 0-10 kca1s/mo1e approximately. 

On any single surface the range is probably appreciably 

smaller than this, but these figures cover all possible 

physical adsorption systems. 10 kca1s/mo1e may be considered 

somewhat high for purely physical adsorption, with the 

typical values for the hydrogen bond energy lying, according 

to some authors, as low as 8 kca1s/mo1e. It is however 

\~orth comment that some adsorption phenomena classically 

referred to as physical adsorption occur, such that their 

energies of adsorption may be at least this high in the 

absence of species which are considered to form hydrogen 

bonds. For example, an adsorbate with a high permanent 

dipole, and with large dipole and quadrupo1e moments on a 

highly ionic substrate may adsorb with energies at the upper 

end of this range. 

The lower limit of the range is self explanatory, as 

systems with negative energies of adsorption do not apply 

in the gas-solid system. This of course means that any 

function, to be considered suitable, should have no negative 

abscissae, or, if it has, it must be artificially curtailed 

at zero. 

(b) The function should be continuous, integrable by 

some method, and have as few variable parameters as possible 

to be compatible with requirements above. In order to be 

integrable, it may be necessary to artificially curtail the 
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functioti if it is, as is often the case, asyptotic to the 

U axis. The width of the energy range considered may be 

qui te adequa:te to do this for us, but with a narrow distri b

ution of site energies, the function may take on very small 

values I.i thin this range, and it was decided that when a 

particular value, which could be considered negligible, was 

reached at either limit of the distribution, the function 

would be curtailed there. These limits were denoted E and 

G in the text, as the lower and upper limits for calculation 

in practice, and values of U outside this range were not 

considered. A typical value of the function at E,G was 10-3• 

It should be noted here that all functions as used for 

this type of analysis of a surface are dealing with a system 

whose extent is always unity, in accord with normal thermo

dynamic practice. (Surface standard states are always some 

fraction of ~ni! coverage.) Thus the sum of all gi.6Uo's 

is always unity; the function is always normalised. In 

practice ar-ain, this will mean that the integral under the 

function between E and G is required as the denominator 

in the expression. These are then generally of the form: 

gi = 1 G(U .) 
,nG(U )dU o~ J
E 

0 

(2.vii) 

Where possible the integrations are performed analytically, 

but are also evaluated numerically if necessary, to a suitable 

precision. vfuere numerical integrations were performed in 

this work they were done using the Gaussian Four Point 

formula by machine, to a precision of 1 x 10-3%. 

The choice, within these limits of the functions is 

quite large, but the first approach to the problem considered 
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Table II.ii 
Gaussian distribution function parameters 

For U~ ~;2.5 keals/mole 
-.~.-.---,- .. - ...... " .. '-'.- .... -.-~- .. - .. . . 

! ! 

(b~ ! n (a)(c): E (b~ G I (e (c ! 
______ ••• •• 4" . 

i : -.01710(d) 
I 

1 1.7717 5.017101 : I 
I 1.5 1.4472 , 0.4122 4.5878 ! 
I 2 1.2533 : 0.6722 4.3278 ; 
I 3 1.0233 • 0·9851 4.0149 
I 5 .79267 : 1.3050 3.6950 
I 

7 .66992 11 •4782 3.5218 

I 10 .56050 !1.6347 3.3653 
20 .39633 :1.8742 3.1258 

I 40 .28025 : 2.0478 2.9522 

I 50 .25066 ! 2.0928 2.9072 
70 .21185 . 2.1524 2.8476 

I 100 .17725 j2.2061 2.7939 
200 .12533 )2.2881 2.7120 

I 500 .079267 ;2.3626 2.6374 

I 750 .064720 ;~:4~~~ 2.6134 
1000 .056050 2.5989 

I 2500 .035449 12.4360 2.5640 
5000 .025107 '2.4540 2.5460 
7500 .020825 : 2.4621 2.5379 

; 10000 .018740 -2.4670 2.5330 , 
. ,., .. --.-.-.-- ------._---,------ ...• -_._. -.-.-~----,,-..• -.... - ._--•.. _--_ .. _ .. 

.notes G 

n = J exp(U~ -Uo ) • dUo a) 

Uo=E RT 

b) E, G are the values of Uo at which G(Uo ) = .001 

or otherwise superimposed bounds. 

c) Rounded to 5 significant figures [8 used in comput

ation). 

d) Curtailed to 0 as - I. U
O 

is unreasonable. 

n integrated from E =0 to G. 



was anevalu~tibn of the success of the work of Ross and 
. ~ .:, "". _. '" 

Oli vier (16) ;"whohave performed this type of treatment 
-.. -,"." ,.' 

using tbe" normal" Gaussian distribution. 

Ross has made no further observations on his choice of 

this function, other than that, in the absence of any a 

priori studies yielding the form of the function from solid 

state theory, the random distribution must be reasonable. 

While a rather negative argument, it may be significant that 

Hill (18) has also exercised the same choice. The function 

was used by Ross in the following form: 

where ,10 

n ~ I exp(-Cf (Uo-U~)2).dUo 
)0 

(2.viii) 

In the above expression the parameters are U~ and ~. These 

are the mean adsorption energy. and an arbitrary hetero

geneity parameter respectively. 

The Gaussian function is easy enough to handle numeric

ally, although the values for n, the normalising factor, 

have had to be computed for each set of varied parameters. 

Ross has arbitrarily set the mean of this distribution 

(also the median, and the mode notice) to be equal to 

2.5 kcals/mole. This is on account of his earlier choice 

of the reasonable range of adsorption energies as being 

only 5 kcals/mole wide. As we shall see later, it is very 

important to notice that this does not imply that the final 

composite isotherm produced by numerically substituting in 

equation 2.ii, will only apply to sam~les whose mean ad

sorption energy is 2.5 kcals/mole. 
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This distribution does suffer from one of the drawbacks 

referred to earlier, in that it may exist for negative Uo 
values. In cases where the function still has a non

negligible value at Uo =0. then the lower limit of the 

calculation, E, must be located here. This in fact only 

takes place when the variance is greater than one, and in 

the case of ~ =1, the function was re-normalised with E = O. 

With U~ fixed, the values of E,G,n are only dependent on 

the values of the variance desired. 

The significance of t is that it is related to the 

variance,cr 2 , of the distribution by the relationship: 

1 
~ =.s2 (2.ix) 

In general, this is a two parameter function. As these 

functions, used normally by statisticians, are generally 

characterised mainly by their mean and their variance,()2, 

I shall, wherever possible, use these to describe the 

function. However the work of Ross and Olivier, which will 

be extensively discussed here uses the parameter 6 , as 

defined above, and for simplicity and clarity we shall refer 

to this wherever reference is made to the Ross work. In 

later calculations on other distribution functions, attention 

is drawn to the fact that the values of the variance selected 

for other functions than the Gaussian have been chosen to 

yield the same values of 0 as were used in the Gaussian. 

2.6 ~Ross and Olivier Model Isotherm 

This treatment of the general expression (2.i) for an 

isotherm on a heterogeneous substrate is the special case 

where the HdB isotherm is applied to a number of "patches" 
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of surface, each considered to be homotattic, distributed 

in energy with weighting calculated according to a Gaussian 

distribution function. 

The form of this distribution has been discussea in the 

preceding paragraphs. 

Let us first consider the application of the HdB isotherm 

to a homotattic patch. The isotherm may be written in the 

form as follows: 

K'K.. 9.exp( 9 
l.1_9 ~ 

- c.9) 

where c = 20:: /kT\3 

Ki = exp( -Uoi/RT) 

K' = a scaling factor 

Ao is defined as follows, and is a function relating· to the 

cooperative changes in energy on adsorption of a gas molecule 

to the surface layer, excluding the adsorptive potential 

energy change. 

+ ln 760 - 1 + (6 ( 0 T\ ) 
nT ~T <:, 

(2.x) 

In the Ross application, Ao is arbitrarily fixed such 

that Ki =1 when Uoi -U~ = 2.5 kcals/mole, and T =77.5°K. 

This latter temperature is the temperature at which all the 

thermodynamic quantities are derived from his model, and 

allowances are easily made for other temperatures, as will be 

shown later. The reason for the presence of the scaling 

factor K' now becomes immediately apparent. It contains the 

terms which will allow for the difference between the values 

for the model isotherm, calculated at the arbitrarily fixed 

conditions of U~ "2.5 kcals/mole, and T=77.50 K. A method 
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for analysing the contents of the terms in K' will be given 

later. 

As regards the initial computation of trial isotherms 

however, on the Ross basis, we may re-write the HdB 

equation in the following form. Substituting for Ao as 

described above: 

where 

p/K' '* exp{U~-Uoi) 
RT 

c .. 2lX./RT (3 

• e .exp{ 9 - c.S) 
1~ 1-?; 

We are now in the position where we may solve for any 

(2.xi) 

theta, given p/K', Uoi , c, and the appropriate phase boundary 

conditions, dependent on c. 

The step which now takes us from the case of one homo

tattic patch to a number of patches which constitute a 

surface, is to obtain the solutions of the HdB equation for 

patches, of number N, distributed across the range of 

energies selected for the study, and to weight the answer 

for each one according to its energy, and the distribution 

chosen, into a sum over all the surface. It becomes apparent 

here why all the distribution functions handled must be 

normalised, as the sum of all the weights, gi' must equal 

unity. The method of arriving at the values of these 

weights is of interest. For a particular, unique distrib

ution, E,G are fixed, and we must then choose the number of 

patches which we wish to take to adequately describe our 

distribution from these. As each patch is assumed homo

tattic, and this assumption is basic to the approach, the 

distribution of our N patches is really a histogram, rather 

than a continuous function, where the width of each strip 

is equal to Uo ' where: 

.6Uo " (G-E)/N 
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It is clear, in fact, from this, that all we are doing here 

is to add N homogeneous isotherms, weighted appropriately, 

together to give us our composite isotherm. This is indeed 

the type of result one might expect from, say, a substrate 

of very good quality, flawless single crystals, exhibiting 

a number, N, of different crystal faces, with edges which 

were negligible compared with the surface adsorption. Our 

analysis is, however, aimed at analysing for continuous 

distributions, and so it is that we must always consider a 

sufficiently large number of patches to approximate our 

histogram to a continuous function. It is an analogous 

problem nUllerically, to that of taking a sufficiently small 

strip width in a Simpson Integration to arrive at an accurate 

answer. If we have chosen the number N to be sufficiently 

large, then we have: 

and the summation for the coverage becomes: 
N 

9(p,T),:, 2(=1 9i ·gi (2.xiii) 

Thus, with a selection of values of p/K', 2 cx'/kT\?> , and the 

appropriate selection of ~ values for the Gaussian distrib

utions, we may compile tables of entire model isotherms 

for all these parameters. This has been done by Ross and 

Olivier (16). 

2.7 Critique of the Ross and Olivier data 

All the criticisms which ~ay be ~ade of this work have 

already been introduced in the text so far, as regards 

their numerical methods. Briefly summarised and illustrated 

these are: 
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(a) The scatter un their J:''9sulting model isotherms is 

very large, especially for the lower ~ values, and is 

principally related to the fact that they have not considered 

a sufficiently large number of patches in their model. 

This arises from the fact that they have failed to appreciate 

that it is not the number N, in isolation, which is critical, 

but the values of E and G as well, and hence .l! Uo• Thus 

they are more accurately describing a histogram than a good 

approximation of a continuous function. Their figure for N 

was always 50, regardless of the N value. 

(b) They approximated, as mentioned before, the HdB 

isotherm, for solution purposes, by a polynomial function 
(1..0) 

in P, and the resultant inaccuracies in the solutions for S-

have been shown to be large. 

In this work we have recomputed the tables of Ross and 

Olivier wherever has been necessary, and have always made 

the number of patches sufficiently large to eliminate 

scatter. Plots are shown to illustrate this. In Fig. II.4 

we show the Ross isotherm compared with the equivalent 

calculation on over 200 patches. This clearly shows the 

scatter in his data. This is quite Significant, when it 

comes to attempting a correlation with experimental data, as 

most experimental data will only cover a small part of the 

range of p/K'chosen by Ross, of from 0.001 - 40. As illus

tration that this is not merely an artefact of Ross's 

calculations, but of a systematic error, we show, in 

Fig. II.5 a number of plots of isotherms computed with 

different values of N, and in Fig. II.6 a plot showing 

the variation of standard deviation from the smooth curve 

(which, it must be added, is defined as that curve where the 
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limiting error is the numorical roundille error;iwith the 

number of patches. With 2$'-=-1 it was found necessary to 

take N = ,00 to eliminate the scatter. 

2.8 The evaluation of parameters for the Gaussian distrib

ution from experimental dat~ 

Having calculated a number of possible isotherms from 

the model we constructed, we have to fit these to experimental 

data, as best we can, to determine the parameters. We are so 

far in possession of families of isotherms, for differing 

values of 20c /kT0 • In theory at least, the values of ex 

and ~ are independent of the adsorbent medium. Thus, if we 

are in possession of the values of the van der Waals constants 

for a particular adsorbate we may obtain their ~J~ values 

from: 

Whence 

ex .. a(9,"" /256b) 

o =2b(9ii/256b) 

rx([) = a/2b 

a,b are the three dimensional van der Waals Constants. 

Thus we obtain the value of c ( .. 2OC/kT~) in the Hill-de 

Boer equation. While, in theory, these constants are 

independent of the nature of the adsorbent, we must note that, 

for spherical isotropic molecules, 

CC =ii'C/4d4 , where C is proportional to the square of 

the polarisability. Thus, it is easy to see that if the 

polarisability of the adsorbate molecules is ever changed for 

any reason from that of the isolated molecule, such as 

through alignment in a particular orientation relative to 

the surface with a non isotropic molecule, then the value of 

the polarisability should be represented by the new mean 
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polarisab1lity 1n the plane. The ratio of the actual to 

the ideal alpha value, which may be given as a correction 

to the normal formula for alpha is 

Cl.. .. ()( id- W 

The adsorbate molecules which are on a charged surface, 

and hence under the influence of a field, F, say, will 

always suffer from an induced dipole (over and above any 

existing permanent dipole) 

ind )"- .. F·f (2.xiv) 

where ~ is the polarisability 

Or, with permanent dipole as well, 

ind 
P' ar +F 

where F- is the component of the permanent dipole in the 

direction of the field. fA is given by the Langevin function: 

Lt. = M(coth F fA - kT) 
r I KT FF (2.xv) 

de Boer (4) has calculated the effect of this dipole on 

the value of GC thus: 
2 

-af-~ 
d 

where a~is the total effective dipole normal to the surface, 

and d is the diameter of the molecule as on the surface. 

The concept of the correction to {X. id always being negative 

is that the field will introduce parallel dipoles of the 

same sign in the adsorbate molecules and hence reduce the 

intermolecular attraction of the molecules for one another. 

We may now consider the number of curves, with varying 

. values of ~ which we have for the Case of this particular 
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c value. These are the model isotherms with varying degrees 

of surface heterogeneity, which we have computed for axes of 

p/K' and theta. We must now compare these with the experi

mental data to hand on this system. 

If we recall that the relationship between 9 and va is 

(2.xv.a) 

where V~ is the volume adsorbed at one monolayer. Thus we Can 

consider that, in order to scale our data to the model, we 

need only divide the va axis by a scaling factor equal to ~ 

the monolayer volume. Similarly, making at this stage no 

assumptions as to the meaning of K', we may consider the 

factor K' again to be a straightforward scaling factor for the 

pressure axis. Thus we can see that, if we were to plot a 

number of model isotherms in log-log form and to them fit the 

log-log plot of the adsorption data, it is possible by 

variable superposition of the two sets of curves to obtain 

the model isotherm which is of best fit to the data. Once 

in position too, one can merely read off the values of logK' 

and log vm as the relative axis disposition on the two axes 

(see Fig.IV.13). Details of the procedure for this will be 

given in Chapter 4. 

2.9 The Analysis of KI 

K' is defined implicitly in the Hill-de Boer equation as: 

where 
.. _ &tr +Ilsrot 

s 
R 
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the notation is Ross's. It is worth noting here the 

standard state definitions used. 

Gas: 760 m~Hg pressure at the temperature of the expt. 

Surface: a) Localised film 

9s = 0.5 

b) Mobile adsorbed film 

de Boer and Kryuer have chosen this (4) 

to be at: 

cY's .. 4.08 T 

where C)S is the area per molecule in the 

Std state. 

9s 

Hence: 
i~ n.. .. ___ = \.J 

Os ."..4 ..... 0""S""T 

All the cases we shall be examining in detail in this 

thes~s are ones where we have low temperature adsorption 

of a monatomic gas. This enables us to make some approxi

mations in equation (2.xvii). 

We may set L). srot = 0, Ekin .. -iRT, .. 0 

and str 
s is given by: 

str _ str .. _!:"str .. RlnM + RlnT + 2.30 g s a s s 2 2 
(2.xviii) 

where M is the molecular weight. 

Thus, equation (2.xvii) reduces to: 

InA .. - S tr -~ - In o s +ln760 (2.xix) 
lr 

We may rewrite (2.xvi) as: 

InK' - InA .. -U' /RT o 0 
(2.xx) 

And thence from our estimation of log K' we may calculate 

the value of lnAo using (2.xx) and hence calculate U~, the 
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mean energy of adsorption of the distribution. 

If data are available on the same system as different 

temperatures then a plot of InK' - lnA versus liT would o 
offer a more accurate estimate of -U~/R and hence U~. In 

the subsequent chapters both methods are used. 

2.10 The derivation of true t values from the experimental 

!ll 
In the last section we described how the superposition 

method enables us to obtain the curve for a particular value 

of the model (computed at 77.50 K) which gives the best fit. 

We must however now consider the significance of this value 

if the experiment did not take place at 77~50K. 

The shape of the computed isotherm is determined by the 

set of Ki and associated gi values. To produce isotherms 

of the same shape at two different temperatures the 

conditions are: 

Ki 77 5 m Ki,T , . 
and 

Hence, U. ~U IT 
0~,77.5/77.5 oi,T 

and ~ 77.5(UOi - U~77.5 T(UOi-U~)~ 

therefore 

This equation enables us to determine the real value 

at the temperature of our experiment, knowing the tempera

ture at which the experiment took place. In discussion 

of the resultant '6 values from experiment, the corrected 

values should of course be used. 
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2.11 Experimental determination of the value of c 

We have already discussed the derivation of the values 

of c from the three dimensional van der Waals constants, 

and further shown how one may predict the perturbation 

of if the adsorbent surface has been characterised well 

with particular respect to the surface electric field. The 

number of ionic or conducting solids, however, for which 

this correction is readily available, is minute. As many 

of the substrates which are examined by gas adsorption are 

ionic, at least partially, in character, it would be nice 

to obtain information somehow, on the true value of c for. 

the system. The experimental log-log fits are very in

sensitive to the value of c for all normal purposes, and so 

this method is useless. If one has a substrate which shows 

a homogeneous region and one obtains at least three isotherms 

in the region immediately below 2T:, one may extrapolate to 

find 2T~ from the observed phase transitions, but, again, 

this method is generally impractical as one would first have 

to have a good idea of the whereabouts of the critical 

temperature. If this data is available, however, one may 

make a ne1. estimate for alpha, based on this value, 

2 * Il. ex.. Tc x k x 27 x I-' 
8 

One can see clearly from section (2.8) that this enables 

one to obtain an estimate of the mean surface field of the 

substrate. 

2.12 The heats of adsorption 

It is not intended here to enter into a long discussion 

of the many relationships between the various terms in the 

expressions derivable for the heats of adsorption from 
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diffe~in8 isotherm models. In the ease under considera

tion, i.e. a mobile two dimensional adsorbed gas, the 

relationship between the various terms (defined in the 

glossary) are as shown in Fig. II.? The only necessary 

modification to this set of relationships is that: 

• pia 
a (2.xxiii) 

where apia is the interaction energy of the adsorbed phase, 

and in this case is given by: 

(2.xxiv) 

and is the only term in the expression for the differential 

heat of adsorption which is 9 dependent. Hence it must 

be borne in mind that when discussing the heats of adsorp

tion for a model which obeys the HdB isotherm, that there 

is a 9 dependent term present. 

~13 The log-normal distribution function 

This was chusen as an alternative to the Gaussian 

distribution by Hoory and Prausnitz (19) and does indeed 

offer some improved features over the Gaussian as a reason

able description of the energy distribution in a solid 

surface. It is shown in its simplest form as: 

where Umed is the median energy value. The function is o 
existent only for positive values of Uo' is skewed, and 

tends to zero as Uo tends to co Due to its skew, we may 

derive expressions defining the location of the mean and 

the modal energies. 
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Fig 11.7 Relation between the various Heats of Adsorption. 
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As it stands, the function has two parameters, but is 

still "open ended" to infinity. It is however analytic

ally integrable and the form above is already normalised. 

We may transform the distribution in such a way as to cur

tail the limits of the function again to E and G. E is 

always 0 in this case, but by substituting for Uo thus: 

'Uo .. (Uo - E)/(G - Uo) 

we may limit the function to the bounds E and G. 

In this case we have to normalise the function numeric-

ally as the substituted function is no longer integrable. 

We have chosen the limit G to be 10 kcals/mole for the 

case of physical adsorption to represent the possibility 

of a few high energy sites existing which are not allowed 

for in the Gaussian distribution. Et as stated, was 

always zero. 

Some theoretical isotherms using again the HdB model 

isotherm were computed for comparison purposes with the 

Gaussian d.ata. The values of ".- chosen were always those 

which were equivalent to the same values of 

in the Ross isotherms. 
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Appendix: 

Theoretical Isotherms for values of 

2<J:/RT(3 used in this work. 
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-Chapter 3 
EXPERIMENTAL 

"'It began with blotting paper', 'the XD18ht 

answered with a grin_ 

'That wouldn't be very nice, I'm afraid - , 

'Not very nice alone', he interrupted 

quite eagerly: 'but you've no idea what 

a difference it makes, mixing it with 

other things - such as gunpowder and 

sealing-wax '." 

- White Knight. 



~.1 Adsorption frame 

The frame was of conventional design, inoorporating 

gas burettes .and the necessary pressure measuring 

apparatus for the pressure ranges used, and is shown in 

Fig. III .1. 

The frame was constructed entirely of borosilicate 

glass, with the limbs in the adsorption system being 2mm 

bore thick wall tubing to minimise the effects of gross 

transient temperature changes. 

All taps were high vacuum quality glass stopcocks, 

and were used with Apiezon N grease, with the exception 

of the sample tap (T5) which was used with Apiezon T to 

prevent streaking on high temperature de-gassing if 

necessary. 

The gas burettes were glass jacketed and temperatures 

were measured during the course of the experiments inside 

these jackets. 

The pumping system consisted of, on the main vacuum 

line, a two-stage oil pump backing on to a three stage 

mercury diffusion pump in which the mercury boiler pressure 

was maintained at approximately 1 cm.Hg. The diffusion 

pump was trapped with liquid nitrogen. In an effort to 

further decrease the effect of mercury on the sample, 

about two square cms. of gold foil was introduced into 

the sample tube mounting above the B7 cone joint, with 

every new sample. 

In order to eliminate the type of temperature effects 

first observed by Rosenberg (1) due to light on the 

sample, the tube leading to the sample was always 
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Fig.III.1 

A Sample tube [samples 2 and 7 only. See 
Fig.III.7 for sample 10] 
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painted black back as far as the sample tap (T5) to 

cut down the "light guide effect" of this glassware. 

The frame had previously been examined for mercury 

drag effects on manometer and McLeod gauge readings by 

E.W. Sidebottom (2), and these were found to be absent. 

Ross has shown (3) that the relative errors in deter-

mining adsorption isotherms are minimised when the 

sample dead space is of the same size as the frame 

dead space and the frame was designed to adhere to this 

principle. The size of the gas burettes was also 

designed to give operation of the frame with samples 

of areas from i-10m2 in surface area. 

3.2 Procedure and performance 

The method used in all experiments was the standard 

volumetric approach. A dose of gas was admitted to the 

adsorption system with the sample tube shut. The 

pressure and temperature of the dose were measured 

and the volume of the appropriate part of the system was 

known from the calibration of the gas burettes and the 

dead spaces. 

The dose was then admitted to the sample which was 

at the appropriate temperature, and equilibration of 

the first adsorption point was allowed to proceed. 

Subsequent pressure measurements were made with the 

instrument appropriate to the pressure range being 

examined. Following points on the isotherm were 

achieved using the gas burettes and not more than two 

additional doses to preserve accuracy. 

Q~ibration of dead spaces 

The volumes of the burette bulbs and the McLeod 



gauge bulb were calibrated using the weights of the 

volume of mercury necessary to fill them, these weights 

being converted to volumes using density data (4) for 

the ambient te~perature. It should be noted that the 

entire trapped dead space for the McLeod gauge was 

estimated (including the portion of the gauge above the 

jet and side limb to the adsorption system). 

All other system dead spaces were calibrated with 

helium in the pressure range from 10-2 - 1mm Hg. where 

ideality was assured (4). The data was converted into 

dead spaces using the least squares straight line fit 

of the function TIP versus Vbur and was only considered 

of sufficient accuracy if the correlation coefficient 

over at least ten pOints was better than 0.99. All 

sample tube dead spaces were of course conducted at the 

temperature of the ensuing experiment. 

Note 

For the correction to pressure readings resulting 

from thermal transpiration, and hence to volumes 

adsorbed, calculated volumetrically, it was necessary 

to know the volUlne of the sample tube below the cold 

junction, and the internal diameter of the sample tube 

at the cold junction. The samples tubes were therefore 

removed after each experiment and cut at the cold 

junction. The internal diameters were then measured 

using a kathetometer, and the dead spaces estimated 

by mercury weights, yielding results which were then 

reduced to the actual temperature of the experiment, 

after having allowed for the volume of the sample 

material thus: 



V' D 

where V' D = dead space at experimental tempera-

ture T. 

VHg = volume of mercury to fill tube at 

room temperature, To 

Vs = volume of sample from density data 

and weight. 

Details of the corrections performed to allow for 

thermal transpiration follow below. 

3.3 Degassing procedures 

a) Caesium bromide 

As it has been suggested that surface layer sinter

ing can take place at as low a temperature as Tf/3, 

where Tt is the melting point (or solid sta~e phase 

chan~e) temperature in degrees absolute, all samples 

were degassed at 800 C instead of the normally accepted 

maximum of 1500 C. Degassing was maintained until the 

adsorption system and sample was holding a vacuum of 

better than 10-6 torr, for longer than 20 minutes. 

b) Silver iodide 

As it has been suggested that the f.c.c.-hexagonal 

phase change takes place at as low as 1400 C, these 

samples were outgassed at room temperature until a 

vacuum of better than 10-6torr was achieved and held 

and the samples were twice "flushed with helium and 

again pumped to this vacuum. 

Note on theEEal transpiration 

It has been shown that where pressure measurements 

are carried out on a system involving a sharp cold 
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jupction where the pressure measured is on one side of 

the junction, and the pressure desired to be measured 

is on the other, then if the width of the junction is 

of the same order of magnitude as the mean free path 

of the gas molecules, that there is an appreciable 

difference between the pressure measured and the actual 

pressure in the vessel under consideration (5). 

For the gases argon and krypton several analytical 

descriptions have been derived to explain the observed 

behaviour (5,6,7,8). While this is not the place to 

discuss the theoretical basis of these expressions, 

suffice it to say that, in order to make appropriate 

allowance for the changes in pressure produced across 

the cold junction on the sample tubes used, we have 

chosen expressions for the degree of thermal transpira

tion, R, (R=F(P2d)), where the independent variables are 

P2 , - the measured pressure, T, - the mean temperature 

of the junction, and d - the diameter of the circular 

junction. 

Sidebottom has shown that two differing expressions 

are required to cover the requisite range of pressures, 

for the case of krypton, to fit the experimental data 

of Rosenberg (15) with sufficient accuracy (2), the 

Liang (6) and the Weber/Miller (7) expressions. 

The choice of these expressions was arrived at after 

an examination of all the then published expressions 

for R, and a comparison with experiment. 

A further expression, that according to Sensui (8), 

has since been published but yielded a very unfavourable 

comparison with the above two models for krypton. 



The correction for argon was computed using the 

expression of Weber and Miller alone over the entire 

range, as Rosenberg has shown this to be valid experi

mentally. 

The expressions used and the constants substituted 

are shown in Table III.i. 

3.4 Pregsure measurement 

1) McLeod Gauge 

The McLeod gauge was identical to that used by 

Sidebottom (2), after a design of Jaycock and Sidebottom. 

It consisted, as shown in Fig. 111.2, of a bulb of 

about 145 ml capacity with tubing, which was all 

specially selected precision bore tubing (Jencons) for 

matching radii. The main feature of interest in the 

gauge was the addition of the third limb to the gauge 

to eliminate the manometric correction needed with 

classical McLeod gauges to the mercury height in the 

tube to the adsorption system. The third limb was lead 

directly to the high vacuum line, and was used for all 

pressure readings of the gas trapped on the closed 

capillary. To eliminate mercury pumping effects from 

cold traps, taps were inserted between both the limbs 

and the adsorption system and high vacuum line respect

ively. The only other feature of note was the unusually 

narrow jet orifice into the bulb, to ensure prompt gas 

cut off on raising the mercury. The calibration of the 

gauge was completed by Sidebottom, allowing for the gas 

volume trapped around the internal seal at the cut off 

jet, Fiving a formula for pressure for the gauge of: 

P=(H1-H 2)x(H3-H2)xO.0002226/(1.+.0001818xT) (3.iv) 



FIG III.2 
McLeod Gauge (after Jaycock) 
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Table III.i. Thermal Transpiration Expressions for R ( = :~ ) 

Liang l1,= 

Ro = 

Ro - 1 + 1 
~j 2(X2) + t3HJl (X) + 1 

( ~: ) fig X = P2D g .fl g = gas corre.ction factor .fl1(b = g·s't 

2.52 x 10-6 t3He= 7.68 (l-Ro) x ,o-3.fl
Kr 

= 3.84 

Weber/Miller 

Rw-M = 

T ~ 

a. = 

Ro 

a.y2 + t3Y + J.I 

X1\ cs'" T 2 I2'!0! ~ d,I A 

(T, + T2)/2 
0.03 t3 = .245 (for spherical monatomic gases) 

(a. + g'()/(l + hY) 

g = 2.5 h = 2 (for spherical monatomic gases) 

a'T = molecular hard sphere d1am. at temperature T 

er. 2 c:::r: 2(, + C/ T) C = Sutherland I s constant T = 00 ;> 

ArC-..o = 2.99 Krcr:a = 3.22 

2 - measured system 

1 - actual system hence p, = P2R 



where P-pressure (cms Hg) 

H1 .. height of top of closed limb (9ms) 

H2 .. height of mercury in closed limb (cms) 

H3 .. height of mercury in reference limb (cms) 

T .. room temperature (oC) 

The denominator on the RHS of the equation is to correct 

for the thermal coefficient of volume of the mercury. 

The principal precautions taken with the McLeod 

gauge were as follows: 

a) Before reading mercury heiphts the limbs of the gauge 

should always be tapped lightly till a constant height 

reading is obtained. 

b) The cathetometer which was used to measure the heights 

was always checked for no parallax and that it was 

perfectly levelled. This last condition necessitated 

among other things, that no one should lean on the 

bench during the course of taking readings. 

2) The constant volume manometer 

This was as shown in F~g. Ill., and consisted of 

a limb of 2mm thick-wall tubing leading via a tap to 

the adsorption branch of the frame. This terminated in 

a seal to the left hand side of a U-manometer mede of 

7mm tubing. At the seal, a tungsten contact was fused 

through the wall of the manometer and connected to the 

simple contact detector shown, the circuit being completed 

via another contact fused through the manometer wall 

lower down the U. The right hand side of the manometer 

led via a tap directly to the high vacuum line as a 

reference height. The mercury in the manometer was 
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Figm.3 Constant Volume Manom~ter 
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raised and lowered via a mercury reservoir and two way 

tap, with ports to both backing vacuum and atmosphere. 

The principle of operation was that as long as the left 

hand mercury column WaS always at the same position then 

the calibrated volume of the adsorption system remained 

constant. 

The manometer was calibrated for zero pressure capill

ary error by opening both limbs to vacuum and measuring 

the relative heights of the mercury columns of both 

limbs. The mean of twenty estimations was recorded, 

and all apparent pressures subsequently recorded were 

corrected appropriately. 

3) The thermistor gauge 

A thermistor gauge was developed and tested. It was 

constructed as shown in Fig. 111.4. The gauge was 

developed from the design of Rosenberg (9) and consisted 

of a matched pair of unsealed thermistor beads (STC 

Type U), nominally rated at 2000 ohms each, sealed into 

(a) the adsorption frame, and (b) a reference high 

vacuum limb, which were the two arms of a Wheatstone 

bridge type of circuit Fig. 111.4. Rosenberg showed 

that the pressure relative to the reference side 

pressure Was given by a logarithmic relationship with 

the imbalance voltage across the bridge. Thus, a plot 

of log V against log p.should give a straight line. 

The Wbeatstone bridge was originally constructed as in 

Rosenberg's paper, with the imbalance voltages measured 

by a potentiometer, but this system was impossible to 

balance. The reason for this became clear when the 

current flew at imbalance was studied. The resistance 



FI~ m.t,. Thermistor Gauge 

reference 
,vac um 

-
![l 

:: • II -- adsn. 
system 

111/ III 
___ ..!.... '_I -.!.- -'" .. al 

I I I I 
uminium 
block , 

I I I I , , , I 
:,~,o;;; f'h eater coil 

hermistors 
''''~A-K 
'1 I' : I I: -.....;;; r::t 
'))1 'I Il 

__ - _I .~ __ 

'1 \, ., I' 
r: ' I I , 

I I 
, , 

/ ~, I ~ I 

• " . sensing , 
transistor TRI 

.IOKA 

OC7I OC7I 
RII' 

R, 

,.-______ .... t I K.I\ 

-!= 

" -I-p 

" 

ower 
transistor 

-12V 

8.11 
HEATING 
COIL 

OC3S 

Bridge 
Circuit 

I 



of a thermistor is proportional to temperature, and 

thus the temperature of the beads must be maintained 

very accurately constant. The environment of the beads 

was maintained at constant temperature by using an 

aluminium block to envelop the whole gauge head (both 

limbs), and the temperature of this was controlled with 

a modification of a Mullard transistorized circuit, as 

shown in Fig. III.4. This maintained the temperature 

of the beads sufficiently constant to eliminate drift 

on the gauge readings of the final model. The other 

effect of temperature arises, as mentioned, if the 

current dissipated across the bridge is so large that 

the temperature of the beads, which are very small 

(approx. 25mm diam.) with very small leads, and hence a 

minute heat capacity, rises due to the power dissipated 

in the beads building up in the beads. The effect of 

this is to lower the resistance so that more current 

flows and hence the temperature increases further. Hence 

one can see that, at equilibrium, the system is unstable, 

unless the possible total current flow on imbalance 

is small enough not to cause the total decay of the 

equilibrium condition. Thus one has to control the 

driving voltage across the bridge very carefully to 

ensure obtaining a balance. 

The other repercussion of this condition is that the 

instrument with which the imbalance voltage is measured 

has to cause no increase in the current drawn by the 

circuit. The potentiometer does not fulfil this con

dition as it merely opposes the measured voltage with an 

opposite potential, thus unbalancing the bridge again. 
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An instrument of high accuracy and impedance ie needed 

therefore, and a digital voltmeter (DVl) was used, 

which had an accuracy of .± .01% and impedance of 1001'1 • 

In order to maintain a sufficient accuracy, with a log

log plo.t, an accuracy of voltage measurement of .± .0590 

was needed. The DVM was capable of this accuracy, but 

the limiting factor was the variation in the supply 

voltage to the bridge. Conventional power supplies were 

too unstable with respect to long term drift, so a bank 

of four lead-acid accumulators in series were used with 

a large shunt resistance across the connections to the 

bridge. No measurable variations in voltage were recorded 

over long periods. The gauge was calibrated using helium 

gas in the system with the reference bead pumped out to 

better than 10-6 torr. The McLeod gauge was used to 

perform the 
).)0.& Q\~d ... 

calibration, and a log p against log V plot 

] 1 ! "g lIT, The plot was linear over the 

range 10-'-1 torr. The instrument was in fact not used 

for the estimation of isotherms as the Digital Voltmeter 

was on short term loan. Of the rrethods of pressure 

measurement available, it was the most convenient in 

terms of speed and in having a small dead space. 

,.5 Measurement and maintenance of sample temperature 

Samples 2 and Z 
For these samples, on which krypton was to be ad

sorbed, control of the sample temperature was achieved 

by using a refrigerant at the temperature deSired, which 

was a mixture of liquid nitrogen and oxygen which was 

mixed in proportions according to the temperature 

desired and the ambient atmospheric pressure. The 
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temperature of the refrigerant was moasured with a 

nitrogen saturation vapour pressure thermometer, aB 

~~~~ whose bulb was placed in the Dewar 

vessel containing the refrigerant and in very close 

proximity to the sample bulb. The nitrogen in this 

thermometer was BCC 'white spot' which was dried and 

deoxygenated over active copper at 4000 C. The thermo

meter was evacuated to 10-4 torr prior to filling, 

and was flushed twice with dry nitrogen prior to this. 

The thermometer contained a facility for compressing 

the nitrogen prior to measurement, above the atmospheric 

prep sure at which it was normally stored, to record 

temperatures in excess of 77.50 C. In order to deter

mine the lowest practical operating temperature for 

this apparatus, it was necessary to estimate the 

highest likely atmospheric pressure in the laboratory, 

and further correct for the amount of dissolved oxygen 

occurring in the liquid nitrogen supplied. This 

corresponded to an amount having a partial pressure of 

approximately 20mm Hg, depending on the freshness of 

the liquid nitrogen. Thus one could estimate from 

saturation vapour pressure data the lowest possible 

temperature attainable under the most unfavourable 

conditions. This temperature worked out in practice 

to be about 77.7°K. 

All the saturation vapour pressure (SVP) data was 

obtained using the following formula: 
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The constants in the equation were taken from 

the data of Friedman and White (10), who fitted the 

above equation to their measured SVP data, after the 

fashion of Dodge and Davis (11). The temperature of 

the thermos tatting refrigerant was maintained accurately 

to ±1mm of pressure on the SVP scale, corresponding to 
o 0 ± .012 K at 77.5 K. 

Sample-1Q 

For the argon adsorption experiments on sample 10, 

it was required that we should be able to easily and 

accurately maintain the temperature over a wider and 

low~r range than for the krypton adsorption work. This 

was done using apparatus after the design of W.J.C. Orr 

(12). This was a simple cryostat involving the control 

of temperatures between 65-77°K, usinr- liquid nitrogen 

again as the refrigerant, and pumping on it to achieve 

the desired boiling pOint. Thus the requirement was 

for a closed Dewar vessel system, containing the sample 

bulb, temperature sensing deVice, level indicator, and 

facilities for pumping to a desired pressure, which shall 

be accurately maintained. The cryostat vessel, shown 

in Fig. 111.7 was almost identical to that of Orr. 

There were, however, problems in his original design 

which had to be overcome. The control device in Orr's 

design was a modified nitrogen SVF thermometer, set up 

in such a way that when the SVP increased, the pump was 

opened to the refrigerant. In fact the nitrogen SVP 

thermometer has a very slow response time, of the order 

of 0.1 oK/min. Thus his system would have a relatively 

large oscillatory behaviour. We designed our system 
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Fig. Ill. 7. KEY 

1. Connection (B5) to nitrogen SVP thermometer. 

2. Connection (7) to adsorption system (blackened). 

A. Refrigerant level indicator (glass). 

B. Connection to manostat and pump. 

C. Filling point and cap (with gasket). 

D. Spring washer and wing nut. 

E. Silicone rubber seal with flange. 

F. Upper gasket (foam rubber). 

G. Ground glass flange. 

H. Clamping bolts (8). 

J. Liquid level float (glass). 

K. Adsorption sample tube combined with: 

L. Nitrogen SVP thermometer probe, both of 

borosilicate glass. 

M. Silvered glass Dewar vessel. 



in such a way that, once having determined the equi

librium pressure of the refrigerant corresponding to 

the desired temperature as read on the nitrogen SVP 

thermometer, we manostatted this pressure, and con

trolled this accurately, thus eliminating large swings 

in the temperature. This was achieved by the manostat 

device shown in Fig. 111.8. This was a modification (13) 

of a Cartesian Diver type of apparatus, but working in 

reverse to control a vacuum pump. There was also a high 

pumping speed by-pass line to simplify and accelerate 

initial pumping of refrigerant at 77.50 K to obtain 

the desired temperature control level. A manometer 

included in the system between the manostat and the 

cryostat enabled us to check that the refrigerant 

pressure remained constant, and this it in fact did, to 

± 0.5mm. As in fact this was a frequent oscillation 

about an accurately obtained mean pressure, this system 

maintained temperature as measured on the nitrogen SVP 

thermometer to better than± 0.01 oK, for as long as 

desired, with little or no correction. 

The sample tube for Sample 10 as shown in the cryo

stat was integral with the probe of the nitrogen SVP 

thermometer. 

The operating procedure for the cryostat was as 

follows. The sample tube/nitrogen SVP thermometer was 

fitted via a rubber seal into the body of the cryostat, 

and with the pumps off and the pumping lead open to 

the atmosphere, liquid nitrogen was poured into the 

Dewar vessel until the float indicated that the vessel 

was full. The pumps were then started via the by-pass 
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and the cryostat sealed. The nitrogen SVP thermometer 

was then watched until the temperature was within about 

.050 K of the desired thermostatting temperature, the 

by-pass valve shut, and the manostat actuated via tap 

(T5) when the nitrogen SVP thermometer indicated the 

control temperature. Fine control of the final tempera

ture could be achieved by adjusting the jet height in 

the manostat for the last millimeter or so of pressure 

control. Once set, the manostat needed no further 

attention until refilling with refrigeran~ was necessary. 

To do this the above process was conducted in reverse, 

the cryostat opened, refilled and reactivated. A refill 

took approximately 10 mins and the initial pump down to 

thermal equilibrium about 15 mins. 

3.6 Preparation of caesium bromide sample 7 

In order to obtain samples of as high a specific 

surface area as possible, the method of Craig and 

McIntosh was used (14). A sublimation apparatus as 

shown in Fig. III.9 was constructed, paying particular 

attention to the purification of the carrier gas, which 

was nitrogen. This was of BOC 'white spot' quality, and 

was purified, after passing through a flow meter, by 

drying with both silica gel and Linde molecular sieve 5A. 

The dried gas stream was then passed through a silica 

tube containing a bundle of high purity copper wires, 

which had previously been activated by severe oxidation 

and subsequent reduction with hydrogen, maintained at 

4000 C, by a small furnace wound around the silica tube. 

This stream of dried, oxygen free nitrogen was then 
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passed in to the sublimation furnace. which was a 

tube furnace constructed of silica and capable of 

reaching 12000 0. In the centre of this furnace was 

a silica boat containing the caesium bromide, which 

occupied most of the cross section of the furnace 

tube. This was necessary in order to ensure that with 

a suitable flow rate of gas, (a) turbulent flow over 

the boat was obtained, and (b) that the gas stream 

was cooler than the melting point of the caesium 

bromide (630 00). This resulted in a 'smoke' of caesium 

bromide being produced when the furnace temperature 

was 8700 0 and the flow rate through the furnace tube was 

sufficient to give a mean gas velocity of .55 m/sec. 

The smoke was then collected in an electrostatic 

precipitator as shown in Fig. 111.9 which was construct

ed of borosilicate glass with an axial tungsten 

electrode and an earthed shell. The voltage on the 

electrode was maintained so as to produce a field of 

approximately 10,000 v/cm in the precipitator. In order 

to ensure the absence of water vapour, a sample tube 

was connected via a cone and socket to the precipitator 

tube and the collected sample tapped into it at the 

conclusion of the sublimation process. Oare was taken 

to minimise the amount of coarse sublimate which 

collected at the furnace end of the precipitator being 

included as sample. 

The sample which was prepared in this fashion was 

sample no.7. 

3.7 Preparation of sample 2 

This sample was prepareo by a method of flash 



precipitation as follows. A saturated solution of 

caesium bromide in water at 100°C was prepared, and 5 ml 

of this solution were then poured rapidly into 500 ml of 

pure acetone, stirred vigorously by a stream of nitrogen 

bubbles. The caesium bromide rapidly precipitated out 

and was immediately filtered through Whatman No.11 paper, 

and the solid washed successively with aliquots of doubly 

distilled acetone and then with sodium dried n-heptane. 

The result of this, however, was to agglomerate the 

particles rather too firmly, as was observed Under the 

microscope. The cake, which was kept covered with n

heptane at all times to eliminate atmospheric moisture, 

was then shaken up with further n-heptane, and the 

suspension irradiated with an ultrasonic probe for 5 mins. 

The resulting suspension was apparently agglomerate free 

under the microscope, and was then placed into a small 

freeze dryin~ apparatus and the solvent removed under 

vacuum, being frozen out with liguid nitrogen. The sample 

was then kept in the stoppered freeze drying apparatus 

in a vacuum desiccator until required. The sample was 

placed in the sample tube in a glove box. 

3.8 The silver iodide sample 10 

This sample was kindly furnished by Dr. J. Padday of 

Kodak, Ltd., and was from the same batch as that used by 

E.W. Sidebottom (2). 

3.9 Materials 

The gases used as adsorbates in the experiments were 

supplied by the British C:xygen Company (Special Gases) and 

were used with no further purification. As a check on 

their purity, samples were analysed on an MS 10 mass-
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Table IlI.H. 

Mass spectrometric analysis of adsorbate gases 

Sample Elements mole % reI. to main 
detected molecular ion 

Name wt. 

Kr Kr 78 
BOC Special 82 
Gases,X grade 83 99.991% 

84 
86 

Xe 129 
130 
131 .008% 
132 
134 
136 

Air N2 28 .0011% [N2 78%; 0 16 
O2 22%) 

Ar 
BeC Special O2 32 .0078% 
Gases Ne 20 .30% Bulk grade 

N2 28 .037% 
H2O .00829v 

Ar 36 
40 99.647% 



spectrometer and the result!:! of these analyses are shown 

in Table III. ii. 

All mercury used in the adsorption apparatus as cut

offs was trebly distilled. 

The purification of the nitrogen used in the gas 

thermometer has been described. 

The caesium bromide was supplied by Koch Light and 

was of AR grade. An estimation of total alkali and 

alkaline ,,"(Lr\;.!t elements present was performed using an 

Atomic Absorption Spectrometer and the total of all 

elements Li, Na, K, Rb, Mg, Ca, Sr was less than 15 ppm. 

3.10 Isotherm specifications 

The following isotherms were determined: 

Sample Adsorbate Temperature (oK) Sample No. 

CsBr Kr 77.9 2 

CsBr Kr 77·5 7 

AgI A 69·74- 10 

AgI A 71.00 10 

AgI A 72.50 10 

Surface areas were determined from the isotherm data by 

several methods and will be presented later. 
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Chapter 4 

RESULTS 

"'Well, now that we have seen each 

other', said the Unicorn, 'if you'll 

believe in me, I'll believe in you'." 

- The Unicorn. 



4.1 

Adsorption isotherms were determined for the three 

samples detailed in Chapter 2. All these isotherms are 

shown with the lower pressure range magnified, as this 

is the region in which two dimensional condensation steps 

would be expected. 

The krypton isotherms on the caesium bromide samples 

nos. 2 and 7 are shown in Figs. IV.1, IV.2, IV.3 and IV.4. 

The pressure range covered in these two cases was only 

investigated up to about the monolayer region, as it was 

only desired to investigate the condensation behaviour of 

these samples, if present, and. the Ross analysis. The 

highest pressure examined corresponded to a value of plpo 

of about 0.3. 

The argon adsorption isotherms on sample 10 are shown 

in Figs. IV.5 and IV.6. These were extended well into 
, 

the multilayer region, up to the limit imposed by the 

saturation vapour pressure of the adsorbate at the experi

mental temperature. The lowest pressures on these iso

therms were in the region of .001 cms Hg • 
• 

4.2 Accura~nd scatter. 

The point scatter on the sample 2 and 7 isotherms 

appeared to be small, and of the order of magnitude of 

that expected, about 1%, and gave confidence in the fact 

that within the range of pressures examined no gross 

adsorption phenomena which could occur had been overlooked. 

The "scatter" of the points on the sample 10 isotherms 
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was in absolute terms worse than that on the first two 

isotherms, but was apparently consistent in those regions 

where it did occur. The use of the term scatter here may 

be anomalous as this sample was the same as that exawined 

by Sidebottom (1), who found several steps in the multi

layer region of the krypton isotherms which he determined, 

and it is the multilayer region where point scatter is 

apparent in this work. The scatter is not however of 

sufficient magnitude to enable the postulation of step

wise adsorption to be made. In the multilayer region, 

however, as may be seen in Fig~ IV.5, there are the same 

set of highly sigmoidal steps which Sidebottom observed 

in the multilayer region of his krypton isotherms. 

As a result of observations made during the determin

ation of these results, a small change in the normal 

experimental technique was made. This was as a result of 

the fact that the first few initial adsorption points 

measured on the addition of a new dose were consistently 

low, despite the fact that th~ adsorption time allowed 

for these pOints was always at least 30 mins. and often 

lon~er. Whenever a new dose was added to the evacuated 

sample bulb, the highest pressure point was always 

recorded first, followed by the others; the validity of 

which was clearly dependent on the fact that the sample 

was non-porous, which was established on the basis of no 

hysteresis occurring at any point in the range of pressure 

examined for any sample. The slow initial adsorption 

time was put down to the fact that the sample had not 

reached thermal equilibrium, until the adsorbate had been 



added to act as a heat transfer medium. This is not 

unreasonable when it is considered that all the heat 

transfer involved in cooling an evacuated sample is radia-

tive and conductive, and the latter being the only process 

for cooling the centre of the bulk of the sample. The 

conduction can only proceed through interparticulate con

tact; cor.tact areas are small, and the radiation is low 

as the samples were all white or pale yellow. This factor 

above could be used as a convincing argument in favour of 

determining isotherms for adsorbates such as argon, with 

high pressure ranges, by adsorption from a binary mixture 

of the adsorbate and helium, the latter acting as, among 

other things, a heat transfer medium. 

~.3 Sample 2 krypton adsorption isoth££m 

This isotherm clearly shows a step at a pressure of 

.OO~55 cms Hg. This step is attributed here to the ad-

sorption of gas on to an approximately "homogeneous patch" 

of solid surface, the step being the two dimensional 

phase change taking place on t~at patch. 

We assume the HdB model isotherm holds for this patch, 

and hence by determining the pressure at which the step 

occurs, and the height of the step, we may estimate the 

adsorption potential of this patch and the surface area of 

it. We assume that the value of c in the HdB equation 

is that predicted by theory for krypton at 77.90 K, viz.: 
.. 

c·~ 9.0. If we now examine the p/K' value for t his value 

of c from Table II.i, we find that it is .03928. The 

height in terms of coverage, i.e. (ec-eg ), is given, 

again by Table II.i, as .6217. This enables us to 



determine the monolayer volume sVm of the step, 

from which the area of the patch may be estimated. 

The value of K' for the patch is obtained thus: 

P * K' ~ s /(p!K' )HdB 

4.4 §ample 2 residual isotherm 

In order to determine the isotherm for krypton ad

sorption on the part of sample 2 remaining after the step 

originating patch has been allowed for, we have to subtract 

the adsorption isotherm for the patch from the experimental 

isotherm. To do this, we may start by computing an ideal 

HdB isotherm with c equal to 9.0, for a range cf values 

of p/K' which is sufficient, when multiplied by the value 

of K' previously obtained above, to cover the range of 

pressures of our experimental isotherm. This gives us a 

p vs. e isotherm. To obtain this in terms of a p vs. Va 

isotherm we must multiply the values of e obtained by 

the value derived above for sVm. We now have computed 

an isotherm for an "ideal" surface, with the same area 

and adsorption potential as the patch which we have 

observed. This is subtracted from the ori@inal isotherm 

and yields us the residual isotherm for the heterogeneous 

portion of the surface. The total isotherm and the 

residual isotherm are shown in Fig. IV.7, with the com

puted patch isotherm. Due to the slightly sigmoidal 

form of the step on the experimental isotherm, the sub

traction of the "ideal" HdB isotherm results in anomalous 
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pOints on the residual isotherm in the immediate region 

of the step, the reason for which will be discussed later. 

A summary of the derived parameters for the step is 

shown in Table IV.i. 

4.5 Specific surface areas 

Estimates of the surface areas of all the samples were 

obtained by an application of the method of Brunauer, 

Emmett and Teller (2). In order to obtain the monolayer 

volumes from the isotherms plots of p/v(po-p) vs. plpo 

were made. This preassumed a knowledge of the liquid 

saturation vapour pressure, Po' of the adsorbate gas at 

the temperature of the experiment. 

4.5.1. In the case of argon adsorption, the published 

material is fairly consistent, and is well typified by 

the source work listed in Landolt Bornstein's "Zahlenwerte 

und Functionen".(3) The vapour pressures here presented 

were calculated at the appropriate temperature by 

substitution of the appropriate constants and temperature 

into the general equation of t~le form: 

log10 Po=- A 1- BlogT + eT -+ D 
"T 

(4.i) 

All the vapour pressure data is calculated on the basis 

of the constants for the liquid vapour pressure extrapol

ated, clearly for all cases considered here, well below 

the triple point of the bulk adsorbate. This depends 

clearly on the assumption of the adsorbed layer being 

liquid like. This assumption will be discussed at length 

later in the following chapter. 

4.5.2 We are faced however with an immediate problem 

regarding the available data on the liquid Po for krypton. 



Table IV.i. Sample 2 (krypton at 77.90 K) 

Parameters for Homogeneous Patch 

Step height .0016 mb STP/g 

Step pressure .00455 ems Hg. 

From Table IV.v. c =9.0 

• • • K' 

and V s m 

'-:--' 

er :19.5 i 2 

= 

= 

.6217 

.03928 

.116 

.00257 mb STF/g 



There are two main sources here differing by up to 75~ 

in the values of Po so obtained. These are due to 

Meihuizen and Crommelin (4), po(MC), and Michels, 

Wassenaar and Zweitering (5), po(l'io'iZ). The constants 

proposed for equation 4.i. by them are shown with the 

argon constants in Table IV.i. We are clearly faced 

with a choice here with little information available to 

help us make it. We therefore turn to a slightly broader 

approach, whose aim should be internal consistency. 

All the Po values used at the temperatures of our 

experiments calculated from the constants of Table IV.ii 

are shown in Table IV.iii, with the measured and published 

solid Po data shown for comparison. 

4.5.3 The BET plots of the three samples were calculated 

and are shown in Figs. IV.8-19. In the case of the 

krypton isotherms, these have been plotted for both the 

Po(MC)·and po(MWZ) values of Po and are shown as curves 

(a) and (b) respectively in Figs. IV.8,9. 

From the equation of Bruna1..vr, Errmett and Teller (2), 

(4.ii) 

we may see that the monolayer volume is given by: 

v ::Co 1 
m slope t- intercept 

The constant C was also determined (by the mean of the 

two possible substitution methods of vm in equation 4.ii}. 

Given vm calculated using the above method, and with the 

cross sectional area per molecule we may substitute in 



Table IV.ii 

Saturated vapour pressure constants 

The saturated vapour pressure is given (3) by the 

following equation: 

log10Po= ~ .;. Blog T + c T + D 

where the units of Po are ems Hg . 

System A BeD Ref. 

A(L) -550.821 -8.78494 0.017471 24.71871 (a) 

A(S) -404.84 7.54454 (b) 

Kr(L) -899.979 -12.55400 0.0175105 31.50311 (c) 

Kr(L) -710.0193 -7.156931 .0103994 19.55820 (d) 

Kr(S) -578.0 7.722 (e) 

10.31993 3.720822 (t) 

a) A.M. Clark, F. Din, J. Robb, A. Michels, T. Wasenaar 

and Th. Zweittenig. Physica, 12, 876, 1951. 

b) F. Born. Ann. Phys. §2, 473, 1922. 

c) (4) 

d) (5) 

e) R.w. Ditchburnand J.C. Gilmour. Rev. Mod. Phys. 12, 
310, 1941. 

f) A.S. Friedman and D. White. J.A.C.S. 1£, 393, 1950. 



Table IV. ",i', 

Liquid saturated vapour pressures (calculated) 

All units are mms.Hg 

T(oK) N2 A 

69.74 279 69.83 

71.0 335 86.68 

72.5 413 110.88 

77.5(3) 777 -
77.8(6) . 807 -, 

Kr 
POMC 

-
-
-

2.592 

1 2.783 i , 

-, ... _.-

Kr 
POMWZ 

-
-
-

3.92 
.--. 

2 
. , 



FIG 'N 8 Sample 2 Krypton BET 

10 
T:77.9"K 

--Cl. 
I 

cl 
"15 
Cl. 

o+-______________ ~------------_,--------------~--------------__, 
o .05 .10 .15 .20 

p/po 



~ 

0. 
I 

c" 
';;d -0. 

3.0 FIG IV.9 Sample 7 Krypton BET 

T = 77.5·K 

2.0 

1.0 

O~------------'-------------~--------------r-------------~-------------r-----o .05 .10 .15 .20 .25 



2.6 

2.0 

..... 
a. 
I 
~ 
~oI 
> -a. 

1.0 

FIG m.l0 SamplQ 10 A-AgI (72.S'K) BET Plot 

04--------------r-------------,--------------r-------------~ o .1 .2 .3 '.4 



)' 
•. ___ i 

(4.iii) 

where No is Avogadro's number 

m er is the cross sectional area per molecule in A2 

and vm has units of mls STP g-1. 

and hence obtain the specific surface area. 

4.6 ~ecular cross-sectional areas 

This section will be restricted to a discussion of the 

choice of cross sectional area of molecules as applied to 

the monolayer volumes derived from the BET treatment. 

The most recent review of this field is that of 

McClellan and Harnsberger (7). In this the areas recommend-

ed are based upon the published literature values, the final 

values being the result of a crude statistical !'lethod 

applied to the recovered literature values. An examination 

of the original references for any rarticular system will 

show that th~ values upon which the treatment is based 

can hardly be described as being subject to normal random 

errors. They are predictably based on the original values 

of the authors of a few primary references, thus in fact 

giving one no improvement on the information available in 

exercising a choice of areas. 

In choosing the value of mer for krypton we shall 

consider in which areas of interest to us this value 

will have repercussions. The initial approach must, if 

possible, ensure the compatibility of specific surface 

areas determined using the BET equation with a number of 

adsorbates on identical samples. The imperative nature 

of this demand is dictated solely by accepted practice in 



method standardisation, as the theoretical justification 

of the BET treatment is accepted as being by no means 

conclusive. As the only other parameter involved in the 

BET equation is the value of Po and as this affects the 

answers, even in a small degree, the value of ~ used 

must clearly be related to the Po data used. Thus, to 

achieve consistency with nitrogen BET surface areas, the 

standardisation process from which the nf' value is 

derived should specify the Po values used. Such a 

standardisation has been performed for krypton by Beebe, 

Beckwith and Honig (6), using a standard anatase at 77.5°K 

as adsorbent and the absolute method of Harkins and 

Jura (7). In their work the Po data used was the extra

polated data for liquid krypton of Meihuizen and 

Crommp.lin (4). As a result of their treatment they 

quoted a value of mo-Kr of 19.5 x 10-20m2molecule-1 • 

On this basis the use of this value in our work seems 

reasonable as long as the same Po data is used in the 

computation of vm in the BET equation. There is another 

pOint of contact, however, of nf-~ in this work; the 

thermal transpiration correction (Chapter ,). In this 

both the expressions for the correction factor are 

functions of the hard sphere diameter. As we are using 

both d and ~~ under circumstances experimentally where 

they should both be derivable from one another (i.e. the 

intermolecular potential of the adsorbate rrolecules 

should not change shape on adsorption), then the values 

used in the computation of the thermal transpiration 

correction and er should be consistent. In the entire m 



of this work the values of R, the correction factor, 

were calculated using the value of d corresponding to the 

-i-'value guoted above. It was also on the basis of Beebe 

et a1. 's value for mO-·'Kr that Sidebottom (1) showed that 

the thermal transpiration correction as used in this work 

was correct. In the case of the vm values based on the 

work of Michels et al. (5) we have used the recommended 

value for m~Kr(7) of 20.2 x 10-20m2molecule-1 , in the 

absence of more specific data. 

The recommended value for m~.for argon of 

14.7 x 10-20m2molecule-1 of McClellan and Harnsberger (7) 

was used for all calculations involving this adsorbate, 

though it should be noticed that a value of 10 x 1o-20m2 

molecule-1 is needed to arrive at the equivalent nitrogen 

BET surface area of a silver iodide sample investigated at 

77.50 K by Singleton and Halsey, on the basis of their 

published argon adsorption isotherm on the same sample (8). 

At an advanced stage in this work (1969) some interest

ing experimental results of t~e determination of standard 

~values for nitrogen, argon and krypton were published 

by Deitz (19). In this case the standardisation was 

purely geometric in nature, and estimated using highly 

homogeneous silica glass as adsorbate. The results are 

given below and, as is clear, 

16.4 x 10-20m2molecule-1• 

are relative to C' of 
m N2 

Molecular surface areas at 77.50 K (from Ref.19) 

Nitrogen 

Argon 

Krypton 

16.4 

13.4 

20.4 



The work as communicated was described as incomplete, 

and no correction for thermal transpiration was applied 

to the krypton adsorption data, and no values for Po 

were quoted. The data for krypton illustrated was, how

ever, of a good experimental accuracy, unlike the nitrogen 

and argon isotherms shown. The final results of this work 

will be of great interest, especially as the value of 

mS"Kr quoted is in such close agreement with that 

recom~ended by McClellan and Harnsberger (7). 

4-.6.1 The results of plotting the adsorption data in 

the range of .05 pip 0 ~. 35 is shown for all samples in 

Figs. IV.8-10 and the surface areas derived from these 

plots are shown in Table IV.iv. With one exception these 

plots are all good straight lines with a low point scatter, 

and 11e must hence assume that the slopes measured from 

these lines are accurate. A study of the extreme 

gradients possible yields a figure for the error of 3: 15\'; 

in the slope. The one unusual case is sample 7 (Fig.IV.9). 

In this case two good straight iines as shown in the 

figure are possible. The dashed line however is drawn 

through a number of points which all lie below plPo ~ .1. 

As this is quoted (2) as being the lower limit of the 

range of applicability of the BET equation, the slope 

through the full line was taken for the subsequent 

calculations. In the case of points calculated for this 

sample based on the po(l"iWZ) data, the difference in 

slopes is not so apparent, probably due to the effect

ively lower "magnification" of the original data intro

duced by using the higher Po value. Despite this dis

crepancy however the straight line through the higher 



Table IV.iv Specific Surface areas by BET and Ross Methods 

Sample No Temp (oK) Adsorbate 6'(R2) E(m2/g) (O(~) L(m2/g) t:Ross 
(c) B:GT (d) Ross !'Bl!,'r 

CsBr(2) l(a) 77.9 Kr 19.5 .957 15.7 .117 (e) 1.21 

" 2(b) 77.9 Kr 20.2 .109 1.07 
CsBr(7) l(a) 'n.5 Kr 19.5 .562 15.7 .717 1.28 

" 2(b) 77.5 Kr 20.2 .630 1,14 

AgI(10) 1 69.74 Ar 14.7 .548 13.6 .593 1.08 

" 2 71.00 Ar 14.7 .548 13.6 .580 1.06 

" 3 72.50 Ar 14.7 .540 13.6 .573 1.06 

a) p data of Meihuizen and Crommelin 
0 

(4). 

b) Po data of M1chel~. Wassenaar and Zweitering (5). 
c) Molecular areas recommended by McClellan and Harnsberger <7>. 
d) 2D Van der \{aal's constants from Ross and Olivier (9) pp.172-3. 

e) The I:R values here are the sum of the heterogeneous surf3ce area and the homogeneous patch surface area. oss 



pressure points is a good fit. 

4.7 The evaluation of Ross model parameters from 

experimental data 

Ross and Olivier have described the procedure (9) by 

which the heterogeneity parameter,X , the monolayer 

volume, Vp , and the constant K' may be established from 

comparison of experimental (p,va ) data using computed 

tables of isotherms in the form of (p/K',e) data, for each 

value of the constant c and the heterogeneity parameter. 

The significance of the parameter K' and of V~ has been 

described (2). 

The method consists of transforming both a set of 

theoretical isotherms and the experimental data into the 

logarithmic form. 

The base of the logarithms is immaterial, but derived 

results must be reconverted to the base "e" prior to further 

calculations. 

The set of isotherms with a constant c for the system 

under consideration Jr.ust be used (2) and hence the values 

of o.and0 for the adsorbate system have to be identified. 

Any orientation or polarisation effects of the adsorbent 

on the parameter OL should, if possible, be allowed for. 

In the case of the sample systems studied in this 

work, the adsorbates were all isotropic and hence orienta

tion effects were absent in all cases. (All inert gases 

are spherical molecules and monatomic.) In the case of 

the adsorbents, however, surface electric fields would be 

expected. The caesium bromide is 100% ionic in character 

and the silver iodide is at least partially ionic.(10) 

This will result in the presence of a periodic surface 



field dependent upon the crystal planes oxposed. While 

Ross and Olivier have used the formulae derived by de 

Boer (11) to apply an a priori correction to the ideal 

bulk value of ~- for an adsorbate molecule in a given 

electric field, this preassumes the field, and hence the 

exposed planes of the substrate being known. In the most 

general of cases it does not seem reasonable to make any 

such assumptions as to the crystal faces or fields present, 

in the absence of experimental evidence as to those 

planes occurring in the substrate under consideration 

(see Chapter 5). !~hile calculations (12) have been per-

for~ed on the electric field at certain low index crystal 

planes of caesium chloride, an electronic homologue of 

caesium bromide, the effect of gross geometrical hetero

geneities on this field remains unknown. The bulk 

corrections to <X proposed by de Boer assume the existence 

of a ~ surface field, and do not take into account 

substrates where there is undoubtedly a field present, 

but which varies in magnitude and sign from surface 'site' 

to 'site' and whose net sum is zero. 

As a result of the absence of any reasonable quantit

ative evidence as to the nature of the corrections due 

to the above phenomena, the values of a and ~ used in 

the estimation-of the HdB constant c are the ideal values 

predicted from the three dimensional van der Waal's 

constants a, b. 

{, -
Ki -

a (9" /256b)1/3 

2b (9ii/256b)1/3 

The values of a, b,~_, \(: are shown in Table IV.v. 
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Gas 

a 
ergs cm' 
mole-2 

x 10-12 

cm~mole-1 
* T 

'Y e;gs cm2 

molecule-2 

x 1030 

f3 
cm2 

molecule-1 

x 101b 

2 et: /kT (!:-

Table IV.v 

Van der Waal's Constants 

A 

32.2 

151 

1,.6 

75.5 

69.74 
71.00 

72.50 

6.95 
7.11 

7.24 

Data ~rom Ref.(,) 

Kr 

210 

76.0 

105 

77·9 
77.5 



Table IV" vi. Pa~ameter6 ~~r Calculation of A . . 0 (from eqn.2.xix) 

Adsorbate Temp(oK) M o (a) lnT A s 2" 0 

A 69.74 39.946 .0477 2.1224 14.2504 

A 71.00 11 .0469 2.1314 14.2775 

A 72.50 tI .0459 2.1418 14.3101 

Kr 77.9 83.80 .0497 2.1752 14.6305 

Kr 77.5 tI .0495 2.1777 14.6368 

(a) 0 is defined (11) as ~ s 
4.08T 



This enabled us todeterrnine the values of the constant 

c for each of our adsorption systems, and hence to com

pute by the Ross method families of isotherms of varying 

heterogeneity for each system. All these computations 

were perforrred as described in Chapter 2 and were arrived 

at completely independently of the isotherms presented 

in the Appendix to Ref.9, although clearly having the same 

general form. 

4.8 

The detailed comparison of the experimental data with 

the theoretical is performed by first plotting a family of 

theoretical isotherms in log-log form, with a reasonable 

spread of heterogeneity constants. Then, on a sheet of 

tracing paper, the experimental data (p,va ) is also 

plott~d to the same scale in log-log form, using the· same 

base as the theoretical set of isotherms. This is now 

superimposeJ over the theoretical plots, keeping the axes 

always parallel, and the best fit of the two curves is 

now determined. The heterogeneity parameter should now 

be noted for the nearest curve of best fit to one of the 

theoretical curves. If this curve is not a sufficiently 

close fit to the experimental data, further curves may be 

computed within the region of the expected~ value, and a 

better estimate of the heterogeneity parameter obtained. 

The transposition in the axes of the two sets of data 

will yield the values of logV~ and logK', as described 

in Chapter 2. 

4.8.1 The ~ values so obtained must be corrected to the 

true ~ value pertaining at the temperature of the experi-



ment, if thiB is not 77.50 K, since the tables were 

computed for this temperature, using equation 2.xxi. 

A sample of the fitting technique is shown in 

Fig. IV.13, for sample 7, krJpton adsorption data, and 

curves computed for c = 9.0; 

4.9 Analysis for the derivation of U~, the mean 

adsorption potential 

K' has been defined as a scaling factor for the 

pressure axis in the case of the heterogeneous isotherms 

which we have computed. If l~e consider the sJstem to 

behave as described in the HdB equation with a substrate 

whose mean adsorption potential is U~, we maJ use the 

following equation to describe K'. 

(4.i) 

Ao is given for the HdB equation bJ equation 2.xvii in 

the general case, and has been shown in para. 2.1 to 

reduce to equation 2.xix for the cases in thW work. 

All the terws in equatior 2.xix have been calcula

ted for the sJstems under consideration here and are 

shown, with the values of Ao so arrived at, in Table IV.vi. 

By substituting the values of K' and Ao arrived at above, 

in the following expression, U' 
0 

InK' - InA o -U'/RT o 

may be calculated. 

(4.ii) 

In the case of sample 10, the sarre system was studied 

at three different temperatures, and hence a plot of 

In(K'/Ao ) against l/T will Jield U~. This plot is 

shown in Fig. IV.14. 

All the results of the derived parameters from all 
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the isotherms are shown in Table IV.vii. 

The result of the graphical analysis for U~ of sample 

10 shown in Fig.IV.14 was derived from the slope of the 

least squares straight line as shown and was found to be 

1945 ± 60 cals mole-1• 

The above fit of the experimental data to the isotherm 

model data to obtain all the above mentioned parameters, 

was performed for sample 2 on the residual isotherm, 

derived in para. 4.4 above, whose characterisation has 

already been described in terms of the existence of an 

essentially homogeneous patch whose parameters appear in 

Table IV.i. 

4.10.1 Specific surface areas from V~ .The Ross method 

of analysis yields the value VI: as the scaling factor 

for the adsorbed volume axis, shown in equation 2.xv.a. 

There is only one important factor to notice with respect 

to this va~ue: that it is a value yielded by analysis 

based on the HdB isotherm. Implicit in the derivation 

of this model (13) is the fact that the molecules in the 

surface film pack at the monolayer with a molecular cross 

section equal to the two dimensional van der Waal's 

constant, 

4.10.2 Reviews of adsorbed molecular cross section areas 

(e.g.?) show the diversity of sources from which values 

of m~~ are derived, typically, liquid density, molecular 

model projections, and the two dimensional van der Waal's 

constant. The choice of m~ for application in the 

BET surface area approach is often based on the relative 

standardisation method with respect to an arbitrarily 

?h 
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fixed ~olecular area, usually nitrogen (7). In this 

case, however, no such choice is available to us and so 

the van der Waal's constant must be used. From the V0 
values derived from the analysis described above the 

specific surface areas have been calculated and are 

shown in Table IV.iv with the BET areas for comparison. 

4.11 Errors arising from the Ross analysis 

Systematic errors arising from the choice of any 

theoretical models will not be discussed here, only 

experimental and derived errors. 

In the superpositioning of the theoretical and experi-

mental curves, good fits limited only by point scatter 

of the original data are possible. These are possibly 

open to ambiguity, both as to the region of the curve 

fitted, and the particular curve of the 'family' fitted. 

While the author believes that the correct parameters 

have been derived in this work, this process is not as 

straightforward as Ross and Olivier suggest (9). The 

differences between the poss~ble reasonable fits with 

such superposition is small enough to place rigorous 

de~ands on the quality of the data, even conSidering 

that the data being fitted is in logarithmic form. One . .-, 
practical flaw of the method is that".the region of the 

real isotherms above a coverage of approximately .7 

there is a tendency for the formation of multilayers, 

which have not been allowed for in the construction of 

the theoretical isotherms. This multilayer formation 

does not always make itself obvious from the form of the 

isotherm, such as by a kink at the point at which the 
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deviation of the experimental data from the theoretical 

isotherm occurs. This is an added obstacle to accurate 

fitting. This is more so, as, from the author's experi

ence with the samples disCussed in this work, the 

regions of the isotherms which are most sensitive to 

the fitting procedure are in the region of the inter

section of the theoretical isotherms, usually in the 

region of a coverage of .44 and upwards. This means that 

the critical region in which accurate data is required 

is in the region of .4> El ) .7. As a result of these 

factors the suggested error for the accuracy of theX 

values derived from this type of fit is .± 10% for 

moderate )5 values. This may appear larger than the 

results suggest, especially on the evidence of the three 

sample 10 isotherms where the conditions of the sample 

were at the most extreme likely to be encountered, i.e. 

point sc&tter arising from the probable multi-surface 

character of the substrate. Much of the data quoted by 

Ross and Olivier (14,15,16) has been based on isotherms 

with far fewer points than the present isotherms. One 

might, on the experience gained in this work, even be 

led to suggest that they had fitted the original workers' 

"smooth curves through the data points" to their 

theoretical isotherms, and not the data points themselves. 

It is suggested by this author that in fact any isotherm 

with fewer than about 20 pOints between El : .1 and .7 

is going to have a high probability of yielding 

ambiguous r. values. 

Another further observation on the fitting, is, that 
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while it is not recoDlltended !'lE! a method of determining 

the constant c in the HdB equation, as has already been 

shown above, this is not fixed with any great accuracy 

from theory, for most systems, and there may be sub

sequent inaccuracies resulting from the ~erturbation of 

c from the predicted ideal value. 

Other possible methods of determining the parameters 

from methods other than a straight fit will be discussed 

in the next chapter. 

4.12 ~ors in the determination of-Q~. 

The errors arising in the determination of U~ are a 

sum of the errors arising in the calculation of Ao and 

the errors in K'. The errors in the former are purely 

dependent upon the assumptions introduced in the simpli

fication of equation 2.xvii to equation 2.xix and are 

detailed in Chapter 2. The only assumption made here 

likely to be in error is the approximation of Evib to 

zero at the conditions of the experiments. This will be 

accurate provided that the vibrational energy per 

molecule in the adsorbate is not greatly in excess of 

the zero point energy. Whether this is so will be dis

cussed in the next chapter, but from the temperature of 

the experiments in question, it would seem to be a 

reasonable assumption. The errors in the determination 

of K' from the experimental fits to the model isotherms 

will be of the same order of magnitude as those for~ 

viz. '7.: 10%. Hence the error in U~ is of the order of 

j:10%. The errors in V~ are most probably a great deal 

less than those in either '(\' or K' as the form of both 
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theoretioal and actual isotherms is such that in most 

cases the "plateau" region of low gradient is a good fix 

on the superposition in the vertical direction, and the 

author auggests an estimate of::t 5% at most. This value 

it should be noticed is reflected as the subsequent 

error in the surface areas derived from Vp. 

4.13 §ystematic errors in the various surface areas 

These are briefly presented in Table IV.iv in the 

last column as the ratio of the surface areas produced 

by the BET method and the Ross analysis, using the 

molecular cross sectional areas previously discussed. 

4.14.1 ~he isosteric heats of adsorption of arBo~ 

silver iodide (sample 10) 

The isosteric heat of adsorption, whose real relation

ship to the other heats of adsorption has been shown in 

Fig.II.7, has been derived by Hill (17) and shown to be 

given by: 

qst == H - aH AT C~~) g 
"SlJ:I va 

where A = area of ads or bed phase 

11 = surface pressure 

qst = isosteric heat of adsorption 

The definitive statement for qst is given by: 

( ~~l¥~)v = -qst/T(vg-va) 
a 

(4.iii) 

(4.iv) 

Neglecting va compared with Vg and assuming ideality of 

the gas phase we may obtain the expression: 

(4.v) 
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or, expressed in a more practical form: 

( ~ ln p) _ I 'lIT v - -qst R 
'" a 

(4-.vi) 

Provided that the temperature range is small, and one 

has isothermal adsorption data at more than one tempera

ture, an application of the above form of the Clausius

Clapeyron Equation will yield the value of qst' 

4-.14-.2 The values of the isosteric heats at different 

coverages have been calculated for sample 10 at a mean 

temperature of 71.08oK, over the three isotherms, using 

the above equation 4-.vi. The results of this calcula

tion are shown in Fig.IV.15. The isosteric heats in 

this diagram have been shown plotted linearly against 

v. The reason for this was the differences between the a 
various specific surface areas calculated by different 

methods in this work, as typified in Table IV.iv. On 

the secondary x-axis, however, are indicated the values 

of e calculated using the value of V~ , for purposes 

of a rough indication of the coverage. 

4-.15 !~ntropy of adsorption of argon on silve£ 

iodide (sample 10) 

The change in differential molar entropy referred 

to the standard gas phase at 76 ems Hg is calculated 

from the isosteric heat curve. Given the relationship: 

(4-.vii) 

On substitution for the Gibbs free energy term (18) we 

obtain: 

(4-.viii) 
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where the dependence of Sa upon T is assumed to be 

negligible. In this expression the value of T is the 

mean temperature of the isosteric heat calculation (viz. 

71.080K~,and the equilibrium pressure, p, has been taken 

as the pressure at the value of va considered on the iSo

therm closest to this mean temperature, clearly isotherm 

2 on this sample, (T ~ 77.,oK). This introduces a minimal 

error into the calculations. As qst was expressed in units 

of cals mole-1 the units of differential entropy in this 

case are standard entropy units. The results calculated 

are shown in Fig.IV.16. 

Note: Isosteric heat conventions 

In the derivation of qst by Hill, expressed in 

equation 4.iii he has defined qst as a positive quantity. 

Conventionally this process of adsorption is exothermic, 

and hence is negative, as shown in equation 4.iv. This 

latter convention has been followed here and is reflected 

in the results shown for qst and C!, Sa. 

4.16 Errors arising from the a~pli cation of the Clausius

Clapeyron Eguat!£g 

The errors here are reflected in the results shown 

above for both the isosteric heats of adsorption and the 

differential entropy of adsorption, with marginal modifi

cations for the latter. 

The problem in itself is whether the assumption of 

random error in the points on a plot of In p vs. liT is 

valid. If this is so, then the error in the isosteric 

heats derived from the slope thereof is the standard error 

in this slope. This is the variation shown in Fig.IV.15 

for the isosteric heats. However, one may argue that 
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the three pOints (in this work) on these plots are 

derived from interpolations resulting from a fitted 

line through a large number of data points, viz. the 

original isotherms. One cannot therefore truly attribute 

random error to the results of what is an exact procedure 

on a function which is based on a treatment describing 

the corporate properties of a population of sample read

ings, even though thos7 readings will be possessed of 

individual random error. For this reason it is believed 

that the errors based on a random error assumption are too 

large. A simple inspection of the relative scatter on 

the original isotherms, and on the isosteric heat curve 

indicates that the errors are substantially less than 

the expected individual error in any single equilibrium 

point on the isotherm determined experimentally. 

4.17 Errors in data derived from interpolation',between 

functions approximating sample populations 

H.ypothesis 

Consider a population of n data points. A model is 

assumed for these points which is a linear function, , 

and of order m. The data points are fitted uniguel~ 

by a function of order (n-1). Assume that the order of 

the fi~ted model, m, is much lower than n, hence than 

(n-1) for large n. Thus the fitted function is a 

smoothed representation of the data. On the strict 

application of method, the model is first assumed, and 

then the data is ar-plied to it, and error is thus attri

butable to random error in the data points, not the 

fitted curve. 



Now consider i such populations within the same 

coordinate bounds. This then yields i fitted model curves 

of the same type. Consider the differences between these 

fitted models to be due to the same functional relation

ship in all cases of an exactly known parameter, p, 

(e.g. temperature). One may now interpolate, on ~~ 

ordinates, for the abscissae of the i fitted models. If 

an exact functional relationship is defined between the 

interpolated abscissae and the independent parameter, P, 

the constants of the function describing that relation

ship may only have the error existing inherently in the i 

fitted model curves. These fitted curves were however of 

order m and if this was appreciably less than n, the 

confidence limits on the fitted curves were appreciably 

narrower than the confidence limits on any of the 

individual original data points. Ex~ressed otherwise, 

the error was less. The amount by which the errors were 

decreased would be dependent on the amount of smoothing, 

i.e. the difference between m and n, and the criteria by 

which the model was fitted to the data points in anyone 

population, e.g. Least-Squares, Minimax. 

Rider 

,vhen isotherms are :neasured, a smooth curve is usually 

fitted by some method, through the region of the data 

points. \llhile this is often done by inspection, it could 

be performed analytically by one of the sets of criteria 

exampled above. If several isotherms are determined on 

identical systems, usually the same one, at a number of 

differently, accurately known, terrperatures, then one may 

select a number of exact ordinates, such as a number of 
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Va values, from which to interpolate values of p. Cne 

now wishes to obtain the constant(s) of a predefined 

function of p in terms of T, e.g. the Clausius-Clapeyron 

equation. As T is exact, the errors in these derived 

constants are the errors in p which was however inter

polated from the fitted curves. Unless, therefore, the 

"smooth" curve drawn through the region of the data 

pOints on the isotherms, had more roots than the number 

of pOints determined-1 (remember m and n) then the order 

of the fitted curve waS lower than the only unique 

function through all the experimental points. As no

one would normally draw in a curve with If;ore inflections 

than data pOints as a smooth curve, this condition will 

normally apply to the results of applying the Clausius

Clapeyron equation to isotherm data. 

The author is unable to prove the above hypothesis 

analytically, but believes the conclusions therein 

to be qualitatively correct. 
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Chapter 5 

DISCUSSION 

"'I dares ay you haven't had much practice', 

said the Queen. ':vhen I 11813 your 8pe, I 

always did it for half-an-hour 1) dcy. ,vhy, 

sometimes I've believed as ~any as six 

impossible things before breakf:;:st'." 

- l'Ihi te Queen. 



DISCUSSION 

The form of the adsorption isothe~ 

All the isotherms measured in this Ivork 'Ni th the 

exception of that of s3mple 2, were type two under Brunauer's 

classification. The isother~s all proceeded via an initially 

steep pradient, to the post-point B region where wultilayer 

adsorntion took pIece. The ceesium bromide samples were not 

investigated up to hiJ2!:,er relative pressures, but indications 

of the formation of muItilayers ebove the ELT mcno18yer 

point were in evidence. 

As observed in the 1<' st ct,apter, the 'step' in the s2mple 

2 isotherm wc-s postulated as being due to u two dilJ'lensionsl 

phase transition; The evidence that this did not arise 

from any other couses was thot the sample was non-porous, 

and no other explanation was reasonable. The other principal 

cause of steDped isotherms is postulated to be the onset of 

delayed rrultilayer forrrBtion (1). In this case the relative 

pressure, 8S aetermined from the higbest nossible vapour 

pressure measurements waB so low as to wake this eXI'lanation 

very unlikely. Evider-ce indicating that a gas-liquid phase 

transition has tBken pIece is best typified on the rather 

similar system (NaBr-krypton) investigated by Fisher and 

l"1cl'Tillan (2). In the event of this hypothesiS being correct 

then our subs&~uent analysis of all the isotherms based 

originally on the Hill-de Boer equation, would seem to be 

reasoneble. The process by wbich the adsorption potential 

and the surface erea. estimation of the homopeneous patch 

on whic~ the condensetion is pOEtulB~ed to take plece is 

then only li~ited in itE value by the accuracy of the a.ssuwpt-
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ion of the velue of (.t .. andi2:· used to determine the constant 

in the Hill-de Boer equation as applied to that patch. 

In chapters 2 and 4 it was shown that the value of (~ was 

bound to be affected by the surface electric field of the 

ionic substrate, and thus the results ~iven in Table IV.i 

could be in error, but no other ~ethod is at present avail

able to deterll'ine Dn accurate value for the surface field, 

and hence the corrected forw of 0: for this substrate. 

Determinations of the suriace field have been perforIDed by 

Lenel 0) for caesium chloride, usinp, his version of the 

I,ennard-Jones and Born (4,5) expression for the normal 

component of the field. These were however only performed 

for the (110) face and we would have no justification in 

assuming the face upon which the condensation was ta.king 

place. In addition tc thiE the expression of de Boer and 

Kruyer (6) for the correction toX based on the field and 

the polaris ability of the adsorbate rrolecules has a major 

drawback. It seeIDS reasonable that et low covercpes, the 

adsorbate atoms should tend to be resident longer on those 

positions of higher adsorptive potential, and as 9 increases 

the lower enerflY sites will cecorre filled. Tbe field "seen" 

by an adsorbate atom et these vcryinp sites will change 

* therefore with 9. l'his factur of implicit heterOfZenei ty 

(wi th respect i;') (/) throws into doubt the question of the 

TI2!~ Implicit heterogeneity is here intended to be that 

heterogeneity of adsorption potential attributable to the 

atomic struc~ure of the ideal adsorbent surface, as illus

trated in Chapter 1, Fig.I.1, and not that arising from 

crystal imperfections. 
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applicability of the Hill-de Boer equation for systems 

where the surface of the adsorbate is electrically hetero

f'!eneous. The treetrrent of this equation in its crudest form 

shown later in this chapter gives ample evidence of this. 

As will be shown in that same section, Ross (7) has chosen 

to include this form of implicit heterogeneity for treatment 

by his model as being similar to the other geometric hetero

geneities. It is for these above reasons that we believe 

no justifiable correction may be applied to the ideal value 

of (X derived from the bulk value of vcn der Waal's a 

constant in the treatment of the phase transition. The only 

further observation to make on the treatment of the sample 2 

isotherm regards the form of the theoretically calculated 

homogeneous patch isotherm. In this work the subtracted 

isotherm was calculated using the derived parameters of 

Table IV.i ,md the norn-al Hill-de Eoer isotherm (0 = \:Y.'}). 

On subtracting this from the experimental isotherm, small 

deviations from a smooth curve result at the points immedi-

ately above r-nd below the step. These would be eliminated 

using .. a type of Ross isotherm with a Y value greater than 
" 

1000. This would make the step slightly sigmoidal in form, 

and remove the anomalies et the step, although the signifi

Cance of this is not certain, as one might expect the 

value of the r6illaining overall isotherm to include allow

ance for the slight heterogeneity on the mainly homogeneous 

patch. In Fig.V.1 this is interpreted as being the differ

ence between a line discontinuity in the site energy 

distribution function, and a peak with finite width 

centered on the patch energy. 

88 



g 

9 

FIG V.1 Homogeneous patch analysis. 

a) !deali sed patch ( ~ = 00 ) 

Hd B I sother m sub t racted 

b) Slightly heterogeneous patch. 

Ross( ~ =1000+) isotherm subtracted 

9 - number fraction of sites 



Turning now to the form of the three sa~~:e 10 argon 

isotherws, we see that the high pressure region appears to 

include the saEe sort of hip-hly EigU'oidal steps observed 

by Sidebottom (8) on the san~e sample using krypton as 

adsorbate, and characterised by Davies and Pierce (9) on the 

ethyl chloride-Stirling M~' Eysterr. These all occur in the 

post-monolayer region end have been attributed by Davies 

and Pierce to delayed multileyer fcrmation. It is possible 

that these steps do include some wtich PTe phase transitions 

in the hip-her layers, but this is considered (10) to be 

unlikely in the absence of strong orientation effects in 

the first layer. The co~perison of these psrticulGr iso-

therms with those of Sidebottom is rroEt interesting. He 

observed eeverel steps in the subrronolayer region, at 

pressures of between 4 x 10-3 and 4 x 10-2 torr. These are 

almost completely absent frow the argon isotherms except in 

so far as the scatter, which was not of " comr:letely random 

form, l'Ias (,reater th&n expected experirrental error, ,md 

greater then tbe scotter at the hifber pressure end of the 

sawe isotherms. This might possibly heve arisen from small 

step effects on the isotherm, not interpretE,ble in terrrs 

of individual steps due to the Errall s,tep heights. As the 

sample was identicel with the one used by Sidebottom, taken 

from the sarre ba :ch, and stored in cool, light-free con-

ditions, the only reason sugfested for the absence of the 

gross condensation steps is that the difference between the 

ambient end t~o-dimensional critical temperatures of the two 

adsorb8tes is rruch smoller in tbe CBse of the argon. Below 

is a short indication of tte differences. 
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Ad~rbate 2T* 
-id T . -exp T /2T~ (Co) exp ~d' 

Argon 75.5 71.0 94-

l\rypton 105.0 77.8 74-

where all terr:peratures are in OK and 2T* 
id is the ideal 

value of the two-dimensional critical terrperature. As may 

be seen the degree of perturbation of the value of 2T* by 

the adsorbent required to eliminate the 6~ supercooling of 

the argon in the ideal case is substantially less than that 

required for the krypton. It is worth noting that the two-

dimensional critical tewperature is related to tbe value of 

rx by the following formula (11): 

Let us consider tbat the small scatter on our isotherm 

corresponds to the initial onset of condensation on the 

homo(leneous areas observed by Sidebottom. If this is so, 

then, as 2T * is 6% low, ~'.:r is 6it low irom equation 5. i, as 

all other factors are constant. ~e are (liven a forvule (6) 

for the lowering, ;\ , in 0: : 

where d is the van der weal's diameter, and ( is the 

molecular polarisability. But we have shown that: 

A = -.06 ()( id 

I~e may therefore substitute for .>- thus to estimate the 

surface electric field depressing the critic!'l temperature: 

I 

P = f .06 
( f 2 
\ " 

N j" i 
v'·id- \ 

11 ) 
/ 
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where d is given by: 

(5.iv) 

;, 
On substitution of the snpropri.ate values of 'X , (3.> 

\ 
, and r 

the ones used throuphout this work, the value obtained for 

F, whith would constitute in ell likelihcod an upper value 

for the averape field l was 

This compares well in order of magnitude 11i th the surface 

fields estimated for ionic surfaces by other ~ethods (12), 

and although high, on the basis of the relatively small 

ionic character (13) of silver iodide, may fit in better 

when the conclusions of Burley (14), that crystals pre

pared by this 1'!ethod bave nredon-,inantly negative I 

surfaces:are taken into account. 

Although observed only on examining the lo~-log forms 

of the isotherm durinp. the Ross fitting nrocedure, the 

onset of multi-layer Eltsorption was clearly illuE,trated 

in all the isotherms by positive deviation, convex to tbe 

pressure axiS, from the theoreti~al isotherms fitted. 

This occurred above about e = 0.7 in all the isotherms, 

and clearly marked the point sbove which the attempted 

fit of the Ross isotherms, based on a monolayer limited 

model, would be valueless. 

The other observation on comparison of the theoretical 

and actual isotherms was that at the low pressure end of 

the isotherms., below a relative pressure 01 approximately 

.05, the deviations from the theoretical were again posit

ive, indicatin~ that there were prOportionately more high 

energy sites then expected from the Gaussian distribution 
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on which the isotherms were calculated. For a detailed 

examination of this area of the isother~, however, UHV 

techniaues would be more appropriate, as the techniques 

employed in this work for the krypton systems would not 

have sufficient low pressure resolution. 

1he RQss AnalYSis PEQcedure 

Much criticism of the rrattematical and theoretical 

detail of the Ross method of analysis has been introduced 

wi th the ap]Jropriate cOlnrent and corrections where necessary 

in chapter 2. \~hat follows therefore is discussion on the 

ap]Jroach I)S it stands at the conclusion of that chapter. 

The first issue of irrportanc€ here is the success or 

failure of the analysis to achieve that which it claims to 

do. In essence this boils down to the ease of obtaining 

values of the heterogeneity parometer, '{ , of the proposed 

Gaussian distribution of site enerRies. Using the pro

cedure deteiled b;V Ross (7) as used in this work, the 

results are obtained as listed in chapter 4, but with no 

mean degree of difficulty, even using the tables for the 

theoretical isotherms calculated by this work (Appendix 

to chapter 2 cnd terminal Appendix). The practical 

difficulties were described in chapter 4, and it would be 

nice to by-pass these difficulties of fitting the curves 

by inspecticc l'ihich cause the error. At this point I will 

digress somewhat, but the intent is to develop and correct 

a orocedure for an alternative method of deriving Y • 
'-' 

If the Hill-de Boer isotherm is postulated as reason

able, there should be B method of plotting our experimental 

data in such a fashion as to derive information about the 
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constant c( '" 2!X /kT (I, ). Such a sui table forll' of the 

function for plotting is given by: 

w = In. e + e 
~~ 

- In.p = 2 (.I. e -In.K 
~", K:.L" \,,;, 

(5.v) 

This is kno11n as the rectilinear form of the HdB isotherm. 

Ross has observed tl:.et the plot of W versus e rarely gives 

a very large linear region, and tbat even where the 

~radient of this linear ~ortion is obtained, the values of 

c so obtained lead to a value of the two-dimensional 

critical te~perature! T~ which is lower, to a variable 

extent, than that predicted by theory, T~. This has also 

been seen independently to be so wl~ere F. series of isotherms 

in the re~ion of the critical tell'perDture have been esti-

mated on E:ystelIls ~howing [I clear step due to Cl gas-liquid 

pbsse transition (2). Tbe 101,erint< of the c;pparent two-

dimensional critical tell'perature has been attributed to 

heterogeneity (7), Bnd Ross bas put the fine point upon 

it to supres~ that this iE heterogeneity of the environll'ent 

of the adsorbate, rather than as has been suggeeted by 

sOll'e workerE., a n'riation in the value of rf. If thiE is 

indeed the effect of heteropeneity then it is hardly 

surprifing that the rectilinear HdB plots are non-linear 

on heterogeneoue adsorbents. Ross examined the values of 

the apparent critical te~perFture, T:, for his theoretical 

isotherms, for argon, krypton and nitrogen, and plotted 

these as a function of r, his derived heteroreneity para

meter, which, it will be reme~bered (chapter 2), is the 

width of the distribution incorporating 50% of the surface. 

He found teat this was a linear function of r Gnd the 

results are shown in ]'ip:.V.2. It was at this point that 
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Ross and Olivier IHlde a serious error in their published 

formula derived frolI this diDf'ram. Notinr ttlat r =0 

corresjJonded to a homorzeneous Eubstrate, nnd therefore 

T* = T*, they gave the linear relationship between T* and a c . a 
r by: 

(5. vi) 

An examination of the results in Fig.V.2 will show that 

this is not true, and the proper derivation of the formula 

is f'iven under tbat Fig. It is clear that this in no way 

corresponds to equation 5.vi. 

Using the corrected formula: 

T*/T* = 1 - r/196 a c 

we may therefore proceed to plot the results of our 

experiments accordiner to the HdB iEotherm, in the form 

given in 5.v, and, if a sufficient straight line portion 

results, we may use this to obtain a value of r and hence 

rectilinear plots of two of the isotherms obtained (those 

on sample 7 and the sample 10, T =69.74-°K) are shown in 

Fi~s. V.3 and 4-. These are of che appearance expected 

from the examples illustrated by Ross and Clivier, and, 

in tb.e case of somple 2, for which no straight line portion 

of the plot wes observed (on the residual isotherm of course) 

even this f&~t is predicted, as Ross observed that for~ 

values of approximately 5 there would be little if any 

straight line portion. From the plots shown, nnd the two 

other plots on sample 10, which were very similar to that 

in Fi~.V.4-, the slopes were estimated, and hence the 

values of 2 ,.~ /k('~ 'Here estimated. Usin!l" tbe expression: 



8 EIGV:3 Sample 7 Rectilinear Hill-de Boer Plot. 
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7 IG V4 Sample 10 Rectilinear Hill-de Boer Plot. 

A (69.74'K) 

6 

5 

4 

T~ =20.43"K 

3 

2 

o .1 .2 .3 .4 .5 .6 .7 .8 .9 
e 



the apparent critical teroperatures were calculated, and 

hence, via equation 6.vii, new values of ~ were calcul

ated. These are shOl~n below with those deterwined by 

inspection from isotherm fitting for comparison. 

System Temp~oK) l£{HdB) n{inspection) 

Kr/CsBr(7) 77.5 7·8 7·0 

A/AgI 69.74 11.1 12.0 

A/AgI 71.0 10.2 12.0 

A/AgI 72.5 10.1 10.0 

The comparison of the 0 values from the two methods is 

interesting in several features. Both depend to differing 

extents upon the value for V~, derived from the initial ,-

Ross fit. As observed in cbapter 4 the value of this is 

fairly accurate due to the form of the isotherms being 

compared end hence the 8 values for the rectilinear plots 

should be accurate. The inspection values of r. also depend 

inextricably upon the value of V\~ by virtue of the super

position method. The rectilinear plots appear to be very 

sensitive to the least apount of scatter as ITay be seen 

in Figs. V.3,4. They are also going to yield results based 

on "here the straight line region is considered to exist. 

It is interesting to note once more, that like the Ross 

fits thewselves, the most critical region of the isotherms 

for accurate data is that bet"een 8 = .4 and .7. In 

general, however, the ) values from the rectilinear HdB 

plots should be more accurate than the ones derived from 

inspection, althou~h both depend on a good estimate of V~ • 

Comparison of th~E~parameters "ith different adsorbates 

~vi th the clearly stated aim of the Ross analysis being 



tha.t the results are dependent solely on the nature of the 

adsorbent surftice, a good test of the method should be the 

cOlliparison of the ~ values and U; values of independent 

experiments upon the same adsorbent with different adsor

bates. A compariso~ of the results of Sidebottom (8) 

and those of this work will therefore be of interest, both 

workers using the same sa~ple 01 silver iodide as adsorbent. 

The principal difficulty here is that Sidebottom found 

several homogeneous patches were detected by krypton 

adsorption, and deducted these from the original isotherm 

by the same procedure as used in this work on sample 2. 

He found that 28910 of the surfv::e was homogeneous patches, 

and the remainder was characterised by a iJ' value of 3 and 
, -1 

Uo = 2.36 kcals mole • As he gives the Uo values of all 

the potches, and their areas, it waE reasonab:.y easy to 

averare in the homogeneous patches to give the overall 

value of U~. -1 This everage call'e to U~ = 2.35 kcals mole • 

This compares with the average value (over all tbree iso

therms) of 1.98 kcals mole-1 of the argon work described 

in this thesis. The differences are attributable to the 

increase in ~ from argon to krypton, influencing both 

the dispersion energy and the field-induced dipole energy 

of the adsorption potential. ef much greater interest is 

the comparison of the ~ values. To obtain the equival~ 

D value of the Sidebottom results, it was necessary to 

use a complex weighted averaging technique over the patches 

and the residual isother'w. In this, the values of :; 

were not used as such, but were translated via equation 

2.ix into the variance about a mean value located at the 
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mean value of U~ as derived above. The patches were given 

weightings equal to the fraction of the total surface which 

each constituted, ond located at their respective Do 

values. The terws for each patch added into the total 

variance were then t~~ product of their weights, and the 

square of their distance from the overall mean. This 

yielded a n~w value for the variance,c(2 and thus a new 

value of 0 was derived. The value of Sidebottom for >' -, 

of 3 for the residual isotherm became 3.80 for the whole 

isotherm, the very small increase a.rising from the fact 

that the patch energies were very close to the value for 

U~ for the residual isotherm, and were only a total of 

28% of the surface. The calculation of this value is 

given in the appendix to this chapter. The discrepancy 

between this value, and the value of 0 produced by averag

ing the results of all the ~ estimations in this work of 

10.9 is very l£lriIe indeed and IYOEt certainly I!:ust bring 

into question the validity of the :Ross apprN'ch. Despi te 

the fact that 8idebottom did not determine t2e values of 

t for each of his three isotherms on this sample, his 

calculations are free of obvious fault. In this work the 

values of 15 calculated by each of two rrethods from tr..ree 

isotherms at different temperatures all agree to better 

than Z 10%, the accuracy claimed for the method. The 

sample \.;as only stored for about 18 months between the tvlO 

sets of experiments, and was kept cool and light-free, so 

the adsorbent would not seem to have been likely to change 

in character. This difference is exr.erimentally inexplic

able and must therefore be an artefact of the method. In 

the tables ef results on ar'Pvrently Gaussian adsorbents 



given by Ross and Olivier (7) these sawe conclusions are 

apparent. In all the cases quoted, there is an internal 

consistency over a range of temperatures for any given 

adsorbent-adsorbate system, but a variation of up to one 

order of magnitude' OD changing the adsorbate. 

The other comparison between the two sets of results 

is in the surface area results derived from both the BET 

and Ross V(:. methods. The results of both sets of experi

ments are shown below. 

Adsorbate 

Rr 

A 

T(O~) 

77·5 
77.1 

,'" " 2 -1) )., BET ./... Vi" (m g 

.655 .505 

.546 .582 

All the BET parameters were identical in both works, the 

krypton results of Sidebottom being based on the same Po 

data (POMC) as in this work. 

The most interesting point here is the reversal of 

the trend of the change in 2: between the two methods of 

estimation. Ross (7) has shown that in the list of results 

quoted by him, the surface areas estimated oy his V\> 

method are usually between 5 and 25% higher than the BET 

results. The results of this work agree with this (see 

Table IV.iv), the increase over the B~T result being 6-8~ 

for the silvb~ iodide sample, and 10-30% for the krypton 

work, depending on the vapour pressure data used. Side

bottom however gives a value of >"":BET 30~, higher than 

that accruing from the Ross method. 

!n alternative to the Gaussian distribution function 

It was observed in the early part of this chapter that 

tne positive deviations of the experimental isotherm from 



the theoretical isotherms based on the Gaussian distribu

tion suggested a higher proportion of high energy sites 

than are allowed for in the normal distribution. On this 

basis we chose the log-normal distribution as an alternative 

to the Gaussian distribution; and computed families of iso

therms for tbe forrr of this distribution described in 

chapter 2 (section 2.13). This was a two parameter version 

of the function described, as the lower bound of the 

adsorption potential was always kept at zero. Ta.bles were 

calculated on the basis of normalised distributions with 

both 5 and 10 kcals mole-1 as the upper limits of adsorption 

potential. In both these cases the fits to find the 
\. 

heterogen!:<i ty parameter,-~-, the variance, were not per-

formed as the values of V~ which would have resulted would 

have been far too great. The form of the isotherms result

ing suggested that the surface was filling too rapidly due 

to too high a proportion of the high energy sites. This 

was due to the form of the log-normal function chosen, 

which gave too great a positive r::ew for the values of:;,'~ 

chosen; these, it is noted, were chosen to give the same 

t values for which the Gaussian based isotherll!s were 

calculated, and possibly lower values would have given 

better results. As it was the resulting theoretical iso

therms were almost flat over the range of p/K' values used 

(the same as for the Gaussian isotherms), the initial steep 

portion of the isotherms cleDrly occurring at much ,lower 

pressures. 

§~mar~f-£2rrclusion~~~nfl the Ross analysis technigu~ 

The method as originally described by Ross and 

Olivier (7) was lacking to an excessive degree in numerical 
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sophistication and this has been improved upon in Ghis 

work by the recalculation of an expanded version of the 

tables of reduced isotherms published by Ross and Olivier 

in the appendix to their book. As great a portion as 

possible of these tables is given in the Appendix (Tables) 

to this thesis. 

The baois of the Ross model is lackinF in theoretical 

justification especially as regards the form of the dis

tribution function used, although it is conceded that no 

better a priori function is resdily available. The m~thod 

is however extendable to systems where localised adsorption 

occurs, by substituting the Fowler and Guggenheim (15) iso

therm for the Hill-de Boer isotherm. The constants of the 

for~er isotherm are however yet more difficult ~o obtain 

than those of the latter. 

Despite the flaws mentioned above, the heterogeneity 

parameter C or the parameter r seem to constitute a reason

able measure of the heterogeneous nature of a substrate 

whose site energy distribution :s either similar to a normal 

distribution or which is reduce able to one by isolating 

the apparently homogeneous regions of the solid and treating 

them separately. 

The contention of Ross that this method separates the 

parameters of the adsorbed phase from those of the adsorbent 

and that the two are independent is demonstrably not true. 

If this were so then the same values of ~ should result 

from separate experiments on identical adsorbents, with 

differing adsorb~tes. They do not. This concession is 

implied by Ross in tbe results of experinlents of his own 
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and his co-workers on adsorbents whose properties have 

been well characterised with respect to those features of 

them which might alter the validity of his method. Notable 

among these are the results of Ross and Pultz (16) and Ross 

and \~inkler (17). It is possible that the method fails 

in that it is unreasonable to apply a numerical rrethod 

akin to Sillipson integration, as Ross does, over surface 

patches of apparently constant (within the desired numeri

cal limits) adsorptive potential, as although the form of 

the distribution function will appear identical, the 

validity ~f the term c.9 allowing for the adsorbate

adsorbate interaction in the HdB equation may only be valid 

if areas of essentially constant potential are grouped 

together on the surface, and are not rrerely scattered 

across tbe surface at r8ndom. The conclusions of the cal

culations in chapter 6 tend to suggest that the effect of 

even a Simple defect in a surface so radically alters the 

distribution of adsorptive potential in the region surround

ing it that when the level of he~erogeneity is high there 

are few regions where consistent values of potential apply. 

Accepting the concept of randomly scattered sites there 

is no reason why, on subtracting a theoretically calculated 

fitted isotherm for homogeneous areas based on the original 

HdB isotherm, any discontinuity should be noticed on the 

residual isotherm. It was shown earlier in this chapter 

however that there appear to be sites whose distribution 

is more associated with the homogeneous patch area than 

the overall distribution (Fig.V.1). 

In the final analysis, however, the remarks implied 
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in the introduction must be reiterated; the Ross method, 

with the modifications noted, is still the only £iwp~~ 

method by which any reasonable answers for the heterogeneity 

parameters of a surface may be obtained from gas adsorption 

measurements. Given the appropriate tables of theoretical 

isotherms the fitting procedure does not demand much time or 

effort, and it must be noted as a providential corollary 

that the method of deriving the specific surface areas by 

the V(~ method avoids much of the argument involved in the 

application of the BET equation, as all the parameters 

included are self-consistent and the Hill-de Boer isotherm 

is undoubtedly a better description of the adsorbed phase 

than the BET equation, despite its limited monolayer 

character. 

The discussion following takes up points from the text 

which may be usefully expanded or Coml1'.ented on, but with 

little interrelation between them. 

Th~!:.!l~formula for thermal transEi!:at!.2!! 

The correction for thermal ~ranspiration er-plied to the 

experimental results in this work is essentially the same 

as that developed by Sidebottom (8). His main interest was 

to settle the parameters of the Liang (18) and '/Jeber

Miller (19) formulae which best agreed with the results of 

Rosenberg and M.artell (20) for the thermal transpiration 

ratio of krypton. In the interests of consistency the 

formula proposed by Takaishi and Sensui (21) was examined 

to deter11'ine its success in explaining these results using 

the parameters derived by Sidebottom. As Rosenberg and 

Martell had shown that the Liang equation was a good 

description of their results for all values of (P2d) above 



about 0.075 torr.mm., the Sensui formula: 

(P2/P1)-1 

(T2/T1 )(-1 
= 

1 

A*X*2 +B*X*+C*X·'t +1 
(5.ix) 

where X· =P2dT-1 (Sensui tabulates all the values of the 

other constants), was Calculated for a range of values of 

X* and compared with the Liang equation results. The 

comparison was not very accurate, the results of the above 

expression varying 20% or more from the results of the 

Liang equation. It was therefore rejected as being a 

reasonablo description of the therwal transpiration of 

krypton, and the authors themselves concede its short-

comings in the 101>/ temperature and pressure regions in 

which we are interested, their experiments being performed 

at 4(l0-600oK. 

~he iS22~£ic heats of adsorption of argon on si~ iodide 

The first point of interest of the isosteric heat plot. 

shown (Fig.IV.15) is the large peak centered at 9 =0.4. 

Normally such a large peak is f .~pected towards the com

pletion of a monolayer, but this appears to be observed 

only in the small increase to the monolayer at the lower 

value of Ust ' As expected, the initial heats are high, 

and drop rapidly towards the heat of liquefaction of the 

adsorbate; the subsequent behaviour expected according to 

the Hill-de Boer isotherm being a steady increase towards 

the monolayer capacity. The curve shows little similarity 

to the curves plotted by Ross and Olivier (7) from the 

theoretical curves, mainly due to the aforementioned peak 

at 9 =.4. The dotted line in Fig.IV.15 indicates the 
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value of U~ derived from the Ross analysis, and this 

appears to fit in as expected with the mean value of the 

adsorption process, as would be expected from the form of 

the assumed distribution function. No explanation is 

obvious for the peak in the curve, although the values 

of the isosteric heat lying below the heat of liquefaction 

are considered to be reasonable in terms of the effect of 

polarisation on the actual heat of liquefaction in the 

lower multilayers. It should be noted that the value of 

U~ and the values of Uo calculated for argon over similar 

ionic surfaces (22) are all very close to the heat of 

liquefaction of bulk argon, and, in this sense it may be 

reasonable to suggest that the increase in Do near 

9 =.4 is due to a rapid increase of adsorbate-adsorbate 

interaction on those regions of surface which are fairly 

homogeneous (the high energy sites having been filled, and 

the low energy sites still being mainly empty). It does 

seem unlikely, however, as the surface field would have 

decreased the adsorbate-adsorb~te interaction as previously 

described. The entropy of adsorption would appear to be 

no more interpretable than the heat curve, it reflecting 

the same features as that curve. 

The experi~~tal method 

The method used in this work for the estimation of 

the adsorption isotherms was slow, without the thermistor 

gauge, but was accurate. The main improvements which would 

add to the ease of obtaining the results would be an 

improved method of preparing high surface area samples of 

sublimable alkali halides, along the lines described by 
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Ross and Hinchen (22). The present apparatus tended to 

be inefficient in causing sufficient turbulence to create 

a smoke over the molten sample. As a result of this 

inefficiency, hig.h temperatures were employed, which in 

combination with the high electric field encountered in 

the precipitator caused some disproportionation of the 

sample, evidenced by the blue appearance observed initially 

due to F-centres. This coloration disappeared in only a 

few hours at room temperature, but undoubtedly gave rise 

to a very defect-ridden structure of the caesium bromide 

sample. This is in agreement with the low b value deter

mined for that sample (sample 7). The preparation of high 

surface area samples of similar mete:r:iels· would clearly 

allow the ageinp in water vapour of the sample to attain 

a highly homogeneous surface and yet still retain 

sufficient surface for the deter~ination of accurate iso

therms. 

The number of ROints-2n i§£~~ 

The recognition of detailed features of adsorption 

isotherms for the type of treatment applied in this work 

to the study of the sample 2 necessitates the determination 

of a large number of points in the submonolayer region. 

It has been observed earlier in chapter 4 that the region 

of greatest interest is that between e of .1 and .7. In 

this region the phase change features on systems operating 

at slightly sub-critical temperatures are observable, and 

the Ross analysis is most dependent for an accurate fit 

on the quality of the data in this region. A.V. Kiselev 

has been quoted as suggesting that the interpolation of a 
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smooth curve through detailed isotherms should be unnecessary 

as the points should be, ideally, touching one another. All 

the isotherms in this work were of at least fifty points, 

and fewer than thirty would appear from the experience of 

fitting the theoretical curves to be insufficient. The 

amount of work published on the analysis of isotherm data 

on fewer than thirty points is legion, and should therefore 

be questioned more than is customary. 
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Chapter 5 

Appendix 

) value of composite isotherm (Kr/AgI -
Sidebottom) 

Variance, <1' R' of residual isotherm = 1 = 1 =.5774 
7'" -
~ (( 3 

Weighting, wR' of residual isotherm =0.0692 (Vi2- or % of 
, total V?- ) 

Variance of patches = L!(wit.U
O
?) where 4U i= (Do-U .) 

i::1 ~ 0 o~ 

Mean of patch Uoi = Do'" 2.50 kcals mole-1 

Patch 1 

2 

3 

Total variance = 

= 

= 

c = 

Uoi (kcals mole -1 ) wi 
2.66 .00612 

2.49 .01205 

2.34 .00693 

.0335 x .0251 + .5774 x .0692 

.0251 + .0692 

.513 = (.;"" 

1 = 3.80(2) 
-~ <> 
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ADSORPTION ENERGY CALCULATIONS 

Chapter 6 

'" Can you do addition?' the White Queen 

asked. 'What's one and one and one and 

one and one and one and one and one and 

one and one?' 

'I don't know', ~~id Alice. 'I lost 

count'. 

'She can't do Addition', the Red 

Queen interrupted". 



ADSORPTION ENERGY CALCUI,ATIONS 

Chapter 6 

Since the earliest attempts to characterise the 

energy of interaction of a pair of molecules, surface 

chemists have recog~ised that here was a tool offer-

ing great opportunities for the calculation of the inter

action energy between adsorbate molecules and solid 

surfaces. It is of interest that the developments in 

the fields of the determination of the intermolecular 

potentials have been closely paralleled by the cal

culations of surface adsorption potentials, as a chrono

logical examination of the hterature to be cited here 

will show. 

The crux of the approach to the calculation of the 

adsorption potential of an adsorbate-adsorbent system 

is the recognition of the fact that if expressions are 

available which describe the potential between two or 

more molecules, then systems composed of a large number 

of SUCD molecular sets should be possessing of a poten

tial which is a result of some linear (or, in special 

cases, non-linear) corrbinetion of the potentiels of the 

original set. Expressed mOIe sir! ply, with respect to 

the cases which will concern us most here, if we can 

calculate the potential between any pair of molecules 

as a simple function of their relative geometry then we 

rray extend this to an array of similar molecules whose 

locations are known to obtain the total potential of 

the system, or of a part of it. In the case of a two-
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molecule potential the "pairwise" additivity of the 

potentials is required to construct the sum over all 

pairs in an extended system. 

A recognition that a solid lent itself, as a 

periodic array of molecules or atoms, to the calcula

tion of such potentia1s was one of the early attempts 

to use this approach, and the calculations of the lattice 

energy of ionic solids performed by Born and Lande (1) 

and Born and Made1ung (2) resulted as a very satisfactory 

test of the hypothesis. Shortly afterwards the perform

ance of similar calculations of the sums of the inter

molecular potentia1s over all pairs of ator!'s in a lattice 

was used, across a shear plane, to estimate the surface 

energy of similar ionic solids (3). This led directly 

to the approach of Lennard-Jones and Dent wto performed 

the Calculations on the interaction energy (.If an isolated 

argon atom positioned over the surface of the (100) face 

of rocg salt (4). 

Now that we have seen tha~ such calculations are 

possible in principle at least, let us examine the basis 

of such calculations, and the practical pIoble~s more 

deeply. 

Prior to the cOUlll'encement of any such calculations 

there are a number of P~quisites to be fulfilled. 

These are catalogued below: 

(a) A potential function accurately describing the 

behaviour of a pair of atoms is required. 

(b) If there are heterogeneous molecule pairs, the 

cOll'bination rules for the potential functions for 
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such pairs must be known. 

All the parameters for the above functions must 

be known, or else reduction wethods (of which more 

later) must be employed. The latter approach 

however wiJl reduce the validity of the method. 

(c.) The geometry of the surface and the bulk of the 

adsorbate must be accurately known. 

(d) The complexity and tedium of the actual sums per

formed must be appreciated during consideration 

of the above, especially with respect to numeri

cal errors in the calculation. 

This last condition may see~ almost flippant, but 

with the attempts to calculate the adsorption potential 

in the system.s to be considered in this work, few 

mathematical approximations are available to handle the 

sums involved, mainly due to their relatively low sym

metry. As a result the entire process has to be com

puterised, and even on modern machines the calculations 

are ti~e consuming to a surp~ising extent. 

In order to 'llustrate these pOints more clearly 

we will proceed to consider the background to the cal

culations in this chapter in the above list item by item. 

The headings of the sections will correspond to those 

tabulated above with the exception of Cd) which we will 

call "Numerical techniques". 

First, then, the problem we wish to consider: 

In Chapter 1 the problem was discussed of the varia

tion of adsorption potential varying with the environ

ment over varying locations on the surface of a real 
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crystal. In the simplest case, that of an ideally 

smooth, semi-infinite shear plane, it was possible to 

show that the potential as an adsorbate atom translated 

across the surface varied periodically, in phase with 

the repeat period nf the underlying adsoIbent atoms. 

This was of interest as it could help to decide the con

dition of an adsorbed phase on the surface. ile then pro

ceeded to consider how geometrical heterogeneities would 

affect this potential, such as adsorption at edges, 

corners, and other co~mon surface defects found in real 

crystalline adsorbents. The main point of interest had 

now become the determination of the adsorption potential 

over these heterogeneities. A search of the available 

literature showed that ~any calculations of adsorption 

potentials had been performed on idealised crystal sur

faces, and had even taken into account the variation of 

the potential over a number of different sites on the 

surface unit cell of the solids considered (5-11). \~hile 

most of this work was somewhe!; dated, later work (12) 

has improved in r °lJllerical sophistication, but, surprising

ly, not in the theoretical approach. 

~ost of the work referred to above has only been of 

interest to demonstrate relative differences within the 

models specified by the authors, and only the work of 

Kiselev et al. (11) was directed at an actual application, 

although the results of the other workers has inevitably 

led to a co~parison with measured heats of adsorption. 

The approach adopted by Neustadter et al. (12) was 

unique in its agreement with the testing experiment, 
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although this again was expressed in terms of a ratio 

of results obtained by the same model; one admitted by 

Neustadter to be unrealistic in absolute terms. 

Dunnett (13), using an axiomatic approach, derived the 

only relationships between the adsorption potential over 

heterogeneities and the surface potential. This was how

ever not intended as more than an attempt to indicate 

rough orders of magnitude. In the last few years some 

work has appeared regarding the potential over some 

'simple heterogenei ties (14), but the main interest of 

physiCists in this field has unfortunately been in the 

calculation of energies of formation 0f such hetero

geneities (15), and that has been of a very elementary 

natur~, and on systems of negligible interest to chemists. 

The literature above did however lead the author to 

consider that, with the aid of modern computars, sums to 

determine the adsorption potentials over heterogeneities 

of some simple types should be feaSible, using potential 

functions which are an improvf>ment over those employed 

by earlier worker!>, and for which more experimental 

validity has been shown than before. For further back

ground the reader is invited to consult the reviews 

referred to in (16). 

~system considered 

In common with earlier workers (5-11) we chose to 

examine an ionic crystal with cubic symmetry as sub

strate, and, at first, an inert gas atom as adsorbate. 

The particular model system considered was argon over 

the (100) face of rock salt, as this would furnish us 
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with some check on our work from previous results. The 

system of calculation adopted will in fact enable any 

adsorbate atom which is well characterised to be 

handled, provided potential function information is 

available on the cnnstituent atoms and bonds. 

The following discussion applies only to the systems 

under consideration. 

Some definitions: 

Adsorption potential ••• The energy gained by bringing. 

up an isolated atom of adsorbate 

from infinity to its equilibrium 

posi tion above a surface, at OOK. 

Potential function ••• The function, containing indep

endent parameters, relating the ad

sorption potential to the distance 

(z) from the surface 01' the adsorb

ent. Also applies to two isolated 

molecules separated by a distance z. 

For pol~''luclaar molecules, this may 

have other independent variables 

than z • 

Surface plane 

9;ther note~: 

••• The datum plane from which all 

coordinates are expressed, passing 

through the plane of centres of the 

outermost surface atolr.s. 

Coordinate systems ••• The Z axis is norll'sl to the 

surface plane and the x and y axes 

of a set of Cartesian coordinates 
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"Adsorbate atom" 

"Lattice sums" 

lie in the surface plane in a right 

handed system. 

••• This will be frequently abbrevi

ated to "adatom" with apologies for 

the americanisation of the ensuing 

text. It should properly be an ad

sorbate molecule, but we are only 

considering a mononuclear adsorbate 

in this case. 

••• Another abbreviation for the 

process of the repeated adding in 

of a number of terms into totals 

over an entire lattice of solid 

atoms. 

All other terms and symbols in the text will either be 

self explanatory or classified in the glossary of symbols. 

A. The intermolecular potential energy function 

In considering the expression for the potential 

functlon we will also consider terms which will arise 

as a result of the environment of the molecules between 

which the potential arises. This is typified by the 

energy term for a polarise able molecule in an electric 

field. We shall start by considering some of the indivi

dual terms arising in the potential function and their 

basiS, and then move on to an examination of the various 

total potential functions used. 

a) Attra'Jtive forces 

Despite the earlier recognition of attractive forces 

between molecules, such as epitomised by the expressions 

113 



of Mie (17) and Sutherland (7) the first real efforts 

to characterise these phenomena were those of London (18). 

Mie was the first to recognise that the attractive 

forces between molecules arose due to reasons Similar 

to those causing dispersion of electromagnetic radiation 

in the visible region. Thus these forces are frequently 

known as dispersion forces. London showed that the 

energy term arising between two molecules due to the 

dispersion forces was negative (a formalism whereby 

energy is lost by a system thus increasing the stability 

of the system) and was given by an expression of the 

following form: 

(6.i) 

where C6 is given by: 

(6.ii) 

where r is the molecular sepqration 

Ol is the polarisability of the molecule 

),) is a "characteristic" frequency 

and the subscripts refer to the two atoms respectively. 

This expression arose from the fact that these forces 

are a resul~ of the interaction of an instantaneous 

dipole existing in an atom inducing an induced dipole 

in the second atom,and the resulting lowering of the 

energy of the system due to the interaction of these 

two dipoles. This is a second order perturbation of 

the wave functions of the two atoms, and is not observed 
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on applying a simple first order perturbation. 

London proceeded to improve on his concept of 

"characteristic "frequency" for atoms by replacing I h 'V I 

by the ionisation potential, I: 

(6.iii) 

Other expressions for C6 have been derived by slightly 

differing methods, the best known of which are those of 

Slater and Kirkwood (19)~ 

= (6.iv) 

where N has variously been i~terpreted as the number of 

valence electrons (19), the total number of atomic 

electrons (20), and the quantum mechanical oscillator 

streugths (21) ; and of Kirkwood and Muller (22) : 

KMC6 = 6 2 '.l-1if2 mc • -
(01/)'1 ) + (CX:2/ X2 ) 

(6.v) 

where X is the diamagnetic susceptibility. 

This ~y.pression has justifiably been attscked on the 

grounds that (21) the mechanism involved in dispersion 

is quite different from that of the interaction of 

electrons and magnetiC fields, but it remains popular 

in the literature. 

If we generalise on our concept of the dispersion 

interaction as arising from the instantaneous reaction 

between mutually induced electrostatic mu1tipo1es in 

neighbou~ing atoms, it is reasonable that there should 

also be interactions between highe~ mu1tipo1es than 
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dipoles. Fontana (23) has given an expression fo~' the 

dipole-quadrupole interaction, whose dependence on 

separation is I/r8 , and Kiselev (24) has developed 

expressions analogous to the Kirkwood-Muller formula 

for the following attractive potential terms: 

c I 6 C I 8 C I 10 (6.vi) ~ disp = -KM 6 r - 8 r - 10 r 

where ~C6 is the Kirkwood-Muller constant, and 

2 
C 45h ,< N 

8 = -:--L ,>. 1 ,'- 2 
32rt m 

and all symbols have their usual meaning. 

1, __ 

In some cases calculations of the dispersion interactions 

have been made (25) for atoms whose wave functions are 

accurately known, on the basis of the actual multipoles 

induced by the varying electron densities of the atoms, 

but such expressions are rare, and have only been per

formed on very few system~. 

In su~mc~y, therefore, we ~ay conclude that express

ions are available, using easily obtainable molecular 

parameters, for the estimation of the dispersion forces. 

We shall now consider: 

(b) ~pul~ive interactions 

We may profitably return to consider the development 
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of the concept of repulsion over the years. Van der 

Waal merely allowed that molecules had a finite size, his 

"excluded volume". This is the same as saying that at a 

particular intermolecular separation there is an infinite 

barrier in the potential. When it was realised that 

molecules were not always scattered elastically by one 

another, however, we return to the general expression of 

Mie. In this expression, shown below: 

c -- (6.ix) 

he suggested that the repulsion term was described by 

a positive term proportional to an inv~rse polynomial in 

r, whose order was higher than m. Ive have already 

established that m will take the value six. This con-

cept was an improvement on the infinite barrier, but had 

in itself no fundamental basis in physics. It did offer 

one very notable advantage, however, that of ease of 

numerical handling. 

When some of the properties of fluid transport were 

derived in terms of the intermolecular potential and 

workers desired to establish the parameters of the inter

molecular potential functions from measurements of 

transport properties, a potential such as that of Mie 

offered a fU.lction that was easily fitted to data due 

to its inverse polynomial form. n and m could be treated 

as variable parameters to explain the data ur,der study. 

Lennard-Jones (26) established that the form of the 

expression with m =6 and n =12 was capable of describing 

a number of experimental results to a reasonable degree 

of accuracy. 
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Let us now consider a reasonable basis for the 

repulsion forces. If two molecules are brought into 

close proximity, distortion of the molecular orbitals 

must take place according to the exclusion principle. 

In the limit new orbitals may be formed. These may be 

bonding, in which case a new molecule is formed, or non

bonding, in which case the energy of the system is 

increased. Thus we may consider repulsion interactions 

to arise from the interaction of non-bonding orbitals 

of the two molecules. As most expressions, e.g. Slater's 

for atomic orbitals are exponential (Gaussian) in form, 

one would expect the resulting distortion energy of the 

orbitals to have an inverse expohential form. Bucking

ham (27) proposed a repulsive term in the potential 

expression of the general form: 

0rep = + Aexp(-br) (6.x) 

While this expression has a form which is more reason

able than the Mie type of inverse polynomial, it is 

unfortunately, with the exception of the few atoms for 

which all the wave functions are known, not interpret

able in terms of simple molecular properties. We shall 

therefore leave the probl~m of determining A and b till 

a later stae:e. 

(c) Electrostatic interactions 

These interactions are broadly sUlI·marised as the 

energy arising from the Coulombic interaction of charge 

centres, multipoles and electric fields with one another. 

we shall only consider a few cases here which will be of 

interest. 
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If a polarisable molecule, with no permanent electro

static multipoles, is placed in an electric field, F, 

then a dipole is induced 

Ol F (6.xi) 

This dipole then interacts with the field to yield a 

potential term: 

which on substitution is given by: 

2 
~E = -IX- F 

2 

(6.xii) 

(6.xiii) 

It should be noted here that if a molecule is oriented 

in a field and is itself non-isotropic then the value of 

(Rshould be the value along the axis of the ~ield. The 

principal values of cc for non-isotropic molecules are 

normally given as being those along the three principal 

axes of the molecular depolarisation ellipsoid. 

In the event of a molecule possessing a permanent 

dipole being placed in a field, with the dipole forming 

an angle e with the field vector then the interaction 

is given by the following form of (6.xii): 

(6.xiv) 

It should be further noted that if the molecule is above 

absolute zero then the component of the dipole moment 

alonp: the fieln. vector, f' is given by the Langevin 

function, as the molecule will possess a rotational 

degree of freedom: 

r· = J~(cot~ - fj) (6.xv) 
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There are many other interactions involving all the 

combinations of field, charge and multipole interactions, 

but they will not concern us here and are tabulated by 

Hirshfelder (28). 

It is however jntended to emphasise one small point 

here for future reference, viz. the energy term in 

(6.xiii) above involves the interaction of the !£~ 

field vector F with the molecular polarisability tensor. 

A vector-tensor interaction of this kind should yield a 

position dependent answer with magnitude and no direction, 

i.e. energy in this case, and thus energy can in no way 

be considered to be directionally dependent. (Neglect-

ing relativistic corrections to be pedantic.) 

Total intermolecular pote£!ial function 

One can see that by a judicious combination of a 

suitable number of the above listed terms contributing 

to the potential energy of a pair of molecules one should 

be able to synthesise a function explaining the total 

intermolecular potential. In ~he simplest cases of the 

interaction of a : air of identical non-polar, spherically 

symmetrical isotropic molecules, such as the inert gases, 

a function involving the dispersion forces and the 

repulsion forces should suffice. A number of functions 

have been developed for this purpose, andonly the 

better known ones will be mentioned. These are tabula

ted in Table VI.i. None of the more complicated angle 

dependent potentials are considered in this list. We 

must now note that despite our being armed with a 

number of potential functions from which to make a choice 
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~ab!~VI·i 

J'!!!~!!!.Ql~1:!.lar .I2ot£ntial fwction§. 

a) Lennard-Jones (26) 

Simplified forw 

b) Buckingham Potential (27) 

B0(r) = AexP(-b.r)-c6r-6-cs r-S 

c) Buckingham-Corner Potential (29) 

(6.:xvi) 

(6.xvii) 

BC~(r) = Aexp( -;X(~ ) )-( 06:,-6 -iCsr-S )exp [-4(:£2-1 )3] 
m r 

for r {rm 
BO~(r) =Aexp(- (r ))-(06r -6+CSr-S) 

rm 
d) Modified Buckingham Potential (30) 

rI.() If. [6 (0 r rm)6 
)U r = ----,.. • -exp 0([1--))-(- ] 

(1~) :.J. rm r 
Units 

er )rm> b have units of length. 

A has units of energy. 

C6 has units of energy length-6 

Cs has units of energy length-S 

T 

for r) r 
IT. 

(6.xviii) 

(6.xix) 

~is dimensionless lsometimes known as "steepness"]. 

IT9~ rm is normally the separation when the energy is at 

a minimum, and the second half of expression (c) is to 

dispose of the otherwise spurious behaviour of the express

ion when r =0. These "origin effects" will not be further 

considered as in general they do not apply at the separa

tions interesting us. 



for subsequent calculations we have still not estab

lished the values of the parameters involved. We have 

shown that we may derive expressions for the value of 

the attractive term parameters, but we are still left 

very much in the de~k about the repulsion terms. We 

have two methods open to us of solving this problem. 

We may attempt to reduce the expressions to utilisable 

form by making further assumptions about our system, 

known as reduction methods, or we must establish all 

the parameters of the potential by experiment. We shall 

consider the latter first, as it seems conceptuallY 

more attractiv~. 

Expressions have been derived (28) relating many 

transport coefficient properties of dilute gases to the 

varj.ous forms of the intermolecular potential fuactions. 

In these cases experimental data are reduced to yield 

the parameters of the function to which the results have 

been fitted. One of the best known sources for such 

parametp.rs is the temperature Jependence of the virial 

coefficients in t~.9 equation of state for dilute gases • 

. Hirshfelder (28) has given expressions for the second 

and third virial coefficients as shown in Table VI.ii. 

These both involve the calculation of the cluster 

integrals of the system and these in turn are dependent 

upon the fact tha~ the potential functions are pairwise 

additive, a subject with which we will deal later. It 

is however worthwhile noting that whenever data from 

virial coefficient work is used to derive the parameters 

of potential functions, that the assumption of pairwise 
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B(T) 

~ble VI.ii 

yj,ri~coefficient formulD..:> 

(6.xx) 

(6.xxi) 

Integral over all r 12 , r 23 , r13 which form a triangle. 

* Mayer has given fij(rij ) by: 

* 

-lZi ./kT 
fij(r)ij = [e· J -1J 

J.E. Mayer and M.G. Mayer. 'Statistical Mechanics' • 

Wiley. N.Y. 1940. 



additivity has already been applied. It is also worth 

noting here that the expression (6.xx) in Table VI.ii 

is not in fact particularly sensitive to the precise 

form if the potential function~. The third virial 

coefficient data constitutes a far better test of the 

function, but unfortunately little experimental data 

for this is available, and the third virial coefficient 

is also very much more subject to the validity of pair

wise additivity than the second. This is the reason 

why the predominance of potential parameter data is 

derived from the second virial coefficient data and also 

from our third major source of information, beam 

scattering. In this latter forffi of experiment, molecu

lar b~ams are scattered by molecules of the same or 

different molecules, and the angular distrib~tion of the 

resultant scattered beam energies are used to derive 

the parameters of the potential function to which the 

data is being fitted. This data should however be used 

with caution as the form of the fitted function has 

been shown (30) to be very dependent on the molecular 

beam energies. It is self evident that the higher the 

beam energies, the greater the interpenetration of the 

molecules, and hence the greater emphasis on the 
I' 

smaller~part of the function. The notable workers in 

this field have been E.A. Mason (30) and I.M. Amdur (31) 

whose work will not be quoted in its entirety, but 

whose results will be used and acknowledged where 

appropriate. 

The principle behind all the above methods is that 
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of assuming a particular analytical form of the 

potential function and fitting the experimental data 

by least squares or a similar method to derive the para

meters. It is therefore clear that all the parameters 

so derived should be used together for further calcula

tions, as they are the result of fitting data to the 

specified function, and errors in the individual co

efficients of the potential will possibly be self cancell

ing. Put otherWise, it is not valid to calculate from 

theory say C6 , C8i substitute these into the modified 

Buckingham-Corner function, and use the coefficients 

of the exponential repulsion term from the experimental 

data. 

Reduction methods 

Let us consider the Mie equation for the inter

molecular potential. If we are to suppose that the 

molecules involved have their minimum energy when their 

centres are one van der Waals diameter apart, i.e. r = 26' m 

then we may derive the constart A in equation 6.ix thus : 

(see Fig.6.1) 

Hence we derive the expression for A: 

A = m.C. r (n-m) 
- m n 

(6.xxii) 

For the Lennard-Jones 6-12 potential: 
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hence: 
~ (r) .,0 

:2 

=0.' (r/rm)-12- 0(r/rm)-6 
2 

= E[(rm/r)12 - (rm/r)6) 

Where E: = 0 1/2 , t):le depth of the energy well 
I 6 

and 0 = lJ.r 
ID 

(6.xxiii) 

We now have a total potential function - once again 

provided we have a value for rm' As rm is frequently 

considered by chemists to be ripe for substitution by 

values from any number of sources, this form of the 

potential (derivable also fo:..' the other potential 

functions) is often employed. This does however give a 

good example of the interdependence of the coefficients 

in the potential function, as both the original independent 

terms are now inextricably involved via C. Due to the 

popularity of tbe above forms of the potential function 

the parameters have been derived for the inert gases 

and se T€,ral other molecules. 'rhe actual form of the 

potential function used throughout this work is of the 

general form: 

(6.xxiv) 

and all references to the constants above will have 

relevance to this expression. 

B. Combination rules 

If we wish to derive from this data the parameters 

for interactions between heteromolecular pairs we may 

use the combination rules for the parameters proposed by 

Mason (32). These, and an alternative rule proposed by 
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Good and Hope (33) are summarised in Table VI.iii. 

The rules are usually described as Mason's Rules as 

these were reviewed in toto by him (32) in the first 

study of the whole field of parameter combinations, 

although individuRl rules were due to a variety of 

earlier workers. In this work we shall use the rules 

of Masol', rather than those of Good and Hope, the major 

difference being that the latter workers use a geometric 

mean rule for molecular diameters rather than the 

Lorentz rule of additivity (34). 

Q. We are now able to attempt the calculation of many 

properties, armed with the above functions and para

meters, except that the systems to which we may apply 

them are, to say the least, unattractive to +,he chemist, 

as the restrictions will limit us to the inert gases 

and possibly hydrogen. It is now pertinent to refer to 

one of the fields where these potentials in suitably 

modified form were first applied to an interesting 

chemical problem. This was ':he work of Meyer (35) who 

attempted the pr'diction of lattice energies in ionic 

lattices by using what was essentially a form of the 

Buckingham potential modified to include the coulombic 

terms ariSing from the point charge approximated form 

of the crystal lattice. He found that he could achieve 

accurate answers for systems where he derived his own 

parameters using such experimental results as compress

ibility data of the crystals. It was however left 

(notice the enormous jump here) to Frost and Woodson 

(36) to suggest that the alkali halide ionic lattices, 
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~e VLiii 

!:2.~~tial Parameter Combinatio,n Rules 

after E.A. Maso~ (32) 

In the general expression! 

-6 !Il(v) = Aexp(-b.r) - C.r 

A12 = (A1A2 Y! 

b12 = (b1 b2 )/2 

C12 = (C1C2 Y! 

Also according to R.J. Good and C.J. Hope (33) 



and in fact all ionic lattices composed of ions which 

were in a closed shell configuration, could be studied 

using the appropriate inert gas potential parameters, 

corrected for effective nuclear charge, in place of the 

parameters used by Meyer. The results obtained in 

terms of the comparison of calculated and measured 

interionic distances for the alkali halides were of a 

good standard, and their lattice energies agreed closely 

with the previously best results of the Born-Meyer type, 

as calculated by Cubiciotti (37). 

It should now be clear that we are in a position 

to consider using oUr potentials and the parameters, 

in a suitable form, to look at systems of interest to 

us, i.e. the inert gas-alkali halide interaction 

mentioned earlier. In order to use this data to cal

CUlate s:urface adsorption potentials, we must assume 

that all the intermolecular potentials in our system 

are pairwise additive, and sum all the interactions 

between an isolated adsorbate atom of an inert gas, 

and a substrate 01' alkali halide crystal. It is at this 

point that we are faced with the actual calculations 

involved and where considerations of numerical method 

to be employed become paramount. Much work has already 

been published on such systems (38) and will not be 

reviewed in detail here, with the exception of a few 

observations applicable to all of the work listed (38). 

In all these cases the final equilibrium distance of 

the adsorbate atom from the surface has been assumed, 

usually to be the sum of the van der Waals and ionic 
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radii of the species involved, and reduction methods 

have been employed to determine the form of the inter

molecular potential. Individual terms in the potential, 

usually the C6 , Ca etc. dispersion terms, have been 

estimated using one of the approximate fo):%ulae (6.iv

viii). The surface used has always been the classical 

'ideal' semi-infinite smooth plane. The reason for the 

latter assumption has always been numerical expediency, 

as then the variety of expressions which may reduce the 

problem of performing the actual sums may be used. One 

of the main problems here has been that the admirably 

simple formula developed by Lennard-Jones and Dent (4) 

and its descendants (39) for the surface electric field 

have relieved the problems of calculating the electric 

field by summation methods. 

As the main interest of this work is surface hetero

geneities it was paramount that any method used should 

be capable of allowing for the absence of atoms or 

ions, and, if possible, for otb~r distortions in a more 

realistic lattice t"'.an the 'ideally smooth' one. There

fore we had to trust to modern computation methods to 

perform the tedious sums involved over a general and 

variable lattice of solid atoms. 

D. Numerical methods and models 

A short consideration of the amount of information 

required to perform the sums over an ad atom and several 

hundred ions in a lattice of even high symmetry and 

simple chemical structure will suggest that to treat all 

the atoms individually is a demanding task for even a 
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large computer. We are obliged to treat all the atoms 

individually here as we may wish to alter the constitu

tion of our lattice to study specific defects, and the 

heterogeneities to which they give rise. 

The key to this problem of setting up a model 

lattice was to utilise the similarity of the arrangement 

of a computer core store with a solid lattice. Suppose, 

for example, we are considering a simple cubic lattice 

(we are using rock salt here, remember) with the top 

surface a (100) shear plane; We may nominate any atom 

or ion in the top plane (x,y,O) as the origin. It is 

therefore clear that we may locate all the other atoms 

by the number of translations of length a/2 in any of 

the three principal axis directions (where a = b = c 

lattice constant). Thus, if one wished to refer to the 

ion at (5.69, 14.09, -2.818) it would be ( 2,5,-1), 

where the units are in A's. In a similar sense, one 

may imagine a lattice (cubic here but any rhombohedron 

will work), of lines, all mutnally orthogonal, and of 

separation a/2, w~ose intersections are numbered from 

any specified origin, along the lines in the three axis 

directions. Thus our earlier example (2,5,-1) still is 

capable of representing the coordinates of our ion. 

Let us now examine how a computer stores the numbers 

we are interested in. We have to know the precise co

ordinates of each of the ions, as the adatom adsorption 

potential is no longer constant (with heterogeneities 

present) over any surface unit cell location, and we 

wish to know about the vector between the ion under 
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consideration and the adatom. The first reaction is 

to store the coordinates of each and every ion in the 

core store, and, knowing the location of our adatom, 

to perform all the necessary sums. Thus, for our 

example above we \,rould require three words of store, 

for the three coordinates. We clearly also wish to 

know the ionic charge of the ion to calculate the field, 

hence four words per atom. One may, however, address 

the location in a core store, by the subscripts of a 

multi-dimensional array. Our solid is a three

dimensional array; and, as we have shown, we may locate 

any ion in reduced form by the number of lattice trans

lations, or the intersection number of a lattice. If 

we now store the values of the ionic charge (z z) in a 

three dimensional array whose three subscripts are 

(2,5,-1) these may give us the information we need as 

to the lccation of the atom, and yet we have only used 

up one word of core store. It is worth introducing at 

this ~oint certain restrict~cns which the machine 

places upon us; we may not have negative subscripts. 

As, however, we do not want to locate ions outside the 

lattice we may cheerfully forget the sign of the tlurd 

subscript, and ensure that our origin atom is far 

enough away from our adatom not to influence our results, 

i.e. we work with a rectangular 'brick' of lattice in 

the (+x,+y, +z) octant. Unfortunately we are also 

forbidden to have an origin at a subscript of 0 so our 

origin is at (1,1,1) whicr causes no real problems as 

long as one calculates the ~~of step~ to any other 
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atom correctly to derive its coordinates. A model 

lattice is shown in Fig. VI.1 for the (100) rock salt 

face. We are no\.,. in a position to specify a lattice 

model which may easily be made to represent a large 

number of different lattice geometries, by varying the 

lattice spacing constants. The only further comment 

necessary regarding this model of the solid surface is 

to observe that the lattice sums will be performed over 

what is effectively a segment of a sphere, and that that 

segment must contain a sufficient number of atoms to 

ensure the accuracy of the final result. As, in the 

limit of an adatom lying in the surface, we shall sum 

over a hemisphere, the ideal dimensions of the solid 

latti~e will be in the ratio of approximately 2 : 2 : 1, 

the depth being about half of the len~th of either of 

the two other sides. 

We wish now to determine the potential curve followed 

by the adatom approaching the surface normally, in the 

region of the minimum of potential. An axis of approach 

is therefore set up over the desired sub-point in the 

surface. In practice it is of major interest to 

examine the potential variation over a region of the 

surface, and to fit a contour ma? to this region, as this 

is one of tIle most useful forms in which we Eay use the 

generated information. In this case, as well as speci

fying the starting sub-point in the surface, the number 

of grid lines in each of the two desired directions is 

specified, with the desired width of the grid spacing. 
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FIG VI.1 Model Lattice Solid. 



Example 

To plot a contour map over the surface unit cell of 

(100) NaCl. 

Coordinate of an anion in the surface is (14.09,14.09) 

a = 2.818A. 

A 5 x 5 grid is desired over the unit cell 

The starting point is specified as (14.09,14.09) 

and the grid width is given as 0.7045A and the number 

of steps in each of the x- and y- directions is given 

as 9. 

This exawple is illustrated in Fig.VI.2. 

From the above we see that the position of the adatom 

approaching the surface is known at any point. The 

apprvach to the surface is commenced at some suitable 

distance, of the order of two molecular dia~etera, and 

proceeds inwards towards the surface in steps of speci

fied length. In this work it has been found convenient 

to move in from 6i above the surface in steps of 1R. 
At each of the points of approach of the adatom the 

sums of all the intermolecular potentials over the near-
, I I I 

est NO ions is evaluated. The value of NO is set to 

include a sufficient number of ions to maintain the 

accuracy of the final answer, yet without overstepping 

the bounds of the model solid substrate. This model 

size is clearly limited by the available computer store 

space, but most previous workers have used (38) sums 

over the nearest 150-300 ions. The result of the lattice 

sums at each point then yields the adsorption potential 

at that point, and taken together a set of such answers 
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FIG VI.2 Rock Salt Surface Unit Cell (100) 
with (5x 5) grid. 



plotted against the adatom-surface dist:mce za yields a 

potential energy curve, of the type illustrated in 

Fig.VI.3. The adatom is allowed to continue proceeding 

towards the surface until such time as the value of the 

potential has started to increase. During this procedure, 

only the five most recent potential points have been 

remembered, so that we now possess five points on the 

potential curve in the region of the minimum. These are 

shown in Fig.VI.3, numbered 1-5. The procedure of 

Neustadter and Bacigalupi (40) was then adopted to 

locate the value of the potential at the minimum, 0min , 

and the distance from the surface, zmin' A quartic poly

nomial is uniquely located by the points 1-5. This was 

fitted and the solution matrix of simultaneous equations 

solved for the quartic coefficients using a computational 

subroutine 11 POTl'1IN 11 (see appendix ). This 

incorporated software provided under copyright by ICL Ltd. 

(41). As is clear from Fig.VI.3, point 4 is likely to 

be near the minimum of the pot~ntial. This point is 

then taken as the 'nitial guess for a Newton-Raphson 

minimum finding routine (42), to an accuracy (on the 

fitted quartic) of .01%. The results are accurate 

approximations to the values of 0min and zmin for this 

grid pOint. The computation then proceeds by relocating 

the adatom over a new grid point and recommencing the 

identical calculation. 

The flow diagram of the software used is given in 

the appendix at the end of this chapter, and the two 

programs, 'H131', 'H118' are listed. H131 creates the 
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FIG VU Surface Potential Function . 
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model solid lattice, which is stored for future use by 

H118 on magnetic or paper tape. Both programs are 

written in level G FORTRAN, and are intended for pro

cessing on ICL 1900 series computers. 

Certain comments and notes now follow on some of the 

more detailed procedures adopted in the course of com

putation. 

(a) Size of lattice sums 

The repulsion term in the potential function is 

only summed over the nearest 32 ions, as the magnitude 

of this contribution to the total potential has become 

negligible at this stage. The remaining contributions 

to the potential, namely the dispersion and electro

static terms are summed over several hundred ions. 

(b) The field-induced dipole potentia~Em 

In all the previous work (38) referred to here, the 

surface electric field has been calculated using 

versions of the Lennard-Jones and Dent (4) formula. 

This formula only yields the zcomponent of the field. 

It seems unreasone'lle that the energy arising from the 

interaction of the total field vector with the adatom 

should not be used. Clearly over locations on the 

surface unit cell which have low symmetry and are not 

immediately over ions, there will be a horizontal field 

component. In this pro~ram therefore, the electric field 

components in the X-, y- and z- directions have been 

summed, at the adatom location, over all the lattice 

ions considered, the total field magnitude calculated, 

and formula 6.xiii applied. De Boer (43) has observed 

133 



that the field varies fairly rapidly over the volume of 

the adatom molecule, and therefore the approximate energy 

formula (6.xiii) does not apply. The expression for the 

exact solution of this energy term involves a complicated 

double integral over the field within tbe volume 

occupied by the adatom and over the electron denSity 

volume elements constituting the atom. The numerical 

problems involved in evaluating this integral were con

sidered too complex for computation on top of the other 

sums being performed here, and even the procedure of 

multiple surface and line integrals evaluated by Lene1 

(39) was considered too involved. On the positive side 

though, is the fact that by conSidering the total field 

vector the rate of variation of the field over the sur

face is not as large as if the z- component only is 

con sidered. 

(c) The repulsion ~ergy term 

In view of the very rapid decrease in size of this 

term compared with the dispersion term, with distance, 

this was only evaluated over the nearest 32 ions. 

Checks indicated that the size of this term has reduced 

to less than 1% of the total potential by the time the 

second nearest neighbours had been summed. 

(d) SymmetrJ checks 

At all stages in the computation the ions being 

summed were checked to ensure that they lay within the 

overall range limits imposed by the size of the lattice 

solid considered, and also, the number of ions over 

which the sums were performed was only given a lower 

134 



limit by the figure input. This .was to ensure thCit if 

computation had completed the specified number of ions, 

and there were other ions at the same range (i.e. in the 

same hemispherical shell) which had not yet been summed 

in, that these remaining ions would be included in the 

sums, thus ensuring symmetry of the overall segment of 

solid considered. 

(e) Data handlinL£f the latll~ 

The lattice was set up in the first instance, using 

program H131, with each ion represented separately on 

one data card to enable the settinp. up of lattice defect 

tape data sets with ease, these becorr:ing a simple lTatter 

of removinr- cards. 

(f) ~reatment of t~outp~ 

The outrut froll1 the prograrr: per·for:rinrc the lattice 

sums, H118, contained the values of ~min and zmin over 

the grid points specified on the surface. This clearly 

constitutes the starting point for tbe generation of a 

contour 1l'an of the surface adsorption potential over 

this p.rid. The rr:at;herr:atics involved in this process is 

sO[f,ewhat invohed, and time has unfortunately precluded 

the developl1'ent of tLis for the computer. The principles 

involved Idll be shown, however. 

2~.n to~!!,~.:!1!g, 

Provided a rectangular grid of coordinates of data 

pOints is available the surface described by those data 

points Tray be approximated by some sui table inter

polation function so tbat the line solutions of contours 

of constant value ITay be found. In the context of this 
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work the most valuable type of function is the Fourier 

series. This was established by Neustadter and Baci

galupi (40) who fitted the data points over their grid 

by a two dimensional Fourier series, and obtained the 

solutions of lines of equal potential from the inter

polated series. The procedure is to consider the points 

lying along any line on the original grid, and to inter

polate these by a Fourier series of period equal to 

twice the length of the line. This reduces the number 

of terms required, as then the series need incorporate 

cosine terms only. Using the coefficients so produced, 

values of the data are interpolated at refular inter

vals between the original data pOints to produce a 

"magnification" effect. For example, the interpolation 

of nine new points between every pair of data points 

supplied magnifies the detail of the data line by ten. 

Using the new magnified data on a eeries of parallel 

grid lines, the same procedure is adopted in the 

direction normal to the original grid lines, through 

all the new data points. This yields a set of data 

points over the whole surface magnifying the original 

by a factor of ten in both the x- and y- directions. 

The contour intervals are then decided (e.g. 1/5 the 

range betwebn maximum and minimum values) and the co

ordinates of the data pOints lying nearest to these 

values are output in some suitable fashion, yielding the 

contour map. The author is grateful to Dr. Bacigalupi 

for the copy of his program to per-form this mapping 

procedure, but, lacking the computing resources of the 
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National Aeronautics and Space Administration (44) this 

program was incapable of running on a machine of the 

capacity of that available. A shortened version of this 

procedure is now under develop~ent. 

~t systeill-£Q~!h~-2E2prams 

In view of the popularity in the literature of such 

studies on the system Argon-(100) rock salt, this was 

used for a test of the programs. This was chosen, rather 

than the caesium bromide-krypton system of interest 

earlier in this work as check answers were available in 

the literature. The silver iodide based system was also 

considered unsuitable in view of the larpe measure of 

covale~cy in its bonding (see chapter 4), and the likely 

inadequacy of this program's theoretical basis to handle 

molecular comnonents which are not closed shell species. 

The only surface defect which has been studied in 

any fashion in depth is the effect on the adsorption 

potential of a surface cation vacancy. 

Ee.eB.!ts 0Lil~5'l9!::pH9.rLPotential galc~l?tion~~on (100) rock 

salt 

In the first instance the potentials were calculated 

over an idealised surface unit cell of the (100) face of 

rock salt. ~he number of pOints in the calculation was 

25 lyin~ on a 5 x 5 grid over the unit cell (one quadrant 

of the normal bulk cell notice). The results are pre

sented in Table VI.iv and are in kcals mole -1. While 

the actual contours are not shown the data are quoted 

superimposed over the unit cell, with the ions in the 
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Table VI.iv 

Fig. VI. Ideal (100) plane of NaC1 

Adsorption Potential (kea1s mo1e-1) 

1.10---1.30 ---1.08 ----2.25 --- 2.77 

~ I ~ 

I I 
I • 1.30 _1.27 ___ .. 1.78 ___ .1.96 ___ .. 2.25 

1.08 1;78 .1.57· .. 1.78 1.08 

I I 
2.25 '. 1.96 1.78 1.27· .1.30 , 

f I i I 
2.77 .2.25 1~08 1.30 _1.10 
Na+ C1-

Equilibrium Separation (ll) 

3.64 .3.67 3.41 3.35 '" 3~31 
Cl- Na+ 

I I 3.67. .3.69 3.35 ·3.37 -3.35 

, , I 
3.41 3.35 ··3~30 ··3.35 3.41 

I I 
3.35 -3.37 .. 3.35 3.69 .3.67 

, I 
3.31. 3.35 .3.41 .3.67 _.3.64 
Na+ C1-



surface indicated. 

The comparison of the results with the wost recent 

work cited for this system is interesting. Hayakawa (45) 

in a monumental study of adsorption heats, has obtained 

both theoretical and experimental figures for the zero 

coverage heats of adsorption. The results of this work 

seem to be reasonably well in agreement with his measured 

heats of adsorption (2.31 kcals mole-1 ). This figure 

is lower than the figure calculated by us as the highest 

heat of adsorption (2.77 kcals mole-1 ) but is higher 

than the potential over all the other parts of the cell. 

It should be noted here that no estimate has been made 

in this work for the zero point energy of the adsorbed 

molecu:e as this requires a knowledge of the vibrational 

frequency normal to the surface, and this analysis of 

the potential curves obtained has not been performed. 

If one considers Hayakawa's estimate of this for this 

system of about 45 .cals mole-1 to be accurate, it little 

affects the overall trend of our results. The comparison 

of our answers with the theoretical estimates made by 

Hayakawa is very assuring in the light of the differ

ences in the method used. In all cases the answers in 

this work are higher than those of Hayakawa. He, however, 

neglected to calculate the field-induced dipole term in 

the potential. He also used rather different constants 

for the six-exp expression from this work. Eis para

meters were drawn from a mixture of theoretical estimates 

for the C (dispersion) constant and experimental repuls

ion constants (46). The source for the adsorbate para-
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meters was the same as in this work. An interesting 

identity of results between the two works occurs over 

the centre of the unit cell (zero-field) which is what 

would be expected. The trend of the variation of the 

energies over the various sites is also the same, the 

highest potential site being over the Na'" ion in both 

cases, and the sequence of energies going, by site types, 

C,A,B,D using Lenel's nomenclature. The percentage 

variation in energies over the different sites is however 

greater in our work, and this is very possibly due to 

the allowances made for the field-dipole contribution. 

It Sh0Uld again be emphasised here that this work is 

the only one found where the whole field vector inter

action with the induced dipole has been conSidered, and 

this no longer makes this term in the potential neglig

ible, especially not, as has been facetiously suggested 

(~7) counteracted by the inaccuracies in the repulsive 

term. A fortuitous side effect of the use, as by Haya

kawa, of the Kirkwood-Muller constant, is the over 

estimate this causes (48) of the dispersion energy, and 

this may to a certain extent compensate for the neglected 

field-dipole term. 

OVerall, the conclusions of the reasonableness of 

this method ,lOuld appear to be that, as the predicted 

improvements of this method have been observed compared 

with previous work, we have a good basis with which to 

proceed to more interesting studies. The most important 

modification to this method which is suggested by Haya

kawa would be the use of the Huggins and J'1ayer (46) 
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potential constants for the ions of the adsorbent, rather 

than the Frost and Woodson approximation. This approach 

might well be of use where closed shell systems of ions 

are not present, not enabling the inert gas approximation 

to be made. 

~he Na+ defect adsorption potential 

Lattice sums were also performed over the unit cell 

in a (1QO) rock salt surface, containing a Na+ vacancy 

at the cell origin. The results for the adsor~tion pot

ential and the equilibrium separation from the surface 

are shown in Table VI.v. The effect is seen to be 

dramatic. The adsorption potentials over almost the 

entire cell have increased, and an examination of the 

individual term contributions to the potential indicate 

that this is almost entirely due to an increa8e of almost 

an order of magnitude in the field-dipole term. This, 

as may be imagined is the direct consequence of the 

gross increase in field arising from the absence of the 

N + • a ~on. In Fig.VI.5 a profile of the change at equi-

librium from the ideal surface to the defect structure 

is shown. The radii of the ions shown are the Pauling 

radii and the van der dalls radius has been attributed 

to the argon atom. This Shows immediately the closer 

approach of';he argon atom over the defect, but also 

that total penetration into the vacancy is forbidden by 

the size of the adsorbate molecule. The result for the 

potential over the vacancy site of 4.94 kcals mole-1 

shows that the mean adsorption potential over an ideal 

surface may be easily doubled by such a defect site. In 
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Table VI.v 

Defect (Na+)(l00) plane of NaCl 
Adsorption Potential (kcals mOle-1) 

2.28 2.15--- 2.44 -2.12 2.66 
Cl- I Na+ 

I I 
i I , 

3.18 2.89 -2~50 2.07 2.12 

I I 
, I ! 

3.55 __ 3.24 _2.75 2.50 _ 2.44 

I 
! , : 

3.10 .3.12 3.24 _2;89 2.15 

I I 
I 

3!10 
, , 

2;28 4.94 3.55 3.18 
+ Na vacancy Cl-

Equilibrium Separation (R) 

3.48 __ 3.64 .- 3.36 -3.31 3.33 
Cl- I Cl-

I , I , 
3.47 3~58 - 3.30 ·3.23 .3.31 

I I I , 
3.22 3.16 3.12 3~30 .3.36 

I 
- 2~ 73 

, , 
2.71 ._ 3;16 -3.58 .3.64 

i 

I , 
I I 

! 
2.08 2~71 3:22 3.47 3.48 

+ Na vacancy Cl-



FIG VI,5 Adsoq~tion changes at a Defect 
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the case of molecules more sensitive to a gross increase 

in field, such as those with high permanent multipoles, 

the adsorption potential might vary considerably more, 

thus indicating that models for heterogeneous adsorption 

phenomena should allow a reasonably wide variation of 

potential to be handled. 

2&ticisms of· the above model 

Restricting ourselves once more to ionic solid-inert 

gas systems, we may observe that despite the efforts to 

use the best potential function data available, the 

most serious defect of our work is the very failing its 

exec~tion was intended to improve upon: an insufficient 

consideration of the true nature of the solid surface 

in adsorption potential calculations. In the systems 

of interest to us the undoubted effects of the surface 

tension of the solid, non-equilibrium though they may 

be, and the principle of the minimisation of the energy 

of a system have been totally ignored. Considering the 

latter, Verwey (49) has shown that relaxation of the 

atomic layers of a solid takes place near a surface. 

This, in the case of ionic solids may be considered as 

the relief of the unbalanced Coulorobic forces on the 

surface ions, suffering the loss of one sixth of their 

nearest nei~hbours in the case of (100) NaCl. A, much 

more rigorous treatment of this phenomenon has been 

given recently by Benson, Dempsey and Freeman (50) who 

obtained expressions for the relaxation of the surface 

layers of ions in the above sense, and also determined 

the subsequent polarisation of the ions due to the 
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unsymmetrical electric field. These calculations were 

performed by them for the (100) face of NaGl and for 

MgO. Their results showed a splitting of the surface 

planes, down to about the fifth layer, into alternate 

duplex layers of anion and cation planes, with the outer

most layer of anions moving about 5% of a cell constant 

out of the surface, and the cations being relatively 

depressed into the surface. The polarisation of the 

larger anions was also extensive. The difficulty of 

these calculations was such however that they observed 

that the success of the energy optimisation methods 

employed depended to a large degree on the potential 

function parameters chosen, those of their earlier 

attemI,ts (51) being unsuccessful when more than two 

surface planes were considered using the incorrect data. 

It is of interest to note here that Benson found that 

the best parameters for the optimisation were those of 

CUbiciotti (52), who used the same parameters as in 

this work, although using them to determine accurate 

lattice energy values for ionic salts. 

It is clear from the above that any Etudy of the 

adsorption potential over a solid should include allow

ance for the relaxation of the solid lattice prior to 

adsorption, and even, to be pedantic, the subsequent 

effects of the adatom on the solid surface. The only 

work which has appeared on the study of rel~xations 

around a defect site is that of Jura et al. (53) who 

have considered this problem in the inert gas solids. 

The pitfall-ridden bridge between the inert gas system 
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and the ionic salts has yet to be constructed, but is 

undoubtedly the only hope for handling any realistic 

evaluation of the adsorption potential over even this 

simplest of all surface heterogeneities. 

In conclusion it seems almost flippant to suggest 

further work. This complex exercise on even the over

simplified systems considered has been shown to be 

capable of studying the variation of site adsorption 

potentials over simple defect structures and hetero

geneities on systems of real interest to surface chemists. 

It is rep'rettable that the data processing side of the 

problem has to follow the tedium of developing software 

to perform the calculations, but this is now available 

and w0rkinrc satisfactorily. The problems which should 

occupy most future interest are those of extending the 

range of potential functions and perameters as they 

become available as improved representations of the 

behaviour of molecules and ions, the development of 

methods to study relaxations in solid surfaces and the 

improvement of the numerical methods of estimatinp' the 

interaction of more complex adsorbate molecules with 

the force fields of solid surfaces. The presentation of 

the calculated data in tte more attractive form of con

tour maps ie: also a field of possible development, but, 

as do all these calculations, depends on the performance 

of the available computing facilities. Although possibly 

out of place here, a reference to the acknowledgements to 

the computing staff of this institution is entirely 

worthwhile in the context of this chapter. 
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Appendix A 

Data processing programs 

Nos. 

H069 

H071 

H118 

H131 

Job 

Location of two dimensional phase 

transformation in Hill-de Boer 

isotherm. 

Computation of Ross-type 

theoretical isotherms. 

Computation of Heats of Adsorption. 

Creation of Heats of Adsorption 

data tape for lattice sums. 



PR~GRAM H069 

Computation of p/K, Qg' ec for Hill-de Boer Equation. 

Computation proceeds by locating the line at constant 

p/K for \'lhich areas subtended on either side of this 

line by the 3 roots of the solutions at that value are 

equal to a precision of ±.0001%. 

The function used is: 

Q G ln p/K'= ln1~~ - c.G and solutions 

one output for c intervals of 0.1 between c = 6.8 and 

c =10.0 



_________ ._PROGRAMCH069)_ 
...... __ _ INPUT1-CR'I'_ 

.. OUT PUT2 .. c P'I'._ .. ___ _. __ _ 
___ T R~ C E 0 ____ ____ ____ _ 

.. ----.------.-.---- .. --- .. --.--I!ND.-.------- -.. ---_ .. _____ ._._. ________ . . ___________ . 
-------_____ MASTER-H069- HILL-DE80I!R_ST!!P LOCATION __ __ 

______ R EA LLN P!CG , LN 11 KC, L N FT H IT A .. . . _______ ~. . .. 
___DIMENBrON ATHIITAG(]S) ,ATHEUC(]S) ,ABT(]S) __ 
__ . ___ R EA D <1 ,1) NO ..... ___ . __ _ 
_ ~_LFORMAT(13).____________ . __ _ 

-.... --_ ___ ____ R EAD (1 ,2) (ABT(J) , ATH !!UGC!) , A 'l'HBTAC (n , I .. ' , NO) 
----- .. -- 2_ FOR M A T ( F 5.2,2,6. 4)- _ ____ --
_________ ._. ___ .. _ _ __ WR1TF.(2,4L ........ _. ______ ._ .__ ______ . _____ ... __ _ 
_____ 4_ FORMAT ( 13H TABLE 11._ 3111)(, 3'1'H H 1 ~ L"D!! SOU pH AS!! _ CHANGE 
___________1 s.1I 12X,6H2A/RTB,4)(,6HTHI!UG,6)(,6HTH!TAC, 'l'X,~HP*I~I) __ 
---_________________ DO- 99 J .. 1 , NO________ ___ _ 
. ________ . __________ . ___ CIIABT( J ) ___________ . ___ .. ____ ~ __ 
___ __________ TH!!TAO-ATHETAtI (J )-____ __ _____ _ 
__ ____________T H ETA C -AT H I! T AC (J L _.._ 
______ _ . ____ DTHETA2 ... 0001 
_ . _____ ... ___ .. __ ____ _ __ NaO ___ .. __ .. _____ . _._ __. ____ .. __ _ ___ . _____ . __ . 

______ 200_LNPKG_LNFTHETA(TH!TAG).FTHftTA(TMe'l'AG)ooC*THETAG_ 
______________ __ _ _______ I' Kh F.X P< LN P KG L__ __ . ___ . __ 

-----DTHETA1=.00001-----
_______________________ . ___ NC-O._____ _ ____ .__._ 

100LNPKCIILNFTHETA(TH!TAC).PTHITA(T~I!TAC)"C*THeTAC 
__ __I' le Cl = E X PC L N P KC)_ 

._. ____ E R RE R I! LN I' KC· LN P KL 
__ . ___ . __ 1 F (NC. EQ. 0) GO_TO_10L._ 

_ _ _____ OLDERA!I!ABS C OLDER) 

--,. - .- ._- ... __ .... ---
PARAMETI!R 



""".-"- .. ~.~--"~ "" .. _. __ .,- --- .. -. "- _._.- - - -- . 

I!RRAaABS(ERREA) 
--~---,---.--.-.---"'- ,-.---.-.--,-~--... - -----_ .. - .- ._. __ .- -- -- _._.-

_~_~_____ _____ IF(OLDERA~I:RRA"02;102"01 __ 
______ _ . __________ 101 OTHETAC=THETAC_ __ .. __ 
-. -------.-----------00-TO __ 1 03______ ______ _ _____ _ 
----.---------------~-- --1 02 __ THnAC.OTHETAC ---- ------
--- -.- .. - --.--- - -~-----DTHETA1 =DTHEU1 '1 0.- . _ _ _ 
__________ ____ __ IF ( DT H! TA 1"1 O. *. (-0) ) 1 O?' , 1 O?' , 1 03 
___ ~ _________ . __ 10LIF(ERRER)10S.107,104 __ ._ . _______ . ____ . 
____ __ _ _10 LT H ET A C 11TH eT AC .. DT H IlTA 1 
------____ _ ___ . __ (\010 _106c_____ ___ __ _ ___ _ 
··-----------------~-1 OLTHETACIITHeTAC+DTHIlTA1___ - - -- -
-------- ------ --1 OLOLDERIIIERReR ___ ~~_______ __ 

_____ . _______ . ________ .... _. _____ NC·L_____ _ _________ . _____ .____ __ _ __________ ._ _ _______ . ____________ _ 
_ _________ __ __ ... _____ GO TO _ 100 .__ _ _ __ _ _ __ _ _________________ . . .. _ .. __ _ _ ______________ . 
____ ____ .. _ __ 107_ CON TIN U E .... __ _ . __ . _ __ __ __ _ __ _ 
----___ ___ C _____ CALCULATlONO'_ AREA______________ _._. ___ . ________ . ______ _ 
------.---------__ ~ __ 2'2_A R eA. LN P 1(0*( TH eT A C. TH IlT AO ) __ ~ ____ ._._ .. _ _ ___ _ 

_ .. _______ .. ______ C ______ CALCULATION_O' INTIIGRAL._ - ____ .. _. _ _ ___ _ 
_______ . ___ .___ __ _ .__ ___ AR EAC.TH ETAC* (A LOB (THeT AC I (1. -TH eT AC» ~1 • ) "C",THETAC*THIT At: 12._____ 
_ __ _____ . ___ A REAGIliTH ETAG* (A LOtHTHETAGI (1. -THeT AG»~' • ) .. e.T'" ETAO*TH IT AO/2. __ ____ _ 
_ .. _ _~ __ ~~_ .. __ . _ __ ___ A 1 N T" ARE A C .. A R I! A G __ ___ _ _____ .. _ ___________ _. _ _ ___ _ _ _ _ _ __ __ __ _ .... __ ._ 
_ _______ __c~ __ :TEST_,ORJ!QUAL ARIlAS_ _____ __. ___ _ 

_____ . _________ ~ ________ .... I! R R ORIII ARE '''A 1 NT ___ .. _. __ . ___ ._ __ __ _ __ _ ___ _ _ 
____ _ ._. _____________________ 1 F( N. E Q. 0) 00_ TO 20L_ __ ___ ._ __ . _ 
_ ~ ____ .~ ______ . ____ . ___ 0 LD ERR IIIAIl S (0 L 11 R) 

I!RARaUS(ERROR) _ __ ._ 
_ _ PERRORa100 •• ERAR/(AB~(AREA» _ 

- - ... __ .~~~ -I F ( 0 L D I: R R -I: R A R ) 202 , 202 • 201 . __ ___ __ 
--~-----------_____ 2 0 LOT H ETA O"T H ET AtL__ ___________ _ __ ____ __ .. 
-- ___ ... ___ . ____________ GOT0203 ______ _ _ __ __ __ 



20 2-TH eTA OaOT-1t E T-A G --=== --------- _ IF (DT H ETA2-10 .... ("10) 207.207,' 222 
____ _____ 222 DTH ETA2"DTH ETA2/1 0._ _ . _ --

_____ ____ _ _ _. ___ 20L! F( ER R OR) 205,207,204 __ . 
_____________________ 204_T_H ETA GaT H ET AO .. DT H ET A2 
.. _ _____ _ __ . _______ tlO __ T0206__ . __ _ 
______ _____ _____ 20 5_TH ETA GaTHET A a. DTH ETA 2 

206 _ OLDR-UROA _ 
___ ___ N-1_ 

. ______ GO To_200 __ 
_______ _ ___ 20'l'_CONTINUE_ _ _ .__ _ 

____ WR!TE(2,7)ABT(J).THETAG.TH!TAC,PKC 
____ 'I'_ FORMAT<3X, F4. 1 .3X. '10.0 .2X, F1 O.9,2x.G14. 8) 

_99 CONTlNUE 
________ .__ __ _STOP __ . __ . __ _ 

. ___ __ EN D __ ---__ _ _ 
______ ~_____ ____ ______ F UN eT! ON FT H F.TA (T H n A) 

_____ _ _ ______ FrHETA.THETAI <1.-THETA)_ 
___________ __ _ ____ RETURN 
______ END 
______ REAL FUNCTION LNFTHETA(THETA) 

______ _ __ _. LNPTHETA-A LOG (TH ETA/(1 • -THI!TA» 
_______________________ RETURN ________ . ___ _ 
________ _ _ _____________ END ________ _ 

_________ F I N I!I H 

-------_._ .. -----------



PR~RAM H071 

Ross isotherms. 

Input data is the values of ~ , p/K', and c for which 

the isotherms are desired. In addition to this each~ 

value is accompanied by the normalisation factor 

* (FACT~N) and each c by the values of p /K (PSTEP), 

9g and Qc where c is greater than the critical value 

of 6.75. 

The overall accuracy of the Q values output is specified 

as ~1 in the fourth decimal place. 
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TFS1"1 =;; I;F";;P~Tr:i) (Ll 
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PR0GRAM H118 

Input consists of the coordinates of all the atoms of 

the solid from a magnetic tape created by H131, and 

their ionic charges. The location of the adatom grid 

and the grid size a£e specified by the parameters 

(XO,YO) grid origin 

NX,n 

GRID 

grid size 

interval 

The range of the potential function in angstroms is 

defined by ZMAX and ZMIN. 

The ~umber of ions over which the sums are performed 

is NUM, with LIM deciding the number of nearest atoms 

over which the repulsion term is estimated. 

The potential function terms are expressed as FUNCTIONS 

DISP and REP and the constants for all the possible 

interatomic pairs are fed in as CO values. 

The distances from the adatom to the ions are sorted 

in ascendin~ order via an array KEY using a Loughborough 

University Function UTS12. This is not n~rmally avail

able at other 1900 installations. 



__ LIBRARY(ED.sU~qRnUPF~CE) 
LI~RAR~ (ED,SUBGROUPUSUR) 
PRO G R At' ( H 118 ) 
COI~pACT 

.- r.O~PRESS INTEGER AND LOGICAl 
..... ···1 NPUT1=CR7 

INPUT4 .. tlTO/FORMATT~D(SURFDATAFIL~) 
OUTPtlT2=l.p?, 
TRACE 0 

.. - - END 
----,--".-. -- --~ c---***** ** 'It".* * ..... * 'If. * .... * •••• *.*.* *.* ... **. *_ ...... -. *.* .............. *******.* ••••• 
. ---.---- .... --.C-~ . H~ATS O~ ADSORPTION • . 
-,---.---~------ -- .C--.------- ~""'''--''-- • 
------ -C-~- J.C.R.WALD~AX. ... 
-----·---·-C-~-- 197'11 • 
.... --.-.... - .... -.... -. ---- C .~.---- --.. reL 1005 FORTRAN IV • 

--r.-~.**.*.***** •• *.****.*.*.***.***.*******.***.***.* ••••••••••••••• *_ ••••••••••• -
·····----HASTFR LATSIJM 

-DIMENSION CO(2.8,. R(99I1, •. 
17AO(10) .PHI(-1().~~V(Q96).PHIIH 5,5),XG( 5',Vr,( 5). 
? 5 .- ·5) • ex (996) • CV (9 Q 6) • C Z (Q 0 6) 

r.OlH·,ON·X(999) ,YIOo9) .Z(999) INU~lINO, IONN(999) 
DATAE/4.802E-1tll 

·'·JR I 'fF. (2.;» 
... CALL-·TAPF 

6000 . WRI~E(2.29) 
C •• ****** •• INPUT GRin LOCATION AND ~peCIFICATION 

.. ;99 REAnI1,22)Xo.VO.NX.NV.GRID.ZHAX.zMIN.ZSTEP 
. - - REA 0 l1 .4) ( ( C 0 ( J J • K 10 • K K = 1 • 11) • J J = 1 , 2 ) 

.. "R I H (2,14) 



--WRITF.(2,15) 
- - ~JRtTF(2,16) (COC1.KIO .KII:=1,.cl) 

------- -- -- - ----- ---- WR ITF a, 17> 
-~JHIH(2,15) -

-------------- ----- -I.JR IT F (:,!, 16) (CO (2, KIO .1(1(=1,1\) 
------- ------ I.·JR r TF (2,18) 

-WRITF(2,23)NX,NY.XO.YO,GRln 
PEADI1.33) NUll, LIM .xMIN,XMAX,YflyN,VMAX 
WRITF(2,2S) 

-WRITF(2,24) 
- -- A NZ" ( WA X ~ Z M IN) / 7S T F P +, . 

---- -- --NzosANZ 
------ ----- -- - DO-B8a - I I os1 , NX 
-- --- -- - - X A" X n + ( IT ~ 1 ) * G RID 
- ------ -x r, ( I I ) = X A-- ---
--------- -- ------- D 0 - 8R8 - 1·1 M = 1 , N Y-
------- ----- -- ------ -YA"YO+(t1M~1 )WCjRIn 
- ----------- --- - ------VG (Mt~) .. y A -

----- --- -- ---- ---URITF(2,30)II,MM 
---------- --- DO -1111 JJJ=1, 1 0 
--~ - - --1111PHI<.JJJ)=O. 
------------ --- ---- 7 S " Z s T e p -
--~ ---- - -- ------ --7A"7."AX+ZSTEP 
-- -- -----------\JRITFC2,28) 
-------------------------1(=0 --
------------ - (,9 'i I( = K + 1 
------- - -- IFCK_GT.NZ)GO TO 909 

---- --- 7A"7A~ZSTEP 
------ - ~90-PHI(1)"PHIC2) 
-- ----- - - - - -- PHI ( ;» .. P H IC 3) -



~~PHr O)=PHI (4) 
PH' (4)"PHI (5) 

-----~ ~~ 7AP(1 )=ZAI)(2) 
~. --~~ ~- 7A il( 2) "ZA D (3) 

-.----.~~ -- .. ~--~ --- - -- - 7A 0 n) =ZA D (4) 
----------- ~ 7A[l(4)=ZAD(S) 
----~--~--- nOSQ9 1=1,NO 

~99 CALL RANGLE(XA,VA,1A,XCI),VCI),ZII),RCI),CXCJ),CVII),CZe!» 
______ QTFST=1 000.-
-- ---- -- ~ ~--~ DO 2? 2-~!.1 , NO· 
--- ~~~- ~ ~ :> 2 ;1- K E V ( II "I . 
------ -~- ----- - .. --~~ ~~ CA\. L UT S 1 2 (NO, R ( 1 ) , K I' V ( 1 ) ) 

~~~~ --- -- ~ PH I T=O. 
-~.-.----.~ PHIDSUll=O. 
-~--- PHIR~UJ.1=O. 

-- -I=X.O.-
-~ ~V.O 

~~-~.-~ ZOIO,~ 

~"AD(5)=ZA 
L=O 

. ~33 l.=L+1 -
-~ -- L L" K EO V ( l) -

.- ~-~-- A R "R ( L l) 
·~TFCI.Lr:.NUt~) GO TO 444 
--IFIAR-OR-O.ODD1)444, 444,609 

1.44 r.ONTlNUE 
IFIXILL).LH.XHIN.OR.X(LL).GF.XMAX.OR.V(LL).LF.VMIN.OR.V(lL).GE.YMA 

- -1X)RTFST=AR 
~~- I F ( A R • G T~. R T EST )\.) R ! T F. ( 2 , 37) N LJ M 
-TF(AR.GT~RTEST)GOTO 2000 



.- .----~=! ON~I( L UI (AR *A R) 
- ~Z.SQRT(1;~CZ(LL)*C7(ll» 
--~X·FX+F*~Z*CX(LL) 

-- ~YIIFY+F*~Z*CY(LLl 

.. - P"F7+F*CZ(lU 
------ . - -- HerO N r~ ( l L) ) 1 0 is • 333 • 1 Oil 

-,06JJ=' 
.. GO -TO 109 

-,08JJ=2 
--;; 09- P fI ! D"'" 0 B P C CO (J ,/ • 1 , • A R) 

----YF(L,GT-;LIH)GO TO M9 
- --- PH !R " REP ( CO ( J J , 2) • CO C J J • 3) , AR ) 

PH I R~Uf1=P H I RS tJf1+ PH I R 
-A99-PHIDSUM=PHIDSUM+PHYO 

---ORIIAR--
·---GO-TO- 333 

.. -- . ---------·---...,9~ CON1'YNlJE 
- -------- ------ -----r: r=-soRT (J:X* FX+ Fv. FV+ F z* F z) ,..r;. (10 .• ,16) 

-PfIYESUf1=-,5*FT*FT*COC 1.4) 
. - PflIT=PHIDSUM+pHI RSlIM+pHI ESLJ~' 

--PHI(5)=PHIT*6:023/4.18~5*10.*.13 
C-pHI--N04-nrKCALs pER MOLF 

--WRI1F(2.27)K.ZA.PHYT.PHIDSUM.PHIRSUM.PHIESUM 
--IFCK.LT.2) GO Ttl 499 • 

··--IF(PHI(S),GT.PHI(41.0R.i'AD(S'.GT.ZAD(4» GO TO '1'000 
·GO-To-499 

. Q99-CIlNTINIJE 
7nOOIFC····-- K.EO.N7) GO To IlOOO 
- ---IF(K~G[!.5) GO To .7!JOO· 

'-'-"~"---~"K=K+-1------- -



.---------. -------. -.--- z~ .. 7S/2 

1A-ZA+7.S 
-- -- - ..... - - . (10 To-399 

7 ~ 0 0 CALl. -p OTtll N ( Z AD, PHI , 5 , • 0' , 1. P H (I 1 , M M) , PHI M Cl I , M M I ) 
1;0 TO-;;8R . 

AnOO-wiifTF(2 ,31) I t ,,1,4 
- -A88r.ONTINllE 

... -WRITF(?',32) 
---WRITF.(~;34) ----- -n 0 '1 Q 91) 1 ,,1 , N)( 
--~ -

no 1991) J"" NY 
i Cl 9 9 -w R ! T F ( ? -, 35 ) ! , J , x G ( ! ) , Y Cl (J ) , P 14 I M ( I , J ) , Z P Ii ( I , J ) 

----------- 2('.OO-~TOP 

2 ~O~t1AT(1 141) 
--4 ~ 0 R rj A T (ll F 1 0 . 4) 

----.--- .. -~--- -fl.-~oRrjAT( 1141" X, 37H FOR CE CONSTANTS FOR ADA TOM- I ON PA I RS-. ,11 X" 2H AN J 0 
·lN~-ADATOr41 

---------------- ----- -- ---- ,-:;- -~ 0 R r~ ~A T ( fx-'-",( ; 2 H C 1 ;-1 3 x, 2 He 2 , 1 3)( , 2 H C 3 ;-, 3 X , 2 H C 4, 1 3)( • 2 H C 5-~-1 3 ~ , 2 H C 6 , 1 3 x 
----------';2Hc7;13x,2HCR) -. -

-,-----". -"-" 16- -- P 0 R t4 A T ( 1 x ,- 8 ( F.1 2 " /, , ~ x, ) 
--------- ---- 1 ';' ---~Q Rt1A T- (, 'x, 1 3 HeAT I C] N- A 0 A TnM) 
-- ----- --- ---1IlFc\Rt~AT( 11) 
------------- .------- --22--FO-Rr;'-AtC;!J:10. 0, 21 2,--4F1 o. 0) 
----------- ----23-~6~fiAT(1X, 2HA- ,12,314 BY,I2016HGIl!I),ORIGtN AT (,~6.3·,1H"j::6.3,18H) 
---.- -------------1 I·JITH-ORID IHDTIl .F7.5,~5HANr,STRO~IS IS ESTAALISHFD.) 
----- 24 FoRIIAT(1x,40HpOTFNTtAL ENERGY VFRSIJS DISTANCI=-TARlEs.\ 

- 25 FORIIAT( 1H1) 
27FORMAT(1X.2x.!2.RX.~7.3.~X.4(IX.~18.8;1X» 

--- -- - -- ---- 2i.r-~ 0 R ~1Af(fX; 2 x • 1 H K • ilx 11)( • 5 HZ A ( 10 • 1 3)( , 1 0 H PHI IT 0 TH) , 11 x; 9 H P H t ( D I S P) • 1 ? -- --------- -----,-x .1Ir/PHI (R F. P) .13x, 9 HP HI (F. L Ee) ) 
---"- -- - -~- --- -----~ . - - --_. .. -- - -



.... -_. - .-.---.----- -·--·2~--PORr·,A·T(1)(,25Hr.,AsTER LATTICe TApF. READ.) 
30"J:o;f('1AT-cfx';22HGRln POINT NOW IS !_ -(~12"'H"ft'~fHi)- --.-.-. 

~31-FO!lt~AT(1X,30Hf.JO MINIMUM DETEr.TEn AT POINT (,T2,1H"I2,1H» 
32-F·ORMAT-(1H1,1X,45HOlJTPUT OF AlL PHI (MIN) VALU"S AT GRI"POI~TS.) 

.-~.-~~--~.--- - 33 ~o~r~Af(2I3,4F6.3) 

:5 4 .. FO RM AT (3 X , 1H I , 4 x , 1 H J , 8)( • 2 H l( G , 9 X • ,11 VG, 8)( , 8 H P HT (I~I N) , 9 )( , 6 H 1 ( M IN) ) 
-.----... -.- .. -.------ - -- - -- --- 3S -J:ORr·1AT (2x, 12, 2X 112,1)(,4 (2)(. (;12.5) 

37 FORMAT(/1X,23HWITH SUMS OVER NEAREST ,I3,41HTONSVOlJ ~Ave EXCEEDED 
f ~OUNDS OF CRVSTAL •• /1X.38HDISREGARD THIS GRID POINT CALCULATIONI) 



-------- TRACF. 0 
SUQRnUTINE RANGLF(XO,Vn,zn,X,V,Z;R;CX,CV,CZ) 

-- .-. --- -- rj)f:ixo,;"X 
---DV-vn-V 

--- ---------rii .. -z 0-;' Z 
.--------- D2)(~nX .. DX 

D2V::oY*DV 
D2Z=flZ*D7 
R=SQRT(D2X+D2Y+02Zl 

------------- RXV-=SQRT(02x"'n2v) 
-- - - -_ .. -... _ .. " .. _-_ .. --Y F' (OX}, ()1 ,100,-' 01 

---1-00-CX oi o. -
-- - ---

GO TO 102 
-1- 01 ex- nil RXV 
-102-IF(l)v)104~103,104 

--'-0:';-(: v=15.-
-- -- ----- ---0('--1'ii- 1 (I 5 -
------------------------1-64-cv;'-Livl RX v 
"--------... -_ .. -- - -- ----.---- :;O~- Ci='-Dfl R 
-------- .-- ---- -RE T LJ R N 
---~------ 'I; tJ D - . 

--_ .. -----. - --'--. - ------------ ':UN C-T I ON D I s p (Cr;, R) 
--,--.------- .. --- ----01 S-P-=Ct;*R** (-6) 

--~ ~T I,-Ii N 
- END 

FUNCTION REp(A,R,Rl 
---- ---- R E ~'-=A-. F: X P (. B* R) 

--- - ----- -R E T LJ R' ~j 
.. - - ----•.. -_.-.----,-----

HIf) 
----- S lJ~RotJTl NE TAPE TRD 0005 



-- -- - co M 1-1 0 N X ( Cl 9 9 ) , V ( Cl 9 Cl) • Z (999 ) I N IJ M HI 0 , ION N ( 999 ) 
PEAr>(4-,41 )NO 

- - RE AD( 4 , 4? ) (X ( I ) • V ( I ) • Z ( Il , ! 0 N N ( I ) , 1=1 , NO) 
- --4T-FO~~'AT( B) 

_~..:.. ~~--~: = =-=~4?1i 0 RrlA. (~ 3F 16. 1 0, I 3) 
RF.TIJRN 

--~---- - - --- -- - -- -- -- -- ----- --- -- -- --

E fj 1\ 
-- -- -----

TR!) 0010 
TR!) 0015 

- - TRII 0020 
TRII 0025 
TRD 0030 
TRIl 0035 
TRI) 0040 



~UARnUTINE POTHIN(X.V,N.ACC.XMIN,VMIN) --_. .. _. -

c *************.*.****************************.**********.*.************* ••••• *. c ~. . 
c· ~.-. . .. . 

. -.. -..... -... _.-............. - ··-c··~· ._-... - .- .. -

c " 
r. " 

·c * 

SURROUTINE POTMIN 
J.C.R.WALDSAx.,OegT.OF CMEMISTRV. 
IJNIVFRSITV OF TeCHNOLOGV,· 

LOIJGHROROIJGH,LEICS. DATF!- APRIL 1970 

... c " 
C ~.Tf1 Is· SUf1~OIJT I NE ! D USEn TO FINn THF MI N IMUM OF ANV ~UNr.T!ON, F (X) , WITH HJ 
C " A GIVEN RANGE.THE ~UN~TION I~ ~PECIFIeD BV AT IEART FIV~ S~TS OF COORDI
C .~~ATES AND THESE SHOULD ONLY HAVE A SINGLE MAXIMUM OR MINIMIJM IN T~IS 

..... C·; R(GIO~J Af!DIJE SINGLE VALUED. 
C ~ 

-- --- - --- e ~- THE -PF~n"CEDIJRE-·JS TO 

C~··XCOOlfnIJlATE OF TH!' 
.... ... ·C.-1Jf'-'ITOfl";RAPHSON TO A 

~IT A lE~~T SQUAReS QUARTICTO THE DATA.AND,USINGTHF 
MINIMUM ~(X) POINT AS INITIAL r.ues~.IMPROVING THIS RV 
USFR SpECIFIED ACCURACV(PERCENTAGEI. 

r. " c·; INpUT~RGUMENTSI- X-AN ARRAV CONTilNING X VALUF. 
c .. 
C ;, c· --;, - .. - ~- - ---

V-AN ARRAV CONTilNING V VALUFS 
N-NIJMBER OF pOINTS TO BE FITTED· 

ACC-ACCURACV OF N-R IMPROVeMENT(SUGr.~~~ .. .. c:..-;;-- ---
c .. rfUTPUTARGIJI·jF.NTS :-XMIN.) 
r. .. -cOORnINiTES OF MINIMIJM. 
c .. VMIN.) 
r. .. 
c .. INPUT AR'1UMENTS ARF UNCHANGED Ml RFTURN 
C .. ----, ------.-

C .. 
---- --- -- ---- -- - ---- - - --- ----

.01 0/0) 

" .. .. .. .. 
" 
* .. .. .. .. .. .. .. 
" .. 
" " .. .. 
" .. .. .. .. .. .. .. 



c .. 'ERROR RETURNS:-ON DETECTION OF A SpURIOUS MAXIMUM A ME~sAGE TO THIS 
C .rEFFECT IS·OUTpUT ON CHANN~L 2 AND P~OGRAM IS HA(TED '02'.' C • ______ ~ ___ R~ __ -

C .. CURRFNTMODI~ICATIONS 
C .. NAME,-J.WALDSAX DATE:- APRIL 19'0 
C .. ONLY U~·TO SIX POINTS MAY RE FITTFn. 
C~POINT NlJr'DER FOllR TS TAKEN Ao:; MINIMUM VAllJECTO BP. HTERFD TO FIND OWN) 
c • -.---.-------.-
C .. 
c.. '-r,TN OT.:T!, i-"--TH I S SUBROIJT I NE CAt LS SUBROUT I N F P 4s0LVF.. WH I CH 
C~-rCOljiY FOUND IN TeL 1900 SERIeS LIBRARY SR~7. IP TMB LlBI1ARY IS NOT 

-c'~ ACCESSEP ON LINE AT CONSOLIDATION THE SUBROUTINH WILL ~AIL FATALLY 
C .. 

.. 
• .. .. 
• .. .. 
* 
11 

• 
• .. 
• 

c -.-~ '* "" * * it·.-*";'; *-. * .-11'" -ok * .... 'N" * ... * * * .. * ..... '* .-* '* * .. .-.--.. * .'.' ... * -it" • • -.*' • .-. w' ..... * -If * * * * ...... * .. * * .'. * * * ..... - _. REALNU,,-
~~--,"-' --.-.----.--o·-····DIr~ENSI()N X«(,'-,Y(6).AC:!5),B(~).R"INT<26) 
~--~--- - .-.-,-.-.-.-~ ... _ .. _-_ .. _---,---_.- -- --------

__ ......... 0 ••• __._._ • __ 00 ......... R ( 1 ) = 0 • 
A(2)=0. 

-.--.-.-,,--. ,\"( 3 )--:1 0-. 
9(4)=0'

- ·,f(5j:O.· 
A( 1 )':i°N' 

- .-.. -~.- -_.-- ..... -.. - ---:--(2) -;'(f: 
A( 3 );'0. 
A(4i=O. 
A(S)=O. 
A(10)=0. 
A (15) :0 o. 

-·--~f (20' == 0-. --" .. -- ---- -- - -
.--~ ----- '·0 --0 A ( ? 5 )= o. _. 



-150-1(10-1=1,N 
11(1)=9-(1 '.Y(t) 
~(2)~B(2).X(!)*V(t) 

----- -- R -( 3 ) -=- S" ( 3 ) ... X ( I ) ,., X ( I ) ... V ( T ) 
R(4)~B(4)+Y(I)*XCt)*.3 
B(S)=a(5)~V(r)*XCI)*.4 
A(2):A(2).X(I) 
A(3)=A(3).X(t)*XCI) 

-A(4)=A(4\.X(I)**3 
-A (5 l= A ( 5) + X ( I ) .... 4 
An 0) = A (fa) • x ( I ) .. 5 

-- - - - --- - --- -- A C15 \-= A ( 1 5) • x Cl ) .. 6 

A(20'-"A(20)+xCl )**1 
Ae2s,=Ae;lS).x<! ) .. R 

'100 CONTINUE 
--- --------. A-' 6) =-A (2)-

----- .------A(7)=A(3) 
------------ --- ------- -- ----~----- -A-( 1-, ) -a A ( 3) 
-- ----~---.--------------- "-" ---- ----jr(~-)--=-A(4) 

----- A(121=A(4) 
---- Ae 16 ) .. A( 4) 

----~--A-(9):A(5) -

-:~ --':::=-=-A( 1 3 l= ti(S ) 
A(17)=,\<5) 

--.-( 2'1 )=A( 5) 
A(14)=A(10) 
A(111\=A(10) 

---A(22)"A(10) 
----A-( 19 \ = A (1 5) 

- .---- -_ .. _- A-(23,-::A-(15) 



~---.--~- ~~---~-~ ~~ A( 2 4,-"A( 2 0) 
~--~---~ .----- - ~ C A Cl: F 4 SOL V E ( A , fl • 5 • 25 • 5 • 1, 11 • I 0 • t T·, ReI N T'-

.------.-... ---. --C-_- .. ;"-.. ':"B(1)'~B·(5)CONTAIN COEFFS AO-44 FOR QUARTIC IN"X.XCl.,tg -OUR FIRST 
c~;'-;'~;:'';GUESS AT MIN FOR NFWTON-RAPHSON IHPROVEMENT WHtr.M FOLLOWS, 
. -- _. OLDA"X(4) -

. ~ -.~ 00 - F 1 Xc R ( 2 ).0. 2.~"; D (3) .0 l 1'1 A;" 3 •• El ( 4) '" 0 L 1'1 A. 0 I. D A" 4 • '" El ( 5 '.0 I. D A ** 3 
-~~-~-~ -~~-~~~~~~~-F2X =:1 ~* [;(3 )+6. '" fI (4) *0 L DA+1 :1 .• a (5) '" 0 L DA '" 0 L DA 

- NUA=QLDA-F1x/p2x 
- ERR=A~5(F1X/F2X)/OLnA"'100. 

1'1 LI>A = rH! A 
IF(ERR-ACC)300,300.:100 

-.. ~~~ ~OOXtllrJcNtJA 

--,.-------- ------ --- --- --- ---'it1 fN=R-( 1-) .-8 (2)'" tJtJA+R (3) *NUA * ~JlJA+e (4)". NUA*.3+R (S) *NUA •• 4 
-------------- fF (FtX)400~500,500 
--.-- ... ,--,- --1..00 - (iR I TF. (2-,1) 

~~~~- 1~·~FORt'AT(1X.25HSPllRIOLJS MAXIMIJM DETeCTED) 
·--:~:-:-_~~:~ __ ~~~·~~oo ~RETURtJ 

END -- ----------- - --~ I r~- r~,fH--



PR~GRAM H1~1 



·~ PROGRAf1 (HBn 
Cor~PRESS INTEGER 
fNPUT1=CR7 

--- - - OlJT-p(JTt::lPi' 
- ---- --- nUTptJT3-=MTO lFORI,1A TT~n-( SUR P nAT'AF I LE (3,100-' )--- ---- --- --- ._ .. '~h~-ACE -1 -

----- ---~. - - F. N r'-
c -..; * * -. *.,; .-*-... *-* * *." *." ... * * • ." * .-.:. * ......... * *.- .-. * .. *. * * ..• -•• -it .-• •• * .. * •• if-.--.'. * .-."w .. * .. "" ........ *".. .. 
C~ ~- - .. 

c-~ LATTIce 5111-1S MASTER TAPE pqnGRAM .. 
--c---~------

c .. • -------- -~~---- c .. J,C.R,WIIlDSAX .. 
C .. DEPT_ OF cHEMISTRY; .. 

-- -- -- ._---_. . -- - ---

C • UNIVeR~ITY OF TECHNOLOGY .. 
C~ ~~ --~~ Lnllr.HBOROUGH. .. 
C-;;~------- lElr.!;, .. 
-c-~----~-~ 1970 • -------------- ---~--- e .. .. 

C .. 'It*'II •• ***** •• * •• *.* •••••••• * ••••••• *._._ ... * ••• * •••••• **** •••• *.*****.***** ••• 
~,jASTFR LATSTRUC- -~-

c •• *****~*.**.******* •• **.*.********* ••• *.*.**.******* • • * •••••••••••••••••••••• 
c _~ .. 
C.. Ti-IfsPROGRAM CREATES MA!lHR TAPES FOR PROGRAM H11 RC LATTlCF SUMS) ANo .. 
C .. -AEOUIRE~ A PERMANENT HAG TAPF. IT NAMES THIS ~UR~nATA~!LE( ) AND STORES- .. 
C + r H ~ x, Y, Z COo R 0 I N AT F. S 0 ~ AL l 10 rl S ; ~J I T H THE I RIO td! C CH A R G F. S - AND LI n S THE ~ • 
c .. ~ SE H ~ FO R F W RI TI N r, T H FIN 0 I R Fr.O R n S TOT H E t~ A G T.l P F F It E , FIR H F I Le RE COR 0 .. 
c .. f~ ALWAYS THE NUMAER OF RECORDS FnLLOWING IN THE FILF.nNE ~OR EACH LATTI~ * 
C + ~CE JON. TITLE INFORMATION IS IIOT OUTPIJT ONTO THF FILF AS HEADER.' • 
C .. • 



c· 'It" .i,-*-t-:-* ,,-* *-. -.*~ *** ** .. * ***** **.-.**. *.*. <If ******** ** ...... *.*.*.* ... * .. *.* ***** .. ** •• *.* .-
r. ,. ., 
c-- ~*1'1:* *** .-... *"** *** * ***~ .. *. 'It.* .* ..... *.* *-.it •• • ** •• • -• .,i, •• * ••••• -... -.* ••• * • .-.... ** .-***.* w'--c-:- Or 

c .. tNPIIT DATA-,. ., 
c ,. 5XTITLF CARDS 110A8) ~ 
C ., '.T,t~T,NT c:H2) ., 
C ,. 4.9 r2F10.0) ., 
c ,. r.(1) ••. CINT-1)(10FA.O) ., 
c " --- 'ATTlce ION DeCK FOLLOlJS:-

- r,- :~- - , • f~ • N " 0 N 1 41 5 ) 
"--- -- ------ ~- --- . C.. T F. R M I N A TOR f 9' ( 19 x , f 1 ,-

C ,. • --.. -- .. - --- "-- - - -- -c .****w**.*** .. ****.*.*******.*.*******.* .. ***** .. *.** •• *. *.~ •• **.** ••• *.** •• ***.* 
D ItIE NS ION T i TL E ( 50) • r. ( 1 5) , L AT ( ~ 0 • 2 O~ ro ) 

- -------- C-('-MMCfN - X (999) , V (99Q) ,Z (999) I Nur~ / NO, I ONN (999) 
- -- - ----- --- R"e AD (--,--,,-) --( "(I T LE ( J 1 ) , 1 1-1 • 5 I)) 

- ._- WRIT"('" 2) 
._- .-, --- -,------ iiR frff( 2~ 3) (TI TLF. (I J) ~ 11 =1, 'iO l 

REAo(1,S)LT , MT,NT 
~EAD (" 6) A I B 
NNT=tJT-1 

""" --READn ,-7) (C(NN) .NN.1.Nr.JrI 
DO ')9 '~=1 I NT 
D"099 r~=1 I NT 
no 90 L=1 I loT 

(19- lA T ( L, fI ,N) .. 0 
NODO 

_j9 9~-1i E A f)c-1 I 8)L I-M IN, ION 
IF<ION.Efl.9)GO Tn '99 ._---_._--_. -- ~-~-----



NO"tJO+ 1 
(;0 TO 199 

i99 ~RITF(2.Q)NO 
I·JRlrF(2.10) 
~JRITF(2011)A,R . 
WRITF(2,17.) OJN,CINNl .NN=' ,~Jtn) 
Cran. 
DO 399 IHJ,,1 , !-INT 

~-99 craCT+C(NN) 
AXil (LT;;1) *A' 
RY,,(MT';1l*13 
IJRITF(2,13)AX,Bv.CT 
CTIIO. 
I=O. 

-----00-499 N=1, NT 
IFTN-.f6,1>Qo TO 10J 

-------6-" C T + C OJ" 1 ) -

-103 Dl)l 02 M,,',-MT 
00104 L.1, LT 

-' f'_ ( l. A T ( L • ~, , N l ) 1 C 1 , 111 , 1 01 
1'01 1=1+1 

ii-(I):d C':1 )<lA 
'y(!)a(11-1)"B 
,-it) ,,';'CT 
ybNNII)=LAT(L,M.Nl 

111 CONTHJIIE 
;;04 CONTTNUE 
1 O?'CIl"i'r nHJE 
,,99 CoNTINUE 



~~-tF(LEQ.NO)GO TO 105 
10i'WRITI'(2~19) 

STOp 
. 1 () 5 ~w R IT F( 2, 20) 

-.~.-------- ---

WRITEC2,71) 
00599 X .. 1,NO 
IFCIONNCI»106,107.10B 

·,06 I~RITF(2;22)I,XCI1.V(T),Z(I).IONNCIl 
GOTO 599 

., ():3 ~IR I T E -( 2, "3) 1, XCI 1 , V ( I ) , 7. Cl ) • ION N (I ) 
~ __ ~-:===~--~ ~-~-~-~9Qr.otm tWE 

CALL PUNCH 
1 FORIIAT(10AB) 

~ Z-FOHt1AT (1 H1> 
--- ---------- 3--"foRr4At-(fx-,1 bAlD 

.... 5~~~~o RMAT (3 T 2) 
.._-- ~--(,~ FORMA TC 2 F 10.0) 

--------- -- -"--FORt1AT(10FB.O) 
----:1--- P:lfRf4-"T-( 4 J 5) -- - ,- -----

r) ~ORMAT(1X,36HTHE LATTlCF. HAS NOI.! nF.ENFILLErl WITH;1X.r3,1X,4HIONS) 
10FORM~T(1X,35HLATTICF. CONSTANTS,(ANGSTROM UNITS).) 

. , 1--~ 0 R f1A T ( , X , 2 H A" , F ~ • 3 • 11 X • 2 H 11= • F 5 • :0 
... ~.- ..---~--, ;>. i: 0 R t~AT( 1 X , 5 Ht A V F. R , t 2 • 1 X • 2 H e = • ~ 5 • :0 

-------------- --13--~-ORf4A-'f(1x,'7HlATTIr.F. NeAsURE~ ,FA,2,1X,3HBV ,F&.i,1x,3HBV ,F6-.-2) 
19-FORMATC1H1,82HCONFIJCIOIJ5 HE ~"y, "VOUTH WHICH CANNOT COUNT ATOM ~H 

10ULO NOT HEsS WITH CnM~UTeRS.") 
20 FORMAT(1X,40HLATTICE STRUCTuRe COMLETELV SVNTHESI7.en.,/1~,86HTHE C 

~60RD!tlATFS OF ALL ATOMS WITH THeIR IONIC CHAIIG~!; HAVF BE~N OFF-UN 
~ _ ~ ~: -i F[) AS F 0 I LOW S : .. ) 

21 FORIHTC2x,1Hl ,4x.4HXCI) ,6X,4HVCI) ,6x.4HZCI) .~X,4HTVPF,4X.6HCHA~GF., 
- - - --- .. - - --



11> 
22 FORMAT(1XI13.2X.F6.3.4X.F6.3.4x.F7.3.3X,5HANtON.5X'I~) 
2J FORttAT(1X.I3.2X.F6.3.4X.F6.3.4X.F7;3.2X;6HCATInN.5X.I2'

~T(lP 

I;ND 
.... SUR-ROUTINE PUNCH 

COMMO~XC9991,Y(99Q),Z(Q991/NUM/NO,InNN(999) 
WRITF<3,3(J'NO 
WRITF(3,31)(X(I) .VC!),7rI).IONNC!),I=1,NO) 

3() FORMAT Cl 3) 
31~~OR~AT(3~16.10'T3) 

ENOFILE 3 
RETuRN 
END 
FINI~H 



APPENDIX B 

Ross Isotherm Tables 



2 A I R T B= 0 • ,_ ___ _ _ 
P/K. ,. .1,5 3 .. 5 7 10 50 100 200 500 .. 1000 5000 
O. 001 - O. 06180. 03800. 01 39 O. 00640. 0041 0 • 0 0 ~ 80. 001 i? 0 . 0011 O. 0011 0 • 001 00 • 001 00 • 001 0 
0.002-0.07930.05250.02~50.01150.00770.00540.002S0.6o~2O.00210.00200.00260.~020· 
0.003 0.09100.06270.02930.01600.01100.00780.00370.00330.00~10.00300.00300.0030 
0.004-0,10010.07090.03510.02000,01410.010~O,00490,OU44n.ob420.0u410.00400.0040 _ 
0.0060.11390.08370.04480.02710.01980.01470.00730.00660.00b~O.00610.0D600.0059~ 

.-•. 0 . 008- 0 • '-2440 . 09 370 • 0529 0 • 03340 , 02500 • 0 1a 90 • 0 I) 960 . 00870 . 00830 • 00800 • 00800 • [) 0 79 _ 
0.010 0.13310.10210.05990.03910.02980.02500.01190.01080.01030.01000.00990.0098_ 

. --- 0.020 -0 .16230 .13130.08640.06190.05000.04050.023'-0.02110.02020. 01960. 019~'-O, 0193---
0.030 O.18100.15070.10540.07940.06620.05550.03360.031UO.02v70.02890.02860.0284 
0.040-0.19510.16550.12050.09390.07990.06830.04360.04040.03880.03780.03750.0372 __ 
O,0500,~0630.'7760,'3310.'0630.09l00.07980.05300.04940.04150.04640.04610.0457_ . 
0.060 O,2,580.18780.144'0.'1730.10~90.09030.06~00.OS800.05~90.05470.05430.0~39· 
0.070 0.~2400.19610.15370.1~720.1'l70.10000.07060.06630.0641O.06l70.06~30.0618 

.. O. 080 O. 231 20 . 20450. 1 6240 . , :5 6 2 0 • 1 21 70 • , 089 0 • 07880 • 01420 • 07'-9 0 . 0 1050 • 0/ () 00 • 0695 
0.090 O,23770.21160.17050.14440.13000.11730.08660.08190.079~0.07800.07750.0770 
0.100~0.24350.21810.~7760.15200.13780.125'0.09410.08930.08680.08530.08480.0842 
0.130 0.25840.23450.19640.17210.15830.14600.11500.11000.10740.10580.105l0,1046 
0.~70:0.27390.2519ri.21610.19400.'81~0.16950.13970.'5470.,3 2 00.1 5 040.12960.1292_ 
o • 200 O. 28360 . 2627 0 • 2294" • 2 0 8 0 0 . 1 9 5 8 0 • 1 8 4 8 0 . 1 5 6 2 0 • , 51 :5 0 • , 4880 . 147 2 0 • 1 4660 .1459' __ 

.. ---- ------- 0.250 -0.29700.27790.24750.22800. c! 169 0.2 U680. 1 8070.17630.17390.17240.171110. , 71 2 
0.300 0.30810.29050.26270.24490.23490,2l580,20230.19830.19610.19480.19430,1936-

. 0.400 0.32590.31080.2873n.27270.26450.25710.23870.~3560.23400. 2 3300.23260,23 2 0 
0.500 0.34000.32690.30700.'9490.28830.28250,26850.26630.26~2O.26450.26420.2~36 
0.600.0.35160.34020.32331'1.31540.30820.30370.29360.29220.29150.'9100,29090.2903 
0.700 0.36'40.35150.33730.32930.32530.32200.31~30.51450.314'0.31390.31380.3133 
0.8000.376oo.36140.349~O.34j20.34020.33790.33410.333,O.33380.353~0.33380.3333 . 
0.9000.37770.370'O,36030.3~5~O.35350.3~200.35080.551JO.35130.3'140.3~150.3S09' 

·'.000 O.38450.37ROO.37000.36660.36540.364/0.36580.36640.366~0.36710.36720.3667. 
_1.200 0.39640.39170.38690.38580.38600.38670,39'40.39270.39350.39400.39410.3936 

. _1.400 O.40640.40330.40120.40210.40340.405;!O.4,290.414f>O.41560.4,630.41650.4,60. 



. .--. - 2A/RTB = 0.2 
-------. --.--. --- ··-·---P/K ,- ---C5 3 5 7 10 50 100 I! 00 Soil 1000 5006 

0.00' 0.06240.03840,01410.00640,00410, OOl80, 00' '0,00' 1 /),001'0,00100,00'00,0010 
- ···0,002 0,08000,05360, Oa70. 01160, 00770,00540.00'50,00'20, ooc:, 0, OOIi!OO,OO'OO, 00 20 

0,003 O,09'90,06340,02950.01610,01110,00790,o0370,oo330,O~310,00300,00300,0030 
0,004 0,10100,07160,03540.02010,014'0,01020,00490,00440,00"0,00410.00400.0040 
0,006 0.11500.08450.045~0.02740,01990.01480,00730.00660.006'0,00610.00600,0059' 
0.0080.12560,09470,05340.033/0,02520.01 910,00960, 00870,00830 ,OOI!' 0.00800,0079' .... ----.-
0,010 0,13430,10310,06060.03950,03000,0,310.01'00,01080,01030,01000,00990,0098 
0,020-0,16370,13260,08740.06250,05040,04080,02320,01120,02020,01970.01950,0193 . 
0,030 0,18260,15220,101'>50.08030,06680,0:)580,03380,03110:0,980,0'900.028/0,0'85 

... __ 0,040 0, 19670,16710,12180, 0949(), 08080,06890.04380,04056,03890;0 38il-o, 03760,0373 
_____________ _ ____ 0,050 0, l08, 0, '7930,,3460.10750,09300,08060.05330,04960,04770.04660, 04630,0459' 

0.060 O,21760,18960.14S(0.11870.10400,09130.06l40,05830,05b20.05500,05460,0542 
0,070 O,22590,19850,15540.1c860.11400,101'O.07110,06670.06450,06310,06270,0622 

------- ....... 0,080 ·0,23310.20650. 164i! 0 . 1317 0,12510.1 1010.07940.07480,07240,07090,07050,0700-
0,090 O,23960.21360,17l~0.14610,'3'50,11860.0R730.08250,08~10:07850,07860.0775 

. 0,100 0,24550,22010;17950.15580,13940.12650,09500,09000,08 75 0,08590,08540;0848 
o • 1 30 O. 26040 . 23670 , , 9850 . , 141 0, 1 6030 , 1 4 780 , 11 620 . 11 , 1 0 , , 0830 . 1 0670 , 1 061 0 , 1 055 

...--- ---- -.-.. - ·0'-' 70 0, 2761 0 , 25420,219 (j 0.19630 , 18340, 1 71 60 • 141 20, 1 j 6, 0, 1 3 j 40 . 1 31 70, 1 31 , 0, 1 ,) 0 5--
0,200 0,28580,26510,23190.210)0,19820,18710.15800.15310,15040,14880.14820,1475 

···0,250 0,29930.28030.25010.23070, ~1960, 21l950. 18300,17850 ,176()O,f7450 .174QO.H 33 
0,300 O,31040,29300,26540.24780,23780,2~870.20490.~0090,'987O,19750,1~690,1~~2 
0.4000,32840.31350.29030.21580.26770.l6040.24200.23890,23730.23620.23590,2352 
0.500 0,34250.32960.31010.29830,29180,28610.27230,27020,26900,26830,26610,2675 

. 0,6000,35410,34300,32660,31700,31190,30760.29790,29650,29580,29540,29530,2947-
0.700 0,36400,35440,34060.33300,32910.32600.31980.31910,31880,31870,31860,3180 
0:800 0,37270,36430,35290.34700.34420.34210.33900.33890.3389O,33890,3~890,3384 
0.9000,38030.37310.36380.3)940,35760,35640.35590.35630.35650,356(0,35680,3563 
1,OOOO.38720,38100,37360.37060.36960,36920.37100.j7t~o,37230,37260,37270,3722 

__ _._______ 1 , 200 0, 3991 0 , 39470 , 39060 . 3899 0 , 39030 • 39 1 30 . 39690 . 39640 , 39 <} '2 0 • 39980 , 40000 , 3995 
... 1,4000,409~O.40630.40500.40630,40790,41000,41850.42050.42160,42230,42250,4l~O 



_ __ .. _ ____ _ 2 A / R TB" 0 , 3 _ . 
P/K11.5~ 3 5 7 10 50 100 200 500 1000 5000 
0,001 0.06300,03880.014~0.00650,004'O,OoZ80.0b'20,n0110.0n110.00100,00100,0010 
0.002 O.08080.05360.02~90.01170.007l0.00540.00~40.00~2n.OO~1O.OO~OO.oo~oo~no'O 
0.003.0.09280.06400.02980,01620.01110,00790.00370.00330.00310.00300,00300.0030 
0.0040.10200.07240.03580.02030.01430.01030.00490.00440.004~0.00410.00400.0040 
0.006 _ 0.11600,08540.045'10, OCU60. 0201 0.01490.00730. 0066(}. 006'0.00610.00600.0059' __ 
0.008 O.12680.09510,054UO.03400.02530.0,9~O,00960.00870.00830.00810.00800.0079' 
0.010 0,13550.10420.061 lO. 03980. 03030.02320. 01 ~oo. 01 090.01030.01000._00990,009_8_ 
0.020 0, 16520.13400, 08830.063' 0, 05090.04120.02320.021 20.0 i 030.01970,01950,0193 . __ 
0.030 0.18420.15370.10770.08110.06750.05630.03390.03120.0299O.02910.02880,Ol85 . 
0.0400.19840.16880,123l0,096UO.08170,06960.04400.04070.03910.03810.03780.0375 _ 
0.050 0.20990.18100,13610.1U880.09410.08150.05370.04990.04800.04080.04650.0461. 
0.060 0.219S0.19140.14730.'2000.10520.09l30.06~80~05870.05660.05530.05490.0544 

__ .... ___ 0.070 0.22780.20040.157 20. 13020.11530.10220.07160. 06710.06490.0635 0.06300.0625 
0.080 0.23510.20840.16610.1J940.12450.11140.08000.07530.07c90.071100.07090.0704 

_ 0.09 ° 0.24160.21560. 17410.14 f 80.13310,12000.08810.08320,08060.07_910.07860.0180_ 
.0.100 0.24756.22220.18150.~5~60.14"0.12800.09580.09080.08820.08650.0B600.0ij54 
_0.130_0,26250.23880.20070.1/6l0.16220.14960.11740.11210.10930.10760.10700.1064 
_0.170 0.27830.256S0.22140.19860.18560.'73~O.14290.13760.1348O.1 j 310,13250.1318 
0,200 0.28800.26750.2344n.21300.20070.18940.16000.'5490.15~20.15050.1 4990.'492 
o . 250- O. 301 60 • 28280. 25213 0 . 23340. 22230. 21 21 O. 1 8540 • 1 8070 • 1 't 112 0.1 7670 .1761 0.1-/54 
0.300 0.31280.29560.268~0.250io.24070.23160.20770.20360.20130.19990.'9950.1988~ 

:0.400-0.33080.31620.29330.27900.27100.26380.24540.24230.24070.23960.23950.2386 
0.5000.34500.33240.31330.30110.29)30.28910,27630.2(410.27300,27240.27210,2/15. _ 
0.600.0.35670.34580.32990.32060,31570,311~0.30~20.30090.30030,29990.29980,2992 
0.700 0.36660.35730,34400.33670.33310.33010.32450.32390.3l370.32360.32350.3230 

. ---- 0.8-00- 0.37530.36720.35640.35080.34830.34 640. 34390.34390.34400.344' O. 34410 • .s 4 36 . 
0.900 0.38300.37610.36740.36340.36180,36080.36100.36160.36190.36220,36230.3618. 
1 .000 0.38980.38400.371 c! 0 . 37460.37380,37370.37630.37730.37790.3/830.37840.3779' 
~1.200 O,40180.39780,39430.39400.39480.396UO.40250.40410.405,0.40570.4059U.4055_ 

.. 1.4000.41'90.40950.40BfO.410S0.41240.414dO.42430.42640.42/60.42840.42870.4282 



2A/RTB .. 0.4 
~----------------piK-----f------1~ 5 3 5 7 10 50 100 200 500 t 060 5000 

o • 001 -- 0:-0637 o. 0392 O. 01430 . 00650 • 0041 0 • 00280 • 00 1 20 . 00 11 0 • 001 1 0 • 001 00 • 001 00 • 001 0 -
-- -0.002 O. 08160.05410.02310.01 170.00780.00540.00 25 0.00220.00 210.00200.00 (00. U 0 2 0 

0.003-0.09370.06470.03010.01630.01120.00790.00370.0033O.00310.00300.00300~0036-
--- 0.004 0.10300.07310.03610.02050.01430.01030.00490.00440.0(J420.00410.00400.0040-

0.006-6.~1710.08630.04620.02780.02020.01490.00730.00660.006 2 0.00610.00600.0059' 
-------------------0.008: 0.12790.09670.05400.03430.02550.01930.00970.00870. 00830.00810.00800.0079' 

0.010 0.13680.1Q530.06190.04020.03050.02340.01 200.01090.01IJ30.01000.00990.0098 
----- - O. 0 ZOO. 1 6660. 1 3530.08930. 06390. 05140. 041 50.0233 0 . 02 t 30. 62030 . 01970.019-6 (j • Cl 1 9-' - -- - I 

0.030 0.18580.15530.10900. 08~1 O. 06820.056110.03410; 03130.02990.02910.02890.01::86 ----
-0.040 0.20010.17040.12460.09710.08260.07030.04430;-04090. 03 ~'2 0.03820.0 3790.() 3 76 ---
0.050 0.21170.18280.13760.11000.09520.08230.05400.05010.04820.04700.04670.0463-

----- - --------- - --0.060-0.22130.19330.14890.12140.10640.0933 0.06330.05900.05690.05560.0552 0.0547 ---- - ---
0.070 0.22970.20240.15890.13170.11660.10340.07220.06760.06530.06380.06340.0629' 

-- ----- ---0.080 O.2370n,,-Z1040.1679().14100.12600.11270.08070.07590.073 4-0-.-07190.0-7,-40.-0-708----------
0.090 0.24360.21770.17610.14960.13470.12140.08890.08380.08120.07970.oi910~0786: 

·0.1000.24950. 224to .18360.15750.14280.12960.09670.09160.08890.011720. 08660.0!l61·· 
0.1300.26470.24~10.20300.11830.16420.15140.11860.11j20.11040.10860.10800.1073 

-~.. - ------- O. 17 0 ~ 0 • 28050. 25880. 22380 . ~ 0 1 00. 1 8790.1 7600. 1 4450. 1 :s 9 2 0 • 1 3630. 1 3450 • 1 3 39~ .1 332 
0.200 0.29030.26990.23690.21550.20320.19190.16190.15670.15390.15220.15160.1509' 

- -- - --- -- - --" .. -" - -" -- 0.- 2 5 0 -- 0 • 3039 0 ~ 28530" 2 5 5 5 0 • 2 3 6 t! 0 • 2251 0 , 21 490" 1 8 '180" 1 8 3,- 0 • , 8 0 5 0 ~ 1 7 8'i o· .-17830. 1 776-- - ------ ---- -

0.300 0.31520.29820.27110.25370.24370.23400.210bO.20640.l0410.~0270.2~220.~d1~ 
-O.400-0.33330.31890.29640.28~30.27440.26720.24890.Z4580.24420.24310.24280.242~ 
·0.5000.34750.33520.31650.30)20.29900.29350.28030,27830.27720.27650.27630.2757· 

---- ------0 • 600· 0.35920.34870.33320.32420.31950.31 ):; O. 30670. 30550.30490.30460.30450.30 3 9~ 
0.700 0.36920.36020.34750.34050.33710.33430.32930.32880.32870.32860.32860.3280 
0.8000.377YO.37020.3S990.35470~35240.3)070.34900.34920.34930~34950.34950.3490 
0.900 O.38560.37910.370YO.36130.36600.36)30.36630.36700.36750.36780.36790.3674· 

. 1.000 0,39250.38710.3801:10.37860.37820.37830.38180. 3b290. 38360. 3tl41 0.38430.3838 
1.200 0.40450.40090.39800.39820.39930.40080.40820.41010.41110.41180.41210.4116 

~--:-:::--::---1. 400 0.41470.41260.41250.41480.41700.41910.43020.43250 • 4339 0.43470.43500.4345 



_________ 2A/IHB= 0.5 
PI K ______ 1 _,. 5 3. _ 5 7 1 0 50 1 00 200 500 1 000 5000 
0.001 0.06430.03960.01440.00650.00410.00280.00120.00110.00110.00100.00100.0010 
0.00~0.08240.05470.023jO.01180.00780.00540.00~50.00l20.OO~10.00~OO.00~OO.OO~0 
0.003_0.0,460.06540.03040.01640.01120.00790.00370.00 j 30.00310.00300.00300.0030 
0.004 0.10390.07390.03650.02060.01440.01040.00490.00440.004~0.00410.00400.0040 
0.006_0,11820.08720,0467020~810~02030,O'500,00730.00660,00 6 30,00610.00600.0059 
0.008 O.12910.09770.055~OL03470.02570,O'940.00970.00880.00830.00810.00800.0079 
o • 01 0 O. 1 3800. 1 0640 • 06260 . 04060 • 03080 , 0 i! 3 5 0 • 0 1 ~ 0 0 • 01 09 0 • 01 040 • 01000 .0 1 000 • 0099 :_. 

- 0.020 0.16810.13670.09030.06460.05190,04190.02340.02130.0204O.01980.01960~0194 
0.030 0.18740.15680.110~0.08300.06900.05740.03420.03140.03000.O~920.02900.0287 _ 

. -----~ 0.040 -.0. 20190.17210.12600.091$20.08350.071 00.04450.04110.039'40.03840.03800.0377 _ 
_ ___ 0,050_ 0,21350.18460.1390(0.11130.09620. 083~0. 05430.05040.04840.04730.04690.0465 __ _ 

0.060 O,22320.19510.15060.1ll90.10770.09430.06370.05940.05f20.05590.05540.0550 
0.070 0.23160.20430.16080.133~0.11800.10460.07l70.06810,06570.064~0.06370.0633 

. 0.080 0.23900.21240.16980.14270.12750,11400.08140.07640. 07390 ,07230,07180,0713-
0.090 0.24560.21970.17810.15140.13630.12290.08970.08450.08180.08020.07970.07~1 
0.100- 0.25160.22640.18560215940.14450,,3110.09760.0Y230.08960.08790.08i30.0867-: 
0.1300.26680.24330.20520.18040.16630.' )jjO .1' 990.11440.11' 40,10960.10900.1083_ 

. 0.170 0.28270.26120.22630220350.19030.17820.14630.14080.13780.'3~90.'3530,'346 
0.200 0.29250.27230.23950.2'810.20570.19440.16400.15870.15580.'5400.15340.1526 

--------- 0.250 0.30620.28790.25830.23900.22790.21770. '9030. '8550. '8290.18-' 20."-110('-0.' 799' 
0.300 0.3'760.30060.27400.25670.24680.23770.2'350.2092D.20690.~0540.~0500,2042_ 

- 0.4060.33580.32'60.29950.28560.~7780.270(0.25260.24~50.24180.24680.24640.2457 
0.500 0.35010,33800.31980.30870.30260.29730.28 4 50.28250.28150.28080.28060.2800 __ 
0.600~0.36180.3~'60.33660.3l790.32340,319~0.3'130.3'020.30970.30940.30930.3087 
0.700 0.37'90.36310.35090234430.34'10.33860.33420.33390.33390.33380.33380.3333 
0.~60~.38060.37320.36350.35870.35660.355l0.35420.35450.354~0.35500,35510,354( __ 
0.900 0.38830.38210.37460.37'40.37030.36980.37170.37260.37320.37360.37370.3732 

--',OOO~O.39520.39010.3845n.38280.38260,38300.387'O.3~870,38950,390'O,390~O,389i
, • 2000 .4073 0 • 40400 • 401 80240 t! 5 0 • 40380 • 40570. 41 4, 0 . 4 ~ 61 0 • 41 730 • 41 81 O. 4, 830. 41 79' 
1.400_°.41750.41580.41640.419'0.42'70.42470.436 20.43880.4 4 020.441'0.44'40.4410_ 



_________ 2A/RTB- 0.6. __ 
P/K 1 1.5 3 _ 5 _7 10 50 100 200 500 1000 5000 
0.001 0.06500.04000.01460.00660.00410.00280.00120.00110.00110.00100.00100.0010 

---, --,-- .---------------- 0.002 0.08320.05530.02360.01190.00790.00540.00 2 50. OOl20" OO~, 0" OO-~OO,OOlOO. OOi!O--
0.003 0.09550.06610.03080.01660~01130.00800.00370.00330.0031O.00300.00300~0030 

_ __ _ _ __ 0.004 0.10490.07470.03690.02080.01450.01040.00490.00440.00420.00410.00 400.0040 
_____ _____________ 0.006 0.11940.08810.047' O. 0 ~830. 02050.01510.00730.00660.00630.00610.0060 0.0060 __ 

.0.008 0.13030.09870.05580.03500.02590.01950.00970.00880.00830~008'0.00800.0079· _ 
0.010 0.13930.10750.06330.04100~03100.02370.01200.01090.01040.01010.01000~0099· 

- - 0.0200.16970.13810.09140.06530.05240.04220.02350. 02140.02040.01 980. 01960.0'-95~ 
---0.030 0.18910.15840.11150.08390~06970.05790.03440.03150.03010.02930.02900~0288c __ __- -= --- = ~___ O. 040 _ 0 • 20360 • 1 7380 .1 2i' 4 0 • 09940 • 08440 • 071 80 • 04470 • 0413 0 • 0395 O. 03650 • 0382 O. 0379' ______ _ 

0.0500.21530.18640.14080.11270~09140.08410.05470.05070.04870.04750.047'0~046~ __ 
~~--- ---- ------- 0.060 -0 • 22510. '9700.15241).12"40.10900.09540.06420.05970.0 515 0.05620.05570.0553 

0.070 0.23350.20630.16260.13490.11950.10580.07330.06650.06610.06460.06410.0636'_ 
-0.0800.24100.21450.17180.14450.12910.11540.08210.07700.07440.07280.07230.071~ 

• - 0.090 0.24760.22180.18010.15320.13800.12430.09050.08520.08250.08080.08020.079~_ --~-=~ --- -=- 0.100 O. 25370.22850.18770.16140.14630.13280.09860.09320.09030. 08860.08800.011 7 4 
_ _______ _ O. 1 30_ O. 26890. 24560. 20750 . , 8 2i' 0 • 1 6840. 1 5530. 1 21 20. 11 550. 1 1 250.11 060. 11 000. 1 093 ________ _ 

__ ___ 0.170_0.28500.26360.22880.20600.19270.18050.14800.14240.139~0.13740.13680.1560 
0.200 O. 29480.27480.24220.22080. i! 0840.19690.16610.16060.15770.15560._1.5520 • .1 544 . ________ _ 
0.250-0.30860.29040.26110,24190.23080.22060.19300.18800.18530.18360.18300.1823_ 
0.3000.32000.30340.27690.25980.24990.24090.21650.21220.20980,20840.i!0780.20l1 

_ __ 0 • 400. O. 33 8 3 0 • 32440 • 302 70 • 28900 • 281 30 • 27 4 3 0 • 25630 • 25330 • 25 1 60 • 25060 • 25020 • '2495 _ _ _ . 
. _________________ 0.500 0.35260.34090.32310.31230.30640.30120.28880.28690. 28590.28530.28510.2844 

___0.600 0.36450.35450.34000.331l0.32730.32370.31600.31 510.31460.31440.31430.3137 
0.700 0.37450.36610.35450.34820.34530.34290.33930.339'20. 339'20.33920.339'20.3387 __ __ _____ _ 

--------- - _. - ---- o. 800: O. 38330 • 37620 • 3671 0 . 362 l' 0 • 36090 • 359 l' 0 • 3 5950 • 3601 0 , 36040 • 36070 • 36080 • 3603 
0.900 0.39100.38520.37820.31'550~37470.374~O.37730.31'840.379'0.37Y50.37970.3792_ 
1.000=0.39800.39320.388~O.38690.387'O.38780.39310.3~460.39560.39~20.39640.3960 

______ . _____ .1.200 0.41000.40710.40560.40680.40840.41060.42000.42230.42360.42450.42480,4243 . ____ .. _ 
_ . ____ .. 1.4000.42030.41890.420~0.42350.42640.42980.44230.44510.44670.44770.44800.4476 



2A/RTB .. 0,7 
-----~--~--------piK f 1,53---5-- 7 . 10 50 100 200 500 100-0-5000 
---- . 0.001 -0; 06560.04050,01470. 00660,00410,00 280.00120, 0011 0,0011 0,00100. 00100.001 0 
~---- -- ----~-~--O. 0020,08400,05590.02380.01200,00790,00540.00251).00220, 00'1 0,00200.00<:00.00'0 
- --~ ....... - --- ... 0.0030,09640,06680.03110.01670.01140,00800.00370. 00 :530.00 310.00310.0030 0.0030 
...-~- ~- 0.004-0.10600,07550.03730: 021 00.01460.01050.00490.00440.004010.00410.00400,0040.-
-- ---------- -- -- - 0.0'06--0'. -, 2050. '089-' 0.04770. O~ 860'.02060.01520.00730.00660.00630'.00610,.0060 0'.0060 -
--: __ = __ ~=-~- o. 008 ~ 0 -:T3160, 09970.05640.03530,02620.01960.00970,00880,00830, 008fo. 00800,0079' 

0.010 O,14060,10860,06400.04140~03130.02380,01'10,01090,01040,01010,01000,0099' 
0.020-0.17120.13950,09240.06600.05300.04260.02350.02140.02050.01990,01970,019'--
0.030 O,19080,16000,11280,08490.07050,05850.03450,03160,030~O,02940~02910,O'89' 

- 0.040 O,20540,17560,12890.10060,08540,07250.04500.~4140.03970.03870.03836,0380 
.-- ... -. 0.050 0,21720,18820.14250,11400,09850,08510,05500,05090,04890.04770.04730,0469' ------- ·=-_--=-~==-O. 060-·0, 22700 .19900 ,15410, 1 2590,11 030, 09650,06470,06010,05180,05650,05600,0555 

0.070 0,23550,20830,16450.13650,12090,10700.07390.06900.06650,06500.06450,0640 .. ~ __ 
-... 0.0800.24300.21650,17370,14620.13070,11680.08,80,07760,07490,07330.07280,0722 ... 

0.090 _ 0,24970.22390 .18ao .1551 0 ,13980 ,12590.09130.08590,08310,08140, 08080 ,0802_~ . 
0.100 0,25580.23070,18990.16330,14820,13440,09960,09400,09110,08930,08870,0880 

. ....... . .....•.. - 0.1300.27110.24790.20990,18490.17050,157'sO,12260,11670,1P60,11170.11100,1103 - ..... . 
-~--~- -- ~. =- -::-0.170=0.28720,2660-0,23140.20850,19520,18290.14990, 1441 0.14690,13900,13830,13 75-~· - .. -

0.200 O,29720,27730.24490.2'3~0~21110,19950.16830.16Z70,1S960,15770.15710,1563 
-~--- ... ---~~-O. 250 0.31100.29300.26390.24490,23380,22350.19 560,19060, 1 8780. f8610.18550 ,1847· . 

_ ___ 0.300 0,32250,30610.27990.26290.25 310,24410.21970.21530,21290,21'40.21060,2101 
..... - . 0,4000.34080,32710.30590.29,40,28480,27800,26020,25720,25550,25450.25410,2534 

0,500 0,35520,34370.32640.31590,31020,30520,29330,29140,29050,28990.28970,2891 ___ ~_. 
. - -0,600- 0,36710,3 SI 40. 343!:i 0 • 33550,33 140, :5 2800,32090,32010.31 no, 31950,31950.3189: .. -

0.700 O,37720,36910~35800.35220,34950,34740.34450,34460,34470,34480,34480,3443 
0.8000,38600.37930.370l0.36660.36520.36430.36500.36570,36620,36660,36670,3662 
0.900-0.39380.38830.38190.37960,37910,37920.38300.38430.38510.36570.38580,385( 
1 .000 0.40070.39630.39200.39120.39160.39260,39890.40070.40 180, 40'S 0.40270, 4023 
1.260 0,41280.41030,40940.41110,41310,41560.42610.42860.43010,43100.43130,4309' 

-- --... -.-.. -.- ·-·-~--1 ,40( 0.-42310.42210. 42410.42800,43120,43490,44860.45160. 45320,45430.45470,4543 .-- .. 



_ _ 2A/RTB = 0.8 
p/K 1 1.5.35_ 7 10 50 100 200 500 1000 5000 
0.001 0.06630.04090.01480.00670.00420.00280.00120.00110.00110.00100.00100.0010_ 
0.002 0.08490.05650.02410.01210.00790.00550.00250.00220.00~10.00200.00~00.0020 
0.0030.09740.06750.03140.01680.01140.00800.00370.00330.003~0~00310.00300.0030 

_.0.004 0.10700.07630.03770.021 20.01470.01050.00490.00440.00420.00410.00400.0040 
______. . .... ____ .0.006 _ 0.12160.09000. 048.!0. 02890.02080.01520.0073 0 . 00 660.00630.00610.00600.0 06L 

.0.008 0.13280.10080.05710.03570.02640.01910.00970.00880.0083O.00~10.00800.0079' 
__ 0.010 0.14190.10980.06470.04190.03160.02400.01210.01090.01040~010'O,01000.0099~_ 

0,020 0,17270.14100.09350.06680.05350.04300.02360,02150.02050~01990.01970.0195 
0.030 0, 19250.16160. 1141 0. 08590.07130.05910.03470, 03170.03030.02950.029'20.0289' _ 

_ .0.040~o,20720.~7730.~~040.10180.08640.07330.04520.04160.03990.03880.03850.0381 __ . 
. _ _ .. ~ ___ ._0.050_0,21900,19010.14410.11540.09970.08600.05540. 05120.04910.04790.04750.0471. .. 

0.060 0. 22900.20090.15590.1 2740.11'60.09770.06510.06050.05820.05680.05630.0558 
__ . ______ . ___ 0.070 0.23750.21030.16640.13820.12240.10830.07450.06950.06690.06540._06490.0644 __ _ 

0.080 0.24500.21860.17580.14810.13240,11820.08350,07820.07550.07380.07330.0727 
_0.090 0.25180.22610.18430,15710.14150,12750.09220.08660,08380~08~00.08'40.0808 

--__ __ 0.1 OO~ 0.257.90.23290.19210.16 54 0.15010,13610.10060.09480. 09180.09000.089'40.0887 
0.130.0.27330.25020.21230.18720,1,270,15930.12400.11790.11470.11280.11210.1'14 

... 0.170 0.28950.26850.23400.21110.19780,18540.15180.14580. 1 4;/60. , 4060.13990.1391 
. __ ~ ____ . ____ 0.200 0.29950.21980.24760.22630,21380,20220.17050,16 480.16170,15970,15900.1582 

0.250 0.31340.29560.26680.24790.23680,22660.19840.19330.1904O,18870.16800.1b72 
. 0.300 0.32490.30880.28300.26 610.25640.24740.22290,21850.21600.21450.2..1390.2132 __ 

_ _ ~ __ . 0.400 0.34330.33000.30910.29590.28850,28170.26 420.26120.25960,25850.25820.2515 
0.500 0.35780.34660.32980.31970.31410,30930.29780.29610.29520.29460.29450.2938 

......... _ 0.600 0.36970.36040.34700.33940.33550,33230. 32590. 32530.32500.32480. 32480. 3242 
._~_~ ___ . ____ 0.700 0.37990.37210.36160.35620.35370,35190.34990.35010.35030.35050,35060.3501 

0.800 0.38870.38230.37440.37090.36960,36900.37060.3~160.37220,37260.37280.3723 
. . O. 900 O. 39650 . 391 40 • 38570 • 38390 • 38360 • 3841 0 • 38880 • 39030 , 391 30 • 39190 • 39 220 • 39.1 'l . 

1.0000.40350.39940.39580.39550.39620.39750.40490.40690.40810.40900.40920.4088 
1.200 0,41560.41350.41330.41 560.41790,42070.43230.43510.43670.43770.43800.4376 
1.400 0.42590.42540.428'0.43~50.43600,44010.45490.458'O.46000.46 110.46150.461' . 



2A/RT8. 0,9' 
-~- ~~------ --pj K 1. f,S---f . 5 7 -- 10 50 100 200 500 1000 5006----

o • 001 . 0 ,06690, 041· 4 0 , 01 500; 00670 , 00420 , 00280 • 001 20 • 00 11 0 , 0011 0 , 001 00 , 001 0 () • 001 0 __ . _ __ 
-. ---0.002 -0,08570.0571 0, 02 43 0. 01 220, 00800, 00550, 00250. 00220 ,oo~fo,oo~oO,OO~OO, OO~O 

0.003 0~09830.06830,03180.01700,01150,00806.00370.00336.00310,00310,00300,0030 
o • 004 _ 0 .J 0800 , 077' 0 • 038 1 0 • 0 i! 1 30 • 01480 , 01 05 O. 00490 • 00440 ,0 () 420. 0041 0 • 00400 • 0040 
o , 006 0, 12280 , 09 1 00 , 04880 • 0 ~ 9~ 0 , 0 ~ 1 00 , 01 530 • 00730 , 00660 • 00630 , 0061 0 , 00600 ,0060 ______ _ 

--- ----- 0.0080 :13410.1 0190.05770.03610,02660.01980.00970.00880.00830,00810. 00800,0079; 
'0.0100,~4330.11090,06550.04230,03180,02420,01i!10,01090,01040,01010.01000,0099' 

-------------- -0,020 0,17430,14240.09460.06750,05410,04330. 02370. 02160;02050, 0'000 .019S0. 0196 
0.030 0.19420.163 30.11540,011700,07210.05\170,03480. 03190.03040,02960. 029~O'. 0,90 
0.040 0.i!0900.17910,13200210300,08740,07410,04550.04180.04000,03900.03860,0383 
0.050 0,22090.19200.14580.11680.10090.08700.05580.05150.049'40.04810.04770.0473 ___ . __ . __ _ 

.. --.... ---~~O. 060-0.23090.26290.15780:/12900,11300.09880.06560. 06090.05850.05710,05660.0561 _ 
0.070 0.23950.21240.16830.14000,12400,10970.07510.07000.06740.06580.06530.0647 

-0.080 0,24710.22070.17780: 1 4990.13410.11970.08430. 07880~07600 .07430 :0738().0732- ---~ 
0.090 0.25390.22830.18640.15900.14340.12910.09310.08740.08440.08260.08200.0814 
0.100 0.26000.23510.19430.16750.15200.13790.10160. 09570 .09260, 09070 ,09010.089;4 
O. 1 30.0. 27 56 0 • 25250, 21 470. 1 8960, 1 7500. 1 61 40. 1 2540. 11920. 1 1 590. 1 1 390 ,J1.5 20,11 24 

-------~ 0.170_0.29180.27090,23660,21370,20040" 8790.15370,14760,14430.14220,14150,1407 
--0.2()0.0.30190,28230,250 40.22910,21660,20500.17280,16700.16570,16170,16100,1602 

0,250 0,31580,29830,26980,25090,23990,22970.20130,19610.19320,19130,19070,1898 
0,300 0,32740,31150,28600,26940,25970.25080,22630,22180,21930,21770,21720,2164 
0.400 0,34590,33280,31240,29950,29220,28560,26840,26540,26370,26270,26240,2617 

___ 0,500 0,36040.34960,3333",32340,31810,31350,30260,30090,30010,29960,29940,2988 _____ _ 
0.600 O,37240,36340,350~O.34330,33970,33670.33110.33060,33040,33030.33030,3298 
0.700 0,38260,37520.36530,36030,35810,35650,35540,35580,3562O,35640,35650~3~60 
0,800 0,39140.38540,37810.37 510,37410,37380,37640.37760,37830,37890,37900,3786' 
0.9000,_39930,39450,38940.38810,38820,38900.39480.3966O,39760,39840,39860~3982 

._ 1 ,000 0,40630,40260,39960,39980,40090.40250,411 00,41330,41470,41560,4159'0,4155 
1.200 0,41840.41670,41720.42000,42270,42590.43870,44170,44340,44450,44490,4445 

------- -------=-',400- 0.:42870,428-60,43210,43700,44090,44540,46140,46480,46680,46810,46850,4681 



.. 2A/RTB = 1.0 
·---·-·--·····-·---··-··-·-P/K1 1.5 3 5 7 10 50 100 200 500 1000 5000 

0.001 0.06760.04180.01i10.00670.00420,00280.001'0.00110,00110,00100,00100.0010 
------------ ... ----- -- 0.002 O. 08660,05770.02460.01230.00800.00550.00250; 00220.00 c! 10.0 OlO 0; 00200,0 Oc:O-

0.003 0~09930.06900.03216.01/10.01160,00610.00370.00330.003l0.00310.00300.0030 
- -- -- --0.004 - 0--, 10910,-07800.03850.0 i.1 50.01490.01060.00-49- 0 ~-O 0440·. Oo"4~O", 00410.0-04-00.0040 

0.006 O.12400.09200.049 50.Ol940.02110.01540.00730.00660.00630.00610.00600.0060 
-··-----·-------0.008 -0-.13540:10360.05840. Of6 40.02680, OlD 0 0 • 00970.00880.00840.00810.00800.0079' ...... ---

·0.010 0.14460.11210.06620.04280.03210,02450.01210.01100.01040.01010.01000.0099' 
- 0.020 O. 17590.14390.0951'0,06830.0547 0.04370.02380.02160.02060 :0 c!OOO.OH'80 .Cl 196 - ... 

0.030 0.19590.16500,1 1680,08800.07290. 06030.03500.03 200.03050.02970.029'40. 0291 . 
-- ---- - ---0.040- 0,21090.1809 0.133 6 0.10430.08850.07490.04580,0421)0.040 ZO:O 39 f 0,03886,038'-. -.- ---

. 0.050 0.22280,19390.14760.11830,10220,08810.05610,051AO.04960,04840.04790.0475 _____ _ 
. -.------------0.060- 0.23290.20490.15970, 13070.11440.1 0000,06610.06130.05890,05740,0-5690,056 ,-

0.070 0.24150,21440.17030.14180.12560,11100.07580.07050,06780,06620.06570.0651 
0.080 0,24920,22290.17990.15180,13580,12120,08510.07950.07660,07480,07430,0737 
0.090 0.25600.23050.18860.16110.14520,13060.09400.08820.08510.08330.08260.0820--

. 0.100 0.26220,23736.1966-0,16960,15400,13970.1 Ol 70.09660.09340.091 50,09080,0902 
0.130 0.27780.25490.217~n.19200.17730,16360.12690.12050.1'710.11500,11430.1135 

- ... -.-0 • 1 70 0, 29420 • Z7 3 40. 2393 (') . 2,-640. 20300, 19050 • 1 5580. 1 4950, 1 4600,1 4390 ,1 4.s 1 0 ,1 423 
0.200 0.304~O,28490,253~0.23200.21950,20780.17530,169Z0,16590.16380,16310,1622 
0.250 0,31830,301 00. 27~80, 2541 0.24310,23290.20430.19890,1960-0.194,6.19340,1926-
0.300 0,32990.31430,28920,27270.26320.25 430,22980,22520.22270.22110,22050.2197 
0.4000.34850.33570,31570.303io,l9600,28950.27260.26 9 70.26ij10.26710,26670,~666 

__________ 0,500 0,36310.35250,336"0.32730,32220,31770,30' 40.30590,30520.30470.30460.3039' 
. 0.600 0,37510.3 6 640.35410.34730.34390,34120,33640.33610,3360O,33600,33600,33~5 

0,700 0.38530,37820.36900.36 440.36250,36120.36110.j6170.36220.36250.36270.3622 
0.800 0.39420.388 50.38190.37930,37860.37860.38230.38370. 38460. 38'30, 385)0, :~850 
0,900 O,40200.39760,39330,39~50,39290.39390.40090.40290,404l0.40500.40530.4049' 

.. 1. 000 0 :4091 0.40580.40350.40420.40560,40760.41730. 41 980 ,42130 .4" 30. 42270,4223 
1.200 0.42130.41990.42120.42450.42750.43110.44510,44840,45030.45150.45190.4515 

-.--... -.-.--.. ----~---- 1.400 0.43160.43190.43610,44160.44590.45070.46"90.41'170, 4 7380.4"510,47550.4151 



2A/RTB= 1.1 __ _ 
PlC _ 1 1.5 3 _5 7 10 so 100 200 500 1000 5000 
O. 001 O. 06830. 04230 • 01 530. 00680. 00420. 00280. 001 20. 0011 0 • 00' 1 0 • 00.1 00 • 001 0 O. (J 0 1 0_ 

:0.002 0.08750.05840.02480.01230.00800.00550,00250.00220,OO~1O.OO~OO.ootOO.OO~O 
_0.003_0.10030,06980.03250.01730,01160.00810,00370.00330.00310.00310.00300.0030 
_0.004 0.11020.07880.03900.02170.01500.01060.00490.00440.004~O,004'0.00400~0040 

. ______________ 0.006 _0.12520.09300.04990,02970.02130.01550,00730,00660.00630.00610.00600.0060 __ _ 
0.008 0,13670.10410,05910.03680.02710.02010.00970.00880.00840.00810.00800.0079' 

__ _______ _ .. _0.010 0.14600.11330.06700.04320.03240,02450,01210.011 00,01040.01010.01000.002.9'_ 
__ ____ 0 • 020 0.17750.14540.09690.06920.05530.04420.02360.02170.0206 0 • 02000,0' 960. 0196 _ 

0.0300.19770.16670,118Z0.08910~07380~06100.03510.03210.03060.02980~02950.0l92c __ _ 
__ 0.0400.21270.18280.13520.10560.08960.07580.04600.0 4 220.04040.03930.03890.0386 _ 

_ 0.050_0.22480.19590.14930.11980.10350.08910.05650. 0521 0.04990.04860.04820.0477 ____ _ 
__ __ 0.060 0.23490.20690.16160.13230.11590.101 30.06670.06170.0592 0.057/0.05720.0567 

o • 070 O. 24360 • 21 650 • 1 724 (I • 1 4360 • 1 2720 • 1 1 2 5 0 • 07640 • 071 00 • 06630 • 06660 , 066 to ,-0655___ . __ 
----------- ---- -0.080 0.25130.22510.18C!()0.15380.13760,12280.08590.08010.0n20,07540.07480.0742. 

0.0900.25810.23270.19080.16 3 10.14720.13250,09500.08890,08580.08390.08330.0826 ____ _ 
__ .. _ .. __ . 0.1000, 26430.23960.19890.J 7180.15610.14160.10380.09750.09430.09230.09160. 0909' ___ _ 

_ . ___ ___ _____ _ 0. 1 3 0_0. 28010 • 25730. 21970.1945 () • 17970. 1 6590 • 1 2840 • 1 21 90 • 1 1 840 • 1 1 620.1 1 550. 11 47 ._ __ _ 
___ ____ 0.1700.29650. 27600. 24~00. 21 9.20 • .20580 .1931 0 .15790.1 ~1 40.14790.14560.14490.1440 _ 

_ 0.2000.30670.28750.25600.23490,22250.21070.1777.0.1 7160,16620,16600.16520.J 6_44.:.. _. 
0.250 0.32080.30370.27580.25720.24640.23610.20740.20190.19890.19690.19620.1954 . ____ _ 
0.300 0.33240.31710.29230.27610,26670.25790.23340.22880.22620.22460.22400.2232_ 

. __ ._ __ _::. 0.4000.35110.33860.31910,30680.29960.29350. 27700.27420.27260.27160.27130.2706 
_. ___ __0.500_0.36570.35550.34030.33120.32630.32210.31250.31110.31040.31000.30990.3093 

. __ __ ..___ _ .. ____ 0 • 600 ... 0 • 37780 • 36950 • 3 578 i') • 3 51 40 • 34830 • 34:' 80 • 341 90 • 341 80 • 341 80 • 341 90 • 3420 O. 341 4· 
_____ ______ _ 0.700 .0.38800.38130.37270.36860,36700,36600.36690,36770. 36840.36880.36.900._3685_ 

. 0.8000.39700.39170.38570.38360,38330.38360.38840,39000.39110.39180.39210.3917 
0.900 0.40480.40080,39710,39680.39760.39900.40710.40940.41090,41180.41210.4117 _ 

_ 1.000 = 0.411 90.40900, 40i4(1. 40670.41040,41280,42370.42650.42820.42930.429'70.4293 
__1. 200_ 0 • _4 2_41 0 , 42320, 4252 /) .4291 0 • 43250 , 43640 • 451 70 • 45!) 2 0 • 45730. 45860. 45 9Q 0 • 4586_ _ .__ 
__ 1.400.0.43450.43520,44010.44620.45090.45610.47460.41860.46080.48220.48270.4823 



2A/RTB" 1,2 
ril K- ,- - 1-,5 __ 3 5 7 10 50 100 200 500 - focTo- 5000-
0.001 0,06900.04280.01,40.00680.00420.00280.00120.00110.00110.00100.00100,0010 

-0.6o~ O,08830.05900.02510.01240.00810,00550.00~50.00~20.00~'O.06~00:00~00:OO~O 
0.003- 0.10130.07060.03280.01740.01170,00810.00370. 00330, 06j~0 ,0031 0,00300.0030 
O. 004_0. ,,'30.07970.03940,02190.01510.01070.00490,00440.0042 0,06410.00400,0040 __ 
0.006 0.12640.09400.05050.03000.02150.01560.00730.00660.00630.00610.00600,0060 

------------~~~~-___ O. 008-- 0,138-00. 10520.05960,03720.0273 0,02020.00980.00880.00840.00810.00800. no 8 0 
0.010 0.14740.,,450.06780,04370,03270.02470.01 220.0"00,01040,01010,01000.0099' 

---~-----~--- -~-- 0.020-6,1-7920.14700.09810,07000,05590.04460,02390. 021 70 . 02070.-020,-0.01990,0 19f-
0.030 _0,19950.,6840.11970,09020.07470.06160.03530.03220. 03070.02980.02960._0293 __ _ 

_ 0.0400.21460,18460.1361311.10700,09070,07670.04630,04240.04050.03940.03910.0387 _ 
___ _ __ 0.050_ 0,22670.19780.15110,1 o!140. 1 0480.09020.05690.05240.05020,04880.04840, 0480___~ __ 

0.060 0.23690.20900.16350,13400.11740.10260.06720.06210.05960.05800,05750,0570 
0.07~ 6.24570.21870,~7440,14540,12890.11390.07710.07160.06880,06710.06650,0660 
0.080-0.25340.22730.18420,15580.13940.12440.08670,Ob080,07780.07590,07530,0747 -----

- O. 09 0- 0, 26030 • 23500 , 1 9 31 0 , 1 6530 , 1 491 0 • 1 3430 , 09590 • 0 8970 • 08650, 08460 • 08390 , n 833 
----- - ______ --- 0.100 0,26650.24190.20120,17400,15820,14350.10490.09850,09510.09310.09240.0917 _ 

__ ______ ._.___ __ _ _______ 0.130_ 0,28230,25980.2 U 30. 19"(00.18210,16820. 1 3000.12330,11970, , 17 40, , '660, , 1 58__ __ _ 
0.170 0,29890.27850.24480.22200. 20850,19580.16010.15340.14970,14740,14660.1458 
0,200 0.309'O,29010,2589n,23790,22550,21370,18030~'7400.17050.16820.16750.1666, 
0.250 0,32320,30646.27890:26050.24970,23950.21060.20500.20190.1.~90.199Z0,~983 
0.3000.33500.31990.29560.2(950.27020.Z61S0.23710.23250 .22990~22820.22760.2i68 
0.400 0.35370.34150.32250,31050,30380,29760.28160.27880.27730.27630.27600,2753 
0.500 0.36840.35850,34380.33)10,33050.32650,31760.31640.31590.31550.31540.3148 

~ ----- - --- ---- = 0 • 600 O. 380-50 , 37250. 361 50 . 355 5 0 , 35270 , 350 !) 0 • 34750 • 34760 • 34780 , 34800 , 3481 0 , :s4 7 6 -
0.700 0.39080.38450.37650.37290.37160,37090.37280.37400.37480.3/530.37550.3(51 
0,800 0.39970.39480.38950-.38800.38790.38860.39460.39650. 39780.39860; 39890.3985 
0,900 0.40760,40400,40100.40130,40240,40420.41350.41610.4,770.41880.41920,4188 
1.000 0.41470.41220.41140.413l0.41530.41800.43020,43330,43~20.43640,43680,43 6 4 

____ '-.200 0,42700,42640.429.20,433 70.43750,44180.45840.46220,46440,46580,46630.4659' _ 
_ 1.400 0,43740.43850.44420,45090,45600,46160.48140.48560.48800.48950.49000,4896 



2A/RTB •• 1,0 
~·~~~-pTC--1~~---1,5 .. 3---f __ - 7 10 ~50 .. 100 200 50010-00. 50-60 

--- 0, 0010, 06980~-04330. 01560.00690,00420,00280.00120,00110,00110,00100, 001 00, 0010 
.. --.-~---. , .. -.~-- ---- ---0.0'02 ·0.08920.05970.02540.01250.00810.00550. OOZ50. OOZzO. 00t.1 0--:-00/'00.001.00. oo-to 

- ~ - -0.003 0.10230.07140,03320.01760.01180, 008~0. 00370.00330.00-320.00310,00300, 0030 ~ 
~~-~ - ~ 0.004 O. 11240,08060.03990.02220.015 20,01070.00490 ,OD 440, 004i:: 0,004-10,00400, 0040~~ 

~ .. --0.006 0.12770.09510.05110.03030.02160,01570.00740.00660.00630.00610.00600,0060 ... ~_~ 
----~--~-- ~-~----- ~ 0.008-(). 13930.10640.06050.03760,02750.02040.00980.00880.00840, 0081 0,00800, 0 080-~ 

0.010 0.14880,11580.06870.04420,03310,02490.01220,01100.01050~01010.01DOO,0099' 
---~~~ .---- 0.020 0,18080.14850,09930.07080,05650,04500.02400.02180,02070,02010.01990.0197 ~ 

0.030 0.20120.17010,12120.09140,07560,06230.03550.03230.03080~02990.029~O,029 •. 
0.040 0.21650.18650,13850.10830,09180.07760,04660,04260, 04070,03960,039'20.038-8 :=-

__ ~ _0. 050 _ O~. 22870 • 1 9980 , 1 5300 • 1 229 0 , 1 0620 , 091 30 • 05 730 , 0527 0 • 05040 , 0491 0 • 04860 , 048 2 ___ ~ __ 
0.060 0.23890,21110.16550.13580,11900,10390.06770.06250.05990.05840.05790.0573 
0.070 0.24780.22090.17650.14730.13060.11540,07780.07210.06920,06750.06690.0664· 

~--- .. ~ ~~ --- 0,0800,25550.22950.18640.15780,14130,12610.08750.08150.Oi640.07650.07580.ois2 
0.090 0,26250.23720.19540.16740.15110.13610.09690.09060.0873O,08530.08460.0839:~ 

-0.100 0.26880, 2443(). 20360.17630 ,16030.14550.10610.09950.09600.0939-0.0-9320.0924 
0.130 0.28470.26220.22490.19960.18460.17050.13170.12470.12100.11860.11790.1170 

.. ~~~~---~-- .. ~---=-o, fro 0,30130,281'-0,24760.224-90,21140,19660,16230 ,15550 ,15170 ,14930 ,14850,1416 
~ ~~~_~ ~ ~_ 0 • 20 0 ~ O. 311 50. 29280 • 26190. 241 00. 22850. 21 680.1 8300, 17650, 1 729 0 ,~1 7060 • 1 6960, 1 688 

_0,250 0.32580.30910.28200.26380.25310,24290.21390,20820,20500.~0300.20230.l014 
_ ~ _ 0.300 0.33750.32270.29880,28 310.27390.26520,24100.23630. 23370,23200,23140,2305_ 

0.400 0.35640.34440.32600.31430.30780.30180.28630.28360.28220.Z8120.28090~2802 
0.500 O. 371J 0.361 50.347"40.33920.33480,33110.32300, 32i!00. 32150,32130.32120. 3206 ~~~_ 
0,600 0.38330.37560.36520.35970.35720.35530.35330.3)370,35400.3)430.35440.3539' 
0.700 0.39360.38760.38030.37720.37620,37590.37890.38040.38130.38200.38230.3818 
0.800 0.40Z50.39800,39340.39240,39Z70,39370.40090.40320.40460.40560.40590.4056 
0.900 0.41650,40720.40500.40580.40730.40940.420~O,~2300.42~70.42590.42630.4260 
1.000 0.41760.41550.41530.41780.42020,42340.43690.~4030,44230.44360.44410.4438 
1.200 0.42990.42970.43330.43840,44250,44730,46520,46930.47170.47320.47370,4733 

.. ----~1 • 400 0~~44030 .441 80.44840.45570,46120,46720.48830,49280,49530, 49690.49740.4971-



_ 2A/RTBa'1,4 _ 
... _ .. P/'C_ 1 1.5 3. 5 7 10 50 100 200 500 1000 5000 

_._ .. __ . __ .. ________ . .. 0 • 001 O. 07050 • 04380 • 01 580 • 00690 , 0 ° 4 2 0 , 00280 , 001 20 • 0011 0 • 00 11 0, 001 ° ° ,001 00 , 001 0 
__ 0.002 O,09020.06040,02570.01260,00820,00550.00~50.00220,OO~1 O.OOlOO,OOlOO,OOlO 

____________ 0.003 0.10340,07220.03360.01770.0"80,008~0.00370.00330.003~O.00310.00300~0030 
_0~0040.11350.08'50.04040.02240.01530,01080.00490.0044O.004~0.00410.00400~0040. 

__________ _ 0, 006 0.12890.09610,05170.03070,02180,01580,00740.00660, 00630, 00610,00600,0060 _ ._. 
0.008 ~,14070.10760,06120.03800~02780.02050.00980.00880.00840,00810.00800.0080 
O. 01 0 0, 1 5020. 1 1 71 0 , 06950 • 04470 '.03340, 0251 0 • 01 220, 011 00. 01 050', 0101 0, 01 000. 0099-'-- __ _ 
0.020 0.18250.15010.10050.07170.05720.04550.02410.02180.02080.02020.02000.0198 
0.0300.20310.17190.12270.09250.07650.06300.03570.03250.03090.03000.02970.0l94c 
0.040 0,21840.18840.14020.10970.09300.07850.04690.04280.04090.03970.03940.0390. 

________ ___ _____ . _ 0.050 0.23070.20190.15490.1 ~460. 1 0760.09250.05780.05300.05070.04930. 04880, 0484 ________ . 
0.060 0.24100.21320.16750.13760.12060.10520.06830.06300.06030.05870.05820~0577 
0.070 O,24990.22300,17870.14930,13Z40.11700.07850,07270,06970,06800,061'40.0668-'-___ _ 
0.0800.25770.23170.18870.15990.14320.12780.08840,08220,07~00~07700.07640,0757 
0.090 0,26470.23960,19770.16970.15320.' 3800.09800.09140.08800.08600,08530.0846 _ 

_ ... _ 0.100. 0.27100.24660.20610.17870.16250,' 4750.10730.10050.09690,09470.09400.0932 
O. 1 30 O. 28700. 26!+ 70. 2275 () . 20220. 1 8720 • , 7300. 1 3340. 1 2620 • 1 2240, 11990. 1 1 91 0, 1 1 8.s 
0.1700.30370.28370,25050,22790,21430.20150.16470.15760.15370.15120.15040.1494 .. 

_ 0.200_ 0.31400.29550.26490.24410.23170,21990.18580.1791 0 ,17540 .17_300 .17220 •. 1 n 2 
0.250 0.32830.31190.28520.26720.25650,24650.21730.21160.20830. 20620,20550.2045 
0.3000. 34010.32560.30210.28660.27760,26910.24500. 24030.23760,23590.23530.2344 ____ _ 
0.400 0,35900.34740.32950.31820.31190.30610.29120.28860.28720.28630.28600.2853. 
0.500 0.37380.36460.35110.34330.33910.33:;70.32850.32770.32740, 32720.32710.3266 _ 

______ 0.6000.38600.37880.36890.36400.36170.36010.35930.35990.36040.36080.36100.3605 
0.700 0.39640.39080.38410.38160.38090,38090.38520.38700,38810.38890.389~O,3888 

---- 0,800 0.40540.40120.39730.39690,39750,39890.40740.41000.41160.41270.41310.4128 
0.900_0.41330.41050,40900.41030.412Z0,41470.42670.43000,43190.43320.433/0,4334 
1.0000.42040.41870.41940.42240.42520.42880.44370.44740.44960.45110.45160.4513 

....... _ .... _._, .200 0,43280.43310.43740.44310.44760.45280.47210.47650, 47900,48060.48120.4809'_ 
1.400 O,44320.44520.45250.46040.46640.47280.49520.50000.50~60.50430.50490.5045 



2A/RTB •• 1.5 
P/K __ 1.1. 5 3 5. 710 50 100 200 500 1000 5000 

___ _____ _ o. 001 . 0 • 071 20 • 04430 • 01 590 • 00700 • 00430 • 00280 • 001 20 , 0011 0 , 00.11 O. 001 00 • 001 00 , 001 0 
0.002 0.09110.06110.02600.01280.00820.00560.00250.00220.00~1O.OOlOO.OOlOO.OOlO 

___ ._._ 0.003_0.10440.07300,03400.01790.01190.00820.00370,00330.00320.00310.00300.0030 
0.004_0.'1460.08240.04080.02260.01540.01080.00490.00440.00420.00410.00400.0040 

_ 0.006_ 0.13020.09720.05240.03100.02200.01590.00740.00660. 00630.00610.00600.0060 .. 
0.008 0.14200.10880.06200.03850.02810.02070.00980.00880.00840.00810,00810.0080 
0.010 0.15170.11840.07040.04520.03370,02530.01220.01100,01050~01020.tj010.0tOO __ 
0.0200.18420.15170.10180.07260.05780.04590.02420.02190.02080.02020.02000.0198 
0.030 0.20490.17370.12420.09370.07750.06370.03580.03260.03100.03010.02960.0295_ 

---- . 0.040 0.22040.19040.14200.11120.09420.07950.04720.04310. 0411 0.03990.03950.0391 
_________ . _____ 0.050_0.23270.20390.15680.12620.10900.09'370. 05820,05330.05100.04950.04910.0486 __ 

0.060 0.24310.21540.16960.13940.12220.10660.06890.06340.06070.05910.05850.0580 
0.070 0.25200.22530.18090.15130.13420.11850.07930. 07330. 07020.06840.067110.0672 __ 

- 0.080 0.25990.23400.19100.16210.14520.1Z960.08930.08290.07960.07760.07700.0763 _ 
_ . __ .. ________ 0.090 0.26690.24190.20010.17190.15540,13990.09910,09230.08880,08670.08590,0852 

_0,100_0,27330.24900.20850.18100,16480,14960.10850.10150.09780.09560.09480.0940 
0.130_0.28930.26720.23020.20490.18980,17550.13510,12780.12380.12130.12040.1195 
_0.170.0.30610.28640.25340.23080.21730.20450~16710.15990.15580.15320.15240.1514 

. ___ .______________ _ ___ 0.200_0.31650.29820.26790.24730,23490.22320,18870.1 81 90.17800.17550.17410.1737_ 
0.250 0.33080.31470.28840.27060.26010.25010.22090.21 500,21170,20950.20880.2078 
0.3000.34270.32850.30550.29030,28140.27300.24910,24440.24170.Z4000.~39.0.2385 . 

....._ 0.400 0.36170.3 5040.33300.32210,31600.31050.29620,29380.29250,29160.29130.2906 
. . ... ... _______ . 0.5000.37660.36770.35480.34740,34360,34040.33420.33360. 33340.33330.33330.3328 . __ . 

0.6000.38880.38190.37280.36830.36640,36510.36540.36630.36700.36750.36770.3673 
0.700 0.39920~39400.38800.38600.38570.38610.39'70.39370.39S,0.39600.39630.3960 

-0.800 0.40820.46450.40130.40~40.40240,40420.41410.41700.4'880.42010.42050~4202 
0.900 0.41620.41370.41300.41490.417~0.42010.43360.43710.43930,44070.44120.4409' 

- 1.000 0.42330.42200.42340.42700.43030.43420.45060.45470. 457'0,45860.459'20.4589' 
_'.20~0.43570.43640.44150.44780.45280.45840~47920.48380.48650.4~830.46880~4685_ 
.1.400_0.44610.44850.45670.46530.47160.47850.50230,50730.51010.51190.51250.5121 



_ __ __ _ __ _ 2 A I RT 8 .' " 0 _ _ 
P/K. 1 1,5 3. 5._ 7 10 50 100 200 500 _1000 5000 

_____________ .. 0,0010.07200,04480,01610,00700,00430,00280,00120,0011 0,00110,00100,00100,001 L_____ 
0,002 O,09200,06180,02630,01290,00830,00560,00250,00220,OOl1O.00200,OOlOO,0020 

___ ___ __ _ _ . _ _ _ _. 0, 003 0 ,1 0550 , 073 8 0 , 03440 , 01 81 0 , 0101 0 0 , 00830 , 00370 , 0033 0 , 00320, 0031 0 , 00300 , 0030 . 
0,004.0,11580,08340,04130,02280,01560.01090.00490.00440.00420,00410,00400,0040 

.. 0.006 0.13150,09830,0 5300,03130,02220,01 600,00740.00660,00630,00610,00600,0060. 
0,008 0,14340,11000,06280,03890,02830,02080,00980,00880,00840,00810,00810,0080 

__ 0,010_0,15310,11970,07130,04580,03410.02550,01220,01110,01050,01020,01010,0100, 
0,020 0,18590,15340,10310,07360,05850,04640,02430,02190,02090,02020.02000,0198 

__ ~_O,030_0,20680,17550,12580,09500,07850,06450,03600,O3270,03110,03020,02990,0296-
0,040_0,22230,19240,14370,11270,09550,08050,04750,04330,04130,04010,03970,0393 . 

. __ 0,050 0,23480,20600,15870,12790,11050,09490,05860,05370,05120,04980,04930,0489' 
0,060 0,24520,21750,17170,14130,12390,10810,06950,06390,06110,05940,05880,0583 
0,070 0,25420,22750,18310,15340,13610,12020,08000,07390,0707O,06890,06830,067~ 

-- --- - .... - 0,080-0,26210,23640,19330,16430,14720,13140, 09020, 08360,08030,07820, on50, 0769'_ 
0,090 0.26920,24430,20260,17430,15750.14190.10020,09320,08960,08740,08670,0859' ... 
0.100_0.27550,25150,21110,18350,16710,15180,10980,1026O,09880,09640,09570,094~ 

... 0,1300,29170,26980,23290,20760,19250,17810,13700,12940.12520,12260,12180,1208 _ 
_ 0.1700.30860,28900,25640.23390,22040,20750,16960,16220,-15800.15530,15440,1534 __ 

___ _ ______________0,200_ 0,31900,30100,27100.25050,23820,22650,19170 ,18470 ,18070,17810,17720,1762 ______ _ 
0,250 0.33340,31760,29160.27410,26370.25380,22460,21870,21530,21300,21230,2113 
0,300 0,34530,33140,30890,29400,28520,27700,25340,24870,24600,24430.24360,2428 . 
0,400 0.36440.3 5350,33660,32610,32030.31 500,30140,29920,29790,29710,29690,2962 
0.5000,37930,37080,35850,35160,34810,34520,34000,33970,33970,33970,33980,3392 
0,600 0. 39160,38 510,37660,37260,37110,37020,37170,37290,37380,37450,37470,3743. 
0,700 0.40200,39720.39200,39050,39050,39130,39830,40070.40220,40330,40370,4034 __ 

--- --- --- -- - - 0.800 0.41110.40 no. 40530,40600,40740,40960,42090.42420.42620,42760.4281 0.4278 
__ o.900 0.41900,41700.41700,41960,42220,42560,44050,44440.44680,44840,44890,4486' .. ___ . 

1,000 0.42620,42530.42760,43180,43540,43980,45760,46210.46460,46630,46690.4667 
___ . __ .. . . __ 1.2000.43860,43980.44570,45270,45810,46410,48630, 49130, 49410.49600,49660.4963 

.... ___ . ____ , ,400.0.44910,45190.46090.47020.47690,48420,50940, 51410, 51760,51950,52010.5198 



~ __ ~ ~ _ ~ _ _ ~_ __ ___ _ 2 A I R TB ", 1. 7 ~ ~ _____ _ 
P/K ... 1 1.5. 3 5 7 10 50 100 200 500 1000 5000 

. 0.001·0.07280.04536.01630.007(0.00430.00280.00120.00110.00110.00100,00100,0010 
- -~--~--- --. 0 • 002 -0 • 09300. 06250.02660. 01300.00830, 00560,00250. 00220. 00 I! 10, 00200 , 00 o! 0 0,00 i! 0 ~ 

~ 0,003_0.10660,07470.03480,01820,01210,00830.00370.00330,00320,00310,00300,0030 
~. __ ~.~ O. 004_ 0 • 11 700 , 08430 , 04190 • 02 .s 1 0 , 01 570 , 01 090 , 00490 • 00440 • 00420 • 0041 0 , 00400 , 0040 

0.006 0.13280,09940.05370,03170,02240,01610,00740.00670.00630~00610.00610~0060 
---~---- --~----- -- ---- 0 .008~ 0 ,14480.11120,06360.03940.02860,02100,00980,00890,00 84 0,00810.00810,0080 

__ 0.010_ 0,15460,' 21 00.07220,04630.03440,02570,01230,01110,01050,01020, 0101 0, 01 00 __ 
0.020 0.18760.15500,10440.07450.05920,04690.02430.02200,02090~02030,02010~0199' 

~ 0.030 0.20860.17740,12740,09620~07950.06520,03620,Q3280,03120~03030.03000.0297 
0,040 0.22430.19440.14560,11420,09680,08150.04780,04350,04140~04020.039S0.0394:-~ 

~~~___ ____ ____ 0.050_0.23680,20810,16070.12970,11200,09620, 0591 Q, 05400.05150,05000,04960, 0491 ______ ~ 
0.060 0.24730,21970.17380.14330.12560.10960.07010.06 430.06150.05980.05920,0587 
0.070 0.25640.22980.18540.15550,13800,12190,08080,07450,07130.06940.06870.0681 
0.080 0.26430,23870,19570.16650.14930,13330,09120,08440,08090.07180.078io.0774-

~-0.0900.27140.24670.20510.17660.15980,14400.10130.09420,09040,08810,08740.0866~ 
____ 0.1000.27780.25390,21360,18600.16950.15400,11110,10370,09960,09730,09650.0957 _ 
___ 0.1 30 _ 0.29410,27240,23570,21040.19'20,' 8070.13890,13100.12670,12400,12310.1222_____ _ 

_ O,170~O,31100,29180.25940,23700,22360,21060.17220,16460.16030,15(50,15650.1555 
0.200 0,32150.30370.27420.25390.24160,22990,19480,18760.1835 0,18090,17990.1789' 
O. 250 ~ O. 33600,32050.29490.27770,26740,25760,22840,22240,21900, 21 6 70,21590,2149' 
0.3000,34800,33430.31230,29780,28920,28110,25780,25320,25050,24870,24810.2472 
0,400 0.36710,35650.34030,33020,32460.31960.30680.30470.30360,30290.30270,3020 

_0.500.0.38210,37390.36230.35590,35270,35010.34600,34600,34620,34640,34640,3459' 
0,600.0.39440.38830.38050.37710,31580,37530,37820.37970.38090.38170.38200.3816 

_0.700 0.40490.40040,39590,39500,39550,39660,40500,40780,40960,41080,41130,4110 __ _ 
0,800 0.41390,41100,40930.410 60,41240,41500,42790,43150,43380,43530,43590,4356 
0,9000.42190,42030,42110,42430,42740,43110,44760,45190,45450,45620,45680,4565,,_ 
1,000 0.42910,42870.43170,43650,44060,44540,46480,46960,47240,47420,47480,4'46· 

_____ " .. ~ ___ __ __ _ 1, 200 0 .441 50 , 4431 0 , 44990 • 45750 , 4633 0 , 46980 ,49350 , 49880 , 50' 80 , 50380 • 50440 • 5041 
1,40~ 0.45200,45530,4652n,47510,48230.49000,51660,52220,52520,52 720.52780.5275 



...... ·____ 2A/AT!'. 1.8_ 
.P/K_ ... 1 1.5 .... 3 ... 5 7 10 50 100 200 500 1000 5000 
0.0010,07360.04590.01650.00710.00430,00 280.00120.00110.00110.00100.00100.0010 
0.002 0.09400,06330,02690.01310~00840.00560.00250.00220.00l10.00lOO.00lOO.0020 
0.003. 0.10770.07560.03520.01840.01220.00830.00370.00330.00320.00310.00300.0030 

... _. 0,0040,11820,08530.04240.02330.01580.01100.00490. 00440.00420.00410.00400.0040. 
______________0.006 0.13410.10060.05440.03200. 02il60, 01 620.00740,00670.00630.00610,00600,0060 

.. _ .. _ .0.008 0.14620.11250.06440.03980.02890,02110.00980,00890. 00840,00820.00810.0080 
0.0100.15610.12240.07310.04690,03480,02590.01230.0111 0.01050,01020.01010.0100.. __ 
0.020 0.18940.15670.10580.07550.06000.04740.02440,02210.02100.02030.02010.0199' 

_ ... ___ . 0.0300.21050.17930,12900.09760,08050,06600.03640.03300,03130.03040.03010.0298 
0.040 0.22630.19640.14740.11~80.09810.08260,04810.04370.04160.04040.04000.03'~ 

.0.050 0.23890.21030.16280.13150,11360,09750.05950,05430.05180.05030.04980.0493. 
0.060 0.24950.22200.17600.14520.12740.11110.07070.06480.061'O.06010.05950~05'O 
0.070_0.25860.23210.18770.15760.14000,12360.08160. 0751 0.07180,06980.069'20,0685.. __ 

--0.080 0.26660.24110.19810.16880,15150.13530.09220,08520,08160.07940.07870.0780 
0.090 0.27370.24910.20760.17910.16210,14610,10250.09510,09130.08890.08810.0874 

.. . O. 1 00_ .0 • 28020 • 25640 • 21 620 .1 8860 • 1 7 il 0 0 • 1 56.5 0 • 1 1 250 , 1 0480 • 1 008 O. 09830 • 09740 • 0966· 
0.1300.29650.27500.23860.21330,19810,18340.14090.13270.12830.12550.12460.1236 
0.1700.31350.29450.262 40.24020.22680,21 380.17490.16710.16260,15970.15870.1577 
o • 200 O. 32400 , 30650 • 27730 • 25720 • 2ft 51 0 , 23340 , 1 9800 , 1 9070 , 1 8650 ,.1 83., 0 , 1 8280, 1 81 7 ... ____ . 
0.250~0.33860.32340.29830.28130.27120,26'50.23240,22630.22280.22050.21'70.2186. 
0.3000.35060.33730.31580.30160.29320,28530.26240.25780,25520.25340.25280.251~ 

. 0.4000.36980.35960.34400.33430.32900.32420.31240.31050.30950.30890.30870.3080 
0.500 0.38490.37710.36620.36020,35730~35510.35220.35250.35290.35320.35340.3529' 

._0.6000.39720.39150.38450.38160.38070,38050.38480.38680.38810.38910.389'0.3891 
_______________ ______ 0.700 0.40770.40370.40000.39970,40050,40200.41200,41510. 41 720. 41860.41910.4188 

0.800 0.41680.41430.41340.41530.41760~42060.43500,439'0.44150.44320.44380.4436 
0.9000.42490.42370.42530.42910.43260.43680.45480.45950.46230.46410.46480.4646 
1.0000.43200.43200.43590.44140.44590.45110.47210.47720 .48020~48220.48280.4826 
1.200 0.44450.44650.45410~46il40.46870.47560.50080.50650.50960.51160.51230.5121 
1.400. 0.45500.45870.46950.48000.48770~49580.52390.5Z970.53Z90~53490.53560.5352 
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--- ----------. ". f. i1 0 0-0.4415 0.44990.-4-58 40. 1;6740-:-47ltfO_:_4815 0--.--5 0830:;--5'r420-;-5-17 5-0-;5 19 60--.--5203 O. 5Z0r~ ------------ . 
__ .. _____ . ~=~__=:~_~:L~~o-o--il.45800 .-~~,-~.4 ~3!l0._485 0 0.49 31..0 .~01!0.~3_~~_0-'~.37 ~O • ..540 60 .5_4~r~.J_t.3_'!0 .5_4}_(_~=~==_-- _______ _ 

--- ------------------------- -- -- -- ---------------- -- --- - ----- -- - --- ------ ------------ ---------
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~~---. -------. -----

-----~ -~------.------.------ . ---_._- ----------_ .. -----.---~-------. ---- --~ 



~~ ----~------- ~~~~ .~~~---~~----.---

.-.~----~-----------------.-, --,-- .-- _._---------------------_._--_ .• - '--,- ----------- ----------_._----_ .. _.- -.- -.--------- ------- - - --- --- - - ------- --_. ... --------- ... _.-
_____________________ _ _________________ ~~. _ 2 ~ I R U_ •. :_ 4 • 2~ ___________________________________ . _________ .____________________ _ _ 
_ _ ----------------.-_. ______ ~p 11L-. __ 1 ______ 1 • 5~_ 3 ___ 5. ______ L _____ 1 0 ___ 50----- 1 OL 200 __ . __ 500 _ 1000 _ .. 5000-___ _____ _ 
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~~ 0.060_0.30760.28450.24270.21070.18980.16840.09640. 08i!30. 07540. or170. 07050.0695-_._.________ 
~~ 0.0",0 __ 0.31790,29650. 25'ZZo,2_27_9_0.2083o,J8800 ,-U560 ,.0~940.09_090 •. 086tO.08460.083L _____ . __ . ___ _ 

_ . __ .... ______________ 0.080_ 0.32700.30 '/'10.27100.24330.22500.20590 .U500.JJ140.tDr40.10t40.09 95 0.0978 __ . ____ . __________ ... _____ . __ .. 
~~ _____ O .09_0_0 ,33500. U6,O. 283 00.J!5 730.24030.2 2 250--15_4~_OLt3590.J 24'/'o.ttl60 .t1:12 0.1132______ _______ _ 

___ ... _. ___ .. ________ ~O .100_0.3 4i!30. 32490.29390.27010.25440.23790.1'7340.15480.14280.1341'0. 1 3 1 90.129L~_ .. ________ ~_._. _ 
_ . _. ___ . ____ ._ .. __ . ~ __ O ._13LO.36050.34630.321 60.30300.29090.27830.22800.21190.20020.19080.1 87J 0 .1837_' ~. __ . ____________ _ 

_ _ _. __ ._ _ ______________ 0._' 7LO .37940,36860.35060.33190,32990.32190.29240.28340.27670. 27090.26840.2655 ____ ... _ ... _ .. ___ .... 
__ ~____ _0.200_0.39090.38220.3685_0. .359_40 ,3,-410.34910 .334tO,33090.32900 •. 32180.32130 •. 3265 _____ ... ________ _ 

_ __ _ . __ .____.. 0,250 0. .40680.40100.39320.. 38~30 .38'/'80. :5 8700..39240 .3H20 .f~0t90 .40660 .40890. .4104_ .. ___ .. __ . 
_____ ~_______________ __ O .30LO. 419_90.41650.4.1350.41390.415 30.41Z9_O..43890.449:tO. 45l50.4641'0. 46Zl0 .4695._ .. ____________ .. _______ _ 

______ ~ ___ o. 40LO. 44050.44090.44560.45250.45850.46620. 50{20 .5220.0.53200.53900. 54140 .s424 _______ ~_~ __ _ 
___________________ ._. __ O.SOLO .45660.45980 .47030.48Z00. 49.130. 50.240.55390.56900.57(,90.58340.58520 .51156 ~~ 

. .___ _______________ 0.600_ 0.46960.. ,. 75 20.490. 30.50.5]'0.51('40.53090.58750..60. 150..60890.613 ZO. 61460.6147 __ . _____ .. _._ .. __ _ 
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~ ~__ .~ _~____ 0 • 250 0.40990.40460.39770.394_70,39370, 39360,40240 .40~60 ,414 5 0.,,20_40.42310 .42 51~ ___ ~ ___ ~_~_~ __ ~ 
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___________________ 0.080 __ 0.33250.31330.27'850.25_150.23350.21_460 .. 14110 .12i!40 .1.1.1100-1.0 43 0._10210.1003 _______ _ 
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_______________ 0 .17LO.3 85 40.37550.35920 • .3 4800.34 \00.33400.30910.30170.29620.29130.28910. 2865__ __________ _ 
____________ O. 20G..0_.39J_OO. 38220.3L7.30_. 3~280L3656.0.36J 80 • 352l0.35J_90 ,35i21 O. 35.300.3.5360.3538 ____ . . . 
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_ _ __ _ . __ . _________ 0.600_.0.41600. 482l0. 50000.51 HO .53010 .54490.60570.61990.627" 0.631.1 0.63240.6323_. _____ .___ __ 

_____ _____________ 0 L7.0LO • .lI8IClO L495'l0.5_16l0. 53610.5_5J50.56/'9.0L62.9_l0_,-6it220. 64800.65130.65~3(l._6520 _________________ ._._. 
____________________ 0 • 800._.0.49660.50690.53100.55330.56940 • . S8l00 ,-64830.65920.66410.66680. 66l70: 66 7.3___ _________ _ 
__ ____ ____________ 0 .9_00_0. 50500. 5.16'l0.54350. 5616,O.5.8.480 .6031 0.66320.6'Z.2Zo. 6 nOO.6 7930.68010 0-6795 ______ .. _._ .. ____ _ 

_______ ____ to 000_ 0 • 51 2. 40.52540 •. 55440.58010.59810,61700.67530.68380.68750. 68960.69030.6897-- __ _ 
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--------- o. -ooro~foo 20: 06570--:-02420.009''-0:-(iOS1 0 :0030-6 ,oof,fo-;-oo 110,00'-10,00100,00100,0010 .--
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0.0-04_0.15740,11980.063)0.03420,02170. 01360,0_0500.00450.00430,00410,00410.00 40_ _____________ _ 
_ - --- -0.006 ----.2..J]t40, 14010_.08150.0480 0.0!220--,-0.21JtO. 00160,00680. 00 6~0 ,O()620._0062 0,0061 

---_-~- _____ -- -.__~_ 0:6-08_0,19240 ,B-590. 09640-. 06030,04230.02860,01030,00910,00860,00840,00830. 0082~ __ -__ -_-___ --.. -___ - __ -_ ~ 
0.010 0.20460,16880,10920.07150,05180,03600,01300.01150,01090,01050.01040,0103 

-... ----------. - .. -... - 0.-020--0.24490. 2T290. 1564(r;-1-,-650 • 09290-,07150,-02750 .02390: 02240. 02160.-021TO :02n~_- = =------
-- ---- - - 0.030 0,27020.24130.18910.15060,12650-;1 Ol1 0.04390,03740.034-80,03340.03290,0325-- _________ _ 

---: -- -~=_=_=-_____=_~ 0 .~040__:_0:28870;-26240 -;-2145-(f.-' "8~'0.-n-lt8-0;-f3r30,-062fo-,-0-5 220,-0-(8-, 0,04590.-045 fo, 0446-=-______ ~ __ _ 
0.050 0.30350.27940.23540,20150.17930,15650.08180,06850.06250.05930.05830,0575 --------.------=-__ ~=-O,060 __ 0~31570, 293-60,25310. 2Zf80 ,f01 00.17930.10-250.08610.07800,07370.07240.07; 2 __ 
0.070 0,32620.30580.26860.23970,22040,20010.12380,10510.09490,08920.08740.0859' 

.-----------.----0 .080-0~33 540. 31-65 0~28 2 30-.2 s-570, 23 790:219T0 ,1 ,,540;n 5io-, l' 320,1-6580 .-fo 3 5,'-.-1016-.. ----= ____ .-----:--=~== 
_-~_____ ._._=-___ _==__ 0.090:.::0 .. 34350.32610.29450, 2 ~oiO, 25390,2 3660,16690,T4610_.j3ZIo ,12 380:T2090,i18.5_~_-. ____ ~ ______ _ 

___ ._ 0,' 00_0. 35090, 33470, 305LO, 28340.26850. 25280, 1 8800,' 6750, 1 5340.14320.'3970,'366 __________ ._ .. _ 
__________ 0,,30_0,36930,35640.33400.31730,30640.29500.24820,23210, 21 960. i!0880 ,20410 " 99_6 _______________ _ 

_ 0.170_0,38840.3'1'900,36360, 3n-'0. 3"60,34020,31800,3" 70,30700,30290,30100,2987 _. _ ____ __ _ 
0.200 0.40000,39270.38' 80.37 510.37150,36830.36240.36310,36460.36680.36810 ,3 691 _________ _ 

------- .----- .. ---O. 250 -0~-41600 .41170 .-40690,40560,40580,40710,42320,43250.44110 ,4itT30 .45300 ,45fL ____ ___ __ _ 
. ------------ 0.3000.42920.42730.42750.43050,43390,43870.47060,485 0 0,49630,50560.50910,5112 __ ___ _ 

___ ._-___ :-=___ 0.400 __ 0-.-45000,45190,-45990 :469)0,4 776 0~48740, 5 f8-30 .-nS 5 0 ,5665 0,5 i360, 5759'0,576 L__ ..... 
_________________ ~ __ 0 .500_0'-~66..1 0 • .41'_1 00 ._4841'0,49120, 51 050 .52310, 5831 o. 5~930. 608, 0,61320 ,6.1480 ,6'5L ____ ~ ______ _ 
___ ... _ .. __ ____ 0 • 600 _ 0,41'920,48640.50480. S 2 29 0.53650.55200,61470,62890,63590.63970.64090,6408 ___ __. _______ _ 

0.700 0.49020,49940.52' 50.54250.55790,57490,63810,65030.65600,65910.660' 0.6598 ___________ _ 
---···-=~-=~-:::._:_.-:.-O .800~i,-:49980 ,510-60 .53580-.559§0·.57570~59380,-656,-0 ,~66IO,67_nO.6L410.-6749;O-;6i44_~-_--___________ _ 
_________ __ ~ ______ O ,2..00 __ 0 .. 50820 .52040,_5_4830_.513.~0_.5~J 00,6_09_80,6 7'050,_H~ao_. 68380, 68610 ,68680, 6862 _________ ~ _ 

__ _ _ . ___ . _____ 1.000_0.51560,52920,55920.585_80,60420,62350.68230,69050,69400,69600,69670.61160 .... _____ _ 
1,200 0.52850,54410.57790.60670,62620.64600.70050,70720, 71.01 0 ,71170 ,7122 0 .7_114_· _________ _ 

______=--=----===~==:=, ._40 O=:0=~53t30. St6§0.),)3 Z-O_.623:&0 ,64370 ,66EO, 71420, !1 980-.72220.72360.7241 Q.72 32 .._ ___ __ _ 
-_._-- ----~- -------------~-.------~-

• 

-~~ ---------- - ---------
-------------------.~-----~------- ~~------------------- -------~ 



---------~-----------

------ --- -- - - ------~----------------------~-------- ._----_._-----"._---- ---------- ---- - --- - -~ -'--"-" -- ------ ----- --- -----

_. __ ~_ 2 AI R TB_8_4. 6_' _________________________________ . ___________ _ 
___ P/K ___ 1 ______ ,. L __ .3 __ 5 ___ L ___ 1 0 _______ 50 __ . ___ ._ 1 00_ 20.0 50.0 _ 1000- 5000-______ 

____ _ 0 ,-00J_0_.JJ'.!50. D66'rD. 02460.009_60 .00510 .0.0_30_0 ,-OOJ 20..00110.0.0..1.1 0.00tDD.00100. .001L _____ . __ ._. ____ _ 
__________ ~ __ O. 00.2_0 .12810.0.9110..04080..0._,870.010.80..0.0640..0.0250. .00220.00210.00210.00200.0.020 _____________ . 
__ _______ 0._00.3_0 .J4580.1 081 O. 053}O.OZI10. 01 650.0_1000 •. _00380._00340 ._OO3i!O.. 0031 0.0.0310.0.030. ____________ _ 

__ ___ ___ .__ __________ 0 .0.04_0. .15920.12140..0.6410..03480. DZ 20.0..0. 13 70.. DD 50.0..00450.0.0.430. DO 410.0.0410.0040 __ .__ ____. ___ ... 
0. ~D06_D,_tz9 30..14200.. D8Z90. 0.4890.0.3280..0.21 30 ~OO 760.00680.00640.006 Z 0.00620.00. 61 _____ _ 

___ _ _ _____________ 0.0.08._0. •. 19450 •. 15 7'80..0.9810.0.6150.0.4310.. OZ9 00 .01 030.00920.00860..00840.0.0830. 008L---- __ 
_________ 0.010_0., Z067'0.l1O.90.t1L1 0..0.7'29_0. D5Z8O.. 036Z.0 ._0130.0.o..t15O. .0.1D.90.OJ05O.. 0._1040. .O.10L __ . ___________ _ 

________________ _ 0,020._0.24730..21540.15890.11880..0.9490. .0.7_30._0 .02no .02400..0.2250.. 0.21..70.0.2140..0.21' ____ . 
________ . __________ ~ __ O.. 030._ O..21'ZIO. 2..440.0.1..9 200 .15~4_0.'I Z_9t.O ...1O._5_4.Q~O._4_440.0:r~ZO.0350O..0335 0.0. 330 0.0 3Z 6,-_ __ __ ____ _ 

__ _________________ 0. .04LO. 29..130..26530..211'.7'0. .18140.J 5790. .-, 3420.06310.05270..0.4640..04620.0.4550..0449'------ ______ _ 
_ .___ _____ 0. .05LOL3062D_. 28240..23880.20510. • ..1 8Z9D ,16000..08340..0.6930.0.6300.05980.05880. 05Z9' ___ _ 

__ ___________ ~ __ o. .060_ 0.31850..29670.25670.22560.20490..18330.10480.08750. 07900.07440.073 0.0.07-1 L ____________ _ 
______________ 0 • 0l0_0. 32900..30900.27230.24_370,22_460 ,2D440.12690._,DDD. 0~6_40.09O.30_.0_8840.O.868_. ________ _ 
____ . _ _____ _______ 0.080_ 0.33820..31970.28610.25990. • 2l.Z40. 2 Z31.0 L t49 3 0.12820.1..154 O. 10U 0 ._'l0 5 00.1. 030___________ __ _ 
__________ y ______ 0.090._0.34640..32930.29850..27_460 .25860 .241~0.J1l60,_1.}DOD.13580<_t2620.H3DO. 1204 ___ . ___ ... ___ .. ____ _ 
__ ___ _____________ 0.10.0_0.35380.33800.30970.28800.2'7340.25800.19350.172 40.15750..14650.14260.1393 _________________ _ 
_______ ~___ 0 ._'l3LO. ... 31230.. 35280.33830.32220.3117_0.30.080.25560.23980. 22720.21590.2.11 0.0.2060-______________ _ 
______ ___ __ ____________ 0. .tILO .39140.38250.368.10.35830.35 i!40.3 4660.32730.32210.31840..31530.31400.3121....--- _____ __ _ 

______ 0 .2DO_OJ4031 0..39630.38630.3805_0 .3'U40._3l.49_0 .3?'250.R4.7D. 31'l60. 3..8HO .38350.3853.. ________ _ 
________________0.250_ 0.41910.41540.41.160.41..11..0 ._4UOO ._4141.0 .43400 • ..41,490..45480..46420._46830.47.1 3 __ _ 
___ _______________ 0..300_.0._43230. 43J.00 .43220._43610 ... 44020L4lt580 L48150_<_49 7..20._.5_0.9_5 O.5J<jI30. 52 Z 80..5 2 49'--___ .___ __ _ 

__________ O. 40LO. 453_10.45560.46470.47520.48400.49460.54870.56660.57780. 58470.58690.5871....--------- ___ __ 
__ _ ____________________ 0.500_0.4.69_30.47410. .482.60.5050.0.51690..53090..59280. 609_~ 0.61780..62270.62420. .6243.:. ___________________ _ 

_____________ ___ O.. 60LO._48240. 49 020.50970. .5287-0 .54300 .55910..62360.63 170.64450..64810.649'30.6491..---.-----.--
______ . 0_.7.0LO.4.2.35O.. 50320 .52640. .54.112..0 .56420 .5e.j 80.64630.651130.66380..6661'0.66]60.667'---__________ _ 

_______ 0.80.0....0.50.30.0.51440.54070..56470.5 8Z00.6 0060. .66380_. 61'41 O. 6'7.860.681.10.68190 :68.1 4______ _ . ____ _ 
_______________ 0.9_00. __ 0. .5tt4Q. 52HO ,55310 .5L8~O .5_9]20.6.16~0.611LO_.6861'.0..6..9050.6927_D .69_340 .6927_. __ . __________ _ 

_ .._ ..... __ .1.0.00._ 0.51890.53290..56410.59140.61 030 ~6301 0.68910.69690.700.40.70220.70.290 .70Z2-------
__________________ ._.t. 200...0..53170.54790 • ..5826.0 .61220.. 63Z 10.65230.70.670.7..1 300.71580. '7.1 7'30.71780.7171-' _______ . _______ _ 

-. __________ . ___ ._1. 400_ 0.5 4250.560.30.59790.62900.649.50..66970.71990..72520.7275 0..72890.72930. • .7285-- _ .. ___________ _ 
- ------~-- ----------

------- ---------------- -----------
--_._-----------------_._-- - ----- -------------- --------~ 

----------------------------------------- - ----_ .. _-
------ _._--- ---~--------------- -- -------~---.------------

------------- -- -- -- --------.---- ------ ----.. ------ - --. - .. _-------------------



------------------- ~~~---~~~~~~~-

----- -- ---- --- -- ------- ---- 2 Al RT 8-.~---f:-7 -------- ---
--------------- P/K _ 1 1.53 5 7---fo~ --50-_ -Too-Zoo--TOO--'O(fo--:- 5000 _________ _ 

------- - ---- -0.0-01-0-:-'-0 2 7if~ 06770-.-02510. 00970-:-00520--;-00 3,6~ 00120;0011-0,0011 0.00'- 00.00100.0010 
------------__ -_.-_ -0-;002-0--:-12960; 09240; 04,-5If;-0'lTOO.-01 090-.-00-650-, 00-250. 00220. OOZ,-o .-0-0210 .-0-oZOO:o020-----_ ----_ -

-- -------- ----... ----_ -0 ~ 0-03-0; 14740.10960.05470.0276 0.01670,010-'-0-;00380-.0-0340-;0032-0.00 3-fo-~ 0-031-6.-003 0 --=-=~==-=-=---- --- ---------- -~_:::=O: 0~040.:f6090 :::12 300 .-06580 .03 ~5'O.-OZZ40-.-0139-6~.---005 M. 004-50~0-043 0.00-4-; 0 .0-04-,-0,-0040=-__ _________ _ 
0,0_OLO_.J_812_0._~380 .08440.0 49J 0 .0335 0_IOit1~0.0 0.J60. 00680. 00640,0_06._2_0., .. 0.0 6 2 0 ,006L ______ _ 

______ ___ 0.008_0,19650.15990.09980.06270.04390.0295 0.01030,00920.00870.00840,00830.0082_ __ ___ __ _ 
0.010 0,20880.' 7310. 11300.07440.05390.03740.01300.01150.01090.01050.01 040.0103 ___________ _ 

-- --_-_-- ----------0 ~- 020:~0 -.--2-4970 ;21790.-'--6 15 6-:-,-21To .~09690-.-Of460.T21~0~::Q-z3fO~o_22 6"0:-02T[0;::0-2f40 .-(212-=-~:::_______ 
- --- --- --- ---- ----- 0.030 0.27520.24680.19500,1563 0.13170,10780.04490.03790,03510,03360.03320.03 2 8 _________ _ 
----------=-=~_=___=__::_::: 0.040-:=0: 29400 :26820 .-22'0-O.~nI4-80 .:rnZO ,J3T20.-064To-.05320-.048io;0-4640 :04570.045,== ________ _ 

0.050 0.30890,28540.24230,20880._18660,1635 0.08500.07030.06360.06020,0_59'20.0583 
-------___-_::::-:--::0, 660-:=0 -:-321 iO. 29f80. 26040.229-60. Z0900 ,~, 8730.10 1'30,08910.08000.07520.07370.072 L _________ _ 

0,070 0.33180.31220.27610.24790.22890,20880.13020.10960. 09800. 09140. 08950.0878 _______ _ 
--------- ------0-.080-0 ~ 34Tfo:32300: 29-000.-26430;-24700-. 22850.J !fHo;f3140-;-(f780-:109 20.~f066-0:::f044== _______ _ 

--- ----- - -- -0.090-0.34930,33260.30250. Z791 0.26340.24660,17660-,15-430.139'2 0.12880.1253.0 IJ_2 2 5 _________ _ 
----- -- ---- ---- 0.100-:=0-:- 35670.34130,31380,29260.27840 , 2-6330.19930,17770-.16200. 1 501 0 .14580 .1_422 _________ _ - -----° . 130_0--,U130 • 36nO .34260 .32720 .31720 13 06]0 .2635 0.24800.23550.22380. 2j850 .2131_~ ___ ~_ 

0.170_0.39440.38600.37250.36360,35820.35310.33690, 3331 0.33060.32880.32810.3270 ____ _______ _ 
------0.200_0-,40610.3999_0.39090.38590 .38350.}81 70.38300.38680 .39J30_.3.96?0 .3_~9'70.4024 _________ _ 

------ -----------------0.250 _ 0.4223 0.419" 00.41620 :41670 ._41830 142 f1 0 ._44500.45760.46890.47930.48380,4869'______ __ _ _____ _ 
- -------- - - -0.300 0.43550.43470.43700.44180.44660.45300.49260.50960.52270.53280.53640,5384 _________ _ 

-- - ----------=-_:: 0.40-0-::: O. 45630~459 40.46950 .-"-11 to 0~4If050;!l 0'-9 0.-55910.57760.58880-.59560.59770. 5983~-::: _ 
_______________________ 0.50_0_0._47250-,47.850.49450.5.1080.52340 L53810. 60240 .61J180. 62730.6]190.63330, 6334, __________ ~ __ _ 

.. ____ __ 0.600_0.48560.49400.51450.53450.54940.56620.63240. 64630.65280.65630.65730. 651'L.__ _______ _ 
0.700 0.49670.50700.53130.55400.57060,58880.65440.66610. 67130, 6741 0 .67500.6746 ___ _ 

------... --------- ___ -0.800-:-0.50-620.51820.54550.57040. 58830 .~607JO .-6 7f30,=6a:nO .JSS60.l>.8]c[O.6-S8 7.0 , 6881_______ _ __ . 
-=~~=--== -~=--::::~==-= 0 .900_0_. 5J460. 52800 ,55'7.9_0.58460 .6_0330 L623_20.684IO ,6~340 .69]00, 69 __ Ho,6J!n'O. 699' ___ . ______________ _ 

____ .... _1. 000_0.52210.5367.0.56890.59700.61640.63660.69570.70330. 70650.70830,70890.7082 _____________________ _ 
. __ ._ 1 .200_0_.53490.55160-,58740.61/'70.63800.65850.71270. 71880.72140.72290.1'2330.72 2 5 

.___ ... ________ .. 1.~0_LO,§457'O. 5641 0 .60J~0.63HO. 65520 16757'0 .72540 --73050 .73270.73400.73440.7335 ________ _ 
--------------- --------- ---------

------ -----------

-----~- -------------- ----~-------------.---------

--- ------------------ -- - ~- --_._--



-- ... ~ ... ---~-....... -~-.------- .. 

_~_-=-_2A/RTB._' 4,8. __ ... ___ .. ___ .. _ .. ___________ ~ ___ ~ __ . ______ _ 
______________ ~ __ P/K ..... __ ._ ... _. __ .L._. ___ ._.J .5 ___ ~3 ___ 5"__ __ ._. __ 7 .. ______ 'Q __ 5L_100 200 __ .500 _1000._ -5000----- .---- --~ 

O.OOLO ._10400.06870,,-0256_0.012990 .. 00530.00310_.00120.001..1 O. 00.110 • .001 ~0_.00JOO~0010 ____ . __ .. __ ~_. ___ .. 
_-... ~~_.~ __ ~ ___ ~_ .. ~_-_.~ .. ~. __ ~ .. -.... 0.002 __ 0.13120.09370.04230.01940 .. 01" 0,00650,00250.00220,00 i! 10.00210.00200.0020___ ___ _ 

__________ .... _~_O. 003_0,J4910 .tU1 0.05nO. 02810 .. 017QO. U020.00380,00340.00320. 00310. 0031 0.003L _______ . 
.. _____ ___ 0.004._.0.16270.12470.06700.03620 .. 0 2Z80, 0141 O. 00500,00450.00430.00410.00410.0040-----------

O. OOLO • .18RO,14J70 .. 0859.0.05090.03410.02200.007.70.00680.00640,00620. 00620.0061-------.--. 
. _____ ____ .... ~_._. __ O. 008_ 0 .J9860.1 6190 •. 10'50.06400.04480.03010,01030.00920.00870.00 8 40.00830.0082-.----------.-

__ .. __ ~ .. ____ .... _____ O_.01.L0.2J.100.U520 .114~0.01_59_0_.05500. 0381 0 .. 013_'0 &'-160,01090&1050.01040.01 OL_. __ ._. __ ... ___ .. __ 
______ ________________ 0.020_ O.25210.22050.j 641 0.12340.09890.07.620_.02800.0'1.420_.02260.021 80.R15 0.0212---.. __ ._. 

_~ 0.030~0,2n80. 2A9_60..J~800.151.20 .. J 345.0.J1 .. 020 .•. 045_40,-0_3HO..035..30.03380. 03330.0329'-_~ ... __ . 
_~ _____ . __ .. _____ 0.040 ... 0.296'7.0.27_120.22430.18820.16450.14030,065_10.05370. 0491 O. 04670.0460 O. 0 453_~~ __ --.. -. 
___ ~~~~O. 050_0 L 3U 60.28850.24580. 2t250 ... 19030 ,16720.08680.07130.06420.06010.05960.0581 
__ . __________ ..... 0.060- 0 .32400.30300.26410.23360.2131 0 .19140.-10990.09080.08100.07590.07440.0731--- --------

_____ .. 0.010_0,33470.31540.28000. 252Z0-,_233~0, 21340 .. 13380._'-1210. On7'O .09210.09050.0888_ ... _. ________ _ 
_______________0.080 ... 0,34390.32630.29400.26870.2 5170.23340.1 5190 .13490.12030 .jJ 110.10820.1059'--____ .. _. __ .. __ _ 
._ .... _. __ ~ __ . ____ . 0.090_0.35220.33.600.30660. 283Z.0 .. 26830. 25.180 ._, 819_0.J_5880_0-14280 ._13150.121.700-1246. __ .... ____ . . __ 

... __ ~ __ . _______ . ____ O •. 1 00._0 .35960.34470.31800.29740.28360.26880,20540 .18340 .16690 .15400 .149~0.1 45L ___ .. _~ ___ .~ .. __ 
______ O.J 3LO .37830 .366700-34690 .33230.32280.31280.27_170.25680.24440.23260. 22100. 221L_~ __ ._. _____ ..... 
____ . ____ . ___ . ____ 0.' 7..0_ 0 •. 39750.38950.377_10.36890.36420.35970.34690. 34460. 34350.34330.34350. 343L _____ ._~ __ 

_ ._~______O. 20LO ._40920.40350.39550. 39.140.38960. 38850.393l0.3~9'40. 40560 .41 Z80. 41670.4203-----------.-.--
_... _~ __ . _____ .__ _0. Z50_ 0.42540.42260.42100.42240.42460.42820.45620 .47.060. 48320.49450.49920.5024-------.-. 

___ .... _._._.~_~ ___ O. 30LO .43860 .43840 ._441LO.447.60._45:stO .46020 .50310.522'0.53590.54620. 549'70 .55tL~-~ .__ __ . 
________ _ _____ ~ ___ O. 40LO .459 50.4631 0 ~4 7440.48690.491'00. ~0920. 56950.58850.59960.60610.60810.608 7_· __ ~. ___ . ___ ._._ .. __ 

_ ._ .. _______ ~. ______ O. 500_.0 •. 4757.0.48220.49930.51660.52990,54530.61180.62820. 63640 .640 80.64220 .6422~~ 
_____ _ _________ ._~_O. 600 _ 0.48880.49770.51940.54030.55580.51.330,64100.65470. 66090.66420.66520. 6649_' _______ . ___ .~_ .. __ 

____ ____ . ______________ 0. 70_0_0 ~49990. 51080.53620. 55980_.576_9_0 .5~57_0.66Z30 •. 67:3'70 .• H810 .68130 ,68210.6817 ___ . ____ . _ 
___ . _______ .__ 0.800 __ 0.50950.52200,55040.57620.59450.6_1420.67'860. 68830. 69240. 69460.695 30 ~69 4 1________ .~ __ 

. ___ ... _. __ .. ______ 0. 90LO ,5.1790. 53_180.56280 .5~030.L60~~0 ,629 80_.69160.6l-.9_9_0 .7.0340.1.0530 .7.0590 .70 5 L_ .... _. ____ . 
_ ... _ ... _____ 1. OOLO. 52530.540500-5731'0.60260,62250.64310,70210.1'09'40.71250. 71420.71470 .7'14L---- __ 

. ____ ._ .. _.~~_~ __ L 200_0 .~3820. 55540 0-59ZtO. 6231 0 .6ft390. 6647'0. 71850.72430.72680.12820.72870 .727-9'---- .. _.~ ___ . ___ _ 
... ___ .. -~ .. ---.--_L 400_0.54890.56780.60730.63980.66090.68160.73080.7.3 560.731'80.73900. 73 lit, 0 • 7385~ __ ------~- .. --

-- ----- -- -- ----~- -------

.. --.---.. --~ --------- .-.. ----.------~-.-~-----.~ 



--------------------~----~-------------------

--~-----~--.--- .-----~-~.~------------------------------

------- ... ------~~----------~----.-- - -------- 2A-/RTB--.-~-4-:9'----~~~--- ----
---- PI K 1 1 .5 35 7-----10-.. . -.-50-.. -'00-. -ZOO---- foo----'--OOo 5P.0;;-;0;-;;0--_-~-_-_ _=_=__--~ __ 

- -- ---- ------ O~.-OO'(,_:T052f. 069i6-:-02600; 01 01 O~ 0-0'30~-003fo~ 00120:00110.00110.00100.00100 -=- 0010 
-. -. ---------.. -.. -. -o:(50~2-0_::_f3270-.09 510 .043-'-0-.019 70-;-HBo-;00-660; 00250;-00226.002fo-'::6(f2fo-.~Q(i!OO-;~0:oto----==-=-=-= 
==-~~-----:=_~-=_~_~ 0-.00 3-0~1)O:a0_.J12 to.0~670_.0287_0 ... 01 730;"OLO_40_.00)8_0:0Q}40.00320._003}O. 003 to. 0_030 _________ ~_ 

--- _ _ _______ O-.Q:(ILO • .1 6450 .12640 .0~820.0l690. 02320,01430.00 510,00450.00430.00410.00410.00 4L ___ ._._ .. ___ . __ _ 
_____ ___ _ ~ __ _~_0_.Jt06_0.185JJt.1..4!70.0_13.7_40._05nO.On3480 .02.2~O, 00!7_0 .00680. 00650 ,0.0620,00620 ,0_061· _ 

~~ _____ 0.008_ 0.20060.,6400 • .10330.06530,04580,03060.01040,-00920, 00870.00840.00830.00 82 _______ ~ __ 
0.010 0.21320.' 7750.11690.07740.05610,03890.01310.01160.01090.01050. 01 040.01 03 . _____ ~ ____ _ 

-- ----- ------~-0.020-0 ~-25450 .22310-: 16680 .-1 2590:101fO:--07800;0-282-0.-0-2436.02270-;-02'-80.~02'5=0:0-213-. - _____ ~ __ _ 
--- -- -- -. -~--- 0.030 0.28040.25240.20110. 16Z3 0.13740.11280--:-04590.03840.03540.-0-339 0.03340.0330---

~-- -- --------:-:-=--. -0. 040 ::::0-;'29930.2 7~4 20:2 2t70.19-f6 0 •• '-679-0 ,T436-0~-(f6!"30~-05430-:0-0-(0 ;04760.04 620;0-4 56:---::::-=~_~-::::=::::= 
___ ~_~ __ - ~-_~~==O. 050_0 ... 3_H_40, 29.160,2_49_40._21.64.0.19420,-1 t1 60,08880,07230.0649.0.06120 ,060t000.59_' ______ _ 

. ____ 0.060_._0,32680.30610.26780. 23nO. 211'30,'9570.11270.09250.08220.07670.0151 O. 0738_. __ . __ ~ __ ~_ 
0.070 0.33750.31860.28390.25650.23190.21610.13750.11480.10150.09390.09170.0898 

---- ----~- 0.08"0-0 :34680.32960.29800-:27330.25650,23850 .f6260 ,13870 .-1Z51 0: ,-,-510.1'-000.1075-. --------
__ ~_=:_:_ .. =~=~--==~ 0.09_0::0. 355J O. 33930. f1 070.Z!f8§0_. 27340 .257.Z0_.18?50 .:16380.'4680~T345O:.T3030.fz69'--:=-===~-=-=-=-_ 

_ . ___ 0 .100~O, 36260.34810.32220 .302Z0, Z8880, 2~4.40. 21190 .18950 .11230.' 5830.15 510. 1486,- _________ ~ __ 
_______ 0.130_0.38130.31.020.35130.331.4.0.32840,319.1 O. 28030.266.1 0.25410.24230,23650.2300 ______ _ 

_ _ _~ __ ~_0.1700.40060.39310.38160.37_430.37020,36640.351'30.35660.35720,35880.36010.361L~ ________ _ 
_ ___ ... ___ . ~ O. 20.0~0 ,4Jiit30. 40710.40020.39690.39580,39_550.-,.04 IO,_4j 230.42030 ,429_40._43_43 0_,4386~ __ _ _ _._. _== ~~_~_-=_==O. 250_0 .42850.42630.42570:428:10,43100,43540,46760,48370, 49760, 50910 ,51460. 517L ____________ __ _ 
__ ~ _____ ~ ___ __ _ _~ ____ 0.300_ 0.4_4180.4421 O. 4.4660,~5.3_40, 45950,_46 750,US.00 ,53460 .$4900, 55~30 ,.56.2l0. 5 644 ____ ~ __ 

_ ... _ 0.400_ 0.46270.46690.47920.49270.50360,51650.57980.59920. 61 020,61640.61830,6181.____ __ . _____ _ 
__ . ____________________ ~_O .500_0-,-47890 .48600,50420.52250,5365_0.55260. 62J 20, 6H50. 64540,64950,65080.650'7 _____ _ 
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----- 1-;-000-0-; 56170-;5 89lt(l.6351!lJ;6-7.5 5n-;69 790-;-7215 0-;71'10 0-;-71 "S-0-;776-o-r.t76!! 0;777nr-;-n60--
-- ----------- ------~-,-;-20 0-0;5 80 30:60 430-;6 5320-; 69180-; 71600-;73840-.-78080-;78370; 78490; 78570;78590; 7848----------------------

1-:-400--0-;59 n tr.-6161tn-;6 6 730.700 4rr.7 3 0 1tr;7 5 140-;-7884 (I. 791)8 0-;79,9 0-;79260;79Ztl O-;r9t 6---

~~---------------------- ----------
----~------------------------------ ---

----- --- - -- -- ---- ------ -----

--------------~ ---- -~---- ----------



--- ~----~~--~------ ---~----~-~---

------------~-------------------------

- --~-- --~--------- --2A/RTB-"'---6-;-2-~---------------~ -------------
-P/K 1 1-;5---3~-5--~7 10---50----100-200-500-1000-5000 

---- 0-; 00 1~0-; 12370;08530_;-03400-;-015'0-;00650-; 00340-; 0 0 1 c! O~ 00110-; 0 0 110.00100 ;00100; 00 10 --~----~~-~ 
------ O~ 002-0.1 5 480;1151 0.OS600~.02620.01450-;-00 nO.00o!50.00f!20-;-0-oo!10.00.!1 O.OOo!OO;OO o!O--------~-----~ 

---~--~------------- 0-.003- 0-;17500;1 3550-.07320-; 03830; 02280;01' 70;003BO;00340-;-003o!O;00310-;OO 31 0-;o030~----------
O~ 004-0-;-19020-; 15 HO-;-08770-;0 495 0-;0 31 iO-;-01-81 0-;-0051 0_;_00461}.0 0 43 0-;-00 42 0-;-0 () 410-; 0 0 41----------~------:-~-

----0-;006-0-;21290-;17560-;11150-;-06940-;0471 0.-O~960~00780-;00690;00650-.00630 .00620; Q062~----------~-~-
---~---~ -0-;-008-0-;-2299 O-;'f 9 I+rO_;-,-31)90_;0 671 0_;06230-;04140_;01060-; 00930-;00880-; 00 1:15 0-;-008100-;0 0 83 

--~ 0-; 0 10-0--;2436 0-;20'130_;14 73 0-;10290_;07660-; 05 3 20-;01360; 0 1181);01110.01070.01060; 0105 -----~ ---~------
0-;020-0-;28830-;26010-;-2066 (1-; 16460-; 13680.106 70-;03 ~ 1 O-;-O~ 560; 0 236-o-.0Ci! 5 0-;0 a 2 0-;-0c!19--------

-----~-------~-O_; 030 -0-;31600-;29 2 'O~,- 2465 0;2 09 40-; 18390-;-1566 0; 0 5 89 0;0 43 0 0 ;0379 0-; 03580-; 03 5 2 0_;0 3 I+7--~---~------~ 
---0-;0 40-0_;3 36~0-; 315 70-;-27 6 70-;-24-4-80-;-2 2 2 40-;-1-~780-;-09-360_;_06 70 0-;-0 55411-.05110-;-05 000-;0 491------~-~----------

- ---------~-----0_;-05 0-0-;35200-;33 4~O-;30 T 3 0-;214'-00-;25 49 0_;2:53 5 0-:'-13 360;099'40-; 07 89 O~ 06920; 06710; 0656: - -~~-----

0-;--060-0-;355"30-;-35010-;321 80-;-l989-a_;282 80 ;-26490-; 176 r0-;-1-396 0-; 11140-;09l5 0-;0 8 79'0-;085 T-----~~---
- - -----~----~--0-:.-070-0-;37540-;-36330_;33950_;32050_;30730-.-29270:21 890~;11:1520; 15430.12540 ;1151 0-.1 090~ -------- ----~~-

O~; 08 0-0;38620 ~-3 7 500-;3 5 500-;-3 39 60-;-329 00;31 nO-;-26040-;-l3053 0.20 58 0.1-73 20.15 5 70,1 40 8--~--~~ 
----------------~--o-; 090 - 0; 39 49 0-; 38!i 30;36!S9 0; 35 66 o~ 34850.-33980-; 299 60~;21:1120 ;26l 00-;-236 2 0-;2,-790-; 190 r--~---~-~~- --
~--~------- 0-;100- 0-;40 '60-;39 46 0;-381-30-;3 7 2 00-;-3661 0_;3 60;0-;-33 6 3 0-;3 212-0-;3 't 85 0-;30140-;2992 0-:,-2 814-~~--~-----------~
--~- - -- -- -- ~--------IJ-;-13 0-0-; 4UOO--;-4f770-;-4T250-;-li1 060-;-41 0 40:li1120-;429 0 0; 44400.4623 0; 48870: 5 0610; Sl45--- ----~--~-----

0_;170-0_;4-4190-;-44150;44460-;4502(1;45570;46320-; 51780_;5478-0-;-57530; 59tl '-0-;6049'0_;60 79 -----~~--
- - ----~--~ ------~----0-.~2 00-0-;45 390-;45 59 0;46390~4 7 390-;-482 70; 49'400~ 56510; 59l 4 0; 62100; 635 00 ~ 6382 0_;6394--- --------~----

-----~- 0-;25 0- O~ 4 70 50-;~4 7 560;49 0 30: 50610-;-51900-;5 3 4!10~.-62000-;6 1+8 7 0-; 66 4 00-;-6 706 0-;67 23 0-;-67 24----------~----------
---- ~-----~-----~-----o; 30 0-0; 48400.49170.511 !i 0-; 5 3180.~5 4 770; 56660-;65620-; 6 7930-;-61:1910;69310_;69420;- 69 39~-~------ - ---
--- ------~-------~-0-;40 0-0-;5 0510-;5168 0;5 4440-; 5 70 70-;-59'060-;-6 r3 ,-0-;--69'180-;-714-rU-;719Q 0-.-7,'-3-0-;-12 l(10-;12' 4---_ ~-~----~-----~--

- ------- - -- --- ~ ----0;-5 0 O-O~ 52140-;5360 0-;5 6910_; 599 5 0; 6216 0;- 6 4 5 70-;72 48 0; 73420; 73750.-739'0; 739" 0.7389'----------'-- -~~---
----0--;-60 0--0_;5 31+60-;5 511.0 ;S81:170-;-6l190;-6453 0-;67000_;7412 0-;-748 00-;-75 0 5 0;-75'60-; 75220;7513 

-- - ---- ------~-~----0.700-0:5li570~:561o-40:6o-4cro.64000;664' 0-; 68811(1.75300 ;75820-; 76030 ;76140-. 76180. 7608--~------- ~--

-----------~O; 800-0-;; 55 5 2 0-;-5755 0; 6185 0; 6 5 5 0 0-;6795 0,70 40 0-;-76 2 00-;-7663-0-;-76 810-;7691 0-;-76 9'40-;-7684~~ -- -----------------
--~---------- ----0-:.900--0-;56350; 5851 0;63030-;-66780; 69240_;716 S 0-;7692 0 ;-77290-;-7'(45 0-;7 (540-;-77 5 70-;77 46:-~~--------~-- ~ --~ ---

-----1-;000- 0;57090-; 59 36 0-;(;1+0 5 0-;6'1 870_;7034-0-;1269-0-;-77520--;7 f8 50-;-77990-.7 80/'0-;1810 0--;7799~------ - ------ --
- ~ ------- -----1-;-2 OO~-O-; 5 8360_;0081-0-;;-65780-;-69 6 80-;72110-;7050; 78470;-78740-.78 860;789 30.78950 ;78 8C~--- ------~-

1-;I+OO--0-;591+20-.~62 010-;-6~nl0-;-711C: 0-;735 Ou./' 56 r0-;-79Zu O-;-l'i 430-;79530_;79590-;79610_;79 5 {)~--~-

-----~--~--------------------------~ --- -----------------------

---- -----------

------~----------~ 

--- ---------------~----- ----~~--



.-------- .... -,.--- ,.----- 2A/RTB., 6.3 
--------·'-·-·-·····-----------P/i-----~1------'-.5 --3--- 5 7. 10 50 100 200 500- To 00 506o~~=-------

........ , -.. 0.0010.12540.08660.03480.01340.00660.00340.00120. 0011 0.00110.00100.00100,0010--
.,---0.002 0.15660; 1H80; 05720.02690.01480.00790. 00Z50 .00230.00 o!10. oolfo .OO~OO. OOlO .,' 

- 0.003 0.17690.13750.07470.03930,02340,01300.00380.00340.003l0.00310.00310,0030 
-. -------- ...... _. . 0.004_ 0 .19230.15350.08940.05070,03190,01860.00510,00460. 00430,00420.00410,0041 _ . __ .. 
____ ,. __ .. ____ . ___ .. _._. ________ 0.006 0.21520 .F800.1 1 360.07120.04840,03040.00780,00690,00650,00630.00620. 0062 _______ , 

_0.008 0.23240.19680.13330.08910,06400,04260.01060.00940.00680~00850,00840,0083 _ 
0.010 0.24600.21200.15010.10530.07870,05470.01360.01180,01110.01070.01060.0105 

----- .. --- -- ----- -- 0.020-0.29120.26310.21010.16810,14030,11180.03260. 02570.02360.02260.02230.0220-- ---
_, ___________- 0.030_0.31900.29540,25040.21 360.18820.16100.06070. 04360,03810.03600.03540.0348 _ . -. , 

0.040 0.33920.31910.28100.24950.22740.20300.09720.06890.05620.05150.05030.049'4 . __ . _____ _ 
... _____________ ....... -0,050_0.35520.33800.30570.27910.26030,23940.13940 ,1 0360.08100.07010.06780, 0662_~ ________ _ 

0,060 0,36830.35360.32640.30420.28860,27120,18380,14640.11630.09460.089~0.0862 ___ .,._ 
0.070 0.37940.36700.34410.32600.31340.29940.22830.19480.16510.1~110.1'850.1"2 

-------- . .. .----- 0.080 0.38920.37870.35980.34:> 2 0.33 530.32460.27120,24560. 21!S90.185f0 .'-6500 :'-456, ------.- - . 
- ------ .. 0.0900.39790.38900.37370.36240.35510.34720,31170,29560.27880-.25540.23760.2050 --, 

--- -,- . _ 0.100 0.40580.39830.38620.37790.37280.36770.34900.34320, 33800,33230,32860,3211-·-
___________ ._ .. _.. _________ 0.1 30_0.42520. 421 40 • 41 760 • 41670. 41 740. 41900. 44 2 80. 46100. 4831 O. 51 31 0 .!) 31 30, 5470 __ _ 

.... 0.170_0.44510.44540,44960.45 6 40,46280,47120.531 20,56 330,59130,61280.61860.6209' 
0.2000.45710.45970.46900.48020,48990.50200.57760.61070,63380~64630.64910.6500 

---------------- . 0.250 - 0.47380.47950.49530.51230.52600.54270.63090.65940. 67360.67940.68090.6809' 
______ _ _ . 0.300 0.48720.49560.51660.53790,55450.57430.66580,68810. 69700 ,70060.70160.7013_ 

... . 0.4000.50850.52070.54940.57680.59730.62030.70740.72080.72530~72740.72810.7274 
,_.'_ .. ,_ .. _ ...... _________ 0.500 _0.52470.53990.57400.60540.62800.65250.73110.73990. 74290.74450.74500.744, .. 

0.600 0.53800.55530.59360.62760.65140.67650,74670.75310.75540.75660.75700.7561 
0.700 0.54910.56830.60980.64560.67010,69500.75800.76290.76480.76590.76620.7652 

-- -------- ·· .• 0.800-0.55860.57920.62330.66050,68520,70990. 76660.77070.77230.77320.77360.7725· 
0.9000.56690.58880.63490.67300.69800.72200.77350.77700.77850.77930,779~0.7785 
1.000.0.57420.59730.64510.68390.70870.73230.77930.78240.78370.78450.78470.7836 

____ _, _________ '.200 0.58690.6119 0.66230.70180.72620,74840.78840.79090.79210.79270.79 30 0.7918 
J.400 0.59730.62380.67620.71600.73980.76070,79540.79760.79860.79920.79910.7983 



2A/RTB=6.4 
.P/K ...... 1 .... 1.5 .... 3. 5 710 .. 50 100 200 500 1000· 5000 .. _ 

0.0010.12690.08810.03560.01370,00670.00340.00120.00110.001'0.00100.00100.0010 
0.002 0.15830.11850.05840.02760.01520.00800.00l50.00230.00~1O.00210.00~00.OOlO 
0.003 0.17890.13950,07640.04030.02400.01330.00380.00340.00320.00310.00310.0030 

....... ___ .0.004· 0.19460.15570.09130.05200.03280.01900.00510.00460.00430~00420.00410.0041. 
________________ 0.006 0.21770.18030.11600.07290.04980.03130.00780.00690.00 65 0.00630.0062 0.00 6L ___ .. 

0.008 0.23490.19930.13590.09140.06580.04380.01070.00940.00880.00850.00840~0083. 
0.010_0.24870.21470.15290.10780.08070.05640,01370.0119O,O'110,01070.01060~0105 

--- - 0.020 0.29400.26610.21370."180.14380,11520.03320.02580. 02370,02270,02230.0220 
.~.: 0 • 030 O. 321 90 • 29860 • 25430 • 21 81 0 , 1 9290 • 1 6540 • 0627 0 ,04430 , 0:3 8 4 0 • 03620 • 0:3 5 5 0 , 0:3 5 0 

o • 040 _ 0 • :3 4 2 0 0 , 32270 • 2853 0 • 25430 , 23260 , 20830 • 1 01 30 • 071 00 , 05700 , 051 80 • 05070 , 0497 __ _ 
_ 0,0500.35830,34160,31000.28420,26580,24540.14550.10800.08340.07100.06850,0668 __ 

0.060 0.37120.3 5 720.33090,30970,29460.27780.19230.15430.12190~09720.09080.0874 
_____ 0 • 070 0, 38260 • 37070 , 349 0 0 • 331 70 • 31 940 • 30640 • 23860 , 20590 , 1 7320 • 1 3800 .1 2280 • 1 1 :3 6 

_0.080 0,39240,38220.36460.35090,34190,33170.28290.25870.23340.19940,1769'0.1513. 
0.090 0.40100.39260.37840.36830.36150.35470.32400.31100.29710.27750.26180.2272 

.....0.100_0.40880.40190.39100.38370.37930.37520.36250.35930.35850.35940.36160.3702 
0.1300.42830.42540.422~0.42290.42410.42710.45690.47880.50370.53660.55460.5671 

__ 0.170_0.44820.44910.45480.46250~46960.47920.54440.57810.60660.62650.63130.6331 
. __ . ___ . _______0.200_ 0.46050.46380.47400.48630.49680.51010.59010.62350. 6459'0.65700.659'40.6600 

0.250 0.47700.48360.50060.51850.53310.55060.64170.66940.68270.68780.68920.6891 
.0.3000.49070.49940.52170.54410.56160.58200.67500.69640.70450.70780.70870.7083 . 

. __._ 0.4000.51190.52460.55440.582 80.60390.62760.71470.72730. 73140.73330.7339'0.7332 _ 
.. ___ . _____ 0.500_ 0.52800.54370.57920.61120.63430.65940.73720.74540. 74820.74960.75010.7492 

_ .. ___ .0.600 0.54130.55930.59850.63330.65760.68280.75210.75790.76010.76130.76170.7601 
0.700 0.55220.57200.61460.651'0,67580.70100.76280.76740.76920.77020,77050.7695 

----------------0,800 0.56170,58300.62 800.66580.69100,71560.77110.77490.77640. 777 30.77760.7165 
._ .0.9000.57010.59260.639 8 0.67840.70340,72760.77770.7810O,78240.78320~78340,7823 . 

1.000 0.57760.60110.64990.68910.71390.73750.78330.78610.78740,78810.78840.7873 
__ ._ ... _.1,200 0.59000.61550.66680.70660.73110,75330.79i!00.79440.79550.79610.79640.7952 

1.400 0.60050.62750,68060.72060.74440.76530.79880.80090,80180.80i!40.80260.8014 



~~ ---------p/i< .--,--- C5 35 2~' RT B ~~ 6.5 50 100 200 _ 506--'oorSOOO-----
. ---0.0010.12840.08940.03650.01410.00690.00350.00120.00110.00110.00100.00100.0010 .. _ 
.-~ -------0.002 0.16040.12040.0591:10.02830.01560.00820.0 ° 2 50.00220.0 O~ 10.002 10 :oo~ 0 0 • 0 o-~o-

------- -.. .-- 0.003--0.18130.14140.07800.04140.02470.01360.00380.00340.003l0.00310.00310.0030 
--.------ -----.. -.--- 0 • 004:::0.19680.1580 0.09330.0 5330. ° 3370, 01960.00510 .00460 • 00430.00420.00410.0041 
_-= ______ ~_--______ --0.006_0.22000. , 8300.11820.07480. 05120.03 210.00780.00690.00650.00630.0062 0.0062 

.... -. -.--=:-:-0.008 0.23720.20180.13860.09350.06760.04510.01070.00940. 00880.00850.00840.0083 
0.010 0.25140.21730.15560.11040.08310.05810.01380.01190.01110.01070.01060.0105 

---0.020 0.29660.26960.21710.17550.14740.11840.03390.02600.02380.02270.02240.0221 
. 0.030·0.32450.30190.25810.22230.19730.17030.06470.04510.03860.03630.03570.0351 

- 0.0400.34500.32600.28930.2)930.23750.21400.10540.07360.05790.05220.05100.0500 
O. 050~0. 3611 0.34_490.31470.28960.27180.25170.15220.11360.08630. 07200. 069'20. 067_4_ --... -.- .-~~=--:-_-.. ---0.0600.37460.36100.33540.31490.30080.28 450. 20090 .16Z40 .12870.10030. 09Z50. 0886 
0.070 0.38610.37410.35360.33710.32620.31340.24860.Z1700.18480.14660.12810.1162 

-0.080-f.39590.38600.3691~.35690.34810.33930.29440.27370.24960.21640.19240.1587 
-0.090_0. 40460.39660.38340.37400.36810,36200.33750,32630.31640.30260.29080~Z610_ 

. ---0.100 0.41200.40590.39620.39000.38650.38320.37550,37760.38010.38850.39730.4238 
- --0.130_0.43150.42920.42740.42890.43150.43480.47100.49550.52450.55890.57560.585' . 

. --.---- - - . --:::-:-0.170_ 0.45170.45290.45990.46890.47710.48750.55800.59330. 62120.63920.64320.6445 
0;200 0.46410.46760.47950.49280.50390.51810.60200.63630.65730.66710.66910.6695 

-- .. ---.- ... -0.250-0.48020.48740.50580.52480.54010, 55850. 65190.67930. 69130,69580.69700. 6968 
0.3000.49410.50360.52710.55040.56830.58950.68410.70440.71170.71470.71560.7150 
0.400_0.51510.52830.55980.58890.61030.63460.72170.73340.73720.73900.73960.731:18 
0.500_0.53160.54750.58420.61700.64080.66590.74310.75070.75320.75460.75500.7541 

.. 0.600.0.54440.56300.60370.63910.66370.68930.75720.76270.76470.76580.76610.7652 
0.700 0.55530.57580.61930.65670.68190.70710.76750.77170.77340.77440.77470.7736 

- --0.800-0.56480.58710.63300.67120.69640.72130.77540.77890.78040.78120.78150.7804-
. 0.9000.57310.59660.64450.68350.70870.73290.78180.78480.78610.78690.78710.7860 

1.000.0,58070.6ij510.65450.69410.71930,74270.78710.78980.79100.79170.79190.7908 
·1.200_0~59320.61920.67140.71160.73610,75810.79560.79780.79880.79940.79960.7985 

----- . _--:------'.4000.60400.63130.68490.72540.74910.76970. 8021 0.804'0.80500.80550.80570.8045 



___ 2A/RTB • 6.6 
P/K , ____ 1.5_3 5 7 10 50 100 200 5001000 5000 
0.001 0.13010.09080.037 2 0.01450.00700,00350.00120.00110.0011O,00100.00100~0010 

- - 0.00fO.16250.122 40.06090.02920.01610,00830.00250.00230.00.!10-.00210.00il!OO.OOi!0 
0.003_0.18330.14360.07940.04250.02530.01390.00380. 00340.00320.00310.00310.0030 __ 

.0.004 0.19880.16000.09500.05490.03480.02010.00510.00460.00430.00420.00410.004' 
.0.006_0.222'0.18550.j2030.07670~05250.03320.00780.00690.00650.00630.00620.0062 
0.0080.23940.20480.'4090.09610~06950.04650.0'070.009,o~00880.00850~00840.0083._ 
0.010 0.25370.22050.15870.11310.08530,05990.01380.01190. 01120.01080.01060'. Ot05 __ _ 
0.0200.29920.27250.22120.17920.15160.12240.03460.02610.02390~02280.02250.0222 
0.030_0.32760.30570.26280.22730.20170.17470.06750.04590.03890~03650.03580~0353_ 
0.0400.34860.32920.29 4 20.26390.24360.21970.11070.07610.05~00~05270.05140~0503 

_0.050_0.36390.34840.31930.29450.27710.25 810.15960.11890.08970.07310.07000.068, ~ 
0.060 0.37800.36430.34060.32090.30630.29090.21070.17190.13580.10410.09450~0900 
0.070 0.38900~37820.35800.34320.33240.32040.26100.23000.19700~15740.13520.1191 
0.080 0.39890.39010.37470.36230.35490.34620.30800.28690.26810~23620.21260~1693 
0.090_0.40780.40040.38860.38040.37530.37020.34960.34500.33880~33060.32440.3101 
0.1000.41580.40980.40120.39560.39310.39050.39070.39360.40380~41890.43460.4746 
0.130 O. 43530.43270.43300.43~30.43840. 44350.48530.51440. 54380. 57970. 59450.6014 _______ ~_ 
0.170 0.45530.45730.'6460.47510.48400.49510~57030.60690.63470.65100.65430.6553 
0.200 0.46710.47120.48450.49890.51140.52600.61440.64770. 66800. 67650. 67840. 6785 __ 
0.2500.48410.49090.51050.53110.54670.56610.66230.68830.69940.70350.70450.7042 
0.300 0.49710.50740.53190.55610.57500.59740.69250.71200.71860.72130.72210.7215 __ 
0.400~0.518'0.53270.56460.59480.61750.64210.72840.73930.74280.74450.74500.7442 
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.B:NDPIECE 

'" It's long'. said the Knight. 'but it's 

very. very beautiful. - either it brings the 

tears into their eyes, or else - , 

'Or else what?' said A1ice, for the Knight 

had made a sudden pause ". 

- White Knight. 

All the quotations in this work are taken 

from "Through the Looking Glass", by L. Carro1l. 

"The Annotated A1ice" - Ed. M. Gardner. 

Potter. N.Y. 1960. 
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