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NEW BLOCK ITERATIVE METHODS FOR THE NUMERICAL SOLUTION OF BOUNDARY

VALUE PROBLEMS

ABSTRACT

The work presented in this thesis is wholly concerned with the
derivation of a new group technique for the solution of boundary value

problems using finite difference approximations.

The thesis commenceé with a general description and classification
of partiai differential eguations énd iﬁs related discretised matrix,
also a description of some physical probleﬁs which involve elliptic
partial differential equations are given. The numerical solution of
linear elliptic partial differential 'equations by the method of finite
differences always leads to a large number of linear algebraic equations,
the determination of the set of linear equations corresponding to an
elliptic partial differential equation is shown and different methods
for their solution are described. Aan iﬁtroduction to the finite element
technique is also included as an alternative to the finite difference

mefhod of solution.

In Chapter 4, we present the solution of the linear system of
equations by group iterative methods. New strategieé are established
concerning the novel approach of using a small group of points of fixed
size. The 2,4,6,9,12,16 and 25 point group structure is proposed,
developed and analysed theoretically and experimentally. From these
results an analysis of the computational complexity of an optimum group
structure can be determined and it can be deduced that such splittings

can be both useful and efficient. In a similar manner, an explicit 8



point group is used to solve the elliptic partial differential equations
in 3-space dimensions. The method is developed and analysed theoretically

and éxperimentally.

In the fifth Chapter a new method is developed, i.e. the.implicit
block, explicit overrelaxation (IBEB)} iterative method, in which we
solve the 2x1 point bléck (or 2x2vpéint block) explicitly then grouping
the new explicit point eguations in an implicit iterative method. In
this situation, two iteration parameters are used. These composite

methods are analysed and some numerical experiments are carried out.

In Chapter 6 we investigate the solution of one dimensional‘boﬁndary
value problems using the new explicit 2,3,4,6,8 and 12 point group
iterative methods. Also, some non~linear boundary value problems are
solved using a similar group strategy and in particular the 2,3 and 4
point group nonlinear over-relaxation method. Furthermore in a more
convincing and realistic situation we examine the linear and non-linear
boundary wvalue problems using the alternating group explicit (AGE)
method. Nuﬁerical results were carried out to compare these methods

with the direct approach using Picard's method.

In a similar manner to the four and nine point groups of Chapter 4,
explicit four and nine point groups to the 9 point finite difference
equation are presented in Chapter 7. The methods are analysed both
theoretically and experimentally. Further in this chapter theoretical
results for the explicit four and nine point groups to the 13 point

finite difference equation of the biharmonic operator are presented.

Finally, the thesis concludes with a chapter summarizing the main

results and recommendations for further work.
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CHAPTER 1

INTRODUCTION




1.1 INTRODUCTION

The mathematical formuiation of many important scientific and
engineering problems involving rates of change with respect to two or
more independent variables, leads to Partial Differential Equations or
a set of such eguations. 2Another class ofrdifferential equations which
govern physical systems is Ordinary Differential Equations in which only
one independent variable is present in the differential equations.. The
analytical solution for the majority of these equations is extremely
difficult or too cumbersome‘to be obtained, thus numerical methods are
found to bhe an attractive alternative, in particular, at the present
time where the use of automatic digital computers are becoming widespread.

A number of approaches have been developed over the years for the
treatment of partial differential equations (abbreviated as p.d.e.}, the
most important and widely used of these are the methods of finite
elements and finite differences. The finite difference methods, which
are the main subject of this thesis, stand out as being uhiversally
applicable to linear and non-linear problems.

A full description of the finjte difference methods and an
abbreviated description of the finite element method will be given in

Sections (2.8.1) and (2.8.2).




1.2 THE CLASSIFICATION OF PARTIAL DIFFERENTIAL EQUATIONS

Let us consider the most general form of the second order p.d.e.
of two independent variables, x and y, (these may both be space co-
. .

ordinates, or one may be a space.coordinate and the other the time

variable), with a dependent variable U, which can be expressed as,

2 2 2. -
o u 8 u au U U .

Equation (1.2.1) is said to be:
(i} ZLinegr if the coefficients A,B,C,...,G, are constants or
functions of one or both independent variables 'x and y.
{(ii) Non-Linear if any of the coefficients A,B,C,...,G, are
~functions of the dependent wvariable, U, or ;ts derivatives.
(iii) Semi~Linear if the coefficients A,B,...,G, are functions of
the independent variables x and y only.
(iv) Quasi-Linear if the coefficients A,B and C, are functions of
x,y,U,30/3x and 3U/3y but not of second-order derivatives.
{v) Homogeneous if G=0, otherwise it is called inhomogeneous.

(vi) Self-Adjoint if the equation (1.2.1) can be replaced by

3 3u 3 .. .80 _
EE(A(X)S'E) + ay(C(y)ay)-!-F{HG =0,

Equation (1.2.1) can be classified into three particular types,
depending on the discriminant 32-4Aq:’whether it is positive, negative
or zero. To reduce the eéuation to a form which is more readily
analysed, we require a transformation of the independent variables x
and vy to the new independent variables £ and n (say), where,

E = E(x,y) and n = ni{x,y) ) {(1.2.2)




by using £ andn as intermediate variables, we can compute the

necessary derivatives of U

3y _dudt  dudn

dx QdE 9x n dx ”

ou _3udE  dyadn s

3y 9L ay ' dndy

a2 gg20x  T9EBN Sx dx T 5 20x 0 52 g 2

2 2 2 2 2 2 ‘
5’y _ 97U E.2 97U 3 Bn 37U N2  BUBE y W an, (1.2.3)

2 2

ay®  agZ 8¢dn 3y 3y 4 29y ay? M gy?
320 _ 22U _ b BE, 3 3n QUL 3 dn,
v 9X3Y X 3y 9E 3x an 3x” 3¢ Y an 9y

_ 2% aE 3¢ , 2°U 2k Bn , 2€ Bn, , 37U 3n an , Bu 3%
2 9% 3y oton 8x 3y Y 98X nz 9x 3y IE oX3Y

9L 3
2
LU I
an 9xdy
By substituting these values in (1.2.1) we obtain,
3%u 3L, 2 3%y 3E 37 22y an,2 |, 3U 32g U azn
A6 Y axax T 2% Tae 3 g 2)
13 Ix N oax
2
s @ U 2L 2E , 2°U € 3, 3¢ dn, , 3°Uanan , 2Ua’L , 3u2n,
352 8x 3y = 8gen 9x dy By 9x  , 23X 3y = 9 0Xdy @ a3y
2%y 38,2 22y 3E 3n 5% 30,2 . 3U azg 3U 323
Gy Y sy ey T 2%y T .2 Tan L2
3 n an oy " 9y
2U 3§ , 3U 9n oU 9% , aU on, | =0 1.2.4
Pyt ax T ey Ty T TET O (1-2.9

Equation {1.2.1) can be written in terms of the new variables { and n,

that is,
2%u 2%y 2%0 U 3u '
Al > + Bl 3E9n + c1 - + Dl SE-+ El 3; + Flu + Gl =0, {1.2.5)
3 an
where,. '
_ nBEy 2, pBE 3R, 26,2 )
Al A(ax) + % 3y C(ay) .
- opdE 91 3¢ 3n , 3¢ 9ny . o~ 3 31
Bl ZAEE X * B(ax b + 3y ax) ¢ oy 3y
_ a(3ny2. , 530 3n 3n,2 . : 1.2.6
c, A(ax) + BS—‘:} o C(ay) ( )
325 325 azg dE 3
D, = A 2+'Baxay +C 2+Dax+an b

X oy




2 Sl 2
B =allyp 20,80, 9, g0,
1 - 2 Ixdy 8y2 9x 9y

F1=F and Gl=G.
Now if we want to determine £ and 5 such that equation (1.2.5) takes
the simplest possible form this occurs when li andll2 (say) are the
roots of the quadratic equation, '
mZim+c=0. (1.2.7)
Returning to the general classification scheme, we see that three cases
as determined by the sign of the discriminant of the gquadratic form

B2-4Ac are of particular interest:

(i) B2—4AC>O, this implies that the roots Al and A, of the gquadratic

2
algebraic equation (1.2.7) are real and unequal, so Al and C1 can be
written as,
= nBE _, 3E, 9% 3E
Al = A(ax 1 ay)( A ay) R {(1.2.8)
c. = Al -y @n_, 3n, (1.2.9)
1 ax 13y x 2 3y ° e

If we choose £ and n such that,

3 _, &
o Al 3y Q (1.2.10)
and an _ on _
X 2 3; =0 é , {(1.2.11)
then the coefficients of-g—g and-—a-—g will wvanish, i.e., A,=C. =0,
aE2 arl2 171

and we can solve for x and y in terms of £ and 1. For example, if we

let, E = Alx + Yy and n = Azx + Yy . ' (1.2-12)

Thus, the two equations (1.2.10) and (1.2.11) are acceptable. Hence

from egquation (1.2.12)
A, n=-A_E
5N ana y = (1.2.13)
_ 2 172
with Rl—lz¥0.

Equation (1.2.5) then becomes,



2

3 u au U
1 3Ean + Dl 3E + El 51 + FlU + Gl‘ =0 . (1.2.14)

This is a second order equation if Bl#o. Let us check whether this

B

is so0, as we know,

=B+y 32 =4AaC =B~V 32 -4AC

Al e and AZ = . (1.2.15)

Hence by addition and multiplication we get,
B = -A(A1+A2) and C = A}llz respectively.

Therefore, by substituting these values in equation (1.2.6.ii) we obtain

B, = A[Zg—f-‘- g% - () (g—i g—; + % 2—2) + AN, %‘; 33]
1 %:%% + "1*2 %% ‘
= ardE -y SR, S e B2, St P (1.2.16)
By substituting equation (1.2.10) in (1.2.16),
B, = AG%% -3, %%)(%% -\ %3) , o (1.2.17)

But the two brackets in equation {1.2.17) gives us (Al-lz) and (Az-kl)
respectively.

Hence, Bi#o. Egquation (1.2.14) can be written as,

2
3"u 9U 3y _
3E9n + D2 3E + E2 3 + FZU + G2 =0, {1.2.18}
D E F G
where, 1 L 1 1
D,=— ,E =—— ,F ==-—— and G, = ~— {1.2.19)
2 Bl 2 Bl 2 B1 2 Bl

These type of equations are called Hyperbolic equations.
(ii) If Bz—4AC=o, then the roots of the quadratic equation (l1.2.7) are

real and equal (X1=A2=A), hence from equation (1.2.6),

_ L BE , 3E2
A) = AlGE A5
e op(98 5 B, 8n , 3n
By = 2A(32 A 52) G5y A ) (1.2.20)
and - a¢80 5 On,2
Cp = Al A gy)



If we choose £ and n such that,

on an _ _g
% - 3y - and ™ # 0 (1.2.21)

then Bl=cl=o and Alﬁo. For example, if we let

£=x and n = Ax+y , ' (1.2.22)

<

then equation (1.2;21) is acceptable, and eguation (1.2.5%) can be

reduced to the form,

A, ::g Dlg—g+E —83%+F1U+Gl=0. (1.2.23)
Since Al#O, we can. divide equation (1.2.23)'through by Al to get,
.szg + D3 %% + E3 %% + F3U + G3 =0, (1.2.24)
e D3=% 'E3=§_l 'F3=; and Ga=§l"
1 1 1 1
These type of equations are called Purabolic equations.
(The addition of a second-order derivative such as H(z2 ), where H is
z

a positive number, does not influence the basic parabolic character of

the eqﬁation).

(iiiy If B2-4AC<O, then the roots of egquation (1.2.7) are complex
conjugate numbers, A and.x, (say), similar to the hyperbolic case, let

us choose £ and n such that,

38 J% o ana DS

e aY 3% §§'= o, (1.?.25)

the coefficients Al and Cl of equation (1.2.5) will vanish and we will
obtain equation (1.2.14) once again. But £ and n are now complex
variables, in order to remain in the domain of the real variables we

must write equation (1.2.2) in terms of real variables, say ¢ and B.

Let,

4
|

= ol(x,y) + iB{x,y)
(1.2.26)

3
[}

alx,y) ~ if{x 'Y)




By adding and subtracting the two equations in (1.2.26) we cbtain,
o = %(g'm) and B = 2—11(5-71) respectively, {1.2.27)

Let us compute the appropriate differentiation of U

B_E_B_Ua_aara_Uiﬁ._“a_U_i.E
3 ~ ba of T3gar -ty T igp) ¢
a—g.—.a—tj..aiq,-a—ga—s-—&(.a_U_F 'ay. "
an  da an ~ 3B 3n " 'da 138"
2% _ 3 2uda , 3u 28, -
5Eon _ JE ‘ax an | 9B an _ (1.2.28)
_ 13 20 . 20 | |
T 293E'%a © T 2B
J1p%uss 2% 38, 2% de o’uos
T2t 2 3E T 9B3a 9k 03B 3E 2 3¢
L) 2 aB
1%y v
_Z(—2+_2) .
3a 38

Hence egquation (1.2.14) can be written in the form,

2 2

B D E
1970, 37U 1 23U . 3U 1 ,3u .3U N
T2t Tty Gy igg) v Gy tigg *F UG =0
an IR~ ‘ ‘
This equation can be rearranged to give,
N ’
B 2 2. D E E D
13U 37U au, 1 1 09U 1 1 _
At ot D Rt i o) P RUAE =0
o aB
Bl {(1.2.29)
and since Bl#o, we can divide equation (1.2.29) through by Y to obtain,
3%y 3%y 9y 3u '
"_2'+—_2+D4_a'&'+E4ﬁ+F4U+G4=O’ {1.2.30)
da 1]
where, . 2(Dl+El) c . 21(E1—Dl) .o 4F1
= ¥ = - ’ =5 7
4 Bl 4 . Bl 4 Bl
4G
1
and G, =—— .
4 Bl
These types of equations are called Elliptie equations. (This
2
]
definition still applies even if another term H(—-—g) . say, where H is
9z

a positive number, is added to the left-hand side of equation {1.2.1)).

This classification of p.d.e.'s into these three categories is crucial



in determining the fundamental features of the solution.

The above classification scheme is rather interesting, since the
coefficients A,B and C are functions of the independent variables x
and y and/or the dependent variable U, thus this classification depends
in general on the region in which the p.d.e. (1.2.1) is defined. For
example, the differential equation,

| 2 2 2

ag“l'ZAaU""}aU:O,

9% Y 3y2

Y

is hyperbolic in the region when x2-y2>0, parabolic along the boundary
2 2 - . 2 2
X -y =0 and elliptic in the region where x ~y £O.

The best known examples for the above cases are:

Hyperbolic

2 2 )
The wave equation 3 = 130 (1L.2.31)
2 2 2
2 c ot
where ¢ is the propagation velocity.
Parabolic
2
Diffusion or heat conduction equation l-g- = —12- g—g (1.2.32)
o ax a
where a2 is a physical constant. -
EZZiQtic
2 2
Laplace's equation. V2U = _8_{2_1 + _8_% =0, (L.2.33a)
ax dy
. 2 2
Poisson's equation V2U = E—-g— + é—-g = £{x,y) . (1.2.33b)
: 9x Jy
2 2,2
where V  is the two-dimensional Laplacian differential operator (-_-—2— + _—2) .
: . N 3y

In general, parabolic and hyperbolic p.d.e.'s, result from
. diffusion, equalization or oscillatery processes and the usual

independent variables are time and space. On the other hand the two




"elliptic p.d.e.'s (1.2.33a)}-(1.2.33b) are generally associated with

steady-state or equilibrium problems. For example, Laplace's equation
describes the velocity potential for the steady flow of an incompressible
non—viseous £fluid and is the mathematical expression of the physical law
that the rate at which such fluid enters a given region is equal to the
rate at which it leaves it. 1In contrast, the electric potential,
assgciated with a two dimensional electron distribution of charge
density, satisfies Poisson's equation, stating that the total electric

flux through any closed surface is egual to the total charge enclosed.
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1.3 PROPERLY POSED AND WELL-CONDITIONED PROBLEMS

In practical applications, a particular solution for a differential
equation is required to satisfy specified auxiliary conditions.. These
auxiliary conditions may appear either as boundary and/or initial
conditions and hence the appropriate numerical method for solving the
differential problem depends upon the nature of these auxiliary conditions.

We say that the differentialrproblém is:

(i) Properly posed (well-posed) If the auxiliary conditions are specified

in such a way that there exists one and only one solution te the
problem, furthermore this sclution depends continuously on the given
data. A problem that is not well-posed is said to be ill-posed or
non~-well-posed.

(11) MWell-conditioned If every small perturbation (error) in the data of

the well-posed problem results in a relatively small change in the
solution. If the change in the solution is large we say that the

problem is ill~conditioned.

To clarify the well-posedness condition, consider the Laplace

equation in two-dimensions,

2 2
3°U 23U
J,20.0, (1.3.1)

9% dy

with the given initial-value data

U(x,0) = 0 , (1.3.2)
2—3(;:,0) = %ﬂ) (1.3.3)

where n is a parameter.
The analytical solution can be found by the method of separation of

vafiables. The main assumption in this method consists in stating that




11

the solution of equation (1.3.1) can be written in the following form,
Ux,y) = X{x)¥(y) . (1.3.4)
By substituting equation (1.3.4} into (1l.3.1) we obtain,

"Y + X¥" =0, (1.3.5)

or X" bl
-—i— = — _Y_ ’ (1-3.6)

where the primes on the functions X and Y represent differentiation
with respect to the only variablef,fresent. Since the left and the
right-hand sides of equation (1.3.6) are independent of y and x
respectively, therefore their value is a constant, say k. Thus,

X" = kX and ¥" = -k¥Y ,
we shall assume that k=-n2<0. The general sclution of

™+ n2x =0, - {1.3.7)
is X({x) = Acos(nx)+ Bsin(nx), (1.3.8)
and the general solution of

¥ - n’y = 0 ’ (1.3.9)
is, , ¥(y) = C cosh(ny}* D sinh(ny) . (1.3.10)

Now from (1.3.2) .

0= U({x,0) = X(x).C , (1.3.11)
= c=0, (1.3.12)
hence ¥{y) = D sinhhy) . (1.3.13)

E—q—é-;fﬁ)— = X'Y + Xy

¥

hence,

'“'—LBU;;' L. -‘n(A sin(nx)- B cos(nx)).D sinh(ny)+ (A cos{nx)+

B sin(nx)).nD cosh(ny) .. (1.3.14)

From the boundary condition (1.3.3), we get,

sinnx}_ ona cos(nx}+ nDB sin(nx), (1.3.15)

or sin(nx)= n2 DA cos{nx)+ n2DB sin(nx) . {(1.3.16)




" and {1.3.13) respectively in equation (l1.3.4), we obtain,

From equation (l1.3.16) we obtain,

n2DB = 1 and n2DA =0, (1L.3.17)

which jmplies that - A=0, . - (1.3.18)

and BD = -%5 ' (1.3.19)
n

hence by substituting the value of A in equation (1.3.8) we get,

X(x) = B sin nx , . {1.3.20)

by substituting the values of X(x) and Y(y) from equations (1.3.20)

Ui{x,y) = J%~sin(nx) sinh{ny) . {1.3.21)
n
As n*°, the initial data .. converge to U(x,0) = 0, and |
U
3y

However, for y>0, as nieo, U(x,y) given by (1.3.21) oscillates |

|

between limits that increase indefinitely. Consequently, the problem ]
defined by (1.3.1)-(1.3.3} is not well-posed and could not be associated |

with any physical phenomenon.
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1.4 TYPES OF BQOUNDARY CONDITIONS

For each of the classified equations, i.e., the elliptic,
parabolic and hyperbolic equations, we must have the appropriate
boundary and/or initial conditions, which assists to complete the
formulation of a 'meaningful problem'. Usually, the elliptic p.d.e.'s
are classified as boundary value problems, since the boundary conditions

‘are given round the (closed) region (see Figure (1.4.1)).

Y

b U=f on @R
Y Lt
2 2 Z
pa’u,3u . /
2 2
éax 3y g
2 Z
7 7
. 7
PIP7I 7S 277 777772 s M
0 a

FIGURE {(l.4.1): Closed region (boundary value prcoblem)

The parabolic and hyperbolic types of equations are either initial
value problems or initial boundary value problems, where the initial or/
and bdundary conditions are supplied on the sides of the open region,
and the sclution proceeds towards the open side (see Figure (1.4.2)-(1.4.3)).

t open ‘ t

u(o,t) Ula,t)
given given
for t>0 for t>0

O b4 3 X
-,
U(x,0) givenh on [0,a] U{x,0) given on the entire initial
: ~ line ‘
(a) Initial boundary value problem (b) Initial value problem
for a parabolic equation for a parabolic equation

FIGURE (1.4.2)
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u(o,t)
given
for t>0
0]
9y, : au
U and == given on t=0%[0,a] U and -— given on t=0%[0,>)

ot at

(a) {b)

FIGURE (1.4.3): 1Initial boundary value problem
for Hyperbolic equation

In this thesis we are mainly concerned with elliptic problems.
In general, the classification of elliptic procblems lie in five main
categories depending on the boundary conditions defined on the boundary

{3R) of the closed region R, these are:

1. Dirichlet problem, where the solution ¢ is specified at each pecint

on 3R.

2. Newmann problem, where values of the normal derivatives (%g) are

U
given on B3R. G%; denotes the directional derivative of U along the

outward normal to 9R).

3. Robin'’s problem, where a combination of U and its derivatives are

given along the boundary, i.e. dU+B%g given on 9R.

4. Mized problem or (Churchill problem as referred by Kersten (1969))

where the solution U is specified on part of 9R and,%g is specified

on the remainder of 3R.

5. Periodic boundary problem. 1In this case we seek the solution such




that it satisfies the pericdicity conditions, for example,

R
Uy = Ve Gty = an’ x+4

where £ is the period, x and x+£ are on 9R.




CHAPTER 2

BASIC MATHEMATICAL CONCEPTS
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2.1 BASIC MATRIX ALGEBRA

The solution of p.d.e.'s by numerical approaches such as the
finite difference and finite element methods yields a system of linear,
simultanecus equations which can be denoted by a matrix system. The iterative
methods of solving such systems depend on some properties, for example,
trreducibility, diagonal dominance and positive definiteness of the
coefficient matrix of the system. These and ‘other properties together
with some basic facts about matrix theory are outlined in this chapter.

A matrix is a rectangula:_r array of doubly subscripted elements
such as a_‘i,j' where i specifies the row and j specifies the column of

the array in which the element appears. A matrix A, say, is of size

(n*m) if it has n rows and m columns, and can be denoted by,

4,0 1,2 -~ %1m

3,1 2,2 = --%.n
A=1la, ,]=|" ! !
i,3 ) ! |
! ! '

fn,l 8h,2 - -~ an,ng_

Where n=1, we have a row matrix or row veetor, and for m=1, we have

a column matrix or columm veetor. The vectors are usually denoted by

a small underlined letter with a singie subscript. The term ‘vector'
without qualification will refer to a column vector, so a vector b, say,

whose elements are bl'bz""’bn' are of order ‘(di_mension) n is denoted by,

o

ol

1
b,

Lo
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In this thesis, we shall use capital letters for matrices. In
addition, all matrices used are sguare matrices, unless otherwise
specified, the matrix is said to be a square matrix of order n if n¥m.

The set of elements a; ., i=1,2,...,n of matrix A is a prineipal
(main) diagonal of A. The transpose of a matrix A=(ai,j) is written
as AT and obtained by interchanging the rows and columns of A, i.e.
the element ai,j of A becomes aﬁ'i of AT. The determinant of a square
matrix A will be denoted either by det(A) or |A|. An inverse, A—l, of
a given square matrix A, if it exists, is a sguare matrix such that,

mlt-atla-1, | (2.1.1)

where I is the identity (unit) matrix whose order is the same as that

of A and is defined as follows,

o
f

=1 , for all i=1,2,...,n

o]
|

=0, for all i,j=1,2,...,n and i#j.

If A possesses an inverse then it is non—-singularotherwise it is
stngular. On the other hand, A is singular if |A|=O and non-singular
if |aj#o.

If x and y are real numbers, the conjugate of the complex number
a=x+yi is a=x-yi.

If the entries of a matrix A are complex numbers, the conjugate
of A is the matrix A whose entries are the conjugates of the

B |

. s ' H
The Hermitian itranspose (conjugate transpose} of A, denoted by &,

corresponding entries of A, i.e., if A=[ai j] then A=[3Z, .].
r

is the transpose of A (also the conjugate of AT), i.e.,

H =T T - _
AT = @) =a = Ay ) (2.1.2)

The sum of the diagonal elements of a matrix A is called the

trace of A, denoted by tr(a), i.e.,
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n

tr(a) = ] a ., (2.1.3)
i=1 Y

A permutation matrix P= [pi j] is a matrix which has elements of
1
zeros and ones only. with exactly one non-zero element in each row and
each column. Thus, for example,

O 1 o

o]

9] o 1 o

1 o o 0

o o o

||_'

is a permutation matrix of order 4., For any permutation matrix P we

have, T T (2.1.4)

hence P =P .

For any two vectors a and b, both of dimension n we define the

~

inner product of a and b by,

a,b, . (2.1.5)

H
(ap) =ab= ) b,

K\\\ i=1l
¢

n~13

Further, for any matrix 3,

N ¢ . (a%a,b) . (2.1.6)

v

Given a matrix A=[a 1, the integers i and j are associated

i,]

with respect to A if a, .#0 or a, .[FO.
P €L J# Jrl#

The matrix A=[ai j] of order n is,
r

Symmetric, if A=Al .

Orthogonal, if alal.

Hemitian,ifAH=A .

Null, usually denoted by O, if a; 570¢ (1,371,2,..0.m)
° r

=0 for i#j (|i-jl>0

1,4 #i (li-3]>0)

where |a| represents the modulus of any number «.

Diagonal, if a

Banded, if a; =0 for |i-j|>r, where 2r+l is the bandwidth of A.

3




Tridiagonal,if r=1

Quindiagonal, if r=2, (sée Figure (2.1.1)} .

Lower triangular, (strictly lower triangular), if a; j=° for i<j(igi).

’

i,

Upper triangular, (strictly upper triangular), if a, j=0 for i»3 (izj).

Sparse, if a rélatively large number of its elements a, are zero.

i,3

Dense, (full),. if a relatively large number of its elements are non-zero.

’; X X X X
X X X O X ¥ X X O
X X X X X ¥ X x
LY ~ ~ -~ b - -~
~
NN ~ \‘\\s\\\\
~ ~ A Y - ~ - ~
~ \\\ T S B
A= “ \\ ¢ OX ~~ ‘*\\\\\\.
‘\ ~ ~ '\\\\\ -~ -
- ~ N -~
X X X O X ¥ X X X
X X H ' X X X X
X X - X X X
r=1 r=2

FIGURE (2.1.1): Banded matrices (tridiagonal, gquindiagonal)
where X denotes a possible non-zero element

Block Diagonal, if

D

where each Di (i=1,2,...,s} is a square matrix, not necessarily of the

same order.

Block Tridiagonal,. if

b, By

E, D, Ty o

Ao 3 D3 T3
- “~ . ~ '
NN N
~ b \F
O \\ \\\ s-l
“E D
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where the Di are square diagonal matrices, not necessarily of the same

order, while the E's and the F's are rectangular matrices. Young (1971)

referred to such a matrix as a T-matrix.
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/ /

2.2 DIAGONAL DOMINANCE AND IRREDUCIBILITY

Definition 2.2.1

An (nxn) matrix A is diagonally dominant if

]ai'il'a jgllai’j] , for ail }s;sn , (2.2.1)
J#L
anq for at least one i,
n
|ai'i| > jéllai'il' (2.2.2)
j#i

Definition 2.2.2

An (n*n) matrix A is Zrreducible if n=l or if n>l and given any
two non-empty disjoint subsets S and T of W, the set of the first n
positive integexs, such that S+T=W, there exists i € S and j € T such
that ai'jfo. This definition is given by Young {19271). Varga (1962)
stated that the (1x1) matrix is irreducible if its single element is
non-zero and reducible otherwise.

The following theorems give an alternative definition of

irreducibility. Young (1971).

Thecorem 2.2.1

A is irreducible if and only if there does not exist a permutation

matrix P such that, F

P AP = (2.2.3)
G B

vhere F and H are square matrices and O is the null matrix.

Theorem 2.2.2

An (n*n) matrix A is irreducible if and only if n=1 or, given any
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two distinct integers i and j with 15£i,j<n, then a, _#0 or there
. . r

exists il’iz""'is such that,

a peecsd, . F O .

.o, oa,

i,i,71,,1, i3]
Further, we can illustrate the concept of irreducibility graphically,
which is a simple and quite useful method. We start by introducing the

definition of a finite directed graph, as given in Varga (1962).

Definition 2.2.3

Let A be an (nxn) matrix, and consider any n distinct points,
Pl'PZ""'Pn' in the plane, which we shall call nodes. For every non-~
zero element ai 3 of the matrix, connect the node'Pi to the node Pj by

r
— . A .
means of a path Pin, directed from Pi to Pj’ as in Figure (2.2.1).
(For non-zero diagonal elements ai i the path goes from Pi to itself
r

forming a loop,, as in Figure (2.2.2). The resulting diagram is called

a finite divected graph. G(A).
. 1

FIGURE (2.2.1) FIGURE (2.2.2)

As an example, consider the two matrices,

4 -1 o]
1l C
B = -1 4 -1 and C =
1 2
0 -1 4

G(B) and G(C) are given in Figures (2.2.3) and (2.2.4) respectively.




FIGURE (2.2.3) FIGURE (2.2.4)

Definition 2.2.4

A directed graph is strongly connected if for any ordered pair
of nodes Pi and P,, there exists a directed path, -

— j——--> " —r ——

PiPk ,Pk Pk ,Pk Pk ,...,Pk Pk

1 "1 %2 F2 %3 r-1
connecting P, to P,.
i 3j _
Such a path is said to have length r (Varga, [1962]), p.20).
Clearly, the directed graph G(B) in Figure (2.2.3) is strongly
connected. On the other hand G(C) is not strongly connected, since
there does not exist a path from Pl to P2.

The next theorem describes the relationship between the irreduéibility

of a matrix and its directed graph.

Theorem 2.2.3

A square matrix A is irreducible if and only if its directed graph

G(a) is strongly connected.




Definition 2.2.5

An irreducible matrix which is alsc diagonally dominant with
strict inequality holding for at least oneiin (2.2.2) is said to be
irreductbly diagonally dominant.

If (2.2.2) holds for all i, then A has strong diagonal dominance.

Theorem 2.2.4

If A is irreducibly diagonally dominant matrix, then det(A)#0 and
none of the diagonal elements of A vanishes. The proof of this is given

by Young (1971}, p.40, also see Varga (1962), p.23.
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2.3 VECTOR AND MATRIX NORMS

It is useful to have some measure of the 'size' or magnitude of

a vector or matrix. This measure is called a noym and is denoted by

[l'l[.

Definition 2.3.1

The norm of a vector 3;_, denoted by ||x||, is a non-negative
numberI satisfying the following three axioms:

(l). H_zgl | >0 for X#0 and ][§| |.=0 if x=0,

(2) ||B§_| f=I8] .| |§]| for any complex scalar B, {(2.3.1)

(3) [ Ii"'ll lsi |3:__[ | +| IX” for vectors x and y

{(triangular inequality).
Also, from {3} we have,
Hz=yll 2 | Hall-Hglt 1. (2.3.2)

The most commonly used norms are the L_,L

1755 and L, norms of X and they

are defined as follows:

Definition 2.3.2

If x= (x1,x2,...,xn)T is a n-dimensional veqtor then

n

Nzl = L Ixl s (2.3.3)
i=1

| t 2.4 :

Hgg”z = ): |xi| 1 , (Buclidean norm), {2.3.4)
: i=1

| [5| Iw = max Ixi| s (maximum or uniform norm}.(2.3.5)

i
In fact, these three norms are special cases of the general LP norm

defined for p:l by, : n ‘
Hxll = ¢} Ixilp)l/p . (2.3.6)
p i=l .

In a similar fashion, we can proceed to define a matrix norm.
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Definition 2.3.3

A norm of an (nXn) matrix A, written as ||A][, is a scalar

satisfying the following axioms: |
(1) |}al|>0 and ||a||=0 if and only if a=[0),
(2) ||8.a}|=|8].|la||, for any scalar 8,

! (2.3.7)
(3) ||a+8]|<||a|}[}B|| for matrices A and B,

(4) |{zB||<]|al].]|B|| for matrices A and B.

P

The matrix norms subordinate to the Ll,L and L, vector norms are

2
n
||A||l = max Z |ai,j| (maximum absolute column sum),  (2.3.8)
i i=1 :
|[A||2 = (maximum eigenvalue of ABA)*, (spectral norm), {2.3.9)
n
[1a]]_ = max y lai,j{ (maximum absolute row sum) . (2.3.10)

i §=1

Another norm compatible with the L, vector norm is the Euclidean

2

or Sehiir norm and is defined as follows:

2
)&.

Iallg = <1 1a; Sl (2.3.11)
i3

Definition 2.3.4

A matrix norm ||A|| is said to be compatible with a vector norm

NEINRE::
laxl] < [[a|{-1]x|] , for a11 x#0 . (2.3.12)

Definition 2.3.5

A matrix norm is said to be subordinate to the corresponding vector

norm, if it can be constructed in the following form:

|l2x]|
Hall = max ——m———, (2.3.13)
x0  ||x/|
or eqnivélently, IIA|| =lTax ||A§|| . (2.3.14)
x|i=1
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Definition 2.3.6

A vector is said to be normalised vectorif it is multiplied by
a scalar in order to keep the element size down without changing its
direction.

The mbst useful normalisation for our work is described below:
Suppose that E;(xl,xz,...,xn)T, in order to normalise x we select a
scalar s such that s=max ']xi[, and the normalised vector is then given

Xy X, X m 1lgisn
by 62; ,-?;,...,1;) .- This method of normalisation ensures that the

modulus of. every element of the vector is less than or equal to 1.




2.4 EIGENVALUES AND EIGENVECTORS

Definition 2.4.1

Suppose that A 1s an (nxn) matrix and x70 is a vector of order n.

If there exists a scalar A such that,

AX' =X , (2.4.1)
then X is called an eigenvalue {characteristic root or latent root )
of A and x its corresponding eigenvector (characteristic vector or
latent vector) of A.
The system (2.4.1) can be written as,
(A-AD)x = O . (2.4.2)

The non-trivial solution, 5#9 to this matrix equation exists if and

only if the matrix of the system is singular, i,e.,

det (Aa-AI) = 0O . (2.4.3)

Equation (2.4.3) is called the characteristic equation of A and
the left-hand side is called the characteristic polynomial of A, which

can be written as, n-

agta it wevta ATThD™P = o (2.4.4)

O

Since the coefficient of An-is not zero, the above equation has
always n roots (coﬁplex or real) which are the n eigenvalues of the
matrix A, namely, Al,hz,...,ln (not necessarily all distinct), each of
them possessing a unique corresponding eigenvector.

In physical probléms we rarely need to determine all the eigenvalues
of equation (2.4.2). 1In particular, it is common for only the eigen-
value which is largest in modulus to be required, (often termed the
dominant eigenvalue or speciral radius). We consider in this section

one of the methods for cbtaining this dominant eigenvalue, along with




the corresponding eigenvector, its called the "Power Method”.

details of other methods can be obtained from Wilkinson (1965).

The Power Method

Full

t .
Let us consider an n h order matrix A which possesses the eigen- ‘

values Ai, i=1,2,...,n such that one of them is the dominant eigenvalue,

Al' say, i.e.,
1A ] > lkzl_a |A3|;a TR I

By assumption, there exists n linearly independent eigenvectors X. ,X,

""En} such that their linear combination can be expressed as an

arbitrary vector X}O), i.e.,
n
) _ Z a.x. ,
. i—i
i=1

where ai, i=1,2,...,n, are constant coefficients, not all zero.

If we successively multiply X(O) by matrix A, such that,
1 O
l( Y _ AX( ) ,
2 1 2 (0
1} ) E.AX( ) _ A.Z( ) ,

k-1 k
g o aph k()

14

and for any eigenvalue Ai we have from (2.4.1)

= A.x ¢ lgign
—i i=i .
hence A2x = A BAx, = Azx
¢ - AT R R = I
and Akx. = AF-IAx_ Ak .
-1 i ~i i—i

Now, we have,

AR AL D PP P A L

(2.4.5)

1'—2

(2.4.6)

(2.4.7)

(2.4.8) |

S |

(2.4.9) ‘

(2.4.10)

(2.4.11)

{2.4.12)

(2.4.13)

(2.4.14)
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A _
Since x51<l, i=2,3,...,n from the initial assumption, therefore

'
the terms (Ii)k, i=2,3,...,n will converge to zero as k**® so that:

1 : :
k
™ - akax (2.4.15)
hence the ratio between the jth component, 1$jsn of g}k+l) and x(k)
tends to kl, i.e., y$k+l)
: 11m—%5—— =h . (2.4.16)
kro .
J
(k+l) | : N ' .
and y is the un-normalized eigenvector of A corresponding to Al.

It can be seen that the rate of convergence depends upon the ratio

=max |Ai]) being very small, i.e., the smaller the wvalues of
2<ign '
this ratio the faster the conwvergence.

2,731 @,
In préctice, since ll is not known until the end of the process,

and to avoid the possibility of overflow, we always divide by the

element of largest modulus in the wvector produced. The algorithm can

then be summarised as follows:

" Let Yy be the initial vector.
Let_gl=AzO, and let Bl be the element of largest modulus in zy-
. 1 '
Define Y, = Bl Zy- -

Now the iteration proceeds with:

Step 1 E}s+l) = AZ(S)
Step 2 Choose B(s+l) = the element of largest medulus in E}S+l)
{s+1) 1 (s+1)
Step 3 y = —TEIIY-E
(s+1)P (s
Step 4 Ify and y are sufficiently close, then terminate

the procedure, otherwise repeat from Step 1.

{s+1) {s+1)

The process should result in the values of y and B as two

good approximations to b3 and Al respectively.



Definition 2.4.2

Let A be an (nxn) matrix with eigenvalues Ai' lgign, then,
p () = max|).| , (2.4.17)

1
is the spectral radius of A.

From Definition (2.3.4) it can be easily shown that for any (nxn)
matrix A and any norm, :
p(a) < ||a]] . (2.4.18)
Proof: |

Let Ai be an arbitrary eigenvalue of A and 5i its corresponding

eigenvector, then,

ARy T AE; -
and gl = T,
< 1all. ’Eill’ for any compatible norm.
Thus, Ay [[al] .

since Ai was arbitrarily chosen,'hence, from Definition (2.4.2)
p(a) < ||all.

It can be shown, Graham (1979), Gantmakher (1959), that,

n
tr(a) = J o3, (2.4.19)
i=1
n
det(a) = ] A, . . (2.4.20)
i=1

Definition 2,4.3

Two matrices A and B of order n are similar if there exists a non-

singular matrix P such that,

B=piap .. (2.4.21)

Matrix B is said to be obtained from matrix A by a _similarity—trans=

formation and if B is symmetric then P will in general be orthogonal
.""-———-—--—“_-—'

(P—1=PT), and hence,

(2.4.22)
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The usefulness of such a transformation is that the eigenvalues

of A and B are the same. This can be shown quite
Let X and x be the eigenvalue and the eigenvector

respectively. Hence,

plax = ap7lx .
Hence, if y=P 'x, then,

X =F .
Substituting (2.4.25) in {2.4.23) we get,

P lapy = Ay ,
or BY = AY .

thus A is the eigenvalue of the matrix B and y is

Theorem 2.4.1 (Gerschgorin's Theorem)

-

CIf A=[ai j] is an (nxn) matrix, then all the

in the unicn of the discs,

i jI

Proof:

Let A be an eigenvalue of A, and let x be the

elgenvector. We can normalize X so that max|xi|=1
i
AX = Ax . |
n
Ax, = E a, %, , lgisn
n j=l JJ J
i.e. (A-ay ;)x, = jzl 1,4%y ¢ lsisn
j#i
Now if |xk|=l, then, n
=l € blng gl g
n
e 1 oyl
i#k

easily as follows:

of the matrix A

(2.4.23)

(2.4.24)

(2.4.25)

(2.4.26)
(2.4.27)

the associated eigenvector.

eigenvalues of A lie

,i=1,2,...,n (2.4.28)

corresponding
. Hence, from (2.4.1)}
{(2.4.29)

(2.4.30)

(2.4.31)

(2.4.32)




Thus, the eigenvalue A lies in the disc Dr' say, and since A is
arbitrary, it follows that all the eigenvalues of A must lie in the

union of the dises, i.e.,
n
-ag gl =l day
J#L

Corollary 2.4.1

If A=[ai j] is an (nxn} matrix and we have,
r

n
v, = max ) |ai o (2.4.33)

lgign §=1 *J

, . |

v, = max Y |ai g | C(2.4.34)

l<jsn i=1 -*J

then,

0(a) € min(v),v,) . (2.4.35)

The condition (2.4.35) is a direct consequence of the fact that
T
A and A" have the same eigenvalues.

Let A be an (nxn) tridiagonal matrix,

vl
o

= ~ N~
A= SO ~ . 3
~
\\ \\ \'\
c a b

where a,b and ¢ may be real or complex-;umbers, the eigenvalues of A

are given by, -
Ar = a + 2vbe cos oL ! r=1,2,...,n (2.4.36)

{the proof may be found in Smith (1978) p.1l13).

Theorem 4.2.4

Let A=[ai j] be an (n¥n) strictly or irreducibly diagonally

dominant complex matrix. Then, the matrix A is non-singular. If ag 4
r

lgign, are positive real numbers, then the eigenvalues ki of A satisfy,




Re{Ai} >0 , 1gisn , {(2.4.37)

Proof:
The proof c¢an be obtained from Theorem (2.4.1) and given in

Varga (1962), p.23.




35

2;5 POSITIVE DEFINITE MATRICES AND SPECIAL MATRICES

Definition 2.5.1

If a matrix A is BHermitian, and
{x,Ax) > 0, (2.5.1)
for all x7#0, thén A is positive definite.
A is non-negative definite if (x,Ax) 2 O.
The following theorem, given without-proof,_can be used as an

alternative definition of positive definiteness.

Theorem 2.5.1

Necessary and sufficient conditions for a Hermitian (or a real
symmetric) matrix A to be positive definite is that, the eigenvalues

of A are all positive.

Theorem 2.5.2

An irreducibly diagonally dominant matrix which is also symmetric
and has positive real diagonal elements is positive definite.
This follows immediately from Thecrems (2.4.2) and (2.5.1) since

the eigenvalues of a symmetric matrix are real.

Definition 2.5.2

If A=Iai j] is a real matrix of order n then A is said to be,

(1) Lmatrix if a, 5 >0, lgign , : {2.5.2)
¥

and a; 3 £ 0, i#j, lgi,j<n _ (2.5.3)
r

(ii)y  Stieltjes matrix if A is positive definite matrix and if (2.5.3)

holds.
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(1ii) M-matriz if A is non-singular, if (2.5.3) holds and if A"lao.
. {(Note: By A0 we mean that all elements of the matrix A are

real and non-negative).

A simple (3x3) matrix which satisfies (i),(ii) and {iii) is,

2 -1 o
A=|-1 2 -1]| -
o -1 2
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2.6 CONVERGENCE OF SEQUENCES OF MATRICES

1y _(2) _(3)

A sequence of matrices A +A A 1o+, of the same dimension
is said to convergesto a matrix A (say) if and only if,

lim IIA-A(k)]I =0 . (2.6.1)
k+o

Definition 2.6.1

Let A be a square matrix, then A converges to zero if the sequence

; 2 3 . .
of matrices A,A2" ,A",... converges to the null matrix, C), and is

divergent otherwise,

Theorem 2.6.1

If A is an (n*n) matrix, then,

lim A% =0, if ||a}] <1

k>
Proof:
k k-1 k-1
Hatl = 11aa" [ < ||all.|]a" 7]
' 2 k=2
< [a[i* 12"
k
< {lall

and since ||A||<1. The result follows.

Theorem 2.6.2

If A is an (nxn) matrix, then A is convergent if and only if p(a)<l.

Proof: ‘ , t

See Varga (1962), p.13.
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2.7 PROPERTY A AND CONSISTENTLY ORDERED MATRICES

Definition 2.7.la

A matrix A=[a, .] of order n has Property A4 if there exists two

r

and S

disjoint subsets S of w={1,2,...,n} such that if i#j and if

1 2
either a_’j¥0 or aj'i%o, then i € Sl and j € 82 or else i€ 52 and j € Sl'

An alternative definition of Property A is given as follows:

Definition 2.7.lb

A matrix A of order n is said to have Property A if there exists

, . T
a permutaticon matrix P such that PAP™ has the form,

B D2

where D1 and D2 are square diagonal matrices;

Definition 2.7.2.

A matrix A of order n is consistently orderedif for some t there

t
exist disjoint subsets S.,$.,...,5_of Ww={1,2,...,n} such that E S, =W
1752 t WLk

and such that if i and j are associated, then j E'Sk+l if j>i and

e B i‘if j<i where Sk is the subset containing i.

k-~

Theorem 2.7.1

If A is a T-matrix, then A is consistently oxrdered.

Proof: [See Young (1971}, p.l45].

Definition 2.7.3

A column vector v of order n with integer elements, is an ordering

vector for the matrix A of order n if for any pair of associated
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integers i and j with i#j we have |vi~vj|=1.

Definition 2.7.4 .

An ordering vector g?=(vl,v2,...,vh) for the matrix A of order n
is a compatible ordering vector for A if:
(i) vi—vj=l if i and j are associated and i>j.

(ii) vi-vj=—l if i and j are associated and i<j.

Theorem 2.7.2

There exists an ordering vector for a matrix A if and only if A
has Property A. Moreover, if A is consistently ordered, then the matrix

A has Property A.

Proof: [See Young {(1971), p.l48].
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2.8 SOLUTION OF P.D.E.'S BY FINITE DIFFERENCE AND FINITE

ELEMENT METHODS

As menticned in Chapter 1, a number of appreoaches have been developed
for the treatment of partial differential equations. The most widely
used of these are the methods of finite elements and finite differences.
Our main interest is the finite difference method which will be discussed
in Section (2.8.2). Whilst in Section (2.8.1) a basic approach will be

taken to introduce the finite element method.

2.8.1 FUNDAMENTALS OF THE FINITE ELEMENT METHOD

The finite elemeht method is a mathematical procedure for approx-
imating the solution to p.d.e.'s. It is commenly used in engineering
problems, in particular civil, aerocnautical and mechanical engineering,
especially for the analysis of stress in solid components. Furthermore,
it has been applied even to three-dimensional problems, such as the time-
dependent problems invelving fluid flow, heat transfer, magnetic field

analysis,... etc. (Fenner (1975), Bathe and Wilson (1976)).

The finite element method can be applied to all of these problems
with some minor modifications, and it is based on the idea of dividing
the region R of the problem into a finite number of non—overlapping
subregions or'elements, Re (say}) . The shape of these finite elements
is éenerally simple polygons such as triangles and quadrilaterals in two-
dimensions, pyramids and triangular and rectangular prisms in three-
dimensions, the side of those elements may be curved. Further, the size
of the elements and the degree of the interpolation polynomials can be

varied readily. Small elements or higher order pclynomials may be used
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in regions of rapid changes and large elements or low order peolynomials

may be used where changes are less severe.

In general, the finite element method consists of the following
steps:
1. Choose the geometric shape of the subregions Re in which R shall be
divided. |
2. Divide the region R into a large but finite number of elements.
3. Define the number and location of nodes that will be associated with
this division of R into the {Re}.

4. Derive an elemental coefficient matrix by using suitable physical

principles and then by using these matrices one can assemble the total

coefficient matrix.
5. Apply the appropriate boundary conditions to the coefficient matrix,

then solve this modified matrix.

The Construction of the Basis Function

Triangular Elements

Let us divide the region R into a mesh of triangular elements as
shown in Figure (2.8.1), let the mesh points on each element be the
vertices of the triangles, where all the elements and mesh points are
numbered. The typical {(shaded) element is nﬁmberéd m and its meshes are

numbered a,b and c.

The finite element soluticn is then expressed as the functicn
expansion N ,
Ux,y) = ulx,y) = ): u ¢, (x,y) , (2.8.1)
i'i
i=1
where N is the number of mesh points and ¢i(x,y), i=1,2,...,N are

piecewise basts functions, and u, are .the corresponding mesh variables.
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mesh point

element

'FIGURE (2.8.1): A two-dimensional solution domain divided
into trianqular finite elements

The basis functions are polynomials such that,
1, i=j,
b, (x.,v.) = 11,940 . (2.8.2)
i 377 ot
o, l#]r
To construct the basis functions many techniques are suggested in
the literature such as Lagrange, Hermite interpolation formulae for
polygonal regions (which can be divided into triangular elements). Let
us take the two-dimensional case, the function u{x,y) can be interpolated

at #(s+l) (s+2) points with a polynomial of oxder s, i;e.,

%(s+li(s+2)

u(x,y) = u.¢:‘is’ (x,9) - (2.8.3)

=1 ]

If the smallest element {the basis unit) is assumed to be the
triangle t1t2t3 (Fig. 2.8.2), then the polynomial (2.8.3) interpolates
u(x,y) at #(s+l)(s+2) symmetrically placed points on the triangle tlt2t3.
For s>1, the non-vertex points can be obtained geometrically by dividing

each side of the triangle t1t2t3 into s equal segments and by joining the

points of subdivision by lines drawn parallel to the sides of the triangle
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(see Fig. (2.8.2) as an example for s=2,3).

ty t

=1 g=2 =3
(a) (b) (c)
(FIGURE 2.8.2}

For s=1 (the linear case). The polyncmial in each element has the

form, .

ul{x,y) = al+a2x+u3y ’ (2.8.4)
where al,az and a3 are parameters defined for each element, and uj,j=l,2,3
are the values of u(x,y) at the vertices tj' Thus,

Uy T Gy FapXy ¥y s

u, = o, +o.X. +o

2 T GpTOETORY, (2'8‘5)

Ug = 0y ¥0, X 0,Y 5

-

(2, and o, and substituting the

Solving equations (2.8.5) for o 2 3

1l
result in (2.8.4), we obtain,
_ (1) (1) (1)
u(x,y) = u, ¢, (x,y)+u2¢2 (x,y)+u3¢3 (x,y) , {2.8.6)

where, r 3

1
) =

. det i1 X

g+~
%]
]
(%]
[H]
)
[

(2.8.7)

1l
)
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and 1l b4 Yy
(1 _ 1 .
¢3 =D det 1 xl yl = P3
1 x2 Yg.
vhere, :

r1 X y )

1 1

D = det 1l x2 y2
2t x3 y3J

(D is twice the area of the triangle t1t2t3). It is easily seen that,
1, (i=3)

P, {x !Y.) = I (lsirj53)
1373 0, (i#9) |

For s=2 (the quadratic case), we have,

2 2
u(x,y) = ul+a2x+a3y+u4x +a5xy+a6y

6
= ] uj¢;2)(x,y) . . (2.8.8)
j=1 -

where uj, (3=1,2,...,6) are the values of u(x,y) at the vertices of the

triangle together with the values at the mid-points of the triangle

(2)

(Figure 2.8.2(b)). The functions ¢ (x,¥) (j=1,2,...,6) are given by

J
¢£2) = P (2P -1) , k=1,2,3 )
0, = 4P,
¢;2) _ 4P2P3 i (2.8.9)

P
where Pl'PZ and 3

For 5=3 {the cubic case), we have,

are given in (2.8.7).

{ ) = a_+o. x+0_v+a x2+a + 2+ x3+ x2 4+ X 2+ 3
HIXAY) = 0 TAXTOYAX AAKYHALY 4 X HA X yragXy to, v
10
= ) uj¢(3)(x.y) , : (2.8.10)

=1 3
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where ¢;3)

(x,y) (3=1,2,...,10) refer to the basis functions at the mesh
points tj, j=i,2,...,10 in Fig. (2.8.2(c)) and are determined as follows:

(3)

8.7 = B, (32, -1) (3B, -2) , k=1,2,3,
3) _ 2 3
% = 5P 03R D
(3) _ 9 )
63 = 2p P (32,-1) .
(3 ,{(3) 3y ,(3)

Similarly, ¢6 ,¢7 can be expressed in terms of P2,P3 and ¢8 ,¢9

in terms of P3,P1, and

(3) _ ‘
b9 = 27P\R,P. .

ulo(x,y) can be eliminated as follows,

e - X
a 1 6y

U, -«

ulo(x:Y) = L 3

Il ~1t

|
Il 110

3
th ,
In general, the r  degree plecewise polynomial of the form,

v )
u(x,y) = } 0 XY (2.8.11)
k+2=0

can be constructed if we choose to locate symmetrically %(s+l) {s+2} nodes

in a triangular element.

Rectangular Elements

Let us consider the rectangular element abed with sides parallel to

the x and y directions (Fig. 2.8.3)

a c

,‘ a b
X

FIGURE (2.8.3)
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The piecewise polynomial is of the form,

u({x,y) = al+a2x+a3y+a4xy ’ : (2.8.12)

where ai (i=1,2,3,4) are defined for each element, and ui {(i=1,2,3,4) are

1

the values of u(x,y) at the vertices a,b,c and 4 respectively.
Hence,
= + A
Uy T O O TR AR,
= + +
Uy T Oy TO RV ARy,

= + + +
u3 ul azxc a3yc o

. (2.8.13)

a%Ye !

u, = o +o, . x_+o

4 T B TOXgTOSY g0 ,X

a¥a )
By solving equations (2.8.13) for ul,uz,u3 and e, and substituting

the result in (2.8.12) we obtain
ulx,y) = ul¢l(x,y)+u2¢2(x.y) +u3¢3(x.y)‘+ u4¢4(x,y) . (2.8.14)

where ¢i(x,y), i=1,2,3,4, are the basis functions at the corners a,b,c

and d respectively. The basis functions are found to be,

(x-xb) (Y-Yd) )
a Xb ‘ya yd
(x~xa)(y-yc)
¢ (er) = — -
2 (x —x ) (y, =y ) | 2.5.15
(x-xd)(y~yb)
(x-xc)(y-ya)
¢, (x,y) = (x3=x_) (¥ 5~¥,) J

The basis function ¢1(x,y) is unity at a and zero at b,c and 4, it is
linear along the sides ab and ad and zero along the sides bc and cd.

Further discussion along these lines and the construction of higher
degree basis functions and other possible alternative interpolating

schemes can be found in Mitchell and Wait (1977) or Strang and Fix (1973).




; .

2.8.2 Finite Difference Approximation to Derivatives

(I} ‘The Two Dimensional: Case

Consider the Dirichlet problem for the linear self adjoint elliptic
eguation,

] 3 3 20
'a_x(A(x.rY)a_::) + W(B(xr}’)-a?) - F{x,v)U = G{x,y)}, (x,v) € R,
{(2.8:16)

U(x,y) = g(x,¥), (x,y) € 3R , | - {2.8.17}

defined for a bounded region R, where A(x,y)>0, B(x,y}>0 and F(x,y)20.

The strategy of the finite difference method is based on the
replacement of the continuous problem (differential eguations) to a
discrete mathematical model (difference eguations)which are
suitable for solution on a high~speed computer.

Suppose that the region under considerationlﬁ, R=R U 3R, lie in
the space co-ordinates x &Y, Fig.(2.8.4) and is covered by two sets
of lines parallel to the x- and y-axis. The intersections of these
lines are called the (unknown) grid points (Other names used in the
.literature are nodal, mesh, net, pivotal or lattice points). At each
grid point,“intgrnal to.BR, we find an approximation to the differential
equation in terﬁs of the function walues at the grid point itself and
other certain neighbouring grid points and boundary points. This
always leads to a set of algebraic equations (linear, if the original
differential equation is linear). The solution of this set of equations
is then an approximaté solution to the partial differential equafion and
will be referred to by u.

Let hx and hy be the grid spacings in the x- and y-direction
respectively (see Figure (2.8.4)) and let X, and y, be the coordinates

3
of a typical internal grid point, where,
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N
Y
boundary =]
(x, 3. \
pL g l'}J) '
nt /
Y&, R
/I/
interior ””/’ N 7
- peint v
0 _ x
ég ->
X

FIGURE (2.8.4)

X

ih i=0,1,2,3,...,N
i 1 < ! 1=0,1,4,5, ]

Y jhy ’ j=0,1,2,3,.-.,M.

3
Further, assume that R is a square or rectangular region, in which the

grid point (xo,yo) coincide with the origin, and the values of the

function U(x,y) are approximated by u .=u(xi,yj). Toc obtain a finite

;. . . 3 _ 3
difference replacement of equation (2.8.16), define Dx = o= and Dy =3y

The exact formulae which connect Dx' Dy with §x and éy respectively can

i,3

be written as [Hildebrand (1974}, Mitchell (1976}]

8 2 2 .2
p =2 amnt Eod s -3t 8, (2.8.18)
X Ox x ¢ 2.3 2°.51
2 ¢ 1 12 3 123 5
D =% sinh =L =5 (8 - —=— 8] + =S & ..., (2.8.19)
Y Ny y ¥ 23 Y 2%sr Y

where Gx and Gy are the central difference operators in the x- and y-
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direction respectively, i.e.,

§ u u, ,-,and & u

X i:j - ui+§rj - i“irj Y irj - uirj+i-ui:j'i !
(ui’j z u(xi,yj))
which obviously, gives,
52u. ., = u, ;-2u 4u, . andﬁzu . =u, ., .—2u, .+u, .
x i,3 i-1,3 i,j i+1,j vy i,3 i,j-1 i,5 i,3+1

and so on for 63,63, cer s
XY

From equation (2.8.18),
2 1,.2 1 .4 l ,6

Dx = ;E(Sx -1 Gx + 0 Gx PR (2.8.20)
x
similarly,
2 1.2 1 .4 1 .6 ‘ '
= =06 - = ==& ... . .8,
Dy h2( vy~ 12 6y * 355 8y ) (2.8,21)
y

Hence, from equation (2.8.16) by using difference replacement and by
ignoring the terms involving 8 of order greater than two in equations

(2.8-18,19,20 and 21) we get,

1 1
— 3 A Su. JY+—=—86 (B, Su, )-F, u, .=G, .. 2.8.22
12 x! i, x 1,3) h2 Y( i iy 1,3) i, 34,3 i3 ¢ )
x Y

By simple calculation.we write equation (2.8.22) as,

1 1
—la u, .-u, .)-A, fu, ,-u, + —<I[B, |, . -
h2[ i}%é i+l,3 u1,3) Al-i,J(ul,J ul—l,j)] h2[B1,3+i(u1,3+1 ul,j)
x Yy

=G, ., (2.8.23)

B, . u, .-u, . -F, .u, . R
1,3—&( i,j l,j—ln i,j"1,3 i,3

(A = A(xi+ihx:yj), B = B(Xi,Yj+i hy))-'

+4,3 i, j+d
In practice, it is common to have h_=h =h, resulting in considerable
.S S

simplification, whence,

1
la

s A, +A, A, 4B, . s.4F ; 4= .+
h l+*f]ul+l!j 1'i13u1'113 Blfj+iulrj+1 Bi;]‘*ui']-l (Ai+%13

I =¢G

2
A, +B, +B, . ,+h F .
l“*;j lrj+i i;]'& irj)uilj

which may be written in the form,

Y * r
1:J (2.8.24)




% Uie1, 3% 2%01, 5000, 57 3%, 301 %51 T P G s (2.8.2

where @, = Ai+&,j’ a, = Ai-},j' Gy = Bi,j+}' Gy = Bi,j—i
_ 2
and Gy =@ W, Hy a+h Fig
or
a0 (xth,y) 4,0 (x-h, ) (x,¥) 40 0 (x,y+h) 0 u(x,y-h) = h2G(x,y),
{(2.8.2
h h h
where o, = A(x+ 5,¥), @, = Alx- 5,y), O, = Blx,y+3) ,
4
h ‘ 2
u4 = B(x,y- 30 and ao = E ui + h ' Fix,y) .

i=1
At this -stage it is instructive to establish a criterjon for the
local accuracy for formula (2.8.26}, let zi j be the difference between
r
the exact solutions of the differential and difference equations at the

grid point {i,3j), i.e.,

z, .=U, ., =-u, .. (2.8.2

By using Tayler's theorem and for simplicity let us take U=U(x,y).

A=A(x,¥),B=B(x,v¥), F=F(x,y} and G=G(x,y), we have,
2 2 3 33y 4 .4 5 5

3 h° 3°%U . h h- 3%y . h” 37U
Ulethyy) = U & by + T 256 53 24,4 10,5 "
ax ox ax 9x
2 .2 3.3 4 .4 5 .5
30  h° 3‘y ~h” 3y h- %y . n’ 3u
= + — — —_—— — .s
Ulx,yth) = U s b+ o> — * 3 +32 7 2*T0 .5 "
oy ay ] oy
h haa h?3%a hoea nt a%a. n® oA
Alxt=,y) =A = +— + — —— * — + +
2 23x 8 .2 48 16x24 . 4 ~ 32%x120 , 5
ox I Ix ox
h h 3B h2 BZB h3 3313 h4 3413 h5 853
B(X,y*5) = B & o5 —— + —=— ——= & — + +
2 29y B8 .24 3 7 lex24 . 4 © 32x120 , 5
oy dy dy dy
hence, ’

alU(x+h,y)+32U(x—h,y)+a3U(x,y+h)+a4U(x,y-h) =

2 2 2 2
2AU+2BU+h2(A-a—t—]-+ 39__3_U+53_AU_'_B_8___U+3§_3_L1+_1_HU)
5t xaxT4,.2 2ty 12
ax : ax oy ay
+h4(_1__A34U+l£33U+_}_32A32U+_1_33A_8_+_I_B34U+i'§_§
12X a e, 3782, 2 24,30 120,47 6%
v, 1% 0% , 1 3%Baw, .6
3Y8_ 2.2 24 30y '

50

5)

6)

7)
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and
4 2 2 2 4 4 4
9 9
Y a,u = 2aU+2BU + -}-‘- 2y 4 2By B 2R, 3By b
. i 2 2 192 4 4
i=1 _ ax oy 9x dy
and so,

_ | 5
alU(x+h,y)+u2U(x—h,y)vGOU+a3U(x,y+h)+u4U(x,y-h)-h G =

2 2 4 4
an ? d 3 e
~n? (rore)+n® (g + gm ol 4 b0 + B (2 0L 520,
2 9% 9x 2 3y a8y 4
Ix oy ox 8y
1 33 v, 2%, , 1% azu L% _1_(33A au, 3’8 3y _
6 ox x 3y 3y3 8 axz Bx 3y2 ay2 24 3x3 ax 3y .33y
4 4
L 32, , 3851 +om® . (2.8.28)
192", 4 4 .
ax ay
Then from equations (2.8.26), (2.8.27) and (2.8.28), we obtain,
ulz(x+h,y)+azz(x-h,Y)—aoz+a32(x,y+h)+a4z(x,y-h) = *hz(FU+G}+
2 - A2 4 4 3
h2(au+_§_§_‘a_u+ au+ﬁy_)+h[__mau ]au)+}_(_a__a +
2 9x 9x 3y ¢ 4 4 6 3x 3
3x : ay ox ay ox
38 3%, 19% 5%, o azu) L L@as, Psau 1 %A
( oAy o9BOY 1 0A,
9y ay3 8 ax2 ax2 ay2 3y2 24 ax3 3x ay3 oy 192 3x4
343
—0 + o(n® ) . (2.8.29)
ay

The terms on the right hand side of formula (2.8.29), excluding -hz(FU+G),

are defined as the "local truncation error" of formula (2.8.26), and it

, 38 30 3%u _ 3B 8y

— + B~ + —
ax2 ax 9x ay2 oy Y

as the "principal part of the truncation error”.

is of O(h ), while the term h (A —) is defined
The local truncation error is usually neglected, so if we scan
over the grid points with formula (2.8.26), a set of simultaneous
equations can be obtained whose solution {ui j} is a finite difference
r

approximation to the exact solution {Ui j}-at the internal grid points.
r

If the boundary values are assumed to be known for i=0, i=N, 3=0
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j=M, the above set of equations can be written out (for i=1,2,...,N-1
and j=1,2,...,M-1) in matrix form as,

Au=b, (2.8.30)

where b is a column vector composed of the known values h2Gi 3 plus
!

values of the finite difference approximate solution u, 5 given on the
’ ’

boundary 3R, i.e., .

2 2 2
b= (WG -03U5 17040y orh 6 570300 gre e NG 3ty %% 0
2 ‘ 2 2 2 ) 2
h G2,1 a4u2’0,h G2'2,h G2'3,...,h GZ,M_a2u2,M""'h GN,l a4uN,o
2 2 T
=0 Uo B Gy 27y R Sy e, %2 e

and,

L= (g gy preeedtly g g8y 1oV preeeUy gyt eeUy 100,20
T
ey )

the two column vectors u and b are of size {(N~1)}%X(M-1} and the matrix A

of order {(N-1)%{(M-1) has the tridiagonal block form,

b -C
—B\\D":‘c\\ O
A = ~. ‘\\ S e {(2.8.31)
) \.\ \‘ \\
~ A Y
\\\\‘ \\s
O “-B D -C
L -8 D
where,
0y % T
-2, uo -0, N O
- -
~ ~ \\
~ ~ ~
D = SO TN _ . {2.8.32)
\\ . ~
A ~
O %4 % %2
L s %
and the two matrices B and C are given by «_I and a.I respectively
3 1

(I is the unit matrix).
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The equations of {2.8.30) are assumed to be ordered row-wise or
column-wise.

For a rectangular mesh of MxN points, the coefficient matrix A is
(a square matrix of order (M-1l)(N-1l)} and can be shown to have the
\following properties:
E(i) ai,i>0 and ai,jso , for all i,j with i#j.
_‘;(ii) Diagonally dominant
jiii) Irreducible.
- Properties (ii) and (iii) foliowsfrom Definition (2.2.l) and
Theorem (2.2.3). It also follows from Theorem (2.2.4) that A is non-
/ singular and hence systenm (2.8.30)‘has a unique solution. If all the
interiorlmesh points in the region R are regular, then A will be symmetric
\‘gnd hence by Theorem (2.5.2) is posiﬁive aefinite.
‘M"”fgwéfoblems where the boundary of the region is cﬁrved, we have a
set of mesh poings adjacent to the boundary which require special
treatment. Consider the general case of a group of five points whose
spacing is non-uniform, we represent each distance by sih, {i=1,2,3,4),
where Sy is the fraction of the standard spacing h that the particulaf
distance represents, Fig. (2.8.5}.

‘(lrJ+32)

52h

(1,3)

(i—sB.j)'

- {its,9)
th _ slh ; 1

h
54

(irj's4)

FIGURE (2.8.5)
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Hence, in order to derive the finite difference approximation of
{(2.8.16) for an irregular region and denoting hx=hy=h' we can write
the central difference operators in the x and y directions as,

%%1,3 T Pards 3 T Virds

du. . u, ., -u, .
vy i.,3 1.3+i52 i,3-¥s,

and hence the finite difference approximations,

u, .-u, .
u, Pt SR 1,] 1-5,.1]
3 u . i+sy,3 1,3 ! 3
Bl % By, JCTLZ Ty~ Ay e
1 1 3 3
Bis +s.) (2.8.33)
27173 7 Tt
and
u, . -, u, .-u, .
a 3U . 1!’3+52 llj J'l'j 113-54
By Beengels 5 % By sas, TR ) T Byyas, e m Y
2 2 4 4
h
§4sz+s4) (2.8.34)
The resulting finite difference equation at such a mesh point
becomes,
‘ 1.2
B1% s, 02% 90s P30 s 57000 5ms, PO,y TT M Gy, 0 20839
where,
A, . .
1+}sl,j Bi,3+§52
B, = ——— , B = ———
1 sl(sl+s3) 2 52(52+s4)
(2.8.36)
A, . B,
i-is4,3 i,3-3s,
B = I a—— ! B = D e —— ’
3 53(sl+s3) 4 . 54(52+54)
4
1.2
and By = izlsi R
Where sl=sz=53=s4=l, the difference equation (2.8.35) reduces to
(2.8.36).

(LI} The Three Dimensicnal Case

Consider now a class of problems defined by the linear self-adjoint
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elliptic equation in three space dimensions, namely:
3 3u.. 9 20 9 3y
'é"}'c"(A(levz)'a—; + %’(B(X;Y;Z)'é'i;‘) + E;(C(x'y'z)ﬁ) - P{x,v,2) = G(x,v,2),

(x,v,2)€ R, i2.8.37)
U(x,y,2) = glx,y,2) , {x,y,z) € 3R, (2.8.38)
defined fdr a bounded veolumetric region R, where A,B and C are
strictly positive functions and F(x,y,z)z0.
The volume under consideration EER.U 3R, is covered by a
volumetric grid system, with spacings hx'hy'hz in the x, y and z-
directions respectively. Assume that {i,j,k) denotes the grid point
(xi,yj,zk) and ui denotes u(xi,yj,zk), where x

. =ih .=jh_and
1Jik x' Y37 Py

z,=kh_, 01,3 ksN.

i

A finite difference replacement of equation (2.8.37} can be
obtained by applying similar steps as in the two dimensional case and
by assuming that hx=hy=hz=h, the following finite difference equation

is obtained,

®1%i41,9,% %2%-1, 5,k 3%, 541,k 0%, 5-1, k5%, 5, x40 %6 M, 5 k-1

2
[+ I =hG, ., 2.8.39
o1i,j.k i,] ( )
where,
% = B9k %2 T Riog,5,k0 %3 7B, 4e3.k
% T Bi,5-1,%" %5 T Ci3k0 % T CiL9,k-1 0
6 2
and oy = Za£+ h Fi,j,k .

=1

Under the same consideration as 'in the two-dimensional case, the
obtained set of difference equations may be expressed as the system

{2.8.30), the coefficient matrix A being a sparse, real, seven-diagonal,

square matrix with the properties given on page. (53).
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2.9 SYMBOLIC COMPUTATION - AN INTRODUCTION TO REDUCE

The purpose of this section is to introduce the new tool of

. symbolic algebraic computation (or symbeolic computation, for short) and
point out its potential in the numerical modelling and simulation of
field problems.

Symbolic computation refers to the technique of manipulating on a
computer, symbolic expressions that may not necessarily have numerical
ﬁalues. Therefore, techniques of symbolic computation can be used,
among other things, to perform algebraic manipulaticns of méthematical
formulae. Crudely, one can think of symbolié computation as a computerizea
version of the traditional "paper and pencil"” manipulations of algebraic
expressions commonly arising in applied matheﬁatics. Therefore, symbolic
computation can significantly reduce the tedium of analytic calculations
and increase their reliability. This capability permits one to carry on
the analytic calculations before numerical computations start.

A number of symbolic manipulation systems suitéble for manipulating
algebraic expressions have been developed over the past few years. A

representative sample of these are listed as follows:

ALPAK CONF'ORM Sac-1
ALTRAN FORMAC SCHOONSCHIP
ASHMEDAI MACSYMA | SCRATCHPAD.l
CAMAT, REDUCE SYMBAL

Jenson angd Niordson {1977) have given a comparative study of some of
these systems.
REDUCE is a system for carrying out algebraic operations accurately,

on relatively complicated expressions. It can manipulate polyncomials in
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a variety of forms, both expanding and factoring them, and extracting
various parts of them as required. REDUCE can also do differenfiation
and integration, the use of arrays and other topics of interest.éo
physicists, mathematicians and engineers.

REDUCE is also designed to be an interactive system, so that an
algebraic expression can be input and its value inspected before moving
on to the next calculation. However, REDUCE can also be used in a batch
mode by inputting a sequence of calculations and obtaining results
without any possibility of interaction during the caléulations.

To show the interactive use of REDUCE, we shall give some exémples
which illustrates comprehensively the capabilities of the éysﬁem. If
one’ wishes to work with the expression (x+y)3; then after the appropriate
logging-in procedure and when REDUCE is called, oﬁe proceeds by typing
a FORTRAN-like expression, terminated by a semi-colon as foilows:

L: (x+y)**3;

The semi-colon indicates the end of the expression. By pressing the
Return key, the sys£em would then input the expression, evaluate it,
and return the result in a form like:

X3+3*x2*Y+3*x*¥2+Y3

2:
where (l: ) is automatically assigned to the first command and after
the result the next input line is labelled (2: ). Input may be in
lower case or upper c%se, but lower case is converted fo upper case
by the sytem, such that output is in upper case.

The results of a given calculation are saved in the wvariable WS
(for workspace), so this can be used in the next calculation for further

processing. For example, one could enter on line (2:) the expression



af {ws,y);

which calculates the derivative of the previous evaluation with
respect to y, and REDUCE responds with
3% (X2+2*X*Y+Y2)
Alternatively,
int(ws,x);
would calculate the integral of the same expression with respect to x
and REDUCE responds with
(X*(ka+4*x2*Y+6*x*Y2+4*Y3))/4

In many cases, it is necessary to use the result of one calculation
in succeedipg calculations. One way to do this is via an assignment
for a variable, such as,

vi=(xt+y) **3;
If we now use v in later calculations, the value of the right hand side
of the above will be used.

An important class of commands in REDUCE is that which defines
substitutions for variables and expressions to be made during the
evaluation of expressions. Such substitutions use formg of the command
LET.

LET rules stay in effect until replaced or CLEARed. For example,
after assigning the expression (x+y)3 to v, we can give numerical values
to x and y and hence find the numerical value of v by using the command
LET as follows: |

let x=5, y=3;

v;

REDUCE respends with

512
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But if we want to have‘the value assigned to another variable u (say},
we proceed as follows:
let x=5, y=3;
uz=v;
REDUCE then responds with
u:=512
A very powerful feature of the REDUCE system is the ease with which
matrix calculations can be performed and its handling of symbolic
matrices. For example,
matrix m(3,3);
declares m to be a (3x3) matrix, and
m:=mat ((a,b,c), (d,e,£f),(p,q,r));
giveé it specific element values. Expressions which include m and make
algebraic sense may now be evaluated, sucﬁ as 1/m to give the inverse,
det(m) to give the determinant of m and 2*m-c*m**2 to give another matrix.
A REDUCE program consists of a set of functional commands which are
evaluated sequentially by the computer. For example, consider the
problem of finding the invgrse matrix Q (say) of a (4x4) matrix R given

by

& O = U
g~ O 0

o o » wl
f+= T o

and then evaluate the matrix S (say) which results from multiplying
the matrix Q by the matrix P, where P is given by:

o

a
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The input to the system REDUCE can be written as follows:
The Input Comments
matrix r(4,4),q9(4,4),p(4,2}),s5(4,2}); Specify the dimensions of the

matrices R,Q,P and S.

ri=mat((1,b,c,0,},{a,1,0,c), Assign to the matrix R its
| (d4,0,1,b},(0,d,a,1)); elements.
p:=mat{(a,0),(b,a),{a,b),(0,b)); Assign to the matrix P its
| elements,
gq:=1/r; Find the inverse of matrix R and

assign it to the matrix Q.
S:=q*p; Evaluate the matrix product of P
and Q and assign the result to S.

In many applications, it is desirable to load previously prepared
REDUCE files into the system, or to write output on other files.

REDUCE offers some.commands for this purpose, two of these commands are
IN and OUT. The commandlzg takes a list of file names as argument

and directs the system to input each file (which should contain REDUCE
statements and commands) into the system. For example,

in fred 1,"fred 2";
will first locad file fred 1, then fred 2. Files to be read using IN
should end with ;END;.

The command QUT takes a single file name as argument, and directs
the output to that file from then on, until another OUT changes the
output file, or SHUT closes it. For example,

out probl;
will direct ocutput to the file probl.

There are several reasons why symbolic computations are useful in
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the context of modelling and simulation of field problems. Some of

the reasons cited by Brown and Hearn (1978) are listed below.

l. Sometimes it is prohibitively expensive, or even impossible, to
solve an essentially numerical problem by purely numerical means
because it involves too many variables, requires greater accﬁracy,
or is presented in an ill-conditioned or intractablé form. However,
a symbolic transformation may reduce the'dimensionality, evade a
large source of round-off er;or, finesse the ill conditioning, and
otherwise change the problem into one that can be solved by standard
numerical methods.

2. The algebraic result obtained via symbolic computation can be
subsequently evaluated cover a wide range of parameter values.

3. Symbolic computation provides an opportunify for realizing the vital
computational symbiosis between numerical experiments and symbolic
theories.

4. Symbolic computation can be used to generate a needed numerical
subroutine.

5. Finally, in the realm of partial differential equations, Cloutman
and Fullerton (1977) have used symbolic multidimensional Taylor
series expansions, computed by the ALTRAN system, to analyse the
discretization and round-off errors of various numerical methods
and also, more importantly, to eliminate inaccurate or unstable methods
prior to coding and testing, and to develop methods in which the

lowest order errors cancel each other out.




CHAPTER 3

METHODS FOR SOLVING LINEAR SYSTEMS OF EQUATIONS




3.1 INTRODUCTION

As mentioﬁed in Section (2.1) and described in Sections (2.8.1)
and (2.8.2), the application of the finite element and finite
difference methods for solving p.d.e.'s yields a system of linear,
simultaneous equations which can be represented in matrix notation as,

Au =b , {3.1.1)
where A is a coefficient matrix of order {(mxm), (méN—l), the order of
the matrix A equals the number of interior mesh points, b is a column
vector containing known socurces and boundary térms, and u is an unknown
column vector.

This chapter deals with well-known methods of solving the system

(3.1.1). First we will introduce the model problem in two and three

dimensions.

62
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3.2 THE MODEL PROBLEM

(I) Two Dimensionai Case

Let us consider.the Dirichlet problem for the Laplacg eéuation
(l.2.33a)‘which requires to determine the solution u(x,y)_satisfying
(3.2,1} inside‘; closed regioﬁ R and is determinéd on the bﬁundary oR

by the boundary condition ‘(3.2.2),

2 2
3—% +-§—g =0 , (x,y) €ER, C(3.2.1)
ax 3y ' :

Uy = glxey) o (x,¥) € 3R (3.2.2)

The region R unﬁer.consideration is covered, as mentioned in Section
{2.8.2) by a rectilinear net with mesh spécing h in the X and Y
direction and mesh points (xi,yj), where xi=ih, yj=jh; (i,j=0,},...,m+l).

This problen is é special case of the general 2 dimensional self
adjoint elliptic equation (2.8.16), (2.8.17) given in Section (2.8.2).
(A(x,y)=B(x,y)=1, F(x,y)3G(x,y)=0). :

Substituting the finite difference appréximations for the

derivatives in (3.2.1) the folloWihg five-point formula is obtained,

-u, . .t4u, o muloLoo-ul L o o= .2.
Mia1,37%,37 0,5 30 M3 T O (3-2.3)

_ = (1 i=0,m+} for j=1,2,...,m
Ui,q T 9y, = RN, (3.2.4)

§=0,m+l for i=1,2,...,m

which is eguivalent to {2.8.25) by taking aoz-l, a1=u2=a3=u4=~l/4 and

¢, .=F, ,=0,
i, 1,3

The solution ui 3 at the point {(ih,jh) can be obtained by solving
,

the linear system (3.2.3), which can be represented by the computational

molecule shown in Figure (3.2.1).
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=1 ) (i,3+1)

(1-1,3) (1,9) (i+1,4)

(1,3-1)
-1

FIGURE (3.2.1): Pive-point computational molecule for the
Laplace operator '

which when applied at each mesh point vields the system

Au=Dh , (3.2.5)

2
If we order the m internal mesh points column-wise (Figure (3.2.2))

YA
“{o,1)
a s8] 12] 16
3 7| 1] 15
2l 6| 10| 14
1l s| 9] 13
(0,07 Tor > X

FIGURE (3.2.2)
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the coefficient matrix A of the obtained system (3.2.5) is a real

symmetric, square, sparse matrix and has the block tridiagonal form,

|
|
Dl -I
-I D -1
2
O
-1 D3 =1
A= TN N ' ) {3.2.6a)
LY \ ~ ' . .
Y b Y ~ .
“~ ~ -
\\ \\ \\
O R
A A Y
-I D
= m)

where I is the unit matrix of order m and the Di (L<igm) also of order

m, are given by,

4 -1 a
-1 4 -
O
-1 4 -1,
D; = SUATURRS , lsism (3.2.6b)
\\ N \\ .
LS T

O \\ \\ -1

_ o174

In addition to the column-wise ordering of the interior mesh
N peints, there exists many different methods of ordering. In general,
for a given set of mesh points (xd+pih,yo+qih), i=1,2,...,m, some of
the methods can be given as:

(1) Natural ordering; i.e. row or column-wise: a point

(x0+ph,yo+qh) occurs before (x0+p'h,yo+q'h), if g«g' or

if g=q' and p<p'.

(ii) Diagonal ordering; a point (x0+ph,yo+qh) occurs before
(x,tp'h,y +q'h) if p+q<p’+q’.

(iii) Red-black ordering; all points (xo+ph,yo+qh) with p+q even

{red points) occcur before those with‘p+q odd (black points).
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For a problem arising from the solution of a five-point
difference equation on a square mesh, the above kinds of ordering all
lead to consistently ordered matrices (see Definition (2.7.2)).

Now, we demonstrate the proceduré of deriving a formula which is
more accurate than the five-point formula, i.e. the nine-point formula

where the order of the local truncation error is increased.

Consider the two-dimensional Laplacian operator V2 (VZE—§§-+ —Eaﬁ,
3x 3y

in Section (2.8.2) we defined D, and Dy S0 V2 can be written as
V2=D2+D2 .
Xy :
If we assume that hx=hy=h, then by Taylor's expansion,

th
e U(x,y) .,

It

U(x+h,y)

m . ) (3-2.7)
e YU(er) ’

It

U(x,y+h)

hence we may write on the basis of the above result,

_ D .
Yis1,5 T 1,5
: #ho, |
Yi,901 T € THi 5 o (3.2.8a)
+h (D +D )
u =@ X ¥ u
i*l,j*d i,] )
+2hD \
u = g - xu
i*2,3 i,
} ' (3.2.8b)
+2hD
Vi, a2 T € 9,5

_ ) _
where ui j represents values of a numerical approximation to Ui -
r 14




(1,3+2)

i-1,5+00 (i, 5+1) 4{:1 L J+1)

~
-
.|.

i-2,3) 2,3)

/
\&1—1,3) i) “*1'3’
/ R

< ,
/\ /\

\J

I

FIGURE (3.2.3)

Then we define Sl' 52 and S3 as follows:

= + +
517 Ui41,57, 541 1, 5, 51 ]

= + + +
2 T Yie1, 34071, 541 -1, 51 L, 1

537 Y342,5%0, 9422, 3™, 52

Hence, by using {3.2.8},
hD hD -hD -hD
s. = (e *+e Yie Fye Yyu, .
1 1r]

[2cosh(th)+2cosh(hD )]ui

4 6
2.2 h 4 4 h 6
. + PR ..
[4+h (Dx Dy) + (D +D ) o+ 360(D D Y+ . ]ui,j

6
2.2 h 2. 2 h 6 2.4 4
[4+h" 7 + 12(V -2D D ) + 360(V -3V D D )+"']ui,j

1
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(3.2.9)

{3.2.10)
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" h(D_+D) h(-D_+D) h(-D_-D) h(D_-D )

S.=(e ¥ ¥ ie * Y e Yie * Y Jua, |
2 1.]

4[cosh(hD )cosh(hD )]u

i,]
W 4 22 4 1% 6. 42
[4+2h (D +D )+ ——(D +6D D +D ) + —u—(D +15D Dy+

6 'x Xy 180
15D2D4+D6)+...]u. .
4 Xy Y 6 1,]
= [4+2h2V2+ h (V 4D2D2)+ 18 (V6+12V2D4D4)+...]u. '
Xy i,3
and (3.2.11})
2hD 2hD -2hD —2hD
5, = {e x+e y+e x+e )u
3 ,j
- [a+an?v? + §h4(v4-2n p2)+ §l‘—(v ~3v%p)p? ML
(3.2.12})

2.2
By eliminating the term Dny between S1 and 52' we obtain the following

nine-point formula:

2 1 1 .24 1
v ui,j = 2;5(4Sl+82 20ui'j) 12 h™V ui,j T80 h (&V u, ,j+
v?a. .pp? o om®) (3.2.13)
i,J

4 2 2 6
For the Laplace equation V v=0, Hence, V u=V (V u)=0 and V u=0,
So the nine-point formula for the Laplace operator is given by,
20“',3 451-82 =0, : {3.2.14)
with a truncation error of order h6.

The linear system (3.2.14) can be rxepresented by the computational

molecule shown in Figure (3.2.4)

{(i-1,3+1)
-1
(i‘lrj)C

(i‘lrj-l)

: (1,3+1)

(i+1,j+1)

o/

_/

FIGURE (3.2.4): Nine-point computational molecule for
the Laplace operator
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Other combinations between Sl,S2 and S5, may yield different

3

formulae, for example, 53-165l gives for the Laplace equation the

“molecule shown in Figure (3.2.5}.

@(i.jm )
66)(1.%1)
(1-2,9) (i-1,9) (1,9)  (141,9)  (i+2,9)
oRcSoWoey
"'16 (i;j“'l)
(1,3-2)

FIGURE (3.2.5)

This molecule suffers from the difficulty that its accuracy is
difficult to match near the boundary 3R. Moreover, its use of points
at a distance 2h from ui,j is a milgd diéadvantage in the solution of
the linear egquations associated with equation (2.8.16). It is more
serious disadvantage for nodes near the boﬁndary, because the.greater‘
size of the molecule causes many more interior points of the net to
become irregular. {Fofsythe and Wasow, (1960), p.194). Technigues
for degling with such points (see Mitchell and Griffiths, (1980),p.131).

The Biharmonic equation which is a more complicated partial

differential equation of elliptic type has the form {as a model problem),

VoV (~—+—7)u=o0, {3.2.15)
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which can be written in the form,

34U . 34U B4U
2t 55+
ax ax Ay 3y

o

i r (2, 9)E R, (3.2.16)

The appropriate boundary conditions usually take one of two forms,

(i} U= g]fX.y)

.- for (x,y) € 9R , (3.2.17)
n 92(x.-3!)
or
{1i) U= gl(xry)
22y for (x,y) € R , (3.2.18)
_'3 = gz(er)
an

3 . e . . '
where 3; is the derivative in the direction of the ocutward normal to the

boundary oR.
If we take R to be the unit square 0%x,y<l, from egquation (3.2.16)
by using difference replacements,assuming that hx=hy=h’ we get,
s, .+ 26%6%, .+ 8t =0, (3.2.19)
x 1i,j xy i,j Y 1,3
where 6° = 82(82) ana 8 = §2(8%).
X ® X g vy ¥y
By a simple calculation,equation- (3.2.1%) can be written as,
20ui'j~-881+252+sl =0, {3.2.20)
with a truncation error of order h2.

The system (3.2.20) c¢an be represented by the molecule shown in

Figure (3.2.6).

{i+l,3+1)

(i+2,3)

(i-1,3-1) (i+1,3-1)

FIGURE (3.2.6): 13-point computational molecule for
biharmonic operator
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In this 13-point molecule the presence of the terms Uiio ; and
—=r
ui 342 means that special modifications have to be made when it is
Jjt
applied at nodes distance h from the boundary. Techniques for dealing

with such points are discussed in detail by Fox (1950), see also

(Mitchell and Griffiths, (1980), p.131).

(II) Three Dimensional Model Problem

We consider the Laplace equation in three space dimensions:

+
4
1l

o, (x,v.2) €R. (3.2,21)

subject to the Dirichlet boundary condition ,
U(x,y,.2) = glx,y,2}, (x,v,z} € 3R, {3.2.22)
vhere R is the unit cube Oszx,y,z<l. 3R its boundary.
The volumetric regioﬁ undef consideration R is covered by an
equally spacedthree~dimensional net with megh spacing h in the X, Y and

Z directions, The mesh points are defined by (xi,yj,zk) where x,=ih,

i
yj=jh and zk=kh, (0Ogi,j, ksm+l), where (m+l)h=1.

Discrete approximations to the derivatiﬁes in (3.2.2)), leads to
the following seven-point finite difference equation,

- - - - - -ll, |,
&1y, 5,k B, 3,k M1, 3,k 0, 4, k0, -1, 0, 5, k10, 3 k-1

=0, (3.2.23)

= 1= £ <
ui,j,k gi,j,k' i=Q,N for }\j,# m
3=0,N for lgi,k<m (3.2.24)
k=0,N for 1si,jsm.

{3.2.23) is equivalent to (2.8.39) by taking ai=l {1gig6) and Gi 3 %=
I !

F, .
i3,k
Equation (3.2.23) is generally represented by the molecule

shown in Figure (3.2.7).



72

@(lrj .rk+1)

(1,3+1,k)}

1 .
(:::)(i+l,3,k)

(i"lrj:k)

{(i,3-1,k)
@(i:j rk‘l)

FIGURE {3.2.7)

3 ' . ; .
Ordering the m , internal mesh points with increasing values of i,

then j, then k (Figure 3.2.8).

Zh

(0;;11) {1,1,1)
(O’ljo)
{0,0,1) l
et 25 26~ 27|
el 22 23 24~ e
/ 19~ 20 " 21// J
v e e
e E T Pt
el 138~ 14~ 15 ] 7
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FIGURE (3.2.8)
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By applying the seven-point eguation at each mesh point we get

the system (3.2.5). The coefficient matrix A of the cbtained system

is a real, symmetric, square, seven-diagonal, sparse matrix of order

m3 and of the general form,

A, -1 B
1
-T A -I
2
O
~I A3 -1
A= AR . (3.2.25a)
\\ \ \
N \\
A Y
\
O NN
R
\\ \ -I
A
- -1 2]

. . . .2 . )
wvhere I is the unit matrix of order m and Ai, l1gigm,are matrices of

2
order m given by,

Dyyy -J
-7 Dy, -3
_J \\ ~ O .=(i"1)m
A, = RSN ¢ d ' (3.2.25b)
+ ‘\ oo 1giz<m
~ \\ \\\
s -J
C) ~ \\

- D,

- Jjtm)

. . . 2 .
where J is now the unit matrix of order m and Dr' lsr<m |, are matrices

of order m given by,

6 -1 7]
-1 6 -1
161, C )
D= NN , lsxsm® . (3.2.25¢)
i \\ S \\
Y
O N, \_\\_1
\\ .
L 1% 6,

The solution vector u and the right hand side vector b of (3.2.5) are

(m x1) column wvectors,




3.3 THE SOLUTION OF A SYSTEM OF EQUATIONS

Methods used to obtain the numerical solution of the system (3.1.1)
that are best sﬁited to the éapability of modern electronic computers
have been developed. The criteria to compare methods are measured by
the number of computer coperations needed to obtain a (sufficiently
accurate) solution as well as the storage requirements which are measured
by the size of computer memory needed to store the matrix A and other
matrices occurring in the process of solution. Usually the methods used
lie in two classes, the class of direet methods (or elimination methods)
and the class of iterative methods (or indirect methods) which mainly
depend upon the structure of the coefficient matrix A.

That is, if A is a large sparse matrix as in problems which arise
in large order p.d.e.'s, iterative methods are usually used, since
these will not change the structure of the original matrix and therefore
preserve sparsity. They are essentially based on generating a sequence
of approximate solutions {H(s)}‘ §=0,1,2,... for (3.1.1) and hope that
this sequence approaches the solution A_lb pfovi@gg/that‘the inverse
exists. However, no arithmetic is assoqiated with zero coefficients,
so considerably fewer numbers have to be stored in the computer (the
non-zero elements of the coefficient matrix) and hence minimise the
amount of storage used. As a consequence they can be used to solve
systems of eguations that are too large for the use of direct methods.
Programming and data handling are also much simpler than for direct
methods. Another advantage, not possessed by direct methods, is their
freguent extension to the solutionlof sets of non-linear equations

(Smith, (1978)}. The disadvantages of these methods are mainly the
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problem of selecting a good initial vector with which the iterative
process may commence and also the accuracy of the final solution.

Direct methods, on the other hand, are used only when the
coefficient matrix is dense as in statistical problems where the
dimension is small. .The advantages with these methods are that no
initial vector is required and the accuracy of the final solution
usually turns out to be satisfactory depending on the chosen word
length of the machine. Direct methods cannot easily be used for large
sparse unordered matrices because of the prcblem of fill-in which
occurs during the eiiminaéion process and the storage requirements are
prohibitive. However, if the matrix A is of regular shape, then special
methods for storing the matrix can be devised in order to minimise the
amount of storage used.

For non-linear problems, the most common procedure for solving
these kinds of problems is to formulate them as the solution of an
iterative sequence of linear (or rather linearized) equations to which
solution methods for linear problems still apply.

In the following sections we will describe some well known direct

and iterative methods.
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3.4 DIRECT METHODS

Direct methods for solving linear systems are compared for
efficiency on the basis of the number of arithmetical operaticns required.
One of the methods used for cbtaining the solution of a system of equations

is given by Cramer's rule, which can be stated in the following theorem.

Theorem 3.4.1

In the system (3.1.1), let detA=|a|#0, and let det Aje (i=1,2,..0,m),
' . . . ,th
be the determinant of the matrix obtained from A by replacing the i

column of A by the column vector b. Then, the solution of the system

(3.1.1) is, det A

W= g L2, (3.4.1)

The use of this method in actual numerical cases is generally grossly
inefficient, because of the excessive labour involved in the evaluation
of (m+l) determinants of order m,‘unless m is small. For example to
solve (3.1.1) with order 10 (which is a trivially small preblem by medern
standards) would require 5$me 68 million multiplicaticns. The number of
operations involved in this method is of order (m!) if the system is of
order m, (Froberg, (1979), p.8l}.

A more efficient method of evaluating the determinants can reduce
thié to about 3000 multiplications, but even this is inefficient compared
to Gaussiaﬁ elimination, which requires about 380 multiplications
{Gerald, (1980}, p.929), this, as well as other methods are described as

follows.

Systematic Elimination Methods

These methods are based ultimately on the process of the elimination
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of variables. The most ﬁidely used methods are:-

(Z) Gaussian Elimination which involves a finite number of trans-
formations of a given rectangular system of eguations into an upper
triangular system which is a system which is much more easily
solved. Precisely the number of the transformation is one less than
the size of the given system. Thus, for the system (3.1.1} we have

after {m-1) steps the final system, (Ralston, (1965)),

—{(0) _{0) {(Q) = = (o) —
al,l a],'2 _—_—— - . al,m uy b1
(1) _(1) (1) (1)
B B3 TT TS oo - 2.m | {%2 Py
a(2) -a(2) —_— a(2) a b(2) ,
33 734 - 3m 3 3
S -~ | 5 I
S —
'\\ ~ 1 1 = i
oy
\_\ S o i | 1
~ ~ l l !
S~ (m-—2)\"" {m-2) ! {m-2)
C am—l,m—l m-1,m um—-l bm—l
(m-1) (m-1)
a u b
_ ‘ mm _| | m _{ | m _
a(k—l) {3.4.2)
(k) _ _(k-1)_ i,k - {(k-1) _ 1)
where, ai,j = ai,j 1) ak,j ’ k=1,2,...,m~-1
1 i=k+1,...,m
9y=k+l,...,m
a(k—l) r (3.4.3)
pi¥) = pllt) Ak el o),
i i {k-}) Tk 1, 1,3
%%,k
' !0y
The solution for (3.4.2) is given by,
p m-1) \
g = =2
‘m {m-1)
a
MM L (3.4.4)
m
1= - f49-19%
sty 00 L Ty
a.", j=i+1 *rd D
i,i

i=m~1,m-2,...,1
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Strategies for Avoiding a Small or Zerc Pivot

If any of the diagonal elements of the matrix A in the system (3.1.1)

: : k- '
becomes zero during the elimination process, i.e. aé k1)=0 for any k,
. .

then the final upper triangular form will be unattajinable, and hence the
process will fajil. To overcome this we locate a 3 (k+1l<jgm) such that

ask_l)#o and we interchange the jth and kth rows of A(k) and corresponding

Jek
column in b(k)

{i.e. we reorder the equations). The interchanges are
referred to as pivoting which is normally employed to preserve arithmetic

accuracy.

Definition 3.4.1

Any of the diagonal elements in (3.4.2), i.e. aékil), Igkgm, is
! [

t . .
termed the X h-pzvot. If it is zero, then it is called a zero-pivot.
There are two basic well known pivoting schemes. They are mainly
concerned with avoiding a zero pivot which may arise at any stage of

the elimination process.

(1) Partial Pivoting

This strategy involves choosing an element of largest magnitude in
the column of each reduced matrix as the pivot, elements of rows which have
previously been pivotal being excluded from consideration. This way of .
pivoting can be easily illustrated in Figure (3.4.1) where x denotes a

non-zero element.

_; X X X X Any element in the box can be taken
L (2) 0 x X x X as the pivot. If (® is the largest
- ) c o |x]| x «x magnitude then the 3rd and 4th row of
o o |& x x A(z) have to be interchanged.
o o X X X

FIGURE (3.4.1)
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{2) Complete (Full) Pivoting

| The pivot at each stage of the reduction is chosen as the element
of largést magnitude in the submatrix of rows which have not been
pivotal up to now, regardless of thé position of the element iﬁ this
matrix. This‘ﬁay require both row and column interchanges. Figure
(3.4.2) illustrates the strategy. |

Any element in the box can be taken as

(2) a pivot. If C) iz the element of

largest magnitude then we interchange

the 3rd and 4th rows of A(z), followed

O O O K M
A -

oK O®| X X
IR CET BT

fo o o o xl

by the 3rd and 5th columns.

It is also necessary to interchange the elements of the solution vectox

(2). Further, in both

(2)

cases the elements of the right-hand side wvector, b ', are interchanged

similarly to the rows of 2t

to compensate for the column interchanges of A

In practice complete pivoting is time consuming in execution and
is not frequently uged. In addition, for large m and matrices with
special pattern, (e.g. band matrices), partial pivoting is less likely

to completely destory this pattern.

(it) Gauss~Jordan Scheme

An alternative to Gauss elimination methed (G.E.) is the Gauss
Jordan scheme (G.J.) which leads to a diagonal matrix rather than tri-
angular at the end of the process. In this ﬁethod, the eiements above
the diagonal are made zero at the same time that zeros are created below
the diagonal, and hence the solution can be obtained by dividing the
components of the right-hand side vector, b, by the corresponding diagonal'

elements, i.e., there is no need for the back substitution stage as in

Gauss elimination.
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However, G.E. can be shown to.be superior to G.J. since it
involves a smaller amount of work. For large m the G.J. method
requires almost 50% more operations than the G.E. method (Ralston (1965)).
It is showed by Fox (1964) that the amount of work inﬁolved in the G.E.

and G.J. methods are as follows:

G.E. | G.J. Operations
m m division
%m3+m2- %m %m3+m?- %m multiplication
1312 5 13 1 .
§m +§¢ - Em Em - o, addition

(2i1) Triangular, or LU, Decomposition
If we define the multipliers of the kth stage of the transformation

for the G.E. method as

ti-k ='al_'k , k=1,2,...,m-1 (3.4.5)
! k,k i=k+1l,...,m.
where ti,l=ai,l/al,l' i=2,3,...,m, is used to generate the zeros

£ .
reguired in the lS column. Then we define the (mxm) unit lower

trianguléﬁ matrices M ""'Mk' k=1,2,...,m~1, as follows (see Goult

1'%
et al (1974), Ralston {1965))

fre— —

1 : 1
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Thus, the matrix form (3.4.2} is equivalent to,

MAu = Mb , (3.4.6)
where M= Mm~ler2 “"fMl ' (3.4.7)_
— (0) _(0) {©) = m
a a,, ==——— a v Ve mm=aV
1 12 Im ] 12 1lm
a(l)a(l).-- a(l) Vr Voo e ==V
M M _ ...MA= 2 % Zn |z 22 23 e
m-1 m-2 1 a(2) a(2) ~o v :
3777 3w . '
X 1 ~ i
~ { ~
O AN i @) \\ 1
N (m-1) N
a v
- mm | b myg.
(3.4.8)
Hence, we have, ol -1 -1
A= Ml M2 ;""Mm—lU . (3.4.9)
But M;l, leksm-1, is M itself with the signs of its off-Giagonal
elements reversed and the product MIlMEl .o M;il is given by,
t 1
21 0]
Vi Bl Vg Ea1 F32 Lo SL.(3.4.10)
172 m-1 i Lo~ ~
f 1 ~ \-\
. ~
{ l -~ -~
| ' e \\ - .
_Em.l tm,Z- - -tm,m-l L
Thus, A=1LU0, (3.4.11)

where I, is a unit lower triangular matrix and U is an upper triangular
matrix. The form (3.4.11) is termed triagngular or LU decomposition.

Now, we can write (3.1.1) as,

LUu = b . (3.4.12)

The solution of (3.1.1) by this algorithm follows from (3.4.12) by

introducing an auxiliary vector, y (say), such that the system (3.4.12)

will be split into two triangular systems,
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]
o

Ly =b (3.4.13)

and Uu

Y - (3.4.14)
. The two vectorsli and;E can be obtained easily from equations (3.4.13
and 14) by forward and backward substitution processes respectively.
The equations for the forward and backward substitutions can be

summarised as follows,

¥y = by
. iil . o2 3 (3.4.15)
Y. = . - ¥, ¢ 154434 ...,00,
and, ol g Wk
Y
o -om
m_ v
mm
mil
u, =y, - v, ¢ Jeo~1,m-2,...,1
37T S WK

(3.4.16})
provided vii#O (i=1,2,...,m), i.e. U is non-singular.

P%voting with the LU method is somewhat more complicated than with
the G.E. method, because we do not usually handle the right~hand side
vector simultaneocusly with our.reduction of the matrix A. (Gerald,
(1980), p.%4). This means we must keep a record'of any row interchanges
made during Fhe formulation of L and U so that the elements of b can be
similarlylinterchanged.

It can be shown that the amount of work in the LU method is the
same as for G.E. method. But the disadvantage of Gauss's process in
comparison with LU proéess is that a rounding error occurs when an
element of a reduced matrix is computed and stored. This can be largely
avoided in the LU process by the use of double-precision arithmetic in
the calculaticn of the elements of L and U, and then the result may be

rounded to single precision and recorded on the completion of each

calculation. The removal of the need for computing and recording several
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intermediate matrices has localised wha£ might otherwise be a
significant source of error to a single step in the determination of
each element of L and U. The use of double precision arithmetic in this
step leads to a degree of accuracy comparable with that attained if the
entire Gauss process were carried out with double precision. This latterl
i1s an unattractive proposition, since it would require twice as much
computer storage as the corresponding single precision solution. (Goult
et al (1974), p.59).

However, the LU-Gecomposition may be applied when the following

theorem is valid.

Theorem 3.4.2

A non-singular matrix A may be decomposed into the product LU if

and only if every leading principal submatrix of A is non-singular.

Corollary 3.4.1

If L is a unit lower triangular matrix then the decomposition is
unique.
The procfsof Theorem (3.4.2) and Corecllary (3.4.1) are given in

(Broyden (1975), p.56).

Corollary 3.4.2

If U is a unit upper triangular matrix then the decomposition is
unique.
The LU-decomposition is often called Doolittle's method if Corollary

(3.4.1) is walid, whilst if Corollary (3.4.2) is wvalid it is called

Crout's method.
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The Decomposition of a Symmetric Matrix

If the matrix A in (3.l1l.1l) is symmetric and satisfies the hypothesis

of Theorem (3.4.2}, then we can express A in the form,

a=1pLt , (3.4.17)

where L is a unit lower triangular matrix and D is a diagonal matrix.
This method will fail if any of the pivots is zero, since the use of
row interchanges to avoid this destroys the symmetry of the system.

But if A ig a real symmetric and positive definite matrix then a real

lower triangular matrix can be found such that,

A=rt . (3.4.18)

so, if L=(%, .), where &, .=0 for i<j, then,
i,3 i

r

j=-1
2 3
2, . = , . = N if i=1
1,1 [aJJJ kzl Jlk] rt 1 ]
j=1,2,...,m
j-1
1l
£, . = a, - L, L, j<igm
i,j gj,j ( j, i kzl i,k q,k] rJ

{3.4.19)
This is known as the Choleski decomposition (or the square root method),
and it requires roughly half the storage space and the computational
labour of LU deccompeosition. The main disadvantage being that it needs
the calculation of the square roots, but this may be avoided by the
decomposition (3.4.17). Thus, Choleski's method is an attractive

proposition for problems involving symmetric positive definite matrices

such as those occurring in discretised elliptic problems.
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3.5 ITERATIVE METHODS

In Section (3.3) we gave a basic definition of the iterative
method, in which a sequence of approximate solution vectors {g(k)} are
required to solve the non-singular system,

Bu=b, (3.5.1)

(k)

such that u +A-¥g as ko,

If we define a sequence of functions {iteration functions), FO(A,b),

Fl(A,Q,g(O)),...,Fk(A,Q,E(O).E(l)....,E(k“l)), where,
(o)
" = FplAR) (3.5.2)
(k+1) _ {(0) (1) {k)
u = Fk+l(A"'k')’B ) raeesu )

then, the iterative method is:

Stationary: If for some integer £>0,F, is independent of k for all

k
kz%. Otherwise, it is non-stationary.

(0) (1)

Linear; If for each k, F, is a linear function of u a PRI

k
(k~1) . o ,
and u . Otherwise, it is non-linear.
Consistent: If at any stage of the iterative process we obtain a

solution to (3.5.1), then all subsequent iterants remain unchanged.

The most general linear stationary iteration has the form,

R T I (3.5.3)

where G, the iteration matrix, is a matrix depending upon A and b, and
r is a vector to be defined later. The exact solution of (3.5.1), i.e,

A-¥g, at a fixed point of (3.5.3) can be reproduced, and we have,

a’lp - aalp + I, '(3.5.4)

hence r = (1-G)A b . \. (3.5.5)

This is called the consistency condition. It can be shown (see Young,

(1971), p.65) that if the consistency condition a@plies, then for some Xk,
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EU-:+1) _ Gﬂ(k) tr=Gau+r=u.

That is, once the seclution is obtained, the iterative process makes no
further modification of successive iterates.

We consider two classes of stationary iterative methods. These
are, (I) The Simultaneous elass and (II) The Suceessive clas's.
The main difference between these two classes is the ordering.. In (I),
the order in which the solution vectors are calculated does not affect
the wvalues of successive iterates at a particular vector, in other words,
all elements of the approximate solution are modified at the same time;
i.e. the (k+1)th iterate is a function of the kth and earlier iterates
only. In (II), the approximate solution values are modified one after
the other, using the latest available values of the iterate, so that
some elements of the (k+1)th iterate are functions of_the (k+1)th and
earlier iterates. 1In this case, the ordéfing of the mesh points is
significant. Successive methods are themselves of two types, point
iterative methods in which each component of the iterate is modified
by an explicit calculation, and block iterative methods in which blocks

of equations are modified successively,.the blocks themselves being

solved simultaneously.

Basic Iterative Methods

Let us consider, without loss of generality that the {(mxm) non-
singular coefficient matrix A of the system (3.5.1)} can be expressed as,
A=0Q-5, _ (3.5.8)
where Q and S are also (m*m) matrices, and Q is non-singular. This

expression then represents a splitting of the matrix A. Equation {3.5.1)

then becomes,

Qu =5u+bh (3.5.7)
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Different settings of the matrices Q and S will cleaily give different

iterative methods. The main iterative methods are given by:

(7} The Jacobi method or the method of Simultaneous Displacement.

It is one of the famous methods in class (I}, in this method we

assume, without loss of generality, that Q=D and S=E+F, where D is the

main diagonal elements of A.E and F are strictly lower and upper (mXm)
triangular matrices respectively. Hence equation (3.5.7) can be written

as Du = (E+F)u + b . (3.5.8)

By the assumption-that A is non-singular matrix, thus D_l exists and -
we can replace the system (3.5.8) by the equivalent éystem,
u=DT(E+Fu + D b . ' (3.5.9)

The Jacobi iterative method is defined by,

u*) g &) (3.5.10)

where B s the Jacobi iterative matrix associated with the matrix A and

is given by, B = D-l(E+F) ' {(3.5.11) -

(k}

-1 :
and g=D "b. In this method the components of the vector u must be

‘ +
saved while computing the components of Efk l).

(11) The Gauss=Seidel Method (The GS Method) also known as the Successive

Displacement Method. This method is based on the immediate use of the

improved values uik+l) instead of u;k). By setting Q=D-E and S=F, the

matrices, D,E and F as defined before, equation (3.5.7), become,
(D-E)u = Fu + b . {3.5.12)

Then, the G5 iterative method is defined by,

o B L og ) g By (3.5.13)

By multiplying both sides by Dﬂl. the following equation is obtained,

e T (3.5.14)




where L=D-1E, R=D"1F and g;D_¥§. L and R are strictly lower and

strictly upper triangular matrices. Equation {3.5.14) can be written as,

(11 F*? = g 4 g  (3.5.15)

Since L is strictly lower triangular matrix then det(I-L)=1, hence
(I-L)} is a non-singular matrix, therefore (I-L)-l exists and the GS

iterative method will take the form,

Q04 p )

+t, (3.5.16)

where L 1s the GS iterative matrix and is given by,

(1-1) 1R ' (3.5.17)

(11" tg . (3.5.18)

L

H

and t
The computational advantage of this method that. it does not require the

. . . {k+1) k) .
simultaneocus storage of the two approximations ui and ui in the
course of the computations as does the Jacobi iterative method.

Now, the following two methods are related to the Jacobi method

and GS method respectively,

(111) The Simultaneous Overrelaxation Method (JOR Method)

This method is a modification to the Jacobi method. If we assume

that ﬁ}k+l) is the vector obtained from the Jacobi method, then from
(3.5.10), T C g ® g, (3.5.19)
: . {ktl) .
and by choosing a real parameter ®, the actual vector u of this
iteration method is determined from,
T R T TR (3.5.20)
. . ~(ktl) ,
Elimination of u between equations {3.5.19) and (3.5.20} leads to
u(k+l) =B u(k) + wg , (3.5.21)
= — p°8

where B 18 the iteration matrix of the J.0.R. method and is given by,
B = [wD L(E+F)+(l-w)I] . (3.5.22)
w J

The real parameter w is called the relaxation factor.
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If w=l, we have the Jacobi method.  If w>l (<1) then we are in a
sense carrying out the operation of "overrelaxation" (underrelaxation}
at each of the nodal points. Both, the Jaccbi and J.0.R. methods are

clearly independent of the order in which the mesh points are scanned.

(iv) The Successive Overrelaxation Method (5.0.R. Method)

Related to the GS method is the S.0.R. method. This method is the

same as the J.0.R. method except that one uses the values of u;k+l)

whenever possible., Hence, from equation {(3.5.14), the S.0.R. method is

defined as,
E.(k+1) _ “(LE(k+l)+RE(k)f§)+(1"m)5(k) . (3.5.23)

Equation (3.5.23) can be written in the form,

(I-wL{E(k+l) = [mR+(l-m)I]g(k)+qg . (3.5.24)

But (I-wL) is non-singular for any choice of w, since det(I-wL)=l. So

we can solve (3.5.24) for_g‘k+l)

E(k+1) {(x)

obtaining,
=L +(I-¢JL)-lwg ' (3.5.25)
where Lw 18 the S.0.R. iteration matrir and ié given by,

I, = (T-0D) " (RH (1-0) I) . (3.5.26)
For w=l, we have the GS method. And w>l (<1l) corresponds to the cases
of overrelaxation (underrelaxation)as discussed before. The GS method

and the S$.0.R. method both depend upon the order in which the points

are scanned.

(v) The Symmetrie S.0.R. Method (The 5.5.0.R. Method)

This method involves two half iterations using the 5.0.R. method.
The first half iteration is the ordinary S.0.R. method while the second
half iteration is the 5.0.R. method using the nodal points in reverse

order. Hence, we can define the S.5.0.R. iterative method by,

Q) g

wg( +(I~wL)_lwg ’ {3.5.271a)




QD) X, E(k+§)

+(I-wR) Tug , (3.5.27b)

and

{(k+1)

where u is an intermediate approximation to the solution,qb is

given in (3.5.26) and Kw.is given by,

K, = (T-0R) "t (1-0) 11 . (3.5.28)

(k+3)

By eliminating u between equations (3.5.27a) and (3.5.27b) we have,

T (k#1l) _ 4 (k)
u = HmE + gm R {3.5.29)

where Hm is the S5.8.0.R. iteration matrix and is given by,
Hﬁ = KQLN =]£1—mR) l(;:@&l#}ij+(1-w)I][wR+(l—w)I] {3.5.30)

and, -1 l-l
gm = w(2-w) (I~wR) ~(I-wL) "g . {3.5.31}

It is clear that the iterative methods described above can be

presented in the form,

I (3.5.32)

according teo the following table.

METHOD THE ITERATION MATRIX G THE VECTOR ¥
. -1 -1

Jaccbhi D " (E+F)=L+R Db
G.S. (1-) 'R (1-1) p7'p

-1 -1
J.0.R. wD T(E+F)+(1-w)I wD "b

= (L+R)+ (1-w) I

-1 ' -1 -1

S.0.R. (I-wL) "~ {wR+ (1-w) I} (I-wL) "wD b
5.5.0.R. | I-w(2-w) (T-wR) T (1-wr) "d 1A | w(2-w) (z-wr) "} (z-ury o7 b

TABLE (3.5.1)

where G, ¥, D, E, F, L and R are as defined earlier in this section.
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A Non-Linear Overrelaxation Method (N.L;O.R.)

When the finite difference approximations are directly applied to a
nonlinear elliptic partial differential equation, a system of nonlinear
algebraic equations is obtained. Seve?al methods have been proposed to
solve these systems (see Ames (1965), p.389) in which.the solution is
obtained by an outer iteration (Newton's method say) which linearizes the
equations, followed by some iterative technique, for example the S.0.R.
method. This process is repeated until convergence is obtained, thus
constructing a cascade of outer iterations‘alternated with a large sequence

of;inner linear iterations.

Alternative to the above strategy, a direct and simple method which is
particularly well adapted for solving algebraic systems associated with non-
linear elliptic equations is due to Lieberstein (1959) - a method called

nonlinear overrelaxation (N.L.0O.R.).

Consider a system of m equations each having continuous first

derivatives
fp(xl'x2""’xm) =0, p=1,2,...,m. ‘ - (3.5.33)

The basic idea in this N.L.O.R. method is to intrcduce a relaxation

factor w and solve the iterative sequence of equations given by,

fl(x{k).xék),...,x;k))
x{ku) _ xl(k) _wf (x(k’ D) x(k)) '
ll 1 r 2 Feeryp m
: {k+1) _ (k) (k)
Ly o 0 Tal oEy ey ) (3.5.34)
2 2 ¢ (x(k+l) x(k) x(k)) * T
. 2271 I
. (k+1)  (k+1) {k)
;{(k+l) . x(k) —wfm(xl ,X2 J---:xm )
m m £ (x(k+1),x(k+l),...,x(k))
mn 1 2 m

where £ = 3f /ax .
Pq P q
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This method has a feature of the Gauss-Seidel method in that it uses
corrected intermediate results immediately upon them becoming available.
In addition, if the Fp are linear functions of the x, this method reduces

J
toc the S.0.R. method.

The convergence criteria for the N.L.O.R. method can be shown to'be
the same as that for the S.0.R, method and is given in Section (3.6) with

the coefficient matrix A replaced by the Jacobian matrix of the eguaticns

3.5.33), 3%, where
- af %) (x)
J(E ) = 52— , p.a = 1,2,...,m. (3.5.35)
bg xq -

This is accomplished by use of the Taylor Series so that the vector form
+
r x D (0

fo is
(k+1) (k) _ -1 {k+l) -1 (k) E
X -x = ~0[p, Le +{1+D, Uk)g 1., (3.5.36)
where E(k)=5(k)—§ is the error vector and Lk'Dk and Uk are the lower

triangular, diagonal and upper triangular compcnent matrices of the
Jacobian matrix respectively, i.e.,

(k)y _
J(qu ) = Lk + Dk + Uk . (3.5.37)

For convergence, the Jacobian matrix {3.5.35), at each stage of the
iteration, must have the same properties required for A in the S.O.R.

method, e.g. Property (A). (see Ames (1965), p.408).
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3.6 THE BASIC CONVERGENCE CRITERION

Definition 3.6.1

The iterative method (3.5.32) converges if

lim _uik) =u , foralli, ' (3.6.1)

e )
and for all starting vectors u .

Theorem 3.6.1

An iterative method which can be expressed in the form of equation
{3.5.32) converges if and only if p (G)<1l.

Proof

We define the error vector after k iterations to be

T 2y, (3.6.2)

where_g is the unique wvector solution of {(3.5.1l), and assume that the
'iterative method is consistent, i.e.,

“u=Gu+rzr, (3.6.3)

then from (3.5.32) and (3.6.3) we obtain,

k+1 k L
E‘ . QS( ) (3.6.4)

and hence, _g(k) = QE(k—l) = ng}k“2)=...=GFg(0) . (3.6.5)
(0) . . . (0)
where‘g is the error vector associated with the initial vector u -

(k}

We require the conditions under which e "0 as k**. From equation
{3.6.5), this can happen if and only if Gk+(0) {the null matrix) as k=>.
By Theorem (2.6.2), this will be true if and only if p (G)<1, which

completes the proof.

Corollary 3.6.1

A sufficient condition for convergence of (3.5.32) is merely that
- el <1y _ (3.6.6)

since p(G)<||G|| (see Chapter 2, equation (2.4.18)).
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It is not a necessary condition because it may happen in some
cases that l|G]|>1 but p(G)<1 which guaranteés the convergence of the
iteration process according to Theorem (3.6.1). On the other hand as
confirmed by Theorem (3.6.1), the convergence of (3.5.32) is totally
independent of the choice of the initial vector.5$o), as 1onglas the
{0)

matrix A in (3.5.1) is non-singular, whilst it is dependent on u if

A is singular (Meyer and Plemmons, (1977)).
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3.7 RATE OF CONVERGENCE

Ip practical computation, even if an iterative method converges,
it may -~onverge too slowly to be of practical wvalue. Hence, it is
essential to evaluate the effectiveness of an iterative method. To
carry out this we should consider both the_work reéuired per iteration
and the number of iterations required for. convergence to a specified
accuracy. For the latter and normally in practice, the usual approach
is to iterate until the,norm of the error vector‘g(kr}is reduced to less

than some predetermined factor, sayﬂs,\of the norm of the initial vector
(jé?éil From (3.6.5) we have,
Ne™11 = 1151 < 1111, (3.7.1)

Then, if g}o)ﬁg,

k Q k
He™ 141 < 116%] . (3.7.2)

We require, ||E}k)|| < EIIE}O)llf (3.7.3)

.||denote§ ||.I|

where | as defined in Chapter 2. By Theorem (3.6.1)

2
we know that ||Gk||+0 as k+o if and only if p(G)<l. Hence, equation
{(3.7.3) can be satisfied by choosing k sufficiently large that,

JEAIEN (3.7.4)
If k is large enough so that ||GX|[<l, it follows that (3.7.4) is

equivalent to, k 2 -loge/(- %'logllell) 3 g}j?TESJ

and from this inequality we can obtain a lower bound for the number of

iterations for the iterative methods (3.5.32).

Definition 3.7.1

For any convergent iterative method of the form (3.5.32), the

K
R_(G) ='l—°EU-G—U- . (3.7.6)

quantity,




is the average rate of convergence after k iterations.

If Rk(Gl)<Rk(G2), then G, is iteratively faster for k iterations

2

than Gl'

Definition 3.7.2

The asymptotic average rate of convergence is defined by,

R(G) = lim Rk(G) = =logp (G) . (3.7.7)
- Jeoo =

The latter equality holds, since,

0@ = 1im (||| K | (3.7.8)

Jereo

which is a result proved by (Young (1971}, p.87). We shall refer to
R(G) as the rate of convergence.

It is normal for iterative processes to converge sldwly in
substantial problems corresponding tec p(G) only slightly less than 1,
and a rate of convergence nearly O.

Now, to obtain a crude estimate of the number of iterations, k,

Ez[p(G)]k, and hence,
- =~log & _ ~log €
~logp (G) R{G)

(3.7.9)

However, the value of k obtained from (3.7.9) could be very much lower

when compared with the number required, in which ||le[ will behave

like kp(G)k-l,-rather than p(G)k {see Young,_(197l); p.88}. 1In this

case, the smallest value of k such that,

klo@1®7? (3.7.10)

estimates the number of iterations required,
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3.8 CONVERGENCE THEOREMS FOR BASIC ITERATIVE METHODS =

The basic criterion, regarding convergence, as shown in Section
(3.6} is that the relevant iteration matrix G must have spectral radius
p{G) less than 1. Unfortunately, this test is difficult to apply in
practice for large matrices, since the determination of the largest
eigenvalue of G might well involve more computation than the actual
solution of the equations. However, in this section we will state
some convergencé theorems for the basic iterative methods which were

considered in Section (3.5).

Theorem 3.8.1

Let A be a strictly or irreducibly diagonally dominant (m¥m) complex
matrix. Then, both the associated point Jacobi and the point GS matrices
are convergent, and the Jacobi iterative method and GS iterative method
for the matrix problem Au=b are convérgent for any initial approximation

(0)

vector u .

Proof: (see varga (1962), p.73).

Theorem 3.8.2: (The Stein-Rosenberg comparison theorem, 1948)

If the system Au=b has a Jacobi iteraticn matrix B=L+R which

contains no negative elements, and if I is the GS iteration matrix,

then cone and only one of the following mutually exclusive relations holds:
(a) o(B) = p(L) = 0O,
(by  2<p(L)<p(B) <l
() p(B} =p(l) =1,

or {(d) 1l<p(B)<p{l).

Proof: (see Varga (1962), p.70).
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The contents of this theorem is that the Jacobi iteration matrix and
the G5 iteration matrix are either both convergent or both divergent.
Furthermoré, if the matrix B is non-negative and O<p (B)<1, £ﬁen the GS
iterative method is asymptotically faster than the Jacobi iterative

method. Hence, ' .R(L).> R(B) . . ] " {3.8.1)

ﬁotice the importance of the two conditions, B contains no negative
elements and 0€p(B)<1, fot the resu;ts given above, since.sometimes it
happens that the Jacobi iterative méthod might converge and the GS
iterativé method diverée.' We caniiilustrate this by the following
example, (Fox, (1964), p.194); |

The matrix,

1 o 1
A= -1 1 ol .
1 2 -3

gives rise to the iteration matrices,

Q 0 1

B = -1 o -0 and L = 0
1 2
3.73 © °

If hi and gi are the eigenvalues of the matrices B and L'respectively,

for i=1,2,3, then,
A

0.748, Az 3 = ~0.37410.868i
r

=0, 53'= O

1
51 =1, 52
so that the Jacobi process converges, very slowly and the GS process
diverges.

But in general the GS method is superior to the Jaccbi method and

its superiority is given by the following theorem:

Theorem 3.8.3

If A is symmetric, positive definite matrix, then its GS iteration

matrix L=(D-E)-1F has spectral radius less than unity, (i.e. in this case
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the GS iterative method always converges}.

Proof: (see Lieberstein (1968), Fox (1964) and CGoult et al (1974)).

In Lieberstein (1968), p.62, there is a given counter example which
verifies the invalidity of Theorem (3.8.3) for the Jaccbi process, i.e.
although the matrix A is symmetric and positive definite, its iteration

. -1 . :
matrix D ~ (E+F) may have eigenvalue(s) greater than 1 in modulus.

Theorem 3.8.4

If the Jaccbhi method converges, then the J.0.R. method converges
for O<wsgl.

Proofi(see Young (1971), p.1l07).

Theorem 3.8.5

Let A be an irreducible matrix with weak diagonal dominance.
Then,
{a) The Jacobi method converges and the J.O.R. method converges for
O<wgl.
(b) Thé GS method converges, and the S5.0.R. method converges for
O<wsgl.

Proof: (Ssee Young (1971), p.108).

So far, the Jacobi and GS iterative methods were compared in terms
of their spectral radii, and we saw how the matrix property of being
irreducible with weak diagonal dominance was a sufficient condition for
the convergence of the Jacobi and GS iterative methods. wWhereas p(G)<i
is both a necessary and sufficient condition that G be a convergent
matrix. Next we give different necessary and sufficient conditions for

the convergence of the S.0.R. and GS iterative methods. We commence with

the following theorem of Kahan (1958).
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Theorem 3.8.6

If.Lm_is the 5.0.R. iteration matrix then,
pC,) = fu=t| , (3.8.2)
for all real w. Moreover, if the S5.0.R. method converges, then,

O<w<2 , , ' {(3.8.3)

Proof

If ni are the eigenvalues of.Lw, then from (2.4.20) we have,
m
det( ) = |]n. (3.8.4)
w R i :
. i=1
Hence, by (3.5.26) we have,

det(r ) det [ (I-oL) ~~ (wR+ (1-0) 1]

i

det (I-01) ™" Get [WR+ (1=0)I].
But (I-wlL} is a lower triangular matrix with diagonal elements equal
one. and wR+(l-w)I is an upper triangular matrix with diagonal elements

l-w. Hence,
det(I ) = 1.(1-0)™ . (3.8.5)

Also, from (3.8.4) and (3.8.5) we have,

m .

T|-ni = (1wl . (3.8.6)

i=1
But,

p(L,) = mix |ni| ' , (3.8.7)
hence,

1
m] Jm '

p(Lm)'a []1-o]

which implies,
p(L) 2 |1-w] .

Now, if the S5.0.R. method converges, then from Theorem (3.6.1)
p(bm) <1,

= [1-m|<l,

and this implies O<w<2.
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Theorem 3.8.7

Let A be a symmetric matrix with positive diagonal elements. Then,
the S.0.R. method converges if and only if A is positive definite and
O(w(? .

Proof:(see voung, (1971), p.113, or Varga (1962), p.77)

Coreollary 3.8.1

Let A be a symmetric matrix with positive diagonal elements. Then,

the GS methed converges if and only if A is positive definite.

Now, the following theorem is an extension of the result of
Theorem (3.8.2). (The Theorem and the Corcllaries which follow are

given in Young (1971).

Theorem 3.8.8

If A is an L-matrix and if 0<msl,.then:
{a) p(B)<l, if and only if p(Lw)<i .
{(b) p(B)<1l (and p(Lw)<l) if‘and only if A is an M-matrix,
if p(B)<1, then,
p(L ) € (1-wtwp(B)) , (3.8.8)
(c) 4if p(B)=1 and p(Lm)al, then,' |

D(Lw) > {(l=wtwp(B)) = 1. : (3.8.9)

Corollary 3.8.2

If A is an L-matrix, then:

{(a) p(B)<l, if and cnly if p{L)<l ,

(b} p(B)<1l and p(L)<1l, if and only if A is an M-matrix,
if p(B}<1, then,

p{L) < p(B) (3.8.10)
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(c) if p(B)3l and p(L)21l, then,

p(L) 2 p(B) . (3.8.11)

Corollary 3.8.3

If A is a Stieltjes matrix, then the Jacobi_iterative method
converges and the J.0.R. iterative method converges for O<wgl.

[See defiﬁition (2.5.2) for the L-matrix, M-matrix and Stieltijes matrix].

For the S.8.0.R. iterative method, the eigenvalues of its iteration
matrix H&, are real and.non-negative and the methed is convergent for
O<w<2. 1In othef words, if p(H@)<l; then O<w<2.

In practice the S.8.0.R. iterative method is not as efficient as

the normal 5.0.R. methed, (Jennings, (1977). However, it is superior

in problems with limited application, (Habetler and Wachspress, (1961)).
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3.9 DETERMINATION OF THE OPTIMUM RELAXATION FACTOR AND
COMPARISON OF RATES OF CONVERGENCE

The determination of a suitable value for the relaxation factor w
of the $.0.R. method igs of paramount importance, and in particular the
optimum value of w,denoted by Wy v which minimises the séectral radius
of the 5.0.R. iteration matrix and thereby maximise the rate of
convergence of the method. For an arbitrary set of linear equations,
no formula exists for the determination of wb, though a simple but time

consuming procedure for estimating w, is to run the problem on a computer

° L :

for a range of values of w to obtain some idea of the value which gives
the most:rapid convergence, But it can be calculated fof many of ﬁhe
difference equations approximating second order partial differential
equations because their métrices are of a special type vwhich possess
Property (A), and the significance of this was firgt révealed by Young
{1954). He proved that when a matrix possesses Pfoperty {3) then it.
can be transformed into what he termed a consistently ordered matrix.
Under this condition the eigenvalues of the 5.0.R. iteration maﬁrix Lw
associated with A are related to the eigenvalues p of the corre;ponding

Jacobi iteration matrix B of A by the equation,

Odw-1)2 -~ 22
NS DI

R H » {3.2.1)
from this equation it can be seen that,
}\-mlll\iﬂo-l =0 . ' ‘ {3.9.2)

If we assume that A is symmetric, then, the eigecnvalues of B are .eal
and occur in pairs #p. Let I denote the largest eigenvalue of B, it

can be shown, (see Young, (1954))}, that wb defined by,

2 =2
w, B = 4(wb—l), }swb<2 . (3.9.3a)

or equivalently,
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W o= — (3.9.3b)

b
1+v’1—'ﬁ2

is the value of w which minimises : p(Lw), i.e. w#mb, then,

D(Lm) > p(Lmb) . (3.9.4)

Using this optimum value of w, it can also be shown that,

1-v1-G°
ptL ) =——"— =y -1l.. . (3.9.5)
Wy — b
1+vVl-p
Moreover, for any w in the range O<w<2, we have,

S22 3
[eitis S 2%, ie ocusay

e (Lm) = (3.9.6)
w-1 ¢ if wigw<2.

For the Gaussg-Seidel iterative method (w=1l), eguation (3.9.2)

gives, oty = o2 = (@2 . (3.9.7)
Using (3.9.7) it is clear from (3.9.3b) that,

= 2 (3.9.8)

1+v1-p (L)

The estimation of Wy depends on whether p(B) or p(L) can be

estimated. Several methods have been suggested by (Carre, (1961),

{1968}), one of which is the

{(Varga, (1962)) and (Hageman and Kellogg,

power method that can be des¢ribed as follows:-

Assuming the matrix of the finite difference equations is

consistently ordered and has Property (A), calculate the sequence of

approximations.E(l)hgtz),...ﬂg(k), to the solution of the system of

equations Au=b by the Gauss-Seidel method and then we have,

1g™N]
p(L) = ii: ]]EEiZTTTT' (3.9.9)
where g(k) is defined as,
gk o B (k1) : (3.9.10)
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n
and [Ha™ || = () (u;k)—ufk'l))z}* X (3.9.11)
3=1 |

Hence, using the power method we can determine an approximate
value of p{L), wﬁich, in turn, can be substituted into eguation (3.9.8)
to give an estimate of the optimum acceleration factﬁr, W,

For Poisson's equation over a rectanglé of sides pPh and gh, with
Diricﬁlet boundary conditions, it can be shown, see (Smith, (1978) ,p.252),

that p(B) for the five point difference approximation, using a sguare

mesh of side h, is,

1 L Ll :
p(B) = —{cos — + cos —) . 3.9.12)
( > P q (
Hence for the model problem of Laplace's equation in the unit

2 . ;
square with m internal mesh points,

- n
p(B) = u‘- cos o cos 7h. {(3.2.13)

In this case, if we choose h = f%-then W = 0.9877, it is

interesting to see the behaviour of p(Lw) as a function of w. It can
be shown that as w increases from O to 1, p(Lm) decreases very slowly
from 1 to 3250.9755. As w increases further p(Lw) decreases slightly

more rapidly until w gets close to wbél.72945 at which point the

decrease is very rapid such that, as w*u&rthe slope of p(Lm) approaches

-2 (see Young, (1971), p.201-202). The value of p(Lw) for m=mb is

wb~150.72945. As w inéreases further, p(Lm) increases linearly to a

value of unity when w=2. This is best seen by plotting p(Lm) as a

function of w for 0gwg2, as shown in Figure (3,9.1).
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FIGURE (3.9.1)

In a small number of rather specialised cases p(B) can be
calculated quite easily, for example, if A is an (m*m) tridiagonal
matrix whose Jacobi matrix is

fo v i
a 0 b O
B = a\ 0\ b\\

\\ \\ \\

~ -~ ™~

O \\\\\\

it is known that, B = - ,
p(B) = 2¥ab cos ) (3.9.14)

Direct comparisons of the Jacobi, Gauss-Seidel and S.0.R. iterative
methods can be made when the matrix A has Property (A) and is consistently
ordered.."From equaticn (3.2.7) and py using the definition of the rate
of convergence given in (3.7.7); we obtain,

R(L) = 2R(B} . (3.9.15)

Thus, the rate of convergence of the GS method is twice that of the
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Jacobi method. By use of equation (3.9.5) -it can be verified that,

asymptotically as p (B) tends to zero,

R, ) T 2/RE) (3.9.16)
b
For the model problem of the Laplace egquation in the unit sguare

with m2 internal mesh points, (Varga, (1962), p.203-204) gives,
2

(i) R(@®) * -—3-—5-= %ﬂzhz . )
2 (m+1)
72 2.2
(ii} R{L) ¥ —— 710" , } e (3.9.17)
{m+1) (r0)
(ii1) R@ ) = 21 _ 2 omp
: 0. {m+1) !
b 4
therefore, R(Lm )
L . 4(mtl) .. 4 - -
-~ a4
R (B) m Th (1>0) {(3.2.18)
where, h = 1 .
m+l

Thus, for m large, the S.0.R. iterative method with optimum
relaxation factor is an order of magnitude faster than the Jaccbi

iterative method for the model problem, and,

R(L )
b . 2(ml) . 2 (3.2.19}

RILY) ~ @ Th %0 -

This shows the superiority of the 5.0.R. iterative method over the

GS iterative method by an order of magnitude in h_l.
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3.10 QTHER POINT ITERATIVE METHODS

In this section we will briefly discuss some other iterative

methods for solving the system,

Au=Db , (3.10.1)

which have been developed and successfully applied.

3.10.1 Simultaneous Displacement Method {(Gradient Method)

Thé Jacobi iterative method described in Section (3.5) can be
extrapolated to give a faster rate of convergence when the coefficient
matrix A (of order m) in (3.10.1l} is real and positive defiﬁite. We
assume, without loss of generality, that all the diagonal elements of

A are unity. Hence, the Jacobi iterative method,

DE.(k+1) (k)

= (E+F)u ' +b , (3.10.2)

can be written as, 7
W _ g™ L, (since p7le1) (3.10.3)

where D,E and F as defined in Section (3.5} and by assuming that

H=D_1(E+F)=E+F. Alternatively, equation (3.10.3) can be written as,

E(k+l) - (I-A)E(k) +b,

E(k) +g(k) ’ _ (3.10.4)

which shows that the change in the sclution vector is equal to the kth

residual vector g(k)=p_-A_g_ (k) » Equation (3.10.4) can then be extrapolated

by multiplying g(k) by a positive constant o, to be determined later,

giving rise to the iterative methodq,

y_(k+l) = (I-GA)P_(k) + ab , (3.10.5)

(k1) (k+1)_ -1

so that the error vector after k+l1 iterations e =u b

satisfies the recurrence relationship,

E(]-:+].)

= z-an)e™ (3.10.6)




which is a linear stationary iteration with iteration matrix G=I-cA.

Hence, for convergence, we require,

p(I-aA) <1 . (3.10.7)
If we denote the eigenvalues of A by Ai' ;siSm, then the condition
(3.10.7) can be written as, |

|t-or,| <1, lgism, (3.10.8)
which gives the permiséible range of vaiues of o to be,

0 <o <

A%, " (3.10.9)

4 i
However, to obtain the fastest possible convergence, wWe must choose O

so that, max|1-ali| = min . (3.10.10)
i

Very often we know that the Ai lie in an interval askiSC for all i
(O<a<c<=). For every o the function Il-akl takes its maximum at one
of the end points A=a or A=c. So the best choice of o is that one for

fhiChn max(|1-aa|,|l—ac|) is smallest.

Clearly, it is the one for which,
l-ca = =(l=-ac),

i.e., _ 2
@ = o= . (3.10.11)

With this choice of o we have, for all i,

c-a _ P-1 .
ll-ali[‘ Som =ET <l (3.10.12)
where P = g— is the P-condition number of A, defined by Todd (1950),
as the ratio of the maximum eigenvalue to the minimum eigenvalue of a

positive definite matrix.

3.10.2 Richardson's Method

Richardson {1910) presented a method for solving the linear system

(3.10.1) when A is a posgitive definite matrix. In this method the
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relaxation factor o of equation (3.10.5) may depend upon the iteration

nunber k, so that a=u
E(k+l)

;, giving rise to the iterative method,

k
= @omu™ +ap . (3.10.13)

The iteration matrix (I-akA) changes at each iteration and so the rate
of convergence of the method cannot be found directly. By {(3.10.6) we

see that, (ki

E(k+1) - (I““kA)E g

We have, upon successive application, the expression,

. k
e - (T (10,216
- . i =
i=0
i {0)
= Q ., Be . (say) , (3.10.14)
17—
. k
where, Qk+l = TT(ImaiA) R (3.10.15)
i=
is a polynomial of degree (k+1l) in A such that Qk+1(o)=1 and Qk+1{éL}=o'
i

This process is non-stationary, since the error operator changes
for each iteration.
If the eigenvalues of A are Ai' 1<i<m as before, with corresponding

eigenvectors Yy then the eigenvalues and the eigenvectors of Qk+1(A)

are Qk+l(li) and‘_x_r_i respectively. Let us represent_g(o) in the basis
of eigenvectors Xi of A then,
m
- Vyw (3.10.16)
- . i—i
i=] _
the Yi being arbitrary, hence, from eguation (3.10.14)
m
(k+1) _
e = 1 V39 Ay, - (3.10.17)
i=1
{(k+1)
For the error vector e to be small, Qk+1(x) must be small for x

through the interval O<agxgc<®. The precise problem may be formulated
in the following manner:

Find Qk+l(x) defined for agxgc with Qk+1(0)=l, such that,

max |Q ., (x)| = min . (3.10.18)
asxsb
Such a polynomial has been given by (Markoff, (1916)), and is defined by,




cta-2x
_ Tk+l[ c=-a

1
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(x) = c+a
k+l ‘c-a

%k+1

where Tk is a Chebyshev

cos[kcos_lx].

it

Tk(x)

adjusted to the interval [-1,1}.
Hence, Qk+l(x) is a Chebhyshev polynomial

interval [a,c], and scaled so that Qk+1(0)=1.
Tk+1(y)

Q =
k+1 Tk+l(y0)

written as,
r

c+a-2x and y_=

is
c—-a 0

where y =
= y=1l for x=a and y=-1 for x=c.

Now, since the maximum absolute wvalue of

{3.10.21} is unity, equation (3.10.18) can be

i[ﬁx+¢x2-1)k+(xufx2wl)k§

’ {3.10.19)

polynomial of degree k, defined by,

(3.10.20)

of degree (k+1) over the

Equation (3.10.19) can be

(3.10.21)

the value of y when x=0)

the numerator of equation

written as,

1 -1
max |Q . (x)| =—=——— = [T, .(yv.}] ’ (3.10.22)
agxge <t Ty 41 o) k+1 70
and, i
Tk+1(y) = cos[(k+1)6] , (3.10.23)

where cosf=y, and @ is a complex number,

_ ik+)® -i(k+1)8
2Tk+1(Y) =e + e

since cosf=y ﬁ-isin8=fy2—l,

2Tk+1

k

From (3.10.22) as k 2«

2

(cose+isin8)k+l + (cose—isine)k+

Hence,

1

) = (v + A1 s g - AEDFT e

2

max |Q, . (x)]
asgxge k+l

/2 k+l

S
2__ k¥l f2 . k+l 2_. k+l
-1 —/ye- -1)
(YotVy 1l "+ (yy—'y 1) (v, +y ]

(3.10.24)

and it follows that the eigenvalues |Qk+l(li)| of Qk+l(A) are

/ + .
uniformly bounded by 2(yo- yé—l)k 1 as k*», and the asymptotic bound
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to the average rate of convergence is given by 1og(yo+/yg—l).

" For substantially large problems,

2

Yo Tl+g o (3.10.25)

which gives the rate of convergence,

R(Richardson's method) = 2 . (3.10.26)

)

{see Forsythe and Wasow, (1960), p.229).
Now, the relaxation factors ai are the reciprocals of the zeros

of the Chebyshev polynomial Q

k+l(x)' or equivalently, the reciprocail

of the zeros of T, . (v}, where the zeros of T, . (y) are given by,

k+l k+l
g og (AT ik, (3.10.27)
i 2k . o
since, vy = 5;%:2& , then x = EiE:§£E:§l , and,
o = 2 {3.10.28)
i {k+l} ! T
c+a-y (c-a)

hence, from (3.10.27) and (3.10.28),

' 2 .
o, = GInT ¢ lsisk,  (3.10.29)
(c+a)-(c-a)cos-—§E—~w ‘

which defines the iteration method (3.10.13) for a given a and c.

This choice would ensure the fastest convergence in the absence
of rounding errors, but in practice the iteration is wvery sensitive

to rounding errors when'% is wvery small (Young and Warlick, (1953)}.

3.10.3 Second Order Methods

Consider the following linear stationary iteration of second

degree, known as the second order Richardson's iterative method,

S Y u(k)+u{9_32(k))+B(E(k)_3fk-l)

) . _ (3.10.30}
where the parameters o and B remain constant throughout the iteration

and are chosen to provide maximum convergence for this method. The

error vector for (3.10.30) satisfies,
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e gy 1-an)e ) e K1) | (3.10.31)
thus, for each error mode we have,
Ef‘*l’ - [1+B-alilgik)—83(k-l) . (3.10.32)

where Ai are. the eigenvalues of A. Let Yi be the eigenvalues of the

matrix associated with the iterative process then,
e(k+1) (k) 2 (k-1)
s

s0 from {3.10.32) and (3.10.33) we obtain,

o (kt1) (k)
-1

i 1

and the combination of (3.10.33) and (3.10.34) leads to,

= Y& T Y& ’ (3.10.33)

= [sg-or; - e, . (3.10.34)

2
Yi-(L+B-ad )y, + 8 = 0, (3.10.35)
which yields, 5 & %2-48
vy = e, (3.10.36)

" where Gi = l+3-ahi.

Choosing a and B so that (6i~4B)<o for all li (which means that

Y will be complex) all |Yi| will be identical. Then, the choices,

1+8-ca = 2vVB , (3.10.37a)
1+B-ac = -2v3B , (3.10.37b)
lead to, 2 " 2
a = 2 and B = foz/a , (3.10.38)
l/;'H/E \/Eﬂ/a-

{See Frankel, (1950)). The spectral radius of the method is /E.and

the rate of convergence

2 2

R(second order Richardson)} < — = «— . {3.10.39)

R
a

Note that in this iteration process we need to store two vector
iterants for each iteration and this storage requirement could be

severe for large systems of eguations.

Another second order method (non-statibnary), is the 'Chebyshev
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second order method' defined by,

E(k+l) - E(k)mk@__AE(k))_,_Bk(ﬂ(k)_ﬂ(k-l)) , (3.10.40)
where oy and Bk are defined by (Stiefel, (1958)) as follows,
at, (5128 T
k'c-a k-1 '¢c-a
o = and B, = ————m——— (3.10.41)
(c-ayt, . (£33 ko (&
" Tk+1l 'c-a k+1l 'c-a

The error vector is given by,

(c+a-2x)
E}F+})= k+1 ci;a E}O)
Tk+1(c~a)

’ {(3.10.42)

which leads to identical results to those obtained using Richardson's
method for the rate of convergence.

Since o and Bk are less than unity, round off-errors do not afpear
and the method is prefeired to Richardson's method with the only

inconvenient matter raised being the estimation of the extreme eigen-

values a and c.

3.10.4 Semi-Iterative Methods

Consider the completely consistent linear stationary iterative

method, LS 0 RPN L (3.10.43)
e r : "

where E;(I-G)Af¥g and (I-G} is non-singular.

Given the sequence u(o),u(l),u(z)

sequence y(l),y(z)

t»+. wWe can often develop another
+++- by the theory of summability so that either the
new sequence converges when the old one does not, or else the new one
converges faster thén‘the 0ld one if the old one converges. Assume

that there is given a set of coefficients « £=0,1,2,...,k such that,

k,8'

k
Lo p =1, k=0,1,2,... , (3.10.44)
g=0 "'

so the new sequence can be considered as a linear combination of the

old one. Then the relation,
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k
7 = 7 o u®, xe0,1,2,... (3.10.45)

defines a semi-iterative method with respect to the iterative method

of equation (3.10.43). If a =0 for all &<k and ¢, , =1, the semi-
k,% k,k

iterative method reduces to the original method.

Our aim here is to determine ak 2 such that the rate of convergence
r

of (3.10.45) is greater than that of (3.10.43). Such a determination is
described in (Young and Frank, (1963)).

Let the error vector of the kth iterant be,

e‘k) = u(k) -u , {3.10.46a)

(k (k)
) Y

and, e -u, (3.10.46b)
where u is the unique vector solution of (3.,10.1), hence from equation

(3.10.45),

k
Eé(k) _ 2 a, &E(l) -
=0 '
k k
) ) )
= a, .u - u a
oo ik ) (3.10.47)
k
z (%)
= a e .
920 k, -
But from equation (3.6.5),
2}2) - G%S(O) ,
~) _ % %, (0)
hence, e = ( Z'u Glle . (3.10.48)
If we now define a polynomial,
k
P (@) = ) o 132 , (3.10.49)
=0 "'
then, equation (3.10.48) is expressible as,
T - p (6@ <2 @39 . (2.10.50)

Suppose that the iteration matrix G of the iterative system (3.10.36)
has real eigenvalues U and they lie in the range,

aspgsgcc<l, {3.10.51)
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where a and c are real numbers, then, from equation (3.10.43) we have,

al

2] < fle @] |le : (3.10.52)

and since p (P, (G))= max IPk(u)], it follows that the problem becomes

k agusce
that of minimising,:

max |pk(u)| , (3.10.53)
agyse

such that Pk(l) = 1, for all k.
Let us introduce a new variable y=y () in which for agpgc we have,

-lgygl, (i.e. v(a)=-1,y{(c)=1). So this will define the transformation,

_ 2u-{c+a)

YM) =~5— (3.10.54a)
and, L= 3[(c-a)y+{c+a)] . (3.10.54b)
50, 2~ (c+a)

Y1} == = z (say) ,
then z>l .

(c-a)y,+(c+a)
Let, _ i
Qk(v)i = Pk( 3 ) ' {3.10.55)
hence,
max|Pk(u)| = max ng(y)[ , (3.10.56)

ofush =lgysgl
then, the problem is to find a pelynomial Qk(v) such that Qk(z)=Pk(l)=l

and, max le(y)l = min (3.10.57)

-1lgy<€l
The answer to this problem is, as before, supplied by the work of

(Markoff, (1916)) and is given by,

_ T, ()
2 (v) = E;TET ' {3.10.58)
where, ) . -1 { o ln
Tk(u) - i cos{k.cos _;), |u}¢; (3.10.59)
cosh(kcosh ~u), {ul[>1 .
Moreover, | | 1 1
max [Q, (Y)]| = = - ’ (3.10.60)
k Tk(z) m [2 (c+a)1

-1gysl

X ¢c-a




117

therefore we have,

2u-(c+a)l

Pk(u) c-a

5 !
5, steray
= (3.10.61)
- [2-(c+a)1

k c~a

Now, since z>1 and Tk(z)>l, then the method is convergent even
though the basic method (3.10.43) may not converge.
Since To(x)nl, Tl(x)=x and Tk+1(x)=2ka(x)-Tk_l(x) for #21. So,

T2(3)=2x2-l, and we have,

Po(u) =1, ' {(3.10.62)
and o =1,
0,0 ! _ 2u-(c+a)
P ) = 5o (3.10.63)
and L S HE
“1,07 T 27(cray ' %117 FT(cray
- 2u-{c+a),2_ 2-(c+a),2
P, (1} = [2(“3:;————) 1]/[2(—3:;———) 1}
2
= az’zu +u2'lu+a2'0 p {3.10.64)
and, (a+c)2+4ac
%2,0 ° 2
! (a+c) " +8(l-a-c) +dac
-8 (a+¢)
%2,1 2
' {at+c) “+8{1l-a-c) +4ac
o = 8
2.2 (a+c)2+8(1—a«c)+4ac
The {ak 2} can be determined by this way for any value of k. However,
r .
it is more convenient to develop a relation between z}k+l),y(k), and
o -
y(k o and determine y( ) directly without finding u(k) first. See
{Young, 1971, n.349). We state the final ~=sult,
(k+1) 2 cra, . kP ) Tk k) 4
=25z ¢ -'(c-a)I] T . (z) -G (z))y t =
k+1l k+1
Tk(z)
— {(3.10.65)
Tye1 (2

for kzl.
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Application of a semi-iterative method is similar to S.0.R. with

a variable relaxation factor. The additional storage of a vector

(k) (k=1}

{y and y ) could be an important consideration limiting the

utility of this method in the solution of large problems.
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3.11 BLOCK ITERATIVE METHODS

In our previous discussion of the iterative methods for solving

a system of linear equations,

m
jé a;, 5% = by (i=1,2,...,m) (3.11.1)

or Au =D,

we dealt with point iterat;ve methods, that is, at each step the
approximate sclution is modified at a single point of the domain. An
extension of these methods are the block (group) iterative methods in
ﬁhich several unknowns are connected together in the iteration formula
in such a way that a linear system muét Be solved before any one of them
can be determined.

In the system (3.11.1), assume that the equations and the unknows
ui are partitioned into £ groups such that ui, i=l,2,...,m1, constitute
the first group; i=ml+l,ml+2,...,m2, constitute the second group and in
general, uy ms_l<i5ms, constitute the sth group and m, =m. The

following definition is due to Young (1971), p.435,

Definition 3.11.1

an ordered grouping m of W={1,2,...,m} is a subdivision of W into
disjoint subsets Gl’G2""'G2 such that Gl U G2 Uess GL=W' Two ordered
groupings 1 and n' defined by Gl ,G2 roes 'G,Q. and Gi ,Gé roes ,Gi, respectively

: : =g : = =1 =t
are identical if 4=L' and if G1 Gl' G2 Gz,...,G£ GL .
Evidentlv, +his partitioning 7 imposes a partitioning of the matriy

A into blocks {(groups) of the form,

a= (72,1 %2,2 2,8 , (3.11.2)




120

vhere the diagonal blocks Ai.i' lsisz,'are square, non-singular
' .

matrices. From this partitioning of the matrix A, we define the matrices,

21 ' o
22 0o P21 O« O
RS P E= - L TN A
D = ~ I - \n‘
S | ~a ~.
-~ -
O N : So ~o
- ) hir P Sl Reoa-1 9
and, — _
O Bl === 2
o \\ I
{
F= - NSl (3.11.3)
~ \\'
Ay
C R )
O

where D is a bi;Ek diagonal matrix a;h the matrices E and F are strictly
lower and upper block triangular respectively, and
A = D-E-F . | (3.11.4)
Now, for the column vector u in equation (3.11l.1) we define column

vectors 21'22""'H£ \»‘rhere‘_‘l:._{s is formed from u by deleting all elements

of u except those corresponding to group s. Similarly, define column

vectors 91,92,...,g£ for the given vector b, we also define the sub-

matrices Ai 5 for i,3j=1,2,...,%, such that each Ai j are formed from
I

r

the matrix A by deleting all rows except those corresponding to Gi and
all columns except those corresponding to Gj‘ The system (3.11.1)

evidently can be written now in the equivalent form,
L

jzl_Ai'jgj =€ v isl,2,...2 . (3.11.5)

We shall assume from now on that all submatrices Ai ; are non-singular.

r

Then, the block Jacobi iterative method is defined by,

2
a, oD _ oy

(k)
i,i% gy ¢

<igt 3.11.6
i:j_j gi' L ; ( )

- A
3=1
j#4

or equivalently,
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g
o = ¥ s o™ v, ke, (3-11.7)
=i . i,33 =i
j=1
where, j#i
_l . h
—Ai,iAi'j , if i#3
B, .=
‘3 o . i i=] ! (3.11.8)
and -1
= ik,
Vo =24,58 0+ B .

We may write (3.11.7) in the matrix form,
u(k+l) - B(H)Efk)

(m}
y

+ , (3.11.9)

where, g™ = ™)L e™ 4 2™y | n7he block Jacobi (3.11.10a)
matrix"
and v = ™y, (3.11.10b)
™
D(_) = diag(ﬂ)A,
(m) (m} . . . .
E and F are again strictly lower and upper triangular matrices.

For the block Gauss-Seidel iterative method we have,

i-1 A _ .
A, igfk‘”l’ =~ ) a ol oy A, jufk’ +C,, 1si€8(3.11.11)
7 P 1L j=1 3] 3=1+1 ' i .
or equivalently,
i-1 3
L H AR S R - .u;k’ + V., 1sisk (3.11.12)
j=l JJ_J j=i+l '3—— .
whexre Bi 3 and «\li are as given in (3.11.8). This can alsc be written
r
in the matrix form, '
W pm R (M _gtmy =ty (3.11.13)
where,

L(“) = (D(“)-E(ﬂ))-lF(n) [MThe block GS matriz” (3.11.14)
The matrix form of the block J.0.R. (BJOR) and the block S.0.R.

(BSOR) iterative methods are given by (3.11.15) and (3.11.16) respectively,

.E(k+l) _ Bin)gﬁk) + £('ﬁ) , (3.11.15)
w6t Lu()ﬂ)g(k) + o(a-un™) LM (3.11.16).
where, 8™ - '™ 4 (1-01 , (3.11.17a)

W
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M p(Mh-1

r o o=ul ) b, (3.11.17b)
Lg)z (1" wr ™ s 1wy 1) . (3.11.18a)
L™ o pfMyTlg™ (3.11.18b)
and rM = p™)y~lpm © (3.11.18¢)

i
Eﬁ“) and L(m) are the B.J.0.R. and the B.S.0.R. iteration matrices

‘respectively.

For the convergence of the methods and subsequent analysis we
follow the geperalization of Young's definition of Property A,
consistently cordered matrices, ordering vectors as well as giving some
theorems concerning the prospect of the convergence criteria.

First, we define the (LX{) matrix 2 = {zi j) by,
r

z 1 ., if A, .#0 '
+J | (3.11.19)

i, o , if Ai’j=0,

i,j

H

and 2

where the matrix A and an ordered grouping 7, with ! groups, are given.

Definition 3.11.2

The matrix A has Property A(ﬂ) if 2 has Property A.

Definition 3.11.3_

The matrix A is a m-consistently ordered matrix if Z is consistently
ordered.
Arms, Gates and Zondek (1956), gave the following definition of

(m)

Property A T as a generalization of Young's definition (1954).

Definition 3.11.4

The matrix A has Property A(ﬂ) for a given partition m if there

exist two disjoint subsets Sl and 52 of W, the set of the first % integers,

such that Sl ] 82 = W, and if Ai #0, then either i=j, or i € Sl and
’

3
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and j € 52 or iES2 and j € Sl'

{n)

As with Property A , the following definition is a generalization

of Young's definition of an "eordering vector”.

Definition 3.11.5

T
An ordering %-tuple for A will be an &-tuple 2?=(v{,v;,...,v£),

where each vz is an integer, such that, if Ai j¢o, and i#j, then
’

|vz-v;]=l.

Theorem 3.11.1

A matrix A has Property A(“)

if and only if there exists an
ordering f-tuple for A.
The proof is the same as the proof of Theorem (2.7.2) which is

given in Young (1971), p.148.

Theorem 3.11.2

()

If A is symmetric matrix and D is positive definite, then

p(Liw))<1 if and only if A is positive definite and O<w<2.

Thecorem 3.11.3

If A has Property A(ﬂ) and is consistently ordered, with O<w<2,

and if ) is a non-zero eigenvalue of L(ﬂ)

w and if p satisfies,
=132 = awin? (3.11.20)

(m)

then ¢ is an eigenvalue of B . Conversely, if u is an eigenvalue of

(m) ()

B  and if A satisfies (3.11.20), then A is an eigenvalue of L

W

Equation (3.11.20} Ye23s5 to an explicit formula for the optimal
(m)

relaxation factor wb in terms of i {the spectral radius of B ) where

the matrix A is symmetriec, positive definite and has Property A(ﬂ). The

(m)

value of Wy is optimal in the sense that the spectral radius A of L
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is minimal so that the convergence rate is greatest. The relations

are given by, 2

mb = — ’ (3:11.21)
1+V1-E2
and X=po('™) =w-1. (3.11.22)
(4] b
Further we have, p(L(ﬂ)) < p(L(“)) e (3.11.23)
mb A b .

and, asymptotically, as p+l, we obtain the relation,

rz\™) 2 2R = 2vR™M) . (3.11.24)

“b

To illuétrate the foreéoing, we consider blocks each consisting of
all points on a column (or row), or on two columns (or rows) on our
model problem... Methods based on the use of such blocks are called
line iterative methods and two-line iterative methqu respectively, they
are special cases of a wider class of methods known as the k-line
iterative methods. But we shall only consider the first two types. For
convenience, let-us assume that our model problém has an even number of
columns, so that there are an exact number of two-line blocks. We have

£ line blocks.and-% two-line blocks.

The Line Iterative Method

In this method the points are ordered as in Figure (3.2.2) and we
consider all the mesh points of a particular line as a block, then for
the five-point difference approximation, the resulting coefficient matrix

A is block tridiagonal with each diagonal submatrix as a tridiagonal

matrix. Hence, — -
Y1

1
2 B2 Yy O

B
o

(3.11.25)
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where,
~-4 -1 —_
-1 4 =1
L SN C
B = N M. , lersgs
r NS ~
~ \\ .
. ~ o .
O S S -1
\\ ‘\
-1 4
and, - :
-1
ar-].]_ = -Yr = -1 \\ O » lsrsﬂ,-l . (3.11.26)
O . .- Lo
~
h
~
_ -1

The system (3.11.5) can be written in this case as,

— R N
LN Y, <
o, B, Y
2 72 72 U. C
N S C’ —2 —2
NN | '
NN N 1 !
N SO N = [ * (3.12.27
~ \\ ~ ! ' ‘
~ ’ [ 1
O \\ s Yﬂ.-l 1 '
o, B U C
L. LR e, 2l

It is clear that we must solve sub-systems of equations of the form,

argr_l+3rt_3_r+yrgr+l=gr ' (3.11.28}

for § U , then solve,

BYU = t, (say) ' (3.11.29)

. €rg j J11. { = = ;
for U Where ar'Br’Yr' }\F\E, as in {3.11.26) with @=Y, 0 and Hr is
the column vector of values on the rth line. The solution of equation

(3.11.28) by the block S.0.R. iterative method is obtained by solving,

(k+1) Ak+L) | k)
« 8 + B U +Yrgr+1“5r’ (3.11.30)
for Braik+ll then solving,
’ A
g 0FH) Ly (3.11.31)
r—r -r

a3 .
for g£k+l), and extrapclating,
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U{k+l) - m(ﬁ(k+1) _ U(k)) + U(k) , (3.11.32)
- —x = -

to obtain the final soclution. This. particular bleck iterative method
is often called the successive line overrelazation method (S.L.O.R.).
Efficient algorithms exist for solving equation (3.11.31), where

the matrices Br have the general form,

b, ¢
2, b, 2 O
\\ \\ .
Br = NN s lsres. (3.11.33)
~ ~ N )
\\ ~ N
~
O NN S
~
Mat b
L o

A well-known algorithm for the problem (based on Gaussian elimination) is

as follows:

Compute the initial wvalues, cl
C*='E-' ’
1
t
tI = E£ ' bl#o .
1
Compute recursively,
c

i .
c;=m';"“- ;, i=2,3,...,n,
i ii-1

{3.11.34a)
- 5.3 .
o= WY1, i=2,3,...,m,
+ b.~a c*
i ii-1
which transforms the matrix equation to,
5 * BN o]
1oy Y Y4
1 c* ‘ *
\ 2 O 2 12
~ “~ ' l
P Ny N . (3.11.34b)
S, * i 1
O Y !
| |
- 1 J Lt ]

The components u, of the solution vector u can then be computed by the

back substitution,
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u = *
m tm r
= Kewv Kk P -
ui ot Ciui+l ; i=m-1,m-2,...,1. (3.11.34¢)

The Two-Line Iterative Method

In this method we consider the .block as the mesh points lying on
two grid lines and the points may.be re-ordered ameng the two lines as

shown in Figure (3.11.1). ¥,

{0,1)
7| 8| 15| 19
5| 6} 13| 14
3| 4 11} 12
I[ 2| S 19
(0,0) 1.0 %

FIGURE (3.11.1)

Then, for the five-point difference approximation, the resulting

coefficient matrix A has a block structure shown in {3.11.25) but we will

have é-blocks rather than £ blocks, and each block submatrix Br' lsrsg v

is guindiagonal matrix of the form,
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0 -1 7
o ©
N
A | O
\ \\
ar = \\\ \\ r 251‘55 r
-
O N
N
. (o]
Yo -1
and, - e
3 -
-1 o,
O \\ C 2
Y, = AN , lsre= -1,  (3.11.35)
N ~N
N N\
AN ~
N N
\\ ~
O o 0
_ -1 o

Similar to the line iterative method we can write (3.11.5) in the

form of (3.11.27) with £ replaced by %u and by following the same steps,

Alk+1}

equation (3.11.31) can be solved for Hr lsrs&, with Br a guindiagonal

2
matrix, then by extrapclating we obtain the final solution. This
iterative method is known as the successive two-line overrelaxation

method (5.2.L.0.R.).

For solving eguation (3.11.31), where the matrices Br have the

general form, — —_
c dl el
by ¢ 93 & o
a, b, c d., e
3 3 3 3. X
= a, » ¢ d e N . -
By f_ ﬁ‘ 4_ 4 4\~ ) o 13rss (3.11.36)
t hd \\ \\' \\ ~ -
~ ~ b e \\d \\
C) am-? m-2 ?m—2 m-2 em—?
) %n-1 Dm-l cm—l dm-l
a b (o]
e m m m _|

we can use the following algorithm (Conte and de Boor, (1972), p.380).
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Compute the initial values,

1
do = =
dl ) ' dm 0, b1 0 and cl¥0 R
e
1
H = = =
el cl » em em+1 8]
* = - &
c c2 bZdl '
- *
4 o 2728
2 c; !
e .
ey = =% + c3¥0 , (3.11.37a)
2
then compute recursively,
* = - *
Pl = bymaydis -
CI = ci-aie;_z—b;d;_l . i=3,4,...,m
d, -b*e*
ar = i"i-1
i c* !
i
and ei
eI =E-;- ' C;#O , 1=3,4,...,m. (3.,11.37b)
——— L
Compute, t
t* =.—l '
1 c1
t,=b, ¥
= 2_*2_£ ,
2 c2
t.-a, ¥ ,~b**
i i-2 -1 .
== = = 2T i=3,4,...,m. (3,11.37¢)

i
The components u. of .the solution vector u can then be computed by the

back substitution,

* g3 u
'm-1"m-1'm

= *-d* -a* . i=m=2,m-3, 000 (3,11 .37
u, t diui+l &, o i=m-2,m-3, ] (2.11.3738)
It can be shown that in passing from point to block iterative

methods we can obtain improved rates of convergence. Concerning the

S.L.0.R, method, Cuthill and Varga (1959) have shown that it is possible
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to normalize the eguation in such a way that the 5.0.R. and 5.L.O.R.
both require exactly the same arithmetic computations per mesh point.
Also, it has been shown that this normalized method is stable with

. respect to the growth of rounding errors. Varga (1962), pp.204-205,

shows for the model problem,

pitined, _ gg:ggiﬁ , (3.11.38)

P
From this, we can easily calculate that,

{1line) 2.2

R(B ") * =.h ,
h+0 . {3.11.39)
and R(L(line)) - 2F2h2 ] )

Hence, by comparing these results with (3.9.13}, we note that the line

Consequently, for the S.L.0O.R. and S5.2.L.0.R. methods we have,

R(LillHE)) % 2/2xh, he0 , (3.11.40)
b
r(z'? 17y = 4 weo (3.11.41)
w.
b
Hence, .
R(L;llne)) -
b . . 2V¥27xh .
RT3 P F V2, (3.11.42a)
9y
and,
R(L(z line))

W
(?ine) s 2 2(3§i> : (3.11.42b)
R(L ) 2/2th
)
b
which shows that the rate of convergence of the 5.2.L.0.R. method is

approximately twice that of the S.0.R. method. Parter (1561) showed

that the k-lingdSAQ,Bmxmgthdd with optimum & converges approximately

Y2k as fast as S.0.R. method. But, one must solve more invelved sys;;&s'

of equations at each iteration. |Parter (198l) gave a formula for

i

evaluating the spectral radius p of the k-line Jacobi scheme and is given

by,
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2.2

gk lne), ., .22 ' (3.11.43)

p(

A "new" ordering has been investigated by Benson {1969) , Evans
(1975} and Benson and Evans (1972). For a two-dimensional probiem
with Dirichlet, Neuman or mixed conditions on a closed rectangular
boundary they used the usual five-point finite difference equations

and ordered the points in a "peripheral" fashion shown in Figure (3.11.2).

W

Y

A A

FIGURE (3.11.2)

The resulting matrix is consistently-cordered in block form, so

that all the benefits of the $.0.R. method can be obtained.
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3.12 . ALTERNATING DIRECTION IMPLICIT METHODS

Alternating~-Direction Implicit (A.D.I.) methods are scmewhat similar
to the line Jacobi iterative methods but with alternating directions. There
are two basic A.D.I. methods due to Peaceman a;d Rachford (1955) and Douglas
and Rachford (1956). 1In this section we will consider the former, which is
known as the Peaceman-Rachford (PR) method for solving the system

Au =51 , | {3.12.1)
where the (mxm) matrix A is nonsinguiar and can be represented as the

sun of three {(mxm) matrices,

A=H+V+1L, (3.12.2)

We can make the following assertions about the matrix A, which can be

verified using the theorems of Sections (2.2), (2.4) and (2.5).

(a) A is an irreducible Stielties matrix, i.e. A is a real, symmetric,
and positive definite irreducible matrix with non-positive off-
diagonal entries.

(b} H and V. are real, symmetric, diagonally dominant matrices with
positive diagonal entries and non-positive cff-diagonal entries.

{(c) L is a non-negative diagonal matrix.

In a typical situation H and V would be tridiagonal or could be made

so by a permutation of the rows and corresponding columns.

By using (3.12.2) we can write the matrix egquation (3.12.1) as a pair

of matrix eguations,

(H+3Z+4xI)u = Ef(V+§E~rI)E '
(3.12.3)
(V+§E+rI)E = Ef(H+§Z—rI{E .
for any positive scalar r. If we let
Hl = H+3iZI , V1 = V+iZ , _ (3.12.4)
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then the Peaceman-Rachford alternating-direction implicit method is defined

by
(Hl+rk+lI)E(k+i) =b - (V,-r, ,Tu
(3.12.5)

(Vy+= k+1l T— ’

1 "k+l

where the r 's are positive acceleration parameters chosen to make the

k
(0)

process converge rapidly, and u is an arbitrary initial wvector approximation

to the unique sclution of (3.12.1).

Since both Hl and V1 are, by suitable rearrangement of their rows and

corresponding columns, tridiagonal matrices, the iterative method (3.12.5)

can be carried out directly using the algorithm given in Section (3.11) on

(k+3)

page 126. The vector u is treated as an auxiliary vector which is

discarded as soon as it has been used in the calculation of E}k+l).

The two eguations of (3.12.5) are now combined to give,

y K T ul® g, ® , %0 (3.12.6)
k+1 k+1
where,
-1 ~1
Tr = (Vl+rI) (Hl-rI)(Hl+rI) (Vl-rI) ' - (3.12.7a)
-1 -1,
and g, (B} = (v, +rI) {I—(Hl-rI)(Hl+rI) b . ) (3.12.7b)

It will be noticed that (3.12.6) is of the same form as (3.5.3).

We consider the case, where all the constants rj are equal to the fixed
constant r>0. The following convergence theorem will be stated here without

proof (see Varga (1962), p.213).

Theorem (3.12.1)

Let Hl and Vl be mXm symmetric non-negative definite métrices, where

at least one of the matrices Hl and Vl is positive definite. Then, for any

r>0, the PR matrix Tr of (3.12.7a) is convergent.
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For the model problem (Section 3.2), if the vector E}p,q) is defined
) th .th X
g0 that its component for the i~ column and j row of the mesh is (for

h=1/(m+1))
(p,q) _ pri . qr ]
ai,j = lfip'q Sin(E:I) . 51n(m+1) ’ }Si,;im, }Sp,gSm (3.12.8)
it follows that,

{p,q) _ 2 pn (p,q)
Ha =4 s Gy

r

for all 1gp,q<m (3.12.9)
(pra) _ in? (—30__y, (P/Q) S
Vo 4 sin (2,'(m+l) o

Since for this problem I=0, hence from (3.12.9) and (3.12.7a) we have,

redsin® (—3“—)-{ r-dsin? (—E"

2, qn J .2, pr ‘
rHdsin” (G Sy LeHdsin® GG 1sp,qsm.
We therefore conclude that,
, 2 qm
r=4sin” {(———m)
p(r,) = | max > 2‘“‘;1) . (3.12.11)
1ggsm  |r+4sin (5—(-‘3;1—)-)

To minimize this as a function of r, we consider the simple functicn,

glx;r) = % . r>0 (3.12.12)

1

where 0<x $x$x2. The derivative of g(x;r) with respect to x is negative

for all %20, so that,

r-xl |I-X2
mx  |g(x;x)]| = max.{ prerss BERN Porer } . (3.12.13)
XlSXSX2 1 | 2
From this, it is easily shown that,
Xy=xX
X AT ' 0<?$Vx1x2 r
max |g(x;r)] = ) (3.12.14)
xlS$$x2 r=x; , er;I;; ,
r+x1 ’
hence, xz—J;I
min { max lgtx;x) |} = g(xlgfxlxz) = — . (3.12.15)
r>0 X, SX$X V. +Vx.

13%$% 211,
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deos? (— T =
2—4cos (2(m+1))' we have r= xlx2

is optimum in the sense that the spectral'radiué p(Tr) is minimized. It

' 2
Thus, by setting xl=4sin { ) and x

T
2 (m+l)
can further be shown that the spectral radius (and, consequently, the rate
of convergence) of this method is asymptotically the same as that of the

point S.0.R. with optimum relaxation parameter for all h>0 for the model

problem.

A substantial imprbvement in the convergence of the Peaceman-Rachford
method for solving Laplace's equation in a square can be cobtained by the use

of a sequence of iteration parameters x (see equation (3.12.5). In this

k+1

case the parameters are used successively in a cyclic order.

At least two methods have been given for chooéing the iteration
parameters, which though not optimal, nevertheless are nearly as good as
the optimal parameters in many cases. The first set of parametérs, given by
Peaceman and Rachford (1955) are,

rip) ='13(5/'13)-(2i'”/2n , 3=1,2,...,n | (3.12.16)

and the second set are the Wachspress parameters (Wachspresé, 1957), which

are given by,

ri(“" = B@Em A/ e ia1,2,..0m (3.12.17)
where, a = min(a,®) , b = max(b,B8) ,

a and b, a and B are the least and greatest eigenvalues of Hl and Vl of

. -

equations (3.12.5) réspectively.




CHAPTER 4

ALTERNATIVE GROUP ITERATIVE METHODS




4,1 INTRODUCTION

In Section (3.11) block iterative methods were discussed and in
particular the one line and two-line iterative methods. This chapter
presents thé novel approach of ﬁsing small groups of fixed size,.i.e.,
.groupsof a certain number of individual eQuations {mesh points) and
this group is treated similar to the wéy a single point is treated in
the point iterative method. |

Our main'concern here is to construct new grouping of the mesh
points into small size gréups of 2,4,6,9,12,16 and 25 points and to
investigate their advantages as well as choosing the most effiﬁient

group for solving elliptié type of p.d.e.'s in two~-space dimensions.

In Section (4.5) and by a similar manner to the two dimensional
case, we present an explicit 8-point group to solve the elliptic p.d.e.
in three-space dimensions. The method is developed and analysed
theoretically and experimentally and compared with re;ults from the

point S.0.R., iterative method.
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4,2 THE 2~-SPACE DIMENSIONAL GROUP ITERATIVE METHODS

4.2.1 The 2-Point Group
Consider the linear system (3.11.1) defined in the unit square,
0sx,ysl, with m2 internal mesh points in the region shown in Figure
(4.2.1).
Yy L
(0,1) (1,1
m _ |2m" m{m-1) *m
m-1 |{Z2m-1 m(m-1) -1 m*m—fl
2 jm+2 m{m=-2)+2 mim-1) 2
1 |m+l m(m—2)+L mim-1) 1
(0,0) (1,00 *
FIGURE (4.2.1)

Suppose that the mesh points are ordered in groups of two as

shown in Figure (4.2.2).

t-m+} ' JF+1 m+t+1
- e—
-m - +
t & m+t
t-1

FIGURE {4.2.2)
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where t=(rm+l),step?,(r+1)m~-1 and r=0,1,2,...,m-1. We take m to be an

even number, such that each subset (group) G, of Definition (3.11.1),

L
£=1,2,...,m2/2, consists of two elements {t,t+l}.
For the simple case of the unit square and Ax=Ay=h=1/5,assume

that the groups are ordered in red-black ordering as shown in Figure

{(4.2.3).

(0,1} (1,1)
JM £Job 16408

L 3

FIGURE (4.2.3)

By using the five point approximation scheme, the finite difference

equation at the point P (see Figure (4.2.4)) has the form,

+ .|. + = .2 -1
Upt % s, p % %R, p %3, p % e T Pp ¢ (4 )

where B,R,T and L denote the Bottom, Right, Top and Left of the

a
representative point P respectively. 3

&
L P 'R
. 1 — O
a4 -2
0'.‘ B
1

FIGURE (4.2.4)
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This can be applied to each of the mesh points of Figure (4.2.3) in

turn. The resulting coefficient matrix then has the block structure,
— i -
R, :Rz © R, O
R, O :R4 R, © Ry
O Ro : Rl (o R4 R2
|
RO | o R]. 0] R4
A= I ' (4.2.2a)
Ry Ry Ry 0 R, o
|
o] R4 o) R3 | RO
|
Rl o R2 0 : O RO
R |
o 1 R4 R ! Ry
where, r ’ | Y -
rRo= [ % or = |0 %], r = [%2 O,
Lul 1 ‘ O 0 0 32
f \ p
0 0 34 O
R3 = and R4 = ' / {4.2.2b)
3 o‘ o
This matrix has Property A(“) and is m-consistently ordered, see
Definitions (3.11.3) and (3.11.4). If the groups are taken in natural

row ordering, then the coefficient matrix A has the structure,

pr— ' —
RO R2 O 0 :R3 C
R4 RO R2 0 : R3
!
o R R R R
¢ %o 21 0 3
o 0] R R R
|
Aes oo oo 4 ___._ 3 , (4.2.3)
Rl - : RO R2 (8] O
~ ! R 0
Rl i R4 0 R2
i
O Rl :0 R4 Ro R2
L}
| Rl ! 0 0 R4 RO_ !




AE

and,
bE

is given by,

which is also T-consistently ordered and has Property A

in both cases the theory of block 8.0.R. is wvalid.

[diaglr )} 174,

[diag{ RO} ] -

1

b

(T

The matrix [diagl Ro}l“l is simply diagl R;l} and the inverse of R

140

Hence,

we calculate the transformed matrix AE and the modified vector EF, where

(4.2.4)
(4.2.5)
0

(4.2.6)

(4.2.7a)

, (4.2.70)

Now, to derive the explicit block S.0.R. method for this problem,fl\

>



05
) 2
o -aju4-
%1%, “g
C= ‘l o al
loqeql o -«
1
O
_

13 o !
| C
i C
| | 33 o |
..l-..--.__..L...---._..
1 _ 12
1 %2 aps L3 o
la.a a 1 © b e
e 2 1% O
dmm e e d e il
' ' !
| O v %4 %, %2
| Vao, @ | o o o,
) i 1 4 4 12 2
|-——--“-‘__———- ------ .7
. (s} 0.1 f 134 43“4
} 2 ] O i .
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(4.2.7¢)

The block structure of the matrix AE is the same as that of a

- with the submatrices R. replaced by identity matrices and the sub-

matrices Ri'

i=i,2,3,4 has a column

th
element ai occurs as the (p,q)th element of Ri' the g

i=1,2,3,4 replaced by R;

(0]

1R..
i

so0 does R-ln

of zeros, o Ry’

is the pth column oer;l, muitiplied by Uia For example,
e T | °© %
o1l l-ala3 o _ui

For the model problem (3.2.1) and a squdre grigd,

1
Gy =ty =03 =g = -7
so that from (4.2.6),
R_l 4 4 1
[¢] 15 1 4
and for example,
)
(e} 41
-1 1
R R, = - =
01 -
15 o 1]

-1
Similarly, we can obtain Ro R2,

o

establish the computaticnal molecule at the pbint P to be,

In addition, where R

column of R

il

and where an

r

o

(4.2.8)

(4.2.9)

(4.2.10)

(4.2.11)

R;1R3 and R-1R4, from which we can
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1/15
4
1/15 % X1/15
P
15 % ' ¢ *a/15
x
4/15

FIGURE (4.2.5)

Hence we have the explicit group Jacobi method given by,

u(k+l) l{4(u(k)+u(k)+u(k))+u(k) + (k)+ (k)

il

|

t 1B e e e e 1 T2 e

(4.2.12)
(k+1) _ 1 {k) (k) (k) (kY (k) (k)
R T L L M L T L L AR SO I

where t=(rm+l}, (2),(r+1l)m-1l and r=0,1,2,...,m~1. Note that, if any of

q 'K

P in the riéht hand sides of (4.2.12) is a point of the boundary oR

then we compute the appropriate value of u_at this point by (3.2.2).
_....—--—q...,_"__,__-——-‘"**"- B S — T g S
Clearly similar sets of equations can be written down for the 2-point

explicit Gauss~Seidel, 5.0.R. and J.0.R. iterative methods.

4.2,2 The 4-Point Group

Similar to the 2-point group an explicit set of equations for the
4-point group can be derived (Evans and Biggins, (1982}; in which each

group is formed from 4 points of the net region Figure {4.2.1) in

accordance with Pigure (4.2.6),




[' t-m+

[2m+t

‘:+'I

.t .m+t

ke ¥
t-1 m+t-1

& ]

FIGURE (4.2.6)

'mﬂiL-"2m+t+l :§

where t=(rm+l),(2),{r+l)m-1 and r=0,(2),m-2. Like the 2-point group,

2

m must be an even number, and Gl . £=1,2,...,m—4— consists of 4 elements

{t,t+1,m+t, m+t+1}.

If we take the unit square and Ax=Ay=1/7, and with

a red-black ordering of the 4 point groups, then by applying equation

(4.2.1) to each of the mesh points in turn, the resulting coefficient

matrix has the block structure,

Ry
R, O
Ro
A= O Ro
R, R R, 0 0O
R, O R, R,
o R R, O
o o R R

where,

to

|
|R°

0

1

R A

r

(4.2.13a)
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Vg - 4 h' 4
l o, ta o} o a_l | ]
34 2 L O o!C
o 110 a o 01
= - = [
R S L M N e
4 o111 03 O ‘0 al 0’-2 0]
O o ! a 1 IO 0 o l C)
{ 4, 1 ) | [ ) LO 2 )
[0 -0t ) F e, ©)
A O O !
o ol [
- 3 Io o
Ry = jom e oboono and R, = | ___,9 "4 (4.2.13b)
lo 0 f
) |
O s o O I C
v 3 ] L | J

If the groups are taken in natural row ordering, the coefficient
matrix A will have the same structure as given in (4.2.3), and the
theory of block S.0.R. is valid, since the matrix A is m-consistently
(m}
ordered and has Property A .
To derive the explicit block S.0.R. method we follow the same

steps as the 2 point group, hence we have to determine the inverse of

RO which is given by,

\
[ a5 q336 a2a7 2u2a3
o L alas as 2ala2 a2a7
Ro =3 26 o - R (4.2.14a)
%1%y 3% 5 3%
2ala4 a4a7 alae as
where, \ ‘
d = (a.+1)%4+20.-1 , (4.2.14b)
o 5 .
as i l—alu3-a204, a6 = a1a3-u2a4-l and a7'= u2a4~ulu3-l.
' (4.2.14c)

(4.2.15)
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For the model problem (3.2.1) and by using {(4.2.9),

b

[7 2 2 1

1 2 7 1 2
‘R =z ‘ . (4.2.16)

: 1 2 2 7

and hence,

-1 1 [o 2 0o 1

RO Rl =-57 | . (4.2.17)

ko 1 o] 2

o

From which we can set up the computational molecule at the point P (say)
to be,

1/12 1/24
* X

h

1/12 % — 1/24

7/24 % x1/12

x x

7/24 1/12

FIGURE (4.2.7)

The explicit group Jacobi method can be derived by using this

molecule as,

(k+1)} _ 1 {k), (k) (k) (k) (k) (k) 3
u. = %2 [7 (u_'t_mqu_l)+2 (um+t‘l+u2,mjﬂ1+ll,tf2+u1§:mfl) *
) - (k) . (k)

1,

2mtt+l L':_|1+3-,+2

(), ) o) ), ) ()

{k+1) "
t+2 Tt-mtl

Yeel

tom' -1 2met 41 O’
(k) (k)
mtt-1"2m+t

1
= 5307

1.
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- 2008 BB, 1% ).
3

TR L RPN O N IR
ettt ¢ (4.2.18

where t={rm+l),(2),(r+l)m-1 and r=Q,(2),m—2;

The same discussion for the 2 point group can be applied to the 4

point group.

4.2.3 The 6-Point Group

The next grouping of mesh points which will be considered is the
6-point group, where each group is formed from 6 points of the net

region Figure (4.2.1) in accordance with Figure (4.2.8).

t+3 m+t+3
L +
tem+2 ta2 grthd o rte2
F + 41 4
t-m+1: 2mtt+l
- F omtt
:
i At
t-1 m+t-1

FIGURE (4.2.8)

where t=(rm+1),(3), {(r+1)Ym-2 and r=N, {2) ,m-2, each srhset Gg' £=1,2,...,
2

g of Definition (3.11.1).consists of €& elements.

For a square
region, m miust be divisible by 6.

Consider the linear system (3.11.1) defined in a unit square with
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Ax=Ay=1/7 and assume that the groups are ordered in red-black ordering,

then by applying equation (4.2.1) to each of the mesh points in turn,

the resulting coefficient matrix A has the block structure,

(4.2.19a)

(4.2.190)




Similar to the previous two cases, the theory of block S$.0.R. can be applied to this case since A is

(m)

n~-consistently ordered and has Property A .

In order to form the transformed matrix AE of equation (4.2.4), the matrix

inverted and its inverse is given by,

2
-0

[
By 0ty 0t (B +3)

3

-m181(82+})

o, (o, a.B

2
4001 958,5=8)

2“1“481

a4(82+3)

—a381(82+1)
Bl(Bl-éalaa)'
-alBl(Bz+l)
20308
u4Bl(82—l)

2ala461

-a3Bl(B2+1)
Bi-ala3(82+3)

-u§04(82+3)
20308

2
o, 0y 03By-8y)

2
32(a1a383-61)

2ala281
2
-ala2(82+3)

2
B0 04 (B,+3)

-alBl(82+1)

R_ again, has to be

0
2a,0.,8 0,02 {B,,+3)
%3%9%) Ga%41F,
3281(32—1) 2u2a3Bl'
2a0,a.8 a, (o o B -62)
1%2°1 7 Rk R B
~a.B, (B,+1) 028
3By (P a*3

By (By=20005)  ~0ayB; (B,+1)

Bz—a a.,{B.+3)

~0p By (By#1l)  By-ajag(By+3) ]

(4.2.20a)

8Vl



2
d-= Bl[Bl-4ala3(1+aza4-ala3)]
and,
Bl = 1—a2a4 ‘
82 = u2u4-2a193 '
and 83 = 1-2ala3+3a2a4..
By applying

{4.2.20b)

(4.2.20c)

(4.2.4) we can form the matrix A% which has the same

block structure as that of A with the submatrices R, replaced by

Q

identity matrices and R, i=1,2,3,4 replaced by R;lRi, i.e.,

r

v}

0

L

For the model probleﬁ (3.2.1) and a sguare mesh Gi

and we have,

0

0

o

712

225

68

208

120

47

2 2
3181-a1a3(32+3)

-a%g. (8

181 (Bo*1)

3
Py

(¢, 0_B FBZ)

0%, 1040 5F 5y

2
2ula481

3 .
0%, (By*3)

225 68
780 225
225 712
le 47
255 120

120 208

208

120

47

712

225

68

o)

0

o]

o

o

o

120

255

120

225

780

225

a.a, (o o B _-B

12133

2
2a1a231

-a3u (B +3)

122

2
1)

a.82-0%0_(B_+3)

11 13%2

2
-alBl(Bz+l)

3
“Bs

LY

47
120
208

68
225

712

Iy

.(4.2.21)

1 .,
= "a'f i=1l l_2 3,4,

L

{4.2.22)
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o o 712 0 0 208
0 o] 225 0 e 120
plp o1 |° % 8 o ° * (4.2.23)
L e o o n2] o
o} o) 120 o] o 225
0 0 47 o o 68)
and
(208 120 47 o o 0
120 255 120 ) 0 0
‘Rc-)lR2 ='§?"i'1'§ 47 120 208 o© o o . (4.2.24)
712 225 68 0 o o
225 780 225 o 0 5
| 68 225 712 0 0 0)

Similarly, R01R3 and RolR4 can be obtained, which enable us to

establish the computational molecule at the points P, and P. to be,

1 2
63 4 1> 8
‘8 47 154 .
161 P
225 X 120 52 F——ag—2 17
f—k 4
712 208 15 8

"FIGURE (4.2.9)

Hence, an explicit group Jacobi method can be derived from this

molecule and is given by,

(k+l) _ (k) (k) (k) k) . (k)
t 2415 (712 (a 1) 2250 208w o)t
(k) (k) (k) (k) (k)
120u, 4p41 08 340 0 o)7L o e ea? ]
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(k+1) _ (k) (k) k) o0, () K
£+l 161[52“t L NP R L I R RS L PY b
k) , (k) , (k) (k)
8 1 omet ot 42 st 43) )
(k+1) _ (k) (k) (k) {x) (k)
Ueo 2415[712‘ a3 e mme2] P20 g Y208 (0, L ot as)
(x) ) (k) (x) (x)
1200 e 41 YO8 (Bt VAT o))
(k+1) _ 1 (x) (x) (x) (k) L0
Upee T 2aisl 20 ) o) Y2250, L g 1208 (1 o)+
(k) (k) (x) (k) (k)
120ut_m+1+68 (u2m+t+2+ m+t+3) +47(u Ue b3t mi-?.)] !
(k+l) (x) {x) k) . (x) . (k) (x)
mbt+l 161[52u2m+t+1+17u —m O e o2 e e a3t
(k}y, (k) (k) (k}
LALLM L LA VIRPY D
and
(k+1) _ (k) (k) (k) (k) (k)
T 2415[712( 2mtt+2 et e3) Y220y 4y 12080 rey o)
(%) (x) (x) (k) (k)
lzout_m+1+68( b = 1 2m+t) +47 (u t—l” . {4.2.25)

vhere t=(rm+l), (3}, (r+l)m~2 and r=0,(2),m2.

Similar set of equations can be written down for the 6-point group

Gauss-Seidel, J.0.R. and S.0.R. iterative methods.

4.2.4 The 9-Point Group

In this grouping, each group is formed from the 9 points as shown

" in Pigure (4.2.10). t+3 mrt+d  2mit+3

|

t+2 mit+2. 2‘m+t+2

t-m+l .t+1 m+t+l Zm+t+l

3m+i+2

rt
!
B
¥
~

¥ 3mtt+l

K 3m+t

t-1 mtt-l 2m+t-1

FIGURE (4.2.10)
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where t=(rm+l),(3),(r+l)m-2 and r=0,(3),m-3. m must be divisible by
2
3, and each subset Gy, 2=1,2,..., Eg—- consists of 9 elements. By
considering the linear system (3.11.1) and Ax=Ay=1/7, by applying the
same strategy as previously with the 6 point group, the ccefficient
matrix A has the following block structure,
r ] . W
R0 0 | R2 R3
i
o R R R
(8] i 4
A= F-—---"- ariniiaaiae | (4.2.26a)
R4 R3 ' Ro 0
Rl R2 | o RO )
L
vhere,
r 1 1 3 (- i ] 3
o oo
1l oy o ‘az 0 | 1, :
|
| 0o o ol \
@) 1 ay ' o, e ' C : C
' O ! o ©0 0
.?,(il__l_l.._..(?_l ______ oy ]
' o oa,!
% 0 +1% ° :“2 O | 1
. { t
R = %4 1ey oy 'o 2. 1, R= C v oo G '
Y a, O o, 1 o lo o 0,
4 1 2 L
_____ ——— =t —— - - -— - T
L%y % o ; 0 0%
o C oo : : o
0
C N S c ,C
 C \ 1 ' :O 0 0
L ! a4§ o al y ' s
r ' ‘ ) o o 0' I ]
] ) | |
! , ooo ¢ !'oQ
C I @ | C ! i
|
| ' a, 0 0y ,
_____ r—=—==l==--- A
1 ] jo 0 O
! | | e
o , O O 1Ro= O (0 0 0y C
R.= ! 3 )
Z } i N
| i tu 0 o,
i el Tt R
0:2 O 0 ) ' t IO o ©
0
o] 2 (8] \ | I |
| 1 ' la. 0 ©
LO ° u2| / \ ! | 3 /
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and ' I | .
I 'a4 0O 0
O ' 0 'o o0
| |
| 1o o ¢,
L
! |
R = . . 4.2.26b)
4 0.0t O ‘
{
[ FE A
1 |
! I
O +C ! ©
L : | /

The inverse of the matrix RO can be obtained by the use of the system

"REDUCE" which was described in Section (2.9). It is given by,

> 2. 1.2 2 2 2.
Yy a8y By lapBy  wpugB, 0pyBg coB cgagby apdshy
| 2 2 2
a8 Yy 48y I“l“234 UyBy  GyasB,laga;B, By 005
' _
2. 2 2 2 2. 2
aife By Yy 191%Bs 91%0By 9y 191%5P 998y %P
o2 8 2B i g 0.8 a.2
85 aja, B, aga Bl Yy @3By g, @By a,0,8, ajoqf
I |
o a,8, 4B c‘3"‘4’34l°‘1811 Yy 938y 1oy, By ay0.f,
11
R == 2 2 2
0 d |eje,By  oj0B) @By (03615 a18y; Y;__'“luzss @y 0yB, A58y
—————————— ——— — a— ' — —— — — ]
2 2 22 |7 2 2
L L “3“4Bs|“483 o @3%By ogaBgr vy 3By o3f,
2 2 2
a @By OB 0B 0B, 0B agaBilagBy Yy ogB)
) |
2 2 | 2 2 {2
ula488 a1a467 oy Be Iala485 a 0,8, o83 [“132 o By ' J
\
(4.2.27a)
where,
d = 4a_ o o0 (4o, a -0 )2—7(m notana )+3]-2ﬁ ) (4a2a2—6u o +3)
10032 T lejasmn 0, ) =2 (a0 tas0, o3 e ag=00 0
2 2
4%%M%%4%%HH1. (4.2.27b)
=2 (4. 0. -60.0"-1)=4a. o (0. 0. -1)+a.a, (da2a-4a_ o, +3) -1
By = 2a,a,0,0,(4e, 0460, ay0q(0 0, 20 (4050,=d0 0, ’
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B 22
62 = 2ala203a4(4a2a4 2u1u3 3)+4a1a3(alu3 1) 2a2a4(2a2c§—3)+1,

B, = 2a. 0. a.a (4a2a4-60133-1)-4a o, {a.o «1)+a

22
3 1%2%3%, 9%, (850, la3(4ala3-4a a3+3)—1,

1

B, = 2[(2alu3*1)(2u2a4-1)],

B, = 4ala3(u2u4-ala3+2)72a2a4-3,

- 2 2 .
86 = 2a.a,.0.0, {4a,0.-20,.0,-3)+40 {a2a4-1)-2a2u4(2a1a3—1)+l .

192939, 150183740,y 2%

87 = 4a2a4(ala3-u2a4+2)—2a1a3-3 R (4.2.27c)

B, = 2[ala3(2alu3-4azu4—3)+a2a4(2aza4-3)+3] '

- _ 2 2_
Bg_— 4aluza3a4(2alu3 2a2a4+1)+4u1a3 4azq4(u2u4-l)-l ’
Blo = 4&2u4(a2a4—3a1a3-l)+6ala3+ 1.
B.. = 4 {2 -2a.0,-1)-4ca_ o, (o, —l)+4a232-1
11~ 59 %%3% e %374 %5% 1%3'%1%3 2%47
812.= 4u1a3(ala3-3a204-l)+6&2a4+1 R

2 22
Y, = 20_ 0,0 u4[2(%u3~a2a4) -0, 0=, 0, +3) -, o (4ala3—8alu3+5)~a2a4

1%2%3 1%37%2% 1%3
' 2 2
(4a2a4-8a2a4+5)+l .
= =2 a.a. {da. 0. ~20.0,~3)+da. a_ {(a. o —l)—a.a (4u2a2-8d o +5)+1
Yp T TG 0,040,180 057050, 1%31%1%; 2%y 1985047000, ’

22, | 2 2
Y3 = da,05(0,0,-0 0,532} -0, 0, (Baj0,-6a,a,+5) Hayo, (0,0, -1) 41,

Y4 = 4¢,0,0.0 (3-2q o -2u204)+4u

1727374 173 a3(ala3-l)+4a2u4(u2a4_l)+1 .

1

Hence the matrix AE of {4.2.4) can be formed, which has the same block

structure as that of A with the submatrices RO replaced by the identity

matrices I and Ri' i=1l,2,3,4, replaced by RalRi, which can be easily

determined, for example}
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(3 3 32 \
a286 32u3B7 02a388 0 0 0 0 o] (o]
3 3 3
0058, 0By 0y08, O ©
23 3 3
aayBg @058, a8, © o
2 2 22
a283 u2a384 020385 o] 0
2 2 2 0O |
W TP LI DL a8, O Ol ', (a.2.28)
o ~2°a
a2u28 o aZB 28 e} (o)
1%2P5  %1%R,  GoPy
2
@Yy %p03B,  oya.B, O °
alazBl a272 a2a381 o o]
2
gulasz uluzﬁl @5Yy 0 0 o] 0 0 0‘
whilst R-lR R _"R. and R-IR can also b btained
1ls o 1 ’ 0 3 o T4 0 be obtalined.
1
For the model problem (3.2.1), aluaz—u3~u4——zq and we have,
(67 22 7 22 14 6 7 6 3]
22 74 22 14 28 14/ 6 10 6
7 22 67 6 14 22¢ 3 6 7
22 14 6% 74 28 10|22 14 6
ool oLl (14 28 14 28 84 28[ 14 28 14 ] (4.2.29)
0 56
6 14 22 10 28 74| 6 14 22
7 6 3| 22 14 6|67 22 7
6 10 6] 14 28 14, 22 74 22
3 6 7 6 14 22/ 7 22 67|
Hence ‘ e I ——m [E— P
o 067 ©0 02 00 7]
0 022 o0 014 OO0 6
©o o 7 o o0 6 o0 3
0O 0 2 o0 0 74 0 0 22
-1 1 :
Ro Ry=554 © 0 14 0 0 28 0o 0 14 ' (4.2.30a)
o 0 6 o0 ©0 1l OO0 6
O 0o 7 o 0 22 0 0 67
© 0 6 0 o014 o0 o0 22
6 o 3 o 0 6 00 7




o

R "R, ==
2

L
224

22

14

6

67

22

7

“

6

14

28

14

22

74

22

14

22

-

22

67

» {4.2.30b)

o

Similarly, R51R3 and R51R4‘can be obtained, and hence the computational

molecule can be established at the points P.,P

22

67

and P, to be,

1752 3
7
76 3 11
115 3
112%,
37 5
2247 -
11 3
e
67 22 7 11 7 3
(a) - (b)
2 1
”-
1 4
P
73
2 13 5
1 1
2 1
(c)

FIGURE (4.2.11)
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From the explicit equations derived from the new molecule the
explicit group Jacobi method can be obtained and is given by,
0 - ety Bl )
ét)3+ut£]f:n+2)f6(u§];lt+i+ ::E::H) +3 (uél:z-)i—t+2+u2(x};lt+3” e
e = TR G L e e T gl el 9
sul?t;)t+l+3( ngri-):-t l+u1§}n{13-t+u'.§.];-)l-t+2 :g:tﬂ” r—
“g;l) = 224[67( 1:]:?5 'ék311+2)+22( (]:1);+3+“é]f;+1)+7(uzs.guz*uz(];luf .
é}f;+“t}f;.).+6 (“n(:}:i-f“;gul) +3 (“é};lt-1+u§]::1t) 1
w2zt ) uék;_"'uZ(Elt—lq’ué]r;-)i-tl)+7(u3(;]r§-)l—t+l+u1£]-<1)n+l)+
Speta3*? Camaea2 omerss Ve Veom2)) _
mrend = 612 Gt a1 Mt o) e o P2t oL
O et 342 2 43 3 V2]
'I mresd = TH O et O 5P )T e
o) S o1 B ) a1 i)
2(:1:1];) = 224[67( 2(:111; 1" élx;it) *22{ ﬂ-l‘*“;ﬁtu’ 7(u(k3n+ut_)1
NSRRI NI
2(];:31 ) 1_12[37“§I;1t+1+11(“2§:1t—1+ ;;it ué:it;z “2(;1133“7(“11(:3;_-1

t-m-1

fl
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), (K

(k+1) _ (k) (x) (x)

2m+t+2 224[67( 3mree2 P2mes3) P22 gy e Wnaea3) V7 Moy
x) (k) (k) (k) (x) (k) ( )
U3t Ue4a’ £~ -m+2 Y8 (0 e 143 (a 1 1

t+m-1 ot -m+l
{4.2.31)
ﬁhere t=(rm+1}, (3),(r+l)}m2 and r=0,(3),m-3.
A similar set of eéuations can be derived for the 9-point Gauss—
Seidel, J.0.R. and 5.0.R. iterative methods. |

- 4.2.5 The 12-Point Group

' Assume that the mesh points in the region of Figure {4.2.1) are

ordered in groups of 12 as shown in Figure (4.2.12}.

t+4 m+t+4 2m+t+4

. M N
t-m+ 33— t+3 -+t 43 mit+3 4 3m+t+3 |
tem+2 t+2 42 gm—"'tfzg; 3mit+2
t-m+1Xe £+l Etl gmittl o 3mit+l
tem ke (= Ln+t. szt —% 3Im+t

t-1 mt-1 Zm,it-l
FIGURE (4.2.12)

where t rm+l, (1), (r+1)m-3 and r=0,{3),m3. In thi= case GE'
2

%, consists of 12 elements, and m must be divisible by 12, By

-t "
2—4.,;.,..-

considering the linear system (3.11.1) defined in a unit square with

Ax=hy= 113' and assuming that the groups are ordered in red-black ordering,
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then by applying eguation (4.2.1) to each of the mesh points in turn,

the resulting coefficient matrix A has the block structure,

] )
o™ o™
™ )
B o
z )
I ™ ;
o af) o
O |
n N = O
X o o R“ O o
]
[ I ] o ~
Mok oM O o o
™ < ~ L (o} . _ a4 o —l
KO M O ! o ! |
! O o~ i M —
o ~ ! o O O i o : =) .
) ~
°c ® o w “ a | S PR B
O ) O )
N o — —
e = L g a-_3 <.
l|.II|I|l_,.|u_ |||||| .M..Z - .a2_ o - | 5
1 O o~ | o~ = <«
s B ] )
° | Lo oo I |
b o~ — ! <t
O ! h ) S | ) O
O } o o~ — o~ O _ O
5 X O M o M 3 R _Nu
VOl U T [ —_ - _—-—-
) N a7 a0
RO mR QO @M m o O 1—
! 5 4 g, O & "
Il v = — O
RO O »R B O m L e | & |
I O O_ O i
(@) < — ~ ~ s
(5 i O & | d | | i
o It
[} M RO
- E:
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Coog! | Cor )
|
D O 0 O] O :o O ] 0 e
b 0 0 of | I t
pooo _ __1___._ N R
. R |
| | i [
=] O 1 O 1O R = C + O 10
1 | ] T2 I |
I B Y R
' = o o | |
| L 2 O !
cC 1o o 1 0 0O
‘ 2 ]
. | : O azn I
- l l 4 “ ' I
0000 l ) ([ } ! :
OO' | ] |%
00 0(% | ! : o, O
coog O | C c ' C o
1 1 'O 4
aoooL | i | o,
e  datetat ~mmmm m e
: : and ! !
R=|O O 10 |.rR={0 ) O ' O | .
3 l 4 :
id3 l | I
_.___‘..___..:._.._... .._-...1|...._T-_.__
I | i
cC ,Cc ,0 cC ' Cc ! C
1 I
|
L ; | %3 J L I l J

By using REDUCE, the inverse of the matrix Ro can be obtained,

and it is given in Apgendix A. The matrix AE of (4.2.4) can now be
formed, which has the same block structure as that of A with the sub-
matrices R0 replaced by the identity matrices I and Ri' i=1,2,3,4,
replaced by R;lRi, which can be easily determined, since if Ri' i=1,2,3,4,

has a column or row of zeros so does RSlRi, and where an element oy

occurs as the (p,q)th element of Ri' the qth column of R,;]'Ri is the pt

h




-1
Ro

column of R;% multiplied by @

For the model problem (3.2.1), u1=a2=a3

1

= 1380027

#

1655792
554644
201632
68800

548416

183084
73568
176720
158464
95984

42388
\

361152

1857424

623444

201632

361152

731500

434720

183084

158464

272704

200852

95984

1"

1857424
554644
183084
434720
731500
361152
95984
200852
272704

158464

1655792
73568
183084
361152
548416
42388
95984
158464

176720

4

1832512
713108
297616
111188
548416
361152
183084

73568

2130128
8&4296
297616
361152
731500
434720

183084

2130128
713108
183084

434720

731500

361152

=0 =-1/4, we have R;l symmetric and is given by,

symmetric

1832512
73568
183084
361152

548416

554644 1857424
201632 623444 1857424

68800 201632 554644 1655792

1655792

#

(4.2.33)

191t
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Hence,
(0 0 0 413948 0 © O 137104 © O O 44180 )
©O 0O O 138661 O O O 90288 O O O 39616
0O O 0O 50408 0O O 0O 4577 0 0 O 2399
O 0 O 17200 O O O 18392 ©0 O O 10597
O 0 0 137104 O O O 458128 © © O 137103
R;lRl“lsaéoz7 © 0 0 90288 © O O 178277 O O O 90288 |
lo o 0o 45771 0 0 o0 74404 © © o0 4517
O O O 18392 © O O 27797 O O © 18392
O 0.0 44180 © © O 137103 O O O 413948
O O O 39616 O O O 90288 O O O 138661
O O O 23996 ©0 O O 45771 © O O 50408
0 0 0 110597 0O O O 18392 O 0 0 17200
\ X4.2.34a)

-]

413948 138661 50408 17200
138661 464356 155861 50408
50408 155861 464356 138661
17200 50408 138661 413948
137104 90268 45771 18392
90288 182875 108680 45771
P S S (:) , (4.2.34b)
o R4>"1380027 45771 108680 182875 90288

18392 45771 90268 137104
44180 39616 23996 10597
39616 68176 50213 23996
23996 50213 68176 39616

! 10597 23996 39616 44180

o

Similarly, R;;lR2 and R01R3 can be determined, which enables us to

establish the computational molecule at the points Pl'Pz'P3 and P4 to be,
17200 18392 1059 '
50408 45771 2;996
10597
17200 ] 50408 23996
50408 23996
: ) 155861 5 50213
138661 X% 39616 1380027 P
- 464356 Y—@—+> * 68176
12.83027 Pl
413948 X 44180
. 138661 —X 39616
413948 137104 44180 X >

(a) 138661 90288 39616
(b)
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18392 27797 18392 45771 74404 45771

e <
18392 18392
. 45771 _ ~H15771
45771
45771 108680+ 08680
'1380027p '
90288 e
90288 182875 4 - — 4152875
:1380027P.,
137104 ¢ 3 4137104
90288 F— 0288
¥ v
137104 458128 137104 90288 178277 90288
{c) . {d)

FIGURE (4.2.13)

Hence, an explicit group Gauss-Seidel method can be derived from

this molecule and is given by,

) 15%5557[413948(uéf+1) My 3866105 11371000 (K11
+s0408u 1) 12180 011 4 ugo ) 4396160 lE)  s23006ult) .
+18392“;Ei+4+172°°{“ék;i; éfl)+10597( ék1t+4+u§;1t+3)] :

uéigl),uézitlB and uéﬁii) are found from completely analogous expressions

obtained by rotating the mesh poinfé clockwise as given in Figure (4.2.12).

uéle) =-i§§%657[464356u(k+li+155861u(k 1;+138661( (k+l)+uéf;l))
+gozseu;f:fi+es176u§§1t+1+50408(uéf;i;+uéf;)
sso2rzul’) 44577000 3sereBD) L)
s, ol
w1 o) ang w1 can pe obtatned simslanly,
L (k1) = T3anss71458128u 1) 4137104 (u o) B el B

mt 1380027




le4

(k+l)+ (k) {(k+l) + (k) (k)

+90288 (ut-m+l u3m+t+l) +45771 (ut—m+2 u3m+t+2)+27797um+t+4
(k) {k) {k) . (k+1)
*18392 (a4 13 e+ O aa eome3? !
S {k+l)
similarly for Worte3”
(k+l) _ 1 (k+1) (k) {(k+1) (k+1}
m+t+l - 1380027 102870 (U Ma ey ) TLTB2TT ) 108680 u, o
(k) (k+1)  (k+1) {k+1) (k) {k)
I e T S L P L VW
(k) {k) (k) (k+1)
+45771 (u3m+t+3+u2m+t+4+ut+4+ t—m+3)] ' (4.2.35)
. (k+1) T
similarly, for the point um+t+2’

where t=rm+l,(4), (r+1)m~3 and r=0, (3),m-3.
Clearly a similar set of equations can be written down for the 12-

peint Jacobi, J.0.R, and 5.0.R. iterative methods.

4.2.6 The lé-Point Group

Each group here is formed from the 16 points as shown in Figure

(4.2.14),
t+4 mtt+d  2mit+d  3m+t+4
tem+3 +3 .m+t+3 m+t+ 3m+t+3;£ Amrt+3
t-m+2 & .t.+2 ‘ﬁt+2.2m+t+2‘3m+t+2 Amit+2
temil -#t+1 .m+t+l ‘2m+t+1. 3m+t+lx Amtel
t-mk It .m+t *2m+t 3m+t L 4t
t-1 ;

n+t~-1 2m+t~1 3m+t-1

FIGURE (4.2.14)
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where t=rm+l, (4}, (r+l)m-3 and r=0,(4),m-4. In this case m must be

divisible by 4.

1
|
O : O
]
]

—_— - v e = mmm e e = e = -

-t - e e em e mm - -

'
1 %2

By considering the linear system (3.11.1) defined in

(4.2.36a)

(4.2.36b)

a unit square with Ax=Ay=1/9, then by applying the same strategy as
previously with the 12-point group, the coefficient matrix A has the
following block structure-,
r ) 1
R O 1Ry R
R_I'R R
4
A= |eo..2L L
Ba R31% O
[
R- %10 Ry
vhere, L ! ‘
; r O :
'
' *3 O :az C |
o l o | a '
1 3 | 2 | C
|
ozl 1l u3: O Oy \
!
C o 1! Oy
B e — -
!
o l o C =
4 3 | 2
o e
o 1t %, R
' i
Oy '. @, 1 aa o 0y
| .
R = O O, ‘ oy 11 ¢y
0 o e e~ - L ow— = !
o lao
| 4 O t 3 C'




f‘ | l 3 r ' 3
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ooo00C |, !
000D | O & '
00.QOL O ¢ O
I3 ' :
O :C ' |
| | )
=L X ] = i
N e A A e e il I
o
| 1 1 !
, O O C 0!
S _ ! 1
o - s=-r=--41 O
]
t O 1 0 W :
1 ! ]
~ ! ~ % J16x16
| \ r ] [} ‘
eooo ' I'q 1
000G ! '
oooog O | 'O i‘4°54
U.lOOC)' 1 ) b 0‘,4
Ftorre 0 C e
vl ) |
C) ‘: Cj } } C3 I C)
I . and I
R3=_..,_.!.%__,_' ______ Reml oo
1 |
1 | )
1 O | 0 )
o
123 _ oo O l C
O | t J
|
'c o |
\ 7 |
M 'GB J - 416)(16
By assuming that al=u2=a3=a4=u in Ro’Rl' 2,R3 and R4, then by using
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REDUCE, Ral can be determined, and it is given in Appendix B, and hence

-1
RO

For the model problem (3.2.1), a=-1/4, it follows that Rm1

Ri' i=1,2,3,4, can be easily obtained.

symmetric matrix and is given by,

is a

(o]



(1987
674
251
88
674
458
242
101
251
242
158
74
88
101

74

37
|

2238
762
251
453
9le
559
242
242
409
316
158
lo1
162

138

74

2238
674
242
559
916
458
158
316
409
242
74
138
162

101

1987

10l

242

458

674

74

158

242

251

37

74

lol

es

2238

916

409
162
762
559
316
138
251
242

158

74

2647

1078

409

559

1078

637

316

242

409

316

158

2647

9le

316

697

lo78

559

158

316

409

242

2238

138

316

559

762

74

158

242

251

symmetric

2238

916 2647

409 1078 2647

162 409 916 2238

674 458 242 ol 1987

458 916 559 242 674 2238
242 559 916 458 251 762

loi 242 458 674 881 251

2238
674

(4.2.37)

1987

o’

[
[#2]
~J
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Hence,
(00 0 1987 0 0 06740 0 0 2510 O O 88
. 674 458 242 101
251 242 158 74
88 101 74 37
674 2238 762 251
458 916 559 242
Rc-)lRl ='E‘e%6 o 242 o 409 o 316 o 158 62380
| 101 162 138 74
251 762 2238 674
242 559 916 458
158 316 409 242
74 138 162 101
88 251 674 1987
101 242 458 674
74 158 242 251
LO 0 ,0‘ 37 C 0 074 0 0 ©0 1lolo o ¢ 88J
, , \
88 1ol 74 37
101 162 138 74
74 138 162 1ol
37 74 101 88
251 242 158 74
242 409 316 158
158 316 409 242
74 158 242 251 ,
R;1R2=—"g%66 674 458 242 1ol O | » (4.2.38)
458 916 ~ 559 242
242 559 916 458
106, 242 458 674
1987 674 251 @8
674 2238 762 251
251 762 2238 674
(88 251 674 1987 )
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R l 3 and R;1R4 can be determined similarly. The computational

molecule can now be established, it is given in Figure {4.2.15) at the

points P ,P, and P5.

88 10l 74 37 251 242 158 74
¥ ¥
88 % 37 251 % 74
' 762
251 X% 74 ¥ 138
66p0P,

674 % X101 2238 fo—g— 162

6600P, '
1987 — 88 674 101

Fem— KX ¥ S

1987 674 251 88 674 458 242 101

(a} {b)
242 409 316 158

242 158

s59F 4316
6600 P,

916 + 105

458 od

458 916 559 242
(c)

FIGURE (4.2,15)

An explicit l6-point group Jacobi iterative method can be derived from

this molecule and is given by,

(k+l) _ (k) (k)
t . ¥ 600

{k} (k) (k) (k)
) +674 (u Yo m+1+ +t 1) +251(u t- m+2‘42m+t~l)

(k) {k) (k) - (k) (k). (k)
Rl UL D AL L TR AL IR LR RS
(k) (x)
3m +t+4+ 4m+r.+3” i

——{1947 (u

(x) (k)
+74(u2m+t+4+u4m+t+2)+37(u
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By rotating the points of Figure (4.2.155) a completely analogous

. . {k+1) (k+1) (k+1)
expression can be obtained for the points 43 u3m+t+3 and u3n&t .
In a similar manner, we have,
(k+1) (k} (k) (k) (k) (k)
£+ = 6 [2238u -+ 1+762u em+ 2+674(u )+458 met—1

(k) (k) (k) (k) (k) - (k)
F25L a3l T24200, g P20, #1580, L

(k) (k) (k) {k) (k)
4mft+2+l°l( 3m+t- 1 4m+t) 74(u 3m+t+4+u4m+t+3) '
{k+1) (k+1) {k+l} - (k+1} (k+1) {k+1)

t+2  * Ymit ¢ Yomet ¢ U3met+l’ "3mete2’ Tmets3

+138u

while the mesh points, u

and u(k+l) are found by formulae similar to the cne above. Also, we
2m+t+3
have,
(k+1) _ {k) (k) (k) (k)
m+t+1l 6600[916( m+t-1+ut-m+1)+559(ut m.+2+ 2m+t-l)
(k) ) (k) (k) (k)
458(u _ )+409( m+t+4+u4m+t+1) 316(“2 +t+4+
ey (x) k) (k) (k) (k) (k)
Uamrte2) 7242 Mapne 1 e g e eme ) P98 (Mapt o4 a3
(4.2.39)
and again by using similar formumlae the p01nts u(k+l) (1) and

+t+2' 2m+t+l
(k+l)

2m+t+2 can be obtained.

A similar set of egquations can be written down for the lé-~point

group Gauss-Seidel,J.O.R. and S.0.R. methods.

4.2.7 The 25-Point Group

The final grouping of the mesh points which we are concerned with

is by considering each group formed from the 25 points as shown in

Figure (4.2.16).
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t+5 m+t+5 2m+t+5 3m+t+S  4m+t+5

R ‘t+4 .m+t44 ,2m+t+4'3m+t+4 ‘4m+t+4 4
t-m+3 ‘t+3 ’m+t+3 .2m+t+3 .3m+t+3 '4m+t+3 "Sm+t-.+3
— 't+2 'rn+t+2 .2m+t+2 ‘3m+t+2 .45+t+2 E et 42
temsl ‘ ‘t+1 . ‘m+t+l .2m+t+l'3m+t+1 .4m+£+1 ket ]

tem ‘t *m+t .2m+t .3m+t mft et

t-1 m+t-1 2m+t-1 3m+t-1 4m+t-1

FIGURE (4.2.16}

where t=rm+}l, (5) ,(r+1;m—4 and r=0,(5),m-5. Each group Gg of Definition
{(3.11.1), 2=1,2,... ,%:-5-, consists of 25 elements, and m must be

divisible by 5. Consider the linear system (3.11.1) defined in a unit
square with Ax=Ay=1/11, and the groups are ordered in red-black ordering,

then by applying equation (4.2.1) to the mesh points in turn, the

resulting coefficient matrix A has the same block structure as that

given in (4.2.36a), where,
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25515

(4.2.40)

O

ll..r..l-*llll.lll'll'l'..l

— e v Smm e e

1 which is a symmetric matrix and is given by,

O
44
£
H
H
O
e}
[}
d
=
[
8]
Q
>
3]
(6]
jw]
a
53]
~

o3 R
For the model problem (3.2.1), al=u2=u3=a4=—l/4 and by applying

O




-1

RU =

102960

124268
22616
16556
6944
2640
42616
29640
16664
3530
3616
16556
16664
1__|1ze0
7006
| 3244
15394
8530
7636
1 4630
2264
2640
3616
13244
| 2264
lll]z

140824

49560
19196
6944
29640
59280
19220
20280
8580
LGABA
28436
237160
15124
7096
3510
14040
13260
9360
4680
Iale
5884
5300
4376
2264

141464
43560
16556
16664
38220
62096
38220
16664
11880
231600
ileen
23760
11880
707

. 13260

16304
13260
7096
J244
5800
016
5290
1244

140824
42616
2580
20280
38220
52280
29640
7096
15121
23760
28436
16664
1600
9360
13260
14040
8580
2264
4176
5080
5804
Inlh

124268
J6le
8580
16664
27640
42616
1244
7096
11880
16664
16556
2264
4680
7096
9580
6544
1132
2264
3244
616
2640

140824
53280
284136
14040
se84
49560
lgz2i0
23760
13260
58980
19196
20280
15124
2360
4376
6944
8580
7096
4600
2264

169260
73320
34320
14040
ina2o
73320
51480
29640
13260
20200
14320
29640
19500
9360
2580
L4040
13260
2360

46R0

175144
73320
28436
23760
51480
1920
51480
23760
15124
29640
38696
29640
15124
7096
13260
16304
13260

70%

169260
59280
13260
29640
51480
13320
Jg220
9360
19500
29640
34320
20280
4680
2360
12260
14040

B380

140824
58R0
131260
23760
8220
49560
43176
960
15124
20280
19196
2284
4680
7096
8500
6944

143464
62696
31680
16304
016
49560
3g8220
23760
13260
5880
16556
16664
11880
1096

3244

175144
7920
30696
16301
38220
73120
51480
29640
13260
16664
28436
23760
15124

7096

182160
7920
31680
23760
51480
7920
51480
23760
11880
23760
31680
23760

11880

175144
62896
13260
29640
51480
73320
38220
70%6
15124
23760
28436

16664

143464
5880
13260
21760
8220
49560
3244
7096
11860
16664

16556

140824

59280 169260
28436 113120
14040 34370
14040
. 29640
29640 s592g0
L6664 138320
8580 20280
3616 08580

symmetric

175144
73320
28436
16664
38220
620896
3g220
16664

169260
53230
8580
20280
3s220
$9280
29640

140824
616
8580
16664
29640
42616

124268

42616 140824

16556 49560

6944 39196 " 4ns¢o 140824

2640 6944 16556 42616 124268

143464

(4.2.41)

PLT
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Hence,
(0000 31067 | 10654¢ 4139 I 1736 : 660 |
0000 10654 7410 ' 4166 ; 2145 | 904
0 00 0 4139 : 4166 ; 2970 | 1774 :C 811
00001736 | 2145 : 1774 : 1170 1 566
0000660 I 904 | 811 | 566 283 _
T Tloesa) T T 3s2061 123900 4799 | 1736
7410 |  14820! 9555 | 5070 | 2145
C 466 | G 7109 : O 5940 ' 3781 :o 1774
2145 3510 ) 3315 ! 2340, 1170
04 ! 1y 170! 1004 ¢ se6
7T a3 .: N 123%,  35866) 12390 4139
1 1 4166 | 9555 | 15724 9555 1 4166
®o "1™ io2se0] O 2070 ! C 5940 ! C 7920 ,O 5940 'C 2070
- 1774 | 335, 4076 ) 335, 1774
811 1470 1 1754 ! 14701 811
T T 1736 v 799 ) —1;3301; 35181 ' 10854
2145 | 5070 | 9555 | 14820 | 7410
C 1774 ! C 3781 : C 5940 | 7109 i;o 4166
1170 2340 | 3315 ; 3510 , 2145
oo See e o | s
660 | 1736 | 4139 1 10654 ' 31067
904 | 2145 ' 4166 | 7410, 10654
C an : O 1774, © 2070 'O 4166 10 a139
566 n701 1774 ' 2145 1 1736
L 283 1 566 | 811 | g0d 1 660 |

(4.2.42a)




660 904
904 1471 1470
811 1470 1754
566 1094 1470
283 566 811
1736 2145 1774
2145 3510 3315
1774 3315 4076
1170 2340 3315
566 1170 1774
4139 4166 2970
4166 7109 5940
2970 5940 7920
R;1R2=”£6%§€5 1774 3781 5940
- 811 1774 2970
10654 7410 4166
7410 14820 9555
4166 9555 15724
2145 5070 9555
904 2145 4166
31067 10654 4139 1736
10654 35206 12390
4139 12390 35866
1736 4799  123%
660 1736 4139
similarly, R”lR and R_
o B3 0

establish the computational molecule at the points P

P

811

- R Em e e EE SR e m e o o e Wy S SR A A = o

—q-—----—----——-—-——-——-—r

566 283
1094 566
1470 811
1471 904
94 660
1170 566
2340 1170
3315 1774
3510 2145
2145 1736
1774 811
3781 1774
5940 2970 '
7109 4166
4166 4139
2145 904
5070 2145
9555 4166
14820 7410
7410 10654
1736 660
4799 1736
12390 4139
35206 106541
10654 31067:

660 904 811 566 283
to be, —3 *
6

660 —f 283
1736 L 566
4139 ¥ 811
10654 504

102960 P
31067 1 660

* *
31067 1%654 4139 1736 660

{a)
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l 3
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|

i O

§

]

Lo e
1

I

e

]

I

:

'O

I

: (4.2.42b)
I-—————-'
]

|

, O

H

e

15528

lR4 can be determined, which enable us to

1,P2,P3,P4,P5 and
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1736 2145 1774 %&70 566

- ) )
1736 4 5566
4799 L 1094
12390 & _ba7o (b)
102960 P, |
35206 1 1471
10654 ] pO4
N PSR M |

10654 7410 4166 2145 904
4139 4166 2970 1774 811

4139 % 811
12390 1470

102 960;3 ()
35866 f——=— 1754 :
12390 1470
4139 & 811

e s
4139 4166 2970 1774 811
11 18 17 12 6

11} 6
26 12
(d)
49 ¥~ 7
528 P,
76 —4 18
38 11
J 3 M F .

38 76 49 26 11
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4166 7109 5940 3781 1774

4166 41774
9555 %3315
10p960 P,
15724 ¥——1—& 4076
(e)
9555 3315
4166 1774

7 e
4166 7109 5940 3781 1774

g % 2%
3] 3
6 f— 6

1bav,

8 ® 8 (£)
6 k 6
35 —x3

S I A

3 6 8 6 3

FIGURE (4.2.17)

Hence by using these new computational molecules,an explicit group

Gauss-Seidel iterative method can be derived and is given by,

uék+l) = 16%§g5[31067( ‘k+¥h(k+1))+10654( ék;ii+ ‘ﬁzl;) +4139( ék;i;+
éi:tll)+1736(uéf;i£+u;§:iil)+9o4(u;fi+5+uéﬁlt+l)+
ol o
s66(ul® _+uf® )3t L0

3m+t+5 Smit+3

4m+t+5S Sm+t+4
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éﬁ;l); éi:il4 and uéizt) are found from completely analogous

expressions obtained by rotating the mesh points clockwise of Figure

(4.2.17a).
WY Eaéggalsgzosu(k 1#12390u "1 110654 (0 T 4 (611 4750 (41
+4790u " ra1660 K0 w2105 @I 1000 349974,
sy releroll
1094“éi1t+3+9°4( %ot §§1t3*566‘ PRI AR

(k+1) (k+1) _(k+1) _ (k+1) (k+1) _ (k+1)
the mesh points w7 /¥y e 7 Yrerd” Yanvt ¢ 3meeed’ Uamiesy 209

+
uéi+ti3 are obtained by using formulae similar to the one above.

(k+1) _ 1 (k+1) {k+l) (k+1) (k+1)  (X)
Toseg 35866u, < +12390(u ) 4y ) +4166(u e 1 du e )

Ye+2 102960 -mt2 —m+l” Vpeme3
(ma) (k+1)  (k+1) (k) (k+1) . (k)
A1380u, A T g Mg 2970, Yy s

(k+1) (k) {k) {k) (k) )
177400, o1 g nepas) F175%0g Ly o ¥ 14700, L 1t )

(k+1) (k) (k) (k)
8Lyt et P amr 45 s eea? ]
] . (k+1) {k+1) (k+1)
by using similar formulae, the mesh points u2m+t P8y it a Attt

I

afe cbtained.

{(k+1) _ _ (k+1) | (k+1) (k+1) (k+1) (k+l) (k+1)
Ut el 528[76( tomt) meem1) Y42 (e By I8 e )
(k+1) _ (k+1) (k) (k) (k) (k)
26 (ut—m+3 u3m+t-1) +18 (um+t+5+u5m+t+1) +17 (u2m+t+5+u5m+t+2) *

(kY ., (k) (k+1) (k} {k) {k+l)
1200y s s3] "1 et 1 s et e a5 e omea) T

(k) (%)
600, it +5 s mar g’ ]

(k+1) {k+1) {k+1)
the mesh points Uort+3’ B3mets3 and Uy atey 3TE found from completely

analogous expressions obtained by rotating the mesh points clockwise

of Figure (4.217d):
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(k+1) (k+1) (k+1))+7109( {k+1)

+9555(u t m+l t ~m+3 +t-1+

(k+1) -
Uortt2 102960[15724ut m2

(k) (k+1) _ (k) an {(k+1) (k+1)
Upaees) OO0 1 o) TATEB (0 T e

{(k+1) + (k) )+3315(u(k)

(k) (k)
U g TA0TOu e 7B 1 M tes Smt+l

(k) (k+1}) . (k) . (k) (k)
U3 P77 e 1 et Umitss Usmeeeal) ¢

- (k+1) (k+1)
by using a similar formulae again, the mesh pointsr_2m+t+l, omtE43

(k+1) . .
d Imites 2F€ obtained. Finally,

(k+1} _ 1 (k+1)  (k+1) | (k) (k) )+6(u(k+1)

2me+2 ~ 1040 V2 omre-1 Uomstes Usmata2) PO Up g3t

(k+1)  {(k+1) (k+l) (k) (k) (k) (k}
ut—m+1+um+t-1+u3m+t-1 u5m+t+l+u5m+t+3+ 3m+t+5+um+t+5)+

(k+ (k+1)  (k+1) (k) (k) (k) (k) (c+1)
Hlt 1 anet-1"5mst Usmee+a Vamet 45 a5 e oma? 1

(4.2.43)

+

A similar set of equations can be written down for the 25-point Jacobi,

J.0.R. and S.0.R. iterative methods.




4.3 EXPERIMENTAL RESULTS FOR THE GROUP S.O.R;.METHODS

In order to choose the most efficient group of points which were
described in Section (4.2), and to compare them with the standard
point, line and two line S.0.R. methods, we present here some numerical
experiments. All the results were obtained on the "ICE_E904S computer"
at Loughborough Univeréity.

Problem

The problem is that of solving Laplace's eguation,

2 2
9 9
29,2 %. 06, .y €R, (4.3.1)
2 2
Ix Ay
and U{o,y) = 100 , " Ogysl
(4.3.2)

U(x,0) = U(L,y) = U(x,1) =0 , Osx,ysl

where R is the unit square,

‘ —
A red-black ordering of the points of the mesh and also of the

groups has been used. Therefore, the resulting coefficient matrices
(m)

possess Property A and are T-consistently ordered so that the theory
of block S8.0.R. is wvalid. Thus, the optimum relaxation factor, mb, can
be calculated using the formula,

e = 2 . (4.3.3)

b
1+f1-[p(JP)12

where p(Jp) is the spectral radius of the PXP group Jacobi scheme and
can be estimated by the following formula, {Parter,(1981)],

P 1 - % ?h? . ' (4.3.4)

The convergence-test-used.in the numerical experiments was the average

test, i.e. the iteration was continued until the following condition

was satisfied,




182

Lpl (k+1) (k)Hi
<e forall i,§ , (4.3.5)
k
1*'&“( )l

where e=10_7. The number of iterations can be obtained by combining
equations (3.7.9) and (3.9.5) to give,

ine

k = EHTE;:IT. . {4.3.6)

The experimental optimum wvalues of w are determined to within
#0.001 by solving the problem for a range of values of w and choosing
those which give the minimum number of iterations. Different mesh sizes
were used to produce the (14xX14),(26%26),(38%38), (50X50) and (62%62)
Aetworks whilst for the 25 point group the mesh sizes used were the
closely associated (12x12)'(27x27),(37x37);(52x52) and {62%62) networks.

The spectral radius of the point Jacobi iteration matrix is given

by (3.9.1%) and for the line and 2-line Jacobi scheme the formula is

given in (3.11.43).
The results obtained from these experiments are recorded in Tables
(4.3.1), (4.3.2),...,(4.3.10). The execution times of the different
e w

St i aenmati—

schemes are recorded in Table (4.3.11). Also for each method, the

- -1
logarithm of the minimum number of iterations was plotted against log(h "),
- where h the mesh size, the graphs are shown in Figure (4.3.1). As

expected, the plots for the methods were straight lines with a slope of

unity thus verifying the S5.0.R. theory.




183

~-F
=10
1 Optimum Relaxation Factor 'Number of Iterétions
h p(JP) (wb) (k)
Theory Experiment Theory | Experiment
13 0.97094 l.614 1.61-1.616 33 39
25 ©.992115 L.777 | 1.776-1.777 64 73
37 0.9964 1.844 1.842 95 108
49 [0.99795 1.879 1.877 . 126 - 143
61 |0.99867 |  1l.202 1.9 156 179
TABLE {4.3.1): Point S.0.R.
W k
-1 b
h p(J ) - _
p Theory Experiment Theory Experiment

13 0.9416 1.496 | 1.509-1.514| 24 25

25 0.98421 1.6992 | 1.704-1.71 47 47

37 0.99279 l1.786 1.789~1.791 68 68

49 0.99589 1.834 1.836~1.837 S0 : 88

6l ©.99735 1.864 1.866 112 lo9

TABLE (4.3.2): 1l-line S.0.R.
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nt PI,) b k
Thepry Experiment } Theory Experiment
13 0.8832 1.361 1.384-1.386 17 18
25 0.96842 l1.601 1.608-1.611 33 34
37 0.98558 1.711 1.714-1.716| 48 50
49 0.99178 1.773 1.774-1.777 63 66
61 0.99469 1.813 1.814 _Zﬁ Bl

TABLE (4.3.3): 2-line S.0.R.

h-l 0(3.) W T x
P Theory | Experiment | Theory Experiment
13 0.958705 1.557 J1.571-1.576 30 33
25 0.98883 1.741 1.751 56 58
37 0.99490 1.817 1.824-1.825] 84 86
49 0.99709 1.859 1.864-1.865{ 111 115
61 0.99812 1.885 1.889-1.89 138 141

TABLE (4.3.4): 2-Point Group S.0O.R.
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(A} k

nt P (T ) . ,
P Theory Experiment |Theory Experiment

13 0.9416 1.496 1.508 24 25

25 0.98421 1.5992 1.705 47 48

37 ©.99279 1.786 1.78% 68 70

49 0.99589 1.834 ;.836—1.837 90 94

6l 0.99735 1.864 1.866~1.867 %}2 116
TABLE (4.3.5): 4-Point Group S.0.R.

o Wy k

h D(Jp) Theory | Experiment |Theory | Experiment

13 0.92847 1.458 1.474-1.476 22 24

25 0.98066 i.673 1.681-1.682 42 44

37 0.99117 1.766 1.771-2.772 62 65

49 0.98497 1,818 1.822-1.823 B2 85

61 0.99675 1.851 1.855 103 106
TARLE (4.3.6): 6~Point Group S8.0.R.

N W, k

h p(Jp) Theory | Experiment |Theory | Experiment

13 0.9124 1.419 1.436-1.438 1% 21

25 0.97631 1.644 1.651 38 39

37 0.98919 1.744 1.749 56 59

49 0.99383 1.80 l1.8042 74. 78

61 0.99602 1.836 1.839 EE’ 93

TABLE (4.3.7): 9-Point Group S.O.R.
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A EPYE % -
P Theory | Experiment |Theory | Experiment
13 0.89885 1.391 1.41—1.416 18 21
25 0.97265 1.623 1,632-1.634 35 38
37 0.98751 1.728 1,732-1,733 52 56
49 0.99288 1.787 1.791-1.7%2 69 73
61 0,99541 1.825 1.829 86 89
TABLE (4.3.8B): 12-Point Group S.0.R.
"t | eta) P .
P Theory | Experiment | Theory | Experiment
13 ©.8832 1.361 1.388-1.389 17 19
25 0.96842 1.601 l.61-1.611 33 35
37. 0.98558 1.711 1.716 48 50
49 0.998178 1.773 1.776-1.777 64 67
61 0.99469 1.813 1.816 79 - 83
TABLE (4.3.9): l6-Point Group S.0.R.
k
nt p(a) R
= Theory | Experiment | Theory | Experiment
11 0.79608 1.246 1.293-1.295 13 15
26 0.9635 1.578 1.589-1.591 31 33
36 0.98056 1.675 1.681 42 45
51 0.8%0c1 1.7t58 1.762-1.763 59 62
6l 0.99337 1.794 1.797-1.798 71 75

TABLE (4.3.10): 25-Point Group S.0.R.




Method
Point l-1ine 2-line 2-Point 4-Point 6-Point 9-Point 12-Point 16-Point aim& 25-Point

-1 5.0.R. 5.0.R. 5.0.R. Group Group Group Group Group Group -1 Group
5.0.R. S.0.R. S.0.R. S.0.R. | S.0.R. 5.0.R. h S.0.R.

13 4 4 2 4 3 3 2 27 11 1”7

25 31 33 18 29 21 21 18 14~ 26 17

37 105 106 60 96 68 68 57 45" 36 \.45v

49 246 243 140 229 163 158 140 128 51 128

61 (483 (470 |(267 435 314 . 308 265 248 61 | 220

TABLE (4.3.11):

The execution time in mill units for the optimum value of w

~_

LT




Number of lterations (k)
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Legend
Polnt S.0.R.

2—-Point Grp. S.0.R.

1-Line S.0.R.

6—Point Grp. S.0.R.

9—Point Grp. S.0.R.
2—-Line S.0.R.

EOOOD

25-Point Grp. S.0.R.

10

Figure (4.3.1)
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From Tables (4.3.2) and (4.3.5) it can be noted that the experimental

optimum values of w, mb,for the l-line S.0.R. and the 4-point group S.C.R.

methods agree to two decimal places, the same can be said about wg of the
16-point group and the 2-line S.0,R. methods. This can be proved by
considering the model problem in the unit square and for simplicity,

take hf1=5. First, p(Jp), the spectral radius for the block Jacobi

scheme, has to be determined, then w0, can be determined from equation

(4.3.3).

(i) The 4~-Point Group

We now order the mesh points in groups of four points and then the

groups are ordered in a red-black ordering fashion as shown in Figﬁre

(4.3.2).
Y
7
(1,0) {1,1)
R N
4 ,
| i
3 his s p !
\IFO——O-:‘
B~ "@ lio )2
| i
b e I
& R——
_ > x
(0,0) (0,1).

FIGURE (4.3.2)

By applying the 5-point finite difference formula to each point

of the region, the resulting coefficient matrix A, has the block structure:




190

where,
(4 -1 -1 o ( 1 ) 0 0 )
O I O i |
-1 4 o -1 | -1 01
R, = ) R = fmmm= e ( Ry = [—==md—om-
© 1l o 4 -1 1 -1 ol 2 to o
1 O O
o -1 -1 4 o -1 a1 o
L J \ ] J \ I ’ J
6 =11 ] f 1.1 o)
I C C 1
o of o -1
R, =|== = =l= = == ,and R, = |==-—L —-~- . (4.3.7p)
3 IO -1!- 4 i
C t C 1 O
t
o 0 i
L ! J \ | J
Now, from equation (3.11.9), the 4-point group Jacobi matrix, Jéb'
{say}, can be written as:
o _ a1 T ) ‘
J4b =D “{C+C") , {4.3.8a)
where,
g 3 '3 IR R"
R0 1 1 2
C' O i
Ro |R3 R4
D = and C = - m—————], (4.3.813)
‘ R 1
) 0]
O . o' o
L o} \ . J
D-l can be found simply and hence,
£
-~ bs s.)
o ¢ 2
l s S
T o= |lemaad 2 4 , (4.3.9a)
4b
s s, !
4 2,
s. s ! C
I
where, ' . L3 1 : / .
]
a2 al | (o] o] a2 o] l al o]
! !
al a2 | o o] a3 4] i u2 0
S, =""~"—° t--=- , S, =TT T !
1 a3 a2 : o (o) 2 al o 1 u2 0
i
v ] o I O 0 o o] o o)
L2 3, ) L2 i B




.
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0 a, : 0 a,) o o oy a, )
0 &, | o e, 0O o : a, Oy
I R B e L
kO oy i o} a2‘ \0 O.: oy uzJ
and, @, = = f%-, a, = - %% and @, = - é%-. |
Hence, the spectral radius can be numerically calculated and is
given by,

* 0.6667

?

p(J,.}
4p;

H

0.67 approximated to 2 decimal places.

From equation (4.3.3),
2

b "
1+ l-(0.67)2

1.14786

"

11

1.15 approximated to 2 decimal places.

(ii) The l-line iterative method

For the mecdel problem, and from equation (3.11.38),

) costh

Py (4.3.10)

PlI) Jine

cos /5
2-cos 1/5

L1

0.679
Again, from equation (4.3.3)
2

wb= 5
- 14¥1-(0.679)

1.153

"

&t

1.15 approximated to 2 decimal places.

Hence, the optimum values of w for the two methods égree to 2 decimal

places.
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Similarly, it can be shown that,

(16-point) _  {2-line)
W, = 0

approximated to 2-decimal places.
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4.4 THE COMPUTATIONAL COMPLEXITY

We now consider the relative efficiency of the various iterative
methods which we have discussed for seolving the model problem (4.3.1}).
It is necessary to measure the computational complexity for each
jiteration and the number of iterations needea to obtain a (sufficiently
accurate) solution in order to estimate the amount of computational
work to obtain the solution. We shall estimate this computational
complexity from the point of view of arithmetic operations performed
per iteration. |

2, ;
In each method we assume that there are m internal mesh points.

The Peoint 5.0.R. Method

The S5-point finite difference solution of the model problem (4.3.1)
by the point S5.0.R. method is given by,

u(kfl) - ﬁf(k-.rl)_u(k)) + gt®

wlu, . . L.t (4.4.1)
i,3 i3 i,3° 0 Ti,3
~(k+1) ,
where the a, 3 are the components of the (k+l)th Gauss-Seidel
r
iteration and is defined by,
~(k+l) (x) (k+1) (k) (k+1) .
= + * . .
ui,j (ui+l,j ui—l,j +ui,j+1+ui,j-l) * 0.25, for all i,]
<(4.4.2)

Hence, the number of operations required (excluding the convergent

test) is, 2
2m~ multiplications + 5m additions, (4.4.3)

per iteration.

The l-Line S.0.R. Method

In Chapter 3, an efficient algorithm based on the Gauss elimination

method was defined, (see equation (3.11.34}). Thus, to implement this
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algorithm to the model problem for the solution of the l-line, we

have,

ai = -1, i=1,2,...,m-1,

Ci = -1' i=2,3,...,m . (4.4.4)
and. - bi = 4, i=1,2,...,m .

The Gauss-Seidel form of equation (3.11.34c) can be written as,

as{k+l) _
u

= p*
i,m o
ana NOGD) |, lel)
g rj Cj 1,941 j=m-1, (-1),1. {4.4.5)

The (k+l)th iterates of the ith row are now modified by the extrapolation

sanation. uf:fl’ - w(ﬁi’f;fl?-ui’f;) + uik; L 5°1,2,...m (4.4.6)
Notice that the ci {(i=1,2,...,m), need bnly be caléulated once,h
since they remain constant for each system of equations and for each
iteration for the model problem. Thus the average work per iteration

for m2 internal mesh points is,
{ mﬂ3?*1) muitiplications + sz additions - {(4.4.7)

with an additional m multiplications + (m-1) additions before the

. first iteration to evaluate the cy (i=1,2,...,m).

The 2~Line S.0.R. Method

An algorithm based on the solution of a quindiagonal matrix was

defined in Chapter 3, (see.equation {3.11.37) and for the model problem,

a_ = ""l' i=3,4'.--;m'
i
bi = =1, 1i=2,(2),m,
di = -1, 1i=1,{2),m-1, (4.4.8)
e = =1, 1i=1,2,...,m-2
i
and c, = 4, i=1,2,...,m .
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The Gauss-Seidel form of equation (3.11.37d) is of the form,

~(k+l) _
u, =t '
i,m m
Alk4l) _ & ar(k+l)
-1 - ‘w101 ‘ (4.4.9)
and ~(k+l}) _ o NP
ui,j ‘tj dj ui,j+1 ejui,j+2' j=m-2, (-1,1.

Now we modify the calculated points by applying the extrapolation

equation,
uj(.k)u) + usk). ¥ ] i,'j=1,2,...,m.
'l

i,]
(4.4.10)

o) wﬁ;(kﬂ)_

i3 i,]
' Again, it is only necessary to calculate di' e and ci, (i=1,...,m)
. 2 .

once. Therefore,the +total work for m internal mesh points per

iteraticn is,
'%{IOm—S)multiplications + m(6m~})additions, (4.4.11)

with an additional (8m-5) multiplications + {6m-5) additions for the

first iteration to evaluate the values of 4 ,ei and ci, (i=1,...,m).

The 2-Point Group S.0.R. Method

To calculate the number of operations per iteration using this
grouping technique for the solution of the model problem (4.3.1), it

can be seen, from equation (4.2.12), that the Gauss-Seidel iterative
2

method involves solving~%r systems of eguations of the form,
a(k+1)
4 -1 u b :
i,3 N i | i=1,(2) ,m-1, (4.4.12a)
~(k+1) . e
-1 4 ui+lj : b2 j=1,m,
where, !
(k+1) (k+1) (k)
= +
S T 0 T RtV U S T R
(4.4.12b)
and b = u(k) +u(k) + (k+l)

2 7 M141,5410 42,3 T Yie1,5-1 0

The (k+l)th iterate of the 5.0.R. iterative scheme is defined by,

(k+1) _  ~dk+l) (k) (k)
Y3 el s T Ty e 1=1,(2) w1y 1y 4 93y
(k+1) _  adk+l) _ (k) (k) j=1,m,
and ui+1,j m(ui+l,j ui+l,j) + ui+1,j
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{k+1)

where again'r:l represents the components of the (k+1)th Gauss-

Seidel iteration defined by the formulae,

3 i=1,(2) ,m-1,
: (4.4.14)
~(k+l} _ 1 j=1l,m,
and Uit1,5 1503t b))
so, this process requires,
) .
3m~ multiplications + 5m2 additions , (4.4.15)

2
for m* internal mesh points per iteration, assuming that the constant

L is stored beforehand.

15
, s . we(k+1)
Further savings in work can be made by scolving u i+1,5"’ using the
I
value of'ﬁikfl). Hence, instead of equation (4.4.14), we have,
. .
~(k+1) _ ~{k+1)
i+1,5 0.25(111._'j + b2) . (4.4.16)

. . 2 .
Therefore, the number of operations required for m internal mesh points

including the over-relaxation process, is,

g-mz multiplications + Sm2 additions. {4.4.17)

The 4-Point Group S.0.R. Method

For this grouping, the 4-point Gauss-Seidel iterative method
5 .
involves solving%— systems of equations of the form,

[ 4 -1 -1 o\ f?l'(k""'l} 3 ’b 3
i,] 1
-1 4 o -1 k1) b
ﬁi;ii? = 21, 1,371,(2) -1,
- © ¢ - Y1,541 by
: a(k+1)
\ ° : ' 4J Lui+1-j+ld -Lb4j (4.4.18a)
where, _ (k+1) {k+1)
Dy =Yy 50 F M,y
{x+1) (k)
b, =u + u, .
2 i+1,3-1 i+2,5 ' (4.4.18b)
_ Ak+D) (k) _
Py = 85y, 541 Vi, 442

4 ° ui+1,j+2 ui+2,j+1 '
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We now set,

it

s b. +b. +b_ 4+ b

1 1 1 4 4!

2 b2+‘b2+b3+b3,

hence, similar sets of equations to equation (4.2.18) can be obtained

(4.4.19})
and s

for the solution of the system (4.4.18a) and is given by,

~(k+l) _ 1 _ _
%5, 2470y *+ 8, + b)), (4.4.20a)
~(k+1) _ 1

Uie1,5 - 28 Pyt sy v by) (4.4.20Db)
~(k+1) _ 1 ..

Uy,4+41 - 2at7B3 * 5y + by, (4.4.20c)
Alk+1)

—
Uisl, 441 T 2a¢7Pg Sy + by) . (4.4.204)

ihus, by applying the S.0.R. technique to the above group of 4 points

we have, L) k) () (k) \
= wlu - ) o+ u .
i,] i,J 1:3 i,3
(k+1) _  adk+l) (k) (%) L
Ue1,5 - @04 i+1,3 T Yis1,5 1,3°1(2)m  (4.4.21)
(k+1) _ (k1) (k) (k)
1,941~ 905 g T Y5 Y Yi,441 7
and (k+1)  _ e~(k+1l) (k) (k)
Be1,5+1 - “Mii1 50 Bie1,541° T Yie1, 541

by assuming that the constant é%-ls stored beforehand, this process

requires per iteration,

3m2 multiplications + %g-mz additions.  (4.4.22)
~(k+l) | ~(k+1)
Further sav1ngs in work can be made by solving ul’j and ui+1,j+1'
and using these values to determine u(k Y and G{kfl) by applying the
i+d,3 i,3+1
standard 5-point finite difference formula {[Evans & Biggins, (1982)].
k+1) ~(k+1)
We calculate the values of b ,b 3,b and Syr then ul 4 and ui+1,j+1
as before, and set, . n4k+l) ﬁ4k+l) (4.4.23)
3 i,3 i+l,3+1 ° Ut
Hence, T o.2s(sem,)
i+1,35 372
(k+1) : (4.4.24)
bl
= . +
and ui,j+l o 25(s3 b3)
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So, by applying the above technique, the average work per iteration
for m2 internal mesh points is,

mz multiplications + %} m? additions. (4.4.25)

njut

The 6-Point Group S5.0.R. Method

To calculate the number of operations per iteration for this
method, a technique similar to the 2-point and the 4-point groups can
be applied, the 6-point Gauss-Seidel iterative method involves solving

2
z systems of equations of the form,

6
(4 -1 ol }yORED ) )
] @ i | 1
-1 4 -1 -1 i+l b
O l+llJ 2
| ~(k+1)
I S g N T
-1 g 1 o [l (u |, for §=1,(2),m-1
o ! oy ’ 1,(3) ,m-2
~(K+ i=1, M=
-1 : o4l o Tia by
~(k+1)
11 0 -1 4 : b
| O : joMis2,94) (P
(4.4.26a)
_ KD, (keD) (k1) '
wheres By S Wy g1 T %iar,y 0 Pr Ty
(k+1) (k) (k+1) (k)
= = . .2
37 Uia2,9-1 T Uie3, 50 Pa T Uiod, a1t Y, qe2 0 (404-26D)
_ (k) _ (k) (x)
by = Wi41,442 24 P6 = Uii2,q42 T Yi+3, 441
Thus, if we set, '
sl = b1 + b3 and 52 = b4 + b6 ’ (4.4.27)

then, a set of Gauss-Seidel iteration equations similar to the

equations given in (4.2.25) can be obtained and is given by,

~(k+l) _
i, - 2415(712b +225b2+208b4+120b5+68b3+47b ),
~fk+l) _
Uisl,§ T 131(52b +17b,+153 485,) ,
'E(k+l) _

i+2,3 2415‘712b3+225b2+2oab6+120b5+68b +47p,)
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~(k+l)
SR 415(7121; +225b_+208b, +120b, +68b,+47b,)
~(k+1) .
ui+l,j+l = l61(52b5+17b2+1552+85 Y .
ana Yyl 5255(712b+225b_+208b_+120b, +68b +47b. ) . (4.4.28)
42,941 2415 5 3 2

Now, the $5.0.R. technique for the (k+l)th iteration of the group

of 6 points can be applied.and we have.the following formulae,

(k+1) ~{k+1) {k) (k) |
u. , = w{u, . - u, ] Y + u . . (4.4.29)
1+£1,3+£2 1+21,3+£2 1+21,J+£2 1+21,;+22
for 3=1,(2) ,m-1, i=1,(3},m~2 and 21=O,l,2,
22=0,1.
Hence, by assuming that the constants 2 4115 and -—-l'él are stored beforehand,
this scheme requires per iteration,
-%2— m2 multiplications + 2—32» m2 additions.

Once again this number of operations can be reduced, so that we

calculate u€k4,-l) ,'G(k+1) kD)

i, 42,3 i+1, 941 first from (4.4.28) then set

~(k+l) ~{k+l)
= +
3 Y4,3 Yi+1, 541

~(k+1) ~(k+1)
+
2~ %i+2,5 7 Pie1,541

r

s . {4.4.30)
Then, we calculate the remaining three points by applying the 5-point

finite difference formula. Hence we have,

~(k+l) _ ~(k+1) .

ui+l,j 0.25(u 1,9 + Sy + b2) p

a(k+1) _

ui,j+l = 0.25(b4+s3) ’ (4.4.31)
and ~(k+l)  _
_ 142,441 0.25(b6+s4) .

.The amount. of work per iteration for m2 internal mesh points

including the over-relaxation process is,

Lol m2 multiplications + 3_67 m2 additions. (4.4.32)

3




200

The 9-Point Group S.O.R. Method

For this group of points, a set of Gauss-Seidel iteration

equations similar to the .equations given in (4.2.33) can ke calculated,

' To determine the amount of work, first we calculate'~(k+l) 3 k+1)

i+1,3' %1, 941"
r
~(k+ ~ | K+
i+21;+1 and uiill;+2 then apply the 5-point flnlte dlfference formaila
r r
to the remaining five points. Hence, we have,
~lk+l) ' \
ui+1,j = 112(37b2+lls +752+5b8+s ) R
~ (k+1)
u, . ='———(37b +1ls ,+7 s5_+45b_+s_ ) ,
i,341 112 "4 5 76 10 _ (4.4.33a)
A(k+1l)
Uis2, 541 112(37b6+1156+755+5b4+s )
and,
~(k+1) -
ui+1,j+2 ~_EI§(37b8+1153+732+5b2+s Yo )
where,
o o (k+1)  (k+l) _ L (k+1) 3
by = %,-1"%01, 5 Dy = Wi -1
=, (k+1) (%) L (k+1)
Py = Bi42,3-1"%43,5 ¢ Pa T Vi1, 40 ( ((4.4.330)
_ ..(k) _(k+D) (k)
Pg = Yi43,441 Py =Wy 542™, 443
_ (k) _ (k) (k)
Pg = Uia1,5+43 29 Py T W15 543%Y503, 540 0 )
and '
§) =By +by 4+ sy =by b, sy=Db,+Dby,
S T T e N
57 = sl+sl+ 1 58 = 53+s3+s3 R s9 = s4+s4+s4
and S0 = 56+56+56 - _ ' (4.4.34)
then, we set,
~{k+1) . Alk+1) ~(k+1) ~{k+1)
. = + L =
|10 7 Yi1,5 T Y00 0 %12 T Vi, T Ve, g
_ _ a(k+1) ~{k+1) ) ) ‘ﬁJP*l) e (k1)
513 ui,j+l + ui+l,j+2 and bl4 - 1+2 341 + ui+l,j+2'(4'4'35)
Hence,
y(kH1) alk+l)
1,5 © O .25(b_+s,,), Ujyp,y = 0-25(bgts )
~lk+l) ~(k+1) _
Uiy, el - 0-250syyt8, ) o uy gy = 0-25(byt s ),
~{k+1) ._
and 142,942 = 0-25(bg¥s ) . | (4.4.36)
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Now, the (k+1)th iterates of the S,0.R. iterative scheme is given by,

(k+1)

i+£1,j+£2

~{k+1) (k)

= o(d -u (k)
i+£l,j+12 i+£l,j+g

) +u ’
i+£l.j+22

2

{4.4.37)

for i,3=1,(3),(m-2) and 21,£2=0,l,2.

So, by assuming that the constant I%E is stored beforehand, this

scheme requires,

%; m2 multiplications + %%-mz additions. (4.4.38)

The 12-Point Group S.0.R. Method

Again, for this group, a set of Gauss-Seidel iterative equations

similar to those given in (4.2.35) can be obtained. Similar to the

. . ~(k+1l)  ~(k+l) ~(k+l)  ~(k+1)
previous cases, we first calculate ui,j y ui+2,j'ui+1,j+1'ui+3,j+1'
'E(k+l) ~(k+l)

and u

i,9+2 i+2,9+2' using the l5-point formula (4.2.35), then calculate
r ¥

the remaining 6 points using the 5-point finite difference formula, so

that we have,

~(k+1) _
ui,j (413948b1+138661b2+137104b5+50408b3+44180b9+39616blo+23996b11+
18392b8+i7200b4+10597b12)/1380027 '
~(k+1) _ _ :
ui+2,j = @64E%b3+15586lb2+138661b4+90288b8+68176bll+50408b1+50213blo+
4577lb5+39616b12+23996b9)/1380027 '
~(k+l) _ -
ui+l,j+1 = (182875s1+178277b5+10868052+9028BS3+74404b8+4577154)/1380027,
~(k+1)
ui+3,j+1 = (458128b8+137104s4+9028852+4577lsl+27797b5+18392s3)/1380027,
E(k+1) = (413948b_+138661b. +137104b_+50408b__+44180b +39616b.+
i, §+2 9 10 5 11 1 2
23996b3+18392b8+17200b12+10597b4)/1380027,
and
'E(k+l) = (464356b, _ +155861b. +138661b_,.+90288b_+68176b_+
i+2,9+2 11 10 12 8 3
50408b9+502l3b2+4577lb5+39616b4+23996b1)/1380027 '

(4.4.39a)
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_(k+1) | (k+1) _(k+1)
vwhere b1 ui,j-l ui—l,j' b2 i+1,5-1 *
_ o (k+1) _(k+1) (k)
Py = By42,4-1 P N S LTI
5 i-1,3+1 At i+4,5+1 7
_ . (k+1) (k) _ (k)
by = ¥y 3, 542", 443 P10 T Yi41,943 !
_ (k) _ (k) (k)
P11 7 Yi42,443 7 1o = Y43, 543 ea, 42
= + = + ’ =
and sl b2 blO' 32 b3 bll 53 bl+b9
and 54 = b4+b16 .
Then we set,
_ ~elk+1) ~(k+l) _ ~(k+1)  ~{k+1}
S5 T 93,5 TUie1,3410 %6 T Yis2, 3743, g4 7 (4.4.40)
_ me(k+l) ~(k+l) ' _ o~ (k+l)  ~(k+1)
S % U541, 341 e, 3427 309 Sg T Vi3 54140, 442
Hence, ~({k+1l) ~(k+1)
ivl,§ o O-23(sgruy o tRy)
~ (k1) - ‘
§43,5 0.25(s.*b,) ,
= . +
Uy, qe1 © 0-23(sgtuy 4 otRg) (4.4.41)
~ (k+1} -
ui+2,j+1 = 0.25(56+s7) '
~({k+1) _ r{k+1)
Uiy, g4z T 0-23(syruy i othig)
wm{k+l)
and ui+3,j+2 = O.25(sa+b12) .

Now, by applying
iterate we have,

(k+1)

u =
i+£l,j+22

the S.0.R. iterative method to the {(k+l}th

~{k+1) {k) (k)
= wu -u, . Y4u, . . (4.4.42)
i+21,j+22 L+21,3+22 1+£l,3+£2
for j=1,(3),m-2, i=1,(4),m-3 and £1=0,1,2,3,
£2=0,1,2.

Hence, the number of operations per iteration for the m2 internal

mesh points, assuming
35

6

. 2
is m

1 .
that the constant 1386037 is stored beforehand,
multiplications + %%—mz additions. (4.4.43)
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The 16-Point Group S5.0.R. Method

For this grouping of points the Gauss-Seidel iterative methed

2
L

involves solving i€

systems of eguations, and each system consists of
17 equations similar to the equations given in (4.2.39). Again the
amount of work can be reduced by calculating 8 of the points using

the 16-point explicit formula {4.2.39). Then calculate the other 8

points by the usuval 5-point finite difference formula. Hence we first

calculate,
§(k+1) = (1987b_ +674s +2Sls.+lOls +88s +74s_+37b..) /6600
i,3 1 2 kNl il Meied T '
glkrd) +762b, +674b  +458b_+251b, 2425, +162b,  +158b,+138b, ,+
¥i.3 = (2238b, 5 4 8 1 6 15 9 14
_ 101b16+74b13)/6600.
B L (9165, 45595 +458b_+409 _+316s_+242s +158b. ) /6600
i+l,3+1 1 2 1 3 5 4 16 '
'E(k+1) = (2238b_+762b_.+674b +458b_+251b__+2425_+162b_+158b_ +
i+3,3+1 8 12 4 3 16 7 5 14
+138b9+101b1+74b13)/6600 '
20 (9238h 4762 +674b. _+458b. +251b. +2425_+162b. _+158b_+
i,9+2 9 5 13 14 1 7 12 3
138b+101b, +74b,) /6600 ,
E(k+l) = (2lés +559s +458b_ _+409s_+316s5_+242s +158b )/6600
i+2,3+2 5 3 16 2 1 4 1 !
L) L (2238b. +762b._+674b. _+458b_+251b. 42425, +162b_+
i+1,5+3 14 15 13 9 16 6 2
158b,+138b,+101b, +74b,) /6600 ,
and ~(k+1) _ i
843,543 (1987b, +6745,+251 5, +101s,+885 +74s, +37b, ) /6600 ,
(4.4.44a)
where, _ . Ak+D) (k+1) _ . (k+1}
By =8y 5oy MMio1,4 0 Py = V441,41
_ . (k+1) _ (x+1) (k)
by = Uyi0,4-1 " Dy = Y3, 4144, 5
_(k+1) (k)
Ps = i1, 401 P12 7 Yiea,542 (4.4.445)
_(k+1) (k) _ (k)
b13 B ui-l,j+3+ui,j+4 ! b14 B ui+1,j+4 !
_Ax) _ (k) {x)
Byg = Bi42, 544 7 Pi6 = Yi43,9+4 544,543
= oK b = (k1)

u
8 i+4,j+1 ' 9 7 41,342 ¢
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and 51 = b2 + b5, 52 = b3 + bg' s3 = b8 + b14 ’
= = + =
Sg T byt By Sg =By, D58, =D+ by,
and 57 = b2 + blS'
Then, we set,
_ ref{k+1) a(k+1) _ A(k+1) A (k+1)
%8 T Yi,5 ie1,5410 %9 T Yie2,37%143,341 ¢
(4.4.45)
s = mkel) ~Ak#1) - (kL) ~elied)

10 i+l 341 Ci42,9+42° S11 T Yi, 3427 %51, 543 ¢
_ omfk+1)  af{k+l) '
and $12 T Yi42,5+27 %543, 943

Hence, by applying the S5-point finite difference formula to the
remaining B points we have,

ar(k+1) E(k+l)

ol °'_25(58 + T by
"’J‘j;f; = 0.25(s, + b,) |
'ﬁik;’i)l = 0.25(s, +“ﬁf‘;i’2 + b ),
?"i]:;ﬂu = 0.25(s5 * 5,)
~i(1:-{]'-;+2 = 0.25(s), + s,) . a6
’Eﬂglga = 0.25(s), + tﬁ:f;u w2
~i],{;i)3 = 0-23(s); +b3)
and "’i’:;f)jﬁ = 0.25(s, + 'ES:IT;J{; 1) -

The (k+1l)th iterates of the S.0.R. iterative scheme are given by,

(k+1) a-(k+l) (k) (k)
. \ = wiu, . -u . ) +u , , {4.4.47)
1+21,3+2.2 1+£l,;|+£2 i+2,1,3+2.2 i+£1,3+2,2

for i,j=1,(3) ,m~3 and 21,£2=O,1,2,3.

. . z
Hence, for this scheme the average work per iteration for the m internal

mesh points, assuming that the constant 6_6% is stored beforehand, is
6m2 multiplications + 31 m2 additions. (4.4.48)

4




The 25-Point Group S.0.R. Method

Finally, in this series of groups, we consider the group of 25

points, in which the Gauss-Seidel iterative method involves solving

2
i

35 Systems of equations, each system consisint of 25 equations similar

to those given in (4.2.43)., 1In a scheme simjilar fo the previous

groups, we first calculate 13 points out of the 25 points applying

the 21-point explicit formula (4.2.433}, then;&alculatg thé :émaining 12 points

using the 5-point finite difference formula. So we first calculate,

~(k+l) .
i (31067bl+10654sl+413952+173653+904s4+81155+66056+
566s.+283b, ) /102960 ,
Y _(35866b.+12390s +4166s +4139s_ +2970s. . +1774s. +1754b
i+2,5 3 8 9 10 11 12 23
+147Osl3+811514)/102960 ,
T L (31067b +10654s. +4139s +1736s_ _+904s_ _+811s. +660s
i+4,3 5 15 16 17 18 19 20
+566s,,+283b,.) /102960 ,
S o (76 +495_+38b, +26s. 4185, +17s,+125_+11s, +6b. ) /528
i+1,5+1 1 7% 1 3 4 5 7% 25 ’
T o (76s, 4495 _+38b_+265 _+18s. +17s, +12s. +11s. +6b, )/528
i+3,3+1 15 16 5 17 %18 19 21 20 021 ’
S5 L (35866b. +12390s +4166s ;41395 +2970s__+1774s_ _+
i,5+2 11 22 23 24 25 26
1754b, ;+1470s,,+811s,,,) /102960 ,
arf{k+1)
= +
ui+2,j+2 [8(sz+ss)+6(sl+s7+315+521) 3(slo+514)]/104 .
yk+1) _ 35866b, +12390527+4166526+4139528+2970525+l774523+
i+4,4+2
1754b, | +1470s,,,+811s, ) /102960 ,
~(k+l)  _
Uie1, 443 (7652l+49519+38b2l+26518+18317+l7516+l2515+11520+6b5)/528,
~{k+1) _
V13443 (7657+4955+38b25+26s4+1853+l752+1251+1156+6b1)/528 .
B 31067b. . +10654s +4139s, +1736s__+904s_ _+81ls. _+
i,j+4 21 21 19 18 17 16

660s o+566515+283b5)/102960 '

2
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~(ktl)  _
147,444 = (35B66b, 4123905, +41665 ,+4139s ,+2970s, | +1774s,
+1754b,_+1470s_+811s. ) /102960 ,
and _ (y41) '
By 0y geq = (31067b, +106545. 441395 +1736s,+904s,+B1Ls +660s +
5665, +283b, ) /102960 , (4.4.49a)
where,
o Ak+1) | (k+1) _ k1)
By % %, 5-0%m1,5 0 P2 T Y, gar
_ (k+1) : _ {k+1)
Py = %42,4-1 7 by = 8503, 501
(k+1) {k) o {k+1)
Pg = ¥i44,3-1""45,4° P6 ° Yio1,541
(k) _ {k+1)
P10 T Yi45,441 * P11 T V1 42
_ k) _ (k+1)
P15 = Y4592 P16 T Yi1,543
_ (%) L (x+D) (k)
Pro T Bi45,943 D1 T Vi1, 4at, s
_ K _w
a2 = Vii1,445 )3 = ¥542,945
. LK) _ (k) (k)
%24 = Yi43,445 ¢ b,5 Ui4d,9+5 %145, 544 (4.4.45Db)
and, : ‘ \
sl=b2+b6, 52=b3+b11, s3=b4+b16,
Sq = Dyg ¥ Pyp ¢85 = Pyg ¥ Dogy s = b+ Db,
Sq = byg ¥ Byyr Sg=byt b, sy =Dbo 4D,
S10 =Py ¥ By v Syy TRy Dy s, =D
S13 = Py ¥ Dpyr8yy S by + by s, =Db, + by,
S16 = P3 T Py 1817 SRy t by syg=bo t b,
S19 = P11™Rp3¢ S50 =Py * byes sy = b+ b,
Sgp = Pg * Pygr 853 =Py v byys sy, =by + D,
Sgg = Pyt byy Sy =B, + Dy Sy, = byt by,
and s = h_ + b

28 5 25 °

Now, we set,
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|
_ wAk+1) ~r(k+1) _ ne(k+1l) ~Ak+1)
520 T Yi,5 "Ui+1,941 7 %30 T Vi+2,370043,341 7
Ca(k4l) ael(ktl) Cne(ktl)  ar(ktl)
S33 % Yie1, 940 a2, 5427 %32 T Yi43, 5417 Viva, 542 ¢ (4.4.50)

~{k+1)  a{k+l) ~(k+1) a(k+1)
= + =
S33 7 Yy, 942 Vi1, 5437 534 T Yie2,542 043,543 ¢

_ariktl)  ~e(k+1) . ee{k4]1) or{k+1)
= 1 o} =
35 = Yi41,5437 0542, 544 20 S3g S Ui43,3437 044,544

s
Then, the 5-Point finite difference formula is applied at each remaining,
interior point, to give,

~{k+1) ar{k+1)

ui+1,j = (3'.25(529 + ui+3,j+b2) '

~ui1:;1; = 0.25(s, + ”&i’:‘:;+b4) .

~i]f;~1~)1 = 0.25(s, + "ﬁi‘f;i;me) ,

Ei}:g;u = 0.25(s3, * 331. )

MS.:],L)J-H = 0-25(s3, +Tl$2; b v

?";}:ﬁgn = 0.25(s3) *+ S33) -

"a";j;"m = 0.25(s,, + 55,) . (4.4.51)

~il,(;alf; = 0.25(s33 + ‘Ei],{;il * by

Nuj(_i_:;%;_'_?‘ = 0.25(534 + 935) '

n‘s&:)ju = 0.25(s3, *“ﬁiﬁf;a 200

TJ;}:;%;M = 0.25(s,, +TJS:;121 +b,.)
and ﬂ‘;g;f;m = 0.25{s4¢ +T1:i(_]-:;],.;+4 MECYU

MNow, we medify the calculated points by applyinag the extrapolation

process to give the S.O.R. iterative method, i.e.,

(k+1) ~(k+1) (k) + q'®

u \ = wlu, -u . )
i+£1,3+22 1+11,j+2.2 i+£1,3+£2 i+2

L4+ (4.4.52)

1 2

for 1,3=1,(4) ,m-4 and £1,£2=0,1,2,3,4.
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o . 2,
Hence, the average work per iteration for the m internal mesh points
for this method is,

lﬂg-m2 multiplications + Elé-mg additions, : (4.4.53)

25 25
’ 1 and 1 are stored beforehand.
102960 528 104

assuming that the constants
The results for the experimental number of iterations shown in
Tables (4.3.1)-(4.3.10) can be combined with the number of operationms.

in each iteration required by each of the methods given in (4.4.3).

{4.4.7), (4.4.11), (4.4.17), (4.4.25), (4.4.32), (4.4.38), (4.4.43),
(4.4.48) and (4.4.53) to give the total number of arithmetic operations
required for a soluticn and these are recorded in Table (4.4.1la),

- L ITE R
(4.4.1b)-and (4.4.1c).

gthod Point S.0.R. l-Line S.Q.R. 2-Line S.0.R.
n™" "\ multiplication | Addition M A M A
13 78m2 195m2 75m2—25m 125m2' 90@2-45m 108m2-18m
25 l46m2 365m2 l4lm2—47m 235m2 17ém2-85m 2O4m2—34m
37 216m° Sion° |204n°-68m | 34om’ | 250m°- | 300m°-Som
49 286m° 715a% |264n°-88n | 4dom? 380m535m 396m°~66m
61 | 3sen’ 895n°  |327m°-109m | 5450 405%2(6)-2: 486n°-81m

I §
\ TABLE (4.4.1la)

e o éé?,(i 1&:{8,5’

\%‘1[)@1




ethod

2-Point Group 5.0.R.

4-Point Group S.O.R.

6-Point Group S.0.R.

2-Point Group S.0.R.

M A M A M A M A
13 82.5m2 165m2 62.5m2 l37.5m2 112m2 l48m2 79.3m2‘ l42.3m2
25 l45m2 290m2 120m2 264m2 205.3m2 271.3m2 147.3m2 264.31112
37 215m2 43Om2 175m2 385m2 303.3m2 400.8m2 222.9m2 399.9m2
49 287.5n° | 575m° 235n° | 517m° 396.7n° |524.2n° 294.7n° | 528.7n°
61 352.5m° | 705m° m 494.70°|653.7n° ( 3:;1—3;:1? m\)
p—— -\\\\‘____pfd‘_’/,/
TABLE (4.4.1b)
Jethod 12-Point Group S.0.R. l6-Point Group S.0.R. 25-Point Group S.O.R.
ot M A M A nt M A
13 122.5m2 159.25m2 114m2 147.25m2 11 88.8m2 127.8m2
25 221.7m2 288.2m2 210m2 271.25m2 26 195.4m2 281.2m2
37 326.7m2 424.71112 300m2 387.511:12 36 266.4m2 383.4m2
49 425.8m2 553.6m2 402m2 519.25m2 51 373m2 536.7m2
61 519.2m2 674.9m2 498m2 '643.25m2 61 444m2 639m2

TABLE (4.4.1¢)

60C




4,5 THE 3-SPACE DIMENSIONAL CASE
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Within the past few vears a growing desire to solve three-

dimensicnal problems,rtogether with the development of novel computer

architectures - array processors, vector machines and multiprocessors -

has rekindled interest in block iterative methods for elliptic systems.

In this section we présent an explicit 8-point group iterative

method to sclve the elliptic p.d.e. in 3-space dimensions. First,

consider the Laplace's egquation in 3-space dimensidns,

32U

2
+ ALY +

32U

sz

. ' 3
defined in the unit cube, 05x,y,2fl, with m internal mesh points.

=O'
322

(4.5.1)

We

order the mesh points in groups of 8 as shown in Figure (4.5.1).

(i-1,3+1,2+

(1,3+1,%+2)

L 4

(3,941, ¢41Y

(i,+2,2+1) !

(i+l,3+1,842)

/ (i+1,9+2,2+1)
—e (i+2,3+41,2+1)

(1,3,242) (i+1,j‘y(i+l,j+l,2+l)
r
(i'lrj12+lL 2 - (i+2,j,1+l)
(Led,tvd) 1+1,3,241)
. i
(1,-1,%+ 1(i+1,5-1,0+1) (11 4a0 2
Mi,ge2,0) (rlagez,4)
(i-l;j+H¢U '
haliaiiabcs prame (i+2,3+1,%)
I ;(1'3"”1'“ (i+1,3+1,8)
. L7 wane-n | A2 g
(=339 i35, i+1,9,83(i41, 341, 2-1)
(1,3-1,%) (i+1,3-1,8) °(i+1,5,8-1)

(iljlz-l)

FIGURE (4.5.1)
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and the groups themselves are ordered in red-black ordering, see Figure

{4.5.2}.
A
0,1,1
(0,1,1) (1,1,1)
{0,0,1) (1,0,1)
3 [ 6
2 :i%%a [ 5 e —
- [] 5 2 23~ P
I ===
12 == E61 2
/,! g = & ;EE?T—% 5 §a —
el 53 54 Z oo~
- 4 ] 1=
el e el
AR T 16
Pl 5 A8~ | 4 12 > T
4 =
L 3 38 3 _/%/
- /z ] - %_/
= f/ —
Eé’ e
] A Y] 4 atl 1
= = EEE,
k) 2 K] 34
<
(0,1,0) Y (1,1,0)
/7x
{0,0,0) (1,0,0) '

FIGURE (4.5.2)

By using the 7-point approximation scheme, the finite difference

equation at the point, (i,j,%), has the form,

+
g, 0t %%,y 4%2%, 51, 2% %, 5, 2% s 501,279, 3, 01706 1,9, 01

=by gy (4.5.2)

This can be represented diagrammatically as a stencil to be applied to

each of the internal mesh points in turn, as shown in Figure (4.5.3).
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(i,3,8+1)
Qua
6 a,
(1,341 4)

o

1

c /-1 - 0 %3

(i“lrjriq‘) j(ll‘jlg) (i+l,j,£)

%

(i'j-liz) P us

(i,j,l-l)

FIGURE (4.5.3)

The resulting coefficient matrix A then, illustrated here for a 4x4x4

mesh, has the block structure:

[ Y
R, - :RB R, R, O
I
R, ;Rz Rl 0 R,
o R, | B, O R, R,
|
A= Ro | © Rs Rz R3 (4.5.3a)
________ T = —====-
Ry Ry R O R o
| I
R, .R; O R6I Ry
1
LRS o R, R4| o R,
|
10 R, R, R | ROJ
where,
{ { 3 ( 3
lu30a|u4 Oqloo:
i ‘ !
o 1 o« o, O 0o 0 o O.' 5
0 e 1 @y : a, 0O 0 o 0]
L O |
o a i 4] 0 O o, C
R0=-5—..—.——3———|—————£ 'Rl= --.—.—1.-.-—'-—--...-
a 0 o, 0 O
o lo o o o
:o O 0 ©
:o o % o
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o )
12 1 o 0o o o: )
1
! - O a, 0 o0 ol
o I 2 3 | @
o o
| G 0 o] o] u3 I
t I
v O % o o o of
e & R S
R, =| == = = o= = =
2 = _: r Ry N o 0o o0 o
, | I
O : O _ 1% o 0 o0
| | © 0 0 a,
I
]
L ' [ c o o oJ
J
'S } \ ) \
| (o o o asl
I
| 'o 0 «a ol
O | G J O
l 0 0 0 0,
: o o0 © oI
R4= ______ ..L-.._.-.-----«'RSE ....___—-_'—-.--——-—’
a, i} ! ;o 0 0 w
O 1
@, ' :o 0 a O
_ Lo O @] ,
O % Io O 0 ©
ST I
\ . ’ ¥ \ |0 0 (0] OJ
and (0 o o ol Al
|
o o o ol
I O
0 a O O
a6 0 0 o] i :
Rg= |F—=--— R R : " (4.5.3b)
o o o o
I
o o o o o
|
|0 as O Q‘
1
L 'GG o] o] 0

This matrix has Property A(“) and is wéconsistently ordered. Hence,

the theory of block S.O.R.'is valid.
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For the derivation of the explicit group S.0.R. method for this

. E
problem, we calculate the transformed matrix A and the modified vector

E
b, where, once

again,
af = [diag{RO}]-lA ,
and EF = [diég{RO}]—¥g .

The matrix [diag{Ro}].-l is simply the diag{R;l}.

Now, to determine the inverse

of RO' assume that,

f .
R o T Dl
O r
where, D2 T J
( ) ( \ ( )
1 a3 o a6 a4 ia2
¢, 1 o O o O and o O
1 6 _ 4 2
T = ¢ P = D.,=
O o o 1 o 2
5 1 4 %
- O O
a C o 1 o : a
\ > 3 ¥, \ 4J ' 2J
If we set, p
-1, 21 1
RO = ’
le B
|2 2
then, -1 -1
c, = [, - D, °T} ©,
_ -1,..-1
c2 = [Dl 'I‘D2 Tl '
_ -1
Bl = ClTD1 .
-1
and B2 = —C2'I‘D2 .
First, we determine the matrix TDI T, which is given by,
1+ala3+a5a6 2a3 _203u6
™ 't = &L 20 Lrojogragey 20
4 . . '
2a1u5 Zug L+ala3+a536
2&5 233&5 2a3
\

Hence,

(4.5.4)

{4.5.5)

(4.5.6a)

(4.5.6b)

(4.5.7)

(4.5.8a)
(4.5.8b)
(4.5.8¢c)

(4.5.84)

2a

2ala6

20

1+ala3+asa6J

(4.5.9)
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( B 2a3 ) 2a ) 20 Tl

a, a, a, a,

i 2a1 8 ) 2a6 ) 2g e

c, = %4 %4 %y ¢ (4.5.10)
t

) Zalus _.2a5 B8 _ 2q
%4 @y %4 %4
2a5 i 2a305 ) 233 8

L a4  e, o, o, J
where, B =a.0 1.

2% T %3%3 T %% ~
1T can be cobtained by replacing o

Similarly, TD2 4 by a., in (4.5.9) and
then, [
B8 2a3 ) 2a3a6 ) 2&6 -1
®2 % %2 %2
o8 %
c, = %2 %2 % %2 (4.5.11)
¥
) 2&135 ) 2a5 8 _ 2al
o, o, ¢y a,
) 2a5 _ 2a3a5 ) 233 B
L %2 % % %2
cl can then be determined and is given by,
( ) \
G 2u3H 23306L 2a6V
o
c = _4 2alH G 2a6V 2alu6L (4.5.12)
1 X : ’
ZaImSL' 2a5V G 2alH
L2uSV 2a3a5L 2u3H . G J .
C2 is similar to Cl but instead of 73“ we will have 3% multiplied by

the (4x4) matrix. Now, we substitute the two matrices'cl and C2 in

(4.5.8c) and (4£.5.8d) respectively to obtain,

(
F a3E 2a3u6M usY

, (4.5.13)




where

and,
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4 2 2
6 + 4(ala3azu4+ula3a5u6+aza40506+a103a2a4a5a6

23 (s I 2o 94 ) 3202+02a23 o +0202u o+ o 0232
5% 11 %3%5%6 1% 3% 5% M 1% 3% 2% P %%

(Ei;
®1%5%

a uza
2

N W

-u3a o0, =0
1

4

3
1% @0 0, 0,00

-0, O a3a3—03a3
576 7173756 173

o, =0, 0. ~0 Y46 (o

47"1%3 ¥

R Ww
[P S S
LY SN

3

4

22 2
5% g0, H0 Oy HALO

o S B )
y%]

+o.a +u5a6+3a2u4+2ala2a3u4

2
3

- 3o.a

[ SRS
[ S ]

13
22 2 2
5“6 o0 +3a.0 05a6

2
- +
+20.0,a3. .0, ~100. a a0, +2a a0 0,0 0 0 0.0 + 3a1u 2% 2%

2747576 1737576 "717273°456 173

=3 242 - 3o.0a azuz + a2a2 ¢, -1
Bp040g0g™ G030, T A 030g0 7L

+ o +2(a. 0.0, 0 +0.0 0 0 ~0. 0. 0. 0, ~0. 0, -0, 0 +0 0, )+1,

2
6 1737576 27456 137274 1’3 274 56

= N

2 2
a3 - 3msa

& B

_ 2
= 0,0

= a0

NN
[ N ]

+ 2 2+ 2 2+2(a +0,.0, +o - o -0, 0.0 0 —¢.0.0. 0. )=3
B R RS i Tl Rl e R e e Rl e R Rl Sl S Bl S il el L

= q.0,40,.0, -3a

[ W]
(60 S
|21 (V]

2 2
10312 (000 g0 e Bgu,a, ~,0 0 0 HE a0 ,0, a0 )+,

[ 8]

=

|
W
N L

W

33 22 22 22
o_ -+, o +a5a -3(ala3+a2a4+a506-u o.-¢. 0,0 a )=-2{a a0 o, +x, 06 a_o

3
6 1%37%2% %% 1%2%3%47%1%3%5%
+ Y410 ' o 0 -, 0.0 z-azaza o

QB gl ) T LU0 0y0 43,0507 03 6 1%3%5%

_ 22 _22 .
Ay0, 00, ~0,0,0-0.=1 ,

2a O =00 azu
3 5

¥183%2%,47%1 %,

N N

_ .33 33 33 2 2_ 2 2_ 2 2_ _ _ -
= a2a4 ala3+u5a6+3ulu3 a2a4 a5a6 Balaa a2a4-0506 2ala2u3u4 2ula3u5a6
a2 oo )=
3

a,.a -Uzaz
1%3%%

274

+100,.0 0.0, =20, 0. 0.0,0 06, =3 (¢, o a2u2+a o a2u2—a2
2747576 17273747576 1’37274 7173’56 1

o0

2% o +1 ,

22
®2%4%5%

o N

2
o

)

2- 2 2+2( - + + o .~ a.6.0 —a.0.o0 o )=-1
B TSl Rt W Sl Bl Rt bl S Rk S S Mt Rl Sl e S

= B

22
3a2a4—a

uz+3u2u2-a o, ~a,.a, -3¢ +100. 4. .o, -2 {a. oo o
4 56 173 274 5 17273 137576

]
[FLREVS)
[« IRV

33,33 33 22 2
Glﬂ GZG4 GSG 3133 02

[+

o o )-

4
o 2
456

= N

2a o -aza
3 2

+ +a. 0,0 o }+3 (. o u2 2+u o a2a2-u
o0, 0 0+ o0 5“6 5% 5%

2747576 1727374576 173 274

2 2 22 .
ala3a2a4 -ala3u2a4)+l. (4.5.14}
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Hencg, the‘inverse of RO can.be written as,
G %3P 200 M Tag¥ taG o ZugaE 2uy006T 2a0V)
o E -F gt 2w 2oj0 ol Zugg Zajageld
20,0.M -0 Y ~F --alE';éala4a5L 2u4a5V 0,G 204 a,H
G| e U T et meegles
GZG 2a2a3H 2a2a3a6L ZGZGGV : F -a3E _23336M -GGY
2ala25 q2G' _2a2a6y 231&2&6% -ulE‘ -F -a6Y Tzulasm
2ala2a5L 2&205V: GZG 2&102H :'-ZGlmsM *asY -F -alE
Léuzusv ' 2a2a3a5L _2a2a3H u2G I —agY 42a3a5M —a4E -F
gpd (4.5.15)
ro —alF falusy Q0 alu4G 2a1a4a6v oW
o] -aiE —20t]2_(lsM 00 20li04ﬂ 2dia406L 0
0 -2aia5M --aiE 00 2a§a4a5L 2aiu4H 0
R81R1=%'0_ -a 0¥ jalF 00 20,e0V 000G 0 (4.5.161‘-/,/*”'
0 alazG ZalazaGV 00 -alF -alm6¥ o
0 Zaiazﬁ ZdiaZGGL 00 -aiE -2a§a6M 0
0 2aia2a5L ZaiuéH 0 O —ZGiaSM -aiE C
o ZaIuZaSV alazG o 0 | ;q1a5Y -alF o
For the model problem (4.5.1) and for,
| o) =e, =0y =a, =a5‘=aé = -% . (4.5.17)
the values of K,G,...,Y can be obtained now, and they are given by,
K = 1153625 , _ __59%22 JH = lg%g ,
6 6 6 :
L .—.-3£Z—- .V =&, P =-35é’25, (4.5.18)
6 6
E = -G, M= -H and Y = —G.‘

Hence,
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0. 11 4 0 O 4 2 o0
o) 4 1 o o 2 4 0
0O 11 58 © ©0 4 11 o0

R—-lR - l (o 11 4 ©0 ©O 58 11 o

o1 315 {4.5.19)

o 4 2 0 0 1 4 o

o 2 4 o0 o© 4 11 o

© 4 11 o 0 11 58 O

1

X . -1 - -1
Similarly, we can obtain RO R2,R0 R3;...,RO R6' from which the

computational molecule at the point P can be established, see Figure

(4.5.4),
2.9 ? 5 =2
315 I/C) 315
O- : 0
/1 2 P
11 & 1 315 —~
315 I c{/’ v
|
11 )
315 4
S 0 315
e é [w)
o >
P
11
o 315
58
315

FIGURE (4.5.4)

From this molecule, an explicit group Jacobi iterative method can

be derived and is given by,
(k) ‘R

(kel) 1 (k) (x) (k)
U,9,0 % 31508 Moy 5 0, 501,00, 5,0 T P i1 000,500

{k) {x) (k) (k) +u(k) +u(k)

+
FU542,9,8 01,541,070 541,010 32,0 i g, 00 YL 311 0

(k) (k) (x) (k)
141,341, 8-1""142,541,8 141, 52 £ 0441, 51,041

(k) (x) (k) (x) .
V32,4, 000 0, 5, 002 001, 341, 00T, 542,040

(k) (k) (k)
§42 941,241 501, 542, 24170041, g1, 0420
‘ (4.5.20)

(k)

i,3,p427%40

u

u(k)
i,3+1,8+2

J42 (u
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Similarly, the other seven points are found from completely
analogous expressions obtained by rotating the mesh points of Figure
(4.5.4).,

Now, to compare this group with the standard point S.0.R. iterative
method for solving the model problem (4.5.1), we shall determine the
computational complexity for each iteration from the point of view of

arithmetic operations performed pexr iteraticn.

The Point 5.0Q0.R. Method

For the solution of the problem (4.5.1), using the 7-point finite

difference formula, by the point S.0Q.R. method we have:

{k+1) ~r(k+l) (k) (k)
A ) - u) . .5.21
i,j.2 w(ultjrz ulljlk) ulrjtz ! (4.5 )
Where'-s(k+1) s oD k) (k) N ESSD)
i,3.2 i=1,3,2 04, 3-1,0" ti+l,3,00 Ud,341,8  0d, 4,01
(k} .
ui'j’£+l)/6 , (4.5.22)

represents the Gauss~Seidel solution of the problem. Therefore, if we
have m3 internal mesh points, then the total number of operations per
iteration will be:

2m multiplications + m° additions, (4.5.23)

assuming that the constant %-is stored beforehand.

The 8-Point Group S.0.R. Method

3

For this group, the Gauss-Seidel iterative method involves %r

systems of equations of the form;
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(6 -1 o -1-1. ) r~(k+l; Y b))
0 i, 3. . 1
2 61 o, a © k) b
i i+l,5,% 2
._ _ _ ar(k+1)
° 1L 6 t : O 1 ui+1,j,2+1 b3
(k+1) °
-1 0o -1 6 I -1 |9 b
_________ b e | (LR b4 (4520
-1 L6 -1 o -1] |z&tD) o |
I i, 3+1,2 5
_ O - _ ~(k+l)
1 -1 6 -1 o |uifti b,
) ‘
- N 1| [mern)
o 1 | 0 -1 & -l Ui41, 941,241 b,
' ~{k+1)
| -11-1 0 -1 & 0 541,241 ) \bg
i,j.2=1,(2),(m-1),
where
S o o Q) Oe)) (el LD ) k)
17 Yi-1,3,2 i,3-1, 2" U4,9,8-17 22 i+1,3-1,2"%142,4,0 i+l,5,8-1"
(k+1) (k) (k) (k+1) (k+1)
= = +
P3 = 954, 5-1, 001 42, 9, ar1™ 41,5, 0420 Pa T Viy g, 0400, 901,040
(k)
Y1342
_ . {k+1) (k) {k+l) - (k) (k)
Py = 51,541,270, 542, 2%%, 391, 2-1 P6 = Uiz J3+1,2 441, 542,0
(k+1)
i+l,5+1,8-1 ¢
_ (k) (k) (k)
Py = 842,341,040 0001, 542, 241 001, 41, nan 020G
_ . (ktl) {k) {k)
Pg = Ui, 41,0017, 5e2, 00100, 41, 242 (4.5.25)
Now, if we set,
sl = b2 + b4 ' Sy = bl + b3 ' Sy ='b6 + b8 '
s4 = b5 + b7 ' 8¢ = b5 + sl R s6 = b6 + 52 R (2.5.26)
s7 = b7 1 58 = bS + 52 ' 59 = bl + 53 P
810 =Py * S5+ 5); =bytsyands, =b, +5s, .

Then, we have the Gauss~Seidel solution given by,

~(k+l)
i eJel

M{k+l)

315(58bl+1155+4s 1+2b ) I

= ———(58b + lls,.+4s +2b8) .

“i41,3,8 T 3150002 6" *512
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~JF.}-:IJ,'3];2+1 315‘5ab *lls, +sg2bg)
ﬂﬁi}:;ﬁu = 315‘581’ *iisgraso*2hg)
~:i(.]f;i;.,2, =-315(5813 Hlsgtisytaby)
~iEIT;+1,L = 3%3(58b6+11910+455+2b4) ' (4.5.27)
f:{ﬁgﬂ,ul 315(581’7*115‘1*455*21” '
" Ej(.}f;-]t::)l.,£+l 315‘5% tiis ptasgraby)

By the application of the over-relaxation technique, we have the

following formula,

(k+1) ' _ mﬁf(k+l) _ . (k) : )+u(k)
:i.+nl‘,j-t-n2 ,R.+n3 i+nl,j+n2 ,Jz,+n3 :i.+n1,j+n2 ,jz,+n3 i+n1,j+n2 L +n3

for i,3,2=1,(2),n~1 andg n,.n =0,1, (4.5.28)

273
Hence, for m3 internal mesh points, the amount of work required per

is stored beforehand, is given

1
iteration assuming that the constant 315

by, 3 17 3 '
5m™ multiplications + 5 M additions , : (4.5.29)

~4k+l) ~(k+1)
Further sav1ngs in work can be made by solving u 5,8 ui+l,j 241’

o (K+1) w (k+1)
ui+1,j+l,2 and u 1,941,241 first using equation (4.5.27), then calculating

the other four points by applying the 7-point finite difference formula.

So, by setting,
~(k+1) ~({k+1)

®13 7 %4,4,0 Ui, g0 -
(4.5.30)
and s _ -ﬁ'(k+l) + ﬂﬁ(k+l) ,

14 i+l,3+1,% i,j+1,8+41

then, we have,

~(k+1} " ~{k+1)
i41,3,0 = 513M540, 541,0%020 76
aiktl) A1) '
£,9,041 ° S13"Y3 3e1,0417P02/6 (4.5.31)
~lkHl) (s14+u;kf1; +b.)/6
1,5+41,2 I
~({k+1) _ 4 ~{k+1)
and M1, 901,001~ S14%04a0, 5, 001D /6
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so the amount of work per iteration for this method including the over

relaxation process, assuming that the constant~% is stored beforehand,

is, . i
% m multiplications + %f-ma additions , (4.5.32)

Experimental Results

We present here some numerical experiments for the point and the
8-point group S.0.R. iterative method in 3—space.aimensions, for solving

Laplace's equation (4.5.1) in the unit cibe subject to the boundary

conditions,

‘ U(,y,2) = U(L,y,z) =0, S
U{x,0,2) = U{x,1,z2) = sinvx.sinmz , OSx,ésl © {4.5.33)
U(x,y,0) = U(x,y,1) = . 7

o, Osx%,ysl

A red-black ordering of the points of the'mésh and also of the
groups has been used. .Since the theory ¢f block S.0.R. is wvalid, the
opfimum relaxation factor, W, can be calculated using the formula,

0, = ———ee _ (4.5.34)

b ’
' 1+J1-{p(J)}2

where p{J} is the spectral radius of the Jacobi scheme and according to

equation (4.3.4), the spectral radius for the 8-point group Jaccbhi
scheme can be calculated using the formula,

p(JB-point) Sl-7h , ' (4.5.35)

while for the point Jacobi methed it is given by,

p( ) =‘%(cosihn+cosjhﬁ+coszhn)

J
point

¢os hr. ‘ (4.5.36)
The convergence test used in the numerical experiment was the average
test (see condition (4.3.5)), and e=5X10-5. The experimental values of
w are determined to within #0Q.00l. Different mesh sizes were used to

produce the (6x6x%6),(12x12x12), (16x16x16),(22x22%x22) ,(26%26%x26) , (32x32x32)

and (36x36x36) networks.




-1 W, No. of
h p(B) iterations
Theory Experiment (k}

5 0.80%017 1.26 1.254-1.27 11
11 0.959493 1.56 1.548-1.572 24
15 ©.978148 1.656 1.646-1.658 32
21 0.988831 1.74 1.726-1.741 45
25 0.9921147 1.777 1.766-1.774 53
31 0.9948693 1.816 1.802-1.812 66
35 0.9959743 1.835 1.822-1.832 74

TABLE (4.5.1l): Point S.O.R.
" No. of
h-l o (B) b itefifions
Theory Experiment

5 0.6052158 1.114 1.158-1.179 7
11 0.918433 1.433 1.458 14
15 0.9561351 1.547 1.56~1.566 19
21 0.9776199 1.652 1.662-1.668 26
25 0.9842086 1.70 1.705-1.711 31
31 0.9897299 1.75 l.7é9—1.761 37
35 0.99192432 1.775 1.78-1.787 42

Hence, the result for the experimental number of iterations shown iz

TABLE (4.5.2): 8-Point Group S.0.R.
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Tables (4.5.1} and (4.5.2) can be combined with the number of operations

in each iteration reguired by the two methods to give the total number

of arithmetic operations required for a solution and these are recorded

in Table (4.5.3).




Method
Point S.0.R. 8-Point Group 8.0.R.
Rt M A M a
5 220> | 770° 24.50° | 57.750°
1 48m° | 168m° 49n° | 115.50°
15 64m° | 224w 66.5m° | 156.75m°
21 oom” | 315m° olm> | 214.50°
25 106m° | 3710° 108.5m° | 255.75m°
31 1320° | 4620° 129.5a° | 305.25m°
35 148m° | 518m° 1470° | 346.50°

Again, the logarithm of the minimum number of iterations was

TABLE (4.5.3)
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plotted against log(h_l), where h the mesh size, the graphs which are

shown in Pigure (4.5.5) reveal that the plots for the two methods were

straight lines with slope of unity thus supporting the S.0.R. theory,




Number of Iterations (k)

100]

L 1

)
1

L 1 L 1

Legend
A Point S.0.R.

O 8-Point Grp. S.0.R.

L) L] T | N B I BN I | T LI T | = [ e = = |

10 =1 100

Figure (4.5.5)
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4.6 CONCLUDLING REMARKS

The numerical experiments carried out on the solution of the model
prob%em of elliptié partial differential equations using the standard
point and block S.0.R. methods (the 1-line and 2-line S.O.R.) and also
by implementing the novel apprecach of using a group of points of fixed
size, i.e., the 2-point group, 4-point group, eté., lead to the
following remarks on the theoretical and computational efficiency of
the above methods.

From the fact that the 2-line S5.0.R. method has a greater rate of

convergence. than.the. point_and the l-line $.0.R. methods together with
the result given in Tables (4.3.11) and (4.3.12a) igg;ggﬁes_that_the-ln

line S.0.R. algorithm is the most efficient within this clasadni

algor;;hmal

On the subject of éhe novel §roup iterative methods we are faced
with a wider set of alternatives depending upon the number of the points
cﬁosen to form a group. This at the same time makes it more difficult
to make the final decision of selecting the grouping which will result
in the least amount of computational work, miq;mum_coﬁplgg;;z, cost_and -

highest programming flexibility.

However, our analysis of the group iterative methods indicate

that theﬁi&iénd#2§£§diﬁ£kéfoﬁgigg of the mesh points are more efficient

than any othex alternative grouping in this_class of algorithms, One
of the main reasons behind the above fact is the inherent symmetry which
the 4,9 and 25-point group produce which enables more efficient
manipulation of the algorithm by reducing the multiplicative ope;ations

required to solve the problem.

Further, it can be noted from Table (4.3.11), where the execution times

for each method are recorded, then the 9-point group method appears to pgj

the most efficient.
=

e e e e
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Finally comparing the above two alternative classes of algorithms,
(i.e. block and group S.0.R. iterative methods) for solving p.d.e.'s
of elliptic type, a comparative discussion can be given as follows,

the group iterative method is simpler to program than the classic
T — e e—— —a —— ———

block methods and_it_requires_less storage|,_ whereas the usual methods

use large arrays in solving the line block of equations.

For the solution of the elliptic p.d.e. in 3-space dimensions,
from the results given in Tables (4.5.1) and (4.5.2) together with the
result shown in Table (4.5,.3), we can indicate that the 8-point group

S.0.R. iterative method is more efficient than the point S.0.R.

iterative method in 3-space dimensions.




CHAPTER 5

THE IMPLICIT BLOCK-EXPLICIT BLOCK

ITERATIVE METHODS
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5.1 INTRODUCTION

This chaptér presents a new implicit block, explicit block (IBEB)
composite iterative technique for the solution of Laplace's equation in
the unit square. The two methods are presented for the 2-point, l-line

and the 4-point, 2-line groupings.

The technique used is that of solving the 2X1 point block (or the
2x2 point block) explicitly and then group thg new explicit point
equations along a single line (or 2 lines) aﬁd solve implicitly using
line algorithms. The two methods are introduced in Sections (5.2) and

(5.3), the numerical experiments are carried out and the results given

in Section (5.5).




229

5.2 THE 2-POINT, 1-LINE ITERATIVE METHOD

Consider the linear system (3.11.1) defined in the unit square Og¢x,y$l
with m2 internal mesh points in the region shown in Fig. (4.2.1). By
using the techniques of section (4.2.1) and by applying eguation (4.2.1)

to the points {i,3) and (i+l,3) of Fig. (5.2.1),

—x
i-lrj
I

FIGURE 5.2.1

we obtain the ~(k+1)th iterates of the Gauss-Seidel iterative scheme

which is defined by

alkl) _ 1, e(k+l)  ~(k+1) (k) (k) 2_(k) \
Y, °© as( BgY4, 3-1" %11, 7%, 5417 %2%3 041, 341 %3 %42, 5
+ ?Jw(k'l'l)
®3%%+1,5-1" * {
andﬁ(kﬂ.) - —l-(-a u(k) - ey - ~(k+1) to.a ?;(k+l)+a2ar(k+l)+
41,3 T g 2044l 341703N42,3 704 1, 517010 s, -1 N 5
(k) /
+u1u2ui'j+l) ’ (5.2.1)

where a5=l-ala3.

Wow, by applying the extrapolation process, the /\(k+1)L'n iterates
of the group S.0.R. iterative scheme can be obtained and is given by,

Alkel)  _ w(k+l) (k) (k)
ui,j = ml( ) o+

A {k+l)

r

u 1 u, .
1,3 4,3 i3 (5.2.2)

G _ ) ()

r

i+1,3 Y1'Mi41,37 041,57 M4,




where @, is the first relaxation factor. By substituting the equivalence

1
of E(k":]') and '1‘1'.(k+1). from equation (5.2.1) in equation {5.2.2), we have
i,3 i+l,j
o
1 (k1) e (k+1) ~k+1), *5 a(k+l) 2 (k) k) ]
a5[°‘4ui,j—-1'°‘3°°4ui+1,j—1+ (@95 1,5" ] M43 U3%ie2,37 2%, 50
(k) A (x)
“2“3ui+1,j+1] = (wl | Lug 5o
and o
1 a(kel) ~(k#l) L 2a(k+l) | O5 a(k+D) (x) (%)
as[ 03005 e g, 41t 0 Y w 91,542, 5 %1%, 50t
(k) P N ¢ 3
U, 41 T (wl D,y - (5.2.3)

Now, from a columwise ordering, we group the points 1,2;3,4;..;m-1,m
along the lst column of the grid, m+l,m+2;...;2m-1,2m along the 2nd column

etc. as shown in Fig. (5.2.2), where m is even.
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[
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FIGURE 5.2.2

Hence, the resulting coefficient matrix is block tridiagonal where
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each diagonal submatrix is a guindiagonal matrix, and the system can be

written as,

Cane - m
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and
o0 e, : ! ]
271 27371 : [
|
)
Sty S o
R A Y _
1 22%1 '“2“3“’1[
|
R, =l__ _ _ _ _ _ ‘,'31“_2‘“; i | (5.2.5¢)
2 R s |
I NN N
| [N NN |
r NN
______ _.._._..l__>_\'__ - —
I
I 2% Ty
: |
| |
| , | 1%2% %21 |
th

and Hr (l<r<m) is the column partitioned vector of the values on the r

line of the grid points.

= ==

For the model problem (3.2.1) and a square grid, a1=a2=a3 4 %’- ’

equations (5.2.3) can now be written as, .

~a(k+l) ~(k+1) ~ (k+1} _ 15 a(k+l) (k) (k) (k)
wl[4ui,j-l+ui+l,j—1+(4ui—1,j ™ ui,j +ui+2,j)+4ui,j+1+ui+l,j+l

- gy (KD

= 15(1“&1)ui'j » ]

rk+l) | r(k#]) | ~lkel) | 15 A(kel) ., (K)
LTI I R LV IR R G wy Vi1, 32,3

i} ¢ 3 ,
= 15(1 wl)ui+l,j . (572.6)

(k) (k)

+
i,9+174% 41, 3411

)+u

The matrix A will have the same block structure as given in (5.2.4) with

s 0 :-wl e} :

(5.2.7a)
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-4m1 -, : . !
| I
= —4(0' i
_i__JL““__ﬂ-_{D.,___
:—4(1)1 -wll .
j i
- =4
R =R =|m— - L b (5.2.7b)
1 2 ( I '
AN
! NI
PN
[ ) L T
| . “1 1
i -
_ j : '-ml 4wl

Now, the system (5.2.4) can be solved in a similar way as the line

iterative method. First, subsystems of eguations of the form,

~(k+l) A (k+1) (k)Y _
R].-gr-l +R'Ogr * Rzgr+1 _'Er ! ' (5.2.8)
Alk+l) |
have to be solved to evaluate Rogr « then by applying the algorithm
N
given in Section (3.11) for solving a quindiagonal system,.gék+l) now can
be determined by solving
Alk+1
Rogi ) = Tr . (say) , lfr<m, {(5.2.9)

and by applying the extrapoclation process once again, we have,

H£k+1) FAL) Yy | gtk , (5.2.10)

- uj2(22: -r -x

to obtain the final solution.
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5.3 THE 4-POINT, 2-LINE ITERATIVE METHOD

Similar to the 2-point, l-line iterative method, we now present the
4-point, 2-line iterative method. Consider the linear system (3.11.1)
defined in the unit square 0<x,y<l with m2 intemal mesh points. We order

the peints in groups of 4 as shown in Fig. (5.3.1).

i+2,3 |i+2,7+)
— %

i+1,3-1}1+1,5 :E.+l,j+::| 141,542

¥ -C} /

Y
s

i,j+1 i,j+2
N
4

Fa'

FIGURE 5.3.1

By applying equation (4.2.1) to the points (i,j), (i,3+l), (i+l,j) and
(i+l,j+1l) in turn, we obtain theN(k+1)th iterates of the Gauss-Seidel

iterative scheme and is given by,

14

(k1) | L a(k+l)  ~{k+l) _ adke41) (k)
Bi,5 0 Ta sty 5% Yy, 4o % (T Yy a1 0% ge)
(k) __ ~lic+l) (k) (k)
ta, (- aus . 4u1+l 3= 1)+2a2u ( U 542 a3ul+2 J+l)]'
aclicrl) 1 arlk+l) ~(k+l) ~m(ktl) (k)
= — { = - -
Uil T Il M, 47 s, - P Y g e TR s TR0
(k) n{k+l) (k) {x)
(-ouy 0,57 % % a1, §-10 T30 (70800, 5427 %3% 42, 9410 ) 7
SO Lo D alkel) o k) O NN

141,35 © @ %%7 N1, 7%, 510 T4 %
(k) ~{k+1)

1 i—l j+1 i i, j+2 5

(k) (x)

(~a.u, Y+o, o, (ot u 11 .,

3%142,5 %141, 5-1" T%2% %2 141, 3427 %3 42, 342
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(k1) 1 Alle#l) | k1) A1) (k)
Uier,ge1 =@ P20 07000y 5T 50 P00 0y 5%, 542
(k) as(k+1) (k) (k)
tagog (agug o =g 5 s (00 e 342, 441 ]
(5.3.1)
- 2
where d = (a6+1) +20t5-l, us = 1-(12(:4-0110;3 a6 = a2a4-ala3 -1,
and 4. = o a0, 0 . (5.3.2)

7 13 24
- t
Hence, by applying the group $.0.R. iterative method to the ~.(k+l) h
iterate and re-arranging the terms of equation (5.3.1) we have,

~(k+1) ~(k+1)

d[ a%s (}f;l)1+“3°‘4°‘7~;{t}:1{) 17 @88, 47 1% %%, g0 Y m_dl'au,(;l)
ey, 5T 510 R e 203 ge) T D
c11[ 5 6?‘4k+1)+2“3“i§i(]:ifg-1+ (“1“4"6““flf;mlas?"i“_{;j;u* qu' Gilf;i)l *
é“i%“f:)z,j*“s“?“iﬂ,3+1) & c‘5“”f)+2+°‘2 3%7 i]:)l,yz] = (ZuL “”“fﬂm'
o S eSO o 2 00,
305U i}:)z 3+“2°‘3°‘6“i+; 341) +2a “2“0,() +2+°‘2°‘6 S:)l,yz} = (Jll'l)“i]:)l,j'
énd
T T I L O
3“4“6“;;,3"“3“5“.-{}:;,j+1’+°‘ “2“7“5?:)4,2* 2%3 i+i,3+2]
- ‘EII -l)uj(.]ii)l.,jﬂ , (5.3.3)

where wy is the first relaxation factor.

Then, we proceed further by grouping the points 1,2,3,4;5,6,7,8;
2m-3,2m-2,2m-1,2m along the lst and 2nd columms of the grid, 2m+1,2m+2,
2m+3, 2m+4;...;4m-34Am-2,4m-1,4m along the 3rd and 4th columns, etc.,

gimilar to the 2-line iterative method, see Fig.(5.3.2).
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The resulting coefficient matrix A is of order m2 and has the block
~
\
where the submatrices RO'RI'RZ are square matrices of order 2m and possess

the following form,

(C,0)




(5.3.5a)

r




B T T T " i U

Hence, the system,

[=}

|4}

B

,{5.3.5b)

(5.3.5¢)
&)
o
o)
o
{5.3.6)
(5.3.7)

in a similar manner to that of solving the system (5.2.4)

can be solved
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in which the subsystems'of equations of the form given in (5.2.8), in

~ this case l<r<2, have to be solved to determine R U(k+1), then for the
A (k+
evaluation of U(k 1) we solve,
A(k+1) - <yl
Tr (say), lsxg 5 . {(5.3.8)

by applying the Block Gauss Jordan algorlthm which will be presented in
Section (5.4) for solving systems of equations involving block tridiagonal
matrices. Then, by applying the extrapolation process the final solution

is cobtained as,

glk+l)

U(k+1) (k)
b 4 —r

,@ ) +u Y. (5.3.9)

For the model problem (3.2.1) and a square grid, al-uz—u3=a4—v i, the

equations given in (5.3.3) can now be written asg,

o, [OELY e (ke 1) A (kD) on(k+l) | 24 A(k+D) . (k) (k)
17y, 1 B, 5 Py 3P gn T ) Y,y P02, 5, 50 )
k) . (k) _ (k)
2ui,j+2+ui+1,j+2] = 24(1 wl)ui,j '
L w(kel) (kD) ar(k+l) _n(k+l) 24 alk+l) (k) (k)
L N L wy Ui,30 2,57 Ui42,5400
(k) (k) {k)
7ui,j+2+2 i+1 j+2] 24 (1w )u L
~r(k+1) | ~lk+1) n(k+l) a(k+1) 24 (k1) (k) (k)
gt R SRS L B T e I O o "i+1,3 42,3 Yis2, 441"
(k) (k) (k)
1,542V %8500 gapt T 20D 5
and
e fg(k+1)+ ~{k+1) +(N(k+1)_+21~1'(1.:+1) 24 4kd) L (KD (k) )+

1095, 50 20, -1 M1 5729500, 5417 @, B, 3412040, 5Y %42, 540

1

(k) +7u(k) ] = 24(1-w )u(k)

zui,j+2 i+1,§+2 i+l,9+1 °

(5.3.10)

For this problem, the coefficient matrix A has the same block structure

as that given in (5.3.4), with,
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(5.3.11c)




5.4 BASIC ALGORITHMS FOR SOLVING BLOCK TRIDIAGONAL SYSTEMS OF
EQUATIONS
Algorithm 1
Gauss Jordan process for block tridiagonal matrices
Consider the set of equations
RO =1, (5.4.1)
where the matrix RO is in block tridiagonal form, i.e.,
B G L] L2}
By By G O 5% 2
Y ~ ~N =
NN : : (5.4.2)
» \\ \\ | 1
N AR | !
OO N u' '
O \\ \\ n"l '_n"'l ‘_n.-l
~ ~
A B U T
L a n_| |on [—n ]

Ai,Bi,Ci are each submatrices, l<ifn.

Multiply the first block of eguations by B 1

I Gl
A2 B2 C2
A, By c3\ C
~ ~
~ ~ ™~
N ~ \\
\\ ~ ~
~ ~ \\
O \\ \\\ \\
~ ~
An-1 "Baa
A
| n
vhere, -1 -
Gl = Bl Cl ' Hl = Bl

1l
E& '’

is nonsingular)

)

5

(5.4.3)

|
t
{
1
|
|
1
|
]
|
T
:n

-

adding, -A2 times the first block of equations (5.4.3) to the second block

of eguations yields,
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I & EA 5
(B)=R,G)) € Y, Iy-AH,
A2y B3 €3 o L I
h N 1
> N N !
N AN N | " :
A ~ hY | i
~ N N
\\ N ~ | ]
| |
C An-l Bn—l cn-l i 1
: - A B U T
- - -~ "n "n | |&=l L4
1

Then multiplying the second block of equations of (5.4.3) by (Bz-AzGl)-

{(assuming that (Bz—AzGl) is non-singular) yields the system,

v

BN | 5 55
TG o Y 5
A, B, C U T
3°3 T3~ =3 _ =3
IR o= (5.4.5)
"\.\ ‘\\ ..,_\ 1 ‘
-~ ~
C Aa-1 Baar Ga- | :
A B U s T
I n b 11 -n
where:— - o T ‘
G, = (B.-A.G.) ‘¢ ©H, = (B.-A.G.) T(T.-A.H.)
2 Y2271 2’ =2 0 Y22yt =atam
Consequently,
-1 - |
Gi = (Bi_AiGi—l) Ci ' i=2,3,...,n-1 . {(5.4.6)
-1 . :
Ei = (Bi—AiGi_l) (TihAigi-l) y 1=2,3,...,n (5'4f7)
and for i=2,3,...,n
ik | ot
He s = Byt D ( ;D;Gj)gi,o , k=i-1,i-2,...,1
(B o~ H) - (5.4.8)

Hence, after (n~l) applicationé of the above process, the original

system is replaced by,




I Y 2 on-1
I H
—2 =2,n-2
e ; &
I )
N I S
\ = (5.4.9)
\ 1 ! _
N U' H !
O N . “n-1 "~ ®n-1,1
NI 9] B
The solution vector can then be obtained and is given by,
Ei = Ei,n-i ¢ i1=1l,...,n. _ {5.4.10)

Algorithm 2

Block form of Gaussian Elimination Algorithm

Consider the system (5.4.2), where the coefficient matrix is in block
tridiagonal form and the vectors U and T are partitioned relative to the

- coefficient matrix, then putting,

-1 -1 .
Gl = Bl C1 . Gi = (Bi-AiGi_l) Ci y i=2,3,...,n-1
-1 -1, g
R TS By = BymAyGy ) TmAE ) 12,3,

(5.4.11)

(assuming that Bl and (Bi-AiGi_l), i=2,3,...,n, are non-singular).

The solution can then be obtained by the back substitution process so

that
U =&, (5.4.12)
and y, = Ei-GiEi+l » i=n-l,n-2,...,1.

Algorithm 3

Partitioning Method (Block Decomposition)

Consider the set of equations

Rog= T, » {(5.4.13)

where Ro is a block tridiagonal matrix of the form given in (5.4.2), in

this method, the matrix RO is partitioned into four submatrices by the schene,
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R = : (5.4.14)

. where D. and D, are square submatrices of order p and q, p+g=n, and b

1 2 17P2

are non-singular, B, and B2 are submatrices of dimensions gxp and pxq,

1
respectively.
The inverse of RO may be similarly partitioned as
Xy Ly
R = (5.4.15)
0 -_— L - L3
“ Ll K2
. . -1
We wish to find Kl’Kz'Ll and L2 in terms of Dl'D2'Bl and B2. From ROR0 =T,
we have, '
D1K1 + BZLl =1,
Dyly * ByKy =0 (5.4.16)
BlKl + D2Ll =0,
BlL2 + D2K2 =T .

The best formulation of this solution is the one involving the

minimim number of matrix inversions, and hence the solution procedure is:

{i) Cocmpute D

l r
ii) ¢ te W = D, -(B D-l)B
(ii) ompute = D,-{B,D,.)B, ,
(11i) Then K, = Wl
-1
L, = -K2(131D1 o
-1
L, = ~(D; B,)K, ,
-1 -1
K, =D, - (D 'BL, .

Hence, the system (5.4.13) may be solved as

{(5.4.17)

{see Faddeev and Faddeeva [1963], pp.l6l).
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The application of the procédure given in Rlgorithm 3 can be

simplified if the two submatrices Dl and D2 of the matrix RO given in

(5.4.14) are diagonal submatrices, since the first step in thé procedure

-

required the determination of Dl which is straightforward in this case.

Thié can be achieved by ordering the groups of four points within the
blocks of the 2-lines in Red-Black ordering. Hence, the resulting
coefficient matrix A is of order mz_and has the same block structure given
in (5.3.4), and for the model problém, the submatricés R, and R, are the

1 2

same ag those given in (5.3.11lb} and (5.3.11lc), but the submatrix Ro is

given by,
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5.5 EXPERIMENTAL RESULTS

Numerical results are presented here for the two methods described
earlier in this chapter for solving Laplace's equation (4.3.1) in the unit
square subject to the boundary condition (4.3.2). In order to compare
the new methods with the well known point, line and 2-line S.0.R. methocds
which were described in Chapter 4, we used the éame convergence test,

i.e. the average test (4.3.5) with E=10-7.

Concerning the experiments carried out and the results obtained for
solving the model problem by the two IBEB methods, we will give more
attention to the second method, i.e., the 4-point, 2-line IBEB iterative
method, since it is more convergent than the 2-point, l-line, IBEB method.
However considering the 2~point, l-line IBEB iterative method, we know

from the discussion given in Section (5.2) that w, is related to the

1

explicit 2-point group overrelaxation scheme given by equation (5.2.6)
and since W, is the parameter related to the l-line block iterative scheme,

then one expects that when wl=1, the corresponding optimum value of W,y is

the same as wb for the 1l-line 5.0.R. iterative method (see Table (4.3.2)),

this is ratified by the results shown in Table (5.5.1).

For the 4-point, 2-line IBEB iterative method and from the analysis

-

given in Section (5.3), the parameter w, is related to the explicit 4-

1

point group overrelaxation scheme given by equation (5.3.10) which has a
spectral radius given by (4.3.4), since from the theory given in sub-
section {4.2.2) we know that the coefficient mztrix resulting from this

(r)

grouping has Property A and is n-consistently ordered, then the theory

of block S.0.R. is valid and can be used to predict Wy . However, from

the results obtained to solve the model problem (4.3.1) by this method




vhich are given in Tables (5.5.2)-{5.5.5) we can make the following

hypothesis for the determination of the optimum value of the parameter

La 4
ml'ml (say).

Hypothesis (5.5.1)

The optimum value of Wy (31) is given by the following formulae,

®, = 2 , (5.5.1)

1 2
1+k1/1- o, )]

where p(J4pt) is the spectral radius of the 4-point group Jacobi scheme
and kl is a scaling parameter that has been inserted and equals

approximately YZ.

The parameter mz'is related to the 2-line block iterative scheme
and from the experimental results recorded in Tables (5.5.2)-(5.5.5), the
optimum value of-wz, 3; (say}, can be determined and from the results the

following hypothesis can be made.

Hypothesis (5.5.2)

The relation which combines the two optimum parameters 31 and B;

is given by, ~
Wy = 2-wl . {(5.5.2)

Further extensive investigations will be necessary to confirm

whether the above two hypotheses are valid over a wider range of problems.

Hence, we can state that this composite method is an S.0.R. method
with a convergence rate superior to the well known point, line and 2-line
S.0.R. iterative methods as shown in Pigure {5.5.l), where log(k) was
plotted against log(h-l) with k the minimum number of iterations and h

the mesh size for each method. The data for the point, line and 2-line
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S.0.R. iterative methods were taken from Tables (4.3.1),(4.3.2) and

(4.3.3) respectively.

The graphs of lcg(h_l) versus ., and @

1 , are shown in Figure (5.5.2).

All the results were obtained using the "ICL 1904S computer"at Loughborough
University and the "ICL 19048/CDC 7600" joint computer system at Manchester

University using the "MIDNET" link.

h*l Range of values of Wy and w, . Numb?r of
w0y W,y iterations (k)

13 1.0 1.0 126
1.0 . 1.509-1.514 25
1.02 1.466-1.472 "
1.04 1.423-1.43 "
1:06 1.38271.39 "

25 1.0 1.0 426
1.0 1.704-1.71 47
1.02 1.653-1.661 "
1.04 1.605-1.613 "
l:O6 1'559?1'566 "

37 l.0 1.789-1.791 _ 68
l.02 1.736-1.739 "
1.04 1.686-1.689 "
1:06 l.§39 67

49 1.0 1.836-1.837 g8
1.02 1.782 "
l.04 1.731 "
1:06 1.681 oo

TABLE 5.5.1: The 2-peoint, 1-line IBEB iterative method
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Range of Values of ml and m2 .
91 “2
1.0 1.0 68
1.0 1.384-1.386 18
1.04 1.283-1.286 18
1.06 1.236-1.239 18
1.1 1.146-1.149 ‘18
1.14 1.064 17
1.35. 0.712-0.713 17
1.37 0.685-0.687 17
1.38 0.672 16
1.39 0.66 16
1.4 0.647-0.648 16
1.41 0.635 15
1.413 0.632 15
1.415 0.629 15
1.416 0.628 15
1.417 0.627 "
1.418 0.626 "
1.419 0.625 "
1.42 0.624 "
1.422 0.622 "
1.425 0.618-0.619 16
1.43 0.61-0.615 17
1.44 0.6-0.602 17
1.45 0.585-0.598 18
1.46 0.575-0.585 18

TABLE 5.5.2: The 4-point, 2-line IBEB method (h"*=13)




Range of values of 0y and Wy
wl ﬂ!2
1.0 1.0 226
0.96 1.727-1.732 40
1.0 1.608-1.611 34
1.02 1.547-1.549 33
1.04 1.488 32
1.06 1.431 32
1.1 1.322 31
1.14 1.221 31
1.18 1.126-1.127 32
1.26 0.956 31
1.34 0.806 31
1.42° 0.673 31
1.5 0.555 30
1.61 0.414 28
1.615 0.408 27
1.616 0.407 "
1.617 0.406 "
1.618 0.405 "
1.619 0.404 "
1.62 0.403 "
1.621 0.402 "
1.622 0.4 "
1.623 0.399 27
1.624 0.398 28
1.625 0.397 29
1.63 0.391-0.392 30
1.66 0.357~0.36 32
1.7 " 0.316 34
1.72 0.293-0.298 38

TABLE 5.5.3: The 4-point, 2-line IBEB method (h-l=25)




Range of Values of mi and w, .
“1 “2
1.0 1.714-1.716 * 50
1.02 1.649 47
1.04 1.585 46
l1.06 1.523 46
1.1 1.406~1.407 46
1.14 1.298 45
1.18 1.196-1.199 46
1.26 1:013 45
1:56 0:497 45
1.62 0.413 43
1.68 0.339 43
1.7 0.316 42
1.715 0.29% 40
1.716 0.297-0.298 40
1.717 0.296 38
1.718 0.295 38
1.719 0.294 39
1.72 0.293 39
1.721 0.292 39
1.722 0.291 40
1.73 0.282 43
1.74 0.271-0.272 45
1.76 0:25 46

TABLE 5.5.4: The 4-point, 2-line IBEB method (h_1=37)
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Range of Values of ml and w2 .
“y )
1.0 1.774-1.777 66
1.02 1.708 61
1.04 1.641 61
1.06 1.577 60
1.1 1.456 60
1.14 1.343 59
1.18 1.237-1.238 60
1.75 0.262 56
1.76 0.25 52
1.768 0.241-0.242 | 53
1.769 0.24 50
1.77 0.239 50
1.771 0.238 51
1.772 0.237 52
1.775 0.234 52
1.777 0.231 55
1.779 0.229 51
1.78 0.228 49
1.781 0.227 51
1.782 0.226 53
1.785 0.223 56
1.79 0.217 . 56
1.8 0.207 58

TABLE 5.5.5: The 4~-point, 2-line, IBEB method (h_1=49)




nt > g X

woo w, p
13 1.422 0.622 15 | 0.169536
25 1.621 0.402 27 | o.361351
37 | 1.78 0.295 38 0.587773
49 1.78 0.228 49 0.661283

TABLE 5.5.6: Optimum values of the spectral radius of the 4-point,

Z2=-line IBEB method

Optimum Parameter ('u\:’) Optimum Parameter (t?)' )
h—l 1 2 x
Predicted Experiment Predicted Experiment
13 1.355 1.41-1,422 0.645 0.629-0.622 | 15
25 l.6 1.615-1.623 | 0.4 0.408-0.399 | 27
37 1.71 1.71721.718 | 0.29 0.29680.295 | 38
49 1.773 1.78 0.227 0.228 49

TABLE 5.5.7: The range of values of the two optimum parameters udl'l

~

and m2 for the 4-point, 2-line IBEB method using

equations (5.5.1) and (5.5.2)
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CHAPTER 6

THE SOLUTION OF TWO-POINT BOUNDARY VALUE

PROBLEMS BY MULTI POINT GROUP ITERATIVE METHODS
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6.1 INTRODUCTION

In this chapter we shail investigate the solution of one dimensicnal
boundary wvalue problems using the explicit group iterative metheds, in
particular the 2,3,4,6,8 and 12 point groups are analysed in order to
determine whetheyx an optimum group size exists. Further, some non-linear
bouhdary value problems are examined using a similar group strategy to
compare the 2,3 and 4 point explicit groups iterative methods with the

direct approach using Picard's method to solve the non-linear system.

Consider then the differential eguation,

2
- -d—‘z’ + Q(x)U = £(x) , (6.1.1)
ax

over the line segment agx<h, subject to the boundary conditions at the
points a and b, i.e., |

Ua) = a, U(b) = B. (6.1.2)
Here, a and B are given real constants, and g({x) and f(x) are given real
continuous functions on agxgb, with,

ql(x.) 2 O.

With minor modifications, {(6.l1.l1) may describe:
(i} the steady-state disélacement of a taut string subject to a
distributed load, (ii) the steady-state distribution of temperature in
an internally heated homogeneocus wall, with surfaces kept at given
temperature, (iil) the steady-state concentration of a pollutant in a
porous soil, and (iv) the distribution of electrical potential between

two flat electrodes.

Although not technically a partial differential equation, two-point

boundary value problems may from most view points be assimilated to
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elliptic equations, with which they share many ﬁathematical properties
and computational methods. In particular, they share the property that
their solution in.an interior peoint depends on all boundary conditionms,
precluding the possibility of directly constructing the solution by

marching away from one boundary, [Vichnevetsky, 1981].

For the differential equation (6.1.1), the strategy of the finite
difference method, which was discussed in Section (2.8.2) is to replace
the above equation by a difference eguation. Hence, we cover the interval
asx<b, by a uniform mesh of size,

o h = (b-a)}/(m+l) , {6.1.3)
and denote the mesh points of the discrete problem by, |
x; = atih , Osism+l - (6.1.4)

as illustrated in Figure (6.1l.1).

-l

(o] 1 2 m xm+l

FIGURE {6.l1.1)

The finite difference approximations to (6.1.l1l) can be derived by
using the method based on finite Taylor's series expansions of the solution

U(x} to (6.1.1). Dencoting U(xi) by U,, the finite Taylor expansion of

i
U, is,
izl aw, 2 dZUi 3 d3ui 4 d4Ui
) U. = U i h(——) o} -—( ) t '—-( ) + — i ¢ w e (6-1-5)
itl i dx 21 dx2 3! dx3 41 dx4
from which it follows that,
2 4
d Ui 2Ui-Ui_l-Ui+1 h2 da Ui
- 3 = 3 + ‘1—2'-——&"— + ... . (6-1-6)
dx h. dx

Hence, the finite difference replacement of equaticn (6.1l.1) can be

cbtained and is given by;
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-£42u.—u.

2 A {417 9yoy) ey = £ 1$}$m. (6.1.7)
with a local truncation error of
2 d4U,
h i
TE 2 + e
dx

where ui denotes the function satisfying the difference equation at the
mesh point xi=a+ih. The principal part of the truncation error is
meaningful only if U € C4 in {a,b}, i.e. the derivatives of U w.r.t. x
Under these conditions

are continuous up t0 corder four in this interval.

2
we say that the local truncation error is O(h ).

In matrix notation, (6.1.7) can be written in the form,

Au = (6.1.8)

b,
where A is a real (m>m) matrix, u is the discrete approximation vector to

the solution U(x) of (6.1.1)-(6.1.2) and b is a column vector given by,

¢ 3
l+qlh2/2 -3
2
—i’ ~ 1+Q2h /2 -i . O
1 > N ~
A= \\ ‘\\ SN N (6.1.9a)
h ~ ~ h ~
\\ \\ ~
O “ N 2 A
-1 1+qm_1h /2 -%
-3 1+th2/2
) (0. ) (£./2 +a/2n°)
ul 1 +a/
u, f2/2
1 '
u = ' and b = [ . (6.1.9b)
b ]
. '
um—l fm-l/2
u tf /2 +B/2h?
(o) m J

The tridiagonal matrix A is real and symmetric, and since g(x)20 then

it is also diagonally dominant with positive diagonal entries (see

Definition (2.2.1).

From Definitions(2.2.3) and (2.2.4), the direct graph
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of A is strongly connected, implying that A is irreducible, and as there
is strict inequalityrin the first and last rows of A, then A is
irreducibly diagonally dominant (see Definition (2.2.5)).

In the next section we investigate the class of methods for solving j
the system (6.1.8) which is based on splitting the matrix A into two
{mxm} matrices B, and B_, such that, |

1l 2

A= Bl - B2 ' (6.1.10)

vhere we can easily convert the system (6.1.8) into n-point group

iterative scheme(n=2,3,4,6,8 or 12), where

. ) ) | |
24q,h"/2 3 O , | |
|- . |
-1 \1+q2h2{? 3 i ,
N N2 0 '
O S -1 Lk h2 ,
--------------------- l-l- -— emm aEm Em em e = AR
2
l -
Lq p/2 -4 Or
= -1 Y N i
- | ~ \\ '*i [
l ) 3 1 w22 !
N s G T
-n_-‘_—-——--lh I\:‘.'
t AN
' - l:\.:.--'{ ________
______ - - T T ! 2 _
S5 W 2 \& O
' ! + \‘\ .
! J I ~ ~ :
! i ! .~ S ¥
{ I @ R 1+q_h°/2
where n=2,3,4,6,8 or 12, and, - {6.1.11a)

- e . - - [ - =

. O |

e

{(6.1.11b}
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and hence, (6.1.8) can be written in the form,

(k+1) (k)

Blg = BZE + 2'{ (6.1.12)
but since B. can be explicitly inverted then (6.1.12) can be written in

1

explicit form as,

(k+1) _ _~1_ (k) -1 .
n = BB,y +B,'b . (6.1.13)

where B;'T'B2 is explicitly obtained.
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6.2 ONE DIMENSIONAL n-POINT GROUP ITERATIVE METHODS

Consider equation (6.1.1) with q(x)=0 and £(x)=0 in the range (0,1},
i.e. the two-point boundary wvalue problen,

= f(x) , (6.2.1)

such that £(x)=0 in the range (0,1l), with the following boundary‘

conditions,
u(o)y =1, U@l =1. {6.2.2)

By using the method based on finite Taylor's series expansion which
was described in Section (6.1), we obtain the finite difference replace-
ment of equation (6.2.1) and is given by,

2u,-u,
i

g4179goy = O ¢ leism . (6.2.3)

Hence, the related algebraic preblem is concerned with solving the

following linear system,

r _ 3 ( 3 £ 1Y
1 -3 Uy 4
-3 1 -3 O u o]
~ e 2 \
\\ ~ ~ t = ' . (6.2 -4)
\\ \\ \\ t 1
N, . ~ '
0 -+ 1 =% oy o
\ -% 1) ~um 4 L&;
il.e.,
Au =D,

which can be easily converted into n-point group iterative scheme, where
n=2,3,4,6,8 or 12, as mentioned before. These methods are described in

. the following subsections.

6.2.1 THE 2-POINT GROUP ITERATIVE SCHEME

Consider the system (6.2.4) defined in the interval Osxg<l, with m

internal mesh points with m even. Suppose that the mesh points are

ordered in groups of two as shown in Figure (6.2.1).




FIGURE {(6.2.1)

where t=1,(2),m-1. Hence, the system (6.2.4) is converted into the 2-

point group iterative scheme, i.e.,
‘ (k+D1)
3 -

r

fl __i, i i 1 u W

1

M

(6.2.5)

O~ ==~===0 O

™
| -

i.e, (k+1) (k)
= " BE otk

which can be written in the explicit form (6.1.13), where B;l can be

explicitly obtained, also Bl Bzand Bl¥§_can be determined explicitly to

B

give,




rul y (k+1) r i 1 " I i \ ru T(k) r21
Q i o bt
u, ——— 2 _}_'_._ L. - |42 1
! 2! :l : ' o)
: [ C:) } } |
: O I - SN I | 5
3 i N YOV TN ! i [
1 NN NN | |
1 |
I ) NSNS N |
' —-—-’—--——l-h- -\é-!-\——-— - ' 1 I
] 1 = hit
~ R o || s
1 ! 1 2 | o
: - — —--4---%---—%- i
u |
m-1 , | 2 Ym-1 1
] t
u ! M 2
\ m . ! \ 1 t J Lum J \“)
(6.2.6)}
, (k+1}) _ _-1_ (k) -1
i.e. u = Bl 323 + Bl b .

Hence, the 2-point group Gauss-Seidel (G.S.) iterative method is given by,

(k+1}) {k+1) (k)
u = (2u +u, )/3,
t t-1 t+2 (6.2.7)
and (k+l) _ {k+1) (k).
£+ {ut-l * 2ut+2)/3 ’

where t=1,(2),m-1 and the points Koo where t=0 and t=m+l lies on the
boundary. Related to the G.S. method is the 2-point group explicit S.0.R.

iterative method which replaces (6.2.7) by,

(k+1) (k+1) (k) (k)

u = w(2u +u . }/3 4+ (1-wu ",
t t-1 t+2 t (6.2.8)
éf;l) = w(uéf{l) + 2uét£)/3 + (l—m)uéﬁi '

where w is the relaxation factor. Clearly similar sets of equations can

be written down for the 2-point explicit Jacobi and J.0.R. iterative methods.

6.2.2 THE 3~POINT GROUP ITERATIVE SCHEME

Similar to the Z-point yroup an explicit set of equations can be
derived for this scheme in which each group is formed from 3 points of the

mesh interval Figure (6.1.1) in accordance with Figure (6.2.2).

% & L . 4 X

-1 *t Xeel  Ferz Fees

'FIGURE (6.2.2)
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vhere t=1,(3) ,m-2 apd m is divisible by 3. The system (6.2.4) can now

be converted into a 3-point group iterative scheme similar to (6.2.5)

with Bl and B2 given by,
(1 -3 o) !
i I
-3 1 -1 | !
| |
o -1 1 |
11 -3+ 0]
i |
I-* l-*|
_ |
Bl—____ 0__.}_1_1___
] "
LN
| RN ‘\
\

1

ﬂ-—--

’—l _"; -0
|
p-% 1 -%
i
o -1 1

B L can be obtained by inverting the sub-diagonal matrices of B

o ‘
o1 |
o
o
I AN - -
3 —:
1 I
O
_ : 3 !
e B -
I
: |\\ \'
i

1\ ‘,I
} \
- -.'_L--\-—' - o el -
! 1
i '
| \

O

{6.2.9)

1’ Di (say),

.i=1,2,...,m/3, but before working out the inverse, we state the following

method to find the inverse of a special tridiagonal matrix [see Gregory

and Karney (1969), p.48].

[If M is an nXn matrix of the form,

((x+b) 1
1l X 1l

SO N l"'._
- \\. \\

M= s ~o
'\\ -
LY

\\
C Tl

then, M-l -

[cij

r {6.2.10}

(x+a)

] is the (nxn) matrix defined by,
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(_1)i+3rj-lsn-i
c., =¢,, = ~ ¢ if jgi , {(6.2.11)
1] 3 (X+a)rn-l rn~—2 :
here
whaere, r, = 1, r, = x+b ,
rz = xrl_l-rz_2 r £=2,3,...,n-1,
6.2.12
and SO =1, sl = x+a , ( )
sz = xsl_l—s£_2 e £=2,3,...,n-11 .

Hence, if we multiply the (3x3) submatrix D by -2, we get a matrix
of the form given in (6.2.10) with x=-2 and a=b=0, which can be inverted

by using (6.2.11) and (6.2.12} and by multiplying the resulting inverse

matrix by -2 again we have D;l, i=1,2,...,m/3 and hence B_l is given by,

1
'3 2 ll ] 1 A
I ] i
2 a4 21 | |
1 2 3l '
3 2 1
[ |
12 4 2 ]
! i
g2 3! .
-1 1 TN Y
B =5 1 i \\\l , {6.2.13)
‘ |\\\\\'
- —— JRURU DI 1 - ———
Cf) | _13 2 1
, , 12 4 2
\ b ' !1 2 3

from which BIle and B;lg.can be obtained explicitly and we have the 3-

point iterative scheme,




Hence the 3-point group Jacobi iterative method

and

-~

[
Ww N

B e e —— = = -

5
5]

(k+1)

=)
I
o

=]

e

uék+1)

(k+1}
t+1

{k+1)
t+2

= {2u

= (u

I t
' {
| !
L |

- L u_—-l_
Iy '
QO 1 '
[ |
3 I
SNT SO Ir
N \\i\\\\ ¥
~ |\\ \\\\l\
\\ \\ ‘\t\
' |
t 2)
| 1!
-r-=--r
!
, |
i l
I ‘

(k).
Ypp P
(k)
t-1"

(3

2u

(k}

t_l+3u

(k)
t+3

k)
+3

(k)
t+3

y/a ,

y/4 ,

)/4

where t=1, (3) ,m-2.
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(k}

' 3 '3 W r3‘1
I “1
i u2 2
- ———- u3 l
' (8]
) ' 0
| 1
L r
T ! i
{ ' |
N " ! 1
. : L i +h4 :
I ! )
o L
2 | 0
' i
N : ©
(
1 1l
| m-2
;‘<:) Up-1 2
: J LL%n J L3J
(6.2.14)

is given by,

{6.2.15)

Another set of equations can be written down for the 3-point group

J.0.R. iterative method which is related to this method, and similar sets

of equations can be obtained for the 3-point group G.S. and S.0.R.

iterative methods.

6.2.3 THE 4~POINT GROUP ITERATIVE SCHEME

In this scheme, the mesh points of the interval of Figure (6.1.1)

are ordered in groups of four as illustrated in Figure (6.2.3).

L
X1

&
xt+2

FIGURE (6.2.3)

.
X
t+3

)
~N

X
t+4
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where t=1,(4),m-3 and n is divisible by 4. Similar to the 2 and 3-point
groups, the system (6.2.4) can be converted into a 4-point group

iterative scheme with the (m*m) block diagonal matrix B, having the form

1
(6.1.11la) such that each subdiagonal matrix Di' i=1,2,...,m/4, is a 4x4

matrix of the form,

1 -3
0
-+ 1 -3
Di = ! ’ i=l,2,...,m/4.
-3 1 -3
0
-+ 1
L J
. By using the method given in sub-section (6.2.2), le can be
determined and is given by,
(4 3 2 11 I )
i |
3 6 4 2 |
2 4 6 3: : O
12 3 4 \
- —-I\ \\\\\l
prl - 2 SONSRNA (6.2.16)
= - \ \ 7 LN 3
1 5 i\‘\\ N N |
(IS AN
AT
[ — _.l_...........l._....__.._
1 |4 3 2 1
1
o - :3 6 4 2
| 12 4 6 3
)
| . 12 3 4

and B, has the form (6.1.11b). Now, BIle and B;lg_can be determined

explicitly and we have the 4-point iterative scheme, i.e.,
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[
u
u
u

(6.2.17)

f N ™
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Clearly, by using this iterative system).the 4-point group Jacobi
iterative method can be written in explicit form, and related to the
Jacobi method is the 4-point group J.O.R. method. Also, by using the
(k+1)th iterative values as soon as they are available we can obtain the
4-point group G.S. method and related to it is the group S5.0.R.
method. Hence, the explicit 4-point group G.S. iterative method is

given by,

(k+1) _ 1, (k+l) (k)
ug = 5(4ut 1 + ut+4) ,
(k+1) _ 1., (k+l) , (K)
U 5(3u +2u t+4) .
(ktl) _ 1o, (kt1) g (k) (6.2.18)
ez T 5 M)
and

(k+1) _ (k+1) (k)
ut+3 h 5( t-1 +4ut+4

where t=1,(4),m~3.

) .

6.2.4 THE 6-POINT GROUP ITERATIVE SCHEME

The points of the interval of Figure (6.1.l1) are ordered here in
groups of six, where each subset (group) Gﬂ of Definition (3.11l.1),

i

2=1,2,...,0/6, consists of six elements {xt'xt+1'xt+2'xt+3'xt+4'xt+5
and m must be divisible by 6. By converting the system (6.2.4) into a
6-point group iterative scheme, the subdiagonal matrices Di' i=1,2,...,m/6,

of the {(m*m) block diagcnal matrix B1 are 6x6 tridiagonal matrices given by,

rl _5
-+ 1 -3 O
D, = -+ 1 -} , i=1,2,...,m/6,
+ -3 1 -3
O —§ 1 -i‘
| -3 1

hence, by mualtiplying B, by -2 and then use the method given in sub-

1

section (6.2.2), le can be obtained and is given by,
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6 5 4 3 2 1! ' )
510 8 6 4 2 : :
4 812 9 6 3, ;
36 912 8 4 : : (::)
2 4 6 810 51 |
123 4.5 64 o oo
NN N ON
" TN
B, =3 :\ \\‘\"\:\l (6.2.19)
BRI I
--------- ro 6 5 4 3 2 1
: 510 8 6 4 2
' :4 812 9 6 3
(::) ! 136 912 8 4
: 2 4 6 810 5
h | 1 2 3 4 5 6

B2 has the form (6.1.11b) and b is given by,

T
Hence, BllB2 and BI?E can be obtained explicitly, and the 6-point group
G.S. iterative method cah be written as,

S0 DR (k+1) sy

t 7 t+6
) | L,k 00,
S L, 050 3,00,
éf;l) - %(3u(k+1) tu été) ’  6.2.20)
B - J
and WD) _-:;_(u(k+1) r6a ),

t-1 t+6

where‘t=l,(6),m~5.




6.2.5 THE 8-POINT GROUP ITERATIVE SCHEME

In this scheme, the mesh points of the interval of Figure (6.1.1)
are ordered in groups of eight, where each group Gl of Definition (3.11.1),
%=1,2,...,m/8, consists of 8 elements {xt'xt+l'xt+2'xt+3'xt+4'xt+5’xt+6'
xt+7} and m must be divisible by 8. Similar to the previocus schemes,
the system (6.2.4) can be converted into an 8-point group iterative
scheme, the subdiagonal matrices Di' i=1,2,...,m/8, of the matrix B, are

1
of the form,

1 -3 ]
-3 1 -3
31 -3 O
Di = - 1 -3 | y i=1,2,...,m/8,
-3 1 -3
O -+ 1 -}
- 1 -3
L ""5 1)
and again by using the method given in subsection (6.2.2}, BIl can be
determined and is given by,
8 7 6 5 4 3 2 1! ' )

7141210 8 & 4 21

612181512 9 6 3!
5101520 16 12 8 4,
4 81216201510 5!
3 912 15 18 12 6,
2 6 8 10
1

----------------------- (6.2.21)
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and B, b explicitly, and the 8-point group

Hence, we can determine BllB2 1

explicit G.S. iterative methed is given by,

(k+1) _

Lo iy, (k+l) (k)
ut-1+i = 9[(9 i)u + iu

£-1 t+8] r i=1,2,...,8, (6.2.22)
where t=1,(8),m~7.

Related to this method is the 8-point group explicit 5.0.R. iterative
method which replaces (6.2.22) by,

(k+1) _ 1 .o . (k+l) _ , (k) }
Upoyes T gul(O-Dlug 0+ dup gl 4 (1-0u

(k)

bo1eg * 17102, 0.008.

(6.2.23)
Similar sets of egquations can be written down for the Jacobi and J.0.R.

iterative schemes.

6.2.6 THE 12-POINT GROUP ITERATIVE SCHEME

Finally, we have the 12-point group, where the mesh points of the
interval of Figure (6.l1.1) are ordered in groups of 12. By converting
the system (6.2.4) into a 12-point group iterative scheme and following

71, i=1,2,...,m/12 with m is

the same technique explained before, Di

divisible by 12, can be obtained and can be written as,

r

~

12 11 10 9 8 7 &6 5 4 3 2
1} 22 201816 141210 8 6 4
10 20 3027 24 21181512 9 6

18 27 36 32 28 24 2016 12 8
16 24 32 40 35 30 25 20 15 10
14 21 28 35 42 36 30 24 18 12
12 18 24 30 36 42 3528 21 14
10 15 20 25 30 35 40 32 24 16
12 16 20 24 28 32 36 27 18
9 12 15 18 21 24 27 30 20 10
6 8 1012 14 16 18 20 22 11
3 4 5 6 7 8 91011 12

(1=1,2,...,m/12,

1
[
Lt
A 0w
[Co T = RS - IR I L7 I

[ % T VT TR S ¢ ]
(LS T~ S A ¢ ¢
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8-1 follows, since,

1
PD—l W
oo
D2 O
sl - s ,
1 .
~

@ “opl

n

\ 12)

leBz and B;lg_can then be determined explicitly, and the 12-point group

explicit G.S. iterative method is given by,

{k+1) 1 (k+l§ . (k)

ee1si = 13 [@3-Du w1 e 1=1,2,...,12,  (6.2.24)

where t=1,(12),m-11. Finally, the group S.0.R. iterative method can be

written as,

{k+1) _ 1 sy, (k1Y L (k) (k)
g-14g T 13 OHIITRE T v du ol ¢ mede e
1=1,2,...,12. (6.2.25)

6.2.7 EXPERIMENTAL RESULTS AND COMPUTATIONAL COMPLEXITY

We present here some numerical experiments in order to choose the
most efficient group explicit iterative method which were describeq(in

subsections (6.2.1), (6.2.2),...,(6.2.6).

The prceblem is that of solving the two-point boundary value prcblem
(6.2.1)-(6.2.2), where the n-point group explicit Jacobi, Gauss-Seidel
and 8.0.R. iterative methods were carried out. If we assume that D(Ln)

is the spectral radius of the n-point group Gauss-Seidel iterative scheme

then the optimum relaxation factor, wb,
can be calculated using the formula
W o= — (6.2.26)

b l+¢l-p(Ln)

where p(Ln) can be estimated using the power method (see (3.9.7)-(3.9.9)).

for the n-point group S.0.R. method
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The formula (4.3.4) can also be used to estimate the spectral radius for

the n-point explicit group Jacobi scheme p (J).

The convergence test used in the numerical experiments was the average
test, i.e. the iteration was continued until the following ceonditions
were satisfied,

k+l1 k
| Ju e o 5

) < £ for all i, {(6.2.27)
1+] {9 ||

where e=10-6.

The experimental optimum values of w for Lhe group S.C.R, iterative
method are determined to within #0.001 by solving the problem for a range
of values of w and choosing those which give the minimum number of
iterations. The theoretical number of iterations can be obtained by the

formula, . tne 6.2.28)
o0 (w, 1) ) -

The results obtained are recorded in Tables (6.2.1),(6.2.2) and (6.2.3).

For each method, the graph plot of log(k) wversus log(h-l), where k
is the minimum number of iterations and h is the mesh size, are shown to
be straight lines with a slope of unity, see Figure (6.2.l1), thus verifying

the S.0.R. theory.
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-1

25 49
p{J) No.of pld)
n . . n
‘ iterations -k
Method . S ‘ ‘
Theory Experiment X Th. Exp. :
2-Point 0.98421 0.98453 482 0.99588 | 0.99545 1524
Group
3-Point 0.97631 0.97579 340 0.99383 ©.99217 1084
Group '
4-Point 0.96842 0.97001 266 0.99178 |. 0.99281 849
Group
6-Point 0.95263 | 0.95437 190 0.98767 | 0.98791 | 603
Group
‘8-Point 0.93683 0.93386 16l 0.98356 0.98479 472
Group
12-Point 0.90525 0.9042 113 0.97534 0.97645 338
Group
TABLE 6.2.1: The group Jacocbi iterative method
-1
h 49
Pl ) K p(Ln) ‘ "
Method Th. Exp. : Th. . EXp.
2-Point 0.96867 0.96841 264 0.99178 | 0.99189 847
3-Point 0.95318 0.95585 186 0.9877 0.98873 599
4-Point 0.93784 0.924093 145 0.98363 0.9843 468
6~-Point 0.9075 0.91234 103 0.97549 | 0.97516 330
8-Point 0.87765 0.88901 81 0.96739 0.96782 259
12-Point 0.81948 ©.85034 62 0.95129 0.955921 185

TABLE 6.2.2: The group Gauss-Seidel iterative method




No.of

Optimum w (u)bJ iter:tions W w w k
Metho
Th. Exp.| Th. |Exp. | Th. Exp. '{Th. | Exp. Th. Exp. | Th. |Exp. Th. Exp. | Th. Exp.
2-Point . 1.707| .
e 1.699 39| 36 11.834 | 1.8a | 76| 70 |1.885 } 1.887 | 123 | 101 [1.912 | 1.014 | 151 | 133
p &
1.708
3-point | | s | 1.6se] 31| 20 |18 | 18| 62| 56 [1.861 | 1.865 | 92| 82 [1.894 1.897 | 4123 [ 110
Group & &
1.806 1.898
a-point | ;o0 | 16227 50| 56 13 773 | 1778|5449 [1.842 1.844 | oo | 92 f1.a79 | 1B | 107 | 96
Group . . . &
1.619 1.781 1.846 1.881
6-point | 4 g3, | 2+550) o5 | 22 {173 | 1°7®| 44| 40 [1.80 [ Ll.823 | 66| 59 |1.853 1.855 [ g7 | 78
Group . & . &
L i62 1.737 1.856
8-point | 1,00 [1-509] 15| 19 [1.604 [ 17 38| 36 | 1.783 1.787 | g | s2 | 1.832 283 75| es
Group ‘ . . . &
1.517 1.709 1.79 1.836
12-Point| ;0,0 114454 33| 16 [a1.630 | 1€ 31| 30 | 1741 1.747 | 46| a3 | 1.700| 182 e | s6
Group . - &
1.455 1.661 1,751 - 1.803

TABLE 6.2.3:

The group S.0.R. iterative method .

8LZ
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1 Legend

2-Point Grp.S.0.R.
3-Point Grp.S.0.R.
4—Point Grp.S.0.R.
6—Point Grp.S.0.R.
8-Point Grp.S.0.R.
12—Peoint Grp.S.0.R.

00KROD

Number of Iterations (k)
3

10 T T T T T T T T 1
10 =1 100

Figure (6.2.1)
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We now consider the relative efficiency of the va;ious iterative
methods which we have discussed for solving the two-point boundary value
problem (6.2.1)-(6.2.2). In order to estimate the amount of computational
work to obtain the solution, it is necessary to measure the computational

complexity for each iteration and the number of iterations needed to obtain

the scluticn.

First, we determine the amount of computational work required to obtain

-1 has the form,

the inverse of the matrix Bl given in (6.1.l11la), Bl

rD-l . 1

Bl = o (6.2.29)

\ /

r 3
G13 %127 === %,
4 4 1 %21 “'22 “““““ G2n
= = = = ~ 2.
Dl D2 .o ?E : : < : . (6.2.30)
n ] e ]
L : \\ t
Lunl n2- ~ """ nnJ

From the analysis given earlier, it can be seen that we only need to calculate

-1
the first and the last columns of Di , moreover, since all=u . a21=a

r
nn n-l,n

""unl=aln' then only one column of D;l is needed to be calculated for this
problem. By applying the method illustrated on page(266), we require per

iteration,

(1 multiplication + 4 additions) X n . : {6.2.31)

We now calculate the number of operations per iteration needed to

solve the problem by using the 2,3,4,6,8 and 12 point group S.0.R. iterative
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methods assuming that there are m internal mesh points.

. t
For the 2-point group, the (k+l) h iterate of the S.0.R. iterative

scheme is given by,

N N L .
i i i i .
. i=1,(2) ,m-1, (6.2.32)
and (k+1) _ eelirl) | Gy (%)
i+l i+l i+1 L
where the'v5k+l) ”1?11) are the components of the (k+l) th G.S. iteration

(6.2.7) which can be written more efficiently as,

~Ol) |1, (k) (keD) | (K)

vy =30y Ty )

i=1,(2) ,m-1 (6.2.33)
~(k+l) _ (k+1) ) ()

i+l 3( i+2 i+2J )

J

Hence, the number of operations regquired per iteration, assuming that the
constant 1/3 is stored beforehand, is

2m multiplicaticns + 4m additions . {(6.2.34)

The S.0.R. iterative method for the 3-point group is defined by,

k1) (k) (k)

k+l . . .
u; ) = (uj _j } o+ uj ; J=i,i+l and i+2 , {6.2.35)
i=),(3),m-2.
wherelﬁgk+l) are the components of the (k+l)th G.S5. iteration which is
given by,
~(k+l) _ (k+l) (k)
u, = 0.25(3u +u 1+3) |
~(k+1) _ (k+1} (k+1), (k) (k)
iep T 0-2Blugy iy g TR atg) (6.2.36)
and ~(k+l) _ (k+1) (k)
Uiy T 0.25(m SLPPEYRE

Hence, this process requires for each iteration,

%-m multiplications + %%-m additions . (6.2.37)
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For the reméining groups, i.e. the 4,6,8 and 12 point and from the
equation given in (6.2.18), (6.2.20), (6.2.22) and {6.2.24) which represent
the (k+l)th iterate of the G.S. method respectively, it can be seen that
the method requires per iteration,
| 2m multiplications + lm additions.

In addition, since the 5.0.R. iterative scheme requires‘an extra 1
mulfiplication and 2 additions for each point per iteration. Hence each
of the 4,6,8 and 12 point group S.0.R. iterative schemeg requires fdr each

iteration, :
3m maltiplications + 3m additions. (6.2.38)

Hence, the total number of operations required to sclve the problem can be

obtained by adding (6.2.31) to (6.2.34), (6.2.37) and (6.2.38) and the

final result given in Table (6.2.4).

No. of operations in each iteration (excluding conv.test)
Method
Multiplicaticns ) Additions
2-Point 2m+2 4m+8
Group .
3-Point 8 11
Group 3m+3 3 12
4-Point 3m+4 3m+16
Group :
6-Point 3m+6 3m+24
Group
8-Point 3me8 - 3m+32
Croup
12-Point 3m+12 ' 3m+48
Group
TABLE 6.2.4

The experimental results for the number of iterations given in Table

(6.2.3) can be combined with the number of operations in each iteration




required by each of the methods to give the total number of arithmetic operations required for a solution, these are

recorded in Table (6.2.5).

The execution times of the different groups are recorded in Table (6.2.6).

h—1
25 49 73 97
Method - Multiplications| Additions |Multiplications | Additions |[Multiplications| Additions [Multiplications| Additions
2-Point -
72m+72 144m+288 140m+140 280m+560 202m+202 404m+808 266m+266 532m+1064
Group SOR
g;iﬁ;nEOR 77.3m+87 106.3m+348 149.3m+168 205.3m+672 218.68m+246 300.67m+984 293.3m+330 403.3m+1320
4-Point
78m+104 78m+416 147m+196 147m+784 216m+288 216m+1152 28Bm+384 288m+1536
Group SOR
6-Point | gen4132 66m+528 120m+240 120m+960 177m+354 177m+1416 234m+468 234n+1872
Group SOR
8-Point .
57m+152 57m+608 108m+288 108m+1152 156m+416 156m+1664 204m+544 204m+2176
Group SOR
12-Point
A8m+192 48m+768 90m+360 90m+1440 129m+516 129m+2064 168m+672 168m+2688
Group SOR

TABLE 6.2.5

€8¢
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Method '
1 2-Point 3-Point 4-Point 6-Point 8-Point | 12~Point
h Group SCR | Group SOR | Group SOR| Group SOR | Group SOR | Group SOR
25 9 -9 12 10 9 - B
49 36 31 45 36 32 27
. 73 76 69 99 79 70 58
97 142 130 180 144 131 103

TABLE 6.2.6: The execution time in centisec.for the optimum value of @

This table indicates that the 3,8 and 12 point groups reguire less
computer time than the other groups to solve the two-point boundary value
problem (6.2.1}. However,'if a moré general problem with wvariable
coefficients depending on the position x was considered, then the extra
work inwvolved in group inversions would present an entirely different

situvation (Sojoodi-Haghighi, (1981)).

On the other hand, if we confine our attention to methods involving
the inversion of small groups and the determination of new explicit iterative
methods then it can be verified that the 3-peocint group approach is more
attractive than the 8 or 12 point groups since it is easier to program and

obviously simpler to invert. Alsc it offers some gains in computational

efficiency over the 2,4 and 6 point groups.
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6.3 NON-LINEAR BOUNDARY VALUE PROBLEMS

6.3.1 THE'2,3 AND 4-POINT GROUP ITERATIVE METHODS

In this seétion, some non-linear boundary value problems are solved by
transforming them into an iterative sequence of equations which can then be
solved by applying the 2,3 and 4 point explicit groups ﬁethods discussed

earlier in subsections (6.2.1), {(6.2.2) and (6.2.3) respectively.

Problem 1

The first non-linear problem we consider is

. 2
: du

{32 + 2x3 -0 gg) , lgx<3 (6.3.1)

&
@

subject to the boundary conditions
U(l) =17 , U(3) = 43/3 . (6.3.2)
This prcoblem has the exact solution,

U{x) = x2 + %? ; (6.3.3)

By following the finite difference procedure of Section (6.1) to
approximate equation (6.3.1), we obtain the non-linear difference equation,
=2u, +
U172
h2

u -
1 3 i41 i-1 _
= gl3242x-u, (258, i51,2,..00m . (6.3.4)

and the boundary conditions are replaced by,

uo = 17, and um+l = 43/3 , (6.3.5)

where h is the grid spacing given by (see equation 6.1.3)
n=— . : (6.3.0)

Equation (6.3.4} can be written in the form,

B

-$b%Mm-m-hulum =Q¥miﬂbJﬂ&uﬁl@lﬂ

6i "i-1 i 2 l6 i’ i+l 16




this.can be rewritten iteratively by the matrix systemn,

; ({«-1)
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r _ , [ w
1 -q, ) 1 17£, 4,
£ -
2 1 79 o Y2 )
-f -
3 1193 U3 €3
~ ~ - | =
= N ' 6.3
SN - ™o I i ' (6.3.8a)
o SOt I 1
~ N ‘
O ~ -~ . - ] N
a1 Tt 1] Y “n-1
~f 1 u 43
\ m ) L m 3 gm-i'CmJ
where g, = g(u ) (l+ — ) f f(u )- (1- 11 (k)) and c, —-2h {1+ ——x )
i=1,2,...,m. {6.3.8b)
Each iteration of this nonlinear system can be directly solved using
Picard's algorithm. The iteration proceeds until the following condition
was achieved,
| |uj(.k+l)_ufk) | l
T3 < e for all i , (6.3.9)
1| fu

where €=0.00001.

Alternatively, the system (6.3.8a) can be decoupled into a 2 point
group system or into a 3 or 4 point group system according to the partitioning

strategy chosen.

The 2-Point Group Iterative Strategy

We now decouple the system (6.3,8a) into a two point group iterative

strategy in the following manner,
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(k+1)
( Yy f Y f |
- 1 | [] I
1 9,1 \ ) u 5 0 0 ,
1 |
- | !
b @ uy 192 ©1
i -q_! - | o £ ¢ 7 - T -
1 93 l I o] f3 \ 0
! | o | !
-, 11 T ' 0.0 ! 3, |
———L_—-'.l\_';\—-.l.__.- | = |- - .l__l._ N T Ty S
l ' ~ ~ ‘ 1 1 fl ~
o N . | -t N !
1 l ~\ ~ | l [ - ~
~ N N | i P> N
L ; -~
- e :\.—'_ ’; - — | i \\ ‘igm_l
| 4y —g u =T it g i Raslii
| e m-1 m-1 v ) m-1 | O
! ' -':—f 1 u I i !
. 1 1 ! / L,m J — /
f (x)
u, ) 17£ 4o,
Uy 2
! :
|
: + : ’ {6.3.10)
| \
| l
Pl “n-1
43
U 3 9t
. / ~ P,
which in matrix form is,
Blg_(f_"l) =_1323{k) +b_. | (6.3.11)

Since the matrix Bl consists of a series of 2x2 block subsystems. Then

each can be easily converted to expiicit form in the following way,

{k+1) _ _-1_ (k) . -1
S u = Bl Bz_g + Bl b, (6.3.12)




288

and dj=1/(l—g2j_1f2j) , j=1,2,...,% for m even. (6.3.13b)
In explicit form, the system is now’
(k+1)
f 4 y A
u 1g,9,8 0} | 1
1 17271
O ' { | |
Uy I 929 %y |
_— e - g — = ——— m- - - ---- - _—— -
u, o f£4d, I 949,d, © |
o f.f 4d O ' a o] : '
4 3%4%21 ;o Ja% I |
' ——-——.1 ———————— -——r—\———'——--——-ﬂ
| : 0 f5d3 | NN ,
| O \\ ~ ]
: - L S TR
| | N RS ]
- } < N ‘ d o
| ' AN | N 190-3%0-2"n/2 -1
N
1 ~ . t
: | S : “ lg -2 dm/2 -1 (o]
]
!
Y1 | i fm—ldm/Z ! O
| ! a
Lum { ' | |fm-l m m/2 : )
(k)
(. ) [tc.+17£.+g. c)a )
Y 17T %%
u, (fz(cl+17fl)+c2)dl
Uy (c4+95¢,)4,
Uy (£,05%c,)d,
1 I
| I
(I |
! |
| i
l t
u L + (e A3 14
m-1 n-1"9m-1"%n" 3 gm m/2
43
o™ (fmcm-l+cm 3 gm)dm/2 (6.3.14).
- / \ J

which can be solved by the Jacobi, J.0.R., Gauss-Seidel or N.LO.R. iterative

methods.




The 3-Point Group Iterative Strategy
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For this strategy we convert the system (6.3.8a) into a 3-point group

iterative scheme as follows,

'1 _gl. I | 3 ru Yy (k+1)
_ | '
£y 1 'gz: | Y,
i T D NN (I S uy
|
7 - (
| 94 I |
- - ' |
|~f5 1 gst | |
R e | (P
. \\\ . |
Y . W, N '
' -
‘ [ 1 gm-2 um—2
' t
| I |-fm—l L “In-1 V-1
: | ! -f 1l u
\ ! I m / (ic)m ’

( 'o o ol : 1 [u. 1 [17£.4c
o | | 1 1771
|

O ° ° °l | u, c,
|g3 0 O_L @ u3 03
““““ = = = - - = - t f
o o £, | | : |
o oot O | | t \
1 ! 1 H I
o 0 o lg. l ] :
——— -7 - - F = === | + '
' f7| N I ! |
| N 1
I\ N\ |
| | S N | :
. N\
. — L -2 s ' |
! fm—2| um-2 c111--2
I I
i | ' O Y1 “m-1
t ' 43
l ' =
L ) I ' ) {um ) _3 gm+c

 This system has the matrix form (6.3.11), where the matrix B

be inverted, and is given by,

1

(6.3.15)

can easily
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- A
(1-g,£404, 9,4, g,9,4, :

21 1 21

f2f3dl f361 (l-glledf

____________ I._ o,

N !

t
\
£ d a g.d | I
I
|

m

), j=1121---:§

and dj=l/(l-g3j_1f {m is divisible by 3).

- £
357933-2"39-1
Hence the system (6.3.15) can be converted to an explicit form, which
again can be solved by Jacobi, J.0.R., Gauss-Seidel or N.L.O.R. iterative

‘ -1
methods. The converted system has the matrix form (6.3.12) where Bl B2

and BI;E are given by,

|
r o O 1 . b

. [0 ]
@) 19,939 '

0 0 (1-gf)f,d, 9,959,
|

|
0O 0 £ £4d _ :gSngZ

|
-1 } _ Yol
B g =0 O £ £ £4d ! (1 g4f5)g6d2




'[(1-g2f3) (17£,+c) ) +g, ¢, %9, 9,0,14,
[f2(l7fl+cl)+c2+gzc3]dl

[f2f3 (17f1+c1) +f3c2+ (l-—glfz)c3] dl
[(-ggf ) +9,C5%9,9:%1d,
(fsc4+c5+g506)d2

{£f £f c +f C

55647, 5+(1—g4f Je,lad

5°76" 2

[(l_gm-lfm)cm-2+gm-2cm—1+(gm-ng-l

43
[fm—lcm—2+cmrl+gm-l(7? gm+cm)]§g
3
£ fec +f ¢ (%5

m-lmm2 m m-l+(1_gm-2f )

m-1

“

The 4-Point Group Iterative Strategy

43
)('-:g-gm+cm)]dE
3

R
gm cm) Idm

3 )
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{6.3.17b)

The system (6.3.8a), in this case, is converted into a 4 point group

iterative strategy and we have the system,

( 3
l‘_gl | |
O l
_f21-92 | : O
- g !
f3 1 g3I - :
O -
_____ fa_ho_ L.
l\\\\ \4
I \\‘ L
—_———— - .T .3___._
g
| : m-3 O
‘ " ) A
: :fm—2 gm—-2
(:) : : -f -1 1 —gm-l
1 i O -f 1
\ m s

{k+1)

=}

R taiaiat”

¥

=
8
[
—

[~

B
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( | YV fu YR )
: . | u1 1’7fl+cl
§
| O | ) €2
[ u [ad
lg 3 3
194 ' i I
TTTRT AT T ! .
5 i N ! i t
S [
| \ |
' \ N\ | O I + I
N \ | |
I N\ \ | |
© PN N | !
N -4 J
. S, 4~ ——— | (
l —fm—3 I ' !
t 1 |
(:) | | um—2 cm—2
|
: O | O U1 “n~1
' i u éég +c
| l . A ““m J L 3 m mJ
(6.3.18}
which has the matrix form {(6.3.11). The matrix Bl can be inverted where
BI has the form,
4 4
Dy
D2 O
. le = . (6.3.19)
\
O \
D
9 nd

where n=§, and each submatrix Dj (3=1,2,...,n) is a (4%4) matrix given by,

17943-2505-17945-1%05 433 079g5.05,5) 945-3%3-2 g4j—3g4j-294j-1\
£43-219450 503 1-945-1%45 Ip4-2  Ya3-2%5-1
b -a. fa3-2%44-1 151 1-9,53F05-2 9491 179453
i £4ym0)
£43-2Ra5-1%43 Fa3-1%4; 43179453 1945554527
| | Fa5-27  945-2%a500

for j§=1,2,...,n, {6.3.20a)




293

where,
dy =119, 3% §-27943-2545-17%43-2%45 P Fa5-3F45-2"]
for 3=1,2,...,n. (6.3.20b)

Hence, an explicit form of the system (6.3.17) can be obtained which has

the‘matrix form (6.3.12) where Bl 32 and Bilg_are given by,.




— o v vemm  wma eem e — e ] - e o e e e m. w—— —-

o

O

o

0

o

0

o

o

O f5{l-9.%,-9,55)9,
|
0 £ £, (l-g.£0d, |

4] f5f6f7d2 |

0 f5f6f7f8d2 [

e e e — mar e e e - - = =

g.9.9.4d
176777872 C)

w2519

fm-3fm-2(l-gm-lfm)

fm—3fm-2fm-ldﬂ

4
£ d

fm-3fm—-2fm-l m m

4

m-1"m

d

£ )4

o

— . — - —

(6.3.21a)

FeZ



r ' .
(e #17E)) (1-gy£ 379,38 )49, 0, (19,8049, 9,639, 9,935 19

[f:2 (l-g3f4) (cl+17f1)+(1—93f4)c2+g2c3+gzg3c4]dl

+ - -
[f2f3(cl+l7f]_)+f3c2 c3(l g1f2)+g3c4(l glf?.) ]dl
[fszf4 (t:l+l7fl)+f3f4c2+f‘4c3 (l-c;lf2)+c4 (l—-glfz—ng ) ]dl

i
{
t
|

| 43

43
[fm—2cm-3 (l—gm-lfm) +cm—2 (l'—gm—l g‘m) +gm— 2cm—l+ (cm+ 3 gm) gm—-2gm-1] dpl
4q
43
[fm—me-—lcm- 3+fm-l cm-2+cm-l (l-gm-3fm-2 )+ (cm+ —.'.’.—gm) ( l-gm—Bfm-z ) gm—l]

43 '
(£ +fmcm—l (1-gm—3fm-2) * (cm+ -S—gm) {l_gm-Bfm-f'g

m- 21‘E m- lfmcm—-ff m-1 fmcm- 2

\

The converted system can now be solved by the Jacobi, J.0.R.,Gauss-Seidel or N.L.O.R. iterative methods.

Bl b= [cm-3(l-gm-zfm—lngm-lfﬁgm-fm-z(lqgm-lfm) +gm-2gm-3cm-l+(cm+ Tgm) gm—

3n-2%0-11%
1
a
piid
1
ne2fme1) 19
4 /

(6.3.21b)

562
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Problem 2

We now consider the non-linear problem,

Ui = U2 {6.3.22a)

Ué = Ui - sinx(1+sin2X) ' {(6.3.22b)
subject to the boundary conditions,

Ul(O) = Ul(w) =0, (6.3.22¢)
The exact sclution for this problem is given by,

Ul(x) = sin x , Uz(x) = Ccos X . (6.3.23)

From (6.3.22a) and (6.3.22b), we have,
= U] - sinx(l+sinx) , (6.3.24)

1

this non-linear equation can be approximated by applying the finite

difference procedure of Section (6.1) to obtain the following non-linear

difference equation (assuming that u=ul),

u, .=2u,+u
il = I 3 ginx, (1+sin®x.), i=1,2,...,m.
h i 1 1
(6.3.25)
the boundary conditions are replaced by,
U, = 0 and Vel = o . (6.3.26)
and where h = — .
m+]
Equation (6.3.25) can be simplified to the form,
2 2
1 h™ 2 1 - .2
T2t (T upiuy =38y = osin kg (Lesinxy)
i=},2,...,m, (6.3.27)

which can be rewritten in the non-linear matrix iterative form

(9, =172 Vo fu ) ket
-1/2 g9, -=1/2 o u,
-1/2 95 _:1/2 - u, h2
IO RN L2
RIS VZ AR BN V71 I I
L 0 m1/2 n J \um )

[

\

sinxl(1+sin2x‘) )

i
, 2
sinx2(1+51n x2)

. , 2
51nf3(l+51n x3)
i
! 2
sinx , (l+sin"x )

sinx (l+sin2x )
m m

(6.3.28)
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k), _y, B2 c(k),2
where gi-—'-g(ui ) =1+ 7?4ui Yo, i=1,2,...,m.
Similar to Problem 1, each iteration of this system can be directly
solved using Picard's algorithm. Alternatively, we can convert the above
system into a 2,3 or 4 point group iterative strategy, in which the

converted system has the matrix form, (6.3.11), where B, has the form,

1
Ry
R, O
B, = “ {(6.3.29a)
o ™
R
n
\ J
where, o )
> for the 2-point group strategy, m is even
n = .‘3_‘?, moow 3 n » , m is divisible by 3
.§, " o4 " " S r I is divisible by 4

and each Rj’ {j=1,2,...,n) is given by,

9., -1/2} (97, , =1/2 o©
R, - 24-1 v - 3§-2
(o} -1/2 g..
and : T 33
943-3 /2 5
R, = “1/2 945, -L/2 (6.3.29D)
-1/2 J44-1 T1/2
' -1/2
L @) / 943 ‘

for the 2,3 and 4 point group strategies respectively.

The matrix B2 of (6.3.11} for this problem is of the form,
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I ! \ \
[ | | | )
! { | |
O O
| | y
———}T....————:———:——-—- [R——
' O
O | I3 | }
-———_——-—-— - ] — e - -
I ;l{- | :
B, = NG I :\\ i (6.3.30a)
_.__l_____.____l...;__l.__--
| l 1\ ~ I
! | AN e
N 14
———— _——m e Y
I I 3!
) ‘ ( ' !
{ i 1 O | O
| | 1 ! ' /
and the r.h.s. vector is given by,
¢ . 2
$1nx1(1+sin xl)
, . 2
51nx2(1+51n x2)
]
2 [
b = hT | {6.3.30b)
- |
|
t

. 2 \
slnxm_l(1+sin xm—l)
sinx (1+sin2x }

\ e m 4

The matrix BIl can be easily obtained and as before it is a block diagonal

matrix with block entries R;l, (3=1,2,...,0).

For the 2,3 and 4-point group iterative strategies, we have respectively,

q 1/2
-1
R, = 4, 23 . (6.3.31a)
1/2 g2j-l

1
where djwl/(gzjgzj_l— 4), for j=1,2,...,n.
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( A1 1 )
935-193377 2935 2
-1 1 1
R, = d, . . : . 3.
j 3 §g33 g33--2933 Eg3j-2 d (6.3.31b)
1 1 1
E 2935-2  933-293317%
where a ¥l/[g g. g —lig +g..)] for j=1,2 n
3 33-2935-19357 2935327935’ ¢ TheSeenes
. 1,1 1 1 1 1
909-2945-194572" %5 2%%3-19252 2943 8
L %) ( 2z 1
o 2'949-194472 944-1"923-192377’ 2944-3% 1945-3
R, =4,
J 3N > ( Y,
2943 2944-3% 945 '943-3%5-27 2'9%3-3
L, 1,
2 944-2"2
= - 2 - (
8 2%45-3 2'945-3944-27 943-3'943-2
1 R
1 944-172
L 2g
29431
(6.3.31c)
vhere d.,=1/[{g g -l)(g g -5)-59 g,.] i=1,2,...,n.
j 43-1743 4' *Ya3-3"43-2 4’ 4743-3%43 ' reressy
Hence, B; 32 and BI¥E can be determined explicitly to give the

iterative scheme,
.E(k+l) - B-l (k) 1

[ Bu o +B'b, (6.3.32)

which can be solved by one of the iterative methods, like the Jacobi,

J.0.R., Gauss-Seidel or N.L.OC.R.methods.

Problem 3

o' = (6.3.33a)

1 "V
10
L
U2 Ul

subject to the boundary condition (6.3.23). The exact solution is the

- sinx(1+sin9x) ’ {(6.3.33b)

same ag Problem 2 which is given in (6.3.24).

By following the same steps as the previous problem, we obtain the




nonlinear difference equation which can be written in the matrix iterative

foim, .
( _ Y. ! (k1)
9, 1/2 v,
-1/2\ 92\ -1/3 u,
. )
\\ ‘o N O |
.~ RS !
“
b ~ \\ l
~ ~ ~ i
NS S
~ "\ ~ §
_ * F ™ |
O ~1/2 91 -1/2 uo
l V- R B U
‘. (1+ in9 ) \
s:Lnxl sin”x,
: 9
51nx2(l+51n xz}
2 1
_h ' ] {6.3.34)
) )
]
inx| (1+sin’x
sinx _, (1+sin xm_l)
sinx Uﬁshﬁx)
L ™ m - )
2
(k h (k),9 .
where gi = g(ui )) =1 + Tf(ui )7, i=1,2,...,m.

The same discussion for Problem 2 can be applied to this problem.

6.3.2 EXPERIMENTAL RESULTS

The experimental results presented here are for solving the three
non-linear problems using Picard's method and the 2,3 and 4 point explicit
groups Jacobi, Gauss-Seidel and non-linear successive overrelaxation
iterative méthods. All the results were obtained using the Prime Computer

at Loughborough University.

The convergence test used in the numerical experiments was the
. 5 .
average test, see (6.3.9), where €=10 ~, The experimental optimum value
of w for the group non-linear overrelaxation are determined to within :0.005.

In each method we assume that there are m internal mesh points where m=24.



Jacocbi G.5. N.L.O.R.
METHOD Ne.of iterations k w k
b
{k)
Picard 5 5 1 5
1.68 =
2-Point Group 340 179 1.681 29
3-Point Group 241 127 1.623-~ 23
1.625
4-Point Group 190 100 1.584 19
TABLE 6.3.1 Problem 1
Jacobi G.S. N.L.O.R.
METHOD X K © k
‘ b
Picard No conv. 64 (*) 0.69- 10
0.73
2-Point Group 140 54 1.386 21
. 1.408
3-Point Group 1ol 38 1.305~ 17
1.321
4-Point Group 80 28 1.255 15
1.275
TABLE 6.3.2 Problem 2
(*}
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The results obtained are recorded in Tables {(6.3.1), (6.3.2) and (6.3.3}).

using double precision.
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Jacobi G.S. N.L.Q.R.
METHOD ‘ X
vk v k W, k
b
Picard No.conv. No.conv. . 0.4- 21
0.41
2-Point Group 128 51 1.43.~ 20
: l.444
3-Point Group 9 36 1.352- | 45
. 1.376
4-Point Group 74 29 1.27- 14
1.34
TABLE 6.3.3 ' Problem 3

6.3.3 THE COMPUTATIONAL COMPLEXITY

We now consider the relative efficiencies of the various iterative

methods which we have introduced.

To solve the non-linear system using Picard’'s algorithm then at each
iteration, the number of operations required for the m internal mesh points

is .
5m multiplications + 3m additions + R.H.S. unit , (6.3.35a)

In addition, since the N.L.O.R. iterative scheme regquires an extra 1
multiplication and 2 additions for each peint per iteration. Hence,
the number of operations required is )

6m multipiication5'+ 5m additions + R.H.S. unit , A {6.3.35b)
per point.

For the 2,3 and 4~point group iterative methods for solving the

non-linear problems, the number of operations required can be determined

for each probhlem as follows.
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Problem 1

The 2-point group

It can be seen, from the system (6.3.14), that the (k+1)th iterate of

the G.S. iterative scheme is given by,

u£k+l) = glg2u§k)dl + R.H.S.
. (6.3.36a)
(k+1) _ (k)
u, = g2u3 dl + R.H.S.
then for i=3,(2),m-3
T T |
> (6.3.36b)
(k+1) _ (k+1) (k) :
Ui - Ui it Y RS
2
and finally,
uéﬁzl) = _luéle)dm + R.H.S.
w 7 , (6.3.36¢)
(k+1) (k+1)
u = fm-lfmum—2 éﬂ + R.H.S.
2

where g, and £, (i=1,2,...,m) are defined in (6.3.80) and 4, (351420003

is defined in (6.3.13b).

Hence the number of operations required for m mesh points per iteration

for the 2 point group G.S. iterative method is

(7m-6) miltiplications + (Zm-4) additions + R.H.S. unit (6.3.37)
To proceed to the NL.Q.R.iterative scheme an extra 1 multiplication and
2 additions for each point per iteration is required. Hence, to solve
this problem by applying the 2-point group N.L.0O.R. iterative method, the
number of operations reéuired is,

{8m-6) multiplications + (bm~4) additions + R.H.S. unit (6.3.38)

The 3-point group

In a similar manner to the 2-point group method, the (k+l)}th iterate
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of the G.5. iterative scheme can be obtained for the 3-point group, in
vwhich the system to be solved has the matrix form (6.3.12)}, where BIle
and BI¥E are given in (6.3.17a} and (6.3.17b) respectively. Hence, we can

show that thé 3-point group G.S. iterative method requires,

%?-m multiplications + %f—m additions + R.H.S. unit {6.3.32)

for m mesh points per iteration and hence, for the 3-point group N.L.O.R.

iterative scheme, the number of operations required is,

%% m multiplications + %? m additicns + R.H.S. unit (6.3.40)

The 4-point group

For this grouping strategy, it can be seen that the number of operations
needed per iteration for the G.S. iterative method for the m mesh points is

12m multiplications + 1Om additions + R.H.S. unit . (6.3.41)

Hence, the 4-point group N.L.O.R. iterative method reguires
13m multiplications + 12m additions + R.H.S. unit (6.3.42)

per iteration.

Problem 2

The 2-point group

From the analysis given earlier for solving this problem, it can be

seen that the (k+l)th iterate of the 2-point group G.S. iterative method is,

(k+l) _ (k)
Uy = O.25d1u3 + R.H.S.
(6.3.43a)
(k+1) _ (k)
u, = 0.5dlglu3 + R.H.S.
then, for i=3,(2),m-3
(k+1) _ {k+1) (k)
ug = 0.5di+1(gi+l i1 +0.5ui+2) + R.H.S.
2 (6.3.43b)
w0 g5sa 0.5u g XYy 4 orons.

i-1 7935440

i+l i+l

2
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and u(k+l) =0.5d g u(k+l) + R.H.S.
n-1 m “m m-2
2 {6.3.43c)
W) C g osg WY | Roas,
m m m-2
_ 2
where, 2
k h k),2 ]
9; = g(uj(_ )) =1 +-2—(uj(_ )) , i=1,2,...,m {6.3.44)

Hence, for m mesh poinj:s, this method requires
I(7m—6) maultiplications + (g-m—4) additions + R.H.S. unit (6.3.45)
per iteration.
In addition, since the N.L.O.R. iterative scheme requires an extra
1 multiplication and 2 additions for each point per iteration. Hence,
tpe 2-peint group N.L.OQ.R.iterative method requires

(8m~6) multiplications + (%uw4) additions + R.H.S. unit (6.3.46)

The 3-point group

From (6.3.30a), (6.3.30b} and (6.3.31b), we can'obtain the 3-point
iterative system (6.3.32), where a set of G.S. iterative equations can be
written down in a similar manner to the 2-point group strategy. This
technigue reguires,

(8m-10) multiplications + (-];39- m=-8) additions + R.H.S. unit (6.3.47)
per iteration.

Hence, for the 3-point group N.L.O.R. iterative method,; the number
of operations required is,

(9m-10) multiplications + (%3-?— m-8) additions + R.H.S. unit (6.3.48)

per iteration.

The 4-point group

In a similar way to the two previous groupings, it can be shown that

the 4-point group G.S. iterative method requires

(1Om-22) multiplications + (3m- fl) additions + R.H.S. unit (6.3.49)
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per iteration.
The N.L,.0.R.scheme for this grouping requires

{l1lm-22) multiplications + (5m-4) additions + R.H.S. unit {6.3.50)

per iteration.

Problem 3
For this problem, it can be seen that the number of operations

required for the 2,3 and 4-point group G.S5. and N.L,0.R. iterative methods

are the same as that given for Problem 2.

The total number of arithmetic operations required to solve the three
problems by each of the Gauss-Seidel and N.L.0.R. methods can be obta;ned
by combining the results shown in Tables (6.3.1), (6.3.2) and (6.3.3) with
the number of operations per iteration regquired by each method given in
(6.3.35a), (6.3.35b), (6.3.37), (6.3.38), (6.3.39), (6.3.40), (6.3.41l) and
(6.3.42) for Problem 1, and (6.3.45), (6.3.46), (6.3.47), (6.3.48), (6.3.49)
and (6.3.50) for Problems 2 and 3. These afe recorded in Tables (6.3.4),

(6.3.5) and (6.3.6).

G.S. N.L.C.R.
Method
Multiplications | Additions M A
Picard 25m ' 15m 30m 25m
2-Point Group 1253m-1074 626.5m-716 [232m-174 174n-116
3-Point Group 1185.33m 931.33m 237.6m 214 .6m
4~-Point Group - 1200m 1000m 247m 228m

TABLE 6.3.4 - Problem 1
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G.S. N.L.Q.R.
Method
M A M A
Picard 320m(*) 192m(*) 60m 50m
_2—Point Group 378m~324 135m-216 | 168m-126 94 .5m-84
3=Point Group 304m-380 126 .67m-304]|153m~170 90.6m-136
4~Point Group 280m-616 | 75m-100 [165m-330 | 75m-60
TABLE 6.3.5 - Problem 2
(*) . . .,
using double precision
G.5. N.L.Q.R.
Method
M A M A
Picard - - 126m 105m
2-Point Group 357m-306 127.5m-204 :160m-120 90m-80
3-Point Group 288m=-360 120m-288 144m-160 85, 3m-128
4-Point Group 2%0m-638 87m-116 154m-308 70m-56
. TABLE 6.3.6 Problem 3

6.3.4 ' CONCLUSIONS

The problems discussed and solved using the point Picard and the new
2,3 and 4 point groups G.S5. and N.L,0.R. methods vary in non-linearity
from mildly non-linear (Problem 1) to a highly non-linear (Problem 3).
For Problem 1 and from Table (6.3.4), it can be éeen that the Picard G.S.
and N.L.0.R. methods reguire about-gz and-%?-of the work required by the

2-point group G.S. and N.L.O.R, methods respectively, where the 2-point

group is more efficient than the other two groups.

The results shown in Table (6.3.5) indicate that the Picard G.S. method
requires more arithmetic operations than any of the grbups considered to

selve Problem 2, also a double precision program was used to achieve
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convergence for the Picard G.S5. method. It is well known that calculations
in double precision usually doubles the storage requirements and quadruples
the running time as compared with single precision arithmetic. The same
table shows that the Picard N.L.Q.R. method reéuires less arithmetic
operations than the 2,3 and 4-point group N.L.O.R. methods. Finally, for
the highly non—lipear Problem 3 convergence was hardly achieved by using
the Picard G.S. method to sclve this problem, but by applying the N.L.O.R.
method, the 3-point group approach required about 1.5 times the arithmetic

operations needed by Picard's approach.

Bence, from the above discussion we can conclude that the peint methods
involve less work than the explicit group methods especially for the mildly
non-linear problems. The results also indicate that the more non-linear

the problem becomes then the 3-~point group method could become competitive

both in computational work and convergence.
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6.4 ALTERNATING GROUP EXPLICIT (A.G.E.) METHOD

6.4.1 DEVELOPMENT OF THE METHOD

Consider equation (6.1.1), where the finite difference replacement of

this equation has been cbtained and is givenAby eguation (6.1.7), which in

matrix notation has the form,

Au=b . (6.4.1a)
where the (mxm) matrix A and the two vectors u (the discrete approximation

to the solution U{x)}) and b are given by:

'3 2 b
2+q1h -1
-1 2+ h2 -1
~ q2 N, CD
~ ~ “~
~ \\ ~ )
A= S ~ SN : {6.4.1b)
~ ~ \\ .
\\ \\\ 2\\
O -1 2+q_,h° 1
2
L =1 2+th J
= yT | (6.4.1¢)
u= (o ..., .4.1c
and 42 o 8.7
b=nh (f1+ h2’f2""'fmrl'fm + h2) . (6.4.14)

We now consider a class of methods for solving the system (6.4.1),

which is based on the "splitting" of the matrix A into the sum of three
matrices,

A= Gl + G2 + z, : (6.4.2)

where I is a non-negative diagonal»matrix and where Gl,G2 and I satisfy

the conditions:

(i) G1+e£+r1 and G2+BE+II are non-singular for any 620, r>0.
(ii} for any vectors.gi and Y, and for any constants 620 and r»Q it is
"convenient”" to solve the systems explicitly, i.e.,

-1 -1
¥ =G ¥y and y, =G ¥,

for‘xi and Y, ;espectively.
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We shall be concerned here with the situation where Gl and 62 are
either small 2x2 block systems or can be made so by a suitable permutation
of their rows and corresponding colums. This procedure is "convenient"

in the sense that the work required is much less than would be required to

solve the original system (6.4.1a) directly.

From the above discussion, we have Gl'GZ and I given by,
(1 —11 I ! ) (11 ' | 1
1 l : -F - N D -
-1 1) I I1 -1 I
R e B - ) | |
R -1 1, '
. | | - - it - —-=
ooty \ | I1 -11 1
G, = RN , G, = I l
\Y
. : N 2 ! R e S TR A
|\\\\, F I AR
T I '\\\\“l
| ll -1 I I \\\|
\ ! I = B R
] i I i~1 1] L ! i v 1
1 ] ] 4
rql 3
9
2 \
and I =h AN O (6.4.3)
N
N
A Y
Y
Ip-1
O
L ]

By using (6.4.2) we can write the matrix equation (6.4.1la) in the form
(G1+G2+Z)B.= b . (6.4.4)
Let us consider two equivalent forms,
(Gl+62+r113 =‘E-(G2+(1-B)Z-r1)5_, (6.4.5a)

and (G2+ez+r'I)H_= Ef(Gl+(l—6)Z-r'I)B_. (6.4.5u)

In the Peaceman-Rachford method (15955), discussed in Chapter 3, one

selects positive iteration parameters r and r' and determines E}k+i) and
l‘.(k+l)

respectively, by,
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(6, +zo+ru ) = b6 r1-0izrna™ (6.4.6a)
and Ps

6 +z8+rnu® ) < po(e Bz (6.4.6b)
where_E(o) is an arbitrary initial wvector approximation of the unigue

solution of (6.4.la).

For simplicity, we shall consider here the special case where,

A

8§ =6 =1/2, r=x', (6.4.7)
and we let, - - _

Gl =G, + iz , G, = G2 + 3z, {6.4.8)
Evidently, El and -G-;2 satisfy the following conditions:

(1) Gl+rI and G2+rI are non-singular for any r>0,

(ii) for any vectors gl and v, and for any r>0 it is convenient
to solve the systems explicitly,
(Gl+rI)zl =-31' (G2+r1)22 = 32 . (6.4.9)
Thus (6.4.4) becomes,
(G,+G.)u = b , (6.4.10)

and (6.4.5a)=~(6.4.5b) become, respectively,

(El+r1)3(k+*’ = 2—(62-::1)_11(]{) . (6.4.11a)
@prrna®™) = p-@ - (6.4.11b)

If we combine the above two eguations into the form,

L R (6.4.12)
- r— —r
where,
- -1 — - -1
b = (Gy+rI) | {I-(6 -rI} (G +rT) "}b . (6.4.13a)
and - -l ,— — -1
Tr = (G2+rI) (Gl-rI) (Gl+rI) (G2-rI) . (6.4.13b)

The matrix Tr is called the 4.G.E. matriz.

Now, to analyze the convergence of the A.G.E. method, we assume that

U is the true scolution of (6.4.la) then,
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(G1+G2)g_= L, (6.4.14)

and (G +rI)U = b-(G,~r1)U . (6.4.15)
(k) _ (k) . .
If e =u =U is the error vector associated with the vector

iterate g(k). Therefore from (6.4.11a) and (6.4.15) we have,

G rrne™ -G rne™ . (6.4.16a)
Similarly, —

Grrne ™) o -G i Y (6.4.16b)
and hence, : -

g(k+1) - Trg(k) , (6.4.17)

where Tr is given in (6.4.13b).

To indicate the convergence properties of Tr' we prove the following

theorem.

Theorem 6.4.1

If Gl and E; are real positive definite matrices and if r>0 then,

p(Tr)<l.

Proof: 1If we define the matrix 'I‘r as

T
r

- -— -1
(Gz+rI)Tr(G2+rI)

- - -1 = - -1
(Gl-rI)(Gl+rI) (Gz-rI){G2+rI) . (6.4.18)
then it is evident that Tr is similar to Tr' and hence from the properties

- of the matrix norms we have,

BEN [‘ ¢ J16 D) Gy D) | ||| (G,-r1) (Gtrmh || | (6.4.19)
But since Ei and E; are symmetric and since (ai-rl) commutes with (E;_ﬂ:I)-l
we have,

(@ ~r1) @, +xT) || = p((G, -rT) (G, +zT) D)

1 1 1 1
= max |&X (6.4.20)
2 A+r

where ) ranges over all eigenvaluesg of El. But since Gl is positive

definite, its eigenvalues are positive. Therefore,
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|| G,~r) (é'l+r1)-l]| <1. (6.4.21)
The same argument applied to the corresponding matrix product with —G_z
shows that || (Ez—r.'[) (62+r1)_1| |<l, and we therefore conclude that,
p(T) =p(T) < [T ]| <1, (6.4.22)

hence, the convergence follows.

Let us now assume that El and -GTz are real positive definite matrices

and that the eigenvalues A of El and p of -62

O0<agi<gh , O<Lasgpsghb. (6.4.23)

lie in the ranges,

Evidently, if x>0 we have,

p(T,) € p((G~rT) (€ +rD) 1o ((Ey=rD) (GytrD) )
A=T U-r y-r|.2 ‘
= (max ‘———- Y(max |(=—={|) = [ max |—- 17 = ¢(a,b;r) (6.4.24)
a gigb Avr whr gysp 1T

agtigb

Since (y-r}/(y+r) is an increasing function of Y we have

|Y' | |a-r b-r
max er] - "2 (av|r|pee)? - (6.4.25)
a<'y<b
When r=vab, then,
x| - e - 22 (6.4.26)
atr | l ol
Moreover, if O<r<vab we have,
b-r| _ vb-va - 2vb (Yab-r) s o 6.4.27)
b+r ’ 4.

o+va {b+r) (l/};l-\/a_)

ang if /ajxr, then,
vb-va 2vb (z~Vab)

= - = ) .50, (6.4.28)
arr vo+va (r+a) (Vo+V/a)
Therefore ¢{a,b;r) is minimized when r=/ab and
P(T/z5) € ¢la,bivab) = (ovay2 (6.4.29)
b/

Thus, r=v/ab is optimum in the sense that the bound ¢${a,b;r) for p('I‘r) is

minimized.
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The convergence of the A.G.E. method is frequently very rapid if one
allows r to vary cyclically from iteration to iteration. This rapid
convergence can be proved to hold for an appropriate choice of the iteration
parameters in the commutative case, Following Birkhoff, Varga and Young
{(1962), we say that the commtative case holds if the matrices G,,G, and I

1’72
of (6.4.4) satisfy the following conditions:

(i) Gle = G2Gl ’ (6.4.30a)

‘ (ii) Z=¢I, where 0 is a non-negative constant, (6.4.30b)

(iii) Gl and G2 are similar to non-negative diagonal {6.4.30¢)
matrices.

If these assumptions hold then the matrices G,=G +iI, a-=G2+iz satisfy

171 2

the conditions,

— —

30 = —_ .
(i") G1G2 = G2G1 {6.4.31a)
(ii") Ei and Eé are similar to non-negative diagonal (6.4.31b)
matrices.

The importance of the above cohditiqns depends on the following theorem of

Frobenius, which we state without proof.

Theorem 6.4.2

if Ei and 6; are similar to diagonal matrices and if Ei§é=‘25i then
there exists a non-singular matrix W such that,
wligw=p "wlsw=np (6.4.32)
1 17 2 2’ o

where, D. and.D

1 5 are diagonal matrices,

It follows from (6.4.31a) and (6.4.31lb) that there exists a set of

linearly independent vectors 21'22""'Ek' which corresponds to the cclums

of W in Theorem (6.4.2), such that eachlzi is an eigenvector both of Gl

and of GZ'

Now, for any column v of W we have,
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GV = Av, G,¥ = v , (6.4.33)
for some eigenvalues A and p of El and Ez respectively. Evidently,
T v = (§,4+rI) L (G, -xI) (G, +xT) > (G.- 1) (6.4.34)
r— \EpTE 1 1 2 THY - 2
. o~ -1 -1 = -1 -1 .
Since (Gl+rI) v = (A+r) v, (G2+rI) v={u+r) "v it follows that,
{6.4.35)

_ (A-r) (p-r)
Ty = (A+x) (p+r) — °

Thus v is an eigenvector of Tr for any r.
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6.4.2 EXPERIMENTAL RESULTS

We now describe some numerical experiments in order to compare the new
group strategy with the N.L.O.R. method. All the results were obtained

using the Prime Computer at Loughborough University.

Problem 1
We concider again Problem 1 given in subsection (6.3.1) and by following

the same steps we cbtain the simplified form,

-1 ) = -4n2(1+ —}—xi), 121,2,...,m (6.4.36)

h )
2u,-(1+ ui)u__“l 16

h
- 16 YY1 teY 16

which in matrix form is

ABu = b, (6.4:37)
where, i \
2 —gl
-f2 2 ~g2
£5 2 93 O
A= -~ ~ ~ : (6.4.38a)
S~ y ~ ’
'\\"\ \'\ -\""'-
~ ~
() £ 1 2 _gm—l
-f 2
L m J
~ 43 T
b = (cl+17fl,c2,...,cm_l,cm + 3 gm) ’ (6.4.38b)
T
and u = (ul'uZ""'umrl'um) ’ (6.4.38c)
- 16 - =1 - JL
g =gfu) =1+3ru ., £ =flu)=1-37u .,
and 5 1 3 ;
¢y = =-4h {1+ 16 xi), i=1,2,...,m. (6.4.38d)

We now split the matrix A into the form (6.4.2)., hence‘from {6.4.8)

E; and.E; have the form,
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1 ~g | G
S ' ! ' (2)
I | A
i 3| } N
l-f4 1| ' .
E=-—"I_—T§_-1_-.-——_= \\
1 \\ | \
- S . SR (E*l)
! { 1 “Op-1 Gl
7 t be G(m/2)
\ | : l m / \ l J
' (6.4.39)
(11 ' : 1Y [ l
== —-=-=l== = T
1
i 95 { O t Gz( ) O
: |
| ! (2)
= l,'r r ' €2
—_ = ~“ - - _— N
G, =| | e | ' A
2 { ~ . L= \
_ —_——— - - - "—l—l——-—l- e
g | | Ip-2! AR
1 | \(_"l)
- 1
A SRS D 2
' i | )
(S | i 1 |1J 1;
(6.4.40)
Gl = » i=1,2,.. 15 r
-f 1l
21
. 1l -g..
2 . m
GZ(J) = J . J=1,2,. -rE'l .
. f2j+1 1

(k+1/2)

By applying the A.G.E. method, u 1_1_(k+1)

and can be determined

successively by
E{k+l/2) - (El+r1)-l[§-(52‘r1)9_(k)] '
{6.4.41)
-— — e (&L
u (G,*r1) 1[2_(G1_r1)3~-"1/2)1

r

where r is the iteration parameter.

Evidently, (El+r1),(6'2+r1),(cl-r1) and (G—z-rI) can be determined by

inspection with (Ei+r1) and (E;+r1) easily invertible and the (2x%2) sub-
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matrices of (El+r1), (62+r1), (éi—rl) and (éé—rl) verified to have the
forms,

& 931 B =951
(i) oAl (1) _ _ov(i) _
Gl +rJ = Gl = ’ G1 rdJ = Gl =
-f2i o -fZi B
i=1,2,...,m/2
¢ %y P T2
(3) _~(3) _ (3) _ _wi(3) _
G2 +rd = G2 = ' G2 rJ = G2 =
“Faa1 @ “fy54 B
j=1,2,...,-‘§-1 " (6.4.42)
where oa=1+r, B=l-r and J is the (2x2) identity matrix.
Hence,
=1
ra(l) Yor.ab), -1 3
Gl (Gl )
A2 A(2), -1
o &t
- —1 '\""l \\ ~
= = ~
(Gl+rI) G, _ . G;'l) = N
-~ ~
l b
~N
O A(m/2) O (&m/2), -1
\ l P, L 1 £
{(6.4.43a)
-1
(o ) l/0 )
A . ~ -1
(1) (Gél))
G +r1) TG0t O 2.1 O
= N -
(G2+rI) 62 8(2) - (G( ))
2 . 2-
~ m ' \\ m
~ (5-1) ~ 51y
N %2 ~ (G2 ) 1l
O 2 O 2
o 1l/a
\ 4 \ /
(6.4.43D)
with o g2,_1
A(L), -1 * 1
(G1 } = di , Where d, = -5————————— '
£, o o =593

i=1,2,...,m/2 , (6.4.44a)
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oy o 9sa
(a(J)) L. a! 23 , where d! = X .
2 J £ o J az-f
' 25+1 29+1924
. m
3=1,2,.0005 -1 . (6.4.44Db)
From (6.4.41) E‘k+i) and E(k+1) are given by,
(k+1)
(. V[ o I v _ y (k)
u, adl gldI | | cl+l7fl Bul
i _ I
u, fzdl adl_L- : -(29 | c2-8u2+92u3
- fs -
U, sz 95 2' | ! c3+f3u2_Bu3
: L3 e - _
| -- o _.f%z” _?_2’__'____‘_: L c4-|3'u4+g4u5
: | AN, !
- - = - = - ~Vd 54 -
Yp-1 ‘ l | aég gm-lég cm'-l+fm-lum—2 Bum—l
. 2 2
; I 43
t If¥ a - -
Un J{ : T T I G J
| 2 2 _
(6.4.45a)
k+
r ( \Dr | l ] | '1 r -\(k+§)
%1 l_/a.'r R O I B | b el Tt R
| l {
! at -
Yy ) 9, 1) : O [ e tyu, By,
1
t L} -
U3 Fehe R | SR | RS R AL
R LU Il e |
1 | ~
! - .1 — me — I.__ _\_ l._ — . . m senm L -_— :
1 ] -
um.-2 | | |a§g_l gm—2§g_l: Cm-2+fm—lum—3 Bum—2
I | 2 27
| ' (| -
“m-1 l (:) : | o qE—l aég_ll “m-1 Bum—l+gm-lum
A SN VA S s |
w, ) Lo 1 ] 11/a)lc * <9, Eu ;-Bu )
(6.4.45b)
Problem 2

We consider Problem 2 given in subsection (6.3.1) and by following
the same process again, we obtain the non-linear equation,
22
- + {2+ -
LIy (2+h ui)ui aL,

= hzsinxi(l+sin2xi)., i=l,2,...,m (6.4.46)

1
which has the matrix form (6.4.37), where,




-1
2g2 -1
-1 2g3 -1
\\ .
~ ~
~

~ o , P_ =
\
~ ~
~ ~
-~ ~ ~
-~ ~
-1 2gm_1 1
-1 2gm‘

and

Hence G. and E’ of (6.4.8) are given by,

1

2

=1}

m-1

n )
| m
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(6.4.47)

2 . 2
ci = h sinxi(1+51n xi), i=1,2,...,0.

(6.4.48)

(6.4.49)
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where, ¢ 1)
(i) %21-1 ’ m
Gl = s i=l;.2,--_."§ !
L ~1 925_4
rg -1
5 | 2 m
G2 = » j=l,2,;--;5 -1.
\ -1 g2j+l‘
The A.G.E. method can now be applied to obtain E}k+§) and hence Efk+1)

(seer(6.4.4l). The (2X2) submatrices of (§i+r1), (E;+r1), (al-rI) and

(Eé—rl) have the forms,

" I LTS gy (T2
C G, T4y = G = A B |
1 1
-1 gzi+r -1 gzi-r
i=1,2,...,—’_5_'9- )
g2j+r -1 ' rg2j—r -1
{3) - &) {(3__o _ %3y _
)" 4rJ = 6,7 = ,.G2 rJ = G,°' =
"1 9yt "L 95a7T
. 7 m
FLi2eeeai371, (6.4.51)
and J is the (2x2) identity matrix.
Hence, Foa(l). -1 ;
A(2) . -1
= A S s {c."")
(G1+rI) =G~ = 1 ~. (6.4.52)
Y
S~ (5%1‘“ 2
G )
A(m/2) ~1
(Gltm/ )y
\
“(2))~1 (:) {6.4.53)
\\. m
\\\_'s'z_'l) -1
(62 )
l/gmfr‘
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with gZi+r 1 1
A1), -1 , where 4, = —
(G,”") = =4, 1 gL, 4r 1 {gy; ytr) (g, 37)-1
. 2i~1
. i=1,2,...,m/2
and gz-j+1+r 1l 1
- | -
@31 - a r Where d; = o (g, . L fD) -1
2. 25 23+1
1l gzj+r

: m
J=l,2,...’.§ -lo

(k+%) ang u Xt}

Hence, the explicit equations for u have the form,

(k+d) ' \
uy (g2+r)dl dl. : . | :
1
u, dl (gl+r)ciil 1 _ y _ @ ______
u (g4+r)d2 dz l
i

Er:
]

'_l

|

|

[

|

|

|

|

l

|

I

|

l

- e =
|

’

ll

_—— . — = ——
al
E+|
H
Sl
(S]] R
[+1]
]

(e - (g - )
¢,-{g,-T)y,

c2-(gz-—r)u2+u3

(6.4.54a)

— -




;
c -rju,+u

A S R

c, tu =lg,rly,

c3-(g3-—r)u3+u4

C

C

Problem 3

Cm-2 111--3-(gm-2-r

e ——

+ }a

n-2

-riu +11
m

m—l-(gm-l m-1

4+u -(gm-r)um

| Em-l

y (k+3)
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(6.4.54b)

Again we consider Problem 3 as given in subsection (6.3.1), where the

following non-linear equations can be obtained,

29
-ui_l+(2+h ui)ui-ui+

2 . .9
1= h” sin xi(l+51n X

Ry

i=l,2,...,m

(6.4.55)

which can be solved by the A.G.E. method similar to Problem 2 with 9;

and c; replaced by,

2
_ h 9
9y =t+rTyy
and _ .2 . 9
ci =h sinxi(l+51n xi)
Problem 4

We now consider the

It

[ ]
Uy

n

]
Us

subject to the boundary

u, (0}

linear problem,
U2 .

' 2
400(Ul+cos (rx)) + 27
conditions,

= Ul(l) =0 .

i=l,2,...,m

2C05(2ﬂx) .

The exact solution fof this problem is given by,

=20
e 20x 1 -20x
G =TTe e YL 0 C
l+e l+4e
U (x) = 20 e—20e20x _ 20 e—20x +
2 =20 =20
l1+e l+e

- cosziﬁx) i

7T sin(2nx)

(6.4.56)

(6.4.57a)

(6.4.57b)

(6.4.57¢c)

{6.4.58)
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From (6.4.57a) and (6.4.57b), we have,

Uy = 4oo(Ul+cosz(ﬂx)) + 2n% cos(2mx) . (6.4.59)

By following the finite di.‘éference procedure of Section (6.1), equation
(6.4.59) can be approximated to obtain the linear difference equation
(assuming that u=u1) ’

1172831054

= 400[u +c052(11x ] + 21r2 cos (2nx
h2 i i .

u

i)' i=l,2,...,m.

This equation can be simplified to the form,

2 2 2 2
-ui_l+(2+400h )ui-uiﬂ = =2h" [200cos (wxi) + 7 cos(21rxi)]
i=l,2,...,m. {(6.4.60)

The boundary conditions are replaced by,

uo =0 and umﬂ =0 {6.4.61)

1
where h = L "

The linear system (6.4.60) can be represented in matrix notation as
Au = (G]_*GZ)E =b . (6.4.62)

The vector u is defined in the usual way, and b is given by,

T
E = (cl'c2'."'cm-l'cm) r (6.4-633.)
where 5 2 2
ci = =2h" [200cos ('rrxi) + T cos(21rxi)] s i=1,2,...,m {6.4.63b)
Gl and 62 a.re given by, |
r -1 | t | 3 r ( l t 3
gl | y ' E'__.L__L_._.:._
A R A T A
lg -1l t |
9 | | | ! { I
- 1_ - -1 gl t
G, = ey Gt} ana G, = —':'_T""—i"'“'!""
| |\.\ | { I \\ i i
l [ I | | !
' AN e 1 I o
R T TN
i jg -1 | -1 g,
| | e g - - -
l | -1 ! { t 1 9
| | I ) o | ' J

(6.4.64)
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with g = 1+200h .

Hence, by applying the A.G.E. method of subsection (6.4.1), we can

(k+3) and u {(k+1)

determine u sﬁccessively from equation (6.4.41).

It is
obvious that the (2%X2) submatrices of (El-t-rl) and ((-3_2+rI) are ¢of the form

P o -1
G =
-1 a

~
where &t = g+r, and the inverse of G is given by,

where R=g-r.

Al o 1 1
G = 4d ; Wwhere 4 = > . (6.4.65)
1 o o -1
Hence the vector E(kﬂ) can be determined from P_(k) in two steps, we first
determine E(k-}&) as follows,
’ (kﬁ) r ‘ . ) . (k)
l -
uy a 1 : | l c; Bul
1 o | l B
U2 _-___|.._+___@__ CgmPuy Uy
I .
G, ¢ 1l | Catu,= Bu3
| I -
Uy l=alo L yte ey R o 4 Bl“4+“5 (6.4.66a)
: i LS | ' ’
' - - SRS N P '
| -
Yn-1 @ | :a ! Cm~l+‘flm—2 Bum—l
- 1 -
Lum ) | 1 | Il C‘J Lcm Bum )
.and by using the values of u(k'&) we determine,_ll(k“'l)
(k+1) ,
rul . l/a: { : | A cl__Bul_l_uz {(k+1)
o "E;'E"-""|""'1 o +uy-u,
2. 1 ' | | €2ty
a d
u, _da — 7 b Mg c3-f3>t.13+1:t4
i t< | !
| = ~ l 1-
: L S S ' (6 .4 .66b)
K = bt e
d.m__2 | O ( : Gy u..m_zrum_3- pum_z
I i 1
Um-1 - _i- _— e - - _: ...d_ a_d_:__ Cn-17P% 1 ¥y
| | 1 -
w, JoU 1 1/9 legtar 4 Bum
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The following tables show the results obtained by solving the four
problems by the A.G.E. method, also in Tables (6.4.1), (6.4.2) and (6.4.3)
we recorded the results obtained by solving the three non-linear problems
by ‘the 2-point group N.L.0.R. method (see subsection (6.3.1l)), and in Table
(6.4.4), the results for solving problem 4 by the S5.0.R. method are also
included. The convergence test used was the average test (6.2.27) with
e=10-5. For each method, the logarithm of the minimum number of iterations

was plotted against log(h-l), the graphs which support the theory are shown

in Figures (6.4.1), (6.4.2}, (6.4.3) and (6.4.4).

-1 2-Point Group N.L.O.R. A.G.E,
h
Opt.Relax.Fac.(wb) No.of Iter. (k)| Opt.Iteration k
' Parameter (r)
13 1.474 15 0.444-0.456 19
25 - 1.68-1.681 29 0.251-0.253 37
37 1.772 41 - 0.168-0.174 54
49 1.821-1.824 : 55 ©0.133-0.135 72
Problem 1
TABLE (6.4.1)
2-pPoint Group N.L.O.R. A.G.E.
h—l " :
' b k r k
13 1.08-1.096 12 0.772-0.822 11
25 . 1.386-1.406 21 | 0.436-0.476 22
37 1.557-1.565 29 0.32-0.33 31
49 1.636-1.672 39 0.246-0.249 42
Problem 2

TABLE (6.4.2)
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2-Point Group N.L.O.R. A.G.E.
pL
mb k r k
13 1.084-1.1 12 0.9-0.925 9
25 1.43~1.444 20 0.513-0.522 18
37 1.572-1.592 29 0.362-0.366 27
49 1.679-1.681 37 0.281-0.282 36
Problen 3
TABLE (6.4.3)
1 S.0.R A.G.E.
h -
wb k r k
13 1.075-1.077 9 1.75-1.9 5
25 1.206-1.238 16 0.58-0.98 9
37 1.325-1.374 23 0.53-0.59 12
49 1.42-1.47 30 0.25-0.465 16
Problem 4

Finally, the problems were solved using Picard's method and the

TABLE {6.4.4)

results are given in Table (6.4.5).

Problem 1 Problem 2 Problem 3 Problem 4
-1
h w w k w, k W k
b b b b
13 0.953-1.02 0.534~-0.582 13 0.387-0.11 21 1l 2
25 0.954-1.03 0.565-0.582 13 0.396-0.412 | 21 1l 2
37 0.94-1.034 0.575-0.578 13 0.399-0.412 | 21 1l 2
49 0.942-1.03 0.578-0.586 13 | 0.399-0,414 ] 21 1l 2

.TABLE (6.4.5)




328

1000+
w Problem 1
Legend
| A N.L.O.R.
O A.G.E.
-
X
73]
| -
0
—+—
5
o= 100-
[T -
(o]
| -
@
0
£
3
-
10 T T T T T T T Lo |
10 = 100
h

Figure (6.4.1)
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6.4.3 THE COMPUTATIONAL COMPLEXITY

Now, in terms of arithmetic calculations, we will estimate the amount

of operations required to solve each problem by applying the A.G.E. method.

Problem 1

We first estimate the number of cperations required to determine the

{k+1)th iterate of the A.G.E. method., From system (6.4.45a), if we assume

that,
- _a. (k) = o _anlk) (k)
r, = c1+17fl Bul - and r, c2 Buz +g2u3 ’
then,
. (k+3) _ (k+¥) _
uy = (arl+glr2)dl and u, = (f2r1+ur2)d1 , (6.4.67a)
and for i=3,(2),m-3
(k+1) _ ' '
u, = (arl + girz)di+l R
2
(k+%) == ' L]
ui+1 = (fi+1r1 + urz)di+l R (6.4.67b)
2
(k) (k) (k} (x)
(- - [ -
where rl ci+fiui__l Bui and r2 ci+l Bui+1+gi+1ui+2 '
and finally,
(k+§) —_ " 1] (k+i) = n L]
um-l = (ar1+gm_lr2)djE R um (fmrlﬂxrz)d.E ' (6.4.67c)
2 2
e o= (k) _,. (k) . 43 (k)
where rl = cm_l+ m—lum—2 Sum—l and r2 = cm + 3 gm Bu n

g;+f, and ¢, for i=1,2,...,m are given in (6.4.384), 4, (i=1,2,...,%) is

given in (6.4.44a), o and 8 are given in (6.4.42) and m is divisible by 2.

Hence, the number of operations regquired for the m mesh points are
{Bm-11) multiplications + (5m-4) additions + R.H.S. unit.

In a similar manner, the {k+l)th iterate can be determined, and we can
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show that the number of operations required are
{Bm-4) multiplications.+ 5m additions + R.H.S. unit
Hence, the A.G.E. iterative methodlrequires
(16m~15} multiplications + (lOm-~4) additions + R.H.S. unit

{6.4.68)
for the m mesh points per iteration.

Problems 2 and 3

' h
For these problems and in a similar manner to problem lthe(k+&}hand(k+lY
iterates of the A.G.E. method can be cbtained, and the number of operations

required to solve this problem by the A.G.E, iterative method is

(12m-7) multiplications and (13m-9) additions + R.H.S. unit
(6.4.69)

for the m mesh points per iteration.

Problem 4

For this linear problem, E}k+§) and Efk+1)

can be obtained from
{6.4.66a) and (6.4.66b) respectively. Hence, we can show that the number
of operations required to solve this problem by the A.G.E. iterative method

is
(6m-7) multiplications .+ (4m ~ %%) additions + R.H.S. unit (6.4.70Q)

per iteration.

On the other hand, to solve this problem by the S.0.R. iterative
method we require per iteration

2m multiplications + (4m-2) additions + R.H.S. unit (6.4.71)

Hence, by combining the results shown in Tables (6.4.1}, (6.4.2), (6.4.3)

and (6.4.4) with the corresponding number of operations pex iteration




required to solve Problems 1,2 and 3 by the 2-Point Group N.L.O.R. and the
A.G.E. methods and Problem 4 by the S.0.R. and A.G.E. methods, we can
cbtain the total number of arithmetic operations required. These are given

in Tables (6.4.5), (6.4.6), (6.4.7) and (6.4.8) for Problems 1,2,3 and 4

respectively.
ethod | 5.point Group N.L.O.R. A.G.E.
h_l Multiplications Additions M ' a
13 | 120m-90 90m-60 I 304m-285 190m-76
25 - 232m-174 174m~116 i 592m-555 370m-148
37 326m-246 | 246m-164 864m-810 540m-216
49 440m~330 330m-220 1152m-1080 720m-288
Problem 1
TABLE (6.4.5)
dethod] 5 point Group N.L.0.R. : A.G.E.
-1
M A M A
13 104m-78 _ 58.5m-52 132m-77 143m-99
25 168m-126 94.5m-84 . 264m-154 286m-198
37 | 232m-174 130.5m~116 | 372m-217 403m-279
49 "312m-324 | 175.5m~156 504m-294 54ém-378
TABLE (6.4.6) Problem 2
Methodl 5 point Group N.L.O.R. A.G.E.
‘ ht M A M A
13 26m-72 | 54m-48 108m-A13 117m=81
25 ‘160m-120 90m-80 216m-126 234m-162
37 232m-174 130m-116 324m-189 351m-243
N 49 296m-222 166.5m-148 432m-252 468m~324
Problem 3

TABLE (6.4.7)
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.\ Method S.0.R. A.G.E.
n M A M A
13 lem | 36m-18° | 3om-35 20m-27.5
25 ' 32m | 64m-32 | 54m-63 | 36m-49.5
37 46m 92m-46 q  72m-84 48m-66
49 60m 120m-60 96m-112 64m-88

Problem 4
TABLE (6.4.8)

The total number of arithmetic operations required to solve the four

problems using Picard's method can be obtained and are given in Table

(6.4.9}).
Problem 1 Problem 2 Problem 3 Problem 4
M A M A M A M A
30m 25m 78m | 65m 126m | 105m 12m 10m

TABLE (6.4.9)

By comparing the total number of arithmetic cperations required by
the 2-point group N.L.O.R. method and the A.G.E, method to solve the three
non-linear problems, Tables (6.4.5), (6.4:6) and (6.4.7) shows that the new
A.G.E. method requires more computer time than the N.L;O.R. method. Also,
it can be seen from Table (6.4.8) that the A,G.E. algorithm is more

efficient than the S.0.R. iterative approach to solve the linear Problem 4.

For the Picard's method, it can be seen from Table (6.4.5) that the
rate of convergence appears to be independent of h-l for these class of
problems and Table (6.4.9) shows that it requires less arithmetic operations

than the other methods to solve the linear and the non-linear problems.




CHAPTER 7

FURTHER APPLICATIONS OF THE 4 AND 9 POINT

EXPLICIT GROUP OF MESH POINTS TO:

A. THE 9 POINT FINITE DIFFERENCE EQUATION
OF THE LAPLACE OPERATOR.

B. THE 13 POINT FINITE DIFFERENCE EQUATION
OF THE BIHARMONIC OPERATOR. ‘
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7.1 INTRODUCTION

In this Chapter and in a similar manner to the four and nine point
groups of Chapter 4, we now present explicit four and nine point groups to
the 9-point finite difference equation. The well known 9-point approximation

to Laplace's eguation is given by,

20u, ,-4¢(

2,970 M1, 579, 91", 510, g )

+ +
Bi-1,9-1"%141, 5-1 041, 901
ui-l,j+1) =0, (7.1.1)
and is represented by the camputational molecule given in Figure (3.2.4).
For this equation, the local discretisation error is O(he) (see Section

{3.2)), this is, therefore, an extremely accurate approximation to use

when solving Laplace's equation.

Further, for completeness in Section (7.4), we present the theoretical
results for the explicit four and nine point groups to the 13-point finite

difference equation of the biharmonic cperator (see Figure (3.2.6)).
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7.2 THE 4 AND 9 POINT GROUPS OF THE 9 POINT F.D.E. FOR THE

LAPLACE OPERATOR

7.2.1 THE 4-POINT GROUP

Consider the linear matrix eguation

Mi=b, | (7.2.1)

defined in the unit square 0g£x,y<l, with m2 internal mesh points (see
Figure (4.2.1}) and assume that the mesh points are ordered in groups of

four as shown in FPigure (7.2.1).

t:z o mt+2

temt+2, —x 2mtt+2
t-m+l .t +1 "tm-ti-]_ 2m+t+l
tom .t 4m-!—t 2mt
k 2mt-1
t-n-1 t-1 m+t-1

FIGURE (7.2.1)

vhere t=rm+l, (2), (r+l)m-1 and r=0(2),r2 with m taken to be an even number.
Hence to use the 9-point approximation scheme, the finite difference

equation at the point P of Figure (7.2.2) has the form,

+ + + + + + + + = . 7.2.2
uptalug ptog pty ptip pl B Sty e p*UeR,p) < Pp ( )
TL I TR
g a B
o P n
L 1 R
8 a B
BL BR
B

FIGURE (7.2.2)
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- Now, if we consider equation (7.2.1) defined in a unit square with

Ax=Ay=h=1/7 and assume that the groups are ordered in red-black ordering,
then by applying equation (7.2.2) to each of the mesh points in turn, the
'resulting coefficient matrix A has the block form,
' A
FRO o R AR Ry o
!
o Ry R, @) | Re Rg
3R Ro Ry Ry IRy Ry Rg Ry
o R4 RO o : R7 0 RS
Ry O Ry, O R, R ‘
A= dewmem—e T T g A (7.2.3a)
R RS R8 O :RO Rle 0
R, O R5 R8 :R‘4 RO 0 Rl
R7 R6 0 R8 lR3 O R R2
t
L O R; Rg Rglo Ry R, Ro‘
where,
1o o 8 () (0
a 1 o _ v O _ C) B o
%)= 'qu '--*-_""R2_ -TreTs '
o B 1 o O o1 Ol o
l
o a 1 B Ot C) :
\ L4 . ‘ 4 L r
[ Il o 87 ( : ] [ t ]
| v
=] O Jool,n-| 010 .{010 ,
3 ————r—-— 4 ——-r———- 5 ——l-i.-p—.u.
o B o
010 e "o
\ ' 4 \0 ol J LB 0] /
8] 0 : 0 0 ( :a B ) a :0 )
O 18 (0] 1B o o] oto o
=~—==== ==, R_= """ """ = |- t ==~ .2,
% o oTo o|’ %7 = amd Ry = 15" Blo of (7-2.30)
| O !
0 la O : olo 0
P, . \ s L,

Notice that the (4x4) submatrices Rl'RZ'RB and R4 have only one non-zero
element which makes the two square submatrices of A to be sparse sub~
matrices. Now the explicit group S.0.R. method can be considered as a

point S.0.R. method applied to a transformed matrix AE=[diag{R°}]-lA and

modified vector g?=[diag{Ro}]*Hg. For the linear system A?EFEF' with
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E _E R
AE=I-L -U", the method can be written compactly as,

u + w[L u b

SO By (k1) g8, (), pB _ )y (7.2.4)

The matrix [diag{Ro}l"l is simply diag{Ral} and the inverse of R, is given

by, r \
_ Y1 Y2 Yo Y3
- Yo Y, Y, ¥
Rt- i 2t ’ 2 (7.2.5a)
- , .2.
°© d Yo Y3 Y1 Y
Y3 Y Y 0 M

where  a=1-287-40°8(8%48-2), v, = 1+20°8(1-8), ¥, (28-6%-1)
and vy = 267 (1-8)-8(1-8%) . (7.2.5b)
The block structure of the matrix AE is the same as that of A with the

submatrices R_, replaced by the identity matrices I, and the submatrices

8]
Ri' replaced by Risi, i=1,2,...,8, which can be easily determined, for
example,
f \ ( A
873 O 0 o a72+BY3 BY2+a73 O ©
1 1 Byz 0 0 © -1 1 a73+872 BY3+aY2 o 0
RO Rl = E + R RS = E . y
672 o 0o 0 uY1+BY2 BTl+a72 O 0
By, © © o‘ BY,taY, aY,+gY; O O
- Y o
, -1 -1 -1 -1 -1 -1 ,
whilst Ry :32, R, Ryr Ry R, R, RG’ Ry Rq and R, R8 can also be obtained

in a similar manner. For the model problem (Laplace'é equation) a= -1/5

and B = ~1/20, it follows that R;l is a symmetric matrix given by,

2320 560 560 340
1 1 560 2320 340 560
Ro = 2079 560 340 2320 560|

340 560 560 2320

(43 32 o0 o
-1 1 (32 43 0 o

, RORy ===—=o=
075 6Bhes % o o
7% 164 0 O

\
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Similarly, R;lRi, i=2,3,4,6,7 and 8 can be obtained and hence. the

computational molecule of the explicit 4 point group can now be established

at the point P to be28/3 43 32 *17/3
76 32
164 o 6393P 43
116/3 ¥ 28/3
164 76

FIGURE 7.2.3

From the explicit equations derived from the new molecule, the explicit

group Jacobi method can be obtained and is given by,

(k+1) _ (k) (k) (k) (k) (k) ., (k)
vy = 693[164( RAEL I L LD L NIT L LR b
(k) {k) (k) (k) {k) (k)
32(u oot omrts) T {116 +28(ut_m+2+u2m+t_l)+17u2m+t+2}]
(k+1) _ (k) (k) (k) (k) (k) (k)
Berl T 593[164( e+l a2 PO VA3 et
(k) (k) 1 (k) (k} {k) (k)
32({u m+t— l 2m+t)+ 3tien 2+28( t- m—l+u2m+t+2)+17u2m+t-l}]
(k+l) _ (k) (k) (k) (k) (k) (k)
Uit T 693[164( mre=1 Somet) TTO N 140, ) A3 )t
(k) (k) (k) {k) (k) (k) .
32(u, patUen)t 3 3i1i6u LR TN NP A TIPS )
and
(k+1} _ (k) (k) (k) (k) (k) (k)
mt+l 693[164( m+t+2+u2m+t+1) 76 (u U,y +t) *43(u e omel met-1
(k) ( (k) {k) Ak) (k)
32 (ut-m )+ —{11611,, +t+2+28(ut-m+2+“2m+t-—1)+l7ut-m-1}] !
{7.2.6)
. (k+1)
where t=rm+l, (2),(r+l)m-1 and r=0,(2),m-2. It can be noticed that ut+l '
u(k+1) and u(k+1) can be obtained by rotating the moplecule in a clockwise
m+t+l m+t
manner.

A similar set of equations can be obtained for the 4-point group G.S.,

J.0.R. and S.0.R, iterative methods.
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In this case, the mesh points of Figure (4.2.1) are ordered in groups

of nine as shown in Figure (7.2.4}).

t+3 m+t+3 2m+t+3
o3 ¥ ¥ % 3m+t+3
o2 Y 4t+2 .m+t+2 .2m+t+2 3 3meren
— .t+1 ‘P+t+1 .2m+t+l__! Imitel
t-m, &t &'t e2mit Imet
t-m-1 & e a3 I X
t-1 m+t-1  2met-1 mit-l

FIGURE 7.2.4

where t=rm+l, (3),(r+l}m-2 and r=0,(3),m~3. For this scheme of the grouping

of the mesh points m obviously must be divisible by 3.

For the simple case of the unit square and Ax=Ay=h=1/7, then with a

red-black ordering of the 9-point groups and by applying equation (7.2.2)

to each of the mesh points in turn, the resulting coefficient matrix can be

shown to have the block structure

where

fRO R : R, R67
B %% Y
R, R | By By
R Ry | R, Ry

{7.2.7a)
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(7.2.7b)

To derive the expiicit block S.0.R. method we follow the same steps as

for the 4-point group, hence we have to determine the inverse of RO which

is obtained by using REDUCE and is given by,

( )
1. Yo Y3 Yo Yy Y5 Y3 Y5 g

| R =-$— (?.2.83)

where,

1;4[8a6(482—48+1)—a4(1684+2482—328+9ﬁ'32(1684-86+3)-232(252—1)]

o]
1]

Yl = 1—4&6(882-108+3)+234(884+2662-36B+ll)-202(16B4+282-l38+5)+52(1262-7),
Y, = —a (1002 (82-28+1) o2 (168%+168%-248+7) +88%-282-28+1,

v, = 40° (882-68+1) -4a” (48+78%-68+1) +0” (168" +ap”-68+1) -8 (42°-1),

Y, = ~808 (28-1) +4a% (483+38-2) -20 (883-1) +8 (482-1) ,

v, = —al-6a’ (48%-48+1) +0% (168788431 28 (487-36+1)1 ,

Yo = ~40° (88°-108+3) +20% (88°-68%-48+3) 4608 (28-1) 8% 46°-1) ,

8a® (28-1) +602 (482-88+3) -0 (1682-208+9) +882-68°%41,
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—old0® (48%-48+1) ~4a” (48°-4B+1) +48%-2p+1]

'Y -3
8
Yo = 808 (28-1) ~202 (2082-88-1) +02 (168 1 +168°-128+1) -282 (48%-1) ,
and _ _
Yo 1608 (28-1) —4a (22+88-5) +8a° (282+8-1) 48241 . (7.2.8b)

E
Again, it is clear that the block structure of the matrix A ,

AE=[diag{R;1}]A, is the same as that of A with the submatrices Ro, replaced

by identity matrices, and the submatrices R,, replaced by R;lR , i=1,2,...,8.

i i

For the Laplace eguation, a=-1/5 and B=-1/20, it follows that R;l is

a symmetric matrix and is given by,

(56367 ' 1
15510 60990
4623 15510 56367 symmetric
15510 11500 4730 60990
| 11500 20240. 11500. 20240 68080
0o ~ 49588
4730 11500. 15510 7090 . 20240 60990
4623 4730 2467 15510 11500 4730 56367
4730 7090 4730 11500 20240 11500 15510 60990
2467 4730 4623 4730 11500 15510 4623 15510 56367
\ - J
Hence,
(0 , 0 56367
o 0 15510
0 o 4623
f5=“i“_o o} o 15510
0 "3 951760 |, o 11500
'
0 0 4730
) 0 4623
0 o 4730
0 S0 2467) o




-1 _
R RS =

Also, R-l
. 0

S
495880

11611

13005

7299

36770

33120

15210.

120489

61515

1

-1
R, %D R

| 17001

20 Ry By

13005
18910
13005
33120
51980
33120
61515
13749

61515

06

07

7299
13005
11611
15210
33120
36770
17001
61515

120489

J

9%

-1 ~1 -
f R"R_, R "R, and ROlRB can be determined
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similarly. The computational molecule can now be established and is given

representatively in Figure (7.2.5) for the points P_,P. and P._.

1772 3
4623 23222 26010 14598 1551 7354 6624 3042 473
¥ £ 467 P
34003} % 1230 —% 2601
14598 _
99176 P,
1230304 % 27498—— 3782
26010
220976h— g 20 B 12303 | 2601
3222
56367 L * 1623 1551 3 473
240978 123030 34002 7354 6624 3042
(a) 25 ¥4 226 1a4 25 (b)
144 144
2156 P,
226 * 226
144 — 144
25 : - 25
144 226 144

(c)

FIGURE 7.2.5




346

Hence, an explicit group Gauss-Seidel method can-be derived from this

molecule and is given by,

(kt1) 1 (k+1) (k+1) (k+1) . (k+1) (k+1)
w"" = S5i760 1240978 (w7 +u T ) 4123030 (0, [T 4w 7Y 4563670 T
(k+1) | (k+1) (k) (k) (k) , (k)
+34002 (u t m+2+ 2m+t-1 )+26010( +t+3+u3m+t+1)+23222{ t+ 3 3m+t)
(k) (x) (%) (k+1) (k)
)+4623(u ) +u t T )+246Tu, L T

+14598(uy 13t e

By rotating the points of Figure (7.2.5a), a completely analogous expression

. s {k+1) (k+1) (k+1)
can be cbtained for the polnts.ut+2 P Uy a2 4 Jmt

In a similar manner, we have the equation,

it = o 1274980 0112303 (kgl) 0y 47350 (0B 40 )
PRI R R RTNCN
L) V1551 ék;+3’+473( e g
whilg mesh points uitzi;, ;§:ill a uétzl) are found by formulae similar

to the one above.

Finally, we have the equation,

(k+1) _ {k+1)  (k+1), K (k) (k) (k+1) (k+1)
mHE+1 2156 [226€u, i e 1 3 e 1 By ey
(k+1) . (k) . (k) (x) (x41) , (K) (k+1) . (k)
+ J425 {(u N m_1+ut_m+3

omtt=1"03m+t TPamet+2 P omet 43 0 tome2 Va3

(k+1) (k)
u3m+1:-1+ 3m+t+3)} * (7.2.9)

Clearly, similar sets of equations can be written down for the 9-point

Jaccbi, J.0.R. and S.0.R. iterative methods.
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7.3 EXPERIMENTAL RESULTS FOR .THE GROUP EXPLICIT. S.0.R..METHODS

We now describe some numerical experiments which were carried out in
order to compare the new 4 and 9 point group iterative S.0.R. methods with
the basic point S.0.R. method. All the results were obtained using the

Prime Computer at Loughborough University.

The problem is that of solving Laplace's equation

2 2
-a—g+~§-—g-=0, inR,
ax 3y
and (7.3.1)
Uu=0 on 9R.

J

where R is a unit square with boundary oR.

Although the matrix of the nine-point formula does not possess Property
{3), the optimum relaxation factor (mb) for the point S.0.R., method for a
rectangular region can be obtained from a separation of variable technique..
van de Vooren and Vliegenthart (1967} have examined the formula for the
Laplace equation in a square of side a, with equal mesh sizes and they
obtain'the.result,

= 2-2.126 B+ 2,24 % + 0’ (7.3.2)

“s
To determine the optimum relaxation factor for the 4 and 9 point explicit
group S.0.R. nmethods, we first evaluate the spectral radius of the Jacobi
scheme which can be estimated by using (4.3.4), then substitute the result
in (4.3;3) for W - The theoretical number of iteratiomsis obtained by
(4.3.6), whilst the convergence test used was the average test (4.3.5) where
e=5x10-6. The experimental optimum values of w are determined to witﬁin

$0.001. The results obtained from these experiments are recorded in Tables

(7.3.1), (7.3.2) and (7.3.3), and for each method the logarithm of the
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minimum number of iterationswas plotted against log(h-l), where h is the
mesh size, the graphs shown in Figure (7.3.1) reveal that the plots for
the methods were all straight lines with slope of unity thus supporting

the S.0.R, theory.

@b : k
h_l Theory Experiment Th. Exp.
13 1.619 1.595-1.604 26 33
25 1.769 1.761-1.765 a7 62
37 1.836 1.829-1.835 68 92
49 1.873 1.868 90 121

TABLE 7.3.1: Point S.0.R.

wb k
h-l Th. Exp. Th. Exp.
13 7 1.496 1.509-1.51 17 19
25 1.699 1.702-1.709 34 37
37 1.786 1.788 51 53
49 1.834 1.834-1.837 67 71

TABLE 7.3.2: 4-Point Group S.0.R.

Wy k
h_l Th. Exp. Th. Exp.
13 1.419 1.435-1.447 14 17
25 1.644 1.649-1.657 28 31
37 1.744 1.748 41 44
49 1.80 1.802-1.805 55 59

TABLE 7.3.3: 9-Point Group S.0.R.
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Legend

/\ Point S.0.R.

O 4-Point Grp. S.0.R.

[0 9-Point Grp. S.0.R.

10
10

Figure (7.3.1)
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We now consider the relative efficiencies of the three metheds, and
as stated on page (95), we must compare the amount of work reguired per

iteration, as well as the number of iterations required. for convergence.

The Point S.0.R. Method

In implementing the point S.0.R. method, the 9-point finite difference

solution of the model problem (7.3.1) is given by

2B gD Ry, R (.33
1,} i, 1,3 i,] '
where the‘ﬁfk+l) are the components of the (k+l)th G.S. iteration and is

i,J

defined by,
L P U I T T S T R

i,3 i-1,3 0i,3-1" Ti+l,3 4,341 i-1,3-1" 441, 5-1

(k) + {k)

4,541 -1, 941

. (7.3.4)

Hence, the number of operations required is
2
3m” multiplications + 9m2 additions, (7.3.5)

2
for the m internal mesh points per iteration.

The 4-Point Group S.0.R. Method

For this grouping, a set of G.S. iteration equations similar to the

equations given in (7.2.6) can be calculated. To determine the amount of

work, first we calculate 31?;1),31EIT; and ﬁii;?;+l then we apply the 9-
point finite difference formula to'ﬁi%;ii. Hence, if we set,
R AT I e S
Sy “;%;+2+“;ﬁ;,j ’ Sa 7T ﬁiii,j+2+u§t;,j+l '
Sg = “éfl,j+2+“;izfg—1 r ST “é§IT;-1+“£E;,j ’




g = gD (R s = gk, (K)
7 i-1,3+1 i,5+2 ' 8 i,3-1 "i+42,3+41 '
s = u(k+l) (k) s - (k+1) u(k)
9 i-1,3 Ti+l,j+2 ' 10 i-1,3-1 "i+2,3+2 '
and sll = 2855 .
Then we have,
~(k+1) - {k+1) (k)
‘ 1 3 33?5(4925 +22852+l295 +116u —l,j—l+9654+sll+l7u 2,4 +2)
~{k+1l) (k+1) (k)
ui+1,j 3353(49256+22858+12959+116u 2,5~ 1+9657+285 +17u, —1,3+2)
- {k+l) (k) {k+1)
ui+1,j+1 2079(4925 +22853+1295 +116u1+2,j+2+9651+511+17ui-1,j—1
and
~{k+1) (k+1) ~{k+1) ar{k+1) {(k+1)
= o2
ui,j+l (o) (ul'j +ul+1’3+l+s7)+o 05( 1+l,j+59+ui-l,j+2

Thus, the (k+l)th

(k+1}

i+21,j+22

= w{'ﬁ'(ki'l)

1+£l,j+22

(

i

K
i+£l,j+£

Y+u
2

for i,3=1,(2) ,m-1 and 21,22=0,l.

So, by assuming that the constant

1
2079

scheme requires per iteration,

2

2 . .
m multiplications +

2
for the m internal mesh points.

The 9-Point Group S§.0.R. Method

For this method, we first calculate u

and ui+l,j+l

k)

+2

1,j+£

2

)
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(7.3.6)

P

(7.3.7)

iterates of the S.C.R. iterative scheme are given by,

(7.3.8)

is stored beforehand, this

apply the 9-point finite difference formula to the remaining points.

we set

Y m2 additions, (7.3.9)
~ (k+1) aﬁ-(k+1) -ﬁ.(kﬂ) a{k+1)
i+, i, 3417 142,541 i4l, 542

by using equations similar to those given in (7.2.9), then

If



_ k) (ke ‘ C k1), (k)
17 %, 5.1 Y Yie2,51 7 S2 7 Yio1,5" M543, 5 ’
oo D ) ' e o gkt () '

37 Yi-1,5-1"%443, 301 a = Yia1,541 743,402

o (k+l) (K (k)
S5 = Wiy, 442% a3, 442 S6 © Ui,4437%42,543
S (k) L e41) (k4D
577 Yi-1,3+3% 043,443 Sg = Ui-1,5"%5-1,542
. (k+1) (k) ’ o =D (K ’

o = Y4,3-1"",443 10 - %i-1,5-17%-1, 543

{k+1) {k) (k+1) (k}
= + =
S11 % Yia1,3-1"%541,943 7 512 T Yi42,5-1"%042,543
IR NN e glen Lm

13~ Yi43,57 143,542 14 1+3,3 17143, 543

S15 = Sg*S110r S16 T S17Sp™S5YSg v 519 T Syo*Syy

518 7 “iEI%;+“i%;i; ' S19 T “ét;f;-1+“i§;,j ’

%20 © “ifif§+2+“§f§1§ ' 5o “it% ,5+3 “:E;,j+2 '

Sy2 7 “;TIT;-1+ ifif§+1+“ifif§_1' Sy3 © “;§1T§~1+“iﬁgf;-1+“i§;,j+1 ’
S2q T iE;T;+1+“iEl,j+3+“itl,j+3' S5 = “iti,j+3+“;t;,j+1+“it;,j+3 ’
S = 6624s, and s, = 66245 . (7.3.10)

Then, we have,

{k+1) (k)

352
(k+1)

ui+1,j 99176(27498 1+1,5- 1+123035 +7354s +526+3782ul+1’j+3f304255
+2601$6+155153+473s.7) P
as{k+1) (k+1) e i imman. (K) T
ui,j+l 99176(27498 l'j+l+1230358+7354b9*b27?318.4 143, j+1+30d4a12+
+2601513+1551510+473sl4) .
A (k+1) (k) {k+1)
= +7
ui+2,j+l 99176(27498u +3,j+1+12303513 354512+527+3782 i-1,3+1

304239+26015 +1551314+473510) '

8
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"'f:;f;h? = 99176(27498 (k’l,j 3+123035g7354ss+526+3782ui]:‘£f;_1
3042 52+260151+155ls7+47353) P
?‘ﬁﬁ;ﬂ - 2156(226515+l44516+25517) ‘
~(]f;l) =0 2(“':(1}:;?;“35(.]{;3 S1g! ¥0-05(u (wi]:?);ﬂ*szz’ '
T’ﬁ;f; = °-2‘Ei(ﬁﬂ+ﬁ’$l;+l S19)+0-05(8 (~gﬁg+1+523) ’
WD« 0.2 e o005 e
TR 020 A oG ey o
Hence, the S.0.R. iterative method is given by,
“i}i;i),jw,z - “’(?”i“:;i),j+9,2'“i]:;1,j+£2)+ “;ﬂl,juz ’ | (7.3.12)
for i,3=1,(3) ,m~2 and Rl,£2=0,l,2.
Assuming that the constants 99176 and 2;;6 are stored Eeforehand it

can be seen that this method requires,

6m2 multiplications + llm2 additions , {7.3.13)

2 . . s
for the m internal mesh points per iteration.

Now, if we combine the results for the experimental number of iterations
given in Tables (7.3.1), (7.3.2) and (7.3.3) for the point, 4-point group
and 9-point group S.0.R. respectively with the number of operations in
each iteration required by each of the methods and given in (7.3.5), (7.3.9)
and {7.3.13), we can obtain the total number of arithmetic operations

or computational work required to obtain a solution and these are recorded

in Table (7.3.4).
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Method

2 Point S.0.R. 4-Point Group S.0.R.|9-Point Group S.0.R.
h Multiplications| Additions M M A

13 99m2 297m2 123.5m2 194.75m2 lo2m2 187m2

25 186m2 558m2 240.5m2 379.25m2 186m2 34lm2

37 276m2 828m2 344.Sm2 543.25m2 264m2 484m2
- 49 363m2 1089m2 461.5m2. 727.75m2 354m2 649m2

TABLE 7.3.4

The following table shows the results for the execution time of the

three methods, which were obtained on the Prime Computer.

ethod
) Point S.O.R. 4-Point Group 9-Point Group
h S.0.R. S.0.R.
13 109 128 115
25 816 978 818
37 2692 3146 2612
49 6292 7520 6259

TABLE 7.3.5: The execution time in centisec. for the optimum value of w

This table and Table (7.3.4) which shows the total number of arithmetic

operations required to solve Laplace's eguation in the unit square by the

point, 4-point group and 9-point group S.0.R, iterative methods, indicates

that the 9-point group requires less computer time than the other two

methods.
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7.4 THE 4 AND 9 POINT GROUPS OF THE BIHARMONIC OPERATOR

As mentioned in Section (3.2), the biharmonic equation is a more

complicated p.d.e. of'elliptic type which when expressed as a model problem

has the form, 4
9 U ¢ U 2 U

4+2 z—5 + 7 =0, (x,¥yY€ R, {7.4.1)
ax IxX 3y 3y

where R is a unit square 0gx,y$l and thé boundary conditions usually take
one of the two forms giveﬁ in.(3.2.17) and (3.2.18). Consider the region
shown in FPigure (4.2.1) with m2 internal mesh points, the well known 13-
point finite difference eguation involving mesh values of u {(u is an
approximation to the exact solution U) at the nodes given in Figure (7.4.1),

can be written explicitly as,

2Out-8(ut +u

-m t:-l'H;11:+l+um+t)+2(u

}

u, L+ +
tem-1" Yt-m+l’ Tmet-1" Cmet+l

ot P2 i oy = © | (7.4.2)

t-m+l t+l  mit+l

t- 2m“‘ ot Lo+t
t-m-1 m+t-1

FIGURE 7.4.1

where t=l,m?

In this section and in a similar manner to the 4 and 9 point groups of

3]
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subsections (7.2.1) and (7.2.2) respectively we construct the 4 and 9 point

groups for the biharmonic operator.

7.4.1 THE 4-POINT GROUP

We order the mesh points in groups of 4 as shown in Figure (7.4.2)

t+3 m+t+3
¥ x
o2 @ 2 pte2 2m+t+2
t-2m+1 +t-—m+1 _,Eﬁt-i-l r‘gm+t+l Jomrerl x Jmet+l
‘ | ] -
|

gm+t JI‘2m+t:

g

t"m Y o Y t

t-2m* & 3m+t

jrm-t lr‘t-.--l L PR

k
t-L2 m’+t—2

FIGURE 7.4.2

where t=rm+l,(2),(r+1)m-1 and r=0,(2},m-2 with m taken to be an even number.

If equation (7.4.2) is applied to the nodes t,t+l,m+t and m+t+l, we obtain

the linear matrix equation AtB‘t:Bt' where the (4%4), matrix At and the two

vectors E-t and _l_:t are given by,
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20 -8 -8 2 (u )
t
-8 20 2 -8
a_ = puo= [Yen |, (7.4.3)
-8 2. 20 -8 um+t
|2 -8 -8 20 Lo
r _ _ - 3
Bluy e )72 00 ™Y 1 1) T o 0 o P )
b = 8(ut--m+1"'ut+2)-.2(ut-m"'ut—m+2+um+t+2)-(u,’c:-2m+1+ut+3"'111:-1+“121:n+t.+:!.) .
_t .
s(um+t—1+u2m+t)-2(ut-l+u2m+t—1+u2m+t+1)-(um+t-2+u3m+t+ut-m+um+t+2)
LB(um+t+z-m.?rm-t+].)-2(“121:n+t+1'12m-:»t+.'2+ut+2)-(u3m+1:+l""‘1m+1:+3‘mt--m+1'H"m+t:-1)-

Evidently, it can be seen that the matrix At can be easily inverted, hence,.

the group G.3. iterative method to solve the model problem (7.4.1) may be

written explicitly, as,

(k+1) _ 1 (k+l) (k+1) (k) {(k} (k+l) (k+1)
e = 3az W72(ug iy 70456 ay L tuy o) =520 7 T3 (w1
(k+1) (k+l) (k+1) (k) (k+1) (k)
ey ) 726 (0 Yo o )m24(u ot ) P20
(k) (k) (k+1) (k+1) (k) (k) {k) (k)
+u2m+t+l)-l4u2m+t+2"12( t-2m+1 et -2 e 3 et 7 e 03 Y3 e 1)

(7.4.4)

The other three points, i.e. u(k+l) (k+1) and u(k+l)

Y 'umﬁt+l et are found from

completely analogous expressions obtaintable by rotating the computational

molecule of Figure (7.4.3) in a clockwise manner.

=12 -7
A X

-24 _ 56 20 . -14

. 37 20
-26 ;.-];7_‘t_.<>342 56 A =12
-59 A —

52 172 137 %4
k. R
=26 ~12

FIGURE 7.4.3

-127 =k -7




358

Obviously similar sets of equations can be written down for the 4

point explicit Jacobi, J.0.R. and §.0.R. methods.

7.4.2 THE 9-POINT GROUP

The mesh points of Figure (4.2.1) are now ordered in groups of nine as

shown in Figure (7.4.4)

FIGURE 7.4.4

t+4 m+t+§ 2m+t+4
» 2
t-m+3 t+3 m+t+3 2m+t+3 3m+t+3
* " -
200+ D t-m+2 0t+2 (Pm+t+2 ()2m+t+2 3mtt+2 . AmtE+2
t-m+l t+1 m+t+l 2m+t+l 3m+t+l
t=2m+ 1 I ﬁ) O 'S Y x dmtt+l
t= t m+ Zm+t 3m+t
t=2m*% L (- O t O x dm+t
3m+t-1
t-m-1 t-1 m+t-1 2mit-1 o
A F 3
t-2 mt-2  2mfE-2

wheré t=xmt+l, (3), (r+l}m-2 and r=0,(3),m-3, obviously m must be divisible by
3. Hence by applying eguation {7.4.2) to the mesh points t, t+1,t+2,m+t,m+t+l,

m+t+2,2m+t, Zm+t+l and 2m+t+2, we obtain the linear equation At2t=§t where

th i
e matrix At and the two vectors Et and Et are given by,




1 - -
8(ut_m+ut_l) 2{u y=~(u

t=2m -2
)

+ +
tem-1 e-mtl Cmbt-1

gy -2(u )= (u

t-m+1l
8(u

t=1"e+3 Y -2me1
)=(u

+
t-m ut-m+2

J=2(u

+u + +
t-m+2  t+3 t-m&l'ut-m+3 um+t+3

Bu ~2{u. .+u }={u

+ +
mre-1"2 P e T O -2 3t

- + + +
(ut-m+l um+t-l u3m+t+1 um+t+3)

suru-i-t+3_2(“11;+3+112m+t+3)_(u

L L T L R T L e

8u3m+t+1‘2(u3m+t+u3m+t+2)-(u

18 (u )-2{(u

t—m+2+um+t+4+u3m+t+2)

}=(u

)-(u

om+t+3 O 3met 42 3met+l  3mit+3 T Cmet 43

(0 -8 1 -8 2 0 1 o O 'ut
-8 20 -8 2 -8 2 o 1l 0 ut+l
1 -8 20 O 2 -8 0 (o} 1 ut+2
-8 2 o 20 -8B l -8 2 0] u
m+t
l2 -8 2 -8 20 -8 2 -8 2 _|u
At = ,.Et- m+t+1
0 2 -8 1 -8 20 (o] 2 -8 um+t+2
1l o] 0o -8 2 0O 20 -8 1 u2m+t
0 1 0 2 =8 2 ~8 20 =8 u2m+t+l
Lo 0 1 o 2 -8 1 -8 20

(9%9)  “Yomet42’

)

om+t-1 " omit+3 M amet 41

t-2m2” Dt

}

)

2m+t-2+u4m+t

)

4m+t+2+u2m+t+4 ‘

359

{7.4.5)

}

By using REDUCE, the matrix At can be inverted and the explicit group

Jacobi iterative method to solve the model problem (7.4.1) may be written as,

(k+1) 1 (k) (k) (k) x) (k)
u, = S5arg [20752(u; ))-6670u ) +60aa(u . ault!

(k) (k) (k) (k) (k} (k)

-3335(u 2 *2424 (0, 3 gy ) 1976 M ey e
o wm 0 (% k), ()

+1936 () ) yaasei) ) yateo) w5
(x) (k) (k). (k) ) (K} e (k)

=728(u oo ot e e amet) T2 O g meear ) 8883003

528 (@) 4 yaapt 0 (7.4.6a)

Zm+t+3 3mttt+2 2m+t+4 4mtt+2
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G A [51434u(k; 17208 w4 (k’)+11442( ) u(:‘:;_z)
umﬁuﬁwmﬂwmﬁwmww
9, S
+3384(u éiit u§§1t+2)-3026(uéﬁit-l+u§;lt+3)_2617ué§1t+1+
+2515(u(k) +u(k) )=1513( ;kit z*“éﬁit+4+“;§1t* ;zlt+2)'

2mtt-1 2mtt+3
' (7.4.6b)

The peints u are found by a similar formula to (7.4.6a)

t+2' " 2mtt+2 Yomet

and the points u are found by a similar formula to (7.4.6b)

m+t+2’ 2mit+] it
and the two sets of points can be obtained by rotating the computational
molecule of Figures {(7.4.5a) and (7.4.5b) in a clockwise direction

respectively. Finally,

{k+1) . (k) (k) {k) {k)
m+t+1 316 (91 (uy P el " me ey T2 m+t+3) #320uy otV
(k). (k) (k) (k) (k) (k) (k) (k)
a1 o4  Mamet T T26 (0 O gt

(k) (X) {k) (k) (k) (k)
1 =240 o) Ot —2 et 41 e paa) 230 o e o o

(k)
3m+t+3

(k) (x), (k) (k) (k) (k)
Y2 e s P ome 2 ome e a Mamet Mamee 42! (7.4.6c)

with the computational molecule given in Figure (7.4.5c).

=728 =712 -333
p 3 F'R Jf

1456 242419361528

-728 % 1160 228 | 333

-1976 6044 : 1936,
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| 2424
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20752

=-3335 % 328

—(—~728

-1456

-6670 20752 pb0o44 N160

- .

-3335 -1976 -728

. {(a)
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-4199 -2486 -1513

T 1 1

-8398 . 17288 10038F°1° _3026
2 3384 e
-4199 % 144 x 1513
84609
51434
-9332, P13 8458 5617
«4199 L1442 3384 1573
e o4

2515 ~3026

(b)

~13 =24 -13
3 3 X
~-26 32 1 32 =26
-13, 32 32, 4,
DY | O316 N 5,
—13;,‘ 32‘r ,=32. (13
’ X
-26 32 91 132 -26
L S \
-13 =24 =13

(c)

FIGURE 7.4.5

It should be noted that these computational molecules are for the
standard points in the main part of the region. Within the vicinity of
the boundary then the technique mentioned in Chapter 3 for the boundary

condition has to be applied which in turn will affect the matrix At and

the vector Et and a new computational molecule will need to be evaluated.




CHAPTER 8

CONCLUSIONS AND FINAL REMARKS
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The main study in this thesis was the derivation of a new group
technique for the solution by successive overrelaxation methods of
boundary wvalue problems in one, two and three space diménsions using
finite difference approximations. A detailed analysis of the coﬁputational

efficiency of both new and existing algorithms has also been made.

The study in Chapter 4 of the numerical solution of Laplace's
equation by the novel approach of using a fixed size group strategy by
the S.0.R. iterative method indicates the fact that these group methods
require less storage and are simpler to program than the classic block
methods {one and two-line iterative methods) and as indicated in Chapter
4, the 9 point group method appears to be the most efficient. In the 3-
space dimensions, this group technique (the 8-point group S.0.R. iterative
method) is also found to be superior to the point §.0.R. iterative methed

for solving Laplace's eguation.

e Further research is needed to implement the work on parallel
computers, in which the new 7,9,11,13,15,17 or 21 point ccmputational'
molecules (Figures(4f2.5).(4.2.7). (4.2.9),(4.2.11),(4.2.13),(4.2.15)

and (4.2.17)) are used instead of the eguivalent 5 point computational
molecule {(Figure (3.2.1)). Also, for the 3-space dimeﬁsidns case,
instead of using the 7-point computational molecule (Figure (3.2.7)}, the
equivalent 25 point computational molecule (Figure (4.5.4)) can be used

to implement the work in parallel.

In Chaptef 5, the numerical results obtained for the 4 point-2 line

iterative method are encouraging and confirm its superior convergence

properties, hence further research is required to extend this technique
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(i.e., the implicit block explicit overrelaxation schemz) to the 9

point group in which the 9 point explicit equation (4.2.31) can be
grouped together again in an implicit iteration method to give the new

9 point-3 line iterative method. Also, further theoretical investigation
is required to evaluate a theoretical value of the spectral radius of the
iteration matrix and hence determine the rate of convergence
theoretically. Also, further work is needed to prove the two hypotheses

given in Section (5.5).

In Chapter 6, some explicit group iterative methods were applied to
solve the two-point boundary value problem {(6.2.1)~(6.2.2) in which the
3-point group iterative approach is found to be more attractive th;n the
other groups since it is easier to program and simpler to invert wheﬁ
compared with the 8 and 12 point group methods. It also offers some
gains in compufatiégal efficiency over the 2,4-é;d 6 point groups. In
Section (6.3) the group technique is used to solve non-linear boundary
value problems iteratively and in Section (6.4) the A.G.E. method is used
to solve linear and non-linear problems. From the numerical results
obtained it shows that the A.G.E. method requires more computer time than
the equivalent 2-point group N.L.O.R. method to solve three different

non-linear problems. gyt , it is more efficient than the S.0.R.

iterative approcach to solve the linear boundary value problem.

Further work is reguired to include more than one iteration
parameter (r) in the A.G.E. method for which an improvecment in the rate

of convergence is predicted.

The study in Chapter 7 of the new 4 and 9 point group methods to the
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9 point finite difference equation indicates that the 9 point group
5.0.R. method is more efficient and requires less computational time than
the point and 4 point group S.0.R. methods. Again, further work is

needed to implement the work on parallel computers.

Finally more extensive work is required on the 4 and 9-point group
methods of the biharmonic operator to solve the ellibtic boundary-value
problem numerically, where instead of using the uéual 13 point
computational molecule (Figure (3.2.6)) we use the equivalent new 21

point {or 29) point computational molecules (Figures (7.4.3) and (7.4.5)).
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RI(i,j) , (i=1,12 & 3j=1,12) , are the elements of the matrix
-3} .

(R) ,(see page 159 ) , and D = det(RO) . Al =0, , A2 =0, ,

A3 =0y ;and A4 =a,.

6 6 5 5 5 5 4 2 4 2
D:= A3 *Al -12*%A3 *A2*Al *A4-O0%A3 *A)l +44%A3 *A2 *Al *A4 +24%
4 4 4 4 3 3 3 3 . 3 2 3
A3 *A2*A]1 *A4+30*A3 *Al -4B*A3 *A2 *Al *A4 —108*A3 *A2 *Al
2 3 3 3 3 2 4 2 4
*A4 +36%A3 *A2*¥Al *A4 -~ 45%*A3 *Al + 16*A3 *A2 *Al *Ad4 +112%*
2 3 2 3 2 2 2 2 2 2 2
A3 *A2 *Al *A4 —-4*A3 *A2 *Al *A4 -56%A3 *A2*Al *A4 + 3P*A3 *
2 4 4 3 3 2 2
Al -48%A3*A2 *A1*A4 +4B*A3*A2 *Al*A4 - 4B*A3*A2 *A1*A4 +36
4 4 3 3 2 2
*A3IFAIFAI*AL-O*A3*AL+16%A2 *A4 - 32%A2 *A4  + 24%A2 *A4 -8

*A2%A4 + 1

5 5 4 4 4 4 3 2
RI(1,1):=(-2*A3 *Al + 9%A3 *A2%A)l *A4 + 13*%A3 *Al - 38*A3 *A2
3 2 3 3 3 3 2 3 2
Al *A4 + 17*A3 *A2*%Al *A4 - 28*%A3 *Al + 44%A3 *A2 *Al
3 2 2 2 2 2 2 2 2
A4 -~ 14*%A3 *A2 *Al *A4 - 3@*A3 *A2*AL *A4 + 23*A3 *Al
4 4 3 3 2
- 16*%A3*A2 *Al*A4 4+ 20*A3*A2 *Al*A4 - 24*A3%A2 *Al*A4d
4 4 3 3
+ 25*A3*A2*A1*A4 — B*A3*Al + 8*A2 *A4 - 20%A2 *A4 4+ 18
2 2
A2 *A4 - T*A2*A4 + 1)/ D

5 5 4 4 4 4 3 2
RI(1,2):=(A3*(A3 *Al - 1B*A3 *A2*Al *A4 - 7*A3 *Al +30*A3 *A2 *
3 2 ‘ 3 3 ' : 3 3 2 3

Al *A4 + 12*A3 *A2*Al *pd4 + 17*A3 *Al - 28*A3 *A2 *-

2 3 2 2 2 2 2 2

Al *A4 - 32%A3 *A2 *Al *A4 + 9*A3 *A2*Al *A4 - 17*
2 2 4 4 3 3

A3 *Al + B*A3*A2 *Al*A4 + 20*A3*A2 *Al*A4 + 2*A3%
2 2 , 4 4

A2 *Al*A4 =~ 13*A3*A2*A1*A4 + T*A3*Al - 8%A2 *A4 +12

3 3 2 2
*A2 *A4 - 10*A2 *A4 + S5*A2*A4 - 1))/ D

2 4 4 3 3 3 3 2 2
RI(1,3):=(A3 *{A3 *Al -3*A3 *A2%A) *A4 - 6%*A3 *Al + 16%*A3 *A2 *
2 2 2 2 ‘ 2 2 - 3
Al *A4 - 13*A3 *2A2%A1 *A4 + 11*A3 *Al -~ 24*A3*p2 *

3 2 2
Al*24 + 30*A3*A2 *A1*A4 4+ 3I¥AI*A2¥AI*A4L — 6*A3*AL

%*

L 5

2

*
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4 4 3 3 2 2
/ + B8*A2 *A4 -~ 16*A2 *RA4 + 6%A2 *A4 - 2*A2%A4+1))
D

3 4 4 3 3 3 .3 2 2
RI(1,4):={A3 *(-A3 *Al 4 O*A3 *A2*Al *A4 + 6*A3 *Al -24*A3 *A2

2 2 2 2 2 2 3

*Al *A4  — 9FA3 *AD*A] *A4 - 11*A3 Al  + 24%A3%*a2 *
3 2 2

Al*A4 - G6*A3*A2 *A1*A4 4+ 15*A3*A2%A1*A4 + G*A3*AlL
4 4 3 3 2 2 :
/- 8*A2 *Ad 4+ 16%A2 *Ad4 - 14%A2 *A4 - 2%A2*p4 -1)

Y}/ D _

5 5 4 4 4 4 3
RI(1,5):=(A2*(-2*A3 *Al + 14%A3 *A2*Al *Ad4 + 3*A3 *Al - 20*A3 *
2 3 2 3 3 3 3 2
A2 *Al *a4 - 38*A3 *A2*Ap) *A4 + 10*A3 *A1l + 8*A3 *
3 2 3 2 2 2 2 2 2
A2 *Al *A4 4+ 48%*A3 *A2 *A] *A4  + B*A3 *A2%A1 *A4 -
2 2 3 3 y 2
13*A3 *Al - 24*A3*A2 *A1*A4 + 16*A3*%A2 *A1*A4 -14*%
_ 3 3 2 2
A3*A2*A1*A4 + 6*A3*Al + B8*A2 *A4 - 12%A2 *A4 +6*A2*
a4 - 1))/ o

4 4 3 3 3 3 2
RI{1,6):=(2*A3%A2% (2%A3 *Al —4%A3 *A2*Al *A4 - B*A3 *Al + 4*A3 *
2 2 2 2 2 2 2 2
A2 *Al *Ad + 8%A3 *A2%Al *A4 + O%A3 *A]1 - 12%A3%A2 *
2 5 2
A1*A4 4 B*A3Z*A2*AI¥A4 — S*A3I*AL + 4*A2 *A4 - 4*A2*A4
+ 1)}/ D -

2 4 4 3 3 2 2 2 2
RI(l,?):=(A3 *A2% (A3 *A]l ~6%¥A3 *A2*A] *p4 + 4*A3 *pD2 *pl *hA4d +22
2 2 2 2 2 2
*A3 *A2*A1 *A4 - 11*A3 *A1 - 12*A3%A2 *aAl*aq - 18%A3*
2 2
A2*A1*Ad4 + 12*A3*A1 + 4*A2 *A4 + 4*%A2*p4 - 3))/ D

3 3 3 2 2 2 2
RI(1,8):=(2%A3 *A2*(~3*A3 *Al + 4*A3 *A2*Al *a4 + 11*A3 *Al -12
*AIRAOKATI*AL - OFA3*AT 4+ 4%A2%A4 + 2))/ D

T2 4 4 3 3 3 3 2

RI{1,9):=(A2 *(-15*A3 *Al +50%A3 *A2*Al *Ad4 + 5*aA3 *aAl -~ 52*A3

2 2 2 -2 2 2 2

*A2 *Al *A4 - 10*A3 *A2*A1 *Ad + 6%A3 *Al <+ 16*A3*

3 3 2 2 3 3
A2 *A1*A4 + 4*%A3*A2 *A1*a4 — 3*A3*A1 - B*A2 *Ad4 +

2 2
12%A2 *A4 - 6*A2*A4 + 1))/ D

2 4 4 3 3 3 3
RI(1,10):=(A3*%A2 *(2*A3 *Al - 14*A3 *A2*Al *A4 + 12%*A3 *Al +20%
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2 2 2 2 2 2 2 2
A3 *A2 *Al *A4 - 12%A3 *A2*A)] *A4 - 15*A3 *Al - 8*A3
3 3 2 2 :
*A2 *A1*A4 4+ 4*A3*A2 *A1*A4 4+ 2*A3*A2%A1*A4 + T*A3K
3 3 . 2 2
Al + B*A2 *A4 -~ 20*%A2 *A4 + 14*a2*p4 - 3))/ D

2 2 3 3 2 2 2 2
RI(1,11):=(A3 *A2 *{9*A3 *al - 28%A3 *A2%A) *A4 - A3 *A) +24%A3*
o ) 2 _ : 3 3
A2 *A1*A4 + B6*A3I¥A2*AI*AL - O*A3*A] —~ B*A2 *A4  + 16*
2 2 _
A2 *A4 - 18*%A2*Ad + 6))/ D

3 2 ‘ 3 3 2 2 2 2
RI(1,12):=(A3 *A2 *{ - 3*A3 *Al + 20%A3 *A2*Al *A4 - 21*A3 *Al -
2 2 3
24*A3%A2 *A1*A4 + 18*A3*A2*A1*A4 + 27*A3*Al + 8%A2 *
3 2 2 :
A4 - 16*A2 *Aa4 + 10*A2*A4 - 10))/ D

5 5 4 4 4 4 3 2
RI(2,1):=(A1*(A3 *Al -1@%A3 *A2*A] *A4 - 7*A3 *Al + 3P*A3 *A2 *
3 2 3 3 3 3 2 3
Al *A4 + 12*%A3 *A2%A) *Aa4 + 17*A3 *Al - 28%A3 *A2 ¥
2 3 2 2 2 2 _ 2 2 _
Al *A4' - 32*%A3 *A2 *Al *A4 4 9*A3 *AD*A] *A4 - 17*
2 2 4 4 3 3
A3 *Al + B*A3*A2 *A1*A4 4+ 20%A3*A2 *Al*A4 4+ 2*A3%
2 2 : 4 4
A2 *Al*A4 -~ 13*A3*A2*A1*A4 + T7*A3*Al - B*A2 *A4 +12
3 3 2 2
*A2 *A4 - 10%A2 *A4 + 5*%A2%A4 - 1))/ D

5 5 4 4 4 4 3 2 3
RI(2,2):=(-A3 *Al + 6*A3 *A2*A) *A4 + 7*A3 *Al - 22*A3 *A2 *Al *
' 2 3 3 3 3 2 3 2 3
A4 + 4*A3 *A2*Al *A4 - 17*A3 *Al + 20*A3 *A2 *Al *Ad4 +
2 2 2 2 2 2 2 2

16*A3 *A2 *Al *A4 - 27*A3 *A2%A]1 *A4 + 17*A3 *Al - B*A3*

4 4 3 3 2 2
A2 *Al*A4 + A*A3*A2 *A1*A4  — 18*A3*A2 *Al*A4 4+ 23*A3*A2
4 4 3 3 2 2
*A1*A4 - T*A3*Al 4+ 8%A2 *A4 - 20*A2 *A4d + 18*np2 *A4 - 7
*pA2*a4 + 1)/ D .

4 4 4 4 3 2 3 2 3
RI(2,3):=(A3*%(-A3 *A2*A1 *A4 - A3 *Al <+ 6*A3 *A2 *A] *A4 + 3*A3
3 3 3 2 3 2 3 2
*A2%A] *A4 4+ 6%A3 *Al -~ 4*A3 *AD *A) *A4 - 38*A3 *
2 2 2 2 2 2 2
A2 *Al *A4 4+ 24*%A3 *A2%A) *A4 - 11*A3 *Al + 36*A3*
3 3 ‘ 2 2
A2 *A1*A4 - 12%A3%A2 *A1*A4 - 15%A3IXA2*AI*A4 + G6*A3%F
4 4 3 3 2 2
Al/— 8*A2 *A4 4 12%A2 *Ad4 - 10%A2 *A4 + 5%A2*p4 - 1
Y)Y/ b
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2 4 4 3 3 -3 3 2 2
RI(2,4):=(A3 *(A3 *Al =~ 3%A3 *A2*A) *A4 - 6*%A3 *Al <+ 16%A3 *A2 *
2 2 2 2 2 2 3
Al *A4 - 13*A3 *A2*AY *A4 + 11*A3 *A] -~ 24%A3%p0 *
3 2 2 _
Al*A4 + 30*A3*A2 *A1*A4 + 3*A3*A2*AI*AL — G6*A3*AL
4 4 3 3 2 2
/ + 8*A2 *A4 - 16*A2 *A4 + 6%*A2 *A4 - 2%a2*n4 + 1))
D . . .

.

| o 4 4 3 3 3 3 2
RI(2,5):=(2%A2%A1%(2%A3 *Al -4*A3 *A2%A] *A4 - 8*A3 *a]1 <+ 4*A3 *
2 2 2 2 2 2 2 2
A2 *Al *A4 + B*A3 *A2*%A1 *A4 + O*A3 *A]l - 12%A3*A2 *
2 . 2 2
A1*A4  + BY*AIFADKATIKAL -~ S*A3I¥A] 4+ 4*A2 *A4 - 4*A2*A4
+ 1))/ D

. 5 5 4 4 4 4 3 2
RI(2;6):=(A2%(-A3 *Al + B*A3 *A2%Al *A4d + 3%A3 *A]l -~ 16%A3 *A2 *

3 2 3 3 3 3 2 3 2

Al *A4 - 16*A3 *A2*%A1 *A4 - A3 *Al + B8*A3 *A2 *Al *
3 2 2 2 2 2 2 2 2

A4 + 36*A3 *A2 *Al *A4 - 10%*A3 *A2*Al *a4 - A3 *Al

3 3 2 2 .
- 24*p3*A2 *A1*n4 4+ 20*A3I*AD *A1*AL -~ 1@*A3*A2¥ALK
3 3 2 2

A4 4 3*A3*Al + B*A2 *A4 - — 12*A2 *A4 4+ 6*A2*p4-1))/D

4 4 3 3 2 2 2 2
RI(2,7):={2%A3*A2*(-A3 *Al + 3*A3 *Al + 4%A3 *aA2 *A] *p4 - 4%
2 2 2 2 4
A3 *A2*A1 *p4 - 12*A3%A2 *A1*A4 + 12¥A3*A2*Al1*A4 - 3%
2 2 :
A3*Al + 4*A2 *A4 -~ 4*A2*A4 + 1))/ D

2 4 4 3 3 T2 2 2 2
RI(2,8):=(A3 *A2*(A3 *Al -~ 6*A3 *A2*Al *A4 + 4%A3 *A2 *Al *A4 +22
2 2 2 2 2 2
*p3 *kA2%A] *A4 — 11%A3 *Al -~ 12%A3*A2 *Al*A4 -~ 18%A3*
2 .2
A2*¥A1*A4 + 12*A3*Al + 4%*A2 *A4 + 4*A2*p4 - 3))/ D
2 4 4 3 3 3 3 2
RI(2,9):=(A2 *A1*(2*A3 *Al -14*A3 *A2*Al *A4 + 12*A3 *Al + 20*A3
2 2 2 2 2 2 2 3
*p2 *A] *p4  — 12%A3 *A2*A1 *A4 - 15*%*A3 *Al - B*A3%AD
' 3 2 2
*ATKAA 4+ ARAZFAD FALIXAL 4+ 2¥A3IRAIRALI*AL 4 TXA3*AL + 8
3 3 2 2
*A2 *A4 - 20*A2 *A4 + 14*A2*pA4 - 3))/ D

2 4 4 3 3 3 3 2
RI{2,10):=(A2 *(-6*A3 *Al + 22*A3 *A2*Al *A4 + 4*A3 *Al - 28*A3
2 2 2 2 2 2 2 3

*A2 *Al *A4 - 4%¥A3 *A2*Al *A4 - 3*A3 *Al + 8*A3*A2 *
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3 2 2
Al*A4 + 20%A3*A2 *A1l*A4 - 1B8*A3*A2*A1%A4 + 3*A3*Al
3 3 2 2
- B*A2 *A4 + 12%A2 *A4 - 6*A2*A4 + 1))/ D

2 4 4 3 3 3 3 2
RI(2,11):=(A3%*A2 *{-A3 *Al + 6*A3 *A2%A] *A4 - O*A3 %a] — 4%p3 *
2 2 2 2 2 2 2 2
A2 *Al *A4 4+ 6%A3 *A2%*A]l *A4 + 12%A3 *A] -~ 12%7A3*p2
, 2 3 3
*A1*A4 4 12*A3*%A2%A1*A4 - 3*A3*Al 4+ B*A2 *a4 - 20%
2 2 ' ,
A2 *A4 4+ 14*A2*p4 - 3))}/ D

2 2 3 3 2 2 2 2
RI(2,12):=(A3 *A2 *(9*A3 *Al - 28*%A3 *A2%*A] *A4 -~ A3 *Al +24*A3%
i 2 2 ' : 3 3
A2 *Al1*A4 + G6*A3*A2%A1*A4 — 9*A3*Al - B*%A2 *A4 +16%
.2 2 .
A2 *A4 -~ 18*%*A2*p4 + 6))/ D

2 4 4 3 3 3 3 2 2
RI(3,1):=(A1l *(A3 *Al — 3*A3 *A2*Al *Ad4 — 6*A3 *Al +16%*A3 *A2 *
2 2 2 2 2 2 3
Al *A4 - 13*A3 *A2%Al *A4 + 11*A3 *Al -~ 24*A3%A2 *
3 2 2 -
Al*A4 + 30*A3%A2 *Al*A4 + 3*A3*A2*AL*A4 - 6*A3*AL
4 4 3 3 2 2
+ B¥A2 *Ad - 16%A2 *A4 + 6*A2 *Ad4 - 2%¥A2%A4+1))

/ D

4 4 4 4 3 2 3 2 3
RI(3,2):=(A1*(-A3 *A2*Al *A4 - A3 *Al + 6*A3 *A2 *Al *a4 + 3*A3
3 3 3 2 '3 2 3 2
*A2%A] *A4 4+ 6*A3 *Al - 4*A3 *A2 *Al -*n4 - 3B*A3 *
2 2 2 2 2 2 2
A2 *Al *A4 4+ 24%*A3 *A2*Al *A4 - 11*A3 *Al + 36*%A3*
3 3 2 2
A2 *Al*A4 - 12%A3*%A2 *A1*A4 - 15%A3*A2*A1*A4 + 6*A3*
4 4 3 3 2 2
Al/- 8*A2 *A4 + 12%A2 *A4 - 10*A2 *A4 + 5*A2*A4 - 1
)/ D

5 5 4 4 - 4 4 3 2 3
RI(3,3):={(-A3 *Al + 6*A3 *A2*Al *A4 + 7*A3 *Al - 22*A3 *A2 *p] *
2 3 -3 3 3 2 3 2 3
A4 4+ 4%A3 *A2%A] *A4 - 17*A3 *Al 4+ 20*A3 *A2 *Al *Ad 4+
2 2 2 2 2 2 2 2
16*A3 *A2 *A)l *A4 - 27*A3 *A2*A) *a4 & 17*A3 *21 - ORA3*
4 4 3 3 2 2
A2 *A1*A4 <+ 4*A3*A2 *A1*A4 - 18%A3*A2 *Al*A4 + 23*%A3*A2
4 4 3 3 2 2
*A1*A4 -~ 7*A3*Al + B8*A2 *A4 - 20*A2 *A4 + 18*A2 *A4 - 7
*pA2*n4 + 1)/ D
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5 5 4 4 4 4 - 3 2
RI{3,4):=(A3*(A3 *A)l -10*A3 *A2*Al *A4 - 7*A3 *Al 4 3P*A3 *ap2 *
3 2 3 3 - 3 3 2 3
Al *A4 + 12*A3 *A2%A)1 *A4 4+ 17%A3 *Al - 28B%*A3 *a2 *
2 3 2 2 2 2 2 2
Bl *A4 - 32*A3 *A2 *Al *Ad  + 9*A3 *A2*Al *A4 - 17*
2 2 4 4 3 3
*Al + 8*A3*A2 *Al*A4 + 20*A3%A2 *R1*A4 + 2%A3*
2 2 4 4
A2 *Al1*A4 - 13*A3*A2*A1*A4 4+ T*A3*A)l - B*A2 *a4 + 12
3 3 2 2 . '
*AD *A4 — 1@%A2 *A4 4+ 5*A2*a4 - 1))}/ D

A3

2. 4 4 3 3 2 2 2 2
RI(3,5):=(A2*%A1 * (A3 *Al -6*A3 *A2%*Al *A4 + 4*A3 *A2 *Al *A4 +22
2 2 2 2 2 2
*A3 *A2%A1 *A4 - 11%*A3 *Al - 12*A3%A2 *Al1*Ad -~ 1B*A3%
.2 2
A2*AL*A4 + 12*%A3*AL + 4*A2 *A4 + 4*A2*%A4 - 3))/ D

4 A 3 3 2 2 2 2
RI(3,6):=(2*%A2*A1*(-A3 *Al <+ 3*A3 *Al 4 4*A3 *A2 *A]l *pd4 -4*
2 2 ‘ 2 2
A3 *A2*A]1 *A4 -~ 12%A3*%AD *A1*A4 4+ 12%A3*ADNA]*A4L - 3%
2 2 '
A3*Al + 4*A2 *nd - 4*A2%A4 + 1))/ D

5 5 4 4 4 4 3 2
RI(3,7):=(A2*(-A3 *Al + B*A3 *A2*A]l *A4 + 3*A3 *Al - 16%*A3 *A2 *
) 3 3 3 3 2 3 2
Al *Ad4 - 16*A3 *A2*Al *A4 — A3 *Al + B*A3 *A2 *Al *
3 2 2 2 2 2 2 2 2
A4 + 36%A3 *A2 *Al *Ad - 10*A3 *A2*Al *A4 - A3 *Al
3 3 2 2
- 24*A3%*A2 *A1*A4  + 20*A3*A2 *A1*A4 - 1Q*A3*A2*AL*
3 3 2 2.
A4 + 3*A3*Al + B*A2 *A4 - 12%A2 *A4 + 6*A2%A4-1))/D

\ 4 4 3 3 3 3 2
. RI(3,8):=(2*A3*A2%(2*A3 *Al -4*A3 *A2%A]1 *A4 - B*A3 *Al + 4*A3 *
2 2 2 2 2 2 2 2
A2 *A1 *A4 + B*A3 *A2*Al *A4 + O%A3 *Al - 12%A3*AD *

2 : . 2 2
Al*A4 + B*A3I*A2*AL*A4 — S5*A3*AL + 4%A2 *A4 - 4*A2*A4
+ 1))/ D

2 2 -3 3 2 2 2 2
RI(3,9):=(A2 *Al *(9*A3 *Al - 28%A3 *A2*Al *A4 - A3 *Al +24*%A3%
2 2 3 3
A2 *A1*A4 4+ G6*A3*A2*A1*A4 - 9*A3*AY - 8*AZ a4 4+ 16%
2 2
A2 *A4 - 18*A2*Ad4 + 6))/ D

2 4 4 3 3 3 3 2
RI(3,18):=(A2 *Al1*(-A3 *A)l + 6*A3 *A2*Al *A4 — 9*A3 *al - 4*A3 *
2 2 2 2 2 2 2 2

A2 *Al *a4 4+ 6*A3 *A2%A1 *A4 + 12%A3 *Al - 12%A3%A2
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2 o 33
*AL*A4  + 12*A3%¥A2*AL*A4 - 3*A3%A) + 8%A2 *a4 - 20*
2 2 |
A2 *A4 + 14*22*a4 - 3))/ D
| - 3 3 2
RI(3,11):=(A2 *(-6*A3 *Al + 22*A3 *A2*Al *A4 + 4*A3 *Al - 28*A3
2 2 2 2 2 22 3
*A2 %Al *A4 - 4*A3 *A2*A) *A4 - 3*A3 *AY + B*A3*A2 *
3 2 2 .
Al*A4 + 20%A3*A2 *A1*A4 - 1B*A3*A2*AL*A4 + 3*A3*aAl
-3 3 2 2 . o
- 8*A2 *A4 + 12%A2 *Ad - 6*%A2*A4 + 1))/ D

2 4 4 -3 3

2 4 4 3 3 3 3
"RI(3,12):=(A3%A2 *(2*A3 *Al -~ 14*A3 *A2*A]l *A4 + 12*A3 *Al +20%
- 2 2 2 2 2. 2. 2 2 BRI
A3 *A2 *Al *A4 -~ 12%A3 *A2*A1 *A4 - 15%A3 *Al -~ 8*A3
3 3 : 2. 2 . : '
*A2 *Al*A4 + 4%A3%A2 *Al*A4 4+ 2%A3*A2¥A1*A4 + T*A3*
.3 3 2 2
Al + B*A2 *A4 - 20*A2 *A4 + 14*A2*Aa4 - 3))/ D

3 4 4 3 '3 3 3 2 2
RI(4,1):=(Al *({-A3 *Al + 9%*A3 *A2*A]l *A4 + 6*A3 *Al - 24*A3 *A2
22 2 2 ' 2 2 3
*Al *A4 -~ O%A3 *A2*A] *Ad4 - 11%A3 *Al 4+ 24%A3%A2 *
3 2 2
Al*A4 - 6*A3*A2 *Al*A4 4+ 15%A3*AD*¥ALI*A4 -+ 6*A3*AL
4 4 3 3 2 2
/- B*A2 *A4 + 16%R2 *A4 - 14*A2 *A4 - 2*p2%A4 - 1)
)/ D :

2 4 4 3 3 3 3 2 2
RI(4,2):=(Al *(A3 *Al ~3*A3 *A2*Al *A4 - 6%A3 *Al + 16*A3 *A2
2 2 2 2 2 2 -3
Al *A4 - 13*A3 *A2*Al *A4 + 11*A3 *Al - 24%A3%A2 *
3 2 .2 ‘
Al*A4 4+ 30*A3*A2 *A1*A4 + 3*A3¥A2*A1*A4 -~ G6¥A3*AL
4 4 3 3 2 2 "
+ 8*A2 *A4 <~ 16*A2 *A4 4+ 6*A2 *A4 - 2*A2*n4 + 1))
/ D f ] : .
_ 5 5 4 4 4 4 3 2
RI(4,3):=(A1*(A3 *Al -10*A3 *A2*A]l *A4 -~ 7*A3 *Al  + 3@*A3 *a2 *
3 2 3 3 3 3 2 3
Al *Ad4 + 12*A3 *A2*Al *A4 + 17*A3 *Al - 28%A3 *A2 *
2 3 . 2 2 2 2 2 2
Al *A4 -~ 32%A3 *A2 *A]l *A4 4+ O*A3 *A2%A1 *A4 -~ 17*
2 2 : 4 4 3 3
A3 *Al + 8*A3*A2 *Al1*A4 + 20*A3*A2 *AI*A4 4 2*A3*
2 2 4 4
A2 *A1*A4 - 13*A3*A2*A1*A4 + 7*A3*Al - B*A2 *A4  +12
3 3 2 2
*A2 *A4 - 10*A2 *A4 + 5*A2%A4 - 1))/ D
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5 5 4 4 4 4 3 2
RI{4,4):=(-2%A3 *Al + 9*A3 *a2%pA] *A4 4+ 13*A3 %Al -~ 38*A3 *p) *
3 2 3 3 3 3 2 3 2
Al *A4 + 17*A3 *p2*A] *n4 -~ 28B*A3 *Al  + 44*A3 *A2 *al *
3 2 2 2 2 2 2 2 2
A4 - 14*A3 *a2 *Al *A4 -~ 3Q%A3 *A2*Al *A4 + 23*%A3 *A)
' 4 4 3 3 2 2
~ 16*A3*A2 *A1*A4 + 20*A3*A2 *Al*A4 - 24*A3*A2 *Al*A4
: 4 4 3 3
+ 25%A3%n2%A1%A4 - B*A3*Al + B*A2 *Ad4 -~ 20%A2 *A4 +18*
2 2
A2 *A4 -~ 7*A2%A4 + 1)/ D

3 3 3 2 2 2 2
RI(4,5): (2*A2*A1 *(-3*A3 *Al 4+ 4*A3 *A2*Al *A4 + 11*A3 *Al -12
*AZ*AD*AL*AL -~ O*A3I*AL + 4*A2*A4 + 2))/ D

2 4 4 3 3 2 2 2 2
RI(4,6):=(A2*A1 *(A3 *Al -6*A3 *A2*A1l *A4 + 4*A3 *A2 *Al *A4 +22
, 2 2 2 2 2 2
*A3 *A2%A1 *A4 - 11%A3 *A1 -~ 12%A3%A2 *A1*A4 -18*A3*
2 2
A2*A1*A4 + 12*A3*Al + 4*A2 *Ad4 + 4*A2*A4 - 3))/ D

: 4 4 3 3 3 3 2
RI(4,7):=(2%A2%A1*(2*%A3 *Al -4*A3 *A2*A]l *A4 ~ B*A3 *Al + 4*A3 *
. 2 2 2 2 2 2 2 2
A2 *Al *A4 + B*A3 *A2%A]1 *A4 + O*A3 *Al -~ 12%A3¥A2 *
2 2 2
Al*A4 + B*A3*A2*A1*A4 - 5*A3%p)1 + 4*A2 *A4 -~ 4*A2%A4
+ 1))/ D

5 5 4 4 4 4 3
RI(4,8):=(A2*%(-2%A3 *Al + 14*A3 *A2*Al *A4 + 3*%A3 *Al -~ 20*A3 ¥
2 3 2 3 3 3 3 2
A2 *Al *A4 - 3B*A3 *A2*A1 *A4 + 10*A3 *Al + B*A3 *
3 2 3 2 2 2 2 2 2
A2 *Al *A4 + 48*A3 *A2 *Al *A4 + 8*A3 *A2%A]1 *p4 -
2 2 3 3 2 2
13*A3 *Al - 24*A3*A2 *A1*A4 + 16*A3*A2 *A1l*A4 -14%
3 3 2 2
A3*A2*A1*A4 4+ 6%A3*Al + 8*A2 *A4 - 12%A2 *A4 +6*A2%
a4 - 1))/ b

2 3 3 .3 2 2 2 2
RI(4,9):=(A2 *Al *(-3*A3 *Al + 20*A3 *A2*Al *A4 - 21*A3 *Al -24
2 -2 _ 3 3
*A3*A2 *A1*A4 + 18*A3*A2*AL*A4 + 27*A3*Al + 8*A2 *A4
2 2
- 16%*A2 *A4 + 19*aA2*%Ad4 - 1@))/ D

, 2 2 3 3 2 2 2 2
RI(4,18):=(A2 *Al *(9*A3 *aAl -~ 28%a3 *A2*A]l *A4 - A3 *Al +24*A3¥
2 2 3 3
A2 *Al*A4 + G6*A3*A2*A1*A4 -~ 9*A3*Al - B*A2 *Ad4 +16%
2 2
A2 *A4 - 1B8*A2*%A4 + 6))/ D
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2 4 4 3 3 3 3
RI{4,11):=(A2 *A1*(2*A3 *Al - 14%*A3 *A2*aA] *A4 + 12*A3 *a] +20*
2 2 2 2 2 2 2 2
A3 *A2 *Al *A4 - 12%A3 *A2%A) *A4 - 15*A3 *A]l - B8*A3
3 3 2 2
*A2 *AT*A4 4 4*A3%A2 *A1*A4 4 2¥AIFA2FAIRAL 4+ THAZK
.3 3 2 2
Bl + 8*A2 *A4 -~ 20%A2 *A4 4 14*A2*a4 - 3))}/ D

2 4 4 3 3 3 3
RI(4,12):=(A2 *( - 15*A3 *Al + 5@*A3 *A2*A] *A4 + S5*A3 *pl -52%
2 2 2 2 2 2 2 2 '
A3 *A2 *Al *A4 - 10*A3 *A2%Al *A4 + 6%A3 *Al + 16*A3
. 3 3 2 2 3 3
*A2 *A1*A4 4+ 4*A3*A2 *A1*A4 - 3*A3*Al - B*A2 *A4 +
2 2 :
12*A2 *A4 - 6*%A2*A4 + 1))/ D

) 5 5 : 4 4 4 4 3
RI(5,1):={R4%*{-2%A3 *Al1l + 14*A3 *A2*Al *A4 + 3*A3 *Al -~ 20*A3 *
: 2 3 2 3 3 3 3 2
A2 *Al *A4 - 38%A3 *A2*A]l *A4 + 1@%*A3 *Al + 8*A3 *
3 2 3 2 2 2 2 2 2
A2 *Al *A4 4+ 48*A3 *A2 *A1 *Ad4 4+ B*A3 *A2*Al *A4 -
2 2 3 3 2 2
13*A3 *Al ~ 24*A3%A2 *Al*A4 -+ 16%A3*A2 *Al*pad4 - 14%
3 3 2 2
A3*A2*Al1*A4 + 6*A3*Al + 8%A2 *A4 -~ 12*A2 *p4 4+ 6*A2K |
A4 - 1))/ D

4 4 3 3 3 3 2
RI(5,2):=(2*A3%A4*(2*A3 *Al ~4%A3 *A2*A1 *A4 -~ 8*A3 *Al 4+ 4*A3 *
2 2 2 2 2 2 2 2
A2 *A1l *A4 4+ B*A3 *A2%A]1 *Ad + O%A3 *A1 - 12%A3%pA2 *
2 2 2
Al*A4 + B*A3*A2*A1*A4 — S*A3*Al + 4*A2 *A4 - 4*A2*A4
+ 1)}/ Db -

2 4 4 3 3 2 2 2 2
RI(5,3):=(A3 *A4*(A3 *Al —-6*A3 *A2*Al *Ad + 4*A3 *A2 *Al *A4 422
C 2 2 2 .2 2 2
*A3 ¥A2%A)1 *A4 —~ 11%A3 *A1l - 12%A3*A2 *A1%*A4 -~ 18*A3*
2 2
A2*A1*A4 + 12%*A3%A1 + 4*A2 *A4 4+ 4*A2*A4 - 3))/ D

3 3 3 2 2 2 2
RI(5,4):=(2%A3 *A4*(-3*A3 *Al + 4*A3 *A2¥Al *A4 + 11%A3 *al -12 |
*AIXADFAT*AL - OA3*AY 4+ 4*A2%*A4 + 2))/ D |

5 5 a 4 4 4 3 2 }
RI(5,5):=(-2%A3 *Al - 6*A3 *A2*Al *A4 + 13*A3 *Al + 12*A3 *A2 * |
3 2 3 3 3 3 2 3 2 ‘
Al *A4 + 22*A3 *A2%Al *A4 - 28%*A3 *Al - B*A3 *A2 *Al *
3 2 2 2 2 2 2 2 2 \
A4 - 24*A3 *A2 *Al *A4 - 24%A3 *A2*AL *A4 + 23*A3 *Al
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3 3 2 2
+ 24*A3*A2 *Al*A4 -~ 24*A3%A2 *A1*A4 + 22*A3*A2*A1*A4 -
3 3 2 2
8*A3*Al - 8*A2 *A4 + 12*A2 *A4 - 6*A2*A4 + 1)/ D

5 5 4 4 ' 4 4 3 2 3
RI(5,6)}:=(A3* (A3 *Al -~8*A3 *A2*Al *A4 - 7*A3 *Al + 16*A3 *A2 *Al
2 3 3 3 3 2 3 2
*A4 4+ 24%A3 *A2%A1 *A4 + 17*A3 *A1l - B*A3 *p2 kAl *
3 2 2 2 2 2 2 2
A4 =~ 44%A3 *p2 *A1 *A4  —~ G6%A3 FA2*A] *A4 - 17*A3 *
2 _ 3 3 2 2
Al 4 24%A3%A2 *AL*A4 4 4*A3*A2 *AI*AL - GFA3FA2IALK
3 3 2 2
A4 4+ T*A3*AY -~ B*A2 *A4  + 4*A2 *A4 4+ 2*A2%p4 - 1))/D

2 4 4 3 3 3 3 2 2
RI(5,7):={A3 *{A3 *Al +6*A3 *A2*A]l *A4 - 6*A3 *Al - 12*A3 *aA2 *
2 2 2 2 2 2 2
Al *A4 - 14%A3 *A2*A1 *Ad + 11*A3 *A)l + 36%A3*A2 *
2 2 2
Al*R4 - G6*A3*A2¥A1*A4 — G6*A3*Al - 12%A2 *A4 + 4*A2%
A4 + 1))/ D

3 4 a4 3 3 3 3 2 2
RI{5,8):=(A3 *(-A3 *Al + 6*A3 *A2*Al *A4 + 6*A3 *Al -4*A3 *a2 *
2 2 2 2 2 2 2
Al *A4 - 3@*A3 *A2*Al *A4 - 11%A3 *Al + 12*A3*p2 *
2 2 2
Al*A4 + 42%A3*A2%A1*A4 + 6*A3%Al -~ 4*A2 *A4 ~12*A2
*A4 - 1))/ D

5 5 4 4 4 4 3
RI(5,9):=(A2%(-2*%A3 *Al + 14%A3 *A2*A)l *A4 + 3*A3 *Al -~ 20*A3 *
2 3 2 3 3 3 3 2
A2 *Al *A4 - 38%A3 *A2%A1 *A4 4+ 1Q*A3 *Al + B*A3 *
3 2 3 2 2 2 2 2 2
A2 *Al *A4 + 48%A3 *A2 *Al *A4 4+ B*A3 *A2*Al *A4 -
2 2 3 3 2 2
13*A3 *Al - 24%A3%A2 *Al*A4 + 16%A3*A2 *Al*a4 - 14%
3 3 2 2
A3*A2*A1*A4 + 6*A3*Al + 8%A2 *A4 - 12%A2 *A4 + 6*A2*
A4 - 1))/ D

4 4 3 3 .3 3 2
RI(5,10):=(2*A3*A2*(2*%A3 *Al -4*A3 *A2%A]1 *A4 - 8*A3 *Al +4*A3 *
2 2 2 2 2 2 2 2 -
A2 *Al *A4 + B*A3 *A2*Al *A4 + O%A3 *Al - 12*A3%A2 *
2 2 2
Al*Ad + B*A3*A2*A1*A4 - 5*A3*A) + 4*A2 *A4 - 4%A2*A4
+ 1))/ D

- 2 4 4 3 3 2 2 2 2

RI(5,11):=(A3 *n2*{A3 *Al -6%A3 *A2*Al *Ad4 + 4*A3 *A2 *Al *A4 +
2 2 2 2 2 2

22%A3 *A2%*A]l *A4 - 11*A3 *A)l - 12%A3*A2 *al*A4 - 18*
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. 2 2
A3*A2*A1*A4 + 12*A3*Al1 + 4*A2 *A4 + 4*A2*A4 - 3))/ D

. 3 3 3 2 2 2 2
RI(5,12):=(2*A3 *A2*{ -~ 3*A3 *Al 4+ 4*A3 *A2*Al *A4d + 1l1*A3 *Al -
12*A3*A2*%A1*A4 — O%A3*Al + 4*A2*A4 + 2))/ D

4 4 3 3 3 3 2
RI(6,1):=(2*A1*A4*(2*A3 *Al - 4*A3 *RA2*Al *A4 -~ 8*A3 *Al +4*p3 *
.2 2 2 2 -2 , 2 2 2
A2 *Al *A4 + B*A3 *A2*Al *A4 + 9*A3 *Al -~ 12%A3%A2 *
2 2 2
Al*A4 + B8*A3*A2*A1*A4 - S5*A3I*AL + 4%A2 *A4 - 4*A2%A4
+ 1))/ D

5 5 4 4 4 4 3 2
RI(6,2):=(A4*(-A3 *A1l + 8*A3 *A2*Al *A4 + 3%A3 *A]l - 16%A3 *A2 *
3 2 3 3 3 3 2 3 2
Al *A4 - 16*A3 *A2*A1 *A4 ~ A3 *Al 4+ B*A3 *A2 *aAl *
3 2 2 2 2 2 2 , 2 2
A4 + 36*A3 *A2 *Al *A4 - 1Q%*A3 *A2%Al *A4 - A3 *Al
o 3 3 2 2 _
~ 24*A3%*A2 *A1*A4 4+ 20*A3*A2 KAI*A4 - 1Q*AI*ADIALK
3 3 2 2
A4 + 3*A3*Al + B*A2 *A4 - 12%A2 *Ad 4+ 6%A2*A4-1))/D

4 4 3 3 2 2 2 2
RI(6,3):=(2*A3*a4*( - A3 *Al + 3*A3 *Al + 4*A3 *A2 *A] *A4 -4%
2 2 2 2
A3 *A2%A]1 *A4 — 12*A3*A2 *AI*A4  + 12%A3*A2*A1*A4 ~ 3%
2 2
A3*Al + 4*A2 *A4 - 4*A2*p4 4+ 1))/ D

2 4 4 3 3 2 2 2 2
RI{6,4):=(A3 *A4*(A3 *Al - B%A3 *A2*Al *A4 4+ 4*A3 *A2 *Al *A4 +22
2 2 2 2 2 2
*A3 *a2%A] *A4 - 11%A3 *Al - 12%*A3*p2 *A1*A4 - 1B¥%A3%
2 2 :
A2*A1*A4 + 12*A3*Al1 + 4*A2 *A4 4+ 4*A2*A4 - 3))/ D

5 5 4 4 4 4 3 2 3
RI(6,5):=(A1*(A3 *Al -8*A3 *A2*Al *Ad4 - T*A3 *Al + 16*A3 *A2 *Al
2 3 3 3 3 2 3 2
*A4 4+ 24%A3 *A2%A] *A4 + 17%A3 *Al - 8*A3 *AZ *aAl *
3 2 2 2 2 2 2 2
A4 - 44%Ap3 *AD *A] *A4 -~ G*A3 *A2*AY *A4 - 17*A3 *
2 3 3 2 2
Al 4 24*A3%A2 *AT*AA + 4*A3%A2 *A1*A4 - G*A3Z*A2*AL*
3 3 2 2 _
A4 + T*A3*A1 - 8*A2 *Ad4 4 4*A2 *A4 4 2%A2*n4 - 1)) /D

5 5 4 4 3 3 - 3 3

RI(6,6):=(-A3 *Al + 7*A3 *Al <+ 8%A3 *A2*A]1 *A4 - 17*A3 *Al -8*

. 2 3 2 3 2 2 2 2 2 2

A3 *aA2 *Al *A4 4+ 12%A3 *A2 *Al *Ad4 - 30Q%A3 *A2%A) *A4 +
2 2 3 3 2 2

17%A3 *Al + 24*A3*A2 *A1*A4 - 36*A3*A2 *Al*A4 + 26*A3*
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3 3 2 2

A2*A1*A4 — T*A3*A) - B*A2 *A4 + 12*A2 *Ad4 - 6*A2*A4 + 1)

/ D

_ 4 4 4 4 3 2 3 2
RI(6,7):=(A3*(~2%A3 *A2*Al *A4 ~ A3 *A1l + 12%A3 *A2 *A]1 *A4 -6*

3 3 3 3 2 3 2 3 2

A3 *A2*Al *A4 + 6%A3 *Al - 8%A3 *A2 *A] *A4 . 32%A3

2 2 2 2 2 2 2

*n2 *Al *A4 4+ 36*%A3 *A2*A1 *A4 - 11*A3 *A1l + 24*A3%*
3 3 3 3

A2 *Al*A4 - 1B8*A3*A2*A)I*A4 + 6%A3*A] - B¥AD *A4  + 4%
2 2. -

A2 *A4 + 2*%A2*Ad - 1))/ D

2 4 4 3 3 3 3 2 2
RI(6,8):=(A3 *(A3 *Al + 6%*A3 *A2*Al *A4 ~ 6*A3 *A)l - 12%A3 *p2 *
2 2 2 2 2 2 ‘ 2
Al *A4 - 14*A3 *a2*A)l *R4 4+ 11*%*A3 *Al 4 36*A3*n2 *
2 2 2
Al*p4 - G6*A3*A2*¥A1*A4 - 6*A3*A)l - 12*%A2 *A4 4 4*A2*
a4 + 1))/ b

4 4 3 3 - 3 3 2
RI(6,9):=(2%A2*A1*(2%A3 *Al —4*A3 *A2*Al *A4 - 8%A3 *Al + 4%A3 *
2 2 2 2 2 2 2 2
A2 *pl *A4 + B8*A3 *A2%Al *A4 + O*AZ *Ap] - 12%A3%np2 *
2 : 2 2
Al*2A4 4+ BFYA3RAD*ATI*AL — S*¥AJRA] 4 AFAD *p4 -~ 4*p2%n4
+ 1))/ D

5 5 4 4 4 . 4 3 2
RI(6,10):=(A2* (~A3 *Al + 8*A3 *A2*Al *A4 + 3%A3 *aAl - 16*A3 *A2
3 2 3 3 3 3 2 3 2
*Al *A4 - 16*A3 *A2*Al *A4 - A3 *Al + B*A3 *AD *Al
3 2 2 2 2 2 2 2
*A4 + 36%A3 *A2 *Al *A4 - 1@*A3 *A2*Al *A4 -~ A3 ¥
2 3 3 2 2
Al - 24*A3*A2 *A1*A4 + 20*A3%A2 *A1*A4 - 1P*A3*A2*
' : 3 3 2 2
Al*A4 + 3*A3%Al + B*A2 *A4 - 12%A2 *A4 + 6*A2*A4 -
1))/ b :

. 4 4 3 3 2 2 2 2
RI(6,11):=(2*A3%A2%(-A3 *AL + 3%*A3 *Al + 4*A3 *A2 *Al *Ad4 -~ 4%
2 2 2 2
A3 *A2%Al *A4 - 12*A3%A2 *A1*A4 + 12*A3*A2%A1*A4 - 3*
2 2.
A3*Al + 4%*A2 *A4 - 4*A2*p4 + 1))/ D

2 4 4 3 3 2 2 2 . 2
RI(6,12):=(A3 *n2*{A3 *Al -6*A3 *A2*Al *A4 + 4*A3 *A2 *Al *Ad <+
) 2 2 2 2 2 2
22*A3 *A2*Al *A4 - 11*A3 *Al - 12*A3*%A2 *Al*A4 -~ 18B%
2 2
A3*A2*AL1*A4 + 12%A3*A)l + 4*A2 *A4 4 4*A2*A4 - 3))/ D
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2 4 4 3 3 2 2 2 2
RI(7,1):={A1 *A4*(A3 *Al - 6*A3 *A2*Al *A4 + 4*A3 *A2 *Al *A4 +22
2 2 2 2 ‘ 2 2
*A3 *A2*A1 *A4 - 11%A3 *Al - 12*A3*A2 *Al*A4 - 18%A3*
. 2 2
A2*AL*A4 + 12*A3*Al + 4*A2 *A4 + 4*A2*A4 - 3))/ D

4 4 3 3 2 2 2 2
RI{7,2):=(2*A1*Ad*( — A3 *Al + 3*A3 *Al 4+ 4*A3 *A2 *A) *aA4 - 4%
2 2 : 2 2 _
A3 *A2%A1 *A4 -~ 12¥A3*A2 *A1*A4 + 12%¥A3*A2*A1*A4 - 3%
2 2
A3*Al + 4*A2 *ad4 - 4*A2*A4 + 1))/ D

5 5 4 4 ) 4 4 3 2
CRI(7,3):=(A4*(-A3 *Al + B8%A3 *A2*Al *A4 + 3*A3 *Al - 16*A3 *A2

3 2 3 3 3 3 2 3 2
Al *A4 - 16*A3 *A2*Al *A4 — A3 *A)l + B8%A3 *A2 *pl *

3 2 2 2 2 2 2 2 2
A4 + 36%A3 *A2 *A1l *A4 - 10*A3 *A2*%A1 *Ad4 - A3 *al

3 3 2 2
- 24*A3*A2 *A1%A4  + 2G*A3*A2 *A1*A4 - 1QGXAZ*AQKAL*
3 3 2 2

A4 + 3*A3*A1 + 8*A2 *A4 - 12%A2 *A4  + 6*A2%A4 - 1))/D

4 4 3 3 3 3 2
RI(7,4):=(2*A3%A4*(2*%A3 *Al -~ 4*A3 *A2*Al *A4 - 8%A3 *Al +4*A3 *
2 2 2 2 2 2 2 2
A2 *Al *Ad4 + B*A3 *A2*%A1 *ad + 9*A3 *A1l - 12%A3*A2 *
2 22
A1*A4 + S*A3*A2¥A1I*A4 — S*A3IF*AL 4 4%A2 *ALZ - 4%A2*A4
+ 1)}/ D :

2 4 4 3 3 3 3 2 2
RI(7,5):={A1 *{A3 *Al +6*A3 *A2*Al *A4 - 6%A3 *Al - 12%A3 *A2 *
2 2 2 2 2 2 2
Al *A4 - 14*A3 *p2*Al1 *A4 + 11*A3 *Al + 36%*A3*p2 ¥
2 2 2
Al*A4 - G6*A3IFAD*AI*AL — G6*A3Z*ALl - 12%A2 *A4 + 4*A2%
a4 + 1YY/ D

) ! 4 4 4 3 2 3 2
RI(7,6):=(A1*(-2%*A3 *A2*Al *A4 - A3 *Al + 12*A3 *A2 *Al *A4 -6%*
3 3 3 3 2 3 2 3 2
A3 *A2*A1 *Ad4 + 6%A3 *Al - B8*A3 *A2 *A) *A4 - 32%A3
2 2 2 2 2 2 2
*A2 *Al *A4 4+ 36%A3 *A2*A1 *A4 - 11*A3 *Al + 24%A3%
3 3 3 3
A2 *Al*A4 -~ IB*A3*A2*A1*A4 + G6*A3*Al - B*A2 *Ad4 + 4*
2 2
A2 *A4 + 2*A2*n4 - 1))}/ D

5 5 4 4 3 3 3 3
RI(7,7):=(-A3 *Al + 7*A3 *Al + 8*A3 *A2%*Al *A4 - 17*A3 *Al -8*
2 3 2 3 2 2 2 2 2 2
A3 *A2 *Al *A4 + 12%A3 *A2 *Al *A4 - 38*A3 *A2*A) *A4 +
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2 2 3 3 2 . 2
17*A3 *Al + 24*A3*A2 *AL1*A4 -~ 36%A3*A2 *ALl*A4 + 26*%A3*
3 3 2 2
A2*A1*A4 - T*A3*AY - B8%A2 *A4 + 12*A2 *A4 - 6%A2*A4 + 1)
/ D . _

. 5 5 4 4 4 4 3 2 3
RI(7,8):=(A3%(A3 *Al -B*A3 *a2%Al *A4 -~ 7*A3 *Al +16%*A3 *A2 *7]
: 2 3 3 3 3 2 3 2
*A4 + 24%A3 *p2%A]1 *A4 + 17*A3 *A]l - 8*A3 *A2 *Al %
3 2 2 2 2 2 2 2
A4 ~ 44*a3 *p2 *A]l *A4 -~ 6%A3 *A2%A] *aq — 17*A3 *
2 : 3 3 2 2 ,
Al + 24*A3*A2 *A1*A4 + 4*A3*A2 *A1*A4 - GRA3IFAFALK
3 3 2 2
A4 4+ 7*A3*Al - 8*A2 *A4  + 4*A2 *A4  + 2*A2%a4-1))/D

2 4 4 3 3 2 2 2 2
RI(7,9):=(A2*%A1 *(A3 *Al -6*A3 *A2*%Al *A4 + 4*%A3 *A2 *Al *A4 +22
: 2 2 2 2 2 2
*A3 *A2*A1 *A4 - 11%A3 *Al -~ 12*A3*A2 *Al*A4 - 1B*A3*
_ 2 2
A2%A1*A4 + 12%*A3%Al + 4%A2 *A4 + 4*A2*A4 - 3))/ D

4 4 3 3 2 2 2 2
RI(7,10):=(2*A2*A1l*(-A3 *Al + 3*A3 *Al + 4*A3 *A2 *Al *A4 - 4%
2 2 2 2
A3 *A2%A1 *A4 - 12%A3*A2 *A1*A4 + 12*A3*A2%¥A)*A4 -~ 3%
2 2 :
A3*Al + 4*A2 *A4 - 4*A2*A4 + 1))/ D

5 5 4 4 4 4 3 2
RI(7,11):=(A2*(-A3 *Al +8*A3 *A2*Al *A4 + 3*A3 *Al -~ 16*A3 *Aa2
3 2 3 3 3 3 2 3 2
*Al *A4 - 16*A3 *A2*Al *A4 - A3 *Al + 8*A3 *A2 *Al
3 2 2 2 2 2 2 2
*Ad + 36*A3 *A2 *Al *A4 - 10%A3 *A2*Al *A4 - A3 *
. 2 3 3 2 2
Al -~ 24*A3*A2 *A1*A4 + 20%A3*A2 *Al*A4 -~ 1P*A3*A2*
3 3 2 2
Al*?4 + 3*A3*%A]l + 8*A2 *A4 -~ 12%A2 *A4 + 6*A2*%A4 -
1))/ o

4 4 3 3 ' 3 3 2
RI(7,12):=(2*A3%A2%(2*A3 *Al -4*A3 *A2*%A]l *A4 — B*A3 *Al +4%A3 *
2 2 2 2 2 2 2 2
A2 *Al *A4 + B*A3 *A2*A] *A4 4+ 9*A3 *Al - 12%A3*A2 ¥
2 ‘ 2 2
Al*A4 + 8*A3*A2*ATH*A4 — S*A3Z*AY + 4*A2 *A4 - 4*A2%A4
+ 1))/ D

3 3 3 2 2 2 2 _
RI(B 1):=(2*A) *A4*(-3*A3 *Al + 4*A3 *A2*Al *A4 + 11*A3 *A)l -12
*AZRA2*AT*AL - O*ATXA] 4+ 4*A2%A4 + 2))/ D
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2 4 4 3 3 2 2 2 2
RI(8,2):=(Al *A4*(A3 *Al -6*A3 *A2*Al *A4 + 4*A3 *A2 *A) *A4 +22
2 2 2 2 2 2
*A3 *A2%Al *A4 - 11%*A3 *Al -~ 12*%A3*A2 *Al*Aa4 - 1B*A3*
2 2
A2*A1*A4 + 12*%A3*Al + 4*A2 *A4 + 4*A2*A4 - 3))/ D

4 4 3 3 3 3 2
RI(8,3):=(2*A1%A4*(2*A3 *Al -4*A3 *A2*A] *A4 - B*A3 %Al +4%A3 *
2 2 .2 2 2 2 2 2
A2 *Al *A4 + 8*A3 *A2%A1 *A4 + 9*A3 *A]l - 12*A3*aA2 *
2 - ) "2 2
Al*A4 '+ B*A3*A2*A1*A4 - 5*A3*A]l + 4%A2 *A4 - 4*A2*A4
+ 1))}/ D '
, _
5 5 4 4 4 4 3
RI(8,4):=(RA4*(-2*%A3 *Al + 14*A3 *A2*A]1 *Ad4 + 3*A3 *Al -20*A3 *
2 3 2 3 3 3 3 2
A2 *Al *ad4 - 38%A3 *A2%Al1 *Ad + 1Q*A3 *Al 4+ B*A3 *
3 2 3 2 2 2 2 2 2
A2 *Al *A4 + 48*A3 *A2 *Al *A4 + B*A3 *A2*A] *A4 -
2 2 3 3 2 2
13*A3 *Al - 24*A3%A2 *A1*A4 + 16*A3*A2 *Al*A4 -14*
3 3 2 2
A3*A2*A1*A4 + 6*A3*Al + B*A2 *A4 -~ 12%A2 *A4 + 6*A2*
A4 - 1))/ D

3 4 4 3 3 3 3 2 2
RI(8,5):=(A1l *{-A3 *Al + 6*A3 *A2%*Al *A4 + 6*A3 *Al -—4*A3 *aAD *
2 2 2 2 2 2 2
Al *A4 - 3@%A3 *A2*Al *Aa4 - 11*A3 *a]l + 12%A3*A2 *
2 2 2
AL1*A4 + 42*A3*A2%A1*A4 + G6¥A3I*ALl ~ 4*A2 *A4 - 12%A2
*a4 - 1))/ D - -

2 4 4 3 3 3 3 2 2
RI{8,6):=(A1 *(A3 *Al +6*A3 *A2*A)l *A4 - 6*A3 *Al -~ 12*A3 *A2 *
2 2 2 2 2 2 2
Al *A4 - 14*A3 *A2*A) *A4 + 11*A3 *Al + 36*A3*A2 *
2 2 2

Al*A4 - 6*A3*A2*A1*A4 - G6%A3*AI -~ 12*A2 *Ad4  + 4*A2%
a4 + 1))/ D

5 5 4 4 4 4 3 2 3
RI(8,7):={A1*(A3 *Al -8*A3 *A2*%A]l *a4-7*A3 *aAl 4+ 16*A3 *A2 *Al
2 '3 3 3 3 - 2 3 2
*A4 4+ 24*A3 *A2*A]l *A4 + 17*A3 *Al - 8*A3 *A2 *Al *
© 3 2 2 2 2 2 2 2
A4 - 44%A3 *A2 *Al *A4 - G6%¥A3 *AD*A)] *A4 - 17*A3 *
2 3 3 .2 2
Al 4 24*A3*A2 *Al*ad  + 4*A3*A2 *Al*A4 -~ 6%A3*A2*AL*
3 3 2 2
A4 + T*A3*Al — 8%A2 *A4 + 4%A2 *A4 4+ 2*A2*A4 - 1))/ D

5 5 4 4 4 4 3 2
RI(8,8):=(-2%*A3 *Al - 6*A3 *A2%A] *A4 4+ 13*A3 *Al + 12*A3 *A2 *
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3 2 3 3 3 3 2 3 2
Al *Ad4 4+ 22*A3 *A2%A]1 *A4 - 2B*A3 %Al - B*A3 *pQ *pl

3 2 2 2 2 2 2 2 2
A4 - 24*A3 *A2 *A) *A4 -~ 24%A3 *A2%A1 *A4 4+ 23*A3 *Al

3 3 2 2
+ 24*A3*A2 *A1*A4 -~ 24*A3%A2 *A1*A4 4+ 22*%A3IFA2*AICAL -~
3 3 2 2 .

B*A3*Al - 8%A2 *A4 + 12*A2 *A4 - 6*A2*A4 + 1)/ D

3 3 3 2 2 2 2
RI{B 9):=(2%A2*A]1 *( - 3%A3 %Al +4%A3 *A2*A] *A4 + 11%A3 *Al -12
*AZ*A2FALI*AL -~ OFA3*AY + 4*A2*A4 + 2))/ D

2 4 4 3 3 2 2 2 2
RI{8,10):=(A2*A1 *(A3 *Al -6%A3 *A2%Al *A4 + 4*A3 *A2 *Al *ad4 +
2 2 2 2 2 2
22%A3 *A2*A) *A4 -~ 11*A3 *Al - 12*A3*A2 *Al*A4 - 18*
2 2
A3*A2*A1%*A4 + 12*%A3%Al + 4%A2 *A4 + 4*A2*A4 -~ 3))/ D

‘ 4 4 3 3 3 3 2
RI(8,11):=(2*A2*A1*(2*A3 *Al ~-4%*A3 *A2*A]l *A4 -~ 8*A3 *A] +4%A3 *
2- 2 2 2 2 2 2 2
A2 *Al *A4 4+ B*A3 *A2*Al1 *A4 + O*A3 *Al  — 12*A3%AD *
2 2 2
Al*ad + 8*A3*A2*A1*A4 - 5*A3*A] + 4*A2 *A4 - 4*A2*A4
+ 1))/ D

5 5 4 4 4 4 3
RI(8,12):=(22*(-2%A3 *A1l + 14%A3 *A2%A] *A4 + 3*A3 *A]l -~ 20%A3 ¥
2 3 2 3 3 3 3 2
A2 *Al *A4 -~ 3B*A3 *A2*Al *A4 + 10*A3 *Al + 8*A3 *
3 2 3 2 2 2 2 2 2
A2 *Al *A4 4+ 4B*A3 *A2 *Al *A4 + 8*A3 *A2*Al *p4 -
2 2 3 3 2 2
13*%A3 *Al - 24*A3*A2 *A1*A4 + 16*A3*A2 *Al*A4 - 14
3 3 2 2 -
*AI*A2KALI*A4 + G6*A3*%ALl 4+ 8*A2 *Ad4 - 12%A2 *A4  + 6*
A2*A4 - 1))/ D

2 4 4 : 3 3 3 3 .2
RI{9,13:=(A4 *(-15*A3 *Al + S@*A3 *A2*A)l *A4 4+ S5%A3 *al - 52%A3
2 2 2 2 2 2 2
*A2 *A1 *A4 - 10*A3 *A2%A1 *A4 + 6%*A3 *A)l + 16*A3*
3 3 2 2 3 3
A2 *Bl*Aa4 + 4%A3*FAD *AY*p4 - 3*A3¥AY -~ 8*A2 *A4  +
2 2
12*a2 *pa4 - 6%A2*A4 + 1))/ D

2 4 4 3 3 3 3 2
RI(9,2):=(A3*%A4 *(2*A3 *A)l -14*A3 *A2*%A] *A4 + 12*A3 *Al + 20*A3
2 2 2 2 2 2 2 3
*A2 *A)] *p4 - 12%A3 *A2%A1 *A4 — 15%A3 *Al -~ B*A3*A2
3 2 2
*AY*AL 4+ A*A3*AD *AL*AA4A 4+ 2*FAZYA2*AI*AAL 4+ T*A3*Al + 8
3 3 2 2
*A2 *A4 - 20%A2 *A4 + 14*A2%A4 - 3))/ D
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2 2 . 3 3 2 2 2 2
RI(9,3):=(A3 *A4 *(9*A3 *Al - 28*A3 *A2%A] *A4 ~ A3 *Al +24*p3%
2 2 : 3 3
A2 *A1*A4 4+ G6*A3*A2*A)*A4 - O*A3*A] - B*A2 *A4  + 16*
y 2 .
A2 *A4 - 1B*A2*A4 + 6))/ D

3 2 3 3 2 2 2 2
RI(9,4):=(A3 *A4 *(-3%A3 *Al + 20*A3 *A2*Al *A4 ~ 21*A3 *Al -24
2 2 3 3
*A3¥A2 *AI*A4 <+ 18*A3*A2%ALI*A4 + 27*A3*Al + 8*A2 *a4
2 2 ,
- 16%A2 *Ad4 + 10*A2*Ad4 - 18))/ D

5 5 4 4 4 4 3
RI(9,5):=(A4%*(-2*A3 *Al '+ 14*A3 *A2*A)l *A4 + 3*A3 *Al - 20*A3 *
2 3 2 .3 3 3 3 2
A2 *Al *A4 - 38*A3 *A2%Al *A4 + 10*A3 *Al + B8*A3 *
3 2 3 2 2 2 2 2 2
A2 *Al *A4 + 4B*A3 *A2 *Al *A4 + B*A3 *A2*Al *Ad -
2 2 3 3 2 2
13*%A3 *Al - 24*A3*A2 *Al1*A4 4+ 16*A3*p2 *pA)*p4 - 14%
3 3 2 2
A3*A2*A1*A4 + G6*A3*Al + B*A2 *A4 - 12%A2 *A4 + 6*A2*
a4 - 1))/ D

4 4 3 3 3 3 2
RI{9,6):=(2*A3%A4*(2*A3 *Al -4%A3 *A2*A]l *A4 - 8*A3 *Al + 4*A3 *
2 2 2 2 2 2 2 2
A2 *Al *A4 + B*A3 *A2%A) *A4 + O*A3 *A]l - 12*A3*AD *
2 2 2
Al*A4 + S¥A3Z*A2YAI*A4 ~ S*A3IYA)L + 4*A2 *A4 - 4*A2*A4
+ 1))/ D

2 4 4 3 3 2 2 2 2
RI(9,7):=(A3 *A4*(A3 *Al -~ 6*A3 *A2*Al *Ad4 + 4*A3 *A2 *Al *A4 +22
2 2 2 2 2 2
*2A3 *A2*A) ¥A4 - 11¥A3 *Al -~ 12*A3%A2 ¥Al*A4 -~ 18*A3*
2 2
‘A2*A1*A4 + 12%A3*Al + 4*A2 *A4 + 4*A2%A4 - 3))/ D

3 , _ 3 3 2 2 2 2
RI(9,8):=(2*A3 *a4*{ - 3*A3 *A]l +4*A3 *A2*A)l *A4 + 11*A3 *Al -12
*A3*A2FAL*AL — O%A3*A1 + 4*A2%*A4 + 2))/ D

5 5 4 4 4 4 3 2
RI(9,9):=(=-2%A3 *Al 4 9*A3 *A2*Al *A4 + 13*A3 *Al - 3B*A3 *aA2 *
3 2 3 3 -3 3 2 3 2
Al *A4 + 17*Aa3 *aA2*A1 *A4 - 28*A3 *Al + 44*A3 *A2 *Al ¥
3 2 2 2 2 2 2 2 2
A4 - 14*a3 *a2 *Al *A4 - 3Q%A3 *A2*Al *A4 + 23*%A3 *Al
4 4 3 3 2 2
- 16*A3*A2 *A1*A4 + 20%A3%A2 *A1*A4 - 24*A3*A2 *A1*Ad
4 4 .. 3 3
+ 25%A3%A2%A1%A4 - B*A3*AL + 8*A2 *A4 - 20*A2 *A4 + 18*
2 2
A2 *A4 -~ T*A2*A4 + 1)/ D
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5 5 4 4 4 4 3. 2
RI(9,10):={(A3*(A3 *Al ~10%A3 *A2*Al *A4 - 7*A3 *A)l 4 3g*A3 *p2 *
3 2 3 3 3 3 2 3

Al *A4 + 12*A3 *A2%*Al *Ad4 + 17*%A3 *Al -~ 2B*A3 *Ap2 *

2 3 2 2 2 2 2 . 2

Al *A4 - 32*%*A3 *A2 *Al *A4 <+ O*A3 *A2%A] *A4 - 17*
2 2 4 4 3 3

A3 *Al + B*A3*A2 *A1*A4 + 20*A3%A2 *A1*A4 + 2%A3*
2 2. .4 4

A2 *A1*A4 - 13*A3%A2%AL*A4 + T*A3*Al - 8*A2 *A4  +

3 3 2 2 -
12*A2 *A4 - 1G*A2 *A4 + 5*A2*A4 - 1))/ D

' 2 4 4 3 3 3 3 ] 2 2
RI{9,11):=(A3 *(A3 *A)l ~3*A3 *A2%A] *A4 - 6*A3 *Al + 16%A3 *A2 *

2 2 2 2 2 2 - 3
Al *p4 - 13*%A3 *A2*A]1 *A4 + 11*A3 *Al - 24*a3%a2 *a]

3 2 2 . :
*Ad + 30*A3*A2 *A1*A4  + 3*A3ZFADNAIRAL -~ G*A3*ALl 4+ 8B*
4 4 3 3 2 2
A2 *A4 -~ 16*A2 *A4 + 6*%A2 *A4 - 2*p2%p4 + 1))/ D

3 4 4 3 3 3 3 2
RI(9,12):=(A3 *(-A3 *Al + 9*A3 *A2%A] *A4 + 6*%A3 *A)l -~ 24*p3 *
2 2 2 2 2 2 2 3
A2 *Al *A4 - 9*A3 *A2%A) *A4 - 11*A3 *Al + 24%A3%A2
3 2 2
*Al*A4 - 6*A3*A2 *Al*A4 + 15*A3*A2%A1*A4 + 6*A3%Al
4 4 3 3 2 2
/ - B*A2 *A4 + 16%A2 *A4 - 14%A2 *A4 - 2*pa2*%p4 -1))
D

2 4 4 3 3 3 3
RI(16,1):={A1*A4 *(2*A3 *Al — 14*A3 *A2%*A1 *a4 + 12*A3 *pl +20%
2 2 2 2 2 2 2 2
A3 *A2 *Al *A4 - 12*A3 *A2*Al *A4 - 15*%*A3 *A]l - 8*A3
‘ 3 3 2 2
*A2 *A1*A4 4+ 4%A3*A2 *¥AL*AA 4+ 2FAZRAINATIRAL 4 THA3K
3 3 2 2
Al + B*A2 *Ad4 - 20*A2 *A4 + 14*A2%A4 - 3})/ p

2 4 4 3 3 3 3 2
RI{1/,2):=(A4 *(-6*A3 *Al + 22*A3 *n2*%Al1 *A4 + 4*A3 *A] - 28*%A3
. 2 2 2 2 2 2 2 3
*A2 *A1 *A4° - 4%A3 *A2%A1l *pA4 - 3*A3 *A]l + B*A3I*AD *
3 -2 2
Al*A4 + 20*A3*A2 *A1*A4 -~ 1B8*A3I*A2*AI*A4L + 3*A3I*A)
3 3 2 2
.- B¥A2 *A4 4+ 12*A2 *A4 - 6*A2*A4 + 1))/ D

2 4 4 3 3 3 3 2
RI(12,3):=(A3*A4 *(-A3 *Al + 6%A3 *A2*Al *A4 ~ 9*A3 *A) - 4*A3 *
2 2 2 2 2 2 2 2
A2 *Al *A4 + 6*A3 *A2*Al *A4 + 12*A3 *Al -~ 12%*A3*A2
2 3 3

*A1*A4  + 12%A3*A2*A1*A4 — 3*A3*A) + 8*A2 *A4 - 20%
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2 2
A2 *A4 + 14*A2*a4 - 3))/ D

2 2 3 3 2 2 2 2
RI(18,4):=(A3 *A4 *{9%A3 *Al - 28*A3 *A2*Al *A4 - A3 *Al +24*A3%*
2 2 : 3 3
A2 *A1*A4 + G6%A3*A2*A1*A4 — O%A3*A]l — B*A2 *A4 + 16%
2 2 ‘
A2 *A4 -~ 1B*A2*nd4 + 6))/ D

4 4 3 3 3 3 2
RI{10,5):={2*%A1*A4*(2*A3 *Al —-4*A3 *aA2*A] *A4 - B¥*A3 *Al + 4*Ap3 *
2 2 2 2 2 2 2 2
A2 *Al *A4 + B*A3 *A2*A) *A4 + O9*A3 *Al -~ 12%A3%A2 *-
: 2 2 2
Al*A4 + B*A3I*A2*AI*A4 — S5¥A3I*AY + 4*p2 *A4 - 4*A2*%A4
+ 1))/ D -

: 5 5 4 4 4 4 3 2
RI{10,6):=(A4*(-A3 *Al + 8*A3 *A2%pn] *a4 + 3*A3 *Al - 16*A3 *A2
. 3 2 3 3 3 3 2 3 2
*Al *A4 - 16*A3 *A2*Al *A4 - A3 *Al + B*A3 *A2 *Al
3 2 2 2 2 2 2 2
*A4  + 36*A3 *A2 *Al *A4 - 10*A3 *A2*Al *A4 - A3 ¥
2 3 3 2 2 -
Al =~ 24*aA3*A2 *A1*p4  + 20*A3*A2 *Al*A4 - 10*A3*A2*
3 3 2 2
Al*A4 4+ 3*A3*Al + 8%A2 *A4 -~ 12*A2 *A4 + 6*A2*A4 -
1))/ o

4 4 3 3 2 2 2 2
RI(10,7):=(2%A3*A4%(-A3 *Al + 3*A3 *Al + 4*A3 *A2 *Al *p4 - 4%
2 2 2 2
A3 *A2*Al *A4 -~ 12%A3*A2 *A1*R4 4+ 12*A3%A2%A1*A4 - 3%
2 2
A3*Al 4+ 4*A2 *2a4 - 4*A2*n4 + 1))/ D

2 4 4 3 3 2 2 2 2
RI(16,8):=(A3 *A4*(A3 *Al -6*A3 *A2%Al *A4 + 4*A3 *A2 *Al *A4 +
2 2 2 2 2 2
29%A3 *A2*A1 *A4 - 11%A3 *A1 - 12%A3%a2 *Al*pa4 - 18%
: 2 .2 ,
A3Z*A2*A1*A4 + 12%A3*Al + 4*A2 *A4 + 4*A2*p4 - 3))/ D

5 5 4 4 4 4 ' 3 2
RI{16,9):=(A1*(A3 *Al -1B*A3 *A2*A)l *A4 - 7*A3 *A)l 4 30%A3 *A2 *
3 2 3 3 3 3 2 3
Al *A4 + 12*A3 *A2*Al *A4 + 1T7*A3 *Al - 28*A3 *A2 *
2 3 2 2 2 2 2 2
Al *A4 - 32%A3 *A2 *Al *A4 4+ O*A3 *A2*A) *A4 - 17%
2 2 4 4 3 3
A3 *Al 4+ B*A3*A2 *Al*Ad4 + 20*A3*A2 *Al*a4 4+ 2%A3%
2 2 4 4
A2 *Al*A4 - 13*A3*A2%A1*n4 + 7*A3*Al - B*A2 *A4 +
3 3 2 2 N
12*A2 *A4 - 18*A2 *A4 + 5*A2*pd4 - 1))/ D
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5 5 4 4 4 4 3 2
RI(10,10):=(-A3 *Al + 6*%A3 *A2*Al *A4 + T7*A3 *Al - 22%A3 *A2 *
) 3 2 3 3 3 3 2 3 2
Al *A4 + 4*A3 *A2%A] *A4 - 17*A3 *Al  + 20%*A3 *A2 *p] *
3 2 2 2 2 2 2 2 2

A4 + 16*A3 *A2 *pl1 *A4 ~ 27*A3 *A2*Al *A4 + 17*A3 *Al

: 4 4 3 3 2 2

- B*A3*A2 *A1*A4  + 4*A3*A2 *A1*A4 -~ 18%A3*A2 *Al*A4

4 4 3 3
+ 23*A3%AD%AI*A4 - 7*A3*A1. 4+ B¥A2 *A4 -~ 20%A2 *A4 +
2 2 o
18%A2 *A4 - 7*A2*A4 + 1)/ D

4 4 4 4 3 2 3 2
RI(10,11):=(A3*(-A3 *A2*%*Al *A4 — A3 *Al + 6*A3 *A2 *Al *A4 + 3*
3 3 3 3 2 3 2 -3 '
A3 *A2%A1 *A4 + 6%A3 *Al -~ 4%A3 *A2 *Al *p4 - 38%
2 2 2 2 2 2 : 2 2
A3 *A2 *Al *A4 + 24%*A3 *A2*Al *A4 - 11*A3 *Al + 36*
3 3 2 2 :
A3*A2 *A1*A4 - 12*A3%A2 *A1%A4 -~ 15%A3*A2%A1*A4 + 6
4 4 3 3 2 2
*p3*%A1 - 8%A2 *A4 + 12*%*A2 *A4 - 10*A2 *A4 + S5*A2*
a4 - 1))/ D '

2 4 4 3 3 . 3 3 2 2
RI(16,12):=(A3 *(A3 *Al -3*A3 *A2*%Al *A4 ~ 6*A3 *Al + 16*A3 *A2 *
2 2 2 2 2 2 B
Al *A4 - 13*A3 *A2%A) *A4 + 11*A3 *Al - 24*A3*%*aA2 *
3 2 2 :
Al*A4 + 3@*A3*A2 *A1*A4 4+ 3*A3*A2%*A1*A4 - 6*A3*Al
4 4 ) 3 3 2 2
+ 8%A2 *A4 - 16*A2 *A4 + 6%A2 *A4 - 2*A2%A4 + 1))
/ D

2 2 3 3 2 2 2 2
RI{11,1):=(A1 *A4 *(9*%A3 *Al - 28*A3 *A2*Al *A4 - A3 *Al +24*A3*
2 2 3 3
A2 *A1*A4 + G6*A3*A2%ATI*A4 —~ O¥A3%Al - B*A2 *A4 + 16%
2 2
A2 *A4 - 18%A2*A4 + 6))/ D

2 4 4 3 3 3 3 2
RI(11,2):=(A1*A4 *(-A3 *Al + 6%*A3 *A2*Al *A4 - 9*A3 *Al - 4*A3 *
2 2 2 2 2 2 2 2
A2 *Al *A4 + 6*A3 *A2*Al *A4 4+ 12%A3 *Al - 12%A3*A2
2 3 3
*R1*A4  + 12%A3*A2*ALXA4 —~ 3*A3*AY + 8*A2 *A4 - 20*
2 2
A2 *A4 + 14*A2*A4 - 3))/ D

2 4 4 3 3 3 3 2
RI(11,3):=(A4 *(-6*A3 *Al + 22*A3 *A2*Al *A4 + 4*A3 *Al - 28*A3
2 2 2 2 2 2 2 3
*2a2 *Al *A4 - 4*A3 *A2%A]l *A4 - 3*A3 *Al + 8*A3%*A2 *
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3 2 2
Al*A4 + 20*A3%A2 *A1*A4 - 18%A3*A2*A1*A4 + 3*A3*A)
K 2 2
- 8*A2 *A4 4+ 12*%A2 *ad4 - 6*A2*A4 + 1))/ D

2 4 4 3 3 3 3
RI(11,4):=(A3%*A4 *(2*A3 *Al -~ 14*A3 *A2%Al *A4 + 12%A3 *Al +20*
2 2 2 2 2 2 2 2
A3 *A2 *Al *A4 -~ 12*A3 *A2*A] *A4 - 15%A3 *Al - B*A3
3 3 2 2
*A2 *AI*A4 4+ 4*A3*A2 *AL*A4  + 2*A3*A2*AI*A4 + THA3N
3 3 2 2
Al + 8%*A2 *Ad - 20%*A2 *A4  + 14*A2%p4 - 3))/ D
2 4 .4 3 3 2 2 2. 2
RI(11,5):=(Al *A4*(A3 *Al -G6*A3 *A2%Al *Ad '+ 4%A3 *A2 *Al *Ad +
-2 2 2 2 2 2
22*A3 *A2*A1 *A4 - 11*A3 *Al - 12*A3%A2 *Al*pA4 - 18%
2 2
A3*A2*A1*A4 + ‘12*A3*Al + 4*A2 *A4 + 4*A2*a4 - 3})/ D

4 4 .3 3 2 2 2 2
RI(11,6):=(2%A1*A4*(~A3 *Al + 3*A3 *Al + 4%A3 *A2 *A] *A4 - 4%
2 2 2 2
A3 *A2%*Al *A4 ~ 12*A3*A2 *Al*A4 + 12*A3*A2%a1%A4 - 3%
2 2
A3*Al + 4*A2 *A4 -~ 4*p2*A4 + 1))/ D

5 5 4 4 . 4 4 3 2
RI(11,7):={(A4*(-A3 *Al + B*A3 *A2*Al *Ad4 + 3*A3 *Al - 16%A3 *A2
3 2 3 3 3 3 2 3 2
*A1 *A4 - 16*A3 *A2%A] *A4 ~ A3 *Al 4+ 8*aA3 *p2 *Al
3 2 2 2 2 2 2 2
*A4 4+ 36%*A3 *A2 *Al *Ad -~ 10*A3 *A2%A) *p4 - A3 *
2 3 3 | 2 2
Al - 24%A3%n2 *A1¥A4 4 20%A3%A2 *Al*A4 - 1@%A3*A2*
: 3 3 2 2
Al*?4 + 3*A3%Al1 + 8*A2 *Ad4 - 12*%*A2 *A4 + 6*A2*A4 -
1))/ b

4 4 3 3 3 3 2
RI(11,8):={2%A3*A4*(2*A3 *Al -4*A3 *A2*Al *A4 ~ B*A3 *Al + 4*A3 *
2 2 2 2 2 2 2 2
A2 *Al *A4 4+ 8*A3 *A2*%A]1 *A4 4 9*A3 *A]l -~ 12*A3*A2 *
2 2 2
Al*A4 + B¥A3ZYAZ¥AI*AL -~ S*AIRA] + 4*A2 *A4 -~ 4*A2%A4
+ 1))/ p

2 4 4 3 3 3 3 )
RI(11,9):=(Al *(A3 *Al -3*A3 *A2*A)l *A4 - 6*A3 *Al + 16*%A3 *A2 *
2 2 2 2 2 2 3
Al *A4 - 13%A3 *A2%¥Al *A4 + 11%*A3 *Al - 24*A3%A2 *Al
3 . 2 2
*A4 4+ 30*A3*A2 *A1*AL  + 3*AI*A2FAI*AL - G*A3*Al + 8%
4 4 3 3 2 2
A2 *A4 - 16%A2 *A4 + 6%A2 *A4 - 2%*A2%p4 + 1))/ D
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4 4 4 4 3 2 3 2
RI(11,10):=(A1*(-A3 *A2*Al *A4 - A3 *Al + 6*A3 *A2 *Al *A4 + 3%
3 3 3 3 2 3 2 3
A3 *A2%A1 *A4 + 6*A3 *Al - 4*%A3 *A2 *Al *A4 - 38%
2 2 2 2 2 2 2 2
A3 *A2 *A1 *A4 + 24*A3 *A2*Al *A4 ~ 11%*A3 *A1 + 36%
| 3 3 2 2
A3%A2 *A1*A4 - 12%A3%A2 *Al*A4 -~ 15*A3*A2%*A1*A4 + 6
4 4 3 3 2 2
*A3%A1 - 8*A2 *A4 + 12%A2 *A4 - 10*A2 *A4 + 5*A2*
A4 - 1))/ D :
. 5 5 4 4 4 4 3 2
'RI(11,11):=(-A3 *Al + 6*A3 *A2%Al *A4 + 7*A3 *Al - 22%A3 *A2 *
3 2 3 3 - 3 3 2 3 2
Al *A4 4+ 4*A3 *A2*Al *A4 - 17%A3 *Al + 20%*A3 *A2 *aAl *
3 2 2 2 2 2 2 2 2
A4 + 16%A3 *A2 *Al *A4 — 27*A3 *A2*Al *A4 + 17*A3 *Al
4 4 33 2 2
- B*A3*A2 *AL*A4 + 4%A3*A2 *A1*A4 - 18*A3*A2 *Al*Ad
o 4 4 3 3
‘ + 23%*A3I*A2*AI*AL ~ T*A3Z*AL + S*A2 *A4 - 20*A2 *A4 +
2 2
18*A2 *a4 - 7*A2*A4 + 1)/ D

' 5 5 4 4 4 4 3 2
RI(11,12):=(A3*(A3 *Al -10*A3 *A2%Al *A4 - 7*A3 *Al +30*A3 *p2 *
3 2 3 3 3 3 2 3
Al *A4 + 12*A3 *A2*A] *A4 + 17*A3 *Al - 2B*A3 *pA2 ¥
2 3 2 2 2 2 2 2 ,
Al *A4 - 32%A3 *a2 *A]1 *A4 4+ O%A3 *A2*A) *p4 - 17*
2 2 4 4 3 3
A3 *Al + B8*A3*A2 *A1*pd  + 20*A3I*A2 *Al*A4 4+ 2%A3¥
2 2 4 4
A2 *A1*A4 — 13*A3*A2%*A1*A4 + T*A3*Al -~ 8*A2 *Ad +
3 3 2 2
12*%A2 *Ad - 1@*A2 *A4 + 5*p2*A4 - 1))/ D

3 2 3 3 2 2 : 2 2
RI(12,1):=(A1l *A4 *{ — 3*A3 *Al + 20%A3 *A2*A)l *A4 - 21*A3 *Al -
2 2 . 3
24%p3*%p2 *p1*kA4 4+ 1B*AI*ADIFALINAAL 4+ 27*A3*A) + gxp2 *
3 2 2 :
A4 - 16*A2 *Ad4 + 10*a2*ad — 18))/ D

2 2 3 3 2 2 2 2
RI{12,2):=(Al *A4 *(9*A3 *Al - 28%*A3 *A2*Al *A4 - A3 *Al +24%A3*
2 2 3 3
A2 *Al*A4 + 6*A3*A2*AL*RA4 - 9*A3*ALl - B*A2 *A4 + 16*
2 2 :
A2 *a4 - 18*A2*A4 + 6))/ D

2 4 4 3 3 3 3
RI(12,3):={A1*A4 *(2*A3 *Al - 14*A3 *A2%Al *A4 + 12*A3 *Al +20*
' 2 2 2 2 2 2 2 2
A3 *A2 *Al *Aa4 -~ 12%A3 *A2%A] *A4 - 15*%A3 *Al - B*A3
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3 3 2 2 C

*A2 *A1*A4  + 4*A3*A2 *A1*A4 4+ 2%A3*A2FAI*A4L 4+ THA3K
3 3 2 2

Al + 8*A2 *n4 - 20%*A2 *A4 4+ 14*a2*a4 - 3))/ D

. 2 4 4 3 3 3 3
RI(12,4):=(A4 *( ~ 15%A3 *Al + 58%A3 *A2*Al *A4 + 5*A3 *Al -52*
2 2 2 2 2 2 2 2
A3 *A2 *Ap)l *a4 -~ 1Q*A3 *A2*A]1 *A4 + 6*A3 *Al + 16*A3
3 3 2 2 3 3
*A2 *A1*A4 4+ 4%A3*A2 *A1*A4 - 3*A3*%A] -~ 8*A2 *A4 4+
‘ 2. 2 :
12*A2 *a4 - 6*A2*n4 + 1))/ D

3 3 3 2 2 - 2 2
RI{12,5):=(2*A1 *A4*(-3*A3 *Al + 4*A3 *A2%Al *A4 + 11*A3 *Al -
© 12%A3%A2%AI*A4 - 9*A3%Al + 4*A2%A4 + 2))/ D

2 a4 4 3 3 2 2 2 2
RI(12,6):=(Al *A4*(A3 *Al - 6*A3 *A2*Al *A4 + 4*A3 *A2 *Al *Ad +
i 2 2 2 2 2 2
22*%A3 *A2%Al *A4 - 11*A3 *A1 - I2*A3*A2 *Al1*A4 - 18%
2 2
A3¥A2*A1*A4 + 12*A3%A] + 4*A2 *Ad4 4+ 4*A2*a4 - 3))/ D

4 4 3 3 3 3 2
RI(12,7):=(2%A1*A4*(2*A3 *Al —4*A3 *n2*A] *A4 - B*A3 *A]l +4*A3 *
2 2 2 2 2 2 2 2
A2 *Al *a4 + 8*A3 *p2%A) *A4 + 9*A3 *A)] .~ 12*%A3*AD ¥
2 2 2
Al*a4 /+ S8*A3*A2*AT* A4 ~ S*¥A3*A]1 + 4*A2 *A4 - 4*p2*%n4
+ 1))/ D

5 5 a 4 4 4 3
RI(12,8):={A4*{-2*%A3 *Al + 14*A3 *A2*A]l *A4 + 3*A3 *A]l -~ 20%p3 *
2 3 2 3 3 3 3 2
A2 *Al *A4 - 38*A3 *A2*Al *A4 + 1@0*A3 *Al + 8*aA3 *
3 2 3 2 2 2 2 2 2
A2 *Al *R4 + 48%A3 *A2 *Al *A4 + 8%A3 *A2*Al *A4 -
2 2 3 3 2 2
13*A3 *A1l - 24%A3*A2 *Al*Ad + 16*A3*A2 *Al*A4 - 14
3 3 2 2
*A3¥A2*AL*A4 + 6*A3*AL1 + B*A2 *A4 - 12*A2 *a4 + 6%
A2*n4 - 1))/ D

3 4 4 3 3 ' 3 3 2
RI{12,9):=(A1 *{-A3 *Al + 9%A3 *A2*Al *A4 + 6*A3 *Al - 24*A3 *
2 2 2 2 2 2 2. . 3
A2 *Al *A4 - 9*A3 *A2%A] *A4 - 11%A3 *Al 4 24*A3*A2
3 2 2
*A1*A4 - 6*A3*A2 *A1*A4 4+ 1S5*A3*A2*A1*A4 + 6%A3*AlL
4 4 3 3 2 2 '
/- B*A2 *A4 + 16%A2 *A4 -~ 14%A2 *p4 - 2%A2*A4 - 1})
D
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2 4 4 3 3 3 3 2 2
RI(12,1@):=(Al *(A3 *Al -3*A3 *A2%Al *A4 - 6*A3 *Al + 16*A3 *a2 *

2 2 .2 2 2 2 3

Al *A4 ~ 13*A3 *A2*A1 *A4 4+ 11*A3 ¥Rl — 24*A3*A0 *
3 2 2
Al*A4 4+ 30*A3*%A2 *A1*A4 + 3*A3I*A2*A1*A4 - 6*A3*AL
4 4 3 3 22

/+ 8*A2 *A4 -~ 16%A2 *A4 + 6%A2 *A4 - 2*%A2%24 + 1))

D .

5 5 4 4 4 4 3 2
RI(12,11):=(A1*{A3 *Al -1@*A3 *A2*Al *A4 - T*A3 *A]l +3@*A3 *A2 *
. 3 2 3 3 3 3 2 3
Al *A4 + 12%*A3 *A2*A]1 *A4 + 17*A3 *Al - 28%A3 *A2 *
3 2 2 2 2 2 2
"Al *A4 - 32%A3 *A2 *Al *A4 4+ 9*A3 *A2%A)1 *A4 - 17*
2 4 4 -3 3
A3 *Al + 8*A3%A2 *A1*A4 + 20%A3*A2 *A1*A4 + 2%A3*
2 4 4
A2 *A1*A4 - 13*A3*A2*A1%A4 + T*A3*Al - B*A2 *Ad4 +
3 3 2 2 _
12*A2 *A4 -~ 10%A2 *A4 4+ 5%A2*%Ad4 - 1))/ D

N N

3%

5 5 4 4 4 4 3 2
RI(12,12):=(-2¥A3 *Al + O9*A3 *A2*Al *A4 + 13*A3 *Al - 38%A3 *A2
3 2 3 3 3 3 2 3
*Al *A4 + 17*A3 *A2*Al *A4 - 28*A3 *Al + 44*A3 *A2 *
2 3 2 2 2 2 2 2 2
Al *Ad - 14*A3 *A2 *Al *A4 - 3@*A3 *A2*Al *A4 + 23%A3
2 4 4 3 3 2
*Al = 16%A3*A2 *A1*A4 4+ 20*A3*A2 *A1*A4 - 24%*A3%A2 *
2 .4 4 3
A1*A4 + 25%A3*A2*A1*A4 — B*A3*Al + B*A2 *Ad - 20%A2 *
3 2 2
A4 4+ 1B8%A2 *A4 - T*A2*A4 + 1)/ D
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RI(i,3) ,(i=1,16 and j=1,16 ), are the elements of the

-1

matrix (RE) , (see page 166 ), and D = det(R@). A=a.

D := 400*A

RI{1,1)
RI(1,2)
RI(1,3)
RI(1,4)
RI(1,5)}
RI(1,6)
RI(1,7)
RI(1,8)
RI(1,9)
RI(1,10)
RI(1,11)
RI(1,12)

RI(1,13)

RI(1,15)
RI(1,16)
RI(2,1)
RI(2,2)
RI(2,3)
RI(2,4)
RI(2,5)
RI(2,6)

RI{2,7)

-3
-

-
Bt

=
-

.=

|

i

llo

]

—

1

» o=
-

- -
-

=

I2 19 8 6 4 2

- 1260*A + 1481*Aa =~ BOA*A 4+ 206%A - 24*A + 1

12 10 8 6 4 2
(L20*A -544*%p 4+ B839%A -~ 562*%A + 168*a -22%a +1)/D
) 10 8 .6 4 2
(A* (140*%A - 358*A 4 321%A - 121*A 4 19*a -1))/D.

2 19 8 6 4 2

(A *(-49*A + 118*A -~ 137*A + 73*A -~ 15%A +1))}/D
3 6 4 2
{A *(25%A - 35*A + 11*A - 1))/ D
19 8 6 4 2
{A*(140%A -~ 358%A <+ 321%A -121*A + 19%A -1))/D
2 10 8 6 4 2
(2*A *(- 40*A + 143*A - 172*A + B4*A — 16*A +1))/D
3 ' 8 6 4 2 -
(A *( - 198*A + 215*A - 149%A + 37*A - 3)})/ D
4 8 6 4 2
(2%A *(20*A - 59*A + 56*A - 19%*A + 2))}/ D
2 19 8 6 .4 2
(A *(-40*A + 118%A - 137*A 4+ 73*A - 15%a +1))/D
3 8 6 4 2 |
(A *( - 166*A + 215*A - 149*A + 37*A - 3))/ D
4 8 6 4 2
(2*A *(4@6*A - 93%A + 77*A - 27*A + 3))/ D
5 6 4 2
(2*A *(38*A - 61*A 4+ 36*A - 5))/ D
3 6 4 2 , :
(A *{25%*A - 35*A + 11*A - 1})/ D
4 8 6 4 2
(2*A *(20*A - 59*A + 56%*A - 19*a + 2))/ D
5 6 4 2
(2*A *(30*A - 61*A + 36*A - 5))/ D
6 6 4 2
(4*A *( - 30*A + 61*A - 36*A + 5))/ D
10 8 6 4 2
(A* (148*A -~ 358%A 4+ 321*A -~ 121%A <+ 19*A -1))/D
12 - 1@ 8 6 4

2
= (BO*A - 426*A + 702%A - 489%A 4+ 153*A - 21*A +1)/D

10 8 6 4 2
(A*(14@*A - 333%A + 286*A .~ 116*A + 18*A -1))/D
2 10 8 6 4 2
(A *(-40*A + 118*A -~ 137*A + 73*A - 15*%A +1))/D
2 10 8 6 4 2
(2*%A *(-40*A + 143*A - 172*A + 84*%A -~ 16%A +1))/D
10 8 6 4 2
(A*(49*A - 143*A + 172*A - 84*A + 16*A - 1))/ D
2 10 8 6 4 2
(2*A *(-20*A + 84*A -~ 116*A + 65%¥A -~ 14*A +1})/D
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' 3 8 6 4 2
RI(2,8) := (A *( - 18@*A + 215%A - 149*A + 37*a -~ 3))/ D
3 8 6 4 2
RI(2,9) := (A *( - 160*A + 215*%*A - 149*A + 37*A - 3))/ D
2 19 8 6 4 2
RI(2,19) := {A *(406*A -~ 68*A + 17*A + 19*A - 9*%*a 41))/D
3 : 8 6 4 2.
RI(2,11) := (A *( - 46*A + 93*A - 77*A + 27*A - 3))/ D
4 8 6 4 2
RI(2,12) := (2*A *(40*A - 93*A + 77*A - 27*A + 3))/ D
' 4 8 6 4 2
RI(2,13) == (2*A *(20*A - 59*A + 56*A - 19*A + 2))/ D
3 8 6 4 2
RI(2,14) := (A *(68*A - 97*A + 37*A + A - 1))/ D
. 4 8 6 4 2
RI(2,15) := (2*A *( - 490*A + 63*A - 16*A -~ 9*A <+ 2))/D
5 6 4 2
RI(2,16) := (2*A *(36*A -~ 61*A + 36*A - 5))/ D
: 2 10 8 6 4 2
RI{3,1) := (A *( - 40*A + 118*A - 137*A + 73*A - 15%A +1))/D
10 8 . 6 4 2
RI(3,2) := (A*{140*A - 333*A + 286*A - 110*A + 18*a -1))/D
12 10 8 6 4 2 :
RI(3,3) := (BO*A - 426*A .+ 702*A - 489*aA <+ 153*a — 21*A +1)/D
19 8 6 4 2
RI(3,4) := (A*{148*A - 358*A <+ 321*A - . 121*a + 19*A - 1)}/D
: 3 8 6 4 2
RI(3,5) := (A *{ - 100*A + 215*A - 149*A + 37*A - 3))}/ D
. 2 13 8 6 4 2
RI(3,6) := (2*A *(-20*A + 84*A - 116*A + 65%*A -~ 14*A +1)})/D
10 8 6 4 : 2.
RI(3,7) := (A*(406*A =~ 143*%A + 172*A - 84*A + 16*A - 1))/ D
2 10 - 8 6 4 2
RI(3,8) := (2*A *(=-40*A + 143*aA - 172*A + B4*A - 16*A +1))/D
4 8 6 4 2
RI(3,9) := (2*A *(48*A - 93*A + 77*A - 27*a + 3))/ D
: 3 8 6 4 2
RI{3,18) := (A *( - 4B*A + 93*A - 77*A + 27*A - 3))/ D
2 10 8 6 4 2
RI{3,11) := (A *(4@0*A ~ 6B*A + 17*A + 19*A - 9*A 31))/ D
3 8 6 4 2
RI{(3,12) := (A *( - 188*A + 215%A -~ 149*A + 37*A =~ 3))/ D
5 6 4 2
RI(3,13) := (2*A *(36*A - 61*A + 36*A - 5})/ D
4 8 6 4 2
RI(3,14) := {(2*A *( - 4@*A + 63*A - 16*A - 9*%*a 4+ 2)})/ D
3 8 6 4 2
RI(3,15) := (A *(68*A - 97*A + 37*A + A - 1))/ D
4 8 6 4 2
RI(3,16) := (2*A *(20*A - 59*A + 56*A - 19%*A + 2))/ D
3 6 4 2 ‘
RI(4,1) := (A *(25%*A - 35*A + 11*a - 1))/ D
_ 2 10 . 6 4 2
RI(4,2) := (A *(-40*A + 118*A - 137*A + 73%¥A - 15%a +1))/D
10 8 6 4 2

RI(4,3) := (A*(148*A - 358*A + 321*A - 121*A + 19*a -1})/D




RI{4,4)
RI(4,5)
. RI{4,6)
RI{4,7)
RI(4,8)
RI(4,9)
RI(4,10)
RI(4,11)
RI(4,12)
RI(4,13)
RI(4,14)
RI(4,15)
RI(4,16)
RI(5,1)
" RI(5,2)
RI(5,3)
RI(5,4)
RI(5,5)
RI(5,6)
RI(5,7)
"RI(5,8)
RI(5,9)
RI{5,19)
RI(5,11)
RI(5,12)
RI(5,13)
RI(5,14)
RI(5,15)

"
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12 19 8 6 4 2
= (120*A -~ 544*A + 839*A ~ 562%A + 168%A - 22*a +1)/D
4 8 6 . 4 2
= (2%A *(20*A - 59*A + 56%*A -~ 19*A + 2))}/ D
3 8 6 4 2
= (A *( - 180*A + 215*A - 149*A + 37*A - 3))/ D
2 10 8 6 4 2
= (2*%*A *(~40*A + 143*A - 172*A + B4*A -~ 16%A +1))/D
18 8 6 4 2
= (A*(140*A - 358*A 4+ 321%A - 121*A + 19%*A -1))/D
5 6 4 2
= (2*A *(30*A - 61*A + 36*A - 5))/ D
4 8 6 4 - 2-
= (2*%A *(40*A - 93*A + 77*A - 27*A + 3))/ D
3 : 8 6 4 2
:= (A *( - 108*A + 215*A - 149*a + 37*A - 3))/ D
2 10 8 6 4 2
:= (A *(-40*A + 118*A - 137*A + 73*A - 15*A +1))/D
6 6 4 2
:= (4*%A *{ - 30*A + 61l*A - 36*A + 5))/ D
5 6 4 2
:= (2%A *(3P*A - 61*A + 36*A - 5))/ D
4 8 6 4 2
1= (2%A *(20*A -~ 59*A + 56%A - 19*A + 2))/ D
3 6 4 2
iz (A *(25*%*A - 35*A + 11*A - 1))}/ D
10 8 6 4 2
= (A*(14¢*A - 358*n + 321*A - 121%A + 19%A ~1))/D
2 10 8 6 4 2
= (2*A *(-406*%A + 143*A - 172*A + B84*A - 16*A +1))/D
3 8 6 4 2.
:= (A *( - 100*A + 215%*A - 149*A + 37*A - 3))/ D
4 8 6 4 2
= (2%A *(28*A =~ 59*A + 56*A - 19%*A + 2))/ D
12 12 8 6 4 2
= (8@*AR -~ 426*A + 782*A - 489%A + 153%a - 21*A +1)/D
10 8 6 4 2
= (A*{40*A - 143*A + 172*A - 84*A + 16*A - 1))/b
2 16 8 6 4 2
= (A *(46*A - 68B*A + 17*A + 19*A - 9*A +1))/ D
3 8 6 4 2
= (A *(60*A - 97*A + 37*A + A - 1))/ D
16 - 8 6 C4 2
= (A*(140*A - 333*A <+ 286*A - 110*A + 18*A -1))}/D
2 19 8 6 4 2
1= (2*A *(-20*A + 84*A - 116*A + 65*A - 14*A +1))/D
3 8 6 4 2
:= (A *( - 46*A + 93*A - 77%*A + 27*A -~ 3))/ D
4 8 6 4 .2
:= (2%*A *( - 40*A + 63*A - 16*A - 9%*ap + 2))/ D
2 10 8 6 4 2 '
:= (A *(~-40*A + 118*A -~ 137*A + 73*A - 15*a +1))/D
3 8 6 4 2
i= (A *( - 100*%A + 215*%A - 149%A + 37*A -~ 3))/ D
4 8 6 4 2

*
i

(2*A *(40*A - 93*A + 77*A - 27*A + 3))/ D



RI(5,16)
RI(6,1)
RI(é,z)
RI(6,3)
R1(6,4)
RI(6,5)
RI(6,6)
RI(6,7)
RI1{6,8)
RI{6,9)
RI(6,10)
RI{6,11)
RI(6,12)
Ri(6,13)
RI{6,14)
RI(6,15)
RI(6,16)
RI(7,1)
RI(7,2)
RI(7,3)
RI(7.4)
RI(7,5)
RI(7,6)
RI(7,7)
R1(7,8)
RI(7,9)
RI(7,10)

RI(7,11)
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5 6 4 2
:= (2*A *(30*A - 61*A + 36*A - 5))/ D
2 10 8 6 4 2
:= {2%A *(-4Q*A 4+ 143*A - 172*A + B84*A - 16*a +1))/D
10 8 6 4 2
t= {A*(40*A - 143*aA + 172*A -~ 84*A + 16*A - 1))/ D
2 19 8 6 4 2
:= (2%A *(-20%*A + B4*A - 116*A + 65*A - 14*A +1)})/D
3 8 6 - 4 2
(A *( - 100*A + 215*A -~ 149*A + 37*A - 3))/ D
. 1p 8 6 4 2
(A*(48*A - 143*A + 172*A - B4*A + 16*A - 1))/ D
. 12 10 8 6 4 2
:= (120%A =~ 494*A 4+ 719*A - 470*A + 144*A - 28*A +1)/D
10 8 6 4 2
(A*(1p@*a - 24B*A + 209*A - 83*%*a 4+ 15%*A - 1})/D
2 19 8 6 4 2
(A *(40*A - 68%A + 17*A + 19*%A - 9*A +1))/ D
2 10 8 6 4 2
(2%A *(-20*A + 84*A =~ 116*A 4 65%*A -— 14*A +1))/D
1p 8 6 4 2
:= (A*(1@0*A -~ 240%A + 209*A -~ 83*A 4+ 15*A - 1))}/D
: 2 10 8 . 6 4 2
:= (2%A *(-60*%A + 147%A - 132*A + 56*a - 12*aA +1))/D
3 8 6 4 2
(A *( - 40*A + 93*A - 77*A + 27*A - 3))/ D
3 8 6 4 2
= (A *( - 100*A + 215%A - 149*A + 37*A - 3))/ D
2 19 8 6 .4 2
= (A *(40*A - 68%A + 17*A + 19*A - 9*%*a 1))/ D
3 8 6 4 2
:= (A *{ - 40%A 4+ 93*A - 77*A 4+ 27*A - 3))/ D
4 8 6 4 2
:= (2*%A *(40*A - 93*A + 77*A - 27*A + 3))/ D
3 "8 6 4 2
i= (A *( - 18@*A + 215%A - 149*A + 37*A - 3))/ D
2 10 8 6 4 2 _
(2*A *(-20*A + 84*A - 116*A + 65%*A - 14*A +1))/D -
10 8 6 4 2
(A* (48*A -~ 143*A + 172*%hA . - B4*A + 16*A - 1))/ D
2 10 8 6 4 2
(2*A *(-40*A + 143*A - 172*A + 84*A - 16*A +1))/D
2 10 8 6 4 2
(A *(40*%A - 68*A + 17*A + 19*A - 9*A +1))/ D
19 8 6 4 2
(A* (1@g*A - 240*A + 209*A -~ 83*A + 15*A - 1)})/D
12 . 10 8 6 4 2
(120*A -~ 494*%A + 719%A « 470*A + 144*p - 20*a +1)}/D
10 8 6 4 2
(A" (4G*A - 143*%*A + 172%A - 84*A + 16*a - 1))/ D
3 8 6 4 2
(A *( - 4B*A + 93*A - 77*A + 27*A - 3))/ D
.2 19 8 6 4 2
= (2%A *(-60*A 4+ 147*A - 132*A 4 56*A - 12*A +1))/D
19 8 6 4 2
:= (A*{108%*A - 240*A + 209*A - 83*a + 15%*A - 1))/D

It

]

[

11
|

.l.

-

"

il



RI(7,12)
RI{(7,13)
RI(7,14)
'RI(?,15)
RI(7,16)
RI(B,l)
RI(8,2)
RI(8,3)
RI(8,4)
RI(8,5)
RI(é,G)
RI(8,7)
RI(8,8)
RI(8,9)
RI(8,19)
RI(8,11}
RI(8,12)
RI(8,13)
RI(B,14)
RI(B,15)
RI(8,16)
RI(9,1)
RI(9,2)
RI(9,3)
RI(9,4)
RI(9,5)
RI(9,6)
RI(9,7)
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2 i 8 6 4 2
:= (2*A *(-20*A + 84*A -~ 116*A + 65*A -~ 14*A +1)})/D
4 g8 6 4 2
:= (2%A *(40*A «~ 93*A + 77*A - 27*A + 3))/ D
3 8 6 4 2
:= (A *( - 48*A + 93*A - 77*A + 27*A - 3)}/ D
2 10 8 6 4 2
:= (A *(40*A - 68B*A + 17*A + 19*A - 9*A +1))/ D
3 8 6 4 2
:= (A *( - 186*A + 215%*A -~ 149*A + 37*a - 3)})}/ D
4 8 6 4 2 }
= (2%A *(20*A - 59*A 4+ 56*A - 19*a + 2))/ D
3 8 6 4 2
= (A *( - 1@08*A + 215*A - 149*A + 37*A - 3))/ D
4 2

3

2 10 8 6
= (2%A *(-40*A + 143*A =~ 172*A 4+ 84%A - 16%A +1))/D
19 8 6 4 2
= (A*(140*A - 358%A + 321%*A .~ 121*A + 19%a - 1))/D
.3 . 8 6 4 2
= (A *(60*A - 97*A + 37*a + A - 1))/ D
2 10 8 6 4 2
= (A *(40*A - 68*A + 17*A + 19*an - 9*A +1))/ D
19 . 8 6 4 . 2
= (A*(46*A - 143*A + 172*A - B84*A + 16*A - 1))/ D
12 - 10 8 6 4 2
:= (BB*A - 426*A + 7@2*A — ABO*A 4 153%a - 21*A +1)/D
4 8 6 4 2
;= (2% *( - 4@*A + 63*A - 16*A - 9*A + 2))/ D
3 8 6 4 2
:= (A *( - 40%A + 93*A -~ 77*A 4+ 27*A - 3))/ D
2 10 8 6 4 2
(2*A *(-20*A 4+ 84*A - 116*A + 65%*A - 14*A +1))/D
19 8 6 4 2
:= (A*(148*A - 333*A + 28B6*A - 110*A + 18*a -1))/D
5 6 4 2
:= (2%A *(30*A -~ 61*A + 36*A - 5))/ D
4 . 8 6 4 2
s= (2%A *(40*A - 93*%A 4+ T77*A - 27*A + 3))/ D
3 8 6 4 2
s= (A *( - 1@8*A + 215%A -~ 149*aA 4 37*A - 3))/ D
2 19 8 6 4 2
= (A *(-40*A + 118B*A =~ 137*A + 73*A - 15*A +1))/D
2 10 8 6 4 2
= (A *(- 40%*A + 118*A - 137*A <+ 73*A - 15*A +1))/D
3 8 6 4 2
:= (A *( - 188*A + 215*A -~ 149*A + 37*A - 3))/ D
4 8 6 4 2 :
= (2*A *(40*A - 93*A + 77*A - 27*A + 3))/ D
5 6 4 2
s= (2%A *(30*%A - 61*A + 36*A - 5))/ D
10 8 6 4 2
:= (A*(148*A - 333*A + 286*A - 118*A + 18*A -1))/D
2 10 8 6 4 2
:= (2%A *(-20*A & 84*A -~ 116*A + 65*A - 14*A +1))/D
3 8 6 4 2 _

-0

:= (A *( - 40%A + 93*%A - 77*A + 27*A - 3))/ D




RI(9,8)

RI(9,9)

RI(9,10)
RI{9,11)
RI(9,12)
RI(9,13)
RI(9,14)
RI(9,15)
RI(9,16)
RI(10,1)
RI{10,2)
RI(19,3)
RI(102,4)
RI(16,5)
RI(19,6)
RI(16,7)
RI1(14,8)
RI(1%,9)

RI(19,12)

RI(10,11)
RI(10,12)
RI(16,13)
RI(iﬁ,14)
RI(10,15)
RI(10,16)
RI(11,1)

RI(11,2)
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I

”

e
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4 8 6 4 2

(2*A *( - 40*A + 63*A - 16*A - 9*A + 2))/ D

12 10 8 6 4 2

(BO*A - 426*A + 702*A — 489%A + 153*%*A - 21*%A +1)/D

It

n

i

!

U}

10 8 6 .4 2
(A*(48*A - 143*A + 172*A - B4*A + 16*A -1))/D
2 19 8 6 4 2
(A *(40*A - 68*A + 17*A + 19*A - 9%*p +1))/ b
3 8 6 4 2
(A *{60*A - 97*a + 37*A + A =~ 1))/ D
19 8 . 6 .4 2
(A*(140*%A - 358*A 4+ 321*A - 121*A + 19*a -1))/D
2 10 8 6 4 2
(2*A *(-40%A + 143*A - 172*A + 84*a 16*A +1})/D
3 8 6 4
(A *( - 100*A + 215*A - 149*A + 37*A - 3))/ D
4 8 6 4 2 :
(2*A *(20*A - 59*A + 56*A - 19*a + 2))/ D
3 8 6 4 2 :
(A *( - 168*A <+ 215%*A ~ 149*A + 37*A -~ 3))/ D
2 10 8 6 T4 2
(A *{40*A - 6B*A + 17*A + 19*A - 9*a +1))/
3 8 6 4 2
(A *{ - 40*A + 93*A - 77*A + 27*A - 3))/ D
4 8 6 4 2
(2*A *(40*A - 93*A + 77*A - 27*A 4+ 3))/ D
2 10 8 6 4 2
(2*A *(-20*A + B4*A - 116*A + 65*A - 14*Aa +1))/D
10 8 6 4 2
(A*(108*A - 240*A + 209*A - B3*A <+ 15*A - 1))/D
2 19 8 6 4 2
(2*A *(-60*A + 147*A =~ 132*A + 56*A - 12*A +1))/D
3 8 6 4 2
(A *( - 40*A + 93*A - 77*A  + 27*A - 3)})/ D
19 8 6 4 2
(A*{4B*A - 143*A + 172*A - B4*A + 16*a - 1))}/ D
12 10 : 8 6 . 4 2
(128*A =~ 494*A  + T19%A - 470%A" + 144*n -20%*A
+ 1)/ D -
1¢ 8 6 4 2
(A*(100*A - 240B*R 4+ 209*A -~ 83*A + 15*%A -1))/D
2 1g 8 6 4 2
(A *(49*A - 68*A + 17*A + 19*A - 9%a +1))/ D
2 10 8 6 4 2
(2%*A *(-48*A + 143*A - 172*2 + 84*A - 16*%A +1))/D
10 8 .6 ! 2
(A*(40*A - 143*A + 172%A - 84*A + 16*A - 1))/D
2 10 8 6 4 -2
(2%A *(-20*A + B4*A =~ 116*A + 65*A - 14*A +1))/D
3 8 6 4 2
(A *{ -~ 180*A + 215*A - 149*A + 37*a - 3})/ D
4 8 6 4 2

e= (2%A *(40*A -~ 93%*A + T7*A - 27*A + 3))/ D

3 8 6 4 )

s= (A *{( ~ 40%A + 93*A -~ 77%*A 4+ 27*a - 3))/ D



RI(11,3)
RI(11,4)
RI(11,5)
RI(11,6)
RI(11,7)
RI(11,8)

RI(11,9)

RI(11,1@)

RI(11,11)

RI(11,12)
RI(11,13)
RI(11,14)
RI(11,15)

RI(11,16)

RI(12,1)
RI(12,2)
RI(12,3)
RI(12,4)
RI(12,5)
RI{12,6)
RI{12,7)
RI({12,8)
RI(12,9)

RI(12,19)
RI(12,11)
RI(12,12)

RI(12,13)

] n n il
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2 10 8 6 4 2
(A *{408*A - 68*A + 17*A + 19*A - 9*3 +1))/ D
3 8 6 4 2
(A *( - 189*A + 215*A - 149*A + 37*A - 3))/ D
3 8 6 4 2
(A'*( ~ 4B%A + 93*A - 77*A + 27*A - 3))/ D
2 19 8 6 4 2
(2*A *(-68*A + 147*A -~ 132*A + 56*A ~ 12*A +1))/D
10 8 6 4 2
(A*(1@8*A - 248*A + 209*A - B3*A + 15*aA - 1))/D
2 - 10 8 6 4 2

(2*A *(-20%A + B4*A - 116*A + 65*A -~ 14*A +1))/D

2 10 8 6 4 2
(A *(40*A - 68*A + 17*A + 19*A - 9*A +1))/ D
10 8 6 4

2
= (A*(1PB*A - 240*A + 209*A - 83*A + 15*A -1))/D

12 10 8 6 4 2
(126*A - 494*A  + 719*%A - 470%*A 4+ 144*A -20*A
+1)/D
_ 10 8 6 - 4 2 ,
(A*(40*A - 143*A + 172*A - B4*A +.16%*A - 1))}/D
3 8 6 4 2
(A *( - 100*A + 215%*A -~ 149%aA + 37*A - 3))/ D
2 19 8 -6 4 2
(2%A *(-20*A + 84*A -~ 116*A + 65*A - 14*A +1))/D
19 8 6 4 2 .
(A*(40*%A - 143%*A + 172*A - 84*A + 16*A -1))/D
2 10 8 6 4 2
(2*A *(-40%A + 143*A - 172*%A + 84*A - 16*A +1})/D
5 6 4 2
(2*A *(3P*A -~ 61*A + 36*A - 5))/ D
4 8 6 4 2
(2*A *(40*A - 93*A + 77*A - 27*A + 3))/ D
3 8 6 4 2
(A *¥( - 180*A + 215*A - 149*A + 37*a - 3))/ D
2 10 8 6 4 2
(A *{-40*A + 118*A - 137*A + 73*a - 15*A +1))/D
4 8 6 4 2
(2*A *( - 4B*A + 63*A - 16*A - 9*A + 2)})/ D
3 8 6 4 2 '
(A *( - 40*A + 93*A - 77*A 4+ 27*A -~ 3))/ D
2 10 8 6 4 2
(2*A *(-20*A + 84*A - 116*A + 65*%*A - 14*A +1))/D
19 8 6 4 2
(A*(148*A - 333%A 4 2B6*A - 11¢*A + 18*A -1))/D
3 8 6 4 2 .
(A *(60*A - 97*A + 37*A + A - 1)}/ D
2 19 8 6 4 2
(A *(48*A - 68*%A + 17*A + 19%*A - 9*A +1))/ D
10 8 6 4

2
= (A*{40*A - 143*A + 172*A - B4*A + 16*a -1))/D

12 18 8 6 4 2

:= (8O%A <~ 426%A + 702*A - 489*A + 153*A-21*A +1)/D

4 8 6 4 2

s= (2%A *(20*A - 59%A + 56%A - 19%*A + 2)}/ D



RI(12,14)
RI(12,15)
RI(12,16)
RI(13,1)
RI(13,2)
RI{13,3)
RI(13,4)
RI(13,5)
RI(13,6)
RI(13,7)
RI(13,8)
RI(13,9)
RI{13,19)
RI{13,11)
RI(13,12)

RI(13,13)

RI(13,14)
RI(13,15)
RI(13,16)
RI{14,1)
RI(14,2)
RI(14,3)
RI(14,4)
n1{14,5)
RI(14,6)
RI(14,7)
RI(14,8)
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3 8
(A *( - 1PB*A + 215*A - 149*%A + 37*x
2 10 8 6 4
2*A *(-40%A 4 143*A - 172*A + B4*A - 16*A +1))/D

‘ 10 8 6 4 2
A*(14g*A - 358*A 4+ 321*A - 121*A + 19*a -1))/D
3 6 4 2
:= (A *(25%A - 35%A + 11*A ~ 1))/ D

4 8 6 4 2
= (2*%A *(206*A - 59*A + 56%A - 19*A + 2))}/ D

5 4 2
+= (2*A *(3P*A - 61*A + 36*A - 5))/ D
2

6 6 4
= (4*A *( - 30*A + 61*A - 36*A 4 5))/ D
6 4

2 10 8
= (A *{-40*A <+ 118*A -~ 137*A + 73*A - 15*%3 +1))/D
3 8 6 . 4 2
= (A *( - 108*A + 215%A - 149*a 4 37*A - 3))/ D
4 8 6 4 - 2 '
= (2%A *(40*A - 93*A + T77*A - 27*A + 3))/ D
5 6 4 2
= (2*A *(38*A - 61*A + 36%*A - 5))/ D
' 10 8 6
= (A*(140*A - 358*A <+ 321*A
2 10 8
(2%A *(~40*A + 143*%A -~ 172*A + 84*17
3 8 . 6 4 2
(A *( - 108*A 4+ 215*%*a - 149*A + 37*a - 3))/ D
4 8 6 4 2
(2*A *(20*A -~ 59%A <+ 56%A - 19*A + 2))/ D
12 19 -8 6 4
(120*A - 544*A 4+ 839*a - 562*A + 168*%A -22%A
+ 1)/ D

6 4 2

- 3))/ D
2

e

6

2

L1

4 2
- 121*A + 19*A -1))/D
6 4

L1

=

2
- 16%A +1))}/D
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LI T T T N T Y Y R R R A N B T R I I I T Y

«... THE NOTATIONS ARE AS FOLLOWS ....

N NUMBER OF MESH POINTS IN THE X & Y DIRECTIONS
W OVER-RELAXATION FACTOR :
T THE (K) ITERATIVE VALUES

TN THE (K+1) ITERATIVE VALUES

ITER ITERATION COUNTER
ITMAX UPPER LIMIT OF NUMBER OF ITERATIONS

5 8 85 5 54 5 5 4 5 8 8T S SN TS STA LS YE N AT ARSI PEEERIaRaEds > v an

. THE RED-BLACK ORDERING IS USED TO ORDER THE GROUPS .
. OF 16 - POINTS

R I R I B B I N R R R I I NI R A LR B R B R ) ® ® s 8 8 0 808w * s

DIMENSION T(62,62),TN{(62,62)

'READ INPUT PARAMETERS

READ(1, *)N, EPS,MK, 21, Z2, ITMAX
B=1./6600.

DO 70 KK=1,MK

W=Z1+KK*Z2

PRINT A HEADING
WRITE(1,109) N,W

ESTABLISH BOUNDARY VALUES AND INITIALISE THE
INTERIOR POINTS .

NN=N+1

DO 15 I=1,NN
TN(I,1)=100.9

DO 16 J=2,NN
T™N(I,J)=0.0

CONTINUE

CONTINUE

K1l=6
K2=2

BEGIN THE ITERATIONS. LIMIT TO (ITMAX) ITERATIONS,
OR UNTIL THE CONVERGENCE CONDITION IS SATISFIED

ITER=0

ITER=ITER+1
IF(ITER.GE.ITMAX) GO TO 60
DO 25 J=2,N
DO 25 I=2,N

T(1,J3)=TN(I,J)
CONTINUE




anoan
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36
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CONTINUE

DO 45 I=2,N,4
L1=K2
K3=K1
K1=K2
K2=K3
DO 44 J=L1,N,8

R1=T(I-1,J)+T(I,J-1)
R2=T(I-1,J+3)+T(1,J+4)

CR3=T(I+3,J+4)+T(I+4,J+3)

R4=T(I+4,T)+T(I+3,3-1)
R5=T(I-1,J+1)
R6=T(I-1,J+2)
R7=T{I+1,3+4)
RB=T(I+2,J+4)
RO=T(I+4,J+2)
R1G=T(I+4,J+1)
R11=T(I+2,J-1)
R12=T(I+1,J-1)
S1=R5+R12

‘82=R6+R11

S3=R7+R1l¥&
S4=RB+R9
S5=R18+R11
S6=R9+R12
S7=R5+R8

 S8=R6+R7

59=R1+R3
S10=R2+R4

...+ THE G.S. SOLUTION OF 8 EQUATIONS BY-
THE NEW 17-POINT MOLECULE sera

TN(I,J)=(1987.*R1+674.*S1+251.*%S2+101,.*S3+88.*S510+
74.*54+37.*R3)*B

T™N(I+2,J)=(2238.%*R11+762.%R12+674.*R4+458.*R10B+251.*R1+
242 . * (R5+R9)+162.*RB+158.*R6+138.*R7+181.*R3+
74.%R2)*B

TN(I+1 J+l) (916.*81+559.*52+458.*R1+409. *S3+316 *S4+
242.*S16+158.%R3)*B

TN{I+3,J+1)=(2238.*R10+762.*R9+674.*R4+458.*R11+251.*
R3+242.*(RB+R12)+162.*R5+158,*R7+138. *R6+
101.*R1+74.*¥R2)}*B

TN(XI,J+2)=(2238.*R64+762.*R5+674.*R2+458. *R7+251.*R1+
242, *!R8+R12)+162.*R3+158.*R11+138.*R13+
101 .*R3+74.*R2)*B

TN(I+2 J+2)=(9216.*S4+559,.*S3+458, *R3+409.*52+316.*S1+
242.*S108+158.*R1 }*B

TN(I+1,J+3)=(2238.%R7+762.*R8+674.*R2+458.*R6+251 . %
R3+242.*(R5+R9)+162.*R12+158.*R14+138.*
R1141081.*R1+74.%*R4)*B
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TN(I+3,J+3)=(1987.*R3+674.%54+251.*53+101.*52+88,*S10+
* 74.*S1+37.%R1)*B

TK1=TN(I,J)+TN(I+1,J+1)
TK2=TN(I+2,J3)+TN(I+3,J+1)
TK3=TN(I+1,J+1)+TN(I+2,J+2)
TK4=TN({I,J+2)+TN(I+1,J+3)
TK5=TN(I+2,J+2)+TN(I+3,J+3)

....THE G.S. SOLUTION OF THE REMAINING EQUATIONS

Qoo

T™(I+1,J)=(TK1+TN(I+2,J}+R12)*0.25
TN{I+3,3)=(TK2+R4)*03.25
TN(I,J+1)=({TK1+TN{I,J+2)+R5)*0.25
TN{I+2,J+1)=(TK2+TK3)*0.25
TN(I+1,J+2)=(TK3+TK4)*3.25
TN(I+3,J+2)=(TN(I+3,J+1)+TK5+R9)*0.25
"TN(I,J+3)=(TK4+R2)*0.25
TN(I+2,J+3)=(TK5+TN(I+1,J+3)+R8)*0.25

APPLY THE OVER-RELAXATION FORMULA

o NeNe NP

DO 35 JK=J,J+3

DO 35 IK=I,I+3 .
35 TR{IK, JK}=W* (TN(IK,JK)~T(IK,JK))+T(IK,JK)
49 CONTINUE
45 CONTINUE

K3=K1

K1=K2

K2=K3 ,

IF{K2.NE.2) GO TO 38

** CONVERGENCE TEST **

s EeRS

DO 58 J=2,N

DO 50 I=2,N

IF(ABS(T(I,J)-TN(1,3))/(1.+ABRS{TN(I,J))).CT.EPS) GO TO 3
50 CONTINUE

PRINT VALUES OF THE ITERATION COUNTER, ITER,
AND THE FINAL VALUES OF THE MESH POINTS

WRITE(1,119) ITER

N OonNaoon

DO 5% I=1,NN
WRITE{1,1208)(TN(I,J),J=1,NN)
CONTINUE
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«+0+. COMMENT IN CASE ITER EXCEEDS ITMAX ....

WRITE(1,138) ITMAX

DO 65 I=1,NN

WRITE(1,120) (TN(I,J),J=1,NN)

CONTINUE

CONTINUE , :

FORMAT(/1X,'N =',15/1X,'W =',F8.5)

FORMAT ( /1X, ' CONVERGENCE CONDITION HAS BEEN REACHED
AFTER',I3,1X, 'ITERATIONS'/1X, 'THE VALUES OF T ARE')

FORMAT(//1X,14(F7.3,1X))

FORMAT{/1X, ' CONVERGENCE NOT REACHED IN',I4,1X,

'ITERATIONS. CURRENT VALUES OF T ARE')
CALL EXIT

END
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+ THE NOTATIONS ARE AS FOLLOWS.

L B L B A R I I T Y B I I I I I * 0 08 000 0

' NUMBER OF MESH POINTS IN THE X & Y'DIRECTIONS.

THE FIRST RELAXATION FACTOR

THE SECOND RELAXATION FACTOR

THE (K+1) ITERATIVE VALUES

THE (K) ITERATIVE VALUES

ITERATION COUNTER

UPPER LIMIT OF NUMBER OF ITERATIONS _

LOWER SUBMATRICES OF THE BLOCK TRIDIAGONAL MATRIX RO
OF {5.3.11a)

DIAGONAL SUBMATRICES OF RO

UPPER SUBMATRICES OF RO

DIMENSION X(208),HX(200),R(26),2(4,4),B(4,4),C{4,4),A(4,4),

D(4,8),%2

N=14
Wi=1.33
21=06.675
22=0.001
EPS5=0.00
ITMAX=20
MK=25

COMPUTE

N1=N+1
N2=N+N
N3=N*N
N4=N-2
NS=N+2
N6=N3-N
NM=N4/2

ESTABLIS

DO 18 1I=

z2(4,4),0(6,6),H(4,8),66(4,8),H1(4),G(4,4,8),%XX(4,8)

INPUT PARAMETERS

goeol

SOME CONSTANTS

H THE MATRICES A,B & C

1;4

DO 10 J=1,4

B(I,J)=a.

A(I,J)=0. L
c(1,J)=0.

B(I,I)=
CONTINUE

E=1./24.

24.

DO 75 LL=1,MK
W2=Z1+LL*Z2

P=-11
Q=2.*P
S=7.*p
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A(1,3)=8
A(1,4)=0
a(2,3)=0
A(2,4)=8
A(3,3)=0
A(3,4)=P
A(4,3)=P
A(4,4)=Q

C(l,1)=Q

. C(102}=P

c(2,1)=pP
c(2c2)=0
c(3,1)=s
C(3:2)=Q
C(4ll)=0
c(4,2)=8

PRINT A HEADING

. WRITE(2,15) N,W1,W2

FORMAT(//1X,'N =',15/1X,'wWi =',¥8.5/1X,'w2 =',F8.5)
ESTABLISH BOUNDARY VALUES & INITIALIZE THE INTERIOR POINTS

DO 20 I=N1,N3
X{I)=8.
CONTINUE

DO 25 I=1,N
X(1)=100.
CONTINUE

ITER=0
CONTINUE

DO 35 I=N1,N3
HX(I)=X(I)
CONTINUE

BEGIN THE ITERATIONS LIMIT TO (ITMAX).OR UNTIL THE
THE CONVERGENCE CONDITION IS SATISFIED.

ITER=ITER+1
IF{ITER.GT.ITMAX)GO TO 65

DO 50 L=2,N4,2
NN1=N*(L-1)+2
NN2=N*L-2
NN3=NN2+1

NK=1

DO 40 I=NN1,NN2,2
RINK)=W1*(7.*X({I-N)4+2 . *(X(I+1-N)}+EX(I+N2) )+HX(I+1+N2))
+24.*%(1.-W1)*HX(I)
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R{NK+1)=W1*(X(I+1-N)+2.*(X(I-N)+HX(I+14N2))+7.*HX(I+N2))
+24.%(1.-W1)*HX(I+N)

R(NK+2)=W1*(7.*X(I+1—N)+2.*(X(I—N)+HX(I;1+N2))+HX(I+N2))
+24.%(1.-W1)*HX{I+1)

R{NK+3)=W1*({X(I-N)+2.*(X{I+1-N)+HX(I+N2) )}+7.*HX(I+1+N2))
+24,% (1., ~-WL)*HX{I+1+N)

NK=NK+4
CONTINUE

CALLING THE SUBROUTINE TO SOLVE THE SYSTEM OF EQUATIONS
CALL SOLVE(B,A,C,R,H,U,G,GG,L,Z2,2%Z,N,XX,W1,D)
APPLY THE S.0.R. FORMULA AND PUT THE NEW VALUES IN ARRAY X.

NK=1 :

DO 45 I=NN1l,NN3
X(I)=W2*(R{NK)-HX(I)})+HX(I)
X(IHN)=W2* (R{(NK+1)-HX(I+N))+HX{I+N)

NK=NK+2 :

CONTINUE

CONTINUE

***TEST FOR CONVERGENCY#***

DO 55 I=N5,Né
IF(ABS(X(I)-BX(I))/{1.+ABS(HX(I))).GT.EPS) GO TO 9
CONTINUE

WRITE(2,60) ITER

FORMAT(/1X, 'NUMBER OF ITERATION =',6I3)

GO TO 75

***TF ITER>ITMAX***

WRITE(2, 70 ) ITMAX

FORMAT (/1X, 'CONVERGENCE NOT REACHED IN',I4,1X,'ITERATIONS')
CONTINUE ' ‘
STOP
END

THIS SUBROUTINE SOLVE RX= D FOR X (WHERE R IS A BLOCK
TRIDIAGONAL MATRIX)

SUBROUTINE SOLVE(B,A,C,R,H,U,G,GG,L,Z,Z2Z,N,XX,W1,D)
DIMENSION B{4,4),a(4,4),C(4,4),2(4,4),22(4,4),81(4),F({6,6).,
rR(26),D(4,8),H(4,8),6G(4,8),U(6,6),%XX(4,8),G(4,4,8),
WKSPCE(6)

NM=(N-2)/2
E=1./24.
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LK=1

DO 86 J=1,NM

DO 80 I=1,4
D(I,J3)=R{(J~1)*4+I)
CONTINUE

-1 -1
FIND Hl=Bl *Dl & Gl=Bl *Cl

DO 85 I=1,4
H(I,1)=D(I,1)*E
DO 85 J=1,4
z2(1,3)=C(I,J3)*E
G(1,J,1)=2(I,J)
CONTINUE

DO 148 K=2,NM

_ FIND B(I)-A(I)*G{I-1) AND PUT THE RESULTS IN F

DO 95 I=1,4
22(1,J)=0.
DO 90 KJ=1,4
2Z2(I,3)=22{I,J3)+A(I,KJI)*2{KJ,T)
CONTINUE
F(1,J3)=B(1,3)-22(1,J)
CONTINUE

CALLING THE LIBRARY SUBROUTINE F@lAAF TO INVERT MATRIX F
AND PUT THE RESULTS IN U '

IFAIL=0
CALL F@1AAF(F,6,4,U,6,WKSPCE, IFAIL)

IF(X.EQ.NM) GO TO 115
FIND G(I)=U{(I)*C(I) *SEE (5.4.6)*

DO 1@5 I=1,4
DO 185 J=1,4
2({1,J3)=0.
DO 1088 KJ=1,4
Z2{(1,3)=2(1,J3)+U(1,KI)*C(KJI,T)
CONTINUE
CONTINUE

DO 110 1=1,4

DO 11@ J=1,4
G(I1,J3,K)=2(1,J)

CONTINUE

CONTINUE



129
125

anon

130
135
140

HeEeNe]

145

150

155
le0

165

FIND D(I)-A(I)}*H(I-1)

DO 125 1I=1,4
H1{1)=0.0
DO 128 J=1,4
H1{I)=H1(I)+A(I,J)*H(J,K-1)
CONTINUE
- D(I,K)=D(I,K)-H1(I)
CONTINUE

FIND H(I)=U(I)*(D(I}-A(I)*H(I-1))

DO 135 I=1,4

H{I,K)=0.

DO 136 Kl=1,4.
H{I,K)=H(1,K)+U{I,K1)*D(K1l,K}
CONTINUE o

CONTINUE

CONTINUE

**%** NOW OUTPUT RESULT ***¥

" DO 145 I=1,4

XX(I,NM}Y=H({I,NM)
CONTINUE
MM=NM=1
DO 160 II=1,MM
I=NM-II
DO 155 KI=1,4
GG(KI,1)=0.
DO 150 KJ=1,4

*SEE (5.4.7)*%

GG(KI,I)=GG(KI,I)+G(KI,KJ,I})*XX(KJ, I+1)

CONTINUE _
XX(KI,I)=H(KI,I)-GG(KI,I)
CONTINUE
CONTINUE

Ll=1

DO 165 J=1,NM

DO 165 I=1,4
R{(J-1)*4+1)=xXX(1,J)
CONTINUE

RETURN
END

416
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.....A FORTRAN PROGRAM FOR THE SOLUTION OF THE ....
FOLLOWING NON-LINEAR PROBLEB

ana

U '=UL**3-SIN(X)* (1+SIN{X)**2)
U(2)=U(PIE}=0"

THE EXACT SOLUTION IS GIVEN BY:
V(X)=SIN(X)

THE GRID SPACING

R "ITERATION PARAMETER

ITER ITERATIONS COUNTER

UN THE (K) ITERATIVE VALUES
UM THE INTERMEDIATE VALUES

U THE (K+1) ITERATIVE VALUES

oaoaaooaooaoao0OnNaon
o]

DIMENSION U(51),UN(51),X(51),G(51),8(51),c(51),p(51)
1 ,UM{51) :

READ INPUT PARAMETERS & COMPUTE SOME CONSTANTS

READ(1,*)N,EPS,MK, 21,22

0O oo

N1=N-1
N2=N-2
N3=N-3
NH=N/2
NH1=NH-1
NN=N+1
H=3.14159/NN
HH=H*H
H2=HH*{}.5
L=1
DO 5 I=1,N
X{I)=L*H
S(I)=SIN(X(I))
C({I)=HH*S(I)*(
L=L+1

5 CONTINUE
DO 55 KK=1,MK
R=Z1+KK*Z2
WRITE(l1,108)N,R

1.+5(1)*s(1))

a0

SET . INITIAL CONDITION
DO 19 I=1,N

U(1)=0.8

10 CONTINUE

U(NN)=0.0

C
c
Cc
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BEGIN THE ITERATIONS

ITER=0
CONTINUE

ITER=ITER+1
DO 28 I=1,NN

UN(I)=U(I)
G(I)=1.+H2*UN(I)*UN(I)
CONTINUE
DO 25 1I=1,NH

I11=I+1

I2=11-1 -
D(I)=1./((G(I1)+R)*(G(I2}+R)-1.)
CONTINUE

R1=C(1}=-(G{(1)-R)*UN{1)
R2=C{2)-(G(2)-R)*UN(2)4+UN(3)
UM(1)={{G{2)+R)*R1+R2}*D(1)
OM(2)=(R1+(G(1)+R}*R2)*D(1)

=2
DO 38 I=3,N1,2

I1=I+1

I2=1+2

II=I-1
R3=C{I)}+UN{II)-(G{(I)-R)*UN(I)
R4=C(I1)-(G{I1l)-R)*UN(I1)+UN(I2)
UM{I)=((G(I1)+R)*R3+R4)*D(L)
UM(I1)=(R3+(G(I)+R)*R4)*D(L)

L=L+1]
CONTINUE

DO 35 I=1,NN
G(I)=1.+H2*UM(TI)*UM(1)

- CONTIRUE

DO 40 I=1,NH1

ID=I41I

IP=ID+1
D(I)=1./({G(ID)+R)*(G(IP)+R)-1.)
CONTINUE

U(1)Y=(C(1)-(G(L)-R)*UM(L)+UM(2))/(G(1)+R)
IJ=1 : r
DO 45 I=2,N2,2

I1=I+1

12=1+2

II=I-1

P1=C({I)+UM(II}-(G{(X)-R}*UM(I)
P2=C(I1)-(G{I1)-R)*UM(I1)+UM(I2)
U(I1)=((G(I1)+R)*P1+P2)*D(IJ)
U(I1)=(P1+(G(I)+R)*P2)*D(1J)

IJ=IJ+1

CONTINUE

U(N)=(C(N)+UM(N1)-(G(N}-R)*UM(N) ) /(G(N)+R)

418



ana

50

55
100
119

419

CONVERGENCE TEST

DO 58 I=1,N
IF{(ABS{U{I)-UN(I))/(1.+ABS(UN(I))).GT.EPS}GO TO 15
CONTINUE '

WRITE(1,118)ITER

CONTINUE : ,
FORMAT(/1X,'N =',I15/1X,'R =',FB8.5)
FORMAT(1X, 'NUMBER OF ITERATIONS =',bI4)
CALL EXIT

END
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