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ABSTRACT 

The thesis commences with a description and classification of 

partial differential equations and the related matrix and eigenvalue 

theory. In most all cases the study of parabolic equations leads to 

initial boundary value problems and it is to this problem that the thesis 

is mainly concerned with. The basic (finite difference) methods to solve 

a (parabolic) partial differential equation are presented in the second 

chapter which is then followed by particular types of parabolic equations 

such as diffusion-convection, fourth order and non-linear problems in the 

third chapter. An introduction to the finite element technique is also 

included as an alternative to the finite difference method of solution. 

The advantages and disadvantages of some different strategies in terms of 

stability and truncation error are also considered. 

In Chapter Four the general derivation of a two time-level finite 

difference approximation to the simple heat conduction equation is derived. 

A new class of methods called the Group Explicit (GE) method is established 

which improves the stability of the previous explicit method. Comparison 

between the two methods in this class and the previous methods is also given. 

The method is also used 1n solving the two-space dimensional parabolic 

equation. 

The derivation of a general two-time level finite difference 

approximation and the general idea of the Group Explicit method are 

extended to the diffusion-convection equation in Chapter Five. Some other 

explicit algorithms for solving this problem ar~ also considered. 

In the sixth chapter the Group Explicit procedure is applied to solve 

a fourth-order parabolic equation on two interlocking nets. 

The concept of the GE method is also extendable to a non-linear partial 



differential equation. Consideration of this extension to a particular 

problem can be found in Chapter Seven. 

In Chapter Eight, some work on the finite element method for 
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solving the heat-conduction and diffusion-convection equation is presented. 

Comparison of the results from this method with the finite-difference 

methods is given. The formulation and solution of this problem as a 

boundary value problem by the boundary value technique is also considered. 

A special method for solving diffusion-convection equation is 

presented in Chapter Nine as well as an extension of the Group Explicit 

method to a hyperbolic partial differential equation is given. The thesis 

concludes with recommendations for further work. 
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CHAPTER ONE 

INTRODUCTION AND MATHEMATICAL PRELIMINARIES 
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1.1 INTRODUCTION 

The majority of the problems of physics and engineering fall naturally 

into one of three physical categories: equilibrium problems, eigenvalue 

problems and propagation problems. Equilibrium problems are problems of 

steady state in which the equilibrium configurations in a certain domain 

to be determined. Eigenvalue problems may be thought of as extension of 

equilibrium problems wherein critical values of certain parameters are to 

be determined in addition to the corresponding steady-state configurations. 

Propagation problems are initial value problems that have an unsteady state 

or transient nature, (W.F. Ames, 1977, p.3-4). Normally, 1n most cases, 

the dependent variable to any of these problems is expressed in terms of 

several independent variables. Such problems inherently give rise to the 

need for partial derivatives in the description of their behaviour. The 

study of differential equations arising from these problems constitutes the 

field of Partial Differential Equations. 

Mathematically a partial differential equation (henceforth abbreviated 

as p.d.e.) for a dependent variable u(x,y, ... ) is a relation of the form 

au au 
F(x,y, ••• ,u'ax ' Cly , ... , 

a2
u a2

u 
-2~'···)=O ax xoy 

(1.1.1) 

where F is a given function of the independent variables x,y, ... and the 

"unknown" function u and of a finite number of its partial derivatives. 

We call u as a solution of (1.1.1) if after substitution of u(x,y, •.. ) and 

its partial derivatives (1.1.1) is satisfied identically in x,y, ••• 1n some 

region Q in the space of these independent variables. The independent 

variables x,y, ... are real (unless if stated othe~se) and u and the 

derivatives of u occurring in (1.1.1) are continuous functions of x,y, •.. 

in the real domain Q. 
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As in the theory of Ordinary Differential Equations (henceforth 

abbreviated as o.d.e.) a p.d.e. (1.1.1) is said to be of order n if the 

order of the highest partial derivatives involved is n. Equation (1.1.1) 

is said to be linear if F is linear in the unknown function and its 

derivatives and quasi-linear if F is linear in at least the highest order 

derivatives, (F. John, 1975, p.l). 

For example, the equation 

(1.1. 2) 

as a first order quasi-linear p.d.e., and the equation 

",2u 2 
o + ~ _ 32u = 0 
dX2 dy2 

(1.1.3) 

is a second order linear p.d.e. Meanwhile the equation 

(1.14) 

is the example of a second order non-linear. In equation (1.1.2)-(1.1.4) 

above, x and yare the independent variables and u=u(x,y) is the dependent 

variable whose form is to be found. 

A linear p.d.e. is said to be homogeneous if each term contains either 

the dependent variable or one of its derivatives. For example equation 

dU 
at 

2 
k~= 0 

dX
2 

is homogeneous, whereas 

au 
dt 

a2
u 

a---z = f (x, t), 
ax 

(Heat Equation) 

a>O 

where f(x,t) is a given function, is an inhomogeneous equation. 

(1.1.5) 

(1.1.6) 

The problem of finding the solution to the p.d.e. is a very difficult 

problem as the general method of solution is not available except for 

certain special types of linear or quasi-linear equations. Furthermore, 

the general solution of the linear p.d.e. which contains arbitrary functions 



is of little use. since it has to be made to satisfy other conditions 

called boundary conditions which arise from the physical problem itself 

(see Section 1.3). 
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Similar to o.d.e •• if u
l
.u2.u3 ••••• un are n different solutions of a 

linear homogeneous p.d.e. in some given domain then 

(1.1.7) 

is also a solution in the same domain with c
1

,c
2 

•••• ,c
n 

as arbitrary constants. 
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1.2 CLASSIFICATION OF PARTIAL DIFFERENTIAL EQUATIONS 

As the p.d.e. arise from different categories of physical phenomenon 

(e.g. steady viscous flow, resonance in electric circuits, propagation of 

heat, .•. ), this suggests that the governing equations are also quite 

different in nature. Normally, they are classified in terms of their 

mathematical form such as elliptic, hyperbolic and parabolic equation, or 

in terms of the type of problems to which they apply i.e. the heat equation, 

the wave equation, ..• 

The most general second order linear p.d.e. in two independent variables, 

is given by, a
2
u a

2
u a

2
u LU - A(x'Y)---2 + 2B(x'Y)a-a- +C(x'Y)---2 + 

ax x y ay 

au au) = 0 (1.2.1) E(X,y,u'ax ' ay . 
It is called elliptic, hyperbolic and parabolic according to the determinant 

B A 
(1.2.2) 

C B 

is negative, positive or zero. This classification depends ~n general on 

the region of the (x,y)-plane under consideration. Thus it is possible for 

a p.d.e. to change its classification within the different regions of the 

domain for which the problem is defined. The differential equation 
222 

d u + a u + a u _ ( au au) y---2 ~ y---2 - F x,y,u,~,~ 
ax oxoy ay oX oy 

(1.2.3) 

for instance, is elliptic for Ixl<2Iyl, hyperbolic for Ixl>2lyl and 

parabolic along Ixl=2Iyl. This type of equation is said to be mixed type. 

For a linear p.d.e. in more than two independent variables, for systems, 

and for non-linear p.d.e., a similar but complicated classification can be 

carried out. In the case of three independent variables, the terms elliptic, 

parabolic and hyperbolic are replaced by their three dimensional analogous 

such as ellipsoidal, etc. 
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The elliptic class are equilibrium problems and are usually described 

in terms of a closed region having boundary conditions prescribed at every 

point on the region's boundary. These are called the boundary vatue p~obtem8. 

The parabolic and hyperbolic problems are of propagation type and normally 

have a prescribed boundary condition on some part of the boundaries and an 

initial condition along the other part. It can also have open-ended regions 

into which the solution propagates. In mathematical parlance such problems 

are known as initiat (boundary) vatue p~obtem8. 

Another important aspect of the classification of the p.d.e. into 

hyperbolic, parabolic and elliptic is due to the characteristic equation. 

Here we can see that at every point of the x-y plane there are two directions 

in which the integration of the p.d.e. reduces to the integration of an 

equation involving total differential only. In other words, the integration 

of an equation in certain directions is not complicated by the presence of 

partial derivatives in other directions (G.D. Smith, 1978, p.16l). 

Let the derivatives in equation (1.2.1) be denoted by 

au a2u a2u 
ay = q; ax 2 = r; axay = s 

au 
ax = p 

a2
u 

and --2 = t . 
ay 

Let C be a curve in the x-y plane on which the values of u and its derivatives 

satisfy equation (1.2.1). (C is not a curve on which initial values of u,p 

and q are given). Therefore, the differentials of p and q in the directions 

tangential to C are given by 

and 

dp = ~ dx 
ax 

+ ~ dy = 
ay 

rdx + sdy 

dq = ~ dx + ~ dy = sdx + tdy 
ax 3y 

where the p.d.e. (1.2.1) is written as 

Ar + 2Bs + Ct + E = 0 . 

Elimination of rand t in (1.2.6) using (1.2.4) and (1.2.5) gives: 

(1. 2 .4) 

(1.2.5) 

(1.2.6) 



d d 
Adx(dp-sdy) + 2Bs + Cdy(dq-sdx) + E = 0 

i.e. 

s{A(~)2 - B(~) + C} -{ A~ • EE. + cS + E~} = o. 
dx dx dx dy dx dx 

~ Now choose dx ' the tangent to C at a point P(x,y) to satisfy 

A(~)2 - 2B(~~) + C = 0 • 

Therefore (1.2.7) leads to 

A~ • dq + CEE. + E~ = 0 
dx dy dx dx 
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(1.2.7) 

(1.2.8) 

(1.2.9) 

which gives the relationship between the total differential dp and dq with 

respect to x and y. 

This shows that at every point P(x,y) of the solution domain there are 

two directions, given by the roots of equation (1.2.8), along which there 

is a relationship given by equation (1.2.9). The directions given by the 

roots of equation (1.2.8) are called the characteristic directions and the 

p.d.e. is said to be hyperbolic, parabolic or elliptic according to similar 

determinant requirement as in (1.2.2). 
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1.3 BOUNDARY CONDITIONS 

As mentioned earlier in the chapter, the solution of the p.d.e. has 

to be made to satisfy the boundary conditions which arise from the problem 

formulation. There are four main types of such conditions which arise 

frequently in the description of physical phenomena, these are: 

1. The Fi1'st Bounda::t>y-VaZue PY'obZem (the Di1'ichlet PY'obZem) ~ 

where the solution u has to satisfy the given values 

ul = <I> s 
(1.3.1) 

on the boundary s. If <1>=0 the problem is called Homogeneous DiY'ichZet 

problem. 

2. The Second Boundar>y-VaZue PY'oblem (the Neumann PY'oblem) ~ where the 

solution u has to satisfy the normal derivatives 

aUI 
av s = 1/1 

(1.3.2) 

on the boundary of that region. 

3. The Thi1'd Bounda::t>y-Value PY'oblem (Mixed 01' Robin's PY'oblem},where the 

solution u has to satisfy a combination of u and its derivatives namely 

au 
[- + hu] = 1jJ av s 

(1.3.3) 

on the boundary s. 

4. The FOUY'th Boundar>y-VaZue PY'ob lem (Pe1'iodic Boundary PY'ob lem) • In 

this case we seek the solution such that it satisfies the periodicity 

conditions, for example, 

I aUI ul - u x x+~' av x 
(1.3.4) 

where ~ is called the period. 

lbe physical meaning of the first three boundary-value problems can be 

illustrated by the problem of steady-state temperature distribution. 

In the Dirichlet problem, the temperature is given on the boundary of 
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a solid. In the Neumann problem the loss or gain of heat through the 

boundary is given (it is proportional to dUjdV). In this problem in order 

to keep a'steady-state distribution of temperature, the net flow of thermal 

energy passing through the boundary of a solid must be equal to zero, i.e., 

I ~ ds = 0 (1.3.5) 

s 
The third-boundary problem deals with the heat exchange with the surrounding 

medium the temperature of which is ~jh, where h is the coefficient of thermal 

conductivity divided by the specific heat, (S.G. Mikhlin, 1967, p.67). 
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1.4 PROPERLY POSED PROBLEMS 

This is an important concept as for problems which are not properly 

posed cannot, in general, be attacked successfully with numerical methods. 

Definition 1.4.1 

An initial value problem is called properly posed (or well posed) if 

it satisfies the following conditions: 

(i) Existence: The set of initial values for which the problem has a solution 

is dense in the set of all initial values. 

(ii) Uniqueness: For each initial value there exists at most one solution. 

(iii) Continuous dependence on the initial values: The solution satisfies a 

Lipschitz condition with respect to initial values for which the problem 

is solvable. 

(Theodor Meis and Ulrich Marcowitz, 1981, p.2). 

For boundary value problems, it is properly posed if there exists one 

and only one solution to the problem that satisfies the boundary condition 

and if small changes in the given function that occur in the boundary 

conditions cause only small changes in the solution (in other words, if the 

solution depends continuously on the boundary data). This last requirement 

is necessary if the theoretical results obtained by solving the boundary

value problem are to be used in practical applications where the boundary 

conditions are known only with whatever degree of accuracy may be provided 

by the measuring devices involved. In the case of a properly posed problem, 

admissible error in the determination of the boundary conditions do not 

invalidate the results found but lead only to insignificant quantitative 

deviations in the theoretical solution from the eXperimental results. 

To demonstrate the properly posedness condition, consider the Laplace's 

equation in two-dimensions, 



19 

2 a2u 
~+ 0 
ax2 ay2 == 

(1.4.2) 

in the semi-strip y>0,-~/2~x~~/2 under the conditions 

~ 
u(- 2'Y) 

u(x,O) == 0 

(1.4.3) 
au 
ay(x,O) = <I>(x) 

with 
~ ~ 

<1>(- -) = <1>(-) 2 2 o 

If we set <I>(x)=O, the only solution of this problem is u(x,y)=O. On 

the other hand, if we set 

-12n+1 <I>(x) = e cos (2n+l)x (1.4.4) 

the unique solution will be 

1 -12n+l . 
u = 2n+l e cos(2n+l)x s1nh(2n+l)y (1.4.5) 

It is easy to show that the function <I> and its derivatives for sufficiently 

large n differ by an arbitrary slight amount from O. Yet for any non-zero 

y, the function u has the form of a cosine function of arbitrarily large 

amplitude provided n is large. Consequently, for sufficiently large n, 

this function differs by an arbitrarily great amount from the zero solution, 

(S.G. Mikhlin, 1967, p.19). 



1.5 METHODS OF SOLUTION 

Advancement in high-speed computing machines has greatly influenced 

the numerical methods for the solution of p.d.e.'s. One measure of the 

growth is the upsurge of new methods for solving these problems. However 

these methods can be classified into two different main techniques, namely 

finite difference and finite element methods for solving p.d.e.'s. 

20 

Finite difference methods are still far and away the most widely used 

and understood for problems in p.d.e.k. It is the only one that stands out 

as being universally applicable to both linear and non-linear problems. The 

main subclass of finite difference methods are methods of lines and methods 

of nets. 

The finite element method which initially arose ~n structural mechanics 

has expanded into other areas due to promotion by Zienkiewicz (1971) (see 

references therein), Oden (1972) and conferences such as the Maryland 

Symposium of 1972 (A.K. Aziz, 1972) and the International Conference on 

Computational Methods in Non-linear Mechanics of 1974 (Oden, J.T., 1975). 

This thesis deals mainly with finite difference methods where applied 

to solve parabolic partial differential equations. However, in order to 

suit the author's profession and future commitments, some brief work on 

finite element methods is also included. 
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1.6 BASIC MATRIX ALGEBRA 

In the numerical solution of p.d.e.'s by the finite difference method 

or finite element method, the differential system is replaced by a matrix 

system. In this section some useful properties of a matrix are outlined. 

Notations 1.6.1 

A square matrix of order n 

real number which is the element 1n the ith row and jth column a .• 
1J 

of the matrix A. 

-1 A inverse of A 

AT transpose of A 

IAI determinant of A 
I unit matrix of order n . 

o null matrix· 

peA) spectral radius of A. 

x column vector with element~x., i=1,2, •.. ,n 
1 

T 
x row vector with element x., j=1,2, •.• ,n 

J 

x complex conjugate of x 

IIAII norm of A 
II!.II norm of vector x 

IT permutation matrix which has entries of zeros and one only, with 

one non-zero entry in each row and column. 

Definitions 1.6.1 

The matrix A is said to be 

(i) non-singular if IAI~o 

(ii) diagonal if its only non-zero elements lie on the diagonal 

(iii) "f T. . . 1 2 symmet~a 1 A=A 1.e. a .. =a .. , 1,J= , , ••• ,n 
1J J1 

(iv) 
-1 T orthogonal if A =A. 



(v) 

(vi) 

(vii) 
(viii) 

nuZZ if a .. =O for all i and j, i,j=1,2, •.• ,n 
1.J n 

diagonaZZy dominant if la .. I~ L la .. I for all i 
1.1. • 1 1.J 

J= 

tridiagonaZ if 
bZock diagonaZ if 

A = 

o 

j~i 
a .. =0 for Il-j 1>1. 

1.J 

.... .... 
" " 

o 

.... 
.... , 

B 
s 
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where each Bk (k=1,2, •.. ,s) 1.S a square matrix of order k l ,k2 , ••. ,ks 

(ix) upper trianguZar if a .. =0 for i>j 
1.J 

Zower trianguZar if a .. =0 for j>i 
1.J 

(x) 

(xi) sparse if many of its elements are zero. 

For the matrix A whose elements a .. which are not necessarily real 
1.J 

H 
numbers we denote A as the conjugate transpose of A. A is called Hermitian 

if AH=A, i.e. if i" .. =a .. , for all i and j, i,j=1,2, ... ,no The definition 
J,1. 1.,J 

of a Hermitian matrix implies that the diagonal elements of the matrix are 

real. A real symmetric matrix is always Hermitian, but a Hermitian matrix 

is symmetric only if it is real. 

If A is real and x 1.S complex, then A is positive definite if 

for all x~O. 

(Note that the inner product (~,Z) of two complex vectors is 
n 

I 
i=l 

x.y. where 
1. 1. 

y. is the complex conjugate of y.). A is non-negative or semi-positive 
1. 1. 

definite if (~,~)~O for all ~Q with equality for at least one x~O. 

A 1.S a band matrix of bandwidth w=p+q+l if. aij=O for j>i+p or i>j+q. 

If p=q=l, then A is tridiagonal and a pentadiagonal matrix can be obtained 

when p=q=2. 
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Two matrices are called commutative if AB=BA. They then possess the 

same set of eigenvectors. 

Theorem 1.1 

A real matrix is positive (non-negative) definite if and only if it is 

symmetric and all its eigenvalues are positive (non-negative, with at least 

one eigenvalue equal to zero). 

This theorem (without proof) is a very important one and sometimes it 

is used as a definition of positive (non-negative) definite. 

The positive definite matrix can be written as A=GJG-
l 

where J is a 

positive diagonal matrix and is called Jordan canonical form of A. The 

matrix G can be taken to be an orthogonal matrix (Young, 1971, p.16). If 

J! denotes the diagonal matrix whose elements are the positive square roots 

of the elements of J, then A!=GJ!G-l is positive definite by Theorem 1.1. 

(It can be clearly seen that A=(A!)2=(GJ!G-l )(GJ!G-l )=GJG-l ). 

Theorem 1.2 

A real symmetric matrix A of order n ~s positive (non-negative) definite 

T 
if and only if it can be written in the form A=P P where P is some non-

singular (singular) matrix of the same order. 

Proof: 

(i) Assume that A=pTp with P is some non-singular matrix, i.e. Ipl#o. 

Then for any vector x#o 

T T T 
x Ax = x P Px 

~ A is positive definite. 

(ii) Let A be positive definite (and real). Since A=A!A! and A~ is symmetric 

therefore A=(A!)TAi. As A! is also positive definite IAi 1#0. Thus, 

putting P=A! gives the required condition. 

The proof for the case of ' A non-negative definite, follows in a similar fashion. 
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1.7 VECTOR AND MATRIX NORMS 

For the purpose of analysing the errors in the later chapters, the 

approximate methods are usually associated with some vectors and matrices 

of which their magnitudes are measureable as non-negative scalars. Such 

measuring concept is called a norm. 

Definition 1.7.1 

T Let the vector x be given by x =[x
l

,x
2

, .•. ,x
n
], the following scalars 

are defined as the 1,2 and m norm of a vector x: 

II x III = I xJ + I x21 + 

= ( I Ix. 12)~ 
i=l 1. 

sup 
ld~n 

Ix. I 
1. 

+Ix I n 

(I Ixl 12 is often called the length of x). 
n 1/ 

IIxll = ( I Ix.I P ) P 
P i=l 1. 

(1. 7 .la) 

(1.7.lb) 

(1. 7 .lc) 

In general L -norms are given by 
p 

(1. 7 .ld) 

since normally matrices and vectors appear simultaneously, it is 

convenient to introduce the norm of a matrix in such a way that it is 

compatible with a given vector norm. 

Defini don 1.7.2 

A matrix norm is said to be compatibZe with a vector norm I I~I I if 

for all non-zero x. 

To construct the matrix norm compatible with the vector norm of (1.7.la)-

(1.7.ld), it is necessary that 

IIAII = sup 
x:/:O 

(G. Dahlquist, 1974, p.17S), 

which is equivalent to 

II~II 

II~II 
(1.7.3) 
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IIAII = sup IIAxII " (1. 7 .4) 

II ~II =1 

Defini don 1.7.3 

A matrix norm which is defined by (1.7.4) c, said to be subordinate 

to the corresponding vector norm. 

Definition 1. 7.4 

Let A be a matrix of order n with eigenvalues A., 1~i~n, then spectral 
1. 

radius p~4) is given by 

peA) = max 
l~i~n 

I A. I . 1. 

The matrix norm subordinate to denoted by IIAII and these 
p 

norms satisfy the relations: 
n 
I I a, ,I 

i=l 1.J 
(maximum absolute column sum) 

n 

max I I a. ·1 
l,:::i,:::n J'=l 1.J .. " 

(maximum absolute row sum) 

(1. 7 • 7) 

(1.7.8) 

(1.7.9) 

For the derivations of (1.7.7)-(1.7.9) see for example K.E. Atkinson, 1978, 

p.4l8. 

Theorem 1.3 

If ~ and Z are vectors then, 

(i) II~II>O for all ~-/:Q 

(ii) Ila~II=lal II~II for any scalar a 

(iii) 11~+Y.l1 ~ II~II + 111.11 
The proof is obvious from the Definition 1.7.1. 



Theorem 1.4 

If A and B are two matrices of order n, then 

(i) II A II >0 if AI:O 

(ii) IlkAll=lkl IIAII for any scalar k 

(iii) II A + B II ~ II A II + II B" and 

(iv) IIABI kllAII liB". 

For the proof see Varga, 1962, p.9. 

Theorem 1.5 

If A is a matrix of order n, then 

II All ~ p (A) 

Proof: 

26 

(1.7.10) 

If A is any eigenvalue of A and ~ is an eigenvector associated with 

the eigenvalue A, then AX=A~. 

Thus, from Theorems 1.3 and 1.4 

from which we conclude that I IAI I~IAI for all eigenvalues of A, which proves 

(1. 7.10). 

Theorem 1.6 

For any real symmetric matrix A of order n, I IAI 12=p(A). 

Proof: 

Since A is symmetric, 

2 T 2 2 II A II = p (A A) = p (A ) = p (A) , 
2 

and hence the result follows. 

\ 
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1.8 EIGENVALUES AND EIGENVECTORS OF A MATRIX 

Defini tion 1. 8 .1 

If A is a square matrix of order n and if x is a non-zero vector such 

that ~=A~, where A is some number, then x is said to be an eigenvector of 

A with corresponding eigenvalue A. 

Theorem 1.7 

th 
If A is a square matrix of order n, any eigenvalue A satisfies the n 

degree polynomial equation IA-AII=o; this equation is known as the character-

is tic equation of A. 

Proof: 

We seek a scalar A and non-zero vector x such that Ax=AX or (A-AI)~=O. 

Since this is a system of n simultaneous homogeneous equations in the n 

unknowns, x
l
,x

2
, •.• ,x

n 
(not all are zero), therefore A-AI must be singular, 

or in other words IA-AII=O. 

Theorem 1.8 (Gerschgorin's first theorem) 

The largest of the moduli of the eigenvalues of the square matrix A 

cannot exceed the largest sum of the moduli of the elements along any row 

or any column. 

Proof: 

Let A. be an eigenvalue of A and x. is the corresponding eigenvector 
1. -'l. 

••• + 

+ ••• + 

+ ••• + 

Then the equation AX.=AX. is in detail given by 
-'l. -1. 

a v = A 1.' v 2 2,n n 

a v = A.V 
s,n n 1. s 

(1.8.2) 

a v = A. v 
n,n n 1. n 
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th Select the 5 equation 

and divide by v giving 
5 

vI Vz v 
A. = a (-) + a (-) + ... + a (-E.) 
~ 5,1 v 5,2 v 5,n v 5 5 5 

v. 
Since I~l~l, i=1,2, ..• ,n, therefore 

v 
5 

I A. I ~ I a 11 + I a 21 + ... + I a I· 
1 5, s, s,n 

In particular this holds for IA.I=maxIA I, 5=1,2, .•. ,n. 
1 5 

As the eigenvalues of the transpose of A are the same as those of A, 

the proof is also true for columns. (G.D. Smith, 1978, p.87). 

Theorem 1.9 (Gerschgorin's circle theorem) 

Let A have n eigenvalues A., i=1,2, ... ,n. Then each A. lies in the 
1 1 

union of the n circles, 
n 

I A-a. . I ~ I I a. ·1 • 1,1 . 1 1,J 
J= 

Proof: 

By the previous proof 
vI 

A. = a (-) 
1 s,l v s 

Therefore, 

I A.-a I 
1 5,S 

j:Fi 

v
2 

+ a 2(-) s, v 
s 

+ ••• + a 
s,s 

v 
+ ••• + a (-E.) I 

s,n Vs 

(1.8.3) 

+ ••• + 

v v 
+a ( S-l) + a ( s+l) 

s,s-l v s,s+l v 
s s 

~ las 11 + la 21+ .•. +Ia ll+la 11+···+la I , s, s,s- s,s+ s,n 

As A. 1S any eigenvalue, therefore, 
1 n 

I A-a. . I ~ I 
1,1 . 1 J= 

j:fi 

I a. ·1 1,] 

Corollary 1: If A is a square matrix of order nand 

(1.8.3) 



then p(A)~v. 

n 

L 1 a .. 1, 
. 1 1,J J= 

Corollary 2: If A is a square matrix of order nand 

v' = max 
l~j~n 

then p (A) ~v' • 

These corollaries are the immediate result of theorem (1.9). 

Theorem 1.10 
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(1.8.4) 

(1.8.5) 

If A is a symmetric, diagonally dominant matrix with positive diagonal 

elements, it is positive definite. 

Proof: 

Since A is symmetric, the eigenvalues of A are real. As A is 

diagonally dominant, the application of Gerschgorin's Theorem shows that 

the eigenvalues are all positive. Therefore according to Theorem 1.1, A is 

positive definite. 

Theorem 1. 11 

Let A be an eigenvalue of A with eigenvector x. Then, 

(1) CLA is an eigenvalue of :\A with eigenvector ~ 

(2) A-~ is an eigenvalue of A-~I with eigenvector ~ 

(3) if A is non-singular, then A/o and A-I is an eigenvalue of A-I with 

eigenvector~. (G.W. Stewart, 1973, p.266). 



30 

1.9 CONVERGENCE OF SEQUENCES OF MATRICES 

Definition 1. 9.1 

The powers of a sequence involving A of order n is oonvergent to 

2 3 zero if the sequence of matrices A,A ,A , ••• , converges to the null matrix o. 

Theorem 1.12 

Lim A
r 

= 0 if !IAII <1 (1.9.2) 
r~ 

Proof: 

IIArll = I I AA r-lll ~ II A II liAr-III 

< IIA11
2

11A
r
-

2
11 ... 

and so the result follows which is only a sufficient condition and not 

necessary. The following theorem states the necessary and sufficient 

condition. 

Theorem 1.13 

Lim A
r 

= 0 if and only if IA.I<l 
~I 

for all eigenvalues A. (i=1,2, ••• ,n) of A. 
~ 

Proof: 

Consider the Jordan canonical form of A. A Jordan submatrix of A is 

of the form 
A. 
~ 

1 A. 
~ 

.... 
..... 

o 

... .... .... .... ... ... 

0 

..... .... ... 
'I L 

~ 

1 A. 
~ 

where A. is an eigenvalue of A. If this matrix is raised to the power r, 
~ 

then the result tends to the null matrix as r~ if and only if 



Theorem 1.14 

Let 
k 

F(z) = Co + clz + ••• + ~z + ••• 

be a power series with radius of convergence R (i.e. it 1S absolutely 

convergent for Izl<R). Then if A is a square matrix of order n with eigen-

values A. (l~i~n) the matrix series 
1 

z 
F(A) = cOl + cIA + cZA 

will be convergent provided IA. I<R for all i. 
1 

k 
+ ••• + ckA + ••• 

31 



1.10 EIGENVALUES OF SOME COMMON MATRICES 

A = 

The eigenvalues of the (nxn) matrix 

a b 

cab 
" ...... " ... ... ... ... ... 

o 
" ... ... 
"" ... ',', " 

" c' a b o c a 

where band c are both real and a is real or complex, are given by 

A. = a + 21bc 
~ 

ilT 
cos(---l) , i=1,2, ••• ,n n+ 

(G.D. Smith, 1978, p.113). 

If A is a (nXn) cyclic tridiagonal matrix, i.e. 

a b c 

c a b 0 
.... ... " ... .... a = " ... .... 

.... " 
... ... ... .... ... 

0 .... ... b c a 

b c a 

then the eigenvalues are given by 

r.- 2ilT A. = a + 2vbc cos(----) 
~ n 

, i=O, 1, ••• ,n-l. 

(Benson, A. 1968). 

32 

(1.10.1) 

(1.10.2) 

(1.10.3) 

(1.10.4) 
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1.11 ALGORITHMS FOR THE NUMERICAL SOLUTION OF SOME SPECIAL SYSTEMS OF 

EQUATIONS 

Consider the system of equations 

Au = f , (1.11.1) 

where 
bl 

c
l 

a2 
b

2 
c

2 o 
.... 

.... (1.11.2) 
.... ... ... .... .... .... .... ... 

A = .... , 

o 
... ... , ' 

.... a 'b ... c 
n-l n-l n-l 

... 

a b 
n n 

T 
and f= ~1,f2, ••• ,fn] , the algorithm developed by Thomas (1949) which is an 

algorithmic form of Gaussian Elimination without pivoting is as follows 

First compute, a.c. 1 
b. 1 1-

with 13 1 b
l 

i=2,3, ••• ,n 13 • = - = , 
1 1 13 

(1.11.3 ) 

and i-I 

f.-a.y. 1 
fl y. 1 1 1-= with y 1 i=2,3, ••• ,n 1 13 • =- , 

1 b
l 

(1.11.4) 

The components u. of the solution vector u are then given recursively by 
1. 

u = y 
n n 

and 

(D.U. Von Rosenberg, 1969, p.1l3). 

u. = y. 
1. 1 

c.u. 1 
1 1+ 

13 • 
1. 

(1.11.5) 

Another algorithm which is frequently used is the system (1.11.1) where 

a l 
b

l 
c l 

c2 
a

2 
b

2 .... 0 .... .... .... 
.... .... .... 

.... ..... .... • A ... .... .... .... , .... .... 
.... .... .... 

0 c 'a b n-l n-l n-l 
b c a 

n n n 

The solution can be obtained in a similar algorithmic manner. Let, 

, 
b. 

1 g. = 
1 a.-c.g. 1 

1 1. 1-

(1.11.6) 
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c
1 c.h. 1 

hI h. ~ ~-
=- = 

a1 ~ a.-c.g. 1 
~ ~~-

f1 f.+c.h. 1 
k1 k. ~ ~ ~- i=2,3, ••• ,n-1 (1.11. 7) =- = , 

a
1 

~ a.-c.g. 1 
~ ~~-

G1 
b G. = g. 1G. 1 n ~ ~- 1.-

HI = c H. = H. I-G. 1h . 1 n ~ 1.- ~- ~-

F1 = f F. = F. l+G. 1k . 1 , i=2,3, ••• ,n-1 
n ~ ~- ~- 1.-

gn = h = F = G = 0 
n n n 

H = Hn_1-(Gn_1+cn) (gn-1+hn-1) n 

and k = F + (G l+a )k . 
n n-1 n- n n-1 

The components u. of the solution vector u are then given recursively by 
~ 

u 
n 

k 
n 

=-
H 

n 

(Evans and Atkinson, 1973). 

u. = k.+g.u. l+h.u 
~ ~ ~ ~+ ~ n , i=n-1,n-2, ••• ,l. 

(1.11.8) 
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CHAPTER Two 

PARABOLIC EQUATIONS: THE FINITE DIFFERENCE METHOD 
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2.1 PARABOLIC EQUATIONS IN ONE SPACE VARIABLE 

The problem of the flow of ~eat along a rod whose temperature depends 

only on the coordinate x and on the time t leads to the equation, 

c~ = ~(k au) + f
1

(x,t) , 
at ax ax (2.1.1) 

where u denotes the temperature, which is the unknown function of the space 

variable x and time t. k is the thermal conductivity of the rod, c is the 

specific heat, p is the density and f
1
(x,t) is the strength of heat sources 

located in the rod. Equation (2.1.1) is an example of a parabolic equation. 

A linear parabolic equation is often written as 

2 
au au ~) at = f(t,x'ax' 2 • 

ax 
(2.1.2) 

However, the new ideas which arise in the treatment of a p.d.e. can be most 

readily demonstrated on the simplest parabolic equation. This equation 

describes conduction in a uniform, insulated rod and is 

au a
2
u 

at = -2 . 
ax 

(2.1.3) 

The domain of solution for a parabolic equation usually has one of the forms 

illustrated in Figure (2.1.1) below. 

t 

o x 

(t,x)E (O,~)x(-oo,oc) 

(a) 

t 

o 1 

t 

(t,x)E (O,oc)x(O,l) 

(b) 

x 
(t,x)E (O,~) x (O,oc) 

(c) 

FIGURE (2.1.1) 

x 
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The case (a) is called the semi-infinite plane. This leads to a purely 

initial value (Cauchy) problem, with initial values given as 

u(x,O) = f(x) for t=O and -oo<x<oo (2.1.4) 

The case (b) is called the open-rectangle plane. This leads to an 

initial-boundary value problem with the initial condition 

u(x,O) = f(x) for t=O and -oo<x<oo 

and boundary conditions consisting of 

au 
ao(x,t)u + a l (x,t)ax = a 2(x,t) at x=o and t>O 

13
0

(x,t)u + 
au 13

2
(x,t) and I3 l (x,t)ax = at x=O and t>O 

where 0, aO ?! a
l ~ 0, a O 

-a > 0 
1 

80 ?! 0, 81 ?! 0 and 80 - 81 
> 0. 

} (2.1.5) 

} (2.1.6) 

The case (c) which is a quarter plane also leads to an initial-boundary 

value problem with the initial condition as in (2.1.4) and the boundary 

condition at x=O as in (2.1.5). (Mitchell, A.R. 1976, p.17). 

For a specific example, (Noye, 1978, p.7) consider a thin insulated rod 

o 
initially at a temperature of 0 C suddenly has the temperature at each end 

raised to 1000C and held at that value for all t>O (Figure 2.1.2). Then 

the initial and boundary conditions are 

u(x,O) = o , O<x<l , t=O 

) u(O,t) 100, t>O, x=o 

u(l,t) 100, t>O, x=o 

(2.1.7) 

-o~1 rr.r::.r:::z:r.-:::r.Lc::z:::1 ,o./:::l' 100
0 

C _I I I I I I I I I _ _ -
- - -. - - - - ~ x 

metal rod insulation 

FIGURE (2.1. 2) 
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A difficulty occurs when the initial temperature at x=O and x=l namely 

u(O,O) and uCl,O) are to be prescribed. In practice, the temperature at 

x=O and x=l cannot be altered instantaneously, but we want 

u(O,O-) = 0 while u(O,O+) 100 

and u(l,O-) o while u(l,O+) = 100. 

For obvious reasons which will be evident later, we need to define u(O,O) 

and u(l,O) to have the values of 100. 

Equation (2.1.3) with the initial and boundary conditions as defined 

in (2.1.7) may be solved analytically by the method of separation of 

variables (Kreyszig, 1972, p.430), giving the solution 

00 

\ 400 2 2 
u(x,t) =< 100 - L (2n-1)'IT sin{(2n-l)'lTx}exp{-a.(2n-l) 'IT d , (2.1.8) 

n=l 

for the value of temperature u at any point in the solution regLon O~x~l, 

t~O. For a given x and t, this requires the summation of series (2.1.8). 

This is done by adding more and more terms of the infinite series until 

the successive partial sum remains unchanged with the required accuracy. 

The method of separation of variable is only applicable for the solution 

of linear p.d.e.'s with constant coefficients and with certain types of 

boundary conditions. The finite difference method is one alternative method 

of solving the p.d.e. and is not restricted by such criteria. 



2.2 FINITE DIFFERENCE GRID 

To discuss this, let us assume that the solution region in x-t space 

is an open-rectangle plane (O,l)x(O,m) which is covered by a rectangular 

grid (sometimes called a mesh or net), with grid spacing ~x,~t in the x,t 

directions respectively. The values of ~x and ~t are assumed uniform 

throughout the region even though they are not necessarily so. 

where 

which 

The grid points (x,t) are given by 

m= 

lie 

x = 

l/~x and 

on lines 

t 

(j+2)M 
(j+1)~t 

j~t 
(j-l)M 

x. = i~x 
1 

t 

parallel 

, i=O, 1, ••• ,m 

= t. = j~t , j =0,1, ... , 
J 

to both axes as shown below in 

t=jM -r--- -r--. 

Figure 

(2.2.1) 

(2.2.2) 

(2.2.1). 
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(j -2)~t 
(i,j) grid point 

3M 
2M 

M 

o t.x .to t.x -- - 1l x "x 
mt.x=l 

FIGURE (2.2.1) 

The points with coordinates (x.,t.) are called grid points and are denoted 
1 J 

by (i,j). Methods will be developed which will approximately determine the 

values of u at the interior grid points_using those boundary and initial 

points (i.e. for i=O or i=l or j=O). The following notations will be used 



for values of u and its derivatives at the grid point (i,j), 

u. . = u(i~x,j~t) 
~,J 

ar~1 aru 
= r 

at . at 
x=i~x ~,J 

t=j~t 

aSul aSu 
= 

as. . ax
s 

x ~,J 
x=i~x 

t=j~t 

r=1,2, ••. 

s=1,2, •.. 

40 

(2.2.3) 
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2.3 FINITE DIFFERENCE APPROXIMATIONS TO DERIVATIVES 

The following theorems are fairly elementary but they are important 

tools which are used throughout the chapter. The proof can be found in most 

calculus books. 

Theorem 2.1 (Taylor's Theorem) 

Let u(x) have (n+l) continuous derivatives on a~x~b for some n~O, and 

let x,xo
E [a,b J. Then, 

u(x) = p (x) + R lex) , n n+ 
(2.3.1) 

(x-x
o

) du(x
O

) 
= u(xO) + I! dx + ... + p (x) 

n 

(2.3.2) /.;tx /i' , IJ.+ 1 
R~= (x..4'),J f J,l 1\'<'; ! 7 c.. , I).1f'1 .<;lz = 

( ) n+l 
x-x 

>'0 u (n+l) (~) 
(n+l) ! (2.3.3) 

// x dzr 
,0 /" 

for some ~ between Xo and x. 

Theorem 2.2 (Taylor's Theorem in two dimensions) 

Let (xo,t
O

) and (xO+~,tO+n) be given points and assume u(x,t) is (n+l) 

times continuously differentiable for all (x,t) in some neighbourhood of 

L(xo,tO! xo+~,to+n). Then 

'r v. 
u(xO+~,to+n) = u(xo,to) + 

1 + ~-=-~ 
(n+l)! 

U(X,t)lx=x
o t=to 

\., \ \ 

a + v a n+l I ~ 
(~ax nat) u(x,t) x=x +e~ 

o .,(2.3.4) 
t=t +en o 

for some O~e~l. The point (xO+e~,tO+en) is an unknown point on the line 

L(xO,tO; xo+~,tO+n). 

By using the above theorems, we can now write u .. 1 and u. 1 . as 
1,j± 1± ,j 

_ + A aul u.. - u. . _ ut 
1,J±1 1,J at , , 

1,j 
+ 

\. '+e 
1,J- 1 

(2.3.5) 
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a I I1x
2 

= u .. ± I1x '" u . . + 2'. 
1.,J oX 1.,] 

(2.3.6) 

o~e2~l respectively. 

u(il1x,t) 

tangent of u at P 

I 

I 

I 

IU •• 1 
I 1. ,J + 

I 
:u .. 

:u .. 1 
I 1.,] 

: 1.,]-
I 

0 (j-l)11t jl1t (j+l)l1t t 

FIGURE (2.3.1) 

The value of au/at at the grid point (i,j) may be calculated by a 

number of different finite difference approximations. Figure (2.3.1) shows 

that, one of the approximations to the gradient at P is given by the gradient 

of the chord PQ if P and Q are closely located to each other, i.e. if I1t is 

small enough. This is evident mathematically from equation (2.3.5), i.e. 

u. . l-u. . 1,J+ 1.,] 
I1t = 

2 
aUI + I1t ~I 
dt .. 2 '" 2 • . e 1.,J vt 1.,J+ 1 

(2.3.7) 

We may write 
'" I u. . l-u. . oU 1,J+ 1.,J 
at .. = I1t 

1.,] 
+ O(l1t), as I1t+o • (2.3.8) 

Because the right hand side of this expression uses the value u. . 1 which 
1.,J + 

is forward of u .. in time, it is called the forward difference approximation 
1.,] 

to the time derivative evaluated at the grid-point (i,j). Similarly, 

approximating the tangent of u at P by chord ~P, i.e. 
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~~I .. = 
1.,J 

u .. - u .. 1 
1.~1 1.,]-
~ --~_&_~ + 0(6t), as t~ , 

6t (2.3.9) 

leads to a backward difference approximation type formula. 

If u. , 1 and u. , 1 are expanded about u. . up to the third power of 
1.,J+ 1.,J- 1.,J 

6t, Le., 

0~9l~1, then 

u, '+1 1.,]-
= u .. 

1.,J 
± ~t aul 

at , , 
1.,J 

+ ~~ + _L1_t_ 221 A 3 

2! ~ 2 '. 3! at 1.,] 

aUI = Ui ,j+l-Ui ,j-1 + 0{(~t)2} , 
at . . 2~t 

1.,J 

a3~1.. ' 
at 1.,J +91 

(2.3.10) 

(2.3.11) 

and is called the central difference approximation. The error for the later 

type of approximation is much smaller than the first two types of approximations. 

Approximation (2.3.11) is equivalent to the slope of RQ in Figure 2.3.1. 

In a similar manner the finite difference approximation to the spatial 

derivatives of u at the grid point (i,j) may be obtained. The first order 

spatial derivative of the forward, backward and central difference 

approximations are respectively given by: 

and 

aUI 
ax .. 1.,] 

aUI 
ax . . 1.,] 

= 

= 

u. 1 .-U •• 
1.+,J 1.,J + O(~x) , 

~x 

u, .-U. 1 . 
1.,J 1.- ,J + O(~x) , 

~X 

(2.3.12) 

(2.3.13) 

(2.3.14) 

Finite difference approximation to the higher order derivatives can 

also be developed in a similar way. 

= u .. ± ~x aUI + u'+ l ' ~ 1.-,J 1.,J aX •• 1.,] 

For example, 

~x2 a2u --I + 2! ~ 2 .. -
aX 1.,] 

o~e2~1, we can obtain 

a2
u 

ax
2 1. , 

1.,J 

= 
u. 1 .-2u .. +u. 1 . 1.+,J 1.,J 1.- ,J 

(~x) 
2 

from 

4 4 
+ ~X ~I 4! 4. . ax 1.±92,] 

(2.3.15) 

(2.3.16) 



Having approximated the derivatives with the above finite difference 

approximations, we now use equations (2.3.8) and (2.3.16) respectively to 

approximate the left and right hand-side terms of the heat conduction 

equation (2.1.3) to give 

u. . l-u. . 
1,J+ 1,J = 

tJ.t 

u .. 1 .-2u .. +u. 1 . 
1+,J 1,J 1- ,J 

(tJ.x) 
2 

We may write (2.3.17) approximately and explicitly as 

44 

u .. 1 = rUe 1 . + (1-2r)u .. + rUe 1 .. 
1,J+ 1- ,J 1,J 1+ ,J 

(2.3.18) 

2 where r=tJ.t/(tJ.x) • Hence this method of approximation is called the explicit 

method. As this approximation is developed via the restrictions given in 

(2.3.16) and (2.3.17), therefore they are restrictions which apply to this 

approximation. In order to establish these restrictions, three important 

concepts will be considered later in this chapter. They are convergence, 

consistency and stability. 

Without using the order notation the approximation (2.3.8) and 

(2.3.16) to (2.1.3) gives 

u
1
',J'+1 - rU';l . - (1-2r)u .. - rUe 1 . 

1~ ,] 1 , J 1 + ,] 

2 
(au a u I 1 2 = &- - -) + - (tJ.t) at ,,2 •• 2 

aX 1,] 

2 4 
(~- J:.. Llt.) I 
,,2 6r" 4 . . 
at aX 1,J 

+. •. • 
(2.3.19) 

From equations (2.1.3), (2.3.18), (2.3.19) and if we define 

e. . = U. . - U. • , 
1,] 1,] 1,] 

as the difference between the exact solutions of the p.d.e. and the 

difference equation at grid point (i,j), the result 

1 t a2
u 1 a4

u 
e

1
',J'+1 = (l-2r)e .. + r(e. 1 .+e. 1 .)+ ~2 t (-2 - -6 -4)' .+ ... 

1,J 1+,J 1-,J at r ax 1,J 

is obtained. The quantity (2.3.20) 
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2 4 
1:. (~t) l (~_ --.!.. .£..J!) 
2 at2 6r ax4 i,j 

+ ••• (2.3.21) 

is defined as the local truncation error (henceforth abbreviated as L.T.E.) 

of formula (2.3.18) and the principal part of the L.T.E. is 

2 4 
1:. (~t) 1. (~ _ .J:.. ~) 
2 at2 6r ax4 i,j 

(2.3.22) 

This concept of the L.T.E. is necessary when we want to consider the three 

mentioned topics later in the chapter. 



2.4 THE FINITE DIFFERENCE METHOD 

Having introduced the method of approximation the solution of the 

p.d.e. by finite differences, we can now summarise as follows. 
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1) Discretise the region to form the grid points. At the grid points the 

approximate solution to the problem will be found. 

2) The dependent variable and its derivatives are approximated by the 

finite difference approximation. This approximation will lead to either 

a single explicit equation or a system of linear difference equations. 

Non-linear problems normally give non-linear systems of equations which 

cannot be solved directly. 

3) Wherever necessary and/or available, the values of the dependent 

variable are initialised. These initial values may be exact as to a 

real situation for a transient problem, or they may be an approximation 

(perhaps a rough guess) for a steady state solution. 

4) The computational cycle begins. The approximation in (2) is used to 

calculate approximate values of the dependent variables at all grid 

points necessary in the solution region. Normally for the evolution 

problem, we calculate the solution from one time-level to the next 

time-level. For steady-state solutions, the rough guesses give the 

improved solutions which will then be used as input for the next 

iteration. The process is continued until a predetermined time is 

reached or until the dependent variable at each space position i~x 

remain unchanged when computed at successive time levels. In the latter 

case a steady state solution is assumed to have been reached. 
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2.5 CONVERGENCE 

By solving (2.3.18) as an approximation to (2.1.3), the following 

questions may arise: 

1) Does the approximate solution approach the exact solution of the 

differential equation when ~x and ~t tend to zero? 

2) Is the difference scheme stable? In other words, what is the 

behaviour of the rounding errors when transmitted forward in time. 

Are they magnified or diminished during transmission. 

Definition 2.5.1 

Let U .. and u .. represent the exact solution to the p.d.e. and its 
~,J ~,J 

corresponding finite difference equation at the grid point (i,j) respectively. 

The value Ilu .. -u .. I I, when I 1.1 I is a suitable norm, is called the 
~,J ~,J 

discretisation error. 

From Section 2.3, as u .. is found from the equation (2.3.18) using 
~,J 

the approximation at the (j-l)th time level and with the L.T.E. at the 

(j-l)th time level, therefore the L.T.E. at the point (i,j-l) is a measure 

of the (local) discretisation error at the point (i,j) when the finite-

difference scheme is applied once only to the exact solution values of the 

p.d.e., all arithmetic being exact, i.e. without rounding errors. 

Definition 2.5.2 

A difference scheme is said to be convergent if the discretization 

error tends to zero as ~x~ and ~t~. 

Let E. denote the maximum value of e .. along the jth time-level. 
J ~,J 

If r~!, thus (2.3.20) gives 

2 2 
E. I ~ E. + A{(~t) + ~t(~x) } 

J+ J 
(2.5.3) 

where A is the maximum modulus of the expression which is included in the 



2 2 
O{(~t) +(tit)(tix}}. Therefore, 

El ~ EO + A{ (tit) 2 + (tit)(~x) 2} = A{ (~t) 2 + (~t)(~x) 2} 

2 2 2 2 
E2 ~ EO + 2A{(~t) + (~t)(~x) } = 2A{(~t) + (~t)(~x) } 

= maxie. 0 1 = o. 
i 1, 

Thus, it follows that 

~ lim 
~x-+o 

t!t-+O 

(2.5.4) 

As this error term tends to zero as t!x-+o and t!t-+O, therefore, under the 
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assumption that r~!, the finite difference approximation (2.3.18) converges 

to the solution of the p.d.e. (2.1.3). However, O~r~! is a rather severe 

necessary condition for convergence. 
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2.6 CONSISTENCY 

The problem of consistency is the problem of finding the condition 

for which a discrete problem is an approximation of the corresponding 

continuous problem. To discuss this, let us define a more general initial-

boundary value problem. 

Suppose we are required to find the solution of 

L(U) :: 0 , (2.6.1) 

in a region R of the (x,t) space where R=[O,l]x[t,T] with the initial 

condition, 
U(x,O) = f(x) , for t=O (2.6.2) 

and boundary condition, 
U(O,t) = <Pl(t), x=O, 1:;>0 

(2.6.3) 
U(l,t) <P 2 (t), x=l, t>O 

where L is any operator. Let LA A denote an approximation to the operator 
uX,ut 

L on the grid points as in Figure (2.2.1). 

Defini don 2.6.4 

The approximation LA A (u) is said to be consistent to the initial
uX,ut 

boundary value problem (2.6.1)-(2.6.3) if 

(2.6.5) 

as I1x~ and I1t~, where I I. I I is a suitable norm. The numerical value of 

(2.6.5) is called the error of approximation. 

As an example, we again consider the approximation (2.3.17), i.e. 

u .. l-u .. 
1.,J+ 1.,J 

I1t 
= 

u. 1 .-2u .. +u. 1 . 
1.+ oJ 1.,J 1.- ,J 

(l1x) 
2 

(2.3.17) 

a a2 
that is for the case of L~ - --- (this L 1S assumed throughout the section). -at ax2 

We want to see how closely equation (2.3.18) corresponds to equation (2.6.1). 

Thus, 
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u •. 1-u.. u. 1-2u .. +u. 1 . 
IlL. A (u)-L(U)I 1= I I 1,J+ 1,J _ 1+ 1,J 1- ,J 

uX,ut t!.t (fix) 2 

2 
(au _ ~)II 
at ax2 

By the substitution of the truncated Taylor series expanS10n about the grid 

point (i,j) for each u term in the right-hand side of the above equation we 

have 2 2 4 
IILflx,flt(u)-L(U) II = 11t!.~ a ~ - fI~ a ~II + 0 (2.6.6) 

at 4 ax 
2 • a2u a u 

as flx+O and flt=O{(flx) }+O, prov1ded ---2 and ~ are bounded at every point 
at ax 

of the region. Therefore, the approximation (2.3.17) is consistent to the 

initial-boundary value problem (2.6.1). From equation (2.3.22), we can see 

that a certain difference approximation to a parabolic equation is consistent 

if 
principal part of L.T.E. + 0 ~ 
~~~~~~~t!.-t--------- as t!.x,t!.t~. 

An example of an inconsistent difference approximation to (2.6.1) 1S given 

by the scheme 
u .. 1-u~ . 1 1,J+ 1,]- u. 1 .-2{8u .. 1+(1-8)u .. l}+u. 1 . 1+,J . 1,J+ 1,J- 1- ,J = 0 

2t!.t (t!.x) 
2 

By Taylor series expansion, we get (2.6.7) 

2 3 2 4 
II L•

x
, At(u)-L(U) II ~ II~ ~ - t!.x ~ + (28-1) 2t!.t ~ + 

u u 6 at 3 12 ax4 · flx2 at 

2 3 
(~~)2 a ~ I 1+1 10(t!.tz,t!.x

4
,flt

4
) I I 

at t!.x 
(2.6.8) 

For 8/~, the I 1.1 I~ as t!.t,t!.x+o. For 8=!, the norm (2.6.8) tends to 

2 
II (t!.t) 2 a ~II 

t!.x at 

as t!.x,t!.t+o. Therefore if ~~ =a, the scheme is not consistent with (2.6.1), 

but with the hyperbolic equation 

au a2
u 2 a

2
u 

at = ax2 - a at 2 (2.6.9) 
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However if ~t~ faster than ~x (e.g. ~t=0{(~x)2}), then (2.6.7) is 

consistent with the equation (2.6.1). The scheme (2.6.7) with e=~ is 

called the Du-Fort and Frankel scheme (1953). It was devised to overcome 

the well-known unfortunate formula due to Richardson, i.e. 

u. . l-u. . I u. 1 .-2u. .+u. 1 . 1,J+ 1,J- _ 1-,J 1,J 1+ ,J = 0 
2~t (~x)2 • 

(2.6.10) 

The reason for its ill-repute will become clear in the next section. 
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2.7 STABILITY 

Another important feature of a finite difference equation is its 

stability, a property concerned with the behaviour of errors produced 1n 

the finite difference solution due to errors introduced in a previously 

calculated solution. If it were possible to carry out all numerical 

operations to an infinite number of decimal places, the exact solution to 

the difference equation would be found. In actual computation, however, 

each calculation made by the computer is carried out to a finite number of 

significant figures which introduce a 'round-off' error at every step, so 

that the solution actually found to equation (2.3.18) for example is not 

u .. but instead u~ .. u~. is called the numeriaal solution of the finite 
1,J 1,J 1,J 

difference equation in contrast with its exaat solution u ... 
1,J 

Suppose in finding the solution to 

L(U) = f 

which is associated with some boundary conditions 

~(U) = ~ 

1n some region R, we apply the approximate solution, 

Lflx,flt(u) = 

~A A (u) = 
uX,ut 

(2.7.1) 

(2.7.2) 

(2.7.3) 

where the subscripts flx,~t denote that the approximation is defined at the 

grid points in the (x,t) space with grid-spacing flx and flt. But due to the 

errors as mentioned above, instead of finding u .. we get u~ ., where 
1,J 1,J 

(2.7.4) 

From here we define that the difference scheme is stable if for a suitable 

norm, 
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Ilu - u* II < C Ilf - f* II I1x, I1t 11x, I1t" t:;x, I1t t:;x, I1t (2.7.5) 

for some constant C are for all values of I1X and I1t, O<l1x<l1xO and O<l1t<l1tO 

(i.e. when the mesh is refined). In other words, a difference scheme is 

stable, if small perturbations in the equations causes small perturbations 

1n their solution uniformly for all small I1x and I1t. 

There are many methods of stability analysis, however, the most 

commonly used for examining this notion of stability are: 

1) the matrix method 

2) the Fourier Series method. 

These methods will be described later in the chapter. 

There is an important connection between the consistency of a stable 

finite difference scheme and the convergence of its solution to that of 

the p.d.e. it approximates. 

Theorem 2.3 (Lax's Equivalence Theorem) 

Given a properly posed initial-value problem and a finite-difference 

approximation that satisfies the consistency condition, stability is the 

necessary and sufficient condition for convergence. (Lax and Richtmyer,1956). 

The two restrictions which apply to this theorem should be carefully 

noted. Firstly, the initial-value problem must be well posed and secondly, 

the theorem only applies to a linear problem. This theorem is quite 

important since it is quite difficult to show the convergence of the solution 

of a finite difference equation to the solution of the p.d.e. that it 

approximates compared to the analysis of stability and consistency. 
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2.8 THE METHOD OF WEIGHTED AVERAGES 

Crandall (1955) used a family of schemes called the method of a 

weighted average 

u .. l-u .. 
~,J+ ~,.l 

t.t {
u. 1 . l-2u .. l+u. 1 . I} {U. 1 .-2u .. +u. 1 '} = e ~+ ,J+ ~,J+ ~- ,J+ + (1-6) ~+,J ~'~ ~- ,J 

(t.x) 2 (t.x) 

(2.8.1) 

as an approximation to the equation (2.1.3), where 0~6~1. If 6=0, the 

explicit scheme as discussed in Section 2.3 is obtained. Other values of 6 

give the implicit scheme i.e., for 6=1 we get the classical implicit method 

due to O'Brien, Hyman and Kaplan (1950), i.e., 

-rue 1 . 1 + (1+2r)u. . l-ru. 1 . 1 = u. . • 
~+ ,J+ ~,J+ ~- ,J+ ~,J 

(2.8.2) 

Meanwhile for 6=!, (2.8.1) leads to the Crank-Nicolson method (1947) as 

r r r r 
- -Z u. 1 . l+(l+r)u .. 1- -2 u. 1 . 1 = -2 u. 1 .+(l-r)u .. + ~2 . 1 . 

~- ,J+ ~,J+ ~+ ,J+ ~- ,J ~,J ~+ ,J 

Application of (2.8.2) and (Z.8.3) to every grid-point in the 

solution domain results in the system of linear equations, 

Au. 1 = Bu. + b . -J+ -J 

For the classical implicit formulae (2.8.2), 

1+2r -r 

-r 1+2r -r 0 .... .... ..... .... 
A = 

... .... 
... .... ... 

.... ... ... ... ... ... ..... 

.... .... 

... 
1+2r -r o 
-r 

-r 

1+2r 

(2.8.3) 

(2.8.4) 

(2.8.5) 

and B ~s the identity matrix. While for the Crank-Nicolson formulae (2.8.3), 

A = £(1 + T ) 
2 n 

and B = £(1 - T ) 2 n 
(2.8.6) 

where 



T 
n 

= 

2 

-1 

" 

-1 

2 

... ... 
" " 

o 
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-1 o 
" ... ... .... ... ... ... .... 

.... ... 
.... " ..... 

(2.8.7) ..... 
.... ... 

:'1 
... .... 

2 -1 
... 

-1 2 

n is the order of the matrix which depends on the size of ~x. In both 

cases, ~ is the column vector whose elements associated with the boundary 

conditions. 

The L.T.E. of (2.8.1) can be easily verified uS1ng Taylor's expansion 

and is of order O(~t+ (~x)2), with its principal part as 

~x2 4 
a [ au 

2 ~t2 a4u a u ~t 2(1-e)~] + (1-6) (2.8.8) --+-
ax

2
at

2 12 ax 4 2 at at ax
2 2 

From the equation (2.8.8), it can be seen that the Crank-Nicolson formulae 

has a better L.T.E. compared to the others i.e. 0{(~x)2+(~t)2}. 

The accuracy of (2.8.1) can be further improved by suitably choosing e 

and r=~t/(~x)2 so that both terms in ~t and (~x)2 disappear from the 

principle part of L.T.E. (2.8.8). Expression (2.8.8) 

i.e. 

a
2
u {~x2 + ~t _ ~t(1-6)} + (1_e)~t2 

at2 12 2 2 

2 2 ~ a u {~x _ ~t ~ 6 
--2 12 ~ t 
a t- _ .--c--

2 
+ (l-e)~ 

2 

a4
u 

ax2at2 

may be rewritten as 

(2.8.9) 

the first part of which vanishes if e 1S chosen to satisfy 

1 1 e = - - -
2 12r 

(2.8.10) 

2 4 
This finite difference approximation then has the L.T.E. of O{(~t) +(~x) }. 
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2.9 STABILITY ANALYSIS BY THE MATRIX METHOD 

This method of analysing the stability is applicable for initial-

boundary value problems as in Figure (2.1.2). In general, the finite 

difference approximation to a parabolic p.d.e. can be represented as a 

repetitive system of simultaneous linear equations, which in matrix form 

can be written as 

A.u. 1 = B.u. + b . 
J-J+ J-J 

(2.9.1) 

For the linear parabolic equation with constant coefficient, A. and B. are 
J J 

constant matrices for all j, where j denotes the evolutionary step. b is a 

column matrix which is associated with the boundary condition. For the 

explicit method, A.=I where I is the identity matrix. In this analysis, we 
J 

will only consider for the case where A. and B. are constant, i.e., 
J J 

Au. 1 = Bu. + b . -J+ -J 
(2.9.2) 

Explicitly, (2.9.2) is written as 

-1 A. 

u. 1 = A Bu. + b , 
-J+ -J 

(2.9.3) 

,.. -1 
where b=A b. Due to introduction of errors as discussed 1n Section (2.7), 

the u's that are actually calculated satisfy 

- -1 "" ..... u = A Bu. + b • 
-j+l J 

(2.9.4) 

By defining the error vector 

.... 
~j+l ~j+l-~j (2.9.5) 

-1 
e. 1 A Be. , -J+ -J 

therefore (2.9.6) 

which leads to e = (A-lB)j+l~ • 
-j+l -v 

(2.9.7) 

As mentioned in Section (2.7), the method defined by system (2.9.2) will 

be stable provided the I Ie. 11 I are bounded for all j~O. -J+ 

-1 j+lll II ~j + 111 ~ II (A B) II ~ II , 

Since 

(2.9.8) 

this occurs if and only if a constant k (independent of grid spacing ~x and ~t) 
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can be found such that 

(2.9.9) 

-1 
Now for any matrix C=A B, the spectral radius (maximum modulus 

eigenvalue), p(C), is related to the norm, I Ici I by the inequality 

(2.9.10) 

for all j~O. Bearing these inequalities in mind, two simple criteria for 

regulating the error growth can be considered. They are: 

(i) the spectral radius condition 

p(C) ~ 1 (2.9.11) 

which is necessary for stability and for p(C)<l guarantees that the 

error vector e.+D as j+oo, but gives no indication of the magnitude of 
-J 

e. for finite j. 
J 

(ii) The norm condition 

IIcil ~ 1 (2.9.12) 

which 1S sufficient for stability and guarantees an ever-diminishing 

error as j increases. (Mitchell, A.R., 1980, p.4l). If C is a 

symmetric matrix, i.e. p(C) =1 Ici 12, then (2.9.11) is a necessary and 

sufficient condition for stability. 

As an example of the matrix method for examining stability, we consider 

the scheme represented by the equation (2.3.18) namely, 

u. . 1 = rUe 1 . + (1-2r)u. . + rUe 1 . , 1,J+ 1- ,J 1,J 1+ ,J 

which in matrix form is written as 

u = Au. + b 
-j+l J 

(2.9.13) 

where 



(l-2r) r 

r (1-2r) 
..... ..... , ... 

A = ...... , 

r 0 ..... 
..... 

..... 
...... , 

..... ..... 
..... , , , , 

..... 

0 
... ..... ... ... 

...... r (l-2r) 
.... 

r 

r (l-2r) 

and b is associated with the boundary conditions. 

From equation (1.10.2), the eigenvalues of this matrix are, 

A
s 

1 4 
. 2 S'lr = - r s~n -

2N 
(s=1,2, •.. ,N-1) , 

and from equation (2.9.11), it follows that the method is stable if 

1 4 · 2 S'lr 1 - ~ 1 - r s~n 2N ~ , (s=1,2, ••. ,N-1) , 

which leads to o < r ~ 1/2 . 
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(2.9.14) 

(2.9.15) 

(2.9.16) 

(2.9.17) 

This analysis of stability can also be extended to the multi-level 

finite difference equations. An example of which is the scheme due to Du 

Fort and Frankel (1953), where the approximation to equation (2.1.3) is 

given by 
(1+2r)u .. 1 = (1-2r)u .. 1 + 2r(u. 1 . + u. 1 .) . 

~,j+ ~,j- ~-,j ~+,j 
(2.9.18) 

For known boundary values and N~x=l these equations in matrix form are 

(1-2r) 2r 
~j+1 = (1+2r) I~j_1 + (1+2r) A~j + b (2.9.19) 

where 
o 1 

A = 
1 0 1, 

.......... ... ..................... .... ... ... 

o 
(2.9.20) 

... ... ... 
o .... 1 .. 0 1 

1 0 

and b is associated with the boundary values. 

If we define 

(2.9.21) 

the equation (2.9.19) is given by 
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= [~ (2.9.22) 

Before we proceed the following theorem is useful: 

Theorem 2.4 

If the matrix A can be written as 

Al,l Al ,2 - - - -- - A 
I,m 

A2 1 A2 ,2 - - - -- -A , 2,m 
I I I 

A I I 

I (2.9.23) 
I 

I 

AI 
, 

A 
____ A 

m,l m,2 m,m 

where each A. . is an nXn matrix, and all the A. . have a common set of n 
1.,J 1.,J 

linearly independent eigenvectors, then the eigenvalues of A are given by 

the eigenvalues of the matrices 

, (k) 
1\1,2 -

(k) 
- - - - Al ,m 

(k) 
A2 2 - - - --, 

A (k) 
2,m 

I 

I 
I 
I I 

A (k) A (k) _____ A (k) 
m,l m,2 m,m 

, k=l(l)n (2.9.24) 

(k) . th th 
where A .. 1.S the k eigenvalue of A .. corresponding to the k eigenvector 

1.,J 1.,J 

~_ common to all the A .. 's (G.D. Smith, 1978, p.107). 
~ 1.,J 

From this theorem, therefore the eigenvalues A of the coefficient matrix 

1.n (2.9.22) are the eigenvalues of the matrix 

~A 
1+2r k 

1 

l-2r 
1+2r 

o 

(2.9.25) 
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h '1·S h k th . 1 f A w ere ~k t e e1genva ue 0 • To find A we can directly evaluate 

[2< \ A 1-2

J 
1+:< - 1+2r 

det = 0 

giving -A 

11.(11. 
2r \) 1-2r 

0 --- ---= 1+2r 1+2r 

where by (1.10.2) 

krr 
Ak = 2cos IN ' k=1,2, •.• ,N-1. 

Therefore the solution of the quadratic equation (2.9.27) is 

For r=L it is 

For r>L 1.e. 

For r<!, i.e. 

1 krr [ 2 
A = 1+2r[2rcos IN ± 1-4r . 2 krr ]! } S1n - • N 

easily verified that I A I ~l. 
142 . 2 - r S1n 

IAI2 = 

= 

1-4r 
2 

sin 
2 

krr 0 then -< 
N 

1 
{(2rCOS k 1T) 2 2 . 2 krr } 

2 N + 4r S1n IN-1 
(1+2r) 

2 
4r -1 < I for all r>O. 2 4r +4r+1 

krr - > 
N 

0, then 

2r+1 = I 
1+2r 

Therefore the equation is conditionally stable for all positive r. 

(2.9.26) 

(2.9.27) 

(2.9.28) 

(2.9.29) 
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2.10 STABILITY ANALYSIS BY THE FOURIER SERIES METHOD 

This method of finding the stability criterion is to examine the 

propagation effect of a single row of errors, say along the line t=O. 

These initial errors are expressed ~n terms of a finite Fourier Series of 

the form LA ein~x/L where i=~ and L is the interval throughout which 
n 

the function is defined. To avoid confusion we need to change our usual 

notation u .. to u =u(p~x,q~t), say. In terms of this notation 
~,J p,q 

A ein~x/L 
n 

= A ein~p~x/N~x 
n 

where 8 = n~/N~x, N~x=L and A is the Fourier coefficient. Let E denote 
n n p 

the error at each pivotal point on t=O, O<x<L, therefore, 

N 
E 
P 

I A eiPBn~ , p=O,l, ... ,N 
n=O n 

(2.10.1) 

Then, the (N+l) equations are sufficient to determine the (N+l) unknowns 

AO,Al, •.• ,A
n 

uniquely, showing that an arbitrary distribution of initial 

errors can be expressed in this complex exponential form. However for the 

case of linear difference equations, it is enough to consider the 

contribution to the error due to a single term such as ei8P~x, as A 
n 

constant and can be neglected (G.D. Smith, 1978, p.93). 

~s a 

To investigate the propagation of this error as t increases we need 

t 
i8p~x to find a solution of the finite-difference equation which reduces 0 e 

when t=O. Such a solution which is denoted by E has the form, p,q 

E p,q 

= eiSP~x ~q (2.10.2) 

a~t where ~=e , and a ~n general, ~s a complex constant. This obviously 

i8p~x reduces to e when q=O. It is also clear that the error will not 
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increase as t increases provided 

(2.10.3) . 

This criterion is necessary and sufficient for two time-level difference 

equations but is not always sufficient for three or more level equations 

although it is always necessary. (G.D. Smith, 1978, p.93). 

To illustrate the method let us consider the method of weighted 

averages, (2.8.1), i.e. 

-r8u 1 1 + (1+Zr8)u 1-r8u 1 1 = r(1-8)u p- ,q+ p,q+ p+ ,q+ p-1,q 

{1-Z(1-8)r}u + r(1-8)u 1 (Z.10.4) p,q p+ ,q 

Substitution of (Z.10.Z) into (Z.10.4) gives 

8 i8(p-l)~x~q+1 {l 2 8} i8p~x q+l i8(p+l)~x q+l -r e ~ + + res -r8e s 

(Z.10.5) 

f h d · .. b i8p~x q d . h . 1· b' h A ter t e ~v~s~on yes an w~t some man~pu at~on we 0 ta~n t e 

result 
{-2rcos8~x + (1+2r8)}s = r(1-8)Zcos8~x+{1-Z(1-8)r} 

which leads to 

s = 

For stability we require 

-4r(1-8)sinZ 8~x + 1 
2 

. 2 8~x 
4r8s~n --Z- + 1 

Isl~l (s is called amplification factor). 

(Z.10.6) 

Therefore, 

the stability of the method of weighted average depends on 8. For 6=1, i.e. 

the classical implicit method, 

s = 1 
. 2 8~x 

1+4rs~n --Z-

which gives Isl~l for all r>O. For 8=0, i.e., the explicit method, 

~ = l-4rsin2 B~x 
~ 2 ' 

which guarantees stability if r~~. For 8=!, i.e .. the Crank-Nicolson method, 

l-ZrsinZ 8~x 
2 

2 . 2 8~x 
1+ rs~n --2- , 
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which also implies unconditional stability for r>O. 

It is important to notice that, although this method is unconditionally 

stable for e~!, for any r>O, we still have to choose the step length ~x and 

~t small enough to obtain a reasonable accuracy, i.e. to make the truncation 

error for the finite-difference method negligible. The application of a 

large time-step not only disturbs the accuracy, for some schemes but also 

causes a jump in the solution which is called the noise effect (Danaee, A., 

1980, p.44). 

For the example of unconditional instability, we consider the scheme 

due to Richardson as given by the equation (2.6.10), i.e., 

u = 2ru - 4ru +2ru +u. (2.10.7) 
p,q+l p-l,q p,q p+l,q p,q-l 

Substitution of (2.10.2) into (2.10.7) gives 

(2.10.8) 

Upon division by eiSp~x~q and after some manipulation the final result is 

~ 8' 2 B~x -1 
~ = - rS1n 2 + ~ (2.10.9) 

Multiplication by ~ and solving the resulting quadratic equation in ~ 

we find 
. 2 S~x 2 . 2 B~x 4 

~ = -4rs1n --2- ± [1+8r S1n --2- + O(r)] . 

If we select the negative sign we find that, 

or 

= -1-4rsin2 B~x (1+ 2rsin2 B~x) - 0(r4) , 
2 2 

I I . 2 B~x 
~ > 1+4rs1n --Z-

(2.10.10) 

(Z.1O.11) 

Consequently, for all r>O, 1~1>1 and the finite difference approximation 

(2.10.7) is always unstable. This method of analyzing stability effectively 

ignores the boundary conditions, and insofar as these may affect the stability 

criterion, the matrix method of analysis as in the previous section is more 

preferable (Ames, 1977, p.47). 
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2.11 STABILITY CRITERIA FOR PROBLEM WITH DERIVATIVE BOUNDARY CONDITIONS 

To investigate the stability of this type, we assume that the problem 

(2.1.3) is associated with the boundary conditions 

au 
-= 
ax 

at x=O, 

dU 
ax = -h2(u-v2) at x=l, t~O 

(2.11.1) 

where h
1

,h2,v1 ,v2 are constants with h1~O, h2~O. 

When the boundary conditions are approximated by the central difference 

equations 
u1 .-u 1 . 

,J - ,] h ( ) 
26x = 1 U O,j-V1 

(2.11.2) 
uN+1,j-UN- 1 ,j = -h (u .-v) 

26x 2 N,] 2 

with N6x=1, and the differential equation by the Crank-Nicolson scheme 

(2.8.3), Le. 

r r 
(l+r)u. . 1 - -2 u. 1 . 1 

r r = -2 u. 1 .+(l-r)u. ·~2 . 1 ., - - u + 
2 i-1,j+1 ~,]+ ~+ ,]+ ~- ,J ~,] ~+,J 

elimination of u 1 ., uN 1 . leads to the equation 
-,J +,] 

Au. 1 = Bu. + b. , 
-]+ -] J 

T 
where u. denotes the column vector [u

O 
.,u

l 
., •.• ,uN .J , 

-] ,J,] ,J 

A = I - !rQ 

and B = I + !rQ 

where Q is a matrix of order (N+l) given by 

-2(1+6xh
1

) 2 

1 " -2 1. 

" " "- 0 
" " "-

" 
.." " 

Q " " " = 
" "-" " " 0 " " " " , 1 -2 1 

2 -2 (l+6xh
2

) 

and b: = [2rv
1
6xh

1
,O, ••• ,2rv

2
6xh

2
J . 

J 

(2.11.3) 

(2.11.4) 

(2.11.5) 

(2.11.6) 



For the analysis of stability, we write (2.11.3) as 

u. 1 J+ 

-1 -1 = A Bu. + A h. , 
-J -J 

i.e. ~j+1 = 
~ -1 

where b.=(I-!rQ) b. and 
-J -J 

(I-!rQ)-l(I+!rQ)u. 
-J 

it is assumed that 

'" + b. 
J 

det(I-~rQ)"O. 
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(2.11.7) 

Q is not a symmetric matrix. Therefore we introduce the diagonal 

matrix, 

D = 

.12 
" , 

o 

, , , 
o 

, , , 

of order (N+1) such that Q is similar to the symmetric matrix, 

Q = D-1QD . 

Then, -1 -1 
D (I-!rQ) (I+!rQ)D 

= [D-1(I-!rQ)-lD] [D-1 (I+!rQ)D] 

= [D-1(I-!rQ)D]-l[D-1(I+~rQ)D) 

= [I-!rQ] [I+hQ) • 

,., -

(2.11.8) 

(2.11.9) 

(2.11.10) 

However the matrices [I-!rQ] and [I+!rQ) are symmetric and commute, and --so (A-1B) is symmetric. Therefore A-1B is similar to the symmetric matrix 
~ 

-1 
(A B) and ---

P (A-1B) -1 :: p (A B) ~ 1 , (2.11.11) 

is a necessary and sufficient condition for stability, where p denotes the 

spectral radius. 

-1 The eigenvalues ~. (j=O,l, .•. ,N) of A B are given 
J 

~ . 
J l-!rA. 

J 

l+hA. 
J (2.11.12) 

where A., j=O,l, ••• ,N are the eigenvalues of the matrix Q. 
J 

Since ~ and p 

are related by -1 
peA B)= max 

J 

the condition for stability (2.11.11) together with (2.11.12) gives 
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A. ~ 0 for all j . 
J 

(2.11.13) 

Using Theorem (1.9) of Gerschgorin's Circle Theorem, it is easily seen 

that A. lies on the negative line for all j. Hence the equations (2.11.3) 
J 

are unconditionally stable. 
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2.12 EQUATIONS OF INCREASED ACCURACY - I 

The principal criteria of any finite-difference scheme, for the 

numerical approximation of an equation, are as follows in decreasing order 

of importance : 

1. Stability 

2. Order of error of approximation 

3. Simplicity (Saul'yev, 1964, p.83). 

If the scheme is unstable, it is impossible to use such a scheme. It is 

due to this reason, why we only consider the stable scheme in our discussion. 

Furthermore as stability is a necessary and sufficient condition for the 

consistent scheme of the well-posed problem, therefore it is logical for 

this stability condition to be on the top priority of any numerical scheme. 

Convergence which depends on the order of error of approximation may 

be of various degrees. Slow convergence requires more computational work 

and is impractical whilst rapidly convergent processes need less arithmetical 

operations and hence are more desirable. Therefore, the rate and order of 

convergency is important. Also it is intuitively clear that the smaller 

the error of approximation, the smaller is the error in the solution. In 

fact, for most problems, it can be seen that the error in the solution has 

order which is similar to the order of the error in approximation. Hence, 

the order of the error of approximation is very important. 

Let LU=O denote a p.d.e. and let a corresponding finite difference 

approximation be denoted by LA u. .=0. 
uX 1,J 

Then for a sufficiently smooth 

function V(x,t) satisfying the equation LV=O, the expression 

a 
LA V. . = O(/::,.x ) 

uX 1,J 
(a>O) , (2.12.1) 

denotes that the order of the error incurred by approximating the operator 

L by the operator L/::,.x at the grid point (i/::"x,j/::,.t) is a, for the class of 
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functions satisfying the equation LV=O (Saul'yev, 1964, p.84). In 

accordance with this criterion, the classification of finite difference 

approximations is dependent upon the size a are as follows: 

o. a~O: Range of divergence 

I. O<a<2: Range of reduced accuracy 

II. a=2: Range of optimal (standard) accuracy (2.12.2) 

III. 2<a<6: Range of increased accuracy 

IV: a=6: Range of extreme accuracy 

We shall present examples of finite difference approximations 

illustrating each of the above-mentioned types as we have continued the 

discussion in this section except for the type II as few schemes such as 

explicit (2.3.18), implicit (2.8.2) and Crank-Nicolson (2.8.3) are already 

discussed in the previous sections. Also methods for attaining a higher 

order of accuracy a will also be considered. 

The value of the third criterion (i.e. simplicity) is very clear, 

particularly for the application of electronic computers as this will 

reduce the number of operations and time. 

2.12.1 Asymmetric Finite Difference Equations 

Two asymmetric finite difference equations of order O(~) approximating 

the equation (2.1.3) which have been introduced by Saul'yev (1964, p.3l) are 

given by 

(l+ra)u. . l-rau. 1 . 1 1.,J+ 1.- oJ+ r(l-a)u. 1 .+[1+r(a-2)]u .. +ru. 1 . , 1.- ,] 1.,J 1.+ oJ 
(2.12.3) 

and (l+ra)u .. l-rau . 1 . 1 = ru. 1 .+(1+r(a-2)]u .. +r(l-a)u. 1 . , 1.,J+ 1.+ ,J+ 1.- ,J 1.,] 1.+ oJ 
(2.12.4) 

where O~a~l. These equations can be schematically described as 1.n Fig. 

(2.12.1) in (a) and (b) respectively. 



69 

r(l-a) 1+r(a-2) 1+r(a-2) r(l-a) 

(a) FIGURE (2.12.1) (b) 

In particular, for a=O both formulae coincide and reduce to the 

classical explicit equation (2.3.18), i.e., 

u. . 1 = rUe 1 . + (1-2r)u. . + rUe 1 . , 1,]+ 1- ,J 1,] 1+ ,J 
(2.12.5) 

For a=l, equations (2.12.3) and (2.12.4) will reduce to 

(l+r)u. . l-ru. 1 . 1 = (l-r)u .. +ru. 1 . 1,J+ 1- ,J+ 1,J 1+ ,J 
(2.12.6) 

and 
(l+r)u .. l-ru. 1 . 1 = rUe 1 .+(l-r)u ... 1,J+ 1+ ,J+ 1- ,J 1,J 

(2.12.7) 

The computational stencils are given by Fig. (2.12.2) (a) and (b) respectively. 

FIGURE (2.12.2) 

Due to the fact that (2.12.5)-(2.12.7) are derivable from (2.12.3) 

and (2.12.4), and in the context of the initial-boundary value problem, 

(2.12.6) and (2.12.7) are both impZicity-explicit if the calculations are 

carried out in the positive direction and negative direction respectively, 

therefore the asymmetric finite difference equations (2.12.3) and (2.12.4) 

may be considered as generalizations of the classical explicit equation. 

The use of these equations by themselves however for the numerical integration 
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of parabolic equations is inadvisable, in as much as they entail significant 

errors, viz. O(~x) instead of 0(~x2) as in the case of the classical explicit 

of (2.3.18) and implicit of (2.8.2) (Saul'yev, 1964, p.29). These formulae 

are examples of type I of classification (2.12.2). 

Theorem 2.5 

The finite difference approximation (2.12.3) and (2.12.4) are 

absolutely stable when a=l, i.e. for the case of equation (2.12.6) and (2.12.7). 

Proof 

To investigate this, we will use the method of Fourier Series. Since 

the scheme is linear, the error function E at point (p~x,q~t) satisfies p,q 

the same difference equations as u • As . p,q 

iex at iep~x aq~t 
E = e e = e e p,q 

= eiep~x~q 

r7 a~t where i=v-l, ~=e and a 1n general is a complex constant. 

(2.12.8) 

Substi tution 

of (2.12.8) into (2.12.3) with notations (i,j) are changed to (p,q) gives, 

_raeia(p-l)~x~q+l + (1+ra)ei8P~x~q+l = r(l_a)eie(p-l)~x~q 

+ [1+r(a-2)]eiep~x~q + 

Division by eiap~x~q leads to 

i8(p+l)~xC"q re ~ , 

For a=l, 

and upon 

~ = 

~ = 
r(l_a)e-ie~x + [1+r(a-2)]+ rei8~x 

-ie~x 
(l+ra)-rae 

1-r(l-e i8~x) 
~ = -i8~x 

. l.f. . l+r(l-e ) S1mp 1 1cat1on, 

(1+2r2cos8~x-2r2cos2a~x)+irsin8~x(2r-2rcos8~x) 
2 

1+2r(1-cosa~x)+2r (l-cose~x) 

2 . 2 e~x 2. 4 a~x 4 
{1+8r S1n -Z- -16r S1n --2- + 16r . 4 e~x}! S1n --2-

~ 1 for all positive r. 

(2.12.9) 

(2.12.10) 
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For equation (2.12.4) or (2.12.7) in particular, precisely the same analysis 

is applicable. Therefore, equation (2.12.3) and (2.12.4) are absolutely 

stable for a=1. 

For other values of a, it was mentioned by A.F. Fi1ippov (Sau1'yev, 

1964, p.37) that in the case of Cauchy's problem, a necessary and sufficient 

condition for the stability of the equations (2.12.3) and (2.12.4) has the 

form that 1 
r ~ -:-2 -=-( l':--a---:-) (2.12.11) 

As has already been noted, equation (2.12.3) and (2.12.4) give such 

large errors that they are unsuitable for serious practical applications. 

However Sau1'yev (1964, p.43) has proposed the use of these formula 

alternatively on even and odd time steps. The alternate use of these 

equations partially compensates for the asymmetry of the equations, and 

this influence on the components of the error, originally having order O(~x), 

substantially diminishes it. The method of alternate use of these equations 

1.S called the alternating method and may be written in the following form, 

1 
u1.·,]·+l = [rau. 1 . l+r(l-a)u. 1 .+[1+r(a-2)]u .. +ru. 1 .], l+ra 1.- ,]+ 1.- ,] 1.,J 1.+,J 

and 1 (2.12.12) 
u1.·,J·+2 = [rau. 1 . l+ru. 1 .+[1+r(a-2)]u .. +r(l-a)u. 1 .], l+ra 1.+ ,J+ 1.-,J 1.,J 1.+ ,J 

(2.12.13) 
where j=O,2,4, ••• and i=1,2, ... ,N-l for (2.12.12) and i=N-1,N-2, ... ,2,1 

for (2.12.13). This method may still compete with the classical explicit 

and implicit methods, in contrast with the earlier asymmetric equations. 

To proceed further, we write equation (2.12.3) and (2.12.4) in the 

matrix form as 

and 

respectively, where 

Au. 1 ;+ 
T 

A u. 1 -J+ 

= (A+C)u. + b 
-J -

= (AT+C)u. + b 
-J 

} (2.12.14) 



l+ra 

-ro. l+ro. o , , , ... 
A = ... 

.... 
.... 

..... 
.... " o .... ... ,'-

-ro. 
" " ... , 

l+ra 

-2r 

r 
.... 

, c = 

o 

r 

-2r r o 
... ... 

" " ..... 
" 

.... ... 

... r 

... ... ... .... ... ... ... ... 

-2r· r 

r -2r 
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(2.12.15) 

and b is the associated boundary conditions. If at every time step, the u 

is taken as the average of u found from both equations, i.e., 

where 

and 

'" 

U i ,j+1 = 

u .. l+u .. 1 
~,J+ ~,J+ 

2 

Au. 1 = (A+C)u. + b 
-J+ -J 
T~ T 

A u. 1 = (A +C)u. + b 
-J+ -J-

} 

(2.12.16) 

(2.12.17) 

this method of finding u is called the 'method of mean arithmetic'. Thus 

the two equations (2.12.17) are equivalent to the following single equation, 

= (1+ 

where 

r 
2 (1+o.r) 

Theorem 2.6 

A- 1+(AT)-1 1 T 1 
2 C)~j + (A- +(A ) - )E.. 

2 N-2 2 a a _______ a 

a 

I 

I 

N-2 
a 

2 

I 

I 
I 

N-3 
a 

o.r a =-
l+o.r 

a _______ a 
I 

, 
N-4 

a ------ 2 

N-3 

(2.12.18) 

Formulae (2.12.18) is stable for all r satisfying the inequality 

1 
2(1-0.) 

(2.12.19) 

(Sau1'yev, 1964, p.53). 

This method and the alternating method, has an error ta1most' O(~x2). 
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This is an example of how the scheme of type I according to classification 

(2.12.2) gradually moves to the type II. In the next discussion, it will 

be mentioned that with certain choices of a and a special treatment on 

(2.12.3) and (2.12.4), greater accuracy will be achieved. 

2.12.2 Formulae with Choice of Parameters 

If we denote L as the operator to the parabolic equation, i.e., 

3 3
2 

L = at - -2 ' (2.12.20) 
dX 

and if the combination of (2.12.3) and (2.12.4) is taken as the approximating 

equation to LU=O and is denoted by L~xu, therefore 

L u. . - -rau. 1 . 1+2(1+ra)u .. l-rau. 1 . l-r(2-a)u. 1 . 
~x 1,J 1- ,J+ 1,J+ 1+ ,J+ 1- ,J 

-2 [1+r(a-2)]u .. - r(2-a)u .. = O. 
1,] 1+1,] (2.12.21) 

This equation is implicit and generally belongs to the class of optimal 

accuracy, i.e. type II of (2.12.2), since it can be easily shown that the 

error 1S of order 0«~x)2) as it will reduce to equation (2.8.1) for a=2S. 

Thus, at the high cost of the loss of the explicit nature of the net equation, 

it has gone over from the first class of accuracy to the second. The 

following theorem will show how equation (2.12.21) may transform to a higher 

class of accuracy for certain choice of parameters. 

Theorem 2.7 

If the solution u of the operator (2.12.20) has derivatives up to 

eighth order which are bounded in absolute magnitude throughout D, then 

the following relations hold in D: 

= L(u .. ) - LA (u • • ) 
1,J uX 1.J 

0(~x2) if a"'l- .1.: 
6r ' 

0(~x4) if a=l- ~ 
6r 

0(~x6) if a=l- ~ 
6r 

1 a>l- -
~ 2r 

r:# _1_ 
2/5 

1 r= 
2/5 J 

(2.12.22) 
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where L(u .. ) and LA (u .. ) are the differential and difference expressions 
~,J oX ~,J 

respectively. 

Proof: 

First of all, we will investigate the stability of equation (2.12.21) 

by the matrix method. Hence we write (2.12.21) in the following form, 

A1u. 1 = A
2
u. + b } -J+ -J 

i.e. 
-1 + A-1b (2.12.23) u. 1 = A1 A2~j -J+ 

where A = 
1 

aC-2I, A2 = -2I+(a-2)C, 

C is the tridiagonal matrix as given in (2.12.15) and I is the identity 

matrix. As the eigenvalues of Care 

'(C) 4· 2 S1T 
AS = - rs~n 2N , s = 1, 2, ••. , N-1 , 

therefore (A ) 4 . 2 S1T 2 
As 1 = - ar s~n 2N-

and As (A2) = -2-4(a-2)rsin
2 ~; , s=1,2, •.• ,N-1. 

For the stability of (2.12.21), it is sufficient that 
2 S1T 

2+4(a-2)rsin 2N 
= 

4 
. 2 S1T 2+ ars~n 

2N 

~ 1, 

2 4 . 2 S1T 2 4( 2) . 2 S1T 2 4 . 2 S1T or - - ars~n 2N ~ + a- rs~n 2N ~ + ars~n 2N· 

(2.12.24) 

(2.12.25) 

(2.12.26) 

(2.12.27) 

The right-hand side inequality is always fulfilled and for the left hand 

side we obtain the result 

4 + 8r(a-l) sin
2 ~; ~ 0 , 

1 
i.e. r ~ -:-2~(-:-1--a-)~ (2.12.28) 

which is the criterion for stability of (2.12.21). Thus for any a, there 

is a specific value of r which satisfies the stability condition. 

For the accuracy of (2.12.21), Taylor series expansions are applied 

to replace the u's involved in (2.12.21) in the neighbourhood of (ibx,Cj+l)bt) 

in 



L" (u. . 1) = 
oX 1.,J+ L(u. . 1) 1., J + 

I1x
2 

- ~ (6r-6ar-1) 

2 a u. . 1 1., J + 

lt2 
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I1x4 
360 

2 2 a Ui . +1 
(120r +1-30r+15ar-90ar) 3,J 6 +O(l1x ). (2.12.29) 

at 

This formulae in general, i.e. for a~l- 6~' the first condition of (2.12.22) 

h ld F 1 1 h ff·· f 2. (2 12 29) . h d o s. or a= - 6r' t e coe 1.C1.ent 0 I1x 1.n •. van1.S es, an 

hence the second condition of (2.12.22) holds. Finally, if for such a value 

of a we can choose r such that the following equation holds 

2 2 
l20r + l-30r + l5ar - 90ar = 0 , 

i.e. , r = __ 1_, then the coefficient of (l1x)4 in (2.12.29) also vanishes, 
215 

and the third condition (2.12.22) holds. Thus, an accuracy of 
6 O(l1x ) can 

be obtained. Therefore, with a tighter choice of parameters, it can be 

shown that, the scheme of type II according to classification (2.12.2), 

moves to the type IV, i.e. range of extreme accuracy. 

Remarks on Theorem 2.7 

1. The condition (2.12.28) for the stability of the implicit equation 

coincides with the condition (2.12.19) for the stability of the explicit 

equation (2.12.18). 

2. For a=O, r=1/6, an explicit equation of the form 

3. 

4. 

1 2 
u. . 1 = -6 (u. 1 . +u. 1 .) + ~3 . . 1.,]+ 1.-,] 1.+,] 1.,J 

is obtainable with an accuracy of 0(l1x
4
). This scheme was considered 

by Milne (1953, p.134) and D. Yu Panow (1955, p.125). 

For a= 1- 6~' the equation coincides with the Douglas method having 

an accuracy of 0(l1x4) if r~ __ 1_ and O(l1x6 ) if r = __ I_ 

s s+3 2/5 215 
·d . a u a u 1 2 The 1. entl.ty ---s = s-B 28 • s= , •.•• 

at a ta x 
6=1.2, ..• 

has been applied to Theorem (2.7) whilst it cannot be extended directly 

to the cases of variable coefficient and multidimensional equations. 



Up to this stage we can see that, higher order accuracy can be 

achieved if: 

(i) the direction in space of how the solution is evaluated for 

every time level 1S alternate. 
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(ii) the mean arithmetic of the solutions in both directions is taken. 

(iii) some certain choices 1n parameters r and a of the equation 

(2.12.21) are taken. 

Some other methods for attaining higher order of accuracy will be discussed 

in the next section. 
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2.13 EQUATIONS OF INCREASED ACCURACY - II 

2.13.1 Introduction of Additional Nodes 

One method for attaining higher order of accuracy is based on the 

introduction of additional nodes, beyond the minimal number, into the 

approximation for the derivatives appearing in the given equation L(u)=O. 

Using the formula, 

a2
u 

ax
2 x=i~x 

t=j~t 

1 2 
= --"""2(0 u .. 

(~x) 1,J 

1 4 1 6 
~ ui,k + 90 0 ui,k-···) (2.13.1) 

2k 
where 0 u .. (k=1,2, ... ) is the standard central-difference of even order, 

1,J 

defined by the formulae: 

2 o u. = u. 1 - 2u. + u. 1 1 1- 1 1+ 

4 o u. = u1·_2 - 4u. 1 + 6u. - 4u. 1 +u. 2 1 1- 1 1+ 1+ 

the approximation to (2.1.3) is g1ven by, 

u .. l-u .. 
1,J+ 1,] = 

~t 

1 2 
----=:"""""""2 ( 0 u . . 
(~x) 1,J 

(2.13.2) 

2!/, o u .. ), (2.13.3) 
1,J 

29.. 
with an error term of O(~t+(~x) ). For 9..=1, (2.13.3) reduces to the 

classical explicit approximation (2.3.18). Here it should be noted that 

for 9..>1 at nodes near the boundary nodes x=O and x=l (more precisely, at 

the nodes (i~x,j~t), i=1,2, ... ,j-l, i=n-l,n-2, ..• ,n-~1; j=O,l, ... ,r-l), 

complications arise. However few strategies, like the introduction of 

fictituous nodes or the use of asymmetric formulae, are able to overcome 

this problem. Even though the use of (2.13.3) increases the order of 

accuracy it worsens the stability restriction in the case of the explicit 

scheme, i.e., for stability it is now required, 



~t 

2(1 + !. + ~ + 
3 45 

(Saul'yev, 1964, p.89). 

(Ax}2 

In the implicit case, one obtains 

= u .. 
1.,J 

which retains the unconditional stability of the method. 

2.13.2 Alternating Method 
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(2.13.4) 

(2.13.5) 

In Section (2.l2.l) we introduced the alternating method used on the 

asymmetry formulae. Now from the classical iI!lj}lici t formulae, 

u i ,j + l-u i , j 
~t 

1 
--=-2 (u. 1 . l-2u. . l+u. 1 . 1) 
(~x) 1.- ,J+ 1.,J+ 1.+ ,J+ 

and classical ex:,lici t formulae (2.13.6) 

u .. l-u.. 1 
1.,J+ 1.,J = ___ ~( 2 ) 

~t 2 u. 1 . - u. . +u. l' , 
(~x) 1.-,J 1.,J 1.+,J 

(2.13.7) 

a similar alternating strategy can be applied. If we use equations (2.13.6) 

for even j, say, and equations (2.l3.7) for odd j, then the step ~t for even 

j may be taken comparatively large, since equation (2.13.6) is stable for 

any ~t and ~x. For odd j the step ~t should satisfy the condition ~t~(~x)2/2. 

However, these combinations can be shown by the following theorem to prove 

otherwise. 

Theorem 2.8 

The method 

u. 2' l-u. 2' 1.,J+ 1.,J= 
~t 

U i ,2j+2-U i,2j+l 
~t 

u. 1 2' l-2u. 2' l+u. 1 2' 1 1.- , J+ 1., J+ 1.*, J+ 
2 

(~x) 

u. 1 2' 1-2u. 2' l+u. 1 2' 1 1.- ,J+ 1., J+ 1.+, J+ 

(~x) 
2 

(2.13.8) 

(2,13.9) 
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is absolutely stable, if the step 6t is constant or changes after an even 

number of steps, (Sau1'yev, 1964, p.23). 

Proof 

To prove this, we write both equations 1n matrix form, i.e., 

Au2 , 1 = u2 , (2.13.10) 
- J+ - J 

representing (2.13.8) and 

u2 , 2 = Bu2 , 1 - J+ - J+ 
(2.13.11) 

representing (2.13.9) where 

A = I-rT and B = I+rT (2.13.12) 

with T as given earlier in equation (2.8.7). 

For stability, it is necessary and sufficient for the amplification 

matrix of the single equation 
-1 

u2 , 2 = (BA )u2 , , 
- J+ - J 

satisfy I I BA-l I I ~ 1 • 

As the eigenvalues of T, i.e. A(T) are given by 

A(T) -2 2 
S'lf 

s=1,2, ... ,N-1, = + cos N , 

-4 
2 S'lf 

= S1n 2N 

therefore A(A) 1 4r sin 2 S'lf = + 
2N 

and A (B) l-4rsin 
2 S'lf 

= . 2N 

The stability condition (2.13.14) will be fulfilled if 

4 
. 2 S'lf 1- rS1n 

___ -:::-_2N_ < 1 

4 
. 2 S'lf .. 

1+ rS1n 
2N 

which is true for all r>O. 

(2.13.13) 

(2.13.14) 

(2.13.15) 

(2.13.16) 

(2,13.17) 

(2.13.18) 

Alternatively, we can also apply (2.13.9) and (2.13.8) 1n the reverse 

order and the Theorem (2.8) still holds. 

Instead of alternating the implicit and explicit formulae according to 

each line, we can also alternate them according to each node. In this case 
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since the implicit equation is applied explicitly, they are essentially 

explicit. This Implicitly-Explicit method was proposed by Sau1'yev (1964, 

p.66), Gordon (1965) and it was called Hopscotch later by Gourlay, A.R., 

(1970). The simplest form of this method is given by 

U2i ,j+l = rU2i_l ,j + (1-2r)u2i ,j + rU2i+1 ,j l~i~ [¥-J 
and 

2.13.3 Multi-Level Difference Schemes 

(2.13.19) 

In the construction of difference schemes, higher order accuracy can 

be achieved if one uses more time levels than the minimum number required. 

For example, an improvement over the classical implicit scheme for the 

heat equation (2.1.3), 

u. . l-u.. u. 1 . l-2u. . l+u . 1 . 1 1,j+ 1,j = 1- ,j+ 1,j+ 1+ ,j+ 
~t (~x)2 

is provided by the three-level equation 

3 
2 

u. . l-u.. 1 u. . -u. . 1 1,j+ 1,j __ 1,j 1,j-
= 

u. 1 . l-2u .. l+U. 1 . 1 1+ ,j+ 1,j+ 1- ,j+ + 
6t 2 ~t 

i.e· 3 1 
-2 u .. 1-2u . '+-2 u .. 1 
~~1~,~J_+~ __ ~1~,~J~ __ ~1~,~J_-~ = 

6t 

(6x) 2 

0{(~t)2}+0{(~x)2} 
u. 1 . l-2u. . l+u. 1 . 1 1+ ,j+ 1,J+ 1- ,j+ + 

(6x)2 

0{(~t)2}+0{(~x)2}. 

(2.13.21) 

(2.13.22) 

(2.13.23) 

(Ritchmyer, R.B. and Morton, K.W., 1967, p.86). 

2 
Another example, where r=6t/(6x) must have a specific value, is given 

by Mike1adze as, 

1 
u. . 1 = 40 [2u. . 1+32u . . +3(u. 1 . l+u . 1 . 1)]' 1,j+ 1,J- 1,J 1-,J- 1+ ,j-

for r=1/16, and by Yushkov as 

lOu. '+1 = 3(u. 1 .+u. 1 .) + 2(u •. +u • • 1) , 1,J 1-,j 1+,J 1,J 1,j-

for r=1/4 and, 

(2.13.23) 

(2.13.24) 
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72u .. 1 = 25(u. 1 .+u. 1 .) + 4u .. + 18u .. 1 
1,J+ 1-,J 1+,J 1,J 1,J-

(2.13.25) 

for r=1/36. Equations (2.13.23)-(2.13.25) have errors of order O«~t)2+ 

(~x)4) respectively (Saul·yev, 1964, p.95). As we can see one needs 

initial data on two time levels (say t and t+~t) to obtain the solution 

at t+2~t, which is greatly restrictive. The extra initial information can 

be taken from a simple two level scheme at the start of the procedure. 

The general three level explicit difference scheme for (2.1.3) will 

involve seven points and may be written as 

(2.13.26) 

where Ll and Y
1 

are arbitrary parameters (Jain, M.K., 1979, p.2l4). The 

truncation error of (2.13.26) is of order, 

(0 2 
(~t+(~x) ) if Yl 

and Ll are arbitrary 

(iO «~ t) 2 + (~x) 2) if 
1 0 and either and T1 is arbitrary, T +y +.::.. = Y1 112 

(iii) «~x) 4) if 
1 1 and either arbitrary. Tl+Yl+z - 12r = 0 Yl 

or T1 1S 

(2.13.27) 
The necessary and sufficient condition for (2.13.26) to be stable 

are (Jain, M.K., 1979, p.21s). 

(i) 1+2Tl-2(1-2Yl)r~O 

(ii) 1-4Ylr~O 

The conditions (2.13.28) are shown in Figure (2.13.1). 

O<r<r . 
m1n 

FIGURE (2.13.1) 

Stab.le 
O<r<r . 

m1n 

(2.13.28) 



We find that for 

(i) Y1~0, the conditions (2.13.28) are satisfied if 

1+2, 
1 

O<r~ 2 (1-2y ) 
1 

and 1+2, >0, 
1 
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(ii) 
1 

Y1<-2' the stability condition ~s obtained as O<r<r . , where 
m~n 

(2.13.29) 

For Y1=0 and 'l=-!+r, scheme (2.13.26) will give the Du-Fort-Franke1 

formula 
! 2 2 2 

('ilt-z'ilt + r'il )u .. 1 = ro u ..• 
t ~,J+ x ~,J 

(2.13.30) 

For Y1=0 and '1=-! the unstable Richardson formula is obtained. If 

we prescribe Y1 and '1 to satisfy (2.13.27) (iii), such as Y 1=0, \=-! 11;r' 

(2.13.26) may be written as, 

1 1 
-2(1+ -6 )u. . 1 = r ~oJ+ 

( + ) (2 1) + 1:.(1 1) r u. 1 . u. 1 . - r- -6 u.. 2 - --6 u. . 1 
~- ,J ~+ oJ r ~,J r ~,J-

and alternatively '1=0 and Y1 ~11;r gives the formulae 

u •. 1 
~ ,J+ 

711 
= (-6 -3r)u .. + -2(3r - -6)(u. 1 .+u. 1 .) 

~,J ~- ,J ~+ oJ 

1 1 
- -2(r- -6) (u. 1 . 1-2u . . l+u . 1 . 1) , 

~- ,J- ~,J- ~+ ,J-

(2.13.31) 

(2.13.32) 

which is stable for 0<r~1/3. The truncation error becomes 0«~)6), if 

r-1~ (Jain, M.K., 1979, p.218). 

The general three level implicit formulae based upon n~ne points for 

approximating (2.1.3) is given by 

2 2 
[(1+2'1)+{o(1+2'1)+r(Yl-2Y2)}ox]ui,j-['1+(ol-rY2)ox]ui,j-1 

(2.13.33) 



where Tl 'Y l 'Y 2 and 0' are arbitrary (Jain, M.K., 1979, p.223). 

The truncation error for this class of method is given by 
4 

Ti,j = ~t[(O'- l~) + r(Tl+Yl - t)](~x)2 a Ui,j + 
ax4 

1 1 2 1 1 
~t[(zrl -Y2 - 3)r + (O'(T I + 2) + 12(yl -l»r 

1 1 4 a6
u .. 

+ 12(0' - 30)](~x) a) ,J + 
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(2.13.34) 

and the necessary and sufficient conditions for stability of (2.13.33) 

are 

where 

(Tl+I) (l-40'sin
2 8~~ + rsin

2 8~~1-2Yl+4Y2» 

t(l-4O'sin2 B~~ + rsin
2 B~x (l-y

l
) > 0 

O'<t is taken (Jain, M.K., 1979, p.224). 

o 
(2.13.35) 

A full discussion of the multi-level scheme 1S given by Jain, M.K., 

(1979, p.2l4-228) or Ritchmyer and Morton (1967, p.168-l79) and Saul'yev 

(1964, p.95). Interested readers are referred to the quoted references. 

Here we conclude that although it may appear in general that the 

multi-level formulae have an advantage over two-level schemes as far as 

the accuracy is concerned, they also have other disadvantages in a 

particular sense (e.g. stability for Richardson, consistency for Du-Fort-

Frankel, restriction on r as (2.13.23)-(2.13.25), etc.). 
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2.14 PARABOLIC EQUATIONS IN SEVERAL SPACE DIMENSIONS 

We now consider finite-difference methods of the solution of the 

equation 

where 
n 

L = I 
i=l 

(2.14.1) 

-c(x1 ,x2,···,xn ,t) , (2.14.2) 

with a1,a2, .•. ,an strictly positive and c non-negative (Mitchell, A.R., 

1980, p.53). There are two categories of finite-difference methods for 

parabolic equations with several space variables. Firstly, the genera1-

ization of standard methods which are presented for one dimensional 

problems and secondly, splitting methods which have no single space 

variable analog. 

For simplicity, we consider the two dimensional heat flow equation 

in the rectangular region bounded by RX[O<tSI] where R is a closed connected 

region in the x-y plane, with continuous boundary aR given by R=[O~x,y~l], 

namely, 
(2.14.3) 

Appropriate initial and boundary data are provided as 

u(x,y,O) = f(x,y), t=O, 

u(x,y,t) g(x,y,t), (x,y,t)EaRx[o<tSI1, (2.14.4) 

where f and g are given for prescribed values of (x,y,t). 

In the same manner as the one dimensional case, the region R is 

covered by a rectilinear grid with sides, parallel to the axes, with fix 

and fly the grid spacings in the direction x and y and !1 t 1n the time 

direction respectively. Unless otherwise stated; the space spacing !1x=!1y, 

throughout the discussion. The grid points (x,y,t) are denoted by (i,j,k) 

where x=i!1x, y=j!1y, and t=k!1t. The point i=O, j=O, n=O is the origin 



(Figure 2.14.1). The exact and approximate values at the grid point 

(i,j,k) are denoted by U .. k and u .. k respectively. 
1,J, 1,J, 

i-1,j-l 

i-1,j+1 

i,j-l 

i-1,j+1 ' 
I" 

I, ' 
1 '\ 

I I , 
. -1 . I, ' ,J

/ 
_ ___ _ 

'" I I 
/ I 

1 ,/ I 
i-1,j-1ir' _____ _ I_ 

i,j -1 

I 
. 1 . 1 I 1- ,J+ I-

I' , 
/ , 

I , 

. 1 .I " 
1- ,)_ 

I 

i ,j+1 

i,j+l - -,-
I 

I 
• I" 
1,J '" 
I", '" 

, , 

I 

, , 

I " 
I ... 
..... - --

, 

i+1,j+1 

j 

- - - i+1,j+l 
...... I 

I 
/ 

--'i+1 J 
I 

1 

I 
I 

i+1,j-1 

i+1,j+1 

FIGURE (2.14.1) 

(k+1)th layer 

kth layer 

(k-1)th layer 
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2.14.1 Explicit Methods 

To extend the standard explicit methods to a second space dimension, 

we write equation (2.14.3) as 

where 

au 
- = Lu 
at (2.14.5) 

From Taylor's expansion, it is possible to write u(i~x,j~y,(k+1)~t) in 

terms of u(i~x,j~y,k~t), i.e. 

u(i~x,j~y,(k+1)~t) 
a 2 2 

= - (1 + At- + ~ ~ + ) 
U i ,j,k+1 - U at 2 at 2 ... Ui,j,k 

provided D2 
1 and D2 

2 

D2 
1 

and 
D2 

2 

a 
exp (~t-at)u. . k 

1. , J , 

= exp(~tL)u .. k 
1.,], 

2 2 
= exp(~tD1)exp(~tD2)u .. k 

1. , J , 

commute, where 

1 (0 2 _ .J.o4 + -1:. 06 ... ) = 
(~x)2 x 12 x 90 x 

1 (0 2 _ .J.o4 + :A-06 ... ) 
(~y) 2 y 12 y 90 y 

(2.14.6) 

(2.14.7) 

(2.14.8) 

(Mitchell, A.R. and Griffiths, D.F., 1980, p.55). 

D~ leads to the formula 

2 
Elimination of D1 and 

2 1 1 4 2 1 1 4 
U i ,j,k+1 = [l+rox+zr(r- 6")ox ••• ][l+roy+zr(r6")oy ... ] ui,j,k ' 

(2.14.9) 

where r=~t/(~s)2 with ~x=~y=~s. Various explicit formulae can be 

obtained from equation (2.14.9) of which one 1.S the well-known equation 

2 2 
u .. k 1 = [l+r(o +0 )]u .. k (2.14.10) 
1.,J, + x Y 1.,J, 

which is the standard explicit formulae involving five points at the time 

level t=k~t. 
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Equation (2.14.10) can be written as 

u. . k 1 = (1-4r)u. . k+r(u. 1 . k+u . 1 . k+u . . 1 k+u. . 1 k) 
1,J, + 1,J, 1- ,J, 1+ ,j. 1,j-. 1,j+. 

(2.14.11) 

If we define the difference between the exact solution of differential 

and difference equations at the mesh point (i~x,j~y.k~t) as 

e . . k = U. . k-u . . k • 
1,j. 1.J. 1,], 

(2.14.12) 

then from (2.14.11) we obtain 

e .. k 1 = (1-4r)e .. k+r(e. 1 . k+e . 1 . k+e .. 1 k+e .. 1 k) 1,]. + 1,], 1- ,j, 1+,], 1,j-, 1,j+. 

2 2 As2 4 4 
~s a u u a u a u 

+ -2 (-2)' . k - {).t - (- + -) + 
at 1,j, 12 ax4 ay4 i,j,k 

(2.14.13) 

This equation shows that the L.T.E. of formula (2.14.11) is 0«~t)2+({).t)({).x)2) 

(Danaee A., 1980, p.64) or with order of accuracy of O(~t+({).x)2). Using 

the Fourier Series method of stability analysis, the stability condition 

is obtained as 0<r~1/4. 

Another simple explicit formula which widens the stability condition 

up to r~1/2 is 

u .. k 1 = (l+ro2) (l+ro
2
)u .. k (2.14.14) 

1.j. + x Y 1.j, 

2 2 
which has the L.T.E. of O«{).t) +(().t)({).x) ) or order of accuracy of 

2 2 4 
O(~t+(~x». For r=1/6, the formulae has order of accuracy of O«{).t) +(().x) ) 

i.e. , 1 2 1 2 
u .. k 1 = (1+ -6 0 )(1+ -6 0 )u .. k • 
1,J. + x Y 1,j, 

(2.14.15) 

but it is of limited use since the step forward in time is so small, 

i.e. ~t=1/6 ~x2. In order to obtain the unconditionally stable explicit 

difference schemes, Larkin (1963), introduced a class of explicit formulae 

of four basic different types, namely, 



2 
(I+w+c )v .. k 1 1,J, + 

2 
= v. 1 . k+1+v . 1 . k-(l-w+c )v .. k 1- ,J, 1+ ,J, 1,J, 

2 
(l+w+c )z .. k 1 = 1,J, + 

2 
(l+w+c )v .. k 1 = 

1 ,J, + 

and 2 
(l+w+c )z. . k 1 = 1,J, + 

2 
+c [v. . 1 k l+v. . 1 kJ, 1,J- , + 1,J+, 

2 
z. 1 . k+z '+l . k -l{l-w+c )z .. k 1-,J, 1 ,J, + 1,J, 

+c
2

[Z .. 1 k l+z, . 1 k] , 1,J+ , + 1,J-, 

2 
v. 1 . k+l+v . 1 . k-(l-w+c )v. . k 1- ,J, 1+ ,J, 1,J, 

2 
+c [v. . 1 k+v . . 1 k 1] , 1,J-, 1,J+, + 

2 
z. 1 . k+z , 1 . k 1- (l-w+c ) z. . k 1-,J, 1+ ,J, + 1,J, 

2 
+c [z .. 1 k l+z .. 1 kJ, 1,J- , + 1,J+, 
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(2.14.16) 

(2.14.17) 

(2.14.18) 

(2.14.19) 

2 
where c=~x/~y and w=(~x) /~t=l/r. Dependent variables v and z are given 

diagrammatically by Fig. (2.14.2) (a), (b), (c) and (d). 

I z..--
~v 

, 
For (2.14.16) 

(a) 

(2.14.18) 
(c) 

(2.14.17) 
(b) 

For (2.1{+.19) 
(d) 

(arrows show the marching direction) 

FIGURE (2.14.2) 
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Besides the individual schemes, combination of these schemes also offers 

good approximation such as 

(i) the use of (2.14.16) and (2.14.17) alternately or (2.14.18) 

alternately with (2.14.19). 

(ii) the use of (2.14.16) and (2.14.17) at each time level and average 

the results as 

U i ,j+1 = 

v .. l+z . . 1 
~,J+ ~,J+ 

2 
(2.14.20) 

Then a similar stratety is applied to (2.14.18) and (2.14.19). 

The truncation error for equations (2.14.16) and (2.14.18) is given by 

2 2 
(t.t)~ + t.t (~_ 

/:"x dxat 2 2 
at 

3 a v ) 
2 

atax 

(t. t) 2 
+ 2t.x + ••• , (2.14.21) 

whereas equations (2.14.17) and (2.14.19) have truncation errors of 

3 
a z ) 

2 
ataz 

+ ••• • (2.14.22) 

Consistency of the schemes with the equation (2.14.3) requires that t.tlt.x~ 

as t.x+O. By diminishing t.x and t.t such that w is constant, the leading 

term of equation (2.14.21) and (2.14.22) would be of first degree in t.x 

with all other terms being of higher order. Because the leading term of 

(2.14.21) and (2.14.22) have opposite signs, averaging (2.14.20) will 

effectively produce a truncation error of second degree. The alternating 

use of the equations (2.14.16) and (2.14.17) or (2.14.18) and (2.14.19) 

is termed as AZternating Direction ExpZicit method. 

Another explicit scheme, i.e. the Du-Fort-Franke1 scheme for two 

space dimensions which can be written as 

2 
(Il -~Il )u. . k 1 

t t ~,J, + 
222 

= reo + <5 - 2<5 )u.· . k 
x Y t ~.J. 

(2.14.23) 

is an unconditionally stable scheme also. The truncation error is given 

by (Jain, M.K., 1979, p.249). 
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1 2 2 tJ.t 2 
-;;- T .. k = O«tJ.t) + (~s) + C

s
) ) , (2.14.24) 

ut 1,J, u 

where ~x=tJ.y=tJ.s, which tends to zero if tJ.t/tJ.x~ as tJ.t~,~s~. In order to 

apply this formulae, u. . 1 are normally taken from an accurate two level 
1 ,J , 

difference scheme such as (2.14.15). 

2.14.2 Implicit Difference Schemes 

The general implicit difference scheme for two-dimensions as given 

by Jain, M.K. (1979, p.250) is 

2 2 
[1+{a-(l-Y1)r}o ] [1+ {a-(1-Y1)r}o ]u .. k 1 = 

x Y 1,J, + 

2 2 
[1+(a+ry1)o ] [1+(0+rY1)o Iu .. k + 

x· Y 1 ,J , 
222 

(1-2y l )r 0 0 u. . k' 
x Y 1 ,J , 

(2.14.25) 
for arbitrary Y

1 
and a. The stability condition will be satisfied if 

1 a <-
4 

(2.14.26) 

and the truncation error is given by 

1 
(tJ.t) Ti,j,k = 

4 
[( 1)()2 ( 1) ](au" k a- 12 ~s + Y1 - 2 ~t ~1,J, 

4 
a u •. k) + 4 1 ,], -

ax ay 
4 

(1 2) au.. k «) 2 - Y1 ~t 2 21 ,J, + 0 ~t + 
ax ay 

4 (tJ.s) ).(2.14.27) 

From (2.14.25) and (2.14.27), we find that the values: 

(i) y
1
=0 and 0=0 give an implicit method of order (~t+(~s)2) namely, 

(2.14.28) 

222 
and by neglecting the term roo u. . k 1 it gives the classical fully XY1,],+ 

implicit scheme (Fig. 2.14.3) (a) 

u.. l+r(-u. 1 . k 1+2u .. k l-u. 1 . k 1) 1,J,k+ 1- ,J, + 1,J, + 1+ ,J, : 

+r(-u. . 1 k 1+2u . . k 1-u . . 1 k 1) 1,J- ,+ 1,J, + 1,J+, + 
u .. k (2.14.29) 

1 ,J , 



for i,j=1,2, .•• ,N and N~x=N~y=l. The compact form of (2.14.29) is 

(l+rA)~+l = ~ , k~O 

where A is a N
2

xN
2 

block tridiagonal matrix given by, 

A = 

with 

LN = 

..... 

-I 
N 

D 

" " 

-I 
N 

" 
o 

..... " " 

o 

0 

"-
" " 

1 0, 
..... , ' 

" 
, 

... , 
0 

" " "-... 
"-
-I 

N 

0 

... 
..... , , 

, 
" ..... 

..... 

" D 

-I 
N 

'1'0 

1 0 

" , , 
-I 

N 
D 

, D = 41 -(L +LT) 
N N N 

(2.14.30) 

(2.14.31) 

(2.14.32) 

Hence at each time step, we are required to solve a very large system of 

linear equations, which in general is the drawback of the implicit method. 

(ii) Y
l
=!, 0=0, gives the Crank-Nicolson method (Fig. (2.14.3) (b» 

2 2 
of order «6t) +(6s) ). 
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(iii) Y
l
=! and 0=1;' gives the Mitchell-Fairweather formula (Fig.(2.l4.3)(b) 

1 I 2 1 2 
[1+(-12 -~r)o ] [1+(-12 -!r)o ]u .. k 1 x Y 1,J, + 

1 2 1 2 
= [1+(-12 + !r)o ] [1+(-12 +!r)o ]u .. k ' x Y 1,J, 

(2.14.34) 

of order 
2 4 «6t) +(~s». (Jain, M.K., 1979, p.2Sl). 

Even though the implicit methods are mostly unconditionally stable, 

however, due to the large system of equations to b~ solved, they are 

computationally expenS1ve. We will discuss below alternative ways to 

manipulate the implicit methods in order to introduce computationally 

inexpensive explicit type schemes. 
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2.14.3 Splitting Methods 

In the numerical treatment of parabolic differential equations, 

splitting is referred to as a method of breaking down a process into a 

series of simple processes. Amongst these are the Alternating Direction 

Implicit (A.D.I.), the Locally One Dimensional (L.O.D.) and the Hopscotch 

methods. 

The A.D.I. method which was first introduced by Peaceman and Rachford 

(1955) is a two-step process involving the solution of tridiagonal sets of 

equations along lines parallel to the x and y axes at the first and second 

steps respectively. 

For equation (2.14.29) 
(a) 

For equations (2.14.33) and (2.14.34) 
~) 

FIGURE (2.14.3) 



For the Peaceman-Rachford ADI method, in the first step in advancing 

from 1k to tk+~t/2, implicit differences are used for 3
2
u/dX

2 
and explicit 

differences are used for 3
2
u/3y2. In the second step in advancing from 

tk+~t/2 to t
k

+
l

, a reverse procedure is used. Accordingly, the difference 

approximation to (2.14.3) can be expressed as 

u .. k ~-u .. k 1 02 u 1 
8

2 
(i) ~,J, + ~,J, 

= + u .. k ~t/2 (~x)2 x i,j,k+~ 2 Y ~,J, 
(~y) 
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and (2.14.35) 
u. . k -u.. 1 1 2 

(ii) ~,J, +1 ~,J,k+2 
8 u.. ! ~t/2 (~x)2 x ~,J,k+ 

which may also be written as (Fig. (2.l4.4)(a» 

(i) 

and 

(ii) 

r 2 
(1- -2 8 )u. . k I x 1,J, +l! 

r 2 r 2 
(1- -2 8 )u .. k+l = (1+ -2 8 )u .. k 1 Y 1,J, x ~,J, +l! 

1 8
2 + u.. 1 2 y ~,J,k+ 

(~y) 

(2.14.36) 

The equation (2.14.36) can also be obtained directly from the splitting of 

equation (2.14.33). This method is computationally feasible as it only 

requires the solution of a set of tridiagonal equations, and that each 

scheme, used on its own is conditionally stable. However, if they are used 

aZternateZy~ then the overall scheme is unconditionally stable. (Gourlay, 

A.R., 1977, p.761). 

The higher order accuracy formulae of Mitchell-Fairweather (2.14.34) 

can be 

(i) 

and 

(ii) 

split into (Fig. (2.l4.4)(a» 

1 2 1 2 
[1+(-12 -!r)O ]u .. k 1 = [1+(-12 +!r)8 ]u .. k x ~,J, +2 Y ~,J, 

1 2 
[1+(-12 +!r)8 ]u .. k 1 x ~,J, +2 

(2.14.37) 

The implicit Crank-Nicolson formulae can be split ~n an alternative 

manner as suggested by D'Yakonov (1963) to g~ve, 



Ul 

and 

(ii) 
2 

(l-!ro )u .. k 1 = u .. k 1 Y ~,J, + ~,J, +2 

(2.14.38) 

and the corresponding higher-order accurate formulae to give 

(i) 

and 

(ii) [1+(1
1
2 -h)02]u .. k 1 = 

Y ~,], + 

1 2 1 2 
[1+(-12 +h)O ] [1+(-12 +~r)o )]u. . k x y ~,J, 

u .. k 1 • 
~,J, +2 

(2.14.39) 

as in Fig.(2.14.3)(b). 

The Peaceman-Rachford method (2.14.36) in matrix form can be written 

as (Danaee, A., 1980, p.66), 

(i) (I+rH)~+~ = (I-rV)~ , 

and (2.14.40) 

(ii) (I+rV)~+l = (I-rH)~+! , 

T 
where H = 2I-(L+L ) 

T 
(2.14.41) 

V = 2I-(B+B ) 

~ 0 

LN 0 IN 0, 0 , 
L 

, 
and B IN " (2.14.42) , , 

" , " " 
0 

, 
" 

, 
0 

, 
LN '.1 0 

N 
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with ~ given 1n (2.14.32). Douglas and Rachford (1956) in Fig.(2.14.4)(c) 

proposed alternative to the Peaceman-Rachford method as follows, 

(i) 

and 

(ii) 

2 
(l-ro )u. . k+! x 1,J, 2 

2 = (l+ro )u .. k 
Y ~,J, 

which in the matrix form can be written as, 

(2.14.43) 
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(i) (I+rH)~+! = (I-rV)~ , 

and (2.14.44) 

(ii) (I+rV)~+l = ~+! +rV~ , 

respectively (Danaee, A., 1980, p.67). This method is also unconditionally 

stable and computationally feasible involving the solution of tridiagonal 

systems of difference equations along horizontal lines for ~+! and then 

along vertical lines for ~+1. 

It is important to note that ~+! has no physical significance and 

it is only the first estimate or intermediate value, (some refer to this 

as ~+l). It is not necessarily an approximation to the solution at any 

value of time. As a result, particularly with the high accuracy methods, 

the boundary values at the intermediate level must be obtained, if possible, 

in terms of the boundary values at t=k~t and t=(k+l)~t. The methods of 

coping with this problem are given in Mitchell A.R. and Griffiths D.F. (1980, 

p.62-63). 

and 

If we consider the equation (2.14.3) as the pair of equations 
2 

lClu = .L.!:!. ( 4 4 ) 2Clt 2 ' 2.1 . 5 
dX 

2 ,Clu _ Cl u 
2at - --2 ' 

Cly 
(2.14.46) 

then the simplest explicit formulae can be obtained as 

2 
Ui,j,k+! = (l+roy)ui,j,k (2.14.47) 

2 
and u .. k 1 = (l+ro~) u .. k I (2.14.48) 

1,J, + x 1,J. +2 

2 
with the order of accuracy given by O(~t+(~s». The strategy of splitting 

a two-dimensional problem into a one-dimensional problem is called Locally 

One Dimensional (L.O.D.) method, and has been developed extensively by 

D'Yakonov, Yeo G. (1963) and Samarskii (1964). The equations (2.14.47) and 



and (2.14.48) form the explicit scheme of L.O.D. and is described in 

Fig. (2.14.5). It is important to note that the elimination of u. . k 1 
~,j, +2 

from both equations leads to 

u .. k 1 = (1+ro
2

)(1+ro
2
)u .. k 1.,], + X Y 1.,j, 

which is the explicit equation (2.14.14). 
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Gourlay A.R. and Mitchell A.R. (1969) have exploited some interesting 

connections between the Peaceman-Rachford and L.O.D. methods. 

Another class of splitting method was introduced by Sau1'yev (1964, 

p.23). Gordon (1965) and marketed by Gourlay (1970) is called the Hopscotch 

method. The simplest form of Hopscotch method was mentioned in equation 

(2.13.8) and (2.13.9). To briefly discuss this class of method, we restrict 

ourselves to the linear parabolic equation of two dimension. ~.e., 

au at = L(u) + g(x,y,t) , (2.14.49) 

where L is the second-order linear, elliptic differential operator in the 

space variables x and y. 

A general splitting formula for the equation (2.14.49) is given by 

(Danaee, A., 1980, p.l05) 

(1) (2) 
u. . k l-n t (8 . . k lL + n. . k lL ) u. . k 1 1.,j, + ~,j, + tJ.x 1.,j, + tJ.x ~,j, + 

(1) (2) 
= u .. k+At(S .. kL + n· . kL )u .... k 

~,j, ~,j, ,tJ.x 1.,j, tJ.x ~,j, 

A (8 (1) + (2» 
+ut . . k 19 · . k 1 n. . k 19 · . k 1 ~,j, + ~,j, + 1.,J, + ~,J, + 

(1) (2) 
+tJ.t (8. . k g. . k + n· . k g. . k) , 

~,J, 1.,], 1,J. 1.,J, 
(2.14.50) 

with the restrictions, 

8 .. k 1 + 8 .. k 
1,], + 1,], 

= 1 } (2.14.51) 
n· . k 1 + n· . k 1,], + ~,], 

= 1 

where 
(1) + (2) 

g .. k g .. k g .. k 
~,J , 1, J , ~, J , 

and L (1) + L (2) = LtJ.x • tJ.x /5. x 



(ii) 

(i) 

For equation (2.14.36) and (2.14.37) 
(a) 

For equat10n (2.14.42) 
(c) 
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For equation (2.14.38) and (2.14.39) 
(b) 

FIGURE (2.14.4) 

• I • 

(FIGURE 2.14.5) 



The odd-even Hopscotch method can be obtained by defining 

e .. k = 
i,J, ni,j,k = 

{ 1, if i+j+k even 

0, if i+j+k odd 

which from (2.14.50) gives the explicit formulae 

+ At(L(l) (2» (1) (2» u. . k 1 = u. . k U + L u.. k +!J.t (g. . k+g · . k 
~,J, + ~,J, tJ.x tJ.x ~,J, ~,J, ~,J, 

alternately with the implicit formulae 

A t (L (1) (1) ) (2) (2) 
u .. k 1 - U AX + g. . k 1 -tJ.t(L. +g .. k 1) = 
~,J, + U ~,J, + uX ~,J, + 

(2.14.52) 

u .. k 
~ ,J , 

(2.14.53) 

Similar to the odd-even Hopscotch, the line-Hopscotch method ~n the y-

direction can be obtained if we define, 

e .. k {I, if i+k odd = n· . k = 
~, J , ~, J , 0, if i+k even 

(2.14.54) 

and in the x-direction if we define, 

e .. k _ {I, if j+k odd = n·· -
~,J , ~,J,k 0 if j+k even , (2.14.55) 

The general splitting formulae, can also be used to derive the 

standard formulae like Crank-Nicolson equation if we take e .. k=n· . k= 
~,J, ~,J, 

e .. k l=n .. k l=! for all i,j and k. If e .. k l=n .. k 1=0 and 
~,J, + ~,J, + ~,J, + ~,J, + 

e .. k=n .. k=l for all i,j,k we obtain the explicit scheme. If 
~,J, ~,J, 

{
I if k ~s even 

ei,j,k =~(l+(-l)k) = 0: if k is odd 

n· . k = I-e .. k for all i,j ,k, 
~,J, ~,J, 
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we get the Peaceman-Rachford method with a time step of 2tJ.t (McGuire, R.G., 

1970, p. 7) • 

Since the work completed on this class of methods is so extensive, the 

interested reader is recommended to read Gourlay (1970), Gourlay and McGuire 

(1971), Gane and Gourlay (1977), Gourlay and McKee (1977), Grieg and Morris 

(1976) and Danaee, A. (1980) to obtain a more detailed knowledge. 
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CHAPTER THREE 

PARABOLIC EQUATIONS: FURTHER TOPICS 
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3.1 THE DIFFUSION-CONVECTION EQUATION 

Parabolic equations containing first order spatial derivatives are 

called diffusion-convection equations because of the physical processes 

they describe. They arise frequently in the mathematical description of 

flow processes. Typically, a suspended material (effluent, sediment, etc) 

is carried along (convected) by a flow of fluid while at the same time its 

concentration is being attenuated (diffused) within the flow. These 

effects have the form of parabolic p.d.e, and thus the obvious approach 

when seeking numerical solutions is to utilize a method specially 

developed for that type of equation. When the problem under consideration 

is one dimensional in space, the methods discussed in the previous chapter 

should immediately come to mind. 

Numerically, the more interesting problems ar1se when the first 

order (convection) spatial derivatives are large in relation to the second 

order (diffusion) ones. This is due to the fact that the methods for 

parabolic equations are normally subject to oscillation unless a very 

fine spatial grid is utilised. Several solution techniques have been 

developed to cope with this problem and they will be discussed later in 

this section. 

A typical equation in its one-dimensional form 1S 

au 
at = (3.1.1) 

where u describes the concentration of a suspension convected with 

velocity V and diffusing according to the diffusion coefficient D. 

Another source of the diffusion-convection equation lies in the Navier-

Stokes equations, particularised for the case of incompressible flow. 

In that event, au 
at 

= ""a
2
u _ Vau 
2 ax oX 

(3.1.2) 
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. h 2 / 2 /. h . h ff" f' . were u=-a ~ ax , v=-a~ ax W1t v 1S t e coe 1C1ent 0 k1nemat1c 

viscosity and ~ is a stream function (Gladwell and Wait, 1979, p.195). 

For the past two decades, scientists and mathematicians of various fields 

have attempted a numerical solution of equations of this kind. Some main 

contributions will be discussed in the later sections. The finite 

difference approximation for equations (3.1.1) or (3.1.2) using the Crank-

Nicolson method are presented below for reference. Using the approximations 

au] 
at . . 1 1,J+2 

~] 
ax . . 1 1,J+2 

u. 1 .-2u .. l+u. 1 . 1 u. 1 .-2u .. +u. 1 . 
= ! [ 1+,J 1,J; 1- ,J+ + 1+,J 12J 1- ,J] 

(~x) (~x) 

+ 0(~x2) 
Equation (3.1.1) yields the system of tridiagonal equations 

-ral
u . 1 . l+(l+rD)u. . l-ra 2u. 1 . 1 1- ,J+ 1,J+ 1+ ,J+ 

= ralu. 1 .+(l-rD)u .. +ra2u. 1 . 1- ,J 1,J 1+ ,J 

(3.1.3) 

(3.1.4) 

(3.1.5) 

(3.1.6) 

(3.1. 7) 

This scheme will be named as Crank-Nicolson with centred difference 

(CNCD). The approximations are second order in both space and time as 

regards truncation error. 

Peaceman-Rachford (1962), who were among the early contributors 

suggested the scheme which is simplified to 

u. . l-u. . 1,J+ 1,] 
~t 

= 
D 

---=-2[(u. 1 .-2u .. +u. 1 .)+(u. 1 . 1-2u .. 1+ 
2(~x) 1-,J 1,J 1+,J 1- ,J+ 1,J+ 

V 
u )] - -[u* +u.~. -u* -u* ] i+l,j+1 2~x i+!,j i+! ,j+l . l' i-! ,j+1 

1-2,J 
(3.1.8) 

where u* can be chosen either as, 
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= (3.1.9) 

or u~ 1 = U. • 1+2 1 (3.1.10) 

The first choice (equation (3.1.9)) results in CNCD scheme (3.1.6) 

above and the second choice (equation (3.1.10)) gives a backward-in~ 

distance scheme. The latter is then termed by Spalding (1972) as upwinding. 

The backward-in-distance equation, unlike the CNCD equation, is first order 

in the space increment ~x as regards the truncation error. Therefore it 

needs a prohibitively large number of distance increments to obtain an 

accurate solution. On the other hand, the backward-in-distance equation, 

is capable of eliminating overshooting (or oscillation in this case) for 

reasonably small increments in space. The combination of both choices in 

a particular manner, in a way, improved the accuracy, reduces overshooting 

and the required number of space intervals (Peaceman and Rachford, 1962). 

A rather general finite-difference approximation to equation (3.1.1) 

was proposed by Stone and Brian (1963) which is given by 

1 e 
.-[g(u .. l-u .. ) + -Z(u. 1 . l-u. 1 .)+m(u. 1 . l-u. 1 .)] ut . 1,j+ 1,j 1- ,j+ 1-,j 1+ ,j+ 1+,j 

Z (u .. +u .. 1) V 
D[ A 1,] 1,j+] [ ( ) E( ) u Z - .- a u. 1 .-u. . + -Z U •• -u. 1 . x ux 1+,j 1,j 1,j 1-,j 

+ c(u. 1 . l-u .. l)+d(u .. l-u. 1 . 1)]' 1+ ,j+ 1,j+ 1,j+ 1- ,j+ 
(3.1.11) 

The coefficients a,E/2,c and d are the weighting coefficients chosen to 

match the finite-difference analogue of the convective term in equation 

(3.1.1). The coefficients g,e/2 and m are similarly the weighting 

coefficients used to match the finite-difference analogue of the time 

derivative. Consequently, these coefficients are subject to the restrictions, 

a + £+ c + d 
- 1 } 2 (3.1.12) 

g + ! + m= 1 2 
If the initial condition 1S represented by the sum of a number of 
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sinusoidal variations of different frequencies, or by a Fourier series 

in the variable x, and if the boundary conditions are appropriate, the 

super-position principle yields the solution of equation (3.1.1) as 
00 2 2 

u(x,t) = L A e-w ~ Dt sinw~(x-Vt) . (3.1.13) 
w=l w 

In this method, the analysis of the accuracy of the rate of decay of the 

sine wave harmonics which comprise the solution (3.1.13), and its relation 

with the weighting coefficients (3.1.12) is considered. Also, the accuracy 

of the convective propagation of the appropriate sine-wave harmonics is 

considered too. As the analysis is very complicated the author feels it 

is not necessary to elaborate on it here and the attention of the interested 

readers is directed to the original literature. 

Price, Varga and Warren (1966) introduced rather specialised weighting 

factors for the first space derivative analogue: 

'"' I 1 3u. . l-4u. 1 . l+u. 2 . 1 ~ :: _ [1,J+ 1- ,J+ 1- ,J+ 
dX • • 1 2 2~x 

1 ,J+~ 

3u. .-4u. 1 .+u. 2 . 
+ 1,J 1-,J 1- ,J] 

2~x 

(3.1.14) 

while using similar analogues as the CNCD method for the other derivatives. 

They found that this difference analogue greatly reduces the tendency for 

spuriouS" oscillations in the solution, permitting much larger spatial grids 

to be used and an appreciably more efficient solution is obtained. However, 

the introduction of an additional unknown value, u. 2 . 1 leads to a system 
1- ,J+ 

of four unknown variables which required the unusual algorithm for the 

solution of pentadiagonal systems. This more complex solution algorithm 

somewhat offsets the advantages gained with the coarser grid. It is also 

worth noting that the approximation (3.1.14) ca~not be applied at the 

first unknown grid point as a value of u exterior to the boundary would 

be involved. A simple two point backward formula (of first order) is 

normally used instead. 



3.2 THE STABILITY CONDITION FOR SOME FINITE DIFFERENCE TECHNIQUES IN 

SOLVING THE DIFFUSION-CONVECTION EQUATION 

In the solution of the diffusion-convection equation (3.1.1), the 

numerical stability condition is often more stricter than ordinary 
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diffusion equations as the convection velocity V and diffusion constant D 

both affect the stability. For example, an explicit finite difference 

representation 

D/:'t V/:,t 
u; , j' + 1 = u. . + 2 ( u. 1 . - 2 u . . +u. 1 .) - -2 A (u . 1 . -u. 1 .), 
~ ~,j (/:'x) ~- ,j ~,j ~+ ,J ux ~+ ,j ~- ,j 

0.2.1) 

using the Von Neumann's method of analysis of stability as ~n Section 

(2.10), gives the complex amplification factor 

1
2 2D/:,t 2. 

~~ = I~ = [1 + (cos 8/:'x-l) J 
(/:'x) 2 

V/:,t 2 2 
+ (/:,~ )(l-cos 8/:'x) 

(3.2.2) 
which requires the conditions, 

V/:,t D/:,t 1 
~ 1 and 2 ~ 2 (3 . 2 . 3) 

/:'x (/:,x) 

for stability. (S. Biringen, 1981). The restrictions (3.2.3) are tighter 

than restriction (2.9.17) as the two conditions have to be fulfilled. 

Conditions (3.2.3), according to Fromm (1964) are classified as 

R = V/:,x < 2 (conve c ti ve stability) 
c D ... 

d D t.t 1 (diffusive stability) and = ~ 
(/:,x) 2 2 

where R is the cell Reynolds number. 
c 

On the other hand, the fully-implicit scheme 

Vt;,t 
u. . -u. . + -2 --Cu. 1 . l-u. 1 . 1) 
~,j+l ~,J /:'X ~+ ,]+ ~- ,j+ 

= 
D/:,t 

"":;;""':;~2(u. 1 . l-2u .. l+u. 1 . 1) 
(/:,x) ~+ ,J+ ~,j+ ~- ,3+ 

gives the complex amplification factor 
1 

= 
[1+4d2 sin2(S~X)]2 

~F: = I ~ 12 
2 . 2( ) + c s~n .. S/:,x 

0.2.4) 

(3.2.5) 

(3.2.6) 

(3.2.7) 
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. 2 where d=DL\t/(~) and c=VL\t/~. From equation (3.2.7), it is clear that 

the stability condition, which requires that 1~12~1, is unconditionally 

satisfied. In practice, this unconditionally stable implicit scheme 

produces instabilities when the convection velocity V (or R ) is large. 
c 

The 'jump' in the convection velocity V is observed to have a significant 

effect on the stability of the scheme (Biringen, S; 1981). 

siemieniuch and Gladwell (1978) have shown the 'inability' of certain 

stability techniques to control error growth in calculations arising from 

diffusion-convection 

au -
at 

1n the domain O<x<l, 

and 

respectively. 

problems such as 

a
2
u >.au >'>0 = --- , 

ax 
2 ax 

t>O with initial and boundary 

u(x,O) = 0, 

u(O,t) = 1, 

O<x<l 

au 
ax(l,t) = 0 

} 

(3.2.8) 

conditions 

(3.2.9) 

In their concluding remarks they said "we have no explanation for 

the discrepancy between the theoretically derived stability region and 

the computed region". Morton (1980) explains: "Unfortunately most of the 

analysis was based on the so-called matrix method, and an associated 

concept of stability, which is misleading in both theory and practice 

for such problems". He also mentions that the erroneous stability limit 

obtained with the matrix method is often hidden by the 'Gerschgorin 

rescue act'. In order to verify this statement it 1S necessary to inspect 

some of his analysis of stability in greater detail. 

To commence, we write the approximation schemes to equation (3.2.8) 

as follows: 

and 

u .. l-u .. 
1,J+ 1,J 

~t 

2 o u. . 
1,J 

(L\x) 2 

~Ou .. 
- >. 1,] 

(~x) 
(central) (3.2.10) 



u. . 1-u. . 1,J+ 1,J:: 
Llt 

Ll u. . 
- A - 1,J 

(Llx) 
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(upwind) (3.2.11) 

2 
i=1,2, •.. ,M where MLlx=l and the standard notation 0 u .. =u. 1 .-2u .. +u. 1 . 

1,J 1-,J 1,J 1+,J 

LlOu .. =!(u. 1 .-u. 1 .), Ll u .. =u .. -u. 1" The initial and boundary 
1,J 1+,J 1- ,J - 1,J 1,J 1-,J 

conditions (3.2.9) are now written as 

u. 0 = 0, O<i<M } 1, (3.2.12) 
and Uo . = 1, u. 1 . = Ui - 1 ,j ,J 1+ ,J 

Approximations (3.2.10) and (3.2.11) together with the boundary condition 

(3.2.12) in matrix form may be written as 

u. 1 = Eu. + rs -J+ -J 

where in case of (3.2.10), 

1-2r r(l-L) 

r(l+L) 1-2r r(l-L) 
.... .... .... 

.... .... .... 
E = ...... ...... .... 

.... ..... ..... .... .... .... ... 
0 .... ... 

;(l+L) 1-2r 

2r 

with L_ ALlx T 
2 

, ~ =[l+L,O, ... ,O] and 

1-r(2+L
1

) r 

r(1+L
1

) 1-r(2+L
1

) 

E 
... ..... .... 

.... ... 

... 

o 

0 

.... .... 
r(l-L) 

1-2r 

in the 

r ... .... .... 

'" .... ... 

(3.2.13) 

(3.2.14) 

(MxM) 

case of (3.2.11), 

0 
.... (3.2.15) 

.... 

'" .... 

with L1=ALlx, ~T=[l+L1'0,0, ... ,0], ~~+1 = [u1,j+1,U2,j+1""'~-1,j+1' 
Q .. 1]' The analysis of stability by the matrix method (Section 2.9) 
M,J+ 

requires (3.2.16) 

and any choice of matrix norm. As E is an oscillation matrix (Price et 

aI, 1966) with distinct eigenvalues n. and possesses non-singular matrices 
J 
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of eigenvectors S such that 

Thus, for stability, it is necessary and sufficient to calculate the 

eigenvalues of E and ensure that 

max In.l:: 1. 
1 

. 1 
~1~M 

(3.2.17) 

Using (3.2.17) as the basis for stability, and with the help of Gerschgorin's 

bound, Siemieniuch and Gladwell (1978) were able to derive the following 

conditions 

o < r 
{

[l+!(l-L 2)]-1 

~ 2 
1/L for L~l 

for L<l 
(3.2.18) 

for approximation (3.2.10), and 

o < r (3.2.19) 

for approximation (3.2.11). These conditions are too large and particularly 

misleading according to Morton (1980). In explaining this, he used the 

Fourier series method of analysis which requires the amplification factor 

1;(13) to satisfy 
11;(13)1 :: 1 + Ut (3.2.20) 

where K is a constant and independent of 8,6t and 6x. In the case of 

equations (3.2.10) and (3.2.11) 

1;(13) 

1;(13) 

= l-4rsin
2 t 86x - i(A6t/6x)sin 86x 

and . 2 1 -i86X = l-4rs1n 2 S6x -(A6t/6x) (l-e ) 

respectively. Therefore for (3.2.10) 

II;(B)I = (1-4rsin
2 t S6X)2 

:: 1 + 0(6t) , 

2 . 2 
+ A r6t S1n S6x 

(3.2.21) 

(3.2.22) 

(3.2.23) 

in which the first term requires r~! when 86x:rr, and if this is satisfied, 

the second term is O(fit). The upwinding scheme (3.2.11) is a little more 
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complicated and gives, 

1~(8) I =[I-(4r+2A~t/~x)sin2 ~~x]2 +A2r~tsin28~x 
~ I + O(~t) (3.2.24) 

in which r<! is needed for stability. 

These conditions are regarded as the minimal asymptotic stability 

conditions which are required since they are necessary for convergence 1n 

the presence of arbitrary perturbations which are induced by rounding errors. 

We may still have considerable growth of errors for finite ~x and ~t, 

because of the term ~t in (3.2.20). Therefore, it is usually necessary 

to impose a more severe condition by requiring 

I~(s) I ~ 1, (3.2.25) 

which is called 'practical stability' by Richtrnyer and Morton (1967, p.146). 

Analysis of (3.2.23) and (3.2.24) for the two schemes will give the condition 

2 
(A~t/~X) ~ 2r ~ 1 (3.2.26) 

for central scheme (3.2.10) and 

r ~ 1/(2+A~x) (3.2.27) 

for upwinding scheme (3.2.11), (Morton, 1980). It can be noted that 

condition (3.2.26) is similar to (3.2.3). 

Griffith et a1 (1980) explain this phenomena 1n a different manner, 

i.e. the confusion lies as no indication is obtainable about the magnitude 

of EN in (3.2.16) ,for finite N. In other words, when (3.2.17) is satisfied, 

it is possible for the error vector to grow considerably with N before it 

eventually diminishes or is bounded. 
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3.3 SPECIAL EXPLICIT/IMPLICIT FINITE-DIFFERENCE TECHNIQUES 

From equation (3.1.1), we observe that when V is sufficiently large 

the differential equation is not dissimilar to the hyperbolic equation 

au 
at 

au 
= -Vax (3.3.1) 

In this technique (Siemieninch and Gladwell, 1978) the convective term ~s 

treated by hyperbolic equation techniques. This builds a stronger dependence 

on V into the difference replacements of (3.1.1), and is achieved by 

weighting the relative dependence of the diffusive and convective terms 

in the differential equation at the two-levels of the time discretization. 

A low orderfUllY-~mplicit scheme to equation (3.1.1) with upwinding is 

derived 

where 

u. . l-u. . = rD{u. 1 . l-2u. . l+u. 1 . I} 
~,J+ ~,J ~+ ,J+ ~,J+ ~- ,J+ 

T. 
~ 

V/::,t 
- --- {u .. l-u. 1 . I} +/::,t T. 

/::'X ~,J+ ~- ,J+ ~ 

1 a
2ul 1 a

2ul "2 V/::,x -2 - "2 /::,t -2 • 
ax . . at . . 

~,J ~,J 

(3.3.2) 

(3.3.3) 

We observe that the presence of the second order spatial derivative 

term in the truncation error may cause problems of numerical diffusion 

for large V/::'x. It is suggested that to eliminate this term from the 

truncation error by a suitable discretization, i.e., approximating the 
2 

term a ~ in (3.3.3) by central difference approximations at level j and 
ax .. 

~,J 

substituting in (3.3.Z) will give rise to 

V/::,t 
u -u = rD{u. 1 . l-2u. . l+u. 1 . l}- --- {u. . 1-u . 1 . 1 i,j+l i,j ~+ ,j+ ~,J+ ~- ,J+ /:,x ~,J+ ~- ,J+ 

1 
+ -Z(u. 1 .-2u .. +u. 1 .)}+ /::'tcr. , 

~+ oJ ~,J ~- ,J ~ 
(3.3.4) 

where 1 a2
u 

cr. ~ T. + - V/::,x ---2 
~ ~ 2 ax 

i,j 

Therefore, the scheme (3.4.4) is an implicit scheme which ~s second order 

spatially accurate. 
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Another special technique (Siemieniuch and Gladwell, 1978) is to 

consider the explicit type of approximation as in (3.2.11) but with a e 

weighted type of upwinding for the first spatial derivative in (3.1.1) 

at two time levels, i.e. to use the approximation 

au ~ ~{u -u }+ (1-6) { } 
ax l::.x i ,j+l i-I ,j+1 t\x Ui,j -Ui - 1 ,j , 

where O~e~l. Therefore, the approximation (3.2.11) will change to 

(l+reS)u .. 1 - reSu. 1 . 1 = rDu. 1 . +{1-r(2D+(1-e)s)}u .. + 1.,]+ 1.- ,j+ 1.+ ,J 1.,J 

r{D+(l-e)S}u. 1 . + l::.tT. , 1.- ,) 1. 

where S=Vl::.x and 

T ~ - l l::.t{- a
2

u 
i 2 2 at .. 

1.,J 

- 2V~ + ve d u 2 I 3} 
axat i,j ax2at -

2 
.!.. Vl::.x~ 
2 ax2 

i,j 

Scheme (3.3.5), for stability, requires, 

2+8 o < r ~ 2 
4+48 (1-8)+8 (1-26) 

for o~e~!, whilst for !<e~l and O~8~2e:l requires 

2+S o < r ~ 2 
4+4a(1-6)-8 (26-1) 

2 
and for S~2e-l ' r is unrestricted. 

i,j 

(3.3.5) 

(3.3.6) 

(3.3.7) 

0.3.8) 

Although the scheme (3.3.5) has greatly improved stability properties 

over the scheme (3.2.11), it again introduces 'numerical diffusion', which 

is quite significant for large V, in the truncation error term (3.3.6). 

To eliminate this effect a similar approach as before is used, 1..e. re-

writing equation (3.3.5) as 

(l+reS)u .. I-reau. 1 . I = rDu. 1 .+{I-r(2D+(1-e)S}u .. + 1.,)+ 1.- ,J+ 1.+ ,J 1.,) 
1 2 

+r{D+(l-e)B}u'_l • - 2 l::.t~x vd ~ 
1. ,J ax 

i,j 

+l::.t T. 
1. 

(3.3.9) 
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and approximating the second derivatives by central difference to give 

(l+reS)u .. l-reSu. 1 . 1 = r{(D-!S)u. 1 .+[D+(~-e)SJu. 1 .} 
1,J+ 1- ,J+ 1+ ,J 1- ,] 

+{r-r(2D-Se) }u • . + 6t P .• 
1,] 1 

(3.3.10) 

The effect of the cross-derivative in (3.3.6) can also be avoided by 

approximating 

to yield, 

~{u . . 1+u . 1 .-u. 1 . 1-u .. }/~x6t 
1,J+ 1- ,J 1- ,J+ 1,J 

(3.3.11) 

u .. 1 ={1-r(2D+S)}u .. + r{Du. 1 .+(D+S)u. 1 .} +i1tn .. (3.3.12) 
1,J+ 1,J 1+ ,J 1- ,J 1 

T. and n. in (3.3.9) and (3.3.12) respectively are the remainder terms. 
1 1 

From here we see that the equations (3.3.5), (3.3.10) and (3.3.12) 

are all explicit. The equation (3.3.5) is a generalization of the 

explicit low-order upwinding scheme, whereas the equations (3.3.10) and 

(3.3.12) are special schemes which arise after the significant termsin the 

truncation error are taken into account. 
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3.4 THE LAX-WENDROFF TYPE SCHEME 

This scheme emanated from the hyperbolic type of P.D. equation which 

~s represented by 

3u 3F(u) 
at + 3x = 0 , (3.4.1) 

where F is a function of u. 

The Lax-Wendroff approach started from a Taylor series ~n t (Richtmyer 

and Morton, 1967), viz. 

I 
2 

3u + ~ u. . 1 = u. . + llt- 2 
~,J+ ~,J 3t .. 

~,J 

32~1 + ••• 
3t .. 

~ ,J 

The t derivatives indicated are replaced by x-derivatives by means of the 

equation (3.4.1) and the further equation 

3
2u _ 

3t2 -

Therefore, if 

is approximated by 

3 
3t 

3F(u) 
ax 

au = _vau 
3t 3x 

a aF _ 2(aF au) 
ax at = ax au at 

(3.4.2) 

u .. 1 
~ ,J+ . 

v lit v2 
lit 2 

u .. - -2 A(u. 1 .-u. 1 .) + -2 (A) (u. 1 .-2u .. +u. 1 .) 
~,J ux ~+,J ~-,J ux ~+,J ~,J ~-,J 

(3.4.3) 

and the remainder second derivative terms are approximated by the ordinary 

central difference approximation at level j, the approximation to equation 

(3.1.1) can now be written as 

u . - {1-2rD-(sr)2}u .. +r{(D+IS+!S2r )u. 1 .+(D-ls+!S2r )u. 1 .}+ T· i,j+1 - ~,J ~- ,J ~+,J ~ 

where _ S2r 
T. = 
~ 2 

3
2
u lit ;:/u 

-2 2 -2 
3x i,j 3t i,j 

224 
+(D + ~) llx a u 

2 12 ax4 

(3.4.4) 

2 3 
-~~ 

3 _ Bllx ~ 
6 3 6 3 

at i,j ax i,j 

(3.4.5) 

i,j 

The Fourier series analysis of stabIlity shows that the scheme (3.4.3) 
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will be stable if (Siemieniuch and Gladwell, 1976), 

1 o < r ~ ----=---- (3.4.6) 

(1+h+S2) 

with S=V~x. 
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3.5 THE DIFFUSION-CONVECTION EQUATION IN TWO SPACE-DIMENSION 

The diffusion-convection equation in two space dimension 1S given by 

(3.5.1) 

In this discussion it is assumed that ~x=~y=~x. 

One of the possible schemes is to use the explicit type with the 

central difference approximation for the spatial derivatives, namely, 

1 1 
u. . k 1 = u. . k - -2 C (u. 1 . k-u . 1 . k) - -2 C (u. . 1 k-u . . 1 k) 1,J. + 1,J, x 1+ ,J, 1- ,J, Y 1,J+. 1.J-, 

+s(u. 1 . k-2u .. k+u . 1 . k) 1+,], 1,], 1-,], 

+s(u .. 1 k-2u .. k+u .. 1 k) , 1,J+, 1,J, 1,J-, 
2 

where Cx=vl~t/~s, Cy=v2~t/~s, s=a~t/(~s) . 

(3.5.2) 

The stability of equation (3.5.2) may be determined by the application 

of the Fourier series method of analysis, i.e. the error factor is defined 

as 

which when after substitution in (3.5.2) will give 

= 1-2s{2-cosS ~x-cosS ~x}-1-1(C sinS ~s+C sinS ~s). x y x x y y 

The value of I~I is therefore given by the equation 

2 2 
1-4s{2-cosS ~s-cosS ~s}+ 4s {2-cosS ~s-cosS ~s} 

x 'J x Y 
2 . 2 2 C' . C2 . 2 +C S1n S ~s+ C s1nB ~s s1nB ~s+ S1n B ~s . x x xy x y y y 

If we let C ~2s, C ~2s, (3.5.5) becomes 
x y 

2 2 
~ 1-4s{2-cosS ~s-cosS ~s} +45 {2-cosS ~s-cosS ~s} 

x y x Y 

2{ . 2 2 . . . 2 } +45 S1n S ~s + s1nS ~s s1nS ~s + S1n S ~s 
x x y y 

~ 1-4s(1-4s) (2-cosS ~s-coSS ~s) • 
x y 

From (3.5.6) it is clear that 1~1~1 so long as 

1 
5 ~ 7; 

If C =C =C then we require, x y 

(3.5.3) 

(3.5.4) 

(3.5.5) 

(3.5.6) 

(3.5.6) 
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C ~ 2s ~ ~ • (3.5.6) 

Similar to the one-dimensional case, it is also usual to use up-

winding difference approximations to the spatial derivatives in the 

convective terms to give 

u. . k" 1 = u. . k-C (u. . k-u . 1 . k)-C (u. . k-u . . 1 k) L,], + L,], XL,], L- ,], Y L,], L,]-, 

+s(u. 1 . k-2u .. k+u. 1 . k) L+ ,J. L,J, L- ,], 

+s(u .. 1 k-2u .. k+u .. 1 k) • L,]+, L,J, L,J-, 
(3.5.7) 

A similar approach of analysis of stability will give the condition, 

If C =C =C then, 
x y 

4s+C +C ~ 1 
x y 

(2s+C) ~ ~ . 

for stability (3.5.8) 

(3.5.9) 

Conditions (3.5.6) and (3.5.9) if compared to the conditions for the one-

dimensional case i.e. (3.2.26) and (3.2.27) respectively, can be seen to 

be twice as restrictive as in the one-dimensional case. 

A Taylor series expansion of each term of equation (3.5.7) about the 

(i,j,k) grid point will show that the method is consistent to the equation 

(3.5.1) with the truncation error term 
2 2 

0(t.t+(t.x)2) ,dU+ ,dU+ a. -- a. -- • x 2 y 2 
ax ay 

(3.5.l0) 

where 
a.~ !V1M (I-ex) 

} a.' = !v2t.s (l-Gy) 
Y 

(3.5.11) 

As in the one-dimensional case, the accuracy of this method is strongly 

influenced by the false (numerical) diffusion which is introduced by a.' 
x 

and a'. Unless a'«a and a'«a, the presence of this artificial diffusion 
y x y 

may produce an approximate solution u which differs greatly from the true 

solution (B.J. Noye, 1978, p.69). 

On the other hand, either fully or Crank-Nicolson-type implicit methods 



are also possible. The Crank-Nicolson type is given by 

U •• k 1-u , . k = ~t(p .. k l+p · . k) 1,J, + 1,J, 1,J, + 1,J, 

where 

Pi,j,k = 
1 u. 1 . k-u , 1 . k _" 1+,], 1- ,], 1 

- -" 2 2 

u.. k-u " 1 1,J+1, 1,J- ,k 
2 1 2~x 

1 
+-ex 

2 

1 
+-ex 

2 

u. 1 . k-2u . . k+u . 1 . k 1+ ,J, 1,], 1- ,J, 

(~X)2 
u. . 1 k-2u . . k+u . . 1 k 1,J+, 1,J, 1,J-, 

(~y)2 

with the stability guaranteed if 

2(1+2s) > (s+!C )+(s+~C ) +Is-!C 1+ls-!C I . 
y x x y 

(B.J. Noye, 1978, p.75). 

2~x 
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0.5.12) 

0.5.13) 

As the implicit type method involves the solution of a system of 

equations which is usually large and sparse, the iterative methods of 

solution are recommended. 
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3.6 THE FOURTH-ORDER PARABOLIC EQUATION 

The governing equation of the vibration of a thin beam which is 

clamped at its ends and set into vibration, is well known to be a fourth-

order parabolic equation whose non-dimensional form is given by 

2 4 
i...Y.+l...y=O 1 2 4 ,O~x~, t>O 
at ax 

(3.6.1) 

where y=y(x,t) denotes the displacement from the equilibrium position 

at a distance x along the beam from one end at time t. The equation (3.6.1) 

is usually associated with the initial conditions 

and 

y(x,O) = gO(x) 

*(x,O) = gl (x) 
} for O~x~l (3.6.2) 

and with boundary conditions at the end points x=O and 1 of the form, 

and 

y(l,t) = fl(t) 
2 

, ~(l,t) = P1(t) . 
ax 

(3.6.3) 

Various finite-difference replacements have been applied to solve 

the equations (3.6.1)-(3.6.3). Among them are: 

1. 

2. 

3. 

4. 

2 
8 y .. 

t ~,] + 

(lit)2 

4 
8 y .. 

x ~,J 

(lix) 
4 = 0 

due to Collatz (Sau1yev, 1964), Fig. (3.6.la), 

1 9 
Yi ,j+1 = Yi,j-l + S(Yi - 3,j + Yi +3,j)- S(Yi-l,j+Yi+l,j) 

due to Nishimura (1954), Fig. (3.6.1b), 

244 o y.. 0 y .. I <5 y .. 1 
t ~,] + x ~,]+ + x ~,]- = 0 

(lit)2 2(lix)4 2(lix)4 

due to Crandall (1954), Fig. (3.6.lc), 

2 4 4 4 o y .. 8 y .. 1 o y .. 8 y. . 1 
t ~ ,J + x ~,J+ + x ~'i + x ~ ,]-

2 4(liX)4 4 (lix) 
4 

(li t) 2 (lix) 
= 0 

due to Conte, Royster (1956), Fig. (3.6 .ld) , 

(3.6.4) 

lit 13 
-2 =Z
lix 

(3.6.5) 

(3.6.6) 

(3.6.7) 



5. 1 
Yi-1,J·+1 -(2+ -Z)Y. ·+1+Y·+1 ·+1 r ~ ,J ~,J 

1 
= Yi_2,j-2Yi _1,j+2(1- ~)Yi,j-2Yi+1,j+Yi+2,j 

1 r 
-yo 1 . 1+(2 + --2)Y .. 1-Y. 1 . 1 

~- J- ~ J- ~+ J-, r' , 

due to Conte (1957), Fig. (3.6.1e). 
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(3.6.8) 

6. (1+4r2 2 ) 2 ) 2 )y .. 2-8r (y. 1 . l+Y. 1 . 1 +4r (y. 2 .+y. 2 . +2(8r -l)y .. 
~,J+ ~- ,J+ ~+ ,J+ ~- ,J ~+ ,J ~,J 

_8r
2

(y. 1 . l+Y. 1 . lJ+(l+4r
2
)y .. 2 = 0 (3.6.9) 

~- ,J- ~+ ,J- ~,J-

due to Albrecht (Saul'yev, 1964), Fig. (3.6.lf). 

The equations (3.6.4), (3.6.5) and (3.6.9) even though explicit suffer 

from severe restrictions on stability (i.e. r~!), applicable only for one 

particular r and needs five time-levels instead of the standard three time-

level respectively. The implicit equations (3.6.6) and (3.6.7) are 

absolutely stable, but the calculation of each layer requires the solution 

of a system of algebraic equations with a quindiagonal matrix. The implicit 

equation (3.6.8) is very attractive as it involves only the system of tri-

diagonal equations. 

A quite different approach (Richtmyer, 1967, p.27l) is by introducing 

two new variables u and v 

u = 21.. 
at 

such that 

a2 
v=~ (3.6.10) 

ax 

The equation (3.6.1) can now be rewritten as a system of two second order 

parabolic equations: 

au -= 
at 

av -= 
at 

or as a second order 

where 

a
2

v 
- ax2 

a u 
-2 
ax 

system 
2 
aw 

= A--= 
dX

2 

w = 

} (3.6.11) 

and 



i-2 i-I 

2 (2-6r ) 

(a) 

(b) 

. 2 
-(1+3r ) 

(c) 

i ,j+l 

i ,j-l 
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i+l i+2 

j th level 

13 r =-
2 

(j+l) th 

(j-l) 
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Now the system (3.6.11) may be solved by different techniques 

including the Du Fort-Frankel method (Evans, D.J., 1965) and the exp1icit

implicit methods (Fairweather and Gourlay, 1966) and an hopscotch approach 

(Danaee, A., 1980). 
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3.7 NON-LINEAR EQUATIONS 

Until now, we have considered only linear parabolic equations, but 

many of the mathematical formulations of natural processes are non-linear. 

For example the equation of heat conduction 1n a bar is given by 

au a au 
Peat = ax (k ax) , (3.7.1) 

where p,c and k may depend on u (Albasiny, 1956). Also, a boundary layer 

problem concerning the flow, near a semi-infinite flat plate, of a stream 

of incompressible viscous liquid with negative pressure gradient is given 

by a non-linear equation 

au 
at = 

(Mitchell and Thomson, 1958). 

(3.7.2) 

A general definition of a non-linear parabolic p.d.e. is given by 

Friedman (1964, p.78) who states that 
2 

au au a u 
F(x,t,u'a-'a-'---2) = 0 , 

x t ax 
(3.7.3) 

is a non-linear parabolic equation in some domain D with respect to a 

solution u(x,t) if 

b (x, t) 
aF is strictly negative in D 

and c(x, t) 

- a(au/at) 

aF _ is strictly positive 1n D, 
a(a 2u/ax

2
) 

the argument of F being 

au(x,t) 
(x,t,u(x,t), ax 

au(x, t) 
at 

2 
a u(x,t» 

2 
ax 

Based on this definition, the general non-linear parabolic equation 

can also be written either in the form 

a
2

u au au 
---2 = f(x,t,u'ax'at) 
ax 

(3.7.4) 

h af b 0 for real b were a(au/at) ~ > , 

or in the form, 



123 

2 au au a u 
-- = g(x,t,u'~'---2) 
at oX ax 

(3.7.5) 

where 
ag 

~ 
a (a2u/ax2) 

a > 0 for real a. 

Condition (3.7.4) and (3.7.5) are important as they ensure that each 

representation is properly posed, i.e. physically stable. 

Finite Difference Approximations 

There is a certain amount of work which has been devoted to the 

solution of parabolic non-linear equations by the method of finite 

difference approximation. This is due to the fact that many of the methods 

and proofs, based on linear equations with constant coefficient carryover 

directly to non-linear equations. However, in this case both the numerical 

process and the analysis of stability and convergence becomes more 

complicated (Ames, 1977, p.73). In practice, usually a very specialised 

form of non-linear equation is considered rather than the more general 

form (3.7.3). For example Richtmyer and Morton (1967, p.20l) considered 

the non-linear problem of the form 

~ = 
at 

a2
u

n 

ax
2 (3.7.6) 

with n=5 and Douglas (1956) considered the quasi-linear parabolic equation 

2 
a u = F(x t u)~ ---2 " at 
ax 

+ G(x,t,u) , (3.7.7) 

In a way, this specialised approach probably relaxes the complications or 

difficulties which may arise in the analysis of convergence and stability. 

For non-linear problems, stability depends not only on the form of the 

finite difference system but also generally upon the solution being obtained. 

The system may be stable for some values of t and not for others. In 

practice, in the case of conditionally stable difference approximations 



124 

it is necessary to monitor the stability by checking the stability condition 

and to alter ~t in order to restore the stability. 

Here we will investigate briefly some explicit and implicit methods 

and the convergence and stability requirements for them. The general 

6-weighted formula corresponding to (3.7.5) is 

u .. 1 = u .. +~t.g(i~[j+(1-6)]~t, 
~,J+ ~,J 

2 
{u. 1 . -u. 1 .} 0 u. . 

6( ~+,J ~- ,] x ~,J) 
2~ (~x)2 

{u. 1 . l-u. 1 . I} (1-6) ( ~+ ,]+ ~- ,]+ 
2~x 

[eu .. +(l-e)u .. 1]' 
~,J ~,]+ 

2 o u .• 1 
x~,J;») 
(~x) 

(3.7.8) 

For e=l equation (3.7.8) becomes an explicit scheme, whilst for e=o it 

becomes fully implicit and e=~ is the Crank-Nicolson scheme. 

Alternatively, for equation (3.7.4), the 6-formu1ae ~s 

122 
---=-2 [e4 u .. l+(l-e)~ u .. ] = f(i~x, [j+(l-e)jf.t, eu .. +(1-e)u .. l' 
(~x) x ~,J+ x ~,J ~,] ~,]+ 

[ e ( u i + 1, j -u i -1, j) + (1-8 )( u i + 1, j + 1 -u i-I, j + 1) 1 ]) 
2~ x 2~ x ], t;t [U i ,j + 1 -u i , j . 

(3.7.9) 

It is proved in Ames (1977, p.74) that equation (3.7.8) is convergent and 

s table for 6 =1 if 

and 

where 

and 

I~I I au 
+ 

~x ~ 2a/c 

I-cAt 
o < r ~ 2c 

} 

I ag I 
a (au/ax) + ~g 2 < c. 

a (a u/ax ) , 

(3.7.10) 

Rose (1956) demonstrates the convergence of equation (3.7.9) under the 

assumption that 

where af/a(au/athb>O. 

~t b r=--<-
2' 2e 

~x 

(3.7.11) 

2 
Both equations have an error term of 0(A t+(Ax) ). 
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The three time-level method of Du-Fort Frankel (1953) for 0.7.5) 

is given by 

o u .. 
t 1,J 
2~t 

= 
{u. . l+u . . I} 

( '" 'At 1,]+ 1,J-g 1oX,Jo , 2 
o u •.. 
x 1,J 
2~x 

{u. 1 . -u. . 1-u . . l+u . 1 .} 1+,J 1,J- 1,J+ 1- ,J ) 

(~x)2 
0.7.12) 

Another three time-level scheme was given by Lees (1966) who considered 

the self-adjoint form 

b(u)au 
at 

and approximated by 
°t(u .. ) 

b ( ) 1,J = 
Ui,j 2~t 

to give 

(a(u»O,b(u»O) 

1 2 
----''-::-2 0 (a(u .. )0 )u .. 
(ilx) x 1,] X 1,] 

b(u .. ) (u . . 1-u . . 1) = 2r[a(u. l .) (u. 1 .-u . . )-1,J 1,]+ 1,]- 1+2,] 1+ ,J. 1,] 

- a ( u . I • ) (u. . -u . 1 .)]. 
1-2,J 1,J 1-,J 

(3.7.13) 

0.7.14) 

0.7.15 ) 

In order to avoid instability, u. 1 .,u . . and u. 1 . are replaced by 
1+,J 1,J 1- ,J 

1 
-3(u. 1 . l+u . 1 .+u. 1 . 1) 1+ ,J+ 1+,J 1+ ,J-

1 
-3(u. . +u .. +u ) 

1,J+1 1,J i,j-l 

1 ( + + ) -3 u. 1 . 1 u. 1 . u. 1 . 1 1- ,J+ 1-,J 1- ,J-

respectively. Also, a(u. 1 .) and a(u. I .) are replaced 
1+2,J 1-2,J 

U • • +u. 1 . 
and a( 1,J 21- ,J) respectively. Therefore equation (3.7.15) leads to a 

three time-level equation, i.e., 

where 

2 
b(u . . )(u . . l-u .. ) = -3 r[a1{(u. 1 . l-u .. l)+(u. 1 .-u . . ) 1,J 1,J+ 1,J 1+ ,J+ 1,J+ 1+,J 1,J 

+(u. l' l-u . . 1)}-a2{(u .. 1-u . 1 . l)+(u .. -u. 1 .) 
1. +,;]- 1 , J - 1 , J + 1 - ,] + 1 , J 1 - ,] 

+(u . . 1-u . 1 . I)}]' 1,J- 1- ,J-
u. 1 .+u •. 

a
1 

= a( 1+'~ 1,J) and 
U • • +u. 1 . 

a( 1,J 1- ,J) 
2 

(3.7.16) 
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Equations (3.7.16) was proved to be convergent with the error term of 

2 2 order «~x) +(~t». Equation (3.7.6) is included in the class of 

equation (3.7.13) as it is written as 

au 
= at 

a ( n-1 au) 
ax nu ax· 0.7.17) 

There are two main difficulties 1n regard to the above approximation 

schemes. We observe that if we use the explicit method for a problem of 

type (3.7.4) and (3.7.5), i.e. in the case 8=1, they are quite easy to 

solve, but suffers from disadvantages on the time step chosen to maintain 

stability such as condition (3.7.11). This limitation can be avoided by 

using an implicit method, i.e. 8=! or 8=1. But, in this case we normally 

end up with a non-linear system of equations to solve, and depending on f 

or g in (3.7.4) or (3.7.5) respectively, the algebraic problem of finding 

the solution may become difficult and normally one needs to use an iteration 

technique to evaluate the solution. However, 1n some cases a linearization 

technique is also possible. 

One approach which is called the linearization of the difference scheme 

(Richtmyer, 1967, p.201) is normally used in the case of problems containing 

terms such as un (such as equation (3.7.6» where 

n n n-l (u .. 1) :::: (u .. ) + neue .) 
1.,J+ 1.,] 1.,] 

where 

v .. 1 
1. ,J + 

we approximate 

(3.7.18) 

(3.7.19) 

After this the remaining system is linear in v .. 1 and u .. 1 1S easily 1,]+ 1,]+ 

obtained from (3.7.19). 

To illustrate the non-linearity of the system of equations from the 

implicit method more clearly, equation (3.7.4) is written 1n quasi1inear 

2 
a u + f ( ) au ( ) ~ x,t,u -- + g x,t,u = 
ax ax 

form as au 
p(x, t,u)at" (3.7.20) 
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When the Crank-Nicolson concept is applied, i.e. 8=! for (3.7.9), the 

finite difference algorithm assumes the form 

121 
-~-=-2 0 Cu. . l+u. .] + 4A f [i6x, (j+D6t, Hu. . l+u . .)] 0 (u. . l+u . .) 
2(6x) x 1,J+ 1,J oX 1,J+ 1,J x 1.J+ 1.J 

+g[i6x.(j+D6t.Hu .. l+u .. )]= p[i6x.(j+D6t.Hu .. l+u .. )] 
1,J+ 1,] 1.J+ 1.J 

(u. . 1-u. .) 1.J+ 1,] 
6t 

(3.7.21) 

which after some simplification leads to the non-linear equations 

r 6t r 6t 
-(-2 - -4A f .. l)u. 1 . l+(P .. l+r )u .. 1-(-2 + 4AX f .. l)u. 1 . 1 uX 1.J+ 1- .J+ 1.J+ 1.J+ 0 1.J+ 1+ .J+ 

6t r 
- -4A (u. 1 .-u. 1 .)f. . 1-u .. p .. I-Mg .. 1 = -2(u. 1 .-2u .. + oX 1+.J 1-.J 1.J+ 1.J 1,J+ 1,J+ 1-.J 1.J 

+u. 1 .), (3. 7 . 22) 
1+ .J 

where. f. . 1 = f(i6x. (j+D6t.! (u .. l+u .. » 
1.J+ 1.J+ 1.J 

and 

g1·.J·+l = g(i6x.(j+~Mt.Hu .. l+u .. » 1,]+ 1,] 

P1.,J·+1 = p(i6x.(j+!)6t.~(u .. l+u .. », i=1.2, ...• N-l. 1,]+ 1,] 

(3.7.23) 

If we assume that the initial condition is given and the boundary 

conditions are homogeneous Dirichlet form. the non-linear equations (3.7.22) 

can be written in matrix form as. 

(PI . l+r) .J+ 

( r 6t f ) ( + ) - 2 - 46x 2,j+1 P2,j+1 r 

o 

r 6t -(- + --- f ) 
2 46x 2.j+l o 

... x 
..... ... " .... .... 

" 
(r + 6t f ) 
2 46x N-2.j+l 

( r ~ f ) ( + ) - 2 - 46x N-l.j+l PN-l.j+l r 



I 

~-2,j+l 

~-l,j+l 

-2 

1 , , 
r -2 

1 

-2 , , , , 

t 
4A (u2 .-uO .)f l . l+ul .Pl . l+fltgl . 1 

uX ,J ,J ,J+ ,J,J+ ,J+ 
flt 
4• (u3 .-ul .)f2 . 1+u2 .P2 . 1+fltg2 . 1 

uX , J ,J ,J + ,J, J + ,J + 
I I 

I 
I 

I 

fl t I 

4• (Q- 1 .-u 3 .)f 3· +u .p . +flt~_ . 
uX N-,J N-,J N- ,J+l N-2,J N-2,J+l -N-2,J+l 

H 
---4. (u .-u 3 .)f . l+Q- .p . +fltg . 

uX N,J N-,J N-l,J+ N-l,J N-l,J+l N-l,J+l 

r flt r 

= 

u
l 

. 
,J 

(- - ---f )u +=-u 
2 4flx l,j+l O,j+l 2 O,j 

1 u2 . ° , 
0 ,J I , 

I I , , 
I , , , I 

"- , , + 
, , 

0 
, , 

I , , , 
I I , 

1 -2 1 
U N- 2,j ° 
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r flt r 
1 -2 ~-l,j (- + 4fl f . 1) ~. 7 . 2 x N-l, J + ,J + 1 N ,J 

(3.7.24) 

The system (3.7.24) is normally solved by an iterative method which will 

be discussed later in this chapter. 

One special point we can observe from the equations (3.7.24) is that 

it can be made linear if the elements of the coefficient matrix in the left-

hand side of the equations are independent of u .. 1. In doing so, we use 
~ ,J+ 

f.,g. and p. instead of f. l,g. 1 and p. 1 respectively, where, 
J J J J+ J+ J+ 

f .. = f(iflx,(j+!)flt,u .. ) 
~,J ~,J 

g .. = g(iflx,(j+!)flt,u .. ) 
~,J ~,J 

p. . = p (iflx, (j + D fl t , u. .) 
~,J ~,J 

which results in a system of linear equations which can be more easily 

solved. The convergence proof remains valid under this modification, 

(Douglas, 1956). 



An example of a non-linear problem in the class of 

can be approximated linearly as above is given by the WE 

equation, a2
u 

ax2 = 
au au 
- + u-:-at ax (3.7.25 ) 

which was derived as a mathematical model of turbulence, (Burger, 1949). 

Another technique that is worthy of mention and extensively used in 

the numerical solution of ordinary differential equations (see Lambert, 

1978 or Fox 1962) and extendible to the numerical solution of non-linear 

p.d.e.'s is the predictor-corrector method. As an example assume the 

linear version of (3.7.24) as the predictor formula and the non-linear one 

of (3.7.24) as the corrector with the solutions from the predictor becoming 

input to the corrector formula. 
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3.8 ITERATIVE SOLUTION TECHNIQUES 

With the application of finite-difference methods or finite 

element methods to the solution of p.d.e's one might expect one of the 

following fundamental situations: 

1. In most non-linear problems, either explicit or implicit schemes 

result 1n a non-linear or a system of non-linear equations to solve. 

2. In the case of a linear p.d.e., an implicit finite-difference technique 

usually leads to a large sparse system of linear equations where 

highly efficient algorithms are provided by iterative techniques. 

We shall study both situations in this chapter. Basically in both 

situations some iterative methods are necessary. Any iterative method 

consists of three parts as follows: 

(I) an initial estimate (guess) of the solution; 

(2) a formula for updating the approximate solution; 

(3) a 'fail-safe' procedure for stopping the updating process. 

In this section, we will consider the first situation, 1.e. iterative 

methods for determining the zeros of the equation, 

!(x) = 0 , (3.8.1) 

where f and x are vectors of the same dimension N. For N=l, we have a 

single equation and for N>l, (3.8.1) a system of N equations. 

Functional Iteration: To discuss this method, we assume N=l. In this 

method, equation (3.8.1) is written as 

where the equation 

x m+1 q(x}, m=O,l, •.• 
m 

x = g(x} , 

(3.8.2) 

(3.8.3) 

has the same solution as equation (3.8.l), that is x=a for instance. 

Norma11y~ for any f, there are a few possible forms for g to be defined 
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to form the iteration (3.8.2), but not all of those will converge to 

the root a. The following theorem, i.e. the contraction mapping theorem 

is necessary in order to determine the function g that will converge. 

Theorem 3.1 

Let g(x) satisfy the Lipschitz condition 

I g(x)-g(x') I ~ A lx-x' I , {3.8.4) 

for all values x,x' in the closed interval I=[xO-p, xO+p], where the 

Lipschitz constant A, satisfies O~A~l, and let the initial estimate Xo 

be such that, (3.8.5) 

Then, 

(i) all the iterates x , defined by (2.16.3), lie within the interval 
m 

I, i.e. x -p < x ~ xO+p • o ... m {3.8.6) 

(ii) (Existence) the iterates x. 
l. 

converge to some point, say 

lim (in fact Ix -al 
m x = a ~ A p) m m 

~ 

which is a root of {3.8.3), and 

(iii) (Uniqueness) a is the only root in [xO-P'xO+p]. 

For proof see E. Isaacson and H.B. Keller, 1966, p.86. 

Corollary 

If Ig'(x)I~A<l for Ix-xol~p and (3.8.5) is satisfied, then the 

conclusion of Theorem 3.1 is valid. 

Proof 

The mean value theorem implies g(x
l
)-g(x

2
)=g' U;) (x

l
-x

2
), where ~ .. 

may serve as the Lipschitz constant in (3.8.4).' 
I r-
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Convergence Criterion 

Definition 3.8.1 

Let xO,xl ' ••. be a sequence which converges to a, and £m=xm-a. 

If there exists a number 0 and a constant c~O such that, 

I£m+l l 
lim 1£ 10 = c , 
~ m 

0.8.7) 

the 0 is called the order of convergence of the sequence and c the 

asymptotic error constant. For 0=1,2,3 the convergence is said to be 

linear, quadratic and cubic respectively. 

Newton-Raphson Method 

The method starts by expanding by Taylor's 

(x-x )2 

series f(x)=O about x 
m 

f(x) = f(x )+(x-x )f' (x ) + _~m_ f"(~) , 
m m m 2! 

to give 0.8.8) 

~ E(xo'x) by the mean value theorem. By neglecting the quadratic term, 

and rewriting the equation in iterative form, i.e. x=x l' we have m+ 

f'(x )(x I-x )+f(x ) ~ f(x) = 0, m=O,l, •.. 
m m+ m m 

Thus, the Newton-Raphson method is defined by 

~.e. 

f(x ) 
m x = x m+l m f' (x ) 

<5 
m 

m 
= x + <5 , 

m m 
m=0,1,2, ••. 

= 
f(x ) 

m 
f' (x ) 

m 

Comparison with (3.8.2) gives the iteration function 

g(x) = x 
m m 

f (x') 
m 

f' (x ) 
m 

For the convergence of the method, we define 

and from (3.8.8) 

£ = X -x 
m m 

0.8.9) 

0.8.10) 

0.8.11) 



f 

I 
I 
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__ ~~~~ __________ ~ __ ~~ __ ~L-__ ~I ________________ ~ x 

~: 
I 

x-x m+1 

Thus, we have 

and as x -+x, 
m 

b b
1 

FIGURE (3.8.1) 

f(x) (x-x )2f ,,(0 
= f'(~ ) + (x-xm) = -! f~(x) 

m m 

2 f" (0 
~ £m f' (x ) 

m 
(3.8.12) 

Since £ 1 is approximately proportional to the square of £ , the Newton-
~ m 

Raphson method is said to be quadratically convergent or to be of second 

order (Atkinson, 1978, p.54). 

However, for the convergence of the above-mentioned method, a good 

initial estimate must be provided. This is indicated by the following 

theorem. 

Theorem 3.2 

Suppose that f'(x)#O and f"(x) does not change sign 1n the interval 



[a,b], and that f(a).f(b)<O. Then, if 

I f (a) I 
f' (a) < b-a and If(b) I < b-a, 

f' (b) 

the Newton-Raphson method converges from an arbitrary initial approxi-

mation xOE[a,b]. 

This theorem is described by Figure (3.8.1). While the iteration 

procedure converges from any point xOE[a,b] it may also diverge from 

134 

some points xOE[al,b
l
]. This is actually a serious drawback of the method. 

For the system of non-linear equations, we consider the Taylor's 

equation in N dimensions, i.e., 

(3.8.13) 

where x is the iterate vector, f'(x ) is the Jacobian matrix with elements -m -m 

f! . (x) = 
~,J -

af.(x) 
~ -

ax. 
J 

, l~i,j~N (3.8.14) 

Neglecting the remainder part of (3.8.13) leads to the Newton-Raphson 

method in N dimension, ~.e. , 

x = x + 0 } -m+l -m -m (3.8.15) 
where f' (x ) 0 = f(x ) , - -m-m - -m 

which is a linear system of equation for x and if f'(x ) is non--m+l - -m 

singular, this system can be solved by a direct method. However if 

f'(x) is a large sparse matrix an indirect or iterative method is more 
- -m 

suitable. 

Inspite of the rapid convergence, each step of the solution of 

(3.8.15) requires the recalculation of N
2 entries of the (NxN) matrix 

f'(x) and also the solution of a set of N linear equations. Therefore, 
- -m 

the Newton-Raphson method is rather expensive from the viewpoint of 

the computational work. One may reduce the amount of work by only 



th evaluating !'(~) occasionally and not at every step (e.g. every 5 

step) . 

Algorithmic Considerations 

In using the equation (3.8.15), the following procedure may be 

followed: 

1. Calculate f(x ) and f'(x ), 
--m --m 

2. Solve for 0 from f'(x)o = f(x ) 
-m - -m-m --m 

3. Evaluate x 1 from x 1 = x +0 
-m+ -m+ -m -m 

4. Calculate f(x 1)' 
- -m+ 

These cases can now arise: 

(a) if 11!(~+1) 11« II!(~) II, we continue with the same Jacobian, 

(b) if 11!(~+1) II < II!(~) II go to step 1 

(c) if I l_f(~+l)1 1>1 l_f(~)1 I, take x* =x -A w where w =x -x is 
lU 1U -m+ 1 -m m-m -m -m+ 1 -m 
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1 found by solving the linear system (3.8.15), and A = -- , m=O,l, ... , 
m 2m 

until a reduction in I 1!(~+1)1 I is obtained (J. Walsh, 1976). 

This method which involves a parameter A is called the "damped 
m 

Newton method" (where A can also be chosen to be l/lOm). 
m 

As the calculation of the Jacobian matrix is either impossible 

or expensive for some non-linear systems, the functional iteration 

method which does not use the Jacobian matrix at all, or replaces the 

Jacobian matrix by some approximation to it is recommended. One such 

method is the secant method which will be discussed below. 

The Secant Method 

The secant method can be derived from the Newton-Raphson method if 

we approximate f'(x ) by the difference quotient 
m 

f'(x) ::: 
m 

f(x )-f(x 1) m m-
x -x m m-l 

(3.8.16) 
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which then leads to the following method. 

Given initial approximations Xo and xl' the sequence x
2
,x

3
' •.• 

is computed recursively, i.e., 

where 

= x + IS 
m m 

o = -f(x ) 
m m 

m m-l ~ -x j , f(x )#f(x 1). m m-
(3.8.17) 

In this case the iteration function is g(x )=x +0 • As the values at 
m m m 

two points, i.e. x 1 and x are required in order to get x l' this m- m m+ 

method is one of a type called two-point iteration formula. 

The choice between the secant method and the Newton-Raphson method 

depends on the amount of work required to compute f'ex). Suppose the 

amount of work to compute fl(x) is e times the amount of work to compute 

a value of f(x), then if 6>0.44, the use of the secant method is recommended 

otherwise use Newton-Raphson's method (Dahlquist, 1974, p.228). 

For a system of non-linear equations, if we let 

~ = f(x l)-f(x) , 
u. - -m+ -m (3.8.19) 

then from (3.8.13) with the error term neglected, we obtain the system 

where B 
m 

B 0 = y m+ l-m -'-1!l' 

~s the approximation to f' (x ) 
- -m 

and is given by 

B = B -m+l m 

T 
(B 0 -y )q 

m-m --m 4Il T , q 0 #0 , 
--m-m 

(3.8.20) 

(3.8.21) 

with Q chosen arbitrarily for example q =0. This method ~s also 
4Il 4Il -m 

called the Barnes Secant method, (Wait, 1979, p.119). 
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3.9 ITERATIVE METHODS FOR LINEAR EQUATION 

Iterative methods of solution are of importance because practical 

problems invariably lead to large sparse matrices which are highly 

structured and iterative methods can make good use of these properties 

to provide highly efficient algorithms. 

The majority of iterative methods for linear systems are stationary 

linear itePation methods: that is they can be written as 

X(m+l) = Mx(m) I + c , m=O, , ... (3.9.1) 

where M is a constant matrix and c ~s a constant vector. For later purposes 

we define the matrices D,L and U such that the linear system: B~=~, 

B={b. . } and the matrices 
~,J 

D = diag(b .. ) 
~~ 

(diagonal) , 

t:ij 
i>j 

L = 
id 

(strictly lower triangular) 
(3.9.2) 

and t:ij 
i<j 

U = 
i~j 

(strictly upper triangular) 

is related by B=D-L-U. 

Jacobi Method 

The (point) Jacobi Method which is also known as the method of 

simultaneous displacements is the simplest of all iterative technqiues. 

This method can be written as 

or 

Dx(m+l) 

(m+l) 
x. 

1 

= (L+U)X(m) + ~ 
N 

= 2 b. .x. + g. 
j;&i ~ oJ J ~ 

j=l 
b. . 
~,~ 

Then by taking the limit of (3.9.4) i.e. lim 
m-+<o 

(3.9.3) 

(3.9.4) 

, i=I,2, ... ,N. 

(m+l) 
~ =~, it can be shown 

that u is a solution of the original equation (3.9.1). Inspite of its 

simplicity, it is seldom used as it is very slow to converge. 
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Gauss-Seidel Method 

(m+l) In the Jacobi Method, one does not use the new values x. until 
~ 

every component of the vector x has been evaluated. In the Gauss Seidel 

(m+l) 
method, the recently calculated values of xr ' r=I,2, .•. ,i-l, are used 

. (m+l) 
in evaluat~ng x. . This method can be written in matrix form as 

~ 

(D_L)~(m+l) = Ux(m) + £ (3.9.5) 

or 

i.e. 

b .. x~m+l) = 
~,~ ~ 

i-I 
L 

j=l 
b .. x~m+l) -
~,J J 

i-I N 
L b .. x~m+l) - L 

N (m) L b •. x. + g. 
j=i+l ~,J J ~ 

(m) 
b .• x. + g. 

() ~,J J m+l j=l j=i+l 
x. = --.-------------~--~-~~~-------------

~,J J ~ 

~ b .. 
~,~ 

(3.9.6) 

Here, as the values of x. are successively updated and overwritten, ~.e. 
~ 

only one approximation for each x. needs to be stored at a time, thus 
~ 

saving vital computer memory, therefore the method ~s also called a 

successive displacement method. In both cases, it ~s assumed that b . . FO. 
~,~ 

Point Successive Over- or Under-Relaxation Method 

This method is closely related to the point Gauss-Seidel iterative 

method. We define ~(m) from (3.9.6) i.e. 

b .. 
~.(m+l)- i-I (m+l) N (m) 
x = - L b .. x. I b .. x. + g. , l~i~N. (3.9.7) 

~,~ k j=l k,J J j=i+l ~,J J ~ 

(m+l) f The actual components x. 0 this method are then defined from 
~ 

x~m+l) = x~m) + w{~~m+l) _ x~m)} 
~ ~ ~ 1 (3.9.8) 

= (l-w)x~m) + w~~m+l) 
~ ~ 

The quantity w is called the relaxation factor with for the ranges O~w<2 

«1) correspond to overrelaxation (underrelaxation), respectively. A 

comparison of (3.9.7) and (3.9.8) gives the system as a single equation, 

i.e. , 
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{ 

i-I N W ~1) ~ b •. x. +00 - I b .. x. - I b .. x. + 
~,~ ~ . 1 ~,J ] .. 1 ~,J ] J= J=~+ 

g.-h .. X~m)} 
~ ~,~ ~ 

(3.9.9) 

in which the auxiliary iterates ~. do not appear. In matrix notation, 
~ 

this can be written as 

(m+l) (m) 
(D-wL)~ = {(l-w)D+wU}~ + w~ , (3.9.10) 

and as (D-wL) is non-singular for any choice of 00, then 

(m+l) -1 -1 -1 (m) -1 -1-1 
x = {I-w(D L)} {(l-w)I+wD U}~ +w(I-wD L) D ~ 

-1 (m) -1 -1 
= (I-wL l ) {(l-w)I+wUl}X +00 (I-wLl ) D £ (3.9.11) 

with Ll=D-lL and Ul=D-lU. 

In all the three methods above, the iteration matrix M ~s given by, 

-1 
M

J 
= D (L+U) , 

-1 
MGS = (D-L) U, 

(3.9.12) 

(3.9.13) 

-1 
and MSOR = (I-wLl ) {(l-w)I+wUl } respectively. (3.9.14) 

If we define e(n) as the error in the nth approximation to the exact 

solution~, i.e. 

(n) (n) 
e = x-x (3.9.15) 

hence, it follows by the subtraction of equation (3.9.1) from equation 

x = Mx + c 

we obtain e(n+l) = Me(n) 

Therefore, using (3.9.17) successively we obtain 

e(n) = Me(n-l) = M2e(n-2) = .•. =Mne(O) • 

(3.9.16) 

(3.9.17) 

(3.9.18) 

(1) (2) (n) 
The sequence of iterative values ~ ,~ '."'~ ,will converge to x 

as n tends to infinity if 

lim (n) 
e = 0 . 

n-;.oo 

Thus, it follows from (3.9.18) that the iteration will converge if and 

only if lim M
n 

= 0 . 
~ 

(3.9.19) 
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Now let Al ,A 2, .•• ,AN denote the eigenvalues of M with the corresponding 

linearly independent eigenvectors v , s=l(l)N. Therefore, the components 
-s 

of the initial vector 
(0) 
~ . may be represented by 

and hence 

N 
(0) 

e = L c v 

e 
(n) 

s=l s-s 

N 
= L c Anv 

s=l s S-S 
(3.9.20) 

From equation (3.9.20), we indicate that the iteration (3.9.1) is convergent 

if IA.I<l, i=1,2, .•• ,N. Therefore the following theorem now can be 
~ 

established. 

Theorem 3.3 

A necessary and sufficient condition for a stationary iterative method 

(3.9.1) to converge from an arbitrary ini dal approximation is 

p (M) = max I A. (M) I < 1 , 
l~i~N 

~ 

where p ( ) denotes the spectral radius. 

From (3.9.4) the matrix M
J 

is defined to have the elements 

m •• 
~,J 

Thus, 

lb. ·1 
= - I b ~,J I ' if: j and b. .:/:O • . . ~,~ 

~,~ 

N 

L 
j=l 
j:/:i 

-b .. 
~,J 

b .. 
~,l. 

that 

(3.9.21) 

(3.9.22) 

Therefore from (3.9.22) if the matrix B of (3.9.2) is strictly diagonally 

dominant, the Jacobi method is convergent. 

For the Gauss-Seidel, we apply the subordinate matrix norm, namely, 

= max (3.9.23) 
x:/:O 

From (3.9.6), 



where 
i-I 
I s. 

~ j=l 

Therefore we have, 

i.e. 

which results ~n 

= sill~(m+1) 11+ rill!.(m) II+g
i 

~ si 11!.(m+1) II+ri 11~(m) II, 

lb .. 1 N lb. ·1 
~,] I ~,J r. = 

lb. ·1 
~ j=i+1 lb. ·1 

~,~ ~,~ 

and 
A 
g. 
~ 

= 

r. 
~ 

II!. (m+ 1) II 

II!. (m) " 
= max (l-s.) 

l~i~N ~ 
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(3.9.24) 

Ig·1 
~ 

Ibi ,i 1 

(3.9.25) 

From equation (3.9.25) it follows that the Gauss-Seidel iteration ~s also 

convergent when A is strictly diagonally dominant. 

In the case of the S.O.R. method with the iteration matrix defined by 

(3.9.14), the following theorem is established. 

Theorem 3.4 

For the S.O.R. iteration matrix (3.9.14) we have 

(3.9.26) 

So the method can only converge for O<w<2. 

Proof 

Since the determinant of a triangular matrix is the product of its 

-1 
diagonal elements and (I-wL

1
) and [(I-w)I+wU

1
] are both triangular 

matrices, hence we obtain 

-1 
= det(I-wL

1
) det[(1-w)I+wU

1
] 

N = (l-w) • 
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On the other hand, if the eigenvalues of MSOR are denoted by A
l

,A 2, ••. ,AN, 

then det(MSOR)=Al,A2, ..• ,AN. Therefore, from both expressions for 

det(M
SOR

) it follows that 

max 
i 

I A. I >; Il-w I , 0<w<2. 
1 

Theorem 3.5 

Let A be a symmetric matrix with positive diagonal elements. Then, 

the S.O.R. method converges if and only if A is positive definite and 0<w<2. 

For proof, see Young, D.M., 1971, p.113. 

As it is often impractical to find the eigenvalues of B, and therefore 

Theorem 3.3 for convergence is difficult to apply. Instead one can apply 

the following property of the norm-inequality on (3.9.18) and obtain, 

1I~(n)1I ~ "Mlln"~(o),,. (3.9.27) 

Then, the sufficient condition for convergence now becomes I IMI 1<1, for 

some consistent matrix-norm. 
n 

An estimate for the error in x can be found 

by using the relation, 

n n n-l n 
x -x = -M (~-~ ) + M (~-~) , (3.9.28) 

If the norm of M is denoted by S<l, then (3.9.28) becomes 

lI~n_~1I ~ l~slI~n-~n-l" • (3.9.29) 

We note that (3.9.29) is a rough estimate for checking the error but 

one should also consider the effect of round-off errors in the iterative 

process. 

The rate of convergence of the iterative method is measured by the 

asymptotia rate of aonvergenae which is defined by 

R = -loglO(p(M». (3.9.30) 

Some Conclusive Points 

1. In the finite-difference and finite element approximations of partial 

differential equations, we frequently have positive matrices. 



2. In practice w usually lies between 1 and 2. 

3. The optimum w denoted by w for the maximum rate of convergence 
opt 

is given by (Young, D.M., 1971, p.169) 

2 
w = 
opt 

l+h-/ 
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where ~ is the spectral radius of the Jacobi iteration matrix D-1 (L+U) 

associated with matrix B. 

4. The methods which we have discussed so far are point iterative methods. 

There are also some iteration techniques which correspond to the 

evaluation of a group of points simultaneously. These methods are 

called block iterative methods. 
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3.10 FINITE ELEMENT - AN INTRODUCTION 

Since the work in this thesis is- not mainly on this field of 

method, the description in this section will be brief and will concentrate 

only on those aspects that are connected with the author's work in Chapter 

8. Firstly, we assume the given p.d.e. as 

L(u) = 0 , (3.10.1) 

where L is some operator. Now a solution is sought within some domain 

D subject to given appropriate conditions on S the boundary of D. An 

approximate solution, defined by 
n 

v = L N.(x,t).v. 
j=l J J 

(3.10.2) 

is introduced where v. are the nodal values of v which are the unknowns 
J 

and N.(x,t) are functions of x and t and are referred to as (global) 
J 

shape functions and n is the element number. 

In a finite element representation, we divide the domain or region 

of interest into a series of sub-domains, SUb-regions or elements. In 

the case of parabolic p.d.e.'s as the domain or region of interest LS 

always rectangular (open-sided), our concentration is therefore on the 

rectangular element. 

As in the construction of the method we are dealing with the 

individual element, local element shape functions are more of interest 

as they allow us to locally interpolate the nodal displacements at any 

point within an element. Thus, they have the property r at the 
.th 

node L 

N. = 
L o at all other nodes 

(3.10.3) 

In Fig. (3.10.1) the diagram shows the adoption of a natural 

coordinate system (~,D) in order to define the element geometry. 
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t 

n=l 

~=-1 
~=1 

n=-l 

~------------------------------------------~ x 

FIGURE (3.10.1) 

The elements have side ~=±l and n=±l. For an element of size 2a by 2b 

x-x 
~ 

c = 
a 

and t-t 
c (3.10.4) n = b 

where (xc'y d are the coordinates at the centre of the element. Thus, 

we have 
d~ 
dx 

1 dn 1 
dt = b ' a 

and an elemental area of the rectangular element is given as 

dxdt = abd';dn. 

(3.10.5) 

(3.10.6) 

Thus to integrate any function f(x,t) over the element we transform to 

the natural coordinate system so that 

f f f(x,t)dxdt = f1 f1f(~,n)abd~dn , (3.10.7) 

nee) -1 -1 

(e) 
where n denotes the integration over the whole of the element. 

Note that for all two-dimensional rectangular elements, the shape 

function must satisfy the condition, 



146 

(3.10.8) 

Now we will consider the shape functions for the 4,8 and 9 elements. 

(i) 4-node element 

For the 4-node element (Fig. 3.10.2), the shape functions are given 

as (Hinton and Owen, 1979, p.246), 

1 
N.(~,n) = -4(1+~~.)(1+nn.) . 
111 

4 3 

1 

Local Node Number ~. 
1 

1 -1 
2 1 
3 1 
4 -1 

FIGURE (3.10.2) 

(ii) Serendipity 8-node element 

n. 
1 

-1 
-1 

1 
1 

(3.10.9) 

For the serendipity 8-node element (Fig. 3.10.3) the shape function 

have the form (Hinton and Owen, 1979, p.247), 

(a) for corner nodes 

(e) 1 
N. = -4 (l+~~.)(l+nn.)(~~.+nn.-l), i=1,3,5,7, 

1 1 111 
(3.10.10) 

(b) for mid-side 2 
ni 2 

+ 2(1+nni)(1-~ ) , i=2,4,6,8. (3.10.11) 
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7 6 5 7 6 5 

8 4 

1 2 3 1 2 3 

Local Node 
C Number n. 

1. 1. 

1 -1 -1 
2 0 -1 
3 1 -1 
4 1 0 
5 1 1 
6 0 1 
7 -1 1 
8 -1 0 
9 0 0 

FIGURE (3.10.3) 

(iii) Lagrangian 9-node element 

For the 9-node Lagrangian element shown in Fig.(3.10.3), the shape 

function has the form (Hinton and Owen, 1979, p.249): 

(a) for corner nodes 

122 
= -4(~ +~~.)(n +nn.) , i=1,3,5,7 

1. 1. 
(3.10.12) 

(b) for midside nodes 

(e) 1 2 2 1 2 2 . 2 
N. = ~2 ·(n-nn.)(l-~ )~2 .(~ -~~.)(l-n ), i=2,4,6,8 (3.10.13) 

1. 1. 1. 1. 1. 

(c) for the central node 
(3.10.14) 
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Since the Cartesian coordinates were changed to natural (local) 

coordinates, therefore for all rectangular elements, if we wish to 

evaluate Cartesian shape function derivatives we must use the expression 

aN. aN. 
~ 1 aN. 

1 1 1 = = ---ax at; ax a at; 

aN. aN. 
an 1 aN. (3.10.15) 

1 1 1 = ---- = ---
at aT) at b an 

Having defined the shape functions as required in (3.10.2), the 

finite element method proceeds by substituting equation (3.10.2) into 

equation (3.10.1), which then results in a residual given by 

r = L(v) • 

Application of the weighted residual integral gives 

fof r wi(x,t) dxdy = 0 , i=I,2, ... ,n 

where w. is the ith element weighting function. 
1 

(3.10.16) 

(3.10.17) 

In the normal procedure, by the use of Green's theorem, equations 

(3.10.6), (3.10.7) and (3.10.15), the equation (3.10.17) will give 

n 
I c .. v. =b. , i=I,2, ••. ,n 

j=l 1J J 1 
(3.10.18) 

which is the system of finite element equations (C.A.J. Fletcher, 1978). 

The author, in Chapter 8, has established a noval approach in 

obtaining the system of finite element equations which closely parallels 

the finite difference approach which is a tridiagonal system of linear 

equations incorporating the six neighbourhood points from 2 time-levels. 

The application of Boundary Value Technique (Greenspan, D. (1967), (1974), 

Carasso, A. (1968) and Carasso, A. and Parter, S.V. (1970»for solving 

these finite element equations is also carried out. 
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A NEW GROUP EXPLICIT METHOD FOR 

PARABOLIC EQUATIONS 
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4.1 INTRODUCTION 

One of the strategies for the determination of a more accurate 

numerical solution to the exact solution of a problem without upgrading 

the order of the approximation is by using different numerical algorithms 

which give truncation errors of different signs. In obtaining these 

different algorithms, the author commenced with the derivation of a 

generalised approximation, so that the difference in sign of the errors 

can be clearly observed. 

It is well known that generally, an explicit type method is the 

simplest type method. As simplicity 1S normally related to the computational 

cost, therefore it 1S worth trying to retain the explicit type of 

approximation. 

Starting from different algorithms of opposite sign 1n truncation 

errors and having in mind explicitness implies simplicity, the author has 

developed this study which later resulted in a new class of Group Explicit 

methods. The derivation of the method is based on the simplest heat-

conduction problem 

au 
at 

This equation is chosen for the sake of simplicity in the following 

(4.1.1) 

discussion. In any case, the derivation can always be carried over to a· 

more general problem, i.e. 

au 
at 

a2
u 

---2 + g(x,t), O~x~l, t~O. 
ax 

(4.1.2) 

In this chapter the method will be discussed 1n great detail, together 

with the analysis of stability and an estimate of the truncation errors. 

A comparison of the accuracy of the schemes in this method with the 

standard known method is also included. The use of the method is also 

extended to the two-space dimensional problem. 
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4.2 A GENERALISED TWO TIME-LEVEL FINITE DIFFERENCE APPROXIMATION 

We approximate equation (4.1.1) at the point (i~x,(j+~)~t) by the 

finite-difference approximation 

u. . 1-u. . 1,]+ 1,] 
~t 

= 
1 

2 (a 1o u. 1 • 1 -a 2o u. 1 • 1 + 
(~x) X 1+2,J+ X 1-2,J+ 

+e 1' 0 u. 1 • -e 2' 0 u. 1 .} x 1+2,J x 1-~,J 
(4.2.1) 

with the compulsory conditions on the parameters e.,e!, i=1,2 given by 
1 1 

o ~ a., e! ~ 1 , i=l, 2 
1 1 

2 
L (8. + e!) = 2 

i=l 1 1 

-e + e - a' + a' = 0 
1 212 

and the optional conditions 

-e + e + e' - e' = 0 
1 2 1 2 

-a - e + e' + e' = 0 
1 2 1 2 

(4.2.2) 

(4.2.3) 

(4.2.4) 

(4.2.5) 

(4.2.6) 

The need for the compulsory and optional conditions will be given 

later. However, in general, all well known two-time level formulae fulfill 

the compulsory conditions, while the optional conditions determine the order 

of accuracy and the consistency of the formulae. 

Examples of how the known standard formulae are derived from (4.2.1)-

(4.2.6) are as follows: 

(a) If all conditions (4.2.2)-(4.2.6) are fulfilled, e 1=e 2=ei=si=! 

(4.2.1) yields, 

i.e. 

u .. 1-u .. 1,J+ 1,J 
~t 

1 
-~-=-2 {(u. 1 . 1-2u . . l+u . 1 . 1) + 
2(~x) 1+ ,J+ 1,J+ 1- ,J+ 

+(u. 1 .-2u .. +u. I·)} 1+,J 1,J 1-,J 

-ru. 1 . 1+(2+2r)u .. 1-ru . 1 . 1 = ru. 1 .+(2-2r)u .. +ru. 1 . 1+ ,J+ 1,J+ 1- ,J+ 1+ ,J 1,J 1-,J 

(4.2.7) 
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which is known as the Crank-Nicolson (1947) formulae and is denoted 

pictorially in Fig. (4.2.1). This formulae is known to be unconditionally 

stable for all r>O and has a principal truncation error of O«~x)2+(~t)2). 

b) 

j+l 

J 

i-I ~ i+l 

FIGURE (4.2.1) 

j+l 

i-l i+l 

J 

FIGURE (4.2.2) 

j+l 

] 

i-I i i+l 

FIGURE ( 4 . 2 . 3) 

If e!=o, e.=l, i=I,2, all conditions except (4.2.6) are fulfilled. 
1 ~ 



c) 

d) 
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This leads to 
u. . l-u. . 1.,J+ 1.,J = 

u. 1 . l-2u. . l+u. 1 . 1 1.+ ,J+ 1.,J+ 1.- ,J+ 
t.t (t.x) 2 

1..e. -ru. 1 . 1+(1+2r)u .. l-ru. 1 . 1 = u .. 1.- ,J+ 1.,J+ 1.+ ,J+ 1.,J (4.2.8) 

which is known as the fully-implicit formulae. This scheme is also 

unconditionally stable for all r>O. The principal truncation error 

2 is of O(t.t+(t.x) ) and the molecular diagram given in Fig. (4.2.2). 

If S.=O, S!=l, i=1,2 again the condition (4.2.6) is not fulfilled. 1. 1. 

This gives the classical explicit formulae (Fig.(4.2.3), 

u .. 1 = rUe 1 . + (1-2r)u .. + '4u. 1 . (4.2.9) 1.,]+ 1.- ,] 1.,] 1.+ ,J 

which is stable for r~! and has a principal truncation error of 

0(t.t+(t.x)2), (Smith, 1969). 

If S.=a/2, S!=1-a/2, i=1,2 where a is a free parameter, conditions 1. 1. 

(4.2.2)-(4.2.5) are fulfilled and condition (4.2.6) given by 

-Sl-S2+si+ei = -2a+2 • 

This will also be satisfied if a=l (as 1.n the case of (a», and will 

give the finite difference formula 

-ar(u. 1 . 1 + U. 1 . 1) + 2(1+ar)u .. 1 1.- ,]+ 1.+ ,J+ 1.,J+ 

= (2-a)r(u. 1 .+u. 1 .)+2(1-2r+ar)u .. 1.-,] 1.+,] 1.,] 
(4.2.10) 

which is due to Saul'yev (1964: 91, eq.8.l6). Diagrammatically this 

is given by Fig.(4.2.4). It can be easily seen that equations (4.2.7), 

(4.2.8) and (4.2.9) are special cases of equation (4.2.10), This 

formulae has the stability condition 

1 
r ~ 2(1-a) 

and the principal truncation error 

e [u] { 
O(t.t + (t-x)2) 

2 2 
O(t.t) +(lix) ) 

all 
a=l 

(4.2.11) 

(4.2.12) 



2 (l+ar) j+l 

(2-a)r 2 (l-2r+ar) J 

i-I i i+l 

FIGURE (4.2.4) 

e) If 6i = a- 6~ , ei=l-(a- 6~)' i=1,2 where a 1S as given in (d), 

conditions (4.2.2)-(4.2.5) are fulfilled and the condition (4.2.6) 

given by 

This will lead to the cubic spline approximation of Papamichael and 

Whiteman (1973) which is 

(l-6ra) (u. 1 . l+u. 1 . 1)+2(2+6ra )u .. 1 1- ,J+ 1+ ,J+ 1,J+ 

= {1+6r(1-a)} (u. I .+u. 1 .)+2{2-6r(1-a)}u .. 1-,J 1+,J 1,J 
(4.2.13) 

The scheme (4.2.13) is unconditionally stable for !~a~l and stable 

1 
when r ~ 6(1-2a) for O~a~!. The principal truncation error 1S 

O(~t+(~x)2) and the molecular diagram is in Fig. (4.2.5). 

1-6ra j+l 

1+6r(1-a) 2(2-6r(l-a» 1+6r(l-a) J 

i-I 1 i+l 

FIGURE (4.2.5) 
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f) If 61=6 2=1 and 62=6i=0 we see that the condition (4.2.5) is not 

fulfilled. This gives the formulae due to Saul'yev (1964: 32, 3.10), 

g) 

Fig. (4.2.6), i.e., 

-ru. 1 . l+(l+r)u. . 1 = ru. 1 .+(l-r)u. . 1+ ,J+ 1,J+ 1- ,J 1,J (4.2.14) 

j+l 

i-I i+l 

FIGURE (4.2.6) 

Another formulae due to Saul'yev (1964: 32, 3.9) is found when 6 =6'=1 
2 1 

and 61=6;=0 and again the condition (4.2.5) is not fulfilled. It is 

(l+r)u .. l-ru. 1 . 1 = ru. 1 .+(l-r)u. . (4.2.15) 1,J+ 1- ,J+ 1+ ,J 1,J 

as in Fig. ( 4 • 2 . 7) 

j+l 

j 

i-I i i+l 

FIGURE ( 4 . 2 . 7) 

From the above examples, we can see that from equation (4.2.1) it 

is possible: 

1) to establish the well-known standard explicit, implicit and 

Crank-Nicolson formulas (i.e. (4.2.7), (4.2.8) and (4.2.9». 

2) to obtain the weighted six points formula, i.e. (4.2.10) 
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3) to obtain assymetry formulae such as (4.2.14) and (4.2.15). 

4) to establish any six point formula with truncation error of 

order less or equal to {(~t)2+(~x)2}, of which one of the examples 

is equation (4.2.13). 

Therefore, it is obvious that the approximation (4.2.1) ~s a general two

level six point finite difference approximation. 
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4.3 TRUNCATION ERRORS FOR THE GENERAL APPROXIMATION 

The general two-time level six point finite difference approximation 

(4.2.1) can be written as 

-r8 l
u . 1 . 1+ [1+r(8 l +8 2)]u .. 1 - r8 2

u . 1 . 1 
~+ ,j+ ~,j+ ~- ,j+ 

= r8 l'u. 1 . +[1-r(8 l'+8 2')]u .. + r 82'u. l' • 
~+ ,j ~,j ~- ,j 

(4.3.1) 

To estimate the truncation error for this approximation, we expand each 

term in a Taylor's series 

3u Yl 3
2
u (-- - -2). . 1 + at 2 3x ~,j+2 

2 4 
«fiX) ~+ -Y 1 24 4 

3x 

expansion about the 

Y (~ au + 
3 

fix ~ + 
2 fix 3x 6 ax3 

(flt)2 4 
au) 

16 3x2at2 i,j+! 

point 

1 flt2 ---8 fix 

(i,j+!) to result in 

a3
u 

--'--2""")' . I 
axat ~,j+:l 

4 
au) 

3xat3 i,j+~ 

with a l +a2=5, and Yl 'Y2 'Y3 and Y4 are given by the left-hand sides of 

equations (4.2.3), (4.2.4), (4.2.5) and (4.2.6) respectively. Assuming 

the compulsory conditions are fulfilled (i.e. y l =2 and y 2=O), (4.3.2) is 

now written as 
2 au a u 

(~t - -2)' '+1 
a 3x ~,j 2 

4 
aU) 

2 2 
ax at i,j+! 

i ,j +~ 

3 4 
+ ~~ 3 u ) 

48 fix 3 
3xat i,j+! 

1 a l a 2 
+ fit O(flx ,fit ) = 0 

(4.3.3) 

From this analysis it is clearly evident why it is necessary to define the 



conditions (4.2.2)-(4.2.4) as cOnlpulsory and the conditions (4.2.5) and 

(4.2.6) as optional. If the compulsory conditions are not fulfilled, it 

is clear that the approximation (4.2.1) does not approximate equation 

(4.1.1). However if Y3 and Y
4 

do not vanish, scheme (4.2.1) can still 

approximate equation (4.1.1) provided some restrictions are put on either 

~t,~x or their ratio. 

Using equation (4.3.3) we can easily verify the following truncation 

errors for the equation (4.2.7) as 

T 4.2.7 

for equation (4.2.8), 

T = _«~x)2 a4
u + (~t)2 

4.2.8 12 ax4 8 

for equation (4.2.9), 

T 4.2.9 

~t2 
+ --24 

3 

4 
aU) 
2 2 

ax at 0 • 1 
1,]+2 

i ,j+! 

4 
aU) 

2 2-
ax at .. I 

1 ,]+~ 

2 3 
+ QL a u 

24 -3 
at 

1 
+ -~t 

2 

a u 
-3 
at 0 • I 

1 ,]+~ 

for equation (4.2.10), 

T 4.2.10 

4 
au) 

2 z: 
ax at . 0+1 

1,] :I 

~t + -(I-ex) 
2 

(4.3.4) 

(4.3.5) 

(4.3.6) 

(4.3.7) 
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and finally for equation (4.2.13), 

T 4.2.13 

2 4 2 
= _(Ct;x) ~+ (t;t) 

12 ax 4 8 

t;t
2 a3

u 
+24-3 

at . . 1 
1 ,J+~ 

C4.3.8) 

For the asymmetric equations (4.2.14) and (4.2.15) the truncation 

errors are given by 

and 

T 
4.2.15 

4 
au) 

axat3 i,j+! 

2 3 
+ QL.L!!. 

24 3 
at. . 1 

1,]+2 

(4.3.9) 
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(4.3.10) 

respectively. Therefore equation (4.3.3) gives the general expression 

for the truncation error of the approximation represented by C4.2.1). 
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4.4 STABILITY ANALYSIS FOR THE GENERALISED APPROXIMATION 

To investigate the stability condition of equation (4.2.1) or (4.3.1), 

we use the method of Fourier series as discussed in Section 2.10 • 

Substitution of the error function at any point (i,j), i.e., 

E. . 
1,J 

H8x at 
= e e 

= e;:r iBllx E;J , C __ eall t , 1 
<, a comp ex 

into the original approximating equation (4.3.1), will result in 

l-r(l-cosBllx) (6i+6i)+1=l r(6i-6i)sinBllx 
= --------------~~~------~--~-------

l-r(cosBllx-l) (6
l

+6 2)-1=I r(6 l -6 2)sinBllx 

i.e. 
2 4 2 2 2 2 

1+16r 6i6is -4r(6i+6i)s +4r (6i-6i) s 

6 2 -4 4 ( ) 2 4 2( )2 2 1+1 r 6
l

6
2

s + r 6
1

+6
2 

s + r 6
1
-6

2 
s 

. 2 811x 
where S=S1n --2-. 

(4.4.1) 

(4.4.2) 

(4.4.3) 

For stability, we need !E;1~1. The expression (4.4.3) can be used 

to verify the stability condition of all the schemes given in Section (4.2). 

For the equation (4.2.7), we have 

242 
!

E;! = 1+4r s -4rs 
242 1+4r s +4r 

= 
2 2 

1+4rs ers -1) I 
2 2 ~ 

1+4rs (rs +1) 

for all r>O. Similarly for the equation (4.2.8) 

I E; I = ---;:2~1-;-4 --;::2:--
1+16r s +8rs 

~ 1 for all r>O. 

(4.4.4) 

(4.4.5) 



i.e. , 

Meanwhile the stability of (4.2.9) can be fulfilled if 

1+8rs
2

(2r2-l) ~ 1 , 

1 1 
r~--2~2 

2s 
(4.4.6) 

For the equation (4.2.10), (4.4.3) will be less than (or equal) to unity 

if 
1 

2 2(1-a)s 

1 
~ 2(l-a) , 

1.e. similar to the original condition derived by Saul'yev. 

(4.4.7) 

In the case of equation (4.2.13), the stability condition can be 

fulfilled if 
2 2 1 

8rs [2rs {1-2(a- 6r)} -1] ~ 0 (4.4.8) 

1 1.e. r ~ 6 (1-2a) . 

For the equation (4.2.14) and (4.2.15), equation (4.4.3) is equal to 

222 l-4rs +4r s 
222 1+4rs +4r s 

(4.4.9) 
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which is less than (or equal to) unity for all r>O. Therefore both equations 

are unconditionally stable. Finally, the following theorems can therefore 

be established. 

Theorem 4.1 

The finite difference approximation (4.2.1) is stable if (4.4.3) is 

less than (or equal to) unity for any choice of e. and e! which satisfy 
1 1 

(4.2.2)-(4.2.4). 

Theorem 4.2 

The finite difference approximation (4.2.14) and (4.2.15) are 

unconditionally stable for all r>O. 

Theorem 4.1 gives the general stability condition for the general 

six point two-level finite difference approximation (4,2.1) and Theorem 

4.2 is necessary for purposes which will be developed later. 



162 

4.5 A NEW GROUP EXPLICIT METHOD 

Now consider any group of two points, i.e. (i~x,(j+!)~t) and 

«i+1)~x,(j+!)~t), in which equation (4.2.14) and (4.2.15) are used 

simultaneously to calculate the values of u at these points respectively. 

Therefore, at point (i~x,(j+!)~t) the solution is approximated by 

-ru. 1 . l+(l+r)u. . 1 = ru. 1 - + (l-r)u. . , 1+ ,J+ 1,J+ 1- ,J 1,J 
(4.5.1) 

whilst at point «i+1)~x,(j+!)~t) the solution is given by 

-ru .. l+(l+r)u. 1 . 1 = (l-r)u. 1 .+ru. 2 .. 1,J+ 1+ ,J+ 1+,J 1+,J 
(4.5.2) 

If we now write equation (4.5.1) and (4.5.2) simultaneously 1n the matrix 

form, 

l+r -rJ l" 1] r-r 0 lJ r' . ] 1,J+ = 1,] + 

-r l+r ui +1 ,j+1 0 1-r ui +1,j 

~Ui-1,jl (4.5.3) 

Lru. 2 J 1+ ,] 

whose (2x2) matrix of coefficients can easily be inverted so that the 

equation can be written in explicit form as 

[

u .. 1 ] 1,J+ = 

ui +1,j+l 

r+r r J{r1-r 0 J jui,j ] + rrUi - 1 ,jl} 

Lr l+r Lo 1-r lu. 1 . ~u. 2 ;J 1+ ,J 1+ ,J 

(4.5.4) 

where IAI=1+2r. This simplifies to 

[

u .. 1 ] 1.,]+ _ 

ui +1,j+1 h (
1 +r ) u. 1 . + (l-r 

2
) u. . +r (l-r ) u. 1 . +r 

2 
u . 2 .~ 

1.- ,] 1.,] 1.+,J 1.+,J 

2 2 
r u. 1 .+r(l-r)u .. +(l-r )u. 1 .+r(l+r)u. 2 . 1- ,J 1.,J 1+ ,J 1+ ,J 

(4.5.5) 

which is diagrammatically represented by Fig.(4.5.1). 

For the ungrouped (single) points near the right and left boundaries 

we can use equation (4.2.14) and (4.2.15) respectively, i.e. for the right 

boundary 

u = m-1,j+l 
1 

(l+r) {ru . l+ru 2 .+(l-r)u I'} m,] + m-, J m- , J 
(4.5.6) 

and for the left boundary 
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(j+l)th 

j th 

i i+l i+2 

(j+l)th 

j th 

i i+l i+2 

FIGURE (4.5.1) 

1--,.... .......... -- - - - - - ----11----1 

T 
ungrouped po~nt 
at left boundary 

FIGURE (4.5.2) 

T 
ungrouped point 
at right boundary 
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(4.5.7) 

Now we will consider a variety of schemes for this class of methods 

which are possible for solving the equation (4.1.1) for an odd or even 

number of intervals. 

Even Number of Intervals 

Assume the line segment O~x~l is divided into a number m of equal 

intervals with m even. Therefore, at every time level, the number of 

internal points is odd, i.e. (m-1). This results in one ungrouped point 

at either end as shown in Figure (4.5.2). 

i) GER scheme: This scheme is obtained by the use of equation (4.5.5) 

for !(m-2) times for the first (m-2) points grouped 2 at a time and 

equation (4.5.6) for the (m-l)th point at every time-level. This is 

called the ~roup ~xp1icit with ~ight ungrouped point (GER) scheme. 

In implicit matrix form, it is given by 

l+r -r! I I 

I 
1 I U1 ,j+1 

-r l+rl J , 
U 2,j+1 

-T -- -, - -I - ---1--
11+r -r I 

0 U 3,j +1 
J I I 
I -r 1+1; 

-.J 
__ 1. __ U 4,j+l 

-I- T'-- -
" I I I 

1 " I , 
"- I 

1.. 1. , I - - - I - . J l+r-- - -I I , 
0 I -r , Um- 3 ,j+1 

I I I l+r I -r um- 2 ,j +1 - .... -,- .L _ 1. __ 

I 
, l+r u 1 . 

I 
, m- ,J , 

= 

I I I 1..:"11 _ u
1 

. , -, - - -- ,] 

'l-r r I I u
2 

. 
I ,] 

Lr 1-r l 

--0 - u
3 

. 
-1- ,] 

'- I I 
1- .......... I 

+ £.1 (4.5.8) 

......... I 

I I 
............ u 3 . 

j-- ~ '- +.---- m- ,] 

01 
l-r r u 2 . I m- ,] 

I ! r l-r u 1 . m- ,] 
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where = [ ruo ., 0, ••• , ° , ru . 1 ] , ,J m,J+ 

and consists of known boundary values, or 

(4.5.9) 

where 
1 

, 
-I, G(l) 

, 
-1 I' ---- ~- I -t-,- - - -. 

" "-

G(2) 
, 0 , 

I 

" 
, 

G
1 

I , 
= , = , 

I 
" 'i , 

-I - - T'T --i.-' 
I 0 I I 

I 1-1 I' -,- --l _ '- --, , 
1 

, , 
" , 
G(!<m-2)-1) 

0 G~(m-2) 

1 

(4.5.10) 

1 f , 
-~ 

_ -l _ - -; -, 
1 -11 I 

I I 0 I 

G
2 

l.-} __ !-I~ _ - _1- ___ 
= I , I , 

1 
G(l) 

G(2) 0 
" " "-

I "- I "-
I "- I 

- i - - OJ -'-,- - =1 '1 
I I 

1-1 1 I 

"-

0 " 0 (m-2)-1) G 
G~ (m-2) 

(4.5.11) 

with G(i) = r -lJ, i=1,2, .•. , Hm-2) , j=O,1,2, ... 
~l 1 

The scheme can be described diagrammatically in Figure (4.5.3). 

ii) GEL scheme: The second scheme is obtained by the use of equation 

(4.5.7) for the 1st point and !(m-2) times of equation (4.5.5) for 

the rest of the points at every time-level. This is called Group 

Explicit with Left ungrouped point (GEL) scheme. This scheme is 

given by 
(I+rG2)u. 1 = (I-rGl)u. + b2 ' -J+ -J-

(4.5.12) 

b
T
2
=[ruO . 1,O, ••• ,0,ru .] and the 'brick' diagram as in Fig.(4.5.4). 

- ,J+ m,J 

iii) The (S)AGE scheme: Another variation is the coupled use of the first 
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scheme (4.5.9) and the second scheme (4.5.12) at every alternate 

time level. This scheme is called the (Single) Alternating Group 

Explicit «S)AGE) and is given by 

(I+rGl)u. I = (I-rG2)u. + bl -J+ -J-

} (4.5.13) 

and the diagram is given by Figure (4.5.5). 

(iv) The (D)AGE scheme: The final scheme developed is a periodic 

rotation of the (S)AGE two time-level as given in the previous scheme 

resulting in a four time-level step process with the second half 

cycle in reverse order. The scheme is called the (Double) Alternating 

Group Explicit «D)AGE) method and is given by the formulae, 

(I+rG1 )u. 1 = (I-rG
2
)u. + £.1 -J+ -J 

(I+rG2)u. 2 = (I-rG1 )u. I + £.2 -J+ -J+ 

(I+rG2)u. 3 = (I-rG1)u. 2 + £.2 -J+ -J+ 
(4.5.14) 

(I+rG1)u. 4 = (I-rG2)u. 3 + bl -J+ j+-
Diagrammatically it is represented by Figure (4.5.6). 

Odd Number of Intervals 

In this case, m is assumed to be odd. Therefore at every time-level, 

the number of internal points is even, i.e. (m-l). This gives at every 

time-level either (m;l) complete groups of two points or (m;3) groups of 

two points and one ungrouped point, adjacent to each boundary. 

The first scheme for this case is obtained by using at every time 

I 1 . (4 5 7) h 1 f d' (m-3). . eve ,equat~on .• at tee t ungroupe p01nt, --2- t1mes equat10n 

(4.5.5) from the second point to (m-2)th point and equation (4.5.6) for 
/' 

the last (m-1)th point which is left ungrouped at the far-right of the 

line adjacent to the boundary. This scheme is written as, 

" (I+rGI)u. 1 -J+ 
A. 

= (I-rG2)u. + b3 ' 
-J -

(4.5.15) 
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where b
T 

= [ruo "+l,o, .•• ,O,ru "1]' -3 ,J m,J+ 

1 
G(l) 

0 G(2) , 
" 

, 
G

1 
.... = , .... 

' .. ! (m-3)-1 G 

(4.5.16) 

0 G! (m-3) 

1 

G(l) 

G(2) 0 ... 
A ... 
G2 = ... .... 

0- ....... "G Hm- 3) 
(4.5.17) 

and 
(i) .. 

G , 1=1,2, •.• ,!(m-1) are (2x2) matrices as previously defined. 

This scheme is denoted as Group Explicit with both Ungrouped ends (GEU) 

and described by Figure (4.5.7). 

The second scheme is obtained by using (m;l) times equation (4.5.5) 

for the first to (m-1)th point (Figure 4.5.8) with the equation given by 
..... 

(I+rG2)u. 1 = 
-J+ 

(4.5.18) 

T 
b4=[ru

O
.,0, ... ,0,ru .J, and the scheme is known as the Group Explicit 

,J m,] 

Complete (GEC) method. 

The alternating schemes corresponding to the schemes (4.5.13) and 

(4.5.14) above are given by, 
.... .... 

} (I+rG1)u. 1 = (I-rG
2
)u. + £.3 -J+ -J (4.5.19) .... .... 

(I+rG2)u. 2 = (I-rG1) u. 1 +!4 -J+ -J+ 

for (S)AGE (Fig. 4.5.9) and 
A. A. 

(I+rG1)~j+1 = (I-rG2)u. + £.3 -J 
A.. '" (I+rG 2)u. 2 = (I-rG1)u. 1 +!4 -J+ -J+ (4.5.20) ,... A. 

(I+rG2)u. 3 = (I -rG 1 ) u . 2 + b 
-J+ -J+ ~ 

"- " (I+rG1)u. 4 = (I-rG2)~+3 + b 
-J+ -3 

for (D)AGE (Fig. 4.5.10). 
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4.6 AGE METHODS - FRACTIONAL SPLITTING 

Now if we imagine that the levels j and (j+l) of the time variable 

can be divided into a small number of fractional or 'artificial' sub-levels, 

then instead of using the (S)AGE and (D)AGE schemes for every two and four 

time levels respectively, we can use them as a complete cycle at every time-

level since we have intermediate 'results' which fallon the artifical levels 

Therefore a fractional splitting type of (S)AGE scheme equation (4.5.13) is 

given by 

(4.6.1) 

Similarly the fractional splitting form of (D)AGE scheme equation (4.5.14) 

is given by 

= (I- ~2 2)u. 3 + hl -J+- -
2 

(4.6.2) 

where the complete splitting process takes place every two time-levels. 

Alternatively if the levels j and (j+l) are divided into four sub-

levels, the fractional or quarter-step of the (D)AGE scheme is then given as 

r 
(I+ ~4 2)u. 3 = 

-J+-4 
r = (1- ~4 2)u. 3 b -J+- + 4 -1 

(4.6.3) 

) 
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4.7 THE GROUP EXPLICIT METHOD FOR PERIODIC BOUNDARY CONDITIONS 

All the schemes discussed in the previous section are applicable 

only for the Dirichlet boundary condition. In the case where equation 

(4.1.1) is associated with the periodic boundary condition as in (1.3.4), 

the matrix of coefficients involved will be different.·. If it is assumed 

that the number of intervals is even, then the number of unknown points 

is also even. The Group Explicit Complete (GEC) scheme is thus given by 

l+r 
, 

-r , 
I 

-r l+r' 
- -, 

, l+r , 
I -r - -- - -l , 

- -I 
I 

0 , 
I - -I 

l-r 0 

o l-ri r 

- -, -
-r , , 
l+r, 

- 1-, o -,- .... -_ .. 

- -; ..... - -of - - - - .... - • - - -- • ..... .... , , 
", r+r --r- - - . - - - -, 

-r l+rl 
. '- t-- ----

,l+r -r 

-r l+r 

, 0 r 
I 
I 

-' 0 0 -- r ., 
r l-r 0 , 

I 

-,-
I 

-
0 

o 
r 

o 
o 

I -

_ 1 

o 

o 

I 
1-r 

T 

_ -'- - -, -
..... 

, 
... I I - - -'-1 =r - -(j - - - - - -, 

I 0 1-r I r 
-1- -1- - --

r ,l-r 0 

I 0 
I 

l-r 

" ~ or (I+rG2)u. 1 = (I-rGl)u. 
-J+ -j 

'" where G
2 

is given by (4.5.17), 
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G (1) 0 

.... G (2) 
"" G

1 
= ... .... (m-2) .... .... 
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... 
'G 2 
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u . 1 1,]+ 

U 2 ,j+l 
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Um- 1 ,j+1 
11 m,j+l 
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,j 

u
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u
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. 
,] 

u4 . 
,,] (4.7.1) 
, 

u 3. m- ,j 
u 2 . m- ,J 
u 1 . m- ,j 

L . m,j 

(4.7.2) 

-1 

(4.7.3) 

1 
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(0 . m-2 
and the G , 1=1,2' ••• '(--2-)' are as previously defined. Meanwhile the 

Group Explicit with both Ungrouped end points (GEU) is given by 

or 

l+r : ___ ,-
I l+r -r I 
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I I 
__ ..1 __ -: _ ~ ~r I _ 
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,- - - --
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o ' - - 1- - - - - - - ,- - -
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I
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r I l-r 
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I -, 
.... ..... I 
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~I-

I l-r 

-4---- - 1- - - - - -
1 r 

_L 

'" J\ 

(I+rGl)u. 1 = -J+ 
" (I-rG

2
)u. 
-J 

+ - - - -
/ 

I _,-

_ L_ 
r I 

l-r 1 o 
- - -

o l-r 

r 

r 

l-r 

Ul,j+l 

U 2 ,j +1 

U3 ,j+l 
I 
I , 
I 

Um- 2 ,j+l 

Um-l,j+l 
U • 1 m,j+ 

U
1 

. ,j 
u

2 
• 

,J 
u

3 
. 

,J 
I 
I 

ul . 
m-2,J 

u . 
m-I,J 

u . m,j 

= 

(4.7.4) 

(4.7.5) 

Now from the Group Explicit Complete (GEC) and Group Explicit with both 

Ungrouped ends (GEU), the following fractional step schemes can be 

developed: 

(i) Single Alternating Group Explicit «S)AGE)i.e. 

A ~ 

} (I+rG2)U. 1 = (I-rGl)u. 
-J+ -J 

~ A 

(I+rGl)u. 2 = (I-rG2)u. 1 -J+ -J+ 

(4.7.6) 

(ii) Double Al te rna ti ng Group Explicit ( (D)AGE) i.e. 
,.. 

A .... 
(I+rG2)u. 1 = (I-rG1)~ 

A -J+ 
" A 

(I+rG1)u. 2 = (I-rG2)u. 1 -J+ -J+ 
~ A 

(I+rG1)u. 3 = (I-rG2)u. 2 -
-J+ -J+ 

(4.7.7) 

"-
A J\ 

(I+rG2)u. 4 = (I-rGl)u. 3 -J+ -J+ 
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(iii) Half-s tep Single AGE, Le. 

r ..... " r" 

} 
(1+ ZC2)~j+~ = (1- ZCl)~ 

" r'" r" 
(1+ ZCl)~j+l = (1- ZC2)~j+! 

(4.7.8) 

(iv) Half-step Double AGE Le. 

'" rA. r" 
(1+ ~2)~j+! = (1- ~l)~j 

r~ r ..... 
(1+ ~l)~j+l = (1- ~2)~j+! 

'" r'" (1+ r'" 
~l)u. 3 = (1- ~2)~+1 

-J~ 

(4.7.9) 

r .... r~ 
(1+ ~2)~j+2 = (1- ~l)u. 3 -J+-2 

(v) Quarter-step Double AGE Le. 

r'" 
.... 

(I+ (I-
rA 

~2)~j+! = ~l)~j 

'" r" r" 
(1+ ~l)~j+! = (1- ~2)~j+! 

,.. 
r'" r .... 

(I+ ~l)u. 3 = (1- ~2)~j+! -J+-:-4 

(4.7.10) 

r'" 
,. 

r" 
(1+ ~2).'::j+2 = (1- ~l)u. 3 

-J+Z;-

From the above schemes, it can be easily seen that the schemes are 

similar to the case of the odd number of intervals in section (4.5) except 
~ 

for the definition of G
l

• 

Now if it is assumed that the number of intervals is odd, then the 

number of unknowns is also odd, i.e. Uo .,u
1 

., ... ,u 1 . for j=1,2, ... 
,J,J m- ,J 

Therefore 

given by 

where 

the Group Explicit with right 

v v 
(I+rGl)u. 1 = (I-rG2)~ -J+ 

1 -1 : 

-1 1 : : ' 
.. - .. - - :~ - - - - 1 O· - - - : -

f "....: I 

I ", I 

1.~ ___ '::::.'- __ ---' .. -

0' I 1 -I' , ' , 
t I -1 t _ . _ . _ . ~ ___ . _ ' .. __ . !'. --
I I I 

-1 0 f , ' 1 , 
• 

ungrouped point (GER) scheme is 

(4.7.11) 

(4.7.12) 
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and 
1 
- - ... :.. - - - - !.. - -

. 1 -11 

1 -1 --1-----. 
, 

I I 

I -1 I, 0: -- .. ,- -----,---- -~-----, 
= , 

"-

I 

I (4.7.13) 
'- I 
',I 

O-~------r----
I 1 -1 

I -1 1 , 
While the scheme corresponding to the Group Explicit method with Left 

ungrouped point (GEL) is given by 

" (I+rG 2)u. 1 -J+ 
v 

(I-rGl)u .• 
-J 

(4.7.14) 

Finally from the two schemes (4.7.11) and (4.7.14) we can derive 

~n an exactly similar manner the corresponding alternating scheme to 

equations (4.7.6)-(4.7.10). 



175 

4.8 THE ESTIMATE OF THE TRUNCATION ERRORS FOR THE GROUP EXPLICIT METHOD 

To estimate the truncation errors for the schemes in the Group 

Explicit method, firstly, we need to estimate the truncation errors for 

the approximations (4.5.5), (4.5.6) and (4.5.7). 

From (4.3.9) and (4.3.10), the estimate of the truncation errors for 

(4.5.6) and (4.5.7) are respectively given by 

and 

T 4.5.6 

T 4.5.7 

~t a2u 1 a4u 1 ~t3 
= -(~x dXdt + 6" ~x~t ax3at + 24 ~x 

4 
aU) 

2 
_( (~x) 

12 

2 
_ «~x) 

12 

(~t)2 
8 

3 
axat m-l,j+! 

A 2 ,:\3 
+ _u_t_ ~ 

24 a 3 
t m-l,j+! 

1 (ll (l2 
+ ~t O(~x ~t ) (4.8.1) 

1 ~t3 a4 
+ 24 -;- u 3)1 "+' ux axat ,] ~ 

4 231 aU) +~~ 
2 2 24 3 

ax at 1,j+! at l,j+! 

1 (ll (l2 
+ M 0 (~x ~ t ). ( 4 • 8 • 2) 

Expanding each term of both equations in (4.5.5) about (i~x,(j+~)~t) and 

«i+l)~x,(j+!)~t) respectively using a Taylor's series expansion will give 

the following: 

For the first 
2 

au a u 
(-;- - -2). "+1 
ot ax 1.,J 2 

equation of (4.5.5) it 

~t 1 a
3ul ~x (1+2r) -3 

ax " "+1 1., J 2 

~t~x +--
2 

r 
1+2r 

(~x)2 
24 

i,j+! 

results in the expression, 

+ ~ a
3

u I t 2 
ax at i,j+! 

(r+8) a4u 
(1+2r) -4 

ax 
i ,j+! 

(4.8.3) 
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While for the second equation of (4.5.5) it results in the expression 
2 

+ t. t 1 a 3u a 3u au a u (at - -2)i+1,j+~ t.x (l+2r) -3 + t. t 2 
ax ax 

i+l ,j +~ ax at 
i+l,j+~ 

t. t 2 
a

3
u (t.x) 2 (r+8) a 4ul 

24 -3 24 (1+2r) 
ax4 '+1 '+~ at. 1 . ! 1+ ,]+ 1 ,] 

t. tt.x r a
4

u t.t
2 

a
4
u I 1 (11 (12 --- >-4' - + rtD(t.x t.t )=0 2 1+2r 8 2 2 

ax at i+1,j+! ax at. . ~ 1,]+ 

(4.8.4) 

Having found the truncation error terms for equations (4.5.5),(4.5.6) 

and (4.5.7) which are the basic equations for all the schemes used in the 

class of Group Explicit methods, we can now proceed to examine the truncation 

error for the Group Explicit method. 

(i) GER scheme: The truncation errors at a group of two points for any 

time level are respectively given by the error terms of equation (4.8.3) 

and (4.8.4) namely 

{ 
_ t.t (_1_) a

3
u + t.t 

t.x l+2r ax3 

4 
(_r_) a u 
l+2r ax

3at 

and 

{ ~~(_l_) a 
3 

u +t. t 
t.x l+2r 3 ax 

_t. tt.x(_r_) 
2 1+2r 

4 a u 

2 3 
_ ~ au 

24 -3-
()t 

2 
-~ 

8 

4 
a u + 

(t.x) 2 
24 

(r+8) a4
u 

(l+2r) ax 4 

2 
(t.x) 
24 

(r+8) 
(1 +2r) 

4 a u 
-4 
()x 

(4.8.5) 

- 0 (t. x t. t ) . 1 . 1 ( 4 . 8 . 6 ) t.t 1+ ,]+2 3 
ax at 

2 2 ax at 
1 (11 (12} 

i=l,3,5, ••. ,m-3 
and at the last ungrouped point the error term 1S given by 

equation (4.8.1). 

(ii) GEL scheme: The truncation error at the first point from the left-

hand side boundary is given by the equation (4.8.2) for any time level. 

Similarly the truncation errors at the remaining groups of two points 

are given by equations (4.8.5) and (4.8.6) respectively for i=2,4, ••. ,m-2. 
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(iii) GEU Scheme: This scheme which occurs in the case of an odd 

number of intervals has the truncation errors at the first point 

given by the equation (4.8.2), at every group of cwo points from 

the second point up to (m-2)th point given by the equation (4.8.5) 

and (4.8.6) respectively and at the last point, i.e. the (m-l)th 

point given by the equation (4.8.1). 

(iv) GEe Scheme: Since the number of points along each line form (m-l)/2 

complete groups of two points each, then the truncation error for 

this scheme is given by the equation (4.8.5) and (4.8.6) respectively 

for i=1,3, ••• ,m-4,m-2, where m is odd. 

(v) (S)AGE Scheme: For an even number of intervals, the (S)AGE schemes 

constitute the alternating use of the GER and GEL schemes. If it is 

assumed that for the jth and (j+l)th time-levels the GER and GEL 

schemes are used, then the truncation error along the jth and (j+l)th 

time-level is given by the truncation errors of the GER and GEL 

schemes respectively. Due to the difference Ln signs of the truncation 

errors, these alternating errors will tend to cancel the effect of 

the (~t/~x) and ~t~x terms at most internal points, thus leaving the 

truncation error to approximately O(~t+(~x)2), Fig. (4.8.la) for 

each of the schems. 

(vi) (D)AGE Scheme: The distribution of errors for this scheme can be 

clearly explained by the diagram (Fig. 4.8.lb». This scheme with 

2 
a similar reasoning tend to have the approximate error of O(~t+(~x) ) 

also. However the numerical experiments will show in a later section 

that this scheme produces more accurate results than the (S)AGE scheme. 
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4.8.2 4.8~5 4.8.6 4.8.6 4.8.5 4.8.6 
(j+l)th level 

4.8.5 4.8.6 4.8.5 4.8.5 4.8.6 4.8.1 jth level 

FIGURE (4.8.1a) 

4.8.5 4.8.6 4.8.5 4.8.5 4.8.6 4.8.1 
~ - .. 

(j+38)th level 

4.8.2 4.8.5 4.8.6 
• 

4.8.6 4.8.5 4.8.6 ,.. (j+28)th level 

4.8.2 4.8.5 4.8.6 4.8.6 4.8.5 ,:.8.6 
(j +8) th level 

4.8.5 4.8.6 4.8.5 4.8.5 4.8.6 4.8.1 . ... (j) th level 

The distribution of errors at every time-level 

F-IGURE (4.8.1b) 
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4.9 STABILITY OF THE GROUP EXPLICIT METHOD 

All scheme,s in the class of the group explicit method above are 

formed independently by the combination of the equations (4.5.5), (4.5.6) 

and (4.5.7). Theorem 4.2 has already concluded that the schemes (4.5.6) 

and (4.5.7) are unconditionally stable for r>O. Now we try to establish 

the stability of the formulae (4.5.5) by the matrix method as outlined 

in Section (2.10). 

Equation (4.5.5) can be written individually as, 

I 2 2 
u .. 1 = ~r(l+r)u. 1 .+(l-r )u .. +r(l-r)u. 1 .+r u. 2'} (4.9.1) 
1,J+ IAI 1- ,J 1,J 1+,J 1+,J 

and 

1 2 2 
u. 1 . 1 • --- {r u. I .+r(l-r)u .. +(l-r )u. 1 .+r(l+r)u. 2 .} 

1+ ,]+ IAI 1- ,J 1,J 1+ ,J 1+ ,J 

where IAI-l+2r. These equations in matrix form are written as 

and 

where 

2 (l-r ) r(1-r) 

r(l+r) 2 (l-r ) 

0 r(l+r) 
..... 

B=-L 
IAI 

0 

0: Bu. + b , 
J -
T = B u. + b t 
-] 

2 r 

r(1-r) 2 r 

2 r(l-r) 2 (l-r ) r 

" .... .... , ..... ... .... 
.... ... .... .... ... .... .... .... ... ... .... 

" ... 
... 2 

r(1+r) (l-r ) 

r(1+r) 

For stability it is necessary that I IBI I~l. 

0 
... .... ... .... ... ... ... .... ... .. 2 r(1-r) r 

2 (l-r ) r(1-r) 

r(l+r) 2 (l-r ) 

(4.9.2) 

(4.9.la) 

(4.9.2a) 
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Using the maximum norm it can be shown that the stability 

condition is ac~ieved if r~l. 

Therefore equation (4.5.5) is conditionally stable for all r~l. 

It would also be expected that the schemes in the class of Group Explicit 

method, which are formed from the combination of (4.5.5), (4.5.6) and 

(4.5.7) should also be conditionally stable. 

The formulae GER of equation (4.5.9), GEL of equation (4.5.12), 

GEU of equation (4.5.15) and GEe of equation (4.5.18) can be written 

explicitly as 
~+1 - T~ + b' , (4.9.3) 

where the amplification matrices T for each case are defined as follows: 

2 l-r I 2 r(l-r) ,_r_ 
1+2r 1+2r I 1+2r 

I 

2 I 
r(l-r) 1-r , r(l+r) , 
1+2r 1+2r I 1+2r ' ___________ .1 ___________ l __ 

I 2 '2 r(l+r) I l-r r(1-r) , r 
~...."...;;..:...,-- ,--

1+2r ,1+2r 1+2r 1+2r 
2' 2 r ,r(l-r) 1-r r(l+r) 

- - --, 
o 

1+2r ' 1+2r 1+2r : 1+2r 
- -- - - - - - - ~ - - - - - - - - ~ --- - - - - - --: -- . 

-- -- - - - - -~ - - -' - - ---':: - - - -' --, 0; r 'l-r 
: l+r :l+r 

1-r : yo -- - , l+r I 1+1'". , -- - - -~ - - - - - - - - - - - - - - - - - -- - - - - - -- -'2 I 2 I 

r(l+r), l-r r(1-r): ~ 
1+2r ,1+2r 1+2r I . 1+2r 

2 I 2 I 0 
_r_ ,r(l-r) l-r 'r(l+r) 
1+2r I 1+2r 1+2r . 1+2r , --- - - - - - - - -- -' - - - - -- -- -,- - -- ---- --- , 

2 r(l+r) , l-r r(1-r) 
0 1+2r I 1+2r: 1+2r 

2 r(l-r) l-r 2 r 
1+2r • 1+2r 1+2r 

(4.9.4) 

(4.9.5) 
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, r ,--
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( - -(- ---r-----

'2 ' 2 r (1 +r)' l-r r (1-r ) I r I 

1+2r 1 1+2r 1+2r '1+2r , o 
2 I 2 
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I r (l+r) 1 l-r r (l-r)' r 
1+2r 1+2r 1+2r 1 1+2r 
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2 1 2 1 

_r_ I r (1-r ) l-r I r (1 +r ) 
1 1+2r 1 1+2r 1+2r 1 1+2r 

- - - 1 - - - - - - - - - " - -I - - - -. 
r 1 l-r ,--

l+r ,1+r 

2 2 
l-r r(1-r): r 
1+2r 1+2r :1+2r 

2 1 
r (l-r ) 1-r ,r (1 +r ) 
1+2r 1+2r ;1+2r , 

-- - - - - - 7 - - 2 - " - - -, - - -2 - - -- - '- - - - - - --
r(l+r)~ l-r r(l-r)1 r 
1+2r I 1+2r 1+2r: 1+2r 

2 ' 2 , 0: _r __ :r(l-r) 1-r ~(l+r) , 
1+2r ,l+2r 1+2r ,l+2r I 

- - - - - -,- - - - - - - - -I ~--..:. -:..,- - - 1- - - - - --

- - - - - - - - -I - - - - - - - - -- - - - - ::-:... -I - - - - - - -, - 2 
r(l+r) 11-r r(l-r) 

1--o 1+2r Il+2r 1+2r 
2 I 2 

r 1 r(l-r) l-r 
1+2r :1+2r 1+2r 

(4.9.6) 

(4.9.7) 

Now the system (4.9.3) will be stable against growth of rounding 

errors if, 
IITlien ~ 

IITllen = max 
l~i~m-l 

1, where we define 

{ 
m-l } I It. ·1 . 1 1.,J 
J= 

(4.9.8) 

= maximum absolute row sum of the (m-1)x(m-1) 

matrix T with elements t .. , 
1.,J 

Thus, from (4.9.4)-«4.9.7) we have, 
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{
I 2 212 

II TGER II en = max 1+ 2r (Il-r I + I r (1-r) I +r ), 1 + 2r <I r (l-r) 1+ Il-r I + I r (1 +r) I ) , 

1 221 } 1+2r(lr(1+r)I+ll-r 1+lr(l-r)l+r ), 1+r(l r l+11-r t) ~l 

for all r~1. 
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the condition when r~l. Therefore all single time step group explicit 

methods of GER, GEL, GEU and GEe are conditionally stable for r~l. This 

result can be easily confirmed from the numerical experiments. 

Alternatively, if we preserve the implicit form of (4.5.9),(4.5.12) 

and (4.5.15), i.e. 

(I+rGA)u. 1 = (I-rGB)u. + b , 
-]+ -]-

(4.9.9) 

we can still reach a similar stability condition using the following 

le~a of Kellogg (1964): 

Lennna 4.1: 

If p>O and (B+B*) is non-negative (or positive) definite, then 

-1 -1 -1 
(pI+B) is bounded and II (pI+B) 112~P . 

From equations (4.5.10), (4.5.11), (4.5.16) and (4.5.17), it is 

easily verified (Appendix 1) that (rGA+rG!) is non-negative (or positive) 

definite, then (I+rGA)-l is banded and I I (1+rGA)-ll 12~1. 

Thus 

For stability, from (4.9.8) we need 

-1 
"T" = ,,(I +rG A) (I -rGB) /I ~ 1. 

-1 -1 
" (I+rG A) (1-rGB) "2 ~ "(I+rG A) " 2" (I-rGB) " 2 

~ I I (I-rGB) I 12 

= max{ll-rl,11-2r! ,I} 

It can be easily shown that the eigenvalues of matrix GA and GB, 

irrespective of the schemes described, are 1, l-2r and l-r (the number of 

1 and l-2r is the multiplicity of group). Therefore 

-1 I I (1+rGA) (1-rGB)I 12 ~ 1 

for all r~l, i.e. similar to that of the earlier condition. This leads 

to the following theorem. 
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Theorem 4.3 

The GER scheme of (4.5.9), GEL scheme of (4.5.12), GEU scheme of 

(4.5.15) and the GEe scheme of (4.5.18) are conditionally stable for all r~l. 

We now consider the stability of the two-step process (Single) 

Alternating Group Explicit as in the equations (4.5.13), (4.5.19) and (4.6.1). 

Generally, these equations are written as 

where 

(I+PEt;A)u. 6 = (I-reGB)u. + b } 
J+ -J-

(I+reGB)u. 26 = (I-reGA)u. 6 + b -J+ -J+-

6 = 
{

I, for equations (4.5.13) and (4.5.19) 

~, for equation (4.6.1) 

Eliminating u. 6 from (4.9.9) gives 
-J+ 

u. 26 = Tu. + b' -J+ -] 

where b ' is independent of u's and 

(4.9.9) 

(4.9.10) 

(4.9.11) 

In proving the stability condition we will state another lemma of 

Kellogg (1964) which we employ below. 

Lemma 4.2 

If p>O and (B+B*) is non-negative (or positive) definite, then 

-1 -1 
(pI-B) (pI+B) is bounded and II (pI-B) (pl+B) 112 ~ 1. 

Now we define the matrix, 

T = (I+r6GB)T(I~GB)-1 (4.9.12) 

which is similar to T and thus has the same eigenvalues as T. With 
,..., 

(4.9.11) it follows that we can express T as 

T =f(I-r6G
A

)(I+r(GA)-1} {(I-r6G
B

)(I+rEG
B

)-1} (4.9.13) 

From our knowledge of matrix norms and spectral radii, it is evident 

that 
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peT) = p(r) = IITI12 ~ IICrr8GA)(I+t€G
A

)-1112 11(I+IBGB)(I-IBGB)-1112 

(4.9.14) 

Since r8(GA+GA) is non-negative (or positive definite for all cases of 

(4.5.13), (4.5.19) and (4.6.1), and r8(GB+G~) can also be easily shown 

then from (4.9.14) and Lemma 4.2 we get the unconditional stability 

condition for schemes governed by the equation (4.9.9). Hence we can 

state the following theorem. 

Theorem 4.4 

The (Single) Alternating Group Explicit method (4.5.13), (4.5.19) and 

(4.6.1) for the solution of the heat conduction equation (4.1.1) on the 

region R of the open rectangle is unconditionally stable for all r>O. 

The analysis of stability for the four-step process (Double) Alternating 

Group Explicit method as in equation (4.5.14), (4.5.20), (4.6.2) and (4.6.4) 

almost resembles the previous one. In general, these equations are written 

as 
(I+r8GA)u. e = (I-r8G

B
)u. + b 

-J+ -J 

(I+r8GB) ~j +28 (I-r8GA)u. 8 + b 
-J+ (4.9.15) 

(I +r8GB) ~j +38 = (I-r8GA)~j+28 + b 

(I+r8GA)~j+48 
'3 

(I-reGB)~j~8 + b 

where 1, for equations (4.5.14) and (4.5.20) 

e = !, for equation (4.6.2) 

I, for equation (4.6.4) 

Eliminating ~j+8,Uj+28 and uj +38 from (4.9.15) gives 

T ' + b" u. 48 = U. -J+ -J 
(4.9.16) 

where b" is independent of u's and where 

T' = (I +rff; A) -l(l-r~B)(I +r~B) -\1 -ra:; A)(I +rElG
B

) -1(1 -reG A)(I+rElG A) -l(I--rBG
B

) 

(4.9.17) 
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Let us define 

T' =(I+r6G ) -1(I-r8G )(I+reG ) -l(I-reG ) 

} 1 A B B A (4.9.18) 
and Ti = (I+reG

B
) -leI-reG A)(I+reG A) -l(I~GB) 

then T' = T'T' 
1 2 (4.9.19) 

""" '" If T' 
1 

and Ti are defined such that 

T' = (I+reG )T'(I+rtlG )-1 

} 1 A 1 A (4.9.20) 

and T' = (I+r6G )T'(I+r6G )-1 
2 B 2 B 

""" ,., 
then Ti and Ti are similar to Ti and Ti respectively. Therefore Ti and 

Ti have the same eigenvalues (and spectral radius) as Ii and Ti respectively. 

For stability we need I IT' I I~l 

i.e. , IIT'1I2 = II Ti Till2 

~ IITil1211Til12 

= p(Ti)p(Ti) 

= p (Ti)p (Ti) 
= II(I-r0GB)(I+r8GB)-\I--r6GA)(I+r8GA)-111 

II -1 -II' x (I-r8GA)(I+r8GA) (I-r8GB)(I+r8GB) I 

~ I I(I .... r6GA)(I+r8GA)-11121 I(I-rSG
B

)(I+r8GB)-11 12 
(4.9.21) 

Since in all cases r8 (G A +G~) and r8 (G
B 
+G~) are posi ti ve (or non

negative) definite matrices, therefore from Lemma 4.2 and (4.9.21) we get 

(4.9.22) 

which means the schemes governed by (4.9.15) are unconditionally stable 

for all r>O. Thus the theorem below follows immediately. 

Theorem 4.5 

The (Double) Alternating Group Explicit method for the solution of the 

heat conduction equation (4.1.1) on the region R of the open rectangle 

is unconditionally stable for all r>O. 
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4.10 STABILITY OF THE GROUP EXPLICIT METHOD: PERIODIC CASE 

This case has to be treated differently because its matrix of 

coefficients is quite different from the previous one. Equations (4.7.2) 

and (4.7.5) can be explicitly written as 

u. 1 -J+ 
T

3
u. 
-J 

(4.10.1) 

where for (4.7.2) 

T3 

and for (4.7.5) 

(4.10.2) 

(4.10.3) 

From equation (4.7.1) and (4.7.4) we can easily get that ~n the case of 

(4.7.2) 

T~ 
3 1+2r 

T3 is given by 

2 , 2 
l-r l (r-1) -r : ' ________ - ____ ------------.1-

I 2 1 

r(r-l~ 1-r r(r+1)1 
1 I 
, 2 , 
~(l+r) 1-r ,r(r-1) 

-,------- --- ---o 2 
-r I _____ 1-

I 2 I 2 
-r r(r-1), l-r r(l+r) 

I 
1 , 
I 

I 
1 
I 

..... 
...... 

...... ..... 1 
I 

r(1+r) 

2 
-r 

o 

- "2--' - -1- - - - -1--- -------, 2 
-r I l 

I 

r (1 +r): 
, 

r(l+r) 

2 -r 

1 l-r rCr-l) 
1 

!rCr-l) 2 l-r 

(4.10.4) 

and ~n the case of (4.7.5) 

2 l-r ;r(1+r) 

T3 ~s given by 
, 
1 

2 1 

r 'r(l-r) 

T =--"L 
3 1+2r 

----., , 
r(l+r)' 

I 

2 1-r 
( 

rC1-r) ( 
I 

2 
r 

2 ' 2 ( r Ir(l-r) 1-r Ir(l+r) 
- - - -,- - - - - - - - I - -2-

r(l+r) I l-r 
I 

, 
I 

I ___ ..1 __ r2 Ir(l-r) --- -,---
( ----t- - - - - - - I-, I 

o 

1 ______ 1.. ___ _ , - -------
t : 

, 
, 
I 

+-- --- -1- - --

2 
r(1-r) : r o 

2 1-r T(l+r) , _ __ 1"",-_ _ _ _ __ .J. ___ _ 

, -:- __ t I 

! - - - - ~r - -2 - - - -1' - 2 - -
I r(l+r) I 1-r r(l-r) 1 r 
1 ' I 

( : r2 :r(l-r) 1-r2 :r(l+r) 
- - - T - - - - - - - - ,- - - - - - - - -: - - - - -,- - - - - - -r - - --

r(l-d r2 
, ,2 
I r(l+r)I 1-r , 

(4.10.5) 
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In both cases of (4.10.4) and (4.10.5), we can easily verify that 

if r~l. This gives the similar stability condition as the corresponding 

GER, GEL, GEU and GEC schemes as discussed in the earlier section. 

For the two-step (equations (4.7.6) and (4.7.8) and four-step (equations 
~ ~ At. A. 

(4.7.7), (4.7.9) and (4.7.10» processes, since r(Gl+Gr) and r(G2+G~) 

are both positive (non-negative) definite (see Appendix 1) and since they 

can be written respectively as equation (4.9.9) and (4.9.15) with baO, 

the unconditional stability condition is similarly evident. 

It is observed that the two-step process Single (AGE) and four-step 

process Double (AGE), either in fractional form or not, for both cases of 

boundary conditions are unconditionally stable. While the one step processes, 

i.e. the GER, GEL, GEU and GEC schemes, still retain a larger stability 

condition compared to the ordinary explicit method. However, this 

conditional stability, is only to be expected since these schemes 

are formed from the combination of the unconditionally stable formulae 

(4.5.6) and (4.5.7) and the conditionally stable formula (4.5.5). 

At this stage it is important to mention that the unconditional 

stability condition does not mean that the time increment can be taken 

indefinitely large, particularly at small time levels if the solution is 

to satisfactorily approximate that of the equation (4.1.1). This behaviour 

is common to all unconditionally stable explicit or semi-explicit methods. 
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4.11 NUMERICAL EXAMPLES AND COMPARATIVE RESULTS 

As a simple example, the following problem was considered 

with the initial condition 

u(x,O) = 4x(1-x) , O~x~l (4.11.1) 

and the boundary conditions, 

u(O,t) = u(l,t) = 0, t~O. 

The exact solution (Saul'yev, 1964, p.34) 1S given by 

32 co 1 -k2rr 2
t . 

= -r I ~ e s1n(krrx). 
rr k=1,3,5, ..• , k 

U(x,t) (4.11.2) 

Experiment 1: 

In this experiment, accuracies of the various schemes in the class 

of Group Explicit methods are compared. The schemes are implemented uS1ng 

various values of r. At each point, the absolute error (A.E.) 

Ie. . I = I u. . -U. . I , 1,J 1,J 1,J 
(4.11.3) 

and the percentage error (P.E.) 
Ie. ·1 

% 1,J 100 • error = _':;"'<"0<..- X (4.11.4) 
IU. ·1 1,] 

are calculated. 

Tables (4.11.1) and (4.11.2) g1ve the compar1son of the absolute 

errors and the percentage errors of GER (equation 4.5.9), GEL (equation 

4.5.12), (S)AGE (equation 4.5.13) and (D)AGE (equation 4.5.14) for r=O.l 

after the 10th and 50th time-steps respectively. Tables (4.11.3) and 

(4.11.4) give a similar comparison for r=0.5 and tables (4.11.5) and 

(4.11.6) for r=1.0. 

Experiment 2: 

In this experiment, the accuracy of the fractional type of equation 
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is studied •. Tables- (!+.1l.7}-(4.11.1O) give the comparison of the 

absolute errors and the percentage errors of the schemes (4.6.1),(4.6.2) 

and (4.6.4) for r=O.l, r=O.S, r=1.0 and r=2.0 after the SOth time-step. 

Experiment 3: 

In this experiment, a comparison of some of the GE schemes with 

standard methods like CN, explicit and DuFort-Frankel are made for values 

of r=O.l, O.S, 1.0, 1.S. Tables (4.11.11)-(4.11.14) show the comparison 

(in terms of percentage errors) for each after the 50th time-step. 

Experiment 4: 

The behaviour of the percentage errors of the GER, GEL and (D)AGE 

schemes for r=O.l, x=0.1,0.S,0.9 at a certain time-interval are observed. 

The behaviour of the solutions of GER, GEL and (D)AGE for certain values 

of r is also observed. These observations are given graphically in Figs. 

(4.11.1)-(4.11.3). 

Experiment 5: 

In this experiment, the interval x=[O,l] is divided into an odd 

number of sub-intervals, i.e. m=ll. The accuracy of GEC, (S)AGE and 

(D)AGE are then compared, some of which are given ~n Tables (4.11.1S)-

(4.11.17) for r=0.121, 0.605 and 1.21. In this experiment the problem 

(4.11.1) is considered to have different initial conditions 

u(x,O) = { 2x, 

2(1-x), 0.5~x~1.0 

0~x~0.5 

and hence the exact solution is (Smith, G.D., 1978, p.15), 

u(x,t) = 
(IQ 

8 . I -z-z sin(nrrx) 
n=l rr n 

2 2 
. mr -n rr t 

nn2'"e 

(4.11.5) 

(4.11.16) 
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Es>eriment 6: 

In this experiment, the (D)AGE scheme is implemented on the heat 

conduction problem with derivative boundary conditions, i.e., 

3
2

u 
= --2 ' O~xd 

ax 

with the initial condition 

u(x,O) = sinx + cos x , x~O 

and the boundary conditions 

au -t 
ax(O,t) = e t~O 

~~(l,t) = e-t(cos(1.0)-sin(1.0)), t~O , 

with the exact solution (Mitchell and Wait, 1977, p.179), 

-t 
u(x,t) = e (sinx + cos x), O~x~l, t~O. 

(4.11.7) 

(4.11.8) 

(4.11.9) 

Table (4.11.18) give the results of this problem compared with the exact 

solution (4.11.9) in terms of absolute error, for r=0.1,0.5,1.0 and 1.5. 

The derivatives at the boundary x=O and 1.0 are approximated by the 

forward and backward difference formulae respectively. 

Experiment 7: 

For this experiment, the heat conduction problem with periodic 

boundary conditions is considered. The problem is 

au 
at 

2 
= ~ + 10(1-x)xt 

2 
at 

with the initial condition 

u(x,O) = x(l-x) 

and the boundary conditions 

u(O,t) = u(l,t). 

The exact solution to the problem is given by 

(4.11.10) 

(4.11.11) 



u(x,t) 

00 

L 
n=l 

00 

5 \' cos 2n1TX 
8 L 

n=l (nrr ) 
6 

-4n21T 2
t 

2 2 
{4 2 2 1 -4n rr t} n 1T t- +e 

_e_""'2--;;"2-- cos 2n1TX. 
n 1T 
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(4.11.12) 

For some values of t and x a proper compar1son with the exact solution 

cannot be made as the solution (4.11.12) converges very slowly. Table 

(4.11.19) give a comparison of the numerical and exact solutions for some 

specimen values of r. 



r-O.1, t-O.01 (10th step) 

~ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

GER A.E. 0.0001 0.0012 0.0004 0.00015 0.00005 0.00015 0.0007 
, 

P.E. 0.039 0.214 0.047 0.017 0.005 0.017 0.090 

GEL A.E. 0.0030 0.0012 '0.0007 0.00015 0.00005 0.00015 0.0004 

P.E. 0.990 0.214 0.090 0.017 0.005 0.017 0.047 

A.E. 0.0016 0.0010 0.0005 0.0001 0.00004 0.0001 0.0005 
S{AGE) 

P.E. 0.520 0.182 0.064 0.014 0.004 0.017 0.061 

A.E. 0.0015 0.0011 0.0005 0.0001 0.00004 0.0001 0.00051 
D{AGE) 

P.E. 0.492 0.196 0.064 0.015 0.004 0.016 0.061 

Exact 
0.3023887 0.5645662 0.7606421 0.8800478 0.9200077 0.8800478 0.7606421 Solution 

----- -- ----_L--

First line is the absolute error (A.E.) and second line is percentage error (P.E.) 

TABLE (4.11.1) 

0.8 

0.0012 

0.214 

0.0012 

0.214 

0.0013 

0.226 

0.0012 

0.212 

0.5645662 

0.9 

0.0030 

0.990 

0.0001 

0.039 

0.0013 

0.439 

0.00l4 

0.467 

0.3023887 

I 
I 
I 
, 

I 
I 
i 

i 
I 
I 

I 

I-' 
I.D 
W 



r-O.1, taO.05 (50th step) 

~ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

A.E. 0.00006 0.0016 0.0015 0.0023 0.0023 0.0023 0.0026 
GER 

P.E. 0.032 0.443 0.300 0.383 0.373 0.383 0.519 

A.E. 0.0019 0.0016 0.0026 0.0023 0.0023 0.0023 0.0015 
GEL 

P.E. 0.970 0.443 0.519 0.383 0.373 0.383 0.300 

A.E. 0.0009 0.0014 0.0020 0.0020 0.0021 0.0021 0.0019 
S(AGE) 

P.E. 0.507 0.390 0.384 0.342 0.338 0.353 0.365 

A.E. 0.0009 0.0015 0.0019 0.0021 0.0021 0.0021 0.0019 
D(AGE) 

P.E. 0.470 0.405 0.379 0.347 0.339 0.351 0.372 

Exact 0.1950648 0.37P7705 0.5098716 0.5989617 0.6296137 0.5989617 0.5098716 
l_ Solution /' 

First line is the absolute error (A.E.) and the second line is percentage error (P.E.) 

TABLE (4.11.2) 

0.8 

0.0016 

0.443 

0.0016 

0.443 

0.0016 

0.435 

0.0016 

0.421 

0.3707705 

0.9 

0.0019 

0.970 

0.00006 

0.032 

0.0008 

0.416 

0.0009 

0.449 

0.1950648 

t-' 
\0 
~ 

I 



r-0.5, t-0.05 (10th step) 

~ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 

A.E. 0.0040 0.0015 0.0009 0.0020 0.0020 0.0020 0.0047 0.0015 
GER 

P.E. 2.0644 0.4155, 0.1792 0.3366 0.3236 0.3366 0.9139 0.4155 

GEL A.E. 0.0057 0.0015 0.0047 0.0020 0.0020 0.0020 0.0009 0.0015 

P.E. 2.9406 0.4155 0.9139 0.3366 0.3236 0.3366 0.1792 0.4155 

S(AGE) A.E. 0.0028 0.0033 0.0012 0.0041 0.0035 0.0024 0.0038 0.0010 

P.E. 1.4528 0.8985 0.2451 0.6885 0.5600 0.4089 0.7375 0.2602 

A.E. 0.0027 0.0029 0.0004 0.0018 0.0011 0.0003 0.0023 0.0019 
o (AGE) 

P.E. 1.3698 0.7936 0.0790 0.3012 0.1803 0.0553 0.4428 0.5064 

Exact 
0.1950648 0.3707705 0.5098716 Solution 0.5989617 0.6296137 0.5989617 0.5098716 0.3707705 

First line is the absolute error (A.E.) and the second line is the percentage error (P.E.) 

TABLE (4. 11. 3) 

0.9 

0.0057 

2.9406 

0.0040 

2.0644 

0.0017 

0.8609 

0.0013 

0.6826 

0.1950648 

I 

~ 

\0 
VI 



~O.5J t=0.25 (50th step) 

S~ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 

A.E. 0.0001 O.OOll O.OOll 0.0017 0.0018 0.0017 0.0019 O.OOll 
GER 

P.E. 0.4213 2.0783 1.4858 2.0783 2.0751 2.0783 2.6644 2.0783 

, A.E. 0.0012 0.0011 0.0019 0.0017 0.0018 0.0017 0.0011 0.0011 
GEL 

P.E. 4.5715 2.0783 2.6644 2.0783 2.0751 2.0783 1.4858 2.0783 

A.E. 0.0002 0.0016 0.0018 0.0025 0.0025 0.0023 0.0021 0.0010 
S (AGE) 

P.E. 0.743 3.073 2.474 2.962 2.863 2.714 3.029 2.020 

A.E. 0.0002 0.0007 0.0003 0.0007 0.0007 0.0005 0.0007 0.0003 
D(AGE) 

P.E. 0.8389 1.3155 0.4557 0.8690 0.7534 0.6235 1.0178 0.0526 

Exact 
0.0270461 0.0514447 0.0708075 0.0832392 0.0875229 0.0832392 0.0708075 0.0514447 Solution 

First line is the absolute error (A.E.) and the second line is the percentage error (P.E.) 

TABLE (4.11. 4) 

0.9 

0.0012 

4.5715 

0.0001 

0.4213 

0.0008 

3.098 

0.0003 

1.2330 

0.0270461 

I 

I 

~ 
1.0 
0\ 



r=1.0, t=O.l, (10th step) 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 

GER A.E. 0.0050 0.0017 0.0015 0.0026 0.0027 0.0026 0.0059 

P.E. 4.1651 0.7682 0.4826 0.6996 0.7056 0.6996 1.8945 

GEL A.E. 0.0066 0.0017 0.0059 0.0026 0.0027 0.0026 0.0015 

P.E. 5.5781 0.7682 1.8945 0.6996 0.7056 0.6996 0.4826 

(S)AGE A.E. 0.0023 0.0187 0.0175 0.0284 0.0281 0.0244 0,0251 

P.E. 1.957 8.260 5.636 7.751 7.310 6.675 8,050 

(D)AGE A.E. 0.0053 0.0095 0,0022 0,0059 0,0052 0,0029 0,0061 

P.E. 4.44 4.21 0.70 1.61 1.35 0.78 1,97 

EXACT SOLUTION 0.1188685 0.2260983 p.311192~ 0.3658234 0.3846475 0 . .3658234 0.3111923 
- ------- ---.~- -------

First line is the absolute error (A.E.) and the second line is percentage error (P.E.) 

TABLE (4. 11. 5 ) 

0.8 

0.0017 

0.7682 

0.0017 

0.7682 

0,0082 

3.641 

0,0025 

1.12 

0.226098 

0.9 

0.0066 

5.5781 

0.0050 

4.1651 

0,0099 

8.359 

0."046 

3.83 

0.1188685 

I 

i 

I-' 

'" "'-I 



r=1.0, t=0.5 (50th step) 

0.1 0.2 0.3 0.4 0.5 0.6 

GER A.E. 9X10-6 
0.0002 0.0002 0.0003 0.0003 0.0003 

(4.5.9) P.E. 0.4185 4.7062 3.4864 4.7062 4.6930 4.7062 

GEL A.E. 0.00022 0.00021 0.00035 0.00033 0.00035 0.00033 

(4.5.12) P.E. 9.8045 4.7062 5.9000 4.7062 4.6930 4.7062 

S(AGE) A.E. 0.0006 0.0015 0.0019 0.0024 0,0025 0,0023 

(4.5.13) P.E. 26.5 33.9 32.0 ~3.5 fB.2 32.7 

D(AGE) A.E. 0.00004 0.00030 0.00020 0.00030 0.00030 0.00024 

(4.5.14) P.E. 1.56 6.80 3.37 4.29 4.03 3.45 

EXACT SOLUTION 0.0022936 0.0043628 0.00600483 0.0070591 0.0074224 0.0070591 

First line is the absolute error (A.E.) and the second line is percentage error (P.E.) 

TABLE (4.11.6) 

0.7 0.8 

0.0004 0.0002 

5.9000 4.7062 

0.00021 0,00021 

3.4864 4.7062 

0,0020 0.OCH3 

33.7 30.5 

0.00028 0.00(,)07 

4.60 1,57 

0.0<1>0048 0.004362 

0.9 

0.0002 

9.8045 

9X10-6 

0.4185 

0.0008 

~3,9-

0.00015 

6.38 

0.0022936 

I-' 
1.0 
CD 



r-0.1,~t-0.OO1, t a O.05 (50th step) 

~ 
~-

0.1 0.2 0.3 

(S)AGE A.E. 9.3466xl0 -4 15.9499xl0-4 20.6200xl0-4 

HALF P.E. 0.479 0.430 0.404 STEP 

(D)AGE A.E. 9.0948)(10-4 16.1951)(10-4 20.4765)(10-4 

HALF P.E. STEP 0.466 0.437 0.402 

(D)AGE A.E. 0.1534)(10 -4 16.3812)(10-4 20.8466)( 10 -4 
~TR. P.E. 0.549 0.442 0.409 STEP 

EXACT 
SOLUTION 0.1950648 0.3707705 0.5098716 

0.4 0.5 0.6 

22.4217xl0-4 23.0245xl0-4 22.5814xl0-4 

0.374 0.366 0.377 

22.5184xl0-4 23.0290)(10 -4 22.4928)(10-4 

0.376 0.365 0.376 

22.9235)(10-4 23.4665X10-4 22.9203)(10-4 

0.383 0.373 0.383 

0.5989617 0.6296137 0.5989617 

TABLE ( 4 • 11 • 7) 

0.7 0.8 

20.3814xl0-4 16.36 71xl0-4 

0.400 0.441 

20.5305)(10-4 16.1243Xl0-4 

0.403 0.435 

20.8534)(10-4 16.3723)(10 -4 

0.409 0.442 

0.5098716 0,3707705 

0.9 

8.9063)(10-4 

0.457 

9.1585)(10-4 

0.470 

9.614)(10-4 

0.470 

0.1950648 

~ 
\0 
\0 

-

, 



r-0.5,At-0.OO5, t-0.25 (50th step) 

~ 
- -- -----

0.1 0.2 0.3 

(S)AGE A.E. 3.6602x10 -4 
3.9462x10 -4 6.4997><10 

-4 

HALF 
STEp· P.E. 1.353 0.767 0.918 

(D) AGE A.E. 2.7866x10 
-4 

6.0368xlO 
-4 

6.8814><10 
-4 

HALF 
STEP P.E. 1.030 1.173 0.972 

(D)AGE A.E. 4.8143xlO-4 
9.1641 X lO 

-4 
12.3655 x10

4 

QTR 
STEP P.E. 1.780 1. 781 1.746 

EXACT 0.02704606 0.05144467 0.07080751 SOLUTION 
-- ---_ .. - ---~---- ---- - -- --- -- - - - - -

0.4 0.5 0.6 

6.6179x10 -4 7.1775x10 -4 7.1386x10 -4 

0.795 0.820 0.858 

8.6351xlO -4 
8.8297><10 

-4 
8.2293x10 -4 

1.037 1.009 0.989 

14.5913><10
4 

15.2990><10
4 

14.5325x10
4 

1. 753 1.748 1. 746 

0.08323922 0.08752290 0.08323922 

TABLE (4.11.8) 

0.7 0.8 

5.5099xlO -4 5.3094><10-4 

0.778 1.032 

7.6631x10 -4 
4.9133x10 

-4 

1.082 0.955 

12.4778><104 9.0079 x10.-4 

1.762 1. 751 

0.07080751 0.05144467 

0.9 

2.0579xI0-4 

0.761 

3.7489xl0 -4 

1.386 

4.9474x10-4 

1.829 

0.02704606 

I 

N 
o o 



r-l.O,6t-0.Ol, t-O.S (SOth step) 

~ 0.1 0.2 0.3 

(S)AGE A.E. 8. 188xIO-S 25.4S2xIO-S 31. 536 X lO-5 

HALF 
STEP P.E. 3.570 5.834 S.252 

(D)AGE A.E. 4.417xlO -5 3.288x10 -5 
1.028lx10 -4 

HALF 
STEP P.E. 1.926 0.754 1.712 

(D)AGE A.E. 4.731Xl0-5 9.630xlO -S 12.032XI0-S 

QTR. 
STEP P.E. 2.063 2.207 2.004 

EXACT SOLUTION 2.2936x10 -3 
4.3628x10 

-3 
6.0048xlO -3 

0.4 O.S 

40.421 xIO-5 41.785 xlO -5 

5.726 5.630 

9.322xlO 
-5 

1O.758xlO -5 

1.321 1.449 

14.612xlO-5 lS.150x10 -5 

2.070 2.041 

7.0591x10 -3 7.4224x10 -3 

TABLE (4.11.9) 

0.6 0.7 0.8 

38. 718xIO-5 34. 776 X10-S 20.991 xlO -5 

5.485 5.791 4.811 

1l.025x10 
-5 6.929xlO-5 8. 759x10-5 

I.S63 1.IS4 2.008 

14.264xl0 -5 12.70lX10-5 8.668X10-S 

2.021 2.11S 1.987 

7.0591 xlO 
-3 6.0048X10-3 4 •. 3628xIO-2 

-_ L....-.--~~-~---~ -~~ - --

0.9 

13.436xIO-S 

5.858 

0.302xIO-5 

0.132 

5.SS6 XIO-S 

2.422 

2.2936x10 -3 

N 
o 
r-' 

I 



r=2.0,~t=0.02, t=1.0 (50th step) 

~ 0.1 0.2 0.3 

(S)AGE A.E. B.44xlO -6 1.759xlO 
-5 2.367xlO -5 

HALF 
STEP P.E. 51.168 56.066 54.813 

(D)AGE A.E. 1.57xlO 
-6 

1.53x10 
-6 

3.37x10 -6 

HALF 
STEP P.E. 9.530 4.B74 7.80B 

(D)AGE A.E. 5.4xlO 
-7 

6.7xlO 
-7 

13.3XlO 
-7 

QTR 
STEP P.E. 3.297 2.141 3.0B6 

EXACT SOLUTION 1.650x10 
-5 

3.13Bx10 
-5 

4.319 xlO 
-5 

-- ----.-.~~-~.---

0.4 0.5 0.6 

2.B35x10 
-5 

2.969xlO -5 2. B08x10 
-5 

55.835 55.628 55.316 

3.40xlO -6 
3.B7x10 

-6 3. B1XlO-6 

6.69B 7.255 7.508 

13.7X10-7 
15.1x10 

-7 14.9xlO 
-7 

2.700 2.B27 2.939 

5 .077xlO-5 5 .338XlO-5 5 .077X10-5 

TABLE (4.11.10) 

0.7 O.B 

2.417xlO 
-5 1.690x10-5 

55.975 53.B60 

2. 86XlO-6 3 .12xlO-6 

6.614 9.934 

1O.9 x10-7 10.6 xlO- 7 

2.535 2.277 

4.319 x10-5 3.13B X10-5 

0.9 

9.26 XlO-6 

56.11B 

O. 31xlO-6 

1.856 

2.1xlO- 7 

1.268 

1.650x10-5 

! 

N 
o 
N 



r=O.l, 6t=0.001, t=O.l 

S~ 0.1 0.2 0.3 

CN P.E. 0.811 0.809 0.808 

Explicit P.E. 0.324 0.324 0.323 

DFF P.E. 0.716 0.710 0.714 

GER P.E. 0.317 0.809 0.691 

(D)AGE P.E. 0.759 0.754 0.733 

(D) AGE P.E. 0.809 0.806 0.804 QTR. STEP 

EXACT SOLUTION 0.118869 0.226098 0.311192 

0.4 0.5 0.6 

0.807 0.806 0.807 

0.323 0.323 0.323 

0.708 0.712 0.708 

0.807 0.806 0.807 

0.734 0.731 0.731 

0.803 0.802 0.803 

0.365823 0.384647 0.365823 

TABLE (4.11.11) 

0.7 0.8 

0.808 0.809 

0.323 0.324 

0.714 0.710 

0.924 0.809 

0.741 0.738 

0.804 0.806 

0.311192 0.226098 
~--- I----~~ -~--

0.9 

0.811 

0.324 

0.716 

1.304 

0.784 

0.809 

~.118869 I 

N 
o 
w 



r=0.5,6t=0.005, t=0.5 

S~ 0.1 0.2 0.3 0.4 

eN P.E. 4.022 4.022 4.022 4.022 

Explici t P.E. 7.945 8.061 7.945 8.061 

DFF P.E. 7.945 8.061 7.945 8.061 

GER P.E. 1.716 4.270 3.664 l~. 270 

(D)AGE P.E. 1.926 0.754 1. 712 1.321 

(D)AGE 
P.E. 3.566 3.568 3.532 3.539 QTR. STEP 

EXACT SOLUTION 0.002294 0.004363 0.006005 0.007059 

TABLE (4.11.12) 

0.5 0.6 0.7 

4.022 4.022 4.022 

7.945 8.061 7.945 

7.945 8.061 7.945 

4.266 4.270 4.868 

1.449 1.563 1.154 

3.534 3.531 3.548 

0.007422 0.007059 0.006005 

0.8 

4.022 

8.061 

8.061 

4.270 

2.008 

3.537 

0.004363 

0.9 

4.022 

7.945 

7.945 

6.816 

0.312 

3.616 

0.002294 
-------

I 

I 

j 

I 
I 

N 
o 
~ 



r=1.0.~t=0.01. t=1.0 . . 

~ 0.1 0.2 0.3 0.4 

CN 7.577 7.577 7.577 7.577 

GER 4.534 9.913 8.633 9.913 

(D)AGE 9.530 4.874 7.808 6.670 

(D)AGE HALF 3.297 2.141 3.086 2.700 

(D)AGE QTR. 4.159 4.307 4.099 4.167 

(S)AGE HALF 8.985 11.121 10.572 11.020 
r:;.. c, 

;Z; 
<--, 

EXACT SOLUTION 1.650x104 3. 138XI0'4 5.0nx10z.. 4.319x10 
-----~---- ----- - -~.-.- .. --.~--------... _--------- --- - - --

TABLE (4.11.13) 

0.5 0.6 0.7 

7.577 7.577 7.577 

9.900 9.913 11.166 

7.25.5- 7.508 6.614 

2.827 2.939 2.535 

4.137 4.116 4.213 

10.929 10.792 11.081 

-4-
5.338xlO 5 .Onx10~ -"4 

4.319xlO 

0.8 

7.577 

9.913 

9.934 

3.377 

4.082 

10.156 

3.138x104. 

0.9 

7.577 

15.265 

1.856 

1.268 

4.526 

11.144 

1.650xlO 

, 

I 

I I 

-'4) 

N 
o 
VI 



r=1.5, ~t=0.015, t=0.75 

~ 0.1 0.2 0.3 0.4 0.5 

CN 4.855 4.855 4.855 4.855 4.855 

(S)AGE / / / /" 
(D)AGE / / 

v 
/ /' 

v 
/' 

(D) AGE HALF 6.660 3.815 5.764 4.967 5.236 

(D)AGE QTR. 0.2046 0.7439 0.2185 0.4198 0.3472 

(S)AGE HALF 21.126 25.401 24.304 25.198 25.016 

-3 _'1 _'1 _'1 

EXACT SOLUTION 0.194xlO 0.370040-' 0.5092xl()-' o .598xlO 0.6295X10..J 

TABLE (4.11.14) 

0.6 0.7 

4.855 4.855 

/" / 
./ ,/ 

v 
/' 

5.448 4.723 

0.2868 0.5228 

24.744 25.321 

-3 0.5987x10 0.5092X103 

0.8 

4.855 

/ 
V 

/' 

6.727 

0.1089 

23.472 

-') 

0.3700xlO-

0.9 

4.855 

/' 
v 

1.967 

1.2444 

25.446 

0.1945x10 

i 

i 
I 

I 

I 

-3 

N 
o 
0\ 
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r=0.121,hx=I/II,ht=0.00~ t=0.09 

~ 1/11 2/11 3/11 4/11 5/11 

A.E. l.17xlO -4 6.64 xI0-4 6.19 xI0-4 1l.33xl0 -4 1l.62xlO -4 

GEC 
P.E. 0.125 0.369 0.246 0.374 0.352 

A.E. 3.49xl0 -4 4. 77xlO-4 7.69 xl0-4 8.82Xl0-4 10.33XI0-4 

(S)AGE 
P.E. 0.372 0.265 0.306 0.291 0.314 

A.E. 3.16xl0 
-4 5 . l1xl0-4 7.61xl0 

-4 9 .l1xl0-4 10.48xlO 
-4 

(D)AGE 
P.E. 0.337 0.284 0.302 0.301 0.318 

EXACT 0.093909 0.180027 0.251668 0.302916 0.329600 SOLUTION 

TABLE (4.11.15) 

6/11 7/11 

12.17xlO-4 12.97xlO-4 

0.369 0.428 

10.89xlO -4 1O.46xlO-4 

0.331 0.345 

11.03xl0 
-4 

10.75x10 
-4 

0.335 0.355 

0.329545 0.302752 

8/11 

8. 80xlO-4 

0.350 

10.31xl0 
-4 

0.410 

10.23xl0 
-4 

0.407 

0.251407 

9/11 

1O.05 xlO-4 

0.559 

8 .18 X lO-4 

0.455 

8 .52xlO-4 

0.474 

0.179686 

10/11 

2.79 x10-4 

0.298 

7.45 xlO-4 

0.797 

7.12x10-4 

0.762 

0.093413 

N 
o 
1.0 



r=0.605,~x=1/11,~t=0.005, t=0.45 

~ 1/11 2/11 3/11 4/11 Sill 

A.E. 2.44X10-5 8.09 x10-5 6.53xlO -5 13.00xlO-5 12 .58xlO-5 
GEC 

P.E. 0.911 1.574 0.909 1.503 1.336 

A.E. 1.47 x10-4 4.22 x10-4 5. 36 x10-4 7.00xlO-4' 7.42x10-4 

(S)AGE 
P.E. 5.47 8.20 7.46 8.09 7.88 

O. 370xlO-5 -5 
11.857x10

5 18.804 x10-5 18.125x10-5 
(D)AGE A.E. 14.295x10 

P.E. 0.138 2.780 1.650 2.174 1.926 

EXACT SOLUTION 0.002680 0.005142 0.007187 0.008650 0.009411 

TABLE (4.11.16) 

6/11 7 III 8/11 

12. 75 xlO-5 13.50x10-5 7.32 X lO-5 

1.355 1.562 1.019 

7.42 x10-4 6.95x10-4 5.28x10-4 

7.87 8.04 7.35 

17 . 954xlO -5 18.305 x10-5 11.070x10 -5 

1.908 2.117 1.542 

0.009409 0.008645 0.007179 

9/11 

9.11 x10-5 

1. 775 

4 .l1x10-4 

8.02 

13.284x105 

2.589 

0.005132 

10/11 

1.29xlO-5 

0.483 

1. 35xlO-4 

5.06 

0.784 x10-5 

0.294 

0.002668 
- -

N 
t-' 
o 

, 



r=1.21,~x=1/11,~t=0.01, t=0.5 

~ 1/11 2/11 3/11 4/11 5/11 

,,/ 
V V ~ ~ 

/" ..... "... ..... 

A.E. 5.746 x10-4 1.359 x10-3 1. 803xlO- 3 2. 271 x10-3 2.437x10-3 

(S)AGE 
P.E. 35.138 43.315 41.116 43.028 42.434 

A.E. 4.732 x10-4 2.389x10 
-4 1.689xlO-4 2.000x10-4 1.684 x10-4 

(D)AGE 
P.E. 2.894 7.613 3.850 3.790 2.932 

EXACT -3 -3 ,..3 
5.279XlO-3 5.743xlO-3 

SOLUTION 
1.635x10 3.138xlO 4.386x10 

- -.-.-.~.--- ~ -- ----- ------- - - --- 1_- ___ L~~ 

TABLE (4.11. 17) 

6/11 7/11 8/11 

.....-- -~ ----
~ -

2. 436 x10-3 2.268xlO- 3 1. 799 xlO-3 

42.423 42.995 41.051 

1.674x10-4 1. 970xlO-4 1.640x10-4 

2.915 3.734 3.744 

5.742x10 
-3 5 .276xlO-3 

4.381xlO 
-3 

----

9/11 

~ -
1.353x10-3 

43.204 

2.327x10-4 

7.431 

3.132 x10-3 

10/11 

~ 

5.675 x10-4 

34.857 

5.436xlO-5 

3.339 

1.628xlO 
-3 

N 
I-' 
I-' 

, 



Neumann Problem, Absolute Errors 

~ 0.0 0.1 0.2 0.3 0.4 

r=O.l,t=O.l 0.0206 0.0159 0.0123 0.0099 0.0086 (D)AGE 

EXACT SOL. 0.904837 0.990650 1.066564 1.131822 1.185771 

r=0.5,t=0.5 0.0568 0.0536 0.0512 0.0500 0.0493 (D)AGE 

EXACT SOL. 0.606531 0.664053 0.714939 0.758683 0.794846 

r=1.0,t=1.0 0.0866 0.0847 0.0831 0.0824 0.0819 (D)AGE 

EXACT SOL. 0.367879 0.402768 0.433633 0.460164 0.482098 

r=1,5,t=0.75 0.0368 0.0344 0.0832 0.0896 0.0889 (D)AGE 

EXACT SOL. 0.4724 0.5172 0.5568 0.5909 0.6190 
-----------_ .. _- --

TABLE (4.11.18) 

0.5 0.6 

0.0085 0.0097 

1.227872 1.257704 

0.0495 0.0505 

0.823067 0.843064 

0.0822 0.0828 

0.499215 0.511344 

0.0806 0.0335 

0.6410 0.6566 
--------- ~-

0.7 0.8 0.9 

0.0121 0.0159 0.0209 

1.274970 1.279497 1.271239 

0.0524 0.0551 0.0585 

0.854638 0.857672 0.852137 

0.0840 0.0856 0.0876 

0.518364 0.520205 0.516847 

0.0350 0.0852 0.0959 

0.6656 0.6680 0.6636 
--~-- L..~ --- ~ L-

1.0 

0.0272 

1. 250280 

0.0627 

0.838088 

0.0902 

0.508326 

0.0992 

0.6527 

N 
t-' 
N 



~ 
--

0.0 0.1 0.2 r 

0.1 
~t=O.OO1 (D)AGE 0.1684 0.1693 0.1718 

t=O.1 EXACT SOL. 0.1709 0.1718 0.1739 

0.5 (D)AGE 0.3517 0.3556 0.3639 
~t=0.005 

t=0.5 EXACT SOL. 0.3618 0.3650 0.3720 

1.0 (D) AGE 0.9425 0.9526 0.9684 
~t=0.01 

t=1.0 EXACT SOL. 0.9729 0.9795 0.9937 

1.5 (D)AGE 1. 9332 1.9832 1.9999 
~t=0.015 

t=1.5 EXACT SOL. 2.0007 2.0107 2.0322 
- -----~ ~-

0.3 0.4 0.5 0.6 

0.1745 0.1766 0.1774 0.1767 

0.1763 0.1781 0.1788 0.1781 

0.3724 0.3784 0.3808 0.3788 

0.3793 0.3846 0.3865 0.3845 

0.9841 0.9971 1.0028 0.9989 

1.0088 1.0197 1.0237 1.0197 

1.9769 1. 9944 2.0403 2.0458 

2.0549 2.0715 2.0775 2.0715 

TABLE (4.11.19) 

0.7 0.8 

0.1747 0.1720 

0.1763 0.1739 

0.3730 0.3650 

0.3793 0.3720 

0.9866 0.9698 

1.0088 0.9937 

2.0097 1.9685 

2.0549 2.0322 

0.9 

0.1696 

0.1718 

0.3567 

0.3650 

0.9525 

0.9795 

1.9350 

2.0107 

Percentage 
Error 

:=1% 

:=2% 

:=3% 

:=3% 

I 

N 
t-' 
W 
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The following conclusions- can be obtained from the tables:"'" 

(i) For the GER and GEL schemes, the errors' near the ungrouped points 

at the boundaries are higher than anywhere else in the range. This 

is probably due to the truncation error of the equation approximating 

the solution at the ungrouped point which is larger than the 

truncation error terms for the group equations. 

(ii) For small values of r, the GER and GEL schemes are already sufficiently 

accurate. For bigger r (D)AGE is the more preferable one. 

(iii) The (D)AGE, i.e. (S)AGE with the direction changed, is always more 

preferable than the (S)AGE scheme. Theoretically, this change of 

direction is difficult to explain as far as any advantages are 

concerned. Therefore since this change does not add further to the 

computational cost, then for any case it is better than the (S)AGE 

scheme. 

(iv) For the fractional schemes of (S)AGE and (D)AGE, the accuracy for 

small r ~s about the same. However, for r3l, (D)AGE is much more 

accurate. 

(v) The advantages of the GE schemes over the explicit, CraQk-Nicolson 

and Du-Fort-Frankel methods can be seen from Table (4.11.12). For 

r=l.O, the accuracy of (D)AGE is still better than Crank-Nicolson 

and the (D)AGE half-step and (D)AGE quarter step are also superior. 

For r>l.O, the (D)AGE half-step is as accurate as CN but the (D)AGE 

quarter step is still much more accurate than others (Table (4.11.14». 

(vi) The percentage errors of the (D)AGE scheme at a certain point x 

always lies between the percentage errors of GER and GEL for any time 

t. For x<O.5, the percentage errors of (D)AGE are lower than those 

of GEL and higher than those of GER and for x>O.S the percentage 



errors of (D)AGE are higher than those of GEL and lower than 

those of GER. Also for x=O.5, the percentage errors of the GEL 

and GER schemes are approximately equal. The graph also shows 

that the GER, GEL, (D)AGE schemes and the exact solution are 

quantitatively in agreement with each other. 
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(vii) For an odd number of intervals, the GEe, (S)AGE and (D)AGE schemes 

show the same characteristics in the results for GER/GEL, (S)AGE 

and (D)AGE as the case of an even number of intervals. 

(viii)For the derivative boundary condition it was assumed that a similar 

stability condition as the Dirichlet condition still holds. The 

results from the numerical experiments show that the errors near the 

boundary are higher than anywhere else in the range. This is 

probably due to the first order approximation in ~x used for the 

boundary condition. 

(ix) For the periodic boundary condition, the numerical solution shows 

that they are quantitatively in agreement with the analytical solution. 

(x) Even though most of the schemes are unconditionally stable (except those 

for the splitting type of schemes) the results indicate reasonable 

errors up to r=l.S. The author feels the effect of cancellation of 

error term ~~ and ~x~t is quite complex and not as straight forward 

as would otherwise seem. Further work is required to give a more 

definitive explanation. 
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4.12 THE CORRECTION PROCEDURES FOR L~GROUPED POINT NEAR BOUNDARY 

The numerical evidence obtained from the last section has clearly 

shown that the solution at the ungrouped point near the boundary is 

always higher than anywhere else in the range. By error accumulation 

this will certainly affect the accuracy at other points as the time-level 

increases. It is clear from Table (4.12.1) that for problem (4.11.1) the 

percentage error at the left ungrouped point from GEL method is very much 

higher than anywhere else right from the very first time level. 

r=0.5,t.t=0.005 

~ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 

j=l 2.241 0.122 0.002 0.015 0.000 0.015 0.002 0.122 

=2 2.884 0.077 0.135 0.005 0.001 0.005 0.084 0.077 

=10 2.941 0.416 0.914 0.337 0.324 0.337 0.179 0.416 

=50 4.572 2.078 2.664 2.078 2.075 2.078 1.486 2.078 

TABLE ( 4 . 12 . 1) 

0.9 

0.849 

2.443 

2.064 

0.421 

For this reason the author felt it necessary to look at some alternative 

means of improving the solution at this point, in particular. From the sign 

of the coefficients of the truncation errors, it is quite logical for us to 

decide on a process of averaging, even though this is not the only possible 

way. A few of the strategies which are considered are as follows: 

(i) At any ungrouped point, the solution is taken as the average of 

the solutions of equations (4.2.14) and (4.2.15). 

(ii) For the left-ungrouped point instead of using equation (4.5.7) we 

use the first equation of (4.5.5) and for the right-ungrouped point 

we use the second equation of (4.5.5) instead of (4.5.6). 

(iii) For points near the boundary irrespective of whether it is grouped 

or not, the solution will again be the average of the solutions of 

equations (4.2.14) and (4.2.15). 
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(iv) The average is taken at every point, i.e., 

Ui,j = !{(ui,j)GEL + (ui,j)GER} 
(4.12.1) 

or Ui,j = !{(ui,j)GEU + (ui,j)GEC} 

Tables (4.12.2)-(4.12.4) give a sample of the results where some 

schemes in GE are implemented using the above strategies. The model 

problem used is similar to (4.11.1). To see the effectiveness of the 

correction strategy, we have to compare these results with those in 

Tables (4.11.2), (4.11.4) and (4.11.6) respectively. For GEL, the use 

of strategy (ii) and (iv) give little improvement to the solution at the 

left ungrouped point for r=O.l, for other values of r the solutions also 

do not give any significant improvement. 

In the case of (D)AGE, strategy (i) gives a significant improvement 

only for r=O.l, while for r=O.S, strategy (iii) seems to give slightly 

better results when compared with (D)AGE in Table (4.11.4). For r=l.O, 

(D)AGE is still better than the result from both strategies. 

From all tables, the conclusion one can gather is that the effectiveness 

of these correction procedures are only significant for small values of r. 

For larger values of r, the magnitude of the truncation errors overide 

this effectiveness. 



r=O.l, t=0.05 (50th step) 

~ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

GEL 
strategy A.E. 0.00111 0.00075 0.00094 0.001181 0.00169 0.00193 0.00135 

(ii) P.E. 0.572 0.202 0.184 0.197 0.268 0.323 0.264 

(D)AGE A.E. O.OOOlD 0.00089 0.00147 0.00172 0.00181 0.00174 0.00143 
strategy P.E. 0.053 0.241 0.289 0.287 0.288 0.291 0.281 (i) 

(D)AGE A.E. 0.00086 0.00149 0.00192 0.00207 0.00213 0.00209 0.00188 

strategy P.E. 0.438 0.401 0.377 0.346 0.338 0.349 0.369 
(iii) 

GER+GEL A.E. 0.00090 0.00154 0.00194 0.00212 0.00216 0.00212 0.00194 
average P.E. 0.461 0.416 0.380 0.353 0.343 0.353 0.380 strategy (iv) 

EXACT SOLUTION 0.195065 0.370771 0.509872 0.598962 0.629614 0.598962 0.509872 

First line is the absolute error (A.E.) and second line is percentage error (P.E.). 

TABLE (4.12.2) 

0.8 

0.00156 

0.421 

0.00094 

0.255 

0.00153 

0.411 

0.00154 

0.416 

0.370771 

0.9 

0.00009 

0.048 

0.00007 

0.038 

0.00084 

0.432 

0.00090 

0.461 

0.195065 

N 
I-' 
00 



r=0.5, t=0.25 (50th step) 

~ 0.2 0.3 0.4 0.5 0.6 

GEL A.E. 11. 289XlO-4 16. 703xlO-4 10.218xlO-4 1l.585xlO -4 8 .636x10-4 6.033x10-4 

strategy P.E. 4.174 3.247 1.443 1.392 0.987 0.725 (ii) 

-4 16.605x10-4 15.800xlO-4 -4 -4 
19.291x10

4 
(D)AGE A.E. 8.616x10 21.330x10 21.025 x10 

strategy P.E. 3.186 3.228 2.231 2.562 2.402 2.318 
(i) 

-4 5.960x10-4 -4 8.742x10-4 -4 6.540x10-4 
(D)AGE A.E. 1. 700x10 4.013x10 7.976x10 

strategy P.E. 0.629 1.159 0.567 1.050 0.911 0.786 
(iii) 

GER+GEL A.E. 0.516x10 
-4 2.566 X10-4 

3.993x10 -4 4.959x10 
-4 

5.290X10 -4 4.959 x10-4 

average 
strategy(iv) P.E. 0.191 0.499 0.564 0.596 0.604 0.596 

EXACT 0.0270461 0.0514447 0.0708075 0.0832392 0.0875229 0.0832392 SOLUTION 
-- .. --~ -------- .. _---- ~~ ~~- L-

First line is the absolute error (A.E.) and second line is percentage error (P.E.). 

TABLE (4.12.3) 

0.7 0.8 

7.967xlO-4 2 .19IX10-4 

1.125 0.426 

20.322x104 11.241x104 

2.870 2.185 

8.626x10-4 2.103xIO-4 

1.218 0.409 

3.993x10-4 2.566 xlO-4 

0.564 0.499 

0.0708075 0.0514447 
-~-

0.9 I 
I 

7.656xlO-4 

2.831 

11.002x10 -4 

4.068 
I 

2.536x10-4 I 
0.938 

0.516 x10-4 

0.191 

0.0270461 

N 
t-' 
1.0 

I 



r=1.0, t=0.50 (50th step) 

S::::------~ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

GEL A.E. 2.042x10-4 
3.917x10 

-4 3.598xlO-4 4.019 x10-4 3. 763xlO-4 3.633xlO-4 3.598xlO-4 

strategy P.E. 8.904 8.977 5.991 5.694 5.069 5.146 5.991 (ii) 

-4 -4 6.260xlO-4 -4 -4 -4 7.733XlO-4 
(D)AGE A.E. 2.873x10 6.062xlO 7.974x10 8.179xlO 7.876xlO 

strategy P.E. 12.528 13.895 10.425 11. 297 11.019 11.156 12.877 
(i) 

1.580XlO-4 3.126XlO-4 2.973XlO-4 -4 -4 -4 4 .870xlO-4 
(D)AGE A.E. 4.650x10 4.560xlO 4.466xlO 

strategy P.E. 6.888 7.165 4.951 6.586 6.143 6.327 8.110 
(iii) 

GER+GEL A.E. 2.135x10 
-4 

4.377xlO 
-4 

6.087xlO 
-4 

7.205x10 
-4 

7.687x10 
-4 

7.205x10 
-4 6.087XlO-4 

average P.E. 9.307 10.033 10.137 10.207 10.222 10.207 10.137 strategy (i v) 

EXACT -3 4.3628X10- 3 6.0048x10-3 -3 -3 7 .0591X10-3 6.0048XlO-3 
SOLUTION 2.2936x10 7.0591x10 7.4224x10 

First line is the absolute error (A.EJ and the second line is the percentage error (P.E.) 

TABLE (4.12.4) 

0.8 0.9 

1.839x10-4 2.042x10-4 

4.216 8.904 

4.110x10-4 3.178x10-4 

9.421 13.854 

2.040x10-4 1.482x10-4 

4.676 6.459 

4.377x10-4 2.135 x10-4 

10.033 9.307 

4.3628X10-3 2.2936 x10-3 

~--'--

N 
N o 
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4.13 THE WEIGHTED GROUP EXPLICIT (WGE) METHOD 

In the general approximation (4.2.1), if we put: 

-rau. 1 . l+(l+ar)u .. 1 = r(l-a)u. 1 .-~r-(1+ar)]u .. +ru. 1 . 1- ,J+ 1,J+ 1- ,J 1,J 1+,J 

(4.13.1) 

and 

-rau. 1 . 1+(1+ar)u .. 1 = r(1-a)u. 1 .-[2r-(1+ar)]u .. +ru. 1 . 1+ ,J+ 1,J+ 1+ ,J 1,J 1-,J 

(4.13.2) 

From equation (4.3.3), the truncation errors for these two equations 

are given by 

6t a2
u 1 a4

u 
T4 13 1 = a«~x)~x~t + -6 ~x6t 3 

3 
+ .1-~ 

24 6x • • a a ax at 

and 

T 4.13.2 
= 

of (I-a) 
2 

2 3 
+~ ~I 24 3 

at . . 1 1,]+2 

4 
au) 

2 2 
ax at . '+1 1,J 2 

2 3 
+ ~.L!:!.I 24 3 

at . . 1 . 1,J+2 

i ,j+~ 

The stability condition for equation (4.13.1) and (4.13.2) can 

easily be derived from (4.4.3) to give the condition 

r ~ 2(l:a) 

(4.13.3) 

(4.13.4) 

(4.13.5) 
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i-I i 

(j+l)th level 

i+l 

j th level 

(a) 

(j+l)th level 

j th level 

(b) 

FIGURE (4.13.1) 

(j+l) th level 

i-I i+l i+2 

r(l +a.r) / (l+2a.r) r---~ 
2 

a.r /(l+2a.r) jth level 

(a) 

(j+l)th level 

2 
a.r / (l+2a.r) r(1+a.r)/(1+2a.r) j th level 

(b) 

FIGURE (4.13.2) 
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These two schemes: were firs-t proposed by Saul 'yev (1964) and 

diagrannnatically are given in Fig. (4.l3 .1) • For q=l, these equations 

reduce to the equations- (4.2.15) and (4.2.l4) respectively, i.e. the 

equations which later formed the Group Explicit method. In addition, for 

a=O, they give the explicit equation (4.2.9). It is worth noting that the 

addition of these two equations will result in the Saul'yev's weighted six 

point equation (4.2.10). It was from the equations (4.13.1) and (4.13.2) 

that the author was able to derive the mathematical basis and formulation 

of the method that will be called the Weighted Group Explicit (WGR) method. 

Similar to Section (4.5), we consider any group of two points i.e. 

(i~x,(j+!)~t) and «i+l)~x,(j+~)~t), in which we use equation (4.13.1) 

and (4.13.2) respectively to calculate the values u as the approximate 

solution to equation (4.1.1) at those points. Therefore, at (i~x,(j+!)~t) 

the solution is given by 

-rau. 1 . l+(l+ra)u .. 1 = r(l-a)u. 1 .-~r-(l+ar)]u .. +ru. 1 0' 
~+ ,]+ ~,]+ ~+ ,] ~,] ~- ,] 

(4.13.6) 

whilst at point «i+l)~x,(j+~)~t) the solution is given by 

-rau .. l+(l+ra)u. 1 '+1 = r(l-a)u. ,- [2r-(1+ar ) ]u, 1 ,+ru. 2 0' 
~,]+ ~+ ,j ~,j ~+,j ~+,] 

(4.13.7) 

These two equations are then written simultaneously as 

r+ar 

L -ra 

-r~ 

l+aJ 

or 

jui,j+l J 
LUi+1,j+l 

~i,j+l ] ;,~1+ar)-2r 
u. 1 '1: r(l-a) 
~+ ,]+ 

r(l-a) -I 
(1+ar)-2J 

fI+ar 

LlXr 
ar J -{ f<1+ar)-2r 

l+ar L r(l-a) 

+ fUi-l'~} 
Lrui +2,) 

l' , ] ~,j + 

u, 1 ' 
~+ ,] 

rUi-l,jl 

Lru, +2 :J 
~ ,j 

(4.l3.8) 

r(l-a) J rue , ] 
(l+ar)-Zr LU:::,j 

(4.13.9) 
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where IAI=1+2cxr, as an explicit sys.tem. This is simplified to 

where 

and 

L· . 1 J 1,J+ 

u i +1 ,j+l 
= 

2 f
1
=(1+2ar-2r-ar )/(1+2ar) 

f~ ri,j J + 1 
flJ Lu. . 1+2ar 

1 i+1,J 

2 

~
l+ar)ru. 1 .+ar u. 2 ~ 1- ,] 1+ ,] 

a r2u. 1 .+(l+ar)ru. 2 . 1- ,J 1+ ,J 

(4.13.10) 

f 2=r(1-ar)/(1+2ar) which is given diagrammatically by Fig.(4.13.2). 

For the ungrouped points near the right and left boundaries we can 

use equation (4.13.2) and (4.13.1) respectively, i.e. for the right 

boundary, 
1 

um- 1 ,J'+1 = ~1 rau. l+r (l-a)u .-[2r-(1+ar )]u 1 .+ru 2 .} +ar m,J+ m,J m-,J m-,J 

(4.13.11) 

and for the left boundary 

1 
u1 ,J'+1 = l+~r {rauO . l+r (l-a)uO .-[2r-(1+ar )]u1 .+ru2 .}. 

u. ,]+ ,J ,J ,J. 

(4.13.12) 

Before we develop different varieties of the WGE scheme we assume 

that the boundary conditions are of Dirichlet type and the number of sub-

intervals are even. However, similar procedures are also applicable to 

periodic conditions, and/or odd number of intervals. 

(i) WGER scheme: The scheme denoted Weighted Group Explicit with Right 

ungrouped point is similar to the GER scheme (4.5.8) as far as the 

procedure is concerned. The scheme uses equation (4.13.10) for !(m-2) 

times for the first ~m-2) points and equation (4.13.11) for the last 

(m-1)th point. In matrix form it is given by 

where 

(I+rG3)u. 1 
-.J+ 

I -a I 

= (I-rG )u. + b , 
4 -J -S 

I I 

~- -- - ~~ - -- - - -;- D - - - ~-
I ... ' 
I ...... I , 
I ...., I 

T - - - ~ 1- - - - - "t -o : I a -; 
I -a a I 

- ----~-----+------ --j- • , 

I I a 

(4.13.13) 

(4.13.14) 



and 

(ii) 

and 

G = 
4 

2-Cl Cl-1 I 

I 

Cl-1 2-Cl I -1 
I I 
I I I ----- __ ..J __ 

-1 : 2-(1 

: Cl-1 ------.,.-

""t-- - -----1---
Cl-11 I 0 

I I 

2-Cl ~ -1 I : 
- - r - - - ~ - - - - - -r - -. 

: I', I 1 
I I "I I ---r --0 --;-- -- -~~-2:'a -Cl-:.[; ---

I I Cl-1 2-Cl I Cl-1 
- .... --- -.1----_-i __ _ 

I 1 Cl-1 I 2-Cl 

I 
-i- -

I 

b ~ = [rua ., a, ... , r (1-Cl) u . +ro. u . 1]' ,] m,] m,]+ 
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(4.13.15) 

WGEL Scheme: This scheme, Weighted Group Explicit with Left ungrouped 

point corresponds to the GEL scheme (4.5.12). The scheme is written by 

(I+rG5)u. 1 = (I-rG6)u. + ~ , (4.13.16) 
-]+ -]-u 

where 

I Cl -ClI I 

I I 0 
I -Cl Cli 
I I I r

Cl 1------i- - ----L ----
T-----,~--- .-----

G=tll " I 5 _ -11- - - 0 _ ~ ___ ' ~ _: ___ _ 
1 Cl -Cl 

I I I 

I I I -Cl Cl 
I I 

2-(11 -1 __ L ______ L _______ -+ ____ _ 

-1 1 2- Cl 0.-1' I 
I 1 10 
1 Cl-1 2-0. ' -1 

- - -,- - - - - -4 ~ - - _ 1- ____ _ 
, ..... , I 

I 

I 
- -0-

1 

... .... 
... I 

- ~ .... I_-

-1' ·2-Cl Cl-1 , 
: Cl-1 2-0. 

=[rClua . l+r(1-Cl)ua . ,a, ... ,a,ru .] . 
,]+ ,j m,j 

(4.13.17) 

(4.13.18) 

In the case when Cl=1,'G
3

=G
6 

and G4=G
5

, the equations (4.14.13) and (4.13.16) 

give the GER and GEL schemes respectively. If Cl=a, G3=G5=a and G
4

=G6 

and the equations (4.13.13) and (4.13.16) reduce to a classical explicit 

system (2.9.13). 
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(iii) The (S)WAGE scheme: This scheme called the (Single) Weighted 

Alternating Group Explicit corresponds- to the (S)AGE (4.5.13). 

It is given by 

(I+rG3)!;j+l = (I-rG4)~j + ~ 

(I+rG5)~j+2 = (I-rG6)~+1 + % . } 
The corresponding half-step splitting (S)WAGE is given by 

+ ~5 

+ b .::u 
} 

(4.13.19) 

(4.13.20) 

(iv) The (D)WAGE scheme: This scheme corresponds to (D)AGE scheme (4.5.14) 

and is termed as the (Double) Weighted Alternating Group Explicit. 

It can be written 

(I+r8G
3
)u. 8 = 
-J+ 

(I +r 8G 5 ) ~ + 2 8 

(I+r8G5)~j +38 

(I+r8G3)~j+48 
where 

= 

= 

as 

(I-r8G
4

)u. 
-J +~ 

(I-r8G6)~+8 + % 

(I-r8G6)u. 2 
-J+ 8 +% 

1, for ordinary time-level 

8 = ~,for half-step splitting 

t, for quarter-step splitting 

Truncation Errors 

(4.13.21) 

(4.13.22) 

If we expand each term of both equations 1n (4.3.10) as a Taylor 

series expansion about (i~x,(j+!)~t) and «i+l)~x,(j+!)~t) respectively, 

the following is obtained: 

For the first 
2 

(au _ .L.!!.) 

equation of (4.13.10) it gives, 

at 2 i,j+! ax 

+ ~x r a u 2 [ 3 

2 ax2at 

3 4 
~t a a ul + ~~t ar a u I 

- ~x (1+2ar) ~ .. 1 -2- (1+2ar) .... 3"t 
aX 1 ,J+2 aX a • • 1 
4 2 3 4 1,J+2 

_ (l+8ar) a ul + ~r.!. .L.!!. _ a u J 
6(1+2ar) ~ 8 [3 3 2 2J 

ax i,j+~ at ax at i,j+! 
1 a l a 2 

+ -- O(~x ~t ) = 0, 
~t 

(4.13.23) 
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For the s-econd equation of (4.13 .10) it gives', 
2 3 

(dU _ ~) + tit a .L!:I 
at ~ 2 i+1,j+! ~x (1+2ar) ~ 3 

ot oX • 1 . 1 1+ ,J+2 

tlx~,t ar - -- ---'''-----,-
2 (1+2ar) 

+ tlx
2 U 3

u _ (1+8ar) a4(1 + ~t2r.!. a
3
u _ 

2 L~ 6(1+2ar) ax~. 1 . 1 8 [3 dt 3 
1+ ,J+2 

1 a 1 a 2 
+ ~t O(~x ~t ) = O. (4.13.24) 

Meanwhile, the truncation errors for the ungrouped points are given by 

= a (~t)~ + .!. ~x~t a u +.J:. l.l E 
2 4 At3 

~x axat 6 ax3at 24 ~x 

_«~X)2 a
4

u + (~t)2 4 
aU) 

2 2 

a4u~ 
axat l' 1 ,J+2 

3 

12 4 8 ax ax at l' 1 ,]+2 

+ (I-a) 1':. t a u I 
2 2 

ax at l,j+! 

+ ~t2 a3ul 
24 3 

at 1,j+! 

1 a l CL 2 
+ ~t O(~x ~t ) , (4.13.25) 

for the left point and by 
2 4 

= -CL r(M)~ + .!. ~x~t a u 
L~x axat 6 ax3at 

for the right point. 

WGER Scheme: The truncation errors for this scheme at any time level 

are given by the error terms of (4.13.23) and (4.13.24) respectively for 

i=1,2, ••.• m-2 and for the (m-1)th point is given by (4.13.26). (Fig.4.13.3a». 

WGEL Scheme: The truncation errors for this scheme at any time level are 

given by equation (4.13.25) for the point closest to the left boundary. 

For the remaining points, the truncation errors are given by the error 

terms of (4.13.23) and (4.13.24) respectively, (Fig. 4.13.3b). 



1 2 1 2 1 212 3 
jth level 

(a) 

4 1 212 1 2 1 2 
j th level 

(b) 

1 2 1 1 2 3 -2 1 2 (j+l)th level 

i 1 2 1 2 1 2 1 2 - jth level 

(c) 

1 2 1 2 1 2 1 2 3 - (j+3)th level 

4 1 2 1 2 1 2 1 2 

- (j +2) th level 

j 1 2 1 2 1 2 1 2 (j+l)th level 

1 2 1 2 1 2 1 2 3 ... ... -- jth level -
(d) 

Diagram showing the distribution of the truncation errors 

1 - Equation 4.13.23 

2 - Equation 4.13.24 

3 - Equation 4.13.26 

4 - Equation 4.13.25 

FIGURE ( 4 • 13 • 3) 
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(S)WAGE Scheme: In general, the di.stribution of the truncation errors 

for this scheme are given by the truncation errors of WGER and WGEL 

s-chemes respectively. Fig. (4.13. 3c) will clearly describe the dis tribution 

of the errors. 

(D) WAGE Scheme: The error distributions can be more easily described by 

the diagram given in Fig.(4.13.3d). 

From Figs.(4.13.3c) and (4.13.3d), we can see that at all the inner 

points, the errors (1) and (2) are in sequence as the time level moves 

lit forward, and since each of the terms (lIX) and (lIxllt) for both equations 

are opposite in sign, for small enough values of lit, some of these error 

terms tend to cancel themselves. Therefore the only significant error 

2 terms which will generate are only of O«lIx) + 6t .). For the points 

near both boundaries, the significant accumulated errors are still of 

2 6t O(lIt+(lIx) 1
6x

)' This is one of the reasons why the numerical solution 

near the boundary is proved not to be as accurate as the solutions far 

from the boundary. 

The Stability 

The scheme WGER of (4.13.13) and WGEL of (4.13.16) can be written 

explici tly, as, (4.13.29) 

where 

(4.13.30) 



with 

and 

Also, 

and 

2 
£ - (1+2ar-2r-ar )/(1+2ar) , 

1 

£2 = r(1-ar)/(1+2ar) , 

£3 = r(1+ar)/(1+2ar) 

2 
£4 = ar /(1+2ar) , 

£' = «1+ar)-2r)/(1+ar) 
1 

f 4' = r / (1 +a r ) , 
rau . l+r(l-a)u . 

T [£ m,]+ m,]., 
b' = f 3

U
O,j' 4 UO,j ,0, ... ,0, l+ar J • 

f' If' I : 
1 I 4 I I 
-r -- -+- ------,----

f 3 I fl f ~ £4 : 
I I 0, 

£ 4 I f 2 f l' f 3 , 
-,---+-:,- ---~----, 

.... I .. , 
.... ~ , ----,----
f3 ,f1 f2 

I , 
f4 ~f2 f1 , 

Now the system (4.13.29) will be stable if we can 

IITII = max 
CD { 

11'1-1 } I It. ·1 ~ 1. . 1 1,] 
J= 

show that 

Hence the following theorem has to be established. 
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(4.13.31) 

(4.13.32) 

(4.13.33) 



Theorem 4.6 

Let ar{l for O<a{l and r>O, therefore, 

(a) f1 are non-~egative for r{l and a~O (for r~! and a=O), 

(b) If1/+lf21+lf31+lf41=1, 

231 

(c) If11+lf21+lf31 and If11+lf21+lf41 are both less (or equal) to unity, 

and 

(d) 1 
~ (2-a) . 

Thus, from (4.13.29), the WGER scheme and the WGEL schemes are conditionally 

stable for r ~ (2:a) •. 

Proof 

(a) 
2 Here we need to show that (1+2ar-2r-ar )~O. For a=O, it is clear 

that (1-2r)~0 for r~!. For a~O, f1~0 if r lies in the range 

r = l-~ - ! ;(a2-a+1) 
a a 

and 
< 0 1 1 I 2 

r = 1-- + - {(a -a+1) ,,1. 
a a 

Therefore values of f1 are non-negative for r{l and a~O (for r~! and a=O). 

(b) Since f 1,f2,f3 and f4 are non-negative, then 

2 2 2 2 
If 1+lf 1+lf 1+lf I = (1+2ar-2r-ar )+(r-ar )+(r+ar )+ar 

1 2 3 4 (1+2ar) 
= 1 

2 

I I I (1+2ar-ar) 
(c) 1 f 11 + 1 f 2 + f 3 = (1 + 20 r ) 

~ 1 for all r>O. 

2 
If11+ If21+ /£4 1 = 

(1+2ar-r-ar ) 
(1+2ar) 

~ 1 for all r>O. 

(d) · r' if 
1 

r ~ (2-0) 
f~ 

1 <0, if 1 r > (2-0) 



Assuming fi~O, then 

(l+ar-2r)+r = -'-..,..,--...,...:..-
(l+ar) 

Assuming fi<O' then 

If'l +If'l = (2r-1-ar+r) 
1 4 (l+ar) 

~ 1 for all r>O. 

2 
~ 1 for all r ~ --==---(3-2a) 

which cannot hold at the same time with r > 1 for all O~a~l. 
(2-a) 
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Therefore, the assumption that fi~O is taken into account which then will 

result in 

Hence, 
II TWGER I L = I tr WGEL II Q) 

= max{(lfll+lf21+lf31+lf41),(lfll+lf21+lf31), 

(lfll+lf21+lf41),(lfil+lf41)} 

1 . f 1 1 r <--.. 2-a 

This completes the proof. For the value a=l this theorem reduces to 

Theorem 4.3. 

To analyse the stability of the two-step (S)WAGE process of equations 

(4.13.19) and (4.13.20), we write them as 

where 

T + b' u. 26 = u. _, 
J+ -J 

e = {I, for equation 

i, for equation 

(4.13.19), 

(4.13.20), 

T(S)WAGE = (I+r6Gs)-1(I-r8G6)(I+r6G3)-1(I-r6G4) 

(4.13.34) 

(4.13.3 5) 

and b' is associated with the appropriate boundary condition. 

It can be clearly seen that, 

T(S)WAGE = TWGEL TWGER ' 
(4.13.36) 

therefore, we can state that T(S)WAGE~l if r'[:1/(2-a). Evidence gained 

from the experiments from (S)AGE (if a=1) shows that (S)WAGE has better 

stability characteristics. This can be shown using (4.13.30), (4.13.32) 

and (4.13.35) but for the sake of brevity this will not be proved here. 
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Numerical EXample 

In this example the (S)WAGE half-step splitting scheme has been 

implemented for the problem (4.11.1) for various values of a. The purpose 

of this study is to see the variation in the numerical solution given by 

using different a. Tables (4.13.1)-(4.13.4) give the effect on the 

solutions caused by various a, for r=O.1,O.5,1.O,1.5, in terms of percentage 

errors. 

From the tables we can see that for small values of r, the nearly 

explicit type scheme (i.e. a~O) give a better solution than other values 

of a. For r=O.5, the ranges O.4~a~O.6 give better solutions and for r~l, 

a=l is the best value to choose. 

This experiment therefore justifies that the explicit method is only 

best used for very small r. For r=!, the method with a=! is recommended. 



r-6.1,6t-0.001, t-0.1 Percentage errors 

~ 0.1 0.2 0.3 0.4 

a-a. I 0.594 0.591 0.591 0.590 

0.2 0.619 0.614 0.615 0.613 

0.25 0.631 0.626 0.627 0.625 

0.5 0.693 0.682 0.684 0.681 

0.75 0.754 0.736 0.739 0.735 

1.0 0.813 0.788 0.793 0.787 

EXACT SOLUTION 0.118869 0.226098 0.311192 0.365823 

"fABLE ( 4 • 13 .1) 

0.5 

0.589 

0.613 

0.625 

0.681 

0.735 

0.786 

0.384647 

0.6 0.7 0.8 0.9 

0.590 0.590 0.592 0.591 

0.614 0.614 0.617 0.614 

0.625 0.625 0.629 0.625 

0.682 0.681 0.687 0.681 

0.737 0.736 0.744 0.736 

0.790 0.788 0.799 0.790 

0.365823 0.311192 0.226098 0.118869 
'-~-.- L----~ ~- L..-- - ~----- -_. -----

N 
W 
.p. 



r=0.5,6t=0.005, t=0.5 Percentage Errors 

~ 0.1 0.2 0.3 0.4 0.5 

0.20 0.866 1.001 0.940 p.975 0.965 

0.25 0.612 0.779 0.707 p.749 0.737 

0.4 0.084 0.175 0.075 kl.138 0.122 

0.5 0.502 0.183 0.297 0.222 0.240 

0.6 0.888 0.512 0.637 0.551 0.571 

0.75 1.419 0.959 1.098 0.996 1.019 

4.3628xlCf 6.0048xlO3 _'1 _'1 

EXACT SOLUTION 2.2936x10 7.0591xlOJ 7.4224x10
J 

TABLE (4.13.2) 

0.6 0.7 

~.955 0.986 

0.724 0.761 

0.103 0.154 

0.263 0.204 

0.598 0.533 

1.050 0.978 

7.0591 xl03 -6.0048 x 10 

0.8 

0.917 

0.677 

0.027 

0.357 

0.709 

1.186 

4.3628xlO
3 

0.9 

1.032 

0.815 

0.218 

0.140 

0.472 

0.928 

2.2936 x10-3 
------ -

N 
W 
VI 



r=1.0,~t=0.01, t=1.0 Percentage Errors 

~ 0.1 0.2 0.3 

0.25 12.384 13.559 12.991 

0.5 10.983 12.569 11.980 

0.6 10.526 12.240 11. 656 

0.8 9.710 11.648 11.081 

0.9 9.338 11. 378 10.820 

1.0 8.985 11.121 10.572 

EXACT SOLUTION 1. 492x10-5 2. 985 xlO-5 3.981X10-5 
---- ------- --_ .. -

0.4 0.5 0.6 

13.359 13.262 13.146 

12.394 12.297 12.170 

12.079 11. 983 11. 854 

11.518 11. 424 11. 291 

11. 262 11.170 11.035 

11.019 10.929 10.792 

4. 737XlO-5 4.951 x10-5 4.696 XlO-5 
---------- .. _-- --~----.-.--'-----

TABLE (4.13.3) 

0.7 0.8 

13.452 12.762 

12.478 11.655 

12.158 11.305 

11. 589 10.691 

11.328 10.416 

11.081 10.156 

4.033xlO-5 2.826 XlO-5 

0.9 

13.708 

12.709 

12.363 

11.727 

11. 430 

11.144 

1.619x10-5 

N 
W 
0'1 



r=1.5, ~t=0.015, t=0.75 Percentage Errors 

~ 0.1 0.2 0.3 0.4 

0.5 26.320 31. 585 29.511 31.165 

0.6 24.301 28.999 27.351 28.651 

0.75 22.682 27.063 25.725 26.784 

0.8 22.300 26.634 25.361 26.374 

0.9 21.658 25.944 24.772 25.715 

1.0 21. 126 25.401 24.304 25.198 

EXACT SOLUTION 1.945x10 -4 3.700x10-4 5 .092xlO-4 5.987x10-4 

TABLE (4.13.4) 

0.5 0.6 0.7 

30.804 30.283 31. 416 

28.374 27.971 28.850 

26.563 26.239 26.943 

26.163 25.854 26.522 

25.521 25.233 25.849 

25.016 24.744 25.321 

6.295 x10-4 5.987xlO-4 5 .092xlO-4 

0.8 

28.311 

26.304 

24.792 

24.454 

23.807 

23.472 

3.700xlO-4 

---~-I 

0.9 j 

31.690 ! 

I 

29.127 I 

27.177 

26.737 

26.021 

25.446 

1.945x10-4 

N 
W 
"-J 
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4.14 COMPUTATIONAL COMPLEXITY OF THE GROUP EXPLICIT (GE) METHODS 

Earlier in the chapter, the author stressed that the Group Explicit 

method will be able to preserve the simplicity of the explicit method. 

To show this we have to compare the computational complexity of the schemes 

with the classical explicit and eN methods. 

In the following table we give the number of arithmetic operations 

involved to evaluate the solution at a point for all schemes in this class 

of method in comparison with the explicit and CN methods. 

Method Addition Multiplication Division 

GE (ordinary points) 3 4 1 

GE (ungrouped points) 2 2 2 

eN (average per point) 5n-l - 5 5n-l - 5 2n-L 2 
n n n 

Explicit 2 2 0 

TABLE (4.14.1) 

For the eN method the figure given is the average from the number for 

solving the implicit system. 

The table shows that very much better stability characteristics are 

achieved over the explicit method at the cost of some additional 

computational expense, i.e. approximately double but this is still 30% 

less than the CN method. As far as the storage requirement is concerned, 

all the methods given in Table 4.14.1, are similar. For the fractional 

splitting type of methods, the number of operations are double or 

quadruple depending on whether it is half-step or quarter-step process 

respectively. 
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4.15 THE RELATIONSHIP BETWEEN THE GROUP EXPLICIT AND CRANK-NICOLSON METHODS 

To evaluate the relationship between the Group Explicit (GE) and 

Crank-Nicolson (CN) methods, let us consider the matrix forms of each 

method. That is, (4.15.1) 

G = 
1 

I 

1 -1 : 1 
C'--I---- _ .l _ 

:- - - - -1- - - - --

-1 1: I 
... - - - - - ~ - _ ..... - ,. ... • . .... -I - - ... - .... 1""--

:1 -1 , 1 

: -1 1 I I 1 :1 -1' ' 
1 : 

I t - - -: - - - - - - 1 - - - - - - - r- - - -- .-
, 11 -1, 1 :-1 11 ____ 1 _____ 

1
1 __ 

- - r - I 1 

~ I' , " 
I ( 

, ,-1 It ____ 1 _____ _ 

--T-----~-----f', : 
I , 

1 , ' .. .. .. - ---- - , - .. .. - - ~- _ .. -
I, , 

, , , 
1 i1 -1 1 

, :-1 1: 
: : \ ' I 

_J----- .. ----1----\o1.---=r 
, , ( 1 

- ~ - - - ~ - - - .... -I - - - - -,- --

il.1 
= [ru . ,0, •.• , 0 , rUm J' + 1 ] 

O,J ' 

/ 'i\" 
1 +r '- - \' " 2 I 1 

" .... l _ .. ,;J,,,. r I, 

I r, 1 +r I~ __ ' 1 
:- -2 ' I' 2 _' I ____ _ 
',/ '- -:. -"- - -, -.r. r --- - - -:... \ I ,. r ' 

r l+r '--'I '-- \ \ 2) -. 2 , I '.:;..0. '. 
....M ., -'. r r \ 

',I r \ 1 +r 1 -- , 

, 
( I 
I ( 

t------~---
I ' 

(, -2' ' '. 2 I 

__ I \.::~_.J _ - - .. :-,-- - - - r-_ .. - .. -

i 
\ 
1 

( ...... 
( 

1 _____ 1_ - - - -
- -1- - ( .- .. - -

I I , 

- , 
" r \ 1 

1-r L 2 / __ ', __ _ 
---r-' ....... - .. -
, E.'; 1-r ~ \ 

2, r, 
'r ,i:-' 
1 - 1-r \ 2' i 
I 2 ___ ~_L---- ... -~ -- -, 
1 

, , , 
- - I" 

_1 ___ ·--

. ..1.--_.--
( 

I 
\ 
t 
I _____ . 

- - --, 

..... , 
"" ---.-~- ---r ! r ,1

1 - 1\ -r -2 
' 2! ( 

r 
"2 

1-r 

, 
: -1 1 
, 

for the GER method and 

u 1 '+1 ,J 

u . 1 2,J + 

u 3 '+1 ,J 

U 4 ,j+l 
I , , 

u , '1 m-3,J+ 

u '1 m-2,J+ 

u '1 m-l,J+ 

u
2 

. 
,] 

u 3 ' ,J 

= 

I 

\ + ~2 ' 

u . 
m-2 ,] 

(4.15. 2) 
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The scheme (4.15.3) is obtained when the red-circled elements on the 1eft-

hand side of (4.15.Z) are brought to the right-hand side and given the 

initial guesses for the solutions. Meanwhile the scheme (4.15.5) is 

obtained when the blue-circled elements on the left-hand side of (4.15.Z) 

are brought to the right-hand side. Both schemes have now on the left-

hand side the block-diagonal coefficient matrix which naturally results 1n 

the system similar to the Group Explicit method. Hence we shall refer to 

this scheme as the Group Iterative Scheme for the eN method. For the 

convergence of this iteration, from Theorem (3.3), we need the eigenvalues of 

" -1 (I+rG.) rS. < 1, i=l,Z. 
1 1 

It can be easily shown that the eigenvalues are always zero. Therefore the 

iterative method is convergence for all r>O. 

Similarly, equivalent to the (D)AGE scheme of the Group Explicit class, 

we can also form the scheme as follows: 

A. (k+l) rS u~k) + 
A- I 

(I+rGl)u. 1 = (I-rGl)u. + rS{u. + £.Z -J+ l-J+l -J -J 

" (k+Z) S (k+l) ..... 
(I+rGZ)u. 1 r Zu. 1 +(I-rGZ)u. + rS

2
u. + b 

-J+ -J+ -J -J -2 

".. (k+3) (k+2) "-
(4.15.5) 

(l+rG2)u. 1 = rS 2u. 1 +(I-rG
2
)u. + rS

2
u. + b 

-J+ -J+ -J -J -2 

" (k+4) (k+l) A 

(l+rGl)u. 1 = rS1u. 1 +(I-rGl)u. + rS
1

u. + b 
-J+ -J+ -J -J -2 

The clear advantage of these methods is that they are explicit methods 

of iteration. The evidence of the numerical experiments suggests that the 

method has no great advantage compared to the (D)AGE type of method already 

proposed as the number of iterations is quite high, i.e. greater than 

four iterations (the (D)AGE splitting type of quarter step is considered 

as equivalent to four iterations as far as the operational work is concerned). 

However the accuracy of the method is very reasonable, i.e. equivalent to 

eN itself. 
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Tables (4.15.1) and (4.15.2) give the comparison of the absolute 

error and percentage error of this method (equation (4.15.5» with the 

(D)AGE method of splitting with quarter step given by equation (4.6.3) 

and the ordinary eN method. Each table gives the values of the errors 

when ~t=0.005, r=0.5 and t=0.5 (after 100 steps) and ~t=0.02, r=2.0 

and t=I.O (after 50 steps) for values of ~x=O.l respectively. The 

convergence criteria for the iterative method is defined as follows: 

If m-l 
E = I lu~k'J::l) - u~k~ 11 

i=l L ~,J+ 

and we define the quantity E = 1 x 10-6 then the method is said to 
max 

converge if E <E • From the tables, it is clear that the (D)AGE type , m~ 

of splitting with quarter step is always more accurate than the eN and 

eN Group Explicit iterative methods. 



r-0.5, t-0.5,6t-0.005 

M~ x 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

~N Gro~p A.E. 9.24x10-5 1.76x10-4 2.42 x10-4 2.84x10-4 2.99 x10-4 2.84x10-4 2.42x10-4 1.76><10-4 9.24><10-4 
iterative 
(6 iteration) P.E. 4.028 4.028 4.028 4.028 4.028 4.028 4.028 4.028 4.028 

(D)AGE A.E. 8.12X10-5 1.56x10-4 2.12x10-4 2.50x10-4 2.62 x10-4 2.49 x10-4 2.13xIO-4 1.54x10-4 8.29><10-5 

quarter step P.E. 3.566 3.568 3.532 3.539 3.534 3.531 3.548 3.537 3.616 

CN A.E. 9.23x10-5 1.76 x10-4 2.42x10-4 2.84x10-4 2.98x10-4 2.84 x10-4 2.42x10-4 1.76x10-4 9.23x10-5 

P.E. 4.022 4.022 4.022 4.022 4.022 4.022 4.022 4.022 4.022 

EXACT __ SOLUTION 2. 2936x10-3 4. 3628x10-
3 

6 .0048x10 ~~~~591x10-3 7.4224x10 3 7 .0591xlO -3 6 .0048x10 -3 4. 3628x10 -3~:~936)(_10~3 __ J 

TABLE (4.1~.1) 

r~2.0, t-1.0, 6t-0.02 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

CN Group -6 1. 92x10-6 2.66 x10-6 3 . 11xlO-6 3.28)(10-6 3 . 12xlO-6 2.65><10-6 1. 93xlO-6 1.00x10 -6 iterative A.E. 1.02xlO 

(6 iteration) P.E. 6.205 6.129 6.152 6.132 6.136 6.144 6.127 6.146 6.052 

(D) AGE A.E. 5.4xlO-7 6.7><10-7 1. 33x10-6 1. 37x10-6 1.51x10-6 1.49 x10 -6 1.09x10-6 1.06xlO -6 2.10><10-7 
I 

quater step P.E. 3.297 2.141 3.086 2.700 

CN A.E. 8.4><10-7 1.59x10 -6 2.19><10-6 2.57><10-6 

P.E. 5.066 5.066 5.066 5.066 

EXACT SOLUTION O. 1650x 10 -4 O. 3138x 10-4 0.4319X10-4 0.5077x10 -4 

TABLE (4.15.2) 

2.827 2.939 2.535 

2.70x10-6 2.57x10-6 2.19><10-6 

5.066 5.066 5.066 

0.5338X10-4 0.5077x10-4 0.4319 X10-4 
--- '-

3.377 

1. 59xlO-6 

5.066 

0.3138Xl0-4 

1.268 

8.4xI0-7 

5.066 

0.1650xI04 

N 
~ 
w 

, 
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4.16 THE GROUP EXPLICIT METHOD FOR THE TWO-SPACE DIMENSIONAL PROBLEM 

In this section, the concept of the Group Explicit method is to 

be extended to the case of a two-space dimensional problem of the form, 

au g(x,y,t) . (4.16.1) 

The approximate solution u will be required in the cylinder Rx[O~t~T] 

where R={(x,Y)IO~x,y~l}. Appropriate initial condition and boundary data 

are given on t=O and Bx[O~t~T], B={(x,y)1 x=O or 1, y=O or 1} respectively. 

For example, in this case we assume, 

U(x,y,O) e(x,y) , x,y ER, (4.16.2) 

and U(x,y,t) = f(x,y,t) x,y EB, O~t~T (4.16.3) 

where e(x,y) and f(x,y,t) are given known values for the prescribed values 

of x,y,t. We let u .. k denote the approximate solution of (4.16.1) at 
1, j , 

the point (i,j,k)=(i~x,j~y,k~t), i,j=O,1,2, ... ,m, ~x=~y=l, k=O,l, .... 

2 For simplicity, we assume that ~x=~y=~s and hence r=~t/(~g) . 

Consider at any time-level, the group of four points (i,j,k), (i+1,j,k), 

(i,j+1,k) and (i+1,j+1,k). 1 
Then at each of these points and at t=(k+z)~t, 

we approximate the equation (4.16.1) by 

u .. k 1-u .. k 1,j, + 1,j, 
~t 

= 
u. . k 1-u. . k l-u . . k+u . 1 . k 1+1,], + 1,], + 1,], 1- ,j, 

(lIx) 
2 

u. . 1 k 1-u.. 1-u .. k+u . . 1 k 
+ 1.,j+, + 1,] ,k+ 1,j, 1,]- , ( .. k 1) 2 +g 1,j, +2 

u. 1 . k 1-u . 1 . k 1+ ,j, + 1+ ,j, 
~t 

(~y) 

= Ui ,j,k+1-ui+1,j,k+1-ui+1,j,k+Ui+2,j,k 

(~x)2 

u. 1 . 1 k 1-u . 1 . k 1-u . 1 . k+u . 1 . 1 k + 1+,]+, + 1+ ,j, + 1+ ,j, 1+ ,j-, 

(~y)2 

+g(i+1,j ,k+!) , 

(4.16.4) 

(4.16.5) 



and 

u. . 1 k 1-u . . 1 k 1,j+ , + 1,j+, 
t.t 

= 
u. 1 . 1 k 1-u . . 1 k 1-u . . 1 k+u . 1 . 1 k 1+ ,j+ , + 1,]+, + 1,]+, 1- ,J+ , 

(t.x) 2 

u. . k l-u . . 1 k -u.. +u.. 2 + 1,J, + 1,j+, +1 1,j+l,k 1,J+ ,k + 

(t.y) 
2 
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+g(i,j+1,k+D , (4.16.6) 

ui +1 ,j+l,k+1-ui+1,j+1,k = 
t.t 

u. . 1 k 1-u . . 1-u . 1 . 1 k+u . 2 . 1,j+ , + 1+1,j+1,k+ 1+ ,J+, 1+ ,J+1,k 

(t.x) 2 

u. 1 . k 1-u . 1 . 1 k 1-u . 1 . 1 +u. 1 . 2 k + 1+ ,], + 1+ ,J+ , + 1+,]+,k 1+ d+, + 

(t.y) 2 

g(i+1,j+1,k+~) , (4.16.7) 

respectively, (Fig. 4.16.1). Upon simplification the following equations 

can be obtained, 

-rUe 1 . k 1+(1+2r)u .. k 1-ru . . 1 k 1 1+ ,j, + 1,j, + 1,j+, + rUe 1 . k+(1-2r)u .. k+ru .. 1 k 1- ,j, 1,j, 1,j-, 

+t.tg(i,j,k+!) , (4.16.8) 

-ru.. 1+(l+2r)u. l' 1-ru . 1 . 1 1,j,k+ 1+ ,j,k+ 1+ ,j+ ,k+1 rUe 2 . k+(1-2r)u. 1 . k 1+ ,j, 1+ ,j, 

+ru. 1 . 1 k+ tt.g(i+1,j,k+~) , 1+ ,j- , 
(4.16.9) 

-rUe . k 1+(1+2r)u .. 1 k 1-ru . 1 . 1 k 1 = rUe 1 . 1 k+(1-2r)u .. 1 k 1,j, + 1,j+ , + 1+ ,j+ , + 1- ,j+ , 1,j+ , 

and 

+ru .. 2 k+ tt.g(i,j+1,k+D , 1,j + , 
(4.16.10) 

-rUe . 1 k 1+(1+2r)u. 1 . 1 k 1-ru . 1 . k 1 - rUe 2 . 1 k+(1-2r)u. 1 . 1 k 1,j+,+ 1+,J+,+ 1+,J,+·· 1+,J+, 1+,J+, 

+ru. 1 . 2 k+t. tg (i+1,j+1,k+!) , 1+ ,]+ , (4.16.11) 

Therefore the equations (4.16.8)-(4.16.11) when grouped give the implicit 

system whose matrix form is given by 

(1+2r) -r 0 -r U .. k 1 f. . k 1,], + 1, J , 
-r (1+2r) -r 0 ui +1 ,j,k+1 f. 1 . 1 + d,k 

0 -r (l+2r) -r ui +1 ,j+l,k+1 = f i +1 ,j+1,k 
-r 0 -r (1+2r) Ui ,j+1,k+1 f .. 1 k 1,J + , 

(4.16.12) 



I 
I 
I 
I 
X 
I I 
• I 
I I 
I, 

i,j+2,k 

------~.---~-------------i-1,j+1,k " i,j+ 1,k , 

i-1,j.k 

i,j-"k 

I 

, , , 

, , 

i+1,j-l,k 

(b) 

.. 1 k 1 i+1,j+1,k+1 I,J+ , + 

i,j.k+1 

i-1,j+1,k 

i-l,j.1<; 

i,i-1,k 

----4 

, , , 
, 

~i.j+2,k 
/ 

i,j+l,k 

i ,j+1 ,k+ 1 

(c) 
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i+2,i+ 1,k 

t y 

i+2,j,k 

L-------_x 

(a) 

i.j+l,k+1 

i+1,j+2,k 

i+1,j+1,k i+2,j+ 1,k 

i,j.k+ 1 

i+1,j-1,k 

FIGURE (4.16.1) 



1.m-1.k i.m-1.k i+1,m-1,k m-1.m-l,k 

l.j+1,k m-1,j+1.k 

I,j,k m-1,j,k 

1.I,k i.1,k i+1,1,k m-1.1.k 

The position of the points near the boundary for any time-level k 

FIGURE (4.16.2) 
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I 

I , , 

, 
I. 

(a) 

FIGURE (4.16.3) 
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where the values f are defined by the right-hand sides of (4.16.8)-

(4.16.11) and since ~t is normally small enough g can be taken as 

g .. k 
~ ,J , 

or 

= g or i J. k+1 , , (4.16.13) 

! (g. . k+g · . k 1) 
~,J, ~,J, + 

The system (4.16.12) can be written in explicit form as 

-'\+1 
= A-If 

-=k 
(4.16.14) 

-1 
where A ~s the inverse of the coefficient matrix ~n (4.16.13) and when 

evaluated explicitly is given by 

1+4r+2r 2 r(1+2r) 2/ r(1+2r) 

-1 1 r(1+2r) 2 r(1+2r) 2/ 1+4r+2r (4.16.15) A = 
(1+2r) (l+4r) 

2r2 2 
r(l+2r) 1+4r+2r r(1+2r) 

r(1+2r) 2/ r(l+2r) 1+4r+2r 
2 

Special treatment will have to be made for points near the boundary (see 

Fig. 4.16.2), depending on the position. For the position 1, the solutions 

at any two points are approximated by (Fig. 4.16.3a). 

1+2r -r rru. 0 k 1+ru ·_1 1 k+(1-2r)u. 1 k+ru . 2 k+ 
~, , + ~" ~,,~, , 

-r 1+2r 
Ui +1 ,1,k+l 

+~tgi,l,k+~ 

ru. 10k l+ru . 2 1 k+(1-2r)u. 1 1 k+ 
~+ , , + ~+" ~+ , , 

+ru. +~tg. 
~+1,2,k ~+1,1,k+1 

(4.16.16a) 

which can be reduced to 

ti '1'k+1 ] 1 [2r 
1.:] l~'l'k ] = 2 (l+4r+3r ) 

ui +1 ,1,k+1 ~ ~ +1,1,k 

(4.16.16b) 

with f corresponding to the right-hand sides of (4.16.16a) . 

For position 2, the system reduces to, 
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with f corresponding 

rm-1,j ,k+l 1 -
~m-1,j+1'k+~1 

1 
2 

(1+4r+3r ) 

r+
2r 

r l 
L r 1+2r 

rm- 1 ,j,k 1 
~m-1 ,j+1 ,k_ 

(4.16.17) 

where 

fl' k = ru 2' +(1-2r)u l' +ru l' +ru. +~tg l' k 1 m- ,], m- ,],k m- ,],k m- ,]-l,k m,],k+1 m- ,], +2 
and 

f = ru . +(1-2r)u . +ru . +ru. + 
m-1,j+1,k m-2,]+1,k m-1,]+1,k m-1,]+2,k m,]+1,k+1 

~tgm-1,j+1,k+! ' 
(see Fig. 4.16.3b). 

For position 3, the system reduces to 

ri ,m-1,k+1 ] = 

~i +1 ,m-1 ,k+1 

1 
2 

(1 +4r+3r ) 

~ ,m-1,k r· l 
where 

~ i + 1 , m-1 , k_ 

(4.16.18) 

f. = ru. +(1-2r)u. +ru. k+ru . +~tg. 1 I 
~,m-1,k ~,m-2,k ~,m-1,k ~-1,m-1, ~,m,k+1 ~,m- ,k+i 

and 

f i +1 ,m-1,k ru. +(1-2r)u. +ru. +ru. + 
~+1,m-2,k ~+1,m-1,k ~+2,m-1,k ~+1,m,k+1 

+Mgi +1 ,m-1,k+! 
(Fig. 4.16.3c). 

Finally, for position 4 the system results in 

f1,j,k+1 ] 

G1,j+1,k+1 

1 
2 (1+4r+3r ) 

r J [. ] 1,] ,k 

(1+2r) f 1 ,j+1,k 

(4.16.19) 
where, 

and 

f . k 1,], = ruo . k 1+ru1 '-1 k+(1-2r)u1 . k+ru2 . k+~tg1 . k 1 ,], + ,], ,] , ,] , ,], +2 

f = ru. +ru. +(1-2r)u. +ru. +~tg. 
1,j+1,k O,]+1,k+1 1,]+2,k 1,]+1,k 2,]+1,k 1,]+1,k+! 

(Fig.4.16.3d). 
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o or)li. (4.16.14) 

x or X (4.16.17/19) 

o or. (4.16.16/18) 
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The solutions at the corner points of the x-y plane, ~.e. positions 

5,6,7 and 8 are given by 

(4.16.20) 

u m-1,1,k+1 = 1 {ru -ru +ru +(1-2r)u + 
(1+2r) m-1,0,k+1 m,1,k+1 m-1,2,k m-1,1,k 

u m-1,m-1,k+1 

and 

= 

+ru -2 1 k+~tg -1 1 k+!}' 
m " m" 2 

(4.16.21) 

1 {ru +(1-2r)u +ru + 
(1+2r) m-2,m-1,k m-1,m-1,k m-1,m-2,k 

+ru +ru +~tg I}' m,m-1,k+1 m-1,m,k+1 m-1,m-1,k+ z 
(4.16.22) 

u 1,m-1,k 
1 

(1+2r) {ru2,m_1,k+(1-2r)u1,m_1,k+ru1,m_2,k+ruo,m_1,k+1+ 

(4.16.23) 

respectively. These are shown in Fig. 4.16.4. 

Group Explicit Method: Similar to the one-dimensional problem, now we 

can develop various types of GE methods using equations (4.16.14),(4.16.16)-

(4.16.23). To simplify the discussion, we assume that the x-y square is 

divided into an even number of squares in both directions, hence the number 

of unknown points in each direction are odd. Therefore corresponding to 

the one-dimensional case, the possible types of GE are GER, GEL, (S)AGE, 

(D)AGE and their respective fractional splitting versions. 

GER Scheme (x-direction): This scheme at any time-level is obtained by 

using equation (4.16.14) for the first (m;2)2 group of four points, 

starting from (l,l,k), equation (4.16.17) at points (m-1,j,k), j=1,2,3, ..• ,m-2, 

equation (4.16.22) at point (m-1,m-1,k) and equation (4.16.18) at points 

(i,m-1,k), i=1,2,3, .•. ,m-2 (see Fig. 4.16.5). 
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GEL Scheme (x-direction): This scheme at any time-level is obtained by 

using equation (4.16.20) at point (l,l,k), equation (4.16.16) at points 

(i,l,k), i=2,3, ... ,m-1, equation (4.16.19) at points (l,j,k), j=2,3, .•. ,m-1 

m-? 2 
and equation (4.16.14) for the remaining (~) group of four points 

starting from (2,2,k). The ordering for this method is described in Fig. 

(4.16.6). 

The concept of the (S)AGE (Fig. (4.16.7) and (D)AGE (Fig. (4.16.8» 

schemes for the two-dimensional problem are similar to the one-dimensional 

case. For the (S)AGE scheme it ~s the alternate use of the GER and GEL 

schemes at alternate time levels. Meanwhile the (D)AGE scheme is the 

alternate use of the GER and GEL schemes with the direction of the 

alternation changed at every third-level. 

Another alternative AGE scheme is the alternation of four different 

GE schemes, i.e. GER (x-direction), GEL (x-direction), GER (y-direction) 

and GEL (y-direction). This scheme is called 4(D)AGE and 4(S)AGE, depending 

on whether the alternating direction is reversed or not, (Fig. 4.16.9). 

3 1 3 1 3 1 

2 4 2 4 2 4 

3 1 3 1 3 1 

2 4 2 4 2 4 

3 1 3 1 3 1 

2 4 2 4 2 4-

3 1 3 1 3 1 

2 4 2 4 2 4 

3 1 3 1 3 1 

2 4 2 4 2 4 

3 1 

2 4 

3 1 

2 4 

3 1 

2 4 

3 1 

2 4 

3 1 

2 4 

3 

2 

3 

2 

3 

2 

3 

2 

3 

2 

1 

4 

1 

4 

1 

4 

1 

~.Z 

1 

4 

1 - GER 
(x-direction) 

2 - GEL 
(x-direction) 

3 - GEL 
(y-direction) 

4 - GER 
(y-direction) 

x 
----+ 

Diagram showing how the alternating scheme takes place 

FIGURE (4.16.9) 
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Matrix Notation: In matrix, form the GER method can be written as 

(4.16.24) 

where G
1 

and G2 are matrices of order (m-1)x(m-1) and ~1 is the column 

matrix associated with the boundary conditions. The matrix G
1 

is given by 

A2 , , 
" " , G

1 
= 

0 

() 

, 
" A m-2 

2 
A 

m-2+1 
2 

(4.16.25) 

. 1 2 m-2 . . ( ) d where each A;, ~= , ""'--2- ~s a square matr~x of order 2 m-1 an A 
.... m-2+1 

~s a matrix of order (m-1) and they are defined by 2 

G 

1 
G 

" 0 " . m-2 
A. = " ~=1,2, •.. '-2- (4.16.26) 
~ " " J n ' G 

2 -1 0 -~l 
~1 -J -1 2 -1 

G 

-~ 
G' = (4.16.27) 

0 -1 2 

-1 0 -1 
and 

i' G' 0 " A " (4.16.28) = " (m-2)+1 "-

l "-2 
'" G' 0 

2 
The vector ~+1 is defined by 



~1,k+1 

~3,k+1 
I 
I 

u . 1 -1,],k+ 

u
3 

. - ,] ,k+1 
I 
I 

2S 7 

~+1 = 
I 
I 

j = 1 , 3 , S , • . . , m- 3 , ~j ,k+1 = 

and 

I 
I 

u -m-3,k+1 
u -m-1,k+1 

u .. k 1 = 
-~,J, + 

u .. k 1 
~,], + 

u i +1,j,k+1 

ui +1 ,j+1,k+1 

ui ,j+1 ,k+1 

= IUm- 1,j ,k+1 J 
~-1,j,k+1 LUm- 1 ,j+1,k+1 

~1 m-1 k+1 , , 
U -3,m-1,k+1 

I 

U -m-1,k+1 
I 
I 

u l 
-m-3,m-1,k+1 

-mu -1 m-1 k+1 , , 

I 

U I • (4.16.29) 
-m-3,],k+1 

~-1,j,k+1 

i = 1 , 3 , . . . ,m-3 

~ ,m-1,k+1 

I 
j=1,3,S, ... ,m-3 

(4.16.30) 

ui ,m-l,k+l 

(4.16.31) 

ui +1 ,m-1,k+1 

k=0,1,2, .... The matrix G2 is given by 

Dl B2 
C2 D2 B3 0 ... ..... 

...... ..... ..... ..... ... ... .... .... 
(4.16.32) ..... ... 

... .... 
C D 

(m-2) 
B 

(m;2)+1 (m-2) 

0 
2 2 

C D 
(m-2)+1 (m-2)+1 

2 2 
. m-2 

with each Di , B
i

, C
i

, ~=1,2""'(--2-) a square matrix of order 2(m-l) 

and defined by 



D. I. 

2 

D1 . = 
,I. 

D3 . ,I. 

B1 . ,I. 

B. 
I. 

and 
C. I. 

D 
(m;2)+1 

1n1 · D2 · ,I. ,I. 
T 

D2 · D1 · ,I. ,I. 
, ... 

, ... 
, ... 

' .. T 
D1 . 

o 

2 

2 

2 

~ ~ 

B1 . ,I. 
..... 

" ... 
" 

0 

D2 . ,I. ,I. 
T 

D2 . ,I. 

D2 . ,I. 

D4 . = 
,I. 

0 

B1 . ,I. 

B2 . ,I. 

o 

D2 . ,I. 

D1 . ,I. 
T 

D4 . ,I. 

0 

-1 

0 

0 

0 

-1 

0 

0 

0 -1 

0 0 

0 

0 

1,i 0 

-1 

D4 . ,I. 

D3 . ,I. 

0 0 

0 0 

0 0 

0 0 

0 

0 

-1 

0 

B2 . = ,I. b1 

0 

0 

-1 

0 

0 0 

0 0 

0 0 

0 0 

~J 
B~ . m-2 

= I.=1, 2, ••• , (-2-) respectively. Meanwhile, I. 

2 

2 -1 

-1 2 0 
..... ... of order (m-l) , 

..... , 

0 '2 -1 

-1 2 
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(4.16.33) 

(4.16.34) 

(4.16.35) 

(4.16.36) 
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0 0 0 0 

0 0 0 0 

0 -1 0 0 

-1 0 0 0 

0 0 0 0 o 
0 0 0 0 

0 -1 0 0 

-1 0 0 0 , , , , 
B 

(m-2)+1 
0 

2 0 

0 0 0 (4.16.37) 

0 0 0 

0 -1 0 0 

-1 0 0 0 

0 0 0 0 

0 0 0 

0 -1 0 

-1 0 0 

0 

-1 

of order 2(m-1)x(m-1) and 

The the GEL method, the matrix form is given by 

(4.16.38) 

with G
l

, G2 defined as before and ~2 is the column matrix associated 

with the boundary conditions. Similar to the one-dimensional case, the 

(S)AGE and (D)AGE schemes are therefore written as, 

and 

{

I. half-step 
e "" 

!. half-step splitting 

(4.16.39) 



(I+reGl)~+e =(I-r8G2)~ + ~l +e~t~+e/2 

(I+reG2)~+2e =(I-reGl)~+e + ~2 +e~t~+3e/2 

260 

(I+r8G2)~+38 =(I-reGl)~+2 + ~2 +e~t~+5e/2 (4.16.40) 

1, full-step 

e = ~,half-step splitting 

!, quarter-step splitting 

Matrix G
l 

can easily be shown to have eigenvalues of Z and 1 each of 

1 . 1·· m(m-Z) 1 d m(m-Z)" " " mu t1P 1C1ty 2 + an Z respect1vely and matr1x G
Z 

has e1genvalues 

of 2 and 1 h f 1 " 1"" (m-l)(Zm-l) 1 d m-2 A d eac 0 mu t1P 1C1ty Z + an --2-. s G
l 

an GZ can 

be shown to satisfy Lemma 4.1, then using a similar approach to the one-

dimensional case the schemes GER and GEL can be shown to be conditionally 

stable for r~. Meanwhile, the schemes (S)AGE and (D)AGE can be shown to 

be unconditionally stable using Lemma 4.2. 

In addition, for the truncation errors the orders can be shown to be 

similar to the one-dimensional case, i.e. O(~tl ~ +~t~ +(~)Z) for the 

GER and GEL schemes, for (S)AGE and (D)AGE schemes the orders are 

approximately O(~t+(b.s)Z) as both ~t/b.s and ~tb.s terms have opposite Hgn 

in GER and GEL. The truncation errors also show that the schemes will be 

consistent and converge to the exact solutions if ~t+O faster than ~s+O. 

Numerical Example 

To provide some indication of the accuracy of the Group Explicit 

method, we consider the equation (4.16.1) with 

" -t g(x,y,t) = sin x S1n y e - 4, O${,y~l, t~O, 

where the theoretical solution is given by, 
" -t Z 2 

u(x,y,t) = sin x S1n y e + x + y , O${,y~, t~O. 

(Gourlay and MacGuire, 1971). The initial and boundary conditions are 

defined so as to agree with the exact solution. 



r-0.1,6x-6y.0.1,6t-0.OO1, t-0.1 

x-0.5 

~ 0.1 0.2 0.3 

0.303289 0.376189 0.468184 
GER 

19x10-6 6XlO-6 13x10 -6 

0.303292 0.376195 0.468193 
(S)AGE 

16)(10-6 12)(10-6 4X10-6 

0.303292 0.376194 0.468191 
(D)AGE 

16x1O-6 11X10-6 6X10-6 

EXACT SOLUTION 0.303308 0.376183 0.468197 

r-0.1, 6x-6y-0.1, 6t-0.001, t=O.l 

x-0.1 

~ 0.1 0.2 0.3 

0.029011 0.067941 0.126682 
GER 

7x10-6 5xlO -6 13xlO-6 

0.029016 0.067950 0.126697 
(S)AGE 

2)(10-6 4x10-6 2)(10-6 

0.029015 0.067949 0.126695 
(D)AGE 

3x10-6 3x10-6 -6 
0.5x10 

EXACT 
SOLUTION 0.029018 0.067946 0.126695 

~-~~.-- --

0.4 0.5 

0.578939 0.707965 

8XlO-6 11X10-6 

0.578950 0.707979 

19X10-6 3x10-6 

0.578948 0.707976 

17x10-6 0.4x10 -6 

0.578931 0.707976 

TABLE (4.16.1) 

0.4 0.5 

0.205166 0.303289 

11 x10 -6 19x1O -6 

0.205184 0.303312 

7xlO -6 4x10-6 

0.205182 0.303309 

5x10-6 1X10-6 

0.205177 0.303308 

TABLE (4.16.2) 

0.6 

0.854951 

8X10-6 

0.854966 

23x10-6 

0.854963 

20x10-6 

0.854943 

0.6 

0.420988 

18)(10-6 

0.421015 

9)(10-6 

0.421012 

6X10-6 

0.421006 

0.7 0.8 0.9 

1.019451 1. 201192 1. 399792 

12xlO-6 1X10-6 17x10-6 

1.019469 1.201209 1. 399808 

6x10-6 18x10 -6 1X10-6 

1.019465 1.201206 1.399804 

2xlO -6 15)(10-6 5xlO -6 

1.019463 1.201191 1. 399809 

0.7 0.8 0.9 

0.558171 0.714779 0.890738 

23x10-6 22)(10-6 22 xlO -6 

0.558200 0.714810 0.890765 

6)(10-6 9xlO -6 5)(10-6 

0.558196 0.714805 0.890760 

2x10-6 5X10-6 0.4x10 -6 

0.558194 0.714801 0.890760 N 
a
I-' 



r-0.l,6x-6y-0.l,6t-0.001, t-O.l 
x-0.9 

~ 
GER 

(S)AGE 

(D)AGE 

EXACT 
SOLUTION 

0.1 0.2 0.3 

0.890738 0.990823 1.109442 

22x10-6 lOXIO-6 18xlO -6 

0.890741 0.990827 1.109449 

19X10-6 13xI0-6 11 x10 -6 

0.890740 0.990827 1.109448 

20x10-6 13x10-6 12X10-6 

0.890760 0.990813 1.109460 

r-0.1,6x-6y.0.1,6t a O.OO1, t-O.l 

x=0.5 

~ 0.1 0.2 0.3 

0.288952 0.347757 0.425843 
GER 

78x10-6 13XlO-6 90X10-6 

0.2,88966 0.347777 0.425881 
(S)AGE 

64xlO-6 7X10-6 52xIO-6 

0.288950 0.34760 0.425843 
(D)AGE 

80X10-6 10X10-6 90XIO-6 

EXACT 0.289030 0.347770 0.425933 
SOLUTION 

0.4 

1.246023 

lOxlO-6 

1.246032 

19x1O -6 

1.246030 

17XI0-6 

1.246013 

0.4 

0.523208 

29xlO -6 

0.523251 

13X10-6 

0.523212 

25X10-6 

0.523238 

0.5 0.6 0.7 

1. 399792 1.570216 1. 756593 

17xI0-6 7x10-6 18xI0-6 

1. 399803 1. 570229 1. 756608 

6xI0-6 20xlO -6 3xlO-6 

1.399801 1.570227 1. 756605 

8Xl0-6 18Xl0-6 6XI0-6 

1. 399809 1.570209 1. 756611 

TABLE (4.1<1.3) 

0.5 0.6 0.7 

0.639309 0.774145 0.927223 

I01XlO-6 45XIO-6 107XlO-6 

0.639369 0.774210 0.927304 

41xIO-6 20xlO -6 26X10-6 

0.639309 0.774149 0.927222 

101xlO -6 4 xI0-6 108XlO-6 

0.639410 0.774190 0.927330 

TABLE (4.16.4) 

0.8 

1.958451 

l x10-6 

1. 95846 7 

17xlO-6 

1.958464 

14xI0-6 

1.958450 

0.8 

1.098544 

53X10-6 

1.098631 

34X10-6 

1.098542 

55 xIO-6 

1.098597 

0.9 

2.175189 

llxl0 -6 

2.175203 

6xI0-6 

2.175200 

9xI0-6 

2.175209 

0.9 

1.287688 

93X10-6 

1.287765 

16X10-6 

1.287689 

92 xlO-6 

1.287781 

I 

N 
0\ 
N 



r=1.0,~x=~y=0.1,6t=0.01, t=0.5 

x=0.5 

~ 0.1 0.2 0.3 

0.288881 0.347705 0.425915 
(S)AGE 

149x10-6 65XlO-6 18xlO-6 

0.288914 0.347814 0.425860 
(D)AGE 

116x10 -6 44X10-6 73X10-6 

0.288739 0.347444 0.425340 
4(D)AGE 

291xlO -6 326XIO-6 593X10-6 

EXACT 0.289030 0.347770 0.425933 
SOLUTION 

--- .. - --- -- ------

r-1.0, ~x-~y=0.1,6t=0.Ol t=1.2 

x=0.5 

~. 
,-

0.1 0.2 0.3 

0.27432 0.318665 0.382559 
(D)AGE 

8F10 -6 23 XIO-6 114 XlO-6 

0.274208 0.318424 0.382227 
4(D)AGE 

208 X10-6 263xlO -6 447 x10-6 

EXACT 0.274416 
SOLUTION 

0.318688 0.382673 

0.4 0.5 0.6 

0.523335 0.639241 0.774093 

97X10-6 169xlO -6 97xlO-6 

0.523314 0.639384 0.774306 

76XlO-6 26X10-6 116xlO -6 

0.522662 0.638648 0.773576 

575XlO-6 762x10 -6 614x10-6 

0.523238 0.639410 0.774190 

TABLE (4.16.5) 

0.4 0.5 0.6 

0.466177 0.569098 0.691457 

55 xlO-6 131 x10-6 77X10 -6 

0.465742 0.569594 O. 690946 

490x10 -6 635 x10-6 588xlO -6 

0.466232 0.569229 0.691534 

TABLE (4.16.6) 

0.7 0.8 

0.927461 1.098854 

131X10-6 257X10-6 

0.927341 1.098725 

llx10 -6 128XlO-6 

0.926658 1.098242 

672xlO-6 355x10-6 

0.927330 1.098597 

0.7 0.8 

0.832872 0.993487 

153 X10-6 99 XlO-6 

0.832375 0.993133 

650 x 10-6 453xlO-6 

0.833025 0.993586 

0.9 

1.287670 

111X10-6 

1. 287813 

32x10 -6 

1.287477 

304x10-6 

1. 287781 

0.9 

1.172993 

120 XI0 -6 
I 
I 

I 

1.172 729 i 

383 x 10-
6 J 

I 

~~~3113 J 
N 
0-
W 
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The accuracy of the different Group Explicit schemes are compared 

in Tables (4.16.1)-(4.16.6) for various values of r. The tables give 

the absolute errors along x=0.5, 0.1 and 0.9 as this is the middle and 

the end parts of the domain. From the tables, the GER, (S)AGE and (D)AGE 

scheme are almost.similar in accuracy. For the GER schemes, it can be 

seen that the error near the boundary grows faster than that for the 

(S)AGE and (D)AGE schemes. 

For r~l, the method can also be implemented using the fractional 

splitting type of (S)AGE or (D)AGE schemes ~n order to reduce the effect 

of the truncation error accumulation. 
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4.17 THE EXTENSION TO MULTI-SPACE DIMENSIONAL PROBLEMY 

In this section we will extend the GE formulation to the three space 

dimensional problem for the heat equation of the form, 

ou 
at 

0
2 
~2 + g(x,y,z,t) , 
dZ 

(4.17.1) 

where the appropriate initial and boundary conditions are given. For this 

case the GE grid points consist of 8 points taken to form a cube instead 

of the 4 points in a plane as for the two-dimensional problem (Fig. 4.17.1). 

U.z=z 

e 
i,j ,HI 

I 

I 

/ 
/ 

/ 

/ 
/ 

~ __________________________________ -,i+l,j+l,£+l 

i,j+l,H1 
I 

I 

I 

I y=j t-.y 

~l_ -
d I 

I 

I i,j+l,£ 
I 

f 
i+l,j,H1 

-- - - - - i+1,j+l,£ 

ai,j,£ i+l,j,£ 

FIGl~E (4.17.1): A cube which forms a group at any time-level k 
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At each of points a,b,c" •. ,g,h and t=kIAf, we approximate equation 

(4.17.1) by the following equations, 

k+1 k 
u. . -u .. n 
1.,J, 1.,J ,x. 

fit 

k+1 k+1 k k 
u. 1. -u. . -u .. 9.+u . 1 . = 1.+ ,J,9. 1.,J,9. 1.,J, 1.- ,J,9. + 

(llx) 
2 

k+1 k+1 k k 
u.. -u.. -u. . +u. . 

+ 1.,J+1,9. 1.,J,9. 1.,J,9. 1.,J-1,9. 

(fly) 2 

k+1 k+1 k k 
u.. 1-u.. -u. . +u.. 1 + 1.,J,9.+ 1.,J,9. 1.,J,9. 1.,J,9.-

(llz)2 

k+! 
+g. . n' 1.,J,x. 

(4.17.2) 

k+1 k 
u. 1 . n -u. 1 . n 1.+ oJ ,x. 1.+,J ,x. 

llt 

k+1 k 

k k k+1 k+1 
= ui+2,j,9.-ui+1,j,9.-ui+1,j,9.-ui,j,9. + 

(fix) 
2 

k+1 k+1 k k 
u. . -u. 1· -u. 1· +u. 1 . 1 + 1.+1,J+1,9. 1.+ ,J,9. 1.+ ,J,9. 1.+ ,J- ,9. + 

(fly) 2 
k+1 k+1 k k 

u. 1 . n 1-u . 1 . n-u . 1 . n+u . 1 . n 1 k 1 + 1.+ ,J,x.+ 1.+ ,J,x. 1.+ ,J,x. 1.+ ,J,x.- +g.+2 . 
(llz)2 1.+1,J,9. 

(4.17.3) 
k+1 k+1 k k 

u. 1 . 1 n-u . 1 . 1 1.+ oJ+ ,x. 1.+ ,J+ ,9. u. . 1 n -u. 1 . 1 -u. 1 . 1 +u. 2 . 1 1. ,J + ,x. 1. + , J + , 9. 1. + , J + ,9. 1. + , J + , 9. + 
fit 

k+1 k 
u. . 1 -u .. 1 1.,J+,9. 1.,J+ ,9. = 

fit 

(fix) 
2 

k k k+1 k+1 k+1 
ui+1,j+2,9.-ui+1,j+1,9.-ui+1,j+1,9.-ui+1,j+1,9.-ui+1,j,9. 

+ 
(fly) 2 

k+1 k+1 k k 
u. 1 . 1 1-u . 1 . 1 -u. 1 . 1 +u. 1 . 1 1.+ ,J+ ,9.+ 1.+ ,J+,9. 1.+ ,J+,9. 1.+ ,J+ ,9.-1 + 

+ 
(liz) 2 

k+! 
gi+1,j+1,9. 

k+1 k+1 k k 
u. 1 . 1 -u. . 1 -u.. +u. . 1.+ ,J+,9. 1.,J+ ,9. 1.,]+1,9. 1.-1,J+1,9. 

(fix) 2 

k k k+1 k+1 
+ui ,j+2,9.-ui,j+1,9.-ui,j+1,9.+ui,j,9. + 

(fly)2 
k+1 k+1 k k 

u. . 1 1-u.. 1 -u.. +u.. 1 1.,J+ ,9.+ 1.,J+,9. 1.,J+1,£ 1.,J+ ,9.-1 
+ 2 

(flz) 

(4.17.4) 

k+! 
+gi J. +1 9.' , , 

(4.17.5) 
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267 

k+1 k k+l k+l k k 
u. . n l-u, . n 1 
~,j,"'+ ~,j,"'+ 

u. l' l-u" l-u" +u. . 
~+ ,J,2+ ~,j,Q,+ ~,j,2+1 ~-l,J,Q,+l + 

lit 

k+l k 

(lix) 
2 

k+l k+l k k 
u. . 1 1-u " l-u" +u.. 1 + ~,J+ ,Q,+ ~,J,Q,+ ~,j,Q,+l ~,j-1,Q,+ 

(liy) 
2 

k+l k+1 k k 
u. . -u.. l-u.. l+u.. 2 + ~,j,2 ~,j,Q,+ ~,j,2+ ~,J)2+ 

(liz)2 

k+! 
+g.. l' 

~,J ,Q,+ 

k+1 k+1 k k 

(4.17.6) 

u. l' l-u. l' 1 ~+ ,j,Q.+ ~+ ,j,Q.+ u.. 1-u . . l-u. . +u. 2 . = ~,j,Q,+ ~+l,J,Q,+ ~+1,j,Q.+1 ~+ ,J,Q,+l + 
l':.t 

k+1 k 

(lix) 
2 

k+1 k+1 k k 
u. 1 . 1 1-u . l' 1-u . l' l+u . 1 . 1 1 + ~+ ,j+ ,Q,+ ~+ ,J,Q,+ ~+ ,J,Q,+ ~+ ,j- ,Q,+ + 

(l':.y) 2 
k+1 k+1 k k 

u. l' -u. l' 1-u . l' l+u . l' 2 ~+ ,J ,Q. ~+ ,J ,Q,+ ~+ ,j ,Q.+ ~+,J ,Q,+ 
+ 2 

(liz) 
k+! 

+ g. . 1 
~+1,J ,Q,+ , 

(4.17.7) 
k+1 _ k+l k k 

u. 1 . 1 l-u. 1 . 1 1 ~+ ,j+ ,Q.+ ~+ ,j+ ,Q,+ = 
u .. 1 l~u. 1 . 1 l-u. 1 . 1 l+u . 2' 1 1 ~,j+ ,Q,+ ~+ ,j+ ,Q,+ ~+ ,J+ ,Q.+ ~+.+, Q,+ 

lit 

k+1 k 

(l':.x) 
2 

k+1 k+l k k 
u. . 1-u.. 1-u.. +u.. 2 1 
~+l,j.Q,+ ~+1,j+1,Q.+ ~+1,j+1,£+1 ~+l,J+ ,£+ 

+ 2 
(t1y) 

k+1 k+1 k k 
u. 1 . 1 -u. 1 . 1 1-u . 1 . 1 l+u . 1 . 1 2 + ~+ ,J+ ,Q, ~+ ,j+ ,Q,+ ~+ ,J+ ,Q,+ ~+ ,J+ ,Q,+ 

(l':.z) 2 
k+! 

+ gi+1,j+1,Q,+1' 
(4.17.8) 

k+1 k+1 k k 
Ui ,j+1,£+1-Ui,j+l,Q,+1 

l':.t 

u. 1 . 1 1-u.. 1 l-u.. 1 +u. . 1 1 = 1+ ,j+ ,2+ ~,j+ ,2+ ~,j+ ,Q,+1 ~-l,j+ ,Q,+ 

(t1x) 2 

respectively. 

k+1 k+l k k 
u.. 1-u .. 1 l-u .. 1 l+u .. 2 
~,j,£+ ~,J+ ,£+ ~,J+ ,£+ ~,J+ ,£+1 

+ 2 
(l':.y) 

k+1 k+l k k 
u. . 1 -u. . 1 l-u.. 1 l+ u•. 1 2 + ~,J+ ,Q, 1,J+ ,Q,+ ~,J+ ,Q,+ ~,j+ ,Q,+ 

(liz) 
2 

k+! 
+ g .. 1 1 1,j+ ,Q,+ 

(4.17.9) 
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2 
Assuming t.x=t.y=t.z=t.s and r=l5.t/(t.s) , equations (4.17.2)-(4.17.9) can 

be reduced to the forms, 

k+1 k+l k+l k+1 
-r[u. 1 . o+u .. 1 o+u .. 0 1]+Cl+3r)u .. 0 = 

~+ ,J,x, ~,J+,x, ~,J,"'+ ~,J,'" 

k k k 
r(u. l' +u .. 1 +u.. 1) 

~- ,J,£ ~,J-,£ ~,J,£-

k k+! 
+(1-3r)u .. 0 +g. : 0 ' 

~,J,'" ~,J,'" 
(4.17.10) 

k+1 k+1 k+1 k+1 k k 
-r[u .. o+u. 1 . 1 o+u. l' 0 1]+Cl+3r)u. 1 . 0 =r(u. 2' o+u. 1 . 1 

~, J , '" ~ + , J + , '" ~ + , J , ",+ ~ + , J , '" ~ + , J , '" ~ + , J - , £ 

k k k+! 
+u. 1 . n 1)+(1-3r)u. 1 . o+g· 1 . 0' (4.17.11) 

~+ ,J,J<..- ~+ ,J,'" ~+ oJ,,,, 

k+1 k+1 k+1 k+1 
-r[u.. +u. . +u.. ]+Cl+3r)u.. 

~,J+1,£ ~+l,J,£ ~+1,J+1,£+1 ~+1,J+1,£ 

k 
= r(u. . + 

~+2,J+1,£ 

k k k k+! 
+u. 1 . 2 o+u. 1 . 1 0 1)+(1-3r)u. 1 . 1 o+g· 1 . 1 

~+ ,J+,'" ~+ ,J+ ,"'- ~+ ,J+,J<.. ~+ ,J+ ,£ 

(4.17.12) 

[ k+1 k+1 k+1 ] ( ) k+1 ( k k 
-r u. . 1 +u. . +u. . 1 1 + 1 +3r u. . 1 = r u. . 1 +u. . 2 

~+l,J+,£ ~,J,£ ~,J+ ,!L+ ~,J+ ,£ ~-1,J+,£ ~,J+,fL 

k k k+~ 
+u .. 1 0 1) +(1-3r)u .. 1 o+g· . 1 0' 

~ ,J+ ,"'- ~ ,J+,'" 1. ,J+ ,'" 
(4.17.13) 

k+1 k+1 k+1 k+1 
-r[u. . l+u .. 1 l+u.. ]+(1+3r)u.. 1 1.+1,J,£+ ~,J+ ,£+ ~,J,!L ~,J,!L+ 

k k 
r(u. l' l+u.. 1 1+ 

~- ,J,!L+ ~,J- ,!L+ 

k k k+! 
+u .. n 2) +(1-3r)u .. Q l+g · . 0 1 ' 

~,J,J<..+ ~,J,-+ ~,J,"'+ 
(4.17.14) 

k+1 k+1 k+1 k+1 
-r[u .. 0 +u. . 10 l+u . l' n]+(1+3r)u. 1 . 01 

~,J,,,,+l ~+l,J+ ,"'+ ~+ ,J,'" ~+ ,J,"'+ 
k 

r (u. 2' 1+ ~ + ,J, 9,+ 

k k k k+1 
U. • 1 l+u . l' 2)+(1-3r)u. l' l+g · 1

2
. I' ~+l,J- ,£+ ~+ ,J,9,+ ~+ ,J,9,+ ~+ ,J,9,+ 

(4.17.15) 
k+1 k+1 k+1 k+1 

-r[u .. 1 0 l+u . l' l+u . 1 . 1 ]+Cl+3r)u. 1 . 1 1 
~,J+ ,,,,+ ~+ ,J,9,+ ~+ ,J+ ,£ ~+ ,J+ ,9,+ 

k 
r(u . + 

i+2,J+1,9,+1 

k k k k+! 
+u. . 2 +u. 1 . 1 2)+(1-3r)u. 1 . 1 l+g · 1 . 1 1 ~+l,J+ ,!L+1 ~+ ,J+ ,9,+ ~+ ,J+ ,!L+ ~+ ,J+ ,!L+ 

(4.17.16) 
and 

k+l k+l k+1 k+1 k 
-r[u.. +u.. +u.. ]+(1+3r)u.. r(u.. + 

~+I,J+1,£+1 1.,J,£+l 1.,J+1,£ ~,J+1,!L+l 1-1,J+1,£+1 

k k k k+l 
u .. 2 l+u .. 1 2)+(1-3r)u .. 1 l+g·: 1 1 1,J+ ,£+ 1,J+ ,£'+ 1,J+ ,£+ 1.,J+ ,£+ 

respectively. (4.17.17) 
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The implicit system formed by equations (4.17.10)-(4.17.17) can then 

be written in matrix form as 

k+1 
Au = (4.17.18) 

where fk is a vector whose elements are defined by the right-hand side 

of equations (4.17.10)-(4.17.17), A is given by 

1+3r -r 0 -r I -r 0 0 0 

-r 1+3r -r 0 0 -r 0 0 

0 -r 1+3r -r I 0 0 -r 0 

-r 0 -r 1+3r' 0 0 0 -r 
A I 

(4.17.19) = - - -- - -,-- -----
-r 0 0 0 1l+3r -r 0 -r 

0 -r 0 0 -r 1+3r -r 0 

0 0 -r 0 0 -r 1+3r -r 

0 0 0 -r I -r 0 -r 1+3r 
I 

and 
k+1 

[u. , ~,u, 1 ' ~ u. 1 . 1 2'u, , 1 2 u, . 2 l'u, 1 . 2 l' u = 1.,J, 1.+ ,J, ,1.+ ,]+, 1.,J+" 1.,], + 1.+ ,], + 

ui+1,j+1,2+1,Ui,j+1,~+1 
]T . 

similar to one and two-dimensional cases to form the GE method 

we have to invert the matrix A. Due to its special form, the inversion 

of this matrix is less difficult and using a derivation by W.S. Yousif 

(1982) the procedure is as follows: 

Inversion of A 

Let 

A' = 

with 
r 

1 - 1+3r 

o 

r 

-r 
1+3r 

o r ---1+3r 

o 

1 
r ---

1+3r 

r 

, A = (1+3r)A' 

r ---1+3r 

r o 
---1+3r 

r o ---1+3r 

r 
l+3r o - 1+3r 1 ---1+3r 
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and let D B 

= 

B D 

From the identity AI(A,)-l=I we can obtain the following relationships, 

and 

We evaluate B first from, 

2 1+20. 2 20. 2 0. 2 
2 1+20. 2 20. -1 0. 2 AlA2 Al = 
20. 2 1+20. 

2 2 
1+20.2 

2 20. 2 
2 

with o.=-r/ (1+3r). Therefore, 

2 1+0. 
-2 -20. -2 ---a 2 

-2 1+0. 
-2 -20. -1 0. 2 A2-Al A2 Al = 

-20. -2 1+0. -2 
0. 2 1+0. -2 -20. -2 ---

a 

and after some algebraic manipulation we obtain the result, 

30. 2_1 20. -60. 
2 

20. 

20. 2 20. 2 
B o./k 30. -1 -60. = 2 2 

-60. 20. 0. -1 20. 

20. -60. 
2 20. 2 

30. -1 

and from which D can easily be obtained in the form, 

where 

2 
70. -1 2 0(1-30. ) 

2 0I'(1-3a ) 
2 

70. -1 

2 2 
-20. (1+30. ) 2 

2 
0<(1-30. ) 

1-0. 

2 2 2 
-20. (1+3a ) 0«(1-30. ) 2 

1-0. 

2 2 -20. (l + 30. ) 

1-0. 
2 

2 
~ (l-3a ) 

2 
70. -1 

2 C:X(1- 30. ) 

2 2 
k=(l-a )(1-90. ). Hence the matrix A 

-1 

2 2 -20. (1+30. ) 

1-0. 
2 

2 c:x(1-3a ) 

2 
70. -1 

can now be assembled in the form: 



-1 
A 

-1 
=-

k 

2 
(1-70. )r 

a 

2 
(3a-l)r 

2 
20.(1+30. )r 

2 
1-0. 

2 (3a_l)r 

2 
(3a-l)r 

2ar 

2 
-60. r 

2ar 

2 
(30. -l)r 

2 
(1-70. )r 

a 

2 
(30. -l)r 

2 
20.(1+30. )r 

2 
1-0. 

2ar 

2 
(30. -l)r 

2ar 

2 
-60. r 

2 
20.(1+30. )r 

1- a 10 

2 
(30. -l)r 

2 
(1-70. )r 

a 

2 
(30. -l)r 

2 
-60. r 

2a.r 

2 
(30. -l)r 

2ar 

2 I 
(30. -l)t I 

2 I 

2a{1 +30. )r I 

1-0. 
2 

2 
(30. -l)r 

2 
(1-70. )r 

a 

2ar 

2 
-60. r 

~ 

2 
(30. -l)r 

2ar 

2 
-60. r 

2ar 

2 
(1-70. )r 

a 

2 
(30. -l)r 

I 2 
,20.(1+30. )r 

2ar 

2 
(30. -l)r 

2 
1-0. 

2 
(30. -l)r 

2ar 

2 
(3a-l)r 

20r 

2 
-60. r 

2 
-60. r 

2ar 

2 
(30. -l)r 

2ar 

2ar 

2 
-60. r 

2etr 

2 
(3a-l)r 

- - - ---
2 

(30.2- 1 ) 20.(1+30. )r (3a2-1)r 
2 

2 
(1-70. )r 

a 

1-0. 

2 
(30. -1)r 

2 ( 2 (30. -1)r 1-70. )r 
a 

2 
20.(1+30. )r 

2 I-a 
2 

(30. -l)r 

2 
20.(1+30. )r 2 ( 2 (3a -1) 1-7a)r 

2 I-a a 

N 
-...J 
...... 
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Nea.r the. boundary, the point~ are treated either as. a group of 4 

points or a group of 2. points or an ungrouped point depending on the 

location of the points in the space, (Fig. (4.17.2). These special cases 

can he treated in a similar manner as the ordinary points of the two-space 

dimensional case or the ordinary point of the one-space dimension case. 

To avoid mathematical repetition, these will not be given here. 
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...1: 
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r 

How the ungrouped surface 1S treated 
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I 
I 

I 
I 

I 
I 

I 
I 

----f-I • ;1-
, I 

/ / 
I 

;' / 
/ I 

I / 
I I 

;' / 
I / 

Diagram showing the ungrouped surfa~e 

FIGURE ( 4 • 17 • 2) 
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4.18 CONCLUSIVE REMARKS 

From the experiences gained in carrying out the work in this chapter 

we can express the following conclusions:-

1. The generalised finite difference approximation (4.2.1) is an 

equation from which it is possible to derive explicit, implicit, 

symmetrical and asymmetrical types of approximation. 

2. Any existing numerical schemes of order up to «~x)2+(~t)2) has 

to fulfill the compulsory conditions (4.2.2)-(4.2.4) and the 

fulfilment of optional conditions (4.2.5)-(4.2.6) varies according 

to the chosen scheme. 

3. The GE methods are a class of methods which are derived from the 

combination of two implicit low-order asymmetrical formulae, i.e. 

Figs. (4.2.6) and (4.2.7) and results in two explicit formulae of 

low-order accuracy i.e. Fig.(4.5.l). These two formulae are 

implemented in such a way that sometimes their truncation error 

signs will tend to cancel each other, therefore upgrading the 

order of accuracy. 

4. In general all the GE schemes have better stability conditions 

as compared to the classical explicit scheme. 

S. The GER, GEL, GEC and GEU schemes are best used for values of 

r:::O.S. 

6. For O.S~r~I.O, the alternating formulae are recommended, i.e. 

(S)AGE and (D)AGE for use. 

7. For 1.O~r~2.0, the splitting type of half-step is recommended 

i.e. (S)AGE or (D)AGE half-splitting. 

8. For r~2.0, the fractional splitting type of quarter step (D)AGE 

is recommended. 



9. For r~O.l, the classical explicit scheme gives the better 

accuracy. 

10. Most of the numerical results uS1ng the recommended schemes are 

as accurate as the results obtained from the eN method. 

11. One important fact from this class of method is its avoidance 

of solving tridiagonal systems of equations. 

12. The extension of the method to two- and higher-space dimensions 

is fairly straight forward and the unconditional stability of 

the explicit scheme is obviously a great advantage. 

13. To some extent we are able to indicate the best weighting factor 

to choose for certain values of r in the Weighted Group Explicit 

method. 
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14. Although only examples in rectangular space-domains were considered 

the schemes are usable for non-rectangular domains. 

15. Since the schemes are totally explicit, it 1S also suitable for 

use on the parallel processing systems of the future. 
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EXPLICIT METHODS FOR THE SOLUTION 

OF DIFFUSION-CONVECTION EQUATIONS 
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5.1 INTRODUCTORY REMARKS 

As mentioned earlier in Chapter 3, the diffusion-convection equation 

needs to be treated separately from the ordinary diffusion equation because 

of the presence of spatial derivatives of first order. One way of doing that 

is approximating the terms 
;,2u a 
--- and ~xu in the diffusion-convection equation 
ax2 0 

k
au 
ax 

(5.1.1) 

by using different types of approximation, ~.e. central differences for 

a2 a ~ and forward/backward differences for a~ as in the generalized form (5.2.1). 
ax 

Some stable explicit methods which are actually of similar form to 

those of Larkin (1964) and Clark and Barakhat (1966) are obtainable from 

the generalised form (5.2.1). These explicit schemes can then be used to 

develop the GE scheme for the diffusion-convection equation (5.1.1) and 

the scheme can also be shown to be stable too. 

The upwinding type of approximation for (5.1.1) can also be developed 

and though it is stable scheme it can be seen that this low-order approx-

imation can really affect the accuracy of the solution. 



5.2 THE GENERALIZED FINITE-DIFFERENCE APPROXIMATION FOR THE DIFFUSION-

CONVECTION EQUATION 

The diffusion~convection equation (5.1.1) can generally be approx-

imated at the point (i~x,(j+!)~t=(i,j+~) by the two time-level finite 

difference representation, 

u .. l-u .. 
1.,J+ 1.,J = 

~t 

(0 
~~2 [(8 1c u. I • 1-820 u. 1 . 1) 
(~x) x 1+2,J+ x 1.-2 ,J+ 

+ (8 1' 0 u. 1 . -8 2' 0 u. 1 .)] - 2~ [a1~ u. . 1+a2'V u. .] x 1+2,J x 1.- 2 ,J uX X 1.,J+ x 1.,J 

k [ '\"7 '] - --;:- a v u.. + a
2A u.. , 

2ux 1 x 1.,J+l x 1,J 
(5.2.1) 

where o,~ and 'V are the central-difference, forward-difference and 
x x x 
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backward-difference operators with respect to the x variable respectively. 

The included parameters 81,828i,8Z,a1,a2,ai and a2 are related to each 

other by the following compulsory conditions, 

8 +8 +8'+8' = 2 
1 2 1 2 

8 -8 +8' -8' = 0 
212 1 

a'+a +a +a' = 2 
1 122 

and also by the optional conditions, 

8 -8 -8'+8' = 0 
2 1 2 1 

-8 -8 +8'+8' 
2 1 2 1 

0 

a'+a -Ct. -Ct.' 
1 122 

0 

-a'+Ct. +a -Ct.' 
1 1 2 2 

0 

-a'+a -a +Ct.' 
1 1 2 2 

0 

(a) 

(b) 

(c) 

(a) 

(b) 

(c) 

(d) 

(e) 

(5.2.2) 

(5.2.3) 

The importance of the conditions (5.2.2) and (5.2.3) will be seen to be 

evident later in the next section. 

After the insertion of the values for the difference operators, 



equation (5.2.1) will lead to 

-(E8 2+KCll' )u. 1 . 1 + [1 +E(8 l +8 2)-K(al ","al')] u .. l-(Eel-Kcxl)u. 1 . 1 = 1- ,J+ 1,J+ 1+ .J+ 

+ (E8 l' -Ka2' )u. 1 . 1+ ,J 

2 
where E=Er, K=k~t/2~x=kr~x/2 and as usualy r=~t/(~x) . 

(5.2.4) 

The resulting approximation (5.2.4) can be regarded as a generalized 

two-level finite difference representation of (5.1.1) for the several 

reasons which are outlined as follows: 

1. The implicit and explicit type of formulae can be derived from 

the generalised approximation (5.2.4). 

2. A variety of formulae with varying degrees of accuracy up to 

2 2 
O{(~x) +(~t) } can be derived from this approximation. 

3. Most existing formulae for (5.1.1) are derivable from this 

approximation. 

4. A class of asymmetric formulae (Saul'yev, 1964, p. 91 ) can also 

be obtained from this formulae. 

The following choice of parameters are a few examples which will 

verify the above arguments:-

1. 8
1

=8
2

=0, a =u'=O 8'=8'=1 a =a'=l gives 
1 1 ' 1 2 ' 2 2 

u .. 1 = (E+K)u. 1 .+(l-2E)u .. +(E-K)u. 1 .• (5.2.5) 
1.J+ 1- .J 1.J 1+ ,J 

2. 

which is the classical explicit scheme. 

8
1

=8
2
=1. ex =a'=l 8'=8'=0 a =a'=O g1ves 

1 1 • 1 2 ' 2 2 

-(E+K)u. 1 . 1 + (1+2E)u. . 1 - (E-K)u. 1 . 1 1- ,J+ 1,J+ 1+ ,J+ 

which is the classical (fully) implicit scheme. 

u. ., 
1,J 

(5.2.6) 
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4. 

1 1 
- -2(E+K)u. 1 . l+(l+E)u .. 1 - -2(E-K)u. 1 . 1 1- ,j+ 1,j+ 1+ ,j+ 

1 1 
::0 -2(E+K)u. 1 . + (l-E)u. , + -2(E-K)u. 1 . , 1- ,j 1,j 1+ ,j 

which is the Crank-Nicolson scheme. 

Sl=S2=Sl'=S2'=!' a =a'=l a =a'=O gives 2 1 ' 1 2 

E 
-2
l

(E+K')U. 1 . l+(l+E+K)u .. 1 - - u 2 i+l,j+l 1- ,j+ 1,j+ 

E 
+(l-E-K)u. . + -Z u. 1 . , 1,J 1+ ,j 

(5.2.7) 

= -2
1

(E+K')U. 1 . 
1- ,j 

(5.Z.8) 

with K'=2K, which is the Crank-Nicolson scheme with upwinding. 

An example for the fourth reason will be discussed later in greater 

detail as this class of method is the subject of this chapter. 
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5.3 THE TRUNCATION ERROR FOR THE GENERALIZED FINITE-DIFFERENCE APPROXIMATION 
I 

To obtain the truncation error, we expand each value of the u's in 

equation (5.2.4) in terms of a Taylor's senes expansion about (iL\x,(j+DL\t). 

That is, 

3 3 

u. ('+1)+1 1, J 2 -2 
L\t a ul +0(L\t)4, 
48 "I 3 . . +1 at 1,J :2 

2 2 
u = u +L\x-- + au I L\ t au I + L\x _a u I + 
i+l,(j+!)±! i,j+~ ax. '+1 - 2 at .. 1 2 2 .. 1 

1 , J :2 1 , J + 2 ax 1 , J + 2 

a~u I + 
ax at. . 1 

1,J +2 

233 
~I + (L\x) ~I 
axat . . 1 6 3 

1,J+2 ax .. 1 
1,J+2 

L\x(L\t)
2 a3u! + L\t

3 a3ul 
24 2 - 48 3 

axdt . '+1 at. '+1 
1,J i 1,J 2 

Y Y 
+ O( tix l+L\t 2) , 

= u. . 1 -L\x au I + ~ au I + /';X2 
1 , J + 2 ax I· . 1 - 2 at . . 1 2 

1,J+2 1,J+2 

2 

a ~ I 
dX •• 1 

1,J +2 
2 2 

+L~I 8 2 
at . . 1 

1,]+2 

2 
- /sI{L\t a u I 
+ -2- ax at . . 1 -

1,J +2 

(tix) 3 a3u I 
6 3 

dX •• +1 
1,J 2 

2 
(ty{) L\t 

± 12 

3 2 a u I _ L\X ( L\t) 
2 24 

ax at . '+1 
1,] 2 

y y 
+0 (L\X 1 L\t 2 ) 

On substitution in equation (5.2.4) we obtain with further simplification 

the equation, 

"Iu k. ]au 
_0_ + [~(e -e +e'-e') + -(!l'+!l +!l +a') --
at L\x 2 1 2 1 2 1 1 2 2 ax 

2 
kL\x a u + [€(-e -e -e'-e') + --- (-~'+~ -~ +~t)]---2 -2 2 1 2 1 4 ~1 ~1 ~? ~2 

- ax 
2 

€(L\t) ( t ') kL\t(, ,)]a u + [2 L\X e2-e1-e2+e1 + ~ a1+a1-a2-a2 dXdt 
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(5.3.1) 

Thus, it is clearly evident from equation (5.3.1) why the conditions (5.2.2) 

are compuslory and the conditions (5.2.3) are optional. When the conditions 

(5.2.2) apply the 

where 

T. . 1 
~ ,]+2 

au + 
at 

equation (5.3.1) will reduce to 

au a2 
k- -E: ~+ T •• 1 = 0 (5.3.2) ax 2 ~,J +2 

, 
ax 

(5.3.3) 

is the local truncation error, with derivates evaluated at (i~x,(j+~)~t). 

Using this formulae, we can easily show that the truncation error of 

examples (5.2.5)-(5.2.8) are respectively given by 

223 3 
T = - k~t ~ + ~ ~ + !:.(~x) 2 ~ + ~ 
5.2.5 2 axat 24 at3 6 dX3 24 

3 
(Mf a u 2 

dxat 

E:~t 
+ --

6 

(5.3.4) 

1 Yl-l Y2+1 
M O(~x tot ), 

(5.3.5) 



and 

T 5.2.7 

T 5.2.8 

tJ.t2 3 
I~+ 

24 at3 

L ax 

(5.3.7) 

Therefore, equation (5.3.3) gives the generalised formulae for the 

principal part of the local truncation error to the generalised approximation 

(5.2.4). This analysis also shows that the compulsory condition (5.2.2) 

guarantees the consistency of the scheme for the given problem. 



5.4 STABILITY fu~ALYSIS OF THE GENERALISED FINITE DIFFERENCE APPROXIMATION 

The stability analysis of equation (5.2.4) will be examined by using 

the Fourier series method as given in Chapter 2. Assuming the error term 

iHMx j E .. at the point (i,j) can be expressed as e ~ , the error term for 
1.,J 

the equation (5.2.4) satisfies 

- (E6 2 +Kai )er-I (i -1) Sllx~j +1 + [1 +E (6
1 

+6
2

) -K(a
1 
-ai)] e I=i iBlIx~j + 1 

(E6 v_.) /=i(i+1)Bllx j+1 (E6' K ) M(i-l)Bllx j - l-~l e ~ = 2+ a 2 e ~ + 

[1-E(6l'+62')+K(a2'-a2)]e!=iiBlIx~j + (E61'-Ka2')el=I(i+1)Bllx~j 
'(5.4.1) 

which 

1. e. , 

l-2[(Ee2+Ka2)+(E6i-Kai)]Sin2 B~X +1-1[(Eei-Kai)-(E6i+Ka2)] sinBlIx 
~ = ------~------~------~~~----------------------------

1+2[ (E62+Kai)+(E6l-Ka1)] sin
2 B~X +I-l[ (E6 2+Ka i)-(E6 l -Ka1)] sinBllx 

Clearing up, we have finally, 

where 

l-2(A
1

+A2)sin
2 ~ +i=I(A2-Al )sinBllx 

1+2(B
l

+B
2
)sin2 B~x +i=l(B

1
-B

2
)sinBllx 

E6'+Ka 
2 2 

B = Efl+Ka ,. 
1 4. 1 

A = E6'-Ka' 212 

For the stability of the scheme it is necessary that 

= 
I numerator I 

~ 1 . 
I denominator I 

It can be shown, by further manipulation that, 

(5.4.2) 

(5.4.3) 
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and 

I I . 2 8~x 2 2 2 6~x ! denominator = {1+4s1n --2-- (B
l

+B 2+4B
l
B

2
sin --- +B +B -2B B ]} 

2 1 2 1 2(5.4.5) 

Therefore to fulfill (5.4.3) we need the following relationship to hold, 

A~+A;+4AlA2sin2 8~X -AiA2-2Al A2 

(5.4.6) 
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Using the condition derived in (5.4.6), we can show that the stability 

condition for equations (5.2.5)-(5.2.8) are as follows: 

(1) For equation (5.2.5) 

Al = E+K, A = E-K 
2 ' 

therefore 

i.e., 
r ~ 

= 

2c:: 
2 2 2 . 2 8~x 2 2 

(4c:: -k ~x )s1n --2- +k ~x 

1 

2 . 2 8~x (k~x)2 2 B~x c::S1n --2- + --- cos 2 
ITs'" 

(5.4.7) 

which will reduce to r~! for the case of the pure conduction problem and 

will be severely restricted for the convection dominated (k»E) problem. 

(2) For equation (5.2.6) 

A = 0, A2 0, Bl = E+K, B2 = E-K 
1 

, 

therefore, we need 

2 2 . 2 B~x + B +B 0 B
l

+B 2+2B
l
B2 (2s1n --2- -1) 1 2 ~ 

1. e. , L 2 2 
r-k ~x +2c::r ~O (5.4.8) 

which is unconditionally satisfied for all r>O. 



(3) For equation (5.2.7) 

A2 = ! (E-K) 

therefore we need 

er ~ 0 

which can be fulfilled by all r>O. 

(4) For equation (5.2.8) 

A = OE+K) 
I 

This will require, 

2(er + kr~x/2) ~ 0 

1.e. r (2E+k~x) ~ 0 , 

which can be fulfilled by all r>O too. 

(5.4.8) 

(5.4.9) 

Thus, it is always the case that the implicit type of formula will 

result in unconditional stability and the explicit type will result in 
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that of restricted stability. It will be seen later that for some explicit 

algorithms it is possible to reduce the stability restriction without 

incurring a considerable loss of accuracy. 



5.5 SOME STABLE EXPLICIT SCHEMES 

From the generalised finite difference approximation (5.2.4) some 

interesting explicit schemes can be obtained, with the truncation error 

and stability conditions derived from the equations (5.3.3) and (5.4.6) 

respectively. They are: 

(1) 8 =8'=1 8 =8'=0 a =a =1 and a'=a'=O to g1ve (Fig. 5.5.1), 
1 2 ' 21' 1 2 1 2 

kr6x kr6x) 
[l+(c:r - -2-) ]u .. 1 - (c:r - 2 u. 1 . 1 1,J+ 1+ ,J+ 

kr6x kr6x 
= (c:r+ -2-) u. 1 . + [l-(c:r + -2-) ]u. . , 1- ,J 1,J 

with L.T.E. given by 

6t a2u 6t2 a3u 
T = -c: (-) -- + -- -- + 
5.5.1 6x axat 24 at 3 

k 2 
24 (6t) 

a3
u 

2 axat 

(5.5.1) 

k( 2 a
3
u + k6x6t 

+ 6 6x) ax3 12 
a3u 1 Yl-1 y 2+1 

2 + 1ft 0 (6x 6 t ) + 
ax at 

1 y l -2 Y2+1 
+ 6t 0(6x 6t ), 

y 1+y 2=4, 0~Y1'Y2~4, and requires for stability, 

1 
o < r ~ kt,x 

(5.5.2) 

(5.5.3) 
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This condition for stability is always rather favourable since with 

k=l.O, 6x=O.1, k6x=1/10 and this is always less restrictive than 

the condition for the classical explicit formula as in (5.4.7). 

(2) 82=8i=1, 8
1

=8 2=0, ai=ai=l and a
l
=a 2=0 will result in (Fig.5.5.2), 

kr6x krt,x 
-(c:r + -2-)u. 1 . 1 + [l+(c:r + -2-)]u .. 1 1- ,J+ 1,J+ 

krt,x krt,x 
=[l-(c:r - -2-) ]u .. + (c:r - -2-)u. 1 . , 1,J 1+ ,J 

(5.5.4) 

with the L.T.E. given by 



T 5.5.4 

i ,j+1 

l+(£r _ kr6x)I--__ --1 
2 

kr6X Er +--
2 

kr6X 
1-----1 1- (Er + -2-) 

i-1,j 

-(Er + kr6x) 
2 

1.,J 

FIGURE (5.5.1) 

kr6X) +--
2 

FIGURE (5.5.2) 

For stability it requires 

2Er(kr6x + 1) ~ 0 , 

which is fulfilled by all r>O. 

_ kr6x) 
2 

kr6x 
Er - -2-
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(5.5.6) 

i+l,j+l 

(5.5.7) 

It is worth stressing the opposite signs of the truncation errors in 

(5.5.2) and (5.5.6) as they will play an important role in the algorithms 

that will be discussed later in this section. The strategy used in these 
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algorithms 1S similar to that suggested by Larkin (1963) for the heat 

conduction equation. The possible algorithms which can be derived are: 

1. By use of equation (5.5.1) from a right-to-1eft direction (UNE) 

2. By use of equation (5.5.4) from a 1eft-to-right direction (UPOS) 

3 B f . (5 5 1) h' th. 1 1 f . h . Y use 0 equat10n .• at t e J t1me eve rom a r1g t-to-

left direction and alternatively using equation (5.5.4) at the 

(j+1)th time level from the left-to-right direction (ALDC). 

4. By use of equation (5.5.1) as in (1) and equation (5.5.4) as 1n 

(2) at each time-level and then average the results (UAV). 

In the case of algorithms (3) and (4) the present stability condition 

will still hold. 

If u and its derivatives are assumed to be smooth such that if (xA,t
A

) 

and (xB,t
B

) are two neighbouring points, sufficiently close enough in the 

open-rectangle {(x,t): 

and 

then it can be easily shown that the estimate for the accumulation of the 

truncation error at a point (i,j+l) for algorithm (3) within two time-

levels 

k 2 
+ '6 (t;x) 

+ k 

3 I 3 I Y -1 Y +1 (~ + ~ ] + ~ 0 (t;x 1 t; t 2 ) 
3 3 t;t ax . . 1 ax.. 3 

1,J+2 1,J+z 
y -1 Y +1 

+ ~ O(t;x 1 t;t 2 ) 
t;t 

(5.5.8) 



Similarly the estimate for the truncation error at a point for 

algorithm (4) is given by 

2 3 
~[~I 
12 3 at . . 1 

1,J+2 

+ k a
3u I ] + ~(~x)2 a

3ul + 
~ ~ 2 33. . 1 
axat .. 1 ax 1,]+2 

1,J +2 

1 yl-l Y2+l yl -2 Y2+l 
+ ~t O(~x ~t + ~x ~t ) 

~ 0{(~t)2 + (~x)2}. 

(5.5.9) 

From (5.5.2), (5.5.6), (5.5.8) and (5.5.9), it is quite clear that the 
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algorithms (3) and (4) seem to yield more favourable truncation errors than 

either algorithm (1) or (2). Since computational cost of algorithm (4) 1S 

twice that of algorithm (3), then it is clear that algorithm (3) is the 

most efficient amongst the four. Some results from the numerical experiments 

to verify this can be found in Section 5.9. 

From the fact that these algorithms can be implemented explicitly with 

a much improved stability condition which is practically unconditionally 

stable than the classical explicit formulae and with no appreciable loss of 

accuracy, then it is felt that these algorithms are worthy of recommendation. 
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5.6 GE FORMULATION AND ALGORITHMS 

Consider now any two points (i,j+1) and (i+1,j+1). and use equation 

(5.5.1) at point (i,j+1) and use equation (5.5.4) at point (i+1,j+1) to 

[ kr~x ] _ kr~x)u 1 +(e:r - -2-) u. . 1 - (e:r ., 
~.J+ 2 ~+1,J+1 

kr~x) [( kr~x)] = (e:r + -2- u. 1 . + 1- Er + -2- \l . 
~- ,J ~,J 

(5.6.1) 

and 
kr~x kr~x ] 

-(e:r + -2-)ui ,j+1 +[l+(e:r + --2-) ui +1 ,j+1 

kr~x ] kr~x = [l-(e:r - -2-) u. 1 . + (e:r - -2-)u. 2 . 
~+ ,J ~+ ,J 

(5.6.2) 

respectively. Equations (5.6.1) and (5.6.2) will then form a small system 

of 2x2 1inea~ equations, ~.e., 

Since 

l+(e:r - -Z-) 

l 
kr~x 

kr~x -(e:r + --) 
2 

!+Cor _ kr~x) 
2 

l:.(e:r + kr~x) 
2 

- (e:r - k~~x) J 
+ kr~x) l+(e:r 2 ~ 

.. 1 ] ~,J+ 

ui +1 ,j+1 

u .. 
~,J 

+ 

u. 1 . 
~+ ,J 

kr'XJ 
-1 

-(e:r - -2-) 

~) l+(e:r 
2 

1 
1+2e:r 

then (5.6.3) can be explicitly represented by 

u .. 1 
~ ,J+ 

= 
[

-<e:r

O 

+ kr~x) 0 

kr~x 
l-(e:r- -2-) 

kr~x 
(e:r + -2-)u. 1 . 

~- ,J 

kr~x 
(e:r - -2-)u. 2 . 

~+ ,J_ 

(5.6.3) 

l+(e:r+ -2-) 

[ 

kr~x 
re:- k~L'lX ] 

kr~x 
e:r + ---

2 
kr~x 

l+(e:r- -2-) 

(e:r- --) l-(e:r---
2 2 - ] 

li+l,j+l ~l
-(e:r+ k~~x)2 

(1+2e:r) k ~ k ~ 
(e:r+ ~ x) [l-(e:r+ ~ x)] 

kr~x [ kr~XJ 

1-(sr- k~L'lx) 2 



292 

u .. 
1,J 

u. 1 . 
1+ , 

+ 

kr~xx kr~x kr~x 2 
(Er + 2 l+(e:r+ -2---)]u·- l .+(e:r- -2---) u. 2. • 

1 ,J 1+ ,J 

kr~x)2 
(e:r + --2-- u. 1 . 

1- ,J 
kr~x kr~x + (e:r- --) [l+(e:r- --)J4 . 

2 2 1+Z,J_ 

}
6.6.4) 

This scheme can be diagrammatically shown by Figure (5.6.1). 

In the case where there is any ungrouped point near either boundary, 

we use equation (5.6.2), i.e., 

Ul,j +1 = 

(5.6.5) 

for the left ungrouped point and equation (5.6.1), 1.e., 

U m- l ,j+1 = 
1 kr~x kr~x 

--~-:-k-A--I(£r- -2-)u . l+[l-(e:r+ -2-)Ju 1 . + 
[ rUx)J m,J+ m- ,J l+(e:r- -2-

kr~x 
(e:r+ -2-)u 2 .} , 

m- ,J 

for the right ungrouped point. 

(5.6.6) 

To derive the algorithms which form the class of Group Explicit methods, 

we use the implicit form (5.6.3). Also we assume that the space interval x 

is divided into an even number of sub-intervals which implies that the (m-l) 

points are odd. With the notations, 

k~x 
a l = E: - 2 

and 

the following algorithms can be established:-

(5.6.7) 

1. Group Explicit with Right-Ungrouped Point (GER): Use equation (5.6.3) 

for the first (m-2) points and equation (5.6.6) for the last unknown 

point. This will give the system, 

(I+rGl)u. 1 = (I-rG2)u. + b ., 
-J+ -J -l,J 

(5.6.8) 

where 
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f 
a Z' 
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f , 0 
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I 
- __ 1 __ 
-all , 
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I 
I a l 
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I , ..... 
I ' , ..... __ ,_ 0- ' J ___ _ 

I I I a l -al 
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I 
I 
• 

T 
b l . = [raZuo . ,0, ..• ,O,ralu . 1] 
- ,J ,J m,J+ 

Z94 

(5.6.9) 

(5.6.10) 

and [u
l 

., U z ., ... , u 1 .] 
,J,J rn- ,J 

Z. Group Explicit with Left-Ungrouped Point (GEL): Use equation (5.6.5) 

for the first unknown point from the left of the boundary and equation 

(5.6.3) for the remaining (m;z) pairs of points. This will result in 

the system, 

with T 
b

Z 
. 

- ,J 

(I+rGz)u. 1 = (I-rGl)u. + bZ . , 
-J+ -J - ,J 

(5.6.11) 

[ra,2uO' 1,o, ... ,0,ra l
u .J ,J+ m,] 

3. Alternating Group Explicit (S)AGE: Use equation (5.6.8) at the (j+l)th 

time level and equation (5.6.11) at the (j+2)th time level, 

(I+rGl)u. 1 
-J+ 

1. • e . , 

(5.6.1Z) 

4. Alternating Group Explicit (D)AGE: In this algorithm, the group 

explicit formulae are incorporated alternately within the four time-
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levels with the direction reversed at the third time level. This 

will give 
(I+rGl)u. 1 = (I-rG

2
)u. + b . 

-J+ -J -l,J 

(I+rG2)u. 2 = (I-rGl)u. 1 + b . 
-J+ -J+ 2,J+l 

(5.6.13) 
(I+rG2)u. 3 = (I-rGl)u. 2 + b . 

-J+ -J+ 2,J +2 

(I+rGl)u. 4 = (I-rG2)u. 3 + b l . 3 j+ -J+ ,J+ 

5. Two-Level (S)AGE: In this algorithm, the jth and (j+l)th level of time 

are 'artificially' divided into 2 to form the (j+~)th level. Therefore, 

the ordinary level ~s made up into two artificial levels and the (S)AGE 

formulas (5.6.12) are implemented at each 'level' to give 

(5.6.14) 

6. Four-Level (D)AGE: This ~s similar to the previous one but the ordinary 

level is made up into four artificial levels and the formulas (5.6.13) 

are implemented at each 'level' to yield 

r 
(I~4 2)u. + b l . 

-J -,J 

r 
= (I~4 1)~J·+14 + b . I -2,]+4 

r 
(I+i;G2)~J· +-'-43 = (I~ ) + b . 1 

4 1 ~j+! -2,J+2 

r 
(I~4 2)u. 3 b 3 -J +-'-4 + -1 J.+-, 4 

(5.6.15) 

7. Average of GER and GEL: If v and ware assumed to be the solutions of 

the GER and GEL algorithms respectively, ~.e., 

(I+rGl)v. 1 (I-rG2)v. + b ., 
-J+ -J -l,J 



therefore u 1S taken as 

u = -j+l Hv. 1 + w. l} . -J+ -J+ 
(5.6.16) 

These are only a few of the examples of algorithms which can be 

established from the original formulae (5.6.3), (5.6.5) and (5.6.6). 
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There are a few more algorithms which the author has left unmentioned as 

they are quite similar to the ones mentioned above. However, from the few 

algorithms that are mentioned the author has chosen only some of the 

algorithms for the numerical experiments, the results of which are included 

in Section (5.9). This is due to the fact that apart from a l and a 2 which 

will result in the unsymmetric system (5.6.8), (5.6.11) to (5.6.16), 1n 

principle these algorithms are similar to the class of Group Explicit 

methods which were discussed fully in Chapter 4. 

In the use of the number of unknown points being even, i.e. (m-I) is 

even, the concept of Group Explicit can be implemented if: 

(i) the points are grouped into (m-l) 
2 

groups of two points, or 

(ii) the points are grouped into (m-3) 
2 

groups of two points with 

the points at the far-left and far-right left ungrouped. 

Then the following algorithms are possible: 

(1) The Group Explicit Complete (GEC): Use equation (5.6.3) for 

the (m;l) groups of points in (i). 

(2) The Group Explicit with Ungrouped-ends (GEU): Use equation 

(5.6.5) for the left-ungrouped point, equations (5.6.3) for the 

m-3 (--2-) groups of points and equation (5.6.6) for the far right-

ungrouped point. 

Similarly, from GEC and GEU, the AGE concept can be developed to g1ve 

the equations corresponding to (5.6.12)-(5.6.16). 
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5.7 ESTIMATE OF THE TRUNCATION ERROR OF THE GE CLASS OF METHODS 

To estimate the truncation errors of various algorithms in this class, 

we expand as a Taylor's series each equation in (5.6.4) about (i,j) and (i+l,j) 

respectively, (5.6.5) about (l,j) and (5.6.6) about (m-l,j). For equation 

(6.5.4), the first will result in 

au I a
2
u 

- k~~ l. . + T. = E: -- , 
at . . ax

2 ~,J 
~,J i,j ~,J 

(5.7.1) 

where 

+ 

2 kt.x 2 
Isx. a3u [6r(E: +(-2-) )-klsx.(l-8rE:)] 1 4 + 

(1+2E:r) 6 ax3 
+ lit O(~x ) 

i,j 

~t a
2

u kM (2 E:r) 2 a2u 
~ -- + --- (klsx.-2E:) (1-2E:r+ 2 "')-2 

at
2 2 2~ 

i,j 
ax i,j 

(5.7.2) 

and the second will result in 

where 
T. 1 . 
~+ ,J 

~I. 1 . = 
~+ ,J 

= _ ~t a
2

u I 
2 2 

at . 1 . 
~+ ,J 

au I -k- +T.. , ax . l' ~+l,J 
~+ ,J 

rklsx. (kt..x+2E:) a2u 
+ -- -:---~--,....;-- --2 (1+2E:r) 2 ax . 1 . 

~+ ,J 

(5.7.3) 

2 k~ 2 
[-6r (E: + (-2-) ) -k ~ (1 +8rt:) ] 

+ ----~(1~+~2~E:r~)----------
~ 

6 

3 
) a u 

a2
u 

-"')-2 
ax . 1 . 

~ + ,J 

"'-3 
ax . 1 . 

3 ~+ ,J 

-"')-3. . +ftDCt,x )(5.7.4) a u I 1 4 

ax ~+1,J 



For equation (5.6.5), the expansion gives 

aul = c a
2u _ k~1 T 

'- 2 I + ., 
at 1, j ax l' a xl, j 1 oJ 

,j 
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(S.7.S) 

where 

Tl . ,j 
2 I 3 !J.t (£+ k!J.x)~ + !J.~ (£+ k~X) a

2
u 

!J.x 2 axat l,j ax at 
l,j 

!J.x2 a3
u 

k -6- --3 
ax 1,j 

3 k!J.x a u 
- r!J.t!J.x(£+ --2-) 2 

axat 

and for equation (S.6.6) the expansion results ~n 

where 

aul 
at m-1,j - k-- + T . aul 

ax l' m-1,j 

T l' m- ,j 

2 _ !J.t ~ 
2 2 

at l' m- ,j 

k!J.x2 a3u 
- -6--3 

ax l' m- ,j 

m- ,j 

3 k!J.x a u 
+ r!J.t!J.x(£- --2-) 2 

aXdt 

1,j 

(S.7.6) 

1,j 

(S. 7 . 7) 

(S.7.8) 

m-1,j 

Now the GER method of (S.6.8) is estimated with the truncation errors 

(S.7.2) and (S.7.4) for i=1,3, ... ,m-3 and with the truncation error (S.7.8) 

for i=m-1. For the GEL method (5.6.11), the truncation errors are 

represented by (5.7.6) for i=l and (5.7.2) and (S.7.4) for i=2,4, ... ,m-2. 

Meanwhile for the AGE method (S.6.12), the truncation errors are represented 

alternately at every time-level by either the one for the GER or the one 

for the GEL method (Fig. 5.7.1). 

(5.7.2) (5.7.4) (5. ;,2.) (5.7.4) (5.7.2) (5.7.4) (5.7.8) 

GER jth x x x x x x x 
1 2 3 4 m-3 m-2 m-1 
1 2 3 4 m-3 m-2 m-1 

GEL (j+1)th • • , • • • • 
(5.7.6) (5.7.2) (5.7.4) (5.7.2) (5.7.4) (5.7.2) (5.7.4) 

AGE at every 
two time-levels 

FIGURE (5.7.1) 
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Since the local truncation errors at every point on the line are 

such that the ith vertical line will normally have alternate errors of 

~t 
(5.7.2) or (5.7.4) and as the coefficients of the (~x) term for these 

errors have opposite signs, therefore we expect the errors to accumulate 

more slowly than in the GER or GEL methods. Due to this fact the author 

feels strongly that the AGE type of method is more favourable than the 

formulae of non-AGE type. 

For equations (5.6.13)-(5.6.16), then S1nce they are also of an AGE 

type, the estimate to the truncation errors can be obtained in a similar 

manner as the AGE method (5.6.12) although they will be much more complicated 

to derive. Finally, we can easily deduce that all the methods are approx1-

mately of order {~t+(~x)2} with the consistency condition (~~)~. 



5.8 STABILITY ANALYSIS OF THE GE CLASS OF METHOD 

The stability analysis of the GE class of method for the diffusion-

convection equation can be obtained by the matrix method. To do this, 

equation (5.6.8) is written in the explicit form, 

where 

A= 

2 2 I-a r 
2 

o 

".. 
U. 1 = Au. + b . 
-J+ -J -l,J 

ra l (I-aIr) 

/::, 

2 2 
I-a r 

1 
/::, 

ra
2 

(1 +a
2 
r) 

/::, 

2 2 
r a 2 

/::, 

..... 
..... 

2 2 
aIr 

/::, 

ra1(I+alr) 

2 2 /::, 
l-a

2
r 

/::, 

..... 

.... 

ra l (I-aIr) 

/::, 

2 2 
I-a r 

1 

..... 
..... 

..... 
..... ..... 

..... 
..... 

..... 

....... 
"-

"-
"- ..... 

..... 
..... ... ... 2 2 

I-a r ra l (I-aIr) 2 
/::, /::, 

2 2 
r a 2 (1-a2

r ) I-aIr 

/::, /::, 

(5.8.1) 

o 

.... ... 
2 2 

r a l 
/::, 

(5.8.2) 
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I"-
~l,j is associated with the boundary conditions, a l and a 2 are defined by 

(5.6.7) and /::'=1+2€r. 

The stability of the system (5.8.1) can be guaranteed if I IAI I~l. 

From the matrix (5.8.2) it can be easily shown that I IAI I ~l if and only if 
00 

r ~ 
1 

max I a. I 
~ 

1 
= 

max{I€lk~X ,1€l:.~xl} 

The GEL scheme can also be written in the form (5.8.1) with, 



A = 

rOo 2 (l+0,2r ) 

t; 
2 2 

r a.
2 

t; 

.... 

o 

2 2 I-a. r 
2 

..... 

ra.
2 

(l-a.
2
r) 

t.:, 

ra.2 (1+a.
2
r) 

t; 

... ... 
... ... ... 

..... ... 
ra.

l 
(l-a.

l 
r) 

t; 

2 2 
1-0. r 

2 

2 2 
I-a. r 

2 

o 

2 2 ra.2 (1-a.
2
r) l-a.

2
r 

t; t.:, 

and a similar stability condition can be shown to be valid. Hence the 

following theorem can be established. 

Theorem 5.1 
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(5.8.3) 

The GER and GEL schemes of (5.6.8) and (5.6.11) for the diffusion-

convection equation (5.1.1) are stable provided 

1 
r 

max{!s- k~x , Is+ k~X!} . 

(This theorem will reduce to Theorem 4.3 if s=l and k=O). 

For the two-step (S)AGE processes given by equations (5.6.12) and 

(5.6.14), written as 

where 

(I+r8G1)u. e 
-J+ 

(I-r8G2)u. + b
l 

. 
-J -,J 

= (I-r8Gl )u. e + 
J+ ~2,j+2e 

1 
J 

(5.8.4) 
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a - {: 
for (5.6.12) 

for (5.6.14) 

By eliminating u. a from (5.8.4) we obtain 
-J+ 

~jt2a =Tu. + b' 
-J 

where b' is independent of the u's and 

(5.8.5) 

Now we define the matrix 

which is similar to T and thus has the same eigenvalues as T. Therefore, 
'V 

we can express T as 

-1 -1 T = (I-reG
I

) (I+reG
I

) (I-reG
2

) (I+reG
2

) (5.8.7) 

From the definitions of G
I 

and G
2 

in (5.6.9) and (5.6.10) we can 

determine that their eigenvalues are given by 0, 2s «n-l)/2 multiplicity 

k~x 
of groups) and (s- --2-) for G

l 
and 0, 2s «n-I)/2 multiplicity of groups) 

k~x 
and (s+ --2-) for G2 . Therefore, we can establish the result, 

{ 
l-rePl sl} {ll-re

p
2 sl} max ' max ' 

1+r8Pl,s 1+rep 2 ,s 
, s=l,Z, ... ,m-l, (5.8.8) 

where PI,s and PZ,s are the eigenvalues of Gl and G2 respectively. 

The inequality (5.8.8) can be shown to be less than or equal to unity 

for all r>O provided 
2s 

~x:.s k (5.8.9) 

For the four-step processes of (D)AGE (5.6.13) and (5.6.15), a similar 

stability condition will follow. Therefore, the following theorem can be 

established. 

Theorem 5.2 

The (S)AGE and (D)AGE schemes of (5.6.12)-(5.6.15) are unconditionally 

stable for all r>O provided ~~2s/k. 
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S.9 NUMERICAL EXAMPLE 

In this example, the equation (S.l.l) together with the initial 

condition 
u(x,O) = 0, O<x<l, (S.9.l) 

and the non-homogeneous Dirichlet conditions 

u(O, t) ° 1 

J 
(S.9.2) 

u(l,t) = 1 

is used as a model problem. This problem can be shown by the method of 

separation of variables to have the exact solution 

u(x, t) 
kx/c. 1 e -

ek/c. -1 
+ I 

n=l 

n 
(-1) n1T 

2 k 2 (n1T) +(-) 
2E: 

k 
2'E(x-l) 

e S1nn1TX 

e (5.9.3) 

In calculating the exact solution the convergence of the summation term is 

assumed satisfied if 

abs{summation]k+l - summation]k} ~ 10-
8

. 

The solution of some of the numerical schemes presented earlier are then 

compared with this exact solution in terms of their absolute errors. A 

comparison is also made with the Crank-Nicolson upwinding scheme. These 

results are given in Tables (5.9.1)-(5.9.4) and Figures (5.9.1)-(5.9.3) 

for cases where a graphical representation is more appropriate. 

From the tables and graphs, in general, it can be seen that the 

schemes in this class of method are more accurate than the CN method. For 

r=0.5 the (D)AGE scheme appears to be better than any other scheme. 

From these results we can establish that since the method is explicit 

and highly stable, it can be recommended as an alternative competitive 

method for solving the diffusion-convection equation. 



k-l.0,E-l.0,6t=0.001,6x=0.1, r=0.1,6t=0.1 

~ 0.1 0.2 0.3 0.4 

CNU 2.4XlO- 3 4.9x10-3 7.3 X10-3 9.4XlO-3 

5.5.l(UNE) 1.8x10 -3 3.2x10-3 4.2x10-3 4.5 x10-3 

5.5.4(UPOS) 1.4x10-3 2.7x10-3 3.7x10-3 4.4xlO-3 

2.0x10-4 3 .oxlO-4 -4 0.4 x10-4 
ALDC 2.6x10 
5.5.1 & 5.5.4 

AVERAGE 1.7x10-4 -4 -4 0.7xl0-4 
5.5.1 & 5.5.4 

2.7x10 2.4x10 

(D)AGE 1.6x10-4 2.7xI0-4 2.8x10 -4 
1.3xlO 

-4 

(D)AGE 0.2x10-~ 
TWO-LEVEL 

-4-0.4x10 . 0.7x10 -~ 
-:4 1.0x10 . 

EXACT SOLUTION 0.01895 0.04370 0.07892 0.12982 

TABLE (5.9.1) 

, ~ 

0.5 0.6 0.7 

11.0xlO -3 12 .OXlO-3 11.5><10 -3 

4.2xlO-3 3.3x10-3 2.0><10-3 

4.6 x10-3 4.3xlO- 3 3.4x10-3 

2.8x10-4 6 .6 xlO-4 9.0><10 -4 

1.9x10-4 5.lXI0-4 7.1 xI0-4 

0.9 xl0-4 4.0x10-4 6.IX10-4 

1.4xI0 
-4 1.8x10-·4- 2.0x10-4 

0.20177 0.29986 0.42794 

0.8 

9.4XlO-3 

7.3><10-4 

2.1 x10-3 

8.9x10-4 

7.0x10-4 

6.2xI0-4 

2.0><10-:4 

0.58805 

0.9 

5.6xlO-3 

0.4><10-4 

8.5x10-4 

5.7x10-4 

4.5 X lO -4 

4.3x10-4 

1. 7x10-!t 

0.77976 

w 
o 
~ 



k-1.0, £-1.0,6t=0.OO5,6x=0.1, r=0.5, t=0.5 

~ 0,1 0.2 0.3 0.4 

CNU 1. 7x10-3 3.2xl0-3 4.5 Xl0-3 5.4x10-3 

5.5.1(UNE) 1.9x10 -4 3.5xl0-4 4.7xl0-4 5.2x10-4 

5.5.4(UPOS) 3.3XI0-4 6 .Pl0-4 8.lXI0-4 9. PIO-4 

ALDC -4 2.4x10-4 3.6x10-4 4.6 x10-4 
5.5.1 & 5.5.4 

1.1xl0 

AVERAGE -4 1. 3xlO-4 1.7x10-4 2.0x10-4 
5.5.1 & 5.5.4 

0.7x10 

(D)AGE 0.2x10 -4 0.6xl0-4 0.5 x10-4 0.8xl0-4 

(D)AGE -4 -4 4.1xl0-4 5.2x10-4 
TWO-LEVEL 

1.4xl0 2.9x10 

EXACT SOLUTION 0.06043 0.12730 0.20136 0.28345 
~ - --- ~-- ~ ------- -~ -- --- - ~ - - -

TABLE (5.9.2) 

0.5 . 0.6 0.7 

6. PlO-3 6.2XlO-3 5.8XlO-3 

5 .IXlO-4 4.4x10-4 3.3xI0-4 

9.1 xlO-4 8.2xl0-4 6.5 XlO-4 

5.2x10-4 5.3x10-4 4 .8X lO-4 

2.0xlO-4 1.9xl0-4 1.6x10-4 

0.8x10-4 0.8x10-4 0.9xI0-4 

5.9x10-4 6.1 x10-4 5.8x10-4 

0.37447 0.47539 0.58724 
-----~-

0.8 

4.7X10-3 

2 .oxlO-4 

4.4XI0-4 

3.8xlO -4 

1.2xlO-4 

0.6 X10-4 

4.7x10-4 

0.71114 

0.9 

2.8xlO-3 

0.8XlO-4 

2.2X10- 4 

2.lXl0-4 

I 

O. 7X10 -4 I 

0.6)(10-4 

4.0x10-4 

0.84830 
------ -~--.----

w o 
VI 



k=1.0,E=1.0z~t=0.01,~x=0.1, r=1.0, t=1.0 

~ 0.1 0.2 0.3 

CNU 1. Sx10 
-3 2.9XlO-3 4.1xlO -3 

S.5.l(UNE) 2.4x10 -s 4.5xlO-S 6. 3XlO-S 

S.5.4(UPOS) 3.3x10 -5 6.2xlO-S 8.sxlO-S 

ALDC 3.2xlO -5 6.2xlO -S 8.8x10 -S 

S.S.l & S.S.4 

AVERAGE -5 S. 3xlO-S 7.4 x10-5 
5.S.1 & S.5.4 

2.8x10 

(D)AGE 2.7x10 
-5 S.2x10-S 7.2x10-5 

(D)AGE -5 -S -S 
2-LEVEL 3.0x10 S.Ox10 8.0xlO 

! 

EXACT SOLUTION 0.06120 0.12884 0.20360 

0.4 O.S 0.6 

4.9xlO 
-3 

S.Sx10 
-3 S.7x10-3 

7.7x10 -S 8.6 xlO-S 8.9x10-5 

10.3xlO-5 11.3xlO 
-5 11.4xlO -S 

10.8X10-S 12.1x10 -S 12.3xlO-S 

9.0x10 
-S 

9.9x10 
-5 

10.1x10 
-S 

8.8xlO-S 9. 8xlO-S 10.0xlO-S 

9.0xlO -S 10.0x10 -S 11.0x10 -S 

0.28621 0.377S2 0.47843 
-~~ ~~-

TABLE (S.9.3) 

0.7 

S.3xlO-3 

8.4xlO -5 

10. 4x10-5 

11. SXlO-5 

9.4x10 
-5 

9.4xlO-5 

10.0xlO-S 

0.58996 
-~-----~ 

0.8 

4.3XlO-S 

7.0xlO -5 

8.4 xlO-5 

9.3XlO-S 

7. 7xlO-5 

7.6 xlO 
-S 

8.0x10 
-S 

0.71322 
-~~~------

0.9 

2.6 XlO-S 

4. 3xlO-5 

5 .oxlO-5 

5 .sxlO-5 

4.6 x10-5 

4.6 x10-S 

5.0XlO-S 

0.8494S 
----.. --~~ 

w 
o 
0\ 



k=1.0,E=1.0,6t=0.020,6x=0.1, r=2.0, t=2.0 

M~ 0.1 0.2 0.3 

CNU 1. SXlO-3 2.9 xl0-3 4.1 xlO-3 

5.5.1(UNE) 2.7x10 -S 5.1Xl0-5 7.2 x1O-5 

5.S.4(UPOS) 2.7xlO -S 5.1xlO-S 7.2nO -5 

ALDC 2.7XI0-S -5 -S 
5.S.1 & 5.5.4 5.1xlO 7.2xl0 

AVERAGE ... 5 -S -5 
5.S.1 & 5.5.4 2.7xl0 5.1xl0 7.2xl0 

(D)AGE -S -5 -5 
TWO-LEVEL 3.0x1O 5.0x10 7.0xl0 

EXACT SOLUTION 0.061207 0.128851 0.203610 
-- ~- .. - --L. ___ 

0.4 O.S 0.6 

4.9X1O-3 5.sxlO- 3 5.7 xl0- 3 

8.8x1O-5 9.8x10-5 10.PI0-S 

8.8x1O-S 9.8xI0-S 10 .PI0-5 

8.8X1O-S 9.8X1O-5 10.lx1O 
-5 

8.8xl0 -5 9.8xl0-5 
10.lxl0 

-S 

9.0xl0 
-5 10 .oxlO-5 10.0xIO-S 

0.28631 0.377541 0.4784S4 

TABLE (S.9.4) 

0.7 0.8 

5.3xlO-3 4.3 Xl0-3 

9.4 xI0-5 -~ 
7.7xIO 

9.4xI0-S 7.7xlO-S 

9.4x1O-5 7.7 x10-5 

9.4xI0-S 7.7 X lO- 7 

10.0xl0-5 8.0xl0-5 

0.589980 0.713236 

0.9 

2.G xlO 
-3 

4.6 xl0-5 

4.6 xI0-5 

4.6 xI0-5 

4.6 xl0-5 

5 .oxlO-5 

0.8494S5 

I 

I 

w 
o 
'.J 
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I 
I 
i 

.60J , 
i 

I 

.50J 
i 

i ."l0J 
I 

. 30.l 
! 
! 
i 

.20"; 
i 

.10J 

.00 ' 
.00 .. 20 ,40 

/ 
/ 

i 

) 
I 

--..---,-----,----, 
.60 .9a 1 .Q0 

x 

£=0.1, k=1.0, r=1.0, t=1.0, ~t=O.Ol, ~x=O.l 

FIGURE (5.9.2) 
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SOLUTION U 

1 .00 

.90 

.80 

.7'0 

.60 

.50 

.40 

.30 

.20 

. 10 

.00 
.00 .20 .f0 .60 

,!:., 

, , 

1.11 ! ) 

/ i 
.r ! , 

/ 'I 
/,/.1 

, I 
I /I 

, . 
I . 

/ / 
; , 

; I , , 
I 

"/. I' 

} 
! 

.80 1 .00 

x 

E=O.l, k=l.O, r=2.0, t=2.0, ~t=0.02, ~x=O.l 

FIGURE (5.9.3) 

310 



311 

5.10 FORMULATION OF THE GE SCHEMES WITH UPWINDING 

In this section, the equation (5.1.1) is approximated at the point 

(i~x,(j+!)~t) by the equation 

u .. 1-u .. 
~,J+ ~,] 

L'!t E 2 [(8 10 u. 1 • 1-820 u. I • 1) 
(L'!x) x ~+2,J+ x ~-2,J+ 

+(8 1'0 u. 1 .-8 2'0 u. I .)]- 2~ [a l V u .. +a 2V u .. 1] x ~+,:!,] x ~-2,] LlX x ~,] x ~,]+ 

(5.10.1) 

where 0 and V are the central and backward difference operators with 
x x 

respect to the x variable respectively. Parameters 81,82'~ and8 Z' a 1 and 

a 2 are related to each other by the following compulsopy conditions 

8 +8 +8'+8' 
1 2 1 2 

8 -8 +8'-8' 
2 1 2 1 

a
1

+a
2 

= 2 

2 

o 

and also by the optional conditions 

8 -8 -8'+6' 0 
2 1 2 1 

-8 -8 +8'+8' = 0 
2 1 2 1 

a -a = O. 
2 1 

) (5.10.2) 

(5.10.3) 

The importance of the conditions (5.10.2) and (5.10.3) are similar to the 

previous conditions given in Section 5.2. After substitution of the difference 

operators equation (5.10.1) will become, 

-(E8 2+ka2)u. 1 . 1+[1+E(8 l +8 2)+Ka2]u .. l-E8 1U. 1 . 1 
~- ,]+ ~,]+ ~+ ,]+ 

= E(8i+Kal)ui_l,j+[1-E(6i+8z)-Kal]ui,j + E8iui+l,j (5.10.4) 

with E and K as previously defined. 

From Section (5.3) it can be easily deduced that approximating (5.10.4) 

will give the truncation error term T .. 1 as 
~ ,] +2 



T .. 1 = 
i, J+~ 
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kt-.x 
2 

2 
E ~t k~t a u I + [- (-.-) ee -e -8'+e') + (-) ~ 
2 '{j.X' . 2 1 2 1 -4- a2 ~ J ax at . . 1 

1,J+2 

+ ~ ~t(-e -e +8'+e') 
12 2 1 2 1 

1 Yl-2 Y2+ l 
+ ~t O(t-.x ~t ) 

k 2 
+ - llt 

24 

3 
a u 

3 
axat 

(5.10.5) 

with yl +y2=4, 0~Yl~Y2~4. 

With the ordinary upwinding schemes such as the CN upwinding scheme 

equation (3.1.8-10) the choice of (Si=Si=!' i=1,2; a
l
=a

2
=1) will result 

1n a T.E. term of 

kL'.x a 2u 2 3 2 3 
k 2 3 

(T. . 1) CNU [ - ~t ~+ kl'lx a u a u ----+ -- --+ ~t ] 1,J+2 2 2 24 3 6 3 24 2 
ax at ax axat • . 1 1,]+2 

1 Yl-2 Y2+ l 
~ O(L'.t 

Y2+1 Yl-l 
+ I'lt O(~x ~t ) + ~x ) 

I'lt 

= 0(L'.x+~t2) (5.10.6) 

However, with the GE schemes, since they are formed from the combination 

of two 'ladder-step' type equations of different directions', i.e. (~ 

and~), we are forced to choose schemes such that a
1
-a

2
10 and hence the 

accuracy is decreased further. Anyway, to complete the investigation, 

this work was carried out. 

form, 

We now choose two asymmetric formulae of different directions of the 

(l+E)u .. 1 - Eu. 1 . 1 = (E+K)u. 1 . + (1-E-2K)u .. ,(5.10.7) 
1,J+ 1+ ,J+ 1- ,J .l,J 

with the truncation error, 
2 

kL'.x a ul 
Ti,j+~ = - -2- ax2 i,j+! 



(ii) 

3 a u 

at
3 

i ,j+~ 

2 3 
k6x auk A 2 

+ ---- -- + - Llt 
6 ax3 12 
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i ,j +! 

+ 
kllx6t 

24 

y -2 Y +1 1 Y2+1 Y1-1 
+ 6~ 0 (t.x. 1 6t 2 ) + 6t 0 (t,.x t,.t ) 

and 

e =8' =1 a. =0.' =0 a. =0 «=2 to g~ve 
2 1 ' 1 2 ' 1 ' 2 

-(E+2K)u. 1 . 1 +[ 1+E+2K] u .. 1 
~- ,J+ ~,J+ 

(l-E)u. . + Eu. 1 . 
~,] ~+ ,J 

with the truncation error, 

For stability, 

_ k6x a
2

u I +[E:(6t ) + kLlt] a2u I 
2 2 t,.x 2 ax at . . I ax: .. I ~,J+2 

~ ,J+2 

2 3 2 3 I ~ ~ I + kllx ~ k 2 
24 3 6 a 3 + ~t 

at . . I X i J. +1 
~,J+2 ' 2 

3 y.-2 y.+l 
k~~t a 2 ~ + t,.~ 00. x 1 6t 2 ) 

a x t. . 1 
~ ,]+2 

the equation (5.4.6) ~.e. , 

A2 + A2 + 4A1A2 
. 2 St,. x 

2A1A2 s~n -- - A - A -
1 2 212 

~ B2 + B2 . 2 St,. x 
B1 + B2 - 2B1B2 + 4B B s~n --- + 

1 2 122 

(5.10.8) 

(5.10.9) 

(5.10.10) 

(5.10.11) 

still holds but with the quantities A
1

,A
2

,B
1

,B
2 

defined now as 

In the case of scheme (5.10.7), A
1

=E+2K, B
2

=E, B
1

=Az'""oandwi11 require 

krt,.x) (krt,.x-1) (2E:r + -2- ~ 0 

~.e. 
1 o < r ~ kt,.x (5.10.12) 

for the stability condition to be fulfilled. Meanwhile for scheme (5.9.9) 

(5.10.3) 
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This requirement is easily seen to b.e unconditionally satisfied for all 

r>O. 

Since the schemes (5.10.7) and (5.10.9) are two explicit schemes of 

low order accuracy, with their truncation errors possessing terms (~),~t 
~x 

and ~x~t of opposite signs then similar to the algorithms of Section (5.5) 

it is possible to improve the truncation errors such that these terms cancel 

each other out and to leave terms of orders of approximately (~t+(~x)2). 

The algorithms are:-

(i) To use schemes (5.10.7) and (5.10.9) at the jth and (j+l)th 

time-level respectively (ALDC) 

(ii) To use both schemes (5.10.7) and (5.10.9) at every time level 

and average the results to obtain the solution (UAV). 

Alternative to these algorithms 1S the development of the GE method 

from equations (5.10.7) and (5.10.9) as follows: 

Formulation 

At any two points (i,j+l) and (i+l,j+l), we now use equations (5.10.7) 

and (5.10.9) to give, 

(1+E)u .. 1 - Eu. 1 . 1 1,j+ 1+ ,j+ 
(E+2K)u. 1 . + (1-E-2K)u. . 

1- ,J 1,J 
(5.10.14) 

and 
-(E+2K)u .. +[1+E+2K]u. 1 . 1 = (l-E)u. 1 . + Eu. 2 . , 1,J 1+ ,J+ 1+ ,J 1+ ,J 

(5.10.15) 

respectively. Equations (5.10.14) and (5.10.15) will form the small (2X2) 

implicit system 

[ 

(1+E) 

-(E+2K) 
-E J 

(1+E+2K) ~i,j+l J= [1-E-2K) 

u. 1 . 1 0 
1 + ,j + r· .J 1,J 

ui +l ,· 

+ 
[<E+2K)ui -1 ,jl 
LEU. 2· J 1+ ,J 

(5.10.16) 



Since 

1 
(1+2E+2K) 

f<1+E+2K) 

L (E+2K) 

3lS 

(S.lO.l7) 

therefore (S.9.l6) can be explicitly represented by the equation 

~ . ·1 J ~ ,J+ = 

ui+l,j+l 

+ 

1 
Cl+2E+2K) { 

f<'1-CE+2K)2) 

~E+2K) (l-CE+2K) 

~ 1+E+2K) (E+2K)u. 1 .+E
2

u. 2 ~} 
~-,J ~+,J 

2 
(E+2K) u. 1 .+E(l+E)u. 2 . 

~- ,J ~+ ,J 

For the left ungrouped point we use the equation 

E(l-:)] fUi,j J 
(l-E) Lu. 1 . 

~+ ,J 

(S.1O.l8) 

(S.1O.l9) 

and for the right ungrouped point we use 

1 
Um-l,j+l = (l+E) {EUm,j+l +(E+2K)um_2,j + (1-E-2K)um_l ,j } (S.10.20) 

Now to form the GE algorithms, we assume that the space interval x 

is divided into an even number of subintervals, which implies that the 

unknown (m-l) points are odd in number, and the algorithms are as follows: 

1. GER with upwinding: This upwinding algorithm corresponds to the 

algorithm (S.6.8), i.e., 

where 

-(3 

(I+rGI)u. 1 = (I-rG2)u. + hI . , -J+ -J -,J 

-e: i 
I 
I 

(3J 
1 
I I 

- --~- I I ., --0- -,---I' I ',I 
I '\ 
-~ -

I e: 

I 

I - - - ---s I o J 

I I 
1 ,-(3 B I - -_-1_-,- ---1---
: I , S 

I I 

(5.10.21) 

(S.10.22) 



13 I 
1 

-1- -; -_€"r - -
1 I 

I 

1 
-r-
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(5.10.23) 

T 
b

l 
. = 

-,J 
[r 13uO .,0, •.. ,0,Eru . 1]' 

,J m,J+ [u .. ,u
2 

., •.. ,u 1 .] 
~,J,J m- ,] 

and 
kflx 13=(E+ -). 

2 

2. GEL with upwinding: This algorithm corresponds to the algorithm (5.6.11) 

and given by 

(I+rG2)u. 1 = (I-rGl)u. + b2 . , (5.10.24) -J+ -J -,J 

with 
T 

b2 . = [rl3u
O . 1,0,0, ... ,0,Eru .], G

l 
and G

2 
are as 

- ,J ,J+ m,] 

defined above. 

3. Alternating Group Explicit with upwinding: For the (S)AGE type we use 

equation (5.10.21) at the (j+l)th time-level and equation (5.10.24) at 

the (j+Z)th time-level. While for the (D)AGE type we then continue for 

(j+3)th and (j+4)th time-levels with the alternating direction reversed. 

Similar concepts can be used for the splitting type of schemes with 2 

and 4 level splitting. 

The (S)AGE scheme with upwinding 1S now written as 

with 

(I+reGl)u. e= (I-reG 2)u. + b
l 

. -J+ -J -,J 

(I+reG2)~j+2e = (I-reGl)~j+e + £'2,j+e 

{

I., for ordinary time-level 
e = 

~, for 2-level splitting 

} 

The (D)AGE acheme with upwinding is written as 

(5.10.25) 



with 

(I+r8G
I
)u. e = (I-r8G

2
)u. + b

l 
. 

-.J+ -J -,J 

(I+reG2)~j+28 = (I-r8Gl)~j+e+ ~2,j+e 

(I+r8G2)~j+38 = (I-reGl)~j+28+ ~2,j+2e 

(I-r8G2)u. 3 + b l . 38 -J+ 8 - ,J+ 

1, for ordinary time-level 

e = !, for 2-level splitting 

t, for 4-level splitting 
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(5.10.26) 

4. Average of GER upwinding and GEL upwinding: If v and ware assumed to 

be the solution of (5.10.21) and (5.10.24) respectively, then u is 

taken as 
u = -j+l Hv. 1 + w. I} . -J+ -J+ 

(5.10.27) 

For the truncation error analysis we can proceed in a similar fashion 

to section (5.7). But for the sake of brevity it is omitted. However, it 

b d h d f ... ( LH ) f h can e prove that t e or er 0 approxLmatLon LS 0 6t+6x~ +~x6t or t e 
6x 

GET and GEL schemes with upwinding. The signs of the coefficients of each 

~t of the ~x, -- and ~x~t terms for both schemes are opposite and due to this 
~x 

the order of approximation for (S)AGE and (D)AGE schemes of any type are 

approximately 0(6t+(6x)2). 

Stability: For an analysis of the stability of scheme GER (5.10.21) LS 

written in the explicit form, 

" = Au. + b ., 
-J -l,J 

(5.10.28) 

where 
(1-(E+2K)2) E(l-E) E2 

A=6- l 

2 ' 
(E+2K) (1-(E+2K» (I-E) ~ E(l+E) 
- - - - - - (1:E+2K)(E:2~)- i-(E:2~)-2 - E-(l-E; E2 

(E+2K)2 I (E+2K) (1-(E+2K) 1-E2 
I E(l+E) 

- ~ - - l-
I ..... 

t - - ---

- --
I 

0- -
..... I 

-I __ ~I_ - ---

6 (E+2K) I (1-(E+2K)6 
(l+E) (I+E) 

(5.10.29) 



with !1=(l+2E+2K) 
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,.. 
and b1 . is associated with the boundary conditions. 

- ,J 
I 1 

For E~E+2K~1, i.e. r ~ -e:-+k-'--!1"X- ~ e: 

= max{ 
1+E-(E+2K) 2 

1+2E+2K 
1+2(E~K)-(E+2K)2 1 __ l __ } 

, 1 + 2E + 2K ' , 1 + E .. <1 

1 1 Therefore, the GER scheme (5.10.21) ~s stable for r ~ < e:+k!1x .. e: A similar 

result can be shown for GEL scheme (5.10.24). Hence the following theorem 

can be established. 

Theorem 5.3 

The GER and GEL schemes with upwinding given by equations (5.10.21), 

and (5.10.24) respectively are stable provided, 

1 1 
(5.10.30) r ~ k!1 < -

e:+ x .. E 

For the (S)AGE and (D) AGE schemes (5.10.25) and (5.10.26) respectively, 

the stability condition can be shown to be fulfi l1ed for al1 r>0 if, 

max{I~::Pl'S} max { ~::P2,S } , s=1,2, ... ,m-l, (5.10.31) 
s PI s s P2 s , , 

where PI,s and P2,s are the sth eigenvalues of G1 and G2 respectively, ~s 

less than or equal to unity. 

The eigenvalues of G
1 

are given by E, 0 and (2E+k!1x) of multiplicity 

(m;2) while eigenvalues of G
2 

are given by (e:+k!1x), 0 and (2E+k!1x) of 

multiplicity (m;2) •. Since all the eigenvalues are non-negative, therefore 

the expression (5.10.31) will be less than (or equal) to unity for all r>O. 

Hence, the (S)AGE and (D)AGE methods are unconditionally stable for all r>O. 

Thus. 

Theorem 5.4 

The (S)AGE scheme of (5.10.25) and the (D)AGE scheme of (5.10.26) are 

both unconditionally stable for all r>O. 



Numerical Experiments 

The problem (5.1.1) with conditions similar to (5.9.1)-(5.9.2) is 

now considered using some of the schemes discussed in this section. The 

results are also compared with the CN upwinding scheme. These are given 

in Tables (5.10.1)-(5.10.8). 
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The results indicate that the upwinding scheme ~s inferior compared to 

the GE scheme without upwinding. This is certainly due to the low order 

terms in the truncation errors. However it is still within reasonable 

accuracy in comparison with the CN with upwinding. By virtue of its 

explicitness therefore GE with upwinding is still worthy of recommendation. 



k·1.0,E-1.0,~t=0.001, r=0.1,~x=0.1, t=0.1 

~ 0.1 0.2 
:, 

0.(2) 0.4 

UNEG UPW 0.02140 0.04864 0.08627 0.13932 

UPOS UPW - - - -

UAV UPW - - - -

(D)AGE UPW 0.02136 0.04861 0.08632 0.13943 

(D)AGE 0.01911 0.04397 0.07920 0.12995 

CNU 0.02138 0.04863 0.08630 0.13940 

EXACT SOLUTION 0.01985 0.04370 0.07892 0.12982 

TABLE (5.10.1) 
k-1.0, £-1.0r~t=0.005, r=0.5!~x=0.1, t=0.5 

~ 0.1 0.2 0.3 0.4 

UNEG UPW 0.06204 0.13035 0.20562 0.28865 

UPOS UPW - - - -
UAV UPW - - - -
(D)AGE UPW 0.06213 0.13052 0.20591 0.28899 

(D)AGE 0.06041 0.12724 0.20131 0.28337 

CNU 0.06210 0.13047 0.20582 0.28890 

EXACT SOLUTION 0.06043 0.12730 0.20136 0.28345 

0.5 

0.21289 

-

-

0.21310 

0.20168 

0.21302 

0.20177 

0.5 

0.38024 

-

-

0.28064 

0.27439 

0.38052 

0.37447 

TABLE_J~~.JO. 2)_ 

0.6 

0.31167 

-

-
0.31196 

0.29946 

0.31185 

0.29986 

0.6 

0.48129 

-

-

0.48170 

0.47530 

0.48158 

0.47539 

0.7 0.8 0.9 

0.43923 0.59730 0.78527 

- - -

- - -
0.43954 0.59759 0.78541 

0.42733 0.58743 0.77933 

0.43944 0.59749 0.78539 

0.42794 0.58805 0.77976 
____ l __ ._. ____ . ________ ~ ~ _____________ 

0.7 0.8 0.9 

0.59275 0.71562 0.85099 

- - -

- - -
0.59311 0.71591 0.85113 

0.58715 0.71108 0.84824 

0.59301 0.71583 0.85110 

0.58724 0.71114 0.84830 

I 

W 
N 
o 



k-1.0,c~1.0,6t=0.01, r=1.0,6x=0.1, t=1.0 

~ 0.1 0.2 0.3 0.4 0.5 

UNEG UPW 

) 
- - - - -

UPOS UPW 0.06274 0.13175 0.20767 0.29117 0.28204 

UAV UPW - - - - -

(D)AGE UPW 0.06118 0.12879 0.20352 0.28613 0.37742 

(D)AGE 0.06274 0.13176 0.20768 0.29119 0.38305 

CNU 0.06274 0.13176 0.20768 0.29119 0.38305 

EXACT SOLUTION 0.06120 0.12884 0.20360 0.28621 0.37752 
---

k-l.0,c-1.0,6t-0.015, r=1.5,6x=0.1, t=1.5 TABLE (5.10.3) 

I~ 0.1 0.2 0.3 0.4 0.5 

UNEG UPW - - - - -

UPOS UPW 0.06275 0.13176 0.20769 0.29120 0.38307 

UAV UPW - - - - -
(D)AGE UPW 0.04435 0.10488 0.20433 0.29573 0.41934 

(D)AGE 0.06100 0.12853 0.20349 0.28617 0.37781 

CNU 0.06275 0.13177 0.20769 0.29120 0.28307 

EXACT SOLUTION 0.06121 0.12885 0.20361 0.28623 0.37754 
--- ----.~- --- -_ ... - ----- --_. - -- - --

TABLE (5.10.4) 

0.6 0.7 

- -
0.48409 0.59525 

- -

0.47833 0.58987 

0.48411 0.59527 

0.48411 0.59526 

0.47843 0.58996 

0.6 0.7 

- -

0.48412 0.59528 

- -

0.51617 0.57096 

0.47868 0.58964 

0.48412 0.59528 

0.47845 0.58998 

0.8 

-

0.71753 

-
0.71315 

0.71754 

0.71754 

0.71322 

0.8 

-
0.71755 

-
0.69673 

0.71295 

0.71755 

0.71324 

0.9 

-
0.85204 

'-

0.84940 

0.85204 

0.85204 

0.84945 I 

0.9 

-
0.85205 

-
0.84412 

I 

0.84932 I 

0.85205 

0.84945 W 
N 
I-' 



ka1.0, €-0.1,6t=0.001, r=0.1,6x=0.1, t=0.1 

~ 0.1 0.2 0.3 

U~G } 0.00000 0.00000 0.00002 
UPOS UPW 

- - -UAV 

(D)AGE 0.00000 0.00000 0.00002 
UPW - - -
(D)AGE 0.00000 0.00000 0.00000 

CNU 0.00000 0.00000 0.00002 

EXACT SOLUTION 0.00000 0.00000 0.00000 

kz 1.0,€aO.1,6t=0.005, r=0.5,6x=0.1, t=0.5 

~ 0.1 0.2 0.3 

UNEG } 0.00033 0.00ll2 0.00313 
UPOS UPW 

- - -UAV 

(D)AGE 0.00033 0.00112 0.00312 

UPW - - -
(D)AGE 0.00001 0.00003 0.00016 

CNU 0.00033 0.00011 0.00312 

EXACT SOLUTION 0.00002 0.00008 0.00031 
- ~ - --- ~ ---------

0.4 0.5 0.6 

0.00014 0.00093 0.00539 

- - -

0.00014 0.00093 0.00538 

- - -
0.00000 0.00006 0.00061 

0.00014 0.00093 0.00538 

0.00000 0.00003 0.00051 

TABLE (5.10.5) 

0.4 0.5 0.6 

0.00807 0.01978 0.04643 

- - -

0.00806 0.01978 0.04643 

- - -
0.00064 0.00250 0.00910 

0.00805 0.01976 0.04641 

0.00ll8 0.00415 0.01364 
L--

TABLE (5.10.6) 

0.7 0.8 

0.02653 0.10892 

- -

0.02652 0.10893 

- -
0.00554 0.04067 

0.02652 0.10892 

0.00625 0.04939 

0.7 0.8 

0.10478 0.22842 

- -

0.10481 0.22846 

- -

0.03137 0.10297 

0.10477 0.22842 

0.04237 0.12557 

0.9 

0.36620 

-
0.3~622 

-
0.23229 

0.36621 

0.26259 

0.9 

0.48354 

-

0.48358 

-

0.32527 

0.48355 

0·35890 

i 

I 

W 
N 
N 



kal.O. £-0.1,~t-0.01, r e 1.0, ~x=O.lt t=1.0 

M~ 0.1 0.2 0.3 0.4 0.5 

UNEG} 0.00081 0.00248 0.00596 0.01318 0.02808 

UPOS UPW - - - - -
UAV 

(D) AGE 0.00081 0.00248 0.000596 0.01318 0.02808 

UPW .... - - ... -

(D)AGE 0.00003 0.00011 0.00037 0.00121 0.00382 

CNU 0.00081 0.00248 0.00595 0.01317 0.02806 

EXACT SOLUTION 0.00006 0.00024 0.00074 0.00218 0.00624 
- - ---- --

ka 1.0, E-O.l, ~t=0.02, r=2~0,~x=0.1. t=2.0 TABLE (5.10.7) . 

1~ 0.1 0.2 0.3 0.4 0.5 

U~G } 0.00097 0.00291 0.00680 0.01460 0.03021 

UPOS UPW - - - - -
UAV 

(D)AGE 0.00097 0.00291 0.00680 0.01460 0.03021 

UPW ..... - - - -

(D)AGE 0.00003 0.00013 0.00044 0.00135 0.00409 

CNU 0.00097 0.00291 0.00680 0.01459 0.03030 

EXACT SOLUTION 0.00008 0.00029 0.00086 0.00242 0.00668 

TABLE (5. 10 . R) 

0.6 0.7 

0.05856 0.12047 

- -

0.05857 0.12049 

- -
0.01184 0.03626 

0.05854 0.12045 

0.01754 0.04868 

0.6 0.7 

0.06145 0.12399 

- -

0.06146 0.12399 

- ... 

0.01232 0.03700 

0.06144 0.12398 

0.01825 0.04971 

0.8 

0.24546 

-

0.24549 

-
0.11010 

0.24545 

0.13399 

0.8 

0.24910 

-

0.24911 

... 

0.11107 

0.24910 

0.13526 

0.9 I 

0.49666 

-

I 
0.49668 I 

I .. I 
i 

0.33239 I 
, 

I 
0.49666 I 
0.36671 I 

0.9 

0.49939 

-

0.49939 
.. 

0.33330 

0.49939 

0.36782 

I 

~ 

I 

j 

! 

I 
I 

I 
I 
! 

I 

I 

I 

i 

W 
N 
W 



324 

5.11 CONCLUSIVE, R£XARKS. 

The generalis:ed form of the approxima,tion (,5.2.11 to the convection

diffusion equation is quite useful as it gives many choices of various 

approximations. The explicit schemes (5.5.1) and (5.5.4) obtained from it 

are both very easy and economical to implement. As they are 'practically' 

unconditionally stable and also accurate, therefore they are strongly 

recormnended. 

The GE schemes derived are also comparably accurate and strongly 

stable. For r~2.0, the GE schemes «D)AGE in particular) are still to be 

recormnended against the CN upwinding schemes. 

One point worth noting here is that the ordinary GE scheme which is 

made up of formulae where au/ax is approximated by both forward and backward 

differences at different time-levels is always superior than the GE scheme 

with upwinding where au/ax is approximated by backward differences in this 

case. 

The schemes discussed in this chapter can be easily extended and 

adapted for the higher space dimensions. This work is suggested for further 

research. 

Finally, it is hoped that the concept of GE schemes for solving 

diffusion-convection equations can be developed further by using other 

formulae. This research is underway and will be reported later. 



CHAPTER SIX 

SOME EXPLICIT PROCEDURES FOR THE SOLUTION 

OF A FOURTH ORDER PARABOLIC P,D,E, 
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6.1 INTRODUCTION 

Consider the equation 

a2 a4
v 

~ + -""'- = 0 
at2 ax4 

O~x~l, t>O , 

subject to the initial conditions, 

y(x,O) = gO(x) 

if(x,O) = gl(x) , 

for O(x~l, and the boundary conditions, 

y(O,t) = fo(t) 

y(l,t) = f
1

(t) 

a2 
~(o,t) = Po(x) , 
ax 
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(6.1.1a) 

(6.1.1b) 

t~O • (6.1.1c) 

This problem occurs in the study of the transverse vibrations ofa uniform 

flexible beam of unit length hinged at both ends. Here, y represents the 

transverse displacement of the beam and x and t the distance and time 

variables, respectively. 

Following Richtmyer (1967), we can introduce new variables ~ and ~ 

such that: ~ = D. 
2 

ax 
(6.1.2) 

The equation (6.1.1a) can now be written as a system of two second 

order parabolic equations, 

~ = 
_ a2~ 

at ax
2 

~ a2~ 
at 2 

ax 

or as a second-order system, 

where 

aw 
at 

2 
= Aa w 

2 
ax 

(6.1.3a) 

(6.1.3b) 

(6.1.4) 

and w = 
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The system (6.1.2) has been solved by Evans, D.J. (1965) using the 

Du-Fort-Franke1 method and by Danaee, A. and Evans, D.J. (1982) using the 

Hopscotch method. 

Here the system (6.1.2) is solved us~ng the asymmetric finite

difference approximation (Sau1'yev, 1964) which leads to an explicit 

method. of solution (Fairweather and Gourlay, 1966). The asymmetric 

approximation is then reformulated as a Group Explicit method. Theoretical 

investigations into the truncation errors and stability are presented and 

a comparison of numerical results given. 
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6.2 THE ASYMMETRIC ALGORITHM 

Apart from Saul'yev (1964), similar studies on an asymmetric solution 

procedure can be found in Larkin (1964), Clark and Barakhat (1966) and 

Evans D.J. (1966). The extension of the asymmetric formulae (left to 

right direction) to the fourth-order problem was presented by Gourlay and 

Fairweather (1966). 

In this section, the method will be extended to the fourth order 

equation (6.1.1) by solving the decomposed form of equation (6.1.3) with 

a single direction and with alternating directions (left-right and right-

left directions). 

At any point (i~x,(j+!)~t) we approximate the equations (6.1.3a) and 

(6.1.3b) by 

4>i,j+l-4>i,j = 
~t 

and 

1 
---=-2 {W' 1 . l-W' . 1-1J!· .+1J!. 1 .} , 
(~x) ~- ,J+ ~,J+ ~,J ~+ ,J 

(6.2.1a) 

(6.2.lb) 1 
---=-2 {cp. 1 . 1-4>· . l-CP. . +4>. 1 .} , 
(~x) ~- ,J+ ~,J+ ~,J ~+ ,J 

respectively. These equations can further be simplified into the (2 x 2) 

implicit system of equations 

~ -rJ ~i,j+J= ~l J ~/'JJ + [ 
r 1 cp.. 1 r 1 ., r 

~,J+ ~,] 

2 
where r=~t/(~x) • 

-rl fi+1,j:Oi-l,j+l] 
oj I!i+l,j Wi-l,j+l 

(6.2.2) 

The equation is written explicitly by, (Fig. (6.2.1», 

~i,j+l] 
1J! • • 1 
~ ,J + 

= 
1 
~ {[

1-r

2 

2r~ ~i,jJ + [2 -r~ 
-2r l-r 1J!.. r r 

~,] 

(6.2.3) 

2 where ~=l+r , if the calculation is assumed to be carried out from left to 

right (Fairweather and Gourlay, 1966). 
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Alternatively, at any point (iAx,(j+!)At) the equations (6.l.3a) 

and (6.l.3b) can also be approximated by, 

<1> •. 1-<1> •• 1.,]+ 1.,] = 
At (6.2.4a) 

and 
tjJ .. l-tjJ· . 1.,]+ 1.,] 

At 
1 

2 [<1>· 1 . 1-<1>· . 1-<1>· .+<1>. 1 .}, (Ax) 1.+ ,]+ 1.,]+ 1.,] 1.-,] 
(6.2.4b) 

respectively. Similarly, these equations result in a similar explicit 

system, (Fig. (6.2.2», 

ri ,j+0 

~i,j+J 
= i {~_r2 2rJ ~i,]J + lr

2 

-2r l-r tjJ.. r 
1. ,] 

-:1 r i -l,j:~ i + l,j +]} 
rJ !!i-l,j tjJi+l,j+l 

(6.2.5) 

if the calculation is assumed to be carried out from right to left. 

From the equations (6.2.3) and (6.2.5), the following algorithms are 

possible: 

(i) At every time-level j the equations (6.2.3) or (6.2.5) is used to 

calculate the approximate solution at the (j+l)th time-level. 

(ii) For every two time-levels, the equations (6.2.3) and (6.2.5) are 

used alternately. 

(iii) For the first time-level, the equation (6.2.3) is used first then 

followed by the equation (6.2.5) for the second time-level. Then, 

the pattern is repeated in reverse order. 

(iv) For every time-level, both equations are used and the average of 

the solutions is considered as the approximate solution to the 

original problem. 

However, in the numerical experiments given later 1.n the chapter 

only some of these algorithms are considered. 

For the truncation error analysis then by using truncated Taylor 



2 
r cp-rl/J 

2 rcp+r l/J 

L. (l-r )cp 
+2rtjJ 

2 
(l-r )tjJ 

-2r</> 

2 
~=l+r 

2 
r cp-rl/J 

2 
r</>+r tjJ 

Computational molecule for the scheme (6.2.3) 

FIGURE (6.2.1) 

( r2cp_rtjJ )1---1 ....... ____ _ 

2 
r</>+r l/J 

2 (l-r )ljJ 
-2r</> 

2 
-rl/J+r </> 

2 r</>+r tjJ 

Computational molecule for the scheme (6.2.5) 

FIGURE (6.2.2) 

330 
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series it is easy to show that the local truncation error of the schemes 

(6.2.la)-(6.2.lb) are given by 

and 

T (6.2.la) 

respectively. 

6t + 6~t 1/J 
"'xxxx + 6x tPxt 6 xxxt 

6t2 2 6 2 6 2 
- 1/J + 6t -E. 1/J -6t (-E.) 1/J 
16 xxtt 6x xttt 6x tttt 

2 2 6t 
= O(6x + 6t + 6x) 

(6.2.6a) 

(6.2.6b) 

Similarly, the truncation errors for the schemes (6.2.4a)-(6.2.4b) 

are given by, 

T (6.2.4a) 

and 

T (6.2.4b) 

respectively. 

6x6t ---
6 tPxxxt 

6t2 6x2 6~ 6t ,p ~ + __ t ~ +_~ - M ttt - 12" xxxx 6 xxxt 6x xt 

6t2 2 6t 6 2 6t 2 
~ $xxtt + 6t 6x $xttt - t (6X) $tttt 

= O(6x2 + 6t2 + 6t) 
6x 

By observing the signs of the terms in (6.2.6a) and (6.2.6b) in 

(6.2.7a) 

(6.2.7b) 

comparison with the signs of the terms in (6.2.7a) and (6.2.7b) respectively, 

it seems that algorithms (ii) and (iii) are more accurate than algorithms (i) 

and (iv). 
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For the analysis of stability, we consider the implicit form (6.2.2). 

This system for any time-level j~t is written by 

where 

o 
..... 

A = ....... ...... 

with 

~. ~ ~,J 

w •• = Al 
-~,J tjJ •• 

~,J 

and 
T 

Bl=-Bl • 

= 

, B = 

(11-1) x (M-1 ) 

d = 

Bl~,j+l 
o 
I 

I 
I 

o 
B1~,j (11-1) xl 

~ -J and B1 = ~ -~ 

The matrix A can be shown to have an inverse of the form, 

o 
.... 

...... 
.... 

(6.2.8) 

(M-1)x(M-l) 

(6.2.9) 

(6.2.10) 

-1 
whose eigenvalues are (M-l) mUltiples of the eigenvalues of Al • Whilst 

the eigenvalues of Bare (M-I) multiplies of the eigenvalues of A~. Since 

the eigenvalues of ~ are given by (r+i) and (r-i), therefore it is clearly 

-1 
evident that the eigenvalues of A B are always less than or equal to unity 

and hence the scheme (6.22) is unconditionally stable. 



Similarly, the scheme (6.2.5) is implicitly written as, 

where 

I'V 

A = 

Al BT. 
1 

Al 

0 

BT 
1 .... , 
.... 

0 
.... 

"' .... .... .... .... .... ... T 
'A B 

1 1 

Al 

T 
Al 

BI AT 0 
1 .... , 

"V , 
B= .... , 

"' , 
oJ .... .... 

" "T 
0 Bl Al 

Bl 

'V 

d= 

AT 
1 
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(6.2.11) 

I 

I 
o 

Bw • 1 =O,J+ 

(6.2.12) 

This scheme can also be shown to be unconditionally stable too. Since the 

algorithms mentioned above are derived from a combination of these two schemes 

then the stability of these algorithms automatically follows. 
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6.3 FORMULATION OF THE GE METHOD 

Now we develop the GE method for solving the splitting form of the 

equations (6.1.3a) and (6.1.3b). To do this, we approximate the equations 

(6.1.3a) and (6.l.3b) at the point (i,j+~) by 

4>. . 1-4>·· 1 
~,J+ ~,J + ---=-2{1/1. 1 . 1-1/1· . 1-1/1· .+1/1. 1 .} =0 

~t (~x) ~+ ,J+ ~,J+ ~,J ~-,J 
(6.3.1a) 

and 
1/1 .. 1-1/1·· 1 
~,J+ ~,J = ____ ~{~ ~ ~ ~ } 

At 2 ~. 1 . 1-~' . 1-~' .+~. 1 . , 
u (~x) ~+ ,J+ ~,J+ ~,J ~-,J 

(6.3.1b) 

respectively, and at the point (i+1,j+!) by 

4>i+1,j+1-4>i+1,j + ___ 1~ 
At 2{1/1· . 1-1/1· 1 . 1-1/1· 1 .+1/1. 2 .} =0 
u (~x) ~,J+ ~+ ,J+ ~+,J ~+,J 

(6.3.lc) 

and 

1/1 i + 1 , j + 1 -1/1 i + 1 , j = ___ 1~ 
At 2{4>· . 1-4>· . 1-4>· 1 .+4>. 2 .} 
u (~x) ~,J+ ~+l,J+ ~+,J ~+,J 

(6.3.1d) 

respectively. 

These equations can be written in the matrix form as 

I 

:0 •.. ] r •. 1 . r 1 :-r 0 4>. . + 1 -r 1 0 
I ~,J I ~,J ~- ,J 

I 
I 

:0 -1 r I 0 -r 1/1. '+1 -1 -r 0 1/1.. r1/l. 1 . I -- - -- . - - '- . -- ... ~,J • ~,J ~-,J - - - -- --,---- --- (6.3.2) I 1 0 0 
I 

1 
.i+1,) r.i +2,i -r 0 I r 4>i+1~ 1 

I -r 
I I 
I t . 

: -1 0 -r -1 r 1/Ii +1~+1 0 0 -r i+1, . r1/l. 2 . 
~+ ,J 

The coefficient matrix on the 1eft-hand-side can be easily inverted to 

yield the form 

1 
2 (1+4r ) 

r 

2 1+2r 

2 
-(l+2r ) 

r 

-r 

t 

2 
-2r 

-r 
-- - . - - - - - - - - - - - j - - - - - - - -- - - -- - - _. 

-r _2r2 r -(1+2r)2 

-r 1+2r r 

Thus, the equation (6.3.2) can be expressed explicitly by, 

(6.3.3) 
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I 

<Pi,j+l a
l 

a
2 

• a
3 

a
4 4>. • bl<P· 1 .+b2~· 1 .+b

3<P· 2 .+b4~· 2 . I 

I 1.,] 1.- ,j 1.- ,j 1.+ ,j 1.+ ,j 
I 
I 

~i,j+l -a2 a
l : -a4 

a
3 ~ .. 1.,j - b

2<P· 1 .+bl~· 1 .-b
4<P· 2 .+b3~· 2 . 1.- ,j 1.- ,j 1.+ ,j 1.+ ,j 

I ._---- --~--- --_ ... 
+ = 

4>i+l,j+l 

~i+l,j+l 

where 

2 
and !:"=1+4r . 

a
3 

-a 
4 

al 
= 

a
3 = 

b l 
= 

b3 
= 

, 
a

4 
, a

1 I 

a3 : -a2 

2 (l+r )/!:", 

3r2/!:,. 

2 r /!:", 

2 -r /!:,., 

a
2 <l>i+l,j -b 3<1>· 1 .-b4~· 1 .+b l 4>· 2 .+b2~· 2 . 1.- ,j 1.- ,j 1.+ ,j 1.+ ,j 

a
l ~i+l,j b44>· 1 .-b3~· 1 .-b 24>· 2 .+bl~· 2 . 1.- ,j 1.- ,j 1.+ ,j 1.+ ,j 

2 (6.3.4) a2 = 2r(1+r )/!:", 

3 
a4 (2r -r)/!:" , 

2 
b2 = -r(1+2r )/!:,. 

3 
b4 

= -2r /!:" , 

For any ungrouped point on the left-hand side of the region, 1..e. 

point (!:,.x,(j+!)!:,.t), j=O,l, ... , the approximations (6.3.lc) and (6.3.1d) are 

used. This will result in the matrix equation, 

~1 J ~l,j+J = 

-r 

~ ~1'~ ~~o . 1+r~2 J + ,]+ ,] 

r ~l' 1 -1 r~O . 1 +r~2 . ,j+ -~ ~l,iJ ,j+ 'L 

or explici tly, as, 

~l,j+J {L-r2 ~ -, [ 1 2r J ~. "l r (~o . 1+~2 .)-d.;O . 1 
= 1.,] + ,]+ ,j ,]+ 

~l,j+t (1+r2) -2r l-r2 +~2 .) 
~. . 2 ,j 

1.,J r(4)O' 1+4>2 .)+r (~O . 1 ,J+ oJ ,J+ 
+~2 .) ,j 

(6.3.5) 

Similarly, the approximations (6.3.la) and (6.3.lb) are used for any 

ungrouped point on the right-hand-side of the region, i.e. point (M-l)!:,.x, 

(j+!)!:"t) and this will result 1.n, 

rMl,j+~ 
~Ml,j+lJ 

rM-l,~ + 

L~-l,jJ 

2 
r (4)M,j+l+4>M-2,j)-r(~,j+l+ } 

2 ~-2,j) • 

r(<I>M,j+l+4>M_2,j)+r (~,j+l+ 

~-2,j) 
(6.3.6) 

} 
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For the implementation of the method and without incurring any loss 

of generality the space interval is assumed to be divided into an even 

number of intervals, hence the number of unknown internal points is odd. 

Therefore, at every time-level, there will be one ungrouped point and this 

is assumed to be alternately placed on the left-hand and right-hand side 

of the interval. 

For the GEL method, the scheme is written as 

where 

,.., 
A= 

and 

,... ,... 
Aw. 1 -]+ 

= Bw. 
-] 

,... -
the matrices A,B and d 

A : , 
__ 1- ___ .... _ ---,.----

1 A -B, ' 

: B AI 0 
---'"-"- --.,j,..-----------

I I" , 
, ,"" I 

+ d 

are 

B= 
J 

I " I 

--,_ --0 - 1- _ _ _' ~ r ___ ,,_ 
I I Ift-O 

I IB A 

~J w = 

given by, 

B 
T' , 

-~---~-: __ ~ __ 0 __ ~ __ 
I' , 
t' I 

o 
_ _ _ _ _ + _-'J _ _ ____ :- _. 

It-AT B I 

I I ' 
, , B _AT, 

-,- T - - - - -1- - -

:_AT 

""'T 
d = [B-=ow . 1,0, ..• ,0,B~ .. ] with 

,]+ -M] 

A = and B rI . 

Similarly the GER method ~s written by 

where, 

~ 
A = 

and 

~ 

~j+1 = 

1 , 

A -B, I I 
1 ' I 

]\--~~--- ~-_O __ '1- __ _ -,' , 
I \ I I 

\, ' , 
-- - - - ~-- -"A- -:B1--' , , , 

o I 'B AI 
+ - - f - - -1- -

I A 

~ 

Bw. 
-J 

z 
+ 

~ 
B = 

d 

~T 
d [~ .,O, ... ,O,~ . 1] 

~,] -1'1,]+ 

(6.3.7) 

(6.3.8) 

(6.3.9) 

(6.3.10) 
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~~ %~ 

Since A,B (or A,B) are two non-commutative block matrices, the 

analysis of stability is more complicated and left for further work. 

However, the stability restriction can be verified from the numerical 

experiments given later. 

The truncation errors of this class of method can be shown to have 

similar order as the asymmetric formulae in the last section, i.e., 
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6.4 NUMERICAL EXPERIMENTS 

In order to provide a comparison with previous published methods, 

the problem (6.l.la) is solved together with the initial conditions, 

y(x,O) = l~ C2x2-x3_0 , 
(6.4.1) 

~(x,O) = 0, 0 1 at ~x~ , 

and the boundary conditions: 

y(O,t) = y(l,t) = 0 

a2 
-2 yeO, t) = 
ax 

2 4 (l,t) 
ax 

= 0 , t>O . (6.4.2) 

The same increment is chosen, i.e. ~x=O.OS and ~t=0.0012S (for which 

r=!). In addition the problem was tested for ~t=0.002, O.OOS (i.e. 

r=0.8, 2.0) to demonstrate the stability experimentally and investigate 

the accuracy of the method. 

The theoretical solution of the problem with the given initial and 

boundary conditions is given by, 

where 

y(x,t) 

d s 

= 
00 

L 
s=l 

8 

2 2 d sin(2s+l)TIx cos(2s+l) TI t , 
s 

5 5 (2s+l) TI 

(6.4.3) 

In Table (6.4.1) the comparisons between the theoretical solution 

for y given by (6.4.3) and the computed solutions obtained from the 

schemes given in Sections (6.2)-(6.3) are presented. These are compared 

with the results from other methods (Danaee and Evans, 1982) for t=0.02. 

Similar results for the bending moment 

b 
2 ax 

are quoted in Table (6.4.2). Tables (6.4.4)-(6.4.S) give the same results 

for different r=2.0 in a larger time domain (t=l.O). Table (6.4.3) gives 

the solution y in comparison with some schemes in Section (6.2)-(6.3) for 

t=0.04 and r=O.8. 
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~x=0.05, ~t=0.00125, t=0.02, r=~ 

0.10 0.20 0.30 0.40 0.50 

Exact solution -0.00790 -0.01503 -0.02069 -0.02432 -0.02557 
of y 

Equation (6.2.3) -0.00792 -0.01506 -0.02072 -0.02437 -0.02532 Algorithm (6.2)(i) 

Algorithm (6.2) (ii) -0.00790 -0.01505 -0.02073 -0.02439 -0.02566 
-

GE -0.00791 -0.01503 -0.02075 -0.02437 -0.02568 

(D)AGE -0.00791 -0.01505 -0.02074 -0.02440 -0.02565 

Evans Method -0.00790 -0.01503 -0.02071 -0.02439 -0.02567 

Richtymer -0.00768 -0.01468 -0.02033 -0.02403 -0.02532 

Hopscotch -0.00791 -0.01504 -0.02071 -0.02439 -0.02565 , 

TABLE (6.4.1) 
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6x=0.05,6t=0.00125, t=0.02, r=~ 

~ 0.10 0.20 0.30 0.40 0.50 

Exact Solution 0.07626 0.14770 0.20317 0.24184 0.25570 
of y" 

Equation (6.2.3) 0.07593 0.14497 0.20142 0.23953 0.25316 
Algorithm (6.2)(ii) 

Algorithm (6.2) (iii) 0.07709 0.14741 0.20237 0.24269 0.25642 

GE 0.08081 0.13957 0.21460 0.22978 0.26560 

(D)AGE 0.07755 0.14968 0.20793 0.24144 0.25183 

Evans Method 0.07576 0.14774 0.20079 0.24227 0.25881 

Richtmyer 0.06749 0.13657 0.19507 0.24036 0.24887 

Hopscotch 0.07576 0.14774 0.20079 0.24227 0.25881 

TABLE (6.4.2) 
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~x=0.05, ~t=0.002, t=0.04, r=0.8 

~ 0.10 0.20 0.30 0.40 0.50 

Exact Solution -0.00746 -0.01418 -0.01952 -0.02295 -0.02413 of y 

Equation (6.2.3) -0.00746 -0.01416 -0.01949 -0.02297 -0.02421 Algorithm (6.2)(i) 

Algorithm (6.2) (iii) -0.00741 -0.01412 -0.01948 -0.02296 -0.02417 

GE -0.00984 -0.00940 -0.02625 -0.01393 -0.03611 

(D)AGE -0.00731 -0.01407 -0.01939 -0.02299 -0.02436 

TABLE (6.4.3) 

~x=0.05, ~t=0.005, t=1.0, r=2.0 

~ 0.10 0.20 0.30 0.40 0.50 

Exact Solution 0.00729 0.01387 0.01909 0.02244 0.02360 of y 

Equation(6.2.3) 0.00781 0.01484 0.02051 0.0242.5 0.02570 A1gorithm(6.2) (i) 

Algorithm (6.2)(iii) 0.00254 0.00432 10.00565 0.00641 0.00660 

Evans Method 0.00701 0.01321 0.01829 0.02153 0.02266 

Richtmyer 0.00660 0.01257 10.01732 0.02039 0.02147 

Hopscotch 0.00549 0.01052 10.01451 0.01711 0.01803 
I 

TABLE (6.4.4) 
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~x=0.05, ~t=0.005, t=l.O, r=2.0 

~ 0.10 0.20 0.30 0.40 0.50 

Exact Solution -0.06650 -0.13179 -0.18619 -0.22456 -0.24033 of y" 

Equation (6.2.3) -0.06409 -0.12766 -0.18105 -0.22112 -0.24781 Algorithm (6.2)(i) 

Algorithm (6.2) (iii) -0.02911 -0.5683 -0.07758 -0.09006 -0.08659 

Evans Method -0.06970 -0.13452 -0.17639 -0.21210 -0.22630 

Richtmyer -0.06377 -0.12231 -0.16883 -0.20158 -0.21797 

Hopscotch -0.06970 -0.13452 -0.17639 -0.21210 -0.22630 

TABLE (6.4.5) 

From the above results, for r=0.5 the various schemes mentioned in 

earlier sections are as competitive and accurate as existing methods. 

For r=0.8, the GE scheme starts to portray instability in the solution 

but the (D)AGE scheme is still stable. However our previous numerical 

experience shows that the (D)AGE scheme will also be unstable for r~l.O. 

From Tables (6.4.4)-(6.4.5), the unconditional stability of the 

schemes in Section (6.2) can be clearly seen. For Algorithm (6.2)(iii), 

the numerical results are in conformity with the remark given by 

Birtwistle, G.M. (1968), who commented that this type of algorithm is not 

always better than the basic algorithm ~.e. algorithm (6.2)(i). 



6.S CONCLUSIVE REMARK 

As the numerical experiments have shown the GE class of method are 

restrictive as far as stability is concerned, therefore the extension 
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of this method to more complex problems in this class is not recommended. 



CHAPTER 7 

EXPLICIT METHODS FOR THE SOLUTION OF 

NON-LINEAR PARABOLIC EQUATIONS 

344 
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7.1 INTRODUCTION 

The establishment of new methods of approximation will not be fully 

justified unless they are implemented on a more realistic situation 

involving non-linear problems. 

In this Chapter, the semi-explicit alternating direction method and 

the GE .method developed earlier will be used in solving a few types of 

non-linear problems. One problem which we will consider first is the self-

adjoint quasi-linear second order equation 

au 
at 

a au 
= --(K(u)--) ax ax 

Another slightly stronger non-linear problem of the form, 

a2u au au 
---2 = G(x,t,u'~'a-) 
at aX t 

will be considered also. 

(7.1.1) 

(7.1.2) 

An outline investigation into the truncation errors and stability 

conditions for both problems are also presented. 

Finally some brief work on the Korteweg de Vries equation is included. 
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7.Z THE FORMULATION OF GE METHOD FOR SELF-ADJOINT FO&~ OF QUASI-LINEAR 

SECOND-ORDER EQUATION 

In this section, the formulation of the class of Group Explicit 

method of the equation (7.1.1) will be discussed. To start with, the 

equation (7.1.1) is approximated at the point (i,j+!) by the generalized 

form, 

u .. l-u .. 
1,J+ 1,J = 

6t 1 Z[Slk. I • 10 u. 1 • 1-eZk . 1 • 10 u. 1 • 1+81'k. 1 • (6x) 1+ 2,J+ x 1+2,J+ 1-2,J+ x 1-2,J+ 1+2,J 

o u. 1 • -S Z' k. 1 • IS u. 1 .} x 1+2,J 1-2,J x 1-2,J 
0.2.1) 

where 8
1
,s2,8i,a; have to satisfy certain conditions as before and 

k" . l=k(u. 1 ·1)· 1+2,J+ 1+2,J+ 

Since k. 1 • 1 does not fallon a grid point, it can be approximated 
1+2,J+ 

by either 
k. 1 • 1 1+2,J+ '" k i ,j+1 

or 

or 

'" k. 1 . 1 1+ ,J+ 

~ !(k .. l+k . 1 . 1)· 1,J+ 1+ ,J+ 

If the average approximation for k is assumed, then the expansion of 

(7.2.1) will lead to the non-linear equation, 

r r r 
2 81Ck. 1 . l+k .. l)u. 1 . 1+[1+ -2 81 (k. 1 . l+k .. 1) + -2 e2(k1· ,J·+1 1+ ,J+ 1,J+ 1+ ,J+ 1+ ,J+ 1,J+ 

r 
+k. 1 . l)]u. ·+1 - -2 a2(k .. l+k . 1 . l)u. 1 . 1 1- ,J+ 1,J 1,J+ 1- ,J+ 1- ,J+ 

= £2 e l' (k. 1 . +k. .) u. 1 . + [1 - £2 8 l' (k. 1 . +k. .) - E.2 82' (k. . + l+,J 1,] 1+ ,J l+,J 1,J 1,J 

k. 1 .)] u. . + £2 a 2' (k. . +k. 1 .) u. 1 . . l-.J 1,J 1,] 1-,] l-,J 
0.2.2) 

With the normal practise of choosing a, i.e. for example a.=8!=! 
1 1 

the case of Crank-Nicolson type formulae it will result in the system of 

non-linear tridiagonal equations. Often this requires a high number of 

iterations to converge and thus 1S not considered to be economical. 

Meanwhile the ordinary explicit type formulae (i.e. 8!=1, i=1,2) 15 
1 

normally restricted to small values of r for stability reasons. 

To. develop the GE method, we choose the following coupled approximations: 
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(i) Approximation from negative direction (UNEG) 

In this case we choose 61=62=1 and 62=6i=0 to give the approximation 

r r 
- -2(k. 1 . l+k .. l)u. 1 . 1+ [1+ -2(k. 1 . l+k .. 1) ]u .. 1 1+ ,j+ 1,j+ 1+ ,j+ 1+ ,j+ 1,j+ 1,j+ 

r r 
= [1- -2 (k . . +k . 1 .)] u. . + -2 (k . . +k . 1 .) u. 1 . . 1,j 1-,] 1,J 1,] 1-,j 1.-,] 

(7.2.3) 

This approximation if implemented from right to left along the (j+l)th 

time-level will give the explicit iterative scheme, 

1 (n+l) 
Ui ,j+1 

{~(k(n+l) +k(n) ) (n+l) 
2 i+l,j+l i,j+l ui +l ,j+1 

r r 
+[1- -2(k .. +k. 1 .)]u .. + -2(k .. +k. 1 .)u. 1 .}, 1,] 1-,] 1,] 1,J 1-,J 1-,j 

(7.2.4) 

where n denotes the iteration number. 

(ii) Approximation from positive direction (UPOS) 

For this we choose 62=6i=1 and 6
1

=62=0 and results in the approximation 

[1 + ~2(k .. l+k . 1 . 1) ]u .. 1 - ~2(k .. l+k. 1 . l)u. 1 . 1 1,j+ 1- ,j+ 1.,j+ 1,j+ 1- ,j+ 1- ,j+ 

r r 
= -2(k. 1 .+k .. )u. 1 . + [1 - -2(k. 1 .+k .. ) ]u ..• 1+,j 1,] 1+,j 1+,] 1,] 1,] 

(7.2.5) 

This approximation can be implemented explicitly from right to left to 

give the iterative scheme 

(n+l) 
u .. 1 1.,]+ 

Formulation 

= 
1 {~(k(n) +k(n+l) ) (n+1) + 

Z i,j+l i-l,j+l Ui-l,j+l 

r r 
-Z(k. 1 .+k .. )u. 1 .+[1- -Z(k. 1 .+k .. )]u .. }. 0.2.6) 1+,] 1,] 1+,j 1.+ oJ 1,] 1.,j 

To introduce the GE concept then as before we choose a group of two 

points (i,j+l) and (i+l,j+l) and at each of these points we use equation 

(7.2.3) and (7.2.5) respectively. This results in the small system, 
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_S(n) 
i ,j+1 

(n+l) 
u •. 1.,]+1 

= 
_B(n) 

i ,j+1 
(n+1) 

u. 1 . 1 1. + ,J+ (1-8. 1 .)u. 1 .+8. 1 .u. 2 . 1.+ ,J 1.+ ,J 1.+,J 1.+ ,J 

where (7.2.7) 
B(n) 
i ,j+l 

!. (n) +k (n) 
2[ki+1,j+1 i,j+l] 

8. 1 . = f[k. .+k. 1 .] 1.- ,J 1.,J 1.-,] 

r 
and t3. 1 . = 2" [k. 1 . +k. 2 .] 1. + ,] 1.+ ,J 1.+ ,j 

The inversion of the ~e-hand side (2x 2) matrix will then result 1.n the 
le~-t 

system to have an explicit form, i.e., 

[ 

(n+l) ] Ui ,j+l 

(n+l) 
ui+l,j+1 

[

1 +8 (n) 
~ i,j+l 

l1 8 (n) 
i ,j+l 

8(n) J i ,j +1 

1+8~n~ 
1.,j+l 

[

(1-8. 1 .)u .. +8. 1 .u. 1 'J 1.-,J 1.,] 1.-,j 1.- ,] 

(1-8. 1 .)u. 1 .+8. 1 .X 1.+,j 1.+,j 1.+ ,j 

(n) 
where l1=1+28 .. 1. 1., j + 

Now the GER scheme 1.S defined as the combination of equations 

u. 2 . 1. + ,] 

(7.2.8) 

(7.2.6) for i=l and (7.2.8) for i=2,4,6, ... ,m-2 where m is an even number 

of intervals. Meanwhile the GEL scheme is the combination of equations 

(7.2.8) for i=1,3,5, ... ,m-3 and (7.2.4) for i=m-l. The (S)AGE and (D)AGE 

are then defined similar to those developed in previous chapters. 

For an example of the usage of these types of approximation we consider 

the equation 
dU 
at 

which in self-adjoint form can be written as, 

au 
at 

a au 
= ax (2uax) • 

From (7.2.4) and (7.2.6), (7.2.10) 1.S approximated respectively by 

(7.2.9) 

(7.2.10) 

(n+l) 
Ui,j+l 

= __ --.,-_~l--:--:--_ { (Cn+l) + (n) ) (n+l) 
(n+l) (n) r ui+l,j+l Ui,j+l ui+l,j+l 

{l+r(ui+l,j+l+ui,j+l)} 

+[l-r(u .. +u. 1 .)]u .. +r(u .. +u. 1 .)u. 1 -.}, 1.,J 1.-,] 1. ,J 1. ,j 1.-,] 1.- ,j (7.2.11) 



when applied in a negative direction and 

(n+1) 
u •. 1 
~,j+ 

= 1 { «n) + (n+1) ) (n+l) 
(n) + (n+l) )]. r Ui,j+l Ui-l,j+l Ui-l,j+l+ [1 +r (u.. u. . 
~,j+l ~-l,j+l 
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r(u. 1 .+u .. )u. 1 .+[l-r(u. 1 .+u .. )]u .. }, (7.2.12) 
~+,j ~,J ~+,j ~+,j ~,J ~,J 

when applied in a positive direction and are applied in a similar manner 

to Saul' yev (1964), Larkin (1964), Clark and Barakhat (1966) and Evans (1966). 

These schemes are generally known as Alternating Direction Explicit (ADE) 

methods. 

For the GER and GEL schemes, these are formed by 

(n+1) (n) + (n) ) (n) + (n) 
u .. 1 l+r(u. 1 . 1 u .. 1 -r (u. 1 . 1 u. . 1 ) 
~,J+ ~+,j+ ~,J+ ~+ ,J+ ~,J+ 

1 x 

(n+1) = (n) + (n) (n) + (n) 11 
u. 1 . 1 -r(u. 1 . 1 u .. 1) l+r(u. 1 . 1 u .. t 
~+ ,J+ ~+ ,J+ ~,J+ ~+ ,J+ ~,J+ 

[

[l-r(u .. +u. 1 .) ]u .. +r(u .. +u. 1 .)u. 1 . J 
~,j ~-,j ~,j ~,J ~-,J ~-,J 

[l-r (u. 1 . +u. 2 .)]u. 1 . +r (u. 1 . +u. 2 .) u. 2' ' 
~+ ,J ~+,J ~+,J ~+,J ~+,J ~+ ,J 

(7.2.13) 

where 11=1+2r(U~n1) . l+u~n~ 1)' together with the equation (7.2.11) and 
~+ ,J+ ~,J+ 

(7.2.12) respectively. 

In considering the truncation errors of the above formulae, the analysis 

is quite difficult and complicated. However it is expected that the order 

of error will be similar to the previously discussed schemes in Chapter 4 

and will be of order O(l1x
2
+l1t + ~~). 
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7.3 NUMERICAL RESULTS 

For confirmation by numerical experiment, the equation (7.2.9) is 

approximated numerically by some of the schemes mentioned in Section (7.2). 

The analytical solution is known and given by (Abdullah, A.R., 1976), 

(2u-3) + In(u-!) = 2(2t-x) . (7.3.1) 

The appropriate initial and boundary conditions are given to satisfy above 

exact solution. 

The analytical solution can be solved iteratively using a Newton-

Raphson method to give, 

(n+l) 3 1. (n) 1 
u = ! + [2 - 2 1n (u -!)-x+2t] (1- 2U(n»' 

n=1,2,3, ... (7.3.2) 

with the initial guesses 

(0) 
u 

4_e 2(x-2t) 
1 + ----~~~~ 

4+2e 2(x-2t) 
(7.3.3) 

The results in this work are compared with some of the earliest methods like 

Crank"Nicolson and three time-level methods (see Section 3.7). The 

resulting non-linear system of equations in the CN method is 1inearised by 

either the Richtmyer's Linearised Difference Scheme or Newton Linearization 

(equation (3.8.13». TIlese comparisons are given in Tables (7.3.1)-(7.3.3) 

for various values of r. The results of the above methods are quoted from 

Abdullah, A.R. (1976) which need to be consulted for a full comparison. 

From the tables, it is clear that the solution of all the methods are 

as accurate as the analytical solution for r~0.5. For r~l, the (D)AGE 

scheme is no longer stable but the application of the schemes (7.2.11)/ 

(7.2.12) of alternating direction type is still stable (Table (7.3.4)-

(7.3.6» and of reasonable accuracy. This demonstrates one of the 

advantages of the formulae (7.2.11)/(7.2.12) against GE formulas. 

computational experience also shows that equation (7.2.12) of positive 
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direction always require less number of iterations compared to equation 

(7.2.11) of negative direction, though the number of both cases are still 

acceptably small. 

t=0.05, ~x=0.1, r=0.05 

x Analytical 
R.L.D.S./N. L. 

T.T.L. (7.2.11)/(7.2.12) (D)AGE (3.18.13) 

0.0 1.56739(3) 1.56739 1.56739 1.56739 1.56739 

0.1 1.50000(2) 1.50000 1.50000 1.50000(2) 1.50000(3) 

0.2 1.43409(1) 1.43409 1.43409 1.43409(2) 1.43409 

0.3 1. 36977 (2) 1. 36976 1.36976 1. 36976 (2) 1. 36976 (3) 

0.4 1.30713(3) 1. 30713 1. 30713 1. 30713 (2) 1. 30713 

0.5 1. 24631 (3) 1.24630 1.24630 1. 24630(2) 1.24630(3) 

0.6 1.18741 (3) 1.18740 1.18740 1.18741 (2) 1.18740 

0.7 1.13057(3) 1.13056 1.13056 1.13056 (2) 1.13056 (3) 

0.8 1.07591 (3) 1.07590 1.07590 1.07590(2) 1.07590 

0.9 1.02356 (3) 1.02355 1.02355 1.02356 (2) 1.02356 (3) 

1.0 0.97365 (4) 0.97365 0.97365 0.97365 0.97365 

TABLE (7. 3 . 1) 

For equation (7.2.11)/(7.2.12), convergence is considered along the 

whole line and for the (D) AGE scheme convergence ~s considered for every 

group of two points. Numbers in brackets are the iteration number required. 

t=O.l,~x=O 1 r=O.l . , 
x Analytical R.L.D.S./N.L. T.T.L. (7.2.11)/ (D)AGE 

(3.8.13) (7.2.12) 
0.0 1.63617 (3) 1.63617 1.63617 1.63617 1.63617 

0.1 1. 56739 (2) 1. 56739 1.56739 1.56739(2) 1.56738(3) 

0.2 1.50000(1) 1.50000 1.50000 1.50000(2) 1.50001 

0.3 1. 43409 (2) 1.43408 1.43408 1.43409 (2) 1.43407(3) 

0.4 1. 36977(3) 1. 36976 1. 36976 1. 36977 (2) 1. 369 76 

0.5 1. 30713(3) 1. 30712 1. 30712 1. 30714 (2) 1. 30710(3) 

0.6 1.24631(3) 1.24630 1. 24630 1.24632(2) 1.24630 

0.7 1.18741 (3) 1.18740 1.18740 1.18742(2) 1.18738(3) 

0.8 1.13057(3) 1.13056 1.13056 1.13058(2) 1.13056 

0.9 1.07591(3) 1.07590 1.07590 1.07592 (2) 1.07588(3) 

1.0 1.02356(4) 1.02356 1.02356 1.02356 1.02356 

TABLE (7.3.2) 
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t=0.5, ~x=O.l, r=0.5 

x 
Analytical 

R.L.D.S./N.L. 
T.T.L. (7.2.11)/(7.2.12) (D)AGE 

(3.8.l3) 

0.0 2.22685 (3) 2.22685 2.22685 2.22685 2.22685 

0.1 2.14970(3) 2.14970 2.14970 2.14953(3) 2.17627(3) 

0.2 2.07339(3) 2.07338 2.07338 2.07335 (3) 2.10847 

0.3 1.99795 (3) 1.99795 1. 99795 1. 99805 (3) 2.00417 (3) 

0.4 1.92346 (3) 1.92346 1. 92345 1. 92369 (3) 1. 92273 

0.5 1. 84996 (3) 1.84996 1.84996 1. 85031 (3) 1.81559(3) 

0.6 1. 77753(3) 1.77753 1.77753 1.77798 (3) 1. 74980 

0.7 1.70624 (3) 1. 70624 1. 70624 1. 70677(3) 1.72264 (3) 

0.8 1.63617(3) 1.63617 1.63617 1.63677(3) 1.65024 

0.9 1. 56 739 (2) 1.56739 1.56739 1.56805 (3) 1.57221(3) 

1.0 1.50000(1) 1.50000 1.50000 1.50000 1.50000 

TABLE (7.3.3) 
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t=1.5, ~=0.1, r=1.0 

x Analytical (7.2.11)/(7.2.12) 

0.0 3.88964 3.88964 
0.1 3.80264 3.79990(2) 
0.2 3.71594 3.71407 (2) 
0.3 3.62955 3.62849(2) 
0.4 3.54350 3.54319(2) 
0.5 3.45778 3.45815(2) 
0.6 3.37242 3.37341(2) 
0.7 3.28744 3.28896(2) 
0.8 3.20285 3.20481(2) 
0.9 3.11867 3.12098(2) 
1.0 3.03492 3.03492 

TABLE (7. 3 • 4 ) 

t=2.0,~x=0.1, r=2.0 

x Analytical (7.2.11)/(7.2.12) 

0.0 4.7738 4.7738 
0.1 4.6843 4.6750(4) 
0.2 4.5951 4.5892 (4) 
0.3 4.5061 4.5034(4) 
0.4 4.4173 4.4177(4) 
0.5 4.3287 4.3320(4) 
0.6 4.2404 4.2463(4) 
0.7 4.1523 4.1607(4) 
0.8 4.0645 4.0751(4) 
0.9 3.9769 3.9895 (4) 
1.0 3.8896 3.8896 

TABLE (7. 3 • 5 ) 

t=4.0, ~x=O.l, r=4.0 

x Analytical (7.2.11)/(7.2.12) 

0.0 8.4626 8.4626 
0.1 8.3686 8.3288(4) 
0.2 8.2746 8.2466(4) 
0.3 8.1806 8.1641(4) 
0.4 8.0868 8.0815(4) 
0.5 7.9930 7.9986(4) 
0.6 7.8993 7.9155(4) 
0.7 7.8057 7.8320(4) 
0.8 7.7121 7.7483(4) 
0.9 7.6186 7.6643(4) 
1.0 7.5252 7.5252 

TABLE (7. 3 .6) 
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7.4 THE ANALYSIS OF STABILITY OF THE GE CLASS OF METHODS FOR NON-LINEAR 

EQUATIONS 

where 

A = 

B 

and 

The equation (7.2.11) in matrix form can be written as 

(l+S(n) ) _s(n) 
1,j+1 1,j+1 

(1+8(n~ ) _8(n~ 
2,]+1 2,J+1 o 

.... 
.... o .. .... .... 

... (n) "'... (n) 
(1+8 2' 1) -8 2' 1 m- ,J+ m- ,J+ 

(n) 
(1+8 l' 1) m- ,]+ 

8
1 

. (1-8
1 

.) 
,] ,] 

82 . 
,] 

..... 
..... 

(1-13
2 

.) 
,] 
... 

.... 
.... 

..... 
.... 

.... ... 
" ..... 

..... 
.... 

... ..... 

o 

o 
13 3' (1-13 3' ) m- ,J m- ,] 

13 2' m- ,J 

b T [ (n) ] 
1 130 .uO .,0, ••. ,0,13 l' 1 

,] ,] m- ,J + 

T 
u. = [ u1 ., u2 ., ... , u 2 ., u 1 .] 
-J ,],J m- , J m-, J 

(1-8 2') 
m- ,J 

(7.4.1) 

(7.4.2) 

(7.4.3) 

Now the matrix A since in triangular form can be easily inverted to give 



-1 
A = 

B1 B1B2 
Ct. 1 Ct. 2 Ct.1Ct. 2Ct. 3 

1 8 2 B 2 B3 

..... ... 
..... 

..... ..... 
..... ..... ..... .. ...... .. .. ..... .. ... ... 

1 
Ct. m-3 

o 

..... 
..... 

...... 
..... 

..... 

...... 
..... 

13 m- 3 

..... 

8 1 13 2 8 3 ••• 13 m- 2 
Ct. l Ct.ZCt.)·· . Ct. m- l 
13 2 13 3 ••• 8m- 2 
Ct. l Ct. 3 •· .am_ l 

..... .... 
...... 

Bm- 3Bm- 2 
Ct. m- 3Ct. m- 2 Ct. m-3Ct.m-2Ct.m-1 

where Ct..=I+B. with all Ct.'s and B's calculated at (j+l)th time-level. 
1 1 

The B's are defined by (7.2.13). 
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0.4.5) 

Therefore the equation (7.2.11) 1S written explicitly 

-1 
u. I = A Bu .• 
-.J+ -J 

0.4.6) 

The matrix A-IB is therefore an upper Hessenberg matrix and 1S given by 



A-1B = 

y 
(~ + 
0:1 

(31(31· (31Y 1 B1Bl 2 · 
_~, ..... J) ( __ + ,J) 
0:10:2 0: 10: 2 0: 10: 20: 3 

~ Y1 + (32(32,j 
0: 2 a,2 0:2a,3 

0 
B2 . 
~ 

.... a,3 ... ..... ... ... .... .... 
.... ... 

..... ..... 
.... .... 

... ..... 
.... .... 

o o 

B B Y 
( 1 22+ 

(3 B B B . 
1 2 3 3,J) 

0: 10: 20: 30:4 0: 10: 2a, 3 

B2Y2 + B2B3B3,j 

0: 20: 3 a, 20: 3a,4 

Y2 B3 B3· _+~J 
0:3 a, 30:4 ... 

..... 
Bm- 3 

a,m-2 

... .... ... ... .... 

o 

with y.=l-B .. and B. means B .. +1' 
1 1,J 1 1,J 

.... ... 
Ym- 3 + 

O:m-2 

B B (3 y 
( 1 2'" m-2, m-2) 

0: 10:2 ' , ,0: m-1 

B283, , ,8m- 2 y m-2 

0: 20: 3 ' , • 0: m-1 

B3B4···Bm-2Ym-2 
0: 30:4 , •• O:m_1 

(3 (32 . m-2 m- ,J B Y m-2 m-2 
0: a, 
m-2 m-1 

B m-2 
0: 
m-1 

0: 0: 
m-2 m-1 

Ym- 2 
a, 
m-1 

(7.4.7) 

W 
Ln 
0\ 
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In the case of problem (7.2.9) it can be seen after further algebraic 

manipulation that if u is positive, monotonic increasing with respect to 

t and monotonic decreasing w.r.t. x, the approximation (7.2.11) is 

unconditionally stable for all r>O. 

Similarly, we are also able to achieve unconditional stability for the 

scheme (7.2.12) provided that u is again positive, monotonic increasing 

w.r.t. t and monotonic decreasing w.r.t. x. 

The unconditional stability of the schemes (7.2.11) and (7.2.12) was 

confirmed experimentally in the previous section. 

An alternative approximate method for investigating the stability is 

described as follows: 

Let Sen) {S~n~ } = max j+1 i 1,]+1 

A 
min {So .} S. = 

J i 1,] 

1).. = min {s. 1 .} 
J 1 1- ,] ,.. 

{So 1 . 1} I).j+l = max 
1 1- ,J+ 

where 8. = r(u. l+u.), i=1,2, •.• ,m-l. 
1 1+ 1 

Then the system (7.2.11) can 

(n) n+l 
(1+8. lC)u. 1 

be approximated by the matrix equation, 

where 

C 

1 

o 

J+ -J+ 

-1 

1 -1 , 

o 

, , , , , 

o 
, , , 
, 

1 

For the stability of the 

by A(n) 
s 

T (I-CL.C )u. + b 
J J -1 

, , 

= 

-1 

1 

scheme, 

1-1).. 
1 

l+B~n) 
J+1 

o 

~l 
I 

o 
Sen) 
m-l , j + 1 u m, j + 1 

we need the eigenvalues 

s = 1 , 2 , . . . ,m-1 , 

are less than or equal to unity. 

(7.4.8) 

A which are given 

A (n)+A, (7.4.9) 
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From the analytical solution (7.3.1), it can be shown that 

and 

au -2-..L 

} 
at - 1.1., 

au =~ -\ 
ax 1.u 

(7.4.10 ) 

for u>!. Therefore u is monotonic increasing with respect to t and monotonic 

decreasing with respect to x. Thus if, 

( ) ( (n+l) + (n) ) 
Ct. ~ r u. . +u. l' < r u. 1 . 1 u. . 1 ~ J 1,J 1-,J 1+ ,J+ 1,J+ 

(7.4.9) will be satisfied for all r>O. 

8 (n) 
j+l ' 

On the other hand equation (7.2.12) is approximated by 

",(n) T 0'\ 
(I+Ct. lC )u. 1 = (I-8.C)u. + b2 J+ -J+ J -J -

(7.4.11) 

(7.4.12) 

where ~2 are the boundary values. The eigenvalues of the amplification 

matrix are therefore given by, 

and S1nce 

A = s 

" 1-8. 
J 

1 
,,(n) 

+Ct. 1 J+ 
" (n) + (n) Aen) 
8. ~ r(u. 1 .+u .. ) < r(u .. 1 u. 1 . 1) ~ Ct

J
'+l ' J 1+,J 1,J 1,J+ 1- ,J+ 

(7.4.13) 

(7.4.14) 

for all r>O and u>!. Therefore the scheme (7.2.12) 1S unconditionally 

stable. Hence we can state: 

Hypothesis (7.1): 

Given the quasi-linear self-adjont p.d.e., 

au 
at 

~(k(u)au) tOO 1 ax ax' >, ~x~, (7.4.15) 

where k(u) is positive (non-negative) monotonic increasing w.r.t. t and 

monotonic decreasing w.r.t. x, and the two schemes of numerical approximation 

are given by equation (7.2.4) and (7.2.6). Then the equation (7.2.6) is 

unconditionally globally stable for all r>O and the equation (7.2.4) is 

locally stable for all r>O if 

r( k. ) £(k Cn+l ) +k(n) ) 
Ct j ~ 2 ki,j+ 1-l,j < 2 i+l,j+l i,j+l ~ (7.4.16) 

for given i,j and n. 
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On the other hand, if k(u) is monotonic increasing w.r.t. both x and 

t, then equation (7.2.4) is unconditionally globally stable for all r>O 

and equation (7.2.6) is locally stable for r>O if 

8. ~ ~2(k. I .+k .. ) < ~2(k~n~ l+k~n) . ) ~ 
j ~+ ,j ~,j ~,j+ ~-l,j+l 

(7.4.17) 

This hypothesis is very important as it enables us to choose either scheme 

(7.2.4) or (7.2.6) depending on the value of k(u) in the problem. 

In the case of problem (7.2.9), since (7.4.16) and (7.4.17) are 

fulfilled, unconditional stability is achieved. 

Now the GER and GEL schemes can be written as 

u. 1 GI~ + b (7.4.18) -j+ I 

and u. I = G2u. + b
2 

(7.4.19) -j+ -j 

respectively. The matrices G
l 

and G
2 

are defined by (7 .2 . 4) arid the r.h.s. 

of (7.2.8) by (7.2.6) and the r.h.s. of (7.2.8) respectively. 

2 2 
In both cases, if r ~ k +k (i. e. 1- S. .~) and r ~ :"'"k-----,,--

. . . 1 . ~,j. I .+k .. 
~,j ~+ ,j ~- ,j ~,j 

(i.e. l-Si_l,j~O), it can be shown that the I IGII 100 and I IG 2 1 100 are both 
1 1 

less than or equal to unity (in the case of problem (7.2.9) r~2u ~ 4)' 

For the (D)AGE scheme, it is expected that a slightly better condition 

will apply and we found that for problem (7.2.9), (D)AGE is not stable for r~l. 
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7.5 FORMULATION OF THE GE METHOD FOR A GENERAL TYPE OF NON-LINEAR EQUATION 

OF SECOND ORDER 

Consider the general non-linear equation of second order of the form, 

2 a u au au 
---2 = G(x,t,u,a-'a-) 
ax x t 

(7.5.1) 

Ln the region R={(x,t): O~x~l, t~O}. 

The implicit finite difference approximation to (7.5.1) will give rise 

to a system of non-linear algebraic equations which have to be solved at 

each time step and whose convergence to the solution may be difficult. 

This can be avoided by choosing to use instead explicit schemes which are 

known to have inferior stability conditions. Thus, the desire to develop 

explicit schemes with improved stability restrictions are paramount. 

The equation (7.5.1) at point (i,j+!) is approximated by 

1 1 
-~2[6 <5 u. 1 • -9 <5 u. 1 • 1]+ 2 [9 1'8 u. ! .-e 2'8 u. I'] 
(~x) 1 x 1+ 2 ,J+l 2 x 1- 2 ,J+ (~x) x 1+2,J x 1-2 ,J 

= G(i~x,(j+!)~t, Ui,j+~-Ui,j 
al~ u .. 1+a2V u .. +al'V u .. 1+o.2'~ u .. x 1,J+ x 1,J x 1,J+ x 1,J 

2~x 

(7.5.2) 

where 0 ,~ and V are the central-, forward- and backward-difference x x x 

operators w.r.t. the x variable respectively. 

The parameters 6 and a. have to satisfy the relations, 

2 
2. (9.+9!) = 2 

'"1 1 1 L= 
2 
L (o..+o.!) = 2 

i=l 1 1 
9 -6 +6'-e' = 0 

2 1 2 1 

(7.5.3) 

In this study the two 'ladder-step' type formulae will be considered 

again. For this, the following choices for 6 and a are made: 

( i) 9 =9'=1 e =6'=0 -a. -1 0.'=0.'=1 1 2 ' 2 1 ' 0.1- 2-' 1 2 ' ~ = ~=O to result in 



1 1 
----:::-2 (u. 1 . 1-u . . 1) - 2 (u. . -u. 1 .) 
(~x) ~+ ,J+ ~,J+ (~x) ~,J ~-,J 

u .. l+u .. 
= G(i~,(j+DM, ~,J+ ~,J 

2 

u. 1. -u. . +u .. -u. 1 . 
~+ ,J+1 ~,J+1 ~,J ~- ,J 

2~x 
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and (7.5.4) 

1 . 1 
----2(u. 1 . -u. .) - 2 (u. . l-u. 1 . 1) 
(~x) ~+,J ~,J (~x) ~,J+ ~- ,J+ 

u .. 1 +u .. 
= G(i~x,(j+!)~t, ~,J+ ~,J 

2 

u. . l-u. 1 . l+u. 1 . -u. . 
~,J+ ~-,J+ ~+,J ~,J 

2(~x) 

Ui,j+l-Ui,j) 
ilt ' 

(7.5.5) 

The equation (7.5.4) is an implicit equation ~n terms of the unknown values 

u and u .. 1 whilst the equation (7.5.5) is an implicit equation in i+l,j+l ~,J+ 

terms of u .. 1 and u. 1 . 1· 
~,J+ ~- ,J+ 

Therefore these equations can be solved as a 

semi-explicit type of scheme if the calculations are carried out from right 

to left in the case of the equation (7.5.4) and from left to right in the 

case of the equation (7.5.5). On the other hand, the concept of the Group 

Explicit method can be developed if the equations (7.5.4) and (7.5.5) are 

used at every group of two points (i,j+l) and (i+l,j+l) respectively, as 

previously discussed. 

For mathematical simplicity, the implementation of these concepts will 

now be described for the Burger's equation (1949), 

2 a u au au 
O~'l, t::o, E>O, (7.5.6) E --=-+tr.:-

ax2 at ax 

with the initial condition 
0 

u~e) = f (x) O<x<l, . (7.5.6a) 

and the boundary conditions 

u(O,t) = gl (t) 
t30 . (7.5.6b) 

u(1,t) = g2(t) 
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Substitution of (7.5.4) and (7.5.5) into (7.5.6) will result in the 

equations, 

-rau. 1 . l+(l+ra)u .. 1 = rbu. 1 .+(l-rb)u .. 
~+ ,J+ ~,]+ ~- ,J ~,] 

and 
-rbu. 1 . l+(l+rb)u .. 1 = (l-ra)u. .+rau. 1 . , 

~- ,]+ ~,J+ ~,J ~+ ,J 

respectively, where a and b are given by 

t;x 
a = E: - -4 (u. . 1 +u . .) , 

~,]+ ~,] 

t;x 
b = e: + -4 (u. . l+u. .) . 

~,J+ 1,J 
} 

(7.5.7) 

(7.5.8) 

(7.5.9) 

The equations (7.5.7) and (7.5.8) can therefore be solved iteratively as 

a semi-explicit or ADE method. For (7.5.7) it is solved from right to left 

using, 

(n+1) 
u .. 1 
~ ,]+ 

= 
1 

(l+ra (n» 
{ra (n) (n+l) <<I) "', 

u. 1 . l+rbu . 1 .+(l-rb)u .. }, 1+ ,]+ ~- ,] ~,J 

with 
(n) 

a 
t;x en) = E: - -4 (u. . 1 + U. .) , 

~,J+ ~,J 

and for (7.5.8) it is solved from left to right by 

(n+1) 
u .. 1 
~ ,]+ 

= 
1 (n) (n+1) CA' c.) 

---:(,......)- {rb u. 1 . l+(1-ra)u .. +rau. 1 .}, 
(l+rb n ) ~- ,]+ ~,J ~+ ,J 

. h ben) t;x( (n) ) d . h' . b 
w~t = e: + ~ Ui,j+l+ui,j an n ~s t e ~terat~on num er. 

(7.5.10) 

(7.5.11) 

For the GE method, we use the equation (7.5.7) at point Ci,j+l) and 

the equation (7.5.8) at the point (i+l,j+l). This will result in a (2x2) 

system of equations, 

~
+ain)r 

-b(n)r 
2 

with 

[ ~n:1) ]{-b (n)r 1,J+1 1 

(n+l) 0 
ui +l ,j+1 

t;x (n) 
e: - -4 Cu. . l+u . .) 1,J+ ~,J 

t;x (n) 
e: + -4 (u. . l+u. .) 1,J+ ~,] 

The explicit form of which ~s given by, 

- (n) -

tl r U i _1 ,j 

+ (n) 
a 2 ru. 2 . 

~+ ,] 

t;x (n) 
= E: - -4(u. 1 . l+u . 1 .) 

~+ ,]+ ~+,J 

t;x (n) = e: + -4(u. 1 . l+u . 1 .). 
~+,J+ ~+ ,] 

(7.5.12) 



(n+l) 
u •• 1 1.,J+ 

(n+l) 
u. 1 . 1 :t+ ,J+ 
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[

u •. J 1.,J 

ui +1 ,j + 

{7.5.13) 

(n) (n) 
where ~=l+al r+~2 r. For the left ungrouped point we use the equation 

(7.5.11) and for the right ungrouped point we use the equation (7.5.12). 

From the equations (7.5.11)-(7.5.13), schemes such as GER, GEL, GEe, GEU, 

(S)AGE and (D)AGE can be developed as we have shown previously. However, 

to avoid repetition these will not be described in detail here. 

Similar to the problems previously discussed the above schemes can 

be shown to have the truncation error of O(~x2+6t f~~) and thus will be 

consistent if ~-+ 0 when ~t:+O and ~X+O. 
~x 
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For the chosen numerical examples, the problem (7.5.6) of Burger's 

equation with: 

(a) the exact solution 
-A -B-C O.le +O.5e +e 

-A -B -C </>(x,t) = , O~x~l, t?;O , (7.5.14) 
e +e +e 

where A = O.05(x-O.5+4.95t) 
E 

B O.25(x-O.5+0.75t) 
E 

C O.5(x-o.375) 
E 

(N.K. Madsen and R.F. Sincovec, 1976) and 

(b) the exact solution 

where 

u(x,t) 

~. 2 2 
2n I mAmSLn mnx exp(-Em n t) 

m=l 

1:. {A + 
E 0 

\ 2 2 
L A cos mnX exp(-Em n t)} 

m=l m 

Am = 2 I:cos mrrx exp {- 2: I:f(X')dx'JdX , (m=1,2,3, ••• ) 

AO Jlexp{- ~ JXf(X')dX'} dx 
o 2E 0 

(Cole, J.D'. 1951), with (i) f(x)=4x(1-x) and (ii) f(x)=sinnx, were 

considered using one of the above schemes. 

(7.5.15) 

These problems were tested for several values of E (see Tables (7.5.1)-

(7.5.3». For problem (b) no attempt was made to evaluate the exact 

solution. However the numerical results obtained were compared (Tables 

(7.5.4)-(7.5.5» with the results from the existing methods quoted from 

Caldwell, J. and Smith, P. (1982). Furthermore for problem (a) and (b) 

(ii), the behaviour of the solutions (Figs. (7.5.1)-(7.5.2» were 

qualitatively compared with those in Graney, L. and Richardson A.A. (1981) 

and Madsen and Sinovec (1976). 

For problem (a) a large number of iterations were required to achieve 
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convergence for small values of £ such as £=0.003. However this problem 

does not occur for £<Q·~l. 

For problem (b) no difficulty in achieving the convergence criterion 

arises even for small values of £. But the inaccuracy in the solution as 

£ becomes smaller is the prime problem. From Figure (7.5.2) we can see 

how a disturbance appears at x=O.S for small t and moves towards x=l with 

a steeper front as t increases. After this the disturbance reaches a 

maximum near x=l for some time t and all values of u tend to decrease ~n 

a uniform manner. 



E=1.0, r=1.0,~t=0.01,~x=0.1, t=1.0 

x EXACT SOLUTION (D)AGE I ERROR I 
0.0 0.59602645 0.59602645 -
0.1 0.58918851 0.58918844(2) 7xlO -8 

0.2 0.58233803 0.58233828 25 xlO-8 

0.3 0.57547863 0.57547826(2) 37xlO -8 

0.4 0.56861393 0.56861422 29x10-8 

0.5 0.56174757 o . 56174692 (2) 65x10-8 

0.6 0.55488319 0.55488354 35x10-8 

0.7 0.54802440 0.54802379(2) 61xlO-8 

0.8 0.54117482 0.54117578 96x10-8 

0.9 0.53433803 0.53433681 (2) 122x10-8 

1.0 0.52751756 0.52751756 -

TABLE (7.5 .1) 

The numbers in brackets indicate the number of iterations requires to 
-6 achieve an accuracy of 10 • 

E=O.I, r=1.0, ~t=O.Ol,~x=O.I, t=1.0 

x EXACT SOLUTION (D)AGE I ERROR I 
0.0 0.949067 0.949067 -
0.1 0.932745 0.932928(3) 18.3XlO-5 

0.2 0.911271 0.911597 32.6x10 -5 

0.3 0.883314 0.883703(3) 38.8xl0 -5 

0.4 0.847514 0.847753 23.9x10 -5 

0.5 0.802758 0.802663(3) 9.6x10 -5 

0.6 0.748601 0.747952 64.9xlO -5 

0.7 0.685736 0.684544(3) 119.2xl0 -5 

0.8 0.616304 0.614798 150.6x10 -5 

0.9 0.543775 0.542556(3) 121.9x10 -5 

1.0 0.472298 0.472298 -

TABLE (7.5.2) 
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e=0.003, r=1.0,~x=0.01,~t=0.OOOl, t=O.l 

x EXACT SOLUTION (D)AGE x EXACT SOLUTION (D)AGE 

0.0 1.000000 1.000000 0.55 0.183443 0.181832 

0.05 1.000000 1.000000 0.60 0.103726 0.103999 

0.10 1.000000 1.000000 0.65 0.100134 0.100148 

0.15 1.000000 1.000000 0.70 0.100004 0.100005 

0.20 0.999985 0.999993 0.75 0.100000 0.100000 

0.25 0.999037 0.999572 0.80 0.100000 0.100000 

0.3 0.944636 0.952565 0.85 0.100000 0.100000 

0.35 0.555361 0.557343 0.90 0.100000 0.100000 

0.4 0.500894 0.501467 0.95 0.100000 0.100000 

0.45 0.498093 0.498438 1.00 0.100000 0.100000 

0.5 0.452319 0.454613 

TABLE (7.5.3) 
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Comparison of results for case f(x)=sin nx with E=1.0 

flt=O.Ol, flx=0.25 

x=0.25 Analytical Implicit Explicit (D)AGE 
t 

0.01 0.6290 0.6377 0.6267 0.6259 

0.05 0.4131 0.4339 0.4099 0.4168 

0.10 0.2536 0.2768 0.2525 0.2639 

0.15 0.1566 0.1784 0.1565 0.1681 

0.20 0.0964 NA 0.0967 0.1047 

0.25 0.0592 NA NA 0.0651 

x=0.5 Analytical Implicit Explicit (D)AGE t 

0.01 0.9057 0.9141 0.9063 0.9082 

0.05 0.609l 0.6380 0.6100 0.6222 

0.10 0.3716 0.4075 0.3729 0.3876 

0.15 0.2268 0.2604 0.2281 0.2417 

0.20 0.1385 NA 0.1395 0.1509 

0.25 0.0845 NA NA 0.0942 

x=0.75 Analytical Implicit Explicit (D)AGE 
t 

0.01 0.6524 0.6556 0.6550 0.6612 

0.05 0.4502 0.4702 0.4556 0.4668 

0.10 0.2726 0.3007 0.2762 0.2871 

0.15 0.1644 0.1904 0.1663 0.1753 

0.20 0.0994 NA 0.1006 0.1094 

0.25 0.0603 NA NA 0.0684 

TABLE (7. 5 . 4 ) 
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Comparison of results for case f(x)=4x(1-x) with s=O.Ol 

~t=O.Ol, ~x=0.25 

x=0.25 Analytical Imp li ci t Explicit (D)AGE 
t 

0.01 0.7492 0.7346 0.7342 0.7342 

0.05 0.7460 0.6766 0.6748 0.6755 

0.10 0.7420 0.6122 0.6087 0.6104 

0.15 0.7380 0.5562 0.5512 0.5537 

0.20 0.7340 NA 0.5016 0.5046 

0.25 0.7300 NA NA 0.4625 

x=0.5 Analytical Implicit Explicit (D) AGE 
t 

0.01 0.9992 0.9986 0.9992 0.9989 

0.05 0.9960 0.9873 0.9901 0.9887 

0.10 0.9920 0.9611 0.9662 0.9636 

0.15 0.9880 0.9233 0.9299 0.9263 

0.20 0.9840 NA 0.8835 0.8796 

0.25 0.9800 NA NA 0.8256 

x=0.75 Analytical Implicit Explicit (D)AGE 
t 

0.01 0.7492 0.7644 0.7642 0.7645 

0.05 0.7460 0.8241 0.8232 0.8240 

0.10 0.7420 0.9027 0.9012 0.9020 

0.15 0.7380 0.9843 0.9828 0.9832 

0.20 0.7340 NA 1.0065 1.0671 

0.25 0.7300 NA NA 1.1513 

TABLE (7.5.5) 



SOLUTION 

1 .00 

.90,. 

.80 

.7~ 

.60. 

.50. 

.30. 

/ 

! 

/ 
t= 0.0/ 0.;1 

. / 
/ I 

/ / 

/ 

/ 
/ 

/ 
; 

i 
./ 

/ 

/ 

/ 

(, . " 

\ \; \' Ii 
, \; 
\ \ ;, 
',' \ ;, , l 
" '\\ 

.00~--~r----.----------~-----~----------'--------~--~----~--~----------~ 
.~0 .1(;3 .2Q .30 .+0 .50 .60 .70 .80 ~90 1.00 

6X - 0.05 t ~t = 0.001. €= 0·001 • x 

FIGURE (7.5.2) 

371 



372 

7.6 THE STABILITY ANALYSIS FOR THE ADE AND GE SCHEMES IN (7.5) 

For the purpose of analysing stability, we now rewrite the equations 

(7.5.7) and (7.5.8) in matrix form as, 

and 

T 
[I+r(e-a)C]u. 1 = [I-r(e+a)C ]u. + b 

-J+ -J -1 

T 
[I+r(e+a)C ]u. 1 = [I-r(e-a)C]u. + b 2 ' -J+ -J -

respectively. The matrix C is defined by 

1 -1 

1 -1 0 
" "-

" 
, 

" 
"-

C = "- " 
" 

.... 
"-

" "-0 .... , 
1 -1 

1 

(7.6.1) 

(7.6.2) 

(7.6.3) 

I1x and a= --4(u . . l+u .. ). Whilst the ADE scheme which uses (7.5.7) and (7.5.8) 
1.,]+ 1.,J 

at alternating time levels is given by, 

[I+r(e-a)C]u. 1 = 
-J+ 

T 
[I+r(e+a)C ]u. 2 

-J+ 

T 
[I-r (e+a)C ]~j + ~l 

= [I-r(e~C]u. 1 + b2 -J+ -
} (7.6.4) 

The schemes (7.6.1) and (7.6.2) will be stable if the eigenvalues of 

their amplification matrices are less than or equal to unity. These are 

defined by 

and 

A = (7.6.l),s 

A (7.6.2),5 

for s=1,2, ..• ,(m-l). 

l-r(e+a) 
l+r(e-a) 

l-r(€-a) 
l+r(e+a) 

(7.6.5) 

(7.6.6) 

If a is positive 1.n the solution domain, it can be easily seen that 

(7.6.5) and (7.6.6) are both equal or less than unity. Thus the schemes 

(7.5.7)-(7.5.8) are unconditionally stable for all r>O. Similarly, the 

eigenvalues of the amplification matrix of the scheme (7.6.4) is given by 

A = (7.6.4),s 
l-rCe-a) 
l+r(e-a) 

l-r(e+a) 
l+r(e+a) (7.6.7) 

for s=1,2, ••• ,m-l. Again if a is positive, these eigenvalues are less than 

or equal to unity for all r>O. 



The analysis of stability of the GE type of schemes is very 

complicated for this case. However since these schemes are derived from 

unconditionally stable semi-explicit formulas, the probability of them 

being stable are very high. This can be seen from the numerical results 

Ln the last section. 
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The analysis of stability of the approximations (7.5.2), (7.5.4) and 

(7.5.5) has been left for further research. 
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7.7 THE KORTEWEG. DE VRIES EQUATION - AN ITERATIVE EXPLICIT METHOD 

The Korteweg-De Vries (KdV) equation is a non-linear wave equation 

which has been used to model dispersive, non-linear, long wave phenomena 

(see Jeffrey and Kakutarii, 1970, 1972; Miura, 1968; 1976). The form of 

the equation is 

3 au 
at 

au r_d u = u- + u 
ax 3 ' 

(7.7.1) 
ax 

where u is a function of the independent variables x and t. The coefficient 

<5 is called the 'dispersive parameter' and in this case is taken to be a 

positive quantity. 

Historically, this type of equation was first derived by D.G. Korteweg 

and G. de Vries (1895). The equation was formulated as a model for the 

profile of surface waves on shallow water. The form of the Korteweg and 

de Vries original derivation is given b~, 
12 2 O'~) 

!!l _ ~ A a(2'1 +]Un + 3" ax2 
at 2 i ------~a~x------~-- = ° , (7.7.2) 

where i = depth of water measured from the undisturbed surface, 

n = elevation of the surface at a distance x from the origin of 

coordinates, 

0' = function of the physical properties of the water, 

g = acceleration due to gravity 

a a small arbitrary constant. 

In order to obtain the equation (7.7.1) from (7.7.2) we set a=O, 

~=0'/3 and rescale the time variable from t to 2~;1f. The detailed 

historical account about early development of this equation can be found 

in M. McKinne11 (1980). 

The Problem 

In this work, the equation (7.7.l) is defined ~n the region 

R-{(x,t): O~x~l, t~} with the initial condition, 

u(x,O) - f(x) , O~x~l, (7.7.3) 
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where f is a sufficiently smooth function on [0,1] and the boundary 

conditions are such that, 

u{x+l,t) = u{x,t) • 0.7.4) 

The solution of this initial-boundary value problem exists and is unique. 

(Sjoberg, 1970; see also Lax, 1968). 

The range [0,1] is now divided into M subintervals of size ~x and we 

consider intervals in the open t direction of size ~t. Then, by using the 

following implicit difference approximation to (7.7.1) of the form, 

2~t 2 
(I-~tOD D DO)u. . 1 = -3-(u .. DOu .. +DOu. . )+~I+~toD D DO)u. . 1 ' + - 1,J+ 1,J 1,J 1,J + - 1,J-

0.7.5) 

i=1,2, •.. ,M, where D ,D and DO are the forward, backward and central
+ -

differences operator respectively (Sjoberg, 1969). 

The us~ of the implicit difference scheme for the solution of 

equation 0.7.1) together with the equations (7.7.3)-(7.7.4) will result 

in a cyclic quindiagonal system of equations to be solved at each time 

step for the solution. Even though there are direct algorithms for 

solving this system such as Evans, D.J. (1980), an explicit scheme is 

normally more economical. 

The Method 

The finite difference formula for solving the equation (7.7.1) at point 

(i,j+!) can generally be given by 

1 
"A a u. . 1 Llt t 1,J+2 

a -2 .... 2 ,-2 ,-2 
3 [610 u. 1 . l-e 2ox

u . 1 . 1+61° u. 1 .-62° u. 1 .J 
2(~x) X 1+ ,J+ 1- ,J+ x 1+ ,J x 1- ,J 

(7.7.6) 

where o,~ and V are the central-, forward- and backward-difference 



operators respectively. The parameters a1 ,e2,ai,ai,Q1,a2,ai and ai are 

constant parameters which are related to consistency relations and the 

order of the approximation. This approximation results in the system, 

al"~t 
o~t a u. . { ( + ) Mt }a 

Z(~)3 2 1-2,J+1 + 4~ Ui ,j+1 Ui,j' - (~)3 2 Ui - 1 ,j+1 

(a -a',) 
1 1 Mt 

+{11 4 (u .. l+u .. )~t - 3(a
1
-a2)}u .. 1 + 

~ 1,J+ 1,J 2(~) 1,J+ 

{ 
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a'~t 
2 

{4 A~ (u. . l+u . .) 
LlA 1,]+ 1,] 

aiMt 
} + o~t a' 

3 u. 1 . 3 
0.7.6a) 

( Au) 1 +,J 2 () 1 
UA ~x 

u. . 
1+Z,] 

The objective of this work is to derive methods of approximation 

which are semi-explicit and with improved stability conditions. Therefore, 

the following schemes are expected to serve this purpose: 

equation, 

{1+ Pl(u .. l+u .. ) 1,J+ 1,J 

OP2 
- --- u Z i+2,j+l 

opZ 
- --Z- }u .. 1+ {-Pl(u .. l+u . . )+oPZ}u. 1 . 1 1,J+ 1,J+ 1,J 1+ ,J+ 

+{-P1(u .. l+u .. )+oP2}u. 1 . + 1,J+ 1,J 1- ,J 

+{l+Pl(u .. l+u .. ) 1,J+ 1,] 
OP2 

- -2-}u .. 
1,] 

0.7.7) 

~t 
where PI = 4~x and P2 

M 

(~X)3 • 

(ii) Similarly, we can set a =8'=0 8 =8'=1 N =N =0 and N'=N'=1 and obtain I Z ' Z 1 ' ~l ~Z ~1 ~Z 

{I-PI (u. . l+u. .) 1,]+ 1,J 

oP Z 
+ -2- }u .. I + {PI (u .. l+u. .)- oPZ}u. I . 1 1,J+ 1,J+ 1,J 1- ,J+ 

oP2 
+ -2- u. Z . 1 {I-PI (u. . l+u. .) 1- ,J+ 1,J+ 1,J 

oP Z + -Z } u. . +{P I CU. . l+u. .)-
1,J 1,J+ 1,J 

oPz 
oP2}u. 1 . + -Z- u. Z . • 1+ ,J 1+ ,J 

0.7.8) 



where 

K1 = 

with 

and 

The. equation (7.7.7) can then be written in the matrix form as 

1 a
1 
1 a Z 

a 3 .. 

i 
a

1 
= 

1. 
a 2 

= 

T 
K1u. 1 = Klu. -J+ -J 

a 3 
Z a
1 
Z 3 

0 
a

Z .. a1 ... ... .. .... ..... ..... ..... 
..... .. ... ...... ..... ... .. ..... .. m-3 ~ m.,.Z 

o 
a Z a l 

m-2 
a

3 
a Z op

Z l+PI (u. . l+u .. ) - -2- , 1.,J+ 1.,] 

-PI (u. . l+u . .) + oP Z ' 1.,J+ 1.,] 
oPZ 

m-l a
Z 

a3 

a 3 = - -Z-

= [u1 . 1,u2 . 1,···,Q--1 . 1,Q- . 1]' ,J+,]+ M.,]+ M.,J+ 

On the other hand equation (7.7.8) can be written as 

T 
K2u. 1 = K

2
u. -J+ -J 

where 
b

1 b Z b
3 1 2 

0 
b

2 b3 
b3 ..... 1 2 .. 

..... ... ... ..... ... .... ... ..... .... ...... .... 
.... .... ..... 

K2 = ..... m-3 'bm- 2 .. b 

0 
b 1 2 3 

b
3 

m-2 bm- l b1 2 

b1 b3 
m-1 

2 b1 

with b1. I-PI (u. . 1 +u. .) 
oP 2 

= + --
I 1.,J+ 1.,J 2 

b
i 
2 = PI (u. . 1 +u. .) 1.,]+ 1.,] -op 2 

, 

and b3 

oP2 
= --2 
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(7.7.9) 

(7.7.10) 

(7.7.11) 

(7.7.12) 

The systems (7.7.9) and (7.7.11) are non-linear and have to be solved 
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iteratively. A practically explicit method can be obtained if the matrices 

KT 
1 

and KT 
Z 

are written respectively as 

KT 
1 

= L + U 
1 1 

and KT = 
2 

L
Z 

+ U
2 

, 0.7.13) 

where 

0 
1 

a
l 

a
Z 

a
3 

Z 
0 

Z 0 a
l 0 ....... 

a Z 
a

3 ..... ..... , ..... ..... ....... , ..... ..... ..... , ..... ..... m-Y ... , ..... 
"'0 ..... Ll = , U

l 
a

Z a
3 

0 
, 

, m-2 
a l 0 m-2 a

3 0 a
2 

m-l m-l 
0 a

Z 
a

3 a
l 

and 
b

l I-
I 

b
3 

b
2 

b
Z 
Z 

bZ 
1 b3 

b3 
b3 b3 0 

LZ 
2 1 ..... 

..... ..... ..... ..... ..... 2 ....... ..... ..... ... ..... ....... 
...... ..... ..... 0 ...... "' 

.... 
m-2 m-Z ...... b b
Z 

b
l 3 

0 b 3 
m-l 

bZ 
m-l b
l 

and the iterative processes are implemented in the usual way. Hence, we 

obtain the standard iterative processes; 

L (n+l) (n) 
+ Klu. 0.7.14) = -Ul~+l l~j+l -J 

and L (n+l) (n) + K u. (7.7.15) = -UZu. 1 . Z~j+l -J+ 2-J 

which are of the Gauss-Seidel type. Finally the SOR method of iteration 

can be defined by, 

~~n+ll) = (l-w)~~n) + wu~n+ll) 
-J+ -J+l -J+ 

(7.7.16) 

where ~i~~l) are as obtained from either (7.7.14) or (7.7.15) and ~j+l is 

the required solution. 
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Consistency 

In this part, we will study the consistency of the approximations 

(7.7.7) and (7.7.8) to the original equation (7.7.1) at the point (i,j+!). 

As this is only a brief introduction to this topic, the investigation on 

the generalised form (7.7.6) will not be carried out here and will be left 

for further work. 

We now expand each of the terms in (7.7.7) and (7.7.8) involving u 1n 

a Taylor series expansion about (i,j+!) and assume the terms (u .. l+u .. ) 
1,J+ 1,J 

is approximated 2 as 2u .. ,+O(llt ). 
1,J+!! 

Both equations are found to approximate 

the original equation at that point with the truncation error of 

2 2 llt 
O(llx +llt + llx +llxllt). Therefore, the schemes (7.7.7) and (7.7.8) are 

consistent if llt~ faster than llx~. 

Stability 

For the stability analysis we consider the matrices Kl and K2 • Since 

these matrices vary with respect to time, then we need only consider the 

system at anyone particular j. Since by definition the eigenvalues of 

(K~)-lKl and (K~)-lK2 equal to unity then the system is neutrally stable 

at that particular j. Since this 1S true successively for j=1,2, ... , 

therefore the system is stable as j tends to infinity for all r>O. 

Also from the definition of the matrices Kl and K2 in (7.7.10) and 

(7.7.12) respectively, the convergence of the iterative systems (7.7.14) 

and (7.7.15) are obvious. 

Numerical Results 

The method was tested for the problem (7.7.1) with the initial 

condition f(x)=cos(2rrx) and the periodic boundary condition as defined in 

(7.7.4). However since the exact solution was not known only a comparison 
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of the solutions at various times with different values of r (Tables (7.7.1)

(7.7.3» was conducted. 

From the results it was' found that for small values of 0 and t>0.4, a 

substantially large number of iterations was required for the convergence of 

the scheme when a reasonable value of ~t was used. 

This short study has shown that the use of the unsymmetric formulae 

for this type of problem is feasible. The investigation for the GE class 

of methods is. under way and will enable us to solve the KdV problem wi th 

a wider class of boundary conditions, i.e. Dirichlet and Neumann boundary 

condi tions • 
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t=0.2, 0=0.000484 

r=0.4 r=O.l r=1.0 r=0.5 
x ~t=O.OOl ~t=O.OOl ~t=O.Ol ~t=0.005 

~x=0.05 ~x=O.l ~x=O.l ~x=O.l 

0.0 1.088953 0.911448 0.937031 0.922577 

0.1 0.302829 0.385939 0.382416 0.384489 

0.2 0.052844 0.074303 0.073965 0.074134 

0.3 -0.275796 -0.248238 -0.248775 -0.248513 

0.4 -0.580173 -0.560399 -0.561353 -0.560804 

0.5 -0.838216 -0.820093 -0.824968 -0.822339 

0.6 -0.981140 -1.081161 -1.079715 -1.080679 

0.7 -0.735449 -0.676847 -0.668568 -0.672734 

0.8 1.151313 0.934798 0.940470 0.937356 

0.9 0.746821 0.501937 0.490732 0.496906 

TABLE (7.7.1) 
t=0.2, 0=0.0001 

r=0.4 r=O.l r=1.0 r=0.5 
x ~t=O.OOl ~t=O.OOl ~t=O.Ol ~t=0.005 

~x=0.05 ~x=O.l ~x=O.l ~x=O.l 

0.0 1.300519 0.930576 0.960374 0.943509 

0.1 0.405001 0.365017 0.359306 0.362628 

0.2 0.056461 0.075840 0.076520 0.076095 

0.3 -0.265641 -0.250932 -0.251326 -0.251142 

0.4 -0.572658 -0.563516 -0.564638 -0.564002 

0.5 -0.837582 -0.832208 -0.837697 -0.834775 

0.6 -0.994970 -1.116117 -1.113290 -1.114876 

0.7 -0.695014 -0.585910 -0.578308 -0.582210 

0.8 0.959302 0.907028 0.911208 0.908853 

0.9 0.535578 0.457211 0.445135 0.451788 

TABLE (7.7.2) 
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t=O.3, ~=0.OO1089 

r-0.1 r=1.0 r=0.5 
x t.t=O.OOl t.t=O.Ol t.t=O.OOS 

t.x=0.1 t.x=O.l t.x=O.l 

0.0 0.775966 0.797780 0.785553 

0.1 0.317351 0.316643 0.317101 

0.2 0.028081 0.025965 0.027148 

0.3 -0.220497 -0.221433 -0.220923 

0.4 -0.472996 -0.473605 -0.473449 

0.5 -0.726348 -0.725103 -0.725006 

0.6 -0.719630 -0.737190 -0.729384 

0.7 -1.973267 -1.951119 -1.956457 

0.8 1.862570 1.908264 1.882759 

0.9 0.462465 0.450942 0.457431 

TABLE (7. 7 • 3 ) 
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7.8 CONCLUSIVE REMARK 

In the solution to non..,.linear problems our work has revealed that 

there are still many unresolved issues concerning the use of the general 

approximation. In particular, the relation of e's and eL'S with the 

consistency and stability of the approximation. 

The semi-explicit alternating direction formulae of 'ladder-step' form 

appears to show its superiority in solving the self-adjoint form of the 

parabolic equation. However, this does not mean that (D)AGE is unacceptable 

for this class of problems. 

For the Burger's equation, the solution obtained from the (D)AGE scheme 

seems to fit with the exact solution very well. However, at small values of 

t, oscillations in the solution occur and appear to be unavoidable. Fig. 

(7.5.1) shows this behaviour at t=O.2 but as t increases this phenomena 

slowly decays. 

Since the KdV problem was only briefly investigated no definitive 

results can be established. The fact that the numerical solutions obtained 

with varying r are in good qualitative agreement is a reassuring sign of 

consistency, even the values of ~x are comparatively large (see Sjoberg, 1969). 

In all the cases considered, the stability analysis for most of GE 

types of schemes were found to be intractable. 

Finally, for strongly non-linear parabolic equations the need for an 

explicit type of approximation is paramount as sometimes the number of 

iterations required for convergence is prohibitive. 
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8.1 INTRODUCTION 

The study of the finite element method for solving parabolic p.d.e. 's 

has attracted much attention due to its wide ranging and flexible 

applications. In this chapter, the work on a finite element method for 

the solution of the diffusion convection equation, 

dU 
at = e: 

will be presented. 

k
au 
ax (8.l.1) 

The equation (8.1.1) will be considered in an open-rectangular domain 

{(x,t): 0~x~1, t~O} with the initial condition, 

u(x,O) = f(x) , O~x~l , (8.l.la) 

and boundary condi tions , 

u(O,t) = gl (t) (8.l.lb) 

u(l,t) = g2(t) (8.l.lc) 

The formulation of a centred nine-point finite element equation for 

the diffusion-convection equation is also presented. This equation 1S 

then used in a manner similar to Greenspan (1974) whereby regarding the 

problem as a boundary-value problem leads to a large linear system which 

is usually solved by an appropriate iterative method. 
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8.2 FINITE ELEMENT FORMULATION 

Since the majority of problems 1n this topic arise from parabolic 

equations with initial boundary value conditions then the region of interest 

is usually rectangular. Hence for this formulation, the most suitable 

finite element discretisation i.e., the rectangular element (Fig. (8.2.1» 

is chosen. The open rectangle R={(x,t): O~~l, t~} is now imagined to 

be divided into small rectangular elements. 
n 

~ ~ ____ -+ ____ ~ 1 

L...-____ +-__ ~ .. ~ I 
l>t/2 

1 't-_____ ~4 

--~)l>x to( ---

FIGURE ( 8 . 2 . 1) 

The approximate solution ~ in every element 1S now assumed to be 

represented by a linear combination of the solution at every node-point 

of the element. A global coordinate system (x,t) is assumed to be 

transformed to a local coordinate system (~,n). For every element, these 

are related by the formulae (Hinton and Owen, 1979, p.245). 

~ = 2 (x-x) 
l>x n = 4 (t-t"> 

l>t 
(8.2.1) 

with (x,t) corresponding to the origin of the local coordinate system. 

Therefore, a suitable linear combination is chosen, V1Z. 

where N. 
1 

by 

with ~. 1 

is 

Nl 

N = 
3 

4 
I N.~. 

. 1 1 1 1= 

the ith node basis 

1 
4(1+~) (l+n) , 

1 
4(1- 0 (1- m, 

the value of ~ at the 

function and the N. , 
1 

i=1,2,3,4 are 

1 
N2 = -(1- t) (1 + TV 

4 

1 
N4 = -(1+ 0 (1- TV 

4 

ith node. 

(8.2.2) 

given 
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In every element let the residual R be defined by 

R = L(CP) , (8.2.4) 

where L is the given operator such that 

L(u) :: 0 . (8.2.5) 

Now if cP is an exact approximation to the exact solution of (8.1.1), 

the residual R would vanish. In the method of weighted residuals, a 

weighting function w is chosen such that the residual is forced to zero, 

1n an average sense, i.e., 

J J L(CP)w(x,t)dxdt = 0 . (8.2.6) 

R 

Therefore integrating (8.2.6) by parts gives, 

JJ(~: -
R 

n a 
s 2 +ktt)w(x,t)dXdt 

ax x 

J J ~ w(x,t)dxdt -sJ J a~(~)dxdt 
R R 

+ sf RJ ~: * dxd t + k J f * w dxd t = 0 . (8.2.7) 

If the integration is assumed to be in the closed region R , with 
c 

the boundary aR , then by using Green's theorem (K. Rektory's, 1969), we 
c 

have 

J J 
acp dxdt - s f ~ dt + s J Jaw ~ dxdt -w w at ax ax ax 

R aR R c c c 

+ k J 
rl! o , J w dxdt = ax 

i.e. R c 

J J ~ w dxdt + 
R at 

sJ Jaw ~ dxdt 
R ax ax + k J J ~ w dxdt = 

R ax 
o. (8.2.8) 

c c c 
Since this result is valid for every closed region R , the integration 

c 

of (8.2.8) can take place in every element. Thus if we let w=N., i=1,2,3,4, 
1 

then (8.2.8) can be written as 

J
lJ 1 acp 

[-;;- N. 
ot 1 

-1 -1 

aN. 
+s __ 1 

ax It + k It N.] IJI d~dn ax ax 1 o , (8.2.9) 
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11 
4 aN. 

l!l 4 4 aN. 
where L </>. 1 L </>. 1 = =-at i=l 1 all at t.t 

i=l 1 all 
(8.2.10) 

21 
4 aN. 

~ 2 4 aN. 
I 1 I 1 = </>i~ =- </>i~ ax i=l ax t.x i=l 

(8.2.11) 

ax at 

IJI al; al; t.xt.t (8.2.12) = = -8-
ax at -

and 
aNI 

all aN all 
1 1 1 = 4(1+11) , - = -(1+1;) al; all 4 

aN
2 1 aN2 1 

ar- = - -(1+11) , - = -(I-I;) 
4 all 4 

aN
3 1 

aN
3 1 (8.2.13) 

= - 4(1-11), - -(I-I;) al; all 4 
aN

4 1 aN
4 1 

= -(1-11) -= - -(1+1;) al; 4 all 4 ) 

Let us now consider a group of four elements as given in Fig.(8.2.2). 

In these elements, the integration (8.2.9) are performed such that the N. 
1 

are chosen to correspond with ith element, i=1,2,3,4. 
t. ~lX+--

2 1 2 - t+t.t 

38 4 38 
l _ _ _ ____ ... t+t.t/2 

r2 1 2 

P84 38 4 
x-t.x x x+t.X - - - - - t 

FIGURE (8.2.2) 

For the 1st element, the integration (8.2.9) leads to 

A (l)~(l) A(l)~(l) A(l)~(l) A(l)~(l) a 
1 ~1 + 2 ~2 + 3 ~3 + 4 ~4 = , (8.2.14) 

where, 

= t.x + f.. t.t + kt.t 
6 6t.x 12 

t.x e: t.t kt.t 
=u-"6iX-12 

t.x e: t. t kt. t for element 1 (8.2.15) 
=-u-uiX-2"4 

A(1) = _ t.x + ~ t.t + kt.t 
4 6 12 t. x 24 
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Similarly for the second, third and fourth elements, the integration 

(8.2.9) results 1n similar finite element equations of the form: 

4 
I = 0 , k=2,3,4, (8.2.16) 

i=l 
where 

I1x E: I1t kl1t =----+--12 6 I1x 12 

= I1x + .£ I1t + kl1t 
6 6 I1x 12 

I1x E: l1t kl1 t --+-----
= 6 12 I1x 24 

for element 2 (8.2.16a) 

I1x E: 11 t kl1 t -----+--
12 12 I1x 24 

I1x ~ I1t + kl1t 
= 12 - 12 I1x 24 

for element 3 (8.2.16b) 
I1x E: I1t kl1t =--+-----
6 6 I1x 12 ' 

and finally, 

A (4) = I1x +...£ I1t + k/1t 
1 6 12 I1x 24 

(4) I1x E: 11 t kl1 t 
A2 = 12 - 12 I1x - 2"4" 

for element 4 (8.2.16c) 
I1x E: 11 t kl1t =--------
12 6 I:!.x 12 

The totality of these finite element equations for the four elements 

is now given in molecular form by Fig. (8.2.3). If these elements are 

suitably chosen to be within the jth, (j+!)th and (j+l)th time-levels and 

(i-1)th, ith and (i+1)th vertical space-lines, we can obtain from (8.2.9) 

the following relationship which can be regarded as a grouped finite 

element equation centered at point (i,j+~). 
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(j +1) th 

i-l,j+l i ,j+l i+l,j+l 

(j+!)th 

i-l,j+~ i ,j+~ i+1,j+~ 

~ jth 

i-l,j i+l,j 

FIGURE (8.2.3): Group Finite Element Equation 

1 r e: kr tsx + 1 r e: 1 r e: kr tiX) 
(12 - 12 - ""2"4) ~i-l,j+l (3 + 6) ~i,j+l + (12 - 12 + ""2"4 ~i+l,j+l 

2 r=!1t/(!1x) . (8.2.17) 

The formulae (8.2.17) will be meaningful if the components on the 

(j+~)th line are weighted with factors 8 and (1-8) to (j+l)th and jth 

time-levels respectively which will then produce the six-point formulae, 

i.e. , 

1 re: kr!1x 1 re: 
[11 - 12(1+48)- ~(1+48)]~i_l,j+1 + [3 + 6(1+48)]~i,j+1 

1 re: ( kr!1x j. 1 re: 
+[12 - 12 1+48) + ~( +48)]~i+l,j+1 + [- 12 - 12(5-48) 

kr!1x 
- ""2"4(5-48)]~i_l,j 

1 re: 1 re: kr"x 
+ [- 3 + 6(5-48)]4>i,j+ [- 12 - 12(5-48) + zt-(5-48)Hi +l ,j = O. 

(8.2.18) 
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Therefore the six-point formulae (8.2.18) which is obtained from the 

integration (8.2.9) in any four adjacent elements can be regarded as a 

finite element system for approximating the solution of (8.1.1). This 

system will lead to a tridiagonal system of equations which is easily 

solved by any of the standard algorithms for solving banded linear systems. 

By a Taylor's series expansion, the formula (8.2.18) can be shown to 

approximate the equation (8.1.1) at point (i,j+~) with the error term, 

2 2 
T = kr~x (28-l)~ + ~t ~ 

(8.2.18) 3 xt 24 ttt 
k~x2 2 

+ -- ~ + ~ k~ + 
6 xxx 8 xtt 

O~al,a2~4, a l +a2=4. 

Thus, we have the result, 

2 
T(8.2.l8) = O(~t + (~x) ) , 

whilst for 8=! or r=l, it can be easily seen that 

2 2 
T(8.2.l8) = O«~t) + (~x) ) . 

(8.2.19) 

(8.2.l9a) 

(8.2.20) 

For the pure diffusion equation (i.e. £=1, k=O), the equation (8.2.18) 

reduces to 

1 1 1 
12 [1-r(1+4S)]~i_l,j+l+ 6[2+r(1+46)]~i,j+1 + 12[1-r(1+48)]~i+1,j+l 

1 1 1 
= - [1+r(5-4S)H· . + -[2-r(5-4e)H· . + -12[1+r(5-48)H. 1 . 12 ~-l,J 6 ~,J ~+ ,J 

(8.2.21) 

with the corresponding truncation error term given by, 
~t2 ~x2 a1 a 2-1 

T(8.2.2l) = ~ ~ttt + --6--(1+2r(1-28)]~xxt + O(~x ~t ). (8.2.22) 

= 0(~x2+M2) • 

Again, we have that for r=l, 8=3/4, 

2 4 
T(8.2.2l) = O(~t +~x ) . (8.2.23) 

To analyse the stability of equation (8.2.18) then rewriting in the 

matrix form, 
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(8.2.24) 

and the equation (8.2.21) as 

[1.I r ( 1 3 + 12 1+4e)TM_1 + 12 VM_1 ] ~+1 = 1 r ( 1 [3I - 12 5-4e)TM_l + l2'M-l 11j +E.2' 

where, 

T
M

_
l 

= 

S 
M-1 

V = M-1 

2 -1 

-1 2 
"- ..... 

.... 
, 

o 
-1 
"-
, ...... , .... , 

...... ' ' .... 

0 
, ...... ', " 

-1 2 -1 

-1 2 

0 1 

-1 0 1 0 , ... , 
...... , , , ... , , 

..... .... ... , .... 
0 

, .... , , , , , ... 
-1 0 1 

-1 0 

0 1 

1 ... 0 ... 1 ... 0 
, ..... 

, 
... , 

... " ' ..... ...... ..... 
... .....' 

0 
... ..... 

'1 '0 1 

1 0 

(8.2.25) 

(8.2.26) 

(8.2.27) 

(8.2.28) 

T 
1· =[~1 ·'~2 ·'···'~M-2 ·'~M-l .] and E.l' E.2 are the column vector associated 

:J ,J,J ,J,J 

with the boundary values. 

Since T and V are commutative, the modulus of the eigenvalues of the 

matrix of coefficients of the system (8.2.25) is given by, 

+ -l. A 
12 s,V

M
_

l 

, s=1,2, ... ,M-l, 

1. - ~(5-4e)A 
3 12 s,T

M
_

l 

1 
+ - A 12 s,V

M
_

l 
1 r 3 + 12(1+4e)A s T 

, M-l 
(8.2.29) 
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where A T and AS V are the sth eigenvalues of the matrices T_l 
s'M-l ' M-l M 

and V
M

- l respectively. These eigenvalues are given by 

A 2 + 2' S1T = 4 4sin 2 S1T (8.2.30) = S1n M - , 
s '~-l 2M 

and 2 A S1T 
- 4sin S1T 

(8.2.31) = 2 sin - = 2 s,V
M

_
l M 2M 

Thus, from (8.2.29)-(8.2.31) it can be easily shown that the scheme 

(8.2.25) is unconditionally stable for ~~e~l and conditionally stable if 

for o~ed. (8.2.32) 

For the scheme (8.2.24) of the diffusion-convection equation, S1nce 

S is not commutative with T and V, a theoretical investigation on the 

stability condition is rather difficult to accomplish. However, from the 

stability of the scheme (8.2.25) and the results obtained from the numerical 

experiments (see Section 8.7) improved stability range for the scheme 

(8.2.24) is indicated. 
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8. 3 THE BOUNDARY VALUE TECHNIQUE 

Introduction: 

So far we have been studying the solution of parabolic p.d.e.'s by 

means of step-by-step procedures as an initial value problem. In the case 

of an elliptic problem, however, boundary value procedures are the usual 

ones to use. Here, the technique constitutes a system of algebraic equations 

to be solved in as many unknowns as there are interior node points in the 

reg~on of interest. Clearly, one disadvantage which ar~ses in this case 

~s the amount of computer storage required. However the recent development 

of the high-speed computer with a large storage facility has, to a certain 

extent, overcome this problem. 

Recently, attention has been focused on converting a parabolic equation 

with known boundary conditions to an equivalent elliptic form and to apply 

boundary value techniques rather than the usual step-by-step procedures 

which are associated with initial value problems. The work related to this 

technique can be found in Greenspan, D. (1967) and (1974), Carasso, A. (1968), 

Carasso, A. and Parter S.V. (1970) and Evans, D.J. (1979). Implementation 

of the B.V.T. in solving some parabolic problem can be found in Danaee, 

A. (1980) and Danaee, A. and Evans D.J. (1981). 

The aim of this work is to apply this strategy to a finite element 

formulation for solving the diffusion-convection equation. In the following 

example we illustrate the technique for a simple finite difference 

formulation of the diffusion convection equation. 

Procedure: 

Consider the parabolic initial-boundary value problem, 

a<jJ.it l! - = e: 2 + f(x,t,<jJ,,, ) , e:>0 
at ax aX 

(8.3.1) 

to be solved over the region R={(x,t): O~x~l, O~t~T }, where the solution 
00 
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q,(x,t) of (8.3.1) attains a known steady-state value 1'Cx) as ~. The 

appropriate initial and boundary conditions are given by, 

<j(x,O) = fO(x) 0$C~1 t=O , 

<j(O,t) cfl
l 
(t) t>O , (8.3.2) 

and Kl,t) = cfl2 (t) t >0. 

The approach proposed by Greenspan (1967) is as follows. 

Assume that the problem (8.3.1) is approximated by a finite-difference 

formulae in the region R. Interpret these formulae as a system of algebraic 

equations for the approximation to cfI(x,t) at all the interior mesh points of 

R. We now solve this system, subject to the given initial and boundary 
...." 

conditions and given data q,=cfI(x) at t=Tw • If the scheme is consistent with 

the differential equation, then it is possible that the solution of the finite 

difference equations is an approximation to q,(x,t) at the mesh points 

(Carasso, A. 1968, p.3). 

Greenspan chose the well-known unstable Richardson scheme to apply 

the BVT. For this application the formula does not suffer from the well 

known instability when used to solve a linear parabolic problem with time-

independent coefficients. 

The complete analysis of the technique was given later by Carasso, 

A. (1968). He discussed the convergence of the technique and evaluated 

the rate of convergence of the method for linear problems with time-

independent coefficients. 

Carasso, A. (1968) also shows the failure of the BVT to solve the 

parabolic equation, 

~ = a
2

q, + 7r
2q, 

at ax2 + sin nx. cos t , O<x<l, t>O 

which had been attempted by Greenspan earlier. 

Finally, as the technique normally leads to a large linear or nonlinear 

system of equations, iterative methodsof solution to the problem are essential. 

Various iterative procedures using the BVT can be found in Danaee, A., (1980). 
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8.4 ITERATIVE METHODS OF SOLUTION 

Consider the problem specified by (8.3.1)-(8.3.2) and use a five-point 

finite difference approximation to represent (8.3.1)-(8.3.2) as follows: 

cp • • 1 - cp • • 1 = 2re:(cp. 1 .-2cp •• +cp. 1 .) 
~,J+ ~,J- ~-,J ~,J ~+ ,J 

cp. 1 .-cp. 1 . 
2 k f( ~+,J ~- ,J) 

+ tit. x,t,CPi,j' 2tix (8.4.1) 

where r=tit/(tix)2, i=1,2, ... ,M-1, j=1,2, ... ,N-l. 

We now consider the case when f is a linear function, in particular 

when f=-kl! , k>O and rewrite (8.4.1) accordingly. Then using a row-wise ax 
ordering of the mesh points in the region R, the totality of the difference 

equations (8.4.1) produced in this way yields an (N-1)x(N-1) block linear 

system of the form, 

where 

with 

B. = 
~ 

L 

, 
"" , 
"" " " " " " " " " " ", , " , 

~-3 BN_ 2 CN_ 2 o 

A + B + C, 

~-2 BN_1 (N-1)x(N-l) 

-4e:r 2e:r-krt.x 

2e:r+ktix -4e:r 2e:r-krt.x o --
2e:r+krtix -:'4e:r 2e:r-krtix 

o 
2e:r+krtix -4e:r (M-1) x (M-1) 

(8.4.2) 

(8.4.3) 

(8.4.4) 

C =-1 i (M-l)x(M-1)' Ai = I(M-l)X(M-1) , i=1,2, ... ,N-1, 

and b is obtained by inserting the known boundary values when applied to 

equation (8.4.1). 

Similarly, a co1umn-wise ordering of the mesh points in the region R 



leads to a (M-l)x(M-l) block linear system, 

where, """ 
Bl C

l 
"" - ..... 
A2 B2 C

2 (1 
"'" ..... .... ..... 

..... ..... ..... ..... ..., 
L = "- "- ..... = A + B + C 

" "- ..... 
..... .... 

..... ..... .... 

" .... .... 
0 """ ...... "...., 

'\-3 B C 
M-2 .... M-2 -

l\i-2 BM- l (M-l) x(M-l) 

with 
-4rE -1 

1 -4rE -1 0 
"- , , , - .... " 

, 
B. = .... , .... 
~ 

0 
.... , 

'1 

,.. 
C. = (2 Er-krf!x) I and 
~ 

.... 
"- .... 

.... 
-4rE: -1 

1 
rJ 

A. = (2Er+kr~x)I, 
~ 

where I is the unit matrix of order (N-l)x(N-l). 

i=1,2, ... ,M-l, 
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(8.4.6) 

(8.4.7) 

'" From the block tridiagonal structure of the matrices Land L, we can 

consider block iterative schemes for the solutions of (8.4.2) and (8.4.5) 

respectively. Here each block of unknowns consists of all the points u .. 
~,J 

~n a row (for (8.4.2» or a column (for (8.4.5» of the grid. 

Then, the block Jacobi method for (8.4.2) ~s given by, 

n = -(A+C)f +!:., 

and the block successive overrelaxation method by, 

(B+wA)f(n+l) = -[wC+(w-l)B]f(n) + wb , 

or f(n+l) = -(B+wA)-1{wC+(w-l)B}1(n) + W(B+wA)-l!:. , 

(8.4.8) 

(8.4.9) 

where the subscript n denotes the iteration cycle and w the block over-

relaxation parameter. 

-1 
For the convergence of the block Jacobi method we require p(-B (A+C»~l. 

From (8.4.3) and (8.4.4) the eigenvalues of (-B-l(A+C» are given by 



~p,q = 

. q1T 
1 COS N 

Therefore the maximum eigenvalue 
1 cos ]I 

N 
~ . = 
max 

cos 
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q=l(l)N-l, 

p=l(l)M-l. 

(8.4.10) 

(8.4.11) 

Alternatively we have for the system (8.4.5), the block Jacobi 

simultaneous method is given by 

"" (n+l) "'" "V ...., 

Bi = -(A+C)f + ~ , 

and block successive overrelaxation method by, 

.- ,..., ( n+ 1 ) "" "" ....... 
(B+wA)f = -[wC + (w-l)B]f + wb . 

From (8.4.6)-(8.4.7) 

~ p,q 

--1 ........... 
the eigenvalues of [-B (A+C)] 

[(2£r)2-(kr~x)2]! cos ~ 
= 

2r - i cos .9..1!. 
N 

The maximum eigenvalue is then given by 

[(2£r)2-(kr~x)21! cos 1T/M 

2r - i cos 1T/N 

..,.. 
~max = 

(8.4.12) 

(8.4.13) 

are given by 

(8.4.14) 

(8.4.15) 

From the S.O.R. theory (Young, 1971) we can find the optimum over-

relaxation parameter w so that the spectral radius of the block SOR opt 

methods, i. e. , -1 
p[-(B+wA) {wC+(w-DB)}], (8.4.16) 

(for the equation (8.4.9» and 

,..., "V "V - 1 "" "" 
p[-(B+wA) {wC+(w-l)B}] (8.4.17) 

(for the equation (8.4.13» are minimised. According to the theorem 

given by Young (1971), we have, 

w opt 
2 (8.4.18) 

-1 --1 '" 'V where A=y+io are the complex eigenvalues of [-B (A+C)] or [-B (A+C)] 

contained in an elliptical region with major and minor axes y and 0 . 

Also if (8.4.l7a) or (8.4.l7b) are denoted by peL ), then 
w 
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peL ) = [ y.o r w 
1+h'-cl-0

2
) opt 

(y+o)(w -1) 
= 

opt (8.4.19) (y-o) 

and the approximate number of iterations n is given by, 

log [p (L )] 
w opt 

n ::: log(eps) 

where eps is the convergence criterion. 

The system (8.4.2) was tested with several diffusion-convection 

problems. These experiments can be found in Section (8.7) later in the 

Chapter. The main purpose for these experiments is for comparison with 

the finite element formulation of the B.V.T. discussed later in this 

chapter. 



400 

8.5 A NINE-POINT FINITE ELEMENT FORMULA 

The nine-point formula is obtained by using a similar approach to 

that given in Section (8.2) except that a different size of rectangular 

element (Fig. 8.5.1) is chosen. 

2 n 1 

1 
lit 

i '--------"4 3 ___ ~~ lIx 'f-~ __ _ 

FIGURE (8.5.1) 

When such elements are grouped together as shown in Fig. (8.5.2) then a 

similar formulation to that in (8.2) leads to a different series of values 

for A~j), i,j=1,2,3,4 (see (8.2.14)-(8.2.16» namely, 
1 

A (1) = 
1 

fix + f. lit + ~ lit 
6" 3 lIx 6 

A(1) 
2 

A (1) 
3 

A(l) 
4 

A (2) 
2 

= 

= 

= 

= 

lIx e: lit k - - - - - - lit 
12 3 lIx 6 

lIx e: lit k - - - - - - -lit 12 6 lIx 12 

lIx e: II t k 
- - + - - + -ilt 

6 6 lIx 12 

lIx + f. lit - ~ lit 
6 3 lIx 6 

lIx e: lit k 
- 6" + "6 lIx - 121i t 

_ lIx _ f. lit + ~lIt 
12 6 lIx 12 

lIX e: lit k 
= IT - "3 lIx + 6" Ii t 

lIx e: lit k 
= - 6" + "3 lIx - "61i t 

= _ lIx _ £ lit + ~t 
12 3 lIx 6 

lIx e lit k = - - - - + - lit 12 6 lIx 12 
lIx e: lit k 

= 6" + 6" lIx - IT lit 

first element 

(8.5.1) 

second element 

third element 
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A(4) !1x .f. !1t + k!1t = - -+ 
4 6 3 !J.x 6 

A(4) = b.x + e: !1t + ~b.t 
1 6 0" b.x 12 

A(4) b.x e:!1t k = -- - - - - -b.t 2 12 6 b.X 12 

fourth element 

A(4) b.x e: b.t k = - - - - - - -b.t 3 12 3!1X 6 

----+tsJ+--

1 
b.t 

i 

tz 2 1 

8 ,)8 ~ p 
1 L 1 

j+l 

j 

(0 0 
~ 4 3 4 j-l . . i-I 1 1+1 

FIGURE (8.5.2) 

Since the time-interval for each element is now taken as !J.t, then 

when the four elements are used as indicated a formula involving three 

time-levels (Fig. (8.5.2» is obtained. 

The totality of these four elements leads to a nine-point formula, 

centred at (i,j) which is 

2 krb.x 4 2 krb.x 
+[- -3 e:r - -- ],!, + -;;-E3 r'!' .. + [- -3 e: r + --],!, 3 'I'i-l,j '1'1,] 3 'I'i+l,j 

11k 1 1 1 
+[- 12 - ~r - 12 rb.x]cf>i_l,j_l + 3(-1+e: r )cf>i,j_l + [- 12 - 6E r + 

krb.x 
~Jcf>i+l,j_l=O' 

(8.5.2) 

Using Taylor's ser1es expansion, the equation (8.5.2) can be shown 

to approximate 

T 
(8.5.2) 

(8.1.1) at 

b.t
2 

= -6- cf>ttt 

point (i,j) with the resulting error term, 
2 2 2 ell el2-l 

+ kb.x + ~ k + b.x 0 ( ) 
--6-- cf>xxx 6 cf>xtt 6 cf>xtt + b.X!J.t , 

(8.5.3) 
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This nine-point formulae can be used to solve a parabolic problem 

using a boundary value technique when considering the solution over the 

closed region and assuming the existence of the steady-state solution 

~(x) as t~. 
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8.6 THE BOUNDARY VALUE TECHNIQUE FOR A FINITE ELEMENT NINE-POINT FORMULA 

We now consider in detail the B.V.T. formulation of the nine-point 

formula (8.5.2). Both row-wise and column-wise ordering of the mesh 

points will be considered. 

For the row-wise ordering, a (N-I)x(N-I) block linear system similar 

to (8.4.2)-(8.4.3) is obtained with, 

4 2 kr~ -rr (- -rr + -3-) 

2 _ kr~) 4 2 + kr~x) (- -;:-£r y:r (- -;:-£r 
3 3 3 3 , ... " 0 , " " " 

, 
" " B = ... " " 1. ... , 

" " 
... , ... 

2 _ kr~x) 4 2 kr~x) (- -;:-£r )€r (- -;:-£r +--
3 3 3 3 

0 2 (- ~r _ kr~x) 4 
3 3 )€r 

(M-I) x (M-I) 

I 
3(1 +sr) ( I I kr~x) II - ~r + 12 

C.= 
1. 

and 

A. = 
1. 

I I 
(lI - ~r 

0 

1 -(sr-1) 
3 

_ kr~x) I I I krllx) 3(1+sr) (lI - ~r +~ 12 12 
...... ...... ...... ... ...... .... 

.... .... ...... 
...... ..... .... 

.... .... .... ... ..... 
I 1 _ krllx) I 1 I 

(lI - ~r 12 3(1+sr) (lI - ~r 

11k (- II - ~r + 12 rllx) 

1 1 krt.x 
(- - - -;-sr - --) 

11k (- II - 6£r + lIrllx) 12 6 12 -
o 

. .... ... -- -- ..... -(_ ~ _ ~r _ krllx) 
12 6 12 

0 

+ krllx) 
12 

(_ ~ _ hr _ krllx) 
12 6 12 

for i=i,2, ... ,N-1. 

(8.6.1) 

(M-1)x(M-1) 

(8.6.2) 

H-Ix(M-1) 
(8.6.3) 
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Similarly a column-wise ordering of the mesh points leads to a 

n1-l)x(M-1) block system of equations as given in (8.4.5)-(8.4.6) with 

1 4 1 -(e:r-l) -rr )(e:r+1) 0 3 .... ...... ..... 
"'" ..... ..... ....... 
B.= .... ..... ...... .... 

l. ..... .... .... 
.... ..... ..... 

.... .... 
0 1 4 1 -(e:r-l) -rr )(e:r+l) 3 

1 4 -(e:r-l) -rr 3 

2 kr~x 1 1 kr~x 
-rr +-- ~r+1"2 3 12 

1 1 kr~x 2 kr~x 
- - - -:;-€r +-- - ~r +--12 6 12 3 3 

...... ....... 
-v ..... ...... 
C.= .... ..... 

....... 
l. ...... 

1 1 kr~x 

0 
- - - -:;-€r +--12 6 12 

and 2 kr~x 1 1 kr~x 
- ~r --- 12- ~r ---

3 3 12 

1 1 kr~x 2 kr~x - -- ~r --- - ~r ---
12 12 3 3 

..... .... 
...... ...... 

..... ..... ..., 
'-A.= ..... 

l. 
..... 

...... 
1 1 kr~x - - - -;;::r ---

0 12 6 12 

for i=1,2, •.. ,M-l. 

(8.6.4) 

(N-1)x(N-1) 

1 1 kr~x 
12-~r +--

0 12 
..... 

"' ..... 
....... ...... 

..... .... 

2 kr~x 1 1 kr~x - -,:;-£r +-- 12-~r +1"2 3 3 

1 1 kr~x 2 kr~x - - - -:;-€r 
12 6 

+--
12 

- -;:;-£r 
3 

+--
3 

1 1 kr~x 
12-~r ---

12 
....... 

..... 
....... 

...... 
.... ...... 

'-
... 

2 kr~x 1 1 - -;:;-£r --- 12-~r 3 3 

1 1 
- - - ~r 

12 6 
kr~x ---

12 
2 - -;:;-£r 
3 

(N-l) x(N-J 

(8.6.5) 

0 

kr~x ---12 

kr~x ---
3 N-l)x(N-t 

(8.6.6) 

For the row-wise ordering the block simultaneous method and block 

SOR method are given by equations (8.4.8) and (8.4.9), respectively, 

whilst for the co1umn-wise ordering they are given by equations (8.4.12) 

and (8.4.13). 
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'" "'" -v The matrices A.,B.,C. and A.,B.,C. in (8.6.1)-(8.6.6) are 
111 111 

much 

more complex and consequently more difficult to handle theoretically. 

Hence resort to numerical experiments was considered sufficient for our 

purposes. 
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8.7 NUMERICAL EXPERIMENTS 

The following numerical experiments were carried out for computational 

justification of the theoretical analysis:-

Experiment 1 

The equation (8.1.1) subject to the initial condition, 

<t>(x,O) = a 

and the boundary conditions, 

<t>(O,t) = ° 
<t>(l,t) = 1 

(8.7.0 

(8.7.2) 

was considered. The various schemes considered in this chapter were 

tested and the results are given in Tables (8.7.1)-(8.7.3). The solutions 

from these schemes are compared with the exact solution which is given by 

<j>(x,t) = 
00 

+ 2 L (-On n~ k(x-l)/2£ 
2 2 e 

n=l (n~) + (k/2e;) 

222 
sin(n~x) e-{n ~ £+ k /4£}t]. (8.7.3) 

A comparison is also made with the Crank-Nicolson scheme. An observation 

on the optimum relaxation parameter w for FDS and FEM9 with respect 
opt 

to the ratio k/£ is also made (Table (8.7.4». The convergence criteria 

is denoted by £ps. 

In these experiments it can be observed that the results of FEM and 

FEM9 are in good agreement with the exact solution and are more accurate 

than those obtained from FDS. It can also be seen that the F&~9 requires 

a slightly higher iteration number than FDS. The variation of w with 
opt 

respect to k/£ is noticeable. 

Experiment 2 

The equation (8.1.1) subject to the initial condition, 

kx/2£ 
<I>(x,O) = e x(l-x) , O~x~l, (8.7.4) 
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and the homogeneous Dirichlet boundary conditions 

~(O,t) = ~(l,t) = 0, t>O, (8.7.5) 

was considered. 

Hx, t) = 

The exact solution to the problem can be shown to be 

I 4 (l-(-l)n) ekx/2£e-[(nrr)2 + k
2
/4e]t sin(nrrx). 

n=l (nrr)3 

(8.7.6) 
(Appendix 3). 

A comparison of the results obtained from the exact solution with the 

solutions obtained from the schemes discussed in this chapter are made 

(Tables (8.7.5)-(8.7.7». Similar observations on the relation of the 

ratio k/£ with the optimum relaxation parameter are also made (Table (8.7.8». 

In these experiments, the results of FEM and FEM9 are consistent 

with the exact solution. The solutions of FD5 are however not in close 

agreement with the exact solution. This is due to the linear system 

becoming almost singular and hence gives a non-unique numerical solution. 

As expected due to the homogeneous nature of the problem the solutions 

are a multiple of an arbitrary constant. For k=l, e=l, the solutions of 

FD5 are a mUltiple of 2 in comparison with the exact solution and for 

k=l, £=0.5, they are the multiples of 1.16. Therefore for this particular 

problem FEM9 possesses clear advantages over FD5. 

Experiment 3 

The equation (8.1.1) subject to the initial condition, 

~(x,O) = 0, O<x~l, 

and the mixed boundary conditions, 

~(O,t) I, 

~ (l,t) = 0, x 

t~l, 

t>O , 

was considered. The exact solution to the problem is given by. 

u(x, t) = ! {erfc( (x-Aet) /2/ct')+exp (h)erfc( (X+Aet) 12M) 

+exp(A) {(1+!A(2-x+A£t»erfc«2-x+A£t)/2M) 

-A/(et/rr)exp(-(2-x+Aet)2/4et )} , 

(8.7.7) 

(8.7.8a) 

(8.7.8b) 

(8.7.9) 
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where 'A.=k/€ (Siemieniuch J.t. and Gladwell,!., 1976). 

The finite element formula (S.2.l8) was tested and the results 

obtained are compared with the exact solution (Tables (S. 7 .9}-(S. 7 .11». 

For small €, oscillations in the solution at small time-levels occur. 

This oscillation slowly decays as the time is increased. 
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k=l.O, r=l.O, t=0.5~ ~x=O.l 

EXACT SOL. CNCD FEM FD5 FEM9 x 
~t=O.Ol ~t=O.Ol ~t=O.l ~t=O.l 

0.0 0.0000 0.0000 0.0000 0.0000 0.0000 

0.1 0.0604 0.0604 0.0604 0.5972 0.0604 

0.2 0.1273 0.1272 0.1273 0.1259 0.1273 

0.3 0.2014 0.2012 0.2014 0.1993 0.2014 

0.4 0.2835 0.2833 0.2835 0.2809 0.2835 

0.5 0.3745 0.3745 0.3745 0.3717 0.3746 

0.6 0.4754 0.4752 0.4754 0.4726 0.4754 

0.7 0.5873 0.5870 0.5873 0.5847 0.5872 

0.8 O.7tll 0.7110 0.7112 0.7092 0.7111 

0.9 0.8483 0.8482 0.8483 0.8472 0.8486 

1.0 1.0000 1.0000 1.0000 1.0000 1.0000 

TABLE (8.7.1) 

FD5 is the block SOR method with a row-wise ordering of the Richardson's 

5-point F.D. formula. 

FEM is the block SOR method with a row-wise ordering of the 9-point FEM 

formula. 



410 

k-1.0, £-0.1, t-O.s, 6x-0.l 

EXACT SOL. CNCD FEM FD5 FEM9 x 
6t=0.01 6t-0.Ol 6t=0.1 6t-0.1 

0.0 0.0000 0.0000 0.0000 0.0000 0.0000 

0.1 0.0299 0.0298 0.0298 0.0291 0.0298 

0.2 0.0669 0.0664 0.0667 0.0653 0.0668 

0.3 0.1134 0.1126 0.1131 0.1108 0.1132 

0.4 0.1719 0.1710 0.1716 0.1685 0.1717 

0.5 0.2458 0.2447 0.2454 0.2418 0.2456 

0.6 0.3389 0.3376 0.3384 0.3344 0.3386 

0.7 0.4554 0.4541 0.4549 0.4511 0.4551 

0.8 0.6004 -0.5993 0.6000 0.5968 0.6001 

0.9 0.7797 0.7790 0.7795 0.7776 0.7797 

1.0 1.0000 1.0000 1.0000 1.0000 1.0000 

TABLE (8.7.2) 

k~1.0, £=0.5, t=0.5, 6x=0.1 

EXACT SOL. 
CNCD FEM FD5 FEM9 

x 6t=0.01 lIt=O.Ol lIt=O.l lIt=O.l 

0.0 0.0000 0.0000 0.0000 0.0000 0.0000 

0.1 0.0000 0.0000 0.0000 0.0000 0.0000 

0.2 0.0000 0.0000 0.0000 0.0000 0.0000 

0.3 0.0003 0.0002 0.0001 0.0002 0.0001 

0.4 0.0012 0.0006 0.0005 0.0007 0.0005 

0.5 0.0042 0.0025 0.0021 0.0025 0.0021 

0.6 0.0136 0.0091 0.0085 0.0090 0.0085 

0.7 0.0424 0.0314 0.0308 0.0309 0.0308 

0.8 0.1256 0.1030 0.1027 0.1020 0.1027 

0.9 0.3589 0.3253 0.3255 0.3241 0.3255 

1.0 1.0000 1.0000 1.0000 1.0000 1.0000 

TABLE (8.7.3) 



k=1.0, ~x=O.l, ~t=0.1 

FD5 -7 
(eps=10 , T=5.0) FEM9 -7 (eps=10 , 

ratio 
Iteration Iteration k/e w opt Number Number 

1.0 20 0.8 

2.0 34 0.6 

10.0 53 0.5 

TABLE (8.7.4) 

k=1.0, e=1.0, t=0.5, ~x=O.l 

EXACT SOL. CNCD FEM 
x 

~t=O.Ol ~t=O.Ol 

0.1 0.000529 0.000555 0.000513 

0.2 0.001059 0.001110 0.001025 

0.3 0.001532 0.001606 0.001483 

0.4 0.001893 0.001984 0.001831 

0.5 0.002092 0.002193 0.002022 

0.6 0.002091 0.002193 0.002020 

0.7 0.001869 0.001961 0.001805 

0.8 0.001427 0.001498 0.001378 

0.9 0.000787 0.000828 0.000761 

TABLE (8.7.5) 

k=1.0, £=0.5, t=0.5, ~x=O.l 

EXACT SOL. CNCD FEM 
x tit=O.Ol tit=O.Ol 

0.1 0.005803 0.005996 0.005801 

0.2 0.012199 0.012609 0.012178 

0.3 0.018555 0.019186 0.018497 

0.4 0.024104 0.024935 0.023996 

0.5 0.028005 0.028985 0.027843 

0.6 0.029429 0.030476 0.029223 

0.7 0.027655 0.028660 0.027432 

0.8 0.022190 0.023021 0.021995 

0.9 0.012865 0.013380 0.012761 

TABLE (8.7.6) 

26 

45 

69 

FD5 
~t=O.l 

0.001012 

0.002024 

0.002929 

0.003620 

0.004002 

0.004001 

0.003578 

0.002733 

0.001511 

FD5 

0.006730 

0.014152 

0.021533 

0.027985 

0.032531 

0.034204 

0.032167 

0.025837 

0.015017 

411 

T= 5.0,) 

w opt 

0.725 

0.50 

0.36 

FEM9 
~t=O.l 

0.000497 

0.001001 

0.001449 

0.001790 

0.001977 

0.001975 

0.001765 

0.001344 

0.000737 

FEM9 
M=O .1 

0.005796 

0.012171 

0.018486 

0.023981 

0.027825 

0.029204 

0.027416 

0.021982 

0.012749 



412 

k=1.0, E=O.l, t=0.5, ~x=O.l 

EXACT SOL. CNCD FEM FD5 FEM9 x 
~t=0.01 L\t=O.Ol L\t=O.l 

0.1 0.0230 0.0196 0.0227 0.0205 0.0227 

0.2 0.0721 0.0640 0.0720 0.0668 0.0720 

0.3 0.1635 0.1506 0.1650 0.1566 0.1650 

0.4 0.3165 0.3016 0.3230 0.3127 0.3230 

0.5 0.5485 0.5400 0.5657 0.5584 0.5657 

0.6 0.8601 0.8453 0.8968 0.9038 0.8968 

0.7 1. 2067 1.2722 1.2726 1.3125 1.2727 

0.8 1.4456 1.5848 1.5438 1.6347 1. 5438 

0.9 1. 2513 1.4342 1. 3560 1.4794 1. 3560 

TABLE (8.7.7) 

k=1.0, L\x=O.l, ~t=O.l 

FD5 
-7 

(Eps=10 ,T=5.0) FEM9 
-7 

(Eps=10 , T=20.0) 
ratio Iteration Iteration k/E w w opt Number opt Number 

1.0 21 0.75 53 0.70 

2.0 35 0.60 94 0.50 

10.0 52 0.50 156 0.35 
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k=1.0, E=l.~, t=0.5,~x=O.1 

x 0.0 0.1 0.2 0.3 0.4 0.5 

EXACT 1.0000 0.9957 0.9618 0.9276 0.8940 0.8622 

FEM 1.0000 0.9721 0.9423 0.9116 0.8811 0.8518 

x 0.6 0.7 0.8 0.9 1.0 

EXACT 0.8335 0.8090 0.7901 0.7780 0.7737 

FEM 0.8251 0.8022 0.7844 0.7728 0.7687 

TABLE (8.7.9) 

k=1.0, E=0.5, t=0.5, ~x=O.l 

x 0.0 0.1 0.2 0.3 0.4 0.5 

EXACT 1.0000 0.9603 0.9115 0.8574 0.7998 0.7411 

FEM 1.0000 0.9587 0.9106 0.8572 0.8001 0.7418 

x 0.6 0.7 0.8 0.9 1.0 

EXACT 0.6844 0.6330 0.5909 0.5623 0.5518 

FEM 0.6853 0.6340 0.59l8 0.5629 0.5518 

TABLE (8.7.10) 

k=1.0, E=O.l, t=0.5, ~x=O.l 

x 0.0 0.1 0.2 0.3 0.4 0.5 

EXACT 1.0000 0.9756 0.9278 0.8511 0.7449 0.6162 

FEM 1.0000 0.9765 0.9305 0.8569 0.7550 0.6306 

x 0.6 0.7 0.8 0.9 1.0 

EXACT 0.4777 0.3448 0.2313 0.1482 0.1121 

FEM 0.4952 0.3630 0.2469 0.1568 0.1073 

TABLE (8.7.11) 



8.8 CONCLUSIONS 

From the above numerical experiments and accompanying analysis, it 

is clear that the six-point FEM formula, as far as stability and 
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accuracy are concerned, are computationally acceptable. The applicability 

of this method to other problems such as the Burger's equation are 

considered promising but need further detailed investigations before a 

final conclusion can be given. 

For the B.V.T. using the 9-point FEM formula, beside being slightly 

computationally expensive (in terms of the iteration number and storage 

requirement), its consistency to provide the solution to model problems 

as opposed to FDS need to be taken into account 1n the final analysis. 
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CHAPTER NINE 

SPECIAL ~lISCELLANEOUS TOPICS 



9.1 NUMERICAL SOLUTION OF THE DIFFUSION-CONVECTION EQUATION (BY 

ARTIFICIAL DIFFUSION) 

416 

Consider initially the first-order hyperbolic equation in one space 

dimension 
~+v~=O at ax (9.1.1) 

where v>O is a constant. One finite-difference method for approximating 

this problem at the point (i,j+!) is given by (Peaceman, D.W., 1977, p.7S) 

u .. 1-u .. 1.,J+ 1.,] 
t:.t 

v 
+ A [6 (u. 1 • 1-u . 1 • 1) + (1-6) (u. 1 • -u. 1 .) ] =0 

uX 1.+ 2 ,J+ 1.- 2 ,J+ 1.+2,J 1.-2,J 

where 
U. 1 = Wll. +(l-w)u. 1 ' 1.+2 1. 1.+ 

and 0~6,w~1 are weighting parameters. 

The substitution of (9.1.3) into (9.1.2) gives the difference 

approximation for equation (9.1.1) as 

t:.t 
- v A[6{(1-w)u. 1 . 1+(2w-1)u .. 1-wu . 1 . I}] 

uX 1.+ ,J+ 1.,J+ 1.- ,J+ 

+(1-6){ (l-w)u. 1 . +(2w-1)u .. -WU. 1 .} 
1.+ ,J 1.,J 1.~,J 

The special equation of interest is for the case when w=~, i.e., 

vt:.t vt:.t 
---6u +u .. +-- u1.'+l,J'+l= 2t:.x i-1,j+1 1.,J+1 2t:.x 

vt:.t vt:.t 
-2 -(1-6)u. I . + U •• - -2' (1-6)u. 1 .. t:.x 1.-,J 1.,J u X 1.+ ,J 

(9.1.2) 

(9.1.3) 

(9.1.4) 

(9.1.5) 

An analysis of the stability of (9.1.5) by Fourier series will after some 

algebraic simplification finally require the condition, 

2 !Y I = ~ 1 (9.1.6) 

where t..=vt:. t/t:.x. 

This requirement 1.S satisfied only for all 6>! and not for 6<!. 

2 For 6=!, y =1. Therefore, equation (9.1.5) is unconditionally §table 

for all t.. for 6<! and tneutrally stable' for e=!. 
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Truncation Error 

To analyse the truncation error associated with the difference 

approximation (9.1.5), we expand each of the terms about the point m~t 

where, m = (l-e)j + e(j+1) • 

Now from Taylor's series, we have, 

u .. 1 1,]+ 

u .. 
1,] 

so that, 

u .. 1-u .. 1,J+ 1,] 
~t 

In addition, 

au 
= (-;;:-t). 

o 1,m 

2 
(au). . 1 = (a au) .. + (l-e)M(~ u

a
). + 0(~t2) 

ax 1,J+ x 1,m ot x 1,m 

au 
(-;;:-). . 

oX 1,J 

so that, 

a a2
u 2 = (" u). _ e~t (~). + O(~t ) 

oX 1,m otox 1,m 

From the definition of local truncation error (see Section 2.G ) 

and as, 

therefore, 

u .. l-u .. 1.,J+ 1,J 
~t 

au 
+ v(~). oX ~,m 

+ (~). 
at ~,m 

u. 1-u . 1 1+ ~-

2~x 

EL = -v [e(~u). '+1 + (l-e)(~u). .] oX ~,J aX 1,J 

au 
v (::;-). 

aX ~,m 

au 2 
+ (~). + O(~x ) . 

at ~ ,m 

u .. 1-u .. 1.,J+ 1,J 
~t 

+ 

Substitution of equation (9.1.8) and (9.1.9) into (9.1.12) yields, 

(9.1.7) 

(9.1.8) 

(9.1.9) 

(9.1.10) 

(9.1.11) 

(9.1.12) 



au au a2 au 
E:L = -v(-). - (~t)1·,m - O-e)~t(~). + v(-). + 

ax 1,m a at2 1,m ax 1,m 

au 2 2 
(-;;-). + O(~t ) + O(~x ) 
at 1,m 2 

= (S-!)~t(a ~). + O(~x2) + O(~t2) 
at 1,m 

Now, differentiation of equation (9.1.1) w.r.t. t gives, 

a
2

u a
2
u a

2
u 

at2 = -v atax = -v axat 

while differentiation w.r.t. x gives, 

a2
u 

-~ 
ax 

2 a2
u 

v --

ax
2 
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(9.1.13) 

(9.1.14) 

Then, a substitution into equation (9.1.13) gives the final form for the 

local truncation error as 

a2 2 2 
E: = V~XA(8-!)(--I). + O(~x ) + O(~t ) . 

L ax 1,m 
(9.1.15) 

Thus, by solving the difference equation (9.1.5) we are, 1n effect, solving 

the diffusion-convection problem, 
2 
~ _ vau = au 

ax2 ax at 

where 
D = V~XA (8-D 

with the local truncation error of 

convection problem (9.1.1). 

A = v!J.t 
~x 

2 2 
O(~t +~x ), 

(9.1.16) 

rather than the pure 

Hence, an alternative strategy of solving the diffusion-convection 

problem 

is by choosing 

E: 

au 
at 

~t 

v -
k 

1.e. ~t = kv(S-! ) 

(9.1.l6a) 

such that, 

D 
E: 

(for simplicity v is assumed 1). (9.1.17) 

Since the diffusion constant E: in the difference approximation (9.1.5) 

1S artificially defined from the truncation error, the method for solving 



419 

the diffusion-convection equation 1n this way is called the artificiaZ 

diffusion method. 

From (9.1.17) we can see that if €«k (for example, €=0.01, k=l.O, 

8=1, ~t=0.02), the time step ~t required is reasonably small and acceptable. 

However, if € and k are of a similar order the ~t required is no longer 

reasonable as the terms 0(~x2+~t2) from the truncation error will contribute 

to error build up, and then the 'physical' diffusion term has to be taken 

into account. Hence the following statement can be stated: 

Given the diffusion-convection problem (9.l.l6a) and €«k, then the 

finite-difference analogue (9.1.5) of the hyperbolic equation (9.1.1) 

with 
~t· = kv(8-!) , v=l, 

actually solves the equation (9.l.l6a) with a truncation error of 0(~x2+~t2) 
2 rather than solving equation (9.1.1) with a truncation error of O(~t+~x ). 

Numerical Example 

Numerical experiments have been carried out to justify the above 

analysis and the equation (9.l.l6a) was solved with the initial condition, 

u(x,O) = 0 , O<x<l 

and boundary conditions, 

u(O,t) = 1 t>O 

dU 
ax(l,t) O. t>O 

The analytical solution is given by 

(9.1.18) 

(9.l.l9a) 

(9.l.l9b) 

u(x,t) = !{erfc«x-A€t)/2~) + exp(Ax)erfc(x+A£t)/2/€t)} 

+exp(A){(1+!A(2-x+A€t»erfc«2-x+A€t)/2~) 

where A=k/€, 

2 
-A/(€t/~)exp(-(2-x+A€t) /4€t)}, (9.1.20) 

as given in a prev10us chapter. Some of the results obtained are shown 



in Figs. (9.1.1)-(9.1.4). The results were found to be qualitatively 

acceptable for this problem. 
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The method was also tested using the model problem with Dirichlet 

boundary conditions. However results are not included here as they are 

unacceptable. Further results are required to explore whether this 

strategy is applicable for a wider range of problems. 
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9.2 THE GE METHOD FOR THE HYPERBOLIC EQUATIONS OF SECOND ORDER 

Consider the simple hyperbolic problem of the vibrating string, 

2 2 
~ - ~ = 0 (9 2 1) 

2 2 
. • 

at ax 
~n the domain R={(x,t): O~x~l, t~O} satisfying the following initial 

condi tions , 

u(x,O) = fl (x) } au O~x~l , (9.2.2) 
-at(x,O) = f2 (x) 

and boundary conditions, 

u(O,t) = gl(t) } for all t>O . (9.2.3) 
u(l,t) = g2(t) 

We shall assume that these initial and boundary conditions are given with 

sufficient smoothness to maintain the order of accuracy of the difference 

scheme under consideration. 

This type of problem can be solved using the classical explicit 

scheme (Gerald, C.F., 1978, p.435) to result in the formula, 

2 2 
u. . 1 = 2(1-p )u. . + P (u. 1 . +u. 1 . )-u. . l' p=!!.t/ !!.x, 
~,J+ ~,J ~-,J ~+,J ~,J-

(9.2.4) 

which is stable for O<p~l and with truncation error, 

2 1 2 a4
u 

T .. = (M!!.x) [-12(P -1)4 
~,J ax 

1 4 a
6ul + -(p -1)- + 

360 ax 4 •. 
~ ,J 

... ] . (9.2.5) 

i,j 

For p=l, the truncation error vanishes and so an exact difference 

representation of (9.2.1) is obtained as, 

u~,J'+l = u. 1 . + U. 1 . - u .. 1 . 
L ~-,J ~+,J ~,J-

(9.2.6) 

Of the unconditionally stable schemes, the implicit approximation, 

u .. = 
~,J 

1 2 (.:;:.04
1 

2 u. . 1 + ~2 2 u. . + ~4 2 u. . 1)' 
(!!.x) x ~,J+ x ~,J x ~,J-

(9.2.7) 

is most attractive. Its truncation error is, 

2 1 2 a4
u 1 2 4 2 a6

u 
(!!.x) {- 12(4p +1) -4 - 720(6X) (13p +15p +1)-6 + ... }. 

ax ax 
i,j ~,J (9.2.8) 
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Other implicit schemes are due to Lees (1962), Fairweather and Mitchell 

(1965), Samarskii (1964) and D'Yakonov (1963). In all these cases, the 

solution of a tridiagonal system of equations is required at each time 

step. 

Now, we explore the possible extension of the G.E. methods to other 

types of problems in p.d.e.'s in order to avoid the solution of implicit 

systems of equations. Thus the GE method will be applied to this problem. 

Consider the points (i,j) and (i+1,j) and at these points approximate 

the equation (9.2.1) by 

and 

u. . 1-2u . . +u. . 1 1.,j+ 1.,j 1.,j- u. . 1-u . . 1-u . . l+u . 1 . 1 1.+1,j+ 1.,j+ 1.,J- 1.- ,j- (9.2.9) = 
(M)2 

u. 1 . 1-2u . 1 .+u. 1 . 1 1.+ ,j+ 1.+,J 1.+ ,j-

(M)2 
= 

(t.x) 2 

u. . 1-u . 1 . l-u. 1 . l+u . 2 . 1 1.,j+ 1.+ ,j+ 1.+ ,j- 1.+ ,j-

(t.x)2 
(9.2.10) 

respectively. 

The combination of equations (9.2.9) and (9.2.10) leads to the system 

u. . 1 2 0 u.. 1 +p 0 u.. 1 1.,j+ 1.,j 1.,j-

[ J ~ J [ ] 2 [ ] 

U i + 1 • j + 1 ~ 0 2 U i + 1 • j -[ 0 1 +p ~ U i + 1 • j -1 

+ (9.2.11) 

which can be expressed explicitly by, 

~ .. 1 J 1. , j + 

ui +1 ,j+1 

I 
=-s; 

2 
where t.=1+2p , (Fig. (9.2.1». 



2 2 
p (l+p ) 

i-l,j-l 

i-l,j-l 

i,j 

i,j -1 

2 2 (l+p ) 

2 2 
-(l+p ) 

i ,j-l 

i+l,j 

2 2 
/----1 -p (1 +p ) 

i+l,j-l 

i+l,j+l 

i+l,j 

2 11=1+2p 

i+2,j-l 

2 2 
-(l+p ) 2 2 p (l+p ) 

i+l,j-l i+2,j-l 

Computational molecule of scheme (9.2.9) 

FIGURE (9.2.1) 

At every time-level, if we assume there are an odd number of unknown 

points, we will always have a single ungrouped point, i.e. either (l,j+l) 
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or (~l,j+l) at each end of the range of integration. As the value of the 

boundary points are known, these points can be approximated by, 



or 

1 2 2 2 
U 1 ,j+1 = -....;;;.~2- {p U O,j+1+2u1,j-(1+p )u1,j-1+P U 2 ,j-1} 

(l+p ) 
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(9.2.13) 

1 2 2 2 
um-1,J·+1 = 2 {p u ·1+2u 1 .+p U 2 . l-(l+p)u 1· I}' (9.2.14) (l+p) m,J+ m-,J m- ,J- m- ,J-

Now the GE concept LS developed from equations (9.2.1~-(9.2.1t). 

The GEL is the combination of equation (9.2.1~) (for (l,j+1» and equation 

(9.2.12)(for i=2,4, ••• ,m-2). This scheme is expressed compactly by 

(I+p2Gl)~+1 = 2I~ - (I+p2G2 )Uj _1 + ~1 ' (9.2.15) 

where, 

with 

1 ! , I l 
- ~ - -- - -, - -- - -:- -: - -- --

11 -1' 
I I I I 

: -1 1: I 
- -, - - - - -1- - - - ,.j - 0 -- --

, '1 -1: ' 
I I 

--r------
I 
I 

I 

-1 I' I • ____ I-_L __ _ 

,\ , 
I \ 

.I--\~----. 
:1 -1 

--:- - 0-

1 

I , , 
I 

-1 

-11 , 
11 

, 
r1 1 

I - - - - - - - - - - ,-
, -1' 
,I , I, f) 
'-I 1 I ' 

----~---T--~---~-
I' , I 
I , , 

-T- --,----1--o 1 -1 I 

I I ' I 
I I 1-1 1 I 

--- ------- -- - --- i--
, • I I 1 ,! I 

b
T 2 2 

-1 = [p Uo . l'O, ••• ,O,p u . 1] ,J+ m,J-

T 
u. = [u1 ., u2 ., ••• , u 2 ., U 1· ] • 
-J ,J,J m-,J m-,J 

(9.2.16) 

(9.2.17) 

and 

~eanwhi1e the GER scheme is the combination of equation (9.2.12)(for 

i=l,3,S, ••• ,m-3) and equation (9.2.1~) (for (m-l,j+l). This leads to the 

system, 
2 2 

(I+p G2)~+1 = 2I~ - (I+p G1)uj _1 + ~2 ' (9.2.18) 

where 
T 2 2 

b2 [p Uo . l'O, ••• ,O,P u . 1]· - ,J- m,J+ 
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Finally, the (S)AGE and (D)AGE are then defined by, 

(I+p2Gl)u. 1 = 2Iu. - (I+p2 G2 )u. 1 + b
l -J+ J -J-

2 2 } (9.2.19) 

and 
(I+p G2)uj +2 = 2Iu j +l - (I+p Gl)uj + b2 

2 
(I+p Gl)u. 1 = 

-J+ 
2 

( I +p G
2

) U • 2 = 
-J+ 

2 
(I +p G2) ~ + 3 = 

2 
. (I+p G/~. +4 = 

respect1vely. J 

Truncation Error 

2 
2Iuj - (I+p G2)uj _l + ~l 

2 
2Iu. 1 - (I+p Gl)u. + b2 -J+ -J -

2Iu. 2 -J+ 

2Iu. 3 -J+ 

2 
(I+p Gl)u. 1 + b2 -J+ -

2 
(I+p G2)u. 2 + b 

-J+ -1 

(9.2.20) 

The estimate of the truncation errors of the above method can be found 

by expanding the terms in (9.2.1D-(9.2.l~) as a Taylor series expansion 

centred at (i,j) and (i+l,j), (l,j) and (mrl,j) respectively. 

For the first equation of (9.2.12)the truncation error is given by 

T = ( -2p ) 
9.2.9(i) 1+2p2 

223 
~ + (2p )~t a u + 
axat 1+2p2 ax2at 

(9.2.21) 

and for the second equation of (9.2.12) the truncation error 1S given by 

~ a2u 2 3 1 1 ( Lp) ____ + (2p )~t a u + ( 2) 
2 axat 2 2 --Z 1+2p 1+2p ax at 1+2p ~t 

T9 • 2 • 9 (ii) 

a l a 2 
O(~x ~ t ) , (9.2.22) 

where a l +a 2=4, 0~al,a2~4. 

The expression for the truncation errors above indicate a possible 

inconsistency of the method in approximating the solution ot (9.2.1) if 
2 

the derivative ~x~t in the solution domain is significant. This is 

supported by the remark in Saul'yev (1964, p.86) where the asymmetrical 

type of approximation for the solution of second order hyperbolic equation 

is stated to be a class of divergence approximations. This conclusion 



430 

therefore excludes the possibility of extending the strategy further for 

hyperbolic equations. Due to this the stability analysis of the method 

was abandoned. 

Numerical Examples 

For computational confirmation the (D)AGE method was tested with the 

following problems:-

(a) 
222 

flex) = 100x , f 2 (x) = 20Ox, gl(t) = lOOt and g2(t) = 100(1+t) • The 

exact solution can be easily verifed as (Ames, 1977, p.197) 

u(x,t) = 100(x+t)2 • 

(b) flex) = s~n ~x, f 2 (x) = 0, gl(t) = g2(t) = O. The theoretical 

solution is given by (C.D. Smith, 1978, p.199), 

u(x,t) = sin ~x cos ~t • 

(9.2.23) 

(9.2.2~) 

For both cases, the solution for various values of p are computed and they 

are displayed in Tables (9.2.1)-(9.2.2). In both cases the method is 

unstable when p~l. 
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Problem (a) 

~ x=O.l, t=1. 0 

EXACT 
p=O.l p=0.2 p=0.5 p=1.0 

x f). t=O.Ol f).t=0.02 f). t=O. 05 Llt=O.l 

0.0 100.00 100.00 100.00 100.00 100.00 

0.1 121.00 120.97 120.97 120.55 121. 73 

0.2 144.00 143.98 143.92 144.77 137.10 

0.3 169.00 169.01 169.04 168.39 167.97 

0.4 196.00 196.01 195.98 196.14 187.37 

0.5 225.00 224.99 225.02 224.65 231. 52 

0.6 256.00 256.01 255.98 256.75 256.64 

0.7 289.00 289.01 289.04 288.50 291.11 

0.8 324.00 323.98 323.92 324.25 321. 07 

0.9 361.00 360.97 360.97 360.40 363.64 

1.0 400.00 400.00 400.00 400.00 400.00 

f).x=O.l, t=2.0 

EXACT 
p=0.2 p=0.5 p=1.0 

x Ll t=0.02 Llt=0.05 Llt=O.l 

0.0 400.00 400.00 400.00 400.00 

0.1 441.00 441.03 441.06 472.59 

0.2 484.00 484.08 484.13 439.75 

0.3 529.00 529.05 528.72 486.15 

0.4 576.00 575.98 576.60 588.27 

0.5 625.00 624.95 624.51 627.83 

0.6 676.00 675.98 675.95 684.51 

0.7 729.00 729.05 728.98 729.41 

0.8 784.00 784.08 784.75 822.08 

0.9 841.00 841.03 840.58 873.84 

1.0 900.00 900.00 900.00 900.00 

TABLE (9.2.1) 
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Problem (b) 

t.x=O. 1, t=1. 0 

x ZXACT 
p=O.l p=0.2 p=0.5 p=l.O 
t.t=O.Ol t.t=0.02 t.t=0.05 ~t=O.l 

0.1 -0.30902 -0.30893 -0.30891 -0.31473 -0.59725 

0.2 -0.58779 -0.58761 -0.58741 -0.53656 -0.70066 

0.3 -0.80902 -0.80877 -0.80858 -0.80630 -1.48030 

0.4 -0.95106 -0.95077 -0.95044 -0.94524 -1.51631 

0.5 -1.00000 -0.99970 -0.99943 -1.00654 -1. 83855 

~x=O.l, t=2.0 

x EXACT 
p=0.2 p=0.5 
M=0.02 ~t=0.05 

0.1 0.30902 0.30854 0.32242 

0.2 0.58779 0.58703 0.57551 

0.3 0.80902 0.80779 0.80196 

0.4 0.95106 0.94982 0.95034 

0.5 1.00000 0.99861 1.01464 

TABLE (9.2.2) 
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9.3 A NEW STRATEGY OF SOLVING SECOND ORDER HYPERBOLIC EQUATIONS USING 

ASSYMMETRIC FORMULAE 

In this section we \vill explore how the assynunetry formulae are able 

to approximate the solution of the equation (9.2.1) in different ways in 

order to overcome the difficulties experienced in the previous section. 

To do this, we define a new variable q=q(x,t) such that, 

au 
q = at . 

Therefore, the equation (9.2.1) is now written by, 

2 
h = l.2! at 2 ' ax 

with the initial conditions, 

u(x,O) fl (x) , 

q (x,O) = f2 (x) 

and boundary conditions, 

q(O,t) = gi(t) 

q(l,t) = g2(t) 

in addition to the conditions (9.2.3). 

(9.3.1) 

(9.3.2) 

(9.3.3) 

(9.3.4) 

The equation (9.3.2) is now in almost a parabolic form and hence the 

assynunetrical formulae discussed ~n the previous chapters are now possible. 

The Formulation 

At the point (i,j+!) the equations (9.3.2) and (9.3.t) are approximated 

by, 

and 

respectively. 

qi,j+l-qi,j 
t.t 

1 
-~2 {u. 1 . l-u. . l-u. . +u. 1 .}, (9.3.5) (t.x) ~+ ,j+ ~,j+ ~,j ~- ,j 

qi ,j +1 +qi ,j 
2 

Whilst at point 

u .. l-u .. 
~,j+ ~.j 

L'lt 

(i+l ,j +0 they 

(9.3.6) 

are approximated by, 

qi+l ,j +l-qi+l,j = __ l~ 
2 {u .. l-u. 1 . l-u, 1 .-l'U. 2 .}, (9.3.7) 

.A..t (~.x) ~,j+ ~+ ,j+ ~+ ,j 1+,j 

and 



= 

respectively. 

u. 1 . l-u. 1 . 
~+,]+ ~+ zJ 

lit 
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(9.3.8) 

The equations (9.3.5)-(9.3.6) can be simplified to (Fig. (9.3.1», 

2 2 2 2 
-p u. 1 . 1+(2+p )u .. 1 = (2-p )u .. + P u. 1 .+2litq .. , (9.3.9) 

~+ ,J+ ~,J+ ~,J ~- ,J ~,J 

and the equations (9.3.7)-(9.3.8) are simplified to, 

2 2 
-p u. . 1+(2+p )u. 1 . 1 = 

~,]+ ~+ ,J+ 
2 2 

(2-p )u. 1 .+p u. 2 .+2litq. 1 .,(9.3.10) 
~+ ,J ~+ ,J ~+ ,] 

From these formulations, the following algorithms are possible. 

The Algorithms 

1. The equations (9.3.9) and (9.3.10) can be implemented individually as 

a semi-explicit method. That is, 

1 2 2 2 
u .. 1 = 2 {p u. 1 . 1+(2-p )u .. +p u. 1 .+2litq .. }, 
~ , J + ( 2 +p ) ~ + ,J + ~ , J ~ - , J ~ ,J 

(9.3.11) 

for the negative direction calculation, and 

1 2 2 2 
u .. 1 = 2 {p u;-1,J·+l+(2-p )u .. +p u. 1 .+2litq .. }, 
~ , J + ( 2 +p )... ~ , J ~ + , J ~ , J 

(9.3.12) 

for the positive direction calculation. In both cases, q is given by 

2 
q;,J·+l = -;:-t (u .. l-u .. ) - q. . • (9.3.13) 

... LI ~,]+ ~,J ~,] 

2. The equations (9.3.11) and (9.3.12) are implemented alternately. 

3. At every time-level, the average to the solutions of (9.3.12) and 

(9.3.13) is regarded as the approximate solution to (9.2.1). 

4. The equations (9.3.9) and (9.3.10) can be implemented as a Group 

Explicit method whose implicit system is given by, 

[2+~ 
2 _p2j r Uo 0 1 

[2:P 
2 

2-:2] 
[Ui,j 1 + 26t [: :j r>: 0] 

~ ,J +1 = 

2+p2 lui+1,j+1J -p ui+l,j l ~+ ,J 

[p2UO _1 oj + ~,] (9.3.14) 2 
p u. 2 . 

~+ ,J 



..... (_2_+p_2..,.)_U_,., ,------10 

i-l,j 

i,j +1 

2 
1------4 (2-p )u+2lltq 

i,j 

2 
(2+p ) u 

i ,j+l i+1,j+l 

2 
(2-p )u+2l1tq 

i +1 ,j 

i+l,j+l 

i+2,j 

Computational molecule for schemes (9.3.9) and (9.3.10) 

FIGURE (9.3.1) 

2 2 
p (2+p )u 

i-l,j 

i,j 

i ,j+l 
2 

II =4(1+p ) 

i+l,j 

i+l,j+l 

\--_-1 (4-1) 4) u + 
2M (2+1)2)q 

i+l,j 

Computational molecule for scheme (9.3.15) 

FIGURE (9.3.2) 

i +2,j 

2 2 
p (2+p )u 

i+2,j 
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[

u. . 1 1 1..] + 

ui +l ,j +1 

+ 

2 
with ~=4+4p , for any group of 2-points. For the ungrouped point 

near the boundary, equation (9.3.11) or (9.3.12) is used, depending 

on the position of the point. From (9.3.15), (9.3.11) and (9.3.12), 

the GEL, GER, (S)AGE and (D)AGE scheme as previously discussed can 

also be developed. 

For truncation errors, then by using Taylor's expansion it can be 

lit 2 2 
shown that the approximations (9.3.5) and (9.3.7) are of O(lIx +(lIx) +(lIt) ) 

with the coefficients to (~~) being of opposite sign. Therefore, for 

2 2 algorithms (2) and (3), the accuracy is approximately of O«lIx) +(lIt) ). 

As this technique was discovered at the end of the research programme 

and the time for a detailed analysis was limited, therefore the theoretical 

analysis of stability was not vigorously pursued. However, the following 

numerical results were considered sufficient to indicate the stability 

regions. 

The Numerical Experiments 

The two model problems considered in the previous section were again 

used for testing the various schemes in this section. Among the schemes 

chosen was the schemes, GEL, GER, (S)AGE and algorithm (2). Numerically, 

for problem (a), we found that algorithm (2) are unconditionally stable 

tlt and the GEL, GER, (S)AGE schemes are stable for p~~l. Some of the 

numerical results are given in Tables (9.3.1)-(9.3.4). Furthermore the 
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(S)AGE and Algorithm (2) schemes yield more accurate results compared to 

those given by the GEL and GER schemes. 

For problem (b), the results of which are given ~n Tables (9.3.5)-

(9.3.6), the inaccuracy of GEL and GER schemes are clearly seen as they 

only give acceptable results for p=O.l and the results show signs of 

divergence for p=0.5. The reason for this divergence is that the contribution 

of the truncation errors affects the consistency of the solution to the 

original problem. Hence, the condition for convergence (Lax Theorem) is 

not fulfilled. 

From the above results, we can conclude that the use of assymmetric 

formulae for the solution of second order hyperbolic equations is possible 

(as opposed to Saul' yev's remark mentioned earlier) provided the problem 

is reformulated as a parabolic equation. 

Problem (a) 

x=O.l, 6t=0.01, r=l.O, 

x EXACT 

0.0 100.000 

0.1 121.000 

0.2 144.000 

0.3 169.000 

0.4 196.000 

0.5 225.000 

0.6 256.000 

0.7 289.000 

0.8 324.000 

0.9 361.000 

1.0 400.000 

6t p=-- = 0.1, t=1.0 
6x 

ALGORITHM 2 GEL 

100.000 100.000 

121.004 120.855 

144.010 143.856 

169.014 168.814 

196.016 195.834 

225.017 224.803 

256.020 255.835 

289.017 288.794 

324.010 323.840 

361.005 360.850 

400.000 400.000 

TABLE (9.3.1) 

GER (S)AGE 

100.000 100.000 

121.086 120.985 

144.052 144.105 

169.062 168.892 

196.002 196.026 

225.029 224.992 

256.005 256.039 

289.046 288.893 

324.041 324.098 

361.094 360.972 

400.000 400.000 
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Problem (a) 

6x=0.l, ~t=0.05, r=5.0, p=0.5, t=5.0 

x EXACT ALGORITHM ( 2) GEL GER (S)AGE 

0.0 2500 2500 2500 2500 2500 

0.1 2601 2601 2600 2602 2601 

0.2 2704 2704 2704 2704 2704 

0.3 2809 2809 2808 2810 2809 

0.4 2916 2916 2916 2916 2916 

0.5 3025 3025 3024 3026 3025 

0.6 3136 3136 3136 3136 3136 

0.7 3249 3249 3248 3250 3249 

0.8 3364 3364 3364 3364 3364 

0.9 3481 3481 3480 3482 3481 

1.0 3600 3600 3600 3600 3600 

TABLE (9.3.2) 

Problem (a) 

6x=0.1, 6t=0.1, r=10.0, p=1.0, t=5.0 

x EXACT ALGORITHM (2) GEL GER (S)AGE 

0.0 2500 2500 2500 2500 2500 

0.1 2601 2600 2608 2606 2601 

0.2 2704 2703 2698 2706 2704 

0.3 2809 2808 2797 2798 2809 

0.4 2916 2915 2925 2914 2916 

0.5 3025 3024 3027 3035 3025 

0.6 3136 3135 3126 3139 3136 

0.7 3249 3248 3245 3256 3249 

0.8 3364 3363 3369 3363 3364 

0.9 3481 3481 3488 3469 3481 

1.0 . 3600 3600 3600 3600 3600 

TABLE (9.3.3) 
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Problem (a), ALGORITHM (2) 

llx=O.l, t=10.0 

x EXACT r=20,p=2.0 r=50.0,p=5.0 r=100,p=10.0 
llt=0.2 llt=0.5 llt=1.0 

0.0 10000 10000 10000 10000 

0.1 10201 10196 10188 10154 

0.2 10404 10398 10384 10355 
0.3 10609 10600 10585 10560 

0.4 10816 10804 10790 10768 

0.5 11025 11011 10999 10981 
0.6 11236 11222 11211 11197 

0.7 11449 11438 11427 11417 
0.8 11664 11656 11647 11641 

0.9 11881 11877 11872 11869 
1.0 12100 12100 12100 12100 

TABLE (9.3.4) 

Problem (b) 

llx=O.l,llt=O.Ol, r=1.0, p=O.l, t=1.0 

x EXACT ALGORITHM (2) GEL GER (S)AGE 

0.1 -0.3090 -0.3091 -0.3086 -0.3095 -0.3091 
0.2 -0.5878 -0.5879 -0.5877 -0.5881 -0.5879 
0.3 -0.8090 -0.8091 -0.8093 -0.8091 -0.8092 
0.4 -0.9511 -0.9511 -0.9513 -0.9512 -0.9512 
0.5 -1.0000 -1.0001 -1.0002 -1. 0003 -0.0002 

llx=0.1,llt=0.05, r=5.0, p=0.5, t=5.0 

x EXACT ALGORITHM (2) GEL GER (S)AGE 

0.1 -0.3090 -0.3067 -0.4701 0.0355 -0.3084 
0.2 -0.5878 -0.5840 -0.6741 -0.5002 -0.5855 
0.3 -0.8090 -0.8043 -0.8868 -1. 2080 -0.8062 
0.4 -0.9511 -0.9458 -0.8061 -1.0940 -0.9472 
0.5 -1.0000 -0.9946 -0.7060 -0.7059 -0.9961 

TABLE (9.3.5) 
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Problem (b) 

~x=O.l, ~t=O.l, r=10.0, p=1.0, t=10.0 

x EXACT ALGORITHM (2) (5) AGE 

0.1 0.3090 0.2381 0.3125 

0.2 0.5878 0.4580 0.5906 

0.3 0.8090 0.6325 0.8069 

0.4 0.9511 0.7456 0.9455 

0.5 1.0000 0.7853 0.9928 

0.6 0.9511 0.7464 0.9452 

0.7 0.8090 0.6341 0.8077 

0.8 0.5878 0.4638 0.5895 

0.9 0.3090 0.2437 0.3122 

TABLE (9.3.6) 
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9.4 THE GROUP EXPLICIT METHOD INCORPORATING THE CRANK-NICOLSON FORMULAE 

The GE method can also be developed using different types of formulae. 

In this section, the GE method will be developed utilising the Crank-

Nicolson six-point formulae. For the discussion, consider the one-dimensional 

heat-conduction equation, 

2 
au a u 
- = - , O~~l, t~O , 
at ax2 

(9.4.1) 

in the specified open-rectangle. Without loss of generality, it is assumed 

that the space domain is divided into m, an even number of sub-intervals and 

hence the number of unknown points (i.e. m-l) along the time-level is odd if 

the boundary points are considered known. 

Initially, let us consider the Crank-Nicolson formulae, 

r r r r 
- ~2 . 1 . l+(l+r)u .. 1 - -2 u. 1 . 1 = ~2 . 1 . + (l-r)u .. + ~2 . 1 ., 1- ,J+ 1,J+ 1+ ,J+ 1- ,J 1,J 1+ ,J 

(9.4.2) 

and the assymetric formulae, 

-ru. 1 . l+(l+r)u .. 1 = (l-r)u. + ru. 1 . (9.4.3) 1+ ,J+ 1,]+ 1,] 1- ,J 

and -ru. 1 . l+(l+r)u .. 1 (l-r)u .. + ru. 1 . (9.4.4) 
1- ,J+ 1,J+ 1,] 1+ ,J 

Now, at points (i,j+l) and (i+l,j+l), i=1,3,5, ••• ,m-3, the equation 

(9.4.1) is approximated by the CN formulae (9.4.2) and the assymmetric 

formulae (9.4.4) respectively to form the system, 

r1+r -~ r" " 1 1 
fl-r r/zl iu .. l LH,j+l + h-.. ,j] 

l-r 
1,]+ 

lo 1-~ l"J J l+J U i +1,j+J = 

+ 

Ui +1,j rUi +2 ,j 

(9.4.5) 

and at point (m-l,j+l) it 1S approximated by, 

1 r r r r 
um-l,J·+l = -:"('!"'l-+-r)~ {~2 2· 1 + ~2 . 1 + ~2 2· + ~2 . +(l-r)u l·} m- ,J+ m,J+ m- ,] m,] m- ,] 

(9.4.6) 

resulting from the CN formulae. 
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The equation (9.4.5) can be easily inverted to the explicit system 

(Fig. (9.4.1) 

2 
r 

where t;=1+2r+ -, 
2 

~,]+ [UO 0 1 l 
Ui+1,j+J 

= 

= 

1 
t; 

~. e. , 

1 
t; 

f 1{ r-r r/21 ru .. 1 
l+J L 0 l-J ~:::,J + [ 

l~i-1,j+1+i-l']Jl 
ru. 2 . J 

~+ ,] 

(9.4.7) 

2 
r7 2 r r I 
I (l-r )u .. +ru. 1 .+ -2(1+r) (u. 1 . l+u . 1 ·)+.,,-u2 . 2 : I 

l 
~,] ~+,] ~- ,]+ ~-,] ~+ ']J 

r ( 1-r) u . . + (1- 2
r 2 

) u. 1 . + 2
r 2 

(u. 1 . 1 +u . 1 .) + r ( 1 + r ) 
~,J ~+ ,] ~- ,]+ ~-,] 

u. 2 • 
~+ ,] 

(9.4.8) 

Therefore the system (9.4.8) (i=1,3, ••• ,m-3) and (9.4.6) are used at 

every time-level to form the Group Explicit method with Left ungrouped point 

(GEL) as in Chapter 4. 

Now if at every time level, the equations (9.4.2) and (9.4.3) are used 

at points (i+l,j+l) and (i,j+l), i=m-2,m-4, ••• ,5,3 respectively, they will 

result in the implicit system, 

OJ [U. . l ~ ru. 1· l ~,] ~- ,] 

1-r u. 1 ~1+2r(u. 2· l+u . 2 ·)1 
~+ ':J ~+ ,]+ ~+,] J 

(9.4.9) 

while at point (l,j+l) it is approximated by, 

1 
u = ~..;....~ 
1,j+l (l+r) 

r r 
{-2(uO . l+uO .) + -2(u2 . 1+u2 .)+(1-r)u1 .} 

,J+ ,] ,]+,j ,] 
(9.4.10) 

from the eN formula. 

Similarly, the equation (9.4.9) can be inverted into the explicit 

system (Fig. (9.4.2», 



r 
I(l+r) 

i-1,j+l 

i,j +1 

(f<l+r) )---4 
i-1,j i,j 

i-1,j+1 

0----1 ----

i +l,j 

2 
r 

1l=1+2r+ -
2 

i +2,j 

i-l,j i,j i+1,j i+2,j 

Computational molecule for the scheme (9.4.8) 

FIGURE (9.4.1) 

i,j + 1 

r.(l+r) 

i-l,j i+1,j 

i+l,j+l 

i +2,j 

i-1,j i,j i+1,j i+2,j 
Computational molecule for the scheme (9.4.12) 

FIGURE (9.4.2) 
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i. e. , 

u .. 1 
1 ,J + 

u. 1 . 1 1+ ,J+ 

= 

= 

1 
/), 

1 
/), 

[

+r 

r/2 

r] {[l-r 0] ru .. l 
l+r r/2 1-r L:~:.J + 

I" rUi-l,j l} 
1'::2 (u. 2 . l+u . 2 .)J) U 1+ ,J+ 1+ ,J 
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(9.4.11) 

~ / r2] I (1- -2 )u .. +r(l-r)u .. +r(l+r)u. 1 .+ -2 (u. 2 .+ 1.,J 1,J 1.- ,J 1.+ ,] 

2 u. 2 . 1) 2 1.+ ,J+ ~U •• +(l-r lu. 1 .+ ~2r . 1 .+ -2
r

(1+r) (u. 2 .+u. 2 . 1) 1.,J 1.+ ,J 1- ,] 1+,J 1.+,]+ 

(9.4.12) 

The system (9.4.12) (i=2,4, ••• ,m-2) and (9.4.10) when used at every time-

level forms the Group Explicit method with Right ungrouped point (GER). 

The GEL method, in implicit form can be written as, 

where, 

G '" 
2 

1 

(I+rG
1
)u. 1 -J+ 

-! ; , 
I 

\ 

I 
-1 1 I I 

- - _.J - _ - -i -
I I 

-! I 1 -!I 
- - - - I - - -1-

I i 
1-1 11 

-1- - - - _ ..... 
I " 

I 

0: I 
-1- - -I

I 

'... I I 

"I I -------
-! 11 -! I 

I I 
.L-~_lJ __ 
I 1 , 

-:z I 1 

o 1 1-1 I I ----1--- -,- - - -- ,---,-
-! I 1 -! I ' 

I 01 I 
I 0 1 I -1 , 

-- - - - - - -+-.- - - - - -'- - ---
I ........ 

..... I 
I I .. I 

___ '- ___ I- - - - - _ ....... _, - - - - -i -

I 0 -! 11 -! i 

I 

1 

'0 1 '-1 
-I -

__ 1- ___ ~-

-! : 1 

(9.4.13) 

(9.4.14) 

(9.4.15 ) 
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bT r r] and -1 = [~z Uo . l+uO .),O, ••• ,O'~z U • l+u .) , ,J+,J m,J+ m,J 

while the GER method is given by, 

(I+rGz)u. 1 = (I-rG )u. + _bl • 
-J+ 1 -J 

(9.4.16) 

Similar to the previous discussion the concept can now be developed 

to the (Single) Alternating Group Explicit «S)AGE) and (Double) Alternating 

Group Explicit Methods, i.e., 

(I+rG )u. 1 = (I-rG
2
)u. + b , 

} 
1 -J+ -J -1 (9.4.17) 

(I+rGZ)~+2 = (I-rGl)u. 1 + b l and -]+ -

(I+rGl ) ~ +1 (I-rG
2
)u. + b , 
-] -1 

(I+rG2)u. 2 = (I-rGl)~+l + b 
-]+ -1 (9.4.18) 

(I+rG2)!!.j +3 = (I-rGl)u. 2 + b 
-]+ -1 

. (I+rGl)~' +4 (I-rG2)u. 3 + b 
respect1vely. J -J+ -1 

For the stability of (9.4.16), it is necessary to show that the 

spectral radius of 

(9.4.19) 

in modulus. Since G
2 

and G
l 

are unsymmetric matrices not sharing a common 

eigenvector basis, then no further definitive analytical results can be 

stated. However, the analysis of stability for the schemes (9.4.17) and 

(9.4.18) is possible but due to the limited time available, this will 

appear later in separate reports. 

The truncation errors of the equations in this class of methods, which 

is determined by a Taylor's series expansion, can be shown to approximate 

the equation (9.4.1) with error term T given by, 
2 2 

T :;:; - (l+r) ..tl:- u ~ _ ~ r(1+2r) 
(9.4.l2a) (2+3r) ~ xt 24 ttt 2 (2+3r) 

and 
T :: 

(9.4.l2b) 

u + 
xxt 

(9.4.20) 

fit 1 
2 (1;) (1 +2r) uxxx (9.4.21) 

The results of the numerical experiments will be given at the end of the 

next section. 
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9.5 SOME EXPLICIT PROCEDURES FOR SOLVING THE DIFFUSION EQUATION 

Apart from the above mentioned schemes of the GE class of methods 

there are a few more explicit schemes which are derivable from (9.4.6), 

(9.4.8), (9.4.10) and (9.4.12) respectively. They are as fo11ows:-

(i) For i=1,2, ••• ,m-2, the first equation of (9.4.8), i.e., 

1 2 r r2 
u1',j'+1 =f{(l-r )u .. +ru. 1 ·+-2(1+r)(u. l' l+u . 1') +-=-tl2 . 2 .}, 

u 1,J 1+,j 1- ,j+ 1-,J 1+ ,j 

(9.5. 1) 

is used and for i=m-1 the equation (9.4.6) i.e., 

1 r 
um-1,J'+1 = (l+r) {-2(u 2 . l+u . l+u 2 .+u .)+(l-r)u 1 .}, m- ,J+ m,j+ m-,j m,j m- ,j 

(9.5.2) 

1S used. 

(ii) For i=l, the solution is approximated by the equation (9.5.1) to give, 

1 2 r r2 
U1 ,j+1 = ~ {(l-r )u1 ,j+ru2,j+ Z(l+r) (uO,j+1+uO,j) + Z-U3,j},(9.5.3) 

and for i=2,3, ••• ,m-1 the second equation of (9.4.8) i.e., 

1.S used. 

u .. 1 1,j + 

1 r2 r2 
= f{r(l-r)u. 1 .+(1- -2 )u .. + -2 (u. 2 . l+u . 2 .)+ 

u 1- ,j 1,J 1- ,J+ 1-,j 

+r(l+r)u. 1 .}, 1.+ ,J 

(iii) For i=m-l,m-2, ••• ,3,2, the second equation of (9.4.12), 1..e., 

(9.5.4) 

1 Z r2 r 
u .. 1 = 7 {ru. 1 .+(l-r )u .. + ~Z . Z . + -Z(l+r)(u. 1 .+u. 1 . I)} 1.,]+ u 1.-,J I.,J 1.- ,j 1.+,j 1.+,]+ 

is used and for i=l the equation (9.4.10), l..e., 

1.S used. 

u . 1 1,J + 
1 r 

(l+r) {Z(uO . l+uO .+UZ . l+uZ .)+(1-r)u1 .}, ,j+ ,j ,J+ ,J ,j 

(9.5.5) 

(9.5.6) 

(iv) For i=m-l, the solution is approximated by the equation (9.5.5) to 

result in, 
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2 1 2 r r 
Um-1,j'+1 = 7{ru 2 .+(l-r)u l' +..,,-u2 3' + -2(l+r) 

u m-,j m- ,j m- ,j 

(u .+u . I)}' (9.5.7) m,J m,j + 

and for i=m-2,m-3, ••• ,3,2,1 the first equation of (9.4.12) i.e., 

1 r2 
u';,J' +1 = -;: {(l- -2 )u .. + r(l-r)u. 1 . + r(l+r)u. 1 . + 

.L Ll ~,j ~+ ,J ~- ,J 

is employed. 

2 
r 
-2 (u. 2 . +u. 2 . I)}' 

~+,j ~+ ,j+ (9.5.8) 

(v) Another strategy ~s to use any combination of two of the above four 

strategies at alternating time levels. This alternating use of two 

strategies along the line will normally tend to cancel some truncation 

error terms and will g~ve a better approximation. Examples of possible 

combinations are between strategies (i) and (iii) or strategies (ii) and (iv). 

(vi) An average between two schemes is also an alternative strategy which 

sometimes gives a better approximation. In this case this approach is also 

possible. 

In the numerical experiments, some schemes discussed in this section 

and the previous section were implemented for the problem (9.4.1) with the 

initial condition 
u(x,O) 4x(1-x) , (9.5.9a) 

and the boundary conditions, 

u(o,t) = u(l,t) = 0 • (9.5.9b) 

These results are compared with the analytical solution which is given in 

Section (4.15). Tables (9.5.1)-(9.5.4) show some of the results obtained 

using various values of r. From these tables, we can see that the schemes 

in this section and those of the previous section are stable and acceptably 

accurate. Hence, the extension of these methods to a wide class of problems 

especially for many space-dimensions is recommended before more definitive 

conclusions can be given. 
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~x=O.I, ~t=O.OOl, r=O,I, t=O.l 

x EXACT (D)AGE ALGORITHM ALGORITHM AVERAGE ALGORITHM 
(9.4.18) (9.5)(ii) (9.5)(iv) (ii) & (iv) (v) 

0.1 0.11887 0.11983 0.12083 0.11769 0.11926 0.11925 

0.2 0.22610 0.22788 0.22984 0.22481 0.22732 0.22736 

0.3 0.31119 0.31370 0.21540 0.31070 0.31305 0.31317 

0.4 0.36582 0.36875 0.36948 0.36670 0.36809 0.36827 

0.5 0.38465 0.38774 0.38706 0.38706 0.38706 0.38726 

0.6 0.36582 0.36879 0.36670 0.36949 0.36809 0.36830 

0.7 0.31119 0.31370 0.31070 0.31540 0.31305 0.31323 

0.8 0.22610 0.22797 0.22481 0.22984 0.22732 0.22745 

0.9 0.11887 0.11983 0.11769 0.12083 0.11926 0.11931 

TABLE (9.5.1) 

~x=O.l, ~t=0.005, r=0.5, t=0.5 

x EXACT (D)AGE ALGORITHM ALGORITHM AVERAGE ALGORITHM 
(9.4.18) (9.5)(H) (9.5)(iv) (ii) & (iv) (v) 

0.1 0.00229 0.00239 0.00233 0.00206 0.00219 0.00231 

0.2 0.00436 0.00451 0.00443 0.00399 0.00421 0.00445 

0.3 0.00600 0.00624 0.00599 0.00559 0.00579 0.00616 

0.4 0.00706 0.00733 0.00693 0.00669 0.00681 0.00726 

0.5 0.00742 0.00772 0.00716 0.00716 0.00716 0.00765 

0.6 0.00706 0.00735 0.00669 0.00693 0.00681 0.00728 

0.7 0.00600 0.00624 0.00559 0.00599 0.00579 0.00619 

0.8 0.00436 0.00456 0.00399 0.00443 0.00421 0.00450 

0.9 0.00229 0.00239 0.00206 0.00233 0.00219 0.00234 

TABLE (9.5.2) 
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~x=O.l, ~t=O.Ol, r=1.0, t=O.5 

x EXACT (D)AGE ALGORITHM ALGORITHM AVERAGE ALGORITHM 
(9.4.18) (9.5)(ii) (9.5) (iv) (ii) & (iv) (9.5)(v) 

0.1 0.00229 0.00237 0.00220 0.00175 0.00197 0.00236 

0.2 0.00436 0.00440 0.00417 0.00344 0.00380 0.00465 

0.3 0.00600 0.00620 0.00555 0.00489 0.00522 0.00652 

0.4 0.00706 0.00724 0.00634 0.00594 0.00614 0.00769 

0.5 0.00742 0.00766 0.00645 0.00645 0.00645 0.00813 

0.6 0.00706 0.00732 0.00594 0.00634 0.00614 0.00775 

0.7 0.00600 0.00619 0.00489 0.00555 0.00522 0.00660 

0.8 0.00436 0.00460 0.00344 0.00417 0.00380 0.00484 

0.9 0.00229 0.00236 0.00175 0.00220 0.00197 0.00249 

TABLE (9.5.3) 

~x=O.l, ~t=0.015, r=1.5, t=0.75 

x EXACT (D)AGE ALGORITHM ALGORITHM AVERAGE ALGORITHM 
(9.4.18) (9.5)(ii) (9.5) (iv) (ii) & (iv) (9.5) (v) 

0.1 0.00019 0.00020 0.00015 0.00011 0.00013 0.00024 

0.2 0.00037 0.00035 0.00028 0.00021 0.00025 0.00056 

0.3 0.00051 0.00051 0.00037 0.00031 0.00034 0.00083 

0.4 0.00060 0.00059 0.00042 0.00038 0.00040 0.00079 

0.5 0.00063 0.00063 0.00042 0.00042 0.00042 0.00101 

0.6 0.00060 0.00060 0.00038 0.00042 0.00040 0.00097 

0.7 0.00051 0.00051 0.00031 0.00037 0.00034 0.00068 

0.8 0.00037 0.00039 0.00021 0.00028 0.00025 0.00064 

0.9 0.00019 0.00019 O.OOOll 0.00015 0.00013 0.00033 

TABLE (9.5.4) 
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9.6 THE 3-POINT GROUP EXPLICIT METHOD 

Formulation 

To date the derivation of the GE methods for the solution of one-

dimensional diffusion equations was only limited to a group of 2-points. 

In this section, the method will be extended and developed further by 

using a group of 3-points. 

This 3-point GE method is motivated by higher order formulae, ~.e., 

(3r+2)u. . l-4ru. 1 . l+ru. 2 . 1 
~,J+ ~- ,J+ 1- ,J+ 

= ru. 1 .+3ru. 1 .+(2-4r)u .. 
1- ,J 1+ ,J 1,J 

(9.6.1) 

and 
(3r+2)u. . l-4ru. 1 . l+ru. 2 . 1 1,J+ 1+ ,J+ 1+ ,J+ 

= rUe 1 .+3ru. 1 .+(2-4r)u. . , 1+ ,J 1- ,J ~,J 
(9.6.2) 

as suggested by Liu (1969, Fig. (9.6.1). 

FIGu~E (9.6.1) 

Consider now any three points (i-l,j+l), (i,j+l) and (i+l,j+l) 

along the (j+l)th time-level. At points (i-l,j+l) and (i+l,j+l), we 

approximate the solution of the diffusion equation by the equation (9.6.2) 

and (9.6.1) respectively. Whilst at point (i,j+l), the solution is 
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approximated by the Crank-Nicolson six-points formulae. This approximation 

will lead to an implicit system of (3 x3) equations, 

3r+2 -4r r 

-r 2+2r -r 

r -4r 3r+2 

u. 1 . 1 1- ,]+ 

u .. 1 1,]+ 

u. 1 . 1 1+ ,J+ 

2-4r 

r 

o 

3ru. 2 . 
1- ,J 

o 

3ru·+2 . 
1 ,J 

r o 

2-2r r 

r 2-4r 

u. 1 . 
1- ,J 

u .. 
1,J 

u. 1 . 1+ ,J 

+ 

(9.6.3) 

Since the (3 x 3) matrix on the left-hand side can be inverted easily and 

has the form, 
2 r +5r+2 4r (r+ 1) r(r-l) 

1 r(r+l) 2(2r+1) (r+l) r(r+l) (9.6.4) 4(3r+l) (r+l) 

r(r-l) 4r(r+l) 2 
r +5r+2 

then (9.6.3) can be explicitly represented by (Fig. (9.6.2», 

u. 1 . 1 1- ,J+ 

u. • 1 1,J+ 

u. 1 . 1 1+ ,J+ 

The Method 

1 
4(3r+l) (r+l) 

u .. 
1,J 

u. 1 . 1+ ,J 

2 
2r-14r +4 3 2 -6r +4r +lOr 

2 
lOr -2r 

4r(r+1) 2 
2(r+l)(2+2r-3r ) 4r(r+l) 

2 lOr -2r 
3 2 r 

-6r +4r +10 2r-14r+4 

+ 
2 2 f 3r(r +5r+2)u. 2 .+3r (r-l)u. 2 . 

1- ,J 1+ ,J 
2 2 

3r (r+l)u. 2 .+3r (r+l)u. 2 . 
1- ,J 1+ ,J 

2 2 
3r (r-l)u. 2 .+3r(r +5r+2)u. 2 . J 1- ,J 1+ ,J 

(9.6.5) 

The equation (9.6.5) forms the basis for the 3-point GE method. 

For the complete discussion on the 3-point GE method, a few cases of the 

number of unknown points along the time-level will be considered. These 

are as follows:-

(i) The number of unknown points is an exact mUltiple of 3, 



2 3r(r +5r+2) 

i-2,j 

i-2,j 

2 
3r (r-1) 

4(3r+1) (r+l) 

2 2r-14r +4 

i-1,j 

i-1,j 

2 
lOr -2r 

2 3 
10r+4r -6r 

i,j 

4 (3r+l) 

2 2(2+2r-3r ) 

i,j 

2 3 
10r+4r -6r 

i+1,j 

i +l,j 

4(3r+l) (r+1) 

2 2r-14r +4 
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i+2,j 

i+2,j 

2 3r (r +Sr+2) 

Computational molecule for the scheme (9.6.5) 

FIGURE (9.6.2) 

(H) The number of unknown points is a multiple of 3 with one ungrouped 

point, 

(iii) The number of unknown points 1.S a multiple of 3 with two ungrouped 

points. 

Case (i): 

In this case, for every group of 3-points we use equation (9.6.5). 
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For the whole line of points at any time-level the solution is given by, 

where, 

1 
A=t; 

with 

a
l 

a
2 

a
4 as 

a
3 

a
2 

= Au. + b 
J 

, 
a

3 : a6 , 
a

4 
la 
1 7 
I 

a
l ,as 

- - - - - -- -1--

f:, = 4 (3r+l) (r+l) 

2 
a

l 
2r-14r +4 

a
4 

= 4r(r+l), 

2 
a

6 
= 3r (r-l), 

Case (U) : 

I 

I 

I 

I ___ 1 _____ _ 

I 
a 6 I 

" " .... 
" 

! 
I 
I 0 
I 

I ", ---1'"------ - ---
1 as :a l 

a
2 

a
3 , , 

I 0.
7 

,a
4 as a4 1 , 

a
6 

10. 
I 3 a

2 
a

l 

3 2 a
2 

= -6r +4r +lOr, a
3 

2 
as 2(r+l) (2+2r-3r ) 

2 
and as a 7 = 3r (r+l) = 

(9.6.6) 

(9.6.7) 

2 
lOr -2r , 

2 3r(r +Sr+2) . 

In this case the ungrouped point can be assumed either on the left-

most or right-most boundary at any of each or alternating time-levels. 

For each assumption, the solution at this ungrouped point is approximated 

by equations (9.6.1), 

1 
~-l,j+l = (3r+2) [4r~_2,j+l-r~_3,j+l+r~_2,j+3r~,j+(2-4r)~_1,j] 

(9.6.S) 

for the left-to-right (LR) calculation or by equation (9.6.2), 
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1 
ul,J'+l = (3r+2) [4ru2 . l-ru3 . 1+ru2 .+3ruo .+(2-4r)ul .J ,J+ ,J+ ,],J ,J 

(9.6.9) 

for the right-to-left (RL) calculation. 

Case (iii): 

In this case, the ungrouped points are assumed to be each on the 

left-most and right-most boundary at any time-level J. Initially all 

solutions at grouped points are calculated and then the solutions at both 

ungrouped points are calculated using (9.6.9) and (9.6.8). 

The detailed analysis of stability and the truncation error were 

left for later analysis and further work on this topic will be reported 

later. 

Two of the three cases considered above were tested numerically using 

the problem given in the last section and some of the numerical results 

are presented in Table (9.6.1)-(9.6.3). From the experiments, it can be 

seen that the solutions are in good agreement with the analytical solution 

for r~l. For 1.O<r<2 the (D)AGE solutions are in qualitative agreement 

with the analytical decreasing solution, but for r~2.0, the solutions are 

clearly unstable. For algorithm (i), the clear signals of instability 

immediately occur when r>l. Hence, in this case the (D)AGE method of 

algorithm (ii) is more preferable than algorithm (i). 

For further work the (D)AGE scheme is recommended and the analysis 

on stability and convergence are worthy of further investigation. 



Algorithm (i) 

~ x=O. 1, t=O .1 

x 

0.1 

0.2 

0.3 

0.4 

0.5 

~ x=O . 1 , t =0. 5 

x 

0.1 

0.2 

0.3 

0.4 

0.5 

EXACT 

0.11887 

0.22610 

0.31119 

0.36582 

0.38465 

EXACT 

0.00229 

0.00436 

0.00600 

0.00706 

0.00742 
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r=O.1 r=0.5 r=I.0 

0.12065 0.11724 0.11356 

0.22669 0.22323 0.21879 

0.31033 0.30688 0.30068 

0.36570 0.36077 0.35570 

0.38469 0.37976 0.37329 

r=0.5 r=1.0 

0.00214 0.00196 

0.00408 0.00375 

0.00561 0.00513 

0.00660 0.00606 

0.00694 0.00639 

TABLE (9.6.1) 



Algorithm (ii) (D)AGE 

t=O.l 

x EXACT ~x=0.2 

~t=0.005 

r=0.125 

0.2 0.22610 0.23819 

0.4 0.36582 0.37787 

0.6 0.36582 0.37769 

0.8 0.22610 0.23828 

t=0.4 

x EXACT ~x=0.2 

~t=O.OI 

r=0.25 

0.2 0.01171 0.01189 

0.4 0.018940 0.01911 

0.6 0.018940 0.01906 

0.8 0.01171 0.01190 

TABLE (9.6.2) 

Algorithm (ii) (D)AGE 

t=0.5, ~x=0.0909 

x EXACT 

0.0909 0.001642 

0.1818 0.003152 

0.2727 0.004406 

0.3636 0.005303 

0.4545 0.005770 

0.5455 0.005770 

0.6364 0.005303 

0.7273 0.004406 

0.8182 0.003152 

0.9091 0.001642 

M=0.005 
r=0.605 

0.001911 

0.003682 

0.005153 

0.006205 

0.006760 

0.006751 

0.006211 

0.005157 

0.003676 

0.001907 

TABLE (9.6.3) 
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~x=0.2 

~t=O.Ol 

r=0.25 

0.22751 

0.36438 

0.36551 

0.22731 

~x=0.2 

M=0.04 
r=1.0 

0.00251 

0.00474 

0.00540 

0.00318 

~t=O.Ol 

r=I.21 

0.001180 

0.002266 

0.003376 

0.004847 

0.0039l4 

0.004324 

0.004762 

0.002994 

0.002397 

0.001263 
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SUMMARY AND FINAL REMARKS 

With the increasingly high standard of technology used in society 

today and the accelerating use of digital computers, the numerical solution 

of parabolic partial differential equations remains an important subject 

for research for the future. The discovery of the Group Explicit method 

is an important landmark in methods of solving partial differential 

equations as in principle the method is simple, stable, accurate and 

flexible in the sense that it allows the calculation of more than one 

point at a time - a new and original idea: 

The evidence of the applicability of the method to simple parabolic 

problems has been discussed and described in detail. The discussion on 

the applicability of the method to various boundary conditions is also 

demonstrated successfully. 

The method progresses a step further when it was extended successfully 

to more specific and difficult equations like the diffusion-convection 

equation, the non-linear self-adjoint equation and the Burger's equation. 

In most cases, the method performed better than the existing standard 

methods. However, the theoretical definitive conclusions for some of the 

particular investigations on specific problems are left unsolved as their 

theory was too difficult to handle comprehensively during the short period 

of research. 

The implementation of the Group Explicit method to a larger variety 

of problems is left for future work. Furthermore, with the availability 

of parallel computers, the transformation of all the algorithms and the 

schemes of the Group Explicit type to run on these machines remains a 

necessary and important area of work still to do. 
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Another area of research remaining is the discovery of new explicit 

schemes as a by-product of the work developed on Group Explicit Method. 

Appendix 4 gives one example of a new stable explicit scheme as a by

product from the 3-point Group Explicit method and there remains many more 

undiscovered. 

Another important task carried out in this work is location of a 

Group Explicit Method with a higher order of accuracy. It is important 

to discover whether such a method exists or not. 

For the work on the Finite Element method, the author plans to extend 

the work to higher order element and this will be reported later. 
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APPENDIX 1 

" " The matrices reG +G*) and reG +G*) are non-negative 
s s s s 

definite 



'" '" To prove reG +G*) and reG +G*) 5=1,2 are non-negative definite 
s s s 5 

matrices (* denotes the transpose matrix), where, 

1 

-1 

I 
-I' 

I 

1: 
- - - -,- - - + 

I' I 
I " 1 I _____ -4-- _'_, ______ 1 

'I -1 I 
I I 1 o I I-IIi 

- -- -1- - - + - - - --

1 I I 
_ .J _____ : ___ ~ ___ _ 

I 1 -11 , 
I I 0 

I I 
I -1 I, 

- -I - - - - - ,- - - f - - --

" I 
I I " I 

---1-- - - -1-- --

O I "1-1 
I I I 

I , 
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I , I 1 , I (M-I) x (M-I) 
I ,-I 1 
I (M-l)X(M-1) 

1 I I I \ 
-~ - - - -1- - -1- - - - - t--

I 1 -11 I I 
I I I 0 I 
I -1 1" I 

A --- - - - - - - - j- - - -l--
Gl = I ;', I 1 

1 ' I 1 -'-0 - -1- - T( --1-'--
I I' , 

j 
I 1 ,-I 1 I 

--- - -- .. --,- -~--t--

: I I ! 1 MXM 

with integer M even. 

Proof: 

1 
1 

-1 I 

I 
-1 1 j I 

- - - - - -I~ - - - - -0 ,- - - - -
I " I 
I" I , 
I 

0' 
- -1-

" I , I 

" I 
I ~ 

-+ ---
I 1 -1 
I 

'-I 1 , MXM 

We consider the case when all of the above-mentioned matrices are 

symmetric. The eigenvalues of these matrices are: 

(i) 1 and 0 and 2 with multiplicity (M-2)/2 for matrices G
l 

and G2• 

(ii) 0 and 2 with multiplicity (M-2)/2 and 1 with multiplicity 2 for 
,... 

matrix Gl • 

(iii) 0 and 2 with multiplicity M/2 for matrix G2 • 
,.. 

As all eigenvalues of the matrices G and G , s=1,2 and their 
5 s 

transpose are non-negative, therefore the eigenvalues of reG +G*) and 
s s 

A. r. 
reG +G*) are also non-negative. Hence, from Theorem (1.1), it is proven 

s s 
J\ " that the matrices reG +G*) and reG +G*) are non-negative definite. 

s s s s 
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'" ~ 
'" J\,; Matrix r(G1+G

1
) is non-negative definite 
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~ ~ 
To prove r(Gl+Gt) is a non-negative definite matrix where, 

, , 
1 ' , __ l.. _l-

I I 
11 -1 I 

, I :0 
'-1 1, I __ 1 ____ ~ __ ..1 ____ , __ 

, ........... 

, . 
I '-1 

--+----1--
I ' 

I , .... , I 
-,- - - - r - - "1 - - --,--

I 0' ,1 -1, 
I I I , 
, , ,-1 1, 

- ~ - - -.- -,- - - ,-
-1, I , 1 MXM 

with integer M even. 

Proof: 

It can be easily shown that, 

l-A -1; 
I I 

-1 l-A' : 0 
- - - - '- - - t- - ---

I", , 
I ... 

r -- -0-'- -- ;f--A - =i 
I , 

I 1-1 l-A 
1 • (M-2) x (M-2) 

= (A 2_2A)(A 2_2A)(M-2/2) 

(A-2A)M 

~ ~ 
where the A are eigenvalues of the matrix G

l 
when det Gl=O. Therefore, 

~ 
the eigenvalues of matrix Gl of order Mare 0 and 2 with multiplicity M/2. 

~ 
Since the matrix Gl is a symmetric matrix and its eigenvalues are non-

~ ~ 
negative, therefore the matrix r(Gl+Gt) which is also a symmetric matrix 

having non-negative eigenvalues is clearly a non-negative definite matrix. 
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APPENDIX 3 

Analytical solution of the Diffusion Convection Equation 



To verify that the analytical solution for 

~ = £ a
2

u _ k l2. 
at 2 ax 

ax 
where k/£»O ~s a constant and the initial condition, 

u(x,O) = f(x) # ° , O~x~l , 

and the boundary conditions, 

u(O,t) = u(l,t) = 0, t~O 

~s given by, 

00 

2 
2 2 ~)t 

(-n TI £- 4£ B e 
n I 

n=l 
u(x, t) = 

ks 
- 2€ . ( ) d e s~n nTIS s. Bn = 2 r f(s) 

with 

In particular, o 
00 

u(x,t) = I 4 3 (l-(-l)n) 
n=l (nrr) 

kx 
2;" 

e sin(nrrx), 

kx 
2£ e 

(A3.1) 

(A3.2) 

(A3.3) 

(A3.4) 

(A3.5) 

sin (nrrx) , (A3.6) 

if f(x) = x(1_x)ekx/ 2£. 

Proof: 

Using the separation of variables, we define the solution as, 

u(x, t) = X(x) T(t) , (A3.7) 

where X and T are functions of x and t respectively. The substitution of 
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(A3.7) into (A3.1) will lead to two ordinary differential equations, i.e., 

dT AT 0 (A3.8) - = , dt 

and 
d

2
X _ k .2! 

€ AX = 0 , (A3.9) 2 dx x 

The equation (A3.8) and (A3.9) will result in the general solutions, 

T(t) = AeAt 
(A3.10) 

= (Be/(k/d 2 +4A /~ x/2 ~ 2 ' x/2) kx/2£ and X(x) C - (k/d +4A /2 (A3.1l) + e e 

for arbitrary constant A,B and C. 
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Using definition (A3.7), the boundary condition (A3.3) will be g~ven 

by, 
X(O) = X(l) = 0 , 

Thus, from (A3.ll), for X(O)=O we need B+C=O and hence, 

Also for X(l)=O, 

Le. Bek/ZE(ef<k/dZ+4\/E lIZ _ e-lck/d
Z
+4\!t. lIZ) = 0, 

and to obtain the non-trivial solution (i.e. B~O) we need to choose 

Z 
(kId + 4\h < 0, 

Therefore, we have, 

() B kx/ZE ( ix/2!-(kh) Z -4\ IE 
X X = e e 

-ix/2!- (k/E) 2 -4\ IE) 
-e 

As X(l) =0, then, 

ZiBek/Z sin(~(k/E)Z-4\/E) = 0 , 

if and only if 

V-'-(-k-h-)-Z---4-\ -It. 
Z 

= n~, n=l,Z, ••• 

~. e. , Z 2 Z 
-(k/E) - 4\/E = 4n IT , 

222 \ = -n ~ E - k 14E. ~. e. , 

By using (A3.l0), (A3.l4) and (A3.lS) we have, 

222 

(A3.lZ) 

(A3.l3) 

(A3.l4) 

(A3.lS) 

u (x, t) = S 
n n 

(-n 1T E - k ! 4d t e 
kx/ZE e sin(n~x) , n=1,2, ••• , 

(A3.16) 

wtere S is a constant. As the equation is linear and using the principle 
n 

of s~perposition, the formal solution u(x,t) can be represented by, 

00 ,22 2 
u(x,t) = ~ -~n ~ E+ k 14E)t 

!.. Sn e 
n=l 

kx/2E 
e sin(nrrx) , (A3.l]) 



To determine the Bn' we use the initial condition (A3.2) and take Bn 

as the coefficient of the Fourier sine series, i.e., 
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Sn - 2 J:f(S) e-
ks

/
2e 

sin(n.s) ds • (A3.l8) 

For f(s) (1 ) ks/2e: h s -s e , ten, 

Sn 2 J:S(l-S) sin(n.s) ds 

= 2 J:s sin(n<s)ds - 2J: s2 sin(n<s)ds 

4 (l-(-l)n). 
3 

(mr) 

Therefore, from (A3.l7), we have the analytical solution, 

00 2 2 
u(x,t) = I 4 3 (1_(_1)n)ekx/ 2e:e-[(nrr) e:+k /4e:]t sin(nnx). 

n=l (nrr) 
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APPENDIX 4 

The 3 Point Group Explicit Method 



Consider the equation from Section (9.6) for calculating the finite 

difference solution at the mid point of any group of 3-points, namely, 

u. . 1 1. ,j+ 
1 2 = 4(3r+1) {3r (u. 2 .+u. 2 .)+4r(u. 1 .+u. 1 .) + 1-,J 1+,J 1.+ ,j 1-,j 

2 
+2 (2+2r-3r )u. .} , (A4.1) 

1,j 

which 1.S given in molecular form by Fig. (A4.1). The equation (A4.l) 
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is an explicit formula using the values at 5-node points from the previous 

time-level. 

(4(3r+1) ) 

2 2(2+2r-3r ) 

FIGURE (A4.1) 

The equation (A4.1) can be shown to approximate the diffusion 

equation, 
(A4.2) 

flt 3 2 
with the order of accuracy O(flt+ ---2 +~x). This type of approximation 

fix 
1S clearly consistent with the given problem. 

2 1+17. 
Now for 2+2r-3r ~O, i.e., 0<r~--3-- , US1.ng the matrix norm, it can 

be easily shown that the eigenvalues of the matrix, 



2 2(2+2r-3r ) 4r 3r
2 

4r 
2 2(2+2r-3r ) 4r 3r

2 

3r
2 

4r 
2 2(2+2r-3r ) , , , , , , , , , 

'\ , , 
, , , , , 

0 '\3r2 ' 4r 

3r2 

, , , , 
'\ 

'\ 

, , 
, " 

o 
, 

, " , , 
2 '- '2 

2(2+2r-3r) 4r 3r 

4r 2(2+2r-3r 2) 4r 

4t 2 2(2+2r-3r ) 

(A4.3) 

which is the coefficient matrix to the system (A4.l) is less than or 

equal to unity. Hence the formula (A4.l) is stable for all 
1+/7 

r <-.. 3 . 

481 

As the formula (A4.l) involves 5-node points along the jth time-level, 

the following computational procedures are proposed: 

Along the time-level j, at point (i~x,j~t), i=2,3, •.. ,(m-2) where m 

is the number of intervals, the equation (A4.l) is used. At points (~x,j~t) 

and «m-l)~x,j~t), the fully implicit equation can be used explicitly as, 

and 

u . 1 1,]+ 

u = m-l,j+l 

(A4. 4) 

1 
(1+2r) {u 1 .+ru 2 . l+ru . I}' m-,] m- ,]+ m,]+ (A4.5) 

The numerical experiments for the use of this method will be reported in 

a later report. 
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APPENDIX 5 

Some Selected Computer Programs 



c 
C 

l1ASTER A:';P! 1 

C THI3 IS THE PROGRA~ FOq SOLVING THE DIFFUSION EQUATION 
C BY THE GROUP EXPLICIT METHOD WITH 2-FRAC~IONAL SPLITTING 
C 
C THE i30U:-iDARY ARE AS.:::ur'~ED OF NEU~1AN TYPE. 
c 
C 1'IE SOLIJTI01JS ARE r:OHPARED \-lIT:! THE EY~CT SOLUTION 
C 
C THE ~OTATIONS ARA AS FOLLOWS 
C 
C 
C X REP~ESENTING THE SP~CE VARIAnLE 
C T HEPRESENTING THE TI:H'-: '1AFIABLE 
C IJ REPRESENTING THE Dl~P::~WE~!T VARIABLE 'TF.~lPER.a.t'JRE' 

C DX ,UD DT ARE THE S?ACE I\hlD TD1E HITERVALS RESPECTIVZLY 
C TI11E IS THE r!AXH1d~l 'TIt-IE COnSIDERED 
C v IS IdE EXACT :;OLUTIO;J 
C ABERR IS THE AESOLUTE ~RROR IN THE iJ'JMF.RICAL SOLUTIOrJ 
C PERR IS T:jE PERCENTAGE [aRO~ 

C i' IS TilE rll;;1BER Of ::usrnERVAL IN ~PACE D(:~'AAr:J 

C J:'1f,X IS TUE NUi'WER OF TP1E-LEVEL IN TI"lE ~O~~AIli 

C 
C T!lIS IS THE tlAItI PROGRA~l 

C 
c 
C DI.1EiISrONING 
c 
c 

c 

C 

q EAL i)X,:iT, TI"! E, U ( 11 ,201) , v ( 11 ,201) ,X (11) , T (201) ,P 
RFAL A2~RR(11,201),P~RR(11,201) 

IriTEGE R J;·lAX, 11, Ill, INC, ,mAT A , i 11\ XDAT 

C READI'I\} T!lE N!J:1BER OF SET OF DATI\ 
C 

Rt:AD(l,S) :~AXDft.T 

5 fORt'IAT(rO) 
c 
C :";TART ;HTH I~JDIVlj)IJI\L DATA 
(' 
v 

UDATA=O 
10 NDATA=~DATA+l 

IF(UDATA.(;T .t1,'\.XJAT) 'STOP 
c 
C READINS THE D1\!AS F:JR HJDIVIOUAL SET 
C 

REA 0 ( 1 , 15) D X , DT, T Hl:: 
15 FOHMAT(3FO.O) 
,.. 
v 

C Tll£ SPACE-WJ:)E 
C 

M=1.C/uX+1.0 
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DO 20 1=1,11 
20 X(I)=(I-1.0)*DX 
C 
C TEE TINE INTERVAL 
C 

J:1.II.X=TH1EnT + 1.0 
00 25 J=1, Ji,IAX 
TeJ)=(J-1.0)*DT 

25 C()UTINUE 
C 
C THE INITIAL CONDITION 
C 

c 
:11 =1\-1 

DO 30 I=1,t1 
U(I,1)=SIN(X(I»+co~eX(I» 

VCI, 1)=SI~(X(t»+cnS(X(I» 
30 CO!JTINUS 
C 
C 
C Cr,LLING TdE AG:: ALGORITIll1 
c 

CALL AGEN(DX,DT,TIME,R,U,T) 
c 
C CALLING THE AU~LYTICAL SOLUTION 
C 
C 

CALL ANAUI(DX,DT,n:'lE,T,X,V) 
C 
C COtlPl\RItJG THE RESULT '.HTH A~JALYTICAL 30LUnOll 
C 

INC =1 
DO 45 J=l,J~lAX 

IFeJ.GE.l1) IHC=10 
DO 110 ~=l.ti 

A8E?R(I,J)=ABS(U(I,J)-V(I.J» 
IF(ADS(V(I.J».LE.(10.0**(-lO») ~O TO 35 
PERR(I.J)=(ASERR(I,J)/ABS(V(I,J»)*100.0 
Gn TO 40 

35 PERR(I.J)=O.o 
4U CO!~TIIlUE 

45 CO!lTINUE 
C 
C PRINT THE RESULT 
C 

;.,rRITE(2,5C) JX.DT.TI'IE 
50 FOR~AT(111115X,fTHE SOLUTIO~ OF CO~OUCTION EOUATION USING AGE ~LGO 

lRITHWI110X, 'SPACE-INTERVAL=' .F6. /-I. 'TWE-ItITERVAL=' .F6.Q. 't1AX-TH1E 
2=',F6. 1n 

ItJC =1 
DO 110 J=l,J~AX.INC 

If(J.GE.l1) INC=10 
\vRITE(2,55) T(J) 

55 FORMAT(/5X,'THE TIME='.F6.4) 
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WRITE(2,60)(X(I),I=1,6) 
60 FOt~~'IAT(5X, 'X=',2X,6(F6.4, lOX» 

WRITE(2,(5)(U(I,J),I=l,6) 
65 FJRMAT(5X,'U=',2X,6(F13.3,3X» 

WRITE(2,70)(V(I,J),I=l,6) 
70 fORr'IAT(SX, 'V=',2X,6(f13.B,3X» 

WRITE(2,75) (AB~RR(I,J),I=1,G) 

75 FOR~IAT(lX, ','tI3ERR=' ,2X,G(F13.e,3X)) 
WaITE(2,GO) (PERR(I,J),I=1,6) 

80 FORMAT(2X,'PERR=',2X,6(F13.8,3X» 
WRITE(2,BS) (X(I),I=7,11) 

85 FOQf1AT(5X, 'X=' ,2X,5(F6.4, lOX» 
WRITE(2,]O) (U(I,J),I=7,11) 

90 FORHAT(5X,'U=',2X,5(Fl~.A,3X» 

WRITE(2,95) (V(I,J),I=7,11) 
95 FORi1AT(5X,'V=',2X,S(F13.13,3X» 

WRITE(2,100) (A3ERR(I,J),r=7,l1) 
100 :-ORi1AT(lX,'ABErlR=',2X,5(F13.'3,3X» 

\.J h ITE (2, 105) (PER R (I, J) , I =7 , 11 ) 
105 FOR1~AT(2X, 'PEHR=' ,2X, 5(f13.i3, ~X» 
110 CONTIIlUE 
C 
C 
C GO TO NEXT SET OF D,HA IF '~ECESSARY 
c 
c 

c 

GO TO 10 
STOP 
END 

C THE SUBROUTINE FOR THE AIJ,\LYTICAL SOLUTION 
c 

SU3ROUTINE AtJIl.Ul (9X, DT, TI'!E, T, X, 'I) 
c 
C AHAL'ITICAL ~,OLUTION FOR THE t!ElnlM!,<J p:lORLSr·l 
c 
c 
C Dlt;r:NSIONING 
c 
c 

C 

R E.I\ L PI, [) X , Di , T ( 2 (\ 1 ) , V ( 1 1 , 20 1 ) , X ( 1 1) , Tn 4 E 
IUTEGSR ~'l,J'IAX 

C SOLUTION FOR EVERY PO::1JT CW THE GRID 
c 

tI=1.C/DX+1.0 
J'lAX=TI'1E/DT + 1.0 
DO 120 J=2,J:HX 
DO 1 1 5 I = 1 , ~1 
V (I, J ) =EXP (-T (J ) ) * (s It! (X (1) ) +C03 (X (I) ) ) 

115 CO<HINUE 
120 CONTINUE 

RETURN 
END 
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c 
c 
C THE SU3ROUTHIE FOR THE GROUP EXPLICIT HITH 2-FRACTINAL 
C SPLITTING PROCESS 
C 
C 

SiJJEOUTINE AGEiHDX, DT, n:1E, R, U, T) 
C 
C THE PROGRAi1 FOR CALCULATPiG T'!;:: SOLUTION OF THE HEAT CO~WUCTION 
C EQUA TION WITH THE NSUt'IANN ~(\:nJDI\RY C'J~(!)ITImJ 

c 
C USING FRACTIONAL AGS 
C 
C DI~ENSIONING 

c 

C 

BfA L F (21 r) ,G (201) , D X, D7 , 'lETA , I! ( 11 ,201 ) , P., T (201 ) , Tm E, S ( 11 , 201) 
INTEG:':r. :'I,:11,i!2,n,J!lAX,J;lAX1,J 

C FIE REQUIRED COliSTANT AND 1T£:1.3 
c 

C 

1'1=1.~;/DX+1.0 

J:'II.X=TIHE/DT +'.0 
J'lAX 1 =Jt lAX-1 
ill=tl-1 
'12=>1-2 

R=rn/(DX**2) 
DETA=1.1!+2.0*R 

C ItHTIALIZE TilE TIllE-LEVEL 
C 
C S(I,J) 1:1 THIS CASE IS THE ::r,jTERtI~DIATE SOLUTIOH 
C 

J=O 
C 
C CALCULATE U AT J TIME LEVEL ~SI~G ~LTERN~TE 1-2 
C 
125 J=J+l 
C 
C THE FIRST G~WUP 
C 

G(J+1):EXP(-T(J+l»*(CGS(l.C)-3IN(1.0» 
F(J+l)=EXP(-T(J+1» 
DO 130 1=2,113,::: 
S(I,J+l)=«1.+R)*(R*U(I-1,J)+(1.0-R)*U(I,J»+R~«1.0-q)*U(I+l,J)+ 

1H*U(I+2,J»)/DETA 
3(I+l,J+l)=(H*(R*U(I-l,J)+(1.-R)*U(I,J»+(1.0+R)*«1.0-R)*U(I+l,J) 

1+R*U(I+2,J»)/DETA 
1 30 cmn IiiUE 

C 
C 

S cr 11 , J + 1 ) = R * U (:12, J ) + ( 1 • -R ) * II ('11 , .J )+ R * G ( J + 1 ) * D X 

S(1.J+l)=S(2.J+l)-DX*F(J+l) 
S (11, J + 1 ) =S un, J+ 1 ) +G (J + 1 ) *D X 
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c 
C THE SECOND FRACTION 
c 

c 

U(2,J+l):R MS(3,J+l)+(1.-R)*S(2,J+l)-R*DX*FeJ+l) 
Dn 135 I:3,:~2,2 

U(I,J~1)=«1.+R)*(R~~(r-l,J+l)+(1.0-R)*S(I,J+l»+R*«1.0-R)*S(I+l, 
lJ~1)+R*S(I+2,J+l))/DErA 

U(I+l,J+l):(R*(R*S(I-l,J+1)+(1.-R)*S(I,J+l»+(1.0+R)*((1.0-R)*S(I 
1+1,J+l)+~~3(I+2,J+l»)/)ETA 

CONTI~\JUF. 

U(1,J+l):U(2,J+l)-DY*F(J+l) 
U OJ , J + 1 ):1 J (111 , ,1 + 1 ).G (J + 1 ) * ')X 

C TF.SlI NG THE TInE 
c 

I:-(J.F:Q.J'!AX1) RETUHr: 

c 

c 
c CALCULATI:IG T~IE J+l TIllE LEIIEL 
c 

c 

G (J + 1 hEXP (-T (.J + 1 ) ) * (CO;~ ( 1 .0) -3 Ttl( 1 .0) ) 
F(J+l)=F.XP(-T(J+l» 

C SECOND ~LTERNATE GROUP 
c 

S(2,J+l)=R*U(3,J)+(1.-R)HU(2,J)-R*DX~F(J+l) 
DO 140 I:3,i12,2 
S U, ,J + 1 ): ( ( 1 • +R ) * (R *[1 (I -1, J) + ( 1 • O-R ) *1] (T , j) ) +R '* ( ( 1 . O-R) *!] (I + 1 , J) + 
1RW~(I+2,J»)/~ETA 

S (I + 1 , ,J + 1 ) = (q:< (R *t] (I -1 • }) + (1 • -R ) l!:J (I. J) ) + ( 1 • C +R ) l' C ( 1 • (l-q ) *U (I + 1 , J) 
l+R'!!} (I+2, J») nET..'! 

l1HJ em·iT r ;·[UZ 
C 

c 

2(l,J+l):S(2,J+l)-DX*F(J+') 
S C 1 , J + 1 ) = 2. (; 11 , ,1 + 1 )+ D X *,~ ( J + 1 ) 

C r'IRST ALTER:f.\T!:: GROfJP 
c 

j)~ 145 I=2,~13,2 
IJ(I,J+1)=«1.+R)*(R*S(I-l,J+1)+(1.0-R)*S(I.J+1»+R*«1.C-Q)*SCI+l, 

lJ+1)+P*3(I+2,J+l»)/DETA 
IJ (I + 1 • J + 1 ) = (" ~ (R *s (I -1 • J + 1 ) + ( 1 • -R ) liS (I , J + 1 ) ) + ( 1 • O+~l ) II ( ( 1 • o-p ) ifS (I 

1+1,J+1)+R*S(!+2,J+l»)/DETA 
1 lj5 CONTINUE 

c 
c 

c 
c 

U en 1 , J + 1 ) = R *3 (t~2 , J + 1 ) + ( 1 • -a ) *::> Ul1 , J + 1 ) +R ltf'; (J + 1 ) *D X 

U(l,J+l)=U(2,J+l)-DX*F(J+l) 
U(M,J+'):U(~l.J+l).~(J+l)·JX 
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OK. 

c 
C 

IF(J. EQ. Jr1AX1) RETURN 
GO TO 125 

C THIS PROGRAH I.lAS CQI1PILE,::-ESTED ArID Run fJSPIG ICL 1900 
C AT T!lE COf1PI.:TER CE~iTRE, U::I'JiRSITY'JF TECWiOLOGY, 
C LOUGlJijOROUGH, LEICESTERSHBE U::: 11 3TU. 
C 
C 
C 

**** 

END 
FI~lISfi 
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tlASTER AGE2DH 
c 
C THE PROGRA11 FOR CALCULATING U USI:1G AGE ALGOR ITHN 
C 
C FOR TliO DIMENSION PROBLE~ 

C 

c 

c 
C 

REAL OX, DY, DT ,G (11, 11, l~ 1) ,U (11, 11,41) ,UAil!\ ( 11, 11,41) ,X (11) 
REAL Y(11),T(41),R,ERR(11,11,41),TBASE 
REAL PER(11,ll,41) 

Ir:TEGE R Kt-l AX, ~'IX ,IW ,HX 1 ,~;Y1, nrc 
INTEGER NDATA,~AX~AT 

IUTEGER KTRU~,NCIR,tJCIRC 

C READING THE DATA 
C 
C 

READ(l,678) MAXDAT 
678 FORMAT(IO) 

tlDATA =0 
6789 NDATA=NOATA+1 

IF(NDATA.GT.MAXDAT) STOP 
READ(l,10) DT,DX,DY,KTRUE,NGIR 

10 FOR:1AT(3FO.O,2IO) 

C 
c 

MX=1.0/DX+1.0 
1"11=1.0IDY+1.0 
~~AX=(KTRUE-l)/NCIR+l 

tlXl =rl X-1 
rW1=1H-l 

C THE X-i·IODE 
c 
C 

DO 100 I=l,t~X 

XO)=O-l )*DX 
1 DC CO:iTINLJE 
C 
C THE Y -''lODE 
C 

DO 1 0 1 J = 1 , 11 Y 
Y(J)=(J-1)*DY 

101 COi-lTINU2 
C 
C 

e 
e 
C WRITE THE HEADING 
C 

WRITE(2,200) OX,DT,~~AX,R,KTRUE 
200 FOR!1AT(/I/115X,'THE SOLUTION OF THE 1"W omENSIONAL PARABOLIC EQUA 
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C 
C 

1TION'/15X, 'USING THE A'::iE ALGORITHWlll0X, 'X-SPACE INTERVAL=',F6.31 

210X, '7-LEVEL INTERVAL=' ,F2.5/10X, '11AX-TI:IE STEP=' ,I6,10X, 'R=' ,F6.3 

3/10X,'7RUE TIME STEP=',I6) 

W; IRC=O 
T'H\SE=O 

320 CONTINUE 
C 
C 
C r!!:: TI~!£ I1ITERVAL 
C 
C 

DO ltJ2 K=l,KrlAX 
T(~)=T9ASE+(K-l)*DT 

102 CONTPrUE 
C 
C TIlE LEFT AND RIGHT BOUNDAflY CO;JDITIO~r 

c 
c 

DO 103 K=l, K:IAX 
DO 104 J=l,ilY 
U(1,J,K)=Y(J)**2 
lJ C:~X, J, K) =3IIJ (X (fiX) ) *3 Hi (Y (J ) ) *E XP (-'? (l( ) ) +X (t-lX) ** 2 +Y (J ) *If 2 

104 CO:ITU:J£ 
103 CONTINUE 
C 
C THE FUNCTION G 
C 

00 13 K=l, K.!AX 
DO 12 J=2,~:Y1 

DO 11 I =2, liX 1 
G ( I , J , K ) = S I i J ( X ( I ) ) * S I il ( Y ( J ) ) * E X P ( -T ( K ) ) - 4 • :) 

11 CONTINUE 
12 COfHlfWE 
13 C01JTI1WE 
c 
C THE INITIAL COI~DITION A.ND BCTTor"! MID TOP BJUNDARY CmiDITION 
C 
C 

IF(NCIRC.GT.O) GJ TO 1151 
DO 15 J=2,iW1 
DO 16 I =2, i1X 1 
U(I,J,1)=.3Hl(X(I»*SIN(Y(J»+X(I)**2+Y(J)**2 

1G CONTI~IUE 

15 CONTItJUE 
1151 COriTI NUE 

DO 150 K=l,KHAX 
DO 151 I =2 , : 1 Xl 
U(I,l,K)=X(I)**2 
U(I,~Y.K)=3IN(X(I»*SIN(Y(MY».EXP(-T(K»+X(I)**2+Y(MY)'12 

151 CONTINUE 
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150 CONTINUE 
C 
C THE THEORITICAL SOLUTION 
C 

INC =1 
DO 153 K=11,K~AX,INC 
IF(K.GE.1) IU:=10 
DO 154 J=l,lW 
DO 155 I = 1 , : i X 
VAI.A ( I , J, K) =s Ttl( X (I) ) *S IN (Y (J ) ) *E XP (-T (K) )+X (I) u2+Y (J ) **2 

155 COiTINUE 
154 CO~iTnIUE 

153 CO~jTI!llJE 

C 
C CALLING THE SUBROUTInE FOR AGE ALGORITH'1 
C 
C 

C 
c 

CALL AGE2(DX,DY,DT.K~lAX.G,II,R) 

C CUt1PARlSON ~HTH THE THEORETICAL RESI1LTS 
c 
C 
C 

lUC=l 
DO 343 K=11.KMAX.lNC 
IF(K.GE. 1) HIC=10 
DO 342 J = 1 • lW 
DO 341 I = 1 ,HX 
ERR(I,J,K)=ABS(UANA(I,J,K)-U(I.J,K» 
IF(ABS(UflNA(I,J,K».LE.(10.G**(-S») ~O TO 3414 
PER(I,J,K)=(ERR(I,J,K)/ABS(UANACr,J,K»)*100.0 
GO TO 341 

3414 PER(I.J,K)=O.O 
341 CmlTINUE 
342 COilTH;UE 
343 CONTI:iUE 
C 
C 
C \vRITWG THE RESULT 
C 
C 

HIC:l 
DO 210 K:11.KHAX,INC 
IF(K.GS.1) INC=10 
WRITE(2.201) T(K) 

201 FORMAT(!5X,'TiIE TUlE IS:'.F8.G) 
WRITE(2.202)(X(l),I:l,6) 

202 FotriA.T(/lX. 'X:' ,9X.6(F6.3, lOX» 
DO 201) J=l,"~Y 

~RITE(2,203) yeJ),(U(T,J,K),I:l,6) 
203 FOR:iAT(lX, 'Y:',F6.3,3X,G(F13.3,3X» 

WRITE(2,204)(UANA(I,J,K).I:1,6) 
204 FOR:1AT(1IX. 'UAtJt\=' .3X.6(F13.8.3X» 
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WRITE(2.350) (ERR(I.J.K).I:1.6) 
350 FORrlAT(3X. 'ERROR:' .3X.6(F10.8,6X» 

IfRITE(2.5340) (PER(I,J,K).I:1.6) 
53 1W FOif1AT(3X. 'PER:' .5X.6(F10.8,6X» 
208 CONTINUE 

\../RITE(2.205) (X(I).I:7.11) 
205 FOR:1AT(!1X.'X:' .9X.I)(F6.3.lOX» 

DO 209 J:l,llY 
WRITE(2.206) YCJ).(~(I,J.K),I:7.11) 

206 FORAAT(lX.'Y:'.Ff.3.3X.5(F13.8.3X» 
h'~ITE(2.207)CU.l\~IA(I,J.K),I:7.11) 

207 FORHATC4X,'UANA:'.3X.5CF13.8.3X» 
WRITE(2.360) (ERRCI,J,K),I:7.11) 

360 FORHATC3X.'ERROR:',3X.5CF10.8,6X» 
HHITE(2.5341) (PE~(I.J.Y.).I:7, 11) 

5341 FORMAT(3X.'PER:'.5X.5(F10.8.fX» 
209 CONTI"iUE 
210 CONTINUE 

NCIRC:NCIRC+1 
IF(NC:!:RC.EQ.'iCIR) JO TO 330 
DO 3660 J:2,iWl 
DO 361 I=2,nXl 
UCI,J.1):U(I,J,Ki-lAX) 

361 CO;'ITIN!JE 
3660 CONTINUE 

n~ASE:T (WAX) 
GO TO 320 

330 CONTINUE 
C 

c 
C 

GO TO (,7B9 

C THAT IS THE EtlD OF TilE PROGRA~'l 

C 
c 

C 
C 
C 

STOP 
EliD 

C THE (S)AGE RO;JTHfE 
C 
c 

SiJBROUTINE AGE2CDX,DY.DT.KrlAX.G.U,R) 
c 
C SJBROUTINE FOR CALCULATING THE SOLUTION OF TIl0 D1NENSrmJAL PARASOL. 

C IC EQUATIONS USnG THE AGE ALGORITHH 
C 
C DX IS THE X-SPACE INTERVAL 
C 
C DY IS TdE Y-SPACE INTERVAL 
C 

C rWt'lBER OF BOTH IrHERVAL ARE EVEN AND THEY ARE MX-1 AND tH-1 
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C 
C K~AX IS TIfE NUMBER OF TIME STEP CALCULATED 
C 
C 

c 
c 

C 

REAL DX,DY,FA,FB,FC,R,U(11,11,21),DT,G(11,11,21) 
I1HEGER tiC 

INTEGER !(!<IAX, rtX, I:X 1, l1X2, t·1X3, HY 1, i-1Y2, i-1Y3, K, KHAX 1 

C THE SPACE INTERVAL 
C 
C 

C 
C 
C 

flX:l.0/DX+l.0 
HY:l.0/DY+1.0 
HX1:'lX-1 
HY 1 :;·lY-l 
i"1X2:ilX-2 
,-1Y2:tH-2 
l1X3:ilX-3 
iW3:iIY-3 
KHAXl :Kl~AX-l 
NC:l 

C K IS THE SU3SCRIPT FOR TItlE STEP 
C 

K:O 
c 
C START CALCULATING U USING FIRST GROUP 
C 
41 Ur;=i'lC+l 
113 K=K+l 
C 
C FOR TilE BLOCK FAR FRml M';Y nOur4DARY 
C 
c 

DO 20 J=2,rlY3,2 
DO 19 1=2, nX3, 2 
FA:R*U(I-l,J,K)+(1.0-2.0*R)*U(I,J,K)+R*U(I.J-1,K)+G(I,J,K+l)*DT 
FB:R*U(I+2,J,K)+(1.0-2.0*R)*U(I+l,J,K)+R*U(I+l,J-l.~)+G(I+l,J,K+l) 

l*DT 
FC:R*U(I+2,J+l,K)+(1.0-2.0*R)*U(I+l,J+l,K)+R*U(I+l,J+2,K)+G(I+l,J+ 

11 ,K+l )*DT 
FD:R*U(I-l,J+l,K)+(1.0-2.0*~)*U(I,J+l,K)+R*U(I,J+2,K)+G(I,J+l,K+l) 

l*DT 
U(I,J,K+l):«1.0+4.0*R+2.0*R*R)*FA+R*(1.0+2.0*R)*FB+2.O*R*R*FC+R*( 

11.0+2.0 I R)*FD)/«1.0+2.0*R)*(1.0+4.0*R» 
U(I+l,J,K+l):( R*(l.0+2.0*R)*fA+(l.O+4.0*R+2.0*R*R)*FB+R*(1.0+2.0. 
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C 

1R)*FC+2.0*R*H*FD)/«1.0+2.0*R)*(1.0+4.0*R» 
U(I+1,J+1,K+1):(2.0*R*R*FA+R*(1.0+2.0*R)*FB+(1.0+4.r.*R+2.0*R*R)*F 

1+R*(1.0+2.0*R)*F0)/«l.0+2.0*R)*(1.0+4.0*R» 
U(I,J+1,K+1):(R*(1.C+2.0*R)*FA+2.0*R*R*FB+R*(1.0+2.C*R)*FC+(1.0+U r 

10*R+2.0*R*R)*FD)/«1.0+2.0*R.)*(1.0+4.0*R» 
19 CONTInUE 
20 CONTINUE 
c 
C CALCULATE U ,'lEAR TH~ RIG:iT BOUun\RY aND UPPER BOUNDARY 
C 
C 

DC 21 ,J=2,'IY3,2 
FA: B *! J (t·1X2 , J, K) + ( 1 .0-2. :) *R ) ~!J O:X 1, J, 1':) +R *u (t!X 1, J -1 , K hR *U (t1X, J, K + 

11)+G(~Xl,J,K+l)*JT 

FD= R *U C1-:X2 , J + 1 , K ) + ( 1. (l-2. 0 *R ) *f J el Xl, J + 1 , K) +R *U (1-1 Xl, J +2, K) +!1 *f) (1'1 X. 

1J+l ,K+1 )+G01X1,J+1,i{+1 )*DT 
UCi'lX1"J,K+1)= (FA *(1.0+2.0*R)+R*FD )/(1.0+4.0*R+3.0*R*R) 
U(1!Xl,J+1,tz+l )=(FA *R+FD *(1.0+2.0*R»/( 1.0+U .C*R+3.0*H*R) 

21 CONTINUE 
DO 22 I=2,HX3,2 
FA=P *IJ (1-1 ,llY 1 ,~O + ( 1 .0-2. O*R ) *u (I ,I1Y 1, K )+R*U (I, ~lY2, iO+R *!J (I ,IH, K+ 1 

1 ) +G ( I , r 1Y 1, K+ 1 ) ,. DT 
fB:H*U(T+2,MY1,K)+(1.J-2.0*R)*U(I+l,MY1,K)+R'U(I+l,MY2,K)+R*U(I+1, 

1 r 1 Y , K + 1 ) +G (I + 1 , ~ Y 1 , K + 1 ) If D T 
U (I , I;Y 1, K+ 1 ) = (F A * ( 1 • 0+2. 0 *~ ) +F S* R ) I ( 1 .0+4. C I!R + 3.0 *R * R ) 
U (I + 1 ,II Y 1 , ~~+ 1 ): ( FA *R +f B* ( 1 • 0+2. O*R ) ) I ( 1 • C +11. f')*R + 3. O*F? * R ) 

22 Cl1ilTINUE 
C 
C CALCULATING U AT TilE TOP-HIGHT CORNER 
C 

U U1 X 1, HY 1 , K+ 1 ) = (R *U (r-1X2 ,rw 1 , iO + ( 1 • 0-2. n *H ) *u (I: Xl. HY 1, K)+R *!] U~x 1, t" Y 

12, r:)+R *11 U:X, '1Y 1. K+ 1 ) +R·U 01X 1 , tW , f(+ 1 ) +G U1X 1, rlY 1 , K+ 1 ) *DT) / ( 1 .0+2. * R ) 

C 
C PROCEED TO !-lEXT TItlE-LEVEL IF HECESSARY 
C 
C 

I~(K.EQ.~MAX1)RETU~N 

IF(NC.LT.2) GO T0 41 
11C=O 

42 NS=:'IC+1 
K:K+l 

C 
C CALCULATII1G U usrr~G ALTERNATE GROUP 
C 
C fOR THE BLOCK NEAR THE LEFT BOUNDARY 
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c 
DO 23 J:2,~1Y3,2 

FB:R*U(3,J,K).(l.0-2.0*R)*U(2,J,K).R*U(2,J-l,K).R*U(l,J,K.l).G(2,J 

l,K.l)*!)T 
fC:R*U(3,J.l,K).(1.C-2.0*R)*U(2,J.l,K).R*~(2,J.2,K).R*U(l,J.1,K.1) 

1.G(2,J.l,K.l) *DT 
U(2,J,K.1):«1.a.2.0*R)*fB+R*FC)/(1.0+4.0*R+3.0*R~R) 

U(2,J+l,K+l):(R*fB+C1.0+2.0*R)*fC)/(1.0+4.0*R+3.0*R*R) 
23 COIITIrJUE 
C 
C CALCULATING U AT THE TOP-LEFT COR~ER 
C 

U (2 ,IIY 1 , K + 1 ): (R *!J C3, ttY 1, l() + ( 1 • 0-2.0 *R ) *ff (2, r1Y 1, !<) +R lfU (2, f1Y2, K) +R * U 

c 
C CALCULATING U AT T:IE TOP BOUUDARY 
C 

DO 24 1:3, f1X2, 2 
FA:R *U (I -1 , :IY 1, K) + ( 1 .0-2. U *R ) *U (I, t1Y 1 , f~)+R *f J( I , ~lY2, K) +R *1] (I , !W , K+ 1 

1)+G(I,MY1,K+l)*DT 
Ff3:H *U ( 1+2, >IY 1, K ) + ( 1 • 0-::'.0 *R ) *!J (I + 1 ,11Y 1 , K)+R *ll (I + 1 , f112, K) +R *U (I + 1, 

1:11, K+ 1 )+G <I+ 1, ~lY 1, K+ 1) *DT 
U(I,MY1,K+l):(FA*(1.0+2.0*R)+FB*R)/(1.0+U.0*R+3.0*R*R) 
U (1: + 1 , r'11 1 , K + 1 ) : (FA * R +FS* ( 1 .0+2.0 *R ) ) / ( 1 • 0+4. O*R + 3. (1 *R *R ) 

24 CotJTINUE 
C 
C CALCULATING U FOR BLOCK FAR FROM THE 80U~'ARY 

C 
DO 26 J:2,HY3,2 
DiJ 25 I:3,lIX2,2 
FA:R*~(I-',J,~)+(1.0-2.0*R)*U(I,J,K)+R*U(I,J-l,K)+~(I,J,~+l)*DT 

FB:H*U(I+2,J,K)+(1.0-2.C*R)·U(I+l,J,K)+R*U(I+l,J-l,K)+G(I+l,J,K+l) 

l*DT 
FC:R*U(I+2,J.l,K)+(1.0-2.0*R)*U(I+1,J+1,K)+R*U(I+l,J+2,K)+G(I+1.J~ 

11,K+l)*DT 
FD:R*U(I-l,J+l,K)+(1.0-2.0*R)*U(I,J+1,K)+RJU(I.J+2,K)+G(t,J+l,K+l) 

l*flT 
U(I,J,K+l):«1.r+4.n*R+2.C*R*R)*FA+R*(1.0+2.0*~)*FB+2.O*R*R*FC+R*( 
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11.0+2.0*R)*FD)/«1.0+2. 0 *R)*(1.0+U.O*R» 
U(I+1,J.K+l):(R*(1.0+2.0*R)¥FA+(1.0+4.0*R+2.0*R*R)*F8+R*(1.0+2.0*R 

1)*FC+2.0*R*R*FD)/«1.0+2.0~R)*(1.0+4.0*R» 

U(I+1,J+l.K.l):(2.D*R*R*FA+R*(1.0+2.0*R)*FB+(1.0+4.0*R+2.0*R*R)*FC 

1+R*(1.C+2.0*R)*FD)/«1.0+2.0*R)*(1.0+4.0*R» 



OK, 

10*R+2.0*R*R)*FD)/«l.O+2.0*R)*(1.0+4.0*R» 
25 CONTItJUE 
2G CONTINUE 

c 
C 

IF(K.EQ.K~AX1)RETURN 

IF(NC.LT.2) GO TO 42 
NC=O 
GC TO 41 
RETUR[~ 

C T~lIS PRCGRM1 "IAS CCdPILE, TES':'ED AND ~UN USH1G IeL 1900 
C AT THE COMPUTER CE1TRE,U~IVERSITY Of TECHNOLOGY, 
C LOUGHBORUOGH,LEICS. LEll 3TU. 
e 
C 

**** 

END 
fI1lISH 
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!.,ASTER ALDC 1 
C THIS IS THE PROGRM1 FOR SOLVING THE DIFFUSION CONVECTION 
C EQUATIO~ BY THE GROUP EXPLICIT METHOD 
C 
C 
C THE EX4MPLE CO~SIDERED HAVING THE DIRICHLET BOUNDARY CONDITION 
C 
C THE NOTATIONS ARE ~s FOLL01,JS 
C 
C X REPRESENTING THE SPACE VARIABLE 
C T REPRESENTING THE TIME VARIABLE 
C U REPRESENTING THE DEPENDENT VARIABLE W.R.T. Y AND T. 
C U (I, J) !lEANS THE VALUE OF U AT POINT I*DX. J*DT \~HERE 

C DX AtJD DT ARE THE SPACE At;D TP1E INTERVALS RESPECTIVELY 
C CK IS THE COEFFICIENT ASSOCIATED WITH THE SPATIAL 
C DERIVATIVE DU/DX. 
C E IS TIlE CUEFFICIENT ASSOCIATED ',IIT!-1 THE 5£COND DERIVA.TIVE 
C D2U/DX2. 
C R IS THE RATIO DT /H**2 
C B 1 IS THE LEFT POUNDARY CONDITION 
C 82 IS THE RIGHT EOUNDARY CONDITION 
C TETA IS TIlE \{EIGHTING FACTOR 
CHIS THE NUI,IBER OF SUDIIITERV.\LS FOR X VARIABLE 
C JMAX IS THE NUMBER OF HAXIMWI T~'E-LEVELS CONSIDERED 
C THIS IS THE r"1AIN PROGriM·! 
C 
C 
C FIRST THE NECESSARY DATAS AND OI:IENSIONING 
C 
C 
C 

c 

c 

REAL X(11).T(101),UE(11,101),U(11.101).8X.DT.CK.E.R.ERR(11. 101). 
1T mE, U f:) ( 1 1 • 101) • lit) E ( 11 • 101 ) , ER R P,] ( 11 • 101 ) , ER RilE ( 11 • 1 (11) • I=' R RII H 11. 
1 1 0 1) , 'J.!\. ( 1 1 • 1 0 1) 

INTEGER ;lAXDAT. tWA. T.". t1. J:'IAX. HiC 

READ( 1,707) flAXDAT 
707 FO~MAT(IO) 

NDHA=O 
600 IlDATA=NDATA+ 1 

IFCID.HA.";r. flAXDA T) STOP 
c 
C READING DATA 
C 

READ(1.6D) CK,E,DX.DT.TIME 
60 FORMAT(5FO.O) 
c 
C SPACE-NODE 
C 

H=1.0nX+l.Q 
DO 61 1=1.11 
X (I) = (I -1 • C) *D X 
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61 COtlTIIWE 
C 
C Tl:~E-L<TERVAL 

C 
J Ll\ X =11:1 E/ DT + 1.0 
Jl' ~2 J = 1 , J" AX 
T (J ) = (J -1. ;) 'f:JT 

62 C\Y:Tlr:~JF: 

C 
C II;ITIAL CO:!:;ITI01J 
C 

DO 5~ 1=2, '11 
ucr,l)=O.() 
UA(I. 1 )=').(j 

J:;:O,1)=J.O 
G 3 C :JNTI i·IUS 
C 

C TiiE EOU!J:);\RY ~;o:nITI8': 

DO G 1; J = 1 , J l!'l X 
U.r ... (l,J)=O.C 
U(l,J)=C.(J 
!E(l,J)=O.J 
UA(;l,J)=l.U 
\10:,J)=1.0 
u::: c: 1 , J ) = 1 • 0 

64 CG:'JTPWE 
C 
C BE IilITII\L C()~lDITICN AtJJ nOU;lD:',RY C8~!DITIJ:;S 

C 
DO 23 1=1,:1 
! j PO (I, 1) =: l ( I t 1) 
U'iE(I,1)=U(I,l) 

DC, 2J~ J=l t J.1AX 
U PO ( 1 , J ) = U ( 1 t J ) 
U : ; E( 1 , ,J) = U ( 1 , J ) 
U PO ( r ~ , J ) =~.' ( iI, ,J ) 
U~' E (il, J ) =1; (" , J ) 

24 CCNTI::UE 
C 
C 

C 
C 

c 
c 

CALL A:;ALO:,T,L:T,JE,i~,Jll\X,C::,E) 

CAL L A L ,)C (J X , Lj T , ~ , J: I ,", X , :l , t:: , U , i J , :_: PO , U ;; E ) 
C:lLL C';'CE2(:-)X, ;')T, J~, t~, J.li\X, UA, C~:, E) 

C(X1P,\RE RE.3ULTS 

I:iC = 1 
DC :1:1 J=l.J',riY,Ir:C 
IF(.J.CE.l) I:JC=20 
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DO 97 I=l,}1 
ERRPO(I,J)=UPO(I,J)-UE(I,J) 
EPRNE(1,J)=UNE(I,J)-UE(I,J) 
ERR(I,J)=U(I.J)-UE(I,J) 
ERRUA(I,J)=~A(I,J)-UE(I.J) 

97 CO~lTINUE 

98 conTINUE 
C 
C 
C PR HIT THE RESULT 
C 

YRITE(2,650) CK.E,DX,DT,TIME,R 
650 FOR!1AT(!///15X,'TI-IE SOLUTION OF DIFFUSIOIJ-CONVECTIOH EQUATION USIlJ 

1G trEW r'1ETHOD'//10X, 'CONSTANT K=',F6.4/10X,'EPSILON=',F6.4/10X,'SPA 
2CE-IrfTERVAL=' ,F6.4/10X, 'TIHE-INTERVAL=' ,F8.5/10X, 'rlAX1~mH-T:;:f!E=' ,F 
33.5/10X, 'R=' ,FS.Il) 

DIC=1 
DO 70 J=l,J~AX,1NC 
IF(J .GL1) INC=20 
WRITE(2.~006) T(J) 

6006 FOR~·1AT(/5X, 'THE TI:IE=' ,F8.5) 
IJRITE(2,c007) 

6G07 FCRt1AT(!2X, 'X-VALUE' ,3X, '-EXACT' ,5X, '!I-NEG DIREC' .5X, 'ERRNE' .SX, 
1 'u -P')S DIH EC ' , 5X, 'E RRPO ' • 5X, 'U-A v::: ' ,5X, 'ERR' ,5X, 'U-AGE ' ,5X, 'E P RAGE 
2' ) 

DO 6008 1=1,;'1 
\/ RITE (2, () 009) x (I ) , U E (I , .1) , 'J N E (I , J) , ERR tJ E (I , J) ,IJ PO (I • J) , ER R PO (I , J) 

l,U(I,J),ERR(1,J),UA(1,J),ERRUA(I,J) 
6009 FORMAT(2X,F6.t,5X,F7.5,5X,4(F7.5,5X,F7.5,5X» 
600,'3 CONTINUE 
70 CONTI!:UE 

c 

GO TO 500 
Ef.ID 

C THE ROUTINE FeR NJALYT ICAL SOLUTION 
C 

SUBROUT1:IE Aril\L(X, T, JT , '/,11, J\lAX, CK, E) 
REAL EK ( 11) , EL( 11 ) , x ( 11) ,1'( 101) , DT • V ( 11, 101) ,CK, f, ':)U~1 ,ALPHA, nET A, 

1PI 
ItlTEGER n,J'iAX,tl1,~'!N,r:iC 

PI=3.141592654 
t11 =;'1-1 
DO 12 I=2,!'11 
EK(I)=(EXP(CK*X(1)/E)-1.C)/(EXP(CK/E)-1.0) 
ELCI)=EXP(CK*CX(I)-1.0)/(2.8*E» 

12 CONTINUE 
rr:C=l 
DO 14 J=2,J~AX,1NC 
IF(J.GE.l1) INC=10 
DO 13 1=2,11 1 
SJ;l=O.O 
N!I=O 

140 r;:I=tiN+l 
ALPHA=«-1.)**NN)*(NN*P1/«NN*PI)**2+(CK/(2.0*E»**2» 
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BETA:(-1.0)*«(NN*PI)**2)*E+(CK*12)/(4.0 I E» 
V(I.J):SUM+ALPHA*EL(I)*SIH(NN*PI*X(I»*EXP(BETA*T(J» 
IF(NN.GE.100) GO TO 130 
IF(ABS(SUM-V(I.J».LE.(10.0**(-8.0») GO TO 130 
SU11:V(I.J) 
GO TO 140 

130 V{I.J):EK(I)+2.0*V(I.J) 
13 CONTINUE 
14 Cm4THiTJE 

c 

RETURN 
E:W 

C T!!E RIJl'TINE FOR A:::SYHETRIC METHOD 
SUBROUTINE ALDC (DX. DT. R. J:·1AX. t~. E. CK. U. UPO. UNE) 

C 
C THE U3E OF INDIVIDUAL AGE FORMULAE AND ITS AV~RAGE 

C 

c 

c 

c 
c 

c 
c 

c 

~ EAL DX, DT, R. E ,CK. E 1 • E2 , fJ (11 • 101) ,U PO ( 11 , 10 1) • InE ( 11 , 101) 

INTEGER M.J~AX.Ml.J.K 

111 :1-1-1 

J:~.~X 1 =J:1AX-l 
R=DT/(DX H 2) 
R:IU2.0 
E 1 : E: -C K * D X I 2 • 0 
E2=E+CKlIDX/2. a 

J=O 

C USING LEfT TO RIGHT DIRECTION 
C 
10 J:J + 1 

C 

If(J.GE .. J:-1AX) RETURN 

DO 20 1=2.:-11 
UPO{I,J+l)=(R*E2*UPO(I-l,J+l)+(1.0-R*El)*UPO(I,J)+R*El*UPO(I+l,J» 

1/(1.C+R*E2) 
20 CONTINUE 
C 

DO 32 1=2, H 1 
UNE(I,J+1)=UPO(1,J+l) 

32 CONTINU!:: 
C 
C iJSIHG THS RIGHT TO LEFT DIRECTIO:I FOWlULAE 
c 

J=J+ 1 
If(J.GE.JHAX) RETURN 

c 
DO 21 1:2. I·n 
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K:!-I+ 1-1 
UNE(K,J.l):(R*E1*UNECK+1,J+1).R*£2*UNE(K-1,J)+(1.0-R*S2)*UNE(K,J» 

1/(1.0+R*E1) 
21 CONTINUE 
C 

DO 42 1=2,rt1 
UPO(1,J.1):UNE(I,J+l) 

42 CONTINUE 
c 
C USE Of THE AVERAGE 
C 

DO 22 I=2,Hl 
U(I,J.l):O.S*(UPO(I,J+l)+UNE(!,J+1» 

22 CONTINUE 
C 

C 

C 

GO TO 10 
END 

SUBROUTINE CAGE2(DX, DT, R, ~.~, J:'IAX, UA, CK, E) 

C AGE ROUTINE FOR DIFfUSION-CONVECTION EQUATION 
C 

c 
c 

REAL X(11),Uc\(11,101),U:::(11,101),DX,DT,R,CK,E,El,E2,EE1,EE2,EDl,E 
lD2,Efl,EF2, E01,F.:02 

HITEGER ~l,JHAX,J:IAX1,J,~l1,112,il3 

M 1 =r1-1 
t!2::·1-2 
1'13=M-3 
J'IAX 1 :Jl1AX-l 
R:DT/(DX**2) 
R:R/2.0 
E 1 = E -c K * 1) X /2 • (1 

E2=E.CV.*DX/2. () 
EE1:B*El*(1.0-n*El) 
EE2:R*E2*(1.G-R*E2) 
ED2:1.0-(R*E2)**2 
ED1:1.C-(P,*El)**2 
Ef2:R*E2*(1.C.R*E2) 
EF1:R*El*(1.0.R*El) 
E01:(R*E1 )**2 
EC'l2:(R*E2)**2 
D2TA:l.0.2.0*S*R 
DO 541 J=l,J>IAX 
UI(l,J):UA( l,J) 
UI(!I,J)::JA(tl,J) 

541 CONTINUE 
DO 542 I=2,r~1 

UI(I,1):UA(T,1) 
542 CONTINUE 

J:O 
C 
10 J :J+ 1 
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c 
C USING GER GROUP 
C 

C 
C 

IF(J.GE.J~AX) RETURN 

DO 20 I =2 ,In, 2 
01 (I, J+ 1 )= (ED2 IfUA( I, J )+EE 1 *:JA( 1+ 1. J )+EF2*:JA( 1-1. J )+EO 1 *UA (1+2, J» I 

lOETA 
UI(I+1.J+1)=(EE2*UA(I.J)+ED1*UA(I+1.J)+E02*U~(I-1.J)+EF1*UA(I+2.J) 

1) IOETA 
20 CONTIrWZ 

C 

U I (H 1 , J + 1 ) = (R IE 1 *0 A (t'l, J + 1 )+ ( 1 • -R IE 2) *OA (n 1 , J) +R"1:: 2*1) A U':2, J) ) I ( 1 .0+ 
lR*E 1) 

C USING GSL G~OUP 
C 

UA(2,J+l)=(RIE2*UA(l,J+l)+(1.-R*F.l)*UI(2,J+1)+R*El*UI( 3,J+1»1 
1 ( 1 • +R If E 2) 

DO ItO I=3,~·~2.2 

UA (I, J + 1 ) = (ED2*U I( I, ,J + 1 )+EE 1 *IJ I (I + 1. J + 1 )+EF2*U I( 1-1. J+ 1 ) +EO 1 *'J I( 1+ 
12,J+1)/DETA 

U:'\ ( 1+1 , J + 1 ) = (E E2*U I( I , .! + 1 )+E D 1 *!] I( 1 + 1 , J + 1 ) +E (:2*U I( r -1 , J + 1 ) +EF 1 *ll I 
1 (I +2, ,J + 1 ) ) IDETA 

40 C01HINUE 
C 
C 
C USING GEL GROUP 
c 

J=J+ 1 
IF(J.GE.J~AX) RETURN 

UI (2, J + 1 ) = (R *£2 *u A ( 1 , J + 1 ) + ( 1 • -R IE 1 ) *UA (2, J)+R *E 1l!(J 1\ C3, J) ) I ( 1 • +R *E 2 
1) 

DO 50 1=3,1'12,2 
U I (I, J + 1 ) = (t:D2*UA (I, J )+EE 1 *UA (I + 1, J )+EF 2*UA ( 1-1, J) +EO 1 *UA (:+2, J) ) I 

1DETA 
01 (I +1 , J + 1 ) = (E E2 *UA ( I , J) +E D 1 "!JA ( 1+1 , J ) +E 02 *1).\ ( 1-1 , J ) +EF 1 Ill.1\ ( r +2, J) 

1) IDi::TA 
50 C'JNTI:JUE 
C 
C USING GER G~OUP 
C 

uO 55 1=2,:13,2 
U A ( I , J + 1 ) = (E D 2 *U I( I , J + 1 ) + EEl *! JI (I + 1 , J + 1 )+ E F 2 If! II (T - 1 , J+ 1 ) + E 0 1 * U I( I+ 

12,J+l»/DETA. 
UA ( 1+1, J + 1) = (E E2*U I( I, J + 1 )+ED 1 *u I (I + 1, J+ 1) +£n2*') I( I -1, J + 1) +EF 1.U I 
1(I+~.J+1»/DETA 

55 CONTINuE 

C 

o A ( t 11 , J + 1 ): ( R * E 1 * U A ( N , J + 1 ) + ( 1 • -R * E 2 ) If U I 011 , J + 1 )+ ~ * E 2 * U I W 2 , J + 1 ) ) I 
1 ( 1 • l~+R *E 1 ) 

UA (M 1 , J + 1 ) = (R *E 1 *U A Ul, J + 1 ) + ( 1 • -R *E 2) *u 1(:11, J) +R *£2 *u I (112, J) ) I 
1( 1. O+R*E 1) 

GO TO 10 

502 



OK. 

c 
C THIS PROGRM1 WAS RUN USING ICL 1900 
C 
C 

**** 

END 
FINISH 
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;'1ASTER A~E 

c 
C PROGRAM FOR QUASILINEAR PARABOLIC EQilATICN 
C 

c 

C 

REA L R.;) X. DT , II il E , F. H R IT ( 2 1 , 20 1) , F. R R N ( 2 1 , 20 1 ) • r! E ( 2 1 , 2 n 1) • I J ( 2 1 , 20 1) , 
1~N(21,201),T(201),X(21) 

rr;TEGSR lHJATA, 11J'.XDAT, J:1AX, r1, INC, ITER (20,201) 
HiTEGER IT>lAXl 
I~TEGER ITE~1(2C1) 

PEAD(1,lQ12) rr1AXl 
4212 FClH:,IAT(IO) 

READ(1,707)~AXDAT 
707 flJR:VtT( [0) 
c 

NJATA=O 
600 i: ')ATrt =~ID;,\ TA + 1 

IF(UDATA.GT .:lAXDA1) ,STOP 
C 
C READING DATA 
C 

REA D ( 1 , (0) D X, DT , TIll E 
60 fOR~AT(3FO.C) 

C 
C SPACE-I'WDE 
C 

1'1=1. G/DX+1. 0 
DO 61 1=1, /1 
X (I) = (I -1 .0) *D X 

61 r,rmTInUE 
C 
C THIE-I1HERV!\L 
C 

JIAX=TP1E!OT + 1.0 
DO 62 J=l, J:1AX 
T ( J ) = (J -1 • (') *DT 

62 COnTINUE 
C 
C C'iLL ArJALYTICAL SOL!JTIC)~I 

c 

C 
C DfF lIHNG THE IIHTIAL '!i\LUES 
C 

DO 53- I = 1 , !'1 
U (I, 1 ) =UE (I, 1) 

6} co:nrnUE 
C 
C BOUNDARY CONDITIONS 
C 

DO 64 J =2, Jt~AX 
U( 1 ,J)=IJE(l,J) 
U(N,J)=UE(H,J) 
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04 Cm!n iiiJE 
C 
c 

c 
c 
c 

c 

c/\'LL c;rl\~D(;:;X,n,R,~',Jli\X,TT:::nl,~,ITII,\Xl) 

;)J ':k J=l, ,Jl,lX, 'Lie 
L:(J.f;~.l1) DC=10 
80 T !: = 1,;1 
ER R L" ( ~ , J) =tJ (I , J) -!JH I , J) 

']'! CY1TI"illl:: 
S "j co:n I i!UE 
C 
C PHH!T TilE ~E~,IILT 

C 
,} til T E ( ;,: , (, 50) n X, ['if, fI:1 E , R 

6S0 FC{~:PT(!///15X, 'T::t: S:JLUTlC,:' ()f <Uf,::HL:!:';F.''lR P)'Rf,Ft)LIC FQunIO!'J -13T 
1 f::, ,ii.' ;[~ '\l.:~l';:; IT! ;:1' / /1 OX, ':3 PA. CE-H:TFP'!i\ L= ' ,FE. J+/ 1 0X, 'TI:'1 E-I :.TC RV/\.L= I 

2,F<J. 7/lOX, ',~A:(l:'Jti-rr1~~=' ,f0.S/1r:~, '~=' ,Fr.4) 
I ~ Ie = 1 
D) 7':; J=l,J';AX,It:~ 

IF(J .\;:::.11) nC=10 
~rITE(2,fOCG) TeJ) 

'Ii f' IT [ ( 2 , (; () () 7) 

CCO'l FiY1:i,~T(!'jX, 'X-\J;\L:J:;:' ,5:\, 'U-EYA::::T' ,l:n, "'-iiITI~' ,lOY, 'SqHIT' ,lOX, ':J
l';F'j':'1 :'i-I-;'Ef~ I, lnx, '':RRtl') 
8) (8['3 1:=1, '1 

'if P. I -; E ( 2 , ,,') 0 I) ;{ (I ) ,U::: (I , J ) , : J (I , J) , IT r R 1( J ) , t (' '{ IT (T , J ) , ! J '! ( = , ,0 , 1T E R 
1 ( L , J ) , :':11 ;.<'-1( [ , ,J) 

C c' 0 ') F C< \ I ~ .\T ( 'j x , Fl). Ll, ') x , ;. 1 3 .!, .2 X , r 1 ~ • ,s, ' ( , , I'), ' ) , , ') X t F 1:] • (i , Cj;~ , 

1 F 1 j. ", t ' ( , t I 1\, ' ) , • 'j x , F 1 !; • p, ) 
G CO? C fJ"'ITI r·;; J E 

c 
c 

c 
c 

c 

en TO 'C8 
EtiD 

C THr: A:',\LYTICAL ::OLUTIC;J ,J? 7ilF: ,;)1;,'\sru::::r,R Pt\Ri~POUC CQUHIO'! 
C 

~EAL X(~1),T(2nl).U~(21.~Jl).U~PP(21t201) 

c 

c 
C I!jJ:TL,\L APPKUIT1ATWil 05' ':'HE SOLUTIOn 
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c 
DO 3 J:l,J:1A.X 
DO 4 I: 1 , :1 
U~PP(!,J):1.J+(4.0-fXP(2.C*(X(I)-?0*T(J»)/(4.r+2.0*~X?(2.0*(X(I 

1 ) -2. J *'T (.J ) ) ) ) 
11 CfjtJ'rr:iU:~ 

3 U]i'HrJU~ 

C 
C I1:')I~;(; ~;EiTON-:\A?HSJ'J ITEPilTLO:: 
c 

DO 5 I: 1 ,I! 
7 ~E(I,J):G.S+(1.5-o.5*AL2G(U~PP(T.J)-O.5)-X(I)+?a*7(J))*(1.0-1.~/( 

12.C*U,\PPO,J)) 
IF(J~PSCJE(I,J)-li;\P?(I,J».LT.(1C.'l**(-i)) :-;'j TO S 
UAPP(I,J):!JE(I"f) 
IF( '1A p P ( I , J ) -0. 5) 5, 5. 7 

') C():rTINUS 
6 COiHI:JU:: 

c 
c 

ETlnU 
!-].[r) 

C fillS IS T[-{E WJU'i'r::E FOR AGE l:ETf!O:J 
c 
c 

c 
c 

c 

c 

c 

c 

S:J:~RGUTIriE OUA(J:::: (1) X, :)'r , fl,:~ , .J: I..; X , U::, IE R, IT~iAX 1 ) 

W~ A L X ( 2 1 ) , R , 0 X, ~)T , [~ U ( 2 1 , 2 « 1 ) , i ' T ( ? 1 , ? 0 1 ) 

! : : TEl: ; E R ; ,1 t : i 1 t I ~ 2 t i ~ 3 , J >1:\ X t tr L~ Y 1 • J I T 7? R (2 (1 , 2:: 1 ) • ~< 
If/TEeLH rn:;,Xl 

r i 1::'-1 

J:1AX1:J:".'IX-l 
Il:JT/(DX**2) 

DO 11;25 .J::.?, J"AX 
UI(l"J):';il(l,J) 
:n (: ~ , J ) :! J ;; (; I , J ) 

11;2:; C '.;TE '.t1~ 
C 

J=O 
c 
C \JSnG Gr.R GilOi)P 
c 

~j'::: 1 
10 lJC=~IC+l 

J=J + 1 
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C 
C 

IF (J • GS. J:l ~.X) ;U~TU!HJ 

LY) 20 r = 2 , t 1.3 , 2 
D 1 = it ,. (U r 1 (I , J ) +:nl ( I -1 , .J) ) 
A1=R*(!JN(I+2,.l)+'Y;(I+1,J» 
K=I 
ITEH(K,J+1 )=0 
UICI,J+l)=GN(I,J) 
U I ( I + 1, J + 1 ) =:J if (T + 1, J) 

25 ITERU:,,,'+1)=IT:::R(K,J+1)+1 
B: i =K if (U I( I + 1 , J + 1 ) +111 (I , J + 1 ) ) 

C 1 = ( 1 • 0 - 'J 1 ) * W J ( I , J ) + B 1 *!J • r ( 1-1 , ,J) 

C 2 = ( 1 • 0-'; 1 ) '+:J iH 1+1 , ,J hA 1 ~ ~J U ( T +2, J) 
u:r (I , J + 1 ) = ( ( 1 • ':+H N) *C 1 +f:' iJ lfC2) n E '1','\ 
U ! (I + 1, ,J+ 1)= (i't'l*C 1 +( 1 .,+13:1) *C?) O[:T:" 
I~(ITER(~,J+1).E~.ITMAX1) ~O TC 20 
Ii·"(I'tDS(U1f(I,J+l)-JI(I,J+l».GT.(Hl.8**(-").O») 0J Te 30 
If(1tdS(U;J(I+l,J+l)-:JI(I+l,J+l».LT.(lu.O**(-(,.O») 0''; Te, 20 

30 UICI,J+l)=U'i(I,J+l) 
U T( I + 1 , ,J + 1 ) = ~JN (I + 1 , J + 1 ) 
G') Ie :2S 

2:1 C(;{lT UItJC:: 
C 
C Ti'iE LI\2,T U"lGROUP p~ rUT 
c 

i:'.1 =R * (U:: (111 , J) +U j; (!' 2, cl) ) 
ITE'i(ill,J+1)=J 
:J I (' 11 , J + 1 ) = d r; (: ~ 1 , J) 

35 ITERCll,J+1)=ITERCll,J+1)+1 
P,' j =;~ * ( u:; C: • J + 1 ) +U I (ill. J + 1 ) ) 
U:' (:11 • J + 1 ) = ( l' ;P', J iJ ( 11 , J + 1 h ( 1 • ~-:, 1 ) * y; c:: 1 , J ) + n 1 *f] Ii C'.? , J) ) / ( 1 • c+:~ u ) 
If ( IT F ~ ( .. 11 • J + 1) • EO. I:~ 1,,\;( 1) :; oJ TO 1 r; 
I:: (.1\ P ~ ( L 'I c: 11 , J + 1 ) - u :: C" • J + 1 ) ) • LT. ( 1::' • r ** ( - r, • r ) » ~n T8 15 
!J: (i I 1 , J + 1 ) = TIC: ~ 1 • .J + 1 ) 
C}) TC 35 

1') IFC;r:.::::-;.2) ~o TO Ij(] 

GJ TO 18 

C 
40 ;;C=8 
C 
C U::I;JG G:'::L (~Ii()UP 

C 
115 ,Ie =:IC + 1 

J=J+ 1 

c 
C 

IH J .::;;::. J:1AX) ? ['fUR ~l 

C THE F=t\;)T U~jr;fUJUP::D PODT 
C 

A 1 = R * ('.1 [i ( ::. • ,J ) +\ J ~~ (;;? • J ) ) 
ITER(2,J+1)=:) 
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U I( 2 , .J + 1 ) =:j If ( 2 , J ) 
50 ITER(2,J+l)=ITER(2,J+l)+1 

A;; =ll * CUI( 2, J + 1 ) +IJtJ ( 1 , J + 1 ) ) 
1 Jr: (2, .J + 1 ) = ( MI *'J:l ( 1 , J + 1 ) +11 p: J :1( 3 , J )+ ( 1 • 0-:\ 1 ) *U:! ( 2 , J) ) / ( 1 • ()+\ n ) 
IF(lTER(2,J+1).EO.ITMAX1) GO TO S5 
If(A:3S(Ur:(2,J+1)-iJ[(2,J+1».LT.(H.O*"C-(.O») ::1'1 TO )') 
UI(2,~r+1 )=U~J(2,J+1) 

Gi) TO :i:J 
55 "::O:JTI:JUE 

DC 65 I=3,.~2.2 
P 1 =:t 'If (U!l (I. J ) +'J U ( I -1 , (1) ) 

A 1 =8 it (u ~J C +? , J )+U '1 (I + 1 , .J) ) 

K=l 
ITER(K,J+1)=O 
UICI,J+l)=U~(I,J) 
UI(I+1, J+1 )=II,;(I+1, J) 

60 17fR(~,J+l)=ITER(~,J+l)+1 

RM=R*(JI(I+l,J+l)+~I(I,J+l) 

D t: It; = 1 • (~+2 • r; 'If r ~! 
C 1 =( 1. n-f31 )*UN(I • J)+E 1 *:Jri(I-l, J) 

C?=( 1. O-A 1) l'IJ.H 1+1. J)+A Pf)((I+2 • J) 
II '! (I, J + 1 ) = ( ( 1 • c+r u) * C 1 +Br·j *C2) /:")ET·,\ 
UJ (I + 1 , J +' ) = (~' n*c , + ( , • f1+~i II) ~ C2 ) nr.:r A 
IF(ITERU<,J+1).F.Q.I'n1J1.X1) C) ro C\5 
If(At.iS(IIi:(I,.J+1)-UJ(~,J+1).tIT.(10.C*~(-(.(~»)) G') TO 70 
Ir.(APS(lH'(T+l,J+')-!JI(I+1,J+l».LT.(1~).rU(-(.0») :,:;') Tn r)5 

70 'J = (I , J + 1 ) = d ;J c: , J + 1 ) 
UHI+', J+1 )=J'!(I+l, J+l) 
::1') TO (; C 

(,,;, C(':;T lil'lE 

C 
C 

If(:'jC.LT.2) ::;0 TO 45 
t:C=O 
G') TO 1 () 
Pi;) 

C THE W",UTIfir FG:\ r,.:;::~Y;!r:~Rlr:.'\L !\L'~iiFlI Pi'l 
c 
c 

C 

c 
R L 1\ L !; ( 2 1 , 2 C 1 ) , 'J!! ( 2 , , 2 C 1 ) • R , J Y • ;)T , ,,\ L , , .; L 
n:TE'~S[1 ITER1(2G1),'1,:11,'12,~~3,J'~AX,rl\X1,J."'CT'lrJl 

ill = 1-1 

'13=:1-3 
J'!r\~: 1 =,JilAX-l 
R =uT / (;)X**'~) 
In 4 32 J = 2 , J: \ A X 
U Ij ( 1 , J ) = Ij ( 1 , J ) 
Ui;(:l.J)=U(;l,J) 

432 COiHP!U::: 
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c 
J=O 

c 
C P')3ITIV? D2:R~~CTIO!J 

c 
,ie = 1 

11) ::C =:iC+ 1 
J =J + 1 

c 

IF(J. E>~. J:L\X) lEnq:1 
ITER1(J+1)=') 

C I~ITIAL GJESSES 
C 

[>'") ~33 I=2t~il 

U(I,J+l )=l](:,J) 
433 CY~TIlhJE 

430 ITEJ1(J+l)=:TER1(J+1)+1 
IF(I'J.·ER1(J+l).r)~.IT'IA;~1) GO TO ,'IC n 

00 43}~ I=2,:i1 
t'\ L 1 = R '+ ( 'J (I + 1 , J )+1] (I , J) ) 
JlL=~* CJ( I, ,1+ 1 )+ljt;(I-1, J+ 1)) 
U:I ( I , J + 1 ) = (t.L *' H: (I -1 , J + 1 ) +A L P:J( I + 1 • J) + ( 1 • 0-,,\ L 1 ) !'-I J (T , J) ) / ( 1 • (;+', L) 

434 CViTIi1US 
£1'3=0.0 
DO 435 I=2,i!1 
I:: PS =:: PS+ (U U (T , ~T + 1 ) -IJ ( r , II + 1 ) ) 

EP3=SPS/:12 
If(::;PS.LT.10.(!H(-S)) G:) jiJ 4qn 
Dr, t.;2 rJ I=?,;;l 
U (I • J + 1 ) =: JtJ (I , J + 1 ) 

4:;6 C(j;ITniJ;:;: 

F'(::'=.E~.2) ~J TO 30 
GO '10 1 C 

c 
c 
c 

4C ::C=iC+l 

c 

J=J+ 1 
IF( J. ~~C. elflAJ) ,lETU:\n 
ITt: R 1 ( J + 1 ) = () 

C lilTT IAL r;f;;::SS;::S 
C 

DO 452 I=;;>,!! 1 
U ( I, ,1 + 1 ) =U (I, .J) 

4~3 ITER1(J+1)=ITER1(J+l)+1 
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OK, 

IF(ITER1(J+1).EQ.lrlI\X1) G·J TO 4G'l 
DU 454 II=2,>11 
I=:l-II+l 
l\ L 1 =:\ If C lJ ( I, J ) TiJ ( r -1 , J) ) 
A L =:1 * ( ; HI ( I + 1 , J + 1 ) + U (I , .1 + 1 ) ) 
urI ( [ , J + 1 ) = U U':);, (I + 1, J + 1 ) + C 1 • t:-;\ L 1) *U er , J hA L P[) er -1, .J) ) I ( 1 • (1+ i L) 

454 COIll'L:UE 
EPS =0. G 
DJ :155 I=2,:~1 

E?3 =F. PS + (IJ N (I, J + 1 ) -.1 (I , .J + 1 ) ) 
J~55 CO~:TTll:.JE 

EP:)=EPS/::2 
IFC:::PS.LT.10.f'**(-S» GJ 70 116sn 
DO 456 -::=2,::1 
U(T, J+l )=[J!Jer, J+1) 

45[) COi';T ItI!JE 
GO TO 453 

4GOQ CCHI:JUE 
;),j Ij37C I=2,iil 
U(I,J+1 )=JifCT,J+l) 

IF"C'iC.LT .;~) r;u Tn 40 
r·j!: =0 
GI) fG D 

460 ' i R IT 2 (2 , 4 G 21;) :: rl i\ Xl, J 
46211 fO:f1t,T(!/10X,'lTE!1 EQUAL TO ',I5,'AFTER cT=',IS) 
C 
C 
C THIS l-'rWG~Ml ~1A3 :IUU U;) 1::.:} ICL 1 'JC'J 
C 
C 

**** 

Ei;J 
f!.~n~H 

5~Q 



su 

I!.I\STER B:JRCER 
c 
c pqCGR..{:r FOr. !~rfRr;ER'3 F:C)UATION 
C 

? EAl E, DX, DT • T'HSE t T (21 ) • ~ , IJ ( 1D 1 , 21 ) , !PH 1 '.11 ,21 ) , FR H ( 1 ,J 1 , 21 ) t X ( 1(J 1) 
c 

c 

c 
.ClT[CE R i1j1Y'J.'\ T , K 1 i\ X, U 0..1 Tt\ , lle I R , PC n r:, I:: R I f~ , E £:? ( 1 J 1 , .'2 1) ,r' 1 , T '!C 

P:::=::;.l JI1592(:;;i 
FEl\D(1,'(07) ::~XDAT 

7 () 7 F O"! L~ !\ T ( I Cl ) 
C 
CUC 'I [:,\T ,; =:1 I'M T A + 1 

If(:Wl\.TA.:JT.r;AX;).'I.T) ~;TC? 

c 
C HUDlrJG DATA 
C 

,I ~= A D ( 1 , 60 ) i::, D X, ::T , KT R !J E , :J '..: f H 
(,i) FOH~1i\T(YLJ.G,2IC) 

C 
C SPACE LJDE 
C 

ti = 1 • 0 I';) X + 1 • 0 
R=DT/(DX**2) 
D~J ell = 1 , ~; 
Y ( I) = (T - 1 • :) ) * I) X 

(,1 C(~:IT:;::JUE 

C 
C 

K'1t,X= (G[iU::-1 ) /~iC IR+ 1 
:11 =:'1-1 

C iii' .in: T!lF TITLE 
C 

~.; il1 ";' [ ( 2 , ,2 J 0) :j X, ur , ,(, "I.;r , P , }: -;' :, !) f: , E 
f niC,\T(!11111SX, 'T!lE S:JLUTI:;[, n: '1:1::: 2JJ?:~r.il:) ;.:r\J~TI('~1 PY t\G::: ;iU;:)R 

1I THl ' 1 11 ex, ' S p,\. CE -I i!TEi' ~t,\ L =' ,Fc). i! I 1 OX, ' T Til ~- -: r :TE!1 v '\ l = ' , F:;). r: 11 ;1X ,., A 
2ZI.lcJ'1 ~TE:P PES CI'(CULATI~'··!=',Fj/l(\I,'R=',F(,.!l/ll~X,'TI~rJ':: TriF ~TEP= 
3' ,IC'/lex, 'EPSILON=' ,F·I.O 

jlC fRC=;) 

320 CC)j;TIiJ:l::: 
c 
C TilE TIl:: IN7!::PIJAL 
C 

0U 102 V=l, '~:l!U 
T(~)=TaASE+(K-l)'DT 

1 C? ,~(YllIWJE 

C 
C 
C 
C HlITIAL r;c'TJDITIOiJ 



C 
C 

IFeJC[iC.GLO) ~;,) TO 1151 
DO [~3 I=;~,:ll 

lJ';(I.1)=:)Ii;(PI~X([» 

63 C~!;j'r::!;:JC: 

1151 CO~;TIUU:: 

C 
C 
C BC'Jim.\k'!' c'rDITIJNS 
C 

!i() G!' J='.KIAX 
;J;~(r~,J)=o. ~) 

U;i(l,,J)=G.Cl 
Gil cot.TI:WE 
C 
C C . .'ILLrIG l',LGOnT[!ll ::-:)'i AG:: 
C 

C 

C 
C 

C 
\;RITI:'IG Tile.: ~E:';ULTS 

I\C=l 
DO 7e J=1.1~::;,X.I:IC 

IF(:JC~RC.(~T.C.Q:~.J.c;E.11) Fe=5 
\·1 p. IT E ( 2 • L) (~O 6) T (. J ) 

(naG fORiif,TC/'5X, 'T:1E TF1E=' ,F:;.,)) 
',1J(JH: (2, ':1 CJ 07 ) 

600' r f 0 Tl /\ T (j 5 X, ' X - \f '\ L I J c:.: I , S X , I fJ -; : i 1: n: P, Ie - I T:= P , ) 
:Y; ('C'lfl :::=1,:1 
',iHr:'r:: (2, '«9) X ([) ,'J'! (I, ,J) , ITER C:, J) 

6 Cl c 9 F ,:~ :n !, T ( ') x , F 6 • ij , ') x , F 13. 'j. I ( I , r C, I ) I ) 

'Tn CCUT LJI i:: 
321;6 :ICIRC=~ICIHC+' 

c 

h" (i/'':; rqc;. EQ. ~~C:2) 
!)(l 3C_'(JO I=2.~;1 

U;·J (I, 1) =:Jr~ ([. V.:1VO 

ElASE=T C<:lIlX) 
GO TO j2C 

33C CO~jTIr:UE 

C 
C 

G,) TO .sou 
E~jD 

c 
c 
C T!~E R()JTI!!E FOR ACE :!ETHO!) 
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c 
c 

c 
SliSHo:rrrrJE DiJR!\GE (JY., R,!', J'\AY ,'Jil, E, IFR) 

C THE A";r.: !IC'UT::::;E FOr1 ND::LI'IF:AR UUR':-:S2 ',3 EC'J,·,TImr 
C 

c 

C 
C 

c 
C 

c 

R Eft L l? E , D X • I J \ ( 1 0 1 , 2 1 ) , !!::-c 1 C 1 , ;:: 1 ) • E 1 , E 2 • c: 3, :::!; , C 1 , C~ • c 3 ,r: 4, C 5 • C ( • r, 7 
R[AL C~ 

I :rr E G E II IT E l~ ( 1 01 • 2 1 ) , J: L~ X , r i , :11 , ' 12 , ' : 3, J , :( 

:11 =:\-1 
;12=:1-2 

J.13=n-J 
J'1J\X1=.J:~AX-1 

c IJSnC ,~C:R G?Cj? 

C 
:j'-: = 1 

1C :!C=:!C+1 

c 
C 

J=,]+l 
IF(J .C-::. J::AX) P[TURN 

IV) 2l 1=2,1'13,2 

ITDC:,J+1)=n 
U:(I,J+1 )=U:JO,J) 
UT( ~+1, .1+1 )=Url(I+1, J) 

25 IT~R(~,J+l)=ITE8(~,J+l)+1 

E 1 =:~ -D X* (ti I ( I • J + 1 ) +'j t! (I , J) ) /lj. (1 

E2 =E +C:( l': (IJI (T , J + 1 hilt, ( [ , J) ) /'j. n 
£ >F +;) X * (U I( 1+1 , J + 1 ) +11:; ( ~ + 1, J) ) /4. (i 

E 1; =,..: -');: If (If I ( [+ 1 , ,J + 1 ) +LJ i' (T + 1 , J) ) I II. r 
)~T~=1.0+£1~~+E3*R 

Cl=1.0+~*(E3-~?)-~2*~3IR*1 
C2=~1~R·(1.~-i4'~) 

Cj=E3*R*(1.C-~2*R) 

C 4 = 1 • :',+[ 1 *:1 -E l! *Ii -i:: l*E 4 lfR *';~ 
C5=(1.r+~J*R)*F2*~ 
C(=': 1 i!:~!P!~lff{ 

C7 =22*:;::~ *:j * q 
c; = ( 1 • (' +E 1 * 7) *f L1 *q 
iJ i; c.;: , .J + 1 ) = ( C l lt U:J (I , .J) +C 2 *:n ( 1+1 , ,I ) +C S *: J!I ( I - 1 , J ) +C (; ~, J ~l c::: +? , J) ) /'l E T r, 
U'J (I + 1, J+ 1) = (C3*UN (I, J )+~ II*W; (1+ 1, J )+C7l":l~:(T-l ,J hCq~(HJ (r +?,.J) /:)~ 

llA 
IF(:TER(K,J+l).EQ.20) ~0 :0 20 
IF(;\::;SCl!HI"J+l)-UI(I,J+1».\~T.(10.!}U(-E.0»)) ·3') TO 3'l 
If (A.LlS (iPI (I + 1 • J + 1 ) -li I ( r + 1 • J + 1 ) ) • LT. ( 10. :) ** (-f.. n) )) :Zi TO 2:J 

3G UI(I,J+l)=U~(I.J+l) 
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UI(I+l,J+l)=UN(I+l,J+l) 
GO TO 25 

20 CON fE;JE 
C 
C TilE U:';T lW]RnUPED POINT 
C 

~';'SR('Il, J+1 )=~) 
U L (:11 , J + 1 ) =!j iI C 11, cT) 

~:in ~= H C i 1 , .J + 1 ) = I T E R ( ! 11 , J+ 1 ) + 1 
E 1 =r:-')V(U I (111, J+ 1 )+lFI(;! 1, J» II~.:: 

E? =r~ +') X * ('E ell, ,J + 1 )+U U 011, ,r ) ) n. I) 
tr c; 1 , J + 1 ) = (R l' E 1 *'J': (' 1, J + 1 ). ( 1 • ()-" * E 2) *U ~I ell, .J) +R It:::;:: *!I t" ('!2 , J) ) 1 ( 1 • 0 

l+R*C:l) 
IF(ITt:R('!1,.J+1).Er'.2C) .~') T8 15 
I:~(J\FS(lJ;;C:l1.J+l)-:JICi:1,J+l».L7.(1n.(]**(_r:.r"1») G0 TO 15 
U=C:~1. 1+1 )=Jti(rll, J+1) 
Gn TO 35 

15 !F(NC.E0.2) ~O 'fa 40 
GO TO 10 

C 
40 /·;c =() 

C 
c U:~I:;S (~i::L Ci:WUP 
c 
115 ~iC =:IC+ 1 

J=J + 1 
If (J .':;S. J lAX) ~; nUYni 

c 
c 'r:!E FlqST l)'h..iRl)UPED panT 
c 

~TE5'(2,J+1)={) 

U:::(2,J+1 )=:]::(2,J) 
~o !~ER(2,J+l)=IT~R(~,J+1)+1 

E 1 = E _f) X" (U [ ( ? •• j + 1 l+:J if C:~ , ,j) ) /'j • ;"I 
E? =1:: +:)' '* (tJ L (? , .J + 1 ) +,jf; P , J) ) 111. 'I 
:j, : (2 • J + 1 ) = ( :it~' 2 *u ~; ( 1 • ,J + 1 ) + ( 1 • 'J-R It r:: 1 ) Ij:1 (.::' , .J) +;) ,~=: 1 *i I" (3 , ,J) ) 1 ( 1 • o+q ;\ 

lE? ) 
IF(ITfR(2.J+1).[Q.2C) ~J,) TC S5 
r;:' ( A. n s ( : J : I C2 • J + 1 ) - :]I ( 2 , ,J + 1 ) ) • LT. ( 1 ~" •• , H ( - (; • c ) » ::; ( ) fD :-; J 
In: ( 2 • .J + 1 ) =;w ( ? • .J + 1 ) 
GO TO 50 

55 C':;;;TIdUt.: 
DO C 5 I = 3 , ::2 , 2 
K=I 
r:: :.~ R C , .J + 1 ) = () 
iJ = (I • j + 1 ) =:):1 (I, J) 
UI(I+l,.1+1 )='J£<(I+1 ,J) 

Go IT~R(~,J+l)=ITER(~,J+l)+1 

El=E-LlX*(iJI(I,J+' )+:JtJ(I, J) )/4.'1 
L?=r: +;'J:(* (iJT (I, J+ 1) +H: (T, J) /4. C 
E3=E+DX·(UI(!+1.J+l)+~~(!+1,J»/4.n 
Ed=t-DX* (ill (I + 1, J+ 1 )+;Jrl (I+ 1, ,J)) 14. oJ 
;y:r,; =1. ('-tE 1 *R+l::3*R 
CI=1.n+R*(~3-E2)-~2*S3*~*R 
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0 " :\, 

t: ,
ll) 

c 
c 

C2=E1*~*(1.a-E4·R) 

C3=Z3~R~(1.n-E2~R) 

C~=1.~+E1*~-~4*~-E1*S4·~IR 

C5=(1.~+E3*R)*E2·H 

CC; =c 1 * ~~ i~ ~ it * " 
C7=E2ili~"~I{*~ 

cr=(1.~+E1*~)·E4*~ 

U:! ( I , J + i ) = «(; 1 ~U: ; (I • n +t:?)l1!;.' (I + 1 , .J he 5~:' I, ( ~ -1 • " ) +C PdqJ ( r +:? , .J) ) /i"i:H 
Wi (I+ 1, J+ 1) = (C3*!),J (I, J )+S 4*:);) (1+ 1, ,J)+r:7~J:H I-1, J l+CE,:':)~J (T +2 • n) /JE 

1T it 
IF(~rEq(K,J+1).F~.2C) ~0 TO ~5 

IfP:J::;(ur:(I,J+1)-T~(I,J+l».GT.(l~'."\f"(-ij.(l»)) GJ iD 70 
IF(M::"('Jii(I+1,.J+1)-~!I(I+1,']+1».LT.(1::."H(-r;.n») ~o TO ('r; 
T; ( f , J + 1 ) = lP ! ( I , J + 1 ) 

U:::(I+l, J+1 )=U;;( I+1 ,J+1) 
:;,) T'l (,0 
en;J]' ~ ~iU::: 

IFC'!G.LT.2) ;') TO 45 

C DIS PRC,:~q;\;l ',SA:; WI!; :])Ij:'] ICL lSG(l 
c 
c 

*l'.* 

E'iO 
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C TiiIS IS TJlF p~rGRM~ FOR S()LVIrIG THE DIFFUS TOtl CONV':CTTOIl 
C E'~UATIO~I BY THE FI"!ITE ELE:'lE:n 1':ET)lOD 

c 
C T!IE FCRTJL\ FOR'l!::D 8Y Tl!r.: SI:':-POI~JT ~JnGHTF.:D f0R'~UL\ 

C H!V'JLVLIG 2-'~':;::lE-LEVELS J rdlD J+l 
C 
C Tl!E E:fr"lPLE CO!;,)DSRE:D ;U\'/LIG TH;;: :·lIXc:r; RO'!:·lD\RY C():IDITIO~I 

C 'lITH ZERO i:!ITIAL CO~:~IT1C.'il. 

c 
C THE NOTATICIS ARE AS FOLL'J'dS 
C 
C X REP:1ESt:rITUG nrE SP;\CE VARIt.flLE 
C T REPRESEUTn;C T'lE TItlE '!.I\RUPLE 
C IJ P.EPilESENTING T:1E DEPE'WE~:T Vi\RI,l,f3LE 'i.F:. T. X :.:m T. 
c U(I,J) ;lEJ"~IS IFF.: VALU::: OF II;\T POI~;r T*H,J*::::T l1HEFt:: 
CHArlO DT AilE THE SPACE Arm TL'£ I:IT[[lVAL) RESPECTIV;;:LY 
C CK IS T!{E CUSFFlr:IEtIT A320CIAED ;nTH TilE ~P,\TTAL 

C DERIV.HIVE DiJ/DX. 
C E IS mE CCSFFI::n:r·IT ASSOCIATED \:ITH TlE S;::C:O::O 'Ji~Rlvt\TIV;;: 

C D2J/DX2. 
C R IS T[: E RATIO DT / if "!l"2 
C P 1 IS TEE LEFT FelHiD/\.RY CQ~iJITICP 
C ~2 IS T:lE RIGl] r BJUUD:\,qy Ccr:[lIEG!; 
C T:::H IS TflE bIEIG:iTPIG FACT'!!': 
C t~ lS THS NIJ,l?EF. C.T ~~'J8IiITE~\lALS FOP X \JI\PIAfLF: 
C LAST IS TljE llUt'll:\ER OF l1AXI:IU'~ TI;!E-LEVEL:; r:O'!SIDERED 
C A 13 Tilt: DI.\CO~;AL ELF~lENT OF" THS TRIDIAG.Jf:l\.L "ATRIX 
C C IS THE ~UP~F:H!\GJ!·IAL ELE:~E;JT OF THE TRIDLliCYJAL 'IA'I'F:rx 
C B IS THt: SUHDIACU'lAL ELE:IE:)T ClF T~!E TR IDL1G,):!f,L '!P.TR E 
C F IS TflE RIGHT-~1'1.:1D ;;I8E ELF'lEiJT OF TIIF. SYSTF:H C)~· U";:HTWN 
C nIS IS THE ,lAIN PP.OGRil~1 

c 
c 
C FInST Tr-:E flF:CESS:lHY r,l\Ti\S fl.1'D T)IiiEfjSIO~iIt;'] 
r 
v 

c 

REA L * J C v , F. , 0T , : 1 , PI, i~ 2 , ]3 1 , Y( 1 1 ) , T ( 21) 1 ) , U ( 1 1 , ;> () 1 ) , 
lA(11),[(11),C(11),f(11) 
REAL*8 ~F,Cf,rF,DE 

REAL*:-) lETA 
JUTEGSR il ,:11,:12,IL,LAST 
[31=1.0 
B,?=C.O 
/.j = 11 
til =,~-1 
112=[1-2 
H = 1 • / 0-1- 1 • ) 
READ(l,*) CK,E,~T,~ETA.LAST 

R=:JT/UP'*2) 
PI=3.141592 F 54 

C THE INITIJI.L C()~!DITIO!~ 

C 
C 

DO 50 I=2,11 
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U(I,1)=O.C 
50 CONTItJUE 
C 
C 
C THE LEFT ~10;!:IDA~Y C'}~mITION 

C 
C 

JO 55 ,J=l,LAST 
U(1,J)=1.0 

5') CGIJT iNUE 
C 
c 
C THE SP'\CE IUTERVAL 
C 
c 

DO 60 I = 1, 11 
X(I)=(I-l.)*H 

Go CC~ITItiU::: 

c 
C 
C Ti'E TI:1E INTERVAL 
C 
C 

DO 65 J = 1 , L\;) T 
T (J ) = (J -1 . ) *;)T 

65 CJ~~TIi~UE 

C 
C 
C 
C 
C 
c 
C S'JLVI:;G T!lE FIrnTE DIFERE!!CE ~CiUA TI'li'l 
C 
c 
C USI:IG THE LlJ DE:~O'll-';)SITHHJ 

C 
C 

c 
C 
c 

A(2)=1.13.+~·E*(1.+4.*TETA)/(. 

C (2) = 1 • I 12. - ( 1 • +4. *T ET.I\ ) * (rt * EI 12. -C K l'- R l! f 1/;2!~. ) 
DO 7f) 1=3,i'1 
!~ (I) =A. (;: ) 
C ( I) =C (2) 

B ( I ) = 1 • 11 2. - ( 1 • +4 • * T iTA ) * ( R l' t::!1 2. +C r * R If 1/24 • ) 
70 CO~TI~U~ , 

A(M)=1./3.+R*E*(1.+4.*TETA)Ir,. 
8 en = 1 .1 G. -R *r.: * ( 1 • +4. * TETA ) 16. 

C 
c 8r:CO; iP(JSITIO~l PRClC ESS 
C 
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IF(A(2).EQ.O.O)CALL EXIT 
C(2)=C(2)/A(2) 
Dr) 75 I = 3 , rl1 
A(I)=A(I)-~(I)*C(I-l) 

I~(A(I).EO.J.O)CALL EXIT 
C ( I) =C ( :) / A ( I) 

'rs CCIITUJiJE: 

C 
C 

A (r l ) =\ ( .,) -::1 (t D * C (!" ) 

C LI3THIG TIE ELE~ltNTS OF rrSHT HAnD SI8F: CIJLU.P' ~-'\TRIX 

C 
C 

AF=+1./3.-R~Z*(5.-4.*TETA)/6. 
C F =+ 1 • / 1 2 • + ( S • -4 • * T f:T A ) * ( R * E!1 2. -c K .. ~ l!' 1/?4. ) 
[3 F = + 1 .!1 2 • + ( 5 • -IL * T ETA) * ( R .. F. /1 2 • +C f( * q *'!/ :? 11 • ) 

EE:O.S*R*C+CK*R*II*O.25 
LAST 1 =LAST-l 
DO 05 J:l,USTl 
F( 2) =:3[*[; 1 +M'lf!J (2,.J hCr lf ') (3, J) 

DC d 'J I = 3 , ; i 1 
F ( I ) =t~ ::-*[J ( I -1 , J h.'l.F*U (I , .J he F*U (I + 1 , ,J) 

SO CDNTIWJE 
Fe ii) = (LF+CF) *!J (I' 1, J hAF*'J Ul, J) 

c 
c 
C '3CUJTIO~' TO THE EC)UA nONS 
c 
C 

I) (2, .J + 1 ) =F (2) / A( 2) 
00 ,>is 1=3,.1 
U(I,J+l)=(F(I)-8(I)*U(I-l,J+l»/A(I) 

Di) 'jLl -::=1,;12 
IL=:l-I 
U ( I L, J + 1 ) =:j ( [L, J + 1 ) -C (I L ) * U ( I L + 1 , J + 1 ) 

90 C'J:JT PJUE 
<)5 CIJ:-ITIiW2: 
C 
C 
C 
C \'/t~IT LNG TliE RESULTS 
C 
C 

l.nnTE ( 1 , 1 ')0) 

100 Fc;nATU////l0X, 'T!;[ IlfJ"lt:ilICAL SOL!JTIJ:J OF CERI'/\TIVE [";CI]'JDARY PRO 
lilLE1'l'//lUX, 'n TIlE FPIITE ELEilENT 11ETilOJ') 
·\·IRlTE(1,105) CK,E,0T,fl,R 

105 FOR,'.lAT(f//,X, 'THE RESIJLTS FOLLWS'//5X, 'C0~;srAnT r=' ,FS.Il/5X, '":PSI 
1:"'(1)=' ,F£.li/,)X, 'TI>l£-LE'JEL=1 ,f2.1~/SX, 'SPACE-HlTEP'!!\L=' ,F8. Ll / 
2:;:<, 'R=' ,F12.G) 

DO 135 J=1,LAST,10 
I,JKITE(l,llC) T(J) 

110 FORilAT(f//5X,'TIlE THlE IS=',FP.4) 
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OK, 

WRITE(1,115) (X(I).I=1.6) 
115 FOHi1ATU/1X."IALUE X',3Y"C;(F3.4,PX» 

WRITE(l, 120) (U(I.J),I=l,~) 

120 FORt1;'.TU1X. 'U-'JU:-l' ,3X,ECf13.i:'.3X» 
I-If11TE(1,125) (XCI),I=7,11) 

125 FOE'"l.A T (j /1 X. 'V p, UE X', 3X. S (f' 2. Ij, )X) ) 
\/lHTE ( 1 , 1 j:J) (U (I , c1 ) , 1=7, 11 ) 

1 =0 ?OR:1i~T(j1 X. "J-'iU!I' ,3X, 5( F13. :3, 3X» 
135 CC;JTI!lUE 

CALL ElIT 

c 
C TflIS Prl0GilA:l (·[/l,S TL:::TED~:1) 2TJ USI:;G rflI:1E !~OC 

C AT TilE C::;PUT;::f\ CE'HRE. !J'JIVt:RSITY liF TE::!l:JOLOGY, 
C Laue I['.OR'JUGH,LEI':::ESTERSHIRE,LE11 3TU. 
c 
C 
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[lASTER FE'16 
c 

C THIS IS Tf1E PilOGRII.1.1 FOR SGLVI'jG THF: DIFFIJS 10;: r,'"")UVFCTICH 
C EC,:JA TIO~ BY THE F UJITE ELE'q::~lT 'WTHOD 
C 
C DE FCrnU:'A FOf'::lE:) :3'1 TilE rJItiE-P8:!::lT FC:r';JLA 
C nV8LVIliG 3-TInE-LEVI::LS J-1, J !\!!;) J+1 
c 
C T,JE EXA'lPLE COnSIDERED ilA'/I1j:; THE DIRICHLET IfO!IC'GE!IEOU3 

C UC;J1iDA~Y C:C~JDITIo:.l 

C '.JITH HIITIAL CO!'IDITIO:!.F(X):E;':=>(Cr.:*X/(2.0*E))*X*(1.0-Y.) 
C 
C TIlE t~OTA TIO:IS ARE AS FOLLO'fS 
C 
C X REPRESENTING IriS SPACE V~RI!\RLE 

c 
C 
C 
C 
C 
C 
C 
C 

c 
C 
C 
C 
C 
C 
c 
c 
c 
c 
c 
C 
C 
C 
C 

T REP:iESENTING TlrF. TI~lE 'JA?:::A:':.LE 
!J fiEPRESf.~:TIN0 THE r)r;:PE!:J[:JT '.'lI.RIA[3LS \1.R.T. '{ ,\I'D T. 
~.J(I,J) :lEMIS Tli!:: V,\LIJ2: OF IJ;'\T P'Jr:lT P:I,J*8T ',!'1ERE 
~l ,iiiD 1)1 i\R~~ Tll~ SPI\r::E At:') TI'li nnEH\I,lLS RE~~P;;:r::TIVELY 

CK I,S T:fE C()EFfICIE:IT AS:)CCT/l..HD '.~:::TH TilE SPJ1.T:::r,L 
DERIVATIVE DU/OX. 
E IS THE Ci~i::FFICIEUT !l.SSOCL'\.TED '.nTH THE SECO~;D !)ERIVATIVE 
D2U/:)X2. 
R IS nE fii\TIO DT /HH2 
t~1 IS TliE Lh~FT fl();JNDAfi.Y CG:lDITICN 
[-:2 IS THE RIGHT rOU:IDARY ,~miJITI()N 

TETA IS THE ~!cIG[iTI!lG FACTO:1 
rl IS THE liU:1PER OF S[JRrr!TDV'1L', FClR T '1,\RL'l,f1U: 
[J TS THE UU:1CER OF :~!JlI~:TE:fl'J!\LS Iii X \fl\PIAnL~ 
HIE [·l£TfiOD Lr::AD TO A 'lLOCK TYPE LnEAR SYSTE'l (IF ECU.1l. -;:Jti 
:IIT!! TRIDI.IIJ;O:JAL GLCC;( Fenl 
f:ACH EliXK ilATRH ;\RE OF T?:;:··I,\';O;::1L Fe:?;l 
A. IS PIE 'I~J1.GU:J:\L FU)CK O~;' i'll~ 'T[l'P)!:I\r;rYL\L TiLCCI\ '~A1RIX 

C IS 
:~ IS 
F IS 

[HE sup;;:rDIAf;o~;/\.L r~L:J,=K nF ThE TRT:r::A(~Otl!\'L ')L0C:~ r'~TRIv 

T~IE :';',:[',i)HG0I'l\.L ,jUlC: C?~Ht: TFT!iIAG0:1A.L FLOCK !1ATRIY 
THE RIGHT-:lt,i!] :3ICC 
::::; PIE f'AI1! pnO(~RI~.!l 

C FIh~T T1!E t';ECESSARY r~\TAS .i ~!J :1I'1 EllS ION n'JCi 

C 

c 

~EAL RA(11),GB(11),EC(11) 
HEAL C1<:, E. OT , i j, T. U ( 11 , 201 ) , 'jr)u:· ( 11 •. ?O 1 ) , E PS ,:': (11 ) , ';T (:::' (11 ) , 

1 fl , ;1 L P , H ~T • !J 1 , ['2. B 3, A 1 , ,~2 , 1';], C 1 , C 2, C 3, ::: PS:' A 1. , f ( 1 1 ) ,'l 
REAL flNEH( 11,201) ,',:E~!D.\Hnr:: 
TJ';Ei:;ER ITE.IAX, Ir1~;:1, ITIUn 
I ,';TEC:::R :-~, 111, t ' 2, ii, U 1, li2, 11:::2. TP1T: 

r; EP:")!lAX IS TflE CO'iVF.:RG~NC:: TOL:::Rl\iiCE 
C \i IS THE RELAXA TIeil PARA'1ETER 
C 'fEtiD IS THE FIlHL VALUE OF H USED 
C '1I1IC IS THE H1CRE!1EllT HJ '] U:3ED 
C ITE:1AX IS THE t:AXIrHJrl ITERATIO:~ ~lir1BE~ AssrWED ~nR Cn:VERGENCF: 
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c 
NDATA=O 

c 
C START \IITH TilE EACH SET OF :-Io\TA 
C 
5 im,iTA ='!D!\ 7A+ 1 
C 
C HEAJI:;:; THE II!1)I'JIl"'U.'lL !),Hit SET 
C 

Jd::A D ( 1 , 10) :-: ~\ , h:, DT , : I, T, ::TEil A X , ~ PS:1A X, \! , '!F:~: J, 'II nc 
1t! FJrUH(SFO. r, la, :;FS. 0) 

E: 11 r j = I IE: 1 A X 
c 
C THE rlT:SER CF :,P>\CE rlTr:R'J~\L '~-l 

c 

c 

tJ=1.O/H+1.0 
1l1=rl-l 
112=:1-2 

C TllS nU'lDEP c: II'li r:ITEH'JAL :1-1 
c 

':=~/DT+l.() 

tIl =: 1-1 

C L!E IUITIAl AND B0UU::lARY C'TiJITIC"1 
C 

CD 1 5 J = 1 , >1 
U(l,J)=O.O 
U(:!,J)=:J.D 

15 CtJ:frHJUC 
C Tlls r:OJE P)I'JT~ SPI'.CE'.n::J[ 
C 

DO 2("1 I = 1 , Ii 
X(I)=(I-l.)*:! 

2n CC:ITI'JUE 
DO 25 I=l,til 
U([,l)=EXP(C~*~(I)/(2.12»)*X(I)*(1.-X(I» 

25 C(;tlTI!!UE 

C T;JE: IJODS POI/JTS TIr'r::!T:~[ 

c 
GO 30 J=l, '1 
TT( J ) = (J -1 • ) * JT 

3 J CC:iTI :iUE 
c 
C THE STEADY ST,'\TE SO:":JTTTJ AT TTl!:: T 
C 

DO 35 :::=1,::1 
U(i:,tl)=O.O 

35 ~0:HH:UE 

c 
C T:ii:: LIST OF ALL AE3!i[VIHIO;iS 
c 
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C 

R=DT/(fI**2) 
Bl=-4.0*E*R 
lJ2=2. O*E*~-CK*~*!! 
83=2.0*E*R+CK*R*H 
Cl=-l.C 
C2=C.J 
C3=G.O 
Al=1.0 
;\2=0.0 
A3=11.0 

C ',linnnG THE D,'\ T:\ '10 TliE P:iC8LEr! 

C 
~RITE(2.40) C~.~,)T.H,R,T 

4~ F(;R'1I1.TClllllCX. 'T~IE :lUQERICAL SOU;TI'jN 0:- cor:DUCTI:J\!-C-:;~:V:::CTIOi; 

c 

EGUATHlN'/l0X."W THE FInITE aF.:'lElIT :·ETlil1D'/l~)X.'~,lJ1J ;ntrE ?:)I1!T~ 

2FOP.;1ULAF.'115X."r:{E R~SIJLT FOLUHS'115X, 'c,""<:TA1JT K=' .~2.11/::'X. 
3' E PSILO;'J =' • FS. il/5X. 'TI:IE-LE'JEL=' ,~,'1. 1115X, '') PACE-~ l!TERVA.L=' ,F,~. 11/ 
45X, 'R=' ,FB.II/5X, 'STFADY-STATE TI'lE='.F2.1t) 

C GIVlilC THE nlITIAL G~jE3SES FOR 1]0,,1) 

C 
45 ',J=',:+\JT~:C 

DO 50 J=2.Hl 
DC 50 I=2,lll 
IJ (I , J) =X (I) * ( 1. (I-X ( [) ) 

50 CONTINUE 

ITER=O 
55 ITEi1=ITEP+l 

ITH .. ~ X 1 =ITE~1AX+ 1 
IF ( I TErt. LT • IT~'lf\ Xl) ~_~o TO CI 5 
~nUTE (2, CC) if, ~TE!1AX 

fie; r-'OI\:lAT(//10X, 'FUi< ~J=' ,?X,F2.!1,2X.' ITERATIOr; ;'JiJ. GRHT[R THAlli. 

7\) 

C 
C 

12X, IO 
GO TU 140 

f-=P3=O. n 
DC '( r J = 2, 111 
V'J 're 1=2,1;1 
UnLI)(I,,))=UO,J) 

C01:TLiUE 

C :U~~IT L'l.:':) SI'"lE F011 rifE SECC'ID LIl:F(TP1J.~-L~1JEL) 

Fe 2 ) = - ( A :3 !! Ll ( 1 • 1 ) + A 1 * iJ ( 2 , 1 ) + A 2 * ~J( 3, 1 ) + B ::; If· J( 1 , 2 ) + C 3 ;of! J ( 1 , l) ) 

DO 75 I=3,U2 
F(I)=-(A3*U(I-l.1)+/\ 1*JO,1)+,12*U(I+1, 1») 

'f') cor,iT::: NUS 

c 
C ADDINC; lITH THE llATRIX C ~nJLT1PLY HY 'JOL~(T,7.) 

C 
F ( '2 ) = F ( 2 ) -c 1 * f f 0 L 0 ( 2 • 3 ) - c: 2 • U 0 L D C3 • 3 ) 
D0 ,~o I=3,~i2 

F( I)=F(I )-C3*UJLD(I-l, 3)-r: l lf !JOLO( I, 3)-C2l!~!::L1)(I+l. 3) 
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80 CONTIN'JE 
FUJ 1 )=F ('Jl )-C3*UOLD('i2, J )-S 1 *U(1LDCll, 3) 

c 
C FED U(I,J) FOR J=2 

c 
et,LL TRDCG1,F2,P3,F,'I,2,!J) 

DO .''',5 I=~?"ll 
J (I, 2 )=ii*~J (I, 2)+( 1. ('-'I) *JJOLDC1, 2) 
E PS=;:: p~)+,":.PS (!~ C I,? )-!JJLD (I,'"'» 

8 S C:J:~! I rlLJE 
C 
C RL:;:1T :L-li!1) SDE FOR TllIRf' TO !<-2 LEVEL 

c 

DO 11 (1 J = j , :'? 
F(2)=-(A3*U(l,J-1)+n3~J(l,J)+C3·J(l,J+l» 

DO SO :::=3,;:2 
f(I)=().O 

C J'..DDIllG.H':'ll 'iHE ,lATRIX A ;ll!LTTPLY 3Y uer, J-1) 
F(2)=F(;?)-·\ 1*'1(2,J-1 )-,~2*1!(3,J-1) 
DIJ ')5 I=3,i.2 
F( [) =F(I )_.;~l;fU (1-1, J-1 )-,,\ 1*U (1, J-l )-;\2*:)(1+ 1, J-1) 

Ci5 COiJTIifJE 
F (ill) = F ( N 1 ) -A 3 If iJ (tI2 , J - 1 ) -:, 1* iJ (:11 , .J - 1 ) 

c 
C Af'!JIt::J .11TH THe: ,';TJHX S '1ULTIPLY ".Y U(T:,J+l) 

F (~ ) =F (2) -c ll':nLJ (2, J + 1 )-C 2 *:/OLJ (3, ~I + 1 ) 
DJ 100 1=3,;12 
F (I ) =F (I ) -:-: 3 *UOL l) (I -1 , .r + 1 ) -c: llf'JOU~ (T , .] + 1 ) -s 21'.1 OL 1) (I + 1 , J + 1 ) 

1 re CIJ'HLEJE 

c 
c rgD !leI, J) r:J:1 J=3 Te i? 
c 
c 

c:;', LL rH n C F 1 , q 2, L;3 , F , U , J , ~. ) 
D() 1CS I=2,:11 
: J( I , .J) = J * I J (I , J ) + ( 1 • () -'!) * I ! lJ L ~) C f , J ) 
E P;') =L~ P:3 +A bS (II ( I , J ) -~J(1LD (T , .J) ) 

C :\lGHT ll!',:d) :::I;)E ~::;? (;1-1)3T. LE'i=:L 

C 
F ( 2 ) =- (.\ 3 *U ( 1 , : l?) +f:l 3 *~J( 1 , ~: 1 ) +C 3 *U ( 1 , t;) +C 1 *!) (2, : I) +S:2 *1 J (J, ~1) ) 

DO 11 5 1 = 3, '.J 2 
F ( I ) = - ( c 3 * U (I -1 , ; : he 1 * J (I , : n +C 2 *U ( I + 1 ,1:) ) 

115 CmiT'::UUE 

c 
C i\[)DI11G ;i1TH THE ii.l\TRIX A. 'llJLTIPLY 8Y U(I,;1-2) 
c 

F ( 2 ) :: F ( 2 ) -1\ 1 ltlJ (2 , ~: 2) -, 2 IfJ ( 3 , :'2 ) 
DO 120 I=3,!l2 
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F (I ) = F (I ) -A 3* U (I -1 ,1-l2) -A 1 *rJ( I • :12) -.1\ 2 *'-1 (I + 1 ,1!2 ) 
120 cr!J,:,n:'J~ 

F Ul 1) =r (111 ) -A 3 *(] (fJ 2 ,i'12) -A 1 *U (tIl ,'12) 
c 
C F I!m iJ (I , J) F:J.q J =!~ 1 
C 
C 

C:' LL BID ( L 1 • :12. I3 3. :- , ~J , t· 1 , n 
DO 125 1=2,:11 
U (I • : i 1) = .J*U (I ,l'il )+ ( 1 • o-',n J:' JOLD (I, r Ii) 
E PS =E p,) +.1\ 8S (IJ (I, :11 ) -iJC L D (I, : '1 ) ) 

125 CC~!TI:Ii.Jr~ 

C 
C TESTIth; TliE CutIV~RGEl!CE 

C 
IF(EPS .CT .l~PsrlAX) ~~c TO 55 

C IF crJ'iVEPGE l:qITE THE E[SULT 

C 
IF(TTEIi.';!:. l'i11IiI) :;~) TO 13:) 

rTt, Hl=ITER 
DO 13D J=1,,1 
DC 1~C I=1, '; 
u ,J tel( I , J) = U (I , J) 

o CC:JTIdUE 
5 ',iHITE(2,1'75) \1 

WHIT[(2,17 n) ITER 
1 J;O IFOL LT. ',IE::D) ,;) TO 45 

PO 165 J=1,11 
liriITE (2, 11J 5 )TT(J) 

H~ FOR:IP,T(///,)X, 'THE TI:1E TS=',F1. 11 ) 
~';;UTE(2, 155) 
DO 1 (:(l 1=1, '1 
~JRITE(2, 1')0) X(I),UtJE;i(I,n 

150 fCa~AT(SX,F2.4,5X,F13.3) 
1 55 F;):1"1 f\. T (/ lOX, "( , , 1 :J X, 'rJ ' ) 
1 U} (»~r: I:JlE 
1 (,5 CC'iJ'I' I ~!U:;: 
170 FGinAT(//SZ, 'C;JtJVERGF:1iCE CYJDITION fULFILLt:D ;TTER' ,?X, IC, ?X, 'ITER 

l1TIOUS ' ) 
175 FOH'H'[(//':'ifE RE,)ULT FOl O:lUjo{=',r.q.il) 

U:J.; TA=';DATA+ 1 
IFCIDATA.LE.2)::;O TO S 

c 
C T,fAT I:' r:lE DiD OF THE PfWGRA'l 
C 

c 

,sTOP 
UD 

C TifF: sfn:WUTI:~E FOR SOLI/It;,; TRIDIAGO;;II.L ::3YSTE'1 ~'F EC)11HIO!-j 
C 
c 

S!J3RC!JTI::E TPD(81,?2,E3,F,'I,TP'1f,r:) 
REAL B1,E2,B3.F( 11) ,RA( 11) ,BE( 11) ,re( 11) ,1J(11,201) 
Il\JT::GSR IDlE, rl1, N, 112 
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UK, 

111 =i'l-l 
N2=N-,? 

C p:i=r''::!\(;O~!d.L 

C GA=SUTi::JI.\GO'IAL 
C 3C=SJPE~~:~GONAL 

C 
DO 50 I=2,Nl 
BE'( I )=;\1 
8/.(0=83 
BC(1)=b2 

5:) CONI I IWt: 

C 

BA(l)=().O 
BCCll)=O.O 

C LU JEcry' POSITION 
PC(2)=UC(2)/R3(2) 
DO 51 1=3,:;2 
D:2(I)='jB( 0-:11\(::)*8C( I-l) 
IF(C~(T).EQ.O.G) RETU1N 
3G([)=GC(I)/DD(I) 

51 COt~TI il:.J::: 
BH CJ 1 ) = ;,J-1 <"11 ) -nA ( n 1 ) If PC (t; 2) 

c 
C :lACK ';Uf1STITUTICN A:,J ~OLUTIC:I 

U(2,TTr:E)=F(2)/PS(2) 
DO :1 2 I = 3 , tJ 1 
U (I, TIiiE) = (Fe I) -:3A 0) ;HJ ( I -1, TIr 1 E) ) lEBO) 

52 CC:!TH:JE 

C 
C 

DD S3 1=2,;:2 
IL='I-::: 
U(!L, TI'·lF:)=U(IL, T:r:1E)-;~C(IL)*IJ(IL+l, ""I"lS) 

EFID 

C THIS F:'l')G;'ii\/! '.IAS C;Cj:1PILE, :f~STED ,1';J nUjl i;.~ I";G IeL 1';00 
C AT T~!E CC;1PUTER CLiTRE, U.IIV~RSITY ',-'F TEC:l:[]LOGY, 
C L::JUGlIJOROUGH,LSIC;TEl12,flIRE,LE11 3Tll. 
c 
c 

**** 
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C 
C PROGRAM FOR 3-POINT GROUP EXPLICIT '1ETHOD 
C 
C THE METHOD TESTED WITH THE PARABOLIC EQUATION ~ITH 
C DIRICHLET BOUNDARY CO~DITION 
C 
C THE X-Dor1AIlI IS ASSUl~ED TO RE T)IVIDED IlHO t1+1 SUiHNTERVALS 
C ~lbERE tl IS THE INTEGER rlULTIPLICITY OF 3 
C HENCE T!lE ~j0ffBER OF IIJTF:RNAL IfNlCJOl:ltl POINTS liRE rrr 
C MULTIPLICITY OF 3 
C 
C 
C DEFItiING THE TYPE OF VARIABLES OR r,O~STAtITS 

C 
Ii 1 PLIC IT REAL (A-H, 0-2) 
OI:1£>ISION X(21), T(20 1), U 1(21, 20 1) 

C 
C READING THE ~W18ER OF SET OF ~ATAS 

C 
READ(l,*) ~IAXDAT 

NDATA=O 
5 '!DATA=~IDAT:\+l 

IfODATA.GT .1·lAXDAT) CALL EXIT 
C 
C D1PLE;·lENTATION TO EACH DATA 
C 
C 
C 
C 

c 

C 

READING T!!E DATAS 

DX IS THE SPACE I1JTERVl\L AND D7 TS THE TI~!E INTERVAL 
TIilE IS TIlE i·!AXI··1U~'l TF1E CGrtSIDERED 

READ(l,*) DX,~T,TIME 
~=l/DX+l 
:·11 =,-1-1 

C DEFHIHIG Tn: PDINTS ALOilG TtlE X-AXIS 
C 
C 

DO 10 1=1,1'1 
X (I): (I -1. ) *D X 

10 CONTI NUE 
C 
C J1 1AX IS THE I!AXI'~Ul.l TI1~E-LEVEL 

C T IS THE TIME VARI\BLE 
c 

J:IAX =TP1E/DT + 1 
DO 15 J:l, J!lAX 
T(J)=C.T-l.0)*DT 

15 CONTI,lUE 
C 
C 
C THE INITIAL CGNDITION FOR THE DEPENDENT VARIABLE U 1 
C 

DO 20 I =2,111 

526 



Ul(I,1)=4.0*X(1)*(1.0-X(I» 
20 Cor·JTINUE 
C 
C 
C THE BOUNDARY CONDITIO~S 
C 
C 

DO 25 J=1, J:1:U 
U1(1,J)=O.O 
U 1 ( 11 , J ) = 0 • 0 

25 CONTItlUE 
C 
C 
C CALLING THE ROUTINE FOR 3-POI'IT GROUP EXPLICIT !-lETHO!) 
C 
C 

C 
C 

CALL GE3PI3(JX, DT, R, Jr1AX, H, U 1) 

C WRITING THE HEADING 
C R IS THE RATIO DT/(DX**2) 
C 

WRITE(1,30) DX,JT,TIME,R 
30 FORMAT(/////10X,'SPACE INTERVAL=',2X,FR.4/10X,'TIME INTERVAL=', 

C 
C 
C 
C 

l2X,F8.6/10X,'TIME=',2X,F10.5/10X,'R=',2X,F8.5) 

C WRITING THE RESULTS 
C 

INC=1 
DO 60 J=l,JMAX,INC 
IF (J • GE. 11) INC = 10 
JRITE(1,35) T(J) 

35 FOR~AT(//5X,'THE TIME=',F8.6) 
WRITE(1,40) (X(I),I=1,6) 

40 FCRMAT(5X,G(F6.4,3X» 
WRITE(1,45) (U1(I,J),I=1,6) 

45 fORMAT(5X.(FR.~,3X» 

HRITE(1,50) (X(I).I=7,'1) 
50 FOR~AT(5X,5(F6.4,5X» 

WRITE(1,55) (IJHI,J),I=7,11) 
55 FORHAT(5X,S(F8.6,3X» 
60 CONTINUE 

C 
C 

GO TO 5 
END 

C SUBROUTINE FOR THE 3-POINT GE :'ETIlOD 
C' 
c 

SUBROUTINE GE3PB(DX.DT.R.JMAX.M.Ul) 
c 
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C 
C DEFINING THE Vll.RIABLES AlID CONSTANTS 
C 
C 

C 
C 

IrIPLICIT REAL (A-H,O-Z) 
DIMENSION U1(21,201) 
r'l1 =N-1 
Jr·IAX 1 =J:I./iX-1 
R =1)'[ I (DX**2) 
t13=t1-3 
t12=i"l-2 

C DEFINE CONSBNTS INVOLVE IN THE FORWLAE 
C 
C 

C 
C 
C 

E1=4.0*R-28.0*R*R+8.0 
E2=-12.0*R**3+8.0*R*R+20.0*R 
E3=20.0*R*R-4.0*R 
E4=i3.0*R*(R+1.0) 
E5=4.0~(R+1.0)*(2.0+2.0*R-3.0*R*R) 

E6=3.0*R*(2.0*R*R+10.0*R+4.0) 
E7=6.0*R*R*(R-l.0) 
E8=6.0*R*R*(R+l.0) 
DETA=8.0*(3.0*R+1.0)*(R+1.0) 

C INITIALIZE THE TIHE-LEVEL 
C 

J=O 
c 
C PRG?AG!\TE ALONG THE TI'lf.-LSVELS 
C CALCULATE FOR EVERY GROUP OF THREE POItlT 
C THEREFORE THE UNl(NOHN POHJTS ~·~UST BE T:IE t'H1LTIPLICITY 
C OF THREE( 3) 
c 
C 
65 J=J + 1 

IF(J.GE.J~AX) RETURN 
DO 70 I=3,d2,3 
u 10-1, J+l)= (E 1 *u 1(1-1, J)+E2*1l 1 (I, ,J)+E3*U 1 CI+1, J )+E6*ul1I-2, n 

1+E7*Ul(I+2,J»/DETA 
U1(I,J+l)=(E4*(Ul(1-l,J)+U1(I+1,J»+E5*U1(1,J)+ER*(U1(1-2,J) 

1+Ul(I+2,J»)/DETA 
Ul(1+l,J+l)=(E3*Ul(I-l,3)+E2*Ul(I,J)+El*U1(I+1,J)+E?*~1(1-2,J) 

1+E6*Ul(I+2,J»/DETA 
70 CONTINUE 
C 
C GO TO ~IEXT LEVEL IF NECESSARY 
C 

c 

GO TO 65 
END 
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c 
C THIS PHOGRA1-1 ',iAS TESTED "tiD r:W US::::'IG PRI'lE 400 
C r,T THE c:)rtPUTE~ CEl1T2E, UUIVEriSITY JF fEC:l'lCLOCY, 
C LS'JG:UOaOUC;H,1...ETCr::STERSf:IRE,LE11 3TU. 
c 
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