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Name: Christopher Hugh Messom

Definitive Title:-
Engineering Reliable Neural Network Systems

Synopsis:-

This thesis presents a study of neural network representation and
behaviour. The study places neural networks in the context of designing
reliable systems. Several new results on network size and topology are
presented.

Knowledge based training of neural networks is examined. This is
essential for designing reliable neural systems in which the
subsymbolic reasoning processes are well defined. Sandwich nodes are
introduced and studied as atomic knowledge elements in neural
networks. Two new network architectures are introduced, the
Loughborough Net and the Loughborough Control Net. These make use of
the parallelism inherent in sandwich node representations.

The interpretation of neural network representations as logical
transformations and rule systems are presented. An equivalence of the
rule systems and neural network representation is proposed and
discussed. This equivalence is required in order that the tota! behaviour
of the neural network can be understood.

A new methodology for designing reliable neural network systems
making use of knowledge based training is proposed. This is used to
present a general design methodology for the construction of. reliable
neural network control systems using the Loughborough Control Net
architecture. A case study is discussed where the methodology was
applied to the design of an adhesive dispensing controller.
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Chapter 1. Introduction and Background

Human history has been a record of the design and appliance of tools, from the bone
clubs and flint blades of prehistoric man to the computerised automated systems of modern
man (Bronowski ‘73, Birdsall & Cipolla ‘79). The tools that were available extended the
power and experience of man and in turn motivated the development of ever more
sophisticated technology (Forbes & Dijksterius ‘63).

The tools that have stimulated the development of the mind have led 10 the peaks of
human achievement, unmanned space exploration beir_1g just one example (Clark ‘85, Lilley
‘65). As the tasks that man attempiled became greéter and more ambitious, calculating
systems and machines were developed. Symbolic mathematics provided a framework for
abstract reasoning while the use of predicate logic formalised linguistic reasoning and
argument.

The development of the electronic computer revolutionised calculating and reasoning
systems. Automating logical reasoning allowed evermore complex systems to be developed,
leading to the design and construction of automated machines.

Truly automated processes would require no human operator or controller. This may
seem attractive, especially for very mundane aclivities. However any process, automated or
otherwise must be sufficiently understood to ensure the safety and reliability of the system.
A human controller or agent has knowledge about the behaviour of the automated process and
can therefore predict the behaviour of the system under various conditions. This human agent
can then ensure the reliability of the system. This is especially desirable in the case of safety

critical applications (Warwick & Tham '91).
Outline of chapter

This chapter provides a historical background and systematic development of the basic

ideas of the field of neural network systems. The place of formal logic ~ in automailed systems



is discussed. Historically it has been the motivating force behind the pursuit of automated
systems and provides a foundation on which more complex systems can be built.

Neural networks are introduced as a possible solution to the performance limitations
of logical systems. The general monotonic and incremental nature of logical systems
effectively places a bound on performance in real time. As the knowledge base becomes ever
- larger, the response time of the system will increase. Neural network techniques offer a
solution to this problem via the inherent parallel nature of neural network execution.
However large the network becomes, the response time of a network implemented in
hardware is only dependent on the depth (the number of layers) of the feedforward network
and not the number of nodes in the network. Difficulties exist with neural network
representation and behaviour, which provides the motivation fo.r this thesis. The motivating
issues of this thesis are discussed in chapter two.

The basic properties of neural network systems are introduced in this chapter,
highlighting their representational limitations. A feedforward network does not have the
representational power of a first order logical system, while a recurrent network has the
same representational capability as the-first order logical system. These questions are
relevant for the design considerations of neural systems.

The various different network architectures, recurrent and feedforward networks and
the training lechniques they employ are introduced. They are discussed in further depth in

chapter three and four.
Overview of reasoning with logic

Reasoning systems have existed for many centuries, since the time of the Greeks with
Aristotefian reasoning to the work of Boole('47 & ‘58), Carroll(*58 & '77), Keynes('06)
and Russell('03 & ‘19) in more recém history. These symbolic systems provided an
excellent framework for reasoning through complex arguments, however most failed when
confronted with uncertainty.

Everyday linguistic reasoning was seen not to obey many of the properties of these

2




formal systems, namely that of consistency and the conditions for ambiguity. Similarly
problem solving and spatial reasoning could not be modeiled by these sysiems, limiting their
overall usefulness.

The work of Keynes('21) and Venn('94} on probability provided a foundation for
working in sysiems where certainly was not guaranteed and unknown elements existed.
Automating these problems proved difficult and significant extensions and variations were
required to overcome them.

Many of the issues addressed in this thesis have existed for many years. Early
civilisations were interested in thought processes and the mechanisms of reasoning.
Traditional or Aristotelian logic was developed in the time of the Greeks (Boyer & Merzbach
'89) and is thought to have been used in the training of the lawyers and magistrates and by
extension the politicians of the city states.

Significant traditions of logic in Arab, Indian and Chinese civilisations also existed
(Mikami ‘74). These iraditions spawned algebraic logic which separated logic from its use
and misuse in language and argument. Bocle{'47) wilh “The mathematical analysis of logic*
and De Morgan('47) with “Formal logic" provided a wider structure in which logic could be
studied.

The formal logic as studied, provided a strong mathematical foundation for symbolic
reasoning, which was amenable to automation. One of the limitations that resulled was its
abstraction from everyday reasoning and the inherent uncertainties that resull. Only
dichotic, true- false systems were considered, partly due to its simplicity of represeniation

and execution.
Logical systems

Logic is the oldest formal system for reasoning, which allows natural language like
statements 1o be manipulated so proving whether they are consistent or not. Proofs of
queries could be given by showing that the negation of the query and the statements in the

database were inconsistent (reductio ad absurdum).
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These logical systems were so successful in providing reasoning systems, that it
formed the basis for many computerised reasoning machines. One of the most successful
using only statements in clausal form is Prolog (Clocksin et al‘87 and Shapiro et al'86)
which allows queries to be made on a database. A depth first search sirategy is used and a
relevance condition is required on the search, so aliowing the system to behave correctly
even if an inconsistency exists in the database of clauses.

First order propositional logic is a system in which formulae exist employing atoms
which take the values either true or false, with the logical connectives and, or, not and
implication, as well as more intricate operators made from a combination of these. The
calculus of the logical operations provide the ability to give absolute truth values 1o the
formulae.

Reasoning processes can occur due to the implication symbol, defined in table 1.1,

B

A—» B | T F

Table 1.1 Truth table for the implication operator

With modus penens (fig 1.1a)we have the reasoning process reaching the conclusions

shown. With modus tollens {fig 1.1b) we have a variation.

a b 44— 3
b 4 a : not(b)
then b then not(a)

Fig 1.1 a. Modus ponens reasoning, b. Modus tollens reasoning




The logical statements form a knowledge base that may be accessed. To find out if a
given statement, the query, is consistent with the set of logical statements, the knowledge
base, it is necessary to construct a proof of the statement.

This can be a particularly complex procedure, considering the variety of consistent
transformations that can be made on the knowledge base. The procedure of “reductio ad
absurdum” overcomes these problems. This procedure consists of adding the negation of the
query to the knowledge base and then search for a contradiction. If a contradiction arises,
that is the existence of both a true and a false instantiation of the same formula, then it can
be assumed that it is due to the addition of the query formula. That is the negation of the
query gives rise to the inconsistency and so the query must be consistent with the knowledge
base. The query is proved.

Problems that could arise include the possibility that the set of logical statements are
already inconsistent, that is contains a contradiction. The previous proof procedure would
prove anything true with this knowledge base, even (a and not(a)). To overcome this
difficulty, several methods can be employed. Maintaining the integrity of the knowledge base
is one, but for large real world systems this may be particularly difficult. The second
method is 1o maintain a relevancy criterion to the proof procedure. The query depends on
several atoms and if the contradiction in the knowledge base is discovered to depend on a
completely disjoint set of atoms then the inconsistency can be seen to be irrelevant to the
query. This second method means that only relevant formulae are used in the proof

procedure, reducing its complexity greally.

Clausal form

However much the relevancy criterion reduces the complexity of proof procedures in
first order logical systems, the variety of manipulations and transformations that can be
applied to the formulae ensure that the proof procedure is in general difficult. Methods to
overcome this problem centre around using a reduced subset of first order logic, such that

representiative power is slili maintained while the proof procedures are simplified.
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Horn clauses are such a reduced set of logic. Their structure is that of an in;rplication,
the head of the clause being implied by the antecedents. Kowalski('80) provides a
comprehensive study of such systems. The proof procedure reduces to that of graph search
and with suitable search algorithms ensures that the proofs can be completed.

Kowalski demonstrates how the clausal structure can be exploited in a logical problem
solving environment. The approach is deciarative, putling the solution of problems in logical

bounds, leaving the search algorithms to provide the proofs to the solutions.
Benefits of logical systems

The greatest advantage of the propositional logic systems are the incremental nature
of the knowledge structure. Large problems can be structured using subcomponents which
are modelled separately and then recombined. The knowledge is added incrementally and
monotonically. Even with systems of nonmonotonic reasoning great resiructuring of the
knowledge base is not necessary. As time goes by the knowledge based system improves
incrementally and équally increases incrementally.

As the size of the knowledge base increases and the reasoning processes become more
complex (as in uncertain reasoning), this incremental nature of the knowledge base
approach becomes a liability. The size and computing power required to model the ever
increasing body of knowledge has meant that something radical must be done. Increasing the
performance of single processors and memory chips is not the solution since they have
almost reached their physical limits (Hwang & Briggs ‘85). As the cost of processors
decrease the competitive advantage will be to those automated systems that efficiently empioy
many processing units. This means that approaches that make use of multiple cooperating
processors will be of greater advantage.

Making use of only a few processors would require complex processors with
sophisticated communication to solve significant problems ( as in the distributed computing
approach with its message passing environment (Sloman & Kramer '87 )). Making use of

many simple processors on the other hand will admit simple connection and communication.
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This approach is pursued by neural network systems.

The processing elements in neural systems are all identical and extremely simple in
operation. The connection pattern is dense, each element being connecled to many others. The
message passing is simple consisting of a scalar function of activity. Although each
processing unit is simple the behaviour of the total system can be quite complex. With the
existence of automated training algorithms, system implementation can successfully be

realised.
Connectionist models and neural networks

The main motivation for studying distributed representations of knowledge is the
experimental field of the neurosciences (Amari '77 and Amari et al ‘77). Work in the
neurosciences showed that the brain was constructed via the interconnection of neurons
(Koib et al ‘80). Neurons being on the face of it, particularly simple units. Identifying the
functions of individual neurons proved impossible, the specific function being distributed
over a pattern of activity of many neurons.

The human mind can perform feats that modern computers with sophisticated

programming can not as yet match. The hardware available to the programmer however
seems far superior, being about 108 times as fast at performing a single computation than

the human mind (Kolb et al ‘80). The human mind makes up for this speed disadvantage via a
highly parallel mechanism of execution. Evidence suggests this parallelism is implemented
in a distributed representation, namely that the various concepts are stored as a pattern of
activity over a distributed region of the brain,

| Armmed with these motivating elements, a workiné model, that is the brain, and a
means of constructing new models, on sophisticated digital computers, researchers have
invested considerable time and effort in achieving some notable results. These will be
outlined further, starting from the original work on perceptrons through simple neural nets

to sophisticated representational schemes making use of Bolzmann machines.



Success in knowledge representations via production rules and logical systems has so
far outreached that of conneclionist models. However the neural techniques are improving,
ultimately trying to reach the stage where significant problems can be solved in the 100

time step limit, that achieved by the brain, as proposed by Feldman('82).

Distributed representation

A local representation is one in which discrete elements are used to represent unique

discrete functions. Within the conneclionist framework this generally refers to the cusiom

built neural networks where each node is considered to represent some particular function.
This is seen in the Willshaw's (‘81) grapheme/ word set semantic sememe feed forward net
and McClelland's {'85) word perception model.

Distributed representations are very different. The network topology of the two nets.—
one with local the other with distributed representation, may look very similar, however
they will essentially be distinct. A distributed representation, represents functions as a
pattern of activity over a variety of unils which themselves may be involved in representing
distinct functions under a different pattern of activity (Feldman et al '82).

The difficulty of the distributed representation is in comprehending the meaning and
behaviour of any particular net. Static observation of the nodes and weights would yield little
information since the concepts are at a higher level, and since they interact in a distributed
manner it would be almost impossible to decipher any meaningful siruclures. Observing the
net at work will yield some of the meaning hidden in the units, but may still defy analysis of
the complex interacting concepts driving the net.

There are many advantages in a distributed representation, robustness, general
learning mechanisms and graceful degradation. However the problem of understanding the
distributed represeniation must be resolved. This thesis formalises simple distributed

representations so providing a mechanism for interpreting their function and behaviour.



Structure of neural models

The principle behind connectionist or neural models is that given particular inputs
the model, the neural net, propagates a pattern of activity across its structure producing an
output pattern. There is no attempt at explicit manipulation ot the input as in conventionat

computational technigues.

A Node.
X4
X
2 \
Xi
X0
Xn
Inputs Output Actvation

Fig 1.2 a. Single node with inputs and linearly summed output

This is facilitated by the netlike structure of connectionist models, construcied from
simple node units and connection paths. The node unils can be of various types, but the most

studied have been of linear summation type. l.e the output activation is the sum of the input

values. Xg = "4 X;. And variations have included linear summation threshold units or
linear threshold squashing units, respectively X5 = }‘."|=1 X-B(3is the threshold bias

for the node) and Xy = fq Z",:, X;) (fy is the squashing function). See fig 1.2a for a

schematic representation of a node unit.

An added sophistication is the weights that are given to the connections between the
various nodes. These provide an easy mechanism for changing the structure and behaviour of
the net. Namely altering these weights, reducing the weight to zero being equivalent to
removing a connection. Therefore the final input from one node to another node is equal to the

output from the first times the weight governing that connection. See fig 1.2b for a



schematic representation of a weighted node unit.

X4

Xj

Fig 1.2 b. Single node with weighted inputs and thresholded cutput

Variable x; is the output from the nodes, y; is the input to the node, and w; is the
weight governing the connection.

Input to node online iisy; = w; « X;.

So for a general linear summation squashing unit Xg = fo( ="\ w; .« X)).

Recurrent networks

Recurrent networks are fully interconnected neural networks. Fig 1.3 shows a simple
recurrent network structure. There are no explicit input and outputs nodes. Each node
associates a weight value with those to which it is connected. Hopfield formalised the
associative net by considering the nodes as bipolar threshold units in which the outpuls o

each unit i, is fed back to each unit j, with the associated weight w; i (Hopfield ‘'84).
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Fig 1.3 A recurrent network struciure

To ensure the convergence of the net Hopfield used an iterative update procedure,
with the added constraint that w;; = w; . The capacity of the network must not be exceeded for
this convergence criterion to be valid. The formal definition of the net was carried out as
follows;

The weights were assigned as,
wij= {ZNy=0xyi'xyi i#j,
0 i=j. }

Wi is the weight from node ito j, x¥; is the ith alement of the training set y.

Therefore the behaviour of the net could be likened to minimising the energy function,

E= —£|-<J- xY, .ij L Wi+ Zl Xj -0 This follows since the derivative of this function represents

the change in output at each stage of the update procedure that is employed in the convergence
of the Hopfield net.

Essentially the structure of a Hopfield net is very simple, but its representational
and behavioural power is fairly great. Its main function is that of an associative memory
device or that of an optimiser. Its behaviour as an associative memory device is obvious,
since it is a mathematical model of such devices (hard wired or theoretical), as discussed
above. Given partial or noise affected input, the Hopfield net can extract the best example
from the set of representative patterns, that it most closely matches.

The power of such devices is not limitless. Hopfield places a bound on the capacity of
0.15* the number of nodes as the maximum number of representative classes that can be

stored, without degrading the performance to an unacceptable level.
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Hopfield nets can also be applied to optimisation problems. Tank & Hopfield('86 &
‘86) demonstrate how a Hopfield net can be used in solving an optimisation problem in
shelving rates and also a net solution to the travelling salesman problem. Both these
problems require astute coding, namely the specification of inhibitory connections to limit
impossible solutions. In the application of these nels to general problem solving, the question
of convergence rates and efficiency in execution arise. Providing variations in the update
schemes, would provide the possibility of improvement.

Another learning technique which stems from the biological sciences, is Hebbian
learning. This involves rewarding connections to nodes that contribute most in activity. This
means that nodes which contribute the greatest to the representative scheme receive the
greater biases. Jacyna & Malaret('89) study the performance of a Hopfield net, using a
Habbian learning rule.

Associative memory devices represent a class of systems which require an input to be
given which will on convergence remain stable. That is the input units are also the output
units and these values {input and output), in the stable case, will be equal. Therefore, in
such systems no complications arise due to considerations of non linear transformations
since in one iterative cyclé the transformation maintains the input.

In coding general functional transformations, the Hopfield net is of little use. Here we
are considering the problem of receiving a relatively clean input vector and require an
output vector that is a general Boolean transformation of the input. These transformations
' being non finear can not be coded in a network without hidden units. This can be seen when we
examine the stable state criterion, see chapter four.

Bolzmann machines can be viewed as an extension to the Hopfield net scheme. The
update is stochastic and there are hidden units which allow for general functional .
representation. The units in a Bolzmann machine take output values of 1 or 0. That is, they
are active or inactive. The unils take these values in proportion to its energy contribution,
which is the sigmoid of the sum of the input values to that node.

That is, the probability that a unit is active is given by the formula;

prob_active{unit x) = 1/(1 + exp{-AE,/T),
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where T is the temperature function, while AE, is the energy contribution of the node x. This
value is the sum of the inputs.

AE, =L w, .0, ,
w,, is the weight from the ith unit 10 unit x while O; is the state of the ith unit.

Given repeated application of the update rules the network reaches an equilibrium.
This is termed the thermodynamic equilibrium. At high temperatures the network converges
to equilibrium quickly, while at low temperatures this is not the case. High temperatures
allow many high energy states, while low lemperatures aliow lower energy states to be mora
probable. Simulated annealing has been studied as a possible scheme to increase convergence
while promoting low energy states.

The mathematics of the training scheme for Bolzmann machines proceeds in many
ways similar to that of a gradient descent scheme. The weights are adjusted via the formula,

Awij=],|_(<0iq >"'-<Oiq > ),
where < Oiq > represents the probability that over all cases that unit i and j are both active,
while the superscripts + and - represent the cases when the network has the output units
clamped to their required value aﬁd are unclamped, respectively. Varying the learning rate
ensures the global properties of the learning scheme are maintained as required. Small p
ensures that the scheme exhibits gradient descent.

Kirkpatrick et al(‘83) discuss the behaviour of statistical computational machines.
They show that the implementation of Bolzmann machines and similar computational schemes
are possible in hardware. They discuss an optimisation problem, the travelling salesman

problem, to demonstrate some of the properties of the sysiem.

Perceptrons

Perceptrons, particularly single layered threshold units have been extensively
studied, see Minsky & Papert (‘69).Their applications and particularly their limitations

were well documented.
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Perceptrons are feed forward nets with in general linear threshold units with a hard
limiting squashing function (fig 1.4a). Single layer perceptrons have been shown to be able
1o classify objects into two regions separated by a hyperplane. Rosenblatt ('62) developed

the perceptron convergence procedure which demonstrated this.

Some Squashing Functions

Hard logical limiter  Linear threshold logic Sigmoid functien

a b c

Fig 1.4 Squashing functions

" Muititayer perceptrons lacked a learning procedure {Block ‘70) such as the one
developed for single layer perceptrons and so were not extensively studied until recently.
The back propagatibn algorithm provided a general learning scheme for the feed forward
multilayer perceptrons using a sigmoid squashing function as seen in fig 1.4c ( this is
further discussed in chapter four). Although convergence for this and other schemes could

not be guaranteed, many interesting properties could be observed.

Structure Type of decision region Most general shape
Single layer Half plane bounded by hyper plane \
Two layer Convex regions

Three layer Arbitrary S @_

Table 1.2 Properties of perceptrons

The multilayer perceptrons use non linear nodes to gain full advantage of their

structure, since a linear multilayer net can not do more than a single layer perceptron,
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{shown by the equivalence of a linear multilayer perceptron 1o a particular single layered
ong). Using a hard limiting squashing function {fig 1.4a), which is non linear, a two layer
perceptron can solve the exclusive or problem (fig 1.5) and with multilayered perceptrons

with suitable numbers of units, any decision region may be modelled (Table 1.2).

&5
&>
Q7o

@

NS

Fig 1.5 Segmentation of the input space to solve the “exclusive or™ problem

Using the sigmoid squashing function can produce smoothly bound decision regions and

so even the most general siluations can be modelled using a reasonable number of units.

Feedforward networks

Feedforward neural networks have been developed from perceptron based approaches

to multilayered systems.

! 1 1
Intermediate

N
N

layers

ol I

o

Fig 1.6 A feedforward network structure
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A feed forward net refers to a net where the output from a unit at a particular Ievei
(one layer) goes to the input of nodes only at a subsequent level. That is the output can not go
to any node in its own layer or a lower one. Therefore there are no loops or cyclic paths in
the activation propagation. Fig 1.6 shows a feedforward network structure.

Given a feed forward network the back propagation algorithm may be used to produce
a network after convergence with various interesting properties. Hinton (‘86) demonstrated
the power of this convergence scheme 1o discover underlying semantic features in a
knowledge domain. Back propagation has also been used in nets for text to speech mapping
(Sejnowski & Rosenberg '87 ) and phoneme recognition models. The power of feedforward
net comes from their ability to represent general transformations, and the existence of
training algorithms to.train the net with a representative set of the fransformation.

Feedforward neural networks are frained via the back propagation training scheme. A
network is set up with weights that are small random numbers. The training set is applied to
the net and the output values noted. The energy function for this procedure is the difference,
squared and summed, between the required outputs and the actua! outputs computed by the

network. (Refer to the annotations of fig 1.7).
E= 0.5" Zg (a0 ;- cOy ; )2, where a0g ;is the required output over output i given

the training sample s.

Minimising this energy function would provide the best solution to the problem.

i
mWki PO pWij
Fig 1.7 A muliilayered feedforward network with annotated nodes and weights
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The calculated outputs being a function of the weights, the problem of‘minimising the
energy becomes that of varying the weights to solve the problem. Seeing the contribution of a
particular weight change to the tolal energy provides a scheme of aliering the weights, via
gradient descent.

Awii= -p aE/awij.

It can be seen that this scheme for a small learning parameter p will execute
iterative hill ¢climb. That is the scheme will find the nearest local optimum. Problems will
obviously arise if this is not the global optimum and so several techniques exist to ensure
that the search does not get stranded in unfavourable optima, white still retaining reasonably
rapid convergence. The detfails of the back propagation algorithm are discussed in chapter
four.

Vogl et al(‘88) discuss methods for ensuring rapid convergence of neural net.
Parallel présemation of the training set is suggested as one method for ensuring true hill
climbing properties of the training algorithm. Another method presented is that of varying
the convergence rates depending on the performance of the algorithm. This involves
maniputating the learning parameter in the particular manner required.

The performance of the algorithm is taken into account by increasing the parameter if
the last update decreased the error function. A momentum term is aiso applied, {namely a
factor proportional to the last update term, to ensure more rapid movement in the direction
of convergence). If a step produces an increase in the error then the learning factor is
decreased and the momentum term removed, (the last update did not provide an
irﬁprovement).

Awij(m+1)=-u ):pas/a Wi+ B Awij(m).

where p Is the learning rate, 8 the momentum term and m the iterative index.
Neural representations
From an external viewpoini the functional characieristics of neural network systems

consist of the inputs that are applied to the system and the outputs that are received.
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However, no knowledge of the internal structure and behaviour-would exist. As the extensive
literature in the field of expert systems and decision support systems shows, actual
solutions 1o problems can often be of little use if it is not supported by a structured reasoned
argument. The human, experl or otherwise needs evidence to support the conclusion (Turban
‘88).

It is this property that distributed systems lack. The nature of the hidden units in the
systems is 1o adopt the required behaviour to ensure successful operation. Many localised
network representations have been hand crafted, that is specially designed and developed,
where the hidden nodes could be given clear functional interpretations, {Chapter three
discusses some hand crafied neural networks). Given a generalised distributed scheme
however the analysis has been limited. This thesis analyseé the internal structure of neural
networks and provides a suitable interpretive scheme.

Restricting ourselves to feed forward neural néts. several insights into the behaviour
of hidden and output units can be gained. Viewing the global behaviour of the input/ output
units we see the representation as Boolean transformations, { the analysis for noise affected,
hard threshold devices is similar for perfectly trained nets). These transformations have a
symbolic representation and logical rules can be constructed to represent them. .These logical
rules can be transformed to a neural representation and vice versa. The extraction of the

rules from the net was introduced by Hinde('90) and this is discussed in chapter three.
Representational power of neural networks

Due to the distributed nalure of many connectionist representations the question of
representative power is ill defined.~.Hopfield gives the factor 0.15 * number of nodes, as the
number of different classes that the Hopfield net can model, but this is a rather arbitrary
figure. Lipmann(‘'87) discusses the capacity of feed forward nets, suggesting the three layer
model as the most general. He demonstrates further a limit on the number of intermediate
nodes, based on an analysis of connected components in the input space. A figure of three

times the input nodes, based on this argument and a convexity requirement is presented
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{each convex connected space requires at least three nodes).

Mirchandani and Cao('89) studied the role of hidden nodes in modelling decision
regions and so presented some results relating the number of hidden nodes, dimensionallity
of the problem and the number of decision regions required. This work is discussed with the
new results on network size and topology in chapter seven, in which it is seen that for nets
with a single output node, the hidden layer needs to be only as large as the input layer. This
follows from the inherent planar nature of the points in multidimensional hypercubes. The
results generalise showing how multioutput nets can still have limited hidden layers.

| Tani et al{'89) provide a different approach to minimising the size of a net used to
model a problem. The method they employ is to include in the energy funclion a term that is
related to the size and complexity of the net. This ensures minimising the energy function
produces a minimised net representation. That is, after full convergence, the net discovered
will represent the problem perfectly and have a minimal form. More problems of ensuring
cohvergence exist here, but if these are overcome the representations formed would be
topologically optimal.

Another application of the new energy function is in providing simplified rule |
representations of nets. Tani et al ('89), show how altering the energy functicn to allow
over simplification of the net results in the discovery of simplified rules that approximatety
model the problem. This work relates to that of Hinde('90), showing how the hidden nodes

may be associated with rules.
Connectionist symbol processing

The feedforward neural systems discussed so far have a represenlaﬁonaf power which
is far below that of predicate systems. Recurrent networks offer the representational power
of first order logica! systems. The need to develop neural systems with the full power of
predicate systems that can manipulate symbols has led to several different advances.

A limited symbolic representation exists in the ooding of input/ output vectors as

presented by Dolan & Dyer('87) but this is not true symbolic manipulation in the general
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sense. Hinton('30) and Pollack({'80} present several ways in which recursive structures,
trees, lists and hierarchies can be represented in neural systems. These techniques aim to
extend the representational power of feedforward systems enabling them to execute general

computation (Feldman et al ‘88 and Gallant ‘88).
Advantages of neural network systems

A neural network system offers several advantages over standard Von Neumann
computational schemes. The first advantage is that of performance. A neural network system
can be implemented in hardware offering great performance improvements over a
conventional approach. The individual nodes in the network will be implemented as separate
processors on a single piece of silicon. The activity of the nodes will pass from the inputs to
the outputs in parallel producing extremely good performance.

The second benefit of a neural system is the existence of the training algorithms for
implementing the networks. Any reasonably complex system requires a significant effort to
design and build. Automatic training systems must exist to ensure suitable networks that
produce the correct behaviour are constructed.

The types of training algorithm that exist vary considerably. The prescriptive
methods of the Hopfield net ensure correct behaviour of the neural system, but in turn
inhibits the representational power of the network. The backpropagation algorithm for
feedforward networks provides a method for constructing neural networks that model a given
training set.

A structured design and analysis of neural systems must be maintained if their
behaviour is to be reliable {see chapter eight and nine for further discussion).

Neural networks have not, as yet, been used in general reasoning systems. This has
been the case since no inference operator exists in neural systems. All the manipulations are
at the bit level. This has led to the label of subsymbolic processing being applied to neural
systems in general.

Neural techniques have been applied to specific reasoning problems, Hinton's ('89)
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knowledge basé of family relationships is just one example. The knowledge, the family
relationship between the set of people, is stored in the neitwork systems by the relationships
between the nodes and the information retrieved by the aclivity of the nodes. This network
could correctly answer queries about the slored knowledge, that is act as an associative
memory device. The network also correctly answered queries about relationships that it had
not been specitically trained upon. That is some subsymbolic level of reasoning had 1aken
place. The structure of this reasoning process requires further investigation. The complex
interacting subsymbolic processes must be fully understood in order that the global
behaviour of the network can be explained.

Neural network systems are trained on sample data, which are correctly stored in the
net. The behaviour of the net in generalisation is nol so predictable. The neural networks can
learn to model any specified transformation (see chapter six and seven), but are only
reliable over the training set. The generalisation properties are not well defined. A degree of
well defined subsymbolic reasoning can be implemented by sufficiently constraining the
network under consideration. The constraints induce a specified form of generalisation which
is a manifesiation of the subsymbolic processing.

Traditional logic based approaches are reliable. They are constructed incrementally
and in general monotonically. The addition of each piece of new knowledge has a specific
effect. Even nonmonotonic systems behavs in a specified manner when more knowledge is
added.

Neural systems generally do not behave this way. The system is only defined by the
training set and is not reliable outside of this set. The different network represeniations that
are produced when presenting the training set in a different order demonstrates the
unpredictability of the systems. Adding a new piece of knowledge to the training set has
similar unpredictable properties, often requiring a complete restructuring of the network
to accommodate the new piece of information. A reliable approach to neural network design

must exist if neural techniques are to be applied to general reasoning systems.
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Summary

The basic properties of neural systems have been discussed, their training
algorithms and representational properties. Their relevance to auvtomated processes and
reasoning systems have been examined. The notion that logical systems play an important

part in ensuring neural network reliability has been introduced.
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Chapter 2. Motivation of Study

Outline of chapter

The study that is presented in this thesis is motivated by the of lack of reliability of
neural systems and their design. The questions of the design of the neural system, its
interpretation and its behaviour are discussed. The lack of design tools available to the
system implementor has led to ad hoc approaches (such as oversupply of nodes in the neural
network and the training of the network over large data sets) in design. Neural network
training has been well studied while that of network reliability and interpretation has not.
This chapter examines the elements of neural network systems implementation that are
important to the system designer. The properties of predictability and reliability are
émphasised. The elements that must be investigated to ensure these properties are discussed,
namely the network size and topology constraints as well as the internal function of the
neural network. Having provided the motivation for the investigations of this thesis an

outline of the thesis contents is given, highlighting the new contributions to the field.
Neural systems

The work in this study was motivated by the actual usefulness of the available
techniques in neural system development. Neural networks have been used in many
situations, from content addressable memories and distributed memories to constraint
problem solving (Hopfield '‘84) and pattern recognition {Amari ‘67, Rumelhart et al ‘86
and Aleksander '90). However most work has concentrated on the properties of neural
networks themselves and not on how to apply them to a given problem. This is seen from the
work of Rumelhart et al('86), Minsky et al('69) and Rosenblatt('62). This work has been
of little direct use to the designer of a neural network system.

The early work on the properties of neural network systems has led to the

development of more general systems (Hopfield et ai ‘86 and Hinton ‘89) which are
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applicable in a larger number of domains and so more useful 1o the systems designer. A
general design methodology for such systems are not as yet widely used, but will be required

if neural network technology is to become more successtul.
Design development

Work on neural systems has proceeded in several directions, training, input
representation and quantisation, and network structure and representation. These
correspond to the three network properties that can be varied, the training procedure, the
input transformation and the internal structure of the network,

To date training has attracted the most attention. This stems from the fact that any
sufficiently large network structure is in theory capable of representing some given
function or transformation {see chapter three and seven). Therefore the problem of applying
neural network technology 1o a specific problem area reduces to a problem of training,
having selected a suitably large network structure.

The attention fo training has reaped many benefits. Almost all the advances in neural
systems have been from the developments in training. The previous chapter described some
current tecﬁnologies all of which are based on a few standard network topologies and differ
only in the sophistication of their training methodologies. These training methodologies are
important, as without them designing neural systems would be difficult if not impossible.

The usefulness of neural network systems hinges on the input quantisation and
representation as weil as the network structure and representation that are available. The
current techniques can all make use of the same input quantisations and representations.
These are‘ transformations of the input space that considerably simplify the problem space
that is being modelied (Padaline techniques).

Little attention has been paid to the role that the internal structure and
representation has when designing neural systems. It is often taken as a given property
selecting one of the standard structures. Training then proceeds producing a network

representation that will allow the training algorithm 1o converge. This approach neglects the
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role that structure and particularly the representation adopted has on the specific behaviour
of the neural network. Predicting the behaviour of the network therefore is difficult if the
representation adopted by the training scheme is not easily recognised and is perhaps

unknowr.
Usefulness of present techniques

Powerful training techniques exist in neural computing {automated learning via
backpropagation), but they are not immediately applicable to a great many problems which
are suitable for modelling by neural networks.

The four main areas of application have been,

i. Constraint problem solving
ii. Paitern recognition

iii. Control problems

iv. General neural computing

Early work centred on pattern recognition and constraint problem solving.
Hopfieki{'84) made use of Hopfield nets to model constraints and relational systems. These
systems allowed the modelling of specific problem spaces with neural techniques. Within the
problem space the models behaved very well solving the particular constraint problem in
question. Their limitations were in the transference to new related problems, which
required new network solutions rather than minor variations of the networks that had
already been constructed.

Pattern recognition in neural networks allowed the development of sophisticated
vision systems. Fairly small recurrent neural network systems could be automatically
trained to recognise and classify several different visual inputs (Aleksander ‘90). However
they suffered from several problems which made them unsuitable for robust systems, these
included pattern interference (tha! is linear combinations of stored patterns would also be
recoghised). Feedforward pattern recognition systems would not suffer from the same

troubles but fike all neural systems representational problems still existed. If no internal
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representation of the neural network existed then the behaviour of the network could not be
guaranteed for input patterns that were not in the training set.

Neural networks have been used in the construction of control systems. From the
work of Barto et al{'83) and Zhang et al(*91) to more complex safetly critical systems
(Miller et al ‘90 with the control of industrial robots), the neural network solution of
control problems provides a significant area of application.

Predictability is a major concern in control problems. The behaviour of neural
network controllers must be perfectly predictable if they are to prove practical. This is
obviously vital when the question of safety critical control systems arise. Current
techniques which rely on only a training set to specify the behaviour of a neural net are not
suitable for these engineering applications. This is the motivation for the study in this

thesis, the development of predictable and reliable neural network systems.

Areas of investigation

To date study has focussed on the theorstical basis of neural systems. Actual
implementations have generally been lacking as several fundamental questions must be
addressed before neural techniques can be applied to specific problems. This thesis addresses
the questions raised by the attempt to implement neural systems.

When a neural network is being constructed, be it a theoretical project or a specific
engineering implementation, several points must be addressed. The simple methodology in fig
2.1 highlights the three basic questions that must be examined when designing a neural

network

i. Establish the number of inputs and outputs needed by the system.
ii. What is the initial internal structure of the network.
iit. What is the training algorithm that is to be adopted.

Fig 2.1 Simplified design methodology
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Current work in neural systems has concentrated on the training aspect (part iii. of
fig 2.1}, the final part of the methodology for constructing neural systems. The first part of
the methodology, the number of inputs and outputs will in general be specified immediately
by the nature of the problem in question. If it is not clear, a system of analysis with the use
of padaline techniques will identify important and relevant inputs and outputs to the system.

The greatest difficulty in pursuing this design methodology will centre around the
internal structure that is initially adopted. The final internal structure of the net will be
problem dependent and so the initial structure should be influenced by the problem in
question. Mos! training algorithms do not manipulate the structure of the network itself
(except via a form of network trimming) so an initial structure general enough to be
suitable for all problems is used. A large fully interconnected network provides tﬁe most
general option, but this still leaves the question of how large should the net be ? How many
layers are required in the internal structure of the net and how large should the layers be ?
This is the area that requires special atlention. What is the smallest fully interconnected
network that can model any problem with a specified number of inputs and outputs ? This
question is addressed in chapter seven of this thesis.

Having provided a suitable initial internal structure for the neural network, training
can proceed. A suitable training set must also be provided. This is especially the case with
problems with a large number of input nodes as these would require an impracticably large
number of training points to be fully defined.

Therefore new techniques must be provided to be able to systemalically reduce the
number of training points required 1o produce a suitable network that behaves correctly.
This raises the question about how we can be confident about the behaviour of the net over
input values that have not been used in the training phase of the network. Work is required
to investigate the relationship between the structure and representation of the network and
the behaviour that is produced. Is there a method for ensuring that a network is perfectly
predictable over all points ? Is this related to the internal representation of the network ?

What is the best internal representation for ensuring correct behaviour of network ?
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QOutline of thesis

The overall contribution of this thesis is in the study of neural network
representation and behaviour and the presentation of a methodology for designing and
constructing neural network systems. Part lll of the thesis discusses the desigh methodology
and the specific properties of networks that must be known when implementing this
methodology. Its application to the design of reliable neural systems is examined.

The design methodology makes use of several techniques and properties that have
already been well established (the feedforward network structure and the padaline
linearising technique), as weil as new techniques and properties developed in this thesis
(for example, sandwich nodes which isolate independent regions which can be treated as
knowledge atoms and results on the size of networks required to model specific problems),

The design methodology systematically presents the essential stages in constructing a
reliable neural network system. The size and topology of a neural network must be known
before the design can proceed. The number of nodes and layers required for the specific
application must be specified. This question is extensively examined in this study and the
results are presented in chapter seven. Boolean transformations are examined and results on
the number of tayers and size of the layers required presented. A new network topology the
Loughborough Net is presented. This network topology exploits the parallel dependencies that
exist in the nodes in the hidden layer of the network.

The analysis is extended to the case of real valued inputs in chapler eight. This draws
on work by Huang et al(*91), and Mirchandani et al('89), exiending their work to the
considerations of reliable network systems. Finally the methodology for engineering reliable
neural networks is applied to the design of control systems. The Loughborough Control Net is
presented in chapter eight. This is a new network topology suitable for implementing neural
control systems. The Loughborough Control Net is applied to the design of a neural controller
for a glue dispenser and presented in chapter nine.

Part Il of this thesis discusses the properties of neural network systems and their

representations. Interpretations of neural network representations are introduced. The
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interpretations of neural networks be it of a logical transformation, a rule system or
another formal representation, is the only knowledge available about the internal structure
and representation of the network. The importance of the interpretation is placed in the
context that the belief about the behaviour of the network can only be based on this
interpretation of the network. If this interpretation of the network is unreliable then the
behaviour of the network will be unpredictable.

Chapter three examines the internal structure of neural networks and provides an
interpretation of the nodes as Boolean transformations. This in turn provides an
interpretation of the neural network representation as a system of rules and vice-versa.
Understanding the internal structure of a neural network is essential for ensuring the
reliable behaviour of the network.

In chapter four the structure of the internal representations of neural networks is
discussed. The behaviour of the representations under various different learning algorithms
is examined. Several specific problems are examined (parity in particular), to examine the
success of the training mechanisms.

New representational dependencies are discussed in chapter five. These are the
parallel and ghosting techniques which provide a computational approach to implementing
sandwich nodes in networks. These can be viewed as the atomic knowledge elements which can
be manipulated in the networks. Several experiments are described which show the various
merits of different internal representational schemes. The computation merits of
introducing dependencies into the internal representations is discussed.

The ability to make use of knowledge in the implementation of reliable neural systems
is examined in chapter six. The sandwich nodes that are introduced here are an ideal |
representational scheme which are further developed and applied to controi problems in
chapter nine.

This thesis does not address general recurrent neural networks or symbolic neural
computation. Both these areas are important fields of study in the development of general
computational systems. The work in this thesis will aid the design of general neural

reasoning systems, providing a framework in which the behaviour of neural networks can be
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fully understood. Chapter ten gives a more detailed account of the avenues that are opened by

this thesis.
Summary

The motivation for the work in this thesis was analysed in this chapter. The need to
understand neura! network model's function and behaviour was emphasiéed. The lack of
literature in this area was highlighted.

The structure of the thesis was outlined examining the themes of neural network

representational properties, neural network interpreiation and neural network reliability.
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Part Il. Properties of Neural Representations



Chapter 3. Interpretation of Neural Network Systems

Qutline of chapter

The modelling of Boolean transformations by neural networks are examined in this
chapter. Viewing neural networks as Boolean transformations gives an insight into their
representational power. This is discussed further in chapter seven and eight.

An equivalence between bipolar neural networks and Boolean transformations is
established. The modelling of standard Boolean functions with neural networks are examined
and the Boolean representational power of single nodes are studied. The "object™ definition of
a Boolean transformation with a small number of inputs is presented. It is used as a tool to
examine the structure of neural network models of Boolean transformations.

An interpretation scheme for transforming from bipolar neural network models to
Boolean transformation models is presented. This is then extended to rule system
representations.

The analysis of Hopfield networks as Boolean patterns of activity are examined and
will aid analysis of the training techniques discussed in chapter four. Finally the
interpretation of neural networks as models of training sets is examined. This gives insight

into the neural network structure required to model the data in question.

Bipolar feedforward neural networks

A specific class of bipolar feedforward network are studied in this thesis, but the
extensions and generalisations to other systems will be discussed. Throughout this section we
will consider feedforward networks, with standard summing bipotar threshold units as the
nodes (see fig 3.1). The output from node Y| ; is given by the formula:

Yii= threshold(E“jnowij' Y1) -

Yy is the output of the node i in layer k and Wi is the weight on the connection between the
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node Y ; andthe node Y, _, j andY. q is identically 1 and is known as the bias of the node.
thresholdis the threshold function (fig 3.2} defined as:

threshold(X) = +1, for all X > 0O,

threshold(X) = -1, for all X < 0.

Therefore whatever the input to any particular node the output will always be either +1 or -
1. This type of network can be easily generalised 1o those using a sigmoid function with a
large derivative at the zero point (see fig 3.2c). That is , for a sigmoid function defined as:
sigmoid(X} = (2/(1 + exp(-X/T)} - 1)

where T is the temperature, if T is small the derivative of sigmoid{X) will be large at X = 0.
The temperature T is taken from the analogy with the Bolzmann nets (Hinton ‘89 and '
Rummelhart et al ‘86) which generate the output values stochastically based on the output of
the sigmoid function.

A node with a threshold unit will always have bounded output values. If the unit is
thresholded in a bipolar manner the output values will be constrained such that -1 Y, s 1,
see fig 3.2 a,b & ¢. Given a sigmoid threshold function with a low lemperature factor T or
conversely a large input value X,; then the output values of the node can effectively be
constrained to -1 Y, <-1 + Bor 1 - B< Y., <1, where Bis a small positive constant.
Therefore given a network with a low temperature, ensuring high input values will
effectively guarantee Boolean decision values. That is the output from each node is either +1
or -1. When a network has converged after training, the nodes in the network essentially
behave as Bbolean units (see chapter four), all the weights have been suitably reinforced to

produce large inputs.
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Input Nodes

Y (k-1)9
b1
Threshold
Unit Output Node
Y (k-1)j O Wi Xki _J—-so Yki

Weights

Fig 3.1 The connection scheme between layer k-1 and a node on layer k in a feedforward

network

a b
Fig 3.2 a. Threshold function threshold, b. Sigmoid function sigmoid

c

Fig 3.2 ¢. Sigmoid function with a low temperature
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Neural networks as models of Boolean transformations

1 1 1
Hidden
2 2
2 2
—_— —  network — -
Structure —
n k | p

Fig 3.3 Structure of a general neural network. There are n input nodes, p output nodes. The

activity feeds forward from input nodes to the output nodes

The function f: B"- >BP, a Boolean transformation from n inputs to p outputs, can be

modelled by a bipolar neural network with n inputs and p outputs. Fig 3.3 shows a general
neural network with a multilayer hidden network structure. The intermediate network
structure that is required to model the given mapping is discussed in generality in chapter

seven. The properties of individual nodes and their ability to model Boolean functions is

examined in this chapter.

1.0

1.0
R

a [} c

Fig 3.4 Single node representations of; a. AND, b. OR, and ¢. NOT. The bias nodes are shown as

solid circles, the values of which are identically 1.0

Any Boclean transformation can be modelled by a neural net. This is the case since we
can give a formula of any Boolean transformation using just the operators AND, OR, and NOT,
which in turn can be modelled by a single node each (see fig 3.4 a, b, ¢) and placing the

formula in disjunctive or conjunctive normal form. The standard logical AND and OR
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operators for any number of arguments can be modelled by one layer of weighis, that is a
single node. As seen from fig 3.5 a, b, the AND is constructed by a large negative weight and
the OR by a large positive weight on the bias line that can only just be overcome by all of the
arguments being true (+1) or false (-1) respectively. The NOT operator is represented by a

negation of the value of the weight connection and so does not add any extra layers to model.

N
N

F.3
=

Fig 3.5 Single node representations of a. k input AND and b. k input OR transformations

Therefore the neural network can be constructed from 1he Boolean formula of the
transformation with node units that represent the atomic Boolean operations. Huang et
al{'91) presenté a different scheme for producing a neural representation of a Boolean
transformation given the training points to be modelled. This is achieved by constructing
hidden nodes that isolate the separable elements of the training set. In general these
techniques do not produce oplimal representations. That is, networks that use the minimal
number of nodes that are required to model the problem in question. This is largely due to the
fact that strictly Boolean operators are a subset of those that can be implemented by a single
neural operator. This is easily demonstrated by taking the two extreme cases of the k input
AND and the k input OR operators shown in figure 7. The OR node represents the truth of the
statement onenode(on), that is there is at least one node firing +1 in order for the output to
be +1. By reducing the bias weight by 2.0 we require any 2 nodes o be on in order for the

output to be +1 giving a modal operator twonode(on). There are many of these operators
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derived solely by altering the bias weights and keeping the input weights fixed at 1.0. By
altering the input weights we can derive a further large class of operators. Although these
operators are more general than the class of Boolean operators they cannot represent more
statements than those representable by an arbitrary collection of Boolean operators,

however they are more economical in their representation.

Object definition of Boolean transformations

Neural networks with a single output node are examined in this section. This
simplification aids the analysis considerably aithough some of the results which are
immediately applicable will be exiended 1o the mulliple output case. We can view any
particular transformation with n input nodes and one output node as defining an object in an n
dimensional Boolean space, where if f(x)= +1 then that point is in the object, i.e. it is of
interest, while if f(x)= -1 then that point is outside of the object, it is not of interesi.

The nodes in the hidden layer represents a hypersurface in the n dimensional space
that separates the space into two regions. One where the node gives a value +1 and the other
side of the hypersurface where the node gives the value -1. This idea is used to produce
diagrams of specific transformations. The input space is shown as corners of a hypercube.
When f(x)= +1 the point is shown by a filled circle while when f(x}= -1 the point is shown
by a empty circle. Exclusive OR in two dimensions is shown in Table 3.1, and its object
definition in fig 3.6a. These object representations will reduce the need to give full input/
output definitions for particular transformations under consideration. Annotations with
planes representing the hidden nodes will remove the need to give the network
represeniations. The object representation will show both the transformation definition -and

the networks that mode! it.
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+1 +1 -1

-1 -1 +1

Table 3.1 Table of values for the transformation XOR shown in fig 3.6a

w

a b
Fig 3.6 a. Object representation for XOR, b. Object definition of not{or} showing the node line

that modeis the problem

The node defined by the bias -1, and two weights -1 and -1 (represented as node(-

1,-1,-1)) defines the Boolean function not(or). The object definition of this function and the

line that represents node(-1,-1,-1) is shown in fig 3.6b.

As stated above, any node can be represented as a Boolean transformation. Its formal
represéntation may be particularly complicated, nevertheless it is a Boolean formula. Given
a node we can convert it to Boolean form by the foliowing technique.

Given a node with its bias value and weights, say (b,w,,w,,...W.};
if [o] > Z"_4 |w;], then node value is True if b > 0, or node value is False if b < 0, and

similariy for all the weights;
if |wy] > bl + 5w, then node value is input_node_1, if wy > 0, or node value is

input_node_2, if w; <0, ...,
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if Jwgl > Ib| + Z“'1i=1 [w;l, then node value is input_node_n if w, > 0, or node value is

input_node_n if w,<0.
Otherwise node is (b + wq.Ws,..,W,) or (b - w,,W,,..,w.}, where (b + w, \Wo,..,W,) and
(b - wy,W5,..,w,) are two nodes with one less inpul node than the original node.

The above provides an iterative scheme for converling all neural network nodes to
Boolean formulae. A complete neural network can similarly be converted into a single large

Boolean transformation by converting all the nodes in the network to Boolean representation.

Example

Given the node D in fig 3.7, we can derive a logical definition of its function.

Fig 3.7 A node with three inputs

node(bias, A, B, C) has no weight such that |w;| > Zaino. izj | Wil therefore set A=
+1 and A=-1then;

node(bias, A, B, C) = (A and node(bias+0.5, B, C})) or {not(A) and node(bias-0.5,
B, C).

node(bias+0.5, B, C) has no weight such that Iw;| > =2,_g |;Iwil, therefore set B=
+1 and B=-1then;

node(bias+0.5, B, C}= (B and node(bias+0.5+0.75, C)} or (not{(B) and
node({bias+0.5-0.75, C)}.

node(bias-0.5, B, C) has weight B such that |0.75] > |0| + |0.5], therefore
node(bias-0.5, B, C) = B.
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node{bias+1.25, C) has weight bias such that [1.75] > [0.5|, therefore node(bias-
0.5, B, C) = +1.

node(bias-0.25, C) has weight C such that |0.5] > |0.25], therefore node(bias-0.25,
C) = not(C).

Therefore D = node(bias, A, B, C) = (A and (B and +1) or (not(B) and not(C})) or
(not(A) and B)) = {((A and B} or (not(B) and not(C)))} or {not{A) and Bj}).

The Boolean formulae for the nodes can be considered to be rules and the neural
network a system of rules. The equivalence of the node to the Boolean transformation is
interpreted as an implication operation. Namely the logical .equivalence; _

D = ({A and B) or (not(B) and not{C))) or (not(A)} and B))} is given as;

D <- ((A and B) or {not(B) and not(C))) or (nol{A) and B}), with the usual
definition of implication. Normal node execution performs the-modus ponens reasoning
scheme. There is no natural and simple network execution strategy that will perform modus
follens.

This provides a natural transformation between rule systems and neural networks.
Due to the feedforward nature of the neural networks, no recursive rules can be implemented

in the neural system.
Example

The network given in fig 3.8 can be interpreted as the rule set;

D <- f1{AB,C}, E <- 12(B,C), F <- f3{A,C), G <- f4(D,E), H <- f5(D,F), where the
functions f1-f5 are Boclean transformations.

A D

G
B

H
C

Fig 3.8 A neural network that can be interpreted as a rule sysiem
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Boolean models of Hopfield network behaviour

The nodes in a Hopfield recurrent network can be modelled by Boolean activities. This
is natural if we have hard limiting logical devices, but also applies to sigmoid thresholded
systems in which the network has converged 10 a stable state. In this case the stable values
are Boolean patfterns and so the representation and behaviour can be analysed accordingly.
The stable state patierns are stored over a fixed number of nodes and so the behaviour of the
Hopfield network can be studied by analysing the matrix of activity patterns over the
different nodes. This is illustrated in fig 3.9 for the stored pattern in table 3.2, The

recurrent network structure that models this problem is shown in fig 3.10.

pattern Qode 0 1 2 3
0 -1 -1 -1 -1
1 -1 -1 1 1
2 -1 1 -1 1
3 1 1 1 1
4 1 -1 1 1
5 1 -1 1 -1
6 1 1 -1 1
7 1 1 1 -1

Table 3.2 Matrix of node activity over the training set
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Fig 3.9 Plot of the training points shown in 1able 3.2

Whenever we are interested in the behaviour of a paricular node, over the various
input patterns (that is the stored patterns), the relevant column in the activity matrix
provides the required information. Since the pattern of activity of different nodes are distinct
( if this were not the case they could be amalgamated ( see chapter seven) and treated as a
single node), the node behaviour can be correlated against the other distinct nodes. The
correlation values of the node activities are important when we come to examine the

representational properties and training schemes of Hopfield networks (see chapter four).

N

O O

"Fig 3.10 Hopfield network used to model the problem in table 3.2

Training sets and interpreting neural networks

Throughout this study, neural networks are examined on their ability to model a
specific transformation. In the recurrent Hopfield network regime there are no specific
input and output nodes as such. A number of patterns are stored by these networks. The
network truly represents the patterns that are stored over the nodes and not some specified

transformation from input nodes to output nodes.
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With this molivating example we can view feedforward neural nélwork systems via
the training sets that they are required to model. Given these conditions the neural system
need only model the training set in question and its performance over any other point is
ignored, it is not drawn into question. This contrasts with the transformation approach 10
feedforward systems, where the network has to mode! a specific transformation which is
defined over all the input space.

The usefulness of this approach is in the number of different transformations that can
possibly model a small training set. A small training set specifies output values for only a
few input points in the training set and so does not constrain the values of the outputs on the
remaining input points. Therefore many underspecified transformations will be capable of
modelling the training set in question.

A ftraining set has the following properties. The training set is a set of arbitrary
binary data points and so is not dependent on the network architecture under consideration.
The data itself need not be viewed as specific input and output values but should be viewed as
activity over specified nodes. iIn the feedforward neural network environment, the structure
of the network forces an interpretation of input and output nodes onto the various nodes in
question.

A training set can be viewed 1o be a definition of the space of interest, the points that
are in the training set, and that not of interest, the points that are not in the training set.
Given the specific training set we can predict whether a particular network structure can

model that training set or not. This is further examined later in this chapter.
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Feedforward neural networks

panm_ Input 1 lnput 2 Output
0 -1 -1 1
1 -1 1 -1
2 _‘ 1 -1 -1
3 1 1 1

Table 3.3 The exclusive or transformation from two inputs to one output

A feedforward architecture has explicit input and output nodes (Table 3.3}, yet the
training set can still be viewed as a data pattern éxplicit from the input output structure
(Table 3.4). The training set are then just bit patterns that have to be stored in the network.
With the unbiased data points, we can make any input/output decisions required to model the
data with the given architecture. Effectively, we can break away from viewing the training
sel as a predefined input and output structure, bui can choose whichever nodes most

effectively perform the function of an outpul node.

pattern Qe 0 1 2
0 -1 -1 1
1 -1 1 -1
2 1 -1 -1
3 1 1 1

Table 3.4 Training set for the exclusive or problem with two inputs and one output

The properties of the network architecture chosen wiil dictate whether the training
set can be represented or not. The property of the McCulloch and Pitts neuron which can only

distinguish linearly separable sets provides the representational limitations of neural

43



networks. Training sels as arbitrary patterns arise naturally in recurrent network
structures such as the Hopfield network. The properties of Hopfield networks and their
abilities and limitations at storing bit patterns are discussed in chapter four.

For a feedforward network 1o model a training set an explicit output must be defined.
This is the output node specified by the network architecture of the feedforward network. The
simplest method of defining this output node is to provide the value +1 if the given input
point is in the training set and -1 if the given point is not. That is the network works as a

metalevel pattern recogniser, rather than as an implicit input output transformation unit.

pattern & 0 1 2 3
0 -1 -1 -1 -1
1 -1 -1 1 1
2 -1 1 -1 1
3 -1 1 1 -1
4 1 -1 -1 1
5 1 -1 1 -1
6 1 1 -1 4
7 1 1 1 1

Table 3.5 Metalevel definition of Exclusive or with two inputs and one output, the final node

provides a decision as to whether the patiern over the ¢ther nodes is a stored pattern or hot

When a data point is presented 1o the network, the activity is passed through the
network, resulting in the final output of +1 or -1, depending on whether the presented
pattern was part of the training set or not. The main problem with pursuing this approach is
the inefficiency of the network structure adopted. Many extra metalevel training points must
be provided to fully define this pattern recogniser. This is illustrated by examining the
*exclusive or” example. Table 3.5 illustrates all the points that must be siored in this

metalevel network system, when the original training set was a large factor smaller (iable
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3.4).

To fully exploit the power of the feedforward representation, we must employ a
network that has at least one explicit output node. That is an output node that behaves as one
of the nodes in the training set. For such a node to exist, the training set must be closely
examined. For a node in the training set fo be an output node, it must be uniquely defined for
all the patterns in the training set over the other nodes in the training set. This is illustrated
by the example in table 3.6a, where any single node can act as an output node. In table 3.6b,
node A and node B can not act as output nodes, since if A was an output node, we would have the
transformation B, C -> A : (-1,1) -> 1 and (-1,1) -> -1, which is inconsistent, and

similarly with B as an output node. The only possible consistent output node is C.

pan& A B C pattml A B C
0 -1 -1 1 0 -1 -1 1
1 -1 1 -1 1 -1 1 1
2 1 -1 -1 2 1 -1 1
3 1 1 1 3 1 1 -1
a b

Table 3.6 a. Training set where any node can act as the single output node, b. Training set

where node C is the only possible consistent output

Muttiple output nodes

Given more than one possible output node, we can select any one to act as the outpul
node of the system. Having selected one output node, it may be possible to select more output
nodes without any inconsistencies arising. We continue this process until no more output
nodes can be selected. In Table 3.6a, any node can be a single output node, but no two together
can act as output nodes since inconsistencies arise. For transtormation A -» (B,C) we have 1

-> (1,1) and 1 -> (-1,-1) and similarly for output nodes (A,B) and (A.C).
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pattern (e A B C D
0 -1 -1 1 -1
1 -1 1 -1 -1
2 1 -1 -1 1

Table 3.7 A Training node that expiicitly allows mulliple output nodes

Table 3.7 shows an example where any node can act as a single output node, but only
(D, A or B or C) can be double output nodes. That is, (B,C} can not be double output nodes
since (A,D) -> (B,C) have the training points (-1,-1) -> (1,-1) and (-1,-1} -> (-1,1),

which are inconsistent.
Summary

This chapter examined the role of Boolean representations of neural networks. The
equivalence between converged neural networks and Boolean transformations brings the
connectionist techniques inlo the realm of reliable and predictable systems. These ideas are
further developed in the following chapters.

Neural networks were examined as model of training sets. The training sets admit an
interpretation as a transformation which can then be.modelled by feedforward sysiems. This
notion of neural models of training data will be used 1o construct a measure of neural network

refiability and predictability in chapter four.
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Chapter 4. Learning and the Behaviour of Internal

Representations

Outline of chapter

Backpropagation is used to train feedforward neural networks. The training algorithm
executes iterative hill climb to minimise the defined error function of the system. Perfect
steepest gradient descent schemes would force the system into the nearest local minima. This
is undesirable, so varying iterative schemes are examined. These hope to avoid the local
minima and converge to the global minima. This chapter provides some insight into the
experimental result on neural network convergence.

Training is examined as the problem of modelling data sets with neural network
systems. Different training schemes are discussed, outlining the role of temperature,
learning rate and momentum terms in the backpropagation training algorithm.

The jocal properties of the training algorithms are examined. The effect of training on
the weights and node activity are examined. 'The role of temperature, learning rate and
momentum terms in avoiding problems of local minima are examined.

The training algorithms developed for Hopfield nets (Aleksander et al ‘90, Hinton ‘89
and Rumelhart et al '86) are examined. The training of hidden nodes in recurrent networks
are examined particularly the Markov chain models. It is shown that specific cases exist
where the hidden nodes can be trained using a one pass Hebbian training rule.

The training of networks over reduced training sets are examined and the role that
they play in the reliability of the neural network is discussed. Two measures of reliability
are introduced. One based on the uncertainty in the transformation being modelled and the

second based on the reliability of the behaviour of the neural network.
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Training Neural Networks

In order to construct useful network represeniations of transformations, a specific
methodology must be adopled. The following three elements are required;

i. the initial network structure,

it. the set of data on which to train the net, and

iii. the training algorithm that is needed to adapt the initial network structure.
More broadly we can view this as follows;

i. the initial knowledge of the system.

ii. the new knowledge to be imparted, the training set, and

iii. the training methodology.

When implementing a neural network for a specific problem it must be trained.
Training a neural network is a matter of manipulating the behaviour of the network. Once the
behaviour corresponds to that which is desired, training can cease.

The system requires a specific behaviour, that is a specified transformation from
input to output. A specific Boolean transformation may exist, a rule system or another
formula for the desired behaviour. This behaviour will be defined over a given subset of the
input space. Training will proceed over this subset of the input domain. The neural network
is said to have converged when the training set is correctly modelled. The correct behaviour
of the neural network is only guaranteed over the training set, therefore the total behaviour
of the neural network is only guaranteed if the training set is the whole input space. That is
neural network training should be viewed as a convergence to correct behaviour over .the
training set. Correct training of the neural network can be viewed as the representation of

the given Boolean fransformation, rule set or another specified formula of behaviour.
Available knowledge

When modelling an arbitrary transformation there are some pieces of information
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avaifable, we have some knowledge of the system. The most basic khowledge is that of the
number of inputs and outputs, which is defined by the nature of the transformation being
modelled. This is available even if the actual specifics of the transformation considered is
unknown. Any binary valued transformations have well defined input and output fields, while
continuous real valued input and output fields can be digitised to a prerequisite degree of
accuracy. Nothing is lost by specifying this digitisation of the iﬁput fields since all neural
systems essentially deal with digitised data after the first layer of nodes.

Given the limit of one hidden layer in a network as discussed in chapter seven, we
specify that the Boolean neural networks we construct have no more than three layers of
nodes. The limit of the same number of hidden nodes as input nodes for each output node as
also discussed in chapter seven provides us with the number of hidden nodes that the network
will have. This will be the maximum number of nodes and layers that we will require,
whatever the actuat transformation being modelled. The nodes in successive layers are fully
interconnected. Given this topological limit on the network we can proceed to train it to
behave correcily.

When no knowledge about the actual transformation being modelled exists, the above
network structure is the best that can be constructed. The value of the weights in the network
are given by the specific knowledge that may exist about the transformation being modelled.
If the initia! knowledge about the transformation is nil, then this will be refiected in the
weights of the network. When no information exists small random weights are used since if
they were all zero, the training algorithms would not distinguish them from the case where
no links exist. The experiments of appendix A1 show that the initial weight values of the
neural network have a great influence on the success of the automated training algorithm.

If knowledge about the transformation exists, this is the stage at which it should be
included. If the transformation is known to be symmetric about an input, this would be
reflected in the weights. If a network representation of a subspace of the transformation is
known, this would be a stage to include it in the new representation. Improvements in the
training phase will be gained by the use of this knowledge. An experiment is discussed in

appendix A4 in which the training performance of neural networks initialised with different
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information about the transformation being modelled is examined.
Training examples

The training examples are used to to train the network, they are a subset of the iotal
input space. The initial configuration of the network will in general not correctly represent
the training set. The training algorithm adapts the network to the point where it maximally
represents the training set. If the algorithm does not become stranded in a local minimum,
the network produced. after training will fully represent the training set.

Unless the training set is full, that is, it is the complete input space, it cannot be
~ guaranteed to model a specific transformation. This means that points in the input space that
are not in the training set will behave in a manner dependent on the iniial configuration of
the net and the training algorithm employed, and not the particular transformation in mind.

We can see that this is the case from the following analysis. Given a network with a
specific weight configuration we can train it on a subset of a transformation say A and also on
a subset of a transformation B. If A(l)= B(t), for all t from the training set, then the two
networks that have been trained will be identical. Now if A and B are distinct transformations
then there will exist a point x say, outside the training set for which A(x)# B(x). The
network representation of A and B will both produce the same output for the input x and so
one of the network representations will be incorrect for this input.

Therefore predicting the generalisation properties of networks are almost
impossible. More knowledge about the network representation produced must be employed

before we can predict ils behaviour over points not in the training set.
Training methodologies

The training methodology most commonly used for feed forward networks is that based

on backpropagation. The procedure for investigating learning via backpropagation involves
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examining the behaviour of the net over the training set and seeing how much the actual
behaviour differs from that of the desired behaviour. All the weights in the network are
updated in a direction and by an amount that minimises this difference. The details of the

algorithm are discussed below.
Backpropagation

The error in the output for a particular input x, E(x), is given by the formula;

E(x}= D(x) - R{x),
where D(x) is the desired output for the input x while R(x) is the actual output for the net.
The update that is applied to each weight in the net is proportional to its effect on the error
function, namely, Aw= -p dE/dw, where p is a positive constant called the learning rate.

The backpropagation may proceed iteratively over the input values, that is the
weights are adjusted after each example from the training set is taken. A different approach
is to calculate a total error function over all the training set. This second method would
behave in a truer gradient descent manner, but as discussed below, this in itself is not an
advantage when the search space has many points of local minima. Therefore for the most
part, systems that adjust the weight space afler each pass of the input examples have been
implemented.

It can be seen that backpropagation instigates an error gradient descent in weight
space. If it were a true steepest gradient descent procedure, then it will almost certainly get
stranded in any local minima that exist. This is the case, since in a network which is near a
local minimum, the steepest gradient will be towards that minimum. On reaching the
minimum the training algorithm will not be able to move away since the gradient will be zero
at that point. For real applications we must utilise a training algorithm that overcomes these
problems. Several strategies already exist.
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Temperature, learning rate and momentum terms

In order for the backpropagation algorithm to execute true steepest gradient descent
any update in the weight space must be infinitesimal. 1n any real implementation this is
impossible.

The first factor that affects the behaviour of the backpropagation algorithm is the
learning rate. This is the proportional constant that influences the magnitude of the update
that is carried out on each iteration. If the learning rate is too high, then the network will
oscillate between nonoptimal states. If it is too low then convergence will take many
iterations, which is undesirable. (See appendix A2).

There is a close relationship between the learning rate adopted and the temperature'of
the network system. The temperature is the proportional constant applied to the input in the
sigmoid threshold function. The node formula is given by Output= sigmoid(Zw,x;), where
w;X; are the weighted outputs of the nodes from the previous layer. The sigmoid function is
given by the formula;

sigmoid(x}= 2/(1+exp{-x/t}) - 1, and

dsigmoid(x}/dx = 2 exp(-x/t)/ t (1+exp(-x/t))2.

The update formula for the weighis w can be given in the form;

Aw= -p dE/dw = -p dE/dv.dv/dy.dy/dw, where v= sigmoid(y}, y= Zw;X;,
0 Aw= -p. 2( exp(-x/t)/ t).(1+exp(-x/1))2.( dE/dv.dy/dw).

Therefore from the formula above we see that the term 1/t behaves like a learning
rate parameter. That is, by decreasing 1 we can effectively increase the learning rate. (See
appendix A3).

The final method by which standard backpropagation algorithms deviate from steepest
gradient descent approaches are with the use of rﬁomentum terms. If a steepest gradient
descent procedure gets stranded about a local minimum the search is unable 1o proceed
further, the algorithm oscillates about this minimum. To inhibit this property, momentum

terms are applied to the update procedure. The function is to reduce oscillation and ensure
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that the search proceeds in a purposeful direction.

The momentum terms are implemented by applying a proportion of the previous
update to the present update. That is the weight update formula is given by;

Awy, = -u dE/dw, + B. Aw,
as the iterative cycle continues the effect of the momentum term diminishes if B<1. That is

the momentum term is only effective for a few cycles after it is initialised, it decays.

Properties of the backpropagation algorithm

Training a neural network system with the backpropagation algorithm is a balance of
interrelated elements. The combined action of the nodes in the different layers of the network
produce the specific behaviour. The training algorithm coordinates the perturbation of the
weights and nodes such that the total behaviour of the network over the training set converges
to that which is desired. The training algorithm is examined in detail, emphasising the

specific elements that aid optimal convergence.

Training an individual node
Given a particular output node (fig 4.1) we can define an error function on the node

for each training example as;
E = (O4 - O,) 2, where O, is the actual output from the node while Q4 is the desired

oulput.

Wi
Fig 4.1 A single node with several inpuls and one bias weight
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The update formula for the backpropagation algorithm is;

Aw; = - oE/dw; , where E is the error function of the network, -p the
learning rate, a small constant and w; the weight values. The iterative update of the weights is
such that the efror function is minimised.

The first point of interest about the update rule is that when a point is correctly
classified, no change in weight is made. Only incorrectly classified points contribute to the
learning. This is desirable since if all the training set is correctly modelled by the network,
no update in the weight values would be required. One disadvantage is that there is no positive
training factor. That is all the points that are correctly classified will not contribute to
actively maintaining the structure of the network. There is no resistance force from the
correctly classified points to changes in the weight space. The few incorrectly trained points
will provide all the forces for developing the network.

If the incorrectly claésified points contribute constructively in training then the

algorithm will converge rapidly. Fig 4.2a illustrates this point.

Sdl

Fig 4.2 a. Constructive training

In destructive training the incorrectly classified points force the representations to
either oscillate or diverge 1o such an extent that originally correctly classified points become

misclassified. Fig 4.2 a & b illustrate these points.

N

Fig 4.2 b. Destructive training 1) oscillation
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Fig 4.2 c. Destructive training 2) divergence

The simple examples above illustrate cases where the distinction between constructive and
destructive learning are clear. Given systems with many more inputs and incorrectly
classified points, changes that reclassify a few points either correctly or incorrectly, can not
so easily be termed constructive or destructive learning. Only the global behaviour of the
algorithm in correctly classifying different numbers of points can allow this judgment. This
can be seen in the results of the experiments described in appendix B. During

backpropagation training, niany iterations produce an increase in the sum squared error
measure. Destructive learning has occurred at this point. Often this destructive learning is
advantageous as it allows the present representative structure to be broken, so allowing a

more favourable start point from which to converge.
Local learning

The specific effect of an incorrectly classified point on the training algorithm is a
significant point of interest. The global activity of the training algorithm will depend on the
interactions of these micro activities. By examining the effect of an incorrectly classified
point on different nodes we will be able to gain an intuitive idea of the effect of the point on
all the different nodes in a particular network representation. '

Given a node threshold function f(Xw;Q), we have the node weight update formula;

Aw; = -pu(O4- O )(df(x)/dx)C;,

The_ term (O4 - O,) depends on how badly the training point is classified. Assuming we have

just Boolean transformations, (a hard threshold function is employed), then (Oy4- O,)= 0 if
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just Boolean wransformations, (a hard threshold function is employed}, then (Oy4- O,)= 0 if
the point is correctly classified and (Q4- O,)= 2, if incorreclly classified. Similarly O, =
+1, All these elements provide a component as to the direction of the change that is most
suitable to model the training point in question. The magnitude of the change is dependent on
the term df{x)}/dx, which for a hard threshold function is almost zero (small) everywhere
except when x is almost zero, where df(x)/dx is very large. This gives the result that for
training points where Zw,Q is not almost zero, the magnitude of Aw; is dependent on the
learning rate, that is this term must be adjusted for optimal performance.

Now consider the case where we have outputs in the range [O,|<1, that is we have soft
threshold functions such as lhe sigmoid function with a high temperature term. These

conditions give the following constraints, |(Og4- Oy} < 2, (di{x)/dx} = 2 exp(x/T)/T(1 +
exp(xiT))Z.' which is shown infig 4.3. The important points to note are that (df(x)/dx)>0

and that it attains its maximum at x=0. (See fig 4.3).

Fig 4.3 The differential of the sigmoid function

With these criterion we can see that the magnitude of the weight update depends on
how badly classified the point is and how close Tw;Q is 10 zero. The measure Tw;Q is a
function of how close the training point is to the hypérplane that the node represents.
Therefore the closer the training point to the node plane the greater its effect on the training.
If [{Og- Oy)l << 1, then effectively the point is correctly classified. However, since the term
is not zero there is still a contribution to the training algorithm. This is an advantage over

the strict Boolean case, since even essentially correctly classified points have an effect on the

training algaril-hn:l._ _.'
..t
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If we now consider the case where the input values can range over the values, [O;}<1,
we have a different effect manifesting itself in the iraining algorithm. The activity of the
input nodes to the node have an effect not only on the direction of the update of the weights,
but also its magnitude. The greater the activity of the particular input node, the greater the
update in the weight value. This means that if the input node provides hard evidence, that is
[O; = 1, it has the greatest effect on training, while if |0, = 0, very litlle training is

carried out.

Training a two layer subnetwork

Refer to the annotations of fig 4.4 for the following analysis of tha training of a two

layer subnetwork.

mOk pOi s
Whki Wi
Fig 4.4 Two layer network

A two layer network consists of several different subcomponents which correspond to
the situations discussed above. The inputs to the whole network are fixed Boolean inputs. The
threshold functions are all sigmoid funciions.

Therefore the inpuls to the nodes in the hidden layer are mO, = 1 while the outputs
of the nodes in the hidden layer are in the region [pO;| < 1. The analysis of the misclassified
points corresponds to the situation above. The update formula is;

Amwy ;= - 3E/APO, *(df(x)/dx) * ax/omwy; = -u IE/PO, *(df(x)/dx) * mO,,

57



amw,; = -u 3E/APO; *(df(x)}/dx) * dx/amw, ;= -u IE/APO; *(df(x)/dx) * mO,,
JE/IpO; = X; 3EA0, *(df(y)/dy) * dy;/apO; = JEO, “(dfiy)idy) * w;

x = Tmw, ;mO,,

y = Zw0;.

An examination of the relevant formulae shows that the differences to the case
discussed above, concerns the magnitude of the update based on the term 3E/0pO;. This shows
that nodes that are weighted by a larger amount in the following layer are updated more.
Corrections applied as a result of misclassifications by the neural network system can
interleave one with another leading to interference on the training signal, that is the effect of
oE/gp0;. If a point is misclassified by the whole system but correctly classified by a given
node, a form of overtraining will take place on this node. Its weight values will be updated for
the particularly misclassified point, even though it is essentially correctly classified by the
node.

The training of the second layer of weights is analogous 1o the case discussed above

with [pO;| < 1, and |(Q4 - O,)] < 2.

Multiple output nodes

Refer to the annotations of fig 4.5 for the following analysis of the training of general

two layer feedforward neural networks.

mOk pOi cOj
WKki Wij
Fig 4.5 Multiple output network
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The final layer of a multiple output network comesponcs to the single output case and
training proceeds as described in the previous section. The taining of the first layer of
weights must take into account the effect of the different output nodes. Each hidden node
contributes to all the outputs of the network and so receives backpropagated error values
from all of them. This is shown by the update equation below;

Amw; = -p JdE/Ip0; *(d¥(x)/dx} * dx/amw,; = -u o=/0p0; *(di(x)/dx) * mO,,

oE/ap0Q, = )_‘,]-(Z, oB/a0, * dfy;/dy; * dy;yapQ;) = (cE/0, “diy;/dy; * w;)),

X = Tmw O,

Yj = Zw; jFO;.

This illusirates how a hidden node can receive inoo_né‘stent signals from the following
layers. This can lead to destructive learning if the node or nodes model a subproblem of the
input space. Consiructive learning will occur if the error signals allow the nodes to converge

io more accurate representations of the input data.
Intralayer communication and learning

The existence of destructive learning in the hidden layer of a neural network can be
illustrated by the example shown in fig 4.6. Here two nodes isolate a given region of the input
space. The effect of a single point incorrectly classified by the network is to either expand or
contract the two nodes’ region of influence. Each node provides a contribution to the decision
of the incorrectly classified point, but 1aken together they effectively cancel out. Namely if
+1 is provided by the nodes for the region between the nodes, then the regions outside the two
nodes will have a contribution of +1 from one node and -1 from the other. A total of zero.
Therefore as a whole the incorrectly classified point is not influenced by the pair of nodes and
so the pair should not be affected during training. The incorrectly classified point should be

modeiled by another point of the network structure.
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a b

Fig 4.6 a. Expanding influence in the hidden layer, b. Contracting influence in the hidden

layer

Fig 4.7 illustrates a situation where constructive learning can occur when a pair of
nodes are being considered. In this case the incorreclly classified point is very near one of

the nodes and so adjusting one of the nodes solves the problem,

o i 5

'

c d
Fig 4.6 Consiructive learning in hidden layer, ¢. Before application of training action, d.

After application of training action

The overall effect of the interfering hidden nodes in general can not be predicted.
Therefore this thesis proposes to structure the relationships between the nodes in the hidden
layers. This formalises the interactions that occur and so allows betier understanding of the

network behaviour. This is further pursued in chapter five and six.
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Hopfield nets

Hopfield nets are fully interconnected neural networks. The network connections are
weighted and in general symmelric, that is w;; = w; ;, where w; ;is the weight value of the
connection from node i 1o node j. The output of a node is the weighted sum of the inputs to the
node. A threshold may be applied to this value. The update of the nodes in the network may be
synchronous or asynchronous. The node weights can be trained via a Hebbian learning scheme

given by the formula below;
W= sz._JV"iv“j (for i = j), where v are the members of the training set-and u is

a small constant. An iterative approach may also be adopted.

If patterns are linearly independent, a pseudo inverse approach can be adopted (Geszti ‘90);

W= (1/N) zpk'l =1vki(q' 1)k|"|j- where N is the number of nodes in the network,

qq= (1N N vl
Capacity of Hopfield nets

Several results on the capacity of Hopfield nets exist. The first consideration is that of
the representational power of the networks. In making capacity judgments, the limitations of
the McCulloch and Pitts neurons must be considered. Each node ( a McCulloch and Pitts
neurcn ) in a Hopfield net effectively behaves as an output. Each McCulloch and Pitts neuron
is incapable of modelling the parity problem and its non linear variants and so a training set
that includes these properties can not be modelled by a Hopfield net. This can only be
overcome with the addition of true hidden nodes. This case is discussed later in this chapter.

The pseudo inverse method of network training admits a quick limit on the capacity of
the network. N-1 linearly independent patlerns can be stored in a Hopfield net. This is seen
from the fact that there are at most N linearly independent patterns in the N dimensional (N

node) case. If there were N training patterns, the training sets would span the whole space.
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This means that the training would give the weight values as Wi = 1, i=j and w; i 0 for k.
(see Hertz ‘91, Aleksander et al '90 and Abu Mustafa ‘85). Therefore we can have at most N-
1 linearly independent patterns.

When we have patterns that are not linearly independent, a different analysis must be
made. Considering the input 1o each node h, when the pattern vKis applied to the inputs, we
have the following equation;

hkl = ZNJ =1 wu ij = (1/N) ZN] =1Zpi ‘B«‘VI|VIj ij , therefore
Kk k N byl K
h i= Vv i+ (1/N) E ] =1ZP| =1'(|¢k)v iVj v l .
Defining the crossover term cX; as;

K= VK (UN) ZN 3P V'l VK . we have the condition that if ¢¥; is

positive and greater than one, then hki will fiip, that is it is an unstable node. The term c"i is
a measure of the capacity of the net for the patterns chosen. Given a general training set, we
can test c"i for all k and all i, to see if the patterns will be stable. If they are unstable then a

different network approach must be adopted.
A general capacity measure of Hopfield nets would be useful, especially for large nets
(large N} with many stored patterns (large p}, since the calculation of all the cki will grow

exponentially in N and p. Making assumptions that N and p are large and that the training
patterns are random give the capacity of the Hopfield net as p < 0.138N (see Geszti ‘90 and
Hertz '91). This also agrees favourably with experimental measures of the capacity, p <
0.14N (Hertz '91 and Aleksander et al ‘S0).

By a similar analysis the capacity of the Hopfield net, using the statistical Bolzmann

execution strategy is found to be p < 0.138N.
Energy functions

A Hopfield network with a specific update strategy can be associated with an energy
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function. This energy function will be minimised in the execution of the network. Therefore
given an energy function whose minima are the trained states, the network will converge to

these trained states.

Given an energy function & defined over all the nodes h, we have;

E = (172N _; wihih;,

dE/dt = 9E/oh,.dh;/dt, where dhy/dt is given by the update rule,

Ahy = (Sp,atic (Sp)ie

(St api= sign(ZN _y wy (8))), for the usual Hopfield update rule,

dE/dh; is defined by the weight space w, i
Optimisation

With the existence of the energy function, the Hopfield net can be used as an
optimiser. If a cost function exists for a particular problem that can be defined in terms of
the energy of a Hopfield net, that is all terms are linear in the nodes h; and there are no
terms of higher order than hihj then a network can be constructed to model the probiem.
When the network is executed the energy function and so the cost function will be minimised.
The minimised solution may not be a global minimum and so the net must be run many times

to obtain the best solution.
Training hidden nodes

Since the Hopfield model has significant capacity limitations, large networks must be
used to model large training sets. The training patterns will be defined over a limited bit field
and so hidden nodes must be exploited to gain the capacity to mode! the problem. How do we
train the Hopfield net when we have these hidden nodes? Allowing the hidden nodes to settle on
the most appropriate minima would be ideal. For a given input pattern the hidden node could

1ake either value +1 or -1. One of these values willi be suitable for each particular input
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pattern. An approach to training the net and finding suitable convergence points for the
hidden nodes is via the use of a Markov model of the net. (This is discussed be Aleksander et al

‘90).
Markov model of the Hopfield net

The following symbols are introduced for the analysis of the Hopfield net and the
states that it can represent;

Training set defined over n nodes, Dy, Dy, ..D,, .., 0,,0<a<r,

0srs< (2% 1).

The network has N+1 nodes, N-n+1 hidden nodes, one bias node whose activity is 1.
The number of possible states are 2N,namely;

Sp: Sy -8 w Sp. 0spsP, P =(@N 1),
The activity of the itP node in state Sy is (Sp) - The activity of the it node in training state D,
is (Dy) ;-
The probability of 2 node being active in state Sp is;

p; = threshold(1/(1 + B))= +1 or 0, B = exp(-ZNj 1 W (SPy/T).

The probability of a node being inactive in state Sp is;
—p = threshold(B/(1 + B))= 0 or +1,

The probability of being in a state X with the clamped environment (that is the case where

each input and output node is fixed te a training value) is P*(X}). The probability of being in a
state X with the unclamped envircnment is P™(X).
P*(D,) is 1/r since each of the trained states are equally probable,

P (D,) 1.0 = P*(D,) can be assumed.

a)
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Markov model of unclamped state

The initial probability of being in an unclamped case is related to the probability of
being in a training state;

P (Sp) 1.0 = P"(Dy)1_¢/ 2" where Dy s the member of the training set that
corresponds to Sp over the input nodes, that is for all input nodes k, (Sp)k = (D)

P'(Sp) 1=0 = @ if there is no D, a member of the training set such that for ali input
nodes K, (Sp) k= (Da} k-
The progression of this system in time is given by;

P ( Sp), = Zpb -0 P (Sp)t.1 p(b,p), where p(b,p) is the probability of passing from
state Sy to Sp in one bit change,

p(b,p) = 0, for more than one bit changs,

P(b.p) = P((S) IN, for {Sp);= (Sp);and (Sp; = (Sp)j.for j#,

p{b.p) -p{(&) ), for S = Sp. and

P({Sp);} = Pj» f (Sp)j= -1, or pl(Sy) ) = —A. if (Sp);=1.
These equations allow the converged state of the network 10 be calculated. The probability of

the trained states occurring can be calculated from the relevant unclamped states;
P(D,} = Zpb =0 P~ (Sy)r(a,b), where r(a,b} is a relevance measure such that,

rfa,b) = 1if (Sy)y = (D,) over the input nodes k,

r(a,n) = 0 otherwise.
Markov model of the clamped state

The initial probability of being in a clamped state is evenly distributed over the

hidden nodes;
P*(Sp)1a0= P*(Dg) /2¥™, where D, Is the member of the training set that

corresponds to Sp over the input nodes, that is for all input nodes k, (Sp)k = (D) i
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P*(Sp) 1=o = 0 if there is no D, a member of the training set such that for all input
nodes k, (Sp) k= (Da) k-

When a network is running in a clamped mode only the unclamped nodes are allowed to
change. This means that at each update the network stales perturbs and then these states are
clamped. This situation is medelled by the equations;

P*(Sp)' . =3P, _o P*(Sp) .y P(b.p). see previous definition of p(b.p),

P*(Sp)1 = £ 2o P*(Sp) " ; d(b.p), where d(b,p) is a relevancy measure when the
network is clamped,

dibp) = 1, if (Sp)j = (Sb)j. for all j not input nodes,

d(b,p) = 0, if there exists j such that (Sp) j* (Sp) i where j is not an input node.
After letting the Markov model converge the probability of the trained states occurring can

be calculated from the relevant clamped states;

P+(D,) = ZPy _o P*(Sp)r(ab), where r(a,b) is defined above.

Training
The local update rule for the weights is;

AW = -AG.T/( p"'ij - p..), where G is the information function

ii _ij

G=E,P*(Sy! n[P*(S,) /P (S,)l. Since G = 0 is the minimum, we can set AG = G, where

p+ij is the probability that unit i and j are both active in the clamped environment and p-ij

the probability that they will both be active in the unclamped environment. The values of p*; i
andp’; jcan be calculated from the Markov models above via the formulae;
p*j= 2P 0 PH(SY1(1.0.SY)
Pij= 2Py o P (Spf(i.i,Sp). where (i,j.Sy) is a measure of the relevance of states

S, such that,
1(i.i,Sp) = 1, i (Sp) i = (Sb)j =1,
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f(i,j,Sy) = 0, otherwise.

The network can be trained by this mechanism but will require a great dea! of
computation. A similar performance can be obtained by judiciously selecting the hidden node
values and training the Hopfield net as if there were no hidden nodes and giving the hidden

nodes these specified values during training.
Input pattern coding

In order that a Hopfield net can model the training set, each training pattern must be
defined over all the nodes, including the hidden nodes. This means that an almost arbitrary
coding of the training pattern over the input nodes must be applied over all the nodes. This
network must be capable of modelling the training set, so several criterion must be satisfied.
Each node in the network is a McCulloch and Pitts neuron and so is only capable of modslling
thresholded linear transformations. Therefore the output node must be a linear
transformation of the input and hidden nodes for the network to be capable of modelling the
training set. This must also be true of the hidden nodes in the network. These considerations
provide a constraint on the values the hidden nodes can take over the whole fraining set.

i a large network exists, random patterns over the hidden nodes may solve the
problem. However a more structured approach must be adopted to ensure suitable
performance.

The training algorithm for Hopfield nets make use of the comelation factor between

the two nodes concerned to specify the weight;

wij= i Zpk=1vkivkj {for i = j). This value depends on the hamming distance between
the bit vectors v; andv; . Namely;

Zpk=,vkl-vkj- = p - 2*hamming_distance( v;, v;). From this equation it can be seen
that the correlation of two nodes can be increased by decreasing the hamming distance

between the nodes. A non linearity between input and output nodes is often associated with a

ow correlation between these nodes. Providing hidden nodes with a small hamming distance
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from both the input and output nodes provides the possibility of modelling the training set
with a Hopfield net. The hidden nodes provide a high correlation path between input and
output.

A necessary and sufficient criterion for linearity of the hidden and output nodes based
on these correlation values can not be found. This is illustrated by the examples in tables 4.1
a, b, c, that provide identical correlation values for the respective nodes but are linear and

non linear transformations respeciively.

pattern ok 0 1 2 pattm. 0 1 2
0 -1 -1 1 0 -1 -1 1
1 -1 1 -1 1 -1 1 1
2 1 -1 -1 2 1 -1 -1
3 1 1 -1 3 1 1 -1
a b

Table 4.1 a. & b. Linear transformations

paﬂm_ 0 1 2
0 -1 -1 1
1 -1 1 -1
2 1 -1 -1
3 1 1 1

Table 4.1 c. Non linear transformation

Therefore the correlation values of the Hebbian learning technique do not guarantee
correct representation unless we have a linear relationship between the input and output
nodes. It is the linearity of the transformation that is the significant factor and not the
correlation factors that determine whether a network can be ftrained. If a linear
transformation exists then the Hebbian learning scheme is valid otherwise new network

models with different hidden node values must be investigated.
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Neural network reliability

A neural network can be trained on a set of data. Its ability to model this training set
and the ébility to generalise to points not in the training set depends on the reliability and
predictability of the neural model. To formalise these ideas a mathematical definition of
reliability is given.

Reliability of network output = Probability that output is correct.

Given a network with a single output node and taking the simplified model of network
training, that is the network converges to model the training set perfectly but is unable to
predict the output over the other input values, we can give the following reliability
measures;

Probability(correct outpui|training point) = 1,

Probability(correct outputinot training point) = 1/2,

n = number of input nodes, N = number of training points,

then;

Reliability = Probability(correct output) = (N + 2 /2n+1!,

Representational reliability

Representational reliability of a neural mode! is dependent on the uncertainty in the
transformation that is being modelled. Since there are a large number of possible
transformations for a given number of inputs, the probability of correclly modelling a
transformation decreases dramatically as the training set is reduced.

Representational reliability = Probability that transformation is correctly modelled
Therefore given a perfectly modelled training set;

Probability(correct output|training point) = 1,

Probability(correct output|not training point) = 1/2,
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n = number of input nodes, N = number of training points,

N = 2"- N = number of input points not in training set,
then;

Representationai reliability = Probability(correct model) = (”2)N' .

Summary

The various training algorithms that exist for creating neural models of data have
been examined. These include those for feedforward systems, those based on backpropagation
and those for recurrent networks, such as Hopfield and Bolzmann nets, which use variations
on the Hebbian training rule. |
The local node leve! effect of the backpropagation training algorithm was examined and
the types of internode interference that can occur discussed. Two reliability measures of the |
trained networks were introduced as a formal technique for examining the effect of training
set size on the reliability and predictability of neural models. These measures will be used to

analyse the efiect of node parallelisation and similar structural techniques on neural network

reliability (see chapter five and six).
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Chapter 5. Parallelisation of Nodes in the Hidden Layer

Cutline of chapter

The use of node parallelisation in neural systems is introduced. Parallelisation in the
hidden layer is introduced as a mechanism of introducing interdependencies between the
nodes. It is seen that this is one of the basic mechanisms for providing the training
' a!gorithﬁs with knowledge of the node representations in the hidden layer. It is shown that
sandwich parallelisation is natural in binary feedforward networks, and are indeed essential
for minimal representations of some transformations. A training aigorithm is presented
making use of parallel nodes (ghost nodes). Sandwich parallelisation and polygonat
segmentation are examined as techniques for structuring the nodes in the hidden layers ;>f

feedforward neural networks.
Introduction

Throughout this chapter we will be discussing bipolar feedforward network systems.
As previously demonstrated (Hinde '90), these networks only require cne hidden layer of
nodes. Further work (chapter seven), addresses the number of hidden nodes required. The
network is fully interconnected between the layers and can represent any Boolean
transformation, given the number of input and output units.

In ali the studies to date no structural dependencies have been applied to the hidden
layer of a neural network (Hinton '89, Rumelhart et al ‘86). This was done so that there
would be no initial constraints on the network representations. The training was allowed to
proceed {reely in order thal it may converge to an optimal solution. Any extra constraints of
internal struclure were neglected. This may have been because authors fell that they may
inhibit the training process, although none explicilly mention this problem. This lack of
structure may be deemed appropriate for biological reasons, Wasserman {'72) however,

shows that biological neural linkages are predetermined to a large extent and that the
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topology of the brain is highly determined at birth.

The main disadvantage of standard training algorithms, that is backpropagation, is the
way they treat each hidden node identically and in isolation. When the weight space of a hidden
node is updated, only the effect of that node on the error function is taken into account. The
way that the hidden node interacts with the rest of the hidden layer in order 10 model the
transformation is not taken into account with this approach.

In the case when a hidden node correctly models a subspace of the fraining set over
which it makes the most signiﬁcént conltribution, then it is better to leave it unperturbed
rather than spuriously adjusting it for short term gain in efror minimisation. It would be
better to perturb another node in the hidden layer to ultimately produce a better model for
the incorrectly classified training examples. This will become more abparent when we
examine sandwich nodes and their behaviour under the learning algorithm.

Short term error minimisation often leads to the undesirable property that existing
neural representations that model the transformation well, are knocked out to produce non
optima! locally minimal representations. Introducing some structure and dependencies into
the hidden layer ensures that adjustments to each hidden node can act in concert with the rest -
of the representation. The simplest dependency relation between nodes is that of parallelism
which is discussed below.

Nodes are considered to be parallel if they have identical weight vectors (to a scalar
factor) defined over the same inputs, with possibly distinct bias weights. The ideas discussed
in this chapter are more simple, essentially that node parallelisation is implemented via
duplications in weights space, namely one or more nodes shadow or ghost the reference node,
their weights are just a duplicate of the reference node or its simple negation.

Parallel or as introduced in Messom ('92) ghost nodes allow for general duplication
of hidden nodes (their structure are discussed later), which can then be used as parallel
nodes that output to a single output node, providing a dependency between the hidden nodes ofa

particular neural net.
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Structure in the hidden layer

Two types of dependencies are investigated, both are closely relaled.
i. Parallel hidden nodes.

ii. Sandwich hidden nodes.

i. Parallel hidden nodes;

are defined by the criterion that the bias weights are independent while all the other
weights are pairwise identical. That is, given two nodes, they are Parallel if the weight
vectors are identical except for the bias factors. (See fig 5.1a).
ii. Sandwich hidden nodes;

are defined by the criterion that the bias weights are independent while the other
weights are pairwise additive inverse. Thal is, given two nodes, they form a sandwich if the

weight veclors are additive inverses excépt for the bias factors. (See fig 5.1b).

a b

Fig 5.1 a. Parallel nodes in two input space, b. Sandwich nodes in two input space

Sandwich nodes are a pair of close opposite facing nodes that isolate a small subspace
of the input region. The advantage of using sandwich nodes over arbitrary single nodes is that
the sandwich node will isolate a given region, which it will contribute a positive or negative
decision, while not contribute significantly 1o the outer regions. That is the sandwich node
behaves as an atomic declaration of truth over the input space. This means that the overall
definition of the input space can be constructed via a number of atomic declarations.

Introducing the dependencies above offer several advantages. The first advantage is one
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of representation. Introducing dependencies in the hidden layer, reduces the variety of
representations of the given transformation. This gives more structure to the network
representation. The networks can then be reasoned about, since their structure will be
transformation dependent.

The second advantage of the interdependent nodes in the hidden layer is the natural
improvement in computational performance that it offers. The weights being equal means that
the weight component of the input of a node need only be calcutated once, rather than every
time each node is passed. The ghost system offers this property of a reduced computational

load.
Ghost nodes

Ghost nodes are nodes that are dependent on at least one other node in the hidden layer.
There are two basic debendencies that exist corresponding to the parallel and sandwich cases.

i. the ghost nodes are parallel, this means that they have identical weight spaces,
that is they share a weight space vector, although they have indepéndenl bias weights.

ii. the ghost nodes are antiparallel, this means that the two nodes have weight spaces
that are additive inverse, although they have independent bias weights. These antiparallel
ghost nodes also share a weight space vector although one node must apply a negate the vector

before making use of the weights.

Training

The training of ghost nodes proceeds in a similar manner to standard backpropagation.
Each ghost node is updated by the backpropagation algorithm in a manner proportional 1o its
contribution to the error function. However since the ghost nodes shadow each other any
update on one ghost node is also applied to the weights of the corresponding ghost nodes, that

is the shared weight vector is updated each time one of the ghost nodes are trained. The bias
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weights are the only weights that are not updated when corresponding ghost nodes are updated.

Segmentation of the input space

Two antiparallel planes that are distinct, that is not coplanar isolate a segment of the
input space. The sandwich so formed provides an output of say +1 for the region between the
planes, while for the region outside the sandwich there is an effective output of zero, since
the individua! planes contribute +1 and -1 which éﬁective!y cancel. A neural network
consisting of a single pair of nodes forming a sandwich effectively segments the input space
into three regions. That inside the sandwich providing an output of +1 say, while for the two
regions outside the sandwich provides the output -1. (The -1 is achieved in the region
where the sandwich node eflectively makes no contribution by providing a bias of -1 on the
output node of the network).

The single sandwich can be implemented by a pair of ghost nodes that are antiparallel.
Similarly we can segment the input space into any number of parallel regions with an array
of antiparallel planes, (see fig 5.2). This is achieved by interleaving two sets of ghosted

nodes that are all parallel but mutually antiparallel between the two sets.

Fig 5.2 Segmentation of the input space
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In this way, a region between two antiparallel planes will provide an output of say,
+1, while its neighbouring region, contained by the neighbouring pair of antiparallel planes
will provide the output -1. And carrying through this analysis for the whole input space, we
have parallel regions where the output value is either +1 or -1. Therefore we can segment
any input space into arbitrary bands of parallel regions with a paired set of interleaved ghost

nodes.
Utility of ghosted segmentation

The utility of the parallel segmentation of the input space using ghosted arrays of
antiparallel nodes comes to light when we consider general Boolean transformations from
multiple inputs to a single output. Essentially any transformation can be implemented as a
parallel segmentation of an input space. Each parallel segmentation yields a unique
transformation, but of course each transformation can be modelled by many parallel
segmentations. We can see the truth of these statements by following the analysis below.

i. Each parallel segmentation yields a unique transformation;

This follows direcily from the fact that we can implement a neural reprasentation of the
parallel segmentation of the input space, which can in turn provide output values for specific
Boolean input values. This in turn defines a transformation which is that yielded by the
original parallel segmentation of the input space. '

ii. Each transformation can be modelled by many parallel segmentations;

This is less obvious but can be proved by construction. Consider a point in the Boolean input
space, say a. There exists a hyperplane that goes through a but does not intersect the
hypercube that is the whole input space except for the point a, which also is not parallel to
any plane that goes through any two points in the Boolean input space. There is a plane
parallel to this one that goes through the point not(a), but does not intersect the hypercube
that is the whole input space except for the point not({a).

We can continuously transform the first plane going through point a until we reach

the second plane going through point not(a). As we do this, the plane passes through every
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point in the Boolean input space, so inducing an ordering on the Boolean input space,
beginning at point a and ending at point not(a). This ordering is a strict ordering by the
criterion that the original plane is not parallel to any plane going through any two points in
the Boolean input space.

Any change in output value as we examine two neighbouring input values in this
ordering of input points, can be implemented in a network representation by the addition of
an appropriate ghost node parallel or antiparallel o the original plane through point a ,
which passes through the point that bisects the line between the two input points in question.
Examining the whole ordering yields a ghosted network of interleaved parallel and
antiparallel nodes. This ghosted network yields a parallel segmentation of the input space.

Choosing another point say b and another suitable plane and carrying through the
analysis would have yielded another, different segmentation of the input space. Therefore any

transformation can be modelled by many parallel segmentations of the input space.
Representing transformations via ghosted parallel segments

The analysis above proves that any transformation can be modelled by an array of
ghosted parallel and antiparallel nodes. Finding this ghosted network that is suitably minimai
provides the major difficulty. Constructing such a network following the analysis above does
not guarantee minimality and may require networks with a large number of hidden nodes.
This problem is overcome by allowing the network to be trained by the ghosted
backpropagation training scheme. { See appendix C).

The parity transformation for n inputs can be modelled by n hidden nodes. This is the
minimal representation for the n dimensional parity problém and in fact can also be modelled
by a suitably ghosted system using just n ghost nodes. This ghosted representation can be
constructed or discovered by training. It should be noted that the convergence algorithm will

often get stranded in local minima and so must be carefully monitored.
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Models of the parity problem using ghost nodes

Parity in two dimensions as discussed in chapter three is the exclusive or problem.
This could be modelled by two parallel nodes. The network structure is shown in fig 5.3,
while the weight matrix that define the hidden layer are shown in fig 5.42. The weights shown

are in the form (bias, weight_1, weight_2, ..,weight_n).

Fig 5.3 Ghosted neural network model of the parity problem

-1,-1,-1,-1
-2’1’ 1’ 1 3' b L] ’
-1,1,1, 1,1
1. -1 -1 0, -1, -1, -1
-1, o 11 1,-1,1,-1,1
11,1 | 3.1, 1,1, 1
a b c

Fig 5.4 Weight matrices for the parity problem in a. two, b. three, and ¢. four dimensions

Fig 5.4b and fig 5.4c show the matrices for the parity problem in three and four
dimensions. Parity in general dimensions follows the same pattern. if a given input vector
has the output +1, then the same vector perturbed by just one bit will give the output value
-1. We can construct the general matrix of weights for parity by starling with the point (-
1,-1,...,-1) and traversing the input space to the point (1,1,...,1). We segment the input
space into parallel regions that provide the outputs +1, and -1 respectively. These regions
are formed by the planar boundaries that have the structure, just one input has; value +1, no
more than n-2 inputs have value -1 etc. Matrix representation is distinct for odd or even
number of input nodes due to the structure of the problem. An odd number of input nodes that
all have the value +1, will require the output +1, while an even number of input nodes that
all have the value +1, will require the output -1. Fig 5.5 a & b show the weight matrix of

the hidden nodes of the neural network models of parity.
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-(n-1), 1,....,...1 n-1,-1,........,-1

n-3,-1,....,...,-1 -(n-3), 1,....,...,1
-{n-5), 1,........,1 n-5,-1,........,-1
n-51,...,..,1 n-5, 1,........,1
-{n-3),-1,....,....,-1 -(n-3),-1,....,..0,-1
n-1,1,........,1 n-1,1,....,...,1

a b

Fig 5.5 Matrix of weights for the parity problem with a. Odd number of input nodes, b. Even

number of input nodes

Ghosted nodes for real valued inputs

We can apply the ghosting techniques to certain classes of transformations from real

valued input spaces to Boolean output spaces.

Transformations from input spaces whose areas of interest are, or can be
approximated by, parallel segments or intersections of parallel segments are ideal for

implementation via the ghosting procedure. See fig 5.6 & 5.7 for examples of segmentation of

the real line and plane.

'-1- ﬂ+1ﬂ I-1I I+1- ._1-

Fig 5.6 Segmentation of the real line
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Fig 5.7 Segmentation of the real plane, forming two polygonal regions
Encapsulated ghost nodes

Using ghost nodes in the neural network system ensures that the structure of the
hidden nodes is well defined. This does not mean that the backpropagation algorithm proceeds
without error interference and destructive learning (as discussed in chapter four). A method
that can be employed to reduce internode e;rér interference is to add an extra layer of nodes
that encapsulate the sandwich node function. The network structure is illustrated in fig 5.8
which shows the sandwich nodes which encapsulate the function of two planar nodes. With
this network structure the error effects of incorrectly classified points are not back

propagated to sandwich units that do not significantly contribule to the error.

Fig 5.8 Encapsulated sandwich node network structure

If a training point is significantly away from the pair of planar nodes that make up
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the sandwich, the contribution of each is approximately equal but opposite in sign effectively
cancelling each other, s¢ stopping the error backpropagation. i the fraining point is close to
at least one of the planar nodes, then significantly different contributions will be made by

each node so providing a contribution to the error from the sandwich pair. tn this case error

backpropagation and weight update occurs.
Polygonal segmentation

A sandwich node is constructed from two planar nodes. Similarly more complex
encapsulated regions can be consiructed by employing more nodes. Three nodes form a
triangular segmentation region, this is illustrated by the fig 5.9. The network structure that
can support this encapsulated polygonal segmentation is shown in fig 5.10. More planar nodes

can be employed to form encapsulated polygonal and polyhedral segmentation units.

Fig 5.9 Segmeniation of a iwo dimensional space into triangular regions
The encapsulated polygonal segmentation units have the same advantage as the

encapsulated sandwich nodes of non interfering error backpropagation. The encapsulation of

node representations is discussed in greater detail in chapter six.
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Fig 5.10 Network structure employing encapsulated triangular units

Summary

This chapter has introduced node parallelisation as a mechanism for structuring the
hidden layers of a neural network. lts utility in modelling several transformations,
particularly parity, has been demonstrated. Parallel nodes as a scheme for segmenting real
valued input spaces have been investigated and shown to bé a suitable mechanism for
constructing linear quantisers.

Finally, encapsulated sandwich and polygonal segmentation nodes were introduced as a
mechanism for solving the intralayer error interference problem that causes desiructive

learning under backpropagation training.
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Chapter 6. Making use of Knowledge in Neura! Nets

Qutline of chapter

The major problem associated with neural network systems is the lack of structure to
the representation. Each transformation is fully represenied by a large network structure
often with a large degree of distributed activity. This property restricts the ease with which
the behaviour of the network can be predicted. It also is aimost impossible 1o combine
properties of different networks to produce a more reliable network structure.

Neural network representations lack a knowledge structure with which they can be
successfully reasoned about. In this chapter several new structures are introduced which go
some way towards solving this problem.

The parallel sandwich node is introduced as the atomic element of a monotonic neural
system. The concept is extended o general sandwich nodes which allow a knowledge
representational scheme 10 be built. This scheme allows the neural network subsymbolic
reasoning processes to be formalised and encapsulated. Finally the reliability of sandwich
node systems are investigated, showing that even when they are trained over reduced data sets

the neural network behaviour is reliable and predictable.
Knowledge representations of neural networks

The simplest knowledge structure is the neural network node itself. These can be
combined in a predetermined manner to produce more complex knowledge structures which
can be manipulated and intempreted in a well defined symbolic manner. This introduces the
possibility of providing a neural network environment with properties more familiar in
knowledge engineering, the atomicity of knowledge and the monotonicity of information.
Building upon these basic structures, well defined nonmonotonicity can be introduced as
information is updated and manipulated.

Neural network behaviour is hard 1o predict. Neural networks have been modelied as
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systems of Boolean transformations and as rule systems but neither offers a high level model

of the subsymbolic behaviour of the neural networks.

— — — o p— — — — . w— s — ma w—

High level - Underlying physical
understanding Systam

Structural knowledge — ] Interacting physica!

___f_L____f”?""_f_

Functional knowledge — Underlying functional
motiyation

Numerical representation r‘-b-l Physical activity

—atllal-  Real interaction

-— w» Virtual Interaction

1 ‘ Actual path of interaction

Fig 6.1 Interaction between models of neural networks and actual neural network systems

The need for a high level model of neural systems can be seen with the 'system
interaction model in fig 6.1. This model draws on the three level human-computer interface
model of Clarke (‘86), which discusses the different levels of interaction between user and
machine. In fig 6.1 we examine the various levels of interaclion between a neural
implementation of a physical system and the human model of the neural network.

At the basic bit level we have the one 1o one mapping between the neural network and
its mental model. Each local process in the neural network is understood and any particular
interacting elements of the network process can be understood. A higher level understanding
of the network depends on the functional mode! of the network. In the neural network side of
the model this may be the functional declaration of the neural network processes. The mental
mode! would be an understanding of the functional processes.

As demonsirated by Clarke, the path of interaction between the two sides of the model
is via the base level of the model, that is via the neural network implementation, so even if

the underlying functional model is well known, it is manifested via the neural network
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behaviour. We can develop a higher level model of the neural network, a Boolean model or a
rule based model, but even these are unreliable if they are derived from the neural network
behaviour over a limited number of input cases. If these models corresponded to the
interacting physical systems that produced the network behaviour itself then we could
construct a reliable predictive model of the neural network. This is not the case with the
training schemes used at present. A general prescriptive model of the neural network based
on well defined knowledge elements within a neural network that interact in a well

structured manner will provide the basis for a high level model of the subsymbolic processes
within the neural network. The high level model of the neural network will begin to allow a
high level model of the relevant physical system to be deriyed.

Producing models of general physical systems will require sophisticated knowledge
elements within the neural network. Particularly simple knowledge elements such as
sandwich nodes and parallel nodes are discussed in this chapter in the hope that future work
will build on these structures to provide suitable elements to model general physical systems

(see chapter nine).

Knowledge elements and subsymbolic reasoning

The processing .in neural networks have been described as subsymbolic. All the
transformations from input to output take place at the bit level. This is the case as only
simple -1 and +1 signals pass between the neuronal processing elements. The processing
elements at each node treats ail messages from different units identically and so the bit level
activity can not be viewed globally as a high level message passing paradigm.

Neural networks admit a subsymbolic reasoning model of their behaviour as follows.
The network is trained on sample data points, the training data which will be correctly
modelled by the network after optimal convergence of the training algorithm. This training
set can be viewed as the knowledge base of the neural network. The neural network execution
admits an inference engine on the knowledge base. Every input pattern produces a specific

output from the network and so this output can be viewed as having been achieved by a

85




process of subsymbolic reasoning. If the input point was part of the training set, then the
stored data point will yield the output that is stored in the knowledge base of the network. If a
novel input pattern is presented, a form of subsymbolic inference on the knowledge base
takes place yielding an inferred output.

The great disadvantage about the subsymbolic reasoning processes is that they are
gener'ally ill defined. Different network structures that model the same training data will
apply different subsymbolic processes yielding offen distinct outputs. This is extremely
undesirable if subsymblic reasoning is to be reliable and in some sense predictable.

Symbolic reasoning systems have the property that every conclusion raaclied can be
explained simply by the presentation of the subset of the rule base used 1o reach the
conclusion. Neural networks in general have a great deal of distributed activity that can not
explain a conclusion without quoting the structure of the whole network. The existence of
diverse subsymbolic processing schemes for distinct networks means that a general
explanation can not be implemented either. Each unique network can have its own explanation
scheme based on the execution strategy of the specific network.

Knowledge elements within neural networks go some way towards formalising
subsymbolic processing within neural networks to the point that they can be relied upon,

understood and explained.
Formalising subsymbolic systems

Subsymbolic reasoning in neural networks is extremely network dependent.
Introducing the concept 6f atomic knowledge elements into neural systems allows us to
develop a general framework in which subsymbolic reasoning can be discussed. A
subsymbolic paradigm can be modelled as a formal symbolic system if we can provide atomic
formulae and the combinations and transformations that can be applied. The subsymbolic
paradigm must therefore have;

a. atomic knowledge elements; the atomic formulae of the subsymbolic system.

b. well defined interconnection properties; the transformations that can be applied to
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the atomic knowledge elements.

In a neural network environment the atomic knowledge elements are nodes, sandwich
nodes, subnetwork siructures or other more complex atomic elements. It should be noted that
sandwich nodes are not atomic in the sense that they are constructed from two nodes, but are
indeed atomic knowledge elements since they specify atomically whether an input pattern is
within a region or not and there is no complex interaction within the sandwich node.

The inlerconnection properties relale the possible firing patterns of the atomic
knowledge nodes and how they can be connected to form the output.

Given this formal structure of the knowledge neural networks, training can proceed
in two ways.

i. Specified; the network is constructed on the basis of the properties of the knowledge
atoms and their connection properties. The behaviour of this network will be perfectly
predictable since it has been specified.

ii. Learned; the network is presented with sample data points and trained, subject to
the constraints of using the atomic elements and the specified interconnection patterns
allowed. These constraints may limit system identification but if knowledge about the system
exists, the network can be explicitly structured with suitable knowledge elements to improve
ihe automated system identification. On convergence the subsymbolic reasoning properties
can be predicted by examining the knowledge atoms employed by the network and the specific
connection patterns employed by the converged network.

The execution of the network can be viewed as a subsymbolic reasoning process that
can provide explanation of the conclusion reached. An input data point is presented to the
network. An output is computed which is explained by the following sequence.

i. Disclose the atomic knowledge elements that fired.

ii. Disclose the interaction paﬁern or connection pattern that was employed to reach
the conclusion.

ii. Disclose the training patterns that have similar classifications and corresponding
connection and firing patterns.

This explanation sequence recognises an input pattern that is one of the training data
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and gives its relevant constructed knowledge class. Given an input pattern that is not a
training point, it will identify the point's relevant class, explain the structure of that class
in terms of the fired atomic elements and also present examples of the training set that have
the same class. Such a neural network system can be fully understood and so prove to be

reliable.

Interpretation of neural networks

A feed forward network system can be naturally interpreted as a functional
transformation. Therefore, there always exists an interpretation of the network at this
lowest level. For large systems, this form of interpretation is cumbersome and
inoomprehénsibie. This means that a more structured approach must be adopted.

The interpretation of a network representing a Boolean transformation is well
documented. The transformation can be seen 10 be implemented by a set of logical rules, this
is discussed by Hinde ('30) and in chapter three. However these basic rule systems are not
easy to interpret, each nodes coniribution being viewed in a possibly verbose logical form
rather than an arithmetic functional form.

The logical interpretation of networks can be extended to the analysis of parallel
ghost nodes. The sandwich nodes are an aid to interpreting ghost node network structures.
The structure of these nodes should be maintained, even when viewing them as logical
transformations since these structural units in the networks provide atomic non interfering
encapsulated representations about which we can reason. Reasoning about the behaviour of

the net is simplified with these sandwich and ghost concepts.

Sandwich nodes

A sandwich node is a pair of close opposite facing nodes. Formally this means that a

single sandwich node is a pair of weight vectors, which are mutually inverse and the biases
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are close. The condition that the biases are close is satisfied if there are no other nodes in the
network parallel to the sandwich node which have scaled biases larger than one bias but
smaller than the other. This means that there are no other ncdes in the network that are

between the two nodes in the sandwich.

Closed Sandwich

Fig 6.2 a. A sandwich node in three space

Such a sandwich can be viewed as an isolating element in network. Over the region the
sandwich isolates, it is the only contributing element. Everything that is stated about this
region is only provided by the sandwich, (see fig 6.2a). Similarly we can consider an open

sandwich.

SN -—  Open Sandwich

@) Q

Fig 6.2 b. An open sandwich node in three space

When a single node isolates a region such that all other nodes are nil-separating
hyperplanes of that space, then essentially that single node sandwiches off that region. It is
the only node that contributes to that region, adding just a bias weight to the other side of the
sandwich. (See fig 6.2b).

Pairs of antiparallel ghost nodes (see chapter five) can be considered to be single
conceptual structures called sandwiches. Individual nodes that are not ghosted can be

considered to be open or half sandwiches, if they are nil contributing in each half space of the
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other hidden nodes. A node is nil contributing in a subspace if its contribution in this region

is a fixed value.
Formalised subsymbolic reasoning with sandwich nodes

General sandwich nodes have the following formal structure which defines an atomic
knowledge element. The definition of a sandwich node can be extended to that of a node formed
by two nodes that do not intersect within the input space, that is they de not have to be
parallel. A single node can be classed as an open sandwich node.

The interconnection constraints of a sandwich system are defined by the constraint
that the sandwich nodes in each layer must not intersect in the input Space and must not be
nested.

Due to these constraints only a single closed sandwich node or a coherent set of open
sandwich nodes will fire in each layer. This is the case since each sandwich node isolates a
convex subspace of input space and no sandwich nodes overlap, therefore if a sandwich node
fires, only one will fire. A set of open sandwiches can coherently isolate a convex subspace of
the input space, since they do not intersect each other or any sandwich node, therefore if a set
of coherent nodes fire, then no other coherent set of open nodes will fire.

These criterion ensure that the input space is structured into well defined convex
spaces in which a specified output can be defined. The output layer then consists of selecting
suitable subsets of the convex spaces such that the required output is given. These properties

can be illustrated by considering several simple examples with the relevant properties.

Examples

To simplify the discussion and the diagrams employed, the following examples are
from an input space of two dimensional real values with an output space of Boolean values.

The analysis is valid for higher dimensions and subsumes Boolean input spaces.
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Fig 6.3 a. A decision region of an open sandwich node, b. Linear separation by an open

sandwich node

A single open sandwich can isolate any linearly separable set of samples. One side of

the node gives an output of +1, the other -1, See fig 6.3 a & b.

c

Fig 6.3 c. Decision region of a closed sandwich node, d. Segmentation by a closed sandwich

node

A single sandwich node isolales a space with “exclusive or” propertigs. These sampie
points are not linearly separable. The sandwich node gives an output of +1 within the

sandwich and -1 outside of the sandwich. See fig 6.3 ¢ & d.
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Fig 6.4 Coherent segmentation with a set of open sandwich nodes

A set of coherent sandwich nodes isolate convex region of the input space (see fig 6.4
for an illustrated example}. Each node provides an output of +1/3 on the positive side of the
node and an output of -5/3 on the negative side of the nodes. These node values give a coherent
combination of the outputs to provides value of +1 for the convex region within the open

sandwich nodes and a value of -1 in the region outside of the set of open nodes.

Interacting sandwich nodes

For general sets of data that can not be isolated by a single convex region, a set of
interacting sandwich nodes must be employed. In fig, each sandwich node can provide an
output of +3/2 within the sandwich nodes and -1/2 in the region outside the nodes to produce
a combined output of +1 within the sandwiches and -1 outside them. This same system can be
viewed in several different ways, either as a system of three closed sandwiches that are flush
together with two extra open sandwiches, or a single closed sandwich surrounded by two open
sandwiches. Whichever interpretation is adopted suitable coherent output values of the
various nodes exist. Values of +1 and 0 inside and outside of the positive sandwiches, while
the negative sandwich in the middle with the values -1 and 0 inside and outside with outputs

of 0 and -1 for the relevant open sandwiches, defines a suitable segmentation of the input

space.
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Fig 6.5 Segmentation of data using closed sandwiches
Subsymbolic reasoning in general sandwich systems

Given a sandwich representation of a training set, either specified or learned through
a learning algorithm such as the ghost node training of chapter five, execution of the network
can proceed as a well defined sysiem of subsymbolic reasoning. Given the network in fig 6.6a
we can ask a query about point A (fig 6.6b). The network execution reveals that an answer of
+1 is given. The explanation of this solution is given via the preseniation of the relevant
coherent set of nodés. fig 6.6¢ and any training patterns that are part of this atomic
knowledge slement. More complicated cases where interacting elements exist are dealt with
via a similar process, where the relevant interacting elements constructed from atomic

elements are presented in the explanation.

P NP N

X
X

RN

Fig 6.6 a. Segmentation of a set of data, b. Query of input A, ¢. Explanation region of query A
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Sandwich nodes and hidden layers

The structural constraints associated with sandwich nodes ensure that no complex
Boolean interaction occurs between the sandwich nodes of each layer. This ensures that a
linear combination of the sandwich nodes exist to provide the required output values.
Therefore with the relevant sandwich node consiraints only one layer of hidden nodes is
required to model any problem. If explicit encapsulation of sandwich nodes is required as
discussed in chapter five then an extra layer of hidden nodes are required. This is illustrated

in fig 6.7 a & b, for the two input and multiple input case.

a

Fig 6.7 Explicit encapsulated sandwich nodes a. Two ihput case, b. Multiple input case
Explicit node encapsulation

Node encapsulation relies on the existence of a neural model of a region of the input
space in which the oulput values are defined by the training set, while the output of zero is
given for the remaining regions of the input space. A few simple examples of node
encapsulation are examined.

The simplest case is when a single value of +1 or -1 is required on a single convex
region of the input space. With a single node the activation function can be implemented via a

node with a single input and a bias of 1.0. This has an inpuV/ output relationship illustrated
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in fig 6.8. Similar activation functions for output values of -1 and different regional

boundaries can also be implemented.

+1

Fig 6.8 Input/ output relationship of node d, fig 6.9

Fig 6.9 Explicit encapsulation of a sandwich node

An encapsulated sandwich node of a region defined by two lines can also be illustrated.
Fig 6.10a shows the region of interest, while fig 6.9 shows a suitable network structure in
which the node weights are defined as, node_a(0,1,1}, node_b(0,1,-1), node_c(-1,1,1)
and node_d{1,1).
0.0
0.0 +1

0.0

c
Fig 6.10 Sandwich segmentation of a region of the input space, a. Shaded region of interest, b.

Output from & standarg node, ¢. Output from the encapsulated sandwich node, making use of

the activa}ion function

The output of node_c is illustrated by the figure 6.10b which is defined over the

whole input space and does not encapsulate the node function to the desired region. The output
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of node_d is shown in fig 6.10¢, which is encapsulated to the desired region.

The function of a transformation over the whole input space can be constructed by
using several disjoint encapsulated nodes thatl provide the correct output over the relevant
region in which they contribute. An example in which a closed convex region is employed to

construct a suitable encapsulated model of a problem is illusirated below.

Fig 6.11 Neural network structure that employs triangular encapsulation and biplanar

segmentation

Figure 6.11 shows the network structure used to model the problem while fig 6.12a
shows the regions of the input space that are of interest. The weights in the neural model are
defined by the input segmentation nodes node_11(-1,-2,1), node_12(-1,1,-2},node_i3(-
1,1,1), the hidden decision region nodes node_a*(1,-1,-1}, node_b'(t,-1,-1),
node_c*(2,1.1,1), node_d*(1,-1,-1), the encapsulated sandwich nodes node_§*(1,1) and

the fina! output node node_e"(0,1,1,1,1).

Fig 6.12 Segmentation of the input space into regions of interest, a. Shaded regions of
interest, b. Output from an output node defined by three hidden nodes (lines in the input
space) forming a triangular region, ¢. Cutput from an output node defined by two nodes (lines
in the input space)
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Figure 6.12 b & ¢ show the standard output values of the decision nodes node_c and
node_d respectively. These contribute in regions that we do not require and so an activation
value must be applied. The oulput values from node_cS” is shown in fig 6.12d, while the
output of the total system node_e* is shown in fig 6.12e. The output values for the other
regions of the input space where the output is required to be -1 can be constructed in a
similar manner, However if all of the remaining regions must provide an output of -1, we
can achieve the outputs shown in fig 6.12f with a small negative bias applied to the output

node, that is give the weights node_e(-0.01,1,1,1,1).

Fig 6.12 d. Encapsulaled sandwich activity of triangular node, e. Activity of encapsulated

system of a triangular node and three biplanar segments, f. A general system of activity
Putting knowledge into neural network models

Given a training set that is already modelled by a neural network or an extension of a'
set of data that has already been modelled, then automated backpropagation training
techniques need not be employed. The knowledge available can be utilised to directly model the
new training set. If known neural models do not exist for the subsets that form a disjoint
partition of the new training set, then only a partial model can be constructed. The remaining
components must be constructed via an automated training scheme. These problems are

outlined below and illustrated by examples below.
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There are three main mechanisms for deriving larger training sets from smatler
ones. The first is that of the addition of input nodes so increasing the number of possible
input patterns, The second is the expansion of the training set to cover a region of the input
space that was not modelled before, that is the data consist of two or more subsets that can be
modelled independently and amalgamated. The third and final mechanism for training set
expansion is the general increased number of data points in the regions of the input space that
are already modelled so leading to greater acuity in the neural model required. The first two
cases can be deait with via the amalgamation of suitable neural models of the subspaces and
are discussed below. The third case requires aulomated training to be applied to extensions of
the models that already exist so leading to models with greater acuity. This is discussed

further.
Increasing input dimension

An n input data set can be viewed as two n-1 input data sets. That is the two sets define
the values over the n-1 subspaces of the n dimensional input space. If neural models of the
data sets of the n-1 subspaces exist then we can construct an n input neural model of the
whole data set. This can be achieved via the use of encapsulated sandwich nodes that provide
the required input values over the relevant subspace and an oulput value of zero over the
remaining region. Fig 6.13 shows a neural model of one of the n-1 subspaces (in this case n
= 5), a similar neural model will exist for the other n-1 subspace. The four input model's

output node is defined by the weights node_O4(b,wy,wo, Wq,W,).

Fig 6.13 Neural model of a four input data set
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For this example, the five input neural model must provide the correct output
depending on whether the input data point is in the first four dimensional subspace or the
second. Amalgamaling the two submodels direclly via summing the outputs and thresholding
them is two simplistic and will only provide the correct output when the two submodels agree
on the output over the four input nodes (fig 6.14a). If the two submodels provide a

conflicting result the total output will be zero and no information can be gained.

Model_1* | Outputs 1,0

Modei_1 |\ Outputs 11

utputs +1
utputs £1,0

Model_2*

Outputs +1,0

Model 2 ["Outputs +1
a b
Fig 6.14 a. Simple amalgamation of models leading to invalid outputs, b. Encapsulated

sandwich models amalgamated to produce valid output

Making use of encapsulated sandwich nodes that ensure the respective submodels give
an output of zero over the region that they do not model ensures that a correct five input
model is derived. This can in practise be achieved in two ways. The use of encapsulating and

activating nodes in the final layer or in the hidden layer.

Inout 0 i QOther Inputs ’

nputs utputs Node A Inpults - +1
-1 -1 1 0.0 0.0
+1 0.0 +1 -1 +1

Table 6.1 a. Output values of node A, the activation node used for the encapsulated sandwich
nodes with one aclivation input, b. Output values of node B, the activated encapsulated

sandwich nodes

The activation node used for this example is given by the node weights node_A(-1,1),
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whose output values; are shown in table 6.1a. No output is given when the fifth input node
(node X in fig 6.15a) has value +1, since the output of the submodel is required for this
value. An output of -1 is given for activation when the input is -1 as this value is required to
cancel with the activity of the whole system, which is -1 when the fifth input node has value
-1.

The encapsulated sandwich node is defined by the weights node_B(0,1,-1), whose
output values are shown in table 6.1b. The input values are the inputs to node_A and the

output from the five input node system, node_O. ( The weight values of the five input system
are given by the weight matrix node_Og( b - wg, Wy, Wo, W, W, , Wg), where 2wg > b+ Z%_,
{w;| ). As can be seen from the output values of node_B, the encapsulated system has an

output of zero for the region not modelled by the submodel and the specific output +1 for the

region modelled by the submodel.

Fig 6.15 Neural model of half of the five input training set based on the four input model
using a. Encapsulated sandwich nodes in the final layer, b. Encapsulated sandwich nodes in the

hidden layer

The activated encapsulation nodes can be implemented in the hidden layer. Effectively
each hidden node provides an output of zero when node_X has value -1, while providing the
same output as the four node model when the input node node_X has value +1 (see fig 6.15b).
Another amalgamation of subspace representations is considered in chapler saven that does
not make use of the explicit encapsulation of the subspace acfivities. Instead the implicit

nature of the subspace representation’s interaction is exploited, implementing an
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amalgamation scheme that makes use of standard nodes in a single hidden layer.
Amalgamating regional models

The example above essentially solved the problem of amalgamating submodels of a
problem where the submodels where defined over a reduced set of inputs, that is a lower
dimensional space. The case where the submodels are defined over different regions of the
same dimensional space can also be solved with a suitable amalgamation scheme. As before we
must be able to produce activated encapsulated models of the subregions over which the given
submodels are valid. This means that a trigger node or nodes are required which provide the
output +1 if the submodel is valid over the given input point and -1 if the submodel is not

necessarily valid.

Second Input
First Input -1 +1
-1 -1 -1
+1 -1 0.0

Table 6.2 Cutput values of node C, the activation node used for the encapsulated sandwich

nodes with two activation inputs

We can illustrate this with the example below. Take the four input network model of
fig 6.13 to be the given submodel of a region of the input space. Two nodes node_Y and node_Z
are the activating inputs whereby if both node_Y and node_Z give the output +1, the output of
the given submodel is valid. The structure of the activation illustrated in table 6.2 is given
by the weights node_C(-1, 1,1). This is the generalisation of activation node_A to two

inputs.
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Fig 6.16 Neural mode! of a subregion of the training set defined by the nodes Y and Z, based on
the rhodel of the subregion, using a. encapsulated sandwich nodes in the final layer, b.

encapsulated sandwich nedes in the hidden layer

Fig 6.16a shows the case where the activated encapsulated sandwich node is applied to
the output node. The output node node_O is analogous to the example above, ( The weight
values of the system are given by the weight matrix node_O(b-wg- Wg Wi, Wo, Wa, Wy, Ws,
wg), where 2.(wg- wg) >b+X4_, |w|'). This system provides the required output over
the specified region and zero everywhere else, so allowing it to be immeciately amalgamated
with models of disjoint subregions of the input space. The structure of the model using
encapsulated sandwich nodes in the hidden layer is shown in fig 6.16b. The construction of
these models are again analogous to the example above with the node_C acting as the activation

node for the sandwich nodes.

Neural -model development

The final case 10 be considered is when a training set is enhanced by adding more data
points in the region that has already been modelled by the neural network. In this case the
data points that have been added are either correctly or incorrectly modelled by the old
model. If the new points are correctly modelled by the old network then no improvement can

be made or need be made. New points that are incorrectly modelled contribute to improving
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the neural model. Since no separate model of the new data points exist a solution employing an
amalgamation technique is not possible. An aulomated training system can be employed
making use of the existing model. As the experiments of appendices A4 and D show this may
not converge to optimal solutions and often the previous trained model is lost. To overcome
the problem of convergence a larger network can be employed, with its greater

representational power.

Reliability of encapsulated sandwich schemes

The reliability of a sandwich neural network model can be examined in a similar
manner to the analysis of standard neural techniques based on the training sets employed. A
trained sandwich neural model contains the training set and the regions of the input space
that these data points occupy. There are essentially two situations to consider. Firstly the
unknown data point falls in the region that is modelled, if this occurs, we can identify the
region, the encapsulated nodes that fire and the members of the training set that are
characteristic cases for the given input region, whether the unknown data point is a training
point or not. That is;

Probability(correct outputimember of modelled region) = 1.

If the unknown data point is not part of the modelled region of the input space no information
is available about the value that the point should take and so;

Probability(correct output|not member of modelled region) = 1/2.

Even this final uncertainty in network behaviour can be removed by ensuring that all regions
not modslled by the network explicitly have a specified cutput value of either +1 or -1. That
is the whole of the input space is essentially modelled by the network and so becomes

perfectly predictable.

Summary

This chapter introduced the sandwich node as the atomic element of a monotonic neural
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network knowledge representational scheme. It was shown that the function of a sandwich
node or system of nodes could be encapsulated in a single node that only contributed to the
decision in a well defined region of the input space. This was illustrated with several
simplified examples. Finally the reliability and predictability of encapsulated sandwich
systems were seen {0 be greater than standard neural network techniques, since the
interaction between the hidden nodes of the sandwich systems were well structured and so

minimised.
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Chapter 7. Network Size and Topology

Introduction

The number of input nodes and output nodes and the transformation being modeiled
influences the number of hidden layers and size of these layers needed in the feedforward
neural network.

The number of input and oulput nodes is a function of the application domain itself and
so will be known. The transformation being modelled is typically unknown unless specialised
knowledge of the domain exists. Constructing a suitable network becomes a question of
knowing how many layers and of what size are required to model a possibly unknown
transformation, given the number of input and output nodes. The hidden structure of the
network between the input and output nodes that is needed to mode! a given transformation is

investigated in this chapter.

Existing results

Lipmann{'87), studying a four layer network (that is one with two layers of hidden
nodes) suggests that at ieast three times the number of nodes in the second hidden layer is
required for the first hidden layer. Lipmann argues that the second hidden layer would have
as many nodes as the number of disjoint decision regions in the input space where a decision
region is an area in the input space with a spacified output. Each disjoint region of the input
space would require a node in the second hidden tayer to recognise whether the input case was -
in that region. The output can then be calculated for that particular input case. Each disjoint
decision region will be generated by at least three lines and so there will be three times the
number of nodes in the first layer as the second (see region A of figure 7.1). Lipmann’s limit
is an upper bound as shown by the simple addition of one more line to figure#! creating at

least one more disjoint area, region B.
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Fig 7.1 Three lines are required to enclose an area A, however an extra area can be created

by adding one more line giving area B

Mirchandani et al(‘89) present some more results on the node requirement of the
hidden layer based on the number of linearly separable decision regions that exist in the
space in question. This limil provides a measure of the size of the feedforward network

required to model a particular problem, given the number of training examples. The result
presented is that M(H,n)= an:OHCk and "‘ck= 0, if H< k, where M(H,n) is the maximum

number of decision regions possible with H hidden nodes in an n dimensional space and ”ck

the standard binomial coefficient. This result gives an idea of how many independent training
points can be learned. To apply this analysis to the general case however, where the decision
regions are not necessarily known, is impossible. Therefore a general limit on the size
requirement of the hidden layer can not be provided from this resull.

Huang et al('91) provide another comprehensive study on the number of hidden
neurons required in feedforward systems. They approach the problem in the same manner as
Mirchandani et al{'89). That is, they consider the size of the training set and the number of
nodes required to mode! that set. For the special case of n dimensional Boolean functions with
one output they present the result that an {n* L({(m+ 1)/ 2)} 1} element training set can
be modelled by a feedforward net with m hidden nodes. ( Lx] is the largest integer less than or
equal to x}. For a three input net we have a total Boolean training set of eight elements giving
a value for m of five. It can be easily verified by exhaustive search that only three hidden
nodes are required to model any three dimensional Boolean function. The work of Mirchandani

et al and Huang et al are examined in the context of real valued inputs in chapter eight.
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Hertz et al{*91} discuss size limitations of feedforward systems, and offer the single

hidden layer limit, as does Hinde('90), for the case of Boolean transformations. The question
of the size of this hidden layer is not discussed in depth by Hertz and the weak limit of 27,

where n, the number of input units, is given. This is the network in which each input case

has its own individual hidden unit to recognise it.
Properties of feedforward Representations

in studying neural networks several interesting representiational properties have
been encountered. The first is that for some particularly simple transformations, very few
hidden nodes are needed. For instance, if the output is dependent on only two of the input
nodes, then even if we have a k dimensional problem, where k is a large number, only two
hidden nodes are required. A seemingly complex transformation like that of parity requires
only k hidden nodes for the k input case. (The modelling of the parity problem is discussed in
chapter five). The second point of interest is that there are many retwork representations of

each transformation, many of which will require a large number of hidden nodes. For
instance the parity case can be modelled in as many as 2 different ways using just k hidden
nodes, while it can also be modelled by a net which has hidden nodes that isolate a single input

example each. This case will have 2%-1 hidden nodes for the k input case.

Splitting and projecting nodes

Given that the nodes represent hyperplanes in the k dimensional input space, they can
be projected onto any other hyperplane in the space. The hyperplanes formed by considering
any input node and fixing the nodes value at +1 or -1 defines two distinct hyperplanes in the
k dimensional input space. Fig 7.2 a, b, ¢, d, & shows how fixing an input node reduces the

dimensionallity of the given node.
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Fig 7.2 a. A three inpul node. Splitting a node into its component parts by fixing one of the
inputs at, b. +1 or, d. -1, c. & e. Lower dimensional network that can emulate the original

network

The projections of the hidden node hyperplanes onto the input node hyperplanes can be
classified into three groups. See fig 7.3 for the original hyperplanes and fig 7.4 for their

respective projections.

@ @ I SR D
4 1 44— 1
Bisecting Reducing Splitting

a b c

Fig 7.3 Three general forms of nodes viewed with respect 1o a given input axis. a. Bisecting,

b. Reducing, c. Splitting. The projecting planes are denoted by 1 and -1

These three groups are respectively bisecting hyperplanes, reducing hyperplanes and
splitting hyperplanes. Bisecting hyperplanes can also be represented by the hyperplane

input node= 0, and so do not make a contribution to the points in the subspace other than as an
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external bias. (Fig 7.4a). Reducing hyperplanes have a contributing projection in only one
subspace and in the other only offer an external bias. (Fig 7.4b). Splitting planes have a

contributing projection into both subspaces, input node= +1 or -1. (Fig 7.4¢).

D\F\D .

Bisectin

@ 4_\E:j <g— -1
Reducing

5\4— 1\&3 <4 -1
Splitting

Fig 7.4 Views of the three types of nodes after splitting along an axis, a.Bisecting, b.

Reducing, c. Spilitting

The analysis can proceed in a similar manner for nodes with a general number of

inputs. {Fig 7.5a).
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Fig 7.5 a. A general m input node

By fixing an input node at either +1 or -1 the m dimensional node can be split into two m-1
dimensional cases. The two splits of the m dimensional nodes are equivalent to the two m-1

dimensional nodes as seenin fig 7.5 b & c.

c
Fig 7.5 The equivalence of two splits 1o the component nodes, the fixed input node acting as a

contribution to the bias of the projected node, b. Setting the node value at +1, ¢. Setting the

node values at -1
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Constructing network representations

Methods for constructing neural networks were briefly discussed in chapter 1, but
they do not make use of the large body of knowledge that may exist about the transformation
being modelled. Huang et al{'91)'s technique, makes specific use of the knowledge of the
training data to construct the network required to model the transformation. It does not make
use of any larger knowledge structures that may already exist, such as representations of
subspaces of the transformation (see chapter six). Techniques that amalgamate knowledge of
lower dimensional subspace representations into representations of the total transformation

are presented below.
Amalgamation of representations

Neural representations of a transformation can be constructed from the lower
dimensional representations that may already exist. This is achieved by amalgamating the
lower dimensional schemes intoc an overall higher dimensional representation. At the
simplest level, assume an n input transformation exists whose splits about a single input

node, that is two n-1 input transformations have neural representations, as shown in fig 7.6

a&b.

n
e

1

1 K n-1 K
a b

n

Fig 7.6 Representation of the two n-1 input subsets of the full transformation, a. The split

input node= +1, b. The split input node= -1
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The two subset representations are defined by the weights on the nodes in the hidden
layers and the output layer, that is, w; j‘, 1<ig k', 0< j< n for the hidden layer and w;", 0<
i< K',for the output node of the first split and also w; ]-", 1< i< k", 0< j< n for the hidden
layer and w;", 0< i< k", for the output node of the second split. The weights with subscripts
of zero refer to the bias weights. We can construct a higher dimensional representation
making use of two barrages of nodes from the lower dimensional representation. This is

shown in fig 7.7.

Fig 7.7 Representation of the total n input transformation

This amalgamated representation is defined by the weights, w; i 1< i< kK'+ k", 0< <
n for the hidden tayer and w;, 0< i< k'+ k", for the output node. The weights in this

representation all correspond to weights in the two subspace representations with the
exception of the bias weights and the weight on the n'N node, about which the representation

was split.
The weighis that are unaffected are as follows;

w|]= w”', 1< i< k., 1< jS n-1 and

Wiim W j", k'+1< i< k'+ k", 1< j< n-1 for the hidden layer and
wl = wi.. i< i< k' and
w, = w", K'+1< i< K'+ k", for the output node.
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The as yet undefined weights can be calculated by examining the behaviour of the n input
representation with the behaviour of the subset representations. This is done by setling the
ntPinput node, about which the problem is split, at +1 and -1 .

The condition that each barrage of nodes only contributes in a discriminatory manner
when the nth input node is set at either +1 or -1 but not both is required. Adding the

condition that the nodes output -1 over the region that they do not contribute, gives us the
following equations over the weights of nodes in the hidden layer. It should be noted, the
substitution by'= w;q', bj"= w; 4", b= w;, for 15 i< k'+ k", has been made in the following

equations 1o make clear which weights are the bias weighis.

threshold( b’ - w '+ 3. _ " Tw. % X)= -1, for all input vectors X.
i in =1 il

threshold( b;" + w;," + Ej=1"'1 wji" * %)= -1, for all input vectors X.
These equations give us

by’ - Wip < -Zj_4""" |wj{l for 1< i< k' and

bi" + Win< -Zj_q" w7 for k's is K+ K"

Since the only unknown is w;, it can be specified 10 satisfy the equations above for 1< i< k'+
k",

The fact that over the regions that the barrages of weights contributes in a
discriminatory manner, the output of the n dimensional net is identical to that of the sub
representations, gives us the following equations.

[+ Wi+ " wy * XY= (b + 3" w;i* %) for 1< i< K and

(b= Wi+ T g™ w * XY= (b + 5" w it X for K's is ke K
These equations simplify 1o '

{b+ w, =0 for1<i<k’ and

{b;- w,}=Db" for kK< i< k's k".

Since the only unknown is b, its value can be calculated for 1< i< k'+ k™.,

Having specified all the bias values and weight values from the nth input node of all
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the nodes of the hidden layer, the bias weight of the output node can be calculated. Again, the
substitution b, = Wq. by 4= Wo'. and by "= Wg", is made in order that the bias weight can
be clearly distinguished. The nth input node of the n dimensional representation is set at +1

and -1 and its behaviour compared to that of the sub representations. The following equations

are obtained.

{ Doyt + Ej=1k'wji X X 1"" K" Wit = { boyy + Z'=1k.‘”j i * X} for the case

ntP input node= +1 and
{Bour- Zjm1® Wit Zike 15 K Wi * XD = {bgye" + 4wyt ¢ X} for the
case n'M input node= -1.
These equations reduce o
{ Bour- Zickes 1° ¥ W} = b,y for the case n'M input node= +1 and
{ byy- ):j=1k'w“} = by,," for the case ntMinput node= -1.
The only unknown is b, , and the equations are consistent if

Ties 117 K W) = { by~ Zj.¢* w; ), which can be achieved by a suitable

]
scaling one set of weights. Therefore we can provide a consistent value for by ;.

b

out ~

Amalgamation of nodes

The method for constructing networks by amalgamating low dimensional
representations will produce representations that are far from minimal. The method treats
each subspace independently, not exploiting the similarities that may exist within the
representations chosen. Several methods are presented that will reduce the size of the
network representations. This will be achieved by amalgamating nodes that do not provide any
extra information in a representation.

Two nodes can be amalgamated in a particular layer that contribute identical outputs

over the set of inputs and create a new node which produces this required output (the
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conditions under which this is possible is discussed below). Nodes in the next layer that were
connected to either of the original nodes are connecled to the new node using their original
weights. If the node in the next layer was connected to both of the original nodes then the new

weight is the scalar sum of the original weights,

Fig 7.8 Nodes are equivalent if the weights vectors are scalar multiples,(b,w1,w2,..,wk)=

c*(b', wi' w2, ,wk'), where ¢ is a scalar constant

This amalgamation scheme is useful since it offers us the possiility of reducing the
size of representations that are constructed. The difficulty in making use of this property is
that of recognising if two nodes are synchronised over the set of inputs. For large input
spaces and a large number of nodes it would be impractical to verify if two nodes are
synchronised.

Examining the weight space that defines the nodes allows us to decide whether two
nodes are synchronised without observing the behaviour of the nodes over ali the input cases.
Let us consider two nodes, node' and node”. If node’ and node" are defined over the same inputs
and have identical weights or identical weights to a scalar factor, then the two nodes are
synchronised (see fig 7.8). This follows directly from the node formula.

If the weights are perturbed slightly the two nodes may still be synchronised. That is,
if node N and node N' have similar weights, they may be synchronised. We examine the
conditions under which two nodes are synchronised.

To ensure that the weight vectors are scaled equally the largest weight of node N is

selected, w, say, and the weights of node N' scaled so that w,= w,". The perturbation of the ih
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weight, Aw;, is defined as the difference between the ith weight of node N and node N' . That is

Aw;= w' - w;, The weight vectors being similar, a new node, node N", can be constructed by

selecting one of the weights w; or w;' for each component w;". This new node will be

synchronised with node N and node N' if the sum of the possible perturbations, Z;_,"aw;|, is

smail enough to preserve the output. Since the output is threshold( ):‘-g,“wi * X;), where
threshold(X) = +1, for all X > 0, threshold{(X) = -1, for all X < 0, we have the condition
that,;

if 1Zis ™ " X > %1 aw], and [Z;_ "Wt Xl > Zi_"Aw;, for all input values X,
then the nodes node N and node N’ are synchronised. The node N and node N’ can be amalgamated

into node N, so reducing the size of the neural representation.

This requires us to check the output behaviour of the nodes over the whole input set.
Again, this may not be practical for large fraining sets. By ensuring that |):1-=1"wi *Xil>c
and |2i=1"wi' * X;| > ¢, for al! input values, where ¢ is a non zero positive constant, during

the training of the network, the problem is reduced to that of checking that ¢ > 2i=1"|Awi|. If

this is the case the nodes are synchronised and so can be amalgamated.
Amalgamation of nodes in different barrages

When two nodes contribute in a discriminatory manner over two distinct regions of
the input space it may be possible to amalgamate them into a single nods. This new node will
be synchronised with the original nodes over the regions that they are not null. The case
where we have nodes from different barrages represents the simplest possible case. Nodes in
one barrage only confribute in a discriminatory manner over half the input set. One barrage
fully represents the problem when a particular node is set at +1 while the other does so

when the node is set at -1. The barrages together, fully represent the total problem.
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Fig 7.9 Two nodes in different barrages
As was the case with the amalgamation of the synchronised nodes in the previous
section, two nodes from different barrages that have weight vectors that are identical over
the independent input nodes examined (see fig 7.9 and fig 7.10 a & b). These nodes are

defined by the biases b and b’ and weights w; and w;', where w; = w;', for 1< i< n-1. The bias

nodes and nth input node weight are in general distinct since these would have been specified

by the technique of amalgamating the representations as discussed{ above.

Fig 7.10 The two n-1 input nodes that contribute in different splits about the nth input node,

with their amalgamated node defined over n input lines, a. node N, b. node N', ¢. amalgamated

node

Iif a node N” that represented the whole problem existed {fig 7.10 ¢}, defined by the

bias b and weights w; then it would have to satisfy the following equations.
{b"+wn"+Zj=1" ]'"X’}—{b+w+2 "‘wi‘ﬁ}.

{b"-w,.,"-i-Zj=1"1 it XY= Ab W X n1w'.)§}
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we have thatw," ' = w; = w;’, so
b''+ w," = b+ w,,
b''- w,” =Db - w,".
Solving these simultaneous equations, unknowns are b and w,, , gives
b = (b+ b+ w,- w,)/2,
Wo=(b- D'+ w o+ w')/2.
Therefore the two nodes can be amalgamated into a single node, reducing the overall

representational scheme. In general the condition that w; = w;", for 1< i< n-1, is not
required but that (discounting the effect of the bias and nth input weighl} the nodes are
synchronised.

Carrying through the analysis from the amalgamation of nodes above, if |Zi=1“' ‘wi

X1>Z;o " awl, and |3 wy X1 3" Yaw”, for all input values X, a single
amalgamated node can be constructed.

And similarly by ensuring that |Zi=1"“wi * Xl>cand lZi=1"‘1wi' * X;| > ¢, for all
input values, where € is a non zero positive constant, during the training of the network

means that if ¢ > Z,_ " '|aw;|, a single amalgamated node can be constructed.

Definitions

Some terms are defined below which will be used in the following sections.

Minimal = representations
We can create many different networks to represent an individual fransformation.
The smallest network that can represent a transformation is called the minimal

representation. The number of nodes in this network is the minimum number of nodes

required to model the transformation in question.
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Oversupplied networks

A network representation that has more nodes than the minimum number required to
model the transformation in question, is capable of modelling the transformation. Given such
a network, training can begin. Back propagation can be applied over the training data and
after the convergence of the training algorithm, the network will represent the
transformation. A network which is not minimal with respect to a given transformation and

has more nodes than the minimal representation is said to be oversupplied.

Undersupplied networks

Conversely, if we try to train a network with fewer nodes than the minimal
representation, then the training algorithm will not converge. The network is incapable of
representing the parlicular transformation and no amount of training will overcome the

problem. Such a network is said to be undersupplied.

Worst transformation

Given a specific number of input nodes n say, and a single output node, we have a
possible o( 2" transformations that we can choose from. Different transformations will

have different minimal representations. One or more iransformations will have a minimal
representation that is at least as large, if not larger than all the other minimal
representations. This transformation is called the worst transformation and will be referred

to as the worst case.

Fullness

A representation is said to be full if it uses at least as many hidden nodes as would be
required to model the worst problem for that particular number of input nodes. This means
that a full representation is capable of representing any transformation, it is just the

training algorithm that perturbs the hidden nodes to produce a particular representation of
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the problem in question. A full representation will be oversupplied if it is not modelling the

worst transformation.

Tightness

A representation is said 1o be tight if it uses as many but no more hidden nodes than
would be required to model the worst problem. A tight representation is not oversupplied
when modelling the worst case for that particular number of input nodes. A tight
representation will be oversupplied when moaelling a transformation that is not the worst

case.

Null node.s

If a node or set of nodes produces an output that is identically +1 or -1 over a specific
set of input examples, then thal node or nodes is said to be null or null contributing over that
input set. (Huang et al ‘91}. A null node does not contribute in a discriminatory manner over

the input set and so can be considered 10 be an external bias rather than a contributing node.
Representational definitions

More terms which are relevant in discussing neural network models of specific

transformations are defined below.

i. A transformation is said to be k-representable if a neural net with k-hidden nodes can
represent the problem.

ii. Two nodes defined over the same inputs are said to be consistent the outputs are
synchronised.

iii. A node defined over a subset of inputs is said to s-consistent with a node defined over the
whole set ofinputs if in the subspace of the input space, the second node is consistent with the
first.

iv. Two nodes are said 1o be m-consistent if there exists a node, possibly defined over a
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larger set of inputs, such that these two nodes are s-consistznt with it.

v. Two planes in two k-1 dimensional projected spaces are 1-consistent if there exists a
plane in the k dimensional space such that on projecting along the particular axis the

splitting planes produced are the ones in question. Therefore if two k-1 dimensional nodes
are 1-consistent, we can construct a k dimensional node which when projected along the
required axis provides the two nodes in question. The k dimensional node which is constructed
is s-consistent with the two k-1 dimensional nodes, The two 1-consisient k-1 dimensional
nodes are themselves m-consisient.

vi. Two planes in two k-1 dimensional projected spaces are 2-consistent if there exisis a
plane in the k+1 dimensional space such that on projecting akong the two axes the splitting
planes so formed are the ones in question. Therefore if two k-1 dimensional nodes are 2-
consistent, we can construct a k+1 dimensional node which when projecied along the required
axes provides the two nodes in question. The k+1 dimensional node which is constructed is s-
consistent with the two k-1 dimensional nodes. The two 2-consistent k-1 dimensional nodes

are themselves m-consisient.

Topological limits on feedforward nets

Number of layers required

In this section we will only consider Boolean transformations to a single binary

output, i.e. f: B"->B (see fig 7.11). The extension of the result to multiple output nodes is
natural, since each output can be considered independently and so does not require any exira

layers.
1 1 1
Hidden
2 2 2
— —  neiwork _
K Structure
n |

Fig 7.11 Structure of a general neural network with a single output

121




This transformation f: B™- >B , can be represented by a logical function of the input

units. This transformation can be converted into conjunctive normal form or conjunctive
canonical form as it is sometimes called, using just the standard logical NOT, AND and OR
operators (Birkhoff et al ‘70 & ‘77).

Any Boolean transformation can be put into conjunctive normal form (Birkhoff et al
‘70). This is derived from the fact that all Boolean transformations are generated by the
operators conjunction, disjunction, negation and the atomic propositions. Conjunctive normal
form is the representation of a Boolean formula, using just the conjunction and disjunction
operators, in which the formula is just a conjunction of disjunctions. The operators AND and
OR satisfy the distributive equations;

a AND (b OR c)= {a AND b} OR (a AND ¢} and

a OR (b AND c)=(a OR b) AND (a OR ¢).
and the conversion operation under NOT;

NOT{a AND b)= (NOT(a) OR NOT(b)),

NOT(a OR b)= (NOT(a) AND NOT(b)).

It can be shown that any Boolean formula of conjunctions, disjunctions negations and
atomic propositions can be transformed into conjunctive normal form using the formula
transformations above.

An example of a Boolean formula over the propositions, a, b, ¢, d and e in conjunctive
normal form is;

(a OR b OR NOT (c)) AND{b OR NOT (d)) AND(a OR &) AND({ NOT (c) ORd OR &)

Therefore the conjunctive normal form can be represented by a network with two
layers of weights, i.e. one with just one hidden layer of nodes (see fig 7.12). And so we derive
the fact that any Boolean transformation f can be modelled by a feedforward net with at most

one hidden layer of nodes.
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a>0,b>0,c>0 ete.

Fig 7.12 Neural net representation of conjunctive normal form of a transformation

The general Boolean transformation f: BK. >BP can be considered as p distinct Boolean

transformations f: BK- >B which can be modelled with a single layer. Therefore the multiple

output case also requires only one hidden layer, with the output nodes sharing hidden nodes
when the conjunctive normal form possesses idenfical terms (see fig 7.13). In fig 7.13, and
other complex diagrams of network structure, the bias node is not shown. Suppressing the

bias nodes allows the number of nodes and interconnection pattern to be viewed unobstructed.

-1 1

3+
n

[

=

Fig 7.13 Neural net with a single hidden layer

Size of the hidden layer

In this section we will restrict ourselves to transformations with just one output

unit, i.e. f: BN->B. The extension of the result to the mulliple output case will be presented
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in the next section.
We will prove the theorem that for a neural net of n input nhodes and one output node a
maximum of n nodes are required in the hidden layer to fully represent any transformation.
Some problems easily satisfy the theorem, while general transformations don't easily
lend themselves to the same analysis. Enumerating each transformation and its network
representation is impractical for large dimensional transformations.

Theorem All Boolean transformations with n inputs can be modelled by at most n hidden

nodes.
Proof
a output b. output
+1 +1 +1 -1
A A
-1 ] 41 -1 ] -1
C. output d. oulput
+1 +1 +1 -1
A A
-1 -1 -1 + 1

Table 7.1 Enumeration of the possible Boolean transformations with a single input

The theorem is true for n= 1, 2, and 3 by enumerating the possible Boolean
transformations and showing that they can be modelled by networks satistying the hypothesis.
table 7.1 shows the four possible transformations for n= 1. They can all be modelled by a
single nodé, so having no hidden node ftrivially satisfy the hypothesis. For n= 2, the sixleen
possible transformations are seen in table 7.2 . All these can be solved with a single node,

without any hidden layers except the two exclusive OR cases (case d 1able 7.2).The worst case

124



is when we have the exclusive OR type problem and this can be solved with two nodes (see fig
7.14a ), i.e. two discriminating lines. It also clear that by enumerating all the sixty four
possible cases, that the conjecture is true for n= 3. Most salisfy the theorem ftrivially, the
exclusive OR or parity in three dimensions, providing the worst case, which can be modelled

with three hidden nodes (see fig 7.14b).

B B
a +1 -1 b_ +1 -1
+ 3 +1 + 1 +1 + 1 +1
A A
-1 +1 +1 -1 + 1 -1
B B
c +1 -1 d. +1 -1
+1 +1 +1 +1 -1 +1
A A
-1 -1 -1 -1 + 1 -1

Tabie 7.2 Enumeration of the possible Boolean transformations with two inpuis. The sixteen
possible transformations are given by negating the output or input lines of the four cases
above, Case a. and its negated outputs gives two distinct transformations, Case b. and its
negated inputs and outputs gives a total of eight distinct transformations, Case c. and its
negated inputs gives a tota! of four distinct transformations, Case d. and its negated outputs

gives two distinct transformations

&

a b
Fig 7.14 a. NOT(exclusive OR) separated with just two lines, b. Parity in three dimensions
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For n> 5 the following induction argument on the number of input nodes. provides the
proof. A proof for n= 4 is just the application of the proof procedure given below, taking into

account the small number of nodes involved in the problem.

The Hypothesis

There exists a tight representation of the worst n dimensional transformation using n
nodes, whose n-1 dimensional splits are tight requiring n-1 nodes.

For n= 3 the worst case by enumeration is the parity problem. The parallel
representation of the parity problem satisfies the hypothesis. Appendix E2 shows a suitable
proof of the case n= 4 based on the methods develdped in appendix E1. Therefore the

hypothesis is true for n= 3 and n= 4.

Induction hypothesis

If there exists a tight representation of the worst n-1 dimensional transformation
using n-1 nodes, whose n-2 dimensional splits are tight requiring n-2 nodes, then there
exists a tight representation of the worst n dimensional transformation using n nodes, whose
n-1 dimensional splits are tight requiring n-1 nodes.

Assuming the hypothesis for n= k-1, we examine the case for n= k. If we could soive
every transformation in k nodes or less then the hypothesis would be proved so now assume
we have the worst possible transformation f say. We prove that this worst case does not

violate the induction hypothesis.

Proof of induction hypothesis

Due to the assumptions there exists a k-1 representation of the two k-1 dimensional
splits of the worst k dimensional transformation under consideration. These representations
are tight and their k-2 dimensional splits exist and are themselves light. We can construct

full representations of the k dimensional problem that are tight in the k-1 dimensional
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splits by using each of the k-1 dimensional representations given above fo represent each
side of the split of the k dimensional transformation. This is done via the technique of
amalgamating the lower dimensional representations, as discussed earlier. We choose a
representation that is minimal, the minimal representation for the worst case is by
definition tight. The amalgamation scheme in appendix E3 shows that given the above

conditions the worst k dimensional transformation requires at least k and no more nodes to

represent it fully.
Since we have that the original hypothesis is true for n=3 and n= 4 il follows via the

induction argument that it is true for n2 5.

Size limitations of general n-m-p nets

The results on neural network size and topology can be generalised to the multiple

output case. (Fig 7.15).

N
N

n m o]
Fig 7.15 Multiple output neural network structure

Each of the p output nodes can be considered individually as single output problems

and so we can get the quick generalisation that the n-m-p net can be solved as stated in the

two layers of weights with a maximum of n*p nodes in the hidden layer. (See fig 7.16).
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Fig 7.16 Three layer multiple output neural network structure in which the hidden layer
consists of p distinct sets of n nodes

This net can be transformed into one of the form (n+ceiling{log,p))-m-1, where
ceiling(x) is the smallest integer greater than or equal to x. This is carried out by
considering pairs of output nodes as representing projections in a higher dimension. Doing
this until we have only one output node results in the form as stated above and so this net can

be solved with a hidden layer of m=(n+ceiling( log,p)). (See fig 7.17).

Fig 7.17 The multiple output neural network structure transformed to an equivalent single
" output neural network structure
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A disadvantage with this form of the net is the loss of parallelism in execution.
Namely the different output nodes must each be calculated separately by specifying the value
of the ceiling( log,p) extra input nodes. A method that is successful in regaining the
parallelism inherent in neural networks is transforming the net into the Loughborough form
making use of the specialised m-type hidden nodes. The m-type nodes have a single set of
weights and a given number (say k} of bias values which provide the (k) different output
values. A single m-type node with k bias values behaves like k nodes with identical weight

values. This is discussed further below.

The Loughborough net

To regain the parallelism of a general n-m-p net we remove the extra input nodes and

use them to define the extra biases that must be applied to the m-type nodes.

Fig 7.18 The Loughborough neural network structure. The single output network
transformed to an equivalent multiple output neural network structure using m-type hidden

nodes

The m-type nodes have ceiling( log,p) separate bias weights that are applied to the

node. Each bias is applied after the node has worked out the input from the input nodes. These
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separate m-biases are then applied and the outputs passed on 1o the p oulput nodes.
The Loughborough form has the topology of an n-(n+ceiling( log,p))-p feed forward

net with specialised m-type hidden nodes (fig 7.18). Therefore given any Boolean
transformation, f:B™->BP, in the Loughborough form requires a maximum of (n+ceiling(

log,p)) m-type hidden nodes to model the problem.
Node Parallelisation

As demonstrated above, the size of network needed to model a problem can be greatly
reduced if node parallelisation can be achieved. If we consider the parity problem, the planes
that the nodes represent are all paraliel, although there are in fact two classes of parallel

plane of different polarity {see chapter three).

Fig 7.19 Single output neural network structure making use of singly outputting m-type

nodes

This means that the parity problem could be modelled with two m-type hidden nodes
for all dimensions. These m-type nodes in fact output to just one output node and so should be
distinguished by classing then as singly outpulting m-type nodes, or som-type nodes {fig
7.19).

Since we have successfully parallelised the parity case, the question arises as to
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whether in general we can make use of the property of parallelism in the node representation
to reduce the problem. If we can spot parallel nodes in a representation, then we can make
use of the som-type nodes. However this would be a very laborious search process and may in

general not occur.

Summary

This chapter has given a new lowest upper bound on the number of nodes in the hidden
layer of feedforward neural networks representing Boolean transformations with multiple
inputs and a single output. This result was further generalised to multiple output cases.
Specific transformations can often be modelled by fewer nodes than the limit presented in
this chapter. Methods for producing this minimal representation require further study.
Existing techniques include those of Tani et al('89), where an oversupplied network is
pruned to obtain the minimal representation.

This chapter has examined techniques for amalgamating nodes in neural networks,so
reducing the size of the neural network models. Transformationsthat can be implemented by
sets of parallel hyperplanes in the hidden layer can be further reduced in size and
complexity. This is achieved by amalgamating the parallel nodes and providing multiple bias
weights 1o provide the function of the separate nodes.

This technique was introduced within the framework of the new neural network
architecture, the Loughborough net. This architecture used two new node structures. These
nodes .consisted of multiple biases, forming the multiple outputting node, the m-type node and

the singly outpulting m-type node, the som-type node.
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Chapter 8. Engineering Reliable Neural Systems

Outline of chapter

Previous chapters have examined neural network models of transformations from
multidimensional Boolean input spaces to either single or multidimensional Boolean output
spaces. This chapter examines transformations from real valued input spaces. The continuity
of real valued spaces makes a great difference 1o the types of transformations that can be
modelled. The results obtained in previous chapters can be transferred to the case of real
valued input spaces if we consider training sets with discrete, isolated points whose output
values are Boolean values.

The discrete nature of these input values allows us to construct atomic knowledge
elements such as sandwich nodes which can then be manipulated and trained in much the same
manner as the Boolean cases. The neural network size results do not generalise immediately
since the topological structure of the two spaces are distinct. Several results by Mirchandani
& Cao('88), Huang & Huang('91) and Baum('88) are applicable to the first layer of weights
in the real input feedforward neural network. Gene‘rai results on network size and topology
can be given by applying the Boolean network size results 1o the following layers of the

network.
Continuous Spaces

The most significant property of real valued spaces is their continuity. Any
transformation defined on such spaces containsan infinite number of data points. Training
neural networks to model such transformations provide significant difficulties. Arai(*89)
discusses a scheme whereby an infinite three layer network can model arbitrary continuous
transformations, but physica! implementation of such systems would be impractical.

Transformations that are constructed from basic neurat network atoms, that is linear

summation nodes with linear or nonlinear threshold operators, can be modelled by neural
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systems. This is due to the aigebraic identity of the transformations under consideration and
the neural network model. This is demonstrated by the simple transformation, Z= 5X + Y +
10, whose neural model is shown in fig 8.1. The threshold function used in this network is

just the simple linear identity threshold.

10

Y
Fig 8.1 Neural network mode! of the transformation Z=5X + Y + 10

Given an unknown transformation, the problem of finding a suitable neural network
model becomes very difficult. if strong constraints are made on the size and architecture as
well as the threshold functions of the network this problem is unsolvable in the most general
case. Classifiers are studied by Baum('88), Mirchandani & Cao('88), and Huang &
Huang('91). A different classification is made depending on the region of space that is under
consideration. Feedforward neural networks with hard logical threshold nodes behave as
classifiers and so are ideal for modelling classification transformations,

At the simplest level classifiers form a dichotomy on a set. This means that the neural
network model requires only a single ocutput node. The second simplification is an assumption
on the structure of the real valued input spaces. The assumption is that the decision regions
can be separated by rectilingar segmentation. This is required if we are to use the standard
neurons with a hard limiting threshold. Several basic properties of these networks are
dependent on the size of the network under consideration.

Table 1.2 {chapter one) shows the representational properties that depend on the
number of layers of the network. Increasing the number of nodes in the layers of the network
allows the implementation of more complex decision regions. To analyse such regions we

must introduce some concepts relevant to rectilinear geometry.
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A set of data points which can be separated by a single hyperplane is said to be
linearly separable. A set of data points which can be separated by a finite intersection of

hyperplanes is said to be separable by a single neural system.

Polytope classes

The intersection of hyperplanes has been studied by Mirchandani & Cao('88) and
Huang & Huang{‘91). Huang & Huang has formalised the study, considering the hyperplanes
as closed half spaces. The intersection of two or more of the spaces forms polytopes, which
may be empty, bounded, or unbounded. A region formed by the intersection of two half planes
is termed a two-polyiope, three a three-polytope and n an n-polytope. Fig 8.2 shows several
different polytopes, bounded and unbounded that can be constructed by the intersection of

several half spaces.

~ S\

Fig 8.2 Three half spaces intersect to form six 1-polytopes, twelve 2-polytopes and six 3-

polytopes

It is possible o gain some bounds on the number of nodes required to modet the
problem in question by examining the number of regions into which the input space is
. partitioned. Mirchandani & Cao showed that the maximum number of regions (M(H.d)) that

are separable using H hidden nodes in a d dimensional space is given by the formula,
M{H.d) = de=° (H.k}, where (Hk)} is the binomial coefficient such that (Hk) = 0

) [
if H < k. . equation 8.1.
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Fig 8.3 Five regions of the two dimensional input space require four parallel nodes to

separate them

This result gives the minimum number of nodes required to model a particular
problem. We find the minimum number H such that M(H,d) is greater than the given number
of separable regions. The actual neural model of the problem in question may require many
more nodes. At the simplest level, this occurs when we have parallelisation of the decision
regions as discussed by Mirchandani & Cao. In fig 8.3 we have five decision regions requiring
fpur hidden nodes when the formula would give M(4,2)= 11, that is the maximum number of
decision regions in a two dimensional input space using four nodes is eleven. The case in
question, the decision region parallelisation, is not a maximal case. Huang & Huang and Baum
discuss more complicated examples where similar arguments apply, see fig 8.4a where seven

data points require three nodes is a maximal case, while seven data points require four nodes

to be separated in fig 8.4b.

O

o O

VAR

Fig 8.4 a. Maximal separation of seven points by three nodes, b. Non maximal separation of
seven points requiring four nodes
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The above analysis demonstrates that the number of nodes required in the hidden layer
is highly dependent on the structure of the regions to be separated and not just the number of
regions. The difficulty with finding methods of modelling such problems with neural
networks is that once the structure of the classification regions are known, essentially the
problem is solved. Referring to fig 8.5a, it can be seen that the boundaries of the separable
regions represent nodes in the first layer of the neural network. The selection of the
combination of suitable regions iﬁ classification occurs through two Boolean transformation
layers (all Boolean transformations can be modelled by two layers of a feedforward neural
network, see chapter seven) that foliow the boundary decision layer of the network, fig 8.5b.
Fig 8.6 shows the general neural network model of a transformation from a multiple real

valued input space to a single Boolean output,

\\\ N\

Fig 8.5 a. Four regions with an XOR classification transformation and, b. its neural
representation

Segmentation Boolean

Segmentation Boolean
Layer Layers
Fig 8.6 A general neural network model of a real vaiued classification transformation
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Automated training

Many automated training regimes such as backpropagation make use of isolated data
points. The classification of regions of the input space have no meaning except via the
specification of the set of data points that make up the regions. tdeally for complete
specification all the points in the continuous space of the input space must be specified. In
reality this is impractical and so a finite subset of points specify the classification

transformation. The points that are modelled by the node boundaries in fig 8.7 specify the

XOR transformation shown in fig 8.5a.

X
X
0 X
oo X x o °
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Fig 8.7 Separation of a real data set into XOR regions by two segmentation nodes

Given a finite training set with isolated training points, the notion of a unique
regional classification is lost. The best possible segmentation of the data points can be sought,
which would ideally represent the classification transformation being modelled. As discussed
by Huang & Huang('e1) and Arai('89), isolated data points provide the possibility of
implementing arbitrary mappings on a training set. This is the case since each isolated data

point can be associated with a unique output which can be suitably implemented by the

manipulation of the weights in the network.
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Properties of isolated data points in real vatued spaces

Interleaved rectilinear points from different classes must be separated by multiple
interieaved planes. The separating planes are linear in structure and so a single plane {or a
reduced number) can not separate the points in question. Fig 8.8a shows five rectilinear
points that must be separated by four nodes. Anything less, for example a single node can not

separate the whole set (fig 8.8b).

X] O [ X @) X X O X O X

a b
Fig 8.8 a. Separation of five points by four segmentation nodes, b. It is impossible fo separate

the points with fewer nodes

A pair of nodes can isolale n points in an n dimensional input space. If a point from a
different classification lies on a line between any two such points or on the plane intersecting
the n points, more nodes must be added (as above) to fully separate the sel. Fig 8.8c shows
how two poinis in two dimensions can be separated by two nodes. These do not interfere
with any other data points. In fig 8.8d the point from another class lies within the

segmentation and so more nodes are required 1o fully separate this set.

X
X

X X

c d
Fig 8.8 c¢. Two rectilinear points can be separated from the rest of the input space with a pair

of segmentation nodes, d. Three rectilinear points can not be separated if the points are from

different classes

Baum('88) provides some result on the number of hidden nodes required to model
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problems in which the data points are in general position. Data points in an n dimensional
space are in general position if there are no subsets of these data points, with n + 1
elements, lie on an n -1 dimensional hyperplane. Baum demonstrates that an N element set in
a d dimensional space can be separated by a ceiling{N/d) nodes into amitrary dichotomies.

Fig 8.9 shows an example in two dimensions that requires this limit to model the problem.
O
X X
O O

X : X

Fig 8.9 Separation of N points in general position on a circle by ceiling(N/2) segmentation
nodes

General classification

If we now consider general classification problems which have multiple output
classes, the analysis becomes more complex. Making the assumption that each point must be
separated from every other point in the training set provides an upper bound on the number
of nodes required to model the training set. These assumptions mean that M-1 nodes are
required to separate M points even if all the points are not rectilinear. This result is quoted
by Kung & Hwang('88}, Mirchandani & Cao('88), Baum{'88) and Arai('89). The resulls of
Mirchandani & Cao can be extended to this case. The number of points become the number of
decision regions thal we have. Similar problems as discussed earlier apply to this case if the
separation scheme is not maximal. The formula does not provide the correct maximum

number of nodes required 10 model nonmaximal cases such as rectilinear data points.

Padalines

Given classification problems defined on isolated data points, the accuracy of the
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neural network model will depend on a number of factors. The first is the number of nodes in
the network. The greater the number of nodes available the greater the accuracy of the neural
model of the transformation in question. This is demonstrated by the fact that the four node
neural network can model the classification problem of fig 8.8a while a single node network
can nol. The greater the number of nodes available the greater the number of neural models
that can represent the classification problem,

The other major factor that determines neural network model accuracy is the the type
of nodes that we use. Polynomial adalines were introduced by Sprecht{('67) and Hinde(‘74).
They allow input parameters to be transformed polynomially, so removing the constraint
that a node boundary has to be linear in the input space. Caudhill(*88) provides an
introduction to the algorithm and its uses. The representational power of neural networks can
be altered by applying various different transformation to the input layer. Sprecht's('90)
statistical functions and fuzzy neuronal systems such as, that make use of B-spline maps or
fuzzy masks and the CMAC technology (Kraft ‘90) all improve the representional power of

neural networks by providing different input transformations to the network.

X X X

Fig 8.10 Separation of five rectilinear points using two polynomial segmentation nodes

Fig 8.10 illustrates how the five rectilinear points of fig 8.8 a- d can be separated
with two padaline nodes. The power of these input transformations can also be illustrated by

the example shown in fig 8.11a. By applying a squaring coordinate transformation, the
circular region shown can be implemented in a single layer with the inputs, X, Y, XV, X2,
Y2. The corresponding standard neural model (8.11b} would require many more nodes to

isolate region and require more hidden layers to implement the transformation required to

model the problem.
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Fig 8.11 a. Polynomial separation of the training points requiring a single segmentation

node, b. Linear separation of the data points requiring many segmentation nodes

Finding the relevant transformation for problem in question becomes an automated
tearning task. All the possible polynomial transformations, that is first order, second order,
etc, up to the model required, are provided as inputs to the network. The coefficients
associated with this transformation are learned as the first layer of weights in the network.
Therefore irrelevant input transformations have weights that decay to zero, while relevant
input nodes are learned via the back propagation of the error. This means that we can provide
a padaline neural mode! of a transformation to any given order. The learning algorithm will
learn the shapes of the decision algorithm and identify the relevant transformation involved.

Introducing other input variable transformations allow different properties of a
training set to be modelled. Periodic and exponentia! functional transformations of the input

variable allow relevant physical systems o be modelled by neural network systems.
Learning input quantisation values

Given linear summation units and hard limiting threshold elements, the boundaries of
the decision regions are straight lines and the output after the first hidden layer are Boolean
values. Therefore the first layer can be considered to be a quantisation layer. Real values are
input to the hidden layer and quantised Boolean values are output. These Boolean values are

then manipulated by the neural network structure providing suitable output values.
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The behaviour of the training algorithm over various different input sets given
different neural network structures are examined in appendix F1 and F5. The real input
quantisation is examined and the ability of single layers of nodes to model arbitrary

quantisations discussed.
Real output nodes

Dealing with transformations that provide real output represent a significant
difficulty. The data passing between the internal layers of a neural network are essentially
Boolean in characteristic, even if the values are actually real values near +1 and -1, This is
due to the shape of hard limiting thresholds. All the output values of the internal nodes tend
towards either +1 or -1 preserving the Boolean structure.

Constructing real valued outputs from these Boolean values requires a decoding layer
of weights. The magnitude of real valued outputs is provided by a suitable multiplication of
the quantised values by the weight values. The output is in fact a quantised real value and not
a continuous real valued output.

Providing more output quantisation nodes allows a finer grain of coding. The problem
associated with output decoding is that the quantisation values can not be easily fearned.
Ideally we would be able 1o train the values of the output decoding layer, such that the best
decoding scheme is used to médel the transformation under consideration. Appendix F2 & F3
discusses experiments that investigate the learning properties of neural network when

modelling transformations from Boolean inputs to a real valued output.

Real inputs and Real outputs

Neural network models with real input and real output nodes have a quantisation layer
of weights and a decoding layer of weights as discussed above. A Boolean transformation must

be implemented between these two structures. The results of chapter seven show that two
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layers of weights are required o model Boolean transformations. Therefore models of reai
input real output transformations will consist of four layers of weights.
Appendix F4 discusses some experiments for training neural networks to medel

transformations from real valued input spaces to real valued oulput spaces.

Network size and topology

The results on network size and topology presented in chapier seven can be
generalised to neural networks with real valued inputs. The structure of these networks is
that of a quantisation layer followed by the Boolean network structure. Therefore if the size
of the quantisation layer is known the network size results immediately apply.

Given an n dimensional real input space with D linearly separable regions, the work
of Mirchandani et al provides a limit on H the number of nodes in the first layer, see equation
8.1. M(H.d) is the maximum number of regions that can be separated by H nodes in a d
dimensional space. Therefore given a dichotic classification problem with M(H,d) linearly
separable regions that are maximally separated by H nodes in the quantisation layer, we
require another H nodes in the hidden layer of the Boolean layers (given by the result in
chapler seven). if we do not have a dichotic classification, but a transformation 1o p output
nodes, we require H + ceiling{log,p) hidden nodes in the Boolean transformation fayers. This
case generalises the Loughborough network 1o real valued inputs and uses m-nodes in the
hidden Boolean layer of the network.

if we have D data points in general position in a d dimensional space, as discussed by
Baum, then we derive the result that arbitrary dichotomies on the set can be modelled by
networks with a ceiling(N/d} nodes in the first hidden layer(see Baum ‘88) and similarly
ceiling(N/d} in the second hidden layer (see chapter seven). Since the transformation forms

a dichotomy only a single output node is required.

Methodology for designing reliable neural systems

The design methodology places the implementation of neural systems into the area of
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reliable systems. Each stage- of the design process is well understood and the behaviour of the
network explained in terms of the atomic nodes that contribute o the decision processes.

The system identification phase investigates the siructure of the input space
identifying the significant components of the decision algorithm. The quantisation layer fine
tunes these structural identifications providing the most optimal quantisation value via the
trained weights. The Boolean layer of the network implements the best transformation that
can model the given data set. Essentially it identifies the knowledge structure underlying the
data. The atomic knowledge elements provide a succinct representation of this knowledge that
could be transformed to a disjunctive encapsulated rule set.

The total neural network structure is reliable since its behaviour is well defined and
can be predicted. Not only does the network model the given training set, but it has
prediciable generalisation properties. The generalisation properties are predictable since
the atomic knowledge elements do not interfere in an unknown manner. Everything about the
network is well known. The nodes and knowledge elements possess the desirable properties of
atomicity. .

A neural network is designed to mode! a specific set of daia by constructing a suitable
network structure of nodes and to specifying the weight values of the conneclions between the
nodes. Automated search technigues exist for finding suitable network structures,
(Mirchandani e al). However they involve a high computational load and are not guaranteed
to produce optimal neural network models.

The work of the previous chapters have allowed the behaviour and structure of neural
network systems to be understood and explained. This in turn allows a general design
énelhodology io proposed for the construction of reliable neural network systems. The
structure of the designed system will be that of a feedforward net with the following
oompbnents;

i. Input transformations,

ii. Input quantisation layer,

iii. Bootean transformation layers,

iv. Decoding layer.
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These components are illustrated by the network structure shown in fig 8.12. The
transformed input values are fed to the input nodes of the neural nelwork.

Boolean Transformation

Real Valued % >
Inputs
-
Quantisation Decoding
Layer Layer

Fig 8.12 Real input real output neural network structure
System |dentification

The set of training data is presented which must be modelled by a neural network. If
no specific oulput nodes are designated then the dependent output node in the data must be
identified. The conditions that must be satisfied are that all the output nodes are dependent
variables of the input nodes. That is, each unique input datum is associaled with only one
output value, the transformation is an injective function.

The nodes in & neura!l network only provide linear combinations of input nodes that
are then thresholded. Therefore the separated regions of the input space will only have linear
boundaries. This can be overcome with the use of input variable transformations, for
example polynomial transformations. The nonlinear relationships that exist between the
input variables must be identified. Decoupled models of the system provides a suitable
method. For a fixed output value, the decoupled variables are correlated by various
polynomial relationships. The polynomial transformations identified define the shape of the

boundaries of the quantised regions in the input space.
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Quantisation layer

Having identified the system under study the quantisation layer specifies the position
of the boundaries of the segmented regions of the input space. This is achieved via the
variation of the weights in the quantisation layer. The quantisation layer defines the number
of different quantised regions of the input space since the interaction of the different regional
boundaries of the nodes occurs here. Appendix F1 and F5 describe experiments that
investigate the ability of a singlé layer of quantisation nodes to model arbitrary

transformations from real to Boolean spaces.
Boolean layer

The Boolean transformation layer provides the actual functional transformation
between the input quantised regions and the output quantisation units. If the relevant
transformation is well known, then it can be immédiately implemented with the relevant
neural network nodes. If only the input/ output data is known then the layers are trained
automatically via the backpropagation technique. Appendix F3 and F7 describe experiments
that investigate the ability of a multilayer of nodes to model arbitrary transformations from
real 10 Boolean spaces. Effectively this is a system of a quanitisation layer followed by two
Boolean layers of weights. This system is more able to model the arbitrary transformations
than the single layer quantisation system since the Boolean layers can model arbitrary

transformations between the input and output layers.

Decoding layer

The output quantisation represents the acuity that is required of the transformation.
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This is related to the inpul/ output data that the system is required to model. !f there is
greater variety in the output signals the larger the number of nodes required to feed into the
decoding layer. This follows from the fact that the greater the number of possible signals, the
grealer‘lhe acuity that can be achieved by the decoding nodes. Appendix F2 and F6é describe
experiments that investigate the ability of a single layer of decoding nodes to model arbitrary

transformations from Boolean to real spaces.

This design methodology has been applied to the design of a neural network controlier.
This is discussed in chapter nine. The design process can be very laborious as the
identification of the relevant system variables is a difficult 1ask. The design methodology
structures the implementation of the neural network systems so that their structure,

function and behaviour are well understood.

Summary

This chapter has discussed neural network models of real valued transformations.
Real valued transformations that are defined on a finite set of discrete training points were
modelled by neural networks systems.

Real valued neural networks were shown 1o consist of four layers of weights, the
quantisation layer, the two Boolean transformation layers and the decoding layer. These
insighfs led to the generalisation of the results on neural network size and topology to the
real valued cases.

Finally a design methodology was described which allowed reliable neural network

systems to be implemented.
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Chapter 9. Controlling Processes with Neural Networks

Introduction

This chapter addresses the design and implementation of a neural network controller
for the dispensing of adhesives in the manufacture of mixed technology printed circuit boards
(Chandraker et al ‘89 and Barbiarz ‘89). Adhesive dispensing is one example of the many
industrial processes {metal cutting, Wright et al ‘91, arc welding, Karsai et al ‘92, cement
manufacture, Haspel ‘86 and other baich chemical processes) that are not amenable to
standard control techniques. The standard techniques are not suitable since they can not deal
with unpredictable process variations and process faults that may occur (Williams ‘90 and
Antsaklis '92). This is discussed further below. Table 9.1 shows other manufacturing
processes that have required intelligent conirol techniques such as expen systems, fuzzy
controllers and neural network controllers.

Neural Networks have been used to model control processes (Barlo '90), that is aid in
the system identification phase of control process design, control process optimisation
(Barto '83) and the actual control of processes. This chapter deals with neural network
techniques that control processes (Miller at al *90 and Grant et al '89).

A control problem typically consists of the maintaining the process outputs between
set limits. This is achieved by identifying the actions that must be taken when the process
approaches or exceeds these limits. These limits are reached either because of process drift
or catastrophic process errors.

Hard control problems that can not be solved by current techniques are generally only
partially understood. A complete mathematical model of the process does not exist or cannot
be found. Some of the process characterislics can be described and modelled mathematically,
whereas others can not. To date, ad hoc approaches such as trial and error implementation of
feedback control have been used. Since no formal models of these controllers exist robusiness
and stability measures cannot be easily provided. A systematic approach must be developed so

that each control process can be understood. This will allow stability and reliability to be
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ensured.

The intelligent controllers of the future must be able 1o recognise and predict the
onset of the catastrophes in order that suitable correclive measures can be applied. Control
systems that can be partially designed and then trained automatically are of great importance
in hard contro! processes. Neural network learning offers a method for automatic training
that is very aitractive. However, they are difficult to configure and interpret after training
(Materna et al ‘89, Hertz et al ‘91 and Mirchandani et al ‘89). Interpretation of the neural

network representations is extremely importani, especially in safety critical applications.

The structured neural networks discussed in this chapter allow a readily interpretable

control modet which is a great advaniage over standard neural approaches.

Process

Control Technique

Reference

Blast Furnace

Fuzzy Controller

Sakurai et al '89

Adhesive Dispensing

Expert Controller

Chandraker et al '90

Multi-layer Bottle Expert Controlier Morgan '90
Blowing
Cement Kiin Fuzzy Controller Efstathiou '85 & '89

Metal Cutting

Linguistic Controller

Bourne '86 & '87

Grinding Fuzzy Controller Pei Yan et al '90
Lumber Cutting Expert System Massey et al '90
Wafer Eiching T} Etch Diagnostic System Budge et al '90

Newsprint Production Expert System Opdahi '89

Fermentation

Expert/ Neural Estimator

Aynsley et al '89

Gas Arc Welding

Neurall Network

Karsai et al '92

Table 9.1 Manufacturing processes that have been controlled by intelligent techniques

It will be shown that many functions relevant to control processes, such as system

variable thresholding and system variable segmentation into acceptable and unaccepiable
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bands, can be implemented with simple neural networks. The linear threshold properties of
nodes allow for immediate quantisation of the system variables, while the Boolean
transformation layers allow intelligent control actions to be consliructed. The process
failures can also be monitored by neural network structures. These provide suitable
correclive actions when the failures occur. The structured combination of these neural
networks represents the design of the tolél control process. Parts of this chapter have been

presented in Messom et al '92.

Control Processes

Outputs
i

inputs
P »] Process

Fig 9.1 a. Schematic representation of a process transformation

A process (or plant} can be characterised by the input output Iransformation of the
state variables of the system over time (see fig 9.1a). The schematic representation of open
loop control is shown in fig 9.1b in which the corrective control actions are applied to the
process inputs. Such a system is prone to steady state errors in process performance as well
as being susceptible to process drift. Feedforward control requires a very good model of the

process in order that the performance of the system is robust and reliable.

Inputs Outputs

Process

Control
Action

Fig 9.1b. Schematic represeniation of a feedforward control process

If feedback is applied to the system the performance of the process can be constantly
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monitored and the control actions adjusted. Fig 9.1¢ shows a schematic represemlation of the
feedback control system. This means that steady state errors are minimised and the process
drift due to external factors reduced. In practise problems exist in this system due to the
variable or unknown time lag between the process action and the application of the control
action. In the worst case the time lag can lead to undesirable oscillatory behaviour of the
system. The tools of standard control attempts to provide control systems without these

undesirable properties.

+
Process -

Control

Fig 9.1 ¢. Schematic representation of a feedback control sysiem

Adhesive dispensing

The neural network techniques discussed in the previous chapters is applied to the
design of a coniroller adhesive dispensing. The specifics of the application will be briefly
discussed while the general properties'of neural networks in control systems will be
discussed in depth.

The process investigated in this study is the dispensing of adhesive used in the
manufacture of mixed technology printed circuit boards. The adhesive is dispensed on the
printed circuit‘ board to secure the surface mount components prior to wave soldering.
Severa! techniques for dispensing the adhesive exist, pin transfer, screen printing and
pressure syringe dispensing. Bridgeman (‘89) and Barbiarz (‘89) discuss the advantages
and disadvantages of the various techniques. Problems associated with the screen printing

include smudging of adhesive, while the pin transfer method can only apply equal sized
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adhesive blobs. Both systems suffer from the fact that they can oniy be applied to fiat
surfaces but have the advantage that adhesive is applied quickly and simultaneously over the
whole board. The pressure syringe method can only dispense individual blobs but can
perform well on any surface. The pressure syringe method also offers great flexibility in
blob size dispensed and does not rely on guaranteed adhesive homogeneity if it can be
counteracted by suitable control process applied to the system.

The system studied consisted of the following components.
i} dispensing unit;

consisting of a syringe of adhesive coupled to a pressure control uni.
iy Seiko RT3000 robot manipulator;

that positioned the dispensing unit and the image processing unit at the appropriate
place on the board. |
iiiy Image processing system for visual feedback;

consisting of Imaging Technology 1Tl 151 coupled to a camera with a magnifying
optical system.
iv) The control system;

The structure of the system is shown in fig 9.2 {Chandraker et al ‘89, West et al ‘88).

Development Interface User Interface
Controller - Vision
System
SUN 311860 -
' ITH 151

Dispenser  ————
Controller .

Robot Motion Controller
Seiko 1Q 180

Fig 8.2 Structure of the controlled adhesive dispensing system
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Process Characteristics

The process studied requires specified volumes of adhesive to be dispensed at well
defined positions on the printed circuit board. A syringe contains the adhesive which is
dispensed via the application of a pressure pulse to the adhesive. The volume of the adhesive
dispensed is related to the properties of the adhesive and the pressure pulse applied to the
adhesive. Variations in the adhesive include temperature sensitive viscosity, erratic
thixotropic behaviour (that is time variant viscosity due to the application of shear forces)
and material inhomogeneity.

A model for the process cannot be derived since the relevant process variables are not
known and those that may be relevant (such as syringe nozzle pressure, velocity and
viscosity variations) cannot be measured by available technology. The properties of the
adhesive dispensing process are discussed further below, highlighting the properties that
make the derivation of a suitable mathematical model impossible.

The control variables associated with the adhesive dispensing process are the
pressure pulse characteristics. The pressure pulse is defined by the pulse height and width,
the rise time and the fall time. Fig 9.3 illustrates the trace of the pressure pulse. Varying
the pressure pulse height and keeping the pulse width constant effectively simplifies the
manipulation of the control parameters, reducing the dimensionallity of the system. Keeping
the pulse width constant also simplifies any timing constraints associated with the process.
The pulse width can be increased in the exceptional circumstances that a large pulse area is
required which cannot be achieved by the maximum available pulse height. The control modei
of the system can be simplified by decoupling the system into smaller noninteracting

components. Essentially the controlier becomes modular in design.

153



risetime
falltime

puise /
height

pulse
width

Fig 9.3 The pressure pulse variation within the syringe

Graphs 9.1a and 9.4a shows the variation in blob area (the output performance) for
a fixed open loop input signal (fig 9.1b). There is extensive variation in output performance,
the area of the blob produced varies greatly and in an unpredictable manner, for the fixed
pressure pulse applied to the system. There are low and high frequency components in the
variation. Some physical insight can give an explanation for this variation. Material
inhomogenei{y may explain the low frequency variation. The high frequency variations are
due to the onset of bubbles in the flow (as discussed below). Variation in external
temperature and pressure also effects the system, since a 10 °C variation in temperature can
halve or double the viscosity of the adhesive (Bridgeman '89). The blob size dispensed for a
given pressure pulse is related to the amount of adhesive that remains in the syringe and
with improvements to the dispensing system, variations of over 7% have been observed

between full and empty syringes (Knapp ‘87).
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Graph 9.1 a. Open loop performance of the adhesive dispensing system

1200

1000 N VyTwety Y v

800

puise_height
programmed_pulse_height

400 L

] 100

—_— T

L Bl L}
300 400 500 600

dispense_number

Graph 8.1 b. The pressure pulse variation that was applied to the system
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Target Pressure Dispensed

Compensator| ~ p .o : i Blob
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Blob

Vision ;
Area

Fig 9.4 Feedback contro! loop of the adhesive dispensing system

The system was run closed loop using a rule based controller that exercised the full
range of the pressure variable while maintaining satisfactory control although the process
failures due to the existence of bubbles still occurs. Graph 9.2a shows the performance of the
output variable and Graph 9.2b the pressure variation required to produce this performance.
Photograph 9.1 shows thé dispensed blobs during an experiment that was under control.
Correlation analysis between the pressure variation and the blob area performance criterion
show that there was no significant correlation between the two variables, The variation in the
system is essentially stochastic and not correlated with the measured system variables (West
‘92}. The variation therefore can not be predicted and makes this example a hard control
problem. The open loop process variations are small from dispense to dispense and so the

system can be controlied.
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Graph 9.2 a. Closed loop performance of the adhesive dispensing system
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Graph 9.2 b. The pressure pulse variation that was applied to the system
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Mathematical models of specific runs or sets of runs can be constructed, but these
models do not provide a predictive model of subsequent runs. Any particular run can be
modelled by a polynomial of required order, but this does not represent a general model of the
system. A simulation model of the system can be constructed which possesses the qualitative
properties of the real system. That is low frequency variation in output performance, high
frequency stochastic noise and the onset of process failures in stochastic time. The various
catastrophic process failures that can occur in the dispensing of adhesive and the methods for
dealing with them using neural networks are discussed below.

Photograph 9.1 Dispensed blobs during an experiment that was under control. Note the
general uniform blob size. Note the excess adhesive in the centre of the photograph which is a

characteristic precursor to a void

Process Faults

The controlled run of Graph 9.2a shows that in this case the bang-bang controller was
very successful. The output area is maintained between the 10% error bands for most of the
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dispenses. The simple bang-bang controller is unable to deal with the onset of failures due to
process faults. The process faults associated with the adhesive dispensing process are the
onset of voids in the adhesive leading to erratic blob size, soiling of the solder pads due to the
dragging of blobs and the sticky solenoid valve problem which leads to the soiling of the
printed circuit board with the excess adhesive dispensed and the airline loading which leads
to drift in the pulse height produced so effecting the blob area output performance.

The volume of the blob of adhesive dispensed is the important criterion for
determining if a particular dispense has been good or bad. The second criterion is that it is
well centred and in the position required. The position of the blob is well defined via the
robotic system and performs well to the given tolerances (West ‘88). The volume of the blob
can be determined from the plan area and height of the blob. For a good dispense, that is a
circular well centred blob, the height is fairly uniform (Knapp '87) and so the main

feedback variable is the plan area of the blob dispensed.
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Photograph 9.2 Process faults due to the blobs that have fallen over. The ftails of the blobs are

likely to contaminate the adjacent solder pads
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c d
Fig 9.5 a. A good dispense, b. A bad dispense, ¢. Plan area and circumscribing box of a good

dispense, d. Plan area and circumscribing box of a bad dispense

A good dispensed blob forms a conical shape, fig 8.5a. When the syringe is moved to
the next dispensed position the blob may be dragged, fig 9.5b. This produces the process fault
of the blob falling over which can soil the solder pads on the printed circuit board. This
process fault is heightened by the variation in the stringy nature of the adhesive. The
stringier the adhesiv-e the greater the likelihood of the blob being dragged. Photograph 9.2
shows blobs that have been dragged. The box area ratio, that is the ratio of the plan area of the
dispensed blob and the area of its circumscribing box, proves to be a good measure of a good
dispense. A circular blob (a good dispense, fig 8.5¢) will achieve the ratio of approximately
0.78, while a blob that has been dragged {a bad dispense, fig 9.5d) will be below this
threshold value, fig 9.6. Graph 9.3a shows process data in which we have a good box area

ratio performance, while graph 9.3b shows a bad box area ratio performance.

BAR

dispenses
Fig 9.6 The box area ratio threshold, a good indication of the qual:ty of the dispense
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Graph 9.3 b. Bad box area ratio performance for a different dispense experiment
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Graph 9.3 a. Good box area ratio performance for a given dispense experiment
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Voids in the adhesive occur from time to time and are characterised via a sharp
increase in the blob area followed by a sharp decrease or total void of the area (see graph 9.4
and photograph 9.3). This is undesirable since the control of the blob size is important in
ensuring that the surface components are securely fixed without using too much adhesive
which would soil the board or the solder mountings. When the void occurs no adhesive is
dispensed and the surface mount component will not be secure during the solder curing stage
of manufacture. In the worst case the component will fail to be secured to the printed circuit
board afier soldering. Therefore the control process must recognise the onset of bubbles and
take corrective measures. In this case it would take the syringe off board and clear the void
before returning to normal execution. |

When the airline that supplies the dispense unit is overloaded, the measured pulse
height decays (graph 9.6). This condition must be monitored in order that the dispense
process can be terminated and the fault rectified. This fault can result in erratic adhesive
dispense performance (photograph 9.5).
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Graph 9.4 Open loop performance of a dispense experiment in which the properties of the
 bubbles can be seen
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Photograph 9.3 Dispensed blobs which show the appearance of two poor dispenses following
bubbles. Note, the random dispense order means that the increases (see photograph 9.1)

prior to these dispenses are not adjacent.

At times the solenoid valve of the pressure pulse regulator sticks in the open position,
giving a pressure pulse with a larger fall time. The increased fall time allows a greater
volume of adhesive to be dispensed. Graph 9.5a shows process data associated with a sticky
solenoid valve. The graph shows the dispenses where the fall time increases by about 50 % of
its normal value. If this problem is not corrected off line immediately the whole board will
be fouled with excess adhesive. Photograph 9.4 shows the excess adhesive that may be
dispensed when the solenoid valve starts to stick. Recognising this situation depends upon

monitoring the fall time of the pressure pulse.
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Graph 9.5 a. Rise time, fall time and pulse width performance of a dispense experiment that
had a sticky solenoid valve problem
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Graph 9.5 b. Rise time, fall ime and pulse width performance of a normal dispense
experiment
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Photograph 9.4 Dispensed blobs when the solenoid valve was sticking. Note the excess
adhesive that was dispensed when the solenoid valve failed catastrophically
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Graph 9.6 The pulse height variation when extra load was applied to the air line
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Photograph 9.5 Dispensed blobs when the extra load was applied to the air line. Note the

material variation also contributes to the erratic blob sizes

Neural network implementations of control processes

Neural networks can model thresholds, bands and trends. These can be combined to
construct reliable neural network implementations of controllers. A design of a neural
network controller for the adhesive dispensing system is described below.

The feedback variables can be passed through a simple neural network controller that
provides qualitative corrective actions. (The details of the neural network controller for the
adhesive dispensing system are given in appendix G). The simplest case is represented by the
box area ratio decision unit, which requires a single threshold device. Fig 9.7a shows the
system variable (in this case the box area ratio thresholded in to the two regions). Fig 9.7b

shows the single node that can implement this function.
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Fig 9.7 a. Thresholding of a single system variable, b.Neural network represeniation of the

'box area ratio threshold unit

The box area ratio is acceptable (output is +1) if it is larger than the given limit
(0.78 in this case), while unacceptable {output is -1) if it is lower than the given limit.
Similarly the pulse height drift can be monitored by a threshold unit that will flag the fault
associated with the air line.

Upper_Limit

System_Variable High v Low

Lower_Limit

Fig 9.8 a. Neural network representation of the operator that keeps a single variable within

given limits

The bang-bang controlier of the blob area can be implemented in a neural network but
requires two hidden nodes (fig 9.8a). ’fhe blob area has an acceptable value to within a given
tolerance. This means that a region (or a band) of the system variable is acceptable
surrounded by two regions that are unacceptable (see fig 9.8b). The output blob area decision
unit is a logical or of the two hidden threshold units that provide the regional boundaries. No

action {output is -1) is taken within the acceptable region of the system variable (blob
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area), while when the process strays oulside of this region action (output is +1) is taken.

Y

Low High

uoibey aiqeide

System Variable -

HWIr 19m07
nwn seddn

Fig 9.8 b. Segmentation of a single system variable into three regions

More complicated qualitative controllers require larger mullilayered neural
networks. Intelligent controllers are constructed via the addition of Boolean decision units
within the hidden layers that provide the relevant control actions. Quantitative controllers

are constructed via the addition of a decoding layer of weights from the qualitative decisions.

Area_0
A
rea_1 Area
Trend
Area_2

Fig 9.9 Trend analysis using a neural network unit

A neural network can be used to monitor blob area trend to anticipate an appearance of
a bubble in the adhesivé. The simplest approach would be 1o monitor the direction of change of
the blob area of the latest dispenses, say the last three (see fig 9.9). A Boolean function of the
inputs (in this case logical and) would ensure the correct qualitative response, take action
or not, is made. A si:ﬁilar trend analysis of the fall time will recognise the sticky solenoid

valve problem.
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Training the neural network controller

Training a neural network requires data. Data can be obtained from the simulation
models or from real process runs. The inputs to the network are the various process
variables, while the outputs are the control actions that must be applied. The network is then
trained automatically over all the data until satisfactory convergence is obtained.

The ftraining sequence of the neural network controller requires that the network
structure is well known and adequate for representing the transformation in question. The
work presentéd in this thesis allows us to proceed and construct a neural network structure
that is suitable for modelling the control problem.

The outputs of the neural network are Boolean values that provide decisions of say
increase pressure or decrease pressure without specifying by how much or the actual real
value.

A regional segmentation model of the blob area coupled with a box area ratio measure
will provide a network structure suitable for most of the problems associated with this
process, namely steady state process control and the detection of dragging of adhesive as well
as the blockage of the syringe needle. Adding a trend analyser for the fall time and the blob
area will take into account the remaining factors, namely the appearance of bubbles and the
sticky solenoid valve problem. Fig 9.10 shows a suitable network structure for the control
process. If enough is known explicitly about the process the weight values can be hand
crafted. Otherwise the network must be trained automatically with the process data available.
That is the network structure is tuned to the specific application.

Appendix G describes the various different neural network structures that were
designed and the different methods used 1o train them. Including knowledge avaitable about the
control process rapidly improves the automated training algorithm’s convergence

performance.
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Fig 9.10 Neural model of an adhesive dispensing controller

The application of intelligent control actions such as the recovery from potentially
catastrophic situations requires qualitative outputs from the controller. The signals from the
controller essentially only initiate the required action, which is then carried out by

specialised systems.

Intelligent control using neural networks

The Boolean layers of the neural network allow intelligent control actions to be
implemented. This is illustrated by a simple two dimensional example. A trajectory must be
maintained within a given tolerance (see fig 9.11). Corrective action is applied in the region
outside the acceptable band. For intelligent control we require different corrective actions to
be taken in different regions of the state space. Fig 9.11 shows a case where two separate
actions must be taken in the regions A and B. The neural model of this example is shown in fig

9.12.
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System Variable 2

éé |
—

System Variable 1

Fig 9.11 Simplified two variable example of intelligent control. Different control actions are

required in different regions of the state space

The segmentation of the system variable requires four nodes while the trajectory
tolerance boundaries require two nodes. The hidden nodes are required 1o model the Boolean
transformation that provides the relevant control action.

Trajectory
Segmentation

System Variable
Segmentation Nodes

Fig 9.12 Neural mode! of intelligent controller shown in fig 9.11

Similarly intelligent control actions can be applied in the adhesive dispensing
process. The bimoda! warning operator possesses some of these properlies. A warning signal

is required when the process strays a given percentage from the ideal, so that preparations

171



can be made for when the correclive actions are applied when the process strays outside the
action error boundary. No warning signal is required when action is 1aking place. This is
ilustrated in fig 9.13. The neural model for this case is shown in fig 9.14. The four

threshold nodes in the hidden layer represent the four warning and action error boundaries.

Blob Area
No Warning
action -> 5% ] Warning
waming ->2% | — — = — o - - ; No Warning
— - - - - - - = } Warning
No Warning

Dispenses
Fig 9.13 The bimodal warning operator

Mid_High

Bimodal
Wamn

System_Variable

Fig 8.14 Neural impiementation of the bimodal warning operailor

Real output values

For more sophisticated controllers the control actions of the pressure pulse, namely
increase or decrease pulse height is not a true qualitative action. A real valued quantity must
be provided and so a decoding layer is necessary. At this point a design decision must be made

as to how to achieve this outpul.
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A fully quéntised approach as discussed in chapter eight may be adopted, but this
relies on the existence of an injective function from the input data to the output data, which
may not exist with most control systems if we consider the effect of external variations on
the system. The seqond approach is to maintain the qualitative decision to increase or
decrease pressure but to decode it via a real valued weighted decoding unit which can be
trained by the system (see fig 9.15 for a simplified network model). The output decoding unit
is tuned to the data that is modelled, and so, if the data is representalive of the system the

best possible quantised decoding value will be found.

Boclean
Layer
Real
Blob Area Pressure
Change
Pressure
Decision
Quantisation Decoding
Layer Layer

Fig 9.15 Simplified controller that provides real valued output signals

This fixed quantised decoding system is a rough model of the output parameters. An
improved model can be sought by enhancing the system with a variable decoding unit. This
allows the amount by which the pressure is varied to be increased or decreased. in this
system there is an exira node which determines the magnitude of the decoding weight. The
decoding weight is increased or decreased depending on the value of the change_decision node
(fig 9.16). This development will be pursued further in the future. The structure of the

neural network for this case is shown in fig 9.16.
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Fig 9.16 Network architecture for a controller that gives a variable pressure change

Summary

This chapter has discussed the design and implementation of a neural network
controller for an adhesive dispensing system. The properties of the system were discussed
and the various process characteristics and process faults highlighted.

It was shown that neural network techniques could implement the thresholding and
banding of the process variables which allowed the relevant control signals to be output and
the relevant process faults to be flagged. Ideas for implementing intelligent contro! actions
using neural ngtworks were discussed.

The neural network that was designed solved the adhesive dispensing control problem.
The designed neural network controller was prediciable and reliable since its behaviour was

weil defined over the whole input space. Appendix G shows the performance of the neural

network controller,
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Chapter 10. Conclusions and Direction of Future Work

Summary of Thesis

This thesis has addressed the question of reliable neural network design and a study of
feed forward neural networks has been given. The training of neural networks was discussed.
Panticularly the backpropagation algorithm has been examined and its use in training real as
well as Boolean transformation networks has been studied.

The treatment of the hidden nodes as Boolean transformations has moved neural
network techniques into the area of reliable systems. The introduction of parallel nodes
enabled the hidden layers to be structured and the performance of the networks 1o be
' guaranteed. The parallel nodes were proposed as atomic elements in a general knowledge based
representation of neural systems. These sysiems were extensivély studied and compared to
standard feedforward systems.

As well as the computational advantage of the parallel node system (the reduction of
the number of weights which lead to the reduced load on the learning algorithm) the
significant advantage of the new proposals was the reliability of the neural network
behaviour and the ability to interpret the neural network structure in an atomic manner.

On the basis of the investigations into neural network structure and behaviour
several results on network size and topology were presented. These results are crucial in the
design of neural network systems. Only after a suitable size and fopology of a network has
been chosen do the automatic training algorithms provide the weight values of the network
that model the input/ output data.

Given.the knowledge about the consirainis on neural network size and topology a
general design methodology was proposed. The methodology provides a- prescriptive scheme of
action for designing neural models of input/ output systems, whether they be real or Boolean
values. Finally the work was applied to the design of a real time neural network controller of

an adhesive dispensing system. The application demonsirated the importance of the design of
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reliable systems whose behaviour is fully understood. This allowed important system
characteristics that were already known to be included in the network structure so reducing

the training phase of the neural network.
Future work

Future work will be in the following areas;
i. Training algorithms,
ii. Knowledge representations,
jii. Design tools,

“iv. Real applications.
Training algorithms

The backpropagation algorithm has pushed neural networks to the forefront of public
attention. As well as the advamage of parallel representation and distributed activity over
simple units, it is the automated training algorithms that make neural network
représentations attractive. The experiments described in part Il and appendices A, B, C and F
of this thesis show that training is still a long and difficult process. When the training
performance is so dependent on the possibly random start point, it can be seen that more
study is required. The application of genetic algorithms is likely to be one of the most fruitful
paths. The genetic algorithm will be able to propagate multiple start points which can then be
optimised by a backpropagation technique. The paraliel nature of the genetic algorithm will
allow this technique to be fully exploited as multiprocessor syétems become more powerful

and sophisticated.
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Knowledge representations

The key to understanding the behavioqr of neural network models is to have a well
defined structure and interaction of nodes in the network. The paraliel nodes represent a
starting point. The nodes are well defined, that is parallel and there is no interaction between
pairs of parallel nodes. Hyperpolygonal systems as wéll as systems that allow more complex
interaction between the nodes will be developed in the future. Encapsulating the function and
behaviour of networks and subnetworks in much the same manner as object orientated
systems will allow the hierarchical design of neural network systems without losing their
inherent parallelism.

The representational capabilities of neural systems can also be extended by the use of
Fuzzy and probabilistic modelling techniques. The development of fuzzy and stochastic neural
models are discussed by Sprecht ‘90. The use of knowledge representations in these systems
would formalise system'performance and aid understanding of the behaviour of the neural

networks,

Design tools

As more complex systems are modelled by neural network structures, automated
design tools must be made available. Automated interpreters for convering from neural
network to Boolean representations and vice versa WOuI_d be a start point. Automated network
encapsulation systems would allow rapid prototyping and development of designed neural
systems. The reliability of the systems would be maintained by the use of parallel nodes as

well as other specified knowledge structures.

Applications

As neural network techniques develop their applications to real world systems will

increase. Sighificant engineering applications are possible as the question of neural network
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reliability has been addressed by this thesis. The control problem discussed in chapter nine
is a case in point. The low level nature of real time signal processing makes the neural
network systems which have been implemented in hardware an ideal solution.

The development of the structured knowledge representation of neural systems will
allow higher level applications of neural networks. Genergl neural network computational

systems may then be built on this structured approach to distributed neural computation.
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Appendices



Appendix A1. Start Point Experiment

Aim:

To identify the effect of the start point on neural network training algorithm

convergence. That is the effect of different initial neural network weight configurations on

training algorithm performance.

Method:

Four data sets where selected to examine the performance of the backpropagation
training algorithm over different start points. These where odd and even parity with three

and four inputs.

Three input even parity Three input odd parity
p(-1,-1,-1,1). p(-1,-1,-1,-1}.
p(-1,-1,1,-1}. p(-1,-1,1,1).
p{-1,1,-1,-1). p(-1,1,-1,1).
p(-1,1,1,1). p(-1,1,1,-1).
p{1,-1,-1,-1). p(1,-1,-1,1).
p(1,-1.,1,1}. p(1,-1,1,-1).
p(1,1,-1,1). p(1,1,-1,-1).
p(1,1,1,-1). p(1.,1,1,1).
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Four input even parity Four input odd parity

p(-1,-1,-1,-1,1). pl-1,-1,-1,-1,-1).
p(-1,-1,-1,1,-1). p(-1,-1.-1,1,1).
p(-1,-1,1,-1,-1). p(-1,-1,1,-1,1).
p(-1,-1,1,1,1). p(-1,-1,1,1,-1).
p(-1,1,-1,-1,-1). p(-1,1,-1,-1,1).
p(-1,1,-1,1,1). _ p(-1,1,-1,1,-1).
p{-1,1,1,-1,1). p(-1,1,1,-1,-1),
p{-1,1,1,1,-1}. p(-1,1,1,1,1).
p(1,-1,-1,-1,-1). p(1,-1,-1,-1,1).
p{1,-1,-1,1,1). Top(1,-1,-1,1,-1).
p(1,-1,1,-1,1). p(1,-1,1,-1,-1}.
p(1,-1,1,1,-1). Cp{1.-1,1,1,1).
p(1.,1,-1,-1,1). p(1,1,-1,-1,-1).
p(1,1,-1,1,-1). p(i1,1,-1,1,1).
p(1,1,1,-1,-1). p(1,1,1,-1,1).
p(1.,1,1,1,1). p(1,1,1,1,-1).

The different start points that where used in this experiment where generated by a
seeded pseudorandom scheme. A three input and four input fully connected structure with
three hidden nodes and one output node network structure requires sixteen and twenty five
weights respectively. The first weight is generated from the seed- value via the following
function;

Weighi= (Seed - 505)/1000,

Nextseed= (Seed * 997 * 101) mod 1009,
while the next weight is generated from the next seed. This process continues iteratively for
all the weights in the network,

The learning rate that was employed was 0.01, while the temperature value was 0.1.

Seed values from 3 1o 51 were used in this experiment. Each initial configuration was
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trained over the odd and even parity data separately for 2000 iterations. The results are
presenied in the graphs A1.1 a- d and table A1.1 below.

Several of the typical convergence paths are displayed in graphs A1.2 a- g.

Results:

As shown in the graphs A1.1 a- d the sum squared error convergence performance of
the backpropagation algorithm is highly dependent on the start point, the initial
configuration of the neural network. For the three input case it is seen that a ihird (17 for
even parity and 18 for odd parity) of the neural ne!Qorks converge within the 1000
iterations examined. For the four input case it is seen that a sixteenth (3 for even parity and
3 for odd parity) of the neural networks converge within the 1000 iterations while there is

a large variation in sum squared error values for the other start points,

Experiment Mean Variance
3 input even parity 5.238 4,566
3 input odd parity 4.920 4.483
4 input even parity 12.405 8.691
4 input odd parity 13.280 10.181

Table A1.1 The mean and variance of the sum square error convergence performance of the

four sets of experiments

Analysis:

The typical sum squared error convergence paths that are shown in graphs At.2 a- g
vary greatly. This is dependent on the initial configuration of the neural networks and not the
training data. The great variation in convergence cannot be explained by the four training

data, but is a function of the initial configurations of the neural networks (the start points).
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Appendix A2. Experiment on Learning Rate

Aim:

The effect of various different learning rates, that is the constant u in the update
formula of the backpropagation algorithm;
AW = H aEfaW,

on convergence performance is examined.

Method:

The four data sets which where selected to examine the performance of the
backpropagation training algorithm over different learning rates where odd and even parity
with three and four inputs. These data sets are as defined in Appendix Al.

The initial network structures that were empioyed were selected by examining the
results of the experiment in appendix A1. An initial network siructure was selected that
provided convergence before 2000 iterations at the temperature of 0.1 and the learning rate
of 0.01. These initial nets where;

for the three input even parity case, net generated with seed 31.

for the three input odd parity case, net generated with seed 52.

for the four input even parity case, net generated with seed 32.

for the four input odd parity case, net generated with seed 38.

The convergence of the four initial network configurations where examined over 3000
iterations at the temperature of 0.1 for various different learning rate values. The results

are presenied in graphs A2.1 a- d.

Results:

The graphs A.2.1 a-d show that for low learning rates, learning rate < 0.001, and
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high learning rate, learning rate > 0.05, the training had not converged in the 3000
iterations examined. For the examples examined in this experiment, the idea! learning rate

was seen to be 0.01.

Analysis:

When the learning rate is large the weight update values are large and so gradient
descent does not occur. The updates essentially over shoot the ideal path. When the learning
rate is very low, the weight updates become very small, true gradient descent occurs.
However, two problems exist for this case. Firstly, the updates are so small many iterations
are required for the algorithm to converge. Secondly, the algorithm may get stranded in local
minima, since the updates are so small, when a loca!l minima is traversed the algorithm, may

get stranded.

Graphs:
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Graph A2.1 a. Sum squared error performance of training algorithm with three input even
parity given different learning rates
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Appendix A3. Experiment on Temperature Value

Aim:

The effect of various different temperature values on the backpropagation algorithms
convergence performance is examined. The temperature value is the constant T in the node
formula;

Output = (2/(1 + exp{-Weighted_input/T)} - 1)
Method:

The four data sets which where selected to examine the performance of the
backpropagation training algorithm over different learning rates where odd and even parity
with three and four inputs. These data sets are as defined in Appendix Af1.

The initial network structures that were employed were identical to those discussed
in appendix A2. The convergence of the four initial network configurations where examined
over 3000 iterations at the learning rate of 0.01 for various different temperature values.

The results are presented in graphs A3.1 a- d.
Results:

The graphs A.3.1 a- d show that for low temperature vélues. temperature < 0.05, and
high temperature values, temperature > 0.5, the training had not converged in the 3000
iterations examined. For the examples examined in this experiment, the ideal temperature

value was seen to be 0.1.

Analysis:

When the temperature is large the sigmoid function is soft, that is the derivative of
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the sigmoid funcfion is not large. This means that the update values of the weights remain
small. Also since the soft sigmoid function requires large inpuls to provide outputs in the
region +1 training must progress for a long time before convergence occurs. When the
temperature value is very low the sigmoid function is hard. That is its derivative is almost
zero everywhere except near zero where it is large. If the node inputs are near zero, the
problem associated with a high learning rate, that of large weight update occurs. Gradient
descent does not occur. If the node inputs are not near zero, the hard sigmoid ensures that the
weight updates are very small. This is the same problem as that associated with a low
learning rate, the updates are so small that convergence will 1ake many iterations while the

chance of stranding in local minima is increased greatly.

Graphs:
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parity given different temperature values
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Appéndix A4. Retraining Neural Networks on New Training

Data

Aim:

To observe the convergence properties of training models of odd and even parity on

even and odd training data respectively.
Method:

Models of odd and even parity with three and four inputs were selected from those
neural network models that converged in the experiments of appendix At. These are identical
to those discussed in appendix A2 and A3. These neural networks were retrained on opposite
data for a maximum of 1000 iterations at a learning rate of 0.01 and a lemperature of 0.1.

The convergence results are shown in graphs A4.1 a- d.
Results:

The convergence performance of the four experiments as shown in graphs A4.1 a- d
have the following sum squares errors of;

a0 b0 c4 d12
The three input parity experiments converged in under 1000 iterations, this was in 600 and
200 iterations respectively. The four input parity experiments did not converge. Retraining

neural network models 1o new conflicting data is very difficult for large input spaces.

Analysis:

The neural models of odd and even parity differ by a negation of the output weights or
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the hidden layer weights. That is the update of just one of the layers of weights leading to the
negation of all the weight values. However, the updale of the training scheme is lterative over
the whole weight space and so can not isolate the update in the optimal manner. There is an

interfering effect over the updates that are provided by the training algorithm.

Graphs:
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Graph A4.1 a. Sum squared error convergence of neural network modelled on three input
even parity , when trained on odd parity
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Graph A4.1 c. Sum squared error convergence of neural network modelled on four input even
parity , when trained on odd parity

209




o 20
H
i
4
o
=)
o
[ ]
[}
E 10+
-
0 v . .
1000 2000 3000

iteration

Graph A4.1 d. Sum squared error convergence of neural network modelled on four input odd
parity , when trained on even parity

210




Appendix B. Experiment on Learning Performance

Aim:

The aim of this experiment is to identify the learning performance of the
backpropagation training algorithm over different training data and different initial neural

network configurations.

Method:

The data that was used for this experiment was generated via a seeded pseudorandom
scheme. The output values were generated iteratively for all the possible input values. The
first output value is generated from the seed via the formula;

Outputvalue= ((Seed mod 2) - 1/2) * 2,

Nextseed= (Seed * 101 * 992) mod 1009,
and the next output value is generated from the nextseed value. This is continued iteratively
for all the input cases. The input values start at (1.1,...,1,1) then (1,1,...,1,-1) and
(1,1,...,-1,1) and (1,1,...,-1,-1) and progress 'ileralively to (-1,-1,...,-1,-1).

The initial network configurations of the neural networks were generated in the

manner as discussed in appendix Al. In this case an n input neural network with n hidden
nodes and one output nodes is fully defined by (n + 1)2 weight values.

Twenty four experiments were conducted for each number of input nodes. These
experiments were generated by selecting a pseudorandom data set and a pseudorandom initial
neural network configuration given by the formula;

Dataseed= 7 * Inputnodes,

Netseed= 3 * Inputnodes,

Experiment is net(Netseed) trained on data(Dataseed),

Nextdataseed= (Dataseed * 101 * 992) mod 1009,

211



Nextnetseed= (Netseed * 101 * 992) mod 1009.
The neural networks were trained over 1000 iterations at a temperature of 0.1 and a
tearning rate of 0.01. The results are presented in graphs B.1 a- d and B.2 a- d. Several

typical sum squares error convergence characteristics are shown in fig B.3 a- o.

Results:

The low input node experiments in general converged before the 1000 iteration
mark, and so the number of iterations that were required for convergence are a good measure
of convergence performance. The experiments with many input nodes generally did not
converge to the optimal solution within the 1000 iterations and so the sum squared error
value after 1000 iterations is a good measure of convergence performance. These figures are

shown in table B.1.

Two input case; 19/ 24 experiments converged within 100 iterations.
Three input case; 12/ 24 experiments converged within 100 iterations.
Four input case; 13/ 24 experiménts converged within 100 iterations.
Five input case; 7/ 24 experiments converged within 200 iterations.

Experiment Mean Variance

2 input case 0.319 0.999

3 input case 0.943 1.587

4 input case 0.934 1.562

5inputcase 3.066 3.562

6 input case 5.926 4.509

7 input case 27.185 7.480

8 input case 151.930 47.434

Table B.1. Mean and variance of the sum squared error performance after 1000 iterations
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Analysis;

These results show that the backpropagation algorithm converges quickly for a small
number of inputs. As the number of inputs increases the convergence performance
deteriorates quickly. These results serve as a good performance measure against other neural

network structures such as the Ghost node neural networks discussed in appendix C.

Graphs:
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Graph B.1 a. Number of iterations required for convergence of two input neural networks
. (maximum number of iterations allowed is 1000}
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Graph B.1 b. Number of iterations required for convergence of three input neural networks
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Graph B.1 d. Number of iterations required for convergence of five input neural networks
(maximum number of iterations allowed is 1000)
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Graph B.3 d. Sum squared error convergence performance of a three input neural network
with a specific training set
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Graph B.3 e. Sum squared error convergence performance of a four input neural network
with a specific training set
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Graph B.3 f. Sum squared error convergence performance of a four input neural network
with a specific training set
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Graph B.3 h. Sum squared error convergence performance of a five input neural network
with a specific training set
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Graph B.3 j. Sum squared error convergence performance of a five input neural network
with a specific training set
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Graph B.3 m. Sum squared error convergence performance of a seven input neural network
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Graph B.3 n. Sum squared error convergence performance of a seven input neural network
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Appendix C. Experiment' on Ghost Learning Performance

Aim:

The aim of this experiment is to identify the learning performance of the
backpropagation training algorithm over different training data and different initial ghost

neural network configurations.

Method:

The data that was used for this experiment was generated in the same manner as the
data discussed in appendix B.

The initial network configurations of the neural networks were generated by a
pseudorandom scheme similar to that discussed in appendix A1. The ghost node networks have
fewer weight values than standard neural network structures. The hidden nodes in the ghost
node neural networks share weight values and have distinct biases. Therefore for a fully |
connected n input ghost node neural network with n hidden ghost nodes and one output node we
require 3°'n +1 weights. The weights were selected such that the weight values of the. ghost
nodes were identical to the weight values of the first node in the corresponding neural |
network in appendix B. The ghost nodes in the hidden layer had biases identical to the biases
of the nodes in the network of the corresponding experiment in appendix B,

Twenty four experiments were conducted for each number of input nodes. These
experiments were generated by selecting a pseudorandom data set and a pseudorandom initial
neural network configuration in an identical manner as to that discussed in appendix B. The
neural networks were trained over 1000 iterations at a temperature of 0.1 and a learning
rate of 0.01. The results are presented in graphs C.1 a- d, C.2 a- e and table C.1. Several

typical sum squares error convergence characteristics are shown in graphs C.3 a- i.
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Results:

The low input node experiments in general converged before the 1000 iterations, and
so the number of iterations that were required for convergence are a good measure of
convergence performance. The experiments with many input nodes generally did not converge
to the optimal solution within the 1000 iterations and so the sum squared error value after
1000 iterations is a good measure of convergence performance. The iterative performance of
the experiments are shown in graphs C.1 a- d. The sum squared error convergence

performance are presented in, C.2 a- e, and table C.1.

Two input case; 18/ 24 experimeﬁts converged within 100 iterations.
Three input case; 9/ 24 experiments converged within 100 iterations.
Four input case; 6/ 24 explerimems converged within 100 iterations.
Five input case; 4/ 24 experiments converged within 200 iterations.

Experiment Mean Variance

2 input case 0.767 1.462

3 input case 1,938 2.542

4 input case 2.003 | 2.903

5 input case 6.647 5416

6 input case 25.339 10.687

7 input case 86.902 26,062

8 input case _ 350.968 57.593

Table C.1. Mean and variance of the sum squared error after 1000 iterations

Analysis:

Similar to the standard neural network performance measures these resuits show
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that the' backpropagation algorithm converges quickly for ghost node neural networks with a
small number of inputs. As the number of inputs increases the convergence performance
deteriorates quickly.

Comparing these results with the resulis that are given in appendix B, the
performance of the ghost node neural networks under backpropagation leaming are generally
much worse than that of the standard system. The performance over two and three input nodes
are comparable. For the larger number input values the sum square error performance of
the ghost node neural networks is about twice that of the standard system,

Many isolated examples can be seen where the performance of a ghost node neural
network is better than that of the corresponding standard neural network start point. This

highlights the fact that the ghost node structure can often better model the transformation in

question.
Graphs:
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Graph C.1 a. Number of iterations required for convergence of two input ghosted neural
networks (maximum number of iterations allowed is 1000)
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Graph C.1 b. Number of iterations required for convergence of three input ghosted neural
networks (maximum number of iterations allowed is 1000)
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Graph C.1 ¢. Number of iterations required for convergence of four input ghosted neural
networks (maximum number of iterations allowed is 1000)
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Graph C.1 d. Number of iterations required for convergence of five input ghosted neural
networks (maximum number of iterations allowed is 1000)
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Graph C.2 a. Sum squared error values of four input ghosted neural networks after 1000
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Graph C.2 c¢. Sum squared error values of six input ghosted neural networks after 1000
iterations
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iterations

24 Rl DR

27 TR
20 TN
19 =

A e

Experiment Numbaer
o

—~-Nwhkn~NOO

0 100 200 300 400 500
sum_square_error

Graph C.2 e. Sum squared error values of eight input ghosted neura! networks after 1000
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Graph C.3 a. Sum squared error convergence performance of a four input ghosted neural
network with a specific training set
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Graph C.3 b. Sum squared error convergence performance of a four input ghosted neural
network with a specific training set
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Graph C.3 e. Sum squared error convergence performance of a five input ghosted neural
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Graph C.3 f. Sum squared error convergence performance of a six input ghosted neural
network with a specific training set
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Graph C.3 g. Sum squared error convergence performance of a six input ghosted neural
network with a specific training set
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Graph C.3 h. Sum squared error convergence performance of a seven input ghosted neural
network with a specific training set
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Graph C.3 i. Sum squared error convergence performance of a seven input ghosted neural
network with a specific training set
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Appendix D Encapsulated Sandwich Nets

Aim:

To design an encapsulated sandwich network model of odd parity with three and four
inputs. To observe the convergence performance of the odd parity model when trained on even

parity data.
Method:

The following encapsulated models of odd parity with three and four inputs were
designed. The first layer of nodes (for the three input case) consist of the hidden nodes that
isolate the point (1,1,1) giving the output 1, and the point(-1,-1,-1) giving the output -1,
and the parallel hyperplane between them. The first layer of nodes (for the four input case)
consist of the hidden nodes that isolate the point (1,1,1,1) giving the output -1, and the

point (-1,-1,-1,-1) giving the output -1, and the two paralle! hyperplanes between them.
Results:

The encapsulated models of odd parity were seen to be correct. They correctly
modelled odd parity over all the training points. The convergence performance of the training
algorithm on odd parity neural network models being trained over even parity are shown in

graphs D.1 a & b. N
Analysis:

To construct an even model of parity, all the weight values of either the output layer,

the sandwich layer or the first hidden layer must be negated. The sum squared error
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peﬁorﬁance compares unfavourably with the experiments of appendix A4, This reflects the
extra structure of encapsulated sandwich nodes, which inhibils disruptive training from

inconsistent training data.

Graphs:
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Graph D.1 a. Sum squared error convergence properties of the encapsulated model of three
input odd parity when trained over even parity
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Graph D.1 b. Sum squared error convergence properties of the encapsulated model of four
input odd parity when trained over even parity
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Appendix E1. Amalgamation Schemes for Neural Networks

Schemes for amalgamating fower dimensional schemes of neural networks are presented.
Such schemes are useful in determining minimal network topologies and give insights into

the construction and design of neural networks.
Schematic representation of nodes

Schematic diagrams of nodes are presented. These allow complex network structures

to be succinclly represented.

The horizontal line across the axis represents a splitting plane, making a

contribution in each projection. (fig E1.1a)

i |
| |

. E— , | | | y |
i |

a b c
Fig E1.1 a. Schematic diagram of a node split across an axis (the dotted line), that is a node

which does not reduce, b. Schematic diagram of a node split which reduces across an axis, ¢.

Schematic diagram of a two reducing nodes split across an axis
Fig E1.1b shows a single small line which represents a reducing plane that only
contributes to one half of the split. Fig E1.1c shows a schematic diagram of two reducing
planes contributing in opposite sides of the spiit.

Square nets

Square nets are single output neural networks with the same number of hidden nodes
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as input nodes. A k-representation of a k input transformation consists of k input nodes and

k hidden nodes and so forms a square net.

Lemma

if we have a k node representation of a k input node transformation, the tight

representations of the k-1 dimensional splits will consist of k-2 splitting nodes and one

reducing node each.

(H1]

k k
Fig E1.2 A square neural net in which the number of hidden nodes equals the number of input

nodes

Proof

Given a k dimensional space represented by k nodes (see fig E1.2), we choose an axis
and split the problem. The k nodes are then projected into the k-1 dimensional spaces,
viewing them all as splitting nodes. Assuming the k-1 dimensional problem can be solved in
k-1 nodes that is the k-1 dimensional representation is tight, only k-1 nodes need
contribute in the projection (see fig E1.3). Of the original k nodes one nede does not

contribute in each split, and so there are two reducing node. The other k-2 nodes are either

splitting nodes or reducing nodes.
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Fig E1.3 Nodes that contribute in a split across a single axis

The two splits share at least k-2 nodes (see fig E1.4). This is the case since if they
share less, then the requirément that the k-1 dimensional problem is tight is violated. If
they share k-1 nodes then the k dimensional problem is not full and only requires k-1 nodes
to represent the problem.

K nodes

k nodes k nodes

I
I
!

k-1 nodes | k-1 nodes
f
b
|

7 k-2 nodes
Fig E1.4. Schematic diagram of the number of nodes that split or reduce across an axis. k-2

nodes are shared by both splits, that is they are splitling nodes, while the two remaining

nodes only contribute to one of the splits, they are reducing nodes
Amalgamation of consistent nodes

There is no difference between amalgamating reducing nodes or splitting nodes. A k
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dimensional node s-consistent with those k-1 dimensional nodes we are amalgamating ‘must
be constructed. Given either a reducing or splitting node it can be viewed as being defined
over the whole k dimensional space, even though it may in fact only really contribute in a
discriminating manner in a subspace (fig E1.5a). Fig E1.5b shows nodes that contribute as

both splitting and reducing nodes across the two splits.

: it
| |
. - = - - -
_..._+_.__ |
: —I_—I—I_-
|
| _
a b

Fig E1.5 a. Schematic diagram showing just nodes splitling across each axis Aand B, b.

Schematic diagram showing both splitting and reducing nodes

The nodes of fig E1.5b can be amalgamated if they are consistent over the subspaces
in which they contribute in a discriminatory manner. A node that has appeared in the A axis
split amalgamates with a consistent node from the B axis splil. Three situations can occur.
Two splitting nodes amaigamate, two reducing nodes amalgamate or one splitting node
amalgamates a with a reducing node.

Fig E1.6c shows two splitling nodes that have amalgamated, these are called doubly
splitting nodes. Fig E1.6a shows two reducing nodes that have amalgamated. These are called
doubly reducing nodes. Fig E1.6b shows a reducing node amalgamating with a splitting node.

These are called singly splitting or singly reducing nodes.

©

9----

Fig E1.6 a. An amalgamation scheme for two reducing nodes
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Fig E1.6 b. An amalgamation scheme for a splitting node and a reducing node, ¢. An

amalgamation scheme, with two splitting nodes

By amalgamating the nodes in all four quadrants we are consiructing a single node in
the full k dimensional problem. By the analysis the k-1 dimensional nodes are proved to be
m-consisient with another ndde in their complement space. The amalgamation of the nodes in
the four quadrants result in four types of amalgamated nodes in the k dimensional space.

The simplest form is the doubly reducing node (fig E1.7a). This is a node in the k
dimensional space that only contributes in a k-2 dimensional subspace of the problem. The
singly splitting node shown in fig E1.7b, is the next case. This is a splitting node (of say the
A split} that amalgamates with two reducing nodes (of the B split). A singly splitting node is
a node in the k dimensional space that only contributes in a k-1 subspace of the problem.
The third case occurs when two splitting nodes amalgamate in a quadrant and amalgamate
with two reducing nodes in two other quadrants. This case is shown in fig E1.7¢ and is called
a partially reducing or a partially splitting node. A partially splitting node is a node in the k
dimensional space that coniributes in three k-2 subspaces of the problem. The final case is
the doubly spliting node, shown in fig E1.7d. This node is formed by amalgamating four
splitting nodes. The doubly splitting node is a node in the k dimensional space that

contributes in the whole space.
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Fig 1.7 a. A doubly reducing node, b. A singly splitling node, c. A-partially splitting node, d. A
doubly splitting node.
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Appendix EZ2. Amalgamaﬁon Scheme for the Case n= 4

We Prove the hypothesis that there exists a tight representation of the worst 4
dimensional transformation using 4 nodes whose 3 dimensional splits are tight requiring 3
nodes.

We can construct full representations of the 4 dimensional transformation by
amalgamating two tight 3 dimensional models of the problem. The minimal such model is
selected.

We can choose an axis along which to split the problem. Fig E2.1 a & b show two such

splits.
3 dimensions
3 dimensions
Fig E2.1 a. A split along axis A
2 dimensions 2 dimensions
3 dimensions 3 dimensions
2 dimensions 2 dimensions
b . e

Fig E2.1 b. A split along axis B, ¢. A splits along axes Aand B

Each of these 3 dimensional spaces can be further split into 2 dimensional subspaces
by splitting along the other axis. This results in four distinct 2 dimensional spaces from the
four 3 dimensional spaces. See fig E2.1¢ for the schematic representation.

From the analysis of appendix E1, we see that given 3-representations of the 3
dimensional subspaces, the tight 2 dimensional subspaces must consist of 1 splitting node
plus one reducing node.
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Fig E2.2 a. Schematic diagram of the nodes splitting across axis B, b. Schematic diagram of

the nodes splitting across axis A

Given the minimal model of the worst 4 dimensional problem, say a I
representation, then splitting the problem along axes A and B would have the nodes
appearing in the manner shown in fig E2.2 a & b. Putling all the nodes, in all the projections

on one diagram we have the case as shown in fig E2.2¢.

Fig E2.2¢. Schematic diagram with both the nodes that split across axis A and axis B

In each quadrant we have two representations of each node appearing from the two
different ways we split the problem so we must produce a scheme to amalgamate the
representations. We can amalgamate the nodes in each quadrant since each node in one of the
two dimensional splits (say the Athen B split} is consistent with another node from the
other two dimensional split (the B then A split}. This is the case since each node in the

original |-representation appears at least twice (due to the two different splitting
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schemes).

The following amalgamation schemes are possible;
For the case in fig E2.3a,
1 splitting node + 4 doubly reducing nodes = 5 nodes.

I I
| ] I

I/ N

I B
-r _ —
Cand O

! \J I
a . b
Fig E2.3 a. All the reducing nodes amalgamate and all the splilling nodes amalgamate, b. Two

/
I

reducing nodes amalgamate, the others amalgamate to form partially splitting nodes

For the case in fig E2.3b,
2 partial splitting nodes +2 doubly reducing nodes = 4 nodes.
For the case in fig E2.3c,

1 panrtial splitting nodes + 1 doubly reducing nodes +2 singly splitting node = 4 nodes.

O n
/=1 )

)
-)

-)

(_

VA

c

-)

v

Fig E2.3 ¢. One reducing node amalgamates, one partially splitting one is formed, and two

singly splitting nodes are formed, d. All the nodes formed split an axis singly

For the case in fig

E2.3d,



4 singly splitling node = 4 nodes.

Of all the possibilities, we have only one amalgamation scheme that violates the hypothesis

(fig E2.3a). This case is considered further. ( see fig D16)

O '®
©)

Fig E2.4 a. Unique labelling of the reducing nodes

y

Considering the splitting of the problem along the axes x and y, we can label the nodes
formed as shown, ignoring the splitting ones (fig E2.4a}. Doing the same along the axes y and
z gives us the situation as shown below (fig E2.4b). If this were not the case then the splits
with respect to the axes z and y would form one of the other amalgamation schemes, so
proving the hypolhesis. The important point to note is that the reducing nodes a, b, c and d
can not be one of the splitting planes in this new projection since these splitting planes do

not reduce with respect to the y axis, which the nodes a, b, ¢ and d do.

® |G
© | @

Fig E2.4 b. Permutation of the nodes, preserving the unique labelling

or some other permutation
preserving the splits.
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We continue the procedure over the remaining axis, which gives us the result that
the nodes a, b, ¢ and d reduce in all the projections, that is they select just one point of the
4 dimensional hypercube. In this case a different amalgamation scheme is possible.

Three of the nodes can be selected and isolated from the rest of the points using two
planes, forming a sandwich. One of the nodes is untouched, but the other three can be
represented by these two new nodes. Therefore one of the nodes in the original formulation is
redundant, so proving the result. For this case n= 4, four points can be isolated by just two
high dimensional nodes since four points form a three dimensional hyperplane in a four
dimensional space. Using these two nodes, the total number of nodes in this representation
will be three. If this were the case, the fact thal we are modelling the worst possible case
(we already know that parity requires 4 nodes), would be viclated. Therefore this
representation and amaligamation scheme can not occur.

So the hypothesis that there exists a tight representation of the worst 4 input

transtormation using 4 hidden nodes whose 3 dimensional splits are tight is proved.
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Appendix E3. Amalgamation Scheme for the Case n= k

We prove that given the minimal representation of the worst k transformation whose
k-1 dimensional and k-2 dimensional representations are light can not have more than k
hidden nodes. This is proved by examining the possible amalgamation scheme in the tight

representations of the k-2 dimensional splits.

Fig E3.1 General neura! net representation of a Boolean transformation
Given a k dimensional problem, with its minimal representation, the I-

representation (fig E3.1), we can choose two distinct axes in which to split the problem into

lower dimensional problems. (fig E3.2 a & b)

k-1

k-1
Fig E3.2 a. A split along axis A
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k-2 k-2

K-1 k-1

k-2 k-2

b c
Fig E3.2 b. A split along axis B, ¢. A split along axes Aand B

Each of these k-1 dimensional spaces can be furlher split into k-2 dimensional
subspaces by splitting along the other axis. This results in four distinct k-2 dimensional
spaces from the four k-1 dimensional spaces. See fig E3.2¢ for the schematic representation

and fig E3.3 a- d, for the network representation.

O
O

o

- O

T

c d
Fig E3.3 Network representation of a split along two axes a. A, and c. B. The two different

orders of applying the splits, b. A then B, and d. B then A

253



From the analysis of appendix E1, we see that given k-1 representations of the k-1
dimensional subspaces, the light k-2 dimensional subspaces must consist of k-3 splitting

nodes plus one reducing node. This is shown by fig E3.4 a & b.

k-3 k3L — .

B i

a b
Fig £3.4 a. Schematic diagram of the nodes splitting across axis B, b. Schematic diagram of

the nodes splitting across axis A
if we had a model of the k dimensional problem, say a |-representation, then
splitting the problem along the two axes A and B would have the nodes appearing in the

manner in fig E3.4 a & b. Putting all the nodes, in all the projections on one diagram we

have the nodes as shown in fig E3.4 c.

Fig E3.4 c. Schematic diagram with both the nodes that split across axis A and axis B
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Fig E3.5 a. Singly splitting and partially reducing nodes, these do not form doubly splitting
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nodes, b. The k-5 doubly splitting nodes that are formed when splitting nodes amalgamate

together

In each quadrant we have at least two representations of each node appearing from the
two different ways we split the problem so we must produce a scheme to amalgamate the
representations.

We can amalgamate the various nodes if they are consistent over the relevant
subspaces. The consistency of the nodes are satisfied by the fact that the subspaces are tight.
Each k-1 dimensional subproblem is {k-1)-represeniable, while each k-2 dimensional
subproblem is (k-2)-representable and so perpendicular splits of two k-1 representations
in a k-2 subspace must be consistent. That is each node in each representation must have a

corresponding consisient node in the other and so can be amalgamated.
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Fig E3.5 ¢. Two partially reducing nodes, d. Two other partially reducing nodes, e. k-5

doubly splitting nodes
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The amalgamation scheme in which the least number of doubly splitting nodes appear
is when a splitting node in one k-1 dimensional space is in fact a reducing one in its
complement, these nodes are partially reducing nodes or singly splitting nodes (see fig
E3.5a). This means that since each k-1 space has only two reducing nodes, a total of at least

k-6 nodes are still in fact splitting nodes across the two reducing axes. (fig E3.5b)

For the example in fig E3.5 ¢- e, we have ;

k-5 splitting nodes + 4 partially reducing nodes = k-1 nodes. This does not violate the
induction hypothesis. The case were we have three partially reducing nodes is similar.
If there are less than three partially splitting nodes in the amalgamated
representations then there will be at least k-4 doubly splitting nodes. The following

amalgamation schemes are possible
For the case in fig E3.6a,

k-4 original splitting nodes + 1 splitting node + 4 doubly reducing nodes = k+1 nodes.

A
== O=p

I I
O GO

Fig E3.6 a. All the reducing nodes amalgamate and ail the splitting nodes amalgamate, b. Two

reducing nodes amalgamate, the others amalgamate to form partially splitting nodes

For the case in fig E3.6b,
k-4 original splitting nodes +2 partial splitting nodes +2 doubly reducing nodes = k nodes.

For the case in fig E3.6¢,
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k-4 original splilting nodes +1 partial splitting nodes + 1 doubly reducing nodes +2 singly

splitting node = k nodes.

a ~
@r | l:) (_I :— I_)
B 1O 11 I |
b cdEb
O U YUY

c d
Fig E3.6 ¢. One reducing node amalgamates, one partially splitting one is formed, and two

singly splitting nodes are formed, d. All the nodes formed split an axis singly

For the case in fig E3.6d,

k-4 original splitting nodes +4 singly splitting node = k nodes.

Of all the possibilities, we have only one amalgamation scheme that violates the hypothesis
(fig £3.6a). This case can be proved to be non minimal in an identical manner to that of
appendix E2. So the hypothesis that the minimal representation of the worst k
transformation whose k-1 dimensional and k-2 dimensional representations are tight can

not have more than k hidden nodes is proved.
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Appendix F1. Quantisation Experiments

Aim:

To identify the ability of a single layer of nodes to model the arbitrary quantisation of

real valued input to a Boolean output.

Method:

The data sets where generated by a seeded pseudorandom scheme. The data consisted of
a real valued input value followed by the Boolean output values. The real valued output is
given by the formula;

Output= (Seed - 505)/ 505,

Nextseed= (Seed * 101 * 992) mod 1009,
and the Boolean outputs were generated in the order (1,1,...,1,1) then (1,1,...,1,-1) and
(1.1,...,-1,1) and (1,1,...,-1,-1) and iteratively to (-1,-1,...,-1,-1).

The initial neural network configurations where generated in the same manner as
those of appendix A1. The quantisation nets with one input and n quantisation nodes are
defined by 2*n weight values.

The‘experiments were generated with a pseudorandom scheme. Twenty four
pseudorandom neural network configurations were selected to be trained on pseudorandom
data sets given by the formula;

Dataseed= 7 * Inputnodes,

Netseed= 11 * lnputnodes,

Experiment is net(Netseed) trained on data(Dataseed),

Nextdataseed= (Dataseed * 101 * 992) mod 1009,

Nextnetseed= (Netseed * 101 * 992) mod 1009.

The temperature value of 0.1 and a learning rate of 0.01 was used. The experiments were
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run for 1000 ierations. The sum squared error convergence characteristics are shown in

graphs F1.1 a- ¢ and table F1.1.

Results:

The sum squared error values of the arbilrary input quantisation neural network
increases as the number of input quantisation nodes increases. Most of the experiments do not
converge completely within the 1000 iterations examined. Table F1.1 shows the mean and
variance of the sum squared error performance for the specific number of quantisation nodes
used. Graphs F1.1 a- ¢ show the sum squared error performance for each of the experiments.
" These values will be used to compare the performance of different neural network structures

at modelling arbitrary real valued transformations.

Experiment Mean Variance
2 oulput case 0.465 0.564
3 output case 1.722 1.444
4 output case 7.010 3.239

Table F1.1. Mean and variance of the sum squared error convergence after 1000 iterations

for the single layer quantisation neural network structure

Analysis:

The results show that as the number of quantisation nodes are increased the single
layer quantisation neural network’s ability to model the arbitrary real input quantisation
decreases. A single layer quantisation neural network structure can only model linear
quantisation transformations. Since the training data are random input quantisations many

will be non linear. The poor convergence performance of the single layered neural network
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quantisation structure can be explained by its inability to model the nonlinear
transformations. The deterioration in performance as the number of quantisation nodes
increase are explained by the increased probability of nonlinear transformations for the

larger number of quantisation nodes.

Graphs:

Experiment Number
Y

=N WD OO

sum_square_arror

Graph F1.1 a. Sum square error performance of the single layer quantisation neural network
structure with two guantisation nodes after 1000 iterations
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Graph F1.1 b. Sum square error performance of the single layer quantisation neural network
structure with three quantisation nodes after 1000 iterations
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Graph F1.1 c. Sum square error performance of the single layer quantisation neural network
structure with four quantisation nodes afier 1000 iterations
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Appendix F2. Decoding Experiments

Aim:

To identify the ability of a single nodes to model the arbitrary decoding of Boolean

input to a real valued output.

Method:

The data sets were generated by a seeded pseudorandom scheme. The data consisted of
the Boolean input values generated as the outputs of the experiments in appendix F1 followed
by a real valued output generated as the inputs of the experiments in appendix F1.

The initial neural network configurations where generated in the same manner as
those of appendix Al. The quantisation nets with one decoding output node and n input nodes
are defined by n +1 weight values.

The experiments were generated with a pseudorandom scheme. Twenty four random
neural network configurations were selected to be trained on random data seis in an identicai
manner to that of appendix F1. The temperature value of 0.1 and a learning rate of 0.01 was
used. The experiments were run for 1000 iterations. The sum squared error convergence

characteristics are shown in graphs F2.1 a- ¢ and table F2.1.

Results:

The single layer decoding neural network structure’s sum squared error values
increases as the number of input nodes increases. The performance is significantly worse
than that of the single layer quantisation neural network. Table F2.1 shows the mean and

variance of the sum squared error performance for the specific number of input nodes used.

Graphs F2.1 a- ¢ show the sum squared error performance for each of the experiments.
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Experiment Mean Variance

2 input case 4.019 1.917
3 input case 13.325 3.085
4 input case 35.814 2.748

Table F2.1 Mean and variance of the sum squared error after 1000 iterations for the single

layer decoding neural network structlure

Analysis:

A single ayer decoding neural network cannot model arbitrary transformations from
a Boolean to a real valued space unless the transformation is monotonic over the Boolean
space. That is the Boolean space does not possess any exclusive o r properties. The sum
squared error performance of the decoding system is worse than that of the quantisation
system since the condition that input quantisations are linear transformations are more

probable than the condition that the output decoding is monotonic over the input space.

263



Graphs:

Kumber

Experimeant
e tats i
~nwaneounVoRpuasuDe3NREY

sum_sguare_error

Graph F2.1 a. Sum square error performance of the single layer decoding neural network
structure with two decoding nodes after 1000 iterations
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Graph F2.1 b. Sum square error performance of the single layer decoding neural network
structure with three decoding nodes after 1000 iterations
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Graph F2.1 ¢. Sum square error performance of the single layer decoding neural network
structure with four decoding nodes after 1000 iterations
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“Appendix F3. Multitayer Quantisation Experiments

Aim:

To identify the ability of three layers of nodes to model the arbitrary quantisation of

real valued input to a Boolean output.

Method;

The data sets were identical to those in appendix F1,

The initial neural network configurations where generated in the same manner as
those of appendix A1. The quantisation nets with one input and three layers of n quantisation
nodes are defined by 2*n*(n+1) weight values.

The experiments were generated with a pseudorandom scheme. Twenty four random
neural network configurations were selected 1o be trained on random dala sets in an identical
manner to that of appendix F1. The temperature value of 0.1 and a leaming rate of 0.01 was
used. The experiments were run for 1000 iterations. The iterative convergence
characteristics are shown in graphs F3.1 a & b. The sum squared error convergence

performance is shown in graphs £3.2 a- e and table F3.1.

Results:

The sum squared error values of the multilayer quantisation neural network
increases as the number of nodes increases. The sum squared error values are less than those

of the single layer quantisation neural networks.

Two input case; 12/ 24 experimenis converged within 1000 iterations.

Three input case; 11/ 24 experimenis converged within 1000 iterations.
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Experiment Mean Variance
2 output case 0.290 0.572

3 output case 0.439 0.701

4 oulput case 1.120 2.044

5 output case 4.211 4.119

6 output case 22.249 10.810

Table F3.1 Mean and variance of the sum squared error after 1000 iterations for the three

layer decoding neural network structure

Analysis:

The ability of three layered quantisation neural network structures to model
arbitrary quantisations is better than that of single layered structures. The representational
power increases with the increased number of layers and is demonstrated by the results. The

three layered quantisation neural network structure is not limited 1o modeiling flinear

quantisation transformations.
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Graph F3.1 a. Number of iterations required for convergence of the three layer quantisation -
neural network structure with two input and hidden nodes
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Graph F3.1 b. Number of iterations required for convergence of the three layer quantisation
neural network structure with three input and hidden nodes
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Graph F3.2 a. Sum square error performance of the three layer quantisation neural network
structure with two input and hidden nodes after 1000 ilerations
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Graph F3.2 b. Sum square error performance of the three layer quantisation neurat network
structure with three input and hidden nodes after 1000 iterations
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Graph F3.2 c. Sum square error performance of the three layer quantisation neural network
structure with four input and hidden nodes after 1000 iterations
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Graph F3.2 d. Sum square error performance of the three layer quantisation neural network
structure with five input and hidden nodes after 1000 iterations
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Graph F3.2 e. Sum square error performance of the three layer quantisation neural network
structure with six input and hidden nodes after 1000 iterations
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Appendix F4. Quantising and Decoding Experiments

Aim:

To identify the ability of three layers of hidden nodes to model the arbitrary

quantisation and decoding of a real valued input to a real valued output.

Method:

The data sets were generated by a seeded pseudorandom scheme. The data consisted of a
real valued input followed by a real valued outpul. These were generated via;

Output= {Outputseed - 505)/ 505,

input= (Inputseed - 505)/ 505,

Nextoutputseed= (Outputseed * 101 * 992) mod 1009,

Nextinputseed= (Intputseed * 101 * 992) mod 1009,

and continued ieratively for ail the whole input set, namely 2" data points.

The initial neural network configurations where generated in the same manner as

those of appendix A1. The quantisation nets with one input node three layers of n hidden nodes
and one oulput node are defined by 2'n2 + 5°n +1 weight values.

The experiments were generated with a pseudorandom scheme. Twenty four random
neural network configurations were selected to be trained on random data sets. The
temperature value of 0.1 and a learning rate of 0.01 was used. The experiments were run for

1000 iterations. The convergence characteristics are shown in graphs F4.1 a- d.

Results:

The final sum squared error values after 1000 iterations of the multilayer

272



quantising and decoding neural network increases as the number of hidden nodes increases.
The sum squared error values are comparable to those obtained for single layered decoding

neural networks in appendix F2.

Experiment Mean Variance
2 hidden nodes 1.250 0.860
3 hidden nodes 3.409 2.448
4 hidden nodes 7.637 4.738
5 hidden nodes 19.393 8.523

Table F4.1 Mean and variance of the sum squared error after 1000 iterations for the four

layer quantisation and decoding neural network structure

Analysis:

A larger neural network structure has greater representational power than a smaller
neural network structure. Given a larger neural network structure, larger training sets can
be modelled. Larger training sets provide more conflicting update values and so optimat
convergence requires more than the 1000 iterations studied in this experiment. The
comparable performance with the single layered decoding neural network reflects the fact
that the output layer of the multilayer quantising and decoding neural network is a single
layered decoding layer. The sum squared error convergence performance of the multilayered
neural network as compared with the single layered decoding neural network will improve
with more iterations since the multilayered neural network can manipulate the values fed

forward to the decoding layer.
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Graph F4.1 a. Sum square error performance of the four layer quantisation and decoding
neural network structure with two nodes in each hidden layer after 1000 iterations
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Graph F4.1 b. Sum square error performance of the four layer quantisation and decoding
neural network structure with three nodes in each hidden layer after 1000 iterations
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Graph F4.1 c. Sum square error performance of the four layer quantisation and decoding
neural network structure with four nodes in each hidden layer afler 1000 iterations
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Graph F4.1 d. Sum square error performance of the four layer quantisation and decoding
neural network structure with five nodes in each hidden layer afler 1000 iterations
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Appendix F5. Reduced Input Quantisation Experiments

Aim:

To identify the ability of a single layer of nodes to model the arbitrary quantisation ot

real valued input to a Boolean output given a reduced fraining set.

Method:

The data sets were generated by a seeded pseudorandom scheme. The data consisted of a
real valued input generated as the outputs of the experiments in appendix F1 followed by the
Boolean input values generated as the inputs of the experiments in appendix F1. The reduced
training sets that were generated consisted of n*(n+1) points for n= 5 and 2" points for n<
4. This is the same sized training sets for n< 4 as in appendix F1 and a reduced set for n> 5.

The initial neural network configurations where generated in the same manner as
those of appendix A1. The quantisation nets with one input node and n decodiﬁg output nodes
are defined by 2*n weight values.

The experiments were generated with a pseudorandom scheme. Twenty four random
neural network configurations were selected 10 be frained on random data sets in an identical
manner to that of appendix F1. The température value of 0.1 and a leaming rate of 0.01 was
used. The experiments were run for 1000 iterations. The sum squared error convergence

characteristics are shown in graphs F5.1 a- ¢ and table F5.1.
Results:

The final sum squared error values afler 1000 iterations of the arbitrary reduced
input quantisation neural network increases as the number of input quantisation nodes
increases. The sum squared error convergence performance is comparable 1o those of
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appendix F1 when the training sets were of identical size, namely ns< 4, while the sum
squared error convergence performance is much improved over the reduced training sets n>
5. Table F5.1 shows the mean and variance of the sum squared error performance for the
specific number of input nodes used. Graphs F5.1 a- d show the sum squared error

performance for each of the experiments.

Experiment Mean Variance
2 oulput case 0.471 1.113
3 output case 1.809 1.507
4 oulput case 1.77¢6 2.669
5 output case 18.067 4.158

Table F5.1 Mean and variance of the sum squared error after 1000 iterations of the reduced

input set single layer quantisation neural network structure

Analysis:

The reduced training sets that ;Jvere employed in this experiment allow training sets
that are linear 10 be more probable than before. Therefore the single layered neural

networks are more likely to converge with the reduced training sets.
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Graph F5.1 a. Sum square error performance of the reduced input set single layer
quantisation neural network structure with two quantisation nodes after 1000 iterations
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Graph F5.1 b. Sum square error performance of the reduced input set single layer
quantisation neural network structure with three quantisation nodes after 1000 iterations
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Graph F5.1 ¢. Sum square error performance of the reduced input set single layer
quantisation neural network structure with four quantisation nodes after 1000 iterations
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Graph F5.1 d. Sum square error performance of the reduced input set single layer
quantisation neural network structure with five quantisation nodes after 1000 iterations
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Appendix F6. Reduced Input Decoding Experiments

Aim:

To identify the ability of a single nodes to model the arbitrary decoding of Boolean

input to a real valued output over a reduced training set.

Method:

The data sets were generated by a seeded pseudorandom scheme. The data consisted of
the Boolean input values generated as the outputs of the experiments in appendix F1 followed
by a real valued output generated as the inputs of the experiments in appendix F1. The
reduced training sets were defined as in appendix F5.

The initial neural network configurations where generatled in the same manner as
those of appendix A1. The quantisation nets with one decoding output node and n input nodes
are defined by n +1 weight values.

The experiments were generated with a pseudorandom scheme. Twenty four random
neural network configurations were selected fo be trained on random data sets in an identical
manner to that of appendix F1. The temperature value of 0.1 and a leaming rate of 0.01 was
used. The experiments were run for 1000 iterations. The sum squared error convergence

characteristics are shown in graphs F2.1 a- d and table F&.1.

Results:

The sum squared error values of a single layered decoding neural network structure
trained on reduced data sets increase as the number of inputs increase. The sum squared
error convergence performance is comparable to those of appendix F2 when the training sets

were of identical size, namely n< 4, while the sum squared error convergence performance
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is much improved over the reduced training sets n> 5. Table F6.1 shows the mean and
variance of the sum squared error performance for the specific number of quantisation nodes

used. Graphs F6.1 a- d show the sum squared error performance for each of the experiments.

Experiment Mean Variance
2 input case 4.952 1.765
3 input case 14.191 1.776
4 input case 35.020 2.647
5 input case 68.590 3.451

Table F6.1 Mean and variance of the sum squared error after 1000 iterations of the reduced

input set single layer decoding neural network structure

Analysis:

The reduced data sets allow the transformations from Boolean to real valued spaces
that are monotonic to be more probable. This means that the training algorithm is more

likely to converge given reduced training data sets.
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Graph F6.1 a. Sum square error performance of the reduced input set single layer decoding
neural network structure with two decoding nodes after 1000 iterations
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Graph F&.1 b. Sum square error performance of the reduced input set single layer decoding
neural network structure with three decoding nodes after 1000 iterations
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Graph F5&.1 c. Sum square error performance of the reduced input sel single layer decoding
neural network structure with four decoding nodes after 1000 iterations
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Graph Fé.1 d. Sum square error performance of the reduced input set single layer decoding
neural network siructure with five decoding nodes after 1000 iterations
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Appendix F7. Reduced Input Multitayer Quantisation

Experiments

Aim:

To identify the ability of three layers of nodes to model the arbitrary quantisation of

real valued input to a Beolean output over a reduced training set.

Method:

The data sels were identical to those in appendix F5.

The initial neural network configurations where generated in the same manner as
those of appendix A1. The quantisation nets with one input and three layers of n quantisation
nodes are defined by 2*n*(n+1) weight values.

The experiments were generated with a pseudorandom scheme. Twenty four random
neural network configurations were selected 1o be trained on random data sets in an identica!
manner to that of appendix F1. The temperature value of 0.1 and a learing rate of 0.01 was
used. The experiments were run for 1000 iterations. The iterative convergence
characteristics are shown in graphs F7.1 a- ¢. The sum squared error convergence

characteristics are shown in graphs F7.2 a- g and table F7.1.
Results:

The sum squared error values of a multilayered quantisation neural network
structure frained on reduced data seis increase as the number of inputs increase. The sum
squared error convergence performance is comparable to those of appendix F3 when the

training sets were of identical size, namely n< 4, while the sum squared error convergence
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performance is much improved over the reduced training sets n> 5. Table F7.1 shows the
mean and variance of the sum squared error performance for the specific number of output
nodes. Graphs F7.2 a- g show the sum squared error performance for each of the
experiments.

The sum squared error values of this experiment is much better than those of the

single layered quantisation experiment as discussed in appendix F5.

Experiment Mean Variance
2 output case 0.256 0.752
3 outpul case 0.350 0.852
4 output case 1.527 2.053
5 oulput case 3.440 3.225
6 output case 10.388 6.110
7 output case 21.272 8.913
8 output case 32.861 9.040

Table F7.1 Mean and variance of the sum squared error after 1000 iterations of the reduced
input set, three layer quantisation neural network structure

Analysis:

The larger neurat network structure is belter able 1o model quantisation
transformation, whether it is linear or non linear. This explains why the sum squared error
convergence performance of the multilayered quantisation system (see appendix F3) is much
better than that of the single layered system. The_reduced data sets allow the simple linear
transformations to be more probable. Therefore a multilayer quantisation neural network
structure with a reduced training data set is more likely to converge than a single layer

quaniisation neural network structure with a large training set.
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Graph F7.1 a. Number of iterations required for convergence of the reduced input set three
_layer quantisation neural network structure with two input and hidden nodes
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Graph F7.1 b. Number of iterations requi'red for convergence of the reduced input set three
fayer quantisation neural network structure with three input and hidden nodes
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Graph F7.1 c. Number of iterations required for convergence of the reduced input set three
layer quantisation neural network structure with four input and hidden nodes
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Graph F7.2 a. Sum square error performance of the reduced input set three layer
quantisation neural network structure with two input nodes after 1000 iterations
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Graph F7.2 b. Sum square error performance of the reduced input set three layer
quantisation neural network structure with three input nodes after 1000 iterations
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Graph F7.2 c. Sum square error performance of the reduced input set three layer
quantisation neural network structure with four input nodes after 1000 iterations
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Graph F7.2 d. Sum square error performance of the reduced input set three layer
quantisation neural network structure with five input nodes after 1000 iterations
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Graph F7.2 e. Sum square error performance of the reduced input set three layer
quantisation neural network structure with six input nodes after 1000 iterations

289



Number
=

Experiment
b
o

—“-NWaENOYED

4] 10 20 30 40
BuUm_square_error

_ Graph F7.2 f. Sum square error performance of the reduced input set three layer
quantisation neural network structure with seven input nodes after 1000 iterations
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Graph F7.2 g. Sum square error performance of the reduced input set three layer
quantisation neural network structure with eight input nodes after 1000 iterations
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Appendix F8. Reduced Input Quantising and Decoding

Experiments

Aim:

To identify the ability of three layers of hidden nodes o mode! the arbitrary
quantisation and decoding of a real valued input to a real valued output over a reduced training

set.

Method:

The data sets were generated by a seeded pseudorandom scheme. The data was generated
in an identical manner to that of appendix F4. The reduced data sets were defined in an
identical manner to that of appendix F5.

The initial neural network configurations where generated in the same manner as

those of appendix A1. The quantisation nets with one input node three layers of n hidden nodes
and one output nods are defined by 2'n® + 5'n +1 weight values.

The experiments were generated with a pseudorandom scheme. Twenty four random
neural network configurations were selected to be trained on random data sets. The
temperature value of 0.1 and a leamning rate of 0.01 was used. The experiments were run for
1000 iterations. The sum squared error convergence characteristics are shown in graphs

F8.1 a- d and table F8.1.
Resuits:

The sum squared error values of a multilayered quantising and decoding neural

network structure trained on reduced data sets increase as the number of inputs increase.
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The sum squared error convergence performance is much improved over the reduced training
sets n2 5. Table F8.1 shows the mean and variance of the sum squared error performance for
the specific number of output nodes. Graphs F8.1 a- d show the sum squared error
performance for each of the experiments.

The sum squared error values of this experiment are better than those of the single

layered decoding experiment as discussed in appendix F6.

Experiment Mean Variance
§ hidden nodes 15.885 7.525

6 hidden nodes 27.288 12.472
7 hidden nodes 38.441 18.990
8 hidden nodes 53.345 22.789

Table 8.1 Mean and variance of the sum squared error after 1000 iterations of the reduced

input set, four layer quantisation and decoding neural network structure

Analysis:

The reduced data sels allow simpler linear transformations to be more probabie and
so are easier to model than larger training sets. This is demonstrated by the improved
performance of the training algorithms for these reduced fraining sets.

The improved representational power of larger neural network structures over
smaller neuratl network structures is demonsirated by the smaller sum squared error values
of this experiment as dompared to that of the single layered decoding neural network of

appendix F6.
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Graph F8.1 a. Sum square error performance of the reduced input set four layer quantisation
and decoding neural network structure with five nodes in each hidden layer(1000 iterations)

Experiment Number
1 anh amh -l -
~nusue~Naeo - perranoB 2RER

L=

10 20 30 40 50 60
sum_square_orror

Graph F8.1 b. Sum square error performance of the reduced input set four layer quantisation
and decoding neural network structure with six nodes in each hidden layer(1000 iterations)
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Graph F8.1 ¢. Sum square error performance of the reduced input set four layer quantisation
and decoding neural network structure with seven nodes in each hidden layer(1000
iterations)
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Graph F8.1 d. Sum square error performance of the reduced input set four layer quantisation
and decoding neural network structure with eight nodes in each hidden layer{(1000
iterations)
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Appendix G: Training a Neural Network Controller for

Adhesive Dispensing

Aim:

To examine various methods of training a neural network controller for adhesive
dispensing (see chapter nine, Williams et al ‘80 and West '92). To examine the performance
of the learning phase and to evaluate the performance of the execution phase. To examine the
ease with which the trained neural network’s structure and behaviour could be understood

and explained.

Method:

Eight different training experiments were implemented corresponding to the different

training data, neural network structure and weights that were assigned.
Data sels

The following training data were used;
i. Real contro! data:

These were obtained by observing the adhesive dispensing system under control with a
rule based bang bang controller. The problem with using this type of data is that all the
possible process fauits may not be present in the data.

ii. Hand crafted data:

All the observed process characteristics and process faults were used to construct a
set of training data. This set had the advantage of possessing all the process characteristics
and faults that had been observed in many experiments. Also this training set was small since

oniy useful learning data had been included. This disadvantage with this data set is that any
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hidden properties of the real system such as correlations belween the system variables were

lost in the hand crafted data.
Neural network structure

The following neural nelwork structures were used;
i. Fully connected:

This neural network struclure consisted of the seven input nodes and the ten output
nodes specified by the system. The fully interconnected structure has ten hidden nodes. These
hidden nodes corresponded to the three banded regions of the area, area_change and
pulse_height system variables (six hidden nodes) and the four threshold boundaries of the
rise_time, fall_time, puise_width and box_area_ratio system variables (four hidden
nodes).

i, Structured fully interconnected neural network:

This neural network structure consisted of the specified input and output nodes,
corresponding to the system variables and six hidden nodes. The threshold units of the four
threshold boundaries of the rise_time, fali_time, pulse_width and box_area_ratio system
variables can be implemented without hidden nodes while the six hidden nodes correspond to
the three banded regions of the area, area_change and pulse_height system variables (six
hidden nodes). The connection pattern of this system was;

a. All the input nodes were fully interconnected to all the hidden nodes. -

b. All the input nodes were fully interconnected to all the thresholding flag outputs,
namely the rise_time_flag, fall_time_flag, pulse_width_flag and box_area_ratio_flag
nodes,

¢. All the hidden nodes were fully interconnected 10 all the banded flag and decision
outputs, namely the area_action,change_area, bubble_flag, bubble_decision,
pulse_height_flag and pulse_height_decision nodes. |
lii. Structured partially connected neura! network:

This neural network structure consisted of the specified input and output nodes,
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corresponding to the system variables and six hidden nodes. The threshold units of the four
threshold boundaries of the rise_time, fall_time, pulse_width and box_area_ratio system
variables can be implemented without hidden nodes while the six hidden nodes correspond to
the three banded regions of the area, area_change and pulse_height system variables (six
hidden nodes). The connection pattern of this system was;

a. Each thresholded input node was connected to its corresponding output flag and no
other, e.g. the box_area_ratio input node was connected to the box_area_ratio_fiag output
node. |

b. The banded input nodes were connected to a pair of hidden nodes and no others, e.g
the area input node was connected to midnode1 and midnode2 and no others.

¢. Each hidden node pair was connected to its corresponding output flag or decision
node, e.g. the midnode1 and midnode2 nodes were connected to output nodes area_action and

change_area and no others.
Neural network weights

The following weight specifications were used;
i, Small random weight values:

This means that no information is given 1o the initial neural network structure.
ii. Small hand crafted weights:

This means that the knowledge available about the control problem is used to give the
neural network structure an approximate measure of where the set points of the banded
region and thresholds are in the input space.

iii. Large derived weights:

This means that the greater knowledge about the control problem is used to specify the
set points of the banded region and thresholds are in the input space as well as the tolerances
that are required on these set points. The smaller the tolerances that are required the greater
the magnitude of the weights of the neural network. This is also relaled to the temperature

value of the neural network.
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Experiments

The neural network convergence experiments were run with a learning rate of 0.01
and a temperature of 0.1. The maximum number of iterations that were allowed was 5000.
This set an upper limit on the training procedure. If the training algorithm did not converge
within this limit the sum squared error values after 5000 iterations were used 1o examing

the performance of the training algorithm.

Results:

The resulls of the experiments are shown in table G.1. The sum squared error
convergence characteristics of each of the experiments are shown in graphs G.1 a- f and G.2
a- f. The performance of the converged neural network controlier on the real process is

shown in graph G.3.

Neural Initial
Network Weight Simulated Data Real! Data
Structure Specification  [“ferations | Sum square error | Marations | Sum square arror
Smatl
Fully Random 5000 155.957 5000 279.987
Interconnected We]ghts
Structure B
. Small
Specified 5000 20.079 5000 269.436
Values -
::“:dwed deg | Smal
nierconnecle Random 2343 0.045 5000 146.888
Structure Weights
Small
. Random 5000 41.065 5000 159.561
Minimal Weights
Designed
Structure Small
Specified 2874 0.187 5000 123.111
Values
Large
Derived 4 0.065 44 0.116
Weights

Table G.1 Convergence properties of the training algorithm for different initial neural
network struclure and training data

298



Analysis:

Improved sum squared error convergence performance was obtained by increasing the
design effort implementing the neural network coniroller. The most significant factor that
effected the performance of the automated training was the structure of the initial neural
network that was trained. Pruning the neural network to the minimum that was required to
model the problem aided optimal convergence.

The second significant factor was the initial weight specification, Small random
weights provided no information. The sum squared error convergence was not gooed. Including
small weight values that were designed to place the initial neural network in the approximate
region of the control problem set peoints improved the convergence performance. This model
converged on the simulated data but did not converge within the 5000 iterations { examined
in this experiment) on real data. This was due to the fact that the real training data contained
data that required decisions to be made over small tolerances which can only be achié.ved by a
neural network with a low temperature or one with large weight values.

Deriving large weight values that modelled the control set points 10 finer tolerances
ensured that the automated training would converge in fewer iterations. This method
effectively starts the neural network in a configuration that is very close to a suitable
controller. The automated training fine tunes the neural network o produce the required
controller. The fine tuning is normally necessary given real dala since the real data will

possess properties that are not modelled by the designed neural network.
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Graph G.1 a. Sum squared error performance of the fully interconnected neural network
structure with small random weights trained on selected simulated data
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Graph G.1 b. Sum squared error performance of the fully interconnected neural network
structure with small specified weight values trained on selected simulated data
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Graph G.1 ¢. Sum squared error performance of the reduced interconnected neural network
structure with small random weights trained on selected simulated data (note the change of
scale on the horizontal axis)
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Graph G.1 d. Sum squared error performance of the minimal designed neural network
structure with small random weights trained on selected simulated data
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Graph G.1 e. Sum squared error performance of the minimal designed neural network
structure with small specified weight values trained on selected simulated data (note the
change of scale on the horizontal axis)
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Graph G.1 f. Sum squared error performance of the minimal designed neural network
structure with large derived weight values trained on selected simulated data (note the
change of scale on the horizontal axis)
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Graph G.2 a. Sum squared error performance of the fully interconnected neural network
structure with small random weights trained on selected real data
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Graph G.2 b. Sum squared error performance of the fully interconnected neural network
structure with small specified weight values trained on selected real data
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Graph G.2 ¢. Sum squared error performance of the reduced interconnected neural network
structure with small specified weight values trained on selected real data
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Graph G.2 d. Sum squared error performance of the minimal designed neural network
structure with smail random weights trained on selected real data
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Graph G.2 e. Sum squared error performance of the minimal designed neural network
structure with small specified weight values trained on selected real data
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Graph G.2 f. Sum squared error performance of the minimal designed neural network
structure with large derived weight values trained on selected real data (note the change of
scale on the horizontal axis)
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Graph G.3 a. Biob area control performance of a neural network controller. Note that the blob
area variation is kept within the 5% (2000 Units) limits of the target value (40000 units)
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Graph G.3 b. The applied pressure pulse variation used to produce the control performance of
Graph G.3a. Note the initial increase in pressure required to reach the target area of 40000
units when the system initially started dispensing blobs of 30000 units
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