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1. Introduction

A trapped Bose-Einstein condensate, when it is placed into rotation, will nucleate
quantized vortices in the condensate bulk, provided the rotation frequency is above
some critical value. As the rotation frequency is increased, so too is the number of
vortices [1]. Bretin et al. [2], over a decade previously, experimentally showed this with
a series of images of a condensate rotating at different frequencies. Despite the relatively
few number of vortices nucleated, it was a beautiful demonstration of the nucleation of,
and competition between, quantum vortices.

Often a Bose-Einstein condensate is trapped harmonically, in which case the
rotating condensate, provided the rotation frequency is sufficiently large, i.e. there are
enough vortices present, will possess a triangular vortex lattice [3, 4]. In such cases, it
can be shown that the ground state requires the condensate to be approximately in solid-
body rotation. Furthermore, a direct implication of the harmonic trapping potential, is
the restriction to a disk-shaped condensate and an upper limit on the rotation frequency
Q: Q < w, where w is the frequency of the trapping potential.

A number of studies [2, 5], primarily with the aim of investigating the “ultra-
fast” rotation limit, have looked to alleviate this upper limit on the trapping potential,
through the addition of a central quartic potential. However, a consequence of imposing
a quartic potential to the existing harmonic potential, is to remove the restriction that
the shape of the condensate must remain be disk-shaped; we can now have an annular-
shaped condensate [5]. This allows for the possibility of a rotating condensate in which
the geometry is annular, and in which the vortices are nucleated in both the condensate
bulk, much as in the case of a purely harmonic trap, or are nucleated inside the annulus,
a region where the density is microscopically small, or a combination of both. These
latter possibilities gives rise to the appearance of a giant vortex [6] with circulation
greater than or equal to one.

The presence of a giant vortex breaks the solid-body rotation of the condensate
and instead there is a pure irrotational flow. A number of works have looked to the
transition from solid-body rotation to pure irrotational flow. For example, Kavoulakis
& Baym [7] have identified three distinct rotational regimes of interest: (a) a vortex
lattice (VL) regime in which the condensate is disk-shaped and possesses many vortices
that form a triangular vortex lattice (solid-body rotation), (b) a vortex lattice plus hole
(VLH) regime in which the condensate is annular-shaped but there are no (or only a
few) vortices present in the hole (so a giant vortex with a circulation of order 1), however
the condensate bulk still possesses many vortices that approximately form a triangular
lattice, and (c) a giant vortex (GV) regime in which the condensate is annular-shaped
and there is a large circulation at the origin (pure irrotational flow). Similar features
have been observed in [5], who in addition noted the conditions on the rotation frequency
and quartic trapping strength in order to transfer from a disk-shaped condensate to an
annular-shaped condensate and [8], who looked to related situations but instead with a
harmonic plus Gaussian potential.
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All of the above discussion relates to a single component condensate, however the
creation of a condensate mixture leads to a richer physical landscape [9]. The added
degrees of freedom naturally present in the system allows for competition between and
within the individual components, and between the nucleated topological defects. In this
latter case, one can see the presence of triangular vortex lattices, square vortex lattices
and vortex sheets [10] (where the vortices from each component form alternating lines).

In this paper we are instead interested in the effects that the condensate mixture
has on the geometry of the system and the resulting giant vortex competitions. The
creation of a condensate mixture - as, for example in [11, 12, 13] - leads to rotating and
non-rotating ground states in which each component may possess a different geometry,
and thus the possibility that each component possesses a different type of flow. In order
to account for these possibilities, two different trapping potentials can be considered,
either a harmonic trapping potential [14, 15, 16, 17, 18, 19] or an additional term in the
potential could be added, such as a quartic [5, 20, 21, 22, 23, 24] or a Gaussian term
8, 25, 26, 27]. Here, we will concentrate on the simple harmonic trap as well as the
harmonic plus Gaussian trap.

In the case of a condensate mixture with a simple harmonic trapping potential,
either both components are disk-shaped or one component is a disk while the other
is an annulus [28, 9], with a simple increase in the strength of the coupling between
the condensates being an adequate control to switch between the two regimes. We
can therefore envisage a situation whereby one component is always in the VL regime
(disk-shaped and possesses solid-body rotation), while the other component, through
an increase in the coupling, transfers from VL to GV. In contrast, in the case of a
condensate mixture with a harmonic plus Gaussian trapping potential, all combinations
of disk or annular geometry are permitted [14]. This opens up the additional possibility
that both components will possess a giant vortex. This paper will investigate in detail
these transitions, and competitions between the giant vortices, in mixture condensates.

2. Energy functional

The two-component Bose-Einstein condensate at zero temperature in the mean-field
regime can be described in terms of two wave functions W; and W, respectively
representing component 1 and component 2. The energy functional of the rotating
condensate is then given by

E[W,, U, :/ >

k=1,2

h? _ U
—— |V + Vi(r) | Vg | — RQUEL, Uy, + |0 |
ka 2

+ Ulg‘\Dl’Ql\DQ’QdQT,

where we have assumed that the characteristic energy of the harmonic oscillator in the z
direction is large with respect to the other energy scales so that the geometry is restricted
to two dimensions. Here » = (x,y) and the harmonic plus Gaussian magnetic trapping
potential is Vi (r) = mywir?/2+V exp(—2r?/w?) with trapping frequency wy, (for k = 1,
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2), energy V; and where wy is the waist of the laser (taken here to be centred at the
origin). The angular momentum is in the z-axis and is defined as L, = i[Z- (r X p)], for
momentum p, and the rotation frequency € = Qe, is taken to apply equally to both

components.

The energy functional (1) contains three interaction constants: U, =
V8rh2ay/[mpai] (k = 1, 2) representing the internal interactions in a particular
component, and Ujs = v/2wha15/[mysd.] representing the interactions between the

two components. The reduced mass is defined as my; = m;' + m;' and the s-wave
scattering lengths are a; and a2, with a.; the characteristic length of the harmonic
oscillator in the z direction, that is a.x = \/h/myw.k, with w,; and w,s the frequencies
of the confinement in the z direction. The average of the characteristic lengths of the
harmonic oscillator in the z direction is defined as a, = (a.; + a,2)/2. To ensure a
quasi-two-dimensional condensate, Aw.; must be large.

To simplify the analysis we set masses and trapping frequencies equal (m; = my =
m and w; = wy = w) and non-dimensionalise the energy functional according to w1,
hw and rg = \/h/(2mow) as units of time, energy and length respectively. This results

m

Bl = [ 3

k=1,2

1
SV + VP Q0L+ Il + ol Pl

(2)
with V(1) = r2/2+Aexp(—1%1?), Q = Q/w, A = Vj/hw, inverse waist | = (2h/mww?)'/?,
gr = 2Upmia/k* and g19 = 2Uomyo/h?. The 91 and v, are the non-dimensionalised
wave functions that are subject to the normalisation

/ [nl*d®r = Ny, (3)

where Ny is the total particle number in component k. We will assume throughout that
there are only ever repulsive interactions, so that gx, gio are always non-negative, and
that the intracomponent coupling parameters are in general distinct, making (w.l.o.g)
the stipulation that g > g;.

3. A harmonically trapped condensate

3.1. Numerical results

We first begin by considering a purely harmonic trapping potential for which the
appropriate energy functional is given by (2) with A = 0, so that V(r) = r?/2. We keep
all parameters constant, except for the intercomponent coupling g2 and the rotation
Q. In the following we set g1 = 1, g0 = 2 and N; = Ny = 2000. These parameters
ensure that component 1 is always a disk, whereas component 2 can be either a disk
or an annulus, depending on the values we take for (g12,2). Figure 1 shows example
ground state density profiles for both components in either of these scenarios, the first
with (g12, Q) = (0.2,0.6), the second with (1.35,0.6).
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Figure 1. The density profiles of component 1 (left row) and component 2 (right
row) for the harmonically trapped condensate with N; = Ny = 2000, g1 = 1, g2 = 2,
Q2 =06, A =0and (a) g12 = 0.2 showing VL+VL and (b) g12 = 1.35 showing
VL+GV.

We see that in Figure 1(a) the two-components are disk-shaped and both contain a
triangular vortex lattice (note that these values of intercomponent coupling and rotation
impose a triangular, rather than square, lattice [28, 29]). The condensate thus possesses
a solid-body rotation in both components in this regime, which we denote by VL+VL. In
Figure 1(b), we see the development of an annulus in component 2, while component 1
remains a disk. Component 1 is therefore still in solid body rotation, whereas component
2 possesses a (small) circulation in the microscopically small density region around the
origin. We thus denote this regime by VL+GV.

3.2. Thomas-Fermi analysis

A Thomas-Fermi analysis can be used to find the critical parameters of the system,
such as the radii of the components, the chemical potentials and the circulation of the
giant vortex. If we use the replacement 1y = \/nge® (for k = 1, 2), where nj, = |¢|?
is the density and 6, is the phase of component k, we are able to rewrite the non-
dimensionalised energy (2) as

Elthy, o] = / Z {%IV\/n_kF + [V(r) + %vﬁ —Q-rx ’Uk} |2 + %WH‘*}

k=1,2
+ guo|tn o] *d?r,

where we have defined the superfluid velocity in each component as v, = V#,. We can
now invoke the Thomas-Fermi approximation, whereby the kinetic energy is negligible in
comparison to the other terms in the energy functional. We thus neglect terms involving
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gradients of density in Eq. (4) [Vy/ny terms]. The resulting Thomas-Fermi energy Erp
is then defined as

Erp(r, 1] = / > {[ )+ Uk -rx Uk] [l + 92—k|¢k|4} + gua|thr [P o] *d?r.

k=1,2

(5)
We lead with the VL+VL state, where both components are in solid-body rotation.
Using the fact that the superfluid velocity in component k is equal to the gradient of
the phase in that same component, we are thus able to write that (vZ/2 —Q-r X v;,) =
(v, — vg)?/2 — Q*r? /2, where vy = Q x 7 is the solid-body velocity, so that the
Thomas-Fermi energy reduces to Erp = Eg1 + Ege + Er with

Ea = /% (v1 — Usb)2 | [2dr, (6a)

Baa= [ 5 (0~ va)? fiafdr, (6)

B = [ (Vi = 597) (P + fuaPiaer (60
+ / %|¢1|4 + %|¢2|4 + gzt [P o) *d?r

The Thomas-Fermi approximation is valid away from regions where the density
curvature becomes significant. In order for the bulk of the condensate to be in the
Thomas-Fermi limit, in general, one requires the product of the intracomponent coupling
strengths and number of bosons to be large (gx = Nigx large). Furthermore, taking a
TF approximation on both component wave functions is valid provided gio < /9192
(see [9] for more precise requirements). As a consequence our analysis does not cover
the region /9192 < g12.

In the first regime (VL+VL) we have solid-body rotation in both components.
In analogy to single component condensates [5] we then set v; = vy = vy so that
Eg1 = 0 and Ege = 0 and the energy reduces simply to Erp = Ej. At this level of
approximation, we have from [9], the expressions for the radii and chemical potentials.
Both components are disk-shaped, and we can write down the radii of component 1 and
component 2, respectively, as

i (2]
= [ (2] it

and the respective chemical potentials as

=Ty {(1 ) (M)} " [(1 oY) (% + M)ﬁé;

Iy go T T

po = [(1 — 0% (M + M)} 1/2. (8b)

™ ™
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Mason & Aftalion [9] gave an explicit expression for the value of g2 at
which the transition of component 2 from a disk to being an annulus occurs (the
miscibility /immiscibility transition). The expression is
1/2
Nigy

1
2(N; + Ny) 2 (9)

c __
g12 =

Ngi \>  4Nagigo
N1 +N2 Nl +N2

Using the above chosen parameters (N; = Ny = 2000, g1 = 1, go = 2) we find ¢f, = 1.28,
which is in agreement with our numerical simulations which give gf, ~ 1.27. Note that
this expression is independent of 2. However one must be careful when comparing these
two values: when g1 < ¢g12 < gf, the effective potential felt by component 2 at the origin
is negative so that the density for component 2 in the domain r < R; is convex. In
particular, when g12 — ¢, the density of component 2 at and near the origin is small.
Thus, the rotating condensate is predisposed to favour the nucleation of (possibly more
than) one vortex in component 2 near the origin, and so, since the analysis to Eq. (9)
does not take into account the appearance of vortices, the rotation to some extent,
disguises the true value of gi2 at which the annulus develops.

In the VL+GV state component 2 is annular and there is a giant vortex present
at the centre. A number of papers have looked at the giant vortex [5, 7, 8, 30] and
we follow their introduction of a quanta of circulation. Taking component 2 to have a
large circulation at the centre is equivalent to it possessing pure irrotational flow, for
which the velocity is just v5/r. Here vy is the quantum of circulation, and we have
given it the subscript ‘2’ to associate it with component 2. Therefore we let vy = 15 /r.
Minimisation of the free energy per particle, F' = E — uyN,, with respect to vy yields

2
Wbl dr.

r

QNQ = 27Tl/2/ (10)

In the Thomas-Fermi limit we still have (v?/2—Q-r xv;) = (v; —v4)%/2—Q%r?/2
so that under the assumption that component 1 is in solid-body rotation, Fy; = 0, and
the energy reduces to Erp = Eppo + E; with

2
Eyps = / (2”—;2—Qy2) [ |2d2r, (11a)
B = [ (V)00 il Vo (11b)

g1 92
+/ <§|¢1|4 + §|¢2|4> + gro|tn [*[epo|*d?r.
From this, the general profiles of the components are simply

1 912 - 1 L gi2

2 - __ — 2, =T,V O — 222 12

|91 T [/M p fiz — DoV (1) + 5Tt 53 7 vyl (12a)
1 1 1

[0f* = {ﬂz - —912M1 —IWV(r) - S22 0P — —VS] J (12b)

9 2 g1 272
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if both components co-exist and
1
[ = — [Ml —V(r)+Q%?%)2], |iha]? =0, (13a)

[¢a]” = [uz —V(r) =/, |l =0, (13b)

otherwise. Here, fio = po + Quy and 'y = 1 — g12/gx. Thus it remains to find the radii,
chemical potentials and the quanta of circulation for given parameters g1, g2, g12, Vi,
Ny, and Q. This can be achieved by taking the normalisation conditions from (3) and
the expression that results from the minimisation of the free energy (10) for density
profiles described in (12) and (13).

We define the boundaries of the annular component 2 to be at r = R, and r = Ry,
with Ry, < R; < Rf. By evaluating the density in (12) at each of the boundaries
r =Ry and r = R; and (13b) at r = RJ, we get the following expressions involving the
chemical potentials and the quanta of circulation:

~ 1 2 7/2
H2 =75 o WZ_Q; (14a)
2
B 1 V2
p1 — %Mz = §R% (Iy — %) — %2—];2, (14b)
1
- g12 1 2 912 2 v3
Mo — — U1 = —R2 (Fl + =0 ) + —— 3 (14(3)
g 2 g 2R,

Completion of the integrals (3) and (10), and using (14), results in the following

expressions
ANigiTye Ty — Q) R + 912 (F1 IERS ) jre
m o 92 g1 ?
R
+ 4g—1221/§ log (R—i) (15a)
2
4Ny g "
—2n 9, ) R4 TR - <F1 + @92) Ry
n g1 g1
R, Ry
— 41/2 |:10g (R ) + F12 log (Rl >:| (15b)
2
Nygo QI Ry
actiah <FI+@92) {1 g( ) +1} S O
TV g Ry g1
1 o (P2 2] Ry
12 (108 R, 2
r RS 1 R
2| L2 2 1
1 — — 15
+V2 |:R;_2 Og<R1) R2_2 Og(R2_>:|7 ( C)
and

I 1 92 912 J12 2 2
yz( 12 _ 4 J12 ) Iy —OVR24 (T + 2202 ) Ry —TwR. (15d
2 R;Q R;2 91923% g1 ( 2 ) ! ! g1 2 12 ( )
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Figure 2. The quanta of circulation vy as a function of the rotation 2 calculated
through a Thomas-Fermi analysis (15) (dashed lines) and numerically (solid lines) for
the harmonically trapped condensate with Ny = Ny = 2000, g1 = 1, g2 = 2, g12 = 1.35
and A = 0.

We numerically solve these equations for the parameter set (gi,g2, N1, No, A) =
(1,2,2000,2000,0). In Figure 2 we plot the resulting values for v, as a function of Q
with a fixed g1o = 1.35, and compare it to those values calculated from a full numerical
simulation on the coupled GP equations. One could also plot v as a function of g5 for
fixed €2, however we find that v is approximately constant over a wide range of values
of ga.

4. A harmonic plus Gaussian trap

In the case of a rotating two-component condensate with a simple harmonic trapping,
as considered in Section 3, the only (symmetry preserving) geometry permitted by
the system is that where both components are disks or where one component is a
disk with the other an annulus surrounding the disk. A choice of a harmonic plus
Gaussian trapping potential, V(r) = r?/2 + Aexp(—I?r?), allows us to study both the
above configurations but with the additional configuration in which both components
are annuli. This opens up the possibility that we can have giant circulations in both
components. Specifically we are interested in the relative magnitudes of the giant
circulations, something that we can investigate through an analytical Thomas-Fermi
analysis backed up by numerical simulations.

In this section we concentrate on the GV+GV regime in the Thomas-Fermi limit.
In this regime, both components have pure irrotational flow, and so as before, we now
introduce v; = vy /r to represent the persistent flow at the centre of component 1.
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Minimisation of the free energy per particle with respect to v yields

B |91 |
QN =271, . dr. (16)
The energy thus reduces to Erp = E,p1 + Eppo + EI with
2
Epfl = / (2—;2 — Ql/l) |’¢1|2 d27”, (17&)
B = [VO) (P + ) (17D)

q g
+/<§1|@/}1|4+§2|¢2|4>+912|¢1|2|@/’2|2 dr,

and with E, s defined as previously. We set Ry < Ry < R < Ry and so the general
profiles of the components are simply

1 5 12 1 912
= — = —FVT——<V2——V2>:|, 18a
|91 | T [Ml PRI (r) oz (17, (18a)

1 - gi2 . 1 g12
o [t L ()] aw
|12 P [#2 g h (r) o\ (18b)

if both components co-exist and
SR Ly 2

|,¢2| = g M2 — V(T) - 92 Vals |77Z}1| =0, (19)

if only component 2 exists. Here, [i; = p; + Quy.

By evaluating the density in (18) at each of the boundaries of the annular component
1 (r =Ry, r = RY), noting that |[¢]|?> =0 at r = R and r = R and equating, we get
the following expressions involving the chemical potentials and the quanta of circulation:

P 2 2 1 ( 2 g12 2)
— =fis ==-R] I'y+ Al'yexp(—l*R} )+ —= (vi — —v5 |, (20a
H1 P j25) ot b2 2 exp( 1) ZRI“ 1 7 2 (20a)

1 1
,&1 _ @,&2 = _szl“g + Al'y exp(—l2Rf2) + F (1/12 - QVZQ) ) <2Ob)
1

92 2 92
and repeating the procedure for component 2 we get
- 1 1
flo = éR;Q + AeXp(—l2R;2) + Wyg, (21&)

2

1 > 1
fio = SRy + Aexp(—I*Ry) + FV%. (21Db)
2
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Equating (20a)-(20b) and (21a)-(21b) separately then gives

V2 = TR R + %R;QR;FQ

TyR R’ : :
+ 2A{% lexp(~2R{") — exp(~12R; )] (22)
1
R_2R+2 5 2
%2T22 [exp(—ﬁRéF ) — exp(=I"Ry )} }’
Ry’ Ry’

V2 =R, R} +24

[exp<—z2R;2) - exp(—ﬁRj)] , (22b)

2

where we have defined X, = R,‘f - R,;Q for K = 1, 2. Completion of the integrals (3),
(10) and (16), and using (20)-(21), results in the following expressions

Ng F 1 2 _2 1 2 .2 R+2 2
1%122 = = JXi(RE + RB7) = SRRy In (R12> + AX; exp(—1*R{")
. ) . 1 RIRT, (RY
+ Aexp(—IRy) [exp(—?X1) — 1] | Ry + ETTx In =
(23a)
and
N, QT 1
PULT _IoDry (R + Ry + ATy exp(—2R})
T 2
AT,R; R
+ LU exp(—2R; ) (exp(—12X) — 1) | In [ =45
X1 R
. R
— Ty X, — ATy exp(—I*R; ) [exp(—1*X;) — 1] — 2AI‘2/ ~ exp(—1*r?)dr,
Ry T
(23b)
and

N N. 1 o o 1o o (RY 2
g1z | V292 ~Xyo(Ry 4+ Ry)— =Ry Ry In| =25 | + AXyexp(—1?Xy) exp(—I*R; )
v s 4 2 R,

+2 _2 +2

+ Aexp(—12R;") [exp(—12X,) — 1] B X, =
2

Y

(23c)
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and

N:Q N2 1
TS B = SR+ Y+ Aep(—IPR))

TV TV 2
AR;’ . R}
—I’Ry —PX5) = 1]| In | =2
+ A xp(- 2R ep( 17 }] ! (RQ_Q)
: LN
— Xy — Aexp(—I*Ry )]exp(—1*Xy) — 1] — 2A/ — exp(—1*r?)dr.
Ry T

(23d)

The above equations provide us with information on the values of 14 and 1. To
proceed, we first perform numerical simulations in the specific case where populations
densities and interaction strengths are equal, i.e. we set Ny = Ny, = 2000 and
g1 = g2 = 1, together with A =70, [ = 0.3 and g12 = 0.8. These numerical simulations
are compared to the exact solutions of Eq.’s (22)-(23) in Fig. 3(a). One can clearly see
the analytics and numerics are in good agreement for small values of the rotation (up
to 2 = 0.25), however once this value is passed, agreement is lost. The explanation
for this is straightforward: for 2 < 0.25 no vortices are nucleated in the condensate
bulk (of either component) and hence the analytical estimates above, that rely on the
assumption of pure irrotation flow, are valid. Conversely, when €2 ~ 0.3, vortices are
nucleated in the bulk - inducing a solid body rotation - that is not accounted for in the
estimates. Further (second and third) rows of vortices are nucleated when €2 ~ 0.4 and
Q ~ 0.5. A plot of the density of component 1 is shown in Fig. 4 for the case of 2 = 0.1,
0.3 and 0.5.

Therefore, to properly test our estimates we wish to avoid significant vortex
nucleation in the bulk, and furthermore to distinguish between the quanta of circulation.
To this end, a more general set of parameters is chosen: Ny = Ny =500, g1 = 1, go = 2,
A =100, [ = 0.3 and g;2 = 0.8. The results of these simulations are shown in Fig.
3(b) and again are compared to the exact solutions of Eq.s (22)-(23). Here we see that
agreement holds for a wider range of values of 2. It is noted that vortices are nucleated
in the bulk condensate when €2 ~ 0.6.

5. Conclusion

This paper has considered rotation of a two-component Bose-Einstein condensate in
cases where the trapping potential is either harmonic or harmonic plus Gaussian.
Subject to the choice of parameters and trapping potential, different geometries can
be realised, and we here concentrated on those that created an annulus in either or both
of the components. Together with the rotation, this allows for the creation of a giant
vortex, and the possibility to transition from solid-body rotation to a persistent flow as
the parameters are changed. The governing equations in the Thomas-Fermi limit for
each case are written down and numerically solved; these results are then compared with
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Figure 3. The quanta of circulation 14 (black lines) and v5 (blue lines) as a function of
the rotation calculated numerically (solid lines) and by solving exactly Eq.’s (22)-(23)
(dashed lines) for the condensate with a harmonic plus Gaussian trapping potential
with parameters: (a) N3 = Ny = 2000, g1 = g2 = 1, g12 = 0.8, A = 70 and [ = 0.3,
and (b) Ny = Ny =500, g1 =1, g2 = 2, g120 = 0.8, A =100 and [ = 0.3.

a full numerical simulation of the GP equations. Through the numerical simulations we
are able to determine the competition between the giant vortices, and to establish three
distinct regimes of interest: a vortex lattice-vortex lattice regime, a vortex-lattice and
giant vortex regime, and a giant vortex-giant vortex regime.
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Figure 4. The density profiles of component 1 for the condensate with a harmonic
plus Gaussian trapping potential with parameters Ny = Ny = 2000, ¢ = g2 = 1,
g12 = 0.8, A =70 and | = 0.3 at different rotations: (a) & = 0.1, (b) @ = 0.3 and (c)
Q=0.5.
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