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Abstract 
 

Fibre-reinforced concrete (FRC) has been used as a structural material for many years, mainly in tunneling 
and industrial flooring. In recent years, new applications in which FRC can be partially or totally used in 
substitution of conventional steel reinforcement have appeared. Despite this, important issues regarding the 
behaviour and the design of FRC still have to be fully understood. For example, there is no direct analytical 
model universally accepted for design purposes to express and evaluate FRC behaviour under longitudinal 
shear. This paper therefore evaluates the response of single fibres under longitudinal shear to obtain 
information regarding the debonding and slipping behaviour of single fibres from the concrete matrix. 
Previous studies have been conducted with the fibres aligned with the load direction and perpendicular to the 
cracked plane. This arrangement however, is just one of an infinite number of possible arrangements that 
fibres could take up in any real application, where the fibres are likely to adopt a random distribution and 
orientation. Although models to predict the pullout response of fibres already exist (notwithstanding the 
inclination respect to the loading direction), these models were developed to model tensile behaviour. The 
objective of this study is therefore to propose a direct model to predict the pullout in shear of fibres 
embedded in a cementitious matrix. Therefore, one of the previous tensile models, is applied and extended 
to allow it to also describe the pullout behaviour of fibres under direct shear. This adapted model is 
compared with empirical data obtained from an existing experimental campaign on single fibres tested on 
direct shear. The results show a good agreement between the model and empirical data for displacements 
up to 10 mm, which represents an improvement in the capacity and accuracy of engineers to predict the 
behaviour of shear in FRC. 
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1. Introduction 
 
Fibre-reinforced concrete (FRC) has been used as a structural material for many years, 
mainly in tunnelling and industrial flooring applications. However, new applications in 
which fibres have either partially or totally replaced the conventional reinforcement have 
appeared in recent years. An important milestone in the development of FRC was the 
publication of relevant design codes and recommendations that provided a scientifically 
founded, consistent and coherent framework for the design of FRC elements (Blanco et al. 
2013). In most applications fibres are used to enhance the flexural tensile behaviour of the 
concrete. Nevertheless, fibres are also known to improve the shear behaviour, providing 
better performance to elements subjected to high and concentrated loads, or to seismic 
loads. 
 
Although the fibre pullout in tension has been extensively studied (e.g. Robins et al. 2002), 
the same is not true for pullout in shear, possibly due to the experimental assessment of 
the shear response being difficult to perform to a satisfactory accuracy. This lack of 
existing published experimental studies reflects the absence of numerical models to 
predict the material’s behaviour. Even though several models are proposed in the literature 
to assess the pullout response in tension (e.g. Laranjeira et al. 2009 and Laranjeira et al. 
2010), to the authors’ knowledge no direct analytical models to predict the pullout in shear 
has been published. This compromises the optimized design of elements subjected to 
longitudinal shear, and hence is a barrier to the fully efficient application of FRC. 
 
The objective of this study is to therefore propose a direct model to predict the pullout in 
shear of fibres embedded in a cementitious matrix. The fibre pullout model herein 
described is based on conventional principles of mechanics. An analogy with the band line 
theory used in the design of prestressed tendons is made to estimate the response of the 
fibres. It takes into account the fibre-matrix bond and slip produced during the removal of a 
single fibre. It also considers the complex interaction between tangential and normal 
displacements during shear failure. The model is then validated using results obtained by 
Lee (2007), in which straight steel fibres with several inclinations were tested. The direct 
approach proposed here might serve as a reference for the design of elements of FRC 
subjected to shear in a safe and optimized way. 
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2. Single fibre pullout model in shear 
 

2.1. Displacements 
 

 
Fig. 1 – Possible displacements in the model: a) between two sides of the concrete; b) slip of embedded 

length of fibre, and bend of fibre outside concrete. 

 
The proposed model represents the load vs. displacement relationships after a straight 
crack is formed, which splits the sample into two halves. The model is governed by the 
relative displacements that take place between the two halves. The crack is considered 
vertical, in line with the shear external forces applied (F) (Fig. 1a). It is also supposed that 
both sides of the concrete do not rotate. Therefore, there are two possible movements: 
opening of the crack (w) and slide of the crack (v) (Fig. 1a). 
 
It is supposed that the fibre slips from only one side of the embedded parts, being l0 the 
embedded length in the half that will slip (Fig. 1b). The stretch of fibre is considered 
negligible compared with the slip of the fibre. Therefore, the slip distance of the fibre can 
be calculated by Eq. 1 
 

22 wvls   Eq. 1 

 
where ls is the slipped length of fibre at the moment of evaluation. 
 
The part of the fibre still embedded can be calculated by Eq. 2 
 

se lll  0  Eq. 2 

 
where le is the embedded length at the moment of evaluation. 
 
The initial direction of the fibre is given by the angle φ, measured clockwise from the 
horizontal direction (Fig. 1b). Only positive angles are considered in this paper (the 
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evaluation of negative angles, which involve other more complicated phenomena, is 
currently in progress by the authors). 
 
It is considered that bending of the fibre only take place at the exit points of the matrix. 
Therefore, in the exposed part of the fibre, between the two halves, the bending is 
negligible, and it is considered that the fibre goes straight from exit point to exit point in the 
two halves. The direction of the fibre (α) between exit points at both side of the crack can 
be calculated by Eq. 3 
 

 
v

w
tan  Eq. 3 

 
Also, the angle of fibre bending (γ) at exit point can be calculated by Eq. 4 
 

  º90  Eq. 4 

 

2.2. Forces in the fibres 
 

The load increase in the fibre is produced by interfacial shear stress ( f ) provided by the 

fibre-matrix contact region (Fig. 2). Shear stresses can be provided by bond or by friction. In 
this model, it is considered that the bond is exhausted; therefore, only frictional stresses 
are considered. Two distinct zones are observed: a)- embedded straight length of fibre 
inside the matrix (Fig. 2a); b)- exit point of the fibre from the matrix (Fig. 2b). 
 

 
Fig. 2 – Development of forces in the fibre: a) embedded portion; b) exit-point 

 
The load at the end of the straight part of the fibre embedded in the matrix can be 
calculated by Eq. 5 
 

dssP

el

fe .)(   Eq. 5 
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A simplification is used to solve Eq. 5. It is considered that f  is constant along the fibre, 

leading to Eq. 6 
 

e

m

fe lP *  Eq. 6 

 

Where m

f  is an average stress acting on the embedded length of the fibre. 

 
Near the exit point of the matrix, the fibre has a concentrated bend. The bend produces an 

increase in the normal contact stress between fibre and matrix (See  fc  in Fig. 2b) which 

in turn increases the frictional response (see  fc  in Fig. 2b). Considering a linear 

relationship between normal and shear stresses due to friction (Eq. 7), 
 

fff  *  Eq. 7 

 
the load increase after the bend of the fibre can be calculated by the capstan equation 
(Bedford and Fowler 2008; Beer et al. 2013), already used to describe fibre behaviour by 
(Leung and Ybanez 1997; Soetens et al. 2013), as shown in Eq. 8 
 

 *
* fePP e  Eq. 8 

 

2.3. Forces through the cracked section 
 
The global equilibrium of forces of one half of the concrete sample is shown in Fig. 3a. The 
vertical external load (F) is balanced by forces produced by the fibre bridging the crack, 
and by friction forces produced by the concrete-to-concrete interaction. 
 
The fibre load can be decomposed into two forces acting in the crack direction and in the 
respective orthogonal direction (See Fig. 3c), according to Eq. 9 
 

 cos*PPV   &  sin*PPH   Eq. 9 

 
The fibre bridges both parts of the split concrete, therefore, a normal concrete-to-concrete 

stress ( c ) is considered acting through the surface of the cracked section. Associated 

with this normal force there may be a concrete-to-concrete shear force ( c ), as is shown in 

Fig. 3b. 
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Fig. 3 – Forces through the cracked section: a) general scheme; b) concrete-to-concrete friction; and 

 c) fibre load. 

 
In the moment where the two halves of concrete slip, the relationship between shear and 
normal stress can be expressed by a friction equation (Eq. 10) 
 

ccc  *  Eq. 10 

 

Where c  is the concrete-to-concrete friction coefficient. 

 

2.4. Equilibrium of forces 
 
As it is supposed that both sections at each side of the crack do not rotate, the equilibrium 
is satisfied just if the sum of forces is zero. Expressing this sum in the two main orthogonal 
directions leads to Eq. 11 and Eq. 12 
 

 

cA

cHH dAPF 0  Eq. 11 

 

 

cA

cVV dAPFF 0  Eq. 12 

 

2.5. Solving the system 
 
Replacing Eq. 10 and Eq. 11 in Eq. 12 leads to Eq. 13. 
 

HcV

A

ccV

A

ccV PPFdAPdAPF

cc

**     Eq. 13 

 
Replacing Eq. 9 in Eq. 13 leads to Eq. 14. 
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         sin*cos*sin**cos** ccHcV PPPPPF   Eq. 14 

 
Finally, replacing Eq. 8 in Eq. 14 leads to Eq. 15. 
 

    


sin*cos**
*

ce
fePF   Eq. 15 

 
Using the equations presented in this section the total force provided by the matrix-fibre 
system can be determined based upon the embedded fibre length (l0), the mechanical 

characteristics ( i

f , f , c ) and the relative displacements between the two concrete 

halves (v, w). 
 
 

3. Displacements 
 
As seen in the previous section, the model is based upon the relative displacements at 
both sides of the crack. Therefore, the experimental results of samples tested under shear 
(Lee, 2007) could be analyzed and a simplified numerical displacement law deduced in 
order to consider the displacements in the shear model. 
 
Fig. 4 represents the displacements of individual fibres during the shear tests. Fig. 4a shows 
the experimental results in continuous lines, overlapped with the numerical simplification 
shown in dotted lines. Notice that the vertical displacements are larger than the horizontal, 
hence the use of different scales for the axes. A good agreement between the 
experimental results and the simplified law can be observed, as described below. 
 
For the simplified law it is considered that the displacements are divided into three main 
zones: an initial dilatancy, the slide, and the pullout. 
 
The initial dilatancy (the increase in the horizontal displacement when the vertical slide 
increases) varies in intensity and length depending upon the orientation of the fibre. Fig. 4b 
shows the representation of the displacements in an “isotropic” scale (i.e. the same scale 
for the horizontal and vertical direction). It can be seen that in the beginning of the 
displacements, the direction of the fibre governs the direction of the displacement, i.e. the 
initial orientation of the fibre determines the direction of the initial crack opening. This 
seems reasonable if it is considered that the fibre produces a dowel action between the 
two halves of concrete. Also, it is observed that the length of this stage is larger as the 
angle increases. 
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In the second stage, the fibres slide with a relatively constant increase in the dilatancy. 
The length of this stage is larger for smaller angles. Finally, there is a more or less 
horizontal displacement previous to the final pullout of the fibre. 
 
For the simplified law only the first two stages were considered. The slope of the first stage 
corresponds to the orientation of the fibre. For the second stage, the same slope was 
considered for all the orientations. Therefore, only this slope and the initial and final point 
of the second stage had to be estimated to obtain the complete laws to describe the 
displacements. 
 

 
Fig. 4 – Single fibre displacements: a) vertical vs. horizontal displacements for each orientation; 

b) representation of displacements for some directions with same horizontal and vertical scale. 

 
 

4. Results 
 
The model was calibrated with experimental results taken from Lee (2007). The concrete-

to-concrete friction coefficient was also taken from literature (
c

 =0,75). A “trial and error” 

procedure was used to obtain the other parameters. 
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Fig. 5 shows the load vs. displacement results for the model (in colour lines) overlapped 
with the experimental results (grey and black lines). For the model curves, each line 
represents an inclination angle of the fibre. 
 
A good agreement in the first 5 to 10 mm of displacements can be observed. The accuracy 
then gradually decreases from 10 mm towards the end of the plot. It can be seen that the 
model is incapable of representing the relatively constant load values that the experimental 
results show for displacements between 10 and 20 mm for all the inclination angles. 
 
For engineering applications the behaviour of the first few millimetres of displacement are 
most important, as it is considered that the concrete would be under failure with larger 
crack displacements. However, it would still be important to reproduce the entire curve to 
validate the model. 
 
A notable difference between the experimental and numerical results is the final 
displacements in the moment of extraction of the fibre. The experimental results show 
different displacements for the different angles, an aspect that this model has not been 
able to reproduce. 
 

 
Fig. 5 – Load versus displacement plot for model and experimental results 

 
The previous results are broken down in Fig. 6, showing the contribution of the three main 
terms of Eq. 15 to the total load. 
 

The variation of the first term (
e

P ) is shown in Fig. 6a. An almost linear variation can be 

observed, from the maximum load when the fibre is fully embedded, decreasing as the 
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fibre is pulled out of the matrix. The dilatation (horizontal displacement) produces the small 
registered non-linearity. Although it is reasonable that the load decreased from its 
maximum value when the fibre is fully embedded to a null value previous to its pull off from 
the matrix, it is possible that the curve described is not close to a linear variation. For the 
author’s opinion, the linearity assumption with the embedment length is the main cause 
that leads to the difference in the model for displacements larger than 10 mm, and further 
analysis should be conducted. 
 

The variation of the second term (
 *fe ) is shown in Fig. 6b. This term reproduces the 

increase in the pullout load produced by the concentrated bend at the fibre exit point of the 

matrix. This term modifies to a large extent the value of 
e

P , from values around 1,0 (for the 

fibres in +60º) to values of almost 4,5 (for fibres in +0º). Therefore, according to the model, 
the large differences registered in the loads for the different angles are provided by this 
effect.  
 
 

 

Fig. 6 – Decomposition of the model results in the three main terms of Eq. 15: a) 
e

P ; b) 
 *fe ; c) 

    sin*cos c . 
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Finally, the variation of the third term, “(     sin*cos c ”, is shown in Fig. 6c. The plot 

also shows each of the components of the addition: “  cos ”; in dashed lines, and 

“   sin*c ”; in dotted lines. 

 
The influence of the bridging direction components (angle α) is greater at the beginning of 
the displacements, tending to the stabilization as the concrete slips. The dilatation takes 
place mainly at the beginning of the displacements, then, as the vertical displacement 
increases, the angle   tend to zero, and therefore, the entire term to 1. The total influence 

of this term is much smaller than the second term, reaching a maximum increase smaller 
than 1,3. 
 
 

5. Conclusions 
 
A direct model to predict the load-displacement response of the pullout of fibres under 
longitudinal shear is presented. The model is based upon mechanical characteristics, and 
in the relative displacement experienced in the cracking plane. The analyses performed 
confirm the capacity of the model proposed to reproduce the experimental load-
displacement curves obtained by Lee (2007).  
 
The results show good agreement for displacements up to 10 mm. For larger 
displacements, the model predicts a constant reduction in the shear force resisted, 
whereas the experimental results indicate an almost constant load. This may be attributed 
to possible inaccuracies regarding the assumption of a constant friction in the embedded 
part of the fibre. Despite this, the good fit obtained in the initial part of the load-
displacement curve represents an improvement in the capacity of engineers to predict the 
behaviour of FRC in shear, as higher levels of displacement rarely occur in practice. 
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