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SUl:lIiARY 

Using the assumed sti'ess approach firs.t presented by 

T.H.H.Pian, ,two finite elements have "been developed. which may 

be used for the analysis of thin shell.s and box structures. 

One has seven degrees of freedom at each node, the other 

has twelve, In addition, improved eleI1ents for two­

dimensional membrane analyses have also heen proQuced and 

compared. A.~ existing program for the handling of the 

computation involved in such analyses has 1:>een developed to 

a.llow the large number of equations resulting from .. 

practical three-dimensional problems. 

A wide ranging comparison of the new shell elements 

'!:i th existing l.mowletlge of a variety of structures is 

presented in the thesis which enables the user-engineer to 

select the. appropriate elerllent in· any ·civen set of 

circwllstances o Also there are included the results of 

analysinG some practical problems, in particJ.lar a motorway 

bridge deck of cell-elar construction. 

III general, good results are achieved although the 

improvements over existing methods is more Si{;l1ificant for 

box structures, for which less is knovm, than the thin 

shells about which more is Imovm. 
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Introduction 

The design of structures involves at some stage a 

determination - analysis - of the stresses or strnins 

throughout the structure under a variety of loading cases. 

For [lany years engineers h~':<ie sought methods which ':.'ill 

improve their kno\'llet'lge of and ability to analyse structu:ces. 

In all cases, the theories produced are limited in their 

scope of application. I\.t the outset of any analysis the 

real-life structure has to be simplified to a.greater or 

lesser extent and l.t is one of the aims of research to 

reduce the differen:;e between re8.li ty and theory as much 

as possible, 

Of the nany techniques de7elo1;ed to determine stress 

and stro.in distrj.but.ions in line2.:cly elastic struct'clres, 

the Finite Element LIethod is one which is c~:pable ol' general 

applicatior.., (For a full descl'iption of the method see 

Zicnkiewicz'(1) or Holand & Bell (2) ) 

This technique consists, in principle, of dividing 

a complex problem into small parts each of v/hich is 

analyse(~ sep:~7.'ately. These small parts, called n~inite 

elements", are assembled together +'0 produce an wa1.ysis 

of the Ylhole. \!hilst, ideally, each elel~lent vlOuld be 

analysed exactly, it is not in general possible to co 

this; some degree of approxirllation is involved. This is 

done by chosing a finite set of basic solution patterns 

each of which satisfies the boundo.ry conditions of the 

element. 8ince we may use the ?rinciple of Superposition, 

the best alJproximate solutioX'. to a ],Jo.rticular loading may 

be 0 bt2i ned by linear COillbj.nations of this basic set. The 

extent to which this solution ID8 .. tches the exo.ct distribution 
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dcpe:.:~ds 011 '~he choice of the b,,-sic set. 

v:.'.lues of' the tci::;tribu'i;ion ::..t certain discrete iJoints, 

to be determined independently, the v::tlues at all other 

points in the problem are interpolated between them by the 

basic distribution patterns. The greater the number of 

degrees of freedom in the whole problem the g~eater the 

complexity of variation that can be generated from 

linear combinations of the basic patterns within each 

element. 

As an illustration of these fundamental principles, 

consider the one-dimensional distribution of stress shown 

in fig. l(a). \'le first divide the region of the problem, 

in this case the horizontal axiS, into, say, four segements, 

(finite elements). TakinC next ae the basic set in each 

seg"ment only the constant distribution we can approximate 

to the original by such as in fig. l(b). 

If, instead, we alloY! a linear variation thrOUGh 

each element we can obtain a better approximation, fig. l(c). 

If, in addition, we divide the problem into a greater 

number of scgments, or elements, ne have an even better 

result, :L1g.- l(d). 17e say that by further subdiVision 

the solution is "converging" to the exact distribution. 

Of course, had the original distribution - the "exact" 

solution - been composed of straight lines, Y/e could have , 

cODlplete convergence simply by. sui b.ble choice of elements. 

This is important to note sj.nce rri th most elements there 

.are specie'.l loading or boundary conditions for Ylhich they 

can provide an exact solution. This in no way improves 
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its ability to match any other, more general; stress or 

strain distribution. 

This then is the basis of the Finite Element Hethod: 

that by sufficient subdivision of the original problem we 

can obtain as exact a solution as vie re'luire. To improve 

an approximate solution two approaches are possible. Either 

improve the variation of stress/strain within each element, 

keeping the same number of elements, or increase the number 

of elements Vii th the same degree of approximation ,7i thin 

each element. 

A great deal of success has been achieved by plrrsuing 

the latter course, but many problems remain unsolved and 

thus, in this theSiS, we are concerned with the former 

approach. A conSiderable amount of effort has been devoted 

to the develoIlment of a wide range of trIo dimensional 

elements of varying sophistication, ~rom the earliest 

Taig element - a membrane triangular element r:ith two 

degrees of freedom at each no~e (6) - to the complex 

iso-parametric eleLlents of Zienkiewicz. (8) These are all 

limiteu to in-plane (membrane) forces. Correspondingly, 

elements have also been developed to solve problems with 

forces wholly ou t--of-plane (bend:L'I1.g). (5) 

Uork by Douthwaite(7) on a rectangular membrane 

element has shovm that benefits can be gained from the 

use of additional degrees of freedom at each node. Following 

this, this thesis begins with an examination of this aspect 

of membrane element improvement. Ylhilst some interest derives 

from this particular problem, the prim2.ry 0 bj eat of this 

author t s work is the comb:i,n.ation of membrane and bending 

effects into a shell element. This field has received some 

attention yet lacks features essential for.the routi~e 
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analysis of shell structures. 1:fhilst much design work has 

been carried out using plane analogies for essentially 

three dimensional problems, there are many instances in 

__ h·.ch such calculations are barely justifiable and a 

gcn .. ine need exists for analyses Vlhich properly represent 

three dimensional interactions. One class of such problems 

includes those in which ·che thiclmesses of the structural 

elements e.re small in :..'elation to their other dimensions. 

This allows not only the classical shell problems such as 

cylinders, but also problems containing c.. sharp 

discontinuity in the slope of the geometry at, for example, 

the corner of a box. An illustration of this is the 

typical cellular construction of motorway bridges popular 

today. The obj ect of this rlOrk is to allow the engineer 

to solve both of tl"lcse types of problem with the same 

shell finite element, using as coar~e a mesh as possible. 

tltimately, each structural element y/ould be represented 

by a single element unless geometrical considerations 

ruled otherwise. l~or example, in a motorway briL1ge the 

webs of the cells \7ould be represented by a single clement 

from top to bottom. (Present limitations insist that 

longi tul1inal subdivision be u:~ed, although only a few 

elements should, ideally be required.) All this arises 

from a complemen·~ary ideal, which is that as far as possible 

the user-engineer should have to specify as li t.tle data 

as po:]sible that is not normally generated in an 

engineering definition of the problem on, S£\y, a drar/ing. 

In fairness, it should also be pointed out that it is 

posGible that in the future c·.utomatic mesh generation 

nill provide another anSHe:c to this problem. 
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Smooth curved shells, such as a cy:~indrical roof, will 

have to be represented by mul ti-facet3d polyhedra in v/hich 

each face is an element, but agai~ the object is to 

reduce to a minimum the number of elements, The 

gener~tion of the data for the definition of each facet 

is tedious and error-prone. 

Ylhilst several elements have been devoloped to 

solve thin shell problems, quite suocessfully in many cases, 

they lack, in general, one im~ortant feature. This is, 

see lig. 2, the transmission of out·-of-plane bending 

moments from one elenent into the in-l)lano moment of an 

adjacent eleuent. In a membrcne shell this effect is not, 

of course, present, nor woulc1. it be if all eleaents lay 

in the SaLle plane. ::ow6vor, flat t\70 dimensional eleLlents, 

v/hen used to ap)roximate to a smooth curved ohell, do not 

lie so and the absence of this effect C~l be quite marked. 

Such eleuents are capable of solving problems of 

smooth curvecc shells usinG a large lllesh of elements to 

reduce the angle betVlcen ileighbouril1G ele!.:ents as much as 

possible. In the box-type of structure this effect cannot 

be iGnored, indeed it c,ominates much of the streGs 

distribution. ,\.n element capable of representing this effect 

is require6. for the analysio of present day structures. 

Plate elements hav·e been developed YThich include 

out-of-plane yotations 0.3 independent degrees of freedom. 

In particular, thc.t of Allwood and Cornes(5) has been used 

in this nork. In order to complete the full shell effect 

a membrane element is required that will combine with this 

plate element to produce the interconnection. The first 

of tv/o s;lell eleoents, called S7, includes rotations about 

all three rectangular axes as independent degrees of 
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freedom. :::onsidering only the average rotation about a 

g'iven direction at any point as a degree of freedom has 

one serious implication. That is, that the rotation of 

any line dra,m in the plC'ne of the element through tl12.t 

point is the same anCi consequently no shear strain is 

alloned to developo In terms of deriv2.ti-J"es the 

rotation, f) = t(}r -}~) and the shear strain, :r 
average 

0(.\ av 
= (r.£+~) 

In some instances the ~nforced :.oero shear strain at the 

nodes can be particularly seri01.'.s, 2.1though it v'fill be 

demonstrated that for many practical problems (~ui te 

ade~uate solutions are obtain~d despite this error. 

On the other hand, it will ".lso be shovm that there 

are important cases when this shear strain is so 

siGnificant in the distribu'Cion of s'cresses that so~.utions 

crumot be approached wi tllout alloning shear to develop. 

For these problems a more so:;?histiccc ted' element· has been 

developed, called 312, rrhich use:::: derivatives such as 

as independent degrees of freedom. (The signi~cance of 

C)~.~ 
,,"]C. . ..;,;~ 

these 

names Vlill become apl)aren'G later.) In both. elements the 

benclinc; effects are represented by the SaI!l.e plate element 

in combination ni th different Bembrane elelllents. . 

The contents of thi;:; thesis are divided into two parts. 

The first examines a range of membrane elenents, two of 

rrhich 2.re sel€c+.e1 as sui to.ble for shell elements. These 

latter are then com:}ared in the second half 2.Ild the 

circumstances t'.nder lhich the siLl)let S7 eleaent is 

.applicable are 12.rgely delirr.i tee, and one important 

example of the use of the 312 element ccncludes the Hork. 

It is the ob,i ect of researcl: such as this to !lrovide the 

... 
~.' . 



-------- ---

user-engineer with rules under which he may'use any 

particular element with some measure of confidence in the 

resul ts, vii thout having to reconsider the underlying' 

assumptions on every occasion. 
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Chapter One Derivation of plane stress elements 

. '," 

1.1 Displacement approach 

Historically, the first finite eleuent approach 

consisted of determining the minimum potential energy 

solution from a basic set of displacement patterns. It 

was considered an importc:nt condition for convergence, 

indeed later proved as sufficient (10) that these b<.'.sic 

patterns be comp:;,.tible,. That is to say, the values of 

displaceruents alonG a COIIBon boundary should not be different 

for adjacent eleJilents. Put another way, the displacements 

along such a bO'Lmdary should depeml only on the values of 

the degrees of freedo~ at either end of it. 

Yihilst this condition of compatibility is not a 

necessary condition, ( see, for instance, Bazeleyet.al.(11» 

it is often difficult to predict the results of using 

non-compatibly formulated elements. The more complex the 

element, the more difficult it becomes to devise fully 
I 

compatible displacer2ent IJatterns. There is even no 

guarantee of tl:.e existence of such patterns. HeYfer 

I 
I, 

improvements 

, (see Bazeley 

to this method, such as area coordinates, 

et.nl. (11» and iso-parametric eleJilents~(8) 
have enabled the development of compo,tible elements at the 

expense of a greater quantity of computation, 

1.2 Assumed stres~proaC'h 

'-

An altenlative solution to the problem of compatibility 

vias put forward in 1964 by rian. (4) This hybrid method 

assumes displacement patterns around the botmdary o,lone. 

Uithin the element, stress distribution patterns are 

assumed instead. As a result, there ia ho difficulty in 
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ensuring com~atibility between elffilents. 

In contrast \7i th the (ciErDlacement ap:.Jroach this method 

minimises the complementary ene~gy functional, Tt : 

V1here 

= u- tJ'u, S,ds 
L 1 ~ 

U = strain energy 

u i - bOlmdary displac.ement produced 

by ith nodal de~ree of freedoill 

Si ~ corresponding boundary force 

........ 0 (1) 

By expressing the stresses 9 £"" • as polynomials VIi th 

unknown coefficients, P- ~ 

g- = P. ~ 

Pian shol'Jed that 

U = t(!. \H.p-
nheTG 

H = JpteN,p dv 

and H is the elasticity matrix: 

a ., • 0 • 0 0 0 (3) 

Further; he shoped that by aesUcT.j.ng polyncilmial interpolation 

functions for the boundary displ2,cements in teTI'iS of the 

nodal dis]?lacefl',en ts, q 

11: = 1.9-

the work done by the b<'nmdary forces C2.-11 be expressed 

as: 

,.. t T 
1== 0 • Si 

rlhere 

and Psis derived froill P m:J l'e:t'resents the stresses along 

the boundary. 
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liinimising the complementary energy, Pian finally arrived· 

at the stiffness matrix, k 

•••••••• 

V!hilst for the Pian method, unlike the displacement 

approach, there is no rigid constraint on the number of 

unknown stress coefficients, P-, that can be used with a 

given confiGuration of element degrees of freedom, there 

(6) 

is one important factor to be borne in m:Lnd,.which was first 

pointed out by Tong ru1d Pi&,.(13) 

This concerns the loner limit of the number of 

d'efficients, HSTREC. If we denote the rru1k of a matrix by 

r( ), we have, fro!ll equation (5) above: 

r(k) 6 mine r(Tt ), r(H-1), r(T) ) 

= mine r(T), r(H) ) •••••••• (7) 

since column rru1k = row rru1k: r(Tt ) = r(T} 

and H is non-singular: r(H-1) = r(H) = nSTREC 

If, for a given type of element, there c.re m degrees 

of freedom which are required to represent riGid body motion 

then 
• • • • • • •• (8) 

where kl is the number of degrees of freedom of the element. 

Thus from equations (7) (;: (3) we have that: 

HSTR8C ~ kl - m 

For examiJle, consider the element Pian first derived Which 

\Jas a rectangular element Vii th two degrees of freedom at 

each node. For this element: 

and m = 3 

Thus to ensure that the element will always proyide a 

solution when only rigid body motion has been constrained 

from the element: 
HSTREC ~ 5 



In practice tkLB requirement is not entirely 

necessary, for in an assembly of elements there may be 

sufficient independent equations to provide a solution evan 

with the minimum constraints. In some of the elements to be 

considered in later chapter"', a value of lTSTREC less than 

the strict miniru= has been used vIi thout any undue harm 

other than the failure with an artificial prohlem of one 

element with three constraints. 

There is no rigid upper limit on NSTllEC, but as the 

stress functions incre8.se .i.n len"rch, the element Hill 

converge to the equivalent displucement elerilent. It appears, 

however, that ther.-e is no real benef1.t in continuinG beyond 

a relatively short fU11ction~ This has been discussed by 

cornes(14) and so will not be pursued further here. As far 

as possible the miniIlmm pr2.cticul v2.1ue has been used 

throughout. 

Pian's original paper (4) only considered a I 

rectangular element in p12.ne stress but subsequently 

rect2.!lgular and right-angled tri8.."lgular elements for plate 

bending have been developed c (See §evern and Taylor (15» 

HOYlever, it is necessary for the adequate representation of 

problem geomet~'ies -Co have elements which are oi the!' general 

triancles or quadrilaterals. Such an element has been 

produced for the plute bending case and is quite successful. 

(See Allwood and Cornea (5» 

For the general polygon2.1 element, it is simpler to 

rlOrk in terms of each side of the element ill turn, the 

·fimd element stiffnesfl ruatr2.x beinc the combination of 

contributions from each. This method was first used by 

.Ulwood and Corlles (5) for 'che plate bencJ.ing element. The 

only restriction imposed by this approach is that each 

\ 

1 

) 
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nodal degree 0:[ :C~'",e(l"'n lU'l,,,,'C introdl'.ce displacements along 

the two adjacent boundaries only. In prnctice this means that 

the interpolation polynomials must be functions of x, o.lone 

and not of yt. (See fie. 3 for notation.) 

For the H matrix (equ",~ion (3) ) we cc.lculate the HI 

matrix which is the integl'o.l of the H matrix under the 

side in question, 1'he 2.ntegraJ. for the whole area of the 

element is then the sum of the individual HI matrices,· 

The TI me.trix, similc.rly, is the integral alone the 

one edGe of the element of thE'! T me.trix, (equation (5) ) 

It is convenien'(; to work in terms of the stresses and 

displacelllents rele.ted to '(;he set of Elxes pe.rallel and normal 

to the side itself, If rei is the matrix which transforms the 

global stresses into tJ::ese axes and J, 2.nterpolates +he 

corresponding o,isplacements from the nodal displacements, we 

·hO-ve that 

TI = j
A 
P\Ut.LdS 

'iI, s 

Further, Vie may consider L as being composed of t-wo other 

mntrices Lt and l:I, nhere 

L = Lt,\"! 

and L I interpolates the edge displ2.cements from the'.nodal 

disp12.cer.1ents ,ziven in local terrils and \"I transforms the 

nodal displacements from global to local axes. 

1.3 Hew plane stress eleLlent@, 

The \'lork of Dou thl'lcd. te (7) s:l1orte(l that considerable 

benefits can accrue from the increasing of the degrees of 

freedom per node from h!o to :four, especially in problems 

which contain a measure of in-pl::-.ne bending, such as in a 

cantilever. However,. the particular degrees of freedom hE! 
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y',v' Y,V 

Local 

Global 
~ x'. u' 

aXlls 

x.u 

. Fi g. 3 Axis notation 



I)" i)~ chose, u,v'D~' Qj' 

elements. This is 

( ' ) .~ 

arc o.ppJ.icable only to recta.'lgular 

because that for the general polygon in 

the Pian method it is necessary to express the nodal 

degrees of freedom in the global axes in terms of those in 

the local axes parallel and :'urmal to each edge in turn. 

However, the four first derivatives of dioplacenent, 

~ 'd", 7N d" 
?IO' ) ~} zrJ' ) a-:1' 

of all four of 

each individually give rise to components 

the "rotated" derivatives. (See section 1.4) 

Logically, the next element to be considered after the simple 

"u-v" element is that ;vi tll i;he full set of six degrees of 

freedom at each node, including all the derivatives of 

displacement as independent degrees: u,v, ~ , ~ ) ~~} ~ 
(The derivatives may be interpreted thus: 

rotations of x m1d y axes respectively 

direct strains in x and y directions respectively) 

However, it is important to realise that for a given number 

of elements in a mesh, the computation involved in producing 

a solution from start to finish including both the 

calculation of the element stiffness matrices and the 

solution of the assembled equations, increases more thro1 

proportionally with the numb el' of degrees of freedom o.:t each 

node. It is, thus, essentj.al to keep these to a mirai];Jum, 

balancing this against the improvements to be gained from 

more sophisticated displacements and stres.s patterns. 

The· choice of a set of degrees of freedom between· the 

simple two and the complete six is limited by the one 

important factor already mentioned, Since we are concerned 

with the general polyc;onal element, it is essential that the 

solution of any problem in one set of axes is the SQIDe as 

in a rotated set of axes. This in turn imp] ies the.t the set. 

of nodal degrees of freedom expressed in one set of axes, m~~t 
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be related to tl'le corrcspondj,ng dec;::-"ees of freedom in 

another set of axes at a.n angle to the first s et. The set 

'of four degrees of freedoll used by Douthna.ite (7), for example, 

cannot be SI) expressed and is thus not suita.ble for a ceneral 

1l01;Y-Gonal ele!~ent. TriO variatIes are Si2,l'lificant in this 

context in tlla';; they are invariant under an a;::is rotation and 

are thus eLllilinently Eu5:t:J.ble a8 degrees o:~ freedom. These are: 

( i) average rO';;a tion, G = !.(~-~-") '- t),. o~ 

( ii) dilation, 'e = (J« do/) 
J;, aj 

and t\70 further elellen'cn have been derived, one ,using three 

degrees of freedom =r1 the other four. The former takes the 

averace rotation in addition to the two direct displacements 

and the la.tter both of the above. 

To s1U1lLlari3e, the elements to be considered are:-

TAIG 

PIill'T 

"""'CT4 J:l.1.:J 

GEl'T6 

G!JH3 

u,v 

u,v 
() V' a-A u, v, ;r". ) 'J­

'j 
cl\). Ou ;,." dV 

U, v, ~c > B' s;. ) ~ 

u,v,e 

u,v,e,9 

In section 1.4 below the stiffness matrix for the Six 

degree of freedom element, Glli% will be derived in detail. In 

this derivation the only changes that need be hlade for the 

other nodal configurations are in the L ma.tri::. The changes 

to this are elementa.ry and need no ela.bora.tion. The 

differences in the behaviour of these elements will be 

examined in detail in chapter tllree. 
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( < 6' 
Follorling I.IaJ.lick and Se7erll '), the stross patterns 

a8S1.UllGcl for ';;his e1emen'i; are "Jc:sec1. on "the j\j.y.y stress 

fl)11ctj.on,) Th:ts is def:~_ned 8ur,h thc~-t t}18 function gJ leads 

0' 
x 

"\2· , QJ 
"-2 d x 

-,; xy = 

The following form is C1 •. '3S1med for 0; 

= + A2 (yJ/6) + A
3

(X'2/ 2 ; + A
4

(x3/6) + A
5
(xy) 

+ A
7

(x2y/2) + A8 (y4/ 12 ) + J\l(x4/12) 

+ i\1O(x 2y2/2) + A11 (x3y/6) -I- A12(Xy3/6) :- A13 (y5/20 ) 

( 4/1 ). ' (;> 3 / ') 1 ( 3 2/ ) ( 4 / ) + 1\14 xy 2 ~ ~"'15'X Y I~j -I- A'16 x y' 2 + A17 x y 12 

+ A18(x5/20) 

1:)""00000 ( 10) 

HO;lcver, 0 must satisfy the biharmor.ic equation rrhich 

giv c3S us: 

1\.10 - ~HA9 + 1.8 ) 
) 

-A14/6 1 '\ ( 11 ) A16 = •. \ 
2' 18 

r 

oeeeceqc 

1\15 '-li.17/6 1 • 
= - ':i.' 13 J 

':le thus have Fi independGnt stress c()effj,cient8, 

(i.e, lTSTEEC =i5). NotinG vlh2.t was s::'.id earlier about the 

value of ESTIl.EC this, strictly, allovls us to use only a 

trianGle, (3 nodes if 6 d,f, - 3 riGid body = 15). For a 

quadriJ.ateral Vie would need 21 independent stress 

coefficients, D. COni3.idGl"8.b~,e jump j.n the qual1'Gi ty of 

cOLl~mt~~tioll reguired o As a cOllseC],uence, althoUGh there is no 

theore'bil!al re2.S0n \'ihy :cwt, S;;.:L degree of freedom 

(l'.ladrilatera,l elC)llSn-CS hRile not been cO;lsiclerec1 in this thesiih 
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From eguatio~s (2),(10),.:',(11) vie hc.ve the following 

p ll8.t.rlx: 

( 1 Y 0 0 0 x 0 2 I 2 
Y -'2"X 

I 2 
-?x 0 xy 

I 
\ 2 2 J. 2 

~ 0 0 I 0 0 \ 0 x ~.:/ -,-y x -2Y xy 

2 2 ( 0 0 0 0 1 -h I -y -x xy xy ~'7y 

3 2 xi-x3/6 I 2 -tx3 

~ 
y -3x y/2 --"-x y 

-h3 I 2 2 :3 x3_3x.y2/2 '--2Y x x y.-y /6 

3xl/2 tx2y_y 3/3 txl-x3/3 
') ) 

3x<'y/2 ) 

\1e also have fl"Oill the equ.ation of elz.stici ty: 

€ '" 
1. (a- - Y.fT ) 

X ~y X Y 

E 
'" ~. (Oy - )'. <r_J y 

A 

r xy '" 
£.l1.+11· t xy E 

v!hich gives U1; the H illc.trix of equation (4) ,,'.s: 

I ( 1 0 - )/ ) 
'.;~ 0 ( . ) .u 

~ - )I 1 0 ) 
) 

( 0 0 2( 1 + y) ) 

The Ps ill2.trix is cJ.erivec1 frOi! the above J? mu-cri:: by 

lilo.kinG the folloHinS substitution: 

x ~ X, 'r sL~os,;"t,~ , 
5:?<-11.-

y = Y1 + .sLsin'" 

Ylhere (X1'Y1) are the coordinates of the first node of 

the side and 1 is the le",gth of the side. This eives the 

a'Gress, in global axefJ, c'.l.j:,lg. the bound::-,ry. The 

tral1SfOTLl8. tiol1 of these st:cc,;;ses iiltO those in local acres 

is givc:>:J. by: 
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.. 2 
sJ.n r).. o-x 

r ~'SillG(COS lj .• a- -~ .einClcoScc'.0- - r (sin2o( 
x y xy 

2 cos 0< ) 

From this the matrix H is obta,ined: 

~ -silllxco S(f 

( sin 20< 

2 . 2 . 
cos <J. - sJ.n Cl- ) 

-2 sino<co sol ~ 

lCor -;;11e L matri:: VIe shall consider the iolloning set of 

degTees of freedom: 

The matrix L is COElpOul1cled froQ trw other mo.trices L I and 1.'[ 

L I al'e t:18 interpolation po1yno)"cic'.ls for ';;11e decrees of 

freedom in loco.:i. ":x:es 2l1d 

\7 is tile trunsfo:c':':'.tiol1 of -',hese into 1;1000.1 axes. 

UsinG the notc~tion of f:Lg.3 He 11;;.ve the fo110VlillG 

relations: 

u' = u~cos~ + v.sin~ ) ( 

v' = -u.sin~ + v.cos~ ~ ~ 
Therefore: 

0"-' 
~r 

0.": 
~' 
QV' 
~ )c:. j 

= 

= 

= 

cos~ • ov + sinoccostl.214 + 
v" ~.j 

-sinolcosd, ~ + cos2
01 J~ 

():>: "'" 

-sinV:cosc<. ~~ 
GO, 

sinJco sill. d..:;' 
.~ .:;j 

x = XI,COSe/. - y'sina. 

y = X I. sine/- + ;)r I cos<X. 

sinlllcosc/.d:! 
1>~ 

+ sin~.dv 
uj 

+ sino(co st! .o,:! 
1!~ 

sinclcosol. a " 
"j 

( 13) 
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From these relations we can obtain the matrix U: 

c s 

-8 c 

o o 

o 
o 

o 
o 
se 

o 0 -se c2 

o 
o 
se 

2 -s 

( 0 0 -se _s2 c2 

o • 
• o • 
o 

• o • 

se o 

o . 

se • 

1 

( 2 2 • 
( 0 0 s -se -se c • ~ 

~o • 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 • 0 0 0 0 0 0 : 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 • • 0 ~ 
( r--.. • ) 

~ 1,-) : DIT'rO ~ 

where c = cos ot. 

s = sin .... 

He now have to calcule.te the interpolation polynomi2~s for L' 0 

Assume the followinG forms for u' & v' alone; the edge: 

u'(s) = as3 ~ bs2 + cs + d 

v'(s) = 1(S3 + ls2 + ms + n 

r1here s = x'/L 

Thus, i~ we substitute 

f :: 2s3 _ 382 +1 

g:: s3 _ 2s2 + s 

h = 3s2 _ 2s3 

k :: s3 _ s2 

we have for Lt: 

~ 
f 0 Log 0 0 0 

0 f 0 0 Log 0 

; h 0 
0 

• 
0 h 

Lok 0 0 0 ~ 
0 0 L.k 0 ) 

Thus all the component matrices have been derived and 

the next ch~pter considers the problem of generating an 

element stiffness m~trix from them. 



.The. technique of sett;ng _~ el_~l:!.ent 

stiffne~lll~trix 

2.1 Introducti~n 

The next stage of the c1evelopment of a finite eleBent 

is to produce a program capable of generating a p2.rticular 

element stiffness matrix from the data. In the previous 

chapter, the components of the element stiffness matrix were 

derived, rlhilst it is possible to proceed to an explicit 

form of the Hand T matrices, this is not ideo.l. For, 

although the work involved in producing the early regular 

oleoent stiffness matrices was not clUilbersome, that for the 

ceneral polYGon is. Hot only are lengthy expressions 

involved in deriving the components of the stiffness matrix, 

but the program which results is also tedious, error-prone, 

and difficult to test. 

Furthermore, it ,"laS knovm in advance that several 

different formulations of the plane stress stiffness matrix 

were to be tried, so that several alternative apl)roacl1es to 

the element stiffness proe,-ram I'lere fOllorred to find that 

which is most amenable to modification. 

2.2 Algebra~c technique 

The first of these consisted of the l)rovision of a 

package of subroutines for the algebraic manipulation of 

pOlynomialS,(17) This proved to be feasible and such a 

package, albeit rudimentary, wac written. COmBands and data 

for this package were set up which vrould compute the H and T 

matrices and produce the algebraic results. These were then 

input into a program \"Ihich interpreted them and produced a 

sui table FORTI'...f;lf subroutine. 
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Although capable of 2.chinving its object, the process 

itself, and the resultinG subroutines, proved too clli:lbersome 

to be of anything but academic value. 

The next attempt was to use en entirely numerical 

technique, defininG all the basic fUllctions using the 

FORTRAlT arithmetic statement function facility, which allows 

the prograrmer to define functions which can then be used in 

a manner simile.r to the internal functions such as SIlr or COS, 

Ee.ch of the basic matrices used in calculating the H and T 

matrices is suppl:'.ed as an 2.rray of integers which refer to 

ono of the bu..i.lt-in functions. The integrations over the area 

8J1d along the boundary are ccrried out numerically ',sing a 

five-point Gaussian algorithm.(18) This algorithm was 

u!3ed since it is alll'ost tV/ice as accurate as the Simpson 

rule of the same degree. 

This technique proved more successful and \"! as used for 

some time to produce solutions to eimple pY.'oblems, Although 

the resul tiD3 proGram was more concise than any previous, 

execution times were excessive, However, it should be noted 

that this technique of defining the basic matrices by integer 

arrays leads to a program rlhich does not expand 

proportionally when including further formulations of elements 

in the same bc.sic program. The execution times were larGely 

the result of evaluating each of the component matrices each 

time that any array element was computed. 

The third and present version is a combination of the 

two techniques. The functions which a:ce polynomials are 

stored by specifying only the number of terms and the' 
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coefficient and powers of each term, TrigonOIuetric functions 

are stored in much the same way as before. In the 

calculation of both H and T the product of three basic 

matrices is required to be integrated, In this program the 

first part of the product is formed algebraically and the 

individual terms stored dynamically in a linear array \"li th 

an integer matri1: of pOinters, The final product is 

integrated numerically using the same algorithm as before. 

The three basic matrices for each of H and Tare 

specified by integer arrays which refer to the list of 

available functions, These, and the polynomials themselves, 

are stored in DATA areas, The trigonoruetric fUl1ctions are 

buil t into the program itself, 'rhe DATA areas are kept in 

separate overlay areas for each eleruent and are br0ught in 

from bo.cking store as reqUired, and then transferred to a 

common area of core store, 

For instance, the polynomial x3 - 3xy2/2 Vlould be 

represented by the following seven numbers: 

2 
i' 

number 
of terms 

1 3 0 -1.5 2 1 .,. ~ _____ ~ --.-.----r---... -.-/ 
'-- _". --.... 'IfO-. __ 

coefficient power power second term 
of x of Y 

For the elasticity matrix, say, the following list of 

built-in functions is required: 

1 -v 2( l+v) (v/here v is POisson I s Ratio) 

The integer matrix defininG the elasticity matrix is then: 

2 

1 

o 
v/here 0 refers to the zero function. 

In both the H and T matrices the middle of the three 
, '. L 

':--
component matrices is independent 6f x ru1d y and invoives 
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only the basic properties and geometry of the element 

itself, SUC11 as Poisson' s Ratio, thickness and so on, This 

uatrix is f.ormed first and then used to pre-mul tiply the ne:&:t 

mo.trix to form an algebrc,ic form of the intermediate product. 

This product is stored in a linear array in the same nay as 

the basic polynomials. The final product is formed one array 

eleL1ent at a time, with the integration being carried out 

numerically as ([ascribed in the next sectio!!. No final 

algebraic product is formed. (For details see Appendix Three) 

2.5 Simplification ~[.HI matrix 

If the HI matrix is numerically evaluated directly as a 

double integral, the number of Gaussian points at r1hich the 

vo.lue of the integrand is required is 21. Honever, the 

j.ntegration is simplified, and in computer terras, shortened 

by a transformation which splits the double integro.l over an 

area into trIO single integTals. The first, an improper 

inteGral (that is, one between aleebraic not, numeric limits) 

is evaluated algebraically from the powers of eo.ch term and 

the coefficients. The second integral is evaluated numerically~ 

This latter, being noVl a single line integral, requires 

only five Gaussian points. Since the integrand has to be 

evaluated at each Gaussian point this transformatioll reduces 

qui te considerably the CO~!puto.tion required. i'Totable savings 

were in fact achieve" .• 

'l'he oathematics of the transforoation are as follows: 

.. );=b f ~' J.(x.) 

j J Je",j)cJ'Y,)j 
X-:Ct. ~";:O 

Fe,,),. CQ-(x'j)J ~':.(~l 
~:" 

& t;:'{",:J)- Jf{>C'~)dj 
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Having Vlri tten the proGTaL1 for one element, any other 

element only requires minor chanees to the program in' 
• 

adcli tion to a neVl seg1:1ent of DNl'A statements. In fact, a 

cODplete new element can be generated, incorpo;r'ated into tIle 

program and tested in a sLlgle cOLllmter run Hi th a 

considerable degree of coufidence that it will be correct. 

The block layout of the element calc·l.1.lation is as 

ShO'iffi in fig,4, The development of this proGram YlaS greatly 

facili tatecl by a considerabl:\1 division into subroutines, each 

of which could be vlri tten and tested independently and then 

"plugged-in" to the rest of the developing program. In 

addition, this apj)roach made it easier to tryout the 

three methods discussed above, by.a siLlple replacement of 

relevant subroutines. 

The same can be said of the control systeLl, described 

in more detail in Appendix One. The value of dividing a lE'.rge 

progro.m into as many small see;ments as reasonable is 

indisputable. 
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" .. 

'. for czach for czac h 
1 sidcz si de .. .. . 

Fig. It Stock diagfarn of plane element calculation 
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3Q1 Introduction 

rlhilst some efforts have been made to produce a 

criterion for the comparison of finite elements, these 

have so far had only limited success.(19) Until it is 

possible to make a more impartial and direct comparison 

of differently formulated stiffness matrices, it is still 

necessary to select a set of fundamental problems on \"Ihich to 

base an evaluation. The seleetion of such problems can, and 

indeed does, influence the apparent relative merits of 

L1dividual eleLlents. This is particularly so if problems 

nhich can be solved exactly by one element and not by 

another are choGen. In this case, it is left to judgement 

as to the severity and sigl1ificance of the errors, Such 

judgement must include an assessment of the likelihood of 

encouI' .. tering in real life a situation in nhich the relevant 

problem occurs, 

3.2 Basis for compariso~ 

Five types of problem were selected for the comparative 

tests on the various plane stress elements considered; 

1 The bending of a short rectangular (2:1) 

cantilever vd th various meshes 

2 The stretching of the same plate with various 

!!leshes 

3 The pure shear of a sque.re plate Vlith various 

meshes 

4 'J.!he bending of a cantilever of varyir;tG aspect 

ratio with a sinGle mesh 

5 The stretching of the same plate Vii th varyinG 

aspect ratio and a single mesh 
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These problems a.re shovm in fiGso 5,6 & T. 

3.3 Etesults of comparaiiv!!. t~stl:! 

ThE', J:esul ts of these tests fOT all elements are plotted 

in fics, 8,9,11,i5,& 16 and listeo. in tables 2 - 6. 

rlhilst it can be seen from these fi{;ures that all the 

elements are converC,ent - indeed they must 1,,, so, following 

the proof of this by Pian( 13) - the rates of convergence are 

not the same and differ according to the type of problem 

attempted. 

Convergence in test 1 is extremely rapid for all 

elemen·cs. Almost all the :ca suI ts, apart from th08e from a 

single element, mesh A, are rEi tlLin 15>~ of the convergent 

result. 

Hot so rapid is the convergence in the second test. 

In addition, the convergence for GEl'I3 and GEH4 is not 

monotonic. The deflectecl shape of the plo.te rihen stretched, 

(fig, 10) is somewhat different from the usual "necking" 

noted ,"Eith a larger aspect ratio. However. the same effect -

()uh/o.rd displacement of horizontal edges ·near loaded end 

was just noticeable in the experiments c:crried ou.t by 

Douthwaite.(7) This effect is becalilse, with the small aspect 

ratio, the load has becoille more distinctly tVIO point loads 

rather than a distribu.ted load over the '.'1hole end of the 

plate. 
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Success in the shear test (test 3) depends primarily 

upon whether the actual edge displaceLlent pattern is 

present in those available to a.YJ.Y particulo.r element - that 

is to say, vlhether or not the sides may take up a linear 

displacement and whether the sides may rotate i'elative to 

each other at each node, This is possible for all these 

elements except those in which the average rotation is 

considered as a degree of freedom, GEN3 and GEH4. In these 

cases the "corners" of eacn element are considered as being 

"rigid joints" as in, say, a plane fr=e analysis. 

AlthouGh the solution ottained from these elements 

converges, (fig.11) the edge displacement which corresponds 

to this is as shown in fig. 12 and furi.her, direc.t dtresses 

are induc&d in addition to a varyinG shear stress. (see fiGo13) 
• 

Tile overall effect of this varies depending on the extent to 

vlhich shear dominates the action of any particular problem 

considered. In addition, it should be noted that both the 

GEN4 and GElT6 elements require generalised di12.tion forces 

to represent properly a shear force. These Iesult from the 

fact th2.t the shear force produces a displacement in the 

same direction as the dilation degree of freedom. The effect 

of neglecting these is shov;n in the reiJul t;a foJ;' the GBlT4 

element and can be seen to be rather marked. 

The effect of using an average rotation can also be 

seen in the deflected shape of the lower edge of the 

c2~tilever problem, test 1. Tru~e. for instance, the mesh C. 

'J!he deflection fo.r this case is ab-ovm in fig. 14(a) for the 

element GEN4. Definite errors can be seen which result from 



120 

110 

..... 
... 

0 
. -

JC 100 
VI 

~ .E --.. . 
c 
.2 ... 90 
~ -" '0 

Ill· - 80 c 
0 
N 
~ 

0 
~ x 

70 
0 

X----:-__ 

c' GEN3 

X GEN4, 

f'IAN 
/ 

no dilation force 
I ' 

X 
exact RECT4 

C}ENS ~-X 

-cxact-~---- - ~- - - - - - ---- ------.....;- -- --- -" ----. X 

, 
cxagger a ted 

scale 

Fig. 11 

w_ 

~--~-o- ___ IJ; _,<,,~.. ' 
~_-III-=::::::-/X 

x with dilation force 

20 40 60 80 100 

" ... , Number of unconstrained degree.s of freedom 

Horizontal shear deflection for test 3 
" -



, (50) 

. I 
'. 

'. 
" 

" 

, , -.---

" ! • • 

• 

/ 
I 

• (l 
, , 

, , 

Fig,12 ' Deflected edge sh'ape .- test 3. mesh W 
• 

.. , 

, 

.. 
'., I , 

~ , , 



.P •• ____ ..... ~-••••• -~-•• ,. - •••••• _ •• ~ _.~ •• , ••• _~._ ••• 

-17 Cl 55: -55 0 17 

19 9 -9 -19 

16 -43 -75 ~,-

I:) 1;·9 -16 
.. -. - '.'--...... -,.- .. _ .... -_ ..•.. _ ..... -...... , .... --....... _--_. __ ...•.... 

-16 1.·9 75 ·49 16 

-19 -9 9 19 

-17 17 o ,-55 55 o 
: 

•••• _.~_._. - _, •••••••• - •• , - ._ ••• ,1 ••• _ •••• _0" •.•••••.• _. __ •••• _ .••••• _._ ..... _ 

, 

exact value = 0 

Horizontal stress in p,soi. 

227 1/,'J ' 1 (0 20<· 227 

201;. 19>:· ! 19<' 20L~ 
i 
I 

I VO 19,:· 207 i 207 19/i· 1 i,O 
i -' .•. --, .... , ....... _ ...... -.-.. -.--.-. t---._- ...... _- .- .... .. 
! 1 !~O 19,;· 2:)7' 207 191: 11,.0 

194 194 20<. 

227 201,. 14'J 140 201; 227 

ezact value = 208 

8hear stress in PQsoio 

! 

Figo 13 3tre-sses in ill eal' problem 'F usinG 

element GBE4 



0 

'004 , ..... 
1/1 
C 

--
c, '008 0 -u 

" -" 0 
·012 

'016 
0 

o 

'004 

..... 
1/1 
C --

,c '·008 
0 -u 
" :;: 

" 0 

'012 

·016 o 

(52) 

-. ~., .. 
• ~ .. 

' . , 
" 

.. ~ 
"', , 

" 

,,' , 
" \ \ 
\ 

30 60 90 120 
Distance along lower edge (ins) 

, Fig. 14(a) " Solution using GEN4 

30 60 90 

, 
\, 

\ , 
\ 

'\ 

120 

. 

• 

Distance along lower edge (ins) 

Fig. 14(b) Solution using GEN6 

Fig. 14 Orlflrlctrld shaprl of. lowrlr rldge :- test1,mesh C J 



(53) 

the fact that the slopes at eaoh node are considerably less 

than the corre~t values, Howevor, the GElT6 solution, fig.14(b), 

does not contain this particular error. 

3.3.5 

The results of the tests 4 and 5 (figs. 15 (;; 16) are 

not ill1important. In effect, these tests measure the ability 

of the eleruents to cope with situations in vlhich the stress 

in one direction is varying consic:'erably more rapidly than in 

the other. The large aspect ratio used means that the 

resulting stiffness equations night be ill-·condi tioned, but 

errors are unljJcely to have arisen from this SO'l1.rce; - see 

chapter six where thi.s question Vl:i.l:L be 8xam.i.ned o 

The basic Pian e).ewent performs particularly poorly in 

this context. The consequence is that any element subdivj.sion 

of a problem for this element Dlust be such that all the 

elements are as near "square" as possible. This can cause 

quite a considerable increase in the number of nodal points 

if the mesh is to be refined more in 011e region th= in 

another. 

The three degree of freedom element, Gm~3, is a 

marked improvement on the basic element but nevertheless, 

up to 255~ errors were recorded. This is in contrast to the 

9~~ errors of the G3.N4 elenent. The very good behaviOur of 

the RECT4 eleDlent j.s, as always, restricted by the liDli ted 

type of problem open to it, and that of the GEliG element is 

achieved at an increased cost in computing tiDle. The Gm~4 

2S a general element is thus an acceptable compromise. 
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It Vias shovm by AllrlOod (21) that, for the displacement 

method, it is alYlays better to use a general quadrilateral 

element subdivision than one into trirulgles with the same 

node positions. The argument, substrultiated by example, was 

based on the number of unlmown coefficients in the 

displacement patterns which were available for independent 

evaluation. It is found that the stress distribution of the 

quadrilateral can be _linear~ whilst that of the triangle 

is constant. 1''110 triangles can only produce a step function 

not a linear variation. 

It- is not possible to arGue in the same way for -the 

assu.llled stress apiJroach since the same stress pat'cerns a1'e 

available to.lboth the trianGle and the quadrilateral. 

Nevertheless, examples (see fiGS. 17 e; 18) indicate that the 

same theorem may be trJe. In this case the fact probably 

stems fl'om the incompatibility between the eCcge displacements 

and the stress distributions; the discrepancy will be 

greater for the two triangles than an equiv8.1ent 

quadrilateral Since the former include a contribution from 

;fihe common boundary betvlecn the trIO eleI:lents in ulldi tion to 

the external boundary. 

Since only a triangle has been made available for the 

GliH6 confiGuration, th;1,S element has been omitted from this 

comparison. 

3.4.1 

From these results it can also be seen that, as 

expected, the PIAl:! element as a trirulg1e is exactly the same 

as the Taig triangle. This is because the t\70 elements 

require the same stress distributions = c6n~to.nt ~ and i~~~~ 
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match the edge displacements exactly. This is the only case 

amongst the elements examined Vlhere this is so. The same 

effect would not be observed, for example, with the Eian 

element and the Taig rectangle. 

3.5 Calculati~n of stre~ses 

3.5.1 

In chapter one, equation (6), vlhere the element 

stiffness m2.trix was shown to be: 

k = Tt.H··1.T 

we can also see how to calculate stresses, using the stress 

assumption. For: 

F-= -1 H .T • .9. 

v/here.fl. are the nodal displacements for the element. The 

matrix H-1• T is known as the stress matrix. FroDl 

equation (14) we can calculate the stress at any point within 

the element using the appropriate coordinates in equation (2): 

<J = P. ~ 

The subroutine which calculates the stresses is ,vritten to 

print out the values of the stresses at the no~eb 3nd midside~. 

~lternative pOints could have been used and, in fact, a 

stress plotting program has been written (see appendix two) 

17hich allOV1S this facility. 

3.5.2 

For the GbN6 element an alternative is available since 

the strains are calculated as independent degrees of freedom 

at eacb node. The stresses may be calculated (equation (4) ) 

from them usingthe relation: 

er = H-1• § 

In adl1i tion, this feature of the GBl:6 element allows an 

implied constS:~int of stress as well as ahipiccement; 
- v 
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3.5.3 

For those elements which have constant, or ne2.r constant, 

stress bo.ses, the value calcu12.ted from the stress functions 

for each element is most logically assigned to the centroid 

of that element. This creates difficulties in plotting 

stresses on the boundary of the problem. The best that can 

be done is some form of extrapolation. l'othing more 

sophisticated than manual extrapolation has been attempted 

in this vlOrkp althouGh others have investigated this. 

(soe Uilson(22» 

3.5.4 

lI.s a comparison, consider the longitudinal stress 

o.long the loner edge of the 15:1 cantilever in test 4. 

(Cant. 4/15) The results for this from four (~ifferent 

elei!!ents are ShOVffi in·te.ble 1. The nutes (a) - (c) refer 

to section 3.5.5) 

Ix node I "exact" 
-----. 

Rect16 I GEN4 GEH6 GBl% I ins (i) ( ii) (iii) (ii) 

.- 0 1 -11250 -10497 -3275(" -11850 -11450 

30 4 -8437 -8656 -8402 I -3650 I -3550 

! 60 7 -5625 -5769 -5727 I -5550 -5600 

I I 

I 90 10 -2312 I ~2883 -2749 -2785 I -2770 
! I ("')1 I +74~~) ! 120 I 13 I 0 -1373 . +66 +3 

! ! I 

x = distance from supported end 

Table 1: Longitudinal stress "( p. s. i.) along lower edge 

of cantilever 4/15 

(i) Stresses calculated from an interpolc.tion of the 

nodal degrees of freedom 
(i) Stresses from stress polynomials 
(iii) Stresses from nodal strain degTees of freodom 
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3.5.5 

(a) The stresses from the Rect16 elements are 

virtually constant across the whole element and thus the 

values quoted at nodes 4,7 & 10 are averaged v~lues coming 

from a step fW1ction distribution which is discontinuous 

at these points,. This accounts for the non-zero stress at 

x = 120. In reality the value -1373 should be considered as 

the value at the point x = 105. The same applies to the 

value at the other end, x = o. 
(b) This non-zero stress arises from a zero 

horizontal strain and a nOil-zero vertical strain nultiplied 

by Poisson's Ratio. It is reasonable to expect a non-zero 

strain locally under the point load and hence the positive 

longitudinal stress. This is:a feature of the stress 

distribution not picked up by'any of the element stresses 

dermved from nodal displacements or assumed stress 

distributions 'which average out many such local variations. 

(c) This value at the root of the cantilever is in 

error c.s the result of the difficulty in correctly 

representing 'the cOllstraint condition at this pOint. The 

strain in the vertical direction should be zero and that 

hori~ontally, non-zero.' This implies that the dilation 

is n6n~zero. Honever, in the "converse si tuat:i:.on, a non-""ero 

value of dilation is'attributed equally to the strain in 

each direction miiJr'ing ,the'stresses incorrect. However, the 

effect is very local and appears not to impair the results 

elseY/here. The quoted values were obtained, in fact, by 

constraining the dilation to be zero. 
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3 0 6 Stress free boundaries 

It is possible in this particular method to constrain 

certain boundary stresses to zero by the imposition of 

zeros in the assumed stresses. (See Pian (23» This 

introduces one or more zero columns into the P matrix. 

Conflicting opinions have been expressed (Dungar ~ severn(24), 

ru"d Pian(23»,it is not apparent that this refinement 

significantly alters the solutions obtained by the standard 

element, other than at the boundary itself. Provided that 

intelligence is employed in the interpretation of the 

results when zero stresses are expected but small values are 

printed out, no trouble should arise from the use of 

standard eler,lents. Since the stress pat~ern selected from 

the basic set by the energy minimisation process is a smoothe':' 

out version of the exact distribution, it is not clear that 

this process of imposing a stress value at a particular 

point is correct. In general, the stress calculated 

~t ru"y point by the assumed stress approach refers to a 

small r~gion around tnat point and not just at that point 

itEelf. 

3.7 Conclusions 

3.7.1 

For problems in which in-plane bending (cantilever) 

<:lction dominates then GEH4 provides a marked improvement 

over baSic two degree of freedom elements. However, the 

inability of this element to represent shear is a 

drawback althouGh the PIAN OT Taig eleEents are quite 

satisfactory for such situations. 
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The GlliT6 eleLlent combines the virtues of the two and 

four degTee of freedoLl elements but at a considerable 

increase in expense. For many situations this expense may 

not be paralleled with a similar improvement in the results, 

compared with the GEH4 element. Provided it is possible to 

determine in advance. which to use, PL'I.N and GEH4 are to be 

preferred on the grounds of economy. 

3.6.3 

As a prospective membrane component of a shell element 

GEN'4 is i!D};lecliately attractive in that its average rotation 

debTees of freedom fit well with the out-of-plane rotations 

of a bending element. However, the effect of the distorted 

shear stress under some circu m stances resulting from the 

use of GElT4 may be e. problem and will be investigated in 

later chapters. For situations in which shear .is present at 

a siGnificant level, GEN6 can be used also in conjunction 

with the same bending element to produce a more sophisticated 

shell element capable of representing shear more correctly. 



"exc~ct" soJ:.:tio;.1 :(0,: D1 = .01333 (Sce :;uT)';l~r:!ent 

';;0 c~la11ter 3) 

D1 = vertical ddlec';ion 9.t 102.ded noclc 

D2 = >ori2lo:,',tc.l deflcc'~ior. ,>.t loe.dc<'. node 
n = nl'.Ebcr of U!'.conrjtr"d~~ed CT,-,L\tio;.-,s 

TL\blc 2; Re::mHs of be::ding l02,dc",~c (test 1) 



D1 = hOl"izontf'.l deflection of lO[l,(1.ed nodes 

D2 = vertic2.1 cleflection of loaded noc1es 

N = number of 1.'l1con;o;trc!.ined ec'.uo.tions 

Table 3: Results of stretching case (test 2) 
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'PHNJ _I .--e.."'l:act r-- I 

.. -~~; ID"'-T~0~~~5-i"--~00087 --I:'0008-5"'T'~o00861 
iN 24 i 42 ! 57 I 72 i -. . , .------.l.------... 

~~EC~~ __ .+ __ -:::--------.- exact i __ .J-> ___ J 
D1 .00118 .00113 1.00100 ! .000951 

I GEN41D2 .00076 .00085 1.00082 ! .00088! 

~--~'~"-i 33 . 57 ! 7~_._. __ .-.. ~97 ._.~ 
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i Rect I ! i ' 
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exact solution = .00089 ins. 

D = hor:i.zontal deflect:i.or!. of upper left corner 

D1 = 

D2 = 
SK';e (J.eflect:i.on w:i. thoc'.t d:i.lat:i.on force 

as D1 but including cJilat:i.on fo reeD 

EX2.ct solut:i.on :i.n obt"~ined from:-

'txy = 10
4 ~ 4.8 * 30* Ob 

D = 104*8*48 
1;.8* 9 *fbT 

= .00089 ins 

Table 4 : Results from she2.r problem (ti;st 3) 
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Table 5: RcsuJ_ts from test 40 
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D = finite element average horizontal 
deflection 

R = Djexact 

"llixact" deflection obtained from Hooke's Law 

Table 6: Result8 from test 5. 
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Table.' T: Results from comparison of triangles 

quadrilaterals for bending problem. 
(see test 1) 

Supplem_e.n..t To) Cha..p.ter .'±'h:r~e:: 

DeflQction of cantile.YJ".+.loa.<l,.(;j_4 verticJ',..l.l..Y __ 1'!~i( 

lQwer end corner. 

From Timos],enko &. Goodier (25) vIe have the folloHing 

formula for the "effect of shearing 

D 2 
deflection, d 2 , = J: C 7:-1 

2IG 

But G = :c 
2( 1+v) 

Then 

If we 

then 

:JJ13 
= usual value = 3DI 

d
2
. = d (1 + 3( 1+v).r._(£)2) 

1 4 1 

1 
have .. that v = /3 

b 2 
d 2 = d 1 (t + (I) ) 

force" : 
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Chap ter Four Hiscellaneous Plane Stress Problems 

4.1 Introduction 

In addition to the comparative tests of chapter three, a 

selection of problems was solved using the GEH4 eleoent. 

This not only provides further validity to the process, but 

also demonstrates the range of suitable problems. 

The problem of determining the stresses in a deep beam 

with simple supports (see fig.19) is one \7hich does not 

have a simple solution. A finite difference technique and 

experimental model results have been compared with other 

approxiDate analyses (See Iyengar et o al.(27» The results 

here for the GEN4 element using a coarse mesh. of 3 x 4 

elements are compared with those of the authors of (27) 

usinga 4 x 8 finite difference mesh. For a comparison, the 

elementary bendinG theory results are also shown. (fiCs. 

20 & 21) 

.\lthough the finite element mesh is rather coarse, the 

agreement is good. The point of greatest discreponcy, the 

horizontal stress at the bottom 'of the centre-line section, 

is that result·most contested by all the analyses quoted 

in (27). The r::nge of results quoted is 1.0 - 1.5 p.s.i e 

rihilst the maximUl11 in the GEH4 distribution is 0.8 p.s.i. 

Otherwise the results are very similar and uhow well the 

deviation from the simple theory. 
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This problem has a solution by Timosheluco a~d Goodier(25) 

and quite a successful solution \"Ias obtained usinG the C·BH4 

element. The mesh is shmm in fiC. 22. Similar meshes have 

been. used with other finite elements. (See, for example, 

(2'i) , ( 28) ) 

Since the problem has symmetry about· both the vertical 

and horizontal axes, it ie only llecessary to consider one 

quadrant. 

The results, see figs. 23 ~ 24, are quoted in the 

non-dimensiono.l unj. ts of d. t! p' It should be noted that the 

scale of fiG.24 :i.s much greater than that of fiC;.23 and that 

small variations in the maj or stress vlill introduce 

proportionally more. significant errors in the minor stress. 

In view of this the finite eler..lent results are quite close 

·GO the "exact" soihution, bearing in JD.i~d that this is an 

example of the difliculty in the Fjnite Element method of 

solving problems Vii th point loads. Such J.oading cases 

introduce inf:i.nite discontinui t5.es in the exact stress 

distributions Vihich have to be rou.uded to a finite quantity 

in the finite process. Nevertheless, reasonable solutions 

are usually obtaineC, in all regi.ons not too close to the 

discontinuity. Again, it must be remembered that the stresses 

calculated for any point are the result of a process which 

averages the stress over the region around that point, thus 

obscuring the discontinuities in the exact distributions. 
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4.4 Pian's stret~~~d~lJ!te problem 

This proble@ was selected by Pian(23) as a test of 

his original element and a comparison with his "stress free 

boundary" elements. (See section 3.6) It is included here 

because shear effects \"lere eX1Jected to be quite significant 

in the region of the loads and the effect of this on the 

GElT4 solution is of some interest. The mesh used by Pian 

(fiC;. 25) was very mUl,h finer than that used here - 48 

elements instead of 15, 112 equations instead of 63 

and the results obtained are shown in figs.26 - 28. 

Apart; froe the 2ins. nearest to the load, the results 

for the deflection of the panel centre line are barely 

distinguisable. In the remaining small region, the analytic 

solution quoted by Pian ceases to exist and there is a 

difference between the two finite element solutions e (FoT.' 

the 2.Ualytical solutinn, see 1iI1arreL, et.al.(2Q» Also there 

is general agreement between the results for t11e direct 

stress distribution (figo21) across a trai1sverse section 

5ins" from the load e Small negative stresses occur at the 

outer edge for both finite elerJent solutions in comp2.rison 

vlith the analytic solution which has a small positive value. 

Turning to examine the shear stress across the SD.llle 

section, fj.ge 22, Yle find that both finite element solutions 

have discrepancies betneen theL:seJ.ves and the analytic 

solution. On the one hand, the Pian solution has a non-zero 

shear at the centre line of the section v/hilst it agrees 

with the analytic sclution away from this edge. On the other 

hand, the mm4 solution has a nea,rly zero shear stress at 

this point, but in the adjoining region the shear stress 

is sonewh2.t lower than the analytic solution. This might 
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.have been expected since it is shear Y/hich the GElT4 element 

is poor at representing. nevertheless, although the 

individual element stresses vary quite considerably, fig. 29. 

the averageC'. nodal vc.lues are consi(i.erabl:' better, (fig. 2S) 
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Chapter Five Shell element dertvation 

A fundamental concept in the developElent of a shell 

element is the diVision of the stress distribution into 

two parts - in-plane (membrane) and out-of":plane (bending) 

Vlhich'can be- first considerede separately and then combined 

together.(See Bogner et o al.(31». Timoshenko (32) defines 

a shell as being thin when its thickness is sm2.ll in 

relation to its other dimensiOi1s. To be more specific, the 

eletler,ts developed in this work satisfy the folloriing 

conditions: 

(8.) No shear between the inside and outside surfaces 

is allowed to develop. Put another way, nurmaJ.s 

to the mid-plane remain normal in the stres8ed 

state. 

(b) Direct and shear stl'esses in the plane of the 

element vary linearly across the thickness of the 

element~ 

(c) Out of plane shear stresses vary parabolically 

across the thickess, having zero value on the 

surfaces, reaching a maximum on the mid-plane. 

Both the Cornes bending element(14) and the two 

membra.'1e elemen ts, GEH4 and GEH6, satisfy these conditions. 

\"ie now proceed to consider the combination of bending and 

membrane elements into a shell element 

5.2 Seven degree oJ freedom shell element. S7. 

This element combines the GElf4 membrane eJ.ement having 

four deGrees of freedom at each node with the bending 

element, having three degTecs of freedom per node. 
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The set of seven degrees of freedom for the shell 

elemcnt,in its own plane, is 

u, v, VI, @x' Gy ' Gz ' e 

Thus these separate easily into two subsets: 

u, v, e, Bz w, B , G 
x Y 

tIle first of which is the set of GEN4 degrees of freedom 

and the second those of the bending elenent. The combination 

of the two separate elenents is thus simply a case of 

re-ordering the degrees of freedom in the sequer.ce set out 

above. These then have to be rotated into the same set of 

degrees of freedom, but in the global axes. In fact, the 

re-ordering is incorporated into the same transformation as 

the rotation to produce a single operation, the details 

of which are set out in section 5.4. 

503 Pv{elve degree of freedom she~l_~~ement, S12 

The second shell element combines the same bending 

element with GEN6 for the membrane contribution. For this 

shell element the twelve dgrees of freedom are: 

0"" ";)~ -()" "";)" d" Clv' ~h'" 0"'" ~ u, v, W, _ D>' 1 '5 1 ~ I (5;. f iI:> . 'Si) T>.- > <S ) ?l't. 

However, in this case the degrees of freedom of the two 

component matrices are: 

membrane: u, v, dv - , l> )< 

bending: w, Gx ' By 

The first step in relating these two subsets to the set of 

twelve degrees of freedom is to realise that: 

.L(;)..., iJ V
) 

Gx = ~ ;)'j -.;-~ 

G
y 

= t(o~ - ~) 
'/I). ~Y; 

However, for the thin shell bending only out-of-plane, the 

two component derivatives in each of Bx 

numerically equal. Consider fig. 30(a). 

and Gy are 

"Here G1 = • 
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and ~2 =-~. Under cur assumptions, (see· 5.1) we have that al 
~1 = Q.2· Consequently, \'le must have a stiffness relation 

which constrains the shear strain Y = ~+ ~ to be zero, xz ox. Vc 

in addition to the previous equations for ~ • (Correspondingly, 
y 

~z must also be zero.) 

FUrther, no consideration has yet been given to the 

out-of-p1ane direct strain G z = ~. In order that Y/e satisfy 

the thin shell assumptions, we must also have this zero. 

Thus we must include in the shell element three extra 

stiffness equations in addition to the original nine from the 

membr8ne (K1) and bending (K2) stiffness matrices. 

These are: 

Yxz = ( ~+~l-) = 0 

hz = (h ... +d v ) 
~ J1!l = 0 

~z = '0'''> = 0 
'Si 

Provided no "forces" are made to act on these degrees 

freedom, we may write these equations in the standard 

stiffness matrix fOr@: 

:£:3 = K3·£'3 

\'lhere :£:3 = 0 , d3 = ( ¥ xz) amd K3 = ( £ Q 0 ) 

~ ~ yz~ ~ 0 6 £ ) 0 0 ) 
~ z ) 

of 

where the value of S is, so far, iInlnateria1, say S =1. 

K1,K2 & K3 can be a~mb1ed together to make the full. local 

shell element. This is now expressed in terms of the 

following degrees of freedom: 

U V ()... J .... , , - , <, 
Cl)< o~ 

These can be transformed 

that we require. 

.)~, ~,1, w, ~x' Gy' .rxz ' ~yz,Ez 
0>.-., 7f~ 

uniquely into the set of twelve 

This is again incorporated with the rotation into 

global axes and the details are given in section 5.5. 
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5.4 Transformatio~ of 87 from lpc~ to global axes 

Let: 
.9. = global degrees of freedom for one node 

q'= local fI fI fI fI fI fI 

The transformation between the two con be written: 

q' =' B. q 

If the element has, say, three nodes the full transformation 

is: 

or: 

= ( B 

~ g 
~e I = Coqe 

o 
B 
o 

If I. ~ :: local eleI:lent stiffness matrix 

K = global fI fI fI 

then 

For the 87 shell element the K' matrix is composed of: 

= 

= 
and then: 

KI = 

in-plane stiffness matrix 

out-of-plane stiffness: matrix 

o ) 

~ 
In detail, the transformation, including the re-orlfrering 

of the degrees of freedom, is shovm in table 8, which is 

expressed in terms of the direction cosines in the 

follo\'ling way: 

u' = 11°U + 12°V + 13°W 

VI = m10 u + m2,v + m3·w 

VI I = n 1·u + D 20 V + n
3

0w 

where li,mi,ni are direction cosines. 

(15) 
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( 11 12 13 0 0 0 0 ) 

( m1 m2 m3 0 0 0 0 ) 

( 0 0 0 0 0 0 1 ) 

( 0 0 0 m
3
12-1

3
m2 m11

3
-1 1m

3 
m21 1-12m1 0 ) 

( n 1 n2 n3 0 0 0 0 ) 

( 0 0 0 m3n2-n3m2 m1n
3
-n1m

3 
m2n 1-n2m1 0 ) 

( 0 0 0 n
3

12-1
3
n2 n 113-11n} n211-12n1 0 ) 

Table 8: Transformation matrix, B f_Qr SI element 

5.5 Transformation of S12 from local to global axes 

This is the same as for 87 but \Vi th K' = ( !C 1 0 0 ) 

( 0 K2 o ) 
( 0 0 K

3
) 

and the transformation is given in table 9p at the end of 

this sectiono However, one significant point still remains to 

be considered. Uhen two elements meet at an angle, the 

special deg-rees .of freedom ¥ ,:r ,e: will not be the . xz yz z . 
same for each and indeed, in global terms, the matrix K3 

.-rill by now be transform.ed into different parts of the 

assembled equations. Furthermore, although it is essential 

that for the bending case (fig. 30(a) ) these terms be zero, 

for an element at, say, right angles to this, these degre~s 

of freedom now become membrane degrees of freedom (fig.30(b) ), 

and are allowed to develop independently as befits a 

membrane problem. 

A fundamental technique in the stiffness m'ethod is that 

specific equations can be made to "dominate" and become 

independent of the rest simply by the numerical technique 

of multiplying them by a large factor o This, for example, 

can be used to impose finite or zero settlements upon 

certain direct displacements. Similarly here, if normal 

stiffness equations are superimposed on the special 
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equations introduced in 5.3, and the value of ~ is made 

sufficiently small, the effect of the special "constraints" 

v/ill be insignificant in the presence of ordinary stiffness. 

In this way we are able to make elements meeting at an 

angle rer,lain rigidly cOlmected together by these peculiar 

constraints unless there is a real element which is capable 

of taking these strains and which allow these shear and 

direct strains to develop. 

Table 9: Transformation matrix. B for S12 element 
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Chapter Six Basic tests on the shell element, S7 

6.1 Introduction 

The testing of the plane stress elements as reported 

in Chapter Three and that of the bending element by Cornes(14) 

has validated the behaviour of the component elements under 

a variety of practical situations. It is not necessary to 

perform exactly the same tests on the shell eleLlents. Two 

points remain, however, nhich need consideration. Firstly, it 

is hoped th2.t the 37 and S12 ele;.cents ~an be used vii th 

particularly coarse meshes. The degree to which this is 

possible has to be determined particularly in relation to 

the geometric approximation of curveQ surfaces. Additionally, 

the effect of using plane elenents and polyhedra to represent; 

curved elements ar"d doubly curvet, shells need exa:min~tion. 

Secondly, the inability of the 37 element to represent shear 

correctly needs to be assessed in the s~ell condition. 

The element 37 involves considerably less computation 

than the twelve degree of freedom element, 312, especiall;,T 

in situations where geometric considerations prevent the use 

of a coarser mesh by the S12 element than the 37. As a 

consequence, it is intended to use the latter as far as 

possible, resorting to the more sophisticated eleLlent in 

problems for mich the 37 elcli!ent is not capable of 

producing a good solution. 

6.2 Basis of evaluation 

S1%:';;- problems vlere selected for the basis of 

evaluatinG the 37 eleuent and these cover a wide range 

of aspects of the us e of the element. These problems are: 
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I . Simple portal 

This problem demonstrates that this element 

correctly represents rigid joints betv/een e1eaents 

meeting at right angles. 

II Cantilevers 

This set of three cantilevers coV'ers a variety of 

problems in vhich elements again meet at right angles. 

Also included is an example in \lhich beam e1eHents are 

combined with the shell element. 

III Numerical stabi1i~ 

A sequence of channel cantilevers with an increasing 

stiffness ratio ~s examined to establish the numerical 

stability of the combination of element and aethod of 

solution of the. equations. 

IV Simply supported box_._be~Lwi th end. diaphragms 

This problem is included in order to demonstrate the 

care required in assessing the implications of using 

the average rot~tion in the shell e1eaent S7. 

V Cylindrical shell 

A sequence of cylindrical shells with increasing 

fineness of subdivision of the curved direction is 

compared in order to determine the degree of geometrical 

approximation required for a Given stress accuracy. 

VI Spherical cap 

This problem is a thin s11e11 with double curvature 

and considerable bending effects. 



-- - -- ------------

... ·Q··(·91.) ._ .•. 

6.3 Results of _evaluation 

6.3. 1 Simple portal 

A simple portal (see fig.31) was analysed with 

three finite elements, one for each of the structural 

elements. The results are compared with a two dimensional 

area-moment analysis of the equivalent portal frame. 

Deflection of upper right corner 

6.3.2 

= .025 ins S7 shell element 

= .O~5 ins Area moment analysis 

Bending 

= 

= 

moment at supports 

13.74 x 104 Ib-in 

13.71 x 104 Ib-in 

Cantileve:r;:§. 

S7 shell element 

Area moment analysis 

Three cantilevers of various cross-sections 

have been analysed, the first two ·using shell elelJ.ents only, 

the last \"lith a mixture of shell elements and beams. These 

also illustrate the nbility of the S7 element to represent 

"corner" situations. 

A I-beam 

B Square hollow box beam 

C Channel beam 

In all cases the depth was relatively large in relation 

to the length as this represents a more exactinG task and 

the results quoted for uomparison include the shear 

correction term given in chapter three. 
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Cantilever A 

For this problem the length of the cantilever was 

divided into three equal sections. The depth of the web was 

a single element whilst the· flanges were two elements each, 

one on either side of the web. (See fig. 32) The load was 

placed centrally on the flange. 

Second moment of area 

Humber of equations 

LIaximum deflection 

lJnd rotation 

Cantilever B 

= 

= 
= 
= 
= 
= 

5.636 x 

126 

.00169 

.00170 

.00001 

.00001 

106 ins4 

ins simple theory 

ins S7 shell element 

radians simple theory 

radians S7 shell element 

For this problem the length of the cantil·ewer was 

divided into four elem~nts but otherwise the division was 

tllat dictated by the geometry of the problem. iWo load cases 

were considered, bending and torsion, which introduce 

quite different stress patterns. 

Second moment of area 

Humber of equations 

Bending load case: 

i.!aximum deflection 

Torsional load case: 

lJnd rotation 

= 
= 

148 ins4 

112 

= .00225 ins simple theory 

= .00219 ins S7 shell ele.:,ent 

= .00006 radiane simple theolrY 

= .00005 radians S7 shell element 

For the second load case the simple theory does not 

include the effect due to the end deformations being 

different from each other. 
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Cantilever C 

For this problem (see fig. 34) the vleb is represented 

by a shell eleElent and the two flDllges by beam elements 

eccentrically placed along the edges i.e. the neutral axea 

of the beams are offset from the edges of the eleJ:l<~l'li;s 

comprising the neb. This example is included here to 

establish the validity of the method prior to its use in 

one of the problems of Chapter Seven. An oblique load was 

considered and so for a theoretical solution we superimpose 

tvlO separate calculations. These arc only approximate 

since some of the load is taken in torsion and the 

end conditions of this example cannot be matched 

correctly by simple theory. 

For the vertical deflection: 

p = 939.7 lbs. Second moment = 19.46 ins4 

USing the rotation and deflection of node A we can obtain 

the average vertical def1ection for the top flange. 

vertical deflection 
(ins) 

For the horizontal deflection: 

= .025 

= .023 

simple theory 

S7 shell solution 

p = 375.0 lbs Second moment = 5.06 inS4 

Horizontal 
horizontal deflection 

( ins) 
= .037 

= .028 

Numerical stability problem 

simple theory 

S7 shell solution 

A channel cantilever was examined, with a 

longi tudinal division of the flange into tvlO instead of 

one as for cantilever B above. The point P (see fig.35) 

was varied in position in order to induce an increasing 
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stiffness ratio. The variation in the solutions - see 

table 10 belO\., .: is remarkably slight despite the aspect 

ratio of the slender element reaching 30,000:1. This 

indicates that any errors in the solution of problems 

using this shell elelllent with this method of solving the 

resulting equations are unlikely to be the result of numerical 

inaccuracy or near singularity. The causes are more likely 

to arise from the basic theoretical problems which are, 

in part_, discussed in the succeeding sections. 

OP deflection forces at node A (lbs/in) 
(ins x 10 --5 ) 

__ 0-
( ft) horiz vertical shear 

-
1.0 366 476 83 15 

1.5 366 476 83 15 
1.7 365 479 84 16 

• 
1.9 364 474 83 17 

1.99 359 

I 
467 83 I 18 

1..9999 356 466 82 ! 18 
, , 

ExalZt deflection = 370 x 1O-5ins. 

Table 10: Numerical stability problem: end results 

for deflection and forces. 

6.3.4 Simply supported box be3Jll with end diaphragms 

The problem to be considered in this section is 

shown in fig.36 and consists of a simply supported box bGam 

with trrulsverse diaphragms across the ends and a line load 

across the centre line. 

YIi thout the end diaphragms the S7 element gives a good 

solution to the central deflection, see table 11. Although 

the stresses at the free edge are usually small but non-zero, 

this makes little difference normally to the overall 

deflections. This is the result produced here. 
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solution no.of defl.ection 
nodes (ins) 

87 (no diaphragm). 16 .326 
87 (0.5" diaphragm) 16 .288 
87 (5.0" diaphragm) 16 .139 
87 (mesh (i) ) 24 .337 
S7 (mesh (ii) ) 18 .286 
812 (no diaphragm) 16 .343 
812 (5.0" diaphragm) 16 .342 
Theoretical i .312 • 

Table. 11: Central deflection of simply supported 

box beam. 
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In reality, the addition of a diaphragm'at the free 

ends of the box should make but little difference to the 

results. However, the second result in table 11 shows 

that for the 37 element this is just not so: the addition 

of the diaphragm reduces the central deflection quite 

considerably. Further, the thicker the diaphragm the 

greater this effect. (It should be noted that diaphragms 

of the relative proportions of the thicker diaphragm are 

today being used in bridge structures - see chapters 8 2: 9) 

He now seek an explanation for this effect. 

Although, on the simple beam theory no shear effects 

are included in this problem, in any beam with finite depth 

a certain amount of shear must take place, particularly 

over the supports. On the other hand, the variety of problems 

so far considered in this thesis demonstrate that the local 

distortions which result from the use of 37 and GEN4 in 

these circumstances do not contribute appreciably to the 

ov'erall results. (See, for example, fit;. 14(a) chapter 

three, where the vertical deflection e.long the horizontal 

edges was examined in detail.) Under pure ~n-plane shear 

the edge shape adopted by GEJ."14 and S7 is shOl'ffi in fig. 12, 

At the supported vertical edges of the webs in the present 

problem, this shape is superimposed on the correct pure 

rotation of the beam at this pOint. As before, the result 

without the diaphragm shows that this does not produce 

global errors. However, if an end diaphragm is now added, 

this l'Iill tend to be bent to the same shape, see f:~g. 37. 

This shape involves out-of-plane b8nding and the diaphragm 

is likely to be particularly stiff against this 

deformation pattern, and so nill introduce large negative 

moments at the corners of the free end as it resists this 

bending. These mm::ents reduce the central deflection. 
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In addition, thicker diaphragms will be even more stiff 

and contribute larger moments. This is borne out by the results 

already quoted. Two remedies for this problem were 

pursued and will now be considered. 

(a) finer mesh with S7 

(b) same mesh v/ith S12 

The first line of attack requires further understanding 

of the S7 deformatmon in order to fefine the mesh most 
"'-

successfully. The distrmbution of e across the element, as 

shown in fig.37 is assumed by the Cornes bending element 

- and hence 87 also - to be linear between the values at the 
/' 

ends. Since, here, these end values are the same, e must be 

constant across the element. If, by some means, the 
I' 

distribution of e could be made so that the resultant 

moment across the end can be zero, we can confine the effect 

of these negative moments to local distortions, rather than. 

the present overall effect. 
A 

1'he simplest way of improving the distribution of e 
is by making the diaphragm of two elements and the 

distribution can then be bi-linear. Two different meshes 

which include this are sho\vn in fig. 38 and the results for 

these are included in table 11. These are much closer to 

the expected results and the above explanation seems 

justified. However, the penalty imposed by this is tv/ofold. 

A considerable increase in the computation is require:d:.'for 

both meshes and even so we are left with important erroneous 

distortions of the diaphragm. The second remedy must now be 

considered. 

As will be recalled from previous chapters, the GEN6 

and S12 elements allow in-plane shear to take place at the 

corners of an element. As was shown for GEN6 in fiG. 14(b), 

th:ls removes the local distortions introduced by GEH4. 
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Correspondingly, since the correct effects should noW' be 

represented by 812 at the corners of the beam, we expect 

better results than from 87 and -table-11 - this is ao. The 

end diaphragm can now rotate as expected without the 

additional deformation introduced by 87. 

In general, this latter approach is the more acceptable 

since even nith mesh refinement, 87 still has erroneous 

stresses locally. Thus we must expect to have to resort to 

using 812 for box-type problems in vlhich diaphragms are 

included at stress-free boundaries. 

6.3.5 Cylindrical E'hell with line load 

This problem was included to discover the degree 

of geometric accuracy required for a given stress accuracy. 

A cylindrical shell Vii th a line load along the CrOllID and 

supported rigidly along the edges was divided into four 

elements along the generator of the surface and into a 

varying number - H in the other direction. Four cases 

were analysed with N = 2,3,4,6. The problem is shown in 

fig. 39 and the results obtained for the crown deflection 

are given in table 12. The resulting distributions of 

bending moment along the free edge are shown in 1i[;.40. 

These results show that even the coarsest representation 

gives a reasonable solution and for many purposes would be 

quite sufficient, but for further accuracy four 

subdivisions would appear quite adeq1."!.ate. 

This example also shorls that for shells curved in one 

direction only, the element 87 can provide efficient and 

accurate solutions. 
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( 1(6) 

Average central 
deflection (in) 

.01913 

.02054· 

4 .02074 

~ __ ILI ____ .0_2_1_2_0 _____ ~ 
Table 12: Average central deflection of crown 

of cylindrical shell with line load 

6.3.6 Spherical cap 

This problem, fig.41, which has a Timoshenko 

solution (32), is a standard test case for shell finite 

elements and has been solved quite successfully with a 

number of quite elementary elements. These ele~ents requi~e 

a fine mesh, not necessary with the 37 element. We shoUld 

expect this element to be capable of quite good solutions, 

with far fewer elements. 

Being axially symmetric, only a slice .of the problem 

need be analysed p as shown in fig. 41. Two meshes were used, 

tl.e first considered a 22tO slice of the shell and used 

only thre~ elements; the second considered a 100 slice ~~d 

10 elements. The results are plotted in figs. 42 - 45. 

The principal discrepancy occurs at the crOVnl of the 

shell where, according to Timoshenko, no bending takes pla.ce, 

only membrane action. That is to say, the inside and 

outside stresses should be equal. However, it can be seen 

from the results that the finite element solution introduces 

quite an amount of bending at this pOint. This stems from 

the fact that the geometric approximation used, when the full 

shell is conSidered, introduces a "poL1'lt" at the crown which 

can withstand the bending which e. ":flat" !;crown cannot. This 
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error can be reduced markedly by makinG the topmost element 

small and horizontal. 

The results for maximum stresses, table 13, can be 

compared with the solution quoted. by Argyris (33) which used 

200 elements but no advantage was taken of the radial 

symmetry of the problem. The correct maxima are, nattrrally, 

the more difficult to obtain being, for some, at a 

boundary. The alteration to the mesh sugGested above Vlould 

considerably improve these results - the error occcu'ring 

at the point of maximum stress. 

Timoshenko Argyris 87 
coarse 

- inside 8170 7360 6404 
radial stress 

outside 4600 4520 5687 
. 

inside 3500 3550 5687 
hoop stress 

outside, 3740 3710 5579 
, -

87 
fine 
7876 

4593 

4593 

4372 
----

Table 13: I:iaximum stresses in spherical cap· 

6.4 Conclusions 

In this chapter, six tests have been discussed. The 87 

element produced acceptable solutions to five of these. 

Indeed, efficient and encouraging results w~re obtained. In 

the remaining case of a simply supported box beam with 

diaphragms over the supports, the problems encountered were 

best resolved by resorting to the tlOre sophisticated 812 

element. 

In all other Circumstances, however, remarkably 

efficient solutions can be obtained with quite coarse 

geometric representation. (test V) The full effects of 

tr2.!lsmitting stresses around box corners are Vlell catered 
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for (tests I & 11) and there is high numerical stability 

in the solution process and the element so that large and 

small, long and thin elements can be used in conjunction 

with each other (test III). In addition, if the full 

details of stresses in flanges, reductions in the 

computation can be obtained by use of beams in conjunction 

nith elements.(test n) 
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Chapter Seven Thin shells and box str.uctures analysed 

7.1 Introduction 

In this chapter we shall consider some practical 

problems selected to cover a wide range of engineering 

applications to confirm the abilities of the S7 element. Ho 

such wide ranging collection of problems has been found in 

the literature ans so this collection could form the basis 

on vlhich to test any further elements which might be 

develo;.)ed. 

In all cases the mesh was chosen to be the minimum 

feasible for practical use. fin increaae in the number of 

elements would produce an improvement in the results quoted 

in this thesis. 

These examples are divided into two sections and 

within each the complexity increases from that examined in 

chapter six. The first section contains those problems 

v/hich have previously been categorised as shells. These 

problems may be solved by elements which ignore the 

transmission of in-plane rotations from one element to 

another as a bending rotation. This is not serious if the 

adjacent elements meet at a sufficiently small angle and the 

mesh is fine. These elements have been used with some 

success in such situations but are not of any use where the 

anc;le between elements is significant, such as at a corner 

of a box. 

The second category contains those problems for which 

the type of element mentioned in the previous paragraph are ., 
.. not applicable i.e. box-like structures. ThisAthe type 

of problem to which this study makes a particular 

contribution. 
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7.2 Cylindrical shell with dead load 

This problem has ~lready been solved by finite elements, 

but these have been relatively elementary. It is important 

that any more developed element should provide an adequate 

solution, preferably with a coarser mesh. 

Being doubly symoetric (see fig. 46) only a quarter 

need be considered and here a 4 x 4 mesh was used. The basic 

tests in Chapter Six indicate that this should be adequate. 

The shell is loaded by its oym dead weight and supported 

by riCid diaphragms at either end, but free along the sideo. 

The diaphragms were rigid only in their OvVU plrule and 

infinitely flexible in bendinG. The results from the S7 

shell element are compared with a solution by Clough ~ 

Johnson(34) using a mesh 16 x 22. They also quote an "exact" 

solution of the Donnell-Jenkins shell equation ;-thich is 

barely distinguishable from the fini te eleLlen-~ solution 

It can be seen from figs. 47 ~ 48 that the displacement 

solutions agree quite well and the stresses, figs. 49 & 50, 

moderately well. The greatest discrepancy occurs along the 

free edge where such errors. whilst not large, might be 

expected.(Values at boundary nodes do not possess the same 

advantage of nodel averaging or interpolation ~s internal 

nodes.) In addition, of course, the loading by point loads 

only contribute an error at the edge as a result of 

ignoring moment resultants. The ease with which such loads 

can be imposed must be balanced against the penalty of 

introducing innaccuraciesj the former may often be felt 

to be the more important. 
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7.3 Arch dams 

The calculation of stresses in arch dams iF> one Vlhich 

has received much attention by the profession in recent 

years. Several methods of fl.Ilalysis have been compared(35)(36) 

and, in general, the finite element technique appears to be 

the most accurate and adaptable in a wide range of 

si tuations. It cannot be hoped that, in vie,! of the 

specialised attention the problem has received%> this new 

element will provide chel'.per or more eXD.ct solutions. 

However, it is advantageous if the same eleI!lent that is 

capable of solving very different problems can also 

perform adequately here. 

The pressure loading facility of the Loughborough 

program is capable of the calculation of a hydrostatic load 

but on the following simple basis. The depth of the centroid 

of e£'.ch element is calcula ted and hE;nce, irop' the height 

of the surface of the liquid given in the data, the 

pressure at this point obtained. The total force on the 

element, provided it is below the water level, is 

c['.lcu.latecl assUlJling that this pressure is constant over the 

whole eler:J.ent. This force is then apl.llied in equal parts to 

all the nodes of the element in the app:'opriate normal 

direction. 

7.3.1 Arch dam -1 

The first dam to be considered (see fig.51) was 

used by Hansteen(37) to demonstrate a finite difference 

technique. The same dam was also solved using finite 

elements by Holand (;: Rldstadt(38) with a fine mesh of 

triangles, 11 x 9 (i.e. 180 elements) - these are the 

results quoted. A later finite element solution by Hegard(39) 
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of the same dam used only 6 x 4 rectangular elements, both 

plane and curved. All three of these solutions are essentially 

the same. The mesh employed for the 87 shell solution used 

4 ~: 4 plane rectanglar elements. The results, shoYID in 

figs. 52 - 55, indicate a generally correct solution. Although 

the bethod of representing the hydrostatic loads gives the 

correct resultant force for this regular mesh, it is 

erroneous in its distribution, particularly at the 

boundaries. As a consequence VIe find that the moments, 

figs. 54 & 55, are much better them the deflections and 

forces, figs. 52 &: 53. For a greater accuracy a finer mesh 

should be used. In contrast with the cylind er und er uniform 

pressure or point loads, a greater degree of geometrical 

accuracy is required for a similar stress accuracy. (For 

further discussion of this see section 7.5) 

703.2 Arch dam 2 

The second, somer/hat more realistic, dam was first 

analysed by Zienkiewicz(36) but then taken as the d3Sign 

type 1 for the Inst. of Civil Engineers' review of techniques 

for arch dam analysis.(35) The mesh used (see fig.56) here 

is substantially the same as that by Zienkiewicz except that 

the sloping boundary is represented exactly by extra 

triangles rather than an approximate step boundary. This 

in. itself will introduce some differences'in addition'to 

other approximations. 

The solutions as presented in fiGS. 57 - 59 differ 

from Zienkiewicz's solution by. a Similar quantity as other 

solutions presented in (35). There jjs no "exact" solution 

wi th which to me.:e a comparison. In the absence of such an 

arbiter, the 87 solution may be conSidered acceptable. 
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7.4 Cylindrical shells with edge beams 

Tables of_stresses in a range of practical cylindrical 

shells with edge beams rigidly supported at the ends of the 

beams have been produced by Gibson.(40) Two typical shells 

were selcted for a comparison with the finite element 

method: one, fig.60, a multishell of' fairly 

.large longitudinal span, the other, fig. 62, a single shell 

much shorter in comparison. In both cases a uniform vertical 

load of 56 lb/sq.ft.was applied to the shell surfaces .and 

the corresponding dead+live load to the beams. 

For the first casv, the finite element analysis was 

carried out for the symmetric half of a three span roof 

and the results for the transverse bending moment across the 

centre IDle are shown in fig. 61. These compare quite closely 

nith those of Gibson except near the edge beams where the 

fini te elemen-i;s may have difficulty in providing the_ 

correct representation. 

For t he second shell, two finite element analysesVlere 

used.' One represented the edge beams by finite elements 

and the other by beams eEcentrically placed to the main 

shell. 'rhe results aJ:e shovm iil :figs.. 63 - 65 u:- ThetC 

principle discrepancy between thc finite element and Gibson's 

resul ts is in the transverse bending moment at the crol'm of 

the centre lii"le (fic. 65) vrhere the latter results give 

zero but both the finite element results are distinctly 

non-zero.-

The main point to notice is that the multi-shell roof 

has a much larger length/depth ratio than this single shell 

roof and we alreD.dy know that 87 (and GEN4) has difficulty 

in representing the shear in problems where this is 

Significant. It is quite possible thnt the d.ifferences in 



r 

'-

100 ft 

5 

-------~-;",.-~ ....... 

-------
--'.-

- --- ----- .... -- --- .... 

7 

. .- .L 
5ft 

... 
-... ... , , 

--"', -T " 
, 0 , 

1/-

" ;' " ", -
40ft.·'~ 80" " 

,,~/ 
-, " '. , , 

... , ... 

... 

, , , 

I 

I 
I 

4 

, .... -

.-

, 

D~dw~i9ht loa.d =~·ll?/sq.tt. 

Sti~1I fhickn~ss = . 3 ins 

Poisson's Ratio = -3 

'-, 
.'" ,. 

Fig. 60 Multi-shell roof 

'. 



800· ·0 . 
\, 

~~. . ·~O 
.. . .~ 

.... 400 ?~ 
<> - 0 -c .---I 

•. .D 
O . . 

. ./~ 
..... ...... -- ~ VI 
C 

'~ 
I\) ...... 

" E - 400-0 
E ;. 
Cl' 
c 

-800 "0 ---~ 

C . " . . 
10.· 

Gibson -<>.- .. -, 
..,1200' / 

57 -0 " 
• 

-1600 
-40° . -20° 0° 20° 40°40° . 20" ·0 

0 
Out cz r shczll .Innczr sh cz It 

r Mczridional anglcz 
,- Fig.61 Bending moment across centre section 

, \ , . - -'. 



\ . , 
. \ 

I 

" 
,. , " , 

'- , , ---.....! , '. , ... !"' ...... ~ ~ 
~ '-, , / ..... , 

~ , " .. , , .' " /.-, , 
---~ , , , -:-.,~ . " 

, , ..... J 
, , F ... 

~ , " .. _-,-, , , , , ---...., , 
. ,'-''''' ... ' , ,/....'. 

I ,. ~ 
..- , , " ., , ,,, __ --......,F---,',:.. _ .. ' , , , 

/ 

T 
2ft 
~' 

• • • , 
• 

•• 
... I 

. ~, ! : 
--!!!I I.&.... "'0 .. -y. " '''', 40": ' 

'~I~~rY 
- ~-"'. 

'. 

Fig.62 SingLe 

/ 

Shell thickness = 3 ins 

Dead weight = 56 Ib/s".fl. 

PQisson's Ratio = .3 

shell cylindrical roof 

'" . 



...... ---UI 
.0 -.... 
CIf 
U .. 
0 -

•• 
E .. 
·0 
z 

~8000 

-4000 

o .. , 

4000 

Gibson 

·57(czlczmcznts 
only) 

57 (czlczmcznts 
c . & bums) 

:' ! 

----- ( 

_._---"-

-------- ...... 

._- -

Mluidional 

, 
. , . . 
:\ 

\ 
• 
\ . 
\ 
• 

~ 
\ 

\ 
\ 
\ 
\ • \. .... 

\. 
\ , 
. . , , 

\ , , . 

• 

-----

Fig.63 Longitudinal normal force across centre section (single shell) 
.\.. 

. '. ~ .!,":: --~--'~. ~ '--'--~--- ~ .. --. - - -,' . 

.~ 

.. , 



_-4000 

:::- -2000 --. VI 
Jl 

.... 
" u ... 
o ·0 .-
III ·e ... 
o 

·z 

2000 \ 

4000 
'0 o 

, 
.- .. -.-. . ------ ....... ------ -'.-. " ------ ~ .. 

. .. . . " , . 

Gibson ------

57(demrznts 
. - only} 

57 (rzIemrznts 
. & beams) 

19° 

; 

20° 
Meri·diona I a ng le 

Fig.64 Transverse normal force across' 
.. -

- , -~ ~ - _ .. - . 

-.... -
'" '" ' ...... 

.' 

30° 

'" . ...... 
...... , , 

....... 
'. 

... ., 

~ . 

, ... 

'. ' . 

40° . 

centre section .(single she 11 ) 

. . 



...... ------I 
.Jl -----C 

" E 
0 
E 

Cl 
C 

'0 
C 
co 
m 

400 

. -.~--

200 -

c 

0 

-200 

- 400 

Gibson 

57 (elements 
only) 

__ 57(c.lements 
---&- beam s) 

20° 
Mllridional angle 

/ 
I 

Fig.S5 Transverse bending moment across centre section 
-::- .-. 

. .. -c:--

....... 
.~. 

"::.:::..:,- ! . . 

'. 

!. 



( 137) 

the results are due to this. 

7.5 Rectan@uar t_a.n;k filled with lJ.9uid 

We now turn to the "solution of problems in which 

structural elements meet at angles too large to be ignored, 

in particular those meeting at right angles. 

The first problem to be considered is a simple shell 

problem involving a distinct "corner" in the shell. The tank 

is made of uniform thickness material, rigidly constrained 

at the base and filled \'Iith water. Because of symmetry only 

a quarter of the origulal problem need be analysed here. Two 

meshes are compared in oreer to assess the degree of 

subdivision required for a given degree of accuracy in the 

results. The pressure loading due to the water was 

calculated 118ing the crude facilities available and, 

although quite adequate for the fine mesh, does introduce 

some errors for the coarse mesh. In particular, the load at 

the upper free edges is too large - resulting in an increase 

in deflection. The use of accurately calculated loads would 

imlJrove this solution. Nevertheless, the cruder results are 

shol'm here in order to demonstrate v/hat may be achieved 

by elementary techniques and meshes. 

The problem and meshes are shovm in fig •. 66 and the 

resul ts compared in figs. 67 1:; 68 with an experir.1ent2.1 

result and another finite eleuent solution by Cheung ~ 

Davies. (41) As a comparison, the value of deflection outwa:'ds 

at the top of the centre line in the longer side (fig.67) can 

be estimated using the solution by TimOShenko(32) for a 

plate fully restrained on three sides and loaded 

hydrostartically. The value obtained frOEl tl1is is 1.1x10-2 

which is close to that determinec, for the complete tank 

by the finite eleuents.(1.2x10-2) The corresponding 
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calculation is not valid at all for the shorter side since 

this deflects inwards in this problem whilst as an 

independent plate it would deflect outwards. The bending 

moment at the top of the longer side centre line is 

estiraateJ as 12 lb-in/in and at the corner 36 lb-n/in. 

The experiment<:'.l results validate the finite el ellient 

calculations but the finite eleEent used by Cheung (;; Davies 

includes only bending effects translated into three 

dimensional terms. They neglect any in-plane membrane effects 

arising from a moment generated in an element at richt 

angles to another. A reasonable solution is achieve0. by 

Cheung and Davies because these effects are small. 00mparing 

the horizontal and vertical bendin.::; moments at the corner 

from the 87 shell solution (see fig.69) confirms that 

the vertical, whilst being non-zero, is much smaller than 

the horizontal moment. It is this vertical moment v/hi ch is 

transmitted into the in-plane of the other side. This is an 

important principle to note yet again, that a more 

elementary element may give equally good results to the more 

sophisticated eleaents developed in this thesis. 

7.6 Folded plate beam 

j,l though for most purposes a beam of peculiar cross 

section, such as shovm in fig. 70, need not be analysed on 

any other basis than as a Simple beam, it may be necessary 

at times to obtain the detailed variation of stresses <:'.cross 

the beam section. For the purposes of comparison, the two 

span continuous beam analysed by Scoro.elis (;; Lo(42) was 

considered. Using a finite segment technique they calculated 

the stresses at pOints A a D at various sections along the 

beam. 

The finite element analysis here used only a basiC mesh 
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of 28 elements for the symi:letric half of the beam. Each plane 

pal"t of the cross section was represented by a single 

element, i.e. four in the half section, and the longer span 

divided into four and the shorter into three. 

The beam was subjected to a uniform load of one pound per 

square foot of proj ected area. At all three SU1JPorts all 

nodes at that section were constrairied, at one as a pin, 

and the o-i;hers as rollers. 'rhe results for both deflections 

and longitudinal stresses at the points A - D along the beam 

aretabu12ted along with the compar2tive results in tables 

14 8, 15 and graphically in figs. 71 8: 72. 

The finite element here provides quite an efficient 

solution bearing in mind the amount of information available 

for a minimal mesh. 

These detai:Led results, should be compared VIi th the 

results which would have been obtained from a simple beam 

theory. 

Central deflection longer span 

Central deflection shorter spml 

= 
= 

109 x 10-6ft 

35 x 10-6ft 

These predict quite well the deflection of the central part 

of the beam but do not include the deflection arisinG from 

the deformation of the cross section: the outer edges 

deflect considerably more. 
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X Point A Point B Point C "-,oint D 
( ft) 87 S&L 87 8&L 87 S&L 87 88cL 

0 0 0 0 0 0 0 0 0 
20 524 411 237 216 82 89 82 82 
40 615 514 302 281 101 121 103 111 
60 422 308 169 159 61 73 61 66 
80 0 0 0 0 0 0 0 0 

100 290 198 75 66 -12 -3 9 13 
124 354 282 111 110 -5 6 19 25 
144 0 0 0 0 0 0 .0 0 J 
Table 14: Deflections along folded plate beam (ft x 10-4) 

0 ';'53 0 -50 0 -56 0 85 0 
10 -305 -400 150 169 -142 
20 -556 -525 262 257 253 262 -210 -232 
30 -643 327 323 -289 
40 -618 -584 294 279 266 213 -221 -273 
50 -450 243 206 .192 
60 -183 -135 104 75 75 70 -76 -68 
70 379 -216 -126 123 
80 817 960 -451 -527 -267 -360 255 340 
90 437 -228 -185 167 

100 -60 -17 80 43 -27 -33 -95 12 
112 -235 180 180 45 -65 
124 -368 -354 226 213 87 119 -67 -122 
134 -208 134 65 -68 
144 25 0 I -15 0 

I -32 0 I 37 0 

Table 15: Longitudinal stresses along beam (p.s.i.) 

~L - 8cordelis ~ Lo(42) 

87 - finite element 
X - distance along beam 
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7.7 Cellular bridge deck 

One important type of structure in the construction 

industry is the cellular bridge deck. Although considerable 

design work has been done in the past by 00 nSidering such 

bridges as simple beams with peculiar section properties, 

the present trend to shorter, wider bridges with sloping 

side sections and a greater attention to detail re~uires more 

sophisticated analyses. 

In seetion 6.3.4 Vie conside:r:ed a simply supported box 

beam. It was found that transverse diaphragms caused 

erroneous results to b" produced, arising from the ef:fect that 

using average rotation as a degree of freedom has on shear 

representation. However, provided there are no such diaphragms 

over the support, good results were noted. 

This particular bridge structure has no such diaphra~lls 

and we can feel confident is using ~7 in this analysis 

rather than resorting to 812. (The converse situation will 

be .. considered in crapter eight.) 

The current technique of using analagous Grid or space 

frames requires the calculation of a large number of properties 

not relevant to the d8finition of the original structur~. The 

data preperation for this finite element method is much 

simpler and is thus to be preferred in those cases y/here 

the results can be guaranteed. 

The sectional view of -the bridge is shol"m in fig.73. 

It has a sloping section vn' one Side only and YIaS, in reality, 

one independent half of the dual carriageway bridge used at 

Jesmond Dene on the A1 in Hewcastle-on-Tyne. There was 

originally a 10 transverse slope on the top slab v/hi ch has 
• 

been ignored in this analysis. One syDliletric half of a single 

span was considered, '~:,ivided into four elements longitudinally 
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VIi th rigid supports at one end and conditions of symmetry at 

the other. 

Two loading cases are considered here. The first, the 

more academic case, is a pair of uniform line loads over 

the outer webs. The second, more realistic, represents the 

ILl'. lane load on the Left hand lane. Eoth cases are shovm in 

fie. 73, and were chosen in order to make a comparison 

with results previously obtained from a space frame 

analogy by Tl..,rner. (43) 

These results ~xe shown in figs. 74 - 77 &,d agree 

well. Considerable confidence may thus be placed in the 

use of 37 in this context. 

The machine tool industry also has mcny problems 

concerning the analysis of box-type members about nhich 

1i tt1e systematic kno\"i1edge is currently available. As part 

of a :r:esearch programne, one firm engaged in the design of 

machine tools carried out some elementary tests on a perspex 

model. Their concern was to extend their kncr/1edge of the 

effect of the fixing of the end of a cantilever. rThilst 

existing theory could ad-::quately cover the behaviour of 

uniform sections, there existed no such theory ~elating 

to the end fixings anll the rigidity of such fixings 

materially affects the stability of the cutting tool. 

The problem to be examined is shown in fig. 78. It 

consists of a uniform 5 in. square box of length 20 ins" 

bolted down by the bottom surface over a region of a 5 ins. 

square to a rigid mild steel block. The box vIas constructed 

from tin. thick perspex.(Young's modulus = 6.5 x 105 p.s.i. 

Poisson's ratio = ,21) fieasurements were made of the 
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flexibili ty of the end remote fj:om the support. A sequence 

of additional members was considered and the actual tests 

compared are shol'm in fig. 790 

The experimental vlOrk was carried out using a "quasi­

static" technique in which a load was applied sinusoidally 

but at such a low frequency as to make dynamic effects 

negligible. This approach was used in order 'GO take advantage 

of existinG eqUipment primarily designed for dynamic 

experiments and to overcome the effects of creep. The 

effects of this technique are partly exmined later. 

The 87 shell element was used to carry out a finite 

element analysis using the mesh shown in fig, 80(a) and with 

load case I (see fig. 31) The finite element results are 

compared with the experimen tD.l values in table 16. These 

shorJ that the finite element model is an accurate 

representation foriests III - VI where the effect of a 

stiff braCing diagonal member reduces the flexibility of 

the base platec In tests I &: II the finite element 

representation does not alloy! the real flexibility to 

develop due to the support concH tions. (see fiG. 80( a) ) 

The experimental model for all these tests.(I - VI) had bolts 

which·jwere positioned v3ry close to the edge of the square 

base which was pocketed ar.d reinforced with addi tio,'lal 

pieces of perspex. 

A second experimental test of model I had been made with 

four plain bolts at a distance tin. from the edges of the 

base square. The Eesult does not agree with the finite 

element r.esult with a rigid ~ase. (see table 17) It was 

decid'ed that test 2 of model I would be examined in 

greater detail rather than test 1 of the same model. Four 

additional nodes were added to the base plate of the 
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Test Experimental l!'ini t e El emen t 

I 900 512 
Il 750 489 

III 453 378 
IV 386 362 
V 347 333 

VI 347 328 

(flexibility x 106 in/lb) 

Table 16: Flexibility of cantilver 

first series of tests. 

TE;St flexibility 

experimental 3780 
-

finite elel"!lent 
rigid 

up 1624 
down 1064 

pinned 
up 6244 

down 4900 
-

average finite 3458 element 
>----- , ----

flexibility x 106 in/lb) 

Table 17: Flexibility of cantilever 

test 2 model I 

I Point Eodel I Model III Liodel VI 

A1 -3395 -2278 -1584 

A2 -2786 -1663 -1260 

B 4232 I 2474 704 

---

-
Table 13: Stresses in side of cantilever (p.s.i.) 

middle of side to the imruediate front of the ) 
diaphragm ~ see 
similar but to the rear fig. 78 

at the extreme rear end 
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cantilever as shovm in fig. SO(b). FOUl' support conditions 

were considered. Pirstly, the difference between pilli1ed 

and rigid support at these four points was considered. 

Secondly, as raentioiled above, the effect of the "quasi-static" 

testing was examined by taking an "up" and a "down" case 

with each of the pinned and rigid cases, Giving four in 

total. The difference beh7een "up" and "down" is the point 

at which the base plate lifts-off from the mild steel base. 

In the "dovm" case the rear edge lifts and the front edge 

is supported and vice versa for the "up" case, The 

flexibilities calculated for the finite element model are 

given in table 17, These show the co;~,siderable variation 

that can be generated by the details of the SUPl)Ort 

condition. The fact that the average of ~ll four cases is 

near the measured flexibility is probably fortuitous. 

The existing theory fOl' analysing the end section 

conSidered the contribution to stiffness by the side walls 

to be insiGnificant when the diagonal member is present. 

However, if we consider the stresses in the side wall for 

cases I, Ill, (J; VI of the finite element solution, vie can 

see that even in the least flexible case the stresses at 

the extreme rear po si ti::>n CaIElOt be ignored. (see table lS) 

A further test was cumpared in which five extra 

diaphragms were included to examine the effects of these on 

the torsional flexibility of the beam. These diaphr2.[;ms were 

l/Sin. thick with a 2{·in. square hole cut out from the 

centre. (see fig. 80( c) ) The results obtained are shovm in 

table 19. 

It is interesting to note that the difficulty earlier 

encountered with a diaphragm at the end of the simply 

·supported beam does not appear to affect this problem 
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noticeably. This is largely due to the fact ~lat at the 

sections where the diaphragms are included there is little 

or no shear between the top and bottom flanges in 

comparison with the bending effects. It is this she2.I' which 

gives rise to the difficulty and when bending dominates no 

problem is seen. This is particularly important sinco the 

87 element provided in this example exceptionally efficient 

and economic solutions in these series of tests which would 

not have been the case if the 812 element had been used. 

Load case· I II II III average at load 
Experimental 328 331 572 385 

Finite element 331 382 463 289 

Table 19: Flexibility of cantilever with diaphragms 

four load cases (10-6 in/lb) 

IV 

380 

288 
I 

I 
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Chapter Eight Gateshead Viaduct 

8.1 Introduction 

In this and the following chapter a detailed examination 

is maile of a multi-cell box-type motorway bridge using. the 

nel"/ shell elements in a practical situation. The structure 

is the Gateshead Viaduct on the A 1 (ic!) outside j:iewcastle-on-Tyne. 

A model analysis of this structure (fig.82) has been carried 

out by Turner (43) using prestressed reinforced plastero 

This technique has been developed by Brock(44) primarily 

for u]1mate load determination. However, the behaviour of 

the composite material, particularly vlhen prestressed, is 

sufficiently linear for comparison to be made vii th the 

finite element analysis. (Details of model are shovm in fig.83) 

The examination of this structure is divided into two 

parts. The first, in this chapter, is concerned Vlith simple 

loading cases, compares the finite element analysis with 

the model results and attemptz to explain the action of the 

bridge in distributing stresses from the loads to the supports. 

The second part, in the next chapter, demonstrates the power 

of the finite eL ement method by showing the changes to the 

stresses and deflections resulting from structur2.1 

modifications chosen in the light of the results of this 

chapter. 

8.2 Choice of shell cl eLl~.!lt 

It was this type of structure, simply supported box-type 

wi th end diaphragm vlhich gave rise to errors when using the 

shell element 87, as shown in chapter six. It is thus necessary 

to use the element 812 in order to remove this difficulty. 

The effect of using the element 87 is demonstrated in fig. 84. 

This shows that the deflection at the centre of the bridge 



Fig. 82 Plaster model of Gateshead Viaduct 
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under a simple line load is about a quarter the value from 

considering the bridge as a simple beam. (If the end 

diaphragm is remove~ this error lar~ly disappears.). 

Further, the tot~~l bending moment at the centre line is 

4760 lb-in compared with the correct 'lalue of 11,000 lb-in. 

Similarly, the bending mOlilent at the support should be 

zero but is instead -1370 lb-in. This is the result of 

the by now well known effect of shear at the box corner. 

Consequently, in the rest of this chapter and in the next 

all the analyses are carried out using the 812 element. 

This is at some extra expense, since twice as many 

elements are required - triangles instead of rectangles 

a,1d more equations - 864 instead of 504 - as the S7 

element would have demanded. The idealisation used is 

shown in fie. 85. This structw~e will be referred to 

as GHS12/1 and the tr.ansverse sections throuchnodes will 

be called I,II,IlI,IV: I is over the support and IV the 

centre line. The view shovm in fig. 85 is taken looking 

from underneath the bridge. The eeLge beams were 

repE,6sented by triangular ele:.'lents as shovm and although 

these elements are pecluiar in that they are thicker 

than their depth, numerical problems are not expected 

to arise. For this first structure the four nodes 

indicated Vlere supporteu on rollers with one node' 

constrained transversely to pre'lent rigid body motion 

of the whole structure. Since an odd number of elements 

Vlere requirecl across the top and bottom slabs, it was not, 

possible to use a mesh entirely syillQetrical. This 

produced slight variations in the results at the two 

innermost nodes on each transverse section for the line 

load case. HOl'lever, these were not significant. 
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8.3 Stresses from strain~ 

Wi th the S12 element the strains I~ xx' ~ yy' E zz are 

three of the independent degrees of freedom at each 

node. It is -,)ossible, therefore, to derive stresses from 

these as an alternative to the values obtained by 

averaging the stresses calculated in each element 

meeting at that node. From a practical point of view, it 

is considerably easier to compute the ~alue of the 

stresses at any point from the strains than to extract 

the values from the elements and average. These two 

techniques are compared in fig. 86 which shows that 

although there is some difference between 

the two this is not particularly significent. If a 

choice is to be made on this basis, the stresses 

calculated from the strains are nearer the vall'es from 

the simple beam theory than those from 
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the elements. In addition, their distributionF.l 1:':re, where 

appropriate, somewhat smoother. ·,·'rom this, and the fact 

alree.dy mentioned that in, practice they are simpler to produce 

the subsequent calculations and results have been derived 

from these stresses rather than those in each element. 

8.4 Comparison of results 

It is a useful initial test to discover how close the 

finite element and model results agree with the simple beam 

theory for a uniform load across the centre line of the 

bridge. Yi'hilst it is true that the cross section of this 

bridge is vastly different from a simple beam, nevertheless 

engineers are prepared to consicler it as such for loading 

cases uniform across the bridge •. 

Vertical defelections of the four sections are ShOWll 

in fig.8? and show close agreement betv/ee:n the finite element 

analysis and the simple beam theory. 

The finite element analyses were carried out assuming 

values of Young's l,iodulus ( = 2 x 106 p.s.i c ) and 1'oisson's 

Hatio ( = .15) which were determined experimentally by 

Turner(43) as the best equivalent values to take for the 

plaster model. he used. These were obtained from a flimple 

beam prestressed and reinforced in similar fashion to the 

model. The prestressing of the model produces better linearity 

of the stress-strain relationship than a simple reinforced 

model would have. The results quoted are from a best line 

fit through a sequence of measurements at various 

incremental values of the loads. 

The validity of these and other underlying assumptions 

can best be compared initially by considering the vertical 

deflection of the centre line for the line load. The 

experimental results were for six point loads across the 
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centre line and are the average of tests carried out on two 

identical models. For the line load, an appropriate 

combination of these results has been taken and the comparison 

can be seen in fig. 88. Also shovm in fig. 89 are the 

longitudinal strains at the centre line in the top slab for 

both model and finite element results. It should be borne 

in mind that the finite element and simple beam theory 

results for deflections do not include the effect due to the 

finite thickness of the diaphragm which reduces the effective 

span of the bridge. This effect in the model will tend to 

reduce the deflections somewhat. 

The bending moments at the transverse, section6 can be 

calculated from the stresses obtained at each node. The 

distributions of bending moment across each section so 

calculated is somewhat crude due to the coarseness of the 

subdivision into elements. The cross se<rlion is divided into 

six parts and the total bending moment in each derived c which 

is then distributed evenly across each part. This is the 

distribution plotted •• The simple bending moment diagram 

for the line load is shovm in fig. 90 and can be seen to be 

very close to that predicte( by the simple beam theory. The 

distribution of bending moment across the four sections is 

shown in fig. 91. These distributions are virtually constant 

apart from the outer edges where it is expected to be lower 

due to the sloping section. 

It is also possible to consider the effect of 

concentrating the same total load at one outer edge node, 

point A on fig.83, as a point force. (This load case will 

be called POINT1) ~e correspo,-,ding results for vertical 

deflections are shown in figs. 92 &. 93 and for the bending 

moment in fig. 94. 
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From the independent rotational degrees of freedom it.is 

also possible to compute the shear strains, in particular 

the in-plane shear strain distribution os shown in fig.95 for 

the top slab. From this it can be seen that this shear strain 

does not play an important part in the uniform load case but 

acts significantly to transfer the load from the edge to the 

centre in the load case POIHT1. 

In fig.96 the longitudinal displacements of the top slab 

are shown, displaying the distortion of the slab under the 

two load cases considered. These are consistent with the 

shear distributions in fig. 95. 

The main point of interest to emerge from these results 

is the negative moment generated in part of the diaphragm 

over the supports for load case POINT1. The origin of this 

is discussed in the next section. 

8.5 Action of bridg~ under load case POINT1 

A simplified model of the bridge can be considered as 

composed of two independent longitudinal beams connected by 

the rigid diaphragm at the supports. This diaphragm has the 

e~fect of ensuring that the end rotations of each beam 

remain the same. The point load is supportec bu one beam and 

the end rotation of this beam is resisted by the stiffness 

of the unloaded beam. This reSistance reduces the deflection 

of the loaded Side from that expected if it were simply 

supported and independent. This reduction causes a negative 

moment on the diaphragm where it is attached to the loaded 

beam. Detailed calculations show that only about half of the 

total load can be transmitted from one Side to the other by 

this mechanism. Another action must be sought to account for 

the remainder. 

As noted in the previous section, significant shear 
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stresses are generated in the top and bottom slabs. If the 

bridge is considered "slicet~" into tvro pieces lonci tudinally 

these shear stresses generate shear forces on the "exposed" 

edges which combine to result in a distributed moment along 

the length of the slice. This distributec~ moment acts to 

reduce the central deflection of the loaded side and transmit 

the load directly to the other side. 
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Chapter Nine Gateshead Viaduct (modif~ed) 

9.1 ~roposed structural modifications 

From xhe results of the last chapter it is possible 

to suggest some modifications to the original structure 

and these will be examined in this chapter. In particular 

the effects of additional diaphragms will be considered. 

Such diaphragms Hill increase the cost of the structure 

due to additional labour, extra shuttering, difficulty 

of recovering the shuttering and other constructional 

reasons, thus their effectiveness in reducing stresses 

and deflections must be stu&ied. It sheuld be noted that 

the modifications reported below were made with only 

minor alterations to the original pack of data cards -

no renumbering of noG.es or similar cha.nges were necessary. 

The ease with which these modifications can be made is 

part of the povler of the finite element method. 

Whilst the analySiS reported in chapter eight used 

D. line support across the full width of the bottom slab," 

the model and structure had only two point supports. (The 

model tests for point loads were in fact carried out with 

the line support but further tests used the real point 

supports.) For the convenience of the analysis these 

supports have been taken under the tno inner I"lebs. The 

actual model supports v/ere 4 ins apart instead of 5 ins 

but considering the thickness of the \/ebs - 1 in - this 

is not significant. 

The action of the bridge in transmitting a load 

from the outer webs to the supports might be aid ell if 

more of the load were taken clirectly in a transverse 

direction to all the main webs rather than via the 
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massive diaphragm at the supports. An extra diaphragm 

at the centre line should thus modify the stress 

distribution quite significantly. Thus for the, first 

structural modification a centre line diaphragm of 

thickness 2 ins was added and to keep the volume of 

material more or less constant the thickness of the 

support diaphragm was reduced to 4 ins. This main 

diaphra';1l1 cannot be reduced much further as an additional 

design criterion is Hi th the ~:i. O. T. HB load directly 

over the diaphra&;m v/hich then takes the full load as a 

transverse cantilever. 

This process wast then extended by adding further 

Jio.phragms to pro,-,uce an "egg-box" type of structure. 

Five diaphragms were inserted at equal distances between 

the supports. The total volume w::.s again kept roughly 

const~t. Here the support diaphragm can be reduced· 

below the previous design thickness because the length 

of the heavy vehicle is such that it io supported by 

three adjacent diaphragms acting as cantilevers. The 

support and centre line diaphragms were taken as 2 ins 

thick and the rest as 1 in thick. 

To summarise, the following three structures v/ere 

analysed and are to be presented below: 

GHS12/2 

GHS12/3 

GHS12/4 

The same structure as that in chapter 

eight but with two point supports 

instead of a line support 

As GHS12/2 but with a centre line 

diaphragm of 2 ins and a support 

diaphragm reduced to 4 ins thick. 

Centre line and support diaphragms 

2 ins thick, additional diaphr~ms 
1 in thick. 
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9.2 Loading cases 

For this comparison four load cases r;ere analysed, 

of which three were simple point and line loaci.s and the 

fourth was based on EOT requirements. 

'£he first three cases were: 

. LINE: uniform line load across centre line, 

total load 1000 lb. 

POIHT1 : Point load of 1000 Ib at A (see fig. 83) 

POINT2: " " " " " B ( " " 11 ) 

The last load case, referred to below as REAL, consisted 

of the following loads required by UOT: 

(a) Dead load 

The dead load of the full structure - 150 Ib/cu.ft. -

was scaled to the model dimensions and applied as a 

distributed load to the top slab. The load . applied 

to the overhanging cantilevers was increased by a factor 

of 2.59 to represent the continuation of the structure 

over adjacent spa~s. 

Dead load on main span 

Dead load on cantlillevers 

(b) Lane loads (HA) 

= 306 Ib/sq.ft. 

= 722 Ib/sq.ft. 

The full sce.le live loads were taken from BS153 

with a load factor of 2t and do not need scaling for the 

model effect. Again, the loads on the cantilevers were 

increased by a factor of 2.59. The main span was 

loaded by: 

Two lanes ( on carriageway with HA knife load) 

515 Ib/sq.ft 

:C'ast lane (on carriageway with HB load) 

398 lb/sq.ft. 

Remainder of top slab 340 Ib/sq.ft. 
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The knife edge load HA was taken as 232 10 total. 

(c) Heavy vehicle. 

The HB load was taken in the analysis as a·total 

of 1440 Ib and represents a full scale load of 370 tons. 

This load was distributed over the outside element 

adjacent to the centre line. 

9.3 Discussion of the results 

Looking first at displacements, Table 20 gives the 

maximum vertical displacements on the centre line. These 

results show that as expected the addition of a centre 

line diaphragm, GHS12/3, reduces the maximum displacement. 

':c!J:e 12.teral distortions across sections I (over supports) 

to IV ( at centre line) are shown in, Figs. 97 to 109. 

Figs. 97 105 show vertical displacements across all 

sections for each separate load case and structure. The 

centre line displacements for each load case are 

combined for each structure in figs. 106 - 109. As can 

be seen from the latter set of figures the single 

additional diaphragm, GHS12/3, causes the transverse 

distortions to be reduced but the results from adding 

extra diaphragms, GHS12/4, are very similar to those 

for GHS12/3. These changes are most marked for the POINT 

load cases but are still present in all cases. 

The design of the supports is dependent on the 

rotation of the diaphragm over 'che supports but it was 

found that this is unaffected by the structural changes. 

As in chapter eight, the -eotal bending moment at 

the four sections I - IV has been calculated. (Table 21.) 

These results provide a check on the accuracy of the 

calculations, both of the strains from the finite element 

analysiS and the subsequent derivation of bending moments. 
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In particular the non-zero total moments at the 

supports for the point and line loads is a measure of 

the errors in the other values. The average error is 

about 4% of the centre line value. The corresponding 

simple beaN solution is also shown in the table. The 

average error at the centre line is 2.i6 from this solution. 

Attention was dravm in chapter eight to the 

distribution of bending moment across transverse seetions 

and the way in which concentrated l02ds ere tr~sferred 

to all parts of the structure. These distributions for 

the POIlTT load cases and the "REAL" loads are shown in 

figs. 110 - 112. In each of these fieures the results 

for each structure are sho~ on a separate sheet. For 

ease of comparison the two modified structures - GHS12/3 

and /4 are transparencies. The bottom page in each case 

is the result for the structure GHS12/2. 

The mechanism by vlhich loads at the outer edge of 

the centre line are transferred to the supports was 

discussed in chapter eight and Vias shown to generate a 

negative bending moment at the support. Table 22 shows 

how this is reduced systematically by the continued 

introduction of extra diaphragms, confirminb the 

hypotheSiS tha";; such structural changes would assist 

the distribution of such loads directly to all the 

main webs. Fig. 111 particularly shows how this 

occurs. 

For the REAL load case the maximum bending moment 

on the centre line increases with the addition of the 

single central diaphragm - from 1515 Ib-in/in to 1722. 

(see table 23.) This is due to the reduced lateral 

distortion,plotted in fig. 109, causing more load to be 

transferred to the centre webs. This change in bending 
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moment distribution can also be seen in fig. 112. 

However, the maximum bending moment an the centre 

line for the third structure, GHS12/4, with several 

diaphratIDS shows a reduction to 1490 lb-in/in. (Table 23) 

The distribution of bending moment across the centre 

line is now again more·uniform but thac at the support 

has become more concentrated over the supports. The 

support diaphragms were reduced in thickness from 5 ins 

forfue original structure GHS12/2 to 4 ins for /3 and 

2.ins for /4. The effect of a larger negative support 

bending moment on the central webs is to reduce the 

positive bending moment on the centre line. 

'l'hese effects are due to the greater flexibility 

of the support diaphragm coupled with the more 

homogeneous behaviour of the structure with its 

"egg-box" type layout. 

The plaster model referred to in chp.p.ter eight Has 

also tested to failure under the loading case REAL. It 

was observed that the failure resulted from a 

longitudinal crack opening in the top slab adjacent to 

and parallel with one of the main supported webs. Table 

25 shows the transverse stress in the slab calculated for 

this load case by the finite element analysis. These 

results show that this particular stress is tensile 

and of the same order as the major longitudinal stress 

at t;~e centre line. Furthermore, this stress increases 

wi th the reduction in t"e thickness of the support 

diaphragm. 

In general, these results indicate that the 

addition of diaphragIils to this structure does not 

produce as significant changes in the stresses and 

displacements as might be expecte~. 
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Line load POIJITTl POIHT2 REAL 
GHS12/2 .0476 .1012 .0612 .2164 
GHS12/3 .0457 .0872 .0598 .2095 
GHS12/4 .• 0454 .0885 .0610 .2101 

Table 20: Haximum vertical displacement on 

Centre line (ins) (All at point A) 

Section Line load POI!'fTl POINT2 REAL 

-369 -299 -419 -1~177 

I -415 -387 -464 -19357 
support -453 -604 -693 -20930 

(0) (0) (0) 

3457 3919 3378 13659 

II 3473 3570 3730 13516 
3472 3645 3534 13770 

(3667) (3667) (3667) 

III 6725 6934 6681 31091 
6762 6728 6776 31363 
7235 7054 7126 31900 

(7333) (7333) (7333 ) 

10722 10716 10822 35438 
TV 10695 10607 10686 35017 

centre 11029 10829 10998 35340 
line (11000 ) (11000) ( 11000) 

Table 21: Total bending moment (lb-in) at four 
transverse sections for GH312/2 - /4 and 
for simple beam ( ). 

POINTl POINT2 
GHS12/2 -177 -156 
GHS12/3 -148 -100 
GHS12/4 -109 -76 

Table 22: Maximum negati~e, bending moment at 
support. (lb-in/in) 

.I 
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line load P. INT1 POIHT2 REAL 
GHS12/2 425 629 715 1515 
GHS.12/3 440 571 525 1722 
GHS12/4 443 585 558 1490 

Table 23: I.1aximum bending moment (lb-in/in) on 
centre line. All at Point B except for 
RBAL which were at Point 0 

Point A Point B Point 0 

GHS12/2 121 385 425 
GHS12/3 112 375 440 
GHS12/4 11,4 396 443 

Table 24: Distribution of bending moment (lb-in/in) 
along centre line for Line load. (See 
fig. 83 for position of A,B &0) 

Transverse stress in Longitudinal 
top slab above stress in slab at 
support pOints, Point o at centre 

GHS12/2 1530 -1600 
GHS12/3 1590 -1800 
GHS12/4 1760 -1600 

Table 25: Comparison of transverse stress in 
top slab above support with longitudinal 
stress at Point C on centre line for 
REAL load case (p,s,i.) 
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Chapter ~}1: Conclusions 

The first part of the work reported in this thesis 

was devoted to the development of plane stress elements, 

primarily with a view to the eVE~tual combination of 

one of them with a plate bending element to solve shell 

problems. However, a secondary conclusion can be drawn 

from the results. There are two classes of plane stress 

problems which can be solved more effectively by some 

elements and not by others: those problems with dominant 

shear stress and those with dominant in-plane bending. 

In particular, with elements derived from assumed stress 

fQ~ctions, an element with only two degrees' of freedom 

per node is quite sufficient for the solution of problems 

which primarily involve shear effects"but is poor at 

representing in-plane bending. Conversely, these latter 

problems are well-solveQ with elements havinG three or 

four degrees of freedom per node, but shear effects are 

not now well catered for. In particular, the use of 

average rotation as a degree of freedom implies zero 

shear strain at each node. If both types of stress 

distribution are required to be represented satisfactorily 

in the same problem, it is necessary to use &1 element 

with six degrees of freedom at each node. This element 

combines the good features of both the two and four 

degree of freedom elements. 

In the latter part. of the work two shell elements 

were developed and examined in some detail, one I"li th 

seven degrees of freedom per node, the other v/ith twelve. 

It is perhaps fair to say at this stage that it now 

appears that a more conventional six degree of freedom 

per node element could probably have been used as 
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effectively as the s et of seven used here. However, the 

principal cOIllli1ents made in this the;sis are unaffecte.Jd 

by the choice. 

Although quite straightforward for the seven 

degree of freedom shell element, the combination of 

membrane and bending elements required special 

consideration for the twelve degree of freedom case. In 

particular, a successful approach was developed to impose 

the three constraints which distinguish thin shells from 

general three dimensional stress problems, i.e. zero 

normal and out-of-plane shear strains. 

As a result of the use of the four degree of freedom 

membrane component, the seven degree of freedom shell 

elei,:ent gives zero shear strain between the plmles of 

adjacent elements. Although, des)ite serious implications, 

correct solutions to many problems have been obtaineg, 

the deleterious effect of using average rotations as 

degrees of freedom was demonstrated most dramatically 

in Ch"',pter Sill!: with the analysis of a simply supported 

hollow box beam. The seven degree of freedom element 

provided an excellent solution if no end diaphragms were 

present, but as soon as these were added the errors 

involved in the solution considerably reduced the central 

deflection - in some cases to a third of the correct 

value. 'l'his same effect was also demonstrated for the 

Gateshead Viaduct. 

In general, it appears that if significant shear 

strain interacts with members stiff in bending there will 

be serious errors. 'fhis situation commonly occurs where 

three elements meet at a box-type corner. This also is 

the case when plane elements are used to represent 

doubly curved shells. In these cases the twelve degree: 
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of freedom element can be used successfully, the most 

notable example qupted is the Gateshead Viaduct. The 

difficulties encountered with the seven degree of freedom 

element here are of course likely to be suffered when 

using any shell element embodying the average rotation 

approach. 

It has bot been possible to provide watertight 

criteria upon which to base a decision of whether or 

not to use the seven degree of freedom element in any 

psu'ticular situation. Until such criteria are available, 

extreme caution must be taken Vii th the use of the above 

general guide lines and if there is any likelihood of 

the er~ors of the above type being significant, correct 

solutions can only be guaranteed with the more 

sophisticated twelve degree- of freedom element • 
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Apllendix.QI!§. Loughbo]:'ough Fin~ teJ~.:J-em~ t Program 

The finite element process consists of several steps, 

(see fig. 113:) each of which is, relatively, independent 

from the others. This sequence is linear in the standard 

case, but could be considered as re-entrant or iterative 

in some non-standard cases, such as material with non-linear 

elastic properties. 

Uhilst it is entirely feasible to write a program as a 

single unit, this can become over-large on even a moderately 

sized machine, introducing the need for overlay systems and 

complex tecIDliques for multiple re-use of the core storage. 

In order to facilitate the vrriting and subsequent development 

of the program, it was found to be of consid.erable advantage 

to split the calculation into several independent sub-programs 

corresponding to the loe;ical steps in the process. Tllese 

programs were then linked together e.s a fixed linear chain 

or controlled by a small master program vlhich sequenced 

the calls to individual programs according to input 

cOLlliland s • 

'fhe Loughborough system spli~o the process into the 

following seven sub-processes: 

1 Input of problem data 

2 

3 

4 

5 

6 

Output of perspective drawing on graph plotter 

Calculation and assembly 0f ele~ent stiffn3ss 

matrices 

Constraining and reduction of assembled equations 

Backsubstitution of force vetors and output of 

deflections on line printer 

Calculation and output on line printer of element 

stresses or forces 

7 Output on graph plotter of a selection of stresses 
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Each sub-program is independent but requires the results 

of any :I!ogically previous prograJil to be left on two magnetic 

tapes in standard form. This concept allows several 

advantages, 'of which the following 2.re some: 

1 The development of ffily one sub-process can be 

carried out using the two magnetic tapes of results from a 

previous run of a test case up to the sub-process in question. 

This Clay well decrease the amount of computer time required 

for development quite considerably. It also means that only 

a small seetion of the total system is under alteration at 

anyone til2le and the effects of any changes made are thus 

limi ted. 

2 Qui te apart from development vlork, it may also be 

an advantage to retai,l the l2lagnetic tapes from a productior. 

run if further processing might be required. At present, two 

principal 'nstances should be noted. 

Firstly, the time up to the end od~ the reduction of 

the overall equations comprises the bulk of the computation 

and only a short tiCle'is required for the backsubstitution 

~~d output. It is possible with this system, then, to input 

subsequent loading cases on the same basic structure having 

examined the results from an initial run. The cost of these 

subsequent cases is much less than the first run. 

Secondly, the stress resu~s stored on the magnetic 

tapes can be used as input for the stress plotting procram. 

(See Appendix 2) The selection of stresses can often be done 

best after a partial examination of the results. 

The mathematical techniques of the system are, for the 

most part, standard and well-tried. However, there are points 

to note in one section, the solution of the equations. 

The method used is a Choleski triangular decomposition 

as recolill<Jended by Hilkinson as likely to yield the most 
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accurate results for a minimum of computation. The procedure 

adopted in this system is mataematically identical to the 

standard, but the computer programuing involves a virtual 

store technique. By this means, the moving lozenge of 

'equations required at anyone stage is kept, when possible, 

entirely in the core store. If however, the number of 

degrees of freedom or the size of the bandwidth precludes 

this possibility, then the disc b,~cking store is called into 

use. The detailed flow chart is shown in fig. 1.1:50 

The complete system as at present is shovm schematically 

in fig.114. The commands, which are read at run time from 

cards, are currently as follows: 

*':CSTOP 

**DUllP 

* "DRA\1 

I 
) 

self -explana'~ory 

complete finite element analysis 

graphical output of stresses 

perspective drawing of mesh 

This last cowuand is used to run an 

individual program. Thus sequences of programs can be built 

up to suit individual requirements for special circumstances 

or during the testing of a new program or sub-process. 
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Calculate NA,NB " 
Set: 

NCOLRD = 0 
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b'W:fer markers 

NCOLIS1 c 0 
NCOLIS2 .. 0 

yes 

Set NCOLRD c 
NCOLISZ:: NA 
Read first 

Read rest of 
cols NCOLSRD:: 
NCOLS!.set 
NCOLIl:l2 

,} 

no 

Is this th no 
last buffer 1----. 
of cols? 

yea: 

NCOLRD -
NCOLRD + NA 
Read next NA, 
oola 

Do we need 
th1.a buffer 
ot ools?' 

.l..) . 

NCOLIS2 

= 0 
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'7;-;) [ 
.. ', ~ \ 

Set: IMARK '" 
0. 

~_-L __ ",' 

Is I 
IBWID i,e.· 
in first 

no 
'I 

FMOVE content 
of BUFlI up 

. ~; . one col. 

Copy l.ast new 
row into BUF1 
for next col. 

Set Ro.W to 
zero. NCo.LIS1 
=< NCo.LS 

Are we yet 
in real. 
bandwidth? 

es 

- , 

yea 

, 

DO. 31r)K- =NZJ NCOLIS1 

, 
Cal.cul.ate nex 
el.~ment in RO 

. ua;lng FPIPROD 

, 

- . ';; .~. 

.' 
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'. /' 
~ 

yea 

' .. 

J = .1"+ NA 

no 

NZ1 = NZ1-NA, 
butNZ1 must 
never be less 
than 1 

Have we 
finished 
this row? 

, .. 

r-----~--~ Calculate 
~~~ __ ~ diagonal term 

Prin1t failure 
message 

no· 

&: check non 
zero divisor 

S1tore new row 
on disc; 

, , 

" 

I 

I 

t '., 

, ' 
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A recurrent problem which besets every user of the 

Finite :81e;;}ent Lethod is the interpretation of the results. 

Often large quantities of output are produced which have 

then to be digested into a form more readily understood. In 

part·icular, the averagins of stresses at nodal points and the 

selection of the apvropriate parts of the output can consume 

lllany hours for even a relatively simple probleu. It is not 

too difficult a task when two dimensional analyses are 

considered but the deGree of topological complexity of which 

the shell elements are capable of reproducing, the Gateshead 

Viaduct, fo r example, uake the design of e.utomatic stress 

diGestinG rather difficult. Whilst the ideal is fOl' t:'le 

enGineer to specify the P2.rt of the structure and the 

particula;r stress in vlhich he is interested in a very 

elementary way, related as far as possible to his ordinary 

nomenclature, there are considerable complications in making 

U1e specification unique. 

The most COlll:'.'on way of begimdng such a specification 

is '~o define a section '~hrough the structure. Having done 

this for a simple classical shell, such as the spheric6.1 

cap, the problem is almost solved, since the reS'l'.'.ting 

sectional view cab be topologically deformed into a straiuht 

line. Arbi tra~'y, but reasonable, assumptions could be made 

about \'lhere to C:lllllllence and end the plot, using surface 

distances as one coordinate. Hov/ever, v/hen the section is 

multi-connected, so that it cannot be deformed into a 

straight line, there is no unique line alone which to plot 

·1 the stresses. wen if the two ends of the required line were 

specified, there \7ill often be more than one path between 

them. Oovious;Ly, the human eye would select a particular path 
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such as the shortest, which might be, say, the top slab of a 

bridge deck. However, such "obvious" human decisions cannot 

be translated readily into computer terms. In addition, it 

may not always be the "obvious" path that is required. 

The Loughborough system fqr plotting stresses has used 

a compromise solution. The section required is still 

specified and stresses are calculated in terms local to this 

plane and the normal to the surface, but the elements along 

the section which are required have to be specified manually 

by the user in the order required for plotting. The program 

does check, however, that this "chain" tif elementa does link 

together by its global coordinates and that they also lie 

on the specified section. These elements are specified by 

using the numbers printed on the element data sheet. 

The program automatically averages the values at any 
• point from adjacent elements. If a genuine discontinuity 

exists it is poasible to specify this by commencine another 
---

sub-chain along the same section. The program allows sub-

chains of up to ten elements which are averaged at all 

internal points but when these individual sub-chains are 

linked together no averaging takes place betv,een them. There 

is also no need that the plane section chosen should.. pass 

through nodal points nor lie along an element edge. 

Certain techniques exist for plotting smooth curves 

through a set of given discrete values, but these are apt 

to produce erratic results when a limited number of points 

is available. Discontinuities or sharp changes in the graph 

are also difficult to reproduce without absurd assumptions. 

Until better methods are avilable, the values are 

joined by straight lines. 

The axes for the plotter output have to be specified in 

detail by the user since the standard software available for 
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the drawing of axes was totally inadequate, often failing to 

produce a readable result. The number of tick marks, the 

values attached to them and the values at the origin are now 

under the control of the user. 

This problem typifies the constant compromise in this 

anrt of work. A conflict arises bweteen allov/ing the user 

control over the output and on the other hand reducing the 

amount of effort he has ·~o use and the input to prepare for 

a given output. 

The data sheet requirr]d for the selecting of stresses 

is shown in fig.116. 

The data for the plotting is given in a series of commands 

of which four are currently available: 

1 HE\"{ fiXES 

2 READ 

3 PLOT 

4 STOP 

The fi~st is obvious in its action and is called every 

time axes are required to be drawn. Al~. graphs are drawn 

on the same axes unless this command is interspersed with 

others. 

The second command allows the direct input of values from 

cards. This can be of \:se if previous results are required 
. 

to be plotted alongside the nev! calculations. 

The third command takes the next chain of values from 

a disc file as left there by the stress selection probTam. 

These values are averaged v~re ap~Jropriate. There is room if 

in future a smoothing subroutine is required to replace the 

present straight line segment graph. 

The last command closes the plotter and signifies the 

end ot a run. 
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The NEH leGS COlIlBand also requj.rl?s on the following 

two cards these data items: 

a) number of tick marks for the X axis 

b) incremental value between two tick marks 

c) X value at origin 

d) title for X axis 

e) h) On the next card the same items but for Y axis. 

In fig.117. an exam9le of the output from these two 

programs is shown. The stra.ight line graph vias input using 

the READ command and the other by PLOT. The data required 

for the plotting program is as follows: 

NEW .A...,{]~S 

to ·12 

6 500 

PLOT 

RE,\D 

2 

0 2000 

STOP 

0 

0 

DISTAECE ALOHG X-!IXIS (INS) 

LONGITUDIFitL STRESS (SXX) P.S.I. 

120 C 
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The following lists are the built-in f~ctions and their 

cor~>esponding reference numbers. These functions are 

available to all elements if required. They are selected 

according to t:le matrix integers. (see below) 

Functions for j'Latrix N j elast.ici tY...!llatrix) 

1 

2 

3 

4 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 

-v 

2( 1 +V) 

t 2(1+v)/5 

-2*SIlFCOS 

-SIlT"COS 

SIN;~COS 

COS;~COS -
SIH*;':lIH 

COS;~COS 

-sm 
COS 

SIN"snr -

3n:i"·sn~ 

COS*COS 

"COESTant" functions for L matrix (e(',r:e displacemeJ!.tsl 

1 EL 

2 am 

3 -SIN 

4 COS 

5 EL*UOS;~COS 



'-

6 -:i:!:L"SIH*SIN 

7 -6/EL 

8 -EL*SIN 

9 :81"OOS 

10 -OOS 

1 1 1 

12 6/:8L 

13 2*BL 

14 -EL-:'SIN*COS 

15 EL;'SIIf*SIN 

16 EL*SIlPCOS 

Polynomial functions 

All. the polynomial functions for the P matrix and L matrix 

are stored in a linear array called PUNS. This array is 

set up for each element from DATA statements. This array 

is the same for all the ·plane stress elements except the 

PIAN eleIilent. A different array is also required for the 

bending element. 

PUNS - for plane stress elements 

function 

1 

x 

y 

-x 

-y 
2L 2 Y -,x 
2 J.. 2 x -,y 

integer 

1 

5 

9 

13 

17 

21 

28 

35 

39 

1 

1 

1 

1 

2 

2 

1 

1 , , 

1 

1 

1 

-1 

-1 

1 

1 

1 

-.5 

o 
1 

o 
1 

o 
o 
2 

1 

2 

parameters 

o 
o 
1 

o 
1 

2 

o 
1 

o 

-.5 

-.5 

2 

o 
o 
2 



--tl 
y3_3x2Y/2 

x3-3xl/2 

IX3 
--:;-

l y 3 --:;-

3xl/2 

3x2Y/2 

tx2y_y3/3 

txl-x3/3 
I 2 

--:;-X Y 

I 2 --:;-xy 

xy2_x3/6 

x2y_y3/6 

2s3_3s2+1 

s3_2s2+8 

3s2_2s3 

s3_s 2 

1-9 

s 

t< s_s2) 

t(S2-s ) 

43 

47 

54 

61 

65 

69 

73 

77 

84 

91 

95 

99 

106 

120 

127 

134 

139 

144 

149 

152 

157 

Uatrix integers 
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.1 

2 

2 

1 

1 

1 

2 

2 

1 

1 

2 

2 

3 

3 

2 

2 

2 

1 

2 

2 

-:-.5 0 

1 

1 

o 
3 

-.5 3 

-.5 0 

1.5 1 

1.5 2 

.5 

.5 

-.5 

-.5 

1 

1 

2 

1 

3 

1 

1 

1 

.5 

.5 

2 

1 

2 

1 

1 

2 

3 

3 

2 

3 

o 
1 

1 

2 

2 

3 

o 
o 

3 

2 

1 

1 

2 

1 

2 

2 

1 

-3 

-2 

-2 

-1 

-1 

-1.5 2 

-1.5 1 

-1/3 0 

-1/3 3 

-1/6 3 

-1/6 0 

2 

2 

3 

2 

1 

1 

1 

.... 5 2 

-.5 1 

For each separate elenent five matrices ar'.: specified by 

integers: Pmatrix by Pl, Hmatrix by Hl, l:l matrix by Bl, 

L. matrix by two integer matrices, CCl & Al. 

For the eleLlents RBCT4, GEN3, GEH4 & GEH6 the matrices 

P1, Hl ,& Bl are the same for each eleLlent. CCl & A 1 are 

however different .. 

1 

2. 

3 

o 

o 

3 

o 
1 



P1 : 

( 1 

~ 0 

~ 0 

H1 : 

~ 1 

} 2 

9 0 

0 1 

0 0 

2 0 ) 

1 0 ~ 
3 ~ ~ 0 0 

CC1 : 

for GEN6: 

0 0 5 

5 0 0 

0 1 17 

(235) 

0 21 39 0 35 47 99 91 61 

9 43 28 35 0 65 95 106 54 

13 35 35 39 43 69 77 84 73 

(120 120 

~ 120 120 

1 27 1 27 127 1 27 134 134 139 139 139 

127 1 27 1 27 1 27 134 134 139 139 139 

for GEN4: 

( 120 120 

~ 120 120 

for GBN3: 

127 

o 

} 120 120 0 

~ 120 120 127 

for RECT4: 

o 134 134 139 

127 134 134 0 

134 134 0 ) 

134 134 139 ~ 

o ) 
139 ~ 

( 144 144 127 127 149 149 139 139) 

« 
) 

120 120 127 127 134 134 139 139) 

A1 : 

for GEN6: 
(4 2 5 16 16 15 4 2 5 

~ 3 '<, 14 6 

16 16 15 ~ 

t6 3 4 14 6 5 16 ~ 5 

) 
) 
) 
) 
) 
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for GEH4: 

1 4 2 1 13 4 2 1 13 ) 
) 

( 3 4 1 13 3 4 1 13 ) 

for GBH3: 

~ : 2 13 4 2 13 ) 

4 13 3 4 13 ~ 
for RECT4 : 

( 4 2 0 0 4 2 0 0 ) 

1 3 4 5 6 3 4 5 6 ~ 

The array PUNS and the in~er matrices for PI.Al~ and the 

bending element are similar to the above and are not 

quoted here in detail. 

Details of pro[·;ram 

, 
To illustrate the program techniques use(~ in the settiIl£; up 

of the element stiffness matrices three extracts from the 

program are given here. (See pages 238 , 239 ,240 ) 

The first is taken from the subroutine to set up HI and is 

the section Wllich converts the :'_nteger r'latri~ N1 - called. 

Elm - into a real matrix EN, usinG the actual values given 

for e2.ch element of TT (thickness) and V (Poisson I s Ratio ~ 

The second a.."ld third extracts are taken from the subroutine 

to set up TIo The first of these is the section which 

generates the first algebraic product of 11 t. L The 1.1 matrix 

has already been set up in an array m; and the constants 

in the L matrix in all array COHST (correspondinc; to .11.1). The 

integers for the polynomial fU11ctions are stored in CC o The 

product is stored dynamically in the array STORE, rii th an 

array m:IL of pOinters which indicate the position in STORE 

at which e2.ch array- element of the product is storec' .• 
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The final extract is the algebraic multiplication and 

numerical integration of the complete product of the TI 

Qatrix. The Ps matrix is derived from the integer matrix 

P which points to the array FlIES • 
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