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Chapter 1 Introduction 

1) Aluminium in Transformers 

Copper ~as long been the traditional material used in the 

winding of transformers. Copper wire has a high conductivity, 

second only to Silver, and being malleable is easily wound. These 

factors combine to make Copper an obvious choice for the 

majority of electrical applications. 
, 

Copper forms an estimated 0.007% of the earth's crust, 

about 70% of this occuring in a limited number of deposit types 

in a few locations. The major producers are the United States 

with 21% of the world's production; the Soviet Union with 15%, 

Zambia with 10%, Chile with 10%, and Zaire with 6%. Thus 16~~ 

of the world production of Copper is concentrated in central 

Africa, which has been beset with serious political upheavals 

since the early nineteen sixties. These upheavals have interrupted 

production of Copper and led to wildly fluctuating world prices. 

Poor labour relations also disrupt the supply of Copper, strikes 

accounting for shortness of supply more so with Copper than with 

any other of the non-ferrous metals (1). Another factor adversly 

affecting the supply of Copper is that it ~s a "strategic 

material" used in munitions, so that Government stockpiling 

during military emergencies has often caused major fluctuations 

in demand (2). 

By contrast Aluminium forms an estimated 8% of the earth's 

crust. The principal Aluminium ore, Bauxite, occurs in large 

deposits inl United States, Caribbean, Northern South America, 

Hawaii, Australia, India, Indonesia, ~!alaysia, China, Soviet 
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Union, Ghana, Greece, Yugoslavia, Hungary, Italy and France. The 

wide distribution of Aluminium ore'together with the fact that 

97% of the smelting of the ore is carried out in the Developed 

countries (3) make the 170rld price of Aluminium much more stable 

than that of Copper. F'ig. 1-1 shows the variation in the price 

of Aluminium and Copper during the twenty year period from 1947 

to 1967 (4). This graph does not tell the whole story. Although 

Aluminium has only 60% of the conductivity of Copper, Copper is 

300% denser, thus Aluminium can be twice the price of Copper by 

weight and still be competitive in terms of its electrical 

conductivity. The graph in Fig. I-I, shows that the price of 

Aluminium by weight was approximately the same or less than the 

price of Copper over the twenty year period. 

Despite this price advantage Aluminium has been regarded 

as an inferior substitute for Copper. The first recorded instances 

of the use of Aluminium for transformer winding were in Germany 

in 1917 (5) and in France about the same time (6). This use of 

Aluminium was due to the shortage of .copper during the First 

florld War. A similar shortage occured during the Second World 

War when Aluminium was again used as a substitute (7,8). After 

the war when Copper again became available, transformers wound 

with Aluminium were often rewound with Copper. 

Despite this attitude research continued into the use of 

-
Aluminium for transformer l1lnding. The basic problem is that 

Aluminium has only 60% of the conduct~vity of Copper therefore 

a transformer wound in the traditional manner using round 

Aluminium wire in place of round Copper wire has to be larger 

to achieve the same performance. This increase in size offsets 

the initial cost advantage of Aluminium. However, methods have 

2 
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Variation in the price of Aluminium and Copper 
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been evolved which reduce the size disadvantage of Aluninium. 

The principal method is the us~ of Aluminium foil or strip in 

place of wire (9,10). Fig. 1-2 illustrates how this is achieved. 

With strip or fbil superfluous insulation within the winding 

is eliminated, also the thickness of the inter-foil insulation 

can be reduced because the insulation need only withstand the 

turn -to -turn voltage ... Wire wound transformers are lvound in layers 

ther.efore the insulation on the wire has to withstand the maximum 

layer-to-layer voltage, which is equal to the turn-ta-turn 

voltage times twice the number of turns per layer, or alternat­

ively layer insulation may be used. The use of strip or foil 

eliminates the need for layer insulation. 

The space-factor or ratio of the conductor cross-section 

to the total cross-section is approximately 90% for a strip or 

-foil wound transformer compared with 50% to 60% for a wire 

wound transformer (10). This improvement in the space-factor 

increases as the ratio of insulation thickness to conductor 

thickness decreases, so that the use .of Aluminium strip or foil 

as a replacement for Copper wire tends to be more competitive 

for large transformers than for small ones. 

In addition foil or strip windings are almost self­

supporting therefore the bobbin flanges are not_?eeded in some 

cases, also the bobbin former need not be as strong. 

Heat generated within a strip or foil wound transformer 

is dispersed efficiently. Each turn h~s its own heat path to 

the surface of the winding and more of the winding is metal 

ensuring a more even temperature distribution and the elimin­

ation of "hot spots", which effectively increases the rating of 

the winding. 

4 
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Figure1-2' 

Wire 
Winding 

Netal 
Turn to Turn Insulation 
Layer Insulation 

Foil 
Winding 

ComparisonlShowing the difference between wire and 
foil l'Iindings. 

Fifjure1-3 

et Turn-to-Turn Capacitance 
Cg Turn-to-Ground Capacitance 

The capacitances of a single layer wire wound coil. 
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Insulation in a foil or strip wound transformer may be , . 

a paper or polymer film interleaved with the metal during winding 

or a layer of varnish, resin or oxide on the Aluminium foil 

itself (11,12,13,14). After winding, the paper or film insulation 

is .impregna tedwi th varnish, to prevent moisture penetration. 

Varnish or resin can be applied to the foil before winding and 

after winding can be heated to make the winding one solid mass. 

Anodising increases the thickness of the oxide layer on the 

Aluminium strip or foil until it is usable as insulation. This 

is the thinnest insulation and will withstand high temperatures. 

The use of strip or foil windings has two technical 

advantages. The first is that tra.nsformers wound with strip or 

foil are more resistant to impulse breakdown (4,12,14). Fig. 1-3 

represents the capacitances of either a single layer wire 

winding or a multi-layer strip or foil winding. Ct is the turn­

to -turn· capacitance and Cg the turn-to -ground capacitance. 

These capacitance::; form a ladder network. When an iMpulse 

voltage is applied to the beginning of the network it will 

travel down the ladder. The degree of attenuation it undergoes 

is determined by the ratio of Ct to Cg • A foH or strip wound 

transformer has a large ratio while a wire wound transformer has 

a smaller ratio. Thus in a wire wound transformer an impulse 
.-~. 

voltage will be attenuated more severely than in a strip or foil 

wound transformer and consequently the insulation on the turns 

at the beginning of the winding will be subject to ~ore 

dielectric stress than the turns in a strip or foil wound 

transformer. 

The second technical advantage is that strip or foil 
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wound transformers are not so susceptible to short circuit 

current damaGe as wire wound transformers (4,12,15,16). A 

comparison of the axial forces generated in a transformer 'Iith 

a wire secondary and in a t~ansformer with a strip or foil 

secondary is shown in Fig. 1-4. Under short circuit conditions 

the holicity of the wire secondary generates axial forces which 

can damage the wind'lng whereas in the foil' secondary the current 

can flo17 at whatever axial position is required to balance the 

ampere turns of the other winding. 

For many years one of the biggest. problems facing the 

designer was that of making joints and connections to the 

Aluminium 17inding. This problem has now largaly been solved 

and a variety of methods evolvedl clamping; crimping, cold­

pressure welding;· soldering; brazing; inert-eas welding; ultra­

sonic b.onding(4,ll,14,15,17,18,19,20,21,22). 

--' 
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Figure 1-1. 
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Chapter 2 Self-Rcsonance in Small Foil-Wound Inductors 

1) Introduction 

Research into the properties of small air-cored, foil-

wound inductors began at the Plessey Company in 1972. This 

interest began as part of a study of the inductance of foil-

wound capacitors. The high-frequency response of filters and 

suppressors using these capacitors could not be predicted from 

,simple theories that neglected this inductance. It was thought 

that an understanding of the inductance of foil-wound inductors 

would provide a basis for an understano.ing of the inductance of 

foil-wound ca,pacitors, The Vfork (23) resulted in a computer 

evaluated formula which could accurately predict the 10Vf-

frequency inductance ~f a foil wound inductor. The Vfork also 

included an experimental investigation of the variation of 

inductance with frequency for several air -cored, foil-wound 

inductors. This investigation showed that with increasing 

frequency the inductance at first declined by approximately ten 

percent from the low frequency value then increased rapidly to 

a 'maximum value. The maximum in the inductance can be accounted 

for using the high-frequency equivalent circuit of Welsby (24). 

This equivalent circuit is shown in Fig. 2-1 and consists of an 
---" 

inductor in series with a resistor, with both shunted by an 

effective capacitance. The circuit has an impedance maximum at 

the resonant frequency. Below resonance the circuit behaves as 

an inductance and above as a capacitance. The drop in inductance 

at lower 'frequencies is due to a combination of skin effect and 

proximl,ty effect acting within the turns of the coil. This 

effect is discuised in detail in chapter 3. 
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Figure 2-1 

Normal high-frequency equivalent circuit of a 
wire wound inductor. 

R L 
~rY~Y'---~I----Ir-

c 

The resonant frequency is given by 

1 
= 2ir./LC 

The Q of the circuit is given by 

Q = _1 J L 
R C 
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The experimental investigation at the Plessey Company also 

showed that some foil-wound inductors had a second resonance at 

a higher frequency. This behaviour cannot be explained using 

the simple equivalent circuit of Welsby, although Welsby does 

state that some types of single layer coil can exhibit secondary 

resonances or multiple resonance, which he considers is due to 

the inductor behaving as a transmision line. 

2) Manufacture of Small Foil Wound Inductors (ft1I) 

Four small foil wound inductors are shown in the photograph 

in Fig. 2-2. These coils are wound from Aluminium foil with a 

width of 3.9 cm and a thickness of 5.0 pm, and a polypropylene 

film with a thickness of 12.5 pm. These coils were wound on the 

converted capacitor winding machine shown in the photograph in 
/ 

Fig. 2-3. Most of the small foil wound devices investigated in 

this thesis were wound on this machine. The cores of these 

devices were made by winding up the plastic insulation to the 

required depth at which point the Aluminium foil was inserted. 

The contacts were made from strips of 50 pm Aluminium foil which 

were inserted at the appropriate points during winding and were 

held in place by the pressure of the winding. Several ft'II were 

manufactured using 50 )lm thick Aluminium foil and the contacts 

to these coils were made by cutting and folding the metal foil 
--,' 

in the manner shown in Fig. 2-4. 

All the small ftH manufactured were heat treated in an 

electric oven at 120
0

C for 1 hour. This treatment causes the 

plastic foil to shrink preventing any creepage of the winding 

under its own tension. Heat treatment also reduces the air gap 

between the plastic film and the metal foil. The effect of this 

11 



Figure 2- 2 

Four Foil Wound Inductors with, from left to right, 1000 
Turns, 200 Turns, 50 Turns and 10 Turns 
The line on the photo graph is 10 cm long, 
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Figure 2-3 

Capacitor Winding Machine Converted to a Coil Winding 
Nachine 



Figure 2-4 

Method of cutting and folding foil to form a terminal 
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Figure 2- 5 

c;t Method of impedance/frequency spectrum measurement 
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Tracking 
Generator 

Spectrum 
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heat, treatment on the capacitance of the FI'II's is discussed in 

section 2-8. 

:3) Methods of Impedance Spectrum l1easurement 

One of the quickest methods of measuring the impedance/ 

frequency spectrum of a wire or foil wound inductor is to use 

a spectrum analyser in conjunction with a tracking generator. 

The coil is connected in series betr.een the tracking generator 

and the spectrum analyser in the manner shown in Fig, 2 -5a. 

The photograph in Fig. 2-6 shows this equipment in use. The 

frequency of the output from the tracking generator is locked 

to the swept frequency of the spectrum analyser so that they 

can be swept in synchronism from 100 KHz to 110 MHz with an 

accuracy of !50 Hz. This arrangement has a dynamic range of 

190 dB. The impedances associated with the tracking generator, 

coil an.d spectrum analyser are shown in Fig. 2 -5b. The output 

impedance of the tracking generator is 50.n. as is the input 

impedance of the spectrum analyser. The impedance of the coil 

is Zo' the output voltage from the tracking generator is Vtg 
,and the input voltage to the spectrum analyser is Vsa' Vsa is 

rela ted to Vtg by 

2- 3-1 
100 + Zo 

The photograph in Fig. 2-7 shows the impedance/frequency 

spectrur.J of a 100}'H wire wound inductor from 100 KHz to 1011Hz. 

,The flat trace at the top of the photograph is the spectrUm 

obtained with the coil shorted out, the lower trace is the 

spectrum with the coil in circuit. The spectrum has a minimum 

at :3.:311 IlHz and as the spectrUr.J analyser measures power 

15 



Figure 2- 6 

Tracking Generator and Spectrum Analyser }/easuring the 
Impedance/Frequency Spectrull of' a 1000 Turn Foil Wound 
Inductor 

16 



Figure 2-7 

Figure 2-8 

-~ --- ---- -----~-- -------~--

Impedance/freCluency spectrum of a 100 fH wire 
wound inductor 
Abscissa I 1 NHz per sCluare,range 100KHz-IOHHz 
Ordinate I 10 dB attenuation per sCluare,zero at 
t,op 

,Impedance/frequency spectrum of a 50 turn foil 
wound inductor 
Abscissal 2 HHz per sCluare,range 100KHz-20NHz 
Ordinate I 10 dB attenuation per sCluare,zero at 
top 
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the impedance of the coil has a maximum at this frequency. Thj.s 

resonance is due to the self-capacitance of the uire wound 

inductor resonating with the inductance. 

The spectrum analyser measures power in dBm, therefore 

if the input voltage to the spectrum analyser is 1 Vtg when the 

coil is shorted out and Vsa when it is in circuit, then the 

difference in the power levels measured by the spectrum 

analyser with the coil in circuit and with it shorted out is 

given by 

2-3-2 

Where Vm is the difference in the power levels measured in 

dBm. Combining equations 2 -3-1 and 2 -3-2 gives 

Assuming 

v. = m 20Log ( 1100 + Zo 1 ) 

100 
2-3-3 

that Zo »100 gives 

Vm 

jZol= 10 20 

the impodance of the coil as 

x 100 2-3-4 

The impedance/frequency spectrum of the 50 turn foil 

wound inductor sho;7n in Fig. 2-2 is showri in the photograph in 

-Fig. 2-8. This spectrum only shows one resonance at 7.073 HHz, 

However, the impedance/frequency spectrum of the 1000 turn Fin 

shown in the photograph in Fig. 2-9 is markedly different. There 

are impedance maxima at 0.514 MHz, 1.344 NHz, 2.232 MHz and 

3.218 MHz, and impedance minima at 1.240 1Hz, 2.165 1Hz, 3.150 

~lHz. This form of behaviour has been termed "multiple resonance" 

Wire wound inductors do not exhibit this form of behaviour 

18 



Figure2- 9 

Impedance/frequency spectrum of a 1000 turn foil 
wound inductor 
Abscissa, 1 HHz per square, range 100KHz--10HHz 
Ordinate. 10dB attenuation per square, zero at 
top 

? 
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normally, except for the particular type of single layer coil 

described by ITelsby. 

4) Computer Hodel of a Foil Wound Inductor 

A field theory solution may seem the moit direct method 

of solving this problem, but the difficulties involved can be 

illustrated by considering the size of the matrix required for 

& finite difference scheme using the vector potential A. If 

each turn is divided into a mesh of sizs 10 round the circum-

ference and 10 acrosa the width, a 1000 turn foil wound inductor 

would require a matrix of size 105, and as A is a vector each 

cycle of the iteration would require 3xl05 calculations. An 

iteration would require anything up to 100 cycles to complete 

and would only give one point on the impedance/frequency 

spectrum. In view 6f these diffultics an equivalent circuit 

model was adopted~~ 

The lumped element equivalent circuit of a foil "ound 

inductor is based on the aSBumption that each turn has a self-
t t . . 

inductance L ,a resista.nce R ,a turn-to -turn capacitance 

Ct and mutual-inductance to all other turns. The arrangement of 

the inductances, resistances and capacitances is. shown in Fig. 

2-10a, and by considering the way they are' arranged around the 

point A in Fie;; 2-10a the linear circuit of Fig •. 2-10b can be 

derived. In FiG; 2-10a and 2-10b the turn self inductance a and 

resistances have been split into two to make the derivation of 

Fig; 2-10b clear. 

For an N turn foil wound inductor there will be N -1 turn-

to-turn capacitances, therefore the equivalent circuit should 

consist of N-1 resonant circuits, each consisting of a turn-

20 



Figure 2-10 

A 

Arrangement of the turn inductances, capacj.tances 
and resistances within a foil wound inductor. 

A . y v "YY' . T Y ~ -r J ~ Y 

- ---

-~lternatlve arrangement of the turn inductances, 
capacltances and resistances. 
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inductance in series with a turn-resistance paralled by a turn­

to-turn capacitance, plus a half-turn section at each end. All 

the resonant circuits are coupled by mutual-inductances. To 

simplify the theory the equivalent circuit will be taken to 

consist of N resonant circuits and not N-1 , for a foil wound 

inductor with a large number of turns this represents a small 

error. 

This model of a foil wound 1nductoris based on the 

following assumptions, that any capacitances other than 

the immediate turn-to-turn capacitances can be neglected, and 

that for the frequencies under consideration the system is 

"electrically short", meaning that the time. for light to cross 

the FWI is short compared with the period of the excitation. There 

are also problems connected with the definition of the self­

inductance of a foil turn, due to non-uniform current fl017 

across the width of the foil (25). This effect is discussed in 

detail in chapter 3 and only appears to have a marginal effect 

on the inductances used in the model., 

It has been shown by Murgatroyd (26) that by making 

.suitable approximations the lumped element equivalent circuit 

can be derived as an approximation to the field theory approach, 

starting from the vector potential !. The basis of this 

approximation is the assumption that the phase gradient, which 

must be continuous through the coil, is zero round each turn. 

This carr be done provided there is a suitable discontinuity of 

phase between adjacent turns. 

However, the equivalent circuit of Fig. 2-10b is still 

too large to be manipulated satisfactorily. It can be reduced 

22 



by dividing it into S sections each with d turns ( N=Sd ), and 

making thc following assumptionsl that the current throuc;hout 

each section is uniform in magnitude and phase l that Lt, Rt 

and C t are uniform throughout each section l that .the mutual-

inductance linking any two turns within a section are equal to 

lhe turn-inductance of that section: that the mutual-inductance 

linking each turn of one section with each turn o:t another 

section are all 

L~ 
I 

t , R· 
I 

equal, 

t and Ci are the turn-inductance, turn-resistancc 

and turn-to-turn capacitance of the ith section based on its 

mean radius. Given the above approximations these are related 

to the self-inductance, resistance ~nd capacitancc of the i th 

section by 

2 t 
L· = d L· 

I I 
2-4-1 

2-4-3 

If the mutual-inductance linking the average turn of the 

j. th section to th~ average 'turn of the k th section is Mi\ 

then .the .mutual-inductance linking the - i th and k th sections 

is given by 

. 2 t 
M· k = d M· k I I. 

2-4-4 

The S section equivalent circuit is shown in Fig. 2-11. This 

circuit results in S mesh equations of the form 

23 



Figure 2-11 

\y . 1 

C2~ 

c.~ I. I. 
1 

L1 

R2 

L· I. 

R· 1 

Equivalent Circuit of a Foil Wound Inductor 

All inductors are mutually coupled 
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1 2-4-5 
jwCj 1:S:;j:S:;S 

I· 
Where W is the angular frequency and qj= -f is the ratic of the 

o 
current .in the j th section I j to the external current 10 ~ 

For the external circuit 

S 

2
(1-q.) 

Z - I = 0- 'wC' 
j = 1 J I 

If all the qj are equal in maenitude and phase then equation 

2-4-5 reduces to 

. L _1~ + Jc..f ... .,... C 
I J CJ j 

2-4-7 

This expression for the input impedance of a foil wound inductor 

is valid at low frequencies where the radia]. current distri butio!l 

is uniform. A simpler form of equation 2-4-8 is possible when 

it is applied to a foil wound inductor with a radius much 

l"arger than the winding depth. Here L j , R j and C j can be 

considered to have the same value throughout the FWI. Given 

.this assumption equation 2 -4 -8 reduces to 

z = o 

25 
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This expression represents the impedance of a 

circuit with inductance If~ in series with 

single resonant 

resistance NRt 

and paralled et 
by capacitance N A resonant circuit of this 

1 
type will resonate at a frequency, approximately, of 

This expression is useful for predicting the resonant freque~cr 

of small foil wound inductors with small turn-numbers. 

The S equations of the form 2-4-5 can be written in 

matrix form as 

[AHQ]=[B] 2-4 -1Q 

Where [A] is the complex matrix of the coefficients from the 

left-hand side of eCluation 2-4-5. IQ] is the complex vector 
1 

of the unknowns and [B] is the vector of the terms )·wC.' 
. I 

Equation 2-4-10 can be expanded into a2S x 2S real matrix 

equation of the form 

rRe lA] 
t1m[A] 

- ImlAn rRe[Q~ : fRelB]l 
.. RelAtll1mlO] LlmIB]J 

5) Numerical Solution Methods 

2-4-11 

Investigation showed that the best method of solving 

eCluation 2-4-11 was the method of Gaussian Elimination (27); 

This method, although not ideally snited to the solut1.oll of 

-
large matrices, was used because problems were encountered with 

the convergence of iterative methods. Most iterative methods 

depend on the matrix equation being diagonally doninant and the 

• 

diaGonal terms of eCluations 2 -4 -5 are doninant at low frequencies, 
1 

but becone relatively small when W""JL.C .• Details of the 
I I 

Gaussian Elimination pro cram are given in Appendix 1. 
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Two tests were applied to the Gaussian Elimination. The 

first was a truncation test. This test involves truncating the 

elements of the matrix to be solved to the first four figures; 

ie, any figures after the first four are set to zero. The 

truncated matrix and the normal matrix are then solyed and the 

two answers compared, these should not differ in the first four 

figures of each element of the vector IQ) • If the two answers 

differ then the solution of the matrix equation is unstable and 

the answer is unreliable. 

The truncation test was too lengthy to be used while the 

impedance/frequency program was running, and was only employed 

when a new type of matrix equation had to be solved. When the 

program was running a back substitution test was used. This 

involves substituting the answers obtained from the elimination 

back into the left-hand side of the matrix equation (2-4-11) 

and comparing the answer so obtained with the right-hand side 

of the matrix equation. The two vectors should not differ to a 

high degree of accuracy. 

The truncation test showed that the Gaussian Elimination 

method was sufficiently accurate for the particular type and 

size of matrix equation encountered, whereas the complex matrix 

solving subroutine in the NAG library (28) was not accurate. 

The Gaussian Elimination method requi~es approximately 

ss" 
3 

calculations to solve a matrix equation of size S , thus 

the computer time required to provide. one point on the imped­

ance/frequency spectrum of the FlU rises as the cube of .the 

size of the matrix. Therefore the number of sections which 

can be used in the theory is limited by the amount of computer 

time that is available. 
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• 

6) Calculation of Lumped Inductance Values 

To calculate the self-inductance L} and the mutual-
t 

inductance Mj k is not a simple task, for all the standard 
I 

formulae apply to filamentary conductors, and the current 

distribution is not uniform across the width"of the foil at 

AC. Honever; useful approximations can be derived for the 

required inductances. 

To calculate the self-inductance Lt a suitable starting 

point is the standard formula for the magnetic field on the 

axis of a circular current filament. (29) of radius a , where a 

is the mean radius of the i th section; If the width of the foil 

is W then the filament of width dV will carry a current lQY, 
W 

where I is the total current flowing in the foil turn and is 

uniformly distributed over the foil width. If the current fila-
, 

ment is dista,nce V from the origin then the magnetic field HZ 

at a distance Z :from t.he origin, and on the axis of the foil 

turn as shown' in Fig, 2-12, is given by 

2-6-1 

The total magnetic field Hz , due to the total current I , can 

be found by integrating over the whole foil with respect to V 

Yi 

~
2 Ia2dv 

H = 2-6-2 z _ 2W {(z - V )z + a~ S% 
is a standard integral that can be found in Petit-Bois (30). This 

This integral gives HZ as 

I ~ Vf/2 - z H - - + Z - 2W [(z _ W )' + a21~ 
2 

2-6-3 
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Figure 2-12 

11HZ 
Idv Z 
W-

UIO,O,OI w 
V 

T· 

, . 

Two Coaxial Turns of Foil 
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The average magnetic field Hz along the axis of the foil turn 

is given by 

+ 2-6-4 

This is also a standard integral found in Petit-Bois, and results 

in an expression for Hz of the form 

H : 
Z 

" )Y;>. o - 2-6-5 

An approximate expression for the self-inductance Lt of 

a foil turn can be found by assuming that the magnetic field across 

the foil turn'section is uniform and equal in magnitude to the 

magnetic field at the axis of the foil turn and by assuming that 

the turn can be treated as a filamentary current I linl:ed to a 

flux °0 ., given by 

2 -<Po: 7foJ-loHz 2-6-6 

t 
Thus Lj can be deriv,ed by combining equations 2-6-5 and 2-6-6 

with the definition of inductance. This gives 

2-6-7 

• 
An approximate expression for the mutual-inductance M!k 

J 

linking the average turn of the i th section to the average turn 

of the kth section can be found by treating the two turns as 

filaments of radius 0 and 0 1 linked by a flux ~01 • It is 

assumed that 0 1 is less than a • The expression for the flux 

Trill have the form 

,0 



2-6-8 

Combining equations 2-6-5 and 2-6-8 with the definition of 

mutual-inductance gives an expression 
t 

for Mi k of the form 
J 

t ~1 
M· k = -

" I 

it 

7r°1 )Jo 5 .2. .2. i 01 = W~ I(W + 0) - S 2- 6-9 

Combining equations 2-4-1 and 2-6-7 gives an expression 

for the self-inductance o~ the ith section of the form 

L· = , 2-6-10 

In a similar manner, combining equations 2-4-4 and 2-6-9 gives 

an expression for the mutual-inductance coupling the ith and 

kth sections of the form 

M· k = 
" " 

" 2-6-11 

" , " 

To test the inductance formul~e derived in section 2-6 

a Bet of five 150 turn foil wound inductors were manufactured 

with core radii varying from 0.7 cm to 1.5 cm. The other 

relevant physical parameters and dimensions are given in the 

table" in Fig.2-13. Three of these inductors are the same, 

enabling an estimate of the manufacturing tolerances. 

The theoretical self-inductance of a foil wound inductor 

at low "frequency, where self-resonance has little effect, can 

be found by summing the sectional self and mutual inductances. 

This gives an expression for L of the form 
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Fiaure 2-13 

Dimensions of the set of 150 turn foil wound inductors 
used in section 1-5. 

Coil 11 Thickness of Al. foil 5;0J'm 
Uidth of AI;' foil 2.52 cm 
Type of inculating film Polypro py lene 
Thickness of insulating film 25.0 I'm 
Die.lec tric constant of the 2.2 
insulating film 
Radius of the core 1.5 cm 

Coil 21 Thickness of AI; foil 5;0 I'm 
Width of Al; foil 2.52 cm 
Type of insulating film Polypropylene 
Thickness of insulatinf> film 25.0 iJln 
Dielectric constant of the 2.2 
insula ting film 

0;7 cm Radius of the core 

Coil 3, Thickne s's of AI. foil 5.0 }I~ 
Coil 4 Width of Al. foil 3.9 cm 

and Type of insulating film Polypro pylene 
Coil 5 1 Thickness of insulating film 12.5 pm 

Dielectric constant of the 2.2 
insulating film 
Radius of the core 0.7 cm 

Figure 2-14 

Coil 1 

Coil 2 

Coil 3 

Co11 4 

Coil 5 

Inductances of the set of 150 turn foil wound inductors 
used in section 2-6, 

Theoretical .!easured 
Inductance Inductances 

rH ~H 

40;Hz l;KHz 10.KHz 100.KHz 

495.95 550;2 :!:.3% 550.5:!:.3% 526.2 + 3<" -. ,,,, 620. :!: l~f 

175.3 184; 6 :!:; 6% 184.4 :!:. 6% 177;4 :!:.6% 175. :!:l% 

117.8 :!:. 6%' 117; 4 :!:. 6% 113; 9 :!:. 6% 113. :!:1% 

113.4 117.3 :!:. 6% 116.8 :!:. 6% 113.2 :!:;6% 113. :!:l% 

117 ; :!:.6% 116;8 :!:;6% 112.9 :!:; 6% 113. :!:1% 

Average of coils 117.4 117. 113.3 113. 
3 to 5 -
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s S 
L = 2 ( L. + 2 M. ) 2 - 6-12 

i=1 I k#i I,k 
The calculated inductances, with S set to ten, for the set of 

~7I are given in the table in Fig. 2-14. 

The inductances of the set were measured at 40 Hz, 1 KHz 

and 10 KHz on the Maxwell inductance bridge described in 

chapter " and at 100 KHz on a Wayne Kerr Universal Bridge 

(Sections B602 and SR268). These measured values are given in the 

table in Fig. 2-14. 

In the case of coil 1 the calculated inductance is in 

error by -9.9% at 40 IIz, -5.7% at ~O KHz and then rises to -20% 

at 100 KHz. The large error at 100 KHz is prgbably due to the 

F¥1I self-resonating, resulting in an apparent rise in the 

inductance; In the case of coil 2 the error in the calculated. 

inductance decreases from -5% at 40 Hz to to.2% at 100 K:rz. In 

the case of coils , to 5 the error in the calculated inductance 

decreases from -,;4% at 40 Hz to +0.47; at 100 Kllz. 

This set of measurements indicates that there is little 

point in deriving a more exact inductance formula since this 

will only be accurate at low frequency. The simple formulae 

derived appear to be reasonably accurate at the.frequencies 

involved and with the type and size of Fi'II involved. The decrease 

in the inductance at 10'.'1 freCJ.uency is probably due to the "l'ddth 

effect" and is investigated in chapter ,; 

]) Calculation of the DC Resistance 

The DC resistance of the average turn, radius a , of the 

ith section is given by 



2710p 
Wt 

2-7-1 

Where;Ois the resistivity- and t the thickness, of the metal 

foil. This formula will be valid only at very low frequencies. 

At higher frequencies the width effect, skin effect and proxlnity 

effect will combine to increase the resistance of the foil turn 

by several orders of magnitude. Honever, as the increase in the 

resistance with frequency can only at present be predicted for 

certain types of foil wound inductor over a limited frequency 

range, the DC resistance formula was used,';.although this will 

give rise to errors in the predicted Q values of the resonances. 

Combining equations 2-4-2 and 2-7-1 gives an expression 

for the DC resistance of the i th section of the form 

R­
I = 

2?\od,.o 
Wt 2-7-1 

8) Calculation of the Capacitance 

neglecting end-effects and the curvature ·of the foil the 

parallel-plate formula can be used for the turn-to-turn 

capacitance of· the ith section 

c! = 
I 

-~ 

2-8-1 

Where h is the thickness, and £.. the dielectric constant, of the 

plastic insulation film. All the turns of the section are assumed 

to have the same radius a • Combining "equations 2-4-3 and 2-8-1 

gives an expression for the capacitance of the i th section of 

the form 



2-8-2 

The problem with this expression is not that it is 

fundamentally wrong, but that variations in the winding tension 

. and side slip of the metal foil when the FI'II is wound, together 

with variations in the thickness and dielectric constant of the 

plastic film, make the parameters a, W, d and c:. inaccurate. 

Also to prevent the plastic film creeping under tension, once 

the Fl'II has been wound, the coils have to be heat treated. This 

shrinks the plastic, decreasing the foil separation. 

To test equation 2-8-2 di~ectly would be difficult, if 

not impossible. The capa'citance of a Fi71 cannot be separated 

from its inductance. Therefore, an indirect method of testing 

equation 2-8-2 was adopted. A 30 turn capacitor was wound 

using the same materials used to manufacture the FWI. The 

dimensions of this capac i tor, which are approximately the same 

as that of the Fin investigated, are given in the table in Fig. 

2-15. 

As the core radius of the capacitor is relatively large 

the depth of the winding can be neglected and an aver~ge radius 

of 1.053 cm used to calculate the capacitance. Inserting values 

into equation 2-8-1 yields a value for the turn-to-turn 

capacitance of 4.021 nF. The total capacitance will be 59 times 

this, or 237.2 nF. The experimental value of the capacitance, 

measured on a Hewlett Packard Univetsal Bridge (Type 4265A) at 

1 Kllz, was 213. nF before heat treatment and 230. nF :!:2. nF 

after heat treatment. The difference between the theoretical 

and experimental values is -3.1%. This error is not excessive, 

considering that the tolerance of normal commercial capacitors 



Figure 2-15 

Dimensions of the test capacitor used in section 1-7 

Thickness of Al. foil 5.0 )'m 
Width of Al. foil 3.9 cm 
Type of insulatin~ film Polypropylene 
Thickness of insulating film 12.5 f!!l 
Dielectric constant of the 2.2 
insulatin~ film 
Radius of the core 1,0 cm 

FiBure 2-15 

T --,-- -j~ 

'~ .... ... . ... . . . . . ... . ... . . .. ... . 

I ~ ~ Ii =-
I • ~ U 

---

.~ I 
I W 

I 
I • • • • .... ... . ... . ... . ... . . . . 

u = 

--' 

Impedance/frequency spectrum of a 150 turn foil 
wound inductor, 

Abscissal 2 MHz per square, range 100 KHz to 20 HHz 

Ordinatel 10 dB attenuation per square, zero at 
top 
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is in the region of :!: 10%. 

9) Comparison of the Theoretical and Experimental Impedance/ 

Frequency Spectra of Two Foil 170nnd Inductors 

The experim,ental imped'ance/frequency spectrum of a 150 

turn FWI, coil 4 in the tables in Figs. 2-13 and 2-14, is shown 

in the photograph in Fig. 2-16 and has two maxima and one 

minimum. The theoretical sectional inductances, resistances 

and capacitances for this Fi'II were calculated with S set at 

ten, and inserted as data to the Gaussian Elimination prog~am. 

The theoretical variation of tl:e magnitude of the input impedance 

with frequency is Sh0I111 in Fig. 2-17. This graph has maxima at 

3.201 HHz and 12.47 MHz. The experi_ental impedance/frequency 

spectrum shows maxima in the input impedance at 3.24 HHz :!: 1. 65; 

and 12.87 11Hz :!:0;9~~, giving a difference respectively, of -1.2~j 

and -3.3% between the theoretical and experimental values. 

The theoretical input impedance lo'c',u~s of the 150 turn Fi':I 

is shown in Fig. 2-18, This shons that the input izpedance maxima 

,aria. mimimun occur at points, where the phase of the impedance 

is almost zero, indicatins that the resonances behave like 

normal series or parallel L ,e resonances. 

The experimental impedance/frequency spectrum of the 1000 

turn FrII, with the dimensions ShOl"111 in Fig, 2:.;,19, is shown in the 

-photoGraph in Fig. 2-9' and as an x-y recorder plot in Fig. 2 -20. 

The theoretical impedance/frequency spectrum is shonn in Fig. 

2-20. The input impedance locus is shown in Fig. 2-21. This 

shows again that the maxima and minima ,behave like nornal series 

or parallel L ,e resonances. A direct comparison is made between 

the theoretical and experimental impedance/frequency spectra 

in Fig. 2 -22, The experimental impedance/frequency spectrum 
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Figure 2-17 
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Figure 2-1a 

The Theoretical Input Impedance Loci of a 1~0 Turn 
Foil. Wound Inductor from 0 to 15· NHz (S = 10 J 
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E.!.gure 2-19 

Dimensions of the 1000 turn foil ;'found inductor 
used in section 2-9 

Thickne ss of Al umi'nium fo il 
Width c·f Aluminium foil 
Type of insulating film 
Thickness of insulating film 
Dielectric constant of the 
insulating film 
Radius of the core 

40 

5.0 pm 
3.9 cm 
Polypropylene 
12.5 pm 
2.2 

0.7 cm 



figure 2-20 

The Theoretical Variation of the Input Impedance 
with. Frequenc~ for a 1000 turn. Foil Wound Inductor 
(S set to 10) 
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Figure 2-21 

1z.,1 

~ 

, 10 

The Theoretical Input Impedance Loci of a 1000 
Turn Foil Wound Inductor from 0 to 3.5 11Hz (S =10) 
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Figure 2-22 Theoretical and Experimental Variations of Vm 
17i th Frequency for the 1000 Turn Foil 170und 
Inductor 
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The 0 level of dBm is the output power from the 
tracking generator. 
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is the output le'rel from the spectrum analyser recorded on an 

X-Y plotter. The 0 dBm level on the graph corresponds to the 

power level with the coil shorted out. The theoretical imped­

.ance/frequency spectrum was plotted using equation 2-3-3, 

which relates the input impedance Zo to the dBm level. 

These graphs show two main effects I the theoretical and 

experimental dBm levels at the maxima and minima differ by 

large amounts, and the frequencies of the resonances correspond 

quite well up to the third impedance minimum at 3 NHz. The 

difference in the dBm levels at resonance is clearly due to the 

use of DC resistance values in the computer calculations. For 

more accurate calculations a method of calculating the AC 

resistance would be required. The differences between the 

theoretical and experimental resonant frequencies shown in the 

table in Fig. 2-23 are in part due to the limited number of 

sections used in the model; This limitation is examined in 

section 2 -10. 

The paper by Kemp, Nurgatroyd and Walker summarizes the 

theory of self-resonance in FWI and is reproduced as Appendix 2. 

10) Current and Voltage Standing Waves 

The theoretical equivalent circuit of Fig. 2-11 is essen-

tially a set of coupled resonators and as such will behave in 
'" 

the ~ame manner as any set of coupled resonators, such as a 

system of coupled pendula. A set of coupled resonato~s, whether 

mechanical or electrical, has a numbe~ of modes of resonance 

in which the amplitude and phase of the oscillation varies from 

resonator to resonator. Thus it is possible for the equivalent 

circuit to resonate at many frequencies. 

Figs. 2-24a to 2-30a show the relative voltage, relative 
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Figure 2-23 

COlnpari'son of Theoretical and Experimental Resonant 
Frequencies for a 1000 Turn Foil Wound Inductor, 
Maximum Impedance Resonances only. 

Experimental 
Resonant 
Frequencies 

~!Hz 

0.514 :!:0.39% 
1.344 :!:0.15% 
2.232 :!:0.09% 
3.218 :!:0.06% 
4.101 :!:0.07% 
5.005 :!:0.08% 
6.008 :!: 0 .17% 
6;888 :!:0;15% 
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Figure 2-29 
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to the input voltage, distribution within the 1000 turn ~VI, and 

Figs. 2-24b to 2-30b shoTI the relative current, relative to the 

input current, distribution within the Fl'iI at the frequencies 

of 516.7 KHz, 1.366 11Hz, 2'.216 NHz and 3.022 HHz, which are the 

frequencies of maximum impedance resonances, and at the frequen-

cies of 1;199 MHz, 2.123 HHz, and 2.962 1Hz, which are the freq-

encies of minimum impedance resonances. These distributions 

are theoretical ones. 

Vb the relative voltage, relative to the input voltage, 

at the end of the b th section can be derived from 

equation' 2-4-6, and has the form 

b' 

2 2 -10-1 
i =1 

Position b=O lies at the beginning of the first section, which 

is at the start of the winding, and position b=10 lies at the end 

of the tenth section, which is at the end of the winding at the 

edge of the coil; 

Fig. 2-31 shows the amplitude and phase of the first four 

orders of resonance of an idealised set of coupled resonators. 

In a first order resonance the phase of the amplitude does not 

change. In a second order resonance the phase of the amplitude 

0' 
changes phase by 180 oncp. In a third order resonance the phase 

changes by 180
0 

twice. In the N th order re sonance the phase 

chanGes by 1800 N-1 times. 

Fig. 2-24b, 2-26b, 2-28b and 2-30b shoTI respectively the 

characteristics of first, second, third and fourth order current 

resonances. The current distribution at 516.1 KHz does not 

change phase, the distribution at 1;366 MHz changes phase by 



FiGure 2-31 
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180
0 

once, the distribution at 2.216 NHz changes phase by 1800 

twice and the distribution at 3.022 MHz changes phase by 180
0 

three times. At each of these frequencies the amplitudes of the 

relative currents are large. These resonances correspond to 

parallel L , C resonances, in that in' an ideal parallel L, C 

resonant circuit the input impedance is infinite at resonance, 

as is the relative current flowing in the circuit (relative 

currentl current flowing in the resonant circuit divided by the 

input current), 

Figs. 2-25, 2-27 and 2-29 show respectively the 

characteristics of first, second and third order voltage 

o 
resonances, despite the 90 phase change between positl-or! 9 

and 10, which is necessary to bring the pha.se of the voltage 

distribt:tior. back to the phase of the input vol taee. The vol taee 

distribution at 1.199 HHz does not change phase, the distribution 

at 2.123 ~!Hz changes phase by 1800 once, and the distribution 

at 2.962 Wiz changes phaoe b v 
J 180

0 
twice. At each of these 

frequencies the amplitudes of the relative voltaees are laree. 

These resonances correspond to series L, C resonances. In a.n 

ideal series L ,C resonant circuit the input impedance is 

zero at the resonant frequency, .>lhile the ·relative voltar;e 

across either the L or the C is infinite (relative voltage: 

voltage across either L or C divided by the input voltaee). 

It can be seen from Fig. 2-30b that with only ten sections 

in the equivalent circuit the theory has difficulty in following 

the variations within the current distribution. Therefore, the 

theory cannot be expected to predict the resonant frequencies 

of hi6her orders of resonance '7ith any accuracy, as the results 

shown in the table in Fig. 2-23 confirm. The results of this 
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tabl~ show that theory can with reasonable accuracy predict the 

resonant frequency up to the order. given by the number of 

sections used in the theori divided by three. 

11) Experimental Evidence for Current Standing Waves 

Current standing waves have been shown to exist in a 

qualitative manner by Kemp (32) and in a semi-quantitattve 

manner by Walker (33). This was done by detecting the AC magnetic 

field profile using a small search coil. However, it was not 

possible to show that voltage standing waves exist. An attempt 

to measure the voltage distribution across a foil wound inductor 

using a high-impedance FET probe was not successful. The capacit­

ance of the probe was nO.t low enough not to load the resonant 

circuit. An indirect method of showing that voltage standing 

waves exist was therefore adopted. This method is discussed in 

detail in chapter 4. 

It has been shown that a lumped-element equiv.alent-circuit 

can describe with some accuracy, apart from the Q values of thc 

resonances, the impedance/frequency spectrum of a small, air­

cored, foil-wound inductor, up to an order of resonance deter­

mined by the number of sections used in the theoretical model. 

The model can also give some indication of the internal mechan­

ism which generates the secondary resonances. 
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Chapter 3 Width Effect in Air-Cored, Foil-Wound Inductors 

1) Introduction 

The lumped-element, equivalent circuit of a foil wound 

inductor examined in chapter 2 contains the inductance of an 

individual turn Lt • An approximate formula has been derived 

but it is not clear how an exact calculation may be made. 

Standard formulae apply only to filamentary conductors. In:order 

to calculate the axial. field inside a foil turn and hence the 

inductance,some assumption is needed about the distribution of 

current across the width of the foil turn. At DC this will be 

uniform, but at AC some other distribution may be expected, 

created by a combination of skin and proximity effects, and 

requiring a field theory solution. This problem has been examined 

by Reeves (34), who obtained results for a single turn of foil 

using a complex numerical field-theory solution. The alternative 

method presented here is much simpler and has been extended to 

thin multi-turn foil-wound inductors .. 

2) Equivalent Circuit of a Single Turn of Foil 

The single turn of foil shown in Fig. 3-1 is made from 

material of uniform thickn'!'ss t , width W , and has a !'lean 

radius Q • It is assumed that t is much less than Q • It is 

also assumed that the connections to the foil turn have zero 

resistance, so that the connexio~s form equipotentials. It is 

then expected that the current flow in the foil turn is purely 

circumferential. 

To examine the variation of current density across the 

width of the foil turn, we now divide it into strips in the 
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Figure 3-1 

w 

A Single Foil Turn: of Radius a and Width W. 

with Equipotential Bus-Bars 
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axial direction, as shown in Fig. 3-2. It is convenient to have 

P strips of equal width C • Although in principle all strip 

widths could be different. C must be chosen so that the expected 

variation of current density within C is small. 

The DC resistance of a foil turn is Rt ' which is given by 

equation 2-1-1. The strips all have equal widths therefore the 

resistance of a strip is PR t • 

The inductance of a strip(L r) with a uniformly distributed 

current flowing in it, is given by Grover (35) as 

Henries 

Where Dis a dimensionless factor given by 

. 1 
D=Ln(8A) -0'5+ (Ln(8,B)+a) + 

r' 32f32. 

+ 

109 
(Ln( 8,8) -120) 
13107'2 f3 6 

+-----

2 
(Ln(8,8)- "3) 

102L.f3+ 

3-2-1 

3-2-2 

{3 is the ratio of the radius of the foil turn to the width of 

a strip. 

By approximating the strips to filamentary conductors the 

formula given by Grover for mutual-inductance of two coaxial 

circular filaments can be used for the mutual-inductance of 

two strips. This expression has the form 

Henries . 3-2-3 

Where F is a dimensionless factor dependent on the ratio ey:, 

which is the ratio of the radius of the foil turn to the separ­

ation of the two strips subscripted k and i • 
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Figure 3-2 
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A Single Turn of Foil Thickness t cut into 

P Strips of Width C 
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F can be obtained from tables in Grover. Since the 

separation of the strips is constant and the strips are of 

equal width the mutual-inductances coupling the P strips can 

be characterised -by P values of- F • 

The complete foil turn is represented by the equivalent 

circuit shown in Fig. 3-3. Each strip has a constant DC resistance 

in series with an inductance, which is coupled by mutual-

inductances to all the other strips. The current flowing at the 

centre will at AC be less than the current flowing at the edges. 

This can be shown by first assuming that the currents in all 

the strips are equal. Each current has the same applied EHF, 

but a different back EMF. A strip near the centre will have 

a larger back EMFthan a strip near the edge, as the strips 

near the centre are on average nearer ·~heir neighbours than the 

strips near the edge. Therefore towards the centre the back EMF 

will be larger, and as a first correction the currents near the 

centre will be smaller than tho se near the edge. 

3) Computer Solution of the Eiuivalent Circuit 

The equiv-alent circuit of Fig. 3-3 has to be analysed. 

The external current It is the sum of the strip currents Ik 

3 -3-1 
.. ~. 

~he applied voltage is Vt • therefore the impedance will be 

given by 

3-3-2 

The currents can be found by so lving the P simultaneous 

equations of the form 
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Figure 3-3 
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Equivalent Circuit of a Foil Turn 
Divided into P Stripe 

All the·inductors are mutually 
coupled, 
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P 
2 jwMk jIj = Vt 
jtk I 

3-3-3 
1::S k::S P 

To solve these equations it is convenient to reduce the problem 

to a dimensionless form as follows. A generalised frequency is 

defined by 

~ = w Lr 3-3- 4 
r PRt , 

A generalised admittance tk for the strip k is defined to be 

3-3- 5 

The matrix of mutual-inductances IM k ,J is replaced by a .matrix 
,I 

of coupling coefficients IK k jJ =IM k jJ/iL • For coils having 
, /" ' r 

the same ratio of length to radius and divided into the same 

number of strips the matrix of the elements Kk j is the same. , 
This means that turns of foil of differing size but the same 

shape are characterised by the same set of generalised equations. 

With the above transformations the P simUltaneous 

equations become 

P 
(1 + jF}tk + j'2 tjKk j = 1 

j;lk' 1"; k"; P 
The admittance of the complete foil will be. given by 

The 

1 
y= 

t 

ma trixlK k .J is compo sed of the 
,I 

2 P elements Kk' ,I 

3-3- 6 

3-3-7 

There are only P distinct values of the coupling coefficients 

K k . when the strips are equally spaced, and the se can be , 1 
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derived from the set. 

1 K K -----K ----K 
I 2.' ~I I b' I P 3-3- 8 

Where 6 is given by 

b = Ik - il + 1 3 -3-9 

The matrix [K) is dimensionless and its elements are obtained 

by combining equations 3-2-1 and 3-2-} to give 

Mk· ,1 F = o 3-3-10 

F and 0 are dependent on the ratios ex. and f3 ' which are 

dimensionless. 

Since the tk are complex the set of equations 3-}-6 were 

organised as a complex matrix equation and solved in the same 

manner as the set of equations 2-4-5. The complex matrix 

equation was expanded into a 2Px2P real matrix equation and 

solved using the Gaussian Elimination describedi~. Appendix 1. 

4) Theoretical Results for a Foil Turn with a = W 

The width effect in the set of foil turns with £(= 1 was 

calculated up to the frequency of 'P = 1 , Where "6 is the ratio 

of the radius of the foil turn to the foil width. The non-

uniformity of the current distribution and its dependence on 

frequency are shown in Fig. 3-4. For this particular examvle 

the magnitude of the current flowing in the midfoil strips is 

well below half that flowing in the edge strips at ~=1 ,so a 

significant increase in the resistance of the foil at AC is 

expected. There is a variation in the phase of the current 

across the foil width. This can be seen in the Argand diagram 
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Figure 3-4 
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Plot of Relative Magnitude of Current Density across 
the Foil l'Iidth as a. Function of Frequency (a=W). 
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, 

of Fig. 3-5; each solid line represents the fan of vectors at 

one value of '% • ·As ~ increases the weighted average phase 

of the fan (which is the phase of It relative to Vt ) shows 

increasing lag and the currents near the midfoil always lag 

the larger currents near the edges. 

The effective resistallce of the foil turn can be obtained 

from equation 3-3-7. The real part of Zt is the effective 

resistance, which is composed of a DC resistance plus an AC 

resistance. As the DC resistance is unknown at this point the 

effective resistance is best expressed as a ratio of the DC 

·resistance. This ratio, for the foil turn with 2(=1 , is shown 

against generalised frequency in Fig. 3 -6. At ~ = 1 the. effec ti ve 

resistance has risen by 15% over the DC value. This rise is 

large enough to be significant in the design of foil chokes. 

The variation of th~ ratio of the AC resistance to the DC 

resistance with generalised frequency is shown in Fig. 3-7 

on a logarithmic Gcale. This shows that at frequencies 1:>e10r7 

the increase in the effective resistance is closely 

proportional to the square of the frequency. This dependence 

is observed!in a wide range of eddy current and proximity loss 

problems. 

The imaginary part of Zt is the product of the inductance 

with the angular frequency. To preserve generality the inductance 

ls best expressed as the ratio of the inductance at AC to the 

inductance at DC. For simplicity the ~nductance at DC is taken 

to be that at ~=O'001 • The variation of inductance with 

generalised frequency is shown in Fig. 3-6. At 1-= 1 the fall 

in the inductance is only 3% and for many purposes could be 

neglected. 
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Fie;ure 3- 5 

Argand Diagram Showing the Phase and Amplitude of 
the Current Density Across the 
Function of Fre(j.uency (a=W). 
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Figure 3-6 

Frequenc'y Dependence of Resistance and Inductance 
for.a,Single Foil. Turn withO=W. 
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Figure 3-7 

Approximate Square Law Dependence of the Excess 
A.C. Resistance R t ~ 
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As the current profile changes with increasing frequency 

we would expect the shape of the magnetic field lvithin the 

foil turn to change. The calculations show this effect. The 

strip k is threaded by a flux ~k ' which is given by 

3 -4 -1 

1~ k~P 
Fig. 3-8 shows the profile of <llk , as a ratio to the value of 

<Pk at the centre of the turn, for two values Of." • The 

profile becomes flatter with increasing frequency~ at fo= 1 

the profile is virtually flat over more than three-fifths of 

the turn length. If we examine equation 3-3-3 in the limit 

of large frequencies and neglect the resistive term, we may 

then substitute from equation 3-4-1 and obtain 

3-4-2 
1~k~P 

The limit gives equal flt~ through all the strips. This implies 

that the current distribution has a limiting profile at high 

frequency. 

The variation of the flux profile with frequency can be 

ohown experimentally. The experiment involves the use of a 

foil w9und inductor with two search coils wound into it, one 

at the centre and one at the edge. The physical dimensions of 

- this coil are given in the table shown in Fig. 3~9. The voltages 

from the search coils are directly proportional to the fluxes 

'through them, therefore the ratio of the two voltages I Vouterl 

to I Vcent re I will be the ratio of the magnitudes of the two 

fluxes. The graphs shown in Fig. 3-8 show that theoretically 
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Figure 3-8 
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The Dependence of the Flux tk on Axial Position 
and Frequency (a=W)~ 
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}i! i F,ure 3 - 9 

FiGure 3-10 

Dimensions of' the Foil Wound Inductor 
with Search Coils. 

Core Radius 0.6 cm 
Type of' Netal Foil Aluminium 
Thickness of Hetal Foil 5~O fm 
Width of Netal Foil 3.8 cm 
Thickness of Plactic Film 15.0 pm 
Number of Turns 725 Turns 
Search Coils Bet in at 530 th Turn 
Search Coils End at 710 th Turn 

Experimen tal Appl).ra tus Used to J.leasure the 

Ra tio IVo uter YIVc ent rei 

I _Frequency 
Counter 

Foil Wound Inductor 

\ ;1 Search Coils 

~~ I 
~ " r rv ( . I 

r 
0 

Oscillator Oscilloscope 
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the ratio of the voltages should tend towards equality at 

high frequencies.-

The experimental apparatus is shown in Fig. 3-10. The 

frequency of the input voltage was measured using a frequency 

counter, while its amplitude was measured using one beam of 

the oscilloscope. The frequency of the input was varied from 

50 Hz to 100 KHz. The voltages from the two search coils were 

measured using the other beam of the oscilloscope. 

The results are shown in Fig. 3-11. The ratio of IVouterl 

to IVcentrel rises from approximately 0.5 at 50 Hz to 1.02 at 

100 KHz. This confirms in an empirical manner that there is a 

"width effect". 

5) Width Effect in Thin Multi-Turn Coils 

The extension of the equivalent circuit from single 

turns of foil to multi-turn foil coils is not a simple matter, 

because the possibility of axial current flow must be considered. 

One possible equivalent circuit which takes this into consider­

ation is shown in Fig. 3-12~ In this.model the N turns of the 

coil are divided axially into P strips in the same manner as 

the single turn, except that each strip now has N turns. The 

l th turn of the kth strip has an inductance Llr and a resistance 

PR r
l 

• The strips are cross linked by resistances to represent 

axial current flow. The prinCipal disadvantage of this circuit 

is that there are Nx(P-1) currents that have to be calculated I 

a 50 turn coil sub-divided into 20 st~ips would have 950 

currents that have to be calculated. Clearly the computer 

power and time required to calculate the impedance/frequency 

spectrum 100uld be prodigious. 



.E!.Guro 3-11 Variation of IVoute1/iVcentrel with Frequency 
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Figure 3-12 
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However, by restricting the application of the multi-turn model 

to one particular class of foil wound inductor a manageabLe 

theory can be derived. For foil wound inductors where the build­

up of the winding is much less than either the radius of the 

winding or the width of the metal foil it can be assumed that 

all the strip turns are identical. This means that all the 

turn inductances are the same, as are all the turn resistances, 

and that all the turn inductances within a strip are perfectly 

coupled. This implies that the self-inductance of a strip is 

and the resistance NPRt • This approximation also 

means that all the mutual-inductances coupling two strips are 

the same. Therefore the mutual-inductance from the kth strip 

. th' 2 
to the I strip is equal to N Mk,i • 

Now we consider one particular strip-turn. This strip-

turn is now perfectly coupled to all the other strip-turns on 

the same strip and mutual-inductances from this strip-turn to 

all the strip-turns of another stX'ip are the same. Therefore 

all the strip-turns on a strip are identical and the voltage 

drop across each m'ust be the same. This argument can be applied 

to all the strips. Thus the voltage across the cross··linking 

resistances is zero and they can be removed from the equivalent 

circuit. 

The equivalent circuit is now that shown in Fig. 3-13. 

This circuit can be analysed using P equations of the form 

3- 5-1 

The generalised frequency p can be redefined as 
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Figure3-13 

Vo 
Av 

Equivalent C ircui t of a 1,lul ti-Tu:!::l 
Foil Wound Inductor (build-up« at 
« IV) Divided in to P Strip's 

All the,inductors are mutually 
coupled. 
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3-5-2 

Also the generalised admittance tk can be redefined as 

t k = 3-5-3 

The previous definitions of'fl and tk ' equations 3-3-4 and 

3-3-5 are now the special case of N = 1 • 

With the new definitions of ~ and tk equation 3-5-1 reduces 

to equation 3-3-6, which previously applied only to a single 

turn of foil, but can now be applied to a whole set of coils. 

6) Experimental Technique and Apparatus 

The most important aspect of the theory of the thin 
/ 

multi-turn coil is that both ~ and tk scale with N • Thus if 

a set of coils of equal width and radius but varying N meet 

the conditions regarding the build-up of the coils, then the 

variation of the inductance and resistance should be the same 

for all the co11s of the set when plotted on a scale of turns 

times frequency. 

To test the th.eory against the number of turns on the 

coil and the width of the coil six special foil wound inductors 

were manufactured §. These coils were designed as tv/o sets,each 

. c'omprising one coil of 100 turns, one of 50 turns and one' 
-

of 25 turns. The two sets differed in one respect only; one set 

had a width of 14 cm and the other a width of 6 cm. The 

dimensions of the foil wound inductors are shown in Fig. 3-14. 

I! Nanufactured by Aluminium Inductors Ltd, Croydon, Surrey 
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Figure 3-14 

Physical Parameters and Dimensions of the 14 cm Wide 
Set of' Foil wound inductors 

Core Radius (Outer Diameter) 3.175 cm 
Type of Netal Foil Aluminium 
Thickness of Hetal Foil 50,0 um 
Width of Netal Foil 14.0 cm 
Type of Plastic Foil Po~yester 
Thickness of Plastic Foil 25.0 um 
N.umber of Turns 100 

50 
25 

Physical Parameters and Dimensions of the 6 cm Wide 
Set of Foil Wound Inductors 

Core Radius (Outer Diameter) 3,175 cm 
Type of Betal Foil Aluminium 
Thickness of Notal Foil 50,0 um 
Width of Hetal Foil 6;0 cm 
Type of Plastic Foil Polyester 
Thickness of Plastic Foil '25.0 um 
Number of Turns 100 

50 .. -
25 

75 



The coils are shown in the photograph in Fig~ 3-15. 

In the worst case, the build-up of the 100 turn coils is 

0;75 cm compared with an internal coil radius of 3.175 cm and 

a width of either 14 cm or 6 cm. 

The connections to the coils were made with copper strips 

1 cm wide and Imm thick, with the exception of the 50 turn, 

14 c~ wide coil; the copper strips in this case were 1.9 cm 

wide and 1.5 mm thick. 

These foil wound inductors have D.e. resistances in the 

order of 0.1 Ohm and inductances in the order of 0.1 milli-

Henry. To measure this low impedance in the audio frequency 

r-ange a sui table bridge had to be- built. Al th_ough several types 

of bridge are suitable a form of the Naxwell inductance bridge 

was chosen, because the necessary high accuracy resistance and 

capacitance boxes were available. This particular form of the 

11axwell inductance bridge is shown in Fig. 3-16. Where Rx and 

Lx represent the resistance and inductance of the unknown 

impedance and R, , R2 , R3 and C -have known values. 'rhe 

balance condition for this bridge is given by 

Rx + jWL x 1 -- R2 (R + jGJC) 3'-6-1 R, = 3 

Separating the real and imaginary parts of this equation gives 

Rx = 3-6-2 

3- 6-3 

The expre ssions for R1 and R2 fulfill two important cri toria; 

the balance conditions for the resistance and inductance are 
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Figure 3-15 

-------' 

Seven Foil Wound Inductors Used to Test.the Width 
Effect Theory 
The line on the photograph 1s 10 en long. 
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Figure 3-16 

v 
V' 

Figure 3-17 

v 
V' 

A 
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Maxwell bridge used to 
measure the inductance 
and resistance of the 
Foil Nound Inductors. 

Lx and Rx represent 
the impedance of the 
Foil Wound Inductor. 
R1 , R2 and R3 are 
0.05% accuracy resis­
tance boxes and e is 
a O.l%.accuracy cap­
itance ·box. 

G is the Scalamp 
Galvanometer uscd to 
measure the D.e. 
resistance of the 
Foil l70und Inductor. 

Maxwell bridge of Fig. 
including relevent 

residual resistances 
arid the recidual c~.p­
itance of the capaci­
tance box. 

Arrangement A is the 
two terminal method 
and arrangement n is 
the four terminal 
method of measuring 
the unknown inductance 

D is a General Radio 
Tuned Amplifier and 
Null Detector (Type 
1232-A) 

The transformer is a 
Sullivan Type A.e. 
,oolA 



separate and they are independent of frequency. 

Both R1 and R2 are common to the expressions for RX 

and Lx • Therefore R3 was varied to obtain the value of Rx 

and C was varied to obtain the value of LX • Resistance boxes 

vl1th an accuracy of 0.05% were used for R1 and R2 • With the 

foil wound inductors investigated the optimum value for both 

R1 and R2 was found to be 10 Ohms. R3 was a 5 decade resistance 

box with an accuracy of 0.05% and C was a 5 decade low-loss mica 

capacitance box with an accuracy of 0.1%. 

It was found that because the foil wound inductors present 

a low impedance at audio frequencies, the residual resistances 

of the bridge have to be taken into consideration. These residual 

resistances are composed of wire resistances, contact resistances 

and the residual resistances of the resistance boxes R1, and R2 • 

Fig. 3-~ 7 shows the residual resistancesRrx ,Rr1 and Rr2 

together with the residual capacitance of the capacitance box, 

which was 110 pF. Because the capacitance box used mica 

capacitors the leakage resistance was neglected. The residual 

resistance connected with R3 was small enough compared with the 

value of R3 to be neglected. It has been assumed that the 

residual resistances were distributed equally on either side 

of the associated resistance. 

Arrangement A in Fig. 3-17 is the normal two terminal 

bridge method of measuring the Fnknown impedance. Arrangement 

B in Fig. 3-17 is the four terminal bridge method employed 

to minimise the effect of the residual resistance Rrx • With 

thOe four terminal method the balance condition equations 3-6-2 

and 3-6-3 become 
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Rx = (R1 + 2Rrl + Rrx)( R2 + 2Rr2 + Rrx) 

R3 

3- 6-4 

Lx = (R1 + 2 R rl + Rrx )( R2 + 2 Rr2 + Rrx)( C + er) 3-6-5 

A first order value for Rr1 was obtained by taking one 

set of measurements Rl • R2 and R3 • then altering Rl to 

R' 1 • and taking another set of measurements R' 1 • R2 and R3 • 

Neglecting the other residual resistances the first order value 

of Rrl can be obtained from 

3-6-6 

Solving this equation for Rrl gives 

R' R 
(R! - t) 

3 3 
Rr1 = 1 1 

2(---,) 
R3 R3 

3-6-7 

A similar procedure taking two sets of measurements R1, R2 

R • R'2' R" R and 1 • 3 will yield a. ,value foT, r2 given by 
R" R ( it- - It) 

3 3 
Rr2 = 1 1 3-6-8 

2 (R - R") 
3 3 

Heglecting the other residual resistances the two terminal 

bridge method yields a first order value for Rx + 2Rrx given by 

Rx + 2R~x = 3- 6-9 

Subtracting this equation from equation 3-6-2 and solving for 

Rrx gives 
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Rrx 
R1 R2 1 

( R'''- _1 ) 
3- 6-10 = 2 

3 R3 

The first order value of the residual resistance Rrx ~7as 

found by taking one set of measurements R1 ,R2 ' R3 using 

the four terminal bridge method, then changing to the two 

terminal bridge method and taking another set of measurements 

Altogether 4 sets of readings are needed to derive the 

value s of Rrx ,R
r1 

, R 2 ,which were typically of the r . 
order of 0.1 Ohm. Each time a foil wound inductor was connected 

to the bridge new sets of readings were taken to determine the 

residuals. These readings were taken at D.e. although iri 

principle they could have been taken using the A.e. sourCe and 

detector. 

The D.e. calibration of the bridge was performed using 

Su~ivan precision standard resistances with values of 0.5 Ohm, 

0.1 Ohm and 0.01 Ohm. The four terminal bridge method alone 

gave values for these resistors of 0.4955n ±0.05%, O.09607~ 

±O.05% and 0.00S432~±0.05%. Taking the residual resistances 

into account increased these values to 0.500Sn ±0.05%, 0.10052~ 

±0.05% and 0.010166~±0.05%. These values are in error by 

+0.16%,+0.52% and +1.7%. As these errors decrease with increasing 

resistance it c~n be assumed that the D.e. error for resistances 

greater than 0.5 Ohm will be less than +0.16% ±0.05%, for 

resistances between 0.5 Ohm and 0.1 Ohm the D.C. error will be 

less than +0.52% ±0.05% and for resistances betueen 0.1 Ohm and 

0.01 Ohm the D.C. error will be less than +1.7% ±0.05%. 
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The A.C. resistance calibration of the bridge was performed 

using Sullivan low-inductance resistance boxes calibrated in 

hundredths of an Ohm. Two resistances with nominal values of 

0.5 Ohm and 0.05 Ohm were formed with these resistance boxes. 

The A.C. resistance of these resistances were measured, as a 

fraction of the D.C. resistance, at frequencies between 40 Hz 

and 20 KHz. The results are shown graphically in Fig. ~-18 and 

show that the error is less than !l% at frequencies below 4 KHz 

and is less than !~% at frequencies between 4 KHz and 20 KHz. 

The A.C. inductance calibration of the bridge was performed 

using three inductors wound from ~8 SWG copper wire. This gauge 

of wire has a diameter of 0.152 mm and it can be seen from Fig. 

~-27 that this is approximately three times less than. the skin 

depth at 20 KHz of copper at room temperature. Therefore the 

inductance of these inductors should not vary significantly 

within the frequency range of the bridge. 

The three inductors had values of 24~.2 fH!O.l%, 108.1 

pH !O.l% and 49.14 f'H !1.0% measured on a Sullivan-Griffiths 

inductance bridge at 1 KHz. The corresponding values on the 

}/axwell bridge at 1 KHz were 24~.04 jJH !0.2%, 107.4 fH !0.2% 

and 48.5~ f'H !0.2%. These values are in error by -0.06%, -0.6% 

and -l.~%. As the error decreases with increasing inductance 

the error in any measured inductance value at 1 KHz will be 

-o.06%!O.22% for inductances greater than 24~ }JH, less than 

-0.6% !0.22% for inductances between '1.07 and 24~f-'H and -l.~% 

!1.02% for inductances between 49 and 107 }JH. 

The inductances of these inductors were measured at 

frequencies bewteen 40 Hz and 20 KHz. These measurements 
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Figure 3-18 
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Maxwell Bridge A.C. Resistance Calibration Curves 
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showed that the accuracy, relative to the 1 KHz inductance, 

was !0.2% at frequencies between 40 Hz and 10 KHz and !0.4% 

between 10 KKz and 20 KH~. 

7) Resistance and Inductance Measurements 

For convenience the impedance Zo of t.he foil wound 

inductor is represented by 

3-7-1 

Where. Rdc is the D.C. resistance of the foil wound inductor; 

Rac its frequency dependent excess A.C. resistance, which is 

zero at D.C., and L its frequency dependent inductance. 

For each of the two sets of foil wound inductors the 

resistance (Rdc + Rac I and the inductance (L I were measured 

at frequencies between 40 Hz and 20 Kllz, then the D.C. 

resistances (Rdcl and the residual resistances were measured 

at D.C. 

The bridge could not be used at frequencies below 40 Hz 

due to the limitations of the detector or at frequencies above 

20 KHz due to the increasing frequency dependence of the 

re·sistance boxes R1 ' R2 ' and R3 • 

Fig; 3-19 shows the D.C. resistances, the 1 KHz inductances 

and the 10 KHz inductances of the two sets of foil wound 

inductors. Fig. 3-20 gives the percentage increase in the 

resistance ( Rdc + Rac I at 1 KHz and 10 KHz over the D. C. 

resistance (Rdc l • The results of Fig~ 3-19 show that the 

self-inductance decreases rrith increasing frequency. The results 

of Fig. 3-20 show that the increase in the resistance increases 

with the number of turns. 
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Figure 3-19 

The D.C. resistance, the 1 KHz self-inductance and the 
10 KHz self-inductance of the two sets of foil wound 
inductors. 

Coil Widt.h, 14. cm 

number D.C. Resistance 1 KHz Self- 10 ICHz SeU-
of Turns Ohms Inductance ; Inductance 

)<1I }4H 

100 0.08969 :!:1.7% 267.7 !0.28%, 263; 1 :!:0.47% 
50 0.04307 :!:1.7% 64.49 :!:2.3% 62.8 ±2.3% 
25 0.02049 t1. 7% 15.39 :t2.3% 15.01 ±2.3% 

Coil Width, 6. cm 

Number D.G. Resistance 1 ICHz Salf- 10 KHz Self-
of Turns Ohms Inductance Inductance 

yH pH 

100 0.2039 ±0.57% 479.3 ±0~28% 464; 7 :!:0.47% 
50 0.09608 :!:1.7% 117.6 ±0.82% 113.7 7:1.1% 
25 . 0.04734 :t1. 7'~ 28.98 ±2.3% 27.85 ±2.3% 

Fir;ure 3-20 

Percentage increase of the A.C. resistance at 1 KHz and 
10 KHz over the D.G. resistance. 

Coil Width. 14. cm 

number 1 KHz 10 KHz 
of Turns 

100 32; 5 :!:1.~~ 239. :!: 3. f~ 
50 20;7 ±l. ~; 201. ±3.% 
25 10.1 :!:1.% 110. :!:3.% 

Go 11 17id th, 6. cm 

NUf.lber 
of Turns 1 ICHz 10 Kl!z 

100 40.1 :t1. % 220. :!: 3. ,G 
50 21.7 :t1. % 154. +3 cl - . '" 
25 10.8 :t1. ~; 105. :t3. % 
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The variation of the resistance with frequency for the 

14 cm wide set is shown in Fig. 3-21 and for the 6 cm wide set 

in Fig. 3-22. The variation is expressed fractionally as the 

total resistance divided by the D.e. resistance. These graphs 

show that over the full frequency range from 40 Hz to 20 KHz 

the increase in the resistance increases with the number of 

turns. This result follows from equation 3-5 -2. {§ is propor­

tional to N.lso, all other.' things being equal, the width effect 

will be more severe in a coil with a greater number of turns. 

The variation of the inductance with frequency for the 

14 cm wide set is shown in Fig. 3-23 and for the 6cm wide set 

in Fig. 3-24. The variation is expressed fractionally as the 

inductance divided by the 1 KHz inductance. Of the results 

shown in these two Figures the most significant are those of 

the 25 turn coils. Both of these graphs show the same form of' 

behaviour below 1 KHz as the theoretical variation of inductance 

shown in Fig; 3-6. This provides a useful point for starting 

the comparison of theory and experiment. 

For an N turn foil wound inductor F has ·the form 

~ = 
w-NLr 

PRt 
For the 14 cm wide foil wound inductor; 

3-5-2 

N = 25, 

( 'deriyed from equations 3-2-2 and 3-2-3 ), P = 20, 

= 0.8196 milli-Ohms ( derived from the measured resistance 

given in Fig. 3-19 ). With these valu~s -4 '{i = 1. 885 10 u..r. 

For the 6 cm wide foil wound inductor I N = 25, Lr = 0.1236 

fH, Rt = 1.8936 milli-Ohms, P = 20. With these values 

F = 8.1547 10-5W • 
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Figure 3-2.1 
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Figure 3-22 
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Figure 3-23 

Variation of Inductance with Frequency for the 

Set of Foil 170und Inductors 11i th Width 14. cm 
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Figure 3-21. 

Variation Of Inductance with Frequency for the 

Set of Foil Wound Indllctors with Width 6. cm 

" " , 
" 

, , , " , 
" 

,. ., , , , , 
" 

, , 
11 i tI; , , , , 

1 1 
i 

1 " 1 I 1 1 
1 , ,I I I , 
, .!:' : ! ~ . :: ... 
, , !·d i :: H': 

l! ; :, !. ,.: .,. ; 

~ 

N 
I 

>-
U 

~ Z 
,11' ..- W 

9 ::> 
8 0-
7 W 

0:: 
LL 

4 

3 

ID ~ N 0 00 ID ~ 
0 0 0 N 0 C!'l en en • .". .". I ~ 

. 
~ 

UI~ 
0 C> 0 

o~ 

. ....1 ....I 

90 



Using the above data the theoretical impedance/frequency 

spectra for both tho sets of foil wound inductors were 

calculated. The values of ~ given above were used to draw the 

comparisons of the theoretical and experimental results shown 

in Figs. 3-25 and 3-26. The comparison shown in Fig. 3-25 is 

that of the 14 cm, 25 turn foil wound inductor. This shows 

that the theoretical and experimental variations of inductance 

wi th frequency corre spond lvi thin the experimental error up to 

a frequency of 500 Hz. The comparison shown in Fig. 3-26 is that 

of the 6 cm, 25 turn foil wound inductor, in this case the 

theoretical and experimental variations of inductance correspond 

up to a frequency of 400 Kz. 

One method of setting an upper limit to the validity of 

the width effect theory is to say that the strip width C should 

not be .greater than the skin depth 5 , which has the form 

6=J~ 3-7-2 

The variation of the skin depth with frequency fo:': Aluminium 

at 200 centigrade is shown in Fig. 3-27. 

The above limit suggests that the upper limit for the 

theory 'in the case of the 14 cm, 25 turn FITI is 138 Hz compa:ced 

with an experimental limit of 500 Kz. The upper limit to the 

theory in the case of the 6 cm, 25 turn foil wound inductor 

is 751 Kz compared with an experimental of 400 Hz. 

Another method of testing the theory is to plot either 

the variation of resistance with frequency or the variation 

of i,nductance with frequency on a scale of turns times frequency. 
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Figure 3-25 

Comparison of the Theoretical and Experimental 
Inductance Variations with Frequency for the 25 
Turn, 14. cm Wide Foil Wound Inductor (P= 20) 
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Comparison of the Theoretical and Experimental 
Inductance Variation with Fre'l.uency for the 25 
Turn, 6. cm Wide Foil Wound Inductor (P = 20) 
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Figure 3-27 
Variation of the Skin. Depth with Frequency 
for Aluminium and Copper at 20 Centigrade 
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On this scale the variatiens ef all the ceils within a set 

sheuld fellew the'same curve. The variatien ef resistance is 

easier to. plet en this scale because the D.e. value is knewn. 

Fig. 3-28shews the relative variatien ef the resistance ef the 

14 cm wide set ef feil weund inducters pletted en the scale ef 

turnsxfrequency. It is clear frem this graph that the curves 

fellew the same line up to. a turn-frequency ef 75,000 turn­

Hertz. At higher turn-frequencies the curves diverge with the 

25 turn ceil having the steepest gradient and the 100 turn 

ceil having the lewest gradient. Fig. 3-e9 shews the relative 

variatien ef the resistance ef the 6 cm vdde set- ef feil weund 

inducters pletted o.n the scale ef turnsxfrequency. This graph 

also. she17s that the curves fer the three different ceils fellew 

the same line, altheugh this time they diverge at a turn­

frequency ef 65,000 turn-Hertz. Again the curves diverge at 

high turn-frequencies with the 25 turn ceil having the steepest 

gradient and the 100 turn ceil having the ~ewest gradient. 

Pletting the results shewn in ];'igs. 3-28 and 3-29 as 

the variation ef the relative A.e. resistance against a scale 

ef turnsxfrequency en a leg-leg graph gives the best cemparisen 

ef the theeretical and experimental curves. Fig. 3-30 cempares 

the theeretical and experimental results fer the variatien ef 

the relative A.e. resistance ef the 14 cm wide set ef feil 

weund inducters. These curves shew that the theery agrees with 

the experimental results enly at tur~-frequencies belew 10,000 

turn-Hertz. Fig. 3-31 shews the salae cemparisen fer the 6 cm 

wide set ef feil weund inducters, again the theery agrees with 

experimental results up to. an appreximate turn-frequency ef 

" 
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Figure 3-28 
Variation of Resistance with Turns)( Frequency for the 
14.cm Wide Set of Foil Wound Inductors, 

., '. ':c· co:: 

::: .. " ;: '. '. 
, ',':'::'cC~':f CC;" ". " ..... , ':;: , . 

.. ",:, 
, :, ',:.:::,':: ,: ?":: I " . :.:::::~... . 

- .. - -... 

". " 

o 
N 

+ UI U o -0 
0:0:: 

96 

cc: 
"C' , 

• :,: , ... 'l" ' 

i·'~ 

, " 

3 

6 

s 

4 

3 
i :::>::~ 

-::::::c 
; ''', . 

::~:~ 
.­
,-

... , 

,: - ~ 
:' 0 

• 
" 

6 

3 

o 

N 
I 
x 
Z 

>­
u z 
w 
::::> 
C7 
W 
0: 
LL 
x 
Vl 
Z 
0:: 
::::> 
I-



Figure 3-29 
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Variation of Resistance with Turns x Frequency for the 
6.cm Wide Set of Foil Wound Inductors 
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Figure 3-30 
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Comparison of the Theoretical and Experimental 
Variation of A.C. Resistance with Turns x FreCJ.uency 
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Figure 3-31 

Comparison of the Theoretical and Experimental 
Variation of A.C. Resistance with Turns x Frequency 
for the Set of 6.cm Wide Foil Wound Inductors 
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10,000 turn-Hertz. 

Analysis of the results suggests three things; the width 

effect theory is valid up to a turn-frequency of approximately 

70,000 turn-Hertz for the six foil wound inductors studied, the 

theoretical calculations using twenty strips are valid up to a 
. ~ 

turn-frequency of approximately ~ turn-Hertz for both sets 

of foil wound inductors and the method of setting an upper limit 

to the theoretical calculations using the skin depth as a 

criteria for the strip width is invalid. 

Above 70,000 turn-Hertz the foil thickness is probably 

becoming. significant. Further analysis would have to take into 

account the current distribution across the thickness of the 

foil as well as that across the width; 

By increasing the number of strips it should be possible 

to improve the upper limit to the validity of the theory in the 

turn-frequency domain. 

8) Variation of the Flux Profile 17ith Frequency 

It is possible with both sets of foil wound inductors 

to repeat the experiment described in section 3-4, in which 

the variation of the flux profile with frequency was measured. 

To repeat this experiment four search coils were wound onto a 

plastic former with an outside dia,meter of, 5.7 cm, which fitted 

smoothly down the inside of the coil formers. The search coils 
-

consisted of 300 turns of 46 SWG copper wire and were wound 

into grooves 3 mm wide by 1 mm deep cut into the plastic 

10rmer. This gives the search coil an ~verage radius of 2.8 cm. 

The theoretical calculations are based on a model with 

twenty strips. Therefore to ensure the maXimum correspondence 
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with the theory the outer search coils were centred orr the 

first strip and the centre search coils were centred on the 

tenth strip. ThuG the search coils for the 14 cm wide set of 

coils were separated by 6.3 cm and the search coils for the 

6 cm wide set of coils were separated by 2~7 cm. 

The experimental arrangement was basically the same as 

that shown in Fig. 3-10 although with certain alterations; the 

output from the oscillator was reinforced with an Amcron DC 

300A power amplifier and an 8 Ohm, 100 Watt resistor was 

inserted in series with the foil wound inductor.to increase the 

load impedance acro ss the output of the power amplifier. To 

negate the capacitive coupling between the search coils and 

the . foil wound inductor, the inner terminal of the foil 

wound inductor was earthed and 33K Ohm resistors were connected 

in parallel with the search coils. 

All other things being equal the ratio of Vcentre to Vouter 

is equal to the ratio ~centreto ir?outer • This ratio was 

measured at frequencies between 40 hz and 20 KHz for both sets 

of foil wound inductors. The values of Pk for k =1 and k=10 

were calculated vd thin the computer pro gram using equa tioD 

3-4-1 and the magnitude of the ratio ilouter to {?centre 

derived. The theoretical and experimental results are compared 

in Figs. 3-32: and 3-33 plotted on a scale of turnsxfrequency. 

The experimental curves in Fig. 3-32 follow the same line, 

showing that the effect scales with the turns on the coil and 

have the same trend as the theoretical curve although there 

is not an exact correspondence. The experimental curves for 

the 6 cm wide set of coils in Fig. 3-33 do not follow the sane 

\ 
101. 



FiGure3-32 
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. Comparison of the Theoretical and Experimental 
Variation of the Re.tio 'Pouter to 'Pcentre 17i th 
Turns x Frequency for the l4.cn Vlide Set of Foil 
Wound Inductors 
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Figure 3-33 

Comparison of the Theoretical and Experimental 
Variation of the Ratio~outer to ~centrewith 
Turns x Frequency for the 6.cm Wide Set of Foil 
Wound Inductors 
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line quite so closely as the experimental curves for the 14 cm 

wide set of coils, although the correspondence with the theoret-

ical curve is better at 10TI turn-frequencies. 

Altliough the correspondence between the theoretical and 

experimental re suIte is not exact, the results clearly shoTI 

that the current flow tends towards the edges of the foil 

wound inductor at increased frequencies. The discrepancy at 

low turn-frequencies between the theoreti.cal and experimental 

ratios may be due to the fact that the search coils do not cut 

all of the flux ~ • It is impossible'to say what the discrep­

ancy at high turn-frequencics is due to at this stage. 

9) Conclusion 

The equivalent circuit model of the width effect predicts 

basically that the current through a foil wound inductor will 

tend to flOTI at the edges of the coil as the frequency of the 

current is increased. As a consequence of the current redistri-

bution with increased frequency, four effects are predicted; 

the resistance of the foil wound inductor will increase, its 

self-inductance will decrease, its axial flux distribution will 

tend towards equality and for one particular class of foil 

wound inductor these effects will scale wi'th the number of turns 

on the foil wound inductor. 

Experimentation has shown that at low frequencies the / 

cnange~ in the resistances and self-inductances with frequency 

of the two sets of foil wound inductora do correspond with the 

predicted changes and that the changes in the resistance scale 

with the number of turns on the foil wound inductor over a 

limited frequency range. It has also been possible to confirm 

experine n tally, using the axial fl u:( di stri bu t ion, that the 
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current does tend to flow at the edges of the foil wound 

inductor as the frequency of the current is increased. 

However most foil wound inductors of interest to the 

coil designer have appreciable build-up, which renders the 

simple model developed in this chapter invalid. Also the 

increasing use of foil wound inductors in thyristor switching 

circuits means that the frequency range of interest to the 

designer extends beyond the frequencies at which the width 

effect theory is valid. The results shown in Figs. 3-34 and 

3-35 for two industrial foil wound inductors illustrate the 

need for a theory that can accommodate coils of appreciable 

build-up and a current distribution that varies across the 

thickness as well as the width of the foil. 

The width effect theory only applies to air-cored foil 

wound inductors. In a cored coil the axial flux is mainly 

determined by the core material and shape. In the case of an 

ideal core, with 110 air gap between the core and the winding, 

the axial flux distribution will be uniform, in which case 

there would be no width effect. However with a real core there 

will be a form of current redistribution, due to the radial 

flux leakage from the core (36). 

The width effect theory iS5ummarised in the papers by 

}'.ure;atroyd and Walker which appear as Appendices 3 and 4. 
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FiGure 3-34 
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Figure3-35 
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---~-----------

Chauter 4 Voltage Resonances in Tapped Foil Round 

Inductors 

1) Introduc tion 

The lumped-element equivalent-circuit analysis of foil 

wound inductors analysed in chapter 2 predicts that current 

and voltage standing waves can exist within a foil wound 

inductor at frequencies above the first resonance. The author 

has shown experimentally (33) that current standing waves 

exist by examining the external A.C. magnetic field of a foil 

wound inductor using a search coil. However the voltage 

standing wave pattern which must occur with the current 

standing wave pattern cannot be examined in a ~irect manner, 

because any probe will have sufficient capacitance to disrupt 

the standing wave pattern. But if the problem is approached in 

an~;indirect manner by examining the output of a tapped foil 

wound inductor, then the effects of the voltage standing wave 

may become apparent. 

2) Experimental Arrangement 

Three tapped foil wound inductors were wound with taps 

placed at regular turn-intervals on the winding, a,lOOO turn 

coil with taps at intervals of 100 turns, a 250 tyrn coil with 

taps at intervals of 50 turns and a 200 turn coil with taps 

at intervals of 50 turns. The taps were st.rips of 50 ]lm 

aluminium foil held in place by the pressure of the winding. 

The other physical dimensions of the coils are given in Figs, 

4-J., 4-2 and 4- 3. The coils were heat treated in the manner 

described in chapter 2. 
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Figure 4-1 

Physical Parameters .and Dimensions of the 1000 Turn 
Tapped Foil Wound Inductor 

Core Radius· 0.7 cm 
.Type of Netal Foil Aluminium 
Thickness of Netal Foil 5~0 pm 
Width of Netal Foil 3.9 cm 
Type of Plastic Foil Polypropylene 
Thickness of Plastic Foil 12.5 pm 
Taps at 0 Turns 600 Turns 

100 " 700 " 
200 " 800 " 
300 " 900 " 
400 " 1000 " 
500 " 

Figure 4-z.. 
Physical Parameters and Dimensions of the 250 Turn 
Tapped Foil Wound Inductor 

Core Radius 0.7 cm 
Type of Netal Foil Aluminium 
Thickness of Metal Foil 5.0 pm 
Width of Hetal Foil 3.9 cm 
Type of Plastic Foil Polypropylene 
Thickness of Plastic Foil 12.5 pm 
Taps at 0 Turns 

50 " 
100 " 
150 " 
200 " 
250 " 

Figure 4-3 

Physical Parameters and Dimensions of the 200 Turn 
Tapped Foil Wound Inductor 

Core Radius 0.7 cm 
Type of Metal Foil Aluminium 
Thickness of Metal Foil 5.0 pm 
Width of }letal Foil 3.9 cm 
Type of Plastic Foil Polypropylene 
Thickness of Plastic Foil 12.5 Jl1lI 
Taps at 0 Turns 

50 h 

100 " 
150 n 

200 n 
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The experimental arrangement used is shown in Fig. 4-4a. 

The output from the oscillator was fed into a matching trans-

former, which was necessary 'due to the low input impedance of 

the tapped foil wound inductor at certain frequencies. The 

transformer consisted of a Mullard FX 2242 ferrite core with 

5 turns of 30 SWG copper wire as the primary and 1 turn of 30 

SWG copper wire as the secondary. The maximum usable frequency 

of this transformer was 9 HHz. An F.E.T. probe with an input 

impedance of IH Ohm in parallel with 3.5 pF was connected to 

one channel of the oscilloscope and used to measure the output 

voltage of the tapped foil wound inductor. The other channel 

of the oscilloscope was used to measure the input voltage. 

,The connections to the tapped foil wound inductor,are 

shown in Fig. 4-4b. The 'input voltage Vo was applied between 

turn 0 at the centre of the coil and the tap at turn T . The 

tap at turn 0 is earthed. The output voltage is taken across 

the whole coil of N turns. A normalised relative output 

vol tage Vr is defined as 

v -r - 4- 2-1 

Where VI is the output voltaGe and Vc the input voltage. 

The input voltage Vo and the output voltage VI. of the 

200 turn tapped foil Vlound inductor were measured from 500 KHz 

to 8 NHz with T= 50, 100 and 150. The results in terms of Vr 

are plotted on a log-log scale against frequency in Fig. 4-5. 

In each case Vr has a low frequency value of 1, then rises to 

a maximum value at an intermediate frequency and falls off at 

high frequencies. l'he maximum values of Vr , the resonant 
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Figure 4-4 

al Experimental Arrangement used to Neasure the Output 
Voltase Response of the Tapped Foil Wound Inductors 

Freq uency I I 
Counter - '---nr-..J 

'rapped Foil 
Wound Inductor 

Oscilloscope 

I 

L_~r-------+~-----'-:C5---.J::C==:;=::=j======t==L==:1 
L Oscillator ~ ~ F.EL.-T-.--p~robe 

Hatching Transformer 

bl Connections to the Tapped Foil Wound Inductor 

N 

T 
~ 

VI T 
Vr = VoN 

Vo 

I 

lcentre of the Coil 

III 



Figure 4-5 

0·1 o 

Output Voltage Response of a 200 Tl,rn Tapped Foil Wound 
Inductor l'li th T = 50,100 and 150 

1 4 6 7 

FREQUEN ey (MHz) 
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frequencies and the approximate Q values of these resonances 

are given in Fig. 4-6. This table shoVls that the resonant 

frequency increases with increasing T • 

Clearly the observed resonances in the output voltage 

of the tapped foil wound inductor must be due to a non-uniform 

voltage distribution within the coil. 

3) Analysis of the Equivalent Circuit 

The proposed lumped element equivalent circuit is shown 

in Fig. 4-7. This circuit is based on the equivalent circuit 

of the foil wound inductor analysed in section 2-4. A load 

impedance ZI is included in this analysis in case it is 

necessary to take account of the impedance of the probe. To 

facilitate the comparison of theory and experiment, the numbers 

of turns in the experimental and theoretical models were 

arranged so that the physical taps appear at nodes of the 

equivalent circuit. Other situations could be included in the 

analysis but tllis would entail the use of sections with unequal 

numbers of turns, 

The theoretical model is COJ:lpO sed of S sections, with 

the input tap placed at the end of the Uth section. There will 

be S+ 2 circuit equations for this model. U of these will have 

the form 
-.-" 

S 
(R. + jCJL.)(I. - 1

1
) 

1 1 1 
+ 2 j W M. k (1 k - I,) + 
k t.' I, 1 • 

= 0 1.- 3 ~ 1 

1~ i"; u 
Where and k are dummy suffixes with the limits indicated. 

S-u equations have the form 
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Figure 4- 6 

The Experimental Resonant Frequencies, Haximum Values 
of Vr and Q Values for the 200 Turn Tapped Foil Wound 
Inductor 

.. 

Input Resonant Max.imum Q Value 
Connectj.on Frequency Value of 

}!Hz Vr 

T = 150 7.25 :!: 0 .02 18.0 :!:0.4 40 
T = 100 5.3 :!: 0.01 24.5 :!:O.5 26 
T = 50 4.2 :!: 0 .01 19.0 :!: 0.4 17 

.-" 
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Lu+1 C:;J IU+1 
Ru+1 

ZI 

Lu 

C~ . .Iu 

Equivalent Circuit of a Tapped Foil Wound Inductor 

All inductors are. mutually coupled. 
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5 
(R.+ jwl.)(Ij - 1

1
) + 2 jwMj k(I

k
- 1

1
) + 

I , k;/ j , 
4-3 -2 

u <j ~S 
The circuit equation round the input loop is 

U (I - I·) \/ _ '\ 0 , 

Vo - L ·wC. 
j = 1 J , 

4- 3-3 

The circuit equation round the load loop is 

4-3-4 

The 5 + 2 circuit equa.tions can be reduced to S + 1. 
I· . Ik 

and substituting qj= -I' ,qk= -1-
o 0 

equations by dividing by 10 

11 
and q5+1 = -1-. 

o 
• With these sUbstitutions equation 4-3-1 

becomes 

( R. + J·wL. + ·w' C )q. 
, 'J j' 

5 . 
+ 2 jwM., kqk 

ki j • 

- (R· + , 
5 

jt...rL.+2 jwM.)q = 1 
I . ',n 5+1 J' 0 C,' 

Equation 4-3-2 becomes 

(R· + jwL. + ~C )q. 
, 'JW j , 

- (R· + , 

n.t, . 

1~ j ~ U 

-_. 

5 
jwL. + 2 jw-M j )q5+1 = 0 , t. ,n n I 

u<j';;;5 
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The input loop equation becomes 

Z = o 

The load loop equation becomes 

+ j w L· )( q. - q S ,) + 
1 1 + 

5 
2. jWM. k(qk- q5 ,)L 0 k~J I, .. ~ 

4 -3-7 

4- 3- 8 

Equations 4-3-5, 4-3-6 and 4-3-8 form a matrix equation 

of the same type as equation 2 -4 -5. Al though there are S .. 1 

unknowns, the matrix equation has the same form as equation 

2-4-11 and can be solved in the same manner using the Gaussian 

Elimination. In this matrix equation [Q I is composed of the 

5 +' complex unknowns. I B I is compo sed of the right hand side s 

of equations 4-3-5, 4-3-6 and 4-3-8. RelAl has the form 

R, • • -R 
. , , 

• • 

--,. 4-3-9 
• • RS -R 

S 

-R -R ROS+'5+1 1 , S • 

Where 

ROS+1 S +1 = 
• 

4 -3 -10 
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1m[A) has the form 

, 
wL ---

, WC
1 

wM S.' 
S 

, 

-W-L, - 2 WM1" 
it1 ,I , 

Vlhere 

, 

, 
wLs - wC

S 
S 

s 
-w L, - 2 w-M, " 
• i 11 ,I 

S 
-wL - 2 c..vM " 
, SitS S,I 

-<..JLS - 2 WMs i 
, itS ' , 

4-3-11 

4 -3 -12 

Re(Zt) and ImlZt) are respectively the real and imaginary 

parts of the load impedance. 

Once the matrix equation has been solved then the unknowns 

can then be inserted into equation 4-3-7 to obtain the input 

impedance of the coil. This value of Zo can then be used to 

obtain a value for Vr • Remembering "that Vo=1o Zo and ~ =1
t 
Zt 

equation 4-2-1 reduces to 

4-3-13 

Or alternatively equation 4-3-8 can be modified to obtain a 

value for 'f of the form 

s . s· 
Vr = ZTN '2 flRi + jWL.,)(q,"-qs ,)+'2"jCJMik lqk- qs 1)1 4 - 3 - 14 

o i =1 + kf i ' + ~ 

If the load impedance Zt is large the load current can 

be negl~cted. With this approximation equations 4-3-1 and 4-4-2 
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reduce to 

S 1 
+ 2 j05M'1 kqk = J·WC' 
k~ i' I' 

4- 3-15 

1 ~ i~ u 
and 

(R. + j<J L. + .,1 .. C ) q. + 
I I J...... i I 

s 
2 jwM, k q k = 0 

kti I, 
4-3-15 

u ,+1~ i ~ S 
Equations 4-3-15 and 4-3-16 form a matrix equation that is only 

slightly different from that formed by equation 2-4-5. Thus the 

computer program used to calculate the input impedance of foil 

wound inductors can be used to calculate the relative output 

voltage response of tapped foil wound inductors with very few 

modifications. 

When the load impedance can be neglected VI will be 

given by 

u 

~ = l 
i =1 

S 
1 (1-1)-' 

'(.j c. 0 i ~ 
J I k=u+1 

4-3-17 

Inserting this expression into equation 4-2-1 and remembering 

that Vo': 10 Zo gives an expression for Vr of the form 

4 - 3 -18 

Once the matrix equation has be~n solved then the unknowns 

can be inserted into equation 4-3-17 to obtain the input imped-

ance. The input impedance together 171th the relative currents 

can then be inserted into equation 4-3-18 to obtain the relative 
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out.put voltage. 

4) Theoretical Results 

The theoretical output voltage response and the input 

impedance were c~lculated for the 250 turn tapped foil wound 

inductor described in section 4-2. The simplified model, which 

neglects the load impedance, was easier to implement, therefore 

it was used initially. In this model with 10 sections each of 

25 turns u=4, which corresponds with T=lOO. 

The theoretical outp~t voltage and input impedance are 

shown in Fig. 4-S, plotted on a log scale against frequency 

from 500 KHz to 6 NHz. The input impedance has a maximum at 

2.1S1 HHz and a minimum at 4.165 ~lHz, which correcponds e:-:actly 

with the maximum in the relative output voltage. This i6 to be 

expected if power is to be conserved. Providing the input 

voltage is constant the input impedance must decrease to 

compensate for the increase in the output voltage. 

In the theoretical model of the foil wound inductor 

analysed in chapter 1 the maxima in the input impedance were 

associated with resonanees in the current distribution within 

the coil and the minima in the input impedance were associated 

with resonances in the voltage distribution. 

The relative voltage at the junctions of sections p and 

P+ 1 will, when p is less than or equal to U , be given by 

T P 
= ZN 2 

o i=1 

(1 - q.) 
I 4-4-1 

If P is greater than U the relative voltage at p will be 

given by 
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Figure 4- 8 

4 

Theoretical Relative Output Voltage and Input Impedance 
of the 250 Tur~ Foil Wound Inductor with T=lOO 

10 r-~---.-------r------~------'------'------~1C 
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10 RELATIVE 1C 
OUTPUT . INPUT 
VOLTAGE IMPEDANCE 

IVrl IZol 
1cf (OHMS) 1C 

RELATIVE 
OUTPUT 
VOLTAGE 

10 10 INPUT 
IMPEDANCE 

1 1d 

-r 
10 

-a 
-10 10 

-3 
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Figure 4- 9 
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Figure 4-11 
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Figure 4-11. 
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Fieure 4-15 
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Figure 4-17 
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T 
ZoN 

~ ~ (1-q.) 
l L ' 

j =1 jW Cj 

p 

2 4-4-2 
k = u +1 

Both of these equations are derived from equation 4-3-18. Ten 

sections were used in this model. Therefore in the same manner 

as in chapter 1 the beginning of section 1, which is at the 

centre of the coil, will be labeled position 0 and the end of 

section 10, which is at the edge of the coil, will be labeled 

position 10. 

The evolution of the theoretical relative voltage distri­

bution within the 250 turn tapped fo il wound inductor ( T = 100) 

from 1.5 1Hz to 5;0 NHz is shown i~ Figs. 4-9 to 4-18. Figs. 

4 -9a to 4 -18a show the vo 1 tage vf plotted against po si tion 

number, while Figs. 4-9b to 4-18b show the relative current 

q. plotted against section number. At 1.5 1Hz the relative , 
voltage distribution is almost linear and the relative output 

voltage at position 10 is just above 1. Then with increasing 

frequency the distribution becomes increasingly non-linear and 

the relative output voltage increases, until at 4.0 NHz the 

voltages at positions 1 to 3 have reversed phase, with respeci 

to the rest of the distribution, and the relative output voltage 

has reached almost 10. The maximum in the relative output 

voltage occurs at 4.165 HHz. The relative voltage distribution 

~t this frequency changes phase by 1800 once, allowing for the 

phase of the input voltage, which is fix~d. This resonance has 

:the characteristic of a second order resonance, suggesting that 

the first order resonance has been suppressed by the method of 

exciting the coil. The first order current resonance that occurs 
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between 2.1 MHz and 2.3 MHz has no appreciable effect on the 

relative voltage distribution. The discontinuity in the relative 

current distributions is due to the input current of magnitude 

1·. 

5) Comparison of Theory and Experiment 

A comparison of the theoretical and experimental relative 

output voltage responses for the 250 turn tapped foil wound 

inductor with T= 100 is shown in Fig. 4-19, plotted on a log 

scale against frequency. Experimentally the resonance in the 

output voltage response occurs at 3.77 HHz, while theoretically 

it occurs at 4;165 MHz; a difference of -9.5%. The differenca 

betwean the maximum experimental value of Vr and the theoret­

ical value is a factor of 6.8 times • 

. The theoretical and exparimental resonant frequencies 

for T= .50, 150. and 200 were also found and are shown tabulated 

in Fig. 4-20. The differance between the theoratical and 

experimental resonant frequencies increases from +2.2% whan 

T= 200 to +19.1% when T=50. 

It has bean sho;'m theoretically that the maximum in the 

relative output voltage is associated with a second order 

voltage resonance, so it is reasonable to ~ssuma that there 

are maxima associated with the third and higher orders of 

resonance. With the 1000 turn tapped foil wound inductor 

describsd in section 4-2 the first three.maxima in the relative 

output voltage fall within the usable" frequency range of the 

experimental apparatus. 

The theoretical relative output voltage and input imped­

ance of tha 1000 turn tapped foil wound inductor vl1th T= 500 
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Figure 4-19 

Comparison of the Theoretical and Experimental Voltage 
Responses of the 250 Turn Tapped Foil Wound Inductor 
With T = 100 
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Figure 4-20 

Comparison of the Theoretical and Experimental Resonant 
Frequencies of the 250 Turn Tapped Foil l'Iound Inductor' 

.. 
Input Experimental Theoretical Percentage 
Connection Resonant Re'sonant Difference 

Frequency Frequency 
HHz }1Hz 

T = 200 5.88 :!: 0.05 6.011 !lKHz +2.2 
T = 150 4.52 :!: 0.05 4.945 ±lKHz +8.6 
T = 100 3.77 :!:0.05 4.165 :!:lKHz +9.5 
T = 50 2.93 :!:0.05 3.62 ± 1KHz +19.1 
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are show~ in Fig. 4-21 plotted on a log scale against frequency 

from 200 KHz to 3 HHz. This graph clearly shows three maxima 

and two minima in the output voltage response. The minima in 

the input impedarice correspond in frequency with the maxima in 

the relative output voltage, while the maxima in the input 

impedance do not correspond in frequency with the minima in 

the output voltage response. 

The theoretical resonant frequencies for the first three 

maxima and minima in the rela,tive output voltage response are 

tabulated in Figs. 4-29 and 4-30. The relative current and 

voltage distributions within the tapped foil wound inductor 

at these frequencies are shown in Figs. 4-22 to 4-27. Figs. 

4-22a to 4-27a show the relative voltage plotted against position 

number and Figs. 4-22b to 4-27b show the relative current 

plotted against section number. These graphs do not present 

a very clear picture. The voltage distribution at the first 

maximum (0.6975 NHz) changes phase by 1800 once, the vcltage 

distribution at the second maximum (1,,886 liH'z) , changes phase by 

o 
180 once and the voltage distribution at the third ma~imum 

(2'.924 }1Hz) changes phase by 1800 three times. The current 

distributions at these frequencies change phase by 1800 once, 

twice and three times respectively. It appears that the first 

order voltage resonance has been suppressed and the third order 

voltage resonance at 1.886 MHz appears to be a second order 

resonance. However the equivalent circuit is a complexly linked 

~esonant system therefore it will not necessarily show the 

same resonant patterns as a simple system. 

A comparison of the theoretical and experimental relative 
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Figure 4- 21 

Theoretical Relative Output Voltage and Input Impedance 
of the 1000 Turn Tapped Foil TIound Inductor with T=500 

16r-------.-------or-------.------~r_------r_------~1~ 

2. 
10 

10 . 

1 

-I 
10 

RELATIVE 
OUTPUT 
VOLTAGE 

-2 
10 

IVrl 

INPUT 
-IMPEDANCE 

RELATIVE 
-- OUTPUT 

VOLTAGE 

INPUT 
IMPEDANCE 

IZol 104 

102-

10 

-3 
100~----~-------1L-----~~~---2L-----~------~31 

FREQUENCY (MHz) 

132 



Figure 4-22 
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Figure 4-24 \ 
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Figure {,-26 
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llgure ('-28 

Comparison of the Theoretical and Experimental Relative 
Output Voltage Responses of the 1000 Turn Ta.pped Foil 
Wound Inductor with T=500 

:3 
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Figure {'-29 

Comparison of the Theoretical and Experimental Resonant 
Frequencies of the Output Voltage Response of the 1000 
Turn Tapped Foil Wound Inductor 

First Haximum 
Input Experimental Theoretical Percentage 
Connection Resonant Resonant Difference 

Frequency HHz Frequency ~IHz 

T = 900 1.069 ±2KHz 1~013 ±250Hz +0~37 
T = 800 0.890 " 0.945 " +5.9 
T = 700 0.759 " 0;840 " +9.6 
'1' = 600 0.654 " 0.759 " +13~8 
T = 500 0.589 " 0.6975 " +15.6 
T = 400 0.527 " 0.6505 " +19.0 
T = 300 0.481 " 0.6145 " +23.9 
T = 200 0.460 " 0.5865 " +21.9 
T = 100 0.428 " 0.564 " +24.1 

Second Naximum 
Input Experimental Theoretical Percentage 
Connection Resonant Resonant Difference 

Frequency HHz Frequency NHz 

T = 900 2.192 ±4KHz 2.178 ±250Hz - 0; 64 
T = 800 2.193 " 2.181 " - o. 55 
T = 700 2.150 " 2;128 " -1; 0 
T = 600 2.016 " 2.0165 " +0.25 
T = 500 1.843 " 1; 886 " +2.3 
T = 400 1.692 " 1. 7645 " +4.1 
T = 300 1.583 " 1.625 " .. 2.6 
T = 200 1.507 " 1.579 " + 4.1 
T = 100 1.418 " 1.511 11 + 6.2 

Third Haximum 
Input Experimental Theoretical Percentage 
Connection Resonant Resonant Difference 

Frequency IlHz Frequency HHz 

T=900 2.925 ±5KHz 2;882 ±;:;KHz -1. 5 
T=800 3.000 11 2.938 11 -2.1 
T=700 3.055+ 11 ;:;~005 " -1.7 
T=600 - 3.000 -
T=500 2.990 11 2.925 " -2;2 
T=400 2.860 " 2.795 11 -2.3 
T=300 2.725 11 2.660 11 -2.4 
T=200 2.595 " 2.538 11 -2.2 
T=100 2.470 " 2.435 11 -1.4 

.. This resonance is visible as a phase change only. 
- This resonance is not visible. 
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Figure 4-30 

Comparison of the Theoretical and Experimental Resonant 
Frequencies of the Output Voltage Response of the 1000 
Turn Tapped Foil Wound Inductor 

First l1inimuID 
Input Experimental Theoretical Percentage 
Connection Resonant Resonant Difference 

Frequency HHz Frequency NHz 

T = 900 L173 ±2KHz 1.142 ±250Hz -2.7 
T = 800 1.124 11 1;086 " - 3; 5 
T = 700 1;080 11 L0345 " -4,4 
T = 600 1,039 11 0.9895 .. -5,0 
T = 500 1.000 11 0,951 .. -5.2 
T = 400 0;963 11 0.919 " -4.8 
T = 300 0.927 11 0;8925 11 -3; 9 
T = 200 0.903 11 0.872 " -3.6-
T = 100 0.893 11 0.858 " -4.1 

Second }!inimwn 
Input Experimental Theoretical Percentage 
Connection Resonant Resonant Difference 

Frequency J.!J[z Frequency MHz 

T = 900 2.170 ±5KHz 2;156 ±250Hz -0.67 
T = 800 2.171 11 2.155 .. -0.74 
T = 700 2,126 11 2! 1155 .. -0.54 

_ T = 600 2.059 fI 2;058 11 -0.04 
i'. = 500 1.978 11 2.000 fI + 1.1 
T = 400 L913 fI 1;9425 11 +1.5 
T = 300 1.849 11 L8955 fI +2.5 
T = 200 L842 11 L858 fI +0,86 
T = 100 1.783 11 L8325 fI +2;8 

Third Hinimum 
Input Experimental Theoretical Percentage 
Connection Resonant Resonant Difference 

Frequency HHz Frequency HHz 

T = 900 3.016 ±lOi{)[z 2.929 :!:3Kllz -3.0 
T = 800 3.041 11 2.948 11 -3.2 
T = 700 3.075+ 11 2.985 11 - 3. 0 
T = 600 - 2.979 " -
T = 500 3.048 " 2.932 " -4;0 
T = 400 2.966 " 2.870 " -303 
T = 300 2;919 " 2.808 " -4;0 
T = 200 2.891 " 2 •. 759 " -4.8 
T = 100 2.858 " 2.725 " -4;9 

+ This resonance is visible as a phase change only. 
- This resonance is not visible. 
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output voltage~ of the 1000 turn tapped foil wound inductor 

with T = 500 is shown in Fig. 4-28 'from 200 KHz to 3 NHz. This 

shows general agreement between the theoretical and experimental 

responses, with the exception of the Q values of the resonances, 

which is to be expected. 

A comparison is shown in Figs. 4-29 and 4-30 between the 

theoretical and experimental resonant frequencies for the first 

three maxima and minima in the relative output voltage response 

of the 1000 turn tapped foil wound inductor for all possible 

values of T • The theoretical and experimental values compare 

well, with a maximum error of ~6.2%, except for the first max-

imum resonance. The errdr in this case rises from +0.37% at 

T= 900 to +24.1% at T=lOO •. This error increase may be due to 

the impedance of the probei 

6) Investigation of the Probe Impedance 

To examine the effect of the load impedance theoretically 

a computer program was written to solve the cOJ:lplex matrix 

equation formed by equations 4-3-5, 4-3-6 and 4-3-8. These 

equations describe the equivalent circuit of Fig. 4-7, which 

includes the load impedance. The form of the load impedance is 

shown in Fig. 4-31. Rp and Cp are the input resistance and 

capacitance of the F.E.T. probe. Cl is an added.exter~al 

capacitance. If Cl is large enough then any stray capacitance 

can be swamped. Zl has the form 

4 - 6-1 
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Figure 4-31 

Figure 4-32 

Compo si tion of the Load Impedance Z I of Fieure 3-4 

Cp and Rp represent the impedance of the probe. 

Cl represents any added capacitive load. 
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Initially only the load imposed by the F.E.T. probe, which 

consisted of 1 Hega-Ohm in parallel with 3.5 pF, was considered. 

Taking one particular resonance, that of the 1000 turn tapped 

foil wound inductor with T= 400 at 0.527 11Hz; the simple mOdel 

neglecting the probe load predicts a resonant frequency of 

0.6505 11Hz, taking the probe load into consideration reduces this 

predicted frequency to 0.5858 MHz, a reduction in the error from 

19.0% to 10.0%. Another effect of considiring the probe imped­

ance was to reduce the predicted maximum value of Vr from 398 to 

98;7: compared with an" experimental value of 44. 

Adding the probe capacitance of 3.5 pF to the equivalent 

circuit has reduced the error in the calculated resonant frequency 

by almost half. This suggests that the resonant frequency of this 

order of resonance is sensitive to the load capacitance. There­

fore any stray capacitance can have a marked effect on the exper­

imental resonant frequency. Adding a capacitive load to the 

output from the tapped foil wound inductor would reduce the 

significance of any stray capacitanc~. 

Consider again the resonance in the output voltage response 

of the 1000 turn tapped foil wound inductor .rith T=400 at 0.527 

.lHz. Ceranic capacitors, 17i th measured capaci tances between 12 

pF and 200 pF, were added across the 6utput in parallel with 

the probe and the resonant frequency measured. The variation 

of both the theoretical and experimental resonant frequencies 

with the added capacitance is shown in Fig. 4-32. The two curves 

converge as as the capacitance iicreases, until at a capacit­

ance of 150 pF the difference between the theoretical and ex­

perimental resonant frequencies is only +0.2%. Clearly the add-
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ition of a relatively large external capacitance has swamped 

any stray capacitance and any errors in the calculated sectional 

capacitances. 

7) Conclusion 

Although it was not possible to measure directly the vol­

tage distribution within a foil wound inductor, it has been 

possible to infer the existance of various orders of voltage 

resonance within B tapped foil wound inductor by observing their 

effect on the output voltage response when the coil is connected 

as an auto-transformer. 
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Chap t l!.L.2. Voltage Resonances in Foil Wound Transformers 

1) Introduction 

The study of tapped foil wound inductors in chapter 4 

has shown that voltage resonances can occur in foil wound 

devices. Therefore it is reasonable to suppose that voltage 

resonances can also occur in foil wound transformers. 

A foil wound transformer can be wound in a number of 

ways. However due to the limitations of the coil winding 

machine available this study had to be limited to one form, 

in which the primary is woundon top of the secondary or vice­

versa, with a gap filied with insulating film between them. 

The end view of a transformer wound in this manner is shown 

in Fig, 5-1. This study is also limited to air-cored trans­

formers of small dimensions wound from thin foil. However the 

results from this study can be applied to some of the other 

winding forms. 

Two foil wound transformers were made for this study, 

one vii th two windings each of 100 turns and the other with 

two windings each of 200 turns. The other dimensions of these 

transformers are given in Figs. 5-2 and 5~3. The transformers 

were heat treated in the manner described in section 2-2. The 

terminals on the transformers were made in the usual way by 

placinF strips of 50 ym thick aluminium foil into the winding 

at the appropriate points. 

"2-) Experimental Arrangement 

The apparatus used to investigate the output voltage 

response of the transformers is shown in Fig. 5 -4. The arranGe-



Outer 
Winding 

Inter­
Winding 
Gap 

Inner 
Winding 

The inputs and 
are taken from 
terminals 

output~ 
these 

COrel170und from 
the plastic 
insulating foil 

These terminals 
are earthed to 
nesate the inter­
rrinding capacit­
ance 

End on. View of a Foil Wound Transformer 

Physical Parameters and Dimensions of-the 100+ 
100 Turn Foil Wound Transformer 

Number of Turns on the Outer Winding 100 Turns 
Number of Turns on the Inner Winding 100 .. 
Humber of Turns of Insulating Foil 10 .. 
in the Inter-Winding Gap 
Core Radius 0.7 cm 
Type of Hetal Foil Aluminium 
Thickness of !letal Foil 5~0 )'om 
Width of ~!etal Foil 3.9cm 
Type of Plastic Foil Po~ypropylene 
Thickness of Plastic Foil 12.5 )J m 
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Figure 5-3 

Physical Parameters and Dimensions of the 200 + 200 
Turn Foil Wound Transformer 

Number of Turns on the Outer ,7incling 200 
Number of Turns on the Inner 'r7indine 200 
number of Turns of Insulating Foil 20 
in' the Inter-Winding Gap 
Core Radius 0;7 cm 
Type of Hetal Foil Aluminium 
ThicknesG of Hetal Foil 5! 0 )'m 
Width of Hetal Foil 3.9 cm 
Type of Plastic Film Polypro pylenc 
Thickness of Plastic Film· 12.5 J'1ll 
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Figure 5-4 

Fr 
Co 

Experimental ArranGement used to Measure the Output Voltage 
Response of the Foil Wound Transformers 
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ment is very similar to that of chapter 4. The differences are 

in the connections to the transformer and the addition of a 

capacitor across the output of the transformer. To negate the 

inter-winding capacitance the transformer was connected in the 

manner shown in Fig. 5-5. The adjacent terminals on either side 

of the inter-winding gap are connected to earth. There are two 

methods of connecting the transformer; one with the inner wind-

ing as the primary and the other with the outer winding as the 

primary. In this study the convention was adopted of using the 

inner vTinding as the primary. A 100 pF:!: 0.5 pF ceramic capacit-

or was placed across the secondary of the transformer to swamp 

any stray capacitance. 

The relative output voltage VN ' which is normalised 

with respect to the input voltage and the number of turns on 

the primary and secondary windings, is given by 

v, = 
VI Np 

5-2-1 N. Vo Ns 

Where Vo is the input voltage, ~ is the output voltage, Np 

the number of turns on the primary winding and NS the number 

of turns on the secondary winding. 

The mcasured relative output voltage response of the 100+ 
-

100 turn transformer is shown in Fig. 5-6 plotted on a log 

scale against frequency from 50 KlIz to 6 NHz. V
N 

has a low­

frequency value of 1, then rises to. a value of 37 :!:1.0 at 2.66 

}llIz :!:0.005 NHZ and falls off at higher frequencies. 

,) Analysis of the Equivalent Circuit 

The lllilped-element equivalent circuit of a foil wound 
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Figure 5 - 6 
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Experimental Output Voltage Response of the 
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transformer is shown in Fig. 5-7. The primary has been split 

into Sp sections and the secondar'y into Ss sections. A total 

of S sections (S = Sp+Ss)' It has been assumed that the inter­

winding capacitance can be neglected, as the appropriate 

terminals at the ends of sections Sp and Sp + 1 have been 

earthed. The beginning of section 1 lies at the centre of the 

coil and the end of section 10 lies at the edge of the coil. 

This equivalent circuit can be described by S+1 mesh 

equations, Sp of the form 

1 S 1 (R. + jWL. + 'WC lq. + L jwM. kqk = jWC j 
5-3 -1 I I J . I . I k t j I, 

SS of the form 
1 :s;;;; j .,.;; Sp 

S qS+1 (R + j W'L. + ·JC.lq·+L j<J'M·kqk = 0 5 -3-2 I I J I I k* j I, jWCj 

Sp < j .,.;; S I· Ik 
'Ihere qj = I: ' qk = 10 and • The mesh equation round 

the load loop is given by 

Z q 
I S+1 

5-3-3 

The input impedance Zo can be obtained from 

5-3-4 

Equations 5-3-1, 5-3-2 and 5-3-3 form an S+1xS+1 complex 

matrix equation of the same form as equation 2-4-10. In this 

equation Re[A] is an S+1xS+1 matrix of the form 
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Figure 5-7 

Lumped-Element Equivalent-Circuit for a 
Foil Wound Transformer 

All inductors are coupled by positive 
mutual-inductances. 
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Im[A] is an 

vL1- jc ' 
. 1 

• 

5+1 x 5+1 matrix of the form 

- . 
wM1 5 +1 -, 

• p 

:"1 5 1 
, Im[Z ]-2 -. 

I k= 5 +1 c.SCk 
P 

5-3-5 

5-3-6 

The complex matrix [B] is composed of the left hand sides of 

equations 5-3-1, 5-3-2 and 5-3-3. 

Once the matrix equation has been solved usirig the Gauss-

ian Elimination proeram of Appendix 1, the matrix of the un· 

knonns [0] can be inserted into equation 5-3-4 to obtain the 

input. impedance of the transformer. 
~ 

In the same manner as equation 4-3-13 an expression for 

VN can be derived; this expression has the form 

5-3 -7 

An. alternative expression for VN can be derived from equation 

5-3-3. This has the form 
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(qk _0 qs +1) 

j(JC
k 

5-3-8 

Once the input impedance Zo has been obtained it can be inser­

ted into either equation 5-3-7 or 5-3-8, together with the 

appropriate relative current or currents, to obtain the relative 

output voltage. 

The load impedance is described by the circuit in Fig. 

4-31 and Zl has the same form as equation 4-6-1. 

The sectional inductances, capacitances and resistances 

were derived in the same manner as the sectional inductances, 

capacitances and resistances described in sections 2-6, 2-7 

and 2 -8. Obviously the use of the D. C. resistance will lead to 

errors in the calculated Q values of the resonances. 

4) Comparison of Theory and Experiment 

The theoretical relative output voltage response of the 

100+100 turn foil wound transformer Tlas calculated, based on a 

model of 10 sections each of 20 turns, 5 sections to the primary 

winding and 5 sections to the secondary winding. This response 

together with the experimental relative output voltage response 

of the same transformer is shown in Fig. 5-8. The theoretical 

resonant frequency is 2.834 NHz !l KHz compared with an experim­

ental resonant frequency of 2.66 mrz !5 KHz, a difference of 

+6~ 5%. The predicted maximum vaJ.ue of VN is 223 compared "ith 

an experimental value of 37 ±1.0, aO factor of times 6 differ-

ence. 

A comparison the theoretical and experimental output vol-

tage responses for the 200+200 turn foil wound transformer is 
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Figure 5-8 
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shown. in Fig. 5-9 from 100 KHz to 211Hz and in Fig. 5-10 from 

100 KHz to 811Hz, in both cases plotted on a log scale. In Fig. 

5-9 the experimental resonance occurs at 997 KHz ! 1 KHz and the 

theoretical resonance occurs at 1.0594 NHz ! 200 Hz, a difference 

between theory and experiment of -5.9%. The observed maximum 

value of IVNI for this resonance is 59. ! 1, compared with the 

predicted value of 228.3:! 0.5. Fig. 5-10 shows that at higher 

frequencies the 200 + 200 turn transformer multiply resonates. 

There is a second maximum in IVNI which occurs theoretically at 

6;590 I1Hz!5 KHz and experimentally at 6.523 1·1Hz:!: 5 KHz, a 

difference of - 1%. The minimum in !VNI which experimentally 

occurs at 4.80 11Hz :tlO KHz has a predicted frequency of 5.630 

11Hz! 5 KHz a difference of-14.7%. In the case of the secondary 

• 
maximum the difference between the predicted and observed values 

of IVNI is a factor of times 3.4. However in the case of the 

minimum ·in IvN, the difference between the predicted and observed 

values of IVNI is a factor of times 0.046. 

5) Conclusion 

It has been shown that for one particular type of air-

cored foil-wound transformer the lumped-element equivalent 

circuit analysis can predict the form of the output voltage 

response with reasonable accuracy. Skin effect, proximity effect 

and width effect have all been neglected in the theoretical 

analysis therefore the predicted Q values will be in error. 
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Figure 5-9 
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Figure 5-10 

. Comparison of Theory and EXperiment for 
the 200+200 Turn Foil Wound Transformer 
Showing Secondary Resonances 
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Chapter 6 Devices with Two Foils 

1) Introduction 

The simplest and commonest application for a device with 

two foils is that of the wound foil capacitor. This device 

takes a large number of forms, but in all except a very few 

of'these forms the manufacturer is concerned vtith reducing the 

self-inductance of the capacitor he makes. This concern with 

the minimisation of the self-inductance has in the past led to 

a neglect of the other devices that can be manufactured from 

two or more foils. 

From the preceding chapters it should be clear that a 

capacitor manufactured by the embedded lug method, in which 

two or more terminals are placed in the winding rather than 

solder all the turns of one foil toeether to form a terminal, 

should have self-inductance. The terminals in an embedded lug 

capacitor are normally placed to minimise the self-inductance, 

but equally the terminals could be placed to m~ximise the self-

inductance. This chapter is concerned with devices that use 

this self-inductance. 

A simple lumped elenent eqUivalent circuit for two iden-

tical spiral wound foils is shown in Fig. 6-1. These foils 

could have the four terminals placed at any points along the 

winding, but for simplicity they have been placed at the ends 

of the TTindings, Each fo il has an induc tance L ,which has 

been split into two identical inductances of magnitude ~ coup~ 

led by a mutual-inductance M • In a small tightly wound device 

the mutual inductance M can be approximated to L without 
4 
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Figure 6-1 

Simple Equivalent Circuit of a Device Made From 
Two Identical Foils 
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departing fro~ reality too far. The D.e. resistance of the 

foil R has been split into two se para te re si stances ~ • The 

total capacitance between the two foils is represented by C 

Obviously this equivalent circuit will only be valid at low 

frequencies. 

2.) Trio Terminal Devices 

There are three different ways of connecting Fig. 6-1 

as a two terminal device. The first method is shown in Fig; 

6-2. This arrange~ent has an input impedance of the form 

jwL - jCJM + lL + R + jwL - j(JM + -;---,'-;::-
4 2 2 4 jWC 

= jwL - 2 jWM + R + 
2 

1 
jwC 

flith the approximation M= Z this becomes 

1 
jWC 

6-2-1 

6-2- 2 

• 

When the resistance is neglected the input impedance Zo is 

p~elY capacitive. 17hen the inductances Z are tightly coupled 

this terminal arrangement gives a low-inductance capacitance. 

At high frequency Norley (37) has shown that this terminal 

arrangement behaves as a transmission line. 

The second method is shown in Fig. 6-3 and has an input­

impedanc~ of the form 

jwL 
2 

+ 2jCJM + R + 
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With the approximation M:.b.. this becomes 
4 

Zo: jw-L + R + 

1 

1 
j<...JC· 6-2-4 

A t a critical frequency 0 0 : / L C the input impedance' Zo falls 

to Zo: R • At frequencies< CJQ the impedance is inductive and 

at frequencies»~o the impedance is capacitive. In reality the 

author discovered that at frequencies>Wothis terminal arrange-

ment of a two foil device will multipl,' resonate in the same 

manner as the foil wound inductors investigated in chapter 2. 

l'Iilson (38) used this arrangement of the two foil device, which 

he termed the "Inductive Capacitor"" as a resonator in a delay 

line to form high-current pulses and as the primary of a trans-

former to generate high voltage pulses. 

The third method is shown in Fig. 6-4 and has an input-

impedance of the form 

jw L + 2jWM + R 
2 . 6-2-5 

This impedance is inductive and at high frequencies behaves 

in the same manner as the foil wound inductors inves-

tigated in chapter 2. 

Four Terminal Devices 

There are three ways of connecting the two foils as a 

four terminal device. The first method is' shown in Fig. 6-5 

and the output voltage for this arrangement is given by 

1 + jwCR 6-3-1 

assuming that M: L 
7; 
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FiGure 6- 4 

Two Terminal Conneetionl Inductive 

-, 

Figure 6-5 

Four Terminal Connectionl Capacitive .. 

Figure 6-6 

Four Terminal Connection I 'rransformer 

~------- Vo -~-------, 

T r=: :=--J <-------- VI --------' 
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1 
At frequencies 4:: CR the output voltage equals the input volt-

1 
age· and at frequencies> m the ~utput voltage is given by 

6-3-2 

This terminal arrangement acts as a filter. 

The second method is shown in Fig. 6-6. In this case the 

output voltage is given by 

v. -I - jwL + 2jwM + R 
2 

This terminal arrangement acts as a transformer. 

6-3-3 

The third method is shown in Fig. 6-7. With no load im-

pedance connected the output voltage is 

1 
Vo ( j wC - 4 j CV M ) 

given by 

v. -
I - Ijc.vL + 2jwM + R + .' ) 

2 JWC 
With the approximation M = Z this equation becomes , 

VolJWC - jwL) 
VI = L R , jw + + 

jWC 

6-3 -4 

6-3-5 

At a critical frequency 4= _,_ the output voltage is given 
.fTf 

by 

At frequencies < Vothe output voltage is given by 

At frequencies >00 the output voltage is gh:en by 

v. =-v I 0 
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FiGure 5- 7 

·.Figure 5- 8 

Vo 

FiGure 5- 9 

Four Terminal Connection: Resonant 

--

Resonant Four Terminal Connection with Load 
Impedance Zl 

-I-
-~ 

I t 

Fig. 6-8 Rearranged for Mesh Analysis 



This terminal arrangement has been termed by Reeves the 

" Inductor-Capacitor Hybrid" (39,40). This device resonates at 
_,_ 2 QVo 

a frequency of U{ = (Le and at this frequency: VI = . j , when 

there is no load connected. Q is given 'by the normal express-

ion, which is 

Q = ~ j ~ 6-3- 9 

4) Inductor-Capacitor Hybrid 

Reeves I theory of the Inductor -Capacitor Hybrid (40) turns 

on the assumption that the resistance of the metal foils is 11eg-

ligibly small. The theorY predicts that if operated at its res-

onant frequency the hybrid supplies the same current into any 

load resistance (39). It will be shoITn in this 

section that this difficulty can be avoided if the hybrid is 

modelle'd by discrete elements, including finite resistance for 

the metal foils. For a full analysis a load impedance must be 

included in the description. 

The lumped circuit model including the load impedance is 

shown in Fig. 6-8. In Fig. 6-9 the circuit has been re-arranged 

to facilitate a mesh analysis, as follows. 

V = o 

_ L 
\'Iith the approximation M- ,these equations reduce to 
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AI -o 6-4-3 

6- 4 - 4 

Where 

A = jw L + R + j~C 6-4- 5 

1 
B = jwC - j<..vL 6-4-6 

At resonance ne have B:- j2w;,L and A: R; 

The principal equations given by Reeves to describe the 

currents and voltages in the hybrid appear as special cases of 

6-4-3 and 6-4-4 when R is set to zero. 

The output current of the device is given by 

At the resonant frequency and lettinc R go to zero l7e obtain 

Reeves' result, 

6-4-8 

In this expression the current is independent of the load. 8017-

·ever if l7e keep R fini te and let Z I become large we obtain 



which decreases with increasing load. 

The input current is given by 

I =IZI + Alvo 6-4-10 
o Z A + N - 82-

I 

Again at the resonant frequency and letting R go to zero, we 

find 

6- 4 -11 

For a resistive load this agrees with TIeeves' result and shows 

that if the same current is to be delivered into increasingly 

large loads, the input current must rise in proportion to the 

load. If vre keep R finite and let ZI 

I = vo 
o R 

become large vre find 

6- 4 - 12 

indicating that the input current is limited by the foil resis-

tance. 

The low-frequency behaviour of the hybrid is completelY 

described by equations 6-4-3, 6-4-4, 6-4-5 and 6-4-6 subject 

to ~he approximations stated. Hybrids can multiply resonate 

at high frequency (40) •. A more complex equivalent circuit vrould 

be required to describe this behaviour. 

The application of hybrids to the ignition of gas-discharge 

lamps was proposed by Reeves (39). By designing a hybrid cap-

able of resonating at 50 Hz it is possible to provide ignition, 

·current limiting and phase correction within the one device 

rather than using two or three separate components. The large 
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iron-cored device shown in the photograph in Fig. 6-10 is 

designed to operate in this mannei and was used in Hybrid 

research at Loughborough University. 

A sUlnmary of the equivalent circuit analysis of the 

Inductor-Capaeitor Hybrid appears in a paper ,by I1urgatroyd 

and Walker which is reproduced as Appendix 5. 



Figure 6-10 

~-------

Eight T'To Foil Devices 
The large iron cored device and the smaller ferrite cored 
device wore used in Inductor-Capacitor Hybrid research at 
Loughborough University. . 
The line on the photograph is 10 cm long. 
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Chapter 7 Conclusion 

1) General 

This thesis has been concerned with the application of 

lumped-element equivalent circuits to foil wound devices, in 

particular the foil wound inductor. Fig. 2-1 gives the normal 

high frequency equivalent circuit of an inductor, which is 

composed of an inductor and a resistor in series both shunted 

by a capacitor. In most cases although the inductance and the 

resistance can be calculated from the fundamental field equat­

ions the addition of the capacitance is simply a model: it 

explains the observed behaviour of the inductor although it 

cannot be calculated. The- reason for this is simply that the 

capacitance scheme within most inductors is too complex for 

analysis and in any case it is far easier just to measure the 

equivalent capacitance. With foil wound inductors the capacit­

ance scheme within the device is not complex; nearly all the 

capacitance is from turn-to-turn and very little to any of the 

other turns. This fact permits an analysis based not on a model 

which mimics the impedance of the device, but OU the 

fundamental field equations. Such an analysis ~an provide an 

insight into the current and voltage distributions within the 

device. 

The use of lumped-element equivalent circuits may be 

thought a substitute for a complete f~eld theory solution of 

the problem, but the problems of finding an analytic solution 

to the field equations in all but the simplest cases means that 

approximations would have to be made. The approximation method 



could take two formsl either the field equations could be sim­

plified by approximation until an analytic solution was reached 

or a numerical approximation method could be used. The equival­

ent circuit approach can be regarded as a combination of both 

methods. Murgatroyd (26) has shown that the field equations can 

with certain approximations be reduced to the equivalent circuit 

of Fig. 2-11. This equivalent circuit can be reduced until it 

will yield manageable analytlc solutions. However such simplified 

circuits consisting of one two or three sections would only be 

able to predict the impedance of the coil up to the second ot 

third resonarice, clearly larger circuits ~are required 

to calculate the impedance/frequency spectrum of Fig. 2-9. These 

circuits are too large to handle on an analytic basis, therefore 

a nume·rical computational method has to be employed. 

I.nherent in this eq ui valent c ircui t approach is the concept 

that the capacitance of a foil wound inductor is as important a 

part of the characteristic of the device as the inductance. In 

most applications a pure inductance or a pure capacitance is 

required. However it is not possible to separate these charact­

eristics iri real components. Indeed it is possible to construct 

devices that use this duality; such as the inductor capacitor 

hybrid (40) and the inductive capacitor (38). 

2) Particular 

~he lumped-element equivalent circuit when applied to a 

1000 turn foil wound inductor (Fig. 2~2) could quite accurately 

predict the frequencies of the finst three resonances (Fig. 2-23), 

although the predicted frequencies of the higher order resonances 

Were much less accurate. The nThuber of sections used in these 
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calculations was 10, therefore the theory is accurate up to 

the frequency of the resonance whose order is given approximate­

ly by the number of sections divided by three. It can be seen 

from the comparison in Fig. 2-22 that Q values of the resonan­

c.es cannot be predicted with accuracy, this is due to the use 

of the D.C. resistance of the metal foil in deriving the sect­

ional resistances in section 2-7. It is not yet possible to 

calculate the A.C. resistance of a foil wound inductor over the 

frequency range investigated in chapter 2. 

In chapter J the lumped element equivalent circuit was 

applied to another field theory problem I that of the current 

distribution acrois the width of a foil conductor loop. Again 

the method proved successful, although the ·suc·cess is limited 

in terms of application to physical devices and frequency range. 

The ra~ge of application is limited by the approximations need­

ed to derive a usable theory and by the assumption that the 

current distribution varies across the width of the foil and not 

the thickness. These are the fundamental limitations to the 

application of the theory, but there is also the limitation 

imposed by the finite width of the strips. 

,Chapters 4 and 5 are devoted to one of the predictions of 

the theoretical analysis of chapter 2. The theory predicts that 

at certain frequencies current and voltage standing waves can 

exist within a foil wound inductor. The existence of the current 

standing waves can be proved directly by examining the external 

AC magnetic field of a large foil wound inductor (J2,JJ). How­

ever the voltage standing waves could not be observed directly, 
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their pres'ence had to be inferred from the output voltage res­

ponses of tapped foil wound inductors and foil wound transfor-

mers. 

The very simple lumped element equivalent circuit analy­

sed tn chapter 6 is that of a two foil device. Depending on the 

terminal connections to the device it can exhibit capacitance, 

inductance or resonance. This analysis shows that even simple 

circuits can yield useful analytic results under certain cir­

cumstances. 
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Appendix 1 Gaussian Elimination 

The Gaussian elimination method of solving simultaneous 

equations was chosen in preference to the other methods 

ayailable because it could be applied to the matrix equations 

studied over the full frequency range of interest. The Gaussian 

elimination method is in essence simple and is dealt with 

specifically in many books, eg (41); If we have a set of equations 

1, 2 and 3. Then TIe multiply equation 1 by m2 and subtract it. 

from equation 2. 

1 

2 

3 

1n2 is equal to a 2 '1!a1 1,therefore equation 2 becomes 
- " 

Setting m3 equal to a 3 ,I!a1 ,1 and repeating the above 

procedure with equation 3 gives 

I 

6 
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7 

The above proce dure results in a modified set of 

equations 

8 

9 

10 

Hultiplying equation 9 by m'3 = a3,2/a2,2 an'd subtracting It 

from eqation 10 gives 

" , " o q = b
3 33 3 ' , 

11 

Where 

,f . I 

033 = 0 33 , , 12 

~ack substituting q3 into equation 9, and q3 and q2 into 

equation 8 gives 

M 

q3 = b3 13 
ON 

33 
, , 

q2 = (b2 - 023q~ 
I O2 ,2 

14 
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15 

The solution is given by equations 13, 14 and 15 .However,if 

the matrix elements al,l or a 2 ,2 are small,then the 

ing multipliers m2 , m3 and m; will be large. Clearly 

correspond-

this would 

give rise to large errors or totally meaningless answers. 

Therefore the technique of Partial Pivoting is used. This 

involves hunting the column to be eliminated for the largest 

element,and using the .row containing this element as the 

eliminating row. 

The flow diagrems for eliminating a real matrix equation 

of size H and form 

16 

are shown in Figs. 1, 2 and 3. 
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Figure 1 Elimination 

k = 1 

~ 
i = k +1 

~ -

PARTIAL PIVOTING (Fig.3) 

~ 
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o· k I, 
ok k , 

J 
0i,k= 0 

~ 
j = k + 1 

J 
o· . :; 0·· - m x ok . ...-. 

I,J I,J ,J 

j = h ? 
NO 

= j + 1 J 

YES 
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NO 
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.-
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NO 
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Figure 2 Back Substitution 

FROM b 
X --.b. 

ELIMINATION h - oh h , 

I = h - 1 

j = i + 1 

G = 0 

G = G+ 0·· xx· 
I,) J 
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j = j + 1 NO 
j=h? 
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(b· - G) I I = i - 1 Xi = 0 .. 
1,1 I 

i = 1? 
NO 

YES 

END 
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Figure 3 Partial Pivoting 
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i = i + 1 I = i 

NO 

I = k? 
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NO 

j = k 

~-;;;.! INTERCHANGE ok· &°1. 
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Appendix 2 

Kemp, R.J. Murgatroyd, P.R. Walker, N.J. Self resonance in foil 

inductors. Electronics Letters, 11 (15), July 1975 

--" 
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SELF RESONANCE IN FOIL INDUCTORS 

IlIIh-x;:'1: (('rlll,l: ("ir('//;/ T('WIIQI/(C. Eqllil alt'flt ('jr('/I;/I, flU/tu'tllr,1 

Coil ... hu\'illl: aluminium-foil \\inding'> exhibit multiple ~clf· 
rc~onum t:chuviour in the r3ngc 0- 5 20 MrlL. The dependence 
of rC'~onancc frcqucncic\ on number of lurm is reported. and 
a lumped circuit model ..... hil:h accounl.'> approximately for the 
effect'> is prc'>cntcd. 

The phenomenon of self resonance in wire coils is well known. 
yet is poorly understood in dClail. Wclsby' describes how 
the impedance of a coil may be represented by a circuit 
comprising a resistance and an inductance in series, both 
shunted by an effective capacitance. This circuit has an 
impedance maximum when the inductance resonates with 
the capacilCtnce. and, above this rrequency. the impedance 
falls. approaching the behaviour of the capacitance alone. 
This is wh<.lt usually happens in practice. However. depending 
on the way the coil is wound, the impedance may have other 
resonances at frequencies above the first: I these are said to 
occur because, if loosely coupled, the coil may behave as a 
transmission line. 

Recent work at Loughborough has shown complicated 
self-resonant behaviour in foil coils. These coils are made 
from a single strip of aluminium foil and a slightly wiuer 
strip of plastics foil. wound together on a core of the plastics 
foil, using a capacitor-winding machine. The method of 
construction and the principal dimensions are shown in 
Fig. I 

" ~idth 3·9cm 

metal foil 
5'QJJm-thick 
aluminium 

'. 

Fig.1 Constru;tion offoilindu;tors 
N turns. 10 N < 1000 

wound core of plastics. 
foil1·42cm diameter 

Fig. 2 Noise attenuation measured with 1000-turn foil inductor 
Absciss.a: 1 MHz per ~Qu:lre. range 0-10 MI·f.t 
Ordinate: 10 dB attenuatiOn per·,qu3re. zero allop 

Compared with a wire coil with the same number of turns. 
wc would expect self-resonant behaviour to be more pro­
nounced and to occur at lower frequencies. as all turn-to~turn 
capacitances are much higher. The impedance of a typical 
experimental foil coil is shown in Fig. 2. The coil was con· 
nected in series with a white·noise generator" and a spectrum 
analyscrt. which gives the 20 Hz to 20 MHz spectrum nat 

• General Radio 138) 

t Hewlett-Pad..ard. sections 85S)B, 8SS2B and 14T 

It! wilhin ± 1·5 dB. The horizontal line at the top or Fig. 2 i:i 
the noise spectrulll measured with the coil out of circuit. 
The jagged trace below is the spectrum obser .... ed with a 
IOOO·turn coil in series with the noise generator. Noise 
minima. hence impedance maxima. OCcur at 0·49, 1.3. 
:!·18 MHz etc., and noise maxima. hence impedance minima, 
occur at 1·18,2·1. 3·12 M Hz etc. 

~ 

c 
g 
o 

~ 

to 

10 tOO 1000 
coil turns 

Fig. 3 Dependence of the first five resonance frequencies on 
number of turns 

Fig. 3 shows how the frequencies of the impedance maxima' 
depend on the number of turns. for a series of coils having the 
same core size and wound with the same materials. For each 
order of resonance there is a clear decreasing trend of frequency 
with increasing number of turns. The graph for the first 
resonance has a gradient of -0·53. for coils having less than 
50 turns. This seems 10 fit a simple model, which dl!pends on 
the thickness of winding being small compared with the radius 
of the core. W'e suppose that all turns are perfectly coupled 
to each other. and that all turns have identical self inductance 
Land interturn capacitance c.. The total inductance is 
C,. = N 2 L and the total capacitance Cl = CIN. where N 
is the number of turns. Then 

I I 
w I = -,--,-=--=:- = 

v(L, C,) V(NLC) 
(I) 

For more than 50 lurns the gradient steepens and the coil can 
no longer be considered as perfectly coupled. 

To account fully for the multiple-resonance properties we 
expect that a field analysis is needed. However. rather than 
attempt this formidable task, we have examined an extension 
of the simple model mentioned. The coil is divided into S 
subsections. within which phase shifts are deemed negligible. 
The llth subsection is then considered to have a self inductance 
L II • a self capacitance ell, a resistanceR u • and a mutual inductance 
Mllv with the vth subsection. This gives the circuit in Fig. 4. 
The self inductances Lu can be estimated by assuming that the 
current is uniform across the width of the foil and that 
tll = 1111

2111' where III is the self inductance of a single turn at 
the centre of the subsection which has nu turns. A similar 
procedure gives the mutual inductances. The capadtances 
ell ean be found by treating each turn and its neighbour as a 
parallel plate capacitor and the mid-section value is Cl" thus 
ell = ('1I/l'~lu. The a.c. resistance cannot be found without 
assuming that the current does not vary in phase through the 
coil, so in this initial study the d.c. resistance Ru was used. 

The circuit in Fig. 4 results in S mesh equations. where 5 
is the number of subsections. of the form 

jwM I. 11 PI + jwAf 2.11 P 1 + ... 
+ (I/jw C.+ jwL.+ R.l p.+ 

+ jwMs .• Ps = l/jw C, u=I.2 ..... S (2) 

where w is the angular frequency and PII = /,,/1 0 is the ratio 
fa the current in the uth subsection to the external current 10 . 



:or the c,\!ernal circuit. 

.. ". .... 
Vu/I" = Zu = ~ (I - Pu)/j(!) C, 13 ) 

.. "'I 

-he S equations of the form of eqn. 2 can be written in 
',Hrix form as 

lA] IP] = Ib] (4) 

there rA] is the complex matrix of the co'.!fficients from the 
:ft~hand side eqn. of 2. [P] is the vector of the complex 
nknowns and [b) is the vector of terms l/jw COl' Eqn. 4 can 
e expanded in"to a S x S real matrix equation of the form 

[

Rc A 

ImA 

-Im A] [ Re P] = [Re b] . 
ReA ImP 1mb 

15) 

i 
L, 

:5 J"" 10 C, 

L2 

C2 !J R2 

V 

~~~} 
Vo 

Cu 

Ls 

Cs 7)-
Rs 

ig. 4 Equivalent circuit model 
11 inductor~ are mutually coupled to each other 

In this study, cqn. 5 is solved numerically using a Gaussian 
elimination mcthod 2 for a range of frequencies w. This 
method, although not ideally suited 10 'Ihe solution of lan~c 
matrices, was used because problems were encountered with 
the convergence of iterative methods. Once evaluated. the 
reduced currents Pw were inserted in eqn. 2 to find the 
impedance, and. by ploning IZol against w. the spectrum was 
obtained. Table I shows the results, for Ihe first four rc~ 
sonances, of a study of one of the coils in Fig. 3, the 300-turn 
coil divided into 10 (5) equal sections. The discrepancy 
between the prcdict'!d and the observed frequencies varies 
from 4 to II~;;; and increases with the order of resonance, 
for the example presented here. However, the theory includes 
approximations which may account for the discrepancy, and 
the agreement with experiment is sufficient to suggest that 
the lumped-circuit model is broadly appropriate. 

Table 1 COMPARISON OF THEORY AND EXPERIMENT FOR 

MAXIMUM IMPEDANCE RESONANCES 

Order of resonance 1~_2 3 1 4 

Theory. MHz I 1'82 1 5.8 10,[ I 14· 5 
Experiment, MHz I 1'

94 1 6'15 11 ·3 116~5 

Improvenients are at present being made to the a pproxi­
mat ions used in the calculation of the Lw and JvIUL'. and 
account will be taken of the a.c. resistance. 

R. J. KEMPt 

P. N. MURGATROYD 

N. J. WALKER§ 

19th June 1975 

Department of Electronic & Electrical Engineering 
Loughborough University, Leics., England 
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Frequency-dependent inductance and resistance 
of foil conductor loops 
P.N. Murgatrovd. B.Sc., Ph.D., F.S.S., M.lnst. P., C.Eng., M.I.E.E., and N.J. Walker, M.Se. 

Indexing terms: Coils, inductance, Resistallce (efe~tric) 

Abstract 

For both economic and technical reasons, flat thin cond llctors are of increaSing interest in cOil.winding. A problem 
"is that at relatively low frequencies the Cllrrent now may may be nonuniform over the conductor cross-s('ction. Buth 
inductance and resistance of coils become fn'que-ne), dependent. Wc havC' developed a new .md general c3lculati'ln 
of these effects, using a drcuitallllodel. for a single turn or a foil coil. The nonuniform current !low is dcscrii1l'd. 
Wc show that the extra losses due to this inl.'rl'JSe with the square of frequency, and 111<It there is a small fall of 
inductance with incrcasing frequency. 

List of symbols 

o = radius of foil loop 
c axial length of foil loop 
t foil thickness 

N number of strips 
w width of strip 
p resistivity of metal 

f.J.o frce·space permeability = 41T;( 10-7 l-Im- l 

w angular frequency of applied voltage 
~ dimension less angular frequency 
lj nominal skin depth 

Ro = d.c. resistance of foil loop 
Lo d.c. inducl:mce of foil loop 

RA C additional a.C. resistance of foil loop 
LAC frequency-dependent inductance of foiJ loop 

R d.c. resistance of onc strip 
L self-inductance of onc strip 

Cl, f3 suffices denoting strip~ 
Alo.fJ mutual inductanse of two strips 
Mo.fl matrix of mutual inductances 
K Qfl coupling coefficient of two strips 
Kap matrix of coupling coefficients 

F = siJape factor in sel f inductance 
Co..a shape factor in mutual inductance 

10 total current to foil loop 
Vo applied voltage 
Zo impedance of foil loop 

lex = currcnt in strip et 

tPo. flux threading onc strip 
S(n = loop admittance. frequency dependent 

to: = dimensionlcss admittance of strip 0: 

i = V-I 

1 Introduction 

For most applications. copper is the preferred materia! for 
conductors. Silver has a marginal advantage in conductivity but this is 
normally outweighed by greater cust. Aluminium has a definite cost 
advantage, but this has only rarely been exploited because the con­
ducti\ity is lower. From time to time. and especially during wars l or 
other periods of uncertain supply of copper. the relative cheapness of 
aluminium has stimulated new devclopment.2 Particularly in some 
power tranSfOnllers. J

-
S aluminium sheet Or strip \\indings have beel~ 

used for at least twenty years. At present. interest in aluminium is 
increaSing, and projcctions of world reserves and consumption6 

suggest that a long-term trend away from copper is inevitable. 
The technical problem is not Simply one of substitution of 3lumin­

ium round wires for copper round wires. If this were done. 311 v..ind­
ings would need larger cross-sections to compensate the lower conduc­
tivity. and in many applications there would not be enough room_ 
Aluminium can be rolled. more easily than copper. into wide Oat foils. 
Because such conductors pack closely together. and 31so because the 
insulation must \\ithstand'-one r:ilher than rhany inter-turn volt ages. it 
is possible to utilise space more efficiently in foil coils than in round- . 
\\.1re coils. Also. the heat·dissipation properties of foil coils tend to be 

Poper 78(j75, first n)ceiveci 2nd Augus/ and ill rev;s('d form 8th Oecember 1976 

0:-. Murqll/rO.l'd ond Mr. Wolker ore will, the Deportment of Electronic and 
Electrical [ngineer;nil, l.oughhorouqh U"jl'cniry or Tt'chnolvrJY, Loughborough, 
LeiCl'$trrshire LL-ll 3rU fflglum' 
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superior, because. in spiral or clockspring windings, every foil provide!' 
its own all-metal heat path to the.outside. 

1lle change 10 foil winding(introduces twu ncw problems of elec. 
trical origin. Firstly the duTll.to-turn capacitance is large compatc!J 
with that of adjacent round wires. This may be useful in some appli­
cations/ though possibly a nuisance in others because radio.frequellfY 
resonanccs

8 
can .occur. Secondly, the witle section of the foil. even 

though the area may be little greater than that of tlte round wire or 
equal d.c. resistance. is vulnerable to enhanced lusses with a_I:. Jue to 
nOlluniform cllrrent flow over the cross-section. 

It is the latter problem, which we Urm width effect, that is Ihe 
main subject of this paper. Two examples illustrate the problcm. In 
foil coils,8.9 the reSonant frequencies ('an be pre'dictcJ with fair ac­
curacy, but if u.c. resistance is used. Ihe cakulat~'d fJ lurns Ollt to be 
at least an order of magnitude greater than the measured Q. Detailed 
undcrstanding of this is a long way orf. but wc :.Ire sure [hat nOIl­

uniform current flow is the basic cause. A simple expcrimenl~' using 
fine-wire search coils leaved into a foil inductor durin~ original wind. 
ing has confirmcd this qualitatlvely. For our sccond eX:lI11plc wc 

. comment 011 the properties of some air-cored chokc5 WOllllJ 1"1 UIIl 

thick aluminium foils for Ilse in power system applit.:ations. 11 is fOllnu 
that the (additional) a.c. resistance rises rapdily with frequency. P(lSS­

iblY.as the square. This is particularly important when !'piky W;I\'<:­

forms arc present. because of the high harmonic con lent. A r'!porl 
that a coil of like construction failet.! due to O\'erhcatin£ ne::lr the eut:.! 
of the windings, and not as one might expect near the middle o( the 
foils. again suggests that the current density may be largest ncar 111(' 
foil edges. 

To calculate the complete current flow in a foil inductor of.lllallY 
turns is a formidable problem Cor future work. As a first slep wc 11::1\'e 
analysed the flow in a single foil turn. using a circuital model. By CUIl­

sideling the turn as a number of narrow evils in parallel. we ::Irc able to 
calculate the current distribution, and show how it changes in 3mpii­
tude and phase across the foil as the frequency is increased. We shuw 
how the effective rcsist:.lllcc and inductance. respectively. rise and fa!! 
with increasing frequellcy. and that at low frequencies the additiun::d 
a.c. resistance rises with the square of the frequency. 

2 Current flow in a foil turn 

A single (oiltum is shown in Fig. la_It is made from matcrial 
of uniform thickness t. width c. formed to mean rad:·lsa. and always 
t« a. The large hypolh~ti{;al busbars arc shown to emphasise that till' 
conncrtions tp the tum are equipotcntials. and we then expect. and 
hereafter assume. that all currcnt Ilow in the turn is purely (in.:umfer­
elllial. 

To examine the variation of current density within the cross-section 
of the toil. we now divide it intu strips in the axial direction. as shown 
in Fig_ I B. It is cOllvenient to h:l\'e N strips of equal \\idth \\'. so 
,vII' = c (though in principle all strip widths could be diffcrelll', :l1ld 1\' 

must be chosen so the expected variation of current density within is 
small. \Vll<lt the model seeks to do. therefore. is represent what must 
be a continuous v3r13tion by a I1nite number of SIC ps. 

Wilhout knowing the :lllSwer ill ~dvance. the choice of 1\' is to some 
':XI~·::t arbitrary_ Clearly. however. I\' need not be mUL'h slllaller than 
the nomi1l31 skin depth 8. Le. 

"'S; 0 = J "2p_ 
/loW 

KEEVES. R.: UnllohlisheJ work at the I'lcs.scr Compauy I.td_. BalhKale. 
t,olhi • .n. ScotlallU. 
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here p is the material resistivity. At 'sufficiently high frequencies 
ere could be CUrrent density variations within the thickness of the, 
lil, but we shall exclude these by only considering low frequencies 

g.1A 
Ilg/t! fuil turn with cqui/JOtelltia/ cOIlIlec'ling bars 

Ich that t <{ 5. The highest frequency for which our calculation 
ould be a valid approximation would be given by r = IV"'" o. The d.c. 
sistance of a strip is given by 

2rrop 
R=­

wt 
(2) 

HI the d.c. resistance of the complete turn is Ro = R/N, The induc· 
nee ofa strip is given bylO 

[ 8a I] L = J1.o0 log - - - = J1.oaF 
Ut 2 

(3) 

hich is calculated on the assumptions of t negligible and uniform 
Hrent density within w. The mutuaJ inductance between any pair of 
rips can be calculaled lO lIsing the formula appropriate for coaxial 
rcular filaments. It has the fomi 

(4) 

hele GofJ is a dilllellsionless factor dependent on the ratio d(J, where 
is the axial separation of the filaments denotel.! by subscripts a and 

The complete foil turn is represented by the equivalent circuit Fig. 
C'. Each strip is represented by a constant (d.c. value) resistance in 
cries with an induct<lllce. and <Ill the inductances arc mutually coup· 
I.! together. TIle width effect can be predicted at once from the 
lllowing physical argument. Suppose as a fust approximation that 
le currents 10. in all strips arc equal. Each current is driven by the 
Ime applied voltage. but opposed by a different set of inductive back 
m.f.s. A strip at. or near. the foil edge has all or Illost of the outer 
rips to one side, and hence its neighbours are on average further 
way than are the neighbours of a strip at or near midfoil. Therefore. 
)wards the edge. the total of back e.m.f.s is less than near midfoil 
nd so as a first correction the currents near the edgc will be greater 
lan those in midfoil. 

ig.18 
illgle foilliiTll dh'idt'd ;11 to equal parallrl.flrips 
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3 Circuit equations 

The equivalent circuit Fig. 1 C is to be analysed. The external 
current 10 is the sum of the strip currents la: 

R L 

• 

Fig.1C 
Equivalent circuit of divided turn (all inductors are mUll/ally coupled) 

a=N 

10 ~ L I. 
a=! 

111e circuit impedance is given by 

Z 
_ Vo 

o -
. 10 

111e currents are found by solving the N simultaneous equations 

(5) 

(6) 

Vo = I.R + iwLl. + L iw/~M.~ (7) 
poFa 

We arc here assuming all strips have equal width and hence equal R 
and L. thOUgh the calculations are readily generalised for all widths 
difrerent. 

To solve the equations it is convenient :lIld efficient to reduce the 
problem to dimension less form as follows. A generalised frequency ~ 
is defined by 

wL 
~ = R 

and a generaliscd al.!mittance for strip a: 

RI. 
t =­
• V, 

(8) 

(9) 

The matrix or mutual inductam:es M(l{j is replaced by a matrix of 
coupling coefficients KnfJ where KcrP = Mop/L. For coils having diff· 
erent radii but the same shape and divided into the same number of 
strips, KelP is the same, and though the matrix has 1'12 elements of 
which in general 1/2 (N2 + I) values must be supplied, when the 
filaments are equally spaced only N distinct valllL's are needed and in 
Kel(J all elements equidistant from the diagonal arc identical. 

With the above transfurmations we are now required to solve tht:' 
equatiuns 

1.(1 + in + i! L I~K.~ = 1 
11'1:0 

and the cO~llplete foil admittance will be given by 

1 N 
S(t) = -LI. 

tYRo.:'l 

(10) 

Since the ta arc complex we can re·organise eqn. 10 as -:.N real equ::J­
lions. A number of mcthol.!s of solution are available: we used Gaussian 
eliminati('n in a Fortran program on the (CL 1904 S computer at 
Loughborough University. 

4 Results 

We have calculated the width effect for foil turns of about 
the size and shape used in power· frequency aluminium chokes. With 
0= 5 cm, C = 5 cm. and N = 20. we have \1.' = O· 25 cm. For aluminium 
the maximum frequency allowed by the criterion eqn. I is about 
6400 Hz, which amply covers high harmonics of power frequencies. 
The same criterion may be used to set a maximum for the frequency 
variable~: there is no point in extenuingthel.!illlensionlcsscalculations 
beyond the region ofphysicaJ valil.!ity. Usingeqn. 2 and 3 with eqn. 8 
wc finl.! 

t F 

wo 
(12) 

and in the example above ~max == 0,36 for r = 0' I cm 
11le nnnuniform current di~tribulion. and its dependence on frc· 

PROC. I/:'E, Vol. 124, No. 5, MA Y 1977 



quency, arc shown in Fig. 2. rn the particular cxample given, the 
magnitude of current flowing in midfoil strips is well below half that 
in the edge strips for ~ = J, so a significant increase of effective resis­
tance is expected. There is a \'Clriation of phase acrosS the foil width, 
as shown in the Argalld diagram, Fig. 3. Each solid line represents the 
fan of vectors ldwtJ'). As ~ increases the average phase of the fan 

'·O,..,.~--------=,-, 

0'9 

OB 

0'7 

" - 0·6 

0·2 

0" 

OL-________ ~------~ 

~ I ~ 
edge 

Fig. 2 

centre 
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Plul of relatil'e magnitude (If currcnt density across foil width as a 
functioll of frequency (0.= c) 

rltol currltnt Re(t(r) 

o 0' 0·2 0-3 04 OS 0·6 0·7 0·8 0·9 10 

Fig. 3 
A rgalld diagram showing phase alld amplitude of current density 
ocross fui/widtll, as function of frequency (a = c) 
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(which is the phase of-lo relative to Vo) has increasing lag, and the 
currents in midfoil always lag the larger currents near the edges. 

The effective resistance and inductance of the foil turn art' calcu­
lated by separating the real and imaginary parts of eqn. I L Their 
variation with frequency, relative to the d.c. values, is shown in h!!. 
4, for ,the same example. At ~ = 1 the fall of inductance is only 3(,~, 
and for many purposes this is negligible. The rise of resislance at 15% 
may need to be allowed for in foil choke design: we would anticipate 
somewhat larger effects in multi turn coils. Fig. 5 shows that the extra 
(a.c.) resistance is closely proportional to the square ~f the frequency. 
This behaviour is observed, approximately, in Illultiturn foil coils. 

As the current profile changes with increasing frequency, we would 
expect the shape of the magnetic field within the coil also 10 chanct'. 
A simple experiment, repeating the work of Reeves with a muitltu-rn 
coil, showed that at low frequencies the axial flux near the centre of 
the coil was substantially larger than the axial flux near the edge, but 
as the frequency was increased these fluxes tended towards equality. 
Our calculations for a single turn show this effect. The strip 0: is 
threaded by flux 1>0. given by 

~o = 10L + L I~Mo~ (13) 
t.l if 0. 

Fig. 6 shows the profile of f/Jex, as a ratio to the value at the centre or 
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Approximate square law dependt'nce of excess a.c. resistance RA C 
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~ turn, for two values of~, and the trend towards a flat profile is 
ar. At ~ = I '0, the curve is vinually flat over more than three·fifths 
the turn length. If we examine cqn. 7 in the limit of large fre­

encics, "nd neglect the resistive terlll, we may then substitute from 
n. 13 :lIld obtain 

(14) 

r all 0:. So the mathemetical limit gives equal flux through all sec­
Ins. As the limit is approached, the shape of the current profile will 
ange no further. and for fixed Vo the current amplitudes will all 
Iy in the same proportions. This regime was evident in our caleu· 
ions, though at frequencies above the range of interest. where wc 
llnd that the increaSing resistance and decreasing inductance both 
lded 10 approach limiting values as the frequency was increased. 
l\vcver. we would expect in practice Ihal these extremes would not 

obsclved due 10 other effects not induded in the width·effect 
lculation (for e.'\3mple variations of cunent density across the thick­
ss of the conductor in the manner of skin-effect in a single con­
ctor) intervening at lower frequencies. 
Treatment of the foil as a finite numLer of strips is an approx­
ation, and some interest attaches 10 chOOSing a number Ihat strikes 
acceptable compromise between accuracy and cost of computation. 
our particubr example wc studied the same shape of foil (a = c) 

th various N. With N = 20 and N = 10 there is negligible difference 
the calculated resistance and inductance at ~ < 0'5, but with N = 5 
e resistance \'aiue is low by about 3%. As a general rule such disc rep· 
des increase as ~ increases, with larger N always giving somewhat 
ger resistance and smaller inductance. This is perhaps to be expec­
J, for narrowf'T strips will more closely describe the regions near the 
il edges where the current density varies steeply. The recommended 
ocedufe. adt!quate for most practical values of~, is to choose a value 
N, do the calculations for both Nand N12, and accept the two 

iUltS up to sllch frequency that the differences between them arc 
gligible. 
The width effect has also been investigated for coils with different 

lues of the ratio a/c. For the same frequency the added a.c. resist· 

6 

anee tends to be larger, and the fall of inductance smaller. as ale in­
creases, Le. the foil is relatively narrower. We expect that full details 
of this will be published soon. 

5 Conclusion 

It has been shown that the inductance and resistance of 3 
single foil turn are expected to v'ary with frequency due to nonuniforlll 
current profiles across the foil width. The calcubtion uses a minimal 
set of dimensionless variables to gh'e results in the Illost general form 
possible. Our example shows that the 'width effect' will have to he 
taken into accounl in tbe design of aluminium foil chokes at power 
frequencies_ 
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THE FREQUENCY DEPENDENCE OF RESISTANCE IN FOIL­
WOUND INDUCTORSt . 

P. N. MURGATROYD and N. J. WALKER 

Department of Electronic and Electrical Engineering, 
Loughborough Unil'ersity of Technology, LeicesteY!hire, England 

(Receil'ed J/llle 1. ) 978; ill final form August 1, 1978) 

Foil wound air-cored inductors arc widely used in power electronics applications, and often exhibit power dissipation 
much greater than can be accounted for by the d.c. resistance. This is shown to.be due to non-uniform cllrrent flow. 
A scaling rule, relating the effects to turns and frequency, is demonstrated. The general principle of equal current 
sharing can be satisfied in a toroidal system. 

I. INTRODUCTION 

For some years aluminium foil or thin sheet has been 
used to wind air-cored inductors for power-electronics 
applications. The inductors are relatively easy to 
make and are structurally simple and strong. The foil 
is wound, together with a slightly wider insulating 
sheet of (say) melinex, usually on a cylindrical former. 
Compared with a copper winding with the same 
rating and inductance, an aluminium foil inductor 
tends to be slightly bulkier, considerably lighter, and 
probably somewhat cheaper in material costs. If the 
comparison is made between a conventional multi­
l~ycr wire coil and a foil coil of similar electrical 
properties, the latter tends to have better thermal 
dissipation because every turn provides its own all­
metal heat path to the outside. 

We became interested in foil coils at Loughborough 
about five years ago, initially not through their 
importancc in power electronics. but as a vehicle to 
study self-resonance in capacitors. Using an equivalent 
circuit model l we were able to calculate the self­
resonant frequencies of foil coils/ which are due to 
tbe large turn-to-turn capacitance_ but through using 
.the d.c. foil resistance we always serious~y over­
estimated the coil Q's. Our explanation was non­
uniform current flow, and we began to study the 
theory of a one-turn foil coil. 3 It was shown that the 
resistance of foil coils increases with frequency, and 
this "width effect" contributes to the overheating 
obse.rvcd in some po\\!er electronics systems, 
particularly as chopper frequencies are increased. 

t"This paper is based upon 3. lecture given by Dr. Murgatroyd 
to the Institution of Electrical Engineers colloquium on 
"Trenc:ls in Forced Commutation Components", on 12th 
January 1978. ,.. 
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even though the inductors are apparently correctly 
rated_ 

This paper will describe the main features of the 
"width effect," and also suggest that a further non­
uniformity of current flow, across thc thickness of 
the foils, is important at the higher frequencies. 

2. WIDTH EFFECT 

This term describes the tendency of the current in a 
foil coil to now more densely near the edges of the 
foil than in the cC1)tre, as the frequency is raised. 
The detailed solut.ion is given elsewhere.' but the 
problem may be understood physically from the 
single-turn model of Figure I. Let this turn be 
divided into equal strip-coils, such that in each one 
the current density is effectively uniform. The turn 
may now be represented by an equivalent circuit. 
Figure 2, of identical inductors. all in parallel and all 
mutually coupled. When the applied voltage ampli­
tude is V, the currents are givcn by equations (one 
for each strip) of the form 

V;IrJ< +jwL,Ja+ jw ~fa M"pf~ (I) 

So the current ler. in strip er. is related to the currents 
I ~ in all the others. 

To understand the width effect physically, first 
suppose that all the currents are equal. Then any 
inductor representing a strip· near the middle of the 
foil is subject to strong mutual couplings from near­
neighbours on both sides, whereas a strip at the 
edge has near-neighbours on only one side. so the 
total inductive back-voltage there is less. Therefore 
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FIGURE lOne-turn foil coil with torus-bars to maintain 
equipotcntial connections. 

the currents cannot all be equal, and must therefore 
be larger near the edge than in the middle. 

Our calculations used 40 equal strips to represent 
the turn. TIle current profile is cleArly symmetrical, 
but this still leaves 20 complex unknowns, so 
requires the inversion of 40 x 40 matr{ces. For a given 
turn geometry the calculation is repeated for a range 
of frequencies. For increasing frequency, the following 
general results are obtained: 

I) The current density at the centre decreases and 
lags in phase relative to that at the edge. 

2) The turn inductance decreases, and the turn 
resistance increases somewhat faster, and the extra 
resistance is initially proportional to the square of 
frequency. 

3) The axial magnetic field becomes increasingly 
uniform. 

4) Within the model of "width effect," all the 
foregoing e:'fects do not increase indefinitely with 
frequency, but approach a limit. Just as at d.c. the 
current profile across the width is uniform and is 

. completely controlled by the foil resistances, there is 
in the high frequency limit another current profile 
that is completely controlled by the foil inductances. 
(This means that the known high-frequency properties 
of some coils cannot be due to "width effect" 
alone). 
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FIGURE 2 Equivalent cireuit to represent "width effect" 
in a onc-turn foil coil. 

These results have been checked experimentally 
by bridge measurements over a range of frequencies.4 

It was not possible to do this with a one-turn coil: 
we used sets of N-turn coils (N = 25, 50,100) made 
with thin foil such that the buildup of turns was small 
compared with the internal diameter. In this 
instance the theory indicates a scaling rule for the 
"width effect": the proportional changes of 
inductance ,and resistance in a one-turn coil at 
frequency F will occur in an N-turn coil at frequency 
FIN. This rule is demonstrated in Figure 3: the coils 
were made from foil 60 mm wide, 50 fJm thick. on 
an internal diameter of 64 mm. The rule predicts 
tl-1(lt with the abscissal scale of turns x frequency, 
results for different coils must superpose. and this 
happens reasonably well. There is however a 
significant departure from the "width effect" theory 
at higher frequencies: theory predicts a levelling off, 
but in practice the resistance continues to rise with 
frequency. This is believed to be due to another 
effect, current non-uniformity across the foil thick­
ness, and will be discussed. 

Unlike our coils, which were specially made to 
test the theory, the commercial coils for use in 
thyristor circuits usually have a much larger build-up. 
to perhaps a square cross-section of windings, and 
foils perhaps as thick as 1·5 mm are used. 
Calculations for this type of coil have been done' 
by an 'essentially similar method, except that the coil 
is divided into subsections along the foil length as 
well as axially. The equivalent circuit then has the 
form of Figure 4, and it allows for the possibility 
that the current density profile across the width may 
itself be dependent on radius. Small differences were 
calculated. The overall resistance increases calculated 
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FIGURE 3 Resistance vs. Turns·frequency product in 
multiturn foil coils, demonstrating scaling. 

were 19% and 23% for two particular cases, and most 
of the calculations were for a fixed frequency of 
50 I-Iz. This is an important limitation, for thyristor 
chopper circuits at over 500 Hz arc now in use, and 
the waveforms have a high harmonic content. 
Our measurements have shown resistance increases 
of over 300% in thin foil coils, and much more ill 
thick foil coils. The conclusion drawn is that while 
calculations of "width effect" are moderately 
successful at low frequencies, they eventually fail, 

and it is beHcved that the current density profile must 
also become non-uniform across the foil thickness. 

3. TllICKNESS LOSSES 

It mighl perhaps be thought that provided the 
penetration depth 6, given by the standard formula, 
is large compared with the foil thickness 1-, then no 
appreciable non·uniformity is possible. lIowever, 
every foil is subject to the axial field of all the 
others: this collective field acts most strongly in the 
innermost and outermost turns. A simple theory 
suggests the formula 

( 
N' 1-' ) R _R 1+---a.c. - d.c. 72 6' (2) 

This fannula depends on rather sweeping assumptions 
and is not accurate. However the number 72 is an 
upper limit, so thickness losses will probably be worse 
than the formula suggests, and are additional to 
"width effect." The corresponding formula for skin 
effect in a single foil is 

I 1-' 
Ra.c• = Rd.c. (I + 45 6') (3) 

so the collective effect of N-turns is clear. 
The formula may possibly explain a curious 

observation. In a particular invertor application, a 
coil ran hot, and was replaced' by another with 
thicker foil conductors and presumably higher 
current rating. However the new coil ran even 
hotter. The decrease of d.c. resistance may well have 
been overtaken by the dependence on 1-' in the 
thickness losses. The formula in Eq. (2) also may 
explain why our measurements, shown in Figure 3. 
still obeyed the turns-frequency rule at large 
departures from the "width effect" theory. Since 
N' /6' is proportional to N' w' the rule still holds. 

FIGURE 4 Equivalent circuit to represent "width effect" in a multiturn roil coil. 
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4. APPROACHES TO OPTIMUM DESIGN 

There are a number of possible criteria for optimum 
design of foil coils, depending on their applications. 
The optimum shapes have been calculated' for best 
Q, against "width effect" losses. However these 
shapes are only likely to be valid at quite low 
frequencies. In applications involving pulsed currents, 
hence high harmonics, it is likely that the thickness 
losses will be important, and ought to be considered 
in any situations where the effective a.c. resistance 
is more than 50% greater than the d.c. resistance. 

A general principle for design is evident in 
Figure 2 and Figure 4. If it can be arranged that, for 
every inductae in each onc-turn circuit, the sum of 
the. mutual inductances with all other ind uctors in 
the circuit is a constant, then the current is equally 
shared and the "width effect" is eliminated. 
A geometry that has this property is shown in 

FIGURE 5 The onc-turn foil torus (cut away drawing): 
an optimum design against "width effect." 
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Figure 5. The torus is to be considered as complete, 
the break is only for purposes of illustration. 
Clearly in this one·turn foil coil all current paths 
round the minor circumference, from one bus-ring 
to the other, are geometrically identical to each other 
and in their relation to the coil as a whole. 
The authors do not imagine that such a construction, 
especially with many turns, is a practical or 
commercial proposition. However the basic principle 
of currcntsharing, together with the fact that toroidal 
coils enclose their flux and so do not create eddy 
currents and interference elsewhere, suggest that for 
the most demanding applications an approach to 
toroidal design, perhaps in paralleled sub-sections, will 
be required. 
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LUMPED-CIRCUIT Moon FOR INDUCTOR­
CAPACITOR HYBRID 

Int/('xing" 1('fm.I': Capacilurs, Di.~trihlll('tI·param('Il'T nellVork.~, 
Equif'u/t'nt circuits. /lIdllctofJ. Lump/·d-porameter networks 

The inductor-capacitor hybriJ described by Reeves is an~lyscd 
by a lumped-circuit model. in which the metal foils In the 
device have finite resistance. The earlier theory appears as a 
special ca!>c of the model. and some difficulties at the principal 
resonance arc removed. 

In recent papers, 1.2 Reeves has described -a :'ybrid inductor­
capacitor device made by winding alternate layers of paper 
and aluminium foil on a ferromagnctic former. The theory 

. of the dcvice l rests on the assumption that the resistance of 
the metal foils is negligibly small. The theory predicts, 
inter alia, that if operated at its resonance frequency the 
hybrid supplies the same current into any load resistance. [ 
Although this may be approximately so if the load resistance 
is small, it cannot be reasonable to expect the device to 
deliver ever increasing pmver as larger and larger rcsistances 
are connected. \Ve show that this difliculty does not appear 
if the hybrid is modelled by discrete elements, including 
finite resistance for the metal foils. 

The lumped circuit model is shown in Fig. 1. Each metal 
foil is notionally divided into two parts connected in series, 
each half having- inductance L and resistance R in serie"s. 
The capacitance of the hybrid is represented, in this simplest 
of models, by a single capacitance C connected between the 
midpoints of the foils. It suffices here to assume that all the 

L R R L 
--<>-. 

~ 
I 

CV 
V; 

L R R L 

r+ 

Fig. 1 Equivalent circuit of hybrid showing current flow at low 
frequency 
All possible pailS of inductances have mutual coupling M 

inductors and all the resistors are equal, and also that each 
induct or has mutual inductance M to all the others; owing 
to the stacking of foils these equalities will not be exact in 

L R R L 

L R R L 

Fig.2 Redrawn circuit for mesh analysis 
All possible pair~ of inductances have muwal couplini M 

practice. In Fig. 2 the circuit has been rearranged to facilitate 
a mesh analysis, as follows: 

V, = 2RI,+(/,-I,)fjwC+2I,jwL+21,jwM+41,jwM (I) 

o = I, Z~ + 2RI, + (/, -I,)/jwC + 21,jwL + 21 ,jwM 

+4I,jwM (2) 

These equations simplify to 

V,=1IT-1 2 S. 

I, S = I,(Z~+ T) 

where 

S = l/jwC-4jwL . 

T = 2R +4jwL + l/jwC 

(3) 

(4) 

(5) 

(6) 

and we have now assumed perfect coupling, Al = L. We 
define a resonance frequency Wo by the equation 4(1)0 2 Le = 1. 
At resonance we have S = - 8jwo Land T = 2R. 

\Ve note that, since Reeves 2 denotes by L the inductance 
of a complete foil, which is four times the inductance of half 
a foil. which wc call L, our frequency Wo is the same as 
Reeves's. 

The principal equations given by Reeves to describe the 
currents and volt ages in the hybrid appear as special cases of 
eqns. 3 and 4 when R is set to zero. 

The output current of the device is given by 

V,S (7) 

At the resonance frequency, and letting R go to zero, we 
obtain Reeves's result: 

V, 
I, = 8jwoL (8) 

i.e. the current is independent of the load. If, however. we 
keep R finite and let ZL become large, we obtain 

(9) 

which decreases with increasing resistive loads. When the 
output to the hybrid is open circuit, the voltage multiplication 
ratio Wo/V,I has a maximum value of 2Q at resonance, where 
Q = R-'(L[C)'. 

The input current is given by 

I _ V,(ZL + T) 
1 - ZL T + T2, S2 

. (10) 

Again, at the resonance frequency, and letting R go to zero, 
we find 

V,ZL 
11 = -::;:-'-'7~ 

(8wo L)' 
(11) 

For a resistive load this agrees with Reeves's result. and 
shows that, if the same current is indeed to be delivered into 
increasingly large loads, the input current must rise in pro­
portion to the load. Returning [Q eqn. 10, if we keep R finite 
and let ZL become large, we find 

V, 
I, = 2R· . (12) 

indicating that the input current is, in fact. limited by the foil 
resistance. 

In conclusion. we remark that the behaviour of the hybrid 
is completely described by eqns. 3. 4, 5 and 6 subject [Q the 
assumptions stated and provided the frequency is not too 
hIgh. The second resonance of the hybrid 2 we suggest is due 
to a failure of the 'shoft' assumption. A multiple lumped 
equivalentcircuit,3 in which each foil is described by a number 
of inductive secrions crossconnectcd by subdivisions of the 
complete capacitance. may be required to describe such 
behaviour. 
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