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Chapter_ 1 Introduction

1) Aluminium in Transformers

Copper has- long been the tradlitional material used in the
winding of transformers. Copper wire has a high conductivity,
second only to Silver, and being malleable is easily wound. Theése
factors combine to make Copper an obvious choice foxr the
majority of electrical applications. |

Copper forms an estimated 0.007% of-thé earth's crust,
about 70% of this occuring in a iimited number of deposit itypres
in a few.locations. The major producers are the United States
with 21% of the world's production; the Soviet Union with 15%,
Zanbia ﬁith 10%, Chile with 10%, and Zaire with 6%. Thus 16%’
of the world pfoduction of Copﬁer ié concentrated.in centrai
Africa, which has been beset with serious political upheavals
since the early nineteen sixties. These upheavals have interrupted
production of Copper and led teo wildly fluctuating world prices.
Poor labour relations also disrupt the supply of Copper, strikes
accounting for shoriness of supply moﬁe so with Copper than with
any other of the non-ferrous metals (1). Another factor adversly
affecting the supply of Copper Iis that it is a "strategic
naterial® used in nmunitions, so that Governmenit stockpiling
during nilitary emergencles has often caused major fluctuations
in demand (2),

By contrast Aluminium forms an qstimated 8% of the earth's
crust. The principal Aluminium ore, Bauxite, occurs in large
deposits in: Uniteﬁ States, Caribbean, Northern South Anerica,

Hawaii, Australia, India, Indonesia, Malaysia, China, Soviet



‘Unién, Ghana, Greece, Yugoslavia, Hungary, Italy and France. The

‘Wide distribution of Aluminium ore together with the fact that

97% of the smelting of the ore is'carried out in the Developed

coﬁntries (3) make the world price of Aluminium much more stable

than that of Copper. Fig. 1-~1 shows the variation in the price

of Aluminium and Copper during the twenty year period from 1947

to 1967 (4). This gréph does not tell the whole story. Although

Aluminium has only 60% of the conductivity of Copper, Copper is

300% denser, thus Aluﬁinium can be twice the price of Copper by

Weiéht.and still be competitive in terms of 1ts electricazl

con&uctivity. The graph in Fig, l;l,shows that the price of

Alﬁminium by weight was approximately the same or less than the

.price of Copper over the tweniy year period.

| Despite this price advantage Aluminium hags been regarded

as an inferlor substiiute for Copper. The first recorded instances

of the ﬁse of Aluminium for transformer wipding vere in Gernmany

in 1917 (5) and-in France about the same tinme (65. fhis use of

Aluninium was due to the shortage of-Copper during the First

ffoxrld War., A_similar shortage occured during the Second VWorld

War when Aiuminium was again used as a substitute (7,8). After

the war when Copper again became available. transformers wound

with Aluninium wexre often rewound with Copper. )
| "Despite this attitude research continued into the use of

Aiuminium for transformer winding. The basic problem 1s that

Alunminium has only 60% of the conduetivity of Copper therefore

a transformer wound iﬁ the traditional manner using round

Alunriniun wire in place of round Copper wire has to be larger

to achieve the same performance. This increase in size offsets

the initial cost advantage of Aluminium. However, methods have
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been evolved which reduce the size disadvantage of Aluminium.
The principal method is fhé use of Aluminium foil or sirip in
place of wire (9,10). Fig., 1-2 illustratés how this i§ achieved.
With strip or foil superfluous insulatlon within the winding

is eliminated, also the thickness of the inter-foil insulation -
can be reduced because the insulation need only withstand the
turn—to-tufn voltage. Wire wound transformers are wound 1ln layers
therefore the insulation on the wire has %o withstand the maximunm
layer~to~layer voltage, which is equal to the turn-to-turn
.voltagé times twice the number of turns per layer, or alternat-
ively‘layer insulation may be used. The use of strlp or foil
elininates the need for layer insulation.

The space-factor or ratio of the conductor cross-scction
to the total cross-section is approximately 90% for a strip or
foll wound transfornmer éompared with 50% to 60% for a wire |
wound. t¥ansformer (10). This imProvemen£ in thé space~factor
increases as the ratio of insuvlaticn thickness to conductor
thickness decreases, so that the use of Aluminium sirip or foil
as a replacement for Copper wire tends to be more competitivev
for large transformers thaﬁ for small ones,

In addition foll or strip windings are almost self-
suppor£ing therefore the bobbin flanges are notrpeeded in sone
céseé, also the bobbin former need not be as strong. |
‘ Heat generated within a strip or foil wound transformer
is dispersed efficiently. Each turn has its own heat path to -
the surface of the winding and nore of the winding is metal
ensuring a nore even tenperature distribution and the elimin-
ation of "hot spots", which effectively increases the rating of

the winding.
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‘ Insuiation in a foll or strip wound transformer may be
a paper or polymer film interleaved with the metal during winding
or a layexr of varnisgh, resiﬁ or oxide on'the_Aluminium foil
itself (11,12,13,14), After winding, the paper or f£ilm insulation
is impregnated with varnish. to prevent rolsture penetration.
Varnish or resin can be applled to the foill before winding and

after winding can be heated to make the winding one solid mass.

.

Anodising increases the thickness of the oxide layer on the
Aluninium stxip or foil until it is usable as insulation. This
is the thinnest insuiation and will wilthstand high temperatures.
The use of strip or foll windings has two technical
advantages. The first is that transformers wound with strip or
foil are more resistant to impulse breakdown (4,12,14), Fig. 1-3
represents the capgcitances of either a single layer wire
winding or a multl~layer strlp or foil winding. Ct is the turn-
tOwturn'capacit;nce and Cg the turn-to-ground capacitance,
These capacitances form a 1addér network, When an iﬁpulse
voltage is 5pplied to the beginning of the network it wiil
travél down the ladder, Theidegree of attenuvation it undergoes
is determined by the ratio of Ct to Cg . A foil ox strip wound
transformer has a large ratid while a wire‘wound transgformer has
a smaller ratio. Thus in a wire wound transformer an impulse
voitage will be attenuated more severely than iﬁ/a strip or foill
vound transformer and consequently the insulation on the turns
at the beginning of the winding will be éubject to more
diclectric stress than the iturns iIn a strip or fFfoil Wdund

transforner.

The second technical advantage is that strip or foll



wound transformers are not so susceptible to short clrcuit
current damage as wire wound transformeré (4,12,15,16). A
conparison of the axial forces-generated in a transformer wlith

a wire secondary‘and in 2. tfanéfcrmer with a strip or foil
secondary is shown in Fig., 1-4., Under short circuit conditions
the helicity of the wire secondary generates axial forces which
can danage the winding whereas in the foil secondary the current
can flow at whatever a#ial position is required to balance the
anpere, turns of the other winding,

For many years one of the biggest problems facing the
designer was that of making Joints and connections to the
Aluminium winding. This problem has now largely been solved
and a varlety of methods evolved: clampingy crimping, céld—
pressure weldings soldering; brazing; inert-gas.welding; ultra-

sonic bonding -(4,11,14,15,17,18,19,20,21,22).



Figure 1-4

1 Primary
: 2 Wlire Wound Secondary
F Foxce ' 3 Foil Wound Secondary

Comparison:Showing the different short circuit forces on

colls with wire wound secondaries and with foil
wound secondaries,



Chapter 2 Self ~Resonance in Small Foil-Wound Inductors
1) Introduction

Reseaxrch into the properties of small air-cored, foil-
wound inductors began at the Plessey Company in 1972. This
interest began as part of a study of the inductance of foil-
wound capacitors., The high-frequency response of filters and
suppressors using these capacitors could not be predicted fronm
simple theories that neglected this inductance. It was thought
that an understanding of the inductance of foil-wound inductors
would provide a basis for an understanding of the inductance of
foil -wound capacitors; The work {23) resulted in a computer
evaluated formula which could accurately predict the low-
frequency inductance of a foil wound inductor. The work also
included an experimental investigation of the variation of
inductahce with frequency for several air-cored, foil-wound
inductors, This investigation showed that with iﬁcréasing
frequency the inductance at first deqlined by approximately ten
rercent from the low frequency value then increased rapidly to
a maximum valuwe. The maximum in the inductance can be accountéd
for using the high-frequency equivalent circuit of Welsby (24).
This equivalent circuit is shown in Fig. 2-1 and consists of an
inductor in series with a resistor. with both sﬂ;nted by an
effective capacitance. The circuit has an Impedance maximum at
the resonant frequency. Below resonaﬁge the circuit behaves as
an inductance and above as a capacitance. The drop in inductance
at lower frequencies is dﬁe to a combination of skin effect and

‘proxinity effect acting within the turns of the coil. This

effect is discussed in detall in chapter 3.



Figure 2-1

Normal high-frequency equivalent circuit of a
wire wound inductor.

The resonant frequency is given by
1
l—; s T
2K J/LC

The Q of the circuit is given by

o /E

10



The experimental investigation at the Plessey Company also
showed that some foil-wound inductors had a second resonance at
a higher frequency. This behaviour cannot be explained using
the simple equivalent circuit of Welsby, although Welsby does
state that some types of single layer coil can exhibit secondary
resonancés or nultiple resonance, which he considers is due to
the inductor behaving as a transmision line.

2) Manufacture of Small Foil Wound Inductors (FWI)

" Four small foil wound inductors arershown in the photograph
in ﬁig. 2~2. These coils are wound from Aluminium foil with a
width of 3.9 cm and a thickness of 5.0 pm, and a polypropylene
film with a thickness of 12.5 Jm e These coils were wound on the
converted capacitor winding machine shown in the pﬁotograph in
'éig.‘Z—B. Host of the small foil wound devices investigated in
this thesis were wound on this machine. The cores of these
devices;were made by winding up -the plastic insulation to the
required depth at which point the Aluminium foil waé inserted.
The contacts were made from strips of'50 pm Aluminium foil which
vere inserted at the appropriate points during win&ing and were’
held in place by the pressure of the winding. Several FWI weré
nanufactured using 50 pm thick Aluminium foill and the coqfacts
to these coils were made by cutting and folding the netal foil
sn the manner shown in Fig. 2-4, -

All the small FWI manufactured were heat treated in an
electric oven at 120°¢ for 1 hour. This freatment causes the
plastic foil to shrink preveﬁting any céeepage of the winding
under its own tension, Heat treatment also reduces the air gap

between the plastic film and the metal foil, The effect of this

11



Figure 2-2

- ————— - .

Four Foil Wound Inductors with, from left to right, 10CO0
Turns, 200 Turns, 50 Turns and 10 Turns
The line on the photograpn is 10 cm long,

12



Figure 2-3

Capacitor Winding Machine Converted to a Coil Winding
Machine '

13



Figure 2-4

Method of cutiing and folding foil to form a terminal

Figure 2-5

d, Method of inpedance/frequency spectrum measurement

Coll

Tracking . Spectrunm
Generator Analyser

—

b/  Yoltages and impedances associated with Fig. 2-5a

505 Zo

= 1} ] >

~ Vtg 508

14



heat treatment on the capacitance of the FWI's ls discussed in
section 2-8.

3) Methods of Impedance Spectrum Measurement

l One of the.quickest nethods of measuring the impedance/
frequency spectrumn of a wire or foll wound inductor is to use
2 spectrum analyser in conjunction with a tracking generator.
The coil is connected in series between the tracking generator
and the spectrum analyser in the nmarnner éhown in Fig..2-5a.
The photograph in Fig. 2-6 shows this equipment in use. The
frequency of the output from the tracking generator is locked
to the swept frequency of the spectrum analyser so that they
can be swept in synchronism fron 160 KHz to 110 MHz with an
accuracy of *50 Hz, This arrangemnent has a dynamic range of
190 dB. The impedances assoclated with the tracking generafor,
coll and spectrun anélyser are shown in Fig. 2-5b. The output
impedance of the tracking generator is 50 as is the input
impedance of the spectrum analyser. The impedance of the coil

is 20, the output voltage from the tracking génerator is\qg

.and the input voltage to the spectrum analyser is V%G' VSCl is
related to Vtg by
‘ 50V,
Veg g | 2-3-1
100 + Z, -

The photograph in Fig, 2-7 shows the impedance/freauency

spectrun of a 100 fH wire wound inductorAfrom 100 KHz to 10 MH=.

The flat trace at the top of the photograrph is the spectrum
obtained with the coil shorted out, the lower trace is the
spectrum wlith the coil in circuit., The sypectrum has a mininun

at 3,311 HHz and as the spectrum analyser measures power

15
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Figure 2-6

l 84424 TRACKING GEMERATOR - COUNTER
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Tracking Generator and Spectrum Analyser Measuring the
Inpedance/Frequency Spectrun of a 1000 Turn Foil Wound
Inductor
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Figure 27

Impedance/frequency svectrum of a 100 MH wire

wound inductor

Abscissat 1 MHz per sgquare,range 100KHz-10llHz

Ordinatet 10 dB attenuation per square,zero at
top

Figure 2-8

| _

- Inpedance/frequency spectrum of a 50 turn foil
. wound inductor
Abscissa: 2 NHz per square,range 100KHz-20MHz
Ordinate: 10 dB attenuation per square,zero at
top :

17



the impedance of the cbil has a maximum at this frequency. This
resonance 1s due to the self-capacitance of the wire wound
inductor resonating with the inductance.

The spectrum analyser measures power in 4Bm, therefore
if thg input voltage to the spectrum analyser is%vtg when the
coil is shorted out and V%G when it is in circult, then the
: differencé-in the power levels measured by the spectrun
analyser with the co0il in circuit and with 1t shorted out is
given by '
Vig|

Vo = 20Log{ ——=—
m g 2 IVSQI

) 2-3-2

Where V, is the difference in the power levels measured in

dBm, Combining equations 2-3-1 and 2-3-2 gives

V.= 20Log( 190 * Zo| 3-
m gl 100 ) 2-3-3
Assuming that Z, >>100 gives the impedance of the coil as
o -
ZJ 1020 x 100 2-3-4

The impedance/frequency spectrum of the 50 turn foil
wound inductor shown in Fig., 2-2 is shown in the photograph in
Fig. 2-8., This spectrum only shbw; one resoﬁancé/at T.073 HHz.
However, the impedance/frequency spectrun of the 1000 turn FWI
shown in the photograoh in Fig, 2~9 1s markedly different. There
are lmpedance maxima at 0.514 HHz,rl.é44 MHz, 2.232 MHz and
3.218 lMHz, and inpedance minima at 1.240 MHz, 2,165 MHz, 3.150
HHz. This form of behaviour has been termed "multlple resonance"”

Wire wound inductors do not exhibit +this form of behaviour

18



Figzure2-9
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Inpedance/frequency spectrum of a 1000 turn foil
wound inductor '

Abscissas 1 MHz per square, range 100KHz--10MHz
Ordinate: 104B attenuation per square, zero at
tep
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normally, except for the particular type of slngle layer coil
described by Welsby.
4) Computer Model of a Foil Wound Inductor

A field theory solution may secem the most direct method
of solving this problem, but the difficulties invelved can be
illustrated by considering the size of the matrix required forx
a finite difference scheme using the vector votemtial A, If
each turn is divided into a mesh of size 10 round the circun-
ference and 10 across the wldth, a 1000 turn foil wound inductor
would require a nmatrix of size 105, and as A 1s a vector each
cycle of the lteration would require BxlO5 calculations. An
iteration would require énything up to 100 cycles to complete
and would only give one point on the impedance/frquency
spectrun, In view 0f these diffultiecs an equivalent circult
nodel was adopted: '

‘ The lumped element equivalent circuit of a foil wound
inductor is based on the assumpiion that céch turn has a self-
inductance Lt , & resistance Rt ; a turn-to-turn capacitance
Ct and mutual-inductance to all other turns. The arrangement of
tﬁe inductances, resistances and capacitances is.shown in Fig.
2-16a, and by considering the way they are arranged around the
roint A in Fige 2-10a the linear circuit of Fig..2-10b can be
derivéd. In Fig. 2-10a and 2-10b the turn self inductances and .
resistances have been split into two to mnake the derivation of
Fig., 2-10b clear,

For an N turn foil wound inﬁuctor there will be N=1 turn-

to-turn cavacitances, therefore the equivalent circuit should

consist of N-1 resonant circuits,each consisting of a turn-~

20



Fipure 2-10

Arrangement of the turn inductances, capacitances
and resistances within a foil wound inductor.

-Alternative arrangement of the turn inductances,
~capacltances and resistances.

21
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inductance in serles with a turn-resistance paralled by a turn-
to-turn capacitance, plus a half-turn section at each end. All
the resonant circuits are coupled by mutual-inductances. To
simplify the thedry the equivalent circuit will be taken to
consist of N resonant circuits and not N-1 , for a foil wound
inductor with a large number of turns this represents a small
error.

This model of a foll wound inductof_is based on the
following assumptionsy that any capacitances other than
the immediate turn-to-turn capacitandes can be neglected, and
that for the frequencies under consideration the system is
"electrically short™, meaning that ihe time for lighf to cross
the FAI is short compared with the éeriod of the expitatibn; There
are alsc problems connected with the deflnition of the self-
inductapce of a foil turn, dpe to non-uniform current flow
across the width of the foll (25)., This effect is discussed in
detail in chapter 3 and only appears to ha§e a marginal effect
on the inductances used in the model.

It has. been shown by Murgatroyd (26) that by making
.sﬁitable approximations the lumped element equivalent circuit
can belderived ag an approximation to the field theory approach,
starting from the vector potential A. The basls of this
approximatlion is the assumption that the phase gradient, which
nust be continuous through the coll, is zero round each turn.-
This cam be done provided there 1s a suitable discontinuity of
fhage between adjacent turns.

However, the equivalent circuit of Fig. 2-10b is still

too large to be manipulated satlisfactorily., It can be reduced

22



by dividing it into S sections each with d turns ( N=Sd ), ang
making the following assumptions: that the current throughout
each section is uniform in magnitude and phase; that Lt ’ Rt
and CY are wniform throughout each section; that the mutual-
inductance linking any two turns within a section are egual to
‘the turn-inductance of that section; that the mutual-inductance
linking each turn of one se;tion viith each turn of another
section are all equal,

L} , R; and C; are the turn-inductance, turn-resistance
and turn=-to-turn capacitance of the itﬁ section bhased on 1its

mean radius. Given the above anproximations these are related

to the self-inductance, resistance and capacitance of the 1 th

section by
L= dzl-ti 2~4-1
R, = thi 2-4-2
ct |
= 3 . - =

If the mutual -inductance linking the average turn of the

I th section to the‘average‘turn of the Jithfséétionris M;k
: - ) ’ ’ )

then the nutual-inductance linking the 1| th and K th sections

is given by

eyt -
Mi k - d Mi'k 2"15‘!5

The S section equivalent circuit is shown in Fig, 2-11. This

circuit results in S nesh equations of‘the form

23
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Figure 2-11

~ V,

Equivalent Circuit of a Foil Wound Inductor

All inductors are mutually'coupled -
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. ' . . 1
JuMi'1q1 + jwr Mi,2q2 + == —+{Rj+juwl;+ iji)qi+ -
. ‘ : ,
“““““ +jw M, = 2-4-%
s b jwC; 1Si<S
Where W is the angular freduerncy and qi=-—L is the ratic of the

1
. ' o ' :
current in the 1th section Ii to the external currentIo N

For the external circuit
V (1-9;)
E ]wc 2-4-6
If all the qi are equal in magnitude and phase then equation

2~4.5 reduces to : '
_ " 1 5 -1 ‘

Inserting this expression for q; into equation 2-4-6 gives

1 |
Zo® Eimc w‘-czmi+iji+j—3J—ci+i§juMik)g 2-4-6
Ao

This expression for the invut impedance of a foil wound induc£0r
is valid at low frequencies where the radiaﬂ.current distribution
is uniform. A sinpler form of equation 2-4-8 is po sible when

1t is applied to a foil wound inductor with a radlus nuch

laxrger than the winding depth. Here Li , Ri and Ci can be

considered to have the same value througﬁout the FWI. Given

this assunntion equation 2-4-8 reduces to

__ NRb . junNd
o 1_w3.Nt['Ct + }thct

2-4-9
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This expression represents the impedance of a single resonant
circuit with inductance hfﬂ 1n series with resistance NRt

and paralled by capacitance _Q_ « A resonant circuit of this

N

type will resonate at & frequency, approximately, of w=

Nitct -

This expression is useful for predicting the resonant frequency
of small foil wound inductors with small turn-nunbers,.
The S eguations of the form 2-4-5 can be written in

natrix form as

[AlIQ)=1B] 2-4-10

Where [A)] is the complex matrix of the coefficlents from the
left~-hand side of eaquation 2-4-5, [Q] is tﬁe complex vector
of the unknéwns and [B] is the vector of the terms'Tng;.
Equation 2-4-10 can be expanded into a 25%X25real matrix

eQuation of the form

RelA] - ImlA] RelQll _ [RelB]

Im(A]l + RelA]l [Imiq] ~ [tm(B] 2-41

5) Nunerical Solution Methods

Investigation showed that the best method of solving
equation 2-4-11 was the method of Gaussian Elimination (27).
Thig nethod, although not ideally suvited to the ;olution of
lérge natrices, was used because problems werec encountered with
the convergence of_iterative methods._Hoét iterative methods
depend on the matrix edquation being diagonelly doninant and the
diapgonal terms of equations 2-4-5 are doninant at low freQuencies,
but becone relatively émall when.uf='1f6?. Details of the

Gausslan Elimination program are given in Appendix 1.
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Two tests were apﬁlied to the Gaussian Elininatlon. The
first was a truncation test., This test involves truncating the
elements of the métrix to be solved to the first four figures;
ie, any figures after the first four afe set to zero. The
truncated matrix and the normal matrix are then solved and the
two answers compared, these should not differ in the first four
figures pf each element of the vector [Q] . If the two answers
differ then the solution of the matrix equation 1s unstable and
the answer 1s unreliable.

The truncation test was too lengthy to be used while the
impedance/frequency program was running; and was only employed
when a new typé of matrix equation had to be solved. When the
progran was running a back substitution test wés used. This
involves substituting the answers obtained from the elimination .
back into the left-hand side of the matrix equation (2-4-11)
and coﬂparing the answer so obtained with the right-hand side
of the matrix equation. The two vectors should not differ to a
high degree of accuracy.

The trpncation test showed that the Gaussian Elimination
nethod was sufficiently accurate for the particular type and
gize of matrix equation encountered, whereas the complex nmatrix
solving subroutine in the NAG library (28) was n?t accurate.

" The Gaussian Bliminatlon method requires approximately
a -

85
3

the computer time required to provide one point on the imped-

calculations to solve a natrix equaition of size S , thus

ance/frequency spectrum of the FWI rises as the cube of the
size of the matrix. Therefore the number of sections which
can be used in the theory is limited by the amount of computer

tine that is avallable.
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6) Calculation of Lunped Inductance Valugs

To calculate the self-inductance L? and the nutuwal-
inductance Mik is net a simplé task, for all the standard
fofmulae aprly to filamentary conductors, and the currsnt
distribution is not uniform across the width of the foil at
AC, Howevér; useful approximations can be derived for the
required'inductances.

To célculate the self-inductance L; a sultable starting
point 1s the standard formula for the magnetic field on~the
axis of a circular current filament {29) of radius Q@ , where Q
i the mean radius of the | th section, If the width of the foil
is W then the filament of width dV will carry a current IdV,
vwhere | is the total current flowing in the foil turn anguis
uniformly distributed over the folil ﬁidth. If the current fila-
ment is distance V from the origin then the magnetic field H;
at a distance Z from the origin, and on the axis of the foil

turn as shown in Fig.'2-12, is given vy

WY, = Ia2dv
2 2wflz-v)* + a*}*

2-6-1

The total magnetic field Fiz s, due to the total current I , can

e

be found by integrating over the whole foil with respect to V

w
- 2 la%dv

Hz = 2W{lz-v )*+ a* }*%

2-6-2

This is a standard intepgral that can be found in Petit-Bois (30).

This integral gives Hy as

Ho - I % \y/z - Z ) W/z +Z E
z  2W [(Z- %V_)z*azla I(Z+_\zi)2+aa]r/a

2-6-3
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Figure 2-12
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The average magnetic fleld ﬁé along the axis of the foil turn

is glven by
\.‘\L+z
2

+ dz 2-6-4
W) +aE 1z + %’—Fra‘l”‘}

ML

This is also a standard integral found in Petit-Bois and results
in an expression for-ﬁ; of the form
. 1 {2, ak | -
M= (W &% al 2-6-5

An approxlimate expression for the self-inductance Li of
a foil turn can be found by assuming that the magnetic field across
the foil turn section is uniform and equal in magnitude-to the
nagnetic field at the axis of the foil turn and by assuming that
the turn can be treated as a filamentary current I linked to a

flux-aa_, given by
§, = 7a*pHy ' 2-6-6

Thus L; can be derived by combining equations 2-6-5 and 2-6-6

with the definition of inductance., This gives

¢ 716' . :
t . Fa Po 2, 5 _ Ll

——

i An approximate expression for the mutual-inductance M;k
linking the average turn of the ith section to the average turn
of the Kth section can be found by'tfeating the two turns as
filaments of radius @ and Oy linked by a flux @701 . It is

assuned that Q1 is less than @ ., The expression for the flux

will have the form
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— - a e . -
@01 = Ay p, Hz 2-6-8
Cdmbining equations 2-6-5 and 2-6-8 with the definition of

autual-inductance gives an expression for M:k of the form
J

T, ayp N
t _ Yaq Mo 2, adk el
Mis T =~ {(w + o) a} 269

Combining equations 2-4-1 and 2-6-7 gives an expression

for the self-inductance of the ith sectionm of the form

2 a2 )
L= ’ZT'E%EL{(W2+02)';"-G} 2-6-10
In a similar manner, comﬁining equations 2~4-4 and 2-6-9 gives
an exprossion for the mutual-inductance coupling the ith and
Kth sections of the form
2 4
Mi ° ffvl\;jrjf"—-fl(w‘+ ¢)* - a} 2-6-1
To tesf %ﬁe inductance'forﬁulée derived in section 2-6
a gset of five 150 turn foil wound inductors were manufactured
with core radil varying from 0.7 ecm to 1.5 cm. The other -
relevant physical parameters and dimensions are given in the
tadle in Fig.2+13, Three of these inductors ére_;he same,
enabling an estimate of the manufacturing toieiances.
The theoretical self—inductange_of a foll wound inductor
at low frequency, where self-resonance has little effect, can
be found by summing the sectional self and mutﬁal inductances. .

This gives an expression for L of the fornm
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Fipgure 2-13

Dimensions of the set of 150 turn foil wound inductors
used in section 1=5.

Coil 1: Thickness of Al. folil 5.0 ¢m
7idth of Al., foil 2.52 ¢cn
Type of insulating film Polypropylene
Thickness of insulating film | 25,0 g#m
Dielectrlc constant of the 2.2
insulating film _
Radius of the core 1.5 en

Coil 21+ Thickness of Al, foll 5.0 pm
Width of Al., foil 2.52 ¢m
Type of insulating film Polypropylene
Thickness of insulating film 25.0 pm
Dielectric constant of the 2,2
insulating film :
Radius of the core 0.7 em

Coll 3, Thickness of Al, foil 5.0 pm

Coil 4 Width of Al. foil 2.9 ¢cm

and Type of insulating film Polypropylene

Coil 53 Thickness of insulating film | 12.5 an
Dielectric constant of the 2.2
insulating film
Radivns of the core 0.7 cn

Figure 2-14

Inductances of the set of.150 turn foil"

used in section 2-0,

wound inductors

Theoretical Measured
Inductance Inductances
pH pH
40, Hz 1.KHz 10.KEz | 100.KHz
Coil 1 495.95 550,2 *.,3%[550,5 t.3% |526.2 £,3%| 620, t1%
Coil 2 175.3 184,6 1.’6%‘ 184.4 *, 6% 177.4 +.6%| 175, +1%
Coil 3 117.8 :.6«,%;; 1174 +.6% |113.9 +, 6% 113, +15
Cotl 4 113.4 V17,3 4. 6% |116.8 £, 6% [113.2 16| 113, 215
Coil 5 117. :.6% 116.8 :;6-}5 112.9 :;6% 113, :1%
Average of coils 117.4 117, 113.3 113,

3 to 5
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S S
L = E(L_i + E Mik’ 2‘5;12

=1 k#él
The calculated inductances, with S set to ten, for the set of
FWYI are given in the table in Fig., 2-14.

- The inductances of the set were measured at 40 Hz, 1 KHz

and 10 KHz on the Maxwell inductance bridge described in
chapter 3, and at 100 KHz on a Wayne Kerr Universal Bridge
(Seetions B602 and SR268). These measured values are given in the
table in Fig., 2-14,

In the case of coil 1 the caleulated inductance is in
error.by ~0,9% at 40 llz, -5,7% at 10 KHz and then rises to -20%
at 100 KHz,. Tﬁe large error a% 100 KHz 1s probably due to the |
PRI self-resonating, resulting in an apparent rise in the
inductance, In the case of coil 2 the erroxr in the calculated
inductance decreases from -5% at 40 Hz to #0.2% at 100 Kllz. In
the case of 00113_3 to & the‘error in the calcﬁlated inductance
decreases from -3.4% at 40 Hz to 40,4% at 100 Klz,

This set of meosurements indicates that there is little
foint in deriving a moxe exact inductance formula ~since this
will only be accurate at low frequency. The simple formulae
derived anpear to be reasonably accurate ;t the frequencies
involved and with the.type and size of FWI invoi@ed. The decrease
In the inductance at low frequency is probadbly due to the "width
effect" and is investigated in chapter 3,

1) Calculation of the DC Resistance
The DC resistance of the average turn, radius aQ , of the

ith section is given by
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t 27va .
R. = facd -7
i W1 2.'71

Where 0O is the resistivity and t the thickness, of the metal
foil, This formuia will be valid only at very low frequencies,
" At higher frequenciles the width effect, skin effect and proxinity
effect will combine to increase the resistance of the foil turn
by several orders of magnitude. However, as the increase in the
resistance with frequency can only at present be predicted for
certain types of foil wound inductor over a limited frequency
range, the DC resistance formula was used,ialthough this will
give rise to errors in the predicted @ values of the resonances.
Combining equations 2-4-2 and 2-T7-1 gilves an expression

for the DC resistance of the I th section of the fornm

27Mad o
Ri - Wt 2—7"1
8) Calculation of the Capacitance

Neglecting end-effects and the curvature-of the foil the
parallel-plate formula canm be used for the turn-to-turn

capaéitance of.the ith section

t 2l7T‘c1£E_oW 2-8-1

i D _

Where h is the thickness, and & the dielectric constant, of the
Plastic insulation film. All the turns of the sectlion are assumed
to have the same radius Q , Combining ‘equations 2-4-3 and 2-8-1
glves an expression for the capacitance of the | th section of

the fornm
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. 2WaLE W , Ca.
Ci- an . o . 2-8-2

The problem with this expression is not that it is
fundamentally wrong, but that variations in the winding tension
and side slip of the metal foil when the FWI is wound, together
with variations in the thilckness and dielectric constant of the
plastic film, make the parameters d, W, d and £ inaccurate.
Also to prevent the plastic film creeping under tension, once
the FWI has been wound, the coils have to be heat treated. This
shrinks the plastic, decreasing the foil separation.

To test equation 2-8-2 directly would be difficult, if
not impossible., The capacitance of a FWWI cannot be séparated
from its inductance. Therefore, an indirect method of testing
equation 2-8-2 was adopted. A 30 turn capacitor was wound
using the same materials used to manufacture the FWI, The
dimensions of this capacitor, which are approximately the sane
as that of the FWI investigated, are given in the table in Fig.
2-15. | '

~As the core radlius of the capacitor is relatively large
fﬁe depth of the winding cén be neglected and an average radius
of 1;053 cn used to calculate the capacitance. Inserting values
iﬁto equation 2-8-1 yields a value for the turn-to-turn
capaaitance of 4.021 nF., The total capacitance will be 59 tinmes
this, or 237.2 nF., The experimental value of the capacitance,
neasured on a Hewlett Packard Universal Bridge (Tyve 4265A) at
1 KHz, was 21%., nF before heat treatment and 230, nF %2, nF
after heat treatment., The difference between the theoretical
and experimental values 1is -3.1%. This error is not excessive,

conslidering that the tolerance of normal commercizl capacitors
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Pigure 2-15 i

Dimensions of the test capacitor used in section 1-T7
Thickness of Al. folil 5.0 pm
Width of Al. foil ' 3,9 ¢cn
Type of insulating film Polypropylene
Thickness of insulating film 12.5‘ﬁm
Dielectric constant of the . 2.2
insulating film '
Radius of the core ' 1.0 ¢n
Fleure 2-16

Inpedance/frequency spectrum of a 150 turn foil
wound inductor.,

Abscissair 2 HMHz per square, range 100 KHz to 20 MHz

Ordinate: 10 4B attenuation per square, zero at
top
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-is in the region of *10%.
9) Comparison of the'Theoretical and Experimental Impedance/
. Frequency Spectira of Two Foil Wound Inductors

The experimental impedance/frequency spectrun of a 150
turn FWI, coil 4 in the tables in Pigs. 2-13 and 2-14, is showvmn
in the photograph in Fig.l2-16 and has two maxima and one
mininum. The theoretical sectional inductances, xresistances
and capacitances for this FWIl were calculated with S set at
ten, and inserted as data to the Caussian Elimination Proguan.,
The theoretical variation'of the magnitude of the input impedance
with fregquency is shown in Fig. 2-17. This graph has maxina at
3,201 NHz and 12.47 MHz, The experimental impedance/frequency
spectrun shows maxima in the input impedance at 3,24 Mhg *1.,65
and 12,87 Mz *0,9%, giving a difference respebtivél&, of -1;2%
and -3%,3%% betweén éhe theoretical and experimental values. '

Thé theoretical input impedance locuvs of the 150 turn FVI
is shown in Fig., 2-18. This shows that the input impedance maxina
and ﬁimimun occur at . points . where the phase of the impedance
is alnost zZero, indiceting {hat the résonances beﬁave'like
normal series or parallel L , C resonances,

The experimental impedance/frequency spectrum of the 1000
tfurn FWX, with the dimensions shown in Fig, 2+19, is shown in the
photograph in Fig, 2-9 -and as an x-y recorder plgt in Fig. 2-20.
The theoretical impedanéé/frequency spectrumn is shown in Fig,
2-20. The input imvedance locus Ls shown in Pig, 2-21, This
shows again that the maxima and minimé'behave like normal series
or parallel L ,C resonances. A direct comparison is made between
the theoretlcal and experimental impedance/frequency spectra

in Fig, 2-22. The experinmental impedance/freacuency spectrun
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Figure
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2-17

with. Frequenc
(S set to 10

The Theoretical Varliation of the Input Impedance
for a 150 Turn Foil Wound Inductor
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Fipure 2-18

The Theoretical Input Impedance Loci of a' 150 Turn -
Foil Wound Inductor from O to 15 HHz (S=10

&

10

e
INCREASING

FREQUENCY
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PignreZ-19

Dimensions of the 1000 turn folil wound inductgr

used in section 2-9

Thickness of Aluminium foil
Width of Aluminium foil

Type of insuvlating film
Thickness of insulating film
Dielectriec constant of the
insulating film

Radius of the core

5.0 am

309 ci
Polypropylene
12.5 pm

2'2

0,7 em
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Firure 2-20

10 =

The Theoretical Variation of the Input Impedance

with Frequenc
(S set to 10

for a 1000 turn Foil Wound Inductor

. BTt o e
10" 1 ) ’1 ) t - _.l N M'-:;‘n— ":' ¥
0 1 2 3 4 5 6 7

FREQUENCY (MHz)
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Figure 2-21
h The Theoretical Input Impedance Locl of a 1000
Turn Foil Wound Inductor from 0 to 3.5 MHz (S5=10)

10 Tk
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é.__.

INCREASING
FREQUENCY
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The 0 level of dBm is the output power from the

Theoretical and Experimental Variatlons of Vm
tracking generator,.

with Frequency for the 1000 Turn Foil Wound

Inducior
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;é the output level from the spectrum analyser recorded on an
X-Y plotters The 0 dBm level on the graph corresponds to the
power level with the coil shorted out. The theoretical imped-
,ance/frequency spectrum was plotted using equation 2-3%3-3,
which relates the input impedance Z, to the dBm level.

These graphs show two main effects:t the theoretical and
experimental dBm levels at the maxima and minima differ by
large amounts, and the frequencies of the resonances correspond
quite well up to the third impedance minimum at 3 MHz, The
difference in the dBm levels at resonance 1s clearly due to the
use of DC resistance values in the compﬁte: calculations. For
nore accﬁrate calculations a method of calculating the AC
resistance would be required, The differences between the
theoretical and experimental resonant frequencies shown in the
table in Fig, 2-23 are in part due to the limited number of
éectioﬂs used in the model, This limitation is examined in
section 2-10, |

The paper by Kemp, Mu;gatro&d and Walker summarizes the
theory of se;f-resonance in FWI and is reprbduced as Appendix_2.
10) Current and Voltage Standing Waves

The theoretical equivalent circuit of Fig, 2-11 is.essenn
tially a set of coupled ieSOnators and as‘such w}ll behave'in
thg same nanner as any set of coupled resconators, such as a
é&stem of c¢oupled pendula., A set of coupled resonators, whether
-mechanical or electrical, has a number of modes of resonance
in which the amplitude and phase of the oscillation varies from
resonator to resonator. Thus it is possible for the equivalent
circuit to resonate at many frequencies.,

Figs. 2-24a to 2~3%0a show the relative voltage, relative
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Figure 2-23

Comparison of Theoretical and ExDperimental Resonant

Frequencies for a 1000 Turn Foll Wound Inductor,

Maximum Impedance Resonances only.
Experimental Theoretical Percentage
Resonant Resonant Difference
Frequencies Freguencles

MHz MHz
0.514 *0.39% 0,5167 t0,52%
1.3%44 $0,15% 1.366 +1,65%
2.2%2 20,09% 2,216 ~0,72%
3,218 X0,06% 3,022 -6,1%.
4'101 :0007% 3.748 -806%
5,005 *0,08% 4,375 -12, 6%
6,008 *0,17% 4,979 -17.2%
6.888 $0,15% 5,740 ~16,7%
Fipure 2-24
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"~ Figure 2-25
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Fipgure 2-27
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to the input voltage, distribution within the 1000 turn FWI, and
Figs. 2-24b to 2-30b show the relative current, relative to the
input current, distribution within the FWI at the fredquencies
of 516.7 KHz, 1,366 MHz, 2.216 MHz and 3,022 HHz, which are the
frequencigs of maximum imﬁedance resonances, and at the frequen-
cies of 1,199 MHz, 2.123 MHz, and 2.962 MHz, which are the freq-
encles of minimum impedance resonarnces. These distributions
are ltheoretical ones.

Vb the relative voltage, relative to the input voltage,
at the end of the _ b th section can be derived fronm

equation 2-4-6, and has the form

b.
3 (1- G \
Vb “I§1 jwclzo 2‘10"!

Position D=0 lies at the beginning of the first section, which
is at the start of the winding, and position b=10 1ies at the end
of the tenth section, which is at the end of the winding at the
edge of the coil. |

Fig. 2-31 ghows the-amplitude and phase of the first four
orders of resonance of an idealised set of coupled resonators.
In a first order resonance the phase of the amnplitude does noti
change. In a second order resonance the pﬁase of the amplitude
changes phase by 180°.oncg. In a third order resonance the phase
changes by 180° twice. In the N th order resonance the phase
changes by 180° N-1 tines.

Fig. 2-24b, 2-26b, 2-28b andé-j@b show respectively the
characteristics of first, second, third and fourth order current
resonances, The current distribution at 516.,7 XKz does not

change phase, the distribution at 1.366 MNHz changes phase by
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Figure 2-31 General Forms of the First Four Orders of

Resonance
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180° once, the distribution at 2.216 NHz changes phase by 180°
twice and the distribution a2t 3.022 MHz changes phase by 1800
three times. At each of these frequencles the amplitudes of the
relative currents are large, These resonances correspond to
parallel L ,C resonances, in that in an ideal paraliel L, C
resonant circuit the input impedance is infinite at resonance,
as is the relative current flowing in the circuit (relative
current: current flowing in the resonant circuit divided by the
input current),

Figs., 2-25, 2-27 and 2-29 show respectively the
characteristics of first, second and third order voltage
resonances, despite the 900 phase change between position 9
and 10, which is necessary to bring the phase of the voltage
distribution back to the phase of the input voltage. The voltage
distribution at 1.199 HHz does not change phase, the distribution
at 2.153 MEz changes phase by 1800\0nce, and the distridbution
at 2.962 Mlz changes phase by 180° twice. At each of these
frequenclies the amplitudes of the relative voltages are large.
These resonances correspond to series L ,C resonances. In an
ideal series L, C resonan£ cireuit the input impédance is
zero at the resonant frequency, while the relative voltage
across either the L or the C is infinite (relative voltage:
voltége across either L or C divided by the input voltage).

) It can be seen from Fig, 2-30b that with only ten sections
in the equivalent circuit the theory has difficulty in following
the variations within the current distribution. Therefore, the
theory cannot be expected to vredict the resonant fredquencies

of higher orders of resonance with any accuracy, as the resultis

shown in the table in Fig. 2-23% confirm. The resulits of this
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table show that theory can with reasonable accuracy predict the
resonant fregquency up to the order glven by the number of
sections used in the theory divided by three. _ |

11) Experimental Evidence for Current Standing Waves

Current standing waves have been shown to exist in a
qualitativé nanner by Kemp (32 ) and in a seml-quantitative
manner by Welker (33). This was done by detecting the AC magnetic
field profile using a small search coil. However, it was not
possible to show that voltage standing waves exist.-An attemnt
to measure the voliage distribution across a foil wound inductor
usling a high-impedance FET probe was not successful. The capacit-
ance of the probe was not low enough not to load the resonant
circult. An indirect nethod of showing that voltagelstanding
waves exist was therefore adopted. This method is discussed in
detail in chapter 4.

It has been shown that a 1umped-eiement equivalent-circult
can describe with some accuracy, apart from the Q values of the
resonances, the impedance/frequency spectrumn of a small, air- |
cored, foil-wound inductor,fup to an érder of resonance deter-~
mined by the-number of sections used in the theoretical modelf
The model can also give some indication of the intermal mechan-

ism which generates the sécondary resonances,
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Chapter 3 Width Effect in Alr-Cored, Foil-Wound Inductors

1) Introduction
" The lumped;element, equivalent clrcuit of a folil wound
inductor examined in chapter 2 contalns the inductance of an
individual turn 1._'r « An aprroximate formula has been derlved
but it is not clear how an exact calculation may be made.
Standard formulae apply only to filamentary conductors. In ordex
to calculate the axial field inside a foil turn and hence the
inductance, some assumption is needed about the distribution of
curreﬁ{ across the width of the foll turn. At DC thils will be
ﬁniform, but at AC some other distribution may be expected,
created by a combination of skin and proximity effects, and
requiring a field theory solution., This problem has been exanined
by Reeves (34), who obtalned results for a single turn of foil
using a conplex numerical field-theory solution. The alternative
method presented here is much simpler and has been extended to
thin nulti-turn foil-wound inducéorsa
2) Equivalent Circuit of a Single Turn of Foil
- The single turn of foll shown in Flg. 3-1 1s made fron
naterial of uniform thickn®ss t , width W, and has a nean
radius @ . It is assumed that t is much less than q . It is
also assumed that the connections to the foll turn have zero
resistance, so that the connexiows form equipotentials. It is
then expected that the current flow in the foil turn is purely
circunferential,
To examine the variation of current density across the

width of the foil turn, we now divide 1t into strips in the
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Figure 3-1

r— oo ° - - - - T

A Single Foil Turm of Radius Q and Width W,

- with Equipotential Bus-Bars
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laxial direction, as shown in Flg., 3-2. It is convenient to have
P strips of equal Width C . Although in principle all strip
-widths could be different. C must be chosen so that the expected
variation of current density within € is small.

The DC resistance of a foil turn is Rt , which is given by
equation 2-T-1+ Thestrips all have equal widths therefore the
resistance of a étrip is PRt .

The inductance of a strip(L ) with a uniformly distributed

current flowing in it, is given by CGrover (35) as

Lp = MaD  Henries 3-2-1

Where D is a dimensionless factor given by

: 1 2
= _qgc, \Lni8gl+g) (Ln(8B)- 3]
° Ln(sp) 05 32p* 102484

109
(Ln(88) - 125)
131072 B ¢

t-———-- ; 3-2-2

£ is the ratio of the radius of the foll turn to the width of
| a strip,

| By approximating the strips to fllamentary conductors the
formulg given by Grover for mutuwal-inductance of two coaxial
circular filaments can be used for.the imutual-inductance of

two strips. This expression has the fornm

MkJ = FBGF Henries . 3-2-3

Yhere F is a dimensionless'factor dependent on the ratio oc,
which is the ratio of the radius of the foil turn to the separ-

ation of the two strips subscripted K anda i
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A Single Turn of Foil Thickness t cut into
P Strips of Width c
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F can be obtained from tables in CGrover. Since the
separation of the strips is constant and the strips are of
equgl width the mutual-inductances coupling the P strips can
be characterised by P values of F . A

The conplete foil turn is represented by the eqﬁivalent
clrcuit showﬁ in Plg. 3-3. Bach st;ip has a constant DC resistesnce
in series with an'inductance, which is coupled by nutual-
inductances to all the other strips. The current flowing at the
centre will at AC be less than the current flowing at the edges.
This can be shown by first assuming that the currents in all
the sfrips are equal, Each current has the same applied ENF,
but a different back EMP. A strip near the centre will have

a larger back EMF-than a strip near the edge, as the strips
near the centre are on average nearer thelr neighbours than the
strlps near the edge. Therefore towards the centxre the back ENF
will be‘larger, and as a first correction the currents near the
cenire will be smaller than those near the edge. |
3) Conputer Solution of the E@uifalent Circuit

The equivalent circuit of Flg. 3-3 has to be analysed.

The external current It' 15 the sum of the strip currents Ik .

v. P
L= ) I 3-3-1
k=1
The applicd voltage 1s Vi , therefore the impedance will Ye
glven by
7, = A o 3-3-2
t It

The currents can be found by solving the P simultaneous

équations of the form
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FPipgure 3-3
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Equivalent Circuit of a Foil Turn
Divided into P Stirivs

All the inductors are nutually
coupled,
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, ' P _ :
(PRt+ juJLr”k-r } j&JMkiIiz W 3-3-3
i#k ’ 1<ksP

To solve these equations it is convenient to reduce the prodlem
to a dimensionless form as follows., A generalised frequency is

defined by

_.f:LEL 3-3-
T | 4

A generalised adnittance tk for the strip k 1is defined to be

- _Pﬂtlk_ 3-3-5
k w

The matrix of mutual—inductances[N1ki] is replaced by a matrix
b
of coupling coefficients (K, .J=[M, .] « For coils having
K, kL
the same ratlo of length to radius and divided into the same
nunber of striﬁs the matrix of the elements Kk j 1s the sanme.
]
This means that turns of foil of differing size but the same
shape are characterised by the same set of generalised equations.
With the above transformations the P  sinultaneous

equations become

P _
(1+ JEM + JEY tiK =1 . 3-3-6
- | EL 1<k<P
The adnmittance of the complete foll will be given by
P
1 k
=) ®BE : 3-3-7
{ Z=1Rt‘°

2
The matrixﬂ(kilis conposed of the P elements Ki; .
f 1)
There are only P distinct values of the coupling coefficients

Kk i vwhen the strips are equally spaced, and these can be
!
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derived from the seti

1, K, Ky,= - - - Ky === - K 3-3-8

Hp

Where & is given by

&= lk-il +1 ' 3-3-9

The matrix [K] is dimenslonless and its elements are obtained
by combining equations 3-2-1 and 3-2-3% to give
Mk F

it T 3-3-10

F anda D are dependent on the ratios o and f3 y wWhich are.
dimensionless. |
Since thé tk are complex the set of equations 3-3%-6 were

organised as a complex matrix equation and solved in the .same
manner as the set of equations 2-4-5, The conplex matrix
equation was expanded into a 2Px2P real natrix equation and
solved using the Gaussian Elimination described in Appendix 1.
4) Theoretical Results for a Foil Turn witha:=W

" The width effect in the set of foll turns with ¥=1 was
calculated up to the frequency of §=1 . VWhere ¥ is the ratio
of the radius of the foll turn to the foil width. The non-
unifofmity of the current distribution and its dependence on
f;equency are shown in Fig, 3~4, For this particular examvle
the magnitude of the current flowing in the midfoll strips is
well below half that flowing in the edge strips at ﬁ=1 s 50 2
significant increase in the resistance of the foil at AC is
expected. There is a variation in the phase of the current

across the foll width. This can be seen in the Argand diagran
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Figure 3-4

Plot of Relative Hagnitude of Current Density across
the Foil Width as a Function of Frequency (a=W ).
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of Flg. 3-53% eadh s0lid line represents the fan of vectors at
one value of gl .'As ﬁ increases the weighted average phase

of the fan (which is the phase of If relative to Vt ) shows
increasing lag and the currents near the midfoll always lag

the larger currents near the edges.

The effective resistance of the foil turn can be obtained
from equation 3-3-7, The real part of Zt is the effective
resistance, which is composed of a8 DC resistance plps an AC
resistance. As the DC resistance is unknown at thls point the
effective resistance 1s best expressed as a raﬁio of the DC
resistance. This ratio, for the foil turn with =1 , is shovn
agaiﬁst genoralised frequency in PFlg. 3-6. At.§=1 the effective
resistance has risen by 15% over the DC value. This rise is
large enough to be signifiéant in the design of foil chokes.

The variation of the ratio of the Aclresistance to the DC
resistance with generalised frequency is shown in Fig., 3-7

on & logarithmic scale. This shows that at freduencies velow
§=0'1 the increase in the effectifg reslstance is closel}
proportional to the square of the frequeney. Thls dependerce
is obsexrvedlin a wide range'of eddy current and proximity loss
problens.

The imaginary part of Zf. is the product o? the inductance_
with the angular fregquency. To preserve generality the inductance
is best expressed as the ratio of the inductance at AC to the
inductance at DC. For simplicity the inductance at DC is taken
to be that at £=0-001 . The variation of inductance with
generalised frequency is shown in Fig, 3-6. At $=1 the fall
in the inductance is only 3% and for many purposes could be

neglected.
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Figure 3-5

Argand Diagram Showing the Phase and Anplitude of
the Current Density Across the Foil Width, as a
Function of Frequenecy (a=W).
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Figure 3-6

Frequency Dependence of Resistance and Inductance
for.a .Single Foll Turn withd=W,
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Figure 3-7

Approximate Square Law Dependence of the Excess
A.,C. Reslstance tha
al
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As %the current profile changes with lncreasing frequency
we would expect the shape of the magnetic field within the
foil turn to change. The calculations show this effect. The

strip K is threaded by a flux @, , which is given by

P
Oy =beli * 2 LMy 3-4 -1
k #kl k,i

IS k<P
Fige 3-8 shows the profile of Qk y as a ratio to the value of

Qk at the centre of the turn, for two values of § . The
profile becomes flatter with increasing frequency; at‘E=1
the profile is virtually flat over more than threé-fifths of
the turn length. If we examine equation 3-%-3 in the 1limit
of large frequencies and neglec£ the resistive term, we may -

then substitute from equation %-4-1 and obtain

Vt =Jw@k 3"4'2
' 1<k=<P
The limit gives equal flux through all the strips. Thls inplies

that the current distribution has a limiting profile at high
frequency. l

The variation of the.flux profile with frequency can be
shown experirentally. The experiment involves the use of a
foil wéund inductor with two search coils wound in£o it, one
at tﬂe centre and one at the edge. The physical dimensions of
-éﬁis cell are given in the tgble shown in Fig. 3=9., The voltages
from the search coils are directly proportional to the fluxes
through then, therefore the ratio of the two voltages |Vgyter!
to lVbentre] will be the ratio of the magnitudes of the two

fluxes. The graphs shown in Fig. 3-8 show that theoretically

66



Pigure 3-8
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Figure 3-9

Dimenslons of the Foll Wound Inductor

with Search Colils.

Core Radius 0.6 ¢n

Type of Metal Foil Aluminium
Thiclkness of Metal Foill 50 pm
Width of Metal Foil 3.8 cnm
Thickness of Plastic Filnm 15,0 Mun
Number of Turns T25 Turns
Search Coils Begin at 530 th Turn
Search Colls End =zt T10 th Turn

Figure 3-10

Experinmental Apparatus Used to Measure the

RatiOIVoufetL/WVbentre] '

__——Frequency
Counter

Foil Wound Inductor

Search Colls

—l—

Oscillator Oscllioscore
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the ratio of the voltages should tend towards equality at
high frequencies. |

The experimental apparatus 1s shown in Fig., 3%-10. The
frequency of the input voltage was measured using a freauency
counter, while its amplitude was measured using one beam of
the oscilloscope, The frequency of the input was vaxrled fron
50 Hz to 100 KHz, The voltages from the two search colls were
measured using the other beamr of the oscilloscope,

The results are shown in Fig. 3-11. The ratio of |V torl
to |Veentre| rises from approximately 0,5 at 50 Hz to 1,02 at
100 KHz. This confirms in an empirleal ﬁanner that there 1is a
"width effect",
5) Width Effect in Thin Multi-Turn Coils

The extension of the equivalent circuit from single
turns of foll to multi-turn foil colls is not a simple matter,
becausé the possibility of axial current flow must be considered,
One possible equivalent circult which takes this into consider-
ation is shown in Fig, 3-12, In this nodel the N turns of the
coll are divided axially into P strips in the same nmanner as
the single turn, except thét each strip now has N turns, The
lth turn of the kthstrip has an inductance LL and a resistance
PRr « The strips are cross linked 5y resistances to represent
axiqi current flow. The principal disadvantage of this circuit
is that there are NX(P-1) currents that have to be calculated:
a 50 turn coll sub-divided into 20 strips would have 950
currents that have {to be calculated., Clearly the conputer
vower and time required to calculate the impedance/frequency

spectrum would be prodigious.
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Figure3-11 Variation of [Voyter IVcenfl‘e with Frequency
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Firure 3-12 General Low-Frequency Equivalent Circuit of an
ii. Turn Foil Wound Inductor with P Strips Each of
N. Turns .
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However, by restricting the application of the multi-turn model
to one particular class of foil wound inductor a manageable
theory can be derived. For foil wound inductors where the duild-
up of the winding is much less than either the radius of the
winding or the width of the metal foll it can be assumed that
all the sirlip turns are identical. This means that all the
turn inductances are the same, as are all the turn resistances,
and that all the turn inductances within a sitrip are perfectly
coupled, This implies that the se1f~induc£ance of a strip is
NELr and the resistance!WPRt « This approximation also

means that all the mutuwal-inductances coupling two strips are

the same, Therefore the mutual-inductance from the kth

. ) 2 :
to the lth strip is equal to N Mki .
]

strip
wa. we consider one particular sirip-turn. This strip-
turn 1s now perfectly coupled to éll the other strip-turns on’
the saﬁe strlp and mutual-inductiances from this strip-turn to
all the strip-turns of another strip are the same, Therefore
all the strip-turns on a strlp are identical and the voltage
drop across each nust be the same., This argument can be appl;ed
to all the strips. Thus the voltage across the cross-~linking
resistances is zero and they can be removed from the equivalent
circuit, i

" The equivalent circuit is now that shown in Flg. 3-13.

This circuit can be anélysed using P equations of the form

.

H 2 - - - -

(NPRy + jor N*L )Ty + 5 jooNM T =, 3-5-1
i#k

The generalised frequency g can be redefined as
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Figure3-13

333333333

Equivalent Circuit of a Multi-Tuxn
Foil Wound Inductor (build-up << a,
<< W) Divided into P Strips

All the inductors are mutually
coupled,
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w NL,

= PRt 3"'5"‘2
Also the generalised admittance tk can be redefined as
- NPRI
ty = v, 3-5-3

The previous definitions of § and tk , equations 3-3-4 and
3-3-5 are now the special case of N=1, .

With the new definitions of p and tk equation 3-5-1 reduces
to equation 3-3-6, which previously applied only to a single
turn of foll, but can now be applied to a whole set of coils}
6) Experimental Technique and Apparatus

Tye most important aspect of the theory of the thin
multi-turn coil is that both B and t scale with N . Thus if
a set of colls of equal width and radius but varying N meet
the conditions regarding the build-up of the coils, then the
variation of the inductance and resistance should be the sane
for all the coils of the seﬁ when plotted on a sctale of turns
tines frequency.

To test the tleory against the nunbexr of turns on the
coil and the width of the coil six special foil wound inductors
were manufactured £, These coils were designed as two sets, each

ldomprising one coil of 100 turns, one of 50 turns and one-

of 25 turns, The two sets differed in one respect only; one set

had a width of 14 cm and the other .2 width of 6 em. The

dimensions of the foil wound inductors are shown in Fig. 3~14.

§ Manufactured by Aluminium Inductors Ltd, Croydon, Surrey
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Figure 3-14

Set of Foil wound inductors

Physical Parameters and Dimensions of the 14 cm Wide

Core Radius (Outer Diameter)
Type of Metal Foil

Thickness of Metal Foll
Width of Meital Folil

Type of Plastic Foil
Thickness of Plastic Foil
Humber of Turns

2:175 c¢cm
Aluniniun
50,0 um
14,0 cm
Polyester
25,0 unm
100

50

25

Set of Foil Wound Inductors

Physical Parameters and Dimensions of the 6 cm Wide

Core Radius (Outer Diameter)
Type of Metal Foil

Thickness of Metal Foll
Width of Metal Foil

Type of Plastic Foil
Thichness of Plastic Foil
Tumber of Turns

3.175 en
Aluminium
50.0 un
6.0 cnm
Polyester

"25.0 un

100
50
25
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The coils are shown in the photograph in Fig., 3-15.

In the worst case, the buildmup of the 100 turn coils is
0.75 cn compared with an internal coil radius of 3.175 ¢m and
a width of eithef 14 cm or 6 cm,

The connections to the colls were made with copper strips
1l cm wide and 1lnnm thick, with the exception of the 50 turn,
14 cm wide coil; the copper strips in this case were 1.9 cn
wlde and 1.5 mm thick,

These foil wound induectors have D.C. resistances in the
order of 0.1 Chm and inductances in the order of 0.1 milli-
Henry. To measure thls low impedance in the audio frequency
range a sultabdble bridgelhad to 'be built., Although several tyves
of bridge are suitable a form of the Maxwell indﬁctance bridge
was chosen, because the necessary high accuracy resistance and
capacitance boxes were avallable., Thils particular form of the
Haxwéll inductance bridge is shown in Fig, 2%-16., Where Rx and
LX represent the resistance and ?nductance of the unknown
impedance and R1 . Rzl, R3 and C have knowh values. The

balance condition for this bridge is given by

Rx + jeoly 1 - _
Separating the real and imaginary parts of this equation gives
R
, Ry = JR2. 3-6-2
| R3
L = RyR,C | 3-6-3

The expressions for Ry and R2 fulfill two important criteria:

the balance conditions for the resistance and inductance are

76



Figure 3-15

[ — b [E—

Seven Foll Wound Inductors Used to Test.the Width
Effect Theory

The line on the photograph is 10 cn long.




Figure 3-16

Figure -3-17

18

Haxwell bridge used to
measure the inductance
and resistance of the
Foil Wound Ianductors,

LX andf?x represent
the impedance of ihe
Foil Wound Inductor.
R1 , Ry ana R3 are
0.05% accuracy resis-
tance boxes and C is
a 0.1% accuracy cap-
i1tance box.

G is the Scalamp
Galvanometer used to
measure the D.C,
resistance of the
Foil Wound Inductor.

Maxwell bridge of Fig.
including xrelevent
reslidual resistances

 and the residual cop-

itance of the capaci-
tance box.

Arrangenent A is the
two terminal nmethod
and arrangenent I is
the four terminal
method of measuring
the unknown inductance

D is a General Radio
Tuned Amplifier and

Null Detector (Type

1232-4)

The transformer is a
Sullivan Type A.C.
300/A



separate and they are independent of frequency.

Both R1 and R2 are common to the expresslons for RX
and Ly . Therefore R3 was varied to obtain the value of Ry
and C was varied to obtain the value of Ly . Resistance boxes
with an accuracy of 0.05% were used for R4 and Rp o« With the
foll wound inductors invéstigated the optimum value foxr both
R1 and R2 was found to be 10 Ohns., R3 was @ 5 decade resistance
box with an accuracy of 0.05% and C was a 5 decade low-loss mica
capacitance box with an accu¥acy of 0,1%.

It was found that because the foii wound inductoré present
a low inpedance at audio frequencies, the residual resistances
of the bridge have to be taken into consideration. These residual
resistanceé_are composed of wire resistances, contact resistances
and the residual resistances of the resistance boxes R1‘ and R2 .
Fig. 3-17 shows the residual resistances Ry , Rﬂ and Rpo
togeﬁ;er with the residual capacitance of the capacitance ‘bo.‘c,
which was 110 pF. Because the capacitance box used mica
capacitors the leakage resistancé was neglected. The residual
resistance connected with R3 was small enough compared with the
value of R3 to be neglected. It has been assumed that the
resid.ual resistances were distributed equally on elther side
of the associaﬁed resistance.

i Arrangement A in Fig. 3-17 is the normal two terminal

bridge method of measuring the uvnknown impedance. Arrangenment
B in Fig. 3-17 is the four terminal bridge method employed
to minimise the effect of the residual resistance Rp., . With
the four terminal method the balance condition equations 3-6-2

and 3-6-3 beconme
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Ry = {Ry + 2Ry + R MRy 2R+ Ry 3-6-4
Rs

Ly= Ry« 2R+ Ry )[Ry + 2R 5+ R NC+ Cp) 3-6-5

A first order value for Rl’"l was obtained by taking one
set of measurcements R1 , R2 and R3 , then altering R1 to
’ / '
R1 » and taking another set of nmeasurements Ry , R2 and R3 .
Heglecting the other residual resistances the first oxrder valus

of Fi"_1 can be obtained fronm

R.= " 2RulRy Ry« ZRyIRy 3-6-6
R3 | R3
Solving this equation for Rr1 gives
(R’1 Ry
R R,
R = —3 3 3-6-7
rl 1 ]
) 2("@" - -R_')
3 3

A similar procedure taking two sets of measurements R1 ' R2

R3 and R1 , R2 ) R3 will yield a .value fo::_ er given by

] R
2 R
Ro= s % 3-6-8
2(4 - Lo
Ry R

Heglecting the other residual résist_ances the two terminal
bridge method yields a first order value for Rx + 2Rrx given by

RR,

~ 3-6-9
R3

Ry * 2Ry =

Subtracting this equation from equation 3-6-2 and solving for

Rrx gives
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R1 R 1

Ry = (L - L) 3-6-10
rx Z R3 R3

The first order value of thec residual resistance Rrx was
found by taking one set of measurements R1 ’ R2 . R3 using
the four terminal bridge method, then changing to the two
terminal bridge method and taking another set of measurements
Ry o Ry o
Altogether 4 sets of readings are needed to derive the
values of R.y Rr1 R er‘ , which were typically of the
ordexr of 0,1 Ohm, Each time a foil wound inductor was connected
to the bridge new sets of readings were taken to determine the
residuals, These readings were taken at D.C. although in
principle they could have been taken using the A.C. source and
detector,

' The D,.C. calibration of the bridge was prerformed using
Suﬁivan precision standard resistances with values of 0.5 Ohn,
0.1 Ohm and 0,01 Ohm., The four terminal bridge method alone
gave values for these resistors of 0.4955R *0, 05?, 0.09507R
*0, 05ﬁ and 0,00843250*0, 057. Taking the residual resistances
into account increased these values to 0,50085 %0, 05% 0.100520
10.05p and 0,0101668 %0, 05%. These values are in error by
+0,16% ,+ 0. 52ﬁ and +1. 77 As these errors decrease with increasing
resistance 1t can be assumed that the D.C. error for resistances
greater than 0,5 Ohn will be less than +0. 16? 0. 05%, for
resistances between 0,5 Ohm and 0.1 Ohm the D C. erroxr will be
less than +0,52% *0, 05p and for resistances between 0.1 Ohm and

0.01 Ohn the D, C. error will be less than +1, 7% t0.05%,
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The A.C. resistance calibration of the bridge was performed
using Sullivan low-inductance resistance boxes calibrated in
hundredths of an Chm. Two resistances with nominal values of
C,5 Ohm and 0.05‘0hm wcre formed with these resistance boXes.
The A.C. resistance of these resistances were measured, as a
fraction of the D.C. resistance, at frequencles between 40 Hz
and 20 KHz, The results are shown graphically in Fig. 3-18 and
show that the error is less than *1% at frequencies below 4 KHsz
and is less than *3% at frequencies’between 4 KMz and 20 KHz.

The A,C, inductance calibratlion of the bridge was performed
using three inductors wound from 38 SWG copper wire. This gauge
of wire has a diameter of 0,152 am and it can be seen from Fig,
3-2T7 that this is approximately three times less than the skin
depth at 20 KHz of copper at room temperature. Therefore the
inductance of these inductors should not vary significantly
wlthin the frequency range of the bridge.

The three inductors had values of 243,2 pH£0,1%, 108.1
pH 20.1% and 49.14 pH *1.0% neasured on a Sullivan-Criffiths
inductance bridge at 1 KHz. The corresponding values on the
Haxwell bridge at 1 KHz were 243.04 pH *0. 2p, 107.4 pH 0. 2p
and 48,53 pH *0, 2%. These values are in error by -0.06%, =0, 6p
and 1 Bp. As the error decreases with increasing inductance
the error in any measured inductance value at 1 KHz will be
-0, 06%10 22” for inductances greater than 243 yH, less than
-0.6% +0 22@ for inductances between 107 and 243}JH and -1, Bﬂ

+1, 02% for 1nductances between 49 and 107 pH.

The inductances of these inductors were measured at

frequencles bewteen 40 Hz and 20 KHz. These measurenents
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Maxwell Bridge A.C. Resistance Calidration Curves

Figure 3-18
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showed that the accuracy, relative to the 1 KHz inductance,
was *0,2% at frequencles between 40 Hz and 10 KKz and *0,4%
between iO KHz and 20 KHz. |
1) Resistance and Inductance Measurements

For convenience the impedance Zo of the foll woﬁnd

inductor is represented by
Zo = Rge* Rge * Jwit 3-7-1

Where. Rj. 1s the D.C. resistance of the foil wound inductor;
ROC its frequency dependent excess A.C., resistance, which is
zexo at D,C.; and L its frequency depeﬁdent inductance.

For each of the two sets of foil wound inductors the
resistance { Ry. + Ry ) and the inductance (L) were neasured
at frequencies between 40 Hz and 20 KHz, then the D.C.
reslistances (Rdc) and the residual resistances were measured
at D.C..

The bridge could not be used at frequencies below_40 iz
due to the limitetions of the detector or at frequencies above
20 KHz due to the increasing frequency dependence of the
resistance boxes R1 » Ry , and R3 .

Figes 3-19 shows the D,C. resistances, the 1 KHz inductances
and the 10 KHz inductances of the two sefs of foil wound
indﬁctors. Fig. 3-20 gifes the percentage increase in the
resistance [Ry.* Rg.) at 1 KHz and 10 KHz over the D.C.
resistance (Rdc) . The results of Fig. 3-19 show that the
self-inductance decreases with increasing frequency. The results
of Fig. 3-20 show that the increase in the resistance increases

with the nunber of turns.
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Figure 3-19

The D.C. resistance, the 1 KHz self-inductance and the
10 KHz self-inductance of the two sets of foil wound

inductors.

Coil Widths 14, cm
Hunbex D.C., Resistance |1 KHz Self- 10 Kz Se1f-
of Turnsg Chnms Inductance | Inductance
RrH pH
100 0.08969 *1.,7% 2677 t0.28% 1263,1 20.47%
50 0.04307 *1,7% 64.49 *2,3% | 62.8 12,3%
25 0.02049 *1,1% 15.39 *2,3%{ 15.01 *2,3%
Coil Width: 6. cm

1 KHz Self-

Nunber D.C. Resistance 10 Kiflg Self-
of Turns Ohns Inductance Inductance
pl HMH
100 0,2039 %0,517% 479.3 20,28% |464,7 *0,47%
50 0.09608 *1,7% 117.6 *0,82% | 113,7 *1.1%
25 0.04734 *1,7% 28,98 *2,3% | 27.85 %2,3%

Fipure 3-20

Percentage increase of éhe A+.C. resistance at 1 KHz and

10 KHz over the D.C, resistance,
Coil Viidth: 14, cm
Tunber 1l KHz 10 XKiz
of Turns
< 100 3245 *1.% 239, *3.4
50 20,7 *1.% 201, *3,%
25 10,1 *1.% 110, #3.%
' Coil Widthi 6. en
Hunber
ol Turns 1 KHgz 10 KHz
100 40,1 *1.% 220, *3.%
50 21,7 1.5 154, *3.%
25 10,8 *1.% 105, *3,%
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The variation of the resistance with frequency for the
14 cnm wide set is shown in Fig. 3-21 and for the 6 cm wide set
in FPig. 3-22. The variatlon is expressed fractionally as the
total resistance divided by the D.C, resistance. These graphs
show that over the full frequency range from 40 Hz to 20 KHgz
the increase in the resistance increases with the number of
turns. This result follows from equation %-5-2. 5 iz propor-
tional to N 1so, all other things being equal, the widith effect
will be more severe in a coll with a greater number of turns.

The variation of the inductance with frequency for the
14 cm wide set 1s shown in Fig. 3-23 and for the 6 cm wlde set
in Fig, 3~-24. The variation is expressed fractionally as the
inductance divided by the 1 KHz inductance. O0f the results
shown in these two PFigures the most significant are those of
the 25 turn coils., Both of these graphs show the same form of
behavioﬁr below 1 KHz as the theoretical variation of inductance
shown in Fig, 3-6, This ﬁrovides a useful point for.starting
the comparison of theory and expériﬁent.

For an N turn foil wound inductor f has-the form

WAL, |
= _'ﬁ'ﬁt—“ . 3-5-2

" For the 14 cn wide foil wound inductor; N-= 25, L =0.1236
pH t derived from equations 3-2-2 and 3-2-3 ), P =20,
ﬁt = 0,8196 milli~Ohms ( derived from the measured resistance
given in Fig. 3-19 ). With these values E = 1,885 10740,
For the 6 cm wide foil wound inductor; N =25, L,=0.1236
pH, R} =1.8936 milli-Ohms, P =20. With these values
B = 8.1547 1070Ls
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Pizure3-21

the set of Foil Woumnd Inductors with Width

Variation of Resistance with Freguency for
14,

cm
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Fiprure 3-227
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Figure 3-23

Variation of Inductance with Freguency for the

Set of Foll Wound Inductors with Width 14. cn
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" Varlation Of Inductance with Frequency for the
Set of Foil Wound Inductors with Width 6, cn

Figure 3-24
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Using the above data the theoretical impedance/frequency
spectra for both the sets of foil wound inductors were
calculated. The values of B given above were used to draw the
comparisons of‘tﬁe theoretical and experimental results shown
in Figs. 3-25 and 3-26. The comparison shown in Fig. 3-25 is
that of the 14 e¢m, 25 turn foil wound inductor. This shows
that the theoretical and experimental variations of inductance
with frequency correspond within the expérimental error up to
a fregquency of 500 Hz. The comparison shown in Fig. 3-26 1s that
of the 6 cm, 25 turn foil wound inductor, in this case the
théoretical and experimental varlatlions of inductance correspond
up to a frequency of 400 Hz,

One method of settlng an upper limit to the wvalidity of
the width effect theory 1s to say that the strip width C should

not be greater than the skin depth & , which has the fornm
5 = /-2 | 3-7-2

The variation of the skin &épth with-freQuency for Aluminium
at 20° centigrade is shown in Fig. 3-27.

The above 1limit suggests that the upper 1limit for the
theory in the case of the 14 cm, 25 turn F1I is 138 Hgz Qompared
with an experimental limit of %500 Hz. The upper“iimit to the
theory in the case of the 6 ¢m, 25 turn foil wound inductor
is 751 Hz compared with an experimental of 400 Hz.

Another method of testing the theory is to plot either
the variation of resistance with frequency or the variation

of inductance with frequency on a scale of turns times fFfrequency.
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Fipgure 3-25
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Comparison of the Theoretical and Experimental

Inductance Varilation wi
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Figure 3-27

Variation of the Skin Depth with Frequency
for Aluminium and Copper at 20 Centigrade
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On this scale the variatlons of all the colls within a set
should follow the same curve. The variation of resistance is
easier to plot on thls scale because the D.C., value is known.
Fig, 3-28shows the relative variation of the resistance of the
14 em wide set of foll wound inductors ploitted on the scale of
turnsxfrequency., It is clear from this graph that the curves
follow the same line up to a tufn-frequency of 75,000 turn=
Hertz. At higher turn-frequehcies the curves diverge with the
25 turn coil having the steepest gradient and the 100 turn
coll having the lowest gradient. Fig. 329 shows the relative
variation of the resistance of the 6_cﬁ wide‘set'of'foil wound
inductors plotted on the scale of turnsxfrequency. This graph
also shows that the curves for the three different coils follow
the same 1ine, although this time they diverge at a turn-
frequency of 65,000 turp-Hertz. Again the curves diverge at
high tﬁrnwfrequencies with the 25 turn coil having the steepest
gradient and the 100 turn coil having the lowesi gradient.
Plotting the results shown in Pigs. 3-28 and 3-29 as
the variation of the relative A.C, resistance against a scale_
of turnsxfrequency on a 1og-1;g grarh gives tﬁe_best comparison
of the theoretical and experimental curves. Fig, B-BQ'compares
the theoretical and experimental results for thg variation of
the relative A.C. resistance of the 14 cm wide set of foil
éound inductors., These curves show that the theory agrees with
the experimental results only at turn-frequencies below 10,000
turn-Hertz., Pig., 3-31 shows the sane comparison for the 6 cm
wide set of foil wound inductors, again the thecory agrees with

experinental results up to an apprroximate turn-frequency of

y
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Figure 3-28
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Fisure 3-29
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Eigure3—30

Comparison of the Theoretical and Experimental
Variation of A,C. Resistance with Turns x Fregquency
for the Set of 14,cm Wide Foil Wound Inductors
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Figure 3~31

Comparison of the Theoretical and Experimental
Varlation of A.C. Resistance with Turns x Frequency
for the Set of 6,cm Wide Foil Wound Inductors
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10,000 turn-Hertz,

Analysis of the-results suggests three things; the width
effect theory is valid up to a turn-frequency of approxlimately
70,000 turn-Hertz for the six foil wound inductors studled, the
theoretical calculatioﬁs using twenty strips are valid up to a
turn~fiequency of approximately 16:835 turn-Hertz for both sets
of foil wound inductors and the method of setting an upper limit
1o the theoretical calculations using the skin depth as a
criteria for the strip width is invalid. |

Above T0,000 turn-Hertz the foll fhickness i1s probably
beconing significant. Further analysis would have to take into
account the current distribution across the thickness of the
foil as well as that across the width,

By increasing the number of strips it should be possible
to improve the upper 1limit to the validity of the theory in the
turn-fréquency domaln.,

8) Variation of the Flux Profile with Prequency

It 1s possible with both sets qf foll wound inductors
to repeat the experiment described in section 3-4, in which
the variation of the flux frofile with frequency was measured;
To repeat this experiment four search colls were wound onto a
plastié former with an outside diameter of 5.7 c¢cm, which fitted
smdothly down the inside of the coil formers. Thg search coils
consisted of 30C turns of 46 SWG copper wire and were wound
into grooves 3 mm wide by 1 mm deep cut into the plastic
former, This gives the search coil an average radius of 2,8 cn,

The theoretical calculations are based on a model with

twenty sirips. Therefore to ensure the maximur correspondence
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with the theory the outerx séarch coils were centred on the
first strip and the centre search coils were centred on the
tenth strip, Thus the search coils for the 14 cm wide set of
coils were separdated by 6.3 cm and the sea;ch cgils for the
6 cn wide set of coils were separated by 2,7 cm.

The experimental arrangement was basically the sane as
that shown in Fige 3-10 although with certain alterations; the.
output from the oscillator was reinforced witﬁ an Amcron DC
300A power amplifier and an 8 Ohm, 100 Watt resistor was
inserted in series with the foil wound inductor to increase the
load impedance across tﬁe output of the.power amplifier. To
negate the capacltive coupling between the search coils and
the . foil wound inductor, the inner terminal of the foil
wound inductor was earthed and 33K Ohm resistors were connected
in parallel with the search coils,

A:'l.l other things being equal the ratio of Vegptre to Vo

uter
is equal to the ratio &

entret® ®outer ¢+ This ratio was
neasured at frequencies between 40 hz and 20 KHz for both sets
of foil wound inductors., The values of bk for k=1 and k=10
were calculated within the.computer progran using equation
3«4~1 and the magnitude of the ratio Qouter to chntre
der;ved. The theoretical and experimental resﬁlts are compared
in Figs. 5-32 and 3-~33% plotted on a scale of turnsxfrequency.
The experimental curves in Fig. 3-32 follow fhe same line,
showing that the effect scales with the turns on the coil and
have the same trend as the theoretical curve although there

is not an exact correspondence. The experimental curves for

the 6 cm wide set of colls in Fig, 3-33 do not follow the sane
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Figure3-32

. Comparison of the Theoretical and Experimental
Variation of the Ratio ®outer to®centre with
Turns x Freauency for the 1l4,cm Wide Set of Folill
Wound Inductors
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line quite so closely as the experimental curves for the ;4 em
wide set of coils, although the correspondence with the theoret-
ical curve is better at low turn-frequencies.

AltﬁougH the correspondence between the theoretical and
experinental resulte is not exact, the results clearly show
that the current flow tends towards the edges of the foill
wound inductor at increased frequencies., The discrepancy at
low turn-frequencies between the theoretical and experimental
ratios may be due to the fact that the search coils do not cut
all of the flux & , It is impossible to say what the discrep-
ancy at high turn-frequencies is due to at this stage.

9) Conclusion .

_The equivalent circuit mnodel of the width effect predicts
basically that the current through a foil wound inductor will
tend to_flow at the edges of the coil as the frequency of the
current is increased. As a consequence of the current redisiri-
bution with increased frequency, four effects are predicted;
the resistance of the foil wound inductoer Will.increase, its
self-inductance will decregse, its axial flux distribution will
ténd towards equality and for one particular class of foil
wound ;nductor these effects will scale with the number of turns
on the foil wound inductor. -

| Experimentation has shown that at low frequencies the ////
changes in the resistances and self-inductances with freguency
of the two sets of foil wound inductors do correspond with the
fredicted changes and that the changes in the resistance scale
with the number of turns on the foil wound inductor over a
limited frequency range. It has also been possible to confirm

experinentally, using the axial flux distribution, that the
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current does tend to flow at the edges of the foll wound
inductor as the frequency of the cﬁrrent is increased.

However nost foll wound inductors of interest to the
coll designer hafe appreciable.build-up, which renders the
simple model developed in this chapter invalid. Also the
increasing use of foil wound inductors in thyristor switching
circuits means that the frequency range of interest to the
designer extends beyond the frequencies at which the width
effect theory is valid, The results shown in PFigs. 3-34 and
3-35 for two industrial foil wound inductors illustrate the
need for a theory that can accommodate coils of appreciable
build-up and a current distribution that varies across the
thickness as well as the width of the foil.

The width effect theory only applies to air-cored foil
wound inductors, In a cored coil the axial flux is mainly
determined by the core material and shape. In the case of an
ideal core, with no air gap between the core and the winding,
the axial fiux distribution will-be uniform, in which case
there would be no width effect, However with a real core there
will be a form of current redistridbution, due to the radizl
flux leakage from the core (36),

‘The width effect theory issummarised in the papers by

Murgatroyd and Walker which appear as Appendices 3 and 4.,
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Frequency for an Industrial 111.,5 Turn Foll

Variation of Resistance and Inductance with
¥iound Inductor

Fipure 3-34
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Figure3-35

Frequency for an Industrial 55.5 Turn Foil

Variatlon of Resistance and Inductance with
-Wound Inductor
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Chapter 4 Voltage Resonances in Tapped Foil Wound

Inductors

1) Introduction

The lumped-element equivalent~circuit analysis of foil
wound inductors analysed in chaptér 2 predicts that current
and voltage standing waves can exist within a foll wound
inductor at frequencies above the first resonance. The author
has shown experimentally (33) that current standing waves
exist by examining the exfernal A.C., magnetic field of a foil
wound inductor using a search coil; Howéver the voltage
standing wave pattern which must occur with the current
standing wave pattern cannot be examined in a girect manner,
because any probe will have sufficlent capacitance to disrup£
the standing wave pattern. But if the problem is approcached in
anJindiQect mannér by examining the output of a tapped foil
wound inductor, then the effects of the voltage standing wave
nay becone aﬁparent.
2) Experimental Arrangement

Three tapped foil wound inductors were wound with taps
placed at regular turn-intervals on the winding; a 1000 turn
coii with taps at intervals of 100 turns, 2 250 turn coil with
taps at intexrvals of 50 turns and a 200 turn coll with taps
#% intervals qf 50 turns. The taps were strips of 50 pm
aluninium foil held in placé by the pressure of the winding.
The other physical dimensions of the colls are given in Figs.
4-1, 4-2 and 4—3 . The colls were heat treated in the maﬁner

described in chapter 2.

108



Pigure 41

Physical Parameters and Dimensions of the 1000 Turn

Tapped Foll Wound Inductor

Core Hadius

.Type of lMetal Foil
Thickness of Metal Foil
Width of Metal Foil

Type of Plastic Foil
Thickness of Plastic Foil
Taps at

0.7 cm
Aluminium
5 . O }lm
3¢9 cn
Polypropylene

2.5 pm
0 Turns 600 Turns
100 " 700 n
200 v 800 "
300 " 900 ]
400 " 10600 "
500 "

Figureb~-2

Physical Parameters and Dimensions of the 250 Turn

Tapped Foil Wound Inductor

Core Radius

Type of Hetal Foil
Thickness of Metal Foll
Width of letal Foil

Type of Plastic Foil
Thickness of Plastic Foil
Taps at

0.7 en
Aluninium
5.0 jpm
3,9 cm
Polypropylene
12.5 nm

0 Turns
50 "
100 "
150 n
200 "
250 1]

Figure 4-3

Physical Parameters and Dimensions of the 200 Turn

Tapped Foil Wound Inductor

Core Radlus

Type of MHetal Foil
Thickness of Metal Foil
idth of Metal Foil

Type of Plastie Foil
Thickness of Plastic Foil
Taps at

0.7 cn
Aluniniun

500 Pm

3.9 cn
Polypropylene
1205 f 20irl

0 Turns

50 "

100 "

150
200 n
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The experimental arrangement used is shown in Fig. 4-45..
.The output from the oscillator was féd into a matching trans-
fermer, which.was necessary due to the low input impedance of
the tapped foil wound inductor at certain frequencies. The
transformer consisted of a Mullard FX 2242 ferrite core with
5 turns of 30 SWG copper wire as the primary and 1 turn of 30
SWG copper wire as the secondary. The maximum usable fregquency
of this transformer was 9 MHz, An F.E.T. probe with an input
impedance of 1M Ohm in paralliel with 3.5 pF was conﬁected to
one channel of the oscilloscope and used to measure the output
voltage of the tapped foil wound inductor. The other channel
¢f the oscilloscope was used to measure the input voltage.
The connections to the tapped foil wound inductér,ére
shown in Fig. 4-4b, The'input voltage Y, was afﬁlied between
turn 0 at the centre of the coil and the tap at turn T . The
fap at turn 0 is earthed. The output voliage is taken across
the whole coil of N turns. A normalised relative output
voltage Vp is defined as
VlT ,
V.= - . 4-2-1
r Vo N

Where'Vi is the output voltage_and VL the input voliage.

The input voltage V; and the output voltage \i of the
2?0 tﬁrn tapped.foil wound inductor were measured from 500 KHz
to 8 MHz with T= 50, 100 and 150. The results in terms of %—
are plotted on a log-log séale against frequency in Fig. 4-5.
In each case Vr has a low frequency value of 1, then rises to

& naximum value at an intermediate freqQuency and falls off at

high frequehcies. The maximum values of Vr y the resonant
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Firure L=,

a/

Freauency

Counter [T“““"““
Oscilloscope

Experimental Arrangement used to Measure the Output
Voltage Response of the Tapped Foll Wound Inductors

Tapped Foil
Wound . Inductor

I fe—

L Oscilliator L_ ) — FeE.T, Probe
Matching Transformer

Connections to the Tapped Foil Wound Inductor

N

lCentre of the Coil
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Fgure 4-5

Output Voltage Response of a 200 Turn Tapped Foil Wound
Tnductor with T=50,100 and 150

100 e e e

| VOLTAGE
=L QUTPUT

lVrl

- FREQUENCY ({MHz)
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frequencies and the approximate @ values of these resonances
are given in Fig. 4-6. This table shows that the resonant
frequency increases with increasing T .

Clearly the observed resonances 1n the output voltage
of the tapped foil wound inductor must be due to a non-unifoxrn
voltage distfiﬁution within the coll,
3) Analysis of the Egquivalent Circuit

The proposed lumped element equivalent circuit is shown
in Fig., 4-7. This circuit is based on the equivalent circuit
of the foil wound inductor analysed in section 2-4, A load
inpedance Zl is included in this analysis in case it is
necessary to take account of the impedance of the probe. To
facilitate the comparison of theory and experiment, the-ﬁumbers
of turns in the experimental and theoretical models were |
arranged so that the physical taps appear at nodes of the
equivalént circuit, Other situations could be included in the
analysis but this would entail the use of sections #ith unequal
nunbers of turns,

The theoretical model is conposed of S Sectiéns, with
the input tap placed at the end of the u'bh section, There wili
be S+ 2 circuit equations far this model. U of these will have

the forn

- 2 ' (I -1)
i - i - 1 o' | L-3-
(R + joL UL - 1) *kZiJwMi'k(Ik L)+ P 0 3-1
' 1<i<y
Where i and K are dunmy suffixes with the limits indicated.

S-U equations have the forn
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Pigure &-6

The Experimental Resonant Frequencies, Maximum Values
of Vp and @ Values for the 200 Turn Tapped Foil Wound

Inductor
Input Resonant Maximum Q Value
Connection Frequency Value of
MHz Vr
T =150 T.25 *0,02 18.0 *0.4 40
T =100 5% 0,01 24,5 *0,5 26
T =50 4,2 *0,01 19.0 0.4 17
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Flgure 4L-7
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Equivalent Circuit of a2 Tapped Foil Wound Inductor

All inductors are mutually coupled.
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S 1:
i + i - L _ - -3
(Rj+ jor L)L - 1) kZiJwMigk(Ik '+ 5oteE0 4-3e2
u<i <S5
The circuit equation round the input loop is
S (- I
= : h=3-3
° 21 jw G
The circuit equation round the load loop is
S S .
Lz - ) Ry LT+ ) jer M (1= 1)=0 L-3-4
i=1 - kB
The S+ 2 circuit equations can be reduced to S+ 1. I
I. ‘
equations by dividing by Io and substituting qi=I— ' qk:-l—k
1 ]
and q5+1: Il K With these substitutions equatiog 4-3-1
becomes °
. 1 2 . '
( IR’i + JCJLi +j Ci)qi + kgi jCJMi‘qu
% 1
(R + jowl.+ ) jwM. Jg. . = —  4-3-5
| e LnTs+1 7 jOC
Isis y
Equation 4-3-2 becones »
o 1 2
LRI AT 2 WM,
| k=i
S
SR+ oLy v jerM; lag,, = 0 L-3-6
n#i
u<i <5
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The input loop equation becomes

%o ., . § (1-q;)
jcsC
i1 JY Y

E; o

The load loop equation becomes

S
2949 = 2 LR+ juoliig; -

1=1

U5uq)

S
kzi jwM',k(qk ) qS+1)l =0

4L-3-7

4-3-8

Equations 4-3-5, 4-3-6 and 4-3-8 form a matrix equation

of the sanme type as equation 2-4-5, Although there are S +1

unknowns, the matrix equation has the same form as equation

2-4-11 and can be solved in the same manner using the Gaussian

Elinination, In this matrix equation (Q]

s composed of the

S+1 conplex unknowns, [B] 1is composed of the right hand sides

of equations 4-3-5, 4—376 and 4-3-8, Re[Al has the fornm

R . : ‘R
R, | , R

_ 0, R TR
Ry, — “Rg | Rag, gy

There

S
Rel(Z) +.§1a

'o-

' 4-3-9

4L-3-10




Im[A] has the form

. 3
2 N .
wi, wCy , “wMe Wl i%‘*’MLi
- 1 B b} - ] -
17 S 4'3“11
M - whk~F -wl.- M. .
d 5,1 ] s S (JCS ,(‘J S iEf-Sw S‘|
S S ] |
-wly- ) WMy - ,"“"LS'.§ WM. Tag.q 5.
] i#1 ! iS5
Where ’
S S
Iag,; g, = ImiZ) +}§:gu|_i +I§tiUMi’k) 4-3-12

Re(Zl) and IWﬂZ” are respectively the real and imaginary
parts of the load impedance.

O_nce the matrix equation has been solved then the unknovns
can then be inserted into equation 4-3-7 to obtain the input
impedance of the coil. This value of ZO can then be used to
obtain a value for V‘. « Remembering -that V,*I,Z and V'=Ilzl
equation 4-2-1 reduces to .

| VIT 954 4T
V. = N TN | 4-3-13

Or alternatively equation 4-3-8 can be modified to obtain a

value for \{_ of the form

T
Vi ZN

o-.l

A

{(Ri + iji)(qi- q5+1) ?’;jiUMi,k(qk - qsn% L-3-14

If the load impedance zl is large the load current can

be neglected. With this approximation equations 4-3-1 and 4-4-2
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D

reduce to

(Ri+ jw"i"j(jfci)qi kE JOIM, qu j-C:TCi. b-3-15
| g 1<i<y
and
\ 1 2
(R +jesly + e g » kZiJwMi'quz 0 4-3-16

u+1< |i<§
Equations 4-3-15 and 4-3-16 form a matrix equation that is only

slightly different from that formed by equation 2-4-5. Thus the
computer program used to calculate the input impedance of foil
wound inductors can be used to calculate the relative output
voltage response of tapped foil wound inductors with very few
modifications.

fthen the load impedance can be neglected Vl will be
given.b& _7 .

§ 1 2 1

USRS R

wWC ' C, 'k L-3-17
: k:u+1 Juj k

Iﬁserting this expression into equation 4-2-1 and rermembering

that V,=I,Z_  gives an expression for V. of the form

. u . S qk -
o D(J“C -kzuﬂjw_(?kg L-3-18

Once the matrix egquation has been solved then the unknowns
can be inserted into egquation 4-3-17 to obtain the input imped-
ance. The input impedance together with the relative currents

can then be inserted into equation 4-3-18 to obtain the relative
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output voltage.
4) Theoretical Results

The theoretical output voltage response and the input
impedance were calculated for the 250 turn tapped foil wound
inductor described in section 4-2. The simplified model, which
neglects the load impedance, was easlier to imnplement, therefore
it was used initially. In this model with 10 sectlons each of
25 turns u=4, which corresponds with T=100,

The theoretical output voltage and input inpedance are
shown in Fig, 4-8, plotted on a log scale against frequency
from 500 KHz to 6 MHz, The input impedaQCe has a‘maximum at
2.181 Hlz and a minimum at 4.165 MHz, which corresponds exactly
with the naximum in the relatlve output voltage. This is to be
expedted if power is to be conserved. Providing the input
voltage is constant the input impedance must decrease to
compens;te for the increase in the output voliage.

In the theoretical model of the foll wound inductor
analysed in chapter 1 the maxima in the input inpedance were
associated with resonances in the current distribution within
the coil and the minina in:the input inpedance were associated
with resonances in the voltage distribution.

The relative voltage at the junctions of sections p and
p+1 ﬁill, when P is less than or equal to U , be given by

P (1-q

P _ T _ i)
Vr - ZON l—1 jwci . 4-4—1

If p is greater than U the relative voltage at p will be

given by
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Figure 4-8
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Theoretical Relative Qutput Voltage and Input Impedance

of the 250 Turn Foil Wound Inductor with T=100
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" Figure 4~9
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" Figure 4-11
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Figure 4-13

a/

Voltage Pistribution
N=250,T=100

e — . do
|
|
4
IVT' 2.5KHz |
I
I
I
1.0 | ! {180
!
|
|
| 4@5
¥ i
;
I -
— . - - - + 4360
0.9 (.) r 1 1 1 1 A 10
Position Ho.
Figure 4-14 a/
= — = _T ' -'0
I
v 3. OKHz |
) 1.0 180
vy
360
0.0 5
Pogition Mo, 10
Voltage Distribution
N=250,T=100
+Input Voltage Magnitude

0

b/

Current Distribution

N=250,T=100

2 5NHz

Section HNo.

3,0MHz

_——-—

1 1 1 L 1 i 1

1 Section No.

10

Current Distributien

N=250,T=100

—~ — — Phase

124

180

260



Figure4'15
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Figure 4-17
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p (1- P q
Vs E 2 qc) ) —"E—g b 4= 2
219N Kryer JWY

Both of these equations are derived from equation 4-3-18. Ten
sections were used in this model. Therefore in the same manner
as in chapter 1 the beginning of sectlon 1, which is at the
centre of the coil, will be labeled position 0 and the end of
section 10, which is at the edge of the c¢oil, wlill be labeled
position 10, |

The evolution of the theoretlcal relative voltage digtri-
bution within the1250 turn tapped foil wound inductor (-T= 100 )
from 1.5 MHz to 5.0 MHz is shown in Figs. 4-9 to 4-18. Figs.
4-9a-to 4 -18a show the voltage Vf) plotted against position
nunber, while Figs., 4-9b to 4-18b show the relative current
qi plotted against section number. At 1.5 MHz the relative
voltage distribution is almost linear and the relative output
voltage at position 10 is just above 1. Then with increasing
frequency the distribution becomes increasingly non-linear and
the relative output voltage'increaseé, until at 4.0 MEz the
voliages at fositions 1 to 3 have reversed phase, with resvect
1o the rest of the distribution, and the'relative outzut voltage
has reached almoest 10, The maximum in the'relative output
voltage occurs at 4,165 MHz, The relative voltage distribution
gt this freguency changes phase by 180° once, allowing for the
phase of the input voltage, which is fixed. This resonance has
the characterisgtic of 2 second order Qesonance, suggesting that
the first oxder resonance has been suprressed by the method of

exciting the coil., The first order current resonance thai occurs
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between 2.1 MHz and 2.3 MHz has no appreclable effect on the
relative voltage distribution, The discontinuiiy in the relative
current distributions is due to the input current of magnitude
1. '

5) Comparison of Theory and Experiment

A;comparison of the theoretical and experimental relatlve
output voltqge responses for the 250 turn tapped foil wound
inductor with T=100 is shown in Fig. 4~i9, plotied on a log
scale agalnst frequency. Experimentally the resonance in the
output voltage response occurs at 3,77 MHz, while theoretically
it occurs at 4,165 MHz; a difference of -9.5%, The difference
between the maximum experimental value of “; and the theoret-
ical value is a factor of 6.8 tinmes.

. The theoretical and experimental resonant frequencies
for T=50, 150 and 200 were also found and are shown tabulated
in Fig, 4-20, The difference between the theoretical and
experinental resonant frequencies increases from +2.2% when
Tz 200 to +19.,1% when T =50. '

It has beén shown theoretically that the maxiprum in the .
rélative cutput voliage 1Is associated with a second oxderxr
voltage resonance, so it is reééonable to assune that there
are maxina associa%ed with the third and higher oxrders of
resonance. Tith the 1000 fturn tapped foil wound inductoxr
describad in section 4-2 the first three maxima in the relative
output voltage fall within the usable  frequency range of the
éxperimental apparatus,

The theoretical relative output voltage and input imped-

ance of the 1000 turn tapped foil wound inductor with =500
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Figure 4~19

Comparison of the Theoretical and Experimental Voltage
Responses of the 250 Turn Tapped Foil Wound Inductor
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Figure 4-20

Comparison of the Theoretical and Experimental Resonant
Frequencies of the 250 Turn Tapped Foil VWound Inductor’

Input Bxperimental | Theoretical | Percéntage
Connection Resonant Re'sonant Difference
Frequency Frequency
MHz MHz
T =200 5.88 *0.05 6,011 *1KHz +2.2
T :150 4.52 10105 40945 i:I.I{HZ ""8-6
T =10C 377 20,05 | 4.165 *1KHz +9.5
T =50 2.93 ¥0.05 2.62 *1KHgz +19.,1
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are shown in Fig. 4-21 plotted on a log scale against frequency
from 200 KHz to 3 MHz. This graph clearly shows three maxima
and two minima in the output voltage response. The minima in
the input impedance correspond in frequency with the maxima in
the relative output voltage, while the maxima in the input
impedance do not correspond in frequency with the minima in

the output voliage response,

The theoretical resonant frequencies for the first thres
maxima and ninima in the relative output voltage response are
tabulated in Figs. 4-29 and 4-30, The relative current and
voltage distributions within the tapped foil wound inductor
at these freqQuencles are shown in Figs., 4-22 to 4-27. Figs.
4-22a to 4-2T7a show the relative voltage plotted against position
number and Figs., 4-22b to 4-27b show the relative current
plotted against section number. These graphs do not present
a very elear picture., The voltage distribution at the first
maximum {0,6975 MHz) changes phase by 180° once, the voltage
distribution at the second maximum (1.886 HHz) changes phase by
180° once and the voltage distribution at the third maxinunm
(2.924 MHz) changes phase 5y 180° three times, The current
distributions at these frequenciles change phase by 180° once,
twice Qnd three times respectively. It appears that the first
order.voltage resonance has been suppressed and the third oxder
véltage resonance at 1.886 MHz appears to be a second order
resonance. However the equivalent cirecuit is a complexly linked
resonant system therefore 1t will not necessarily show the
same resonant patterns as a sinple systen.

A comparison of the theoretlical and experimental relative
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Figure 4-21

" Theoretical Relative Output Voltapge and Input.Impedance
of the 1000 Turn Tapped Foil Wound Inductor with T=500
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- Figure 4-22
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Figure 4-24
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Figure b-26
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Pigurel-27
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Figure4-28

Comparison of the Theoretical and Experimental Relative
Output Voltage Responses of the 1000 Turn Tapped Foil
Wound Inductor with T=500
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Pigure 4~29

Comparison of the Theoretical and Experimental Resonant
Frequencies of the Output Voltage Response of the 1000
Turn Tapped Foil VWound Inductor

First Maximunm
Input Experimental Theoretical Percentage
Connection Resonant Resonant Difference
Frequency llz Frequency HHz
T =900 1,069 *2KHz 1,073 #250Hz +0.37
T =800 0.890 h 0.945 " +5,9
T = 700 0.759 " 0,840 " +9.6
= 600 0.654 " 0.759 " +1%,8
T =500 0,589 " 0.6975 " +15.6
T =400 0.527 " 0.6505 " +19,0
T = 300 0,481 " 0.6145 " +23,9
T =200 0.460 " 0.5865 " +21,9
T =100 0.428 " T 0.564 " +24,1
Second Maxinum
Input Experimental Theoretical Percentage
Connection Resonant Resonant Difference
Frequency MHz Frequency MHsz
T = 900 2,192 *4KHz 2,178 £250Hz -0,64
T = 800 2.193 " 2,181 " -0.55
T = 700 2.150 " 2.128 " -1,0
" Tz 600 2,016 " 2.0165 " +0.25
T = 500 1.843 " 1.886 “ +2.3
T = 400 1,692 " 1.7645 " +4,1
T = 300 1.583 " 1,625 " +2,6
T =200 1,507 " 1,579 " +4,1
T= 100 1.418 " 1.511 " +6,2
Third Maximun
Input Experinental Theoretical Percentage
Connection Resonant Resonant Difference
Frequency HNlz Frequency HHz
T=900 2.925 *5KHz 2.882 *3Kiz -1,
T=800 3.000 " 24938 " ~2.1
T=T00 3,055% " 3,005 " -1.7
72600 - 2,000 -

) T=500 2.990 " 2.925 " -2
T=400 2.860 " 2.795 " -243
T=300 24725 " 24,660 " -2.4
T=200 24595 " 2.538 " ~2.2
T=100 2.470 " 20435 " -134

+ Thig resonance l1s visible as a
not visible,

- This resonance 1s
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F@gureL-BU

Comparison of the Theoretical and Experimental Resonant
Frequencies of the Output Voltage Response of the 1000
Turn Tapped Foil Wound Inductor

FPirst Mininum
Input Experimental Theoretical Percentacge
Connection Resonant Resocnant Difference
Frequency NHz Frequency MHz
T = 900 1.173 *2KHz 1,142 *250Hz 2.1
T = 800 1,124 " 1,086 " ~3+5
T = 700 1,080 " 1,0345 -4,4
T = 600 1.039 " 0.9895 " 5.0
T =500 1,000 " 0,951 " -5,2
T =400 0.963 " 0,919 " -4,8
T= 300 00927 " 0.8925 " -319
T =200 0.903 0.872 " -3.6
T =100 0.693 " 0.858 " -4,1
Second Minimun
Input Experimental Theoretical Percentage
Connection Resonant Resonant Difference
Frequency MNlz Frequency MHz '
T = 900 2,170 *5KHz 2,156 *+250Hz -0.,67
T = 800 2,171 " 2,155 " ~0, 74
T = TC0 2.126 " 2.1155 " -0.,54
LT =600 2,059 u 2,058 " -0.04
T =500 1.978 " 2,000 " +1.1
T =400 1.913 " 1.9425 * +1.5
T = 500 1.849 " 1.8955 " +2,5
T =200 1.842 ¢ 1.858 " +0.86
T =1C0 1.783 " 1.83%25 " +2,8
Third Mianimunm
Inyut Experimental Theoretical Percentage
Connection Resonant Resonant Difference
. Frequency MHz Frequency MHz
T =900 3,016 *10xHz 2.+929 *3KHz =3.0
T = 800 3.041 " 2.948 " -3.2
T= 700 3.075+ " 2‘985 " - _3‘0
T = 600 - 2.979 " -
) T = 500 3.048 u 24932 w -4,0
T = 400 2.966 " 2,870 " -%¢3
T = 300 24919 " 2,808 " -4.0
Tzeo0 2,891  ~ 2,759 " -4,8
T =100 2.858 " 2,725 " ~4.9

+ This resonance is visible as a

phase change only,

-~ This resonance is not visible,
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cutput voltageg of the 1000 turn tapped foll wound inductor
with T =500 is shown in Fig. 4-28 from 200 KHz to 3 MHz. This
lshows general agreement between the theoretical and experimental
responses, with the exception of the § values of the resonances,
which is to be expected.

A gomparison is shown in Figs, 4-29 and 4-%0 between the
theoretical and experimental resonant frequencles for the first
three maxima.and minima in the relative output voltage response
of the 1000 turn tapped foll wound inductor for all peossibdle
values of T ., The theoretical and experimental values compare
well, with a maximun error of ¥6,2%, except for the first max-
imum resonance. The error in this éase rises from +0,37% at
T=900 to +24,1% at T=100,.This error increase nay be due to
the impedance of the probe.

é) Investigation of the Probe Impedance

T;a exanine the effect of the load impedance theoretically
a computer prograh was written to solve the conplex matrix
equation formed by equations 4~3;5,.4—3~6 and 4-3-8, These
equations describe the equivalent circuit of Pig. 4-7, which
includes the load impedancé. The form of the load impedance is
shown in Fig, 4-31,. Rp and Cp are the input resistance and
capacitance of the F.E.T. probe. Cl is an added external
capacitance. If Cl is large enough then any stray capacitance

can be swanped, Z‘ has the forn

Z, = %

4-6-1

|- . .




Figure 4~-31

Composition of the Load Impedance Zl of Figure 3-4
Cp and.Rp represent the impedance of the probe.

Cl represents any added capacitive load.,

1Cp Rp |G

Fipgure 4-32
Variation of the Theoretical and Experimental
Fundamental Resonant Frequency of the 1000 Turn
Tapped Foil Wound Inductor ('ﬁ=400) with Cl
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Initially only the load imposed by the F.E.T. probe, which
consisted of 1 Hega-Ohm in parallel with 3,5 pF, was considered.
Taking one particular resonance, that of the 1000 furn tapped
foil wound inductor with T=400 at 0.527 MHz; the simple model
neglecting the probe load predicts a resonant frequency of
0.6505 MHz, taking the probe load into consideration reduces this
predicted freguency to 0.5858 MHz, a reduction in the error from
19,0% to 10,0%. Another effect of considering the probe imped-
ance'was to réduCe the predicted maximum value of\ﬁ.from 398 to
98.7: compared with an experimental value of 44.

Addipg the probe capacitance of 3,5 pF to the equivalent
circuit has reduced the error in the calculated resonant frequency
by almost half. This suggests that the resonant frequency of this
order of resonance Lls sensitive te the load capacitance. There-~
fore any stray capacitance can have a marked effect on the exper-
imentaliresonant frequency.'Adding a capacitive load to the
output from the tapped foil wound inductor would reduce the
significance of any stray capacitance.

Congider again the resonance in the output voltage response
of the 1000 turn tapped foil wound inductoﬁ with T=400 at 0,527
MHz, Ceranic capacitors, with measured capacitances between 12
pF gndt200 pF, were added across the output in parallel with
the ﬁrobe and the resonant frequency measured. The variation
o} both the theoretical and experimental resonant frequencies
with the added capacitance is shown ipn Fig, 4-32. The two curves
converge as as the capacitance increases, until at a capacit-
ance of 150 pF the difference between the theoretical and ex-

rerimental resonant frequencies is only +0.2%. Clearly the add-
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ition of a relatively large external capacitance has swanped

any stray capacitance and any errors in the calculated sectilonal
capacitances.

7) ‘Conclusion-

Although it was not possible to measure directly the vol-
tage distribution within a fo0il wound inductor, 1t has been
possible to infer the existance of various orders of voltage
resonance within a tapped foil wound indﬁctor by observing their
effect on the oﬁtput voliage response when the coil is connected

as an auto-transformer,
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Chaptexr 5 Voltage Resonances in Foil Wound Transformers

1) Introduction

The study of tapped foil wound inductors in chapter 4
hés shown that voltage resonances can occur in foil wound
devices, Therefore it is reasonadble to suppose that voltage
resonances can also occur in foil wound transformers.

A foil wound transformer can be woﬁnd in a number of
ways. However due to the limitations of the coil winding
nachine availablg this study had to be limited to one fornm,
in which the primary is woundon top of the secondary oxr vice-
versa, with a gap filled with insuiating film between then,
The end view of a transformer wound in this manner is shown
in Fig, 5~l. This study is also limited to air-cored trans-
formers of small dimensions wound from thin foil, However the
results from this study can be applied to some of the other
winding forms, .

Two féil wound transformers were made for this study,
one with two windings each of 100 turns and the other with
tﬁo windings each of 200 turns. The other dimensions of these
transformers are given 1n Flgs, 5-2 and 5<3. The transfornérs
were heat treated in the manner described in section 2-2. The
terminals on the transformers were made in the usual way dy
ﬁiacing strips of 50 pm thick aluminium foil into the winding
at the appropriate pointis.

2) Experimental Arrangement
The apparatus used to investigate the output voltage

response of the transformers is shown in Fig, 5-4. The érrange-
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Figure 5-1

Outer
Winding

Inter~

Coreswound from
the plastic
. insulating foil

Winding
Gap

Inner

These terminals
are earthed to
negate the inter-
winding capaclit-

Winding

ance

The.inputs and outputs
are taken from these
terminals

End on. View of a Foll Wound Transfornmer

Figure 5-2
Physical Parameters and Dimensions of -the 100+
10C Turn Foil Wound Transformexr
Number of Turns on the Outer Winding 100 Turns
Humber of Turns on the Inner Winding 100 "

. Humber of Turns of Insulatiing Foil 10 .*°
in the Intexr-Winding Gap '
Core Radius 0,7 cn
Type of Metal Folil . Aluniniunm
Thickness of Metal Foil 5.0 pm
Width of Metal Foil 3.9cn
Type of Plastic Foil Polypropylene
Thickness of Plastic Foil 12.51um
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Pigure -3

Physical Parameters and Dimensions of the 200 + 200

Turn Folil Wound Transforner

Humber of Turns on the Outer Winding
Hunber of Turns on the Inner Winding
Number of Turns of Insulating Foil
in' the Inter-Winding Gap

Core Radius

‘Type of Hetal Foil

Thickness of Metal Foil
Width of Hetal Foil

Type of Plastic Film
Thickness of Plastic Film

200
200
20

0.7 ch
Aluminium

5.0 pm

3.9 cm
Polyprowvnylene
12,5 pm
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Figure 5-4

Experimental Arrangenent used to Measure the Output Voltage
Response of the Foil Wound Transformers

Frequency
Counter
100" pF Cavacitor
Foil Wound _ E
Transformef
1 I
Sl L
L oscillator = |

Oscilloscorne
Matching Transformer
(This is the transformer F.E.T+ Probde
used in the experiments
described in chapter 4)

Figure 5-5H

. Connections to the Foil Vlound Transformer
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nent is very similar to that of chapter 4, The differences are
in the connections to the transformer and the addition of a
capacitor across the output of the transformer, To negate the
inter -winding caﬁacitance the transformer was connected in the
manher shown in Fig. 5-=5. The adjacent terminals on elther slde
of the inter-vinding gap are connected to earth, There are two
methods of connecting the transformer; one with the inner wind-
ing as the primary and the other with the outer winding as the
primary. In this study the conventlon was adopted of using the
inner winding as the primary. A 100 pF *0.5 pF ceranmic capacit-
or ﬁas placed across the secondary of the transformer to swamp
any stray capacltance.,

The relative output voltage VN , Which is normallsed
with respect to the input voltage and the number of turns on

the primary and secondary windings, is given by

VN=V N . : 5"2'1

Vhere M> is the input voltége, %. is the output voltage, Np
the number of turns on the primary winding and NS the number
. of £urns on the secondary winding.

The measured relative output voltage response of the 100+
100 turn transformer is shown in Fig, 5-6 plottea on a log
scale against frequency from 50 Klz to 6 MHgz. \%l has a low-
frequency value of 1, then rises to a value of 37 $1.0 at 2,66
MHz *0.005 KHZ and falls off at highe¥ frequencies.
3) Analysis of the Equivalent Circuit

The lunped-element eguivalent clrcuit of a foll wound
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Figure 5-6

Experimental Output Voltage Response of the
100 + 100 Turn Foil Wound Transfornmer

100

RELATIVE :
QUTPUT
VOL

St

10

FREQUENCY {MHz)
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transformer is shown in Fig. 5-T7. The primary has been éplit
into Sp sections and the secondary into Ss sections., A total
of S sections (S'—'Sp-l-SS Jo It has been assumed that the inter-
winding capacitance can be neglected, as the appropriate
ternminals at the ends of sections Sp and Sp+1 have been
earthed. The beginning of section 1 lies at the centre of the
coll and the end of sectlon 10 lies at the edge of the coil.
This equivalent circuit can be described by S+1 nmesh

equations, Sp of the fornm

S
+ + L 1 = ___.1
: <
Sg of the form [ SP
2 q
1 - S+ _ 13-
(Ri_+ jwl, + jwci)qi+k§ﬂJUMi,qu oC 0 5-3-2
<
h i - K n oo LN St' a
ere qi = Io ’ qk- Io an qs+1..-—I-; . e mesh equation roun
the load loop is gilven by
2 (9c,q” 9)
z)q  +y —=rl_K . 5-3-3
l wC
S =g v UK

The input impedance Z, can be obtained from

. : S
Yoo .3 0% 5-3-4
Io - o - k=1 j(AjCk

Equations 5-3-1, 5-3-2 and 5-3-3 form an S+1xS+1 complex
natrix equation of the same form as equation 2-4-10. In this

equation Re[A)] is an S+1xS+1 natrix of the fornm
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Flgure 5-7

Lunped-Element Equivalent -Circult for a

- Foll Vound Transformer

All inductors are coupled by positive
mutual -inductances.
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R" . - ] ’ * ’ ‘

- RZ‘ R
,‘ s ' - ' - ) ' ‘ 5_3_5
4 ' s ) ’ RS ’
[ ' F) ‘ ’ : ' Re(Z[)

ImlA])] is an S+1x S+1natrix of the form

— e ‘ -
(JL1 wc1l - ] uM1'S+1 ] - .
) 2
w'M L "'—"“1 ~1 5-3-6
' - * (/S 3 + - * - -
Sprl] S5 g Y
.. ’ L ; | ' N S
-1 1
R e
wC ' V" £ wCy
i . Sp+1 k"Sp"‘1 ]

The complex matrix [B) is composed of the left hand sides of
equations 5-3-1, 5-3-2 and 5-3-3,

- Once the matrix equation has been solved using the Gauss-
ian Elimination progranm of Appendix 1, the matrix of the un-
knowns [Q]) can be inserted into equation 5-3-4 to obiain the
input impedance of the transformef. ‘

. In the same manner as equation 4-3-13 an expression for

Vv

N can be derived; this expression has the form

VR Vle - Zlq5+1Np 5_3_7
N TV, Ng Z, N

An alternative expression for VN can be derived from equatiion

5-3~3%,., Thls has the forn =
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Np 2 ..
VN = ——--p 2 (qk qS"'_]_)
Zo NS k:Sp+1 j(..)'Ck

5-3-8

Once the input iﬁpedance 25 has been obtained it can be inser-
ted into either equation 5-3-T or 5-3-8, together with the
appropriate relative current or currents, to obtain the relative
output voltage.

The load impedance is described by the circult in Fig.
4-31 and Zl .has the same form as equation 4-6-1,

" The sectional inductances, capacitances and resistances
viere derived in the same manner as the sectional inductances,
capacitances and resistances described in sections 2-6, 2-T
and 2-8, Obviously the use of the D.C. resistance will lead to
errors in the calculated @ values of the resonances.

4} Comparison of Theory and Experiment

The theoretical relatlive output voltage response of the
100+100 turn foil wound transformer was calculated, based on a
model of 10 sections each of 20 furns, 5 sections to the primary
winding and 5 sections to the secondary winding. This response
t&gether with the experinmental relative output voltazge response
of the same transformer is shown iﬁ Plg. 5-8. The theoretical
resonant frequency is 2.83%4 MHz *1 KHz compared with an experim-
entai resonant frequency of 2.66 MHz *5 KHz, a difference of
+64,5%, The predicted maximum value of %“ ig 223 compared with
an egperimental value of 37 *1.,0, a factor of times 6 differ-
ence.

A conparison the theoretical and experimental output vol-

tage responses for the 2004200 turn foll wound transformer 1s
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Fligure 5-8 Comparison of Theory and Experiment
for the 100 + 100 Turnm Foll Wound
Transformer - SR

- RELATIVE
L OUTPUT
: VOLTAGE

(305 DA
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. FREQUENCY (MHz])
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shown. in Fig., 5-9 from 100 KHz to 2 MHz and in Fig. 5~10 from
100 KHz to 8 MHz, in both cases plotfed on a log scale. In Fig,
5-9 the experimental resonance occurs at 997 KHz 21 KHz and the
theoretical resbnance occurs at 1,0594 MHz *200 Hz, a difference
_between theory and experiment of -5.9%. The observed maximunm

value of]V | for this resonance is 59. *1, compared with the

predicted \Ir\lalue of 228.,3*0,5. Fig. 5-10 shows that at higher
frequencies the 200+ 200 turn transformer multiply resonates,
There 1s a second naximun in‘Vhﬂ which occurs theoretically at
6,590 liHz *5 KHz and experimentally at 6,523 HHz + 5 KHz, a
difference of = 1%. The mininun in[V | whiech experimentally
occurs at 4.80 MHz 10 KHz has a predicted frequency of 5,630
MHz * 5 KHz a difference of-14, 7% In the case of the secondary
maximumn the difference between the Predicied and observed values
oflVN[ is a factor of times 3.4. However in the case of the
minimun ianNlthe difference between the predicted and observed
values ofIVN[ is a factor of times 0.046. |
5) . Conclusion

It has been shown that for one particular type of air-
cored foll-wound transformer the Junped~element equivalent
c¢lrcuit analysis can predict the form of the output voltage
response with reasonable accuracy. Skin effect, proximity effect

and width effect have all been neglected in the theoretical

analysis therefore the predicted Q@ values will be in error.
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Pigure 5-90
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Figure 5-10

- Comparison of Theory and Experiment for
the 200+200 Turn Foll Wound Transformer
Showing Secondary Resonances
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Chapter 6 Devices with Two Foils

1) Introduction

The simplest and conmhonest application for a device with
two folls 1s that of the wound foil capacitor, This device
takes a large nunber of forms, but in zall except a very few
of these forms the manufacturer 1s concerned with reducing the
self-inductance of the capacitor he makes. This concern with
the minimisation of the self-inductance has in the past led to
a neglect of the other devices.that can bhe manufactured fron
two or more folils,

From the preceding chapters it should be clear that a
capacitor manufactured by the embedded lug method, in which
tiwo or more termlnals are placed in the winding rather than
solder all the turns of one foill together to form a terminal,
should ﬁave self-inductance, The terminals in an embedded lug
capacitor are nornally placed to minimise the self-inductance,
but equally the terminals could be placed to maximise the self-
inductance, This chapter is concerned with devices that use
this self-inductance, |

A simple lumped elenent equivalent circuit for two iden~
tical spiral wound foils is shown in‘Fig. 6~1, These foils
could have the four terminals placed at any points along the
ﬁinding, but for simplicity they have been placed at the ends
of the windings, Each foil has an inductance L , which has

L

been split into two identical inductances of magnitude ——-coup;

4
led by a nutual-inductance M .« In a small tightly wound device

the mutval inductance M can be approximated to L without

A
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Figure 6-1

Simple Bquivalent Circuit of a Device Made From
Two Identical Foils

L R L
A 2 4
o Fa e — — m_.@

All inductors are coupled by a mutual inductance.

Fipure 6-2

Tﬁo Terminal Connection: Capacitive

o

N T}V —0

@
]

Fipure 6-3

Two Terninal Connection: Resonant

——© NN} T} —V+—p

o VN C:::}—ﬂF—%:::J—-—fV“L———T
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departing from reality too far. The D.C, resistance of the
foil R has been split into two separate resistances %;-. The
total capacitance between the two foils is represented by C ,
Obviously this equivalent circuit will only be valid at low
frequencies.
2.} Two Terminal Devices

There are three different ways of connecting Fig. 6-1

as a two terminal device., The first method is shown in Fig,

6-2, This arrangehient has an input impedance of the form

Z, = jwl - jooM+ R +R + jesbk - jeoM + _1
L 2 2 L jG5C
= J___L_—ZJLJM + R + 1 6-2-1
2 jeo C

With the approximation M:-%—this becones

1

Z = R + -IZBTT'

Q

6-2-2

When the resistance is neglected the input impedance Z, is
puiely capacitive., Vhen the inductances-%% are tightly coupled
this terminal arrangement gives a low-inductance capacitance.
At high frequency Morley (37) has shown that this terminal
arranéement behaves as a transmission line.,

The second method is shown in Fig. 6-3 and has an input-

inpedance of the forn

Zo: jwl + 2jesM o R, ] 6-2-3
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L

With the approximation M=—= this becones

Zy= jwl +R *j£m° 6-2-4
1 :

At a critical frequency %=ﬁthe input impedance’ Zo falls

to Z =R . At frequencies << ¢ the impedance is inductive and

at frequencies > (J, the impedance ie capacitive. In reality the

author dlscovered that at frequencies>» W,this terminal arrange-

nent of a two foil device will multiply résonate iIn the same

nanner as the foil wound inductors investigated in chapter 2,

Wilson (38 ) used this arrangement of the two foil device, which

he termed the "Inductive Capacitor, as a resonator in a delay

line to form high-current pulses and as the primary of a trans-

former to generate high voltage pulses.

The third method is shown in PFig. 6-4 and has an input-

impedanbe of the fornm

Z, = jazl + 2jeM + R | 6-2-5

This impedance is inductive and at high frequencies behaves
in the same manner as the foil wound inductors inves-
tigated in chapter 2.

3) . ~ Four Terminal Devices i -

- There are three ways of connecting the two foils as a
four terminal device., The first method is shown in Fig., 6-5

and the output voltage for this arranéement is given by

VO

Ry 6-3-1

assuning that M= L
JA
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Figure b-4

wo Terninal Connection: Inductive

©

Figure 6-5

Four Terminal Coanneciion: Capacitive

Figure 6-6

Four Terminal Connection: Transformer

%
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1
At frequencies <& CR the o1utput voltage equals the input volt-

age and at frequencies > CR the output voltage 1s given by

~t Vo
Vl'— JCR

6-3-2

This terminal arrangement acts as a filter.
The second method is shown in Fig., 6-6, In thls case the

oufput voltage is given by

Ljeo MY, | :

V = ° _ -2

| jwb + 2jewuM + R : 6-3-3
2

This terminal arraﬁgement acts as a transformer.
The third method is shown in Fig. 6-7. With no load in-
pedance connected the output voliage is given by
]
V, [ jao€ - bjwM]
Vl = 6-3-4

(j(_._d__|=+2jCLJ’M+R+.1 )
2 jusC

With the approximation M=—|Z—this equation becomes

1
V, (jesC - jeol )

I'® JoL + R + 1 6-3-5
jCsC
At a critical fregquency G = _1 +the cutput voltage is glven
JLC
by
2V, [ L ‘ :
VERiT 636
At frequencies < G, the output voltage is given by
Vi = VO 6"3 "7
At frequencies > {J, the output voltage is given by
V[ =V 6-3-8
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Figure 6-7

Four Terminal Connectlon:t Resonant

o

VA 1 VT o

tmmﬂmT

Figure 6-8

Regsonant Four Terminal Connection with Load
Inpedance Zl

e N e [:J Y o

- T - | H 2

Figure 69 : .

- Fig., 6-8 Rearranged for Mesh Analysis

© F VA T +—— 3 A
VO Io — Il
© VY  }——{""3— M\ &
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This terminal arrangement has been termed by Reoeves the

" Inductor-Capacitor Hybrid" (59,4b). This device resonates at
1 20V,
frequenc f &= = and at this f uene =220

a frequency o 27 T e s frequency: % ] ’

there is no load connected.  is given by the normél exXpress-

-1/l
0= =/ 6-3-9

4) Inductor-Capacitor Hybrid

when

lon, which is

Reeves' theory of the Inductor-Capacitor Hydbrid (40) turns
on the assumption that the resistance of the metal folls 1s neg-
ligibly small. The theory predicts that if operated at its res-
onant frequency the hybrid supplies the same current into any
load resistance (39). It will be shown in this
section that this difficulty can be avoided if the hybrid is
nodelled by discrete elements, including finite résistance for
the metal foils. For a full aralysis a load impedance must be
included in the description.

The lumped_circuit model inc;uding the load impedance is
shown in Fig; 6-8, In Fig, 6-9 the circuit has bdeen re-arrangéd

to facilitate a mesh analysis, as follows.

.Vo = J._C_%_LIO + 2jCJMI° +AJQJMII + RIO + (Io_Il) 6—4-.1 )
Tt
0=

I - L) 6-4-2

2L + il + 2jcoMI + 4jeMI_+ RI, + |
11 5 | .o l _
- jw C

Hith the approxinmation M==%Tthese equations reduce %o
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V, = Al - BII 6-4-3
I,B = (Zl+ A)Il » 6-4 -4
Where
= 1 | '. : -f -
A= jwl+ R + 7o C 6-4-5
B oe - jul 6-4-6
" jwC T “4-

At resonance we have B=-j2¢sL and A= R,

The principal equations given by Reeves to describe the
currents and voltages in the hybrid appear as speclal cases of
6-4-% and 6-~4-4 when R 1s set to zero.

The output current of the device is given by

_ BVo ’ - R -
II'ZIA+AZ—B" 6-4-7

At the resonant frequency and letting R go to zero we obtain

Reeves' result,

Il= . 6-4-8

In this expression the current is indepehdent of the load. How~

ever if we keep R finite and let Zl become large we obtain

_J2anly,

| ZR

-

6-4-9
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which decreases with increasing load.

The input current is given By

_AZp + Ay,

Lo = ZA+K-B

6-4-10

Again at the resonant frequency and letting R go to zero, we

find &

Z|V,

: . 6-4-11
R VIRA R

For a resistive load this agrees with Reeves' result and shows
that if the same current 1s to be delivered into increasingly
large loads, the input current must rise in proportion to the
load., If we keep R finite and let Zl become large we find

I, = —,\%— 6-4-12
indicating that the input current 1s limited by the foil resis-
tance,

The low-frequency behéviour oflthe hybrid is completely
described by equations 6-4-3, 6-4-4, 6-4-5 and 6-4-6 subject .
to the approximations stated. Hybrids can multlply resonate
at high frequency (40). A more complex equivalent circuit would
be required to describe this behaviour. |

The application of hybrids to the ignition of gas-discharge
lamps was proposed by Reeves (39). By deslgning a hybrid cap-
able of resonating at 50 Hz it is pos;ible to provide ignition,
current limiting and phase correction within the one device

rather than using two or three sevarate components. The large
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iron-cored device shown in the photograph in Fig, 6-10 1is
designed to operate in this manner and was used in Hybrid
research at Loughborough University.

A sumnnary of the equivalent circuit analysis of the
Inductor—Cépacitor Hybrid appears in a paper by MHurgatroyd

and Walker which 1s reproduced as Apprendix 5.



Figure 6-10

Eight Two Foil Devices

The large iron cored device and the smaller fer*lte cored
device were used in Inductor-Capacitor Hybrid research at
Loughborough University.

The line on the photograph is 10 e¢m long.
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Chapter 7T Conclusion

1) General

This thesié has been concerned with the application of
lumped-elenent equivalent circuits to foil wound devices, in
particular the foill wound inductor. Pig, 2-1 gives the normal
high frequency equivalent circuit of an inductor, which is
conposed of an inductor and a resistor iﬁ_series both shunted
by a capacitor, In most cases although the inductance and the
resistance can be calculated fronm thé fundamental field equat-
ions the addition of the capacitance is simply a model: it
explains the observed behaviour of.the inductor although it
cannot be calculated, Thé'reason for this is simply that the
capacitance scheme within most inductors is too complex Fforx
analysis and in any case it is far easier just to measure the
equivalent capacitance, With foil wound inducters the capacit-
ance scheme within the device is not conplex; nearly all the
capacitance is from tura-to-turn and very 1ittie to any of the
other turns. Thisg fact permitsan ahaiysisbaséd noton a nodel
wﬁich minics the impedance of the device, but on the
fundamental field equations, Such an analysis can provide an
insight into the current and voltage distributions within the
device.

The use of lumped-element eguivalent circuits may be
thought 2 substitute for a complete field theory solution of
'the problem, but the problems of finding an analytic solution
to the field equations in all but the simnplest cases means that

approxXxinations would have to be made., The approximation mnethod
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could take two forms: elther the field equations could be sim-
plified by approximation until an analytic solution was reached
or a numerical approximation method could he used, The egquival-
ent clrcuit appréach can be regarded as a combination of both
methods, Murgatroyd (26) has shown that the field equatlons can
with certain approximations be reduced teo the equivalent circuit
of Pig. 2-11., This equivalent circuit can be reduced until it
will yield manageabuaanalytic solutions.-However such simplified
clrcuits consistiag of one two or three sections would only be
able to predict the impedance of the coll up to the second_or
third resonance, clearly larger circultis _are required
to calculate the impedance/frequenéy spectrum of Fig, 2~9, These
circuits are too large to handle on an analytic basis, therefore
a numerical computational method has to be employed.

Inherent in this equivalent circuit approach is the concept
that the capacitance of a foil wound inductor is as important a
part of the characteristic of the device as the inductance. In
most applications a pure inductance or a pure Eapacitance is
rgquired. However it is not possible to separate these charact-
eristics in real components. Indeed it is possible to construct
devices that use this duality; such as the inductor capacitor
hybrid (40) and the inductive capacitor (38). |
2) Particular

“he Jumped—element equivalent circuit when a2pplied to a
1000 turn foil wound inductor (Pig. 2-2) could guite accurately
‘predict the frequencies of the fixst three resonances (Fig. 2-23),
although the predicted frequencies of the higher order resonances

were much less accurate. The number of sections used in these
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calculations was 10, therefore the theory is accurate up to
the frequency of the resonance whose order is given approximate-
ly by the number of sections divided by three. It can be seen
from the compariéon in Pig. 2-22 that Q values of the resonan-
ces cannot be predicted with accuracy, this is due to the use
of the D.C. resistance of the metal foil in deriving the sect-
lonal resistances in section 2-7, It is not yet possible to
calculate the A.C. resistance of a foil wound inductor over the
frequency ranée investigated in chapter 2, |

In chapter 3 the lumped element eguiyalént circuit was
applied to another field theory problem; that of the current
distribution across the width of a foil conductor loop. Again
the method proved successful, although the success is limited
in terms of application to physical devices and frequency range.
- The range of application is linited by the approximations necd-
ed to derive a usable theory and by the assumption that the
current distribution varies across the width of the foil and not
the thickness. These are the fundamental 1imitétions to the
application of the theory, but there is also the limitation
inposed by the finite width of the strips.

,Chapters 4 and 5 are devoted to one of the predictions of
the theoretical analysis of chapter 2. The theory predicts that
at certain frequehcies current and voltage standing waves can
exist within a foil wound inductor. The existence of the current
_ standing waves can be proved directly by exanining the external
AC magnetic field of a large foil wound inductor (32,33). How=-

ever the voltage standing waves could not be observed directly,
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thelr pres-ence had to be inferred from the output voltage res-
ponses of tavped foil wound inductors and foll wound transfor-
ners.

_ The very simple lumped element equivalent ecircuit analy-
sed in chapter é is that of a two foil devi&e. Depending on the
terminal connections to the device it can exhibit capacitance,
inductance or resonance. This analysis shows that even simple
circuits can yield useful analytic results under certain cir-

cunstances,
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Appendix 1 " Gausslan Elimination

The Gaussian elimination method of solving simultaneous
equatibns was chosen in preference to the other methods
avallable because it could be applied to the mafrix equations
studied over the full frequency range of interest. The Gaussian
-eliminatlon method is in essence simple and is dealf with
specifically in many books, eg (41)., If wehavea set of equations
1, 2 and 3, Then we multiply equation 1 by Ny and subtract it

from equation 2,

01'1(1]1 + Cljllzq2 + 0.1‘3(:].3 = b1 1
02191 + 92,207 + Ay3%=b, 2
G39G1 + G397 + O34305= by 3

np is equal to aa'l/al,l,therefore equation 2 ﬁecomes
Hdyg- )y + {ay 5-ayymylay +lay g-ay3mylag=by-bm, 4

Setting my  equal to a},l/él,l and repeating the above

procedure with equation 3 gives -
ayq-ag4dq, + lagy-ay omyla, + (ay5-a, gmolgeby-bymy S
Put-
A2 =927 %2My 937939 3M
' 6
by =b,-b,m,




The above proce dure results in a modified_set of

equations

% * 92% ¢ %3% = b 8
a0 * G393 7 by 3
dyydp + 43y = by 10

' ’ .
Hultiplying eqpation 9 by m3 = a3,2/a2,2 and subtracting it
frorn eqation 10 gives
I
a’ = b 11
3393 .7 P3 .

Vhere

”w " ’ ’ , rd ’ s ’
| 03‘3 = 03’3 - 02,3 m3 . b3 = b3 - b2 m3 12
Back substituting q3 into equation 9, and q3 and q2 into

equation 8 gives

q3 = b3 ' 13
%33
q. = (b'z - a; q)/ 14
2 2373
| 922
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q = (by + A9, + 01'3q3/a11 15

The solution is given by equations 13, 14 and 15 ,However,if

' fhe matrix elenments aj,1 Or a2’2 are small,then the correspond-
ing multipliexrs N, m3 and m; will be 1arge.01eaf1y this would
give rise to large errors or totally meaﬁingless answers,
Therefore the technique of Parfial Pivoting 1s used.,This
involves hunting the colunn to be eliminated for the largest
elenent,and using the row containing this element as the
eliminating row,

The flow diagrems for eliminating a real matrix equation

of size H and form

BN (N

are shown in Figs. 1, 2 and 3.
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Elimination

Figure 1

PARTIAL PIVOTING {Fig.3)

al.
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Figure 2

Back Substitution
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Figure 3

Partlal Pivoting
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SELF RESONANCE IN FOIL INDUCTORS

W .. . . . .
Heedeving verma: Circuit Fevonant o, Eguiralest circuits, Tndueiors

Coils having aluminium-foil windings exhibit multiple self-
resonuant kehaviourin the range 0-5 20 Mz, The dependence
of resonance (requencies un number of Lurns is reporied. and
a tumped circeit model which accounts approximately for 1he
clTects is presented.

The phenomenon of self resonance in wire coils is well known,
vel is poorly understood in detail, Welsby' describes how
the impedance of a coil may be represented by a circuit
comprising a resistance and an inductance in series, both
shunted by an effective capacitance. This circuit has an
impedance maximum when the inductance resonates with
the capacitance, and, above this frequency, the impedance
falls, approaching the behaviour of the capacitance alone.
This is what usually happens in practice. However, depending
on the way the coil is wound, the impedance may have other
resonances at frequencies above the first:! these are said to
occur because, if looscly coupled, the coil may behave as a
transmission line,

. Recent work at Loughborough has shown complicated
self-resonant behaviour in foil coils. These coils are made
from a single strip of aluminium foil and a slightly wider
strip of plastics foil. wound together on a core of the plastics
foil, using a capacilor-winding machine. The method of
construction and the principal dimensions arc shown in
Fig. 1

- \width 3:9cm

E%Lorlnj?;:ick Yy, plasticsfoil _
aluminiumn 12 B pri-thick polypropylene

wound core of plastics
10il 1-42¢cm digmeter

Fig. 1 Ceonstruction of foilinductors
Nuwms, 10 N < 1000

YTy Ty e r
TR CUIR P LW I SRR 2T
gt ;‘« '-.-l*gi.'.*‘, .E L *s,l_'}.-,h Yir

e
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Fig. 2 Noise attenuation measured with 1000-turn foil inductor

Alscissa: | MHz per square. range 010 MHz
Ordinate: 10 dB attenuation persquare. zro at top

Compared with a wire coil with the same number of turns,
we would expect self-resonant behaviour to be more pro-
nounced and to occur at lower frequencics, as all turn-to-turn
capacitances are much higher. The impedance of a typical
experimental foil coil is shown in Fig. 2. The coil was con-
nected in series with a white-noise generator* and a spectrum
analysert, which gives the 20 Hz to 20 MHz spectrum flat
* General Radio 1383

1t Hewlctt-Packard, sections 85538, 85528 and [4T

™ . Sy P T T I B T

to within £ 1.5 dB. The horizontal line 41 the top af Fig. 2 is
the noise spectrum measured with the coil out of circuit.
The jagged trace below is the spectrum observed with a
1000-turn coil in serics with the noisc generator. Noise
minima, hence impedance maxima, occur at .49, 1.3,
2.18 MHz et¢., and neise maxima, hence impedance minima,
occurat 1-18,2-1, 312 MHzetc.

orier
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coil turns

Fig. 3 Dependence of the lirst five resonance frequencies on
number of turns

Fig. 3 shows how the frequencies of the impedance maxima
depend on the number of turns, for a series of coils having the
same core size and wound with the same materials. For each
order of resonance there is a clear decreasing trend of frequency
with increasing number of turns. The graph for the first
resonance has a gradicnt of —0-53, for coils having less than
50 turns. This seems Lo fit a simple model, which depends on
the thickness of winding being small compared with the radius
of the core. We suppose that all turns are perfectly coupled
to each other, and that all turas have identical self inductance
L and interturn capacitance C. The total induclance is
Ly = N?L and the total capacitance C; = C/N, where N
is the number of turns, Then

1 1 .
alevrrroa g )

VINLO)
For more than 50 turns the gradient steepens ang the coil can
no longer be considered as perfectly coupled.

To account fully for the multiple-resonance properties we
expect that a field analysis is needed. However, rather than
attempt this formidable task, we have examined an extensjori
of the simple model mentioned. The coil is divided into §
subsections, within which phase shifts arc deemed negligible,
The uth subsection is then considered to have a self induciance
L., aself capacitance C,, aresistanceR,,and a mutual inductlance
M, with the vth subsection. This gives the circuit in Fig. 4.
The self inductances L. can be estimated by assuming that the
current is uniform across the width of the foil and that
L. =n21 where |, is the self inductance of a single wrn at
the centre of the subsection which has #, turns. A similar
procedure gives the muwiual inductances. The capacitances
C, can be found by treating each turn and its neichbour as a
parallel plate capacitor and the mid-section value is c,. thus
C, = ¢.JN,. The a.c. resistance cannot be found without
assuming that the current does not vary in phase through the
coil, so in this initial study the d.c. resisiance R, was used.

The circuit in Fig. 4 results in § mesh equations, where §
is the number of subsections, of the form

w,

JoM, Py jowb, P+
+{Ifjw Cutjiol 4+ R) P+ ...
+jwMs . Ps=lfjwC. u=12,..,5 . . (2

where @ is the angular frequency and P, = L/l is the ratio
fo the current in the #ih subsection to the external current fo.

VFfmd T Al *



‘or the external cireuit,
N
l’(:.»""0 =Ly = ‘\_: {1 _Pu)/j(“) Co o o 0 ‘3J
w=1

he § equations of the form of egn. 2 can be written in
vatrix form as

(41 [P] = [h] e 4]

here [4] is the complex matrix of the coefficients from the
ft-hand side eqn. of 2, [P] is the vector of the complex
nknowns and [b] is the vector of terms 1/jw C,. Eqn. 4 can
¢ expanded into a § = § real matrix equation of the form

Red -ImA Re P Re b
= .. . U5
Im A Re A Im P Imé

L
T -
Io C1 D R1 M12
La
- Ca 9 Ry
: ]
)
“J Ly
Vo
Cu Ty Ry
Mys
1
.
L
I
Cs s Rg

ig. 4 Fquivalent circuit model
| inductors are muiually coupled to cach other

In this study, eqn. 5 is solved numerically using a Gaussiun
elimination method? for a runge of frequencies ew. This
method, although not ideally suited to the solution of large
ratrices, was used because problems were encountered with
the convergence of iterative methods. Once evaluated, the
reduced currents P, were inseried in egn. 2 to find the
impedance, and, by plotting |Z| against e, the spectrum was
obtained. Table ! shows the results, for the first four re-
sonances, of a study of one of the coils in Fig. 3, the 300-turn
coil divided into 10 (§) equal sections. The discrepancy
between the predictzed and the observed frequencies varies
from 4 to 11% and increases with the order of resonance,
for the example presented here. However, the theory includes
approximations which may account for the discrepancy, and
the agreement with experiment is sufficient to suggest that
the lumped-circuit model is broadly appropriaie.

Table 1 COMPARISON OF THEORY AND EXPERIMENT FOR
MAXIMUM IMPEDANCE RESONANCES ’

Order of resonance 1 2 3 4

Theory, MHz | 1-8215.8 {10-1 |[14-5

Experiment, MHz ’1~94 6-15 ! 11-3 | 16-25

Improvenients are at present being made to the approxi-
mations used in the calculation of the L, and M,,, and
account will be taken of the a.c. resistance.
R. J. KEMP] 19th June 1975
P. N. MURGATROYD
N. ). WALKER§

Department of Electronic & Electrical Engineering
Loughborough University, Leics., England
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mmem inductance and resistance

of foil conductor loops

P.N. Murgatroyd, B.Sc., Ph.D., F.S.S., M.Inst. P., C.Eng., M.1.E.E., and N.J. Walker, M.Sc.

Indexing terms:  Colls, Inductance, Resistance (electric)

Abstract

For both economic and technical reasons, flat thin conductors are of increasing interest in coil-winding. A prohley
“is that at relatively Jow frequencies the current flow may may be nonuniforim over the conductor cross-section. Both
inductance and resistance of cuils become frequency dependent. We have developed a new and general calculatiog
of these effects, using a circuital model, for a single turn of a foil coil. The nonuniforny currentt flow is deseribed.
We show that the extra losses due 1o this increase with the square of frequency, and that there s a small fal of

inductance with increasing frequency.

List of symbols

e = radius of foil loop
¢ = axial length of fuil lovp
+ = foil thickness
N = oumber of strips
width of strip
resistivity of metal
free-space permeability = 4w < 1077 Hm™!
w = angular frequency of applied voltage
dimensionless angular frequency
& = nominal skin depth
Ro = d.c. resistance of foil toop
d.c. inductance of foil leop
R4¢ = additional a.c. resistance of foil loop
Lac = frequency-dependent inductance of foil loop
R = d.. resistance of one strip
self-inductance of one strip
«,f = suffices denoting strips
AMyp = mutual inductance of two strips .
My = matiix of mutual inductarices
Kop = coupling coefficient of two strips
Kop = matrix of coupling coefficients
F = shape factor in self induciance
G, = shape factor in mutual inductance
4o = total current to foil loop
Vo = applied voltage o
Zg =. impedance of foil loop
f,, = current in strip
oo = flux threading one strip
St} = loop admitiance, frequency dependent
te = \d/imcnsionless admittance of strip
—1

1 Introduction

. For most applications. copper is the preferred material for
conductors. Silver has a marginal advantage in conductivity but this is
nonmally outweighed by greater cost. Aluminiuin has a definite cost
advantage, but this has only rarely been exploited because the con-
ductivity is lower. From time to time, and especially during wars! or
other periods of uncerizin supply of copper, the relative cheapness of
aluminium has stimulated new developmeni.? Particularly in some
power transformers,” ~* aluminium sheet or strip windings have been~
used for at least twenty years. At present. interest in aluminium is
increasing, and projections of world reserves and consumption®
suggest that a long-term trend away from copper is inevitable.

The technicat problen is not simply ene of substitution of alumin-
v round wires for copper round wires, [1 this were done, all wind-
ings would need larger cross-sections to compensate the lower conduc-
tivity, and in many applications there would not be enough room.
Aluminiurn can be rolled. more easily than copper. into wide flat foils.
Because such conductors pack closely together, and also because the
insulation must witlistand one rather than many inter-turn voltages. it
is possible to ulilise space more elficiently in foil coils than in round- -
wire coils. Also, the heat-dissipation properties of foil coils tend 1o be

Paper 78675, first réceived 2nd August ard in revised form 8th December 1976

Dr. Murgutroyd end Me. Walker gre with the Department of Electronic and
Electricul Lngineering, Loughborough University of Techaology, Loughbarough,
Leicestershire LETT 3TU Englund

PROC IEE, Vol 124, No. 5, MAY 1977 :

supegior, because, in spiral or clockspring wind%gs, every foil provides
its own all-metal heat path {o the.outside.

The change to foil windings/i:moduccs two new problems of elec-
trical erigin. Firstly the glrn-to-turn capacitance is large compated
with that of adjacent round wirés. This may be useful in somne appli-
cations,” though possibly a nuisance in others because radio-frequency
resonances® can occur, Secondly, the wide section of the fuil. even
though the area may be little greater than that of the round wire of
equal d.c. resistance, is vulnerable to enhanced lusses with a.c. due (o
nonuniform current flow over the cross-section.

It is the latier problem, which we term width effect, that is the
main subject of this paper. Two exumples illustrate the problem. In
foil coils,®?® the resonant frequencics can be predicted with fair ac-
curacy, but il d.c. resistance is used, the caleulated Q twrns out 1o be
at least an order of magnitude greater than the measured €. Detailed
understanding of this is a long way off, but we are sure that non-
uniform current flow is the basic cause. A simple experiment”™ using
fine-wire search coils leaved into a foil inductor duering original wind-
ing has confinrmed this qualitatively, For vur second example we

.comment on the properties of some air-cored chokes wound {Tom

thick aluminium foils for use in power system applications. 1t is found
that the (additional) a.c. resistance rises rapdily with frequency. poss-
ibly as the square. This is particelarly important when spiky wave-
forms are present, because of the high harmonic content. A wpon
that a coil of like construction failed due 1o overheating near the edge
of the windings, and not as one might expect near the middle of tie
foils, agoin suggests that the current density may be largest near the
foil edges.

To calculaie the complete current flow in a foil inductor of.many
tumns is a formidable problem For future work, As a first step we have
analysed the flow in a single foil twm. using a circuital model. By con-
sidering the tum as a number of narrow coils in parallel. we are able 1o
calculate the current distribution, and show how it changes in ampli-
tude and phase across the foil as the frequency is increased. We show
how the effective resistance and inductance, respectively, rise and fatl
with increasing frequency, and that at low frequencies the additionat
a.c. resistance rises with the square of the frequency.

2 Current flow in a foil turn

Asingle foil wirnis shown in Fig. 1g. 1t is made from material
of uniform thickness ¢, widih ¢, formed to mean radi1s 2. and alwavs
¢ Ku. Thelarge hypotheticul busbars are shown 1o emphasise that the
connections i the tum are equipotentials. and we then expect. and
hercafier assume. that all current flow in the tuen is purely circumier-
entiai.

To examine the variation of curzent density within the cross-section
of the foil. we now divide it into strips in the axial direction. as shown
in Fig. I1B. 1t is convenient to have V strips of equal widih w. so
NMw = ¢ (though in principle all strip widths could be different) and w
must be chosen so the expected variation of currenr dunsity within is
small. What the model seeks to du. theretore, is represent what must
be @ continuous variation by a finite number of steps.

Without knowing the answer in dvance, the choice of w is to some
exteni arbitrary. Clearly. however. w need not be much smaller than
the nominal skin depth 8, i.e.

wx é =

* RELVES, K. Unpubfished work at the Plessey Company Led., Bathgate,
Lothian, Scetland,
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here p is the material resistivity. At'sufficiently high [requencies

ere could be current density variations within the thickness of the ,

il, but we shall exclude these by only considering low frequencies

-]

\ /\_/

i

g. 1A
ngle fol turn with equipotential connecting bars

ich that r <€ &. The highest frequency for which our calculation
ould be a valid approximation would be given by 1 = w ~ §. The d.c.
sistance of a strip is given by

2wap
R = ()
wi s
d the d.c. resistance of the complete turn is Re = RfN. The induc-
nce of a strip is given by'®

& 1
L = uea [log—” ~ -} = poal 3)
w2

hich is calculated on the assumptions of ¢ negligible and uniform
rrrent deansity within w. The mutual inductance between any pair of
rips can be calculated'® using the formula appropriate for coaxial
reular filaments. It has the forni

Mag = 110aGap. “)

here Gog is a dimensionless factor dependeni on the ratfo d,,, where
is the axial separation of the filaments denoted by subscripts a and

The complete foil turn is represented by the equivalent circuit Fig.
C. Each strip is represented by a constant (d.c. value) resistance in
eries with an inductance. and all the inductances are mutually coup-
d together. The width effect can be predicted at once from the
llowing physical argument. Suppose as a fisst approximation that
e currents fy in all strips are equal, Each current is driven by the
me applied voltage, but opposed by a different set of inductive back
m.f.s. A strip at. or near, the foil edge has all or most of the outer
tips to one side, and hence its neighbours are on average further
wvay than are the neighbours of a strip at or near mid{oil. Therefore.
ywards the edge. the total of back e.m.fs is fess than near midfoil
1d 5o as a first correctivn the currents near the edge will be grealer
12n those in midfoil,

9. 1B
ngle foil turn divided into equal parallel strips

4

3 Circuit equations

The equivalent circuit Fig. 1C is to be analysed. The external
current /o is the sum of the strip currents /,:

. |
WA BT —e
[y
Fig. 1C
Equivalent circuit of divided turn fall inductors are mutually coupled)
=N
]o = E Iu ) (5)
a=1 : .
The circuit impedance is given by
. Vi .
Zy = -2 (6)
o

The currents are found by solving the & simultaneous equations
Vo = IR+ jwliy + ¥ julgMag (N
. B#Fa

We arc here assuming all strips have equal width and hence equal R
and L, though the calculations are readily generalised for all widihs
different.

To solve the equalions it is convenient and efficient to reduce the
problem to dimensionless form as follows. A gencralised frequency &
is defincd by

wl
= 8
E=7 (8)
and a generatised ademitiance for strip a:
Ri,
fa = 3 : %)

The matrix of mutual inductances Mag is replaced by a matrix of
coupling coefficients Kop where Kog = Mog/L. For coils having dif1-
ercnt radii but the same shape and divided into the same number of
strips, K,p is the same, and though the matrix has ¥ elements of
which in general 12 (V® 4 1) values must be supplied, when the
filaments are cqually spaced only & distinct values are needed and in
Kqp all elements equidistant from the diagonal are identical.

With the above transformations we are now required to solve the
equations

tall +j8) 4+ Y 15Kap = | {10)
g+ a B
and the complete foil admittance will be given by
[ . .
S(Ey=—)1 ’ 1!
® = JrLlla (1

Since the 7, arc complex we can re-organise eqgn, 10 as 2V real equa-
tions. A number of methods of solution are available: we used Gaussizn
eliminatien in a Fortran program on the [CL 1904 S computer at
Loughborough University.

4 Results

We have calculated the width effect for fuil turns of ghout
the size and shape used in power-frequency aluminium chokes. With
¢=>5cm, ¢ = Scm. and ¥V = 20, we have w = 0-25 cm. For aluminium
the maximum frequency allowed by the criterion egn. | is about
6400 Hz, which amply covers high harmonics of power frequencivs.
The same criterion may be used to set a maximum for the frequency
variable £: there is no point in extending the dimensiontess calculations
beyond the region of physical validity. Using eqn. 2 and 3 with eqn. 8
we find

()

i~

P
Ermac -
m

and in the example above £, =0-36 fort =0-1cm
The nonuniform current distribution. and its dependence on fre-
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quency. are shown in Fig. 2. In the particular example given, the
magnitude of current flowing in midfoil strips is well below half that
in the edge strips for & = 1, so a significant increase of effective resis-
tance is expected. There is a variation of phase across the foil width,
as shown in the Argand diagram, Fig. 3. Each solid line represents the
fan of vectors [, {wry,). As § increases the average phase of the fan
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Plot of relative magnitude of current density across foil width as ¢
function of frequency fa = ¢}
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Argand diagram showing phase and amplitude af current density
across foil width, as function of frequency fa = ¢)
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Frequency dependence of resistance and inducianee for single foil
turn witha-=c¢
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(which is the phase of [y relative 1o Vo) has incressing lag, and the
currents in midfoil always lag the larger currents near the edges.

The effective resistance and inductance of the foil turn are calcu-
lated by scparating the real and imaginary parts of eqn. 11. Their
variation with frequency, relative to the d.c. values, is shown in Fig.
4, for the same example. At § = 1 the fall of inductance is only 3%,
and for many purposes this is negligible. The rise of resistance at 15%
may need to be allowed for in fuil choke design: we would anticipate
somewhat larger effects in multiturn coils. Fig. 5 shows that the exira
(a.c.) resistance is closely proportional to the square of the frequency.
This behaviour is observed, approximately, in multiturn foil coils, )

As the current profile changes with increasing frequency, we would
expect the shape of the magnetic field within the coil also to chunge.
A simple experiment, repeating the work of Reeves with a muttiturn
coil, showed that at low frequencies the axial flux near the centre of
the coil was substantially larger than the axial flux near the edge, but
as the frequency was increased these fluxes tended towards equality.
OQur calculations for a single turn show this effect. The strip « is
threaded by flux ¢, given by

b = Il + 3 IgMog (13)
. f#a ' .
Fig. 6 shows the profile of ¢, as a ratio to the value at the centre of

10°
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Approximate square law dependence of excess a.c. resistance Ry ¢
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> lum, for two values of £, and the trend towards a flat profile is
ar. At £ =10, the curve is virtually flar over more than three-fifths
the turn length. 17 we examine eqn. 7 in the limit of large fre-
encies, and neglect the resistive tesmy, we may then substitute from
n. 13 and obtain

Vo = jwda (14)

- all a. So the mathemetical limis gives equal flux through all sec-
ns. As the fimit is approached, the shape of the current profile will
ange no further, and for fixed V5 the current amplitudes will all
y in the same proportinns. This regime was cvident in our calcu-
ions, though at frequencies above the range of interest, where we
und that the increasing resistance and decreasing inductance both
wded to approach limiting values as the frequency was increased.
wever, we would expect in practice that these exiremes would not
observed due 1o other effects not included in the width-effect
culation (for example variations of curient density across the thick-
55 of the conductor in the manner of skin-effect in a single con-
ctor} intervening at lower frequencies.
Treatment of the foil as a finite number of strips is an approx-
ation, and some inierest attaches to choosing a number that strikes
acceptable compromise between accuracy and cost of computation.
our particular example we studied the same shape of foil (@ = ¢}
th various A. With ¥ = 20 and N = 10 there is negligible difference
the calculated resistance and inductance at £ <05, but with N =35
2 resistance value is low by about 3%. As a general rule such discrep-
cies increase as £ increases, with larger & always giving somewhat
ger resistance and simaller inductance. This is perhaps to be expec-
1, for narrower strips will more closely describe the regions near the
1 edges where the current density varies steeply. The recommended
ocedure. adequate for most practical values of £, is to choose a value
N, do the caleulations for both A and #/2, and accept the two
ults up to such frequency that ihe differences between them are
gligible.
The width elfect has also been investigated for coils with different
ues of the ratio afe. For the same frequency the added a.c. resist-

ance tends to be larger, and the fall of inductance smaller, as a/e in.
creases, i.e. the foil is relatively narrower. We expect that full details
of this will be published soon.

5 Conclusion

It has becn shown that the induciance and resistance of g

single oil tem are expected o vary with frequency due to nonuniform
current profiles across the foil width. The cielculation uses a minimal
set of dimensionless variables to give results in the most general form
possible. Our example shows that the ‘width effect’ will have 10 be
taken into account in the design of aluminium foil chokes at power
frequencies.
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Foil wound air-cored inductors are widely used in power electronics applications, and often exhibit power dissipation
much greater than can be accounted for by the d.c. resistance, This is shown to be due to non-uniform current flow.
A scaling rule, refating the effects to turns and frequency, is demonstrated. The general principle of equal current

sharing can be satisfied in a toroidal system.

1. INTRODUCTION

For some years aluminium foil or thin sheet has been
used to wind air-cored inductors for power-electronics
applications, The inductors are relatively easy to
make and are structurally simple and strong. The foil
is wound, together with a slightly wider insulating
sheet of (say) melinex, usually on a cylindrical former.
Compared with a copper winding with the same
rating and inductance, an aluminium foil inductor
tends to be slightly bulkier, considerably lighter, and
probably somewhat cheaper in material costs. If the
comparison is made between a conventional multi-
layer wire coil and a foil coil of similar electrical
properties, the latter tends to have better thermal
dissipation because every turn provides its own all-
metal heat path to the outside.

We became interested in foil coils at Loughborough
about five years ago, initially not through their
importance in power electronics, but as a vehicle to
study sell-resonance in capacitors, Using an equivalent
circuit model' we were able to calculate the self-
resonant frequencies of foil coils,® which are due to
the large turn-to-turn capacitance, but through using
the d.c. foil resistance we always seriously over-
estimated the coil Q’s. Our explanation was non-
uniform current flow, and we began to study the
theory of a one-turn foil coil.? It was shown that the
resistance of foil coils increases with frequency, and
this “width effect” contributes o the overheating
observed in some power electronics systems,
particularly as chopper frequencies are increased,

1 This paper is based upen a lecture given by Dr. Murgatroyd
to the Institution of Elecirical Engineers colloquium on
“Trends in Forced Commutation Components”, on i2th
January 1978. B

even though the inductors are apparently correctly
rated.

This paper will describe the main fcaturcs of the
“width effect,” and also suggest that a further non-
uniformity of current flow, across the thickness of
the foils, is important at the higher frequencies.

2. WIDTH EFFECT

This term describes the tendency of the current in a
foil coil to flow more densely near the edges of the
foil than in the centre, as the frequency is raised.
The detailed solution is given elsewhere,? but the
problem may be understood physically from the
single-turn model of Figure 1. Let this turn be
divided into equal strip-coils, such that in each one
the current density is effectively uniform. The turn
may now be represented by an equivalent circuit,
Figure 2, of identical inductors. all in parallel and all
mutually coupled. When the applied voltage ampli-
tude is V, the currents are given by equations (one
for each strip) of the form

VIR * foLola o T Mgl )

So the current I, in strip « is related to the currents
/gin all the others.

To understand the width effect physically, first
suppose that all the currents are equal. Then any
inductor representing a strip near the middle of the
foil is subject to strong mutual couplings from near-
neighbours on both sides, whereas a strip at the
edge has near-neighbours on only one side, so the
total inductive back-voltage there is less. Therefore
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4
_

FIGURE 1  One-turn foil coil with torus-bars to maintain
equipotential connections,

the currents cannot all be equal, and must therefore
be larger near the edge than in the middle.

Qur calculations used 40 equal strips to represent
the turn, The current profile is clearly syminetrical,
but this still leaves 20 complex unknowns, so
requires the inversion of 40 x 40 matrices, For a given
turn geometry the calculation is repeated for a range
of frequencies. For increasing frequency, the following
genera!l results are obtained:

" 1) The current density at the centre decreases and
lags in phase relative to that at the edge.

2) The turn inductance decreases, and the turn
resistance increases somewhat faster, and the extra
resistance is initially proportional to the square of
frequency,

3) The axial magnetic field becomes increasingly
uniflorm.

4} Within the mode! of “width effect,” all the
foregoing efects do not increase indefinitely with
frequency, but approach a imit. Just as at d.c. the
current profile across the width is uniform and is

. completely controlled by the foil resistances, there is
in the high frequency limit another current profile
that is completely controlled by the foil inductances.
(This means that the known high-frequency properties
of some coils cannot be due to “width effect”
alone).
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FIGURE 2  Equivalent circuit to represent “width effect”
in a one-turn foil coil,

These results have been checked experimentally
by bridge measurements over a range of frequencies.’
It was not possible to do this with a one-turn coil:
we used sets of V-turn coils (V = 25, 50, 100) made
with thin {oil such that the buildup of turns was small
compared with the internal diameter, In this
instance the theory indicates 2 scaling rule for the
“width effect”: the proportional changes of
inductance and resistance in a one-turn coil at
frequency F will occur in an N-turn coil at frequency
F{N. This rule is demonstrated in Figure 3; the coils
were made from foil 60 mm wide, 50 um thick. on
an internal diameter of 64 mn1. The rule predicts
that with the abscissal scale of turns x frequency,
results for different coils must superpose, and this
happens reasonably well. There is however a
significant departure from the “width effect” theory
at higher frequencies: theory predicts a levelling off,
but in practice the resistance continues to rise with
frequency. This is believed to be due to another
effect, current non-uniformity across the foil thick-
ness, and will be discussed.

Unlike our coils, which were specially made to
test the theory, the commercial coils for use in
thyristor circuits usually have a much larger build-up,
to perhaps a square cross-section of windings, and
foils perhaps as thick as 1-5 mm are used.
Calculations for this type of coil have been done®
by an'essentially similar method, except that the coil
is divided into subsections along the foil length as
well as axially. The equivalent circuit then has the
form of Figure 4, and it allows for the possibility
that the current density profile across the width may
itself be dependent on radius. Small differences were
calculated. The overall resistance increases calculated
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FIGURE 3  Resistance vs. Turns-frequency product in

multiturn foil coils, demonstrating scaling.

were 19% and 23% for two particular cases, and most
of the calculations were for a fixed frequency of

50 Hz. This is an important limitation, for thyristor
chopper circuits at over 500 Hz are now in use, and
the waveforms have a high harmonic content.

Qur measurements have shown resistance increases
of over 300% in thin foil coils, and much more in
thick foil coils. The conclusion drawn is that while
calculations of “width effect’ are moderately
successful at low frequencies, they eventually fail,

FIGURE 4
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and it is believed that the current density profile must
also become non-uniform across the foil thickness.

3. THICKNESS LOSSES

1t might perhaps be thought that provided the
penetration depth &, given by the standard formula,
is large compared with the foil thickness A, then no
appreciable non-uniformity is possible. However,
every loil is subject to the axial field of all the
others: this collective field acts most strongly in the
innermost and outermost turns. A simple theory
suggests the formula
N2
Ryc=Ryc. (l + ;E E ) (2)

This formula depends on rather sweeping assumptions
and is not accurate. However the number 72 is an
upper limit, so thickness losses will probably be worse
than the formula suggests, and are additional to
“width effect.” The corresponding formula for skin
effect in a single foil is

Rue=Roe (14 22 ﬁ) @

so the collective effect of M-turns’is clear.

The formula may possibly explain a curious
observation. In a particular invertor application, a
ceil ran hot, and was replaced by another with
thicker foil conductors and presumably higher
current rating. However the new coil ran even
hotter. The decrease of d.c. resistance may well have
been overtaken by the dependence on A* in the
thickness losses. The formula in Eq. (2) also may
explain why our measurements, shown in Figure 3,
still obeyed the turns-frequency rule at large
departures from the “width effect” theory, Since
N7 {8 is proportional 1o ¥2w? the rule still holds.

Equivalent circuit to represent “width effect™ in a multitum foil coil,
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4. APPROACHES TO OPTIMUM DESIGN

There are a number of possible criteria for optimum
design of foil coils, depending on their applications.
The optimum shapes have been calculated® for best
Q, against “width effect” losses. lowever these
shapes are only likely to be valid at quite low
frequencies. In applications involving pulsed currents,
hence high harmonics, it is likely that the thickness
losses will be important, and ought to be considered
in any sitvations where the elfective a.c. resistance
is more than 50% greater than the d.c. resistance,

A general principle for design is evident in

Figure 2 and Figure 4. 1f it can be arranged that, for .

every inductor in each one-turn circuit, the sum of
the. mutual inductances with alf other inductors in

the circuit is a constant, then the current is equally
shared and the “‘width effect” is eliminated.

A geometry that has this property is shown in

FIGURE & The one-turn foil torus (cut away drawing):
an optimum design against “width effect,”
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Figure 5. The torus is to be considered as complete,
the break is only for purposes of illustration.

Clearly in this one-turn foil coil alf current paths
round the minor circumference, from one bus-ring

to the other, are gecometrically identical to each other
and in their relation to the coil as a whole.

The authors do not imagine that such a construction,
especially with many tums, is a practical or
commercial proposition. However the basic principle
of current sharing, together with the {act that toroidal
coils enclose their flux and so do not create eddy
currents and interference etsewhere, suggest that for
the most demanding applications an approach 1o
toroidal design, perhaps in paralleled sub-sections, will
be required,
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LUMPED-CIRCUIT MODEL FOR INDUCTOR-
CAPACITOR HYBRID

Indexing’ terms; Capacitors, Distributed-parameter networks,
Equivalent circuirs, inductors. Lumpod-parameter networks

The inductor-capacitor hybrid described by Reeves is analysed
by a lumped-circuit model. in which the metal loils in the
device have finite resistance. The earlier theory appears as a
special case of the model. and some difficulties at the principal
resonance are removed.

In recent papers,': * Reeves has described a hybrid inductor-
capucitor device made by winding aliernate layers of paper
and aluminium foil on a ferromagnetic former. The theory
- of the device? rests on the assumption that the resistance of
the metal foils is negligibly small. The theory predicts,
inter qlia, that if operated at its resonance frequency the
hybrid supplies the same current into any load resistance.!
Although this may be approximately so if the load resistance
is small, it cannot be reasonable to expect the device to
deliver ever increasing power as larger and larger resistances
are connecled. We show that this difficulty docs not appear
if the hybrid is modelled by discrete elements, including
finite resistance for the metal foils,

The lumped circuit model is shown in Fig. 1. Each metal
foil is notionally divided inte two parts connected in series,
each half having inductance L and resistance R in series,
The capacitance of the hybrid is represented, in this simplest
of models, by a single capacitance € connected between the
midpoinis of the foils. It suffices here to assume that all the

Fig. v Equivalent circuit of hybrid showing current flow at low
frequency
All possible pairs of inductances have mutual coupling M

inductors and all the resistors are equal, and also that each
inductor has mutual inductance M to all the others; owing
to the stacking of foils these egualities will not be exact in

L R R L
T
' RL[ Tee ¢ I ) CS) Vi
SN e
L R R L

Fig. 2 Redrawn circuit for mesh analysis
All possible pairs of inductances have mutwal coupling A

practice. In Fig. 2 the circuit has been rearranged to facilitate
a mesh analysis, as follows:

Vi = 2RI, + (I, = 1)fjoC+ 2, joL + 21, joM+ 41, joM (1)
0 = 1, Z 4+ 2RI, + (1= 1)/jwC + 22 jwL + 21, jaM
+41, joM 2

Reprinted from

These equations simplify to

vi=hLT-1I.§. . . . . . . . . ..

WS =1,(Z,+T}y . . . . . . . . . @&
where

§ = fjwC~djel . . . . . . . . . (5

T = 2R+4jwl +1fjwC . (6

and we have now assumed perfect coupling, M = L. We
define a resonance frequency we by the equation 4w LC = 1.
Atrcsonance wehave § = —8jws L and T = 2R.

We note that, since Reeves? denotes by L the inductance
of a complete foil, which is four times the inductance of half
a foil, which we call L, our frequency wy is the same as
Reeves’s.

The principal equations given by Reeves to describe the
currents and voltages in the hybrid appear as special cases of
eqns, 3 and 4 when R is set to zero.

The output current of the device is given by

S 4 E—— Ko
L=Zreriosr -

At the resonance frequency, and letting R go to zero, we
obtain Reeves's result;

v,

—t 8

12=

i.. the current is independent of the load. If, however, we
keep R finite and let Z, become large, we obtain

4jewg LV

Z R ©)

[1=—

which decreases with increasing resistive loads. When the
output to the hybrid is open circuit, the voltage multiplication
ratio |Vo/V,| has a maximum value of 20 at resonance, where
g =R"YLIO.

The input current is given by

Vi{Z;,+T)

b=z r+r s

A § ()]

Again, at the resonance frequency, and letting R go to zero,
we find

ViZ,e

Ty = (8w, L)? ’

(an
For a resistive load this agrees with Reeves's result, and
shows that, if the same current is indeed to be delivered into
increasingly large loads, the input current must rise in pro-
portion to the load. Returning to eqn. 10, if we keep R finite
and let Z, become large, we find

¥

=g o« o o e D)

indicating that the input current is, in fact, limited by the foil
resistance. .

In conclusion, we remark that the behaviour of the hybrig
is completely described by egns. 3. 4, 5 and 6 subject 1o the
assumptions stated and provided the frequency is not too
high. The second resonance of the hybrid? we suggest is due
to a failure of the *short” assumption. A multiple lumped
equivalent circuit,? in which each foil is described by a number
of inductive sections crossconnected by subdivisions of the
complete capacitance, may be required to describe such
behaviour.
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