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Abstract 

 

 

 

 

Laser Doppler Vibrometry (LDV) is a well established technique used for non intrusive velocity 

measurements in fluid flows and on solid surfaces. Unlike traditional contacting vibration 

transducers, laser vibrometers require no physical contact with the test object. The ability to 

combine advanced mirror systems together with the laser source allows automated scanning 

LDV (SLDV) measurements, where a high number of measurement points can be measured 

consecutively. Non-contact vibration measurements with very high spatial resolution are 

possible with such a scanning system and can lead to a significantly more detailed analysis from 

vibration tests.  

 

One of the main limitations of Laser Vibrometry is the difficulty to realize a perfect alignment 

between the investigated target and the laser beam. Frequently, for engineering applications, it 

is desirable to investigate different points on a target using the LDV system and, in this case, 

accurate knowledge of the measuring point position is required. Misalignments associated with 

the laser beam or the optics used to deflect the beam introduce deviation from the desired 

position and uncertainties in the measured velocity. All optical configurations are sensitive to 

misalignments, especially scanning systems able to move the laser beam around static or 

rotating targets. 

 

This thesis describes advances in the application and interpretation of such measurements using 

Laser Vibrometry and concentrates on the analysis of the uncertainties due to the inevitable 

misalignments between the laser beam and the investigated target in vibration measurements on 

rotating components. 

 

The work is divided into three main sections. The first part proposes a novel method to model 

any kind of LDV optical arrangement suitable for vibration measurements. This model has been 

developed with scanning LDV systems in mind but it can be used for any optical configuration. 

The method is based on a vector approach and integrates directly with the Velocity Sensitivity 

Model to determine the velocity measured by a single incident beam. The resulting 

mathematical models describe completely the beam path, the scan pattern and the measured 

velocity in the presence/absence of target vibrations and misalignments without any kind of 

approximation. The mathematical expressions derived are complex but easily implemented in 

software such as Matlab. The models are an important tool for LDV because they help the user 

to have a better understanding of measured data and to make the best alignment possible.  

 

The second part of the thesis concentrates on the modelling of different optical systems using 

the new method. Different systems from the simplest to the most complex have been analysed 

using the method. For some arrangements, mathematical models have been formulated for the 
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first time such as for the newly proposed single and dual wedge SLDV systems and for the 

recently introduced Dove prism SLDV system. These systems are compared to the dual mirror 

SLDV system. In particular, for the single and the dual wedge SLDV systems, experimental 

tests have been performed to validate theoretical predictions. The results confirm the validity of 

the models and show the potential of these systems. Established systems such as the dual mirror 

and the self-tracking SLDV systems, for which generally less comprehensive models can be 

found in literature, have been re-analysed with the new method and theoretical predictions have 

been compared to the data from literature in order to confirm the validity of the new models and 

also to investigate for the first time some details that have previously been neglected.  

 

The models enable identification of the main characteristics of any arrangement, in particular 

the sensitivity to typical misalignments and target vibration components. For tracking 

applications on rotating targets, the presence of misalignments causes measured velocities at DC 

and the first target rotation harmonic whose values depend on how the misalignments combine. 

The analysis of misalignment effects enables identification of the optical device(s) with the 

most critical alignment and supplies an initial estimation of the level of uncertainty affecting 

typical, practical applications. Investigation shows as the self-tracking scanning systems are 

much sensitive to misalignments and target vibrations than the other scanning systems. 

 

The third part of the thesis concentrates on effects on radial and pitch/yaw vibration 

measurements on rotating targets of both misalignments and surface roughness of the test rotor. 

It is known that radial and pitch/yaw vibrations taken directly from a rotor using LDV are 

affected by a cross-sensitivity to the orthogonal vibration component. Resolution of the 

individual radial or pitch and yaw components is possible via a particular arrangement of the 

laser beams and using a dedicated resolution algorithm. Error sources such as instrument 

misalignments, rotation speed measurement error and introduce uncertainties in the resolution 

algorithm output. Research has quantified these uncertainties when radial vibrations with 

different or equal amplitude are applied to the target.  

 

Particular attention has been given to the effects that surface roughness has on the cross-

sensitivity encountered in these measurements. From the tests, it is possible to identify three 

different ranges of surface roughness. For very smooth circular rotors, the cross-sensitivities are 

negligible and measurements can be made directly on the rotor without the need for a resolution 

algorithm. For very rough surfaces including surfaces coated in retro-reflective tape, the 

measurements have to be resolved to remove the cross-sensitivity. For surface roughnesses 

between the very smooth and the very rough, reliable measurements cannot be made because 

levels of the cross-sensitivity cannot be predicted making correct resolution impossible. 

 

The significant developments in the use of Laser Vibrometry for different optical configurations 

and quantification of the uncertainties expected for typical applications on rotating components 

realised during this research project make this work a practical and important tool for the user. 
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Chapter 1 

 

An introduction to Laser Doppler Vibrometry 

 

 

 

 

Laser Doppler Vibrometry (LDV) is a well established technique used for non intrusive 

velocity measurements in fluid flows and on solid surfaces. Unlike traditional contacting 

vibration transducers, laser vibrometers require no physical contact with the test object. 

Laser vibrometers offer special benefits where certain measurement constraints are 

imposed by the structure such as by its rotation, light weight or high temperature. 

Furthermore, the ability to combine advanced mirror systems together with the laser 

source allows automated scanning measurements, where a high number of measurement 

points can be measured consecutively. Non-contact vibration measurements with very 

high spatial resolution are possible with such a scanning system and can lead to a 

significantly more detailed analysis from vibration tests. 

 

1.1 - Definition of the problem 

LDV measurements from rotating and not rotating targets can be made using stationary 

or moving laser beams. Since the LDVs measure velocity in the direction of the incident 

beam, the user has much greater freedom to orient the probe laser beam to select a 

desired vibration component. Both the direction of the laser beam and its incident point 

can be manipulated with an ease that cannot be matched by contacting transducers. 

Practical applications and experiences in using LDVs for vibration measurements have 

highlighted the need to be able to model measured velocity in all cases where freedom 
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is available over laser beam orientation, from basic tripod mounting to more advanced 

continuous scanning and tracking applications, and where target motions are complex. 

Furthermore, in recent times greater attention has fallen on the effects of instrument 

misalignments with the aims of minimising uncertainty and optimising data 

interpretation and on the effects that surface roughness has on the cross-sensitivity 

encountered in radial vibration measurements [1.1]. 

A first mathematical model to predict the measured velocity for arbitrary beam 

orientation and arbitrary target motion was proposed by Bell [1.2]. The velocity 

measured by the LDV is defined as the vector product between the direction of the 

incident beam and the velocity of the measured point situated on the target. The model 

was initially applied to perform axial and radial vibration measurements taken directly 

on rotors. Results confirmed that radial vibration measurements are sensitive to the 

radial component perpendicular to the velocity component that it is intended to measure 

and that this cross-sensitivity cannot be resolved by laser beam orientation or 

manipulation. For this reason, Halkon & Rothberg [1.3] subsequently formulated a 

resolution procedure based on multiple, simultaneous measurements that is able to 

eliminate the cross-sensitivity terms.  

The model in combination with the resolution technique was successfully used to 

estimate the uncertainties introduced by single instrument misalignments in radial 

vibration measurements [1.3]. However, practical applications are characterized by 

unknown combinations of misalignments and speckle noise and further investigations 

are necessary to define a typical level of uncertainty expected for such practical 

applications. 

A first attempt to adapt the model to axial vibration measurements on rotors using a 

scanning laser beam was successful [1.4-1.5] but the new model was not readily 

applicable to other scanning systems such as the self-tracking LDV systems and the new 

recent de-rotator SLDV [1.6].  
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Other existing models developed for SLDV systems [1.7] have incorporated a limited 

set of misalignments or the modelling methods are insufficiently flexible to incorporate 

conveniently a full set of misalignments for all optical devices in any system. In any 

model, however, the contribution of the Doppler shifts occurring at the deflecting optics 

to the measured velocity has been largely neglected.  

 

The specific objectives of this research work derive from the intention of investigating 

the LDV technique and new ways to model LDV systems in order to predict and 

estimate correctly the sensed velocity. These objectives can be summarised as: 

1. development of a new mathematical framework for the prediction of measured 

velocity in diverse LDV systems and applications, especially for scanning and 

tracking systems and with the facility to incorporate misalignments; 

2. confirmation of the universal applicability of the new framework by analysis of a 

range of scanning and tracking LDV systems. 

3. assisted by the framework, to investigate the effect of environmental vibration on a 

steering mirror in an LDV system with subsequent correction of measured data. 

4. assisted by the framework, to develop of a novel scanning LDV based on rotating 

wedges 

5. using simulations, to explore the effects of LDV misalignments in measurements of 

radial vibration directly from rotating shafts,  

6. using experimentation, to explore the effects of surface roughness in LDV 

measurements of radial vibration directly from rotating shafts. 

 

The aim of this thesis is to give a comprehensive description in both mathematical and 

experimental points of view of various LDV systems available for different 

applications. Moreover, the work done within this research includes the development of 

various mathematical models in Matlab and the improvement of the software used for 

radial and pitch/yaw vibration measurements on rotors written in Labview. 
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1.2 – Fundamentals of Laser Vibrometry 

The principle of operation of Laser Vibrometry relies on the detection of the Doppler 

frequency shift in coherent light scattered from a moving target. According to the optical 

scheme shown in figure 1.1, the frequency shift Df  produced by the moving object is 

given by: 

 

( ) λUbb=f 12D /ˆˆ ⋅−  (1.1) 

 

where 1b̂  and 2b̂  are the unit vectors for the incoming and scattered beam directions, 

U  is the vector velocity of the moving object and λ  is the laser wavelength [1.7]. 

Equation (1.1) expresses the Doppler frequency shift using a vector formulation while 

Drain [1.8] defines the frequency shift as: 

 









2
sincos

2U σ
ρ

λ
=f D  (1.2) 

 

where the term | |U=U  is the velocity of the moving object, σ  is the scattering angle 

through which the beam is deflected and ρ  is the angle between the velocity vector and 

the bisector of the angle formed between the incident and reflected beam directions. 

Equations (1.1) and (1.2) are equivalent and describe the same effect. Usually, in laser 

vibrometry applications the beam taken in consideration is that backscattered so the 

angle =σ 180° and equation (1.2) becomes: 

 

ρcos
λ

2U
=fD  (1.3) 

 

Doppler shifts can be detected using the interferometric techniques of the heterodyne 

process. This method consists of a mixing between the measuring and the reference 
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beams, which are characterized by different frequencies. These beams are combined to 

produce a beat whose frequency is equal to the difference in the individual frequencies. 

From the analysis of the beat, the time-varying target velocity is derived.  

 

As an example, the standard arrangement for a Polytec Laser Vibrometer is 

schematically shown in figure 1.2 [1.9]. The incoming laser beam is split by a beam-

splitter (BS1) into two beams, the reference beam and the measuring beam, each of equal 

amplitude, which first travel different optical paths and are then recombined at the photo-

detector. After passing through a second beam splitter, BS2, the measuring beam is 

focused onto the object under investigation, which reflects it. The reflected beam is 

deviated by the beam-splitter BS2 downwards to a third beam-splitter, BS3. The 

reference beam passes through an acousto-optic modulator (Bragg cell) which shifts the 

light frequency by 40 MHz. The frequency shift from the Bragg cell is necessary to 

discriminate the target velocity direction. The shifted reference beam is directed towards 

the beam-splitter, BS3. At the beam splitter BS3, the two beams, measuring and 

reference, are split again and directed towards two photo-detectors. At the first, the 

beams are combined to produced a constructive interference while at the second photo-

detector are combined to produce a destructive interference. The relative change of phase 

at the beam splitter BS3 makes the photo-detector outputs 180° out of phase. Their 

subtraction results in double the signal amplitude and cancels intensity noise. The output 

signals from both the photo-detectors are then converted to electrical signals and 

combined in order to derive the Doppler signal from which the velocity information is 

extracted. 

 

Mathematically, the intensity on the photo-detector is the time-average of the square of 

the total light amplitude and is obtained as [1.10]: 

 

( ) ( )[ ]resRMRMR Φ+tka2tf2πcosII2+I+I=I −  (1.4) 

 

where RI  and MI  are, respectively, the reference and the measuring beam intensities, 

Rf  is the reference beam frequency shift, k  is the light wave number and ( )ta  
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represents the target vibration displacement and resΦ  is the resultant phase obtained as 

( )MRres =Φ φφ −  where Rφ  is the reference beam phase across the detector, Mφ  is the 

measuring beam phase. In equation (1.4), the first term represents the mean intensity that 

is neglected during the subsequent signal manipulation because it is not important for the 

vibration measurement. The second term is an AC part alternating at the difference in 

frequency between the two beams whose demodulation provides the vibration velocity of 

the target. The frequency of this so-called ‘Doppler signal’ is known as the ‘beat 

frequency’, beatf , and is given by the modulus of the time derivative of the cosine 

argument: 

 

( ) ( ) | |DR
res

Rbeat ff=
dt

tdΦ

2π

1
+

dt

tda

λ

2
f=f −





 −  (1.5) 

 

and equation (1.5) shows that the beat occurs at the frequency difference between the 

two beams.  

 

Another method of frequency shifting is provided by a rotating diffraction grating disc 

positioned between the incoming beam and investigated structure [1.11&1.12]. The 

diffracted orders are shifted by an amount that is proportional to the rotational speed of 

the grating. The maximum frequency shift obtainable is proportional to the maximum 

rotational speed of the grating disc but high speeds may result in problems of vibration. 

For this reason, for higher frequency shifts, the Bragg cell is more appropriate and in 

modern instruments, Bragg cells are prevalent. 

 

1.3 – Laser speckle 

In LDV applications, one or more laser beams are incident on the investigated structure. 

When a highly coherent laser light illuminates a surface whose rms surface roughness is 

comparable with the wavelength of the incident radiation, the resulting scattered light 

becomes de-phased and a speckle pattern is produced [1.13]. The intensity of the 

backscattered beam acquires a characteristic granular appearance characterized by a 
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random spatial variation of the intensity produced by the mutual interference of a set of 

wave fronts. This intensity distribution is known as a “speckle pattern”. Each 

microscopic element of the scattering surface within the laser spot acts like a point 

source of coherent light and individual scattered waves interfere constructively or 

destructively producing respectively the bright and the dark regions visible on a screen, 

as shown in figure 1.3. In engineering applications, many surfaces can be considered 

rough on the scale of the optical wavelength, so the formation of a speckle pattern is 

important for engineering applications of laser vibrometry.  

 

The properties of speckle patterns depend both on the coherence of the incident light and 

on the properties of the random scattering surface. Since the formation of speckle is 

considered as a random phenomenon, these properties are described statistically as first 

and second order probabilities. First Order statistics assert a negative exponential 

probability density function of intensity, with the standard deviation of the intensity 

equal to the mean intensity [1.14]. First Order statistics also assert that the phase is 

represented by a uniformly distributed probability function. The second Order statistics 

describe how rapidly the intensity varies from point to point in the pattern and supply 

information about the size of the speckles. 

 

Analysis of the spatial distribution of intensity in the speckle patterns is important in 

many applications concerning the analysis of moving targets. In vibration measurements, 

the analysis of the speckle pattern evolution produced by a moving scattering surface 

assumes an important role in the accurate measurement of the target velocity. Consistent 

with equation (1.4), the Doppler signal can also be written as: 

 

( ) ( ) ( )[ ]tΦ+tka2tf2πcostI=∆I resRres −  (1.6) 

 

where resI  and resΦ  are respectively the resultant amplitude and phase of the Doppler 

signal. Demodulation of ∆I  provides the beat frequency from which the target velocity 

is derived, as explained in equation (1.5). When the laser beam illuminates a stationary 

target, the spatial characteristics of the speckle pattern on the photo-detector do not 
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change and the output from the detector is cosinusoidal with a constant beat frequency 

amplitude resI  and phase resΦ  term. When the target moves, the detected speckle 

population can change and the resulting Doppler signal is modulated in amplitude and 

phase. When non-normal target motions are present, such as tilt, in-plane motion and 

rotation, which are often periodic with the same fundamental frequency as the on-axis 

vibration, the speckle pattern changes and the time derivative of resΦ  included in 

equation (1.5) acquires a pseudo random nature characterized by a fundamental 

frequency equal to that of the target vibration or rotation. The resulting spectrum of this 

additional signal component is characterized by approximately equal amplitude peaks at 

the fundamental frequency and higher Order harmonics defined as “pseudo-vibrations” 

[1.10] which are generally indistinguishable from the genuine vibration information. The 

level of these pseudo-vibrations may be sufficient to mask low level vibration 

information in the intended measurement.  

 

For pseudo-vibrations, rotation is the most important non-normal target motion in this 

study. The test rig shown in figure 1.4 is useful to explain the presence of pseudo-

vibrations in measurements on a rotating and vibrating structure. An electric motor is 

mounted on a linear slide and drives a small disc. An electro-mechanical shaker fixed to 

the support of the motor produces a sinusoidal vibration along the horizontal direction. A 

single beam vibrometer incident on the rotating target measures the total velocity of the 

disc along the horizontal direction while the translational movement of the motor 

housing is measured by an accelerometer fixed on it, as indicated in figure 1.4. The laser 

vibrometer and accelerometer signal outputs are connected to the same computer with a 

data acquisition system which records both measurements. In this thesis, this test rig will 

be used frequently to validate assertions.  

 

When rotating the disc at 17Hz in the absence of external vibrations, the accelerometer 

output does not show any obvious vibration, as indicated in figure 1.5a but the laser 

vibrometer measures additional harmonic vibration peaks as indicated in figure 1.5b. 

These harmonic peaks are characterized by similar amplitudes and are at integer 

multiples of the rotation frequency. They represent the pseudo-vibrations. This result is 
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typical when the measurement is taken under conditions where a large number of speckle 

pattern changes occur and the spectral shape helps in attributing characteristics to 

speckle pattern motion.  

 

When an on-axis translational vibration of nominally 10 mm/s at 30Hz without rotation 

is applied to the rotor, the laser vibrometer output takes the form shown in figure 1.6b. 

The genuine fundamental vibration peak and harmonic distortions closely match the 

measurement obtained from the accelerometer, which is shown in figure 1.6a. Since the 

accelerometer is not directly mounted on the rotor but on the bearing housing, some 

small differences can be detected in the data comparison. If the translational vibration is 

applied to a rotating target, the LDV output is the combination of the genuine vibration 

peaks plus the pseudo-vibrations due to the speckle noise, as shown in figure 1.7b, while 

the output of the accelerometer is still only characterized by the fundamental vibration 

peak and its harmonic distortions, figure 1.7a. In the LDV measurement, it is difficult to 

distinguish the harmonics related to the target rotation from those due to the vibration. In 

this case, the vibration makes the speckle pattern repeat less pronounced so the speckle 

noise is more like broadband noise although a number of 20Hz harmonics are still 

visible. The figures show clearly how speckle noise can mask low-level vibrations. 

 

1.4 – Laser Vibrometry for rotor vibration measurements 

Knowledge of rotor vibrations is important from the earliest stages of design and 

development through to condition monitoring of installed machinery. In particular, 

rotating machines undergo many kinds of vibrations, which can affect the machine’s 

effectiveness or its reliability. Although contact transducers are commonly used for 

machinery monitoring, they cannot be used to measure directly vibrations from rotors 

while the LDV systems enable these measurements.  

 

Typical measurements taken directly from rotors can detect the axial, radial or torsional 

motions of the target. Since the laser vibrometer measures the velocity in the direction of 

the incident beam, these measurements are possible by an appropriate alignment between 
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the target and the LDV beam(s). For axial vibration measurements, the incident beam 

needs to be parallel to the target spin axis, as shown in figure 1.8a. For radial vibration 

measurements, the particular arrangement requires two orthogonal laser vibrometers 

each aligned perpendicularly to the target spin axis, as indicated in figure 1.8b.  

 

Torsional vibrations can be measured only using two parallel laser beams incident on the 

target in a plane perpendicular to the spin axis, as shown in figure 1.9 [1.5]. This optical 

arrangement is the basic scheme for the Laser Rotational Vibrometer (LRV) and can be 

also used to measure the pitch/yaw angular vibrations of a rotating target [1.16]. The 

beam splitter divides the outgoing beam to form two parallel and equal intensity beams 

directed at two different points on the structure, P1 and P2. Then, the two scattered 

beams pass through the beam splitter and arrive at the photo-detector where the 

combination of these two beams results in a measured velocity given by: 

 

| |ˆ ϕcoshΩ=VVb=∆U P2P1m −⋅  (1.7) 

 

where P1V  and P2V  are, respectively, the instantaneous velocities at 1P  and 2P  and ϕ  is 

the inclination of the beams with respect to the spin axis of the target. Equation (1.7) 

establishes that the measured velocity is a function of the target rotational velocity, of the 

incident angle ϕ  and of the distance h . 

 

The basis of all these kinds of vibration measurements taken directly from a rotating 

target can be captured in a totally general Velocity Sensitivity Model summarised in the 

following section. 

 

1.4.1 – The “Velocity Sensitivity Model” 

The comprehensive theory describing the velocity measured by a single laser beam 

incident on a target that is characterized by generic motion is known as the “Velocity 

Sensitivity Model” and was proposed for the first time by Bell [1.2]. This mathematical 

model considers a rigid axial element of a shaft with a length equal to the small region 
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illuminated by the incident beam(s) and arbitrary cross-section, rotating about its spin 

axis whilst undergoing arbitrary six degree of freedom vibration, as shown in figure 1.10, 

but it is also applicable to any non-rotating, vibrating component. The axial component 

rotates around an axis defined by Rẑ  which differs from the z- axis of a translating 

reference frame xyz due to pitch/yaw vibrations. The origin of the reference frame is the 

point O positioned on the shaft spin axis with the undeflected shaft rotation axis defining 

the direction and position of the z- axis. Assuming that the laser beam is incident at a 

point P, the velocity measured by the beam is defined as: 

 

Pm Vb=U ⋅ˆ  (1.8) 

 

where the unit vector b̂  indicates the direction of the incident laser beam and PV  is the 

total velocity of the point P. Development of equation (1.8) asserts that to predict 

measured velocity it is necessary to know the beam direction, b̂ , any single point 

situated along the beam path (which can be P but does not have to be P) and the target 

vibration, PV  in terms of translations of O and rotations around O. All these terms have 

to be described in terms of measurable parameters.  

 

Figure 1.11 shows how the unit vector b̂ , initially directed along the x- axis, is described 

as a combination of two rotations, by angles β  and α  respectively around the y- and the 

z- axes. It is important to notice that the two rotations are finite and their order has to be 

maintained. In this way, the final form of the unit vector is given by: 

 

[ ] [ ] [ ]zβyβα+xβα=b ˆsinˆcossinˆcoscosˆ −  (1.9) 

 

For an arbitrary motion of the shaft, the total velocity of the point P is a combination of 

three translational and three rotational velocity terms. The velocity mU  measured by the 

incident laser beam is given as: 
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 (1.10) 

 

where x̂ , ŷ  and ẑ  are the unit vectors for the xyz reference system, 0x  , 0y , 0z  are the 

alignment offsets, x&  , y& , z&  are the translational velocities of O along the x-, y- and z- 

axes, xθ  and yθ  are the angular vibration displacements of the shaft known also as pitch 

and yaw, and xθ& , yθ&  and zθ&  are the angular vibration velocities around the x-, y- and z- 

axes. The term Ω  is the angular velocity of the shaft element combining rotational speed 

with any torsional oscillations around the shaft spin axis. 

 

Equation (1.10) shows that the measured velocity is the sum of six terms, each the 

product of a combination of geometric parameters and a combination of motion 

parameters. The terms included in the square brackets, known as vibration sets, are 

inseparable combinations of the motion components and only these combinations can be 

measured directly. This means that direct measurements of pure radial, nearly axial or 

torsional vibration are not possible because the detected velocities are always sensitive to 

other motion components. In each vibration set, the quantity appearing first, for example 

x&  or y& , can be regarded as the intended measurement. While individual components 

cannot be measured directly, it is still important to be able to measure individual 

vibration sets and this is achieved by beam alignment. In some cases, it may be possible 

to assume that the effects of a particular vibration component are negligible, thereby 

enabling direct measurement of a specific motion component. For example, if the 

amplitudes of the vibration components in a vibration set are known to be similar, then 

the intended measurement dominates at vibration frequencies much higher than the 

rotation frequency. However, more reliable estimation of the motion components 
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requires the resolution of the outputs from two simultaneous measurements each 

arranged to measure a particular vibration set.  

 

1.4.2 – Isolation of the radial and pitch/yaw vibration sets 

The individual vibration sets shown in equation (1.10) can be isolated through an 

appropriate choice of geometrical parameters. Measurement of the x- radial vibration set 

is obtained using a laser beam accurately aligned to pass through the centre of the rotor 

along the x- axis with °0=β=α  and setting the offsets as 0=z=y 00 . The measured 

velocity is then equal to: 

 

( ) ( )[ ]zθθy+θ+x=U=U xyzxm Ω−−Ω &&&  (1.11) 

 

The term ( )Ω+θz
&  included in equation (1.11) represents the combination between the 

shaft rotation and roll motion which are indistinguishable in practice so it can be 

replaced with the term ( )Ω+θ=Ω zT
&  indicating the total rotational speed of the shaft 

element. In this way, equation (1.11) can be re-written as: 

 

( )[ ]zθθy+x=U=U xyTxm Ω−−Ω &&  (1.12) 

 

Similarly it is possible to isolate the radial vibration set along the y- axis, setting the 

geometrical parameters °90=α , °0=β  and 0=z=x 00  to obtain: 

( )[ ]zθ+θ+xy=U=U yxTym ΩΩ− &&  (1.13) 

 

Given the presence of three different terms in equations (1.12-1.13), the resolution of 

radial vibrations requires post-processing of the vibrometer outputs. The additional third 

terms are assumed to be an order of magnitude smaller than the first two components and 

thus are neglected. The x- and y- radial vibration can be written approximately as: 
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y+xU Tx Ω≈ &  (1.14) 

xyU Ty Ω−≈ &  (1.15) 

 

To isolate angular vibration components requires =βαcoscos =ββsincos 0sin =β  in 

equation (1.10) but this condition cannot be satisfied with a single incident beam. Only 

the arrangement comprising two parallel beams [1.17] achieves this goal. From the 

difference between the frequency shifts in each beam, the measured velocity is obtained 

as [1.3]: 

 

( )bdω=∆U m
ˆ×⋅

rr
 (1.16) 

 

where ω
r

 is the vector rotational velocity around an instantaneous axis passing through 

O, d
r

 is a vector situated in the plane of the beams perpendicular to the beam direction, 

b̂ , with magnitude equal to the perpendicular separation of the beams, as indicated in 

figure 1.12. Expanding expression (1.16), the complete expression for the measured 

velocity is: 

 

( )[ ]
( )[ ]

[ ]Ω

Ω−

Ω−

+θβcosγsind

+θθαcosγcos+αsinβsinγsind

+θ+θαsinγcosαcosβsinγsind=∆U

z

xy

yxm

&

&

&

 (1.17) 

 

where the angle γ  is as shown in figure 1.12. This equation contains the pitch, the yaw 

and the rotational vibration sets. With an appropriate alignment, the isolation of the 

pitch, xΘ& , and yaw, yΘ& , sets can be done. In particular, these vibration sets can be 

isolated by aligning the vibrometers along or at the end of the investigated shaft element. 

The pitch set, ( )yx θ+θd Ω&  is isolated adopting =α 0, ±=β π/2 and =γ  π/2, if the 

measurement is realized at the end of the shaft, while =α π/2 and =γ 0 is required if the 

measurement is made along the side of the shaft. The yaw vibration set, ( )xy θθd Ω−& , is 
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isolated adopting =α π/2, ±=β  π/2 and =γ  π/2 at the end of the shaft and with =α 0 

and =γ 0 along the side of the shaft. The rotational set, ( )Ω+θd z
& , is only isolated along 

the side of the shaft using the geometrical parameters =β 0 and =γ π/2. The pitch xΘ&  

and the yaw yΘ&  vibrational sets can be written without approximation as: 

 

yxx θ+θ=Θ Ω&&  (1.18) 

xyy θθ=Θ Ω−&&  (1.19) 

 

in which the cross-sensitivity terms are visible. These additional terms take the same 

form as in equations (1.14-1.15) and cannot be directly eliminated from the 

measurements. With an appropriate algorithm, however, laser vibrometer outputs can be 

processed, as explained in the following section. 

 

1.4.3 – Post processing technique  

The post processing technique proposed to resolve the cross-sensitivity in laser 

vibrometer measurements of radial vibrations requires use of a particular optical 

arrangement [1.2]. Two simultaneous orthogonal laser beams are aligned with the x- and 

the y- axes, as was shown in figure 1.8b. Because in practical applications it is difficult 

to realize a perfect alignment between the beams and the target, it is necessary to include 

the offsets 0x  and 0y  and equations (1.12) and (1.13) become: 

( )0Tm yy+x=U −Ω&  (1.20) 

( )0Tm xxy=U −Ω−&  (1.21) 

 

The rotational angular velocity is decomposed into two components, the mean and the 

time dependent terms, ΩΩ =T , and expressions for the AC components of the 

vibrometer outputs become: 

 

( )0

~
yyyxU TTx −∆Ω+Ω+= &  (1.22) 
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( )0

~
xxxyU TTy −∆Ω−Ω−= &  (1.23)  

 

After further mathematical elaborations of equations (1.22-1.23), it is possible to obtain 

the following expression: 
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In the frequency domain, equations (1.24-1.25) become: 
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where the component ( )ωW  is defined as  
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( )
22

2

T

W
Ω−

=
ω

ωω  (1.28) 

At synchronous frequency, T=ω Ω , the weighting function ( )ωW  becomes infinite and 

the velocity measured by the vibrometer cannot be reconstructed to establish a solution 

for the synchronous vibration components. This is not a limitation of the resolution 

technique but a fundamental feature of the synchronous velocity component sensed by 

the laser vibrometer. The main consequence is that it is not possible to return from the 

frequency domain back to the time domain since the synchronous component will be 

missing. The inability to resolve vibration components at synchronous vibrations 

represents a serious limitation. Close to synchronous frequency, the term ( )ωW  

becomes very large and any additional content, e.g. speckle noise, close to the 

synchronous frequency is amplified. To avoid an incorrect interpretation of the data, it 

is necessary to neglect a number of spectral components adjacent to the synchronous 

component.  

In equations (1.26-1.27), the first bracketed terms are functions of the vibrometer 

outputs and the mean rotational angular velocity. The second terms are the oscillation-

displacement terms and depend on the rotational angular velocity and on the unknown 

vibration displacements, x  and y . The last terms are the oscillation-offset terms, which 

depend on the measured rotational angular velocity and on the offsets 0x  and 0y , which 

cannot be determined but can be minimized by a careful alignment of the laser 

vibrometer with respect to the shaft rotation axis. A further algorithm allows correction 

of initial estimates from measurements made in the presence of speed fluctuations 

and/or torsional vibrations.  

 

This technique has been used to resolve the radial and pitch/yaw vibrations from 

simultaneous measurements on different rotating structures [1.2]. Moreover, a simulator 

based on these algorithms has been developed in Labview and initial simulations have 

shown perfect function under ideal conditions and acceptable errors apparent when 
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typical measurement problems such as speckle noise and errors in rotational speed 

measurement are introduced [1.3].  

 

Exactly the same algorithm is used for pitch/yaw vibration measurements, ( )ωxΘ&  and 

( )ωyΘ& , whose equivalent expressions are: 

 

( ) ( ) ( )
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1.4.4 – Cross-sensitivity effects: practical applications 

The measurements reported in this section have been performed to explain cross-

sensitivity effects on the radial measurements performed on a rotating target. The optical 

arrangement used in these applications is shown in figure 1.13; two single beam 

vibrometers have been aligned respectively along the x- and the y- axes. This 

configuration is the typical arrangement used to provide data for the post-processing 

technique previously cited.  

 

Figures 1.14a and 1.14b show typical data in which the target was rotated nominally at 

21Hz and an on-axis translational vibration with magnitude ≈ 15mm/s nominally at 15Hz 

was applied along the x- axis. As shown in figure 1.14a, the vibrometer aligned along the 

x- axis measures the genuine vibration (because the y- vibration is zero) with speckle 

harmonics due to the target rotation also evident. For the vibrometer aligned along the y- 

axis, speed harmonics are evident, as shown in figure 1.14b, but the vibration peak at 

15Hz is also present with a magnitude of 4.05mm/s. Since the vibration is only applied 

along the x- direction, vibration along the y- axis is nominally zero but the target rotation 

causes the detected cross-sensitivity given by x=U Ty Ω− . 
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1.5 – Scanning Laser Doppler Vibrometers 

One of the first applications in which the LDV was used to perform vibration 

measurements on rotating targets, employed a single beam vibrometer with fixed 

orientation incident on a passing turbine blade [1.18]. The duration of the received signal 

was limited because it was inversely proportional to rotational speed so conventional 

spectrum analysis was quite difficult, limiting the investigation only to low rotational 

speeds. This application demonstrated the need to develop technical solutions to 

maintain the beam on a chosen measurement point, in particular when vibration 

measurements are performed on rotating structures like disks or turbine blades. The 

combination of a laser head with a scanning device to modify the direction of the 

outgoing beam constitutes the so-called Scanning Laser Doppler Vibrometer (SLDV) 

[1.6, 1.19 and 1.20]. These systems provide a means to trace different scan patterns over 

stationary or moving targets, measuring the velocity field of the structure, obtaining 

spatially dense results and reducing the test time. The acquisition of data from many 

points requires much less time than that necessary to move the beam manually from 

point to point. Modal analysis [1.21] and damage identification [1.22] are typical 

applications in which these systems have been used.  

 

Commercial scanning Vibrometers incorporate two orthogonally aligned mirrors to 

deflect the laser beam, as shown in figure 1.15. The scanner automatically positions the 

laser beam at the desired measurement locations through two independent 

galvanometers, which rotate the mirrors with angles proportional to the input voltages 

after calibration. The main advantage of the dual-mirror SLDV system is the possibility 

to take measurements on a few or on a huge number of points situated on a fixed or 

moving target using a single system to perform a variety of vibration measurements. 

Combining different galvanometer inputs, the system can perform different scan types 

such as point by point, line scan, circular scan and area scan.  

 

If the mirrors are driven by sine waves at the same frequency but 90° out of phase with 

each other then the beam scans a circle. Then, the motion of the beam and of the rotating 

structure can be synchronised so that the same point on the structure is followed at all 
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times. The use of this so called ‘tracking’ technique is reported by Castellini et. al. 

[1.20].  

 

The tracking of a rotating component can only be made for a limited speed range. This 

limitation is mainly due to the inertia of the scanning mirrors which makes these systems 

inadequate for high-speed rotational measurements, such those found in a jet engine, 

without error in the position of the measurement point. Solutions have been proposed to 

replace the galvanometers and the oscillating mirrors with a mechanical connection 

between the rotation of the measurement system and the actual measurement point. In 

this way, tracking of rotating components can be performed at any speed. Examples of 

these solutions have been reported [1.23-1.24] using two planar mirrors, one attached to 

the rotating target and the other positioned in order to deflect the beam towards a defined 

measuring point situated on the target.  

 

When a scanning LDV system is used for tracking applications on a rotating target, the 

velocity measured at the target can include target vibrations and velocity components 

due to target flexibility. For example, when the scanning system shown in figure 1.15 is 

used for tracking applications on a rotating target, the velocity measured at the 

measuring point P can be written as: 

 

( ) fTOP VOOOPzVV +−×Ω+= *ˆ  (1.31) 

 

where OV  is the translational velocity of the point O, the terms OP  and *OO  are the 

vector position of the measuring point P and of the moving point *O  with respect to the 

reference system xyz , TΩ  is the target rotational speed while fV  is the vibrations from 

target flexibility. Equation (1.31) indicates that the velocity measured at the point P is a 

combination of various components linked to the target vibrations and the target 

rotation. Equation (1.31) is fundamental to investigate the sensitivity of the various 

scanning systems to the target vibrations. 
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1.6 – Overview of the thesis 

Sections 1.3 and 1.4 have introduced the two important areas in LDV which this thesis 

considers in detail. The first part of the thesis presents theoretical and experimental 

work to model various arrangements of particular relevance in scanning and tracking 

LDV applications. The second part of the thesis is concerned with uncertainty in 

resolution of the cross-sensitivity in radial and pitch/yaw vibration measurements on 

rotating components. In both cases, misalignments are of central importance to the 

resulting uncertainty. 

Chapter 2 proposes a novel mathematical procedure to derive the direction of an 

incident beam for any optical configuration. The advantage of this procedure is the ease 

with which it readily incorporates misalignment. Integration with the Velocity 

Sensitivity Model then estimates the velocity measured by a single beam vibrometer in 

various arrangements. In this chapter, simple scanning systems based on steering 

mirrors and on a rotating wedge are modelled. For situations where the steering mirror 

itself vibrates, a procedure to correct the measurements taken by the laser vibrometer is 

suggested and validated. 

Chapter 3 concentrates on the analysis of scanning LDV systems. All scanning LDV 

systems are affected by misalignments of the various optical devices. These 

misalignments are inevitable and introduce uncertainties that can affect the 

measurement. The mathematical procedure proposed in chapter 2 enables the 

introduction of these misalignments into the mathematical models of the analysed 

scanning arrangements to predict their effects. In the first part of chapter 3, the 

mathematical model for the dual mirror scanning system is reformulated to place 

particular attention on the misalignment effects. The simulated data are compared with 

experimental data [1.25] in order to validate the assertions. The second part of the 

chapter analyses two possible alternatives to the commercial dual mirror SLDV system, 

which incorporate either two rotating wedges [1.26] or a Dove prism [1.27]. For both 

the systems, the mathematical models are formulated for the first time enabled by the 

new procedure. Simulated data are used to identify the main characteristics for scanning 
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and tracking LDV applications, with a particular attention on misalignment effects. In 

particular, for the dual wedge scanning system simulated data are compared to 

experimental measurements. The comparison illustrates the potential and limitations of 

the system, especially in regards to tracking applications on rotating components.  

Chapter 4 presents the mathematical models associated with two existing self-tracking 

LDV systems. These systems replace the galvanometers and the oscillating mirrors with 

a mechanical connection between the rotation of the measurement system and the actual 

measurement point. In this way, tracking of rotating components can be performed at 

any speed. Examples of these solutions have been reported [1.23-1.24] using two planar 

mirrors, one attached to the rotating target and the other positioned in order to deflect 

the beam towards a defined measuring point situated on the target. Chapter 4 

concentrates on the main characteristics of the systems and on the misalignment effects. 

Simulated data are compared to experimental data from published literature in order to 

validate the models.  

Chapter 5 considers the cross-sensitivity associated with radial and pitch/yaw vibration 

measurements on rotating components. The chapter comprises two parts. In the first, 

simulated data are used to quantify the likely error introduced by typical values for 

misalignment, speckle noise and errors in rotational speed measurement that occur in 

practical measurements. In the second part of the chapter, the relationship between 

cross-sensitivity and the surface roughness of rotating shafts is investigated. Recent 

applications [1.1-1.28] have suggested the existence of a relation between the surface 

roughness and the presence of cross-sensitivity terms. Initial experiments [1.29] have 

noticed that for very smooth, circular surfaces, the cross-sensitivities are much reduced 

but further investigation was needed. The relationship between cross-sensitivity and the 

surface roughness of rotating shafts is investigated experimentally in the hope of 

identification of a surface roughness range in which the cross-sensitivities can be 

neglected. Further recommendations are made for measurements on treated surfaces or 

those with roughness outside this range. 
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Chapter 2 

 

Prediction of measured velocity in LDV systems with 

beam reflection and/or refraction 

 

 

 

 

 

The use of the Velocity Sensitivity Model to define the measured velocity from a target 

requires knowledge of the final beam direction, a single known point along the line of 

the beam and the translational and rotational velocities of the illuminated target element. 

In practical applications, one of the main uncertainties in LDV results from inevitable 

misalignments of the various optical elements of any arrangement. To reduce the final 

beam misalignment, it is useful to know in advance the effects of individual 

misalignments through an appropriate analysis. The development of generic analysis 

methods is made difficult by the fact that different LDV scanning systems generally 

have different geometries and optical devices.  

 

In this chapter, a versatile method to determine the velocity measured for any optical 

configuration and in the presence of translational and angular misalignments is 

proposed. This method is a useful tool for the engineer to quantify misalignment effects 

for any kind of LDV scheme incorporating steering or scanning optics, from the 

simplest to the most complex. Successively, some simple arrangements of particular 

interest will be analysed using this technique. Doppler shifts from deflection at optical 

devices within the LDV system have historically been neglected and are also included 

here for the first time. 
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2.1 – New approach to predict the measured velocity in LDV systems 

The method proposed to predict the measured velocity is composed of the following 

steps: 

• location of coordinate system origin on the target; 

• definition of the ideal alignment (zero misalignment) for the arrangement 

investigated; 

• incorporation of the potential misalignments associated with the various elements of 

the arrangement; 

• step-by-step determination of the surface normals on the deflecting optics, of the 

beam orientations, of the points where the beam orientation changes and of the 

investigated point on the target; 

• calculations of the measured velocity at each deflection point using the Velocity 

Sensitivity Model. 

 

The method utilises a vector approach with generic mathematical expressions applicable 

to any LDV system and integrates with the Velocity Sensitivity Model for calculation of 

the sensed velocity based on assumed target vibrations. Vector description of beam 

orientation and surface normals is particularly important, facilitated by the use of 

rotation matrices to modify initial vectors and by the use of vector expressions for 

reflection and refraction. Vector polygons enable identification of significant locations 

within the optical system. The approach was developed with scanning systems in mind 

but is applicable to all LDV systems. 

 

2.1.1 – Definition of the incident beam orientation  

The first LDV arrangement analysed with the proposed method is that shown in figure 

2.1 where a single beam vibrometer is positioned in front of a vibrating target. This is 

the simplest possible arrangement used in vibrometry but it will be a useful starting 

point to introduce the proposed method before incorporating deflecting optics to 

illuminate the structures under investigation.  
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The mathematical description of a system begins with the definition of the ideal 

alignment. A reference system xyz is fixed on the target, with origin O as shown in 

figure 2.1. In the ideal alignment, the incident beam is parallel to the z- axis and 

incident on the point O. The position of the laser head is defined by the point A whose 

expression is: 

 

[ ][ ]TAAA zyxzyx=OA ˆˆˆ  (2.1) 

 

where x̂ , ŷ  and ẑ  are the unit vectors of the xyz reference system, Ax , Ay  and Az  are 

the laser source coordinates with =y=x AA 0. The direction of the incident beam is 

given by the unit vector 1b̂  that can be written as: 

 

[ ][ ]Tzyx=b 100ˆˆˆˆ
1 −  (2.2) 

 

where [ ]T100 −  represents the ideal laser beam orientation. The scattering direction 

2b̂  coincides with 1b̂ , 12
ˆˆ b=b − , and, in these conditions, when the structure has a 

translational vibration along the z- axis, the vibrometer will measure this vibration 

component fully.  

 

Inevitable angular misalignments are small rotations of the optical devices around the 

reference system axes. Applying two small rotations around the x- and the y- axes to the 

laser head defined by the angles Lα , as shown in figure 2.2, and Lβ , the final 

orientation of the incident laser beam is given by: 

 

[ ][ ][ ][ ]T
LL βY,αX,zyx=b 100ˆˆˆˆ

1 −  (2.3) 

 

where [ ]LαX,  and [ ]LβY,  are the matrices associated with the beam rotations defined as 

[2.1]: 
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Since the rotations are finite, the order of the multiplications in equation (2.3) has to be 

maintained except for the case of very small angles. Multiplying out equation (2.3) 

gives the following expression: 

 

( ) ( ) ( )zβαyβα+xβ=b LLLLL
ˆcoscosˆcossinˆsinˆ

1 −−  (2.5) 

 

and the incident and the scattering beam directions continue to be related as 12
ˆˆ b=b − . 

Translational misalignments of the laser source move the point A to A’ whose 

expression can be written as: 

 

[ ][ ]T
AAAAAA ∆z+z∆y+y∆x+xzyx=OA' ˆˆˆ  (2.6) 

 

where A∆x , A∆y  and A∆z  are the translational misalignments added to the laser source 

position. The introduction of the misalignments also modifies the position of the 

measuring point which shifts from B to B’ as derived in the following section. 

 

2.1.2 – Description of the beam path and of the “known point” 

The prediction of the velocity measured by the laser vibrometer requires knowledge of 

any point situated along the line of the incident beam. According to figure 2.2, this 

might be the point A’ located along the line defined by 1b̂  and defined by equation 

(2.6). Alternatively, the laser beam crosses the xy plane at the point B’, which does not 
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move. Considering the triangle OA’B’, the position of the point B’ is found using a 

vector polygon: 

 

| | 1

1

1
ˆ

ˆˆ

ˆˆ b
zb

zOA'
+OA'=bB'A'+OA'=OB' 









⋅

⋅
 (2.7) 

 

from which knowledge of vector OA'  and the unit vector 1b̂  allows vector OB'  to be 

easily derived. Use of vector polygons is particularly effective when applied to the more 

complex arrangements where the geometries incorporate multiple changes in beam 

orientation. Further applications of this technique will be reported in later sections 

where more complex LDV systems are analysed.  

 

2.1.3 – Definition of the measured target velocity 

With knowledge of the location of point B’, the Velocity Sensitivity Model provides the 

velocity measured at B’. According to Bell [2.2], the total velocity of a single point is a 

combination of six velocity sets, three translational and three rotational and is written as 

in equation (1.10). For example, if the target undergoes a translational vibration along 

the z- axis, z& , and a rotation around the x-axis, Xθ& , the measured velocity can be found 

using equation (1.8) and (2.5) and becomes: 

 

( )( )yOB'θ+zβα=U XLLm
ˆcoscos ⋅&&  (2.8) 

 

Equation (2.8) indicates how translational and angular misalignments affect measured 

velocity through the quantities Lα , Lβ  and 'OB . When =β=α LL 0°, equation (2.8) 

shows that only the translational vibration along the z- axis is measured. Although this 

result was readily predictable, equation (2.8) has been obtained through application of 

this technique to confirm its validity using a simple configuration.  
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2.1.4 – Incorporating beam deflections 

In practical applications, misalignments are inevitable and difficult to identify. The 

introduction of additional optical devices makes the geometry and the beam path more 

complex and the number of sources of uncertainty increases. Systems incorporating 

deflecting optics and suitable for vibration measurements are the subject of the 

following analysis.  

 

By knowing the incident beam direction Ib̂ , the direction of the deflected beams Rb̂  and 

Tb̂  are found using Snell’s Law. This Law asserts that when a plane wave, such as the 

laser, is incident at an interface between two homogeneous media of different optical 

properties it is split into a transmitted and a reflected wave, figure 2.3. For the ‘Law of 

Reflection’, the angle of incidence, Iθ , equals the angle of reflection, Rθ . For the ‘Law 

of Refraction’, the ratio of sines of the incident and refracted beam can be formulated in 

terms of the absolute indices of refraction of the two media, Iε  and Tε , as: 

 

I

T

T

I

ε

ε
=

θ

θ

sin

sin
 (2.9) 

 

In vector form, the unit vector for the reflected beam can be written as [2.3]: 

 

( )nnbb=b IIR
ˆˆˆ2ˆˆ ⋅−  (2.10) 

 

where Ib̂  and Rb̂  are the unit vectors of the incident and reflected beams and n̂  is the 

normal to the interface between the two surfaces. In the case of beam refraction, the unit 

vector of the refracted beam, Tb̂ , is given by [2.4]: 

 

( )( ) ( ) nnb
ε

ε

ε

ε
nnbb=b I
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ˆˆˆ11ˆˆˆˆˆ
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−−⋅−  (2.11) 
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Equations (2.10-2.11) show that knowledge of the incident beam direction, the surface 

normal and each refractive index lead to outgoing beam direction for both reflection and 

refraction. For example, for a mirror normal initially aligned with ẑ , the final normal 

direction after two mirror rotations around the x- and the y- axis, with angles mα  and 

mβ  respectively, is achieved using the same vector approach employed to derive 1b̂  in 

equation (2.3) 

 

[ ][ ][ ][ ]T
mm βY,αX,zyx=n 100ˆˆˆˆ  (2.12) 

 

where the rotation matrices [ ]mαX,  and [ ]mβY,  are of the same form as those indicated 

in equations (2.4a&b). The same technique can be used to derive the surface normal for 

an inclined wedge surface. 

 

2.1.5 – Total measured velocity 

The velocity measured by the laser vibrometer incident on a point P situated on the 

target can be written by combining equations (1.1) and (1.3): 

 

( ) Pm Vbb=U ⋅− 12
ˆˆ

2

1
 (2.13) 

 

Equation (2.13) is equivalent to equation (1.8) when 12
ˆˆ b=b − . It is important to 

recognise that Doppler shifts can occur wherever the beam is deflected. The total 

Doppler shift of the beam will be the sum of the individual shifts and so it is possible to 

add together all the corresponding velocity components, written as in equation (2.13), 

from every beam deflection, not just at the target but also at beam reflections and 

refractions. Equation (2.13) asserts that any moving optical device can produce 

additional velocity terms that appear in the LDV output but are not related to target 

motion. These uncertainties have not been studied previously. Equation (2.13) is useful 

in analysis of optical arrangements characterised by various beam deflections such as 

the steering and scanning systems under investigation here.  
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2.2 – Application to the scanning /steering mirror optical configuration 

2.2.1 – Modelling measured velocity 

Consider the optical arrangement shown in figure 2.4 in which a plane mirror is used. 

The mirror might be used to perform a line scan along the z- direction on a target or 

simply to steer the laser beam onto an otherwise inaccessible location. For convenience, 

the reference system xyz has been fixed on the target while a reference system mmm zyx  

is fixed on the mirror. With an initial rotation around the y- axis, the line scan along the 

z- axis can be realized by moving the mirror in two distinct ways: oscillation along the 

z- axis or around the y- axis. In steering applications, vibrations of the steering mirror 

are also important and will also be considered in this analysis. These are undesired but 

occur in practical applications introducing uncertainty into measurements.  

 

The system is ideally aligned when the outgoing beam 1b̂  is parallel to the z- axis, 

defined by equation (2.2), and incident at the centre of the mirror at the point B. (For all 

the optical schemes analysed in this chapter, the direction of the outgoing beam is 

zb ˆˆ
1 −=  when the systems are ideally aligned). The mirror is oscillating around the x- 

and the y- axes with a time varying angular velocities mα&  and mβ& . The mirror surface 

normal is determined from equation (2.12) where the angles mα  and mβ  are given by: 

 

( ) ∫ dtα+α=tα mm0m
&  (2.14) 

( ) ∫ dtβ+β=tβ mm0m
&  (2.15) 

 

in which the terms m0α  and m0β  are the initial mirror inclinations around the x- and y- 

axes. For example, for the line scan along the z-axis, =αm0 0° and =βm0 -45° while mβ&  

is the oscillation of the mirror. The terms mα&  and mβ&  might also contain undesirable 

vibrations of the mirrors whose effects determine uncertainty into measurements. The 

final expression for the mirror normal is: 
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( ) ( ) ( )zβαyβα+xβ=n mmmmmB
ˆcoscosˆcossinˆsinˆ −−  (2.16) 

 

With knowledge of the unit vectors for the incident beam and the mirror normal, the 

reflected beam orientation is readily determined. Substituting equations (2.2) and (2.16) 

into (2.10), the reflected beam direction is given by: 

 

( ) ( ) ( )zαβ+yβxα=b mmmmmm
ˆ1cos2cosˆ2αsincosˆ2βsincosˆ 222

2 −−  (2.17) 

 

In the presence of only angular oscillations of the mirror around x- and y- axis, the 

position of the reflected point B is situated at the centre of the steering mirror and is 

known from the position of the mirror with respect to the origin O. When the mirror has 

also translational misalignments, the point B  moves to ∗B  defined as: 

 

[ ][ ]T
BABBBB ∆z+z∆y+y∆x+xzyxOB ˆˆˆ=  (2.18) 

 

where the terms B∆x , B∆y  and B∆z  are the translational misalignments added to the 

mirror. The position of the new deflection point B'  is found from the vector triangles 

A'OB' and B'OB ∗  obtaining the following system: 

 

| |










⋅∗

∗∗

0ˆ

ˆ
1

=nB'B

OB'=B'B+OB

OB'=bB'A'+OA'

B

 (2.19) 

 

where OA'  is obtained from equation (2.6) and the vector OB'  is found as: 

 

( )
1

1

ˆ

ˆˆ

ˆ'*
b

nb

nOAOB
+OA'=OB'

B

B








⋅

⋅−
 (2.20) 
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The vector OB'  is a time dependent term through the normal Bn̂ . The point C  is the 

initial position of the measuring point while C'  is the time-varying incident point, 

which is determined using a vector polygon for the triangle C'OB' : 

 

| | 2

2

2
ˆ

ˆˆ

ˆˆ b
xb

xOB'
+OB'=bC'B'+OB'=OC' 









⋅
⋅

 (2.21) 

 

The point C'  is then used as the known point in the Velocity Sensitivity Model to 

predict the velocity measured by the laser vibrometer. The complete beam path (out and 

back) represented in figure 2.4 includes three beam reflections, two at the mirror and 

one at the target. According to equation (2.13), the total velocity measured by the laser 

vibrometer can be written as the summation of the individual velocities detected along 

the beam path. This velocity can be written as: 

 

( ) ( )( ) ( ) ( )( ) ( ) 212212212
ˆˆˆˆˆ

2

1ˆˆ
2

1ˆˆ
2

1
bVbbV=bbV+bbV+bbV=U C'B'B'C'B'm ⋅−−⋅−−−⋅−−⋅−⋅

 (2.22) 

 

where B'V  and C'V  are respectively the mirror and the target velocities at the particular 

points of incidence. Substituting equation (2.10) into (2.22), its final form becomes 

much simpler: 

 

( )( ) 21
ˆˆˆˆ2 bVnbnV=U C'B'B'B'm ⋅−⋅⋅−  (2.23) 

 

Equation (2.23) shows the presence of two distinct terms, one linked to the target 

vibration and the second proportional to the mirror velocity component along the mirror 

normal. When the mirror vibrates or oscillates, the point B may no longer be a point on 

the mirror so the normal at the point B' , B'n̂ , becomes time dependent. 
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An application in which a steering mirror is used is the measurement of an engine valve 

motion [2.5], see figure 2.5. Here the mirror deflects the incoming beam onto a single 

point on the valve or scans the complete valve during its motion in the cylinder head.  

 

According to equation (2.23), in-plane mirror vibrations, mx&  and my& , do not affect the 

LDV output since the term ( )B'B' nV ˆ⋅  is zero and the target velocity is measured directly. 

In the presence of out-of-plane mirror vibrations, the analysis shows that errors are 

introduced into the measurement of the target vibration. The analysis also suggests that 

it is possible to correct this error using an additional measurement of the mirror 

vibration in the direction of its normal. If the additional mirror velocity can be 

measured, it should be sufficient to attach accelerometers to the mirror to make this 

compensation, as shown in figure 2.6. If the mirror undergoes a vibration B'V  directed 

along its normal, the output of a single accelerometer attached at the back of the mirror 

is sufficient to correct the LDV output and isolate the target vibration. In the presence of 

additional mirror oscillations around the x- and y- axes of the mirror, the velocity of the 

measuring point 'B  situated on the mirror becomes: 

 

B'mB'mmB'B' xβyα+z=nV &&& −⋅ ˆ  (2.24) 

 

where mα&  and mβ&  are the mirror oscillations around the x- and y- axes respectively, mz&  

is the translational velocity of the mirror along the z- axis while B'x  and B'y  are the 

coordinates of the point B'  determined from equation (2.20). In this case, the various 

vibration components can be determined using four accelerometers attached at the back 

of the mirror, as shown in figure 2.6 where the accelerometers 1 and 2 are positioned 

along the y- axis with 3 and 4 along the x- axis. The dynamics of the mirror are 

determined with three combinations: 

• accelerometers 1 and 2 supply the mirror rotation around the x- axis by 

subtraction of outputs; 

• accelerometers 3 and 4 supply the mirror rotation around the y- axis by 

subtraction of outputs; 
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• each pair of accelerometers supply, at the same time, the mirror vibration along 

the z- axis by addition of outputs. 

 

To validate equation (2.23) and develop these ideas, some simple applications are 

reported in the following section. 

 

2.2.2 - Practical applications: correction for steering mirror vibrations 

Figure 2.7 schematically shows the test-rig used to confirm the mathematical 

description of measured velocity for the steering mirror arrangement. A plane mirror is 

excited along its normal by a shaker. The mirror-shaker structure has been mounted on a 

graduated plate to control the angle m0β  and maintain the excitation direction parallel to 

the mirror normal for any mirror inclination. The target is represented by a plane 

structure positioned at a fixed distance from the mirror and aligned parallel to the yz 

plane. A second shaker attached to the structure allows its excitation in the x- direction 

with velocity C'x&  where the point C'  is the target point where the reflected beam 2b̂  

meets the vibrating structure. The target-shaker combination is mounted on a linear 

slide that ensures that the beam is incident on the target at any mirror inclination and 

that the original orientation of the target is maintained. For a more practical use, 

equation (2.23) has been expanded using measurable parameters according to figure 2.7 

as: 

 

( ) m0Bm0C'm β+V=U cos2V2βsin  (2.25) 

 

where ( )xV=V C'C'
ˆ⋅ . Maintaining the mirror angle ( )=tαm 0, three sets of tests have been 

performed to validate each velocity term in equation (2.20). For initial alignment, a 

vibration directed along the z- axis, mz& , with frequency of 40 Hz was applied to the 

mirror inclined with =βm0 0°. An accelerometer was fixed at the back of the mirror in 

order to measure its velocity along the z- axis. Then, a single beam vibrometer was 

aligned with respect to the mirror to obtain an output similar to that of the 
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accelerometer. Adjustments of the position and orientation of the laser head were made 

using the tripod, the linear and angular stage on which the laser vibrometer is fixed and 

adjustments of the mirror were made using the angular stage on which the mirror was 

mounted. Figures 2.8a and 2.8b indicate respectively the output of the accelerometer 

and of the LDV for this case. These outputs have very close amplitudes detected at 40 

Hz and the configuration was considered as the initial alignment of the test rig. From 

this position, the mirror is rotated around its y- axis using the graduated plate.  

 

The first step was conducted to validate the mirror velocity term. The mirror was 

excited at 40 Hz and its inclination was varied from 0° to 60° in 13 steps of 5° each. 

Examples of the accelerometer 1 and LDV outputs are shown in figures 2.9a and 2.9b 

where at 40 Hz the detected velocities are, respectively, 27 and 40 mm/s for a mirror 

inclination of 40°. According to equation (2.25), with angles less than 60°, the velocity 

detected by the LDV should be bigger than that of the accelerometer and this behaviour 

is confirmed in figure 2.10a. The expected theoretical velocity is obtained from the 

second term of equation (2.25).  

 

Figure 2.10b reports the percentage error between the theoretical and the experimental 

velocities indicating an excellent correspondence and only small differences between 

the two sets of values, probably due to small misalignments introduced during the test 

by the various mirror or laser source movements. These data confirm the validity of the 

mirror velocity term in equation (2.25).  

 

Analysing the experimental LDV data points, it is possible to see an inconsistent 

behaviour at 0°. According to equation (2.25), the laser vibrometer should measure a 

velocity of 2 BV  but the detected velocity is BV  because, for zero mirror angle, the laser 

beam returns directly to the vibrometer without either scattering from the target or a 

second mirror reflection. This arrangement is equivalent to that shown in figure 2.1. 

 

A second test was performed to investigate the first term in equation (2.25) giving the 

relationship between measured velocity and target velocity. A sinusoidal x-direction 
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vibration of 40 Hz was applied to the target. The mirror inclination was varied from 30° 

to 60°, using 14 steps with angular increments of 2°. For outer values of the mirror 

inclination, the backscattered intensity was too weak for an acceptable signal. Examples 

of experimental output are shown in figure 2.11a and 2.11b, respectively, for 

accelerometer 2, fixed to the vibrating target, and the LDV. According to equation 

(2.25), the target velocity detected by accelerometer 2 should be bigger than that 

measured by the laser vibrometer and this outcome is shown by figure 2.12. When the 

mirror is inclined at 45°, the accelerometer and the laser vibrometer measurements are 

theoretically equal but small, inevitable misalignments result in differences of 

approximately 1-2%. 

 

The final experiment was intended to validate the complete equation (2.25) with target 

and mirror vibration applied simultaneously at 60Hz and 40Hz respectively. For a 

mirror inclination of 40°, figure 2.13a and 2.13b show the outputs for the 

accelerometers fixed on the mirror and on the target, respectively, while figure 2.14 

shows the laser vibrometer output. The vibrometer output contains both vibrations as 

predicted by equation (2.25). Comparison of peaks in the vibrometer spectrum 

originating with target and mirror vibrations with the corresponding accelerometer 

measurements indicate very good agreement as shown in figure 2.15a and 2.15b.  

 

Figure 2.15a shows the errors between the experimental and the theoretical measured 

velocities of the vibrating mirror taken for various inclinations of the steering mirror. 

The data indicate errors between 2.5% and 1.5% for the investigated range of mirror 

inclination due to possible uncertainties in the alignment of the laser head and mirror. 

Figure 2.15b shows the errors between the experimental and the theoretical velocities 

detected at the vibrating target. In this case, the errors assume a maximum value around 

5% for a mirror inclination of 30° and decrease to values around 1.5% for bigger 

inclinations of the steering mirror. Also in this case, the difference between the two sets 

of velocities, experimental and theoretical, can be associated with inevitable 

misalignments affecting the test rig.  
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These data validate the mathematical description of the measured velocity for the 

steering mirror optical configuration and the approach used to derive it. Theoretically 

and experimentally, two important results have been demonstrated: the existence of 

measurement uncertainties linked to the motion of deflecting optics and the possibility 

to correct these measurements using additional measurements. 

 

In the next section, this approach is applied to model an optical configuration in which a 

rotating wedge is used for scanning measurements on rotating structures.  

 

2.3 – Application to a novel scanning LDV system using a rotating wedge  

2.3.1 – Modelling measured velocity 

Solutions for scanning optical arrangements can be realised using optical devices which 

refract the laser beam towards the investigated target. One of these novel configurations 

uses rotating wedges positioned between the laser vibrometer and the target to deflect 

the outgoing laser beam. This optical arrangement is suitable for scanning applications 

and a simple representation is shown in figure 2.16a where a wedge, traditionally used 

for beam steering, controls the deflection of the light towards the target. Rotating the 

wedge around its spin axis, results in a circular scan on a target. Fixing the origin O of 

the reference system xyz on the rotation axis of the target, the ideally aligned beam path 

is defined when the incident beam and the spin axis of the wedge coincide along the z- 

axis. The positions of the laser head and of the wedge are defined by the points A and B 

obtained as: 

 

[ ][ ]TAAA zyxzyx=OA ˆˆˆ  (2.26) 

[ ][ ]TBBB zyxzyx=OB ˆˆˆ  (2.27) 

 

where =y=x=y=x BBAA 0 for an ideal alignment. The position of the point C situated 

at the sloped wedge surface and along its spin axis is defined as: 

| |zBCOB=OC ˆ−  (2.28) 
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The direction of the outgoing beam, defined as in equation (2.2) is perpendicular to the 

first wedge surface and passes directly through it and along the wedge spin axis. The 

direction of the outgoing beam 1b̂  coincides with that for the beam 2b̂ . The first 

refraction takes place at the point C situated on the inclined wedge surface. The wedge 

surface normals are described as: 

 

[ ][ ]T
B zyx=n 100ˆˆˆˆ  (2.29) 

[ ][ ][ ][ ]T
wwC X,ψγZ,zyx=n 100ˆˆˆˆ  (2.30) 

 

where wψ  is the characteristic wedge angle and the angle wγ  represents the whole body 

wedge rotation around its spin axis given by: 

 

( ) www +t=tγ ϕΩ  (2.31) 

 

in which wΩ  is the wedge rotational speed and wϕ  is its initial phase, making the unit 

vector Cn̂  a function of time. The rotational matrices [ ]wψX,  and [ ]wγZ,  are defined as 

[2.1]: 

 

[ ]



















−

ww

ww

w

ψψ

ψψ

=ψX,

cossin0

sincos0

001  (2.32) 

[ ]

















 −
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www
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γγ=γZ,  (2.33) 

 

The final direction of the incident beam, 3b̂ , is derived from equation (2.11) to give: 
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where wε  and aε  are respectively the refractive indices of the wedge and the air and the 

term m  is defined as: 

 

( ) 




 ⋅−








−

2

1

2

ˆˆ11 C

a

w nb
ε

ε
=m  (2.35) 

 

Equation (2.34) shows how quickly the complexity grows in the equation for beam 

direction but the equation is easily derived using the proposed technique. From 

knowledge of point C, the point K on the target is derived as follows from the vector 

polygon for triangle OCK: 

 

3

3

ˆ

ˆˆ

ˆ
b

zb

zOC
+OC=OK 









⋅
⋅

 (2.36) 

 

Point K is used to predict the measured target velocity but the total measured velocity 

must also include any Doppler shift from the rotating wedge itself. For ideal alignment, 

point C is situated on the wedge spin axis and, therefore, no additional Doppler shift 

occurs. In this case, the laser vibrometer output is only dependent on target velocity. 

This situation changes in the presence of misalignment of the laser head. For example, 

translations of the laser head along the x-, y- and z- axes, A∆x , A∆y  and A∆z  

respectively, determine a new position for the laser source, the point A' , which is 

defined as: 

 

[ ][ ]TAAAAAA ∆z+z∆y+y∆x+xzyx=OA' ˆˆˆ  (2.37) 
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while angular misalignments of the same device around the x- and the y- axes, as shown 

in figure 2.16b, defined by the angles Lα  and Lβ , determine the new direction of the 

outgoing beam as: 

 

[ ][ ][ ][ ]T
LL βY,αX,zyx=b 100ˆˆˆˆ

1 −  (2.38) 

 

Successively, misalignments can be added to the wedge. In this case, translational 

misalignments along the x- and the y- axes, B∆x  and B∆y , move the spin axis position 

on the first face from the point B to *B  whose position becomes: 

 

[ ][ ]TBBBBB z∆y+y∆x+xzyxOB ˆˆˆ=∗  (2.39) 

 

Because of the translational misalignments added to the wedge and angular 

misalignments around the x- and y- axis, wα  and wβ , the point C moves to ∗C  defined 

as: 

| | wzBCOBOC ˆ* −∗=  (2.40) 

 

where wẑ  is the wedge spin axis defined as: 

 

[ ][ ][ ][ ]T
www βY,αX,zyx=z 100ˆˆˆˆ  (2.41) 

 

The angular misalignments also modify the wedge surface normal as: 

 

[ ][ ][ ][ ]TwwBB' YXzyxnn 100,,ˆˆˆˆˆ
* βα==  (2.42) 

[ ][ ][ ][ ][ ][ ]TwwwwCC' XZYXzyxn=n 100,,,,ˆˆˆˆˆ ψγβα  (2.43) 

 

The directions of the misaligned refracted beams 2b̂  and 3b̂  are again derived using 

equation (2.11) and their expressions become: 
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The modified beam path incorporates two refractions at the wedges, respectively at 

points 'B  and 'C  and a new measuring point situated on the target, 'K . Using vector 

polygons, the position of the point 'B  is found by developing the following system: 

 

| |










⋅∗

∗∗

0ˆ

ˆ
1

=nB'B

OB'=B'B+OB

OB'=bB'A'+OA'

B'

 (2.46) 

 

from which the vector OB'  is derived as: 

 

( )
1

'1

' ˆ

ˆˆ

ˆ'*
b

nb

nOAOB
+OA'=OB'

B

B








⋅

⋅−
 (2.47) 

 

Applying vector polygons to triangle C'OB'  the following system is derived: 

 

| |










⋅∗

∗∗

0ˆ

ˆ
2

=nC'C

OC'=C'C+OC

OC'=bC'B'+OB'

C'

 (2.48) 

 

from which it is possible to obtain the vector OC'  as: 
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( )
2

'2
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 (2.49) 

 

The measuring point 'K  at the target is found as: 

 

3
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⋅
⋅

 (2.50) 

 

The entire beam path (out and back) is comprised by four refractions (at the wedge 

surfaces) and one reflection (at the target) and according to equation (2.13), the total 

velocity measured by the LDV is defined as: 

 

( ) ( ) 32312
ˆˆˆˆˆ bVbbV+bbV=U K'C'B'm ⋅−−⋅−⋅  (2.51) 

 

where B'V , C'V  and K'V  are respectively the velocities of the two refraction points and 

the target. For a rotating wedge, the velocities B'V  and C'V  can be obtained as: 

 

[ ][ ][ ][ ] B'BβY,αX,zyx=V
T

wwwB' ∗×Ω 100ˆˆˆ  (2.52) 

[ ][ ][ ][ ] C'CβY,αX,zyx=V
T

wwwC' ∗×Ω 100ˆˆˆ  (2.53) 

 

while K'V  for a rotating target without vibration is given by: 

 

OK'z=V TK' ×Ω ˆ  (2.54) 

 

where TΩ  is the total velocity of the target. A more general case, the velocity measured 

at the point K’ will also include target vibrations and velocity components due to target 

flexibility. According to equation (1.31), the velocity at 'K  can be written as: 
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( ) fTOK' VOOOKzΩ+V=V +−× *'ˆ  (2.55)  

 

where the term ∗OO  is the vector position of the moving point O* with respect to the 

reference system xyz , OV  is the translational velocity of the point O and fV  is the 

vibrations from target flexibility. Equation (2.51) asserts the presence of additional 

Doppler shifts generated by the wedge at the refraction points B'  and C'  as a result of 

wedge angular velocity in combination with incidence away from the wedge spin axis.  

 

Equations like these are algebraically intensive when expanded but they are simple to 

implement sequentially, as presented, in software such as Matlab.  

 

2.3.2 – Practical applications: rotating wedge optical configuration 

Experiments have been performed to validate equation (2.51). The test rig shown in 

figure 2.17 incorporates a single rotating wedge to trace a circular scan on a rotating 

disk that is mounted on a translating and rotating stage. An encoder positioned behind 

the target drives a signal generator that controls the rotation of the wedge using a 

stepper motor and belt drive. Rotating the wedge in the same direction as the target and 

the same speed, the system enables a circular scan profile with radius of almost 6cm. 

  

For a real test, it is impossible to obtain a perfect alignment between the various 

components. It was possible to isolate the Doppler shifts produced by the rotating 

wedge itself by positioning a plane screen covered by reflecting tape in front of the 

target. For this reason, the first step was an accurate alignment between laser vibrometer 

and wedge in order to reduce to the smallest value possible the Doppler shift produced 

by the wedge.  

 

The first test was performed to quantify the Doppler shift produced by the rotating 

target in the presence of translational misalignments added to the laser head. The 

geometrical parameters which characterized this test are: | |OA =0.88m, | |OB =0.66m and 
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wψ =10°. The system traces a circular scan pattern with radius of 6cm on the plane 

screen covered by reflecting tape.  

 

When deliberately adding known translational misalignments to the laser head, which is 

mounted on a graduated plate and linear slide, with respect to the wedge which is 

maintained aligned, the velocity detected increases in magnitude at 1x the wedge 

rotational speed. Examples of the measured velocities are shown in figure 2.18a&b. 

Figure 2.18a shows the LDV output obtained when rotating the wedge at 8.5Hz the 

laser beam traces a circular beam path on the plane screen. The additional velocity term 

present at the wedge rotational frequency is very small and measures 7.13e-2mm/s. This 

indicates that the (unknown) misalignments between laser head and wedge are small 

and the position is considered as the best alignment possible.  

 

Figure 2.18b shows the LDV output obtained when the laser head is moved horizontally 

for 2mm. The velocity at the wedge rotational frequency increases and measures 

9.12mm/s as due to the misalignment introduced. The measured spectrum shows also 

other components that can be linked to the vibration of the system during the rotation of 

the wedge and speckle noise from the plane screen.  

Figure 2.19a&b show the rms levels of the measured harmonics when known 

misalignments are added to the laser head. The velocity values have been normalised in 

by dividing their magnitudes by the wedge rotational speed, which also equals the target 

rotational speed. These plots suggest a near-linear relationship between the magnitude 

of the additional velocity and the misalignments added to the wedge. In figure 2.19a&b 

the experimental data are compared to the simulated uncertainty of the 1x velocity term 

predicted in the presence of the same translational misalignments used in the 

experiments. The figures suggest a very good agreement of the two series of data. From 

the data a translational misalignment of 1mm appears to introduce an rms error of 

almost 0.07mm/s/rad/s.  

 

Figure 2.20a&b shows the LDV outputs measured when the laser beam traces a circular 

path on the rotating target. Because the dimensions of the target are small, the 
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geometrical parameters of the test rig were changed and are: | |OA =0.64m, | |OB =0.42m 

and wψ =10°. In this way, a circular beam path with radius of 3.5cm was traced on the 

rotating target to track its rotation. 

 

The target is fixed on a graduated plate and linear slide used to move horizontally, 

vertically and rotate the target around the y- direction. Figure 2.20a shows the LDV 

output obtained with the best alignment achieved for this arrangement. The target is 

rotating at 8.5Hz and the velocity term at the wedge rotation frequency measures 5e-

1mm/s. Figure 2.20b shows the LDV output obtained when a known translational 

misalignment of 2mm along the x- axis was added to the target, while maintaining the 

alignment of the laser head-wedge subsystem aligned. The velocity increases in 

magnitude at 1x the wedge rotational speed and measures 9.38mm/s. The velocity 

spectrum still shows additional components that can be linked to the vibration of the 

system during the rotation of the wedge and speckle noise from the rotating target.  

 

Figures 2.21a&b show the normalized rms levels of the measured 1x component when 

known translational misalignments are added to the rotating target. These plots suggest 

a near-linear relationship between the magnitude of the additional velocity and the 

misalignments added to the target. In figure 2.21a&b the experimental data are 

compared to the simulated uncertainties predicted for the 1x velocity term considering 

the same misalignments. Also in this case, the comparison shows a very good 

agreement between the two series of data. 

 

To analyse the effects of angular misalignments, the laser head-wedge subsystem was 

maintained in its ideal alignment while angular misalignments around the y- axis were 

added to the rotating target. However, the rotation axis around the y- direction is not 

passing through the target but is positioned 15cm behind the target, as shown in figure 

2.22. This means that angular misalignments of the target is also associated with 

translational misalignments along the x- direction (equal to 150mm* sin (angular 

misalignment)).  
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Comparison between experimental and theoretical values is good only when an angular 

misalignment of the target of 1.3° around the x-axis is included in the simulations. 

Figure 2.23a shows the LDV output obtained when an angular misalignment of 1° (plus 

the additional translational misalignment of 2.16mm along the x- direction) is added to 

the target. In this case, the peak at the wedge rotational frequency measures 32.16mm/s 

and it increases with the added misalignments. Figure 2.23b shows the comparison 

between the experimental values for different angular misalignments added to the target 

while the subsystem laser head-wedge is maintained at its ideal alignment. The 

comparison between the two series of data indicates that the experimental values are 

bigger than the theoretical although the trend is similar. It is possible that during the 

movement of the target other unknown misalignments and/or speckle noise are added 

that are not included in the calculation of simulated levels.  

 

These data indicate that experimental values measured in the presence of translational 

misalignments are in good agreement with the predicted. Only in the presence of 

angular misalignments added to the target there is not a perfect accordance between the 

experimental and the simulated data. Nonetheless, the mathematical model closely 

predicts the measured velocities in the presence of misalignments. 

 

In typical applications, the translational misalignments of the laser head and of the 

wedge can be controlled and minimised using linear stages on which the devices are 

mounted. Angular misalignments around the x- axis of the same devices are controlled 

and minimised using a spirit level while the alignment around the y- axis is performed 

by eye and can result in larger uncertainties in the measured velocity. Through the tests 

performed, it is apparent that alignment for the system requires two distinct steps. The 

first regards the alignment between the wedge and the laser head using the reflecting 

screen to minimise misalignment. Once aligned, this combination of laser head and 

wedge can be aligned to the target or, as in these tests, the target can be aligned to the 

combination of laser source and wedge. 

 

In summary, a new method able to predict LDV measured velocities has been proposed 

and applied for the first time to some arrangements of particular interest. In the 
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following sections, this method will be used to derive complete mathematical 

descriptions of more complex scanning LDV systems including those reported by other 

researchers or used in commercial systems. 
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Chapter 3 

 

Prediction of the measured velocity in scanning and 

tracking LDV systems 

 

 

 

 

 

In the previous chapter, a novel mathematical procedure to predict the velocity 

measured by LDV systems was introduced and applied to relatively simple optical 

arrangements. Because of its versatility and the possibility to integrate with the Velocity 

Sensitivity Model, this procedure can be used to model more complicated optical 

schemes. In this chapter the procedure will be employed to analyze three different 

scanning LDV systems. 

 

The first one is the well known dual mirror SLDV system. This system has been the 

subject of much published literature [3.1, 3.2 and 3.3] although the effects on the 

measured velocity of the mirrors in the scanning head have been largely neglected. 

Since the new approach provides both the target and the scanning head contribution to 

the velocity sensed, the model of the dual mirror SLDV system will be reformulated and 

the results obtained will be compared to published experimental data [3.4]. 

 

The other two arrangements investigated are the dual-wedges and the Dove prism 

SLDV systems, which are considered as possible alternatives to the traditional dual 

mirror SLDV system. These systems allow the creation of various scan patterns but the 

chapter concentrates on circular scans on rotating targets, for tracking applications. The 

analysis serves as a means to demonstrate the effectiveness of the procedure. In 

particular, the origin of additional measured velocity components due to the presence of 
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geometrical misalignments will be revealed and their influence on measured data will 

be discussed. 

 

The analyses will show a full set of equations for the case of zero misalignments 

followed by a full set of equations for the misaligned case to demonstrate clearly how 

the analysis is affected. Sensitivity to in-plane and out-of-plane target vibrations will 

also be considered as it is an important performance parameter in these scanning 

systems. 

 

3.1 – Dual mirror SLDV system 

3.1.1 – Mathematical model 

A schematic representation of the dual mirror SLDV system is shown in figure 3.1. A 

reference system xyz is fixed at the target with the z- axis coincident with its spin axis. 

The oscillating mirrors are situated at a distance 0z  from the target and their separation 

is defined by the term sd . The mirror oscillation axes are parallel to the z- and the x- 

axes, respectively, for the first and the second mirror whose initial inclinations, 0xθ  and 

y0θ , are each at 45°.  

 

The zero misalignments configuration is obtained when the incoming beam is parallel to 

the x- axis and meets the first mirror in its middle point B and when the target spin axis 

passes through the middle point of the second mirror, the point C. The directions of the 

incoming beam and of the mirror normals are written as: 

 

[ ][ ]T
zyx=b 001ˆˆˆˆ

1 −  (3.1) 

[ ][ ][ ]T

x0B Z,θzyx=n 001ˆˆˆˆ  (3.2) 

[ ][ ][ ]T

y0C θX,zyx=n 010ˆˆˆˆ −  (3.3) 
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where the rotation matrices [ ]x0Z,θ  and [ ]y0X,θ  introduce the initial mirror inclinations 

around the z- and the x- axis, respectively. The creation of a circular beam path suitable 

for tracking applications requires mirror scanning angles sxθ  and syθ  defined as: 

 

( ) ( )1T

s

s
x0sxx0x +t

dz

r
θ=θ+θ=tθ φΩ








+

− − cos0.5tan
0

1  (3.4) 

( ) ( )2T
s

y0syy0y +t
z

r
+θ=θ+θ=tθ φΩ







− sin0.5tan
0

1  (3.5) 

 

where TΩ  is the target rotational speed, sr  is the radius of the desired scan pattern, 1φ  

and 2φ  are the initial phases of the mirror oscillations with 1φ = 2φ  Equations (3.4&3.5) 

show corrected mirror drive signals with unequal amplitudes used to describe an almost 

perfect circular scan pattern and indicate that the mirror scan angles are functions of the 

system geometry and of the desired scan radius [3.4].  

The orientations of the reflected beams are found by applying Snell’s law, equation 

(2.10), at each deflection point obtaining: 

 

( ) BB nnbb=b ˆˆˆ2ˆˆ
112 ⋅−  (3.6) 

( ) CC nnbb=b ˆˆˆ2ˆˆ
223 ⋅−  (3.7) 

 

The final direction of the incident beam 3b̂  is given by: 

 

( ) ( ) ( )zyx=b sysxsysxsx
ˆcos2θcos2θˆsin2θcos2θˆsin2θˆ

3 −+−  (3.8) 

 

From knowledge of the initial geometry of the system and the reflected beam directions, 

the position of the deflection points can be found using vector polygons. The laser 

source position, the point A, is defined as: 

 

[ ][ ]TAAA zyxzyx=OA ˆˆˆ  (3.9) 
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while the position of the first deflection point B situated at the centre of the first 

oscillating mirror and on the rotation axis is given as: 

 

[ ][ ]TBBB zyxzyx=OB ˆˆˆ  (3.10) 

 

where the component =Bx 0, sAB d=y=y −  and 0BA z=z=z . The point C, which is 

situated at the middle of the second mirror and on its rotation axis, is defined as: 

 

[ ][ ]TCCC zyxzyx=OC ˆˆˆ  (3.11) 

 

where == CC yx 0 and 0C zz = . The reflection point situated at the second mirror, the 

point 'C , is found from the development of the following system: 

 

| |










⋅ 0ˆ

ˆ
2

=nCC'

OC'=CC'+OC

OC'=bBC'+OB

C

 (3.12) 

 

From the system (3.12) the vector BC'  can be obtained and the final position of the 

reflection point 'C  is found as: 

 

( )
2

2

ˆ
ˆˆ

ˆ
b

nb

nOBOC
+OB=OC'

C

C








⋅

⋅−
 (3.13) 

 

The description of the beam path is completed by determining the position of the 

measuring point K on the target: 

 

3

3

ˆ

ˆˆ

ˆ
b

zb

zOC'
+OC'=OK 









⋅
⋅

 (3.14) 
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From knowledge of the positions of the reflection points and the dynamic behaviours of 

the mirrors and target, the velocity measured by the laser vibrometer can be predicted. 

According to figure 3.1 and equation (2.13), the complete velocity measured by the 

system can be written as: 

 

( ) ( ) 32312
ˆˆˆˆˆ bVbbV+bbV=U KC'Bm ⋅−−⋅−⋅  (3.15) 

 

where 1b̂ , 2b̂  and 3b̂  are the beam directions defined in equations (3.1, 3.6&3.8) BV  

and C'V  are the velocities of the deflection points on the oscillating mirror surfaces and 

KV  is the velocity at the measuring point on the target.  

 

For the zero misalignment configuration, the oscillations of the mirrors do not affect the 

measurement because the points B and 'C  are both positioned along the respective 

mirror rotation axes where surface velocities are zero. For a rotating target, the velocity 

of the measuring point K is given as: 

 

OKz=V TK ×Ω ˆ  (3.16) 

 

At this point, all the terms in equation (3.15) are known and the measured velocity can 

be reformulated as: 

 

( ) 3
ˆˆ bOKz=U Tm ⋅×Ω−  (3.17) 

 

Equation (3.17) indicates that the velocity sensed by the dual mirror SLDV system for 

the zero misalignment configuration is affected only by the rotating target. 
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3.1.2 – Circular tracking applications on a rotating target 

Figure 3.2a shows the simulated circular path with radius of 10cm obtained by setting 

=z0 1.2m and =d s 5cm. The scan path deviates from a perfect circle but this deviation 

is so small that in these applications it is considered as a perfect circular scan pattern. 

These results have been obtained by implementing the model described by equations 

(3.1-17) in Matlab. Tracking applications on a rotating but not vibrating target indicate 

that the system measures only a velocity term at twice the target rotational speed with 

rms amplitude 1.17e-1 mm/s/rad/s, as indicated in figure 3.2b.  

 

Figure 3.2b shows three different velocity spectra detected from this configuration. The 

first spectrum shows the velocities generated by the scanning mirrors (a combination of 

the Doppler shifts at each mirror). The second plot shows the velocity detected from the 

rotating target while the last spectrum indicates the velocity measured by the laser 

vibrometer and is obtained by combining the previous two spectra as indicated by 

equation (3.15). The magnitude of this term depends on the chosen values of 0z , 

BCs yy=d −  and radius and the result agrees with the data reported by Halkon under 

the same conditions [3.4].  

 

Figure 3.3a shows the scan pattern traced by the system with radius of 5cm while figure 

3.3b shows the velocity spectrum detected by the laser vibrometer. In this case, the 2x 

velocity term measures 2.94e-2 mm/s/rad/s. The amplitude of the 2x velocity term is 

proportional 2

sr  so when the scan radius is reduced to half the magnitude of the 2x 

velocity term decreases of 4 times. This result agrees with the theory [3.4] that indicates 

that the level of the 2x velocity term is proportional to 2

sr . 

 

In the presence of whole-body target vibrations, the velocity measured at the point K 

becomes more complex. According to equation (1.31), for a general case, the velocity 

measured at the target can be written as: 
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( )*ˆ OOOKzV=V TOK −×Ω+  (3.18) 

 

where OV  is the translational velocity of the point O, the term *OO  is the vector 

position of the point on the target that coincides with O without vibrations which moves 

to *O
 
with respect to the reference system xyz . In this case, the system detects a single 

peak for each component of z- vibration and smaller sidebands associated with any in-

plane (x- or y-) vibration component.  

 

Figure 3.4a shows the predicted spectrum in the presence of whole-body harmonic out-

of-plane and in-plane vibration both of amplitude 10mm/s but frequencies of 5 TΩ and 

10 TΩ with amplitude 10mm/s. 

 

The peak at 5 TΩ  due to the whole-body out-of-plane vibration measures 1.12 

mm/s/rad/s (=99.8mm/s) which is almost 99.8% of the true vibration. The whole-body 

in-plane vibration produces a pair of sidebands at 9x and 11x with same amplitude of 

2.01e-2 and 2.48e-2mm/s/rad/s with sensitivity around 2.21% of the genuine vibration. 

Moreover, the additional component at 2x, due to the geometry of the system still 

measures 2.94e-2mm/s/rad/s.  

 

When the system is misaligned, the sensitivity of the system can change. If, for 

example, an angular misalignment around the y- axis, with =Lγ 0.2°, is added to the 

laser head, the velocity spectrum becomes that shown in figure 3.4b. The peak at 5x 

does change amplitude but various sidebands of negligible magnitude are detected 

around it. The whole-body in-plane vibration produces a single peak at 10x with 

magnitude 3.92e-3 mm/s/rad/s (=3.49e-2mm/s) with sensitivity around 0.349% of the 

genuine vibration while the pair of sidebands measured at 9x and 11x are unchanged 

with respect to the system with ideal alignment. The misalignment results also in 

additional low harmonics, the 1x component. These data indicate that in the presence of 

misalignments any target vibration produces a single peak that combined to the 
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sidebands due to the whole-body in-plane target vibration made complicated the 

understanding of the vibration measurement.  

 

3.1.3 – Introduction of misalignments 

The new approach used to model scanning systems allows incorporation of 

misalignments, both translational and angular, at all stages of the system. Table 3.1 

reports a typical, full set of misalignments that can affect the dual mirror arrangement. 

The values chosen are based on those met in practical applications after the user has 

taken steps to reduce these errors. In practice, translational alignment of the laser head 

can be controlled using the tripod and linear guides on which the vibrometer is 

mounted. The angular alignment of the vibrometer around the z- axis can be controlled 

using a spirit level while the angular alignment around the y- axis is critical. For the 

scanning head, the alignment with respect to the target is critical, in particular the 

control of the angular alignment around the y- axis.  

 

Device Misalignment Range ∆ step N. steps 

 

Laser head 

∆xA 

∆yA 

∆zA 

βL 

γL 

±5mm  

±5mm  

±5mm  

± 1° 

±1° 

5mm  

5mm 

5mm 

1° 

1° 

3 

3 

3 

3 

3 

 

1
st
 oscillating 

mirror 

∆xB 

∆yB 

αm1 

βm1 

γm1 

±3mm  

±3mm  

± 0.5° 

± 0.5° 

± 0.5° 

3mm 

3mm 

0.5° 

0.5° 

0.5° 

3 

3 

3 

3 

3 

 

2
nd

 oscillating 

mirror 

∆yC 

∆zC 

αm2 

βm2 

γm2 

±3mm  

±3mm  

± 0.5° 

± 0.5° 

± 0.5° 

3mm 

3mm 

0.5° 

0.5° 

0.5° 

3 

3 

3 

3 

3 

 
Table 3.1 - Full set of misalignments used to investigate the dual mirror SLDV system 

 

When translational misalignments along the x-, y- and the z- axes, with displacements 

A∆x , A∆y  and A∆z , are added to the laser head position the point A moves to 'A  

defined as: 
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[ ][ ]TAAAAAA ∆z+z∆y+y∆x+xzyxOA ˆˆˆ' =  (3.19) 

 

Angular misalignments of the laser head around the y- and the z- axes, with angles Lβ  

and Lγ , modify the direction of the outgoing beam as: 

 

[ ][ ][ ][ ]T

LL Z,Y,zyx=b 001ˆˆˆˆ
1 −γβ  (3.20) 

 

where the rotation matrices [ ]LY,β  and [ ]LZ,γ  accommodate angular misalignments. 

The same method is used to introduce angular and translational misalignments to the 

oscillating mirrors. For the first mirror, translational misalignments along the x- and y- 

axes, with displacements B∆x  and B∆y , move the point B to *B  whose position is 

found as: 

 

[ ][ ]TBBBBB z∆y+y∆x+xzyxOB ˆˆˆ* =  (3.21) 

 

while no translational misalignments along the z- axis in order to have the point *B  on 

the rotation axis of the mirror and at the centre of the mirror. Angular misalignments of 

the mirror around the same axes, with angles m1α , m1β  and m1γ , modify the mirror 

surface normal in: 

 

[ ][ ][ ] ( )[ ][ ]T

m1xm1m1B' θZ,Y,X,zyx=n 001ˆˆˆˆ γβα +  (3.22) 

 

For the second oscillating mirror, translational misalignments along the y- and z- axis 

move the
 point C to *C defined as: 

 

[ ][ ]TCCCCC ∆z+z∆y+yxzyxOC ˆˆˆ* =  (3.23) 
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As for the point *B , for the point *C no translational misalignments along the z- axis 

are added to the second oscillating in order to leave the point *C  on the mirror rotation 

axis and at its centre.  

 

Angular misalignments of the second mirror around the three axes, with angles m2α , 

m2β  and m2γ , determine the misaligned direction of the mirror surface normal as: 

 

[ ][ ][ ] ( )[ ][ ]T

mymmC' θX,Z,βY,zyx=n 01-0ˆˆˆˆ
222 αγ +  (3.24) 

 

The directions of the reflected beams are still derived from equations (3.6&3.7) with the 

directions of the outgoing beam and mirror surface normals modified as in equations 

(3.20, 3.22&3.24). The position of the deflection point 'B  is found from a vector 

polygon obtaining the following system: 

 

| |










⋅ 0ˆ'*

**

ˆ'' 1

=nBB

OB'=B'B+OB

OB'=bB'A+OA

B'

 (3.25) 

 

from which the vector OB'  is obtained as: 

 

( )
1

'1

' ˆ

ˆˆ

ˆ'*
'' b

nb

nOAOB
OAOB

B

B

⋅

⋅−
+=  (3.26) 

 

At the second mirror, the reflection point 'C  is found by developing and resolving the 

following system  

 

| |










⋅ 0ˆ*

**

ˆ' 2

=nC'C

OC'=C'C+OC

OC'=bCB'+OB'

C'

 (3.27) 
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and the vector OC'  is defined as: 

 

( )
2

'2

' ˆ

ˆˆ

ˆ'*
'' b

nb

nOBOC
OBOC

C

C

⋅

⋅−
+=  (3.28) 

 

At the target, the position of the measuring point 'K  is obtained as:  

 

3

3

ˆ

ˆˆ

ˆ
' b

zb

zOC'
+OC'=OK 









⋅

⋅
 (3.29) 

 

The expression for the measured velocity is reformulated in terms of the new points of 

deflection: 

 

( ) ( ) 32312
ˆˆˆˆˆ bVbbV+bbV=U K'C'B'm ⋅−−⋅−⋅  (3.30) 

 

where the velocities B'V  and C'V are defined as: 

 

[ ][ ][ ][ ] B'BβY,αX,zyxθ=V
T

m1m1xB' *100ˆˆˆ ×&  (3.31) 

[ ][ ][ ][ ] C'CZ,βY,zyxθ=V
T

m2m2yC' *001ˆˆˆ ×γ&  (3.32) 

 

in which the vectors B'B *  and C'C *  are given as: 

 

** OBOB'=B'B −  (3.33) 

** OCOC'=C'C −  (3.34) 

 

Equation (3.30) allows the investigation of the effects produced by the various 

misalignments. 
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3.1.4 – Analysis of some misaligned configurations 

This section shows typical misaligned configurations that have been analysed to show 

the misalignment effects in the scan pattern and in the measured velocity. In the absence 

of any misalignment, the system measures a 2x velocity term due to the geometry of the 

arrangement and traces a near circular scan path centred in the target plane. Figure 3.5a 

shows the scan pattern traced by the system when the laser head has a translational 

misalignment along the y- axis, =∆yA 2mm. The circle is shifted along the x- direction 

as indicated in figure 3.5a while figure 3.5b shows additional velocity terms at 1x and 

2x the target rotational speed with magnitudes of 1.72e-1 and 2.94e-2 mm/s/rad/s. The 

final 1x component measured by the vibrometer is a combination of the Doppler shifts 

generated at the target and at the scanning mirrors which results in an increment of the 

velocity terms measured by the laser vibrometer. In the same manner, the effect of 

translational misalignment of the laser head in the z- direction can also be predicted. For 

example, a translational misalignment of the laser head along the z- axis, with 

=A∆z 2mm, moves the scan pattern along the y- axis, as shown in figure 3.6a and 

introduces an additional 1x velocity of 1.74e-1 mm/s/rad/s as indicated in figure 3.6b. 

The 2x velocity term is unchanged. 

 

When the laser head has an angular misalignment around the z- axis, with =
L

γ 0.2°, the 

scan pattern moves along the x- direction as indicated in figure 3.7a while the 

vibrometer measures additional velocities at 1x and 2x of magnitude 6.51e-3 and 2.94e-

2 mm/s/rad/s, respectively, as indicated in figure 3.7b. Again, from the figure, it is 

evident that the 1x velocity term results from the combination of the Doppler shifts 

generated at the mirrors and at the target. In the same manner, the effect of angular 

misalignment of the laser head around the y- direction can also be predicted. 

 

When the first scanning mirror has a translational misalignment along the y- axis of 

=∆yB 2mm, the distance between the deflection points 'B  and 'C  measured along the 

y- axis changes from the initial value of sd  and this should affect the magnitude of the 

2x velocity term and on the position of the final scan pattern in the xy plane. In this 



 

Chapter 3 – Prediction of the measured velocity in scanning and tracking LDV systems 
____________________________________________________________________________________ 

_____________________________________________________________________ 

 

 60 

case, the 2x term measures 2.82e-2 mm/s/rad/s and the additional 1x velocity term 

measures 1.72e-1 mm/s/rad/s which is a combination of the Doppler shifts generated at 

the target and mirrors. The scan pattern moves along the x- axis as indicated in figure 

3.8a. 

 

When the same scanning mirror has an angular misalignment around the y- axis, 

=m1β 0.2°, the scan pattern moves along the y- direction, as indicated in figure 3.9a, 

while the laser vibrometer measures a DC, 1x and 2x velocity terms with magnitudes of 

2.9e-4, 1.08e-2 and 2.94e-2 m/s/rad/s, as shown in figure 3.9b. The same 1x and 2x 

velocity components are detected when the first mirror has an angular misalignment 

around the x- axis with =m1α 0.2°, as reported in figure 3.10b, while the scan pattern is 

shifted along the x- axis, as reported in figure 3.10a.  

 

For the second oscillating mirror, translational misalignments along the x- axis have no 

effects in the measured velocity. Translational misalignments along the y- axis, with 

=C∆y 2mm, moves the scan pattern along the y- axis, as shown in figure 3.11a and 

additional 1x and 2x velocity terms with magnitudes of 5.65e-2 and 3.06e-2 mm/s/rad/s 

are detected by the laser vibrometer as reported by figure 3.11b. Translational 

misalignments of the second mirror along the z- axis, with =C∆z 2mm, moves the scan 

pattern along the y- axis while the predicted additional 1x and 2x velocity terms 

measure 1.74e-1 and 2.94e-2mm/s/rad/s, as indicated in figure 3.12a&b. An angular 

misalignment of the second mirror around the y- axis of =m2β 0.2° produces a shift of 

the scan pattern along the x- axis and the presence of additional DC term with 

magnitude of 2e-4mm/s/rad/s as indicated in figures 3.13a&b. Angular misalignments 

of the second scanning mirror around the z- axis have no effects on the measured 

velocity within the scale plotted. 

 

These results show that the effects of misalignments can be predicted, including the 

separate measured velocities associated with the target and the scanning mirrors.  
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3.1.5 – Quantification of the uncertainties in the presence of single and 

combined misalignments 

From this point, the analysis of misalignments continues in two distinct phases. The first 

part concerns the estimation of uncertainty introduced by single misalignments to detect 

the most significant sources of error. The second part analyses some configurations in 

which typical, practical values of misalignments are combined. The goal is the 

evaluation of the uncertainty likely to affect real measurements. The geometrical 

parameters of the system used for this investigation are: =z0 1.2m and =d s 5cm with 

scanning mirrors oscillating to produce a 5cm scan radius.  

 

The additional DC term is detected when the second scanning mirror has angular 

misalignments around the y- axis but these values are very small, as shown in figure 

3.14a. Figure 3.14b shows the predicted values for the 2x velocity term in the presence 

of translational misalignments added to the oscillating mirrors along the y- axis. As 

previously said, the magnitude of this additional term is directly linked to the value of 

sd  and each misalignment that modifies the initial value of sd  causes a variation of the 

initial 2x velocity term. In these simulations, positive translational misalignments of the 

mirrors along the y- axis have been considered. Thus, translational misalignments of the 

first mirror (FM) along the y-axis reduce the initial value of sd and also the amplitude 

of the 2x component while translational misalignments of the second mirror (SM) along 

the same axis increase the initial value of sd , as shown in figure 3.14b. 

 

The additional 1x velocity term is detected when translational or angular misalignments 

are added to the various optical devices. Figure 3.15a shows the values predicted for the 

1x additional velocity term when translational misalignments are added to the laser head 

and the mirrors. Translational misalignments of the first mirror added along the y- axis 

and translational misalignments added to the second mirror along the z- axis give values 

of additional 1x components with values similar to those reported by the trend for the 

laser head misalignments (LH) in figure 3.15a. Translational misalignments added to 

the second mirror along the y- axis give values for the additional 1x velocity component 
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similar to that indicated for the translational misalignments added to the first mirror in 

figure 3.15a. Translational misalignments of the laser head added along the x- axis 

produce no additional velocities as translational misalignments along the z- axis added 

to the first mirror and along the x- axis added to the second mirror. 

 

Figure 3.15b shows the most important values of the 1x velocity term predicted in the 

presence of angular misalignments of the various optical devices. The data show that 

the biggest uncertainty is predicted when the laser head is angularly misaligned around 

the y- axis while the values predicted for angular misalignments of the laser head 

around the x- axis are slightly smaller. The data reported in figure 3.14a&b and 

3.15a&b suggest that the main uncertainty introduced by the various misalignments is 

the additional 1x velocity term affected by the optical devices. 

 

In practical applications a combination of all the possible misalignments reported in 

table 3.1 is likely and simulations have been made with combined misalignments 

covering 531441 (=3
12

) different misaligned situations. The predicted additional 

velocities from each situation have been used to calculate RMS values, which 

characterize the system in terms of level of uncertainty expected in practical 

applications. Table 3.2 reports these RMS values. These data have been obtained 

considering only the different scenarios in which the scan patterns have a maximum 

offset on the target plane of 5% from the ideal position (≈2.5mm). This is because in 

practical applications the user generally performs vibration measurements only when 

the scan pattern is almost centred in the target plane.  

 

Additional component RMS expected value 

DC 1.32e-3 mm/s/rad/s 

1x 1.38e-1 mm/s/rad/s 

2x 3.16e-2 mm/s/rad/s 

 
Table 3.2 – Predicted RMS values for additional velocity terms for the dual mirror SLDV system 

performing a circle with radius of 5cm 
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The data indicate the 1x velocity term as the biggest uncertainty detected by the system 

while the uncertainty expected for the 2x velocity term is one order of magnitude 

smaller. The expected uncertainty for to the DC term is two orders of magnitude smaller 

than the 1x term while the value predicted for the 3x term is negligible and likely to be 

masked by the speckle noise level typical in real applications. The values reported in 

table 3.2 can be considered as the expected values in typical circular scanning 

applications when the system traces a circle with radius of 5cm and the target is only 

rotating. 

 

Figures 3.16a&b and 3.17a&b show two cases of arrangements with combined 

misalignments producing scan patterns centred in the target plane but also uncertainties. 

The scenario reported in figure 3.16a&b has been obtained considering the following 

misalignments: =Lβ 0.2°, =Lγ 0.1°, =∆ Ay 3mm, =∆ Az 3mm, =1mα -0.1°, =1mβ 0.2°, 

=∆ Bx 3mm, =∆ By -3mm, =2mγ 0.2°, =∆ Cy -3mm and =∆ Cz -3mm. In this case, the 

standard deviation from radial position is around 0.16% and the centre offset is around 

5%. The vibrometer detects the additional DC, 1x and 2x velocity terms that measure 

8.81e-3, 2.94e-1 and 3.01e-2 mm/s/rad/s, respectively, as shown in figure 3.16b while 

the scan pattern is almost centred in the target plane.  

 

Figure 3.17a& b have been obtained considering the following misalignments: 

=Lγ 0.3°, =∆ Ay 3mm, =∆ Az 3mm, =1mβ 0.1°, =∆ Bx -3mm, =2mβ -0.3°, =2mγ -0.3°, 

=∆ Cy -3mm, =∆ Cz 3mm. For this scenario, the standard deviation from radial position 

is around 2.63% while the centre offset is around 1.92%. The system predicts a DC, 1x 

and 2x velocity terms with magnitudes 5.61e-3, 8.75e-2 and 2.77e-2 mm/s/rad/s as 

indicated in figure 3.17b. These two cases indicate that in practical applications, the 

presence of a circular scan pattern centred in the target plane is not synonymous with 

perfect alignment because it can be obtained by combining the various misalignments 

which will result in measured velocity uncertainties despite the quality of the scan 

pattern.  
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3.2 – The dual-wedge SLDV system  

The second scanning SLDV arrangement analysed in this chapter is the novel dual-

wedge SLDV system. The main advantage of the wedges is that it is easier to generate 

whole body rotation at high rotational speed than it is to make a device oscillate at high 

frequencies as in the dual mirror SLDV system. The use of a rotating wedge for 

scanning was proposed for the first time by Rosell [3.5]. The rotating wedge was 

considered as a versatile means to scan structures at very high velocities and trace 

various scan patterns through appropriate adjustment of the relative velocities and initial 

positions of two rotating wedges. Since then, similar systems have been used in various 

applications such as optical tracking in guidance systems [3.6], laser radar systems 

[3.7], inter-satellite laser communication [3.8] and in confocal reflectance microscopy 

[3.9]. However, until now, wedges have not been considered for LDV applications on 

rotating components. This work considers for the first time the dual wedge scanning 

system as a valid alternative to the dual mirror SLDV system and considers sensitivity 

to in-plane and out-of-plane vibration and to geometrical misalignments. 

 

As cited in chapter 2, a single rotating wedge enables a circular scan but the 

combination of two wedges independently rotated offers greater flexibility and can 

enable more complicated scan patterns. In this case, the total beam deflection is 

dependent on the relative initial angular positions of the wedges and the beam can take 

any direction falling within a cone-shaped volume.  

 

The relationship between the beam deviation and the wedge movement is quite 

complicated and the addition of a second wedge makes the description of the final beam 

path difficult. Nonetheless, this model is developed, for the first time, enabled by the 

new approach proposed. In this chapter, the analysis concentrates on the development of 

the mathematical model for the dual wedge scanning system to predict measured 

velocity in vibration measurements on rotating structures and on the investigation of the 

misalignment effects. A dual wedge scanning system was tested in the laboratory and 

used to confirm predictions. 
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3.2.1 – Mathematical model  

The development of the mathematical model for the dual wedge scanning system 

follows from the model for the single wedge scanning arrangement proposed in the 

previous chapter. Figure 3.18 shows the optical arrangement where a translating 

reference system xyz  has been fixed at the target. The z- axis has been chosen as 

coincident with the target spin axis with the origin O as a point on the target. The two 

wedges rotate respectively around the axes BC and DE and are positioned at distances 

Bz  and Ez  from the target. The zero misalignment configuration assumes that the 

incident laser beam, the target and the wedge spin axes are collinear with the z- axis. 

The direction of the outgoing beam 1b̂  and the surface normals for the first rotating 

wedge are still defined by equations (2.2, 2.29&2.30) while those for the second wedge 

are described as: 

 

[ ][ ][ ][ ]TwwDD XZzyxnn 100,,ˆˆˆˆˆ
22' ψγ==  (3.35) 

[ ][ ]TEE zyxnn 100ˆˆˆˆˆ
' ==  (3.36) 

 

where the rotation matrix [ ]2, wX ψ  incorporates the characteristic wedge angle 2wψ  

while the matrix [ ]2, wZ γ  represents the whole body rotation of the wedge around its 

spin axis. The term 2wγ  represents the wedge rotation angle and is defined as 

222 www t φγ +Ω=  where 2wΩ  and 2wφ  are the rotational speed and the initial angular 

position of the wedge, respectively. In this way, the beam deflection is introduced by 

the temporal variation of the angles 1wγ  and 2wγ  while the relative initial angular 

position of the wedges is defined by the term 21 ww φφφ −=∆  which controls the 

dimension of the scan pattern. 

 

The orientations of the deflected beams are obtained by applying Snell’s law, equation 

(2.11), at any deflection point. The outgoing beam 1b̂  is parallel to the z- axis and 

perpendicular to the first surface of the first wedge. The beam passes through the first 
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wedge surface without deflection and the beam 2b̂  coincides with 1b̂ . The direction of 

the beam refracted at the point C, 
3b̂ , is described by equation (2.34). On the second 

wedge, the refraction points are indicated as points D’ and E’ and the directions of the 

refracted beams 4b̂  and 5b̂  are obtained as: 
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(3.38) 

 

In this way, the mathematical procedure allows the final beam orientation to be 

calculated incorporating all geometrical complexity of the configuration without any 

approximation. To show the complexity in the relationship between the final beam 

orientation and the wedge rotations, the final expression for 5b̂  has been derived as 

follows: 
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where the terms Q, R, S and W are defined as follows: 
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Equation (3.39) defines the orientation of the incident beam 5b̂  for a zero misalignment 

configuration and confirms that this expression is complex and composed by 

components that are periodic functions of the wedge rotational speeds. Using the 

technique shown, this final beam direction is easily obtainable.  

 

From knowledge of the directions of the deflected beams and the initial geometry of the 

system, the deflection points can be found using vector polygons. The positions of the 

laser source, A, and of the points B and C situated at the first wedge surfaces can be 

determined as previously described in section 2.3 where the scanning system with a 

single rotating wedge was analysed. On the second wedge, the refraction point 'D  from 

which the beam 4b̂  originates is determined from the following vector system: 
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 (3.44) 

 

which reveals the vector 'OD  as: 

 

( )
3

3

ˆ
ˆˆ

ˆ
' b

nb

nOCOD
OCOD

D

D

⋅
⋅−

+=  (3.45) 

 

In the same manner, the position of the point 'E , from which the beam 5b̂  originates, is 

obtained from the following system: 
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from which the vector 'OE  is found as: 

 

( )
4

4
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ˆ'
'' b
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nODOE
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⋅
⋅−

+=  (3.47) 

 

The geometrical description of the arrangement is completed with the determination of 

the point K where the beam 5b̂  meets the plane of the target derived as: 

 

5

5

ˆ
ˆˆ

ˆ'
' b

zb

zOE
OEOK

⋅
⋅

+=  (3.48) 

 

By rotating the two wedges at the same rotational speed, a circular scan pattern is 

described. The radius of the circular scan pattern is minimum when the initial angular 

position of the wedges =∆φ 0° as shown in figure 3.18 while it is maximum when is 

=∆φ 180°. By synchronising the wedge rotational speeds to the target rotational speed, 

the system performs the circular tracking of the target.  

 

From knowledge of the positions of the deflection points and the dynamic behaviours of 

the wedges and target, the complete velocity measured by the system can be written as: 

 

( ) ( ) ( ) ( ) 545'34'2312
ˆˆˆˆˆˆˆˆˆ bVbbVbbVbbVbbVU KEDCBm ⋅−−⋅+−⋅+−⋅+−⋅=  (3.49) 

 

where 1b̂ , 2b̂ , 3b̂ , 4b̂  and 5b̂  are the known beam directions and BV , CV  'DV , 'EV  and 

KV  are the velocities of the deflection points on the rotating wedges and target. For the 
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zero misalignment configuration, the velocities calculated at the point B and C are zero 

because they lie along the wedge rotation axis while for 'D , 'E  and K it is possible to 

write: 

 

'ˆ
2' DDzV wD ×Ω=  (3.50) 

'ˆ
2' EEzV wE ×Ω=  (3.51) 

OKzV TK ×Ω= ˆ  (3.52) 

 

where the vectors 'DD  and 'EE  are given as: 

 

ODODDD −= ''  (3.53) 

OEOEEE −= ''  (3.54) 

 

Substituting equations (3.50-52) and the directions of the deflected beams into (3.49), 

the full velocity measured by the system is determined without any approximation. 

 

3.2.2 – Predicted velocity for typical tracking applications 

For the zero misalignment configuration, the circular scan pattern is obtained by 

synchronising the wedges, 21 ww Ω=Ω . Figure 3.21a shows the scan pattern described 

for a configuration characterized by the following geometrical parameters: =Az 1.4m, 

=Bz 1.2m, == 21 ww εε 1.5, == 21 ww ψψ 4°, =Ez 1.15m, =−=∆ 12 ww φφφ 75° and 

Tww Ω=Ω=Ω 21  to perform the tracking of the rotating target. These parameters have 

been chosen in order to trace a circular path with radius of 5cm. In this case, no 

velocities are detected by the system. A deeper investigation of this result reveals that 

the deflection points at the wedges and the target produce equal and opposite Doppler 

shifts whose combination is zero as shown in figure 3.21b. As for the dual mirror SLDV 

system the contribution of the Doppler shifts generated by the deflection optics to the 

final velocity measured by the system is fundamental for the complete analysis of this 

scanning optical configuration. 
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The model also predicts measured velocity due to target vibrations. Figure 3.22a shows 

the predicted spectrum in the presence of whole-body harmonic out-of-plane and in-

plane vibration both of amplitude 10mm/s but frequencies of 5 TΩ  and 10 TΩ . The peak 

at 5 TΩ  due to the whole-body out-of-plane vibration measures 1.12 mm/s/rad/s 

(=99.8mm/s) with a sensitivity around 99.8% of the true vibration. The whole-body in-

plane vibration produces a pair of sidebands at 9x and 11x with same amplitude of 

2.17e-2 and 2.63e-2mm/s/rad/s (=1.91e-1 and 2.34e-1mm/s) with sensitivity around 

1.91% and 2.34% of the genuine in-plane vibration.  

 

When an angular misalignment around the y- axis of =Lβ 0.2° is added to the laser 

head, a pair of sidebands with negligible magnitude are measured at 4x and 6x, the 

whole-body in plane vibration produces a single peak at 10x with magnitude 3.93e-3 

mm/s/rad/s indicating sensitivity around 0.349% to the genuine vibration while the 

sidebands measured at 9x and 11x are the same of a system with ideal alignment. These 

data indicate that misalignment results in addition of a single peak for the whole-body 

in-plane target vibration plus sidebands around the whole-body out-of-plane target 

vibration.  

 

Other scan patterns suitable for different applications are obtained using different wedge 

rotational speeds. A line scan is performed by rotating the wedges in opposite directions 

with speeds 21 ww Ω−=Ω , as indicated in figure 3.19b. The inclination of the line 

depends on the initial value of φ∆ , in this case =∆φ 45°. Rotating the wedges at 

different speeds, 12 ww nΩ=Ω  where ±≠n 1, results in beam paths that are visually 

appealing but generally not very useful for real applications. In figure 3.20a, a rosette 

has been obtained using 21 2 ww Ω−=Ω  and =∆φ 0° while the spiral of figure 3.20b has 

been obtained using 12 98.0 ww Ω=Ω .  

 

When anti-phase oscillations at frequencies 1BΩ  and 2BΩ  are applied on top of the 

wedge whole body rotations, as shown in figure 3.23, different scan paths are obtained. 

This condition allows simultaneous tracking and scanning, which has proved useful for 
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application on bladed disks using mirrors for beam deflection [3.10]. In this case, the 

mathematical expressions used for the wedges oscillations are: 

 

( ) ( )tt Bawww 1111 sin Ω−Ω+= γφγ  (3.55)  

( ) ( )tt Bawww 2222 sin Ω+Ω+= γφγ  (3.56) 

 

where 1wφ  and 2wφ  are the initial angular positions of the wedges and aγ  is the 

amplitude chosen for the oscillations. When the oscillation frequency of the wedges is 

higher than the rotation frequency, for example TBB Ω=Ω=Ω 412  and =∆φ 90° the 

result would be a fast scan up and down a blade, several times within each rotation, as 

described by the vector OK  in figure 3.24. Similar scan paths have previously been 

created experimentally by using the dual mirror arrangement [3.11]. In this case, the 

system detects an additional velocity at DC. Velocities at 4 TΩ  and 8 TΩ  are linked to 

the oscillations added to the wedges, as indicated in figure 3.24b. An oscillation 

frequency smaller than the rotation frequency may be more appropriate, resulting in a 

slow scan up and down the blades over several rotations, as shown by the vector OK  in 

figure 3.25, obtained by setting Tww Ω=Ω=Ω
12  and TBB Ω=Ω=Ω 1.0

12
. Again, the 

oscillations added to the second wedge affect the measured velocity as indicated in 

figure 3.25b, where additional terms at DC, 0.1 TΩ  and 0.2 TΩ  are visible. 

 

These data show how the proposed procedure is able to predict paths for complex 

configurations and to predict measured velocities resulting from target rotation and 

vibration, assisting the user in ensuring correct interpretation of measured data.  

 

3.2.3 – Introduction of the misalignments 

Returning to the circular tracking application and moving from the zero misalignments 

configuration, the analysis of the dual wedge scanning system continues with the 

introduction of geometrical misalignments. Translational and angular misalignments 

added to the laser head and wedges modify the geometry of the system, the beam path 
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and the measured velocity. According to the technique proposed in chapter 2 and to 

figure 3.26, translational misalignments added to the laser source move the point A to 

'A  whose position is: 

 

[ ][ ]TAAAAAA zzyyxxzyxOA ∆+∆+∆+= ˆˆˆ'  (3.57) 

 

where Ax∆ , Ay∆  and Az∆  are the misalignments along the three axes. Angular 

misalignments of the laser head around the x- and the y- axis, with angles Lα  and Lβ , 

change the direction of the outgoing beam 1b̂  whose equation is still defined by equation 

(2.38). Translational and angular misalignments added to the first rotating wedge 

modify the positions of the points B and C to *B  and *C  whose positions are defined 

as: 

 

[ ][ ]TBBBBBB zzyyxxzyxOB ∆+∆+∆+= ˆˆˆ*  (3.58) 

[ ][ ][ ] [ ]Tww BCYXzyxOBOC 100,,ˆˆˆ* 11

* βα−=  (3.59) 

 

while their surface normals are defined as: 

 

[ ][ ][ ][ ]TwwB YXzyxn 100,,ˆˆˆˆ
11' βα=  (3.60) 

[ ][ ][ ][ ][ ][ ]TwwwwC XZYXzyxn 100,,,,ˆˆˆˆ
1111' ψγβα=  (3.61) 

 

Applying the same technique to the second wedge, translational and angular 

misalignments move the points D and E to *D  and *E  whose positions are found as: 

 

[ ][ ]TEEEEEE zzyyxxzyxOE ∆+∆+∆+= ˆˆˆ*  (3.62) 

[ ][ ][ ] [ ]Tww DEYXzyxOEOD 100,,ˆˆˆ* 22

* βα+=  (3.63) 
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where Ex∆ , Ey∆  and Ez∆  are the translations added to the second wedge along the x, y- 

and z- axes, while the surface normals are found as: 

 

[ ][ ][ ][ ][ ][ ]TwwwwD XZYXzyxn 100,,,,ˆˆˆˆ
2222' ψγβα=  (3.64) 

[ ][ ][ ][ ]TwwE YXzyxn 100,,ˆˆˆˆ
22' βα=  (3.65) 

 

From the wedge surface normals, the orientations of the deflected beams are found 

using Snell’s law. The new direction of 2b̂  is defined by equation (2.44), the direction 

of 3b̂  is found using equation (2.45) while 4b̂  and 5b̂  are still found using equations 

(3.37&38) in which the modified wedge surface normals and beam orientations are 

used. In the presence of misalignments, the first refraction can take place at the point B’ 

whose position is found from the triangles '' BOA  and '* BOB , developing the 

following system of equations: 
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 (3.66) 

from which the vector 'OB  is obtained as: 

 

( )
1

'1

' ˆ
ˆˆ

ˆ'*
'' b

nb

nOAOB
OAOB

B

B

⋅
⋅−

+=  (3.67) 

 

The other refraction points are obtained using the same operations described in section 

3.2.1 to obtain the following expressions: 
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( )
3
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nOCOD
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⋅
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+=  (3.69) 

( )
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(3.70) 

5
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ˆ
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ˆ'
'' b
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zOE
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⋅
⋅

+=  (3. 71) 

 

In this way, the complete beam path is defined. The velocities of the deflection points at 

the wedges are determined by modifying equations (3.50&52) to obtain: 

 

[ ][ ][ ][ ] '*100,,ˆˆˆ
111' BBYXzyxV

T

wwwB ×Ω= βα  (3.72) 

[ ][ ][ ][ ] '*100,,ˆˆˆ
111' CCYXzyxV

T

wwwC ×Ω= βα  (3.73) 

[ ][ ][ ][ ] '*100,,ˆˆˆ
222' DDYXzyxV

T

wwwD ×Ω= βα  (3.74) 

[ ][ ][ ][ ] '*100,,ˆˆˆ
222' EEYXzyxV

T

wwwE ×Ω= βα  (3.75) 

 

where the vectors '* BB , '*CC , '* DD  and '* EE  are given as: 

 

*''* OBOBBB −=  (3.76) 

*''* OCOCCC −=  (3.77) 

*''* ODODDD −=  (3.78) 

*''* OEOEEE −=  (3.79) 

 

The velocity of the target is given as: 

 

( ) fTOK VOOOKzV=V +−×Ω+ *ˆ  (3.80) 
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which combines rotation with vibrations including those due to target flexibility. 

Replacing equations (3.72-75) and (3.80) in (3.49), the velocity measured by the system 

in the presence of all the misalignments added to the system is derived. 

 

3.2.4 – Analysis of some misaligned configurations 

Having introduced the various misalignments, the next step is the analysis of the 

misalignment effects. Table 3.3 reports a full set of misalignments expected to affect the 

dual wedge scanning system. The values chosen are based on those met in practical 

applications after the user has taken steps to reduce these errors. As for the dual mirror 

scanning system, the alignment of the laser head can be realized using a tripod and 

linear guides that are able to reduce certain misalignments but not the rotation around 

the y- axis which is critical. For the wedges, translational misalignments can be reduced 

using a linear guide on which the optics are mounted but, again, the angular alignment 

around the y- axis is critical. 

 

 

Device Misalignment Range ∆ step N. steps 

 

Laser head 

∆xA 

∆yA 

αL 

βL 

±5mm 

±5mm 

±1° 

±1° 

5mm 

5mm 

1° 

1° 

3 

3 

3 

3 

 

1
st
 wedge 

∆xB 

∆yB 

αw1 

βw1 

±3mm 

±3mm 

± 1° 

± 1° 

3mm 

3mm 

1° 

1° 

3 

3 

3 

3 

 

2
nd

 wedge 

∆xE 

∆yE 

αw2 

βw2 

-±3mm 

±3mm 

±1° 

±1° 

3mm 

3mm 

1° 

1° 

3 

3 

3 

3 

 
Table 3.3- Full set of misalignments used to investigate the dual wedge SLDV system 

 

Simulations to quantify the misalignment effects are made considering a rotating target. 

For the zero misalignment configuration no velocities are measured in the range of 

amplitudes chosen to plot.  
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When the laser head has an angular misalignment around the x- axis, with Lα = 0.2º, the 

circular scan pattern shifts along the y- axis as shown in figure 3.27a. Figure 3.27b 

shows the three velocity spectra obtained from this configuration. The first one indicates 

the velocity measured from the combination of the Doppler shifts generated at the 

wedges (considering the Doppler shifts generated by the outgoing and return beams), 

the second is the total velocity measured at the rotating target while the last one is the 

velocity measured by the laser vibrometer obtained as the combination of the previous 

two spectra, according to equation (3.46). The figure shows that no velocities are 

detected by the vibrometer. The Doppler shifts generated at the target and wedges have 

the same amplitudes but opposite phases so that their combination is zero. The figure 

shows clearly what happens at the deflecting devices, wedges and target, and how the 

mathematical model can predict each single contribution to the final measured velocity. 

A similar result is obtained when the laser head is affected by angular misalignments 

around the y- axis, with =Lβ 0.2º.  

 

When the laser head has a translational misalignment along the x- axis, with 

=∆ Ax 2mm, the scan pattern moves along the same direction and the vibrometer does 

not detect any additional velocity in the range of amplitudes investigated, as indicated in 

figure 3.28a&b. A similar result is obtained when translational misalignments along the 

y- axis are added to the laser head. These data indicate that in the presence of single 

misalignments, angular and translational, added to the laser head the vibrometer does no 

detect any uncertainty in the range of amplitudes chosen to plot. When angular and 

translational misalignments of the laser head are combined, for example with =Lα 0.2º 

and =∆ Ax 2mm, the vibrometer measures a small additional DC term with amplitude of 

6.98e-3 mm/s/rad/s as indicated in figure 3.29b.  

 

When the first wedge has a translational misalignment along the x- axis of =∆ Bx 2mm, 

the scan pattern slightly moves along the y- axis, see figure 3.30a. The laser vibrometer 

measures an additional 1x velocity term with magnitude of 4.95e-2 mm/s/rad/s, as 

indicated in figure 3.30b. When the first wedge has an angular misalignment around the 
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x- axis of =1wα 0.2º, the additional 1x velocity term measures 4.31e-4 mm/s/rad/s, as 

shown in figure 3.31b, and the scan pattern moves along the y- direction as indicated in 

figure 3.31a. A similar result is obtained misaligning the first wedge around the y- axis 

with =1wβ 0.2º. When the misalignments =1wα 0.2º and =∆ Bx 2mm are combined, the 

laser measures the additional 1x velocity term with amplitude of 4.95e-2 mm/s/rad/s, as 

shown in figure 3.32b while the circular pattern moves along the y- axis as indicated in 

figure 3.32a.  

 

When the second wedge has a translational misalignment along the x- axis of 

=∆ Ex 2mm, the scan pattern moves slightly along the x- and y- axis as indicated in 

figure 3.33a. The vibrometer detects an additional 1x velocity term with magnitude of 

4.94e-2 mm/s/rad/s, as shown in figure 3.33b. When the same wedge has an angular 

misalignment around the x- axis of =2wα 0.2º, the scan pattern moves in the y- direction 

and the laser vibrometer measures a 1x velocity term of 1.82e-4mm/s/rad/s, as indicated 

in figures 3.34a&b. By combining the translational and the angular misalignments of 

the second wedge, the laser vibrometer detects the additional 1x velocity term with 

magnitude of 4.96e-2 mm/s/rad/s, as reported in figure 3.35b.  

 

The data show always the presence of the 1x velocity term for single misalignments of 

the wedges and of a DC term for a combined misalignment of the laser head. 

 

3.2.5 – Quantification of the uncertainties in the presence of single and 

combined misalignments 

Continuing in this manner, it is possible to investigate the effects of each misalignment. 

The analysis, however, concentrates on the determination of the optical devices with the 

most critical alignment and also on the prediction of the typical level of uncertainty 

affecting typical vibration measurements. For this reason, as done for the dual mirror 

scanning system, a first investigation is performed, analysing each individual 

misalignment, varying the values from 0 to 1 of the range for calculation.  
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Figure 3.36a reports the values predicted for the 1x component in the presence of 

translational misalignments along the x- axis added to the first wedge (FW). Similar 

values of misalignments but along the y- axis and added to the same device produce 

similar uncertainties. Translational misalignments added to the second wedge (SW) 

result in similar results to those shown in figure 3.36a while no 1x uncertainties are 

predicted for a misaligned laser head. Figure 3.36b shows the predicted for the 1x 

velocity term in the presence of single angular misalignments around the x- axis added 

to the wedges. In this case, the greatest uncertainties are generated by the first rotating 

wedge. Angular misalignments around the y- axis added to the wedges result in 

uncertainties similar to those indicated in figure 3.36b.  

 

These data confirm that for single misalignments, the wedges are the devices with the 

most critical alignment, translational more than angular misalignments, while the 1x 

velocity term is the only additional velocity term detected by the system. Similar 

misalignments added to the wedges produce similar uncertainties. However, the 

simulations presented in figure 3.29b indicate the presence of an additional DC term for 

combined misalignments added to the laser head. This result suggests that the level of 

uncertainty depends on how the misalignments are combined and in practical 

applications the presence of combined misalignments is inevitable. For this reason, as 

done for the dual mirror SLDV system, the values reported in table 3.4 have been used 

to run 543114 (=3
12

) different misaligned situations. For each situation the predicted 

additional velocities have been used to calculate RMS values which characterize the 

system in terms of level of uncertainty expected in practical applications. Table 3.4 

reports the predicted RMS values for the DC, 1x and 2x velocity terms.  

 

Additional component Predicted RMS value 

DC 6.13e-3 mm/s/rad/s 

1x 1.11e-1mm/s/rad/s 

2x 1.28e-3 mm/s/rad/s 

 

Table 3.4 – RMS measured velocities calculated for the additional velocity terms for the various 

combinations of misalignments for a scan pattern with radius 5cm 
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The values in table 3.4 have been obtained by considering only the different misaligned 

configurations, in this case 194, in which the scan centre is less than 0.5% of the radius 

from the position of the scan centre for the zero misalignment configuration. 

 

Figures 3.37a&b report a scenario characterized by combined misalignments whose 

result is a scan pattern centred in the target plane. The misalignments are: =Lα 0.2°, 

=Lβ -0.2°, =1wα -0.5°, =1wβ -0.5°, =2wα -0.5°, =2wβ 0.5°, =∆ Ax -4mm, =∆ Ay -5mm, 

=∆=∆ BB yx -5mm and =∆=∆ EE yx -5mm. The scan pattern shows a standard 

deviation of the radial position of 0.02% and a centre offset of 1.72%. The vibrometer 

measures additional DC, 1x and 2x velocity terms with amplitude of 3.41e-3, 2.12e-1 

and 9.98e-5mm/s/rad/s, respectively as shown in figure 3.37b. 

 

Figure 3.38a&b show another scenario obtained in the presence of combined 

misalignments. In this case the misalignments used are: =Lα 0.2°, =Lβ -0.3°, =1wα -

0.1°, =1wβ 0.5°, =2wα 0.5°, =2wβ 0.5°, =∆ Ax -5mm, =∆ Ay -5mm, =∆=∆ BB yx 5mm, 

=∆ Ex 5mm and =∆ Ey -5mm. In this case, the scan pattern indicates a standard 

deviation of the radial position of 0.06% and a centre offset of 4.63%. The predicted 

additional DC, 1x and 2x velocity terms measure 8.51e-3, 4.66e-2 and 4.72e-5 

mm/s/rad/s as indicated in figure.  

 

Again the mathematical procedure has enabled investigation of what the dual-wedge 

scanning system measures when tracking on rotating targets, obtaining results without 

any kind of approximation. These examples show that a scan pattern centred in the 

target plane is not synonymous with no misalignment of the various devices of the 

scanning system but it can be obtained as a combination of different misalignments 

which introduce uncertainties in the vibration measurements. 

 

3.2.6 – Experimental results 

Experiments have been performed to confirm the mathematical model developed for the 

dual-wedge SLDV system. Figure 3.39 shows schematically the test rig developed for 
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these tests. The system is composed of an assembly which incorporates the two wedges, 

while a stepper motor, a system of reduction gears and a timing belt drive the wedges. 

An encoder is positioned behind the target and drives a signal generator which controls 

the rotation of the stepper motor. The choice of a stepper motor was made to 

synchronise the wedges and the target rotation speeds.  

 

The wedges are housed in a particular assembly composed of two holders. The first 

prism holder can be rotated with respect to the other to set the initial phase difference 

φ∆  and define the dimensions of the scan radius. The initial positions of the wedges 

have to be defined before experiments take place. An end plate is used to lock off any 

rotation between the wedges during the experiments. 

A wedge holder cushion made of fabric is used to provide friction to stop the first 

wedge holder assembly from turning whilst the entire assembly rotates. Moreover, 

because of the shape of the wedge, counterbalances have been added in the wedge 

assembly.  

 

Good measurements require a correct alignment between the laser source, the wedges 

and the target. During the test, the first step was a correct alignment between the laser 

source and the wedges to reduce to the smallest value possible the Doppler shift 

produced by the wedges. A panel covered by retro-reflective tape was positioned in 

front of the wedges while the laser head, which is mounted on a translating and rotating 

stage, was moved along the x- and the y- axis to reduce the additional velocity detected 

by the system.  

 

Initial tests were made to quantify the Doppler shifts produced by the rotating wedges 

consider the following geometrical parameters: =Az 0.88m, =Bz 0.66m, =Dz 0.6m, 

=− DB zz 6cm. =1wψ 10° and =2wψ 7.4°, =∆φ 90°. Rotating the wedge in the same 

direction as the target and at the same speed enables tracking with diameter of 13cm. 

Figure 3.40a shows the velocity spectrum measured for the configuration with the 

smallest additional 1x velocity term, considered as the best alignment possible between 
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the wedges and the laser head. The figure shows a peak at the wedge rotation frequency, 

9 Hz, with amplitude of 3.51e-1 mm/s (6.57e-3 mm/s/rad/s). When known translational 

misalignments along the x- and the y- axis are added to the laser head, the amplitude of 

this peak increases. Figure 3.40b shows the velocity spectrum measured when the laser 

head was moved along the x- axis with =∆ Ax 1mm where the peak at 9 Hz measures 

1.196 mm/s (2.11e-2 mm/s/rad/s). 

 

Figure 3.41a and 3.41b show the additional 1x velocity term detected when known 

translational misalignments along the x- and the y- axes are added to the laser head 

relative to the wedge assembly. The experimental data are compared to the theoretical 

data obtained with similar known misalignments. The figures show similar trends for 

the theoretical and the experimental data but the values are slightly different because of 

the presence of small, unknown misalignments in the experimental data. This is evident 

for the experimental configuration with zero misalignment where the measured velocity 

at 1x is not zero. These tests validate the prediction of the measured velocity by the 

simulation.  

 

Further tests have been performed to validate the predicted uncertainties due to 

misalignments for tracking on a rotating disk. The screen panel with retro-reflective 

tape was removed and the target was aligned to the laser head-wedges subsystem using 

the stage on which the target is mounted.  

 

In these applications, the laser head-wedges subsystem was maintained in its ideal 

alignment while the target was aligned using the stage on which the target is fixed 

which controls translations along the x- and the y- axis and rotations around the y-axis. 

In particular, y- axis angular alignment of the target is around an axis situated 15cm 

behind the target surface. This means that a single rotation of the target around the y- 

direction introduces also a translation of the target along the x- axis with respect to the 

laser head-wedges subsystem defined as: 

150 (mm) * sin(angular misalignment considered) 
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Figure 3.42a shows the velocity spectra measured for the set-up with best alignment. 

The velocity at the target rotational frequency, 5Hz, measures 7.41e-1mm/s (with a rms 

value ≈1.63e-2 mm/s/rad/s). Moving the subsystem laser head-wedges along the x- axis 

for a displacement of 1mm, the velocity at the target rotational speed increases to 2.60 

mm/s (with a rms value ≈5.81e-2 mm/s/rad/s), as indicated in figure 3.42b. 

As for investigation of the Doppler shifts generated by the wedges, translations and 

rotations are added to the laser head-wedges subsystem in order to validate the 

theoretical prediction in the presence of similar misalignments. Figure 3.43a, b and c 

shows the comparison between theoretical and experimental data obtained by adding 

known translations along the x- and y- axes and rotations around the y- axis. Figure 

3.43a, b and c indicate a good agreement between theoretical and experimental data. In 

each case, the trends shown by experimental and theoretical data are similar but the 

values are different because experimental data are affected by unknown misalignments. 

These plots suggest a linear relationship between the magnitude of the additional 

velocity and the misalignments added to the target. The different values between 

theoretical and experimental can be associated to initial unknown misalignments and 

others introduced during the movement of the target. Comparison between the 

theoretical and the experimental values for angular misalignments was possible only by 

adding a fix inclination of the investigated target around the y-axis, 1.3°, in the 

simulator.  

 

Experiments have also been made to validate the model in the presence of external 

target vibrations. Figure 3.44a shows an external vibration at 40Hz with amplitude of 

16.31 mm/s applied to a target rotating at 8Hz when the wedges are stationary. The 

figure shows some sidebands around 80Hz indicating that the vibration applied to the 

target produces some in-plane target vibrations. Synchronising the target and the 

wedges speeds, the vibration measurements appear as shown in figure 3.44b. In this 

case an additional 1x velocity term at 8Hz is measured and bigger sidebands are visible 

around 40Hz. Performing the tracking of the system, it is possible to observe a target 

harmonic of 2.56mm/s due to the presence of misalignments, an increase of the peak at 

41Hz and important sidebands 32Hz and 48Hz the sidebands measure 4.12mm/s and 
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5.77mm/s. From the model sidebands are due to in-plane target vibrations and from 

simulations these values should be around 2% of the in-plane vibration. In this case, the 

measured sidebands are respectively 25% and 35% of the target vibration. These values 

higher than those predicted theoretically can be explained considering that the target 

excitation has generated high levels of in-plane vibrations so that what the system 

measures is a combination of in-plane and out-of-plane vibration at each frequency. The 

presence of sidebands with different amplitude at 40 Hz and 125Hz is a feature of in-

plane target vibrations.  

 

Although other tests have not been performed, these data shows that the mathematical 

model is able to predict what the system detects in the presence of target vibrations.  

 

3.3 – The Dove prism tracking LDV system 

The Dove prism is an optical device with the interesting property that it can rotate an 

image twice as fast as it is itself rotated about its longitudinal axis. Figure 3.45 shows a 

schematic representation of the Dove prism scanning system. The Dove prism rotates at 

half the speed of the target under investigation and deflects the beam towards it so as to 

track a fixed point. To do this, the optical unit has to be synchronised via a controller to 

the test object while an encoder, positioned behind the target, detects its rotational 

speed. When the beam enters through one of the sloped faces of the prism, it undergoes 

a total internal reflection from the inside of the longest face and emerges from the 

opposite face [3.12]. Because of this characteristic, the Dove prism has been frequently 

used as an image de-rotator, within optical viewfinders such as periscopes [3.13] or in 

interferometers to rotate one beam with respect to another [3.14, 3.15]. Recently, this 

device has been used to develop a novel scanning LDV system [3.16] which is the 

object of this investigation.  

 

3.3.1 – Definition of an appropriate alignment 

According to figure 3.45, the zero misalignment configuration for the Dove prism 

scanning system is obtained when the outgoing beam 
1b̂ , the prism and the target spin 



 

Chapter 3 – Prediction of the measured velocity in scanning and tracking LDV systems 
____________________________________________________________________________________ 

_____________________________________________________________________ 

 

 84 

axes are collinear to the z- axis of a reference system xyz  that is fixed on the target. 

Rotating the prism around its spin axis with TP Ω=Ω 5.0 , the incident beam 
4b̂  

illuminates the point O, which is the origin of the reference system. The rotation of the 

prism does not modify 
4b̂ , which remains constant such that no scan pattern results. 

 

The creation of circular patterns with dimensions suitable for scanning LDV 

applications requires alignment of the system that is based on translations and/or 

rotations applied to the laser head or the prism. The first possible approach is to align 

the laser head while maintaining the prism in its zero position. If, for example, the laser 

head is rotated around the x- axis from its zero position, with =Lα 2.0875° and 

assuming TP Ω=Ω 5.0 , the system traces the circular beam path shown in figure 3.46a. 

This scan path is composed of two distinct and very close circles in the xy- plane. The 

distance between the two circles is small enough with respect to the dimensions of the 

scan pattern that it is possible to consider the scan pattern as a single circle in which 

case the laser beam follows the same path on the target for each rotation. This 

arrangement delivers the circular beam path required. Similar beam paths are obtained 

rotating the laser head around the y- axis or translating the laser head along the x- 

and/or y- axis. Increments of the laser head displacements, angular and translational, 

increase the dimensions of the circles but do not modify their position which is still 

centred in the target plane.  

 

The other possible approach is to align the Dove prism while maintaining the laser head 

in its zero position. When the prism is rotated around the x- and/or the y- axis from its 

zero position, with =Pα 1°, the system traces a circular scan pattern shifted in the xy- 

plane as shown in figure 3.46b. The displacement of the scan pattern in the target plane 

makes this solution inconvenient for tracking applications. Similar results are obtained 

by translating the prism along the x- and/or y- axis. These results indicate that the Dove 

prism scanning arrangement can be used in circular tracking LDV measurements by 

appropriate alignment of the incoming beam. 
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3.3.2 – Mathematical model 

According to figure 3.45, the total velocity measured by the Dove prism tracking LDV 

system can be formulated as: 

 

( ) ( ) ( ) 434'23'12'
ˆˆˆˆˆˆˆ bVbbVbbVbbVU KDCBm ⋅−−⋅+−⋅+−⋅=  (3.81) 

 

where the terms 'BV , 'CV , 'DV  and 
KV  are the velocities of the deflection points on the 

prism surfaces and the target while 
1b̂ , 

2b̂ , 
3b̂  and 

4b̂  are the beam directions. Equation 

(3.81) provides the complete description of the velocity measured by the system for any 

kind of target or prism motion including target vibrations. The terms included in 

equation (3.81) are found using the same technique applied to the previous scanning 

systems. For a configuration characterized by angular alignments around the x- and the 

y- axis of the laser head, as shown in figure 3.47, the direction of the outgoing laser 

beam and of the prism surface normals can be written as: 

 

[ ][ ][ ][ ]TLL YXzyxb 100,,ˆˆˆˆ
1 −= βα  (3.82) 

[ ][ ][ ][ ]TPPBB XZzyxnn 100,,ˆˆˆˆˆ
1' ψγ==  (3.83) 

[ ][ ][ ]TPCC Zzyxnn 010,ˆˆˆˆˆ
' γ==  (3.84) 

[ ][ ][ ][ ]TPPDD XZzyxnn 100,,ˆˆˆˆˆ
2' ψγ==  (3.85) 

 

where the rotation matrices [ ]LX α,  and [ ]LY β,  accommodate the initial angular 

alignment of the laser source, the rotation matrices [ ]1, PX ψ  and [ ]
2

, PX ψ  describe the 

inclination angles of the prism sloped surfaces, with =1Pψ -45° and 2Pψ =45° while the 

matrix [ ]PZ γ,  indicates the whole body motion of the prism around its spin axis in 

which the angle Pγ  is defined as PPP t ϕγ +Ω=  where PΩ  and Pϕ  are the prism 

rotational speed and its initial angular orientation, respectively. As 1Pψ , 2Pψ  and Pγ  are 

finite angles, the order of operations indicated in equations (3.83&85) has to be 

respected.  
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Because of the simultaneous presence of a beam reflection and of two beam refractions 

at the prism surfaces, the deflected beam orientations are determined from Snell’s Law, 

equations (2.10-2.11): 

 

( )( ) ( ) BB

P

a

P

a
BB nnbnnbbb ˆˆˆ11ˆˆˆˆˆ

2

1

2

112
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−−⋅−=

ε
ε

ε
ε

 (3.86) 

( )
CC nnbbb ˆˆˆ2ˆˆ

223 ⋅−=  (3.87) 

( )( ) ( ) DD

a

P

a

P
DD nnbnnbbb ˆˆˆ11ˆˆˆˆˆ 2

3

2

334
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−−⋅−=

ε
ε

ε
ε

 (3.88) 

 

where 
aε  and 

Pε  are the refractive indices of air and of the prism, respectively. From 

knowledge of the directions of the deflected beams, the positions of the deflection 

points can be found using vector polygons. The position of the laser source is defined 

by the point A defined by: 

 

[ ][ ]TAAA zyxzyxOA ˆˆˆ=  (3.89) 

 

while the position of the Dove prism is determined by the points B and D situated on the 

prism spin axis respectively at the first and the second slope surface: 

 

[ ][ ]TBBB zyxzyxOB ˆˆˆ=  (3.90) 

zBDOBOD ˆ−=  (3.91) 

 

For this configuration the first refraction takes place at the point 'B  situated on the first 

sloped surface of the prism. The point 'B  can be found using the vector triangles 'OBB  

and 'OAB : 
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=⋅

=+

=+

0ˆ'

''

'ˆ' 1

BnBB

OBBBOB

OBbABOA

 (3.92) 

 

from which the vector 'OB  is derived as: 

 

( )
1

1

ˆ
ˆˆ

ˆ
' b

nb

nOAOB
OAOB

B

B

⋅
⋅−

+=  (3.93) 

 

Then the beam is reflected at the point 'C  situated at the plane surface of the prism. To 

define its position, it is necessary to establish the dimensions of the prism from the 

points H as indicated in figure 3.45. The point H is found as: 

 

[ ][ ][ ]TPPP BHBHZzyxOBOH 11 sincos0,ˆˆˆ ψψγ −−+=  (3.94) 

 

where the term BH  is the distance between the point B situated at first inclined surface 

of the Dove prism and the point H. The point 'C  is then found for the vector triangles 

''COB  and 'OHC  solving the following system: 

 













=⋅

=+

=+

0ˆ'

''

'ˆ''' 2

CnHC

OCHCOH

OCbCBOB

 (3.95) 

 

The vector 'OC  is derived as: 

 

( )
2

2

ˆ
ˆˆ

ˆ'
'' b

nb

nOBOH
OBOC

C

C

⋅
⋅−

+=  (3.96) 
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The second refraction point 'D  is determined by resolving the following system: 

 













=⋅

=+

=+

0ˆ'

''

'ˆ''' 3

DnDD

ODDDOD

ODbDCOC

 (3.97) 

 

and the vector 'OD  is found as: 

 

( )
3

3

ˆ
ˆˆ

ˆ'
'' b

nb

nOCOD
OCOD

D

D

⋅
⋅−

+=  (3.98) 

 

Finally, the measuring point K situated at the target is found using the following 

expression: 

 

4

4

ˆ

ˆˆ

ˆ'
' b

zb

zOD
ODOK

⋅
⋅

+=  (3.99) 

 

which concludes the definition of the complete beam path traced by the system. The 

velocity terms included in equation (3.81) can be written as: 

 

'ˆ
' BBzV PB ×Ω=  (3.100) 

'ˆ
' BCzV PC ×Ω=  (3.101) 

'ˆ
' DDzV PD ×Ω=  (3.102) 

 

where  

 

*''* OBOBBB −=  (3.103) 

*''* OCOCCC −=  (3.104) 

*''* ODODDD −=  (3.105) 
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*''* OEOEEE −=  (3.106) 

 

The velocity measured at the target is given as: 

 

( ) fTOK VOOOKzV=V +−×Ω+ *ˆ  (3.107) 

 

Substituting equations (3.100-106) and the directions of the deflected beams into 

equation (3.81), the complete velocity sensed by the system is predicted without any 

approximation. 

 

3.3.3 – Predicted velocity for circular tracking applications 

Consider a system characterized by the following geometrical parameters: =Az 1.4m, 

=Bz 1.2m, prism angles =1Pψ -45°, =2Pψ 45°, refractive indices for air and prism 

=aε 1 and =Pε 1.5, respectively, prism height and length of 0.02m and 0.066m 

respectively.  

 

The zero configuration is not suitable for scanning applications thus it will be not 

investigated. Angular alignment of the laser head around the x- axis, with =Lα 2.0875°, 

traces a circular scan pattern with radius of 5cm as shown in figure 3.48a while 

additional velocities at 0.5x and 1x the target rotational speed, with magnitude of 1.72e-

4 and 3.85e-3 mm/s/rad/s, are detected by the vibrometer, as indicated in figure 3.48b. 

Because the target is only rotating but not vibrating, these velocities have to be 

considered as uncertainties linked to the chosen alignment. Figure 3.48b shows that the 

total velocity detected by the laser vibrometer is a combination of the Doppler shifts 

generated at the target and the prism which have different magnitudes and phases.  

 

When the laser head is only translated along the x- and the y- axis with =∆ Ax 2mm, the 

system describes the scan path shown in figure 3.49 with radius of 2mm. In this case, no 

velocity terms are detected by the vibrometer. Technically, both angular and 

translational alignments describe circular scan patterns suitable for tracking 
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applications. The translational alignments of the laser head produce Doppler shifts at 

each deflection point on the prism but then they cancel. Angular alignments of the laser 

head introduce harmonics with magnitudes proportional to the angular alignment 

chosen but in this way it is easier to obtain scan patterns with dimensions suitable for 

practical applications.  

 

3.3.4 – Circular tracking in the presence of target vibrations 

In equation (3.107), the complete velocity measured at the measuring point K includes 

vibrations of the rotating target and target flexibility. When the system is aligned 

through single or combined rotations of the laser head around the x- and/or y- axis, the 

system detects both whole-body in-plane and out-of-plane target vibrations because 
4b̂  

is not directed along the z- axis. Figure 3.50a shows the predicted spectrum in the 

presence of whole-body harmonic out-of-plane and in-plane vibration both of amplitude 

10mm/s but frequencies of 5 TΩ  and 10 TΩ . 

 

The whole out-of-plane vibration results in a single component with amplitude of 

1.125mm/s/rad/s (=9.99mm/s) with sensitivity around 99.9% of the genuine vibration. 

The whole-body in-plane vibration produces a pair of sidebands at 9x and 11x with 

magnitude of 1.84e-2 and 2.25e-2 mm/s/rad/s with sensitivity around 1.63% and 2.01% 

of the genuine vibration. The low target harmonics are due to the alignment chosen for 

the system.  

 

When an angular misalignment around the y- axis of =Pβ 0.2° is added to the Dove 

prism, the peak at 5x does not change while a pair of sidebands of negligible magnitude 

are measured at 4x and 6x. The whole-body in-plane vibration, instead, produces a 

single peak at 10x with magnitude 3.92e-3mm/s/rad/s with sensitivity around 0.33% to 

the genuine vibration while the pair of sidebands at 9x and 11x are unchanged. These 

data indicate that inevitable misalignments increase the additional low harmonics and 

introduce a single peak linked to whole-body in-plane target vibration.  
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3.3.5 – Introduction of the misalignments 

Table 3.5 reports the full set of realistic misalignments that can affect practical 

applications made with the Dove prism scanning LDV system. During the setting of the 

arrangement, the user has to give particular attention to the alignment of the laser head 

and the prism around the y- axis for which no instruments are available.  

 

Device Misalignment Range ∆step N. steps 

 

Laser head 

∆xA 

∆yA 

αmL 

βmL 

±5mm 

±5mm 

±1° 

±1° 

5mm 

5mm 

1° 

1° 

3 

3 

3 

3 

 

Dove prism 

∆xB 

∆yB 

αP 

βP 

±3mm 

±3mm 

±1° 

±1° 

3mm 

3mm 

1° 

1° 

3 

3 

3 

3 

 

Table 3.5- Full set of misalignments used to investigate the Dove prism SLDV system 

 

These misalignments are introduced in the mathematical model following the same 

procedure used for the previous scanning systems. Translational misalignments of the 

laser head move the point A to 'A  defined as: 

 

[ ][ ]TAAAAAA zzyyxxzyxOA ∆+∆+∆+= ˆˆˆ'  (3.108) 

 

while the angular misalignments of the laser head around the x- and y- axes, mLα  and 

mLβ , modify the orientation of 
1b̂  as: 

 

[ ] ( )[ ] ( )[ ][ ]TmLLmLL YXzyxb 100,,ˆˆˆˆ
1 −++= ββαα  (3.109) 

 

in which the angles 
Lα  and 

Lβ  are the rotations used for the intended alignment of the 

laser head.  

 

For the Dove prism, translational misalignments along the x-, y- and z- axes, move the 
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point B to *B  and D to *D  whose expressions can be written as: 

 

[ ][ ]TBBBBBB zzyyxxzyxOB ∆+∆+∆+= ˆˆˆ*  (3.110) 

[ ][ ][ ] [ ]TPP BDYXzyxOBOD 100,,ˆˆˆ** βα−=  (3.111) 

 

while angular misalignments of the prism around the x- and y- axes, with angles 
Pα  and 

Pβ , modify the prism surface normals as: 

 

[ ][ ][ ][ ][ ][ ]TPPPPB XZYXzyxn 100,,,,ˆˆˆˆ
1' ψγβα=  (3.112) 

[ ][ ][ ][ ][ ]TPPPC ZYXzyxn 010,,,ˆˆˆˆ
' γβα=  (3.113) 

[ ][ ][ ][ ][ ][ ]TPPPPD XZYXzyxn 100,,,,ˆˆˆˆ
2' ψγβα=  (3.114) 

 

The directions of the deflected beams, 
2b̂ , 

3b̂  and 
4b̂  are determined using equations 

(3.86-88) where the modified surface normals are used. All these misalignments modify 

the positions of the deflection points whose positions have to be determined. The first 

refraction takes place at the point 'B  whose position can be determined in line with 

equations (3.92&93): 

 

( )
1

'1

' ˆ
ˆˆ

ˆ'*
'' b

nb

nOAOB
OAOB

B

B

⋅
⋅−

+=  (3.115) 

 

In line with equations (3.94-96), the new position of the point *H  is defined as: 

 

[ ][ ][ ][ ][ ]TPPPPP BHBHZYXzyxOBOH 11 sincos0,,,ˆˆˆ** ψψγβα −−+=

 (3.116) 

and the deflection point 'C  is found as: 
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( )
2

'2

' ˆ
ˆˆ

ˆ'*
'' b

nb

nOBOH
OBOC

C

C

⋅
⋅−

+=  (3.117) 

 

At the second wedge, the deflection point 'D  is found in line with equations (3.97&98) 

obtaining the following expression: 

 

( )
3

'3

' ˆ

ˆˆ

ˆ'*
'' b

nb

nOCOD
OCOD

D

D

⋅

⋅−
+=  (3.118) 

 

The measuring point K’ at the target is found in line with equation (3.99) obtaining: 

 

4

4

ˆ

ˆˆ

ˆ'
'' b

zb

zOD
ODOK

⋅
⋅

+=  (3.119) 

 

In presence of misalignments, the velocities measured at the deflection points are 

different and in line with equations (3.100-102) can be written as: 

 

[ ][ ][ ][ ] '*100,,ˆˆˆ
' BBYXzyxV

T

PPPB ×Ω= βα  (3.120) 

[ ][ ][ ][ ] '*100,,ˆˆˆ
' CBYXzyxV

T

PPPC ×Ω= βα  (3.121) 

[ ][ ][ ][ ] '*100,,ˆˆˆ
' DDYXzyxV

T

PPPD ×Ω= βα  (3.122) 

 

while the velocity measured at the point 'K  is calculated using equation (3.107). 

 

At this point, with knowledge of the beam directions, positions of the deflection points 

and their velocities, equation (3.81) can be reformulated and used to predict the velocity 

measured by the system in the presence of a full set of misalignments. 

 

3.3.6 – Analysis of misaligned configurations 

The set of equations described in section 3.3.5 were programmed in Matlab and 

simulations made to investigate the effects of misalignments.  
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If a translational misalignment along the y-axis of =∆ Ay 2mm is added to the laser head, 

the dimension of the scan pattern increases as shown in figure 3.51a while the additional 

velocity terms are the same as the initial aligned configuration. 

 

Angular misalignments added to the laser head modify the dimensions of the scan 

pattern and the amplitude of the detected additional velocities. Figures 3.52a&b show, 

respectively, the scan pattern and the measured velocities obtained when an angular 

misalignment of =mLα 0.2° is added to the initial angle Lα . The magnitudes of the 0.5x 

and 1.5x components are still negligible as in the aligned case while the 1x velocity 

component increases to 4.63e-3 mm/s/rad/s, as indicated in figure 3.52b.  

 

If the prism has a translational misalignment along the x- axis of =∆ Bx 2mm, the scan 

pattern moves along the x-axis, as indicated in figure 3.53a. The vibrometer measures a 

0.5x with amplitudes similar to that detected for the aligned case, while the additional 

1x velocity term measures 5.53e-3 mm/s/rad/s, as shown in figure 3.53b. The Doppler 

shifts at the target and at the prism show additional DC components with equal 

amplitudes but opposite signs whose final combination is zero. Similar effects are 

detected when the Dove prism has a translational misalignment along the y- axis, with 

=∆ By 2mm.  

 

When the prism has an angular misalignment around the x- axis of =Pα 0.2°, the scan 

pattern moves along the y- axis as indicated in figure 3.54a. The system reveals a 1x 

velocity term with amplitude 1.25e-2 mm/s/rad/s while the 0.5x and 1.5x velocity 

components are not changed from those obtained for the initial aligned configuration, as 

shown in figure 3.54b. Similar results are obtained misaligning the Dove prism around 

the y- axis. Misalignment around the y- axis, with =Pβ 0.2°, added to the Dove prism 

introduces a DC term of 1.04e-3 mm/s/rad/s and additional 1x velocity term with 

magnitude of 1.66e-2 mm/s/rad/s while the 0.5x and 1.5x have amplitudes similar to the 

initial aligned configuration, as shown in figure 3.55b. The scan pattern moves along 

the x- axis as indicated in figure 3.55a.  
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These data suggest that, for the chosen initial alignment, the main effects of single 

misalignments, angular and translational, added to the optical device are variations of 

the 1x velocity term. In the following section, these uncertainties will be quantified. 

 

3.3.7 – Quantification of uncertainties in the presence of single and combined 

misalignments 

At this point, the device requiring the most critical alignment has to be determined by 

analysing the effects produced by single misalignments. The analysis is made still 

considering a system with the laser head initially aligned around the x- axis with 

=
L

α 2.0875° and a scan pattern with radius of 5cm.  

 

Figure 3.56a indicates the values predicted for the 1x velocity term obtained for 

translational misalignment added to the prism along the x- and the y- axis (DP). The 

variations of the 0.5x and 1.5x velocity terms have not been reported because the 

predicted amplitudes are negligible with respect to the values predicted for the 1x term. 

Figure 3.56b reports the predicted values for the 1x velocity term in the presence of 

angular misalignments added to the prism and the laser head (LH). Angular 

misalignments around the y- axis for the prism produce the greatest uncertainty detected 

by the system. Figure 3.56c shows the predicted DC terms obtained in the presence of 

angular misalignments around the y- axis added to the Dove prism. These values are 

smaller than the values of the 1x velocity term reported in figures 3.56a&b. These data 

indicate the 1x velocity term as the biggest uncertainty detected by the system and 

indicate the alignment of the Dove prism as the most critical alignment because it 

produces the biggest effects on the 1x velocity term.  

 

In practical applications, the intended configuration will be affected by a full set of 

inevitable misalignments. For this case, simulations have been made combining the 

misalignment values reported in table 3.5 by covering more than 6561 (=3
8
) situations. 

From each configuration, the predicted additional velocities have been used to calculate 

RMS values.  
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Additional component Predicted RMS value 

DC 1.47e-2 mm/s/rad/s 

0.5x 2.28e-4 mm/s/rad/s 

1x 1.01e-1mm/s/rad/s 

1.5x 1.52e-4 mm/s/rad/s 

 

Table 3.6 – RMS measured velocities calculated for the additional velocity terms for the various 

combinations of misalignments for a scan pattern with radius 5 cm 

 

These RMS values which characterize the Dove prism scanning system in terms of 

expected uncertainties in practical applications have been reported in table 3.6. The data 

indicate the biggest uncertainty is the 1x term followed by the DC component with an 

expected smaller value. The uncertainties at 0.5x and 1.5x have magnitudes of two 

order smaller than the others. These values in table 3.6 have been obtained by 

considering only the different misaligned configurations, 79, in which the scan centre is 

less than 0.5% of the radius from the position of the scan centre for the zero 

misalignment configuration. Figure 3.57a shows the scan pattern traced by the system in 

the presence of combined misalignments: =mLα 0.2°, =mLβ 0.2°, =∆=∆ AA yx 3mm, 

=Pα 0.2°, =∆ By 3mm. The scan pattern shows a standard deviation for a radial position 

of around 0.05% while the centre offset is around 15%. The vibrometer detects a DC, 

0.5x and 1x velocity terms with magnitude 1.10e-4, 2.31e-4 and 6.54e-2 mm/s/rad/s as 

indicated in figure 3.57b.  

 

Another scenario characterized by a scan pattern almost in a central position at the 

target plane but obtained as a combination of the various misalignments is shown in 

figures 3.58a&b. The misalignments considered are the following: =mLα -0.1°, 

=mLβ 0.5°, =∆=∆ AA yx 3mm, =Pα -0.1°, =Pβ 0.1° and =∆=∆ BB yx 3mm. In this case, 

the standard deviation for the radial position predicted for the scan pattern is around 

0.05% and the centre offset is of 2.94%. The additional DC and 1x velocity term 

measure 6.21e-4 and 1.24e-1 mm/s/rad/s, respectively, while additional terms at 0.5x 

and 1.5x have magnitude smaller. As for the scanning systems analysed earlier in this 

chapter, a scan pattern that is almost circular and centred in the target plane can still 
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lead to uncertainties in practical vibration measurements. The mathematical model 

proposed can help the user to understand from where these uncertainties originate in 

order to make better measurements. 

 

3.4 – Comparison of LDV scanning systems 

In this chapter three different scanning LDV systems have been analysed and modelled 

using the mathematical procedure proposed in the previous chapter. The results 

obtained can be compared to provide a complete view of the advantages and limitations 

of the systems. Each system is able to create circular scan patterns useful for tracking 

vibration measurements on rotating targets. 

 

When the systems are aligned with their zero misalignment configuration, the dual 

mirror system measures a consistent 2x additional term, the Dove prism system 

measures additional harmonics whose amplitudes are low and likely to be lower than 

typical measurement noise levels while the dual-wedge system is free from any 

additional velocity terms.  

 

In the presence of combined misalignments and for geometries chosen to trace circular 

scan patterns with radius of 5cm, the simulations have shown that the 1x velocity term 

is the biggest uncertainty affecting these systems. In particular, the values obtained for 

the dual mirror scanning system are slightly bigger than those detected for the other 

arrangements as indicated in table 3.2, 3.4 and 3.6.  

 

Observations made on the effects of single misalignments indicate that for the dual 

mirror attention has to be given to the alignment of all the optical devices, in particular 

to the laser head. For the dual-wedge scanning system the attention has to be focused on 

the two rotating wedges responsible for the introduction of the 1x velocity term while 

for the Dove prism system the angular alignment of the prism itself is critical. 

 

In terms of sensitivity to target vibrations, simulations have been made considering the 

same whole-body target vibrations for each arrangement. Values of sensitivity to whole-
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body out-of-plane target vibrations were around 99.8% for all the systems when are 

aligned with their zero misalignment configuration. Because for each system the final 

direction of the incident beam is different from ẑ , each system is unavoidably sensitive 

to whole-body in-plane target vibrations. This sensitivity is seen as a negative aspect 

because the systems have been developed having in mind to measure only out-of-plane 

target vibrations. Sidebands associated with in-plane target vibrations with sensitivity 

around 2% are predicted for all the systems. Inevitable misalignments result in a single 

peak produced by the whole-body in-plane target vibration with sensitivity around 

0.35% for all the systems.  

 

Definitely, these data confirm that the three SLDV systems are comparable for circular 

tracking applications on rotating targets in terms of sensitivity to target vibrations and 

level of uncertainty detected at the 1x velocity term. Only the dual mirror scanning 

system shows a bigger uncertainty at the 2x velocity term due to its geometry.  

 

Experiments made on a rotating target using the dual-wedge scanning system confirms 

the theoretical prediction for the additional 1x velocity term in the presence of single 

translational and angular misalignments. The presence of inevitable misalignments in 

the test rig introduces additional vibrations when the target undergoes in-plane and out-

of-plane whole body target vibrations. Results show the complexity of the systems 

analysed but also confirm the goodness of the mathematical procedure used to model 

the systems. 
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Chapter 4 

 

Self-tracking LDV systems 

 

 

 

 

 

The procedure used to model scanning LDV systems is versatile enough to be applied to 

other arrangements suitable for vibration measurements on rotating structures. This 

chapter will show how to model self-tracking LDV systems using the new approach to 

estimate the velocity measured for circular scanning applications. Particular emphasis 

will be given to investigation of misalignment effects in order to help the user to 

perform the best alignment possible and to interpret the vibration measurements with 

confidence. 

 

4.1 – Introduction  

The scanning LDV systems analysed in the previous chapters relate the motion of the 

incoming beam to that of the measurement point through an electro-mechanical 

connection between the rotating shaft and the deflecting optics. This connection is 

composed of an encoder and an electronic unit. The electronic unit processes the 

encoder output and defines the movement of the deflecting optics to create the scan 

patterns suitable for the measurements.  

 

In addition to the problem of the inertia of the scanning mirrors, the processing of the 

encoder signal can introduce a speed limitation due to signal lag, which affects the 

synchronisation between the rotating shaft and the measurement point. These limitations 

can result in errors, especially in applications on high speed rotating structures. In 
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practice, it would be very desirable to have a method of tracking that does not have such 

speed limitations. These speed limitations are resolved by so-called self-tracking LDV 

systems in which the electro-mechanical connection is replaced with a completely 

mechanical one. These systems can work at any rotational speed with scan patterns 

suitable for tracking applications. As for all the other systems, however, the self-

tracking arrangements are prone to misalignments that produce errors on the position of 

the measurement point and uncertainties in the measured velocity.  

 

Although these systems have been analysed to some extent by their inventors, a full 

analysis based on the proposed technique is presented in this chapter. There are two 

main goals: the first is to show that the new approach is sufficiently versatile to model 

these systems, the second is to investigate the advantages and disadvantages in terms of 

sensitivity to target vibrations and misalignments for scanning applications on rotating 

structures.  

 

4.2 – Lomenzo self-tracking LDV system  

4.2.1 – Derivation of the mathematical model  

Figure 4.1 shows the self-tracking system proposed by Lomenzo [4.1]. The mechanical 

connection between target and deflecting system is composed of two mirrors: the vertex 

mirror fixed to the rotating target and the fold mirror positioned in front of the target. 

The latter has a small hole for the passage of the outgoing and returning laser beam, 

which is reflected twice before reaching the target. The rotation of the target moves the 

vertex mirror while the two reflections result in a circular scan on the structure.  

 

For the model a reference system xyz  is fixed at the centre of the target. In the zero 

misalignment configuration, the target spin axis, the vertex spin axis and the incident 

laser beam are collinear to the z- axis and the fold mirror is perpendicular to the z- axis, 

as shown in figure 4.1. The direction of the incoming laser beam and the mirror surface 

normals are written as follows: 
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[ ][ ]Tzyxb 100ˆˆˆˆ
1 −=  (4.1) 

[ ][ ][ ][ ]TVVB XZzyxn 100,,ˆˆˆˆ ψγ=  (4.2) 

[ ][ ]T
C zyx=n 100ˆˆˆˆ −  (4.3) 

 

where the rotation matrix [ ]VX,ψ  models the inclination of the vertex mirror normal and 

the matrix [ ]VZ γ,  represents the rotation of the normal around the z- axis. Since the 

mirror is attached to the target, the rotation angle Vγ  is defined as TTV +t=γ ϕΩ  where 

TΩ  and Tϕ  are the target rotational speed and the initial angular position of the vertex 

mirror, respectively. Applying equation (2.10), the direction of the deflected beams are: 

 

( ) BB nnbbb ˆˆˆ2ˆˆ
112 ⋅−=  (4.4) 

( ) CC nnbbb ˆˆˆ2ˆˆ
223 ⋅−=  (4.5) 

 

The final expression for the incident beam 3b̂  is found as: 

 

( ) ( )[ ] ( ) ( )[ ] [ ]z+ψ+y+t+x+t=b VTTVTTV
ˆ12cosˆcos2ψsinˆsin2ψsinˆ 2

3 −ΩΩ− ϕϕ  (4.6) 

 

Equation (4.6) describes a circular scan pattern whose x- and y- components are 

periodic functions of the target rotational speed while the component along the z- axis is 

a constant close to ≈-1. 

 

From knowledge of the deflected beams and the geometry of the system, vector 

polygons are used to find the positions of the deflection points. The initial position of 

the laser source is defined by the point A, found as: 

 

[ ][ ]TAAA zyxzyx=OA ˆˆˆ  (4.7) 
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For the ideal alignment, the point A is situated along the z- axis with =y=x AA 0. The 

reflection point B situated at the vertex mirror is the point which intersects the line of 

the rotation axis and its position is defined as:  

 

[ ][ ]TBzzyx=OB 00ˆˆˆ  (4.8) 

 

To find the reflection point C, it is necessary to know the position of the fold mirror 

with respect to the target. For this reason, the point of a generic point D situated at the 

fold mirror is introduced and defined as: 

 

[ ][ ]TDDD zyxzyx=OD ˆˆˆ  (4.9) 

 

where =y=x DD 0 to have the point D along the z- axis. The point C is then found from 

the following system: 

 

| |










⋅ 0ˆ

ˆ
2

=nDC

OC=DC+OD

OC=bBC+OB

C

 (4.10) 

 

from which the term OC  is found to give: 

 

( )
2

2

ˆ
ˆˆ

ˆ
b

nb

nOBOD
+OB=OC'

C

C








⋅
⋅−

 (4.11) 

 

Finally, the measuring point K situated on the target is found as: 

 

3

3

ˆ
ˆˆ

ˆ
b

zb

zOC
+OC=OK 









⋅
⋅

 (4.12) 
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Equations (4.7-12) describe completely the beam path of the system without any kind of 

approximation.  

 

4.2.2 – Definition of the measured velocity 

The measured velocity follows from reformulating equation (2.13). The mirrors deflect 

the beam and can generate Doppler shifts whose combination provides the full velocity 

sensed by the system, which can be written as: 

 

( ) ( ) 32312
ˆˆˆˆˆ bVbbV+bbV=U KCBm ⋅−−⋅−⋅  (4.13) 

where the terms BV , CV  and KV  are the velocities of the deflection points on the mirror 

surfaces and the target. In a more general case, the velocity measured at the point B will 

include whole-body target vibrations because the vertex mirror is attached to the target. 

According to equation (1.31), the velocity measured at the point K will include whole-

body and cross-section flexible vibrations of the target. In this way, the velocity of the 

measuring points B and K have to be written as: 

 

OBz+V=V TOB ×Ω ˆ  (4.14) 

( ) fTOK VOOOKzV=V +−×Ω+ *ˆ  (4.15) 

 

where OV  is the translational velocity of the point O, the term ∗OO  is the vector 

position of the moving point ∗O  with respect to the reference system xyz  while fV  

represents the deformation vibration velocity of the measured target point due to cross-

section flexibility. The introduction of the whole-body target vibration in the velocity 

measured at the point B makes the self-tracking system different from the other tracking 

systems analysed in chapter 3. Substituting equations (4.14&4.15) in (4.13) the 

complete expression for the velocity measured in the presence of target vibrations and 

flexibility becomes: 
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( ) ( ) ( )( ) 312
ˆ*ˆˆˆˆ bV+OOOKz+VbbOBz+V=U fTOTOm ⋅−×Ω−−⋅×Ω  (4.16) 

 

4.2.3 – Circular tracking applications on a rotating target 

For a self-tracking system with zero misalignments, the vertex and the fold mirror 

velocities are zero because the point B is situated along the z- axis while C is a 

stationary point on the fold mirror. In these conditions, the velocity measured depends 

only on the target. For a rotating and not vibrating target, the system traces a circular 

scan and no velocities are detected by the vibrometer.  

 

In the presence of harmonic in-plane and out-of-plane target vibrations, the velocities 

measured at the point B and K are defined by equations (4.14&4.15). Harmonic in-plane 

vibrations result in sidebands while harmonic z- vibrations produce single velocity 

components. An example is shown in figure 4.2a where a harmonic in-plane target 

vibration with frequency of 10 TΩ , is directed along the x- axis and a harmonic out-of-

plane target vibration with frequency 5 TΩ  is applied along the z- axis. For a more 

general description, other harmonic x- and z- vibration due to the target cross-section 

flexibility with frequency of 20 TΩ  and 15 TΩ , respectively, are added to the target 

rotating structure. All these vibrations have amplitude of 10mm/s.  

 

The z- vibration at 5 TΩ  produces a peak of 3.34mm/s/rad/s (≈29.7mm/s) which is 

obtained as the combination of the Doppler shifts generated at the vertex mirror and at 

the target, as indicated by equation (4.16). The peak shows a sensitivity of 297% to 

whole-body out-of-plane vibration. The whole-body in-plane vibration, instead, 

generates two sidebands at 9x and 11x with amplitudes of 8.79e-2 and 1.05e-1 

mm/s/rad/s (≈7.81e-1 and 9.32e-1 mm/s) detected at the vertex and the target whose 

final combination is zero. For the vibrations due to the target flexibility, the z- vibration 

produces a single peak at 15 TΩ  that measures 1.11mm/s/rad/s (≈9.86mm/s) with 

sensitivity around 98.6% to the flexible vibration. The in-plane flexible vibration 

produces two sidebands at 19x and 21x with equal amplitudes of 9.77e-2mm/s/rad/s 

(≈0.86mm/s) with sensitivity around 8.68%. These data show that when the system is 
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ideally aligned it is sensitive to the target flexibility (in-plane and out-f-plane 

vibrations), is insensitive to whole body in-plane target vibration while measures a very 

important component linked to the whole body out-of-plane vibration and this 

emphasises the importance of considering the frequency shift at the optical devices.  

 

Unfortunately, misalignments are inevitable and the sensitivity to target vibrations can 

be different. An example is shown in figure 4.2b where the velocity spectra are obtained 

considering the same target vibrations as the previous case in the presence of an angular 

misalignment added to the laser head, =βL 0.2°, around the x- axis. The peak at 5x due 

to out-of-plane vibration still measures 3.34mm/s/rad/s (≈29.7mm/s) but the vibrometer 

detects two sidebands at 4x and 6x of smaller amplitude. The whole-body in–plane 

target vibration produces a single peak at 10x of amplitude 3.92e-3mm/s/rad/s (≈3.48e-

2mm/s) corresponding to sensitivity of 0.34%, while the combination of the associated 

sidebands generated at the mirror and the target cancel in the total velocity. The effect 

of the out-of-pane vibration due to the target flexibility is a single peak at 15x with 

amplitude similar to that measured in the case of ideal alignment plus two smaller 

sidebands at 14x and 16x. The in-plane flexible vibration produces a single peak at 20x 

that measures 3.91e-3mm/s/rad/s (≈3.47e-2mm/s) with sensitivity around 0.34% to the 

in-plane flexible vibration and the same sidebands measured for the ideal alignment. 

This result indicates that misalignments can introduce sensitivity of the system to the 

whole body in-plane target vibration (a negative aspect for the system), making data 

interpretation more difficult. This analysis shows the importance of a good alignment 

for the self-tracking system.  

 

4.3 – Introduction of misalignments to the Lomenzo self-tracking LDV 

system 

The mathematical approach allows incorporation of misalignments at all stages of the 

system. Table 4.1 lists a typical, full set of misalignments that affect the optical devices 

included in the system. The values have been chosen considering realistic 

misalignments met in applications after the user has taken steps to reduce these errors. 
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These investigations exclude the translational misalignments of the fold mirror because 

these have no effects on the scan pattern and in the measured velocity and translational 

misalignments of the vertex mirror because the point B used to determine the position 

of the mirror is always situated along the z- axis.  

 

Device Misalignment Terminology Range ∆step N. steps 

Laser head Translational 

 

Angular 

∆xA 

∆yA 

αL 

βL 

±5mm 

±5mm 

±0.5° 

±1° 

5mm 

5mm 

0.5° 

1° 

3 

3 

3 

3 

Vertex mirror Angular αV 

βV 

±0.3° 

±0.3° 

0.3° 

0.3° 

3 

3 

Fold mirror Angular αF 

βF 

±1° 

±1° 

1° 

1° 

3 

3 

 

Table 4.1 – Values used for simulations with combined misalignments for the self-tracking system 

proposed by Lomenzo. 

 

In practice, alignment of the laser head is realized using a tripod and a translational 

stage helps to reduce the translational misalignments. Angular alignment of the laser 

head around the x- axis is assisted by use of a spirit level while angular alignment 

around the y- axis is more difficult. The alignment of the vertex mirror depends on the 

precision of the connection between target and mirror and small angular misalignments 

have been chosen. For the fold mirror the angular alignment is critical, particularly 

maintaining orientation parallel with the xy plane. Assuming that the angular alignment 

is realised by eye, misalignments of ±1° have been used around the x- and the y- axis.  

Figure 4.3 shows a schematic misaligned configuration. When the laser head has 

translational misalignments of A∆x , A∆y  and A∆z , the point A moves to A'  whose 

position is defined as: 

 

[ ][ ]TAAAA ∆z+z∆y∆xzyx=OA' ˆˆˆ  (4.17) 
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while angular misalignments of the laser beam around the x- and the y- axis, with 

angles Lα  and Lβ , modify the direction of the outgoing beam 1b̂ : 

 

[ ][ ][ ][ ]T
LL βY,αX,zyx=b 100ˆˆˆˆ

1 −  (4.18) 

 

where the rotation matrices [ ]LαX,  and [ ]LβY,  accommodate the angular misalignments. 

In the same way, translational and angular misalignments can be accommodated for the 

vertex mirror. For the point B, only translational misalignments along z- axis, B∆z , are 

considered that move the point B to ∗B which is the point where the rotation axis 

intersects the plane of the mirror whose position is given by: 

 

[ ][ ]TBB ∆z+zzyx=OB 00ˆˆˆ∗  (4.19) 

 

Angular misalignments added to the vertex mirror around the x- and the y- axis, with 

angles Vα  and Vβ , modify the mirror surface normal: 

 

[ ][ ][ ][ ][ ][ ]T
VVVVB' ψX,γZ,βY,αX,zyx=n 100ˆˆˆˆ  (4.20) 

 

where the rotation matrices [ ]VαX,  and [ ]VβY,  introduce the angular misalignments of 

the vertex mirror. For the fold mirror, translational misalignments along the x-, y- and z- 

axes, D∆x , D∆y  and D∆z , move the point D to ∗D  whose position is: 

 

[ ][ ]TDDDD ∆z+z∆y∆xzyx=OD ˆˆˆ∗  (4.21) 

 

Setting =∆xD =∆yD 0 the point ∗D  remains situated along the z- axis and in the plane 

of the fold mirror. When D∆x  and D∆y  differ from 0, the point ∗D  moves but the 

dimensions of the scan pattern do not change. When D∆z  differs from zero, the 

dimensions of the scan pattern change. Angular misalignments around the x- and the y- 
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axis, with angles Fα  and Fβ , are accommodated using the rotation matrices [ ]FαX,  and 

[ ]FβY,  that modify the mirror surface normal as: 

 

[ ][ ][ ][ ]T
FFC' βY,αX,zyx=n 100ˆˆˆˆ −  (4.22) 

 

Using vector polygons, the position of the new reflection point 'B  at the vertex mirror 

is found by resolving the following system: 

 

| |










⋅∗

∗∗

0ˆ

ˆ
1

=nB'B

OB'=B'B+OB

OB'=bB'A'+OA'

B'

 (4.23) 

 

and the vector OB'  is obtained as: 

 

( )
1

'1

' ˆ

ˆˆ

ˆ'*
'' b

nb

nOAOB
OAOB

B

B

⋅

⋅−
+=  (4.24) 

 

At the fold mirror, the reflection point C'  is given by: 

 

| |










⋅∗

∗∗

0ˆ

ˆ
2

=nC'D

OC'=C'D+OD

OC'=bC'B'+OB'

C'

 (4.25) 

 

from which the vector OC'  is given as: 

 

( )
2

'2

' ˆ

ˆˆ

ˆ'*
'' b

nb

nOBOD
OBOC

C

C

⋅

⋅−
+=  (4.26) 

 

The position of the measuring point K'  is determined as: 
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3

3

ˆ

ˆˆ

ˆ
b

zb

zOC'
+OC'=OK' 









⋅
⋅

 (4.27) 

 

In this way, the system with a full set of misalignments is described completely and the 

various effects can be investigated. The expression for the measured velocity is 

reformulated in terms of the new points of deflection: 

 

( ) ( ) 32312
ˆˆˆˆˆ bVbbV+bbV=U K'C'B'm ⋅−−⋅−⋅  (4.28) 

 

where the velocity measured at the point B can be written as: 

 

B'BzΩ+V=V TOB' ∗×ˆ  (4.29) 

 

the velocity at the point 'C  is still zero and the velocity at the measuring point 'K  is: 

 

( ) fTOK VOOOKzV=V +−×Ω+ *ˆ  (4.30) 

 

Equation (4.28) allows the investigation of the effects produced by the various 

misalignments. 

 

4.3.1 – Analysis of misaligned configurations 

In this section, some of the misalignments listed in table 4.1 are investigated by 

analysing their effects on the scan pattern and on the measured velocity for a target that 

rotates but does not vibrate. Investigations are made considering a system characterized 

by the following geometrical parameters, Vψ =5°, | |=OA 0.4m, | |=OB 0.05m and 

| |=OD 0.167m, chosen to obtain a circular scan pattern with radius of 5cm.  

 



 

Chapter 4 – Self-tracking LDV systems 
____________________________________________________________________________________ 

_____________________________________________________________________ 

 

 110 

Figure 4.4a shows the scan pattern traced by the system when a translational 

misalignment along the x- axis, with =∆xA 2mm, is added to the laser head. The scan 

pattern moves along the x- direction while the laser vibrometer does not detect any 

additional velocity (or their level is smaller than the range of amplitudes reported in 

these figures) because the combination of the Doppler shifts generated at the target and 

the vertex mirror is zero, as shown in figure 4.4b. A similar result has been obtained 

when a translational misalignment along the y- axis is added to the laser head. Figure 

4.5a&b show the effects of an angular misalignment of the laser head around the x- 

axis, with =αL 0.2. The scan pattern moves along the y- direction but again no 

velocities are detected by the vibrometer (in the range of the investigated amplitudes). 

Similar results are obtained with angular misalignment of the laser head around the y- 

axis. These data indicate that single misalignments added to the laser head move the 

scan pattern in the target plane but have no effects on the measured velocity. When the 

previous translational and angular misalignments of the laser head are combined, the 

vibrometer detects an additional DC term of amplitude 6.98e-3 mm/s/rad/s, as indicated 

in figure 4.6b.  

 

Translational misalignment along the x- and y –axes are not added to the vertex mirror 

because in any case the spin axis of the mirror coincides with the target spin axis and 

the z- axis.  

 

Angular misalignments of the vertex mirror consider imperfections on the mounting of 

the mirror on the target. When an angular misalignment around the x- axis, with 

=αV 0.2°, is added to the vertex mirror the scan pattern moves in the target plane as 

shown in figure 4.7a but no additional velocities are measured by the system. When an 

angular misalignment around the y- axis, with =βV 0.2°, is added to the vertex mirror 

the scan pattern moves in the target plane as indicated in figure 4.7b but still no 

velocities are measured by the system  

 

When the fold mirror is angularly misaligned around the x- axis ,with =αF 0.2°, the 

scan pattern moves along the x- axis, as indicated in figure 4.8a, while the laser 
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vibrometer detects an additional 1x target harmonic component with magnitudes 0.101 

mm/s/rad/s, as shown in figure 4.8b. Similar results are obtained when an angular 

misalignment around the y- axis of =βF 0.2°, is added to the fold mirror. Translational 

misalignments along the x- and y- axes added to the fold mirror have no effects on the 

scan pattern while translational misalignments along the z- axis modify the dimensions 

of the scan radius. However, translational misalignments of the fold mirror result in no 

additional velocities. 

 

These examples for specific misaligned cases show how the model predicts the 

uncertainties generated. Since the zero misalignments configuration is not achievable in 

practice, real measurements are always affected by such errors. For this reason, the 

model will be now used to investigate the effects of single or combined misalignments 

in order to identify the major sources of error and the maximum level of uncertainty 

likely in typical applications. The results can be used by the user to realize the best 

alignment possible and to interpret the measurements correctly. Investigations are made 

assuming a configuration with the same geometrical parameters used in this section. 

 

4.3.2 – Quantification of the uncertainties in the presence of single and 

combined misalignment  

Simulations are performed by adding single misalignments with values varying from 

zero to 1 of the range given in table 4.1. Investigations are made considering a rotating 

but not vibrating target. The predicted velocities are used to identify the optical 

component whose alignment is critical. For a zero misalignment configuration, no 

velocities are predicted. Figure 4.9 shows the values of the 1x velocity term predicted in 

the presence of angular misalignments of the fold mirror around the x- axis but similar 

values are obtained misaligning the same device around the y- axis. The data suggest 

that in the presence of single misalignments, the alignment of the fold mirror is critical 

and responsible for the uncertainty at the target rotational speed. The figure indicates 

that each 0.1° of angular misalignment for the fold mirror corresponds to an additional 

1x velocity term with RMS magnitude of 0.05 mm/s/rad/s.  
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However, as seen in figures 4.6b, the presence of combined misalignments can 

introduce other uncertainties, as a DC or additional target harmonics, and produce levels 

of uncertainty different from those indicated in figure 4.9. Because in practical 

applications the presence of combined misalignments is inevitable, it is useful to know 

the level of uncertainty expected in typical applications. For this reason, the values 

reported in table 4.1 have been used to run 6561 (=3
8
) different misaligned 

configurations. For each misaligned scenario, the measured velocity has been predicted 

and used to calculate RMS values of each order that characterize the current system. 

Table 4.2 reports these RMS values for the uncertainty expected in a circular scanning 

of a rotating but not vibrating target tracing a scan pattern with a scan radius of 5cm. 

The data reported in table 4.2 have been obtained considering only the different 

scenarios in which the scan patterns have a maximum offset on the target plane of 5% 

from the ideal position (≈2.5mm). This is because practical applications are performed 

with scan patterns almost centred in the target plane. It was found that 142 scenarios 

satisfy this condition and in any case, the values in table 4.2 indicate a significant 1x 

velocity term can be expected in practical applications.  

 

Additional component RMS expected value 

DC 3.92e-2 mm/s/rad/s 

1x 5.93e-1 mm/s/rad/s 

2x 1.26e-3 mm/s/rad/s 

 

Table 4.2 – RMS measured velocities calculated for the additional velocity terms for the various 

combinations of misalignments for a scan pattern with radius 5cm. 

 

The data show the 1x velocity term as the largest uncertainty, the DC term has a smaller 

value but with the same magnitude while the uncertainty for the 2x term has negligible 

magnitudes with respect to the other terms. These results quantify the resilience to 

misalignment of this scanning arrangement.  

 

Figure 4.10a shows  an example of scan pattern almost centred in the target plane 

obtained as combination of the following misalignments: =αL -0.5°, =βL 0°, =αv -0.3°, 
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=βv 0.3°, =αF 0°, =βF 1°, =∆xA 2mm, =∆yA 5mm, =∆xB =∆yB 0mm. The scan 

pattern has a radius of almost 5cm, a standard deviation of radial position of 1.56% and 

a centre with an offset of 6.72% with respect to the ideal case. The associated velocity 

spectra are shown in figure 4.10b where additional DC, 1x and 2x velocity terms of 

amplitude of 1.74e-2, 5.03e-1 and 7.71e-4 mm/s/rad/s respectively are visible. This case 

shows that a scan pattern centred in the target plane is not synonymous with perfect 

alignment or absence of uncertainties in measured velocity. 

 

Another example is shown in figures 4.11a&b. Here the combined misalignments are: 

=αL -0.5°, =βL 0°, =αv -0.5°, =βv -0.2°, =αF -0.3°, =βF 0.5°, =∆xA 5mm, 

=∆yA 2mm =∆xB =∆yB 0mm. In this case the scan pattern is shifted in the target plane 

(the centre offset is around 0.12%) and the standard deviation of radial position is of 

0.08%. The detected additional DC, 1x and 2x velocity terms have amplitudes of 8.28e-

2, 2.91e-1 and 5.97e-4 mm/s/rad/s as shown in figure 4.11b. Compared to the previous 

case, this scenario shows a bigger shift of the scan pattern in the target plane and this is 

responsible of the increment of uncertainties at the DC and the 2x velocity terms while 

the 1x velocity term results unchanged. The mathematical model identification of the 

various sources of error can help the user to set a better alignment to reduce the 

uncertainties.  

 

4.4 – Sever self-tracking LDV system 

4.4.1 – Definition of the mathematical model 

The Sever system [4.2] is a development of the Lomenzo configuration in which a 

conical mirror positioned on the turbine cage replaces the fold mirror, as shown in 

figure 4.12. When the vertex and the conical mirror are both tilted at 45° and the target 

is rotating, the beam reflections direct the incident beam perpendicular to the 

investigated structure in a circular scan.  
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The new approach proposed can also provide a mathematical model of this system. The 

zero misalignments configuration is obtained by aligning the incoming beam and the 

axis of the conical mirror to the z- axis of the reference system xyz  fixed at the centre 

of the target. The directions of the incoming beam and of the mirror normal for the 

vertex mirror are described by equations (4.1-4.2). To find the direction of the mirror 

normal surface for the conical mirror it is initially possible to imagine a plane mirror 

with extremities at the points D and C. The point D is situated along the z- axis at a 

distance zD from the target. The mirror normal direction is obtained by considering an 

initial orientation opposite in direction to the z- axis followed by clockwise rotation 

around the x- axis for an angle Cψ =-45°, followed by rotation around the z- axis for an 

angle Cγ . During these rotations, the point D has to remain along the z- axis and in its 

initial position. In this way, the incident point tracks the circular base of a cone with the 

point D and the angle Cψ  are the apex and cone angle, respectively. The mirror normal 

direction at the point C is given as: 

 

[ ][ ][ ][ ]T
CCC ψX,γZ,zyx=n 100ˆˆˆˆ −  (4.31) 

 

where the rotation angle Cγ  is defined as TTC +t=γ ϕΩ  where TΩ  and Tϕ  are the 

target rotational speed and the initial phase which defines the initial point of incidence 

on the conical mirror. The directions of the deflected beams, 2b̂  and 3b̂ , are determined 

by applying equations (4.4-4.5) at each mirror reflection point, respectively. In the 

absence of misalignments, the final direction of the incident beam z=b ˆˆ
3 − . 

 

The definition of the scan pattern and the positions of the reflecting points are found 

using vector polygons. The position of the laser source is still defined by the point A 

described by equation (4.7) while the centre of the vertex mirror where the beam 2b̂  is 

generated, the point B, follows from equation (4.8). When the vertex mirror is inclined 

at 45° the second reflection point, the point C situated on the conical mirror, can be 

determined as: 
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2
ˆ

2
b

d
+OB=OC  (4.32) 

 

where d  is the scan diameter while the position of the point K situated at the target is 

found as: 

 

3

3

ˆ
ˆˆ

ˆ
b

zb

zOC
+OC=OK ⋅









⋅
⋅

 (4.33) 

 

In this way, the zero misalignment configuration of the system is completely described 

without any kind of approximation. When the inclination of the vertex mirror differs 

from 45° the position of the point C changes and equation (4.32) does not work. In this 

case, the position of the new point C will be found as explained in section 4.6. 

 

4.4.2 – Velocity measured by the Sever self-tracking LDV system 

As for any scanning arrangement, the velocity measured by this self-tracking system is 

given from the combination of all the Doppler shifts generated in the beam path and can 

be written as equation (4.13) while equation (4.14&15) can be used to describe the 

velocities of the deflection points in absence of target vibrations or flexibility. For the 

zero misalignments configuration, the velocities measured at the mirrors are zero 

because the point B is situated along the z- axis while the conical mirror is fixed. In this 

case, the velocity detected by the system originates solely from the target. With zero 

misalignments, the geometrical parameters | |=OA 0.3m, | |=OB 0.05m, | |=OD 0.1m and 

=ψ=ψ CV -45° are chosen in order to trace a circular path with radius of 5cm, as that 

analysed for the Lomenzo configuration. The tracking of a rotating but not vibrating 

target results in no predicted velocity.  

 

Also in this case, the mathematical model derived for the Sever arrangement can 

incorporate and predict the effects of target vibrations in the measured velocity. An 

example is shown in figure 4.13a, for an ideally aligned system. The target undergoes 

harmonic whole-body x- and z- vibrations respectively at 10 TΩ  and 5 TΩ  plus other 
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harmonic x- and z- vibrations at 20 TΩ  and 15 TΩ  due to the flexibility of the structure. 

For all these vibrations, the amplitude is 10 mm/s. The spectrum of the vibrometer 

output reveals a single peak for each out-of-plane target vibration while the in-plane 

target vibration results in sidebands at 9x and 11x. The peak at 5x measures 

2.25mm/s/rad/s (≈20mm/s) with sensitivity around 200% to the out-of-plane target 

vibration directed along the z- axis obtained as combination of the Doppler shifts 

generated at the target and vertex mirror. The whole body in-plane target vibration 

produces sidebands at the vertex mirror and result in the final spectrum. These 

sidebands are detected at 9x and 11x and have magnitudes of 5.06e-1 and 6.19e-1 

mm/s/rad/s (≈ 4.49 and 5.49mm/s), respectively with sensitivity around 44.9% and 

54.9% to in-plane target vibration. The peak at 15x represents the flexible z- vibration 

and measures 1.125mm/s/rad/s (≈10mm/s) with sensitivity of 100% since the direction 

of z=b ˆˆ
3 − . The flexible x-vibration at 20x produces no additional peaks. These data 

indicate that an ideally aligned system measures the complete out-of-plane target 

vibration, is insensitive to the flexible in-plane target vibrations, while is sensitive to a 

whole-body target vibrations (in-plane and out-of-plane). 

 

As for the Lomenzo configuration, also for the Sever system the sensitivity to target 

vibrations can be affected by the inevitable misalignments. If the laser head has an 

angular misalignment of =βL 0.2°, the direction of zb ˆˆ
3 −≠ . In this case, considering the 

same target vibrations of the previous case, the relative velocity spectra are shown in 

figure 4.13b. The system measures a peak for each vibration plus many sidebands. The 

peak at 5x due to the z-vibration still measures 2.25mm/s/rad/s (≈20mm/s) as in the 

ideal case but two smaller sidebands at 4x and 6x with amplitude of 1.96e-3mm/s/rad/s 

(≈1.74e-2mm/s) are measured. The whole-body in-plane target vibration produces a 

single peak at 10x with amplitude of 5.89e-3mm/s/rad/s (sensitivity around 0.52%), the 

sidebands at 9x and 11x with amplitudes similar to those detected for the zero 

misalignment case and others smaller at 8x and 12x that measure 6.18e-3 and 7.56e-

3mm/s/rad/s (sensitivity around 0.54% and 0.67% to vibration due to the target 

flexibility). The z- vibration at 15x due to target flexibility produces a single peak with 

magnitude of 1.125mm/s/rad/s (≈10mm/s) with sensitivity of 100% to the z- vibration 
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due to the target flexibility. The in-plane vibration due to the target flexibility produces 

a single peak at 20x and various sidebands. The peak at 20x measures 7.85e-

3mm/s/rad/s (≈6.98e-2mm/s) with sensitivity of around 0.69% while the biggest 

sidebands are detected at 18x and 22x and measure 5.89e-3mm/s/rad/s (sensitivity 

around 0.52%) to the in-plane flexibility of the target.  

These data shows that this misalignment increases the sensitivity to the whole-body in-

plane vibration and introduces additional sidebands that make data interpretation more 

difficult. As for the Lomenzo system, also this result indicates the importance of good 

alignment for the scanning system.  

 

4.5 – Introduction of misalignments to the Sever self-tracking LDV 

system 

As in any scanning system, the Sever arrangement is affected by inevitable 

misalignments that cause errors in the position of the measurement point and in the 

measured velocity. Figure 4.14 shows a typical misaligned configuration for the Sever 

arrangement. Table 4.3 reports typical and realistic misalignment values for practical 

applications. During the alignment, the control of the angular misalignment of the laser 

head around the y- axis and of the conical mirror around the x- and the y- axis are 

critical because no devices can be used to minimize their values. For these 

misalignments bigger values have been chosen as indicated in table 4.3. These 

misalignments can be incorporated in the mathematical model following the same 

procedure adopted for the Lomenzo configuration.  
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Device Misalignment Terminology Range ∆step N. steps 

Laser head Translational 

 

Angular 

 

xA 

yA 

αL 

βL 

±5mm 

±5mm 

0.5° 

±1° 

5mm 

5mm 

0.5° 

1° 

3 

3 

3 

3 

Vertex 

mirror 

Angular αV 

βV 

±0.3° 

±0.3° 

0.3° 

0.3° 

3 

3 

Conical 

mirror 

Translational 

 

Angular 

xD 

yD 

αC 

βC 

±5mm 

±5mm 

±1° 

±1° 

5mm 

5mm 

1° 

1° 

3 

3 

3 

3 

 

Table 4.3 – Values used for the simulation of situations with combined misalignments for the self-

tracking system proposed by Sever. 

 

Translational misalignments added to the laser source, A∆x  A∆y  and A∆z , move the 

point A to A'  as indicated in equation (4.17) while angular misalignments, Lα  and Lβ , 

modify the direction of the incoming beam 1b̂  as indicated by equation (4.18). 

Translational and angular misalignments added to the vertex mirror move the point B to 

∗B as indicated by equation (4.19).  

 

The position of the reflection point C'  on the conical mirror depends on the 

translational and angular misalignments added to the conical mirror and also on the 

direction of the incident beam 2b̂ . Translational misalignments added to the conical 

mirror, D∆x , D∆y  and D∆z , move the point D to ∗D  whose position is defined as: 

 

[ ][ ]TDDDD ∆x+z∆y∆xzyx=OD ˆˆˆ∗  (4.34) 

  

while angular misalignments added to the mirror, Cα  and Cβ , modify the direction of 

the conical normal surface in: 

 

[ ][ ][ ][ ][ ][ ]T
CCCCC' ψX,γZ,βY,αX,zyx=n 100ˆˆˆˆ −  (4.35) 
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where the rotation matrices [ ]CαX,  and [ ]CβY,  accommodate the angular misalignments 

of the conical mirror around the x- and the y- axes while the rotation matrix [ ]CψX,  

introduces the inclination of the conical mirror. The position of C'  can be found from 

the following system of equations: 

 

| |






∗∗ OC'=C'D+OD

OC'=b'CB'+OB' 2
ˆ

 (4.36) 

 

from which the term C'D∗  can be written as: 

 

| | C'DDB'b'CB' ∗=∗−2
ˆ  (4.37) 

 

The mathematical development of equation (4.37) is complicated so the complete 

derivation of OC'  has been reported in appendix A. With knowledge of the point C' , 

the position of the measuring point K'  at the target is obtained in the same way as 

equation (4.27). 

 

In this way, the description of the Sever system in the presence of a full set of 

misalignments is completed. The expression for the measured velocity is reformulated 

in terms of the new points of deflection as indicated in equation (4.28). In this case, the 

velocity measured at the point 'B  is described by equation (4.29), that measured at the 

point C'  is zero because the conical mirror is stationary while the velocity at the 

measuring point K’ is indicated by equation (4.30). 

 

4.5.1 – Analysis of misaligned configurations 

In this section typical misaligned configurations are analysed to show the misalignment 

effects on the scan pattern and in the measured velocity. Simulations are made 

considering the geometrical parameters defined in the previous section and considering 

a rotating but not vibrating target. 
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Figure 4.15a and 4.15b show the effects of a translational misalignment along the x- 

axis added to the laser source with =∆xA 2mm. The scan pattern moves along the x- 

direction and no velocities are measured by the system. Figure 4.15b shows that the 

combination of the Doppler shifts produced at the target and the vertex mirror is zero. 

Similar results are obtained in the presence of translational misalignments along the y-

axis added to the laser source. 

 

Figure 4.16a&b show the effects produced by an angular misalignment around the x- 

axis added to the laser head, with Lα =0.2°. In this case, the scan pattern moves along 

the y- axis while no velocities are detected by the system. These data indicate that single 

misalignments added to the laser head move the scan pattern in the target plane but do 

not introduce uncertainties in the measured velocity. Combining the previous 

misalignments of the laser head, Lα =0.2° and A∆x =2mm, the scan pattern moves in the 

target plane while an additional DC term with amplitude of 6.98e-3 mm/s/rad/s is 

detected, as shown in figure 4.17a&b. 

 

When an angular misalignment around the x- axis, with =αV 0.2°, is added to the vertex 

mirror the scan pattern moves along the y-axis and its radius is reduced to 43mm as 

indicated in figure 4.18a. In this case, no additional velocities are detected by the 

vibrometer within the scale presented. An angular misalignment around the y- axis 

added to the vertex mirror, =βV 0.2°, moves the scan pattern along the x- direction but 

still no velocities are measured, see figure 418b.  

 

A translational misalignment of the conical mirror along the x- axis, with D∆x =2mm, 

results in a shift of the scan pattern along the x- axis as shown in figure 4.19a and in 

additional target harmonic, where the 1x and the 2x velocity terms measure 1.41 and 

2.82e-2mm/s/rad/s as indicated in figure 4.19b. A similar result is obtained when a 

translational misalignment of D∆y =2mm is added to the conical mirror.  
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When the conical mirror has an angular misalignment around the x- axis, with Cα =0.2°, 

the system detects an additional 2x velocity terms of amplitude 1.07e-4 mm/s/rad/s as 

indicated in figure 4.20b. The combination of the previous translational and angular 

misalignment of the conical mirror results in additional DC, 1x and 2x velocity terms 

with amplitude of 6.98e-3, 1.41 and 2.86e-2 mm/s/rad/s, respectively, as shown in 

figure 4.21b while the scan pattern moves in the target plane.  

 

These data assert that misalignments of the conical mirror are the most critical for the 

system. Moreover, these examples show how the model incorporates the various 

misalignments and predicts their effects. 

 

4.5.2 – Quantification of the uncertainties in the presence of single and 

combined misalignment 

The analysis of misalignment effects for the Sever self-tracking system continues to 

determine the optical devices with the most critical alignment and to predict the typical 

level of uncertainty affecting typical vibration measurements. This analysis follows the 

same procedure used for the previous self-tracking arrangement. Previous simulations 

have showed that single misalignments added to the laser head do not introduce 

uncertainties in the measured velocity while single misalignments added to the 

reflecting mirrors are responsible for additional target harmonics. At this point, the 

estimation of uncertainty introduced by single misalignments to detect the most 

significant source of error is necessary.  

 

Figure 4.22a reports the values predicted for the additional 1x velocity term in the 

presence of single translational misalignments along the x- axis added to the conical 

mirror. The figure indicates very important uncertainties characterized by a linear 

increment with the increment of the added misalignment. Similar values are obtained 

when translational misalignments along the y- axis are added to the two mirrors.  
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Figure 4.22b reports the values of the 1x velocity term predicted when single angular 

misalignments around the x- axis are added to the conical mirror. These values are 

comparable, a bit smaller than those reported in figure 4.22a but still important. Figures 

4.22a&b indicate that the uncertainties detected at first order have a linear behaviour 

with the increment of the added misalignments and identify the conical mirror as the 

optical device with the most critical alignment. These data emphasise the importance of 

good alignment of the conical mirror. 

 

The presence of single misalignments added to the conical mirror also introduces other 

target harmonics whose values are smaller than those predicted for the 1x velocity term 

but still important in practical applications. Figure 4.23a shows the values for the 

predicted 2x velocity terms in the presence of translational misalignments added to the 

conical mirror along the x-axis. Similar values are obtained for similar misalignments 

along the y- axis. Figure 4.23b shows the values predicted for the 2x velocity terms 

when angular misalignments around the x- axis are added to the conical mirror. Similar 

values are obtained when similar angular misalignments around the y- axis are added to 

the same optical device. Figures 4.23a&b indicate that the values predicted for the 2x 

velocity term are one order of magnitude smaller than those predicted for the additional 

1x velocity terms. Moreover, the curves reported in figure 4.23a&b show a near-

parabolic relationship between measured velocity and misalignment.  

 

Figure 4.24a&b report the predicted values of the 3x velocity term in the presence of 

translational and angular misalignments along/around the x- axis added to the conical 

mirror, respectively. The values are of two orders of magnitude smaller than the 1x 

velocity terms.  

 

These data confirm that the conical mirror is the optical device with the most critical 

alignment and it is also responsible for the presence of many additional target 

harmonics in which the 1x velocity term is the greatest. An additional DC term, instead, 

is expected in the presence of combined misalignments, as shown in figures 4.17b and 

4.21b. As for the previous scanning LDV systems, the presence of additional velocity 
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terms is inevitable and that the level of uncertainty depends on the combination of the 

various misalignments. For this reason the values reported in table 4.3 have been used 

to run 59049 (=3
10

) different misaligned situations. For each situation the predicted 

additional velocities have been used to calculate the RMS value which characterizes the 

system in term of level of uncertainty expected in typical, practical applications. Table 

4.4 reports the predicted RMS values for the various additional velocity terms. 

 

Additional component RMS expected values 

DC 0.081 mm/s/rad/s 

1x 2.642 mm/s/rad/s 

2x 0.193 mm/s/rad/s 

3x 0.083 mm/s/rad/s 

4x 0.017 mm/s/rad/s 

 

Table 4.4 – RMS measured velocities calculated for the additional velocity terms predicted for the 

Sever self-tracking system in the presence of various combinations of misalignments. 

 

As for the data reported in table 4.2, the values indicated in table 4.4 have been obtained 

from scenarios in which the maximum offset of the scan pattern from the ideal position 

in the target plane is 5% of the mean of the scan radius (≈2.5mm). This is because 

practical applications are performed with scan patterns centred in the target plane. In 

any case, 5131 scenarios satisfy this condition indicating that in many cases, the 

misalignments determine scan patterns not useful in practical applications. The values 

in table 4.4 indicate a significant level of uncertainty detected for the first four target 

harmonics and the biggest uncertainty is that detected at 1x. Similar values should be 

expected in practical applications.  

 

Figures 4.25a&b show a simulated scenario obtained combining different 

misalignments whose effect is the presence of an important level of uncertainty detected 

by the system. The configuration is obtained considering the following misalignments: 

=αL -0.5°, =βL -0.5°, =αV -0.3°, =βV 0.3°, =β=α CC 1°, 

=∆xA =∆yA =∆xD =∆yD 0mm. The circular scan pattern shown in figure 4.25a has a 
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standard deviation of radial position of 1.17% and the centre offset is of 3.07%. The 

velocity spectrum in figure 4.25b shows additional DC, 1x, 2x and 3x velocity terms 

with important amplitudes of 1.56e-3, 1.72, 3.78e-2 and 3.72e-3 mm/s/rad/s, 

respectively.  

 

Another interesting case is shown in figure 4.26a&b obtained combining the following 

misalignments: =αL 0°, =βL 1°, =αv =βv 0.3°, =αC 0°, =βC -1°, =∆xA 5mm, =∆yA -

5mm, =∆xD -5mm and =∆yD 5mm. In this case, the scan pattern differs from a circle. 

Its standard deviation of radial position is of 4.41% and the centre offset is of 6.71%. 

The result is the presence of many additional DC and target harmonics, which measure 

2.18e-1, 4.09, 5.29e-1, 8.72e-2mm/s/rad/s, respectively, as shown by figure 4.26b.  

 

4.5.3 – Further effects in self-tracking LDV 

Practical applications on a rotating target [4.2] have noticed that when the laser beam 

moves on the test surface, the Doppler signal strength fluctuates strongly and, if the 

signal falls below a threshold value, the LDV demodulation circuit cannot function 

properly. In this way, dropouts appear in the velocity signal, limiting the accuracy of the 

measurement. These dropouts are periodic occurring at the same location on the 

structure resulting in noise at rotation frequency plus harmonics.  

 

Another possible problem is the presence of manufacturing imperfections on the large 

mirror surfaces, the conical mirror in the Sever system and the fold mirror in the 

Lomenzo system. These imperfections can modify the normal directions defined in 

equations (4.22&35) and affect the final beam orientation and the shape of the scan 

pattern. In the proposed model, these errors can be introduced as a pseudo random 

periodic noise. Random because the distribution of the imperfections on the mirror 

surface is random while periodic because during the rotation of the target, the beam 

passes many times over the same path and the effects assume a periodic behaviour. 

Figure 4.27a shows the scan pattern and the predicted velocities produced by the conical 

mirror when the RMS of the variations introduced are of 0.1°. The beam path slightly 
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deviates from a perfect circle but these variations are not visible in figure 4.27a. The 

associated velocity spectrum is shown in figure 4.27b and reveals the presence of 

additional velocities at each target order with amplitudes proportional to random noise 

added to model the mirror imperfections. Typical level at low orders is around 3e-

2mm/s/rad/s which would have a noticeable effect on the levels at 2x, 3x and 4x in table 

4.4. In this case, the scan pattern appears as not circular but slightly deformed.  

 

4.6 – Comparison between the two self-tracking LDV systems 

The simulations have used geometrical parameters chosen in order to produce circular 

scans each with radius of 5cm. Although the two mathematical models from the self-

tracking configurations are similar, differences in geometry cause differences in 

performance. For both the systems, the optical device responsible for the major source 

of error is the stationary mirror used to reflect laser beam towards the target: the fold 

mirror for Lomenzo system and the conical mirror for Sever arrangement.  

 

In the presence of inevitable misalignments, the level of uncertainty detected for the 

Sever system is higher than that shown by the Lomenzo arrangement. The main effect is 

a significant first order component whose amplitude is around five times bigger than 

that predicted for the Lomenzo system but there are also many target harmonics 

detected by the system. 

  

Comparing the data for the predicted uncertainties in the presence of single 

misalignments, figures 4.10-11 for the Lomenzo system and figures 4.25-26 for the 

Sever system, it results that the Doppler shifts from the target and the vertex mirror 

detected for Sever are bigger than Lomenzo. Moreover, the Doppler shift generated at 

the target seems to dominate. This fact can explain the difference between the levels of 

uncertainty predicted for the two systems,  

 

Another difference regards the sensitivity of the systems to whole-body and flexible 

target vibrations. The possibility to measure flexible target vibration is a fundamental 

request for these systems while the sensitivity to whole-body vibrations is not. When 
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ideally aligned, the sensitivity to whole body out-of-plane vibration is around 297% for 

the Lomenzo system and around 200% for the Sever system. These values are obtained 

as combination of the Doppler shifts generated at the vertex mirror and the target. In the 

presence of whole-body in-plane target vibrations, the Doppler shift generated at the 

vertex mirror is combined with that generated at the target. The data indicate that the 

Lomenzo system is completely insensitive to this vibration while the Sever system 

shows a high sensitivity with sidebands with amplitudes around 40-60% of the in-plane 

vibration.  

 

In the presence of a z- vibration due to the target flexibility, the Sever system shows 

sensitivity of 100% while for the Lomenzo configuration the sensitivity is around 

98.6%. This difference depends on the direction of the beam 3b̂ : for Sever this is 

parallel to the z- axis while it is inclined for the Lomenzo arrangement. The Sever 

system is completely insensitive to the in-plane flexible target vibration while the 

Lomenzo arrangement shows sensitivity with sidebands with amplitudes around 8% of 

the in-plane vibration.  

 

In practical applications, the presence of inevitable misalignments modifies the 

sensitivity to target vibrations for both systems. Data predicted for a small angular 

misalignment added to the laser head, indicate that each vibration produces a single 

peak but also additional sidebands that make the understanding of the measurement 

complicated. For both the systems, the sensitivity to out-of-plane flexible target 

vibration decreases slightly because zb ˆˆ
3 ≠ . The in-plane flexible target vibration adds 

a peak at the vibration frequency and data indicate the Sever system more sensitive than 

the Lomenzo arrangement. The misalignment, however, produces sidebands around 

these peaks and in this case, those detected by the Lomenzo system are bigger than 

those measured by the Sever arrangement. 

 

For the whole body vibrations, the misalignment slightly modifies the sensitivity to the 

z-vibrations measured for both systems with respect to the ideal case. The peak 

produced by the whole-body in-plane vibration is the same for both systems while the 
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Sever system continues to show high sensitivity with sidebands with amplitudes around 

40-60% of the in-plane vibration plus. These results indicate the importance of good 

alignment for the scanning system. 
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Chapter 5 

 

Radial vibration measurements on rotors 

 

 

 

 

 

It is now well known that radial vibration measurements taken directly from rotors 

exhibit a significant sensitivity to the orthogonal vibration component. Reliable 

estimation of the individual motion components involves the post-processing of the 

outputs from several instruments configured to measure the vibration sets.  

Such a technique requires a detailed treatment of the velocity sensed by an instrument 

and this has been made possible by the development of the comprehensive Velocity 

Sensitivity Model, which can be applied to any measurement configuration on any 

target.  

 

As described in section 1.3.2, the x- and y- radial vibration sets are each isolated using a 

single beam laser vibrometer and selecting particular values for the geometric 

parameters, α , β , 0x , 0y  and 0z  such that measurement sensitivity to other vibration 

sets is eliminated. In reality, however, it is not possible to align the laser beam perfectly 

with the respective vibration axis and it is therefore necessary to include non zero 0x  

and 0y  such that the velocities sensed by the laser vibrometers are written as in 

equations (1.10) and (1.11). The resolution of the x- and y- vibration sets requires the 

application of the technique described in section 1.3.3. The same technique can be used 

to resolve pitch and yaw vibration measurements on a rotor, as described by equations 

(1.29&30) in section1.3.3. 
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In this chapter, investigations are made to determine the effects of the various 

instrument misalignments on the accuracy of the resolved radial vibration 

measurements. Further investigations examine the effect of rotor surface roughness on 

the level of cross-sensitivity encountered in practical applications.  

 

5.1 – Introduction 

Figure 5.1a shows the simulated spectrum of a single frequency radial vibration at 0.5 

order of a rotating target. Figure 5.1b shows the simulated spectrum of the equivalent 

measurement taken by a laser vibrometer in the presence of misalignments, noise, 

torsional oscillations and orthogonal radial vibration at 1.5 order. The laser vibrometer 

output shows the velocity at 0.5 order but also an additional velocity component at 1.5 

order that represents the cross-sensitivity term produced by orthogonal radial vibration. 

Other velocity components at integer multiple of rotation order are due to torsional 

vibrations, geometrical misalignments and speckle noise. Knowledge of how 

misalignments affect the resolution of vibration components from the laser vibrometer 

outputs is important to understand the real dynamic behaviour of the target and also to 

inform efforts to align the laser vibrometers to reduce the uncertainties in the resolved 

vibration components. 

 

Resolution of orthogonal radial vibrations from simultaneous vibrometer measurements 

uses special algorithms [5.1]. Successful operation of these algorithms is affected by the 

alignment of the laser vibrometers with respect to the target rotation axis and to each 

other. Because in practice it is impossible to arrange a configuration without 

misalignments of the laser vibrometers, speckle effects and other noises that introduce 

uncertainties in the resolved outputs, the magnitude of likely errors has to be found 

through simulation incorporating values of misalignment based on practical experience. 

 

Investigations presented in this chapter consist of simulations of typical radial vibration 

measurements made on rotors to quantify uncertainties due to the instrument 

misalignments. The results can also be implemented for pitch/yaw vibration 

measurements because this application uses an optical configuration similar to that used 
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for radial vibration, in which the single beam laser vibrometers are replaced with two 

parallel beam laser vibrometers. Moreover, the equations used to resolve the pitch and 

yaw vibrations are similar to those used for radial vibrations but without complications 

associated with instrument offsets. The resolution technique is identical to that used for 

radial vibration measurement. 

 

5.2 – Analysis of misalignment effects 

As indicated in section 1.3.3, the post processing technique proposed to resolve the 

cross-sensitivity in laser vibrometer measurements of radial vibrations uses the 

mathematical expressions (1.26&27). The resulting error derived from these equations 

is influenced by the weighting function ( )ωW  which is defined by equation (1.28) and 

whose trend is shown in figure 5.2. The figure shows that the value of ( )ωW  is infinite 

at synchronous frequency so it is not possible to establish a solution for the synchronous 

vibration component. This is evident in simulations by a gap in the data at synchronous 

frequency by of an increase in the errors around the synchronous frequency.  

 

This section contains a detailed examination of typical misalignment and noise effects. 

This analysis is divided in two steps. Simulation 1 investigates the effects of realistic, 

single errors in order to identify the most significant sources of uncertainty. Simulation 

2 combines the various, realistic misalignments to estimate the overall level of error 

expected for typical applications. 

 

5.2.1 – Simulation 1: Errors produced by single misalignments and noises 

In simulation 1, single frequency vibrations directed along the x-, y- and z- axis are 

applied to a rotating rotor while the measurements are affected by the presence of 

misalignments and noises. Table 5.1 reports realistic vibration velocities representing 

medium/high severity vibrations for typical rotor systems [5.1].  
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Rotational speed 
1πrads= −Ω 100  

Radial vibration (along x- axis) ( ) 1mms+t=x −Ω 0.5π0.520cos&  

Radial vibration (along y- axis) ( ) 1mmst=y −Ω1.510cos&  

Axial vibration (along z- axis) ( ) 1mmsπ+t=z −Ω350cos&  

Torsional vibrations ( ) 1rads=t −Ω 0.7 @ ½ x orders 

( ) 1rads=t −Ω 1.4 ’ 2x orders 

 

Table 5.1 – Vibration parameters used in simulation 1 

 

The frequencies of the vibrations have been deliberately chosen to be different to 

identify their effects more easily. The chosen rotational speed TΩ  is defined as the 

combination of the mean rotational velocity and the torsional oscillations, 

TTT ∆+= ΩΩΩ , in order to consider a more general case of radial vibration 

measurements. All the data from the simulations are presented against order.  

 

Device Misalignments Terminology Range ∆ step N. steps 

 

x- LDV 

Translational 

Pseudo-random noise 

Electronic noise 

y0 0 – 1mm 

0 - 1 mm/s 

0 – 1 mm/s 

0.25mm 

0.25mm/s 

0.25mm/s 

5 

5 

5 

 

 

y- LDV 

Translational 

Angular 

 

Pseudo-random noise 

Electronic noise 

x0 

εy 

δy 

0 -1 mm 

0 – 1° 

0 – 1° 

0 – 1 mm/s 

0 – 1 mm/s 

0.25mm 

0.25° 

0.25° 

0.25mm/s 

0.25mm/s 

5 

5 

5 

5 

5 

 

Table 5.2 – Misalignments used in simulation 1 

 

Table 5.2 lists realistic and typical ranges of misalignments and noise chosen for the 

analysis. In the first simulation, each misalignment is introduced singly with its value 

increasing from 0 to 1 of its range. For each step, the difference between the resolved 

and the genuine vibration amplitude is automatically determined by the simulator used 

to calculate an overall value combining the differences from each individual simulation.  



 

Chapter 5 – Radial vibration measurements on rotors 
____________________________________________________________________________________ 

_____________________________________________________________________ 

 

 132 

Since the cross-sensitivities are completely eliminated by the resolution algorithm, the 

uncertainties detected at the genuine vibration frequencies are produced only by the 

added misalignments and noises.  

 

These simulations incorporate x- and y-vibrations at different frequencies so that they 

can be easily distinguished. In this case, the x-direction measurement shows the correct 

x-vibration (20mm/s amplitude) but a component at the y-vibration order of 7 mm/s 

when the true level is zero. Similarly, the y-direction measurement shows the correct y-

vibration (10mm/s amplitude) but a component at the x-vibration order of 30 mm/s 

when the true level is zero. In the absence of misalignments and noises, the resolved x-

vibration shows only a 0.5x component with the correct amplitude. And the resolved y-

vibration shows only a 1.5x component with the correct amplitude. Misalignments and 

noises result in additional uncertainties and, in the plots illustrating simulation 1, a 

resolved velocity error is formed based on the difference between the resolved velocity 

in the presence of misalignments and that without misalignments.  

 

According to the typical arrangement used for radial vibration measurements, shown in 

figure 5.3a, the first misalignments analysed are the inevitable offsets of the laser 

vibrometers with respect to the target spin axis as shown in figure 5.3b. Mathematically, 

the translational offsets modify the laser vibrometer outputs as follows: 

 

( )0yy+x=U Tx −Ω&  (5.1) 

( )0xxy=U Ty −Ω−&  (5.2) 

 

By introducing an x- offset of 0.25mm, the measured x- and y- vibrations take the forms 

shown in figure 5.4a&b, respectively. Figure 5.4a for the x- direction LDV 

measurement shows velocity components related to the genuine x- and y- vibrations 

together with small components appearing as a result of the combination of torsional 

vibrations and y- radial vibration. Figure 5.4b also shows velocity components related 

to the genuine x- and y- vibrations, together with additional components dominated by 

the effect of the radial offset, 0x , in combination with torsional vibrations.  
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Figures 5.5a&b shows how errors in the resolved x- and y- velocities vary with 0x . In 

the resolved x-velocity, the error apparent for the genuine vibration at 0.5x and a 

0.25mm offset is 5.25e-3 mm/s, corresponding to 0.0263%, increasing by the same 

amount for each additional increment in offset. In the resolved y-velocity, the error 

apparent for the genuine vibration at 1.5x and a 0.25mm offset is 0.307 mm/s, 

corresponding to 3.07%, increasing by the same amount for each additional increment 

in offset.  

 

In the resolved x-velocity, errors at 1.5x order are associated with sensitivity to y-

vibration due to the added misalignment. For 0.25mm offset, this error is 0.201 mm/s, 

corresponding to 2.01% sensitivity increasing by the same amount for each additional 

increment in offset. Similarly, the errors at 0.5 order in the resolved y-velocity are due 

to x-vibration. For 0.25mm offset, this error is 6.66e-2mm/s, corresponding to 0.333% 

sensitivity, increasing by the same amount for each additional increment in offset. 

 

Comparing figures 5.5a&b the errors detected at other orders are larger in the resolved 

y- velocity than in the resolved x- velocity. For both the resolved velocities, the biggest 

uncertainty is at the 2x component linked to the torsional oscillations used in the 

simulation. In the resolved y-velocity, this component increments by 4.67e-1mm/s for 

each increment in offset, equivalent to 1.87mm/s / mm of offset. Comparing to the 

original measured velocities, this level is higher than that seen in the larger, y- direction 

measurement by a factor 2. For the resolved x- vibration, the 2x velocity term 

increments around by 2.32e-1mm/s with each increment in offset, corresponding to 

9.29e-1mm/s /mm of offset. This level is lower than that seen in the larger, y-direction 

measurement by a factor 0.5 

 

The error measured at fourth order, again due to the torsional oscillations, is important, 

particularly for the resolved y- vibration, with sensitivity of 1.50 mm/s/mm of offset. 

 

For practical applications, the laser vibrometer is generally aligned using a translational 

linear stage on which the device is mounted. The level of offset achievable for 
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translational misalignments is around 2mm. This value can be reduced to 0.25mm by 

mounting on the laser vibrometer the device shown in figure 5.6. The device is 

composed of two mirrors inclined at 45° which reflect the outgoing beam twice, 

maintaining its initial orientation. The first mirror is fixed while the second is mounted 

on a precision translation stage which enables adjustment of the laser beam in the 

direction perpendicular to that of the laser beam direction. In this way a more precise 

translational alignment can be made. The choice of the translational misalignments was 

made considering the possibility to use this device in practical radial measurements.  

 

Figures 5.7a&b shows the measured (unresolved) x- and y- vibrations in the presence of 

offset 0y =0.25mm. Figures 5.8a&b show how errors in the resolved x- and y- velocities 

vary with 0y . In the resolved x-velocity, the error apparent for the genuine vibration at 

0.5x and a 0.25mm offset is 6.66e-2 mm/s, corresponding to 0.33%, increasing by the 

same amount for each additional increment in offset. In the resolved y-velocity, the 

error apparent for the genuine vibration at 1.5x and a 0.25mm offset is 2.01e-1 mm/s, 

corresponding to 2.01%, increasing by the same amount for each additional increment 

in offset.  

 

In the resolved x-velocity, errors at 1.5x order for 0.25mm offset due to the y- radial 

vibration is 0.307 mm/s that corresponds to single increments of around 3.07% 

sensitivity and increases by the same amount for each additional increment in offset. 

The errors at 0.5 order in the resolved y-velocity due to x-vibration for 0.25mm offset is 

0.126mm/s, corresponding to 0.634% sensitivity and increases by the same amount for 

each additional increment in offset. 

 

Comparing figures 5.8a&b the errors detected at other orders are larger in the resolved 

x- velocity than in resolved y-velocity. For both the resolved velocities, the biggest 

uncertainty is still at the 2x component due to the torsional oscillations used in the 

simulation. In the resolved x- velocity, this component increments by 0.467mm/s for 

each increment in offset, equivalent to 1.87mm/s / mm of offset. For the resolved x- 



 

Chapter 5 – Radial vibration measurements on rotors 
____________________________________________________________________________________ 

_____________________________________________________________________ 

 

 135 

vibration, the 2x velocity term increments around by 2.32e-1mm/s with each increment 

in offset, corresponding to 9.29e-1mm/s /mm of offset.  

 

The error measured at fourth order is again due to the torsional oscillations and is 

important, particularly for the resolved x-vibration with sensitivity of 1.497 mm/s / mm 

of offset. 

 

The angular offsets refer to inevitable inclinations of the laser vibrometer beams with 

respect to the x- and y- axes, making the measurement directions not perfectly 

orthogonal, as indicated in figure 5.3b. In this case, the measurements are sensitive to 

vibration sets other than that which it is intended to measure. It is possible to examine 

the effect that such misalignments have on the resolved outputs by considering that the 

y- direction vibrometer is misaligned with the y- axis by some small angles yε  and yδ  

about the z- and the x- axes, respectively, as shown in figure 5.3b. When the vibrometer 

has a misalignment yε , the measured output is derived from equation (1.9) where the 

angle yε=β −  and, neglecting the small cross-sensitivity terms, the modified version of 

the measured output becomes: 

 

[ ] [ ]zεxΩyε=U yTyy
&& sincos −−  (5.3) 

 

while the vibrometer output xU  does not change. Equation (5.3) indicates an additional 

vibration term proportional to yεsin  which will result in sensitivity to the axial vibration 

z&  applied to the rotor. 

 

Figures 5.9a&b show the measured (unresolved) x- and y- vibration for a 0.25° offset 

while figures 5.10a&b how errors in the resolved x- and y-velocities vary with yε . In 

the resolved x-velocity, the error apparent for the genuine vibration at 0.5x and a 0.25° 

offset is 2.54e-4 mm/s, corresponding to 0.00127%, increasing by the same amount for 

each additional increment in offset. In the resolved y- velocity, the error apparent for the 

genuine vibration at 1.5x and a 0.25° offset is 1.72e-4 mm/s, corresponding to 
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0.00172% and increases by the same amount for each additional increment in offset. 

These errors are very small if compared with those produced by the translational 

misalignments.  

 

Also the errors detected in the resolved x-velocity at 1.5 order and at 0.5 order in the 

resolved y-velocity are negligible. For 0.25° offset the error detected in the resolved x-

velocity at 1.5x order measures 1.15e-4mm/s that corresponds to single increments of 

around 0.00115% sensitivity while the error detected in the resolved x-velocity due to 

x-vibration for 0.25° offset is 1.27e-4mm/s, corresponding to 0.00635% sensitivity.  

 

For both the resolved velocities, the biggest uncertainty is at the 3x component due to 

the axial vibration used in the simulation. In the resolved x-velocity, this component 

increments by 0.081mm/s for each increment in offset, equivalent to 0.324mm/s / 

degree of offset. For the resolved x- vibration, the 3x velocity term increments around 

by 0.245mm/s with each increment in offset that corresponds to 0.980mm/s /degree of 

offset.  

 

The other angular misalignment investigated regards inevitable inclination of the 

vibrometer aligned to the y- direction around the z- axis. This misalignment, indicated 

as yδ , modifies the measured output as follows. From the reformulation of equation 

(1.9) in which the angle y

° δ+=α 90  and, neglecting the small cross-sensitivity terms, 

the measured output is modified as: 

 

[ ] [ ]xyδ+y+xδ=U TyTyy Ω−Ω− && cossin  (5.4) 

 

Equation (5.4) shows an additional x- radial velocity term that introduces measurement 

errors.  

 

Figures 511a&b show the measured x- and y-vibration for a 0.25° offset while figures 

5.12a&b show how errors in the resolved x- and y- velocities vary with yδ . In the 
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resolved x-velocity, the error apparent for the genuine vibration at 0.5x and a 0.25° 

offset is negligible and measures 2.19e-4 mm/s that corresponds to 0.00109% and 

shows similar increments for each additional increment in offset. Also in the resolved y-

velocity, the error apparent for the genuine vibration at 1.5x and a 0.25° offset is 

negligible with a value of 2.44e-4 mm/s, corresponding to 0.00244% and increases by 

the same amount for each additional increment in offset.  

 

The errors detected in the resolved x-velocity at 1.5x order due to the y-radial vibration 

is the biggest and for 0.25° offset measures 0.0348mm/s that corresponds to single 

increments of around 0.348% sensitivity and increases by the same amount for each 

additional increment in offset. The error detected in the resolved y-velocity due to x-

vibration for 0.25° offset is 0.0290mm/s that corresponds to 0.145% sensitivity and is 

the biggest error detected by the x- vibrometer. For other orders, the level of error 

detected is negligible.  

 

For practical applications, the angular alignment of the laser vibrometer is realized 

using the angular stage on which the device is mounted. The level of angular 

misalignment achievable depends on the kind of angular misalignment considered. For 

example, for the laser vibrometer aligned along the x- axis the angular alignment around 

the x-direction can be controlled using a spirit level and the expected uncertainty can 

vary between ±0.1°. The alignment around the y- axis, however, is critical because no 

devices can be used and it is typically performed by eye. In this case, the expected 

misalignment varies between ±0.5°. The same consideration can be made for the laser 

vibrometer aligned to the y-axis. The alignment around the x- axis is controlled with the 

spirit level while that around the z- axis is critical.  

 

Table 5.3a lists the percent errors at the genuine vibration frequencies found from this 

simulation in the presence of geometrical misalignments.  
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Table 5.3a - Single percent increments for errors at the resolved x- and y-vibrations 

 

Table 5.3b lists the percent errors at the orthogonal vibration frequencies found from 

this simulation in the presence of geometrical misalignments.  

 

 

 

 

 

 

 

 

 

Table 5.3b - Single percent increments of the residual sensitivity to the orthogonal vibration in the 

resolved x- and y-vibrations 

 

These investigations of offsets demonstrate that instrument alignment is an important 

factor worthy of attention when making such measurements. In addition to these offsets, 

additional uncertainties are introduced by the various noises that affect the laser 

vibrometer outputs. An initial distinction can be made between a random electronic 

noise and a pseudo-random noise associated with the laser speckle effect in 

measurements on a rotating target.  

 

The random electronic noise generates an underlying broadband noise floor for the 

entire frequency range investigated while the pseudo-random noise added to the two 

laser vibrometers causes errors at the target integer orders. For a target rotating at 

Misalignment Error (%) 

Type Value x-resolved  y-resolved  

x0 0.25mm 0.0263 3.07 

y0 0.25mm 0.337 2.01 

εy 0.25° 0.0012 0.002 

δy 0.25° 0.0014 0.002 

Misalignment Error (%) 

Type Value x-resolved  y-resolved  

x0 0.25mm 2.01 0.333 

y0 0.25mm 0.634 2.01 

εy 0.25° 0.0011 0.0006 

δy 0.25° 0.348 0.145 
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constant velocity, measurement experience indicates that the combination of these noise 

sources typically results in amplitude errors of approximately 6% (≈0.06mm/s) at 

integer multiples of rotation frequency with an underlying broadband noise floor of 

approximately 1% of x- resolved measurements. In the y- direction the uncertainties 

detected at the integer multiples are around 9% of the genuine y-vibration while the 

error due to the underlying broadband noise floor is approximately 1.5% of the same 

radial vibration. 

 

5.3 – Simulation 2: Errors produced by combined misalignments and 

noises in presence of single frequency radial vibrations  

In practical applications, the arrangement used to resolve radial vibrations suffers from 

the simultaneous presence of the various unknown misalignments and their combined 

effects can differ from the individual effects reported in simulation 1. For this reason, 

simulation 2 considers typical, combined misalignments to estimate the maximum level 

of uncertainty affecting typical radial measurements. In these simulations, radial 

vibrations along the x- and the y- axis plus the torsional vibrations are applied to the 

rotor, as reported in table 5.4. 

 

Rotational speed 100π4rads
-1 

Radial vibration (along x- axis) ( )xxx C+tΩBA=x cos& mms
-1 

Radial vibration (along y- axis) ( )yyy C+tΩBA=y cos&  mms
-1 

 Torsional vibrations ( ) 1rads=t −Ω 0.7 @ ½ x orders 

( ) 1rads=t −Ω 1.4 ’ 2x orders 

 

Table 5.4 – Vibration parameters used in simulation 

 

The terms xA  and yA  reported in table 5.3 are the amplitudes chosen for the x- and y- 

radial vibrations applied to the rotor, xB  and yB  are the respective orders while xC  

and yC  are the initial phases. Table 5.5 reports the realistic ranges of misalignments 

chosen for this simulation. 
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The amplitude and phase errors are automatically calculated by the simulator, which has 

been modified to run a huge number of scenarios. These errors are still RMS values and 

are defined as: 

• Amplitude Error (%) = [RMS (Resolved – Genuine)/ RMS (Genuine)]×100  

• Phase Error (%) = [RMS (Resolved – Genuine)/ 2π]×100 

 

Device Misalignments Terminology Range ∆step N. steps 

x- LDV Translational 

Angular 

 

Pseudo-random noise 

Electronic noise 

y0 

εx 

δx 

±1mm 

±0.5° 

±0.5° 

0.2 mm/s 

0.2 rad/s 

0.5mm 

0.5° 

0.5° 

0.1 mm/s 

0.1 rad/s 

5 

3 

3 

3 

3 

y- LDV Translational 

Angular 

 

Pseudo-random noise 

Electronic noise 

x0 

εy 

δy 

±1mm 

±0.5° 

±0.5° 

0.2 mm/s 

0.2 rad/s 

0.5 mm 

0.5° 

0.5° 

0.1mm/s 

0.1rad/s 

5 

3 

3 

3 

3 

LTV Speed error (%)  ±1% 1% 3 

 

Table 5.5 – Misalignments used in simulation 2 

 

Simulation 2 considers a rotor subject to single frequency radial vibrations of 

amplitudes, xA  and yA , 3mm/s or 30mm/s. The vibrations are combined to create 

scenarios characterized by amplitude ratios, yx AA / , equal to 0.1, 1 and 10. For each 

amplitude ratio, the initial phase of the y- vibration, yC , steps through values of 0°, 45°, 

90°, 135°, 180°, 225°, 270°, and 315° while that of  the x- vibration is always set to 0°. 

In this way, 24 different vibrational cases are analysed. Each simulation incorporates 

harmonic radial vibrations of the same frequency, xB = yB  in the range from 0.1 TΩ  to 

10 TΩ . This frequency range from 0.1 TΩ  to 1.5 TΩ  has been divided in steps of 

0.1 TΩ  while the range from 1.5 TΩ  to 10 TΩ  has been divided in steps of 0.5 TΩ . For 

each frequency, the errors are calculated considering over 16000 different misaligned 

situations. 
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5.3.1 –Vibrations characterized by equal amplitudes 

The first set of simulations considers radial vibrations with the same amplitudes, 

frequencies and phases. Figure 5.13a shows a typical x- velocity spectrum of the radial 

vibrations. The corresponding y- radial vibration spectrum has the same form. The peak 

at 0.1 TΩ  is the first point of these simulations. Figure 5.13b shows a typical laser 

vibrometer output directed along the x- axis obtained in the presence of x- and y- radial 

vibrations, torsional vibrations, misalignments and noises. The sum and difference 

sidebands seen are due to the combination of y-radial vibration and torsional vibrations 

as indicated by equations (5.4&5.5).  

 

The uncertainties found are shown in figures 5.14a and 5.14b. From figure 5.14a, it is 

evident that the amplitude errors determined for the resolved x- radial are very similar 

to those for the y- radial vibrations in the entire frequency range analysed. This result 

could be predicted having used the same range of misalignments for both the 

vibrometers and equal amplitudes for radial vibrations. Larger errors are visible at the 

2
nd

, 3
rd

 and 4
th

 orders with total values of 8.5%, 6% and 5% while the uncertainties 

affecting other components are smaller than 2%. The important uncertainties detected at 

the 2
nd

 and 4
th

 orders are associated with the torsional oscillations and speckle noise 

used in this simulation. In the absence of torsional oscillations these uncertainties 

should be smaller. This figure indicates that, for this application, measurements can be 

affected by high levels of uncertainty, bigger than 5%, in the frequency range around 

synchronous frequency, from 0.7x to 1.2x, and for the first 4 order components and 

negligible for the rest of the frequency range investigated.  

 

From the data, it is possible to associate the x-and y- resolved vibrations an average 

ratio of errors of 3.02% from 0.1x to 0.7x, an average ratio of errors of 3.75% for the 

range between 1.2x to 4x and an average ratio of 1.05% for the orders bigger than 4x. In 

this case, it is possible to associate. 

Figure 5.14a shows the errors in resolved outputs but also the way that the weighting 

function ( )ωW  influences these errors around the synchronous frequency. Errors 

increase significantly around the condition of synchronous vibration with an infinite 
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value at 1x due to ( )ωW . For this reason, the points at 0.9x and 1.1x have been 

eliminated in figure 5.14a.  

 

For the phase errors, figure 5.14b indicates errors for resolved x- radial and y- radial 

vibrations with levels close to or less than 1% across the frequency range investigated 

except close to 1x where the error is around 1.5%. The phase errors in each resolved 

output are different while the amplitude errors are almost the same. Larger errors are 

still at integer multiples due to torsional vibrations and speckle noise. In this case the 

average error for the x- and y- resolved phase is around0.5% for the entire order range. 

 

5.3.2 –Vibrations characterized by amplitudes with a ratio of 0.1  

The second set of simulations considers an x- radial vibration with amplitude of 3mm/s 

and a y- radial vibration with amplitude of 30mm/s, both with the same frequency. 

Figure 5.15a and 5.15b show errors in resolved outputs along the x- and y- directions. In 

the x- resolved output from 0.1x to 0.7x the uncertainty are between 4% and 11%. For 

frequencies between 1.2x and 4x the maximum uncertainties are detected at the 2
nd

 and 

the 3
rd

 velocity components with values bigger than 6%. After the 4
th

 order component 

the levels of uncertainty assume values smaller than 5%.  

 

In the y- radial resolved output the uncertainty shows similar behaviour to that found for 

the x-direction but, in this case, the values are smaller. From 0.1x to 0.7x, the errors go 

from 2% to 7%. From 1.2x to 4x the uncertainties decrease from 3% to 1% while after 

the 4
th

 order component the values remain smaller than 1% for the entire remaining 

frequency range. In this case, average ratio of errors for orders from 0.1x to 0.7x is 

around 4.37%, of 8% for the range between 1.2x to 4x and 4% for orders bigger than 

4x. 

 

The phase errors are shown in figure 5.15b. For the errors in the x-direction it is 

possible to associate an average ratio error of 0.72% from 0.1x to 0.7x, of 2.33% from 

1.2x to 4x and of 0.75% for order bigger than 4x. For the errors in the y-resolved 
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vibration, instead, the average ratio is around 0.5% from the entire range of orders 

investigated.  

 

5.3.3 –Vibrations characterized by amplitudes with a ratio of 10  

The third set of simulations performed for simulation 2 considers the same rotor and x- 

and y- radial vibrations with amplitudes of 30mm/s and 3mm/s. The errors in resolved 

outputs are shown in figures 5.16a and 5.16b and indicate that the trend for the x- 

resolved output is similar to that detected for the y- resolved output in the simulations in 

the previous sub-section. This result was predictable because similar misalignments and 

noises were chosen for both the vibrometers and similar vibrations were applied along 

the x- and the y- axis. 

 

Figures 5.14-16 are the first attempt to estimate the level of uncertainties expected in 

resolved radial vibration measurements. The study indicates that the percentage error in 

the resolved outputs depends on the ratio of vibration amplitudes that estimates of 

vibration amplitudes can be combined with typical misalignments to estimate likely 

errors, and that likely errors are generally of an acceptable level outside a range of 

1±0.5 order. The level of error detected at the 2
nd

 and 4
th

 order is linked to the torsional 

vibrations used in these simulations.  

 

5.3.4 – Further simulations with varying initial phase  

Further simulations have been performed considering different initial phases for the 

three amplitude ratios and the full range of misalignments. The overall RMS errors for 

the 8 initial phase differences differ little from those presented in figure 5.14-16. For 

this reason, figures 5.17 and 5.18 show the overall errors quantified for the resolved x- 

and y- resolved output for the ratios 0.1 and 1. These errors represent the averages of 

the various amplitude and phase uncertainties obtained for the 8 different series of 

simulations defined in section 5.3 mathematically obtained as: 

• Σ
i=1

8

[(Amplitude Error(%))i ]/8 
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• Σ
i=1

8

[(Phase Error(%))i ]/8 

 

The values of error affecting the resolved amplitudes and phases shown in figure 

5.17a&b and figures 5.18a&b obtained combined the 8 different series are very close to 

that reported for single ratio in the previous sections.  

 

5.4 – The effects of surface roughness on cross-sensitivity in radial 

vibration measurements 

Research has shown how sensitivity appears in radial vibration measurements on rotors 

with rough surfaces. Recent research has shown how cross-sensitivity does not appear 

in measurements on rotors with smooth surfaces [5.3]. This part of the research is 

focused on how surface roughness can affect the magnitude of the cross-sensitivity 

detected in radial vibration measurements on rotating targets using laser vibrometers. 

The laser vibrometer supplies a beam with a Gaussian intensity profile. When the beam 

is normally incident on a flat, smooth surface, the reflected light collected through the 

aperture of the laser vibrometer has an effective centre that coincides with the centre of 

the beam intensity distribution (the peak of the Gaussian curve). As surface roughness 

increases, speckle begins to form until roughness reaches a level comparable with 

wavelength and a fully developed speckle pattern is formed. In all these cases, the 

effective centre of the beam (based on light collected) is the same as the geometric 

centre of the beam.  

 

The situation is not so simple when the target surface has a curvature, like a rotor. In 

this case, the effective centre of the beam, based on collected light, depends on the 

curvature and roughness of the target, on target motions and on the direction of the 

incident beam. How the effective centre of the beam changes in relation to all these 

parameters is hard to quantify.  
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A simple representation of how the effective centre of the beam can differ from the 

actual centre of the beam on a smooth, circular rotor is shown in figure 5.19. When the 

laser beam is aligned to a smooth rotor, there is the tendency to collect light only from 

the portion of the incident beam close to and aligned with the line passing through the 

centre of the rotor, as shown in figure 5.19a. In this case the effective centre of the beam 

is the same as actual centre of the beam. When the laser beam is not aligned with the 

centre of the rotor, however, the actual centre of the beam moves away from the line 

passing through the centre of the rotor but wavelets of the incident beam always from 

the centre line have the tendency to be reflected away from the collecting aperture. This 

draws the effective centre of the beam away from its actual centre and back towards the 

rotor centreline. In the extreme, only the ray passing along the rotor centreline is 

collected by the aperture regardless of radial target vibration orthogonal to the incident 

beam and cross-sensitivity is eliminated.  

 

For a rough rotor (or retro-reflective tape), the effective centre of the beam is always the 

same as the actual centre of the beam because light is scattered from all regions of the 

illuminating beam and collected by the aperture. This results in cross-sensitivity to 

radial vibration perpendicular to the laser beam direction as explained in section 1. 

 

Thus, for a laser beam incident on a circular rotor, the effective centre of the beam 

moves from the line passing through the centre of the rotor to the geometric centre of 

the beam as surface roughness increases from smooth to rough. To predict 

mathematically how the effective centre of the beam moves is not currently possible and 

so the degree of cross-sensitivity encountered cannot be predicted either. The only way 

to investigate the relationship between cross-sensitivity and surface roughness in radial 

vibration measurements on rotors is experimentally. 

 

5.4.1 – Experimental study  

Experimental measurements have been conducted using the arrangement shown in 

figure 5.20. A rotor with a defined surface roughness is rotated by an electric motor 

using a flexible belt. The rotor system is mounted on a linear guideway and excited by 
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an electromagnetic shaker along a single radial direction only. This direction is defined 

to be the x- axis while the rotor spin axis is defined as the z- axis. The rotor is mounted 

in bearings that can be opened in order to change the test rotor while maintaining 

alignment of the laser vibrometers. 

 

The laser vibrometers are positioned along the x- and the y- axes, respectively, 

reproducing the optical arrangement used to resolve the radial vibrations. With x- radial 

vibration only, the vibrometer aligned along the x- axis registers the correct 

measurement under the rotating condition. The vibration in the y- direction is zero but 

cross-sensitivity causes a velocity term (related to xΩ  see equation (1.12)) to be 

detected at the vibration frequency. The laser vibrometers used are Polytec OFV400 

Rotational Vibrometers (2 parallel beams) with one of the beams capped to configure 

the instruments for translational vibration measurements. The beam diameter is around 

700µm at the stand-off distance of 0.7m used in these experiments.  

 

On the y- laser vibrometer was mounted the optical device shown in figure 5.6 which 

enables better alignment with the rotating target. The y- laser vibrometer is aligned such 

that translation of the second mirror in the device moves the beam in the x- direction, as 

shown in figure 5.20. In this way, measurements can be made at different points located 

on the rotor circumference.  

 

The test rotors are steel cylinders of diameter 3 cm, length 10cm and surfaces with 

roughness (Ra) in a range between very smooth (9nm) and rough (≈1µm). In addition to 

the surface roughness, the roundness values of the test rotors are also known although a 

control of the roundness in the area where the measurements were taken was not 

possible. Table 5.6 reports the values of surface roughness and roundness for the test 

rotors.  
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Sample Roughness (nm) Roundness (µm) 

  Long end (µm) Short end (µm) Average (µm) 

1 9 7.14 6.48 6.81 

2 12 5.07 4.84 4.93 

3 65 27.35 22.25 24.8 

4 87 11.22 14.34 12.7 

5 263 1.67 1.02 1.34 

6 431 3.69 1.96 2.82 

7 903 5.25 8.16 6.70 

8 Reflective tape    

 

Table 5.6 – Roughness and roundness of the test cylinders 

 

The procedure used in these tests is in two steps. The first regards identification of the 

point illuminated for alignment of the laser beam through the centre of the rotor. During 

the initial measurements, it was noticed that, when moving the y- laser vibrometer along 

the x- direction, the magnitudes of the cross-sensitivity increased for illuminated points 

away from a line through the centre of the rotor with a minimum for the illuminated 

point closest to a line through the rotor centre. 

 

To investigate how the cross-sensitivity changes in relation to the surface roughness, the 

alignment from which the lowest cross-sensitivity was detected has been assumed to be 

that which is closest to a line passing through the centre of the rotor and, from this 

point, 6 other measurements were taken moving the y- laser vibrometer left and right 

along the x- direction, in steps of 0.25mm. 

 

Each rotor was excited at three different frequencies, 15Hz, 30Hz and 50Hz, and rotated 

at 20Hz. These frequencies were chosen deliberately to avoid speckle noise. For each 

excitation frequency, three measurements were taken at each location for each test rotor. 

In each case, the ratio of the measured y- vibration to the value xΩ  associated with full 

cross-sensitivity was calculated as: 
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( )

( )
V

f=fx

V

V
f=fy

U
w

U
=R

Ω

~

 (5.5) 

 

This ratio R  assumes values between zero, for no cross-sensitivity, and 1 for full cross-

sensitivity. 

 

5.4.2 – Consideration of the form of the intensity patterns  

Figure 5.21 shows typical backscattered intensity patterns for different surface 

roughness/treatment. The intensity profile produced by a very smooth rotor comprises 

specular reflection forming a single narrow line. If the reflection is not centred on the 

vibrometer aperture and the extent of the reflection is greater than the aperture, light is 

collected only from a limited part of the incident beam. In this case, the effective centre 

of the beam is not coincident with the geometric centre of the beam. During target 

rotation, the intensity pattern moves noticeably and rapidly up and down on the second 

reflecting mirror of the vibrometer alignment optics. This motion is due principally to 

the vibration of the rotor. This means that during the measurement the light collected by 

the laser vibrometer originates from different areas within this specular reflection, at 

different times in the vibration cycle. If the reflected light moves too far from the centre 

of the aperture, poor measurements can result. Out-of roundness can also modify the 

direction of the reflected light and result in poor measurements.  

 

Figure 5.22a shows the output from the laser vibrometer directed along the y- axis taken 

on a point away from the best measurement point on a smooth rotor (bad alignment). 

The figure shows many signal drop-outs.  

 

With increasing surface roughness, a partially developed speckle pattern appears in 

combination with a less distinct specular reflection. A fully developed speckle pattern 

appears in the presence of optically rough rotors. Collecting light from a fully 

developed speckle pattern is equivalent to collecting light from all points of the incident 

beam. During target rotation, it was noticed that the intensity envelope of the speckle 
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pattern produced by a rough surface maintained its position centred on the collecting 

aperture which means that the effective centre of the beam is close to the geometric 

centre of the beam. Moreover, the resulting signal amplitude was typically higher than 

in measurements on smooth surfaces because adequate light intensity was collected at 

all times preventing drop-outs. Figure 5.22b shows the y- laser vibrometer signal output 

taken on a rough rotor at a measurement point different from that of the best alignment 

and shows no drop-outs, in contrast to figure 5.22a for the smooth surface. For a good 

alignment, it was always possible to have good signal for a rough surface. For smooth 

rotors, however, the alignment was often critical and complicated by the vibration 

added to the rotor which causes the reflected beam to move away from the collecting 

aperture.  

 

5.4.3 – Experimental data 

The perpendicular distance between the effective centre of the beam and the line 

passing through the centre of the rotor affects the magnitude of the detected cross-

sensitivity. Figures 5.23a and 5.23b show the time and the frequency domain for the y- 

measurement taken at the point with the lowest cross-sensitivity on a rotor with surface 

roughness Ra=9nm which rotates at 20Hz and vibrates at 15Hz along the x- axis. 

Figures 5.24a and 5.24b show the same measurement taken at a point situated at a 

distance of 0.25mm from the previous point under the same rotor conditions. The 

figures indicate a difference in amplitude and shape between the two output signals. For 

the incident point considered as that of best alignment, the signal range is around ± 

2mm/s while for the other point, drop-outs are prominent. The magnitudes of the cross-

sensitivities expressed as a ratio and detected at 15Hz are respectively 0.06 and 0.56. 

Figures 5.25a and 5.25b show the time and frequency domain for the measurement 

taken along the x- axis where the genuine vibration measures 10.8mm/s.  

 

Figure 5.26a shows the ratios calculated for the cylinders of varying roughness with 

vibration at 15Hz. The figure shows how magnitudes of the cross-sensitivity progress 

with changing roughness. When the roughness is Ra=9nm, the magnitudes of the cross-
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sensitivity are smaller than 0.01 around the position of best alignment but then increase 

rapidly moving from this point.  

 

The ratios estimated for the rotor with roughness of Ra=12nm show a behaviour similar 

to that of the smoothest rotor. The same can be said for the rotor with roughness of 

Ra=65nm although the curve seems less flat. As surface roughness increases further, the 

measured cross-sensitivity magnitudes become bigger. For Ra between 0.1µm and 

0.5µm, the measurements indicate ratios between 0.1 and 0.5 with more variability 

away from optimum alignment than for the very smooth cylinders. The ratios seem 

smaller for alignment through the centre of the rotor because of the influence of 

specular reflection. Away from this alignment, scatter is more diffuse and ratios 

increase but in both cases it is difficult to predict the values of the cross-sensitivity and 

no mathematical models can help to define these uncertainties.  

 

The final test was conducted on a rotor coated with retro-reflective tape.  In this case, 

the ratios are close to 1 and the different positions tested on the rotor circumference 

gave similar values. In this case, it is not essential to perform a perfect alignment 

because the various locations will give more or less similar results for the cross-

sensitivities. 

 

When the rotors are excited with frequency of 30Hz and then of 50Hz, the ratios found 

are very similar to those just analysed. Figure 5.26b reports the data for vibration at 

30Hz, while figure 5.26c shows data for vibration at 50Hz. All measurements were 

made for vibrations which similar amplitudes, around 12mm/s. 

 

The data presented demonstrate the merit in making Laser vibrometer measurements of 

radial vibration from polished circular rotor surfaces because the cross-sensitivity 

exhibited is negligible for roughness up to 65nm. Recommendations are: 

� when measurements are taken on a very circular, polished rotor (Ra≤65nm), the 

cross-sensitivities are negligible (ratio close to zero) and measurements can be made 
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without the need for resolution. In this case, however, it is necessary to assure 

careful alignment between laser beams and rotor to maintain signal quality; 

� when measurements are taken on surfaces coated in retro-reflective tape, the ratio is 

1 and reliable. Post-processing of the measurements with the mathematical 

algorithms cited in chapter 1. Alignment through the centre of the rotor is necessary 

to minimise errors in resolved outputs as indicated in section 5.3; 

� in other cases, including surfaces with roughness around 1µm which should 

generate fully diffuse scatter, an unpredictable but significant level of cross-

sensitivity is encountered and reliable measurements cannot be made. 
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Chapter 6 

 

Discussion and conclusions 

 

 

 

 

 

6.1 – Summary  

This thesis has investigated two main areas of LDV applications. The first one has 

presented theoretical and experimental work to model optical arrangements of relevance 

in scanning, steering and tracking LDV applications. The second has investigated the 

uncertainties affecting radial vibration measurements on rotating components. In both 

areas, misalignments are of central importance and the resulting effects have been 

analysed and quantified.  

 

6.2 – A new mathematical procedure to model LDV performance 

This project has presented a novel mathematical procedure to model LDV systems. The 

method has been formulated with scanning LDV systems in mind but can be used to 

model any optical arrangement. The technique uses a vector expression of Snell’s Law 

and rotation matrices to determine the orientation of a deflected laser beam, uses vector 

positions and surface normals modified by rotation matrices to incorporate the 

inevitable misalignments affecting optical devices, traces beam paths using vector 

polygons and integrates directly with the Velocity Sensitivity Model to predict the 

measured velocity. The velocity measured results from the combination of Doppler 

shifts at deflecting optics as well as at the target. The technique enables, for the first 

time, quantification of the effect of the scanning head itself on the measured velocity. 
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The analysis of misalignment effects enables identification of the devices with the most 

critical alignment. Sensitivity to different target vibration components, both desired and 

undesired, can also be made. Such information helps to optimise alignment efforts and 

interpret measured data correctly. 

 

The first system analysed with the new approach was an arrangement incorporating a 

steering mirror. The equation for measured velocity in the presence of vibrations of the 

mirror and target vibration was formulated. The equation expresses the measured 

velocity as a combination of the dynamic behaviours of the vibrating devices, the target 

and the mirror, with misalignments between the devices seen to introduce uncertainties 

in the measured velocity. Experiments confirmed the theoretical predictions and showed 

that measurements can be corrected for vibration of a steering mirror  

 

The method was next applied to a novel scanning arrangement based on a rotating 

wedge. Rotating the wedge in the same direction and at the same rotation frequency as 

the target the scan pattern results in a circular beam path on the target suitable for 

tracking applications. The derived model shows the algebraic complexity of a 

mathematical description of the system but describes completely and without any kind 

of approximation the scan pattern and the velocity measured in presence/absence of 

misalignments and target vibrations. The model is easily implemented in Matlab to run 

simulations. 

 

In the absence of misalignments, vibration measurements made on a rotating but not 

vibrating target indicate no measured velocities. Misalignments result in Doppler shifts 

at the wedge surfaces as well as the target due to its rotation and can introduce 

additional harmonics and a DC term in the measured velocity. The level of uncertainty 

introduced depends on how the misalignments are combined. Experiments made on a 

test rig developed for this project have confirmed the theoretical predictions in the 

presence of known misalignments added to the laser head and scanning wedge.  
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6.2.1 – Results from the SLDV systems 

Chapter 3 analysed three different scanning LDV systems suitable for scanning and 

tracking applications on rotating targets. For each system, mathematical models were 

formulated with the new procedure. The main effects of misalignments are to introduce 

additional low order harmonics and a DC term in the measured velocity. The level of 

uncertainty affecting typical applications on a rotating but not vibrating target has been 

determined from different scenarios characterized by realistic combined misalignments. 

 

Initially, the well-known dual mirror SLDV system was modelled. The analysis showed 

the presence of the 2x velocity term always detected in circular tracking applications. 

Simulations made of circular tracking applications on a rotating target have supplied 

similar results to those found in literature and confirmed the validity of the new model. 

The results indicate the 1x velocity component as the greatest uncertainty affecting the 

system. Simulations made considering different scenarios in the presence of combined 

misalignments indicate for the 1x velocity term a magnitude around 1.38e-1mm/s/rad/s 

for applications with a circular scan pattern of radius 5cm. Smaller values were detected 

for the DC and the 2x velocity terms. An analysis of single misalignments indicates that 

all the optical devices have critical alignments and have effects on the 1x velocity term.  

 

Although the sensitivity of the system to different target vibrations depends on 

configuration, investigations showed a value over 99.8% to whole-body out-of-plane 

vibrations and values around 2% for whole-body in-plane target vibrations. In the 

frequency spectrum, any harmonic out-of-plane vibration provides a single peak at 

vibration frequency while in-plane vibrations appear as sidebands at ± � T  around the 

genuine vibration frequency with similar amplitudes.  

 

The second system analysed in chapter 3 was a novel dual-wedge SLDV system. The 

system incorporates two rotating wedges to deflect a laser beam towards the target. The 

system can be used for vibration measurements on a rotating target because of its 

flexibility to describe different scan patterns but it can make other scan patterns suitable 

for rotating and not-rotating targets. The system was analysed for the first time as an 
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alternative solution to the dual mirror SLDV. The formulated mathematical model 

indicates the complexity of the system but described completely the scan pattern, the 

measured velocity and the misalignment effects without any approximation.  

 

Investigations were concentrated on circular tracking applications on a rotating target in 

presence/absence of vibrations and misalignments. The simulated data showed that, for 

a zero misalignment configuration and in the absence of target vibrations, no velocities 

are measured. Misalignments are responsible for Doppler shifts at the wedge surfaces 

and target introducing a DC term and additional harmonics in the measured velocity. 

Simulation of various scenarios characterized by realistic misalignments showed the 1x 

velocity term as the greatest uncertainty expected in measurements with both wedges as 

the devices with the most critical alignment. The sensitivity to whole-body out-of-plane 

target vibration is around 99.8% while the sensitivity is around 2% for whole-body in-

plane vibrations for the investigated case. The sensitivity depends on the geometry of 

the system and, in particular, on the initial value of the wedge angular position ∆φ  

which defines the dimension of the scan radius. Harmonic in-plane vibrations are 

characterized by a pair of sidebands with almost similar amplitudes while any harmonic 

out-of-plane vibration appears as a single peak at the vibration frequency in the 

measured velocity spectrum.  

 

Experimental tests made to quantify the uncertainties in the presence of known 

misalignments added to the optical devices have indicated a good correspondence with 

theoretical results. During the tests, uncertainties due to known misalignments added to 

the laser head-wedges were quantified for measurements made on a stationary target 

and a rotating disk with and without vibrations. The tests confirmed the 1x velocity term 

as the largest uncertainty affecting the system in the presence of misalignments and 

confirmed the presence of sidebands in the presence of in-plane target vibrations. The 

test rig for the single/dual wedge SLDV realized for this project is a prototype and 

works only for circular tracking applications. Further development needs to reach high 

rotational speeds and/or to trace scan patterns different from the circular scan. The 
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flexibility of the system makes this arrangement one of the best alternative to the dual 

mirror SLDV system.  

 

The third system analysed in chapter 3 was the Dove prism scanning system. The 

arrangement is based on a rotating Dove prism to deflect the beam towards the target. 

The analysis suggests circular tracking applications can be made with the system only 

when the prism is rotated at half the target rotational speed. A circular scan pattern 

composed of two distinct circles is traced on the target but because the distance between 

the two circles is negligible compared to the scan pattern dimension, it is possible to 

consider the scan pattern as a single circle. The initial alignment of the laser beam 

controls the scan radius. Suitable alignments are translations or rotations of the laser 

head along or around the x- and y- axes such that the initial beam path deviates from the 

optical axis of the system. The choice of the alignment affects not only the dimensions 

of the scan pattern but also the measured velocity and the sensitivity to target vibrations.  

 

When the system is aligned by translating the laser head along the x- and y- axes, there 

is sensitivity to out-of-plane target vibrations but not to in-plane vibrations. 

Configurations aligned by rotating the laser head around the x- and y- axes shows a 

single peak at the vibration frequency associated to the out-of-plane vibration with a 

sensitivity around 99.9% and sidebands linked to the in-plane vibrations with sensitivity 

around 2%.  

 

The model formulated for the system describes completely the optical arrangement in 

terms of scan pattern, measured velocity and beam path including misalignment effects. 

Simulations made on different scenarios characterized by combined misalignments 

indicated a DC and 1x velocity term as the main uncertainties for the system. The 1x 

velocity term was the largest uncertainty found in typical applications, with values 

around 1.01e-1mm/s/rad/s, while the translational and angular alignment of the prism is 

critical for the system. An optical scanning system based on the Dove prism 

configuration is already commercially available and used for circular tracking 

applications on high speed rotating components.  
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Comparison of the levels of uncertainty due to misalignments detected for the three 

scanning LDV systems suggested that, in terms of 1x velocity term, the systems can be 

considered as almost similar although for typical, realistic misalignments the values 

predicted for the dual mirror SLDV are the biggest. While for the dual mirror SLDV all 

the optical devices are critical for the alignment, for the dual wedge and the Dove prism 

the alignment is critical for the deflecting optics.  

 

The sensitivity to the out-of-plane target vibrations are almost similar and depend on the 

geometry chosen for the various systems. Anyway, all the systems indicate a very small 

sensitivity to in-plane target vibration and this is a negative aspect because the 

arrangements have been developed to measure out-of-plane target vibrations.  

 

6.2.2 – Results from the self-tracking LDV systems 

In chapter 4, the self-tracking LDV systems of Lomenzo and Sever were analysed using 

the new approach. Self-tracking LDV prototypes were developed by their inventors but 

no commercial systems were realised. The self-tracking systems are very useful in 

applications with target of big radial dimensions, such as a turbine. Simulations were 

made to quantify the effects of misalignments in circular tracking applications on 

rotating targets in the presence/absence of target vibrations.  

 

In the absence of misalignments, neither system measures any velocity on a rotating 

target without vibration. Additional terms appear in the measured velocity spectrum in 

the presence of misalignments. For both systems, the 1x velocity term is the main 

uncertainty introduced by misalignments which also causes displacements of the scan 

pattern in the target plane. The data show that for the configuration proposed by 

Lomenzo the alignment of the fold mirror is the most critical while for the arrangement 

proposed by Sever the vertex mirror is the critical component. 

 

The models derived for the arrangements are similar but the performances show 

different results. In the presence of harmonic in-plane and out-of plane target vibrations 

and a z- vibration due to the target flexibility, the Lomenzo system perfectly aligned 
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shows sensitivity around 98.6% to the out-of-plane vibration due to the target 

flexibility, is sensitive to the in-plane target vibrations due to the target flexibility, 

shows a sensitivity around 297% to the whole-body out-of-plane target vibration and is 

insensitive to the whole-body in-plane target vibrations. This high value found for the 

target vibration can be explained considering that the target and the vertex mirror are 

attached and that the relative Doppler shifts produced at the vertex mirror and the target 

are combined. The system, moreover, results insensitive to in-plane vibrations.  

 

In the presence of inevitable misalignments, the direction of the incident beam changes. 

For an angular misalignment added to the laser head, the system indicates that 

sensitivity to the out-of-plane target vibrations does not change but many smaller 

sidebands are introduced. The harmonic in-plane flexible vibration, instead, produces a 

single peak of magnitude 0.34% of the genuine vibration.  

 

Adding the same target vibrations to a Sever system perfectly aligned, it results that the 

whole-body out-of-plane vibration produces a single peak of magnitude around 200% of 

the genuine vibration due to the fact that the target and the vertex mirror are attached. 

The whole-body in-plane vibration results in two sidebands with sensitivity around 50% 

of the genuine vibration. The out-of-plane vibration due to the target flexibility results 

in a single peak of amplitude equal to the genuine vibration. The system results 

insensitive to the in-plane target vibrations due to the target flexibility.  

 

The presence of an angular misalignment added to the laser head determines the 

presence of many additional terms. In particular, the sensitivity to whole-body out-of-

plane vibration does not change but sidebands of amplitude around 1.75% of the 

genuine z-vibration are detected. The sensitivity to the out-of-plane vibration due to the 

target flexibility does not change. The in-plane vibration, instead, produces a single 

peak with amplitude around 0.52% of the genuine vibration plus many sidebands. The 

biggest sidebands have amplitude around 50% of the genuine whole-body in-plane 

vibration. The misalignment determines the presence of a single peak at the frequency 
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of the flexible in-plane target vibration with sensitivity around 0.7% of the genuine 

vibration.  

Comparing the level of uncertainty detected for the self-tracking systems to those 

determined for the other tracking LDV systems, the data indicated that self-tracking 

systems are more sensitive to misalignments and the presence of many sidebands makes 

hard the understanding of the vibration measurements. 

 

6.3 - Investigations of cross-sensitivity in radial and pitch/yaw vibration 

measurements 

The second part of the thesis considers the cross-sensitivity associated with radial and 

pitch/yaw vibration measurements on rotating components. As known from literature, 

the resolution of individual radial or pitch/yaw vibration components, based on 

measurements taken directly from a rotor, requires post-processing of two orthogonal 

measurements combined with a rotation speed measurement.  

 

The chapter 5 concentrated on the effects of the misalignments in the individual radial 

and pitch/yaw vibration measurements on the final resolved output. An existing 

simulator developed in Labview to reproduce typical radial vibration measurements 

using two orthogonal laser beams was modified. The simulator enabled investigation of 

different scenarios characterized by single or combined sources of error affecting the 

measurements. 

 

Initial investigations were made to quantify the uncertainties produced by single sources 

of misalignment in the resolved vibration amplitudes but, in practical applications, it is 

more realistic to assume combined misalignments. For this reason, simulations 

combining misalignments and measurement noise in radial vibration measurements on a 

rotor subject to orthogonal sinusoidal radial excitations were made.  
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In the presence of radial vibrations with the same phase, amplitude and frequency, 

typical uncertainties around the 1
st
 order assumed very high values. This behaviour was 

expected and indicates that synchronous vibration measurements cannot be made.  

 

Uncertainties between 8.5% and 5% were found in the resolved amplitudes at the 2
nd

, 

the 3
rd

 and the 4
th

 order. The 2
nd

 and the 4
th

 orders are associated with the torsional 

oscillations and speckle noise used in the simulations. Beyond 3
rd

 order, uncertainties 

are less than 2%. The data an average ratio of errors of 3.02% from 0.1x to 0.7x, an 

average ratio of errors of 3.75% for the range between 1.2x to 4x and an average ratio of 

1.05% for the orders bigger than 4x. In this case, it is possible to associate. 

 

For the resolved phases the error was around 1% for the entire frequency range tested 

(up to 10
th

 order) with the exception of the uncertainties found around the 1
st
 order 

component that assumed high values. The data suggest that for this scenario no data 

from the resolved measurements have to be neglected, with the exception of resolved 

components around the 1
st
 order. 

 

In the presence of radial vibrations with the same frequency but different amplitudes, 

amplitude errors above 7% appear across the first 3 orders in the resolved radial 

vibration with the smaller amplitude. A similar behaviour was found in the resolved 

phases with errors above 1.5% for the first 3 orders.  

 

The second part of the chapter concentrated on the relationship between surface 

roughness and the cross-sensitivity encountered in radial vibration measurements on 

rotors. Experiments showed that the magnitude of the cross-sensitivity in radial 

vibration measurements is affected by the surface roughness of the tested rotor. When 

radial vibration measurements are taken directly from a rotor, the effective centre of the 

beam, based on collected light, depends on the shape and roughness of the target, on 

target motions and on the direction of the incident beam. Unfortunately, how the 

effective centre of the beam changes in relation to all these parameters is hard to 

quantify. Theoretically, for an aligned laser beam the effective centre of the beam 
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moves from a line passing through the centre of the rotor for a smooth, circular rotor to 

the geometric centre of the beam for a rough rotor with arbitrary cross-section.  

 

For this reason, experimental tests were made on rotors with roughness (Ra) in a range 

between very smooth (9nm) and very rough (1µm) and covered by a retro-reflective 

tape excited along a radial direction (the x- axis) and measured along the x- and the y- 

axes. Measurements have been used to determine the ratio between the measured y- 

vibrations to the value of Ωx associated with full cross-sensitivity.  

 

Tests have considered three different vibration frequencies and the effect of offset along 

the x- direction of the laser beam for the y-vibration measurement. The data showed that 

the cross-sensitivity is very small for smooth rotor surfaces but increases with surface 

roughness or when retro-reflective tape is attached at the target. Frequency of vibration 

made no difference to cross-sensitivities. 

 

The tests suggested that for a very circular, polished rotor the cross-sensitivity was 

negligible and measurements could be quantified without the need for additional 

processing of the LDV outputs. For surface coated in retro-reflective tape or rough 

rotors, the level of cross-sensitivity was close to 1. Measurements can be made but post-

processing of the LDV outputs is required. When the rotor surface roughness assume 

values in between the two extremities, the level of the detected cross-sensitivities 

depends on many factors such as the rotor roughness, the roundness of the target, the 

presence of unknown offsets or misalignments, the amplitude of the radial excitation 

(which can result in drop-outs) and it is unpredictable. In these cases, reliable 

measurements cannot be made.  

 

6.4 – Conclusions 

The first main objective of this study was to develop a novel way to model any optical 

LDV systems suitable for vibration measurements on rotating and not rotating targets 

which can also incorporate a full list of misalignments. This task was achieved by 

proposing a new procedure that introduces geometrical misalignments as position 
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vectors and rotational matrices to determine the direction of the incident laser beam. 

The models derived integrate completely with the Velocity Sensitivity Model to predict 

the velocity measured by the single beam. The novel framework was successfully 

applied to various LDV optical schemes and investigations led to the following 

conclusions: 

• For the steering mirror scanning system, the velocity measured by the LDV system 

is a combination of the vibrating devices, target and deflecting mirror. Experimental 

results confirm the theoretical predictions and show that the LDV vibration 

measurement can be corrected measuring directly the vibrations of the steering 

mirror. 

• New models were developed for the dual mirror, the Dove prism and the self-

tracking SLDV systems. The models describe completely the scan patterns and the 

measured velocity spectrum in the presence of single /combined misalignments and 

target vibrations without any kind of approximation. For circular tracking 

applications on rotating targets, investigations show additional velocity terms at the 

target rotational order and harmonics in the measured velocity spectrum as main 

effects of misalignments. These velocity terms can be reduced with a careful 

alignment of the optical devices. Misalignments introduce also sidebands at ±ΩT 

around the genuine in-plane target vibration frequency and reduce the sensitivity of 

the system to out-of-plane target vibrations. All these information can be used by 

the user to realize better alignments and interpret the measured data. The successful 

application of the procedure to various LDV systems and investigation of sensitivity 

to misalignments and target vibrations fulfil one of the main objectives of the 

project and demonstrate the value of the work. 

• Optical systems incorporating a single or two rotating wedges have been 

investigated for the first time as possible scanning LDV systems suitable for 

tracking applications on rotating targets. Mathematical models able to describe 

completely the systems without any approximation were developed. Investigations 

indicate the misalignment of the wedges as the major source of uncertainty an 

additional velocity term at 1x is the biggest uncertainty in the measured velocity 

spectrum. This velocity term can be reduced through a careful alignment. Prototypes 
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of the systems were expressly developed for this work and used to validate 

theoretical predictions of misalignment effects. Experimental and theoretical results 

show a good correspondence for the estimated Doppler shifts generated by the 

rotating wedges and for the velocity measurements made on a rotating target in the 

presence of known misalignments. The complete analysis indicates the dual wedge 

SLDV as a valid alternative to the dual mirror SLDV system for vibration 

measurements on rotating targets. 

 

The second main objective of this study was to investigate the effects of combined 

realistic misalignments and surface roughness on the accuracy of the radial vibration 

measurements directly from rotors using LDV. Simulations showed as the level of 

uncertainty increases around the condition of synchronous frequency reducing the 

estimation of the measured velocity around this range. Investigations led to the 

following conclusions: 

• For radial vibrations with different frequencies and amplitudes, single translational 

misalignments result in uncertainties at the genuine vibrations and in an increment 

of the sensitivity to orthogonal vibrations. 

• For radial vibrations with different frequencies and amplitudes angular 

misalignments can generate an increment of the sensitivity to the axial vibration 

which results in additional velocity terms.  

• For radial vibrations with similar frequencies and amplitudes, combined 

misalignments generate similar uncertainties along the measuring directions. 

Investigations indicate an average uncertainty around 3-3.75% in the resolved 

amplitudes from order components between 0.1x to 4x and uncertainties less than 

1.05% for higher orders. Average uncertainties around 1% are detected for the 

resolved phase for the entire frequency range tested (up to 10th order). 

• In the presence of radial vibrations with the same frequencies but different 

amplitudes, combined misalignments generate different uncertainties. The ratio 

between the uncertainties is proportional to the ratio between the amplitudes of the 

chosen radial vibration. Investigations show an average uncertainty for the 

amplitude and the phase above 7% and 1.5% across the first three orders in the 
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resolved radial vibration components with the smaller amplitude. For the vibration 

component with bigger amplitude, the amplitude and the phase errors are smaller 

than 1% for the entire frequency range tested.  

• Experimental investigations made to investigate surface roughness effects on the 

cross-sensitivity show that direct measurements can be made without additional 

processing of the LDV outputs only on very circular, polished (Ra<65nm) rotors 

because the cross-sensitivity encountered is negligible. For rough (Ra>900nm) 

rotors or those coated in retro-reflective tape, however, post-processing of LDV 

outputs is necessary. For rotors with surface roughness with values between the two 

extremes, the level of the cross-sensitivity depends on many factors and is 

unpredictable such that reliable measurements cannot be made. 

 

6.5 – Recommendations for future work 

The overall project was very extensive but both main objectives were achieved. 

Nevertheless, some aspects can be studied further and improved.  

 

In chapter 2, the mathematical model formulated for the steering mirror was validated 

by experimental tests made on a steering mirror that is vibrated along a single direction. 

In practice the arrangement can also be used to realize a line scan rotating the mirror 

around one axis, as for the dual mirror SLDV system. In this case, further theoretical 

predictions and experiments should be made to validate the model and the procedure 

proposed to correct the vibration measurements in the presence of angular oscillations. 

In this way, the analysis of this optical arrangement which can be useful for many 

applications can be completed.  

 

For the single and dual wedge SLDV system, further work is necessary to develop the 

test rig. The investigations reported in chapter 3 show that the wedge SLDV system is 

an alternative to the dual mirror SLDV system in applications with very high speed. The 

potential of the dual wedge system for applications with high speed requires 

demonstration in a test rig which can reach rotational frequency in excess of 50Hz. At 

the moment, however the test rig used for the tests was good enough to validate 
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theoretical predictions but only runs at very low speeds and does not incorporate a 

precise alignment procedure to minimise the misalignment effects.  Now that the 

components whose alignment is critical can be identified, the new solution should be 

designed to minimise critical misalignments to include a practical alignment procedure. 

This might position the laser head and the wedges in one sub-system to enable a good 

alignment between these devices and reduce the Doppler shifts at the wedges. A 

possible alignment procedure could be realized in two steps. The first requires 

alignment between the laser head and the wedges using a stationary retro-reflective 

panel in front of the target. When the panel is removed the laser head-wedge sub-system 

can be aligned to the target. In this way, the mathematical description which defines the 

measured velocity will have only four misalignments: two translational along the x- and 

y- axes and two angular around the x- and y- axes. Running real experiments and the 

use of the mathematical model the misalignments can be found and the alignment 

corrected.  

 

Since the goal of the new design is to achieve high rotational speeds to perform 

vibration measurements, the new test rig will require a powerful motor. The choice to 

have the wedges, the motor and also the set of gears to rotate the wedges in the same 

test rig could result in the presence of noise and additional velocities in the measured 

velocity. These additional terms can be easily distinguished from the target vibrations or 

the effects of misalignments but the development of the test rig requires a careful 

design. Moreover, the realization of scan patterns different from circular, such as the 

line tracking suitable to measure the dynamic behaviour of a blade turbine, requires that 

the two wedges are independently rotated and this solution requires a further 

development on the design and the electronic of the test rig. These goals could be 

achieved by a next project. 

 

For the Dove prism scanning system, the mathematical model predicts uncertainties due 

to misalignments. Recently, a commercial scanning system based on a similar 

arrangement was commercialized. Theoretical prediction of measured velocity circular 

tracking applications from the mathematical model might be compared to experimental 
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tests performed using the real system. Knowledge of the most critical device and also 

the development of an adequate alignment procedure can be could help to realize a good 

alignment for more accurate applications. 

 

For the self-tracking LDV systems, the proposed models need further developments in 

order to realize more complex scan patterns suitable for different applications such as 

the line scanning. Theoretical predictions of the measured velocities could be compared 

to experimental data found in literature and used to define an alignment procedure to 

correct the alignment and obtain more accurate measurements. 

 

The mathematical models developed for the various scanning systems can be developed 

into a software. In particular, the software should operate as a simulator rather than as a 

data acquisition for scanning vibration measurements. Target velocities and 

misalignment effects can be predicted while real measurements are acquired. The 

analysis of the real measurements and the comparison to predicted data can provide 

useful information regarding the alignment of the system. Moreover, by developing an 

algorithm that determines the main misalignments from the measured velocity, useful 

indications towards a better alignment for more accurate measurements can be obtained. 

If realised, this software could become a very useful tool for scanning and tracking 

vibration measurements.  

 

In chapter 5, the analysed showed that it is possible combine knowledge of expected 

misalignments and noise with approximate values of vibration amplitudes and phases to 

calculate expected errors in the amplitude and phases of resolved vibration components. 

This could be developed into a software comparison for LDV users. For radial 

measurements on rotors, further tests are necessary to consider different surface 

treatments (like spray) and to investigate accurately the effects of the roundness on the 

measurements. However, the work made on surface roughness is ready to be presented 

as a practical guide for LDV users.  
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Appendix 

 

 

 

 

 

As defined in section 4.6, the position of the reflection point C’ situated at the conical 

mirror requires a more complex development in the presence of misalignments. The 

position of C’ can be written in two different ways as indicated in the following system: 
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''**

'ˆ''' 2

OCCDOD

OCbCBOB
 (a1) 

 

where the term '*CD  is given by: 

 

'**'ˆ'' 2 CDDBbCB =−  (a2) 

 

Using a coordinate system fixed in the cone of which the conical mirror is a part, see 

figure 4.12, the vector 'C*D  can also be written as: 

  

cccCccC zayaxaCD ˆˆcostanˆsintan'* −+−= γψγψ   (a3) 

 

where the terms cx̂ , cŷ  and cẑ  are unit vectors defining the axes of the conical mirror 

reference system while the angles Cψ  and cγ  are the cone angle and the angular 

position of C’ in the cone. Because all the other main points of the Sever system are 

expressed in terms of the reference system fixed at the rotating target, the vector '*CD  
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must also be written in the same way. The relationship between the conical and the 

target reference system is given by: 

 

[ ] [ ][ ][ ]
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where the rotation matrices [ ]cX α,  and [ ]cY β,  accommodate the angular 

misalignments of the conical mirror with  respect to the target reference system and 

their combination supplies the following rotational matrices: 
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Because the angular misalignments of the conical mirror are considered small, the terms 

in (a5) can be approximated and equation (a4) becomes: 
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Combining equation (a2), (a3) and (a6): 
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At this point, it is convenient to decompose the vector '*CD  in term of its x, y and z 

components obtaining the following three equations: 
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( ) ( )ccCxx aDBbCB βγψ +−=− sintan*'ˆ'' 2  (a8) 

( ) ( )ccCyy aDBbCB αγψ +=− costan*'ˆ'' 2  (a9) 

( ) ( )cCccCczz aDBbCB γψβγψα sintancostan1*'ˆ'' 2 −−−=−  (a10) 

 

Substituting equations (a8) and (a9) into (a10), the terms 
c

sinγ  and 
c

cosγ  can be 

eliminated and equation (a10) becomes: 

 

( ) ( ) ( ) ( ) ( )( )xcyczxcyczcc DBDBDBbbbCBa *'*'*'ˆˆˆ''1 222

22 βαβαβα −+−−−+−=++

 (a11) 

 

that can be rearranged in the form: 

 

tsCBa += ''  (a12) 

 

where the terms s and t are:  

 

( ) ( )22

222 1ˆˆˆ
ccxcycz bbbs βαβα ++−+−=  (a13) 

( ) ( ) ( )( ) ( )221*'*'*' ccxcycz DBDBDBt βαβα ++−+−=  (a14) 

 

At this point, equations (a8&9) are combined using 1cossin 22 =+ cc γγ  while equation 

(a11) can be rearranged as a quadratic expression: 

 

( ) ( )( ) ( )( )( )
( )( ) ( )( ) 0*'ˆ''*'ˆ''

*'ˆ''*'ˆ''2tan

2

2

2

2

22

2222

=





 −−−

+−−−−−−

yyxx

yycxxcccC

DBbCBDBbCB

DBbCBDBbCBaa αββαψ
 (a15) 
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Substituting equation (a12) into (a15), the complete development of the quadratic form 

becomes: 

 

( ) ( )[ ]
( ) ( ) ( )( ) ( )[

( ) ( ) ]
( ) ( ) ( )( ) ( ) ( ) 0*'*'*'*'2tan

*'ˆ*'ˆ

ˆˆ*'*'tan''2

ˆˆˆˆ2tan''

22
2222

22

22

222

2

2

2

222

2222
2

=



 −−−+−−+

++

−−−+−−+

−−−−−−

yxycxcccC

yyxx

ycxcycxcccC

yxycxcccC

DBDBDBDBtt

DBbDBb

bbtDBDBsstCB

bbbbssCB

αββαψ

αβαββαψ

αββαψ

 (a.16) 

 

From the two possible solutions, the negative root gives positive ''CB . This which is 

then used to calculate cγ  by rearranging equation (a8&9) to derive the following 

equation: 

 

( )( ) ( )
( )( ) ( ) cyy

cxx

c

tsCBDBbCB

tsCBDBbCB

α

β
γ

+−−

+−−−
=

''*'ˆ''

''*'ˆ''
tan

2

2

 (a17) 

 

Known the angle cγ , the term 'OC  is found from equation (4.36) and the mirror normal 

'
ˆ
Cn  is found from equation (4.35).  
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Figure 1.1 – Scattering condition [1.2] 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.2 – Polytec LDV arrangement [1.3] 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.3 – Speckle pattern from a rough surface 
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Figure 1.5 – a) Accelerometer and b) laser vibrometer output from 

rotor rotating at 20 Hz 
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Figure 1.6 – a) Accelerometer and b) laser vibrometer output from the 

rotor (non-rotating) undergoing vibration at 30Hz  
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Figure 1.7 – a) Accelerometer and b) laser vibrometer output from 

rotor rotating at 20Hz and undergoing an on-axis vibration at 30Hz  
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Figure 1.8 – Optical arrangement for: a) axial vibration measurement, 

b) radial vibration measurement  
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Figure 1.10 – Definition of the point P on a rotating component 

undergoing arbitrary vibration 
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Figure 1.12 – Orientation of parallel beam separation defining angle γ 
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Figure 1.13 – Optical scheme proposed for the simultaneous 

measurements of radial vibrations on a rotating target 
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Figure 1.14 – Laser vibrometer output: a) along the x- axis, b) along 

the y- axis from a rotor undergoing vibration at 15Hz and rotating at 

20 Hz 
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ẑ  O 

LDV 

Figure 2.4 – Schematic representation of the steering mirror optical 

system 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.5 – Optical scheme used by Polytec GmbH to measure valve 

train dynamics [2.3] 
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Figure 2.8 –a) Accelerometer 1 and b) laser vibrometer output from a 

mirror vibrating at 40 Hz and inclined at 0mβ = 0° (initial alignment) 
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Figure 2.9 – a) Accelerometer 1 and b) laser vibrometer output from a 

mirror vibrating at 40 Hz and inclined at 0mβ = 40° 
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Figure 2.10 – a) Experimental accelerometer and laser vibrometer 

outputs from a mirror vibrating at 40 Hz inclined at different values of 

0mβ , b) error between theoretical and experimental data 
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Figure 2.11 – a) Accelerometer 2 and b) laser vibrometer output from 

a target vibrating at 40Hz using a reflecting stationary mirror inclined 

at 0mβ =40° 
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Figure 2.12 – a) Ratio between theoretical and experimental laser 

vibrometer output from a target vibrating at 40Hz obtained for 

different inclinations of the stationary mirror, b) error between 

theoretical and experimental data 

 



a)
0 50 100 150 200 250

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

Frequency (Hz)

V
el

oc
ity

 (
Lo

gM
ag

 m
m

/s
)

 

b)
0 50 100 150 200 250

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

Frequency (Hz)

V
el

oc
ity

 (
Lo

gM
ag

 m
m

/s
)

 

 

 

 

 

 

Figure 2.13 –a) Accelerometer 1 output from the mirror vibrating at 

40Hz and inclined 0mβ =40°; b) accelerometer 2 output from the target 

vibrating at 60Hz 
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Figure 2.14 – Laser vibrometer output from the target vibrating at 

60Hz and deflected by the mirror vibrating at 40Hz and inclined at 

0mβ =40° 
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Figure 2.15 – Error between experimental and theoretical laser 

vibrometer (according to equation (2.25) from: a) the vibrating mirror; 

b) the vibrating target obtained for various steering mirror inclinations 
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Figure 2.16 – Schematic representation of a scanning system based on 

a rotating wedge 
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Figure 2.17 – Test rig for the single wedge SLDV  
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Figure 2.18 – Laser vibrometer output corresponding to a circular path 

on the retro-reflective screen: a) best alignment, b) translational 

misalignment of the laser head along the x- axis, =Ax∆ 2mm 
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Figure 2.19 – Comparison between experimental and simulated data 

for the 1x velocity term for: a) horizontal target misalignment, b) 

vertical target misalignment on a reflective screen 

 



a) 

0 20 40 60 80 100 120 140 160160
10

-2

10
-1

10
0

10
1

Frequency (Hz)

V
el

oc
ity

 (
Lo

gM
ag

 m
m

/s
)

  

b) 

0 20 40 60 80 100 120 140 160
10

-2

10
-1

10
0

10
1

Frequency (Hz)

V
el

oc
ity

 (
Lo

gM
ag

 m
m

/s
)

 

 

 

 

 

 

Figure 2.20 – Laser vibrometer output corresponding to a circular path 

on the rotating target: a) best alignment, b) translational misalignment 

of the laser head along the x- axis, =Ax∆ 2mm 
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Figure 2.21 – Comparison between experimental and simulated data 

for the 1x velocity term for: a) horizontal target misalignment, b) 

vertical target misalignment on the rotating target 
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Figure 2.22 – Particular of the investigated target used in tests made 

with the single wedge SLDV system 

 



a) 

0 20 40 60 80 100 120 140 160
10

-2

10
-1

10
0

10
1

10
2

Frequency (Hz)

V
el

oc
ity

 (
Lo

gM
ag

 m
m

/s
)

 

b) 

-4 -3 -2 -1 0 1 2 3 4
0

0.5

1

1.5

2

2.5

Angular misalignment (deg)

V
el

oc
ity

 (
m

m
/s

/r
ad

/s
) 

rm
s

Experimental

Theoretical

 

 

 

 

 

 

Figure 2.23 – a) Laser vibrometer output corresponding to a circular 

path on the rotating target in the presence of angular and translational 

misalignments of the target around the y- axis and along the x- axis; b) 

comparison between experimental and simulated data for the 1x 

velocity term for angular misalignments of the target around y- axis 

and translational misalignments of the target along the x- axis 
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Figure 3.1 - Schematic representation of the dual mirror scanning 

system 
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Figure 3.2 – a) Simulated beam path and b) velocity spectra for the 

zero misalignments configuration of the dual mirror scanning system 
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Figure 3.3 – a) Simulated beam path and b) velocity spectra for the 

zero misalignments configuration of the dual mirror scanning system  
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Figure 3.4 – Predicted velocity spectra in the presence of whole body 

target vibrations, ( ) ( )TWB 5cos10tz Ω=&  and ( ) ( )TWB 10cos10tx Ω=& : a) zero 

misalignment configuration, b) with an angular misalignment added to 

the laser head, with =Lγ 0.2° 
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Figure 3.5 – a) Scan pattern and b) velocity spectra of the measured 

velocity in the presence of a translational misalignment of the laser 

source along the y- axis with Ay∆ =2mm 
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Figure 3.6 – a) Scan pattern and b) velocity spectra of the measured 

velocity in the presence of a translational misalignment of the laser 

source along the z- axis with Az∆ =2mm 
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Figure 3.7 – a) Scan pattern and b) velocity spectra of the measured 

velocity in the presence of angular misalignment of the laser source 

around the z-axis with Lγ =0.2°  
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Figure 3.8 – a) Scan pattern and b) velocity spectra of the measured 

velocity in the presence of a translational misalignment added to the 

first oscillating mirror along the y-axis with =By∆ 2mm  
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Figure 3.9 – a) Scan pattern and b) velocity spectra of the measured 

velocity in the presence of an angular misalignment with 1mβ =0.2° 

added to the first oscillating mirror around the y- axis 
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Figure 3.10 – a) Scan pattern and b) velocity spectra of the measured 

velocity in the presence of an angular misalignment with 1mα =0.2° 

added to the first oscillating mirror around the x- axis 
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Figure 3.11 – a) Scan pattern and b) velocity spectra of the measured 

velocity in the presence of a translational misalignment with 

Cy∆ =2mm added to the second oscillating mirror along the y- axis 
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Figure 3.12 – a) Scan pattern and b) velocity spectra of the measured 

velocity in the presence of a translational misalignment with Cz∆ = 

2mm added to the second oscillating mirror along the z- axis 
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Figure 3.13 – a) Scan pattern and b) velocity spectra of the measured 

velocity in the presence of an angular misalignment with 2mβ = 0.2° 

added to the second oscillating mirror around the y- axis 
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Figure 3.14 – a) DC component estimated for angular misalignments 

of second oscillating mirror; b) 2x component estimated for 

translational misalignments of the oscillating mirrors 
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Figure 3.15 – 1x component predicted for: a) translational, b) angular 

misalignments of the optical devices 
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Figure 3.16 – a) Predicted beam path and b) velocity spectra for a 

scenario with: =Lβ 0.2°, =Lγ 0.1°, =Ay∆ 3mm, =Az∆ 3mm, =1mα -0.1°, 

=1mβ 0.2°, =Bx∆ 3mm, =By∆ -3mm, =2mγ 0.2°, =Cy∆ -3mm and =Cz∆ -

3mm 

 



a) 

-60 -40 -20 0 20 40 60
-50

-40

-30

-20

-10

0

10

20

30

40

Vector OK

mm

m
m

 

b) 

0 5 10
10

-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

Lo
gM

ag
 (

m
m

/s
)/

(r
ad

/s
) 

rm
s

mirrors combined

Target Rotation Order
0 5 10

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

Target Rotation Order

target

0 5 10
10

-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

Target Rotation Order

total

 

 

 

 

 

 

Figure 3.17 – a) Predicted beam path and b) velocity spectra for a 

scenario with combined misalignments: =Lγ 0.3°, =Ay∆ 3mm, 

=Az∆ 3mm, =1mβ 0.1°, =Bx∆ -3mm, =2mβ -0.3°, =2mγ -0.3°, =Cy∆ -

3mm, =Cz∆ 3mm 
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Figure 3.18 – Optical scheme of the dual wedge SLDV system  
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Figure 3.19 – Scan patterns described by the dual-wedge SLDV 

system: a) circular scan, b) line scan 
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Figure 3.20 – Scan patterns described by the dual-wedge SLDV 

system: a) Rosette, b) spiral 
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Figure 3.21 – a) Scan pattern and b) velocity spectrum of the measured 

for the zero misalignment configuration 
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Figure 3.22 – Predicted velocity spectra in the presence of whole body 

target vibrations, ( ) ( )TWB 5cos10tz Ω=&  and ( ) ( )TWB 10cos10tx Ω=& : a) zero 

misalignment configuration, b) with an angular misalignment added to 

the laser head, with =Lγ 0.2° 
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Figure 3.23 – Schematic representation of all the rotations and 

oscillations considered for the double wedge scanning arrangement 
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Figure 3.24 – a) Scan patterns and b) predicted velocity spectrum by 

the dual-wedge SLDV system in absence of misalignments but in the 

presence of oscillations applied to the wedges 
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Figure 3.25 – a) Scan patterns and b) predicted velocity spectrum by 

the dual-wedge SLDV system in absence of misalignments but in the 

presence of oscillations applied to the wedges 
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Figure 3.26 – Optical scheme of the dual wedge SLDV system with 

translational misalignments of the laser head along the y- axis. 
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Figure 3.27 – a) Simulated scan pattern and b) velocity spectra for the 

dual wedge scanning system with an angular misalignment around the 

x- axis added to the laser head, Lα = 0.2° 
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Figure 3.28 – a) Simulated scan pattern and b) velocity spectra for the 

dual wedge scanning system with laser head translated along the x- 

axis with =∆ Ax 2mm 
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Figure 3.29 – a) Simulated scan pattern and b) velocity spectra for the 

dual wedge scanning system when the laser has angular and 

translational misalignments with respect the x- axis, Lα =0.2º, 

=∆ Ax 2mm 
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Figure 3.30 – a) Simulated scan pattern and b) velocity spectra for the 

dual wedge scanning system when the first wedge has a translational 

misalignment along the x- axis =∆ Bx 2mm 
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Figure 3.31 – a) Simulated scan pattern and b) velocity spectra for the 

dual wedge scanning system when the first wedge has an angular 

misalignment around the x- axis, =1wα 0.2º 
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Figure 3.32 – a) Simulated scan pattern and b) velocity spectra for the 

dual wedge scanning system when the first wedge has angular and 

translational misalignments with respect the x- axis, 1wα = 0.2º, Bx∆ = 

2mm 
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Figure 3.33 – a) Simulated scan pattern and b) velocity spectra for the 

dual wedge scanning system when the second wedge has a 

translational misalignment along the x- axis with Ex∆ = 2mm 
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Figure 3.34 – a) Simulated scan pattern and b) velocity spectra for the 

dual wedge scanning system when the second wedge has an angular 

misalignment around the x- axis, 2wα =0.2º 
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Figure 3.35 – a) Simulated scan pattern and b) velocity spectra for the 

dual wedge scanning system when the second wedge has an angular 

misalignment around the x- axis =2wα 1º and a translational 

misalignment along the x- axis with =Ex∆ 2mm 
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Figure 3.36 – Values predicted for the 1x additional term in presence 

of a) translational misalignments, b) angular misalignments 
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Figure 3.37 – a) Simulated scan pattern and b) velocity spectra 

obtained combining different misalignments: =Lα 0.2°, =Lβ -0.2°, 

=1wα -0.5°, =1wβ -0.5°, =2wα -0.5°, =2wβ 0.5°, =Ax∆ -4mm, =Ay∆ -

5mm, == BB yx ∆∆ -5mm and == EE yx ∆∆ -5mm. 
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Figure 3.38 – a) Simulated scan pattern and b) velocity spectra 

obtained combining different misalignments: =Lα 0.2°, =Lβ -0.3°, 

=1wα -0.1°, =1wβ 0.5°, =2wα 0.5°, =2wβ 0.5°, =Ax∆ -5mm, =Ay∆ -5mm, 

== BB yx ∆∆ 5mm, =Ex∆ 5mm and =Ey∆ -5mm.  
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Figure 3.39 – Test rig for the dual wedges SLDV  
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Figure 3.40 – a) Laser vibrometer output corresponding to a circular 

path on the retro-reflective screen panel for a) the best alignment 

possible, b) in the presence of translational misalignment of the laser 

head along the x- axis, =Ax∆ 2mm 
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Figure 3.41 – Comparison between experimental and simulated of the 

1x velocity term obtained on the retro-reflective screen panel for: a) 

horizontal laser head displacements, b) vertical laser head 

displacements  
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Figure 3.42 – Laser vibrometer output corresponding to a circular path 

on the rotating target a) the best alignment possible, b) in the presence 

of translational misalignment of the target of 2mm along the x- axis.  
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Figure 3.43 – Comparison between experimental and simulated of the 

1x velocity term obtained on the rotating target for: a) horizontal target 

displacements, b) vertical target displacements  
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Figure 3.43 – c) Comparison between experimental and simulated of 

the 1x velocity term obtained on the rotating target for angular and 

translational misalignments of the target around the y- axis and along 

the x- axis 
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Figure 3.44 – Laser vibrometer output corresponding to: a) vibrating 

target in absence of wedge rotations, b) vibrating and rotating target in 

the presence of rotating wedges at 6Hz. 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A D’ B 

C’ H 

Rotating Dove 
prism 

2b̂  1b̂  
3b̂  

ΩP 

LDV 

ΩT 

O 

Rotating Target 

ẑ
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Figure 3.45 – Schematic representation of the Dove prism SLDV 

system (zero misalignment configuration) 
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Figure 3.46 – Scan pattern described when a) the laser beam is aligned 

around the x- axis, with =Lα 2.0875°, b) the Dove prism is aligned 

around the x- axis, with =Pα 1° 
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Figure 3.47 – Schematic representation of the Dove prism SLDV 

system initially aligned rotating the laser head around the x- and the y- 

axis with == LL βα 2° 
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Figure 3.48 – a) Scan pattern and b) velocity spectra of the measured 

velocity with the laser beam aligned around the x- axis with 

Lα =2.0875° 
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Figure 3.49 – Scan pattern predicted when the laser beam is aligned 

along the x- axis with Ax∆ =2mm 
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Figure 3.50 – Predicted velocity spectra in the presence of whole body 

target vibrations, ( ) ( )TWB 5cos10tz Ω=&  and ( ) ( )TWB 10cos10tx Ω=& : a) zero 

misalignment configuration, b) with an angular misalignment added to 

the Dove prism, with =Pβ 0.2° 
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Figure 3.51 – a) Scan pattern and b) velocity spectra of the measured 

velocity with the laser beam aligned around the x- axis with 

Lα =2.0875° and translational misalignment of the laser head along the 

y- axis Ay∆ =2mm 
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Figure 3.52 – a) Scan pattern and b) velocity spectra of the measured 

velocity with the laser beam aligned around the x-axis with Lα = 

2.0875° plus an angular misalignment of the laser head around the x- 

axis with mLα = 0.2° 
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Figure 3.53 – a) Scan pattern and b) velocity spectra of the measured 

velocity with the laser beam aligned around the x- axis with Lα = 

2.0875° and a translational misalignment of the prism along the x- axis 

of Bx∆ =2mm 
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Figure 3.54 – a) Scan pattern and b) velocity spectra of the measured 

velocity with the laser beam aligned around the x- axis with Lα = 

2.0875° and the prism rotated around the x- axis with =Pα 0.2° 
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Figure 3.55 – a) Scan pattern and b) velocity spectra of the measured 

velocity with the laser beam aligned around the x- axis with Lα = 

2.0875° and the prism rotated around the y- axis with =Pβ 0.2° 
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Figure 3.56 – a) Predicted amplitudes for the 1x additional velocity 

term in the presence of: a) translational misalignments, b) angular 

misalignments 
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Figure 3.56 – c) Predicted amplitudes for the DC additional velocity 

term in the presence of angular misalignments  
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Figure 3.57 – a) Predicted scan pattern and b) velocity spectra 

obtained by combining different misalignments: =mLα 0.2°, =mLβ 0.2°, 

== AA yx ∆∆ 3mm, =Pα 0.2°, =By∆ 3mm.  

 



a) 

-60 -40 -20 0 20 40 60

-40

-30

-20

-10

0

10

20

30

40

50

mm

m
m

Vector OK

 

b) 

0 5 10
10

-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

Lo
gM

ag
 (

m
m

/s
)/

(r
ad

/s
) 

rm
s

Target Rotation Order

prism total

0 5 10
10

-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

Target Rotation Order

target

0 5 10
10

-5

10
-4

10
-3

10
-2

10
-1

10
0

10
1

total

Target Rotation Order
 

 

 

 

 

 

Figure 3.58 – Predicted a) scan pattern and b) velocity spectra 

obtained by combining different misalignments: =mLα -0.1°, =mLβ 0.5°, 

== AA yx ∆∆ 3mm, =Pα -0.1°, =Pβ 0.1° and == BB yx ∆∆ 3mm 
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Figure 4.1 – Schematic representation of the self-tracking system 

proposed by Lomenzo (zero misalignment configuration) 
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Figure 4.2 – Velocity spectrum predicted in the presence of target 

vibrations: a) zero misalignments configuration, b) with angular 

misalignment of the laser head around the y- axis, =Lβ 0.2° 
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Figure 4.3 – Misaligned configuration of the self-tracking system 

proposed by Lomenzo (with laser head misalignments) 
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Figure 4.4 – a) Predicted scan pattern and b) velocity spectra for a 

circular scan in the presence of a translational misalignment of the 

laser head along the x- axis, with =Ax∆ 2mm 
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Figure 4.5 – a) Predicted scan pattern and b) velocity spectra for a 

circular scan in the presence of an angular misalignment of the laser 

head around the x- axis, with =Lα 0.2° 
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Figure 4.6 – a) Predicted scan pattern and b) velocity spectra for a 

circular scan in the presence of an angular and translational 

misalignment of the laser head along and around the x- axis, with 

=Lα 0.2° and =Ax∆ 2mm 
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Figure 4.7 – a) Predicted scan pattern in the presence an angular 

misalignment of the vertex mirror around: a) the x- axis with 

=Vα 0.2°; b) the y- axis with =Vβ 0.2° 
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Figure 4.8 – a) Predicted scan pattern and b) velocity spectra for a 

circular scan in the presence of an angular misalignment of the fold 

mirror along and around the x- axis, with =Fα 0.2°  
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Figure 4.9 – Values predicted for the 1x additional velocity term in the 

presence of angular misalignments of the fold mirror around the x- 

axis. 
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Figure 4.10 – a) Predicted scan pattern and b) velocity spectra for a 

circular scan in the presence of the following combined 

misalignments: =Lα -0.5°, =Lβ 0°, =vα -0.3° =vβ 0.3°, =Fα 0°, =Fβ 1°, 

=Ax∆ 2mm, =Ay∆ 5mm, =Bx∆ =By∆ 0mm  
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Figure 4.11 – a) Predicted scan pattern and b) velocity spectra for a 

circular scan in the presence of the following combined 

misalignments: =Lα -0.5°, =Lβ 0°, =vα -0.5°, =vβ -0.2°, =Fα -0.3°, 

=Fβ 0.5°, =Ax∆ 5mm, =Ay∆ 2mm =Bx∆ =By∆ 0mm 
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Figure 4.12– Schematic representation of the self-tracking system 

proposed by Sever (zero misalignment configuration) [4.2] 
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Figure 4.13 – Velocity spectrum predicted in the presence of target 

vibrations: a) zero misalignments configuration, b) with angular 

misalignment of the laser head around the y- axis, =Lβ 0.2°  
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Figure 4.14 – Possible misalignments for the self-tracking system 

proposed by Sever 
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Figure 4.15 – a) Predicted scan pattern and b) velocity spectra for a 

circular scan in the presence of a translational misalignment of the 

laser head along the x- axis, with Ax∆ =2mm 
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Figure 4.16 – a) Predicted scan pattern and b) velocity spectra for a 

circular scan in the presence of an angular misalignment of the laser 

head around the x- axis, with Lα =0.2° 
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Figure 4.17 – a) Predicted scan pattern and b) velocity spectra for a 

circular scan in the presence of an angular misalignment of the laser 

head around the x- axis and a translational misalignment along the x- 

axis, with Lα =0.2° and Ax∆ =2mm 
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Figure 4.18 – a) Predicted scan pattern in the presence of an angular 

misalignment of the vertex mirror: a) around the x- axis, with 

Vα =0.2°, b) around the y- axis, with Vβ =0.2° 
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Figure 4.19 – a) Predicted scan pattern and b) velocity spectra for a 

circular scan in presence of a translational misalignment of the conical 

mirror along the x- axis with Dx∆ =2mm 
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Figure 4.20 – a) Predicted scan pattern and b) velocity spectra for a 

circular scan in presence of an angular misalignment of the conical 

mirror around the x- axis with Cα =0.2° 
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Figure 4.21 – a) Predicted scan pattern and b) velocity spectra for a 

circular scan in the presence of an angular misalignment of the conical 

mirror around the x- axis and a translational misalignment along the x- 

axis, with Cα =0.2° and Dx∆ =2mm 
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Figure 4.22 – Values predicted for the 1x additional velocity term in 

the presence of a) translational misalignments of the vertex and 

conical mirror, b) angular misalignments of the conical mirror. 
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Figure 4.23 – Values predicted for the 2x additional velocity term in 

the presence of a) translational misalignments of the conical mirror, b) 

angular misalignments of the conical mirror. 
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Figure 4.24 – Values predicted for the 3x additional velocity term in 

the presence of a) translational misalignments of the conical mirror, b) 

angular misalignments of the conical mirror. 
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Figure 4.25 – a) Predicted scan pattern and b) velocity spectra for a 

circular scan in the presence of the following combined 

misalignments: =Lα -0.5°, =Lβ -0.5°, =Vα -0.3°, =Vβ 0.3°, 

== CC βα 1°, =Ax∆ =∆ Ay =Dx∆ =Dy∆ 0mm. 
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Figure 4.26 – a) Predicted scan pattern and b) velocity spectra for a 

circular scan in the presence of the following combined 

misalignments: =Lα 0°, =Lβ 1°, =vα =vβ 0.3°, =Cα 0°, =Cβ -1°, 

=Ax∆ 5mm, =Ay∆ -5mm, =Dx∆ -5mm and =∆ Dy 5mm  
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Figure 4.27 – a) Scan pattern and b) predicted velocity obtained in the 

presence of manufacturing imperfections on the conical mirror 
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Figure 5.1 – a) Spectrum for the genuine radial vibration of the 

rotating target; b) spectrum of the equivalent LDV output in the 

presence of geometrical misalignments, torsional vibrations, noises. 

 



 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

2

4

6

8

10

12

Target Rotation Order

F
un

ct
io

n 
W

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

Figure 5.2 – Behaviour of the function ( )ωW  
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Figure 5.3 – a) Typical arrangements used to isolate radial vibration 

sets; b) typical misalignments of the laser vibrometers 
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Figure 5.4 – Spectrum of the: a) unresolved x- radial vibration, b) 

unresolved y- radial vibration in the presence of a translational 

misalignment =0x 0.25mm 
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Figure 5.5 – a) Resolved velocity errors for the a) resolved x- radial 

vibration, b) resolved y- radial vibration in the presence of 

translational misalignment 0x  
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Figure 5.6 – Optical device mounted on the laser vibrometer to 

perform a more accurate alignment  
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Figure 5.7 – Spectrum of the: a) unresolved x- radial vibration, b) 

unresolved y- radial vibration in the presence of a translational 

misalignment =0y 0.25mm 
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Figure 5.8 – a) Resolved velocity errors for the a) resolved x- radial 

vibration, b) resolved y- radial vibration in the presence of 

translational misalignment 0y  
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Figure 5.9 – Spectrum of the: a) unresolved x- radial vibration, b) 

unresolved y- radial vibration in the presence of  angular misalignment 

yε =0.25mm 
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Figure 5.10 – a) Resolved velocity errors for the a) resolved x- radial 

vibration, b) resolved y- radial vibration in the presence of angular 

misalignment yε  
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Figure 5.11 – Spectrum of the: a) unresolved x- radial vibration, b) 

unresolved y- radial vibration in the presence of  angular misalignment 

yδ =0.25mm 
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Figure 5.12 – a) Resolved velocity errors for the a) resolved x- radial 

vibration, b) resolved y- radial vibration in the presence of angular 

misalignment yδ  
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Figure 5.13 – a) Spectrum of x- radial vibration used for simulation 

with ratio 1; b) Spectrum of the x-radial vibration measured by the 

laser vibrometer in the presence of misalignments, noises, torsional 

vibrations and y- radial vibration  
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Fig. 5.14 – a) Simulated velocity errors and b) simulated phase errors 

for single frequency radial vibrations characterized by an amplitude 

ratio of 1 and initial phase difference of 0°  
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Fig. 5.15 – a) Simulated velocity errors and b) simulated phase errors 

for single frequency radial vibrations characterized by an amplitude 

ratio of 0.1 and initial phase difference of 0°  
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Fig. 5.16 – a) Simulated velocity errors and b) simulated phase errors 

for single frequency radial vibrations characterized by an amplitude 

ratio of 10 and initial phase difference of 0°  
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Fig. 5.17 – a) Overall RMS amplitude error and b) phase error 

calculated along x- and the y- axis for the case with ratio 0.1 
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Fig. 5.18 – a) Overall RMS amplitude error and b) phase error 

calculated along x- axis for the case with ratio 1 
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Vibrometer aperture Distribution of the 

backscattered 
incident light 

a) Aligned case 

b) With misalignments or as result of target vibration 
perpendicular to laser beam 

Figure 5.19 – Case of aligned and misaligned incident laser beam on a 

smooth rotating target with circular cross-section  
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Figure 5.20 – Test rig used for the surface roughness investigations 
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Figure 5.21 – Scattered light patterns from some of the tested 

cylinders 
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Figure 5.22 – Time domain for the y- laser vibrometer signal output 

taken: a) on a smooth rotor in a measurement point different from the 

best aligned; b) on a rough rotor in a measurement point different from 

the best aligned 
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Figure 5.23 – a) Time domain and b) Frequency spectrum for the y- 

Laser vibrometer signal output taken at the best measurement point on 

smooth rotor. 
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Figure 5.24 – a) Time domain and b) frequency spectrum for the y- 

Laser vibrometer signal output taken at a distance of 0.25 from the 

best measurement point on smooth rotor. 
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Figure 5.25 – a) Time domain and b) frequency spectrum for the x- 

laser vibrometer signal output.  
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Figure 5.26 – Ratios calculated for the various tested rotors in 

presence of vibration directed along the x-axis at a) 15Hz; b) 30Hz 
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Figure 5.26 – Ratios calculated for the various tested rotors in 

presence of vibration directed along the x-axis at c) 50Hz 

 


