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A novel framework to design tapered composite structures is proposed for buckling analysis with multi-
ple manufacturing constraints, with variables dealt with separately at different levels and manufacturing
constraints divided and imposed in each step. The framework is based on two techniques – a sequential
permutation table (SPT) method and a global shared-layer blending (GSLB) method; a design concept is
extending from an individual panel to the overall structure by improving its blending property. A prob-
lem to design an 18-panel tapered composite structure is adopted to study and validate the proposed
framework; a detailed design process is executed step by step to demonstrate the improvements of
blending property. Multiple manufacturing constraints are analyzed for the obtained optimal solution,
which is also compared with previous studies. The high efficiency of the proposed framework implies
its potential for design of large-scale composite structures with complex manufacturing constraints.
1. Introduction

Composite materials are widely employed in industries for their
excellent mechanical properties: high values of strength-to-weight
and stiffness-to-weight ratios. Weight reduction provides a stron-
ger motivation for the use of composites in aerospace and trans-
portation applications in particular. The way to save weight of
composites components and structures in engineering is to tailor
layers continuously through the structure to change their proper-
ties (e.g., stiffness, strength, etc.), controlled by a designer. As a
result, variable thickness can be tailored spatially under varying
loads, resulting in ply drops in the structure that cause stress con-
centration and increase a risk of delamination etc. The design of
tapered composite structures has received much attention from
researchers for its potential in tailoring properties and saving
weight [1,27,28].

A high freedom of design space allows designs of laminated
structures according to applied loads and manufacturing require-
ments. The variable thickness, ply orientation, layer shape and
stacking sequence not only increase design flexibility, but also
bring great challenges for structural designers [2]. Because of
high-dimensional design space and complicated constraints,
heuristic algorithms were adopted to attack this problem [3]. The
most widely used is a genetic algorithm (GA), an 18-panel horse-
shoes design problem was first proposed in [4], with a commercial
software DARWIN used for optimization. After that, many research-
ers used improved GA [5,6] and modified GA [7–11] to solve this
problem. The main concern of these studies is the efficiency of
the algorithm and a blending requirement. Hence, specific tech-
niques were developed to address the blending problem, such as:
guide-based design [6], inward and outward blending [6,8,10],
generalized blending [7], a ply drop sequence (PDS) [9], a blending
constraint can be imposed by modifying a chromosome imple-
mented in the GA [11] to improve efficiency. Further, the GA was
also applied to a wing-box design problem [12–14]. Particularly,
a shared layer blending (SLB) [14] method was first introduced to
solve a blending problem. In recent years, various methods were
used by researchers in blending design. One of the outstanding
work was presented in [15], a stacking sequence table (SST) based
evolutionary algorithm (EA) is developed for the 18-panel blended
design [4] with multiple manufacturing constraints. A backtracking
method is popular to ensure the blending and manufacturing rules
[16–18]. Besides, an ant-colony (ACO) system was applied for
blended bistable laminates for morphing applications [19]. Addi-
tionally, the multi-phase topology optimization [20,21] based
methods – Discrete Material Optimization (DMO) and Shape Func-
tions with Penalization (SFP) – are widely used for topology opti-
mization and stacking sequence design of composite structures.
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Apart from the above methods, a three-phase design optimiza-
tion process was introduced in [22], leading from concept design to
final ply-book details design. Ply tailoring, numbers of plies and a
stacking sequence are designed separately in three phases with
manufacturing constraints divided and imposed in each phase.
Most recently, Jing [23–25] developed algorithms based on a clas-
sical lamination theory (CLT) to solve stacking-sequence optimiza-
tion problem. A permutation search (PS) algorithm [23] was
developed for sequence optimization as well as a sequential per-
mutation table (SPT) method [25], with the buckling load factor
expressed as a linear function of a sum of buckling load factors
at every stacking position corresponding to ply orientation.
Besides, a global shared-layer blending (GSLB) method [24] was
proposed based on the SLB method [14] to identify layer shape/
maintain blending property according to the structural thickness
distribution. From the above analysis, blending is the main concern
of design problem, because a higher blending property/fewer ply-
drops can decrease stress concentration as well as improve struc-
tural integrity. Moreover, the design of composite structures with
complicated manufacturing constraints is more difficult [15].

The main reason for researchers to apply various heuristic algo-
rithms is the high-dimensional discrete variables, in which the
form of these variables is different and they coupled with each
other in a design process. For instance, the thickness varying may
cause ply shape variation; the stacking sequence is influenced by
ply orientations when the thickness is fixed. Thus, it is hard to
divide different forms of variables in a design process or deal with
them separately. However, heuristic algorithms are sensitive to
predefined parameters; they search optimum from an initial
point/multi-points, making it easy to reach a local optimum, espe-
cially when the variable space is divided by constraints. For a large-
scale optimization problem, heuristic algorithms may have a very
low convergence rate or unable to find the global optimum. The
difficulties of previous studies and methods motivated this work.
An entire design framework for design and optimization of tapered
composite structures is proposed, with variables divided at differ-
ent levels to deal with, while manufacturing constraints are
divided and imposed for different type of variables.

The remainder of this article is organized as follows: in Sec-
tion 2, the optimization model is formulated, then the problem is
analyzed and decomposed, followed by the introduction of the
design framework. Detailed techniques for the design framework
are presented in Section 3. A benchmark problem is adopted to ver-
ify the proposed framework in Section 4. Finally, conclusions and
suggestions are given in Section 5.

2. Design framework

2.1. Design modeling

According to the classical lamination theory [26,30]:

F

M

� �
¼ A B

B D

� �
e0

k

" #
; ð1Þ

where F is the vector of in-plane loads; M is the vector of out-of-
plane moments; e0 is the vector of mid-plane strains, and j is the
vector of plate curvatures. The explicit formulation of Eq. (1) is:
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where Aij are extensional stiffness, Bij are bending-extension cou-
pling stiffness, and Dij are bending stiffness, �Qij

� �
k are transformed

reduced stiffness. The definition of zk is based on a number of layers
in the laminate from the bottom to the top (see Fig. 1(a) and (b))
and zk = t(k � N/2), N is the total number of plies in a laminate.
For a symmetrical laminate, the integration of Eq. (3) can be limited
to its half (see Fig. 1(c) and (d)) and multiply 2; zk is different for
even and odd ply numbers of the laminate. In Fig. 1(c) zk = tk for
even plies, while in Fig. 1(d) zk = t(k � 1/2) for odd plies since the
mid-plane of the laminate coincides with the first ply’s mid-plane.
As a result, Eq. (3) is changed for Fig. 1(c) and (d):

N is an even number : zk ¼ tk

Aij ¼ 2
XN=2
k¼1

ð�QijÞkðzk � zk�1Þ ¼ 2t
XN=2
k¼1

ð�QijÞk;

Bij ¼
XN=2
k¼1

ð�QijÞkðz2k � z2k�1Þ ¼ 2t2
XN=2
k¼1

ð�QijÞkðk� 1
2Þ;

Dij ¼ 2
3

XN=2
k¼1

ð�QijÞkðz3k � z3k�1Þ ¼ 2t3
XN=2
k¼1

ð�QijÞkðk2 � kþ 1
3Þ;

N is an odd number : zk ¼ tðk� 1=2Þ; when k ¼ 1; there is only

one lamina Aij ¼ 2
XðNþ1Þ=2

k¼1

ð�QijÞkðzk � zk�1Þ

¼

tð�QijÞ1; N ¼ 1 and k ¼ 1

2t½
XðNþ1Þ=2

k¼2

ð�QijÞk þ 1
2 ð�QijÞ1�;N P 3 and k P 2

8>>><
>>>:

Bij ¼
XðNþ1Þ=2

k¼1

ð�QijÞkðz2k � z2k�1Þ

¼

1
4 t

2ð�QijÞ1; N ¼ 1 and k ¼ 1

2t2½
XðNþ1Þ=2

k¼2

ð�QijÞkðk� 1Þ þ 1
8 ð�QijÞ1�; N P 3 and k P 2

8>>><
>>>:

Dij ¼ 2
3

XðNþ1Þ=2

k¼1

ð�QijÞkðz3k � z3k�1Þ

¼

1
12 t

3ð�QijÞ1; N ¼ 1 and k ¼ 1

2t3½
XðNþ1Þ=2

k¼2

ð�QijÞkðk2 � 2kþ 13
12Þ þ 1

24 ð�QijÞ1�; N P 3 and k P 2

8>>><
>>>:

ð4Þ



Fig. 1. Different definitions of zk in a laminate: (a) and (b) are from the bottom to the top; (c) and (d) are from the mid-plane to the top for symmetrical laminate.
Thus, the discrete stiffness parameters for every stacking posi-
tion k can be obtained:
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It should be pointed out that in Eq. (5) stiffness parameters
(Aij)k, (Bij)k, (Dij)k at the stacking position k are the sum of stiffness
of two layers located symmetrically with regard to the mid-plane.
Thus, at every stacking position k the stiffness parameters can be
calculated independently. This is convenient for design of a stack-
ing sequence, since bending stiffness Dij are controlled by the
stacking sequence when thickness is fixed.

The objective in the design of tapered composite structure is
minimizing the weight while satisfying mechanical and manufac-
turing requirements for engineering applications. A tapered com-
posite structure consists of individual panels with variable
thickness, where linear buckling is one of the main critical failure
modes. In this work, buckling of symmetrical and balance lami-
nates with even ply numbers, simply supported on boundaries,
under normal compressive loads (Fx, Fy) is analyzed (see Fig. 2).
The formulation of buckling load factor is [25]:
kcb ¼ p2
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where m and n are the numbers of half-waves along the x and y
directions respectively; a and b are the length and width of the
panel respectively. D11, D12, D22 and D66 are the bending stiffness
of the laminate (D16 and D26 are neglected for the orthotropic plate).
Since the forms D11, D12, D22 and D66 can be expressed as discrete
forms of (D11)k, (D12)k, (D22)k and (D66)k, respectively (see Eq. (4)
and (5)). The buckling load factor can be expressed as [25]:
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where kcb is expressed as a discrete form of a sum of (kcb)k at stack-
ing position k. And (kcb)k is expressed as a linear sum of (D11)k,
(D12)k, (D22)k and (D66)k. Combining with Eq. (5), the buckling load
factor kcb satisfies the superposition principle and, thus, the stacking
sequence can be designed linearly with variable ply orientation hk at
each stacking position k. That is to say, the ply orientation hk can be
selected one by one at each stacking position to maximize the (kcb)k,
since ply orientation hk is independent variable for a specific stack-
ing position k.

On the other hand, multiple manufacturing constraints should
be considered in a design process. From the engineering perspec-
tive, the ply drops in tapered composite structures should be
avoided or as few as possible to decrease stress concentration
and improve structural integrity. A detailed design guidelines are
introduced in [15]. The objective function for optimization is for-
mulated as follows:
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Here, W is the weight of the tapered composite structure, P is
the total number of panels, q is the density, t is the thickness of
an individual ply, Ai is the area of panel i, Ni (even number) is the
total number of plies of panel i. kicb is the buckling load factor of
panel i. The constraints CT1 to CT13 are divided into three parts:
the first part is the buckling constraint; the second part is for an
individual panel; the third part is for the whole structure. The dif-
ficulty of this design problem is the implementation of compli-
cated constraints. Because constraints are coupled with each
other, for instance, the balance constraint requires the same num-
ber of ply orientations +h and �h, it affects both contiguity and dis-
orientation constraints since they impose limitation on the
proportion of ply orientations. Thus, the constraints should be
divided and imposed in multi-steps to be dealt with.

2.2. Decomposition of design variables

In Eq. (7), the buckling load factor kcb is the function of bending
stiffness D, panel size (a, b), half waves (m, n) and compressive
loads (Fx, Fy). For a given panel with compressive loads, half waves
(m, n) are determined [29]; hence, the only variable is bending
stiffness D. At the same time, Eq. (4) shows that bending stiffness
D is a cubic function of the thickness; thus, for a specific position
k, the only variable is ð�QijÞk, which is determined by ply orientation
Fig. 2. (a) Loads and geometry of lamina
hk. Since ð�QijÞk is a triangle function of hk, its values are limited by
the range of triangle function [�1, 1]. Thus, for a fixed thickness
panel, the design variables are the ply orientations for every stack-
ing position. In contrast, the influence of thickness is larger than
the ply orientations for a variable thickness panel (see Eq. (4)).

Optimization of tapered composite structures is more compli-
cated than design of a single panel, since it is composed of multiple
panels with different thicknesses, and the thickness are variables.
However, the objective is to obtain the minimum weight with cor-
responding thickness restricted to the manufacturing constraints
(see Eq. (8)). As analyzed above, these variables and constraints
can be divided since their influences on the buckling load factors
are different. Fig. 3 demonstrates the relationship of different vari-
ables and their design levels.

In Fig. 3, according to Eq. (7), thickness is the key factor in deter-
mination of the buckling load factor; thus, thickness of different
panels should be identified at level 1. The blending requirement
is a critical constraint; based on the thickness obtained at level 1,
the ply shape should be determined at level 2. The shared layer
is treated as one integrated layer, and the corresponding stacking
position is decided by its area: the larger the area, the outer the
shared layer (the stacking position is assumed to identify the ply
orientation, sequence will be optimized in further design). Thus,
ply orientation can be selected for shared layers with various
te; (b) stacking-sequence definition.



Fig. 3. Variables are divided and their design levels for optimization of tapered
composite structures.
shapes at level 3. Finally, the stacking sequence is optimized at
level 4. The above four levels are at the global level, considering
the coupling of blending, buckling and manufacturing constraints,
the solution should be adjusted at a local level. First, layers are
added to the panels those violate the buckling constraint: the
thickness, the ply shape and the blending constraint are considered
simultaneously. Second, ply orientations are adjusted to improve
the blending property considering the ply orientation, the ply
shape and the blending constraint. Third, the stacking sequence
is adjusted to decrease continuity ply drops (the ply shape does
not change). Obviously, the manufacturing constraints are
enforced at every step in Fig. 3 at the global and local levels. Based
on the decomposition of design variables, specific design tech-
niques are developed for different variables in the next section.

2.3. Design techniques

A new framework for design of tapered composite structures is
proposed based on two techniques in [24,25]; the design concept is
extending from an individual panel to the overall structure by
improving its blending property. All complex constraints are con-
sidered, they are divided into different sets and implemented at
various steps. A stacking sequence of individual panel is obtained
by using sequential permutation table (SPT) [25] without consider-
Fig. 4. Flowchart of the framework for design and
ing a blending requirement. However, to maintain the maximal
blending property, the GSLB method [24] is adopted. Additionally,
several new techniques are developed and combined with the pre-
vious two techniques.

There are three main stages in the design process: first, obtain
the minimum-weight structure without considering constraints,
SPT method is used to figure out the minimum-thickness distribu-
tion of the structure. Second, blending and sequence design are
implemented, with multiple constraints imposed. Third, maximiz-
ing the blending property without increasing weight, all con-
straints are enforced. The detailed steps are introduced as
follows. First of all, the SPT method is applied to each panel to
obtain contribution values of each ply orientation, these ply orien-
tations are sorted in a table from best to worst according to their
contribution values, the table is named multi-panel sequential per-
mutation table (MSPT). Second, the minimum thickness of each
panel is calculated based on the MSPT by setting the best ply ori-
entation in the laminate at all stacking positions; thus, the
minimum-thickness distribution can be identified. Third, assume
that all ply orientations are the same in the minimum-thickness
distribution, the GSLB method is adopted to predict the shape of
shared layers. Fourth, the ply orientations of the shared layers
are identified using a ply-orientation identification technique,
and the balance requirement is imposed. Fifth, a sequence opti-
mization technique is used to optimize the sequence of shared lay-
ers; here, some local constraints are imposed in individual panel.
Sixth, an add layer technique is adopted to add layers to panels vio-
late buckling constraint, where lightweight and blending require-
ments are considered. After that, the number of ply orientations
is changed, the GSLB method and sequence optimization strategy
are employed again. Besides, buckling load factors of some panels
have big margins, the local blending technique is used to improve
the structural integrity by decreasing buckling load factors. Even-
tually, the GSLB and sequence optimization strategy are imple-
mented again, the sequence-adjustment technique is used to
decrease continuity ply drops. The design concept and its flowchart
are presented in Fig. 4.
optimization of tapered composite structures.



Fig. 5. 5-Panel example: (a) geometry, loads (all loads in lbf/in; 1lbf/in = 175.127 N/m) and definition of sections; (b) legend of ply orientations; (c) adjacent matrix.

Table 1
Buckling load factors for one lamina.

One lamina Panels under specific load cases (Fx, Fy)i

1 2 . . . P
(Fx, Fy)1 (Fx, Fy)2 . . . (Fx, Fy)P

½h1�s kcb(h11) kcb(h21) . . . kcb(hP1)
. . . . . . . . . . . . . . .

½hj�s kcb(h1j ) kcb(h2j ) . . . kcb(hPj )
. . . . . . . . . . . . . . .

½hM �s kcb(h1M) kcb(h2M) . . . kcb(hPM)

1 6 j 6M.

Table 2
Multi-panel sequential permutation table (MSPT).

Best ply orientation number Panels under specific load cases (Fx, Fy)i

1 2 . . . P
(Fx, Fy)1 (Fx, Fy)2 . . . (Fx, Fy)P

1 h1max h2max
. . . hPmax

. . . . . . . . . . . . . . .

j h1j h2j . . . hPj
. . . . . . . . . . . . . . .

M h1min h2min
. . . hPmin

1 6 j 6M.

Table 3
Minimum-thickness distribution.

Panel
number

Minimum thickness
stacking sequence

Minimum
thickness

Buckling load
factor

1 h1max

� �
n1

h i
s

n1 kcb h1max

� �
n1

h i
s

� �
3. Detailed design techniques

To illustrate the design techniques, a simple example with 5
panels is chosen for demonstration of the proposed framework,
as shown in Fig. 5. Dimensions of panels and applied loads are
shown in Fig. 5(a) with the legend for 12 candidate ply orientations
{0�, ±15�, ±30�, ±45�, ±60�, ±75�, 90�} in Fig. 5(b). The adjacent
matrix of 5 panels is given in Fig. 5(c). The material is graphite/
epoxy IM7/8552 with properties E1 = 141 GPa (20.5 Msi),
E2 = 9.03 GPa (1.31 Msi), G12 = 4.27 GPa (0.62 Msi) and m12 = 0.32.
Ply thickness is t = 0.191 mm (0.0075 in). In the following sections,
the design process for the proposed framework is introduced.

3.1. Multi-panel sequential permutation table

The sequential permutation table (SPT) method was developed in
[24]. It was observed that the kcb can be expressed as a linear com-
bination of the ply orientation based stacking sequences as shown
in Eqs. (6) and (7); thus, superposition principle is suitable for eval-
uation of the kcb. Based on Eq. (4)–(7), the contribution of one lamina
(symmetrical) to the kcb can be evaluated without identifying a
stacking sequence or a number of plies. Assume that there areM can-
didate ply orientations {h1, h2, . . ., hM} and P panels in total under
compressive loads (Fx, Fy)i, i is the panel number, 16 i6 P. Their
buckling load factors are calculated, as shown in Table 1. Sort them
from maximum to minimum, their corresponding ply orientations
from the best to the worst are presented in the multi-panel sequen-
tial permutation table (MSPT), as shown in Table 2. The algorithm to
obtain the MSPT is summarized in Algorithm 1.

These ply orientations satisfy: kcb(h
i
max) > . . . > kcb(h

i
j) > . . . >

kcb(h
i
min), 1 6 j6M. kcb(h) denotes the buckling load factor for one

lamina h (symmetrical). The MSPT provides a guidance in the stack-
ing sequence design: the best ply orientation of each panel has a
priority to be set in the laminate for the purpose of saving weight.

Algorithm 1: MSPT

(1) Initialize ply orientations {h1, h2, . . ., hM};
(2) For i = 1: P

For j = 1: M
Calculate kcb(hij), and save it;

End For
End For

(3) Sort kcb of each panel from the maximal to the minimal
and re-write their corresponding ply orientations in the
MSPT.
. . . . . . . . . . . .

i himax

� �
i

h .
0
i
s

ni + 1 kcb himax

� �
ni

h .
0

� i
s

�
. . . . . . . . . . . .

P hPmax

� �
nP

h i
s

nP kcb hPmax

� �
nP

h i
s

� �

ni or ni + 1 (1 6 i 6 P) are one half the number of total plies of panel i.
3.2. Prediction of minimum-thickness distribution

To obtain the minimum weight, the smaller the thickness of
each panel the lighter the structure. Hence, it is preferable to use
the best ply orientation for each panel as presented in MSPT to
obtain the minimum thickness without considering the blending
requirement. However, the symmetry and balance constraints
CT1 and CT2 are enforced. To satisfy the balance requirement
CT2, if the minimum ply number is an odd number, a better ply ori-
entation of 0� or 90� (choose from MSPT) is used to replace the
layer at the mid-plane of the laminate. The obtained minimum-
thickness distribution is shown in Table 3 with its figure shown
in Fig. 6. The algorithm to predict the thickness is summarized in
Algorithm 2, the variable ‘thickness’ is an array to record ply num-
ber of each panel.



Fig. 6. Demonstration of minimum-thickness distribution.
Algorithm 2: Prediction of minimum-thickness
distribution

For i = 1: P
k = 2; Evaluate the kicb for ply number k with himax.

While kicb < 1
k = k + 2:
Evaluate the kicb for ply number k with himax.

End While
Save this sequence as Seq1,
and exchange the last two layers of Seq1 to one 0� or 90�
layer.
Save the exchanged sequence as Seq2, evaluate kicb of Seq2.
k = k � 1.
If kicb � 1
Save Seq2 for panel i, thickness(i)=k.

Else
Save Seq1 for panel i, thickness(i) = k + 1.

End If
End For
Finally, obtain the minimum-thickness distribution in the

array thickness.
3.3. Global shared-layer blending method

The global shared-layer blending (GSLB) method was first intro-
duced in [24]; it was developed to predict the layer shape of the
tapered composite structure according to its thickness distribution.
However, the GSLB method can only be applied to the same ply ori-
entation. Thus, assume that all layers have the same ply orientation
in minimum-thickness distribution (Table 3), the GSLB is applied to
obtain the shape of the shared layers, in which the constraints CT1
and CT12 are enforced. The detailed description of GSLB is provided
in [24], here, the summarised algorithm is given in Algorithm 3.
The shared layer covers all panels is defined as the global shared
layer; on the contrary, the layer not covers all panels is defined
as the subregion shared layer [24].

Algorithm 3: GSLB

(1) Input the thickness distribution of multiple ply
orientations.

(2) For a thickness distribution of one ply orientation, obtain
the minimum number of all panels. All panels that contain
the ply orientation minus the minimum number, the set of
panels contain the minimum number of ply orientation
assemble the shared layer.
(3) Assess the distribution of the shared layer (the panels 
contain minimum number), and get different layer shape of
the shared layers. Save the shared layers.

(4) Delete the minimum number of plies from the panels of
the thickness distribution and save the rest of thickness 
distribution of the ply orientation.

(5) Repeat (2) to (4) until all plies are deleted from the 
thickness distribution.

(6) Apply (2) to (5) to various ply orientations, obtain the 
shape of shared layers with different ply orientations.
3.4. Ply-orientation identification

Ply orientations should be identified based on the shape of
shared layer, stacking position and the buckling load factor of the
shared layer. In this section, a new parameter is introduced: Cf –
the contribution factor is defined to characterize the contribution
of a shared layer to the overall structure:

Cf ¼ 1
R

XR
i¼1

Sik
i
cb
S ;

S ¼
XR
i¼1

Si

ð9Þ

where, Cf is the contribution factor of the shared layer, R is the total
number of panels covered by the shared layer, Si is the area of panel
i covered by the shared layer, S is the total area of the shared layer,
kicb is the buckling load factor of panel i. The angle maximizes Cf
should be set as the ply orientation of the shared layer. However,
the stacking position of the shared layer should be identified for
evaluation of kicb. An explanation of the definition of the contribu-
tion factor is introduced as follows, the identification process of
the ply orientation is given later.

Assume that there are two panels i and jwith areas Si and Sj, and
Si > Sj, S = Si + Sj, for the two candidate ply orientations h1 and h2,
the contribution factors Cf are

Cf ðh1Þ ¼ Si
2S k

i
cbðh1Þ þ Sj

2S k
j
cbðh1Þ;

Cf ðh2Þ ¼ Si
2S k

i
cbðh2Þ þ Sj

2S k
j
cbðh2Þ; thus;

Cf ðh1Þ � Cf ðh2Þ ¼ Si
2S kicbðh1Þ � kicbðh2Þ
� �

þ Sj
2S k j

cbðh1Þ � k j
cbðh2Þ

� �
;

ð10Þ
To select a suitable ply orientation for the shared layer, the relation-
ships for kicb should be analyzed:

ð1Þ kicbðh1Þ > kicbðh2Þ; k j
cbðh1Þ > k j

cbðh2Þ;
ð2Þ kicbðh1Þ < kicbðh2Þ; k j

cbðh1Þ < k j
cbðh2Þ;

ð3Þ kicbðh1Þ > kicbðh2Þ; k j
cbðh1Þ < k j

cbðh2Þ;
ð4Þ kicbðh1Þ < kicbðh2Þ; k j

cbðh1Þ > k j
cbðh2Þ;

ð11Þ

According to Eqs. (10) and (11): the ply orientation of the
shared layer is depending on the value of Cf ðh1Þ � Cf ðh2Þ:

In case (1), h1 should be set as the shared layer’s ply orientation.
In case (2), h2 should be set as the shared layer’s ply orientation.
In case (3), since Si/S > Sj/S, the positive value kicbðh1Þ � kicbðh2Þ is

amplified and the negative value k j
cbðh1Þ � k j

cbðh2Þ is diminished. In

most cases, kicbðh1Þ is close to kicbðh2Þ and k j
cbðh1Þ is close to k j

cbðh2Þ,
thus Cf ðh1Þ > Cf ðh2Þ is a common situation. For the shared layer it
is preferable to choose h1 as its ply orientation.



In case (4), since Si/S > Sj/S, the negative value kicbðh1Þ � kicbðh2Þ is
amplified and the positive value k j

cbðh1Þ � k j
cbðh2Þ is diminished. In

most cases, kicbðh1Þ is close to kicbðh2Þ and k j
cbðh1Þ is close to k j

cbðh2Þ,
thus Cf ðh1Þ < Cf ðh2Þ is a common situation. For the shared layer it
is preferable to choose h2 as its ply orientation.

From the analysis above, it can be observed from the parts
underlined in Eq. (11) that it is always preferable for the shared
layer to choose the ply orientation with a larger kcb belonging to
the panel with a larger area. Moreover, for the subsequent design
process, panels with smaller areas tend to have smaller kcb (even
the sequence change). When layers should be added to panels to
increase kcb, the panel with a smaller area has priority for adding
layers. Hence, ply orientations of the shared layers have more con-
tributions to the panels with large areas, and the definition of Eq.
(9) tends to choose the suitable ply orientation of a shared layer
for saving weight.

In this section, the constraints CT1, CT2 and CT12 are enforced,
the disorientation requirement CT4 is considered for global shared
layers. The selection of ply orientation for shared layers is intro-
duced as follows:

� Step 1: According to the minimum-thickness distribution, in
each panel, set the best ply orientation at all stacking positions.
Sort the shared layers from maximum to minimum (according
to their areas).

� Step 2: Use the biggest shared layer to replace the best ply ori-
entation of each panel from the outermost position to the mid-
plane (Fig. 7). After each replacement, evaluate Cf for all candi-
date ply orientations from h1 to hM. Save the ply orientation h
with the maximum Cf for the shared layer. If the shared layer
is a subregion shared layer, stacking position k = k � 1 for each
panel; otherwise, for a global shared layer, set another global
shared layer with �h at the next stacking position k = k � 1,
then stacking position k = k � 2 for each panel. Reset ply orien-
tation as the best ply orientation of each panel. Then use the
next shared layer for ply-orientation identification. Repeat step
2 until all ply orientations of shared layers are identified.

� Step 3: Satisfy the disorientation requirement for the global
shared layers. For the global shared layers with ply orientation
±h (|h|P 30), 0� or 90� layer should be inserted between +h and
�h. Thus, replace the global shared layer with 0� or 90� layers
(according to Cf). If the number of the global shared layer is
odd, only one global shared layer should be replaced; otherwise,
two adjacent layers should be replaced.

� Step 4: Satisfy the balance requirement for the subregion
shared layers, the ply number of minimum-thickness distribu-
tion minus the number of global shared layers in each panel.
Fig. 7. Identification for ply or
For a specific panel, if the rest of the ply number is even, set
the best ply orientations +hmax and �hmax each half in this
panel; Otherwise, set one 0� or 90� ply first (better one), and
the rest of plies with the best ply orientations +hmax and �hmax

each half in the panel.
� Step 5: Input the adjusted number of ply orientations of all pan-
els into the GSLB algorithm to get the shared layers.

The detailed algorithms are demonstrated in Algorithm 4 and
Algorithm 5.

Algorithm 4: Ply-orientation identification

Step 1–Step 3:
(1) Use kj to record the thickness of panel j and shared_layer(i)

to record the shared layer i, angle = [h1, h2, . . ., hM];
‘Position’ is a matrix to record the sequence;

(2) Set himax for each panel at all stacking positions,
‘share_layer_num’ is the total number of shared layers;

(3) For i = 1: share_layer_num
Get the panels covered by the shared_layer(i):
covered_panel;
panel_num = length(covered_panel).
For t = 1: M
For j = 1: panel_num
Position (kcovered_panel (j), covered_panel (j)) = angle(t);
Evaluate the kcb of covered_panel(j) and save it;

End For
Evaluate the Cf of shared_layer(i) according to Eq. (9) and

save it.
Reset the stacking sequence by deleting the shared_layer

(i).
End For
Choose the best angle with maximum Cf of the shared layer,
set it as
best_angle of the shared layer.
For j = 1: panel_num
If (best_angle==0|| best_angle==90)|| the shared_layer(i)

is not a global
shared layer
Set a best_angle at position kcovered_panel (j) of

covered_panel(j).
kcovered_panel (j) = kcovered_panel (j) � 1;

Else
Set a pair of ± best_angle at position kcovered_panel (j) and

position

(continued on next page)
ientation of shared layer.



kcovered_panel (j) � 1 of covered_panel(j) to satisfy the
balance

requirement.
kcovered_panel (j) = kcovered_panel (j) � 2;

End If
End For

End For
(4) Save the numbers of ply orientations for each panel in a

matrix: region_content.

Algorithm 5: Adjustment of numbers of ply orientations

(1) Delete the number of global shared layers from the matrix
region_content, then the rest numbers are subregion
shared_layers and record it as rest_region_content.

(2) For i = 1: P
Get the total numbers of panel (i) from the matrix
rest_region_content: Nrest
If Nrest is even number
best_angle = MSPT(1, panel(i));
best_angle_num = Nrest/2;
–best_angle_num = Nrest/2;

Else
Set a 0� or 90� ply in the rest_region_content,
best_angle = MSPT(1, panel(i));
best_angle_num = (Nrest-1)/2;
–best_angle_num = (Nrest-1)/2;

End If
End For
(3) Save the adjusted rest_region_content of all panels.
(4) Using the GSLB method to recalculate the shape of shared

layers.
3.5. Sequence optimization

The ply orientation of each shared layer is identified in Sec-
tion 3.4; sequences of these shared layers should be optimized.
In this section, constraints CT1, CT2, CT3, CT4, CT5, CT6, CT7, CT10,
CT11 and CT12 are imposed. First of all, the sequences of global
shared layers are evaluated by full permutation; then, those
sequences that satisfy the contiguity and disorientation require-
ments are selected as initial frame sequences for detailed sequence
design. Then, the subregion shared layers are inserted from the
maximal to the minimal (by area) with stacking positions from
the outermost position to the mid-plane (see Fig. 8). The main con-
cern is the influence of sequence on the kcb of the shared layer;
hence, the average buckling load factor is used to evaluate the best
stacking position of the insert shared layer:

Cave ¼ 1
R

XR
i¼1

kicb

� �
ð12Þ

where R is the total number of panels covered by the shared layer,
kicb is the buckling load factor of panel i. Cave is the average buckling
load factor of the shared layer. The detailed steps of the sequence
optimization strategy is introduced as follows:

Step 1: A full permutation of global shared layers, select the
sequences satisfy the contiguity and disorientation require-
ments as initial frame sequences. Sort the subregion shared lay-
ers from the maximal to the minimal according to their areas.
Step 2: Use the first initial frame sequence for insert operation.
Insert the maximal subregion shared layer from the outermost
position to the mid-plane: for every insert position, if any panel
of the shared layer violates individual panel’s constraints, jump
to the next insert position. After each insert operation, evaluate
the Cave of the subregion shared layer and save it, then delete
the insert subregion shared-layer.
Step 3: For each subregion shared layer, choose the insert stack-
ing position with the maximal Cave. Save the sequence for the
insert operation of the next subregion shared layer. Repeat step
2 to step 3 until all subregion shared layers are inserted. Use the
next initial frame sequence for insert operation, turn to step 2.
Step 4: Repeat step 2 to step 3 until all candidate initial frame
sequences of global shared layers are used for sequence opti-
mization. Choose the solution with the minimum number of
panels violating buckling constraint for further design.

The detailed algorithm of the sequence optimization strategy is
described in Algorithm 6.

Algorithm 6: Sequence optimization strategy

(1) A full permutation of the global shared layers, choose
initial frame sequences those satisfy contiguity and
disorientation constraints and record them in an array
‘Sequences’. The number of these sequences is ‘g_num’;

(2) Sort the subregion shared layers from the maximal to the
minimal and save them in an array ‘subregion_layer’; The
number of subregion shared layers is ‘sg_num’;

Record the obtained total number of shared layers as
‘layer_num’;

(3) For i = 1: g_num
Seq_operate = Sequences(i, :);
For j = 1: sg_num
Insert_layer = subregion_layer(j, :);
For t = 1: layer_num
cover_panel_len = length(insert_layer);
Insert the insert_layer to the stacking position t of

Seq_operate;
For u = 1: cover_panel_len
If stacking position u did not violate individual

panel’s constraint
Evaluate the kcb of panel insert_layer (u),
save the value in an array buc_factor(u);

Else
Break;

End If
End For
Calculate the Cave of this insert_layer according to Eq.

(7),
save the value in an array ave_factor(t);

End For
Find the maximal value of ave_factor, save the insert

position of the
insert_layer and save the sequence for the next insert

operation. layer_num = layer_num + 1;
End For
Calculate the buckling load factor of each panel after all
subregion
shared layers are inserted to the structure;
Save these factors in a matrix factor_static(i,:);

End For
(4) Select the solution from the matrix factor_static with the

minimal number of panels violate buckling constraint.



Fig. 8. Insert subregion shared layers to the global shared layers.

Fig. 9. Add layer and blend to shared layers: (a) blending with one shared layer (b)
blending with two separated shared layers.
3.6. Add layer

The objective is to find a solution with the fewest layers to add
for saving weight. An add layer strategy is developed, with the
blending and lightweight requirements considered in design. In
previous design, best ply orientations are set in individual panels
except for the global shared layers. Even the kcb is smaller than 1,
it is very close to 1. Thus, adding one layer is enough to satisfy
buckling constraint in most panels. When the thickness and
sequence are identified in a panel, the ply orientation of the added
layer has a minor influence on kcb. As a result, when layers are
added to the panel, the blending property should be satisfied in
advance, followed by the individual panel’s constraints. Detailed
steps of the add-layer strategy is introduced as follows:

Step 1: The obtained sequence has the minimal number of pan-
els violate the buckling constraint. Record the number of these
panels in an array ‘vio_panels’.
Step 2: In the array ‘vio_panels’, add one layer to each panel
from the first to the last. The panel that selected for the add-
layer operation is set as current panel. For the current panel:
first choose a layer 0� or 90� (better one according to the MSPT)
for the add-layer operation. Record the ply orientation of the
added layer as add_angle.
Step 3: Detect the layers of current panel and its adjacent pan-
els from the outermost position to the mid-plane.
Assessment 1: Do these panels have the same ply orientation
add_angle? If yes, go to Assessment 2. If not, the add_angle
layer will be added to the current panel as a single layer at
the outermost position to maximize kcb, turn to Step 5.
Assessment 2: Does the current panel have this layer at the same
position? If not, add the layer add_angle at this position, turn to
Step 5. If yes, turn to Step 4.
Step 4: Delete the layer at this position. Choose the best ±h from
the MSPT. Set add_angle1 = +h and add_angle2 = �h. Repeat
step 3 two times for these two angles. Try to delete a 0� or
90� layer from the current panel without violation of
constraints.
Step 5: Evaluate the kcb of the current panel to confirm that the
add-layer operation is successful. Update the numbers of ply
orientations in the current panel. Move to the next panel for
add-layer operation, repeat step 2 to step 5 until all panels in
the array vio_panels satisfy the buckling constraint.
Step 6: Update the numbers of ply orientations. Perform the
GSLB method and sequence optimization strategy to optimize
the structure.

The reason that the GSLB method is used again to evaluate the
layer shape is that when one layer is added, it may connect to one
shared layer or two separated shared layers, as shown in Fig. 9.
Since the layer shape is changed, the sequence should be rear-
ranged to ensure the satisfaction of constraints. Eventually, an
optimal sequence with minimum weight, which satisfies all con-
straints is obtained. The algorithm of the add layer strategy is sum-
marized in Algorithm 7.
Algorithm 7: Add layer strategy

(1) Save the number of panels violate buckling constraint in
an array vio_panels, the total number of panels violating
buckling constraint is ‘panel_add_num’;

The total stacking position is recorded as ‘last_sequence_pos
ition’;

(2) For i = 1: panel_add_num
Choose one 0� or 90� layer from the MSPT (the better one),
add this layer to
the panel vio_panels (i). Add_sign = 0;
For k = 1: last_sequence_position
If the single layer can blend to other adjacent layer
Add it to this position k. Add_sign = 1;

End If
End For
If Add_sign==0
Add this single layer to the first position of the stacking

sequence.
End If
Evaluate kcb.
If kcb � 1
The add-layer operation is successful.

Else
Choose a pair of best ply orientations ±h from the MSPT;
Then repeat process (2) for both +h and �h to add to the

panel vio_panels (i)
(Nested loop).
If kcb � 1
The add layer process is successful.
Try to delete a single 0� or 90� layer from the panel

vio_panels (i).
Evaluate kcb.
If kcb � 1
The add-layer operation is successful.

End If
End If

End If
End For



Fig. 11. Definition of continuity ply drops: (a) continuity ply drop number; (b)
decrease the continuity ply drop numbers.
3.7. Local blending

In this section, the ply orientations of each panel will be
adjusted to improve the blending property; the rest of constraints
in Eq. (3) CT8, CT9 and CT13 are enforced in this step. In Section 3.4,
the best ply orientations are chosen from the MSPT except for the
global shared layers. From the previous analysis, the way to choose
the ply orientation may lead to big margins for the kcb with a bad
blending property (ply drops between adjacent panels due to a
mismatch of best ply orientations, see Fig. 10). To improve the
blending property, ply orientations should be adjusted. The
detailed algorithm for ply orientations adjustment is summarized
in Algorithm 8.

Algorithm 8: Local blending

(1) Save the best ply orientations of different panels in an
array ‘best_angles’. Divide all the panels into groups
according to their best ply orientations.

For j = 1: length(best_angles)
For i = 1: P
If the best angle of panel i is equal to best_angle (j)
Put panel i in a group panels_group (j);

End If
End For

End For
(2) Evaluate the average value of kcb of panels belonging to

each panels_group, sort these average values from the
minimal to the maximal. Obtain the best ply orientations a
and b with minimal and maximal average value,
respectively.

(3) For all the panels in groups with maximal average values,
exchange a pair of ply orientations ±b to ±a.

(4) Perform the GSLB and the sequence optimization
algorithms to optimize the sequence. Check whether the
buckling constraint of all panels is satisfied? If yes, the
exchange process is successful. Otherwise, for the
panels violating buckling constraint, reverse the
exchange.

(5) Perform the GSLB and the sequence optimization
algorithms again.
Fig. 10. Local blending by exchanging ply orientations.
3.8. Sequence adjustment

In previous design, the subregion shared layers with best ply
orientations are often stacked at the outermost positions to
maintain the buckling load factors. However, this arrangement
leads to several subregion shared layers or single layers stacked
together and causes continuity ply drops in the structure. The def-
inition of continuity ply drops is shown in Fig. 11. To decrease the
continuity ply drops, the subregion shared layers should be
arranged between two large shared layers to smooth the load path,
such as sandwich structures (Fig. 11(b)). At the same time, con-
straints should not be violated when adjusting the sequence of
subregion shared layers. The detailed sequence adjustment process
is introduced as follows, Algorithm 9 gives the detailed execution
process.

Step 1: Assume that the number of shared layers is share_
num. From the outermost position to the mid-plane, choose
the first subregion shared layer as the current shared layer.
Delete this shared layer from its original stacking position.
After deletion, ensure that the sequence does not violate
any constraints, save the sequence as Origional_
sequence.
Step 2: Insert this current shared layer from the outermost to
the mid-plane (except for the original position), assume that
the insert position is k.
Step 3: Check the sequence of each panel covered by the current
shared layer,
Assessment 1: Does the sequence violate the contiguity or disori-
entation constraints? If yes, jump to the next insert position;
Otherwise, evaluate the kcb for each panel covered by the cur-
rent shared layer.
Assessment 2: Are the buckling constraint of panels covered by
the current shared layer satisfied? If yes, save this sequence
and get the ply drop numbers of the layers up and down of this
shared layer, turn to Step 4; Otherwise, jump to the next insert
position, turn to Step 3.
Step 4: Save the kcb and continuity ply-drop numbers (the
continuity ply-drop number is related to up and down
shared layers of the current shared layer) of the shared
layer, save the sequence. Reset the sequence as Ori-
gional_sequence, k = k + 1; repeat Step 2 to Step 4 utill
k = share_num.
Step 5: Choose the insert position with minimal continuity
ply-drop numbers, save the sequence as Optimal_sequence
for next shared layer adjustment; this shared layer will not
be rearranged in further adjustments. Then move to the next
subregion shared layer for sequence adjustment operation.
Repeat Step 1 to Step 5 until all subregion shared layers
are adjusted.



Fig. 12. Design process of the 5-panel example: (a) from section 3.1 to 3.4; (b) from section 3.5 to 3.8.



Fig. 12 (continued)



Algorithm 9: Sequence adjustment

(1) Assume that ‘share_num’ is the number of shared layers of
the Optimal_sequence, and use the array ‘covered_panel’ to
record the panels covered by a shared layer.

For i = 1: share_num
Delete shared layer(i) from its original position, ensure the
sequence of panels
covered by the shared layer does not violate any
constraints.
Save the sequence as Origional_sequence.
For k = i+1: share_num
Insert shared layer(i) to stacking position k.
For j = 1: length(shared layer(i))
Ensure the sequence of covered_panel (j) does not

violate any constraint;
Evaluate kcb of covered_panel (j);
Ensure kcb P 1;
Evaluate the continuity ply-drop numbers of shared

layer(i) at the insert
position k;
Save the kcb, continuity ply-drop numbers of

covered_panel(j) and the
sequence.

End For
Reset the sequence to Origional_sequence.

End For
Choose the sequence with minimal ply-drop numbers, save
this sequence as
Origional_sequence for insert operation of the next shared
layer.

End For
Finally, after the sequence adjustment, the Optimal_sequence

with minimal continuity
ply drops is obtained.

For the 5-panel example, the design process is shown in Fig. 12
(a) and (b) with detailed explanation of each technique introduced
above.

4. Numerical experiments

A benchmark problem consists of 18 panels previously studied
by various researchers [4–11,15] is adopted to verify the proposed
design framework, as shown in Fig. 13(a). The definition of 10 sec-
tions of the 18 panels is shown in Fig. 13(b). Twelve candidate ply
Fig. 13. 18-Panel horseshoe test problem [15]: (a) geometry and loads (all loads in lbf/
orientations are set as {0�, ±15�, ±30�, ±45�, ±60�, ±75�, 90�}, legend
of these ply orientations is shown in Fig. 13(c). The adjacent matrix
[24] of connectivity relationship for the 18 panels is:

A ¼

0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 1 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 1 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 1 0 1 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0

2
6666666666666666666666666666666666666664

3
7777777777777777777777777777777777777775

ð13Þ
The material properties are the same with the case of the 5-panel
example in Section 3. The objective function is Eq. (8), the design
process will be executed step by step, with important intermediate
results presented after each step. The constraints in Eq. (8) are
divided and enforced in each step. All codes are made in Matlab
R2014b. The execution time for finding the best solution is around
13 s using the Intel Core i7-4800MQ (2.7 GHz) processor. The opti-
mal results are compared with previous studies.

Based on the flowchart in Fig. 4, first, Algorithm 1 is employed
to evaluate the kcb of a single lamina, results are sorted in Table 4
from the maximal to the minimal with their corresponding ply ori-
entations re-written in MSPT of Table 5: the best ply orientation of
panels 1, 2, 9, 10, 11 and 12 is ±30�, while the best ply orientation
of other panels is ±75�. Second, Algorithm 2 is used to get the
minimum-thickness distribution as shown in Table 6, the results
are the same with that derived from continuous variables of
Table A2 given in [10]. Third, Algorithm 3 is employed to obtain
the shared layers. They are presented in Table 7, where a row rep-
resents a shared layer, the blanks means the panels are not covered
by the shared layers. There are 8 global shared layers and 18
in; 1lbf/in = 175.127 N/m); (b) definition of sections; (c) legend of ply orientations.



Table 5
Multi-panel sequential permutation table (MSPT) of the 18-panel problem.

Optimal number
of ply orientation

Ply orientations sort from best to worst of panels

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

1 30 30 75 75 75 75 75 75 30 30 30 30 75 75 75 75 75 75
2 �30 �30 �75 �75 �75 �75 �75 �75 �30 �30 �30 �30 �75 �75 �75 �75 �75 �75
3 45 45 90 90 90 90 90 90 45 45 45 45 90 90 90 90 90 90
4 �45 �45 60 60 60 60 60 60 �45 �45 �45 �45 60 60 60 60 60 60
5 15 15 �60 �60 �60 �60 �60 �60 15 15 15 15 �60 �60 �60 �60 �60 �60
6 �15 �15 45 45 45 45 45 45 �15 �15 �15 �15 45 45 45 45 45 45
7 0 0 �45 �45 �45 �45 �45 �45 0 0 0 0 �45 �45 �45 �45 �45 �45
8 60 60 30 30 30 30 30 30 60 60 60 60 3 0 30 30 30 30 30
9 �60 �60 �30 �30 �30 �30 �30 �30 �60 �60 �60 �60 �30 �30 �30 �30 �30 �30

10 75 75 15 15 15 15 15 15 75 75 75 75 15 15 15 15 15 15
11 �75 �75 �15 �15 �15 �15 �15 �15 �75 �75 �75 �75 �15 �15 �15 �15 �15 �15
12 90 90 0 0 0 0 0 0 90 90 90 90 0 0 0 0 0 0

The best ply orientation (bold value) is the first row with number 1, the worst ply-orientation is the last row with number 12.

Table 4
Buckling load factors (1 � 10�4) for one lamina of the 18-panel problem.

One lamina Ply-orientation contribution factor of panels

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

[0]s 2.12 3.40 2.37 3.45 5.70 2.13 3.34 1.44 1.37 1.75 2.93 3.39 2.23 3.66 1.39 0.77 3.39 1.93
[15]s 2.26 3.62 3.43 5.00 8.25 3.08 4.84 2.08 1.46 1.86 3.12 3.61 3.23 5.30 2.02 1.12 4.91 2.80
[�15]s 2.26 3.62 3.43 5.00 8.25 3.08 4.84 2.08 1.46 1.86 3.12 3.61 3.23 5.30 2.02 1.12 4.91 2.80
[30]s 2.48 3.98 5.93 8.64 14.26 5.33 8.36 3.60 1.60 2.04 3.43 3.96 5.58 9.16 3.49 1.94 8.48 4.83
[�30]s 2.48 3.98 5.93 8.64 14.26 5.33 8.36 3.60 1.60 2.04 3.43 3.96 5.58 9.16 3.49 1.94 8.48 4.83
[45]s 2.40 3.84 8.40 12.23 20.19 7.55 11.84 5.09 1.54 1.97 3.31 3.83 7.90 12.97 4.94 2.74 12.01 6.85
[�45]s 2.40 3.84 8.40 12.23 20.19 7.55 11.84 5.09 1.54 1.97 3.31 3.83 7.90 12.97 4.94 2.74 12.01 6.85
[60]s 1.87 3.00 9.77 14.22 23.49 8.78 13.78 5.93 1.20 1.54 2.58 2.99 9.19 15.09 5.74 3.19 13.97 7.96
[�60]s 1.87 3.00 9.77 14.22 23.49 8.78 13.78 5.93 1.20 1.54 2.58 2.99 9.19 15.09 5.74 3.19 13.97 7.96
[75]s 1.20 1.93 10.08 14.67 24.23 9.06 14.21 6.11 0.78 0.99 1.66 1.92 9.48 15.57 5.93 3.29 14.42 8.22
[�75]s 1.20 1.93 10.08 14.67 24.23 9.06 14.21 6.11 0.78 0.99 1.66 1.92 9.48 15.57 5.93 3.29 14.42 8.22
[90]s 0.90 1.44 10.05 14.63 24.15 9.03 14.17 6.09 0.58 0.74 1.24 1.44 9.45 15.51 5.91 3.28 14.37 8.19
subregion shared layers. Fourth, Algorithm 4 is used to identify ply
orientations of shared layers (see Tables 8 and 9), followed by
Algorithm 5 to adjust the number of ply orientations of each panel
to satisfy the balance and disorientation requirements. Ply orienta-
tions of shared layers in Table 7 are identified in Table 8, the high-
lighted yellow positions in every row are the best ply orientations
with the maximal contribution factors Cf (Eq. (9)) except for the
fourth row. To satisfy the disorientation constraint, 0� or 90� layer
should be set in the sequence. As shown in Table 9, two pairs of
±45�, a pair of ±60� and two 90� ply orientations are identified
Table 6
Minimum-thickness distribution for the 18-panel problem.

Panel number Stacking
sequence

Minimum thickness
in half laminate

kcb

1 [(±30)8]s 16 1.0172
2 [(±30)7]s 14 1.0914
3 [(±75)5]s 10 1.0079
4 [(±75)4/90]s 9 1.0697
5 [(±75)4]s 8 1.2408
6 [(±75)5/90]s 11 1.2056
7 [(±75)4/90]s 9 1.0362
8 [(±75)6]s 12 1.0565
9 [(±30)9/0]s 19 1.0960

10 [(±30)8/0]s 17 1.0031
11 [(±30)7/0]s 15 1.1565
12 [(±30)7]s 14 1.0867
13 [(±75)5/90]s 11 1.2620
14 [(±75)4/90]]s 9 1.1347
15 [(±75)6]s 12 1.0242
16 [(±75)7/90]]s 15 1.1104
17 [(±75)4/90]s 9 1.0509
18 [(±75)5/90]s 11 1.0934
for 8 global shared layers, while other subregion shared layers
are preferable to choose their best ply orientations 30� or 75�. At
the next stage, the detailed changing procedures for number of
ply orientations and stacking sequences are demonstrated in
Figs. 14 and 15, respectively.

Fig. 14(a) provides detailed number of ply orientations in
Table 9. The adjusted results of Algorithm 5 are presented in
Fig. 14(b), where the balance requirement is satisfied. Then, the
GSLB method is used to recalculate the shared-layer’s shape, as
shown in Table 10, where the shared-layer’s number is written
as SLi (i = 1, 2, 3. . .) and the shared layers of various ply orienta-
tions are listed from maximal to minimal. Fifth, Algorithm 6 is
implemented to optimize the sequence using shared layers in
Table 10, the obtained sequence is shown in Fig. 15(a). The rows
highlighted in green are the global shared layers and set as an ini-
tial frame sequence (there are many initial frame sequences, the
one presented in Fig. 15(a) corresponds to the best solution). Then
the subregion shared layers in Table 10 are inserted into it one by
one from the outermost to the mid-plane position without viola-
tion of individual panel constraints. The insert number of shared
layers is listed at the first column of Fig. 15(a), kcb of these panels
are calculated and presented in the first row of Table 11: panels
1, 3, 4, 7, 10, 15 and 17 violate the buckling constraint. Sixth, Algo-
rithm 7 is employed to add layers to the panels 1, 3, 4, 7, 10, 15 and
17. The add layer procedure is shown in Fig. 15(b): one 0� or 90�
layer is added to each panel of 1, 3 and 15, one 0� or 90� layer is
deleted from each panel of 4, 7, 10 and 17 by adding a pair of their
best ply orientations ±30� or ±75� and blended with original shared
layers. Deleted layers are labeled with a red cross and added layers
are highlighted with orange. Number of ply orientations after



adding layers are provided in Fig. 14(c). The situation that one
added layer blend with two separated layers is appeared at panel
17 (Fig. 15(b)), a pair of ±75� blend with two separated shared lay-
ers {13, 16} and {15, 18}. Thus, the GSLB method and sequence-
optimization strategy are employed to optimize the structure
again, stacking sequence results are presented in Fig. 15(c) with
corresponding layers in Fig. 16(a), (b) and sections in Fig. 17
(a), (c). kcb of Fig. 15(c) are presented at the second row of Table 11;
some kcb have at least a 20% margin (kcb > 1.2), e.g. panels 3, 4, 7, 15
and 17. In these panels, the blending property can be improved by
adjusting the ply-orientation numbers with a decrease of their kcb.
Thus, the local blending algorithm (Algorithm 8) is implemented,
Table 8
Ply-orientation identification process for the 18-panel problem.

Shared
layer 

number

1 2 3 4 5 6 7

0° 15° -15° 30° -30° 45° -45

1, 2 0.9605 0.9820 0.9820 1.0286 1.0286 1.0634 1.06
3, 4 1.0085 1.0226 1.0226 1.0526 1.0526 1.0739 1.07
5, 6 1.0451 1.0534 1.0534 1.0708 1.0708 1.0819 1.08
7, 8 1.0704 1.0746 1.0746 1.0831 1.0831 1.0875 1.08
9 1.0772 1.0791 1.0791 1.0827 1.0827 1.0836 1.08
10 1.0889 1.0905 1.0905 1.0932 1.0932 1.0932 1.09
11 1.0970 1.0981 1.0981 1.1001 1.1001 1.0999 1.09
12 1.0754 1.0763 1.0763 1.0777 1.0777 1.0775 1.07
13 1.0766 1.0771 1.0771 1.0780 1.0780 1.0778 1.07
14 1.0774 1.0776 1.0776 1.0781 1.0781 1.0780 1.07
15 1.0677 1.0679 1.0679 1.0682 1.0682 1.0681 1.06
16 1.0384 1.0386 1.0386 1.0388 1.0388 1.0387 1.03
17 1.0523 1.0532 1.0532 1.0553 1.0553 1.0574 1.05
18 1.0569 1.0572 1.0572 1.0578 1.0578 1.0584 1.05
19 1.0494 1.0494 1.0494 1.0496 1.0496 1.0495 1.04
20 1.0477 1.0489 1.0489 1.0518 1.0518 1.0546 1.05
21 1.0533 1.0537 1.0537 1.0548 1.0548 1.0558 1.05
22 1.0561 1.0561 1.0561 1.0563 1.0563 1.0564 1.05
23 1.0237 1.0238 1.0238 1.0239 1.0239 1.0241 1.02
24 1.1102 1.1102 1.1102 1.1103 1.1103 1.1104 1.11
25 1.0959 1.0959 1.0959 1.0960 1.0960 1.0960 1.09
26 1.0960 1.0960 1.0960 1.0960 1.0960 1.0960 1.09

Table 7
Results 1 of global shared-layer blending method for the 18-panel problem.

Shared layer type Shared layer number Panels covered by shared layer

1 2 3 4 5 6

Global shared layers 1 1 2 3 4 5 6
2 1 2 3 4 5 6
3 1 2 3 4 5 6
4 1 2 3 4 5 6
5 1 2 3 4 5 6
6 1 2 3 4 5 6
7 1 2 3 4 5 6
8 1 2 3 4 5 6

Subregion shared layers 9 1 2 3 4 6
10 1 2 3 6
11 1 2 6
12 1 2
13 1 2
14 1 2
15 1
16 1
17
18
19
20
21
22
23
24
25
26
as shown in shaded parts of Fig. 14(c) and (d). Compared to the
sequence in Fig. 14(c), a pair of ±75� plies is exchanged to ±30�
plies in panels 3, 4, 6, 7, 13, 15, 16 and 17 in Fig. 14(d). The gray
parts in Fig. 15(c) and (d) demonstrate the exchanging process;
the new ±30� layers are blended to bigger shared layers in panels
3, 4, 6, 7, 13, 16 and 17 (see Figs. 16 and 17) except for panel 15.
Though the changed ±30� layers in panel 15 is a single layer, the
original single layers ±75� (above the highlighted with gray ±75�
layers in Fig. 15(c)) are blended to the layers of panel 18 (see
Fig. 15(d)). Since the numbers of ply orientations are adjusted,
the GSLB method and sequence optimization strategy are imple-
mented again; the results are presented in Fig. 15(d). To decrease
8 9 10 11 12 Ply 
orientation° 60° -60° 75° -75° 90° 

34 1.0650 1.0650 1.0451 1.0451 1.0334 60, -60
39 1.0724 1.0724 1.0569 1.0569 1.0481 45,-45
19 1.0786 1.0786 1.0669 1.0669 1.0607 45,-45
75 1.0835 1.0835 1.0753 1.0753 1.0712 90, 90
36 1.0801 1.0801 1.0746 1.0746 1.0720 45
32 1.0887 1.0887 1.0826 1.0826 1.0798 30
99 1.0964 1.0964 1.0918 1.0918 1.0896 30
75 1.0748 1.0748 1.0712 1.0712 1.0696 30
78 1.0761 1.0761 1.0739 1.0739 1.0729 30
80 1.0770 1.0770 1.0758 1.0758 1.0752 30
81 1.0673 1.0673 1.0662 1.0662 1.0657 30
87 1.0382 1.0382 1.0375 1.0375 1.0372 30
74 1.0585 1.0585 1.0588 1.0588 1.0588 75
84 1.0587 1.0587 1.0588 1.0588 1.0588 75
95 1.0492 1.0492 1.0488 1.0488 1.0486 30
46 1.0562 1.0562 1.0565 1.0565 1.0565 75
58 1.0564 1.0564 1.0565 1.0565 1.0565 75
64 1.0565 1.0565 1.0565 1.0565 1.0565 75
41 1.0241 1.0241 1.0242 1.0242 1.0242 75
04 1.1104 1.1104 1.1104 1.1104 1.1104 75
60 1.0958 1.0958 1.0955 1.0955 1.0953 75
60 1.0960 1.0960 1.0960 1.0960 1.0959 75

s

7 8 9 10 11 12 13 14 15 16 17 18

7 8 9 10 11 12 13 14 15 16 17 18
7 8 9 10 11 12 13 14 15 16 17 18
7 8 9 10 11 12 13 14 15 16 17 18
7 8 9 10 11 12 13 14 15 16 17 18
7 8 9 10 11 12 13 14 15 16 17 18
7 8 9 10 11 12 13 14 15 16 17 18
7 8 9 10 11 12 13 14 15 16 17 18
7 8 9 10 11 12 13 14 15 16 17 18

7 8 9 10 11 12 13 14 15 16 17 18
9 10 11 12 13 16
9 10 11 12 13 16
9 10 11 12 16
9 10 11 12 16
9 10 11 12 16
9 10 11
9 10

15 18
15 18

9 10
8
8
8

15
16

9
9



Fig. 14. Changing process for the number of ply orientations: (a) initial number of ply orientations; (b) after adjustment; (c) after adding layers; (d) after local blending.

Table 9
Ply-orientation identification for shared layers of the 18-panel problem.



Fig. 15. Optimization process of stacking sequence: (a) initial stacking sequence; (b) adding layer process; (c) after adding layers; (d) after local blending; (e) Final optimal
stacking sequence after sequence adjustment.



Table 10
Results 2 of global shared layer blending method for the 18-panel problem.

Shared layers Ply orientations Panels covered by shared layers

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

SL1 0� 9 10 11
15�

�15�
SL2 30� 1 2 9 10 11 12
SL3 1 2 9 10 11 12
SL4 1 2 9 10 11 12
SL5 1 9 10
SL6 9
SL7 �30� 1 2 9 10 11 12
SL8 1 2 9 10 11 12
SL9 1 2 9 10 11 12
SL10 1 9 10
SL11 9
SL12 45� 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
SL13 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
SL14 �45� 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
SL15 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
SL16 60� 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
SL17 �60� 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
SL18 75� 3 6
SL19 13 16
SL20 15 18
SL21 8
SL22 8
SL23 15
SL24 16
SL25 16
SL26 �75� 3 6
SL27 13 16
SL28 15 18
SL29 8
SL30 8
SL31 15
SL32 16
SL33 16
SL34 90� 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
SL35 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
SL36 13 14 16 17 18
SL37 4 6 7

Table 11
Variation of buckling load factors.

Sequence Buckling load factor for various panels 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Fig. 15(a) 0.9435 1.0064 0.9360 0.9774 1.1090 1.1314 0.9467 1.0000 1.0183 0.9268 1.0614 1.0021 1.1843 1.0367 0.9694 1.0670 0.9601 1.0261
Fig. 15(c) 1.1272 1.0064 1.2589 1.3626 1.1090 1.1314 1.3199 1.0000 1.0183 1.1099 1.0614 1.0021 1.1843 1.0367 1.2399 1.0670 1.3386 1.0261
Fig. 15(e) 1.1272 1.0064 1.1182 1.1925 1.1090 1.0049 1.1551 1.0000 1.0183 1.1099 1.0614 1.0021 1.0454 1.0258 1.1540 1.0074 1.1715 1.0132
Red values of the panels violate buckling constraints.
the continuity ply drops, the sequence-adjustment algorithm
(Algorithm 9) is implemented. In Fig. 15(d) and (e), two subregion
shared layers (highlighted with azure) are moved from the original
stacking positions to the position between two global shared lay-
ers. The final optimal results are shown in Fig. 15(e) with corre-
sponding layers in Fig. 16(c), (d) and sections in Fig. 17(b), (d).
Compared to the sequence before local blending in Fig. 16
(a) and (b), the stacking position of global shared layers are chan-
ged in Fig. 16(c) since sequences are designed and adjusted and the
subregion shared layers are fewer and bigger in Fig. 16(d). After
local blending and sequence adjustment, as shown in Fig. 17, the
continuity ply drops between panels {16, 13}, {17, 14}, {18, 15},
{2, 3}, {2, 6}, {4, 5}, {12, 13}, {13, 14}, {14, 15}, {12, 16} and {16,
17} are decreased, especially for the layers between the panels
with the ply orientation mismatch: {2, 3}, {2, 6}, {12, 13} and
{12, 16}. However, the continuity ply drops increased between
panels {7, 8} and {17, 18} since the local blending improves the glo-
bal blending property while ply drops are at the parts limited by
the buckling constraint.

Buckling load factors of Fig. 15(c), (d) and (e) are presented in
Table 11. The ply numbers and weight results for the optimal solu-
tion are shown in Table 12. The optimal results are compared with
the previous studies, and the obtained weight is the smallest. Com-
pared to the best result obtained by Fan [11], our solution is with
an even number of plies in each panel and a total of 456 plies, 1
more ply than that of Fan. However, the solution of Fan has one
more ply than ours in panels 1, 2, 9, 10, 11, 12, 16 and 18 respec-
tively, however each area of panels 1, 2, 9, 10, 11 and 12 is bigger
than the other panels. In this work, the global shared layers are
obtained by choosing preferable ply orientations with higher kcb
for larger area panels (Section 3.4). Layers are added to panels with
small areas, as a result, the total weight is reduced. Most of the



Fig. 16. Stacking sequence comparison: (a) stacking positions of global shared layers in Fig. 15(c); (b) stacking positions of subregion shared layers in Fig. 15(c); (c) stacking
positions of global shared layers in Fig. 15(e); (d) stacking positions of subregion shared layers in Fig. 15(e).
solutions obtained by other researchers [4,6–11] cannot satisfy the
constraints presented in Eq. (8) except that in [15] and the present
solution.

The constraints presented in Eq. (8) should be checked: in
Fig. 15(e) constraints CT1, CT2, CT3, CT4, CT5, CT6, CT11 and CT12
are satisfied, constraints CT7, CT8, CT9, CT10 and CT13 can be
checked with Fig. 17(b) and (d). The maximal number of continuity
ply drops is 4 between panels {5, 8} and {7, 8}, because there are 4
single layers in panel 8 limited by the buckling constraint. The Dn-
rule can be checked in Table 13 and Fig. 17(b), (d). Here, the ply
drops in design are produced for two reasons:

(1) The thickness difference Dh between the adjacent panels
(also named natural ply drops).
(2) The ply-orientations mismatchDn–Dh between the adjacent
panels.

Table 13 gives the number of ply drops between every two adja-
cent panels owing to different reasons. It is obviously that ply ori-
entations mismatch often happens between adjacent panels with
different best ply orientations in the MSPT. In panel 17, though it
keeps maximal blending property with panel 16, poor blending
quality appears with many ply drops between panels {14, 17}
and {17, 18} due to buckling constraint for panels 14 and 18. The
maximal Dh – Dn = 8 is between panels 12 and 16 (Fig. 17(d)); this
should be improved in the subsequent design. However, all the
constraints set in the objective function Eq. (8) are satisfied.
A conclusion can be made from the above analysis: the smaller
the ply orientations mismatch Dn–Dh the better the blending



Fig. 17. Blending property comparison between adjacent panels: (a) sections (y direction) in Fig. 15(c); (b) sections (y direction) in Fig. 15(e); (c) sections (x direction) in
Fig. 15(c); (d) sections (x direction) in Fig. 15(e).
property; simultaneously, continuity ply drops should be
minimized.

5. Conclusions

In this work, an entire framework for design and optimiza-
tion of tapered composite structures is proposed, where the
design concept extends shared layers from individual panels to
the global blending structure. The optimization model for buck-
ling analysis with multiple manufacturing constraints is formu-
lated. The techniques used in the design process are developed
from the classical lamination theory (e.g. MSPT etc.). Due to
the complex of high-dimensional discrete variables and different
types of constraints in individual panel and the whole struc-
ture, the variables are divided and dealt with at various
levels, and the constraints were enforced at different steps to
increase the design flexibility and improve the computational
efficiency.

An 18-panel benchmark problem is adopted to validate the pro-
posed framework; the obtained results were compared with those
of previous studies. Owing to the high-dimensional variable space,
there are many local optima. The efficiency of this framework
implies its potential for design and optimization of large-scale
composite structures. However, the strategies for choosing ply ori-
entations, improving blending properties and sequence optimiza-
tion can be further improved in future work.



Table 13
Ply drops analysis of the optimal solution in Fig. 15(e).

Adjacent
panels

Thickness difference
Dh

Dn Ply orientation mismatch
Dn–Dh

{1, 2} 3 3 0
{1, 9} 2 2 0
{2, 3} 3 5 2
{2, 6} 3 5 2
{2, 10} 4 4 0
{3, 4} 1 1 0
{3, 6} 0 0 0
{4, 5} 2 2 0
{4, 7} 0 0 0
{5, 8} 4 4 0
{6, 7} 1 1 0
{7, 8} 2 6 4
{9, 10} 1 1 0
{9, 11} 4 4 0
{10, 12} 4 4 0
{11, 12} 1 1 0
{12, 13} 3 5 2
{12, 16} 1 9 8
{13, 14} 2 2 0
{13, 16} 4 4 0
{14, 15} 4 4 0
{14, 17} 1 3 2
{15, 18} 2 2 0
{16, 17} 5 5 0
{17, 18} 1 5 4

Total 58 82 24
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