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Abstract

This paper investigates the outage performance of the amplify-and-forward (AF) relay system which exploits
buffer-aided max-link relay selection. Both the asymmetric and symmetric source-to-relay and relay-to-destination
channel configurations are considered. We successfully derive the closed-form expression for the outage probability,
and analyze the average packet delay. We prove that the diversity order is between N and 2N (where N is the
relay number), corresponding to a relay buffer size between 1 and oo respectively. We also analytically show the

coding gain. Numerical results are given to verify the analysis in this paper.
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I. INTRODUCTION

Relay selection can be applied in either a non-regenerative (e.g. amplify-and-forward (AF)) or a
regenerative (e.g. decode-and-forward (DF)) relay systems [1]. The max-min relay selection is often
considered as an optimum DF relay selection scheme, in which the best relay is selected with the highest
gain among all of the minimum of the source-to-relay and relay-to-destination channel gain pairs [2].
Although the max-min schemes achieves diversity order of N (where N is the number of available
relays), its performance is practically limited by the constraint that the best source-to-relay and relay-to-

destination links for a packet transmission must be determined concurrently. Recent research has on the
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other hand found that, by introducing data buffers at the relays, this constraint can be relaxed to yield

significant performance advantage in practical systems [3]-[8].

An early example of buffer-aided relay selection is the max-max scheme [6]. In the max-max relay
selection, at one time slot ¢, the best link among all source-to-relay channels is selected, and a data packet
is sent to the selected relay and stored in the buffer. At the next time slot ¢ 4 1, the best link among all
relay-to-destination channels is selected, and the selected relay (which is often not the same relay selected
at time t) forwards one data packet from its buffer to the destination. In this way, the strongest links from
both source-to-relay and relay-to-destination group channels are always selected so that it has significant

coding gain over the traditionary max-min scheme.

The max-max relay selection still follows the traditional transmission order then the source-to-relay
and relay-to-destination transmissions always carry on in an alternative manner, with a diversity order
of N which is the same as that for the max-min scheme. In the recent max-link approach [4], [8], this
constraint on the transmission order is further relaxed so that, at any time, a best link is selected among
all available source-to-relay and relay-to-destination links. Depending on whether a source-to-relay or a
relay-to-destination link is selected, either the source transmits a packet to the selected relay or the selected
relay forwards a stored packet to the destination. It is shown in [4] that the max-link relay selection not
only has coding gain over the max-min scheme, but also has higher diversity order than both the max-min
and max-max schemes. In particular, the diversity order can approach 2N when the relay buffer size is

large enough.

While the buffer-aided relay selection describes a promising way in the cooperative networks, existing
approaches has been mainly for the DF relay systems (e.g. [3]-[8]). This naturally arises the following

two questions:

o Whether is it necessary or not to apply buffer-aided relay selection in the AF relay network? In the
AF system, the relay simply amplifies and forwards the received signal to the destination. Because the
AF does not decode the received packets, it not only is easier to implement but also has higher level
of security than the DF system. When the data buffers are applied at the relays, another difference
between the DF and AF is that they need to store “decoded digital data” and “received real signal”
in the buffers respectively. This brings up two implementation issues: quantization and data storage.
It is interesting to point out that, because the relay works in the half-duplex mode that it receives

a data packet at one time slot and forwards it out at another slot, a data buffer (of size 1) actually



exists even in the traditional AF or DF relay system. In order to store the data in the buffer, the
quantization is always necessary for both AF and DF systems, no matter whether the buffers are used
or not. Compared to its DF counterpart, therefore, the buffer-aided AF relay selection has the extra
implementation cost of storing quantized “real signal”, but it retains the advantage of no decoding
at the relays, making it particularly attractive in many applications such as the mobile relays which
are not always allowed to decode the source messages.

o How is the buffer-aided relay selection applied in the AF cooperative networks? In the traditional AF
relay selection, the best relay is selected with the highest end-to-end signal-to-noise-ratio (SNR) at
the destination [9], which is termed as the AF max-SNR scheme in this paper. When the AF relays are
equipped with data buffers, however, the traditional max-SNR or its variants (e.g. [10]-[12]) cannot
be used. This is because now the source-to-relay and relay-to-destination links are selected separately
and then the end-to-end SNR at the destination cannot be obtained instantaneously. In this paper,
following the traditional relay selection that the DF relay selection schemes such as the max-min
may also be applied in the AF system (e.g. [13]), we propose to apply the DF max-link in the AF

buffer-aided relay selection.

Of particular importance is the outage probability of the buffer-aided AF relay selection system. In the
DF system, generally, the outage probability for the source-to-relay and relay-to-destination transmission
can be obtained separately and then combined to the give the overall outage probability. In contrast, the
outage performance of an AF relay system depends on the probability distribution of the end-to-end SNR
at the destination, making it usually harder to analyze than that of its DF counterpart. Particularly, when
the relay buffer is introduced in the AF relays, the best source-to-relay and relay-to-destination links for
a packet transmission are determined at different times, thus they may be selected from different numbers
of available links. As a result, the distribution of the end-to-end SNR no longer follows the form of the
MacDonald distribution as that in the traditional AF max-SNR relay selection [9]. This makes the outage
performance of the buffer-aided AF relay selection much more difficult to analyze than both the traditional
max-SNR scheme and the buffer-aided DF max-link scheme. This is perhaps the main reason that the AF

buffer-aided relay selection has not been well studied.

In this paper, the buffer-aided AF max-link relay selection is carefully investigated. Unlike existing
buffer-aided relay selection approaches (e.g. [3], [S], [7]), this paper considers an asymmetric channel

configuration that the average gains for the source-to-relay and relay-to-destination channels are not the



same. While the asymmetric channel assumption makes the analysis even more difficult, it represents a
more practical scenario so that the analysis provides an important basis for new system design. The main

contributions of this paper is summarized as follows:

« Analyzing the outage probability of the AF max-link scheme for both the asymmetric and symmetric
channel configuration. As far as we know, this is the first time to consider asymmetric channels
in buffer-aided relay selection, and also the first to derive the outage probability closed-form for
the AF buffer-aided relay selection scheme. Numerical simulation is given to verified the analysis.
The results show that the outage performance gain of the AF max-link scheme over the traditional
max-SNR scheme is more significant in the symmetric than in the asymmetric channels. This gives
an important insight in designing the buffer-aided relay systems: for example, power controls at the
source and relay nodes may be used to achieve symmetric channel configuration for better outage
performance.

« Analyzing the average packet delays for both the asymmetric and symmetric channels. The results
show that, when the relay-to-destination channels are stronger than the source-to-relay channels,
the AF buffer-aided relay system has the shorter delay. Therefore, the “best” delay and outage
performance requires different channel conditions. This actually brings up an interesting design topic
for future study: how the delay and outage performance can be well balanced.

« Proving that the diversity order of the AF max-link relay selection is between N and 2N (where N
is the number of relays), and the lower and upper diversity limits are reached when the relay buffer
size L is 1 and oo respectively.

« Analytically showing the coding gain of the AF max-link scheme compared to the traditional AF

max-SNR schemes.

The rest of the paper is organized as follows: Section II describes the buffer-aided AF max-link relay
selection; Section III derives the closed-form expression of the outage probability; Section IV analyzes
the average packet delay; Section V studies the diversity order; Section VI shows the coding gain; Section

VII shows numerical simulations to verify the analysis; finally Section VIII summarizes the paper.

II. AF MAX-LINK RELAY SELECTION

The system model of the buffer-aided AF relay selection is shown in Fig. 1, where there is one source

node (5), one destination node (D) and N relay nodes (R, 1 < k < N). All nodes operate in the



half-duplex mode, that is they do not transmit and receive simultaneously. Each relay is equipped with
a data buffer () (1 < k < N) of finite size L (in the number of data packets). The data packets in the

buffer obey the “first-in-first-out” rule.

Fig. 1. The system model of the buffer-aided AF relay selection.

In this paper, we assume no direct transmission link between the source and destination nodes!. We
denote hgp, (t) and hg, p(t) as the channel coefficients for S — Ry and R, — D at time slot ¢ respectively.
We assume the all channel coefficients are independently and slowly Rayleigh fading such that they remain
unchanged during one packet duration but independently vary from one packet time to another. The average

S — Ry and Ry — D channel gains are assumed as
Ellhsn, (0] = 02 Ellhgo()2] =02, forall k, (1)

respectively. We highlight that, while all channels for S — R and R, — D are i.i.d. respectively, we do
not assume symmetric channel configuratiaon that U,QLST = U,QM. Without losing generality, we assume that
the noise variances at all receiving nodes (R, and D) are the same. As in most existing relay selection
approaches, we assume that the destination node has channel state information (CSI) for all channels so
that it can choose the best relay node for transmission?.

In the max-link relay selection, the best transmission link is chosen with the highest channel SNR
among all available source-to-relay and relay-to-destination links. A source-to-relay link is considered

available when the buffer of the corresponding relay node is not full, and a relay-to-destination link is

available when the corresponding relay buffer is not empty. If a source-to-relay link is selected, the source

"Including the direct link has little effect on the relay selection which is the main issue in this paper.
“While the CSI is normally estimated with pilot symbols or channels, this detail is beyond the scope of this paper.



node transmits one data packet to the corresponding relay node, and the relay receives and stores the data
packet in its buffer’. The number of data packets in the buffer is then increased by one. On the other
hand, if a relay-to-destination link is selected, the corresponding relay transmits the earliest stored packet
in the buffer to the destination, and the number of packets in the buffer is decreased by one. In general,

the best selected relay node R; (for either reception or transmission) can be expressed as

Riw =argmax s () A{lhsnh U Aleol} g )

Ry (Qr)#L Ry (Qp)#0
where U ((Q);,) gives the number of data packets in the buffer Q.

Without losing generality, at time slot ¢, we assume S — Ry is the strongest link so that the source

transmits data packet s(¢) to the relay Rj. The received signal at Ry, is given by

ysi, (1) = V/Eshsg, (£)s(t) + ng, (1), 3)

where FE is the average transmission power at the source and ng, (¢) is the additive-white-Gaussian-noise

(AWGN) at R;, with mean zero and variance o2.

Then ygg, (f) is stored into the buffer (), and waits for its turn to be transmitted. We assume that at
the next 7-th time slot, ysg, (t) is forwarded from R, to the destination node. It is clear that W((Q)x(t)) <
T < 0o, where WU (Q(t)) gives the number of data packets in the buffer ) at time t. Since the relays

exploit AF, at the time slot (¢ 4 7), the received signal at destination is given by

yRkD<t +T) =14/ PRk<t +T>thD(t +7—)ySRk(t> + nD(t +T), (4)

where np(t + 7) is the noise at the destination node with mean zero and variance o2, and Pg, (t + 7) is

the relay gain at Rj which is given by

E
Pr (t = 2 5

where we assume all relay nodes have the same average transmission powers as the source node, namely

E,.

3The received signal needs to be quantized before it is stored in the buffer. As was mentioned in the introduction, the quantization existing
in any half-duplex relays, either AF or DF, with or without buffers. The quantization noise can either be ignored or absorbed in the channel
noise.



Substituting (3) into (4) gives

Yron(t+7) =V Es\| P, (t + T)hp,p(t + 7)hsp, (£)s(t) + np(t + 7) + nig, (1), ()
where n', (t) = \/Pr,(t + 7)hg,p(t + 7)ng,(1).

We next derive the outage performance of the buffer aided AF relay system.

III. OUTAGE PERFORMANCE

The outage probability for the AF relay system can be defined as the probability that the instantaneous

end-to-end SNR at the destination, ~yp, falls below a certain target SNR -, such that

Pout = P(’}/D < 7th)> (7)

where P(-) denotes the probability of an event. The Markov chain is used to model the transitions between
the states of the buffers, where the states describe the number of data packets at every buffer [4]. There

are (L + 1)V states in total, and the ['" state is expressed as

si=(U(Q1) ¥(Q2) - ¥(Qn)), l=1,--- (L+1)". ®)

Suppose at time ¢, the state is at s;. At time ¢+1, if a source-to-relay link is selected, a packet is transmitted
to the selected relay and the number of packets in the corresponding data buffer is increased by 1. On
the other hand, if a relay-to-destination link is selected, a packet in the selected relay is forwarded to
the destination. Then at the destination, we assume that if the packet can be successfully decoded, it is
stored at the destination, or otherwise is discarded®. In either case, the number of packets in the selected
relay’s buffer is decreased by 1. Thus depending on which relay receives or transmits data, at time ¢ + 1,
the buffers may move from state s; to several possible states. We denote A as the (L + 1)V x (L + 1)V
state transition matrix, where the entry A; ; = P(X;;; = s;| Xy = s;) which is the transition probability
to move from state s; at time ¢ to state s; at time (¢ + 1).

We assume that, when the data packet s(¢) is transmitted from the source to the destination through
the best selected relay Ry, the strongest source-to-relay and relay-to-destination links are selected when

the buffer state is at s; and s; respectively. It is then from (6) that, the instantaneous end-to-end SNR at

*The discarded packet may need to be retransmitted. For example, in the TCP/IP protocol, the re-transmission is handled in the transport
layer. The detailed implementation issue is beyond the scope of this paper.



the destination for receiving s(t) is obtained as

(s4) (s5)
Si,S7 8 t Y t+7
%(3 , ])(t+7) = — SRk( ) (ik)D( ) ' ©)
VSRk(t) + VRkD(t +7)+1

where qusé)k(t) and Vgﬁj(t + 7) which are the instantaneous SNRs for S — Ry and R, — D links at
time ¢ and ¢ + 7 respectively, and the superscripts () and (%)) denote that the corresponding best links are
selected when the buffer state is at s; and s; respectively. Because we assume all channels at all times are
independent fading, for clearer exposition, the time indices ¢ and 7 are ignored unless otherwise necessary

in the rest of the paper.

By considering all possible states for s; and s;, the outage probability of the max-link AF relay selection
is given by

Pot = 33 P(si)P(s)P(75" < ), (10)

where P(s;) and P(s;) are the probabilities that the buffer state is at s; and s, respectively.

(Si’sj)

Below we show the derivation of P(vy,,""’ < ~v,) and P(s;).

A PO < un)

We suppose at one time the strongest link is selected when the buffer state is at s. The buffer

) are the numbers of the

state s uniquely corresponds to a pair of {Kéﬁ),Kr(,fl)}, where K and Kffl
available source-to-relay and relay-to-destination links respectively. Recall that a source-to-relay or relay-
to-destination link is considered as “unavailable” if the buffer of the corresponding relay node is full or
empty respectively.

Because all channels are assumed to independently Rayleigh fading, the instantaneous SNR for every
channel, ~,, (w € {SRy, RxD}), is independently exponentially distributed. Then based on the theory of

order statistics [14], the cumulative distribution function (CDF) of the selected channel gain, fyff ), is given

by
E (@) =(1—e ) (1—e 7a)fd we (SR, RiD}, (11)
— ESU}QL‘ _ ESU}% .
where 7, = —=5* and ¥4 = —z** which are the average SNR-s for the source-to-relay and relay-

to-destination channels respectively. Differentiating (11) with respect to x gives the probability density



function (PDF) of %(f ) as

K, _
f,y(s)(l') = € "/9?“ (1 — e ’YGT)KST 1(1 e ’Yrd)de
lzsr . (12)
+ =T (1 — e ) (1 — 7R )X w e {SRy, RyD}.
Vrd

Supposing the strongest source-to-relay and relay-to-destination links are selected when the buffer state

is at s; and s; respectively, because all channels are assumed to be mutually independent, we have

F oy 0 @) = £ e @) ) (9), (13)
7SRk RkD SRy, RkD
Therefore we have
Py < ) // f oo o (@,y) dady, (14)
SR,€ RkD
TyrT <h

which becomes

kG Ky
Plyp™ <qm) =143 > o Cretso (Z1)" T 2e 700/ MU ML,

(m,n)#(0,0)
(s7) (s5)
)K SURT —Mivin 15
Nateca oo S B(1,2\/M MM (15)
L S e

a1=0 ag=0

(s5) (s5)
S]) K’"d 1K —Mz’yth

K
az+a4 ¥a3
4 rd } : § (_1) 3+ ce (S C (S) \/_ ( M2M4M%h)],

a3=0 a4=0

where

1 1 a a m n
b2 e — B = M =y (en + 1), (16)

My = — — —
Vsr ’YS’I“ Yrd ’YTd Yrd Vsr Vsr Yrd

and B denotes the modified Bessel function of the second kind [15].

Proof see Appendix.

B. P(s;)

Because the average channel gains for the S — Ry and R, — D links are not the same, at any time
the probabilities to select the source-to-relay and relay-to-destination transmission are also not the same.
This is very different from existing buffer-aided relay selection schemes (e.g. the max-link approach in

[4]) where the selection of any available link is equally likely. With this observation, we divide all states
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which can be moved from s; into two sets, Ufr and U, , where Uf“ contains all states to which s; can move

when a source-to-relay link is selected and U;” contains all states to which s; can move when a relay-

gf;) r and pgg p be the probabilities that the source-to-relay and

relay-to-destination transmissions are selected at state s;, respectively. It is clear that p(;l_)) rt pg;fg p=1

to-destination link is selected. We let p

On the other hand, because we assume all source-to-relay channels are i.i.d. fading and all relay-to-
destination channels are also i.i.d. fading, the selection of one particular link within either U;" or U, is

equally likely. Therefore, the probability to select a source-to-relay or relay-to-destination link at state s;

is given by
(1) _ () \ _ 1 (s1)
Py ( G SLR) = é(fl)( —Pr%p)
a7
(s1) LY L)
po = p = PrSD>
<Kﬁ§” M) K
respectively.

With these observations, the (7, j)-th entry of the state transition matrix A is expressed as

P = (1 =p ), if s e U,

(s —
KS’V'J

Ay =1 o = pl, it sieU;. (18)

rd

0, elsewhere,

Because the transition matrix A in (18) is column stochastic and irreducible’, the stationary state

probability vector is obtained as (see [17], [18])

m=(A—-I1+B)'b, (19)
where 7 = [my,--- ,mx]", b = (1,1,...,1)7, T is the identity matrix and B,,; is an n x [ all one
matrix. Or in the stationary state, we have m; = limy ., P(s;) for [ =1,--- (L + 1)¥,

Below we derive pgiD in (18).

C. p%ﬂ p- probability of selecting the relay-to-destination transmission at state s

If there are no relay-to-destination links available (or Kﬁfl’) = 0), we have pgg p = 0. On the other
hand, if there are no source-to-relay links available (or Kﬁil) = 0), we have pgi p = L. For other cases,

SColumn stochastic means all entries in any column sum up to one, irreducible means that it is possible to move from any state to any
state [16], [17].



pgi p 1s given by

P = Pla < y) = / / Fxy (@, y)dady
<y (20)

= [ [ revteasay

where x and y are the maximum SNR-s from the K$) number of source-to-relay and Kf,fll) number of
relay-to-destination links respectively, and fxy (z,y) is the joint PDF of x and y. Because x and y are

mutually independent, we have

KSR o
fxv(z,y) = fx(x)fy(y) = #6 (%’“Jr"*rd)(l — e er
sr frd

(s1) _ Y p(s7)
)Ksrl —1(1 —e ’Y,«d)Krd —1. (21)

where fx(z) and fy(y) are the PDF-s of x and y respectively. Substituting (21) into (20) gives

(s1) 7~(s1)
(50 PR ) )
Pr5p = NorTrd ( e Jsr

(s7) Y
)Ksrl 1(1—6 .de) —ld dy

K(Sl o] (22)
() PR
= —rd_ / e Fra (1 — e 7ra)Krd (1 — e K gy,
Yrd Jo
. . . . Y ] ¥ g
Applying a binomial expansion on (1 —e 7a )% ~tand (1 —e 7 )" gives
KGP -1
(*H _ym
- ma)fod == 37 Oy (<),
m=0 (23)
(s7) K(SZ)
KGD
(1—6 wSr) = Z CK(”) e Fsr .
n=0
Then we obtain
(1) .
o KU © y ym_um
S —_———
pRl—>D: Z Z (sn . K(ez)( 1)m+”/ e Jrd Tra Terdy
’de m=0 n=0 0
o (24)
Krdl _1K£f‘l> K(Sl) —
m n m+n rd " Ysr
= Z Clen_,C <sl>(—1) - — -
Krg =1 Kr Ysr + VYsr - M+ Yrd - N

m=0 n=0

D. A special case: symmetric S — R and R — D channels with U%ST = U,erd

In this section, we consider a special case that the average channel gains for the source-to-relay and relay-

to-destination links are the same, or aisr = U,ZM. Under this symmetric channel scenario, the probabilities
to select any available source-to-relay and relay-to-destination link at state s; at any time are the same.

Thus (17) can be simplified as

_ 1
Py =ra =y =L (DY (25)
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where K = K{V + K ffl’) which is the total number of the available links (including both source-to-relay
and relay-to-destination links) at state s;. Then the state transition matrix is given by

ﬁ, if SiEUj, . N

0, elsewhere,
where Uj; is the set of all possible states to which can be moved from s; at the next time slot.

The stationary state probability vector is then obtained by substituting (26) into (19). Alternatively,
because at any time the probability to select one available link is uniform and every link corresponds to
one transition of states, the stationary probability for a state is proportional to its corresponding number
of available links so that we have

K (s3)
= lim P(s;) =

t—oo (L+1 K(s (27)

For the proof of (27) please refer to Chapter 11 Section 3 Ergodic Markov Chains in [16].
Next, we need to calculate the outage probability for the “symmetric” channel, Psymmemc(vg“sj) < Vi),
when the strongest source-to-relay and relay-to-destination links are selected at state s; and s; respectively.

By letting ¥ = 7. = 7,4, and following the similar procedure in Section III-A, we can obtain

K61 k(0

D 3 Chepy O (S 72 #0570,

mYen (Yen + 1) 2
WB <1, %\/m%h(%h +1)(n+1) ) :

o5 K(S])
Psymmetric<7(D“ 2 < ,Vth) =1 +

(28)

Finally, substituting (27) and (28) into (10) gives the overall outage probability for the symmetric

channel configuration as

K (s9) ) KD 1K)
symmetrlc
S 3 S (15— o sl
8; 85 =1 (29)
m-+n *M mTn m + 1 2
(= 1)mne 4 (men) %(7—;}1))8 (1,§¢m7th(7th+1)(n+ 1) )) :

IV. AVERAGE PACKET DELAY

In the AF max-link scheme, at a transmission node (either the source or a relay), a data packet can
only be transmitted out if the corresponding link is selected. This brings up 2 issues: first, the packets

may not arrive at the destination in order; second, each packet may suffer from different delay within the



systems. While the first issue can be easily handled by for instance numbering every packet, the delay

becomes a main issue in buffer-aided relay selection systems [8].

In general, a packet delay includes delays at both the source and selected relay nodes, which are
denoted as D, and D, respectively. A simple example is illustrated in Fig. 2, where there are 3 packets
(s(1),s(2) and s(3)) transmitted out consecutively from the source. The transmission time-span for
every packets is represented by a horizontal bar in Fig. 2, where Dy and D, indicate the delay time
slots at the source and relay nodes respectively, S — R and R — D indicate the transmission time slots
for source-to-relay and relay-to-destination respectively. For example, packet s; is transmitted from the
source to a relay node at time slot 2. After that, packet s, waits for 3 time slots (slots 3, 4 and 5) and
is then transmitted to a relay. After s, arrives the relay at slot 6, it waits for another 4 time slots (slots
7-10) before it is eventually transmitted to the destination at slot 11. Thus the delays for s, at the source
and relay nodes are 3 and 4 respectively in this example. Fig. 2 also shows that the packets arrive at the

destination in the order of [sy, S3, s3], which is clearly not as same as the transmission order.

. 10
timeslot | ! |2 | 3 |4 |5 &6 7 8B |9 [

S1 S-R Dr R-D

S2 Ds S-R Dr R-D

S3 Ds S-R Dr R-D

Fig. 2. An example of packet delay in the AF max-link scheme.

We particularly highlight that, while different packet may suffer from different delay, the system
throughput (or the average data rate) of the AF max-link scheme is not scarified. This is because that, at
any time slot, there is always one link selected for transmission. Therefore, when a packet is “waiting” for
transmission at a node, another packet must be transmitted at another node. Suppose there are M packets
in total. Because each packet takes 2 time slots for transmission (excluding the waiting time), if M is large
enough, the overall transmission time to deliver all packets is approximately 2)/. Therefore, the system
average throughput is 7 = % = 0.5, which is the same as that for the classic 3-node “S — R — D”

relay system [19].



According to the Little’s law [?], the average packet delay at the node ¢ can be obtained as

E[D;] = —/—=, (30)

where E[Q;] and 7, are the average queuing length and throughput at the node.
In the following two subsections, we derive the average packet delay at the source and relay nodes

respectively.

A. Average packet delay at the source

Because all data are transmitted from the same source node, the average throughput at the source node

is the same as that for the overall system which is given by
ns=mn=1/2 (31)

On the other hand, if we assume that the source always has data to transmit, the queuing length at
the source depends on how fast the data leave the source, which again depends on the probability that a
source-to-relay link is selected. Considering all buffer states at the relay, the probability that a source-to-

relay link is selected can be obtained as pg_,p = l(ffl) - pS H rR=2_, () (1 pgi n), Where

is the stationary probability for state s; which is obtained in (19), and pg% _.p 1s the probability to select a

relay-to-destination link at state s; which is given by (24). Alternatively, for any fixed sized buffers, the
number of data arriving at the whole the relays must be equal to that leaving these relays, because no

data can stay in a relay node forever and fails to reach the source. Thus we must have
Ps—R = Prsp = 1/2 (32)
This implies that the average queuing length at the source node is
ElQs] =1/2 (33)

Substituting (31) and (33) into (30) gives the average packet delay at the source node as

E[D,] = = 1. (34)

We highlight that (34) holds for both symmetric and asymmetric channel scenarios.



B. Average packet delay at the relay

Because the probabilities to select any of the relays are the same, the average packet delays at any of

the relay are also the same, so is the average throughput at any relay which is given by
U
=N (35)

Let Qﬁsl) be the queuing length (or the average number of packets) for the selected relay at the buffer
state s;. Considering all buffer state s;, the average queuing length at the selected relay is obtained as

(L+1)N

ElQ)= ) mQ, (36)

=1
Substituting (35) and (36) into (30) gives the average packet delay at the relay as

L+1)N

)
E[D, > mM (37)
=1

= L
2N £
Finally combining the delay at the source and relay nodes gives the overall average delay in the AF

max-link system as
1 (L+1)N

E[D] = E[D] + E[D,] = 1+ 5 mQEY. (38)
=1

On the other hand, if the source-to-relay and relay-to-destination channels are symmetric (i.e. a,%sr =
o; ), the average packet delay at the relay in (37) can be obtained as E[D,] = L/2, and the the overall

average delay becomes E[D] =1+ NL.

C. Numerical example

We have done extensive numerical simulation which all well match the above delay analysis. Some of
the results are shown in Table I and II, where for fair comparison, we let ¥,,.(dB) +4,4(dB) = 40dB in all
cases. It is clearly shown that, with more relay number /N and larger buffer size L, we have larger delays.
Moreover, if the relay-to-destination link SNR is stronger than the source-to-relay SNB, we have smaller
delay. This is not surprising because higher relay-to-destination SNR implies that the relay-to-destination

link is more likely to be selected and the data is more quickly forwarded to the destination.



TABLE 1
AVERAGE PACKET DELAYS

(N, L) =(2,2) Dve

(Ysrs Yrd) Simulation | Theory
10 30 2.0313 2.0300
15 25 2.2984 2.2999
20 20 4.9939 5
25 15 7.6987 7.7001
30 10 7.9706 7.9700

TABLE II

AVERAGE PACKET DELAYS

(N, L) = (4,4) Dve
(Ysrs Yrd) Simulation | Theory
10 30 2.0401 2.0416
15 25 2.4263 2.4273
20 20 17.0481 17
25 15 31.5646 | 31.5727
30 10 31.9534 | 31.9584

V. DIVERSITY ORDER

In order to show the diversity order of the AF max-link scheme, we assume all channels are i.i.d such
that 07, = o; = o}, and then the outage probability is given in (29). The diversity order can be defined

as
1()§§ }:1)ut

(39)

r=— lim
oo log 7y,

where 7, = (Esa,%) /o? which is the average SNR for every channel. However substituting (29) into
(39) does not explicitly shows the diversity order. Instead, we first derive the upper and lower bounds of
the outage probability, from which the diversity order is obtained; then we show that the minimum and

maximum diversity orders are obtained when the relay buffer sizes are 1 and oo respectively.

A. Outage probability bounds

(1) _ 55)

Noting g7 = Fnlhsr, |*, yRkS = 2, and from (9), we have

(i) (s5)

lim 'y(s’ %) = %. (40)
e Sk T VRoD



Since fyfql) > 0 and ’Yz(%s,f)D > 0, we have

(s4) . (s5)

1 s Vsr, VR,D . si s
Emln(v,g‘R)ka’yl(%,:})) < (s4) . k(s.) S mln(’yk(gR) ’/yl(%lj)D) (41)
K] + f)/ J
SRy, RyD
From (40) and (41), we have
PL < lim P(y) (si:59) Yin) < PY, 42)

Yh—>00

where Pl = P(mm(fyésj{l a'Yz(%k)D) < vu) and PY = P(1/2 - min(véﬁl,yggg) which are the lower and

upper bounds for lims, ., P (vgz ) < Yen) respectively.

Supposing the total numbers of available links for buffer state s; and s; are given by K (s:) and K (3)

respectively, the lower bound P can be obtained as

P! = P(min(vgy vislp) < )

=1— (1= Fx(3n))(1 = Fy(m)) (43)

Jth Jth _ Jth

— (L= )K= WK (e K (1 — e )R

Further noting that e* ~ 1 + x for very small x, and ignoring the high order terms, we have

lim PL = (ﬂ (44)

Fh—00 ~y

min{ K (51) ,K(Sj ) }
Th )

Then we have — lims, o0 ll‘j)gg?‘;L = min{ K®), K}, Further noting that N < K©) < 2N and N <

K(Gi) < 2N, we have

| PL
N < — lim o8
Yoo log Ay,

< 2N. (45)

On the other hand, the upper bound PY can be obtained as

PY = P(1/2- min(1§5),757)) < 7un)

=1— (1= Fx(2%n))(1 = Fy(2ym)) (46)

_2th _2%h 2"/th

Then following the similar procedure as that for PL, we have

lim PV — (ﬂ @7)

min{K () K5}
TYh =00 Yn )

)



and

log PV
N<— Lim 87 <9n. (48)

Fn—oc log Yy,

It is clear from (44) and (47) that, when %, — oo, log PX and log PV have the same gradients against
log 4,,. Then using (45) and (48) in (42), we must have
(sivs]')

log P <
N < — lm 28POp 7 <am) oy (49)
Fh—00 log v,
Particularly, if K = K() = K, we have
_ ol 08P0D T <m) _ g (50)

Ap—r00 log v,

Finally, because (49) holds for every s; and s;, from (10), the diversity order of the max-link AF relay
selection can be obtained as

N <r <2N. (51

It is clear that the diversity order r is a function of both the relay number N and buffer size L. Below we

show the upper and lower limits of the diversity order are reached when L = 1 and L — oo respectively.

B. Buffer size L =1

If the buffer size L = 1, the available number of links at any state is IV, or we have P(K®) = N) =1

for all s;. Then from (10), the outage probability is given by

PUI=D = p( NN ). (52)

out

Furthermore from (50), we have the diversity order for L = 1 as

r=— lim —2__ = N. (53)

C. Buffer size L — o0

If the buffer size is L, there are (L — 1)V states which are neither full nor empty so that their
corresponding number of available links is 2N. Since the total number of buffer states is (L + 1)V,

the number of states whose corresponding links is not 2N is (L + 1)~ — (L — 1), Thus the probability



that the available link is not 2V is given by
P(K #2N)= > (54)
K@i 2oN

where K(%) and m; are the total number of available links and stationary probability for the state s;

respectively. Substituting (27) into (54), and recalling that N < K(9) < 2N for all j, we have

K (s5)
PIAN = 2. ST
KN (55)
< Z 2N (L+1)N —(L—-1)N
= LN 7 N _
vimny i N (L+1)Y -1
It is clear from (55) that lim; ., P(K # 2N) = 0.
Therefore, if L — oo, the outage probability in (10) can be simplified as
P = POy < ). (56)
Then from (50), we obtain the diversity order for L — co as
P(L%oo)
r=— lim -2 —9N. (57)

n—oo  log Ay,

VI. CODING GAIN

Compared with the traditional max-SNR relay selection scheme, the AF max-link scheme has not only
diversity but also coding gain. In order to highlight the coding gain, we assume the relay buffer size of
the max-link scheme is L = 1. Then the diversity orders for both the max-link and max-SNR schemes
are NV, and the outage performance advantage of the AF max-link over the max-SNR scheme comes from
the coding gain.

From (52), when L = 1, the outage probability of the AF max-link scheme is given by Po(ftzl) =
P(WE)N’N) < ) whose lower and upper bounds (PeL and PeU respectively) can be obtained using (42). As

is shown in Section V-A, when the channel SNR 7, — oo, log PX and log PV have the same gradients

against log 7,. This implies that, for 4, — oo, we must have

10log P79 = o + 1010g PZ, (58)

out

where 0 < o < log(PY/PLF) which is a small constant.
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We note that, e ~ 1 + x for very small x. Substituting (43) into (58), and ignoring the high order
terms at the high SNR, we have
N
lim 10log PE7Y = o+ 101og [2 : (@) ] (59)
Yh—>00 Yh
On the other hand, in the traditional max-SNR scheme, the best relay is selected that maximizes the

SNR at the destination. To be specific, if the relay Ry is selected, the end-to-end SNR at the destination

can be obtained as

(Ry) YSR, VR, D

T = ; (60)
b fySRk + fYRkD + 1

where ysp, and g, p are the instantaneous channel SNR for S — R and R, — D links respectively.

Similar to (42), we can obtain the lower and upper bounds for P('y,(DR’“) < 7, at the high SNR as

P(min(ysa,, ¥r,0) < Ytn) < P(YH™ < ) < P(1/2 - min(ysr,, Ya,0) < Yin)- ©61)

Because the best relay in the max-SNR scheme is selected among N pair of source-to-relay and relay-

to-destination links that maximizes (60), the outage probability can be obtained as

PURE= SN = [Py 5 < )]V (62)
Substituting (61) into (62) gives
[P(min(ysr,, Yr,p) < vl < Pai M < [P(1/2- min(ysr,, yro0) < 9n))Y. (63)

For the similar reasons in obtaining (58), at the high SNR, we must have

10log plmas=SNE) _ g 4 10log[P(min(vsr,, Yr.p) < Yin)]™ (64)

out

where [ is a small positive constant. Because the channel SNR are exponentially distributed, we have

(65)

_th _Dth _Dth _mh \N
[P(min(ysn, vm,0) < )Y = (1= )+ (1= H) = (1= )1 —e )

Substituting (65) into (64), and ignoring the high orders at the high SNR, we have

N
lim 10log P 5N — 34 101og (2 : M) (66)

_ out
Yh—+00 Yh
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Finally from (59) and (66), when the buffer size L = 1, the coding gain of the AF max-link scheme

over the traditional AF max-SNR scheme is given by

9=D(dB) = lim (10log PImar=SNR) 10 ]og P(L:1)>

_ out out
Yh—00

=10(N —1)log2 + (8 — a) (67)
~ 10(N — 1) log?2,

where the approximation in (67) comes from the fact that both o and 3 are small positive constants.

We recall that the data buffers (with size 1) also exist at the relays in traditional relay selection scheme,
because the data need to be stored in the relay at one time and forwarded to the destination at the next
time. It is clear from (67) that, even with L = 1, the AF max-link still has better outage performance
than the traditional AF max-SNR scheme because of the coding gain. It is also shown in (67) that more
relays lead to higher coding gain. Only when N = 1, does the coding gain disappear because then both
the max-link and max-AF schemes reduce to the standard 3 nodes relay system.

While the coding gain analysis above is for buffer size L = 1, it is also useful in understanding more
general case with other buffer sizes, where the coding gain also exists. In general, the coding gain depends
on the number of available links for selection, which again depends on both the relay number N and
buffer sizes L. With larger L and N, we have larger coding gain. This will be verified in the simulation

later in this paper.

VII. SIMULATION AND DISCUSSIONS

In this section, numerical results are shown to verify the analysis in this paper. In the simulations below,
the average transmission powers for all transmission nodes is set as Es = 1, the noise variances for all

receiving nodes are set as o> = 1. All simulation results are obtained with 1,000,000 independent runs.

A. Outage performance of the AF max-link scheme

Fig. 3 verifies the outage probability expression in (29) with simulation results under varies scenarios.
It is clearly shown that in all cases the theoretical analysis well matches the simulation results. Both Fig.
3 (a) and (b) show that the best outage performance is obtained when the source-to-relay and relay-to-
destination channels are symmetric.

Fig. 4 (a) and (b) show the outage performance against different buffer lengths L for symmetric and

asymmetric channel configurations respectively, where the relay number is fixed at N = 3. It is clearly
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Fig. 3. Outage probability performance of the AF max-link scheme: theory vs simulation.

shown that the outage performance improves with larger buffer size L, but the improvement is less
significant when L becomes larger. It is shown in Fig. 4 (a) and (b) that, when L = 50 and L = 20, the
outage performance is almost as same as that for L — oo for the asymmetric and symmetric channel
configuration respectively. Therefore, in practice, the full outage order 2N can be achieved with finite
buffer sizes. It is also shown that, with larger buffer size L, the outage performance improvement in the

symmetric channel (Fig. 4 (a)) is much more significant than that in the asymmetric channel (Fig. 4 (b)).

10°
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2 2
H 3
2 ©
] 2
S £ 107
e & 10°F 1
o [
g g
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10A K - = N=3L= 5dB ¥, = 30dB (Theory)

7,4 = 30dB (Simulation)
= 30dB (Theory)

10° 1 1 1 107 1 1 1

15 20 25 30 35 15 20 25 30 35
Target SNR[dB] Target SNR [dB]
(a) Symmetric channels (b) Asymmetric channels

Fig. 4. Outage probability performance of the max-link scheme for different buffer length L.

Fig. 5 shows how the outage performance changes with different relay numbers N for a fixed buffer
size L = 8, where the asymmetric channel configuration with 7. = 30dB and 7,; = 25dB is considered.

It is clearly shown that the outage performance improves with more relays. The results for other channel
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configurations are similar so they are not presented.
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Fig. 5. Outage probability performance of the max-link scheme for different relay number N.

B. Outage performance comparison between of the AF max-link and max-SNR schemes

Fig. 6 compares the proposed AF max-link and traditional max-SNR schemes in symmetric and
asymmetric channels. For fair comparison, we let 7,,.(dB) + 7,4(dB) = 40dB in all cases. It is clearly
shown that, for the both the AF max-link and max-SNR schemes, the best outage performance is achieved
in the symmetric channel. Moreover, the outage performance advantage of the AF max-link scheme over
the traditional max-SNR scheme is also more significant in the symmetric than in the asymmetric channels.
For example, when the target SNR=10dB, the outage probability difference between the max-link and
max-SNR are approximately as large as 28dB for symmetric channels, and only about 2dB for asymmetric
channels®.

This can be explained as following: In the AF max-link scheme, as is shown in (10), the outage
performance depends on both the outage probability for every buffer state and the distributions of the buffer
states, because different buffer state may correspond to different available links for the relay selection.
On the one hand, the outage probability for a given buffer state is always minimized in the symmetric
channel. This is because that, as is shown in the outage bound in Section V-A, the outage probability for
any buffer state depends on the minimum SNR of the source-to-relay and relay-to-destination channels,
which is clearly minimized in the symmetric channels. On the other hand, if the channels become more
asymmetric, the relay buffers are more likely to be full or empty, corresponding to fewer available links,

which also deteriorates the outage performance.

®Qutage probability in dB = 10 log(outage probability)
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In comparison, the traditional AF max-SNR scheme does not have buffer states and the available
links for selection is always equal to the relay numbers. Thus the outage performance solely depends
on the minimum SNR of the source-to-relay and relay-to-destination channels, and is optimum in
symmetric channels. Therefore, when the channels become more asymmetric, there are two and one
deteriorating factors in the outage performance for the max-link and max-SNR respectively, so that the
outage performance of the max-link deteriorates faster than that of the max-SNR scheme. Therefore,
compared with the traditional relay selection scheme, the buffer-aided max-link scheme is most effective

in the symmetric channel configuration.

10

O maxlink N=3 L= 10 7, = 15dB 7,;, =25dB (Simulation)
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- = =maxlink N=3 L= 10 5,, = 15dB ¥,, =25dB (Theory)

O maxlink N=3 L=10 7,, =¥,, =20dB (Simulation)
max-link N=3 L= 10 5. =7,; =20dB (Theory)
15dB 7, =25dB (Simulation)
25dB 7, =15dB (Simulation)
1B 5,, =25dB (Theory)
=20dB (Simulation)
1 =20dB (Theory)

T T

Outage Probability

O max-SNR N=37,

A maxSNR N=

= = =max-SNR N=

O max-SNR N=

——— max-SNR N=3 7,,
. .

T T
10 12 14 16 18 20 22 24 26 28 30
Target SNR [dB]

Fig. 6. Outage performance comparison between the AF max-link and max-SNR schemes with different channel configurations.

C. Diversity order and coding gain

In order to show the diversity gain, Fig. 7 considers a symmetric channel configuration that v, = 7,4 =
25dB. As is proved in Section V, the diversity orders of the AF max-link scheme are N and 2N, when
the buffer sizes are L = 1 and L — oo respectively. On the other hand, diversity order of the max-SNR
is N. Therefore, the max-link schemes with (N, L = 1) and (NN, L — oo) have the same diversity orders
as those for the max-SNR with N and 2N respectively, which is clearly verified in Fig. 7.

It is interesting to observe that, because of the coding gain, the max-link scheme with (N =5, L = 1)
has significant better outage performance than the max-SNR scheme with N = 5, though they have the
same diversity orders. Fig. 7 shows that, when SNR = 14dB, the outage probability difference between
max-SNR with N = 5 and max-link with (N = 5, L = 1) is approximately 11dB, which well matches
the approximate coding gain obtained from (67) that 10(N — 1) log2 = 12dB when N = 5.
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On the other hand, for the max-link scheme N = 5, L — oo, the available link for every buffer state is
2N = 10. Then following the similar procedure in Section V, we can obtain that the coding gain of the
max-link with N = 5, . — oo over the max-SNR with 2N = 10 is approximately 10(2N — 1)log2 =
27dB. But Fig. 7 shows that, when SNR = 14dB, the outage probability difference between the max-SNR
with N = 10 and max-link with (N = 5,L — oo) is approximately 31dB, which well matches the

analytical result.

Outage Probability

—E— max-SNR N=5
—A— max-SNR N=10

1078 L | === max-link N=5 L=1

max-link N=5 L - oo
10° I L L L L L

0 2 4 6 8 10 12 14
SNR[dB]

Fig. 7. Diversity order and coding gain of the AF max-link scheme.

VIII. CONCLUSION

In this paper, we carefully studied the performance of buffer-aided AF max-link relay selection scheme
for both symmetric and asymmetric channels. We derive the closed form expression of the outage
probability of the proposed scheme. The results showed that the max-link scheme is most effective over the
traditional max-SNR scheme when the source-to-relay and relay-to-destination links are symmetric. We
also derived the average packet delay of the max-link scheme under both both symmetric and asymmetric
channel configurations. We proved that the diversity order of the AF max-link scheme is between /N and
2N, where the lower and upper limits were obtained when the buffer size is 1 and oo respectively. We
also analytically showed the coding gain of the max-link scheme over the traditional max-SNR scheme.

Finally, extensive numerical simulations were given to verify the analysis in this paper.
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APPENDIX - PROOF OF (15)

Yen (z+1)

Since the integration area of (14) is closed by the curve .

, x > 0 axis and y > 0 axis, the

integration can be split into three parts as

Tsry RkD VSRy, RkD
v "~

B

e (v 1) it (68)

Y—Yth
/ / (e) (s ($>y)d$dy-
SRk RkD
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Parts A and B can be obtained as

oo Yth
Ytn 40

SRk RkD

1-F ) (%h)]F (Sz) (Ven)
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/ / f () () (x,y) dz dy
Vst YR D
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RkD
respectively. Part C' is further divided into parts C'; and C5 as
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g

Cl C2
Noticing C is equal to part A, we now need to calculate part C. First applying a binomial expansion

on F (., [%sh(yﬂ)]

— which gives
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We let M, =

2 + = and substituting (71) into part C; gives
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K5 K,
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(72)

which is further split into another two parts as Cy; (for (m,n) = (0,0)) and Cyo (for (m,n) # (0,0))

respectively. Noticing C1; is actually equal to 1 — B as is shown in (69).

Applying a binomial expansion on f (s;)

) (y) which gives

RkD
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where M.
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= Y (1 + 1) and B denotes the modified Bessel function of the second kind [15].

Vth

Finally, substituting A, B and C back into (70) gives
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