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Synops1s: M.Ph1l Thes1s by D. Belahrache 

Stud1es of A1r Cored Toro1dal Inductors 

The thes1s 1s ma1nly concerned w1th some opt1mum des1gns for a1r cored toro1dal 

l.nductors. It also descr1bes theoret1cal and pract1cal 1nvest1gat1ons of the 

1nductance and losses of toro1dal cage co1ls w1th the opt1mum Shafranov D 

shape. 

A1r cored toro1dal 1nductors are used 1n many power electron1cs appl1cat1ons. 

Unl1ke soleno1ds they do not generate h1gh external magnet1c f1elds that can 

cause 1nterference 1n other ne1ghbour1ng components. They are also preferred 

to 1ron cored 1nductors because they do not have saturat1on problems. 

The thes1s has three ma1n sect1ons. The f1rst outl1nes two d1fferent methods 

g1v1ng a fam1ly of opt1mum shapes for the cross sect1on of an 1deal th1n 

toro1dal 1nductor. A Fbrtran computer program was prepared for the numencal 

calculat1on of the opt1mum shape, its per1meter length, and the 1nductance of 

the whole toro1d. The second part deals w1th the problem of w1nd1ng the 

greatest poss1ble 1nductance w1th a g1ven length of w1re for s1ngle layer 

toro1ds. It treats the problem of toro1ds w1th square, c1rcular and D shape 

cross sect1ons. In the case of D shape cross sect1ons, the opt1mum rad1us-

rat1o has been determ1ned. This means that the most econom1cal des1gn for 

s1ngle layer toro1ds,w1th both opt1mum turns and opt1mum shape, 1s obta1ned. 

In the th1rd part, the toro1dal cage co1l, wh1ch 1s a spcc1al type of toro1dal 

inductors( that was 1nvented to overcome pract1cal manufactur1ng problems, 
' 

explo1 ts the Shafrano v D shape for max1mum f1eld energy. Fl. ve cages have 
I 

been prepared to test the accuracy of a theoretical 1nductance formula. Loss 

calculat1ons and ~easurements are also g1ven for alternating currents and the 

frequency-squared dependance of proxim1ty effects 1s shown. 
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CHAPTER l 

INTRODUCTION 

Inductors [1,2,3] are one of the essential elements which 

play important roles in electrical networks. They are 

passive components and have the property of opposing chan-

ges of currents flowing through them. 

There is a wide var1ety of inductance coil types ranging 

from the large low frequency smoothing iron cored choke to 

the tiny high frequency tuning air cored inductor. Induc-

tors may also be classif1ed according to core mater1al (air 

or iron), frequency (audio or radio), method of wind1ng 

(solenoid, toro1d, spiral, etc.), or application. Unlike 

resistors, capacitors and other components, inductors are 

generally made the circuit des1gner. Nevertheless we can 
b, 

find miniature components w1th standardised values (lOO nH 

to 100 mH) for use in telecommunication circuits [4]. 

The rapid progress in electron1cs w1th the advent of inte-

grated circuits brought a big trend towards size reduction 

of circuitry, but the physical form of inductors as well as 

other magnetic components sometimes causes problems. Des-

p1te some successful attempts to replace or avoid inductive 

reactances, inductors remain essential circuit elements. 

For some applications there is no alternative but to con-

centrate on inductors themselves and f1nd optimum designs. 
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One area of 1nterest where inductors are considered as 

important circuit elements, and are still widely used, is 

the power electronics field. Here are a few examples of 

their uses [5]: 

To smooth the current in filters. 

To limit the rate of current rise in thyristors. 

To turn off thyr1stors in resonant commutation circu1ts. 

Power electronics inductors, which are des1gned for low 

frequency applications, are generally large in physical 

dimensions because they are required to have large induc

tances and carry high currents. The inductance and the 

current rating are then the ma1n factors wh1ch characterise 

an 1nductor. The f1rst depends on the type of winding and 

core material, and the second defines the choice of the 

diameter of wire. Usually, the choice of an inductor is 

due to technical constraints. Iron cored inductors, for 

example, are avoided by some engineers because they have 

saturat1on problems. Some alr-cored inductors, like sole

noids, generate high magnet1c fields that may interfere 

with other neighbouring components, for instance caus1ng 

unwanted firings of thyristors. 

One good solution, that has proved efficient in power elec

tronlcs circuits, 1s the air-cored toroidal 1nductor which 

is becoming widely used. These coils have no saturat1on 

problems and confine their magnetic f1eld very well. In

deed it is theoretlcally possible to wind a toroid with no 

external field whatever. 
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We can imagine the importance of toroidal windings when we 

know that the UK market required approximately £10m of 

toroidal coils and transformers ~n 1985 [6). 

However, from an economic point of view, these inductors 

seem to have a worse position compared with s~mpler wind

ings. They are more voluminous, and the manufacturing is 

not as easy as for solenoids. 

cost penalties. 

These disadvantages carry 

Attempts are being made to reduce the labour content by 

automating the winding process. Optimisation studies are 

also being carried out to find the most economical designs 

and to find easier ways of winding toroids, like, for 

example, the toroidal cage coil [7]. 
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CHAPTER 2 

OPTIMUM DESIGNS FOR IDEAL THIN TOROIDS 

2.1 Introduction 

In 1960, Leites [8], who was working on high voltage power 

reactors for use in long distance transm1ssion lines, 

studied the problem of winding toroidal reactors with no 

bending stresses. H1s calculations led h1m to a second 

order differential equat1on from which he plotted the curve 

of the cross-section shape of the toroid using a step by 

step graphical method. 

Working in the context of research on thermonuclear re

actors like the tokamak type, File et al [9], 1n 1971, used 

the same method and obtained the expression of the first 

derivative of the curve wh1ch they integrated numer1cally. 

After their work, the shape is sometimes referred to as the 

"Princeton-D", but it is better known as the "D-shape" 

because 1t resembles the letter D. 

A year later, Shafranov [10] examined the problem of f1nd

ing the optimum shape of an ideal toroidal coil to ensure 

maximum field energy for a fixed length of coil material. 

He arrived at the same result as File et al, which consist

ed of a family of shapes depending on the ratio of inner to 

outer rad11 of the toroid. 
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The two methods are reviewed in the next two sections. 

Ten years after Shafranov, Murgatroyd [11] showed that 

their result, and particularly as stated by Shafranov, 

could be used in the practical design of inductors. He d1d 

a further study including optimum shapes for alternating 

currents. 

2.2 Magnetic Field Energy Method 

A toroidal coil is a long solenoid bent into a circular 

shape. In an ideal thin toroidal coil the w1ndings are 

thin in comparison with the overall dimens1ons, and the 

turns are very close. Appl1cation of Ampere's theorem to 

c1rcular paths shows that all the magnetic field is con-

fined within the coil (not completely true for practical 

coils). At a radius r from the mean axis of the toroid, it 

is given by 

(2.2.1) 

The stored magnetic field energy lS given by 

(2.2.2) 

It is ev1dent that an optimum toroid must have an equat-

orial plane of symmetry because one half cannot perform 



better than the other. A general formula can be derived 

for the inductance of a toroidal coil with an arbitrary 

cross-section, but with a plane of symmetry that coincides 

with the surface z = o, as dimensioned in Fig. 2.1. 

Combin1ng equations (2.2.1) and (2.2.2) yields 

L z(r) dr 
r 

(2.2.3) 

From a similar equation and the expression of the perimeter 

of the cross-sect1on, Shafranov recognized an isoperimetric 

problem of the calculus of variations [12]. Following his 

theory, the curve z(r), which defines the optimum shape, 

has vert1cal tangents at both ends. 

Although they did not affect the final result, Murgatroyd 

not1ced that any lengths of finite straight portions that 

the shape may possibly have at the 1nner and outer rad1i 

had not been included by Shafranov, and so added them in 

the calculations. 

The perimeter of the cross-section is thus given by 

1 = 2 ~be J1 + s 2 dr + 2 (z(b) + z(c)) (2.2.4) 

where s = dz is the slope of the curve at a point (r, z) 
dr 
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Equation (2.2.4) can be converted to the pure integral 

l = 2 re ['h + s
2 

+ 2 (rs + z -(b+c)s)] dr (2.2.5) 
jb c-b 2 

The problem is then the determination of the function 

z = z(r) for which the integral 

G[z] =/be z(r) dr 
r 

takes the largest value subJect to the conditions 

K(z] + b+c ] 2 (rs+z - --2- s) dr 
c-b 

and 

at r = b and r = c 

(2.2.6) 

(2.2.7) 

(2.2.8) 

To deal w1th this isoperimetric problem, we form the func-

tional 

with 

G[z] +>.K[z] = J F(r) dr 

F(r) = ~ + ,\ [h+s
2 + 2 (rs+z - b~c s)] 

c-b 

(2.2.9) 

(2.2.10) 

and write the corresponding Euler-Lagrange equation 

<IF d <IF l + ).~ 5 (2.2.11) 
az: - dr ;)5 = - = 0 

r dr -.} 2 l+s 

wh1ch implies 

dr ).d s (2.2.12) --r 
.J 2 l+s 

7 
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IntegratLng (2.2.12) we obtain the equatLon 

dz + 
dr = 

The values of 

Ln(r/k) 

k and A are 

from the conditions given 

at r = b we have 

and at r = c we have 

constants which are 

by equation (2.2.6) 

).2 Ln 2 (b/k) = 0 

).2 Ln 2 (c/k) = 0 

(2.2.13) 

determined 

(2.2.14) 

(2.2.15) 

The solution of the system composed by equations (2.2.14) 

and (2.2.15) yields 

and 

). = 1 Ln(b/c) 
2 

k = jbC 

(2.2.16) 

(2.2.17) 

The curve z(r) and its symmetr1cal are then given by the 

expression 

dz + 
= 

Ln( ~/r) (2.2.18) 
dr .JLn(r/b)Ln(c/r) 

We can eas1ly notLce that the curve has a maxLmum for 

r = VbC· The solution of equation (2.2.18) is explained in 

the last section of th1s chapter, but a first sketch of the 

appearance of the curve z(r) is given Ln Fig. 2.2. 
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2.3 Mechanical Strength Method 

Large toroidal w1ndings are frequently used in thermo-

nuclear fusion technology because they produce fields in 

which the magnetic lines of forces close up on themselves 

and provide good confinement for the plasma within the 

working volume [13]. They are also used as current limit-

ing devices in high power transmission systems (8]. 

In this type of reactor, the h1gh current in the windings 

together with the magnetic field it creates produce forces 

wh1ch tend to expand the coil. Because the forces are not 

uniformly distributed, this kind of internal magnetic 

pressure subJects the reactor to some bending stresses and 

hence deformations. In fact the system tends to have a 

state of equilibrium. It 1s possible to keep the windings 

in pos1tion by using very strong structures, but this 

method is very costly. 

A better solution is to minimise the bending stresses by 

choosing a toroid where the windings are in pure tens1on. 

In other words, the cross-section of the toroid should have 

a shape in such a way that the tension is the same all the 

way round. 

Along an arc dl, the force F (see Fig. 2.3) is related to 

the radius of curvature R and the tension T, which has to 

be constant, by the express1on [14] 

T = R F = cste (2.3.1) 
dl 



Since the force is like Id1B and B is proportional to 1 
- ' r 

equation (2.3.1) becomes 

pR = r (2.3.2) 

where p is a constant. 

The rad1us of curvature is given by [15] 

R = + (2.3.3) 

where u = dr is the inverse of the slope at a point (r,z) 
dz 

Combining equations (2.3.2) and (2.3.3) yields 

p dr = + 
r 

udu 

This equation can be integrated once to g1ve 

pLn(r/q) = ! 1/(1+u
2 J112 

where q is a constant 

whence 

1 = dz = + 
u dr 

Ln(r/q) 

(2.3.4) 

(2.3.5) 

(2.3.6) 

This equation is exactly the same as equation (2.2.13). It 

is not a coincidence, but 1t is simply due to the fact that 

stable equilibrium corresponds to minimum free energy [16]. 

11 
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2.4 Numerical Solution 

As mentioned before, the solution for the shape of an 

ideal~sed constant tension coil was done by Leites via a 

graphical technique, whereas File et al, Shafranov, and 

Murgatroyd performed it using numerical methods. The analy

tical solution was given in 1976 by Gralnick and Tenney 

[17] in terms of mod~fied Bessel funct~ons of the first 

kind. 

In his method, Murgatroyd used the Runge Kutta method [18] 

and implemented it in an Algol program. At the ends of the 

curve, where the slope is ~nfinite and where the Runge 

Kutta method cannot be applied, he employed analytical 

approximations to equation [2.2.18]. 

In the present work, the fourth order Runge Kutta method 

and the third order Taylor's expansion, for the ends of the 

range where the slope is infinite, are implemented in a 

Fortran 77 program on the Mult~cs computer of Loughborough 

University. 

The program with details is g~ven in Appendix 1. 

The trapezoidal method is also implemented in the same 

program to evaluate the inductance and the perimeter of the 

cross-section. 

For conven~ence and to have a more general result, the 

numerical integration is performed in dimensionless quan-

13 



tities depending on the radius ratio a= c/b (see Fig. 2.4). 

All quantities are then expressed in terms of the inner 

radius b and a function of a. 

2 
L = ~-'oN b s(a) 

-2-

1 bP(a) 

e = bE(a) 

(2.4.1) 

(2.4.2) 

(2.4.3) 

where s(a), P(a) and E(a) are successively the computed 

dimensionless inductance, the dimensionless perimeter of 

the cross-section and the length of the stra1ght port1on 

at a= 1. 

A family of computed D-shape cross-sections is g1ven in 

Fig. 2.5. 
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CHAPTER 3 

OPTIMUM DESIGNS FOR SINGLE LAYER TOROIDS 

3.1 Introduction 

There are many different ways of winding an inductor of a 

g1ven type to obtain a certain 1nductance value. Practical 

engineers prefer one design to another for technical or 

econom1c reasons. From the economic point of v1ew, the 

best design 1s one in which a minimum of co1l material is 

used. 

In the last century, Maxwell [19] examined the problem of 

the best way of winding a given length of wire into a sole

noid to achieve the greatest inductance possible. His sol

ution was a square cross-section solenoid in which the mean 

turn diameter was 3.7 times the side of the square. Shaw

cross and Wells [20] used a better formula than Maxwell and 

showed that the ratio should be 3. Finally, Brooks [21] 

whose name is associated with the optimum design, showed 

that the mean diameter is in fact 2.967 times the s1de of 

the square. 

The present chapter describes the first investigation of a 

similar problem concerning single layer toroidal inductors. 

Flg. 3.1 shows two d1fferent possibilities of winding a 

single layer toroid w1th a fixed length of wire of a given 

diameter. An infinite number of other ways is possible, 

16 
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Fig. 3.1 Two different possibilities of wmding single-layer 

toroidal inductors using the same w1re-length. 
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but it is obvious that any constructions in which the wires 

are not in close contact at the inner radius must be less 

efficient than constructions where the centre of the coil 

is more compact. It is also noticeable that a gain of 

inductance due to an increase of the number of turns will 

be reduced by a decrease of the turn area, and vice versa. 

Therefore there has to be a compromise, and the following 

calculations show that the maximum inductance is achievable 

if the number of turns is correctly chosen. 

Optimum designs for toroids with square, circular, and D-

shape cross-sections are analysed and compared. 

3.2 Toroids with Square Cross-sections 

The general inductance formula of a single layer toroidal 

inductor is g1ven by 

z(r) dr + 
r 

IJ w 
0 

87'i 
(3.2.1) 

Here, the f1rst term corresponds to the inductance of a 

th1n toroid, which is g1ven by equation (2.2.3), and the 

second term corresponds to the internal inductance oYthe 
/ 

of the wire of length w. 

The turns of the toro1d touch around the circumference of a 

circle of radius b (see Fig. 3.1). This geometrical 

arrangement allows us to write a wire contact cond1tion 

18 



between the inner radius b, the wire diameter d, and the 

number of turns N (see Fig. 3.2) for any given cross-

section; that is 

b = d (3.2.2) 
2 SJ.n (7\/N) 

The inductance of a square section toroJ.d, as dimensJ.oned 

in Fig. 3.3 1 may be obtained from equation (3.2.1) in which 

z(r) is constant at l(c-b) 
2 

The side of the square is given by 

c - b = w 
4N 

(3.2.3) 

(3.2.4) 

IntroducJ.ng the wire contact condition and equation (3.2.4) 

into equatJ.on (3.2.3), the inductance formula becomes 

r 1+ __!!__ 
L 2Nd 

sin (3.2.5) 

For convenience, the inductance may be expressed J.n terms 

of the scale J.nductance 

L = IJod 
0 

271" 

and the dimensionless wire-length 

k = w 
d 

(3.2.6) 

(3.2.7) 
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With these substitutions 

= 
Nk 
4 

Ln [ 1 + k 
2N 

sin (3.2.8) 

The dimensionless inductance L /L is plotted against the s 0 

number of turns N for a range of values of the dimension-

less wire-length k (see Fig. 3.4). Every curve lS seen to 

have a soft opt1mum. The optimum values of N, which are 

1ntegers, may easily be determined by tabulatlon. Plots of 

the optimum numbers of turns and the max1mum dimensionless 

inductances against k on a logarithmic scale show linear 

dependences (see Fig. 3.5 and Fig. 3.6). 

A d1rect differentiation of the function in equation (3.2.5) 

does not lead to an analyt1cal solut1on. So the approx-

1mat1on s1n (IT/N):::: IT/N for N large is used, and yields 

Nk -::r- Ln (1 + + k 
4 

(3.2.9) 

To f1nd the value of N that maximises this function, we 

make its derivative zero; that is 

Ln(2x) - 4x + 2 = 0 

or X - 1 Ln (2x) - 1 = 0 (3.2.10) 
4 2 

where 

1 = 1 + k (3.2.11) 

2X 2N2 
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The solution of equation (3.2.10) is achieved using the 

iterative method. It is given in Appendix 2, and the 

wanted value is 

X = 0.1016 (3.2.12) 

Substituting x by its value in equation (3.2.11) yields 

N = 0.6329 Jk (3.2.13) 

When th~s is put back into equation (3.2.9), the best 

inductance is given by 

= 0.2522 k 3/ 2 + 0.25 k (3.2.14) 

3.3 Toroids with Circular Cross-sect~ons 

The inductance of a circular section toroid may be derived 

from equat~on (3.2.1) or found in many textbooks [1,3]. As 

d~mensioned in Fig. 3.7, where z(r) has the expression of a 

sem~-circle of diameter (c-b), it is given by 

JEC] 
The d~ameter of the circle is given by 

c - b = w 
7\N 

(3.3.1) 

(3.3.2) 
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Introducing this expression and the wire contact condition 

given by equation (3.2.2) into equation (3.3.1), the 

inductance becomes 

L = IJ N2 [ w + d 
(/'JN)- J2 d 

(71/N)(2 
d 

(71/N)+ c 0 27\N 2 sin sin s~n 

+ !Jew 
(3.3.3) 871 

This formula may be rewritten in terms of the scale induc-

tance and the dimens~onless wire length introduced pre-

viously 

s~n(71/N) 
+ 2k71 

Ns~n(JI/N) 

The dimensionless inductance Lc/L
0 

is plotted against the 

number of turns N, for a range of values of k (see Fig. 

3.8). Here, also, every curve is seen to have a soft op-

timum. Similarly to the square section toroid, plots of 

the maximum dimensionless inductances and the optimum num-

bers of turns against k, on a logarithmic scale, show 

linear dependences (see Fig. 3.9 and Fig. 3.10). 

For N large, s~n (71/N) is approximated by (71/N) in equat~on 

(3.3.4) 

2k] + k 
4 

(3.3.5) 
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To find the optimum number of turns, we make the derivative 

zero 

N
2 

- 2 k = o (3.3.6) 
3 

which implies 

N =Jf F 

or N = 0.8165 kl/ 2 (3.3.7) 

When this is put back into equation (3.3.5), the best in-

ductance is given by 

L c 
L 

0 
= 0.2722 k3/ 2 + 0.25 k 

3.4 Toroids with D-shape Cross-sections 

The inductance of a D-shape cross-section single layer 

toroid, as dimensioned in Fig. 3.11, is given by 

2 iJ w 
L

0 
= i.Jo N b s(a) + _£_ 

271 871 
(3.4.1) 

where the first term corresponds to the inductance of a 

thin toroid, which is given by equation (2.4.1), and the 

second term is the internal inductance of the wire. 

The inner radius 1s given from equation (2.4.2) by 

b = 1 = w (3.4.2) 
P(U) NP(O) 
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Introducing this expression into equation (3.4.1), the 

inductance formula becomes 

(3.4.3) 

Rewriting it in terms of the scale inductance and the 

dimensionless wire-length, the 1nductance is now given by 

Nk S(U) + k 
PTCiT 4 

(3.4.4) 

From equation (3.4.2) and the wire contact condition, b is 

elim1nated and sin(~/N) is approximated by ~/N, as in the 

previous cases, to give 

N = 27\k 1/2 
( P(a)) 

(3.4.5) 

Back into equation (3.4.6), the full inductance is now given 

by 

(271)1/2 - . S(O) 
P(aJ 3/2 

k3/2 k 
+ 4 

(3.4.6) 

The inductance is maximised for a value of a that maximises 

S(O)/P(O) 3 / 2 • Th1s quantity is plotted in Fig. 3.12 

against a using values obtained numerically by the computer 

program g1ven in Appendix 1. The peak occurs for a= 5.3, 

where S(O)/P (0) 3/ 2 = 0.1252 and P(a) = 19.69. 
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The optimum number of turns is thus given by 

N = 0.5649 kl/ 2 (3.4.7) 

and the maximum inductance is 

r:-= 0.3139 k3/ 2 + 0.25 k (3.4.8) 
0 

The D-shape correspond1ng to a= 5.3 is plotted on a square 

grid in F1g. 3.13. 

3.5 Comparison of Results 

Best inductance L/L Optimum number 
0 of turns 

Square section 0.2522 k3/2+ 0.25k 0.6329 kl/2 

Circular section 0.2722 k3/2+ 0.25 k 0.8165 kl/2 

D-shape section 0.3139 k3/2+ 0.25 k 0.5648 kl/2 

The above table shows that the inductance of the best D-

shape toroid (compar1ng JUSt the first term for large k) 

is about 15% better than the inductance of the best circle 

sect1on toroid, which is 8% better than the inductance of 

the best square section toroid. The most economic single 

layer toroid is, therefore, a D-shape section toroid with 

radius ratio a= 5. 3. On the other hand the best D-shape 

toroid is seen to have fewer turns than the circular 

toroid, which means it is a bit more voluminous. A graph 

is given in Fig. 3.14 to help des1gning any of the three 

optimum toroids. 
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In pract1ce it is not always possible to use the most 

economic design because it may not fit into the space 

allowed in the electronic system. Nevertheless, the 

previous study will help engineers, if space is not a 

problem, make the most economic design of single layer 

toroids without getting any inferior des1gn by trial and 

error especially when the production is high. A direct 

application of these results has already found its way in 

the practical des1gn of inductors for dl/dt lim1tation 1n 

a power electronics circuit [22]. 

The principal results of this chapter have been published 

(23] and a reprint of the paper appears 1n Append1x 4. 
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CHAPTER 4 

THE D-SHAPE TOROIDAL CAGE INDUCTOR 

4.1 Introduction 

The development of new devices capable of controll1ng 

larger currents has made possible a rapid advance in power 

electronics. However, some difficult1es are encountered 

with the passive components required for this technology. 

Inductors, in particular, sometimes present serious prob

lems. As mentioned in Chapter 1, because of the high cur

rents they carry, inductors (like solenoids, for example), 

generate high external magnetic fields that may interfere 

with nearby electronic equipment. Inductors can also have 

saturation problems 1f they are iron cored. 

A good solution to these problems is the air cored toroidal 

1nductor which is used in many power electronics circuits. 

Unfortuntely, this type of inductor has manufacturing prob

lems at the present time and cost disadvantages, if corn-

pared to solenoids. Nevertheless, attempts are being 

carried out by spec1alists to overcome them and find opt

timum solutions. 

One spec1al air cored inductor, which has proved itself 

useful in high current power electronics, is the toroidal 

cage co1l L7]. It is a robust component that was developed 

a few years ago at Brush Electrical Machines Ltd. and at 
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Loughborough University. The first cages were constructed 

w~th rectangular shaped windows and are used in thyristor 

choppers for railway traction drives. Good formulae for 

the inductance and power dissipation were derived and 

tested for this type of cage (7]. 

In the present work, a s~milar study is carried out for 

cages having the optimum D-shape of window. It will be 

shown in the last section of this chapter that this type of 

cage gives improved performance compared with the rectang

ular cage. 

4.2 Construction of the Cage 

As shown in Plate 1, a toro~dal cage inductor is made by 

assembling six identical subcoils. They are joined to

gether in a well defined way so that the complete structure 

looks like a six turns toroid. Each subcoil ~s wound sep

arately on a special former using a winding machine or a 

slow running lathe. 

The former, shown in Plate 2 and Fig. 4.1, consists of a 

central wooden board which is cut to shape using a bandsaw 

and a sander; the shape we are concerned with in this work 

is the D-shape treated in Chapter 2. In order to secure 

the winding against slipping, the central board is sand

wiched between two wooden cheeks which are fixed to ~t by 

means of small bolts. Slots and windows are successively 

cut into the board and cheeks to allow for tapes to pass 
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Plate 1 



38 

Plate 2 
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under and around the stack of wire, so as to prevent any 

collapse and facilitate the easy removal of the subcoil 

after the winding operation. A hub and a keyway are made 

at the centres of the central board and cheeks, then the 

thin threaded end of a metal shaft, with a key fixed on it, 

is passed through the former and secured with a big nut. 

Finally, the other end of the shaft is housed inside the 

mandrel of the winding machine and solid enamelled copper 

wire is wound onto the central board. 

The first layer of the winding has n turns and covers the 

whole width of the central board which is given by 

H = nd (4.2.1) 

where d is the diameter of the enamelled copper wire and n 

is given 

N = 

or N = 

from the 
n 

62:i ,,, 
3n (n + 

relation 

1) 

(4.2.2) 

(4.2.3) 

where N is the total number of turns of the cage. 

Each of the following layers slot~into the grooves of the 

layer below it and has thus one turn fewer. As shown in 

Fig. 4.2, all the layers, with the last one consisting of 

JUSt one turn, constitute a regular pyramid. 

The same process is repeated for the five other subcoils. 

In each one the wires form a bunch with an envelope section 

that is an equilateral triangle. As sketched 1n Fig. 4.3, 

when the six subcoils are Joined together and bound with 

glass tape, the constructed cage has a solid central limb 

with an hexagonal envelope section. 
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F1g. 4.2 Method of winding a subcoil 

Fig. 4.3 Plan cross-section of cage inductor 



To harden the structure and avoid short circuits the cage 
~ 

could be impregnated with liquid resin and heat treated. 

This technique is used for production coils at Brush Elec-

trical Machines Ltd., but as similar facilit~es are not 

available at Loughborough University three of our proto-

types were left without impregnation. 

Different connections of the subcoils are possible. They 

could be 

Series-connected to give the greatest inductance. 

Paralleled in pairs and the pairs series-connected to 

give one quarter the inductance with twice the current 

rating. 

Paralleled in threes and the threes series-connected to 

give one ninth the inductance with three times the cur-

rent rating. 

4.3 Inductance Formula 

In order to construct inductors with determined inductance 

and current rating values, it is necessary to have in hand 

accurate enough formulae from which the design parameters 

can be obtained. Inductance formulae of well known coils 

are available in many textbooks, but for special types they 

have to be derived theoretically and tested in practice. 
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In the case of the toroidal cage with rectangular window 

shape, for example, a working formula [7] was derived in 

terms of the geometry and the number of turns using the 

magnetic field energy method. A good agreement between 

theory and experiment was obtained. 

That successful method is extended here to toroidal cages 

having the optimum D-shape of window. S~milarly to the 

rectangular cage, the open hexagonal structure is approx-

imated by a closed configuration, as shown in Fig. 4.4, so 

that circular field lines can be assumed and Ampere's 

theorem can be used. The D-shape is also divided into four 

regions in which the magnetic field is estimated separately. 

The energy is obtained from the expression of the magnetic 

field and the inductance is finally deduced. 

The following calculations are done for a co~l having N 

turns and carrying I amps. 

Region (1): The toroidal air space 

The inductance of this region, assumed perfectly toroidal, 

has the expression of the inductance of an ideal toroid 

having the same shape, but with the same number of turns as 

the complete cage. It is given in section 2.4 in terms of 

the inner radius b and the computed inductance s (a); and 

rewritten here 

(4.3.1) 
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wheren corresponds to the ratio of the outer to inner 

radius of the inner envelope or window of the coil. 

Region (2): The central limb 

Inside the central limb, assumed having a circular cross-

section, fhe average magnetic field, at a radius r, is 

(4.3.2) 

The field energy in a limb of length le is then 

1'12 
~B~(r)dV 

(4.3.3) = 
2JJO 

=lab JJo • Nir • l • 2 ~ rdr (4.3.4) 
2 ii'ib 2 c 

= (4.3.5) 

= (4.3.6) 

and the internal inductance follows 

(4.3.7) 

(4.3.8) 

Using the relation le= 2e = 2bE(a), given in section 2.4, 

the above inductance expression becomes 

N2 
L = f·'o bE(a) 

2 ~ 
(4.3.9) 

45 



46 

Region (3): The outer layer 

Having two parallel envelopes, this region is bounded by 

the toroidal air space and the outside of the cage. The 

inner envelope has the optimum D-shape toroid geometry, but 

the outer has no simple analytical expression that may help ', 

to compute the inductance of the outer layer. The radius 

of curvature could be used, but it would lead to very corn-

plicated computations that are unnecessary because the con-

tribut~on of the outer layer is not big, as will be seen 

later. The outer envelope is, therefore, approx~mated by 

the envelope of an optimum shape ideal toro~d with radius 

ratio 0.+ 1. 

In the rectangular cage the magnetic field was assumed [7] 

to fall linearly to zero across the two cylindrical zones 

at the top and bottom of the cages, so that the energy 

density would fall quadratically to zero into these regions. 

Since the mean of such a quadratically vary~ng function is 

one third of the peak value, they were assigned the maximum ~ 

energy for one third of the~r thickness. 

This reasoning is used for the whole outer layer and its 

inductance is thus estimated by 

(4.3.10) 
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Region (4): The corners layer 

It is the small region containing the six small corners 

which are located between the central limb and the outer 

layer. Due to its difficult geometry and its very small 

contribution in the total inductance of the cage, it is 

dealt with by just arbitrarily adding a length b to the 

central limb. 

b (4.3.11) 

Th1s crude procedure seems JUstified because even a large 

percentage error in a small part of the total energy cannot 

make a serious error in the whole. 

Summ1ng the contributions of the four regions yields the 

full inductance 

N2b 
[ 2E(~)+ (4.3.12) L( b ,aJ = 1-'o l + ~ S(U)+! S(U+ 1)] 

2~ 3 3 

N2b = 1-'o T (a) (4.3.13) 
2~ 

Values of E(a), S(U) and S(a+l) were obtained Wlth the corn-

puter program in Appendix 1, and are given with T(a) in 

Table 4.1 for a range of values of a. 

From that table it can be seen that the contribution of the 

outer layer is about 38% for a= 2 1 23% for a= 3, 16% for 
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a E(a) s(a) S(U+l) 2E(a)+1 2S(a) 1S(U+1) T(a) 
4 3 3 

2 0.2575 0.7191 2.7401 0.3787 0.4794 0.9134 1.7715 

3 0.8469 2.7401 5.7561 0.6735 1.8267 1.9187 4.4189 

4 1.5937 5.7561 9.6058 1.0468 3.8374 3.2019 8.0861 

5 2.4527 9.6058 14.1663 1.4763 6.4039 4. 7221 12.6023 

6 3.3949 14.1663 19.3475 1.9479 9.4442 6.4493 17.8410 

7 4.4024 19.3479 25.0819 2.4512 12.8986 8.3606 23.7104 

8 5.4633 25.0819 31.3139 2.9816 16.7213 10.4380 30.1409 

9 6.5692 31.3139 37.9999 3.5346 20.8759 12.6666 37.0771 

10 7. 7139 37.9999 45.1035 4.1069 25.3332 15.0345 44.4746 

Table 4.1 



a= 4, and continuesto increase for high values of a. With 

these results, one has to be careful in using the above 

inductance formula for low values of a. The formula has 

yet to be tested in practice, as it is in the next section, -, 

but it is possible to have boundaries for it first. We can 

say that for the lower limit the last two terms must be 

S(a), and for the upper limit they must be S(a+ 1). In a 

more general way, the formula may be given by 

+ q S(a) + (1-q) S(O+l)] 

(4.3.14) 

where q is a constant comprised between 0 and 1, and has to 

be determined experimentally. 

4.4 Inductance Measurements 

Five coils with different radius rat1os and sizes (see 

Plate 3) have so far been prepared to test the general 

formula given by equation (4.3.14). Two of them were wound 

on a slow running lathe and the three others on a heavy 

duty winding machine made by Whitelegg of type CAW, as 

shown in Plate 4. During the winding operation the wires 

were kept in constant tension by a brake device which is 

added to the machine. 

A Maxwell bridge arrangement, as shown in Fig. 4.5, was 

used for the inductance measurements. The voltage across 

the bridge was detected by an oscilloscope via an inter-
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Plat e 3 
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Plate 4 
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Condition of balance 
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which implies 

L = CR 2R3 

and R = R2R3 
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Fig. 4.5 Maxwell Bridge 
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bridge transformer. The supply was also obtained via an 

interbridge transformer from an amplifier which was driven 

by a variable frequency sinusoidal oscillator. 

The measurements were made for a range of power frequencies 

from 30 Hz to 3 kHz. As plotted in Fig. 4.6, in the low 

frequency band, which we are concerned with, the inductance 

has a constant value. For frequencies higher than 1 kHz, 

a decrease is observed. That fall of inductance is due to 

the creation of eddy current~which oppose the main current 

in the winding and result ~n some cancellation of parts of 

the magnetic field. 

For calculation and practicalpurposes, the inner radius of 

the central limb, assumed circular, was approximated by the 

relation 

b = nd (4.4.1) 

where d is the diameter of the wire and n is the number of 

layers in each subcoil. 

The measured values of the inductance are compared in Table 

4.2 to values calculated from the formula given by equation 

(4.3.12) wh~ch corresponds to q = 2 in equation (4.3.14). 
3 

The corresponding values of T(a) are also compared in Fig. 

4.7. For that specific value of q the agreement is very 

good and the error is reasonably small. 
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Coil 1 Coil 2 Coil 3 coil 4 Coil 5 

·a 3 4 6 8 10 

d(mm) 2.6 2.6 2.6 2.0 2.0 

b(mm) 23.4 20.8 28.6 17.2 8.6 

N 270 216 396 216 60 

N2 72900 46656 156816 46656 3600 

T(Cl) 4.4189 8.0861 17.8410 30.1409 44.4746 

Calc. 1.508 1.569 16.003 4.838 0.275 
L(mH) 

meas. 1.490 1.595 15.970 4.660 0.280 

error(%) +1.2 -1.6 +0.2 +3.8 -1.8 

Table 4 2 
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4.5 Effect of Field Ripples on the Inductance 

The last line of Table 4.2 shows negative and positive 

signs for the error between the measured and calculated 

values of the inductance. This result is partly due to the 

approximation made to the outer envelope. 

The derivation of the general inductance formula was made 

upon assuming a closed model in which the field lines are 

circular and we would have expected it to underestimate the 

measurements because the cage is made up of a small number 

of subcoils where the magnetic field has some ripples which 

raise up the energy; it could be explained as follows: 

The magnetic field 1n a toroidal co1l with a discrete 

number of subcoils is not totally confined inside. It may 

be given by 

B~ = B + R 
P av 

(4.5.1) 

where B is the average azimuthal field considered in the 
av 

closed configuration and R is a field ripple which has zero 

line integral along any circular path having its centre on 

the coil axis. 

In the expression forthe energy, the magnetic field has 

--, the squared form 

B~ = s!v + 2 Bav R + R
2 (4.5.2) 

The second term averages to zero, and we are left with the 

average f1eld squared and a term which is always positive. 
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Indeed, this shows that the presence of ripples results in 

a higher inductance compared to the closed configuration. 

To explain this reasoning experimentally, some measurements 

have been made with the cages having different numbers of 

subcoils. Table 4.3 shows that with JUSt two symmetrical 

subcoils connected in series the inductance, which is 

proportional to the number of turns squared, 1s one fifth 

the inductance of the six subcoils connection instead of 

being one ninth. Also, with three subcoils it is one third 

instead of one fourth. These results imply that for a same 

number of turns the inductance of a two subcoils cage is 

higher than the 1nductance of one with three subcoils which 

is itself higher than the inductance of the six subcoils 

structure. 

The effect of ripples is, therefore, greater as the number 

of subcoils is decreased. It is also obvious that it 

becomes negligible when the number of subcoils is highly 

increased because we will meet the closed configuration. 

To show once more that the ripples have an effect on the 

inductance some other measurements have been made with 

other types of connections. The subcoils were paralleled 

in pairs with the pairs series· connected, and then they 

were paralleled in threes with the threes series 

connected. As shown in Table 4.3, the inductances were 

respectively one quarter and one ninth the inductance of 

the six subcoils series connection. Thus it proves that 
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Coil l Coil 2 Coil 3 Coil 4 Coil 5 

L6 (mH) 1.490 1.595 15.970 4.660 0.280 

L3 (mH) 0.506 0.540 5.300 1.560 0.090 

L2 (mH) 0.308 0.320 3.100 0.920 0.055 

L6/L3 2.95 2.95 3.01 2.99 3.11 

L6/L2 4.84 4.98 5.15 5.06 5.09 

L312 (mH) 0.373 0.400 3.99 1.170 0.070 

L213 (mH) 0.165 0.180 l. 750 0.500 0.030 

L6/L3,2 4.00 3.99 4.00 3.98 4.00 

L6/L2,3 9.03 8.86 9.13 9.32 9.33 

All six subcoils connected in series 

Just three subcoils connected in series 

Just two subcoils connected in series 

All s~x subcoils paralleled in pairs and the pairs 
series connected 

Table 4.3 

All six subcoils paralleled in three and the threes 
series connected 
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the effect of the ripples was the same in the three cases, 

and it is so because all the six subcoils were present with 

these connections. 

4.6 Loss Formulae 

The ohmic and eddy current losses are the two major kinds 

of losses appearing in the windings of air cored 1nductors 

carrying time varying currents. 

The ohmic loss is easily calculated by assuming the current 

density to be uniform in the cross-section of the w1re. For 

N wires of radius a and conductivity~' connected in series, 

it is given by 

wdc = Rdc I~ (4.6.1) 

with 

(4.6.2) 

where I is the mean turn length. 

In the case of the D-shape toroidal cage, an expression for 

the mean turn length is derived in Appendix 3; that is 

I = 2b (E + P
1

A + P2B) (4.6.3) 

with 

A 1 + (1 - .!.l 1 
n 'JJ( .[0: 1 + z - E) m 

(4.6.4) 

and 

B = 1 + (1 - .!.l 1 
n {3( a -[U + z ) m 

(4.6.5) 



P1 , P2 , Zm can be obtained with the computer program given 

in Appendix 1. 

With alternating currents, the magnetic f1eld induces eddy 

currents which oppose the main current. These small cur-

rents result in a non-uniformity of the current density and 

thus an effective increase of the res1stance. 

Two types of eddy currents participate in the losses. The 

first is due to the proximity effect which is the induction 

of currents in each wire by the magnetic field of the other 

conductors. The second is the skin effect which is caused 

by the magnetic field of that same conductor. 

At low frequencies, the contribution of the skin effect 

loss in bunches of wires is negligible compared to the 

prox1m1ty effect loss [1]. Thus it 1s not considered in 

the formulation of the loss for the cage. 

The peak power loss per unit length 1n a round conductor of 

radius a, situated in a uniform transverse alternating 

field B cos wt, is given by [24] 
0 

(4.6.6) 

For a circular bunch of radius b and composed of N wires, 

each one carrying the same current, the magnetic field at a 

radius r.:(; b is given by 
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B(r) = ~-'oNior 

27ib2 
(4.6.7) 

Provided N is large enough, the average density of wires 

per unit area is N/~b2 • Taking the annulus between r and 

r + dr, the loss in the bunch, using equations (4.6.6) and 

(4.6. 7), is 

WE = lb wl N 27'\r dr (4.6.8) 
7ib2 

= lb G'"a4uli 2N\~ 2 3 dr (4.6.9) r 
0 

16Ab6 

= 1 
2(J 2I2N3a4 1-'o w 0 (4.6.10) 

327\ b2 

In a recent work, Murgatroyd [25] showed that the proximity 

effect loss in a bunch of wires of any given envelope 

section shape may be expressed a.s a. function of the proximity 

effect loss in a circular envelope bundle having the same 

number of turns. The relation is 

(4.6.11) 

where A is a factor which depends on the envelope section 

shape and the number of wires. In the case of the cage, it 

~s referred to as Ah for the hexagonal bunch and At for the 

triangular bunch. 

The loss in the central limb, which is an hexagonal en-

velope section bundle of N wires of length le , is 

(4.6.12) 
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The loss in each outer limb, having a number N/6 of turns 

and a length (l-1 ), is c 
' 

wt = >.t w;;cr - lcl 

Replacing b2 by b2/6 and N by N in equation (4.6.7) 
6 

2 
() 212 (N/6) 3a 4 

w' = 1 f-'o w 0 
E 327'i b2/6 

2 
() 212 N3a4 

= 1 f-'o w 0 

327'i 36 b2 

which implies 

w = .>.t WE (l - le) t 36 

The loss in the six outer limbs is thus given by 

6 w = t 
). WE 
t6 

(l - le) 

The total eddy current loss in the cage is then 

wh +6Wt = w [.>.h1 c + >.t (l - 1 ) E 6 c 

(4.6.13) 

(4.6.14) 

(4.6.15) 

(4.6.16) 

(4.6.17) 

(4.6.18) 

The ratio of effective a.c resistance to d.c resistance is 

given by 

= (4.6.19) 

Introducing the parameter p defined by 

.>.h le + .>.t (1 1 (4.6.20) p = - __£) 

T 6 T 
yields 

R ac = 1 + WE lP 
(4.6.21) 

Rdc wdc 

63 



In terms of the frequency and using equations (4.6.1) and 

(4.6.10) it becomes 

R 
+ Sf2 ac 1 (4.6.22) = 

Rdc 

where 

s 
27!.4 a6G"2N2 

p (4.6.23) = 
1014 b2 

The value of the permitivity ~s IJo = 4 71 x 10-7 H/m 

The above theory was derived with stra~ght isolated bunches 

which are situated in their own magnetic field. In the 

toroidal cage, the bunches have curved parts and are affect-

ed by each others magnetic f~eld. Therefore, a measurement 

based correction has to be made to the constant S which 

becomes 

(4.6.24) 

where c is a correct~on factor that will be determined 

experimentally in the next section. 

4.7 Resistance Measurements 

The direct current resistances of the five coils were 

measured by Kelvin bridge and compared to the values calcul-

ated from equation (4.6.2) in which the resistivity of cop

-8 per was taken to be 1.682 x 10 ohm m. Table 4.4 shows 

that the agreement is very good despite the approximation 
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Co1l 1 Co1l 2 Co1l 3 Col! 4 Co11 5 

a 3 4 6 8 10 

n 9 8 11 8 4 

N 270 216 396 216 60 

E 0.8469 1.5937 3.3949 5.4633 7. 7139 

z m 1.4625 2.4000 4.4950 6.7916 9.2318 

pl 1. 0622 1. 4262 2.0183 2.5041 2.9244 

p2 2.1366 3.4433 6.2978 9.3667 12.5850 

A 1.3808 1.2797 L 2059 L1600 L1177 

B 1.1880 1.1148 L0652 1.0422 L0270 

b(mm) 23.4 20.8 28.6 17.2 8.6 

a(mm) L25 L25 L25 LOO LOO 

I( mm) 227.1 301.9 717.1 623.7 411.2 

Rdc 
Calc. 0.210 0.223 0.973 0. 721 0.132 

(ohm) Meas. 0.221 0.232 0.954 0.694 0.135 

error(%) -5.0 -3.9 +2.0 +3.9 +2.2 

Table 4.4 



made to obtain the total length of wire of the cage. 

On the other hand, the a.c resistances were obtained for a 

range of low frequencies ~n the Maxwell bridge used for the 

measurements of the inductance. Similarly to the theory, 

the linear dependence of the a.c resistance on squared 

frequency is observed, as shown ~n Fig. 4.8. 

From the plot given in Fig. 4.8, the values of the constant 

S were obtained and compared in Table 4.5 to the values 

calculated from equation (4.6.23). As mentioned in the 

previous section, the agreement is not good and a correc-

tion has to be made. However, the way the results have 

come out for~ large was not as predicted. Acarnley and 

Danbury [26] have shown that the loss in bunches of wires 

is minimal if the field lines are circular, so we would 

have expected the measurement to underestimate the theory. 

The calculation was performed for isolated 

straight bunches made with f~ne wires wh~le the cage is 

comparatively made with thick wires and has a far more 

complex geometry. Nevertheless a very interesting result 

was obta~ned. The plot in Fig. 4.9 shows that the error on 

S increases almost linearly with ~ Thus the correction 

factor is eas~ly obta~ned graphically. The error on S is 

s - s calc meas 
5meas 

= 
a - 6 
10 (4.7.1) 
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Coll 1 Co11 2 Coil 3 Co11 4 Co11 5 

Cl 3 4 6 8 10 

a(mm) 1.25 1.25 1.25 1.00 1.00 

b(mm) 23.4 20.8 28.6 17.2 8.6 

N 270 216 396 216 60 

1c(mm) 39.6 66.3 194.2 187.9 132.7 

l(mm) 227.1 301.9 717.1 623.7 411.2 

kh 0.990 0.988 0.993 0.988 0.973 

>.t 0.856 0.850 0.865 0.850 o. 774 

p 0.291 0.328 0.374 0.397 0.401 

s 
(x10-5Hz- 2 ) 

Calc. 1.016 0.929 1.884 0.431 0.134 

Meas. 1.471 1.134 1.811 0.369 0.096 

error (%) -30.9 -18.1 +4.0 +16.8 +39.6 

s c 
(x10- 6Hz- 2 ) 1.451 1.161 1.884 0.359 0.096 

error (%) -1.4 +2.4 +4. 0 -2.7 0.0 

Table 4 5 



which implies 

s = cal a+ 4 
10 

s me as 

Equating corrected and measured S yields 

10 
a+ 4 

and equation (4.6.22) becomes 

R 
t Sf

2 ac 
1 + 

Rdc 

with 

E.= 10 
a + 4 

(4.7.2) 

(4.7.3) 

.(4. 7 .4) 

(4.7.5) 

The error on Se is given at the bottom of Table 4.5 show1ng 

a better agreement. 

4.8 Optimum Designs 

The 1nductance of a toro1dal cage coil of any cross-section 

shape may be given by 

L = (4.8.1) 

where b 1s the inner radius defined previously and F(~) is 

a dimensionless quantity wh1ch depends on the window shape. 

The wire length of the cage may be given by 

l = b N G (a) (4.8.2) 

where G( a) is the dimensionless mean turn perimeter. 
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The proportion of the central bunch cross-sectional area 

which is metal conductor may be defined as 

1 = (4.8.3) 

where d is the diameter of the wire. 

From the last two equations, b can be eliminated to give 

the number of turns 

N = 1 1/3 

The inductance is now given by 

L = f.Jo 11/3 

271 d2/3 

In terms of the scale inductance L
0 

less wire-length k 1 
= d, ~ t becomes 

L = 1 1/3 F(Q) kS/3 

L GS/ 3(0) 0 

= R kS/3 

(4.8.4) 

(4.8.5) 

= f.Jod and the dimension-
27'i 

(4.8.6) 

(4.8.7) 

where R is a dimensionless coefficient which depends on the 

geometry of the cage. 

The value of R was calculated from Table 4.2 and 4.4 for 

the five coils prepared in this work, and is compared to 
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the value of seven other co~ls with rectangular shape of 

window calculated from reference [7). The tabulation below 

shows that the D-shape cages give better performance com

pared w~th the rectangular cages, except for large values 

of Q. The D-shape advantage is lost for a large, because 

in this case the coils are voluminous and therefore have 

relat~vely fewer turns. Better designs are thus for low 

values of ex.. 

D-shape cages 

Coil 1 Coil 2 Coil 3 Coil 4 Coil 5 

R 0.148 0.143 0.123 0.110 0.112 

rectangular cages 

Coil 1 Co~l 2 Coil 3 Coil 4 Coil 5 Co~l 6 Coil 7 

R 0.111 0.113 0.083 0.111 0.103 0.096 0.107 
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CHAPTER 5 

CONCLUSION AND SUGGESTIONS 

This thesis has been ma1nly concerned with some optimum 

designs for air cored toroidal inductors. The calculation 

of the cross-sect1on of a toroidal air cored inductor that 

has maximum inductance for a given d.c resistance was re-

viewed in Chapter 2. Mathematical methods were implemented 

in the computer program, given in Append1x 1, to obtain the 

plot of the optimum shape, the inductance of the toroid, 

and the perimeter of the cross-section. The program could 

be used Wlth any work involving optimum D-shapes, as it was 

throughout this thesis. 

In Chapter 3, Maxwell's problem of winding the greatest 

inductance for a given length of w1re was solved for single 

layer toroidal coils with square, circular and D-shape 

cross-sections. The results are summarised in F1g. 3.14, 

so that the most economical design for any required induct-

ance and current rating may be achieved using a s1mple 

graphical procedure. 

Inductance and loss formulae were der1ved and tested for 

cages which exploit the D-shape profile, as shown in 
• 

Chapter 4. A comparison with rectangular cages shows that 

this type of cage offers improvements in both manufacture 

and performance. The practical feature lS that the D-shape 

has no corners and the wires are easily wound on the 



former, whereas with rectangular shapes the wires cannot 

follow the right angle turns of the former, but bulge from 

it. The exam1nation of the economic advantage was based on 

some practical results. It was shown in the last section 

of Chapter 4 that better values of R were obtained for D-

shape cages with low values of a. Since the five thirds 
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dependence of the inductance on the wire-length is true for 

cages with any given cross-section shapes, it is obv1ous 

that the most economical design is one which corresponds ., 

to the highest possible value of R. 

As far as D-shape cages are concerned, further calculations 

could be made to find the optimum rad1us rat1o a using 

equations (4.3.14) and (4.6.3). First investigations that 

have not been 1ncluded in this thesis, using equation 

(4.3.12) which corresponds to q =;in equation (4.3.14), 

have shown that the 1nductance decreases with a. Due to 

the approximation made to the outer envelope of the cage 

and because the inductance has a soft optimum no peak was 

obtained. However if more coils with low values of a are 

constructed and a better value of q lS determined giving a 

much more accurate formula, a peak may probably occur. 
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APPENDIX l 

THE D-SHAPE COMPUTER PROGRAM 

The program given in this appendix is written in Fortran 77, 

and was run on the Mult~cs computer of Loughborough Univer-

sity. All quantities are reduced to dimensionless forms 

and depend on the radius ratio a. At the beginning of the 

program we can see three external functions which corres-

pond to the first, second and third derivatives of the 

curve which defines the optimum D-shape. The second and 

third der~vatives were added so that Taylor's expansion 

could be used with a good enough precis~on at the ends of 

the range where the slope is infinite. The number of steps 

chosen is 500, which is reasonably good for the Runge-Kutta 

and the trapezoidal method to give precise enough results. 

The ~nput-output quantities are: 

Input: 

Alpha -- corresponds to the radius ratio a= b/c 

Output: 

curvl a file giving the upper curved part of the 
D-shape 

curv2 a file giving the lower curved part of the 
D-shape 

curv3 a file giving the straight leg at the inner 
radius 

E corresponds to the length E(a) at the inner 
radius 

Zm corresponds to the maximum height of the 
curve 

s corresponds to the dimensionless inductance 
s (a) 
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p corresponds to the dimensionless perimeter 
P(a) 

PPl corresponds to the length Pl (a) between 1 
and./Ci' 

PP2 corresponds to the length P2 (a) between ra 
and a 



F(R)=ALOG(SQRT(Rl*R2)/R)/SQRT(ALOG(R/Rl)*ALOG(R2/R)) 
G(R)=((ALOG(R/Rl)*ALOG(R/R2))-(ALOG(R/SQRT(Rl*R2))**R))/(R* 

l(ALOG(R/Rl)*ALOG(R2/R))**1.5) 
V(R)=((ALOG(R/Rl)*ALOG(R2/R))+((ALOG(SQRT(Rl*R2)/R))**2))* 

l((ALOG(R/Rl)*ALOG(R2/R))+(3*ALOG(SQRT(Rl*R2)/R)))/((R**2)* 
l((ALOG/R/Rl)*ALOG(R2/R))**2.5)) 
open(unit=6,file='curvl' ,form='formatted') 
open(un1t=7,file='curv2' ,form='formatted') 
open(unit=B,file='curv3' ,form='formatted') 
print*,'give Alpha' 
read(O,*)Alpha 
Rl=lO. 
R2=Alpha*Rl 
H= .005 
Z=O. 
wr1te(6,10) 
wr1te(7,10) 
write(8,10) 

10 format(l7X), 'r' ,17X, z' /) 
Cl=Z/R2 
Dl=Z 
RR=R2/Rl 
ZZ=Z/Rl 
write(6,20)RR,ZZ 
write(7,20)RR,ZZ 

20 format(F20.3,F20.7) 
R=R2-H 
Z+Z-H*F(R)-(XH**2)/2)/2)*H(R)-((H**3)/6)*V(R) 
C2=Z/R 
D2=Z 
EL=((Cl+C2)/2)*H 
FL=SQRT((D2-Dl)**2+H**2) 
Cl=C2 
Dl=D2 
I=IFIX( R/H) 
J=IFIX((R1+2*H)/H) 
K=-1 
ZMAX=Z 
do 100 IR=I,J,K 
R=IR*H 
Pl=F(R) 
P2=F(R-0.5*H) 
P3=F(R-H) 
Z=Z-H*(Pl+4*P2+P3)/6 
1f (Z.gt.ZMAX) then 
ZMAX=Z 
FLM=FL 
end if 
X= R-H 
A=X-int(X) 
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RR=M/Rl 
ZZ+Z/Rl 
OZ=(-l)*ZZ 
if (A.eq.O.) then 
write (6,20)RR,ZZ 
write(7,20)RR,OZ 
end if 
C2=Z/X 
D2=Z 
EL=EL+(((C2+Cl)/2)*H) 
FL=FL+SQRT((D2-Dl)**2+H**2) 
Cl=C2 
Dl=D2 

lOO cont1nue 
Z=Z-H*F(Rl+H)+((H**2)/2)*G(Rl+H)-((H**3)/6)*Y(Rl+H) 
X=X-H 
RR=X/Rl 
ZZ=Z/Rl 
OZ=(-l)*ZZ 
wrlte(6,20)RR,ZZ 
wrlte(7,20)RR,OZ 
write(8,20)RR,ZZ 
write(8,20)RR,OZ 
write(O,l05)Alpha 

105 format(l3X,'Alpha='lX,F8.3) 
E=Z/Rl 
write(O,llO)E 

110 format(l7X,'E=',lX/Fl2.7) 
zm=ZMAX/Rl 
write(O,l50) zm 

150 format (16X,'zm=' ,1X,Fl2.7) 
C2=Z/X 
D2=Z 
EL=EL+(((C2+Cl)/2)*H) 
FL=FL+SQRT((D2-Dl)**2+H**2)+D2 
S=(2*EL)/Rl 
P=(2*FL)/Rl 
write(0,200)S 

200 format(l7x,'s=' ,1X,Fl2.7) 
write(0,300)P 

300 format(l7X,'P=',lX,Fl2.7) 
PP2=FLM/Rl 
PPl=FL/Rl-(E+PP2) 
write(0,400)PP1 

400 format(l5X 1 'PP1=' ,1X,Fl2.7) 
wrlte(0,500)PP2 

500 format(l5X,'PP2=' ,1X,Fl2.7) 
stop 
end 
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APPENDIX 2 

THE BISECTION METHOD 

The bisection method, also known as Bolzano method or 

method of halving the interval, is one of the methods used 

for solving non-linear equations. It is based on the 

follow~ng theorem. 

If f(x) is continuous for x between a and b, and if f(a) 

and f(b) have opposite signs, then there exists at least 

one real root of f(x) = o between a and b. 

Suppose that a continuous function f(x) is positive at x=a 

and negat~ve at x=b, so that there is at least one root 

between a and b (a and bare found by curve sketching). If 

we calculate the function at the point of bisect~on x = a+b 
-2-

there are three possibilities 

f ( a~b) the root is a+b - = 0 -2-

- f ( a~b) < 0 the root lies between a d a+b an - 2-

f (a~b) >o the root lies between a+b and b - -2-

We can see that for any of the two last cases there is a 

new interval for which the process can be repeated to 

obtain a smaller and smaller interval within which a root 

must lie. 

The equation obtained ~n Chapter 3 is: x - 1 Ln(2x) 
4 

1 = 0 
2 
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We consider the function f(x) = x - 1 Ln (2x) - 1. A plot 
4 2 

of f(x) (see Fig. a2.1) shows that there are two roots. A 

direct one which has the value x = 0.5 (this solution is 

not the wanted one in Chapter 3, because it corresponds to 

a length which is equal to zero). The other solution lies 

between a = 0.01 and b = 0.25 where the function changes 

sign. 

One may tabulate as follows 

a 0.01 0.01 0.07 0.1 0.1 

b 0.25 0.13 0.13 0.13 0.115 

a+b 0.13 0.07 0.1 0.115 0.1075 -2-

f(x) -0.03323 0.06100 0.00236 -0.01758 -0.00822 

0.1 0.1 0.1 0.1009 0.1013 

0.1075 0.10375 0.1018 0.1018 0.1018 

0.10375 0.1018 0.1009 0.1013 0.10155 

- 0.993094 -{).0004846 0.00102 0. 00043 0.0000064 

The flow chart given in Fig. a2.2 may also be used in pro-

gramming. 
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APPENDIX 3 

ELLIPTICAL APPROXIMATION FOR THE LENGTH OF WIRE 

OF A D-SHAPE TOROIDAL CAGE 

In order to calculate the d.c. resistance of a D-shape 

toroidal cage, 1t is necessary to know the length of wire 

used to construct 1t. However there is no simple formula 

available to help compute 1t. To deal Wlth this problem, a 

geometrical approximation 1s used to express the mean turn 

perimeter in function of the inner perimeter in each sub

coil. 

As shown in Fig. a3.1, the dimensionless curve z{r/b) which 

defines the opt1mum D-shape may be divided into three parts; 

one straight leg of length E and two curved parts of 

lengths P
1 

and P2 • The total perimeter is thus given by 

{a3.1) 

The two curved parts have elliptical appearances, and it lS 

possible to express them, as dimensioned in Fig. a3.1, by 

the relat1ons 

{a3.2) 

where 

{a3.3) 
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and 

p2 = c2 (X2 + Y2) (a3.4) 

where 

x2 = a- ra I y2 = z m and c2 = cste (a3.5) 

Indeed, as seen in Table a3.1, c
1 

and c
2 

have almost con

stant values for a range of values of a. 

For a n layers elliptical bunch having an equilateral tri-

angular envelope sect~on and with the inner per1meter 

def~ned, as dimensioned in F~g. a3.2, by 

P = C (X + Y) 

the length of each layer ~s 

layer 1 : 

layer 2 

layer i : 

layer n : 

1 1 = ne (X+Y) 

1 2 = (n-1) C (X+Y+2h) 

--------------

1. = (n-i+l) C [X+Y+2(i-l)h] 
l 

1 = C [X+Y+2(n-l)h] 
n 

The mean turn length of the bunch is then 

1 av 
= ll+l2+ ••• +ln 

n+(n-1)+ ••• +1 

" 
= c~(n-i+l)[X+Y+2(i-l)h] 

1 

(a3.6) 

(a3.7) 

(a3.8) 

(a3.9) 
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= c 
[
(X+Y)n ~l - (X+Y) ::[i + (X+Y) ~l + 2nH ::[i 

::[ i ::[i :E~ ::[i 

with 

-2h ~i 2 + 
;Ei 

2h :Ei - 2nh ~l 
:E~ :Ei 

+ 2h ~i - 2h :El] 
~i ::[i 

• 
~l 
••• 

= n 
n 

I 2:i = n(n+l) and ~i2 = n(n+l)(2n+l) 
2 iol 6 • •• 

it becomes 

lav = C [(X+Y) + ; (n-l)hj 

or, using equation (a3.6) 

l = P [l + 2(n-l)h ] 
av 3(X+Y) 

(a3.10) 

( a3 .11) 

(a3.12) 

(a3.13) 

The dimensionless diameter of wire and the inner radius of 

the cage are given by 

and 

d = 2h 
b ../3 

b = nd 

(a3.14) 

(a3.15) 

Introducing these equations into equation (a3.13) yields 

(a3.16) 

Applying this result for the D-shape we obtain 

pav = E+Pl [l+(l - *) 3(X~+Y1 )] + p2 [l+(l-i) l ] 
3(X2+Y2 ) 

(a3.17) 

And the average turn length in each subcoil follows, using 

equations (a3.3) and (a3.5) 
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I = 2b p 
av (a3.18) 

= 2b(E+P1A+P 2B) (a3.19) 

with 

A 1 + (1 - .!. ) 1 = J3'( Jil -l+Z -E) n m 
(a3.20) 

and 

(1 1 1 B = 1 + - -) J3'( a- l(r1 z ) n + m 
(a3.21) 

The quantities E, P1 , P2 and zm depend on a and are obtained 

w~th the computer program in Appendix 1. 
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ex 3 4 5 6 7 8 9 10 

E 0.8469 1. 5937 2.4527 3.3949 4.4024 5.4633 6.5692 7. 7139 

z 1.4625 2.4000 3.4169 4.4950 5.6226 6.7916 7.9962 9.2318 
m 

p1 1.0622 1. 4262 1. 7396 2.0183 2. 2714 2.5041 2.7213 2.9244 

p2 2.1366 3.4434 4.8377 6.2978 7.8103 9.3667 10.9595 12.5850 

x1 0.7321 1.0000 1.2361 1.4495 1.6457 1.8284 2.0000 2.1623 

yl 0.6156 0.8064 0.9642 1.1001 1.2202 1.3283 1.4269 1.5179 

X1+Yl 1.3477 1.8064 2.2003 2.5496 2.8659 3.1567 3.4269 3.6803 

x2 1.2680 2.0000 2.7639 3.5505 4.3543 5.1716 6.0000 6.8377 

y2 1.4625 2.4000 3.4170 4.4950 5.6226 6.7916 7.9962 9.2318 

X2+Y2 2.7305 4.4000 6.1809 8.0455 9.9769 11.9632 13.9962 16.0695 

cl 0.7882 0.7895 0.7906 0.7916 0.7926 0.7933 0.7941 0.7946 

c2 0.7825 0.7826 0.7827 0.7828 0.7828 0.7830 0.7830 0.7832 

Table a3.1 



89 

Y, 
E t----..JY.___.:.x_:l.---..~~ 

V. 

x. 
1 V« 

Fig. a3.1 

y 

~--......... L- __ _ 

X 

h 

Fig.a3.2 
2------n 



APPENDIX 4 

Murgatroyd, P.N., Belahrache, D.: 'Economic designs for 

single-layer toroidal inductors'. lEE Proceedings, Vol.l32, 

Pt.B, No.6, Nov.l985. 

90 



Economic designs for single-layer 
toroidal inductors 

P.N. Murgatroyd, B.Sc .. Ph.D., F.lnst.P., C.Eng., F.I.E.E .. and D. Belahrache, 
Dipi.E.S. 

Indt'\1/Uf lt'""' Cmnpon£'111~ lndu~trwl t~ppllc of Wit\ of pov.t'r Pm~orr l'lt'c trmuc \ 

A~tract \1.tx"ell's problem of "mdmg the greatest po:.:.1ble mduct.mce v.1th .t g•ven length of \'Ire ts exJm· 
med for smglc-IJ)er tor01ds Optimum de:.1gns dTC obtamed when the turn:. <~.re :.quare or c•rcu!Jr ur the Sh.:lfrd~ 
nov D-shJpe In calh CJ'>e the optimum number of turns 1« proportional to tht. squdre root of the V~Jre length, 
.tnd the beJ>t obtatn.J.ble mductdnce mcreJses approximately dS the three-h.dvc:. power of the \oliTC len~th A 
:.1mple graphlc.Jl procedure dChll'\eS the mo<;.t econom•c,ll de,•gn ford reqmred mduct.tm.e ,md current Tcllln$ 

Lost of symbols 

L, = mductance of corcle·sectoon torood 
Ls = mductancc of square-sectiOn tor01d 
Ln = onductJnce of D-shape·sectoon torood 
L0 = Jlo d/2n = dJmens10nless mductdnce umt 
l'o = pcrmottovoty of free space 

=4nxi0- 7 Hm-• 
d = wore doameter 
w =wore total length 
k = w/d = domen;oonless wore length 
N = number of turns 
T = mJJOr radous of corcle·sectoon torood 
R = monor rJdous of corcle-.ectoon torood 
A = sode of square sectoon 
S = mner contact rad1us for square-sectiOn tor01d 
x = optomosong varoable 
8 = onncr contdct radous for D-sectoon torood 
a = ratoo of outer/onner radn, D-sectoon 
z(r) = shape functoon 
S(a) = onductance functoon for D-sectoon 
P(a) = pen meter functoon for D·sectoon 

1 Introduction 

Air-cored tor01dal mductors are used In po\\er elcctromc 
corcuots because they are relatovely easy to male, they do 
not saturJte, and the) do not produce troublesome exter
nal magnetoc fields An onterestong desogn problem for 
songle·layer toroods may be posed as follows 'For a goven 
length of wore, how many turns woll provode the greatest 
s~lf onductance?' A somolar problem was posed on the last 
century by MJxwell, concernong the best way to wond a 
goven length of wore onto a solenood, and the solutoon JS 

commonly known no\\ddays as a Brooks cool [I] If the 
correspondong problem for toroods has been sol\ed, the 
solutoon os not at all wodcly known 

The essentoal features of the problem are shown on Fog 
I Let a goven length of wore be wound onto a songle-IJyer 
torood of a goven shape If the number of turns N os large, 
as in Fog I b, the onductance benefits by the usual depen
dence on N 2

, but the small area of each turn cancels thiS 
out of N IS large enough, so the inductance os low If the 
number of turns N IS small, the onner toroid radous os small 
Jnd the turn area os large, both effects benefit the onduc
tance, but the advantage of N2 IS lost It seems ontuotovely 
that there must be some compromise, and ot woll be shown 
that, for a goven shape, there os a value of N that goves a 
maximum Inductance 

Po~pet 4!508 (P2, P6 'i!!J ret~:1ved 30th Apnl1985 
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A second, and related, problem os the best turn shdpe 
Thos os dpproached, first, by consoderong squares and 
corcles, becJu;e the onductance formulas are relatovely 

0 

b 

F1g 1 Plan \t'CIIon of l~n smgl('-hll'£'r rormJ uaductors U\lnfJ lht• ~am• 
\Urt•folqth m different M a)\ 

somple, and neother shape presents special dofficulty of cal
culatoon or manufacture As the best shape of all possoble 
thon torood shapes os known [2, 3], thos has al<o been 
studoed, to gove a torood desogn whoch os optomosed for both 
shdpe Jnd number of turns 

2 Circular cross-sect1on 

The mductdnce of a cucul.n-sectwn tormd, ~as dtmcn
sooned on Fog 2, IS goven by 

L, = 11 0 N 2{T- J(T2
- R2

)} (I I 
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1 he fo1 mul.t depends on s1mphfymg a"umpt1on> "h1ch 
m cl udc 

(1) the ""c thickness 1s neghg1ble compared w1th the 
0\'CraJI dlmCOSIOOS 

(n) the number of "Jre< IS sufficiently large th.tl the 
field mSJde the tor01d IS smooth .tnd the field outs1de IS 

neghg1blc 
I 

-1-, 
I 

--i 
' 

--1----
2T 

Let the gl\'en p1ece of WJre have length w and d1ameter 
d Then the mmor rad1us of the tor01d IS 

w 
R=-

2nN 
(2) 

The mner radms of the wmdmg sectiOn, T - R, 1s deter
mmed by the cond1t10n that the N w~res JUSt touch around 
the Circumference of the cJrcle as shown m F1g I 

2(T ~ R) = sm (~) (3) 

The mductance 1s now g1ven by 

- +- 1\ 
rr n nN 1+ ~ 4 J d ( d "')' 

2 sm (N) 2 sm (;;;;) I 8rr ( ) 

where the last term 1s the 'mternal' mductance of the wJre 
It IS convement to express the mductance m term~ of a 
scale mductance 

L _ J1od 
0 - 2n (5) 

and to express the w1re length as a ratio to the Wife dldm
eter. so 

k=~ 
d 

W1th these substitutiOns 

~: = N'l "(") + ~ SIO -
N 

(6) 

__ I ,, + , 2k ! + k (?) 

~ sm'(~) sm(~)NI 4 

In F1g 3 the mductance functwn LILo IS plotted agamst 
the number of turns N, for a range of values of the dlmen
swnless ""• length k The mductance IS seen to have a soft 
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opt1mum The opt unum number of turn ... m.1y hL· found rn 
pnnc1plc. hy dJOcn·ntJ,\IIIlg the funt.twn 111 cqn 7. hut th1.., 
1~ d\\kw~trd ~md no .an.JI)IKJI\olutJon h.h been found lhc 

2 o I 

1 5 

' 
' i 

I 
I 

o L _______ _ 
0 20 

I 
I 

I 

turns N 

I 
I 

I 
I 

JO 

k=1250 

h750 

40 

f1g 3 Dt'f'Cndt•m c o.f lormd fllrhwtam I' 1111 numht r of 1 trt u/,lr 111r11~ ~m 
ftt~qlh /IYI'J 

peaks c.tn, however, he found to any rcqlllred accur.1cy h} 
tdbul.ttlon It turns out thdl, for a g1ven \\Jre lcn~th 
w = kd, the be>t number of turn'" clo,cly proportwn.tlto 
N 112 and the be't .tV.tJiahlc mduct.tnce " clo,cly pro
portlon.tl to N 1

'
2 Thc'c re,ult' .~re cxpl.unLd by the fol

lowmg approxJm.dc .tn,llyo;;l'•,, ~hen N 1.., ... o l.argc tl1.1t 
sm (n/11') m•y be repl.tccd by n/N .md 

L, ~ N'{N + !5_ - /{N 2 + ?k)} + ~ 
L0 N ' - 4 

(X) 

The value of N to mJxrmr;c thiS funcloon, ohtamcd .m.t
lytlcally, 1s 0 8165k' 12 When put h.tck mtn cqn X th" 
dehvers the best pos<Jblc mducl.mcc .tl 0 t722k' 2 -+ 0 ~5k 

3 Square cross·sectaon 

The mductancc of a o;;quc.~re·\Ct.tJon tnrOJd, ~t' damcn\loncd 
m F1g 4, IS g1ven by 

L, = 
110 

N 2 A In (1 + ~) 
21r s 

I 
I ! ALr----- -~- ----

L ___ A_ - _J s --4- s .l A _J 

('I) 

If F PRUC t,f,DI NC,\, Vol I 12, l't H. N11 f>, NOl' f M Ill N /'VH~ 



1\ 
A=-

4N 

dnd the w1re contact cond1t10n 1s 

:S =Sin(~) 

(10) 

( 11) 

The mductJnce, mcludmg the 'mternal' mductance of the 
Wlfes, 1s therefore 

L l'oNw 1 {I 11' (")} l'o"' =-- n +--sm - +--
• 8n 2Nd N 8n 

( 12) 

This formula may be rewntten m terms of the scale mduc
tance L 0 and the d•mens10nless WHo length k mtroduced 
previOusly 

- =- In 1 +- sm - + -L, Nk { k (")} k 
~ 4 2N N 4 

( 13} 

The mductance has a soft optimum \\llh general feature< 
Similar to the circular-sectiOn mductor, except that the best 
square-section mductor has more turns, and gn es d bc~t 
mductance about 8% mfenor to the circle If N IS large, 
eqn 13 m•y be approximated 

L, Nk ( nk) k 
---+- In I + -- + -
L0 4 2N2 4 

To make the denvatn•e zero, the equatiOn 

In (2 <} - 4~ + 2 = 0 

where 

I nk 
2x =I+ 2N2 

(14) 

(15} 

(16) 

has to be solved The solution, ~ = 0 1016. IS obtamed 
numcncally and gtves the optimum value of N at 
0 6329k 112 When thiS IS put back mto eqn 14 the best 
avJIIJble mductance IS given as 0 2522k 3•

2 + 0 25k 

4 Shafranov D-shape section 

Although the circle section g1ves the greatest turn area for 
a given turn penmeter, It does not g1ve the greatest mduc
tance becJuse the flux denSity IS not umform m the turn 
The best possible shape, g1vmg the greatest mductance of 

fig 5 

ae 

I 
I 
I 

e 1 

Gfomnry of the ldt•td (Shafranm) wrmd aos~-s,•uum 
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•ny 'hape hav10g a gnen pen meter, has been calcul.lted by 
the vanat•onJI method [2, 1] and It resembles the letter D 
With the <tr••ght pMI on the mward ''de, neJrc<t the 
tor01d pnnc1pal axis The 'hape " spec1fied by J "ngle 
number ex whtch IS the rat1o of m.Ixtmum and mmtmum 
distJnces from the tormd pnnc1pal axiS, as shown 10 F1g 5 
Unfortunately, the shape z(r), height as a functiOn of 
radius, does not have a simple analytical form The IOduc
tJnce of a s10gle-layer tor01d of fine Wires IS given by 

L0 = 110 
N 2 BS(a} 

2n 
(17) 

where B IS the mner radius measured from the tormd prm
ClpJI ax1s and S(>} IS a dimensionless functiOn th•t must be 
obtamed numencally [3] for each value of shape par
ameter a The turn penmeter IS BP(>}, where P(a} IS the 
d1mensionless penmeter which IS also obt•med numen
cally; so, for N turns from a fixed length w, 

w 
BP(>}=

N 

The wire contact conditiOn IS approXImately 

d " 
2B N 

( 18) 

(19) 

for IJrge N, as assumed m the pre>~ous case; From the 
last two equatiOns B can be ehmmJted to g1ve the number 
of turns 

N = (2nk)"' 
P(>} 

The full mduetance IS now given by 

So 

Lo = Jlo Nw S(>} + Jlo w 
2n P(>) 8n 

Lo = (2n} 112 ~ k3 ' 2 + ~ 
L 1 P(>)312 4 

(20) 

(21) 

(22) 

Thus 11 has been shown that the dependence on the dJmen
siOnless Wire length k IS JUSt the same 10 this CJ>C as for the 
mcle and square, but the optimum value of the rad1us 
ratio a has yet to be found From eqn 22, the reqUired 
value IS that which maximises S(>}P(>)- 312, and this quJn
tity IS plotted m F1g 6 usmg values obtamed numenc•lly 

0126 

0124 

·115.. 0122 

;:;; ~0120 

L 4 o·-"'4'"'s-""s""o-=-s ,-s -G='o=--6 s-,Q 
toroJdol shape- paromf'ter, oc 

F1g 8 Graph to lm are the optimum 1•ulut' of sh11pe paraml'ler 

by the methods descnbed prevwusly [3] The peak occurs 
Jt a= 5 30, where S(•JP(a)" 312 = 01252 and /'(•) = 19 69 
With these values the optimum number of turns " found 
to be 0 5649k 112 and the be't avdiiJble IIHiuct.mce " 
0 3139k '" + 0 25k Th" mductJncc " (compmng JU'I the 
first terms for l•rge k) •bout 15% better th.tn the he<t 
llrcle, which WJS Itself about 8%, better th.tn the be't 
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squJre In Fog 7, the ShafrJnov shape '"'h o ~ 53 " 
pi oiled on d square gnd,to facohtale copyong 

The complete results for the best desogns of edch turn 
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Frg 8 De~1gn yraphsfor moo;t econom1c smyle-laJa tormd'l 

shape are summarosed on Fog 8 The honzonldl scale os the 
domensoonless wore length k. The nght \'ertocal scale IS the 
optomum number of turns N, whoch IS goven by three 
parallel hnes woth slope 0 5 The left vertoeal scale os the 
best avaolable onductance L/L0, goven by three nearly 
parallel graphs woth slope approxomately I 5 

5 Practical example 

A toroodal inductor IS requored for a raolway trdctoon 
chopper corcuot, woth the followong maJor propertoes 
L ~ 12 7 pH (± 10%), current ratmg 390 A RMS, corcle 
sectoon The desogn procedure IS as follows 

(a) Choose conductor doameter Assumong sohd round 
conductors woth current densoty J ~ 4 A mm- 2 the calcu
lated doameter IS ompractocally large at 11 I mm For flex
obohty, and current shanng agaonst eddy-current effects, a 
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m.tny-str.tndcd hr.ud '' u~cd w1th nomm.tl dJ,unclcr 
204 mm 

(b) Calculate the ba•e onduct.oncc L0 

l'o <I 
L0 ~- ~ 2 x to-' x 20 4 x 10· 3 ~ 40 8 x 10· '" ll 

2n 

(<) Fond the don1ensoonless onductance 

L 127xlo-• 
Lo ~ 408 X 10-oo ~ 3113 

(d) U•e the graph (Fog 8) to find the full length of con
ductor rcquored 

w 
k ~- ~ 495 w ~ 10 I m d • 

(e) Use the graph (Fog 8) to fond the number of turns, 
Jnd hence the domensoons of the torood 

N ~ I 8 (neare;t onleger) 

w 
R ~-~893 mm 

2ttN 

d 
T ~ R + 1480 mm 

2 son (tt/N) 

(f) Check the Cdlculdtoon u"ng 

w L ~ to 0 N':T- J<T'- R2J} + Sn ~ 1271toH 

•nd note thJt m tho; exJmple the 'on tern•!' onductJncc pro
vodes JU't over 4% of the total 

The eeonomoc value of u"ng the be;t vJiuc of N on th" 
p•rtocular exJmplc os "ell v.orth,.hole An eJrlocr de\lgn of 
cool. wothout benefit of thc;e caleulJtoons. needed .obout 
two metres more brdtd, dnd the potcntldl ~Jvmg on pro
ductoon of over J hundred cool; IS of the order of thou
sands of pounds Tho; m•y be oncrcJ;ed con\lderJbly by 
usong a ShJfranov D-;h•pe torood 

In practoce, of course, ot IS not alw•y' po'"hlc to u'c the 
mo;t economoc desogn because 11 may not fit onto the 'PJCe 
allowed on the over•ll electronoc system Dc"gnong J le;; 
economic mductor IS then a mdttcr of tndl and error, 
tradong turns agaonst soze Even so, ot os plc••ong to note 
that the graphocJI method goven here make; 11 cJsocr to get 
the most economoc de;ogn than ot " to get Jny onfcnor 
desogn by troJI and error 
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