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Abstract

We construct a random process with stationary increments associated to the Hamiltonian
of the spin-boson model consisting of a component describing the spin and a component
given by a Schwartz distribution-valued Ornstein-Uhlenbeck process describing the boson
field. We use a path integral representation of the Hamiltonian to prove a functional cen-
tral limit theorem for additive functionals, and derive explicit expressions of the diffusion
constant for specific functionals.
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1 Introduction

The spin-boson model describes an atom with two energy levels and a scalar boson field
coupled linearly. Its Hamiltonian can be defined as a self-adjoint operator acting on a Hilbert
space, given by

H=0,21+1® Hf + ao; ® ¢p(h), (1.1)

where 0,,0, are two of the three 2 x 2 Pauli matrices describing the two-level atom, Hy is
the free field Hamiltonian, ¢p(h) is a field operator with a test function ﬁ, and a € R is
a coupling constant (see below for details). The spectrum of the spin-boson Hamiltonian
has been studied in mathematical physics by various methods, such as operator analysis and
stochastic analysis (functional integration), see [1, 3, 7, 9, 13].

A functional integral representation of e~* can be constructed by using a two-component

random process consisting of a Poisson-driven random process describing the spin, and an
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2 FCLT for Spin-Boson model

infinite dimensional Ornstein-Uhlenbeck process describing the boson field. An advantage of
this description is that it gives a non-perturbative approach in the spectral analysis of H,
e.g., the existence of a ground state of H and its uniqueness can be derived for arbitrary
values of coupling constants, and its qualitative properties can also be investigated in detail
(7).

In this paper we construct a P(¢)i-process associated with the spin-boson model, and
derive a functional central limit theorem (FCLT) of additive functionals of the properly
scaled process. This corresponds then to the invariance principle in the spirit of Donsker
in stochastic analysis [4], and describes a Gaussian behavior in a particular sense of various
functionals related to H. As far as we are aware, this type of investigation in quantum field
theory has been initiated by Betz and Spohn in [2], where the authors prove a FCLT for the
classical Nelson model. Their approach relies on a method developed by Kipnis and Varadhan
[10], where a martingale constructed for a reversible stationary process is used. In [5] we
have further considered this problem for not only the classical but also for the relativistic
Nelson model. In order to carry this out for the classical and relativistic Nelson models,
an external potential must be imposed in order to create a ground state. Such a potential
however destroys the stationarity of the increments of the random process appearing in the
Feynman-Kac representation of the semigroup generated by the Nelson Hamiltonian. To
produce a stationary process to work with, we constructed a P(¢);-process obtained through
the ground state transform of the Hamiltonian, indexed by the full time-line R, which is
a reversible stationary Markov process. This then allows to apply the Kipnis-Varadhan
technique to prove the desired FCLT.

For the spin-boson model the situation is different from the Nelson model. A ground
state of a spin-boson model exists whenever ﬁ/w € L%(R%), and it is unique. This is shown,
for instance, in [7]. Although the random process associated with the spin-boson model is
less regular than that of the Nelson model as here we have paths with jump discontinuities
instead of Brownian motion, we have developed a framework in [7, 8] allowing to treat such
less regular path measures.

The plan of the paper is as follows. After some preliminaries on the spin-boson model
presented in Section 2, we construct a P(¢)1-process for the spin-boson Hamiltonian in Section
3. In Section 4 we obtain a functional central limit theorem for additive functionals of the
scaled stochastic process, and derive explicit formulae on the variance for specific choices of
functionals. In the Appendix we provide some remaining proofs.

2 Spin-boson model

2.1 Spin-boson model in Fock space

We define the spin-boson Hamiltonian as a self-adjoint operator on a Hilbert space. Let
T, = @SLO:O((@?ymL?(Rd)) be the boson Fock space over L?(R?), where the subscript “sym”
means symmetrized tensor product. The operator Hy = dI'(w) is the free field Hamiltonian
with dispersion relation w(k) = |k|, where dI'(w) denotes the second quantization of the

operator w on L?(R%). The creation and annihilation operators a* and a satisfy the canonical
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commutation relations

[a(f),a"(9)] = (f.9), la(f),alg)] =0=[a"(f),a"(g)],
for all f,g € L?(RY). We formally write a*(f) = [pa a*(k) f(k)dk for a* = a or a*. The scalar

field operator and its conjugate momentum on %}, are defined, respectively, by

a*(k)h(—k) + a(k)h(k)dk and TI(h) *(k)Yh(—k) — a(k)h(k)dk,

(2.1)

¢ (h)

1 7
= — e — a
V2 Jra V2 Jra

where h € L2(R%) and h is the Fourier transform of k. Consider the 2 x 2 Pauli matrices

0 1 0 —i 10
(1) w=(00) (0 h)

With these components, the spin-boson Hamiltonian is defined on H = C? ®.%, by the linear
operator

H:UZ®]1+]1®Hf+OéO'x®¢b(h)a

where a € R is a coupling constant. The Hamiltonian H can be transformed in a convenient
form to study its spectrum in terms of path measures. Let U = exp (i%ay) ® 1. Under this
map H transforms as

H=UHU*= -0, ® 1+ 1® H; + ao, ® ¢p(h),

and we see that H is a bounded self-adjoint operator on D(1 ® Hy).

2.2 Spin-boson model in function space

Next we give the definition of the model in function space, and start with the state space
for the spin. Consider Zy = Z/27. Using the affine map = — 2z — 1, we arrive at the
conventional spin variables {—1,+1} = Zy. Consider the Bernoulli measure

W(o) = 5 (54(0) +5:1(0)), o €T

where 64 is Dirac point measure with mass at ¢ = £1. Let (Z9, B, v) be the probability space
with o-field B = {0, {1}, {+1},Zs}. Define the space

12(Zs, %) = {F : Za = o || F 32z, 5y = 3 IF (@)%, < oo},
o€Zo

which will be identified with H in what follows. The Hamiltonian H on this space is the
self-adjoint operator

(HU)(0) = (Hy 4+ acdy(h)¥(0) + U(—0), o € Zs.
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To describe the free boson field in function space, next we define an infinite dimensional
Ornstein-Uhlenbeck process. Let M be a Hilbert space over R with scalar product

= 1
= k)g(k)———dk.
(Fo = [ T30 5
Let A be a positive self-adjoint operator with Hilbert-Schmidt inverse on M such that y/wA™!
is bounded. Denote C*°(A) = N,enD(A™), and take
- n/2,

We construct a triplet Mo C M C M_3, where M, = M_3. We set Q = M_5 and endow
Q@ with its Borel o-field B(Q), defining the measurable space (Q, B(Q)).

Let # = C(R, Q) be the set of continuous functions on R with values in @ and denote
its Borel o-field by B(#'). We define a Q-valued Ornstein-Uhlenbeck process (&)icr, R 3
t — & € @, on the probability space (#,B(#),G) with a probability measure G as follows.
Let &(f) = (&, f)) for f € Mo, where ((.,.)) denotes the pairing between @) and M. For
every t € R and every f € M9, the random process (§:(f)):cr is a Gaussian process with
mean zero and covariance

- e—\t—s|w(k)
BleNeo) = [ a5k (22)

By (2.2), every &(f) can be uniquely extended to test functions f € M, which for simplicity
we keep denoting in the same way. The stationary measure of G will be denoted by u.
Furthermore, (& ):cr is a stationary Markov process. Using the regular conditional probability
measure G¢(+) = G(- | & = &), we have Eg[---] = Jo Egel- - ldp.

The connection between %}, and L%(Q, dy) is given by the Wiener-Ito-Segal isomorphism
6 : F, — L*(Q,du) (for more details see [12]). The unitary equivalence of L?(Za x Q, v ® i)
and H is implemented by the unitary operator U ®6 : H — L?(Zs x Q,v®u). Thus we have
the identification H = L?(Zs, L*(Q)) & L*(Z2 x Q,v® ). We define the scalar field operator
and the free field Hamiltonian on L2(Zy x Q,v ® p) by ¢n(h) = 0¢y (k)0 and Hy = 0H0~ ",
respectively. In what follows, we write Hy for Hy, and ¢ (h) for (Eb(h). Then the spin-boson
Hamiltonian Hgg is unitary equivalent to H , 1.e.,

Hgp = 0HO ' = —0, @ 1+ 1@ H; + o, @ ¢y (h).

In what follows, we further use Hgg.

3 P(¢)1-process associated with the spin-boson Hamiltonian

In this section we construct a P(¢);-process for Hgg. This has been done in [7, 8] for the
Nelson model and the semi-relativistic Pauli-Fierz model before.

Proposition 3.1 If h(—k) = h(k) and h/\/w,hjw € L*(R%), then Hsg is a self-adjoint
operator and it has a unique ground state pg. Furthermore, pg > 0.
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Proof: See [7, Section 2]. O

For the remainder of the paper we assume that Hgg has a unique, strictly positive ground
state @g.
Consider the ground state transform

Ug : L*(R x Q, pidv @ dp) — L*(R? x Q,dv ®@dp), Ug® = p,®.
Define the probability measure dNg = gpé(du ®dp) on Zy x @, and write
H = L*(Zy x Q,dNp).

Also, consider the self-adjoint operator

1
Lsp = —(Hsp — E)pg
g
on £ obtained under the ground state transform, where F = inf o(Hgp) is the eigenvalue
corresponding to ¢g.

Definition 3.2 (P(¢)1-process) Let (E,.#,P) be a probability space and K be a self-
adjoint operator in L?(E, P), bounded from below. We say that an E-valued stochas-
tic process (Z;)ier on a probability space (#,B,Q%) is a P(¢)1-process associated with
(B, #,P), K) if conditions 1-4 below are satisfied:

1. Q*(Zy=2) = L.

2. (Reflection symmetry) (Z;);>0 and (Z;)i<o are independent and Z; 4 Z_; for every
t € R.

3. (Markov property) (Z:):>0 and (Z;)i<o are Markov processes with respect to the
fields 0(Z5,0 < s <t) and 0(Zs,t < s < 0), respectively.

4. (Shift invariance) Let —oo <ty <t; < ... <t, < o0, fj € L®(E,dP),j=1,..,n—1
and fy, fn € L?(E, P). Then for every s € R,

| Ee [H fj<ztj>] i) = [ o [H fj<ztj+s>] aP(2)

J=0 j=0
= (1, foe T p L f e nTin)K (3.1)

Let D = D(R,Zy x Q) be the space of cadlag paths with values in Zs x Q. Next we
construct a probability measure NY, y = (0,€) € Zs X @, on the measurable space (D, B)
such that the coordinate process (Y;)ier is a stationary Markov process generated by Lgp.
This process is the so called P(¢);-process associated with the spin-boson Hamiltonian Hgp.

Let X/ = B(Zy) ® B(Q) and define the family of set functions {N} : A C [0, 00), #A < co}
on x#AY by

/\N[A(Ao X ... X An) = <IlAO, 6_(t1_t0)LSB IlAle_(tZ_tl)LSB ]1A2 e e_(t"_tnfl)LSB 14 )
")
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for A = {to,t1,...,tn} C [0,00), n € N. They satisfy Kolmogorov’s consistency condition

Nitotsotnimy (XizoAi) X (XI27 7 % Q) = Nigg .t} (XG0 Ai)

for all m,n € N. With the projection map mp : (Z2 % Q)[O"X’) — (Zo x Q)M defined by
A s w = (w(ty), ..., w(ty)) for A = {to,...,t,}, we see that

A = {w € (Zs x Q)0 . 1x(w) € A, A € (B(Zs) x B(Q))N, #A < oo}
is a finitely additive family of sets. Thus by the Kolmogorov extension theorem there exists a

unique probability measure N on ((Zy x Q)0 ¢ (21)) such that for all A = {tg,t1,...,tn} C
[0,00), every Ag, A1,..., A, €Y, and every n € N,

N (Ao x -+ x Ap) = Na(Ao x -+ x Ap) =Eg [ 14,71 - (3.2)
j=0

Here (Y;)i>0 denotes the coordinate process on ((Zg X Q)[O"’o),a(%),./(/). Let Yo = y €
Zo x @), and denote ~D+ = D(]0, 09), Zy % Q). Define a regular conditional probability measure
on (D*, (%)) by N(-) = N(-| Yo = y) for y € Zy x Q.

Lemma 3.3 (Shift invariance) If Fy,...,F, € #, n € N, then

EN [ f[OFJ(ﬁj)} — (FO, e*(tlftO)LSBFl . 'ef(tftnfl)LsBFn>%/ (3'3)

for 0 <ty <ty <...<t,=t. Moreover (Y/t)tzo is shift invariant under /\7, i.e,
n n
IEN[HF Ytj} [H Ytﬁs} s> 0. (3.4)
i=0 i=0

In particular, E g [F(f@)} = (e tssF) , = (1,F),, =Eg [F( } fzng y)dNo(y).

Proof: (3.3) and (3.4) follow from (3.2) and a simple limiting argument. 0

With the measure A’ we have the representation
(@b ) = [ B [B()(T)No(y), (3.5)
ZQXQ

which implies that (e 88 ®) (0,€) = E 0.0 [®(Y7)].

Lemma 3.4 (Markov property) (Yi)e>0 is a Markov process on (DY, (), N'Y) with re-
spect to the natural filtration U(Yt, 0<s<t), and e tLsB s its associated Markov semigroup.



FCLT for Spin-Boson model 7

Proof: See Appendix. O

We extend (z)tZO to a Markov process indexed by the whole real line R. Consider the
product probability space (25+,§l,ﬂf(”’§)) with D+ = Dt x D, A = A® A, and N6 =

N8 @ N(@E) | Let (lﬁft)teR be a stochastic process on this product space, which is defined
by Yi(w) = Yi(wi) for t > 0, and Y;(w) = Y_;(ws) for ¢t < 0, with w = (w1, ws) € DF.

Lemma 3.5 The following properties hold:

(1) (Reflection symmetry) }:/0 = (0,§), ):/} and 12/3 are independent for s < 0 < t, and
ﬁgff_t fort e R.

(2) (Markov property) (Y;)i>0 (resp. ({/t)tgo) is a Markov process with respect to the
filtration o(Y,,0 < s < t) (resp. o(Ys,t < s <0)).

(3) (Shift invariance) For fo,..., fn € H and —t =tg <t; <...<t, =t, we have

(3.6)

n A~
Eﬁ@_ li([)f]()/t]) = (fO, e_(t1+t)LSBf1 L. e—(t—tn,l)LSBfn)
]:

Proof: (1) is straightforward. (2) follows from Lemma 3.4. (3) follows from (3.2) and a simple
limiting argument. O

Let Y. : (D, ﬁl,/i/("’f)) — (D, B) be a measurable function, and denote by N'¥€) = N(@8) o

Y ~! the image measure on (D, B). Hence the coordinate process (Y;)ier on (D, B, N) satisfies

Y; £ Y,. We conclude that the process (Yi)ier on (D, B, N) is the P(¢)i-process associated

with the pair ((22 % Q,B(Zs) x Q, dNO),LSB>.

Recall that a stochastic process (Z;)icr is said to be reversible if (Z;,, Zy,, ..., Z,) has
the same distribution as (Z;_¢,, Zr—ty,- -+, Zr—¢, ), for all t1,...,t,, 7 € R and n € N.

Theorem 3.6 The Markov process (Yy)ier is reversible and ergodic under N .

Proof: Let ®, W € L?(Zs x Q,dNg). Then by (3.5) we have

Ex[@(V)0(Y,)] = (@, el w) = (g0, e i By, ) . (37

H L2(Z2xQ,dv@dp)

Hence (Y;)icr is a reversible Markov process under A. For ¢t € R, the semigroup e *#
is positivity improving on L?(Za x Q,v ® u); see also [7, Corollary 2.1]. Hence (Y})icr is
ergodic. |
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4 Functional central limit theorem for Hsp

4.1 FCLT relative to the associated path measure

In this section we show a functional central limit theorem for additive functionals of the
reversible Markov process (Y;):>0 of the form

(Z1)e>0 = </Ot LSBF(Ys)d8> o (4.1)

where F = f ® g € L?(Z3) ® L?(Q). For given F, define

1
o(F) :tlggo;\/EN[Zﬂ

The aim of this section is to calculate explicitly the diffusion constant ¢?(F) for additive
functionals (Z;):>0 in the spin-boson model. Let

M, = F(Y,) — F(Yy) + /Ot LsgF(Yy)ds for F € D(Lgp). (4.2)

The following lemma can be proven in a similar manner as in [5].

Lemma 4.1 (M;)i>0 is a martingale with stationary increments under N .

Proof: See Appendix. O
We begin by proving a FCLT for the martingale (M;);>o under N.

Lemma 4.2 Let F = f®g € D(Lsg) be a non-constant function. Assume that Ex[|F(Y;)|?] <
oo and Exr[|(Lsg F)(Y:)|?] < oo for allt > 0. Then we have that

1
0A(F) = lim ;EN[ME] =2(F,LsgF) and ¢*(F) > 0. (4.3)
Furthermore,
O*(F) = 2(Fpg, (F — F¥)gp) + 2(Fog, [1© Hy, Flpy), (4.4)

where F*(0,€&) = F(—0,€) and gogi(a,f) = pg(—0,§) denote the functions under a spin-flip.

Proof: See Appendix for (4.3), we show here (4.4).
We see that (o,f)(0) = f(—0), and (0,f)(0) = o f(c). We thus obtain that

(Hsp — E)f ® gpg = <—U$®H+H®Hf+a0z®¢b(fl) —E) F® g,
= (f(o) = f(=0)) pg(—0,)9(§) + f(o)Hrgpg — f(o)gHrpg
= (f(0) = f(=0)) pg(—0,8)g(&) + f(o)[Hr, glpg-

Thus LspF(0) = o= ((f(0) = f(=0)) ¢e(~0,€)g(€) + f(o)[Ht, glp). =

Next we make use of a general FCLT for martingales with stationary increments. Using
assumption of Lemma 4.2 we obtain the following result.
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Lemma 4.3 Let (B:)i>0 be standard Brownian motion and F = f ® g € D(Lsp) a non-
constant function. Assume that

Ex[|F(Y)]] <oo and En[|(LssF)(Y:)|*] < oo,

for allt > 0. Then

— = >
sli{go \/» t =0 (F)Bt7 t> 07

i distribution.

Proof: By Lemma 4.1 we have that (M;):>0 is a martingale with stationary increments under
N. Furthermore, ¢?(F) is finite by (4.4). Thus by Lemma 4.4 below the claim follows, for a
proof see [6, Section 5]. O

Lemma 4.4 (Helland) Let (m¢)icr be a martingale on a probability space (S, F, P) such
that B2 = tlim 1Ep[mi] < oo, and assume that (my)icr has stationary increments. Then
—00

lim —=my = B2 By, in distribution.

s—>\f

Finally, under the assumption of Lemma 4.2 we are in the position to state the following
result.

Corollary 4.5 (FCLT for spin-boson model) Let F = f®g € D(Lgp) be a non-constant
function. Suppose that Ex[|F(Y3)|?] < oo and Ex[|(LsgF)(Y:)|?] < oo for allt > 0. Then
the process (Zy)i>0 given by (4.1) satisfies an FCLT with respect to N, and the variance of
the limit process is given by o*(F) for all F € D(Lgp). That is, we have in distribution that

2
81111001 \/7 St é ( ) ty t 9

Proof: We have Ex[LsgF(Y?)] = (g, [(Hsg — E)Flog) = ((Hs — E)pg, Fog) = 0. Thus
Epr [fg LspgF(Y5)ds] = 0. By Theorem 3.6, (Y;):>0 is a reversible and ergodic Markov process
under N. Thus the assumptions of Proposition A.1 are satisfied and by [10, Corollary 1.9]
the corollary follows, i.e., (Z;)¢>o satisfies an FCLT with variance ¢?(F) given in (4.4). O

4.2 Examples of the variance of the limit process

We conclude by giving some examples of particular interest for specific choices of the function
F € D(Lgp), F : Za x Q 3 (0,&) — F(0,8) = (f ® g9)(0,§) = f(0)g(§) € C, allowing to
compute the variance ¢?(F) explicitly. In what follows we assume that h € L%(R%) is any
test function. The vector in L?(Q) associated with the conjugate momentum II(R) in %,
will be denoted by the same symbol II(h), i.e., we have [¢(h),II(R')] = $(h, k).

Example 4.6 Let F(0,£) = f(0). Then Lgpf(o) = (pg(f fi)sog, nd

P(F) =2 (foe (f = [Deg) -
Choosing, in particular, F(o,£) = o, we obtain ¢*(F) = 4 (gog, gagt).
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Example 4.7 Let F(0,{) = 0&(h). We have

§(h),005) + 2 (opgE(h), o [Hy, &(h))pg)

*(F) =4 (
4 (0pg€(h), 005 — 2i (0pgé(h), ioTl(wh)pg) -

(

We calculate the second term above. Denote X = — (opy&(h), icll(wh)y,). We obtain

0Pg
0Pg

X = —i(opg, c{(W)Il(wh)py) = —i (opg, oll(wh)§(h)pg) + i (0pg, oTl(wh)E(h)py)
= —i (011" (wh)pg, € (h)pg) + (0@g, (Wh, h)ope) = =X + (0pg, 0pg) (Wh, h).

Hence 0*(F) = 4 (pg&(h), ¢y) + |[Vwh|.
Example 4.8 Let F(0,&) = oe®®). We have
. . 1 .
[He, 409] = SSOTI(wh) + 1 [ Gh|2e 0

A calculation gives

O*(F) = 4 (¢g, 95 ) + 2 (g, H(wh)g) + [ Vwhl|? (4.5)

A Appendix

Here we outline the proofs of Lemmas 3.4, 4.1 and 4.2 for a self-contained presentation; all
the proofs are however a minor modification of those of [5].

A.1 Proof of Lemma 3.4
Let pi(y, A) = (e~ tFsB14)(y) for A € B(Zy x Q). Notice that

pe(y, A) = Eg, [14(Yy)] = Eg[14(Y)[Yo = y] = Eg[1a(YY)].

Thus we have IEN[H?ZO ]lAj(fﬁj)} = f(ngQ)” H?:1 Iy, (fftj) H?letj_t]._l(yj_l, dNo(y;)). We
show that p;(y, A) is a probability transition kernel. By (3.5) we readily obtain that e~FsB
is positivity improving. For every function F' € J£ such that 0 < F' < 1, we have

(72 F) (y) = Eg, [F (V)] < Eg, [1(Yy)] = Eg, [1(Yo)] = L(y).

Hence 0 < e7tsBF < T and e *s81 = 1, and thus p;(y, -) is a probability measure on Zs x Q
with p(y,Zax Q) = 1, for all t > 0. Secondly, p;(y, A) is measurable with respect to y. Third,

st1)Lss] 4 and the Chapman-Kolmogorov

by the semigroup property e *isBe=tlse], = ¢~
identity follows, and hence p:(y, A) is a probability transition kernel. Thus (Y):>0 is a Markov

process. O
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A.2 Proof of Lemma 4.1

By Lemma 3.4 we see that (Y;):>0 is a Markov process with semigroup T; = e thsB > (.
Hence we have Ex[F(Y:)|Fs] = Ti—sF(Y5), t > s. Since the function ¢t — T3 F' is differentiable
for F' € D(Lgp), we obtain that T} F' — F = — f(f LgpTFds for all t > 0. We also have

t
En[M|Fs) = Mg+ En |F(Y:) — F(Xs) +/ LspF(Y;)dr | Fs a.s. (1.1)

From the above it follows that the second term on the right hand side of (1.1) is zero. By
the shift invariance property of (Y:):>o it then follows that (M;);>o is a martingale with
stationary increments under N. O

For the sake of a quick access, we also quote the following fundamental result. For a proof
see [10, Theorem 1.8].

Proposition A.1 (Kipnis-Varadhan) Let (Q, F, (F:)i>0,G) be a filtered probability space
and (A, Gp) a measurable space. Let (Yi)i>0 be an A-valued Markov process with respect to

(Ft)e=0. Assume that (Y;)i>o0 is a reversible and ergodic Markov process with respect to G. Let
F: A — R be an L*(Gy) function with [, FdGy = 0. Suppose in addition that F € D(L™1/?),
where L is the generator of the process (Yi)i>o. Let Ry = fg F(Ys)ds. Then there exists a
square integrable martingale (Nt)¢>o with respect to (Fi)e>0, with stationary increments, such

that tlim % SUpg<s<s |Rs — Ng| = 0 in probability under G, where Ry = Ny = 0. Moreover,
—00 - -

tli{?o%]EGHRt - Nt’z] =0.
A.3 Proof of (4.3) of Lemma 4.2

By (4.2) we have

MZy = My (F(Yo) — F(Y2) + My)
= (F(Y3) = F(Yo) + Zi) Z4. (1.3)

Consider equality (1.2). We have
EN[M:Zi]| < [Ex[MF(Yo)l| + [Enr[MF(Yy)]] + [En[ME].
By using the shift invariance property of the process (Y;):>¢ and Schwarz inequality, we have
[Ex{MF (Y]] < En[F(Y)?PEN(M?)? = E[F(Y0)*) 2 En(ME)2.
Thus we obtain
Jim L EX[M (V)] = 0.
In the same way, we have

1
Jim (B [ME(Y)]| =0,
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and hence
lim LE [M;Z;] = i g [M?]
oo ¢ N Iat = A RN
Now consider equality (1.3). By the same argument, we see that
lim [M;Z;] = li lg 122
foee ¢ NIRE = U RN LA
Hence we deduce that

1 1
lim “En[Z7] = lim “En[M]

t—oo t

Let T} = e tEsB. A calculation gives

1 1 t t 1 t t

YE(Z7) = TEw { / ds / LSBF(mLSBF(Y;)dr] -2 / ds / Ex{LsnF(Yo) Lsp F(Y),_y)]dr
0 0 0 0

1/t ¢ 2

- / ds/ (T\s—r|LSBF7 LSBF) v dr = — / (TserSBF; LSBF)J«{/ drds

t Jo 0 ' t Jo<r<s<t

2

t
- / (T, LspF, LsgF) ,, drds = 2/ (1— 2)(T,LspF, LsgF) ,, dr.
t Jo<r<s<t i 0 t

Since N is reversible, i.e., Lgp is a self-adjoint operator, we see that

(T,LspF, LspF) , = (TgLSBF, TgLSBFLg
is positive and the function ¢ + (1 — 7) (T-LsF, LsgF') ;- is increasing. Then by the mono-
tone convergence theorem

1 o0
Jim EIE;N[ZE] =2 / (T»LspF, LspF) , dr = 2 (F, LsgF).
o0 0

To prove that ¢*(F) = 2 (v/LsgF,vLsgF) > 0, assume, to the contrary, that ¢*(F) = 0,

ie., vVLsgF = 0. Since (Y;)cr is an ergodic process and y/LsgF = 0 implies LggF = 0,

equality ¢?(F) = 0 implies that F is constant, which is impossible. Hence we conclude that
2

0°(F) > 0.
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