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Abstract 13 

Tensile strength constitutive laws for fibre reinforced concrete (FRC) are commonly 14 

defined through the parameters of flexural tests conducted on standard prismatic 15 

specimens. However, there are no specific criteria to determine such parameters using 16 

small specimens that could simplify the testing procedure and provide more 17 

representative results of slender structural FRC elements. In this line, the influence of 18 

size effect becomes an issue particularly relevant during the characterisation stage given 19 

that the residual strength decreases while increasing the size of the element. The 20 

objective of this document is to propose a methodology to obtain the parameters of the 21 

constitutive law using small specimens. For this, FRC residual strength was determined 22 

through three-point bending tests on prismatic notched beams of 40x40x160, 23 
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100x100x400 and 150x150x600 mm. An analytical model based on sectional analyses 24 

aimed at reproducing the flexural strength of FRC was used to assess the results of the 25 

alternative methodology to determine the parameters for the constitutive law. The 26 

results show that an approach based on the rotation instead of the crack opening as the 27 

reference parameter to estimate the stresses for the constitutive law leads to results less 28 

influenced by the size effect when designing small elements. 29 

1 INTRODUCTION 30 

Size effect has been an issue extensively studied and reported in the literature, with 31 

different theoretical approaches arising to explain such effect. According to previous 32 

investigations, using specimens of different dimensions to determine the flexural 33 

response of fibre reinforced concrete (FRC) has several implications regarding size 34 

effect that may influence the nominal strength. While some studies [1] conclude that the 35 

size effect on the flexural strength is almost negligible, other researchers [2] state that 36 

the size effect cannot be disregarded. This issue was addressed in additional 37 

investigations [3] by analysing the residual strength of different sized concrete 38 

specimens with and without fibres and concluded that increasing the size of the 39 

specimen leads to a reduction in the strength [4]. 40 

Despite the evident presence of size effect on concrete, most of the design codes and 41 

standards currently into effect still assume that the behaviour of concrete follows the 42 

classical theories of elasticity and plasticity [5]. In this regard, it is broadly accepted that 43 

both tensile and flexural strength capacities of concrete are not affected by the size 44 

effect at the structural design level. In the case of FRC, the fact of being a relatively 45 

new material for design purposes has also led to generally assume there is no size effect. 46 
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Among the existing codes and guidelines with specific FRC constitutive laws, only the 47 

German code (DBV) and the RILEM recommendations [6] account for the size effect 48 

by introducing a correction factor to reduce the strength as the size of the specimen 49 

increases [7]. Unlike the DBV and the RILEM specifications, the constitutive model for 50 

FRC of the fib Model Code 2010 (MC2010) [8] assumes an equivalent residual strength 51 

between the standard beam and the structural element. In this line, it has been reported 52 

[9] that the direct application of constitutive models on real-scale elements without 53 

considering the size effect may lead to an unsafe design given the influence of the 54 

geometry differences and the variations of the fibre distribution and orientation 55 

depending on the size of the element. For this, the MC2010 suggests considering an 56 

orientation factor (𝐾𝐾) to take into account the favourable or unfavourable effect of the 57 

fibres [10,11]. 58 

Constitutive models for the design of FRC real-scale elements are usually based on the 59 

results of standard prismatic beams tested under a three-point bending configuration. In 60 

this regard, this study aims to analyse whether small specimens may be used to 61 

determine the post-cracking parameters of FRC and which assumptions need to be taken 62 

for this purpose of guaranteeing the required reliability of the resulting design 63 

parameters. Hence, the cracking mechanism is analysed in detail to propose an approach 64 

based on replacing the crack mouth opening displacement (CMOD) for the rotation of 65 

the specimen as the reference parameter to determine the residual strength of FRC. The 66 

method consists of an inverse analysis to analytically compute the FRC flexural 67 

performance, which allows obtaining the load-deflection or load-crack opening curves 68 

by using the constitutive law of the MC2010. The analytical results are consequently 69 

compared to experimental results conducted on prismatic beams of different sizes 70 



 4 

(40x40x160, 100x100x400 and 150x150x600 mm) to determine which reference 71 

parameter—CMOD or rotation—presents the closest results to the experimental curves. 72 

Finally,  an alternative approach to assess the constitutive law for FRC using small non-73 

standard specimens is proposed based on the obtained results. This approach can lead to 74 

simplify the testing procedure while providing more representative results for thin or 75 

slab-shaped FRC elements, which are commonly subjected to a greater influence of the 76 

preferential fibre orientation that takes place [12,13]. 77 

2 ANALYTICAL ASSESSMENT OF THE POST-CRACKING STRENGTH 78 

 Constitutive law for FRC 79 

Different constitutive models in varying degrees of complexity and accuracy may be 80 

found in the literature and national or international codes for FRC [7] and even for ultra-81 

high performance fibre reinforced concrete [14]. The main particularity of the stress-82 

strain tensile law of the MC2010 for FRC with respect to other codes is that it can 83 

distinguish among three cases of softening and hardening behaviour (Fig. 1). The 84 

branches describing the strain-softening or strain-hardening post-cracking performance 85 

are defined by the stress and the strain at both Service and Ultimate Limit State (SLS 86 

and ULS). The stress parameters are calculated through the results of the three-point 87 

bending test (3PBT) conducted according to the standard EN 14651:2007 [15]. Based 88 

on the specifications of the MC2010, the strain may be obtained as the ratio between the 89 

crack opening and the characteristic length (𝜀𝜀 = 𝑤𝑤 𝑙𝑙𝑐𝑐𝑐𝑐⁄ ). At ULS, the MC2010 limits 90 

the strain (𝜀𝜀𝑈𝑈𝑈𝑈𝑈𝑈) to 10‰ in hardening and 20‰ in softening. 91 
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 92 

Figure 1. Constitutive law for FRC in tension [8]. 93 

The characteristic length (𝑙𝑙𝑐𝑐𝑐𝑐) is an indicator of the crack spacing used in calculations 94 

whose value is influenced by several factors such as the type or content of fibres, the 95 

matrix strength and the load level, among others [16]. Studies in the literature reveal 96 

that there is not a clear consensus to specify 𝑙𝑙𝑐𝑐𝑐𝑐 and researchers use different criteria to 97 

determine its value [16]. However, the MC2010 suggests considering 𝑙𝑙𝑐𝑐𝑐𝑐 to be equal to 98 

the depth of the structural element to be designed, a criteria that has been used and 99 

validated by several authors [17,18]. 100 

 Alternative approach to calculate the constitutive law for FRC 101 

The 3PBT provides three strength values (𝑓𝑓𝐿𝐿𝐿𝐿𝐿𝐿,𝑓𝑓𝑅𝑅1,𝑓𝑓𝑅𝑅3) which are used to calculate the 102 

parameters of the constitutive law 𝑓𝑓𝑐𝑐𝑐𝑐, 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹 and 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹 for FRC. These parameters are 103 

associated with specific CMODs of a standardized beam. However, the MC2010 lacks 104 

specific indications to calculate these parameters in case smaller non-standard 105 

specimens are used. The main issue lies in which CMOD should be considered when 106 
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using smaller specimens to determine 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹 and 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹. This can be addressed by 107 

considering two approaches analysed through the simplified failure mechanism of a 108 

beam under a three-point bending test setup considering the mid-upper point as a hinge 109 

bonding the two halves of the specimen (Fig. 2).  110 

The first approach, referred to as Full Crack Opening (FCO), is represented in Fig. 2a 111 

and assumes the use of the same crack opening for any specimen size, thus requiring 112 

smaller samples to achieve a greater rotation (𝜃𝜃2) than larger samples (𝜃𝜃1). The second 113 

approach, shown in Fig. 2b and named Equivalent Crack Opening (ECO), is based on 114 

the use of crack openings proportional to the beam depth. In such case, the equivalent 115 

CMOD of any specimen may be obtained through a relationship between rotation, crack 116 

opening and sample depth [19]. 117 

 118 

Figure 2. Failure mechanisms of the three-point bending test: a) FCO and b) ECO. 119 



 7 

According to the notation indicated in Fig. 2a, which considers 𝑤𝑤 = 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 and 𝑙𝑙𝑐𝑐𝑐𝑐 =120 

ℎ𝑠𝑠𝑠𝑠, the relation between the strains of different sized specimens in FCO approach can 121 

be deduced. Given that crack openings of both beams present the same absolute value, 122 

the CMOD of a smaller sample is proportionally wider than the CMOD of a larger 123 

sample, thus leading small specimens to present greater strains (Eq. 4). 124 

𝜀𝜀1 =
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶
ℎ𝑠𝑠𝑠𝑠1

;  𝜀𝜀2 =
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶
ℎ𝑠𝑠𝑠𝑠2

 (1) 

𝜀𝜀1ℎ𝑠𝑠𝑠𝑠1 = 𝜀𝜀2ℎ𝑠𝑠𝑠𝑠2 (2) 

ℎ𝑠𝑠𝑠𝑠1 > ℎ𝑠𝑠𝑠𝑠2 (3) 

𝜀𝜀1 < 𝜀𝜀2 (4) 

ECO approach assumes a constant rotation (𝜃𝜃) for any specimen size, thus leading to 125 

smaller CMODs and deflections (𝛿𝛿) in samples of smaller dimensions. This approach 126 

results in CMODs that are proportional to the depth of the specimen, leading to identical 127 

strains for the different sized beams (Eq. 8). The residual strengths 𝑓𝑓𝑅𝑅1 and 𝑓𝑓𝑅𝑅3 in 128 

specimens with non-standard dimensions calculated through ECO are, hence, those 129 

associated with sized-equivalent crack openings. 130 

𝜀𝜀1 =
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶1
ℎ𝑠𝑠𝑠𝑠1

;  𝜀𝜀2 =
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶2
ℎ𝑠𝑠𝑠𝑠2

 (5) 
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𝜃𝜃 =
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶1
2ℎ𝑠𝑠𝑠𝑠1

=
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶2
2ℎ𝑠𝑠𝑠𝑠2

 (6) 

𝜀𝜀1 = 2𝜃𝜃;  𝜀𝜀2 = 2𝜃𝜃 (7) 

𝜀𝜀1 = 𝜀𝜀2 (8) 

Given that the crack opening is assumed to remain constant for different specimen 131 

dimensions with FCO, 𝜀𝜀𝑆𝑆𝑆𝑆𝑆𝑆 and 𝜀𝜀𝑈𝑈𝑈𝑈𝑈𝑈 decrease while the sample size increases. 132 

Conversely, according to ECO, 𝜀𝜀𝑆𝑆𝑆𝑆𝑆𝑆 and 𝜀𝜀𝑈𝑈𝑈𝑈𝑈𝑈 present identical values for different 133 

specimen dimensions due to the use of proportional crack widths and ℎ𝑠𝑠𝑠𝑠. As a result of 134 

the proportionality between the crack opening and ℎ𝑠𝑠𝑠𝑠, crack openings calculated 135 

through ECO increase linearly with the specimen dimension. These variations of strain 136 

in FCO and crack opening in ECO are shown in Fig. 3.  137 

 138 

Figure 3. a) Strain according to FCO and b) crack opening with ECO. 139 

 140 
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 Analytical procedure 141 

A back-calculation based on an analysis of evolutionary sections (AES) [20,21] with a 142 

multi-layer approach was used to obtain analytically the flexural behaviour of FRC. 143 

Given its simplicity and accuracy, similar methods have also been used by several 144 

researchers [22–27]. To conduct the AES, several assumptions were adopted:  145 

(i) Sections remain plane after loading or imposed strains (hypothesis of Navier-146 

Bernoulli). 147 

(ii) Strain compatibility: perfect bond between concrete and fibres is assumed. 148 

(iii) Shear distortion and stresses are negligible and were not considered (hypothesis of 149 

Euler-Bernoulli). 150 

(iv) Internal forces are applied on the symmetrical axis of the section.  151 

The material properties in compression and tension are defined through the constitutive 152 

law of the MC2010. In the analysis, the cross-section is discretised along its height into 153 

layers, and it is assumed that tensile stresses are located at the bottom whereas 154 

compression stresses are placed at the top part of the section. The bottom layer of the 155 

section is taken as reference for the analysis, where a tensile strain 𝜀𝜀𝑏𝑏𝑏𝑏𝑏𝑏 is assumed for 156 

the initial stage. Subsequently, a compressive strain at the top �𝜀𝜀𝑡𝑡𝑡𝑡𝑡𝑡� is assumed so the 157 

curvature 𝜒𝜒 and the strain at any layer may be calculated through Eq. 9 according to the 158 

combination of Navier-Bernouilli hypothesis with the strain compatibility assumption. 159 
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A schematic representation of the discretization and the linear strain distribution is 160 

represented in Fig. 4. 161 

𝜒𝜒 =
𝜀𝜀𝑡𝑡𝑡𝑡𝑡𝑡 − 𝜀𝜀𝑏𝑏𝑏𝑏𝑏𝑏

ℎ
=
𝜀𝜀𝑡𝑡𝑡𝑡𝑡𝑡 − 𝜀𝜀(𝑧𝑧)

𝑧𝑧
 (9) 

 162 

Figure 4. Schematic discretisation of the cross-section and the distributions of strains 163 

and stresses. 164 

The equilibrium condition between the internal and the external forces is satisfied by 165 

imposing Eqs. 10 and 11. For this, the predefined constitutive stress-strain law is used 166 

to calculate the stresses out of each strain from the linear distribution. The forces at each 167 

layer are calculated through the stresses and are assumed to be applied at the mid-168 

thickness of its corresponding layer.  169 

𝑁𝑁 = � 𝑓𝑓𝑐𝑐,𝑖𝑖𝑑𝑑𝐴𝐴𝑐𝑐,𝑖𝑖 + � 𝑓𝑓𝑡𝑡,𝑖𝑖𝑑𝑑𝐴𝐴𝑐𝑐,𝑖𝑖
𝐴𝐴𝑐𝑐𝐴𝐴𝑐𝑐

 (10) 

𝑀𝑀 = � 𝑧𝑧𝑧𝑧𝑐𝑐,𝑖𝑖𝑑𝑑𝐴𝐴𝑐𝑐,𝑖𝑖 + � 𝑧𝑧𝑧𝑧𝑡𝑡,𝑖𝑖𝑑𝑑𝐴𝐴𝑐𝑐,𝑖𝑖
𝐴𝐴𝑐𝑐𝐴𝐴𝑐𝑐

 (11) 
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If the equilibrium condition is not verified, a new 𝜀𝜀𝑡𝑡𝑡𝑡𝑡𝑡 is assumed and iterated until the 170 

equilibrium is satisfied. At this stage, the internal flexural moment at the section may be 171 

calculated. Additionally, the crack opening can be obtained through the strain at the 172 

bottom layer and the characteristic length (𝑤𝑤 = 𝜀𝜀 · 𝑙𝑙𝑐𝑐𝑐𝑐). 173 

The steps for computing are shown in the flowchart of Fig. 5, using a similar procedure 174 

to the one described in previous studies [25,28]. The method begins assuming an initial 175 

strain at the bottom fibre and calculates the strains at the cross-section by an iterative 176 

process checking whether the equilibrium conditions are satisfied. When a result is 177 

achieved, the strain at the bottom increases and the iterative process starts over. 178 
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179 

Figure 5. Flow chart of the analytical cross-sectional model. 180 
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3 EXPERIMENTAL PROGRAM 181 

 Materials and concrete mixes 182 

One plain concrete mix (M0) and four high-performance fibre reinforced concrete 183 

mixes with contents of 90 and 190 𝑘𝑘𝑘𝑘/𝑚𝑚3 of steel straight microfibres (𝑙𝑙 = 13 𝑚𝑚𝑚𝑚, 184 

φ = 0.20 𝑚𝑚𝑚𝑚 and 𝑓𝑓𝑦𝑦𝑦𝑦 = 2750 𝑀𝑀𝑀𝑀𝑀𝑀) were produced (Table 1). As in other studies [29], 185 

the content of fibres was increased by replacing an equivalent volume of silica sand to 186 

keep constant the content of cement.  187 

Nanosilica was introduced in all mixes as a highly reactive pozzolanic material in a 188 

content of 5% over the cement weight (o.c.w.) to enhance the strength. Based on the 189 

results of previous research [30], powders with high specific surface increase the water 190 

demand to maintain workability, which has a direct influence on the content of water 191 

and superplasticizer. Accordingly, mixes M0, M90A and M190A have a lower amount 192 

of water than mixes M90B and M190B, which was compensated with a greater content 193 

of superplasticizer. 194 

Table 1. Concrete mixes [kg/m3]. 195 

Materials M0 M90A M190A M90B M190B 
CEM I 52.5R 800 800 800 800 800 
Silica sand 3 – 4 mm 1161 1131 1098 1129 1098 
Filler (CaCO3) 200 200 200 200 200 
Water 129 129 129 185 185 
Nanosilica (o.c.w.) 5% 5% 5% 5% 5% 
Superplasticizer (o.c.w.) 4% 4% 4% 2% 2% 
Steel fibres 0 90 190 90 190 

196 
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 Concrete production and specimens 197 

The concrete was produced using a vertical axis mixer with an automatized system to 198 

weight and introduce the dried materials with the specified amount of water. The 199 

nanosilica, the superplasticizer and the fibres were introduced to the mix manually 200 

through an opening on the mixer. After mixing, the concrete mix was directly poured 201 

from the skip to the moulds. A curing layer was sprayed over the free surface of the 202 

specimens to prevent the loss of superficial water and a consequent early shrinkage. 203 

For each concrete mix, 3 cubic specimens of 150𝑥𝑥150 𝑚𝑚𝑚𝑚, 6 specimens of 204 

100𝑥𝑥100 𝑚𝑚𝑚𝑚, 9 cubic specimens of 40𝑥𝑥40 𝑚𝑚𝑚𝑚 and 3 cylindrical 𝜙𝜙150𝑥𝑥300 𝑚𝑚𝑚𝑚 205 

samples were produced. Moreover, 3 prismatic samples with dimensions of 206 

150𝑥𝑥150𝑥𝑥600 𝑚𝑚𝑚𝑚, 6 samples of 100𝑥𝑥100𝑥𝑥400 𝑚𝑚𝑚𝑚 and 9 samples of 207 

40𝑥𝑥40𝑥𝑥160 𝑚𝑚𝑚𝑚 were cast, thus resulting in a total amount of 90 prismatic beams of 208 

three dimensions. The use of microfibres was necessary given that the small specimens 209 

limit the size of the fibres. The cubic specimens were used to perform compressive tests 210 

according with EN 12390-3 [31], the cylindrical samples to assess the modulus of 211 

elasticity following the indications of EN 12390-13 [32] and the prismatic specimens to 212 

determine the flexural and residual strength through the three-point bending test based 213 

on the standard EN 14651 [15]. 214 

The dimensions of the specimens for the three-point bending test, as specified in EN 215 

14651, are prisms of 150𝑥𝑥150𝑥𝑥600 𝑚𝑚𝑚𝑚. To conduct the tests with smaller specimens 216 

100𝑥𝑥100𝑥𝑥400 and 40𝑥𝑥40𝑥𝑥160 𝑚𝑚𝑚𝑚, the notch depth and the span length were adjusted 217 

according to the dimensions of these samples. Following previous research [33–35], the 218 
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depth-span and depth-notch ratios of the 150𝑥𝑥150𝑥𝑥600 𝑚𝑚𝑚𝑚 beams were kept constant 219 

to maintain the proportions between the dimensions of the beams. Table 2 shows the 220 

effective depth �ℎ𝑠𝑠𝑠𝑠� and the span of the three different prisms sizes. Bending tests of 221 

all samples, regardless of their dimension, were performed by CMOD control at a speed 222 

of 0.05 mm/min up to a CMOD of 1.0 mm. Test rate was subsequently increased to 0.2 223 

mm/min until a CMOD of 4.0 mm, which was considered the end of the test. 224 

Table 2. Characteristic dimensions of the specimens for the three-point bending test. 225 

Specimen dimension [mm] Effective depth 𝒉𝒉𝒔𝒔𝒔𝒔 [mm] Span [mm] 
150x150x600 125.0 500 
100x100x400 83.3 333 
40x40x160 33.3 133 

 226 

4 ANALYSIS OF RESULTS 227 

 Compressive strength and modulus of elasticity 228 

The average results of the compressive strength for three different sized cubic 229 

specimens and the results of the modulus of elasticity performed on standard cylindrical 230 

samples are detailed in Table 3. 231 

Table 3. Results of compressive strength and modulus of elasticity. 232 

Mix 
Compressive strength [MPa] Modulus of elasticity [MPa] 
150x150 mm 100x100 mm 40x40 mm ϕ150x300 mm 
Average CV Average CV Average CV Average CV 

M0 111.2 1.8% 96.9 2.0% 97.4 7.2% 36429 0.5% 
M90A 115.9 0.7% 109.5 2.9% 126.8 8.4% 36337 0.5% 
M190A 117.2 0.5% 115.0 3.4% 133.6 6.4% 37674 0.5% 
M90B 108.8 2.4% 102.1 1.6% 122.8 7.9% 32807 0.3% 
M190B 100.3 6.8% 103.3 1.9% 124.9 6.4% 34095 9.3% 

 233 
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A comparison between FRC mixes with different water-cement ratios (𝑤𝑤/𝑐𝑐) reveals an 234 

expected reduction of the compressive strength for higher 𝑤𝑤/𝑐𝑐 ratios. This effect may 235 

also be appreciated in the modulus of elasticity, with lower values for higher 𝑤𝑤/𝑐𝑐 ratios. 236 

The higher content of water in the mix with greater 𝑤𝑤/𝑐𝑐 ratios is the main responsible 237 

of inducing a higher porosity in the concrete matrix and, therefore, reducing both the 238 

compressive strength and the modulus of elasticity. 239 

In line with the results reported in other studies [36–38] the addition of fibres slightly 240 

increased the compressive strength except in mixes M90B and M190B, which presented 241 

a reduction of the compressive strength from 108.8 to 100.3 MPa. For the case of mix 242 

M190B, the scatter of the compressive strength of 150x150 mm cubic specimens and 243 

the modulus of elasticity increased with respect to the rest of the mixes. These results 244 

might be attributed to early setting initiation while casting due to the large amount of 245 

specimens and the long time required for casting. Notice, however, how the 246 

compressive strength and the scatter of cubic specimens 100x100 mm and 40x40 mm 247 

follow the line of the results of the rest of the mixes. Consequently, the generalised 248 

increase of strength may be attributed to a certain confinement effect of the microfibers, 249 

inhibiting and delaying microcracking propagation produced by compression stresses 250 

when above 0.4𝑓𝑓𝑐𝑐𝑐𝑐. 251 

 Flexural strength 252 

The average flexural strengths of the three-point bending tests conducted on 253 

150𝑥𝑥150𝑥𝑥600 𝑚𝑚𝑚𝑚, 100𝑥𝑥100𝑥𝑥400 𝑚𝑚𝑚𝑚 and 40𝑥𝑥40𝑥𝑥160 𝑚𝑚𝑚𝑚 specimens are shown in 254 

Table 4. The values show the strengths at the limit of proportionality (𝑓𝑓𝐿𝐿𝐿𝐿𝐿𝐿) and at 255 
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CMODs of 0.5, 1.5, 2.5 and 3.5 mm (𝑓𝑓𝑅𝑅1, 𝑓𝑓𝑅𝑅2, 𝑓𝑓𝑅𝑅3 and 𝑓𝑓𝑅𝑅4). These results were 256 

calculated as described in the standard EN 14651.  257 

Table 4. Average flexural strengths of M90A, M190A, M90B and M190B in specimens 258 

of 150x150x600 mm, 100x100x400 mm and 40x40x160 mm. 259 

Mix 
Size 

[mm] 

Flexural strength 

𝒇𝒇𝑳𝑳𝑳𝑳𝑳𝑳 

[MPa] 

CV 

[%] 

𝒇𝒇𝑹𝑹𝟏𝟏 

[MPa] 

CV 

[%] 

𝒇𝒇𝑹𝑹𝟐𝟐 

[MPa] 

CV 

[%] 

𝒇𝒇𝑹𝑹𝟑𝟑 

[MPa] 

CV 

[%] 

𝒇𝒇𝑹𝑹𝟒𝟒 

[MPa] 

CV 

[%] 

M90A 

40 10.38 4.4 16.00 5.7 14.09 6.2 11.92 7.6 10.00 8.7 

100 9.08 8.4 13.98 2.1 13.97 2.1 12.53 3.9 10.89 4.7 

150 8.02 6.5 14.58 5.8 14.63 4.0 13.03 3.8 11.18 3.7 

M190A 

40 9.80 15.6 21.17 21.7 17.46 22.8 13.44 20.7 10.61 19.1 

100 8.83 4.2 23.01 8.9 21.85 10.7 18.00 13.8 14.18 14.4 

150 9.54 6.8 17.83 7.6 16.96 2.7 14.73 4.6 11.99 4.3 

M90B 

40 8.67 10.9 14.54 9.7 12.71 10.2 10.31 13.1 8.30 16.7 

100 8.61 3.8 13.72 12.9 13.07 11.7 11.54 11.4 9.80 12.3 

150 7.86 2.3 12.06 6.9 11.99 4.0 10.36 3.9 8.69 3.6 

M190B 

40 8.06 7.3 23.78 14.9 20.17 19.2 15.91 23.3 12.64 23.7 

100 10.09 3.4 19.07 10.4 17.32 13.2 13.88 15.2 10.77 15.7 

150 8.16 - 16.35 - 15.75 - 13.00 - 10.37 - 

  260 
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Increasing the content of fibres from 90 to 190 𝑘𝑘𝑘𝑘/𝑚𝑚3 enhanced 𝑓𝑓𝐿𝐿𝐿𝐿𝐿𝐿 especially from 261 

mix M90A to M190A, with M190A presenting a 𝑓𝑓𝐿𝐿𝐿𝐿𝐿𝐿 approximately 15% higher than 262 

M90A. These results are similar to those reported in previous studies using microfibres 263 

[39]. In line with the results of other researchers [40], a comparison of 𝑓𝑓𝐿𝐿𝐿𝐿𝐿𝐿 of mixes 264 

M90B and M190B presents a variation of only 3.8% given that 𝑓𝑓𝐿𝐿𝐿𝐿𝐿𝐿 is mainly 265 

influenced by the properties of the matrix and the 𝑤𝑤/𝑐𝑐 ratio [41,42].  266 

The post-cracking results exhibited expected trends according to the content of fibres 267 

and the 𝑤𝑤/𝑐𝑐 ratios. In both groups of mixes (A and B), the increasing amount of fibres 268 

entailed greater residual stresses while the reduction of the 𝑤𝑤/𝑐𝑐 ratio led to greater 269 

bending stresses. Notice also that the scatter of the residual strengths is considerably 270 

low in comparison with the results of other studies [42,43]. This is mainly attributed to 271 

the higher fibre density in the cracked surface [36,44] which provides a higher 272 

homogeneity to flexural stresses. 273 

The average flexural strength is expressed in terms of stress-CMOD in Fig. 6. The 274 

results are shown for the four mixes analysed and the three dimensions of specimens 275 

tested. Results are shown to crack openings up to 4 mm, revealing the performance 276 

differences exhibited by the dimension of the specimen tested. 277 
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 278 

Figure 6. Average flexural strength in terms of stress-CMOD. 279 

All mixes exhibit a hardening behaviour after cracking up to the maximum residual 280 

strength and a clear influence of the specimen size on the performance. As shown by 281 

other authors [45], the strength generally decreased as the specimen size increased. In 282 

mixes M90A and M90B, with a lower content of fibres, although there are performance 283 

differences among the different specimen dimensions, such differences are not as 284 

noticeable as in mixes M190A and M190B. These results indicate, therefore, the clear 285 

influence of the fibres on concrete performance, which can be mainly attributed to a 286 

preferential orientation and distribution towards the crack surface perpendicular 287 

direction in small specimens.  288 
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The observations in M190A differ with the findings of previous studies [4,46] with 289 

similar contents and types of fibres. Nonetheless, M190A was produced with a 290 

considerably low 𝑤𝑤/𝑐𝑐 ratio and a high content of fibres (0.16 and 190 𝑘𝑘𝑘𝑘/𝑚𝑚3, 291 

respectively) in comparison to the aforementioned studies. The combination of these 292 

two variables results in a lower flowability of concrete [47], which directly affects the 293 

orientation of the fibres in the element and the flexural strength [48]. 294 

The average 𝑓𝑓𝐿𝐿𝐿𝐿𝐿𝐿 and the average maximum strength of the four mixes are shown in 295 

Fig. 7 represented according to the specimen size. The general trend indicates a 296 

reduction of both strengths while increasing the dimension of the specimen. 297 

 298 

Figure 7. Size effect on a) 𝑓𝑓𝐿𝐿𝐿𝐿𝐿𝐿 and b) maximum strength. 299 

The results of the 40x40x160 mm specimens in Fig. 7a confirms the minor influence of 300 

the content of fibres on 𝑓𝑓𝐿𝐿𝐿𝐿𝐿𝐿, showing that the 𝑤𝑤/𝑐𝑐 ratio is the main responsible of the 301 

differences in the cracking strength. The lower strength of mixes with 190 𝑘𝑘𝑘𝑘/𝑚𝑚3 with 302 

regard to their counterpart with 90 𝑘𝑘𝑘𝑘/𝑚𝑚3 confirms that increasing the content of fibres 303 

does not necessarily lead to a greater cracking strength. Indeed, the lower results of 304 

mixes M190A and M190B with regard to M90A and M90B, respectively, may be a 305 
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consequence of a higher induced porosity in the matrix as a result of the higher content 306 

of fibres [49,50]. Increasing the content of fibres enhanced the maximum residual 307 

strength (Fig. 7b), which is a direct effect of the greater number of fibres in the cracked 308 

section [48,51]. These results also indicate that a lower 𝑤𝑤/𝑐𝑐 ratio improved the bond 309 

strength at the fibre-matrix interface [52].  310 

 Constitutive models 311 

The constitutive model for FRC was calculated for each mix and specimen dimension to 312 

conduct the analytical calculations, obtaining both 𝜀𝜀𝑆𝑆𝑆𝑆𝑆𝑆 and 𝜀𝜀𝑈𝑈𝑈𝑈𝑈𝑈 following the relation 313 

between crack opening and strain of the MC2010. Considering the characteristic length 314 

𝑙𝑙𝑐𝑐𝑐𝑐 of each specimen as the effective depth ℎ𝑠𝑠𝑠𝑠, CMODs and strains at SLS and ULS for 315 

each approach analysed (FCO and ECO) take the values shown in Table 5.  316 

Table 5. Crack openings and strains, according to FCO and ECO. 317 

Characteristic 
length 

Specimen 
dimension 

Full crack opening (FCO) Equivalent crack opening (ECO) 

𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝟏𝟏 

[mm] 

𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝟑𝟑 

[mm] 

𝜺𝜺𝑺𝑺𝑺𝑺𝑺𝑺 

(‰) 

𝜺𝜺𝑼𝑼𝑼𝑼𝑼𝑼 

(‰) 

𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝟏𝟏 

[mm] 

𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝟑𝟑 

[mm] 

𝜺𝜺𝑺𝑺𝑺𝑺𝑺𝑺 

(‰) 

𝜺𝜺𝑼𝑼𝑼𝑼𝑼𝑼 

(‰) 

𝒍𝒍𝒄𝒄𝒄𝒄 = 𝒉𝒉𝒔𝒔𝒔𝒔 

40 mm 0.50 2.50 15.00 75.00 0.13 0.67 4.00 20.00 

100 mm 0.50 2.50 6.00 30.00 0.33 1.67 4.00 20.00 

150 mm 0.50 2.50 4.00 20.00 0.50 2.50 4.00 20.00 

𝒍𝒍𝒄𝒄𝒄𝒄 = 𝟏𝟏𝟏𝟏𝟏𝟏 

40 mm 0.50 2.50 4.00 20.00 0.13 0.67 1.04 5.36 

100 mm 0.50 2.50 4.00 20.00 0.33 1.67 2.64 13.36 

150 mm 0.50 2.50 4.00 20.00 0.50 2.50 4.00 20.00 

 318 

Both strengths 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹 and 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹 of the constitutive law are calculated for each geometry at 319 

CMOD1 and CMOD3, respectively. Given that the crack openings for both approaches 320 

are different, 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹 and 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹 result in different values if calculated for FCO or ECO. A 321 
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comparison between the constitutive laws for the three specimen dimensions according 322 

to FCO and ECO and the experimental results expressed in terms of stress-rotation are 323 

shown in Fig. 8. 324 

325 

Figure 8. Constitutive laws, according to FCO and ECO and experimental results. 326 
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The main difference between both approaches lies in the strains at SLS and ULS. The 327 

greater strains in smaller specimens due to the proportionally higher crack opening are 328 

evidenced in the shape of the constitutive model calculated through FCO, this 329 

presenting lower strains at both SLS and ULS while increasing the specimen dimension. 330 

This result contrasts with the results of the constitutive model determined with ECO 331 

since the crack openings for each specimen dimension are proportional to the specimen 332 

size, and the strains remain constant regardless of the dimension of the element. 333 

The constitutive model curves calculated with both approaches follow similar trends 334 

with smaller specimens showing greater strengths. A comparison of the experimental 335 

stress-rotation results with the constitutive laws indicates a greater resemblance of the 336 

experimental stress-rotation to the constitutive model calculated through FCO given the 337 

greater rotations achieved by small elements. This is mainly caused by the two defining 338 

parameters: the strains and the stresses of the constitutive model, since the assumptions 339 

of ECO entail that the rotation 𝜃𝜃 and the strain 𝜀𝜀 are directly proportional. 340 

The strength parameters 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹 and 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹 of the 4 mixes calculated according to both FCO 341 

and ECO  for the three specimen sizes are shown in Fig. 9. The results reveal that the 342 

influence of the fibre content is more evident in 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹 than in 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹, this suggesting that 343 

the reinforcing effect of the micro-steel fibres under analysis is greater at reduced 344 

strains and crack openings and even greater in smaller specimens than in large samples. 345 

According to FCO approach in specimens of 40 𝑚𝑚𝑚𝑚, M190A and M190B present 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹 346 

values around 30% and 60% higher than M90A and M90B, respectively. These results 347 

contrast with the counterpart in specimens of 150 𝑚𝑚𝑚𝑚, whose 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹 variation for FCO 348 

changes from 30% to 22% and from 60% to 36%.  349 
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 350 

Figure 9. Size effect on 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹 and 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹 according to FCO and ECO approaches. 351 

A comparison between both approaches shows a strong similarity between FCO and 352 

ECO in terms of 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹, although there are relevant differences between approaches in 353 

𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹. In the case of FCO, 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹 presents a slightly increasing trend as the dimensions of 354 

the samples increase. Conversely, 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹 exhibits a decreasing trend with the specimen 355 

size when calculated according to ECO approach given that 𝑓𝑓𝐹𝐹𝐹𝐹𝐹𝐹 is determined for a 356 

smaller crack opening in small specimens. 357 

 FCO approach 358 

Back-analyses were conducted considering the constitutive laws determined through the 359 

FCO approach of three different dimensions of the specimens. All the analytical curves 360 

were obtained assuming a characteristic length 𝑙𝑙𝑐𝑐𝑐𝑐 = 125 𝑚𝑚𝑚𝑚 to predict the behaviour of 361 
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an element with the same dimension regardless of the size of the specimen used to 362 

calculate the constitutive law. The analytical results predicting the behaviour of a standard 363 

specimen using the constitutive equations determined through samples of 40, 100 and 150 364 

mm are displayed in Fig. 10,  showing a comparison with the experimental results of the 365 

150x150x600 mm beams. Such comparison shows up to which extent using the 366 

parameters of small specimens influence the analytical prediction of a specific element. 367 

 368 

Figure 10. Comparison between analytical results for 150 mm element through FCO 369 

and experimental curves. 370 

The results reveal a generalised increasing size effect while considering smaller 371 

dimensions of specimens to predict the flexural response of an element of 150 mm. In 372 



 26 

this line, the results obtained through specimens of 40 mm exhibit the greatest differences 373 

with respect to the experimental results. This is already reflected in the results of the 374 

constitutive laws and the flexural results of smaller specimens, since for given crack 375 

openings small samples present greater strengths. 376 

 Comparison between FCO and ECO 377 

Based on the constitutive models of Fig. 8, a comparison between the experimental 378 

curves of the four mixes and the analytical curves obtained with AES is shown in Fig. 379 

11. The results are shown in terms of stress-rotation up to 𝜃𝜃 = 0.02 𝑟𝑟𝑟𝑟𝑟𝑟, which 380 

corresponds to a strain at the notch 𝜀𝜀 = 40‰. Notice that in specimens of 150 𝑚𝑚𝑚𝑚 381 

only one analytical curve is presented since for this dimension both FCO and ECO 382 

constitutive curves coincide. These results reveal that the analytical stress-rotation 383 

curves present a more accurate fitting when determined according to the ECO approach 384 

when analysing small elements. 385 
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 386 

Figure 11. Comparison between experimental and MC2010 results. 387 

There are no significant differences between approaches and the experimental results up 388 

to the cracking point since up to this point the constitutive law is defined according to 389 

the tensile strength of plain concrete and both approaches share the same parameters. 390 
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From this point onwards, and at the cracked stage, the differences between the 391 

experimental and the analytical results are greater when using the FCO approach. These 392 

differences for FCO increase for higher contents of fibres and smaller specimens. 393 

The differences between FCO and experimental results at small rotations are bigger for 394 

mixes with 190 𝑘𝑘𝑘𝑘/𝑚𝑚3, if compared with mixes blended with 90 𝑘𝑘𝑘𝑘/𝑚𝑚3. At 𝜃𝜃 = 3.5 ·395 

10−3 𝑟𝑟𝑟𝑟𝑟𝑟, FCO yields a 15% lower strength for M190A than the experimental result, 396 

whereas the difference at the same rotation between ECO and the experimental values is 397 

only 1.5%. At 𝜃𝜃 = 20 · 10−3 𝑟𝑟𝑟𝑟𝑟𝑟, the differences with respect to the experimental 398 

results were 21% (FCO) and 11% (ECO). As in the case of mixes with 90 𝑘𝑘𝑘𝑘/𝑚𝑚3, mix 399 

M190B presented analogous results to M190A. 400 

For specimens of 40 𝑚𝑚𝑚𝑚 and mix M90A, FCO and ECO presented a strength compared 401 

to the experimental results 2.8% and 5.2% higher at 𝜃𝜃 = 3.5 · 10−3 𝑟𝑟𝑟𝑟𝑟𝑟, respectively. 402 

At 𝜃𝜃 = 20 · 10−3 𝑟𝑟𝑟𝑟𝑟𝑟, the strength with FCO approach increased from 2.8% to 33%, 403 

whereas the difference in ECO at this rotation remained 5.6% below the experimental 404 

value. Similar trends and results are obtained with mix M90B. 405 

In specimens of 100 𝑚𝑚𝑚𝑚, the differences between analytical and experimental results 406 

shrank. Almost identical results were obtained with FCO and ECO up to a rotation of 407 

approximately 𝜃𝜃 = 2.5 · 10−3 𝑟𝑟𝑟𝑟𝑟𝑟 in M90A, overestimating the experimental results at 408 

this rotation in 8.7% and 8.5%, respectively. Regardless of the similarities between 409 

approaches, at greater rotations FCO provides higher strengths than both ECO and the 410 

experimental curve at greater rotations. In mixes M190A and M190B, both FCO and 411 

ECO present again similar results although underestimate the experimental value up to a 412 
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rotation that corresponds approximately to the maximum flexural strength. After this, 413 

ECO presents more accurate results than FCO, which again slightly overestimates the 414 

results of the descending branch of the curve. 415 

The analytical curve in specimens 150 𝑚𝑚𝑚𝑚 represents both FCO and ECO approaches. 416 

It shows a reasonable fitting, albeit it overestimates the results if compared to the 417 

experimental values. The most accurate fitting occurs for M90A, while the greatest 418 

overestimation takes place in M90B. 419 

 Neutral axis and stress distributions 420 

The results of the AES provide the strains at the bottom and at the top layer of the 421 

section to determine the neutral axis depth assuming the hypothesis of Navier-422 

Bernouilli. The stress distributions and the relative position of the neutral axis to the 423 

specimen depth (𝑥𝑥𝑛𝑛 ℎ⁄ ) obtained through the AES for a CMOD of 0.5 𝑚𝑚𝑚𝑚 and a 424 

rotation of 5 · 10−3 𝑟𝑟𝑟𝑟𝑟𝑟 are shown in Fig. 12. 425 

The results reveal the influence of the control parameter (CMOD or rotation) on the 426 

relative depth of the neutral axis depth 𝑥𝑥𝑛𝑛 ℎ⁄  based on the strains and stresses patterns 427 

that satisfy the sectional equilibrium. If the crack opening is set to a certain CMOD 428 

regardless of the dimension of the specimen, the neutral axis leads to a lower 𝑥𝑥𝑛𝑛 ℎ⁄  429 

while the size of the element decreases given that 𝜀𝜀𝑏𝑏𝑏𝑏𝑏𝑏 is greater due to the relation 430 

between the crack opening and the effective depth of the specimen (𝜀𝜀 = 𝑤𝑤 𝑙𝑙𝑐𝑐𝑠𝑠⁄ ), thus 431 

shifting the neutral axis upwards the cross-section with regard to larger samples (see 432 

Fig. 12). Conversely, a constant rotation 𝜃𝜃 entails an identical 𝜀𝜀𝑏𝑏𝑏𝑏𝑏𝑏 regardless of the 433 

dimension of the element given that the strain is determined as a function of the rotation 434 
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(𝜀𝜀 = 𝜃𝜃 2⁄ ). This leads to the same relative position of the neutral axis 𝑥𝑥𝑛𝑛 ℎ⁄  when using 435 

elements with different effective depths.  436 

 437 

Figure 12. Stress distribution at the cross-section and relative neutral axis depth. 438 
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The position of the neutral axis 𝑥𝑥𝑛𝑛 ℎ⁄  is extended to additional values of CMOD (FCO) 439 

and rotation (ECO) for different flexural levels (Fig. 13) for mix M90A. For the rest of 440 

the three mixes, similar curves might be obtained given the slight differences in the 441 

neutral axis depth results shown in Fig. 12. Three curves—one for each specimen 442 

dimension—are obtained for both CMOD and rotation. 443 

 444 

Figure 13. Neutral axis depth according to a) CMOD and b) rotation. 445 

The dependence on the size of the element is greater for FCO given that the strain for a 446 

given CMOD is higher in smaller specimens, shifting the neutral axis upwards the 447 

section. The slight variation of 𝑥𝑥𝑛𝑛 ℎ⁄  vs. rotation with the specimen size basically lies in 448 

the different shape of the constitutive law. In this case, a given rotation entails the same 449 

strain, but the stress at the constitutive law associated with that strain may be different 450 

depending on the size of the specimen. 451 

The influence of the fibre content on the sectional stress distribution and the neutral axis 452 

at the mid-span cross-section of 150 𝑚𝑚𝑚𝑚 beams of the four mixes on a CMOD of 453 

0.5 𝑚𝑚𝑚𝑚 and a rotation 𝜃𝜃 = 0.002 𝑟𝑟𝑟𝑟𝑟𝑟 is shown in Fig. 14. 454 
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 455 

Figure 14. Neutral axis depth according to the content of fibres. 456 

Notice that for this specific case of study, insignificant differences may be observed in 457 

𝑥𝑥𝑛𝑛 ℎ⁄  when comparing the results according to the content of fibres. This is in line with 458 

the results of previous studies [53], which show that the position of the neutral axis is 459 

barely influenced by the content of fibres when the volume of fibres in the concrete mix 460 

exceeds a volume of 1.0%. However, these results may not be applicable to other cases 461 

given that the position of the neutral axis does not only depend on the type and content 462 

of fibres, but also on the compressive strength and the resulting equilibrium of forces at 463 

the sectional analysis. 464 

According to this experience, the contents of fibres below 1.0% would lead to 465 

decreasing 𝑥𝑥𝑛𝑛 ℎ⁄ . A comparison of the content of fibres throughout further rotations is 466 

shown in Fig. 15, showing the scarce differences in 𝑥𝑥𝑛𝑛 ℎ⁄  attributed to the content of 467 

fibres. 468 
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  469 

Figure 15. Extended neutral axis depth-rotation according to the content of fibres. 470 

5 CONCLUSIONS 471 

This study confirms the influence of the dimension of the specimens on the flexural 472 

strength and proposes an alternative approach to determine the parameters of the 473 

constitutive law for FRC based on the specifications of the MC2010 to analyse and 474 

predict the behaviour of small elements. The conclusions drawn from this study state as 475 

follows: 476 

• The results show that size effect is significantly influenced by the effect of the 477 

orientation and content of fibres. The specimens of mixes blended with 190 kg/m3 of 478 

fibres presented greater differences in terms of performance if compared to samples 479 

of mixes with 90 kg/m3 of fibres. 480 

• Using the rotation as a reference parameter (ECO) instead of the CMOD (FCO) to 481 

define the parameters of the constitutive tensile laws leads to an improved numerical 482 

fitting of the experimental results of small elements and reduces the specimen size 483 

dependence despite ECO providing a smaller crack opening fraction than FCO. 484 
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Strains and crack openings are comparatively larger in small specimens than in 485 

standard ones when calculated according to FCO, whereas ECO provides 486 

proportional CMODs to the size of the specimen and constant strains.  487 

• Reducing the size of the element may present advantages in terms of 488 

representativeness for slender structures or elements produced with high strength 489 

concrete that allow reducing cross-section dimensions and are subjected to a greater 490 

influence of the fibres due to preferential orientations. 491 

• Quality control procedures can be simplified, given that the reduction of the 492 

dimensions of the samples leads to lighter and more manageable specimens. Three 493 

100x100x400 mm specimens represent nearly 30% of the total volume of concrete 494 

used to produce three 150x150x600 mm samples, thus also reducing material costs, 495 

especially in works with large concrete production. 496 

• Testing procedures for smaller specimens may remain constant with regard to tests 497 

conducted on standard specimens. In any case, only equivalent crack openings need 498 

to be measured. However, further work should be conducted to determine the 499 

influence of the test rate on the data acquisition and the test stability, especially after 500 

the strength drop at first crack.  501 
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