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ABSTRACT 
 

The interaction of foam and droplets with multiple substrates is investigated. This research is divided into 

the following areas (1) Equilibrium of droplets on deformable substrates: Equilibrium conditions  (2) 

Hysteresis of contact angle of sessile droplets on deformable substrates: Influence of Disjoining pressure (3) 

Foam drainage on thin porous layer (4) Drying of foam under Microgravity conditions and (5) Modelling of 

foamed emulsion drainage.  

Equilibrium conditions of droplets on deformable substrates are investigated and it is shown for the first time 

that for equilibrium the Jacobi’s condition must be satisfied. It is shown that the deduced solution for both 

droplet and deformed substrate the Jacobi’s necessary equilibrium condition is satisfied. It is shown that the 

deduced profiles of the equilibrium droplet and deformable substrate satisfy the Jacobi’s condition and 

provide the minimum to the excess free energy of the system. 

A theory of contact angle hysteresis of sessile droplets on deformable substrates is developed in terms of the 

disjoining pressure isotherm. It is shown that calculated values of both advancing and receding contact angles 

for droplets on deformable substrate depend on droplet volume and decrease with increasing substrate 

elasticity.  

A theory of foam drainage placed on thin porous layer is developed by considering mobile upper foam 

surfaces and taking into account the presence of surface viscosity. The rates of drainage and imbibition into 

porous layer are predicted. Conditions and duration of free liquid layer formation on the foam-porous layer 

interface have been theoretically predicted. The theoretical predictions are compared with experimental 

observations and comparison showed a good agreement. The effect of model parameters on the kinetics of 

the drainage/imbibition process and the existence of three different imbibition regimes are evaluated and 

discussed.   

A new method of drying foams under microgravity conditions is suggested for the first time. It is known that 

gravity affects the foam formation, its evolution and stability by causing flow of liquid from higher to lower 

parts of the foam (drainage). However, under microgravity conditions the drainage is impossible because 

only capillary forces are involved. That is, drying of foams is impossible under microgravity conditions.  A  

new method is suggested for drying of foams under microgravity conditions. According to the suggested 

method of foam drying the foam is placed on porous layer which will result in liquid absorbance from the 

foam driven by capillary suction.  Model predictions are compared with experimentally obtained data with 

reasonable agreement.  

The drainage of foamed emulsions (also considered as complex multiphase systems) has been investigated 

both experimentally and theoretically. Foamed emulsions have been prepared using mixture of sodium 

dodecyl sulphate and oil, using the double syringe method. A theoretical model is developed, taking into 

account both surface viscosity and non-Newtonian behaviour of the foamed emulsion describing the kinetics 

of the drainage process. Theoretical predictions of rate of drainage, foam height and liquid volume fraction 

for foamed emulsion systems of various oil volume fractions are compared with experimental observations 

and comparison shows a reasonable agreement.   
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CHAPTER 1 

INTRODUCTION 
 

Overview 
 

The increasing interest on the investigation of parameters that affect the interaction between liquid droplets, 

foams and foamed emulsions with complex substrates (rigid, deformable or porous substrates), is related to 

numerous industrial, biological and technical applications. The properties of these fluids, the properties of 

the substrates and the way they interact when in contact are highly important when referring to specific 

applications and product development. The properties of the components, e.g. concentration, liquid volume 

fraction, rheological properties,  can be altered depending on the application, setting the complexity of such 

systems as an incentive for further theoretical and experimental analysis(1).  

Liquid droplets occur everywhere in nature and technology. Water droplets can be found anywhere on earth 

from the clouds above to the ground below(2). Aqueous thin films also refer to as ‘wetting films’, are 

ubiquitous in nature. A solid substrate exposed to its environment is always covered by a very thin liquid 

film which, in most cases, is unable to be seen with naked eye(3). The process of ‘Wetting’ of solid substrates 

by thin liquid films is highly related to the existence of the so-called apparent three-phase contact line, which 

is the region where the three phases, liquid, air and solid meet. At the region of the three-phase contact line 

the thickness of the liquid film becomes too small allowing for some special Colloidal forces, refer to as 

surfaces forces, to act and influence the process of wetting and spreading. Efficient wetting and spreading of 

liquid droplets on multiple substrates is highly important for various applications including coating, inkjet 

printing, spray painting, tertiary oil recovery, surface cooling, medicine and offset printing (4), (3). When 

for instance we are referring to the process of inkjet printing a liquid ink droplet has to be applied equally 

and steadily on a sheet of paper while in medical applications a liquid antibiotic has to be applied directly 

down in the lungs for respiratory disease treatment (2). The investigation of the parameters of the liquid 

droplet and the wetted substrate when interacted in relation to the action of forces in thin layers can lead to 

progress in the area of colloidal science and potential technological advances and product development.   

Foams are also a popular type of colloidal system, consisting of both liquids and bubbles stabilised by 

surfactants and/or polymers (foaming agents). Foams can be produced with several methods including 

blowing gas through a nozzle into a liquid phase, shaking, beating a liquid or blending (2). Aqueous foams 

have a wide range of industrial and domestic applications including  acoustic thermal insulation, fire-fighting 

processes, packaging solutions and constituents of structural foam materials and food, cosmetic and medical 

products (5). Foams are favourable in the industry due to their properties and ability to act as chemical 

carriers for cleaning purposes, as effective firefighting materials  able to attack the three causes of fire (fuel, 

oxygen and heat) and for decontamination processes in nuclear reactors (2).  Foam products are also ideal 

for penetration and imbibition into porous media, such as gas and oil recovery and irrigation (6,7) . It has 

been recently reported that foams are ideal products for the delivery of topical active agents such as 

antibacterial, skin corticosteroids, antiviral agents and local anaesthetic agents and act as ideal dug carriers 

for various dermatological applications (8–10).  

Foamed emulsions with oil are also commonplace in a wide range of products including food foams, 

cosmetics, pulp and paper and water treatment processes where emulsions are used for the production of 

more stable foams and as antifoams (11). In the pharmaceutical industry several foamed emulsions have 
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been created for the effective delivery of active ingredients and controlled release for topical and oral 

applications for the provision of therapeutic benefits (11,12). Foamed emulsions can be created by several 

types of emulsions. In most of emulsions one phase is usually  oil and the other one is water, so that the two 

most common types of emulsions are oil-in water (O/W) or water-in -oil (W/O) where oil is the dispersed 

phase or water is the dispersed phase respectively. As foams with oil droplets are notoriously unstable, 

emulsification is an interesting way of creating stable foams of various oil volume fraction (13–15).  

Foams are thermodynamically unstable systems and foam stability is highly significant for product 

development and stability control for several applications. The major processes taking place during foam 

collapse are mainly i) drainage ii) coarsening (interbubble diffusion of gas) and iii) coalescence (lamella 

rupture and burst of bubbles). Foam drainage is the process of liquid flow in between gas bubbles through 

Plateau borders, nodes and films and it occurs from the very beginning of foam formation (16). Foam 

drainage and imbibition into porous substrate has also attracted interest as a highly important process for 

biological and industrial applications where the substrate is porous (hair, skin, textile and rocks). The 

interaction of foam with porous material is applicable for use in drug delivery processes (8,17,18). 

Surprisingly a theoretical investigations of foam interaction with porous substrates was undertaken only 

recently (19).  

Considering the vast amount of applications related to the interaction between fluids with multiple substrates 

of such complexity it is important to further investigate the properties that affect the behaviour of these 

systems. Throughout this thesis features of wetting and spreading of droplets on rigid and deformable 

substrates will be presented and common problems of the interaction between foam and foamed emulsions 

with porous substrates will be discussed.  

 

1.1 Motivation and scope of the research 
 

Recent research in the area of interfacial science has shown a fast-growing interest on wetting of deformable 

substrates and foam drainage on multiple substrates.  The increasing interest originating by a multiplicity of 

industrial and biological applications related to these processes has developed the motivation of this research 

aiming on expanding our knowledge on:  

i)Static wetting of deformable substrates considering the effect of surface forces in the vicinity of the three-

face contact line. Wetting of elastic substrates such as elastic solids, polymeric material, cosmetics, gels and 

melts is commonplace in several applications such as pesticide spraying, surface coating and inkjet printing.  

Although recent progress on the development of experimental microscopic imaging techniques (20–22),(23) 

has allowed determination of interfacial droplet and substrate profiles  and several theories (24–27) have 

been developed to describe the interaction between the two phases, yet the effect of the action of surfaces 

forces has been ignored. Surface forces are predominant when the thickness of the liquid layer becomes as 

small as 0.1μm and their action cannot be disregarded. Manifestation of surface forces that appear in thin 

liquid layers is the disjoining/conjoining pressure. The research focuses on developing a new modelling 

technique to describe the droplet profile and the deformation of the substrate where the influence of the 

action of surface forces on the deformation is considered. Contact angle hysteresis (advancing and receding 

contact angles) and equilibrium conditions of droplets on deformable substrates are theoretically investigated 

via the physical characteristics of the disjoining/conjoining pressure isotherm for the first time.  

 

ii)Foam drainage and foam drainage/imbibition into porous substrates.  

Aqueous foams are widely used in industrial and domestic applications including the production of shaving 

foams, firefighting foams, foam materials, food, cosmetics and medical products (11). 
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Foam products are also ideal for imbibition and penetration into porous substrates such as skin and hair 

acting as carriers for the delivery of topical active agents used for dermatological applications (8–10,28,29). 

One of the major processes taking place during foam collapse is foam drainage which is the flow of liquid 

through Plateau borders, nodes and films driven by the simultaneous action of gravity and capillarity (30–

34). 

The process of foam drainage is highly related to the stability of foam systems and it has been theoretically 

investigated by several research groups (33–39). 

The process of foam drainage is governed by simultaneous factors yet not fully understood setting an era for 

further theoretical and experimental analysis on the parameters that affect the kinetics of the process.   

Recognising the significance of the process of foam drainage for several technological and medical 

applications, this research is devoted on developing a theory able to describe the process of foam drainage 

on a thin porous layer such as skin or hair. In this case, the drainage process is a combination of a drainage 

caused by gravity/capillary action inside the foam and a capillary suction applied by the pores from the 

porous substrate (40).  

The latter developed mathematical model is then modified to describe a method of foam drying under 

microgravity conditions where the drained liquid is absorbed by a porous material based on capillary forces. 

Investigating the behaviour of foams under microgravity conditions also allows overcoming the instability 

barriers imposed when gravity forces are present (41), leads to optimisation of terrestrial processes and is 

linked to applications where gravitational drainage is not desirable (42–44).  

Foamed emulsion drainage is also investigated both theoretically and experimentally. Foamed emulsions are 

commonplace in the development of a variety of industrial products including food products, 

pharmaceuticals, and cosmetics where the rate of drainage is pivotal for their stability, behaviour and texture  

(11,45,46). This research was motivated by a most recent experimental study by Schneider et al(14) where 

the complexity of foamed emulsion systems was identified, and the necessity of further experimental and 

theoretical investigation was recognised. We have developed a new analytical model to describe the kinetics 

of drainage process of foamed emulsion systems containing emulsified oil, taking into account of both the 

non-Newtonian behaviour of the foamed emulsion and the mobility of the gas/liquid interface. Theoretical 

model predictions for all investigated systems are compared with experimentally obtained results.   

 

1.2 Aims and Objectives 
The study aims to investigate the parameters that affect the interaction between droplets, foams, and foamed 

emulsions, with rigid, deformable, and porous substrates. The parameters of the liquid and the parameters of 

the substrate have a profound impact on the processes taking place during the interaction between the two 

phases. 

More specifically our research has focused on:  

i) Investigating equilibrium conditions of droplet on deformable substrate using Jacobi’s sufficient 

condition.  A mathematical model is developed of droplet on deformable substrate by considering the action 

of the disjoining/conjoining pressure. The obtained equilibrium profiles of the droplet and the support are 

investigated based on the necessary and sufficient conditions of equilibrium and the validity of Jacobi’s 

condition is verified for the first time.   

ii) Create a theory of contact angle hysteresis of a liquid droplet on deformable substrate in terms of the 

disjoining/conjoining pressure isotherm. The parameters of the liquid and the support that affect the values 

of both advancing and receding contact angles are investigated. 

iii) Develop a mathematical model of foam drainage on a wettable thin porous layer by considering the 

effective slip caused by the effect of surface viscosity. The existence of three different regimes of 

spreading/imbibition is predicted and the kinetics of drainage/imbibition are investigated based on seven 

dimensionless model parameters. Theoretical predictions are compared with experimental observations.  
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iv) Create a method of foam drying under microgravity conditions. The research focuses on developing 

a theoretical model to investigate the kinetics of foam spreading on several porous supports only under the 

action of capillary forces. Model predictions are compared with experimentally obtained measurements.  

v) Experimental and theoretical investigation of foam drainage for foam created using Non-Newtonian 

emulsions. The theoretical model developed describes the time dependencies of free liquid layer formation, 

foam height and liquid volume fraction for various foamed emulsion systems.  

 

1.3 Thesis layout 
 

This thesis is divided into eight chapters. Chapter 1 is an Introduction with seven subsections including  i) 

Background information ii) Motivation and scope of the Research, iii) Research Aims and Objectives, iv) 

Thesis layout v) Dissemination from the PhD thesis, vi) Participation in scientific meetings and vii) Prizes. 

Chapter 2 is a literature review followed by Chapters 3-7 where the Theoretical and Experimental research 

undertaken is presented and results are discussed. Chapter 8 is the Conclusions and Future research section 

where an i) overall summary and ii) suggestions for further investigation are provided.   

The research studies presented in Chapters 3-7 are published in 5 journals papers and are listed in section 

1.4.1. More specifically each chapter contains the following information: 

Chapter 1is an Introduction which provides with general information for the research undertaken, outlines 

the significance of the study in relation to common industrial, technical, and medical applications and 

provides with a list of the most relevant background research. In this Chapter the motivation and scope of 

the research studies are also outlined in section 1.1 and the aims and objectives are discussed in section 1.2.   

Chapter 2 is a literature review where information on the most recent theoretical and experimental research 

on i) Static wetting on deformable substrates and ii) Foam drainage and Interaction of foam with porous 

substrates is provided.   

In Chapter 3 equilibrium conditions of droplets on deformable substrates are investigated. A mathematical 

model is developed under consideration of the action of surface forces and a simplified disjoining/conjoining 

pressure isotherm is adopted for calculations. The purpose of the study is to investigate the validity of 

Jacobi’s necessary equilibrium condition which proves that the obtained solutions really provide with the 

droplet and deformable substrate equilibrium profiles. This is the first time that Jacobi’s necessary 

equilibrium condition has been verified.  

In Chapter 4 a mathematical model of hysteresis of contact angle of sessile droplets on deformable substrates 

is presented in terms of the disjoining/conjoining pressure isotherm. The parameters that affect the advancing 

and receding contact angles of droplets on deformable/soft substrates are theoretically investigated.   

In Chapter 5 foam drainage on thin porous layer is investigated both from a theoretical and experimental 

point of view. The mathematical model developed aims on investigating the process of foam 

drainage/imbibition and the parameters that affect the interaction between the foam and the porous layer. 

Model predictions are compared with experimental findings.  

In Chapter 6 a new method of drying of foam under microgravity conditions is developed and the kinetics of 

foam spreading on various porous layers are presented. Model predictions for time relations of wetted radius 

are compared with experimental results of foam created using Triton X-100 non-ionic surfactant in contact 

with porous layer of various grades.   

In Chapter 7 the kinetics of foam drainage of foam created by emulsions of sodium dodecyl sulphate (SDS) 

and rapeseed oil are investigated. The developed mathematical model is able to describe the time evolutions 
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of liquid volume fraction, foam height and the thickness of the drained layer taking into account both the 

non-Newtonian behaviour of the foamed emulsion and free slip condition. Theoretical results are compared 

with experimental findings for four investigated emulsions.   

 

1.4 Dissemination from the PhD thesis 

1.4.1 Journal paper publications 
 

(1) Chen, L.; Bonaccurso, E.; Gambaryan-Roisman, T.; Starov, V.M; Koursari, N .; Zhao, Y. Static 

and Dynamic Wetting of Soft Substrates. Curr. Opin. Colloid Interface Sci. 2018, 36, 46–57.  

(2) Ahmed G., Koursari N. , Trybala A. and Starov V.M, Sessile Droplets on Deformable Substrates, 

Colloids Interfaces 2018, 2(56), 1-16, (Chapter 2, section 2.1.2) 

(3) Ahmed, G.; Koursari, N. ; Kuchin, I. V.; Starov, V. M. Hysteresis of Contact Angle of Sessile 

Droplets on Deformable Substrates: Influence of Disjoining Pressure. Colloids Surfaces A 

Physicochem. Eng. Asp. 2018, 546 (March), 129–135, (Chapter 4) 

(4) Koursari, N.; Ahmed, G.; Starov, V. M. Equilibrium Droplets on Deformable Substrates: 

Equilibrium Conditions. Langmuir 2018, 34 (19), 5672–5677, (Chapter 3) 

(5) Trybala, A.; Koursari, N. ; Johnson, P.; Arjmandi-Tash, O.; Starov, V. Interaction of Liquid 

Foams with Porous Substrates. Curr. Opin. Colloid Interface Sci. 2019, 39, 212–219, (Chapter 2, 

section 2.2)   

(6) Koursari, N.; Arjmandi-Tash, O.; Johnson, P.; Trybala, A.; Starov, V. M. Foam Drainage Placed 

on Thin Porous Layer. Soft Matter 2019, 15, 5331–5344, (Chapter 5) 

(7) Koursari, N., Arjmandi-Tash, O., Trybala, A. et al. Drying of Foam under Microgravity 

Conditions. Microgravity Sci. Technol. 31, 589–601 (2019), (Chapter 6) 

(8) Koursari  N., Johnson P., Parsa M., Schneider M., Trybala A., Starov V.M., Modelling of foamed 

emulsion drainage, Colloids Surfaces A Physicochem. Eng. Asp. (2020), (Chapter 7) 

 

1.4.2 Participation in Scientific meetings  
 

1. Darmstadt Germany-Short course on complex wetting (COWET), 11-13 October 2017, 

(attendance) 

2. 16th IACIS Conference Rotterdam 21-25 May 2018, title: ‘Hysteresis of Contact Angle on 

Deformable Substrates: Influence of Disjoining Pressure, (poster presentation)                                                                

3. Durham University, Workshop on Multiscale Modelling of Wetting Phenomena, 12 September 

2018 (attendance)                                                                                  

4. Loughborough University School Research Day, 19 June 2019, title: Droplets on deformable 

substrates: equilibrium and hysteresis contact angles (poster presentation)   

5. 8th Conference B&D Bulgaria, Sofia, title: Droplets on deformable substrates: equilibrium and 

hysteresis contact angles, 24-28 June 2019 (oral presentation)                                                                                                        
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1.4.3 Prizes and nominations  
 

1. School of AACME research student development fund (2018) 

2. Loughborough Doctoral College Student Prize 2019-Supervisor’s Nomination (April 2019) 
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CHAPTER 2 

LITERATURE REVIEW 
 

Overview  
 

This chapter is divided into two sections.  

In the first section equilibrium droplets on rigid and deformable substrates are discussed and a summary of 

the most recent experimental and theoretical research on static wetting on deformable substrates will be 

provided. The effect of the action of the surface forces (disjoining/conjoining pressure) near the apparent 

three-phase contact line on the interfacial behaviour between a liquid droplet and an elastic substrate will be 

considered.  

In the second section of this review a description of foam, foam structure and the process of foam drainage 

will be provided, and the most recent studies of foam drainage/imbibition of foam placed on porous 

substrates will be reviewed.   

The information provided in Sections 2.1.2 is published in Colloids and Interfaces and re-used below with 

permission from corresponding author, Professor Victor M. Starov(v.m.starov@lboro.ac.uk). The 

information provided in section 2.2 is published in Current Opinion in Colloid & Interface Science, and  

reused below with permission from corresponding author, Dr. Anna Trybala(a.trybala@lboro.ac.uk).  

 

2.1 Static wetting of deformable substrates 

2.1.1. Equilibrium droplets on rigid and deformable substrates- The role of the 

disjoining/conjoining pressure 
There has been a considerable increase of interest in wetting and spreading phenomena during the last decade 

mainly related to a broad range of industrial, environmental, and medical applications(47). Thomas Young 

first derived an equation to predict equilibrium contact angle, 𝜃𝑒, on a rigid solid substrate(48): 

 

 
𝑐𝑜𝑠𝜃𝑒 =

𝛾𝑠𝑣 − 𝛾𝑠𝑙
𝛾𝑙𝑣

 (2.1) 

 

Youngs equation connects three interfacial tensions, liquid-solid 𝛾𝑠𝑙 , liquid-vapor 𝛾𝑙𝑣 , and vapor-solid, 𝛾𝑠𝑣,  
in consideration of the balance of horizontal forces. 

When a droplet is deposited on a solid substrate, three different cases could be met. The droplet could spread 

out either partially with a contact angle between 0 and π/2, completely or immediately form a droplet with a 

contact angle greater than π/2. These three cases are referred to as partial, complete, and non-wetting 

respectively. As shown above, Youngs equation reduces the three spreading cases to the determination of 

three interfacial tensions. Under equilibrium conditions the excess free energy, 𝛷, 
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 𝛷 = 𝛾𝑙𝑣 ∙ 𝑆 + 𝑃𝑒 ∙ 𝑉 + 𝜋𝑅
2(𝛾𝑠𝑙 − 𝛾𝑠𝑣) (2.2) 

 

of the droplet should be at its minimum value, where 𝑃𝑒 = 𝑃𝑎 − 𝑃𝑙 the excess pressure inside the liquid 

droplet, 𝑃𝑎 the pressure in the ambient air and 𝑃𝑙 the pressure inside the liquid, 𝑆 excess of the vapour-liquid 

interfacial area, 𝑉 the excess volume and  R the radius of the drop base. At equilibrium, the excess pressure 

inside the droplet( 𝑃𝑒 ) should be at any negative value in the case of a liquid droplet. Only in the case when 

the minimum of the excess free energy is reached then the contact angle can be evaluated by Young’s 

equation (3). For the excess free energy to be at its minimum value four necessary conditions should be 

satisfied: 

(i) The first variation of the excess free energy, 𝛿𝛷, should be zero 

(ii) The second variation, 𝛿2𝛷, should be negative  

(iii) The transversality condition at the perimeter of the droplet at 𝑟 = 𝑅 at the three-phase contact 

line should be satisfied 

(iv) Jacoby’s necessary condition should be satisfied(49) 

In addition to the above statements it also should be mentioned that Youngs equation does not consider 

neither the role of droplet volume nor the excess pressure inside the liquid droplet which could be any 

negative value. According to Kelvin’s equation, the excess pressure inside the liquid droplet is expressed as: 

 

 
𝑃𝑒 =

𝑅𝑔 ∙ 𝑇

𝑉𝑚
𝑙𝑛
𝑃𝑠
𝑃

 (2.3) 

 

 where 𝑉𝑚 molar volume of the liquid, 𝑃𝑠 pressure of the saturated vapor at temperature 𝑇, 𝑅𝑔 the gas constant 

and 𝑃 the vapor pressure. As 𝑃𝑒 should be negative at equilibrium, this means that the right-hand side of the 

above equation should be negative or 𝑃 > 𝑃𝑠 and therefore  a droplet can only be at equilibrium with 

oversaturated vapor.  The latter means that it is very difficult if not impossible to investigate equilibrium 

droplets experimentally. Based on the above consideration every previously obtained contact angles 

correspond to static advancing and static receding contact angles and not equilibrium contact angles (3).   

In addition, we should now refer to the requirement of the existence of a transition zone from the flat 

equilibrium film ahead of the droplet to the solid substrate. The presence of this transition explains the 

existence of the so called three phase contact line (TPCL) where the action of surface forces comes into 

effect. Surface forces are highly related to the wetting properties of droplets on solid substrates and are well 

known in the area of colloidal and interfacial science.  At the TPCL the thickness of the liquid profile tends 

to zero, ℎ(𝑟) < 10−5𝑐𝑚, and this is when surface forces start to act. Derjaguin’s pressure is a manifestation 

of surface forces acting near the TPCL and are named after Boris Derjaguin (50). At the TPCL the thickness 

of the droplet profile is too small allowing for Derjaguin’s pressure to act.  

Derjaguin’s pressure has three components: 1) The molecular component 2) The electric double layer and 3) 

The electrokinetic phenomena. But let us refer to each one of them in more detail below: 

1) The molecular component of surface forces  

 

According to the Derjaguin–Landau–Vervey–Overbeek, or DLVO theory(50) the molecular 

contribution of Derjaguins pressure is expressed as:  
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𝛱𝛭 =

𝛢

6𝜋ℎ3
 (2.4) 

 

 

where 𝐴 = −𝐴𝐻 the Hamaker constant which depends on the three phases, liquid, air and solid 

phase and could be either positive (repulsion) or negative (attraction).  

 

2)  The structural component of Derjaguin’s pressure, which is caused by the water molecules 

orientation in the aqueous solution-solid interface or the aqueous solution-air interface. If the 

interface is negatively charged then the positive parts of the water dipoles are attracted to the interface 

leading to the creation of a negatively charged layer outside the interface (directed onwards). In the 

next layer the water dipoles will be in contact with the negatively charged dipole parts. According to 

(47,51,52) the total structural force is expressed as:  

 

 𝛱𝑠(ℎ) = 𝐾1𝑒
−ℎ/𝜆1 +𝛫2𝑒

−ℎ/𝜆2 (2.5) 

 

where 𝐾1, 𝛫2, 𝜆1, 𝜆2 are experimentally obtained constants related to a magnitude and characteristic length 

of structural forces. Subscript 1 corresponds to the short-range and subscript 2 to the long-range interactions. 

3)  The electrostatic component of the Derjaguin’s pressure 

In the case of two charged surfaces (e.g aqueous electrolyte solutions) the surfaces might be equally or 

oppositely charged which means that there is an electrical double layer near each of the surfaces. 

 

In the case of low ζ potential of both surfaces the electrostatic component of Derjaguin’s pressure is 

expressed as: 

 

 
𝛱𝑒(ℎ) =

𝜀𝜅2

8𝜅

2𝜁1𝜁2𝑐𝑜𝑠ℎ𝜅 − (𝜁1
2 − 𝜁2

2)

𝑠𝑖𝑛ℎ2𝜅ℎ
 (2.6) 

 

where 𝜀 the dielectric constant of water and 
1

𝜅
= 𝑅𝑑 and 𝑅𝑑 the thickness of the Debye layers. 

 

If the surfaces are oppositely charged, then the following expression is used: 

 

 
𝛱𝑒(ℎ) = −

𝜀

8𝜋

(𝜁1 − 𝜁2)
2

ℎ2
, (2.7) 

 

which corresponds to attraction always in relation to the distance between the surfaces. Attraction could 

change to repulsion as distance between surfaces decreases(50). 

 The sum of the above mentioned three components corresponds to the Derjaguin’s pressure of thin liquid 

films as shown in the following expression: 
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 𝛱(ℎ) = 𝛱𝛦(ℎ) + 𝛱𝑠(ℎ) + 𝛱𝛭(ℎ) (2.8) 

 

The dependency between Derjaguin’s pressure on the flat liquid films thickness is presented in the 

following Figure 2.1: 

 

 

Figure 2. 1 : Disjoining/conjoining pressure isotherms: 1, complete wetting; 2, partial wetting, where ℎ𝑒  is the 

equilibrium flat thin film(53)  

 

The excess pressure Pe given by kelvins equation Pe =
RgT

vm
ln

ps

p
 is an equality of the chemical potentials of 

water molecules in the vapor and liquid phases and Pe is a function of the thickness of the equilibrium film,  

he.  At equilibrium, the excess free energy of the system should be at its minimum value: 1) 
dΦ

dhe
= 0  

which results in Pe = Π(he) and 2)   
d2Φ

dhe
2 > 0 which results in 

dΠ(he)

dhe
< 0 where Π(h) the Derjaguins 

pressure.  

Pe = Π(he) is a relation between the thickness of the equilibrium film he and Derjaguin’s pressure and 

equation 
dΠ(he)

dhe
< 0 corresponds to the stability condition of flat equilibrium films (3,50). 
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2.1.2 Sessile droplets on deformable substrates 
 

2.1.2.1 Introduction 

Wetting of deformable substrates has gained significant interest over the last decade, particularly due to its 

wide range of applications. These applications occur both naturally (include biological processes) and via 

industrial processes. Elastic solids including foams, cosmetics, paper, polymeric materials, gels and melts 

have been incorporated in several applications such as inkjet printing applications(4), forensics (54), surface 

coating, pesticide spraying and spray painting (55).  

The well-known Young’s equation has been widely used to predict equilibrium contact angle, 𝜃𝑒, on rigid 

solid substrates(48). It gives a relationship between solid-liquid, liquid-vapor, and vapor-solid surface 

tensions and is based on consideration of the balance of horizontal forces. However, Young’s equation cannot 

be used when the substrate is deformable, where the vertical component (𝛾 sin 𝜃𝑒) of the surface tension 

remains unbalanced. Substrate deformation should balance this extra force in the case of deformable 

substrate. However, even after modification, Young’s equation still cannot be applied directly as it gives rise 

to deformation singularity (surface deformation goes to infinity) near the three-phase contact line (25,26,56–

60). 

To avoid the singularity, several researchers have tried different approaches. It was initially suggested that 

surface tension should be uniformly distributed near the contact line to mitigate the singularity (56–59). 

Lester was the first to model a sessile droplet on an elastic substrate where the Neuman’s triangle is 

considered (25). The author identified the significance of a vertical component of liquid surface tension 

applied at the three-phase contact line. Neumann’s triangle, as firstly introduced by Neumann(61) is a 

triangle of forces distributed in a certain way over the contact line so that the resultant force vanishes(25). 

Using the same concept, Style and Dufresne, generalized a three-dimensional configuration confirming the 

validity of Neumann’s triangle for small droplets(26). However, it is important to mention that Neumann’s 

triangle of forces applied near the three-phase contact line could only be regarded as valid in the case an 

equilibrium configuration(25) as long as the necessary equilibrium conditions are satisfied (60).  

Unfortunately, Neumann’s approach (despite being widely used) is in a contradiction with thermodynamics 

because it ignores the full thermodynamic equilibrium of liquid with vapor and solid substrate (see the full 

discussion in (53)), but most importantly, according to Neuman’s approach, a vapor pressure at which the 

droplet is at equilibrium is not specified. That is, according to Neumann’s equation, the droplet can be at 

equilibrium even with undersaturated vapor. The latter is in a drastic contradiction with Kelvin’s equation: 

according to Kelvin’s equation, droplets can be at equilibrium with over saturated vapor only. It is also 

important to mention that Neumann’s equation ignores surface forces action in the vicinity of the apparent 

three phase contact line. It is worth remembering that surface forces come into play as soon as the thickness 

of the liquid layer is <0.1 µm. Manifestation of surface forces action appear in thin liquid layers (<0.1 µm, 

that is in the vicinity of the apparent three-phase contact line) of disjoining/conjoining pressure (53). Note 

that the term “apparent three-phase contact line” is used to emphasize that there is no real sharp contact line 

but instead there is a transition zone, where capillary and surface forces act simultaneously (53). The 

disjoining/conjoining pressure acts in the vicinity of the apparent three phase contact line in both rigid and 

deformable substrates. That is, surface forces action in the vicinity of the apparent three-phase contact line 

is compulsory in both rigid and deformable substrates. Consideration of action of disjoining/conjoining 

pressure in the vicinity of the apparent three-phase contact line in the case of rigid substrates allows 

calculating via disjoining/conjoining pressure isotherm equilibrium the droplet profiles, equilibrium contact 

angles (53) and hysteresis of contact angle (static advancing and static receding contact angles) (47). 

Recently, surface forces effect near the apparent contact line for droplets on deformable substrates are taken 

into account (47,49,53,60,62–64). The most recent theoretical and experimental studies are reviewed in this 

article and a brief description is provided of equilibrium and hysteresis contact angles of sessile droplets 

where disjoining/conjoining pressure is taken into account(49,63,64).  

 

2.1.2.2 Theoretical and experimental analysis 

Several experimental studies on droplet wetting of deformable substrate have gained a lot of interest, 

primarily due to technological advances in imaging techniques(21–23,65–67). 
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The high-resolution cameras allow capturing droplet profiles in the vicinity of the three-phase contact line 

and subsequent substrate deformations. This has allowed developing understanding of theoretical concepts 

underlying the experiments (24,68,69). 

In the most recent experimental studies, Style et al characterised the indentation of glass particles using 

confocal microscopy (69) while Camara et al. experimentally investigated the effect of Laplace pressure on 

deformation caused by drops of 1-butyl-3-methylimidazolium hexafluorophosphate ionic liquid on a silicone 

elastomeric polymer(23). The authors continued also by experimentally investigating the effect of the film 

thickness on the deformation of the substrate and found that for thinner films the solid support located 

underneath the drop affected both the wetting ridge and the dimple below the liquid(66). Jerison et al also 

used confocal microscopy to measure the displacement  of water on an elastic substrate and described a 

symmetric model that fits these profiles(66). In the past few years, it has been possible to record high 

resolution images both in temporal and spatial coordinates.  

Andreotti et al (24) presented recent advances of solid capillarity. The authors discussed that stretching the 

interface causes the energy to increase in proportionally to the surface energy(24). However, the Shuttleworth 

effect arises when the surface energy depends on the strain and in this case the derivative of surface energy 

also affects the surface stress(70,71). Other related materials, e.g. polymer melts and their thermodynamic 

properties, e.g. glass-transition temperature in relation to their mechanical properties are also discussed(70). 

It has been reported that the glass transition temperature of a polymer melt can be reduced depending on the 

boundary conditions (70,72,73). The relationship between surface stress and bulk deformation was also 

discussed in (70). In the same article(70) the significance of the critical elastocapillary length on the capillary 

effects, measured on nano scale for polymers and micro scale for gels, is also discussed.  

In consideration of the static wetting problem the relationship between surface stress and surface energy has 

also been analyzed in a recent review article by Style et.al.(74). In this review paper the authors used the 

term “elastocapillarity” to describe the phenomenon of solid deformation as affected by mechanical 

properties of the substrates. The surface stresses theory is outlined and the importance of elastocapillary 

length on surface stress and elasticity is identified. Surface stress causes a stress jump across the interface of 

the deformable solid. Surface stress causes a stress jump across the interface of the deformable substrate(74). 

However, in the above-mentioned theories, the most important phenomena, the action of surface forces near 

the apparent three-phase contact line and the influence of the surface forces on the deformation of soft solids, 

are ignored. 

In the next section, a new modeling technique for the investigation of wetting of soft substrates is reviewed, 

where surface forces action near the apparent three-phase contact line is considered. Surface forces are 

introduced using simplified disjoining/conjoining pressure isotherm. Although the selected configuration of 

the disjoining/conjoining pressure isotherm is simplified, it is still able to capture essential properties of a 

real disjoining/conjoining isotherm: (i) surface forces are present over short range; (ii) partially wetting 

droplets are referred to when appropriate values of parameters are selected; and (iii) the regions of influence 

of surface forces have stable thin fluid films. Elasticity of the soft substrate is introduced using Winkler’s 

model(73). Substrate’s deformation and the droplet profile are deduced via the physical characteristics of the 

disjoining/conjoining pressure isotherm and substrate’s elasticity(63). 

For the droplet to be at equilibrium, four conditions have to be satisfied: (i) first variation of excess free 

energy is equal to zero; (ii) second variation is greater than zero; (iii) transversality condition is satisfied; 

(iv) Jacobi’s sufficient condition is fulfilled. The fourth condition is usually neglected by researchers in this 

area. In (63), a solution is deduced for both droplet and deformable substrate profiles, where 

disjoining/conjoining pressure action in the vicinity of the apparent three phase contact line was taken into 

account. For the first time in (49), the essential Jacobi’s condition for the solution of the liquid droplet on a 

soft substrate obtained in (63) is verified.  In section 2.1.2.4 (analyzed in Chapter 3) the verification of the 

Jacobi’s sufficient condition for already obtained solution of equilibrium droplets on deformable substrates 

is undertaken. 

Contact angle hysteresis (advancing and receding contact angles) is frequently connected to surface 

roughness and surface heterogeneities. However, these are not the only causes for the existence of contact 

angles hysteresis. Lately researchers have illustrated that hysteresis exist on smooth homogeneous solid 

substrates (75–77). It has been observed that contact angle hysteresis on a rigid substrate is dependent on 

surface forces action in the vicinity of the three-phase contact line (47). Recently, this theory has been 
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extended and applied to investigation of contact angle hysteresis of droplets on deformable/soft 

substrates(64). In Section 2.1.2.5(analyzed in Chapter 4), the findings of these quasi-equilibrium states that 

exist on deformable substrates are discussed. 

 

2.1.2.3 Equilibrium of droplets on soft substrates  

In this section a new approach for wetting of soft substrates is developed by introducing, surface forces action 

in the vicinity of three-phase contact line of the droplet. A simplified linear disjoining/conjoining pressure 

isotherm, Π, and elasticity of the substrate through Winkler’s model(73,77)are used in this section. According 

to the Winkler’s model, the deformation in the soft substrate is regional and has a direct relation with the 

applied pressure, 𝑃 (63): 

 

 

 ℎ𝑠 = −𝐾𝑃, (2.9)  

 

 
  

where, 𝐾 is the elasticity coefficient, ℎ𝑠 is the local deformation of the substrate due to the applied pressure 

from the fluid above, see Figure 2.2.  

 
 

 
 

Figure 2. 2:Schematic diagram of droplet on a deformable substrate, Spherical (Bulk) region - 𝛱(ℎ − ℎ𝑠) = 0, and 

Transition region - 𝛱(ℎ − ℎ𝑠) ≠ 0, ℎ - the liquid profile; ℎ𝑠 - deformation of the substrate; ℎ𝑒- equilibrium flat film; 

𝜃𝑒- apparent equilibrium contact angle; 𝑡1- height of the droplet at which surface forces (disjoining/conjoining 

pressure) start to act; 𝐿1- radial length corresponding to 𝑡1; 𝐿- Effective radius of the droplet; 𝑟,  𝑧 − co-ordinate 

system. Source: (78)  

 

Assume 𝑃𝑎𝑖𝑟 to be the ambient pressure in the air. Under the influence of the ambient air pressure the 

soft solid deformation is given by: 

 

 ℎ𝑠𝑒 = −𝐾𝑃𝑎𝑖𝑟 . (2.10) 

   

Equilibrium thin film of fluid covers the deformed soft substrate, which is calculated according to a 

combination of the Kelvin’s equation and disjoining/conjoining pressure isotherm (53): 

 

 
Π(ℎ𝑒) = 𝑃𝑒 =

𝑅𝑔𝑇

𝜈𝑚
ln
𝑝𝑠𝑎𝑡
𝑝
, (2.11) 

 

where, 𝜈𝑚 is the molar volume of the liquid, 𝑇 is the temperature in K, 𝑅𝑔 is the gas constant, vapor pressure, 

𝑝, which is higher than the saturated pressure 𝑝𝑠𝑎𝑡. Reminder, a droplet is deemed to be at equilibrium under 

oversaturated vapor only according to Kelvin’s equation. The excess free energy of the equilibrium thin film 

on the deformed solid in front of the liquid droplet per unit area is given by(53,63): 
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 𝐹𝑒,𝑓𝑖𝑙𝑚

𝑆𝑓𝑖𝑙𝑚
= 𝛾 + 𝛾𝑠 + 𝑃𝑒ℎ𝑒 +

ℎ𝑠𝑒
2

2𝐾
+ ∫ Π(ℎ)𝑑ℎ,

∞

ℎ𝑒

 (2.12) 

 

where, 𝑃𝑒 = 𝑃𝑎𝑖𝑟 − 𝑃𝑙𝑖𝑞𝑢𝑖𝑑, 𝛾 and 𝛾𝑠 are vapor-liquid and liquid-solid surface tensions. This free energy 

should be subtracted from the free energy of the droplet on the deformable substrate; otherwise the excess 

free energy of the droplet is infinite(53,63). Hence, the excess free energy of the droplet on a deformable 

solid substrate is as follows (see Figure 2.2): 

 

 𝐹 − 𝐹𝑒,𝑓𝑖𝑙𝑚 = 𝛾∆𝑆 + 𝛾𝑠∆𝑆𝑠 + ∆𝑉 + 𝐹𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑓𝑜𝑟𝑐𝑒𝑠 + 𝐹𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛, (2.13) 

 

where ∆ means “as compared with a flat equilibrium film”.  

Eq. 2.13 can be rewritten as: 

 

 
𝐹 − 𝐹𝑒,𝑓𝑖𝑙𝑚 = 2𝜋∫ 𝑓(ℎ, ℎ′, ℎ𝑠, ℎ𝑠

′ )𝑑𝑟
∞

0

, (2.14) 

 

where 

  

 𝑓(ℎ, ℎ′, ℎ𝑠, ℎ𝑠
′ )

= 𝑟

[
 
 
 
 
 
 𝛾√1 + ℎ′2(𝑟) − 𝛾 + 𝛾𝑠√1 + ℎ′𝑠

2(𝑟) − 𝛾𝑠 +

𝑃𝑒(ℎ − ℎ𝑠) − 𝑃𝑒ℎ𝑒 + 
ℎ𝑠
2

2𝐾
−
ℎ𝑠𝑒
2

2𝐾

+∫ Π(ℎ)𝑑ℎ
∞

ℎ−ℎ𝑠

−∫ Π(ℎ)𝑑ℎ
∞

ℎ𝑒 ]
 
 
 
 
 
 

. 
(2.15) 

 

 

In above equations, 𝑟 is the length along radial direction. For equilibrium conditions, the excess free energy 

in Eq. 2.14 should attain minimum value. To fulfil this condition the first variation Eq. 2.14 should equal to 

zero, which leads to two Euler equations, i.e. for liquid and substrate profiles: 

 

 

 𝛾

𝑟

𝑑

𝑑𝑟

𝑟ℎ′

(1 + ℎ′2)1/2
+ Π(ℎ − ℎ𝑠) = 𝑃𝑒 , (2.16) 

 

 
  

 𝛾𝑠
𝑟

𝑑

𝑑𝑟

𝑟ℎ𝑠
′

(1 + ℎ′𝑠2)1/2
− Π(ℎ − ℎ𝑠) −

ℎ𝑠
𝐾
= −𝑃𝑒 . (2.17) 

   

   

Eqs. 2.16 and 2.17 form a system of two interlinked differential equations for two undetermined profiles: the 

fluid droplet, ℎ(𝑟), and deformed soft substrate, ℎ𝑠(𝑟). Low slope approximation, ℎ′2 ≪ 1, ℎ𝑠
′2 ≪ 1, which 

is acceptable for small contact angles, is used below. It is important to observe that Eq. 2.16 is unlike the 

usual capillary equation for the non-deformable substrate, because it now has contribution of ℎ𝑠 in the 

disjoining/conjoining pressure, which can be determined using Eq.2.17. Eqs. 2.16 and 2.17 are 

interconnected and, in general can be solved numerically only. It is the reason why the problem is further 

simplified with use of linear disjoining/conjoining pressure isotherm to obtain analytical solutions. 
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Figure 2. 3:Disjoining/conjoining pressure isotherm adopted for calculations. Source: (78) 

 

 
Π(ℎ) = {

𝑃1 − 𝑎ℎ  𝑎𝑡  ℎ ≤ 𝑡1
0               𝑎𝑡  ℎ > 𝑡1 

. (2.18) 

   

 

where 𝑃1 and 𝑡0 are defined in Figure 2.3, 𝑡1 is the radius of influence of surface forces, 𝑎 is the slope of 

disjoining/conjoining pressure isotherm. The subsequent radial length from the origin to the point 𝑡1 is 𝐿1, 

see Figure 2.2. The selected linear dependency of disjoining/conjoining pressure isotherm Π(ℎ) on ℎ 

according to Eq. 2.18 still captures the essential properties of the disjoining/conjoining pressure isotherm in 

spite of substantial simplification: (i) it satisfies the stability condition, Π′(ℎ) < 0 when ℎ < 𝑡1; (ii) the 

influence of surface forces is short ranged and the radius of its action is defined by 𝑡1; (iii) it corresponds to 

the partial wetting case at the proper choice of parameters(63). 

Disjoining/conjoining pressure cannot be ignored near the apparent three-phase contact line; therefore, 

substrate deformation is linked directly with the parameters of the disjoining/conjoining pressure isotherm, 

see Table 2.1. 

 
Table 2. 1: Physical properties: fluid surface tension, 𝛾 ,Disjoining/Conjoining pressure isotherm parameters 𝑡1, 𝑡0, 

Disjoining/Conjoining pressure isotherm slope 𝑎 ,elasticity coefficient, 𝐾 ,equilibrium excess pressure, 𝑃𝑒, and 

substrate surface tension, 𝛾𝑠, used for calculation of droplet profile and deformation in the substrate. 1dyne=10-5N. 

Source:(78) 

Physical Property Value 

𝛾 72 dyne/cm 

𝑡1 3 × 10−6cm 

𝑡0 7 × 10−7 cm 

𝑎 1 × 1011 dyne/cm3 

𝐾 1 × 10−11 cm3/dyne 

𝑃𝑒 −1 × 105 dyne/cm2 

𝛾𝑠 1 dyne/cm 

 
 
Effect of variation of 𝑃𝑒, 𝑎, 𝐾 and 𝛾𝑠 on substrate deformation and its subsequent effect on the droplet profile is 
investigated below.  
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2.1.2.3(a) Effect of variation of excess pressure, 𝑃𝑒  

 

Excess pressure is changed according to 0 ≤ |𝑃𝑒| ≤ |𝑃2|. Figure 2.4 illustrates shapes of the droplet and 

substrate with variation in 𝑃𝑒. An increase in 𝑃𝑒 causes equilibrium thin film height, ℎ𝑒, to reduce. This 

consequently influences the height and span of the droplet to increase. Hence, causing the extent of the 

deformation in the radial direction to grow, but generates a reduction in the depth which the substrate gets 

deformed to.     

 
Figure 2. 4:Calculated profiles of the droplet and substrate deformation:1,  1′ −   |𝑃𝑒| = 130000 dyne/cm2, 2,  2′ − 

|𝑃𝑒| = 85000 dyne/cm2, 3,  3′ − |𝑃𝑒| = 40000 dyne/cm. Source:(78) 

 

2.1.2.3(b) Effect of variation of slope of the disjoining/conjoining pressure isotherm, 𝑎 

 

The value of 𝑎 is varied in the following range  1 × 1011 ≤ 𝑎 ≤ 1 × 1012 dyne/cm3 to see its impact on 

depth to which the substrate gets deformed and profile of the fluid droplet. Figure 2.5 demonstrates that slope 

𝑎 also effects the droplet shape: increasing the gradient of the disjoining/conjoining pressure isotherm, the 

maximum height of the droplet increases which correspondingly increases the effective radius of the droplet. 

The equilibrium contact angle for droplet on a deformable substrate increases as 𝑎 increases. Slope of the 

adopted disjoining/conjoining pressure isotherm does not affect the extent/height to which the soft substrate 

gets deformed. 
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Figure 2. 5:Calculated profiles of the droplet and substrate deformation: 1, 1′ −   𝑎 = 1 × 1011 dyne/cm3, 2,  2′ − 

𝑎 = 1 × 1012 dyne/cm3 Source:(78) 

 

2.1.2.3(c) Effect of variation of elasticity coefficient, 𝐾 

 

Elasticity coefficient controls the depth of deformation of the soft substrate. Here elasticity coefficient is 

changed according to 1 × 10−13 ≤ 𝐾 ≤ 1 × 10−11 cm3/dyne. The effect of decreasing the elasticity 

coefficient (i.e. 𝐾~0) causes the outline of the droplet to approach the profile for non-deformable substrate 

which is apparent from Figure 2.6. It also shows that as 𝐾 is increased (i.e. for a more elastic substrate) the 

equilibrium contact angle reduces marginally and the extent to which the soft substrate gets deformed 

increases (i.e. more deformation). 

 

Figure 2. 6:Calculated profiles of the droplet and substrate deformation: 1, 1′ −   𝐾 = 1 × 10−11 cm3/dyne, 2, 2′ − 

𝐾 = 4.5 × 10−12 cm3/dyne, where “ND” stands for Non-Deformable substrate and “D” stands for Deformable 

substrate. Source:(78) 
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2.1.2.3(d) Effect of variation of substrate surface tension, 𝛾𝑠 

 

Substrate surface tension is varied according to 0.001 ≤ 𝛾𝑠 ≤ 30 dyne/cm. Increasing 𝛾𝑠 causes equilibrium 

contact angle to increase a little as displayed in Figure 2.7. It also shows that there is a smooth transition of 

the substrate deformation from the bulk droplet to the region of thin films. However, when 𝛾𝑠 tends to zero 

this smooth transition in the substrate deformation tends to transform into a sharp jump.   
 

 
Figure 2. 7:Calculated profiles of the droplet and substrate deformation: 1, 1′ −   𝛾𝑠 = 0.001 dyne/cm, 2, 2′ − 𝛾𝑠 =
30 dyne/cm. Source:(78) 

 

2.1.2.4 Equilibrium conditions of droplets on deformable substrates 
 

As stated in the above section, excess free energy must remain at minimum in equilibrium conditions. Solely 

for this situation, the obtained shapes of the liquid droplet and deformed substrate are in actual for 

equilibrium. For a droplet to be at equilibrium on a deformable substrate, four essential conditions for (i) 

first variation of the free energy, (ii) second variation of free energy, (iii) transversality condition and (iv) 

Jacobi’s sufficient condition, must always be satisfied(49,53). Solution obtained from Jacobi’s condition 

should not disappear for a droplet on rigid/solid substrate (i.e., one dimensional problem. Altogether, these 

conditions give necessary and sufficient conditions of the minimum of the excess free energy. Unfortunately, 

the vital fourth condition is always neglected when deformation of soft solids under liquid droplets is 

considered. Under equilibrium conditions, simply if the Jacobi’s sufficient condition is fulfilled, the 

estimated profiles of the fluid droplet and deformable substrate provide the minimum of free energy. To the 

best of our knowledge, it is for the first time the fourth condition is satisfied and the computed solution 

actually results in profiles for the droplet and the deformable substrate at equilibrium (49). 

In Chapter 3, equilibrium conditions of droplets on deformable substrates are investigated. A simple model 

of the equilibrium droplet on the deformable substrate is considered, and it is shown that the deduced profiles 

of the equilibrium droplet and deformable substrate satisfy the Jacobi’s condition, that is, really provide the 

minimum to the excess free energy of the system(49).  

 

The validity of the Jacobi’s condition for the deduced solutions of both droplet shape and profile of the 

deformable substrate undertaken in (49) , was checked for the first time. The latter means that any solution 
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of the same problem developed earlier or to be developed in the future should be checked for a validity of 

the Jacobi’s condition for the deduced solution.    

 

 

2.1.2.5 Hysteresis of Contact Angle of Sessile Droplets on Deformable Substrates 

 

Apparently, there is only a single equilibrium contact angle, 𝜃𝑒 , on smooth homogeneous substrates. 

However, according to Kelvin’s equation to reach this equilibrium contact angle the droplet should be at the 

equilibrium with oversaturated vapor(53). Therefore, experimentally only quasi equilibrium contact angles 

can be observed, which are referred to as hysteresis contact angles: static advancing contact angle 𝜃𝑎 > 𝜃𝑒, 

and static receding contact angle 𝜃𝑟 < 𝜃𝑒  (64). 

Static advancing and receding contact angles are calculated in this using quasi-equilibrium states of a droplet 

on a soft substrate.  

In Chapter 4 a theory of contact angle hysteresis of sessile liquid droplets on deformable substrate is 

developed in terms of disjoining pressure isotherm, which accounts for the action of surface forces in the 

vicinity of the contact line. Combined action of capillary pressure and surface forces, which act in the vicinity 

of the apparent three-phase contact line and substrate's elasticity determine both the liquid shape and the 

substrate deformation. A simplified s-shaped disjoining pressure isotherm is adopted, which allows direct 

calculations of static advancing/receding contact angles on deformable substrates and elasticity of the 

substrate is assumed to obey a simple Winkler's model for elastic surfaces(64,78).   
 

2.1.2.6 Conclusions 

 

The most recent advances are summarized in the area of static wetting of deformable substrates taking into 

consideration the effect of surface forces action coupled with elasticity of the substrate. Theoretical and 

experimental studies are reviewed in the area. Significant progress has been achieved in experimental 

investigations of deformations of soft solids due to recent advances in imaging techniques such as confocal 

microscopy and several theoretical models have been developed in an attempt to resolve the singularity 

caused by deformation of the substrates. The main conclusions are as follows: (i) any investigation of 

equilibrium of droplets on deformable substrates should be based on consideration of surface forces acting 

in the vicinity of the apparent three-phase contact line; (ii) excess free energy of the system 

droplet/deformable substrate should be considered and the equilibrium state corresponds to the minimum of 

the excess free energy; (iii) Any solution for the equilibrium profiles of the droplet and the deformable 

substrate should satisfy the Jacobi’s sufficient condition.  

 

2.2 Foam drainage and Interaction of liquid foams with porous substrates  
 

2.2.1 Foam and the process of foam drainage 
 

Foam is a two-phase colloidal system where gas cells surrounded by liquid as a result of forcing gas into the 

continuous liquid phase in the presence of surfactants and/or polymers (foaming agents). Foams can contain 

various liquid volume fraction according to their properties and the way of formation. Aqueous foams have 

a wide range of industrial and domestic applications such as acoustic thermal insulation, packaging solutions 

and constituents of structural foam materials(47) petroleum production and refining process(47) and food, 

cosmetic and medical products (47).  
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2.2.2 Foam drainage and imbibition into thick, porous substrate 
 

Simultaneous drainage and imbibition of liquid from a foam into the porous substrate leads to the following 

differences as compared with the free drainage: (i) the presence of unsaturated pores inside the porous layer 

results in an imbibition of water from the Plateau channels into the pores, i.e. drainage/imbibition proceeds 

faster and (ii) this results in a drier foam layer in contact with a porous substrate, and close to the end of the 

drainage/imbibition process the liquid volume fraction will become lower as compared with the free drainage 

and below some final value. The final value can be characterised as follows: if the water content is above 

this final value then the pressure inside the Plateau channels is positive, that is, the liquid will flow from the 

Plateau channels to outside. If the final value of the water content is reached, then by further drainage the 

pressure inside the Plateau channels becomes smaller than the capillary pressure inside the pores of the 

porous substrate and the drainage stops. The previous consideration shows that the final equilibrium 

distribution of water content over the foam height is lower in the case of drainage/imbibition in contact with 

the porous substrate than in the case of a free drainage over a non-porous substrate.    

The first model of foam drainage in contact with porous substrate was introduced only recently by Arjmandi-

Tash et al.(19,98). 

Considering the special features of the system’s interaction the foam becomes gradually drier due to 

acceleration of drainage caused by the imbibition into the porous substrate. 

  

 

 

 

 

 

 

 

 

 

 

Figure 2. 8:Schematic diagram of a foam placed on a porous medium. Source: (97) 

 

Below theoretical findings on drainage of foams placed on thick porous substrate are briefly reviewed. For 

many applications, particularly in pharmacy and cosmetics, the interaction of foam with substrate is of 

considerable importance as often the surfaces where foam is applied on are porous (skin, hair, textile 

materials). Recent investigations have confirmed that foams are an efficient alternative method of drug 

delivery on the skin of patients as was mentioned above. Lotions, creams, gels and ointment are the most 

common topical vehicle delivery systems that have been applied in dermatology; foams are delivery systems 

which grow in popularity. The density of foams is much lower than that of traditional vehicles and they 

spread out more easily. This reduces the requirement of applying pressure or prolonged period of contact 

with the sensitive diseased skin. In addition, drugs from foams absorb and penetrate more quickly as 

compared to other carriers.  
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The rate of drug delivery from foams can be controlled by the rate of foam drainage and collapse. Kinetics 

of topical drug delivery can be tailored by varying such foam characteristics as the bubbles size, liquid 

viscosity, initial liquid content and surface tension. In order to make a proper choice of foam characteristics, 

processes of drug delivery from foam should be considered in connection with the properties of substrate 

where the foam is applied to (skin or hair). Skin or bunch of hair have porous structure of their own, therefore 

an additional phenomenon, a capillary suction into porous substrate affects the foam drainage/imbibition. 

 Mathematical model of the process of simultaneous drainage and imbibition of liquid from a foam places 

on a porous substrate was developed in (19) which resulted in a system of two interconnected differential 

equations describing the flow of liquid inside both foam and the porous substrate.    

There is a substantial difference in the drainage/imbibition of foam in the case of a free drainage (for example, 

foam placed on a solid substrate) and a drainage/imbibition of a foam placed on a porous substrate. In both 

cases the drainage is caused by the action of both gravity and the capillary forces. However, if foam is 

initially wet enough, then sooner or later the drainage (on a solid substrate) results in a formation of a free 

water layer under the foam and the water content in the foam layer immediately above the free water layer 

reaches the limiting value, which for 3D mono-disperse foam can be estimated as 0.36 corresponding to 

random packing limit for spherical particles. Sometimes the maximum liquid fraction is estimated as 0.26, 

what correspond to the minimum possible voids content at hexagonal packing of equal spheres. The latter 

value was accepted in(19). 

The scenario is substantially different in the case of foam placed on a porous substrate: (i) the presence of 

unsaturated pores inside the porous layer results in an imbibition of water from the Plateau channels into the 

pores, i.e. drainage/imbibition proceeds faster and (ii) this results in a drier foam layer in contact with a 

porous substrate and close to the end of the drainage/imbibition process the liquid volume fraction will 

become lower as compared with the free drainage and below some final value. The final value can be 

characterised as follows: if the water content is above this final value then the pressure inside the Plateau 

channels is positive, that is, the liquid will flow from the Plateau channels to outside. If the final value of the 

water content is reached, then by further drainage the pressure inside the Plateau channels becomes smaller 

than the capillary pressure inside the pores of the porous substrate and the drainage stops. The previous 

consideration shows that the final equilibrium distribution of water content over the foam height is lower in 

the case of drainage/imbibition in contact with the porous substrate than in the case of a free drainage over a 

non-porous substrate.    

The typical time evolution of the liquid volume fraction, φ, over the dimensionless foam height, ζ, and time 

evolution of the depth of imbibition into the porous medium, l, is shown in Figure 2.9.  
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                                                                                                          (a) 

 

            (b) 

Figure 2. 9: Time evolution of a) liquid volume fraction over the foam height b) liquid imbibition into the porous 

medium at Bo=5.45, α=10, ε=0.03 and initial volume fraction of water is 5. Source:  (97) 

 

In the very beginning of the drainage/imbibition the liquid volume fraction decreases only at the top of the 

foam and near the foam/porous substrate interface, whereas in the middle part of the foam the initial value 

is retained. This is a common feature of foam drainage/imbibition process below. In contrast to the foam 

placed on a layer of liquid or on a non-porous substrate, the liquid volume fraction at the interface with 
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interface. Unfortunately, it is difficult to investigate experimentally the rate of penetration and the wetted 

volume inside a thick porous substrate in contact with foams. However, it is very straightforward to measure 

rate of penetration and wetted area in the case of contact of a foam with a thin porous layer. In Chapter 5 a 

theory of foam drainage (taking into account surface viscosity) placed on a completely wettable thin porous 

layer is developed: the rate of foam drainage and imbibition inside the porous layer and other characteristics 

of the process are predicted. This process is a model of drug delivery of foam placed on a skin or on a hair. 

The developed theory was verified in (40) against experimental measurements of foam drainage placed on 

thin porous substrates. 

The effect of all model parameter on maximum liquid volume fraction at the foam/porous substrate interface 

was also investigated by N.Koursari, et al (40), as presented in Chapter 5 and the existence of three different 

drainage/imbibition regimes, (1) ‘fast imbibition regime’ (2) ‘intermediate imbibition’  (3) ‘fast imbibition 

regime’ was verified (40). 

 

2.2.4 Conclusions 
 

A description of foam and foam structure have been provided above and the process of foam drainage has 

been described. A theory of foam drainage placed on both a thick and a thin porous layer was developed: 

rate of drainage, wetted area inside the porous substrate (or radius of the wetted area inside the thin porous 

layer) and other characteristics of the process were predicted.  One of the phenomena during application is a 

possibility of the build-up of a liquid layer on the foam/porous layer interface, which can be very useful and 

important for the application processes.  
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Nomenclature 2 

𝐴 − Amplitude of the sinusoidal corrugation of the deformable substrate 

𝑎, 𝑏, 𝑐, 𝑑 − Slopes of different regions of disjoining/conjoining pressure isotherm 

𝛼 − 𝛼 −film 

𝛽 − 𝛽 −film 

D − Deformable substrate 

𝐷(𝑥) − Jacobi condition 

𝐸 − Young’s Modulus 

𝜖 − Strain 

𝐹, 𝐹2𝐷 − Excess free energy in three and two-dimensional cases 

𝐹𝑒,𝑓𝑖𝑙𝑚,  

𝐹2𝐷𝑒,𝑓𝑖𝑙𝑚 

− Excess free energy of the equilibrium thin film on the deformed solid in three 

and two-dimensional cases 

𝛾 − Surface tension of the fluid 

𝛾𝑠 − Surface tension of the substrate 

𝐻 − Apex of the droplet 

𝐻𝑎 − Apex of the advancing droplet 

𝐻𝑟 − Apex of the receding droplet 

ℎ − Film thickness, equilibrium liquid profile, droplet height 

ℎ𝑒 − Stable equilibrium film thickness 

ℎ𝑠 − Local deformation of the substrate 

ℎ𝑠𝑒 − Local deformation of the substrate under the action of the ambient pressure  

ℎ3 − Thickness in the critical point for advancing droplet 

ℎ4 − Thickness in the critical point for receding droplet 

𝐾 − Elasticity coefficient 

𝑘 − Mean curvature of the solid 

𝑙 − Characteristic length 

𝜆 − Wavelength of the sinusoidal corrugation of the deformable substrate 

𝜇 − Dynamic viscosity 

ND − Non-deformable substrate 

𝑃𝑎𝑖𝑟 − Pressure in the ambient air 

𝑃𝑒 − Equilibrium excess pressure 

𝑃𝑎 − Advancing pressure 

𝑃𝑟 − Receding pressure 

𝑝 − Vapor pressure 

𝑝𝑠𝑎𝑡 − Saturated vapor pressure 

Π(ℎ) − Disjoining/conjoining pressure isotherm 

𝑄 − Flow rate 
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𝑅 − Radius of curvature of the droplet 

𝑅𝑎  − Radius of curvature of the advancing droplet 

𝑅𝑔 − Gas constant 

𝑅𝑟 − Radius of curvature of the receding droplet 

𝑟 − Length along radial direction for three-dimensional case 

𝑇 − Temperature 

𝑡0, 𝑡1, 𝑡2, 𝑡3, 𝑡4, 𝑡5, 𝑡6   − Parameters of disjoining/conjoining pressure isotherm 

𝜃𝑒 − Equilibrium contact angle 

𝜃𝑎 − Advancing contact angle 

𝜃𝑟 − Receding contact angle 

𝑢(𝑥) − Solution of Jacobi’s equation 

𝑉 − Volume of the fluid 

𝑉𝑎 − Volume of the advancing droplet 

𝑉𝑟 − Volume of the receding droplet 

𝑣𝑚 − Molar volume of the liquid 

𝑥 − Length along radial direction for two-dimensional case 

𝑌 − Elastocapillary length 

𝑦 − Uniform surface stress 

𝑧 = 𝑥 − 𝐿1 − Co-ordinate in the tangential direction  
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CHAPTER 3 

Equilibrium Conditions of Droplets on Deformable Substrates 
 

Overview 
 

In this chapter equilibrium conditions of droplets on deformable substrates are presented. 

The results of the study were published in Langmuir and are reused in this chapter with permission from 

corresponding author, Professor Victor M. Starov(v.m.starov@lboro.ac.uk).  

Initially in this chapter equilibrium conditions of droplets on rigid substrates are discussed. A 2D droplet is 

considered for simplification and it is shown that all necessary conditions of equilibrium of liquid droplet on 

non-deformable substrate are satisfied. The research is then followed by investigation of equilibrium 

conditions of droplet on deformable substrate. The expression of the excess free energy of a liquid droplet 

on a deformable substrate is used and Winkler’s model is adopted to account for the substrate’s elasticity. 

Equations for equilibrium profiles are deduced based on consideration of the action of the Derjaguin’s 

pressure in the vicinity of the TPCL and a simplified piece-wise linear disjoining/conjoining pressure 

isotherm is adopted for simplification. Jacobi’s necessary condition of equilibrium is then investigated for 

the deduced profiles. Jacobi’s expressions for the profiles of the droplet and the deformable substrate are 

deduced and it is proven for the first time that the derived profiles of the droplet and deformable substrate 

really correspond to the equilibrium.  

 

3.1 Introduction 
 

Young’s equation is often used to describe equilibrium liquid droplets on a solid substrate(48). Young's 

equation reduces complete wettability, partial wettability and non-wettability cases to the determination of 

three interfacial tensions involved. However, Young's equation involves the balance of the horizontal forces 

leaving the vertical force unbalanced. The latter results in a vertical net force applied on the solid 

substrate(53), which could be possible on a rigid substrate.  That is, in the case of a droplet deposited on a 

rigid substrate, the tranversality condition in the vicinity of the apparent three-phase contact line, provides 

the necessary boundary condition, i.e. ℎ′ → 0, x→ ∞ , and due to the substrates rigidity, there is no need to 

consider the unbalanced ‘vertical’ forces. However, it should be reconsidered in the case of deformable 

substrates. 

In a more recent study for droplets depositing on solid substrates, Lubarda(99) derived Young’s equation by 

applying an integral form of the equilibrium conditions. In this study the author proved that the singularity 

of the vertical component is eliminated by considering a small width near the triple line where capillary force 

is applied.  

Since the initial works by Lester(25), Rusanov(56), Derjaguin et al.(100) Shanahan and de Gennes(101), 

wetting of deformable substrates has attracted the interest of several research groups(60). Derjaguin and co-

workers(100) were the first to propose modelling of the force distribution on the soft substrate considering 

the action of the disjoining/conjoining pressure in a vicinity of the apparent three phase contact line. 

Consideration of disjoining/conjoining pressure action was undertaken later in (62) and (102).  
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Equilibrium condition of droplet on deformable substrates has recently been investigated theoretically and 

experimentally. Shanahan (103) showed that deformation occurs near the vicinity of the triple line owing 

both to adjacent heterogeneities and a net force applied. A number of experimental studies(20–22,65,67,104–

108) were conducted to investigate the deformation of deformable substrates by liquid droplets near the 

three-phase contact line. However, in these works, the action of surface forces (disjoining/conjoining 

pressure) in the vicinity of the three-phase contact line, has been ignored.  

The state of equilibrium demands equilibrium of liquid-vapor, liquid-solid and vapor-solid simultaneously 

and the latter one determines the presence of adsorbed liquid layers on the substrate. It was 

shown(20,53,62,63)  that disjoining/conjoining pressure action in the vicinity of the apparent three-phase 

contact line results in a deformation of a deformable substrate. Unfortunately, the direct application of 

Young’s equation leads (i) to deformation singularity at the apparent three-phase contact line(56–59) (ii) all 

the equilibrium properties (i.e. contact angle, droplet radius, etc.) of the system under consideration rely upon 

the selected artificial length parameter, which determines a width of zone near the contact line, where surface 

tension is applied(25,47,56,57,63,108) showed that surface forces (the disjoining/conjoining pressure), 

determine both profiles of the droplet and the deformable substrate combined with the action of capillarity, 

disjoining/conjoining pressure and elasticity of the deformable substrate determines an apparent contact 

angle on deformable substrates. 

Under equilibrium conditions, the excess free energy should be at its minimum value. Only in this case the 

deduced profiles of the liquid and deformable substrate correspond to the equilibrium. For the equilibrium, 

the following four conditions should be satisfied: 

1. The first variation of the free energy should be zero; 

2. The second variation should be positive; 

3. The transversality condition at the drop perimeter in the vicinity of the three-phase contact line should be 

satisfied(53). 

4. Jacobi’s sufficient condition should be satisfied. In the case of one-dimensional problem (a droplet on a 

rigid substrate) the solution of Jacobi’s equation should not vanish at any position inside the area of 

investigation. In the case of deformable substrate, the Jacobi’s condition is specified below. 

Unfortunately, the important fourth condition of equilibrium is usually forgotten. Only if Jacobi’s sufficient 

condition is satisfied, the deduced profiles of the droplet and deformable substrate provide the minimum of 

extra free energy at equilibrium. Below for the first time it is shown that the obtained solution results in 

equilibrium profiles for the droplet and the deformable substrate. If the fourth condition is satisfied then the 

solution provides the minimum for the excess free energy and equilibrium profiles; if this condition is not 

satisfied, the solution of equilibrium droplet and deformable substrate profiles does not correspond to the 

minimum of the excess free energy.  

In all publications until now, the necessary condition of minimum of the excess free energy solutions have 

been checked in the case of equilibrium of droplets on deformable substrates. There has not been any attempt 

to check whether the Jacobi’s condition is satisfied. One of the most fundamental principle is used in this 

research work, i.e. any profile should give a minimum value of the excess free energy. The properties and 

stability of liquid films on deformable substrates are deduced for the case of partial wetting. The action of 

disjoining/conjoining pressure is considered to act simultaneously with capillary pressure yielding the 

equilibrium liquid profile. The validity of the Jacobi’s sufficient condition is verified for the first time.  
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3.2 Theory 

Equilibrium liquid profiles on rigid substrates 
 

 

Figure 3. 1 : Schematic diagram of an equilibrium liquid droplet on a solid non-deformable substrate: the droplet is 

“sitting” at equilibrium on a flat liquid film of thickness he, which is at equilibrium with over-saturated vapor in the 

surrounding air (Partial wetting case).Source:(49) 

 

To simplify all calculations only two-dimensional (2D) droplets are considered below. In the case of partial 

wetting, the simultaneous action of the disjoining/conjoining and capillary pressures leads to the existence  

of non-flat equilibrium droplets(53). The excess free energy, 𝛷 , of a liquid droplet deposited on a non-

deformable substrate can be expressed as (53).  

 

 𝛷 = 𝛾 ∙ 𝑆 + 𝑃𝑒 ∙ 𝑉 + 𝛷𝐷 − 𝛷𝑟𝑒𝑓, (3.1) 

 

where 𝑆, 𝑉, 𝛷𝐷 and 𝛷𝑟𝑒𝑓 are excesses of the vapor-liquid interfacial area, the excess volume, the excess 

energy associated with the action of surface forces, and the excess free energy of a reference state 

respectively; 𝛾 is the liquid-vapor interfacial tension; 

 

 𝑃𝑒 = 𝑃𝑎 − 𝑃𝑙, (3.2) 

 

where 𝑃𝑒 is the excess pressure, 𝑃𝑎 is the pressure in the ambient air and  𝑃𝑙 the pressure inside the liquid, 

which is the state of a solid substrate covered by a stable equilibrium 𝛼-film(53). Gravity is neglected in Eq. 

3.1 because the size of the droplet is assumed smaller than the capillary length. According to Eq. (3.2), 𝑃𝑒 <
0, in the case of a droplet.  𝑃𝑒 can be expressed through the vapour pressure according to Kelvin’s equation: 

 

 𝑃𝑒 =
𝑅∙𝑇

𝑣𝑚
ln

𝑝𝑠

𝑝
< 0. (3.3) 
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where, 𝜈𝑚 is the molar volume of the liquid, 𝑇 is the temperature in K, 𝑅 is the gas constant, vapour pressure, 

𝑝, which is higher than the saturated pressure 𝑝𝑠. According to Eq. 3.3 the droplets can be at equilibrium 

only with over saturated vapour.   

In the case of a two-dimensional droplet, the excess free energy from Eq. (3.1) can be re-written as(53): 

 

 
𝛷 = ∫{𝛾 (√1 + ℎ′2 − 1) + 𝑃𝑒(ℎ − ℎ𝑒)

+ ∫ 𝛱(ℎ)𝑑ℎ − ∫ 𝛱(ℎ)𝑑ℎ
∞

ℎ𝑒

∞

ℎ

} 𝑑𝑥 

(3.4) 

 

A schematic diagram of the droplet profile and the profile of the solid (non-deformable) substrate is shown 

in Figure 3.1.  

A liquid profile, ℎ(𝑥), for which the excess free energy, 𝛷, given by Eq. 3.4, has a minimum value, can 

describe an equilibrium liquid droplet deposited on a surface at the state of equilibrium(53)(60). The latter 

is valid only if the following conditions are satisfied: (a) Condition of existence of extremum (maximum or 

minimum), which means the first variation of Eq. 3.4 should vanish: 𝛿𝛷 = 0. This results in Euler’s-

Lagrange equation, which in the case under consideration, is referred to as Derjaguin’s equation (50): 

 

 𝛾(ℎ′′)

(1 + ℎ′2)3/2
+ 𝛱(ℎ) = 𝑃𝑒 .             (3.5) 

 

The first term  
𝛾(ℎ′′)

(1+ℎ′2)3/2
  in Eq. 3.5 represents the action of capillary pressure and 𝛱(ℎ) is the 

disjoining/conjoining pressure isotherm. b) The second condition is a necessary condition of minimum of 

the excess free energy Eq. 3.4: 
𝜕2𝑓

𝜕ℎ′2
> 0. This Legendre condition when applied to Eq. 3.4 results in:  

  

 𝜕2𝑓

𝜕ℎ′2
=

𝛾

(1 + ℎ′2)
> 0,  

where,   

         

 
𝑓 = 𝛾 (√1 + ℎ′2 − 1) + 𝑃𝑒(ℎ − ℎ𝑒) + ∫ 𝛱(ℎ)𝑑ℎ − ∫ 𝛱(ℎ)𝑑ℎ

∞

ℎ𝑒

∞

ℎ

  

 

Both the above conditions give only the necessary but not the sufficient condition of minimum of the excess 

free energy Eq. 3.1 or 3.4.  

To have sufficient condition of minimum, it is necessary to have Jacobi’s condition of minimum 

satisfied(50). This condition reads:  solution of Jacobi’s equation, 𝑢(𝑥), should not vanish at any position, 

𝑥, inside the region of interest. Jacobi’s equation according to (50): 
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 𝑑

𝑑𝑥

𝛾𝑢′

(1 + ℎ′2)3/2
+
𝑑𝛱(ℎ)

𝑑ℎ
𝑢 = 0 (3.6) 

 

The initial conditions for Eq. 3.6 are: 𝑢(0) = 0, 𝑢′(0) ≠ 0. The solution of Eq. 3.6 with mentioned boundary 

conditions is as follows(53):  

     

 𝑢 = 𝑐𝑜𝑛𝑠𝑡 ∙ ℎ′ (3.7) 

 

According to Figure 3.1 (see (53)for details) condition  ℎ′(𝑥) < 0  is satisfied in the case of equilibrium 

droplets and, hence, 𝑢(𝑥) does not change sign at any x from 0 to infinity. The latter means that solution of 

Eq. 3.5 really gives a stable equilibrium profile of liquid droplet on solid non-deformable substrate.  

 

Equilibrium droplet on deformable substrate 
 

In this section, conditions for existence of equilibrium droplets on deformable substrates are discussed. 

Below a two-dimensional (2D) droplet is considered, Figure 3.2, because the Jacobi’s condition is much 

easier to check in this case. To get an analytical solution of the problem under consideration a number of 

simplifying assumptions are adopted below. 

 

Figure 3. 2: Schematic diagram of droplet on a deformable substrate. ℎ(𝑥)  - the liquid profile, ℎ𝑠(𝑥) - profile of the 

deformable substrate; 𝐿1 - the distance from the centre of the droplet to the point where surface forces 

(disjoining/conjoining pressure) starts to act. Source:(49) 

 

The excess free energy of a liquid droplet on a deformable substrate is expressed as follows:  
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𝛷 − 𝛷𝑒,𝑓𝑖𝑙𝑚 = ∫ 𝑓(ℎ, ℎ′, ℎ𝑠 , ℎ

′
𝑠

∞

0

)𝑑𝑥, (3.8) 

 

where 𝛷𝑒,𝑓𝑖𝑙𝑚 is the excess free energy of the equilibrium film (as in Eq. 3.1) and 

 

 

𝑓(ℎ, ℎ’, ℎ𝑠, ℎ’𝑠) =

{
  
 

  
 𝛾√1 + ℎ′2(𝑥) − 𝛾 + 𝛾𝑠√1 + ℎ𝑠′2(𝑥) − 𝛾𝑠 +

𝑃𝑒(ℎ − ℎ𝑠) − 𝑃𝑒ℎ𝑒 +
ℎ𝑠
2

2𝐾

−
ℎ𝑠𝑒
2

2𝐾
+∫ 𝛱(ℎ)𝑑ℎ − ∫ 𝛱(ℎ)𝑑ℎ

∞

ℎ𝑒

∞

ℎ−ℎ𝑠  }
  
 

  
 

, (3.9) 

 

where 𝑥 is the tangential co-ordinate, 𝛾 and 𝛾𝑠 are liquid-vapour and solid-liquid interfacial tensions, ℎ(𝑥) 

the profile of the droplet and ℎ𝑠(𝑥) the profile of the deformed substrate; 𝐾 is the elasticity coefficient of the 

deformable substrate. Winkler model of substrate elasticity is adopted in Eq.3.9 (47). 

Firstly, equations for equilibrium profiles for profiles of both the droplet and the deformable substrate should 

be deduced. The corresponding equations for this are found in the same way as above in the case of the 

droplet on a solid substrate: that is, from the condition   𝛿𝛷 = 0, where the excess free energy 𝛷 is given 

now by Eq. 3.8. This procedure results in the following system of two differential equations: 

 

 𝛾ℎ′′

(1 + ℎ′2)3/2
+Π(ℎ − ℎ𝑠) = 𝑃𝑒 , 

 

 

 

 𝛾𝑠ℎ𝑠
′′

(1 + ℎ𝑠′2)3/2
− Π(ℎ − ℎ𝑠) −

ℎ𝑠
𝐾
= −𝑃𝑒 .  

 

To simplify further the problem under consideration a low slope approximation is used below, that is, ℎ′2 ≪

1 and ℎ𝑠
′2 ≪ 1.  After that, the two above equations become: 

 

 𝛾ℎ′′ + Π(ℎ − ℎ𝑠) = 𝑃𝑒 , (3.10) 

   

 
𝛾𝑠ℎ𝑠

′′ − Π(ℎ − ℎ𝑠) −
ℎ𝑠
𝐾
= −𝑃𝑒 . (3.11) 

 

A simplified, piece-wise linear disjoining/conjoining pressure isotherm is adopted below (Figure 3.3):  

 

 
Π(ℎ) = {

𝑎(𝑡0 − ℎ),      0 ≤ ℎ ≤ 𝑡1
      0         ,             ℎ > 𝑡1

 (3.12) 
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3.3 Results and Discussion 
 

The physical properties used for the disjoining/conjoining pressure isotherm are summarised in Table 3.1.  

 

Table 3. 1: Physical properties of the disjoining/conjoining pressure isotherm: Liquid-vapour interfacial tension, 𝛾,  

Solid-liquid interfacial tension, 𝛾𝑠,Disjoining/Conjoining pressure isotherm parameters 𝑃1,  𝑃2, 𝑃𝑒, 𝑡0 and 𝑡1,slope of 

Disjoining/cojoining pressure isotherm, 𝑎, and elasticity coefficient,  𝐾. Source: (49)   

Physical Properties Value 

Liquid-vapour interfacial tension, 𝛾 72 dyne/cm 

Solid-liquid interfacial tension, 𝛾𝑠  1 dyne/cm 

𝑃1 1 × 107 dyne/cm2 

𝑃2 −1 × 107 dyne/cm2 

𝑃𝑒 −1 × 105 dyne/cm2 

𝑡0 𝑃1

𝑎
= 7 × 10−7 cm 

𝑡1 7 × 10−7 cm 

𝑎 𝑃1−𝑃2

𝑡1
= 1 × 1011 dyne/cm3 

𝐾 1 × 10−12 − 1 × 10−11 cm3/dyne 

 

 

The values of the physical properties mentioned in Table 3.1 were used for calculations below. These values 

were selected based on previously used and 1dyne=10-5N (63). It is shown below that the dependency of the 

length 𝐿1 on elasticity 𝐾 is required for solution of Jacobi’s equations.   

Solution of Eqs. 3.10-3.11 is similar to (63) (see Appendix  3A). The solution of a system (3.10)-(3.11) 

results in the dependencies of both the 𝐿1 and the apparent equilibrium contact angle, 𝜃𝑒, (Figure 3.2) versus 

the elasticity coefficient, 𝐾, are shown in Figures 3.4 and 3.5, respectively. 

 

 

 

 

 

 

 

 

 

 

 

Figure 3. 4:Length of the circular part of the droplet (bulk of the liquid droplet), 𝐿1(𝑐𝑚) (see Fig. 3.2) versus elasticity 

coefficient 𝐾(𝑐𝑚3/𝑑𝑦𝑛𝑒). Source:(49)  
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 𝛾𝑠 ∙ 𝑢2𝑖
′′ − (𝑎 ∙ 𝑢1𝑖 − 𝑎𝑢2𝑖 +

𝑢2𝑖
𝐾
) = 0, (3.14) 

 

where 𝑖 = 1,2. Note, that Eqs. 3.13-3.14 are linear differential equations with respect to all unknown Jacobi’s 

functions 𝑢𝑗𝑖(𝑥), where 𝑖, 𝑗 = 1,2. According to (109) these four Jacobi’s functions should be subjected to 

the following initial conditions: 

 

 

{

𝑢11(0) = 𝑢12(0) = 𝑢21(0) = 𝑢22(0) = 0 

 𝑢11
′ (0) = 1 ,  𝑢22

′ (0) = 1

𝑢12
′ (0) = 𝑢21

′ (0) = 0

} (3.15) 

 

Because of linearity of Eqs. 3.13 and 3.14 and zero initial conditions for functions 𝑢12(𝑥) and 𝑢21(𝑥), these 

two functions are equal to zero identically. Hence, the only two unknown non-zero functions are 𝑢11(𝑥) and 

𝑢22(𝑥). The Jacobi’s condition is as follows(109): 𝐷 = |
𝑢11 𝑢12
𝑢21 𝑢22

| should not change sign for all  𝑥 > 0. 

Having in mind that 𝑢12(𝑥) = 𝑢21(𝑥) = 0, and taking into account that 𝐷 should be positive (see below) the 

Jacobi’s condition can be rewritten as: 

 

 
𝐷(𝑥) = |

𝑢11(𝑥) 0
0 𝑢22(𝑥)

| = 𝑢11 𝑢22 > 0 , at 𝑥 > 0. (3.16) 

 

It is interesting to note that the deduced Jacobi’s expressions for the profile of the droplet and the deformable 

substrate, 𝑢11(𝑧) and  𝑢22(𝑧) respectively, include only one value, 𝐿1, which comes from the solution of the 

original problem (Eqs. 3.10-3.11). 

It is shown (see Appendix 3A) that both 𝑢11(𝑧) and 𝑢22(𝑧) are positive for the region 𝑥 > 𝐿1. Hence, 𝐷 =

𝑢11(𝑧) ∙  𝑢22(𝑧) > 0 at 𝑥 > 𝐿1 , as it is for the circular part of the liquid droplet (bulk of the liquid droplet) 

for 𝑥 < 𝐿1. The latter means that 𝐷 is positive at all 𝑥 > 0. That is, the Jacobi’s condition is satisfied. Hence, 

the solution obtained for both liquid profile and the deformable substrate really provides the minimum to the 

excess free energy of the system. The results above prove that for the obtained solution for a droplet deposited 

on a deformable substrate, the excess free energy is at its minimum value and deduced solutions for the 

droplet profile and profile of the deformed substrate correspond to the equilibrium. 

 

3.4 Conclusions  
 

Equilibrium conditions for a droplet on a deformable substrate are investigated. Disjoining/conjoining 

pressure action is taken into account in the vicinity of the apparent three-phase contact line. The fundamental 

principle of a minimum value of excess free energy for both profiles of the droplet and the deformable 

substrate is considered. The equilibrium and stability of liquid droplets on deformable substrates are 

considered, under partial wetting conditions. For the first-time validity of the Jacobi’s condition is verified 

and it is shown that this condition is satisfied for the obtained solution of the problem. A simplified linear 

pressure disjoining/conjoining pressure isotherm is adopted to obtain an analytical solution and low slope 

approximation is used for all calculations. Derived equations for both profiles of droplet and deformable 

substrate are sensitive to variations of the length of the circular (bulk part) region of the droplet.  The two 
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Jacobi’s equations deduced show that Jacobi’s condition is fully satisfied for all the region of interest. Both 

Jacobi’s equations are always increasingly positive for the bulk part of the droplet and for the transitional 

region where disjoining/conjoining pressure is predominant. 

 

Nomenclature 3 
𝑎 − Slope of disjoining /conjoining pressure isotherm defined in Eq. 3.12 

𝛷 − Excess free energy 

𝛷𝑒,𝑓𝑖𝑙𝑚 − Excess free energy of the equilibrium thin film on the deformed solid 

𝛷𝐷 − Excess energy caused by surface forces action 

𝛷𝑟𝑒𝑓 − Excess free energy of a reference state 

𝛾 − Surface tension of the liquid/air interface  

𝛾𝑠 − Surface tension of the substrate/liquid interface 

𝐻 − Apex of the droplet 

ℎ − Film thickness, equilibrium liquid profile, droplet height 

ℎ𝑒 − Thickness of stable equilibrium flat film in front of the droplet 

ℎ𝑠 − Profile of the deformed substrate 

𝐾 − Elasticity coefficient 

𝐿1  − 
Length from the centre of the droplet to the point where surface forces 

(disjoining pressure) start to act 

𝐿 − 
Effective length: Length from the centre of the droplet to the intersection 

of the profile with the initial non-deformable substrate  

𝑃𝑎𝑖𝑟 − Pressure in the ambient air 

𝑃𝑒 − Equilibrium excess pressure inside the droplet 

𝑝 − Vapor pressure 

𝑝𝑠𝑎𝑡 − Saturated vapor pressure 

Π(ℎ) − Disjoining/conjoining pressure isotherm 

𝑅 − Gas constant 

𝑆 − Area of the liquid-air interface 

𝑆𝑠 − Area of the solid-liquid interface 

𝑉  − Excess volume 

𝑇 − Temperature 

𝑡0, 𝑡1  − Parameters of disjoining/conjoining pressure isotherm defined in Eq. 

(3.12) 

𝜃𝑒 − Equilibrium contact angle 

𝑣𝑚 − Molar volume of the liquid 

𝑥 − Co-ordinate in the tangential direction  

𝑧 = 𝑥 − 𝐿1 − Co-ordinate in the tangential direction  
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Appendix 3A 

Solution of Eqs. (3.10)-(3.11) 
 

In the case of the simplified isotherm of disjoining/conjoining pressure the governing Eqs. 3.10-3.11 can be 

rewritten as:  

 

 𝛾ℎ′′ + 𝑎(𝑡0 − ℎ + ℎ𝑠) = 𝑃𝑒 , (3A.1) 

and   

 
𝛾𝑠ℎ𝑠

′′ − 𝑎(𝑡0 − ℎ + ℎ𝑠) −
ℎ𝑠
𝐾
= −𝑃𝑒 , (3A.2) 

 

with boundary conditions:  

 

ℎ′(0) = ℎ𝑠
′ (0) = 0,          (3A.3) 

 

ℎ(𝑥) → ℎ𝑒 , ℎ𝑠(𝑥) → 0, 𝑎𝑡 𝑥 → ∞.        (3A.4) 

 

Bulk of the liquid droplet (circular region),  𝒉 − 𝒉𝒔 > 𝒕𝟏. 

For the bulk of the liquid droplet, i.e. region ℎ − ℎ𝑠 > 𝑡1, we obtain the two solutions 

 

 
ℎ𝑠𝑝(𝑥) =

𝑃𝑒𝑥
2

2𝛾
+ 𝐻𝑒 , (3A.5) 

and 

 ℎ𝑠,𝑠𝑝(𝑥) = 𝐾𝑃𝑒 + 𝐶1(𝑒
𝜆𝑠𝑥+𝑒−𝜆𝑠𝑥),     (3A.6) 

 

where 𝜆𝑠 = √
1

𝐾∙𝛾𝑠
, 𝐻𝑒 is the apex height of the droplet and 𝐶1 is an integration constant.  

Using boundary condition ℎ𝑠𝑝(𝐿1) − ℎ𝑠,𝑠𝑝(𝐿1) = 𝑡1 results in: 

 

 𝑃𝑒𝐿1
2

2𝛾
+ 𝐻𝑒 − 𝐾𝑃𝑒 − 𝐶1(𝑒

𝜆𝑠𝐿1+𝑒−𝜆𝑠𝐿1) = 𝑡1. (3A.7) 

 

Derivatives of found solutions at 𝑥 = 𝐿1 are as follows: 
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ℎ𝑠𝑝
′ (𝐿1) =

𝑃𝑒𝐿1
𝛾
; ℎ𝑠,𝑠𝑝

′ (𝐿1) = 𝜆𝑠𝐶1(𝑒
𝜆𝑠𝐿1−𝑒−𝜆𝑠𝐿1). (3A.8) 

 

Transitional region, 𝒉 − 𝒉𝒔 ≤ 𝒕𝟏  

Equation for the droplet’s profile: 

 

 
ℎ′′ −

𝑎(ℎ − ℎ𝑠)

𝛾
=
𝑃𝑒 − 𝑎𝑡0

𝛾
. (3A.9) 

 

The substrate deformation profile can be simplified to: 

 

 
ℎ𝑠
′′ − ℎ𝑠 (

1 + 𝑎𝐾

𝛾𝑠𝐾
) +

𝑎ℎ

𝛾𝑠
= −(

𝑃𝑒 − 𝑎𝑡0
𝛾𝑠

). (3A.10) 

 

The unknown solution is presented in the following form: 

 

 𝑦(𝑥) = ℎ(𝑥) + 𝛼ℎ𝑠(𝑥), (3A.11) 

 

where 𝑦(𝑥) is a new unknown function which is a linear combination of both profiles, ℎ𝑠, the deformed 

substrate, and ℎ,  the droplet; α is a constant to be determined.  

Let us multiply Eq. (3A.10) by 𝛼 and add the resulting equation to Eq. (3A.9), using (3A.11) the resulting 

equation is: 

 

 

𝑦′′ − 𝑎 (
1

𝛾
−
𝛼

𝛾𝑠
) 𝑦 + ℎ𝑠 [𝑎𝛼 (

1

𝛾
−
𝛼

𝛾𝑠
) +

𝑎

𝛾
−
𝛼

𝛾𝑠
(
1 + 𝑎𝐾

𝐾
)]

= (𝑃𝑒 − 𝑎𝑡0) (
1

𝛾
−
𝛼

𝛾𝑠
). 

(3A.12) 

The aim is to get an equation, which includes only one unknown function, 𝑦(𝑥). Hence, the constants in 

square brackets must be equal to zero, i.e.: 

 

 
𝛼2 + (−

𝛾𝑠
𝛾
+
(1 + 𝑎𝐾)

𝑎𝐾
)𝛼 −

𝛾𝑠
𝛾
= 0, (3A.13) 
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which is a quadratic equation in α, which can be determined from the above equation and has      two roots: 

where 𝛼1 > 0 and  𝛼2 < 0. Substitution of these values into Eq. 3A.12 results in two new unknown functions 

𝑦𝑖, where 𝑖 = 1,2: 

 

 
𝑦𝑖
′′ − 𝑎 (

1

𝛾
−
𝛼𝑖
𝛾𝑠
) 𝑦𝑖 = (𝑃𝑒 − 𝑎𝑡0) (

1

𝛾
−
𝛼𝑖
𝛾𝑠
) , 𝑖 = 1,2. (3A.14) 

 

Solution of Eqs. 3A.14 results in: 

 

 𝑦1 = ℎ𝑒 + 𝐶2𝑒
𝑥𝜆1 + 𝐶3𝑒

−𝑥𝜆1  

 

and  

 
𝑦2 = ℎ𝑒 + 𝐶4𝑒

𝑥𝜆2 + 𝐶5𝑒
−𝑥𝜆2 .  

 

The boundary conditions (3A.4) produce two integration constants which vanish; that is 𝐶2  = 𝐶4 = 0 and 

the equations become: 

 

 

𝑦1 = ℎ𝑒 + 𝐶3𝑒
−𝑥𝜆1  (3A.15) 

  

𝑦2 = ℎ𝑒 + 𝐶5𝑒
−𝑥𝜆2  

(3A.16) 

 

where ℎ𝑒 =
−(𝑃𝑒 −𝑎𝑡0)

𝑎
, 𝜆1 = √𝑎 (

1

𝛾
−
𝛼1

𝛾𝑠
) and 𝜆2 = √𝑎 (

1

𝛾
−
𝛼2

𝛾𝑠
) , 𝑦1 = ℎ + 𝛼1ℎ𝑠 and 𝑦2 = ℎ + 𝛼2ℎ𝑠. If we 

define 𝑧 = 𝑥 − 𝐿1, and evaluating for 𝑥 = 𝐿1 for the circular part of the droplet (bulk of the liquid droplet) 

and 𝑧 = 0 for the transitional region, then from Eq. 3A.15: 

 

 𝑦1(0) = ℎ𝑒 + 𝐶3 

= ℎ𝑠𝑝(𝐿1) + 𝛼1ℎ𝑠,𝑠𝑝(𝐿1)  

=
𝑃𝑒𝐿1

2

2𝛾
+ 𝐻𝑒 + 𝛼1[𝐾𝑃𝑒 + 𝐶1(𝑒

𝜆𝑠𝐿1+𝑒−𝜆𝑠𝐿1)] 

(3A.17) 

 

Differentiation of Eq.3A.15 with respect to 𝑥 and evaluating for 𝑧 = 0 results in: 
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 𝑦′
1
(0) = −𝜆1𝐶3  

= ℎ′𝑠𝑝(𝐿1) + 𝛼1ℎ′𝑠,𝑠𝑝(𝐿1)  

=
𝑃𝑒𝐿1
𝛾

+ 𝛼1[𝜆𝑠𝐶1(𝑒
𝜆𝑠𝐿1−𝑒−𝜆𝑠𝐿1)] 

(3A.18) 

 

Eq.3A.17 can be rewritten as: 

 

 
𝐶3 =

𝑃𝑒𝐿1
2

2𝛾
+ 𝐻𝑒 + 𝛼1[𝐾𝑃𝑒 + 𝐶1(𝑒

𝜆𝑠𝐿1+𝑒−𝜆𝑠𝐿1)] − ℎ𝑒 (3A.19) 

 

Eq.3A.18 can be rewritten as: 

 

 
−𝐶3 =

1

𝜆1
{
𝑃𝑒𝐿1
𝛾

+ 𝛼1[𝜆𝑠𝐶1(𝑒
𝜆𝑠𝐿1−𝑒−𝜆𝑠𝐿1)]} (3A.20) 

Evaluating Eq. 3A.16 for 𝑧 = 0 results in: 

 

 𝑦2(0) = ℎ𝑒 + 𝐶5 

= ℎ𝑠𝑝(𝐿1) + 𝛼2ℎ𝑠,𝑠𝑝(𝐿1) 

=
𝑃𝑒𝐿1

2

2𝛾
+ 𝐻𝑒 + 𝛼2[𝐾𝑃𝑒 + 𝐶1(𝑒

𝜆𝑠𝐿1+𝑒−𝜆𝑠𝐿1)], 

(3A.21) 

 

which can be rewritten as: 

 

 
𝐶5 =

𝑃𝑒𝐿1
2

2𝛾
+ 𝐻𝑒 + 𝛼2[𝐾𝑃𝑒 + 𝐶1(𝑒

𝜆𝑠𝐿1+𝑒−𝜆𝑠𝐿1)] − ℎ𝑒 (3A.22) 

 

Differentiation of Eq. 3A.16 and evaluating for 𝑧 = 0 results in: 

 

 𝑦′12(0) = −𝜆2𝐶5 = ℎ′𝑠𝑝(𝐿1) + 𝛼2ℎ′𝑠,𝑠𝑝(𝐿1)

=
𝑃𝑒𝐿1
𝛾

+ 𝛼2[𝜆𝑠𝐶1(𝑒
𝜆𝑠𝐿1−𝑒−𝜆𝑠𝐿1)], 

(3A.23) 

 

which can be expressed as: 

 



44 
 

 −𝐶5 =
1

𝜆2
{
𝑃𝑒𝐿1

𝛾
+ 𝛼2[𝜆𝑠𝐶1(𝑒

𝜆𝑠𝐿1−𝑒−𝜆𝑠𝐿1)]} . (3A.24) 

 

Five Eqs. (3A.7), (3A.19), (3A.20), (3A.22) and (3A.24) include five unknown constants 𝐶1,
𝐶3, 𝐶5, 𝐻𝑒 𝑎𝑛𝑑 𝐿1 to be determined. 

The solution of these five equations results  in the following equation of only one unknown; that is 𝐿1: 

 

 [−
𝑃𝑒𝐿1

2

2𝛾
− 𝛼1 ∙

𝑃𝑒𝐿1
2

2𝛾
+ 𝛼1 ∙ 𝑡1 + ℎ𝑒 −

𝑃𝑒𝐿1

𝛾∙𝜆1
−
𝛼1∙𝜆𝑠∙𝑀

𝜆1
∙
𝑃𝑒𝐿1

2

2𝛾
+

𝛼1∙𝜆𝑠∙𝑀∙𝛫∙𝑃𝑒

𝜆1
+
𝛼1∙𝜆𝑠∙𝑀∙𝑡1

𝜆1
] ∙

1

(1+𝛼1+𝛼1∙𝜆𝑠∙
𝑀

𝜆1
)
− [−

𝑃𝑒𝐿1
2

2𝛾
− 𝛼2 ∙

𝑃𝑒𝐿1
2

2𝛾
+ 𝛼2 ∙

𝑡1 + ℎ𝑒 −
𝑃𝑒𝐿1

𝛾∙𝜆2
−
𝛼2∙𝜆𝑠∙𝑀

𝜆2
∙
𝑃𝑒𝐿1

2

2𝛾
+
𝛼2∙𝜆𝑠∙𝑀∙𝛫∙𝑃𝑒

𝜆2
+
𝛼2∙𝜆𝑠∙𝑀∙𝑡1

𝜆2
] ∙

1

(1+𝛼2+𝛼2∙𝜆𝑠∙
𝑀

𝜆2
)
= 0, 

(3A.25) 

 

where,  

 

  

 
𝑀 =

(𝑒𝜆𝑠𝐿1−𝑒−𝜆𝑠𝐿1)

(𝑒𝜆𝑠𝐿1+𝑒−𝜆𝑠𝐿1)
. (3A.26) 

 

𝐿1(𝑐𝑚) can then be calculated from Eq. 3A.25 for given values of the elasticity coefficient 𝐾 (cm3/dyne). 

This dependency is presented in Figure 3.4 in the main text.  

As derived by Eq. 3A.25 and shown in Figure 3.4, for given values of all physical properties mentioned in 

Table 1 in main text, 𝐿1 depends only on the elasticity coefficient, 𝐾.   

 

Equilibrium contact angle 

For the bulk of the liquid droplet, we have ℎ − ℎ𝑠 > 𝑡1. For this situation, from Figure 3.3, it can be seen 

that  Π(ℎ − ℎ𝑠) = 0 which results in solution (3A.5). 

The intersection of this profile with the initial non-deformable substrate defines the apparent three phase 

contact line with a macroscopic equilibrium contact angle (effective length) (see Figure 3.2 in the main text). 

If 𝑥 = 𝐿 is this length, then: 

 

 ℎ(𝐿) = 0 (3A.27) 

And 

 

    ℎ′(𝐿) = − 𝑡𝑎𝑛 𝜃𝑒 ≅ −𝜃𝑒 (3A.28) 

 

It can then be deduced from Eq. 3A.5 and 3A.27 that 
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𝐿 = √
−2 ∙ 𝛾𝐻𝑒

𝑃𝑒
 (3A.29) 

 

Eqs. (3A.28)-(3A.29) result in the following expression for 𝜃𝑒:  

 

 

𝜃𝑒 = √
2 ∙ 𝐻𝑒(−𝑃𝑒)

𝛾
 (3A.30) 

 

It is important to note that 𝜃𝑒 is determined by both 𝑃𝑒, which is an independent variable and 𝐻𝑒 (which 

depends on the elasticity coefficient 𝐾(cm3/dyn)) 

The dependency between equilibrium contact angle, θe(
o), and elasticity coefficient, 𝐾(cm3/dyn)  is 

presented in Figure 3.5 in the main text. 

 

 

Solution of Jacobi’s equations (3.13) -(3.14) 
 

 𝛾 ∙ 𝑢11
′′ − (−𝑎 ∙ 𝑢11 + 𝑎 ∙ 𝑢22) = 0,    (3.13) 

 

 
𝛾𝑠 ∙ 𝑢22

′′ − (𝑎 ∙ 𝑢11 − 𝑎𝑢22 +
𝑢22
𝐾
) = 0, (3.14) 

 

Bulk of the liquid droplet (circular region), ℎ − ℎ𝑠 > 𝑡1  
 

For the bulk of the liquid droplet, i.e. the spherical region ℎ − ℎ𝑠 > 𝑡1 , using boundary conditions given by 

Eq. 3.15, solution of Jacobi’s Eq. 3.13 is expressed as: 

 

 𝑢11,𝑠𝑝(𝑥) = 𝑥 (3A.31)  

   

 

For the circular region of the liquid droplet, Eq. 3.14 reduces to: 

 

 𝛾𝑠 ∙ 𝑢22,𝑠𝑝
′′ −

𝑢22,𝑠𝑝

𝐾
= 0 (3A.32) 
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or  

 𝑢22,𝑠𝑝
′′ − 𝜆𝑠

2 ∙ 𝑢22,𝑠𝑝 = 0 (3A.33) 

 

Where  𝜆𝑠 = √
1

𝐾∙𝛾𝑠
 . 

 

The solutions of Eq.3A.33 can be expressed as: 

 

 𝑢22,𝑠𝑝 = 𝐶1 ∙ 𝑒
𝜆𝑠∙𝑥 + 𝐶2 ∙ 𝑒

−𝜆𝑠∙𝑥, (3A.34) 

 

where 𝐶1 and 𝐶2 are integration constants. 

Using boundary condition given by Eq. 3.15, integration constants can be derived and the solution of 

Jacobi’s Eq. 3.15 is now written as: 

 

 
𝑢22,𝑠𝑝(𝑥) =

1

𝜆𝑠
∙ 𝑠𝑖𝑛ℎ (𝜆𝑠 ∙ 𝑥), (3A.32) 

 

According to Eqs. 3A.31-3A.32: 𝐷(𝑥) = 𝑢11,𝑠𝑝 ∙  𝑢22,𝑠𝑝 = 𝑥
1

𝜆𝑠
∙ 𝑠𝑖𝑛 ℎ(𝜆𝑠 ∙ 𝑥) > 0 at 0 < 𝑥 < 𝐿1. 

 

Transitional Region, ℎ ≤ 𝑡1 

For simplification, z coordinates will be used for the transitional region, i.e  0 ≤ ℎ − ℎ𝑠 ≤ 𝑡1,  where 𝑧 =
𝑥 − 𝐿1. 

For this region, Jacobi’s Eq. 3.13 and 3.14 are expressed as: 

 

 𝛾 ∙ 𝑢11
′′ − (−𝑎 ∙ 𝑢11 + 𝑎 ∙ 𝑢22) = 0 (3A.33)  

 

 𝛾𝑠 ∙ 𝑢22
′′ − (𝑎 ∙ 𝑢11 − 𝑎 ∙ +

𝑢22
𝐾
) = 0 (3A.34) 

 

To deduce the solution of the system of Eqs. 3A.33-3A.34, the unknown solution is presented in the 

following form: 

 

 𝑦(𝑧) = 𝑢11(𝑧) + 𝛼𝑢22(𝑧), (3A.35) 
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where 𝑦(𝑧) is a new unknown function, which is a linear combination of both 𝑢11(𝑧) and 𝑢22(𝑧); α is a 

constant to be determined.  

Addition of (3A. 33) and  𝛼 ∙ (3A. 34) results in: 

 

 
𝑦′′ + (

𝑎

𝛾
−
𝑎 ∙ 𝛼

𝛾𝑠
) ∙ 𝑦 + [−

𝑎

𝛾
+
𝑎 ∙ 𝛼

𝛾𝑠
−

𝛼

𝛾𝑠 ∙ 𝛫
−
𝑎 ∙ 𝛼

𝛾
+
𝛼 ∙ 𝛼2

𝛾𝑠
] ∙ 𝑢22

= 0 

(3A.36) 

 

The aim is to get equation, which includes only one unknown function, y(x).  Hence, the constants in square 

brackets must be equal to zero, i.e.: 

 

 𝛼2 + (−𝜀 + 1 −
1

𝑎∙𝐾
) ∙ 𝛼 − 𝜀 = 0. (3A.37) 

 

Eq. 3A.37 gives two values of 𝛼 as used earlier, 

 

𝛼1,2 =
−(−𝜀 + 1 −

1
𝑎 ∙ 𝐾) ∓

√(−𝜀 + 1 −
1

𝑎 ∙ 𝐾)
2

+ 4 ∙ 𝜀

2
 

(3A.38) 

 

where 𝛼1 > 0 and  𝛼2 < 0. 

After that Eq. 3A.36 transforms into two equations with two unknown functions 𝑦1 and 𝑦2 : 

 

 𝑦1
′′ +

𝑎

𝛾𝑠
(𝜀 − 𝑎1) ∙ 𝑦1 = 0    (3A.39) 

 

 𝑦2
′′ +

𝑎

𝛾𝑠
(𝜀 − 𝑎2) ∙ 𝑦2 = 0 (3A.40) 

 

where   𝜀 =
𝛾𝑠

𝛾
, and  (𝜀 − 𝑎1) < 0 , (𝜀 − 𝑎2) > 0.  

The solutions of Eqs. 3A.39 and 3A.40 are as follows: 

 

 𝑦1 = 𝐶1 ∙ 𝑒
𝜆1∙𝑧 + 𝐶2 ∙ 𝑒

−𝜆1∙𝑧 (3A.41) 

 

 𝑦2 = 𝐶3 ∙ 𝑠𝑖𝑛 (𝜆2 ∙ 𝑧) + 𝐶4 ∙ 𝑐𝑜𝑠 (𝜆2 ∙ 𝑧), (3A.42) 

 

where,   
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𝜆1 = √−
𝑎

𝛾𝑠
(𝜀 − 𝛼1) (3A.43) 

And 

                                        

 

𝜆2 = √
𝑎

𝛾𝑠
(𝜀 − 𝛼2) (3A.44) 

 

To find constants 𝐶1, 𝐶2, 𝐶3 𝑎𝑛𝑑 𝐶4, the following Boundary conditions are used: 

 

 

{
 
 
 

 
 
 

𝑢11(0) = 𝑢11,𝑠𝑝(𝐿1) = 𝐿1
𝑑𝑢11(0)

𝑑𝑥
=
𝑑𝑢11,𝑠𝑝(𝐿1)

𝑑𝑥
= 1

𝑢22(0) = 𝑢22,𝑠𝑝(𝐿1) =
1

𝜆𝑠
∙ 𝑠𝑖𝑛ℎ(𝜆𝑠 ∙ 𝐿1)

𝑑𝑢22(0)

𝑑𝑥
=
𝑑𝑢22,𝑠𝑝(𝐿1)

𝑑𝑥
= 𝑐𝑜𝑠ℎ(𝜆𝑠 ∙ 𝐿1)}

 
 
 

 
 
 

 (3A.45) 

 

Based on Eq. 3A.35, the following expressions for Jacobi’s equations, 𝑢11(𝑧) and 𝑢22(𝑧), are deduced which 

correspond to the transitional region of the droplet: 

 

 
𝑢11(𝑧) =

1

(𝛼2 − 𝛼1)

∙ {𝛼2

∙ ((
1 + 𝑐𝑜𝑠ℎ (𝜆𝑠 ∙ 𝐿1) ∙ 𝛼1

2 ∙ 𝜆1
+
𝐿1
2

+
𝛼1 ∙ 𝑠𝑖𝑛ℎ(𝜆𝑠 ∙ 𝐿1)

2 ∙ 𝜆𝑠
) ∙ 𝑒𝜆1𝑧

+ (
𝐿1
2
+
𝛼1 ∙ 𝑠𝑖𝑛ℎ(𝜆𝑠 ∙ 𝐿1)

2 ∙ 𝜆𝑠

−
1 + 𝑐𝑜𝑠ℎ (𝜆𝑠 ∙ 𝐿1) ∙ 𝛼1

2 ∙ 𝜆1
) ∙ 𝑒−𝜆1∙𝑧) − 𝛼1

∙ (
1 + 𝛼2 ∙ 𝑐𝑜𝑠ℎ(𝜆𝑠 ∙ 𝐿1) 

𝜆2
∙ 𝑠𝑖 𝑛(𝜆2 ∙ 𝑧)

+ (𝐿1 +
𝛼2 ∙ 𝑠𝑖𝑛ℎ(𝜆𝑠 ∙ 𝐿1)

𝜆𝑠
) ∙ 𝑐𝑜 𝑠(𝜆2 ∙ 𝑧))} 

(3A.46) 
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𝑢22(𝑧) =

1

(𝛼1 − 𝛼2)

∙ {((
1 + 𝑐𝑜𝑠ℎ (𝜆𝑠 ∙ 𝐿1) ∙ 𝛼1

2 ∙ 𝜆1
+
𝐿1
2
+
𝛼1 ∙ 𝑠𝑖𝑛ℎ(𝜆𝑠 ∙ 𝐿1)

2 ∙ 𝜆𝑠
)

∙ 𝑒𝜆1∙𝑧

+ (
𝐿1
2
+
𝛼1 ∙ 𝑠𝑖𝑛ℎ(𝜆𝑠 ∙ 𝐿1)

2 ∙ 𝜆𝑠
−
1 + 𝑐𝑜𝑠ℎ (𝜆𝑠 ∙ 𝐿1) ∙ 𝛼1

2 ∙ 𝜆1
)

∙ 𝑒−𝜆1∙𝑧)

− (
1 + 𝛼2 ∙ 𝑐𝑜𝑠ℎ(𝜆𝑠 ∙ 𝐿1) 

𝜆2
∙ 𝑠𝑖𝑛 (𝜆2 ∙ 𝑧)

+ (𝐿1 +
𝛼2 ∙ 𝑠𝑖𝑛ℎ(𝜆𝑠 ∙ 𝐿1)

𝜆𝑠
) ∙ 𝑐𝑜𝑠 (𝜆2 ∙ 𝑧))} 

(3A.47) 

 

 

Results 

 

To investigate deduced Jacobi’s functions according to Equations 3A.46 and 3A47, the properties of the 

disjoining/ conjoining pressure isotherm presented in Table 3.1 (please see main text) are used. The 

expressions of the two functions are computed as functions of 𝑧(𝑐𝑚) and a wide range of elasticity 

coefficient K. The length of the spherical region, 𝐿1, used in Jacobi’s equations 3A.46 and 3A.47 is calculated 

using the same disjoining/ conjoining pressure isotherm (please see Figure 3.3) and low slope approximation, 

ℎ′2 ≪ 1 and ℎ𝑠
′2 ≪ 1. The examples of calculated dependences are presented in Figures. 3A.1-3A.2. 

 

 

Figure 3A. 1: Jacobi’s functions 𝑢11(𝑧) and 𝑢22(𝑧) versus the length of the transition region 𝑧(𝑐𝑚), for 𝐾 =
1 × 10−11 cm3/dyne. Source:(49)  
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Figure 3A. 2: Jacobi’s functions 𝑢11(𝑧) and 𝑢22(𝑧) versus the length of the transition region 𝑧(𝑐𝑚), for 𝐾 =
1 × 10−12 cm3/dyne. Source:(49)  

 

As shown in Figures 3A.1 and 3A.2, both 𝑢11(𝑧) and 𝑢22(𝑧) are positive for the region of interest, 𝑥 > 𝐿1 

and for all region  0 ≤ 𝑧 < +∞. All values of elasticity coefficient investigated lead to a similar increasing 

behaviour with always positive values for both 𝑢11(𝑧) and 𝑢22(𝑧).  

It is shown that 𝐷 = 𝑢11(𝑧) ∙  𝑢22(𝑧) at 𝑥 > 𝐿1. The latter means that 𝐷 is positive at all 𝑥 > 0. That is, the 

Jacobi’s condition is satisfied. 
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CHAPTER 4 

Hysteresis of Contact Angle of Sessile Droplets on Deformable 

Substrates: Influence of Disjoining Pressure 
 

Overview  
 

In the previous chapter equilibrium conditions of droplets on rigid and deformable substrates were 

investigated. In this chapter static hysteresis of contact angle of droplets on deformable substrates will be 

presented and advancing and receding contact angles will be theoretically predicted. The results of 

investigations were published  in Colloids and Surfaces A: Physicochemical and Engineering Aspects, and 

reused below with permission from corresponding author, Professor Victor M. 

Starov(v.m.starov@lboro.ac.uk)  

In this Chapter equilibrium contact angle of droplet on deformable substrate is initially theoretically 

discussed as a basis for introduction to the phenomenon of hysteresis. In the next section a theoretical model 

for hysteresis of contact angle for droplet on deformable substrate is derived and advancing and receding 

contact angles are evaluated. Advancing contact angle is reached when the excess pressure 𝑃𝑒 , reaches a 

critical value 𝑃𝑎 , while for higher pressures𝑃𝑟 > 𝑃𝑒  receding contact angles are formed. Model derivation is 

simplified by the adoption of a piecewise linear disjoining pressure isotherm. 

 

4.1 Introduction 
 

Static hysteresis of contact angle of droplets on solid substrates is usually assumed to be affected by 

roughness and/ or chemical heterogeneity of the substrate. It is considered in this case that at each point on 

the surface the equilibrium value of the contact angle is established depending only on the local properties 

of the substrate. As a result, a whole series of local thermodynamic equilibrium states can be realized, 

corresponding to a certain interval of contact angles. The maximum possible value corresponds to static 

advancing contact angle (abbreviated as 𝜃𝑎) and the minimum value corresponds to static receding contact 

angle (abbreviated as 𝜃𝑟). 

 

However, roughness and chemical heterogeneity of the substrate are not the only reason behind contact angle 

hysteresis. Hysteresis has also been observed in the cases of smooth homogenous substrates such as free 

liquid films that are not at all rough and are chemically homogeneous. Recently there have been a number 

of publications that support the existence of contact angle hysteresis on smooth and homogeneous rigid 

substrates (75,76,110). 

In the case of complex liquid-fluid systems such as microemulsions(111), monolayers of biologically 

important surfactants (phospholipid monolayers)(112,113) or self-assembled monolayers of proteins  , the 

characteristics of phase behaviour are determined by interfacial layers and their stability. In a similar way, 

for the case of liquid-soft solid systems, their properties and stability are related to the forces acting on the 

thin films that separate the phases of the system.  

 

Disjoining pressure is a manifestation of the surface forces action in the free thin liquid films and layers(53).It 

acts in the vicinity of the apparent three phase contact line. Earlier theories for the contact angle hysteresis 

https://www.sciencedirect.com/science/journal/09277757
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of menisci and droplet on smooth homogeneous solid substrate were developed using S-shaped disjoining 

pressure isotherm(53,75,76,110). Contact angle hysteresis has been proven to be directly related to the 

Derjaguin isotherm for free liquid films and layers(114). 

 

According to Kelvin’s equation, a droplet can be at equilibrium with oversaturated vapour only and to reach 

the equilibrium the oversaturation should be kept for a prolong period of time(53,63). Consequently, it is 

still difficult, if possible, to achieve the equilibrium at all in the case of pure liquids. According to a regular 

procedure of deposition of droplets on any surface, after the deposition the droplet reaches the static 

advancing contact angle. It is usually believed that this angle is close enough to the equilibrium contact angle. 

It was shown earlier(76) that this is not true, at least in the case of smooth homogeneous non-deformable 

substrates.  

The consideration of equilibrium contact angles on deformable substrate is similar to that for droplets on 

solid, smooth and homogeneous substrate in Ref.(111) but with introduction of elasticity in the 

substrate(115). However, as it was mentioned above, formation of equilibrium droplets on non-deformable 

or deformable substrates has only theoretical interest because experimentally it is difficult, if possible at all, 

to investigate equilibrium droplets.  

Only static advancing or static receding contact angles are usually experimentally investigated. It is the 

reason why both static advancing and static receding contact angles on deformable substrates are considered 

below.    

In the next section, equilibrium of droplets on a deformable substrate is discussed which is then extended to 

introduce the theory of hysteresis of contact angle on deformable substrates. Herein, the static advancing 

contact angle for droplet on deformable substrate and the static receding contact angle are investigated and 

compared to those on non-deformable substrate(76).The influence of surface forces and disjoining pressure 

is considered. 

 

4.2 Theory 
 

Equilibrium contact angle of droplet on deformable substrates and the surface forces action 
 

This section deals with the theory of equilibrium of droplets on deformable substrates. It forms the basis for 

introduction of hysteresis to the problem below. Apparently, there is only a single equilibrium contact angle, 

𝜃𝑒 , on smooth homogeneous substrates. However, according to Kelvin’s equation, to reach this equilibrium 

contact angle the droplet should be at the equilibrium with oversaturated vapour(53). Therefore, 

experimentally only non-equilibrium contact angles can be observed, which are referred to as hysteresis 

contact angles: static advancing contact angle, 𝜃𝑎 > 𝜃𝑒, and static receding contact angle, 𝜃𝑟 < 𝜃𝑒 .     

That is, consideration of equilibrium contact angles presented below should be considered from this point of 

view. A simple Winkler’s model for the deformable solid is used below. According to Winkler’s model there 

is a linear relationship between the local deformation and the applied local stress(73,77). According to this 

model, deformation of the deformable substrate, ℎ𝑠, is local and is directly proportional to the applied 

pressure, 𝑃: 

 

 ℎ𝑠 = −𝐾𝑃, (4.1) 
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where, 𝐾 is the elasticity coefficient, ℎ𝑠 is the local deformation of the substrate due to the applied pressure, 

P, from above. 

Let 𝑃𝑎𝑖𝑟 be the pressure in the ambient air. Under the action of the pressure from the ambient air the solid 

deformation is: 

 

 ℎ𝑠𝑒 = −𝐾𝑃𝑎𝑖𝑟 . (4.2) 

 

The deformed solid substrate is covered by the thin equilibrium liquid film, which is calculated according to 

combination of the well-known Kelvin’s equation and disjoining pressure isotherm(53): 

 

 
Π(ℎ𝑒) = 𝑃𝑒 =

𝑅𝑔𝑇

𝜈𝑚
ln
𝑝𝑠𝑎𝑡
𝑝
, (4.3) 

 

where 𝜈𝑚 is the molar volume of the liquid; 𝑇 is the temperature in 𝐾; 𝑅𝑔 is the gas constant; vapour pressure, 

𝑝, is higher than the saturated pressure 𝑝𝑠𝑎𝑡; 𝑃𝑒 is the equilibrium excess pressure in the liquid. Reminder, at 

the equilibrium state, the droplet must be at equilibrium with oversaturated vapour only, according the 

Kelvin’s Eq. 4.3. The excess free energy of the equilibrium thin film on the deformed solid per unit area is 

given by: 

 

 𝐹𝑒,𝑓𝑖𝑙𝑚

𝑆𝑓𝑖𝑙𝑚
= 𝛾 + 𝛾𝑠 + 𝑃𝑒ℎ𝑒 +

ℎ𝑠𝑒
2

2𝐾
+ ∫ Π(ℎ)𝑑ℎ,

∞

ℎ𝑒

 (4.4) 

 

where, 𝑃𝑒 = 𝑃𝑎𝑖𝑟 − 𝑃𝑙𝑖𝑞𝑢𝑖𝑑; 𝛾 and 𝛾𝑠 are liquid-vapour and solid-liquid interfacial tensions. This free energy 

should be subtracted from the free energy of the droplet on the deformable substrate, otherwise the excess 

free energy of the droplet is infinite. Hence, the excess free energy of the droplet on a deformable solid 

substrate is as follows: 

 

 
𝐹 − 𝐹𝑒,𝑓𝑖𝑙𝑚 = 𝛾∆𝑆 + 𝛾𝑠∆𝑆𝑠 + ∆𝑉 + 𝐹𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑓𝑜𝑟𝑐𝑒𝑠 + 𝐹𝑑𝑒𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛, 

(4.5) 

 

 

where ∆ means “as compared with a flat equilibrium film”.  

Eq. 4.5 can be rewritten as: 

 

 
𝐹 − 𝐹𝑒,𝑓𝑖𝑙𝑚 = ∫ 𝑓(ℎ, ℎ′, ℎ𝑠 , ℎ

′
𝑠)𝑑𝑥

∞

0

, (4.6) 

 

where  
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𝑓(ℎ, ℎ′, ℎ𝑠, ℎ
′
𝑠) =

[
 
 
 
 
 𝛾 (√1 + ℎ

′2(𝑥) − 1) + 𝛾𝑠 (√1 + ℎ𝑠′2(𝑥) − 1) +

𝑃𝑒(ℎ − ℎ𝑠) − 𝑃𝑒ℎ𝑒 + 
ℎ𝑠
2

2𝐾
−
ℎ𝑠𝑒
2

2𝐾

+∫ Π(ℎ)𝑑ℎ
∞

ℎ−ℎ𝑠

−∫ Π(ℎ)𝑑ℎ
∞

ℎ𝑒 ]
 
 
 
 
 

. (4.7) 

 

In above equations 𝑥 is the length along the tangential direction. The expression under the integral in Eq. 4.6 

tends to zero as 𝑥  tends to infinity. 

Under equilibrium conditions the excess free energy (Eq. 4.6) should reach the minimum value. To satisfy 

this condition the first variation of the excess free energy should vanish, which results in two Euler equations 

for profiles of both the droplet and deformable substrate: 

 

 𝑑

𝑑𝑥
(
𝜕𝑓

𝜕ℎ′
) −

𝜕𝑓

𝜕ℎ
= 0, (4.8) 

   

   

 𝑑

𝑑𝑥
(
𝜕𝑓

𝜕ℎ𝑠′
) −

𝜕𝑓

𝜕ℎ𝑠
= 0. (4.9) 

 

Therefore, profile of the droplet, ℎ(𝑥), and profile of the substrate, ℎ𝑠(𝑥), satisfy the following set of 

equations according to Ref. (63) with a simplifying assumption that the substrate surface tension, 𝛾𝑠, is 

neglected gives: 

 

 
𝛾 (

ℎ′′

(1 + ℎ′2)3/2
) + Π(ℎ − ℎ𝑠) = 𝑃𝑒 , (4.10) 

   

 
Π(ℎ − ℎ𝑠) +

ℎ𝑠
𝐾
= 𝑃𝑒 . (4.11) 

 

Variable ℎ and its derivatives, ℎ′ and ℎ′′ are all functions of 𝑥 coordinate. Eq. 4.10 is substantially different 

from the usual capillary equation for the droplet profile on a rigid substrate(53) because now the disjoining 

pressure term, Π(ℎ − ℎ𝑠), in Eq. 4.10 depends on the profile of the deformable substrate, ℎ𝑠(𝑥), which is 

determined by the Eq. 4.11 . Note, the value of Pe, is determined by the value of the oversaturated pressure 

in the ambient air. 

 

Theory and model for hysteresis of contact angle on deformable substrate 
 

In this section, non-equilibrium (quasi-equilibrium) states of a droplet on a soft substrate are considered for 

calculation of static advancing/receding contact angles. In this case, the droplet volume is imposed externally 

and can be varied externally (pumping the liquid in or out). The droplet will instantaneously start moving 

microscopically if  𝑃 ≠ 𝑃𝑒  , because in this scenario excess pressure is different from its value at 

equilibrium(76). If the pressure inside the droplet is increased, then the droplet will start to move. All process 

can be subdivided into “slow microscopic” and “fast macroscopic” processes. Change of the drop curvature 
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Figure 4. 1: Schematic of a droplet on a solid non-deformable substrate (A) and soft/deformable substrate (B) at the 

moment before advancing begins. 1- quasi-equilibrium part of the droplet; 2- inflection point, where the slope becomes 

vertical; 3- flow zone; 4- equilibrium thin liquid film in front;  𝒉𝟑 is the thickness at the critical point. Close to the 

marked point a dashed line shows the profile of the transition zone just after the contact angle reaches the critical 

value 𝜽𝒂 and advancing starts as a caterpillar motion (see explanations in the text) Source:(64)    

 

 

Figure 4. 2:Schematic of a droplet on a solid non-deformable substrate (A) and soft/deformable substrate (B) at the 

moment before receding begins. 1- quasi-equilibrium part of the droplet; 2- inflection point, where the slope becomes 

vertical; 3- flow zone; 4- equilibrium thin liquid film in front;  ℎ4 is the thickness at the critical point. Close to the 

marked point a dashed line shows the profile of the transition zone just after the contact angle reaches the critical 

value 𝜃𝑟 and receding starts (see explanations in the text). Source:(64)    
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Earlier, the theory of advancing and receding contact angles was developed in the case of smooth 

homogeneous non-deformable substrates (76). It was shown in (76) that there exist “dangerous” points on 

the profiles of the advancing and receding droplets, which are inflection points with a thickness ℎ3 ( Figure 

4.1A), in case of advancing droplet and thickness ℎ4 (Figure 4.2A), in case of receding droplets. At some 

critical pressure, 𝑃𝑎, the slope becomes infinite at the critical point (Figure 4.1), the droplet cannot remain in 

the state of slow “microscopic” motion and starts “macroscopic” motion. That means, for the case of 

advancing droplets, “dangerous” point, ℎ3, is the moment when advancing starts, should be satisfied two the 

following conditions: 

 

 ℎ′′ = 0, ℎ′ = −∞, 𝑎𝑡  ℎ = ℎ3.   (4.12) 

   

 

Similarly, the slope decreases with increase in excess pressure in the case of receding around a critical point 

(Figure 4.2). At some critical pressure, 𝑃𝑟, the slope becomes zero at the critical point, the droplet cannot 

remain in the state of slow “microscopic” motion and starts “macroscopic” motion. That means that the 

“dangerous” point, ℎ4, is the moment when receding starts, should be satisfied two the following conditions: 

 

 ℎ′′ = 0, ℎ′ = 0, 𝑎𝑡  ℎ = ℎ4. (4.13) 

   

 

Even under simplifying assumptions adopted above, the system of Eqs. 4.10 and 4.11 is coupled and can be 

solved numerically only. It is the reason why a simplified disjoining pressure isotherm (piecewise linear 

function of ℎ) is adopted below (see Figure 4.3) to simplify the system of Eqs. 4.10-4.11 further and to obtain 

an analytical solution: 

 

 

Π(ℎ) =

{
 
 

 
 
𝑎(𝑡0 − ℎ)            0 ≤ ℎ ≤ 𝑡1  

𝑏(ℎ − 𝑡2)            𝑡1 ≤ ℎ ≤ 𝑡3
𝑐(𝑡4 − ℎ)            𝑡3 ≤ ℎ ≤ 𝑡5
𝑑(ℎ − 𝑡6)            𝑡5 ≤ ℎ ≤ 𝑡6

0                  ℎ > 𝑡6 

, (4.14) 
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Figure 4. 3:Simplified disjoining pressure isotherms adopted for calculations below. Part a is referred to as thin 𝛼-

films, Part c is referred to as thick 𝛽-films. Source:(64)    

 

Disjoining pressure isotherm has four regions namely, 0 ≤ ℎ ≤ 𝑡1, 𝑡1 ≤ ℎ ≤ 𝑡3, 𝑡3 ≤ ℎ ≤ 𝑡5 and 𝑡5 ≤ ℎ ≤

𝑡6. Schematic plot of the adopted disjoining pressure isotherm is presented in Figure 4.3. Symbols 𝑎, 𝑏, 𝑐 and 

𝑑 are used below for slope of linear parts of isotherms inside corresponding zones. Hence,  𝑎 is the slope of 

the linear function in the region ℎ𝑒 ≤ ℎ ≤ 𝑡1 given by: 

 

 
𝑎 =

𝑃1 − 𝑃2
𝑡1

=
𝑃1 − 𝑃𝑒
ℎ𝑒

, (4.15) 

 

𝑏 is the slope of the linear function in the region 𝑡1 ≤ ℎ ≤ 𝑡3 given by: 

 

 
𝑏 =

𝑃3 − 𝑃2
𝑡3 − 𝑡1

, (4.16) 

 

and 𝑐 is the slope of the linear function in the region 𝑡3 ≤ ℎ ≤ 𝑡5 given by: 

 

 
𝑐 =

𝑃3
𝑡4 − 𝑡3

. (4.17) 

 

and 𝑑 is the slope of the linear function in the region 𝑡5 ≤ ℎ ≤ 𝑡6 given by: 

 

 
𝑑 =

𝑃4
𝑡5 − 𝑡6

. (4.18) 
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The selected piecewise linear dependency of the disjoining pressure isotherm Π(ℎ) on ℎ (see Eq. 4.14) 

captures the essential properties of the disjoining pressure isotherm: (i) it satisfies the stability condition, 

Π′(ℎ) < 0 when 0 ≤ ℎ ≤ 𝑡1  (𝛼-films (53) and 𝑡3 < ℎ < 𝑡5 (𝛽-films(53)); (ii) it corresponds to the partial 

wetting case at the proper selection of the parameters; (iii) the influence of surface forces is short ranged and 

radius of their influence is 𝑡6. All parameters of disjoining pressure presented in Fig. 4.3 are selected below 

to mimic, as much as possible, the isotherm used in  (76) for calculation of advancing/receding contact angles 

on smooth non-deformable substrate.  

In order to solve the system of Eqs. 4.10 and 4.11 subtract them, which results in: 

 

 
𝛾 (

ℎ′′

(1 + ℎ′2)3/2
) −

ℎ𝑠
𝐾
= 0. (4.19) 

   

 

Eq. 4.19 must be solved for four different transition regions where disjoining pressure is applicable, i.e., from 

ℎ𝑒 to 𝑡6. According to Eq. 4.19 the condition ℎ′′ = 0 is satisfied when ℎ𝑠 = 0 (at ℎ = ℎ3  𝑎𝑛𝑑  𝑃 = 𝑃𝑎 (for 

advancing droplet) and at ℎ = ℎ4 and 𝑃 = 𝑃𝑟 (for receding droplet). The “dangerous points” are located on 

the disjoining pressure isotherm in the region 𝑏 for advancing and region 𝑐 for receding droplet (see Figure 

4.3). Hence, it is possible to conclude: 

 

 
ℎ3 = 𝑡2 +

𝑃𝑎
𝑏
    and    ℎ4 = 𝑡4 −

𝑃𝑟
𝑐
. (4.20) 

   

 

Detailed derivation for advancing droplets are presented in Appendix. Derivation for receding droplets is 

not included to avoid repetitions.  

4.3 Results and Discussion  

The following table gives the physical properties used below for the disjoining pressure isotherm shown in 

Figure 4.3 for calculation of advancing/receding contact angles. The units used in this work allow a more 

suitable graphical representation of the results and are easily comparable with results presented in (76,115). 
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Table 4. 1: Disjoining pressure isotherm properties: Surface tension, 𝛾, Disjoining/Conjoining pressure isotherm 

parameters,  𝑃1, 𝑃2, 𝑃3, 𝑃4, 𝑡0, 𝑡1, 𝑡2, 𝑡3, 𝑡4, 𝑡5 and  𝑡6, slopes of the disjoining/conjoining pressure isotherm for 

different regions, 𝑎 , 𝑏 ,𝑐 and 𝑑 ,elasticity coefficient, 𝐾 , and volume of advancing droplet 𝑉𝑎, for calculations of 

advancing/receding contact angles. Source:(64)    

Physical Properties Isotherm 

Surface tension, 𝛾 72.00dyne/cm 

𝑃1 1.300 × 1013 dyne/cm2 

𝑃2 −4.450 × 108 dyne/cm2 

𝑃3 2.800 × 107 dyne/cm2 

𝑃4 −6.500 × 104 dyne/cm2 
𝑡0 𝑃1

𝑎
= 2.299 × 10−8 cm 

𝑡1 2.300 × 10−8 cm 

𝑡2 𝑡3 −
𝑃3

𝑏
= 2.083 × 10−7 cm 

𝑡3 2.200 × 10−7 cm 

𝑡4 3.000 × 10−6 cm 

𝑡5 3.007 × 10−6 cm 

𝑡6 2.000 × 10−5 cm 
𝑎 𝑃1−𝑃2

𝑡1
= 5.652 × 1020 dyne/cm3 

𝑏 𝑃3−𝑃2

𝑡3−𝑡1
= 2.401 × 1015 dyne/cm3 

𝑐 𝑃3

𝑡4−𝑡3
= 1.007 × 1013 dyne/cm3 

𝑑 𝑃4

𝑡5−𝑡6
= 3.825 × 109 dyne/cm3 

𝐾 2.000 × 10−16 cm3/dyne, i.e., 𝑏𝐾 < 1  

𝑉𝑎 1.000 × 10−2 cm2 

 

The values of the disjoining pressure isotherm mentioned in Table 4.1 are selected values to match the 

disjoining pressure isotherm used in Ref (76) and 1dyne=10-5N. These specific values are used so that the 

results can be  compared with those in Ref. (76)for non-deformable substrates.  

To begin with, volume of the advancing droplet is varied to investigate its effect on advancing contact angle 

for a non-deformable (𝐾 = 0 cm3/dyne) and deformable substrate (𝐾 = 2.000 × 10−16 cm3/dyne).The 

higher the initial volume of the droplet, 𝑉𝑎, the lower the value of 𝜃𝑎. The highest values of 𝜃𝑎 are found for 

droplets with small size, i.e. with a high excess pressure (𝛾/𝑅𝑎). The trend of 𝜃𝑎 variation with 𝑉𝑎 is in 

agreement with the results presented for advancing droplet on solid non-deformable substrate(76), i.e. a 

decreasing function. At 𝑉𝑎 ≈ 5 × 10
−9cm2 and 𝐾 = 0 cm3/dyne the current model predicts 𝜃𝑎 ≈ 57.78

o 

whereas from Ref (76) gives  𝜃𝑎 ≈ 57.43
o, which are in a very good agreement. Effect of increasing the 

elasticity of the substrate, i.e. 𝐾 = 2 × 10−16 cm3/dyne, results in overall decrease in the values of 𝜃𝑎 (see 
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the broken line in Figure 4.4). This shows that on a deformable substrate static advancing contact angle 

decreases as compared with a non-deformable substrate.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. 4: Effect of variation of droplet volume on static advancing contact angle. Source:(64)    

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. 5: Effect of variation of droplet volume on apparent receding contact angle. Source:(64)    

 



62 
 

Volume of the receding droplet is varied to investigate its effect on receding contact angle for a non-

deformable (𝐾 = 0 cm3/dyn) and deformable substrate (𝐾 = 2 × 10−16 cm3/dyn), see Figure 4.5. The higher 

the initial volume of the droplet, 𝑉𝑟, the lower the value of 𝜃𝑟. Highest values of 𝜃𝑟 are observed for droplets 

with small size, i.e. with a high excess pressure (𝛾/𝑅𝑟). The trend of 𝜃𝑟 variation with 𝑉𝑟 is a decreasing 

function and is in agreement with the results presented for advancing droplet on solid substrate (76). At 𝑉𝑎 ≈

5 × 10−9cm2 and 𝐾 = 0 cm3/dyn, model predicts 𝜃𝑟 ≈ 7.88
o whereas from Ref. (76)estimates 𝜃𝑟 ≈ 8.8

o. 

The difference is primarily due to the use of approximate values for piece-wise linear disjoining pressure 

isotherm. Effect of increasing the elasticity of the substrate, i.e. 𝐾 = 2 × 10−16 cm3/dyn, results in a very 

slight overall decrease in the values of 𝜃𝑟 (see red dotted line zoomed region in Figure 4.5) as compared with 

as corresponding non-deformable substrate. Therefore, it can be assumed that with a more deformable 

substrate apparent static receding contact angle is expected to decrease, but the decrease is very small at least 

according to the model used for deformable substrate.    

As calculated and shown in Figures 4.4 and 4.5, contact angle hysteresis on deformable substrates is lower 

than that on non-deformable substrates. A decreasing trend of hysteresis with increasing substrate elasticity 

has  been observed experimentally using  various experimental techniques(116,117). 

4.4 Conclusions 

Advancing and receding contact angles on smooth and homogeneous deformable substrate are theoretically 

investigated. Disjoining pressure action is taken into account in the vicinity of the three-phase contact line 

and Winkler’s model is used to account for the elasticity of the deformable substrate. It is demonstrated that 

advancing and receding contact angle of a droplet on smooth, homogeneous deformable substrate depend 

upon the droplet volume, and elasticity of the substrate. For deformable substrate calculated advancing 

contact angle is lower than advancing contact angle on the corresponding non-deformable substrate. Increase 

in volume of the droplet causes the advancing contact angle to reduce. For deformable substrate, estimated 

receding contact angle is less than receding contact angle on a non-deformable substrate, but the decrease is 

very small. Both advancing and receding contact angles decrease with increasing substrate elasticity. 

Hysteresis of contact angle was proven to be lower for deformable substrates than that for non-deformable, 

which has been previously proven experimentally on various polymer substrates (116,117). 

 

Nomenclature 4 
𝑎, 𝑏, 𝑐, 𝑑 − Slopes of different regions of disjoining/conjoining pressure isotherm 

defined in Figure 4.3 

𝛼 − 𝛼 −film 

𝛽 − 𝛽 −film 

𝐹   Excess free energy 

𝐹𝑒,𝑓𝑖𝑙𝑚 − Excess free energy of the equilibrium thin film on the deformed solid 

𝛾 − Surface tension of the fluid 

𝛾𝑠 − Surface tension of the substrate 

𝐻 − Apex of the droplet 

𝐻𝑎 − Apex of the advancing droplet 

𝐻𝑟 − Apex of the receding droplet 

ℎ − Film thickness, equilibrium liquid profile, droplet height 

ℎ𝑒 − Stable equilibrium film thickness 

ℎ𝑠 − Local deformation of the substrate 

ℎ𝑠𝑒 − Local deformation of the substrate under the action of the ambient pressure  

ℎ3 − Thickness in the critical point for advancing droplet 
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ℎ4 − Thickness in the critical point for receding droplet 

𝐾 − Elasticity coefficient 

𝑙 − Characteristic length 

𝜇 − Dynamic viscosity 

𝑃 − Non-equilibrium pressure, applied pressure from a droplet to its substrate 

𝑃𝑎𝑖𝑟 − Pressure in the ambient air 

𝑃𝑒 − Equilibrium excess pressure 

𝑃𝑎 − Advancing pressure 

𝑃𝑟 − Receding pressure 

𝑝 − Vapour pressure 

𝑝𝑠𝑎𝑡 − Saturated vapour pressure 

Π(ℎ) − Disjoining pressure isotherm 

𝑄 − Flow rate 

𝑅 − Radius of curvature of the droplet 

𝑅𝑎  − Radius of curvature of the advancing droplet 

𝑅𝑔 − Gas constant 

𝑅𝑟 − Radius of curvature of the receding droplet 

𝑆 − Area of the liquid-air interface 

𝑆𝑠 − Area of the solid-liquid interface 

𝑇 − Temperature 

𝑡0, 𝑡1, 𝑡2, 𝑡3, 𝑡4, 𝑡5, 𝑡6   − Parameters of disjoining/conjoining pressure isotherm defined in Figure 4.3 

𝜃𝑒 − Equilibrium contact angle 

𝜃𝑎 − Advancing contact angle 

𝜃𝑟 − Receding contact angle 

𝑉 − Volume of the fluid 

𝑉𝑎 − Volume of the advancing droplet 

𝑉𝑟 − Volume of the receding droplet 

𝑣𝑚 − Molar volume of the liquid 

𝑥 − Co-ordinate in the tangential direction  
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Appendix 4A 

For advancing contact angle 
To avoid repetition, detailed derivation for the disjoining pressure isotherm (Figure 4.3) is presented 

below. Governing equations from Eqs. 4.10 and 4.11 can be rewritten now as: 

 

 
𝛾 (

ℎ′′

(1 + ℎ′2)3/2
) + Π(ℎ − ℎ𝑠) = 𝑃𝑎 , (4Α.1) 

   

 
Π(ℎ − ℎ𝑠) +

ℎ𝑠
𝐾
= 𝑃𝑎 . (4Α.2) 

 

For the bulk of the liquid droplet, i.e. the spherical region, we have, ℎ > 𝑡6. For this condition, from Figure 

4.3 it can be seen that  Π(ℎ) = 0 which changes Eq. 4A.1 into, 

 

 
𝛾 (

ℎ′′

(1 + ℎ′2)3/2
) = 𝑃𝑎 , (4Α.3) 

 

which can be integrated once to give,  

 

 𝛾

√1 + ℎ′2
= 𝛾 + 𝑃𝑎(𝐻𝑎 − ℎ), (4Α.4) 

 

where 𝐻𝑎 is the height of the droplet at the origin, 𝑥 = 0. The solution of the differential equation in Eq. 

4A.4 is, 

 

 

ℎ(𝑥) =
𝛾

𝑃𝑎
[1 +

𝑃𝑎𝐻𝑎
𝛾

− √1 − (
𝑃𝑎𝑥

𝛾
)
2

]. (4Α.5) 

 

The intersection of this profile with the substrate describes the three-phase contact line which consequently 

determines macroscopic advancing contact angle ℎ′(0) = − tan𝜃𝑎. Using this condition and Eq. 4A.4 is 

used to estimate 𝜃𝑎, 

 

 
𝜃𝑎 = cos

−1 (
𝑃𝑎𝐻𝑎
𝛾

+ 1)  (4Α.6) 

 

For the bulk of the liquid droplet, i.e. the spherical region we have, ℎ − ℎ𝑠 > 𝑡6. For this condition, from 

Eq. 4.14 it can be seen that  Π(ℎ) = 0 which changes Eq. 4A.2 into: 
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 ℎ𝑠 = 𝐾𝑃𝑎 . (4Α.7) 

 

From Eqs. 4.14 and 4A.2, ℎ𝑠 is evaluated for the different regions of the disjoining pressure isotherm, 

 

 
ℎ𝑠 =

𝐾(𝑃𝑎 + 𝑏𝑡2 − 𝑏ℎ)

1 − 𝑏𝐾
   for     𝑡1 ≤ ℎ ≤ 𝑡3, (4Α.8) 

 

and 

  

 
ℎ𝑠 =

𝐾(𝑃𝑎 − 𝑐𝑡4 + 𝑐ℎ)

1 + 𝑐𝐾
   for     𝑡3 ≤ ℎ ≤ 𝑡5. (4Α.9) 

 

and 

  

 
ℎ𝑠 =

𝐾(𝑃𝑎 + 𝑑𝑡6 − 𝑑ℎ)

1 − 𝑑𝐾
   for     𝑡5 ≤ ℎ ≤ 𝑡6. (4Α.10) 

 

 

It is necessary to note here that regions of interest for the advancing contact angle are reduced to three 

regions: 𝑡1 ≤ ℎ ≤ 𝑡3, 𝑡3 ≤ ℎ ≤ 𝑡5 and 𝑡5 ≤ ℎ ≤ 𝑡6. In a similar method of solution, integrate Eq. 4.19 with 

respect to ℎ for the disjoining pressure isotherm region 𝑡1 ≤ ℎ ≤ 𝑡3 results in, 

 

 1

√1 + ℎ′2
= 𝐶2,𝑎 +

𝑏

2𝛾(1 − 𝑏𝐾)
ℎ2 −

(𝑃𝑎 + 𝑏𝑡2)

𝛾(1 − 𝑏𝐾)
ℎ,  (4Α.11) 

 

where 𝐶2,𝑎 is the integration constant. For the disjoining pressure isotherm region 𝑡3 ≤ ℎ ≤ 𝑡5 integrate Eq. 

4.19 with respect to ℎ, 

 

 1

√1 + ℎ′2
= 𝐶3,𝑎 −

𝑐

2𝛾(1 + 𝑐𝐾)
ℎ2 −

(𝑃𝑎 − 𝑐𝑡4)

𝛾(1 + 𝑐𝐾)
ℎ,  (4Α.12) 

 

where 𝐶3,𝑎 is the integration constant. For the disjoining pressure isotherm region 𝑡5 ≤ ℎ ≤ 𝑡6 integrate Eq. 

4.19 with respect to ℎ, 

 

 1

√1 + ℎ′2
= 𝐶4,𝑎 +

𝑑

2𝛾(1 − 𝑑𝐾)
ℎ2 −

(𝑃𝑎 + 𝑑𝑡6)

𝛾(1 − 𝑑𝐾)
ℎ,  (4Α.13) 
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where 𝐶4,𝑎 is the integration constant. Let 𝑥 = 𝐿6,𝑎 be the position, where the total thickness of the liquid 

film is equal to the radius of disjoining pressure action, that is at 𝑥 = 𝐿6,𝑎,  ℎ(𝐿6,𝑎) − ℎ𝑠(𝐿6,𝑎) = 𝑡6. Then 

from Eq. 4A.7 and this boundary condition: 

 

 ℎ(𝐿6,𝑎) = 𝑡6 + 𝐾𝑃𝑎. (4Α.14) 

 

From Eq. 4A.5 ℎ(𝐿6,𝑎) is equal to: 

 

 

ℎ(𝐿6,𝑎) =
𝛾

𝑃𝑎
[1 +

𝑃𝑎𝐻𝑎
𝛾

− √1 − (
𝑃𝑎𝐿6,𝑎
𝛾

)
2

]. (4Α.15) 

   

 

According to equations 4A.14 and 4A.15 the thickness of both sides must be equal. This allows 

determining: 

 

 

𝐿6,𝑎 = √(
𝛾

𝑃𝑎
)
2

− (𝑡6 + 𝐾𝑃𝑎 −
𝛾

𝑃𝑎
− 𝐻𝑎)

2

. (4Α.16) 

 

Let 𝑥 = 𝐿𝑎 be the position, where the spherical profile intersects initial non-deformed surface, hence, at 

𝑥 = 𝐿𝑎, ℎ(𝐿𝑎) = 0. For this condition evaluate for 𝐿𝑎 gives: 

 

 

𝐿𝑎 = √(
𝛾

𝑃𝑎
)
2

− (
𝛾

𝑃𝑎
+ 𝐻𝑎)

2

. (4Α.17) 

 

Boundary conditions are, 

 

  At ℎ = ℎ3,           ℎ
′ = −∞, from Ref. (76), 

At ℎ = 𝑡3,           ℎ𝑐
′ = ℎ𝑏

′  and ℎ𝑐 = ℎ𝑏, 

At ℎ = 𝑡5,           ℎ𝑐
′ = ℎ𝑑

′  and ℎ𝑐 = ℎ𝑑. 

 

 

Where subscripts only point to different regions on the disjoining pressure isotherm plotted in Figure 4.3. 

Using the above boundary conditions, unknowns 𝐿4,𝑎, 𝐿𝑎, 𝐶2,𝑎, 𝐶3,𝑎  and 𝐶4,𝑎 can be evaluated. Volume of 

the advancing droplet, 𝑉𝑎,  is fixed. Therefore, 
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𝑉𝑎 = 2{𝐿𝑎 (𝐻𝑎 +
𝛾

𝑃𝑎
− 𝐾𝑃𝑎)

−
1

2
[−𝐿𝑎√(

𝛾

𝑃𝑎
)
2

− 𝐿𝑎2 + (
𝛾

𝑃𝑎
)
2

sin−1 (
𝐿𝑎𝑃𝑎
𝛾
)  ]} 

(4Α.18) 
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CHAPTER 5 

Foam drainage placed on a thin porous layer 
 

Overview 
 

In chapters 3 and 4 wetting phenomena (equilibrium conditions and static hysteresis of contact angle) of 

droplets on deformable substrates were theoretically investigated. Below the research is focused in 

investigating the process of foam drainage and imbibition of foam placed on thin porous layer both 

theoretically and experimentally. In this study a theory of foam drainage (taking into account surface 

viscosity) placed on a completely wettable thin porous layer is developed and the kinetics of foam drainage 

and imbibition inside the porous layer and other characteristics of the process are predicted and compared 

with experimental observations. The results of investigations were published in Soft Matter, and reused in 

this chapter with permission from corresponding author, Professor Victor M. 

Starov(v.m.starov@lboro.ac.uk).   

Following a recently developed theory of foam drainage placed on a thick porous substrate presented in(19), 

in this Chapter , section 5.2 is devoted in developing a modified theory to the case of the foam drainage 

placed on a thin porous layer for foam produced from a Newtonian surfactant in a column of height 𝐻 placed 

on a thin porous substrate. The flow of liquid is assumed to occur only inside Plateau borders and flow 

through films and nodes is neglected. The theoretical model derived is able to describe drainage kinetics and 

the action of surface viscosity is taken into consideration. Boundary conditions of the foam/porous layer 

interface are discussed in section 5.2.3 and the equilibrium profile of the liquid content is presented in 5.2.4 

in the case when gravity and capillarity forces equilibrate at the foam/porous layer interface. Experimental 

procedure is described in section 5.3 and Section 5.4 presents a comparison between experimental 

measurements and model predictions.  

5.1 Introduction 
Foams  are a special type of colloidal dispersion consisting of both liquids and bubbles stabilised by 

surfactants and/or polymers(118–122). Foams have a wide range of domestic and industrial applications as 

intermediate or final products. The list of possible applications is inexhaustible and includes oil recovery and 

refining process (122), food, pharmacy, and personal care products, acoustic thermal insulation, packaging 

solutions and constituents of structural foam materials(123). The foam structure was initially described by 

Joseph Plateau in 1873 (124). Gas bubbles are separated by thin liquid films titled lamella. The three lamella 

meet at 120o angles, and the border between three bubbles is referred to as Plateau border(122). 

Surfactants/polymers (foaming agents) are incorporated into foams to reduce surface tension, increase 

interfacial area and increase the stability of the liquid films between bubbles. The stability of foams is 

determined by both bulk and interfacial properties, i.e. gravity and capillarity, as well as elasticity of the 

interfaces, liquid viscosity and density, and surface forces in thin films(122). 

Foam structure has been previously sufficiently investigated and researchers have recently shown increasing 

interest in liquid flow dynamics in foams(125–133). The liquid flow between the gas bubbles, driven by 

capillarity and gravity forces, is known as drainage and it goes through both Plateau borders and nods. As 

liquid drains due to the applied local forces, i.e. gravity and capillarity within the foam, it causes alterations 

in the local liquid volume fraction. When these forces counter-balance each other, the steady-state is reached. 

Usually flow inside Plateau borders is assumed to be predominant(85,125) for sufficiently dry foams (the 

liquid volume fraction below ~0.12), while flow through nodes dominates for a sufficiently wet foams (the 
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liquid volume fraction above ~0.12) and flow in thin films can be usually ignored. Below in our experiments 

the initial liquid volume fraction was selected as 0.08, that is below the critical value, that is, we consider an 

approximation then the drainage is supposed to be dominated by the flow inside Plateau borders. That is, the 

liquid volume fraction is low enough, and, hence, the flow in the nods is not taken into account. This applies 

for most part of the foam investigated in our experiments during drainage except for a small region at the 

bottom of the foam in cases we have formation of a free liquid layer between the foam and the porous layer.  

Usually two different scenarios for boundary condition at liquid-air interface are used: (i) Poiseuille flow 

(non-slip condition) which states that the fluid velocity at the wall of Plateau borders is equal to zero and 

implies a strong viscous dissipations(134) or (ii) a plug flow (free slip condition) where there is no 

hydrodynamic resistance to the flow in Plateau borders(125). Below the following assumptions are adopted: 

(a) the main part of the liquid volume is located inside Plateau borders and dry foam approximation is used 

for the drainage equations; (b) surface viscosity is taken into account, which results in an “effective slip” at 

the liquid-air interface.  

Studies of drainage are of a great industrial interest and multiple theories have been developed over the last 

decades to describe the drainage (123,135). Drainage equations have been solved for various situations. 

Examples include free drainage(31,32,90), wetting of a dry foam(37,136), forced drainage (33,34,137)and 

pulse drainage (33,123). Foams are ideal products for the delivery of topical active agents such as 

corticosteroids, antibacterial, local anaesthetic agents, skin protectants and antiviral agents entailing 

effective, elegant and appealing vehicles for dermatological applications(8). Foams are more easily 

applicable than conventional products such as gels and creams, they have enhanced spreading behaviour and 

increasing patient compliance for several conditions such as psoriasis, eczema and atopic 

dermatitis(9,10,28,29,138). Foams for pharmaceutical and topical use are in general produced with the 

‘sudden pressure reduction’ method(79). Pressurised foams are also efficient dispersal systems for the 

delivery of pharmaceutical active components incorporated into nanoparticles. In this case, foam collapse on 

a topical substrate causing the active agents to concentrate braking down nanoparticles and leading to a 

potential drug release(80,81). 

The kinetics of topical drug delivery can be altered by changing the physical properties of the foam. That is 

why there is an increasing interest in liquid drainage of foams on porous media(19,98,139). The desired 

properties depend upon the porous material, which the foam was being applied to.  

Below drainage of foams placed on thin porous substrate is investigated. In this case drainage process is a 

combination of a drainage caused by gravity/capillary action inside foam and a capillary suction applied by 

the pores from the porous substrate. Theory and calculations of foam drainage placed on a “thick” porous 

substrate (with non-slip boundary conditions on the liquid-air interfaces)  has been for the first time 

investigated in (98)and it was shown that, under certain conditions, a free liquid layer can form at the 

foam/porous substrate interface (19). Unfortunately, it is difficult to investigate experimentally the rate of 

penetration and the wetted volume inside a thick porous substrate in contact with foams. However, it is very 

straightforward to measure rate of penetration and wetted area in the case of contact of a foam with a thin 

porous layer. The latter case is investigated below.   

The aim of the present study is to develop a theory of foam drainage placed on a thin porous substrate taking 

into account the presence of surface viscosity on the liquid-air interfaces and decrease of the foam height in 

the course of drainage/imbibition. This process is a model of drug delivery of foam placed on a skin or on a 

hair. The developed theory is compared with experimental measurements of foam drainage placed on thin 

porous substrates. 
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Figure 5. 2 :Schematic representation of a generalized foam system formed of gas bubbles with average radius of 𝑅𝑏 

in a continuous liquid phase. The connection of three lamellae is referred to as Plateau border (concave triangles) of 

radius 𝑅𝑝𝑏, being the radius of curvature of the sides. Source:(40)  

 

𝑃𝑐 =
𝛾

𝑅𝑝𝑏
, (5.8) 

 

where 𝑃𝑐 is the capillary pressure and  𝛾 the liquid-air interfacial tension. 

According to (37): 

 

𝐶2
2𝑅𝑝𝑏

2 = 𝐶1𝑅𝑏
2

𝜑

(1 − 𝜑)
2
3

 (5.9) 

 

From Eqs. 5.7-5.9 the pressure in the Plateau border is 

 

𝑃𝑝𝑏(𝑧, 𝑡) = 𝑃𝑏 − 𝑃𝑐 = 𝑃𝑎 +
𝛾

𝑅𝑏
(4 −

𝐶2

𝐶1

1
2

(1 − 𝜑(𝑧, 𝑡))
1
3

𝜑(𝑧, 𝑡)
1
2

). (5.10) 
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Let us introduce 𝑃𝑝𝑚as the mean capillary pressure inside capillaries inside the porous layer, which can be 

estimated by 𝑃𝑝𝑚 ~
𝑛𝛾

𝑅𝑝𝑚
, where 𝑅𝑝𝑚 is radius of pores, 𝑛 = 1 in the case of porous media built by cylinders 

(for example, hair) and 𝑛 = 2 in the case of two-dimensional geometry. Accordingly, the pressure difference, 

which results in the liquid flow from the Plateau borders into the porous layer at the foam/porous layer 

interface, is: 
     

 

𝛥𝑃 = 𝑃𝑝𝑏 − 𝑃𝑝𝑚 =
𝛾

𝑅𝑏
(4 −

𝐶2

𝐶1

1
2

(1 − 𝜑(𝑧 = 𝐻2, 𝑡))
1
3

𝜑(𝑧 = 𝐻2, 𝑡)
1
2

) +
𝑛𝛾

𝑅𝑝𝑚
. (5.11) 

 

If  𝛥𝑃 > 0, then liquid from the Plateau border will penetrate the porous layer. However, if 𝛥𝑃 < 0, then 

penetration will stop. Let us introduce the final liquid content, 𝜑𝑓, as the liquid volume fraction at the 

foam/porous layer interface at which the pressure inside the Plateau channels and the pressure inside the 

porous layer equilibrate. The consideration above and Eq. 5.11 determine the end of the drainage process 

and the final liquid content at the foam/porous substrate interface, 𝜑𝑓 , when 𝛥𝑃 = 0: 

 

𝛾

𝑅𝑏
(4 −

𝐶2

𝐶1

1
2

(1 − 𝜑(𝐻2, 𝑡))
1
3

𝜑(𝐻2, 𝑡)
1
2

) +
𝑛𝛾

𝑅𝑝𝑚
= 0. (5.12) 

 

Hence, 

𝜑𝑓

(1 − 𝜑𝑓)
2
3

=
(
𝐶2
2

16𝐶1
)

(1 +
𝑛𝑅𝑏
4𝑅𝑝𝑚

)
2 (5.13) 

 

If we introduce 𝛼 as a ratio of capillary pressure in the porous layer to capillary pressure in the bubbles: 

 

𝛼 =
𝛥𝑃𝑐𝑎𝑝𝑖𝑛 𝑠𝑢𝑏𝑠𝑡𝑟𝑎𝑡𝑒

𝛥𝑃𝑐𝑎𝑝𝑖𝑛 𝑏𝑢𝑏𝑏𝑙𝑒𝑠
=

𝑛𝛾
𝑅𝑝𝑚
4𝛾
𝑅𝑏

=
𝑛𝑅𝑏
4𝑅𝑝𝑚

 (5.14) 

 

 and taking into account that  𝜑𝑓 << 1 then, Eq. 5.13 can be rewritten as: 
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𝜑𝑓 =
(
𝐶2
2

16𝐶1
)

(1 + 𝛼)2
 

(5.15) 

 

According to the definition 𝜑𝑓 =
(
𝐶2
2

16𝐶1
)

(1+
2𝑅𝑏
4𝑅𝑝𝑚

)
2 < 𝜑𝑚𝑎𝑥 or [

(
𝐶2
2

16𝐶1
)

𝜑𝑚𝑎𝑥
]

−
1

2

< (1 +
2𝑅𝑏

4𝑅𝑝𝑚
). Estimations show that at 

𝐶2
2~0.161, 𝐶1 =

4𝜋

(3𝑛𝑝𝛿)
~0.378 − 0.972, and  𝜑𝑚𝑎𝑥 = 0.26 : [

(
𝐶2
2

16𝐶1
)

𝜑𝑚𝑎𝑥
]

−
1

2

~0.2 − 0.32. The latter means that  

𝜑𝑓 < 𝜑𝑚𝑎𝑥 at any size of pores and foam bubbles. Hence, it cannot be the liquid film in the end of the 

drainage process (see below).  

Eq. 5.15 and the previous consideration shows that the drainage of foam placed on the porous substrates is 

substantially different from that in the case of free drainage or drainage of foam placed on a non-porous 

substrate: in the case of porous substrate the final concentration at the foam/porous substrate interface is 

much lower as compared with the case of free drainage, when this concentration reaches the maximum 

possible concentration.    

 

5.2.2 Liquid imbibition into porous layer 
 

It is assumed below, according to (139), that the porous layer is completely wettable by the liquid and thin 

enough and the time for its saturation in the vertical direction can be neglected relative to other time scales 

of the process (see (139) for more detailed definition of “thin” porous layer). 

The liquid flow inside the porous layer in the radial direction obeys the Darcy’s law: 

 

1

𝑟

𝑑

𝑑𝑟
(𝑟𝑣) = 0, 𝑣 =

𝐾𝑝

µ
|
𝑑𝑝

𝑑𝑟
|. (5.16) 

 

Solution of the latter equations is 

 

𝑝 = −(
µ

𝐾𝑝
) ln( 𝑟) + 𝐸,     𝑣 =

𝐹

𝑟
 (5.17) 

 

where 𝐸 and 𝐹 are integration constants, which should be determined using the boundary conditions for the 

pressure at the column edge, 𝑟 = 𝑅𝑐, and at the circular edge of the wetted region inside the porous layer, 

𝑟 = 𝑅(𝑡)  (139). 

The boundary condition at the circular edge of the wetted region inside the porous layer is expressed as: 
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𝑃 = 𝑃𝑎 − 𝑃𝑝𝑚,   𝑟 = 𝑅(𝑡), (5.18) 

 

where 𝑃𝑝𝑚 ≈ 
𝑛𝛾

𝑅𝑝𝑚
 is the capillary pressure inside the pores of the porous layer, and 𝑅𝑝𝑚 is a characteristic 

scale of the pore radii inside the porous layer.   

The other boundary condition is written as: 

 

𝑃 = 𝑃𝑎 +
𝛾

𝑅𝑏
(4 −

𝐶2

𝐶1

1
2

(1 − 𝜑(𝐻2, 𝑡))
1
3

𝜑(𝐻2, 𝑡)
1
2

) ,     𝑟 = 𝑅𝑐. (5.19) 

 

Using the latter two boundary conditions, both integration constants, E and F, can be determined, which 

gives the following expression for the radial velocity according to Eq. 5.17: 

 

𝑣 =
𝐾𝑝

µ

𝛥𝑃

𝑟 ln (
𝑅
𝑅𝑐
)
, 

(5.20) 

 

where 𝛥𝑃 is given by Eq. 5.11. 

The velocity at the circular edge of the wetted region inside the porous layer is: 

 

𝜀
𝑑𝑅

𝑑𝑡
= 𝑣|𝑟=𝑅 (5.21) 

 

where 𝜀 is the porosity of porous layer. Combination of the latter two equations gives the evolution equation 

for 𝑅(𝑡): 

 

𝑑𝑅

𝑑𝑡
=
𝐾𝑝

𝜀µ

𝛥𝑃

𝑅 ln (
𝑅
𝑅𝑐
)
 

(5.22) 

 

Let us introduce the following dimensionless variables: 𝑙 →
𝑅

𝑅0
, 𝜏 →

𝑡

𝑡0
 where 𝑡0 is defined by Eq. 5.4 and 

𝑅0 is the characteristic radius of wetted area of the porous layer, which is defined as: 

 

𝑅0 = √
4𝛾𝐾𝑝𝑡0

µ𝑅𝑏𝜀
(1 + 𝛼) (5.23) 
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Now Eq. 5.22 can be rewritten as:  

 

𝑑𝑙

𝑑𝜏
=

1

𝑙 ln
𝑙
𝑙𝑐

(

 
 
 
 
 

1 −

√
(1 − 𝜑 (𝜁 =

𝐻2
𝑧0
, 𝜏))

(1 − 𝜑𝑓)

3

√
𝜑 (𝜁 =

𝐻2
𝑧0
, 𝜏)

𝜑𝑓 )

 
 
 
 
 

 (5.24) 

where 

𝜁𝛥

𝑙𝑐 = 𝑅𝑐/𝑅𝑜

 

with initial condition 𝑙(0) = 𝑙𝑐 

 

5.2.3 Boundary conditions at the foam/porous layer interface 

No free liquid layer formation 

 

In our previous publication(19),  it was assumed that the height of the foam remains constant during the 

contact with the vertical porous substrate and it was possible to neglected the small changes in the foam 

height which occurs due to the drainage of the foam. The latter was a consequence of the assumption of non-

slip boundary conditions on the surfaces of Plateau borders and because penetration of the liquid into the 

vertical thick porous medium was small enough. Situation is different in the case under consideration. That 

is, below the changes of the foam height due to the liquid drainage from the foam into the porous layer is 

taken into account. Let us consider a mass conservation law of liquid within the column and porous layer, in 

the case when the free liquid layer does not form at the foam/porous layer interface:  

 

𝜋𝑅𝑐
2( ∫ 𝜑(𝑧, 𝑡)𝑑𝑧

𝐻2

𝐻1(𝑡)

) + 𝜀𝛥𝜋𝑅2(𝑡) = 𝑉0 = 𝜋𝑅𝑐
2𝜑𝑖(𝐻2 − 𝐻1(0)) (5.25) 

 

Differentiating Eq. (5.25) with time results in: 

 

𝜋𝑅𝑐
2( ∫

𝑑

𝑑𝑡
𝜑(𝑧, 𝑡)𝑑𝑧 − 𝜑(𝐻1(𝑡), 𝑡)

𝑑𝐻1(𝑡)

𝑑𝑡

𝐻2

𝐻1(𝑡)

) + 2𝜀𝛥𝜋𝑅(𝑡)
𝑑𝑅(𝑡)

𝑑𝑡
= 0 (5.26) 

 

Using Eqs. 5.1 and 5.2 the latter equation can be rewritten as:  

 



78 
 

𝜋𝑅𝑐
2 (𝑄(𝐻1(𝑡)) − 𝑄(𝐻2) − 𝜑(𝐻1(𝑡), 𝑡)

𝑑𝐻1(𝑡)

𝑑𝑡
) + 2𝜀𝛥𝜋𝑅(𝑡)

𝑑𝑅(𝑡)

𝑑𝑡

= 0  

(5.27) 

 

In the case of no free liquid layer at the foam/porous layer interface, the bottom of the foam remains directly 

in contact with the porous layer and its position does not move during the drainage. Therefore, only the top 

of the foam can move because of the drainage. At the top of the foam there is no accumulation/source of 

liquid and, hence, 𝑄𝑓(𝐻1, 𝑡) = 0.  Let us introduce the flux of the liquid at the foam/porous layer interface 

as: 

  

𝑄𝑓(𝐻2, 𝑡) = 𝜋𝑅𝑐
2𝑄(𝐻2, 𝑡))

= 𝜋𝑅𝑐
2

(

 
 𝐶1

1
2𝜌𝑔

µ𝛽
𝑅𝑏
2

𝜑2(𝐻2, 𝑡)

(1 − 𝜑(𝐻2, 𝑡)
1
3

−
𝐶2𝛾

2µ𝛽
𝑅𝑏

𝜑
1
2(𝐻2, 𝑡)(1 − 𝜑(𝐻2, 𝑡)

3
(1 − 𝜑(𝐻2, 𝑡))

𝑑𝜑(𝐻2, 𝑡)

𝑑𝑧

)

 
 

 
(5.28) 

 

 

and the flux of the liquid inside the porous layer as: 

 

𝑄𝑝𝑚(𝑡) =
2𝜋𝛥𝐾𝑝

µ

(
𝛾
𝑅𝑏
(4 −

𝐶2

𝐶1

1
2

(1 − 𝜑(𝐻2, 𝑡))
1
3

𝜑(𝐻2, 𝑡)
1
2

) +
𝑛𝛾
𝑅𝑝𝑚

)

ln
𝑅
𝑅𝑐

  
(5.29) 

 

Hence, Eq. 5.27 can be rewritten as: 

 

𝑑𝐻1(𝑡)

𝑑𝑡
=  

1

𝜋𝑅𝑐2𝜑(𝐻1(𝑡), 𝑡)
(𝑄𝑝𝑚(𝑡) − 𝑄𝑓(𝐻2, 𝑡)) (5.30) 

 

Using dimensionless variables and co-ordinate as before: 𝜁 →
𝑍

𝑍0
, 𝑙 →

𝑅

𝑅0
, 𝜏 →  

𝑡

𝑡0
, Eq. 5.30 can be rewritten 

as: 
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The suggested system of Eqs. 5.5, 5.24 with boundary condition 5.36 at foam/porous layer interface is valid 

only when no free liquid layer is formed at foam/porous layer interface, i.e. if 𝜑(𝐻2, 𝑡) < 𝜑𝑚𝑎𝑥. In this case 

porous layer sucks all liquid coming from the foam and the top boundary of the foam moves downward due 

to liquid drainage inside the foam according to Eqs. 5.31 or 5.34. This case was referred to a fast or 

intermediate imbibition of the liquid into the porous layer (19,98). 

 

 Accumulation of a free liquid layer at the foam/porous substrate interface 
 

If the liquid volume fraction at foam/porous layer interface reaches the maximum value, 𝜑𝑚𝑎𝑥, at the moment 

𝑡 = 𝑡𝑚, the accumulation of a free liquid layer starts and a free liquid layer is formed in between the porous 

layer and the foam. It was shown above (see Eq. 5.15) that the final value of the liquid contents at the 

foam/porous layer interface, 𝜑𝑓,  is always less than the maximum possible value of the liquid contents, 

𝜑𝑚𝑎𝑥. The latter means that the presence of the free liquid layer in between the foam and the porous layer 

continues until the moment 𝑡 = 𝑡𝑀, when porous layer sucks the liquid above from the free liquid layer and 

again all liquid coming from the foam goes directly into the porous layer. Therefore, the boundary condition 

at the bottom of the foam is constant liquid volume fraction at 𝑡𝑚 < 𝑡 < 𝑡𝑀: 

 

𝜑(𝐻2, 𝑡) = 𝜑𝑚𝑎𝑥 (5.37) 

 

and in dimensionless form at 𝜏𝑚 < 𝜏 < 𝜏𝑀: 

 

𝜑(𝜁2, 𝜏) = 𝜑𝑚𝑎𝑥 (5.38) 

 

where 𝜑𝑚𝑎𝑥 = 0.26, 𝜏𝑚 =
𝑡𝑚

𝑡0
 and 𝜏𝑀 =

𝑡𝛭

𝑡0
. The boundary condition 5.37 or 5.38 is valid until the moment 

𝑡𝑀  and afterwards the conditions 5.35 and 5.36 are again satisfied.  

In the case of liquid accumulation at foam/porous layer interface, it is necessary to find the thickness of the 

liquid film in between the foam and the porous layer. For this purpose, let us consider a mass conservation 

law of liquid within the foam and the porous layer: 

  

𝜋𝑅𝑐
2 = ( ∫ 𝜙(𝑧, 𝑡)𝑑𝑧 + 𝐻 −𝐻2(𝑡)

𝐻2(𝑡)

𝐻1(𝑡)

) + 𝜀𝛥𝜋𝑅2(𝑡) = 𝑐𝑜𝑛𝑠. (5.39) 

 

It is assumed on this stage again that the liquid volume fraction at the top of the foam is higher than critical 

liquid volume fraction, 𝜑(𝐻1, 𝑡) > 𝜑𝑐𝑟, and, hence, 𝑄𝑓(𝐻1(𝑡), 𝑡) = 0.  

Differentiating Eq. 5.39 with time results in: 



82 
 

 

 

Substituting Eq. 5.1 leads to the following equation:  

 

(1 − 𝑅0𝑚𝑎𝑥)𝜋𝑅𝑐
2
𝑑𝐻2(𝑡)

𝑑𝑡
+ 𝜑(𝐻1(𝑡), 𝑡)𝜋𝑅𝑐

2
𝑑𝐻1(𝑡)

𝑑𝑡
= 𝑄𝑝𝑚(𝑡) − 𝑄𝑓(𝐻2(𝑡), 𝑡) 

(5.41) 

 

On the other hand, differentiation of a mass conservation law of the gas phase within the foam (see Eq. 5.32), 

where now 𝐻2(𝑡) is not constant any more) in the case of liquid accumulation, results in Eqs. 5.41 and 5.42 

(see below), which is a system of two linear equations in respect of two unknown 
𝑑𝐻1(𝑡)

𝑑𝑡
 and 

𝑑𝐻2(𝑡)

𝑑𝑡
. Solution 

of this system results in a system of two differential equations for the rate of moving boundaries at the bottom 

and the top of the foam: 

 

(1 − 𝜑𝑚𝑎𝑥)𝜋𝑅𝑐
2
𝑑𝐻2(𝑡)

𝑑𝑡
− (1 − 𝜑(𝐻1(𝑡), 𝑡))𝜋𝑅𝑐

2
𝑑𝐻1(𝑡)

𝑑𝑡
= −𝑄𝑓(𝐻2(𝑡), 𝑡) 

(5.42) 

  

𝑑𝐻2(𝑡)

𝑑𝑡
= −

𝑄𝑓(𝐻2(𝑡), 𝑡) − (1 − 𝜑(𝐻1(𝑡), 𝑡))𝑄𝑝𝑚(𝑡)

(1 − 𝜑𝑚𝑎𝑥)𝜋𝑅𝑐2
 (5.43) 

 

𝑑𝐻1(𝑡)

𝑑𝑡
=
𝑄𝑝𝑚(𝑡)

𝜋𝑅𝑐2
 (5.44) 

 

In dimensionless forms: 

 

𝜋𝑅𝑐
2 ( ∫

𝑑𝜑(𝑧, 𝑡)

𝑑𝑡
𝑑𝑧 + 𝜑𝑚𝑎𝑥

𝑑𝐻2(𝑡)

𝑑𝑡
− 𝜑(𝐻1(𝑡), 𝑡)

𝑑𝐻1(𝑡)

𝑑𝑡
−
𝑑𝐻2(𝑡)

𝑑𝑡

𝐻2(𝑡)

𝐻1(𝑡)

) + 2𝜀𝛥𝜋𝑅(𝑡)
𝑑𝑅(𝑡)

𝑑𝑡

= 0 

 (5.40)  
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(1 − 𝜑𝑒(𝜁))
1
3𝜑𝑒

−1
2 (𝜁) = (1 − 𝜑𝑓)

1
3𝜑

𝑓

−1
2 + √𝐵𝑜(𝜁2𝑒 − 𝜁𝑒) (5.50) 

 

The above equation determines the equilibrium liquid volume fraction at different heights of the foam. If 

𝜁 = 𝜁1𝑒 is substituted in the above equation, where 𝜁1𝑒 is the dimensionless position of the top of the foam 

at equilibrium, then the equilibrium liquid volume fraction at the top of the foam can be deduced. The latter 

is a function of the foam height at equilibrium, 𝜁2𝑒 − 𝜁1𝑒 and can be calculated from Eq. 5.50 as 

 

(1 − 𝜑𝑒(𝜁1𝑒))
1
3𝜑𝑒

−1
2 (𝜁1𝑒) = (1 − 𝜑𝑓)

1
3𝜑

𝑓

−1
2 + √𝐵𝑜(𝜁2𝑒 − 𝜁1𝑒) (5.51) 

 

The equilibrium profile of liquid volume fraction at different height of the foam (according to Eq. (5.50)) is 

schematically illustrated in Figure 5.3. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5. 3:The equilibrium profile of liquid volume fraction at different heights of the foam. Here we assume that 

𝜑𝑐𝑟 < 𝜑𝑓. Source:(40)  

 

As shown in Figure 5.3, 𝜑𝑒(𝜁𝑒) is equal to 𝜑𝑓 at the bottom of the foam, 𝜁𝑒 = 𝜁2𝑒, and at higher heights of 

the foam the equilibrium liquid volume fraction decreases and becomes lower than 𝜑𝑓.  

According to Ref. (144) when a foam is in contact with porous layer the liquid volume faction decreases 

more rapidly at the top and bottom of the foam than in the middle parts at the initial stages of drainage. Note, 

in all previous consideration as well as in Eq. 5.50 it was assumed that the liquid volume fraction, everywhere 

within the foam is higher than 𝜑𝑐𝑟, and there is no bubble collapsing/coalescence. In Ref. (145) a narrow 

field of liquid fraction ranging from 0.0005 to 0.0007 was found as the critical liquid volume fraction in 

foam stabilised by mixture of surfactants. Based on the values of 
cr

and 𝜑𝑓, there are two possibilities for 
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fraction everywhere within the foam remains above the 𝜑𝑐𝑟and there is no bubble rupture/coalescence within 

the foam.  

 

5.3 Experimental procedure 
 

The surfactant used for preparation of foaming solution was sodium dodecyl sulphate (SDS) purchased from 

Sigma-Aldrich, without additional purification. SDS is an anionic surfactant. The surfactant concentrations 

used were above critical micelle concentration (CMC) i.e SDS 4 CMC. Ultra-pure water was produced by 

Millipore Q. 

The foam drainage experiments were carried out in a glass tube, 9cm long with a 2.5cm outer diameter and 

2.1cm inner diameter. The porous substrate used was filter paper, positioned at the bottom of the column and 

attached to it (Figure 5.1). The vertical glass column was initially glued to a flat filter paper to prevent any 

leaking of liquid or foam from the bottom of the column. The filter paper was placed onto a glass mat to 

prevent dripping and leaking of liquid (Figure 5.4).   

The glass tube was positioned vertically and held by a scaled clamp stand. Two Pike Allied Vision 

Technologies Cameras:  camera 1, Sony TV Lens 1:1.8 16mm focusing on the top of the column measuring 

the spreading area on the substrate and camera 2 on the right-hand side of the foam monitoring the foam 

height alterations (Figure 5.4) were used for capturing images of the experiment at regular time intervals. To 

prevent loss of foam due to evaporation parafilm was applied to the top of the foam column. 

A plastic squeeze bottle containing the surfactant solution is compressed manually generating the foam due 

to inserted air from the attached nozzle. The foam of uniform liquid volume fraction was then injected into 

the foam column to an initial height of 4cm. The initial liquid volume fraction was constant throughout the 

foam body due to the procedure used and the small initial foam height generated.  Experiments run for 7-

10min depending on the stability of the foam.  The images captured by the two cameras were analyzed by 

ImageJ and three quantities were measured: (a) wetting radius, R(t), (b) foam height, 𝐻 − 𝐻1(𝑡), and (c) free 

liquid layer thickness at the bottom of the foam (if any), 𝐻 − 𝐻2(𝑡), (see Fig. 1). For the investigated 

surfactant solution, experiments were repeated at least 2-3 times. The variation of the experimental data was 

quantified by standard deviation and presented in Figures. 5.5-5.7 in section 5.4 below.  

Permeability (see table 5.1) of the filter paper was measured according to procedure presented in 

Ref.(139,141) by placing a strip of each grade in water and measuring the change in height. The dependency 

between height squared against time was plotted with the gradient representing permeability. Porosity was 

calculated by placing the glass tube vertically on each filter paper and filled with water to a specified height. 

The volume of water was then divided by the wetted area to give a value for porosity (see Table 5.1).  
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Figure 5. 4:Experimental set-up; (1) foam column of radius 𝑅𝑐 (2) Foam (3) formed free liquid layer (if any), 

(4) thin porous substrate of thickness 𝛥, (5) clamp, (6) digital camera 1, (7) digital camera 2, (8) interface to 

PC. Source:(40) 

 

5.4 Results and discussion 
 

The imbibition into the porous substrate is characterised through measurements of wetted radius, 𝑅(𝑡), with initial 

value equal to the radius of the foam column 𝑅(0) = 𝑅𝑐 (see Figure 5.1). A comparison between experimental 

measurements and predictions according to the above theoretical results of foam height, accumulated free liquid 

layer (if any) at the foam/porous layer interface and wetted area inside the porous substrate versus time are shown 

below. 

The model of foam drainage described by dimensionless Eq. (5.5) and liquid imbibition into porous layer is 

described by Eq. (5.24) have been solved using COMSOL software, finite element method on one dimensional 

regular grid with maximum element size equals to 0.005 of the initial foam height. A backward differentiation 

formula was used to solve time-dependent variables and time stepping was free taken by the solver with initial 

step size of 10−20 s. Relative tolerance was set to 10−8, whereas absolute tolerance was set to 10-10. The boundary 

conditions at the top and bottom of the foam and their locations were imposed and updated as described in section 

5.2. The derived equations for foam drainage and liquid imbibition into porous layer were solved using the 

boundary conditions to obtain the evolution of liquid volume fraction inside the foam. The values of initial 

parameters, 𝐾𝑝 , 𝛥, 𝑅𝑏, 𝜀, 𝜇, 𝜌, average pore size and initial liquid volume fraction, 𝜑𝑖, based on the experimental 
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data have been incorporated in the simulations (Table 5.2). The calculated values of 𝑡0, 𝑧0, 𝑅0, 𝐵𝑜, 𝛼, and 𝑙𝑐, are 

shown in Table 5.3. 

             

Table 5. 3:. Calculated parameters:characteristic time, 𝑡0,characteristic length, 𝑧0,characteristic radious, 𝑅0, 

Bond number,𝐵𝑜,ratio of capillary pressure in the porous layer to capillary pressure in the bubbles, 𝛼,and 

dimenssionless radious of the column, 𝑙𝑐 , for the investigated surfactant solution. Source: (40)  

 𝑡0(min) 𝑧0(𝑚) 𝑅0(𝑚) 𝐵𝑜 𝛼 𝑙𝑐 

SDS 4cmc 0.1988 0.0018994 0.0012 0.3655 68.182 10.028 

 

 

5.4.1 Foam height comparison 
 

We found a reasonable agreement between the theoretical predictions and experimental measurement of time 

evolution of both the foam height, 𝐻 − 𝐻1(𝑡), and the wetted area (shown in Figures. 5.5 and 5.6). Comparison 

between the predicted and experimental time evolution of the height of the foam, for the solution systems is 

presented in Figure 5.5. For the investigated system, theoretical predictions show a reasonable agreement with 

experimentally obtained results. The initial foam height was between 4cm-4.2cm, for all performed 

experiments.  

 

Figure 5. 5:Comparison of the experimentally obtained time evolution of the height of the foam, 𝐻 − 𝐻1(𝑡), 
with simulation results for SDS 4cmc solutions. Experimental line is the best fit only to guide the eye. Source:(40)  

 

 

5.4.2 Wetted area  
 

At  𝛥𝑃 > 0 (see Eq.5.11) drained liquid from the foam penetrates into the porous layer and spreads inside 

the porous layer with an increasing radius, 𝑅(𝑡), of the wetted area as described by Eq. 5.22 or in 

dimensionless form by Eq. 5.24. Wetted area, 𝐴(𝑡), was bounded by a circle with radius 𝑅(𝑡). 

0

1

2

3

4

5

0 2 4 6 8 10

H
-H

1
(c

m
)

t (min)

experimental-SDS-4cmc

computational-SDS-4cmc



91 
 

Experimentally measured time evolution of wetted area inside porous layer for the surfactant solution is 

in a reasonable agreement with the theoretical prediction (see Figure 5.6). 

 

  

  

                                                 

 

 

 

 

 

 

 

Figure 5. 6:Comparison of the experimentally obtained wetted area 𝐴 (𝑡), with simulation results for SDS 4cmc 

solution. Experimental line is the best fit only to guide the eye. Source:(40)  

 

 

Imbibition proceeds until 𝜑𝑓 is reached (when 𝛥𝑃 = 0) (see Eq. 5.12), when the drainage/imbibition process 

is completed, and there is no further liquid penetration into the porous substrate.  Spreading area, 𝐴(𝑡), 
gradually increases until 𝜑𝑓 is reached. In the experiment presented Fig. 5.6 the final low concentration 𝜑𝑓 

was not reached during our experiment. 

 

5.4.3 Free liquid layer 
 

When liquid volume fraction at the foam/porous substrate interface reaches the maximum value, 𝜑max, a free 

liquid layer starts to accumulate on the interface. The accumulation is accompanied by the simultaneous 

imbibition into the porous layer, which in the end dominates resulting in the gradual penetration of the created 

liquid from the free liquid layer into the porous substrate and final disappearance of the free liquid layer. The 

time evolution of the thickness of the formed free liquid layer is presented in Figure 5.7 for the investigated 

system SDS 4cmc solutions.   

0

50

100

150

200

0 2 4 6 8

A
 (

cm
2
)

t (min) 

experimental-SDS-4cmc
computational-SDS-4cmc



92 
 

 

Figure 5. 7:Comparison of the experimentally obtained free liquid layer thickness, 𝐻 − 𝐻2(𝑡),  with simulation 

result for SDS 4cmc solution. Experimental line is the best fit only to guide the eye. Source:(40)  

 

                                                                             

In the case of no free liquid layer accumulation, there is no movement of the foam/porous substrate interface 

and the drainage/imbibition process is described by Eqs. 5.5, 5.24 and 5.36 under the assumptions that  the 

liquid volume fraction at the top of the foam is higher than 𝜑𝑐𝑟, that is, no bubble collapsing/coalescence 

happens at the top of the foam and the top boundary condition is zero liquid flux, i.e 𝑄𝑓(𝐻1(𝑡), 𝑡) = 0. In 

this case, the porous material simultaneously absorbs all drained liquid flown to the foam/substrate interface 

and the liquid fraction at the foam/porous layer interface does not reach the maximum value 𝜑𝑚𝑎𝑥 and the 

free liquid layer does not form (fast imbibition according to(19,98). However, If liquid volume fraction at 

the foam/porous layer interface increases and reaches the maximum limiting value,  𝜑𝑚𝑎𝑥, liquid will 

accumulate at the lower parts of the foam and the process is described by Eq. 5.47, which is referred to as 

slow imbibition.  

For the investigated systems, calculated maximum liquid height shows reasonable agreement with 

experimental data (Figure 5.7). Figure 5.7 show that there is a very good agreement of (i) the predicted 

moment when the free liquid layer starts to form, (ii) the maximum thickness of the free liquid layer (iii) the 

dynamics of the free liquid layer accumulation until the maximum value is reached, (iv) reasonable 

qualitative agreement during the last stage, when the free liquid layer gradually disappears.  

 

5.4.4 Effect of model parameters   
 

For all investigated system liquid volume fraction at the top of the foam and at the foam/porous substrate 

interface initially decreases, while the value of liquid volume fraction in the central part of the foam body 

remains approximately constant.  

After the end of the initial stage, the accumulation or not accumulation of a free liquid layer at the 

foam/porous substrate interface is  determined by time evolutions of liquid volume fraction at the bottom 

boundary of the foam, 𝜑(𝜁 = 1, 𝜏), with maximum value refereed below as 𝜑𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 and depends on 
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foam/porous material interface. The effect of each dimensionless parameters and their combined effect 

on the total dimensionless time,𝜏𝑡, is expressed below by Eq. 5.55. The results show an increasing 

trend of the dependant parameter, 𝜏𝑡 as 𝐵𝑜, 𝑙𝑐, 𝜑𝑖, 𝜁𝐻 increase while the process is delayed when the 

porosity, 𝜀, and the substrate thickness, 𝜁𝛥 , increase.  

 

𝜏𝑡 =
 𝜑𝑖

1.9901𝐵𝑜0.2628𝑙𝑐
2.0540𝜁𝐻

1.4644

2.76312𝜁𝛥
1.4371𝜀1.3128𝛼0.0024

 (5.55) 

 

 

5.5 Conclusions 
 

A theory of foam drainage placed on a thin porous layer is developed: rate of drainage and imbibition 

inside the porous layer and other characteristics of the process are theoretically predicted. The theory 

predictions are compared with experimental observations of the foam drainage placed on thin porous 

layers. Comparison showed a reasonably good agreement between the theory predictions and experimental 

observations.  One of the phenomena during application is a possibility of the build-up of a free liquid 

layer on the foam/porous layer interface, which can be important for the application processes. Conditions 

and duration of a free liquid layer formation have been theoretically predicted and compared with 

experimental observations. According to the derived mathematical model, the kinetics of 

drainage/imbibition process and the possibility of free liquid layer formation is determined by seven 

dimensionless parameters, 𝐵𝑜, 𝜑𝑖, 𝑙𝑐, 𝜁𝐻, 𝜁𝛥, 𝑎  and 𝜀. The existence of three different imbibition regimes, 

referred to as ‘rapid’, ‘intermediate’ and ‘slow’ regime depends on the values of the above-mentioned 

dimensionless parameters.  

 

 

 

 

 

 

 

 

 

 

 



95 
 

Nomenclature 5 
𝛥 Thickness of porous layer 

𝑅(𝑡) Radius of the wetted area inside the porous layer 

𝑅𝑐 Radius of column 

𝑅𝑏 Bubble radius 

𝑅𝑝𝑏 Plateau border radius 

𝑅𝑝𝑚 Pore radius of porous media 

𝜑 Liquid volume fraction 

𝜑𝑖 Initial liquid volume fraction 

𝜑𝑓 Final Liquid volume fraction at foam/ porous layer interface 

𝜑𝑐𝑟 Critical liquid volume fraction 

𝜑𝑚𝑎𝑥 Maximum liquid volume fraction 

𝜑𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 Maximum liquid volume fraction at the foam/porous substrate interface 

µ Dynamic viscosity of liquid  

µ𝑠 Surface viscosity of liquid 

𝛾 Liquid-air interfacial tension 

𝜌 Liquid density 

g Gravity acceleration 

𝑛𝑝 Number of Plateau borders per bubble 

𝐶2
2 0.161  (constant) 

𝐴 Spreading area, 𝑐𝑚2 

𝑐 Velocity coefficient 

𝐶1 Geometrical coefficient, ~0.378 − 0.972 for foam with structures 

between bcc and fcc and bubbles of same size. 

𝜁 The dimensionless vertical coordinate  

𝜁𝐻 The dimensionless height of the column 

𝜁1𝑒 The dimensionless position of the top of the foam at equilibrium 

𝜁𝛥 𝛥/𝑧0 

𝜏 The dimensionless time 

𝜏𝑡 Dimensionless time required for completion of imbibition process 
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𝑙 The dimensionless radius of the absorbed area into the porous area 

𝑙𝑐 The dimensionless radius of the column 

𝐵𝑜 Bond number 

𝑃𝑏  Pressure inside bubbles 

𝑃𝑎 Atmospheric pressure 

𝑃𝑐 Capillary pressure 

𝑃𝑝𝑚  Mean capillary pressure inside capillaries in the porous layer. 

𝜏𝑚𝑎𝑥, Maximum dimensionless time required for completion of 

drainage/imbibition process 

𝛼 Ratio of capillary pressure in porous layer to capillary pressure in the 

bubbles 

𝛽 Coefficient in Eq. 5.2 

𝑣 Velocity at circular edge of the wetted region inside the porous layer 

𝜀 Porosity of porous layer 

𝑄 Total volumetric flux through the Plateau borders 

𝑄𝑓  Flux of the liquid at foam/porous layer interface 

𝑄𝑝𝑚 Flux of the liquid inside the porous layer 

𝜆𝑐𝑟  Critical foam height 
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CHAPTER 6 

Drying of Foam under Microgravity Conditions 
 

Overview 
 

In the previous Chapter the process of foam drainage/imbibition into porous layer was theoretically and 

experimentally investigated taking into consideration the effect of surface viscosity. In this chapter a 

new method of foam drying under microgravity conditions is presented.  The results of the investigation 

were published earlier in Microgravity Science and Technology and reused below with permission 

(Corresponding author: Nektaria Koursari).  

In Section 6.2 the derivation of a theoretical model is presented for foam produced from a Newtonian 

surfactant solution in a column of length H attached to a thin porous layer. Liquid flow inside the foam, 

is caused by a capillary suction only applied by the pores of the porous layer and  occurs in the 

horizontally along the co-ordinate axis z. Experimental procedure is described in section 6.3 and 

Results section 6.4  presents a comparison between experimental and simulations results of time 

evolutions of spreading radius.   

 

6.1 Introduction 
 

Foam is a colloidal dispersion where gas bubbles are dispersed in a continuous liquid phase. The 

bubbles, referred to as the dispersed phase, are polyhedral and are separated by thin films called 

lamella. The border where lamella (soap films) meet between three gas bubbles is referred to as Plateau 

border (channel), which join by a factor of four in regions called nodes (vertices)(148). Foam bubbles 

are characterised by their bubble radius.  Bubble radius and other characteristic parameters, i.e. 

interface elasticity, liquid density and viscosity, liquid volume fraction, gravity and capillarity 

determine the foam stability and the properties of the foam(122). The liquid volume fraction, 𝜑, varies 

between ~1% and ~35%, while most of the liquid is concentrated in the Plateau borders at reasonably 

low liquid volume fraction below ~12%, which is considered below. In this case most of the liquid in 

foams is accumulated inside the Plateau borders. However, the suggested method of drying foam at 

microgravity conditions is applicable at any liquid volume fraction below ~35%.    

The term ‘foam stability’ refers to the stability of the foam films between gas bubbles which can be 

controlled by the addition of foaming agents, i.e. surfactants, polymers or proteins that form mono- or 

multi-layers  at the lamella/air interface, reducing the surface tension of the multiphase system (149). 

Foam have a variety of industrial and domestic applications and are closely related to the production 

of a number of well-known products, i.e. shaving foams, firefighting foams, personal care products, 

medical products, structural material and processes such as floatation and mineral separation(149).  In 

hydrocarbon industry foams are also utilised at all stages in the oil recovery process including well 

drilling and oil well production(43). 
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For liquid foams under terrestrial conditions the liquid flows through Plateau regions due to effect of 

gravity and capillarity forces. The action of gravity and capillarity result in the alteration of the local 

liquid volume fraction inside the foam body. When gravity and capillarity equilibrate, then steady state 

is reached(40) The liquid flow though Plateau borders, films and nodes is referred to as foam drainage. 

Gravitational drainage causes the liquid to drain out of the foam body to the lower layers following the 

gravity direction(89). The drainage equations were introduced in (33,35) based on continuity and 

pressure balance considerations taking into account flow inside Plateau borders only. We include all 

liquid into Plateau borders, that is the whole liquid is concentrated inside the PBs, as the initial liquid 

fractions used were below the limiting value (of 0.12). The assumption of rigid interfaces has been 

adopted due the relatively low value of calculated Boussinesq number for given values of liquid 

viscosity, 𝜇, radius of plateau border, 𝑅𝑝𝑏 and surface viscosity. i.e 𝐵𝑜𝑢𝑠𝑖𝑛𝑒𝑠𝑞 =
𝜇 ∙ 𝑅𝑝𝑏

𝜇𝑠
~2.2 𝑥 10−2 ≪ 1.  

The drainage equation has been solved analytically for a multiplicity of cases including forced drainage 

(33) , gravity free drainage(136) and free drainage(134). 

However, gravitational drainage is not always desirable for several applications such as the fabrication 

of metallic foams (42,150) oil recovery techniques(43) floatation and pumping(44). Gravity affects the 

foam formation, its evolution and stability by causing flow of liquid from higher to lower layers of the 

foam, while microgravity conditions allow the exclusive investigation of capillary flows only. 

Therefore, investigating the behaviour of wet foams under microgravity conditions allows overcoming 

the instability barriers imposed when gravity forces are present(41). 

Microgravity is not only desirable for the investigation of capillary drainage but also for several 

research studies leading to optimisation of terrestrial processes and product quality improvement. In 

fluid-science experiments effects such as convection, sedimentation, stratification and fluid static 

pressure can be eliminated under  microgravity conditions and therefore allows the investigation of 

fluid-dynamic effects normally affected by gravitation(151). Other applications of microgravity 

investigations include frontal displacement of fluids(152) where instability of the interface could lead 

to the creation of gas ‘fingers’ penetrating the bulk fluid, capillary driven filtration in porous 

media(153), Soret Coefficients of Organic Solutions measured in the Microgravity (154), 

thermodiffusion microgravity measurements of ternary mixtures(155) measurements of thermo- and 

diffusio-phoretic velocities of aerosol particles (particle motion), which play a significant role in the 

scavenging of aerosols due to crystal growth or evaporation(156). Microgravity conditions also benefit 

the investigation of bubble dynamics during degassing of liquids for applications heat pumps, heat 

exchangers, cooling systems, food technology and human physiology(157) and microgravity 

investigations of drainage  in porous media(158). 

Recently, microgravity experiments have been performed (41), in parabolic flights which allow 20s in 

microgravity established at the top of the parabolic trajectory and the so-called ‘capillary imbibition or 

capillary wetting’’ was investigated. S.J.Cox, D.Weaire and G.Verbist, 2004 complemented on the 

latter experimental study by modifying the standard drainage models for the microgravity case. The 

authors considered two equations based upon i) Poiseuille flow through Plateau borders and ii) 

assuming plug flow in the Plateau borders and proved that the liquid move upwards into the foam 

body(159). Experiments and simulations studying liquid flow into the foam body were also performed 

by A.Saint-Jalmes et.al ,2006, where three parabolic flight campaigns were performed under the 

supervision of European Space Agency (ESA). The purpose of the campaigns was tο gain information 
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and understanding of the foam structure, stability, rheology, the liquid distribution and the way the 

liquid propagates between the different structure layers in microgravity conditions (160). 

Among the most well-known microgravity related research tasks are  RADIOUS (research associations 

for the development of industrial use of space), dedicated to the environment and energy, C-CORE 

(Consortium of Industrial Research in the use of space) focusing in fluid physics experiments and 

MIRROR (Microgravity, Industry Related research for oil recovery) focusing on the study of diffusion 

coefficient of crude oil, foam stability in microgravity and capillary flow in porous media. In the case 

of oil industry related subjects, foams could be desirable or undesirable depending upon their intensive 

use(43). As part of the latter programme, foam stability experiments were performed aiming to provide 

information for the development of the oil recovery techniques often challenged by the effect of gravity 

(43). 

Recently, foams have been characterised as ideal products for the delivery of topical active agents such 

as skin protectants, corticosteroids and local anaesthetics ideal for dermatological application(161). 

The kinetics of topical drug delivery depend upon the foam properties, the porous material and the 

interaction of the foam/thin porous layer system. Due to the increasing interest in liquid drainage of 

foams on porous material (19,162) a theory of foam drainage placed on thin porous substrate was 

recently developed under terrestrial gravity conditions (40). In this study drainage process was 

considered as a combination of drainage caused by gravity/capillary action and a capillary suction 

applied by the pores from the porous substrate. The rate of drainage, radius of the wetted area inside 

the porous material and other characteristics of the process were theoretically predicted and compared 

with experimental observations on various foam-thin substrates systems.  

Below the previously developed theory of foam drainage on thin porous material (40) has been adapted 

and modified to be applied to foams drying on porous material in the absence of gravitational field. 

Experimental observations are compared with theoretical predictions for surfactant solutions Triton-

X-100 50CMC and 20CMC on four types of filter papers, i.e. grade 1,3,5 and 601.  

The experiments were conducted in the laboratory while the effect of gravity was eliminated by using 

a foam column placed horizontally, attached to one end on a thin porous substrate (Fig.6.1).   

 

6.2 Theory 
 

1. Let us consider foam produced from a Newtonian surfactant solution in a column of length H 

attached to a thin porous layer (Figure 6.1). All bubbles are supposed to be of a uniform size and do 

not change size over duration of the experiments. Liquid flow inside the foam, caused by a capillary 

suction applied by the pores of the porous layer, occurs in the horizontal direction along the co-ordinate 

axis z directed horizontally, with 𝑧 = 0 at the left-hand side of the column. 
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 𝑡0
𝑧02

∙
𝐶 ∙ 𝛾

2 ∙ µ ∙ 𝛽
∙ 𝑅𝑏 = 1 (6.7) 

 

The expression of the characteristic time is as follows: 

 

 
𝑡0 =

𝑧0
2 ∙ 2 ∙ µ ∙ 𝛽

𝐶 ∙ 𝛾 ∙ 𝑅𝑏
=
𝐻2 ∙ 2 ∙ µ ∙ 𝛽

𝐶 ∙ 𝛾 ∙ 𝑅𝑏
 (6.8) 

 

Substitution of 𝑡0 into Eq. 6.6 results in: 

 

𝑑𝜑

𝑑𝜏
+
𝑑

𝑑𝜁
(
−𝜑

1
2 (1 −

𝜑
3)

(1 − 𝜑)

𝑑𝜑

𝑑𝜁
) = 0, (6.9) 

 

Assuming that the liquid films between bubbles in foam are flat, i.e.  𝑅𝑏 ≫ 𝑅𝑝𝑏, (see Figure 6.2) the 

pressure in all bubbles is identical(19,98) and equals to: 

 

𝑃𝑏 = 
4𝛾

𝑅𝑏
 (6.10) 
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Figure 6. 2:Schematic presentation of a generalised, homogenous foam system formed of identical gas bubbles 

of radius 𝑅𝑏 in a continuous liquid phase and liquid filled channels and nodes. The connection of three lamellae 

is referred to as Plateau border (concave triangles) of radius 𝑅𝑝𝑏, being the radius of curvature of the sides. 

Source:.(163)   

 

𝑃𝑏 = 
4𝛾

𝑅𝑏
  

 

 

𝑃𝑐 =
𝛾

𝑅𝑝𝑏
 (6.11) 

 

where 𝑃𝑐 is the capillary pressure and  𝛾 the liquid-air interfacial tension. 

According to(164): 

 

𝐶2𝑅𝑝𝑏
2 = 𝐶1𝑅𝑏

2
𝜑

(1 − 𝜑)
2
3

 (6.12) 
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From Eqs. (6.10-6.12) the pressure in the Plateau border is: 

 

𝑃𝑝𝑏(𝑧, 𝑡) = 𝑃𝑏 − 𝑃𝑐 =
𝛾

𝑅𝑏
(4 −

𝐶

𝐶1

1
2

(1 − 𝜑(𝑧, 𝑡))
1
3

𝜑(𝑧, 𝑡)
1
2

). (6.13) 

 

Let us introduce 𝑃𝑝𝑚 as the mean capillary pressure inside capillaries inside the porous layer, which 

can be estimated by 𝑃𝑝𝑚 ~
𝑛𝛾

𝑅𝑝𝑚
, where 𝑅𝑝𝑚 is radius of pores, 𝑛 = 1 in the case of porous media built 

by cylinders (for example hair) and 𝑛 = 2 in the case of two-dimensional geometry. Accordingly, the 

pressure difference, which results in the liquid flow from the Plateau channel into the porous layer at 

the foam/porous layer interface, is: 

      

𝛥𝑃 = 𝑃𝑝𝑏 − 𝑃𝑝𝑚 =
𝛾

𝑅𝑏
(4 −

𝐶

𝐶1

1
2

(1 − 𝜑(𝑧 = 𝐻, 𝑡))
1
3

𝜑(𝑧 = 𝐻, 𝑡)
1
2

) +
𝑛𝛾

𝑅𝑝𝑚
. (6.14) 

 

If  𝛥𝑃 > 0, then liquid from the Plateau border will penetrate the porous layer. However, if 𝛥𝑃 < 0, 

then penetration will stop. Let us introduce the final liquid content, 𝜑𝑓, as the liquid volume fraction 

at the foam/porous layer interface at which the pressure inside the Plateau channels and the pressure 

inside the porous layer equilibrate. The consideration above and Eq. (6.11) determine the end of the 

drainage process and the final liquid content at the foam/porous substrate interface, 𝜑𝑓 , when 𝛥𝑃 = 0: 

 

𝛾

𝑅𝑏
(4 −

𝐶

𝐶1

1
2

(1 − 𝜑(𝑧 = 𝐻, 𝑡))
1
3

𝜑(𝑧 = 𝐻, 𝑡)
1
2

) +
𝑛𝛾

𝑅𝑝𝑚
= 0. (6.15) 

 

Hence, 

 

𝜑𝑓

(1 − 𝜑𝑓)
2
3

=
(
𝐶2

16𝐶1
)

(1 +
𝑛𝑅𝑏
4𝑅𝑝𝑚

)
2 (6.16) 

 

If we introduce 𝛼 as a ratio of capillary pressure in the porous layer to capillary pressure in the bubbles: 
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fraction  at the foam/porous substrate interface is much lower as compared with the case of free 

drainage, when this volume fraction  reaches the maximum possible value.    

2. Liquid imbibition into porous layer 

It is assumed below, according to(139), that the porous layer is thin enough and the time for its 

saturation in the vertical direction can be neglected relative to other time scales of the process. 

The liquid flow inside the porous layer in the radial direction obeys the Darcy’s law: 

 

1

𝑟

𝑑

𝑑𝑟
(𝑟𝑣) = 0, 𝑣 =

𝐾𝑝

µ
|
𝑑𝑝

𝑑𝑟
|. (6.20) 

 

Solution of the latter equations is: 

 

𝑝 = −(
µ

𝐾𝑝
) ln( 𝑟) + 𝐵,     𝑣 =

𝐶

𝑟
 (6.21) 

 

where 𝐵 and 𝐶 are integration constants, which should be determined using the boundary conditions 

for the pressure at the column edge, 𝑟 = 𝑅𝑐, and at the circular edge of the wetted region inside the 

porous layer, 𝑟 = 𝑅(𝑡) (139). 

The boundary condition at the circular edge of the wetted region inside the porous layer is expressed 

as: 

 

𝑃 = −𝑃𝑝𝑚,   𝑟 = 𝑅(𝑡), (6.22) 

 

where 𝑃𝑝𝑚 ≈ 
𝑛𝛾

𝑅𝑝𝑚
 is the capillary pressure inside the pores of the porous layer, and 𝑅𝑝𝑚 is a 

characteristic scale of the pore radii inside the porous layer.   

The other boundary condition is written as: 

 

𝑃 =
𝛾

𝑅𝑏
(4 −

𝐶

𝐶1

1
2

(1 − 𝜑(𝐻, 𝑡))
1
3

𝜑(𝐻, 𝑡)
1
2

) ,     𝑟 = 𝑅𝑐. (6.23) 

 

Using the latter two boundary conditions, both integration constants, 𝑏 and 𝑐, can be determined, which 

gives the following expression for the radial velocity according to Eq. 6.21: 
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3. Boundary conditions at the foam/porous layer interface 

In our previous publication(19), it was assumed that the height of the foam remains constant during the 

contact with the vertical porous layer and it was possible to neglect the small changes in the foam 

height which occurs due to the drainage of the foam. It was possible to assume because penetration of 

the liquid into the vertical thick, porous medium was small enough. Situation is different in the case 

under consideration. That is, below the changes of the foam height due to the liquid drainage from the 

foam into the porous layer is taken into account.  

Let us consider a mass conservation law of liquid within the column and porous layer, in the case when 

the free liquid layer does not form at the foam/porous layer interface:  

 

𝜋𝑅𝑐
2( ∫ 𝜑(𝑧, 𝑡)𝑑𝑧

𝐻

𝐻1(𝑡)

) + 𝜀𝛥𝜋𝑅2(𝑡) = 𝑉0 = 𝜋𝑅𝑐
2𝜑𝑖(𝐻 − 𝐻1(0)) (6.32) 

 

Differentiating Eq. 6.32 with time results in: 

 

𝜋𝑅𝑐
2( ∫

𝑑

𝑑𝑡
𝜑(𝑧, 𝑡)𝑑𝑧 − 𝜑(𝐻1(𝑡), 𝑡)

𝑑𝐻1(𝑡)

𝑑𝑡

𝐻

𝐻1(𝑡)

) + 2𝜀𝛥𝜋𝑅(𝑡)
𝑑𝑅(𝑡)

𝑑𝑡
= 0 (6.33) 

 

Using Eqs. (6.1) and (6.2) the latter equation can be rewritten as:  

 

𝜋𝑅𝑐
2 (𝑄(𝐻1(𝑡)) − 𝑄(𝐻2) − 𝜑(𝐻1(𝑡), 𝑡)

𝑑𝐻1(𝑡)

𝑑𝑡
) + 2𝜀𝛥𝜋𝑅(𝑡)

𝑑𝑅(𝑡)

𝑑𝑡

= 0  

(6.34) 

 

In the case under consideration formation of a free liquid layer at the foam/porous layer interface is 

impossible, hence, the bottom of the foam remains directly in contact with the porous layer and its 

position does not move during the drainage. Therefore, only the top of the foam can move because of 

the drainage. At the top of the foam there is no accumulation/source of liquid and, hence, 𝑄𝑓(𝐻1, 𝑡) =

0.  Let us introduce the flux of the liquid at the foam/porous layer interface as: 

  

𝑄𝑓(𝐻, 𝑡) = 𝜋𝑅𝑐
2𝑄(𝐻, 𝑡)) = 𝜋𝑅𝑐

2

(

 
 
−
𝐶𝛾

2µ𝛽
𝑅𝑏

𝜑
1
2(𝐻, 𝑡)(1 − 𝜑(𝐻, 𝑡)

3
(1 − 𝜑(𝐻, 𝑡))

𝑑𝜑(𝐻, 𝑡)

𝑑𝑧

)

 
 

 (6.35) 
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and the flux of the liquid inside the porous layer as: 

 

𝑄𝑝𝑚(𝑡) =
2𝜋𝛥𝐾𝑝

µ

(
𝛾
𝑅𝑏
(4 −

𝐶

𝐶1

1
2

(1 − 𝜑(𝐻, 𝑡))
1
3

𝜑(𝐻, 𝑡)
1
2

) +
𝑛𝛾
𝑅𝑝𝑚

)

ln
𝑅
𝑅𝑐

  
(6.36) 

 

Hence, Eq. 6.34 can be rewritten as: 

 

𝑑𝐻1(𝑡)

𝑑𝑡
=  

1

𝜋𝑅𝑐2𝜑(𝐻1(𝑡), 𝑡)
(𝑄𝑝𝑚(𝑡) − 𝑄𝑓(𝐻, 𝑡)) (6.37) 

 

Using dimensionless variables and co-ordinate as before: 𝜁 →
𝑍

𝑍0
, 𝑙 →

𝑅

𝑅0
, 𝜏 →  

𝑡

𝑡0
, Eq. 6.37 can be 

rewritten as: 

 

𝑑𝜁1(𝜏)

𝑑𝜏
= 

1

𝜑(𝜁1(𝜏),𝜏)

[
 
 
 
 
 
 
 

(

 
 2𝜀𝜁𝛥

𝑙𝑐
2

(

  
 

1

ln
𝑙

𝑙𝑐

(

 
 
1 −

√
(1−𝜑(𝜁2,𝜏))

(1−𝜑𝑓)

3

√
𝜑(𝜁2,𝜏)

𝜑𝑓

)

 
 

)

  
 
 

)

 
 
−

(−
𝜑(𝜁2,𝜏)

1
2(1−

𝜑(𝜁2,𝜏)

3
)

(1−𝜑(𝜁2,𝜏))

𝑑𝜑(𝜁2,𝜏)

𝑑𝜁
)

]
 
 
 
 
 
 
 

, (6.38) 

 

where  𝜁𝛥 = 𝛥/𝑧0 . 

 

Let us consider a mass conservation law of the gas phase within the foam in the case, when there is no 

bubble rupture at the top of the foam i.e. 𝜑(𝐻1, 𝑡) > 𝜑𝑐𝑟 (𝜑𝑐𝑟 is a critical liquid volume fraction below 

which the coalescence/bubble burst begins) and 𝑄(𝐻1, 𝑡) = 0:  

 

𝜋𝑅𝑐
2 ( ∫ 1 − 𝜑(𝑧, 𝑡)𝑑𝑧

𝐻2

𝐻1(𝑡)

) =  𝑐𝑜𝑛𝑠 (6.39) 
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Differentiating Eq. 6.39 with time leads to the following expressions for the rate of the moving top 

boundary of the foam: 

 

𝑑𝐻1(𝑡)

𝑑𝑡
=

1

𝜋𝑅𝑐2(1 − 𝜑(𝐻1(𝑡), 𝑡))
𝑄𝑓(𝐻, 𝑡)  (6.40) 

 

and in dimensionless form: 

 

𝑑𝜁1(𝜏)

𝑑𝜏
=

−1

1 − 𝜑(𝜁1(𝜏), 𝜏)

𝜑(𝜁2, 𝜏)
1
2 (1 −

𝜑(𝜁2, 𝜏)
3

)

(1 − 𝜑(𝜁2, 𝜏))

𝑑𝜑(𝜁2, 𝜏)

𝑑𝜁
  (6.41) 

 

Comparison of Eqs. 6.37 and 6.40 results in the following expression for the boundary condition at the 

foam/porous layer interface in the case, when the free liquid layer does not form: 

 

𝑄𝑓(𝐻, 𝑡) = (1 − 𝜑(𝐻1(𝑡), 𝑡))𝑄𝑝𝑚(𝑡) (6.42) 

 

and in dimensionless form: 

 

−
𝜑(𝜁2, 𝜏)

1
2 (1 −

𝜑(𝜁2, 𝜏)
3

)

(1 − 𝜑(𝜁2, 𝜏))

𝑑𝜑(𝜁2, 𝜏)

𝑑𝜁

= (1

− 𝜑(𝜁1(𝜏), 𝜏))
2𝜀𝜁𝛥
𝑙𝑐2

(

 
 
 
 
1

ln
𝑙
𝑙𝑐
(

 
 
 

 1 −

√
(1 − 𝜑(𝜁2, 𝜏))

(1 − 𝜙𝑓)

3

√
𝜑(𝜁2, 𝜏)
𝜑𝑓 )

 
 
 

)

 
 
 
 

 

(6.43) 

 

Note, in the above equations we supposed that the liquid volume fraction at 𝑧 = 𝐻1 is higher than 𝜑𝑐𝑟, 
there is no bubble collapsing/coalescence at the top of the foam and the top boundary condition is zero 

liquid flux, i.e 𝑄𝑓(𝐻1(𝑡), 𝑡) = 0. The suggested system of Eqs. 6.5, 6.24 with boundary condition 

(6.43) at foam/porous layer interface is valid when no free liquid layer is formed at foam/porous layer 

interface, i.e. if 𝜑(𝐻, 𝑡) < 𝜑𝑚𝑎𝑥, which is always the case under microgravity conditions In this case 
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Table 6. 1: Filter Paper Properties:  Thickness of filter paper, 𝛥 , Average Pore Radius , 𝑅𝑝𝑚,  Porosity , 𝜀 

Permeability, 𝑘𝑝,  obtained from Whatman filter paper guide (166), (165). Source:(163) 

Filter Paper Grade 
(FPG) 

1 3 5 601 

Thickness, 𝜟(m) 1.8 x 10−4 3.9 x 10−4 2 x 10−4 1.6 x 10−4 

Average Pore 
Radius, 𝑹𝒑𝒎(m) 

 

5.5 x 10−6 3.0 x 10−6 1.25 x 10−6 5.0x 10−6 

Porosity, 𝜺 0.48 0.77 0.54 0.90 

Permeability, 
𝒌𝒑(m2) 

9.81 x 10−14 1.57 x 10−13 1.50 x 10−14 1.67 x 10−13 

 

 

Table 6.1 shows that the thickness of the filter paper was varied more than twice, the pore radius was 

varied more than three times, porosity varied twice and the permeability varied more than 10 time for 

different filter papers used.      
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6.4 Results and Discussion: radius of the wetted area inside porous 

substrate 
 

Capillary flow inside the foam and liquid imbibition inside the porous substrate are described by 

dimensionless Eq. (6.6) and Eq. (6.31), respectively, have been solved analytically using COMSOL 

software finite element method on one dimensional regular grid. A backward differentiation formula 

was used to solve time-dependent variables and time stepping was free taken by the solver with initial 

step size of 10−20. Relative tolerance was set to 10−8, whereas absolute tolerance was set to 10-10. 

The values of foam/porous substrate systems parameters, Kp , Δ, average  Rb, ε, μ, ρ, average pore 

size and initial liquid volume fraction, φi, have been incorporated in simulations based on the 

experimental data as shown in Table 6.1.  

The imbibition into the porous substrate is characterised through measurements of wetted radius, 

R(t), with initial value equal to the radius of the foam column R(0) = Rc (see Figure 6.1).  

Experimentally, spreading radius was accurately measured due to the symmetry of the circular shape 

of the wetted area (please see Figure 6.3) 

 

 

 

 

 

 

 

 

 

Figure 6. 3:Image of the spreading diameter on the filter paper for Triton X-100. Source:(163)  
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Figure 6. 4:Comparison between experimental and simulations results of time evolutions of spreading radius 

𝑅(𝑡) for (a) Triton X-100-20CMC-Filter  Paper Grade 1(FPG1) (b) Triton X-100-20CMC- Filter  Paper 

Grade 3(FPG3) (c) Triton X-100-20CMC- Filter  Paper Grade 5(FPG5) and (d) Triton X-100-20CMC- Filter  

Paper Grade 601(FPG601). Source:(163)  
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Figure 6. 5:Comparison between experimental and simulations results of time evolutions of spreading radius 

𝑅(𝑡) for (a) Triton X-100-50CMC- Filter  Paper Grade 1(FPG1) (b) Triton X-100-50CMC- Filter  Paper 

Grade 3(FPG3) (c) Triton X-100-50CMC- Filter  Paper Grade 5(FPG5) and (d) Triton X-100-50CMC- Filter  

Paper Grade 601 (FPG601). Source:(163)  

                                                         

Experimentally obtained time evolutions of spreading radius, R(t) [cm] inside porous layer are in a 

reasonable agreement with the theoretical predictions for all investigated surfactant solutions-filter 

paper systems, for both initial volume fractions of Triton-X-100 i.e  20CMC and 50CMC and for 

filter papers of four different grades, i.e. grade 1,3,5 and 601, as shown in Figures. 6.4-6.5.   

If  𝛥𝑃 > 0 then liquid from the Plateau border will penetrate the porous substrate. Spreading radius, 

𝑅(𝑡), gradually increases until final liquid volume fraction at the foam/porous layer interface,𝜑𝑓, is 

reached (see Eq. 6.19), when the capillary drainage/imbibition process is completed, and there is no 

further liquid penetration into the porous substrate.  When 𝜑𝑓 is reached, as expressed by Eq.6.16, 

the pressure inside the Plateau channels and the pressure inside the porous layer equilibrate.  

Dimensionless parameter α, as expressed by Eq. 6.17 has shown a considerable effect to the rate of 

spreading 𝑅(𝑡). Any increase of parameter α results to an increase of the rate of spreading, 𝑅(𝑡). 
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Parameter 𝛼 is a function of bubble radious, 𝑅𝑏 and the pore radius of the porous layer, 𝑅𝑝𝑚,  and its 

value depends on calculated error in experimentall observations for both measured parameters. 

Dimensionless parameters 𝜑𝑖, 𝜀 and  𝜁𝛥 exibited a small effect to the rate of spreading,  𝑅(𝑡). The 

effect of small changes of dimensionless parameter α for Triton X-100-50CMC-FPG3 is presented 

in Figure 6.6. 

 

 

 

 

 

 

 

 

 
Figure 6. 6:Comparison between experimental and simulations results of time evolutions of spreading radius 

𝑅(𝑡) for  Triton X-100-50CMC- Filter  Paper Grade 3(FPG3) for different values of dimensionless parameter 

𝛼, as expressed by Eq. (6.17). Source:(163)  

 

 

6.5 Conclusions 
 

A new method of foams drying under microgravity conditions is suggested. A theory of the method 

was developed and compared with experimental measurements of the process. Comparison of the 

experimental data with a theoretical prediction are in very reasonable agreement.  
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Nomenclature 6 
 

𝛥 Thickness of porous layer  

𝑅(𝑡) Radius of the wetted area inside the porous layer 

𝑅𝑐 Radius of column 

𝑅𝑏 Bubble radius 

𝑅𝑝𝑏 Plateau border radius 

𝑅𝑝𝑚 Pore radius of porous media 

𝜑 Liquid volume fraction 

𝜑𝑖 Initial liquid volume fraction 

𝜑𝑓 Final Liquid volume fraction at foam/ porous layer interface 

𝜑𝑐𝑟 Critical liquid volume fraction 

𝜑𝑚𝑎𝑥 Maximum liquid volume fraction 

𝜑𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 Maximum liquid volume fraction at the foam/porous substrate interface 

µ Dynamic viscosity of liquid  

𝜇𝑠 Surface viscosity  

𝛾 Liquid-air interfacial tension 

𝜌 Liquid density 

g Gravity acceleration 

𝑛𝑝 Number of Plateau borders per bubble 

𝐶2 0.161  (constant) 

𝑐 Velocity coefficient,  

𝑐 = 0.5169 for foams produced by Newtonian solutions 

𝐶1 Geometrical coefficient, ~0.378 − 0.972 for foam with structures 

between bcc and fcc and bubbles of same size. 

𝜁 The dimensionless horizontal scale  

𝜁𝐻 The dimensionless length of the column 

𝜁1𝑒 The dimensionless position of the left-hand side of the foam at 

equilibrium 

𝜁1 The dimensionless position of the left-hand side boundary of the foam 

𝜁2 The dimensionless position of the foam/porous layer boundary  
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𝜁𝛥 𝛥/𝑧0 

𝜏 The dimensionless time  

𝜏𝑡 Dimensionless time required for completion of imbibition process 

𝑙 The dimensionless radius of the absorbed area into the porous area 

𝑙𝑐 The dimensionless radius of the column 

𝐵𝑜 Bond number 

𝑃𝑏  Pressure inside bubbles 

𝑃𝑐 Capillary pressure 

𝑃𝑝𝑚  Mean capillary pressure inside capillaries in the porous layer. 

𝜏𝑚𝑎𝑥, Maximum dimensionless time required for completion of capillary 

drainage/imbibition process 

𝛼 Ratio of capillary pressure in porous layer to capillary pressure in the 

bubbles 

𝑣 Velocity at circular edge of the wetted region inside the porous layer 

𝜀 Porosity of porous layer 

𝑄 Total volumetric flux through the Plateau borders 

𝑄𝑓  Flux of the liquid at foam/porous layer interface 

𝑄𝑝𝑚 Flux of the liquid inside the porous layer 

𝑉𝑓  Volume of liquid inside the foam 

𝜆𝑐𝑟  Critical foam height 
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CHAPTER 7 

Modelling of foamed emulsion drainage 
 

Overview 
In Chapter 6 a new method of foam drying under microgravity condition was proposed. In this chapter 

a theory of foam drainage of foams containing emulsified oil is developed and the effect of oil on 

foam stability is investigated both theoretically and experimentally. The results of this research study 

were published earlier in Colloids and Surfaces A: Physicochemical and Engineering Aspects and 

reused in this chapter with permission from corresponding author, Professor Victor M. 

Starov(v.m.starov@lboro.ac.uk). 

Initially in this Chapter the experimental procedure is described and information for foamed emulsion 

preparation is provided. In section 7.3 a theory of foamed emulsion drainage is developed, and results 

are presented in section 7.4. In Results section comparison between experimentally obtained 

measurements and model predictions of time evolutions of both foam height and free liquid layer is 

provided for four investigated foamed emulsion systems. 

 

 

7.1 Introduction 
 

Emulsions are colloidal dispersions where one liquid (dispersed phase) is dispersed into another liquid 

(continuous phase) of different nature and composition.  In most of emulsions one phase is usually  

oil and the other one is water, so that the two most common types of emulsions are oil-in water (O/W) 

or water-in -oil (W/O) where oil is the dispersed phase or water is the dispersed phase respectively. 

Other more complex cases are the so-called double emulsions which include oil-in-water-in oil 

(O/W/O) and water-in-oil-in-water(12) Emulsions are stabilised by surfactants/proteins(167). 

Formulating products as emulsions enables mixing the ingredients into a combined system with 

dramatic effect on their properties, for example as eggs and oil are mixed into mayonnaise.  

Most of metastable emulsions contain oil, water and a surfactant which protects emulsions from 

separation into two phases(167). In general foams are composed of bubbles dispersed in a liquid, 

however the foam under consideration below consists of gas bubbles, an aqueous surfactant phase 

and dispersed oil droplets(167). As foams with oil droplets are notoriously unstable, emulsification 

is an interesting way of creating stable foams of various oil volume fractions(13,14). 

These types of foams with oil are a commonplace in a wide range of products including food foams, 

pharmaceuticals, cosmetics, pulp and paper and water treatment processes where emulsions are used 

for the production of more stable foams and as antifoams(11). Food foams such as whipped cream, 

aerated deserts and mousses contain natural surfactants such as proteins (eggs or casein), polysorbates 

or carbohydrates which act as stabilisers increasing foam stability by significantly decreasing the 

drainage rate(11,45,168). 

https://www.sciencedirect.com/science/journal/09277757
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However, the effect of some types of oil or liquid fat droplets that surround air bubbles in food foam 

products can reduce or eliminate foam stability. Storage, handling and processing of these systems 

depend on their stability. Heating or freezing of food foams could cause destabilisation and decrease 

of shelf-life. Their rate of draining, disproportionation and coalescence is pivotal for their quality, 

textural behaviour and mouth feel(46). 

In the pharmaceutical industry several foamed emulsions have been created for the effective delivery 

of active ingredients and controlled release for topical and oral applications for the provision of 

therapeutic benefits(11,12). The rheological properties of foamed emulsions must be controlled to 

suit the nature of a specific application.  

In all of our investigated systems emulsion droplets surround the bubbles. A captured microscope 

image of SG10 emulsion (see the definition below) is shown in Fig.7.1.  

Ross(169) described the mechanism of destabilisation based on two coefficients:  the spreading and 

entering coefficients which are functions of the aqueous and oil phase surface tensions.   Koczo et 

al(13) investigated the interaction between oil drops and foam lamella. They performed experiments 

of foam drainage in the presence of oil and showed that the presence of emulsified oil increased foam 

stability only if the pseudo emulsion film (the film between the oil droplet and the air/water interface) 

is stable. It was stated that when this film is stable oil droplets accumulate in the plateau borders (PBs) 

leading to hydrodynamic resistance(13) . At high packing fractions well stabilised drops have been 

shown to arrest foam drainage, until shear(170,171) restarts the drainage.   

In a more recent experimental study Schneider et al(14) investigated foamed emulsion drainage and 

evaluated gas, liquid and oil volume fractions in the foam by a combination of electrical conductivity 

and surface photography. The authors emphasised the complexity of  interactions between air bubbles 

and oil droplets and the necessity of further experimental and theoretical  investigation of all 

parameters that affect the drainage process of foamed emulsion systems(14).  

Usually two different scenarios for boundary condition at liquid-air interface are used: (i) Poiseuille 

flow (non-slip condition) or (ii) a plug flow (free slip condition)(40). The lifetime of foams and 

emulsions varies depending on the type of surfactant. Foam distraction occurs as a result of drainage, 

coarsening and coalescence(172,173). Viscosity effects in foam drainage have been previously 

studied in other types of foams made from non-Newtonian solutions (174,175): the transition from 

the regime with rigid surfaces to the regime with fluid surfaces was observed by increasing the 

viscosity of the bulk and bubble radius(174,175).   

Below a surface viscosity of the foamed emulsion is used. The relation between the surface and bulk 

viscosities is characterised by Boussinesq number.  

Boussinesq number, expressed as a function of surface viscosity, 𝐵𝑜𝑢𝑠𝑠𝑖𝑛𝑒𝑠𝑞 =
𝜇𝑠

𝜇 𝑅𝑝𝑏
, where 𝑅𝑝𝑏 is the 

Plateau border radius, 𝜇 is the liquid dynamic viscosity,  𝜇𝑠 is the surface shear viscosity quantifies 

the role of surface and bulk dissipations(174,175). The values of the inverse Boussinesq number can 

predict the boundary conditions and the flow type (176).Foam drainage of conventional two-phase 

foams consisting of gas bubbles and liquid surfactant solution have been previously investigated both 

experimentally and theoretically for various cases (31,33,37,90,133). 

Drainage of foams placed on porous substrates has also recently been theoretically investigated by 

Arjmandi-Tash et al(19). This has been followed by a theory of foam drainage when placed on a 

wettable thin porous layer(40) where the rate of foam drainage and imbibition inside the porous layer 



 

122 
 

and other characteristics of the process were theoretically predicted and compared with experimental 

observations. 

Drainage is driven by joint action of capillarity and gravity forces, and the liquid flows through both 

Plateau borders and nodes. As liquid drains within the foam body alterations in the local liquid volume 

fraction are created(40).  Understanding changes in the local liquid fraction are important as it has a 

strong effect on the further evolution and stability of the foams.  

Below a mathematical model of foamed emulsion drainage is developed assuming that the 

composition of the emulsion remains constant (no creaming of emulsion), this is true during the first 

stage  of the drainage(14). Experimental observations of foam height, drained liquid layer and liquid 

volume fraction evolutions in time are compared with model predictions.  

For the derivation of the model of foam drainage the following assumptions are adopted: (a) the main 

part of the liquid volume is located inside Plateau borders and the dry foam approximation is used for 

the drainage equations. It is assumed that the thickness of the foam layer at the bottom of the foam 

where Plateau border description is not applicable is thin as compared with the total foam height; (b) 

surface viscosity is taken into account, which results in an “effective slip” at the liquid-air interface.  

The developed analytical model is capable of describing the drainage process of these multiphase 

complex systems by considering mobile surfaces and taking into account the presence of surface 

viscosity(142) on the liquid-air interfaces.  

 

 

 

 

 

 

 

 

 

 

 

Figure 7. 1: Captured microscope image of a SG10 foamed emulsion (captured during the experiments). A gas 

bubble is surrounded by emulsified oil droplets of smaller diameter concentrated at the gas/liquid interface. 

Source: (15) 
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7.2. Materials and Methods 
 

Emulsions of 30g/l sodium dodecyl sulphate (SDS) from Fisher stores, and rapeseed oil from Co-op 

are prepared using the double syringe method(177). For the preparation of each emulsion, SDS 

solution and rapeseed oil are passed from one syringe into the other through a plastic tube of 4mm 

internal diameter and 224 mm length leading to thorough mixing. The procedure is repeated until the 

mixture has been passed through the tube twenty times. Four different emulsions were prepared, and 

the proportions of each component are shown in table 7.1. 

 

Table 7. 1: Proportions of 30g/l SDS and rapeseed oil used for each investigated emulsion. Source:(15)  

Emulsion Volume of SDS 

solution (ml) 

Volume of Rapeseed oil 

(ml) 

Oil volume fraction 

SG10 45 5 0.1 

SG20 40 10 0.2 

SG30 35 15 0.3 

SG40 30 20 0.4 

 

The emulsions are deposited into a foam column, which has 19 capillaries at the bottom for bubbling 

gas to create bubbles with an internal diameter of 0.18mm. The foamed column used had an internal 

diameter of 3.8cm.  Electrodes were connected with the foam column at various heights for 

measurements of the resistance [Ω]. 

Compressed air is injected into the system with a flow rate of 50L/min, creating foam within 2-4sec 

allowing measurements of the foam height, drained liquid height at the bottom and resistance time 

evolutions. The recorded resistance values [Ω] are then converted to conductivity values [S/m] and 

in turn in relative conductivity [dimensionless] by dividing with the conductivity of the emulsion used 

for foaming. This allows the liquid volume fraction to be calculated based on the following equation 

of relative conductivity 𝜎 versus liquid volume fraction  𝜑  at various heights of the foam 

column(164):  

 

𝜎 =
1

3
(𝜑 + 𝜑

3
2⁄ + 𝜑2) 

 

The relative conductivity of a liquid foam relates to liquid volume fraction, indicating that for each 

conductivity value there are three possible solutions. The polynomial is extracted based on 

experimental data for a variety of surfactants.  As liquid volume fraction falls between 0-1, a single 

value of liquid volume fraction is obtained for each conductivity(164). 
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7.3. Theory and Mathematical model 
 

Let us consider foam composed of bubbles of uniform size and produced in a column of height H 

(Fig. 7.2). Drainage occurs in the vertical direction along the co-ordinate axis z directed downward, 

with z=0 at the top of the column. Time evolutions of the foam height and free liquid under the foam 

are 𝐻𝑓(𝑡) = 𝐻 − 𝐻1(𝑡)  and 𝐻𝑙(𝑡) = 𝐻 − 𝐻2(𝑡), respectively (Figure 7.2).  This means that changes 

in 𝐻𝑓(𝑡) are caused only by a decrease of the foam volume through coarsening or coalescence and 

not because of liquid drainage. It is assumed below that the bubble radius, 𝑅𝑏, increases over time, 

which is caused by coarsening, which for dry foams evolves as follows: 

 

 𝑅𝑏(𝑡) = 𝑅𝑏0 + 𝐴√𝑡, (7.1) 

 

where 𝑅𝑏0 is the initial bubble radius and 𝐴 is a constant(178). 

Eq. (7.1) can be rewritten as: 

 

 

𝑅𝑏(𝑡) = 𝑅𝑏0(1 + √
𝑡

𝑡∗
) (7.2) 

 

where  𝑡∗ is a characteristic time of coarsening.   

 

Below 𝑡∗ will be calculated based on experimental data. Initial bubble radius has been measured at 

the beginning of foam formation by measuring bubble diameter of a sufficient number of bubbles 

(60-100) in the same area of the foam body for each investigated foamed emulsion and analysed using 

Image J.  𝑅𝑏0 corresponds to the average value obtained. Bubble radius was also evaluated and  

measurements have been obtained for several time intervals during drainage process. 

It is assumed that the dissipation occurs in the Plateau borders only and the contribution of the liquid 

flow in the films and nodes is neglected. Calculations show (see below) that the region at the bottom 

of the column where this approach is not applicable is thin as compared with the column height and 

can be neglected.  
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Figure 7. 2: Schematic presentation of the foam placed in a foam column . 1 – foam; 2 –liquid layer built at 

the bottom boundary resulting from drainage. Source: (15)  

 

As shown in Figure 7.2, 𝑧 = 0 is at the top of the foam column.  It was determined in 

References(179,180) (and shown below) that in the case under consideration the presence of oil 

results in foaming solutions are non-Newtonian power-law liquids, which show a shear-thinning 

behaviour (please refer to section 3 of Appendix 7A). Based on our experiments the effective viscosity 

decreases with increasing shear rate for all investigated systems corresponding to non-Newtonian 

fluids. We assume that the emulsion does not evolve inside the foam, so that it flows as a shear-

thinning fluid. For a power-law liquid dependence of the effective viscosity, 𝜇𝑒𝑓𝑓, on applied shear 

rate is given by the well-known Ostwald–de Waele relation: 

 

 𝜇𝑒𝑓𝑓 = 𝑘𝛾̇
𝑛−1 (7.3) 

 

where 𝑘 is ‘‘flow consistency index’’,  𝑛 is the ‘‘flow behavior index’’ and 𝛾̇  is the shear rate. 

Please refer to the appendix for experimentally observed values for k and n.  

A velocity profile for flow of a power-law fluid in a pipe of radius 𝑅 with no-slip boundary 

condition is given by the following expression(181): 
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𝑢(𝑟) =
𝑛

𝑛+1
(|
𝑑𝑃

𝑑𝑧
|
1

2𝑘
)
1/𝑛

(𝑅1+1/𝑛 − 𝑟1+1/𝑛),                      (7.4)  

 

where 
𝑑𝑃

𝑑𝑧
 is the pressure gradient. According to Eq. 7.4, the average velocity, 𝑉, in a circular tube of 

cross-sectional area of 𝐴, identical to that of actual Plateau border, is determined as follows: 

 

V =
𝑛

3𝑛+1

1

π1/2+1/(2n)
(|
𝑑𝑃

𝑑𝑧
|
1

2𝑘
)
1/𝑛

𝐴1/2+1/(2𝑛). (7.5) 

 

According to Wang and Narsimhan, (2006) the average velocity in the actual Plateau border 

geometry, 𝑣 , is related to that given by Eq. 7.5 as (142): 

 

𝑣 = 𝑐 ∙ 𝑉, (7.6) 

 

where the coefficient 𝑐 is (142): 

 

𝑐 = 𝑎(𝑛) + 𝛽 ∙ 𝑏(𝑛). (7.7) 

 

In the above equation (7.7) 𝛽 is dimensionless inverse surface viscosity(142,182) and 𝑎(𝑛)  and 

𝑏(𝑛) are functions of flow behaviour index, n, and their values are presented in Table 7.2. Flow 

behaviour index is a rheological property which indicates the degree of non-Newtonian characteristics 

of an emulsion(183). For 0 < 𝑛 < 1  the fluid is characterised as Pseudoplastic. i.e the apparent 

viscosity decreases as the shear rate increases, while  𝑛 = 1  indicates a Newtonian behaviour. In Eq. 

(7.7) surface viscosity is taken into account and it is assumed that the bubble interfaces are mobile.  

 

Table 7. 2:  Values of velocity coefficient for different values of flow behavior index, 𝑛 (142). Source:(15) 

𝑛 1 0.8 0.6865 0.6 0.5 0.35 

𝑎(𝑛) 0.5169 0.4851 0.459 0.434 0.3922 0.2942 

𝑏(𝑛) 0.5446 0.5337 0.5248 0.5165 0.4999 0.4548 

 

By incorporating Eq. (7A.16), Eq. (7A.18) mentioned in the Appendix 7A is rewritten as: 
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However, in Ref. (145) a mechanism based on a critical film dilatation is proposed for the onset of 

coalescence and critical liquid content in draining foams, which we will adopt in our model below. 

Based on the theory of critical liquid volume fraction, there are two possible scenarios for the 

boundary condition at the top of the foam (i.e. 𝑧 = 𝐻 − 𝐻1 or  𝜁 =
𝛨

𝑧0
−𝜁1):  

(i) If the liquid volume fraction at 𝑧 = 𝐻 − 𝐻1 is higher than 𝜑𝑐𝑟, then there is no bubble collapse at 

the top of the foam (i.e. 
𝑑𝐻1

𝑑𝑡
= 0) and the top boundary condition is  zero liquid flux: 

 

𝑄(𝐻1, 𝑡) = 0 (7.10) 

 

or in dimensionless form: 

 

𝑄(𝜁1, 𝜏) = 0  (7.11)   

 

(ii) If the foam continues to dry and the liquid volume fraction at 𝑧 = 𝐻 − 𝐻1drops to the value of 

𝜑𝑐𝑟 , then the bubbles at the top of the foam start to rupture and the height of the foam decreases from 

the top (i.e. 
𝑑𝐻1

𝑑𝑡
> 0).  In this case the boundary condition at the top of the foam is a constant liquid 

volume fraction: 

 

𝜑(𝛨1(𝑡), 𝑡) = 𝜑𝑐𝑟   

 

Or in a dimensionless form: 

 

𝜑(𝜁1(𝜏), 𝜏) = 𝜑𝑐𝑟 (7.12)   

 

and the rate of foam collapse, 
𝑑𝐻1

𝑑𝑡
, can be expressed according to the following equation(91): 

 

𝑑𝐻1(𝑡)

𝑑𝑡
=

1

𝜑𝑐𝑟
𝑄(𝐻1, 𝑡), (7.13) 

  

or in dimensionless form: 
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𝑑𝜁1(𝑡)

𝑑𝑡
=

1

𝜑𝑐𝑟
𝑄( 𝜁1(𝜏), 𝜏).   (7.14 ) 

 

After the onset of the drainage, the boundary condition at the bottom of the foam is a constant liquid 

volume fraction, 𝜑𝑐𝑟~0.36, which corresponds to random packing limit for spherical particles in 

three dimensions(91). However, as we consider a uniform initial liquid volume fraction along the 

foam height (i.e.𝜑𝑐𝑟 << 𝜑(𝜁, 𝜏 = 0) = 𝜑𝑖 < 𝜑𝑚𝑎𝑥, the boundary condition at the bottom of the foam 

should be zero liquid flux during a very early stage of the drainage until the liquid volume fraction at 

the bottom of the foam reaches 𝜑𝑚𝑎𝑥 = 0.36. 

As the foam drains the solution accumulates under the foam and the interface between the foam and 

emulsion, 𝑧 = 𝐻2, moves up. The rate of this movement can be found using a mass conservation law 

of the emulsion within the whole column (see Appendix 7A): 

 

𝑑𝐻2(𝑡)

𝑑𝑡
= −

1

1−𝜑𝑚𝑎𝑥
𝑄(𝐻2(𝑡), 𝑡), (7.15) 

 

or in dimensionless form: 

 

𝑑𝜁2(𝑡)

𝑑𝜏
= −

1

1−𝜑𝑚𝑎𝑥
𝑄(𝜁2(𝜏), 𝜏). (7.16)  

 

The above equations could be easily deduced from the fact that the product of the front velocity with 

the density difference of the two sides of the front is equal to the flux. 

 

7.4 Results and Discussion  
 

The model of foam drainage described by dimensionless Eq. (7.8) have been solved using COMSOL 

software, finite element method on a one-dimensional regular grid. The derived equations for foam 

drainage were solved using the boundary conditions described in Section 7.3 to obtain the evolution 

of liquid volume fraction inside the foam. The experimentally obtained data for investigated 

emulsions  𝑛, 𝜇𝑠,  𝑘, 𝑅𝑏0, 𝛾, 𝜌, and initial liquid volume fraction, 𝜑𝑖, have been incorporated in model 

calculations as shown in (Table 7.3). Values of calculated model parameters  𝑡0, 𝑧0, 𝐵𝑜, and 𝐵 are 

listed in Table7. 4. The values of the model calculated parameters 𝑡0 and 𝑧0 are derived based on Eq. 

(7A.17), Eq. (7A.15) respectively presented in Appendix 7A. The corresponding 𝐵𝑜 is based on Eq. 

(7.9) mentioned above in section 7.3 and is dependent on the initial bubble radius, 𝑅𝑏0, the emulsion 

density, 𝜌,  and  the liquid-air interfacial tension, 𝛾, all experimentally obtained parameters presented 

in table 7.3.   

The low values of 𝐵𝑜 mentioned in table 7.4 indicate that surface tension dominates towards 

gravitational forces, which has a pronounced effect on the rate of drainage.  
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Table 7. 3: Values of experimentally obtained parameters: flow behavior index, 𝑛, flow consistency 

index,𝑘,density, 𝜌 ,liquid-air interfacial tension,  𝛾,initial bubble radius, 𝑅𝑏0, initial liquid volume fraction, 

𝜑𝑖, and surface viscosity, 𝜇𝑠, for all investigated foaming solutions. Source:(15) 

 𝑛 𝑘 𝜌[kg/m3] 𝛾 [N/m] 𝑅𝑏0 (m) 𝜑𝑖 𝜇𝑠 [Pa 

s](187) 

SG10 0.69 0.0151 991 0.029 0.00043 0.15 0.0001 

SG20 0.555 0.0276 982 0.029 0.00045 0.15 0.0001 

SG30 0.515 0.0522 973 0.029 0.00048 0.15 0.0001 

SG40 0.569 0.0788 964 0.029 0.00047 0.15 0.0001 

 

 

Table 7. 4: Calculated model parameters: Bond number, 𝐵𝑜,characteristic time,  𝑡0, characteristic length, 

𝑧0, and parameters 𝑡∗ and 𝐵 for all investigated foaming solutions Source:(15) 

 𝐵𝑜 𝑡0 𝑧0 𝑡∗ 𝐵 

SG10 0.32393 0.27966 0.0017271 1287.7 3.3464 

SG20 0.35389 0.17622 0.001735 696.19 0.96784 

SG30 0.35065 0.36746 0.001743 2853 2.0939 

SG40 0.3151 1.0942 0.0017512 2434.2 2.5151 

 

The theoretical predictions and experimental measurement of the time evolution of both the foam 

height, 𝐻𝑓(𝑡) = 𝐻 − 𝐻1(𝑡) and free liquid layer 𝐻𝑙(𝑡) = 𝐻 − 𝐻2(𝑡) are shown in Fig. 7.3 for the 

four different foamed emulsions studied . All experimentally obtained values have been normalised 

and fitted in polynomials using MATLAB software for the determination of average foam height and 

free liquid layer values as a function of time for comparison with simulation results.  

The average initial foam heights determined were 0.216m, 0.21569m, 0.2223m and 0.222m, for 

systems SG10, SG20, SG30 and SG40 respectively.  

There is no measurable change in the height of the foam as captured both by the experiments and 

simulations during the timescale of the study. Liquid drainage out of the foam can be measured and 

the amount of liquid drained is higher with the highest concentration of oil SG40, again shown both 

by experiments and simulations. This is because of the highest viscosity of the sample.   

When liquid volume fraction at bottom of the foam (at the porous substrate interface) reaches the 

maximum value, 𝜑max, a free liquid layer starts to accumulate at the bottom of the foam column. 

Figures 7.3(a)-7.3(d) show that there is a very good agreement of the dynamics of the foam height 

evolutions and free liquid layer accumulation both qualitatively and quantitatively during all stages 

of the drainage process. 
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Figure 7. 3:Time evolutions of foam height, 𝐻𝑓(𝑡) = 𝐻 − 𝐻1(𝑡) and free liquid layer 𝐻𝑙(𝑡) = 𝐻 − 𝐻2(𝑡)   for 

Foamed emulsion made of foaming emulsion (a) SG10  (b) SG20  (c) SG30 and (d) SG40. Source:(15) 

 

Experimental evaluation of liquid volume fraction both at top of the foam boundary and at the 

foam/liquid layer interface through measurements of liquid conductivity are shown in Figure 7.4 for 

the four foaming solutions: SG10, SG20, SG30 and SG40.    

The liquid fraction at the top of the foam remains relatively high, which is probably why there is no 

coalescence observed and there is almost no change in the foam height in Figure 7.3.  

The initial rapid drainage predicted by simulation results and shown in Figures 7.3(a)-7.3(d) which 

corresponds to the initial increase of liquid volume fraction from 𝜑𝑖 = 0.15 to 𝜑𝑚𝑎𝑥 = 0.36 was not 
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possible to observe experimentally due to the evolution of the liquid fraction during generation(188) 

.Therefore, experimentally observed initial liquid volume fraction at the top of the foam was lower 

than  𝜑𝑖 corresponding to a dry foam with a value shown in Figure 7.4 for each investigated system. 

During the experiments, the initially observed liquid volume fraction at the foam/liquid layer interface 

had already reached the theoretically predicted maximum value, 𝜑𝑚𝑎𝑥. Drainage starts immediately 

before the initial foam height is reached leading to very dry foam at the top and wet foam at the 

bottom.  

The experimental results are reasonable when considering immediate drainage while foam is being 

generated. To observe the theoretically predicted behaviour described by model calculations, as 

presented in Figure 7.4 a uniform foam is required which would mean producing foam very quickly 

or limiting the effect of gravity,(e.q drainage under microgravity conditions) in an attempt to capture 

the foamed emulsion behaviour at the very beginning of the drainage process.  

Regardless the absence of experimental measurements of liquid volume fraction at the top and bottom 

boundaries of the foam for the initial short rapid drainage period theoretically predicted, comparison 

between experimental results and model calculations are in reasonable agreement as shown in Figures 

7.4(a)-7.4(d).    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

133 
 

 

 

Figure 7. 4: Time evolutions of liquid volume fraction of the top and bottom boundaries for Foamed emulsion 

made of Foaming emulsions (a) SG10; (b) SG20; (c) SG30  and (d) SG40. Source:(15) 
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7.5 Conclusions 
 

These types of systems are frequently used in a variety of cleaning, food and cosmetic products and 

the developed theory of foam drainage will find a wide range of industrial applications. The drainage 

of foamed emulsions of various oil volume fractions is experimentally investigated. The drainage of 

emulsion foam is investigated using mixture of sodium dodecyl sulphate and oil, which were prepared 

using the double syringe method. In the course of drainage both the foam height and the thickness of 

the free liquid layer accumulated at the bottom of the foam were measured. A mathematical model 

was developed, taking into account of both the non-Newtonian behaviour of the foamed emulsion 

and surface viscosity. The model is capable of describing the time evolutions of both the foam height 

and the thickness of the drained layer. The model predictions are compared with experimental 

observations of the drainage process for four different foamed emulsion systems of SDS surfactant 

and rapeseed oil generated using the double syringe emulsification technique and a bubbling through 

capillaries in a foam column. Comparison showed a reasonably good agreement between the theory 

predictions and experimental observations. Drainage is observed during foam formation before the 

initial foam height is reached leading to dry foam at the top and wet foam at the foam/liquid layer 

interface. A free liquid layer starts to accumulate at the bottom boundary of the foam when the 

maximum value of liquid volume fraction, 𝜑max, is reached at the bottom.  
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Nomenclature 7 
𝛼 Velocity coefficient 

A Plateau border cross-sectional area, m2 

Bo Bond number 

𝑐 Velocity coefficient 

𝐶 Geometrical coefficient 

𝐶1 Geometrical coefficient 

𝑓𝑛  Drag coefficient 

𝑔 Gravity acceleration, m/s2 

𝛨 Column height, m 

𝐻𝑓  Foam height, m 

𝐻𝑙 Drained liquid height, m 

𝐻𝑙  Position of the foam 

𝐻1 Position of the top of the foam boundary 

𝐻2 Position of foam/liquid interface boundary 

𝜁 The dimensionless vertical coordinate 

𝜁1  The dimensionless position of the foam boundary, 

𝜁2 The dimensionless position of the foam/liquid layer interface boundary,  

𝜁1𝑒 The dimensionless position of the foam boundary at equilibrium,  

𝑘 Flow consistency index, Pa sn 

𝜇𝑒𝑓𝑓 Effective viscosity [Pa s] 

𝛾̇ Shear rate, s-1 

𝑙 Length of the Plateau border, m 

𝑛 Flow behaviour index 

𝑛𝑝  Number of plateau borders per bubble 

𝑁 Number of bubbles per unit volume, 1/m3 

𝜎 Relative conductivity 

𝑑𝑃

𝑑𝑧
 

Pressure gradient 

𝑝 Pressure, Pa 
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𝑃 Modified pressure, Pa 

𝑞𝑝𝑏  Flow rate in Plateau border, m3/s 

𝑄 Total volumetric flux through the Plateau borders, m/s 

𝜑 Liquid volume fraction 

R Radius, m 

Rb Radius of bubbles, m 

RPb Curvature radius of Plateau border, m 

t Time, s 

t0 Characteristic time scale, s 

𝑣 Average velocity in Plateau border, m/s 

V Average velocity in a circular tube, m/s 

z Co-ordinate axis, m 

z0 Characteristic length scale, m 

𝜑𝑖 Initial liquid volume fraction 

𝜑𝑐𝑟 Critical liquid volume fraction 

𝜑𝑚𝑎𝑥 Maximum liquid volume fraction 

𝜌 Emulsion density kg/m3 

𝜌𝑜𝑖𝑙 Oil density kg/m3 

𝛾 Liquid-air interfacial tension N/m 

Boussinesq Boussinesq number 
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Appendix 7A 

7A.1 Mathematical model 
 

We can substitute Eq. 7.5 into Eq.7. 6 of the main text and multiply by the Plateau border cross-

section to obtain the flow rate, 𝑞𝑝𝑏, in a Plateau border as follows: 

 

𝑞𝑝𝑏 = 𝑐
𝑛

3𝑛+1

1

𝜋1/2+1/(2𝑛)
(|
𝑑𝑃

𝑑𝑧
|
1

2𝑘
)
1/𝑛

𝐴3/2+1/(2𝑛). (7Α.1) 

 

The quantity 𝑃 in Eqs. (7.4,7.5 and 7A.1) is referred to as modified pressure and it is an abbreviation 

for the sum of the capillary pressure and gravitational contributions. Accordingly, the driving force 

for Plateau border drainage 
𝑑𝑃

𝑑𝑧
 is: 

 

|
𝑑𝑃

𝑑𝑧
| = 𝜌𝑔 +

𝑑

𝑑𝑧
(
𝛾

𝑅𝑝𝑏
),           (7Α.2)  

 

where 𝛾 is the liquid-air interfacial tension, 𝑅𝑝𝑏 is the radius of curvature of Plateau border; 𝜌 and 𝑔 

are the liquid density and the gravity acceleration, respectively. According to (164) the cross-

sectional area of a plateau border can be written as: 

 

 A =
𝑉𝑏

𝑛𝑝∙𝑙

φ

(1−𝜑)
= 𝐶2𝑅𝑝𝑏

2 = C1 ∙ 𝑅𝑏
2 ∙

𝜑

(1−𝜑)2/3
, (7Α.3) 

 

where 𝜑 is liquid volume fraction, 𝑉𝑏   is the volume of a bubble of radius 𝑅𝑏 , 𝑙 is the length of the 

Plateau border, 𝑛𝑝 is the number of plateau borders per bubble; 𝐶2 ≈ 0.161, 𝐶1 a geometrical 

coefficient, 𝐶1 = 4𝜋/(3𝑛𝑝𝛿 ≈ 0.378 − 0.972) for a foam with structures between bcc (body-

centred cubic) and fcc (face-centred cubic) and bubbles of the same size.  

 

The length of a plateau border is given by Eq. (7A.4) (164): 

 

 
l = δ ∙ 𝑅𝑏 ∙ (1 − 𝜑)

−
1
3,  (7Α.4)  

 

where δ=0.718-1.108 and np=6-10(164). 

Hence, the volume of a bubble with radius 𝑅𝑏 can be expressed as: 
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𝑉𝑏 = 𝐶1 ∙ 𝑅𝑏

2 ∙ 𝑛𝑝 ∙ 𝑙 ∙
(1 − 𝜑)

(1 − 𝜑)2/3
= 𝐶1 ∙ 𝑅𝑏

2 ∙ 𝑛𝑝 ∙ 𝛿 ∙ 𝑅𝑏 ∙ (1 − 𝜑)
−1/3 ∙

(1 − 𝜑)

(1 − 𝜑)2/3

= 𝐶1 ∙ 𝑅𝑏
3 ∙ 𝑛𝑝 ∙ 𝛿 

(7Α.5) 

 

Substituting Eq.(7A.3) and Eq.(7A.2) into Eq.(7A.1) results in the following expression of flow rate 

in a plateau border: 

 

 
q𝑝𝑏 = 𝑐

𝑛

3𝑛+1

1

𝜋
1
2
+1/(2𝑛)

1

21/𝑛
(
ρ∙g

𝑘
∙ 𝐴

3𝑛+1

2 −
𝐶𝛾

2k
∙ 𝐴

3𝑛−2

2 ∙
𝜕𝐴

𝜕𝑧
)
1/𝑛

.   (7Α.6)  

 

If we define: 

 

 1

𝑓𝑛
= (𝑐

𝑛

3𝑛+1

1

𝜋
1
2
+1/(2𝑛)

1

21/𝑛
)
𝑛

.   (7Α.7)  

 

Then, from E.q (7.5) and Eq. (7.6) in the main text it is possible to conclude: 

 

 
q𝑝𝑏 = (

ρ ∙ g

𝑘 ∙ 𝑓𝑛
∙ 𝐴

3𝑛+1
2 −

𝐶𝛾

2k ∙ 𝑓𝑛
𝐴
3𝑛−2
2
𝜕𝐴

𝜕𝑧
)
1/𝑛

    (7Α.8)  

 

The total volumetric flux through the plateau borders is given by Eq. (7A.9), Ref. (91)(189): 

 

 
𝑄 =

4

15
∙ 𝑁 ∙ 𝑛𝑝 ∙ 𝑅𝑏 (

ρ∙g

𝑘∙𝑓𝑛
∙ 𝐴

3𝑛+1

2 −
𝐶𝛾

2k∙𝑓𝑛
𝐴
3𝑛−2

2
𝜕𝐴

𝜕𝑧
)
1/𝑛

, (7Α.9) 

 

where Ν is the number of bubbles per unit area and is given by Eq.(7A.10): 

 

 N =
(1−φ)

𝑉𝑏
=

(1−𝜑)

𝐶1∙𝑅𝑏
3∙𝑛𝑝∙𝛿

. (7Α.10) 

 

The mass conservation law for liquid inside plateau border channels is: 
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 𝜕φ

𝜕t
+
𝜕𝑄

𝜕𝑧
= 0. (7Α.11)  

 

Substituting Eq. (7A.9) into Eq. (7A.11) results in: 

 

 
𝜕φ

𝜕t
+
𝜕((

4

15
)
𝑛
∙𝑁𝑛∙𝑛𝑝

𝑛∙𝑅𝑏
𝑛 𝜌∙𝑔

𝑘∙𝑓𝑛
∙𝐴
3𝑛+1
2 −(

4

15
)
𝑛
∙𝑁𝑛∙𝑛𝑝

𝑛∙𝑅𝑏
𝑛 𝐶𝛾

2𝑘∙𝑓𝑛
𝐴
3𝑛−2
2

𝜕𝐴

𝜕𝑧
)

1/𝑛

𝜕𝑧
= 0. 

(7Α.12) 

 

Substitution of Eq. (7A.3) into Eq. (7A.12) gives: 

 

 

𝜕φ

𝜕t
+

𝜕 (
𝐶1

1
2
∙ ∙ 𝜌 ∙ 𝑔
𝑘 ∙ 𝑎𝑛

∙ 𝑅𝑏0
𝑛+1 ∙ (1 + √𝑡/𝑡∗)

𝑛+1
∙

𝜑
3𝑛+1
2

(1 − 𝜑)1/3
−

𝐶 ∙ 𝛾
2 ∙ k ∙ 𝑎𝑛

∙ 𝑅𝑏0
𝑛(1 + √𝑡/𝑡∗)

𝑛 𝜑
3𝑛−2
2 (1 −

𝜑
3
)

(1 − 𝜑)
∙
𝜕𝜑
𝜕𝑧
)

1/𝑛

𝜕𝑧
= 0, 

(7Α.13) 

 

where: 

 

 1

𝑎𝑛
= (𝑐 ∙

𝑛

3𝑛+1
∙

1

𝜋1/(2𝑛)
∙

1

2(1/𝑛)−3
∙

1

33/2∙5
∙

1

𝛿3/2
∙

1

𝑛𝑝1/2
)
𝑛

=

(𝛼
𝑛

3𝑛+1

1

𝜋1/(2𝑛)
1

21/𝑛−333/2
1

𝛿3/2
1

𝑛𝑝1/2
)
𝑛

(1 +  𝛣 √
𝜑

(1−𝜑)2/3
)
𝑛

=
1

𝛽0
(1 +  𝛣 √

𝜑

(1−𝜑)2/3
)
𝑛

  

(7Α.14) 

 

and  𝑐 = 𝑎(𝑛) + 𝛽 ∙ 𝑏(𝑛) = 𝛼 + 𝑏 (
 𝜇 𝑅𝑝𝑏

𝛼𝜇𝑠
) = 𝛼 (1 +  𝛣 √

𝜑

(1−𝜑)2/3
) 

where  𝐵= 
𝑏 𝜇 𝑅𝑏

𝛼𝜇𝑠
√
𝐶1

𝐶2
   . 

 

In above equations interfacial mobility, through surface viscosity, 𝜇𝑠, is taken into account, according 

to Ref.(142), which results in an “effective slip” at the liquid-air interface. Interfacial mobility is a 

surface rheological property describing the rheological behaviour of bubble surfaces. More 

specifically, the elastic modulii and viscocities will be small for a mobile surface and high for a rigid 

surface although this is not intrinsic(190). 
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Non-dimensionalisation of Eq.(7.A13) is undertaken as follows. 

Let us introduce the following dimensionless variables and parameters:  

𝜁 → 𝑧/𝑧0, 𝜏 → 𝑡/𝑡0 

 

where, 

 

 
𝑧0 = √

𝛾

𝜌∙𝑔
. (7Α.15) 

 

And we can compare the characteristic time-scales of drainage and coarsening as: 

 

 

𝜆 = √
𝑡0
𝑡∗

 (7Α.16) 

 

and: 

 

 

𝑡0 = (
𝑧0
𝑛+1∙2∙𝑘∙𝑎𝑛

𝑅𝑏0
𝑛∙𝐶∙𝛾

)
1/𝑛

= (
(√

𝛾

𝜌∙𝑔
)
𝑛+1

∙2∙𝑘∙𝑎𝑛

𝑅𝑏0
𝑛∙𝐶∙𝛾

)

1/𝑛

= (
2∙𝑘 ∙𝛽0

𝛾
1−𝑛
2 𝑅𝑏0

𝑛∙𝐶∙(𝜌𝑔)
𝑛+1
2

)

1/𝑛

, (7Α.17) 

 

where  

 

1

𝛽0
= (𝛼

𝑛

3𝑛 + 1

1

𝜋1/(2𝑛)
1

21/𝑛−333/2
1

𝛿3/2
1

𝑛𝑝1/2
)

𝑛

 

 

Substitution of equations (7A.16) and (7A.17) into (7A.13) results in: 
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 𝜕φ

𝜕(τ)

+

𝜕 ((
𝑡0
𝑧0
)
𝑛 𝐶1

1
2∙ ∙ 𝜌 ∙ 𝑔
𝑘 ∙ 𝑎𝑛

∙ 𝑅𝑏0
𝑛+1 ∙ (1 + √𝑡/𝑡∗)

𝑛+1
∙

𝜑
3𝑛+1
2

(1 − 𝜑)1/3
−

𝑡0
𝑛

𝑧0
𝑛+1 ∙

𝐶 ∙ 𝛾
2 ∙ k ∙ 𝑎𝑛

∙ 𝑅𝑏0
𝑛(1 + √𝑡/𝑡∗)

𝑛 𝜑
3𝑛−2
2 (1 −

𝜑
3
)

(1 − 𝜑)
∙
𝜕𝜑
𝜕𝜁
)

1/𝑛

𝜕(ζ)

= 0 

(7Α.18) 

 

 

7A.2 Equilibrium profile 
 

The equilibrium profile for liquid content inside the foam is reached when the gravity and capillary 

gradient forces equilibrate each other inside the foam. The equilibrium profile can be found by 

assuming zero liquid flux across the foam height. Integration of Eq. (7A.12) in this case using the 

boundary condition at the bottom of the foam,  𝜑(𝐻2(𝑡), 𝑡) = 𝜑𝑚𝑎𝑥, results in: 

 

 
2𝐶1

1/2
𝜌𝑔𝑅𝑏
𝐶𝛾

∫ 𝜕𝑧 = ∫ 𝜑−
3
2(1 − 𝜑)− 

2
3(1 − 𝜑/3)𝜕𝜑

𝜑𝑚𝑎𝑥

𝜑𝑒𝑞

2𝑒

𝜁

 (7Α.19)  

 

And 

 

(1 − 𝜑𝑒(𝑧))
1

3𝜑𝑒
−
1

2(𝑧) = (1 − 𝜑𝑚𝑎𝑥)
1/3𝜑𝑚𝑎𝑥

−1/2
+
𝐶1

1
2𝜌𝑔𝑅𝑏

𝐶𝛾
(𝛨2𝑒 − 𝑧). 

(7Α.20) 

 

Eq.(7A.20) can be rewritten as the following dimensionless form: 

 

(1 − 𝜑𝑒(𝜁))
1

3𝜑𝑒
−
1

2(𝜁) = (1 − 𝜑𝑚𝑎𝑥)
1/3𝜑𝑚𝑎𝑥

−1/2
+√𝛣0(𝜁2𝑒 − 𝜁). (7Α.21)  

 

If   𝜁 = 𝜁1𝑒  is substituted in the above equation (we suppose that 𝜁1𝑒 is the dimensionless position of 

the top of the foam at equilibrium), then the equilibrium liquid volume fraction at the top of the foam 

can be deduced. The latter is a function of the foam height at equilibrium, 𝜁2𝑒 − 𝜁1𝑒 and can be 

calculated as: 

 

(1 − 𝜑𝑒(𝜁1𝑒))
1

3𝜑𝑒
−
1

2(𝜁1𝑒) = (1 − 𝜑𝑚𝑎𝑥)
1/3𝜑𝑚𝑎𝑥

−1/2
+√𝛣0(𝜁2𝑒 − 𝜁1𝑒). (7Α.22) 
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The dependency of the equilibrium liquid volume fraction at the top of the foam on the foam height 

(according to Eq. (7A.21)) is schematically illustrated in Figure 7A.1. As shown in Fig. 7A.1, 𝜑𝑒(𝜁1𝑒) 

increases to 𝜑𝑚𝑎𝑥 as the final foam height, 𝜁2𝑒 − 𝜁1𝑒 , decreases. Substituting 𝜑𝑒(𝜁1𝑒) = 𝜑𝑐𝑟 in Eq. 

(7A.21) allows determining a critical foam height, 𝜆𝑐𝑟. This critical foam height is shown in Fig. 7A.1 

where 𝜑𝑒(𝜁1𝑒) = 𝜑𝑐𝑟. 

If the initial foam height, 𝜁2(𝜏 = 0) − 𝜁1(𝜏 = 0) = 𝜁2𝑖 − 𝜁1𝑖,  is less than 𝜆𝑐𝑟, then over duration of 

the whole process the liquid volume fraction at the top of the foam remains above the 𝜑𝑐𝑟  and the 

top part of the foam does not move, that is 𝜁1(𝜏) = 𝜁1𝑖. However, if 𝜁2𝑖 − 𝜁1𝑖 is bigger than  𝜆𝑐𝑟 then 

two possibilities can be predicted: 

 (1) over duration of the whole drainage process the liquid volume fraction at the top of the foam 

remains above the 𝜑𝑐𝑟, which is exactly the same as before,  

(2) at some moment in time, 𝜏𝑐𝑟, 𝜑(𝜁1, 𝜏𝑐𝑟) = 𝜑𝑐𝑟. After that moment the apparent boundary of the 

foam at the top starts to decrease according to Eq. (7.14) in the main text. 

 

   

Figure 7A. 1:The dependency of the equilibrium liquid volume fraction at the top of the foam on the foam 

height. Source:(15) 

 

Therefore, the foam height will decrease from both top and bottom boundaries while 𝜑(𝜁1, 𝜏) = 𝜑𝑐𝑟. 
This reduction in foam height continues until the time when it reaches equilibrium. According to Eq. 

(7A.22) and Fig. 7A.1, the final height of the foam in this case is fixed and equal to the critical foam 

height, 𝜁2𝑒 − 𝜁1𝑒 = 𝜆𝑐𝑟. Considering a mass conservation of the solution within the whole column at 

initial and final state of the process, it is possible to predict which of the two above mentioned 

possibilities will occur: 

 

𝜑i(𝐻2𝑖 − 𝐻𝑖) + 𝐻 − 𝐻2𝑖 = ∫ φe(𝐻)𝑑𝐻 + 𝐻 − 𝐻2𝑒
𝐻2𝑒
𝐻1𝑒

. (7Α.23) 
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The left-hand side of the equation shows the initial amount of the liquid presented within the whole 

column while the right-hand side of the equation determines the final liquid content at equilibrium.  

Eq. (7A.23) can be rewritten as the following dimensionless form: 

 

𝜑i(𝜁2𝑖 − 𝜁1𝑖) − 𝜁2𝑖 = ∫ φe(𝜁)𝑑𝜁 − 𝜁2𝑒
𝜁2𝑒
𝜁1𝑒

. (7Α.24)   

 

If we suppose that during the drainage the liquid volume fraction at the top of the foam drops to the 

value of 𝜑𝑐𝑟 (i.e. the second possibility occurs), then as mentioned above𝜁2e = 𝜁1𝑒 + 𝜆cr. Substituting 

this expression into Eq. (7A.24) results in: 

 

𝜑i(𝜁2𝑖 − 𝜁1𝑖) − 𝜁2𝑖 = ∫ φe(𝜁)𝑑𝜁 − (𝜁1𝑒 + 𝜆𝑐𝑟)
𝜁1𝑒+𝜆𝑐𝑟
𝜁1𝑒

. (7Α.25)  

 

From the above equation: 

 

(𝜁1𝑒 − 𝜁1𝑖) = (𝜁2𝑖 − 𝜁1𝑖) − 𝜑𝑖(𝜁2𝑖 − 𝜁1𝑖) + ∫ φe(𝜁)𝑑𝜁 − 𝜆𝑐𝑟
𝜁1𝑒+𝜆𝑐𝑟
𝜁1𝑒

. (7Α.26)  

 

Since the foam height decreases from the top in this case, 𝜁1𝑒 − 𝜁1𝑖 > 0 and the right-hand side of 

Eq. (7A.26) should be also a positive value: 

 

𝜑𝑖 < 1 −
𝜆𝑐𝑟−∫ 𝜑𝑒(𝜁)𝑑𝜁

𝜁1𝑒+𝜆𝑐𝑟
𝜁1𝑒

(𝜁2𝑖−𝜁1𝑖)
, (7Α.27)  

 

Or 

 

𝜑𝑖 < 1 −
𝜆𝑐𝑟− ∫ 𝜑𝑒(𝜁)𝑑𝜁

𝜆𝑐𝑟
0

(𝜁2𝑖−𝜁1𝑖)
= 𝜑𝑡, (7Α.28) 

 

A comparison between the values of 𝜑𝑖 and 𝜑𝑡 for each foaming solution can predict the state of the 

top of the foam during the drainage. The integral in Eq. (7A.28) (to find the values of 𝜑𝑡 ) can be 

calculated numerically using Eq. (7A.21) for different values of 𝐵𝑜 number and it is identical to the 

area under the equilibrium curve from 𝜁2𝑒 − 𝜁1𝑒 = 0  to   𝜁2𝑒 − 𝜁1𝑒 = 𝜆𝑐𝑟 in Fig. A1. Therefore, in 

the case in which the initial foam height, 𝜁2𝑖 − 𝜁1𝑖, is bigger than 𝜆𝑐𝑟  the foam height decreases from 

the top boundary only if the condition specified in Eq. (7A.28) is satisfied for the value of initial 
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liquid volume fraction. Otherwise the liquid volume fraction at the top of the foam remains above the 

𝜑𝑐𝑟 and the top boundary of the foam does not move. 

 

7A.3 Rheological properties of foamed emulsions-Obtained experimental data 
 

7A.3.1 Effective Viscosity as a function of shear rate 
 

Power law fits for the viscosity as a function of the shear rate 𝜇𝑒𝑓𝑓 = 𝑘 𝛾̇𝑛−1,  

where 𝑘 is ‘‘flow consistency index’’,  𝑛 is the ‘‘flow behavior index’’ and 𝛾̇  is the shear rate.  

 

Table 7A. 1: Values of experimentally obtained parameters: flow consistency index, 𝑘 and flow behavior index, 

 𝑛  for all investigated emulsions. Source:(15) 

 

 

 

 

 

 

 

 

 

 
k n 

SG10 0.0151 0.69 

SG20 0.0276 0.555 

SG30 0.0522 0.515 

SG40 0.0788 0.569 
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Figure 7A. 2:Effective viscosity [Pa.s] versus shear rate [S-1] for emulsions SG10, SG20, SG30 and SG40. 

Source:(15) 

 

7A.3.2 Density and surface tension of the liquids 
 

Given the value of the Oil density, 𝜌𝑜𝑖𝑙 = 0.91 kg/m3 

we can calculate the emulsion density based on the following expression:  

 

 𝜌 = 𝜙𝜌𝑜𝑖𝑙 + (1 − 𝜙)𝜌𝑤𝑎𝑡𝑒𝑟,                      (7Α.29) 

 

where, 𝜌𝑜𝑖𝑙 the oil density, 𝜌 the emulsion density, 𝜙 the liquid volume fraction and  𝜌𝑤𝑎𝑡𝑒𝑟 the water 

density. 

 

Table 7A. 2: Values of calculated emulsion density, 𝜌, and liquid-air interfacial tension,  𝛾. Source:(15) 

 
 𝜌 [kg/m3] 𝛾 [N/m] 

SG10 991 0.029 

SG20 982 0.029 

SG30 973 0.029 

SG40 964 0.029 
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CHAPTER 8 

Research Limitations 
 

The studies presented in Chapters 3-7 have potential limitations related to the adopted methodologies 

and assumptions undertaken. Although careful consideration of all physicochemical factors and 

parameters has been taken during the design of our methodologies and development of mathematical 

models these limitations may have slightly influenced our estimates and conclusions. More 

specifically, the following research limitations can be identified for each Chapter: 

1. Jacobi’s condition of equilibrium was investigated and verified for the first time in Chapter 3. The 

action of the Disjoining/Conjoining pressure in the vicinity of the three-phase contact line was 

considered to act simultaneously with capillary pressure yielding the equilibrium profile of a 

droplet on a deformable substrate. A simplified linear Disjoining/Conjoining pressure isotherm 

was adopted to obtain an analytical solution which captures the essential properties of the real 

smooth isotherm: (i) it has a short range of surface forces action (ii) corresponds to partial wetting 

at the proper selection of parameters, (iii) corresponds to stable thin liquid films in the whole range 

of surface forces action. The adoption of the simplified Disjoining/Conjoining pressure isotherm 

with two regions may be considered as a study limitation with possible minor quantitative effects 

on results. In a future study an alternative Disjoining/Conjoining pressure isotherm with four 

regions could be introduced for comparison and results evaluation.   

2. In Chapter 4 hysteresis of contact angle for droplet on deformable substrate was theoretically 

investigated and the effect of model parameters on the values of static advancing and static 

receding contact angles was presented. Model results where qualitatively verified with previously 

obtained results on various polymer substrates. The study’s primary limitations concentrate on the 

adoption of a simplified linear Disjoining/Conjoining pressure isotherm with specific isotherm 

parameters, adopted in order to obtain an analytical solution. An additional limitation is related to 

the assumption of negligible substrate surface tension adopted for simplification, which may have 

had a possible quantitative effect on the values of contact angles. These limitations can be avoided 

in future research via the adoption of a real Disjoining/Conjoining isotherm and via consideration 

of substrate’s surface tension, where full scale computations will be required. 

3. A new theory of foam drainage placed on a thin porous layer is developed in Chapter 5 and 

theoretical predictions on the process kinetics are compared with experimental findings with good 

agreement. There may be some possible limitations in this study related to the methodology and 

assumptions for model development. More specifically, we investigated foam produced by SDS 

surfactant of 4CMC placed on a thin porous substrate of known properties and assumed that all 

bubbles are of uniform size. The limitations of the study could be related to the restricted selection 

of surfactant type and concentration and investigated porous substrate. Research limitations can 

be eliminated in future research with consideration of bubble size distribution and a wider selection 

of surfactants and porous layers. 

4. A new theory of foam drying under microgravity conditions is presented in Chapter 6 where model 

predictions on time evolutions of spreading radius of foam in contact with porous layer are 

presented and compared with experimental results. We considered foam produced by a Newtonian 

surfactant solution in a column positioned horizontally and attached to a thin porous layer and 

assumed that all bubbles are of uniform size during the duration of the experiments. The limitations 
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of this study are related to the specific selection of one type of surfactant solution and the 

assumption of uniform bubble radius. In future research these limitations could be eliminated by 

investigating multiple surfactant solutions with low liquid-air surface viscosity for comparison and 

with consideration of bubble size distribution. 

5. In Chapter 7 foamed emulsion drainage was investigated theoretically and experimentally. A new 

mathematical model was developed taking into account the non-Newtonian behaviour of foamed 

emulsion systems and the effect of surface viscosity was considered. Time evolutions of foam 

height, liquid layer and liquid volume fractions were theoretically predicted and compared with 

experimental results with good agreement. Foamed emulsions were created by SDS surfactant and 

rapeseed oil of various proportions with the double syringe emulsification method. The research 

limitations identified during this study are: i) the specific emulsification method used for emulsion 

preparation which does not allow comparison between different methods and their effect on the 

stability of foamed emulsions ii) the selection of one type of surfactant solution and of oil for 

emulsion preparation. Additionally, it was observed during the experiments that drainage of 

foamed emulsion systems occurs at the very beginning of foam formation before the initial foam 

height was reached. The absence of experimental measurements of liquid volume fraction at the 

top and bottom of the foam for the initial short rapid drainage theoretically predicted entails an 

identified study limitation which can be eliminated in a future research of foamed emulsion 

drainage under microgravity conditions.  
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CHAPTER 9 

Conclusions and Future work 
 

9.1 Conclusions  
 

Wetting phenomena and Foam drainage on complex substrates have been investigated and 

discussed in the following areas: 

1) Equilibrium droplets on deformable substrates: Equilibrium conditions 

2) Hysteresis of Contact Angle of Sessile Droplets on Deformable Substrates: Influence of 

Disjoining Pressure 

3) Foam drainage placed on a thin porous layer 

4) Drying of Foam under Microgravity Conditions 

5) Modelling of foamed emulsion drainage 

Equilibrium conditions of droplets on deformable substrates were investigated in Chapter 3. A piece-

wise linear disjoining/conjoining pressure isotherm was adopted to obtain an analytical solution and 

low slope approximation was used for all calculations. The fundamental principle of a minimum value 

of excess free energy for both profiles of the droplet and the deformable substrate was considered to 

derive the profiles of the droplet and the deformable substrate. The two Jacobi’s equations deduced 

were investigated and it was shown that are always increasingly positive for the bulk part of the 

droplet and for the transitional region where disjoining/conjoining pressure is predominant. It was 

proven for the first-time using Jacobi’s sufficient condition that the derived profiles of the droplet and 

the deformable substrate really correspond to equilibrium.  

According to Kelvin’s equation, to reach equilibrium contact angle the droplet should be at the 

equilibrium with oversaturated vapour. Therefore, only non-equilibrium contact angles (static 

advancing and static receding contact angles) can be observed experimentally. A theory of contact 

angle hysteresis of sessile liquid droplets on deformable/soft substrate was developed in Chapter 4. 

Calculations showed that advancing and receding contact angles of a droplet on smooth, 

homogeneous deformable substrate depend on droplet volume, and the elasticity of the substrate. 

Both advancing and receding contact angles decrease with increasing substrate elasticity. Hysteresis 

of contact angle was proven to be lower for deformable substrates than that for non-deformable. For 

model derivation, a simplified disjoining pressure isotherm was adopted, which allows direct 

calculations of static advancing/receding contact angles on deformable substrates, and Winkler's 

model was considered to account for the elasticity of the substrate.  

In Chapter 5 a theory of foam drainage of foam produced from a Newtonian surfactant solution placed 

on a thin porous layer (completely wettable) was developed and surface viscosity was taken into 

account. The derived equations of foam drainage and liquid imbibition into the porous layer were 

solved using boundary conditions and describe the evolution of liquid volume fraction inside the 

foam. Theoretical predictions of foam height and wetted area time evolutions are compared with 

experimentally obtained results and the effect of model parameters on the kinetics of the 

drainage/imbibition process were investigated. 
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A new method of drying foams in the absence of gravitational field is presented in Chapter 6 where 

foam is suggested to be placed on a porous support, which will absorb the liquid from foam based on 

capillary forces only. Triton-X100 at concentrations above CMC on four types of filter papers, i.e. 

grade 1,3,5 and 601 were investigated. The experiments were conducted in the laboratory where the 

effect of gravity was eliminated by using a foam column placed horizontally, in contact on one end 

on a thin porous substrate. Theoretical model predictions of wetted radius inside the porous substrate 

were compared with experimental observations and comparison showed a reasonable agreement for 

all investigated foam/porous substrate systems. 

The process of foam drainage emulsion foam was investigated in Chapter 7. Four different foamed 

emulsion systems of SDS surfactant and rapeseed oil were prepared using the double syringe 

emulsification technique and a bubbling through capillaries in a foam column.  A theoretical model 

was developed, taking into account the effect of surface viscosity and non-Newtonian behaviour of 

the foamed emulsion and the kinetics of the process were predicted.  Model predictions of time 

evolutions of foam height, free liquid layer formation, and liquid volume fraction for investigated 

foamed emulsion systems of various oil volume fractions were compared with experimental 

observations. The results showed no measurable change of the foam height while a free liquid layer 

starts to accumulate at the bottom boundary of the foam after an initial rapid increase of liquid volume 

fraction to the maximum value at the bottom of the foam. Comparison between experimental 

observations and model calculations showed a reasonable agreement.  

 

9.2 Future work 
 

Recommendations for future investigations in the area of wetting phenomena and foam drainage on 

complex substrates are provided in this section, taking into consideration the areas investigated above, 

assumptions undertaken and obtained results.   

1. Equilibrium conditions of droplet on deformable substrate were investigated and presented in 

Chapter 3. The action of disjoining/ conjoining pressure was considered to act simultaneously with 

capillary pressure yielding the equilibrium liquid profile and a piece-wise linear 

disjoining/conjoining pressure isotherm was adopted which retains the main important properties 

of the real s-shaped isotherm. The validity of the Jacobi’s sufficient condition was verified for the 

first time which sets an area for further investigation. The study made a significant contribution to 

our understanding of equilibrium conditions of droplets on deformable substrates, presented a new 

method of verification  of the obtained solution via the development of a mathematical model and 

will initiate the development of new studies in the area of interfacial science. Therefore, any 

previously obtained solution of equilibrium should be checked using Jacobi’s sufficient condition 

and their validity is yet to be confirmed. Additionally, droplet on deformable substrate and Jacobi’s 

necessary condition of equilibrium can be investigated in a future research in the case of a 

simplified disjoining/conjoining pressure isotherm with four regions, a, b, c and spherical as shown 

in Figure 9.1.  
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Figure 9. 1: Piece-wise linear Disjoining/Conjoining pressure isotherm with four regions, a, b, c and 

spherical. 

 

Jacobi’s condition should identify the only possible/stable solution at region “b” where oscillatory 

solution is possible. 

 

2. Hysteresis of contact angle of droplet on deformable substrate was theoretically investigated in 

Chapter 4. The theoretical model of contact angle hysteresis was developed in terms of a 

simplified disjoining pressure isotherm to obtain an analytical solution, which accounts for the 

action of surface forces in the vicinity of the three-phase contact line.  Both advancing and 

receding contact angles on smooth and homogenous deformable substrates where proven to 

depend on the action of the Disjoining/Conjoining pressure, the droplet volume and the elasticity 

of the substrate. The results of the study were qualitatively verified with previously experimental 

obtained results on various polymer substrates. The action of the Disjoining/Conjoining pressure 

is predominant at the vicinity of the three-phase contact line and cannot be ignored. The research 

presented in Chapter 4 entails a fundamental study which aims to increase our understanding on 

the parameters that affect the values of advancing and receding contact angles for droplets on 

elastic substrates. The developed mathematical model can be adopted in future research studies 

on contact angle hysteresis and suggests consideration of the action of the Disjoining/Conjoining 

pressure near the three-phase contact line where surface forces become predominant. 

Considering the assumptions undertaken, it is suggested that the research could be extended in 

the future by considering the case of the real s-shaped isotherm where full scale computer 

simulations will be necessary. In addition, a comparison of theoretical predictions with 

experimentally obtained results is suggested for future investigation. 

3. Simultaneous foam drainage and imbibition of liquid from foam into thick porous substrate was 

only previously theoretically investigated by Arjmandi-Tash et.al (19) where a system of two 

interconnected differential equations was derived to describe the kinetics of foam drainage and 
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penetration into the porous substrate. However, it is difficult to experimentally investigate the 

kinetics of wetted area on thick, porous substrate.  In Chapter 5 the rate of drainage and the rate 

of penetration and wetted area was investigated for the first time both theoretically and 

experimentally, for the case on foam drainage/imbibition into thin, porous substrate. The process 

investigated (40) allowed the development of a new system of differential equations able to 

describe the rate  of liquid volume fraction inside the foam and the rate of wetted area inside the 

thin porous layer. The mathematical model developed was experimentally verified and 

comparison showed reasonable agreement. The suggested methodology and obtained results of 

the study demonstrate significance contribution to our understanding on the factors and 

parameters that affect the process of simultaneous foam drainage and imbibition into thin porous 

layers with multiple industrial and medical applications where the substrate is porous (such as 

skin and hair). For a thin, porous layer, the saturation in the vertical direction occurs much faster 

that in the horizontal direction.  The properties of the substrate which determine this function are 

yet to be experimentally researched.  As a future investigation the difference between thin and 

thick porous substrates is proposed where multiple porous layers will be investigated.  

4. In Chapter 6 the previously developed theory of foam drainage on thin porous material (40), has 

been modified to be applied to foams drying on porous material in microgravity conditions. 

Experiments of foam made by TritonX-100– 50 CMC and Triton X-100 – 20 CMC  placed in a 

horizontal column attached to thin porous layers of different grades were conducted in the 

laboratory while the effect of gravity was eliminated and results obtained were compared with 

model predictions. Investigating foam drainage under microgravity conditions allows exclusive 

investigation of capillary flows and helps overcoming the instability barriers imposed by gravity. 

In addition, it allows gaining information and understanding of foam stability, rheology and 

liquid distribution in microgravity conditions. The study suggests a new method of foam drying 

under microgravity conditions and entails a pioneering study on the parameters that affect the 

interaction of foams with thin porous material in the absence of gravity. The developed theory 

and mathematical model can be adopted on future research and could have significant academic, 

medical and industrial impact for foam related processes where gravity is not desirable or should 

be eliminated for product investigation and improvement. Considering the adopted methodology 

and assumptions undertaken, the developed theory can be extended in the future for foam 

produced by surfactants with low liquid-air surface viscosity and bubble size distribution could 

be considered.  

5. A theory of foamed emulsion drainage has been presented in Chapter 7 where time evolutions of 

both the foam height and the thickness of the free liquid layer are evaluated. Theoretical 

predictions of rate of drainage, free liquid layer formation, foam height and liquid volume 

fraction for foamed emulsion systems made of SDS solution and oil of various oil volume 

fractions (rapeseed oil) are compared with experimental observations. These types of systems are 

frequently used for the production of multiple food, cleaning, cosmetic and pharmaceutical 

products and the study could have a significant academic and industrial impact for foamed 

emulsion related projects and product development. Considering the undertaken methodology, it 

is suggested that a different type of emulsification method is used for emulsion preparation, such 

as sonication, and the effect on foam stability and the kinetics of the process can be investigated 

theoretically and experimentally. In addition, foamed emulsion drainage/imbibition into porous 

layers can be investigated in the future  for pharmaceutical applications and the effect of system 

parameters on the interaction can be evaluated through integration analysis. During the duration 

of the experiments it was observed that an initial short rapid drainage occurs which does not 
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allow experimental evaluation of liquid volume fraction at the top and bottom of the foam. In a 

future research the effect gravity can be eliminated by performing experiments under 

microgravity conditions.  
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