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Abatract .

In this dissertation I attempt to look at the statistics.

" curriculum in the VIth form of the secondary school, with.partigular:

reference to the statistics content on the various Advanced Level

. Mathematics syllabuses.

The introduction is concerned with’examining the various.
reagsons for the inclusion of statistics on many A 1ével Mathematics
syllabuses in the mid 1960's,. ': Also I'put forward my view that statistics
should be aimed at VIth form mathematicians to give them a concept
of applied mathematics.: - . The theme of my dissertation is to

examine the various syllabuses to see if this was: their aim as well.

I thought that it was necessary to briefly review a selection
of the reports and papers that have been written on statistics at A
level. " I found that there has been very 1ittle written on this
subjecte ‘What has been written has maiﬁiy'come&erm prdfessional
statisticians and npilfrdﬁlpraé;ising schobflteaéhefé. ' Perhéps the
most'aufhoritatife papers have come ffdm'the Royal Statistical Society
in'1952‘énd 1968, This body seemed to favour statistics déveioping
as a single subject at A level but, accepted that many students would
prefer to take statistics as a half-subject.

The third chapter deals with what statlstics there is on the
various A level mathematics syilahuses and in what forms statistica is .
examined. For ny fourth chapter I chose to examine how one particular

topic from statlstics is taughts My choice was probability-81nce



this is used in most areas of statistics, In looking at the different
" approaches it was necessary to examine the probability sections of

several A’ level text-books on statistics.

A theme that I tried to incorporate all the ira,y through the
dissertation is to ask the question"is what we teach at A= level,
‘statistics or mathematics?”  In chapter five I attempt to examine
this question in slightly greater depth. | I came to the conclusion
that rmch of what we teach is pure mathematics in disguise, for example
setting pﬁrely mechanical problems in calculating means and variances,
What we should be aiming at is a course in applied mathematics and not

a course in mathematics under the guise of statistics.

' _Chapter 3ix looks at the new trend towards including some
project or practical work as part of the statisticas at A level, I
examined two particular syllabuses set by the J.M.B. and the University

of London Board.

The final chapter is basically a brief summary . and a
condlusion. I felt that much of the work which was included in the
statistics sections was still too mathematical and not statistical
enough,but the signs are that things are starting to change. The
inclusion of project work on some syllabuées is one such sign. Essen- '
tially my reconmendations Qre that more courses in statistics, initial
and in-service, should be provided for teachers. Also it 'i§ time
another repoi.‘t was made on thé sta.fcistics cur.r:_:i.culum in the VIth form,
along with the setting up of an on-going project in statistics to offer

guidance for teachers.
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CHAPTER 1

Introduction

Over the past few years our Socie_ty has -beeﬁ making
ever increasing demands on mimera.cy, numerical proficiency and also,
statistical understanding, These demands have been reflected in
our school mathematics curriculum at all levels, A% A" level in
mathematics ﬁhis has meant an expa.nsi_on of many of the syllabuses to
include some work on statistics. There is more than one reason why
statisticas is now included on many A level mathematics syllabuses

and I shall now attempt to look at some of these reasons,

The "tra.ditidnal" mathematics tanght at secondary level
usually stops with calculus oi' an eighteenth~century variety. But
profound changes in the groﬁth of mathematics had taken place in the
" nineteenth century and even by 1910 some of the more forward looking -
universities reflected these changes in their courses, Eventually,
though it takes some time, these newer topics work their way down into
. the secondary scho:c;l. Some of these newer topics arose out of the
attempts to understandNature which led to a construction of what are
now called mathematical models, Proba.bilify and statistics had started
to develop qut of such things as statistical thermodynamics and mathe-
matical genetics. So one reason that statistics has found its way
on to A“-level mathematics syllabusesis that the nature of _ma.thema.tics
has changed' and so the nature of the mathematics tanght ':Ln achools has
had 4o ﬁake correspdh&mg changes so.as to be representative of the

subject as a whole,

In Britain, applied' mathematics normally means mechanics .



which is often claimed to be difficult and not a very popular

subject,. With a shortage of good teachers of mechanics, there
results an even greater shortage, as the next generation of pupils
avoids teaching the subject. As a consequence, statistics has-

come into the curriculum within the last decade or so, not so much

as a rational chdice for its om mer;i.ts,' but simply becausé teachers
who are competent at pure ma.thema.tiqs tend to be more wil}.ing to

teach statistics than mechanics. Because the tradition in statistics
is so short, it is often treated in a less ai'tificié.l way than mechanics,
with more real and appealing applications. - There is, however,

A considerable dispute among statisticians gbout what exactly should be

taught.

The changing nature of some other sub'jectshas also created
a demand for statistics. to be included on A  level mathematics sylla-
huses. More and more subjects at school level,and later at University
level, are having to make use of statistics, In physics, for instance,
even an elementary account of radioactive phemomena must surely mention
probabilistic aspecis, and perhaps the student should be introduced to
some properties of thé Poisson process. Use of simulation and
random numbers would also be of.‘lbenefit to such students. Economics,
geography and biolb’lgy',‘are other obvious examples where statistics is
of gl;eat use. .The ironical thing is that, although some*of the
demand to include statistics on A” level mathematics syllabuses has
been generated by the needs of ﬁser‘subjects, the statistics réquired.
by such subjects is often neg;.e‘bted on the mathematics syllabuses.
For example, questionnaire design which is of great use in the social~

sciences is hardly ever-mentioned on the vast majority of AT level



mathematics syllabuses.

Apart from being an "examination factory", school is also
supposed to cater for the student's needs in terms of his education
as an all round citizen. Many students‘ of Ay level mathematics
do not follow a path onto a tertiary course, but leave school and.
enfer jobs in banking, insurance and managerial positions. Even
more. 80 than the average man on t}ze street, such people are going to
have to be acquainted ' with simple ideas of bias, random variation,
errors of measurements and so on. So, srince A~ level examinations
are no longer just a university entrance qualification but also a
terminal examination, it is to be expected that the needs of the
individual in society after gchool have also created a demand for

statistics to be included on A" level mathematics papers.

Until about a decade ago, there was little statistics
on most of the A" level mathematics syllabuses, = Perhaps, one of
the main reasons for its inclusion in the mid 1960's was that ,over
the previous few years, many mathematics. graduates who leftj university
and entered the 'l;eaching profession had studied some statistics on
their undergraduate courses. Also, there were some graduates ’of
gtatistics who became'. t_éa.chers, usually of mathematics. Many of
these teachers created a pressure movement with the aim of including
_ statistics on the A”‘“'T level mathematics examinations, As with many
subjects then, statistics first became popular at a university level
and then worked its way down to the upper-end of secondary school

level, .

It is argued by some that’beca.use of a lack of statisticians

sbout ten to fifteen years ago,the universities created some pressure



on the examination boards to include some statistics on the A‘ level
syllabus,  In other words, the work at A level would act as o pra-
paratory course for siudents who wanted to take a degree in statistics.
at university, It is claimed by Professor F. Downton (1968) thé‘b
since statistics has been included on A level mathematics syllabuses,
he has found the studenis were no better prepared and in some cases
remedial work has had to be done. This was some time ago,and
things could have changed by now with revision of syllabuses and teachers
becoming more experienced in statistica.l work. | A11 the same, I’
would hope that no A+ level in mathematics which included statistics
would attempt to act ‘a.s é.‘pre;uniVei-sity course for statisticians. The.
students at this level are too varied in their needs and not mature

enough for such a course.

We now have the situation that statistics is included on
most A- Jevel ma.ﬁhema.tics syllabuses, Many statisticians are unhappy, )
though, with how statistics in VIth form courses has developeds  For
instance, Professor D.J. Finney (1977) claims, "Statistics in schools
~ should be presented &3 an aid to coherent thought sbout numerical
matters in science and technology, and in the understanding of our society"
In fa.c_t what has happened is that statistics courses tend to concentrate
on the mechanics of calculating means, variénces and correlation
coefficients for examples, This is maiﬁly due to the facts that it is
much easier t0 examine a student's proficiency in manipulative techniques
and also many teachers of mathematics have had litfle or no experience
in statistics. So .ohe thiné that I shall be trying to lock at is
the question of whether we are teaching applied statisties or appiied

mathematics.



There_are differing views of the role that statistiecs
should play at A\ level. As I have said before, I do not feel-
that statistics ought to be a specialist subject in its own right
at VIth form level, the students at this age do not usually posseés
the required mathematical maturity)nor are there the required number
of students who are sufficiently motivated. It is best to leave
such a course until university level where there are suitably qualified
" teachers. There are some who say that the statistica taught at
A level should be geared s0 as to cater for students of user subjects
such as biology and geography. It would be difficult to justify
getting a whole A level examination in statistics to cater for the
needs of others, though. For instance, A':level mathematics is not
set to cater for the needs of A- level physics sgtudents. The
statistics required in user subjects can be tanght when and where it
is neededs I think,theu, that statistics courses_should be aimed at
mathematicians in the VIth form to illustrate the usefulness and
applications of mathematics,  We must remember,though, that statistics
" is a subject in its own right and not lose sight of this fact even
though the statistics will form part of a wider mathematics course.
The questions on é statisties paper should not simply be pﬁre-maihematics
questions heavily disguised. There is a great overlap between
mathematics and statistics end it is from this area that a worthwhile
statistics section for mathematicians can be drawne. I will attempt
to examine,then,this question of how the statistics fits in on the
mathematics courses and what statistics is actually includéd on the
various A" level mathematics courses. This,along with the question
of whether or not welare providing a satisfactory applied mathematics
course in statistics for A" level mathematicians will be the underlying

theme throughout the variocus chapters.
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CHAPTER 2

A BRIEF LOOK AT SOME OF THE PAST REPORTS ON

STATISTICS AT A- LEVEL.

Surprisingly, there have been few authoritive papers whose
-brief has been concerned with the teaching of statistics in

the ¥Ith form, as related to the 'A' Level mathematics courses.

In 1952 the Royal Statistical Society produced a paper

. entitled, "The Teaching of Statistics in Schools"s Even then,

only a small part of the paper is devoted to statistics in the

VYIth form. In the early part of the 1950's, statistics was

a relatively new subject on the syllabuses of schools, and few

schools actually taught it as a formal subject. * Therefore,
to some extent the reﬁprt wes an attempt to clarify the role

| and purpose of statistics so Halit could find its natural niche

in the school curriculum.

Muach of the first half of the repoﬁt is concerned with
discussing the function of statistics, not as preperation for.
university, but in its wider educative Value'in preparing the
pupil for citizenship, The report recommends, for instance,
that "the subject should be introduced into all secondary schools
as part of the gengral education". Apart from a brief mention
which says that statistics is now very important for many
professions and therefore, should be a specialist subject in thé

upper part of the secéndary school there is little else of

-
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relevance as regards VIth form statistics,.

It is not until later on in the report that some six
paragraphs are devoted to statistics in the VIth form although
the same six Iia.ragraphs also cater: for statistics in vocational
~ training. The report makes the point that statistics of a

specialized kind is important. for many careers and épecial
subjects. Therefore, the writers of the report felt that

the teaching of statistics in the. VIith form was a desirable
development, It must be remembered that at the time, such

a development had only tasken place in a few schools.

The report goes on to say that the mathemétical
specialist would derive a satisfaction in finding that statistical
theory uses concepts and methodhe has learnt in his genéral _
ma.thema.tibs .course: there is a close analogy between the
moments used in frequency distributions (the mean and the variance)
and those arising in mechanics, (the centre of g:a#ity and the
pmoment of inertia). Fm_:ther examplesgiven are the theory
of permutationsand cqmbina.tibns &s a.ppiied to probability theory
andiihe co-ordinate geometry of the straight line is necessary'.
for expressing the properties of the regression line in .correla.tion.
analysis, IY was considered, in the report, that mathematica.l.
statistics was relatively new and fa.p:i.d devolopments fere taking
p'.!.ape. _ Hence the lbudding mathematician, the report claimed,

“"can be inspired by the realis#tion 'tha.t. there are new' and

exciting possibilities for resegrch."

It is easy to see that ideas have changed since this

report Fwars written. Most articles that you read nowadays
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seem to mainly conform to the idea that mathematics is the study
of ‘abstract relationships whereas statistics tends to be concerned
with the analysis of data, in other words sitatistics is not
mathematics. Some of the above mentioned topics are now
oriticised for their inclusion on some syllabuses since they are
pieces of pure mathematics contrived and "dressed up" to appear
&3 statistics. To a certain extent,though, I must defend
the report since it cs.tegorises the above topics as mathematical
statistics and not just .sta.fistics, and therefore relevant to a

mathematics course.

-Although it does not say so explicitly the report seems
to imply that statistics as a subject in the VIth-form ought to
have developed in different ways.  That is, mathgmatica;l:
statistics or the mathematics used as g tool in statistics sh;:uld
have formed part of the mathematics course. On the other hand,
certain statistical ideas and methods are essential to ‘qhantitah've' .
biology andate required to describe biological variation and to
deal with the planning of,and the drawing of conclusion from ,
biological experiments. Other branches of science and
technology have similar requirementis, Also, pupils who are
going to be sociasl scientists or business men,for instance will

’
require the ability to read and perhaps construct statistical
tabléa and diagramsfto find their way around official, economic
and social statistical data, end to draw sound conclusions as to
causes and effects in their field of study. These aspects

of statisties, the report seems to say, should develop out of

the context of the subjects in which they arise plus some back up
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- from non-mathematically biased, statistics courses.

_ Of course, in most YIth form courses, this just has
not happened, the statistics taught is very much part of the
mathematics course and the mathematics syllabus{at “A level,
Statisties in general has not developed out of the context of
- user subjects. Subjects such as geography and biology
use statistical techniques often onlii; lagt resort and the
statis#ics tends to be confined to calculation of such things
as correlation coefficients and values of )f:. . These
techniques require the students who are not also following_a
mathematics course to blindly follow a meaningless set of
-mathematical precedures, there ié little emphasis on the student
to do a gieat.deal of iﬁterpretation'of the various numerical
megsures once he has calculated them. The emphasis is still
. mathematical even when the statistics does not form part of the

mathematics coursed

The.report also has a section on statistics in school
examinations and it was felt by the report that some statistics
should appear formally in the syllabuses in A level mathematics.
Also,the writers of the report thought some questions with &
statistical bias in subjewts that uselstatistics, such as biclogy
“and economics,'would encourage attention to tﬂg statistical
aspects of these subjects in teaching;5 The prior recommendation. -

has been fulfilled but the second has only been partially achieved,

Perhaps this is because of teacher reluctance to make themselves



familiar with a subject which many of them regard as a branch
of mathematics. .Many' biclogy teachefs for instance chose to
study biology becanse it meant that they could study s science
without having to achieve the mathematical proficigncy required

to study physics,say. Oﬁ course, this is not{ true nowadays
since even biology has become most reliant on mathematical and

statistical methods. The second recommendation should
gradually become reality- as more recent biology and economics
graduates who have to be rea.sona.bly proficient in mathematics

work their way through to senior teaching posts.

At the time the report was written it was considered
| by the anthors that statistics should be introduced to a modest
exten‘l:.ra.ther tha.ﬁ to a specialised degree in separate papers.
The reason given for this was that many teachers of mathematics
are not experienced in statistics and therefore would probably
hesitate to prepare pupils for specialist papers in statistica,
Today, we do have specialist papers at ‘A level and they form,
in general, part of the mathematics syllabus. Many teachers
of mathematics still have little experience of statistics and
this could account for the heavy mathematical emphasis of

statistics examinations at A’ level.

The only other recommendation that the report made
concerning the VIth form statistics examinations was that since
it was accepted pra.cfice to offer two or three alternative

syllabuses for examination in A level mathematics then one
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of these alternative syllabuses shoul& include statisti-cs.

This was to provide for pupils who are primarily interested

in biology, economics, geography and so on. I am not sure
that many such students would wish to take a paper which basically
would be an ‘A~ level in mathematics. Apart from the fact
that such students would probably prefef to study other relevant
supporting “A- level subjects and therefore would not have time
to take statistics as an A~ level subject. Alm, if statistics
was simply an alternative syllabus for an "A-° level in mathematics
then I would suépose that such an examinatioﬁ would, hé.ve a bias
towards mathematics which would probably be well beyond the

capabilities of many of the students in question.

As a whole, the report does not have a great deal
to say about statisties _at “A- level and what it does say hardly
oi‘i‘er_s.‘-. mach constructive a&vice concerning the actual structure
of statistics courses in the VIth form, Sixteen years later,
Th.e Royal Statistical Society producea a second report, entitled
The Interim Report of the R.S.S. Committee on the Teaching of

Statistics in Schools (1968).

The second. répor’c, after briefly summarizing the
recomnendations of the first report, starts by saying that the
conclusion reached by the previous committee that statistics
should not be taught as a subject in its—own right was no longex
valid under the present conditions. This was beca;zse this

Committee felt that the subject had not made enough progress in
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this way and therefore would be given more positive encouragement
if the subject were intrbduced in a suitable way in its own right.
It was felt that it was now practicable since mathematics
undergraduates were spending an increasing amount of their time
on statistics, hence more teachers of mathematics would have the

necessary experience.

The report stafés that the most feasible stage, at that
time, to introduce statistics is at ‘A level. At the time
the report was written the sixth-form mathematics curriculum
was undergoing quite a bit of change and one §f these ghanges
was the introduction of statistics onto the 'A- level syliabus
in mathematicss Thg Committee approve of thié change on
the groundé that many students of mathematicé wﬁuld welcomé g'
éubject which demonstrates the application of mathematical methods

in varied fields.

It sggmﬁ a little strange in some ways, that earlier
the report said fhat statistics ought.to dévelop as a subject
in its own right but here the report is giving its approval to
statistics developing as part of the applied section of the
A"’ level mathematics exemination. Perhaps, though, the Committee
were endorsing both developments with a hope that emphasis between

ﬁhe two developments would be different,

I{ was considered also, by the Committee, that the

introduction of statistics to the VIth form syllabus sither in
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the form of a whole subject or as half of a joint ‘A~ level
course in Pure Mathemgtics and Statistics would go some way in
meeting the needs of the VIth formers studying such subjects

a8 biology and-social sciences. Students in these sciences
now need more sophisticated techniques than are contained in an
O-Level mathematics syllabuse From my own experience

of VIth form teaching this just has not been the case. Most
;?fﬁsyllabuses in the social sciences include thé bare minimm
of quantitafive methods despite the nature of the subjects today.
A1s0, the statistics on mathematics papers rarely draws its
examples from th@ subjects mentioned, Not only that, in
general,teachers of mathematics rarely discuss with their counter-
parts in user subjects the interface bétween their subjects. -
Hopefully;though, in the future,as SAY level syllabuses in the
gocial sciences reflect more ﬁruthfully the nature of their

subjects, then some discussion will have to take place,

' The report goes on to suggestlan approach to an
elementary statistics course, The authors of the report
put fbrwafd the idea thét a étatistics syllabus éhould be designed
hoth for mathematicians and fof students who wish to read experimental
ahd social sciences. They sa& that this could be achieved by
having a flexible syllabus in which more topics are listed than
would be needed to pass the exaﬁination. I am not sure that
this.would work in practice, the choice of what topicé would he
taught would ﬁrobably be decided by the likes and-experience of

the teacher rather than the needs of the pupils. = The topics
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with less mathematical emphasis would tend to be neglected since
the job of teaching this syllabus would be taught in the majority

. of cases by mathemétics gradugtes, Even today there are few
gradua.tes of statistics in secondary school teaching. -Alternatively,
gome teachers for the sake of examit;ation success might attempt to
teach every topic. This would lead to a terse and sﬁperf:l.ci,hl
treatment of each topic without the student achieving any real

understanding of any one of them,

The Committee recommended that the mathematical
level of such a course wniould be such that soﬁe of the topics can
be taken by siudents having O-Level mathematics and others depend
on some supporting mathematics being taught in the course. This,
the report claims, there are two reasons for. Oﬁg is that although
many students may take both statistics and mathemstics, it would
make the teaching of the statistics course very difficult if it
depended on progress in mathematics, Actually this difficulty
does arise in “A' level mathematics today where statistics forms
a section of the total syllabus.. ' ' For example, when I teach
continuous probability distributions I have to wait until collesgues
have tﬁght certain aspects of integration in pure mathematics.
A1l the same, it is'possible to plan for this. The second reason
is that st:a.tistica may be taken by students .who do not take
*A- level mathematics,' and these students will have to be taught
the necessary mathematics, father in the way some students approach
an A level course in physics. The report claims that::these

mathematical technigques are taught as the need arises, they can be
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presented as useful tools for particuiar statistical problems,

It is my experience that there are few students of “A- level |
physics who do not also take an ‘Al level in mathematics. Lack

of staff and time makes it jmpossible in many schools to give
back-up lessons in mathematics to such students. I therefore think

that such a system would not work in practice,

OnA;xamination for the course, the report recommends
that the setting of examinagtions should be referred to experienced
statisticians, Also, they felt that students should be.
invélved in their own experimental work, A notebook should
be kept of such work and submitted for scrutiny byl the examiners, _ '
I a2m not sure where the Committee expected fto find enough
statisticians with experience of teaching *A- level to be examiners,

though.

The report goes on to list some books and teaching
aids which would be of some use in such a course before gi\_ring
a course outline, _ It was envisaged that the course .would
be in two parts;  the part 1 syllabus would count as a half=
subject ~A* level and would form a basis for the part IT options,
Parts 1 a.nd. II would form a single "A" level in statistics; With
the exception of Design and Analysié; of Experiments the topics
suggested to form the basis of the course are much the same as
found on most statistics sections of A" level mathematics courses

today.

The remainder of the report consists of three appendices,
the first is merely a copy of the various syllabuses of the

statistics section of the different A~ level boards. The second
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appendix gives an outline of zome experiments for teaching and
the final appendix is the suggested syllabus for the reportt!s

oI Coursoc.

The' second report is far more a sincere and constructive
attempt to suggest. a sfatistics course in the Vlith form than the
first. In some ways, their rc;.port came a little late
because mosh "A" level boards had by then constructed their owm
syllabuses and these were and are very much part of thetAv: level
mathematica syllabus. To some extent some of the recommendations
give me the feeling that most of the members of the Committee
have had little or no experience of teaching at secondary school

level, with little realisation of the problems at that levels

With the exception of these two reports there has béen
little else published. The Mathematical Association did
publiéh "An Approach to “A -Level Probability and Statistics®
in 1975. This was not an attempt tolsuggest a course in statistics
for the Vith formers,though, but a paper on how to actually teach |
various statistical topics already on existing A-level courses
in mathematics, Perhaps: it is time that a committee consisting
of professional statisticians and pra.ctising teachers of‘mathematiés

produced a more balanced and realistic paper.
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CHAPTER 3

Statistics in A. Level G.C.E, §¥11ahuse3
. o — - - ]

This chapter attempts to examine the statistical content of
the A level G.C.E. syllabuses offered by the examination boards.
‘After.discussing the different forms -  which statistics appears on
the igrious syllabuses and a detailed critique of the statistical
contenty I shall concludewith a more critical appraisal of two

particular syllabuses,

_ There.are three forms in which statistics appears on various
A’ level mathematics sy‘._lla.buses: We have the single subject A’ level
méthema.tica examinations in which the statiétics content forms part
of the applied mathematics section of the paper. For example, the
" mathematics paper syllabus A50 set by the Oxford Local Examination
board is such an examiﬁation. Paper I is set only on the Pure Math-
ematics sgetion of the syliabus and paper IT is set on the Applied
mathematics section.of the syllsebus, Equal wailghting is given to
mechanics and statistics on paper Ii. Eleven questions are set on
mechanics and eleven questions are set on sta.tisiics. The candidates
are required to attempt a;xswe:s to eight of the questions and there
. is no reétrictiomffrom which sections the candidate selects the questions
to anawer. - He may, if he wishes, seleot all eight questions from
the mechanics section or he may select all eight questions from the
statistics section. . On the other hand, the candidate may enswer
some queationsrfrom each sections So, it is possidle for candidates-
sitfing' this examination to get away with not having to do any statistics
at alle. This fact illustrates that there are still many students

of A level mathematics who leave school with little of no knowledge

of statistics. 0f course, it has always been possible for students
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to opt to do only Pure ma.theﬁatics and so avoid doing any mechanics,
but if VIth formers opt to do a single subject in mathematics then
‘they ought, in my opiﬁion, to be required to study all those aspects
| c;f applied mathematics which happen to be fashionable in school

mathematics at the time.

Quite a popular option now is an A* level in Pure
mathematics with S;catistics as set by the Univérsity of London Board,
for example, | This particulsr paper was fiz;st examined in June
1977 so it is a fairly recent nnovation. The syllabus for Paper I
has mich in common with that of the A' level Pure Mathematics Paper I
set by the Board. Howe;ver, there é;re some que_stions from the
statistics section of the syllabtus included in Paper I. It is
claimed by the board that sufficient Pure Mathematicé topics have been
mainta.ine@ to justify the title of the subject. Ha.ving examined the
speciman paper of this exlamination though, the bias seems to bhe to'wa.‘r.'ds
the statistics. | Paper II contains ten questions on statistics of
which the candidate must attempt to answer seven, It is expected
that, during their course of study, the candidates will carry out three
projects in statistics. The students are required to take the
projects into the examination with them and refer to them if they so
wish. No marks are awarded for doing the projects but the
examingtion questions are geared so as the students neeq. to use the "

experience that they have gained in doing their projects.

The other form in which statistics is examined at A‘:“"i' level

is in the form of a single subject in statistics. One such board
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who set this form of examination is the Associated Examining Board.
Ten papers are set by the Board in mathemat_ics, and papers 9 and 10
form the statistics examination. It is possible with this Board
to also take paper 9 with paper 1, which is a pure mathematics paper,

end hence sit an examination in Pure mathematics and Statistics.

Both papers in sta-.tistics are three hours in duration and
require the' candidate to attempt six questions out of a possible ten,
As might be expected from a aingle subject examination in statistics
some of the content examined goes further than the content examined
in single subject mathematics. = For instance, this is the only
. exémination at A° level which requires the use of probability paper
and sets q_uéstioﬁs on analysis of ' variance. With this
examination a prescribed amount of background mathematics is laid
doﬁn which is considered necessary to éope. with some 6£:tatistical
techniques, I would imagine that it would be possible to teach the
pure mathematics as and when it is required. - Such topics as
hyperbolic functions aﬁd determinants are required and it would seenm

to me that someone wi{:h a certain amount of mathematical ability would

be best suited for this particular syllabus in statistics..

Considering that -this w‘as. s 9ingle subject examination
in statistics and therefore is likély to‘attract non-mathematics
specialists, the questions, in many cases, seemed highly manipulative
in the mathematical sense, i‘his is ‘perhaps more understandable of
questions on statistics sections of single subject mathéﬁatics
examinations which is being set for more mathematically orientated
students. COne would expebt, at least I would, to find more questions

of an applied statistics nature as opposed to an applied mathematics



24

emphasis on a paper of this kind. The emphasis should be as

much on the interpretive nature of statistics as on the manipulative
aapects of the mathematics which is used as a tool in statistics.

I am not trying to say, one way or the other, that this is a good
or bad peper but I do gquestion whether this truly could be called an
eXamination in statistics. Perhaps a better title would be

statistical mathematica.

I considered 18 different syllabuses and the statistical
content of these syllabuses was analysed according to a list of 61
categories, It would have been poésible to use a moré detailed list
but as syllabusés are often not very specific I decided that a
_comprehensive’ fairly general) list would convey a more accurate picture,
It was occasionally difficult to classify phrases in-a. syllabus and
sometimes g syllabus is a bit vague. Moreovei: a syllabps only
provides a basic framework, teachers are free to develop the subject

in their omn way.

The anglysis is presented in tables 1 and 2. Probasbility
is mentioned in every syllabus, in fact this is the only topic which
is mentioned in every syllabﬁs, which is not too surprising since it
is pretty basic to most mathemé.tiCal statistics ' courses. Also it is
fairly straightforward to set and mark questions in probability. Very
little emphasis seems to be placéd on the more d.escr;’.ptive aide of the
statistics content, but it -could be that the different syllabuses
assumed that this would be covered anyway, without thege topice being
explicitly stated. The Oxford Local Examination Board, for example,

in their syllabus ssy that a baowlédge of such topics is expected but
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no actual question will be set specifically on thems I get the
impression from looking at the syllabuses and pest papers of
different boards that this is a fairly typical attitude of those

people who write the syllabuses,

It is perhaps a little. surprising ,though, that there is
such a low coverage of such topics as questiohna.ire desisgn, time
series, index numbers and control charts since all of these examinations
are supposed to be in statistics. This seems to reflect an aversion
to topica with a lower mathematical content that g1l the papers have.
I am ndt sure whether this is due to en unwillingmess on the part of
mathematics teachers to teach them or it could be that these topiecs
are no£ considered mathematical enough for students specialising in
mathematics, | It is likely to be both reasons. Incidently, it is
important to note that, in practice, the mathematical and non-
ma.fhema.tica.l asspects cannot be separated, e.g. in order to calculate
confidence limits for some quantity, we must first have collected some
data and this mgy well involve questionnéire/survey design., So,
might it not be such a bad idea if the boards were to include such

topics on their syllabuses?

Most syllabuses :i_.ﬁclude some form of significance testing
of one type or anothers I was soméwha.t surprised not to find many
. boards who included the £ distribution (3 out of 18) and the x*
distribution (5 out of 18). I am surprised because faiz;ly
mathemafically‘ manipulatitiequestions can be set on these top;l.cs
whi-ch makes them easy to mark and éet. Also these topics are

greatly used in such subjects as Biology and Geography and an increasing
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number of pebple now study these subjects at A- level as well eas

A level mathematicse

There are one or two special tbpics, for example, Markov
chains and generating ﬂmctions) which appear on only a few of the
syllabusese. These tend to he confined to Further Mathematics
type syllabuses end are really only suitable for the mathematics
specialists since these topics demand a more sophisticated mathematical
approach than normal, Even more so than the Al level mathematicé
papers, the Further and Higher Mathematics A’ level papers include
topics which are basically testing the manipulative sbility of
candidates in topics which are essentially mathematics mt-b&fe applicatio
in certain statistical topics. There is little statistical content

in terms of an interpretive emphasis.

In general I fee) that the statistical con‘éent 61‘ most of
the-mathematica syllabuses is somewhat narrow, There is a marked
emphasis on fhe numerical manipulative side,which is easier to examine,
there is ﬁot .a. balance with the qualitative aspects of statistics,

" Though the latter is harder to teach and examiné, it :I.s argued by some if1s
the more important side as, without it, one is faced with the charge
that ._ statistics is simply the manipulation  of data and’aa such, irrelevant

to most people.

I have chosen two particular syllabuses to take a slightly
c;loser look at ;. the A50 syllabus set by Oxford Local Examinations
and the Statistics syllabus set by the Joint Matriculation Board._ I
hope to achieve this by considering a question from each of their papers

both on regression.



This first question was set by Oxford in 1977 and was

question 21 on paper II:

The state of Tempora demands that every houseilold in the.
country shall have a rellable clock; inspectors are being introduced
‘Ehroughout the country to implement the policy. The Chief
Inspector has the following data on the populatioﬁ size of foms,
where Inspeétion Units have'been set up, and the number of man-hours

spent on inspection.

Population (thonsands) 3 4 5 9 13 15 18 20 21 22

Man-hours speat on 8 11 13 18 24 26 31 32 34 33
‘inspection . . -

(i) Calculate the regression line for predicting the mumber
of man-hours from the population size (note that the mean value of
each variate is a whole number).

(1i) Predict the man-power réquired. (in man-hours) for a new

Inspection Unit to be installed in a town with a population of 17,000,

The second question‘ .. - was set by the J.M.B, in a speciman

paper in 1976. (This perticular exsmination will be first sat in 1978).

A textile firm manufactures a particular fabric in a variety
of differenf qualities g’q corresponding different prices. In 1970
various amounts of the different qualities were sold; - the amounts,
y (in thousands of metres), and the prices, x (in pence per metre),
are shown below.
Pri‘ce_' (x) 37 55 2520 47 62 24 52
Amount .sold- (¥) 75 62 71 61 70 59 65 69
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(1) Estimate the equation of the regression line of y or x.
(i1) Draw a scatter diagram of the data and draw the regression
line on this diagram. Comment on the appropriateness of the

linear model in this case.

Both questions are fairly typical of the papers that they"
are taken from and heither are particularly difficult at this level.
What strikes me most about the first question is that the context from
which it is taken is unreal and contrived. Somewhat. of a contradiction

$o the nature of statistics.

The numbers in the first question are even contrived to

7 have their appropriate means working out conveniently as whole numbers,
thus making the calculation of the standard deviations and.the co-
variance a much easier task then usual. Though the point must be made
that calculators are not allowed in Oxford's examination whereas they

are in J.M.B's examingtion.

_ The bias in the first queatioﬁ is definitely mathematical,
first calculating the regression line and then by substition into this
finding another _quantity. It is easjr to see that this is where the
bias .lies, -even the numbers have been rigged to give a convenient
numerical answer. Onée these numerical quantities have been cal-
culated theré is no requirement ‘on the candidate to make any qualitative

or interpretive judgements.

On the other hand, the secorflquestion looks as if it might
be using realistic data and does ask the candidate to go another stage
further and actually draw a scatter-diagram of the data. This is so thet

the candidate can make a judgement of whether or not he thinks that the
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appropriate model has been used in this case, a statistical decision

rather thé.n a mathematical one.

I deliberately chose two questions oh the same topic so fhat
such a.comparison cculd be made, Of course, it is impossible to msake
any valid conclusion on the basis of just two isolated questions but
this comparison does go someway to indicate the difference in emphasis
betwéen the two syllabuses, In some wé,ys it is .perhé.ps an unfair
comparison because one. questidn is taken from a statistics examination
and the other from a single-éubject mathematics paper. . I justify my
comparison on the grounds that, rightly or wrongly, statistics comes
under the general regulations for mathematics examinations on all
boards and also a comparison is made easier if the questiéns are at

'opposite ends of the spectrum,

"I am not attempting to make any judgement at thié stége which
type of .question is the best. TWhat I have tried to show is that the
'maz'.n: differences between syliabuses are really differences in emphasis
between the manipulative aspects of statistical ma.thema.fics and the
interpretive aspects of statistics, Teachers ought to be aware
of which emphasis their syllabus hase. From looking at past papers
it seems that most syllabuststend to emphasise the quantitabivesnd
manipulative aspects of the subject, though. It is difficult also
to say which is the bhest form of how to include statistics on the
A level curriculum.™ A mathematical approach to statistica on
' éingle subject mathematics exa.mination excludes nor;-mathematica.l |
students from taking statisltics coui’:ses, but an applied statistics approac
may be difficult or un.intéresting for mathematicians to teach and nay

2

not appeal to mathematically inclined students who are not yet motivated
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to use their mathematicas in the solutions of real problems. Perhaps
in future the boards should attempt to examine the possibility of
gsetting up two different courses to suit the different needs of
students. I would hope that the mathematical aspects of statigt_ics
would remain as part of the applied mathematics papers but new courses
could be devised to cope with the applied statistics, The greatest

problem is, who is going to teach such a course though? _



Analysis of Syllabuses

Statistical enquiries
Collection of data
Census metheods
Classification of data
-Sampling method
Tabulation
Questionnaires A

Bias in sampling

Diagrammatic presentation of data

~ Frequency distribution

Histograms and frequency
polygons |

Descriptive properties of
digtributions

Cumilative frequency distribution
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(Table 1a)
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Estimation of medians eto.

Calculation of measures of
average

Calculation of measures of
dispersion

Probebility theoxry
Pemﬁtation and Combinations

Addition law for mutually
exclusive events

Generalised addition law
Conditional probability
Independence

Bayés! Theorem

Markov Chains

Discrete probability
distribution

mean and variance of ahove
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Binomial distribution
Poisson distribution
Poisson r Binomial

Continuous distributions
(probability density functions)

. Cumlative distribution function

Mean and variance of
continuous distribution

Expectation

The ﬁniform distribution

The Normal distribution

Moment generating functions
Probability generating functions

Normal v/ Binomial
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1
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Normal A, Poisson
Probability paper
Sampling distribution
The central limit theorem

Estimation of parameter using
a statistic

Confidence Limits
Two tailea. significance tests
One tailed significance tests
The t test

2
The X test

The F test to show 2 samples
from sgme pop'n

Wilcoxon Signed Rank test

Mann Whitney U test

(Table 14)
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(Table le)

AL A2 A3 C CC 0102WL1lL2L3I4L5L6J1J'233J4

| Regression (linear) 1 1 11 1 1 1 1 11 1 1
Confidence intervals for
regression quantities 1l .
Rank correlation - i 1 1 1 1 1 1 1
Product moment correlation 1 1 11 1 1 1 1
Tamn."’r test for equality
of correlation coefficients -1 1
Random numbers and simmlations 1 1 1 ' 1 1
Time series etce 1 1 1 1
Index numbers - 1 1 1 1l
Control charts 1
Analysis of variance 1

«
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Xey to Examination Syllabus in Table,

- Associated Examining Board

Asaociated Examining Board
Associated Examing Board
Cambridge Local Exsminations

Oxford and Cambridge

Oxford Local Examinations
Oxfoi:d Local ..Examinations
University of London
University of London |
University. of London
University of London
University of London

University of London

Joint Matriculation Board
Joint Matriculation Board

Joint Matriculation Board

Joint Matriculation Board

Alternative Mathematics Paper

Mathematic
Mathematic
Mathematic
Mathematie

Mathematic

s paper 9
8 paper 10
8

g

Further Mathematics

Mathematic

s (C381)

Farther Mathematica (C382)

Mathematic

s (D391)

Rarther Mathematics (D392)

Higher Mathematics {410)

Pure Mathematics with
Statistics  (420)

Mathematic

Farther Mathematics (syllabus B)

s {syllabus 8)

Pure Mathematics with

Statistica

Statistics



(Table 2 a)

31

Frequency of Topics in Syllabuses,

Topic

Statistical enquiries

Collection of data

Census metheds |

Classification of data

Sampling methods

Tabulation

Questiomaires

Bias in sampling

Diagrammatic presentaiion of data
Frequency distribﬁtions
Histograms and frequency polygons
‘Deécriptive properties of distribution§<
Cumlative frequency distributions

Estimation of medians etc.

Number of syllabuses

(out of 18)
—3
—3
. 2
— 2
f——4
— 2
—3
.2
——4
9

12

Calculation of measures of average

15

Calculation of measures of dispersion

15

Probability theory
.Permutations and combinations

~ Addition law for mutually exclusive

18

_ events
Generalised addition law
Conditional probability
Independence
Baye's’ theoren

Markov chainsg

18

13

15

16




(table 2 b)

‘Topic

Discrete proba.bility distributions
Mean and vaxiance(éf above)
Binomial distribution

Poisson distribution

Paisson A/ Binomial

Continuous distribﬁtions
Cumlative distributions functio'ns

Mean and variance of contimuous
: distributions

Expectation

The uniform distribution

The Normal distribution

Moment generating. functions
Probability generating functions
Normal ~Av Binomial

Normal A, Poisson

Probability paper

Sampling distributions

The central limit theorem

Estimation of parameter using a
statistic

Confidence limits

Two tailed s'ignifica.nce Itests
One tailed significance tests
The t test

The )(" test

The F test to show 2 samples from
Same pop.

38

Number of syllabuses

(out of 18)
15
15
17
15
7
15
— 4
15
12
9
15
=
=3
3
—7
—3
12
9
10
u
9
7
e 3
f——>5
—1




(table 2 o)

Number of syllabuses

Topie (out of 18)

Wilcoxon Signed Rank test
Menn - Whitney U test
12

Regression (linear)

Confidence intervals for regression
quantities

Ra.n]; correlation

Ta.u!i'l r test for correlation
equalit_y

e 2
=1
=1
ﬂ
Product moment correlation prems——— '
e 2
Random numbers and simlation e 5
Time series eto. peveten—d]
Index numbers mma’

Control charts ' ) ' =1

Analysis of variance _ +1




CHAPTER

SOME APPROACHES TO TEACHING PROBABILITY AT /A  LEVEL.

Probability appears on all of the statistics sections

of the -A level Mathematics syllabuéea and is an essential
ingredient of all sﬁaﬁistics courses at this levels Some pedantic

~ statisticians argue that probability is itself a branch of
pure mathematics and not statistics, hence some textbooks clain
to be a coﬁrse in probability and statistics, indicating that
there is a distinction between the two. However, in my
opinion,"- probability is a vital part of statistics in the

same way as srithmetic is vital to mathematics.

Accepting then, that probability is an important part of .
- the sta.fistics course it is the job of every teacher who is
.responsible for teaching statistics at A’ level to examine the

different approaches to, and methods,_l}of" teaching probability.

l. "Equally Likely" Approach.

- Using the equally likely theory, a numerical probability
is obtained using the following sort of argument. Supposé we
want to find the probebility of obtaining a head when a coin is
spune. - We would assume that the coin was fair, that is, either
fa.c;e is just as likely to land uppermost by symmetrys. Then there
iz a one in two chance of obtaining a head when a coin is spun.

This means that the probability of obtaining a head is %.

Historically, the study of probability had its birth
'in gambling, In the seventeenth century the French gamblé?the
Chevalier de Mé're,set a wager that within a sequence of 24 tosses
of a pair ‘of_dice, he would roll at least one 12, He
learnt from bitter exﬁerience that he could “only afford to
meke such a bet with the odds in his favour, ét even money he

was a loser. What de MEre wanted to know was, what odds



“should he offer?.
4 letter to a friend, Blaise Pescal initiated the
study of probabilty as a serious mathematical study. The

"equally likely approa.ch", then, has its origins in the science
of gambling.

Below are a féw definitions of probability, from a
selection of A level texts which use this approach.
(1) "Suppose an ‘event E can happen in h ways out of a total
of n possible equal'ly likely ways. Then the probability of
occurrence of t_be évent (called its success) is denoted by

p = Pr(E) <'h/n" Theory + Problems of statistics: Murray R.
Spiegel p.99 '

(1) "If a random process can result in n equally likely and
initially exclusive outcomes and if a of the¢seoutcomes have
an attribute A then the probability of A is the ratio a/n and we

-write

P(A) = a/m"
Statistics: A Second Course (2nd ed'n) - R. Loveday p.3l.
(rIx) . “If'an event can happen in a ways out of n equally
poasible occurrences, then the probsability of the event happening
is a/n" Advanced General Statistics . B.C.Erricker : p. 92
(Iv) . “If E is the set of outcomes of an experiment, all of
which are assumed to be equally likely, and an ej\rent A sé.tisfied

by a subset A of them,. then P(A) = n (A)/m(E). " _
Statistics and Probability -~ S.E. Hodge + M.L. Seed p.l1l0.

(V) "If for a certain trial, there is a finite set E of.
possibilities, all equally likely on grounds of symmetry and

if a subset A of these possibilities is associated with an evenf 4,

then the probability of the event A is n(A)/n (E) "  S.M.P.

Advanced Mathematics Book 2 page 553.

41
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These definitions are typical of the books which use the
“"equally likely" approach, end reélly all say the seme thing.
Some ¢f the more modern textbooks tend to use set lenguage
which only adds to the difficulties of those students who have
not followed a Modern Mathematics course. Unlike the other
definitions though, the S.M.P. definition at{empts to elaborate

on the meaning of "equally likely" events by using the idea of
symmétrﬁ'. The other books, by the use of examples, imply that
symmetry is the criteria for determining the number of "equally
likely events", but it is not a.dtua.lly stated.

As has already been mentioned, most of the early work
on probability was tied up with gambling of one form or another,

e.gs Fhrowing dice, card games or roulette. Gamblers wanted
some sort of idea what their chance or liklihood was of obtaining
& particular result.

This background led to the above definitiors of probability,
and ', jv- 00 "7+ books which use this type of definition,
ﬁse the following sort of argument in determining numerical
probabilities.

Loveday, in his book, introduces the idea pf probability
by discussing the outcomes when an ordinary die is cast. Each
of the numbers one, two, three, four, five, six has an equal
chance of falling uppsrmost.  He then makes the claim that
because the six ‘outcomes of trial are exhanstive and mutually
exclusive, there is, therefore!I cﬁlance out of 6 of. obtaining
any particenlar. nmamber. ﬁence wé say that "the probability of
throwing a six - 1/6" The author then uses further
iliustra.tions to demonstrate the idea of probabil_ify: An oi-djnary
pack of 52 playing cards contains 4 aces and hence, if a card is
selected at random from a well-shuffled pack, there are 4 chances,

out of 52 of it being an ace. Thus "the probability of selecting
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an ace = 4/52 = 1/13".' Also Loveday discusses thé |
probability of obtaining a head when a coin is tossed. The coin
nay fall either as a head or a tail and thus, "the probability
of a head = 3".
In g1l of this discussion, Loveday implies that he
is using the physical symmetries of the various outcomes I_mt
does not actually convey this message to the student. He also
states that the different outcomes are equally likely, but fails
to mention that this is anessumption that we need to make so as
to mske the calculation of numeriecal probabilit;cs possible.
In'ffact it is unlikely that there is absolute physical symmetry
and there could be a slight bias for:coin to turn up heads, for
example, The bias ip 8light but the resder should be made gware
of it all the same.
However it is quite reasonable to assume that

the equally likely approach is quite suitable in coin toss;‘.ng
situstions. The point which should definitely be made in class
is that real applicationsof probeability, the outcomes are not
remétely equally likely. This point is hardly ever mentioned
in text books and this is bad since many pupils, even of
“A' level stendard, could leave school under the impreséion
that determining probabilities in real life sifuations is as
eady as determining probabilities in gemes of chaﬁce where
. the events are usually equally likely.

Although '5B‘Sically the same philosophy in approach,
some books, such as S.M.P. Advanced Mathematics Book 2, eiaﬁorate
the ideas by Ifesortinglto set _language, to be more precise they

‘ us'é)what is ¥mown as the possibility space.



It is sometimes argued that the use of set notation is
not necessary in any discussion of probability and in |
fact those studenté who have followed a traditional mathematics
course need to master fwo new concepts instead of one.
i.es probability and the idea of set. Also valuable
lesson time is taken up introducing the idéa of get. I would
counter this'by saying that élfhoughlthe idea ofzéet is not
required for teaching probability, set language is a convenient
and neat way of listing all the possible outcomes in a particular
experiment. Later on in the course, by using Venn diagrams,
the multiplication and addition laws of probability can be
adequately justified to mathematically oriented students. Not
a lot of set theory is required and this can be easily introduced
83 & maﬁter of course, and does not really take up sny great amount
of lesson time., I would therefore‘support the use of set-theory
in any course in probability that was part of a mathematics course,
Also some A Level mathematics syllabuses now include Bayesian
probability in which the use of sets is vital. |

As with Loveday's.book, the initial examplesin S.M.P.

are confined to games of chanca,_i.e. spinning a coin, rolling
a die{?:drawing a card from a pack and so on. The word trial
is used to.describe the combination of an incident and making a
record of the result. For example, a coin is tossed and then
the result "head" or "tail" is recordeds S.M.P. subscribe
to the view that the idea of a possibility space is central

in the theory of probability. Of course a listing of pqssible



outcomes is essential to any approach to probability. What I
think varies in the'emphasis given by S.M.P. to the set
formulation, i.es to the abstract structure. For each

tr_ial there .is a rmumber of possibilities and this set of all
possibilities is called the possibility space for the trial.
All the examples given in the S.M.P. Advanced Mathematics
Book 2 are confined to situations which produce a finite |
nunber of possibilities, so that the possibility space is a
finite set; this constitutes the universal set for discussion
of the trial.

on

Inaattempt to make it easier for the student to grasp

the concept of probability, this book resorts to using

diagrams in which the elements of the possibility space are
represented by points. Fbr example, when the trial is fo toss
a coin and record the result, the possibility space {Head, Taﬁ}

has two elements and is represented as follows:

S + Fig.1l
Head Tail

Somewhat a trivial eiample, but the book does then consider
a 9lightly more sophisticated trial. This trial consists
of rolling a pair of dice (one green, one red) and recording
the number of spots lclJn the top faces of the green and red dice
respectively. This has a larger possibility space and S.M.P.'vs
book suggests a more orderly fashion for displaying the point.

The trial yields a possibility space of 36 elements; each is

45
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an ordered pair of mumhers (g,ra) where g is the score on the
green die, and r that on the red die, S.M.Ps uses
this ordered pair as the Cartesian co-ordinates of the

corresponding point and the possibility space is drawn as follows:

bl + + + + + +

0St + + + + + +

5 .

.g‘i-,- + + + =+ +

:‘:3 e i R SR ST S

0

§1- + 4 ++ + + fig.?
AP 4 4 . 4

1 L 3 & 5
Score on green die
I shall come back at a lafer staga to demonstrate

how thé book uses such a diagram to caleulate numerical

probabilities.

Once 3.M.P. has introduced the concept of a
posaibility space they move on to discuss what they mean by the
idea of equally likely possibilities. - This idea is used
in all of the ﬁequally likely" definitions pf probability but
the S,M.P. book was the only ‘A level text that I found which
even éttempted to discuss this concept. Somewhgt surprising
when‘ihe whole definitién of ﬁrobability hinges on this idea and i}

is very much the weak link of the definitiom.

in their consideration of "equally likely 'possibilities"
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they use the following two examples to illustrate the discussion: ‘

4
(1) I roll a pair of dice (cme red and one green) and

record the number of pips on the top faces of the green and red

die respectively. |

(rx) ' I roll a pair of dice and record the larger of the
numbers of the pips on the top two faces (or either one if the

two numbers are equal).

' These two trials could be carried out simultaneously,
the same roll will serve for both and they will differ only'in
what is recorded. For (1) the possibility space has

36 elements:

{(g,r): gpT. Iintegers, 1 £ g § 6, 1§ rg 63

The possibility space for (Il) however, has just six elements:
: ” '
(1, 2, 3y 4, 5, 6, ) K
The book.the‘n récords the results that were a.llégedly obtained when
the two trials were e.ctua.liy carried out twentytimes in

succession,.

trial (1). |
(1, 6 )(3,17) (6,4 ) (235)) (4 6) (4, 2) (1, 4) (2, 6) (4, 5 )(1, 4)
(3, 1)(6,5) (1, 1) (45) (2, 6) (3, 4) (4, 2) (271) (1, 5)(5, 1)

N

'l %  (S.M.P. Advanced Mathematics, Book 2 page 549) |
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The Tesults are used to indicate to the readex that

there is an important difference between the trisls, S.M.P.
claims that althcﬁgh the results of trial (1) include certain
repetitions, end some scored have occurred more frequently than
others, it does not cause them to doubt what they expecfed before
.they started. "~ I am not sure that the average Vlth former
is going_to be convinced by the evidence of such a small sahple
however. Anyway)apart from that critiéism,the book then
goes on to indicate to the student fhat if successive results
are traced on figure 2, it will appear that the corresponding
points are scattered randomly over the diagram. . With trial
(II) the situation is:d{fferent; there would seem, according
to this limited survej,kthat there is a strong bias towards
the higher munbers of the possibility space. For example. the
outcome 6 occurs six fimes, 5 and 4 five times each; whilst 1

occurs only twice and 2 not at all.

It is pointed out that the reason for this is quite
easy since the only roll which will give the possibility 1l in trial
(rz) is (3, 1); but the possibility 6 will arise from any of the ~ =)

eleven rolls;

(1, 6) (2, 6) (3,6) (4,6) (5 6) (6, 6)
(6, 1) (6, 2) (6,3) (6, 4) (6, 5)

It is then indicated that we expect that all the
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_ possibilities for trial (1) are "equally likely" then we might

say that in trisl (IT) 6 is "eleven times as likely" as 1.

The arguments put forward here to try to explain why the higher
nnhbers are predominant, are to my mind, pre-supposing the truth
of ;equally likely possibilitiesa" the very idea that S.M.P. aie
trying to demonstrate with the experimental result. In other
words their argument is cireular. . But at least, to some extent
S.M;P. overcomes the clrcularity by using a series of trials to
suggest that while the events in (1) are equally likely the events
in (IT) are not. As I said before,though, I am not sure
that such a short series of trials':ﬂr.likelxéto be very convincing
to the reader. It might have been better - either (a) gimply
to show that the equally likely definition gives conflicting results
if applied to both (1).and (11), or (b) to take two much simpler
situations, for example take a coin and a drawing pin, and cairy
6ut a large number of throws with each to indicate that in one case
the events méy be roughly equally likify, but in the other case,

they definitely are not.

Howeyer, S«M.P. do offer the cau#ion to the reader
that whether ox not all the possibilites for a triel can be regarded
as equally‘likely depends oﬁ the cholce of what is recorded as well
as on the appaiatua with which the trial is conducted. As far as
S.M.P.'s approach is concerned where there is no evidence to
. ‘show otherwise then all of the elements of the possibility space

are taken to be equally likéfy on the grounds of physical symmetr&.
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As an iniroduction to the idea of probabilify this is perhaps not
a bad idea, more complicated possibility spaces can be considered

at a later stage.

S.M.P. now develop their argument further by introducing
the idea of an event because they say that in the theory .of
probability we are concerned to assign numbers, called probabilities,
to events, It mast be remembered”' ;1‘: this stage in their book, 5.M.P.

s8till have not formally defined probability.

To give the student an idea of what they meen by an event ,
SM.P. give ther example of the event "I win a prize" when the
monthly draw of the Premium Bonds is carried out. In other words an
event is something which may or may not occur as the result of a
particular action. ¥ This event will occur only if one of the numbers
produced by E.R.N.I.E. is the same as oné of the numbers held by
the bond-holder. Now E.R.N.I.E. can produce a very large number
of different possible wirming lists for a particular draw; the set
of all such lists constitutes the possibility space, and if the draw
is fair all the list should be equally likely.  Some of these
lists will include one or more of the bond-holders bond_numbers,

| _ . ‘ #
end if one of these is selected then the event "I win a(grié.‘e'f '_Bccurs. *

By consider_ix;é kii":his exampie, S.M.P. are able to deciare
more formally that with tﬁe occurrence of a.n event is a.ssociatedl
'a subset of elements of the possibility space. Thia kttoﬁespbndqncé‘__,
forms the basis of the definition of an event by S.M.P.  Some other

f *x (SJMLP. Advanced Mathematics, Book 2 page 551)
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A" level text-books in fact define an event to be a subset of the
possibility space, they do not even mention the word correspondence
in the context of the definition.” I prefer S.M.P. 's definition,
it has a subtle difference to most of the other definitions of an
event since in reglity an event is not a éubset. Sets are abstract
entities, part of a mathema.ticia:fs language; probability should
be made meaningful to the Vlith former by always relating it to
rea.litjr. - Hence the word correspondence implies that the aubslet

itself is not the event bul merely an abstract representation of it,

To try and reinforce the idea of an event the book

reintroduces the example: " I roll a pair of dice and record the

- : ”
mupber of pips on the top faces of the green and red die respectively.

' L
The event they consider is: 'The sum of the scores is least 10.

[/ L . :
Thus the possibility space is [(g, rl)sgr integers}

A

w-++++—++

S o+ o+ o+ NSt

-—s

Pt o+ + o+ 4+ NF

Sl 4+ + + + + ¥
§»+++++4— fig. 3
“ [ PR NN SRS N

Scort on 3|-¢¢n dre

In this example the eveni occurs if a double six, a

six and a five and So.on, is rolled; +that is, if the scores beiong

to the subset.
14,6), (5,6), (6,6), (5,5, (6,5), (6,00

This subset which is denoted by A is shown diagrammatically in

Figure 3.
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Denoting the possibility space by E, we find that n(E) = 36
it ’
n (A) = 60 *

Thus the event occurs for 6 out of the 36 possibilities
for the trials  This implies that the probability of obtaining
a score of at least 10 is 6/36 = 1/6.  The formal definition of

probability based on this reasoning appears soon after this example

but not before S.M.P. have considered what they call an alternative

analysis.

Instead of recording the separate scores on the green and
red dice, we could have recorded the sum of the scoregdirectly. We

would still be looking at the same event but the trial would be

differents:

Prial: I roll a pair of dice and record the sum of the
scores on the-twp top faces.

Event: The sum of the scores is at least 10

Possiﬁility space: Z2,3,4,5,6,7,8,9,10,11,123

The event now corresponds to the set 210,11,123 which has Jjust
three numbers,-we can denote this subset by ~-A', ‘Denoting the
possibility space by E! we see that n(E!) = 11 and n(A!) = 3,

80 that the event occurs for 3 out of the 11 possibilities for_the
Ctriall ek o o |

Of course, unlike the student who would probably be
reading this account of probability for the first time, we know
from the experience of hindsight that the first analysis of the

situation is the correct analysis because the definition of

#& - {S.M.P. Advanced Mathematics, Book 2 pages 551-552) |

¥ 3  (SM.P. Advenced Mathematics, Book 2 page 552) |
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probability dépends on the elements of the possibility space being
equally likely. In the first ana.lysié the possibility space
contairis equally likely elements but the second possibility space
does note. Deciding on whether or not the elements are equally
likely is a subjective judgemenﬁ and being able to make a correct
decision, when it is possible to do so, comes from experience.

In this insta&cg the decision is not too difficult sinece the trial

ie not all that complicated.

The important thing is that S.M.,P., have made the
students aware fhat it is possible to consider the experiment in
.. different waysand by writing down a different possibility space
obtains a totally different numerical probability. It is
important to make ‘A level students think about these sort of things.
All credit to S;M.P. because only they of the ‘A level texts that I
referred to a.ttlempted to discuss the problem of choosing the
appropriste possibility space. They make the student aware
of which is the correct analysis by using the "freguency" approach
to probability in theirnext section. I ‘will. diséuss this section

when I deal with the "frequency"approach at a later stage.

The trouble with the"equally likely" theory is that there

are a number of problemss .
Problem 1

All definitions which subscribe to the Yequally likely"
theory have the disadvantage in that the words "equally likely"

are vague. In fact, since these words seems 1o be synonymous

with "equally probable", the definition is circular because we are



54

essentially defining probability in terms of itself.

Despite the weakness of the definition, most Vith
formers gecept it as what might be called a working definition,'
since in terms of experience and in terms of detefmining chance
in gambling situations it does seem to have a certain amount of
intuitive appeal to them. Like all branches of mathematics
we have to make a starting point somewhere and accept the truth
of certain basic assumptiona, Perhaps fhen'we should just
accept the truth (as far as ‘A level is concerned) of the definition
of “qually likely" probability without attempting to be too

rigorous,

The definition does at least allow the average ‘A level
studenf to calculate numerical probabilities in certain circumstgnces
and facilitate a fairly easy introduction into the subject, Apart
from that:'we,as teachers, would be failing in a much wider
educational sense to teach our heritage since it is the "equally

likely" theory which historically started the "ball rolling".

.Problem 2e

As S.M.P. show in their A level Book 2, which I mentioned
earlier, certain experiments can be analysed'in two different ways.
When two dice were rolled it was possible, as the book shows, to
write down two different possibility spaces for the same eiperiﬁent

and hence two different probabilities were found.

When first introducing probability I find a common mistake

made by some V1th formers is that they cannot see that the resultis |
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of tossing a coin twice are the same as tossing two coins at

onces No great disgrace, since even the great eighteenth
century French mathematician Jean le Rond d'Alembert could not

seé that the results are the same. 'It is important to ses
that the results obtained from the two different conmsiderations
are really the same, becguse if the V1th former realises this then
it is easier for him to see that the result "head - tail" is a
aifferent'outcdme.to "tail - head". This is not so easy if

we consider two coins being spun simultaneously. If the studgnt
does not realise this then he will formulate the wrong possibility

set.

To explain what I mean, suppose we wish to determine
the‘probabilify of obtaining one head when two coins are tossed.

We can argue in two different ways:

(a) There are four possible outcomes:

head = head, head - tail, tail - head, and tail - tail,
We can write this in the form E -{(H,H),(H.T),(T.H),(T.T).}

Each outcome is equally likely and the required event

corresponds to the subset {gH.T),(T.gi, hence the required

probability in 2/4 = 1/2
(b) There are three possible outcomest

0 heads, 1 head, 2 heads.
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We can write this in the form E} = [0, 1, 2}
Each outcome is equally likely and the required event
corresponds to the subset {;l?jhence the required

probability is 1/3.

So we have the awkward situation of having two different
probabilities (1/2 and 1/3) for the same event i.e. one head when

two coins are tossed gimltaneocusly.

The difficulty that arises from the definition is. that the
definition relies on us to make a subjective judgement of deciding
what actually constitutes an "equally likely" outcome. It is
experience of dealing with these types of problems that eventually
allows one to chocse the correct possibility space, that is,

provided the possibility space is not too co:hplicated.

If we try to apply the "equally likely" theory definition
we first have to draw up a possibility-space and make the deecision
that each outcome is equally likely to happen. The example of
tossing a coin twice snd the example in S.M.P.'s book of rolling
a pair of dice show that it is posaible for two different people
to analyse an experiment differently and write down two different
outcome sjpa.ces for the samel event, Both people would assume
that they have written down an outcome space which contains egually
likely outcomes but their differing analysis of the event wi.ll. lead
them to obté.ining probabilities of the event occu.rn‘_ny which are not
equal. " Hence the equally likely definition cannot be a very

sound one if d,i.ffering answers for probabilities are found depending
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on who calculates the probability, The problem lies in the
fact that it is up to each individual to decide what constitutes
an equally likely ocutcome, so therefore this definition gives

subjective probabilities for an event.

Unless we accept that probability is not objective, which
I feel is not acceptable to most mathematicians, we need to look

an
elsewhere forAaJ.tema.tiva definition.
Problem 3.

To apply the "equally likely" definition of probability we
mst have a set of equally likely ocutcomes, This is why the
definition is best suited for determining numerical probabilities
in games of chance, which would be expected, since it is from
* games of chance that this definition of probability is derived.
Most games of éhance give us a set of equally likely outcomes, for .
example, the two gides of a coin when it is tossed, the 52 cards
of a pack when one card is drawn or six faces of a die when it is
rolleds The trouble is, that games of _chance only provide a
" few every day a.pplications. of .proba.bility. , For the ma.jority
of applicre.tions, there is no obviocus set of equally likely cutcomes.
For example, suppose that someone is considering building a self-
service petrol filling station. The would be garage owner is
obviously going to be interested in how many pumps he ought to have
oﬁ his fore-courts He does not want to have t0o0 many pumps because
that would be a waste of money and spacé. Also,'he does not want

to have too few pumps because that would possibly mean that he would
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have too many cars queuing in any fixed period of times Suppose

that at any particular time there can be a certain numbér of cars
walting to fill up with petrol. The possibility space then,

would have the follolring.outcomes::‘;.r'car, 2 carsy 3 card, «e»

and s0 on, However, it is most unlikely that these outcomes

are equally likely, unless the filling.sgfation is a busy motor

garage, Fbr-instance it is very unlikely that there will be 20 cars,
saa'; waiting for petrdl. | Although it is impossible to use the
"eqﬁally likely" theory to determine the probabilities of the
ﬁifferent cutcomes in this sort of situation, it is of great practical.

importance to the -;_";_"__;;;';_:,_'nstation owner to attach some sort of

probabilities to the number of cars that can be expected to any
W
particular time, This is 30,8 rational decision of how many

pumps should be installed can be made.

This inapplicability of the equally likely definition
ig briefly mentioned in S.M.P. Advanced Mathematics Book 2 (Page 565)
and I mean briefly. They say that in the situation of wanting
to assign a probability to the event, " on any particular day it
will be cloudy" the assignment of sny such probability cannot be
determined by consideri:;g possibilities which are "equally likely "
- on .the grounds of symmetry." They do not discuss any further
how such probabilities can be found except to say that in certain
cages such probabilities can be found by sampling and using the

relative frequency approach.

In their book’- Hodge and Seed;. discuss that the equally

likely approach is of little use if the probability of obtaining
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a four from a biased die is required. They suggest an'approiimate
value for the probability can be found by throwing the die 100 times
and obtaining a proportion for the mumber of times that the four
oceurs, This proportion would then be an estimate of the required
probability. Again, their discussion is brief and is not put:into
the context of a real life situation which is far more suitable

for such a discussion.

2. The"Freguency"approach.

This particular approach tends to be less popular if
popﬁlarity is measured by the nuﬁber of books which use this approach,
Even then thé books which use the freéuenqy definition
tend to put ii forward as an alternative to the equally likely

approach.

Below are just a selection of the definitionsof probability

which subscrlbe to the frequency theory:

(2) "If an event happens a times in n trials then
Lt (a/n) = p
A~poo

_ _ et
This reads "the limit of a/n as n tends towards infinity equals p.

*n tends towards infinity”\means a large number of trials should

take place. © What is "large" must be determined by the nature
"

of the problem. (Advanced General Statistics - B.C., Erricker

page 92).

(1) "if a trial is repeated a large number of times, the
relative frequency of the set of possibilitieé associated with a
particular event will be approximately equal to the probability of

the event".
 (S.M.P. Advanced Mathematics, Book 2 page 553)



60

(III) "If an event A is satisfied by a certain outcome (or
outcomes) of an experiment and, when the experiment is rei:eated
n times under exactly similar conditions A occurs r times out of .n

then P(A) = limit (z/nm)"

neom
(Statiskics and Probalbili l-y, S.E.Hedge MG‘ M.L.Seed page &
They a.ttempt to explain this further by saying "that for

eny value of n, the fraction r/n will be an estimate will approach

some value which we will agree to call probability".

The following diagram is also given to further illustrate

the idea:

I
n

L
6

. — v . ->n
Groaph of o 20 %o 60 b {-} /oo 20 Y.
raph of r/a. as n increases .for . the evant.of scoring &% ona ol

(Statistics and Probability, S.E.Hodge and M.L.Seed page 4)

S.M.P. use the frequency idea of probability to try to clear
up the problem of which sample space should be uﬁed in the experiment
in which tﬁo dice (one green and one re'd) are rolled. Their seem
to use the frequency approach as a béck up to the equally likely
approach rather than offering it as a better or preferred definition
of probsbility.

As T mentionéd earlier, 5.M.P.,by considering two"differing,
analyses of the dice rolling experiment) errive at two different

values for the numerical probability of obtaining at least ten as
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the sum of the two scorés on the top faces of the two dice. .The
firast analysis produced 1/6 g3 the snswer and the second analysis
produced 3/11 as the answer, We were faced with the problem

of decidigg which one, if any)of them 'is the correct answer.

S.M.P.t's text supposes that a pair of dice have been
rolled 900 times snd the separate scores recorded as in the first
analysig. The results would gi#e a population of 900 outcomes

such aat

Now as the possibility space consists of 36 equally
likely possibilities so we would expect each of these to appear about
900/36, or 25 times in the populafion. Since tﬁeﬁevent “the sum of
the écores is at least 10" is aséociated with six of these
possibilities, we would expect this to occur about 6 x 25 or 150
times. Thus we are prepared to make decision in the belief that:

The mumber of the occurrences of the event=6/36 X 900

In other words, if A is the event then
fr (8) = e_{%._x_ fr(E)
| Boss (;:).

£2 (1) o n(4)
fr (E) n (E)

“This means the second analysis of the dice rolling situation
is unsatisfacto:y. Here the possibilities are not gll equally
likely: we would expect to get a total of 7 far more fregquently

than g total of 2 for example.
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Apart from S.M.P.,which uses the frequency approach as a
back-up to the equally likgly approach, the other A level texts
which include the frequency definition of probability do not pursue
the approach much futher than the definition and a brief discuésion
of it. Obviously the.frequency approach is far more suitable for
the empirical‘situation,lso apart from trivial experiments it is
not practicable to carry out meaningful e;periments in the classroom
situation: hence the textbooks tend to concentrate on problems in
which the equally likely approach is applicable. Therefore, the
treatment of the frequency idea of probability tends to be somewhat

terse in A level texts on statistics and probability.

Tt i3 worth mentioning, before I.go any further that
there‘is a slight_difference between the frequency definition of
prbbability given by S.M.P. and the other text books. Most A5 level
texts that use this definition of probability use a "1imitiQ3;
frequency" definition (i.e. probability is defined as a limit of
the proportion of successes as n approaches infinity). S.M.P.'s
definition avoids talking about limits, In practice we alﬁays
have a finite set of triais, the idea of a limit is alright in the
‘mathemafical model, but not in the real world. The definition put
forward by 5.M.P. ties in with the idea of probability being
megsured by frequency in a long series of trials, but is not defined
by a limiting relative frequency. The distinction between these
two forms of the definition is worth discussing in class, since it
is a useful illustration of how we needto often use a mathematical
model as the limit of a practical situation., In other words the
practical situation will often approximate’, to a certain

mathematical model. Some V1th formers do not always make the
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distinction unless they are told.

As with the equally likely approach to probability there

are also a number of probleﬁs with the frequency approach to
probability.

Problem 1

One of the major problems with this definition is that how
do we know that the ratio approaches some value at all, And how

large do we mgke n before we get reasocnably close to it.

Suppose that we investigate this further, end this is
something which‘needs to be discussed in class, aﬂd we actually
£083 a coin some number of times. By actual experimentation
can we actually say anything about the number of heads and tails

we are likely to get?

When a coin was tossed four times, on four eccasions

the following results were recorded:

(1) 1 head and 3 tails.
(11) 2 heads and 2 tails.
(111) 4 heads and O tails.

(1v) 3 heads and 1 tail.
There appears to be no pattern and the results are
scattered over the range 1 to 4 heads.

.We can also see what happens if we toss a cbin 8 times, Again

on four occasions:



(1)
(11)
(111)
(1v)

3 heads and 5 tails
4 heads and 4 tails
5 heads and 3 talls

7 heads and 1 tail.

Again, there does not seem to be any pattern at all. This

time the number of heads varies between 3 and 7.

If we toss a coin a larger mumber of times, 50 say,

then we shall see that the pattern becomes more obvious.

(1)
(12)
(111)
(1v)

22 heads and 28 tails
25 heads and 25 tails.
19 heads and 31 tails.

26 heads and 24 tailse.

In terms of the size of the samples the spread of results

is much less than it was before and the results seem to be

clustering arcund half heads and half tails, We would expeci

then, the larger we make our sample, the proportion of heads to -

stabilise. Under the frequency theory, the value to which

this proportion converges is defined as the probability of a head.,
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Praoblen 2.

Perhaps one of the greatest advantages that the frequency
definition has over the equally likely definition is that the

frequency view is far more easily applied in real world situations
where there are no sets of equally likely outcomes. In a factory,

for example,l producing certain cdmponents it is ugually very
deairable to estimate the prt;bability of a defective item coming
off the production line, Suppose that in a run of 500
articles we count 5 deféctives, 2. an estimate of the probability

of obtaining a defective component would be 5/500 = 1/100,

The problem is that it is not always possible to apply
the frequency views =  Suppose that it is necessary to teat the
effectiveness and possibly the safety of a new drug. We could
calculate the probability that the drug will cure a certain iliness
by expressing the number who recover to the number who have the drug
administered to them. The major difficulty;, .45 that how do
we know that the people who I.'e.covered or even just some of them .

might haire. recovered despite being administered the drug.

| It might also be required to calculate the amount of
t.he drug which constitutes being an overdose. One way would be
to administer a certain dose to a number of people and caléﬁlate
the probability that it was lethal by counting the number of people
who died. Although this would give some numerical meamﬁe
of the required probability, this method is :m.human apart from heing
illegsal,
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In this situation it is impossible to apply the frequency
definition of probability since we cannot contrive to find a suitable

set of trisls,

Problem 3.

When attempting to estimate the probability of a head when
we toss g coin using thé freguency method it could be sesen that we
need to ta.ke a fairly sizable sample before we obtain anything 1ike
a reasonable result. Even with the samples of size 50 there was
still some amount of variation; the results were not settling down
as much as would be desired to come to a definite conclusion
concerning a worthwhile estimate of the required probability. In
a great many real world situations which require the a.pplica:l:.ions :
of éroba.bility 50, or desirably more, trials are far too time |
consuming,

For example, if we wished to calculate the probability
that Concordeis engine contained a fault, it would be very difficult
since it takeé a long time to make one engine and also ﬁot many have
been made. Not only that, since the engiries are made over a
period of time and in different places then differenf techniciahs
and engineers will havé been responsible for the mammfacture of the
engine, hence the probability of an eng:lﬁe having a fault will not

necessarily be constant for each engine,

In the main then, as far a 'A' level tests are concerned,

the frequency view of probability is usua.lly discussed only after
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first defining probabilifcy in terms of the equally likely view.
The discussion tends to be brief and quickly dismissed, As far
as problems go, they seem to be, without exception, ones which are
based on games of chance or situations which are made unreal Ly
contriving them ﬁo consist of equally likely ocutcomes. I suppose
the main reason for this is fhat fhe guestions set in a.ctl_z_al Ly
level examinations also tend to be of this tjpe. | Also, peoi:lé
who write these text books tend to have little imagination and
littie experience of practical situations in which probability is
. usedse  The only time that a question requires some knowledge
of the relationship between probability. and frequenc;y is when it
is required to calculate a set of theoretical frequencies from a

probability distribution.

3a_ The Subjective Approach to Probebility.

"Rovers could either win, draw or lose their next match

against United, so that the probability of their winning is 1/3".

Of. éoﬂrs'ék there « is a very big flaw in this argument, in
 fact it is impossible to calculate the theoretical probability
since the different alternatives are not equally likely. Also
it is not possible to obtain a relative frequency walue of the
probability since we cannot possibly repeat a particular match
many fimes in exactly the same, or even. similar circumstances.
Any probability attached to the event happening would be entirely

subjective.
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The only -A¢ levdl text bqok which even mentions the
id._' ea is:’ Sta.tisticé and Probability by ﬁodse & Seed on page T.
Even then their terse discussion is restx:ic;ted to eleven lines and
is dismissed fairly quickly. The last sentence in their consideratior
of this aspect of probability reads, "..... though it is not
impossible mathematically to consider such a probability as valid,
we ‘shall prefer in general to restrict our attention to events
whose probabilities can be obtained either theoretically o

experimentally”, . -

This last statement ‘seems to sum up the-impression that
A level text-book writers must have about subjeotive probability,
that fs, 1t is not worth teaching at this levels  Perhaps this
is because the people who v&ité "A" level statistics text~books
tend to be mathematicians who are not reglly trained to cope with
subjective forms of peasurement. It is a pity really because I
feel that Vlth formers should be at least made aware of the
existence‘ of the idea of subjective probability and should not

,just”think. that probasbility can always be calculated in a clear

cut manner,

As far as teaching subjective probability at ~A' level
. TRy .
is concerned there are ~ fAree . problems.

Problem 1.

It is difficult to actually set problems which involve

subjective probabilities, since the Vl1th former is hardly likely
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to have a sufficient'background to be abie to cope.. Intuition
plays an important part in determining subjective piobabilities
and intuition in probability requires an experience over a wide
range of probability situations few of us are likely to obtain,

To judge from the report by Wood and Browm (1976) this could
explain the sex differences in probability understanding. Just
as more boys than girls are likely to play with "Meccano" and mend
bicycles, givirgthem an advantage in Mechanics, so games of chaﬁce
may be a commoner activity among boys than girls to gi've them an
advantage in Probability. It would be ironic if this were ther
case, since one argument for the introduction of Probability and

Statistica in school was the difficulty girls have had in Mechanics,

Problem 2,

Mathematics by nature, at TA level is s very oﬁj_égt'iﬁe

type.of subject and the idea of intz-'oé.ucing the concept of a
subjective numerical measure on to the syllabus might éeem, to -
some, a contradiction of the subject's idealls.. Also, how do you
. mark questions involving the determination of subjective quantities?
Teacher's of mathematics have not got the background and how do
you tell if the answer is acceptable? I:realise that other

subjects such as Sociology and English literature; for instance,
| involve giving subjective answers and value judgement but in these
subjects the issues involved are wide whereas in probability a

precise and definite answer is required.

Problem 3.

Ihtuition, which plays an important part in determining

subjective proba.bilities’ has a nasty knack of letting us down in

. -
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certain cases,

What, for example, is the probability that, of 30 persons
chosen at random, at least two have the same birthday? Reason
tells us that (making one or two assumptions) the probability is

A

about 0.7,A:I.t is doubtful if many of us"feel" that this is correct

however.

Well, we have looked at the different approaches there
are to probability so which one is best? The answer to this
will be differen£ for different people depending on who is snswering
the question at the time. The answer that they will give will
depends very much on jrhat type of mathematical background that they
have and also how Vthey seo the nature of mathematics. For instance,
the applied mathematicisn who views mathematica as a tool will want
" a clear-cut well defined sbatement of how to calculate probability
80 that he can apply his answer. | On the other hand, the pure-
mathematician who perhaps has done some mathematical philosophy

will be more happy to accept the subjective view of "~ probability.

I think that.)as teachers, it is our job to make our students
aware of all three approaches and point out the relative merits |
and de-merits of all three views., Also different situations and
problems require different models to suit each Special need, The
classical approach might be perfectly suitable for one situation
but another situation mighf be better se;'ved. by using the frequency
view, a;m_i S0 on. As teachers, we must point ocut diffe;'ent examples

which use each of the three approaches.

In terms of actual suitability for teaching, despite its

theoretical misgivings, the classical approach still has its merit_s.
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Mogt children have had some experience of games of chance and it
makes sense, for instance, that the probability of obiaining a

five when a die is rolled is 1/6. We must use any acceptable
means of teaching with understanding and if the ciassical approach
allows V1th formers to understand the concept of elementary
probability, then I feel that this is sufficient justification to
carry on using this view as the main approach for teaching
probability at advanced level, Of course, once the concept of
probability'has been introduced usii.ng the. equglly likely theory

the other ideas should be brought in. Of course, one of the
possible weaknesaes of the equally likely approach is that one cannot
really distinguish between the real world and the mathematical model,
It is the same problem that arises with A level mechanics, with

its "frictionless slopes" for example.

The only time that it might be acceptable to use an
alternative introduction is if a school has a computer terminal
with a sufficient number of visual display units, Then it may
be possible by means of similation to introduce probability by
means of the relative frequency idea. The only trouble is thé.t

not many school possess such equipment.

Combination of Events,.

So far we have only considered the probability of one
event. We sometimes require to know not just the probability of
event A happening buFthe probability of A or B happening,say,

A and B are each single events in thelr own right, but we can also
consider the compound event A or B which will have a corresponding

probability. It is to ba remembered that in mathematics, though,
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.. . the word “or" can be taken to mean one of two things:

(1) either A or B or both.

(11) either A or B but not both.

This distinction is not always made in some text-books,

especlally the not so recent ones.

Por example, if I want to know how many people are wearing
a hat or gloves, then I should include those wearing both a hat and
gloves, On the other hand, if I want to know how many people are
wea:r.'ing a palr of browm ox a pair of black shoes, I should not
expect to meet someone wearing both a pair of brown'Qnd a palr of

black shoes,

Apart from the comp'ound event A or B we are also interested n .

the other compound event, that is A and B.

There are two approaches that text-books take for finding
these required probabilities. The first is to state, without proof,
the results and the second is to use set, theory in conjunction with
the equally likely theory.' The first approach does not,

obviously, need any description or elaboration from me.

The secohd approach requireg that we représent the event A
and the event B by set A and sel B- ’j;o that the event A and B
is represented by the set AAB and the event A or B is represented
by AVB. |

The Addition Rule.

We can illustrate the situation more clearly with a Venn

disgram (Fige. 4).
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(o)

Using the"equally likely" definition of probability we have:

Figure 4.

P (AU B) - n (4 B)
n(E

The mumber of elements in the union of A and B is not the number

in A added to the number of elements i.ﬁ\B, because the union contains
elements common to both sets. If we did this then we would be
adding the number of elements in the intersection of the 2 sets

twice.

Hence n{AVB) = n(a) + n(B) -n(Aa3B)
Dividing both sides of the equation by n (E) éivess ,
n(AQlB) = g_%% + 11_%1_3% - n%AnB)
.- n(E AT n (E - n{(E) - n \E)
end this, from the definition of probability, gives:
P (A U'ia) = P (A) + P{(B) - P (AN B)

This is known as the sddition law.

Matually Exclusive Eventse

It is quite possible that in a particular situation
ANnB-= ¢'ﬁhere 4"denotes the empty set, and so P (A n B) = O,
For example, if a coin was tossed, and A represented the event

"Head" and B represeﬁted the event "Pail™ then A A B -4! This

is seif evident since it is impossi‘ble to obtain both a head and
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a tail when a single coin is tossed once.

The Venn diagram would look like Fig. 5.

E

A R

Figure 5.

When we have a situation like this we say that the events
are mtually exclusive. A and B cannot happen simltaneously,
A occurs prohibits B from happening and B occurring prohibits A

from occurring.

In this situstion the addition law becomes:

P(AwB) = P(A) + P (B)

A particular case of mutually exclusive events is when one

_évent is the complement of the other. In this case we have:

P (AUAY) = P (a) + P (At)
Therefore: | |
1 = P (4) + P (A') which gives:
P (&) = 1 - P(a)

For example, if the probability of winning a game is 2/3, then

the probability of losing is ..1/3.

Conditional Probability
When considering the probability of A and B occurring

we need to congider also the concept of conditional probability.
A typical definition is : the probability of an event A occurring
when it is known that event B has occurred is said to be the

"probability of A given B", In symbolic form this is written
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P (A|B), where the bar is read as "given".

5o we have:
P (A]B) = n (ANB)
n (B) |
L Vre divide both the mzmera.tor-and the denominatar of the fraction
by n (E), where n (E) is the number of elements in the original
possibility set. o
So we havet

P (Alé) -

i
B l=
A
™~
B
13| b

]
'_U"d
(Y
o]
bd

B

This gives:
- P{anB) = P(alB) =x P (3)

which can also be written as
P(aAnB) = P{a) x P(BJa)

Independent Eventsg.

Two events A and B are said to be independent whens

P (A 3B) = P (A) X P(3)
By comparing this with:

P(AMNB) = P(a)x P (Bla)
we see that tl;xis condition is satisfied when P(BJA) = P (B)
In words, when event A takes place, -it has no bearing on the result
of the prdbability of event B, An example is any sort of draw in

which replacement occurs after each draw.
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The above tréa.tment is typical of those text-books which
use gset-theory to find the probabilities of compound events. Most
mathematically minded ‘A~ level students seem to respond well to
this sort of treatment, but it is worthwhile demonstrating the
results hold true with empirical probabilities, For many students,
étatement of the results coupled with empirical demonstrations is
usually encugh to convince them of the truth of the r_ules, in other

words they make sense.

The idea of independence always seems to .be the most
d&.f.‘ficult cohcejt for the average V1th former to grasp hold of.
Some texi-books give the mathematically precise definition of
independence that is, A and B are independent events if P (A and B)
= P-(A) XP(8) The problem is that although it is possible to calculate
P (A) and P (B) it may not be possible to calculate P {4 and B) so
how do we prove A and B are independent.. It :_ls more likely in
fact, that knowing P {A) and P (B) we wish to calculate P (A and B)
using the multiplication rule. | The trouble is that we cannot
use the rule corréctly unless A and B are independent in the first
place and we cannot f:rove that unless we know P (A and B). The

whole argument is circular and where do we break into the ‘circle?

Some teift-books give a description of what is meant by
independence rather than giving a precise definition which does not
seem to have a great deal of practical use. Théy 8gy that A and B
are independent if A happening does not effect the probability of
B Qccurring. Obviously this is not a definition but by making a
subjective decision we can at least use the multiplication rule

when it seems feagible to do so. I think that it is acceptable



to do this, on the grounds that Statistics is applied mathematics
and if wo wish to solve certain problems in real life, we often

have to make such assumptions, based on sound reasoning of coﬁrse.
.We can easily mgke mistakes by making incorrect assumpfion as the

following example illustrates.

Part of a recent C.S.E., question had the following

information and request:

A clasa of thirty has twenty pupils taking statistics
and five prefecta. Find the probability that a pupil at random

is both a prefect and studies stgtistics,

Presumably the candidates were expected to argue that
deing statistics and being a prefect were independent.(how could

one effect the other?) so that the required probability is

20 x5 = 1
o % 9

But if we draw a Venn diagram {fig. 6) we get

< P

Figure 6

-

Since n (€¢) = 30, n(S) = 20 and'n:"fp) =5

it follows n (S m P) could be 0,1,2,3,4 or 5. So that the
required probability is 0, 1/30, 2/30, 3/30, 4/30 or 5/30 and

none of these is 1/9.

Apart from this being a very bad question, in this

gituation it is impossible for the two events to be independent

17
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statistically. ©So if events appear' to be indepehden‘b it does
not mean that they are if we apply the more precise mathematical
definition. . Hopefully no -4+ level cadidate will have to
answer such a question, but this example does illustrate that we
do make awfully big assumpticns to get an answer sometimes. We
may be asked, for instance, to assume that seeds germinate
independently wi'l:}ix given probability, Is this a realistic

assumption? What happens if we do not assume this?

We cannot get away from having to make such assumptions,
but at least our Vlth form students should be made aware that it
is an assumption we are meking very often. I did not find
any of the “A- level statistics text-books that really spelt this

out to the student, thoughs

I have attempted to give a brief synopsis of some of
the approaches that “Av level statistics text-books take on probabilit;
Probability is a.n imi:oftant topic and a great deal of stafistical
work requires a sound knowledge of the topic. Most of the‘
text-books that I looked at dévoted just one chapter of their book
to probability, but it would be quite possible to write a book on
probability a.lclme. It is s pitﬁr that statistica books, from ny-
experience, dp:__ %;6'1; discuss all apbroaches to probability rather
than just one or sometimes two. And finally, the last main
cri'bihiam that I have of their treatment of probabi;.\ity is that
none of them discuss _in detail or at length, any serious applications

‘of probability. 7 As T said earlier, most “A‘ level mathematics

teachers have had little or no training in statistics and the books
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would be doing a great service to pupils to include a section on

applications.

It must be remembered, howéver, that statigtics is still
a reia.tively new subject at school level and it is going to take
time before teachers and text-book writers decide on an approach

which includes all the right things snd is aimed at the right level.
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CHAPTER 5

IS _IT STATISTICS OR MATHEMATICS?

When producing solutions to questions from past iAi-: level
.Pap'ers; s it often occurs to me that perhaps what I am doing
is not really statistics but mathematics. The question of
what congtitutes being ma.thematics and what constitutes being
statistics 1s an emotivé one. " The dividing line, if it exists,
is purely arbitary and determinéd subjectively. Some mathematicians
| and sté.titicians might argue that .statistics and mathematica
are totally éeparate subjects, others are of the view that the
subjects are like two intersecting sets, whilst there are those
who would say that statistics is merely a branch or subset of
mathematics. I believe that subscribing to either the first
or last of these views displays a high degree of subject cham'rinism
and that the middle view is the more rgalistic of the three,

_especiaily at school level.

It seems to me, when- I read through a great many

A" level statistics text-books and look at the statistics questions
set at ‘A" level, that in our hurry to get to the mathematical
models underlying. our statistics we can easily forget the source

and inspiration of the problems, the statistics itself. We are

in grave danger oa".‘ finishing up with a box of idealised equipment

in ocur statistics similar to our box of equipment in mechanies.

We have repla.ced our light rods, inextensible strings and perfectly

elastic spheres with unbiased dice, perfectly randem procedures
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and independent events, It is all tob easy to put our empha.sis

on the model rather than the reality with too little emphasis on

how reasongble our model is, Just as physics is more than Fhe
mathematics it uses, so ias stgtistics. If we continue to divorcel
our statistics from real data and real life situations then we are

in danger of making the subject as sterile and academic as much as
theoretical mechanics has becomes -  Much of the stajcistical

work done in mathematics seems irrelevant to the geographer, biologist
and economist because it concentrates on techniques of calculation
and not on the context which leads to the need for these calcula.tions;
To a ceriain extent I would defend thisl emphasis since at ‘Al level,
statistica is usually part of a ma.fhema.tics examination and hence

the examingtion mst be designed to examine the mathemé.tica.l gbility.
Even so, mathematical ability is surely not confined to how well

one cgn cope with “numberl crunching™ éituationé which many * A"

level sta.tisticls questions seem obsessed with,. What I mean by
:‘ii;i:}mber cruncﬁing" is the sort of problem which involves little more
that substituting nmumbera into rote learnt formmlse and carrying

out a series of tedious arithmetical procedures, By slightly
altering the context, many questions put on to the statistics sections
of "A" level mathematics papers would be highly suitable for the
puz:e-ﬁathematics section, We must attempt, if it is f:ossible,

t0 set questions which are drswn from a statistical context but

require some sort of mathematical analysis to solve the problem.

What sort of impression does the VIth former get of
statistics when completing his ‘A’ level course in mathematics

with statistics? = With our emphasis on dice, cards, balls
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in urns étc. what sort of view does he get of the role of
statistics in society? Does he view it purely as something
to be used when gambling?. Wa largely omit the use of offic:l.al
statistics, the vast amounts of data that are collected and
published almost daily. How many leave school at the end

of the VIth form feeling that statistics is important in soéiety
today? How many realise the breadth of apl;lications from
insurance, decision making in industry, drawing conclusions
about smoking and lung cancer, seeing whether speed limits reduce
road accidents,whether ha.ving more police cuts the crime rate,
frhether legislation on race is having the desired social effect,

quality control in industry, drug testing in medicine and so on?

The trouble is, that in mathematics in schools we
tend to teach only that which can be quanfified.. The problem
is aas Engel (197)) says "... at this stage almost every interesting

problem is beyond the analytical skills of the student."

Whilst defending the ma't';hematical emphasis on the
statistics sections of *A‘ level Mathematics examinations, I do
feel that we do need to do much more basic work in schools, We
need to establish statistics more as an experimental science | 7
with it§ own concepts and ideas. A need exists to use exéérjments,
games, simulations and many other devices to give an intuitive
feel for these ideas, Not enouéh"tme is spent 5ust loocking
at data and asking simple qﬁestions about it yhere does it come
from, who collected it and how and why, how accurate is it likely

to be, what does it show? Can we develop a simple idea of
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inference through an appreciation of data?

I think that it is desirable that we have more
realism both in our statistics teaching and in the statistics
questions set at A7 level. We must abtempt to keep our
examples connected with everyday life and in the context in which
they arisa. | Before getting down to calculations we ought
to try to keep in mind that most calculations will be done for
a purpose, other than satisfying an examiner, and that we should

try to take a closer look at the actual data first.

D.V. Lindley (1977) makes the point that "The basic
fact that should never be forgotten in any teaching of statistics
is that the subject is concerned with data, with numerical
infbrmation about something of interest in its omn right.“‘ The
mean is not 20, butb 207tons per acre, or £20 per week, The
pupil must be ﬁerpetually exposed to data, he must dirty his
hands and not take an entirely mathematiéal view of sta.tlistics .
Much of our teaching is geared to those aspects of statistics
which are easily examinable: to the mechanics of the t-test
or Xt This would seem so on looking at some examination
questions, for example one that requires the pupil to calculate
a correlation coefficient without, at the same {ime, fna.king sure
that he also understands why a correlation coefficient is
mea.ninéﬁzl in the context, or what the value of the coefficient
tells ﬁs,' is not really a very good applied mathematics question

to set.



I shall attempt to examine the problem of whether bit is
statistics or-mathémafics by‘ gonsidering a selection of questions,
with their solutions, from some‘ past Oxford “A- level papers.

I choose Oxford since this is the boardwith which I am most femilisr.
All théfollowing questions are jl;ake-n from the paper II of tﬁe

A 50 syllabus.

1975 Quegtion 14

A random varisble X has probability density function f(x)

given by

f(zx) = Kx(1-x) (0€=x &1)

= 0 ' otherwise

Show that the mean and variance of X are 0+5 and 005 respectively.

Find the probability that an observation chosen at random
from the distribution is more than two standard deviations from the

nmean,

Solution : The first thing that mist hé found ia the constant K.
The sthdent must realise that it is {the area under a probability
curve that represents the probability. Hence the;'_‘tétﬁé.l"_a._r&éa
beneath the curve is equal to unity.  For the moment that is all
the statistics that the student need Know. The rest is pure
mathematics since every A level mathematics student should know

that the area under the curve is given by
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jﬂﬂ ax
-0

* ' this must be unity
1
jkx (1-3) dx = . 1
L ‘

By integrating and substituting the limits we obtain K = 6.

The second part of the question requires the examinee

to evaluate the mean of X. Using expectation algebra we have

the mean /u = E(X)
oy

where E(X) = Jx f(x) ax

- Jsse‘ (1-x7) ax

2

Again by the usual procedures we do in fact find

- /u = 05
_ o
. S
Similarly by using the formula j < f(x) &x - /'\

L)

to find the variance, we also verif:; its value to be 0'05'.

Finally, we come to the last part of the question and
again the examinee must realise that probability is represented

by the area under the probability curve.

‘Since the variance is 0+05 then the standard devigtion

is ’5»()5. Hence the required probability is given by

Pr (0:5 - 2 /005 p%X » 05 +2/0°05)

B
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o-6513
= 2Jf(x) dx since the

- o
curve is symmetrical sbout a vertical axis through the mean.

Well, to my mind, the 01;113’ plece of actual statistical
knowledge that any one needs to know to answer that question
was that area under a probability curve is numericélly equivalent
~ to the probability of obtaining X between the required limits.
Most of the solution tested how well a candidate can integrate
and substitute. in limits. In fact it was quite possible, and
this is something from my experience that weaker A’ level candidates -
 do, to simply remember as formulas and set procedureshow to find

probability in questions of this types

There. was no attempt to put this questioﬁ into the
context of a practical situation and even the random variable X
had no units assigned to _it, to my mind._ an essential minimm
requirement of any applied mathematics question. This question,
in my opinion, would have been better placed on the pure-mathematics
paper, but I doubt that it would have been accepted since the
a.rithmetic.f involved in the last pé.rt of the problem was tedious
and involvedy gspecially since the use of calculators are

forbidden in the mathematics papers set by Oxford.

It would have been much better to set a question
which examined the role of a probability distribution as a model

{0 describe practical situations which exhibit random wvariation.
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For example, a quesiion could be set in which a set of observations
would be given in the question. | Thess observations could,

for example, consist of the times at which vehicles passed an
observation point on a stretch of road over a period of time.

It could then be suggeéted that an exponential probabilit;f
distribution might constitute a reasonable model for inter-vehicula?
times in a given directions The candidate could be aéked why this
was a."rea.sonable mo@el and also by calculating estima.fea, from the
actual data, of the required para.met.ers, use the model to predict
éxpected frequencies. It would then be reasonable to ask the
student to carry out a test of goodness of fit to see whether

the model is a reasonable approxima.tion of reality. This way the
question is at least in the context of physical reality but at

the same time there should be enough mathematica to justify the
inclusion of such a question on a statistics paper of a mathematics
examination. I feel that any question on a statistics paper
of a mathematics examination ought to be statistical to some extent,
else why call it a Statistics pap_er? At the same time, there
should be some mathematics in the question since there is little

point in setting it in a mathematics examination.

1975_ GQuestion 15

‘The agsembly of an article in a factory demands.the
use of. 10 screws. - For the convenience of the assembly wox;kers
the serews are put into packets of 10 by the storekeeper. The
manager buys a new sfock 'of gcrews equal in number to half the
current stock, and teli_l.s the storekeeper to mJ.x the new and oid

screws together thoroughly. .= Shortly after the mixing has taken

~
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place the manager picks up a packet of 10 screws and discovers only
one new screw in the pack. What is the probability of one oz

fewer new screws in a pack?

The manager suspects that some of the new screws may
have been stolen. He inspects 9 further packs and finds the

following numbers of new screwss

31, 2y 241, 5, 2, 4, 3.

Does this evidence confirm the manager's suspicion?

Solutions To calculate the required probsbility we must

- first decide on what mathematical model we need, To do this we

have to make the assumption that the stock of screws. is large

enough to take one ﬁew screw from the stock without affecting-

the probability of obtaining a new screw. In other words we

need to aSS_Jume that we h.c:we independent probabilities, Also

assuming that each screw is equally likely to be chosen we canl see
that .the probability of .7 ! - a screw chosen at random bq;.:j nQw (s

equal to 1/3 since the ratio of new to old screws is 1 : 2

I just wonder how many VIth formers who manage to
arrive at this correct answer really make these considerations
"when arriving at the answer. They obviously mske the assumptions

but not consciously and they are uhawa.re that they are doing so.

Since a sample of ten screws really consists of the
repeated trial (loltimes) of choosing a screw at random and also

since the probabilities are independent we are led to suppose that
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the Binomial model with n = 10 and p = 1/3 is to be used to obtain

the probability.

Therefore Pr (1 or fewer new screws) = Pr (O new screws)

-+

~ Pr (1 new screw)

(3)% = (3(3)’

0-104

The examinee would therefore need to be aware of when
to apply the Binomial model, how to apply the Binomial inodel
and also how tc use the addition rule of probability, The
emphasis here is statistical rather than mathematical, but then
again it could be argued this is one of those situationsin which
we are in such a great hurry fo get to the mathematicai model
that underlies the statistics, that we have made more assumptions
than we ought. In other words we have a similar situation to
questions in mechanics when we assume that we liave weightless rods
and the liks, I am not sure 'Eha.t I would go aslong with this
since I would regard these mathematical models as ressential tools
of the statistician and therefore part of statistics. In this
'problem I feel that the a.ssﬁmptions made were justified otherwise

the problems would be unsolvable at this level.

Anyway,to return to the solution of this question, it
iz now necessary to write the number of new screws per pack as
proportions and then regard these proportions as values from the

sampling distribution of proportions which ié a normal distribution

3 3.

with mean 1/3 and standard deviation <X - J5-/15 = 0.15
lo :
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Since the menager requires to know whether or not some
of the screws have been stolen he needs to get some minimum number
of screws per pack below such a level he would be pretty certain

that his suspicions were correct. - In other words we need a one'

‘tailed significance test.

The above values of the mean and standard deviation
sre arrived at using the mull 'kypothesis thé.t the mean is 1/ 3
i.e. that no stealing has taken place. -  The alternative
hypothesis is that the mean proportion is less than 1/3 i.e. that

stealing has been going on.

2=-1-64S

By considéring the area under the standardised
normal curve, it can be seen that due to random chance the
probability of obtaining a proportion less than 1-645 standard
deviationg below the mean is 0+05 which is quite remote., Now the

smallest number of screws per pack is 1 which is equivalent to O-1

- as a proportion. Standardising this score we obtain
z= 21709:333 = ~/.56
oS

In other words the lowest proportion lies in the acceptance region
so we accept the null hypothesis. This means that we would reject

the manager's suspicions.

From the answers given by the examining board, this

was the intended approachs. Personally, I think that it would have
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- been better to take the ten packs together as one sample of

100 screws. 24 of these screws are new and the question is then,
are 24 screws out of 100 suspiciously low if the overall proportion
of new screws is 1/3? As we are now dealing with a sasmple of
100 screws (rather than 10 ), the Normal assumption is quite

acceptable.

Theée is quite a bit of statisties in this problem end
many VIth formers might find the solution difficult because they
are not told which mathematicél models they have to use, Therefore,
it is not simply a queétion which involves statistical mathematics
but involves the student calling on his knowledge of statistics
80 as to decide which model he needs {o use. At least someone
has attempted to put the qﬁestion into the context of a physical.

real world situation, even though it is contrived.

One of my main criticisms of this problem is that the
size of the Samples'is only equal £o ten, yet we are taught from
theory that the sizé of the samples shouid be large before the
proportions become normally distributed. I would not regard 10
as Being large! This might penalise some of the more able AN
level candidates who might suppose that strictly they should not use

the Normal model.

Overall though!l, teking into consideration that the
candidate only has about twenty mimutes to answer a question and
also a really worthwhile question would bé beyond the skillé of fhe
candidate, thié is not a bad attempt at setting a question which

is statistical but at the same time contains some mathematics.
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1975 Guestion 20

A mamufacturer wishes to estimate the proportion of cars fitted
with radios in a small town and the surrounding district, The
following schemes for choosing a sample are suggested, State
the criteria you would use for assessing tlhese s_clqemes and discuss
the relative merits of thea_ schemeé. Suggest improvements 1f any |

occur to you, and atate the scheme you would prefer,

(I) Choose at random 200 names from the telephone directory.
Ring the corresponding numbers and ask gbout the cars belonging
to the household.

(IX) Take every.n th name from the electoral register,‘ choosing
n so that the total sample size is 200,

Visit thé'homes of the people chosen and ask about the household.'s
cars. | _

(III) Stop cars as they enter the High Street on a weekday

morning and check whether or not they have radios. Inspect 200

Solution: The solution to thié particular question was discussed
in some detail at a meeting between the A’ level examiners and a
number of teachers who are responsible for teaching the statistics
section of the A50 paper. The meeting was held at Oxford on

Friday, 12th Septehber 1975 and the following solution is the one

the examiners used in that marking scheme.

I was told that this question was to test if candidates

could apply the principles of sampling to realistic cases.

The following criteria for assessing the scheme were

—

expected:
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(a) 1lack of bias  (Is the population sampled identical with the

target population? Is the sample a random one?)

(v) practicality of the method.

The following comments on relative merit were ;axpected:

(1) Cars owned by telephone subscribers rather than cars as a
whole are being sampled. (There is good reasSon to think that

this sample mey differ from the general population). Even among
telephone subscribers, those who are out a lot are likely
to be misged, and hénce their ears have less chance of

inclusion. ~ The scheme 1s cheap and easy to carry out,.

(ii) Most oar owners are likely to be on the electoral register.
A car owmed by a couple has twice the chance of being chosen
ags one owned by a single person. The scheme is expensive
of time and money becaunse of the visits and the large numbex

of electors who do not have cars.

(iii) Cars likely to be on the High Street .On a weekday morniﬁg
form only a part of the whole population and some cars,
€egey of those who shop in the morming, are more likely
than others, The method is relativeiy easy and cheap,

if allowed by the police.

Candidgtes were then expected to choose a scheme, with possible
modification, and ssy why they chose it, No method is obviously
the beat.

This question seems to have no mathematics in it at all.
There is certainly no quantitafireelement in this gquestion. In fact

when I included this question in a trial A" level examination some
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time Ago, I found that all of the solutions were in the form

of formal essays rathér than a series of points. The question
was very baﬁly answered and if I had not known better I would have
believed that I was marking answers to a question from a sociology
examination. -For instance, most of the candidateé who answered
this. question were obsessed with all telephone subscribers being
middle class and thereﬁore not a representative sample., All very
ltrué, telephone subscribers are probably not representative but a

sociological analysis was not required.

Having had a mathematical training myself I found it
difficult, before attending the meeting with the examiners, to
write down a solution. This is becaunse the emphasis of this
question is perhaps too statistical ahd the mathematical models
that underlie the statistical theory are too implicit rathei than
being éxplicit. Since this question was part of the statistics
_section of a mathematics paper I feel that if was not a fair question
to set. Both teachers and'pupils'ﬁeed experience of dealing with
sampling techniques before being able to cope with answering a

question with such statistical emphasis.

I think that it would have been better to set a question
on sampling theory which at least allowed the candidates to relate
their answer to some mathematical model, perhaps even a question

which allowed them to use random numbers to delect a sample or even

a simulation problem. We cannot expect mathemstics teachers or
mathematics students to cope with questions in statistics which
involve little mathematics, but on the other hand they should be

expected to know enough statistics to cope with stiatistical problems
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which require mathematical models to help solve them,  This
question was not such a situation. There needs to be some sort
of compromise of the sort of question that can be set on the

statistica section of mathematics paper.

_‘Two criteria must be satisfied:  The questions shbuld
be statistical in nature and also the problenm should involve the use
of some sort of mathematical model as part of the solution. The
mathematics should naturally arise from the practical context of the
problem. Any mmerical solution such as a coefficient of correlatio
for instance, should then be interpreted with respect to the statistica

problem.

The three quesations fell into three categories:

question 14 was totally mathematical since only a knowledge of
pure-mathematics techniques was required to solve the problem,

Question 15 involved both subjects since both a kmowledge of
statistics and the use of mathematical models was wanteds This is
the type of question which I feel should be on a statistics paper

of a mathematics examination since the mumerical solution (i.e. the

z score) requires a statistical decision to be made by the candidate.
The last question I consideréd.-_ (that was number 20)rek1ﬁired no
mathematical analysis and could be best answered by someone who had
experience of actually carrying out a survey, though a reasonabi%ii
golution could be made by using common sense, Not the best guestion

to set on 2 mathematics paper.

I do not believe, as D.F. Kerridge (1976) obviously does,

tha.t,fo quote him, "mathematics is a menace” to statistics. There
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are obviously some parts of statistics which do require the use of
mathematical models. This is, I feel where the two subjecis are
like two overlapping sets,and I believe that the syllabus and
exanination on statistics sections of “A- 1éve1 mathematics shbuld

be get with this overlap in mind. By dgsign, it should be a
syllabus in mathematical statistics and not in statistical mathematics
(1ike question 14) nor should it be a syllabus just on statistics

(as is typified by question 20).

Some questions are very obviously one thing (mathematics)
and some questions the other (statiel.tics).- It seems pointless
to try to distinguish whether some questions set at ‘A, level are
mathematics or statistics, because very often the quesfion is both.

Much of statistics is a branch of applied mathematics and therefofe
we have a right, indeed s duty, to include certain aspects of

.ét‘atistics on the A levei matheﬁati.cs sy1labus,. By eﬁphasis

mich of this is very mathematical and is best taught by statistically
inclined ma;thematicians. There are many aspects of statistics
which have no relevance at all to a mathematics syllabus, e.g.
questionaires, and these are best left to be taught by the

_ statistician.

On our “A' level courses in mathematics we are not trying
to prepare people to become statisticians, most of us do not have
the comﬁetence. We are.simply trying to show the pupils that
mathematics is not just a subject in its own right, but is a useful
tool as well, it is our duty as teachers to teach this aspect of our
. subject. I therefore do not sgree with many statisticians who

“claim that we are poaching from their subject and have no right to



teach any statistics., This is because' it is not always a
question of"is it statistics?“or "is it mathematics?“beémse much
of it is both at the same time. Any dividing line would be
artificial. A mathematics examination should test uses as

well as pure manipulative skills.

1
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CHAPTER 6

Project Work in Statistics at A' Level,

One of the more recent innovations in statistics on A- level
mathematics syllabuses has been the introduction of project work.
Two notable-: exampies of this new trend are the A level statistics
peper set by the Joint Matriculation Board as from June 1978 and thé
A~ lévei Pure Mathematica with Statistics set by the University of

London Board which was first examined in June 1977,

For the examination set by J .M.B.', "cénd.ida.tes will bé
required to submit a personal study of statistical (or probabilistic)
methods gpplied to one specific area of practical enquiry, The
length should not be more than 15 pages excluding the presentation
'of raw data. Projects will be gasessed by the candidgtes' teacher
and submitted to the Board together with the teé.cher's assessment

report for use in moderating the centre's assessments',

The project‘.is considered to be.a vital part of the syllabus
giving each candidate a chance to gain exﬁerience of an in-depth
- study of statistical methods applied over a substantial period :to
a particular area of practical enquiry. A single topic is chosen

by the candidate, in consultation with the teacher, for the project.

The Board issues the warning to keep the project feasible

in terms of:

(i) access to relevant data of an appropriate scale
(suffic_:ient to provide useful information whilst
remaining manageable irithin the tilnie':scale of the

project).
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(ii) the candidate's experience: the required methods
of probability modelling, of data presentation,
summary and analysis, and of valid interpretation,
need to be largely within the syllabus (although

relevant extra syllabus topics at a reasonablé

level are not excluded).

(111) the time available within the work programme for the
design and exeocution of the work and for the preparation
of a project report (bearing in mind that 15% of the

marks will be allocated to the project work)"

It is expected that theca@did;pgs‘will spend about 40 hours
on the project work, during theif secbnd year bf study; although fﬁis
time is not rigid since it will depend on the nature of the project
topio chosen, The project ié concluded with g report, by the
candidate, and this report should include the aims of the project,
probability models ﬁsed, interpretation of results, details of data,
representation of data, statistical methods used and conclusions

drawn from the work.,

The teacher has quite a role to play, he helps the candidate
choose the topic, acts as a consultent throushout the time that the
project is being undertaken and then assesses the projects The

Board sets out the following four qualitiés t0 be assessed:

n A, Ability to select an appropriate probability model
and set of statistical techniques for the investigation

of the topic of the project and to desism a plan of

procedure.
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Be.  Ability to carry out a practical investigation in

accordance with a plan of procedure.

C. Ability to present the results of practical investigations

in a valid and informative manner.

De Ability to draw conclusions from practical experience

and evidence."

On actual choice of the topics. the ﬁoa.rd says théjf "may arise
from any area of activiiy as experienced in the classroom, at home,
in leisure -activity, in sociely or from general reading. Data may
refer for example,to experiments in E.S5.P., surveys of pupil's atiitudes
to controversial issues or behavioural characteri:sti;:s; local comnmnity
- matters (shopping, .pol:l.tlica.l views, the new by-pé.és, etc.),poi:ulafion |
statistics of a demographic nature, experimental resulis on problems
in Physics, Chemistry, Biology, economic indicators, road traffic flow,l
measurements on manmufactural products; results of examinations or

teats of various types, simulation of practical situations,

As a single s_becific example on the last-mentioned item,
a candidste may decide to investigate the adventages of the intro-
duction of an appointments system by the local doctor for his evening.
surgery, by simulating the condition of the surgery a few times both |
with, and without, an appointment system. .Assumptions ab.out arrival
pattern of patients, ‘and consultation:time, will need to he backed up

by observations of the real-life situation.”

The project work required for the University of London's

A level in Pure Mathematics with Statistics requires, perhaps, a less
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in-depth approach than thatneeded for J.M.B's A level. Also,

the project work is not matked by the examiner nor the teacher but
candidates take thelr projects into the examination and are expected
to refer to them in their answers. It is considered that doing

project work is an essential part of a study of sta.tistica, though.

It is expected that a candidate will carry out three
projects relating respectively to three areas, sampling, chance

variations (this includes tests of hypothesis) and experimentation.

This Board list four parts that they would expect each

completed project to consist of:

(1)  Statement of Aims - precise, and of about £ifty

wordse

(i1) Data - collected by the candidate, with notes
of difficulties and precautions, and other relevant

infomation.
(1i1) Analysis of the data.

(iv) Conclusions and Observations - usually about

200 words in length.

' The syllabus also gives a list of suggested projects of

which‘ I reproduce a selection.

Sampl .

Weather in holiday resorts.

Favourite winning horse Taces.



Shoe and collar sizes,

Colour of cara.

Chance Variation.

Journey times.
Length of grasses.
Votes in General Election.

Differences in guthorship

Experimentation.

Heights and weights
Bffect of temperature on cress seeds
Income and expenditure amongst pupils

Does extra éensory rerseption exist?

As already stated the candidates will be required

to bring their completed projects to the examingtion room. They
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are allowed to quote, if necessary, from their projects in answerXing

.the a.ppropriate questions of Pa.per 2y which as the specim@gn paper
indicates, are designed so0 that they csn be sa.tisfa.ctorily answered
- only by a candidate who has properly carried out the projects with
a due realisation of the practicé.l difficulties inherent in any

statistical investigation.

The following question is tsken from Paper II of a

speciman paper issued by the University of London Board in Sept.1974:
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Describe briefly how you made use of the normsl distribution
in one of your projects and gife reasons for any assumptions that it

was necessary te make.

A port amthority has a large labour force with distribution
of I.Q which has mean I Q of 103 and standard deviation of 12. If
100 employees are selected at random, estimate how many would be

suitable for a job'requiring an I Q between 100 and 110.

It can be seen that the first part of the question
explicitly requires an answer involving the candidates first hand
experience of dealing with en experiment in which the normal distri-
bution was made use of. It is somewhat unfortuate if the candidate
has not made use of the normal distribution in his projects of course.
This is perhaps unlikely though considering how many times the normal
distribution crops up in the sorts of situation that an A: level
candidate will draw his projects from. The second part of the
* question is more typical of the guestions set at A< level and really
only-requireé theoretical considerations, not least of all making

the assumption that I Q' approximates to a normal distribution.

The one major agreement that both Boards have,is concerning
the philosophy of wh;y' project work is important to students studying
gtatistics at A"-_' level. Both feel that projeét work is a nﬂepes‘sﬁgry
conmponent becané.e statistics is basically an experimental subject. '
It seems that they also haﬁé commont objectives in that they 'both
see the role of the practical work :i.s_to reinforce the theoretical

work, in other words it gives the theory gome gort of meaning, Also
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the practical work is meant to give to studenis some sort of

intuitive feel for the subject.

The Boards differ in reaspect to assessment, one gives a
posaible 15% of the marks to the project wheress the other does not
asgess the project, but requires it to be used in Paper 2 of their
examination. Assessing project work has all the usual arguments
against it, for instance, the teacher could be responsible for doing
a lot of the ca.ndida.te’a work for him, Also there is the problem
of the halo effect and Standaidisation of results. Here we have the
added pxjo‘dlem of whether all teachers of mathematics are in fact

suitably quélified to mark a practical statisties project.

The University of London's regulations get over this to
some extent by npt attempting to assess the practical work, In
some ways this seems to be somewhat of a contradiction to what the
purpose of an examination is, but it is hoped by the Board that their
examination questions are so geé.red ag to make thé carrying out of
a project absolutely necessary, I Jjust wonder if the candidates
themselves feel a.s mch of an incentive td carry out a projeot under
this system than if they were actually given marks for thei.f practical
work. I admire the thinking end trust in the University of London'é.
philosphy but much will depend on the enthusiasm of the teacher. For
all its difficulties I think that all project work should be-a,ssessed,'
but I also think that J.M.B. should follow London's example and allow
the students to itake their projects into the examination with them.
I feel that it is right to assess the project work since it is incentive

to do well, ‘ Most students, if asked, would proba‘ply' wish for their
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work to be marked on the grounds that if they have put a lot of
effort into it,then they want to know what it is worth. A ﬁark
is a convenient yardstick and acts as a suitable reward fc;r those

who have done well,

The Boards also differ J.n the emphasis that they place

| on the depth they feel the candidates should go. J.M.B. require’
a single project which will obviously go deeper and cover more |
qualities than. the three projects required by the Univeristy of
London's syllabus. Perhaps this difference is understandable
though because the J.M.B.'s syllabus is a single sub;ject in statistics,
énd therefore the candidates should have longer time to spend oﬁ

_ practical work,than those candidates who orfly are taking statistics
as half a subject. - Also you would expect' students who are taking
 statistics as a single subject to have a deeper understanding of
the subject than VIth formers who are taking the Pure Mathematics

with Statistics examination.

As yet, practiéal projects are new at A’ level and only
a few Al level candidates who take statistics wiil be involved, It
is to be hoped that even if a practical project is not a requirement
of the syllabus, more and more teachers of mathematics will still
include some practical work in their courses. Of the arguments .
levelled against including any practical work in an A" level course,
iack of .time is pefhaps the greatests Whatever the a:bgtments.
though, one cannot ignore th_e benefits of including such work. First
ideas of histograms, their gradual build-up and a heuristic idea of
the shape of the underlying rprobability distributions . can be obtained

from at least a hundred or more observations of some simple experiment,
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Also, personal participation in oblaing observations brings to the
statistical analysis the zest of discovery. Therefore, hopefully
all teachers of A- level statistiés wiil attempt to include some
practical work in their courses in the future. I have included

some ideas of practical work in the appendix.

Project work forces a student to (1) +think about the
appropriateness of a certain mathematicsl model in a particular
gsituation, and (g) to interpret the results of a statistical anélysis
in terms of the real world question that he is irying to answer.
These aspects of statisties are not reflected iﬁ.ﬁost examination
questions, so the introduction of project work suggests that a
greater emphasis is now being placed on model choipe and interp-
retation of resultis. This indicates a swing awa& from a purely
mathematically manipulative type of examination in statistics towards -
one which tests other aspects of statistics. Perhaps, it will not
be long before fhe-madority of Boards.will follow suit and also set
some form of project work in an atfempt to dreaxe examinations in

epplied statistics as apposed to applied mathematics,
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Conclusion

How can things be improved?  Perhaps, the greatest
difficulty arises from atatistics still being a relatively new subject
in schools. ~  There mist be today, & gradually incréasing mumber of
new greduates going into school teaching; who have had University
courses in statistics. For some,though, these will have been
- mainly theoretical and concerned with sfatistical mathematics because
the course is part of a mathematics degree, or a joint degree in
mathematics and statistics, For others their course.ha:y‘been

of a more applied character associated with other disciplines,

At school level in the VIth form,the statistics that is
- temght- tends to emphasise the mathematical side of the subject and
forms par£ of the mathematics syllabus. Becanse the subject,
at school level, has developed within the context of the mathemﬁtica
syllabus, this has meant - examinations are set by mathematiciapa
and the subject taught by mathematiciana, Also, the questionsin
examinations which involve some sort of mathematically manipulative
procedure are far easier to set and mark than questions which require
some sort of interpretive analysis, Perhaps as more gra&uatés who

have received staiisticg courses of an applied nature take joba as

teachers in schools this situation may start to change,

ProfessorD.J. Fimey makes the point "Statistics is
no more a branch of mathematics than is engineering: it is a discipline
in its own right, ultimately concerned with the collection and inter-

pretation of data rather than with mathematical relationships." (1977)
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To a‘point I agree with him, but there is a large grey area in which
it is not possible to distinguish whether the context is mathematics
 or statistics. It is as if we have two interasecting sets; the

sets being mathematics and statistics. I do not feel that at school
level we have the time or facility to cope with statistics as a subject
in its own right. Por a start, we do not have the required nuniber
of suitably qualified teachers,and only a fery large comprehenSive
school could support a fully qualified statistice teachers Also,

most students do not have the motivation nor the maturity at Vith

form level to be able to cope with a statistics course in its owm
right, I think thet such a course is best left until wniversity
level. At school level then, I think that we should confine our-
selves to the area which is both mathematics and statistics. It is
our job as mathematics teachers not just to teach mathematics as a
subject in its own right, but also to teach mathematics as an applied
subject. - This is why it is extremely desirable to teach some aspectis
of statistica. On the other hand, the statistics that we do teach
in_AV level mathematics must bear some resemblance to statistics and
should not just be an exerciséAin statistical mathematica, Very often;:
in practice,though, it is extremely difficult to separate the.mathe-
matical and non-mathematical aspects of statistics. = For example,

to test some particﬁlar hypothesis we first have to collect some sort
of data and this may well involve the use of a survey. At present
though, this sort of statistical éontent is neglected by the ﬁajority
of A" level mathematics syllabuses. That we must try fo do is set
examinations which testC these aspects of statistics because it is not

possaible to fully apprebiate the purpose of the mathemgtics without
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doing so. It should always be remembered'though, that the statistics
sections form part of the mathematics syllabuses and therefore should
remain as a test of applied mathematics and not applied statistics,

In other words, we must not swing too much the other way.

At present, the balance between the interpretive and manip-
ulative aspects of the subject is not right. The trend is now starting
to change however, with the recent inclusion of project work on two
of the statistics syllabuses. It is to be hoped that this trend will
continue and that more examination boards will include some sori of
project work bn their respective syllabuses. This would at least
give A' level students the chance to learn a bit more about the none
mathematical side of statistics which would help them to understand,and
give them insight into,the maihematiéal aspects of the subject. The
time factor is one great difficulty.if project work is included and,to
allow for this, I feel that it would be possible, and indeed desirable,
to cut down on some of the content that exist on the syllabuses at
the moment., For instance, it is possible to give students an idea
of what a test of hypothesis is without haviﬁg to teach him four or
five different types. Surely, just the ineclusion of éne of two
types'of'test of hypothesiq would be sufficient to impart the necessary
conceptse. Therefore, I would recommend a complete rationalisation
of the content of the statistics syllabuses and.to compensate for this

include some sort of project work.

‘I would like to see the statistics section contain gquestions
which test> both the manipulative and interpretive aspects of the

subject. Also, in much the same style as the University of
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London's Pure Mﬁ£hem&tics with Statistics examination, I would like

the questions to relate in some way to the work carried out by students
in their project work, For example, part of a question might require
the candidate: to explain what sorts of data approximaie to certain kinds
of probability d.is.tributions or under what circumstances they have had
to make use of mathematical models in their projects. This sort

of approach, I feel, would at least give the students a much better
idea of what applied mathematics is all about and is not just a dis-

guised set of pure-mathematics problems.

Apart from changes in the syllabuses, it is necessary that we
have enough teachers cabable of teaching statistics in the VIth -fom.
Por obvious re‘a.sona‘ this job is going to be left to teachers of mathe=-
" matics to do. - It is'to-be hoped that colleges of education and
Jliniveréity departments of education will include éou.rses in the teaching
of statistics in the initia.l training of teachers.  Also it is highly
desirable that the Department of Education and Science will sponsor the
setting up of far more iﬁ-service courses in statistics for teachers.
Not just three or four day courses but full-time courses which la;st a
term or alternatively one day a week for a year. A fairly long
course is required because there is much for the teacher to learn and
assimilate, especially if he is unfamiliar with statistical conceptis

and techniques..

Help for the teacher could also be provided by setting up an
-on. = going project on statistics in the VIth form. This could be
similar in structure to the Schools Council Project on Statistical

Education = (P O S E) which deals with statistics in schools for

I>
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| pupils up to the age of 16 years, I would hope that such a project
would be ﬁniversity backed but would be run by suitably experienced
school-te;.chers in conjunction with universj.ty lecturers in statistics.
Such a project could provide suitable work-sheets with:view to creating
a text-book after receiving feed-back on how the work sheets went down
in t_hé classrooﬁ. Perhaps, even a problem clinic for teachers could
be set up by the project as weli. What I think would be unsatis-
factory, is if a special examination was set in the same way that a
special examina.tion is get for the School Mathematics Projedt. I
think that it is better that the projecf caters for existing syllabuses,

taking into account the trend toﬁards project work.

Finally, I feel that it is time that we had. a report from a
comnitiee set up by the Royal Statistical Society, or by the Mathematical
Association,for inétance. It is nearly a decade since the R.S.S.
last published their report on the Tea.ching.of Statistics in Schools.
Things have changed since then and this time I would like to see the
report specifically on A level étatistics. it would be best that
the committee was not just made up of professional statisticians,but
school teachers of mathematics and even teacher_a of user subjects such
as biblOgy and economics. This way a ﬁore balanced and realistic
set of recommendations would be made. Of course, if such a committee

was set up, it is to be hopel that the exemination boards will take notice.
. {

Therefore, it is 1o be hoped that over the next few years.
statistics, which is still a relatively new subject at school level, will
become firmly established and accepted as a meaningful branch of applied

mathematics at A level.



1.

2e

3.

4e

De

112

APPENDIX

Practical Experiments in Statistics = A Few Suggestions.

Coin-tossing. There gre numefous possibilities here, apart
from the obvious one:, of demonstrating how the relative frequency
of ﬁeads tends to stabilise to #.

For example, divide the tosses up into groups of, say 10,
generating observationsfrom a Binomial distribution. Record

the length of the éaps between successiva‘heads - geometric

distribution.” As a variant, try tossing a drawing pin.

Traffic observation. Under suitable conditions, daté
conforming approximately  to the Poisson distribution (number

of vehicles per minute) and exﬁonential distribution (intervals
between vehicles) can be obtained. In addition, if the type
(car, bﬁs, comnercial vehicie, ete.) of vehicle i3 recorded data
'suitéble for fitting Binomial or geometric distributions can be

obtained. See Scott (1976).

Draw a grid on the bottom of a box, Shake some very small
seeds (e.g. carrot seeds) in the box and count the numbers that

fall in each grid square (Poisson distribution). See Scott (1976).

Throw darts at a dart-board, aiming at the centre. Record the

x and y co-ordinates of the points of im@act; Are these Normally

- distributed? Independent? Are the variances the same?

Students are presented with straight lines and asked to bisect
them by eye. Subsequently the errors are measured and

recorded, For a particular student and length of line,
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these should be approximately Normally distributed., Questions -
which might be investigated include the following. Is there

any evidence of bias and, if so, is there a connection with the
right or ieft handedness of the students? Does the variance
differ from one student to another? How does the length of the

line affect the variance?.

6. Pebble sampling experiment. Random and judgement sampling
methods are compared for estimating the mean weight of a set of

pebbles.

Te Word length comparisons.

Aim To examine whether the length of worxds used differs

from one author to another, or with time, or according to subject
matter (various statisfical aspects of literary style have been
studied. in the hope of finding soﬁe which discrimina.te*',} between
authors).

Equipment. Choose two a:u.thors of similar date and two
works by each. |

Data. From each work take samples of at least l250 words.,
Count the numbexi'of letters in éach word. Samples should
represent the whole text but need not be completely random. Rules
need to be decided on how to deal with aﬁbreviations, hyphenated

worda etCe

Anglysis, Summarize the four sets of data by suitable tables and/or
histograms and by finding the mean and variance of word length

in each set.

Compare in a large sample test, the mean word length
in the two works by the same author and also compare the two aunthors.

See Scotte.



Bibliography

" Buxton, B (1969,1970)

Davies, H (1970)

Downton, F., (1968)
Downton, Fo (1975)

Ehrenberg, A.5.C. (1976)

Ehrenberg, A.5.C. {(1976)

Engel, 4 (1971)

114

Probability and its measurement

Math. Tesching, 49, 4 -~ 13

The role of practical experimentation
in the teaching of probability and

statistics. The Teaching of

Probability and Statistica, edited
by L.Rade. Upps.ﬁla.: Almgvist and

Wiksell.

Statistics at A+ level - g resppraisal.
J. Roy. Statist. Soc. 4, 131, 500529

Intuition in probability and

statistics. POSE, No. 3, 2-7

We mst teach what is practised.
The Statistician. Vol 25, No. 2,

195 - 208

Symbols or Concepts, The Statistician,

Vol, 25' No. 3 192 - 133

Teaching probability in .intermedizha.te

gradeSvo In.to Jo M&th- Ed.uc' SCi.

Technol, = Vol 2, 243 = 294.



Erricker, B.Co (1971) .

Finney, D.J. (1977)

Griffithﬂ, H.B. and HQWSOH, A.G.
(1974)

Hodge, S.E. and Seed, M.L.(1972)

Holmes, P. (1976)

Hoel, P.G. (1971)_

Kerridge, D.F. (2976)

Lindley, D. Vo (1977)

Loveday, R. {1969)
v

115

Advanced General Statistics

Oxford: English universities Press

Statistics, Schools, and Society

BIAS Vol.4, No 1, 39 - 54

Mathematics: Society and Curricula
London: Cambridge University Presa

Statistics and Probability

Edinburgh. Blackie and Son Ltd./

W. end R, Chambers Ltd.

But is it statistica? Math. in

School. Vol 5, No 2, 15 ~ 16

. Elementary Statistics. 3rd edition

New York: John Wiley and Sons Inc. .,

The Menace of Mathematics. The

Statistician Vol 25, No 3, 179 189

A Survey 6f Statistical Thought.

BIAS , Vol 4, Nol, 1 =~ 17.

A Second Course in Statistics:

2nd Edition Cambridze.

 Cambridge University Press.



116

Royal Statistical Society (1952) The Teaching of Statistics in

Schools. J.Roy. Statist.Soc.
A, 115, 126 - 137

Royal Statistical Society (1968) Interim report of the R.S.5.
committee on the teaching of
statistics in schools.

J. Roy. Statist. Soc. A , 131,
478 - 499,

Seott, J.F. (1976) . Practical I"ro;}ects in the Teaching
- of Statistics at Universities. The

Statistician Vol 25, No 2, 95 - 108

s. M, P. (1968), | Advanced Mathematics Book 2
Cambridge: Cambridge University

Press.

Spiegal, M. R, (1972) | Theory and Problems of Statistics.

New York. McGraw - Hill International

Book Company.

Wood, R. and Brown,M.(1976) . Mastery of simple probebility ideas
among G.C.E. ordinary level math-
emgtics candidates. -

Int, J. Math. Educ.Sei. Technol

Vol 7, 297 - 306.








