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Abstract

The project is concerned with software for the Sinelair Spectrum
computer which I have written for use in teaching mathematics. It
commences with a short introduction outlining the reason I undertook
the study.

Chapter 1 considers a program on transformation geometry, which
illustrates rotations, reflections, translations, enlargements, shears
and stretches applied to any shape formed by joining points with a set
of continuous straight lines. The coordinates of the points are input
by the user, or the preset object (a triangle) may be chosen. Any
combination of the transformations is allowed, and the transformation
may be applied to the current image, the previous imege or to the
original object.

Chapter 2 contains three programs. The firast illustrates
relations between patterns of dots arranged as squares and triangles.
The program on the Fibonacci Sequence illustrates how the sequence is
generated, using the breeding patterns of rabbits. It also shows that
the ratic of consecutive pairs of terms in the sequence approaches
the golden ratio. The third program is concerned with prime numbers
and will print the sieve of Erstosthenes, list the primes, test a
number to see if it is prime, or output the Nth prime, when N is input,

The program in chapter 3 shows the locus of a point, P, under
given conditions., The conditions, which are chosen by the user, are
1llustrated graphically and the locus is plotted.

All the programs in the chapters are deacribed in two ways.
Firstly, how they are controlled and what they do when executed,
secondly, ways in which I have used the programs with various groups
of pupils. | e .

The listings for the programs, together with ﬁbéoﬁﬁanying notes,
are given in the appendices at the end of the projeéﬁ{l '
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Introduction

During recent years the price of microcomputers has dropped so
markedly that they are now commonplace in homes and schools, The
potential use of the microcomputer in schools is enormous, but any
use should be an improvement on traditional methods if it is to be of
value. Many of the early attempts at computer assisted learning
failed, in my opinion, in this respect. For example, programs which
were meant to test a child's ability in a particular topic gave a
score but failed to diagnose where the child needed help.

The programs which I have written in this project have exploited
the graphics capability of the computer to create interest and to
improve understanding in wvarious aspects of mathematices. The topies
chosen are some which I conaider need to be dembnstrated dynamically
or which pupils find difficult using traditional methods. The
demonstrationas are intended to be teacher controlled but, as more
computers become available for useiby the children, the programs
could be modified to make them pupil controlled, sco that each child
may progress at his own pace.

I decided to produce my own software on a Sinclair Spectrum for
the following reasons. Firstly, the only computer available in the
school where I work is a Research Machines RML 380Z, which can be
used in few rooms because of transportation problems. The computer
alsc needs to be booked at least a week in advance, which eliminates
any gpontaneous use. Even when more computers are available in the
gchool, they will be housed in a computer room and priority will be
given to Computer Studies classes. There will be little opportunity
to use them regularly in mathematics lessons. I required a computer
that was easily moved from room to room if necessary, which would be
available for use at any time during mathematics lessons. I chose the
Sinclair Spectrum because it was small, inexpenzive and capable of
high resolution graphics.

The reason for producing my own software was that I have found
no secondary school mathematics software for the Spectrum. Software
is available for other computers, including the 3802, but none of
those covering the topics of this project was considered
satisfactory. All the programs on transformation geometry, for



example, plotted the image without showing the transformation
dynamically. One program for the BBC computer showing the locus of a
point on a ladder which is slipping down a wall considered only the
midpoint, and did not allow generalisation.

Since buying the Spectrum, I have used it in the classroom
mainly for demonstration purposes, that is as an 'electronice
blackboard!'. The programs which I have produced fall into two
categories; short programs which are mostly used as an introduction
to a topic or for clarification and longer programs used for teaching
a topic. The short programs were usually written in an evening for
use in the next day's lesson, examples of which are Pythagoras!
Theorem, the sine curve asnd coordinates. The programs contained in
this project are the longer ones which have been developed over a
period of time and are intended for use throughout the particular
topie. '

The listings of the programs and the diegrams in chapters one
and three have been produced using a Sinclair printer, which were
then copied on a photocopier, By this method, diagrams may be
produced to issue to the pupils, if required.

In this study mention is also made of short programs, sometimes
consisting of only a few lines, written during the lesson to help
teach a particular concept. Litile work has been done on using
computer programming to teach mathematical concepts in this way, but
with more pupils entering secondary school heing able to write
computer programs, this could be another worthwhile use of the
computer, espeéially in Introducing basic ideas of algebra.




Chapter One

One of the main eriteria for using the computer in the teaching
of mathematics is that the computer has an advantage over other
methods of presentation.

Transformation Geometry, the subject of this chapter, is
certainly a topic about which this is true. Diagrams can be produced
mach more accurately and quickly than on a blackboard. Of course the
gize of the display screen is limiting, but the ability to produce
dynamic demonstrations of the transformations, together with the
facility for repeating them, far outweighs this restriction.

The chapter is in two parts:

1. Explanation of the program's execution.
2. Examples of ways in which I have used the progranm,
end how it might be used.

The program listing, with explanation, is given in appendix A,

The title of the program is 'transforms’.

The flow diagram on the following page shows how the program is
executed and controlled using the varicus keys.
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FIOW DIAGRAM TO SHOW THE EXECUTION OF 'transforms® PROGRAM
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The program is executed by pressing 'RUN' followed by 'ENTER',
which will result in the screen being cleared.

All the messages are written on the bottom two lines of the
screen and, as are the graphic displays, written white on a black
background. I have found by experiment that this combination gives
greater clarity and viewing distance. The use of different colours for
objects and images was tried, but the Spectrum computer is unable to
display more than two colours in any character square (8 pixels x
8 pixels). The tests resulted in parts of figures which overlapped
others being changed in colour; this caused confusion., It was decided
therefore to use just two colours.

Control of the program is achieved by a single press of a key -
usually any key, but some instructions require specific keys to be
pressed. When input is required, the data is typed and followed by
pressing the 'ENTER' key.

Messsge ~ 'Demonstration? y/n'.

After certain of the transformations have been executed,
there is a section of the aubroutine which demenstrates the
properties of that particular transformation. Pressing the 'y'
key will result In the demonstration being given, pressing the
'n' key will result in the by-passing of that section of the
subroutine. (No other key will produce a response.)

Message - 'Choose rasnge? y/n'.

Throughout the program the scale of the axes will be
increased 1f necessary to accommodate any image for which the
existing axes are too small (this will result in the screen
being cleared and then redrawn). The scale is calculated so as
to fill as much of the screen as possible. The user has the
option of setting a range of valuea on the x and y scales.

Pressing the 'n' key will result in the initial ranges of
-1 to 1 on both the x and y scales; the axes are then displayed.

Presgsing the 'y' key will produce messsges asking for the
minimum and maximam values of the ranges of x and y to be input.
The automatic adjustment will still operate if these ranges are
toc small.




It was decided not to number the scales for two reasons. Firstly,

I felt that it would not add to the clarity of the diagram and,

secondly, because each number character is printed in an 8 pixel x

8 pixel square, multiples of eight pixels would have o be used for

the scales to ensure that the numbers were printed next to the marks

on the axes. This would result in smaller diagrams.

Becsuse of the decision not to number the axes, it is necessary

to ensure that the axes slways contain zero, To achieve this, if the

minimum and maximum of the range are both positive, the minimum is set

te 0. If the minimom and maximum of the range are both negative, then
the maximum is set to O.

Message - 'Preset object? y/n’.

The preset object is written into the program as a DATA
atatement. Pressing the 'y' key will result in the initial object
being set to this (see the display on the flow diagram on page 4).

Preasing the 'n' key enables the object data to be input
as follows:

Message - 'Closed curve - y/n'.

Pressing the 'y' key results in the last point of the object
being joined to the first, forming a closed shape.

Pressing the 'n' key results in the first and last points
remaining unjoined.

Measage - 'How many pointa?',

Input the number of verticez of the object.
Message - 'x coord?' 'y coord?’.

Input the vertices as coordinates, in the order which they
are to be joined (V., V., Vip sececss Vh).

The obJect 1s drawn as follows:

plot Vl, draw VlVé, draw V2V 3 sesessees drAw vn-lvn'
If the response to 'closed curve' was 'y' then draw VhVi.

Two examples of objects, together with the appropriate responses,
are shown on the following page.

—6-




'Closed curve -~ y/n'
'How many pointa?’

Fiz. 1.1

The cbject
resulting from
inputting the

data below.

'x ¢oord?' 1 'y coord?' 2

'x coord?' 2 'y coord?' 1

'x coord?' 3 'y coord?' 2

'x ecoord?' 2 'y coord?' 3

*Closed curve ~ y/n'
'How many points?!'

'x coord?' 1 'y coord?' 1l

Pig. 1.2

The oblect
resulting from
Ainputting the
‘data below.

'x ¢oord?' 1 'y coord?' 3
'x coord?' 1 'y coord?' 2

'x coord?' 2 'y coord?' 2



Message - 'Rot, reF, Trans, Enl, sHear, Stretch'.
The capitals are written in inverse video (black on a white
square) to make them stand out as the key letters. Pressing the

appropriate letter executes the transformation:

‘r' - rotation
'f' - reflection
't!' - translation
'e' - enlargement
'h' - shear

'a' -~ stretch.

After execution of the transformation, the dottom of the screen
remains blank until & key is pressed. This is so that the next
inatruction message does not distract from the diagranm.

Message ~ 'Rep, Sup, sTart, New, Fol, Axes, Previous image'
(capitals as above).

Pressing 'r' (repeat) results in the repetition of the
transformation previously performed.

Pressing 'n' (new) results in the progfam being executed
from the beginning.

Pressing 't' (start) results in the screen being cleared,
the original object being set as the object for the transformation
to follow and the screen display as, for example, figure 1.1
or figure 1.2.

Pressing 's' (superimpose), 'f' (follow) or 'p' (previous
image) leaves the display unaltered. For the transformation next
performed, the cobject will be:s

's!' — the original object,
'f* - the image of the transformation executed previously,
'p' -~ the object of the transformation executed previously.

Pressing 'a' (axes) enables the ranges of the axes to be
changed as before. The transformation previously executed is then

repeated with these new scales.




The Transformations

General

Any key except 'f' may be used to initiate the next part of the
display. The 'f' key is used when any construction line or
demonstration 1line is required to flash (i.e. drawn repeatedly using
the 'exclusive or' command, OVER 1). The line flashes when the 'f' key
is held down. Depressing and releasing any other key will continue the

congtruction or demonstration.

Rotation -
Message - 'Angle of rot, in degrees?.
Any angle, positive or negative, may be input.
Message - 'x coord of centre of rot?[L]' (input required)
- 'y coord of centre of rot?[L]' (input required).

The centre of rotation is plotted, and intermediate images are
drawn every 5° to show the rotation. (If the angle of rotation is not
a multiple of 5, then the first image is draswn so that each
subsequent image is found by rotating 5°.) Each image is erased before
the next is drawn, until the final image is displayed.

Demonstration (if desired ~ see page 5)

Taking each vertex in turn:

1. Lines are drawn from tHe object to the centre of
rotation and then to the image. This demonstrates that
the distance from the centre of rotation remains
constant and slso that the angle between the lines
equals the angle of rotation.

2. An arc is drawn from the object to the image to
indicate that each point moves in a cireunlar path.

3. The lines and arc are then erased.

The diagram on the next page shows the final image of the obJect
in figure 1.1 when the input responses are 60, 1, 1. The demonstration

lines have been drawn in red for clarity.




Reflection

Fig. 1.3
Rotation of 60°
about (1,1).

Since I have used the properties of a reflection, i.e. the mirror

line is the mediator of the line segment joining an object point to

its image, to construct the final image, there is no separate

demonstration of these properties.

Message ~ 'Invariant line y = mx + ¢, y/n

It was felt that most pupils below the 6th form (i.e. those
for whom the program is intended) would have met equations of

straight lines in the form of either y = mx + ¢ or x = ¢, rather

than ax + by + ¢ = O, This subroutine has therefore been written

in two parts.

Pressing the 'y' key produces the response 'm? ' 'c_?l:| '

each requiring input.

Pressing the 'n' key pioduces the response:
*Invariant line x = ¢. <¢?(L]'.
The invariant line is drawn when c has been input.
The image of each point is produced as follows:

1. A line is drawn from the object point perpendicular to the
nirror line so that the mirror line bisects it.
2. The line is erased, leaving the end point (the image)

plotted.

When all the image points are plotted, they are Joined to form

the image.

~10-




Figures 1.4 and 1.5 show reflections with the inputs -1 (following

an 'n' response) and 1, 4 (following a 'y' response)? respectively.
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Fig. 1.4
Reflection in

xw-lo

Fig. 1.5
Reflection in

y=x+4.



The two diagrams below show the initial stages of the reflection
in the line y = x + 4. The mirror line is drawn first (figure 1.6a).
Figure 1.6b shows the first stage of constructing the image of A, It
can be geen that, because of the OVER 1 command, part of the object
has been erased. If OVER O were used, in which case the line AB would
not be erased, it would be unclear which of the two images, that of A
or that of B, was being constructed. In this case particularly,
holding down the 'f' key to cause the line to flash on and off
improves the clarity of the construction.

A further depression of a key resulis in a display as in
figure 1.6a, but with the image of A plotted.

.*"‘.‘
ll“
o Fig. 1.6a
e _ The letters
o c
;;f P have been added
e 80 oy to clarify the
e ] \\mﬁ’ explanation.
1
\\‘. .‘,l’.l
N, o
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c”' 6 . l'.:,:D
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Translation .
Message ~ 'Vector. X comp‘?" ' ~ requires the input of the
x compenent of the translation vector.
"Weetor. X comp? 4 Y comp? ' - requireé the input of
the y component of the translation vector.
On depressing any key the object is translated onto the image in
ten stages. The intermediate stages are drawn and then erased after a
slight péuae.
Demonstration
Using each point of the object in turn:
1. A line is drawn from the object to the image.
2. The line is erased.
The final stage:
1. Draws all the lines indicated above to show that they
are all parallel and equal in length,
2. Erases all the lines,

The diagram below shows the object and the final image for the
4
3

clarity.) ‘

vector ( ) « (The demonstration lines have been drawn in red for

Fig. 1.7 ‘
Translation,

vector (g).




Enlargement
Message -~ 'C of Enl. x coord? ' - requires input of the
x coordinate of the centre of enlargement.
- 'C of Enl. x coord? 1 y coord? ' - requires input
of the y coordinate of the centre of enlargement.
Message - 'Scale factor?m’ - input may be any real number.
The centre of enlargement is plotted.
The image of each point in turn is constructed as follows:
1. A line i=s drawn from the centre of enlargement to the
object.
2. If the scale factor is positive then the line is erased.
3. The first line, enlarged by the scale factor is drawn
from the centre of enlargement.
4. The line (lines, if s.f. is negative) is erased, and the
image (the endpoint of the second line) is plotted.
When all the image points have been plotted, they are Joined to
form the image.
The diagram below shows an enlargement of scale factor 2, centre
of enlargement (1, 3).

.;:.‘ ..“..-"' ‘,.»} _‘ Fig. 1.8

, "\.\‘ Enlargement
) o \.,f \} scale factor 2,
"-\ . o centre (1, 3).




Shear

The data for the inveriant line is input as for Reflection,’
page 10,

This is followed by the messages!

'Object x coord? |L]*

'Object x coord? 1 y coord? [L|'
*Image x coord? [L]’

'Image x coord? 2 y coord? Y.

These require an object point and its image under the shear to be
input. If either the object point (x,y) or the imege point (xx,yy)
lies on the invariant line, or the line joining them is not parallel to
the invariant line, the message 'Incorrect information - press any key'
is printed. Pressing any key results in the input messages above,
requiring the object point and its image to bPe input again.

The invariant line iz drawn and the object shape is then
transformed in ten stages. Each intermediate stage is drawn and then
erased. |

The following two diagrams show an intermediate stage (figure 1.9)
and the final image (figure 1,10) for the shear with invariant line
y=x+4and (1, 3)->(2, 4).

Lo - Fig. 1.
U } ig. 1.9

-15-




& “l . .
: < : Fig. 1.10

Figure 1.9 shows that some parts of the image coincide with the
object. If OVER 1 was used for the whole image, these parts would be
erased, and so OVER O is used where this happens, OVER 1 for the rest
of the image.

Figure 1.10 is an example of where the transformation msy de
required to be repeated with extended axes, to show more of the
invariant line.

Demonstration

Each point is demonstrated as follows: ‘

a) If the objeet point is the same distance from the
invariant line as (x,y) and on the same side of the
invariant line, then ‘

1. A line is drawn joining (x,y) to (xx,yy)
2. A line is drawn from the object point to its
image.
This demonstrates that both points shear the same
distance in the same direction.
2. Both lines are erased.

b) If the object point is not the same distance from the
inveriant line as (x,y) or if they are on opposite
aides then:

1. A line is drawn through the object point and
through (x,y) to meet the invariant line.
(The scales will have been adjusted, if necessary,

-16-




s0 that this point on the invariant line is
included in the diagram.)

2, A line is drawn from (x,y) to (xx,yy).

3¢ A line is drawn through where the first line
meets the invariant line and through (xx,yy).

4, A line i3 drawn from the object, parallel to the
invariant line, to meet the third line (at the
image).

This demonstrates the method of finding the image of a peint,
given the invariant line, another point together with its
image. It alao shows that points are sheared in proportion
to their distances from the invarisnt line, and that points
on opposite sides of the invariant line shear in opposite
directions.

5¢ All the four lines are erased.

Figure 1,11 shows the shear after the firat three stages of the
demonstration. Stage 1 is shown In red, stage 2 in green, stage 3 in
black, for clarity.

Fig. 1.11

Figure 1.12 (see the next page) shows the addition of the fourth
line of the demonstration indicating the effect'of the 'exclusive or'
command. Holding down the 'f' key will cause the alternate displays
of figures 1,11 and 1.12 (see previous comments in Reflection,

page 12).

-17-
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Figure 1,13 shows a shear with x = -1 invariant and (1,2)->(3,3).
(The demonstration lines have been drawn in red, for clarity.)

FPig. 1.13
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Stretch

The data for the invariant line is input as for Refleection,

paze 10.

This is followed by the message -~ 'scale factor? ',
Any wvalue may be input for the scale factoer. Input of O results

in the shape being trensformed onto the invariant line. A negative

scale factor is equivalent to a reflection in the invariant line,

followed by a stretch taking the modulus of the scale factor.

The invariant line is drawn and the cbject shape iz then
tranaformed onto its image in 10 stages. Each intermediaste stage is

drawvn and then erased after a slight pause,

Figure 1.14 shows the object of figure 1.1 and ita image after a

stretch from the line x = -1, scale factor 0.5.

Fig. 1.14

Figure 1,15 (see next page) shows the image after a stretch from

the line y = 2x + 2, scale factor 2,

In the situation where part of an image coincides with part of

the object (e.g. an edge of the object is perpendicular to the

invariant line) it is drawn as explained on page 16 for the shear.
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Demonztration

Each point is treated In turn as follows:

1.

2.
5.

4.

Fig. 1.15

A line is drawn from the object, perpendicular to the

inveriant line, to meet the invariant line. (Where

necessary, the axes will have been adjusted to

aécommodate this point on the diagram.)

The line is then erased.

A line is drawn from this point on the invariant line,

perpendicular to the invariant line, whose length is
that of the first line multiplied by the scale factor.

This line is then erased.

The demonstration shows that each point is trﬁnsformed

perpendicular to the invariant line. The distance of the image

from the invariant line equals the distance of the object from
the invariant line multiplied by the scale factor. Points on the
invariant line are invarient,
Figures 1.16 and 1.17 show atages 1 and 3 of the
demonstration, applied to the stretch of figure 1.14.

-20-



Fig. 1.16
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Using the progresm in the classroom
It is not intended that the computer simulation should be the
only means of illustrating transformations - much of the preliminary

work on reflections and rotations, for example, will invelve the use
of mirrors and tracing paper.

I shall explain some of the ways in which I have used the progran
with groups of children, and suggesat further uses.

1. Investigating Translations -~ 4th year group in the 50-75%
ability range.

This series of lessons followed work on displacement vectors, and
go the children were familiar with representing displacements by a
column matrix. '

Before the beginning of the lesson, the translation vector (%?)
had been input. The initial display was as in figure 1.18, although I
would suggest turning down the brilliance control to black out the
gcreen until required. This 1s a useful teaching point, whenever the

children's attention is required to be directed away from the screen.

Fig 1.18

.
//%h
[*e,

It was explained that a new transformation was to be investigated,

the translation was then demonstrated. Questioning the pupils brought

out the property that all the poinis move the same distance and in the
same direction (see figure 1,19); the transformation was described by

the children as 'e straight move, without turning'.

Py




. -a"" .-P"'* “: Figo 1. 19

1t was agreed that this description was insufficient to desecribde
the transformation precisely. Since the iden of & displacement vector
was recently acquired, it was soon suggested that a column vector
could be used to describe the translation, (i?) was found for the
example given.

The children were then to0ld to choose a vector of their own, and
to illustrate its translation. Cne pupil asked whether they had to
start with a triangle. Subsequently the shape shown in figure 1.20

was chosen by the class as the object.

Fig. 1.20




I found that a small number of puplils had transposed the wvector
components in carrying out the translation and so, in the next lessoen
these and other pupils were invited to show their translations, using
the computer. I believe that ‘to discover their error themselves in
this way was more effective in rectifying it than if I had told them
why they were wrong. This led on to some guided discussion to try to
give the pupils a better 'feel' for how changing a vector will affect
the translation. Using the computer to superimpose the different
images, I asked for a vector which would cause the object to move the
same amount up as to the right, vectors which would translate the
object higher, more to the right than up, vertically, horizontally,
how would the object move under a specified translation, and so on.
At the end of the session it was clear to all the pupils that the top
(x) component controlled the horizontal displacement and the bottom
(y) component controlled the vertical displacement.

A similar approach wes adopted with translations whose vectors
had negative components.

This work was consolidated with an exercise which contained two
types of questions, those vhich required the pupils to draw objects
with given coordinates and to translate them with given vectors, and
those requiring the pupils to draw objects and images with given
coordinates and then to give the vector to describe the translation -

from one to the other.

The iden of an inverse translation was introduced by illustrating
the translation (ﬂ?) and then asking what translation would tr?nifo?m
this image back onto the original. The immediate respgnse was ”(10) R
vhich I illustrated using the ¢omputer. 'Oh! No, (_;0) ' was the
next response, which was also shown on the computer. The correct
answer was then suggested. Each suggestion had been written on the
blackboard, beside (%?),and then eliminated when found to be incorrect.

In the subsequent work on inverses, I asked more guided questions
before asking for the inverse to be stated. For the translation (’g) ’
I asked in what general direction the object had been translated, how
far left and how far up, and similar questions to lead to the inverse,

Nearly all the pupils were then able to write down (__g) ag the

the required vector., Using the computer to teat the answers and the
blackboard to record the results, the simple rule was established for
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finding the inverse of a translation, when given its vector.

Grahem Ruddock, in 'Children's Understanding of Mathematics:
11-16' (1981), concludes from his research that double translations
were found to be particularly difficult. Elsewhere in the book,
however, it is suggested that combinations of translation vectors
provide a concrete use of directed numbers and gives meaning to the
addition of directed numbers, eapecially negative.

I concluded the topic by considering the combination of
translations and found that the pupils were able to add directed
mambers more efficiently than when presented in a more abstract way.
Using the computer display, the pupils had 1little diffieulty in
understanding how translations combine to give the equivalent of a
single translation. Initially pairs of trenslations were illustrated
on the screen and the children were asked what transformation would
map the original object onto the second image. Nearly all the pupils
responded with a translation., The pairs of translations were written
on the blackboard and it was soon realised that the vectors needed to
be added to obtain the single translation, which was then demonstrated
by using the computer {see figures 1,21, 1,22 and 1.23).,

I Fig. 1.21
Translation ( g).

(The 1ine shown
in red is
eliminated on
‘the screen

" because of
OVER 1
command., )
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I then posed the problem of finding the second of a pair of
translation vectors which combine to give a stated translation vector.
It was my intention only to consider palrs of translations, but a
mistake by one boy led to the consideration of more than two. He was
asked which translation combines with (-Z) to give the equivalent of
('23) . His answer of (“g) was shown on the display (see figures 1.24
1.25 and 1.26) after which he stated that he should have said (-g.) .
This correction was then illustrated by pressing 'Previocus image'

option and inputting (-g) (see figure 1.27).
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Fig. 1.24
Translation

(%)

Fig. 1.25
Translation

%)

Fig. 1.26
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I returned to the pupil's first image and asked him what
translation was needed to transform this image onto the final
position, to which he replied correctly. The class was then able to
generalise a rule for the combination of any number of vectors.

Conclusions
(1) The children were interested in the lessons, and no-one
asked what the purpose was of learning sbout translations
(a response which I have encountered when using more formal
methods of instruction). This was probably partly due to the
novelty of using the computer but also, I believe, because
the translations were being demonstrated dynemically.

(ii) The children were able to give meaning to negative numbers
‘and combine them with meaning, although it is doubtful if
pany could abstract this to addition of directed rumbers.

(iii) The stimulus of the computer display ensbled the subject to
extend beyond the level normally expected of a pupil in this

ability range.
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2. The Combinations of Rotations and Reflections - 4th year group
in the 25-50% ability range.

During the lessons before the computer was used, the pupils had
been investigating the effect of the tranaformation matrices

B a3 ) 0N () x5 v (3).

7 (..g é) , I (il) g) , on the figure with coordinates 0 (0,0),

A (1,1), B (2,1), C¢ (2,0). The resuliing figure is shown below.

o I
\% J;,d'
X|R N
(I
Q 0 ;///]:‘—EHC S Fig, 1.28
5 = > g. 1.
S|Z

After discussion with the pupils, it was agreed that all the
transformations represented by the matrices were rotations or
reflections§ the pupils used tracing paper to find the transformations.
The results were then tested using the computer. The opportunity arose
to remind the pupils that to describe a rotation precisely needs the
centre of rotation in addition to the angle, and also that s convention
for the direction of rotation was necessary to avoid ambiguity. It was
alsc shown that a rotation of 270° was equivalent to a rotation of
-90o about the same centre.

The following list was produced:

Reflection in the x-axis - P Rotation about 0 of 90° - X
in the y-axis - Q igo° -Y
iny=x - R 270° - 2
iny = -x = 8 The identity trﬁnsformation -1




In considering the combinations of reflections and rotations, I
followed a similar approach of pupll investigation using tracing
paper, together with illustrations of the transformstions using the
computer. A combination table as shown below was produced on a
worksheet and pupils were asked to find what single transformation
is equivalent to 'P followgd by Q'.

Second Transformadtion

TIX|YIZ|P|QIR|S

Fig. 1.29

First Transformation

tolnlolo|IN]< ] x]H

All the pupila produced the answer 'Y', which was demonstrated
as in figures 1,30, 1.31 and 1.32, and then recorded on the table.

~ Fign 1-30
- v A reflection

- in the x~axi=s,.
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Fig. 1.31
‘P followed
by Q'.

Pig. 1,32

Part of the
demonstration
to show that

'P followed

by Q' is
equivalent to g
180° rotation
about O,

I then asked the pupils to complete the row of the table where P
wag the first transformation. This showed later to be a poor choice of

rows because, although most pupils had the correct transformation, the

reasoning was incorrect in some c¢ases. This became apparent when

'P followed by X is equivalent to R' was demonstrated on the computer

(see figures 1.33, 1.34 and 1.35).
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Fig. 1.33
Transformation
P,

Fig. 1.34
'P followed
by X',

Fig 1.35

'P followed by
X is equivalent
to R',

(The series of
conatruction
lines are
shown in red.)



One girl remarked that she had found transformation R by
considering which transformation mapped the shape labelled P onto the
shape labelled X in figure 1.28. The whole row could be completed with

the correct answers using this reasoning, and so it was necessary to

ensure that 'P followed by X' was correctly interpreted. I believe
that the computer demonstration helped greatly in this respect but
the teacher needs to be aware of this error in thinking, where the
pupil interprets the single transformations as different positions
of the original object. I think that for demonstrating transformation
A followed by transformation B it would have been better to have
chosen A and B such that BA = C, but CA £ B to ensure that the correct
snswer cannot be achieved from this incorrect reasoning.
The remainder of the table was completed with few mistskes.
Subsequent lessons used the results of this table to investigate
how transformation matrices combine to give the matrix which
represents the combined transformation.

3, Combinations of Transformations ~ 5th year group in the top 20%
ability range.

General combinations of transformations are unlikely to be within
the understanding of the majority of pupils, but T think that more
able pupils can benefit by the study of the subject. I have taught
this topic in the past using the S.M.P. textbooks, but found that the
time taken by the pupils to produce diagrams and the inaccuracy of the
resulting diagrams usually led to a lack of interest afier a short
while, The use of the computer helped remove these resgtrictions.

The first of a series of leasons was spontaneous in that, when
the class arrived in the room, the computer was set up from a previous
lesson, for demonsirating the combination of translations as already
outlined. I was asked about the computer program and showed the pupils
how I had used it with the 4th year clags. This led to the question
'What else can it do?' and onto the discussion of combining
transformations in general. The class was eager to suggest combinations
to investigate. With my guidance, the task was approached in a more
gsystematic wey, starting with simple examples of one type of
transformation, leading to general examples.

Y



Rotation
The first reaction of the pupils was to state that a rotation

followed by a rotation was equivalent to a single rotation.
Investigation revealed that a translation may also result.
The ‘'discoveries' are shown below.
(&) A rotation of a° followed by a rotation of -a° or 360 - a
about the same centre is equivalent to the identity (see
figures 1,36, 1,37 and 1,38).

[¢]

Figo 1036
/A\ The initial
......... — . (preset) object.
|
]
-J'-'—.r.’
< ,,af Fig., 1.37
o, A rotation

J.'ﬂ‘
N A of 80°

"x / about (2,1).
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(b) A rotation of a® follewed by a rotation of b° is equivalent
to a rotation of (a +1)°.

Discussion led to the conclusion that there is no relation
between the three centres of rotation (unless all the rotations
have the same centre) since the centre for the (a + b)° rotation
varied with a and b. Figures 1.39, 1.40 and 1.41 illustrate this.
The centre for the (& + b)° rotation (shown in red) has been
found by conatruction.

Fig. 1.39

A rotation
of 40°
about (3,3).

_55-
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Fig. 1.40

A second
rotation

of 30°
about (5,4).

Fizg. 1.41
A second

" rotation

of 100°
about (5,4)



(¢) A rotation of a° followed by a rotation of -a° about &

different centre is equivalent to a translation.

Figures 1.42 and 1.43 show a rotation of 40° about (3,3),
followed by a rotation of —40° about (10,3). The final image may
also be obtained by translating the original triangle.

Pig. 1.42

&‘\,i\ . Fig. 1.43




Figures 1.44 and 1,45 show that by varying the angle s, 60° in
this example, a different translation results, and so no relation
between the vector Joining the two centres and the translation could
be found.

Fig. 1.44
A rotation
N of 60°
&" .FJ

about (3,3).

ff&\ Pig. 1.45

A gecond

{\\H\Ek- rotation
22::::;::r of ~60°

about (10,3).

When a = 180, however, we obtain the following result -
(d) A half turn about X followed by a half turn sbout Y is
equivalent to a translatiqn 2i? (see figures 1.46, 1.47 and
1.48).
Reversing the order of the rotaticns gives translation 2?%
(see figures 1.49, 1,50 and 1.51).
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Fig. 1.46

A rotation
of 180°
about (2,1).

Fig. 1.47

A mecond
rotation

of 180°
about (4,2).

Fig. 1.48
The two
rotations are
equivalent to
g single
translation

@)
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Fig, 1,49

A rotation
of 180°
about (4,2).

Fig, 1.50

A second
rotation

of 180°
about (2,1).

Fig. 1l.5%

The two
rotations zre
equivalent to
a single
translation

(%)



Reflection
More thought went into answering the question 'What single

transformation is equivalent to a reflection followed by another

reflection?', and it was sgreed that a rotation or a translation was

possible. The conclusions were as follows -

(a) A reflection followed by a reflection in the same mirror

line 18 equivalent to the identity transformation.

(b) A reflection in two parallel lines, my and n,, is equivalent

to & translation. The translation is perpendicular to the

mirror lines and equal to twice the displacement from n, to
By e Figures 1.52, 1,53 and 1.54 illustrate this. The axes

are adjusted where necessary %o accommodate the images.

/

Fig. 1.52
A reflection
in the line

x‘lc

Fig., 1.53
A second
reflection
in the line

I--S.



Pig. 1.54

The two
reflections
combine to give
_ ;?i /\ . jﬁ\ ‘ a translation
Y L\ { (22).

0

Reversing the order of the reflections reverses the translation,
Figures 1,55, 1.56 and 1.57 show that a reflection in the line x = -5,
followed by a reflection in the line x = 1, iz equivslent to a

12
translation e

Fig. 1.55
A reflection
in the line

X = =5,




Fig, 1.56

A second
reflection
in the line
x =1,
"'fﬁk . A A
[ | N\ \
Fig. 1.57
The two
reflections
combine to give
a translation
I
. j}r — iA\ {_‘Ak 0
4 Y
(¢) A reflection in line m, followed by a reflection in line m,,

where , and m, intersect, is equivalent to a rotation. The

centre of the rotation is the point where my and m,
Intersect. The angle of rotation is twice the angle between
my and sy in the sense of the rotation from my to m,.

Figures 1,58 to 1.60 show an example. Figures 1.61 to 1.63%

use the same reflections but in the reverse order, which gives a

rotation in the opposite direction.
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Fig., 1,58

A reflection
in the line
yo= 2,

Fig. 1.59
A second
reflection
in the line
y=X+3,

Fig. 1.60

The two
reflections
are equivalent
to a rotation
of 90°

about (-1,2).
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Fig. 1.61

A reflection
in the line
y=x+ 3.

Fig, 1.62
A second
reflection
in the line
y = 2.

Pig. 1.63

The two
reflections
are equivalent
to a rotation
of -90°

about (-1,2).



Enlargement
(a) T began the discussion on enlargements by considering the

inverse of an enlargement with scale factor 2, centre (1,1).

FANEEVANE
~Y
.

.

Fig. 1.64

An enlargement
scale factor 2,
centre (1,1).

It was agreed that the inverse would be an enlargement with

centre (1,1). The suggestion of a scale factor of -2 for the

inverse was demonstrated using the computer (see figure 1.65). I

found that the ease with which a suggested answer could be tested

and, if necessary, rejected encouraged the pupils to respond more

readily. The investigational approach lessened the feeling of

inadequacy at giving the wrong answer. Further discussion led to

the method of finding the acale factor for the inverse.

—46-

Fig. 1.65

A second
enlargement
scale factor -2,
centre {(1,1)
does not mep
the imsge onto
the original
ocbject,



(b) An enlargement of scale factor 2, for example, followed by
an enlargement of scale factor 3, with the same centre of
enlargement, is equivalent to a single enlargement with the
same centre. Figures 1.66 and 1.67 show the triangle with
vertices (3,6), (4,8) and (6,6) after an enlargement scale
factor 2, centre (1,6) followed by an enlargement scale
factor 3, centre (1,6). (The scale has been altered in
flgure 1.67 to accommodate the second enlargement. )

/N §

Fig. 1.66

Fig., 1,67




The first suggestion was that the scale factor of the single

enlargement was 5 {shown in figure 1.68) but it was soon realised

that the product of 2 and 3 was required, not the sum,

-,'.‘

;-?
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-,-
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LS
o,

Pig. 1.68

The original
triangle
enlarged with
scale factor 5,
centre (1,6).

(¢) Further investigation with different centres of enlargement

suggested that when two enlargements combine to give a

aingle enlargement, the three centres are collinear. The

following series of diagrams shows the development.

’

Fig. 1.69

An enlargement
scale factor 2,
¢centre (1,6).



Fig. 1.70

A second
enlargement
scale factor 3,
centre (4,3).

The figure above sugzgested thet the two enlargements were

equivalent to a single enlargement, scale factor 6, whose centre lies

on the line x + y = 7. The point (2,5) was tried as the centre of -

enlargement (see figure 1.71).

Fig. 1.71

The original
triangle
enlarged with
scale factor 6,
centre (2,5).

The original triangle was then enlarged with scale factor 6,

using (2.1,4.9) as the centre of enlargement ~ this is shown in
figure 1.72. (2.2,4.8) was found to be the required centre.



Fig. 1.72
A further
enlargement of

the original
triangle using
R (2.1,4.9) as

. the centre.

The pupils then tried examples of their own on graph paper to
confirm that the three centres were collinear. Figure 1,73 shows an
enlargement scale factor 2 with centre (1,6), followed by an
enlargement scale factor -3 with centre (4,3). The centre for the
gingle enlargement which is equivalent to their combination has been
found by construction (in red).

F/ )// " " Fig. 1.73

No pupil noticed that (2.2,4.8) divides the line joining (1,6)
and (4,3) in the ratio 2:3. A sixth form group would be capable of
investigating this, using vector methods, to obtain the general rule:

An enlargement scale factor m, centre A, followed by an enlargement

~50-



acale factor n, centre B, is equivalent to an enlargement scale
n-~1-32
— 3 AB, mn A1,

->
factor mn, centre X, vhere AX =

(d) I asked the class if there was an exception to the rule that
the combination of two enlargements was equivalent to a single
enlargement whose scale factor is the product of the two sinzle
geale factors, The identity transformation was suggeated, and,
after some prompting, a translation (i.e. when mn = 1 in the rule
above). This was then investigated.

Figures 1,74 to 1,76 show that an enlargement centre‘cl(l,T)

scale factor 2, followed by an enlargement centre 02(13,1) scale
6

-3)]°

f;\\\
7 Fig. 1.74
;f An enlargement
¥
7

—
factor 3, is equivalent to a translation 50102, i.e. (

ascale factor 2,
centre (1,7),
applied to the
triangle with
vertices (4,6),

(598) and (7’6)0

Fig. 1.75
A second

enlargement
scale factor 3,
centre (13,1).




The two

enlargements

conbine to glve

a single
translation

(5)-

When asked what the effect of reversing the two scale factors
would be, a translation of (-3 was suggested, but it was found to
be (-%2), as shown in figures 1.77 to 1.79. (The scale of the axes is
changed in figure 1.78 to accommodate the second image.)

VAN

Fig. 1.77

An enlargement
scale factor %,
centre (1,7).
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Fig. 1.78

A second
. Zt;iijifa enlargement,

scale factor 2,
centre (13,1).

Fig. 1.79

%)

\\\N‘\\N; The two
'\\ﬁ\\“mh\ enlargementsa
q\f‘nﬁié} : combine to give

8 single
translation

The series of disgrams in figures 1.80 %o 1.82 shows a similar
result after an enlargement with scale factor l-followed by an

3
enlargement with scale factor 3. Figures 1,83 to 1.85 show an

enlargement with scale factor 3 followed by an enlargement with
secale factor i .

3




Fig. 1.80

An enlargement
scale factor 3,
centre (1,7).

Fig, 1.81

A second
enlargement
scale factor -!‘-,
centre (13,1).

Fig 1,82

The two
enlargements
combine to give
& single
translation

(<)
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Fig. 1.83

An enlargement
scale factor %—,
centre (1,7).

Fig. 1.84

A second
enlargement
scale factor 3,
centre (13,1).

Fig. 1.85

The two
enlargements
combine to give
& single
transiation

(%) -



Although we did not investigate negative scale factors, it was
found that, for n >0, an enlargement scale factor n with centre C1
followed by an enlargement scale factor %-with centre 02 waE€>
equivalent to a translation desecribed by the vector (1 - %00102.

At this stage, I felt that a number of pupils in the group were
beginning to find the work too difficult, but I think that further
investigation by 6th form pupils would be valuable. The proof of the
theorem stated above would appear ideally suited to wvector methods;
the discovery in the previous section ¢ could be investigated using
the ratio theorem.

If we consider the three triangles in figure 1.75 (shown azain in
figure 1,86, labelled A, B and C for clarity) it is possible to obtain
similar results to those above by considering:

(1) the enlargement which is equivalent to the translation from

A to C, followed by an enlargement which maps C onto B,

(11) the enlargement which is equivalent to an enlargement which
maps B onto C, followed by a translation from C onto A,

(131) the translation which maps A onto C, where A and C are the
images of B under enlargements with the same scale factor but

with different centres of enlargement.

'y,
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T




Stretech

I have included this transformation in the program becguse it
appears in some G.C.E. '0' level texts, but I have not used it with
pupils., It is possible to use the program to demonstrate the
properties of a stretch, i.e., that points are transformed
perpendicular to the invariant line in proportion to their distances
from it, the constant of proportionality being the scale factor.
Two-way stretches may be shown a&s the combination of two one-way
gtretches (see figures 1.87 and 1.88).

Fig. 1.87

A gtretch from
the y-axis with
scale factor 3,

applied to a

square with
vertices (1,1),
(2,1), (2,2)
and (1,2).

Fig. 1.88
The result of
8 second

. stretch from
the x-axis with

scale factor 2.




The combination of two stretches with the same scale factor and
perpendicular invariant lines is equivalent to an enlargement with the
same scale factor, and centre where the invariant lines cross.

Figure 1,89 shows & stretch from the y-axis with scale factor 3,
followed by a stretch from the x-axis with scale factor 3. The red
lines have been drawn to show that: the combination is equivalent to

an enlargement, centre (0,0), scale factor 3.

' / Fig. 1.89

Shear
This is undoubtedly the most difficult of the transformations

for the children to understand, snd it is becoming less common for 'O
level syllabuses to include the shear. I think that the main problem
ia that children sre unable to easily represent the transformation in
a conecrete way, and so the coﬁcept of a shear becomes an gbstract one.
The S.M.P. text introduces the shear as the transformation of a pile
of thin exercise books, as shown in figure 1,90.
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F= Fig. 1,90

This idea can easily be transferred to a shear where the invariant - .
line is part of the object, as in figure 1.91, but understanding
becomesz noticeably more difficult when the invariant line 1lies outside
the cbject, &8 in figure 1.92, or passes through the object, as in
figure 1.93. I found that using the computer to illustrate various
gshears helped the pupils o understand the transformation better. It
helped to reinforce the properties that only points on the invariant
line remain unchanged, points shear in proportion to their distances
from the inveriant line, and points on opposite sides of the invariant
line shear in opposite directions.

The object for all the shears in this section is the rectangle
whose coordinates are (2,6), (2,8), (5,8) and (5,6).

ra -

A

Fig. 1,91

A shear with
invariant line
y = 6 and
(2,7)~>(4,7).




- e Fig. 1.92

A shear with

invariant line

y=3and
- (1,4)> (3,4).

Tig. 1.93

A shear with
invariant line
y = 6% and
(2,7)—(4,7).

Another difficulty which I have encountered with pupils is in
constructing an image for a given object and shear. The computer
program will demonstrate this construction (which can be justified
using similer triangles) and may also be used to demonstrate the
combination of shears, but I consider that such a study is not
suitable for pupils below aixth form level.

I conclude this section by illustrating some possible results
which may be found when investigating the combination of shears.

(a) Two shears with the same invariant line are equivalent to




the identity or to a single shear with the same invariant

line.

Pigures 1.94 and 1,95 illustrate this, and also show a further
difficulty of having &n invariant line which is not horizontal; this
requires a level of understanding far greater than the exercise books

analogy of figure 1,90.

Fig. 1.94

A shear with
invariant line
x = 8, and
(5,6)~>(5,3).

Fig, 1.95

A second
shear with
invariant line
x =8, and
(53)—>(5,8).

(b) Two shears with parallel invariant lines are equivalent to
either a translation parallel to the invariant lines, or a single
shear whose invariant line i= parallel to the others.
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Fig. 1.96

A shear with
invariant line
¥y = 2 and
(2,3)—>(3,3).

Pig. 1.97

A second shear
with invariant
line y = 4 and
(6,6)~>(4,6)
combines with
the first

to give a

translation

(5) -

Fig., 1.98

A second shear
with invariant
line y = 4 and
(6,6)—> (3,6)
combines with
the firat to
glve a shear
with invariant
line y = 8 and
(2,6)->(3,6).



(¢) Two shears with intersecting invariant lines are not
equivalent to a single shear,

(The vertices have been labelled in figure 1,100 to show that the
transformation ABCD onto A"B"C"D" is not a shear since AA", BB",
CC" and DD" are not parallel,)

J”’ffﬂi;; Fig. 1.99

A shear with
invariant line

Yy=3and
(1,4)-> (3,4).
1 .
3
1
' .
B ¢ ‘Q,____T;yc Fig. 1.100
ff*’;# P A second shear
[ ad
A »j AT with invariant

line x = 6 and
(796) ~> (7’ 5).

= T
NS

In teaching the shearing transformation, I have found that the
pupils are often left with a feeling of incompleteness because the
get of shears is not closed under combination, and also because they
are unable to find another asingle transformation which ia egquivalent
to one shear followed by another.
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Chapter Two

In the previous chapter the dynamic capabilities of the computer
were the main features., This chapter contains three programs, each
concerned with an aspect of the atudy of number, which illustrate
different reasons for using the computer in teaching the various
topics. The program listings are given in appendices B, C and D,

I shall describe the programs as before, the execution and the
use of the program in the c¢lassroom,

1. Number patterns. Program name 'num-pat'.

The program shows three basic patterns involving square numbers,
three involving triangle numbers, and a relation between square
numbers and triangle numbers., The flow disgram on the next page shows
how the program is controlled using various keys. In general, during
any particular demonstration, pressing and releasing a key will
advance that demonstration a step.

The 'x' key is used %o exit from the demonstration (usuwally at
the end of a stage).

The 'z' key is used for a specific purpose during one of the
demonstrations (see the flow diagram).

Following the RUN command, the secreen is bhlank until a key is
pressed, after which the initial options are displayed.
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| FLOW DIAGRAM TO SHOW THE EXECUTION OF 'num-pat' PROGRAM

Screen display The option letters are displayed in inverse video
Triangle nuttberse.seT <
Square numbers.e.S
Tn+Tn-1=Snes R
r t s /\
V% % Y
/N
ps
N §c£e_ex_1 _d:llsgl_ay e m >, Demonstration A >
Sn=5n-=1 + (2.11"1 ) sessh b 3
: 14365470 0 0 0 o B > Demonstration B [X S
\fl‘,} 142434 e s at2+ 10 e oC c > Demonstration C >

/N A
x -
_ _S creen %iipiay —— e e = - a s, Demonstration A >
Tn+{n+1)=Th+ eeed -
1+2+3¢ ssetnN=TNeeeB > . Demonstration B >
n{n+1)/2=Tne..C c > Demonstration C |X S
z
A A N
x , =
Relation R § - Demonstration of n(n+1)/2==3i (X >
L=




Triangle numbers

(a) tn + (n +1) = tos. (£, is the i triangle number.)

The demonstration begins with one dot to represent t,.

Bach stage of the demonstration shows that by adding one
more dot than was added in the previous stage a triangular
arrangement is generated, giving the sequence 1, 3, 6, 10, ....

The following series of figures shows one stage. (Each step

is advanced by pressing and releasing any key except 'x'.)

nee
wiG

Fig. 2.1

+
b
;04
+ =
+ =
+ =
+ =
+ = 4
45410 =

Step 1. A row of green dots is added to the previous
triangle. Releasing the key while the green dots are being
printed results in figure 2.1, releasing after they are printed
results in figure 2.2. The question mark flashes to allow time

for the pupils to respond with the number of green dots.

Fig, 2.2




RN

Fig. 2.3

+
s
+
+8
+9
+1
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Step 2. The number of the green dots is printed.
The question mark flashes to allow time for the pupils to
respond with the total number of dots.

nnw
e

Fig. 2.4

AL QRNRERQEE

AARD=AO+ + +
e+ e+ 400N

Step 3. The green dots are changed to magenta and the total
number of dots is printed.

Pressing the 'x' key at this stage results in the sequence
being generated without the pattern of dots (see figure 2.5).
This will also happen when any key is pressed after the stage
which shows 190 + 20 = 210 (210 is the largest triangle of dots

which can be accommodated on the screen).
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Pig. 2.5
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The sequence continued without the pattern of dots.

The sequence is continued by pressing and releasing a key,
the previous results being scrolled up. Holding down the key
will halt the serolling until the key is released. Pressing the

'x' key at this stage returns to the initial option display.

n
(b) t_ = jE_k. (The sum of the first n natural numbers is the
k= > \
n triangle number.)
This demonstration displays each triangle in turn. The
following sequence of steps is then generated by pressing and

releasing a key (to execute each step).

@
X
aas
‘TR
TIEY
ssmsas b
TITIIY Flf’,’. 2.6
E R R R R R DB
saEEEEREEN

A A N BB BB B

Step 1 prints a triangular arrangement of dots.



Fig. 2.7

EE N RN NN

Step 2 divides the triangle into rows of dots, by drawing

horizontal lines.

Fig. 2.8

RPOONOARGRR

Step 3 prints, at the side of the triangle, the number of

dots in each row. (These are consecutive natural numbers.)
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Fig. 2.9
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Step 4 prints these numbers as an addition sum. The '?'

flashes to allow time for the pupils to respond with the total.

Fig. 2.10

T L L

Step 5 prints the total number in place of the question mark.

A return to the initial option display is achieved by

pressing the 'x' key at this stage, or by pressing any key after
the 19th triangle number (which is the largest that can be

accommodated on the screen) has been shown.
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(¢) n(n +1)/2 = t,.
Using, in turn, a rectangular arrangement of dots 1x2, 2x3,
ix4, 4x5, etc. the following series of steps (shown for 8x9) is

executed by pressing and releasing a key for each step.

Fig. 2.11

Step 1 prints the rectangle of dots together with its
dimensions. The '?' flashes to allow time for the pupils to

respond with the total number of dots.

FPig. 2,12

Step 2 prints the total number of dots, in place of the

flashing question mark.
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Fige, 2413

Step 3 divides the rectangular arrangement of dots into
two equal numbers by drawing a diagonal line and changing half
of the dots to green. The question mark flashes until the next

step is initiated.

Fig. 2.14

Step 4 prints the number of dots in each half, in place of

the question mark.
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Fig. 2.15

Step 5 erases the upper half of the rectangle and
transforms the remaining right angled triangle into an

isosceles triangle, row by row.

Repeatedly pressing the 'z' key at this stage generates the
stages of demonstration (b) above, for the triangle which is on

the screen. Figure 2.16 shows the completed demonstration.

1
2
3
4
s
g
s Fig. 2,16
38
lal 1\
An optional step to demonstrate that‘jfi - i1 ; , Shown

=
for n = B, e
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The sequence is printed without the demonstration of dots

when 17 x 18 + 2 = 153 has been demonstrated, or by pressing the

x' key at one of the stages shown in figures 2.15 and 2.16.

This is shown in figures 2.17 and 2.18.

e

R
3
b B )

The result of pressing the 'x' key after the stage shown
in figure 2.15.

Fig. 2.18

o .

The result of pressing the 'x' key after the stage shown
in figure 2.16.

Presgsing the 'x' key at this stage returns to the initial

option display. Pressing any other key continues the sequence.




Square numbers

(2) s, =5, + (20-1).

The demonstration begins with one dot to represent Sl' the
first square number. Each stage demonstrates that by adding the
n"® odd number to the (n-l)th square number gives the aoh square
number. The sequence of figures 2.19 - 2.21 shows one stage,

each step being advanced by pressing and releasing a key.

| ]
AERER s
Tl

bORARS + +
e+ VNG

b )
inovcuu T1]

[
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1
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]

B

EEEOE GO R

ot 44

Fig. 2.19

Step 1 adds the red dots to the previous square, prints the
number of green dots in the previous square and the flashing '?'
to allow time for the pupils to respond with the number of
additional dots.

TE TR EE R R RN
RN R ER R

SN ESEBREBRSS
‘T ERRERERE R
FSESEASEERED
FE RN REEE NN

Fig. 2.20

Step 2 overprints the '?' with the additional number of
dots and prints a second '?' which also flashes until the next

gstep is initiated.



Fig. 2.21
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‘TR EEEE R RN BN

1o

Step 3 changes the red dots to green and overprints

\
/

with the total number of dots (the next square number)

Pressing the 'x' key at this stage, or any key when

361 + 39 = 400 has been demonstrated, results in the sequence

o
o

being printed as in figure 2,

‘F YR REREREE NN

SBaDONDEY

N ON0ee

snwannsessss DNOAONNA

'EEREEREER R RN B

TR RN R

aaeEsEn
'Y IR R R R R R DN
SeasESARAEESN
YEREE R R R DR

WO

TEE Sttt ey

i
et L ]

The sequence continues without the dot demonstration.

'x' key returns to the initial option display.

Pressing the

Pressing any other key will halt the printing and scrolling

until it is released, when the process continues.
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(b) %%;(ZR-I, = Sn = nz.

Each stage of this demonstration consists of displaying a
square arrangement of dots (starting with 1) and then dividing
the dots to show that the square is equivalent to the sum of
the first n odd numbers, One stage (for n = 9) is shown in

figures 2.23 - 2.27.

Fig. 2.23

Step 1 prints a square arrangement of dots.

Step 2 divides the dots into gnomons by drawing L-shaped

lines.



Step 3 prints the number of dots in each gnomon

(consecutive odd numbers).

AU

*hetb it

.

i

Step 4 prints these numbers as an addition sum.
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Fig. 2.27

(]
"

Step 5 prints the total number of dots.

The initial option display returns if the 'x' key is
pressed at the end of the stage, or if any key is pressed after
1+3+5+ aeaeess + 37 = 361 has been demonstrated.

(8) L 42 % 3 % sove FBHF eove %3+ 24)a Sn = n2.

This section is similar to (b) above except that the square

arrangement of dots is divided as in the following sequence of

diagrams.

Fig. 2.28

Step 1 prints a2 square arrangement of dots.
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Fig. 2.29

Step 2 divides the square into diagonal rows of dots.

Step 3 prints the number of dots in each diagonal row.
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4

1234 .‘§

Mlg. 2.31
1424344 +53847+8 48444342418

Step 4 prints the sum of these numbers below the square, as
shown. The question mark flashes to allow time for the pupils to

respond with the total number of dots.

4

i

10048‘; Fig. 2.32

1484344 +838+47+8+48+4 +434+8+1 249

Step 5 prints the total number of dots in the square.

Pressing the 'x' key at this stage results in the initial
option display. Pressing any key at the stage shown in

figure 2.%3 will also return to the initial option display.



il
§

pesessed Fig. 2,33
12348878910

E474849+10+948+7 9648 ¢4

The largest square demonstrated for option c.

n-1 " Sn'

The relation between triangle and square numbers - tn + t

Taking successive pairs of consecutive triangle numbers, the
computer demonstrates that the sum of two consecutive triangle
numbers is a square number. The following sequence of diagrams shows
the steps of one stage, for the numbers 66 and T78.

Fig. 2.34

Step 1 prints two triangular arrangements of dots.
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Fig. 2.35

Step 2 prints the number of dots in each of the triangles

(two consecutive triangle numbers).

Step 3 prints '+' between the two numbers and a flashing
question mark to allow time for the pupils to respond with the

gsum of the two numbers.



The next step is executed in three parts, with about two seconds
between each part, after a single press of a key. (So that each part
could be photographed, it was necessary to press the BREAK key - the

CONT key continues the demonstration.)

Step 4a. The left triangle is transformed row by row into

a right angled triangle.

Step 4b. The right triangle is transformed row by row into

a right angled triangle.
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Step 4c. The right triangle is moved to the left so that

the two triangles together form a square.

SEsERERAREER
SR EEEREEREEN
SAAEEAESEREEEN
ERBEERERPEEEDS
daesEeEREEEN

on-l--uunnum

Step 5 changes the colour of all the dots to cyan, and

prints the total in place of '?’'.

Pressing the 'x' key at this stage results in figure 2.41.
A similar list is printed after the stage which shows 190 + 210 = 400

(the largest square which can be accommodated on the screen).



Fig, 2.41

(
ST LT
L) ()

The sequence has been generated without the demonstration
of dots. (One line of dots of the square has scrolled off the

top of the screen.)

Pressing the 'x' key at this stage returns to the initial option

display. Pressing any other key continues the sequence.

Using the program

The program was originally written for the Sinclair ZX 81
computer and was later transferred to the Sinclair Spectrum. The
initial purpose of using the computer to teach this topic was to
stimulate interest from low ability second year pupils, last lesson
on Fridays. I felt that, in addition to providing some practice in
arithmetic, the study of number patterns could be enjoyable for these
pupils, but most text books which include the topic involve too much
reading for the least able pupils. Using the computer, however,
produced an enthusiasm which was not always present with this group
of pupils.

Each section of the program constituted a lesson's work (thirty
minutes). The order in which I introduced each demonstration is
evident from the order in which they appear in the program, each
being added as it was written. When I first used the program, one

relation was introduced each week, but to sustain the interest more
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effectively, I will, in future, spread the lessons throughout the
year.

BEach lesson took the form of demonstrating a few stages of the
relation or pattern, with the pupils recording the results in their
exercise books. After the relation had been 'discovered', the pupils
were encouraged to complete the next stage before the computer
demonstration. Allowing some of the children to advance the
demonstration contributed to their enthusiasm.

Since the program has been completed, I have used it with a more
able 4th year group to introduce sequences. The pupils were already
familiar with the patterns of square and triangle numbers and so the
computer program was being used as a reminder and also to promote
discussion of how the sequences of triangle and square numbers may be
defined. I introduced the notation tn for the nth term in the sequence
of triangle numbers and Bn for the square numbers. With this notation,

the relations t + (n+1) = ¢ t = Qiﬂiil, s + (2n+1) = s ahd

5 n+tl ' n 2 n+l
s =n were established.

. Previous work with this group had included flow diagrams, and so
flow diagrams were produced to generate the sequences of triangle

and square numbers. Using these flow diagrams, computer programs to
1ist the sequences were written (as a class) and subsequently run on
the computer.

The third group of pupils with whom I have used the number
patterns program was in the first year of the Advanced level
mathematics course, for introducing basic ideas on induction, and
iteration. The pupils were shown each demonstration in turn and asked
to generalise the results. It was agreed that the relations, although
being demonstrated for specific wvalues of n, had not been proved, and
so the class set about this task. Taking L n2 as a definition,

s =8 + (2n+1) was proved using elementary algebra.

Considering tn =1+2+3+.... +n gave the opportunity to

introduce the = notation. With this definition of tn’ the relation
Nt

b=t + (n+l) was proved, since % i+ (n+l) = Zl 13

Proof by induction was developed more formally when the identity
L@l
= i = n(n+1)/2 was considered (see figure 2,16 for the demon-
L=l

stration). Demonstrations b and ¢ for the square numbers gave




n=t

= (21-1) = n” and E1 + =1 = n’, vhich were shown to be

L |

identical, and so the first was chosen for proof by induction.
Returning to the sequences for t, and s,, ways of defining
these and sequences in general were considered, firstly by giving the

general term, t, = -Il(%;ll, 8, = n®, secondly using an iterative

definition. For the triangle and square numbers this involved
n(n +1)

eliminating n from t,, = t,+ (n+l) and ¢, = 3 to give

t,, =%(2t,+1 + /8%, + 1), and eliminating n from s, = n* and

= 5, + (2n+1) to give s,,, =8, +2 /5, + 1.

As all the pupils in the group were familiar with BASIC, a short
program was produced which generated the sequence iteratively:

10 IET u = 1

20 PRINT u

30 LET u = (2%u + 1 + SQR(8#u + 1))/2
40 GOTO 20

This generates the triangle numbers. Replacing line 30 with

Br\..|.|

IET u = u + 2x¥5QRu + 1 generates the square numbers.

To enforce the idea of iteration, a standard exercise was taken
from an 'A' level textbook which involved generating a sequence from
an iterative definition and then proving the given expression for the

nth term. Two programs were used, one for generating the sequence

from the iterative definition, the other from the nth term. An
example is given in figure 2.42, Subsequent questions needed only to

change lines 10 and 30.

Sequence General term
n
ul-l' u.k+1-2uk+1. un-2 - 1.
Program (a) Sequence generated
10 LET u = 1 1
20 PRINT u 3
30 IET u = 2»u + 1 T
40 GOTO 20 15 Fig. 2.42
31
63
Program (b) 127
10 IET n = 0 ggg
20IET n=n+1 1023
40 GOTO 20 4095 ete.
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In discussion with the pupils, most considered that writing
these programs helped them to understand better the idea of a

sequence, especially those defined iteratively.

Conclusion

Although other means could have been used to teach the topies
which I have outlined, using the computer in this way provides a
welcome change from the more traditional methods. The children were
motivated, and some valuable ideas were learned. Producing simple
computer programs as described helped to reinforce the understanding
of these ideas.

The next program was written initially for similar reasons to
that on number patterns, namely to promote an interest in mathematics
with the least able pupils who are so often denied the chance to
investigate mathematics because of the language used in textbooks.

It resulted, however, in being of use to other groups of pupils.

2. The Fibonacei Sequence. Program name 'fibonacei'.
The program was saved using SAVE LINE 1, which results in the

program running immediately following the LOAD command. Initially the
screen is blank until a key is pressed, which begins the demonstration
of the Fibonacci Sequence by illustrating rabbits. Fibonacci is said
to have generated the sequence by considering a pair of rabbits
(represented by a single rabbit on the screen). Rabbits can only

breed when one month old. (Breeding rabbits are represented in yellow,
young rabbits in white.) Each stage (one month) of the demonstration
is advanced by pressing and releasing a key, and consists of the
following steps (shown here for the Tth month).
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Fig. 2.43

Step 1 draws a green horizontal line (to represent grass).
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Step 2 draws the rabbits which were old enough to breed

the previous month (yellow).
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Fig. 2.45

Step 3 draws their offspring for the current month (white).
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Step 4 draws their offspring from the previous month,

now old enough to breed (yellow).
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Fig. 2.47
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Step 5 prints the sum of white and yellow rabbits for

the month.
Following the demonstration for the 8th month, pressing and

releasing a key results in the option message as shown in

figure 2.48

Fig. 2.48
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The results of pressing the appropriate keys are as follows:

r' repeats the rabbit sequence, from the first month,
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Fig. 2.49
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'e' continues the sequence.

Fig. 2.50
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'p' prints the sequence from the first term.
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Fig. 2,51

1
=
3
g
&
3
1
s
1
3
e
>

'g' prints the ratio of successive pairs of terms of

the Fibonacci Sequence.

Pressing any key will continue the sequences of figures 2.49,
2.50 and 2,51. Pressing the 'x' key will clear the screen and then
display the options shown in figure 2.48.

Using the program
I have used this program in similar ways to that on number

patterns, as a light-hearted way of introducing the Fibonacci
sequence. With the least able groups, I was only concerned with the
sequence of numbers and how they could be generated. The more able
fourth year group again followed up the demonstration by producing
and running a simple computer program to generate the sequence. The
pupils were particularly interested in the rate at which the terms
increased (almost exponentially) and so the sequence was printed
until the numbers were expressed in standard form. I took this
opportunity to do some revision work with the class on standard form
and rounding off.

The display shown in figure 2,51 was added to use with an able
fifth year class who had just completed some work on quadratic
equations. As a final problem I had asked them to find the length of
a rectangle whose width was one unit, such that taking away a unit

gsquare would leave a similar rectangle. The solution gives the
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golden ratio which was shown, using the program, to be the limit of
the ratio of successive terms of the Fibonacci Sequence.

The program provided another example for the sixth form of
defining a sequence iteratively, where each term is generated from
the two previous terms.

n 4]
Proof of the identity u, = ]—%‘((1;2‘15) - (';;2‘12) )where

u, =1, u, =1and u,, = ux+ Ux-, gave an example of complete

]
induetion since the proof involves the assumption that the identity

is true for n<k.

The printout for option 'g' demonstrates that E&E uu“ =@
n a=l

(the golden ratio) and may be used to illustrate the concept of a

limit.

The final program in this chapter is concerned with the prime
numbers. It was written as a result of work on prime numbers being
undertaken with & very able third year class. The pupils had
produced the sieve of Eratosthenes for numbers up to 200, and such
questions as 'Is 983 a prime number?' and 'What is the 1000th prime
number?' arose. To answer these questions we set about producing a
computer program to find the prime numbers. Some of the pupils had a
good knowledge of BASIC and the following program was produced.

10 DIM p(1000)

20 LET m = 1

30 LET p(1) = 2
40 LET k = 3

50 PRINT p(m)

60 FOR j =1 TOm
70 IF INT(k/p(j))*p(j) = k THEN LET k = k + 1: GOTO 60
80 NEXT j

Q0 IETm=m + 1
100 IET p(m) = k
110 IET k = k + 1
120 GOTO 50

This prints out the prime numbers in a list.

I had to translate the flow diagram decision box 'Is k divisible
by the previous prime numbers?' into BASIC (line 70), but the
remainder of the program was mostly pupils' work.

It had been noted by one pupil that, in completing the sieve, no
other numbers were deleted after 13. From this, discussion led to the

conclusion that if a number, k, had no prime factor which was less




than /K, it would have no factor greater than k. This led to
line 65 IF p(j)>SQRk THEN GOTO 90 being inserted, which decreased
the number of steps to find each successive prime.

On the Sinclair Spectrum, the program was slow to execute, and
so I produced the program 'prime'. It is similar to that above, but
I have speeded up the execution by using the fact that any prime
number over 3 is of the form 6n + 1 (this is easily proved using
simple algebra) and so not all the natural numbers need to be tested.
Setting up the array p is still very slow and so, after the initial
execution,  the program was saved using SAVE LINE 3. This ensures that
the array p contains the prime numbers on loading the program, by
running the program from line 3, so avoiding DIM p(1000) which would
gset all the members of the array to zero.

I find this program a convenient way of storing the prime
mumbers, which can be output as a list, or as the sieve of
Eratosthenes. Children enjoy checking their results for the sieve
against those displayed by the computer.

3. Prime numbers. Program name 'prime’.

This program can give any Prime
numsber UP to the 1000th.

Press E 10 List the primes.
Press For the Sieve ofF
Eratosthenes.

Press Bl if Yyou wish 0o print

a4 specific prime

Press E to test a prime.

Press to stop. |

Fig., 2.52

Initial display, on loading the program.

The following series of figures shows the results of pressing

the various keys.
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Fig. 2.53

Pressing 'p' lists the prime numbers up to the 1000th.
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Fig. 2.54
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Pressing 'e' results in the sieve of Eratosthenes being
printed. Prime numbers are printed white on a black background.
Other numbers are printed in black on white, the background
being set to BRIGHT 1 for even numbers, BRIGHT 0 for odd numbers
greater than 1.

Pressing any key continues the sieve.
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After 1000 numbers have been printed, the sieve continues as in
figure 2.57, with five 4-figure numbers to each line.

1 @02
1ea5 unama.:uos

Fig. 2.57




Fig. 2.58

Option 'n' - the 1::1:h prime number is printed when n is
input. The screen display shown is after input of 3, 5, 1, 23,
75, 44, 1000 and 872. 154 is about to be input.

Fig. 2.59

The screen display after 154 is input. Pressing the 'y'
key will await input, as in figure 2,59, pressing the 'n' key
will return to the initial display of figure 2.52.



Fig. 2.60

Option 't' - tests whether the number which is input is
prime or not. Any number up to 79192 may be tested (7919 is the
1000th prime). The figure above shows the screen display after
45, 3, 719, 98, 100, -5, O, 7.4, 13, 1983 and 1967 have been
input. 406 is about to be input.

Fig. 2,61

The screen display after 406 has been input. Pressing the
'y' key will await input as in figure 2,60, pressing the 'n' key
will return to the initial display of figure 2.52.
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Chapter Three

The final program which I have produced for inclusion in this
study is concerned with loci. The idea of a locus occurs throughout
many mathematies texts, but I have found that a great deal of time
is required to investigate the topic in a practical way, to any depth.
Using the computer %o draw the loei 1lifts the burden of producing
numercus time-consuming diagrams, and allows the pupils to concentrate
on the mathematics behind the locus. I use this program to promote
discussion about loci, how they change when the conditions are changed
and, where possible, the underlying mathematics.

There are five main sections in the program, four of which stem
from the School Mathematics Project '0' level course, the other is
intended for use at 'A' level.

Throughout the program pressing a key will execute the next
stage. So that only one stage is executed at a time, the program
continues to run only when the key is released. Each locué is drawn by
(i) drawing any necessary construction lines to find a position of P,
(i1) erasing those lines and plotting the position of P, This is then
repeated for the next position of P, until all the positions have been
plotted. During the drawing of the locus, holding down the 'm' key
will halt this process at the stage after the construction lines are
drawn, holding down the 'n'- key will halt the proceas after these
lines have been erased. Releasing the key continues the demonstration.
The scale is adjusted after the required input, to accommodate the
figures on the screen. When the locus iz complete, pressing the 'r!
key repeats the demonstration, pressing another key returns the
initial option display to the sereen.

The program name is 'loei'. On pressing RUN, the initial options
are displayed on the screen (see figure 3,1). As with the
transformations program, the printing is white on a black backeround.

I have, so far, used this program with two groups of pupils, an
able 4th year set and with a sixth form group. I shall describe the
way in which I have used it within each section.

The program listing is given in appendix E.
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This program denonsirates the
Llocus of a point P und2ir Teriain
canditians
P Lies on KRB where
- A and B are itwo fixXxed points
- A and B Lig on lwo
= ge{pendicular Lines
- i2s gn a circle and B is
' fixed Flg. 3.1
B - The ratio of the distances
from a fixed point and rfrom
tant

'a fixed line is cons

H - Relation between angle ©°A8B
and anaie PER, unhere R and 8
arg fixed points

The option is chosen by pressing the appropriate key.

Option A
Pigure 3,2 shows the screen display when option A is chosen.

A and B are fixed points

25 such that
= ;"l:ﬁ Fig‘. 3.2

B - P moves such that RF + PB 5
copnstant

Pressing and releasing the 'a' key at this stage resulis in the
display as in figure 3.3, which requires m to be input. If m is not
positive then the error message in figure 3.4 is printed. When m has
been accepted, n, which must also be positive, is input (see fig.3.5).
After n has been input, the letters m and n are replaced with their
values, and the message in figure 3.6 is printed. When a key is
pressed and released the loeus is drawn as already explained.
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Locus ofF 5 point P such ithat
_ AP:BF = m:n '

where O and B 3rg Ffived Fig. 3.3
Input of m is
awaited,

Inputl m

Locus of a point P such that

AR BP = B0 ‘

where A and B ace fixed Fig. 3.4
Error message
if m is not

m musy be positive, Lry again positive.

AaF:BFP = m:n
where A and B ace {ixed Fig. 3.5
Input of nn i=s

Locus of a point P such that
awaited,

Input n

Locus Of a phint P such 1hat

RR-BP = 02 ‘

phare A and B are fixed Fig. 3.6 i
The velues of m
and n are

Press any key Lo show 1the Lofus . printed,
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I used this section with the 4th year group in an introductory
lesson on loci. It had been explained what was meant by a locus and I
acked what the locus of P was, where P was a constant distance from
a fixed point. Some pupils suggested a circle immediately, but others
needed a concrete example, for which I used a 'conker' being whirled
round on a string. When asked the locus of P, where the distances of P
from two fixed points, A and B, were equal, there was no response.
Asking for one position of P produced the answer 'midway between A and
B', At this stage, I asked the pupils to draw a diégram with A and B
marked, and to draw some possible positions of P, after which the
mediator was suggested, I then demonstrated the locus using the
computer - this is shown in figures 3.7-3.9.

Fig. 3.7

~The 'm' key is

A held dewn to
fﬁ show the first

/ position of P,

Fig. 3.8
The 'm' key is
held down to

show P in an

7 intermediate
gf position.




A, & Fig. 3.9
The completed

locus.

Following this demonstration the class considered what the locus
of P would be if the ratio PA:FB was not 1:1, With the ratio 3:5,
the first suggestion was that the locus would be a line perpendicular
to AB cutting AB in the ratio 3:5. Another suggestion was that 1%
would curve something like a parabola. No-one predicted a cirele, and

the pupils were surprised when the locus was drawn. Figures 3,10-3,12

show the demongtration of the locus.

Fig. 3,10
An intermediate
position to

\\\ g - ' show that
R PA:PB = 3:5,




: Fig. 3.11

i B An intermediate
' position shown
without the
construction
lines (holding

down the 'n!

kQY) .

a 5 Fig., 3.12
: The complete

locus.,

Further discussion led to the realisation that the line through
A and B formed a diameter of the cirele, and that the centre was to
the left of A. Pressing a key plots the centre of the ecircle and draws

the complete circle (see figure 3.13).




M R Fig. 3.13

Several other ratios were demonstrated to show that a circle was
p;oduced in each case. Figures 3,14 and 3,15 show that when m/n >1
the circle encloses B. (The computer program automatically sdjusts the
positions of A and B to accommodate the complete figure on the screen.)

: _ Fig. 3.14
A g The locus of
' : P when

PA:FB = 331,
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/ \\ Figo 3015

#’ 2% The complete
: circle has been
R & {
i drawn, and its
f/ centre plottied.
'J .

To conclude this lesson on loei, I asked the pupils what they
thought the locus of P would be if AP + PB were constant. Most thought
that it would be a circle., Demonstration of the locus under this
condition required the 'b! key to he pressed at the stage shown in
figure 3,2 - this resulted in figure 3,16.

lL,ocus of a point P sucth that
AS:AF+PE = m:n
where & and B ar= {fixsd Fig. 3.16

Input m

The ratio 3:2 was suggested, but this resulted in an error
message- saying that n could not be less than m, and so the ratio

3:4 was chosen (see figure 3.17).




RE
where

Press

PAPRP+RPBE = G d
8 and 8 are

any ksv 10 show

of a POihtVP such thzt

fixed

ithe

foous

Fig. 3.17

Figure 3.18 shows the stage by which most pupils realised that

the locus was not a clrecle.

Fig. 3.18

An intermediate
stage with

the 'm' key
held down.

Fig. 3.19

A later stage
with the 'n'
key held down.




= =] ' Figo 3-20
' o The complete

locus of P.

Some other values were chosen for m and n, which showed that the
ellipse approached a circle as m/n approached O and that the ellipse
became long and thin as m/n approached 1. After discussion, it was
agreed that m and n could be equal, in which case P is on AB. This was
confirmed using the computer. Fizure 3.21 shows an intermediate stage
in plotting the locus when PA + IB = AB,

A - 5 Tig. 3.21
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With the sixth form group of pupils, I used this section of the
program to reinforce the idea of a locus and how to find its cartesian
equation. I first demonstrated that the locus of P such that PA = PB
was the mediator of AB (see figure 3.9). I then asked how the equation
of the mediator of two poinis could be found., The suggestion from the
pupils was to find the equation of a line perpendicular to AB through
the midpoint of AB, which was found for two apecified points,., I then
showed that the same equation could be obtained by writing down the
condition on P, i.e. J(x—=x, )+ (y-y,)* = J(xx,)*+ (y-y, )7, and
simplifying it.

The demonstration that the locus of P when PA:PB = 3:5 is a cirecle
(see figure 3.13) surprised this group as it had the fourth year pupils,
The suggestion that the equation could be found by finding the centre

of the cirele and its radius led to the emergence of some useful ideas
concerning the division of a line in a given ratio, internally and
externally. Using A as (0,0) and B as (8,0) gave the centre (-4%,0)
and the radius 73 units. It was pointed out that we were assuming that
the locus was a circle without proof. By considering the condition on
P, i,e. PAtPB = %:5, gave /x? +y* ¢+ J(x-8) + y® = 335, which led
to the required equation x* + y* + 9x ~ 36 = 0. The pupils recognised

this as the equation of a cirele, and worked through several examples
using different ratios and different points., I referred to these
results in a later lesson which dealt with the division of a line

in a given ratio more formally.

Option B
Figure %.22 shows the display which resulis from choosing initial

option B as shown in figure 3.1.

Locus of a point which {ies

on AB

£ moves on the Y-—axis

B moves On the X-—-axis “Fig. 3.22
RP:PB = m:h

Input nm
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This section of the program was written as a follow-up to an
investigation in the School Mathematics Project book G (4th year)
vhich asgks what the locus is of a man who is standing on a slipping

ladder which has one end leaning against a wall and the other end on
the ground. The first suggestion from the class was that the man
would fall in a straight line, but most pupils thought that the locus
would be a curve. It was suggested by one pupil that the curve would
be concave - later questioning revealed that she was thinking of an
envelope. No-one suggested that the path would bve circular.

. As before, I asked the pupils to draw a disgram to illustrate
the locus by plotting the midpoint of the ladder in various positions.
All the children were surprised to find that the locus was a guarter
cirele, This investigation was extended to consider a line of fixed
length moving with one end on each of the axes. To set up the situation
using the computer, m and n were both input as 1 (see figure 3.23),

lLocus of a point which Ligs
on kB

A moves on the y-axis
& moves on the X-axis
RP:FPB = 1:1 Fig. 3.23

AB constant ...
A0 + OB constant «.a.-. #

I had already input m and n iﬁto the computer, and had also
pressed the 'a’ key for oﬁtion A, This displays the two axes, and
awaits a key to be pressed to show the locus, By turning down the
contrast of the television, the screen appeared blank until I was
ready for the demonstration.

Figures 3,24-3,26 show the demonstration.
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Fig 3.24

The 'm' key is
held down to
show AB in the
first quadrant.

Fig 3.25

The 'n' key is
held down to
show the locus
when AB is in
the second

quadrant.

Fig 3.26
The complete

locus,



This demonstration was followed by discussion on how the locus
changes when the man is higher or lower than the centre of the ladder,
One pupil suggested that the locus would be an ellipse, which was
confirmed by computer demonstration using several wvalues of m and n.

Figures 3.27 and 3.28 show two examples.

Fig. 3.27
PAsPB = 1:2

Fig. 3.28
PAtPB = 332

The pupils were interested in these findings, and so we
considered the locus of P, where P divides AB externally. I introduced
this by drawing on the blackboard a ladder whose top was leaning over

a garden wall. Guided discussion led to this being expressed as the




ratio of -1:2, when the centre of the ladder was at the top of the
wall. The pupils were very able 4th year pupils, and so had little

trouble in visualising how thw ladder would move althovgh appreciating

that, in practice, such motion would be impossible., Figure 3,29 shows
part of the locus for PAITB = -1:2, halted so that the relative
lengths may be discussed. Figure 3,30 shows a similer stage for

PA:PB = H:-2.

Fig. 3.29

Fig. 3,30



Questioning the pupil who had expected a concave curve confirmed
that she had been thinking of the envelope of an astroid which she had
met earlier in the S.M.P. course. I asked if the pupils recalled an
envelope which they had previously drawn similar to the astroid. Some
remembered drawing the envelope of a parabolé by loining points on
the two axes, The difference between the two envelopes was realised
(A0 + OB is constant in the latter case) and so I asked what they
thought the locus of P would be under this condition. The general
opinion was that a curve would be produced. Several ratios were

demonstrated using the computer, some of which are shown in figures

3¢31-3437.

Fig, 3.31

An intermediate
> stage for

- PA:PB = 1:1,
with the 'm'
key held dowm.

Fig. 3.32

An intermediate
stage for
PA:PB = 1:1,
with the 'n*
key held down.
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Fig. 3.33

The completed
locus for
PA:PB = 1351,

Fig. 3.34

The completed
locus for
PA:FB = 1:2.

Fig. 3.35

The completed
locus for
PA:PB = 3:2,



TR

Fig., 3.36

.
‘
i e 1 e b o

An intermediate
stage for
PA:PB = =1:2,

Fig., 3.37
An intermediate

stage for
PA:PB = 5:-2,

The computer program will also demonstrate that, when m or n is

zero, the locus of P lies on an axis,

Option €

Figure 3.38 shows the display which results from choosing

option € (see figure 3.1). Error messages occur if 1 is negative or

v is not positive. Figure 3,39 shows the display when 1=3 and r=l; m

and n are now required to be input. An error message occurs if both

m and n are zero. Hatios are adjusted so that, if m or n is negative,

the numerically larger is made positive. If both m and n are negative

the ratio is expressed as the equivalent ratio of positive numbers.
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A Lies on a circle, centire O,
B is a fixed point
The iratio of BC:radius = L1v
Fig. 3.38
Input L
R Llies on a c¢cifrcie, centre C.
B i5 a fixed point
The ratia of BC:radius = 3:1
LocCwus aof a point whichk ties
on AE ! Fige 3.39
HE:PE = m:n
Inputl m

This section was also developed from an investigation in the
S.M.P, course. A rotating wheel has a piece of elastic attached to its
rim at point A, the other end of the elastic is fixed at point B. The
middle of the elastic is marked and the children investigate the locus
of this midpoint by drawing several positions of the wheel. With the
4th year group 1 foilowed the procedure of the previous lessons, the
puplls producing a diagram to find the locus, which is a circle,
followed by the computer produced diagrams to investigate the results
for different positions of P on AB. Before using the computer I asked
the class why the locus was & circle, to which cne pupil stated that
the original circle had been enlarged with scale factor 3. Most of the
pupils realised that this was so because the way that they had
constructed the locus was as they would construct the enlargement, It
waé suggested that if PA:PB = 2:3 then the scale factor wouldb be 2/3,
but was found to be 3/5, Figures 3.40-3,43 show this.

By holding down the 'm' key for figure 3.41, the drawing of the
locus was halted to enable the pupils to see that BP:BA = 3:5, giving

an enlargement, scale factor 3/5, centre of enlargement B.
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0

Fig. 3.40

B is the fixed
point.

The eirele,
centre C,
represents

the wheel,

Fig. 3.41

An intermediate
stage in
demonsirating
the locus.,

Figo 5 042
The completed

locus.




Fig. 3.43
~ ™~ The final

\‘\ B
o F/M \\ stage of the
Y ] demonstration

B i G I plots the
¥
J // centre of the
. locus, and
S
- draws the
W
cirecle.

Generalising this finding produced the result that if AP:PB =
m:n the circle is enlarged with scale factor n/(mn). Negative values
of m and n were discussed (i.e. P lies outside AB) and some values
were chosen to test whether cur result was true in these cases.,
Figure 3,44 shows that m=-1 and n=2 gives an enlargement scale factor 2,
and figure 3.45 shows that m=3 and n=)2 gives an enlargement scale
factor -2, Both results satisfy n/(m+n) for the scale factor.

_ : : Fig 3.44
G . An intermediate
*__axﬁﬁ,_ﬁkmﬂqﬁ;h - stage where

T Y PA:PB = -1:2,




Fig. 3.45

An intermediate
stage where
PA:PB = 3:-2,

When asked if having B inside the circle would affect the result,
most pupils thought that the locus would still be a circle, The
computer demonsiration confirmed this and also that the scale factor

for the enlargement was n/(m+n). Figures 3,46-3.49 show various values

which result in B inside the original cirecle.

Fig. 3.46
l:ir = 2:3,
m:n = 3:4,
enlargement

scale factor

4/7.



BC,

Fig. 3.47
1ir = 2:3,
min = =233,
enlargement

scale factor

3.

Fig. 3.48
lir = 233,
min = 3:-1,
enlargement
scale factor
-1/2.

Fig. 3.49
l:ir = 1:4,
m:n = 3:-1,
enlargement
scale faetor
-1/2.



Option D
When the 'd' key is pressed at the stage shown in figure 3.1,

the following display results.

L is a fixed Lline, A is a fFixed
point

PN is the pervrpendiculac fFfoom P
Ly Lthe Line |(

RP:PM = a:n

Fig. 3-50

Input m

The loci which result from the various values of m and n are
(i) a parabola if m=n, (ii) an ellipse if m<n, (iii) a hyperbola if -
m>n, h - : V - 7

I decided to produce this section of the program to use with the
6th form group as an introduction to the conic sections, In teaching
the topic in the past, I have felt that pupils are often umable to
visualise how the curve changes with different eccentricities. By
using the computer to show the locus being drawn point by point, the
relation between the curve and its eccentricity was seen more readily
than from a text book diagram.

The first values which I input were m=1 and n=1, which led to a
parabola. Apart from saying that the locus passed midway between the
fixed point and line, no-one suggested what shape would result.

Figure 3,51 shows the parabolé being plotted, with the
construction lines clearly showing PA = PN,

Figure 3.52 shows the completed locus.




L
/
=] Fig. 3.51
\.
L

At this stage I introduced the concepts of focus, direetrix and
eccentricity.

Figure 3.53 shows the locus produced when min = 3:5, which gives
an ellipse. Several values were input to give an eccentricity which
was less than 1, from which it could be seen that, as m/n approached O,
the ellipse approached a circle, and as m/n approached 1 the ellipse
became longer. The pupils quickly realised that the ellipse has two
foci and s0 it was shown that, by letting m/n->1, a parabola may be

compared to an ellipse with its second focus at infinity.




Fig. 3.53

A stage in the
plotting of
the locus when

m:n = 335,

Figures 3.54-3.56 show the locus when m=7 and n=6. The hyperbola
is drswn in two stages, the pause after the first part has been drawn
allowing time for discussion, At first the pupils thought that the
curve was a parasbola, but on further consideration they realised that

the parabols approached two parallel lines, but the hyperbols

approached two intersecting lines.
Pressing the 'a' key after the hyperbola has been plotted draws
the asymptotes as in figure 3.57.

of Fig. 3.54
: PA:PN = 7:6.




Fige 3455
The second
part of the
hyperbola.

Fig. 3.56
The complete
hyperbols,

Fig. 3.57
The asymptotes
have been

drawn.



As before, different values of m and n were input to see how
these affected the hyperbola. As m->n the asymptotes became less
steep, showing that the hyperbola became nearer to the shape of the
parabola. As m/n became larger, the asymptotes became steeper.

Figure 3,58 shows the completed hyperbola and its asymptotes
when m/n = 2,

Fig. 3.58

Option E
Pressing the 'e' key at the stage shown in figure 3.1 produces
the display of figure 3.59.

B and & a
P moves i

B ...FB rotates anti
. at the same rat

C
e
B ...PB rotates anticin
twice ths rate of

M ...0ther relaticons

This section was written to be used in conjunction with an
investigation in the S5.M.P. '0' level course which concerns two

rotating double-ended searchlights at A and B. Different relations




between the angles of rotation give warious loci for the point of
intersection of the searchlight beams. The puplls are supplied with
gseveral copies of the diagram in figure 3.60, and plot the

intersection of the required lines.

Fig. 3.60

I have found from experience that some puplils are confused
because of the number of lines in the diagram., Using the computer
helped to make the situation clearer.

This section has three options ~ 'a' where the two searchlights

rotate at the same rate, 'b' where one searchlight rotates at twice

the rate of the other, 'c' which allows the user to define the relation

between the searchlights.

(a) When the 'a' key is pressed figure 3.61 results, which
requires the initial angle which the searchlight through B makes with
the horizontal to be input.

Figure 3,62 shows the initial positions of the searchlights when
60 has been input. Part of the letter B has been erased because of the

'exclusive or' print command.




#

R and B8 are fix
i h

ixed
F maves UcC =]

el |

i

way 1that

B ...PB rotates anticiccCruise
at the same rate as PR
rot

H ...FB ates anticlockuwise st
twice the rate of PR _ Fig. 3,61

s Other retations

dption B - PA i3 1indd41aiiy
horizontatid.

Input the initiat angte, in

deqgrees, which PB wmakes wilh the

POS T Live X dirgction

/ Fig, 3.62

At this stage I asked the pupils to draw the line through B in
red to mark the initial position of this searchlight, and then
demonstrated the locus on the computer. By using the 'm' key, each
position was held so that the pupils could plot the points on their

diagrams and also discuss what was happening. Figure 3.63 shows one
position of P.




/ - Fig. 3.63

As expected from having previously taught this topie, a number
of pupily were unsure how to continue from where the line throush B
was horizontal, I had halted the locus plotting at this position so
that the pupils could discuss how they thought the locus would
continue, Some thought that the locus would be symmetrical about AB,
*1ike a figure 8', but on showing the next position {see figure 3.64)
the pupils were able to complete the circle (see figure 3.65).

Fig., 3.64

The next
position
plotted after
PB becomes

—_ horizontal.
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/ Fig. 3.65

/ﬁf The final
/ positions of
L the lines are
7 as the initial
- B;“‘j positions.

Having found that the lecus was a cirele, I pressed the 'r' key,
which repeated the demonstration, From figure 3.63, the pupils were
able to see that;, because the arngle subtended from AB was 600, the
locus from B to A was an arc of a circle. From figures 3.63 and 3.64,
where angle ATB = 1200, the ecircle is completed because opposite
angles of a cyclic quadrilateral are supplementary.

Figure 3,66 shows an intermediate stage of drawing the locus
when the initial angle which PB makes with the horizontal is 120°,

[ Fig. 3.66
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(b} Pressing the 'b' key results in the locus where PB rotates
at twice the angle of PA, Initially A and B are plotted with both
searchlight beams horizontal.

I used this demonsiration in 2 sinilar way to that outlined

above, advancing in steps to enable the pupils to mark the positions

of P on their diagrams, Figures 3.67 and 3.68 show intermediate stages,

clearly indicating that the locus is a circle centre B, radius AB.

This was easily proved by Joining A through B -~ if angle PAB = ko,

then the exterior angle PBA = 2k°, making the triangle PBA isosceles,

and PB = AB,

Pig, 3.67

Fig. 3.68



(c) Pressing the 'c¢' key results in the message displayed in
figure 3.,69. Printed at the bottom of the screen is j = "L", which
indicates that a string is reguired to be input. The string is
evaluated in the program to find j, the angle which FB makes with AB.

B and B are fixed
P moves in such a way that

B «..PB roltates anticlockwise
at the same rate as bo

& ...PB rotates anticlockuwise at
twice the rate a3f PA

Fig. 3069

B ...0ther retations
Option B - PO is indtialiy

horizontai.
PA rotategs anticlovimise 0 make
angla ¥ decizaes @ik thsa
pPOSitive X dirgction.
Input the rolation hetugen Lhe
angle 4, which PE mnakes with the
positive x direction, and K

Since a circle could be predicted for options 'a' and 'b' above
the circles were drawn to fill the screen vertically, with the positions
of A and B adjusted accordingly. Because the locus in this section
cannot be predicied, A and B have been plotted 30 pixels apart, in the
centre of the screen, This was found to be suitable for the relations
which were considered. Unlike the previous two loei, the plotting is
in a continuous loop. Holding down the 'm' key halts the process with
the two linea drawn, the 'n' key halts the process without the lines,
Préssing the 'x' key will exit from the loop and return to the initial
option display.

The S.M.P. text suggests other relations which may be considered
but many pupils find these difficult to plot., The remainder of the
loci which I shall illustrate were therefore shown on the computer
without the pupils reproducing them.

The first relation which was considered was j = 120 - k (see
figures 3,70-3,73). I halted this locus at the stage shown in figure
3.70 to ask the class what happens to the curve, Most could see that
the curve approached a straight line, and this was a way of

introducing the idea of an asymptote which they could easily




understand {although I did not use the word 'asymptote'). Figure 3.71
shows that the curve continues from the other direction of the
asymptote. At the stage shown in figure 3,72, the pupils predicted
that the locus would meet the first point plotted. Figure 3.73 shows
the completed locus by holding down the 'n' key. Pressing the 'x' key
at this stage returns to the initial option display.

Fig. 3,70

)/
{f /z‘
A Fig, 3.71




Fig. 3.72

Fig. 3.73
The completed
locus is a

rectangular
hyperbola.

The pupils were keen to try various other relations, some of
which are shown below. Figure 3,74 shows another rectangular hyperbola
from the relation j = 90 -~ k. It can be demonstrated that any relation
of the form j =€ - k will result in a rectangular hyperbola, unless
© = 180 when the mediator of AB is produced (see figure 3,75).
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Fig. 3.74
The complete

locus for the
relation

J =90 -k,
showing the
final position
of the
searchlights,

Fig. 3.75

An intermediate
gtage in
plotting the
locus for

the relation

J =180 - k.,

Fig. 3.76

A stage in the
plotting of
the relation

J = 3k
(input as 3*k).
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Fig. 3.77
A further
stage in
plotting the

relation

J = 3k.

Fig. 3.78
The relation
j = 3k,
showing the
searchlights
returned to
their initial
positions.

Fig. 3.79

An intermediate
stage of the
locus when

J. =120 ¢ 2k.




Fig, 3.80

The completed
locus for the
relation
=120 + 2k.

Fig. 3.81

A stage in
pPlotting the
relation

j = 120 - 2k,

‘ I halted the demonstration as in figure 3.81 to ask the pupils
how they thought that it would continue., Most thought that the branch
about to be drawn would pass through B, but this curve had three

asymptotes, as can be seen from figure 3.82,




Fig. 3.82
: ) The completed
‘;é Ei” locus for the
- ‘1 ) relation
; ' _ j = 120 - 2k.

Fig, 3.83
The completed
“a e locus for the
- : relation

j = 4k.

Conelusion

I found that the idea of a locus as the path which a point
traces out when moving under certain conditions was more easily
understood by the pﬁpils when demonstrated using the computer, than
by methods which involve only drawing. The demonstrations promoted
discussion among the pupils and an interest in investigating how
different conditions changed the locus. They were keen to experiment
and to try to predict the outcomes.

Although I do not expect many pupils to remember which loci

resulted from the different conditions, the series of lessons was




valuable in showing the pupils that mathematics is not just learning
facts and techniques, In addition, as has heen shown, other aspects
of mathematics were reinforced by considering why certain loci were
produced,

At the sixth form level, demonstrating the locus of P
dynamically helped the pupils to understand the technique of finding
the cartesian equation by writing down the condition which P must
gsatisfy. When teaching the conic sections in a later lesson, I felt
that a greater insight had been achieved by investigating the curves

using the computer,
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Appendix A — The 1listing for the program 'transforms'.
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1 BORDER @: PAPER B: INK 7: ©

1.5 : POKE 23559,@: PRINT BY 22,0

éénsmnnstrat;on ys/nt: POKE 236
’

2 IF INKEY$— ‘N THEMN LET dg="
n": GO TO

3 IF INKEY$(> y" THEN GD TOQ 2

4 LET dx%= "

S IF INKEYS<>"" THEW GO TD S

& CLS : RESTORE
7 LET nnM=-X:

QUER 2
LET mux=i: LET

mpy=-1: LET mxu=1
190 DEF FN Fixi=1 +axi%ss+5
131 DEF FN gy 35 oYl ¥55 48

12 POKE 23859.,0: PRINT AT 22,8
; "Choose ranga27? yrsn

P2
‘i3 IF IHK;Y$ " THEN GO SUR 2

8@: GO _TO
14 IF INKEY&<»>''n" THEN GO TO X

w

AS IF INKEYS<>"" THEN GO TO 1S
16 LET nminM=mnnX: LET @maxy =%xiN-:
LET ainy=mny: LET nRaxg=hxuy

18 LET ss5=8:
g: LET hh=0@A:

LETY fF=@:

LET 434
LET ii=@: =

G0 SUR

POKE 2365 °

1 =

W
1

10 =

12 -

Sets the screen background to black and writing to white.
CLS clears the screen. POKE 23659,0 enables printing on the
bottom two lines of the screen (normally used only for the
input messages). POKE 23659,2 returns to normal.

Sets df to "y or "n" depending on which key is pressed.

The INKEYZ control is used so that this operation is carried
out by pressing one key only. No other key will produce an
exit from the 2-3=2 loop.

The program continues only when the key is released.

RESTORES DATA statement for the preset object: OVER O is the
normal printing mode.

Sets minimum values of the axis scales to -1 (mnx and mny),
maximum values (mxx and mxy) of the axis scales to 1.

FN f and FN g are used for the PLOT comnmand. ss = the number of
pixels per unit of the axes. ox, oy translate the origin from
(5,5) on the screen.

Option message to choose the ranges of x and y.

Pressing the 'y' key results in the execution of the sub-
routine 280 to input minimum and maximum values of x and y
(mnx, mny, mxx, mxy). The 'n' key is the only other key which
allows the continuation of the program.
The program only continues when the key is released.
The values of minx, maxx, miny and maxy will change during the
execution of the program. This line is so that the original
values are not lost.
88 = number of pixels per unit, ff = number of images on the
screen, gg = number of invariant lines of the form y=mx+c on
the screen, hh = number of centres of enlargement/rotation,

= the number of lines of the form x=c: SUB 300 draws axes.
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28 REM Input 1hz foordinztes @
F the objetftl
22 PFPORKE 23659, PRINT AT 22,8 -
"preset obdect? yasn v POKE 235 -
59 2 22 -
DR IF INKEYZI="u" THEN RERD C$.,
n LET r$= - o T Sa
- 4 IF INREYS<>"n'" THEN SO TO =2
5 IfF INHE“${>"" THEN GQ TO 25 SZ
& LET r%$= -
7 INPUT ‘CLnsed curve - wusn 7 27 -
:C%: IF csm<x"u' BNLD C3<3"n' THEHN
G TR 27 .
INPUT “'How many points’ "y

THEN GO TO 3@ 20 -

Apspr DBLIW gommmm fo

@ IF INKEYS$<>™—"

1 DIM mii0): DIM cligy. oIM & 31 -
(18Y: DIM v (18Y: DIM zZ(1@1: DIM
2({nY: DIM bBinY: DIM w(1@,n+1): o
IM wll@,n+1): DIM X (hi+1): DIM y ¢
O+1¥: DIM tny: DPIM siny: DIHM e
n+1): OIM fFin+1y: DIM gpin+l): X
M gn+1l

35 IF rs="y*" THEN 0 SUB 300 25 -
GO TO 42

AR FOR J=1 TO n: INPUT "x coor -~ 40 -
47 LIt Y coord? Crwuigl: M

Option message to choose the preset object, or not.

'y' is pressed if the preset object is required. The DATA
statement is on line 970. ¢ = "y to indicate that the shape
is closed. n = the number of vertices of the object.

Only 'y' or 'n' keys continue the execution of the program.
The program only continues when the key is released.
rd = the response (y or n) to the question 'Preset object?’
Requires "y" or "n" to be input in response to the message
'Closed curve - y/n'.

= the number of vertices of the object.
Program only continues when a key is released.
Sets up arrays to store the images displayed on the screen
(maximum 10). m = gradients of invariant lines, ¢ = their y-
intercepts. k = values of the x=k invariant lines. (u,z) = the
centres of enlargement/rotation. a,b are used to compute and
draw the sides of the images. (v,w) = coordinates of the
various images. (x,y) = coordinates of the object of the
current transformation. s,t are the vector components of the
gides of the object. e,f store the final image of the current
transformation. p,q - various uses.

SUB 950 inputas the DATA for the preset object.

Inputs the coordinates for the object, if the preset object
is not required




42 FQR J=1 TOa n

45 IF x(j}maxx THEN LET maxy =
%N-:'L- XOGY 2 UTINT X3 < {4l LET 1

46 IF X (J)<minx THEN LET minx=
INT X (4} LET tti=1 .

47 IF wijl«aming THEN LET minygys=
INT wlJy: LET Yi=1

48 IF gitjrorpaxyg THEH LET maxg=
%NZ Qi)+ (INT g(g?{}ytJ}): LET ¢

48 NEXT

J
5@ IF _tt=1 THEN
S5 LET xtn+l)a=xt

J=1 TO n:
1 =x {4}
EXT J

75 SQ 3WUB SR3: G
20 F‘OKE 2.36“39 % 0

-9V'[..

Q8 LET g$-—" -
19© IF INKEYS=""r"
BR®: GO TO 22
INKEY 5=""f"
@a: GQ TO 22a

: IHKEY H=""1"
peB: GQ T 220
INREY ="

158 GO TO .].@I
INKEY ="
INKEYS <>

E@ ;s € Erans,
tretc R

GO SUB 300
13 LET yirns+il}

LET 81 =x01j%

LET t(i) =y i+l -al4x: &

a S 7aa

PRINT AT

Eni, zlRea
2OKE 238

.,
9

THEN SO SuB
THEN O 3u8
THEN 30 3uUB
THEN GO 3UR8
THEN GQ SuB
THEN GO 3uB 7

B

H)

THEN GO TO =220
THEM &0 T 22

0 =

L2

75
LY

49 Bach point is tested to see if it lies within the existing
ranges of x and y. 1f not, the range is extended to include
(xj,yj). (The range is extended to include the next integer.)

If the range has been extended, the flag tt is set to 1 (it was
initially set to O, in SUB 300).

SUB 300 redraws the axesa, if necessary.
60 8 and t are the components of the vectors which form the
gides of the object.

SUB 523 draws the object, SUB 730 stores the object in memory.

150 Jumps to-the transformation subroutine corresponding to the
key which is pressed: r - rotation, f = reflection,
t - translation, e - enlargement, h - shear, s - stretch.

No other key will produce a response.

220 = 225 On return from the transformation subroutine, a key needs

to be pressed and released to continue execution.
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PRINT _RT 22.

23 PD%E. 236%‘9,?: o w =ol é 0
; VRep Up. SHar ew , 1, ‘e
£."Brévious imaga’. POSKE 203659, on the program.

ESSBéFqégﬁg\gg:"gs l‘gquégT 9§$=;“ 235 - 'a' response allows the axes scales to be changed (SUB 280).
a': S = : 3 SE&: &0 S 3 i 3
0B 380: 80 SUB SG6: 0B SUB rSt. SUB 850 tests if all the images and lines on display are within
GO TO a2z0 the new ranges, increasing the range if necessary. SUB 300 draws

new axes, SUB 530 draws all images, lines, centres of enlargement
or rotation, on the new axes. SUB ret returns and repeats the
previous transformation,

24@ IF INKEY@-—-"r"qTf_-iErj_‘Lgaagg é_'g; - 240 = 'r' response repeats the transformation. CLS clears the screen.
ey CLS o GO SUB 283: 00 D B SUB 490 draws the axes. SUB 530 and SUB ret as above. The value
: GO SUB ret: GO TO Z2é

of ret is the current transformation subroutine address.
{See note below *.)

5@ IF INKEYZ="s" THEN LE =" - tgt i
sS° 0D sUB ret. B0 5UB To0: 250 8! response sets the original object as the object for the

UB 21@: GQ TOo S8 next transformation. SUB 730 stores the current image in the
memory. SUB 910 recalls the original object.

[rpiin]
ke
L

288 JIF IMKEYS= THE'\! L;._

i
@
H]

‘* 255 = 'p! response sets the previous object as the current object

B
=

pv: BG SUD et 5 SuUBD 775 G4 T (SUB 775).
Oega IF INKEY$="t" THEN LET gss-" 't 260 = 't! executes the program starting with the display of the
t2: OVER @ GG_?Dqlig g@ee: CLS ge - original object, on the original scales (unless they have been
sug S altered by response 'a' above).
SUB 800 recalls the original object.
2E5 IF INKEY%="f" THEN LET g3=" _
Fo. GO suUB re?: G0 SubB 755‘3__ L«\B - 265 - 'f! response sets the current image as the object for the next
o ga e . ] transformation.
Hg"ﬂa IF INKEY$<>"h" THEN GR TR 2 290 - 276 If none of the other keys have been pressed, only 'n' will
0275 IF INKEY%<>"" THEN GO TO 27 produce a response.
= ’ ' 'n' response reruns the program from the beginning.

276 GO TO 1
*Repeating the transformation requires erasing the current image. Doing this using the OVER 1 command
resulted in erasing parts of the axes, etc. on occasions. I therefore decided to achieve the desired

230 - Prints the message listing the options as explained in the notes
|
\
|
1
effect by clearing the screen and redrawing the display as it was prior to the transformation. |
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minx=9:

miny=a:

aaaa IF INKREYS< > THEHN SO TO =8
980 INPUT “@mifp X7 “.mnMiY mam =
7 s MXX

885 INPUT "min 47?7 " kng: " max
i ;MY

EQB RETURN

S0 REM a2xeE 2niid sfzicss

SRl LET 1t =

ZOER LS

I1Q IF maXX <@ THEN GO TO 378
S22 IF ninxX <@ THEN GO TOQ asa

LET sxX=INT
LET ox=@
340 GO TOQ 40QQ
35@ LET sx=INT
Yo LEY OMz-minx
JIH8 GO TO 490
B70 LET 8 =INT 1(-Z2S0 manxd

BaxXx=8: LET OX=-minx

480 IF maxuz@ THEN GG TO 480
4180 IF ming<<9Q THEN GO TO 440
42600 LET su=INT {170, maxyl: LET
LET ay=0
438 GQ T 472
448 LET 5y=INT
Y: LET oy=-miny
45@ GO TOQ 470
458 LET s54y=INT

{(25@rsmaxxl: LET
(2B (maxx—minx)d

LET

(A7 A thady-minygl

(-17@ ,mingd

maxy=a: LET agu=-miny
470 IF sxM»sy THEMN LET g5 =5y
48@ IF S5XW<{=8Y THEMN LET S5 =5X

490 PLOT oxX#35+S.,@: DRRAW &,178
588 PLOT @,0cusxss+5: DRAW 285,
510 FOR J=@ 70 maxx-minx:- PLOY
S+i%5c ,094%55 44 MNEXT 4

520 FOR =0 TO maxvw-miny: PLOT
DX *5S 44 ,S+j3858: NEXT &

B522 RETURH

523 REM Draw obdect

524 PLOT FHN FlX11)Y),FN g9iygilll
S25 FOR KR=1 T n-(La="Nn"1} oRAL
£ (kY xss8 ,L (k) 55 : MNEXT K

S26 PLAOT FN FIxX (L)) ,FMN g9y (311}

528 RETURN

LET

280 = 290 Subroutine to change the ranges of the scales.

300 = 522 Subroutine to compute the scales and axes.

310 - 370 If both minx and maxx are less than 0, maxx is set
to 0. If both minx and maxx are more than 0, minx is set
to O. The range of x iz maxx-minx. sx gives the number of
pixels per unit necessary on the x-axis.

ox is the horizontal translation from minx to the y-axis.

400

470
490
510

460 As above but for the y range.

480 Bs is set to the smaller of sx and sy.
500 Draws the axes.
Marks the scale on the x-axis.

520 = Marks the scale on the y-axis.

522 ~ End of the subroutine,

523 = 528 Subroutine to draw the object.
¢ = "n" indicates that the shape is not closed, and so the
first and last vertices are not joined.
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So0

OUER G: REM Redraw screen
538 FOR g=1 70O ff
1??@ PLOT FN fi{vi{g., 212} FMN aiwig,
Ssa FOR k=1 T¢C n»
6@ LET a(t):i:{g,x+1-—v‘9 F AR
ss5: LET bB{ki={ (g,k+13—k¥ig,ﬁ3 F 2.
S65 DRAW atkl,bix)
570 HNEXT K
S20 NEXT g
6@ FOR k=31 TO hh: PLOT FM filu{
KégéFgogtilik%ﬂ NEXT kx
; [ = [ . GO sue =g
NEXT & g9 L =¥
Bl FOR XK=1 TO 13i: FPLOT FM F (R4
RKYd . DRABW @,17%: NEXT &
20 RETURN 620
630
528 LET lowx=minX )
E40 LET Lty=mik) #Lowx+C ik}
A58 IF ty:maxy OR Lu<<minyg THEN
1ET touwx=towx+l: GO TO £40
E6@ LET hiX=maxx )
E78 LET hu=mik¥y xhix+c{Xk?
G6@ IF hurmaxy OR bhydminyg THERN
LET hix=hiXx-1: GO TQ &67@
69@ PLOT FN f(lowx!,FN ity D
BEY {(hix—lOowx]) ¥55, {thy—-Luy £33

7ok RETURN

600
610

615
- End

660

690
~ End

530 = 620 Subroutine to redraw all the images, lines, etc. on display.
535 =

590 Draws all the previous images.
540 - Plots the first vertex of the image.
550 = 570 Draws the edges ¢f the image.

~ Plots all previous centres of enlargement/rotation.

- Draws all previous invariant lines of the form y=mx+c
(see SUB 630).

= Draws all previous lines of the form x=k.

of the subroutine.

Subroutine to draw linea of the form y = mx + c.

-~ 650 Finds the lowest value of x {lowx) such that mx + ¢ lies
within the range of y by setting lowx=minx and increasing
lowx by 1 until the value of m*lowx+c lies between miny and
naxy.

- 680 Finds the highest value of x (hix) so that the value of
m*hix + ¢, hiy, lies between miny and maxy.

« Draws the line from x = lowx to x = hix.

of the subroutine,
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T3 LET
738 FOR
740 LET
Ly=g ikl

75 MNEXT
?EQ LET
ﬂ?ff n+i)
RE
LET
FOR
LET

L
“np |
-
T
04
o by
o

X{kY: LET wi(ff,

b

't
tH
&
-
ba
-
Bl

r1r . LET

-
C
N =Ex=Tg X
-
~
o a3
L
t
fd

Fa
T

S gyt 2
Ii v~
< >
-~ [T
ﬂ

%“
» L
M -
*S/W
rﬁ#z

e e A I =
m
-~

mmE T men
i 2N 1

TITME  war ~ ~fom
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e
v Dy

fi

LET m(g3) =m: L.
LET wuibhb) =x: L

N TE i | E S N

T
1
z

10
w
-
I
-
g
g
Ii
pyRegesh]
:g‘.
Zz

5P FOR k=1 TO n

Bl LET x{x)=v{1l.k): LET 4k} =¥

LET gg=@: LET hh=

@ LET hinxX=mhX: LET maxxXx=mXX:
: LﬂT BaMy=mxyu

730 = 770 Subroutine which sets the next members of arrays v and w

775

780
790

800

with the x and ¥y coordinates respectively of the current
object.

778 Subroutine which sets the next members of arrays v and w
with the x and y coordinates of the current image. (These are
stored in arrays e and f when the subroutine is called.)

Subroutine to steore the gradient and the y-intercept of the

current invariant line of the form y=mx+c¢ in arrays m and c.
Subroutine to store the coordinates of the current centre of
enlargement/rotation in arrays u and z.

840 Subroutine to reset the program with the original object.

800 = 815 Sets the object for the next transformation as the
original object {stored in v(1,1 to n) and w(1,1 to n)).

820 = Resets the parameters for drawing the display.

830 ~ Resets the scales to the original values or those which
were input following the 'a' response in line 230.




|
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)

253 LET minx=mnx: LET maxx-mnxx:
LET miny=mny., LET NaXy=mxy

854 FOR k=170 ff -
{58 rFoR oga=i1 70 ET PRV IRLJAY
GO SUB 6570 LET qq_wlx.a) GO
SUE 885: NEXNT 4

858 MNEXT & .

S5 FOR YX=1 TC hh LET pp=uiX7¥.:
GQ SUs 870: LET qg=z (k) 3o 2UE

LET pFRP=KLIRT:

27 IF Pp>maxx THEN LET max@=IM

T pp+{INT pPp<»pp): LET ti1=1

7S IF ppiminXx THEN LET minx=IK
T pp: LET tt=1

S5 RETURN .

&85 IF qq<<miny THEN LET mninuy=IN
T g9: LET tt=1

899 IF qgrmaxy THEM LET maxu=1Ip
T Qg+ {INT qg<>qq): LET ti=1

895 RETURN

Q@R LET ii=ii+4+d. LET Riiid=£. R
ETURNMN

91@ LET % (1Y=v(1,.1}: LET 9Q{l]) =i
(2,31

815 FOR k=1 TO n

QzZ28 LET xi{k+31)=v (21,XK+17

Q3 LET Y{Kk+1Y=w{l,K+13

I35 LET siky=x{k+1)-x{K}: LET ¢
(R =4y (K+13 -y (k3

Q45 RETURNM

850 = 868 Subroutine to change the ranges of the axes, i.e. the values

870 -

885 -

900 -

910 -

of mnx, mxx, mny and mxy

854 - 856 Tests all the images on the screen to ensure that the
ranges are increased to include them on the new scales.

860 - Tests centres of enlargement/rotation, as above.

863 - Tests the y-intercepts of the invariant lines of the
form y = mx + ¢, as above,

866 ~ Tests valuea of k for invariant lines of the form x = k,
as above,

880 Subroutine to increase the range of x to include pp from

subroutine 850.

tt is set to 1 if the range has been increased.

895 Subroutine to increase the range of y to include qq from
subroutine 850.

tt is set to 1 if the range has been increased.

Subroutine to store the current value of ¢ in array k, for the

invariant lines of the form x = c.

945 Subroutine to set the object for the next transformation as
the original object. It differs from subroutine 800 in that all
images on the screen are net erased. This subroutine is called

when the 'superimpose' option is chosen in line 230.
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oB@ REM Pregzotl Tbysedtl.LRTEH 2ive
5 the numbeir OFf poOints foliomed
hy the ctpoordinates
[0 FOR k=1 TO n: REARD X (k3): RE
AD Y iRk) . MEXT Kk
Q7R LATA "3",3,5,—3,3,—1,¢,1
o803 RETUR
i@8e IF INREY${>"" THEN GO TO 210
?B: REM Rotataion aboul (X,4d).andg
2
121 LET ret=109: IF qaz="¢r" THE
N GO0 TO 1229
A@AE IF ax="p" THEN GO TO 1510
ARA2@ IF as="f" 0OR qQF="2" THEN &GO
TQ 145@
1228 IF g%="3" THEHN 50 TO 1970

13730 INFUT “ARPRagie of rot,., iR 2288
164p INBUT "X coord of cantre of

17
106S@ INPUT "4 coord of centre of
rat? ;4 .
1060 GO SUB 7?3d
A7 IF a<>@ THEN GO TO 1140

1RS0 IF xX<minx THEN LET minXxX=INT
®x: LET ti=1

1920 IF xsxmaxx THEMN LET maxxX=INT
¥+ (INT X<»x)Y: LET tt=1

1L1@E IF ddmaing THEM LET niau=INT
y: LET tt=1

1ii@d IF Yrmaxy THEM LET maxgy=INT
g+ (INT Yyl LET tt=1

1i2ey IF ti=1 THEN GO SuUbB 3o GO
JUEBE S38

113@ PLOT FM F(x) . FN giu}
1135 RETURN

950 =~ 980 Subroutine to set the transformation object to the
preset cbject.

G70 - "y" indicates that the preset object is closed. The
number of vertices is 3. Coordinates (6,=3),(3,~1),{4,1).

1000 = 1700 Rotation subroutine. The subroutine is not executed

until the key is released. '

ret is the line number for the start of the subroutine,

gé = "r" indicates that the subroutine has been called by the

'repeat' option of line 230, "p" by the 'previous image' option,

"f" by the 'follow' option, "s" by the 'superimpose' option,

HaM by the 'axes' option.

The subroutine continues at the appropriate line number,

depending on the value of gé.

1030 = Input the angle of rotation.

1040 = Input the x coordinate of the centre of rotation.
1050 = Input the y coordinate of the centre of rotation.
1060 - SUB 790 stores these coordinates.

1080 - 1135 This section is only executed if the angle of
rotation is 0O, i.e. the transformation is the identity.
1080 - 1110 Tests x and y, the centre of rotation

coordinates, for inclusion in the ranges of the axes.
tt = 1 if the ranges have been increased.

1120 = If tt = 1 then SUB 300 clears the screen and redraws
the axes, SUB 530 redraws the screen display.
1130 - Plota the centre of rotation.
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114 FOQR k=1 7O N
1150 LET FadIUE“SQR (ABS (X-X{Xk}

} T2 +RBS -3 {XIYT2}

1180 IF ( c-radiusiy <miny THEN LET
BiInX=INT {(X-radivs): LET lt=31
4370 IF ix+radiuvus) »maxx THEN LET
maAXX=INT I[X+radius}) +{INT (X+rag
ius) ¢ri{x+radivus)r: LET tr=1

AI8R IF ly-fadius? <painy THEM L‘Tj
Minuy=INT (Y4-radiusly: LET ti{=

1190 IF (y+cadius? »maxy THEN LET
smaxy=INT ly+rad;u51—€INT £J+ adg
iusd)<¢riv+radivsr? . LET

12@@ NEXT %

1212 IF tt=1 THEN GO SUB 3ee. GO
SUB 538

1228 IF a=G THEN RETURN

AZ2S PLOT £#M FIXY,FN @441 LET &
=PI 153

1230 LET bL=3-34INT {x..9)

1240 IF a>@ THEN LET bb=0
%QﬁesIF a<® THEN LET bb=-5: LET
1258 IF b=0@ THEN LET b=3

1260 LET ==3IN {Lxd): LET c=CDS

{h#sd)

1270 LET e=xX (1) s~y 1) #5341~

;y*s: LET f=x{1)=s+y i} rCctyxil-
—X ¥5

1275 FOR k=1 TQ n: LET =S {kY ==k}

#es¥Cc-t XY %55 ¥8; LET F{Kk}) =3 (K} =3

sS#s5+L Ik 255 %¢: MEXT &k

1150 = radius = the distance of the object point from the
centre of rotation.

1160 = 1190 The ranges of x and y are extended to allow a
rotation of 360 about the centre of rotation.

1210 = The screen is redrawn if necessary.

1220 = The transformation subroutine begins here if 'repeat!
option has been used. If the angle of rotation is O and
gh = '"r" then the centre of rotation has already been
plotted and RETURN is executed. If angle # O, then the
ranges will have been adjusted.

1225 - Plots the centre of enlargement. d = 1°, in radians.

1230 - b = a{module 5). b is the angle of the first image.
bb = the increase in angle for each successive image (5
or =5, depending on a).
If a is a multiple of 5, then b = 5 or -5 depending on a.

1260 -~ s = the sine of the angle of rotation for the first
~intermediate image. ¢ = the cosine of the angle. :

1270 - (e,f) are the coordinates of the first point of this
image.

1275 - arrays e and f contain the vector components of the
sides of the image.




iggg ESERJEb TO 3 2TEPRP bb 1280 « 1430 See notes below.*
31.33@ LET p=FN f(e}: LET g=FN gtf 1300 - (p,q) are the coordinates for the first point of the
) } image, adjusted for scale.
— . - |~ o =
1ot FoR k=1 TO ni LET pixi=eir) 1310 - The arrays e and £ have been calculated in the
1320 IF J=2 THEN QUER ©: GO TO i previous execution of the loop.
4202 1320 - The final image is to be drawn if j = a.

1330 PLOT p.9q
1343 FCGR k=31 TO n-{cs="n"1: DRHEV 1330 « 1350 Draws the image.
pik), ikl NEXT K
135@ PLOT p.9g

126@ LET £=5IN {ij+bb) sdy: LET < 1360 - The sine and cosine of the angle of rotation for the
:225 (Ef‘i+bbjl_§§; (R} $5 +% & L4 or next image.
TR L SNE F It b4 ol A DD DA 1370 - (e,f) are the coordinates of the first point of the
150 FOR k=1 TO n: LET @ {Ky=3 (K} next image.
igggci? (kY $5s¥5: LET f(R) =¢i-‘ (RT ES 1380 = The vector components of the sides of the next image.
£ 324+t (k) ¥553%C: NEXT Kk
At LT By n-tcs=vn"): DREL 1400 ~ 1420 Erases the image (or draws the final image).
}l_. PEk) ,g3tki: NE
¥ 1420 PLOT P.q
4?. 1430 NEXT J
* For a rotation of angle a about (x,y) xk) cosa =g8ina\ /Xy + tx Let 8 = sina and ¢ = cosa.
Y sina  cosa /| ¥, t,
x x eX = Sy + te = x > tx = x(1 = ¢) + sy xk) (cxk-syk+x(1-c)+sy)
(nr)é(.v):‘> Sx+ oy + ty=y>ty =y(1-c)=sx P48 [y >lax 4oy, + y(1 - o) - sx

it CXxe) = 8Ycy, + X(1 = 0) + BY) d (xeor = x) > e(Xpar = xx) = 8(¥,p = )
Also ( ) (sxm + c¥en + ¥(1 =€) =~ 8x] % %% (3. = ) >8(xi = %) + (Fwy ~ Yx)

If s, and tx are the components of the vector joining (x«,yx) to (x.,y¥<w), then s, > ¢s, ~ sty and

t, > ss, + ctx . These images are evaluated as ex and f« and then transferred to pxs qx on the next
execution of the loop 1280-1430.This is so that the time-consuming calculations are carried out between the
image being drawn and its being erased. This makes the time that the image is on the screen longer than the
time between erasing the image and drawing the next.

Fict
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1343 IF dg="

GO TO 15808
1445 RETURN
1450 IF a=@

g4 THEN 0 SUB 1520

THEMN RETURN
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1440 -~ SUB 1520 sets arrays e and f with the coordinates of the
final image. Line 1580 starts the demonstration.

1450 « 1500 Executed only if the transformation subroutine has
been called using the 'follow' or 'superimpese'! option. The
present image becomes the object for the next transformation
if the option is 'follow'. 'Superimpose' will store these
coordinates in arrays v and w, and then set the first members
of these arrays, i.e. the coordinates of the original object,
as the object for the subsequent transformation.

1510 = 1570 Executed only if the transformation subroutine has
been called using the 'previous image' option.
The coordinates of the image are stored in arrays e and f.
The coordinates for the object remain unchanged.
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15830 OVER 1

I8 FOR k=1 7C n

iaga IF INKEY3="" THEN BO TO AES
LA

AS591 IF INREYS$S<»" RND O INKREY SR
F** THEN GO TO 15%1

AE8S PLOT FM O Fix{xX} . FM 9t4d4iklI ¥
DRAY [(x-X{(K})$5S, (fy-U(KkyIe35: ¥
.07 FN f(xY ,FN gi{y): DRRL (e ikK}? -
X1 #585, (FLR) -yl %25

A62F IF INKEYZ="'" THEN GO TO 1£3
@

1531 IF INKEYSE="F" THEN GO TO 1%
25

162 IF INKEY%:::"™ THEN GO TO 15
oz

1683 60 TO 163G .
16885 PLOT FN Fix (k)Y ,FN g(u{ky1:

CDRAW (X =-x (kY255 ., tu-uyik)I¥Es5s5: &
LOT FMN O FIXY  FN g (4} pR&W (2 (X —
1358, {F{XK} =4} ¥55

1620 GO TO 19525

1630 PLOT FN Fix1ky: ,FN g9tg ikl
1640 DRAW (e (k) -X (K} 255, {F{k) -y
{R)Y) #5585 ,a/160+R1

1682 IF INKEYS$="" THEN GO TO 16%

J

i

1852 IF INKEY$="7" THEN GO TO 1&
1555 IF INKEYS<¢>"" THEN GO TO 1%
I55@2 PLOT FN FIXiK)),FN glulky?

1670 DEAV e (k) ox (K3) 285, {F (XY —u
tRllxzss, aslsaxPI

1680 IF INKEYS="Ff" THEN GO TO 1i&

GO

A68= PLOT FN fFi{xX(RY} FN gtulk*7:
DRAM fx-—-X (kX1 3=, {4-ylR}yxs=s:. F
LOT FNMN f1{%) ,FN gi{y}: DRRW (21K} —
) 52, (F (k) -4y zs5s5

159 NEXT X

1720 OQVER ©: RETURRMN

1580 = 1700 Demonstration of the properties of a rotation.

4591 =« 1610 Draws lines from the centre of rotation to the
object point and to the image point.

Holding down the 'f' key results in the lines flashing
off and cn.

Demonstration continues at line 1630 when any other key
is pressed (the lines are left drawn on the screen).

1630 = 1680 Draws an arc from the object point (x., y«) to the
image point (ex, fx) with the centre of rotation as the
centre for the arc.

The arc may be caused to flash by holding down the ‘'f' key.

1685 ~ Erases the lines and arc.




2000 - 2970 Subroutine for the Reflection transformation.
The subroutine is in two parts, one for invariant lines of
the form y = mx + ¢, the other for invariant lines of the
form x = c.

2000 IF INKEYsS<:>"'" THEN GO TO ZP The subroutine is only executed when the key is released.
Q@: REM Refiedtion in the itanpg 4
=mN+C OF N=C
“'@g ;12 1i;_::_“r ga 1 SSURD & ang _;;_t:E! ret = the return address if GOSUB ret is called after the
gl gy="r" THEN G O 2185 i
5603 IF gs="p" THEMN RETURN tranaformatlt?n haa.been completed.
DSR4 IF g5="T7" OR g9&="&" THEN &I Jumps to various line numbers according to the option which
TO 2310
;ggg=ggﬁg$= g;JS““F'—*U 10 2020 called the subroutine.
= Z3059.0: *RINT T 2=Z2.8 -
R INvariant Lime.uUsmNtC. Uen 2006 -~ Requires the form of the invariant line to be chosen.
HE 23689,2 T PO
. ZPR7 IF INKEYE="n" THEN &0 TO 2% If the invariant line is of the form x = c, then the subroutine
W Ba continues at line 2500
3 gg%a IF INKEYS<>"y" THEM GO TO & - *
gg@g IF IMNREYS<42"Y THEN GO TO 2D .
2218 INPUT "m? “:m;" €27 “;cC - .
201G IF c<miny THEN LET mihy=c: 2010 2014 Input m and ¢. The y intercept,c,is tested for
LET t1=1 inclusion in the y range. tt = 1 if the range has been
2314 IF crmaxy THEN LET maxy=x: increased.

LET ti=1
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2218 &0 Sugp 7o ET den=1+{REB5
mi+z2

Zea2d FOR k=1 TOQ n )
20285 LET p (k)1 =2x{yi{k) sn—-cxn-x k7
¥ RABS m) 12 s/den

238 LET ﬂtkl—xtk)+PEk3

2248 IF 21{K} <minx THEN LET sinx=
INT e (k3 : LET tt=1

SP4S IF e (ki smaxM THEN LET mnaxxs
INT e t58) +{INT iRy srend: [ LET 1

=2

298D LET gisr=2z{c-y L +mEx {(RI I ~

den

2285 LET F iKY =9i{X)Y +3{Kki

260 IF fik)<iming THEN LET mninus

IMT FlrY; LWET 1t=3%

=888 IF PR »mexd THEM LET naxd=

IWNT FERF +LINT XY {>fiXs?: LET t
=1

2878 NEXT K

2020 - 2070 evaluates the coordinates

2015 - SUB 780 stores the values of m and ¢ in memory. den = 1 + m?.

2025 -~ 2030 Evaluates the x-coordinate of the image.

2040 - 2045 Tests the x-coordinate for inclusion in the range of x.
tt = 1 if the range has been increased.

2050 - 2065 As above, for the y-coordinate of the image.

of the image of each point in turn using the following formulae:

mxk-yk'.'c

Ji+

If the object, O, has coordinates (x,,y,) then ON =

2
o=/ D ON = [ Be = mo - mix,
J1+ m NEEE 'S
1 C = yr + mXg

1+ m 1+ &

-2 -
0T = 20N = (P) I = (x+ pyyt q) = (e,f)
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SUB 538
2385 LET £in+l)=2tl1): LET

399@ DUER G©: GO SUB 830
2155 OVER 21
2168 FOR h=1 T& n

2888 IF t1=1 THEMN 0 S5U8 3v5: GO
Fin+1s

2168 FOR u=1 TQ =2

%17@ IF IMNKEYS="" THEN GO To 237

§lj€?5 IF INKEYZ="F" THEN 50 7O 21

E%BB IF INKEYS<>"" THEN GO TO =%

2388 PLOT FN (X (kX3 .FN giuiky’:
DREW {EIKJ—X(KJ]-I-SS,.(f[KJ—Q(L'i

*¥5 %

=198 IF u=2 THEN OUER 9: PLOT FH
Flelk)l) ., FN Q{F(k)): DUER 1

.’-:;1*191 IF INKEY$="" THEN GO TO =i%

2192 NEXT u

E%QS IF IMRKEYS="f" THEN GO TO Zi

2200 NEXT kK

3232 IF INREYS="" THEN (0 Tu ZzD

gEE‘E‘ IF INKEY%<>"" THEN GO TO 22
=)

2218 QVER ©

2243 FOR k=1 TO n—-{cad="n"1

ZE5@ PLOT FN fFIle (K1) . FMN 91f k)7

2270 LET pP(RK)=te{k+1) -2 {k)) 255 :

LET gG(KY}={fL{E+L)~F (K)} ®=35

228@ DRAW pfRY , g (k]

IR NEXT X
"J_‘QS FLOT FN Fle{l)) ,FN g (Ff {1}
2338 RETURN

2080 - Redraws the screen if the scales have been changed.

2155 = The 'exclusive or' print command.

2165 - 2192 is executed twice, the second time erasing the
construction line and drawing the image.

2170 = 2180 Pause until a key is pressed and released or until the
'f* key is held down.

2185 ~ Plots the object and draws a line to the image.

2190 - Plots the image when the line is erased, i.e. when u = 2.
2191 = Pause until a key is pressed.

2195 =~ Repeats the routine above if the 'f' key iz held down.
2202 -~ 2206 Pause until a key is pressed and released.

2240 = 2295 Draws the final image. If (cd = "n'') = 1, i.e. the
shape is not closed, (e,,f.) is not joined to (e ,f,).

End of Reflection subroutine.
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gg%g E g# K-?- %)TD inJ 2320 = 2350 Executed when the 'follow' option has been chosen. The
3 x =2 {k): LET utXxy=f{FL
Y: LET S{K)=op (K)o 8c: LET LK} =g image of the reflection becomes the object for the next
k) s8=s transformation.
2348 NMEXT X
ES-‘%?JLET XN+ =x (i} ; LET yin+il;
=y
2358 DUVER &: RETURN .
gz_f;a@ IF INKEYS&<>"" THEN 60 TO =5 2500 - 2850 Reflection in lines of the form x = c.
© Continues only when the key is released.
ﬂsBi r : = . ']
ES@S lilt:_r g ;E‘t' gs'?gENngTéFt?N@ ret = the return address if the subroutine is recalled.
2T1e IF g$s="r" THEN GO TD =Z7EQ 2 = 2525 As 2002 -~ 2005.
2828 IF Zz="7" OR gsi"s" THZN GD 05 920 4
TG 2946
2525 IF 9%="a" THEN GO TO 257G . : .
%gsa INPUT “Invariant line xX=cCc, . 2530 = Input the mirror line in the form x = c.
FotsC
EE_?S?-%_!—::L:: <minX THEN LET minXx=c: 2535 = 2536 Tests ¢ for inclusion in the range of x.
fg;Ev IF1c>na\.\* THEN LET maxx=g:
2537 GO SUE °R SUB 900 stores this value of ¢ in the array k.
25782 FOR k=1 TC n
RS0 LET s={xify-c2 - Computes the x=coordinate of the image (the y-
5556 LET o (K) =x (k) —2%s 2580 2220 tomp oy xh d) ge (the ¥
ZE@G@ IF e (K) <minx THEN LET aink= coordinate remalns unchanged,. .
INT e(Ay: LET tt=1 CET 2600 - 2610 Tests the x-coordinate of the image for inclusion
| =1 % MR K MAIxNK= 4
INT e'th) + CINT e'(k) <>ex)): LET t in the range of x.
2658 NEXT X

2570 = 2650 evaluates the coordinates of the image of each point in turn using the following formulae:

X=C
ON=x,~¢=8 fﬁ:('g)
I-- =0 (xeoye) > _ -
N ol = 20K = ( ga)
I = (e 4¥y} where ey = Xy = 28,
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égatt=1 THEN GO SUE S28: GO
LET E(ﬁ-t-.‘l)-—&(“]

PLOT FN FicC} ,0: DRAV 0,175
FQR k=1 TQ 0

FOR u=1 TQ 2

IF INKEY&="*" THEN GO T

L}
IF IMNKEY ®="f" THEN GO TO
TO

IF INEEY S<:>7" THEN GO
PLOT FN FIX (R} . FN qfyiks}):
S=ZFE{C-X{K1Y x335: DERAW 5.0
IF u=2 THEN CQUER ©: PLOT Fi
(kY)Y .FN g(gikll: OUVER 13
IF INKEYS="" THEN O 70 253
NEXT u
IF INKEY&S="7" THEN GD TO =27
NEXT k
IF INREY4$=""" THEN GO TO ZE4
IF INKEYSsL»"" THEN 0 TO 25
"'!.'_!EQ & ’
FOR k=3 70 n-{(<cs="n"i
PLOT FN Figtk}r: ,FHN glutki
LET pilXl=(e{l+ii-2{Kk))Y xs3:
QURI=(Y{K+AY -4 {kI) x=5
DRAW kY ,q ik}
NEXT Xk
?UER @: RPLOT FH {2 {3y} ., F4
iy
KETURN
FOR RK=4 TG n
LET XtkiIi=e (k) LET s {k)=pi¥
LET t(X) =4 (X} . s5
NEXT K
)LET RKiN+Iy=x{1): LET uinh+13
RETURN

2660 - Redraws the screen if necessary.

2740 - Draws the mirror line.
2750 - 2850 Constructs the image as 2160 - 2200,

2855 = 2930 Draws the image as 2210 = 2300.

2940 - 2970 Executed if the transformation subroutine has been
called from the 'follow' option., The image becomes the object
for the next transformation.

8(k) and t(k) are the vector components for the sides of the
image.
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2o IF INKEY®<>"™ THEN GO TO
V@a: REM Transtitation. <
ponent and 4 componant of tran

LET 11=0

atien vectior

SRS LET reit=300n:
ele IF gH="r" THEN
3015 IF g9%="a” THEN
3@17 IF g%="'p" THEN
3028 IF gsc>»" i AND
GO TO S0oh

2023 IF X=0 AND 4y=@
a7 80 _TO S445

gt
Input X <om
st

GO TO JZ160
GO TO 50355
BETUERN
afc»sY THERMN

THEN RETURN

AEER INPUT “Uesctar.® CompT “ixi™
Y ocampT “.u

%?31 IrF IMHETE{}““‘TﬁEH =0OYTO SO
IPRE IF == AND u=2 THEN RETURR

36482 FOR k=1 TOQ n

S0 LET e (K1 =x (L) +X

311G LET F (EY =" {kI +4

321@ IF e(k} <minx THENWN LET minxs=
INT 8(fY; LET tt1=2

3122 IF 21{k? »max¥x THEN LET aaxxs=
gN'_i e(h) +(INT e(k)<>etlk)y: LET ¢t
213@ IF f(k2<miny THEN LET minus=
INT F(KY: LET tt=1

2140 IF FIRK} :maxNyg THEM LET maxy=
;NI FARY F{INT §FikI<>F (kYT LET t
2158 NEXT &

S16@d IF tv=1 THEN &G DUEB Sad: GO
sSug soR

3%?@ LET efn+l)==2(1): LET rin+i7d
= 13

21?5 IF IRRKREYS$="" THEN &GO TO 337
§é75 IF INKEYS&<:"" THEN GO TO =3
[

F18& IF X=8 RND u4=0 THEN RETURN

3000 - 3500 Translation subroutine.
3000 = The subroutine is executed only when the key is
released.

3023 -« The identity transformation.

3027 - From line 5445 the image is set as the object for the next
transformation, for 'foliow' or 'superimpose' options.

3030 = Input the x and y components of the translation vector.

3090 = 3100 Translates (x,s¥c) onto (e,f,) with vector ( ;_‘) .

3410 - 3140 Tests e, and f, for inclusion in the ranges
of the x and y axes.

3160 - Redraws the screen if necessary.

Pause until a key is pressed and released.
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285 OVER 2

FOR k=1 TO 10D

FOR mn=31i TO 2

IF k=1l THEN GUVER O

PLOT FN FX (13 +X#Kk-1D) ,FN o
1Y +u &k 180

@ FOR J=1 TO n-{c&=""n"y

@ LET p==slJj)*ss5: LET g=t{(i} 3

5 DRAW p.q

B NEXT J

T IF CcE="y"™ THENMN PLOT FN Fix{
RELLADY PN 13 13) +Y K 000

= 2Hiek i)
BNUG

RN~ MR

TR G LIU LI QRN LI~ LI
TP+ WA P} -

@ IF k=10 THEN GO TO 3260

@ NEXT m

8 NEXT Kk

B XF INKEYS="" THEN RO TOo 352
‘%125 IF INRKDYVS<"" THEN G TO I3
SEE IF d$="n" THEN OGUER B: RETL

3185 = The 'exclusive or' printing command.

3190 - 3260 Draws 10 stages of the translation. The 10th (final)
image is drawn using the OVER O command so that it will not
erase any lines with which it coincides.

3226 - d4 contains the response to the option for the demonstration.
If the response was 'no' then RETURN.
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3330 - 3500 Demonstration of the translation properties.

gggg l; gg gf% Jijg {_; 3330 = 3370 For each point in turn, a line is drawn to its
3246 PLOT FN fiX(Kk3II,FN g (4 (K33 image and then erased {when a key is pressed).

gg;g [}ﬁR&JNﬁg\?g,y* ‘?‘H‘“N co To so Pressing any key initiates the next stage of the

335 ’ = EN & ST demonstration.

e )

':_3;:;‘58 IF INREYI="F" THEN GO 7C 335 Holding down the 'f!' key will cause the line to flash.
iR

?35@ IF IHKEY$<>"" THEN GO TO 553

5a

ISEeS NEXT m

3%58 IF INKEcsE="€f" THEN GO TQ 55

3369 IF (Kk=n AND INKEYS$=""3 OR I

NMEKEYSs="F" THEN GO TO 236

3352 ?EXENQEY THEN GD TO

3372 moeamm ST

7e

2375 FOR m=1 7O 2 3375 - 3435 As above, but the translation lines are drawn for
Q3[R FOoR Rr=2 TO 0N ints b

5390 OLOT FN Fixik!d,.En giy (n)y all the points before they are erased.

340 DRAW X i$3=s,Yxs5s

3412 NEXT K

Ed-l';'r IF INKEYS="'"" TRHEN GD TO Saia

';3323 IF INKEY®S="f" THEN GG To =4

’;‘éES IF EZHEEYW R THEN D TO 34

3450 NEXT

;1*%35 IF INKEYS="f" THEN &G0 TO 53

3i4@ QUER @

2528 RETURN
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4200 IF INKEYS$<:"“™ THEN GO 7O 40

8®@: REM Entargemenlil.InPput <antirs
OF enlargenpant foltowed by the
sca3le facltor

4025 %ET ret= 4@@@: LET ti1=0@

406 gs="p" THEN RETURN

4@Q8 IF gs<:»"i" THEN U TO 49isS

4232 IF sf=1 HEN RETURN

410 IF gs="r" THEN G0 TDO 41986

3218 IF g5="5&" THEN GO TO 1050

4220 gE<>VF" RAND g@5<: 5" THER
Go TD 4036

4@27 &0 TO =448

4830 INPUT “0 of Enbkt.X coord™",; X

Y cooard?tiy

4249 INPUT “Scale factor? “;s5f

4045 GO S5upB 724

4250 IF xX<minyx THEMN LET 9inx=INT
®: LET 1tt=1

GF@ED IF Mrmaxx THEMN LET maXM=INT
¥+ INT X<¢>»xX)Y: LET tt=1

4078 IF deminy THEN LET minyg=INT
g: LET t11=1

4@8E8 IF yrmaxy THEN LET daxwy=INT
g+ {INT u<»y): LET t1=1

Q233 IF tt1=1 THEM &0 3us 3I2D2: GO
SUE SGéa

4287 IF sf=1 THEN PLOT FN fi{x3 . .F

Mooyl : RETURRN

4000 - 4620 Enlargement subroutine.

4009 ~ The identity transformation.

4030 - Input the centre of enlargement (x,y).

LotD - Input the enlargement scale factor.

Lo4s - SUB 790 stores the coordinates of the centre of enl.

4oso - 4083 Adjusts the scales, if necessary, to include the
centre of enlargement.

4087 ~ If sf = 1, then the transformation is the identity, and
the centre of enlargement is plotted.




4@9@ FOR k=1 TO N . X 4090 - 4170 For each object point, the coordinates of the image
e el ey EETASiRI oI REF LET are computed. The scales are adjusted if these coordinates are
-;;#En I(t:xr-.‘ tté{_;mitngxlTHEN LET BinX= outside the range of the x and y axes.
e L = . .
112@ IF e (k) >maxX THEN LET maxx= Each image is found as follows:
IN?: B {RY+(INT 2aiRI<re(k3¥: LET %
£13€ IF f(x)<miny THEN LET minus 1 I b
INT F(k): LET tt=31 L Ve =3
4146 IF f (X} :maxy THEMN LET maxu= L7
INT FUKY+#(INT F(RYS>FI(RII: LET t Obiect 0 ) -
iié@ NEXT K jec XxrIx CI = CO * scale factor
416@ IF 1i=1 THEN GO 5UEBE JRo: GO
SUB S3@ _ (x, - x)sf
4176 LET e (n+2) =e {1): LET f{n+1} o [ (xc = x)8 )
=F a1 Centre C (x,y) (yu = y)sf
= (x + (x,~ ¥)sf, y + (y - y)sf)
LB
o
[0
]
4175 QUER @ :
2318@ PLOT FN f{X),LFN 3y} 4180 - Plots the centre of enlargement.
418Q IF sf<@ THEN GO TO 34100 - i 4
tloe For- i@ JHEN 4190 - The subroutine continues at 4400 if the scale factor is
238 L Al zisin s ot o |
: X J =14 -3 X535
4 = (p") is the vector from the centre of enlargement to the object
K point (x,,¥4),adjusted for scale.
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424l

10 v
B g By e
nEee 0 1 (U 9H B

WMLILIW e QUL
~BON =

PRI P e e G e P g T

OUER 2

FOR m=1 TLO =
IF INKEYHE="" ThEN 30 TD 423
IF INKEYSZ="(" THEN GO T3 4Z
IF INKEYS <> THEN GO TG 4Z

PLOT FN FIX)Y ,Fh giuy: DRHL

SR

IF IMNKEYS="" THEN GO TO 452
‘NEXT m

IF INKEYS="f" THEN 00 TS 42
IF IMKEYS&="" THEN GO TG a5
FOR mh=1 TO 2

IF INKEYS="" THEN GO TO 4z2&
IF INKEVSE="F" THEN #0 TO 42
IF INKEY®<>"" THEN GD TO 4%

PLOT FN O fF (X3, FN {4}

DRAWV pikYssf qlky s f

IF m=2 THEN DUER B, PLIT FhMN
(k2) ., FN @i(F (k) : DUER 3

IF INKEY $="" THEMN GO T 4B
NEXT m

IF INKEWE=""§f" THIENM GO TO 4Z2
NEXT kK

IF INKEY&="" THEN GO TO 4353
IF IMEEYSOM" THEN S0 TO 4%
GUER &. FLOT FN Fixi FMN gty
FOR k=1 TO n-{cs="n*3

PLOT FN flge (KXY} ,FH g{fiki?
LET pIRK)I=[(2fK+1}-2{K}3} 55
QikY={FfFLlRK+LY~F LK)} %55

DRV p (kY gk}

NEXT K

RETURN

4230 - 4253 Draws a line from the centre of enlargement to the
object point, and then erases it (when a key is pressed and
released.

Holding down the 'f' key causes the line to flash.

4255 « 4300 Draws a line from the centre of enlargement to the
image point. When a key is pressed and released the line is
erased and the image point is plotted.

Holding down the 'f' key causes the line to flash off and on.

Pause until a key is depressed and released.

4315 - Plots the centre of enlargement.
4320 = 4360 Draws the image.




-891-.

4408 FOR =1 TO n

441@ LET pi{KkI=(X{kl =X} £53

44208 LET (k) ={Q {k} -y} 353

4430 QUER 1

4¢4B IF INKEY%=""" THEN GO TDO 444
44“@ PLOT FHN F(X!,FN 94} : DREY

Pk} ,q ik}
4468 IF INRKEY &=""f" THEN GO TO 44

o6

ié?@ IF INKEYS:>"" THEN GD TD 44
-2-»‘3-9@ IF INKEYSE="f" THEN PLOT FN
FIX)LFN g9i{y): PRRW pilk}l,.qgik): PFPL
OF FN fix) .FN glyl: DRRW pIRY g4
KY: GO TO 4456

45@@ IF - INKEY &="" THEN GO TG 44% -

4519 PLOT FN Fix),FN giuy): PBRAV
PIR)xSf, gtk 25°f -

4520 IF INKEYS="f" THEN GD TGO 4%
450302 IF INKEY%:(>"" THEN GO TO AT

4542 IF INKEYE="f" THEN PLOT FN

FIX) FN aiu}l: DRAW p(XI £5T7 ,93i8F ¥
sf: PLOT FN rFfx) . FM giuly: DRRUY &
(K¥yxsf,qlkixs7¥7. GO TO 4548

9‘55@ IF INKEYS="" TRHEK GO TO 4S54
A

4SEE PLOT FN FIX:.FN giul ;. DRAW
Prikl) ,qg(k?

4570 PLOT FN F(xX},FN 34} DRAW
Pik)I®SF,.q (k) ¥5F

4588 OQUER : PLOT FN Fix3 , FN goiy
J: PLOT FH Fipgfxd}) FN offlXxia
ggas IF INKE\’!S{ > THEN GO TG 45

459@ NEXT K
4595 IF INKEYS$="" THEN GC TO 45%

%‘SEB IF INKEYSH<{>»"™™ THEMN GO TO 44 -
15620 GO0 TO 4320

4400 - 4620 Executed only if the scale factor is negative.
The procedure is as 4200 = 4315 except that the line from the
centre of enlargement to the object is not erased before the
line from the centre tc the image has been drawn.
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22 IF IMKEY&L>"™" THEMN GO TO S8 5000 - 5970 Subroutine for the Shear tranaformation,
P RBEM She2i. Inputl iRvasisnpt

€ Us=MX+L Of X=C, and a point

h its image

25 LET retr1=52023: LET tt1=0

06 IF as¢>»"r” THEN GO TO S020

b

10

DR~

IF X=Xx AND Y-4Y4 THEN RETUR 5008 - The identity transformation.

IF as="r" THEN GO TO EZS0G

S22 IF g&H="f" OR g%="s5" THEMN G

TO Da43

S024 IF a$=""p" THEN RETURN

S35 IF 4s- 2" THEN GO 70 S07@ ) . .
SO20 PORE 23659.,68: PRINT AT 22.8 - 5030 - Allows the choice of the form of the invariant line,
PTINvariant Lineé.,Y=mx+c, Yon . y=mx+ COr X = Ce

A -0

1]

PORKE _2365%,2 : . _ .
3831 IF IMKEYmR="'n" THEN GG TO ST 5031 = If the invariant line is of the form x = ¢, then the
SE32 IF INKEYS$<>"y“ THEN GO TO = subroutine continues at line 5500.

Bl
3333 IF INKEYZE<>"" THEMN GO T S&
Efggg INPUT a7 _!_hm c7T M, 5034 - Input m and c.
oS BT femany EH LET mihu=InT 5035 - 5036 Tests if ¢ lies within the range of the y-axis.
S236 IF Csmaxy THEN LET maxu=INT tt = 1 if the range is increased.
CH+H{INT Cy2»c3: LET tti=2

Sa3?7 GO SUBE TS0 _ 5037 - SUB 780 stores m and c.
He:m IF INKEY®<»"" THEN GO TO S

""-'34-"- INFUT “Object X coord?hix;"™ 5045 - 5050 Input an object (x,y) and its image (xx,yy) under
S5 INFriJT “Image X CoordTViNx; ™ the shear.
SRSSE IF INKEYS<:»"" THEN GO TO 598

=5

SP6@ LET d=maX—-Y+C: LET 2=NX-X: -("")'

‘.;E:[ bI‘J‘J “—‘ﬂ la'ET érgo.".;g 5020 b ) i8 the vector from (x,y) to (xx,yy).

S@E2 IF == MO b=@ THEM LET K=& 2 - = = ion i
SO, IE TR puo boa T 50 If a = 0 and b = O then the transformation is the

identity. SUB 630 draws the invariant line.
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Se63 IF a=22 THEN PDKE 236S2,0: F
RINT AT 22,8 "InCorFrsci anioirmat
ion - Press any key

“: FOKE 253&58,2: LET
error=1

BER6d4 IF error=1 ABND INKEY &=Y" ThH
EN BO TO S064
SRS IF error=1 AND INREYSc>Y““S™ 7T
HEN GO TO S04
Tae6e IF RBD (berz—-i »iE—-4 UOR wdam¥
¥X+T THEMN FORE 23659,0: FRINT AT
22,6, "Inctorfect information - Pr
es5s any Xxey

" POKE 23635S.2: LET ervors=

1

SRE67 IF error=1 RBMND INKEYS="" TH

EN GO TO 5es7

5868 IF _erfror=1 AND INREYSEc """ T

HEN GO T TShlie

S@a7@ IF X iminX THEN LET minx=INT
X: LET tt=1

SO72 IF yiminy THEN LET Dinuy=INT
Y: LET tt=31

SOTE TFE K RSN OTHEN LET niamMoINT
X4 (INT X<xx3; LET 1t=21

SE74 IF urmaxiy THEN LEY paxXuyu=INT
YU+ (INT 4y<>y9d: LET t1t1=3%

SAT7S IF xXxx<minxX THEN LET minx=1IM

T ¥xx: LET ti=1

SE7Ee IF Yyydminy THEN LET minuy=1IMN

T yy: LET ti=1

S077 F XXx:rmaxx THEN LET MAXK =T

T A+ (INT X 4emMx2: LE Tt=21

SAT7R IF yyrmaxnxy T I LET Baxy=IN

T uyuy+ (INT yg{pyy): LET tt1=1

SO7Q IF tt=1 THEN O SUS 308 &0
SUER S30

5063 - 5065 An error message is printed if a = O, since b # O and
the invariant line is not vertical.
Pressing a key returns to 50540 which requires (x,y) and (xx,yy)
to be input again. If a # O then the subroutine continues.

5066 - 5068 An error message is printed if —-# m, since each
point must shear parallel to the invarifnt line, or if
¥y = mx + ¢, i.e. (x,y) lies on the invariant line.

5070 = 5079 The ranges of the x and y axes are extended, if
necessary, to include (x,y) and (xx,yy).
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Bxm
m

m

eyl Bxm
b I &

nLg N~ e U e U~ Qe i - N
th

ikl L Zk RZR P2 TR
A~ OO e Pt QL0 TG I a1

R ENERY

FOR k=1 TO n .
LE; 5= u]ni-v {R) =4 (k) +C3 ~d 5085 — 5105 (See below for the mathematical formulae.*)
LET 2iR) =M {4} +S=a - - i = -
EF 955’ (£ —1) <iE -4 THEM LET d = mx + ¢ -~y (previously calculated). 8 = mx, + ¢ = ¥,
GO TO S1i.e
LET aX=X+(X (K} ~X}. (1=-8} mx + €=y
LET FIR)=YiK)+ss ~ i (e, fx) is the image of (Xxy¥x). (ax,ay) is the point on the
"EDR-?E’, é?_ ;é3 ¢1E-4 THEN LET invariant line as shown in the diagram, unless (x,y) and (x,,¥./
LET aud=su+(y k) —4)  (1-3} are the same distance from the invariant line, in which case

ax and ay are given the. values of x and y respectively.,
Lines 5094 and 5104 aveid division by O.

Distance of (x,y) from the invariant line =

Distance of (x,.,y,) fron the invariant line

ad bd
ek=x,‘+—df-,f,<=y,,.+ d‘

m<+ ¢ =y

-.dl.
[
mx, + ¢ = ¥x d-zo

{i’ue ff_é_if_mitfleTHEN LET minxs= 5110 = 5170 Extends the ranges, if necessary, of the x and y axes
IF ax<minX THEN LET minx=1InN to include (eyyfx) and also (ax,ay) - this is necessary since
r{EET { E =2 o THEN - (ax,ay) will be required on the diagranm in the demonstration
X e LRI pRENY THEM LET 2aXX= 3 = My
T it ek cretrIyT: LEXTY which follows the transformation (if df ')
IF ax »maxx THEM LET maxx=1IM
(INT ax«¢>ax): LET tt=1
IF fFi{kY <Binyg THEN LET miny=
fk2: L.ET tt=1
IF ay{miny THEN LEY minu=IN
LET tt1=31
IF §F{k)Y»maxy THEN LET paxuys=
(K) +INT FU(K) <> {K)}: LET %
IF ay»naxXy-THEN_LET maxy=In
(INT ady<>ayl: LET tti=2%
NEXT Kk
%g@tt:l THEN GO SUEBE 3068: OO0
LET 2ttn+id=etl): LET rin+i;
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S18@ OUVER ©: GO SUB 630 5180 - Draws the invariant line.

S2860 FOR u=1 TO 106

S285 FOR k=1 TQ n 5280 -« 5340 Draws 10 intermediate stages of the shear, the 10th

2 L ABIM IR T beine the flom smee

s SYIKI+LF iKY -ULR3I T ¥ *

/:uaq NE‘(Tq 5285 = 5295 Evaluates the intermediate points for the images,

5“&9‘- A k > » ]

Eg??:' LET pn+1)=p (1): LET 9(n+1 using k/10 of the vector joining (x,,y.) to (e.,fx).

=q

S2@S FOR J=1 TO =2 5305 = 5335 Each image is drawn twice, the second time to erase
! —— -:2‘ “f— - . ,

3319 1F u=318 THEN LET DUVER the image, except the final image.

Eg%g‘ ?EngﬁN _{_épgi_ﬂ(i’:gxfl\‘ 95‘?} t%;—'?u 5312 -« Plots the first point of the intermediate image.

:1BHTHEP‘I DGER a: GO Ta 53:‘2‘5 5315 bl 5325 See notes on the next rage *

S326 LET info=x(k+1)-x (K] . u = 10 - the final image.

S2iZ.1F RABS infac<iE-4 THEN &0 70O 5316 - 5317 If X,,= X« = O then the side of the object is

net parallel to the invariant line,

5318 = Since infg (xu4 = xx) does not equal zerc, infg may
be used as a divisor without the risk of error.
GOTO 5325 if the side of the object does not have a

Z318 IF ABS {((eik+2)-ul(kI)  infg-

) >1E;;ESRCF;E_.?D (ip (kY =X ik3sinis gradient m or if the intermediate image does not
Yr=1 S0 5325 ) t i

S518 IF SGMN infgcrshi (p {RY =% (X} 5319°°1g:;:°a"%zgetzgtz:§ect'

Y THEN &0 7o 3g=21% . - .

ZERA :'NJEQ é\ DRmiy fxmin+2)—p i) o

55, (Y (K+2Y ~q{KY!e55: OMER i: DRK 5320 - Case 1 (see notes).

(P iX+1) 6&{}1%&_511‘5\ 5—.%5 LI G iR g iR

+1¥) %55 30

5321 DRAW (X (R) -pikd} 2S5, {uik}) ~g -

(K13 %58: PLOT FN FIXTIX33,FRN giyi 5321 - Case 2 (see notes).

K1¥: OUVER B: DRAW 12 (R+1}-xtR)3i #

553, (qfK+rr-y {K}1xss5: OUVER 1. GO

TO B350

Froo DOt (PRI -piRIess (9IRS 5325 - Not executed if 5320 or 5321 has been drawn.
S330 NEXT K ' -

5332 IF ,i=1 THEN PAUSE 10

S335 NEXT J

S34Q@ NEXT v

5545 IF df="4" THEN GO TO &000Q 5345 = Jumps to 6000 if the demonstration is required.
S4308 RETURN
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* Notes on section 5315 = 5325
Because it is likely that an edge {line) of an object is parallel to the invariant line, this means that
the drawing of the intermediate image will erase part of the object if OVER 1 is used. This section has been
written to avoid this, as follows:
Consider the line and its image (shown in red). We have two possibilities depending on the direction of
the shear.

Case 1 (pe ax) (PunyQus)  We require (p,,q,) to (Xu.4¥x) to be drawn using OVER O
(X o9 ) (X ity Y cr) and (Xu, 9¥eed to (P94 to be drawn using OVER 1.
Case 2
(Prsai) (pu+\"lld+l)_ We require (p,,q,) to {xyy¥yx)} to be drawn using OVER 1
(xK'yK) (xK:!"l'yK-H) and. (xk’yk) tO (pg+|'qg+g) to be drawn U.Sing OVER 0.

449 IF x=x¥ AND y=uy THEN RETUR 5440 - The identity transformation.

S442 LET e(n+1)=e (1Y: LET Fin+i} 5442 - 5470 Executed if the '"follow' or 'superimpose! option is
iié] FOR %=1 TO n 7 i chosen. The imag? of the shear becomes the object for the
450 LET X (X)z@ k) LET Wikl =f (K next transformation.

: LET sikr=efx+3)-elx}: LET tik

JEET X (n+l) =x(1): LET w(n+d)
" RETURN

O W L A Z L
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Sg@@ IF INKEYS¢»"™ THEN GO TO BT
STS@1 LET rei1=8500: LET 1t=

553 IF 95—“ " O THERN RETULRN

S885 IF gs$<-"r" THEN GG TO Ss5382
35@8 IF X=xXx QND y=uy THEN RETUR
5919 IF gZx="r" THEWN GO 7O Zv5EDH
520 IF g$="f" OR g$t="3" THEN G&
_T0 5940

5525 IF g%="a" THEN D TO S5SsS70
E530 INPUT “Invarisasht tine x=c,
ot S

SSE% IF C4minx THEN LET mainx=c
LET tt=1

S836 IF C»maxXxx THEN LET maxx=cg:
LET tt=1

537 GO SUB ZE8
SSiG IF INgEEYYE o™ THEM D S=
R

5545 INPUT “Obhject X €0Ord7ix:™
g coorgTtiy

5550 INPUT “Inage x coord 7Tt
Coord T Iuy
S55S IF INREY S<(>"" THEN GO T =&
=y
S56d LET a=@: LET b=ud-y: LET 4d=
*=-€: LET error=0
LESL IF X<irXxXX DR X=C THEN LET =2

0

I
fLC

I

rar=1: FPOKE Z23659,8: PRINT /T E
s, "Incorsact :nrormat:on - Pra
S anuy kaw v
OKE 22658,z

S562 IF err or=1 8BND INREY &= T

EN &0 TO BE&e2

5563 IF errargl AND INREYE<»™“™ T

HEN GO TGO SS54
T568 IF b=0 THEN PLOT FN 7 ig) 0B
DRRY @,175: RETURN

g § ﬁmm~

5500 « 5970 This part of the subroutine is executed in a similar

way to 5000 - 5430, but for invariant lines of the form x=c.

5530 = Input ¢, where x = c.

5535 = 5536 tt = 1 if the range of x has been increased to
accommodate c.

5537 = SUB 900 stores the value of c.

5545 - 5555 Input an object point (x,y) and its image (xx,yy)
under the shear.

5560 -(:) is the vector from (x,y) to {xx,yy) and so a = O.
= the distance of (x,y) from the line x = c.
5561 = 5563 Error message if x # xx or if x = ¢, i.e. (x,¥y)
lies on the line x = ¢

5568 - b = O gives the identity, in which case the invariant
line is drawn and RETURN is executed.
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S870 IF X<pinK THEN LET minXxX=IMNT
¥: LET tt=1

S571 IF y<miny THEN LET minu=1INT
Yy: LET 1t1=1

5572 IF x>@maxx THEN LET maxx=INT
X+ {INT X<2X? LEY t1t=2

BE573 IF yrmaxy THERN LET paxuy=INT
g+ {INT 9<r4)Y: LET ti1=3%

SS74 IF XX <minx THEN LET mninx=IN

T XxX: LET ti=1

SBYS IF Yy <miny THEN LET minuy=If

T yy: LET tt=3% N
SS57P6 IF XX ormaxyx THEN LET makx=1IM

T XX+ {INT XX ¢>HXT: =
S577 IF dyrmaxy THEN LET maxu=In

T yy+INT gy<>yyr: LET ti=1

5580 IF 1t=1 THEHMN &0 3LE 38D: &GO
SUBE S30

558585 FOR k=1 TO n

S539 LET s=-bsd2ik (R) —C3

?E?@ LET FLK) =y ik} +8 LET 2 EXK3 =3
S6BS IF 8BS i{b-$1ii1E~4 THEN LET
ausy: GO TO 5630

561@ LET au=y+{ulk) -4l ¢bsr{b-37
SE3IR IF FLRY <miny THEN LET minus
INT F(kY: LET tt=1

SHEET IF aucminu THEM LET ainu=IH
T ay: LET tt=1

Se4ld IF fFik)>maxy THEMN LET maxuys
;N; FIRYS{INT FERYS>FiR3Y LET t
L =

S645 IF aurmaxyd THEN LET maxy=1IMN

T a2ay+ (INT 2u<raylr: LET r1i=13

S658 NEXT X

S50 IF tt=3 THEN GD SUB 300. GO
SUB 5306

S678 LET FTin+dx=Ff{2)Y: LET e(n+1}
=X (n+1)

5688 QUER @Q

5740 PLOT FN 1 ic) ,0: DRAW 8,175

5570 = 5580 Increases the ranges of the axes, if necessary, to
include (x,y) and (xx,yy).

x, = ¢ is the distance from (x,,y«) to the line x = c.

(x¢9Yw) will shear vertically a distance (yy - y)x; — : = Se

Sos ey = Xgand £ = ¥ + Be

(ax,ay) is, as previously, the point where the line through (x,y)
and (x,,y.) meets the invariant line. If x, = ¢ = x = ¢ then ay
is given the value of y.

5630 = 5660 Increases the ranges of the x and y axes, if necessary,
to accommodate (e,,f.) and (ax,ay).

5740 ~ Draws the invariant line.
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STSG QUER A

S76W FDR u=1 7O 10

SPTR OR &=2 TO n

szga LET Q(A)“U(KJ+(f£k3—9ik33*U
i

D790 NEXT k

S22@ LET qQin+l) =q (12

581 FOR J=1 TO 2

382@ IF u=10 THEM LET j=E: CGURER

SE&ERR PLDT Fn f(w(lJJ,FN g!qfl*
@ FOR k=i TQ ni-icy=" d: IF u
=10 THEN QUER ©@: GO TD SBSB

gggl IF 9(K+11—9(k3 THEN GO TO &
D842 IF x(kiy= HND X{k+1) =0 THER
OoUER @&: GO TD SoD

=843 IF X(h+13<$K(RI DR 6885 ({g{
kl—g(k))/égtk+1)—gik)))>=1 THER

5845 IF SGN I IR23) 9 (RY)Y 2 25S08H
FL{K) -4y (KXY THEN GO TD SE5E4E
5847 CGUER @: DRRAW G, (Y{k+15 —g{X?
I¥ss: OUVER 1: DRAW £, (K +13F -4 ik
+1)) ¥s5s8: GD TD S86D '
5848 DRAW @, (4K} —g (k1) $55 GUER
Q: DRAW O, I9i{Kk+1) -4 k17 £3s5: GUIE
R 1: GO TO =880
DEDE DRAM (X {(K+1) X (K31 xs2, iqik+
1) -9 (K¥} %¥55
S855 OUVER 14
BES5a NEXT K
DRTR IF =1 THEN RRUSE AR
SJIITE NEXNT .
890 NEXT u
oSS IF d$*" YOTHEN GD TD £0DRO
S22 QUER
So30 RETURN
E9¢@ IF xX=xXx AMD y=yuy THEN RETUR
5?%§)LET 2{N+d) = (31): LET fin+i:
T345 FOR k=1 TOQ n

SS85@ LET iRkl =fF {5} ;: LET si{x:=9 ik
+1Y —e{kY: LET tiRI=F{KR+1F~7 ¢k}
SOBty NEXT K

EQ?T)LET X(n+1)=x(1): LET uin+i:r
=4

K70 KRETURMN

5760 - 5890 Draws 10 intermediate stages of the shear.

5780 - The intermediate points will be (x ,qx) as the x
coordinate does not change.

5820 = The final image is drawn only once, in the OVER O mode.

5842 = x, = 0 and xy.,, = 0 =>the image and object sides
coincide with the y-axis, and so OVER O is used.

5843 - This condition eccurs if the image and object lines de
not coincide.

5845 = 5848 Draws the image line when it overlaps the object
line, as before in lines 5319 - 5321.

5850 = Not executed if 5847 or 5848 has been exacuted.

5900 = Jump to 6000 if the demonstration is required.
59%0 - End of the subroutine.
5940 = Identity transformation, therefore RETURN.

5942 -~ 5970 Subroutine to set the image of the shear as the object
for the next transformation.
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GRRB IF INAEY 3=
&: REM Demonstir
g?@l IF IMNKEY $<

S80S OUER A

501 FOR k=2 TO n

59%?JLET g=2{k) -xXtk3: LET ¥Ff=FfLiXK}
-1

6R25 IF BEBY 2<{1E-4 £xRD RBRBE FLLIE-
4 THEN GO TO &4t

58?EJLET Pi{XY=x-xX{K2: LET gk} =y
GR35 IF ABYS (a-e) ¢1E-4 &SND RES 1
b-Fl LiAE-4 THEN GO TO Si54

R4 LET mr=2

EO50 FOR =1 TO mm

GG IF SGN 3<»ZCGH e OR SGN b

wir 2

xS
GN F THENM PLOT FHM Fix ikl . FM gily
(KXY: DRAW p{k? 255 ,q9{Kk¥)»*»ss5;: GO 7T
0 580
6070 IF (RES a<pBES 28) OR (ABS &«
RBS Yy THEN BPLOT PR ({83} . FMN &
(UikI2: DRAW PIRIxs5+F4F-b) , 34K
}#55xF2{f—-b)
E08e IF (ABS a:AB% e} OR (ABS b
RBS ) THEN PLOT FH fi{x) ,FH o9 iy}
: DRRAW P(RIxsssbrs{f~b)_ .9k} #5355 b
sUfF-b7
ARSI NEX L8
Elaa IF INKEEY %= THEM 0 TG G610
L5
511 IF INKEY =Y F" THER LET np=2
: G0 TO 605D
g%aa IF INKEYS<»" THEM G0 TO &1
5130 LLET ma=1
Bi4Q FOR wu=3i TO mi
GASE PLOT FiN O Féx) ,FN Sidi: ORHEV
a¥s55,b%¥55
B16Q MENXT o o
81?@ IF INREYS="" TFTHEN GO TD £17
518@ IF INKEY&%="f" THEN LET nm=Z2
: F0 TQ 514D
gége IF INEEYFII»>"" THEN GO TC 623

6000 - 6500 Subroutine to demonstrate the properties of a sheare.

6020 - (e) is the vector which shears (x,,y.) onto its image.

6025 = I% e = 0O and £ = O then no demonstration is given as
the point lies on the invariant line.

6035 - If the object point is the same distance from the
invariant line as the specified object, omit 6040 - 6120.

6060 = If (x,,y<) is on the opposite side of the invariant line
from the specified object (x,y) then a line is drawn from
(x.s¥) to (x,y) to cross the invariant line at (ax,ay).

6070 - If (x,y) is nearer the invariant line than (xu,yx) and
on the same side, a line is drawn from (xyk,y«) through (x,y)
and extended to meet the invariant line at (ax,ay).

6080 = If (x,,¥«) 1B nearer the invariant line than (x,y) and on
the same side, a line is drawn from (x,y) through (x.,yx)
and extended to meet the invariant line at (ax,ay).

6050 -~ 6090 is executed once unless the 'f' key is held down,
when the line is drawn and then erased, causing it to flash.
The program continues to 6130 only when the line has been
drawn an odd number of times in the OVER 1 mode. This
ensures that the line is not erased at this stage.

6140 = 6190 A line is drawn from (x,y) to (xx,yy) with the
option of 'flashing'by holding down the 'f' key.
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o230 LET pikl=xx—~2tXk2: LET g{k}=

yygy-—-fF (K

5205 IF ABS {(a-e2 ¢1E-4 RND ABS {
—~fY¢1E-4 THEN GO TO £330

6219 LET ma=1

8222 FOR U=1 7TCQ mm

B230 IF SGN 2:2>53GN £ QR SGM borE
G F THER PLOT FN Fie(RIYLFN girf
(XK1Y : DRAW PRI $55,9{XF £55 GO 7T
O b6z6e

2400 IF (ABS a<RB85 ey R (DS &
ABS ) >3iE—-a4 THEN PLOT Fr Ffig tk?
JPN g IFriRY)Y: DRRBW p XY #ss5&F - 0F—
1,9{Kk) *ss5%f~(F-b)

G250 IF (RABS 2»ABRS £} OR (8BS b3
BES £y THEN PLOT FN Fixxd ,FMH gid
yr: DRRAW pikIxsssbs{f-b}, ,qlk} £¥s553
bl —-b)

52680 NEXT u

8270 IF INRKEYs="" THEW GO TD &27
&

628 IF INKEYS$="F" THEN LET na=gZ2
D G0 TOD G226

E2S9@ IF INKEY&S<» THEN &0 TS &2
Qb

&30 LET mh=1

B31¢@ FOR L=1 TO mm

PE320 PLOT FH 7FiX{RYI.FMH Sy ik}
DRAEW 2%55 , F¥5S

B33 MENXT U

634@ IF INKEYS$="" THEN GO TO LIS
& :

BIS@ IF INRKREY S="f" THEHN LET mn=3ZF
;0D TD 6010

Qaﬁﬁ IF IMMEY®I>™Y THEMN GO TO BT
ST

6200 = (i) is the vector from (e ,f,) to (xx,yy).

6205 - If the object (x,,y¢) and the specified object (x,y) are
the same distance from the invariant line, omit 6210 = 6290,
6210 = 6290 As section 6040 = 6120, to draw a line from
(eyyfi) to (xx,yy) produced if necessary to meet the invariant
line at (ax,ay).

6300 = 6360 Draws a line from (x,,y<)} to its image (e, ,fy)e
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5‘37(\5}1.&1" PR =X~-X (L) LET g (k) =y

-

E375 IF ARS {a-2) ¢lE- AND AakSs ¢

E-F)<1E~4 THEN GO TGO Dd.:!.@

388 IF SGMH a<raGN 8 DR 56N kxS

GN Ff THEN PLOT FN FiXxX i)y ,FH 9iy
(k311 : DPRRBRWY plk#ss,q{(k1*ss5: GO T

0 6410

S388 IF (ABS 3 <RES ey OR (ABES b

BRES )} THEN FPLOT FN T iX (K3} FN g
(vytkiJ): DRAW p(KkY ¥ssxFf o 0f ~ b).,qf.i.

Y ¥55%f - {f-b)

4@ IF (AES a>AbBE5 vy OR OIBES B

RAES i} THEMN PLOT FM Fi{xi . F g iyd

}fDRHg PIRYE53Ssbr  (f~b} ,J LR £855 %k
[ f ~b)

410 FPLOT FMN O FIX)FN g9{yr: DRRAW

x5S ,bEss

542?(1_!‘:“1’ PIRY=xx-2{k}Y: LET Jikr=

yy-—-F (k12

&Ed258 IF AB- (a- E: <..E -4 aMD BRBS ¢

h=-F) ¢iE—-4 THEN GO TO SB35

430 IF SWhd a\fb‘.N g TR 56N bdrs

GN F THEN PLOT FN fla(k3¥ . FN gitFf
{51): DRBW p(Kki1$ss.,qQ{kl$ss: GO T

0 5455

%448 IF {(RES 3HES 23 DR O {REES k¢

FARBES F3 THEN PLOT FN fieikd) ,FH ©
{FIKYY: DREW PIRY¥SSsx2fos00=B7F a9 ik

Y¥sEsxf ol =3

545G IF (RBS a»>RpES ) OR (885 b

RES )Y THEN PLOT FN fiXX? FMN oty

gy DRRU p(k}*ss&bx*f bt,qikskas

fhso{f~E2

2480 PLOT FN ixX(k))  FN g9ig{x3 3

DRAY e*ss5,fxs5s
S4EQ IF INKEYS="" TRHEN GD TO BA&

2
5470 IF INREYZINY THEMN Q0 TOo &4

5430 NEXT X
E50Q CQUER @: RKRETURN

6370 « 6500 Erases the lines previously drawn in section 6040 -

6360 by redrawing them using the OVER 1 mode.
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TRAE IF INRKREYS<»"" THEN GO TG TP

B6: REHM SHiretch. Input inhvariant
Line y=mx+<C OFf X=C, and thes
scale factor.

705 LET ret=7200: LET t1t1=0

7R@E IF 9&<»'rY THEN GO TS 7028

7a@gs IF =sr=1 THEN RETURN

7@ia IF gFEF="r" THEN 0 TO 7FIT0
7a2e IF g%="Ff" OR g9%5=""3" THEN G4
TO 7446

724 IF gaFm=p" THEN RETUBEN

7925 IF g$=a“v THEMN GO TO 70T+E
TROR ROKE 23659.,8: PRINT RT 22,4
;U Invariant LGe U=mxX+Cc, Y0

POKE 236839.,Z2
FAEL1l IF INKEYS="n" THEN GO TO T
7

JA32 IF INKEY$<¢>"4"” THEN GO TO
FARZ IF IMKEYECX»""™ THEM GO TO TE

=2
G4 INPUT Cm?
D35 i

no,

’ “_.-‘, C .j:

70 IF ¢<miny THER ZY7 oy
€: LET tt

FTOIE IF ooy =
c+{IMNT ¢ ET

FART D Ty

T4 IF Ing

48

SUB 830

7000 = 7970 Subroutine to stretch an object with a given scale

factor from an invariant line.

7008 = The identity transformation.

7030 = As for the shear, this subroutine is written in two
parts, one for invariant lines of the form y = mx + ¢,
the other for invariant lines of the form x = c.

7031 - If the invariant line is of the form x = ¢, then the
program continues at line 7500,

7034 - Input m and ¢ for the line y = mx + c.
7035 - 7036 increases the range of the y-axis, if necessary,
to include c.

7037 - SUB 780 stores m and c.

7050 = Input the scale factor for the streich, sf.
7060 « If sf = 1 then the transformation is the identity.

7075 = Redraws the screen if the range of the y-axis was
increased.
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7228 FDOR K=1 TO n

?@85 LET d=imsx (K) - lk) +L3 s imeme
ai LET z=dx{sf-%J

?@QB LET e (kY =x{kl +54%m

7095 LET ax=xX1{k2 -d=n

7i® LET F(K) =y fik} -3

71085 LET avy=y 1k} +d

119 IF ef{k)Y<minx THEN LET minxs=
INT e{k}: LET ti=1

7115 IF ax<minxX THEN LET minx=IN
T ax%x: LLET tt=1

FA2GQ IF g (ki rmaxx THEMN LET maxwx=

lNT SIRYL(IMT @2{8Y<32[E53}, LET t

7085 - 7105 Evaluates the coordinates of the image of each object
point (xy,¥.) and also where the perpendicular from (X.y¥y.)
meets the invariant line (see notes below *).

7100 ~ 7145 Adjusts the ranges of the x and y axes, if necessary,
to accommodate these peoints on the screen.

Ye + C

=
Fl2 S IF ax »maXx THEN LET maxx=IMN -
T X+ (INT ax<dax): LET tt=31
715360 IF (k) <minyg THEN LET hinu=
INT FUlE}: LET tt=1
FIES IF ay«minyg THEM LET miny=Ip
T 8y: LET ti=3
Tl IF F(XK:paxy THEM LET naxy=
%NI FIKY+HUINT FIRI<C>»FTKIY: LET t
7145 IF ayrmaxy THEN LET naxu=IN
T 294+ (INT ay{r»ay}: LET ti1=2
FIoE NEXT X
*
¥ =,mx + ¢ 0X==me-
—»

J1 + m?

OI = (8f =~ 1)10

(8f - 1)

IX = 0X * sf

S
JT + mf
L

fire

0X = {(sf = 1)

Ol =

= (x, + em,y ~ 8) X = (x¢ = dm,yx + d) where d =

0X * (sf -~ 1)

m(mx, = y< + ¢)
2

1+ m
mxy =~ ¥ + €

1+

Xk = Y + C
1 + m*

1

- o2

)
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7160 IF tt=1 THEN GO SUB 3@&: GO
SuUB 5306
71?@) LET etln+l)=e(l): LET Fin+l)

7188 QUER &:. GO 3SUB 5350

7282 FOR u=1 TO 1®
7285 FOR k=1 T4 n
728@ LET P (KX =X (K} +{e (K3 ~X (K) ] #u
12 LET Qik) =0iRd+0F (k) ~Y TR} ) ¥V
295 NEXT %
G09 LET p(n+1)=p(11: LET g(n+1}
3 : . .
205 FOR Jj=1 TO D
31@ IF u=1® THEN LET j=2: OUER
2 PLOT FN FIpI1)).FN 9(q(1)3
S FOR k=1 TO n-f(cE="n")y: IF v

THEN OUVER &; GO TO 1‘3‘59
@ LET infg Yik+1\-—‘<‘hl IF RAE
infg<lE-4 THEN GO TO 7340
25 IF m=@ THEN GD TO 72490

((YIK+I)Y -y ER}I) finfg+
} r1E-a THE;& 50 TO 73g%0

.1...‘...5..'

IF mi»>® THEM GO T T32a
IF X tK) = AND m=0 THEMN OSUEPR
GO TO FaAaS

b
Int e
omm
~{pD

o

bl

sdsd=J eI 1) ~IE NN N

QU QR

CRAGR2ONYIIGRE RPE~QIDDE
nna

7160 = Redraws the screen if the ranges have been increased.

7180 = Draws the invariant line,.

7280 - 10 intermediate stages of the stretch are drawn and erased.
7290 = {pyydx) are the coordinates of the intermediate images.
7312 = First point of the inmage.

7320 - If x,. = Xy, then the object line is vertical. Jumps to 7340
to see if the gradient of the invariant line is O.

7340 - If the gradient is not zero, then jump to 7390.

7345 - If x, = 0 and m = O then the object line is perpendicular
to the invariant line and also coincides with the y-axis.

7320 - 7345 establishes whether or not the line joining (x.,¥y) to
(Xus9¥uu) i8 perpendicular to the invariant line., If it is, the
intermediate images may coincide with the object, in which case
the image needs to be drawn se that parts of the object are not
erased. The notes on the following page expla:.n how this is
achieved.
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735@ IF SGN (Qik+l1) =g K +21)3 {>O06N
iyi{k)-gqtk}) THEN GO TO 738S

7385 IF ABS (U (RK) ~-f (K (REBS (a ik

+1Y—-F{k+2¥} THEN GO TO 7370

FEE0 IF sf:*1 AND ABS (qgik+1F -4 iX
+1YY ¢ABS fyik) -y (Kk+1)) THEN GO 7T
o 7380

7EES IF 5F <l AND RBS (g 1EF-WilR)J
(RBS v iR +Ly -9 {X}) THEN 6L TS T3
FA=S

7266 GO TO 730k

7370 IF sf:l AND ABS (Qik +1} -y fX
FLMYARABRS (yikl -y i(k+1)} THEN GO T
o PI3se

7371 IF sF>1 RAND RBS g tk) —u{kK3i)
iﬂBB futk+2) -y {k}) THEN GB TO T3
L

FE73 oD T TiEoe

7250 - 7373 is executed if the object line is perpendicular to
the invariant line. Six possibilities exist where the object
and image coincide., These are shown below (the images have
been drawn in red).

1e 8f <1 2e 8f2>1

(P H’qkﬂ)

\{+|!YK+|) . k,yk',) pkiqk.)
K!qg)
(xk+nyk+ﬂ
' (xxtyk)
» (p&H’qbﬂ)
Cases 1 and 2 lead to the execution of line 7375 .
3. 851 by sf>1
(pK'qK) .
K’yk) (xk+ KH) puﬂ’qkﬂ)
Puee 19¢4)
(xk'yk
(xuﬂoywﬂ) (Pniqk)
Cases 3 and 4 lead to the execution of line 7380.
5« 8£<1 6. sf>1
(XaT) \EPrr :
keIk k? (%o ¥i)
(pl(-u q qk-l-t.) ( )
x -
(xkﬂsykw) Koyt (Pgﬂ1Qmu)

Case 5 leads to lines 7386 and 7390, Case’6 to 7385,
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7375 OUVER ©: DRAW (X {K+1i)-p (X3

1]
f

+13-x(k+11)*ss,(q(k+1}—g

GO T 7420

(X (K ~pikI?2 x5, {4ylk} —-g

FLOT FN FI{x(K)),FN gy
: DRRARY O (pIK+1) =ik} %

K+1) -4y (X)Yy55: COUVER i: GG

i

{
o]
b
@
b1

w3
. D“
Ew

P
{
)]
8
)
.Y e
’a

Pl ok ke
v HI) DY O
C
L
by
&

auEe . PL

nﬁvwamvwmu

PN~ i) -

e e AR w il T R AU E PRt |
R Zin

GERLCd N U

had L0

7595 OUER 1

7422 IF =1 THEN PRAUSE 10

7428 IF ds="y" THEN GO TO 8800
7429 OUER @

743@ RETURN

7448 IF s5f=1 THEN RETURN
7442 LET e(n+l) = (1lr: LET rfin+l}

7¢q@ LET X(RJ-&(K\: LET Y (k)=F{K
) (K+1) - ftKk}: LET t{X

1¥=x{(1}: LET Yin+is
yi{l)
747@ RETURMN

¥
(k+1) -gikl}*ss: OUER 1: Q%?

7375 = 7390 Draws the line from (p,,q«) to (p..sqx.) using the
OVER O mode where the line coincides with the object line
and OVER 1 mode elsewhere.

7428 = Jump to 8000 if the demonstration is required.

2440 -~ 7470 If sf = 1 then the transformation is the identity.
This section is executed when the 'follow' or 'superimpose’
option is chosen. The image of the stretch is set as the
object for the next transformation. If 'superimpose' was
chosen then this object will be stored in arrays u and v,
and then the first members of arrays u and v will be set as
the next object.
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7588 IF INKEY$<»“" THEN GO TO 75
SO

7501 LET ret=7506: LET ti1=0@

7S5 IF g%="p" TrEM RETURM

FogD IF gs<>"r” THEN GG To 7529
7506 IF sf=1 THEMN RETURN

7?7510 IF g9%="r" THEN GQ TO 7750
7SR IF gm="F" OR gE="5" THEN GO
TO 73406

7525 IF as="a" THEN GO TO 7570
?gaa INPUT "Invariant tineg x=g,
ar R

7635’ IF c(minx THEN LET minx=c:
LET tt=31

7536 IF crmaxx THEN LET maxx=c:

LET t1i=1

7537 G0 S5UE 200

234@ IF INKEYS$<>"" THEN GO TO TE
oF

7SS IMNPUT Scals factosrT -

TSP@ IF sf=1 THEN PLOT FMN fFicCc3 .. &
. PRAW @,317S RETURM

TESD IF 11=1 THEN GO SuUup oo GO
sup =3P

7TE85 FOR kK=31 70O n

7592 LET d=(x(L)=c): LET s=d=zi{sf
-1

FERO LET FIKI=y(k): LET ek} =x{k

) +5

7ESA IF e (k)Y <minx THEN LET minx=
INT 2{k}: LEY ti1=1

FEAR IF a X} »maxx THEN LET mBRaxx

{N}“ (R FIINT 2 i c¢r2tR3I}: LE ¥
7RSRA NEXT k

7B IF tt=3 THEHN GO
s5UB 550

7E7E LET fin+1)=f{3}:
=2 {13

7683 QUER O )
PELQ PLOT FN F(2! ,: DRAEY &,

Sue 200: Go
LET e {n+i3

1Ts

7500 -« 7970 Subroutine for a stretch when the invariant line is
of the form x = c.

7530 « Input c, where x = c is the invariant line.

7537 = SUB 900 stores the value of c.

7550 - Input the scale factor, sf.

7560 = If sf = 1 the transformation is the identity, in which
cage the invariant line is drawn, followed by RETURN.

7580 - Redraws the screen if necessary,

7590
7600

7640

7740

I

1

d = distance of the object point from the invariant line.
8 = displacement from the object point to its image.

The image of (Xg,¥c) is (ey,yx) as the stretch is
horizontal.

Adjusts the scales and redraws the screen as necessary.

Draws the invariant line,
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TPEG QUER 1
7762 FOR u=1l TO 10
7774 FOR k=1 TO n

FFOB LET PIRI=RIRIFI@ IR ~X (KFF 205~

SR

PYEE MNEXT &

FEOD LET pPIn+i) =p {13

78l FOR =1 TO 2

782 IF u=2& THEN LET .=2:. OUVER

&
FESD PLOT FR OFAp 12X ,FMN Siytliss

7840 FOR k=1 TO n-{(cE=""n"¥¥: IF u_

=1@ THEMN QUER ©: &0 TGO 7S

78%2 IF gyi{k+1):>4 (X} THEM GO TO

pd=

FZER IF y{ky=0 THEMN DUER B:. GO T

o 7oas

TEEE IF SEM O IX(X+3Y-piX+323 5060
(X {EY-p (K] THEN GO TO 7595

TSER IF RBES (X (K) -2 {R))} {RABS ¢ Lk

+1Y—e (K+13) THEMN 330 TO 7655

7865 IF Frl AND AECS (P iKk+2F —-x K
+A3 ) (ABS (X {K} =X (k+133 THEMN GO T
D 7?7890
7@ IF =5f<1 AND ABS (p(R) —-x (k¥
BS (X (k+1}-X([K}} THEN BOC TO P&
GQ TQ 72t
IF sf«3i AND ABS {(m1X 13 =x{X
BES IX{KY-Xx{X+13 THEN GO T

Fx1 AND BEBE {(p(RK) -x{K32)
(R {k+2; -X (KR} THEM GO TO 75

O ~J 4 N ~d
QULD LoD
Ut~ mul
[Fy N
HHE

O~

w
I,
Q
~
0
-
0
2
w

7750 -« 7883 Draws 10 intermediate images for the stretch as
described in 7250 - 7373,




~-L81~

85 OUER @: DRAW (X
@: QUER 1: DRRU {

=~

0

]
]

H

)

2 e {x
'gﬂ & DRAW {x1{
. H P

had U8
[
A
2
0
[}
Al
ey
p
D
P
X
t

IF 5§f<¢2 THEN CUVER O

DRAW (pLE+1) -p (X} 535, {9 ik +
(KYY ¥5s5: DUER 21

NEXT kK

NEXT &

NEXT u

IF dE="4"" THEMN ©2 TG 29360
OUER &: RETURMN

IF sf=1 THEN RETURN

f{leET e(n+lr =2 {(iy: LET fi(n+i3

7945 FOR R=1 TO n

sdadnd s adiasd s o=y
WM | R %
SAQUGCIAGR:4 I

W00~ 0 e

N
PP
o
hy

795@ LET X {K)=e(k¥: LET S tKk:=2ik
+11~e (k) : LET t(KI=F(K+3) —F (K}
750 NEXT K

?955 LET Xin+d)=xX(1): LE? Win+1:

=g {1)
7978 RETURN

7885 - 7920 As 7375 - 7h426.

7925 = Jump to 8000 if the demonstration was requested.
7940 - 7970 As 7440 -« 7470,
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R@@@ IF INHFV$=“" TREMN GO TO BOE
Q. REM Demonstraition For Sireteh
8%@1 iF INhEYﬁ{}““ THEMN GO T EO

s QUER 3

SR1E FOR K=2 70O n

SﬂgﬁjLET g=2 (K) -x (K)Y: LET f=71{¥2
-4

Eggs IF e= AND =0 THEN GO TO B
S2PS0 FOR u=1 2

%a¢@ IF INKEY$—““ THEN GO TO 864
058 IF INKEY&="Ff" THEN GO TO BO
V'

_E_'f-gE\E\ IF INKEYS<>"" THEN GG TO &b
)

EA70D PLOT FN Fixik))Y .Frd g{utkiss:
DRAW —-e¥s5s5 (3 F-1) ,~f¥ss5 (s ~-17%
31@@ IF INRKEYZ="" THERN GO TO &I
2

2168 NEXT u

g%l@ IF INKEYS="f" THEN GO TG E&
giea IF INKEY%="" THEN GO TO 8132
813 FOR w=X TO 2

gi¢@ IF INhEYﬁ-"" THEN GO TO EX4
gésm IF INKEYS="f" THEMNM GO TO E1
ngB JF INKEY®E«»""™ THEN GO 70 EX

851768 PLOT FH figetk3 )} ,FN gtif X3}
?R?? -~ PSS RS FASISF=-1)Y,—FE353 85 F 1
5 ——

QQ@B IF INKEYS="" THEM GO TO EZT -
5 .

G225 NEXT u

2210 IF IMRKEYS="§f*" THEN CQ TO 51
32

8229 IF INKEY =" THEN &0 70O E&Zi
QESS IF INKEYZ¢>"" THEN GO T0O &2

8000 - 8350 Demonstration of the properties of the stretch.

Pressing a key and releasing it moves the demonstration
into the next stage.

8020 - (%) ie the vector from (x,,¥c) to (e.yfu)e
f KWK K

8025 = If the object peint is on the invariant line, GOTO 8300.

8030 = 8120 Draws a line from the object point onto the
invariant line, perpendicular to it.
Erases the line when a key is pressed and released.
The line flashes off and on when the 'f' key is held down.

8130 - 8235 Draws a line from the image point onto the
invariant line, perpendicular to it.
Erases the line on the second execution of the loope
Holding down the 'f' key will cause the line to flash.
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G270

FOR uv=1 TO 2
IF INKEY $="" THEN GO TO &2%5

IF IMKEY $="f" THEN GO TO S&
IF INKEYZ<>"" THEN GO TO &Z2
PLOT FMN FIX{K?) ,FN giyik}yi:

DRAW e¥55,Ffx*s=

2827S

k|

WL NGR
Qo n oo
0 0

WG N IAM & O
9
m ;R

Ly
e
1)

IF INKEYS%$="" THEN GO TO Bz27
NEXT u
IF INKEY $="f" THEN GO TO BZ
IF INKEY &="" THEN &0 7O 525
REXT X
IF INKEYS:="" THEN GO T4 5TIFH
IF INKEYS:>"" THEN GO TO &G
DUER @
BETURN

820 = 8350 Draws the line from the object point to the image
point and then erases it. Holding down the 'f' key will
cause the line to flash.




Appendix B - The listing for the program 'num-pat'.
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1 INK_7: BORDER ©: PRPER ©: T 1 - Sets background to black, writing to white. Restores DATA line 4
LS : RESTORE & X )
2 PRAUSE © ) 2 = Pause until a key is pressed.
3 FOR k=@ TQ 7. RERD x: POKE % - Sets the user defined graphics 'a' to + which will be used for
USSR "3 “+Kk.X: NEXT K N . . X . .
4 DATA @.68.8.0.227.0.,.8.5 division on the display as / is unfamiliar to the pupils for
S LET i=a - whom this program was developeds
18 PRINT ga;g?g;ﬁuggg%ﬁ :g'ﬂ 10 - Prints the option message.
+ n '—'\.rn a a m
& 20 IF INKEYS$="t" THEM GO TO 17 20 « 30 Jumps to the appropriate section of the program according
22 IF INKEYS="r" THEN GO TO =& to the reponse to the options.
B : Only the 't', 'r', and 's' keys produce a response.
o 2@ IF INKEYSZ<>»Ys™ THEN GO TO =
31 CLS %21 = clears the screen.
35 PRINT "Sn=8n-1 + {2N=1} ... - i i i
1434547, ... .3 25 - Prints the options for the square number demonstrations.
L+24+8+. .. +2+2 .. . B
9@35 IF INKEY%="b™ THEN GO TO 1o 36 = 39 Jumps to the appropriate section for the square numbers
37 IF INKEYS$="C" THEN GO TO &@ option. , . a
2 e~ Pressing the 'x' key returns to the options in line 10,
TOB IF INKEYE="x" THEN CLS : GO Only the 'a', 'b', 'c' and 'x' keys produce a response.

39 IF INKEY#<>"a™ THEN GO TO 3
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v AT R.: -1

=  INK 7
86 IF ;~1 THEN GG TO 115
ERINT AT 1,20 (i-1312;"+";

90
FLASH 1;“2"
95 IF INKEY&="" THEN GQ TG B35
THEN GO 7O %&

g IF INHKEYS$<»"
129 FLASH ©: PRENT 8y 1,200 {1 -1
I =B A= X S T FL T
1@q IF INbﬂYt~““ THEN GD TO ADPT
61@5 IF INKEY SE<2>'"' THEN
118 FLASH ©: PRTNT =g
YE2itEns2HA-L)Y = Mtratz
i1i1 g0 TO 1295 .
5115 IF INKEYS<:"™ THEN GO TS %X

INKEY $=""
INREY S$<¢>"" THEN GO TO 13

128 FPRINT AT i,26;"1"
122 IF INKEYS="" THEN &0 TO 1233
12J IF INKEY$<>"" THEN GO TO 12

12q IMK 4

1@@ FoRr k=1 TO L
i ‘IAT Kai-~i;vB . NENT K

1“@ IF IKKEYS="" THEMN GO TO 15&
155 FLASH ©

6@ IF i=2G 0OR INRKREY&="x" THEN
GO TO 31@

161 &GO TO =@

1,200 (1 -2

THEN GO TO 131&

PRINT HT z .k~ -

40 - 161 Demonstration of s,..,+ 2n - 1 = 8.

= the number of dots in the side of the square, initially
set to 1 and increased by 1 at each execution of the loope.

60 = 80 Prints a magenta gnomon of dots around the green square

86
90

95
100

110

111
115
116

120
122

125
150

155
160

161

-

of dots, as in figure 2.,19.

Jumps to 115 if the first square (1 dot) is displayed.

Prints the number of dota in the green square, followed by

" 4+ ", The question mark flashes.

96 Pause until a key is pressed and released.

Overprints '?' with the number of dots in the gnomon,
followed by " = ', The question mark flashes.

Overprints '?' with the total sum of dots on display.

Omits lines 115 = 123 when 1i>1.
Demonstration continues only when the option key is released,
Pause until a key is pressed and released.

Prints '1' for the first square (one dot).

123 Pause,

130 Changes the dots of the gnomon to green, making the
next square.

Pauge until a key is preassed.

Normal mode of flashing.

Jumps to the section which displays the sequence without the
dot demonstration when the 'x' key is pressed or the screen
is filled (20 by 20 dot square).

Repeats the demonstration for the next square.
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178 CLS .

1731 PRINT “Thn+in+1l=Tn+1...23
1+2+3....+n~Tn..v§
NIN+1Y ~2=TN...5"

A72 IF INKEY&="c" THEN GD TO 1&
A73 IF INKEYS$="1h" THEN GO TGO 324
174 IF INKEYS$="Xx" THEN LI [ &0
175 IF INKEY$<>"2" THEN GO TO 1

<
A76 CLSG :: LET s=0
177 IF INREYE«>"" THEN GD TO 17

1&8 LET

185 LET S +i

i@ FOR 31 7O i

28 INK 4: PRINT 8T 1.9

Y3k oRND O INT L1 2 32
(1 /2y $2¢>1 ‘

281 NEXT Kk

2282 IF INKEY $="" THEMN GO TO 282

203 IF INKEY &<>"Y THEN GO TO ZOo

206 IF i=1 THEN GO_TO 220
205 INK 7: PRINT AT i,2@is-i;"+
»; FLASH 1}n-2¢

i+l

oy e

INT ti -
PR

PR "
- )

218 IF INKEYE“‘"" THEN G2 TO 210
2311 IF INKEYH<>"" THEN GO TO =2
a

212 FLAOSH O, PRINT 87 1.2005 -1
a2 +5l‘; i ; L3 - I‘; FLHSH 1; llf?‘\

245 IF INKEY $="" THEN C-G TC' 215
5215 IF IMKEYx{>M"Y THEM 0 70 =21
218 FLHSH @: PRINT AT 3 .368;5 -1
N SR = Y“is5: GO TO 225

228 INK ?‘: PRINT AT i.zZ@e;"iv
229 FOR k=1 TO 1

238 INK 3: PRINT AT i.9- IN"T £ -
2y +K; U™ AND INT (i A2) 22=i; M

ND INT {(i-r,222<231

240 NEXT X

250 IF INREYS="" THEN GO TO 25O
255 IF s5=210 OR INKEYS="X" THEM
GO TD 428

268 GO TO 156

170
171

172

176
177
180
185
190

202
206
208

220
225

250

= Clears the screen.
- Prints the options for the triangle numbersa demonstrations.

= 175 Pressing the 'x' key returns to the initial options.
Pressing the 'a', 'b' or 'c' key jumps to the corresponding
demonstration.

No other key produces a responsea

- 5 is used to store successive triangle numbers.
- Demonstration A continues when the key is released.
- i stores successive integers.
Generates the next triangle number,
201 Prints a row of green dots below the previous triangle
of dots. To keep the pattern of dots rumning diagonally, when
i is even the dot is in the top right of the character square,
when i is odd the dot is in the top left corner.
~ 203 Pause.
- If the first triangle number is displayed (1 dot) GOTO 220,
- 218 Prints, in stages, the numerical values of
t;.,+1i=t, , where t, is the nt " triangle number.
The question mark flashes at each atage until a key is
pressed, when it is overwritten with the numerical value.

« """ ig printed for the first triangle number.
- 240 Changes the row of green dots to magenta, the colour of
the previous triangle.

- 260 Repeats the demonstration for the next triangle number
when a key is pressed. If the 'x' key is pressed or the screen
iz full the sequence above is printed without the dots.




SO
3As
F10
q
312
315

l.B
325
5

TO
3
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12
45
420
c_d-25

430
140
456
455

1650

28

=
&

CLD
LET i=0
IF INKEY&$<>™"

INK '?

LET i=i+1

PR;EPQ#T 2 (i=334+322Y" +
IF IMNKREYS="Xx" THEN CLS

G0 TO 3ig

THEN GO TO Z3

= & N

¥

(g}

et

LET s=&:
INK 7
IF IMNREY$<»"" THEN GO TOD 42

N

i=a

LET

Y L3 NP

+ W = .
‘' THEM CLS

‘q—\.

IF INKE":‘$'
GaQ TO 428

GO

TO O

300

310

Loo

420

=~ 305 Redundant unless it is required that the sequence below
is printed beginning with the first term at the top of the
screen, in which case line 160 needs to be changed - GOTO 310
is replaced with GOTO 300.

= 330 When the key is released, the numerical values of the
sequence s, , + (2i - 1) = s continues being printed below the
last square which was demonstrated.

Pressing a key halts the sequence until the key is released.
Pressing the 'x' key returns to the initial option display.

= 405 Redundant unless it is required that the sequence below
is printed beginning with the first term at the top of the
screen, in which case line 255 needs to be changed - GOTO 420
is replaced with GOTO 400.

~ 460 When the key is released the numerical values of the
sequence t.., + i = t; continues, being printed below the last
triangle which was demonstrated.

Holding down a key halts the sequence, until the key is

released.
Pressing the 'x' key returns to the initial option display.




n T i 500 - 740 Demonstration of the relation t., + t.., = 8,.
S5 LET 5=@: LET n=-1 _ . .
S15 LET n=n+2 515 = n stores successive integers. Initially n = O.
516 CLS
537 LET s=s5+n 517 = 8 stores the current triangle number.
222 FoR i=a TO n 520 - n is the number of rows of dots in the larger triangle.
R, W
S50 FOR K=1 TO i . . 530 - 545 Prints a row of dots (magenta) of the first
WSR2 PRINT 8T 2 ;g;%’?—f, .‘.‘éﬁéf’igﬁ triangle. The rows alternate with the dots in the top left
11 /23 $2¢ i and then in the top right corner of a character square
545 NEXT K ;
S50 FOR J=i TO to ensure a diagonal pattern.

550 - 570 Prints a green row of dots for the second triangle.
INT (3,27 3.V
i 0EY BND OINT
(1.2 ¥ < >3
570 NREXT J

58@ NEXT i , 580 = Next row of dots of the triangles.
Sa@ IF IMNREY =" THEN D T& SRR
1591 IF INKEY%<>"" THEN GO TO T3
SRR INK 7 . .
510 PRINT AT ND+A.11+ns2:s+n+2iH 610 - Prints the number of dots in the first triangle.

T n+l,16;
815 IF s=0 THEMN GO TO 595

gig ??I%usﬁvy,:"“ THEN GO TO S1v 216 -~ Prints the number of dots in the second triangle.

E18 IF INKETZ<:"“ THEN GO TO &3 17 =~ 618 Pause until a key is pressed and released.
8519 PFRINT AT n+1,10.5+ns,4; "+ ;A 619 - Prints '+' between the two numbers, followed by ' = 7'.
Tlg #l,1a8n 220 ="5 FLASH 1SRT nsd The question mark flashes.

520 IF INKEY$="" THEN GO TO 62p 620 - 621 Pause until a key is pressed and released.

1621 IF INKEY$<»""™ THEN &GO TGO &
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22 IMK 3

623 FOR i=n TO & STERF -1

62% FOR k=1 TOC i

S3Q PRIMT 87T i1i,9-=-INT (1,28 "
: i .9-INT (o235 +K; %
848 HENXT K

H5d.1 MNEXT i

643 FOR 9=0 TO 120: HNEXT g
548 TINK 4

6486 FOR 1—n TD & S7TERP -1

.

D
“

SBR FOR =i TO n .

EGP DRINT 87T i 3231 -INT (i - 2}+i5"

CSAT 1L 11-INT (ns23 +4: %"

662 NEXT 4

664 NEXT 1

566 FOR =0 TO 180: NEXT g

570 FOR i1=n TO © STEPR -

572 PRINT AT i ,131-INT {n -23+n3i"

AT i L1R-INT (Rs2)Y $3; 8

675 NEXT i

688 IF INRKEYE="" THEN €0 TO 555
asga IF INKREY = 4> THER GQ TO 6T

691 INK P FLLASH ©: PRINT ST n+
A,154n2 in+13 82

5892 INK S

593 FOR 1=0 TO n

504 FOQR =00 TO n
ages PRINT &7 & .22-INT (23 +05
omE NEXT 4

627 MENT i

598 Ir INRE.ﬁs‘“ THEN GO TO E9E
699 IF INKEY$="X" OR n=19 TRHEMN

GO TO 719
e GO0 TO 515 .
é?.‘l@ IF INKEY &> THEN GO TO 71

712 INK 7. PRINT . LET nM=2p+31: L
ET s=35+n

7185 LET n=n+i

728 LET s5=5+n

730 PRINT s-n." + “:;8:" = “:n+?
?gSSIF THREYE="®" THEN CLS . &
740 60 TOo PAS

622 - 641 Rearranges the first triangle of dots into a right-
angled triangle, row by row.

643 « Pause for about two seconds.
645 - 664 Rearranges the second triangle into a rlght~angled
triangle, row by row.

666 - Pause for about two seconds.
670 = 675 Moves the second triangle next to the first triangle to
form a square.

685 - 690 Pause until a key is pressed and released.

691 = Overwrites the question mark with the number of dots in the
square.
692 - 697 Changes the colour of all the dota, row by row, to cyan. |

698 - 700 Pressing a key repeats the demonstration for the next
pair of triangle numbers. Pressing the 'x' key or if the screen

is full (n = 19) jumps to line 710.
710 = The program continues only when the key is released.

712 = 740 Continues printing the sequence without the dot display.
Pressing the 'x' key returns to the initial option display.
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g CLS : INK &

5085 FOR i=1 TO 1Q@

AP FOR J=21 TOD i

&SP FOR k=1 TO i

83F PRINT AT J,k;"®

490 NEXT K

358 NEXT Jj )
854 IF INKEYS<>"" ARND ix2 THEMN
GO TO 554

S55 IF INKEY$="*" THEM G0 TO B85S
Bass IF INKEYS<>"" THEM GO TO SS
860 FOR 1=31 TD i

878 PLOT S+1.,171: DRAW Bxi{i+l-1
) -1,-88li+l-L) +1

280 PLDT 4,A7S-Ss%t: DRAW Szii +1
Ll el , —BE(idiat)+1 '
290 NEXT L

QR0 IF IMNKEYS="" THEMN &GO TO 3086
apl IF IMNKEY$<¢s™" THEN GO TO =0

-

e INRKR 7

891G FOR =1 70 i-3: PRINT S7 L+
1,142 LORAT a+#1,0+3;1: MEXT L

9121 PRINT AT i+1,:1+Lk;1

915 IF INKEY®=""" THEN GO TO 913
916 IF INKREYZR<>"" THEW G TO Ti

918 PRINT *°°

915 IF i=1 THER GD TO S5O

S2@ FOR L=1 TO i: PRINT L "+";:
NEXT t

[3ID FOR L=i-1 TO I 3TERP -:. PRI
NT Li"+™ ABND L2l NEXT (L

Hgs?:f." FRINT “=";: FLASH 1: FRINT
98B IF INKEY %="" THEM GO-TO S50 -
“951 IF INKEYS<¢>"" THEN GO TO =25
e

950 FLASH ©: PRINT CHRE B:ibvZ
97@ IF -INKEYsS="" THEN GO TO 975
o2 CLS

81 IF IMBREYS="XN" THEN @D TO &
85 INK 4

92@ NEXT

i
S95 INK 77 GO TO S

800 = 995 Demonstrates 1 + 2 + 3 seee N eeee 3+ 2+ 1 =12,
805 - The demonstration shows the first 10 square numbers.
810 - 850 Prints a square of green dots.

854 = The demonstration will net begin until the option key
(c) is released.
855 - 856 Pause until a key is pressed and released.

860 = 890 Draws straight lines to divide the square into
diagonal rows of dots.

Pause.

905 = 911 Prints the number of dets in the diagenal rows,
at the edge of the square.

Pause,

918 ~ Three lines space beneath the square.

919 - Omits lines 920 « 970 for the first square.

920 - 940 Prints '1 + 2 + 3 +' up to the value of i, followed
by the values of '(i=1) + (i=2)+ ... + 2+ 1 =
The question mark flashes.

Pause until a key is pressed and released.

960 - Overprints the question mark with the square number,
970 = 981 Pressing a key continues the demonstration.
Pressing the 'x' key returns to the initial option display.

990 ~ Repeats the demonstration for the next square.
995 -« Return to the initial option display after the 10x10

square.
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1982 CLS IMnK 4

1885 FCR 1i=1 T4 20
i2i1@ FOR j=1 TO i
i22 FOR k=1 TO i
AIB3B PRINT BT d.k;"®-

1255 IFf INKEYS<>"" RND 1i=1 THEN
1060 IF INKEYS="" THEN G0 TO 106
T061 IF INKEYS<s>““ THEN GO TO L0

= Y
‘-’1 LY -
AR7R FOR L=21 T i: PLOT S2(i+i2-1%
) -2,17a. DRsW B, -82l-2,. DREG SsL

L@ NEXT L
1230 IF INKEYS="" THEN GO TO 1

%?81 IF INREY&«>»"Y THEN GO TS 10
i@g2 INK 7

1285 FOR =1 TO i: PRINT AT L,.i+
1;2%¥1=-1: NEXT L

%@E‘? IF INKEY®="" THEN &0 TOo 108

%SBB IF IMKEY&E<>"" THEN GO TD 18

1893 FOR L=1 TO i-%: FRINT RT L,
#3544 NEXT L
3.39'—" PLOT 8x%1+B,167-Cxi: TRERY 24

11219..1 IF INKEY S$="" TRHEN GO TO 107
1@9¢ IF INKEYS«<»"™"™ THEN GO TO 1O

1096 PRENT AT i+2,i1+1:1i+32

%@9? IF INREY$="" THEN EOD TO 1&%
1@98 IF INKEYS$="X" OR i=19 THEN
CLo : GO TO ©

1099 CLS ¢ INK 4

1198 NEXT i

i

b

0

M

1000 ~ 1100 Demonstration of 1 + 3 + 5 + «se + {2n=1) =
1010 = 1050 Prints a square arrangement of green dots.

’

1055 = The demonstration begins only when the option key
{b) is released.
1060 - 1061 Pause until a key is pressed and reéleased.

1070 = Divides the square into gnomons.

Pausge,

1082 = 1085 Prints the number of dots in each gnomon, at the
edge of the square.

Pause.

1090 = Prints a column of +'s8 next to the odd numbers.
1092 - Underlines the bottom number.

Pause.

1096 = Prints the total of the odd numbers.

1097 = 1098 The demonstration continues only when a key is
pressed. The initial option returns when the 'x' key is
pressed or when the 19x19 square has been demonstrated.

1100 = Repeat the demonstration for the next square.
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IF INKEY$<(>"" THEN GG To 12

LET p=1: CLS

LET p=p+i

INK 3

FOR J=1 Ta p

FOCR k=1 TO p-2
PRINT AT J.k+16;" *
NEXT K

NEXT

INH It PRINT AT 1,8;p-2:"K™
- FLQ l- Ilﬁl!-

IF INhr:.“a"$""" THEN GO TOo 1zZa

IF INKEYS<(»"" THEN GO TO 1Z2

FLASH @: PRINT THR3$ S;psip-
IF INKEY H="" THEN GO TO 125
IF INKEYS$<(>™" THEN GO TO 12
INK 4

FOR J=1 1_;9 B

NEXT 4

PLOT 84,171. DRRY Osxp, -Op
INK 7

PRINT AT 3,9 px(p-23,."R2 =

v _FLASH 1;%“2°

iF INKE’Y&E"‘"" THEN GO TO 127 -

IF INREYS<>"" THEN GO TO 1Z
FLLASH ©: PRINT CHRS Bipxip -

IF INKEY%="" THEN GO TO 125
IF INKEY$c¢>™"" THEN GO TO 313

1200 =~ 1399 Demonstration of n(n+1)/2 = t..

1220 « 1242 Prints a rectangular arrangement of magenta dots
n by (n+1). Initially n = 1.

1245 - Prints the values ‘n x (n+1) = ?¢ for the current
rectangle. The question mark flashes,.
1246 ~ 1247 Pause until a key is pressed and released.

1250 = Overprints '?' with the value of n(n+1).
CHRZ8 = backspace.

Pause.

1260 = 1265 Overprints half the rectangular array of dots
in green.

1266 - Draws the diagonal line to divide the two halves.
1268 - 1270 Prints, in white, the value of n(n+1), followed

by ' + 2 = ?' The question mark flashes.

Pause.

1280 - Overprints '?' with the value of n(n+1)/2.

Pause.
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1290 OQUER i

1291 FOR j=1 TO p

1292 FOR k=4 TO p-

2293 PRINT AT J,x+1m » B

1294 NEXT X

12898 NEXY J4 :

1296 PLOT 84,171: nnnu Sxp . ~BEp

1505 DUER £: IN

1310 FOR J=p-1 TO 1 STEP -1

iZ2@ FOR k=1 TO -3 ]

1530 PRINT AT J.a-k+10:" “:AT i,

INT ((P+j+1) /23 ~R+310; "®» @aNmy INT
iip J)f31%9f>9—¢,“= PND INT (¢

P=J) s 23 x2=p -

134D NEXT K

13S@ NEXT i

1360 IF INKEY&="" THEN GO TQ 136

]

%139 IF INKEY$="2" THEMN GO SUS 32
1B

1388 IF INKEYS="%" THEN PRINT B7F
p+2,8: GO TO 1326

1355 CLS : OUVER ©

1595 IF p:is THENM GO TO 1265

15386 INK 7

1397 IF INKEYZ«<>"" THEN GQ TO 13

a7

1398 PRINT p,"x";;p+i,™" = “pxip+

1) . TRB 15,P*(P 13, A2 = “,pri{p+l

YR LET p=p+1: IF INKEY&=“x" TH

FN CLS : GO TG S

4289 G TO 1326

1290 = 1296 Prints the dots and line as in 1261 = 1266 using the
'exclusive or' command, thus erasing them. This leaves a
right-angled triangle of megenta dots, of size n(n+1)/2.

1305 = Normal printing mode, colour magenta.
1310 -~ 1350 Rearranges the triangle of dots into an isosceles
triangle, row by row.

1360 = 1380 Pressing and releasing a key continues the demonstration.
Pressing the 'x' key results in the sequence being printed
without the dot demonstration.

Pressing the 'z' key executes subroutine 1500.

1295 = If p<18 the demonstration is repeated for the next triangle
number. The screen is filled when p = 18,

1397 = The sequence below is printed when the 'x' key is released.

1398 = 1399 Prints the sequence without the demonstration.
For example, if p = 8,'8 x 9 = 72 72 %+ 2 = 36" is printed.
Pressing the 'x' key returns to the initial option display.
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1400 CLS : LET i=D
A4l IF INKEYEFEH"™ THEN GO TT 314

1482 LET 1=3i+1

1403 FOR =1 TO i

1405 FOR K=31 T0O |} .

34160 INK S: PRINT AT J.9-INT £
2y +K; U™ OND INT (jr2y£3=3;:0%"
MDD INT {023 324¢>3

1450 NENXT J

T4RE IF INKEY&="" THEN &GO TO 135
=

R458 IF INKEYS<>"" THEN GO 0 14
B

1487 FOR j=1 TO i: PLOT 8@-~4%i,1
EQ-52,: DRAW S2j.0: NEXT J

1435 IF InKEYES"C THEN 20770 143
1439 IF INKEYS$(>" THEN 60 7O 14
1¢¢a INK 7: FDR J=1 T i: PRINT
AT 11+1J2,J' NEXT i

1441’ IF INKEY$="" THEN GO 7O 1ss

i
1442 IF INKEY&¢>"" THEN GO TO %4

42 ‘
1443 FOR =1 TO . PRINT AT j-3
A4 +1 22"+ BND J<x1: NEXT

2445 IF i <x»3 THEM GO TO 1460
1450 IF INKEY $="" THEN GO 70O 14TF

@
%3—51 IF INRKEVS$<>""™ THEN GO TG 14

1455 CLS : GO TOD 14021

1460 INK 7: PLOT 85+4%i,157-82i:
DRAW 24,08: FLASH 1: PRINT AT i+

2,11+i,2;07",;

1465 IF INKEY3="" THEN GD TO 14€&
1466 IF IMHEEYS4MT" THEN B0 TCO 14
Go

14760 FLASH v: PRINT CHRSE& Giisli &

1400 - 1495 Demonstrates ;é_i =

1401 - The demonstration only continues when the option key
(b) is released.

1402 - i increases by 1 at each stage of the demonstration.

1403 - 1420 Prints the i*™ triangle number as an arrangement
of cyan dots.

1435 - 1436 Pause until a key is pressed and released.

1437 =~ Draws horizontal lines to divide the triangle into
rows of dota.

Pause.

1440 = Prints the number of dots in each row, at the side of
the triangle.

Pause.
1443 - Prints a column of +'s beside the numbers,

1445 « 1455 If the first triangle number (1) is being
demonstrated, then pause until a key is pressed and
released after which return to line 1401 to demonstrate
the next triangle number. For subsequent triangle numbers
continue with line 1L460.

1460 - Draws a line under the column of numbers, with a
filashing question mark below.

Pause.
1470 « Qverprints '?' with the current triangle number.
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1480 IF INKEY&=%"' THEHM &0 TO i4E
-’

X

1485 LS

A48 IF INKEY ZF="X" DR i=138 THEN
G0 TO O

1391 IF INKEY$S<c>™"™ THEM GO TO 14
S

14895 GO TO 1462
AS2D IF INKEYZ O™ ThH
T

N

N G0 TD AS
[P

15@Es IR 3B: FOR =2 p=-3: TLOT
B0+ {(p+1- J1*4 1z _B*J ERAW &+J+
2.,8: NEXT

%513 IF IthYi» OTHEN GO TO 1532
152@ IF INKEYS«<>"" THEN GO TO 15
2

A2 INK 8. FOR J=1 T p -1: PRIM
T AT a+1,p+1a,d. NEXT

1540 IF INKEY§="" THEN GD TO 14
@&

15S® IF INKEYS:»"" THEN GO T3 1T
p=1 )

1560 FOR =1 TDO p-12: FRINT &T 4.
P+12; "+ ANRD J»d: MNEXT J

iTS7@ PLOT Sdrdap ., 1E?~8¥p. ERAW Z
4.,

%ﬁﬁ@ PRINT FLASH 18T p+2,32+p: ™
%5§@ IF INKEY 3="" THEM GO T4 i1=5
%g@@ IF INHKEY S <™ THEN GO 7O 15

161@ PRINT FLASH Q@ BT p+2,.1x+p; ™
JRAT p+2,1@3p . psip=-1) 72
152Q IF INhEY$—““ THEN GO To 182

163@ RETURN

1480 -~ 1495 When the 'x' key is pressed or the screen is filled
(after the 19th triangle) return to the initial option
display.Any other key continues with the demonstration of
the next triangle,

1500 =~ 1630 Demonstration of E:. t. after n(n+1)}/2 = t,, has

been demonstrated. VI

1505 = Draws horizontal lines to divide the triangle into
rows of dots.

1510 = 1520 Pause until a key is pressed and released.

1530 = Prints the number of dots in each horizontal row.

Pause.

1560 = Prints a column of +'s beside the numbers.

1570 ~ Draws a line below the column of numbers.
1580 - Draws a flashing question mark below the line.

Pause.

1610 = Overprints '?' with the current triangle number.
1620 = 1630 RETURN when a key is pressed.




Appendix C - The listing for the program 'fibonacei'.
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202 REM Fibonacgi

2291 PRPFPER ©: BORLGER &: INE

Lo :
2802 GO SUB 3800
208 PRUSE @

S22l FOR k=0 TO 23: READ a:

USSR 3" *k.,a: NEXT &

2az2a D3TH G S5.0,.a,127,8,8,8.,48 .4
8,3,56,124.,.124, 124, SD,iEd,;Si,ﬁ

bw,Eqi 2“4,¢q¢ 12¢

@21 oLs
2022 LET w=2: LET Y
SPRAS LET ¢ =0: Y

2a28 G0 Sua 2SPn
aaﬁg"éyﬁ F: PRINT AT @,4; <3
EB?q GO SUR 258a6
2037 S0 3uBR 2278
2038 &0 3UB 2506

2001 - Sets the whole screen black.

2002 - SUB 3000 sets up array rf.

2005 = Pause until a key is pressed.

2010 ~ 2020 Sets up the user~defined graphics from the DATA in
line 2020, "a" =% "o = rabbit head, "c¢" = rabbit body.
It was decided to use + for division in the printout as the
pupils for whom this program was written were not familiar
with the use of /.

2021 ~ Clears the screen.

2022 - w and y are used to store successive Fibonacci numbers.

2025 - SUB 2200 prints a green horizontal line (to represent grass)
for the {c+1)th month.

2029 - Pause until a key is pressed and released.

2030 - Prints the first rabbit of the first month, in white,
2035 = Pause,

2037 - SUB 2270 prints '1' at the right of the first row.
2038 - Pause,
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2240 FOR =1 TG 7
2ued4d GO SUB Z2aa
25845 D SUB 235920
22846 INK &

2958 FoOR =l TO 22
2268 IF 7. adx<ix»"g" THEHR GO TG
2RI

2270 F‘R‘INT RT 23¢,4-1:"3",RT 2*¢
+1,J-31;

Zeaa NEMT J

2232 G0 SUB 28R

2085 INK 7

29898 FOR =1 ToO 21

glgiﬁ IF rsilc+l,Y >y THEN O 7T
2118 F‘F%‘IN"" BT B¥L,4-1; 8", AT 2#c
+1_p J“l; ﬁ

2128 NEXT |

23125 B IuUR Z2oaes

2138 INK B

214 FaR =1 7O 2

g%‘ég IF rsfc,gr<xw™ THER 0 TO
= a4

2168 PRINT RT 2¥%cC,J-1; "B RT 2D3c
1, 0-1; B

2178 HEXT

2175 GG IUR 204

2177 LET ==y

2178 LET y=u+u

2179 LET w=x :

2188 GO JuB 22506

2181 GO S5uUB 2Tao

2188 NEXT «©

2040 ~ 2185 One stage of the demonstration.

2044 - SUB 2200 draws a green horizontal line for the (c+1)th stage).

2045 ~ Pause.

2046 - Sets colour of printing to yellow.

2050 - 2080 Prints a yellow rabbit wherever "y" appears in the
string ré(c), i.e. mature rabbits from the previous month.
Each rabbit occupies two character squares, column (j=1) on
lines 2¢ and (2¢c+1).

2082 - Pause.

2085 = Sets the colour of printing to white.

2090 = 2120 Prints a white rabbit where "w'" appears in the string
ré(c+1), i.e. the current month.

2125 = Pause.

2130 - Sets colour of printing to yellow.

2140 = 2170 Prints a yellow rabbit where "w" appears in the string
ré(c), i.e. the rabbits which were born in the previous month
and mature in the current month.

2175 « Pause.

2177 = 2179 Sets y to the number of yellow rabbits and w to the
number of white rabbits.

2180 - Prints the sequence at the right of the row.

2181 - Pause.




G0 TO 2420
INK 4

FOR J=@_TO 28 .
PRINT AT 2o,
MEXT

RETURN

INK 7

IF y<¢r1l THEN GG TQ 2300

IF wixida THEN Ink =
FPRINT AT 2F%cs+l .22 71

RETURM

PRINT 9T 2#c+1,8%;3-%;" +

INK ©&: PRINT w;: INW 7: PRI

= .43
RETURNMN

2190 - Jump to by=pass the subroutines.
2200 - 2220 Draws a green horizonial line 21 characters long.

2250 - Sets colour of printing to white.
2260 - Jumps to line 2300 from the 3rd stage onwards.

2265 - 2270 Prints "i" at the right hand side of the acreen, white
at the first stage (w=0), yellow at the second (w=1).
2280 = RETURN executed only for stages 1 and 2.

2300 = 2305 Prints at the right of the screen, in white, the value
of (y=w), the number of white rabbits displayed, followed by
. then the value, printed in yellow, of w, the number of
yellow rabbits. The line is completed with "='" followed by the
value of y, the total number of rabbits.

2310 = End of subroutine 2250.
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24 2@ FRINT "Conlinue SeqUENCe ...

2403 IF INKEY$="g"
TO 260

0

2485 CLS
2436 PRINT w'y

2429 PRINT w;™ »+

2410 LET Z=4: LET

2415 IF INKEYS="Xx"
TO 24008

242 GO0 TR 2408

250 IF INKEYs=""

o

291 IF IMNKEYs3<>""
i@

2528 RETURM

268A LET w=1: LET
2614 PRINT w,;"" <~ *“
2628 LET x=uw: LET

263 IF INKEYSE="x"
TO 2446
2540 GG TO ZElie

404 IF INKEYS(:-"p"
a1

1 ET ws=l:

.« o Repeatl demonsirstion
PR Firinl Se3UENfCE v u v s e«
=) . Botden raliCeeesrna
24l IF IMNKEYZ:="¢" THEN GO 3sug 2
Fao: GD TO 2499

giﬁ&‘ IF INKEYS="r" THEN GO TO &

THEN CL3 : G

LET g=1
JusT o= Uiwmay
y=yw+w: LET lﬂfz

THEH QLS @ =0

THEN GO TO 28& -

THEM 0O TR ZE -

¥=1

= Yows

s Y.
K=wd+p: LET y=u

THEM CLS : &8O -

THEM GG TO 2 °

2400 - Prints the options.

2401 - Option '¢' = SUB 2700 clears the bottom of the screen.
Line 2409 continues printing the sequence without the
rabbit demonstration,

2402 - Option 'r' - returns to the start of the program, to clear
the screen and repeat the rabbit demonstration.

2403 - Option 'g' clears the acreen and prints the ratios of
successive pairs of numbers in the Fibonacci sequence.

2404 « Jumps to 2401 if 'p' is not pressed. Only one of the four
keys will produce an exit from the locp.

2405 - Option 'p' - sets w and y to 1. Clears the screen and
prints 1 on the first two lines of the screen (line 2406).
2409 - Continues printing the values of w '+' y '=' (w+y), where
w and y are consecutive numbers in the sequence, for options
'p! and ‘c'.
2410 =~ Sets w and y as the next pair of consecutive numbers.
2415 =« Clears screen and displays options when the 'x' key is pressed.
2420 - Continues the sequence if 'x' has not been pressed.

2500 = 2520 Subroutine to pause until a key is pressed and released.

2600 - Option 'g' - sets w and y to 1.

2610 - Prints the values of w '+' y '=' (w/y).
2620 - Sets w and y to the next pair of numbers in the sequence.

2630 - Jumps to the option display if the 'x' key is pressed.
2640 - Continues the sequence of ratios if 'x' is not pressed.
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2706 PRINT AT 15,8 2700 = 2750 Subroutine to clear the option display from the
ggég gg?m:;’f% TO "3? bottom of the screen and set printing to line 15 of the screen.

273 NEXT

S7ee pERNT, T 2s.e

=250 L

3888 DIN r3 8,21 3000 = 3090 Subroutine to set up the string array r4 which

3210 LET r3tl) ="wsss5555355585555 contains the information for printing the rabbits.

- . £

3020 LET r$(2)="'yYsSS5s8s55S858ss888s rA(k) is the k™" row.

%i%é“[:r 3y = B, ¥y indicates where a yellow rabbit is to be printed.
= S5 E = CEEEEE £, . . N

Je28 LET rsiS YESESSSESs85Swas w indicates where a white rabbit is to be printed.

3240 LET r5(4) =" YsSSSS2s5WSSS55YsSs 8 indicates a spacee.

$38s85"

@58 LET r%i5) ="Y5355U0s8gyn 88y s

55Ws8"

3368 LET 3 (Bl ="US5WSYSSYsSswsyss

WMZSE" :

37O LET r5(7)="uswysysgysuysysy

Yeuysw®

3288 LET r3(8l="Yyuyyuinygykyyuywy

Jaywy ™

3290 RETURN

The printout below was obtained by :~ FOR k = 1 TO 8: PRINT rd(k): NEXT k.
It shows the final arrangement of white and yellow rabbits after all 8 months have been demonstrated.

(A 9th stage would not have fitted on one line.)

WESSSS5558555555555s55
WHS55555555555855555555
Y5 5355553555355 3W553555:S
HEASSSSSWSSRSSUYELSESSSE
YEEESWSSUSSSSYSSSSWES
Y55 RBESUYSSYSSWSYSSWEYES
HEnYSYERYSWYSYSHYSYHYSY
Y YWY sydwyyRYwYyYe yuy




Appendix D - The listing for the program 'prime’.
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1 G2 TO 11
3 BRIGHT 6. BORDER 7
INK @: €LS
4 PRINT “"This proagianm
e any Pripe pupber, upr 1
@ath."”."Press B to list
B3 . ,"Press BH for the 5i
Eratostihenes . " "92r
you with 1o =rint =
prime” ,"Press to test
. Press to =stop
S IF IMNKEYS="2" THEH
& IF INREYS$S="z" THEM
7T IF INKEYS="R'" THEN
TO 3a
8 IF INKEYS="p" THENMN
Q IF INKEYsS="1" THEH
TG 38R

ig &0

TO S

n M e

PRPER

—y
#

can giv

tnZ o

it tre 1y
.@Q

“ W
VI B

G i L3 Bie

or g oo
]

-~ |

L] ]

r
r.
I

1]
k)
]

Lar sy,
[T

i1ihe I

T
Moy, 2

R e e
L B ¥ I

o
0

1 - Executed only on the initial RUN, to set up the array p with

the prime numbers.

3 = Sets the background white, printing black. BRIGHT O is a
lower brilliance than BRIGHT 1.

4 - Prints the initial option displsy.

5 = 10 Jumps to the appropriate part of the program when the
let, 's', 'n', 'p!' or 't' key is pressed. No other key
will produce a response.
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m
he

11 REM This part of the progra
E

to Lline 17©® generates the pri
14 DIM pilOE)

0]

ET p{1r=2: LET pI(E3=3
LET n=3
LET =8
LET 1=

fohyiaps
B3

S@ LET ptnl=p: LET m=m+i
QSwIF Bp=31001 THEN GG TO0 3
IR LET p=pxjFl

1@5*LET S=INT SBR P

118 FOR k=1 TO m»-2

12@ IF INT (psp(X¥Y=prsp (kY THEN -

GO TG =5
138 IF PR} »s THEN GO TD 16&

140 NEXT X

168 LET péuni=p: LET #=n+i
165 IF m=idl THEN GO 70 3
17@ =0 To 22

11 = 170 Executed only when setting array p with the first
1000 prime numbers.

14 = Sets up a one-~dimensional array p of dimension 1000.

Each member is initially set to O.

15 = The firat two prime numbers.

16 -~ m is a counter for the array p.

20 =~ 21 Sets j and t initially to O.

25 = 140 Uses the fact that all primes above 3 are of the form
6j +1 where j is a natural number to avoid considering all the
natural numbers, or all the odd numbers, when finding the
primes.

p is the number being tested whether it is prime or not.
25 = Increases j by 1.

20 - Considers p as 6j « 1.

40 - 8 = /P rounded down to an integer,

50 - 80 Tests if p is divisible by the primes p, to pm-.as far
as py where p,>./P. If p has no prime factor less than /p,
it will have no prime factor greater than ,/p.

GOTO 100 if p is composite. GOTO 90 if p is prime,

90 - Sets the next member of array p with the value of p, and
increases m by 1.
95 = If m = 1001 then the array p is full, return to line 3.
100 - 140 As the above section, considering p = 6j + 1.
GOTQ 25 if p is net prime.
GOTO 160 if p is prime,

160 - Sets the next member of array p with the value of p, and
increases m by 1.

165 - As 95.
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188 €LS
1
182 IF IHRRKEYE="X" THEN GO TO 32

185 NEXTY n
186 SITOP

181 IF INKEVS(>—" THEN ©O TO 3E
282 FOR m=1 TO 1800: PRINT pin)

LET b=3: LET =22
2060 FOR w=p (n-1)
216 BRIGHT {INT
220 PRINT AT INT
JBEIW—{INT (lw-11/
225 IF INT {wrcy ®

B 27% :

230 MNEXT w
248 PRPER &: INRK 7
25@ PRINT AT INT (ip iml) -

Dxt,briptm) - {INT (Diwy ra)]

pim),

260 PAPER 7: IMNK @

2685 IF IMNKEYs$="x" THEN GO TO 3

2790 LET m=m+l: SO0 TO 2203

180 « 186 Executed when initial option 'p' is chosen.
1480 ~ Clears the screen.
181 - The program only continues when the key is released.
182 = 186 Prints all the primes up to the 1000th, unless the
'x' key is pressed, which returns to the initial option
display.

190 = 286 Prints the Sieve of Eratesthenes when the 'e' option is
chosen.

190 =~ clears screen and sets brilliance to BRIGHT 1.

191 -~ Pause until the key is released.

192 ~ Prints the number '1' in the sieve.

196 - Prints '2' and '3' in the sieve, white on black.

198 = m = the number of the current prime, a = the number of
numbers per line, b = the number of spaces per number,
¢ = the number of numbers to fill the screen.

200 - w takes the values of the numbers between the last prime
printed, and the next te be printed.

240 - BRIGHT 1 if w is even, BRIGHT O if w is odd.

220 - Prints the value of w in the appropriate place.

240 - Black background, white print.

250 - Prints the next prime in the appropriate positiocn.
260 ~ Sets white background, black print.

265 = Pressing the 'x' key returns to the initial options.
270 = Increases m by 1 and continues the sieve.
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278 IF INKEY&="" THEN GQ TOQ B7VE
276 IF INRKE =" THEN GQ TO 3
4 THEM 0 T2 =40

%
EY'$
L2ce IF ;NFE'E:*““
291 LET t=t+1

-+
282 IF w<>1008 THEN GO TO 2834

2883 LET a=5: LET b=4: LET c=1ige
: LET t=ig

284 IF w=1l3ods THIER LET b=

=288 BRIGHT @: CLS

2836 RETURN

32a IF INKEYSE<>"" THEN GO TO 3¢
@

325 INPUT [ “Inputl N uwitlt give 1
he Nth prime ;o

31 IF m>1@@d THENWN INPUT "N mus
1 nat be pore than 1003, Try &

azin.” )
323 PRINT AT 20,0;p w3 ;" is thE

321 IF m>=4 AND mi=268 THEN PRINM
T "th 2rime®” . G T2 303

322 LET mm:a—IﬁT fM/lﬁiﬁlﬁ

32353 PRINT “th™ AND pH=a; Yst” BN
D mm=1;"nd"” AND mp=2;
=3; "th"” AND mm>=<a,°
338 FPORKE 2386BDg,a:
;Do you want anather"«‘ L2 I 5 B
HE 2q5g9;2

pi‘-me

342 IRNKEY ="y THEM 20 TDO 3T
a

S48 IF IpEEYELMRT THENM B TS O
48 .

346 IF INREYS<>"" THEN GO TO 34
&

350 G0 TQ

A

rd" BN& M -
PRINT AT 22,0
. PO

Subroutine 275 - 286 is called from line 225 when the screen is
full.

275

281

283

284

200

-~ 280 Pause until a key is pressed and released. Pressing the
'x' key returns to the initial option display.

- t = the number of multiples of 200 {¢ = 200) which have been
printed.

- When 1000 is reached each number has 4 digits (b = 4), 5 per
line (a = 5), 100 per screen (¢ = 100), t = the number of
multiples of 100 which have been printed.

- When 10000 is reached each number has 5 digits (b = 5).

- 350 Executed when the 'n' key is pressed after the initial
option display.
300 = The program continues only when the key is released.

305 = Prints an input message for which prime is required.
310 - Error message if input is greater than 1000,

320 - Prints the mth
value of m,

321 = 323 Prints "th" if 4 <m £20, "st" if the unit digit of m,
mm, is 1, 'md" if the unit digit is 2, "rd" if the unit
digit is 3, "th" otherwise, followed by “prime".

330 - POKE 23659,0 allows printing on the bottom two lines of
the ascreen. POKE 23659,2 returns to normal.

340 - 350 Pressing the 'n' key returns to the initial option
display. Pressing the 'y' key jumps to 300.

prime followed by "is the " and the
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Py =3
o
2368

IF IMKEYS$<¢:>"" THEN GQ 70 20

INPUT "Inputl the numbesr 1o

be tested ""'m

366 IF m>{p(i@Ra@) Y +2 THEN PRINT

AT 2R,8;m; " is 108 iorge 7 {8
TO 400

37@ IF m<=@ QR m=1 QR {(INT ®m} {>
® THEN RRIMT 37 29,818, is i

a prime.": GO TO 408
375 FOR £=1 TO m

3o

IiF sthfk?—INT twop iRy THEM

PRINT AT 20,08;m; " 15 not & pr:iu

GO TO 395
IF pik2>SRR » THEN GO TR A%

NMEXT &
PRINT RT 20.,0;,m;" is8 3 pPriy

PODKE 23659,8: PRINT AT 22,0
you wish to teal anGtlher??

: PORKE 2385%2,2

IF INKEYS="g"” THENM GO 70O 48

5 IF INKEYS<>"'n” THEN GQ TQ <4

IF INKEYS<4»>"" THEM GO TOD &1

Cg TG &
ITLR

360 - 420 Executed when the 't' key is pressed after the initial
option display.
360 = Pause until the key is released.

%65 - Prints a message requesting input of the number to be
tested.
366 - Error message if the number is larger than the square of
the 1000th prime. Then jumps to line 400,
370 = Prints the value of m followed by " is not a prime" if
m<€0, m = 1 or if m is not an integer.
375 = 390 Tests if m is divisible by each of the primes.
380 « If m is divible by a prime the message 'm is not a
prime’ is printed, then jump to line 396 (400).
385 = It is only necessary to test for divisibilty by primes
which are less than /m.
395 ~ Prints when m is a prime.
LOO ~ Gives the option of inputting another number for testing.

410 - 420 Jump to 365 if 'yes' response, jump to the initial
option display if 'no'.

450 - Executed if the 's' key is pressed after the initial option
display.




Appendix E - The listing for the program 'loci'.
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S BORDER @: PAPER ©:

LS

19 OUVER ©: CLS
rogram demponstrat
of a8 point P _und
10”5“""'

d pointsg

m-sro-

lummnmmm
"

nd B is

i2 PRINT °
he Jdistances
aint and from
5 constant™

14 PRINT “°"H -
gen angis PRE
twhere A and B
z

28 IF INKEY $s="e"

B

25 IF IMKEYZ="d"
22 _

3@ IF INKEYg="c"
20

35 IF INKEY%="h"
40 IF INKEYSE:"
4S5 IF INKEYE<:T""

PRINT

2 the

INK T ©

“"This P
loCcys

cR7-taincondi

THEM
THEHN
THEN
THEN

GO 70 =D
oD TD IS

HEM OO TS 2

THEN

GO TO 4%

S8 COLS : PRINT "R and B are fi

&6H IF INKEYE<>»"a
831 IF INKEY S22

xed pointa" "R - P moves suUlhk
that P8P = ;i ’
cenl - P mOVvES 2ULh th2t AF + FPE
ia copstant”

55 IF INhE&S—“H“ THER O TO BT

“ O THEN GO TDO T

THEN

GO TO £31

S = Sets background colour to black, printing to white.
10 - Prints the option display shown in figure 3.l.

20 = 45 Jumps to line 4000 if option E is chosen, 3000 if option D,

2000 if option C, 1000 if option B.

The program continues with line 50 if option A is chosen.
No other key {except 'BREAK') produces a response.

50 - Prints the option display shown in figure 3.2.

55 = 61 Jumps to line 600 if option B is chosen.

Continues with line 65 if option A is chosen.
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65 CLDS : FPRINT “"Locus of a poi
ARt P such that - v RP.BR =
Lan YU Uwhers A and B are rfixed
PIRT 1v.9; “Ingut bt

70 INPUT m

2@ IF m«<=0 THEN PRINT AT 18,0

"m must ke positive, try asaint:.
GO TO 70
a@ PRINT AT 1@, 9,"Input i

1200 INPUT O
15 IF INKEYS$<>"" THEN GO TQ 1@

5

110 IF n<=0 THEN PRINT AT 1&.08;
“n pust pbe positive, Ltry 3again®™:
GO TO 106

i2@ PRINT RT 2,14:m;":";R.AT 18
L0 VYFress any keyd to sShow the Lo
cus

130 GO SUB 2Rd: CLE

1400 IF m=p THEMN SO TOo 472

15@Q LET ap=RB3 (m-n)

is@ LET au=m: I m<n THEN LET 3

H=—m
179 LET ax=wmzab.s ;4]
28@ IF m»n THEN LET
1o IF m<n THEN LE

65 = 595 Locus of P such that AP/PB is constant.

65 - Prints the display shown in figure 3.3.

70 = awaits the input of m.

80 = Continues only when a positive number has been input.
An error message is printed if m<O.

90 = 100 Requires n to be input,.

105 = 110 Continues only if n is positive.
Error message if n< 0.

120 = Prints the values of m and n in place of the letters m
and n displayed on the screen.
130 = SUB 900 ~ pause until a key is pressed and released.
140 = If m=n the locus is the mediator of AB, drawn at line 470.
150 = 190 The locus is a ¢rcle. Two 51tuat10ns are possible.
1« m>n.

//"“\\ AY:BY = min AX:BX =
A ¥Xf 8 Yy

m
\\\—/// Sets AB =|m-n|, AY = m, AX = ——AB
Se m<n.

ya
=

As above but AY = -m,

180 = 190 If m>n then A is on the left of the screen,
if m<n then B is on the right of the screen.
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208 LET xXs=INT 1i25@rm): IF m<n
THEN LET xs=IHT ({(2568.-n2

212 LET r=RBS {ay-axl .=

2280 LET ys=INFf (8772

Z3@ IF Xs>4ys THEN LET sf=us: GD

255 IF m<n THEN LET azad3S—-abiesf
260 IF m*»xn THEN LET bk=absx=f

272 PRINT A7 1@.as8:7Aa"; 7B brg
-i; "B FLET a.iBd:. PLODT b,88

el So Sug ogx

298 LET tzsfeiax+d4l s B+a

I FOR =-00 TO ©a

31O LET 2x=Cc+r*C0% (PLAsSBx0Y . LE
T y=—r x5IN (PI/S8%4l

IZI@ OUER ©: PLOT a,86: OQUER 1:
DRAW X -3 .4

34 OUER @: PLOT k.88: OUER 1:
DRPAW xX-b.\Y

352 IF INKEY$—" * THEN GO TO 3%
a

I60 QUER ;. PLOT a.,.8&8: QUER 1:
ORAW M-—a.4

I7TR ubEn 8. FLOUT b,88: OUER i1:
DRAL X -~

8@ DUER o

3268 PLOT X.LB+9
a5 IF INKEWS="n" THEN GOQ TQ =9
5 RRR ——
4808 NEXT 4

418 GO Sup e

42@ PLOT c.88

433 GO SUEBE 906

44@ CIRCLE c .88,

458 LET rep=270: GL. SUE 9Co&.
5@ @0 T 1@

200 « 240 Evaluates the scale (pixels per unit) to accommodate
the diagram on the screen, horizontally and verticallye.
If m>n then xs = 250/AY, if m<n then xs = 250/YB.
210 = r = the radius of the circle.

220 = ys = the y scale.

230 - sf (scale factor) is set to the smaller of ys and xs.
255 -~ When m<n the position of A on the screen is set.
260 = When m>n the position of B on the screen is set.

270 - Plots and labels A and B on the screen.

280 - Pause until a key is pressed and released.

290 = ¢ = the x coordinate of the centre of the circle.

200 - 400 Draws the locus (& circle) with & from -180° to 180
stepping 3° (& = 3j).
310 = Evaluates the x and y coordinates of the current position
of P, where x = a + r cos6 and ¥y = -r sind.
330 = Plots A and draws a line freom A to P.

340 - Plots B and draws a line from B to P.

350 = The demonstration halts while the 'm' key is held down.
360 -« Plots A and erases the line AP,

370 -~ Plots B and erases the line BEP.

Plots the current anltion of P
The demonstration halts while the 'n' key is held down.

335

410 ~ Pause.
420 -~ Plots the centre of the circle.

440 - Draws the complete circle.

450 = Sub 950 jumps to line 'rep' when the 'r' key is pressed, to
repeat the demonstration. Pressing any other key returns to
line 10, which displays the initial options.
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e
4.8

LETYT a=088: LET L=15p
PRINT ST 1@,.9;“A".7TAB 20 “E

“: PLOT 80.388: PLOT i6D.&86

435

4 Qg

S10
DRAW

o209
DRA

538
&

S46
DRAW
S5
DRAW
580
sS7R
575
=
s20
S9@
S0

[ =

606
oy P
m:n
AT
SEs
Gl

G0 SUB oRa.

FOR y=-288 TO 87

OUER@: PLOT 3.88: OVER 1:
h

DEER @: PLOT b,85: OUER 31:

38,4

IF INKEY#$="m" THEN GO TO S5G

DEER ©: PLOT a.58: GUER i:
4a®,u

QUER B: PLOT b,288: DUER 2a:
“4—9}9

OUER @

PLOT 12@,88+y

IF INKEY&="r" THEN &0 TO 57

NEXT

LET rep=470: GO SUB SI&

GC TOQ i@

CLS ; PRINT "Locdtus 0Ff a poi
EUCh that =" " RB: AP+FE =
“retwhere B oand B are fixed
1,8 "Inegt "

INPUT @

IF me=8 THEN PRINTY AT i6,.3;

"m must be peositive, tru again';:
GO TO Bes

615

&2
G255

PRINT RT 1e.,e; ::Input n

INRPUT n
IF n«<=@ THEN PRINT AT 10,

"N must be positive.

Try
638

again®: O TOo &28
IF n<m THEN PRINT AT 18,8;: "

n tannot he ess than 2.
Try again": 0O TO 620

470 = 480 Plots and labels A and B.

485 = Pause.

490 - 580 Draws the mediator of AB.
510 = Plots A and draws AP.
520 = Plots B and draws BP.

530 - Halts the demonstration while the 'm' key is held down.

540 -~ Plots A and erases AP.
550 = Plots B and erases BP.

570 = Plots P.
575 - Halts the demonstration while the 'n' key is held down.

590 = SUB 950 pauses until a key is pressed and released. If the 'r!
key is pressed the demonstration iz repeated.

600 = 740 Locus of P where AP + PB is constant.
600 ~ Prints the display requesting input of the ratio AB:AP+FB.

605 ~ 630 Inputs m and n where AB:AP+FB = min.
Error messages if n<0, m<£0 or if n< m,
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Goh LET 4s5=250: LET Xxs=23D.,2.n
IF T()ﬁ THEM LET 4s=87,/30K (nsn
—~0EN

5480 IF X2 <us THEMN LET =f=xs G

T0 6506

545 LET s f=y=s

652 LET a=p3sf: LET L=S03r nxn-
nxmy xsf;: LET &ab=2¥ms*sf¥ LET ax=3
P7-abs2: LET bXx=ax+abh

655 PRINT AT 2,14, mn:": Y087 19
JEVPress  anyg Kkagw to shog the 1o
TUs

8@ GO SuB ZRee

CES CLS @ PRINT AT 1Q.3X-5: &'
Tﬁs ggﬁﬁ—ig“S"; ELOT 31.28 =LOT

X

c?@ GO SUE Qg
575 IF m=n THEM GO TO S5OH

6258 FOR 1=& T0O 3BE 3TER =5

62 LET N=zzD4OS (PI/288Ftl HEC
Y=bx3IN (FI-L380%1:

685 PLOT ax.,88: QuUER 1. DRRW Bb
-

708 QUER G: FLTGT bx,83. OQuER 2

PRAW MN-3b/s2,4

?35 IF INKEY$“" " THEN GO TO @
?1@ QUER @: PLDT ax .88 QueERr 1
DREW abhrs243, )
715 QUER Q: PLDT by ,B88: DUER 1
BRAW x-abs2,u
G?QB IF INKEY$—" " THEN GQ TO 7
7285 QUER @: P
73@ NEXT 1
738 LET rep
748 cQ TO 1

The locus is an ellipse.

If AB = 2m and XY =
Also AZ = n, and 8o 0Z

2n, then OY = n.

=/n? - m?,

635 = xs is the horizontal scale so that
XY = 250 pixels.
ys8 is the vertical scale so0 that
= 87 pixels.
640 = 645 af = the smaller of xs and ys.
650 = a and b are such that the equation of the ellipse is
x2 y2
'b;
655 -~ Prints the values of m and n in place of the letters m and n
on the screen.
660 = Pause until a key is pressed and released.
665 - Plots and labels A and B.

675 - If m = n then GOTO 800. (The locus of P is AB.)

= 1, ax and bx are the x coordinates of the foci.

2

685 -~ 730 Draws-ﬁé +-%;

for t = 0° to %60° in steps of 5°.
690 -~ Evaluates the coordinates of P.

695 = Plots A and draws AP.

700 - Plots B and draws BP.

705 - Halts the demonstration while the 'm' key is held down.
710 - Plotas A and erases AP.

715 = Plots B and erases BP.

720 ~ Halts the demonstration while the 'n' key is held down.
725 -« Plots the position of P.

735 = Pause until a key is pressed. If 'r' is pressed, then GOTO rep
otherwise return to the initial option display.

= 1 using x = a coat, y = b sint
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A0
sas

FOR x=bX TQ ax BTEP -2
OUER ©: PLOT &x.88: OUER 4:

ERAWY ab,8: DOVER &: PLOT bx,83

gia

&
Fage §3
JEB:

IF INKEY%="m" THEN GQ TO 831

PLOT ax,80: QUER 1: LAAE Bhk

CVER ©: PLOT bx,33

QBEB IF INKEYs="n" THEN GO TGO 32
g2% PLAOT x .88

8530 NEXT =X

235 LEYT rep=0D6@: GO 3 =S92

S[40 GO TO 1d

Q@ IF INKEY$=""" THEM G0 To o
nga IF INKEY$<>"" THEMN SO T0O sl
&2

oz RETURHN

QSR IF INKEY$="" THEN GL TOCO Q@
SR JIF INKEVYE="F" THEM 1o . =0
TR rep

Q7 IF INKEYZ<>"" ThHEN GO TO QY

15)
aga

RETURN

800 = 840 Executed if m = n, i.e. the locus of P is AB.
800 - 830 Plots points along AB, stepping 2 pixels.
805 - Plots A, draws AB, plots B.

810 -~ Halts the demonstration while the 'm' key is pressed.
815 - Plots A, erases AB, plots B.
820 - Halts the demonstration while the 'n' key is pressed.

825 - Plots the current position of P.
835 - rep = the line number for repeating the demonstration.
900 - 920 Subroutine to PAUSE until a key is pressed and released.

950 - 980 Subroutine to pause until a key is pressed and released.
Pressing the 'r' key returns to the line number which starts
the repeat of the demonstration. Any other key executes RETURN.




QAR IF IMKEY®<>"T THEN S0 TO 1w 1000 = 1780 Locus of P where P lies on AB, A lies on the y-axis,

Do -
1285 CLS : PRINT "Locus of B lies on the x-axis.

nt which lies on Rge T f:’} §§3 4005 ~ Printa the message asking for m to be input, where
es oh the y-2xis"°'"8B moves on 1h : =m:
es 00 lhe yraxis® P poves on AP ¢ PB = m : n (see figure 3.22).
1812 PRINT AT 13,@; “Input n"
ARASR INPUT B 1015 = Input m
1220 PRIMT AT 1a,4. "
7 _ 1020 - Asks for n to be input.
Inputl o'
1‘329 Ir’;:PUTanRND o THEN PRINT A 1030 - Input n. .
%algéé; E.::: _ang D R et hoth T he @ 1040 - Error message if m and n are both zero.
T GO _TO 1pOas —_ 1045 = If either m or n is negative, the ratio is expressed so
7 ABS mo>n THEN LE '
151?;;, ?F;_f_:-]—f-onﬁ_ilﬁ s THES ! that the numerically larger is positive, e.ge =5:3-5>5i=3.
S 1246 IF n<@ AND ABS norn THEN LET 1046 - If both m and n are negative, the ratio is expressed
NS m=-m: LET n=-n : .
N using positive numbers, @.ges =7:=3->7:3.
1050 - ab = 86 so that AB occupies half the screen height when
it is vertical.
o LET abes 1055 - If m<0, then P divides AB externally. AB = 86(m+n)/n so
105 aL=85 ' that PB = 86 pixels when vertical.
ASS fQ HE T abt=IH 35 4
1@SS IF ®m<R THEN LET ab=INT (S5« 1060 = If n<O0, then P divides AB externally, but P lies on AB
186@ IF n<@ AND @ (R0} >126-88 T produced. PA = mAB/(m+n). PA is maximum when AB is
HEN LET 2b={n+n}  mzi26 horizontal
If mAB/(m+n) >>126 pixels then AB = 126(m+n)/m to fit on the
sCreel.
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18780 PRINT AT &,13;m; “: " n; AT i1=2
LA "AB constant ... .- B OUOUBG
OB constant ..ca» "

138 IF INKEYS="a" THEN GO TQ 15

Qg i
%gg@ IF INKEY®:> b THEN GO TO 14

11p@ IF INKEYS&<»"" THEN GO TO 11
20

2ipS PRINT - “Press anuy key te s
how the LOCUS": GO SUS 23R

llie CLs : PLOT 128,0: DRAW @,17
1120 PLOT ©,82: DRAW 255,08

113@ G0 sus’ aad

T14@ IF mon THEMN BD TD 1398

1145 LET 4=2

1150 QUER 3

1070 - Overprints the letters m and n on the screen with their
values, and asks for a choice of options.
1080 - Jumps to line 1500 if option A is chosen, i.e. AB is constant.

41090 - 1100 Continues only if the 'b' key is pressed (or the 'a' key
at line 1080).
1105 - 1430 Option B. _
1105 - Prints a message to press any key to show the locus.
1410 = 1120 Draws horizontal and vertical axes, with the
origin at the centre of the screen.
1130 - Pause.
1140 - If m>n then the overall width of the locus is greater
than the overall height.
1150 ~ 'Exclusive or' printing command.
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1T1SS FOR y=—3bij TO {ab-13%#y STE
P Jx4 ,

12168 LET wxrab-nbS

1173 LET X=X#%.J -

1179 PLOT A28+ .88

1i8Q IF m4Q@ THEN DRRBL —X#ns (hand
s=dEN S InY CD TG i1zo8

2319@ DRRAY -x.,

izea IF INK=Y$‘ ‘m" THEN GO 70 iZ

e

12058 PLOT 128+X .88

1212 IF m<@® THEN DRRPL -Xa3ns el

~yEnNsm4nY ;s GO TO 1230

1228 DRAW -, -y

12360 PLOT 2128+miNsim4nd , 88-n23 .,
-

1235 IF INKEYs="n" THEN &I

1242 MNEXT 4
1268 IF =1 THEN LET (f=-1: 30 TG
A

126@ L ET rep=31112: S0 3IUS 9c
izva g TN 1o

1155 = 1250 Draws the locus in two halves, one with j = 1, the
other with j = =1. The complete locus will be a rhombus whose
larger diagonal lies on the y-axis and so y is chosen as the
independent variable. Taking x as the independent variable
may result in very few positions of P being plotted.

1160 - x = the current position of B.
1170 - x is negative for the second execution of the loop.

(y = the current position of A on the y~axis.)

1175 « Plots the current position of B.
1180 - If m<0Q then a line is drawn from B to P.

1190 = If m>20 then a line is drawn from B to A.

1200 = Halts the demonstration while the 'm' key is held down.
1205 = 1220 Plots B and erases the line.

1230 ~ Plots the current position of P.

1235 = Halts the demonstration while the 'n' key is held down.

1250 = Loop 1155 = 1240 is executed a second time with j = =1.

1260 -~ Sets rep = the line number which starts the locus
demonstration.




Loop 1310 = 1390 is executed 3 times. Firstly from x = O to ab
when AB moves from the vertical to the horizontal in the first
quadrant. Secondly from x = ab to ~ab when AB moves from

horizontal to horizontal below the x-axis. Thirdly from x = =-ab

to O when AB moves from the horizontal back te the vertical.

As 1155 = 1240, the locus is a rhombus but here the longer diagonal

130® LET j=1. LET a=z2: LET b=ab is horizontal and so X is taken as the independent variable.
1305 QUER 1 .
1318 FOR X=-a2j TO (b-1}xJ B7TEF

x4
133@ LEY u=3b-RES X 1330 - Evaluates y, the current position of A.
1240 LET Y=y#]
;.345 pé;ch % %_!gsﬂ; _ . 1345 = Plots A.
. f;?g,%m LSl %, %‘-Ds}?g‘é@"‘ ¥msEBINY . 9250 o If n<0 then a line is drawn from A to P.
N 1:5'% DRAW =, -4 - N e an 1355 = 1f n 20 then AB is drawn.
o i560 IF INKEY&="n® THENM 8L T2 13 4360 - Halts the demonstration while the 'm' key is held down.
! 1365 PLOT 128,884y 1365 - 1375 Plots A and erases the line,

1378 IF n{@ THEN DRAW Xxms{maend ,
~Yyxmsim4nd) . GO T 133a
1E37E DRAW :f —~1

1‘38? SLOT 18RImaxsin+ny . O82n2uys{ 1380 - Plots the current position of P.

7 417 )

%gas IF INKEYS$="n" THEN GO 7o 13 1385 -~ Halts the demonstration while the 'n' key is held down.
1390 NEXT X

%?—BEE_;I_Fai"g F%Ng ?—51,:33-!}_%“ LET i=-~ 1400 « 1410 j = 1, a = O during the first execution of the loop,
741@ IF Ji—i SN:} S=3b FHEN LET & j=-1, a=ab dl}ring the z:second execution of the loop,

=@: LET j=1: GQ TO 1*113 - j =1, b = 0 during the third execution of the loop.

ii’gg E?Téegéllia' GO SUS 95w 1420 « rep = the line number for the beginning of the demonstration.
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1500 « 1780 AP:PB =:m:n, AB is constant. The locus of P is an
ellipse. The coordinates for P are evaluated using the
parametric form of the equation x? _ y2

az = br T
15 IF INKEYS:>»>"" THEN 80O TD AT je€e X = a sint, ¥y = b cost.
ea - R S ETT e E 1500 ~ Pause until the key is released.
o PR fiepesss Bny LEY Lo E
%E%“tﬁe IQ‘ZCUS--; ! E'a sug QRS 1510 -~ Prints a memssage to press any key for the locua.
;'__-"52@ CLS : PLOT 128,8: DRAW @,17 . 1520 - 1530 Draws a horizontal and vertical axis with the
153@ PLOT @.88: DRAW 255,84 : origin at the centre of the screen.
154 S0 SUBR 9B ' : 1540 - Pause.
1545 IF m=@ THEN GO TO 1600 1545 = If m = O, the locus of P is the y-axis.
1546 IF n=8 THEN GO TOC 193¢0 ' 1546 = If n = O, the locus of P is the x-axis.
%gsa Lg}‘ a=ms(BINY 8D 1550 -~ Evaluates a and b for the equation of the ellipse,
EB L ‘h=3tn/sn =
1258 BoEr"1-. a = mAB/(m¢n), b = nAB/{mn).
1580 - 1750 Draws the locus (ellipse) by drawing positions of
AB and plotting P where AP:FB = min.
1580 - 1630
x = a sint, y = b cost

1588 FOR t=0 T 3S8 3ITEPR 4
Asoe LET X=333IN  iPI/138210 y v my
18R LEY y=bzxCO03 (PIFIDOELL tang = oF =% = = 2
15%@ LET h=ab/ /SR . (RINHEN X $0 %33 . —%.x nx
#4
1620 LET ob=n nx
16560 LET © OB = ABcos@

AB.
J(nx)r + (my)?

y B
my
OA = ABsino = AB.

o

1M}

=

o e

I ®

I

JT

/Zﬁ >

ry 0

n

V(nx¥ + (my)
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164Q JIF n4@d THEN DL OT 128, 3883-03:
EPRARW X,ca+y: GO T0O 1688
1656 PLDT A28+0bxB6GN m,88

1660 IF m«<«@ THEN DRAW ob+r B oo

TO 1680
1670 DRAW —~ak,0a
1680 IF INKEYE="n" THEN 80 7O 18
=
1569@ IF n<@ THEM PLGT 128,38-0a:
DRAW X.0a+4: GO T4 1736 v
1700 PLOT 128+0bhisaN B,a8
i?émlIF BIA THEN DRPBW b,z B0
[} Fa ;\
1750 DRAU -0b.0Z
1730 IF INKEVS="n" THEN B0 TO 17
1740 PLOT 126+x,88+yY
1752 NEXT 1
1760 LET reps=
1758 55 suef3is
1780 GO TO 10

m

2

1640 = If n<0 then A is plotted and AP is drawn since P lies on

AB produced.

1650 = Plots B.
1660 — If m<O0 then BP is drawn since P lies on BA produced.

1670 =~ Draws AB if both m and n are non-negative.
1680 - Halts the demonstration while the 'm' key is held down.
1690 = 1720 FErases the line drawn above. .

1730 - Halts the demonstration while the 'n' key is held down.

1740 « Plots P.

1760 = 1780 If the 'r' key is pressed, the demonstration is repeated
from line 1520. Any other key returns to the initial option
display.

]
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1592 OUER i: LET 4=31

1513 FQR Yy=ahxyg TOQ -—-akszj ETEPR
%

1828 LET »x=5&R fabxab-ygyxll xj}

e
13z PLOT 234,88 +43: DREW K, -2
i34 IF IdMKEYs="m" THEN GG TO

4.3 .
1850 PLOT 122,88+4y: DRAW x,-9: &

LT 123,85+y

A86¢ IF IMKEYZ="n'" THEXN ST TOo AR

58

A87a HMHEXRT 23

1880 IF j=1 THEM LET J=-1: 290 TQ
181

1888 LET rep=is2d

gl GG SuBR =Ta

18308 L0 TO 1@

199G QUER 1

A9a5 LET J=1: LET L=0

131y LET as =@

1915 tET =zfz==zb

1220 FOR M=as TY9 af STEF Sad

122 LET y=SRR (sbhfsab-AHA*Fx) 47
193@ PLOT 128,88y DS x L -2
1935 IF INRESEYZomT TTHEM GO TS A

35

194 PLOT 128,884y DRAL x, ~-y =

LOT 128+ ,88

i%ds IF INKEYS="n THENM GO TO 19

18988 NEXT X

}9“@ IF J=zi 88D K=0 THE LET J =
2: LEYT kK=1: LET as=st ET af=-
L 30 TG 19z

1978 IF 4g=—31 THEM LET i=32: LET

S=—-abk: LET a3fzD. =0 TD is=20

1975 LET rep=iszse

1493 0 SUBE gER

1982 2o To 1z

1800 « 1895 The locus of P = the locus of A.
1810 = y = the current position of A.

1820 = x = the current position of B.

1830 = Plots A and draws AB.
1840 - Halts the demonstration while the *m' key is held down.
1850 - Erases AB and plots P (P = A).

1860 - Halts the demonstration while the 'n' key is held down.

1880 - Repeats the above loop for AB in quadrants 3 and 2.

1885 = If the 'r' key is pressed, the demonstration is repeated
from line 1520. Any other key returns to the initial option
display.

1900 = 1990 The locus of P = the locus of B.

1910 = 1915 Sets as and af for AB in the first quadrant.

1920 - x = the current position of B.

1925 = y = the current position of A.

1930 - Plots A and draws AB.

1935 - Halts the demonstration while the 'm' key is held down.

1940 - Erases AB and plots P (P = B).

1945 ~ Halts the demonstration while the 'n' key is held down.

1960 ~ Repeats 1920 =1950 with AB in the 4th and 3rd quadrants.

1970 - Repeats 1920 - 1950 with AB in the 2nd quadrant.

1975 = 1990 If the 'r' key is pressed, the demonstration is
repeated from line 1520, Any other key returns to the
initial option display.
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gg@@ IF INKEYS<{>"" THEN GO TO 2&
2085 CLS : PRINT A Lies oy 2 Ci
rcle, cenpilre Co B i ®» fFimed p

oint"**"The ratio of BO:radius =

t:r*
20160 PRINT AT 12.8; "Inout (
2208 IMPUT L
2830 IF (<0 THEN PRINT RT 18.8;"
L cannot be negative, try again”
: GO TO 2020
2040 PRINT AT ia,a; "

woeeTpput £
Zas0 INPUT

286 IF r4=8 THEN PRINT AT 18,8,
“r pust be positive, try agaifn
. GO TO 2a5@

%g?@ IF INKEYZ<>"" THEMN O TO 2
ZO88 PRINT AT 5,25 L;":'",;r

20868 PRINT AT &.@;"Locus of & po
int which tLies on RrB*tT"
BP:PB = m:n"

J

2180 PRINT AT 12.8;°

ToTrInEUuT OB
=11@ INPUT m
Z212e PRINT AT 18,6, "

e soThDut ne

)

2138 INFUT N

21535 IF INKEYS<:"" THEW 80 To 21
740 IF m=@ AND n=0 THEN PRINT A
T 16,8;"m and n cannmt Bath ke

GO Th 2118

2isR IF m<@ ANMD BBS san THEM LET.

m=-m: LET nNn=-n
21668 IF n<8@ AND 885 nin THENM LET
m=-in: LET n=-n

2165 PRINT. AT B,13;m; “:":n" "7
ress any key r‘or the lClCUS"‘ l:a
sSug Sbae

2000 = 2400 The locus of P, on AB, where A lies on a circle,
centre C, and B ia fixed.
2000 = Pause until the key is released.

2005 = Prints the message as in figure 3.38 and awaits the
input of 1.

2020 - Input 1.
2030 = Error message if 1<0. (1 = O results in B and C being

coincident.)
2040 - Prints an instruction to input r.
2050 « Input r.
2060 - Error message if r<O0.
2070 - Pause until the key is released.
2080 = Overprints the letters 1 and r with their values.

2090 = 2160 Inputs m and n where AP:PB = m:n.
Error message if m = O and n = 0.

2150 = 2160 The ratio is expressed so that the numerically
larger number is positive.

2165 = Overprints the letters m and n with their values,
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2178 LET (l=sL+r:
Li=2xs

218 IF m<@ THEN LET t =tta#ns ks

ny: LET Xs=INT (255.1

22 IF n<4@ THEN LET

Ll=tLar) #m.s
t+n}: LET Xs=INT ((28S-L1L)

225 LETY rr=raB85 nr/im+ha e
Yo THEN LET ys=INT 87./rr
221 IF ys»xXs THEM LET =f=xs: 0
TO 2236

2PzE@d LET = f=ys

2280 IF t>=f THEN LET =R

IE e

ooas IFE L¢r THEN LET h=if-L}3s8F;
TF m<@ THEN LET b=ir-ilizn-sim3 73}

24@ IF n<® BND L2235 THENM LET
=€t

+r1¥-ns(man) 257§

2250 LET c=bh+i3s¥F: LEY C{=b3rii-Fk

Y¥nos(m4nld _
22831 LET r=r¥sf: LET ri=rr2sf3id6

Hn

IF L4ir THEN LET -~

The locus of P is a circle which is an enlargement of the circle,

centre C. Centre of enlargement = B, scale factor = n/(m+n).

2170 ~ 11 = the distance from B to the opposite side of the fixed
circle, or its diameter if B lies inside the circle, i.ec. when
l1<r.

2175 - ys = the vertical scale needed to accommodate the fixed
circle on the screen., xs = the horizontal scale (pixels per
unit) to accommodate 11 on the screen.

2180 = If m<O the enlargement scale factor is greater than 1, in
which case the horizontal distance to accommedate the enlarged
circle is 1l+n/(m+n). xs is also adjusted.

2200 - If n< 0 the enlargement
11 = the distance from the
extreme right of the fixed

2205 = rr is the radius of the
If rr>r then the vertical

scale factor is negative.
extreme left of the locus to the
circle.

circle which is the locus of P,
scale, ys, is reduced in proportion.

2210 = The scale factor, sf, is the smaller of ys and xs, to
accommodate the whole demonstiration.

2230 - If 1 2r, B lies on or outside the fixed circle, in which
case B is plotted on the extreme left of the screen.

2235 ~ If 1<r, B lies inside the circle, in which case b = the
distance from B to the fixed circle (shortest distance).
If m<0 (enlargement s.f. > 1) and B lies inside the fixed
circle, the locus of P will lie partly outside the fixed circle,
80 b = the shortest distance from B to the locus of P.

2240 - If n<0 (enlargement s.fs < 0) and 117 2r (part of the locus

lies outside the fixed circle) then b

= the distance from B to

the extreme left of the locus.
2250 = ¢ = the position of C, the centre of the fixed circle, from

the left of the screen. c¢¢

= position of the centre of locus P.

2251 = r = radius of the fixed circle. rr = radius of locus P.
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2285 CLS ' -
226@ FPRINT BT 21&6,bLs,8;“8";788 L0
-1;"C": PLOT b,38: PLOT .38

£

2265 CIRCLEC,88,r
2270 &0 suUR 9voa
2275 FOR j=-33 TO 30
22680 LET Xx=C+r20058 {(PI-F3Qxi): tF
T y=—r *5IN {PI- 383}
2285 LET MX=Co+ri 3C0S {(PIA30%4Y:

LET yy=—rixSIN (PIAG38x])
220 IF n<@ THEN OUER 1: PLOT X,
E8+4y: DRAW xX-X,yy-y: GO TO 231

2322 DUER ©O: PLOT b,.83: QUER 3
2305 IF m«@ THEN DRRU xxX-b,uv: &
o TO 231dA

2387 DPRRIW X -b.y

%‘gl@ IF INKEY3=""m" THEN GO TO 23
2315 IF n<<@d THEN GUER 1: PLOT .,
88+y: DRAW A¥-x,dy=-3: 0 T 23T
2320 OUER @: PLOT b,.83&:; QuUER 1
23325 IF m4@ THEN DRRWE XX-b.ay: G
O 7D 233a

2327 DRAW X-b .,y

2330 QuUER ©

234D PLOT ®x,3814v

i%ds IF IMKEYS$="n" THEN GO TOQ 23
22350 MNEXT J

2355 GO Sun <aa

B8 PLOT bifc-b) #nsim+n) , 88

oh
e

2370 G0 SUR 9pa
23B@ CIRCLE CcC,.88,rr

239@ LET rep=2285: GO 3JUB 7aSa
2488 GO TO 1@

2255 = Clears the screen.

2260 - Plots and labels B and C.

2265 = Draws the circle with centre C.

2270 = Pause until a key is pressed and released.

2275 = 2350 Draws the locus of P.
2280 = (x,y) = current position of A on the fixed circle.
2285 =~ (xx,yy) = the current position of P.
2290 - If n<0, the enlargement scale factor is negative, and

80 A is plotted and AP is drawn (AP passes through B).

2300 = If n2>0 then B is plotted.
2305 - If m< O then P lies on BA produced, so BP is drawn.

2307 = If neither m nor n is negative, then BA is drawn.

2310 - The demonstration is halted while the 'm' key is pressed.

2315 = 2327 Erases the line drawn above.

2340 - Plots the current position of P.
2345 -« Halts the demonstration while the 'n' key is held down.

2355 = Pause until a key is pressed and released.
2%60 - Plots the centre of the circle which is the locus of P.

2370 = Pause.
2380 = Draws the circle which is the locus of P.

2390 - 2400 Pause until a key is pressed. If 'r' is pressed then
the demonstration is repeated from line 2255, any other key
returns to the initial option display.
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ggaa IF INKHEY S " THEN D T 30
IJRRE CL3 FRINT Ui iE 2 FimEds
ine, A is a fixed pointi”* " "PH is
the perpendicular fronp P 1o 1h
g Llihe L®*~* 8P :PN = n:n"
2019 PRINT AT 1Z2,e;:;“Input m’

220 INPUT n

3@30 IF m4i=0 THEM PRINT BT 12.,%9;
"m omustl be positive, tFfy agaain':
GC TO 3820

3042 PRINT AT 12.,8:"Input n

3IAEQ INPLUT N

gga@ IF INKEY&S%<>"" THEN GO TO 32
2270 IF n««=0 THEN PRINT AT 12.,%;
“n must be positive, trfry ogain’:
GO TO 3ask

388 FPRINT AT &,l4 ;" ";n""""7~~
“Press any keyw Ffor the Lofus ”

SetS GO 3duB ga@: QLS
Fe9e IF moen THENMN S8 T4 3SoR
3108 IF m<n THEN GQ TO 3I3@2

3000 -~ Pause until the option key is released.

3005 = 3070 Prints the meassage as in figure 3.50 which requires
m and n to be input.
Error message if either m or n is negative.

3080 - Overprints the letters m and n on the screen with their
values, and prints a message instructing the user to press
a key for the locus.

2085 - Pause until a key is pressed and released, then clear screen.
2000 = If m>n then the locus will be a hyperbola.
3100 = If m<n then the locus will be an ellipse.




GO0 WLWWWL- WWWH
[H R b 2 b ) A o i
DO A RLIDOU IR
Deesuadl goUue

[l

1g@ PLOT S ,88+u: ORAW ¥ ,8
2@ QUER &: PLOT 23.,.83. ou

~¢¢e-

W00
2l 1] o]

REM parabola

PRINT TRB 5, "i"

PLOT S&8,4: DRAWY ,17S
PRINT AT 11,1@;"A": PLOT

GO SuUB oo

FOR y=-87 T4 37 37TEPFP =2
OUVER 1

LET Xx=15+y %y 66

PLOT S2,88+4: ORAW %,

GUER ©: PLGT 30,88: OUER
Wox 3@,
180 IF INKEYS="m" THEN GC TO

ER
N-3RA,y

QUER O

PLOT x+50,88+y

IF INKEYS="n" THEM GO TGO

=0 TO 1o

3110 = 3230 Draws the locus of P where PN:AP = 1:1, i.e. the locus

is a parabola.
3115 = Draws and labels the fixed line, 1, at x = 50.

3130 = Plots and labels the focus, A.
Pause.

3150 = 3170 Evaluates the x=coordinate for the parabola.
Plots N, where N is the foot of the perpendicular from P
to the directrix. Draws NP. Plots A and draws AP,

3180 -~ Halts the demonstration while the 'm' key is pressed.

3190 = 3200 Erases PN and AP.

3220 = Plots P.
3225 - Halts the demonstration while the 'n' key is pressed.

3235 ~3250 Pause until a key is pressed. The 'r' key will repeat
the demonstration. Any other key returns to the initial
option displaye.
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£ 57 10
m

r

o

e
“, bl

43 4
mu

I o=

: H
N/sSRR (DEN-#mY )
332@ LET b= n35aR

SO R

¥
Falo)

N LET a2=INT (87

2280, i mAnl

TPy aify —2% A7q }

0 $h~th 3md

3325 LET oaz=2*{(nIn-MxImnl .- -mn.n

333@ LET o=asnsm
S335 LET s=azmsn
3B490 IF IMKEYys(>™"

THEM GO TO 33

4
3348 PRINT "L, DLOT S8 DRSG D
;175 FRINT AT ig.oarsv+i; "&7: PL
Or ¢a,8&
G358 G0 TUD onD
¢ 2268 FOR t=00 TO 38E BTEP S
& 370 LET X=-a2xC05 (PI-180xt2 LE
I T y=bs*SIN FI-230%1)
!

3382 OUER ©: PLOT oa,88:
DRAW o+,

DRAW S+X,Y

3396 PLOT Q,4Y+88:
3430 IF INRKEYZ="m"
an

3418 OUER & PLOT 6a,88:
TDRAW c+x LD

DRAW s+X,Y4

3428 PLAOT &, Q+SB
34302 IF INhEY$ b
@

F440 QUER ©:
534508 NEXT t
246V LET rep =334
3478 G0 aUB SHa
5488 GO TG 1@ -

QUER 1:

THEN G TO 34
QUER -

THEN G0 T 34

PLOT o+x,.,49+483

3%00 = 3480 Draws the locus of P when AP:PN = m:n, m<{n, i.e. an

ellipse, eccentricity, e = m/n,

i
Taking C as the origin and —; + 35

the equation of the ellipse, b = a /1 = €3
=%\/n‘ - mi,

a 1 _ {m+n
oz:oc+cz=?+a=a(—e—-1) ..(—m )a.
3305 =~ 3335 Computes the scale to accommodate the ellipse on

the screen. oa = the distance DA on the above diagram,
= distance OC, 8 = distance AC.

3340 ~ Pause until the key is released.
3345 = Draws the directrix, 1, and the focus, A.

=1 as

Pause,

3370 - Evaluates the coordinates of P using the parametric form
x = =a cost and ¥y = b sint. This ensures that the ellipse
is drawn starting at point Z' in the diagram.

3380 - Plots A and draws AP,

3390 -~ Plots N and draws PN,

3400 - Halts the demonstration while the 'm' key is pressed.
3410 ~ Plots A and erases AP.

3420 - Plots N and erases PN.

2430 - Halts the demonstration while the 'n' key is pressed.
3440 -~ Plota the current position of P.

3460 - 3480 Pause until a key is pressed. Pressing the 'r' key
repeats the demonstration, any other key returns to the
initial option display.




3600 -~ 3930 Locus of P where AP:PN = min, m>n, i.e. a hyperbola
whose eccentricity, e = m/n.

2 2
Using the equation % -—bl,-_ = 1,

b =a/er = 1 =-E(/m" - nZ.

O is the origin, S is the focus.

SE@B@d REM Hyperbola am a an

J61a LET a=t@sn.s/m . 0S = ag = +, directrix = X=— = —,

32%% t§¥ b:gggibmﬁ Tn @ —T3 477 ) ¢ n e: m

= Z=127+axn /N -a = i .

o228 LET ZZ218<i3inon 3610 = a = 50n/m ensur:s that.: ;he two f‘oci are 20 pixels apart

ggsa TF INKEYZ<»“" THEM S8 TS 36 Thiadwas found to be satisfactory for all likely values of
n ne .

gaga Eggﬁ?‘@ﬁ“{_}%_ Z B-1; L F LGTq 3660 -aﬁra.ws and labels the directrix, 1l.

T PLOT =,38 PRINT Fl'f' g, 5.8 Plots and labels the focus, A.

I6TH GO SUB SO6 3670 - Pause until a key is pressed and released.

3650 - 3770 Executed with j = 1, i.e. y from =86 to 86 in steps
of 2. The loop is then executed a second time with j = -1,
which draws the left part of the hyperbola.

~Gee-

3680 FOR y=-58%) TO {Bx; 3TER Ew% Uses x =-%./b£ + ¥* during the first execution,
J
S;Ba LET x=JxasbaSuR (a*bﬁil’“ *3 X = ?‘-./‘o‘ + y* during the second execution
T e - - = "o .
375 IF R»DES DR X448 THEM &0 To
3%7e momm T T 3700 - Translates x 127 to the right so that O is central.
SZAE@ QUER D: FLOT s5.88: QUER 1. 3705 - Jumps to the end of the loop if x is off the screen,
3728 PLAOT z.u+88:. ORPRW X-I2.,8 %710 - Plots S (labelled A on the screen) and draws PS.
_3}339 IF INKEYZ="z" THEM D TD 37 3720 - Plots N and draws PN.
g;g_a QUER @©: PLOT sS,.88: QWES i 3720 - Halts the demconstraion while the 'm' key is pressed.
\ -.ﬂ i_l -
2780 BLolf s ugss, pRON x-z.0 J750 - Plote N and erases BN,
BPEE IF INKEYS=-n“ THEN 80 TO 37 3760 =~ Plots P.
59 3765 = Halts the demonstration while the 'n' key is pressed.

377 NEXT Y
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8780 IF J=1 THEN GO 3uUB
=—-2: GQ TD IS
S?QG IF INKEYg="

38R0 IF INKEY$=" THEHNM
TO G650

231@ INKEYS=" THEN
332@ IF INRKEYS$<>" THEN
3830 GO TO 14

3840 JIF INKEYS$<» THEN

2550 IF brar387,127 THEM

*® 1z

m
=~}

8882 PLOT O,58-bra
s B3 X254

3870 FLOT G,88+braxi
b2 3254

3620 GO TO 39209
3g0e PLOT 127-87%arsb,1:
#3+b,174.

38168 PLAOT 127-
?4¥%asb, ~17¢
2928 LET rep =i
5950 GO TO 1@

M
=]

L
m

THEN GO 7O I

TXxaLLH,AITE:

S@Bd: LET

|
i

CL&
GO To
GO 7

oG
W oo

o)
£

GO TD

£
0

]
£
d
Li
I

DRAW 174
LRAW I

8£&: GO Julk o8&

3780 = Repeats 3690 - 3770 with j = =1, i.e. draws the other
part of the hyperbola.
3790 - 3830 Pause until a key is pressed and released.
'r! repeats the drawing of the locus.
'a' draws the asymptotes (from line 3840).
Any other key returns to the initial option display.

3840 - Pause until the key is released.

3850 - The asymptotes have equations y = + b x
a
If the gradient b/a is greater than 87/127 then the asymptotes
disappear off the top and bettom of the screen rather than

off the sides, and are therefore drawn as in lines 3900 = 3910,

2860 = 3870 Draws the asymptotes when they disappear off the sides
of the screen.

3890 - Avoids 3900 - 3910.
2900 = 3910 Draws the asymptotes when they disappear off the top
and bottom of the screen,

3920 « %930 Press the 'r' key to repeat the locus. Press any sther
key to return to the initial option display.
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%g@@ IF INREYS<>»"™"” THEN GO TO <0t
428 CLSs : PRINT "R and B are
1

¥i

Xed" ""P_maves in such & way hat

f"”“E - =B fotates anticiocy
wise at the sSame rate as

PR "B ...PB rotates anticlockw

ise at twice the rate of Pﬂ”

B, ..0ther felaticns"
THEN GO TG 4823

1310 IF INKEY$=""
2@29 IF INKEY3="¢" THEN G+ TO 406
4R23@ IF IMEKEYS$="b" THEMN GO TO 41
4G40 IF INKEYS<»"a"™ THEM GQ TO 4

1245 IF INKEYS$S<>"" THENMN GO TO 4&
4050 PRINT “"Optltion & - PR i= in
itialiy horizoni
at. . Input the initiat s
ngte, in degijrees, which FB m
FEkes with ThEPRCLZIlIive X JEiFfEgiia
A"

460680 INFPUT

dP65 IF r»=183 THEM LET ¢ =r-134:
GO TO 48285

AQ858 IF r{g THEM LET r=r31ige: 60
TO 480858

47 LET &x=iI27-87x3IM (PIAL80O%r5
Yo LET bx=i12738373x53IN PIF18@x72

408 LET au=87-0873:005 {(PI L1031}

.

4060 - Input r.
4065 - 4066 Adjusts the value of r so that 0<r < 180.

o

4000 = 6150 Locus of the point of intersection of two rotating
lines through A and through B.
4005 - Prints the option message as in figure 3.59.

4010 - 4045 Jumps to the line number corresponding to options A,
B or C when the appropriate key is pressed.

4050 = Option A - The two lines are rotating at the same rate.
The line through A is initially horigontal. The line
through B is initially at an angle r , where r is to be

4070 - 4080 The locus is & circle. AB is a chord of the circle
which subtends an angle r at the circumference.

&Y

To draw the circle so that its diameter
equals the screen height, ax = distance
of A from the left of the screen, bx =
diastance of B from the left of the
screen, ay = the height of AB from the
bottom of the screen.
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40390 IF INKEv&<¢:"" THEN GQ TO 4@
S
4180 CLS

4118 PRINT AT ﬁl -2 B, X 823078

;TREB bxs8-—-2;B" PLET sx,3yYy: £LO
T bx,a3y

412® LET & =2t: G0 SUR Sano

ALI LET J%="k+i": GDQ SUR S0
4140 QUER A: PLGT B, DRAW E-T,
t—-q: PLOT v,.v: DRAW w-u.z-v

418568 S0 3UE QQB

A1S5Q FOR K=3 7D 180 STER 3

417 LET op=p: LET qg=q: LET =5=
sS=-p: LET ti=t-g4.: LET au=U0: LET W
W=V LET =W~ LET ZX=Z-V

418@Q LT N=l27+4+373C0S Ti2xX 49
JE¥PI,AS@1: LET 4=87+B73S5IN I
+r-96) *PI/158@)

4120 GO SUSs SS9

42@@ GO SUS BRVB

421 IF INKEY$= m' THEM Q TO &2
g

4228 PLOT ppr.q4q: DRAWY ss5,1t: PLO

4

UU,vv: DRAL we,xx
4230 GUER S: PLOT x,gy: QUER A
ﬁgqq IF INKEYS="n" THER GO TO 42

3

4240 PLOT DP,g: DRBU s-p,tl2q: PLO

T wv,v: DRAW w2y

A258 MNEXT K

AZ260 LET rep=40290: 0 SUB QEDQ
4278 GO T 16

)

4o90 - Pause until the option key (a) is released.

4100 = Clears the screen.
4110 = Plots and labels A and B.

4120 - SUB 5000 calculates (p,q) and (s,t), the coordinates of the
endpoints on the edge of the screen of the line through A.
4130 - SUB 6000 calculates (u,v) and (w,z}, the coordinates of the
endpoints on the edge of the screen of the line through B.

4140 - Draws the initial lines through A and B.

4150 - Pause until a key is pressed and released.

4460 ~ 4250 k is the angle which PA makes with the horizontal.
jé is the angle which PB makes with the horizontal, as a function
of ke In this option j=k + r.

4170 = Allows the next positions of the lines PA and PB, and the
coordinates of P, to be calculated before PA and PB are
erased. This is so that the time between drawing the lines
and erasing them is longer than the time between erasing
the lines and drawing the lines for the next position of P.

4180 - Evaluates the x and y coordinates for P, the intersection
of the two lines.
4190 = Calculates the endpoints of the next line through A.

4200 = Calculates the endpoints of the next line through B.
4210 - Halts the demonstration while the 'm' key is pressed.
L4220 - Erases the lines AP and BP, previously drawn.

4230 - Plots P.

4235 . Halts the demonstration while the 'n' key is pressed.
4240 = Draws the next lines through A and B.

4260 = 4270 Pressing the 'r' key repéats the demonstraion. Any
other key returns to the initial option display.
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¢3@gBLET ax=4@: LET byx=127: LEYT
3y =

%gl@ IF INKEY 3> THEN GO TO 43
4328 CLS

A4R2Q PRINT AT 2i-ays 8,537,333 7"R7
JTRB bxs8-1:URBY: PLOT ax,ay: PLOD

T bx,ay
4340 LET Kk=&: GO SUB Saad
A43SQ LET Jj$="2xk": G0 SUS c@ae

4368 QUER 1A PLOT p.q: ORAW 2o,
1o
4378 CO _SUE tar

%3?5 SUIAER 2 FPLOT F.,.494: DRAW = -5,
-4q

4380 FOR k=3 TO 18@ STER R

4398 LET pp=g: LEYT Qg=g5: ET 55 =
5-p:; LET tt=t- q: LET uvu=u.: LET w
veEv: LET ww=w-— LET zZ =2 -y

4400 LET f=13?+5.*LE5 (R %P I 00
LET 2=0B8+ET7r5IM (xxPI /2Rl

4410 GQ RUB Saas

4428 GO SUB 653Q

4430 IF IKRRKREY S="m? THEN GO 70O 44
SO

4448 PLOT pr.94q3: DRAUY =511 FLEO
T ouuw,vwyw: DRAEW wWwn,IX

4445 IF IMKEYS="n" THEMN GO TO &
45

44S@ QUER @: PLOT x.2: QUER 1
4468 PLOT p.,9: DRRAW s-p,1-3: PLO
T wu,v: DRAW wWw-U ,Z-v

4470 NEXT K

4475 PLAT p.q: DRAW =-p.,1
AABG LET rep=431@a: GO SUD
4488 GQ T4 1&

-
p=i=gn)

4200 -~ 4480 Option B - the locus of P is a circle centre B,

radius AB. ax, bx and ay are as before, but with values so
that B is at the centre of the screen and the radius is 87
pixels,

43320 -« Plots and labels A and B.

4340 -~ 4350 Evaluate the endpoints of the lines through A and
through B.

4360 = Draws a horizontal line through A and B,as the lines PA
and PB are coincident.

4370 = 4375 Erases the line above when a key is pressed and
released.

4280 = 4470 As lines 4160 = 4250 except that j = 2k,

= 127 + 87cos2k, y = 88 + 87sin2k,

The locus is a circle, centre (127,38), radius 87 pixels.

4475 - Draws a horizontal line through A and B.
4480 -~ Pressing the 'r' key repeats the demonstration.
Pressing any other key returns to the initial options.




-obz-

%gaa IF IMERSY S<4>7" THENMN SO T 45
4685 PRINT “‘vhption [ - PR is i
Nitialtly hOrizon
tal."""PR rotates anticlorcermiscse
Lo mareangi b degrees wilh the

0
e
pesitive ¥ dirgecticn.
Inputl the relation betwee
n the angle J, which PR makes w
iih thepositive X direction, and
4610 INPUT “J = ", J%
4620 LEYT ax=11i. L7 bX¥=iga: LET
3y =83
4625 CTLS
9322 PRINT AT 2l-ays8,.,ax,°8 "8, T
RB bxrs8B-1.7°8B. RPLET ax ag: --aT
bBx,ay
4542 LET k=@ GO SuUDn Sopn
4550 GO EUB 6000
4655 QUER 2
4660 PLDOT p. g DRAW s-p,1-49
4661 LET =06
ARRE IF j<>»@ TRHENMN PLOT u,w: LSRRI
W-U,T-v: LET Ff=1
4A6TR B SUB o0D
4675 LET u=88; LET x=24%
ABER LET % =E+3 LETY =%
4600 LET pp=p: LET 4qq4=3: LET ===
£-~5; LET 1i=t-g: LET wmz=tt: LET ¥
v=yv: LET ww=w-u;: LET ZZT =2 -3
4708 GO SuB Saebd
4718 GO sSuBE goae

4600 - Pause until the option key (c) is released.
4605 - Prints the message as in figure 3.69.

4610 = Prints at the bottom of the screen - j = '"?", which awaits
an expression in k to be input.

4620 = Since the locus of P is not predictable, these positions
of A and B were found to suitable for the general case.

4625 - Clears the screen.
4630 -~ Plots and labels A and B,

LE4O - 4650 Finds the coordinates of the endpoints of the lines
through A and through B, having set k = O.

L4660 - Draws the line through A (initially horizontal).

4661 « f = O when both lines are horizontal.

4665 ~ Draws the line through B, unless it is horizontal. If it is
not horizontal, f is set to 1.

4675 - Coordinates of the first position of P, i.e. at Ba

4680 - increments k by 3 and sets e = Q.

4690 - As 4170.

4700 ~ Finds the endpoints of the line through A.
4710 - Finds the endpoints of the line through B.
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i;%g IF k=g THEN LET g=1: &Q TO
4748 IF =368 THEN LET x=by: LET
3388+33*THN (PI /18R#RY . GO TO &7

47580 IF k=280 THEN LET X=ax: LET
E:QB—SSQTHN (PIAIBQxY: GO TO «£7
=

4700 LET R =33#TAHH [(PI-L88%2L) ~{TH

N O(PIABRX I -TAN (PICABRFKIN: LE
Tby=88+x*THN (PI/IS8Qx ;) LET a=x
+bXx

4?7270 IF INKEYE="m” THEN GO TD 47

4786 PLOT pp.9qa: DRAW s&,11
4781 IF =@ THEN LET rf=1: GQ TQ
4798

4785 PLOT uu,vv: DRAW ww,=Z
A786 IF INREY&="n" THEN &GO TO 47

Z6 :
AT7ESY IF INKEYS$="x" THEN GO TQ 19
2 SnD g4 =173

AT7SR QUES @ IF yoH= E

OGND x3>=8 AND % <=258% #ND e=0 THEN
FLOT .4

4800 QUER 13

A81® PLOT r.q: DRRAW s5-p.1-373

4820 IF k=G aND i=22 THEN LET f=0d
: GO TOQ 4340

AB3A PLOT u.v: DREAW w-U T -

Asatd GO TO 426850

4720 - If k = j then the two lines are parallel and so do not

intersect, in which case e is set to 1 and 4740 = 4760 omitted.

47k0 = 760

If N is the foot of the perpendicular
from P to AB, PN = ANtank = BNtanj,
i.es (AB + BN)tank = BNtanj,

and so

BN = N = BNtanj.

tanj - tank °’ P

4940 - If j = 90, BN = O and PN = ABtank.
4750 - If k = 90, BN = =AB and PN = -ABtanj. o
The jump to line 4770 avoids an error when tan90" is

required.
4740 - 4760 x is BN, y is PN + 88 pixels.

-
=

4770 - Pause in the demonstration while the 'm' key is pressed.

4780 - Erases the line through A.

4781 - If £ = O then both lines are horizontal initially, in
which case only one line was drawn and so only one needs
to be erased.(line 4785 is omitted).

4785 - Erases the line through B.

4786 - The demonstration is halted while the 'n' key is pressed.

4787 - Pressing the 'x' key returns to the initial options.

4790 - Plots {x,y), the position of P, only if it fits within
the s;reen and the lines are not parallel (indicated by
e = 0).

4810 - Draws the line threugh A.

4820 - Sets £ = 0 if both lines are horizontal.

4830 - Draws the line through B if the lines are not both
horizontal.
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S5@0A IF K»>=180 THEN LET K=f-18a:
G0 TO STale
525 IF Kk>30 THENW GO TO Sagd

ax: LET

mEla IF x=o THEN LET @&
TE: RETURM

gq=0;: LET s=ax: LET 1=1

s IF k=2 OR k=186 THEN LET p=
G: LET g=ay: LET s5=2805: LET t=pY
RETURN

=

EQ3@ IF aycsax<TAN (PIF138xk) THE
MOLET q=0: LET p=2x-s4-sTRN {(PI/X
sgaxkiy: GO TO SatEa@

SELR LET p=ft:; LEYT g=ay-a)XxTAlN P
I/188 %K)

5258 IF {(175-ayl) A {(285-5u) {TRM is
T 18@%KY THEM LET 1=175: LET E=g
X FLATS =YY A TRN {(FPIF106%L% RETLR

™

SP6Q LET s=285: LET ts=a3+{2558-33

Yy &TAN {(PIZ3383k1)

S@7Re RETURN

SESG IF ausiax-28821>TRM (RPISL0Q:

LY THEN LET g=0£ LET p=a)x-—-ag.sTRau
(REICAS2RRY ., B0 TO DASR

SAQE LET p=R%S5: LET g=ayg¥{=B85S-x

3 ETAM (PIA130%K)

Z1@@ IF fay-175) sy aTAEM (PTAASRY

kY THEN LET t=1785 LET s=ax+{17CS

—ay) S TRN (PIAL180%Rk): RETURN

S1316@ LEY Ss=D0; LET i1=3ay-gxa2TRN (P

17,380 %K2

S1200 RETURN

Subroutine 5000 -~ 5120 finds where the line through A meets the
edges of the screen. A has coordinates (ax,ay).

5000 - Sets k = k (modulo 180).

5005 - If k is obtuse then the gradient of PA is negative, in
which case jump to 5080.

5010 - If k = 90, then PA is vertical and so the coordinates (ax,0)
and (ax,175) are returned.

5020 « If k = O or 180 (k = 180 is possible when the subroutine is
called from line 5005) then PA is horizontal and so the
coordinates (0,ay) and {255,ay) are returned.

5030 - If §%<:tank, i.e. the gradient OA is less than the gradient

of PA, then PA meets the bottom of the screen at the point
with coordinates (ax = ay/tank,0).
ay

5040 - If Ei:>tank, i.e. the gradient of OA is greater than the
gradient of PA, then PA meets the left side of the screen at
(0,ay - ax tank)

5050 = If the gradient of AS, where S is the top right corner of
the screen, is less than the gradient of PA, then PA meets the
top of the screen at (ax + (175 - ay)tank,175).

5060 - If the gradient of AS is less than the gradient of PA, then
PA meets the right side of the screen at (255, ay+(255~ax)tank).

5080 = 5120 The coordinates of the points where PA meets the edges
of the screen are evaluated in a similar way to that above,
but for ohtuse values of k.

On RETURN (p,q) and (s,t) are the coordinates for the endpoints
of the line to be drawn through A.




~¢ve-

shel LET Jd=VEL %

6@1@ IF j>=l18@ THEM LET J=i-18&;
GO TO tele

5@29 IF J{@ THEN LET J=g+183: &0
TO 6208

626 IF j>92@ THEN &G0 TO Siid
fR4ABm IF Jg=2it THEMN LET u=hbhy., LET
¥=@; LET w=bX: LET ZzZ=175: RETURHM

65 IF j=@ THEN LET u=f: LET w=
ay: LET wR=2S5: LET Z=24: RETURM
SR6B IF aurbX<TRN (PI-18Q%4) THE
N LET w=2: LET u=sbx-ga..7TRN {FPIsA
Z@*5): GO TO badG -

B5O70 LET u=: LET v=ay-bxaTRN P

I-180%41}

E@30 IF (17S-ayl /{SSS-bLM) STAMN 1P
I-ras@xi) THEN LET =175 LET m=h
X+ {AT7S -39} STAN (FIFA8@xJ): RETUR

XN

5088 LET w=R2%S. LET I=ay+i{=2ES-bhx

T FTEAMN {(PIFLISEIEJD

gige RETURNM

5118 IF gu-s1bx-235851 >TAN {(FI-1302
4 THEMN LET v=0: LET U=zhX-ay ,TRHN
(RPIFISE2 )} : GO TO 6132

S12A LET u=2%5%%: LET v=ag>3yi(288-bi

TxTAMN (FICSISAX )

£i38 IF tayg- —175Sy sbx>TAN (PIS1383%

) THEM LET z=175: LET w=bx+{i7E

—a3Y) ATAN (PIAASOF Y : RETURN

5148 LET w=0: LET zZz=au-bM*TAMN (&

I-r80%3)
2152 RETURN

6000 - § = the angle which PB makes with the horizontal.

Subroutine 6000 - 6150 is similar to subroutine 5000 = 5120,
except that on RETURN (u,v) and (w,z) are the coordinates of
the endpoints of the line to be drawn through B.









