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A"BSrRACT 

DynD.mi(; relaxation is used to co,lculate the si;rass <listrthu­

tion in a flat ",lata lIith a small circular hole at thn centre and 

loaded by forco" in tl18 pL:me of the plate. 'l'he r<3sult3 a:rc oompared 

l1ith those of an analydco,l solution. '.1','<3 deflection of a flat circu­

lar 'plate, oir'll)ly sup:port~;d, under transverse loacline is TrlPu.8ured usinG 

holographic interferometry. The defleotion and stress disG~'!'1Jution ill 

the plate is deter:i'ined usi!~IT dynanic rolo.xo..tion. rl'he holoCrLtphic and 

dyn,aHlic rolaxation results ure CO!i11Hll'ed with an analytical solution. 

The methods ancl pI'oceuuros used to analize these t;iDplc O~j3CtC, 0re 

extended to the analysis of a ceome'~rically cOl~plex :plo,to; the pb,te is 

a flame plu.tc from a In.reo diesel eneine. 
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a constant 

h constant 

SYJ.iBOLS 

c velocity of normal-ctress nave propa[;o.tion, in./sec. 

d displacement vector, inch80 

E mc1.ulu3 of elastiCity, Ib./in. 2 

G 

G 

I,J ,K 

k 
k cr 

L 

P,<1 

r 

t, At 

T 

u, V,-\-i 

r,G.,z 

,., 
gravitational consto.nt, in./sec.~ 

shear modulus, Ib./in. 2 

subsrip·ts denoting spatial location 

dampine constant 

critical damping constant 

cons"tant 

"'urmal-stresses on a bcnmdary, Ib./in.
2 

iterative time ch,p, radius, inches 

time, ti!'le increment, socon(ls 

temperature or temperature dif:LGrenco, of 

resolved C0n1:90non{;s of displa.cement vector "d" 

velocity, in./s8c. 

cylindric2-l coo~'din2-tos 

rectanellia:t: coo:rdinates 

La.mo' conctnnts, Ih./in. 2 

wavelencth of liGht, Ho-lio = 6328R 
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(,)n fun~C1r.lento..l freC'"I.lo}lCY . . of vi brc:.t ion, 

n.nGles of vicuinz and. ill tu:lino.t i on 

angles of vieHing o lid ill Ul:lino:t i on 

plo.cement vect or "d" 

noroul G~reS8, Ib./in.
2 

norr.:al ntrr .. in, i:1.!in. 

shear strecs, Ib./in. 2 

oh.3ar strc..in, 

W\Q ss cl ell si ty 
in./in. 
tb~'i.ec."I./in4 

ro.di;J.l1s/C:)C. 

!'ola.ti ve ~o the 

ro~n.tive ·~o the 

surface 

dis-
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TIPt'H ODl1 C'l' I OfT 

In this tJlOJ:l:lo, thc strons dietribution in a >iD-tor cool od 

flnr.lG pL:te froi.: a In.rt,'c di0zo1 encsine is ir!~.restit:':l;bod. 11he ellcine 

is a recent dcvol0l"n'3nt of :w.nton-Hornsby Lir,iteu, Lincoln, En"l::md 

and is capablo of' clevelopine 500 Jlo:r_'se-T-lOiH3~ 1101." oylil~c3.crc fl"hB flc:.r:10 

plate is cSDentially a fl:1'c, thin, circular plate "rh5.ch is co:r.plic:1tei 

by valve l)O:rto, fUGl i:njoctor hole, and intornal cooli:r.'~ pn,Gf:a.:3CS, In 

aduition to beinc gccmeh'i,cally three dimG!:sional, the plate is sub-· 

jcct to complex thcrr1al ,::;r~;d.icntfJ in th).~\:!A dimel1GionG and thvs a three 

d;.IJension:;..l. an8Jysis in reqltirerl. 

The GooJ;ootry of the pIu-to lonur; itself' to a cylindrical co­

ordinate systEm awl thus the problem is GO obtD-in 0. flol,utio" of '~ho 

folloHine P1W't ial (li ff'oront ial crlUl1t ions. 

c7. ro 
dr 

+ JJr - (j'"a 
r 

'[rG 
r 

-= 0 

o 

- 0 

The solution of' ',110 a'b0"c c'luu-tionG which define cq,uUj1Jriurl, r:mst ",1"0 

satisfy -the f01101"T1.11.3 tl~:')l."DO-G1.G.sticity C1l1F1t:LClJ.s. 



'Ire = A (..!... dU _ y.. + ~v ) 
r 09 r or 

1.,1 = ~\ (do + ~w ) 
~1.. or 

Tze = A (ov +_1.. dW ) 
0'Z. r 09 

Generally, these equation.s can only be solvod analytic2.lJ.y in ea:...cs 

'<There the c;eor.:etr:r of the objoct and of tht' leading and support con­

fiGUI'a·c:'.on is simp] o. For ;:;eometrically complex objects or 10a<1in:; 

conditions, numerical ancl/ or G~::::pe1.'i!n3ntD.l methods lTIuat be used. 

3. 

In forrlUlatinG tile pro1)lem for solutio:1 by nur:J"lrical methods, 

oort",in simplifyin;:; assUJnptionsmay have to be made to the eeometry of 

the ol'ject o.r. to the loadinG 01' Gupport confi':;"11rations and .'l.G a result 

the acc1)ra~y of ·the recults rr.ay bQ questionable. In such cases, it js 

considered good r)l~a.ctice to accompany a ntuiloricn.l solution lTitlJ. an 

',,:perimental .;01ution or at le[1st "ith a fey;- experimc!1tal value3 1-1ith 

which one can compare the theoretical or numerical solution and osti­

mate the credibility of the num"lrioal solution. 'J~he oxperir.;ental )-fork 

need not be carried out under the actual lTorkinG oonditions of the 

objeot as for examplo in the oase of the flame plate beinG investi-

gated in this thesi"', it ~ras not consid.ered fe[1siblp. 

sinulato enGine conditio!'!? in the lcb0ra-tol'Y nor HaG 

to attp.mpt to 
it 
~ oonsiG.erod 

:'easible to attc.mp·t "n cy-p"rimental solution 1-Tit.h the IllatA in :;situ". 

It was hOl1ever reasoned tl1:lt if the plate coul" be an[1lized both ex­

perimentally and theoretical1y under a so·t of conditions compatible 

',;ith the .enS::'ne conditions :111d ·if the results of both solutions "STeed 

favourably lTith each other, then substitutinG the actual Harking con­

ditions into the arithmetic of the theoretical solution should produce 

a set of results in whioh one co"ld be confident. 

The mctholts chosen for the analysis of the flame pl:1te [1re 

dynamic relaxation and holo[;raphic interferometry. The method of 

dynamic relaxation is described in Ch:lptor 1. ,·rith the aid of simple 



examples and acain in Chapter 3 by "~he analYGin of a flat plate l1ith a 

sl:!all oiroular hole at the oentro and loaded' by foroes in the plane of 

the plate. The resul to are oompared with those fro!:! an analytical nol-
.... uu.l.o.n. 

In Chapter 4, the transverse deflection of a simply nuppor~od 

flat circular pl~to subject to a tranoverse mechanical load is deter-

mined usine holocraphic interferometry and dynamic rela}~tion. Dynamic 

rela .. .'{ation is also uGed to determino the stress distribution in the . .,." ." 
plllte. '1'he results of the holoGraphio and dynamic relaxation analyses 

are" COml)ared lTHh the results from an analytical solution. 

, In Chapter 5, the prooedures' developed in thc analysis of the 

ecometrically simple objects described above, are extended to the anal­

ysis of the flame plate. Thc analysiG of the flame plate is in tl~O 

partG. The firGt part consists of a holoe1'aphio and dynamic relaxation 

analysis of the flame plate under a transverse mechanioal load. Usinb 

the holoGraphic results as a basis for oomparison, the dynamio relaxa_ 

tion solution Han refined to improve the accuracy. The second part of 

the analYGis consints of substitutine the engine or lforkine conditions 

of the plato into the arithmetic of the dynamic relaxation solution. 

The teml'erature distribution in the plate which constitutes the thermal 

loadint in the plate was determined by dynamio relaxationjPOHeVer the 

temperature information available for the 'thermal analysis is some"hat 

limited hence the results are queGtionable. 

In Chapter 6, on the basis of the overall work done through­

out this thesis, oomments and conolusions 1Tithregard~;ocuracy and a]?p­

lioation of the methods of dynamio rela.."Cation and 'holoeraphio interfer­

ometry are eiven. SUGgestions for future Hork on the flame plate and 

for development of the methods of dynamio relaxation and holoeraphio 

interferometry are eiyen. 

In the fo1101;1ne I3cotion, precedine Chapter 1., a brief sur­

vey of current numerical and "experimental methods is eiven • 

• 



SUHV:EY OF lTU1·fEllICAL AND BXP:;;;,1IJ.IENTAL 1.!Z'I'HODS 

Numerical l·;ethods 

The numerical r.wthodo in current use for solving problems in 

elasticity c.::.n be classifi.ed into tuo "TOUpS name1.y finite difference 

methods and finite element methodn. 'I'he finite difference mothods 

'fill be dealt uith first. 

In cener .... l, a munber of finite difference methods exist 

ho>rever uith diGit111 computer", being a common place item to·-dny the 

number Can be reduced to four. 'l'ho£)o are the Jo.cobi it oro;t hre , n.e 

O~uss-Siedel -1~terative, sucoessive over rela:x:;;.tion, o,nd more recently, 

dynaaic rel~.xntien. These methodo are classed as foUous: 

1. Jacobi (J. 1.) - simult,,,neous basic rolaxation 

2. D;lnarnic Relaxation (D.R.) simultaneous accelerated 

rela,xati,on 

3. Gau3s-8iedel (c ... ,s.) - successive basio loe1n.xat ion 

4. SucceSSive Over Relaxation (S.a.R.) - successive accelerated 

relaxation. 

These methods are compared by Otter and Hobbs In (3), again by otter 

in (17), and by Hood in (18). In comparing these methods, the tfOrkprs 

cited auove looked at PoioSOJ1s eQuation and compured the speed of 

convercencp. from a mathema'Gical point of vie1f. One might also C0mpare 

the methods from n. point of vic't-T of cuse of applic<J.tion or eane of 

pro2,-ram:ling and accuracy. Until D.n. 1f;].S developed, s.o.n. offered 

the best approach sincG it is much f~GtGr than C.--8. vihich in turn is 

faster than J.I., and is equ:lUy easily applied. Dyn:lr:lic relaxation 

is sloHer th:m S.O.R. and G.-S. but faster than J.1. and appe::crs to 

be more difficult to procramme, because of the introduc·tion of 

, . 
.J. 



auxilliary v:1riablos, uhich is fundamental ~o the method of D. H. 'rhe 

introduotion of auxilli(),~y variables requires [;l'eat,)r stora{sr', sp:1oe 

in the corn:;:uter h01rGver it does reduce the seoond order Laplaee or 

Poisson equation to three first order equations. It rrould appecer then 

that S.O.H. is still the best choice as far as Po:i,sson's oquation is 

concerned hooiever f::'om utter's experience in solvinG the pa::,tial 

differential oquations ",'ioh arise in clas'Gicity problems, it is l:,uch 

simpler to uoe D.R. tha;l s.o.n. and siu:}e S.O.H. is essentially 

derived from J.r. and 0.-5. the S~tme holds true for 'those methods. 

G. 

The reason for D. n. beinG simpler to aPI,ly or to prO,Sl';:llnme in the c.:1se -
of elasticity problems is that one i~ invcilv(,d with first order 

equations uhioh maleeo the boundary condition'] easior to opaoify than 

in the Case of usinG S.O.H. 1Thoro ono is involved uHh ",,,ao:ld order 

equation;; or fourth o~der equations if the problem is formulated in 

t arms of stress fU)1ct ions. 

110 clirect com])arisons of D. n. ani s.o.n. uHh reeards 

accuracy Here found in the lit er:1ture h01rever simplc illustratiens of 

D.R. bt"dnff used to solve the s~.rcs:::: distribution in :;, tonsim1 lJlember 

(2), (3), <l.nd the stl'COO discri tution in a tendon rneml)er ,'ith :1 

stress conccntrv.tion (4), cholT D.R. to 3'ive a high deG,Toe of acc'.lrQ.c.:r. 

S.O.R. being a 11ell ec'cliblishod mothod is also roputecl to t:ivn ilcour.::.'te 

results. The accurucy of "oth methods is perhaps not the real question 

but rather the ::..ccur:1CY of tho applicoction, or th" ussllmptionq 1Thich 

go intcthe formulation of the p1'o'olem. In a.ddition it goes rrithout 

sayinG that the accuracy of numerie~,l solutio.l 1<ill be enhanced Ly the 

fineness of the mesh. Dynamic relaxation is compared ,rith the method. 

of finite elements in (19); both met!)ods are in good <~zreement uith 

each other. 

Uhile the speed of convergence of S. o. n. and D.!l. h2.,/,0 not 

yet been mlU;<1l'ed for e12.sticity probler;,Q, it is bel:i.cved thilt s.o.n. 
will be the Cluicker, hence one is faced 11i th J:l<'tkin{( "" choice bet~'1Cen 

speed and simplicity. If one is completely unfatlili:l.r iTith both 

metLods, D.R. beinl:: the Simpler method to apply, appec.rs to be the 

J.10St attractive and nl,,-y initi"lly prove to be the qClickcr method. 



7. 

The Finite Element I,lathod 

The method of finite elements oriGinated in the field of civil 

engineering in the analysis of structures and is considerably different 

in concept from the finite difference methods. In finite difference 

methods, the p=tial differential "<J.uations ,,11ich define equilibriwn 

and strons-strain relationships are U)'itten in finite difference form 

and solved numerically u8;.n8' an iterativG procedure. '1'he finite element 

method does not seek a sol·<ltion to ~hesc e<luations but rather to solve 

a set of simultaneous eg.uations l,hich have .'been formulated on the lXl.sis 

of the stiffness of the elements, into which the object has been div­

ided, the displaoement of the node points of the elements, and the 

forces which ac" at the node points of th" elemcnts. In the case of 

a structure this usually means solvin8' the expression: 

,,,here "d" is the displacement vect or of th" node pOints, "p" is the 

force veotor at thE< node points, and, ilK" io the stiffness matrix of 

the elements. 

The above procedure has been ext?nded to continuous structures 

or elasticity probJ "inS and takes th,) form: 

er = Kd 

For stress analysis, the stiffness matrix is formulated on the basjo 

of energy methods, i.e, 'Jy equn.ting the external lTork done on un ele­

ment to the internal energy stored by the element. In order to deter­

mine the internal energy stored by the elenent, the strain or stress 

distribution ,rithin the element is assur:led to be a functioYl of the 

displacenents at the node points ann the geometry of the element. 

In the fInite element method, one is not confined to element 

shapes uhif,h are dictated by the coordinG.te systen used as is the case 

in finite difference methods and one cen take advantage of such element 

shapes as triangular, octaconal, rhombic, etc. The use of different 

shape elemonts cften allous a better G.pp:r:-oximation to be made to the 

boundaries of an object. For eXD.rcple in the case of an object l,hich 



has both curved and straight boundaries i~hich do not conveniently co­

incide witll a conventional coordinate system, trian~~lar elements can 

be made to fit the boundaries more closely than say rectanGUlar or 

trullcated triangles rrhich result from rectangular coordinates and polar 

coordinates respectively. 

'l'he greatest dii'ficulty in applying the method of finite ele­

ments is the formulation of the stiffness matri::;: and in prllctice this 

is usu'1.lly left to the computer; proc;rammes have be<>n written such 

that one need o!1ly input the coordinates of the nede points after hav­

ing chosen the shape of the elemnts and having ;:ppropris:~ely dhrided 

the object up into ele'aents. 

Without actually investigating the method of finite elements 

in detail and actually using it to s~Jve a pro~lp~, one car~ot c0mpet­

imtly compare the meth0d rrith finite difference methods and few com­

parisons were found in the literv;cure. Onc coml'arison found, (19), 

looked at th0 accuracy of a finite element solution and a'rl.ynamio re­

laxation solution of an arch dam problem and as previously r.lentioned 

the two methods compared favour",bly with each other. R~,s!:tton, in (4), 

states that for the par'~icular problem of the analysis ot' a st~'et'lS 

concentration in a notched plate, the method of finite <lif!'erences 

uould 'be mOl'C accurate than a finite element solution and ,Tould be 

much Simpler to programme. 

In sw:1marizing, it might be rlSasonc.ble to assume that thvse 

who have a civil enGineering background and uho ":::'9 experienced in 

matrix solutions of structural problem~ micht choose the finite ele­

ment method and those uith a mechanical onCineering baclq:;round :faced 

uith the solution of partial c1ifferentir,l equat.ions migbt choose ::.. 

finite difference method. It might also be assumed that no mattcr 

"hich method is chosen, the accuracy of the solution .dll depend on 

hOil i1e11 the method is applied. 

ExperirJentp,1 J:ethods 

A number of experimental methods have been d.eveloped and 

many books have been ,~itten on the subject. The job of the analyct 



is to select the method or methods best suited to the problem at lnnu. 

and in some cases prescribe a set of experiments from which useful ;,n­

formation may be obtained. The name experimental stress analysis " 

somewhat of a. misnomer since it implies that one measures stress anI 

in practice one is involved in measuring displacements ,rhich ,Then 

averaged over a finite distance e;ive strains fron uhich onc can calcu­

:la.te stresses. 

The methods available can be classificil in hlo groups namely 

point methods and ,Thole field mothods, As the names imply, point 

methods give in:t'ormation at diacrete points on the surface of the ob­

ject while 1fhole field nethods give i'1fornation over a large arO<1 of 

the surface. Point methods are confined to various forms of strain 

gauges; the electrical resistance type being the nost 1fidely uaed, 

Hhole field methods include brittle coatings, :;rHs, Hoire' fril1{(e, 

phot oelast ici ty, and recently, holoCl'aphic int erf8ronetry. 

Elcct:r:-ical resistance strain [,'V..UCes a.re dGsisneJ. to meaf.;ure 

in-plane su:"face strains or averace displacements over a gauce length. 

Gaue;e lengths of 0.2" to 2.0" 

conditions, strains as low' us 

(n'e re'l.dily available. 
.... 1 e ... "stl"<lj" 

5 .. kG: 3 g ox Etlfis can be 

Under larJOratory 

accurately meas-

ured and spec::'al gauges are nanufactured which can measure plastic de-
"'" i e,.." s t ...... .., 

forma.tions 0r s"l;rains in the rp.fjion of 200,000 migpo ita ~ ~u~s. rl'emper_ 

a.ture compensated gauges which exhibit) ow sensitivity to temperature 

change are available for use in thermal stress problems. ~10 determine 

the magnitude and direction of the pril"cipa] strains reCJ.uircs the use 

of at least 'three gauees; these are usually a comhined gauge called a 

rosette. No information ree;ardinG the dis~lacements normal to the 

I'lurface of the objecG can be obtained from strain Gauees unlebs the 

relat ionship between the normal d'isplaccments &1C.:l the in-pJ.ane Atra'ilC. 

is kllonn. 

Cl 
" , 

Generally, brittle coating methods cive only the direction 

and relative ma':''1litude of the principal strJ.ins o,nd as 1Tith stro,in 

gauses, Cive no information recardine normo,l displaecnents of the cur­

face. J31'ittle coatinG methods are often used in conjunction lTith 

strain gauges as an indicator of the location of strees concentration 

and as a g~ide for positioninc the strain gauges. 

Grid methods are used in cases lThere the displacements are 



·w . 

• 

larGe for example in deep drauine opera·tions; a coarse grid is applied 

to the object before the drawing operation. Grids are also used in 

analizine objects made frerl rubber and such like material. 

'rhe J·!oire' fringe method involves applying a high density 

grid to the surfaoe of the object ( 100 to 2000 lillGa per inoh ). 

The grid on the surface of the object is aliVlcd with a. master cri~ 

locatod betuocn the object and the observer. When the object is 

strained, thc tlfO grids are no longer in alignment and a fringe pattern 

is f'ormed uhich is reprcscntitive of the displaccments in the plane of 

the surface ofthc object. 'rhe frinGes are locj. of points havine con­

stant displacement. '1'0 determine the principal strains, the expcrirlent 

has to be repeated uith the grid on the surface of the object at diff­

erent aneles relative to the surface. TlfO or three patterns are re­

CJ.uired 1Thich can be c.ifferentiated ;'0 give the in-plane normal s-i;rains 

and shear strain or three in-plane normal straina respectively. 

/.!e:.surement of normal or flexural displacements it! possi bla 

uith the J-10ire' but in General, the displacements muat be ~arge henoe 

models are made from porspex or ouch like material 1<hi01>. has f. Iou 

modulus of elasticity. 'l'he method of lueasuring flexural displacemcnts 

involveD reflection of a E,Tid off the Rurface of the objec·~ and making' 

a double exposure photograph of the surface one befoID and one after the 

load. has been applied. 

Photoelastioity methoda invol".-e paflsing polarized liGht 

through a Llodel of tae object 1;-hich is made from '1, photoelastic ma­

terial. 1-1hen the object j_s strained, the -refractive index of the ma­

terial is altered in accordance 1-Tith the maVlitude of the strain and 

interference fringes are formed en the projeot0:i imace of' the objent. 

hTO types of f..,inces are formed depending on the set-up uaed in the 

experimsnt. One type of fringe, referred to as an isoclinic, repre­

sents the loci of points having constant inclination or direction 0f 

principal strain. The second type of fringe referred to as an iEo­

chromatic, rGpresento the loci of points having constant shear strain 

or difference of the tlW pricipal strains, Dctermination of the prin­

cipal stresses at a free boundary is 'l.uite simple h01wver for points 

inside th:3 boundaries, determination of the principal stresses is much 

more difficult and reQuires the measurement of the change of thickncfls 



of the object. The above description applies to pIano stroDs prob­

lems. 'fhroo dimensional problems can be solvod honever the procoduro 

is quite cOl:1plicated and difficult. In three dirnensional problems, a 

technique referred to as the frozen stress technique is used. 'Phis 

involves loadinG the object >-Thile at an elevated tenporature and 'Thile 

lnaintaininG the load, the object is allol1ccl to cool th'.ls as it Here 

freezinG t.he stress in. Slices are cut from tho object and analizcil_ 

in a manner sirr.ilar to a plane strcss problcr.l. Lilt., strain caU[,;os 1'nd 

brittle coatinG, no information can be obtained rocc.rdine normal or 

fle=al displau0ments unless tho relationshi.p between the norr:ral dis­

placements and the in-plane strains is known. 

llolograrhic interferometry offers an extremely sensitive and 

, sirnple method ideally suited to the measurement of normal or floxural 

displacements. Very little work has been done in 'l.pplying holOGraphic 

intarfe:4'ometry to tlle measuremelft of in-plane displu.cements althoU[;n 

, , 
.l.t • 

a number of mC"!:hods have beon proposed. Theso methods trill be in''''lsti­

Gated in 1;his thesis.-

In seloctinG a suitable e:cperimental method, one mi;;ht bocin 

by deciding "hether point or uhole field information ie l'eq,tired. 

Obviously \Thole field methods prcvide a more complete :picturo of tho 

strose distribution on the surface of the object or of the deflected 

sh::l-pe of the object h01,ever if ono has a bo.:'ore h<1nd lcn01'11edee of the 

stress distribution and requires on]y a feu specific values to com"lete 

the analysis o;.lantita+.ively, then point measurements r:ray suffice. 

A second ccnsidoration to be made is whether or not one can 

nork directly on the part or ia a model required. If c. thrce dimen­

Gional analycis is required, then usu[l.lly a model is required in ..,hic11 

strain gauGes can be ir..bedded or a photoelaetic model is required uith 

"hich one can apply frozen stI'ess techniqucs. A model may also be re­

quired if thc actual object is too larGe to accomodate in the labora­

tory or in the early design staGes Hhen the actual component is not 

available and an analysi;:: is rcquired to complete 'the desien. 

A third point to consider ie uhether or not the experimental 

solution ~rill be the only solution or uill it be ueed to collaborate 

a numerical or theoretical solution. If tho experimental results are 



to be used in support of a numerica,l solut ion, them it na,y not be 

neccessary for the experimental solution to be a detailed or complete 

soluticn. In such ca,ses cne may 'be more interested in the cha,ra,ctol'­

istics cf the object. For exal!lple if the opera'tine; conditions under 
too 

ifhich the pa,rt, is to function are too complex or " difficult to re-

J. c. 

produce in the laboratory or the economicG of produoine; them are pro­

hibitive, then one miGht seck a numerical solution but at the same timc 

r0CIllire some experimenta,l results ITith "Thich to compare the numeric",l 

solution. It is inevitable that the numericctl soluticn will be ba,sed 

on certain siJ"p),ifyine assumptions uhich uill limit its accurctcy hence 

it is Good practice to accompany a nUlnerical solution with some exper­

imental results. One miGht reason that if the part is analized "uoth 

numerically al'd exporiroentally usine; a set of conditions that are COl!l­

patible 'Tith the actual operatinG ccnditions lJUt easily procluced in 

the :l:lDOratory, and the rr,sulto of b0th analyo<>s ".re in good agre()ncnt 

lIith each other, then suhGtitutinG the actual concUtions into the ar­

itiltne'~ic of the nwnerical r;olution should produc9 a set of results in 

lIhich one ca,~ 'l)e confident. 

llhile each of the above experinental methods d~ffer (JI'usider­

ably in concept, their aim is the same lIhich is to provia,e inforr:w.t ion 

from lIhich Oil.., call calculate the maenitude a1,d direction of surface 

stresses or in some case", to determine the deflected shape of an object. 

In eeneral only surface stress information can be obtained h01fever for 

many problems especially those uhich involve mochanical lcacls, t'le sur­

face stresses aX'O the largest stre,mes in ths object hence one C'3.n 

negleot or no't be concerned uith internal Btresses. 

In surmD'll'izlng, one mieht assert that experinental methods 

apply more to a specific type of ;?roblet.1, henc" the experi!:lontal stress 

analyst must bA skilled in all methods and !:lay often l.ave to resort to 

more than one method to obtain a set of useful results for a eiven 

problem. 



CllAPl'ER mm 

DYUAJUC HEL!~V',TI01f 

1.1 Intrc-d.uction 

Dynamin relmcation ,ras devised by A.S. Day!),t Hencl.el, Palmer 

and Tritton, Consulting and Designing C;lD.r·~ered Civil Bncoineel's. 

Historically, tho mothod e"olvci from calculations IT.ade in 1958-60 on 

tidal flm; in the 'l'hames estuary s-nd jn the north Sea. Since that 

time, the method has been cX"Lended by Day, ott,u', et. al., to include 

stress an."lysi3, (2)(3)(4), andysis of structures, (1), plate b"nd­

ine, (1)(5)(6), sl1,,11 analysis, (7), and. to solve problems in heat 

cODrluction, (2). FIUJu.amentally, dym.mic relaxation ls a digital com­

puter method of obtaining a numeric8.1 solution for a nUlnber ef" partial 

differential e'l.uations "hich arise in engineering problems. 'l'he prime 

re'l.uisite for the us" of dynamic relaxation is a laree core-stord.ee 

diGital computer. 

This chapter des cri 'ues the method of dynamic re'.a..."'{at ion as it 
is applied ~o solving problems in stress analysis and heat 00n':uction. 

1.2 Applic~tion to Stress Analysis 

To solve the partial differential equations "hich arise in 

problems of stress analysis, the stress-e'l.uilibri~~ equations arc 1Trittcn 

'l'hese damped nave equations a2'e then Hritten 

in finite difference form using centred differences. 'l'he stress-strain 



equations are differentiatcd uith r0sp0ct to time to provid0 a form of 

couplinG "ith the damped nave equations and th0n 1fritten in finitc 

difference form usinG centred differenccs. 'i'he use of centred differ­

ences results in the variables beinG sp0cified on an interlacing net 

in time and space. The finite difference equaticns, 1fith knonn boun­

dary conditions, can b<'l solved usinc; an iterative procedcu'e and pro­

vide values of stress, velocity, and displacement at any point in the 

object and at any t::'oe, Since the procodure is based on ucin{5 a dau:ced 

1faVe equation for the st ('ess equiliurium equation, the valtcos obtained 

by the iteration prooess are made to converge to a stea.dy etate con­

dition by the selection of a suitable, damping constant and in partic­

ular, the rate of convereence has be~n fOcUld to be a maximum nhen the 

dampine is slightly less than critical or dead beat, (2). A simple 

problem will serve to illustrate the formulation of the finge diff­

er<:mce e:J.nations ,,;ld che iteration p:c-ocedu:..'e. 

Fi&~e (1.1) represents a simple rectanGUlar crOS5 section 

bar held at one end and loaded by a tensile force, uhich produces a 

stress on the free end of "p" Ib./in. 2 The stress-equilibrium equa­

ticn for this problem is: 

o (1.1 ) 

Writing thi::: expression in damped nave form eiver.:: 

:: (1. 2) 

Uriting E'l. (1.2) in finite difference form gives: 

t" r er .. (r) - U;I(I-I) 
~ 

.r ... 1 p ,r 
U (I) (- ... ~) _ U <I) (..f- - ~ ) 

AI:. 2 At 2 (1. 3) 

In practice it is more convenient to write the darnrj.ng term in Etl. 

(1.2), uith no loss in Generality, in the forra PK/At: thus :::;q. (1.3) 

becomes: 

r r 
(f.-(l) - (fll(r-I) .. 

Ax 
[

NI r 
(J UCI)(li.!S:)- ti(I)(I-~)~ 
At 2 2 ~ 

(1. Ja) 

The stress-strain relationship for this case is: 

(1.4) 
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Differontio.ting the ntress-strain eCJ.=tion 11ith respect to tine cives: 

Uriting ECJ., (1,5) iu finite difference form Gives: 

r+1 r 
0-)('(1) - (flier) = 

6t: 
[ 

,r ,i-
f u (11.1) - U II1] 

AI( (1. 6) 

RearranginG ECJ.'s (1.3a) and (1,6), expressions for the ne1f velocity 

and neu stress value are obtained thus: 

. r .... 
U ('f) '" (1. 7) 

(1.8) 

The displacement at each mesh or node point is obtained by integratin" 

the velocity 1'1ith respect to tjme thus: 

t+1 r r~1 

U (1) ::. U Cl) -l- U (r) tot: 

.In the above expressions, the subscript "I" rcfc:>:'o to the pO:3ition uf 

the stress, velocity, or displacement in opace and t~e superscript 

"r" refers to th0 postion in time. 

Examining E~. (1.7), a literal translation can be derived 

lrhich states tilat " the nOlr velocity is e0,uul to the old velocity, 

multiplied. by a term containinG the dampinG conatant, plus a velocit~· 

increment", T.he v910city in~rement is in the form of a fox'ce impulse 

(s1;ress multiplied by the time interval) divided by the mass of the. 

element and then rnul tiplied by a term containinG -1;110 d"-mping oonstant. 

Similarily BC].. (1.8) can be stated as " the neu stress is eCJ.ual to 

the old stress plus a stress increment ", '.rhe stress increment is 

1 G, 

simply the difference bet1;een the displ:-.cements at the t1'10 node points 

on either side of the stress node, divided by the length of the eleLicnt, 

( the displacement beinG the velocity times the time interval ) and 

then multiplied by the appropriate constant of elasticity. LookinG at 

BCJ., (1.7) again, it can be seen that as tho velocity approachea zero, 



the orieinal eQuilibrium eQuation, 3q. (1.1), is natisfiod. 

As previously mentioned, the use of centred differences les-ds 

to the variablec betnc:; "pecified 011 an interlz.einc; net, 'l'his is 

illustratcd in leiG. (1.1), and examining Eq1ns (1. 7) and (1.3) a 

decree of pLysioal si[;nifioc:,nce in the C(luations can be observed. As 

shown in Fie. (l.l), the velocity and displacement ncde at the fixed 

end hcw been chosen to coincide uHh the boundary. Since Llx is 

ccnstant then a volocity and displacement node occurs at the free end 

of the bar. In npeuii'yinc; the bounua:;,y condition at the fiJ:ed end 

17, 

the velocity at I = 1 is zero since the displacement is zero. The 

boundary condition at the free end is not so easily specified because 

the beundary coincides ldth the velocHy and displacement node and the 

veloei ty [u1d dif} pl.',ce;;:ent are Unl(nOlm. 'l'he stress at the boundary is 

knoun to be "P". hOlfGV"lr the atross at the firat node roint inside the 

boundary is not knolm. Tho stress on the cnd can be s1!ecified in te:n~s': 

of the stresses on each side of the bou.'1dr.ry ( the stress outside the 

boundery beine imaGinary or i'fot ioious), by e:ctrapolc.t ill::; linearly 

acre-ss the boundal'y thusly: 

.0-... ('1-1) t- (fX(I) ... '2. P (1,10) 

In this expI'cssion , (J'"x(I) is the ficticiou3 shess :)utside the 

boundary. Addin;:; -2(!"x(I-l) to both sides of E'l., (1.ll) a tern is 

obtained that c"n be substituted into the velocjty eC],uution. 

(loll) 

. .\. 
Substitutinc Eq. (~) intc E'l.. (1.7), the velOCity at the free end 

is: 

CHI) • t.i(I)I-I</2]+~ .2 [r- (j;((r-I)] 
141</2 1'(1+'1:'/2) A)f 

(1.12) 

In this method of specifyin:; the bound8.ry condition at the free end 

the stress on the free end hr.s boon specified ir.1:glicitly in the 

velocity equr.tion and conseQuently for "11" velocity nodes thcre =e 

1<-1 stress nodes. The ulternative method is to specify the ficticious 

stress in terms of the stress on ·the free end and the stress just 

inSide the boundary. rrhis means huvinG IIlr" strcns nodes instcu.d of 

IT-I and consequently requires more storaGe space in the computer and 



longer computer time. 

l~or this simple problcm, the Gtress nodes could have beem 

chosen to coincide 1fith the boundaries ,Tithout any additicnal pro­

lrl'amming difficuHies houever in t1fO and three dimensional problems 

it beccmes more complicated to specify conditio;1S on a boundary that 

coincides uith a normal-stress node. '.rhis is b~cn.1:u3e the shear 

strosseo are :::pecified on the corners of the mesh 11h1ch forms a ve]:)­

city nodc and. in cases 1'1here one can take advantaGe of symmetry or i.n 

the case of a free surface, the shear stresses are zero and can be 

easily specifieci if the velocity node COil1c5.des. ,dth the boundary. 

1 .0. __ ' __ t 

Some furthQr comments on specifying' boundary conditions >rill be given I" 

later chapters. 

In addition to specifyinG the boundary conditions, the ti~e 

increment, LIt, and the damping constant, "k", muct be specified. 

The rate of convorGence and hence the length of com~utGr time req~ired 

to obtain a solution, is dependant on both the time inc:::'lmcnt and the 

damping oonstant. In addition, the stability of the iterative proeCGS 

is dependant on the ·time incr"mcnt. 

The Atability of the itcrative process is based. on the concej;t 

that the srood of the calculationG, considered as a travelling uave, 

must be greater than the ,;ave propagation in the actual physical prob­

lem. For stability, the folloning limit is applied to ·the time incre­

ment, (2). 

(1.13) 

In this expression, "c" is the speed of ,rave p)'opaeation in the ph;ysi·-

0"3.1 problem and in the case of a on(3 dimensional probJ.em is Given as: 

r. 
= 2.02 x 10J in./seo. (1.14 ) 

for steel 

For elasticity problems i.n more than one dir.1ension, the speed of ,·lave 

propagation is Giv(3n by: (2) 

c " JAp2A = 2.35 :le 105 in./sec. (1.15 ) 

for steel 

Also, for pro"blems in more than onc dimension, the stability criterion 



l 
is given by: (2) 

.(1.16) 

lfhere "m" is the nUr.lber of dimensions of the problem. 1,ben the mesh 

size is not equal in all directions, the stability criterion is Given 

by: (3) 

(1.17) 

In practice, it has been found possible to d.evi~te slic;htly from the 

values obtained from these stability nriterion expressio~s however 

they do provide a good startinG point from uhich to work. If the value 

of the time increment is too large, the solution will diverge instead 

of cO':lvi.Jrge and if the tir,le inorement. is too s!~aL'. in comparison >Tith 

the opt imurn , the optimum being the larGest value that can be used ,~ith­

ou'.; the solution beooming unstable, then the convergenoe will be unduly 

~ SlO;I. '.Phe procedure adopted to obtain an opi;imum time increment 

is to calculate the value from the above expressions and to run the 

proerar.une with a value sliehtly larger. If after a :f'cif iterations the 

solution shous signs of divereing, thon the time incremen~, is redto.ced 

and conversel~- if the solution is conver3ingj the time increment is 

inoreased lL1til the solution dj.verGcs and is then reduced. 

In any damped vibrating system, not under the action of ex­

ternal harmonic excit;ltion, convergtlUCe to a statio equilibriulll con­

dition is mml~ rapid uhen the dampine is critical or dead beat. '1'he 

critical damping constant is related to the fu.':ldamental natural fre­

quency of the system thus: (14) 

key= 2.IY\W\,\ (1.18) 

For use lfith dynamic relaxation, this expression becomes: (2) 

(1.19) 

Equation (1.19) can be easily applied in the case of a simple reot­

angular bar "here the natural frequency is kn01In to be, for a bar held 

at one end: 



C1T 
2.1 (1. 20) 

?O. 

'fhere "t" is the lenGth of the bar, however in the case of a ceometri­

cally complex object .. rhere the natural frequency is unkn01fn, a trial 

and error method !nay have to be used. ,",0· estirlate the critical damp­

ine constant by trial and error, the procramme mu:::t be rlffi for a feu 

iterations and the converGenoo rate measured in terms of the rate of 

chance in the value::: of the variables. 

One measure of the rate and the degree of oonll"erGcmoe is the 

ohance and value of the kinetio enerG'Y of the cy3tem. The sum of the 

s'l.ua~es ef the velooity at e·,ery node point in the object is a measure 

of the enerGY of the object and as the solution oonverGes to a steady 

state, so the cum of the squares of the velooity approaches zero. 

Tho proc'3dure adop'~ea in usinG' the kinetic enerG'Y to measure the oon­

vergenoe is to oalculate the sum of the squares vf the velocity at 

each point in the objeot after each iteration and have the valuec 

printed out. 'l'he programme can be run for a feH iterations Gl.nd the 

effects of varying the damping constant can be determined after a few 

trial runs. The procramme oa!'l then be restarted and allowed to run 

until the sum of the square3 of the velocity roftches a 101'1 value. 

As an alternative to usinG' the kinetic energy as a measure of 

the converGonoe, the values of stress and displacement at a feu pointc 

in the object can be printed out after eaoh iteration and thdr pro­

gress t01fe,"'d'l a steady value uatched.. This J:lethod oan be conplicated 

by seoondary harmonios ill the early sta(;es of' the oalculations but 

which are daJ:lpd out as the caloulations prooeed. It is felt that the 

best method is to use both the kinetio ener5'J and displacements or all 

tlu'ee;" i.e. kinetiG enerey, rliopln.ccl7lents, ani st:r.:csses, to estimate 

"Then a solution has been ~'eached and the rate at which it is reached. 

Solving the problem of a simpJ.e tension member, oonsider a 

st eel bar .. Iith unit oross sect io=l 2.rea, 4 -1/2 11 long, held at one 

end and subjeot to an axial tensile foroe of 500 lb. Dividing the baz' 

into 9 parts gives 10 velooity nodes. The physioal details are: 

t:J. :x: '= 0.5 in. 
. 6/2 E = 30 x 10 lb. in. 
/J -3 2/, 4 I = 0.732 x 10 lb. sec. ~n. 



Estimating thc ti,"-.c incrcment from "S'1. (1.13): 

= -$ 
0·249 )(10 Sec. 

Estimatin.:; the critical damping constant iron ,.0'1. (1.1S') and (1.20): 

I<' Cl" = 2~ .. td: = 2. 0I.M 
2.2. C 

= 1TM.' 
" 1L ().349 -.c ,., 

"I 

A copy of the comput er prob'Tar.1r.le is ei ven on pace 245 •. 

'1'he programme 'vas run Id th the time increr"ont 5 percent lareer 

than the above c:::Joulated value and the solu'!;ion divereed. A time in­

crement 3 poroent smaller than the above calculated value '1'18.8 fO'Jnd to 

be satisfactory. l'om:' damping constants Herc tried. These nere, 0.44, 

0.30, 0.20, and the c:citica1 dar.lpine "'l.lue, 0.349. '1'he value 0.30 c;ave 

the fastest rate of oonvorCence and is approximately 85 percent of the 

critical value. The stress at point I ., 3 is plotted acainst n1wber of' 

iterations in Fig. (1.2) for tl..ree values of dampint: and it can be seen 

that when k = 0.44 the solution is ov"r d,amped, and 1fhen k ~ 0.20, J;he 

2]. 

solution is underdarnped. In all three cases of damping, 

solut.j.on 

of ab aut tHO 

is achieved h01-TC'rer the length of time re'1uircd 

a st eady sto,t e 

varies l.,y Q fQctor 

betlreen the 0.30 darnpint; canstant and ~he 0.44 and 0.20 

valuos. 

Tables (1.1),(1.2),(1.3), and (1.4), eiv~ the stress at each 

nade paint after each iteratian. The sum af the sCJ.uares af the velo­

city is also given and the rate and decree of conver.:;-clllce can easily 

be oompared £or,he four damping COHstants. 1'able (1.5) gives the 

displaceloent at each velooity node after each iteration for the 0.30 

dalr.pina constant. The calculated deflectir>n at the free end of the 

bar is: 

and is co:npleto agreement with the valub obtained by dynaoic re1uxation. 

For this simple probleo, the uccuracy of the solution is very 

eood; the dynamic relaxation results are in conplete agreement 1'Tith 

the analytical results. The high det;roo of accuracy is attributed to 
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23. 

the simplicity of the ceor.lctry of the object. In suboerluent chaptcllS 

lThere dynami.c relo,xo,tion is used to analize more complex shaped objocts, 

the accuracy of the solutions ,rill be discussed. 

1.3 Applico,tion to Thermal Stress AnalY3is 

The applic<:.tion of dynamic relaxation to problems cf therrw.l 

stress analysis is very simple. 'Phe effects ef temperature are taken 

into account by the initial conditions. In the above example, the 

iteration proceos i;:; becun "ith all valueD of stress, velocity, and 

displacer""nt boin& made e'luai to zero. In the case of thermal stresoes, 

one asoumes that initially, the normo,l-strcss at each node point io 

oqual to the ·temperature otrcos that Hould exist if each eler,lCnt HUB 

oompletC'l~' constr2.1ne,l in all direct~.ol1S and the ter.lperaturo of eo,ch 

"ra.s chanGed by tUrf! d~G'I'ees, sce App. (T~). In any object this mcans 

kno~rinG the tem-perature a.t oa.ch normal stress node point. 'I'o determinc 

the temperature at each node point is a task in itself but fortun:'r;tc).;r 

dynamic relo,xation is also adert at solvinG problem" in oteady stat::l 

heat conduction or Dol vinG J..al'lflce I 0 equat ion; the prooedur0 Hill be 

discussed in the follolTinG ()0ction. 

1.4 ApplicCl.tion to Heat Conduction 

III applyin::; the method of dyn3Jlic :::-cl~xation to el<l.oticit;r 

problems, ono is conoorned only uith first o:::-der po,rt inl different ia.l 

equationc, tho reason be ins tho.t there is a naturc.l r~l2,tion'?:l::Lr 1~c·t·~:-?0~ 

the dampe(l UCl,VO 0quc.tiol1 and the st~ess-fJtrn.in cquo.tion. In heat con­

.ductioll, thA brea.ki-.uun of tho sccond order partjal differer.tio,l c'lua­

tion in d2r.lpe.d ml.ve forr.l, llhich defines c'luilibrium for r.ea·t COI1-

duction/is not directly obvious and reQuires the introduction of a.u:.::­

illiary v£lriablcs. This can be demonstrated using a. GiT;Jple one di!ilen-

sional problem. 

For stea.dy ntate he<l.t conduction in a solid in .. rhich the ccn­

ductivity is constant thrOUGhout the object and is consta.nt ovor the 

tCr.lperature ra.nse in uhich one is 1rorkinG, the equilibrium equo,tion is: 

(1. 21) 
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lfritine Eq. (1~21) in damped lW,ve form: 

(1. 22) 

An auxilliary variable "u" is introduced such that: 

dU 
-'" ~T 
clx cH: 

dll • \<U ': 
dT 

<H 
r 

dX' 

Equation (1.23) is similar to SQ. (1.5) uhen dot notation is used in 

Eq. (1.5) and, Eq. (1.24) is similar 'to Eq. (1.2) Hhen dot notation is 

used in Eq. (1.2). 'rhe variable "u" is an<:l.1030US to the quantity of 

heat flow'in:; acrCilS a boundary of unit cross sectional area in an ob­

ject having unit coniiuctivity since lmder ateady state conditonf' the 

deriv::ttive of "u" '1-!i'th respect to time 1,ill be zero hence the term "ku" 
mus'G equal the 'temperature cradient "ilich in turn is nroponionnl to ·the 

heat floH. This conccFt can be tak<m advantage of when speoifyinG 

conditions on a boundary, for example on a boundary which is insulated 

or a boundary "hich forms an a.xio of sYDlmetry, the hea';; floH is zero 

hE:nce one need only specify "u" as bein(; zero. 

Equations (1.23) and (1.24) are lrrittcn in finite dHfc:::oence 

fonnand rearranged to provide expressions for tC'lOperat=e in terr.1o of 

the variable "u" and conversely "u" in terms of 'GeiniO:3I'ature 

These P'1uations are: 

r+1 r [ r r 
T(-:t) ~ T(X) + ~~ U(HI) - ucr)] 

r r r+1 r I-'rt/Z .11: [Tm ~/(I-Iq UtI) "" U (x) 
1+ K/2 + I -I- I</z 

,,""'": ,t 
" . 

(1.25 ) 

(1. 26) 

The stability criterion for heat conduction problemo is based 

on the same concepts as in the elasticity prob10ms however since the 

conductivity, specific heat, and density have been eliminuted by tho 

riGht hand side of Eq. (1.21) being zero, the 1faVe speed becof"es e'lual 

to unity. For tuo and three dimensional problems, it is expected that 

the wave speed "c", 1-rill behave in a manner similar to elasticity prob­

lems and ;rill therefore be sliGhtly greater than unity. 

The criterion for .critical dampinG is also applicable to the hen.t con­

duction problem since the elasticity and hout conduction problem arc 



analogous. 

'1'0 illustrate the method of dynaMio relaxation as applied to 

a heat conduotion problem, acsume that the bar cho1fn in Fig. (l.l) is 

insulated at the fixed end and on the edees, and that heat is applied 

to the free end such that the temperatuxe on the surfaoe at thG free 

end is 5000 F. ThG problom is one dimensional. 1'he tir~e inorement and 

damping const ant uill be~. 

4':: - box = 0·5 

k'er = TT}'/. e 0.349 

The commputer programme is givGn on page 246 anc. ,ms run 1,ith dampine 

constants of 0.30, 0.32, and 0.34, 1fith the "time interval calculated 

above. 1'he 0.32 ',alue for damping gave the fastest convergence. In­

creasinG the time inorement to 0.52 caused th'3 solution to <1iYo1'3'e. 

The resuHs of the solution are given in table (1.6) for the 0.32 damp-

ing conptant. 

1.5 Closure 

h'om the discussicns and illustrations given above, the exten­

sion of dym:.mic relazation to problems in tuo and three dimensions is 

straicht forward. The finite difference e'luatio~ for ele.sticity prob­

lems in cylinct.:-ical coordinates, for plD.ne stress pl·;jblGr.ls in polnr 

ooordin~tes nnd for problems in D.xisymr.letrio stress distribution, have 

been derived in the arpendices of this thecis alone 1fith finite diff­

erence equations for heat conduotion in cylindrical coordinates. In 

subsequent chapters of this thesis, the accuracy of t\e solutions ob­

tained by dynamic relaxation in solvine more complex problems 1fill be 

discussoc1. 



CllAPl'ER THO 

HOLOGRAPHIC IlrrEliFEHOlrEITll.Y 

2.1 Introduction 

The principles of ho1o(lTaphy uere fir'st demol2'>trated in 1943 

by Dennis Cab~r. Cabor shoucd that a 3harply focused imaGe of an 

object could be formed fro", a I'hotoc;raphio record of its interference 

pattern. Virtually no deveJopment of th..: prjncip1e of holoG'I'aphy t')ok 

place until the laser came illtO boing; tho lesel' being tile fundamental 

tool in holegraphy becaus'l of i to high t emperal ar.d spat i",l eohe1'8nC<1 

and high intensity. Since the advent of the 1<18.:r, boloc;raphy has been 

develope(l by L()ith and Upatnieke et. a1. o.nd a {7eat many applications 

have been found including holographic interferometry. 'l'he use of h010-

{;'I'aphic interferometry to meaSllre surfaee defor:rationG of et rained 01>­

jects is u.nder current investi:;ation and a nUlllbor of 1TOrkerG in the 

field have already 3he;;n the pOGoibiliti("" (9)(1O)(1l) 

? G. 

In this e~apter, the holo(lTaphic process is doe()~ibod briefly 

to provide the basie requirements for tl:e l.mderstandine of' holo(lTaphic 

int erferometr:l. ~he applicn.t ion of holo8raphic i!J.terfcrometry .~ 0 ctr..:.:ss 

analysis is investigated. 

2.2 Irhe Holosrn:phic Process 

'rho process by 1'lhich a hologram is made and al101fS a three 

dimensional virtual ir.lac;e to be reconstruct od in sp",ce can bo des cri bed 



briefly as foll olm. 

Fit,ure (2.1) ropl,csents a tYl)ica1 Got up for making a holo­

eram. A cohorent light Gource, a lar;er beam in this caso, is split 

by moans of a beam splitter into a referenoe beam and an object be2-m. 

'The refcrence beam, after paGsing throuC;h a lem:; which Gpreadr; the 

hiGhly collimated laser beam, is all cl/cd tc fall dirGctly onto a hiCh 

rCGoluticn pllOtoc;raphic plate. 'l'he object beam, also passing throuGh 

a lens, is dirBcted onto the object and the liCht lfhich is scat'Lered 

off the object is allowed to fall directly cnto the same photocraphic 

plate. The liGht waver; .:hich make up the object and reference 'beams 

maintain a definite phase relationship with each other cver a period 

of time and v_l)on reachin.::; the photoc:;raphio plate, interfere llith each 

other, the interference beinG recordcd by the photOGraphic plate. 

The x'ecordcd interfo:r-ence pattern io effectively a type of diffr?ctiol1 

cratinG. If aftcr the pllOto[,Taphic plate is proc'lRsed, it is illu"'in­

a-~ed by the reference bea~ incidont cn the plat(j at the sanJe angle as 

when the holvGram 1-ras made, the reference beam is diffracted int 0 a 

muaber of components one of Hhich has a ~Tave front ident icn-l to that 

light which was sca-ttercd frolIl tho object uith the exccpticn e>f inten­

sityand phase; the uave front beinG uniformly 180
0 out 0f phase with 

oriGinal uav" front. Since the diffracted reference bea!!l has a COr.l­

ponont "hich is identical to tl:e orieinal 1-ravo cominG from the object, 

then a full three dimensional inaee is formed and. is located in the 

same position that the object occupied durinG the making of the holo­

eram. The process can be describcd mathema-~ica11y as f01101'1S. 

Let the liGht reflected off the object and inoident on the 

photoG'Taphio plate b'3 desot'ibod by: 

(2.1) 

uhere a(x,y) is the amplitude of the lieht and io a function of the 

coordinates "x" and "y" in the plane of the photocraphic plato, =d 

P(x,y) is a phase shift imposed on the object beam by the object. 

Sir:lilarily let the :ceference bCG-m incident on the photo,:;raphic plate 

,be describcd by: 

(2.2) 
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nhero o.r desic;nn.tes 0. uniform amplitude at the photoeraphic pluto und 

O{X dooiGl1o.tes a linear phase shift aCrODG the photo(,'Taphic plato in­

dicatin3 that the reference beam strilws the plate at an oblique angJ.e. 

The importance of the reference beam otrildn[; the plo.te at an unGle 

Hill be discussed later on. 

The total ampJitud3 of the licht fallinG on the plo.te is the 

sum of the o.mplitudes of the tHo beams thus: 

The phot ocraphic pla~ e recc:.:-cto the t ir:'e averaGed square of the total 

amplitude or the time averaged intensity of the liGht thus: 

T= (2.4) 

If tit" plo.te is 'yrocess&d and illuminaV'd by the r"lference he am as 

previously described, the lic;ht trammittcd by th~ plate iEl the pro­

duct of the amplitude of the reference beam and the trrmsmis:::ivity of 

the plate. 'I'he transmisoiv'ity nf the plate is proportional to the time 

avera"cd j,ntensHy of the light ::'allint; on it (urine; the expooure ti::le 

thus the transmitted liGht co.n be describG,l by: 

Uh " a. .. (ar~+ Q.<x,vl) Cos[wt-OiX) + 9!\. ClO<,Y) Cos[wt + cj(~y)] 
2 ~ 

+ ar'" Q<X,y) Cos[wt-2oiX -lhx,y;J (2.5) 
2 

In Eq. (2.5), the firot term rCFresents that portion ef the referenoe 

beam .. hich passes <lh'ectly tlu'o',.lG'h the pl8.t e at an an.:16 0( and "hich 

is attenuated by the overall darkenine f)f the :::>late. The second term 

is indenticA.I to the liCht scattered froD thc object as defined by 

Eq. (2.1) with the exception of the constant aV2. The third term 1'011-
• 

resents a third lraVG ;Thich leaves the, plate at an anc;le 3X and the neg­

ative si[;l1 in fIont of tho terr.J }6(x,y) in the arculflcllt of tlw CO". 111-

dicatesthat the nave has a conjuGate 1TD.'lG front or in other words, 

a conjucato iL1aGo is formed in front of the photocrahic plate. 'l'his 

oonjuGate imace '~an -oe focused on a screen positioned in front of th" 

plate lTithout any optical o.pparajus. Prom this description it can he 

seon that if the reference beam does not striko the plate at o.n an;;10 

c{ then the conju[;ate Have uill interfere uith the 1Tave uhich represents 

0' t .. ; • 



virtual imaGe and thus interfere "ith tho vie>iine of tho virtual im-

~'he above description of the holo3Taphic process is quite 

basic however it is Gufficient to 0.1101, the principles of holoeraphic 

interferometry to be diocussed. 

2.3 Holographic Interferometry 

If a holoGram is made as described. above, and j.f after pro­

cessinG, it is put bac'.c in the exact uame position as when it ,w.s made, 

in accordance ,'lith l~iii. (2.1), and illuninated, the reconstruc·ted vir­

tual imaGe uill be superimposed exactly onto the object or in other 

l/ordo the rays comini( from the ODjee'~ will coi)lci.:ie (JC':actly liith the 

rays which r~ake up the rccons·t.ruc-r;ed imaee. As p:"'8viously mentiened., 

tile reconstructed liave fro~t io 1800 out of phn,Sf) uith the actual ~rave 

front comine f:.:-om the object hence the image uill appear dc:rk as com­

pared with the imaGe that ,;QuId be produced in the absence of the ob­

ject. The reason for the recon"tl'ueted lTave front bein,o: 180 0 out of 

phase is that the holoerar3 is offectively a "nesativc". If the object 

is displaced so that the tlTO "rave fronts are in phase then the objeot 

''Till appear' bright. '1'hiG ch::ll1ge from dark to briGht corresponds to an 

optical path lel1£:l;h chanse of ono half llave length of the liGht beinG 

used.. 

The briehtening and darkening of the s=face ,fill be uniform 

over tho entire surface if the anGles of illUL1ination and ViCHine arf~ 

constant over the ent ire s11.rf'1.ce and every pc>int on. the surface looves 

by the smoe amount. As a simple example consiti.er an object that is 

viewecl and ill=inated normal to the st'.l'face. As the object is dis­

plo.ced, the number of til'les the surface [Soes from dark to briGht and 

back to dark again can be expressed aG: 

N '" (2.6) 

",here "U" is the ntrnber of times the surface briGhtness chances or the 

number of fringes or frinGe order number, }.;is the ,rave length of liGht 

and "d" is the displacenent of the object. For the General case whore 

30, 



thc anGlcs ef Viclfing and. illumination arc not constant and Hhere "d" 

is no'c oonstant over the surface, the frinGe order number M a PCLX'­

~icular point on the surface is rell1ted to thc displacemcnt and. the 

anGles of viellinc and' i11uminl1tion at thl1t point thus, see FiG.(2.2): 

1fhere G and G' arc the all(;'les of illumination and vielring rO::lpectivol.y, 

relative to the direction of the di8pll1~ement "d". 

The above (lescription of the formation of interfcrcnce frinc()s 

due to displacement of the object rE'll1tive to the holOGram is referred 

to as the live frinGe technique since the frinces can be observed as 

they are formed. A second method of obtaininG a frince patterll rep­

resent Hive of th", displacement of the objecC is referred to a.s the 

frezen frinGe teehniqy.e. '1'ho procedure for the frczen frinGo tech­

nique is to ml1kb 0. holo.:;ro.m as descrbcJ. above "rith the exception thl1t 

the exposure time is halvecl. 11'ol101'rinc the firs>" exposure, the objeot 

is displaced and a second exposure made to conplete the toto.l expom.:.C'e 

time. Effectively one ho.::; produccd a double holo[,'Tam and upon i11Ur.1-· 

inati.llC it o.fter processinc, two Have fronts o.:t'e produced correspondinG 

to the object in its initial a:1d final po"ition. Theue two 1rave fronts 

interfere to produce a frozen frince pattern. 

The advantac;e of the frozen frinGe wethod over the live fringo 

method is th::.t the holo.:;rarn ])lo.t e need. not bo aocurately positioned. 

31. 

or replaced in the exact same position, and, a pcrr.lanent :!'ecord of the 

interferenoe f-cin"es is r~ade that can be examined at a later date. 

2.4 Deterruination of Surface DispJ.['.cGments from a Fringe Pattern 

To detormine the displacer.lCnt of the stirf£.ce of an objeot, 

ECJ.. (2.7) is applicable h01Tever if the direotion of the diaplacement 

is unkn01ID, then the an"les G and ,,' uill be unlm01m honce it is ir.l­

possible to solve Eq. (2.7) from a sin:;le frinGe pattern or n.nc:le 

of vie,rinc:. Some simplo cases exist thn.t can be easily o.nalized; these 

,dll be discussod in this cection. 

The displaoemont "d" co.n bG considerod as be in.'.: mad.e up from 
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three components, tlTO of uhich, "u" and "v", are in the pIano of the 

surface, and, the third component "n", norJ:lal to the plane of the su.'t'­

face. By illw1inating and viewinG the object parallel to one of the 

planes of the coordinates, an expressien can be derived 'Thich includes 

only one of the in-plane components of displaceroent. For example if 

one lrere to viel'T and illuminate in the x,s plane, then only the corn­

ponents "u" and "w" can ccntribute to a chan.;e in the 0ptical path 

since displaccments norm::.l to the direction of ViCldnC and illuminJ.ti0n 

uill not cause an optical path lenbrth change i.e. v:(Cos 90") ~ O. Thic 

nrcument assumes that the surface in question is small in C".omparison 

to the distance from lrhich it is viened and that the illuminatinc beam 

diverGence is small so that effeetivAly the anGles of vielTinc and ill­

uninat ion arc constant over the surface in the "y" direction and that 

the displacement in the "y" direction is of the sameord0r of J:lacni­

tude' or less than the displacements in the "x" and "lil" direct ior.s. 

33. 

From Fig. (2.3), the optical path length chance fGr the illuminatinc 

begm is u(Cos 0) + w(Sin 0) uhere ~ is the anGle the illm::bating bea" 

makes uith the surface. S:lreilarily for vie,TinG, the optical :path lor..:;th 

change is u( Cos ~,) + u(Sin 0') from which tho follOl,inG expr"ssion j s 

derived: 

N '}., - U( CO& rp T Cos. 9S') +Vo/( 5", f/; + SO? cp') (2.3) 

Examining this o;(pression, it is interestinc to aote that ,Then 95'=0=9U; 

or lrhen 0'=~+9Uo, displaceJ:lcnts in the plane of the >;urf<J.cc, 1.e. "u", 

do not contdbute to the change in optical path lenGth. Also when 

95'=0=90°, the sensitivity to normal displacement is a maximum. Un­

fortunately cOl)ditiol.S for maximum sensitivity to in-:plane displace­

ments or conditions "hich are insensitive to normal diqpl?,cement can 

not be realized since it is impossible ~o vievf and illuminate the su't'­

face at an ~nclc of' zero dezrees. Thus uhile it is possi 1:;le to set u~ 

a syst em which will detect only thooe displacc<nGnts norr.ral ,t 0 the sur­

face, it is impossible to have a syster.r uhich rle",ects only in-plane 

displacements. Again this aosumes that the displacemcnts are all of 

the same ortler of T.1acnitude and that the anc;les of viGuing and illur~­

ination are constant over the surface. ~:rom thin arcument, a useful 

expression can be derived for the analysis of fle::.. .. u.ral displacernents 

of beams, plates, diaphrams etc. thus; 
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In flGxural problGms, the anGles of vicvlinc; and illumination can vury 

over the suxface and can easily be tuken account of in the above ex­

·pression; the contribution to the optical path length change by the 

in-plane displacemonts being neglected since for example in the case 

of a simply Gupportcd beam, the in-l)lane displacements are proportional 

to the fimt derivativG of the nermal displacement. 

Using 13<1. (2.8), and having a Imo~lledco of the displacement::; 

that are imposcd on the object, onG can predict the general shapo of 
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the frinGe patterns for some simplc cases. For oxaml,lv, consider the 

case of pure rotr;tion about the "y" a.:tis. For small rotations, the 

normal displacement "w" at a <iistance "x" fror:l the origin, uill be XIJ 
"here ,1is the angle of rotation. Substitutjng for "~l" in Eq. (2.8) and 

assuming that for small rotations the displacement in the "x" direction 

is negliGible, (l'i ves: 

For a given angle of rotation, and if the an(l'les of viewing and ilIum·· 

ination arc constant over the suxface, thon thc frinse order n'.lr.lber is 

li)1o:.r ~li th respect to the dis·".:l.nc(\ "x", thus the frinGe patt~rn uill 

C0113i&t of n. series of equally Sl)n.ccd fringes rLormal to the °x" (lxin. 

At the axis of rot~tion, the frince order number is ZC.l.'O and re11rcccnts 

a point on the suxfaoo "i th z.ero diaplaoonent. In the oaae of uain" 

the live fringe teohnique, the zero order frinGe uill "be a dark band, 

whereas in the case of a frozen frinGo futtern, the 2.e1"O order frinG0 

l1'ill be a brii>ht fringe. If tlle location of the axis of rotation iz 

unknoHn, it can be fOUlld by detorminin.'j the location of the zero order 

frinGe. 'rhic; in done by chanGinG the ancle of vie1fin& and observinG 

the chanein(l' frin&e order numbers over the surface 1. (;, the fringes move 

as one chan::;ea ·the direction of viel1inc. The :i:'ringe thn.t does not move 

is the zero order frin::;e. One obvious problem >Thich arise3 in analysis 

of rotation patterns is that if the direction of rotation is unkn01m, !.t 

can not be u.etermrned from the fringe pattern 1).3in" a Gimplo oquo.~.ion. 

A pa.ttern uhich is identica.l to the ono described above is Ol1e 

due to constant in-plane strain. Consider a simple tension member sub­

ject to an axial load that induces a stress ITx and a strain trx/E = e:X. 
The displacenent in the "x" direction at a distance "x" fror:l the fi::ed 

end is u = :< Ex. The lateral displacenont, "1'1'" is due to Poicaons 

effect and aasuning it is equa.l on both sides of the mid-plane of the 



member, "w" is e'lual to"'lltEx/2. Substitutine for "u" and -IIW" in 

E'l. (2.3) eives: 

If the strain is constant alone; the len,,1;h of the member and the aneles 

of viellin& and ilhmination are cOlliltant then as in the case of rot2.­

tion, the f:;c'in/Se order number Hill he linear lfith respect to ":e" and 

the pattern uill consist of 0. series of e'lually spaced frinees, normal 

to the ":e" axis. It may b'3 noted tho.t in th;_s caSA P' must not eo.ual 

rj + 900: and bo-~h )6' and )6 must not simul tal:soUllly bCl o'lual to 900 or 

thCl sensitivity to in-plane displo.eemcnt uill be zero. The effeeta of 

the lo.teral disp:!.acement, "u", uill be to Cf',UGe 0. ll.'1.iform phase shift 

over the entire surface nino" the contri1mtion to the optical path 

length chanGCl lrill be the sur.le at every point ":e". 01103 problem u!lich 

a.rises in atter:lptinG ,to determino the strain from a f~il1ee pattern as 

described a.bove is th"-t if the direction of the applied load is lill­

l:no-.'n, tten onc C2.nnot tell from the pattor'1 uhClther the stro.in is 

positive or neGative i.e. JLioncion or cOID1;reGBion usine a simple equ3.tion. 

'l'he frine;e paHElrns describod above for the case of solid 

body rotation and conGtant in-plane Gtrain are identical and in a 

practical ene;ineerinc prol)lern, one can hc.ve any malmer of di-;plaeements 

simultaneously in uhieh case it lIould be irnpolmible to tell from a 

single frinee pattern lThat is aet'lo.lly trancpirinc in the lmy of in­

plane disrlacemol1ts. l-:ethods have be on developed ,;,hich involve 8.no,­

lizine the fringe pa~', erns 1Thioh have been obtained, by vieuiniS the 

imaGe from different anc10s. In effect ono obtains a set of cimu1-

tancous e'luations 1-Thich ... l:an colved ,Till yielrl th,-, three compononts 0:1:.' 

ci.isplaeel:1cnt. 'rho most Gener8.l of tho:J0 l:1ethod3 is Given in (11) ancl 

will nOl'! be descl'i bed. 

'r-he basic problom is to solve Eq. (2.7) uith the displacement 

veotor "d" broken nOl1n into the three compoiterr~l3; the tuo in-plane 

components, "u" and "v.", and the normal component, ''IT''. The procedure, 

for deterl:1ining u,v, and u, Given in (11) i3 as folOlTS. 

Consider a point on the surfa('.c of the object having coordin­

nates x ',y ,z 11horo the x,y axes are in tho plane of the surface. 
000 



'rho illuminatine beaD comes fro!n a point source located a.t coordim.te:J 

xi ,y i' zi n.~d the i!:1D,~e is ViCvT throuGh n. point or small lTindo~l in the 

holo.:;-.ca.m plate at coordinates xl,yl,zl as shol1n in l~iC. (2.4). 

Lettine -the fringe order number of the frince at the point in C],ueotion 

on tho curface of the object be !rI' EC],. (2.7) becomes: 

(2.10) 

By chn.n.r;in.r; the viOl-Tine angle to cor:.:-esl'ond l-Tith point "2" 'm the holo­

gram plato, the fringe order munbor of the frinee at tr.e point in ClUOll­

tion io lT2 and "C],. (2.7) becomes,l 

(2.11) 

Subtrac'~ j!1'S' EC],. (2 • .10:' from (2.11 ) gives: 

(2.12) 

In Bq. (2.12), the angle that the illurJinatine beam roakcs ITith the 

dioplacmccnt vector has been eliminated. Rcpcatil'e the prooesD for 

pointc "3" and "4" on the hologram plate gives three cquD:cionc thus: 

(N:. - 1--\1) ~ :: 

( t~4- - N I) A -= 

d ( Co s e~ - Cos e', ) 

d (G>& e~._ CO&e:) 

(2.13) 

The an;;le behTecn the displacooGnt VGctor "d" and the Jirection of 

vie1Til~g can be defin8d in tC:r'r:1S of cosine directions thus, 

I-There: Lo .. u Mo :: V Po • vi 
d er d 

LI'\ = KO-XII MI1 :: '10 - '/1'1 PI'! = Zo - Zn 
rn r" rn 

and: 

r., -=V eXo - KI'l)'2. + ('/o-Y,,/ +('Zo-1,,)'2. 

!/( , 
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Substituting for Cos G' in Eq, (2.13) eives: 

(2,14) 

In applying thio app:r'oac!l to obtain thb three displacement componentD 

one lfould vie1f the image from position "1" and allocate a fringe order 

number to the fringe at x ,y ,z, Tho aotual frinGe number is not im-0<)0 
port aat s inco ono is int crest ed in dc, ~ ermining differences in :frinc;e 

ordor n=bcro, Th8 direction of vieuing is 'clwn changcd to correspond 

to point "2" on the holocram plate and a fringe number a3sj.cned to the 

fringe ut the same ,po:.nt on the surfaoe of the objec'~, From this pro­

cei)S one can ob'~ain Nz. - HI' Repeating the procedu:r'e for points "3" 

an<1 "4", one can obtain lT3 - lfl and IT4 - HI and thus complNe the L ,H ,S; 
of Eq, (2,14), If the zero ordel' fringe position is knovrn and ono ca,; 

see and count the fringes easily, then the process ie straight fo:cu,u'J, 

h01fcver if '~he zero order fringe position is not. kno11n then the number 

of fringes ,.,hioh pass the point on the surface of the object as the 

vie.dng anGle is chanGed, repre(len~s the difference b",tlfeen the frinGe 

or<1cr numbers corresponding to the t'10 viOl'ring angle~; viz, .tilT ~ lT2-';1 

etc, The val1.le cf AN can be positive or ne:;ative arul one must mlopt 

a convention for example fringes moving from left to riGht are positive 

and fringes moving from riGht to left 'l.re neg'.l.ti"re, 

Having obtained the L.H.3. of ~q. (2.14) anri. by neo.slll'ine 

the oOQrdinates of the point on the objeot and the four points Oll the 

hologram, one has enOUGh information to solve Eq. (2.14) and thus ob­

tain the values of the three displacement components. Before looking 

into the methods of measurine in-plane displaoer.1cr.ts as described. in 

(9) and (le), it is advantageous at this point tv J.ook at the applioa­

tion of the method described above to problems of stress analysis. 

2.5 Application of HoloGraphic Interferometry to Stress Analysis 

The strain inform.tion that is required to calculate the 



principal strecs at a point on the surface of tho object i.s the princi-

\ strains €: 1 anc1 (;2. Generally the direction of the principal strains 

11ill be Unkn01n1 hcnce the strains cannot be rleasurcd directly. l'hey 

can h011cvcr be calculatcd frolll. tho relationhip: 

(2.15) 

J:;easurincr the norrn~l strains tx and €y, in otraicht foruard in the uuse 

of using strain GuuGes hOlTovor the measuroment of tho chci.1.:l.'" strain, '(:cy, 

is impossible , in uhir.h case the ntrain in a third direction must be 

mou8ured anu th0 shear strain obtainod by solvinc three simultan00u8 

equat ions -thus: 

€O<I =- E:xCo~'I.o(, +E:.yS,n"'o<l + oxy 5,no{,Cos<><:, 

E 0("1.. = Ex CO",'l.0(2 + f'f S,n'lo( .. + ?fxy S,rlC>l. .. Co'OD.!'I.. 

Et>( ~ '" E. X CO~ 2.P( ~ + €'t S,r. '1.0<" + '/fxy Sin Co!:l> CO& eX 3 

(2.16) 

Using hoJ.oG~·aphi.() interferometry, the shear strain ean be obtained di­

rectly alonG nith the 8trainc fx ani Ey. To do this the in-plane di8-

?lace.:wnta \Tol-lId be dcter~;:ined at :fO'ur points ,-rhich fol':'1 a squc:-.. :,o ::~cBh 

enclosil1.,ths 'l)oint at lIhich ~he prillcipal otraillG 0.1''' to b" calcul2.tcu.. 

The strains at ·the centre of the me",h can ue estimated usinG" finito 

differenoe equutions thus, see FiG. (2.5): 

(2.17) 
'6xy = .L LU4- Ul + U3-U,l + 1 [\/4-\/3 -+ \h-VIJ 

2 [A,/ 6.,/J 2. 1:>'>1 /4>f 
HavinG" the strains f":c, Ey, cnd ¥y:y, one can calculate £1 and 62 froD 

1.hioh the prinoipal stresses 0-.1 ' ([;2' and T csn bo calculated tllU:3: max 

E 7. r~1 + ve'l.] 
1-)1 L' 

E [E'l. + VE:I] 
1_ V"-

,[",,0.)1.: ± ~ [01- 02.J 
The direction of the principal stresses cun be deterr.linod from: 

(2.J8) 

(2.19) 
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In considering the application of the method civen in (11) 

\ to stress analysis, certain limitations become apparent. The most ob­

vious undesireable feature is that unless one has a bench 01' set up 

~rith built in llrecision Lleacurin" o'1uipment, it is very difficult to 

accurately measure the coordinates on the surface of tho objcct and on 

the holocraEl plate. '1'0 determine the strcss at a sinc:;le point on the 

o'oject re'1uires the rnen,Gurernent of 12 coordinate points on the object 

and ·the solu~ion of four Gets of three simultaneous equations. Ingi­

ally one must also measure the 12 coordinates of the 4 points on tht. 

holocram plate. The simultaneous e'1uations could be assembled and 

solved by COLlpU'.er hmfevcr to measure the cOJrdinates aGsociatcd uith 

say ten points on the surface at .,hich the principn,l stresses arc re­

quired 1fould be a formidable tack and prone to error uith-out SOLle form 

of built in neacurine; equipment. Another problcm that is also expected 

to ariso is tha'~ inevitably one lfould be required to estimate a fraction 

of a frinGe order numbcr and if thc frinGe spacin3 iD lar30 or if the 

spacing is chan[;inG rapidly, onc cannot resolve hy eye the variation 

ill intensity betueen tuo dark frinces hence it 1fould bc posGible to 

have larce orror3 Gnterine into tlle frinze order nUfabers especially if 

1-rhen ccuntin(l' the nULlber of fril1gcrl which pass a point on the surface 

o.s the vienil1.G ancle is chanced, the number of frinGes is 1e30 thau one 

or even in the ro;;ion of tuo or three. In addition to thoso practical 

diffieuHie:.:, one other obvious problem can be forsecn and that is that 

if the problem under consideration is a fle'D.ITal nroblcLl then the dis­

p1acE'ment ",," l1i11 lJOst likely be r.lUch larcer than "u" and "v" honC8 

one is trY:;'i1G to solv0 a set of equ1J.tio~s Hhich involve large and 3ma11 

nu::~b0t'S ifhich is a no·~ ori,)usly inaccurate process. 

Another mcthod developed fo~' usc in Dtress analysls Is Civon 

:!,n (9). Thin method uses a set up uhich elimin.J.'tioD onc of the in-plane 

cvmponents of di.oplacamcnt by ilJ.umi.natinc and viclrin;:; nornal to the 

axis of one of the in-plane displacements. In this case one can mal:e 

use of 3'1. (2.8) and proceed as folons. 

'1'1'0 ho102,Tams are nade in 1<hich the anGle of illunination is 

common but the anc;les of vim·rin;:; are different; see FiG. (2.6). Fro:n 

these tuo holocrams one can obtain the follo,ring expressions: 

~,,).. '" U (Co$, q, + Cos rp,) + W(Sm cP + '<>111 <p.) 
lh.~ '" u(Co~4+co~~2.) +W(SIY'l~ +S'''CPz) 
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El iminat in~ the normal dioplo.cemcnt "wit gi vas: 

Lth (S, .. cl> + 5,>'1 cP,) - ~, (s '" I/l + s", 4~)] A ': U [(Cos9 +CO$ ql1)( 5,,, c? + S\I"I tA) 

-(Co~r/; +Coscp,){S"'1~+SI"42fl (2.20) 

The L.II.S. of the above cquo;bion can be Ifritten as N " .. here N can be r r 
thought of P.C the frinc;c ordor number ;:;o:::,reGPon~lins to a pattern in 

which only +'hc in-plane diop1ace;:lcnto have contributed to the opticn.l 

path 1eneth change. If a ,'srid uere drmm on the su"('face of the object 

thcn one could calculate the value of Nr at e'lch [;'rid point and. puttinG 

these values of n cnto a duplicate of the g.cid draun on the object, one 
r 

could graphically construct Cl, frin.=;o pattern that repreoentod in-plane 

dioplacements only. ThiG pattern ~lou1d coveI' the o::ntire surface of the 

object and lfould correspond to loci of pointG havinG nonst:ll1t in-plane 

displa.cement similar to 1'1hn.t one would expect from a I~oire' cx!,criment. 

To obtain the in-plane strain, one liould h;J.ve to plot a curve cf the 

j,n-plane displacement an[l ntunerically (lifferentiate the displaoement 

~Iith respect to a lenGth increment; viz. f:x ~ (Iu/dx. To obtain the 

P!'illcipal strcse; at a point on fuG object one lloul,l Mve to repeat the 

p:::'ocess at differe,lt anGles say at 45° and 90° to the "x" axis anu then 

use E'l. (2.16) to obtDj,n~he shear strain 'md subse'lucntly the principal 

strains and stresses. In its simple:.lt form, this method can be thouGht 

. of as the c;raphical dubh'action of t;(O frinGe patterns one of ,·rhich 

is due to in-plane and normal dis'PJaccmelTbs and the second due to normal 

displacements only. f.Phis case can cxizt if the second holocram 1s made 

. tl th If'''' , t th If"" t· 1 000 
\11. 1 e an{3 e 0_ vl.e1'l'l.ns 0ClulL. 0 0 D.nG' eo· J. ......... u:I!J.na l.on p us,/ • 

If for the first h010(;Tam, the anele of vie~Tin:; is cqual to the anGle 

of illumination and both ~re not 900, then E'l. (2.20) bGoomcs: 

(2.21) 

In this cace, subt'raoti~n of the t1fO fringe order numbers at the sar.:e 

crid point yields the resultant in-plane frinGe order number. 

An l,ith the previously desc:!:'ibcd method thd above method has 

practical limitations especially "hen it comes to a flexural problem. 

In a flexural problem one uould have t1'!O frinc". patterns 1fhich l'lould. 

be almost identical since the normal displacement lfOUld be larGe in com-



parison w'ith the in-pIano diGplacements. :bffectively one lTould be in­

volved in subtracting tHO larGo numbers to obtain a small nurober 'rhich 

again is prone to larGe errors. In addition one lTould acain be faced 

lTith estimating a fraotional frinGe order number at a Grid point and if 

the frinGe order nu!nbers Here olose to beinG equal on the tuo holoGrar.1S, 

a [,Toat deal of error can be incurred in the subtr"ction of th0 tyro num­

bers. '.\'0 illustrate the difficulty that ,rould be encountered in tryinG 

determine the in-plane displacemen"cs in the case of a fle::-.:ural problem 

consider a simple cantilever beam, loaded at the free cnd by a foreo 

"F". 'rhe lateral displacemcnt "u" is defined by: 

W= 

The surface strain is civen by I::x = t/2R = dU/dx <There "t" is the depth 

of the beam and "R" is the radius of Cllr\"ature "hich is, for sr.w,ll de­

flection, apprOximately d2x/du2• ThuG the surfb-ce strain can be writt()l', 

as: 

The in-plane displacement at any point "x" from the fixed end is: 

At the free el"" i;he lateral displacement "w" is ;;'L3/3EI and tlw in­

pIano displauel'lent is FtL2/4:;;"[. The ratio of lateral to in-plane di::l­

placement is 4I.j3t. If in a practical case, the lenGth to thickness 

ratio Has 10:1 and assuminG that one uas Vicl',ing and illuminatine the 

cantilever at an an51e of 450 so that the 8eLsitivity to in-plane and 

lateral displacements was equal for both, then thE' normal or lateral 

displacement would contribute 40/43 or 93 porcent of the number of 

f1'in::;es l-rhil e the in-rl£',ne displacCl,1ent 1Jould contri but e only 7 rercent. 

Thus if one made two holot1Tams suc~'i that onG contained a t-ringo patt era 

due to normal dioplac(>ments ol:!ly and the second, a frinGe pattern due 

to in-plane and normal displacements, then one ,;culd be faced with try­

ing to subtract 93 from 100, Graphically, uhich is not likely to be very 

a ccura t e. 

Tho third method proposed for determining surface displace­

ments is Given in (10). 'This method appears to be rather complex and 

is not real1~r understood by the author. Like the first method described 

it entails determining the thxee displacement components of "d" hence is 

likely subjeot to the same practical difficulties in application. 
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2.6 Closure 

In surveying the literaturo on the use of holo.:;raphic inter­

ferometry to dot8rmin8 surfac8 displacOlocnts and in particular, applica­

t ion to otress analysis, only throe methods 1fOre found.. It is thus 

conoluded that ..,hile in theoI'y it is pos:::ible to determine in-plane 

di~)placements, in eeneral application the method:::> are restricted to 

pro1Jlems where the normal displacCl~cntG are s!:lall or of the sarle orcler 

of maL,'TIltude as the in-plane dioplaceInents. In addition, to make the 

me'l;hods econorlie .. lly at traetive, development of hardware 'Thieh .Tould 

allolT rapid anll accurate measurement of coo:!'dinato3, aneletl, and frac­

tional frinGe ol'der nurn1)ers itl requireu. 

ThE. use of holographic interfermletry to measure norfilal dis­

placo!!lents of beam3, plates, and diap~Lrams etc. ha.3 been demonstrL'.tcd 

and is in current use. If one co.n conveniently re!".te the :i.n-plano 

di[.placemonts to the normal dioplacomcnts as is onen tho case in 

fleXUJ.'al prob:ol;,3, then the method of holoeraphic interferomotry is 

a very cOllv"nient method to apply since one can .iOrk directly on a COM­

ponent 1iith very little prepara~~on 0:- the par-to It i3 al('o a very 

senoit ive method oince ono is 1'TorJcinG uith 1mveleneths of liGht and per­

haps in some j)lotunces it may be too oensitive h01{eVOr other methods' 

such an l1oirt;} , frince n.re in P,Offi~ instances net sensitive enOUGh. This 

area of holoG'l'''phic interferometry is applicable the problem of the 

flame plate hence it io used in chapter four to determine the flexural 

displacements of a flat circular disc ar,d 'lGE-in in chcpter five to· 

deternine the fle:rural displaccrnents of the Rustop Hornsby flame plate 

under a trallsverse mechanical load. 



CHAPI'ER TImES 

ANALYSIS OF A FLAT Pld~l'B Hun A' SHALL 

CInCUlA::! HOLE 

3.1 Introducticn 

In this chapter tne stress distrihltion in a f'l:1t plt,te l1ith 

a small circular hole at the centre and loaded by an axial tensile 

force in the "x" direction is anaJ.ized by dynamic rel:1:c.ation and the 

results co:~p,lred lfith an analy-tic.i11 solution. 

'l'ho analytic.al solution llrovidcs C(luations for the GtresG 

distribution based on a polar coordinde sywtom. These expresGions 

are fourth order rolynomia,ls mid the stress values ehc.n(;e rapidly r:ee-r 

the hole in the centre of the plate. TTsinc pob.r coordinates for the 

solution by d;;namic relctxation roquires the tangential stress on ~he 

hole boundary, uhicll i;: unY->1OlfU, to be e:ctrapolc.ted from values lfithin 

the plate and it 1iQS suspected t;h~~t u~in[:; .:.t oi:-:!ple l:il;.cJ.r p.xt:r2..polc-vtion 

miGht not Give d.ccuratc results. As a rcsvlt, 8.xtrapclation b::l,sed on 

a higher order vo.riation in the tanc;ential str0sS l~S used and the 

resul GS eom:pc.red for e-CC1U',"CY. For the mesh size uscJ., the lincar 

extrupoln.tio.l.l C;c.:vc eood l~esul ts i:nd o..ssUEJinG a hiGher order polynomial 

did not a!.':fect the solution. 

3.2 Allalyi;ical Solution 

Fieure (3.1) represents a f13.t plate ef unit thickness 

subject to a tensile loe-d in the "x" direction and havinG' a small 

circul"r hole d the centre. The plate has the f()l101rine seor.lotrical 
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and phyaic'11 propertiea: 

20. = 0.375 in. 

2b = 2.25 in. 

f 0.732 -3 2 l 4 x 10 lb.-scc. ~n. 

y = 0.3 

E = 30 x 10
6 

Ib./in.
2 

The stress distribution in the pLlte is affneted by tbe hole 

however the effects are localized and if the hole is crnall in compar­

ison to the uid-,h 0::' the plato, the streDs net the ecIc;e of the plr,te 

can be asamned to have the sume vc.lue as if the hole did not exist. 

This aSSlmption la based on the principle 01' Saint-Venant uhich 

effectively aSDerts that if the forces on the boundary of an elo.Gtic 

body are replacod .by (t statically eqnivn.lcnt system of forces but 

1;hose distribution is dii'ferent, then the strcss di.stributi,m at some 

distu,nee from the point of applie,,·tion of thc forces roroaino unehu,nccd; 

thc distl1nCG from the :!Joint 01' application of the load beinG 01' the 

same order of mUGni-tudc ~!.s the dimensions of the body. An un:l.lyt ir)d.l 

solution fur this problcf:l 12 Given in (12) c:.nd the stress cLi.ntribution, 

usinG' a poL,r eoordinl1te system lTich che eonor" of ·che hole as the 

oriGin, is eiven by the follmrillG G::~:prcGSi:;n3. 

<r'r '= cr)' (1_ o..~ ) t !f! (I + ~a4 - 4 0..'1.) Cos 20< 
2 r'l. 2. r4 r~ (3.1) 

'rho stresn distribution alon:,; the ";:r" ;:t:<is (i.e. IrhGnO(= 90°) is 

given by: 

UX (2 + ~~ t 3 a. 4 ) 
'2. r'l. r4 



"(t"() = 0 (3.6) 

It can be seen fron Eq. (3.5) thnt the t[1n~entia.l strc:3s dictri1)ution 

o.lonG the "y " axis hc.c 2.. IDD.xif.'1um u.t the o':.{';G of the hole and in eo_·c.::-~l 

to three titles tho Gtress 8.t the edGe of the plClto. From IcC].. (3.4) 

it co.n bo seen th8.t o.t the od,·;e of the hole uhen l' = u., the ru.dio.l 

strens is zero and is acain zero "Then "r" ie laree comp~lrcd to Ita". 

The otress distribution alOll(j the "x,,~ o.xis (L e. 1·1honO(= 0 0 ) is: 

(J"r= ~('2.-t 30..4 
?.. r" 

'iro- :: 0 

...: 5 0..
1

) 
r" 

(3.8) 

From Eq. (3.8) it can be seen that alon2: the 1t;:11 a.xis the taneential 

stress is a ma:dr~uI~ o.t the odCe of the holo ,md is o(].',,,l to t12e 

o..pplicC! ot:: . .'css ;;;ut lTith opposi to sien. The radial stress is zero ut 

the edGe of the hole o.nd. when "1''' is lo.ree cOl'lpo.red uith 11. It 
<.-:' , tho 

radiul ntrcss is cq-:..:.al to the o..P?lied stress. 

Fic-;ure (3<13) shows th::: tanGcnti::.l zt:!."ess distribution alons 

the lIy " u,..· .. d.~ and FiG. (3.4) alonj' the "X" a:d.s. The ·~an8'enti2..1, 

radi~l, ani she.::r stresses are r;iven in tables (3.1), (3.2), and (3.3). 
'1'he vo.lUGS h:;'VG bGen co.leulatcd at eoo:o:-din"1tcs cor::po.tiblo uith the 

mesh ,)oints UGod in the dym.oie relo.:"~,tion so: ution iDr eotlp(1rison 

purposes. 

3.3 Solution by the ],jethod of Dyno.nie IColo.:(ation 

Bec~us0 ~hcplate and loctdin.; is symmetrical about the "XII 

and "y" n..'ds, only onc quo.rtor is the plo.te need be c,msiclereu. <1S 



sho1'1n in I·'i::;. (3.2). 'l'he Gelection of the coordinu.te aystem for use 

vri th dyn3..mic rcL:,xCLt ion ic not direotly obvious. If u rcctan2,ulD.r 

coordinu.te system iD usod, the hole Hill hn.vo to be n.pproxirnn.ted by 

a sel'ies of StOlJ8, hO';fovcr if the nosh lTero fine cnouf,.4 thic ,,;·;-ould 

not likely be toocrcat a dis··1.dvanta.co. Ono advo..ut:.1CC of usinG' rect­

an[,uL: .... r coo~'din:::.teG for thjn problctl is thc..t no .J.Gsumption lTould h[!.vc 

to be mude rccardi,nC' tho stroBe at the e(lce of the plut 0 not being 

affectud by the etress e'Jl1contro.tion ut the hole. '1'he assunrtion, 

bilsed on the principle of So.int-Vonilnt tha~ tho etross at the edgo 

of the pla'te is unn.ffectod by the stross cc;l1c8ntra"ion at tho holo, 

uill le,,,d to larco errore if the hole is not eJnal1. The liraiting c;:(;o 

for this' pn.r'L'ieular prolJlom is a plate "ic:th to halo diO-nctor ratio 

of 5 : 1. The problem c110cen for ,,-no.lyeis ho.s a ratio of 6 : 1 for 

this reoGon, hence, use cn.l1 be tn:o.dc of the principlo of Saint-'Ten:ont 

und it If()uld ap[e:o.r thc'.t 1.1. polar coordi.nuto cYDtem lIGuld 1.>0 better in 

viOvl of havinc to approximate the hole by a s·teppod bo'mdCtry in the 

case of usine rc(;ta116~....tlu..r coordinates. 

U.sinG polar coordinateD, D. pseudo-bolli1du,ry cun be :;;'orwecl by 

specifying the stress condi+·iol1s on n. radius "l)!! equal to one h<"J.lf 

the. i'Tidth of' 'the plate. The strGss on 2"'[ulius "bit specified in polar 

coordinates is obto.incd by transforr:1a'Lj un of coordinates tl:~.lG 

(3.10) 

since the stress in thA lIyll u.ircc"ti:.n ut radius Itbl! is zoro und the 

she~r stress in the "x" and "y " direction is zero, then the stresSbS 

on rc.dius lib" are: 

(3.12) 

)1. 
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7. re: - CJ)( S'11 01 Cos~ 

The problem now tnkeo the forrJ of a flnt circular pInto "rith a hole at 

the cGntre and lOl.ld0d 1)y i'orees at th(~ outside dj~.:.mete:c. r2hGnc :forces 

eivo rl.se to otrCf;s"s defined by E'1s. (3.12), (3.13), nnd (3.14). 

The finite diffcrencfl Gquations in poL.!' coordinates for the C'.lse of 

pl&no stress aro eivcn ill App. "B". 

In specifyinG the boundary conditions,. the procedure u'>eil in 

this thesis is to arranse the mesh pointo so that the velocity and 

shear nodes coincide with the boundnrieo and specify all boundary 

condH ions in the ~rel ocHy und shenr e'1un.t ions. :8xnmininG ECJ.. (B. 8) 

on th0 b~sis of the a~ove procedure for cpecifyine ~Oundo.l"Y con(li·~ion3, 

the radial velo(;ity on the outside dir-meter is Given 'ay: 

+ 'lI'"G Cl ,J+I) - 'tr9( :r,J) + 
..19 

In this G'luat ion p, '1, and r:J. are: 

p= 0"1< Cos7.o( 

'b: VI< S '>1"le< 

N = 4G (J- 1/2) 

On the inner or hole boundary, the radial velocity is: 

U(:3:,J): UCI,J);:~~~ +.AE... r2 «ir-(I,J)-P) 
1"(1+ 1(/2) L £) r" 

(3.16) 

In this e'1llnt ion, IIp'' is zero since tl18ro is no Clpplied r,,<l.in.l l'01'Ce in 

tho hole. 'l'ho tancentiul stl'ess "'1" is unknown, ho,-r8ver it oan be 

esticmted by extrupolation of va.lues onlculated uithin the plate. THO 

extrapolation fornulao hc.ve been derived in A:pp. "Fit. Since th~ plate 

is beine entered in the direction of adv~ncing subncripts, then from 

E'1. (P.4)~ "'1" can .be . expressed as: 



Cl, ~ (1'9 (r,J) - .S [US(I+"J) - (Je(r,J>] + '~5 [(fs (:r+2,:n - 2 Cf9(:r+,,:J) 

+ ~e('I,'l)] - 1.~75 [(j'e(!t3,J) - 3u(3CH'2,J) + 3 ue(H/,J) 

- oe(x,J) ] + ••• 

If' it is i:sswned that the t2,ncential stress varie<J linea:::-ly in the 

radial direction, ,-~ll terns in '~hc above expr0csion beyond the 2nd 

t crm vc.nish sinco 2l1d o.nd hiGher order diffcrol1cos arc zero. 'rhus , 

(3.18) 

Sirailarily if' it is assu.':led th:::.t the stress w,rics ns a 2nd order 

polynomial, then all terms boyond the third vanish and "q" is eiven 

by: 

~ '" 0"9(I, J) - .5 [(j eCU',J) -0"6('1,J>] +' 7; [UMl"2,J) - 2a"e (I~ ',1.) + UO(:r;Jil (3 .19) 

Asstuning '" 4th order polynOl,ial "q" is given by: 

~ '=-. ()G(l",J)- .S[US(l+l,J)-ue(I,J)] + ,7t[O"S(I<2,n-21T9(X .. ',J'l +Y"6(:t;J)] 

_ ,.~7S [US<:H.3,J) _ ~~G(I+2/J) + 30"e(r+I,J) - (fe(I,J)] 

+ to· 5" '?> [UgC J:f4,J) - 4 0"& (rH, J) +(. O"e( .I+2,J) - 4 a-~(I·j./I J) +(fe (I,J)] 
24 

(3.20) 

'rhe shflU.r strec5 on. the outel' bo ... ndarJ io Given by ECJ.. (3.14) and 

since on the inner boundary thGl'e al'", no ()xtcrnally applied f'orces thc 

shear stress is zerc_ 'J:hese conditionn are specified llher.. llorking on 

the Ghe<.1l" e(l'U.~~tiGns. 

Specif'yinS the COl:J.it ion::; on the t11u radial boundaries is 

much sir.1.~;lc:r. B0c~u8e of' syr::ll::ct:ry, no tancential dicplQ,cBmen'i;; occurs 

on either boundary hence the ti.:.n'--:,;entio.l velocity is Z01"0. Si:-Jila:ril~r 

becu,,',.:.]'-- of 3~.n:m;ctry the shon.r ctrc8sez cxe 20:;0 011 both boullcia::'ic3. 

In cclcctin;; the r.103h size, the accuracy and lenGth ... ..if COr:l­

puter tine rec!,J,ired to achieve a stc~1dy state solution oust bG c~n­

sidered. The nw~be:..' of' eCJ.udLJl1s ·to be selved is di.roctly proporti2nc:l 

·to the nU;Jber of mesh points or inversely proportional to the prOdl&t 

of' the r;188h diL;ension f'or a spocific pl'oblon,. In addition, the villuo 



of the tit:le inorement is propor·tional to the t:l0sh dimensions :md in 

turn the nn',11Jcr of iterations required for a solution is inVGrGely p:-o­

portional to the tir.le incremont; the mmber of H0rations iG related 

to th0 periodic tim0 of oscillation thus, 1T = 'l'/At HhGr0 '[1 is the 

p0riodic time und IT is the number of iterations in one oscillation. 

As an example, if in a civen problem tho 8esh sizes arc Ax and lly, then 

the number of cquatjons to be solved is prorortienal to l/(AxAY). 'rho 

time inoremGnt in J?ropor~ional to l/(l/t-,.;} + 1/6.i)-1/2. Sboe the 

lenGth of tiwe rOCJ.uiroCl is (lireotly proY'ortional to the number of eCJ.u'­

ations to be solved and. inversely prol'ortional to thei;ime interval, 

one can IT,ci t e : 

LenGth of ccmputer time 

or if N
x 

is th" number of mesh points in the ":c" direct ion and Ny is 

the> mlL~b()r of menh' points in the "y" direct ion one can lTrite: 

. 
It can be seen that if one doubles thG l1umbGr cf mesh points in both 

directions then the len[,-th '".Jf time to obtain 11 SOlution is inoreaseC 

eight times. 

As in all numerioal methods, the accuraoy of the solution is 

enh~,noed by a :~ine meeh or larGe number of mesh points theref0ro it is 

desirea01e to have as fine a Desh as possible. It is obvious then • 

that SODe sort oi' compromise mu.st be l!l:J.do behroo:ct cODputer time and 

accuracy. ~'or the problem in this chapter, the mesh size ohosen ,ms 

19:d.9. Sinoe the plate l1idth to holc diaweter ratio 5.s 6 1, the 

number of radial elemcnts r.mst necessarily be a multiple vf 6 and in 

vielf of the fact that onc would normally expect the st1'es03CS to be 

ch,~n:3inS' rapidly in the region of a stress concentration, a 19x19 not 

does not appear ·t 00 extravaGunt. For this problem then, the mGsh or 

element dimensions are: 

1::.1' = 2.25/36 = 0.0625 in. 

1::.9 = 3.1416/36 = 0.0873 rad. 

The smallest mesh lenGth is: 

. r 1::.9 = 3.5 x 0.0625 x 0.0873 = 0.0191 in. 

». 



EstiTIatin3" the time inter'ICLl uninG EC1. (l.l'[): 

At = (1/l:.r2 + 1/(r.tJ.G)2)-1/2/c 

-7 = 0.775 x 10 sec. 

This value for at Has fcunJ. to be 1011; 0, value of 0.9 x 10-7 secmed to 

be about riGht. '1'he dampinG cOl1Gtn.nt ,raG obtn.ined by trial and error 

n.nd a vQ,lue of k = 0.03 [;""we rapid converGence. '1'he computer pro:;ramrne 

is given on paGe 241. 

Satisfact0ry converGence lfan achieved in 600 iterations 1"Thich 

took approximatBly 25 minutes on the I.C.T 1905 oomputer; the sum of 

velocities squared decreased by approxima"tel;~: 8 order::; of rnn.enitude. 

:J U. 

TliO prot:;rn.mmes were run. 'rho first proGramme uses Eq. (3.18) 

to determine the tanGontial stress 011 the hole oound"z,ry; this equation 

assumes that the tancential etress vn.ries linearly near the hole. '1'he 

results of this solution 0,1'0 eiven in ta1:les (3.4),(3.5), and (3.6). 

The tanGential ntresn is plotted against radius in FiG'S (3.3) ani (3.4) 

for ancles of 0(.= 87.5° and 2.5°. Thes~ tl10 anGles corresPol1cl~tl:O ... 
mesh points nN}'r the "y" and "x" axis respectively and are sufficiently 

close to theo9 axes to aasume that tho nLrcns uistrib',.rcion alonrr these 

radhl lines, i.e. P.'G 87.5 anri 2.5°, is ropresentitive of the stresocs 

along tha t~yll and Itx " n.Z3S respect i vcly. The second proGramme UGes 

BC].. (3.20) to specify the tD"l1Gcntial streso on tIlt' hole boul1darn this 

equation assumes ~hat the tanGential stress varieq as a fourth order 

eC].uation. The taagenti8,l and radial stresses for allgles of 87.5 0 and 

2.50 are eiven in table (3.7) and should be compared with the correS­

ponding values in tables (3.4) and (3.5) 

3.4 Discussion of T..:csul ts 

The main reaSOl~ for usinG a nunerical method to solve the 

differentia"l e'lUatio11s uhich covern e'luilibrium cenjitions and define 

stress-strain relationships is that an analytical solution caru10t be 

found or is too difficult to find becn.use of the complexity of the [<1-

ometry qf the part or of the loadinG conditions. The rcsulto that are 

obtained from a nunerical oolution cannot therefore be checked aGn.inct 
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an analytical solution ( 1rith the exco:pt'ion of cases such as in this 

chapter l1here the numerical mothod io bein3' examined and a problem hr.s 

choscn that has an analytic3.1 solution) h01;ever, cert3.in checl<:n can be 

made l1hich ,rill (jive the user confidence in the reDults. One check is 

the equilibrium ef a portion of the Object. 'rhis c::cn be illt:otrated 

as fO).l\,.;1TS. 

Tr-.c stmr.lation of the forceo in the directLm of the appU od 

load muet be ~"ro. TakinG' the tancenti3.1 streosC!:, alo;).G' the line 0-.\, 

Fit:. (3.2), u11d !ilultiplyinG' theoe stresses by the respective areas upon 

,;hich they act c:ives a load in the "x" direction of -1123.8 lb. The 

applied 100.1 is 1125.0 lb. '1'ho stun of the loads in the "x" direct.ion 

is 1.2 lb. lfhich in view of the ma,s"nitude of the applied load is neG'­

liG'ible thuB it h' aS81.l1neu. ·th3.t the plate is in equilibriunr in the "x" 

direc';iC';:'l or direction of the aIlplied load. Sirnilarily the summation 

of forces in the "y" direction must be zero. 1.1uJ.tiplo'i.nG' the t.angential 

stresses alonG' line O-B by the ccrrespondinc areas gives 12.9 lb. _. __ 

Since there a.re no other forces acting in the "y" direction, thio value 

of 12.9 Ill. repr8sents a certain amount of unba1ance in the "y" direc­

tion h01·rever in the liCht of tr,e applied load 'chin unbai.anc"l is small 

thus it is ussumed that the plate io in vertical ectuilibri'J.m. 

In addition to equilibrium in the "x" and "y" directions, 

the plat e mus ~ be in equilibrium l1Hh reGards moments about any point. 

Ta%ing moments about the centre of the hole, the ",-pplied load producGs 

a moment of -632,8 lb.-in. '1'he tan;;ential s·tress alone line O-A pro­

duces a moment of 661.0 lb.-in. and alonc O-B, a 1,'Or.lent of -30.4 Ib.­

in. SU!llming the moments Bives -2.2 Ib.··in. AgaL"., lihile tlno indi­

cates some unbalance, in vie\T of the applied moments it is snaIl thus 

it is assU!lled that the plate is in equilibriU!ll WJ.th re(;ar.:1.s r.lornents. 

Another check that can bc made is on the equili briulTI of all 

individual element·. '1'his can be done ucing Eq. (B.l) and (B.2) in 

finite difference form •. For octuilibriU!ll, th'3 stress equilibrium equa­

tion must be zero and substituting the stresses obtained by dynamic 

relaxation into the finite difference f011n of the equilibrium equation 

will inevito.bly give a residual 1'7hich is an indiration of lack of equi­

librium. In the early stases of the ite~ation process this residual 

lrill be large and'as the solution convel'CGo the raoidual 1·rill dirJin-



ish and appro11oh a value ordern of l~aD1itudo leGn than the maximum cal­

culated in the early ntaCGs. BffectivGly, thG velocity at the nodo. 

points in ,"Ganure of the reGidu,~l and by calculatinG' the sum of the 

squares of the velocity throu.:;hout the body, the overall internal equi­

librium is meanured. An the velocitIes throu::;hout the hody approach 

zero, the strens Gqui.li j:,rillm equations arc satiofiod; viz. ;''1. (13.1) 

and (B.2) in llampod 1rave form as the ve:Cocities approach zero. Thi3 

check hus been madG anll for the first proiSramme, i.e. the onG using 

);;'1. (3.18) for the taniSc~tial stress, Ir.itially tho [mm of the VG1-

ocities squared !.ncroaoGd from ZGro to 0.304 x 104 in the first 58 

iterations, and thGn deerGaoed to 0.325 x 10-4 in the remaining 542 

iterations thus indicatinG th"t a hie:1 dO[jl'eG of equilibrium had be on 

reached. 

lIHhout 'oomI'1U'ing the dynamic relm:atien solution 1fith the 

analytical solution, 01, the basis of 'tt·" equilibrium checks both extoI'­

nal find internal it 'Iwuld appear that a satisfactory Elolution has beon 

achievGd in as much as the pro,,'Tamme has beon correctly 1fritten and -/;,le 

boundary conditions al'e compat i ,,1 e Hith thG fini't G difference 0'lUat ions 

and thorefore ono can be reacona111y confirlent in the results. AEl fer 

accuracy, thiEl 1-Till depend at this Htage, on the fineneGs of the r,)Gsh. 

The final check by comparing the dynU!uic r"lu.;:ation solution 

with the analytical solutionlrill Give an indicatic'n of the aC(1uracy of 

. dynar,lic relaxation solution. In Fig. (3.3), the tangential s-/;rGGS ob­

tained from the first computer run is oo:npm'Gd uith the analytical 801-

ution alon5 the radial line at an an:.;le of 2>7.5°. 'rhe strGSS at the 

ed,,;o 

2839 
2992 

of th" hole iG obt::.inod ay G):trapolrLLion uGin8 :::0 •• (3.18) and is 

I ' /' 2 . o. l.n. 'rbe value obtc..irwd fI'om the analytical solu.tion is 
~ 

Ib./in."'; the v-alue obtained by D.H. is 10'1-1' by about 5 percent. 

'1'ho remaining values obtained by D.R. fol101-r the analytioal ourve 

reasonably 1roll althouGh a deviation of 13 pGrcent occurs at the ecl.::;e 

of the plate. Fi{;ure (3.4) compares the tanGential streGGes alon:; a. 

radius 2.5
0 

from the "x" axis. At the cd;;e of the hole, D.R. ei'tCS, 

'by extra.polation, a stress of -956 lb./in.
2 

and the analytical solution 

Gives -992 lb./in.
2; 'the value obtD.ined by :::>.R. is 101'T by about 4 pGr­

cent. The rema.ining values obtained 'by D.R. follow the analyi; ioal 

curve but no·t as Hell as one lfould like and calculating percenta;:;G 

de-viatiol1G indicates large errors cGPoci.al1y 11horo the EltrGGses arc 

60. 



,mD-ll or near zero. :Thile the pOJ.'ccntace deviations are l<1r:~e, the 

effects al'e not fclt lW the c'luilibriun since the forccs aSGociatcd 

with these Sl~all stresses Joust also l)e omall hence from a point of 

c'luilibriu.':1, one appears to be justified in overlookinc lO'.r;;e deviations 

in small stresses. From a mather.l3otical point of viell this arrears to 

be unre30listic ho',Tev()!' froD an on0inoorinc point of vim; it appoars to 

bo tho only approach onc-can ta];e. 

ComparinG the:. resul to of -the tiro computer proGrammes, the 

use of a hiGher ordor equation to e:ctrapolate the tanccn~ial st:!:'oss at 

the hole boundary dOleS not appcar to iroprove the solut ion and in Gomc 

areas of the plate '~he solu'~ion 3oppec.::'s to be sOl:Jeuhat de;;raded. In 

problems l'Thcre ono io restrict ed ton.. coarse ::loshJ the tJ80 of hiGh~r 

order equations for the stress v<1:I-1ation may improve the solution h01T­

over for the mesh useo in this :problem a line"'.r stress distribution 

appears to be a satisf~,ctory n.sGumption. 

3.5 Closure 

The results obtain",d 1)y dynamic rel3oxation for the maximura 

stresses in the plate n[;Tee rca:::;onably lIell with the analytical rosult~ 

and 1-1hilc larGO orrors oxi~:rb in a.rous whore the stresses are small, 

these errors do not detract from the overall solution if looked at fro:!! 

an engineering Jloin~ of vieu in the caso of dcsiGl1il1i; for stl"'nGch. 

The use of hi"hc1" order approximations for the u..'lkno,m stresse" on 

boundaries is not neces:::;ary if the mesh is fine enOUGh 301 thouCh this 

point coulel be investi(sated further. 

0.1.. 



CHAPI'ER FOUR 

Al1ALYSIS OF A Sn;PLY SUPl'O](TED PUT CDlCUM:l 

PLATE SUDJBCT TO A LAT~TrlAL COlTC'SlH'JIC WAD 

4.1 Introduction 

In thio chapter, the deflection of a oinply supported flat 

circular plate subject to a lat"ral concentrio load io d.etermined usinG 

holoGTaphic interferometry and dync.mic relaxation. 'l'he results "re 

oompared nith an id.ealised analytico.l solution. A conprc,}lOl1.sive anal­

ycis of the stress· distribution and the in-plane d'.~placcmonto is alse 

made usinG dynar:dc relaxation. 

'rhe l1I·aetical case examined by holoGraphio interferometry 

conaists of a 4" diaweteI' mild steel plate 5/16" thick supported. by a. 

flat steel ring, 3-3/4" inoide diameter. The load is transnitted to 

UI~ • 

the plato by means of a 1" din..meter brass rod. The aGsur.lptions l:1ad.o to 

ideo.lisc' the plate and )oo.dine condition a1'8 that the plat c is supported 

at it& ou.tside edge and that upon dei'lo0ting, "he rod thr~uch "hi oh the 

lo:;.d is applied renains flat so that the load is conccn·tracod on a cir­

ele of I" dianeter. 

The analyais by dynamic relaxation is based on the ide"lised 

plate. The fill1damerital equilibrium and eiasticity equations are used 

in place of the differential equations for bendinG of thin plates fo~' 

reaSons of interest only. Since the support is considered as actinG' 

over ono mesh 11idth, a dcc;rec of similarity oxints uith the exporir.1CJl1-

tal conditions. 



, 

4.2 lIoloc;raphic Analysis 

1'ho experimental arransement is shelTn in FiG's (4.1), (4.2), 

and (4.3). 'i'he loadinG mechanism consists of a hydraulic ram intec;ral 

,lith the support rinG. A dead weiGht tester is used to provide an acc­

urate hydraulic pressure. The load is applied dir0ctly to the specir.;en 

by the hydraulic ram piston. The Sllecimen l1as preloaded in the riG by 

a load of 114 lb. to cnourc Good contact 1fith tht; St'PPO.l't ring and to 

eliminate any posBi ble eo::traneous move[~ent. 

The l'ertinent holo/C:;raphio dimensions <..re Given in Fig. (4.3). 

CheckinG the angles of viewine and ill .. lmination, the maxhmm for both 

is 900 from the s~lrface of the plate. '['he I:1inimum ViC1'1ing anele is: 

ThCl minimum anele of illumi'1.ation is: 

For the maximum anGles of vicmine and illumination, thc s()nsiti,rity io 

(Sin 90° + Si:n 90°) = 2.0 ano. for the minir.lUm anGles of vieHine and 

illuminatio~ the sensitivity is (Gin 83
0
36' + Sin 81

0
24') = 1.983; 

this value is not exactly correct since these two minimums do not occur 

simultaneously however it docs servc to jUGtify the assuI;;ption that the 

variation in censitivity across the Gu~fuc~ in nC31ibibIe and that the 

angles ol' viel1ing and illuInination ure consta.nt a!"'.a equal to 90°. 

Seven frozen fr~.rJ.3e holo.·j'T8.r~s ~'Tere r.:ade l~ith Ioed.s va-r:-yinc 

from 55.8 lb. to 156. lb. Photographs of the ir/vel'ferenc'.l IJatte:ms are 

given in Fig's (4.4) to (4.10) inclusive. 'rhe deflected shape of the 

plate naS deteIJnined from -the frince spacing ,rhich 1ms measured on an 

enlarced pho·t ographic copy of the reconstruct cd imaJe. Frin[';c order 

numbers liere unsiCned to oo.(;h da.rk fringe boeinninc; at the edGe of the 

support and the relative a.eflection at each frinGe lfaG determined us;.nG 

EC].. (2.9) true; 

63. 
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Unin[; D. hGliur~-ncon lL1f3cr ar.d for anrslos of' viouinG and illunino.tion 

of 900 , the above eXlJI'e~;sion reduces to: 

fl'o.bles (4.1) to (4.7) cive the frin!j:c order nUElbcr V.8. dis"l;ancc from 

the edGe of the support ane. from the actual edGe of ·the plate. '['ho 

actual J1ea"".reuents of the fring., distances are multiplied by a Gcale 

factor relatinG the enlar',ed photoc,raphio c"I'Y of the fringe pattern 

,'rith the ac~ual si2e of th? .plate. 'rhe frin:,e pattern in each case 

seems to have some ecccn"crici-ty and in ord·.,~· to enhance the accul'uCY 

of the ,malysis, the spacinG 1ms measured alonG three different ra(hi 

and the results ~.veraGod. '1'he results given in t~bles (4.1) to (4.7) 

arc plotted in 1";.G'8 (4.ll) to (4.17) alone; nUh the nnalytical results 

for comparison pUt'p030S. 

4.3 Analysis by Dynamic liclaxation 

(1. 

The deflect ion, oondini> moments, and the result i,ng bending 

stresses in a thin Illato c"n be oNaine-l. by dynami.c rel"xD;~ion using 

the difforential e'l.l'.ation8 for bonding of thin plates, (5). Thin ue-oh­

od does not ·take into account deflection due to shoal' or loca! ei'i'''cts of 

concentratecl loads 01' support coni'iguratic>ll. ifhile these effects arc 

Generally nG.:;liciblc ill thin 1'10.-003 they are root ill thick plates 

uh'lre the diameter to thickness ratio is leGS than 4 : 1. The "Dlato 

beIng an.:11ized in thio chapter falls ;reIl 1<ithin the cate30ry of thin 

plates and the loads beinlj small will cause small doflec,tions and 

Sh'6SGeS in t'18 plate houever from an interest point uf vievr, the Lnal­

ysis has bp-en based on the ftwdamental e'luili brium and elasticity e'lua­

tions. To economisA on computer time, thH problem ha:o been formulated 

usinG axi-sYJ'IGotric stres(J distri but ion e'luat ions; the finite differ­

enoe equations are given in App. C. 

The mesh size was chosen arbitrarily as 16x6 and eives sat­

isfactory results. 'l'he mesh dimensions are: 

Ar = 0.1333 
A 2 = 0.0625 



In specifyinG the boundary conditions, the sUPl'ort acts 

over one full mesh ''fidth thus for the mesh 15, 1 the displacement is 

zero and therefore the velocity is zero. 'rhe applied load is specified. 

as an axial s'crcss actinG' on the surface of the plate over the mesh 

4,6 and is incorporated in the velocity e<].uatioll as in previous exam­

pIes. The shear stresG 1: rz is Z01"0 on the surface of the plat e as is 

the axial stress except under the applied load. The zero axial 

ctresces a:r3 cpecified in the volocity eCiuution and. the zero shear 

stresses ip. the shear e<].uation. A cOl'y of the procranme is Given on 

paGe 250. 

'rhe time incremont ,ras calculated using Eq. (1.17) and found 
-6 -6 to be 0.255 x 10 sec. A value of 0.270 x 10 vat, tried and the solu-

-6 tion diverGed. A value of 0.25 x 10 nas used ar.d. found. to be sat is-

fa-::·torJ". The uarnpinc cons'cant ,ras fountl by "crial and. error and a value 

of 0.010 Gave a Good rate of converGence, 

rrwo computer runs were made, .)'10 lTith the load equal to 

55.8 lb. and the second lTith the load. e<].ual "!;o 156. lb. The first run 

"I:ras allel1ed to complete 2000 iter.:!:!; ions and the second, 1100 itorations. 

ConverGenco ,ras ca~icfactory at noo itol'atio!1s and rC'luil'Ctl ju.c·t O'Tel' 

19 minutes onchc I.c.'r. 1905. The r(>(lult<J are "ivon in tables (4.8) 

to (4.17) and includc ra'lial strcnG, ta.~sential strO('3, transverse 

shear stress, uxiul stress, t::ansverse or lateral displa.cGr.lenbs, and. in­

plane displaccJ.10nts for "both 1 cad ill" cases. '1'ho lateral displacer.lcnts 

are plotted in Fic's (4.11) and (4.17) alon" 1rUh the results of the> 

analytical solution ani the holographic solution. The radial and tan­

Gential stresses 'beinG sp()cii'ied at mesh pointc below the surfaoe 01 

the plate have been extr~ro1ated linearly to obtain tho stresses on the 

3urface of the pl"te. 'l'hese valuos are plotted in FiG'S (4.18),(4.19), 

(4.21) and (4.22) alone 11it11 the analytical results. As a point of 

interest, tho a:dal stress distribution thrOUGh the thiru:noss of the 

plate under- 'che concentra·ted load is Sh01nl in PiG'n (4.20) and (4.2:;). 

The transverse shear stress distribution thrOUGh the thj cl:ness of the 

plate is Given in Fig. (4.25) for the 156. lb. load and. the bonding 

stress disk"ibution thrOUGh the thicl:ness of the plo.co is Given in 

Fig. (4.21) for the 156 lb. load. These stress distributions throu:;h 

the thickness are under the concentrated load. 



4.4 Analy-tical Solution 

EquQ,tionn uhich define the deflected shape of the plate 

based on an analytical nolutien arc Given in (13). Because the load 

is diGcontinuous, separate cxprcsGionG arc re'J.uired for the two areas 

ef th'3 plate,i.e. the area inside and outside the lortd circle. The 

deflection of the plate llithin the load circle in dofine(l by: 

(3+ p) a1_ (I-V) 

2. (i+v)a 2 

For the area outside the load circle, the deflection is defined by: 

Tht) radial and tanGential s~rcsses on the sudace of the plate are 

defined by: 

where: 

and: 

MY" = - D (dZw + )! ~Iw ) 
01 r'" r cl r 

Me ,. - D ( ~ ~~ + y d1w ) 
d r'1. 

The ra(lial and tanGential st.::ess distri"!)ution th:rouGh the thickness of 

tll(~ plate is linear uith both stre~nes bGin~ zero on the neutral o.xis 

Cl' Inid plane of the plate; the stress on the ooncave surface is neGative 

and on the convex surface, positive. The transverse shear stress dis­

tl'il)ution is parabolic throuGh the thickness of the plate l'1ith the nax­

imwn boinG' at the mid-plane of the plate, and is defined by: 

'trz. = 12. V (t ~ _ * ~ ) 
t 1 & '2 

,Ihere "V" ic the shear force per inch in tlw tangential direc·tion at 

radiuS "1''', and "Z" is neaGured from the mid-plane of the plate. 

The deflection, radial s·treso and tanGential stres::J hava bcen 

n. 



calculated. at J_'adii eorresponclinc; -co the radial me ch points usod in the 

d.ynaraic relaxation solution. '['he deflect ion is dctermined for the 

loads used in tlw holoGraphic experimentc; the results are c;iven in 

table (4.18). '1'he stresses ;rere calculated for the 55.8 and 156. lb. 

loads only; the results are Given in table (4.19) for ti1e stresnes on 

convex surface. fl'ho tancent ial stress and transvc:~:'GC nhc.J.r G-trCGS 

distribution throuCh the thic:~ness of tho plate 1-7ere calculated :for the 

156 lb. load; the calculationG being simple, are not presented in the 

tables. 

4.5 Discussion of IIolocraphic Solution 

7/~ . 

The difficulty encountered in analizinG the frinGe patterns 

'-ra'1 the (iet ermim.t i on of the frince crder numbers or part ioularily the 

location of the_ zero o:del' frinGe. In +'he case 01' a frozen frillGe holo­

gram, the zero order frin.:;'" ,fill be a briGht band and of cuurse 'fill be 

loacated at the point of zero displacemont. If the support ring did 

not move on the application of the 1 o;::d , the zero order frinGe '-TQuld be 

located at the cdGe of the f.mppor-c rillg hence onc ,-rould sec a bright 

region at the ed;:;e of the support. In all of th8 patter;ls, a ccrtain 

amount of eccentricity can be SGGn and in some caS')3 a dark frinCG ca:: 

be seen very olose to the support rinG and in ot!lcr cJ..ses, disn.ppea:ri.~g 

under -the edge of th", support. 'rhis uould seom co L:1icat e tuo possil!le 

conditions; -I) thH plate and support aro not flat relative to each other 

causinG the support to be nonulliform and thus causinG the plato ·to de­

flect nonuniformly, 1<.nd 2, the support deflects on the edge. The first 

condition ;;ould o::-::pl:l.in the eccentricity of the frin.::;'v po..ttern and. tho 

second. ooncliticn lIQuld c::plo.in the cloGC p:co::i::lit:r of" ~ o.!1.rk frin:;e to 

the odGe of the support ring. A papel' caskot uas used be+'11eo11 the pla-~e 

plate and the support ring in an attempt to ensure an even dist.ribution 

of the sup::oort r~action h01fcver it is still possible that tr..e diRtrbn­

tion linO nc-t uniforf1. If the support 1".a8 rr.ovec1. on aplllication of the 

load, then it is difficult if not iml)OGsiblc to aSGi2:11 order nur:!bers 

to the fr:ln::;es h01-revcr if the sUllllort P\0ves uniforr1ly all around then 

the total displacement idll take the form of a cCllstant added to '.h<o 

flexural displaceG0nt of the plate thus only the relative disl,lacer,cent 

of the platG is of illterest. In other lioI'ds, a noroal displace"ent of 

the GUFPort rinG lrill cause a uniform llho.se shift over the surface of 



the plate 1-,l1ioh Hould have the effoot of novin,:; the ,lark frinces 

oloser to the edGe of the suppor-t rinG. 

To obtain the relative defleotion ourve of the plate, tho 

aotual frince order numbllrs rUll not i,"portant anI for this oase thll­

llumberin0 syst em adopt cd "TaG to nur,lller the firnt dnxk fringe as H == 1 

bo,:;irmin,:; a-t tho odCe of the Gupport and proc(lO(lin,:; tOHard tho cent:'e 

of tho plato, the frin;.;es aro munbercd 2,3,4, etc. I-raIn the kno111edce 

thlxt -the plate )!loves normally Hith the naximtun d0flc0tion a-t the cedre, 

th3 frinceD ctln bo nu.!J'bered eo des cri bed in incrcc:.sine order. The 

reU80ll for 1)oginnin0 a:t the od GC of the Sttl)l)Ort "!'int; is to provide a 

referenc-e IJoint from whioh to ,Tork and Ginoo tho frince patterns are 

sliGhtly eooentric, the frince looa-tion HaG m,;:1sured on three differ­

ent radii and the results averaGod. 

Havin,:; the deflected 'llmpe of -the platc ~'olative to the 

first dark frinGe and the looation of the first c1.ark fri:1Ge in relation 

to the outside (1.iameter of the pla-te, the ourve Has extrapolated to the 

outside diameter of the plate and then superiroposed onto tlw analytic<l.l 

00 that the defloetion at the ed",e of the plate HaG zero. Super-

imposinG the holo:;raphic curve ont 0 the analytical curve, effectively 

adds a consta"t to the holo:;raphic ourve BO that the ,lefleo-tion at the 

outside diar".,ter is zero. FiG'S (4.11) to (4.17) shon the relative 

curve and the resultinG ourve uhich is obtDined by matchinc; the ho10-

Graphio curve and the analytical-curve at the outside diameter. The 

deflection at the centre of the plate was obtained by extrapolatio~. 

In all of the curves, the holo.:;raphic rOlJuHs Ghmf a L,'Tcate:<:' 

d3flection at the centre th3.ll thc analytical results. '1'1.,0 reasons for 

this have been postulated. First, it we_s notioed that a considerable 

amount of friction existed in the hydraulic ram and ~Thile reHorkinG 

the pi.ston r"movecl, some of the friction, it 1'I';"S not entircly elir~inated. 

The prooedure used to load the plate HaG to apply a load e;reater than 

tha-t deGirod and then to remove the excess. '1'his procedure Hould tend 

to oause the static friction forc" to ac-t in the same direction as the 

hydrm.llic luad and thus the loo.d on the plate 1-TO'11d be creater than 

anticipated. '1'he friotion force is not likely to be oonstant hOHcver 

it should constitute a smaller peroentac;e of the hydro.ulic load at the 

hiGher loads consequently the deviation in the deflection of the plate 



shoulc1 l)e less at hi;;her loads. 'I'he results tend to inrlicatc this 

tendancy. 

The second reason for the holo;;raphic results shouin" a 

Greater deflection is that the hydr:1ulic piston mi:;ht not have remain­

ed f'lat on application of the load so' that the 10Qd tended to be 601Oe­

uha't dintributed touard6 the centre of the l)late. 1.'he load. beinG' 

closer to the centre of the pla'te uould caUGe the deflection to be 

ereater. Some tendancy for thifJ conrlition to exis'l; can be ceen in 

1lie's (4.13),(4.14),(4.15), and (4.17) uhere the holographic curve 

tends to be flatter in the roeion betveen the od,se of the plate and 

approxilnately tHO thirds of 'the Wly jn touards the centre of the plate. 

One mieht expect the holographic results to indicate a 

le'Jeer cl"fleci;ion !?in0c the plate is not supported at the ed;;e but on 

a d.iarneter .'Thich is about 6 percent smaller. 

With the exception of the rocults shmm in Fie's (4.11) 0,1''1 

(4.16) the holoeraphic results '1.re roanonably cood rut !;culd be im­

prol7od. Improvements could 'be fc.ado ,t 0 the loa'line; De0haniGlJl to rednce 

the friction or if this Horo not pC'::;niblo, a thioker plato could be 

used so that the friction in the mechanism ",ould b<) a much ono.11er 

fraction of the applied load. ""'he support ring inside diameter cou1,1 

'have been greater so t.hat the plate "ould hc.ve been cupportod closer to 

the ed:;",. Also the load could have been more concentra.ted; thin coul,l 

be achieved by undercuttinG the end of the piston .. here it contacts the 

plate. It i.s felt that these chances 1fOuld iffiprove the soIution such 

that better a;;reel::ont Hith the analy~ical ",o'.<ld be acldevod. 

4.G Discussion of Dynamic Relaxation Solution 

The deflection cur-ITe obtained by ctyna!oio relaxatio:"l deviates 

from the an8.1:rtical curve t01'Tards the support. Tne l:lOst obvious rea­

son :'or this is that the support is ope~ified in the solution as act­

inc; over one full mesh .,idth 11hich in this case is 0.1333 in. If U.e 

curve ob~ained by dynamic 2'claxation Here matched. Hith the aniJ.lytical 

curve at the ed;;e of tho plate as uas done in the holo[;Taphic solution, 

the clynarnic relaxation curve ;;ouId inu.icate a deflection at the centre 



creator than the analyt iCl11 curve by about 4.3 percont. Part of this 

discrcI>allcy can be accoulltcll for by tho nanncr in uhich the 10al1 is 

applied; the load beinG opread over a rnenh uic1th HhoBC centre if] 0.47 

in. from the centre of the plo.te instGad of the actual 0.5 in. and 

iD distributed ins1;o:1.(l of concentrated. }loth the condition at the 

support and at the point of load application could be im)11'oved by uainG 

a finor meuh honever the results for t11" me oh used are 'luite C;ood. 

rrhe radial anri tan~ontial st:.-csccs obtainec. by D.::-l. are 

compared l1ith the analytical results in nG's (4.1£3),(4.19),(4.21), 

and (4.22) and shw E:ood ac:,'C'eement uitll the anal"rtioal results. 'l'he 

maximum error in the reGion of the hi.:;hest streso' does not exceed 6.5 

percent for both loadinG oases and for both radial and tancential 

stress. 'l'he results obtained by 1l.R. ShOI1 a hiGher stress at th(l' centre 

of the pln:~e; this 'is in aG'TCel~ent "H'i·~h the deflection beins c;rcater 

whon the D.H. curve and analytical de:i'1 cot ion curve arG rmtched at the 

outside diameter. 

lvi[;ure (4.24) cornpar;cs the tanc;ential str,)ss distribution 

thrOUGh the thickness of the plate for tho 156 lb. load. 'l'he D.H. 

resul ts are in Good aGreClnent ui th the analyt ical values. Pi(!;ure (4.25) 

COMpares the transverse shoal' otress distribution throu:;h the thiclmcso; 

of the pla'te~for the 156 lb. load. The point chv::;en for the comparisoi1 

is directly und,er ,the applied loo.d and some discrCl'o.ywy exist£'! t01mr(ls 

the loo.ded surface. It is expocted that this discrepancy is dL~e to the 

load beinG' concentrated and disoontinuous in that reGion. In ceneral 

the dynamic relaxation renults 11re in eood a,,-Teement uith the an~,l~rtical 

results. 

From an interest point of vie"" the axial stress dintribution 

thrOUGh the thickness of the plate is civen in Fie's (4.20) an0. (4.23), 

for the reGion under the concentrated 1011d. It call lie seen thCl,t the 

concentrated load 'Thich acts over one f-ull mech .. idth is very localized 

and the effects effects are completely dispersed within ono mesh lTidth 

on either side of the 1011d. 'rhe accuracy of the values is assuned to 

be reasonably Good h01,ever since in practice the load is Lluch nore 

concentrated, the renults cannot be considered applicable to the act1.\al 

problem. 'l'he fact that tho dyno.nic relaxo.tion solution Gives the o.xi111 

stress distribution, is, in this case, the interestinc; feature o.nd illu-

I t 



",0'11-. 
stratos the oaso .. uhich ono can obtain a cOr.Jploto solution to a 

stress llI'oblem. If ono llishecl to accul'atoly dot ornine the axial s trODG 

distribution unlleI' the load, tInt pOl'tion of tile plate uncleI' the loall 

could 1)e isolated ancl a fine mCGh used. The beundary eonclitions on 

the isolatecl portion lfOU1<.l 1)8 the streSfJeG calculo.ted in tho oriGinal 

solution of the plate taken us a ,Thole. 

4.7Closu:;:-e 

liith the exeerrbion of tHO sets of X'OBUltS, the holotrraphic 

results acree Hell uith the analytical solution f'lr the deflection of 

the plate. The cliaeropancy of the holoerapld c I'ecul't'J in tuo out of 

seven cases is believed due to cumulative errora in the oxpe1'imentcl 

techniCJ.ue <Thich can ba avoided by takinG proper O[1re. 

l'he dynmnic reluxation solution is alao in Good ao'eement 

uith the analytic"l solution in both deflec~ion an3,lyois and stress 

dibtribution. 

It is coneluded thG;c the procollures uoad in this chapter 

can'be extended to the llroblam of the flcune Illata. 

1U. 
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ClIAP1'EIl FIV'.J 

luTALYSrS GB' A FJ~l1-:E PLA/rE IPTIO~·: A IA.t'1GE DIESf..':L .EliGIlrE 

5.1 Introduction 

In this clw.pter, the r;]ethodn ""oel in Chapter 4 to Hlmlize a 

flat circu) ar pletto etro extended to the 2-ne,lysis of the :flame plat:> 

from a Ruston-lIornsby IfAOII eneine. (rhe analysis of the plato is in 

tue parts. rI-he first part conniGto of a hol()Cr(l,]!hic ~nd d;:n10..nlic re­

laxation analYGis of the cleflection of thc flur;]e plate under a trc.nc­

vers~ mecho..nict.!,l load. '11110 rC3'Ll.ltD of the d:lnn.nic rcln.:cation Golution 

arc oompared 1,ith thc re"ults of the holocra?hic solution to eotimate 

the accu.racy uf tlw d;JnaP.lic relaxation uhich in devolopment required 

a numbel' of C'30metric sirlplj.fications to be made to the pla~e. Usin.:; 

a coa:t'so mesh, the d.ynamic relu,xo.tion solution ';1D..S Hi-thin 22 licrcent 

ef the holo':;I'ul'hic solution. In an attempt to jmpl'OVG the (1.ynalJlic 1'0-

i..axation solution, a finer mesh was used ho,,\·rCY0r no inprOVeT!'lGnt 1'ras 

achieved. '1'he coarse mesh solution required approximately 6 hours en 

the I.O/V. 1905 c9:nputcr. POl.' the f:inc mesh solutio~, the numbor of 

mesh points in the tc.ntjcmtial direction Has doubled. 1"01' this partic­

ular procrD.IJr:lG, doul)linG t11e number of cosh points in the tuncontic,l 

direction increases the tilGO roql.dl'od f02' D. solution by four thus 1'8-

quirins 21f hours and thereforo in part tIro of tbe am.lysis the COo.r8C 

mesh solution "as ueed. 

(.Phe second pa..!"t of the nnn.lysic concints of 3ubstitu'-Gins the 



on[;ine or Horkinc conditions of the l)lCt.tc into the cor:1I'uter DrOcro.nFw 

1'frittcn for the Inrt one '~l1C\lY'lifl. ·','110 thorrOll1 G'l':J.diontG in ·~hc flt1'co 

plate lfhich COll'3titUto part of the total loadinG oonditions in the 

plt1to Here determined by dymmic relaxation. 'rhe tempcl':lture data 

available for the analyoio is sornc1Tho:G liinitcd conscquC'nl;ly the results 

may not be entircly rolinblo h01TOVCl' they do serve to illustro.to cer­

ta.in tewlu.ncief; lia.rticularily uith rc,:.;ard to tro,nGversc dofloc·tions. 

For i1 first i1.i?proxil:lation to tho stress cli.stribution in the 

plato, :Lt Has o.ssumed that the plato is simply supported. Under this 

condit ion, tIro Joadj ne condit ions 1,ero considered. One due to thermal 

t;:t'adients only, under "hich t!1e plate deflects d01mward into the en3'ine 

cylinder, and tuo, a combined thermal and ::;as preGsure load tuteler uhic!: 

the plate is pushed back upHard to come int 0 contact 1"Hit the cylinder 

head; thp. cylind8r he-:td is aC<3Umed to act e.s 11 stiff· but elastic fotut-, 
dt1tion. 

5.2 Det,dls of Flame Plato 

DetailG of the flame plat e arG Sh01Tn in FiG's (5.1) to (5,1f). 

Basically, the plate is a flat circul<1r disc in lThieh a l1u)~bcr of 

holos haye beon mo.chined. 'l'ho four.larce holes or vc.lvo porta consh,t 

of a '~.:l.lvc soat insert 'Thich is ;Tel<led into tho flo.me plate. The valvo 

insert has a circumferenti<:l Groove llhich forr:ls an int~Grnl c:Joling 

passac;o lrit!l. the flamA plo.te. The hole in tho centre of thG plate or 

fuel injector hole, is mt1de in a similar maim"r to the valve 1'01'-013 

and also forms an internal cooline pu.",caC;G in the flal'1G plate. The 

plai;e is cooled by the en.'3ine coolinG' l·TatGr .rhich flov:s throuGh the 

four 2'adially drillE'd holos at tho mid plrme of the plato ami around 

the valve insGrts. The cooline paSS11ee around thG valve J.<1sert is 

connected to the cooline passa3'e around the fuel il1jGct or insert. TllG 

coolinG lfater leaves tho plate via the four axial holes in the back or 

cold side of the plate. '.i.'he laree tap:!?ed hole near the rim of thG 

plato in used for the air start valve. 'rhe flange on the rim of the 

plate has 11. number of small holes which are used to locate and 1.Jolt 

the fla)~e plt1te to the cylinder head. The flange has a circumferon'-

t ial [;,'TOOVG lfhieh is· not sholm in tho ·detail drawinGs; the Groove 

is used to house 11 sealine rine or "0" rinG'. Tho plato, valve insGI't, 

and fUGl injector incert, arc made fror" Gteel; the plate beine made 

';J:") • 
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from J3.S.-1~iOl-151 Grade 231., ancl -the valve incert and fuel injector 

ins0rt from :;:;;J-351. fJ.1hG p}1~y-3icul pr'opcrticB uGecl in the d.)rnu7'.io rG-

laxation nolution are'": 

E ~ 30 x 10
6 

Ib./in.
2 

f ~ 0.732 '" 10-3 -b 2/ 4 
~ .J.. • -Gee In. 

y = 0.3 
01,. = • (>4 x 10-5 in./in./oF 

5.3 Detailn of Support 

Fieu:::'G3 (5.5) ancl (5.6) shOlT the flal~e j?late and cylinder 

head afl30mbly. 1-fhon installed j,n the on[;ine, ,the fla;oe platfl is sal1o,­

uiched [Jet,reen tbc cylinder head al1d the coppor hertd ca"kct; the head 

"asJect j.s sanduichcd betueon the flame plate and the cylinder. The 

boundary "onditions G;t the cuee of the plate uill depend on "hether 

one nSSUf.lOS a cl(lJ;11X~(1. cllGe or a OiIJply nupported edce. iJlhe 1?lute boinG 

clamped bet1Teon the head and 'the isaskGt COUld be assumed fixed at the 

etlgc houevor sinco the casket in copper and corJ:pnrn.tively soft, it is 

un15.koly thi~t the Cl;::'"lpint:; or fixin[; at the ed;;c uill be 100 p8rcel~t 

effective thus onc miGht f\S::lUllle that the plate in 3ir.rply supported. 

In actual operation, the plate uill be :)artially elo.l:ped ho';over ,rith 

no knouledco of the ·olape a:c the edce onc C3.11 only U.S8tu:10 a clampe(l 01' 

a simpl e suppo:ct. 

ply oU:-;-J)ortod cOl')Jli·cion "'idll 1)(3 use(l.. 'rl1C simply Gupportcd conr1.itiun 

only apI)1ios 1"lhf!1l the rl.eflcction is do;·m~tard into the cylinder sinco 

c:!.S 3hmnJ in Fie's (5.5) a.nd (5.6), the cylinder beau is capablo of 

'providinG a cClntinuous SHpport for up1'lal'd deflections. rhe effect".vc­

ness of thp. head in In'ovidin~ a continuous support is quentionable if 

one considors the defJ.ec·tion of" thG plate uu(lor tl1G-:-rrlo.l '::'Tadients o.~ 

follO"i,m. 

Undol' tl'D.l1svernc thorma.l cro.dients in i·Thich the fl<J.jr~e side 

of the plate is at a hi.;l1er tenper<1tu:ee thml the si(le next to the 

cylinder head, the flame plate will deflect a\ora:>, fron the head"'*. 

* Telephone conversation uith I.ll. Biroh2-1l of Ru::;ton-TIornsby Ltd. 

'H if tho plute is simply supported 

.iL\) 
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In this co~dition, 'bhe {)J.8 pros sure loo.cl ilhich occurn J.'J.ril1~ the fil'-

part of the .~n:;;il'le cycle, \fill 'tend to llUGh the flame pl,,;te back up to­

lrardfl the head.; the plato in in contact ,rith the oylinlinr hoa<3. at Us 

peripheI'Y. 'l'herc 1Till exict 11 Cas prC8GUrC load lThich is jUG't Guffic-

ient to forco the I,l,ate to contac't the hrmd ,mifol':"ly over tho curf,,-co 

and if' 'tl18 firinG pres'l'.l:re is loss than this, then the head Hill not 

provide any GUppClrt to the flame plato except at the oU'GrJide di8.mGtor.. 

If the cas firinc pr8sbUl'c is (,'Tcator th~.n that nhieh is jt1St suffic·· 

ient to push the plate 'l~) awl contact the cylindGr he",d, then tne head 

will pToyiclo f!. sup:port il~, the form of an elo.st ie foundation. It 

appears thon, tha't thG plato uill hA-ve to be analized under t1-l0 concli­

tions, one beinc; the thermal load and. tho secondcondHion beinc; the 

combined thermal and cas prGGGure load. DctGils of these t,w analysofl 

"ill be discussed in Section 5.7. 

5.4 Loadine C ondi t ions In 'rhe Eneine 

'rho 'Gas preSSlll'C 1 OQ.,,,-* durinG' tl,lo firinG st roke is 1500 I b/in: 

This pressure is a8sumed to 'let OV,"I' the 16.630 in. diaJ"eter; th~ 17.s­

ke't load is exertecl on the 0.606 in. caskot faG". 

The therma.l loadinG or thGrmal t',Tadients throughout the pl:lte 

must be detormined. j~he only inforr.ln.tiol1 available \tith ret::;a:r:-ds ther­
,x,~, 

mal conditions in the plate is the enc;ine coolinG' lTatc;r tempcratur'c, 

o -* 122 to 140 F, and Oche temperature alonG a rad.ial axis l:>ioectinc; the 

valve ports; these tomperatures "ere obtained usinG' "Templucs", located 

about 3/16 in. belo~T the surface of tho ph,te, soo Pi,,;. (5.7). In 

order to determi."o the stress distribution duo to therroal Gradients, 

the temperature at each normal-stress node must be lm01m. As illus­

trated in Chapter 1, dynamic r"laxation can bo used to solve problems 

of steady state heat conduction. 1'0 determine the temperature distri·· 

but ion the 'boundary conditions must bG lm01nl and uHh tl16 temperature 

information avo.ilable a [;l'eat deal of asrn.unine h2.d to bo done. T!lc 

assurcpt ions "ade aro as foll o'·rs: 

1. All of the heat enters the pla'te from the flame side and 

is carried a,·ray by the coolinG uater. 

2. '1'he surface tClOporature ai; the edce of the injector hole 

*1etter fror.l J .H. 'iToraZold, rof. :1}~S/Ll::;/m;/293517, ;,'o.y 23, 1969 

*.* Conversation uHh J .Il. ~fol'sfold 

*H T(uGton dia,:;ram iTo. :m 52551/66 
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and at the outside dia~\eter of ·the flame Illa·te, on tho 

flame side of the platG, is obtained by extrapolation 

of the points Given in Fi(?;. (5.7). 
3. The surface temperatures on the fl:J.rne side vary linearly 

in the t::mcential direction from the hot fl,xis, i.e. the 

axis bisectil1G the valve ports, to the axi3 "Thich cuts 

th.rouc-h the '10,1'10 port, s"e Fie;. (5.1). 

105. 

4. 'rho tempCl'atures on the edge of the plat(l in the injector 

hole, the t'utlial coolinG rassaGe, and th.e out!:)ide dia­

mete.r, are the extrapolated surface ternpe.ratll.re at the 

ociCe of the injector hole, i.e. 260°F. 

The baais of the first assumption is that the contact resia­

taneo betlfOen the cylinder hoad and the flame plate uill be hiGh rela­

tive to the convective film reaistance in the cooling Hater channels 

particulurily if tJ:.0 flalOle plate deflerr~s :J.W),y from 1;h3 cylinder heud 

thus the heat transf<er to the heud uill be small. :10 !'eal crounds fo.r 

the remainG usnunptions can be Given exoept that of intuition and the 

authors past experience in heat transfer 1TOI-k. r.rho 4th ass'lL'1lption puts 

the: s1..U'facG temperatures in the couline passaGos above boilinG lrhicl. is 

perha-lls opt iTaint ic in that it lfill tend to reduce the therrr.al Gradients 

in the plate hOl'Tever uith little inforr:lUtion to GO on, the situution is 

not inconceivuble. 

The above conditiolm are used in calculating the tc~peraturos 

at the non,al stl'eos nodes. 'rhe solution Hill b"l described in Sectio'1 

(5.1) under thc headinG" :Determination of Thermal Gradients". 

5.5 }<'orr,;ulction of Dynamic Jlelaxation Solution 

In e~\~a;:~inin:~ the flr .. mc plate for analyals by d.ynar'1ic relD..x-

ation, the llOssi.ble mesh size in relationship to the size of the var­

ious features of the plato must first be considered. '1'he problem 

coulci bo treated as a thin plate since the diameter to thicl:ness rdio 

is 13 : I ap.cl it could be aCS1xned that the plate is syr.motrical U·bout 

its Llid-plane, i.e. by ne.::;lectin0 the flan:;e lfhich is very tluch lTeak­

ened by the "0" ring Groove and trunsverse holes, thus makinG it 

possible to use the bendinG equations for thin plates hmTever in vi01T 



of possible c.OlTIl)lex thorm:.11 [;rc..dientn, it is l1cccensury to treat the 

problcn as tIll'CC dimenrJional. In a tlu'ee dinoYl8ion:1l analysin lJY dy­

nc..Jnic relaxation, there aro twelve variables for every mesh l)oint. 

Each va.riable rCtluires t"ro "iTords" of core stora~e and the I.C.T 1905 

COInDutcr in current 1.lSe at Lou.:.;hborouGh University has ;:'..11 available 

core storace of 23K 1'[or(ls thus one is limited ·to lens than 1000 nonh 

points. Dine s'Goro.ce is n.va..ilable but the accesn time to the disc 

lfould be prohibitive for ~n iterative p1·ocess. Some reductjon in stor­

age refJ.uironents ifl r·ealized in practice because of the interlaci.nc not 

used in dynamic relaxation and in audition one ·may not requIre the 

displacements at eve-::y mesh point. 

In trying to decide on a menh size, it soon becomes evident 

that small details or features of the plate cannot be ta!~en into accolli1t 

because t.hAY are of, tb' same ord.er of MaGnitude or smaller th(ln the 

mesh dImensions. For cxarnple the tlmaJ.l. holen in the rim of the plate 

are about 1/20 cf the radius thus to apIlroxirnate these ho1" by one 

mesh 1-1ould refJ.uirc 21 radial 110ints, assuminc that the mesh size is con­

stant. In the tanGential direction these holes rcpreso'~t about 1/120 

of the circumference and ass1uning one anali"es only 1/8 of the plate, 

thon 16 tan2Scntial nodos uould be roquh'cd. '['hus in tuo di!C!onsions one 

would une up 336 points out of a possible 1000. 'i'his leaves only three 

point throuch the thic!cnest) of the plate Hhich it) in (>f~'ect tHO norn.l 

stress nodes which is not enOUGh. Thus a number of sim!'lif'yinG' ansU1~p­

tions have to be made. Those simplifioations uill undoubtecU;, affect 

the stress clistributicn and cUsplacements in tho l)late and thuD the 

aocuraey of the renults 1·rill be fJ.uestionable. For this reason, it is 

neooessary to carry out an experimental analysis uhict, per!laps not as 

conplete as the dynaMic relaxatj.on solution, uill provIde information 

which can be cO:r.lparcJu lTith the dyn::.mic _relaxation solution and an esti-· 

mate ef the accuracy of the dynamic rela:mtion solution llmcte. 

The first sirr.plification made lfas to lleclect the air start 

valve hole. Thin makes the plate symmetrical about axes 45 0 apart thus 

raakinG' it possible to analize one eiGhth of the plate. This nimplifi­

cation Iippca-::s rathc:!:' c-::ude h01-rever uithout it one 1{Quld ta ..... e only onc 

radial axis of symroetry and 1{Quld have to analize one half of the plate 

whj.ch 1fOuld refJ.uire too many mesh points or conversely too coa:!:'se a 

nesh. '1'he seccnd simplification lTas to neGleCt the internal coolinG 



passaces. 'l'he internal cooling paGsa,;es affect ·the plate only locally 

anli in terro" of flextU'al stiffness of the plato, reduce the stiffness 

by only 12.5 percent, i.o, the r,,;tio of the otiffness of the platc in 

the reeion of the cooling paGsaee to the plate remote frOln the cooline 

paGsace is (1.5f3 - • 75f~/1.5·3= 7/3. 

Another Girnp1ification Has roade to th'l flanco. 'rhe fIance 

is ""akenE.-J. by the "0" ring :;roove and the trc.n::lverGc holes thus in 

part ma:r be neelected. 

s i(lc of "I:;ho flanGe in 

the flance is 17.363. 

'rhe diameter of the plc.te me:wured. to ·the Otlt-

19.5 in. nominally, and the inoidc diameter. of 

In the final mesh chacen, the outside diameter 

of the plate is 13.90 in. and the flance is neglected. -:rhe final dim­

ensions are a c0mprOJ.1ise nhich is more or less a result of fi tt ing a 

constant radial r;,8oh ¥idth to the valve port und outside diameter of 

the pl,,-: e. 

107. 

A third simplificatio':1 made -.ras to neglect the eooline 1",ter 

outlet holes. 'rhese holes are approximately e'lual to th<:: !!lcsh dimel1Gio:1s 

chosen allll i't is felt that since they are 8::1all they should not crrccctly 

affect the flexural stiffneGs of the plate. 'l'hey most lik8ly l"ill Give 

rise to oh'egG concentration :':o;::€' of Hhich Hill be earl~icd. by tho '~D.ter 

outlet nipI,le "rhich is flere.red into the ]11c>.te. Finc>.lJ.:r, tho 0.110 

spicot lThic~) f'Ol'I:1S the cusk.et f~cc in nczloctod. 

'J,'hufl tllc l)J.u.te has 1)e811 considerably simplified and as m('n­

tioned, the results will be ques·tio:,:l.ble. III theory, all of th(~ feat­

ures or the r-1ate eow.l be taken in~o account if t,lC nesh Hcre fine 

enough. It is p03sillle that one mieht att,mpt to use a finer mesh in 

the rosion of discontinuities houover this uould.very much complicate 

the solution and inorease the s+'ora,o;e rE''luireffiel1ts. GenGrally speak­

inG, for a con3tant mesh size, only tllosc reatures of the object u11ie11 

are of the same order of mac;nitulle in size as the object itself can be 

taken into account. 

'l'hrec mesh confif,"urat ions .,Ore devised as sho,m in Fic's 

(5.8) to (5.10). Fieure (5.8) Sh01'1S a mesh 16 x 6 x 5. 'Phe fuel in­

jector hole is approxirne.ted by one radial mesh ,·ridth. The valve port 

in this cace hac been enlarc;ed as indicated by the do·t·~ed line; the 

solid line represents the actual inside diameter of the valve ]1ort. 
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111. 

~Pho valve port if) u.I)proxir:la..ted by [l. series of steps. This nosh n.ppcarn 

ro;ther C011r80 h01lOver the Bolution r0CJ.uir·os about 6 'hom's for eonvor·· 

ccnco and n. ctorQ,~G :~-GCJ.uiromont of 12.51C. Fit,ure (5.9) 8holTS an idnn­

tieal mesh size but the apPl'oxinmtion of the valve port is much more 

crude, PiL,'Uro (5.10) Gb.O'WG a Jnesh in lThich the nl..unl)cr of mosheD or 1310-

ments ill the tancontial uireotion has been doublocl. For 'bhis finer 

mesh, tlw time requil'od. to aohieve a ste~,(ly stc.te oon<1ition i'3 four 

times that of the tlTO p::'0vioU8 mesh confitu:eations. frho rer).f~on for the 

severe titlo incroase is that doublinG the nur:lber of points tloubles th6 

U1mber of calculations to 1)e mClUe. In audition, the ·tCll1c::ential mesh 

ereatly controlG the time iYl.crcment 3.r\<1 thus doublinG the nuuber of 

mesh points outs the time inoremont by half in this pClrticular inc·t,moe. 

1'he finite difference equations are aiven il~ App. A, for 

stress analysis Clnd ill App. D for hea~ oon<1uction. 'I'ho solutions uill 

be uescribed in .moro detail in the follcllinC sections. 

AllALYSIS OF FLArE PI.:.:rE UlillEr! 

J,;:::'::CHAlIICAL LOAD 

5.6.1 Holocraphic Analysis 

'l'he: n0ed for an eJq)(;!X'iracntnl Hnalysis has already been dis­

oussed. Also, it has been mentioneu that it was not considered feasible 

to attewpt to sirmlo.te on::;ino conuitiollS in the IClboI'8.tory. It remains 

then to devise an experitlentthat is ·to some e:ctent co;r,patible "ith 

uhat one mieht expect to trmispiro in the plate under ens::'ne oonditions. 

It seems re"sonable to aSSWile from the foreGoinc description of the 

en::;ine conditions, that the flame plate uill be SUbj0Ct to loads that 

uill primarily cause transverse or fle:wral disp:!.Clo0;c.cnttl. Thus a 11010-

craphio interferometry analysis of the flexural displacements of +,11e 

platE. under transverse mechanical load );as devised. 'i'he e:cperiment<?l 

arranGement is Ghoun in FiG'S (5.11) to (5.13). 

'i'he flame plate is simply supported, the sUPI'ort is astlUl>,ed 

to act at the centre of the casket face, and is loaded at the oentre 
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by moans of a hydrO-ulic ram. 'l'he load acts over an annulO-r diameter of 

2-1',," x I:}" and to on'lUro that it is uniformly distributed, a canvas re­

inforced rubber Hasher ",as posi ti oned betHoon the fl<1mo pl<1to and th'J 

lTashor undor the nut on the ond of the loadIng ram, 'l'hG hydraulio 

pressure Has ob"tainod by means of a. hand oporn.tcd purll!, rtnd meD-cured 

lli) . 

using a 0-500,lb./in.,2 prosouro c,,-u,::e Gr<1duatcd in 10 Ib./in. 2 incre­

ments. Before <1ssGmbly, the easl:ct face on the flame pl.a'Go ,ms machined; 

El. :paper 8o..cl:et was in~:rt,e,llod to 011:::;Ul.~e r:. ul1iform suppo:::.,t rea,0tion. 

Four frozen frinee holOGrams ,rore mado, tuo 1rith a load on 

the flmne plate 01' 309 lb. and. tuo with a load of 412 lb, '1\ro '·rere 

Made at e2ch 10<1d to Gnsure the accur::wy ar.d repeatabilty of the exper­

iment, Ficures (5.14) and (5.15) shOlT tuo of the frinc;o patterna ob­

tained. lcnlarsod photographic copies of FiG's (5.14) and (5.15) 1-1ore 

used ir.. measurinc t!10 frince' sp'-1cing from uhich the tr[!,.nGversf\ (leflec-

tions 1-rGre obtainocl. '-"he deflection of tho fl<1;:1e plate '-TaS cleterminccl 

a.long the radial linp. 0 - .A sholln'in FiS. (5.8). Aci 1'ld.S tlo0 ca:3C in 

the frince pO-tterns of Chaptc;r 4, somo ecoentricity c:d.sts in the 

frinee patterns of the flame plate hence the frinGe cpa0in,,. Has measured 

on tuo dj(1[:1etrically ol'Poc;ite !'adi,~l linos oorresponclinc to line 0 - A 

uhich in Fists (5.14) and (5.15)' iD n8ar the horizon.lval axis. FiGures 

(5.14) and (5.15) arc proGc~1ted rotQtod 90° fron the actu~~l sot up clur­

~l1e the c:q)crimcnt. In measurinG the fri.nl:~c fJP.J.cin5 0I' locati'_",D)i thG 

dark frinGos were numl)ered and their looation meFl-surod frcm tho oontra 

of the flane plat o. 'i'he location::; 1',"re Joul t il'liod by ['.n "l'P'C':>:r i8t3 

scale facto:!:' rel;:l,tinG the enlarGed l}hoto~Tal)hic copy ITith the n.ctno.l 

size of the flame plate. 

Since the holo[;r.;t.r>hi0 net up vie1rs and ill\J.~;linn.tes normal to 

the plane of the ::n.t..:fac.c, en.cil daI'~_{_ frin':;A repl'escntn a rGlative dis··· 

pla.cor:1ent 01' 0.125 x 10-4 in. AGsur~inG the deflection of thp :flume 

plate to be zero at a radius of 8.625 in. from the centre, Hhich is the 

centre of the e<1slcet face, the defleotion curve ior the 1,1ate 8.1011~ 

line 0 - A is obtained from the kno1Tl"dc;e that each rkrk frin::;e rep­

resents a relutive deflection of 0.125 x 10-4, and by interpoln.tiI15 lin­

early, the displacel:oent of the first dark frin::;e on either side of th.o 

zero displ<1cement po.i.nt, i,e. on either side of the 8,625 radius. 

rrhe recults of the frinC'o rnen.surGrTlents, the Bealed mGn,8urc­

menta, and the deflection at co.ch a.ark fri.n~;e is Given in tables (5.1) 



and. (5.2). '!,he deflection of the fla",c l)late alonG line 0 - A is 

Given in liliC's (5.16) and C5.17) alon.:;' YTith the dynamic rolaxation ro­

cults for comparison l)Urposos. 

5.6.2. D~rnD.!1lic Hela.xation Analysis 

paces 253-257. 
fol101-[8 : 

r.vhe bound[;'~ry condi t iOflfJ of' part icula.r int Cl'or.:;-t arc as 

1. The axial or tral1fJVCrSe doflection on, thc surfacc in Oon­

tact ~d.th the sUI'port is :oero, i. 8. at I = 14 and K = 5 

and for all values of J. '!'his corresponds to Ule casket 

face. 

2. 'l'he .load i" applied over the second mcsh on thc rcvcrse 

side of the plate, i.e. I = 2 and K = 1 and for all values 

J, in the forM of a surface stress. The stress is equal *·0 

the applied load di".rided by the surface area of the mesh. 

1Xr. 

'l'ho method of dynamic relaxa'tion recluires thc, "trees and 

velocity to be calculated [I't ev"ry node point in tl,e structure h01fever 

the deflection need not be determinGd since it i::: de:t'ived by intesrat­

inG the volocity. The only defl8ctions of inter8st i:o. this particul,cl' 

solution are th(,~ransverse surface (leflections on the side ol the plate 

which uas 8cen in the holographic. solution. ?hree proGl'c.r.uues 'Here 

:-un correspondine to the mesh confieurations sh01·m in FiJ'o (5.8) to 

(5.10). Solution JIo. 1 refarD to Fie. (5.G), !To. 2 refers to Fie. (5.9) 

and ;10. 3 rofors to Fie;. (5.10). '1'h3 deflections alone; the radial line 

o - A are giYen in table (5.3) for the three solutions. 'l'hese deflec­

tiono are also plotted in FiG'S (5.16) and (5.17); solutioll ;ro. 3 is 

not shoun since it n.lnont identical to IJo. 2 and.. t~'J di:ffcrenc:,;$ can-

not be deteoted on the scale chosen for the plot. 

5.6.3 Discussion of the RCfmlts of the r:echanical Load Analysis 

Simply support inG the flar,le plate and applying a load neaI' the 

centre of the plate provides a simplo experiment that illuctratos the 
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flexurul characteriotics of the plate. The deflection curve could be 

determined for a numbor of radial linoo hm,rover from the frinc;e 

patterns it apl)oarn that the deflection doeo not vary c:reatly alone; 

other lines and thl1-t the deflcction alone line 0 - le is fairly rep­

resentitive of the deflec'bed shupe. 

Since the actual f1auo p1ute ,·ras used in 'bhe experiClent, one 

does not need to conoider inaccuracies thut rnie;lr!: bp. incurred if a 

model of tho plato hac1 been u::;od. '].'he use of holoerallhic intGrfero­

me'"ry to dete::'rJi'1c n01':oa1 displaccf.1cmts is basically simple and accur­

atc. '1'ho holo,yaphic results corrospondinc; to the t"o different loud.s 

are in eood agree100nt 1Tith each other if onc assur,1oo that the deflec­

tion is 1incar 1rith reapect to tho transverse load; thc tuo sets of 

results are llithin 3.5 ])erccnt of each othcr. 'l'he t,w holoc;rams macle 

a.t the salile loud ChOHt~(l iLlontical fri~1:=~'C po.ttOI'ilS thus indicatinc: th2.t 

the experiuont was relleat'1.ble ( only one pattern at ouch loo.d is prf)­

se:Lted in this thesis). Thc simpliCity of, the experineorb and the coed 

ac:reement be·V.,e:m the 'tIro sets of results is folt to be sufficient jus­

tifio,~tion to claila an accuracy "ithin 5 percent. '1'hore is h01rever 

onc area in which D. tliscrC1Xl.ncy f:!iG11t arise. 

120. 

In&ho holo,,;raphie ano.1ysis, it naG assumec1 '~ha-t the ,mppor'C 

acts ut n. r:\!.lius of 8.625 in. Since the ~;aGl:Gt face is flo.t and not a 

knife edee, it is possible that the SUPl'ort reaotj.on ocourod on tho in­

side d.iar~10ter of the gcskct face, i.e. at a r:J.diu3 8.316 in. In the 

dynar.1ic rclax2.tiol1 r;olution, the Gupport acte at a. rad.ius fL505 in. If 

the G,,-skot face had boon machined to a knife edGe locutccl at 3.505 in., 

then th8 sUJ):!:ort cli3.metcr l:ould bt,.~ incrno.G6(1 by 0.189 in. a.nd asnuninc; 

that the con1;ro.1 (leflnc·tion is proportional to the "''luare of' the'radj.l1B, 

I·,hioh is the case for a solid flat circular Illate ,rith a load at the 

cent::'e, then th" deflection of the fla~:lc plate woulc1 inc::'e2.se by abou'G 

5 p9rcont. H is felt that thin may be l)Cssill1istic since the 8UllPOr-G 

reaction c:anno·t e.ot 100 percent on the ecl::;e of the G2.s:{ot face. In allY 

event, the holo':;:'D..hic results should fOl~ri~ 0. reGsono.ble basis i"Tith nhich 

the dynanio relaxatiol1 results can bo coupured. 

The first dynamic relaxa.tion solution, corrcs!,onclinr; to FiG. 

(5.8) is in poor a:;roernent with the holo.::;r:lphic solution. This lTas 1)0-

lievecl duo to the [.1eGh beinc coarse. The runninG ti.me for this solution 



uas uI'proxiuatcly 6 hour" and thu:::: before att8f'ptin~ a fine r.lOoh, a 

fJ0COnd protjI'o.nme uas run in .... rhich the valve port hole rrn.s :ceduced in 

size. In the first solution, the valve port hole Has deliberately 

mado larc;e to try and compensate for the internal coolin~ pusca::;e aro1J.ncl 

the valve port uhich HC<O bein~ neclected. Thus tho seeond solution 

121. 

is mude to co:ce cl08er to the holoCI'c<phic solution by effectively stiff­

enin;; the plate, and, 110rseninc: the apPl;oximation of tho boundc<ry u1'­

our,cl t)18 valve l)ort. '.~his approaoh of Dtiffeninc: tho plate can, to 

s oree oxtent, t'8 justifiod sinoe in areas r8mot e from the val vo port, 

the stress distributioJl 1'fill not bo Greatly affectod by tho shapo of 

the port uml thus by makinG the deflecte<l shape '(lome olnser to the holo­

Graphic solution, 1fhich is believod to be accurate, the S1;reGS dir::tri­

but ion in n.1'o"-,,, romo·te from the vn.lvo 1'ort should be 1101'e rcn.listic or 

accux'n.t e. 'l'his ir"prove{l solution dev:Ln.tcs from the holoGraphic sol u­

tiol1 by approximately 22 poroent buscu. on the c.,~flootion at the ed.Go 

of the injector ,hole. 

Finu,l1y, a third prosrammc ~ras run basod on tho finer mosh 

confi0'1ll'a't ion sholtn in Ii1iC'. (5.10). frho l)rOern.mme 1'ro.n run for 22 hours 

and \ihile the rosults had not COI,lpletely converGed to 0. [,toady state, 

tho chance in deflections indioa:tcd that the solution Ifas not GoinG to 

bo siGnifioan~ly better than the 8eoond solution and in fact a101'earo(l 

to deviate clic:;htly more from the holoGTahic solution. 'rhe fine mesh 

solution vrould. undoutedly be much 110tter than the first coarse mesh 

solution and l[hUe some of the iml'rovernent Gan be attributed to the 

valvo port being [::ado sr.lalle1', additiorml improvement [mst be the re­

sult of the mesh bejnG finer. In vievr of the fact that the fine mesh 

solution lTould be about 22 poroent fJ,'OI:l the holo[;raphio fJolution and 

requires in e:coess of 22 hours cor,lputer timo, it \ias decided. to pro­

ceod to the analysis of the plate under enGine conditions usinG the 

second coarse mesh solution. It is l'os8ible that an eYon finer mesh, 

than used in tho third solution,Hould improve the solution h01'[OVOr even 

neGloet in(; the lenGth of tir~e reqirod, the st ora::;e requirements uou:.d 

exoeod the core oapacity of the I.e.'I'. 1905 in current use at 10U311-

borOUGh University, and if one is able to live l'lith a 22 percent de­

viation in 'Ghe results, then it is not practical to procoecl to a finer 

mesh. 



AlIALYSIS OF FL.A.lTE PL1).frE 

IDJDEH HOI,KDIG COlmrnO;lS 

5. 7.1 De·~e1'mination of '1'ho1'i~o.l Gradients 

'.rho boundary condit ions YI"i-th roco.1'(l temperature anc1 t emppr­

ature c:ra(lients Here described in Section 5.4 under the headinG "I,oad­

ing Conditions in the ;~n"ine". '1'he Geometrical boul1,la.ries used for the 

thGrmal analysi.s must ·bc identical to those that uill be used in the 

therma.l stress analysis and of course the mcnh donfiuuro.tion must be 

the same. 11he progi'amme for the thermal analysis is Given 011 pn{~~!s 

258 to 260 und is based on the mosh confiGuration choHn in Fie. (5.9). 

The temperatures are ca.lculated n:t er1"ch normal stress node~ For use in 

stress anulysis, it :Lz not the teml'cro:curc th:t.t is recluired but rather 

the temperature .difference of a particlll(lr point rolative to a refnl'­

ence tem:pel'ature. s:'he reference t0mperatur0 ,·rill be the 100r0st temper­

ature in the case of the object b0inG h0atcd or the hiChcst ·~er,pcrature 

in th0 case of an object beinG cooled •. 

reference temperature \'Till be 260°11\ 

For the :name pln;~e, the 

Th" output of the thornal pro,,1'am,e Gives the temllerature 

differenc0s at each normal stress node thUG to (letormine the actual 

·t emperature 
o 

at each point, 260 le must be acJ.c1ed to each valu8 at overy 

point. '1'he temperature differences are Given in Fic:'s (5.18) to (5.21); 

Fie. (5.18) beinG the first layer begining on the flame side of the 

plate. 

The initial conditions uhich are used in ·~h8 thormal stress 

solutien, are the normal stresses that 1c!ould exist if each element in 

mesh ,raG perfectly constrained in all directions and the tempOl'atul'e 

of each element lr~s chancod t)y an amount 'Hl"~ COX'rGS1)ondinG to the temp-

eratura differences calculated in the therIl1al proGrar:;me, sce App~ E. 

In the thermo..l proGramf.10, these stresses have boen calculated and are 

st ored on ma"l1etie tape to be used as input data for the therr'laJ stl-OS.S 
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" 5. 7 ~ 2 'llhcrual Stress Annlysin 

'i'ho procra!!!lOC Hritten for solution iTo. 2 for the deflection 

of -:he fla!'le plate under mechanical loo.d 1-ms rnodifiecl to incorporate -the 

boundary condi t ioYlB for the therJ~H3..1 ctreGG ann.lynis; the proGTo..mrlG ic 

Given on pacos 261 to 265. '.i'JlG boundary conditions of interest arc: 

1 • .t\.11 surface ntresDUs p .. re zoJ.:"o, i.e. there are no n8chan-

ical loads. 

2. 'i'hc transvc2'se -deflection of the plate at thc mrtnide dia­

mcter is zero on the cold surfaoe, i.e. at I = 15, K = 4, 
and fOl' all- values of J. 

'I'he second boundm'y concUtion assumes that the plate is 

sir.Jply sUpport')d at the outermost l'10sh on -the cold sic,e of thG plate, 

It in also asnwIIed tl:at th'l plate will defleet d01nmard into the cyJ_­

inder or allay from the cy:!.indcH' hcad thus no provis-ion ic F..ale foI' the 

cylinder head to sUPllort the plate except as described al)ove. 

The intial conditiol1B 1-Tith reGard to nornal stref':08G have 

10011 d~sc:::i bed. ':i'hc inrJu-t data lThich CO:'ncs from the thcrr.~al ~"n~lysis 

uac printed out at the bc.:;inine of the pI'C~TG.mmo as a chock to cnou:,o 

that the correct data had 'been trarwfc~'i")cl. '['he inti",l cOl",1.itions 

Hith resard to chear ctrcGces, velocities, and displacemonts arc that 

all of thcnc variables aro zero -r.h:rou5hout the plato. 

The sarr.e tine increment and dampinc ua~ uned as in the nech­

anical load analyoio, and the runl1in~ time "Has a.pI>rcxir~lately 6 hour~"3. 

The results are Civen in tn.blec (5.4) to' (5.30). The c.lGflecticn of 

-~he cold surface was calculded and is cho,m in Fie. (5.22) for radi'J.l 

linos 0 - A and 0 - E. '.[10.1)10;:; (5.5) to (5.30) al'O ill 8emi-pictori2,.1 

forr.1 and the strocs dintribution call be easily ecen. 

5.7.2 Analysis of FlaLlc Pl2.te Under Combined 

Thcrnal and Gan Pressure IJoud 

fied to ·includo thc boundar;r conditions for the Gas prCGcurc 10<1d and 
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to incorporc..to the c;:rlindcr' hCD-cl in the cn.lculo..tions as c.n clo.fJtic f011n-

dation. It 110.3 assur:led that the cylind.er head. .. ould provide a very 

otiff foundation and in the <1b3CnCe of uny factuo.l informn.tion rc~n.r'(l­

inC the founclation 100du1us of the head, a r.1oduluc of 30 x 106 1 b.!in. 3 

IT\la ascumcd. fllhis 1Toul(1 cOY're~.lponcl to the flume :pICot e rest in~ on 0. 

1 inch thick Gioel plate uhich in turn rGsts on an infinitely ztiff 

foundation. If then under the coml)inorl thc:cr.ln.l 0,,11U. co.s rrGGsuro loc.c.l 

the flc!,l,1e :plo.te deflects upHo..rd., n. foundn:bion streDG is Generatod tlw:t 

is llrollortiC"tlal to the [lenaction. ')i~.e() the foumlation is 'luite stiff 

relative to the flcxural stiffnC3s of the r1'l.te, small ul'vrard deflec- , 

tions uill resul"t in lax'cc f01.U1do.tion llressurcs or stresses and thUG 

the UIl1Tal'd deflcc--cions 11ill be cr.lall in comparison frith the flexural 

displacernents unCier therlJal loaclins. 

I 

The ne8(1 to take this approach of an el&'~ltio foundation for 

the analyG~~ is that the doflectc(l sh.c1.pe of tll<~ plat8 unclel' thcrrc,al 

loadinG uill most likely b~ incompatible uith the <lefleeted ah",pe of 

the plate undel' C"-S preBsure load Duch that 'mcier the coml)incd thermal 

and. cas pressure load, ~hc flame plate uill not bno,r ulliforJ"ly on the 

cylintlur b8ad. J3y aS8umine an elc,stio founda,tion, 1<rhich in IU'(1.0tic0 is 

realistic, the rcac·tion of the cylinucr hcad on the flame plate ,rill 

be determined autoG1atically and uithout ihlucin5 any addition:::.l or eY.:­

traneou,<J forces or id other lTords, -Gho flame plc.te ifiJl cone '(;0 equi­

librium rrith the cylindcl' 1Ie",d in a natural 'my. 

The bou."1clary conditiol1C for the Hlastic founuation are that 

if the deflection on the cold Bide of the flar"e rlate is up,mrd or poc-

itive, th8n the foundation stl'OGS 0cncra:Lcd io: 

F (r,J) = -tT(I,J) x 30 x 10
6 

Ib./in. 3 
p 

If the deflection ;is z.ero or is ne,sn;f.;ive, the foundation 1)reS8Urc is 

zero. "1'hu8 in ar'0as '\There the flame plate nakes contact ,rith the cJ-l-

incler head a fOlLi1da-c ion strcGG is [j'cnorat ed and in n.rcu~ uhero the flane 

plate cloes llOt touch -che cylinder heacl, no Gurface S":1'888 iD }rocluced. 

:I.'he boundary condit ion for the cas pressure loc.d is sinply a 

surface stress of 1500 Ib./in.
2 

and as mentioned, acts over the incide 

diameter of the casket i'ace, i. e. the 16.630 in. (liar~cter. 



130. 

The rermlts of the analyfJia arc proGonted in tallIeD (5.31) to 

(5.57). As in the thGrmal stress a.no..lynis, the strec808 are eiven in 

scmi-pictorial tables (Lnd the distribution of th'3 Gtref;s on different 

layers can caGily be Geen. 'rhe deflection of the fLlI:le plate into th", 

cylinder head iD Given in table (5.31). 

5. Po lJiscuGrJi.on of Results of the AnalysiG 

of thc Flame Plate Under EnGine Conditions 

From l!'iG's (5.13) to (5.21) it C11n 11c seen tlwt a hot "one 

exirJts bett-rcon the tlfO valve ports a11(l t01-rards the cdGe 0:1:' -bhe flqrao 

plato. One liQuId normally expect thiG since this reGion is 1'omoto from 

the eoolinG pausac;es and of course the boundary conditions used tond 

to creato this condit5.on. It ca.n a.lso be seen "';ho..t the tem}-leratur'o 

"radients thrOUGh the thi.::knoss are quite hiCh in apito of the assump­

tion that there is zero hcat flO1f from the cold sl1rfac,1 of the plate. 

In eonoral, th3 larGe mass of material betm3en thc valve ports and to­

.mrds the outside diameter is at a hiGh tCl"perature and hiGh te11peratUl") 

eradients exiut throuch the thicKnesfJ. Gradients thl'oltgil the thicknoGs 

ofbhe l)lato uill tend to caUDe bcndinc; in the plato. 

'I'owards the c~ntre of tho plate the temperature is much 101""1' 

due to cooline and the thermal (;Tadients throuch the thiclme"s are also 

muc1110.,cX'. 'i'hermal Gradients in the radial d_crection .,ill tend to cause 

uniform rc;.diul and tangcntio.l strOGS through the thickness or the l)ln.-Gc. 

As llreviously mcmbionerl, little inforrn:1tion uith recarrl to 

thCl'I;1[J . .l oonditiol1s in the l)lv.te 1'T0.8 o.vuilu.blo u11cl n. creat mn.ny n.~':;SU1:1p­

tiol1s had to be ljade for the al1'~lyGis and conselluently tl,o results arc 

questionable. ':'hey do h01'1pvor seem feasiblo aml shoulo. seryo to illuG­

trate the offflcts of therloal loadinG 1'1hen uso(l in the thcrrnl stress 

analysis procra;nme. 

As Sh01Jn in FiG. (5.22), under the1'l.1~ .... 1 loo..clin_,:;' and ~Tith 0-

Sil71ply GUppo:rtcd. ed:.;'c, the fl.:.:,Uo plf\.tc deflcocs d01muo..rcl n:uay fror:1 th,J 

cylinder hO.::l.d un prcd.ictccl. The deflection at the odCe 0:- the inject:)r 

holo i3 apP:;:o::iro2-tcly 0.01 in. It c~,n a1:)o -00 seon th2-t the deflection 

alone the lino 0 - ;.~ i;:; not the so..no <13 alol:1.'; line 0 - ~ in"llG<J.tiT!G 
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that l)cnclinc occurs in the tan,zcntial uircction <lD irell nD the ra.dial 

d.irection. 

I,00kin3 at "the st l'c~o dint ri b1.rt i on in t hc I,Iac c, t hero appears to 

be thrrJ'" rc::;ions of intcl'o:;t. Ono re:.;ion is on tho rim of the pl[1tc 

betl1een the tuo valve porto. 'l1ho tancential strcGs variOB throuGh the 

thickness oot1TG()n 26,215 and. 30,103 Ih./in.
2 

l'he radi<,l, axi[11, and 

chcCl.r ctreDs arc ne:.;li::;iblo or ZCI'O thus the t[',l1~ential st:rc~;s is arl)-

roxinately C(lUo..l to the principa.l GtrOGB. A second re3'ion of hiGh 

stress is in the hot zone, Il1ho radial and ;tanDcntiC'..l str0GfJ·o~J on the 

hot face are -1O,92~ and -20,604 Ib./in. 2 rcopcctivcly. AGain the a):ii'.l 

o.nd shG['..~ strcDocs arc nGGli.::;ible hnncG the radial und tc.n,:;ontial strGuG 

are approximat cly oCl ... ual to the princiI)cll 81; rcsGCs. r.rho thircl recion in 

at the edGe of "the valve port where the radiul ntl'css is 21,204 Ib./ 

in. 2 l'he tan~cnti[tl axial and shoar t~tres8es urc ncc:;lic:ible hcn08 the 

radial stress iB u.pproxiIJ~"tely eQual to the principal strcGfJ.. It is 

poooible that this stroGs is hiGher tlmn Hill occur in the adual plate 

bccause of the 8h8,rp corner that exists in 1;ho approximation of the 

valvo port by the clynanic relaxation solution. 

Since tlw p).ute lrun nO"G consh'ainecl, the stress dir:;tribution ,"uct 

be the result of "thermal crarJ.ients and it ,'Tould scem reaconable to 

assert that if the thermal (,'Tadients U0.re reduced 00 the sh'esses lTould 

be reduced. 'rids could likely be achieved by providinc; coolinc; in the 

hot reGion ( in preference to reducine the cooling elselThel'e in the 

plate ). 

Under the combined therr:1<ll and ~:J,3 :pr0~jCUrO load, the utross dis­

tribution is ultereu. but not increasecl as much i,tC 1·1a.~3 expectod. At t118 

rim of the plate the tan"ential stress 1ras increased from 30,103 to 

31,2511b./in,2 in the third layer 1'rom the hot sicle "''Id on the eolu. 

side, fror.l 28,516to 31,716 l"b./in. 2 In the hot zone the radio-I and 

tanGential strcsscs 1-Tere increased on the hJ·t face fr010 -10,924 to 

-14,961 and from -28,G04 to -32,633 lb./in. 2 respectively. On the cold 

side of the. plate, the radi2.1 and tan:;e!1tial stresses uere reduced 

as is usual uith oendin3 havine tnJ::on place. In the third re~ion rpcn­

tioned above, the stress on the hot side of tho plate 1ms reduced from 

19,189 to 12,145 and increased on the "old sicle from 15,612 to 22,102. 

In General, thc nesatiye stresses on the hot side of the plate Here 
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increo,God by the c;o,s pressure 100,d ancl the positive stre,,"sen are re­

duced; tho st:-CGGes referred to ar~ the ro.d.inl and tan::;cl1tial, the a:::;.al 

stres3 is 0:(' course incroasod directly by the GilO pressure load. 

A fourth reGion ef hiGh GtreSG is created uncler the eOlObinecl 

load an(l is at the ede:e of the valve port on the radial axis bisectinG 

the vulve port. '11110 to..n.=;ential streec on the hot aide is increased 

from -14,407 to -20,630 Ib./in2 and roc1uced on the cel(l sicl" from 

-13,261 to -7139 Ib./in.
2 

TIefore oonclu<1in::; tho allalysis of the fJ.Dne plate there is 

one ad<1H ionlll point to oonsider. In the analysi8, the (S<.wl:ot 10~'LCin.::: 

HaG neGlected anti also the i'our 5/8 in. dic.r.l0ter l)olts uhich arc fitted 

into the Hater tree,l1sfer tuben. lloth of these features occur in the 

support of the flm,le ph,te 2.nd nill tend to prevent the ,101nlllal.'<1 ,~8f­

lection of the 1'1ato. Under the action of the cOLlbino<1 tlter;;-,al and. ::::;<:8 

pressure load the plato iG pushe<1 fin,ly a:;ainst the cylinrler hoad so 

that tlw foroes exerted by the cnGket "nd the four DoHs uill have 

IHtle effect in terms of holdinG the plate acainst the hend as oo;:,:?[Ll'cd 

lTi'ch the cas prGsGurc 100.<1 and ncclcotinJ them in this part l'fth;:, <1nal-

ysis can be jus"Gifipd. J3y UOSu.1TIlne -cho plate to be simply fJuPl)Ortod 

. the .cxtroruos of tirO loadin.; conuitiol1G Gore> obta.ined and uy conparins 

the strons dintril)utiol1 1111dcr the tuo lo;.:.dinl; conditionG 0116 co..n to 

SQf.iB d.ebTee, separate! thr:~ effects of ro,dio.l and tane;entin,l thermal Cr:-.;.t1-

icnts f:com "tri. .... nsverse thc::cma.l gI'a.d.icnto as follolTc. 

Under the action of the GUs pressure loo,d, the stress dist~i-

but i 01~ is n.It orc(l but t ho '1::v~d.n:u.rr! st rCSG 1 evels are 11.o"t ;ST'J:.·~t l~r i.nc).~o::,s·­

cd and jn fo..c"t the cencr3.1 Otl'CS:3 levels n.l~O not :'''X'Ba;t1:v" incrc,::,sccl if 

corJparod i'Tith the maxilflulTI S·~.r.·8SSCS in the pIe,te. ~he impreGGion Given 

is th8:~ the hi[,'h s-t;reSGes in the plc..te are due to radigl and to.n,sentic-.l 

thermal Grac1icnts and 'Ghat if the pLr~c is later'ally oonfltr[Linecl the 

bendiY!0 stT'esses induc0d arc small. As l'lentioned befo:::'G, rcduc~io;l of 

the l!iaxiIa:.u~! tOI':!lK!l'v-"GUl'es ~fill reU.uce the ther:l:c.l ':"T3,d.i\~nts and in doil1J 

SO nhould reduce th~ OV01~iJ.ll stress levels. 



5.9 Closure 

?-rol.' the analyoil; of the flane rh,~e un(le,r mechanie:11 10:1(1, 

the clynanic relaxation Golution :save a c1eflcction at the cc>nh'c of the 

pl,,:~e uhich Imf; a11111'Oxir~at(Jly 22 l'c~'oonG :""X'OQtc"I' th<111 the holo,,"X'nphi(; 

Golutiou and stnce the holoL.T(~IJhic solution iB EWS\JT:!<:]cl tc be accura.to 

1fHhin 5 peI'Cel1t, the dynauio relaxation Golution if< l)essjrnh;-Gic. J\ 

fine meBh solution w"hich .:save a be"ttcr' nPIJroximD-tiol1 to tho va.lve port 

boundary did not improve the aocul'r,ey of the dynD_mic ;,celaxation solu-t,-

ion. 

133. 

Under the action of thermal cradiento, the flame plate 'rill 

tend to defIne', dowmrard mrc,y from the oylind0r heac1; flome restraint 

beinG provided. by the G<J.skot and uato~ tro..nsi'er tubes. Under cas prcn­

sure the l)lat'e i::; :forned into eontac~ .... ith thn 'wlincler head henoo in 

operation the l'l,ate if; su"Jj"ct to a vibratory l')adinc condHi,m lThich 

an"r a pcrio(l of time couLl cans" a faticue failuxe or tend to loosen 

the plate in tlw head. Further inve'T~ication of the ef:fectfl of the 

cas1(et 10a<linG ,.nd the constraint provided by the l1ater trar-ofer tubes 

is is recommonuocl. 

,('he stress level in the pla-~e is not unduly hieh und one 

1fQuld J1o·t e::p(~ct any pro·olclns t r) a:ciH8 as a rosul t of hieh stresses 

vrith -(.;11e c.xceFtion of reversing strC8G0S hOl'fover &.s previously lrlcntionocl 

the lack of temperature information limits th., a:ccuracy of any 1'1'03-

dictiollC that 0113 mi;:;ht Hish to !:lake. 
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ClIAP.PI1l SII~ 

6.1 C0l1clu8ions 

1i1:r0r:1 -the ~Tor·}: done in 81w.ptc"PG 3 UYltl 4, in G,')lvinC' tiro clil.1cn­

sional prohJ.mns, it is oOD'1lucled tho.t the mcLlw(l of d;:r".a::lic rcLexc.ti.o;1 

Gives an accurate nolution uhcn th0 boul:lclaric~! of the ol)joct COil1Cici.c 

1Tith the cool'u.ino.tc o:lcrtom uscli and CCLn thuz 1)0 d0fi~10d c:;;::actly 'Uit:1')Ut 

ht.1vinC to apl)!'o:::ir~G.tc them 1-)~r 2. s0:,"'ies or ~ltGr3. As described in Cl'.D.!)­

tors 3 a.nd 4, the or~"'org in -t~liG tYIJC of solution al'e in th3 :eosion of 

5 percent 0.11(1 it is cOnCll1(tE!(1 that el'l"ors of thiB JJ1.lL'"l1:ttuclo are '~h0 :'-'c:"­

f}ult of the finite t1.iffcl'cncc o...l)J)ro::-:i!:l,--:.tiol1 of tlw dii'fe!'cntic.l cqu~.:.tlo:.'1.s 

D..nd the nosh cizG UGccl. For n. L:oT:lplc:c shCl.!,c<.l ol).iGct, it iG I'OL30l1od 

that thoro D..l'e t,::o arcus in lrhich the accuracy of the dynamic reln.:':~!.tion 

~ olut i on i:-; cle~"1'C;.d8a ()~10 of 1-Thich iB the- fini"t c <iiffGl'enCC approxi!,>2,-G icu 

of the difi'crential 8\lua"t;io~s [1~d the m03h size used. Fo::' exanplo in 

tr.:.o Golubic>:1 oi' th-; flo.t circulc.!' l'ilatc in Ghr1?tor 4, the r:;c:3h Si38 in 

15 x 5 und. D.G cLt"sc:!.·i"vcd, tl~G clynar!lio rel~~xatiol1 solution indicn;tes Q. 

central def'.ection 4.3 pGrcent creater than the analytical Golution. 

Flo:!' the flt"~,18 pla"Gc whore thG radial and axial mesh is 15 x 4 Gnd, ne .... 

01ectinc fc:, the !,:~O!~icnt the ef'foctG of thc valve ]/o:et O!l the accurQ,c~- of 

the Golut~Gn, ono mi::;ht estimate n,n error in the I'eJ'ion of 5 percen':; 2..$ 

a result of the a:-:ic.l rlGsh bein.:; sli::;htly l:.orc COQ.::'S8. rrhis o~ror io 

conoiclered as inherent; in "the Golution ~or the r::Gsh sizG used. 

The second. r..reo.. in llhich the accuracy of the ~~olution -O;"TiIl !JC 

def..,--racled in in the approxi:-!lation of cor::I.llox bouncln.ri0G 1Thich (LO not fit 

exactly, the coordino.te syGtCr:1 boin;: used. In the C2~f:H~ of the fJ.i::.r18 
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plc;tt), '~hc valve lio:r·t is o.,PJ)1:'o:·:iun.tod 1)j" [;, :--.:t(~r>118c.l l)()unJ.ary. fi.lhe ~r:;(~2>­

pod. bonnd.;:-l..l'Y l-lill -t':.n1~1 to CJ.lu::e local Gt:r.'D~:r.: v;..l..l'ir(.tim'ITl ,-:;,1'Ol1i:1(1_ the 'r:J.vn 

port lTldch Fit1~l 1)0 l'oflcc-Gou in tll'') c.lcflcct('.(L ::~hQpe of tho :plato. /l..n 

cle~3Cribc(.l in Chc..lY~c!" :J iTith r0~·2.i'tl to tho holo,::;.l'aphic solution, [1 5 110r-

cent <1iserep,1!1cy oou1<1 Go,ict in the solution as <1. roc;ult of thc sup:::,ort 

r€:ao'~ion occurrin:.:; tOll:u'dG the in:3ido cli[~!~1,otor of thE..' :;(1Dh:nt face thus 

makinG the doflectiion nrrlallor than it 1fou]d bo if [;he GUpP0l't rm:!.c-tiion 

occurred at the centre of tho ':';':'IHkct fae':..:. AIIOl·rin;::; for a 5 !).::n·cont 

en'or inlHH'b:1t in tho Dcthocl of u~'11,.nic rol,::x<J.tion b8C;111S(J of the mn3h 

Si%0 l:!,nu. for 0. 5 peroent expcri;'llontal errrn·,. the or!'or int:roclucecI. l,y the 

apprOXiPlc.t i 011 of the '1<1.1'10 l'ort i.s 12 percer.t; the total (lin crol,o,ncy 1'0-' 

t,reenthG holoGraphic solution and dynamic relaxation eolntion is ?2 l",r-

cent D.G dif3cuGsell in ClLap"ter' 5. It is fel~ "th::.t a 12 pnrccnt error ~n no 

renul t of tho valve port o..P11ro:{ir;:G.tion ic not unduly hiGh and 011C mi,~;lr1.; 

pOBt,ulato tba'~ if El. 111D.te ~~re:r:o built uith l)oundaries i(18utioal to ·thOG0 

uBell in the clyno..lJlic rolCl.xo.tion solution, the holo.::::;ra}!hic and. dY;'1araio ro­

laxation solutions ",ou.lll 1.JG in better aL;:l:'0CllIcnt. 

In tryinc to estina·tc tho macnitudo of crror that ono J,'ic;ht 0:<-

pect in solv:-inc; 0., problem likG the fln.me :plo-to, Cl. brief lit3)"'atu1'8 sur­

vey did not; reveal any' i(leally cOI7lp2-r.s.tivc info1.~r:iation. 'llhl'G~ cliu0Dsion-

0.1 ITor1:: clone on o..rch dGH;1S uBin!: U.~'11o.L1iC l'c'lC.::C1tion, :paper 8 I'8f. (19), 

would, Gocrn to inliic2..tc tha.t an overa.ll c.iif3c:r:cpo.ncy of 22 pO:l.'ccnt in no-r. 

unrea30n;;.ble h01fever the oIlly fli.milarity bctuoon the :1'18x,0 plato and an 

arch dall! is 'Gho;G they are' both throe dimcn:::ional pro1)1083 lri.th C01;)1110:( 

bounclariec ancl it in clifficult to justify any oonp:lrisons. KCGl)ine; in 

r.:ind thG.t the 1'1[(',]8 pl~te is a pl't1c'tic.::.l problem ,~llcl not un academio onc, 

it j.G conel ud.ed that an overp.ll <1iecrepo,noy of 22 percent is not"unl'eal-

ictic. 

The neod and advantu..:,"en of conbinin.:; un eXl)0:cir~)cnJIi.:,1 solution 

uith n. 'hheoreticQ..l Golu-t;ion hQ,S l)cen domol1~-;tr;"l.tcrl. In formulo;I;ins 'Ghe 

final.dynamic relaxatioIl solution, the dynamic l'cl8.x<J.o;ion solution 1,as 

r.1ade to come 010801' to the holo;:';l'o.phic [)ol1.i.tion b;:r o..lt0:rinS thG Gh2.po 

and size of the val vo l)O:r't CUJ\i out. In cloinrr GO, 

the deflection of the pl2..te li<1C in Good o.,::;roor.:ent then the st:cesses, in 

pa.rticular those renote frorl the yalve por'G, ,TQuld be morc accura.te, 

'l'hus by h~vinc c:'::']!0rimento.l l'C'sul ts to conp::::.re lTith the theorotic~l re-· 

sultA," ono cu.n rcfin"e the 'thcol''Gico.l solution o..nu. o..t tho sn.mB 'tiltJe o1Jtuin 

0. Good estimate o,f the n.CCtu·c~cy of the o,tKl.lysiG. 
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FJ.'OI:-\ the Hork (lono in Ch~-~p"t 81'3 2 o.ntl 4, it is concJ 11,If)d tho;i.; 

holoL,"l'c.tI)hic intori'c~:romotr~i i;J j.cJ.oo..lly ;:nd-ted ·1;0 mOl.l.!=;ll2'inc- nl'lall fle:'.:u:r.':'1.1 

tlisplo.-c(w!cnts. l~Ol~ mOCl.8Uroncnt of in-l)lr,no tli:-:;J'llacor:lOntn, th8 I,lOthocls 

deGcribc(t in (9) ilnd (u) u1':Do3,r thoorohcc.lly 1'o%:lo10 h01fCVCl' as ill­

uot!,Q.;tcd in Chn.ptcJ.~ 2, thoro 8..rr.:1 D.. nuu[)cr of 1!l':::.c·tical clif.f'iGultics that 

'l-toulcl firGt hn.vo to 1)0 overCO;.18 to !flai;.:o the motihorlo £l,ttl'[Lc-tivo fur ~on­

eral. use. 11110 outs tandi:10 fca-turc8 of holo:.-:l .. :tphic intcrfBJ.lor:J(Y~ry U.l~O 

its sen~;itivity and co..so .Jf o.pplicc:.tion. Very little In'opn.I·,::~:Jvion ol the 

subject in re'luired Dnd ')n3 can c;enol'il11y -,:e2'k (lircC'Gly 1,ith an n.ctual 

cOL1ponent -thus avoidinG the need for costly TQQ(lcls. 

6.2 SUGGestions for Futuro Hark 

})ef"ore attomlitine to i!:-!provc on thE:: analysis of the fla.:Jc pll1tc, 

more ini"0rrnation uith l"o~D..rds thcrrr.a.l conditions ia the pInto is reC).uircd. 

Add.H ionn.l allD.lYcos mich:G tccke int 0 ae()otmt the offect~ of the casket 

laudinc and the effects of the I'rator tra-nofel"' tubes. It micht be :POgf~·" 

ible to improve the upproximo.tion of the valve port boundary by usinc; il 

dii'fcrent nesh confiGuration ou'. "Hhout src<lt1y incre[l.sinc; the nunbor 

of 1':1E's:1 pOintD; this };liGht be invcoti,:;atcct. 

One problem encountered in a1'Plyil1C the method of dynamIo :'()­

luxation is dotorrdl1in~ the uampin[; constant. A );)othod of cleterruini.n,::; 

the optimUl'1 dn!1l1)inG al;.tom::l.ticn,lly and lTithin tho COi"J[n.l.tcr llrO(:.LY.r..1:1~:18 is 

mentioned in (5) and could be inv8ntiCc1,tccl further. Ano·thcr are£',; f0l' 

invcstiCdtioll is the use of non-ortho:.:!:onal coordinn.tos. rj:his "':-Tou.ld 

allow the u~c of diflol'cnt sha.pe elOl,lCnts \-Thie!l could provitle for a 

better approximation of couplcx boundaries. 

Fer holoC'raphic intcrfcro["10t~y, one tLli.:;ht invecti.:.;ato methods 

or dt~sGnsitisj.nc t}w meJ~hotl fOl-' D8D.Gurinc larcer erlcinecri!~G' displ~cc­

ffi0n·ts. One tlielrt also inveGti£;Q.te the dcsiGn of a sYf-;ltcm ·~ha"!:; ,..Tould 

allo"':', a rapid and. accurate deteruination of dimenr..;ions and f:r-inse orci..(~Yr 

numnGx's D.8 uescribed in Ch<11'tel' 2 for mcasurenont of in-pIano dis,!11acc-­

ments. 
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APpmlllIX A 

DERIVATIG'T OF l"DIIT:8 DIFF8IlEIJCE EQUATIO:;S FOR 

STRFlSS ANALYSIS l;SnW CYLIlTDHICAT, COOHDTIlA'rES 

The s"tress-equilibriw,l equation" lTrHten in cylindric2.1 cooc-clinat<,s 

are: 

o<ir + ..!.. ~'trll + ~'[rz i 
(fr • (le = Cl or rQ9 O"Z r (A,l) 

~'t 1'8 of ~ Me i t'l rz:.l!.t) of '2. '}: I'll 
; 0 or r~e ~z. r (1..2) 

'llhc damped l-rn.ve form (?:0:rt.iJ i hriuTY1 v~uat iops p,rc: 

defr of.'. c\Tra ..j. d'Lrz. of Clr- 69 
or- r 09 cl£. r = fe;l.U i KdU) of J.r (A.4) 

d'[ra +1 ~~e + (j'LT.t3 -f '21rll or r- 06 01. t = (d ZV I' cH.'I.-t K~) dt (A.5 j 

"dTn +!. d'fn + Mz , '[rz = f(lw + I<~) (A.6) .,. or r ~9 h Y' Ot. 1. ot 

~~he darroeo. ,rave enuaGl'ms vrritten in f;nito djfference form 

and r8a:",ran~ed to ?rovidc an e-··n:ression ror the nm'T velf)city 

in terms of the old 'velocit:·r and stress tn~'ng are: 

U(IJK) -= U(!J Kl1- KI2).+ 61: IUr(l,J,K)" <ir(l-I,J,K) + 
11 " \"I+K/z f(HKh)t lH 

HO. 



"l:rocr,.T+I,l::)-Tre(:r,J,K) + '[rz.(I,J,K+IJ- Trz (l',J,K) 
r~9 A~ 

crrer,J, K)+ <Tr(:r-',J,t:) - (Ug (,:r,J,KJ + (fa (I-"J,K»)J (A.1) 
+ 2 r 

V(I,J,K) :; v('r,:r,Kl(-~~~II;) + _At- [TrsCIt"J/Kl-TY'B(X,J,K) 
. • p(lt K/2) A '(' 

+ (Te (J,J,K) - O"I3(J,J-I,K) + '[ ~G (r,J, 1(+1) - 'tZe(I,J,I<) 
fde A~ 

+ i;l (Tru('"!+ 1,3,K) + TraC:I,J,K»)l (A;8) 
2r J 

wtr/J,Kl : W(l/J.l::l('-I<',1.) + (j t: l'[rzCrt".rtl<l- TrZ(I,J, 1<) 
1+1' 2 P(ltKI2)L AI" 

+ 'tz.S(I,J,K+I)- T1.S(I/J,k') . .\. .[.7,(I,J,K)- o-z(:r,J/k'-I) 
r l:\6 . tJ.1.. 

+ 'tn (HI,J,I<') +- 'i:'l"z(r,J,k') 
'2,' 

The elasticity or stress strain equationq using cylindrioal co­

ordinates are: 

Ee :; J.. d.Jt 
r 06 

rro - 1 dU _ Jt. +Qy , - r de r or 

Ut": ("+2'«)~~ + ~.~ + AF fe + ~~~ 

(fe: (A+t...u..)l ~v +(t\+'Z..a) u +" ~Ll +,\ ~ r oe r ell" 01.. 

. U1.. '" "\~'M.) ~w + ~\ clU + ~ 1 oV + A.Y. 
. 02 or r clB r 

'1:re -= oM r 1. dV _y. + dvl L r 09 r or 

(A.12) 

(A,13 ) 

(A.14) 

(A,15) 

(A.16) 

(A.11 ) 

Differentiating E<l.'ns (A.12) through (A,11) uith respect to time 

and using the notation U: du/J!: : 

Qirr_(~n.u.)dU ""AU +"l~ 1-A~w a\:. - clr r r 09 c1l (A.18) 

141. 



(A.19 ) 

(A.20) 

(A.21) 

(A.22) 

(A.23) 

E'luationc (A.18) throuGh (A.23) in finite difference form using 

centred difference notation and rearranged to exprGSS the nOlr 

stress in terms of the old stress and velocity ter,us are: 

1/j.2. 

<Tr(I,J,K)'" <TrCI,J,K) + ~{,r(A~1.L1.)[ll(nl,J,I<J - U(T,J,K'~ +A[U(l+I,J,KJ~U(J,.T,Kil \!: b.r '2.r 

+ >-- LV('I,J~"K')- V (:r,T,K)] -I- A[\~(:r,J'K+')-W(1"J'KD] (A.24) 
. r tie 6: .. 

O"e (:tl I, k') " UeeT,.!, K) +6 t r A [ U (T~ I, J, \<) - U(T,S, I'D + (" ~ '2 ..I<)lUCJ.II.J, K)t 6(:r, J, KU 
l Ar zr 

-\- (A+'2.u..) [VCI, :r ,P, I()- VCI, I, I('J] + ~ [ w c:r, J,I(+I)- WCT,I, KU] (A. 25) 
. rAs A~ 

UZ (1', J, K) = (J"z (x, 1,~) -I- ,11: f A [ U ("I+I ,]", K J-llc'I,1, KU + A r U (1;'1,]", v.J .. U(I,J, ~ 1 l A r l: '2, Y' 'J 
+ A[j(I,J+I,KI-v(J,J,KJl -I- (A+'2'/'(')[W(:r.'J'I<+I)'-W(,J,j,I:'~] (A.26) 

rM 'J 4z 1 

TrS(I,J,K) = Tre(:r,I,K) +- A~M.[uc1',J,I(J-u(:rIJ-I,I() 
rLla 

- 1i(I,J,K) +V('J:~I,J,I() -I- VCI,J,I!)-VeI-I,J,I<'J] 
'2. r AY' 

TrZel',I,K)" 'Trz(r,J,K) + L'ltA.[U(:I11,KJ- tier,J, K-!) 
. 1 d~ . , 

+ W(l',J,K)-W(1'-I,J,K'JJ 
" {j, r 

TI{}(l,J,I<)" 7Z9(1',J,K) + 1II:.I.I.~(I,J,I()-V(I,J,K-I) 
is!. 

+ W('I,J,K) -WeT,J-IIK)] 
. rAG 

(A.27) 

(A.28) 
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APPEHDIX II 

DERIVATIon OF PIlHTE DIFFEREnCE EQUATIONS FOR TIlE CASE 

OF PLANE STRESS usnTG POLAR COORDINA'l'ES 

The oquilibriumC'quations in polar for for tho case .of :plane 

stress are: 

dUI" t ...!.. Cl'Tro + ur - u~ 
"" 0 

or r 09 r 

_I c\ (f'g t ~'Tre t 2 "erG 
= 0 

r de dr r 

The stress-strain rel~tionships are: 

€r = ~LJ , or 

¥re = _I ?~ + M --'L 
r oe 0 r y-

eTi" =b l~-· + vJL + v l.dVJ 
(I-V) or r roe 

E [I dV U dU ] 
aB '" (I-V1) r de -I-r + V or 

'[ro "2(;+V) [~~~ + ~~ - ~ ] 

(n; 1) 

(n;2) 

(1l.3) 

(n.4) 

(B.6) 

(n.7) 

UsinG the same procedure as in Appendix A, the finite differ­

ence equations for the velocities arc: 



0("r J)" U(I J)fi- K/7.) + ~ r ur(I,J) - (fr(1-I,J) 
, 'liloK/7. P(I+K/2)t AY-

+ "(re ("l,Stl) - '"[I"OCI,J) + err("r'J)+(jrcr-I,J)..(a-ecr,J)+(je(r-I,J~()).8) 
rAG ~r 

V("I,J),. V(I,J)(I-l<12) + ld: r ere(:r,J) - lie (r,J-I) 
1+ t< 12 1"(1+ 1(/2) '- r ne 

of '(l"sCUI,J) - 'rrllC'I,J) .1- 'i"Y'S(:[.I.I,J)·t 'Tree:!",J)] (Il.9) 
~y- r 

Similarily, the finite diffe:cence equations for the sh'cssos 

are: 

O""rC1,J)" lidI,J) + AI: E [U(I+I,J) - t.i (:r,l) 
I_In. Llr 

.j. y Lieul,J) +U·(I,J) +- j) vcr,nll-V(I,S)] 
Zr rAs 

creCI,J) = USe!,J) +- M~ r U(I+I,l>+U(I,J) 
. 1-))' L 2r 

+ V U (HI,J) - u (:r,J) .j. _~(I,J"fI) -V(I,J)] 
AY- Y' At) 

-l- V(:r,J)- V(I-I,J) 

Ar 

J 

+ Lll:E [U(!,J)-lj(I,J-:I) 
2 c IHI) r l:; 9 

V(I,J)4 VCr-I,J» 
zr J 

rz:rB(r/j)~ 

(J3.ll ) 

(J3.12) 
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APPElIDIX C 

DERIVATIon OF l!'llTITE DIF'E'EREHCE EQUATIons FOIl THE 

CASE OF AXIALLY SYI!l;ILTIlICAL STRESS DIs'rRIBUTIOli 

The equilibrium equations for axially symmetrical stre8S distri-

bution are: 

~(fr + ~rr:l"l + (Jr - (fe 
"" 0 

~r ch r 

o '"Crz +-
d (j"z. + rcrz = 0 

~r 67- r 
(C.2) 

The stress-strain relationships are: 

,.... U Ez.= dIV' c9 .. _ , 
r OL. 

~rz; ell! + ClW OrG" tz.e ':: 0 
c2>"Z. or' 

<rr" (~t Z..u.) ~ +- ;):L + " d W or r OL. 

) 
U I cl U \ ew 

Cie = (AnM. r + 1\ or + 1\ 07-

(j'Z =- (A +'2,(,.(.) c)w + }.,JL + A ~1.I oz. r c2>r 
(C.7) 

rc~Zo: A [~~ + t~J (C.8) 
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\ Using the s~me procedure as in Appendix A, the finite difference 

equations fer velocity are: 

UtI Kl-= U(T )fi-K/2)4- 6t r (j'rCr,k')-uY'('I-I,~) 
, .,1< \1+1</2 ,..,(I+KI1)[ AY' 

+ rrY'Z (1,1<+1)- '[Y'z(!,k') + (ft"Cl,I<).j.UI"(r-I,k') 

A~ 21" 

_ Oo(:r. K) + US (I-I, K) ] (0;9) 
'2r 

W(1 K) '" IN er 1</1-1(/2) + 61: [rrrz (r+I,K)- 'lrz(I,It) 
, , l-lj.II~/2 ;>(1+1</2) 6r 

+ uz(:r,I<') - er-,ttr, 1(-1) + ~(I+I,K) + 'lrz(I,It)l 
t:,:z. z r j 

The finita difference equations for the stresses are: 

(J'r£:r, 1<')" Url'I,I<')tLll: [(At'2,l.t) U(J:+I,I<')-U(I,k') 
Ar 

+ A U(HI,.:)+ U(:r,I() .J. A W(I,K+I)-W(r,K) 

2~A~ 

veer, k') " (/'e(I,K) + Al:~A+V .. t) li(I+I, K) ;~('I,I()_ 

" U(:rtl,k')-U(I,.K) ),. W(I,I<+I) -1A/(I,K)] 
of D.Y' +f\ A"Z. 

(j'z (1, K) :: a-% (I,K) + LIt: ~,,+ '2M.) W (1,1(+1) - IN (1, K) 
~ /;;7.. 

+ A t.i (1-1-1,1<) + Lier, K) +" u (1+1, K) - U Cr, 1<) J 
2'(' AY' 

'lrz('!/I<')': '1rZ(I/I<) + A td: [U(I,K)- U('I,K-/) 
6.7.. 

+ vi ('I, I') - vJ (I-Id<') 

Ar 

(0;10) 

(0;11) 

(0.12) 

(C.13) 

(C.14) 

1~7 . 



APF131ID L"'( D 

DERIVATIOU OP FTIUTE ])IFFEPJDNCE EQUATIONS FOR HEAT 

CONDUCTIOn USlllG CYLnmRICAL COORDInATES 

For steady $tate hcat conduction in a solid medium with uniform 

heat conductivity, the thermal equilibrium equation is: 

Equation (D.l) written as a dn.mped Have equation is: 

(:D.2) 

Equation (D.2) can be reduced to four first orde~ partial differ­

ential equations in the following manner. Multiplying both sidcs 

of Eq. (D.2) 1lY "r" gives: 

or 

..2-. (rdT)+ J. ~ (M.. \+ r~ (clT) = 
t\r or r de 06 J dZ dl. 

(D.3) 

AuxilliaJ:'y variables u,v, and If arc introduced thusly: 

let (D.4) 
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let cl\! +KU -= \'" ,H 
ch Cl\" 

let Qy +KV = I dT 
01; rde (D.6) 

let ~W + KW = 
cl 1; 

r dT 
oz (.0.7) 

Checking these equations,differentiat" Eq'ns (D;4), (D.5). (D.6), 

and (D.7) Ifith respect ·to t,r,G, and. z, respectively thus: 

o'2u -+ Kk = 
dt~\'" or 
d2 V + Kd'l :; 
~t 09 de, 

'rtl~T +C)T 
or~ ~r 

-L ~~T 
" de'/. 

Hultiplying Eq. (D.4) by "k" and addinG Eq. (D.8) givos: 

AddinG Eq1ns (D.9), (D.IO), and (D.ll) gives: 

(D;8) 

(D.9) 

(n.lO) 

(D.ll ) 

(D.12) 

SubtractinG Eq. (D;13) from (D.12) results ir, obtaining the oriG­

inal damped wave equation. Equations (D.4) throueh (D;7) repre­

sent the heat conduction equation in soparated form. Thege equa­

tions can be ,;ritt~n directly in finite difference form thus: 

i 'l J v) - 1(1 l K) + D.-I: [U(HI,J,I:') - U(!,J,K) 
'"h- ", rLlr 

+ VCI,J'+I,K)-V(I,J",k') + W(l',J, 1(+1) -W(:r,J,I() 
r~e r~, 

lJ(IJ~)= U(rrl() I-K/'2 + At "'[TCIIJ,I() -T(1-I,J,K')l 
" "'+"/2 I+J('/Z Ar J 

V(l,J,K) = v(r,J,IO I,::~~ + .Ai.: [T(I,J,K)- T(r,J-I,K) J 
I+I</Z rb.e 

I-KI'l 
W(I,J,K). W(!,J,I<) 1+,,}2 

+ M: r [I( I,J,K) - T( I, J, J<-J)l 
1+1</2 A 7... J 

(D.14) 

(D.16) 

(D.17) 



APPENDIX E 

THERHAL STRESS-STRAIN RELA1'IONSllIPS 

The strain 1fhich l',z,sults from a 1.Uliform temperature change in a body 

is; 
E: = o<T 

where "T" is the temperature chancre. This strain must be actded 

to the strain which is cau3cd -ay the stress distribution in the 

body thus the stross-strain cque.tions are: 

~)( .. ~ L(jl.'-V(fY-V~zJ +o<T 

~y= ~[U!l-)}OX-YOzJ+o<T 

f"Z= ~Lcr2- VQX-)J(j~+cJ.T (E.4) 

The shear strains are not affect eo_ by temperature ch,n1se since 

expansion of a small element due to temperature change ~rill not 

cause angular dis"tortion in an isotropic material. 

For dynamic relaxation, thcrmal stresses are accountcd 

for in the initial conditions by assuming that every element in the 

body iG perfectly constraincd hence tho strain in overy elemcn"t is 

zero at ti~o zero. Substituting zoro into the L.R.S. of Eq'ns 

(E.2), (E.3), and (E.4) the strcss strain equations become: 

1::;0. 



151 • 

U::t - Y (<r)f-t- C1z) = - ~ olT (E.6) 

(E.7) 

Solving simultaneously: 

0"1f :: E 01. T 
\-2)) 

(E.8) 

uy: t; 0(1 
1-2)/ 

<fz :: t;:oJ.T 
(1-'2).1) 

(E.lO) 

The stresses givcn by the above eQuations dorine the stross in each 

element at time zero for an clement temperature of "T" d.egrees above 

the 10vrest temperature in thc body,. fo:o. the casa of ileatil1';, or "Dolo1( 

the higho~'t temperature for cooling. 

For the case of plane stress, ~he initial stress con-

di"cion is: 

(f)l . ~o/.T 
'" - (, -\I) (E.ll) 

(fj = E o(T 
(E.12) (I - Vj 



APPl:,j'.JDIX F 

IT cut OnB <1i vido,l ,Ufi"3ronoe fonmla is: 

t(x) ,,-r(ilo> + (X-Xo) .{'CXo,J(,) -\. ()(- Xo)(X-X,) /,(>(Q,)(,}1<1) 

+ (1(- XD)(K-XI)(X-Xl.) -f(XO')("Jl(1'X~) 

( 'i' 1 \ 
.l. .' 

AS3Wtdne tha:t f(x) is n polynoJllial of' (10::':'-1"00 n-1, the last term in the 

above oxpre8~Jion v::.ninhos. AIGO aGGur.d.nc: thC';,;t ~' .. = h ::; cOl1stc..nt, iihich 

is the case for 0. cOJ.~.fJtQ.nt mOGh ~lic.th, Eq. (11'.1) becomes: 

~ (x) 

('" ") ".'" 

If x ::; x + rh,- then :~q. (:;'.2) beCOi,2CS the "forlTurd Grccory-lTo1rlionlt o 
interl'olat iOll fm<r:,ula thus: 

.f (x) '= ~o + r Mo + r(r-I) A '2.4'0 +- r (r-I)(r-'2)l3.j:o 
I 'l.! 3 1 

• 

+ r(r-l)(r-2)(r-~) b,4to + . • • (F.3) 41 
EnterinG the body in a uiroction of advancinG sub~3cril)ts, the tltrCGS ut 

the first nodo l'oin~ is (1). If tho bouncln."·y ooinoido3 'rith <::. vo10-

city no(lo, -then is -0.) (111cl ( :i' .... ) beco-'o~' ~ • J .... .;>. 



For leavinG the object in the direction of advanoing subscripts, 

the "backward l'C1n ol1-Gregory int erpolation forJ:lula" is uoed and is: 

f ex:) :. to + r 4+-, + r(rt') l/·[2 + rCr+I)(r+2) 4~£3 
2l 3. 

+ r(r+I)(r.f'2)(1"+3) tJ.4£'4 
4t (F.5) 

The stress at the first mesh point inside the boundary is O""(.11>aOO 

r is +.5. ECJ.n. (1".5) becomes: 

GI> = (f(J-I)t. 5 [(f(r-I)-(f(I-2J] + ,75 [ (f(l~9-2(f(J-2)+ U(I-3)] 
. 2 

4 1'!7S[ 0""(r-:)-3U(I-2) +~o-(r-?l)-Cf(I--£l + ••. (F.6) 
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6.y l:J.'I.y A~y A4y flY 
X, 'I, 

'12 -1, 
h 

Xl 'fl Y3 - '2.'1'1.. +'1, 
2t hl. 

'/~ - '12 'I!i- ?" '13 + 3> '1'2 -)'J_ 
11 3~h5 

X~ 'la YA-?h+Y'l. )'5-4)'1 + b'l3 -4'12 + '/1 
2 \ h" 4 1, h+ , 

'/4 -'13 is - .3'11 -t 3'/:' - '/7. I k5'1s ±.IO'/4-IO)':3+5'1z- 'I, 
h 3t h~ 51 's • h 

X4 '14 '15-'2'/4;,.'13 Y{,-4'1s +(,,'14-41 .. .J.Yz. 
2.th! 

4 \ h't 
'/5-'11, 'lG.- 3Y5 + :''/4- Y3 

i1 31 h~ 

Xs 'Is 'Ih- 2'15 +Y4 
'21 h'l.. 

• 
Y\'IS 

)(10 'I", 
f~ 

\;1 
-'>. . 



Iter'n 2:. 0'1. 
HwnbeJ.> 

1 .3xl02 

2 .2xl02 

3 .2xlO 2 
? 

4 .hl0-
" , 5 .1xlO"" 

6 .lxl02 

7 .8xlO 1 

8 .8xl01 

9 .7xl01 

10 • 6Y~01 
11 'ixlOl '. 
15 I .3xl01 

20 .lxl01 

25 .6xlO 0 

30 .3xlOO 

35 .1xlO 0 

40 .6xl0 -1 

-, 
50 .1xlO .. 

60 .2xlO -2 

70 .5xlO-3 

80 .lxlO-3 

90 .2xl0-4 
100 .5xlO-5 

Stress - Ib./in. 2 

Node PosHion 

1 2 3 4. '5 

000 000 000 000 000 
000 000 000 000 000 
000 000 000 000 000 
000 000 000 000 000 
000 000 000 000 275 
000 000 000 213 188 
COO 000 164- 165 216 
000 127 142 174 260 

98 122 141 222 225 
179 115 188 193 277 
181 216 165 236 255 
267 267 293 295 339 
337 342 353 366 387 

.'91 395 401 409 422 
426 428 433 440 447 
450 452 455 459 465 
466 467 469 472 476 

485 485 486 487 489 
493 ~93 494 494 49.5 
497 497 497 497 498 

499 499 499 499 499 
499 499 499 499 500 
500 500 500 500 500 

TAnLE 1.1 

Stress v.s. Humber of 

Iterations for k = 0.44 

6. 
000 
000 
000 

357 
211 

272 
301 
266 

325 
291 
326 

355 
408 

437 
458 

471 
481 

491 
496 
498 
499 
500 
500 

T 8 9 

000 000 773 
000 597 246 
461 245 574 
231 443 414 
345 383 467 
343 381 487 
316 432 433 
3Tl 379 '09 ,+, 

332 436 447 
378 400 487 
358 428 465 
387 425 431 
436 461 482 

453 473 489 
468 481 493 
479 487 496 
486 491 497 
493 469 499 
497 498 499 
499 499 500 

499 500 500 
500 500 500 
500 500 500 



Iter'n 
tu~ 

number 

1 .3:dO 2 

2 .2xl02 

3 .3xl02 

4 .2xl02 

5 .2xl02 

6 .2xlO2 

7 .2xl02 . 

8 .2xlO 2 

9 .lxl02 

10 .lxl02 

11 .lxl02 

15 .5xl01 

20 .• 1:"..101 

25 .2xlOO 

30 .3xlO-1 

35 .2xlO-2 

40 .lxlO-3 

50 .6:=10-4 

60 .6xl0-5 

70 .2xlO-6 

80 .1xlO-8 

90 .3xlO-9 

100 .4:=10-10 

Stress - lb./in. 
2 

nodo Position 

1 2 3 4 5 6 
000 000 000 000 000 000 
000 000 000 000 000 000 
000 000 000 000 000 000 
000 000 000 000 000 4'::;5 
000 000 000 000 373 25 8 

000 000 000 306 248 308 
000 000 252 233 252 373 
000 207 216 210 339 280 

170 197 177 304 248 389 
318 151 269 224 342 314 
290 350 203 299 291 368 

378 362 410 362 444 406 

440 437 453 446 475 470 
486 488 487 476 485 487 

495 492 499 500 497 500 

500 501 500 501 501 501 
502 502 501 501 500 500 
501 501 501 500 500 500 

500 500 500 500 500 500 

500 500 500 500 500 500 

500 500 500 500 500 500 
500 500 500 500 500 500 

500 500 500 500 500 500 

TABLE 1.2 

Stress v.s. number of 

Iterations for k = 0.3 

15G. 

7 1:1 g 

000 000 821 
000 674 226 

554 251 604 
260 476 423 
380 421 460 
402 379 521 
321' <184 415 

437 371 533 
340 475 434 
419 407 503 
381 446 470 
420 ~28 496 

503 490 483 

487 497 495 
496 501 497 

499 503 500 

500 501 499 
500 )00 500 

500 500 500 
500 500 I 500 
500 500 500 
500 500 500 

500 500 500 



Iter'n ~ U' 
Numb8r 

1 .4:::10 2 

2 .3:::-102 

3 4xl02 . . 
4 .3,xl0 2 

5 .3:<] 02 

6 .3xl02 

7 .3xl0 2 

8 .3xlO 2 

9 .2x10 2 

10 .2:::10 2 

11 '~2xl02 
, 1 15 .. 8:::10 

20 .8xlOO 

25 .2:.:100 

30 .3xlO 0 

35 
0 .2xlO . 

40 .4xlO-1 

50 .2xlO -2 

60 .lxlO-2 

70 .1:::10-4 

80 .2xlO-4 

90 .4xlO-6 

100 .3x10 -6 

Stress - 1b./in. 2 

lTode Position 

1 2 3 4 5 6 

000 000 000 000 000 000 

000 000 000 000 000 000 

000 000 000 000 000 000' 

000 000 000 000 000 543 
000 000 000 000 4-66 297 
000 000 000 400 302 340 
000 000 343 3C') 285 442 
000 295 292 242 418 287 

253 281 210 389 264 '453 
484 184 357 248 408 

416 511 236 363 322 

499 457 548 42; 584 
543 528 563 521 583 

579 575 566 510 536 

528 511 539 541 526 

510 514 507 510 506 

498 494 499 490 498 

496 496 496 496 494 

499 500 500 500 500 

500 501 500 500 500 

500 500 500 500 500 

500 500 500 500 500 

500 500 500 500 500 

TABLE 1.3 

Stress v.s. Iteration 

Uumber for k = 0.2 

330 
406 

465 
528 

521 

531 

505 
496 

496 

499 
501 

500 

500 

500 

., 8 9 I 

000 000 858 

000 737 209 

633 254 631 
282 507 428 I 

413 453 454 

455 375 554 
322 533 389 
,t97 358 568 

341 514 417 

459 410 519 
403 460 1476 

458 424 516 

594 513 472 
510 514 498 

511 517 497 

494 513 497 

505 497 500 

497 498 500 

500 499 501 
501 500 500 

500 500 500 

500 500 500 

500 500 500 



Stress - Ib.!in. 2 

Iter'n Nodo Position 

Humber , 2 3 4 5 6 7 8 q 

1 .3xl02 000 000 000 000 000 000 000 000 804 
2 .2xl02 000 000 000 000 000 000 000 646 234 
3 .2xlO 2 000 000 000 000 000 000 520 249 593 -

4 .2xlO 2 000 000 000 000 000 418 250 464- 420 

5 .2xlO 2 000 000 000 000 336 241 367 407 462 
6 .lxl02 000 000 000 270 225 294 380 380 503 
7 

? 
.1xlO- .ooe 000 217 207 239 345 320 464 424 

0 .lxl02 000 175 187 197 303 275 414 375 519 
9 .lxl02 140 167 164- 271 241 364- 337 460 440 

10 .lxl02 260 137 236 213 317 305 403 405 497 
11 

. 2 .lxl0 246 295 189 274 278 352 372 439 468 
15 .4xl01 

334 325 352 337 400 386 407 428 489 
20 .1xlO 1 400 401 414 416 '439 446 474 479 484 
25 .4xlOO 450 453 455 453 462 469 475 488 493 
]0 .1xlOO 

472 472 476 479 480 485 487 494 496 
35 .3y.10 -1 

485 486 487 488 490 492 493 497 499 
40 .9xlO -2 493 493 493 494 494 495 497 1',98 499 
50 1 -3 .7x.0 498 498 498 498 499 499 499 499 500 
60 .5xlO-4 499 499 499 500 500 5CJO 500 500 500 
70 .4xl0 -5 500 500 500 500 500 500 500 500 500 
80 .3xl0 -6 500 500 500 500 500 500 500 500 500 
90 .2xlO-7 500 500 500 500 500 500 500 500 500 

100 .lxlO-8 500 500 500 500 500 500 500 500 500 

TABLE 1.4 
. Stress v.s. Itera.tion Humber 

k = 0.349 



Iter'n 
Number 1 

1 0.0 
2 0.0 

3 0.0 

4 0.0 

5 0.0 
6 0.0 

7 0.0 
8 0.0 

9 0.0 
10 0.0 
11 0.0 

1~ 0.0 
20 0.0 

25 0.0 
30 0.0 

35 0.0 
40 0.0 

50 0.0 
60 0.0 
70 0.0 
80 0.0 

90 0.0 
100 0.0 

Axial Displacement - in.x106 

Hode Position 
2 3 4 5 16 7 8 

0.0 0.0 0.0 0.0 0.0 0.0 0.0 
0.0 0.0 0.0 

1

0
•
0 0.0 0,0 0.0 

0.0 0.0 0.0 0.0 0.0 0.0 9.2 
0.0 0.0 0.0 0.0 0.0 7.6 12. 
0.0 0.0 0.0 0.0 6.2 11. 17. 
0.0 0.0 0.0 5.1 9.2 14. 21. 
0.0 0.0 4.2 8.1 12. 19. 24. 
0.0 3.4 7.0 11. 16. 21. 28. 
2.8 6.1 9.1 14. 18. 25. 30. 
5.3 7.8 12. 16. 22. 27. 34. 
4.8 11. 14. 19. 24. 30 36. 
6 ., . .) 12. 19. 25. 33. 39. 46. 
7.3 15. 22. 30. 38. 45. 54. 
8.1 16. 24. 32. 40. 48. 57. 
8.3 116. 25. 33. 41. 50. 58. 
8.3 
8.4 
8 .. 3 
8.3 
8.3 
8.3 
8.3 
8.3 

17. 25. 33. 42. 50, 58. 
17. 25. 33. 42. 50. 58. 
17. 25. 33. 42. 50 58. 
17. 25. 33. 42. 50. 58, 

I 
17. 25. 33. 42. 50. 58. 
17. 25. 33. 42. 50. 58. 
17. 25. 33. 42. 50. 58. 
17. 25. 33. 42. 50. 58. 

TAllLE 1.5 
Disp1acemont v.s. Iteration 
Humber k = 0.3 

1:;9. 

9 10 
0.0 14. 
11. 15. 
13. 23. 
20. 27. 
24. 32. 
27. 36. 
32. 39. 
34, 43. 
38. 46. 
41. 49. 
44. 52. 

54. 62. 
62. 70. 
65. 73. 
66. 75. 
67. 75. 
67. 75. 
67. 75. 
67. 75. 
67. 75. 
67. 75. 
67. 75. 

67. ~ 



I+.er1n 

Number 1 2 
1 000 000 

2 000 000 

3 000 000 

4 000 000 

5 000 000 
6 000 000 

7 000 000 
8 000 305 

9 263 42 
10 263 315 
11 308 270 

15 378 351 
21 452 434 
25 488 474 
30 491 495 
35 499 497 
40 5CO 500 
50 500 500 
60 500 500 
80 500 500 

100 500 500 

. 0 
Temperature - F 

Node Position 

3 4 " 
, 

7 -' 0 
-

000 000 000 000 000 
000 000 000 000 000 
000 000 000 000 641 
000 000 000 552 . 88 

000 000 476 76 601 
000 410 66 529 149 
354 57 465 130 576 
49 409 113 515 191 

359 98 459 168 560 
86 410 148 506 222 

365 130 457 198 550 
420 340 474 347 537 
480 427 518 433 520 
487 465 500 463 513 
488 500 491 505 488 
501 496 502 496 503 
500 500 499 501 499 
500 500 500 500 500 
500 500 500 500 500 
500 500 500 500 500 
500 500 500 500 500 

TABLE 1.6 

Temperature v.s. Iteration 

Number k = 0.32 

1 (0. 

8 9 
000 862 

743 119 
103 '176 

68J 195 
170 721 

645 246 
217 634 
619 281 

I 
250 658 
602 307 
275 640 
308 616 

443 541 
467 524 
509 488 

496 502 
501 499 I 
500 500 

500 500 
500 500 
500 500 



R~dius .219 .281 .31111 
Anp'lo 

12·5 -26. 186 389 
7·5 -22 183 333 

12·5 "'12 19/1 385 
17·5 2 202 3GL 
22·5 20 212 378 
27·5 hI 225 373 
32·5 65 239 367 
37.5 91 25h 361 
112.5 119 270 355 
117.5 11/7 286 3113 
52·5 17/1 302 :;]lll 
57·5 200 317 335 
62.5 2211. 331 330 
67.5 2116 31i) 325 
72·5 263 3511 320 
77·5 277 362 317 
82·5 287 367 315 
87.5 292 :370 31h 

Radial stress - 1b./in. 2 

.1;06 .1169 ·531 .5911 .656 ·719' 

535 638 711 76/1 805 835 
531 6Ji. 703 755 7911 821; 
522 61(; 686 7'<' .~o 773 802 
510 599 662 709 7h3 770 
11911 57h 6"'? .... - 6'13 7':Jh 728 
h75 5115 595 631 659 679 
h511 512 55h 533 606 623 
11-]0 1177 509 532 5119 562 
1106 1139 1162 1173 1189 1193 
381 1101 1111,. 1123 1129 Il3h 
357 363 367 368 369 370 
:333 328 322 317 313 309 
312 2q< 

I~ 280 269 260 253 
293 266 21111 227 21/1 2011 
277 21/1 213 192 175 162 
265 222 189 16h 11/5 130 
256 209 173 Ih5 12/, 108 
252 202 165 136 1111 97 

'fArLE 3.1 

Ana.1ytica1 Solution 

stress distribution in a flat plate 

.781 

859 

1

8118 
82h 
790 , 
7117 

I 
695 
636 
572 
505 
1137 
370 
306 
2118 
196 
152 
118 

95 
83 

havin3 a SMall circular hole at the centre 

.81I'j .906 .969 1.03 1.09 

879 8911 907 917 926 
866 882 89/1 9011 913 
8112 857 868 378 386 
807 820 C~;:!. [\110 8118 
762 77/1 733 791 79'0 
708 718 726 733 739 
6116 655 662 663 672 
580 587 592 596 600 
511 515 519 521 5211 
11110 11112 111111 1.,116 11117 
371 371 371 371 371 
3011 302 301 299 298 
21).3 239 236 23h 231 
189 181/ 179 176 172 
111h 137 131 127 123 
108 101 91/ 89 811 

pl, "'. 76 69 63 53 
72 63 56 50 1;11 



Tangential stress - Ib./in. 
2 

-
·531 1.5911 Rpdius .219 .281 .31,h .1106 .1,69 .656 ·719 .781 .13/111 .906 .969 1.03 1.06 

\n"lo 
2·5 .. iI37 -71 18 ill 111, 111 37 33 29 ~0 23 21 19 17 1, 

~ 

7·5 -398 -117 38 58 60 57 52 1,8 111, hI 38 36 3h 32 30 
12·5 -320 1 75 92 92 88 83 79 75 71 68 66 611 62 60 
17·5 -205 70 130 1111 139 13h 128 123 119 115 112 no 107 106 10h ., 

22·5 -59 159 201 205 199 192 lU6 180 176 172 169 166 16/1 162 160 
27·5 n6 265 236 "281 271 262 255 2'18 2113 239 236 233 231 229 227 
32.5 31/1 :386 381 366 352 3111 :332 325 320 315 312 309 307 305 303 
37·5 528 516 1185 1159 111:-1 1127 1117 1109 1103 398 39lj 391 389 387 38.5 
h~~.5 753 653 591, 557 533 517 505 1196 1190 112,5 1,81 1178 1175 1173 1171 
li7.5 9Ji 792 70h 656 627 608 595 585 578 573 569 56.5 55? 550 553 
52·5 1206 928 813 75/1 719 698 683 673 665 659 655 6C'''' y. 6119 6116 611/:. 
57·5 lJJ21 1059 916 8117 (joB 783 767 756 7118 7112 738 73/1 731 739 727 
62.5 1619 1179 1012 932 889 862 8il5 833 825 818 311" 810 807 80il 802 
67.5 1'793 1285 10,)6 1008 961 932 91h 901 892 886 881 877 87/1 871 869 
72·5 19·'10 1375 1167 1072 1021 9:11 972 959 9 119 9112 937 933 930 927 92.5 
77·5 20.5h 1111111 1222 1.121 1068 1037 1017. 1(;03 993 986 981 977 971~ 971 .. 969 
82.5 2132 11191 1260 1155 1100 1063 10/17 1033 lO2h' 1017 1011 1007 10011 1001 999 
87.5 2172 1515 1279 1172 1116 110811 1063 10/19 1039 1032 1026 1022 1019 1016 1011, 

TABLE 3.2 

Anal~~ical Solution 
stress distribut:\on in " flat plate 

having a sn.all circular hole at the centre 



Shear Stress - Ib./in. 
2 

R::>dius .187 .250 .312 ·375 .h37 ·500 .562 .625 .68'7 ·750 .812 .875 ·937 1.00 1.06 1.12 
P,n-;le 

(J.O 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
5·0 0 102 116 11/1 110 106 103 100 98 97 95 oh 93 93 92 91 , . 

10.0 0 201 228 22h 217 209 203 198 19/1 190 188 186 181~ 182 181 180 
15·0 0 2911 333 328 317 305 . 296 289 283 278 27/, 2'11 269 267 265 263 
20.0 0 378 1:28 1122 1107 393 381 371 361; 358 353 3/:9 3/16 3/13 31:0 339 
25·0 ·0 1150 510 ;~3 1185 IlbS 115l! 11113 liJ/j 1126 1121 h16 h12 li09 1106 llO3 
30.0 0 .509 576 568 5h8 529 513 500 1:90 1:82 1175 1:70 1:66 ' 1162 1159 1~56 
3.5·0 0 552 625 617 595 5'1/: 557 5h3 532 523 516 510 505 501 h98 1195 
110.0 0 579 655 6/16 623 602 58/1 569 557 51,8 511l 535 529 525 522 519 
4,5.0 0 588 666 656 633 611 593 578 566 557 5/19 5113 538 533 530 527 
50.0 0 579 655 6/16 623 602 58h 569 557 5h8 5/1l 535 529 525 522 519 
55·0 0 552 625 617 .5118 57/1 557 510 532 523 516 510 505 501 1198 1:95 
60.0 0 509 576 568 51:8 529 513 500 1:90 1:82 1:75 1170 1166 1162 1159 1156 
65·0 0 h50 510 503 1185 116S 1'9, 11113 liJII 1:26 /121 /116 IIl2 1109 h06 llO3 
70.0 0 378 1:23 1122 1107 393 381 371 J6l: 358 353 3219 31:6 3h3 3110 339 

'75·0 0 2911 :333 323 317 305 296 239 283 278 274 271 :::69 267' 265 263 
80.0 0 201 228 2211 217 209 203 198 1911 190 188 186 1811 182 181 180 
85·0 0 102 116 1111 110 106 103 100 98 97 95 91: 93 93 92 91 
90.0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

TABLE 3.3 

An21ytical Solution 
stress distribution in a flat plate 
having a small circular hole at the centre 



R"dius .219 .281 
Anele 

2·5 -159 85 
7·5 -150 91 

12·5 -131 lOll· 
17·5 -103 123 
22·5 -68 111·? 
27·5 -25 176 
32·5 23 208 
37·5 75 211/1. 
112·5 129 281 
h7.5 1811 318 
52··5 2.39 355 
57·5 291 391 
62·5 339 1123 
67·5 331 1152 
72·5 h17 11'16 
77·5 1:111, 1195 
82·5 1163 508 
87·5 1173 511/ 

.31111, 

329 
331 
333 
337 
31il 
3117 
353 
360 
367 
3711 
381 
388 
395 
1100 
1105 
b08 
liU 
1112 

R2.di2.1 streGs - J.J::,./;n. 
, 

.1106 .1169 ·531 1.5911 .656 

508 6311. 725 791 31!1 
505 628 716 781 830 
h99 616 700 762 808 
1<91 599 677 733 776 

' h80 577 6h6 697 735 
1167 550 610 653 686 
1152 521 569 6011 630 
h36 h88 52'1 550 570 
1120 115/1. h78 1;91, 507 
1103 1120 1130 1137 1:112 
386 336 379 381 3'19 
371 353 339 328 319 
356 323 290 278 263 
Jlj3 297 262 235 21h 
332 2'15 231 ::'98 173 
3211. 258 207 170 Ihl 
31e 2h6 191 150 119 
315 2110 183 1110 108 

TArIE 3.11 
Solution by Dynamic Rel2.xation 

2 

.719 

880 
858 
811/1 
809 
7611. 
711 
650 
535 
51p 
1,1,6 
377 
312 
251 
198 
153 
n8 

9" 0, 
82 

stress distribution in a flat plate 

.781 

910 
897 
872 
835 
787 
730 
666 
596 
523 
111.;9 
376 
306 
2112 
185 
137 
100 

75 
62 

having a small circular hol~ at the centre 

.81111· .906 .969 1.03 1.09 

931J. 953 969 982 993 
920 939 955 968 978 
8911 912 926 939 9h9 
855 871 885 896 906 
805 820 832 8112 850 
7116 758 768 777 78h 
678 688 696 703 709 
605 613 619 6211 628 
529 533 537 5110 5113 
115J. 1153 il5h h55 1156 
37h 373 372 3'72 371 
301 293 291} 292 290 
23h 228 223 218 215 
175 166 159 153 1118 
125 11il 106 99 93 
86 7h. 6h 56 50 
59 117 36 27 20 
h6 33 22 13 5 



Tangential Str8sS - Ib./in. 2 

Rcdius .219 .281 ·3111} .1106 .1169 ·531 ·59h .656 ·719 .781 .8111} ·906 .969 1.03 1.09 
Anc:le 

2·5 -708 -213 -71 -20 3 17 29 110 53 67 82 99 118 13t:l 160 
7·5 -660 -1811 -119 -1 21 3h h5 56 68 81 96 113 131 150 171 

12·5 -566 -128 '-5 37 56 67 77 86 97 110 123 139 155 173 193 
17·5 -h23 -1/6 . 53 93 107 116 123 131 1110 151 163 177 191 208 225 
22·5 -250 60 11/0 16h 173 178 183 189 196 201f 21/1 225 238 252 266 
27·5 -39 189 237 2h9 252 253 25/1 257 262 268 275 28h 293 30/1 316 
32·5 200 328 3118 31i6 3hl 337 335 335 337 3/10 311h 3/19 356 363 371 
37·5 1160 113) 1;67 h50 1137 1128 1123 h19 1,13 In8 h19 '121 11211 1127 1132 
h2.5 723 6115 592 560 538 52h 5})1 507 503 1199 1197 1196 1195 1195 1195 
ti"(.5 1008 009 no 671 6/n 621 607 Yi7 589 582 577 572 567 563 559 
.52·5 1280 971 811S 780 7h2 717 699 °"5 6711 6611 655 6116 633 631 623 bu 

57·5 1539 1126 9611 885 839 808 787 769 755 7112 730 718 706 695 633 
62.5 1778 1268 10,?h 931 928 893 867 8/17 829 8111. 798 781f 769 75h 739 
67·5 1990 139h 1172 1066 1006 ··907 939 916 896 877 859 8112 82/1 806 788 
72.5 2167 1500 125h 1137 1072 1030 999 973 951 930 910 891 87l 350 829 
77·5 2305 1582 1317 1193 1121; 1078 10115 1018 : 99/) 972 950 929 907 885 862 
82.5 21100 1639 1361 1231 1159 1112 1077 1:)119 102/1. 1000 977 955 932 903 8Sh 
87.5 211113 1667 1383 1250 1176 1128 1093 10611. 1039 1015 991 968 9'111 920 395 -

TAELE 3.5 

Solution by dyna:nic relaxation 

Stress distribution in a flat plate 

having a smll circular hole at the centre 



Rodius .187 .250 ·312 ·375 
!~,n:':lo 

0.0 0 0 0 0 
5·0 0 122 137 13h 

10.0 0 21ilJ 270 261: 
15·0 0 352 395 386 
20.0 0 h52 508 1196 
25·0 0 539 605 591 
30.0 0 609 6811, 668 
35·0 0 661 7112 725 
110.0 0 692 778 759 
115.0 0 703 790 771 
50.0 0 692 778 759 
55·0 0 661 7112 725 
60.0 0 609 6,'3!1 663 
65.0 0 539 605 591 
70.0 0 1152 508 il96 
75·0 0 352 395 386 
80,0 0 2110 270 2611 
85.0 0 122 137 13h 
90.0 0 0 0 0 

Shear stress - Ib.jin. 2 

.h37 ·500 .562 .625 .687 .750 

0 0 0 0 0 ' 0 
128 1;:;2 116 112 108 lOll 
252 2IJO 229 220 213 206 
368 350 335 322 311 301 
1J73 1150 1131 Inll, 1100 33u 
563 537 5lh II'}h 1176 1161 
637 607 581 558 538 521 
691 659 630 606 5Sil 565 
nil 690 660 635 612 592 
735 701 671 61111 622 601 
721: 690 660 635 612 592 
691 659 630 oCo 581f 565 
637 607 53J. 558 538 521 
563 537 5lh 11911 h76 1161 
117) h50 1131 lill! 1:00 336 
368 350 335 322 311 301 

1
252 2110 229 220 213 206 

,128 122 116 112 108 lOll 
i 0 0 0 0 0 '0 

TAPLE 3.6 

Solution by Dynamic Helaxation 

Stress distribution in a flat plate 

.812 .875 

0 0 
101 98 
199 193 
291 282 
3711 363 
11116 h33 
5011 1189 
9:7 531 
57h 556 
533 565 
5711. 556 
5117 531 
5011 1139 
11116 1133 
3711 363 
291 282 
199 193 
101 98 

0 0 

havins ~ sn~ll circular hole a~ the centre 

·937 1.00 

0 0 
95 92 

188 182 
27h 266 
352 3112 
1120 1108 
1175 1161 
515 50:) 
51;0 5211 
5118 532 
5110 5211 

I 515 500 
It'?5 !:61 
1120 1108 
352 3h2 
2711 266 
188 182 

95 92 
0 0 

1.06 

0 
90 

176 
258 
33.2 
395 
IIII? 
1185 
508 
516 
503 
1185 
111:7 
395 
332 
258 
176 

90 
0 

1.12 

0 
87 

171 
250 
321 
383 
1133 
h70 
1192 
500 
1192 
1170 
1:33 
383 
3?1 
250 
171 

87 
0 

f­
C 
C 



Radius 
.219 
.281 

.344 

.406 

.469 

.531 

.594 

.656 

.719 

.781 

.844 

.906 

.969 
1.03 
1.09 

Stress - Ib./in. 2 

0< = 87.5° 0< = 2.5 0 

Tang. l1udial rl'anG'. Hudial 
Stress Stress Stress Stroso 

2490 544 -165 
1684 566 -239 
1391 449 -86 
1225 342 -30 
1179 259 -4 , 
1129 198 12-=r 

1093 151 26 
1063 116 39 
1037 88 52 
1012 66 68 

987 49 84 
963 35 103 
938 23 123 
912 14 144 
886 5 168 

'I'ABLE 3.7 

Stress distribution in a 

flat plate havin::; a snaIl 

hole, by dynamic relaxation 

usinG ~q. (3.20) 

-219 

39 
296 
483 
616 

711 
·781 

833 
874 
9"-v) 

931 
951 
968 
981 

993 

167. 



FrinGe 

Humber 

1 

2 

3 

4 

5 

6 

7 

G 

9 

10 

Fringe 

Number 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

Dist anon }l'rom }~d.n:e r;ul t. By A.dd ])istance 

Of Sunport Rill.:: Scale Fac- From Plate 

Dic.:..me t er H1..'mber AveraeG 
tor (.625 ) }~~dr;e ( •125) 

1 2 3 
0.140 0.220 0.220 0.190 0.119 0.244 
0.400 0.450 0.460 0.436 0.272 0.397 -
0.660 0.680 0.710 0.684 0.427 0.552 
0.910 0.920 0.960 0.930 0.581 0.706 

1.170 1.140 1.200 1.170 0.731 0.856 
1.430 1. 390 1.460 1.428 0.892 1.017 - .. I . 
1.700 1. 630 I 1. 730 1.6G8 1.052 1.177 

1.990 1.920 2.0<0 1. 975 1.232 1.357 -
2.320 2.240 2.330 2.295 1.432 1.557 
2.780 2.700 2.72>0 2.755 1.720 Lil45 

'rADtE 4.1 

Frinee order number v. s, distn,nc~) 

.from edGo of plate - deflection of 

a flat circular plate by ho1oc:ro-llhic 

interferonetry. Lo",d 55.8 lb. 

Dis'~an('.e From Ede:e j·:ul t. Jly Add Distance 

Of Sup!'ort lUng 
Average 

Diameter Numl:>er 

1 2 

0.150 0.100 

0.360 0.320 

0.575 0.520 

0.780 0.725 

0.990 0.940 

1. 200 1.140 

1.410 1.340 

1. 625 1.560 

1. 850 1.770 

2.110 2.020 

2.370 2.290 

2.725 2.650 

3 

0.070 0.107 

0.300 0.306 

0.520 0.539 

0.725 0.744 

0.940 0.956 

1.150 1.162 

1. 375 1. 375 

1. 600 1.592 

1.840 1.320 

2.100 2.078 

2.390 2.350 

2.740 2.700 

'l' ABLE 4.2 

I,oad 72.5 lb. 

Scale Fac- From Plate 

tor (.625 ) :8~dG'e (.125) 

0.067 0.192 ----
0.191 0.316 

0.336 0.461 

0.465 0.590 

0.598 0.723 

0.727 0.852 

0.860 0.985 

0.996 1.121 

1.138 1. 263 

1.298 1.423 

1.470 1.595 

1. 637 1.812 

IG[1, 



Frince 

Number 

I 

1 

2 

3 

4 

5 
6 

7 
-.' 

8 

9 
10 

11 

12 

13 

14 

15 

:11;J:;tRncc },ITOm ]~~rl~e 1":-1'1 t • By Add lli::;tanco 

(If Suprort Rin(~ Sce.le Fac- From Plate 

lliameter }Jul!lber Averarse tor ( • 610) II~dge (.125) 
1 

0.140 

0.310 

0.47:-

0.650 

0.820 

1.000 

1.175 

1.350 

1.525 

1.710 

1.910 

2.120 

2.340 

2.625 

3.075 

2 3 
0.n7~ 0.075 0.Og7 0,059 

0.250 0.2)0 0.270 0.165 

O.~L!O 0.425 0.446 0.272 I 

0.625 0.')80 0.619 0.377 
0.800 0.750 0.790 0.482 

0.975 0.925 0.966 0.590 
J .150 l.OGO 1.135 0.692 

1.350 1.250 1.317 0.804 

1.530 1.430 1.429 0.911 

1. 725 1.610 1. 680 :c. O?'i 

1. nO 1.800 1. 876 1.143 
2.130 2.000 2.083 1..270 

2.360 2.210 2.300 1.405 
2.630 2.11-70 2.500 1.526 

3.075 2.95 3,(130 . 1, 8')0 

'fABLe; 4.3 

?ringe ordex' number v.s. disto.nce 

from edGe of plate - defleGtion of 

a flat circular plate by holoc>'aphic 

int erf arol'letry • 

Load 89.1 lb. 

0.184 

0.290 

0.379 

0.502 

0.607 

0.715 

0.817 

0.929 

1.036 

1.150 

1.268 

1.395 
1.530 

1. 651 

1.g75 

I 



FrinG'e 

Humbe:::-

1 

2 

3 

4 

5 
6 

1 
8 

9 
10 

11 
12 

13 

14 

15 
16 

11 

Distance }lrom ~dge l!llH. j3y Add Distanc" 

Of SU1)port TIing Scn..19 Fac- FroP1 

Dial'l.et er NU"lber 
. Averarre 

tor ( • 625 ) Edge 

1 2 3 
0.140 0.150 0.140 0.143 0.090 I 

0.215 0.280 0.300 0.288 0.180 
-

0.410 0.440 0.440 0.430 0.269 

0.5'iO 0.5CO o"Sea 0.510 0.356 
-
0.690 0.130 0.130 0.111 0.455 
0.820 0.815 0.880 0.851 0.535 

0.960 1.040 1.0?0 1.005 o. 6~9 
1.100 1.115 1.170 1.150 0.718 

1.240 1. 320 1. 310 1.290 0.806 

1.375 1.415 1.460 1.440 0.900 

1.525 1. (>1.0 1.625 1.595 0.991 
1. 615 1.800 1.180 1.152 1.091 

--
1.825 1.975 1,950 1.920 1.200 
2.000 2.150 2.1 25 2.110 1.318 I 

2.115 2.340 2.310 2.305 1.440 
2.37 5 2.~50 2.'52'; 2.480 1. 551 

2.650 2.830 2.190 2.755 1.121 

TABLE 4.4 

fringe order ntuJber v. s. a ist2.nce 

from edce of plate - deflection of 

a flat circular plate by holocr<:phic 

interferof.1etry. 

Load 106 lb. 

Plate 

( .125) 

0.215 

0.305 

0,394 
0.481 

0.550 

0.660 

0.15~ 

0.843 

0.931 

1.025 
1.122 

1.222 

1.325 

1.443 

1.565 
1. 616 

L846 

170. 



J?ringo 

Numb or 

1 

2 

3 

4 

5 
6 

1 
8 

9 _. 
10 

11 

12 

13 

14 

1" / 

16 

17 

18 

19 

20 

21 

Distance 111rom J~dee Hult. J~y Add Dic:tance 
Ot' SUDport Hine: Average Scale Fac- Jilrom gclge Of 

Diameter Humbor tor ( • 625 ) Plate (.125) 
1 

0.075 

0.200 

0.325 

0.~40 

0.560 

0.675 

0.790 

0.910 

1.025 

1.150 

1.210 

1.390 

1.510 

1. &l0 

1.17.'5 

1.920 

2.060 

2.210 

2.375 

2.600 

3.000 

2 3 
0.070 0.075 0.073 0.046 
0.200 0.200 0.200 0.1 25 

0.310 0.340 0.325 0.203 

0.425 0.460 0.442 0.276 
-

0.540 0.590 0.5(4 0.352 
0.660 0.700 0.678 0.~24 

-
0.715 0.825 0.798 0.498 

0.890 0.950 0.916 0.513 
1.000 1.015 1.033 0.646 

1.125 1.200 1.158 0.124 

1.240 1.320 1.276 0.197 

1.360 1.450 l.AOO 0.875 

l.480 1.515 1.522 0.950 
1. 610 1.710 1. 652 1.032 . 
1. 740 1.850 1.755 1.099 .-
1.860 2.000 1.929 1.205 

-
2.010 2.150 2.085 1.304 

2.150 2.310 2.221 1. 390 

2.325 2.490 2.395 1.497 

2.525 2.700 2.605 1.629 

2.925 3.100 3.008 1.870 

'1' AIlLE 4 • 5 

Frin~e order nunber v.s. distance 

from edGe of plate - deflcction of 

a flat circular plate by holocraphic 

int crferoI1ct ry. 

Load 122 lb. 

0.161 

0.250 

0.328 

0.401 

0.471 

0.549 
-
0.623 

0.698 

0.171 

0.849 

0.922 

1.000 

1.015 

1.157 

1.224 

1.330 

1.429 

1.515 
1.622 

1. 754 

1.995 

171. 



FrinGe 

Number 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 
I-

17 
18 

19 

20 

21 

22 

Distance ll'rom Ed(~'~ j l ul t • By 
Of Support Hin8' Averae:e Scale Fac-

Dimoet er Nurabcer tor ( • 604) 

1 2 3 

o.no 0.080 0.1 25 0.105 (). 0 63 

0.225 0.190 0.240 0.218 0.132 

0.340 0.300 0.360 0.333 0.201 

o .~.'jO 0.420 0.4.60 0.444 0.268 

0.570 0.525 0.515 0.557 0.336 

0.675 0.640 0.680 0.665 0.402 

0.'790 0.750 0,800 0.780 0.471 

0.910 0.875 0.910 0.899 0.544 

1.025 0.9'75 1.020 1. (l06 0.607 

1.140 1.100 1.125 1.] 22 0.678 

1.260 1.210 1.250 1.240 0.749 

1.375 1. 325 1.350 1.350 0.815 

1.490 1.~50 1.470 1.470 0.888 
--

1.620 1.5:70 1.590 1.593 0.962 

1.740 1. 630 1.710 1.710 1.032 

1.860 1.320 1.840 1.340 1.110 

2.000 1. 960 1. 970 1. 975 1.192 

2.140 2.100 2.110 2.118 1.278 

2.200 2.230 2.2')0 2.255 1. 360 

2.450 2.400 2. if20 2.423 1.462 

2.640 Z.590 2.600 2.610 1. 575 

2.900 2.860 2.875 2.880 1. 737 

TAJ3IE 4.6 

Fringe order number v.s. distance 

from edGe of plate - deflection of 

Add Dis"tance 

From EdGe Of 

Plate ( .1 25) 

0.188 

0.257 

0.326 

0.393 

0.461 

0.527 
0.596 

0.669 

0.732 

0.803 

0.8'74 

0.940 

1.013 

1.03'7 

1.157 

1. 235 

1.317 

],403 

1.485 

1.587 

1. 700 

].862 

a flat circular plate by holOGraphic 

int erferomet l'y. 

Load 140 lb. 
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Frinr~c 

Ih'mber 

1 

2 

3 

4 

5 
, 
0 

'7 
8 

9 
10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

DistancB Prom }!~cl~~e J.!ult. ]ly Ilad Distance 

Of Gupport l1ing 
AYorao;c Scale Fac- From Plate 

Dinme'ter N'urnbcr tor ( .492) :Sri GC (.125) 

1 

0.130 

0.21,0 

0.390 

0.525 

0.650 

0.775 

0.900 

1.0110 

1.160 

1.275 

J .420 

J~~5° 

1. 67'; 
-

1.810 

1.950 
2.0U) 

2.220 

2.370 

2.520 

2. 671) 

2.8,0 

3.02'i 

3.220 

3.470 

2 3 

0.120 0.150 0.10,3 0.065 

0.230 0.270 0.253 0.125 

0.360 0.400 0.383 0.188 

0.480 0.~30 0.511 0.2'12 

0.625 0.650 0.641 0.31G 

0.740 0.780 0.76'1 0.377 I 

0.860 0.900 0.880 0.433 

o. <j80 1.040 1,020 0.502 

1.100 1.1'jO 1.140 0.561 

1. 2~0 1.280 1. 265 0.623 

1.360 1.40n 1. 393 0.687 

1.480 1.540 1. 523 0.750 

1. 610 1. 6'i0 1. (,115 0.810 

1.740 1.780 1.'(76 . 1).87'i 

1. 860 1.925 1.912 0.942 
2.001) ? .060 2.050 1.010 

2.140 2.190 2.180 1.072 
-

2.281) 2.3;;0 2.330 1. 148 

2.425 2.500 2.482 1.222 

~,,575 2.MO 2.610 1.28'1 

2.750 2.810 2.S00 1. 379 

2. 925 2.975 2.c;75 1.462 

3.125 3.200 3.} 84 1. 569 

3.350 3.430 3.420 1.685 

TABLD 4.7 

Frin~e order number V,s. distance 

from edge of plate - deflection of 

a flat circular plato by holOGraphic 

interferometry. 

Load 156 lb. 

0.190 

0.250 

0.313 

0.377 

0.441 

0.502 

0.')58 

(). 627 

o. ('86 

O. 7~8 

o. it. 2 

0.b75 
0.935 

1.000 

1.067 

1.1:'5 

1.197 

1.273 

1.347 

1.4'.0 

l,'i04 

1. 587 

1. 694 

1.810 
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Radius 

0.067 

0.200 

0.333 

0.467 

0.600 I 

0.733 

0.867 

1.000 
f--

1,133 

1.267 

1.400 

~33 
1.667 

1.800 

1.933 

Deflection - Inches x 105 

Dintance Fro!'] Bott 01'1 Surface - l:nches 

0.0000 

0.000 

1.053 

? .110 

3.177 

4.243 

5.300 

6.337 

7.342 

8.301 

9.199 

10.01 

10.71 

J1. 21 

11.54 

11. 70 

().O6?~ 0.1250 O. JJl7'i 0.2500 

0.0155 0.0252 0.0234 0.0253 

1.0G5 1.071 1.071 1.065 

2.125 2.132 ;0 .132 2.125 

3.194 3.203 3.203 3.194 

4.264 4.274 4.274 1.\.264 

5.324 5.337 5.337 5.325 

6.365 6.380 6.380 6.366 

7.375 7.392 7.392 7.375 

8.340 8.359 8.359 8.340 

9.244 9. 266 9.266 9.244 

10.07 10.09 10.09 10.07 

10.77 10.81 10.82 10.81 

11.27 11. 30 11. 31 11. 28 

11.60 11.63 11. 63 11. 60 

11. 76 11. 79 11.79 ll.76 

TAilLE 4.8 

Defleotion of a flat circular 

rlo.to by dynamic relaxation. 

Loo.d 55.8 lb. 

0.3125 

0.0166 

1.054-

2.111 

3.177 

4.243 

5.300 

6.337 

'"1.342 

8.302 

9.199 
10.02 

10.77 

11.22 

11.54 

11.70 



RarUus 

Inchos 0.000 

0.067 -5.0 
0.200 21. 6 

--
0.333 53.1 
0.467 84.5 
0.600 119.5 

0.733 159.0 
0.867 203.5 
1. 000 254.0 

1.133 3ltf. 0 

1.267 38(\.0 

1.400 ~ SC. 0 

1.533 605.0 

1. 667 619.0 
1.800 616.0 

.. 
1.933 614.0 

Radial Stress - lb/in 2 

Distance Fror'l ·nott om Surface -

I 

0.031 0.063 0.156 0.219 

-4.0 -1.9 0.2 2 .. .3 

20.5 7.6 -1. 6 -9.2 

42.4 20.9 -0.4 -20.9 
67.6 34.1 0.0 -33.8 
95. () 4il.3 0.0 -48.2 

127.3 64.1 -0.1 -64.3 
162.8 81.9 -0.3 -132.'0 

- .- --
20}.6 102.2 -0.6 -103.5 
251.7 126.1 -1.4 -123. 'j 

311.2 154.8 -3.~ -1'l9.9 
389.2 190.9 -7.0 -202.4 
483.8 240.2 10.1 -229.1 

495.4 24.~. e -·3.1 -:'411.2 
493.3 245.3 -1.3 -245.7 
492.0 245.il 0.1 -244.8 

TAIlLE 4.9 
Radial stress distribution 

in a flat circular plato by 

<'!.Yl12.mic rcJ a:zut ion. 

Load 55.8 lb. 

175. 

Jnch"s 

o.~81 0.313 

1 4 .. 5 5.6 
-15.6 -19.5 
-40.6 -50.7 
-67.0 -83.7 

-95.7 -119.5 
-127.5 -159.5 
-163.4 -204.0 
-?04.7 -256.2 

r-2 - 53 • .3 -316.0 
-~11. 'I -~8q.o . 

-385.5 -481.0 

-514.'5 -(42.0 

-485.0 
' 6 ,'.-, -.00.0 

-487.5 -609.0 

-489.0 -611.0 



Hadius 

Inches 

0.067 
0.200 

0.333 
0.467 
0.600 

0.733 
0.867 

1.000 

1.133 
1.267 

1---
1.400 

1.533 
1. 667 
1.800 

1.933 

rran{~ent ial Stress - n/In 
2 

Distar!ce From Bott om ilu.rfaco - Inches 

0.000 0.031 

171.0 136.8 
210.0 167.9 
236.5 , 189.2 

26').5 212.5 

297 .5 .'<35.0 

331. 5. 265. "( 

370.0 296.0 

411.0 392.2 

457.5 366.0 

507.5 406.5 

562.5 450.3 
610.0 409.6 
616.0 494.0 
615.0 492.7 
615.0 492.0 

0.094 0.156 0.219 0.201 

1)5.6 -3.9. -73.3 -144.2 
82.9 0.1 -81.9 -164.1 

94.7 1.1 -92,~ -186.3 
106.6 1.3 -103.9 -209.8 

119.3 l.!, -116.5 -235.1 
133.2 1.6 -130.0 -262, 'j 

148.3 1.8 -144.7 -292.4 

161.9 2.1 -J.60.7 -325.0 
183.2 2.6 -178.1 -3hO.6 

203.3 3.1 -196.9 -399.5 
223.9 ?2 -210.3 -~40.2 

237.3 -10.8 -26'l.9 -:)34.0 

243.7 -3.9 -24a.5 -40G.6 

245.5 -0.8. -245.3 -488.1 

245. 8 0.1 -244.8 -1189.0 

TAJ3L:3 4.10 

TanJcntiG.l ztrcss distributi011 

in a flat oirculo.r l)late by 

dynamic relaxation. 

Load 55.8 lb. 

17 6. 

0.313 

-179.0 
-205.5 
-233.0 
-262.0 .-
-29 /f·O 

-327 .. 5 
-365.0 

-406.0 

-450.0 

-499.5 
-550.0 
-667.5 
-607. ') 

-610.0 
' .-

-011.0 



Radius 

Inches 

0.067 

0.200 

0.133 I 

0.467 

0,600 

0,733 

0,867 

1.000 

1.133 

1. 267 

1.400 

1.533 

1. 667 

1.800 

1.933 

Axial Stress - lb/in 
2 

Distance }'rom 130tt om Surf'ace 

0.031 0.094 0.156 0.219 

-34.5 -27.1 -16.6 -6.5 

(l.0 -0. g -1.2 -0.7 

0.0 0.3 0.3 0.2 

0.0 0.1 0,2 0,1 

0,0 0.0 0.0 0,0 

0,0 0,0 0,6 (J,O 

0,0 0,0 0,0 0,0 

0,0 0.0 J 0,1 0,0 

0.0 o " , - 0.3 0,2 

0.0 0,3 f).3 0.3 

0.0 -2,8 -5·9 -:5.6 
0.0 -23.6 -')9.8 -103.2 

0.0 -3,7 -8.0 -7.5 

0.0 0.5 0,7 O,G 

0,0 0.7 1.1 0.8 

TABLE 4,11 

Axial stress dl.stri but ion 

in a flat circ • .llar pIate 

by dynaL~ic relaxation. 

Load 55,8 Ib, 

0.281 

0,0 

0.0 

0.0 

0.0 

0,0 

0.0 

0,0 

0,0 

0,0 

0,0 

0.0 

-14).0 
. 0.0 

0.0 

0,0 

177. 



\. 

Haciiu8 

Inches 0.000 

0.000 11.89 

0.133 12.09 

0.267 12.2" 

0.400 12.32 

0.533 12.29 

0.667 ]2.15 

0.800 11.90 

0.933 1l.50 

1.067 10.90 

1.200 10 .11. 

1.333 9.060 

1.467 7.650 

1. 600 5.1'1') 

1. 733 3.8·10 

1.867 1. 9ltl 

2.000 0.000 

Radial T)irJl)lacoment - Tncho:3 xlO 

Distance E'ro", Jlott om SUrf[lCO - Inches 

0.031 0.094 0.1" 6 0.219 0.231 

9 • .509 4.771 0.082 -4 .. '597 -9.301 

9.664 I). L\31 0.054 -4.715 -9.')14 

9.797 4.907 0.059 -4.784 -9.664 

9.061 4.941 0.063 -4.814 -9.732 

9. 844 4.9V 0.06') -~. 802 -9.714 

9.736 4. an 0.067 -4.743 -9.1'03 

9.'524 4.769 0.069 -4.631 -9.386 

9.195 4. G03 0.073 -A.457 -9.049 

8.728 ~.36e 0.079 -4.211 -(3,<;71 

n.096 4.0'12 0.089 -3.877 -7.925 

7.253 3.634 0.109 -3.427 -7.'171 

6.121 3.079 0.135 -2.825 -5.942 

4. 6:00 2.29) -o.ooe; -2.295 -4·.5.54 

3.073 1.530 -0.007 -1. 532 -3,044 

1.~34 0.766 -0.001 -0. 7 (v]. 1-1. 525 

0.000 0.000 0.000 0.000 0.000 

TAJ3J~::;: 4.12 

In-plane displacoments in a flat 

air-cular plate by dynal'lic relaxation. 

Load 55.8 lb. 

6 

0.31 ; 

-1l.62 

-11. 90 

-12 .09 

-12.15 

-12.11 

-12.00 

-11. 72 
I -11.30 

-10:711 

-9.900 

-8.840 

-7.,120 

_'i ('C)O .... 
-3. (~OO 

-1·905 

0.000 



Radius 

Inoh8s 

0.067 
0.200 

0.333 

0.467 
0.600 

1 

0.733 
0.367 

1.000 

1.133 
1.267 

1./1-00 

1.533 
J..667 
1. [loo 

1.933 

DefIcction ~ Inches 

Distance liTom :nott om Surf2.ce -
0.000 0.063 0.125 0.183 

0.000 0.044 0.071 0.0[30 

2.949 2.982 2.999 2.999 
5.912 5.953 5.973 5.9."17 
8,898 8.947 e.972 8.972 
11.89 , 1] .94 11. 97 11.97 

14.85 14.92 14.95 lL:_.9.r; 

17.75 17.83 17 • 87 17 . 8'7 

20.75 20.66 20.71 20.71 
23.26 23.36 2'\.42 23.42 

25.77 25.90 25.96 25.96 -
23.05 28.20 2.'\.27 28.28 

30.00 30.17 30.27 30.31 

31.41 31.58 31. 67 31.67 

32.33 32.')0 32.59 32.58 

32.78 32.96 33.04 33.04 

TABLl~ 4.13 
Deflcction of a flat circular 

plate by dynamic relaxation. 

Load 156 1 b. 

xl0 5 

Inohos 

0.250 0.3::'3 
0.071 0.01)6 

2. 98~ 2.952 

5.9')3 5.913 
8.91)8 8,899 

11.94 11.89 
l/r.92 14.8r, 

17.B.) 17.75 -
20.66 20.57 
23.36 2,).26 

25.90 25.77 -
'2[l.2J. 28.06 

30.23 30.18 

31.59 31.42 
V.~o I 32.33 

32.95 32.78
1 



l 

Radius 

Inches 

0,067 
0,200 

0.333 

0.467 
0.600 

0.'733 
0.867 
1.000 

1.133 
1.267 
1.400 

1.533 

1. 6(,7 
1.800 

J. 933 

Eadi.al StreRG - /. 2 10,ln 
Diotanco lpI' om lJott om Surf'ace - Inches 

0,000 

-1~ 

73 
l~.G 

236 

335 

~45 

570 

713 
8f»). 

108') 

1362 
1 cl,)2 

170,2 

1728 
17?0 

0,031 0,094 0,156 0,219 
-11 -5 1 7 
58 21 -5 . -26 
118 58 -1 -59 
189 95 0 -95 
268 135 0 -135 
35 (, 179 0 -180 

456 229 I -1 -231 
570 286 -2 -290 
705 353 -1]. -360 
872 434 -10 -448 

1090 534 -20 -'iG7 
1355 673 28 -641 
1387 G83 -9 -(,<)5 
1382 687 -1 -608 

1371 688 () --~85 

'.i'ABLD 4.14 
Radial stress distribution 

in a i'lat circular plate by 

dynamio relaxation. 

Load 156 lb. 

lilO, 

0.281 0,313 

13 16 

-44 -55 
I 

-lJ.4 -143 
-li'>7 -234 
-268 -:n~ 

-357 -446 

-458 -.572 
-570 -716 

-709 -886 

-873 -1090 
-1079 -·1.'\'iO 

-lA41 -1.1\00 

-1358 -1 ('')r; 

-1366 -17()~ 

-1::\7() -nu 



Radius 

Inches 0.000 

0.067 A79 
o. ;>00 600 

0.333 663 

0.467 743 

0.600 I .'1:B 
t-

0.733 929 

0.n67 1035 

1.000 1l.50 

1.133 12 C{0 

L267 1Ll20 

1.~O~) 1578 

1.533 1·71-5 
1.667 1730 

1.800 1725 

1.933 1720 

? 
rJ'an[';8n't inl St:r:'8~G - n/in-

DistaY1ce From Jlott om ~~uX'f'ac0 - Inchos 

0.031 0.094 0.1')6 0.219 

,83 IFl,j -11 -20') 
-470 232 0 -229 

530 265 3 -25lJ 

595 208 4 -2Ql 

666 334 4 -J26 

744 373 4 -364 

829 415 5 -~05 

922 A62 6 -~.~)O 

102.5 513 7 -499 
. 

1138 569 9 -:)~)2 

1261 627 6 -611 

1;'71 66r5 -:,\0 --730 

13D~- 683 -11 -6Cj6 

1380 688 -2 -687 

1377 68f.\ 0 -635 

TABLE 4.15 

Tansential stress distribution 

in a flat circular plate by 

dynamic relaxation. 

Load 156 lb, 

O~?Cl 

-A 04 

-4'59 

-522 

-587 
-1)58 

-D5 

-.'119 

-910 

-1010 

-1119 

-1233 

··lACj5 

-1363 

-136'7 
-l37(} 

0_:",." 

-50A. 

-574 

-652 

-734 

-823 

-91.'1 

-1022 

-1137 

-1261 

-1397 
-15f!.2 

-1.'1(,9 

-1705 

-1707 

-J 710 



Ra-dins 

Inches 

0.06'1 

0.200 

0.333 

0.467 
0.600 

0.733 , 
0.867 

1---
1.000 

1.133 

1. 267 

1.400 

1.533 
1. 667 

1.800 

1. 933 

Axial Stress - ? 
Ibjir.-

Di.DtnnnH ~'I'OTl1 Bottom Surfo.ce 

0.031 0.094 0.156 o. ~!l9 
-96.7 -76.0 -~6. 6 -18.3 

0.1 -2~7 -3.1 -2.0. 

-0.1 0.7 o q .. o .. t 
0.0 0.3 0.4 0.2 

0.0 0.1 0.2 0.1 

0.1 '0.1 -0.1 -0.1 

-0.1 0.0 -0.1 -0.3 

0.0 0,2 0,2 0.0 

0.0 0.4 0.6 0.5 

-0.1 0.8 0.9 0.8 

0.2 -7.6 -J.1;.4 -15.5 
0.0 -65.6 -167.2 -288.4 

0.3 -10.3 -22.2 -21.2 

-0.1 1.9 2.1 2.0 

-0.6 1.8 2.9 2.6 

TABLE 4.16 

Axial stl'css d.istribution 

in a flat circulo.r plate by 

d.ynamic relaxo.ti'lll 

Lon.d 15 6 lb. 

- Inches 

0.281 

0.0 

0.0 

0.0 

0.1 

0.1 

0.1 

0.0 

0.1 

0.0 

0.1 

.... () .1 
-399.8 
.... 0.1 

0.0 

0.2 



Hadiufl 

0.000 

0.133 
0.26'{ 

0.400 

0.533 
0.667 
0.800 

0.933 
1.067 

1.200 

1.333 
1.46'/ 

1.600 

1. 733 
1.867 
2.000 

Radial DisplacmnoYlt InclH:::.l 
6 - x10 

-
Distance From )lottom ~hlrfn.ce - Inchos 

0.000 

33.30 

33.80 

34.35 

34.~5 

34.40 

34.10 

33.35 
32.i8 

30. "5 
28,35 

25.40 
21.A2 

16.18 

10.75 

5.3'70 
0.000 

0.0:'1 0.09~ 0.156 0.219 
26.62 13.36 0.229 -12.37 

n.06 13.53 0.lA9 -13.20 

27.43 13.74 0.166 -13.39 
27.61 13.83 0.176 -13.48 

27.56 13.81 0.181 -13. c5 
27.26 13.65 0.186 -13.28 

26.67 13.35 0.193 -12.97 

25.75 12.89 0,203 -12.48 

?~,. 44 12.23 0.220 -11. 79 
-

22.67 11.3·1 0.247 -10.86 

20.31 IO.H1 0.303 -9.59 il 

17.14 8.623 0.376 -7.911 

12.94 6.427 -0;014 -6. ~23 

8.607 4.283 -0.020 -4.291 

4.296 2. 14t!- -O.OO;J -2.141 
-

0.000 0.000 0.000 c.ooo 

TABLE 4.17 
In-plane diGplaocrncnts in a 

flat ciroular plate by 

(lynarnic relaxation. 

Load 156 lb. 

0.281 

-26.04 

-26.64 

-27.06 

-27.25 
I -27.20 

-26.89 

-26.28 
-?!j.34 

-24.00 

-22.19 

-19,80 

-16.64 

-12.76 

-8S'7 

-4.271 
0,000 

0.313 

-32.50 

-33.3() 

-'3.80 

-34.10 

-34.00 

-33.62 

-32.90 

-31.70 

-30.00 

-27.70 I 
-24.7'5 I 

-20.80 

-15.95 
-10.68 

-5.340 
0,000 I 



Dis-
tancc 
from 

~'titgc of 
5'5.3 

0.067 0.516 

0.200 1.551 

0.333 2.'.;96 

o. ~.(i7 3. (i43 

o. (,00 4.683 

0;733 '). '707 
-

0.1367 , (,. 70.~ 
l,ono 7.661 

1. 1.33 8.')64· 

1.267 9.396 
1.~00 10.13 

1.533 10.75 

1.667 n.21 

1.300 11. 'j2 

1.933 n.67 

Deflection - Inchos x 105 

1,0:1c1. - Pounds 

72.') t19.1 106.0 122.0 140.0 

O.6'{0 0.823 0.980 1.127 1.294 

2.015 2.477 2.91\7 3.391 1.892 

3.373 3.'. j~ 4.932 5.(.,77 6.51;1 

4.734 '5.81[1 6.921 7.966 9.141 

6.035 7 .~78 8. 897 10.24 n.75 

7.415 9.113 lo.3A J?Ail H.32 
8 •. 7](' 10.70 12. B '4.66 1. (,.82 

T 9.9'541 ]:>.23 14. 'j 5 Hi.75 19.22 

11.13 13.67 16.27 18.72 2).49 

12.21 15.00 17.85 20.54 23. ')7 

13.17 16.18 19. 25 22.16 25.42 
-

13.96 17.16 20.42 23.50 26.96 - -
14.57 1'7.90 21.:>0 24.')1 28.1.3 

14.9'7 18.39 21.33 ~~.5.1a 23.90 

J·5.17 18.6;1 ::>2.17 25.52 ::>9.29 

TAJ3LE 4.18 
Defloction of a flat circular 

plate - JCnalytical Solution 

.-

l~h.O 

1.442 
,1, .)37 

7.?t:;Q 

10.19 

13.09 

15.96 

lil.711 

21.4? 

23~2L. 
26.27 

28.33 

3D. 0') 

31. 3~ 

3::>.20 

32.63 



Dis-
tanco 
from 
odco of 
plato 

O. () 67 
r 

0.200 

0.333 

0.4(,1 

o. b(lO 

0.133 

0.861 

1.000 

1.133 - .. 
1.267 

1.400 

lsn 
1.661 

1.800 

1.933 
'--

S'bJ.'csc - lO./in.'-

Hail.ial Htress rl1ap. -,o0,nt ial Str(~:1f) 

Lo~.i1. Load 

55.8 156 5".8 15 6 

12.5 35.1 I'll 534 
38.9 109 ?J 5 60? 

61.4 189 ::>41 67'; 

9/).6 216 26q 1"3 
133 372 ,,00 838 

111 478 332 929 --
?l4 600 3(1) I02,) 

2~4 BEl 401 1140 

323 902 ~.')O 1260 

395 n03 500 1390 

-188 l'JiLt 546 1'530 

582 162r; 5 G? 1(i26 

~)n2 1626 (:;82 1626 

r)02 1626 'i32 1626 

582 1626 5il2 1626 

'.PAnLE 4.19 

Hadial and tanr;enti2>l strc()s 

in a flat circular plate 

Analytical Soluti.on 

li~) . 

I 



bott om 

FrinGo llcasured 

Humber TIudius 

IncheG 

1 .450 

2 ·550 

3 .61) 

4 .340 

5 ·915 
6 1.120 

1 1.250 

8 1. 390 

9 1.530 
]0 1.6GO 

11 1.790 

12 1.930 

13 2.010 

14 2.220 

15 2.;560 

16 2.520 

11 2.680 

13 2.850 

19 3.020 

20 3.190 

lilG. 

Half of Plate 'rop Half of Plate 

S cn..l cd Correotod 

Hadius Deflection 

Inches Inoh x '04 

1.350 -2.143 

1.65u -2.013 

2.025 -1. 893 

2.520 -1.163 

2.92; -1.'643 

3.360 -1.513 

3.150 -1. 393 

4.110 -1. 268 

4.590 -1.143 

4.980 -1.0:!.8 

5.370 -0.893 

5.190 -0.768 

6.210 -0.643 

6.6GO -0.513 

1.080 -0.393 

1.560 -o.2G8 

8.0t,O -0.143 

8.550 -0.018 

9.060 0.101 

9.:;70 0.232 

TAnLE 5.1 
Hologrl.phio Solution 

Load 309 I,b. 

Ileasured 

:1adius 

Inches 

.520 

.640 

.800 

.950 
1.110 

J.. 260 

1.400 

1.550 

1. G90 

1.830 

1.930 

2.140 

I 
2.320 

2.470 

2.630 

2.190 

2.910 

3.1)0 

3.300 

-

Defleotion AlonG Radius O-A 

Scalcd' Correoted 

Radius Deflection 

Inchos Inch x 104 

1.536 -1. 965 

1. 891 -1.840 

2.364 -1.115 

2.801 -1.590 

3.230 -1.465 

3.123 -1.340 

4.136 -1.215 

4.580 -1.090 

4.993 -0.965 

5.401 -0.840 --
5.1350 -0.115 

. 6.323 -0.590 I 

6.855 -0.465 

1.300 -0.340 

7.710 -0.215 

8.243 -0.0<;0 

8.715 0.035 

9.30'l 0.160 

9.150 0.2(15 

- -



Frince 

Humber 

1 

2 

3 

4 

5 
6 

7 
8 

9 
10 

11. 

12 

13 

14 

15 
16 

17 
18 

19 
20 

21 

22 

23 

24 

25 
26 

27 
23 

Bottom Half of Plato Top Half of Plate 

l~co.Gurcd 

Rn-dim:: 

Inches 

.450 
-
.550 
.630 

.710 

.820 

.93~ 

1.040 

1.140 

1.124 

1.340 

1.420 

1.520 

1. 610 

1.700 
1.000 

1.900 
2.000 

2.100 

2.210 

2.310 

2.240 

2.530 

2.640 

2.750 

2.870 

2.990 
3.110 

3.230 

Scn-led Corrected Ecasurod 

nac1iu') Defleotion Hadius 

Inches Tnch x 104 Inches 

l. 358 -2.987 .520 

1.660 -2.862 .600 

1. 902 -2.737 .700 

2.143 -2.612 .830 

2.475 -2.487 .940 
2.307 -2.362 1.060 

3.139 -2.?37 1.150 

3.441 -2.112 1.260 

3.743 -1. 937 1.370 

4.045 -1.862 J .470 

4.286 -1.737 1.570 

4.583 -1. 612 1. 670 

4.360 -1.407 1.730 

5.132 -1. 362 1.380 

5.433 -1.237 1.980 

5.735 -1.112 2.090 

6.037 -0.987 2.200 

6.339 -0.862 2.320 

6.641 -0.737 2.430 

6.973 -0.612 I 
2.540 

7. )05 -0.487 2.650 

7.637 -0.362 2.750 

7.969 -0.237 2.890 

8.301 -0.112 3.000 

8.663 0.013 3.140 

9.026 0.138 3.250 

9.388 0.263 -
9.750 0.388 -

TABLE 5.2 

HolOGraphic Solution 

Load 412 Lb. , 

Deflection Along Radius O-A 

Scaled 

11udius 

Inches 

l.560 
1.800 . 

2.100 

2.490 
2.820 

3.130 

3.450 

3.730 

4.110 

4.410 

4.710 

5.010 

5.340 

5. (40 

5.940 
6.270 

6.600 

6.960 

7.290 
1.620 

7.950 
8.250 

8.670 

9.000 

9.420 

9.750 

-
-

Corrected 

Deflection 
Inch x 104. 

-2.737 
-2.612 

-2.487 

-2.362 

-2.23'1 

-2.112 

-1.987 
-1.862 

-1. 737 
-1. 612 

-1.487 

-1.362 

-1. 237 
-1.112 

-0.937 
-0.862 

-0.737 
-0.622 

--'I 
I 

-0.487 

-0.362 

-0.237 
-0.112 

0.013 

0.138 

0.263 

0.388 

-
-



~tD.(li us 

IncltoG 

• ~!Ij-5 

1.575 
2.205 

2.G35 
3.1j65 

4.095 

4.725 _. 
5.355 
5.985 

1-'--
6.615 

7.2 tt5 

7.075 
n. ~"';O5 
9.135 

h 

:Deflection x 107 - Tnchcs 

c;olut ion Ho. 1 :')olution ~'70. 2 

30~ lu. 
":tl ,).") 

-..J .... t) .. ) 

-3n ';19 
-;~:"J. 05 
-26.98 

-2'i.35 

-21.37 
-·lg.~~:~ 

-11j .• S!0 

_1' ---;'" 
---. I J 

-3,69 
-5. '(0 

-2.Dl 

0.0:) 

2.71 

41.2 lb. 309 lb. 412 11) • 

I -,r~. ;0 -2G. C<i -35.~;7 

-iF).7i.J -25. /10 -33. ;·}7 

-3n.7/J -23.:';3 -31. ;!1 

- 35. S'7 -22.no -:!9.33 

-3:~'!,7 -1::.73 -20.30 

-2~).50 -17.26 -23.01 

-?1; .• 29 -1,1.. (9 -19.59 
-1).93 -l2.1J. -1 G.15 

-15.72 -9.56 -12.75 

-11.::39 '-7.07 ·,9. ~3 
-7.(;0 -tl.65 -6.20 

-3.75 -2.29 -3.06 

0,00 0.00 0,00 

3.62 2.22 2.9G 

~lABI3 5.3 

Flame Plate Deflection Alone 

Line 0 - le 

Dy l1arni e Rolaxu t i on S 01 u~ ions 

l:echanical L()ud 

le3. 

Solution 
.. , .·.0. 3 

412 n. 
-3~. 61 I 
-33.913 

-32.13 

-29.73 
-26.31 

-23.49 
-1~.).93 

-16.43 

-12.~~4 

-9.55 
-6.27 

-3.09 
0.00 

2.98 



Dofloe"tion x _104 - Inches 

l{adius Line 

Inches 0 -A 0 -Il 0 - C 0 - D 0 - ~ 

.945 9'1.81 97,uS 97.91 97.97 9(\.03 

105'15 96.58 96.68 96.S3 96.97 97.10 
2.205 ;l4.69 95. 03 95.5£) 95.72 95.94 
2.835 SII.59 92.2G 93.59 - -
3. /IJi5 tn.22 03.31 90.43 - -

-- I- -
LI.095 ~;l. 54 d3.0S e6.12 - -
4. '125 74.57 76.51 i::O.53 - .-
5.355 66.33 68.54 73.41 - -
5.9G5 56.9/j· ~)9. 14 64.36 - -
6.615 46.59 4B.41 ,)2.71 53.7£) 53.10 

7.245 3:;.5 G 36.71 3(}. Si9 39.70 Ij 0.00 

7.075 24.08 2~. 66 25.75 26.16 26.78 

B.505 12.26 12./13 12.00 1. 2 • 9'~ 13.31 

9.135 0.00 0.00 0.00 0.00 0.00 

~rAI3LE 5.4 
Defleo'cion of Flane Plate 

Under '"'herm"l I,o!:Ld 

Dynamic l1elaxuticn Solution 



o. 

681. 

2869. 

41 . 

n. 

O. 

.45~1). 

3710 . 
.. 

-90. 

t) • 

O. 

o. 

o. 
o 

-874. 

4R9. 

913 ...... . 
• 0 

257. 

-293. 

RADIAL STRESS ON 
TI-lERMA.L LOAD 

. -- -
LAVE~ K = , 

o . o. . O. 

4513. 

6458. 

.11274. 

4221. 40114. 

6639. 6206. 

._7652. 
--- -

10364. 6825. 

5498 .. 

3608. 

o. 

o. 
. -
. o. 

11781. 
-- - - ---

14005 .. 

16401. 

5496. 

4408. 

3330. 

. - ,--' -

_4R 6. 

-2723. 

-5761. 

() . 183'1,). .. 2165 .. -8318 . 

o. 

-473. 

-207. 
-_.--_._._. _.- ._-

-639. 

* 19189. 

18407. 

1~354. 

4.,61. 

. A6J. 

-!.84. 

-660. 

-1654. 

-950. 706. 

-582 . 

-200Q. 

. -456. -989. 

TABLE 5·5 

-10386. 

-8i'S1. 

- 5 59 6. 

-1391. 

t-

" c. 



o • 

• 022, 

2572. 

. 67. 

0, 

n . 

381\0. 

31 21 • 

o. 
0, 

O. 

O. 

o 

~72<'i. 

518. 

30 [). 

-255. 

o. 

RArlrAI STRESS 
TI-lERMAL LOAD 

o. o. 
33~7. 

ON LA'feR K = 2 

() . 
3123. 3696. 

5:~81) • 5312. 5220. 

4821 . . .1()066. 6600. 

6166. 3336. 

o. 

9678. 

11721. .. 5135 •. 601. 

o. . 

o. 

o '. 

. ------ - -
14601. 

o. 

17631 . 

20106. 

*21204. 

4207. 

3199. 

2025. 

-206. 19917. 

1101B. .. 75.--
-- - . 

-460. 

-733. 

-441 • 

'TABLr:. 5'10 

45 S; . 

826. 

-599. 

-2320. 

-5096. 

671, 

-696 . 

··71.07. 

-11918. 

~-9350. 

-8497. . ~9 38. 

-1570. -6820. 

-1731.. 

.1056. 

-4300. 

-1485, 

;­
'.: 
I-



- -- .--- - -- ---- ----- -_. - . --- -" 

o •. 

5069. 

1992 • 

. 2<l41 • 

. ;>351. 
. - ---

129. . . 10._ 

. o. o. 

o .. 
() . 

- . 
o. 

RADIAl. STRESS ON LAYER K = 3 
"TH!;RMAL LOAD 

o . 

;>1l06. 

() . 
251£,. 

40611 . 

o . 

2328 • 

3791 . 4036 . 

7644. 

7848. 

4782 •. 

4477 •. 

3228. __ _ 

. . 1843 •. 

o. 

0, _ .. ___ _ 
_. 
I) • 

100117. 

1312.2 .. 

. .. - ... -- ... 

. 3680. . .. __ .... -615. 

2861._ -3314. 

1893. -5877. 

.. o .. . O. 

16234. 

1870:' . 136. .. -7938. 
- - - ---------------

_ _ O. o. 

. .. _. ,:,715. 

~19701. 

18457. 

-545. 

-1709. 

-9132. 

*-9191. 

114. 

_- 218 • 

-87 .. 1 01 76 • __ -1"'12. -11028. 
. __ ._--,_ .. _ ... _- -_ .. _ .. 

.. . _ .... ___ . 491. -:426 .. 

173. -6~:;. 

-206. -381 • 

"TABLE 5'7 

4192. 

757. 

-544. 

-1897 . 

-1818. 

~1 01 1. 

-6266. .. 
- 39 49. 

-1t.33. 



o . 

850. 

1122. 

254. 

o. 

o. 

RADIAL STRESS ON' LAYER' K = 4 

TI-IERM,l..L LOAD 

O. I). o. o. 

11101 . 

1397. 

. 165. 

o. 

1771'>. . 1603. 

2487. 

4484, 

2348. 

1478. 

'1996. 

I) • 

5317 .. 

7572 . 

2251 . 

1865. 

'.792 • 

-713 . 

-3044. 

o. O. 10432. 328. . -5656. 

o. 

n. 

o 
"-- - - -- ---~---_.- -.-.~- - . 

~796. 

. - .-. -_. ._.. -
-I.~O ... 

~245 '. 

-145. 

. 

o. 13204. 

o. 15145. 

~15612. 

14223. 

-728. -A105. 

-1944-. -9%0. 

~3106. 

"55 - 3 r ._. 

*~10817. 

-10440. 

-145 .... .8803 . . ...... :-2915 .. - 889 3. 

-485. 

-644. 

-3011 .. 

TI>.BLE 5·8 

3659. 

508. 

-474 .. 

. -2"770. 

-2377. 

-941 •. 

. .-6953. 

-4561. 

-1357. 



o. 

411 . 

6505. 

1969. 

o. 

. O. 

8(\73. 

';98'). 

2495 .. 

. O. 

o. 

o. 

o. 

I) • 

O. 

. -3737. 
. . 

. ... . 19 611 • 

6480. 

TANGENTIAL STR~SS 

THERMAL LOAD 

:) . 
7504. 

4462. 

o. 

7146. 

l.553. 

ON LAYER 

o. 
7002. 

3337. . 4488. 

1 . 2489. 

I( " 1 

5355 •. 

4455 . 
.-. - _.-.---"------

o. ~4. 2875. 5221 • 

o . 

I) •.. 

0 •.. 

O. 

3. 

-:L. 

2. 

-2. 

3236. 

2530. 

.5647. 
. .. ! 

'. 4134. 

559. 34~. 

-3787. -6965. 

-10163. 

~11575. 

-215~ .. -12431. -19012. 

-9047 •.. 

-851. 

RA12. 

T.I>.BLE 5·9 

-H566 .... _ 

-16350 . 

-4297. 

10234. 

,:,22147. 

-21352. 

-4379. 

18339. 

4--211604. 

-26739. 

- 4 795 . 

*26275. 



0. 

268. 

5760. 

1582. 

O. 

O. 

o . 

o. 

(l . 

6R~6. 

~1 49 • 

? on. 

o. 

o 

-,*-11634. 

59()3. 

o. 

TANGENTIAL STRESS ON ,1\ !;RMA L LOA.D 

o. o. 

LAYER K =2 

O. 

6189. 5698. 

3667'. 

5458. 

3773. 3824 •. 

37'75, 1,101. 4478. 

2. 2053. 

o. -2. 235:i! .. 

o. 1 . 2522. 
-

3680. 

-43?1. _. ---------- . 

4464. 

o. ,,2 .. 1800. 7.935. 

o. 

o. 

~5444. 

-8108. 

. 3. 

-2, 

3047. 

-11638. 

- 1 55. 

-3R48. 

-9472 • 

-16237. 

-na. 
-7133. 

-15542. 

-:-6206 .. -11205. -13827. 

;1;-21104. 

-16900. 

161 . 

8867'. 

TA.BLE. 5·\0 

-1672. 

1147'9. 

18" 

21177'. 

1502. 

*30215. 



.. _--_ ... _---- - - ----- - --

o . 

491 • 

4236. ' 

739. 

o. 

O. 

() 

5159. 

:~734 . 

1203. 

... O. 

I) • 

O •. 

o. 

. .... -1149(,. 

-597S. 

-?072. 

1563. 

4630. 

TANGENTIAL STRESS ON LAVER K = 3 
TI-IERMf>.L LOAD 

o . 

4627 . 

2653. 

o. 

4233. 

2607. 

o . 

401.2 •. 

?508. 3041 . 

2. 

(l • -7.. 
.. 

1790 . 

2106. 

3519 .. 

3241 . 

.3857 •. 

-0 .. 2176. 

o. 

o. 

O. 

-5352. 

-:-5. 

... ...... . ... 1 •.. 

,:,3. 

. 349:1 . 

~ 399. 

-5">0; 

-31'\69. 

~8199. 

2181 . 

;;, 511.: 

-7256. 

-13800 . 

-7322 .. .. . .. ~10017. .. -13420 ............... . *-17275 . 

-12134. -5556. 

-99. 

i' 59 0 • 

TABLE 5·" 

-1006. 

10596: 

-1038R. 

204'1'. 

20892. 

4345. 

~ 30, 03. 



o . 

155. 

2046. 17iS8. 

-672 .. -282 •. 

o. I) • 

I) • 

I) • 

o 
I) • 

I) 

-'1-13261. 

-sou, . 

-4?03. 

-483. 

TANGENTIAL STR~S~ ON LAYeR K = 4 
TI-IERMAL LoAD 

o . o . I) • 

271,0. 2589. 

1374. 

2538. 

I) • 

'i 120. 

n. 

o . 

1 01 ._ 

3. 

o. 

o. 

~1l238._ 

-8955. 

'"'3. 

-6850. 

-

1616. 

1763. 

2671. 

3207. 

2162. 3846 •. 

O. 2155. 3628. 
-
~4. 

2. 

~268. 1769. 

2. 

.-480. 

-11618. 

-10257. 

-809. -2131 .. 

-1854. 

-8714.-13911. 

~13458. ~-16735. 

-1028'1'. -11403. 

-161)6. 

563? 

-2221. 1441. 4126. 

8755. 19309. ~28516. 

'TI\BLE 5,1'1. 



o. 

-23. 

3 . 

-0. 

() . 

o. 

o. 

-14. 

2. 

..... _ .. __ .. _. 

o. 

() . 

-no 

() . 

1 • 

o. 

n. 

I). 

_. -- . 
AXIAL STRESS ON LAVER K = 1 
"TI4ERMAL LOAD. 

o. 
. 

-1 . 

o . 

o. 

0, 

o. 

o. 

O. 

14. 

O. 

....1 . 

o. 

o. 

1 • 

1.. 

o. 

o . 

20. 

-2. -3. 

1. 

1. 

. .. 0. 

-0. 

o. 

1 • 

-0. 

o. 

-0. 

-1. 

"TABLE 5'13 

-1. 

o. 

1. 

o. -, . 
-1 • o . 

. _. - "---- ._-

-1 . -() . 
1. 

1 • 1. 

o . , . 
-.0. 

-1. o. o. 

o. -0. -, . 



o. 

295. 

268. 

-56. 

O. 

o. 

o. 

1 05. 

-49. 

. . -530. 

o. 

O. 

O. 

O. 

-25'1. 

1 41 . 

146. 

55. 

o. 

AX!AL·· 'STRESS ON LAYF.RK·=· 2 

"1-\l:RM~L .. LOAD 

o. 

o . 

n. 

o • 

-90. 

..710. 

I) • 

0 •. 

";201 . 

-130. 

-2. 

. - 10. 

-.6. 

...280. 

-130 .. 

-69 .. 
.. 

-1'7. 

-161 . 

o. 

-42. 

"135 •. 

-134 . 

-26. 

-22. 

. .. ····;,.;'7:· 

..;0. 

17. -26. 

98. -37. 

309 .. -58. 

6ilO. -118. 

-275. 

-85. 

24. 

-121 . 

TABLE 5·14 

-9. 

-12. 

-62. -1 • 

. ... 4. ~9. 

711. 132. 

26 ..• 220. 



o. 

21\2. 

258. 

-61. 

O. 

O. 

.. _--- ~----~ .. - -- - --
AXIAL STRESS ON LAYER K = 3 
THER'M~L LOAD 

_. -,--"--.. _---
O. o .. o. o. 

99, -57. -246. 

~43. -130. 
-- - - -- - - - - -- -+ --

-45'7.. 607. -124, 

o. '7. .. - S2. 
. ..... - ,. 

o. . .. -111 •.......................................... 

O. 0 •. -7. -24. -'1 . 
O. 

o. 

o 

-237. 

131 . 

142. 

40. 

-767. 

o. 

0, 

O. 

253. 

-128. 

-66, . 

-23. 

. 

16. -25. -'7. 

93. 

2113. 

699. 

-265. 

-82. 

TABLE 5·15 

-56, 

-113. 

- 61 • 

19. 
. . - - - - . ---.- --~-.-- ------- ------

-154. 

-12. 

-1 5. 

n. 
175. 

-2. 

2.8. 

136. 

581. 

'" '=' () 



o. 

-13. 

, . 
~, . 

o. 

o. 

o 

o '. 

0" 

o. 

-0 

-9. 

1 • 

o. 

-0. 

1 • 

-850. 

A~liL ST~ESS· ON 
... T~ERMAL LOAD .. 

o. . O. 

9. 

~o. 

-0. 

o. -0. 

o. 1. 

o ... -1. 

o. 

o. 

o. 
··.0 .. 

o. 
-

-1 . 

LAVER I( = 4 

o. 

14. 

-2. 

1 • o . 

o • -1 . 

1 . 1. 

o. -1 • 

1. 1. o. 

-0. 

o . -0. -0. 

1. o. o. 
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O. n. 
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TABLE 5 ·SA. 

o. 
o. 

o. 

o . 
o. 

O. O. .. 
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o • O • 

O. O. 

O ... o . 
O. O. 

O. O. 

O. O. 

O. O. O. 

O. O. O. 



SHEAR --STRESS TZT 
~ ~. ~ ~ __ ~~ _ . COMBINE 0 LOAD:' 

I) • o. 
O. 

o. 

O. I) 

o. 

o. 

o . 

o. 
I) • 

I) • 

Q. 

n. 

o. 

o. 
o. 

O. 

I) • 

() . 

O. 

o . 

o . 

o. 

o. 

o. 

0: 
~ .. 0 • 
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O. 
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o. 
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.. _" 

O. 

O. 

o. 

o. 

o. 

O. 

o. 

. O. 

ON 

o. 

0: 

.... _ . 
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o. 

o. 

.0. ~_ 

o. 

o. 

o. 

o. 

I) • 

o. 

K " 1 . ---.----~---.-~-

o. 
o 

o. 

o. 

o. 

o. 

o. 

O. 

o. 
~ O • 

TASU, 5·55 

o. 

o. 

o. 

O. 

o . 
~. 0 • 

.0. ___ _ 

o . 
o . 

O. 

o. 

O. 

o. 

O. 

o. 
O. 

o . 
O. 

o . 

O. 

O. 

O. 

O. 

O. 

O. O. 

o . O. 

I) • O. 

O. O. 
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o. 
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-

O. 
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SHEAR STRESS TZT ON LAYER K = 2 
COMBIt-!!;O LOAO:'_ 

o. o. o. 
_ -127. 

___ O. 

_ o. __. __ .. _ 44. _ 

741. 

-.113. _ 

..508. 

_ -109 • _ 

1/,8. 

o. o. o. 
_____ " _____ - _. " ________ 0 •••• ____ " __ " ___ ~ ____ • 

O. O. _ O. 

o. 0 •. o. 

.. 2 1 1. 

- 2 11 • 

-236. 

-374. _ 

-1S9 . 

r133, 

-145. 

o. 
o. 

o. o. o. - 216. -156 •. 

O. 

o. 

o. 

o. 

0_ 

o. 

o. 

I). 

O. _ 

HOil. 
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-339. 

1127.. 

O. 

o. 
o . 

-78. 

127. 

67. _ 

311 . 

1 561 • 

O. _ 

'TA. '&LE 5· S Co 

-~"1. 

"199. 

.. 1263. 
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.. ___ . _._. __ 31?. 
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o . 
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- j -

o. 
O. 

.. 401 • 
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o. 
o. 

-92. 
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0, 

o. 

o. 

0, 

o . 
o. 
O. 

0, 

O. 



o. 

c . 

o. 

o . 
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.. _. __ 117. 
~----.--~ . 

I). 183. 

o. 

0, 

O. 

o. 
~.- -_ .. ---

o ' ..... _ .. __ 

. O. 

o. 

I). 

O. 

o. 
() . 
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SHEAR STR~SS TZT' ON LAYER 
COMBIN!;D ... LO""D~ 

() . o. O •. -. -._ .. _ .. ····0. 

7. 

131; . 

-4. 
-7.--.-----------·--·---- -----0--:- _ ... _-,._.- .... ----- .. 

, ---
-60. 

503. ~361. -'.99. 

n. -196. "1('3. 
-.- - ~------------

o. O. -218. -154. 

o. . -236. -1,~8 . 

o. 

. O. 

O. -19', •. ' .. ____ . __ . ...• 180. 

. 0 •... _. __ . . 0 . 

o. 

701 •.. 

_ -46. 

-205. 

66. 

11 09. 

O. 

O. 

-142. 

.. ____ 119. 

TABLE 5·57 

98. 

397. 

1623. 

o. 

-69. 

-12 . 

. "938 .... _ ..... 

-:?30. 

:;76. 

'892. 

o. 

o. 

o. 
- -- "------- 0-•. -

O. 

O. 

o .. 

.. 200 • 

-447 . 

-~29. 

..116. 

287. 
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O. 

o. 

o. 

o . 

O • 

o. 

O. 

O. 

o. 



SHEAR STRF.SS TZT ON LAYER K " 4 
COMe.I~ED LOAD!:> 
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. o. 

o. 

o. 

o. 

o. 
o. 

o. 

o. 

o. 

o. 
o. 

o. 

_._. 

o. 

, 00 • 

.. 144. 

1311. 

o. 

o . 

o . 

1 37. 

135 • 
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o. 

0 • 

. o. 

o. 
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-

-30. 

92. 
----------------- .. -- --. -- .. _. 

O. 631, 

() . () . 

o . 

.. 119 •. 

o . o. . --,_._" .. --
---- -"'-. -------.. ---

61, •. __ .0. 

o. 60. 

-47. 

9. 

-89. . _ ... o. 

O •. 

o. 
.. 

o. 

o. 

. .. _. 

- . 

o. 

-94. 
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_ . 

-136. 
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72. 
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0, 

27. 

1 59. 

.-R7. 
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~, 24. 

_ ·203 • . ___ _ 

. -394. 
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O. 
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o. 
o. 

.. i!29. 

o. 
o. 

. -89. 

167. 

874. 
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o. 
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o. 
o . 

o. 
o. 

o. 
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SHEAR STRESS TZT ON LAVER·K-i 5 
COMBIt-ltD LOAD5 
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o. 
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, . 

• ~O~TAAN NOQ,;n. nnq~0N 
M~nTEQ ~tI4~~F TGNS10N ~~H"~R 
D n~ E ~ ~ lil"l ~ ~ (Q \ • U 0 /1 i) l , 1)( 1 () 
R~AD(';fnOIF:Ro.nQLX 
WqITF(~;1noi~.RO.ae(X 
ReAO(':'n"~~LT,OK 
WnITE(':11'i~·IT,OK 

C C4LCULATf: r.O~qTANT~ 
P.~OO. () 
OIll(IIDF IT/np":lI I RO 
O)(.~fLT/n·u 

D'"'.~~':/'-: 
02.' . .. ~(I~. 
03-0"112 
O".OR)(/n~ 

D5I1E*!'Il( 
C CALCUlAT~ INITIAl C"N01Tl~N~ 

1'i'1I0 
00' !m1,Q 
SW (I l ='): 

, COtnINIJr: 
0021.~,10 
UD ("aO': 
U(I)"n:n 

2 CONTI~II~ 
C C4lCULATE v;lociTV 

2GO IT"IT+, 
DO 3 Inl,10 
1~(I.F~:'\n1 TO 1 
I , ( I • ~ r: : 1 0 H ~ ( I ) a U f) et l .. 03 .. ' ... f)"" ( p .. s X ( , .. I ) , 
I , ( I • F /l : , 1'\ \ IJ ( I \ ~ U ( I , .U 0 (T ) .. 0 F. I. T 
IP(I.F~:ln)~n TO ~ 
U 0'( I ) B' ID ( I \ .. 0 , + ( S X t I) - ~ X ( 1 ., I \ * 0 4 
U ( 1 ) cl; ( i H.1l ~ ( , \ • D F. L ,. 

3 CONTI'!II!; 
C CALCULATE qTR~~~ 

0041. 1 .° 
SXCllllcX('\.n~.(U~(I.')·'JO(I» 

4 CONTINUE 
C CAlCULATF ~N~RGV 

SIIM5Q2G: 
01) 51 .. ,,10 
~lIl"~Qae'If.1~(hIlD( I) *UD (I) 

5 CONTINIIF. 
~QIT~(,;,n'i'T;SUH~Q,SX 

'.IJ~!Tf 0;' ~I.ill 
l'(I,.~q.'nn\~T(lP 
GO TO ~()O 

100 FCR~.T('E~':4) 
10' FO~~ATt2F'?:4) 
103 FORMAT(,~.'1,~'2.4;2X,'OF7.0) 
104 FOPMAT~(~~.io~1n.2) 

END 

r') ~ •• 
( . .1; :'1 • 



r----.---.--.---. 
~ 

r 
I . 

*FORTRAN N117,G.GnQDON 
~ASTeR HEAT CONDUCTION 
DIMENSION TCQ).UC10) 
TE-500. 
DeLX·.50 
01(-.:'54 
CELTD.'O 
WRITE(2,'OO)OElX,02LT,DK 
Cl-DELT/neU: 
02·DELT/C'.+n~/2.)/O!LX 
03. C1 • - nI(/ ? . I I C 1 • + D 1(/ 2 • ) 

C C~LCULATE 1~ITI41. CONDITIO~S 
~010ID1.0 
Ten-o.o 

10 CONTI;;ue 
DO '1 1"1.10 
UC1>IIO.O 

'1 CONTINUE 
IT-O 

200 lTaIT+' 
C CALCULATE U 

DO 1 11/"10 
IFCI.eO.1)QO TO ~ 
IF(I.EO.10)U(I)-U(I)*D3+2._0?_CTE_T\I_1» 
IFCI.EQ.10)Gn TO 1 
UCI)-UC!)*DJ+02.CTCI)-TCI-1)l 

1 CONTUIIJI! 
C CALCULATE TE~PE~~TURE 

DO 2 1 .. 1.9 
TCI)I/TCI)+D1.CU(I+1)-UCI» 

Z CONTltlUl! 
WRITE(2,'01lIT.T 
IFCIT.lT.100IGO TO ZOO 
STOP 

100 FORMAT(3P.12.4) 
101 FORMAr('X,15.3x.9~?0) 

eND 

.. l!ND OF SEGMENT, LENGTH 270, NAME HEATCONDUCTION 

(.t!_ (). 



PORTRA~ COMPILATION nv UX~AS HK 10 

.FORT~AN N11n,G. GORDON 
NO TRAce 

DATE 21/11/69 TIME 1l/03/0 

MASTER PLATE ~ITH HOLE POLAR COORDINATES 
DIMENSION SRt10.1 Q),STC19.19),TRTC1Q.10),UO(19,19),VD(19,19), 

1 S 1 (19 , 1 \l) , S 2 119 • 19) , T M A X ( 1 9 , 19) , PH I <19 , 19 ) 
CAlL ITIt.EOl1 l 
i'lR1I19 
NT-19 
1!1I.30EOB 
PRII.300 
ROII.783E-J 
DELR-.0625 
0~LTH-3.14150/3b.O 
WRITE(~,100)P.PR,RO,DELR.O~LTH 

SX-1000. 
READ(1,108)DK.IlELT 

300 CONTINUE 
WRITE(2,108)D~.DELT 
D1-<1.·DK/2, )/(1.+002.) 
DZIIOELT/RO/C1.+0Kl2. ) 
D3a021 D!!LR 
D4-021 OEl TH 
D5-0ELT*e/(1.-PR*PR) 
06-05/tlet.R 
0711D5/DELTH 
DS"OS.PR 
D9I1DIl/DELR 
010-0fi/OELTH 
011 -DEL T*E I C 1. <-!lR) la. 
D12"011/DELR 
D13 n01; IOEL T~ 

C I~!TIAL cn~DITIONS 
IT 110 

. NIl .. 1 00 
D01J.1,NT 
D011 .. 1.NR 
UD(I,J)"'O. 
VDCI,J)aO. 
SRCI,J).O. 
STCI,J)IIO. 
TRT<I,J\"O. 
S1C1,J)"0. 
S2CI,J)aO. 
TMAX Cl, J) .. 0. 
PHICI,J)aO. 

1 CONTINue 
C CALCULATE VelOCITies 

200 IT-IT+1 
DO 2 J .. 1,NT 
D021u1,NR 
IFCI.LE.3)QO TO 2 
IF(J.EQ.NT)GO TO Z 
RaDELR. C 1-1) 
THETAnDELTH*(J-1)+DQLTH/2. 
IFCI.EQ.NR)PnSX*CC09CTHETA».*2 



... 

r- ----. 

L • • __ L ___ _ 

IFCI.EQ;NR'Qc.S*C3 •• STCI-1,J,-aTCI-2,J» 
IFCI.EQ.NR'UnCI,J)mUDCI,J).D'-2.*D3*SRCI-',J)+2.*P.D~ 

'+CTnTCI,J+"-TnTCI,J',.04/R 
'+CP-Q).D2IR 

IFCI.EQ.NR)GO TO 2 
IFCI.FQ.4)Qn~TCI,J)-.5.C~TCI+1 ,J)-5TCI,J) 
IFCI.EQ.4'UD(IIJ,aUDCI,J\*n1+2.*o3·S~CI,J)-Q/R.D2 
IFCI.EQ.4'OO TO 2 
UOCI,J)BUDCI , J'*D,+n3*CSRCI,J'-SRC!-',J») 

'+D4*CTRTCI,J+l)-TRTCI,J)"Q+D2*(SRCI , J)+SRCI-1,J' 
, - S T C I rJ ) - S "!'( 1 "1 1 J ) ) I 2 • I R 

2 CONTINUe 
D03J.',NT 
DO 3 I.' ,NR 
IF(J.EQ.1.0R.J.EQ.NT.on.I.p.Q.NR)GO TO 3 
IF(!.L~.J)GO TO 3 
RDDeLR.(I-l)+D~LR/2. 
VDC!,J)mVOCI.J'*Dl+n4*CSTCI , J)-STCI,J-1»)/R 
'+03*(T~T(I+1,J)-TRT(I,J»+D2*CTRT(I+1,J)+TqT(I,J»/~ 

3 CONTHJUI! 
SUMSQ-O • 
DO 7 J ".1 , ': T 
D071 .. 1,I-lR 
SUM S Cl" g !J H S Q + IJ D ( I , J ) • U D ( ! . J ) + \I DC! 1 J ) * If D ! I 1 J ) 

7 COtH HJUIl 
C CALCULATE ~TRF.SS~S 

DO 4 J .. l,1jT 
D041"',NR 
R·OELR.CI-')+~eLR/2. 
IF(J.EQ.NR.OR.J.~Q.NT)GO TO 4 
1'(I.Le.3)OO TO 4 
S R Cl , J , itS R ( I 1 J )+ 06. ( U [) ( 1+1 , J I - U 0 ( I , J ) ) 

1+00*(UDCI+',J).UDCI,J)'/2./R+010*CYO(I,J+1'-VD(I,JlilR 
4 COIH I tjU~ 

;---- --------. ---- DO 5 J ,,1, In 
------.. -.- -- DO 5 J .. 1, HR _ ... _ .•. ,,-_. 

L___ .'. __ . r, .. liHR.O-1)+OrlLR/2. 
L-~_:::- .. --.- -- g g : ~ ~ : ~ ~ Q g R ;. ~ • ~ Q • tH 1 a 0 TO 5 

__ . __ . ___ .. _ S T ( I , J 1 m S T ( I , J , + D 5. CUD ( J .1 , J , +U 0 ( I , J , ) 12 . 1 R 
L__ .. __ . __ .. 1 + D 7" (V 0 <I , J .1 1 ·V 0 Cl , J ) , III + D9. CUi) ( 1+1 , J ) - tJ 0 ( I , J ) ) 

,-- 5 co~n If WO 
00 6 Jo1,UT 
D061a1,NR 
IF(I.L!.4)GO TO 6 
IF(J.EO.1.0R.J.EQ.NTlGO TO 6 
THETAoOBLTII*IJ-1) 

. IF(I.EO.NRITqT(I,J)a·SX·SINCTHfiTA)~COSCTHETA' 
iF(I.EO.NQ)GO TO 6 
Ro:OELRo (1-11 
TilT< I , J ) "T It T ( I , J 1 + 0 1 3 * (U DC I , J ) • U 0 ( I , J -1 » 1111. 

1+01Z*CYDC! ,Jl-VO(l-1,J)) . 
1-011*CVD(I,J)+VO(I-',J)'/2:IR 

6 COtlTINUB 
WRITe(2,j021IT,SUH9Q,SR(5,5),ST(5,'),T~T(5,51 
IFCIT.LT.NITIGO TO 200 .. . 
r4 I T"U I T.1 00 ._._. _-_____ .-=~_~-_:::~~~~~~-_~_. ____ .. 
WRITE(2,104) 
WRITE(2,107)SR 
WRITE C2,1 031 

...... _--------



Will TE C!, 1 07HlT 
WRITE(2,106) 
WR ITE (2,10';') TflT 
IF(IT.LT.5001GO TO 200 
CALL ITHlePI2) 
IT I r1 " N :1 ~ N 1 
WRITE(:!,113)tTtM 
STOP 

100 FORMAT(Se12.4) 
102. FORHAT(1X,15.3~,EI2.4,3F12.2) 
104 FORMAT(/",20H STRESS l~ RADIAL DIR2eTION,') 
105 FORMAT("',33~ ST~ESS IN TANGENTIAL DIRECTION,') 
106 FORMAT(/",ISH SHUAR STR~SS,') 
107 FOR"AT(I~,13~7.0) 
10B FORMAT(2E12.4) 
113 FORMAT(1~,1H TIME ,110) 

END 

END OF SEGMENT. L~NGTH 1163, NAME PLATEWITHHOLEPOLARCOOROINATUS 

... ---, 

, .. -- --- ---"'-- .-- . 

.-"-- .. _-- ,.---,.----------,-----------'---.. -----~---.. ,.--------.-"--_. -.-.-.,- .. ---- --_ •.. 



M.~Te~ FLAT DLATE BENDING 
OIMEN~IJN S~II~,6),ST(16,6I,~~(1A,61,TRl('A,6), 

'Unt16,$) ,WDIIA,6) ,U(16,6) ,101(16,61 
P.'AD(1.,OI1)p 
Wl'ITEc2,100lD 
IiF.ADC1,100P1 
1i~ITE(2,IOOIDI 
OHRD.1B3 
O~lla.I1"'250 
OJl h. ?500E-" 
[)~z·.OIO 
O~RII.OI:) 
CLAM.17.3EO.r, 
C"UBI I. ~FOt'l 
A~ .. ,71\~E-3 
Rh, 7~~F.-:S 
Np.16 
~1..6 
01 • (1 • - 0 le R I 2 . ) In, • 0 r. R 12 . ) 
o ~ 11 ( I , - 0 le! /? . ) I ( I , + [J I( Z 12 • ) 
O:hDEl TIp-RI (I. +OKR/2.) 
D4YD3/0r:LR 

·05.0:5/nF.lZ· 
O~.OFLT/RA/(I.+DKZ/?,) 
[11..[161 DElR 
D'IIIDt\/Di:l~ 
~Q.(ClAH+2.*CMIJ).DELT 
01 (\DOi) I ilt:LR 
D1 ,"C>I I DI! LZ 
Cl 2DC L A~'. OP.I. T 
D13"D121b2L~ 
DI4 I1 DI21DELZ 
01 SaCMU*DElT 
016 a nI5/DELR 
017"015/DEL7. 

C INITIAL CONDITIONS 
luO 
"'IT=100 
On , 1(11' ,N~ 

On I ID1 ,~R 
U(I,IO .. O,O 
1oi(l,qaO.O 
U"(I,n .. O.O 
1oII)(I,n 3 0.o 
SIlO ,10 .. 0.0 
51(1,0"0.0 
SH1,n,,0.O 
T~Z(l,K)·O. 



1 CMJTINUE 
0100 lulT+' 

SutASQ.O.O 
lI"~()BO.~ 
"'!l~QII(I. (J 

C CALCUlATE V~LOCITV AND DISPLAC@HENT IN RADIAL DIRECTION 
fin 2 ~u1. NZ 
Dn 2 1.1.NR 
I~CI,'Q 1)G~ TO 2 
IICK,FQ.NZIGO TO 2 
P .. C>ELR.\!-1\ 
1 , C t , F. Q • N q I Un ( ! • K) 11 U DC I • 0 - D 1 - 2 , ~ s ~ C 1- 1 • K) _ D 4+ 2 , * D 4. P 

1-t3,-3T(I-,.K)-ST(I-7.K)1/2,/R.D~·P/R.D3 
1~(t,EQ.NR)nn TCI 3 
U~(I,~)=UD(I.K)_O'+~4-(SR(I.K)·SR(I-1.KI) 
1+~5·ITRl(I,~+')-TRZ(I.K»)+b~oISR(I'K)+SR(I-1.K»/2,}. 
1-n3'CsTII.KI+~TII-1.K))I?./R 

3 U(!.K).:JII.()+uo!!.KI*OELT 
UnSQIIUDSQ+l!n (,.10 _un (I. K) 

2 Cf\~T!NlJ;: 

C CALCUIATF AXI4L VEI.OCITV AND OISPLACFMENT 
on 4 KII'.NZ 
DI\41.1.NIl 
IFCI,2~.NR)r.n TO 4 
RaDFLR-CI-1l+nP.LR/2. 
lql,el'l.1~.ft.N[).".EQ.1)OO TO 4 
IPCI,F.Q.4.A~n.K.EQ.NZ)WOCI.~)3W~tl.K)-D2 

1 "2. -Oll-SZ( ,. K-') +2. *P1 -DR 
I~CI,PQ.4oANn.K.F.Q.NZ)GO TO 5 
IF(K,~Q.')WD(I.")AWDCI.K).D2+2,-~Z(I,K)_D8 
1'(K,~Q.1)~n TO 5 
I'CK,eQ.NZ)~~CI.K)3WO(I,K).D2-2 •• D8.SZCI.K-" 
IFCK,eQ.NZlGO TO 5 
~~(I,K\cUD(I,Kl*DZ+07-CTRZ(I+',Kl-TRZ(I.K» 
'.~8*(Sl(I.K)·~1(I,K-1»+D6.(TRZ(I.,.K)+TRZtl.K»/2,/R 

5 WC!,K)nUCI.Kl.UD(!,K)*DELT 
. W~9QIlIiDSQ+WDn.K)"IiDn,K) 

It C.ONTINUE 
SU~SQIJUDSQ .. \.IDSQ 

C CALCULATE RADIAL STRESS 
DO 6 1( .. 1.NZ 
D tI 6 I" ~ • ~Hl 
I'!l,EQ.~R.O~.K.eQ.NZ)GO TO 6 
·RaDeL~·(I-')·D~LR/2, 
$ftCI,K)=SR(I.K)+D10-(UD(I+1,K)-Un(I.K» 
1·o'2.cunCI+'.K)+UO(I,~»/2,/R 
1+n14*cwD(!.K+1)-WDCI,Kl) 

6 CONTINUE 

'- -' .1 .• 



-
I 

C.CALCULATE HOOP STR~SS 
On ., 1(-1,Nl 
On ., ID1,NR 
Inl.I:O.NR.OR.IC.~Q.Nl)(lO TO ., 
R8~EL"*(!-1).nHLR/2. 
ST(I,K)=ST('.K)+D9.(UD(I+1,~)+UDC!,K»/2./A 

1+n13*(UO(I+l.K)-UO<I,K».014*<WDC!,K+')-UDCI,K» 
., CCNTINUF. 

C CALCULATE SH~AR ~TRESS 
D n 8 I<' -I , f~ 7. 
Dn8r-~.'lR 
1~(I.~Q.1 .Oq.I.EQ.~R.OR.r.~Q.1.0P.K.EQ.N1)OO TO 8 
TQ1(I,K)~T~~(I,K)+~1.,*(U~<!,K)·U~(I,K-1)' 
'+n1~.(~D(I.K\-WD(I-',K» 

tl CcrHtNUE 
C CALCUlATE AXIAL ~TDESS 

DO 9 1o.'.1,N7. 
!)Cl 9 1-' ,fJR 
I~<I.FQ.NR.Oq.K.eQ.Nl)nO TO 9 
R.~ELR.(!-\ l"nl'LR/2. 
S '- cl, I( ) = S 7. ( I • I() .. D 1 :3 .. ( 1) ~ ( I +' , K , • U n ( ! • i() , 

'+n'2.(U~(I·\.I()+UD(I.~»)/2./R 
1 .. nl'.(~D(I.~.')-WD(I,K» 

I) CCNTPWc 

' .. .,' , 

\ W Q I re / 2 • , 01 ) IT, S Uf1 S:) , U D S Q oil D S Q , \J( 9 , , ) , q r. ( 5 .1 ) ,!IT ( ~ .1 , , u z ( 5 , :0 
1~(IT·~IT)21n.,u.10 

10 NlT"'NIT+lon 
W~ITEc?.'1)2~ 
Wq!TE(2.1'O\~R 
W~ITE(2.101) 
I-!nIH(;>.110)",T 
\.IQTTFC2.,n4) 
W~ITE(2.,'O'~7. 
WOTTF(2,105) 
IoIDITEI2,,'O'TRl 
WQITF.C2.106) 
WUTE(Z,101l'U 
W~!H(2,'O?) 
WnrHCZ.l0/l11.1 
1~(IT.EQ.20nO)~TOP 

. ____ ... __ Go TO 2 0 0 
.. .1 00 . FOR fA A T ( r:1 2 . 4 ) 

101 FCRMAT(I~,?E\2.4l 
102 FnnMAT(!1,16H nADIAL STRESS,II) 
~OSFOPMAT(II,~QH TANGENTIAL STRESR,lll 
104 FnpMATIII.I~H AXIAL STREsS,II) 

.105 FOPMAT(il.'.H SHEAR STRESS,II) 
106 F~R~AT(II.'?H RADIAL DI~DLA~F~~NT.II\ 

10., F"RMATIII,21" AXIAL DiSPLACEME~T,lll 
108 FnpMAT<iX.QF.12.4) 
'10 FORMAT(,x,1~~7.') 

e IJ 0 

IND OF ~EGMfNT. LF.NGTH 1269. NAME FLATPLAT!ReNoING 



MASTER FLAME PLATE BENDING SIMPLE HOLE 
~IME~SION ~R(15,5.4).STC'5.5.4).~Z('S.5,4). 

1TIIT(16.6.5).TIIZ<10.6,5).T7.T(16,6.5). 
, U 0 ( 1 6 • 5 • 4 l • V n (1 5 • 6 ,4) • WO (1 '.i • ~ • 5) • 
11.1(15,5) 

CALL ITIP·q:; (11) 
NRB16 
NTII6 
NZ .. S 
DKIl.,Ol)3A 
0I<TII.O,13A 
OK~.,003A 
rlE l R", ,~:;O 
rlElTH=3,14159/20.0 
OELZ-.:H5 
C LA!I"1? ~F.06 

CMUa".5r-On 
Al_.n5F~5 

IIR_. ?3?E~~ 
IlT ... 13'6-3 
RA ... 732£-3 
wRrTE<2.100)rLAH.CMU.~R.RT,~A.4L 
RE40(1.116ILlFLT 

~1)1 COIHT/WE 
WHrTE(2,1J1)nKR.oKT,n~1.nELR.D~LTH.OELZ,nElT 
W ... _3.14159/4.0*5.25.101).0 
P=WA/16.28.,.5*oFLR*oElRI 
D1.<1,-OKR/2 1/<1.+0KR/2.l 
D 2. C1 • ~ 0 I( T I 2 • l I Cl .... 0 KT I 2 . ) 
~3.(1.-0/(l/2. )/1 1 .+00/2.) 
D4110El T/RRI (1 .+OKR/2.) 
051104/ nEtR 
06_04/oELTW 
n'7a04/nELZ 
03aOElT/IlT/11.+0KT/2.) 
/)0,,0111 DI: 1.11 
010.o8/PELT" 
D1 h08!D1;l7 
012.~ElT/RA/(1.+n~Z/2.) 
0131101 ?I nF.! R 
014,,01210I:l.TII 
015an12/nEI Z 
016.CClAM+~ •• CMU)*0F.lT 
01 ?IIDH/nF.11I 
01a,,01611lELTH 
Dl0"D16/OF.lZ 
o20"C l Ml*O HT 
o21 .. 1l20/nFI.R 
o2? .. o20/IlELTH 
023 a 02.1/ IlEl Z 
024aCNU*OELT 
D2s-n24/oEI:I 
026=D24/1lEI.TH 
02?1l24/nEIZ 

C INITIAL CONDtTrO~s 
Ma' 
IFCfoI)30,JO.31 

30 COIITINUE 



no , Km,. N7-' 
(10 1· J .. 1 .NT-1 
DO 1 la' .NQ-' 
~R(J .J.KlE,'.O 
ST(I,J,Kl20.0 
SZ(I.J.Kl-O.O 

1 CO~TINlJc 
DO ? K.1.t.I, 
00 2, J.~.NT 
no 2 ,-LNQ 
:rRT(I.J.O .. ~. 
TRZCT,J,Oall. 
TZTCI.J,O .. v. 

~ rO~TPIIJE 

(10 22 ;(=1 -Ill 
DO /1 ? .1"'. 'IT - 1 
00 22 !=I.Ni<-' 
W(l(!.J.Kl20. 
w(I.J)lIil.O 

7.2 COt.!TT~lJE 

00 2~ ~=1 .NZ-' 
no 2~ .p., .NT-1 
no 23 I=1,NR 
{lOCI.J .n:!), 

7' C()~TINuf. 
nO '24 ~",. ~z-1 
DO 24 J=1.NT 

Oil ?4 l .. l.No-' 
VD(I.J.KllI,l. 

?4 CONTTNUE 
lrao 
NIT_500 
GO TO 32 

~1 CONTPIIIF. 
REWIND 3 
READ(3) 5p 
AEAO(3)ST 
IlE~OO) 57 
REAO(3)TH 
~EA()(3\U}' 

H"'J)C3) T71 
, REAo(31 UIl 

READ(3IVO 
REAi)(3IWIl 
IlEAO(3)IJ 
HA!) CH IT· 
AEAO(3l1IlT 
PEt-lINO 3 

~2 CONTINIJE 
;100 ITl>n'" 

SU'~SOIl" . 
UOSQaO. 
VDSQIIO. 
UDSQaO, 

C CAl~ULATe VEI.DeITY IN RADI"'L DIRECTION 
DO 4 Km'. 1;7-1 
(10 4 J.'.ta-1 
004I.1.Np 
IF(I.EQ.l)GO TO 4 
IF(I .LF..,n.A'-I~. !.GE.6 .... NIl.J.LE.2)GO TO 4 
RaOELR. (1-1) 
IF(I.~Q.7)AO TO .45 
IF(I.EO.l1.ANO.J.LE.2)GO TO 45 



I 

\ 

IF(I.E~.NR\GO TO 46 
IF(I.EQ.5.ANn.J.LE.2)GO TO 46 
IJ 0 ( I • J , K \ C iI 0 ( I , J • K) "n 1 • DC; .. ( S R ( I , J , 0 - S R Cl -1 , J , I() ) 
1.D'*(T~T(I.J.,,')-TRT(I.J,K)l/R.D7*(TRZ(I,J,K.1)-TRZ(I,J,K) 
1 .. 0 I. .. ( S 11 ( t , .1 , K) .. S R ( 1-1 , J , 10 - ( S T ( I , J ,10. G T( I -1 , J , 10 ) ) 12. I R 

GO TO 44 
45 UO(I,J,~1"'Il!(T,J.O*D1+2 .• tl5.SR(!,J,I() 

1 - • 5 * (3. * ~ T( 1 • j , ~ ) - S T ( I +1 • J , K) ) • D 41 R 
GO TO 44 

46 U 0 ( I , J , " \ = I) PC! , J • K) .. 0 1 - 2. * D 5 .. ~ R ( ! -1 , J ,10 
, - • 5 .. ( 3 .• ~ T. I 1 -, , J , ~ ) - ~ T ( I - 2 • J , K) ) .. 0 4/1t 

44 U 0 ~ :1 " 11 0 5 Q .. U I) ( 1 , J , K) * U n ( ! , J • Kl 
4 ~ O~T ItW!: 

C CAlCULATE VELOCITY IN TANGFNTIAL DIKECTION 
DO ~ (,,'.N?-1 
DO 6 J"'.NT 
DO , le'.NQ-1 
IF(J.Ea.1.0RJ.t:a.NTlGO TO b 
IF<I.EQ.llr,O TO 6 
!F(I.LE.1O.AN~.I.GE.S.ANO.J.EQ.2lGO TO 6 
RDDrrlR*(I·')·DRL~/2. 
IF(I.LF.1) "~~.!.Ge.5.ANO.J.Fa.3)GO TO 67 
VD ( I • J • ~ I = \I j) I I , J , K) .. n 2 .. 00. ( T P T ( 1.1 , J , K) - TilT C ! , J • I() I 
1.D10*(~T(1.J.()-5T(I,J-I,Kll/~+U11*(TZT(I.J.K+1)-T'TC!.J,K) 
, .. D A .. ( T q T ( 1 .. 1 •• 1 • K ) + T 11 T C r , .1 , I( ) \ I R 

GO TO 66 
A7 VO(I.J.')aVDIJ,J.K) .. D2+2.*o,n*~rCI,J,K)/R 
66 vO~IJ.Vn:;n+vDCI,J,j()*VD((.J.o() 

6 r.OIlTTNUE 
C CALCULATE VELOCITY IN AXIAL ~IRECTION 

1)0 i\ K.1,N7 
DO 11 JI!1.NT-1 
DO I) I .. '. :Jq-1 
IFCI.EQ.1lGO TO 8 
I Fer. L F. • , 0 . "tJ 0 • 1 . G E • 5 • A ~ I) .. I . It; . 2) GO 'l' 0 8 
I~(I.EQ.14.AtJD.K.eQ.NZ)GO TO 8 
I~(I.EQ.7.ANIl.K.FQ.11Wn(',J,K).WO(I,J,~).O~.2 •• 1l15*(Sl(I,J,J(l.P 
I~CI.EQ.2.AND.K.EQ.1)GO TO 88 
Ir(~.EO.1)WO(I,J,K)DWIlCI.J.K\*1l3+2 •• ~ZCI,J,K)*D1~ 
IFCK.e~.1)Ga TO 88 
IF(K.eQ.Nz'~n(I,J,K).wnCI,J,K)~D3-2 •• SZ(!,J,K-').D15 
IF(K.Ea.NZ)Go TO 89 
q.neLR.('-1)·~~lRi2. 
WDCI,J,Kl~WD(I,J,K)~D3.D13*(TR7.CI+1,J,K)-TRZ(I,J,Kl) 

'+D'4.(TZT(r.J+',K)-T1TCI.J.K»/R+D1S*(SZCI,J,Kl-Sllf,J,K-") 
'+012*(TR7C!+',J,K)+TRZCI,J,K»/2./R 

GO TO 1I~ 

A~ wCl,J).WCI,J).WDCI,J,K)*OELT 
~9 \J 0 GI)" W I) S CU~! () 11 , J , K) * IJ D Cl , J • K) 

8 C OlH I tllJE 
S~MSQaUD~Q.VI)Sa+IJOSQ 

C CALCULATE NORMAL ~TRESSES 
DO 10 1("1 d1Z- 1 
DO ,0 J",1,N1-1 
1)0 1tl la1,NI1_1 
IFCI.EQ.1)GO TO 10 
IF(I. L~.1n.AND.I.Ge.5.ANn.J.LE.2)QO TO 't 
RaDeLR~(I~1)"OELR/2. 

C r._lcuLATE RAnlAL STRFSS 
SR(!.J.Kl·~~(I,J,j()+017.(Un(I+',J,K)·UD(I,J,K» 

, .. 0' <). «(!i)( 1.' , J , I( I .. U D ( 1 , J , K) ) 12 • III 
,+02Z*(VDII,J.',Kl-VD(I,J.K»/R.D23*(UO(I,J,K+1)-UOCl,J,K» 

c C~LCULAT~ TANG~NTIAL STRESS 



STCI.J.K)~~TCI.J.K).02'*CUOllo'.J.K).UOII.J.K» 
1 .. D 1 il" ( 11 j) ( , • J .. 1 • I( ) • V I) ( I • J • K I ) 1 q .• D ? 3. C W I) Cl. J • 1( .. 1 ) -1.1 D ( I • J , K ) ) 
1 • D I (1* ( U i)( I ••• J • I() .. U 0 ( I • J • I() ) 1 2 • / R 

C CHI:uLATIl AXTAI ~TRE~S 

SZ(I.J"'=~ZCl.J.K)+n21*CUD(I.'.J.K)·UDCI,J.K» 
1 .. 0 2 (I" ( U 0 ( I ., • J • K I .. U D ( I • J • 0 ) 12 • / q 
I+P22*(IIDCI.J.,.Kl-VOCI.J.Kll/R+019*(UOII.J.K+1'-WDCI,J,K» ,.1 CO!lTlNUE 

r. r.~ICULAT~ SrlFAQ ~TQE~S ON RZ PLANE iRT 
no 1~ (,,1. Nl 
0016.1=1.NT 
DO ,6 t .. 1.t.i~ 
'FII.Ea.~lGv TO 16 
1~II.EQ.1,n~ T.En.NR.OQ.J.FQ.1.nR.J.EQ.NT.OR.K.~Q.NZ)GO TO 1~ 

1F(I.LF..1~.ANil.I.GE.5.AND.J.I.E.3)GO TO'6 
~·!)EI.R.(T-1) 

T~TII.J.K)DTQTII.J,K'+D26*(lJOCI.J.Kl·UDII.J-',Kl)/g 
~ - 0;> 4 * Cl/ 0 ( T • J • Kl .11 D I I -I • J • K 1 l I? . / R"'!l? ~ * I V!l ( I • J • n -v n I I -, • J • 10 , 

16 CONTINUE . 
r. r.AI.CUI.AT~ ~HFA~ ~TRESS TQZ 

DO,A -:"'.NZ 
no 111 .,.1.'H 
DO ,11 '''LN'l 
IFII.EQ.2lna TO III 
IF Cl. (Q. 1 • O~.:. E:O. NIL OR. C F-l. I .lJ~. Ko ~a. NZ. OR. J. Ea. NT> GO TO 11l 
HII LI'.11.ANfl.I.GE.5.At>D . .l.LF..2'GO TO 18 
TRZ(1.J.kl.1QZlj.J.K'+O?7*CUOII.J.K)-UOCi.J.K-'l) 

, • D " ~ .. I w () ( I • J • K ) -u D I I - I • .; • I() ) 
11\ COIHINIJ( 

C CAI CULATF. 1'7.T 
00 20 (=1.Nl 
00 20 JB'.NT 
00 2·1 1=" N R 
IFII.EQ.1ir.O T(I 20 
IFIK.EC.l.oR.K.eO.NZ.OR.I.F.Q.NR.OR.J.EQ.l.0R.J .• a.NT)G0 TO 20 
!F(l.L~ 1!) A!I~.!.GE.5.ANO.J.LF..5)GO TO 20 
Ra nElR.\t-l)+OEtR/2. 
TZTII,J,KI.T,TII.J,K'+D27*CVDI1.J.K)-VDII.J.K-1» 
'.D~6·CWil(I,J.K)-WO(1.J-' .K»/R 

?O CONTINUE 
WRIT~C2.1~2)IT,SI)MSQ.UDSQ.VD~Q,WDEQ.UIZ,3).SR(S.4.", 

'ST(5.4"' .• Zc~.4,').TRT(5.4.1' 
IFIIT-~jT)20n.21.2' 

?1 NIr-NIT.i\nn 
WR I re <2 • I In) 
WRIT~(?,'1,)qK 

WRITF.(2.104) 
URIHI?115)~T 
WRITE(2.1J5) 
"'RITE 12. I 11) ~z 
URlTE(2,\(]{,) 
URtTE(?.11AlTRT 
"'RITF(2.11)71 
WIl IT e 12. I 1 R l T R 1 
URIH(?.luAl 
WRTT=I?11A)T7.T 
IoJRITE(2.111l 
WRIT!;I?",15)1oI 
REWIND ;. 
URITF(4)~R 

~IKlre(4HT 

URtH(4)~7. 



IJRIT~(4)nT 

IJRrTe(4)T~7 

IJRrTE(4)TZT 
IJRtTF (4) 110 
WRITE(4)"O 
J.lRITF(4HJO 
IJRITE(4)1J 
IJRIH(4)1T 
WAITE(4)NIT 
~r:J.lIND 4 
CAll I T IMF. OJ:?) 
ITP-lsN'·N' 
IJR IT F UI. , 1 Q) TT I M 
~TO~ 

'00 ~ORNAr('X.6E'2.4./) 
'01 ~ORHAT(7F'~.3) 
'02 ~OR!IAT(15.n.QE'7.J) 
.O~ ~OClIIAT<I/I.1'<'~ RAolAL ~T~E~~./) 

.04 FO~~AT(!li.~nrl TAHGFNTTAL ~TQ~SS.I) 
105 FOnMAT(/I/.l~" AXIAL ST~F~~./) 
'~6 FO~MA~CI/I.2.H SH~AR STRES5 R-TMETA./) 
107 FORMATCI/I.loH S~EAR STRFS~ R-Z.I) 
108 FORHAT(I/I.21M SHEAR STRESS Z-THETA./) 
111 ~O~M4T(//1.21H AXIAL OTSPL_CEMENT./) 
11~ FORMAT(1x.QE12.4) 
•• ,t, FOR~.T(E12.4\ 

"~ FORHATC1x.OE'2.4) 
110 FORIIAT(I/.~x.7M TIME .1'<') 

END 

~T. l~NGTH ~S10.NAMe FLAMePlATEgeNDINGSIMPL~~OLF 



-- --- -- -•• -- ••••• --~--.-.---•••• ---••• ----.-.-- •• - - •••• -- •••••• , •••••••• -•••• _- • -_._-_._-- .- - -.~---------~- ----_._ ••• _<;;..... •• .!..-_._. 

MAg,~q FlAQE PLATE T£HP2nATURe 
nl"&NSIO~ T('5,5,4),SR(15,.,'),U(1~,~,4),V(1S,8,,),U('5,g,,). 

1TRUS<1!l) ,H(1S,10) 
NRa,!' 
NTa6 
N1. .... 
TR!I(l,O 
TH"n,CI 
ilEAl> n, 1 OS) HlI9 
.~RITF(2,'O~)TRUS 
DKa.050 
nELn •. I'd!) 
DElTWa3.14,50/20.0 
DEL'".37~1) 

.nEAIl(1,11l31DHT 
~RIT~('-,~OO)~ELP.DElTH,DFL1..0K,DeLT 
eD]O.E06 
AL- .651'-'1 
1I~ •• 3 
TSOII-E*AI/(1.-2,.PR) 
0111(1.-01(/:».)/<1 ,""DI(/2.) 

. 021'1nP.L T/nF.I?.1 <1 •• DK/?) 
..... __ 03QDP.LT/DF.I.TN/<1 •• 01(f.:!.) 

._._ ... ____ J) 4 .. (j P.L T 1,' E I Z I <1 ... " « 1 2 • ) 
__ . _____ 05aDH T/n1:1.I1. 
_ . ___ . _. _ .. _ 0 (\ IJ [I P.L TIn ElT N 
_. ___ . __ . ___ D7IJOHT/l'Jf!lZ .. 
__ Ll!H Tt Ale 0 I;' rT' 0 'J S 

_______ ._.c A LL __ IT I lIe OH) .. ___ _ 
_______ .J T.O'. _______________ . 
_. ___ .. tU T!l' 00._ _ ____ . 
_ .... ___ .00_1_ 1(,,1, N1-L .... ___ . __ .... 
_._. ____ !lO_'_ .. JII1 ,'IT-I._ •... ___ . __ . 
.. ______ .!l(L~--llJt, rl~-1 . ______ ... 
_ ... ______ T ( 1 • J , to "0. 0 __________ . __ .. 

, eOIlTHWF. 
~=_-=·~:':_:D o? K"', tl,-1 

no 2 J .. ', flT-' 
DO~. 1 .. 1 ,/11t-' 

_.__ _ ~II(I,J ,1(\111),0 
__ . __ . __ 2 .CONTUjIJE_. __ .... __ . __ .. __ _ 

no l Kd', N,-1 
-=-__ -:_= __ DO·:; J ,,' , rlT-' 
._ ._. no :. 1"1.N~ 
.. __U(I,J,I()aO_ . __ 
___ . _. __ ...3_C 0 WI' "HI E . 

. __ . ___ DO " 1(0', N,-1 
....... __ . 110_.4 J-' ~NT 

--------
~. -,,----_ ..•. --:-.---_ .•. -_ .. -------_ ... -... -- .. __ .. _ .. - ._._--------_._---""-- ------- -----,- ._---_., "---_.-



no " I'" ,No-, 
VCI,J,V)"O. 

4 CO~ITINi)e 

DO ~ hI. ~7 
nO ~ J.', NT-1 
no ~ ,.,. '1~-1 
y(t,J,K)av 

~ Cr,~T"'llt 
? n (I I T It I T + 1 

r. r.AI CtJl.AH 1I 

DO '" K.1 "'7-1 
no " J"'. ~IT-' 
no'" 1,,1,ND 
lI-n,'IR*( T-') 
IFCI.E7.'lr.O TO 6 
I F Cl. F. /l • ? ) 11 ( , • J , ( ) .' 1 ( I , .1 • K I • n 1 + 2 , * R * n " • ( T ( I ,J • It ) • T W I 
IFCI.F.Q.')r.o TO ~ 
I F Cl. E" . N ~ \ I) ( , , J , t( ) = IJ ( , , .I , ~) • n 1 +;1 •• R • 112 * ( T R - T C T - 1 , .1 , It: ) ) 
IFCi.EQ.NRlr,O TO ~ 
IFCi.LF.1n·AM~.I.ne 4.ANn.J.I~.?)Gn TO 6 
;FC'.EO.', ANn.J.L! ,)no TO 4~ 

'FCI.F.".~.A~n.J.L~.~I~O TO 67 
41 UCI,J,~)"U/I,J.K)*D1.n;l'D.(TCI,J,~)-'(I·'.J.K)' 

(;0 TO It 

'. M. tJCI,J.O.IJI'.J'~)'D'.n"Q".*TCl,J,It:) 
no TO 4 

67 II(t,J,Kl.IJlt,J,K).D'-n;l.~ •• R'TCt-',J.K) 
___ .. _ ........ r.ON,TNllE 
... __ c...UlCULA'fF. V 

no ., K.1, '1~-' 
_ ..... __ ... no" J .. ', '/ T 

00 ., t.1 .IID-' 
~~.~ _--. . .. rF ( J' . Ea. N rIG n TO" 
. ____ ... r F (I • EO • 1) I; 0 TO 7 
.. _ .. _ ._. IF (I , L Po. , 0 . All n , I. G e . 5 • ANn. J • LE, 2) 0 0 TO '? 

nlln~lq.CI-').nFLQ/2. 

:-::_~=-_ .', nj, ~Q.1)1l0 TO n 
IFCI.LL10 AtJli.l.nE.~.ANn . .J.FO.3)~O TO n . 

_ ... __ .. 7.1... V ( I • J , 0" V ( 1 ,; , K) * D 1 • D 3* C re 1 , J , 0 • T Cl, J -1 , 10 ) I R 
. ___ ..... I:O.TO.? 
.......... 77 V (f ,J , J<).V II , J , K) • D" 2 • * 1)3. T Cl • J , !() I FI. 

? rOIl'!' I NilE 
e .C41 r.IILt.,@ IJ 

.... . 00 tl Km1 dJ, 
___ ....... . DO 11 J a' ,tJ T-1 
... _. __ .. __ .. r-O 11 I"', Np-, 

._ _. It" 0 HR. C T -, ) + D@ L R I Z • 
IFCK.EQ.NZldn TO 11 



JF(i.~Q.1)r.Q TO 8 
IF(!.LP..10,MJO.I.ne.5.AlII),J.LE.7.)QO TO 8 
TS(I,J)·(T~U~(I)~?'60.)IC~.(.7S5·DeLT~» 

~~' (0. 

..... --

. '.(npLTM·(J·"+nELTH/2.).~ . 
JF(K.e~.1)u(I,J,~)aWCI,J.KI*D'.2.*o4~R*tT(J,J,K)-T~(I,Jll 
IFC •. E~.I)~ll TO R 

R1 W(t,J,~)BU(I.J,KI.D1.D4*R.(T(I,J,~I·T(',J,K-1)1 
~ COr/TlrlllF. 

1)0 10 !(:o1,NZ_' 
no 10 Jn1. NT.' 
no 11) ''''1,NR_1 
TF(I.EQ.1)~O TO 10 
R.n~LR.(T-1).OELR/2. 
TF(I.LI'.10 ANO.I.IIE.5.AND .. /.lE.2IGO TO 1/l 

11T(I,J,()nT(I.J,K).D5·(U(I+1,J,~)-U(I,J,KI)/R 

.. 1.o6*CV(!,J+1.~)-V(I •. /.~»/~ 
1.0?Cu(1.J.K.1)-W(I,J,!(»)/g 

10 eONTI\lUE 
WRITF(?,101)IT,TC12,7.1) 
IF(IT-~IT)?Un.9,Q 

o NIT."IT.1 ')0 
WRITF(?,1n4) 
IJRITF(2,10?)'I' 
IFCIT.PO.3t)()lnO TO ]on 
GO TO ~O/l 

~ol) no 12 K0!1, NZ.' 
00 12 J It 1,NT·1 
DQ 17. ,=1,NR-1 
SR(I,J,I{).TCf.J,I().TSC 

" CO!HIIIIJE 
RcuPID 4 

.... \JRIH(4)~~ 

.. _ ......... REIIIND 4 

.... __ eH"!: IT I ~E PI?) 
. __ .. _ .... _.NTI'"1I1/a-N1 . 
... __ .. \J R r TF ( 2 , 3 f)" N T I M 
_ .. _.... STOP 

10n Fnl1"'ATC1~,~E1?4) 

10' FOQMAT('X,,5.5X,E1~.4) 
102 FO~~AT(1X,'5~7.') 

.103 ~OR'IAT(E'2.41 
1(14 FOR"'ATUI,\4~ TP~P~RATIIRP.II) 

11)~ ~ORMAT('~F~.O) 
~ I) 1 F Cl"" AT U I , "H T P1 P , I 1 0) 

!! II D 

I.~NtjTH 1203. NAME , lAMepI.ATFTelo4p~A4TI/RI! 



\ 

i 
\ 

~ASTER FLAME PLATE THEqMAL STRESS 
~IH~N"ON ~R('5,5,4),5T(.5,5.4),SZ('§,5,'). 
lT~T(16.6.S).TR7(16.6.5).TZTC16.6.S). 
\ 11 0 Cl t. , 0; • 4 ) • V I) ( 1 5 , 6 • ') • 1.1 0 11 C; • 5 • 5 ) • 
ilJ(15.5) 

CALl ITIr.4E (111) 
NR .. ,6 
NTlIIl'I 
N7.IIS 
DKo".a037 
OKT".0037 
nK7 •. 0037 
OELIlII.630 
~ElTHal.14159/20.0 

OELZ".375 
CLAHII1?~En6 

crw .. ~' . 5F0~ 
AL ... 651!-5 
RR ... 732E-3 
lITa.73:?E-3 
IIA&.732':-3 
URIT~(~.1nn)CLIM.CMU.PQ.RT.RA,AL 
REAO(1.116IDFLT 
IJRIT~(2,1n1)DKR,OKT,nKl.n~LR.O~LTH.D@LZ.CELT 
plI/).D 
0'" ( 1 • - D I( R 12 . ) 1 ( 1 • + 0 K R 12 . ) 
OZq(1.-0KT/2.)/(1.+I)KT/2.) 
n3 .. (1,-OI(U2. )/C1.+flK1I2.) 
04 .. 0F.LT/RR/C1.+PICR/2. ) 
DSDn" DE I.R 

.. ··D6"o4/IlEl TH . 
D,,,o4/IJELZ .... ---.... -

-D8mDELT/RT/C',+OKT/2.) 
- ..... - .. -.. !l9aM!/DELR 

. ·O'OuDd/OHTH 
..... -- -- ·1111 Dn81!lr:L7· 

.- 01 ,- .. OF. LT IRAI n. +OKZ/2.) 
-··111 3 .. n 1 V Il H :l -.. -. --. . - - - .. 

1I'4aO'2/nEI TI~ 
. ·O'liBn'UI\~I.7. 

·-0'6aCCLAM+2,.CMU)*DRlT 
.. ·01'i'an'6/nF.tR- .. -

D1IlaO'6/IIELTH 
n19al)'MnEI Z 
020"ClAI4*OHT 

·02, "n20/IlElR 
022u!>2o/nEl.TH· 
D2~an2n/I)EI.Z -- .. 
D24aCI·IIl*DEl T 
n25ql\24/nElR 
026 .. [1241 DEI TH 
n2.,01\241I1"I Z 

C INITIAL CONDITIONS 
MII1 
rF(M)30,lO.3\ 

~o COIITT~IIE 
REI,J[tID 3 
QEAI)C3lSl1 
Rf:WIt4D 3 
IJRITFC2,.H)gll 



DO 1 Ka1.N,-1 
DO , J .. 1. fjT-1 

--00 1 In1.NII-' 
!; re I • J , le )la !; 11 ( I • J .10 
!;l(I.J.~)c~R(I,J.K) 

1 COtl?INIIE 
DO 2 K"" .1<17 
!l0 2 J., .NT 

DO 2 la' .NR 
TilTO ,J,K).O. 
TRZ(I.J,O.v. 
TZ"!'(I,J,r).o. 

? CO'lrHIUE 
DO ?~ 1("'''1l 
00 22 J:1. NT-1 
DO n p.,. NIl-' 
I.ID(I.J.O=J. 
wo,n-oo 

).? CONTINUE 
!l0 ?~ 1(=' .1oJ7.-' 
110 ?~ J=1.1H-' 
(10 2~ r='.~1l 
U[)(I.J .;0=0. 

?~ r.OtolT! 'lIlF. 
(10 24 1(=', 'I.~- \ 
110 'It, ,f"~-"H 

DO ')4 1-'. N~-1 
I/(HI.J',K\·O. 

7.4 COIHtNIIE 
TT-:) 
N1111500 
GO Tt) 32 

~, CONTINUE 
RE'JII-JD 1 
REAtJ(3)~R 

PEAoCHST 
RE4i)(3)s1 
H~[)(3HIIT 

RE40(3) Till 
DEA'.>O)T1T 
READ C:S)IJD 
RE~O(3)VI) 

pEAOf3HIIl 
p B () <3 )\1- -
REA[)(3) IT 
il~4!JC:HNTT 
RElHtJD 3 

12 CO'lTINIIE 
')00 IT .. lT., 

~UJ.!~~.O.-­

UDSIl",). 
VO~c).O _ 
1.105 1)-0. 

~ r41CUL4TE VELOrlTV IN RADIAL OIRFCTION 



[10 4 " .. 1,N7-1 
DO 4 J_1 d~T-1 
DO .. ID' .NII 
IFO.EQ.1)OCl TO 4 
tF(I.LF.1J ANO.I.GE.6.ANn.J.LE.2)QO TO 4 
IP.nF.lR*( 1-') 
IF(I.EQ.~)~O TO 45 
IF!I.EQ.11.ANO.J.LE.2'GO TO 45 
IF(I.ED.NR\GO TO 46 
H(l.~Q.S.ANn.J.LE.2)GO TO 46 
UD(I.J.KIQUD(I.J,K).01.D~.(SR(t.J.K)-S~(t·'.J.K» 

'6D6*CTQTCI,J61.K\-TRTII,.I,K,'/R+D7.CTRZ(t.J.K+1)-TAZ(t,J,K» 
16D4*ISR(I,J.K).SRCI-1.J.~)-CSTCI.J.K).STCI-1.J,K»)/2 ./R 

/l0 Tr. 44 
45 IJDCI.J.K);UD(:.J,K).D1.l .• D5~SR(I.J.K) 

1-.5*(3.*n(I,J.K)-ST(I.1,J,~\).04/A 
(lO TO 44 

46 UO(I.J.KllliJ[)(I.J.O.D1-Z.*DS*"R(I-'.J.1O 
1 - , Ii. C3 .• ~ T ( I -1 • J • I() - S T ( 1-2 , J .10 ) • D 41 R 

44 \JD!lQ.lInS~.UD(I,J.iO.UD(I,J,IO 
4 COIHltWF. 

C C~lClILATE VEI.OrIlv IN TANGeNTIAL DIR~CTln~ 
DO 0 ~.1. N7-'o 
00 " J-1.NT 
00 I> 1.,1.rH-' 
IF(J ~Q.1.OiLJ.fQ.NT)GO TO 6 
IFCI.EQ."r.O TO 6 
'F(I.L~.'O.ANO.I.Ge.5.AND.J.!Q.2)OO TO 6 
RQDEL~.(I·').DeLR/Z. 
tFCI.LP..10.AND.1 GE.S.ANn.J.FQ.3)OO TO 61 
VO(I.J.Kl~VO(I,J,K).02.DQ.(TRT(I6'.J.r.)-TRTCI.J.K» 

1.010.C9T(',J,K)-~T(I.J-1.K\)jR.D11.(TZT(I,J,~.')-T7T(r,J,K) 
16Da*(T~T(t.'.J,K).TRT(r,J.K»)/R 

GO TO 66 
67 ~O(I.J,K)DVO(I,J.K).D2.2 •• D10*STCl.J,K)/A 
66 VO!;~.V1\SQ.von,J,IO.VDCI,J,K) 

6 CONTINUE 
C ~AI.CUL.TE VEI.OCITV IN·AxIAL DIRECTION 

DO a K .. 1.N7 
1)0 o'! J,,1.tlT-' 
[IQ " I." .Ng-1 
IF(I.EQ.1)GO TO-8· 

. . - .. _- . - I F ( I • Le .. 1 0 .. A N I) .-1 -. G e • 5 .. ~ N D • J • lE .. 2) GOT 0 8 
IFtl.F.Q.15AND.K.EQ.NZ)GO TO 8 
rF(K.Eo.1)UDCI.J.KlsuOCI,J.K)*03.2.*015*sZCI,J,K)-2,*PoD'S 
IF(~.F.Q.1)GO TO R9 
IFCK.EO.NZ)~O(I.J,K)DUDCI.J.K)*03-2.*SZCI,J,K-1)*D'5 
IF(~.EQ.Nl)GO TO Ra 
AaDELR*C!-'I.OELR/Z. 
'" D ( I • J , K \ .'" rH I • J • 10 .03.01 3 * eT R Z Cl.' , J • 10 - T R Z ( I , J , K) ) 

'.D14*(TZT(I.J.1,K)·TZTCI,J.K»/R.01S~CSZ(1.J,K'.SZ(I,J,K-,,) 
1 .0' 2. C TR' ( ,.1 . J , K) • T R' ( I • J • 10 ) 12 • I R 

GO TO A9 
ilA uO.J) .. IHr.JHI,JoCI,JoIO.nElT 
119 UOS~.UOSQ"UIl < I ,J, 10 .uo (I, J. K) 

11 CONT PWE 
SUMSQ=UO~~.VOSQ.WDSQ 

C ~AlCUL4TF NO~H4l STRESSES· 



· DO 10 1(::1.142-1------.. -.. .- .. -.---... ----. ___________ . __ 
!lO ,0 ,I'" ,NT-1 
1)0 10 !:r',1oJ~_1 

JF(I.E~.')~O TO ID 
I F ( I . I. F . 1 ,j • ,,1oJ j). I , G I! • 5 • "N I) • J • LE. Z ) 00 TO 1 0 
R·I)ElR.(T-')·DF.L~/2. 

C CAlCIIL4TE ~AnIAL STRESS 
~ R ( J • J • 10 .. ~ R I I • J • I( ) .. 0 11' .. ( U 0 ( 1+ 1 , J , 10 - U D ( I , J , K) ) 

'''D2~·(IID(I+'.J.~)+UDCI,J.KI)/2./R 
1"O~?"(VDtl.J.I.KI-VD(I,J.K')/R+D23*(UDCI,J,K .. 1)-UDCI,J,K» 

C ~AlCULAT~ TANGF~TIAL sTRe~~ . 
~ T ( ( • J • K I " ~ T I r • J • K ) .. 0?1 .. ( lJ I) ( I .. 1 , J , I( ) • U D Cl, J • K) ) 
I"D1d.(VPII.J.'.~I-VD(I,J.KI)/R"02J*(UOCI,J.K.1)-WDCI,J,K» 
I .01 ", .. ( 11 0 ( I • I • J • K \ • U I) Cl. J • I( I ) I 2 . I rI. 

C CAlCULAT~ AXIAL ~TnE~S 

gZII,J.Kl·~ZtJ,J.K) .. 02'''(UD(I.1.J,K)-UDC!,J,K» 
1.D20.(IJDII.1.J.K).UOCI,J.K)/2./R 
1 • D 2 .... (1nl I I , J.1 • I( I - V 0 Cl, J • I() ) / R. D 1 9 .. C IJ DC I • J • K.' ) - W D (! , J , to ) 

10 CO'olf I rWF. 
C ~AICUlATF qHFAR QTRESS O~ RZ PLANE TnT 

DO 16 K"1 ,~l 
(la 16 .lal.IIT 
1)0 1(, 1"I,NR 
!FCI.~Q.7IGn TO I", 
I F ( I . to 'I . 1 • 0 R. I . E Q • N ~ , 0 rI. • ,I .F. ~ • 1 . 0 R . J • e Q • N T • 0 R • K. E Q. N l ) GO TO 1 is 
IFCl.lP.,I .ANO,J.aE.'i.ANn.J-.LE.'5)GO ':'0 16 
RIIOHR.(I-1l 
T~T(!.J,().TpT(I,J,Kl+n2~*(IJnCI.J,~)-UO(!,J-1,K»/R 

1 - D:! 4. (V 0 ( I • J • K) + v 0 ( I -1 • J • K) ) 12 • / R + 0 2;. C VII Cl, J', 0 - V!) C r -, , J , 10 ) 
11'> COtHINUE 

c CI\I.,;UlI.Tf ~HI'AQ ~UESS TRZ 
DO 1~ ("I,IIZ 
DO 18 J .. I,NT 
00 lA ".I,NR 
IF(I,EQ.2)GO TO 18 
IFC! EQ.I.0R. I.En.NR,OR.~.PQ.'.DQ.~.~Q,Nl.O~.J.~Q.NT)GO TO 18 
IF(I.L;.II.ANO.I.GE.5.ANO.J.lE.2)GO TO 13 
TR~(T,.I,K)DTQlC!.J,K'.~27*(UOCJ,J,K)-UD(I,J,K-1» 

1.D?S-(WO(I.J.K)-UO(I-I.J,Kl) 
IA.CONTINUE ..... ---

r. CAiClJLAT!; TZT 
- DO 20 1/:01 ,NZ· 

DO ~O J"I,NT 
00 20 l"I,N'! 
tFCI.SQ.I)GO TO 20 
tF(~.EQ,I.nR.~.EQ.UZ.OQ.T.PQ.~R.OR.J.eQ.'.OR.J.~Q.NT)G0 TO 20 
IFCI.L~.10.AND.I.Ge.5.AND.J.LE.3)GO TO 20 
R·D~lA.(I-I).O~LR/2. 
TZTC!.J,K)sT7TCI,J,K)+027*CVOCI,J,K)·VOCI,J,K-1» 

1 • 0 ~(, * (IJ D ( I • J • 0 -1.1 0 Cl, J -1 • 10 ) / q 
20 . CO~T IIWE 

WR!T~c2.1J2)'T,SUMSQ.UDHO.VDSQ.WOSQ,WC2,~),SR(5,4,,), 
IST(5.4,11.~Z(5,4.1),T~T(5,4,1) 

tFCIT-~IT)20n.21.21 
21 N I h NIT. 5 ,) 0 

!JRlTF(:?,1I)~) 

URlT~(2.115)~1I 
WRTTI;(2.104) 
IJRITFP,115l!;T 
URIT"(2,10~) 
IJIU H (2, 115) ~Z 
WIl!T!'(:!,IQ6) 
IJRIHP.~lA)TRT 
IJRJH(Z,I()?') 
Ul1tTF.(?,,118)TV 
WRITF(2,1Q/I) 
~IR!TF(2,118)T7T 

till TT" P.l11 ) 



WRIiF(~,I1c;)w 

RHIIND 4 
WH ITF (4)">R 
IJRITF(4)q 
IJRtrF(4J~l 

IJRTTr. (4)T~T 
IJRIH(4)T~1. 

WQTT=(4)TZT 
W~ITF(411IJ 

w~IH(4)VD 

U~ ITF (4) un 
IJ~YTr.(4)1J 

WRITI'(4)tT 
WRITF(4)\IIT 
R~WI'Jj) 4 
CALL ITlt-IH (u7) 
ITlil IHa-Nl 
WRli~O.110) TTIM 
STOP 

1'10 FOQWATI'X.6EI2.4./) 
1111 ~O~MAT(7F';L~) 
IQ~ FO~~ATI15.~X.QE'2.3) 
1:13 ~()R:IAT(II/.1"d RAoIAI. nRESS,/l 
,,14 ~OouAT(I!I.2n~ TA~G~NTIAI ~TRE~R.I) 

IO~ FUR'IAT(III.l~~ A~IAL STRES~./) 
'06 FOD~IAT(I/I .. ~T~ ~~eA~ RT~~S~ ~-THeTA./) 
IQ? ~aQNAr(I/I.1Q,1 SHEA~ STRFS~ R-Z,/) 
103 ~O~tIATUI/ .?~4 SHeAR STReSS 7.-THF1TA'/) 
I"~ ~ORIIAT(III.2'~ AXIAL DT5PLACFMEHT./) 
115 FnR~Al(1X,Q~\? 4\ 
116 FO~IIAT(EI2.4) 
"A FIlRWAT('X,QEI2.4) 
"0 ~O~,'ATCII,;?X.7H rail, ,11» 

Flln 

, ' . .'j. 



- .. -----~---- -'-'---~--'------~-----"----------------------" - ---------.--- ~ - -- ---'---

-----flASTl:il ·HAHG Plf,Tri CO~HlINED STRESS ELASTIC FOUt~OAT!ON 
.. --- DIH~NStON ~R(15,5,4).!T(15.5.4),SZ(1S,5,4) • 

. lTRTC'6,6.5'.TRZ,'6,6,S).TZT(16,6,5), 
1UD(16 ••• 4).V~(15.6'4'.WDC'S,5,5). 
lU(15,S),FPC1S,S) 

CALL ITII~E (Nl'· 
NRa16 
i~h6 
NZ.S 
DKRII.04 
DKTII,04 
DK7. •. 04 
FNII30.F.06 
URITI;C2.12nHM· 
DEUIII,630 
DELTHaS,14159/20,O 
DELZ-.375 
C LA14a17. H06 
CI1lJ .. l,. SF.Oll 
Al_.65r;-5 
RR ... 732E-3 
lIT". 732E-3 
RAII.732E-3 
URTTI;C2.'I)O)CLAM.CMU,RR.AT.RA,.L 
REAIIC1 ,116)DF.lT 

501 CtlNTTNIJF. 
U~ITe'2,101)OKR,DKT,OK7.,~ELR,O~lTH,OelZ'DELT 
P-·1S00 • 

. URI TF.(2,121) ~ 
----Dh<1.-0tOH2 '/(1 •• 0K~/2.) 

------··02aCl.-11ICT/2 )/(1 •• 0I(T/2 ) 
.--... -. 03 .. <, . -{l K Zl2 . ) 1(1 •• 0012 . ) 
-.-. ·--O:'uDELT/RR/C1 ,.OKR/2.) 

---·-··--00;11041 OELR 
.. '--'- -' D6 .. 041 1'1 CL 111 

il7 .. D4/DElZ 
.--- --. OaeOELT/IlT/C1 .• On/2.) 
.----- D9I1DR/~ELR . 

------.- 1>10.08/0FlTH 
.---. --.. 1>11.081 OF L7 
-------D12110ELT/RA/c1,.OKZ/2.) 

01J .. Ol?/~ELR -
014 .. 017.1or:tTH 

-------1)15a[l1 U I)HZ·-
--.--- .. -. 1>16 .. (CUII+2.~CMU'*DElT 
- --·---D17-01 6! Oii lR 
- .. -... ·0 lS .. D 16/ DEL T H 

-·-·D1QaOl61DELZ. 
-.---. --.-. D20IlCl~N*OELT 
.. ------- ·D21aD20IfHli.R 
- .. ----- 1>22 .. 0i!0/DcLTH 
--.---.... - 023 .. 020 I I)I:L z·· 
··-------··D24I1Cf·IU*IlEL T· --.----- ... ----. ---- --.. --------.--- .. 
------~\'}2 9 .. /)24/ [le l R· --- --~ ----.---.-.---. - --- .--.- . -"-. 
·-----·026 .. 0241 DEL TH,-----· .. ·----· -- - '--'--
·-·---·---02i' .. 0241~ElZ ---.----.... --- .. --.-.-... -.--
c-r~ITIAlcOND1TrONs 

-~-.- .. ·-·-l4a1 . - ...... . 
. .... - - - I F (to 30,30.31 ___ ·· -.------- ------ -.-.-... -.- .--.-.-.---.-- .--- ----- . 

-30 C OllT I NUE - ---- ---------.-.-.. --. -.-.. -.--,-----.. 
REWIND 3 
READCl)SR 

--_·---llcUIND·3---·- -.-.-.-----.-.. 



--.. -. - .. DO 1 1:.',1-17-1 
···00 ,.Jlt1.IjT~1 

..... - ... -·00 1111'.,1.111-,.--.----.--.-- .. -.­
ST(I,J,K)aSR(I,J.K) 

-.----.. Sln,J ,IOa~Rn"I,I()-- --- .... 
.. . , COllTINUE 

DO 2 K.1.117 
00 2 JD1.NT 
1)0 2 Ja1.NR 

-- -- - - T R T ( I , J , K ) ,,0 • 
TlH(',J ,10,,0 

... -.... TZT(!,.I,IO.O. 
jI COtlT1NIJE 

DC 22 1(:1' ,NZ 
. 1)0 2" J,"1,NT-' 

-- ----. ·DO 22 la1,NR_' 
.. ---- .....- IJ D ( I , J , iO .0 • 

- --.-.. . . 11 ( I , J ) ,,0 . 0 
-.- - .. 22 CONTt NUE 

·DO 23 I("',NZ-' 
DO 23 J_1 dlT-' 

·D0231 Il ',I-JR 
.. - ----- UD'I ,J,K~"O. 

- 23 CONTINUE 
-.-.- .. - DO 24 1(.' ,NZ-' 

-.... - DO 24 Ja, ,NT 
... - .. -. DO 24 la1,NR-1 

.. -'---. 'VD (J , J, K )-0. 
'-'--24-(:OtJT J NU!: -.-
- ----.-- I Ta 0 
--~--- N ",,';01)·--·· 

- -- -··--·GO TO 32-··- - ..... . 
·-·~--:!H·~COIlT I NUE·------·-··--·· . 
·-----IHl WIN D 3--·--·-- ---- .- -
-----IIE A I> < nSII-- "-'---"'-'---" 
----A EA 0 Cs) ST-

---·---11 SAD CH S 1·- .. ----....... . 
----nt:AD (:S) TiH-----· - ---. 
--·--!H: ~l)O)U z--- -'- --- -.. 
---·-11 E A!H 3) T:n --.-. --.----

---REUCHU!)--------··-- .. ---... 
nIlAIH3)Vl)--·-··------ .- .. 

-----IIEt\D(.3)WD···---- . 
-------·-I1E/lI)(3)W· -- -.-... 
_·----IlEAI'(3)lT--·· -.--.--. 
---- -REA[)(3}1U T --.------
--·~----·RE\l1 ND·J--·- .----... --... -------.... -...... -..... -'- . 
--------·--N [Ta' SOO ------ .. ---- ... - -.- -
.-.---!ljI co~n r NUE-·--
-··200 JTnJH1---. --- .. - ...- ..... - -'-

----·-·····!lU~ISQ .. O,·--..:---.- ---.- -.---.- - .----.-.-
-_·---·UO!lQaO 0··-··-·--------· .-." - ... --_ .. ' ... 

----V030 .. 0 ,------. -----.-.-- .. -. ---. 
-- .--. WDSC"'O,----. --... --.... .. .. '--'-'- -.--.. -.-.. -.-.-._.- ..... 
. ' C· CAlCULAT(i.- VI!lOC I'I'V - 11l··RAD UL 0 I RlICTl 014 
.--.-----.. 00-4··"01 ,N: .. '·-·--·.-· .. ----.- .. --.... ----.- .-.. --.-- .... 

---00- 4-.JD1.IlT-4----- .. --.--.. - ... ----.. -.-.-.-- .... -. 
- ·------DO -4-1 It 1 .1411, . - -.-. --.-- --'--'- .--. ---. --. -- ... . .. 
--···---·-·-(j:t1.EC.1)GO TO·4--·--··------- .. '--
-- ---. ··IF ( I • I.!'l • , 0 • AlJ O. 1 • (l!! • 6 , All D .J • L Il • 2 ) a 0 . TO 4 

---·---·-R D !lHR_O-1) ...... _.-.- - -.--'-
------1 f (I .SQ. 2) GO-TO· 45 .-.:..--.--- -------.-- ---.----- ------.--.---.-.-
------1 F (I.E(h1-f·, All!). ,h·LIl .. 2 HlO-TO-"'~-----·--- .-.-- - --.-- ... '-'-" 



tF(I.EO.NRIGO TO 46 
IFCI.Ea.5.AND.J.LF..2lGO TO 46 
U DC I , J , 10 "IJ 0 ( I , J , 10 • [),. [) 5" C S Fl Cl, J .10· S It CI-' , J , I( 1 ) 

-'.0'.CTQT(I,J.',Kl-TnT(I,J.~ll/A+D7.(TnZCI,J,K.1l-TAZ(I,J,~» 
I.04*CS~(I,J,K).SRCI-l,J,K)·CST(I,J,K)+ST(I·',J,I(»)/2 ./A 

GO TO-44 
45 UO(I,J,()=UO(I,J,K)*D\+2.*OS*SRCI,J.K) 

1-.~.(3.*~T(I.J,K)-ST(I+1,J.K».04/R 
GO TO 44 

46 UOtl.J,K'=UDCl,J.K)*O\-2.*DS-SRCt-1.J,K) 
i-.~*C3 •• ~TCl-l,J.K)-ST(1·2.J.K»*D4/R 

-44 UOAQ.UOS~.UOtl,J,K).UnCl,J.Kl 
4 C01.1T1NIJE 

C C~lCUlATe VElO~ITV IN TANG~NTIAL DtRECTIOM 
DO (; "., .NZ-' 
DO 6 J-' .NT 
DO 6 1.'.NR-1 
tFeJ.EO.1.0H.J.EQ.NTlGO TO 6 

-IF(t.EQ.l)r.O TO ~ 

--.---- tFn.·L~.10.A"'D.I.Ge.5.ANI).J.I'Q.2'GO TO 6 
R-DELR*( 1-1 )·.OetR/2. 
JFCI.LP..10.M!D. !.GE.5.AND.J.Ea.3'OO TO 67 
VOCI,J,K)AVD(I,J.K).02.0Q.CTRT(I~',J,K)-TRT(t.J.K» 

1 + 0 11)" ( S T t I • J • K ) - ~ T ( I • J - 1 • K) ) i ~ ~ D 1 1 * ( T Z T ( 1 , J • ~.1 , - T 7 T ( I , -J , le ) ) 
~ .OS .. er AT Cl .. , • J , K)+ TA re 1 • J ,10 ) I R 

GO TO 66 , 
67 VOCI,J,K).VDCI,J,~).02.2.*O'O.ST(I,J.Kl/~ 

. 66 VI>SQDVf)SQ,,"VO Cl, J .10 .VD Cl. J, 10 
- 6 CONTINUE 

C-tAlCULATE VElOCITV IN AXIAL DIRECTION 
--·-·------00 8 Kn1.lll 
- .. ----- 00- 3- J .. ~ .Il T -, 
---. ---.-- DO 11- 1111 ,N R - 1 
-------. J F( I. llQ.1) GO TO 11 

.---.-. -IF (1 • L I! ., 0 • AN !l. I • G E • 5 • AND. J • LE • 2 ) GO TO B 
----.- H ( hllQ •. 14. AN 1>. le. e~. , ) W I> I r , J • K; -UD ( I , J • le) * D3'" 2 •• 01 ~ * IIZ ( t , J ,10 
---- --I Fe I. E Q. 14. A", I> • K • !l Q • 1) 1.1 0 TO 8 
--------1 F ( , .EQ • 1 :; . All 0 • K. Po Q • 1 ) W D t I , J , 10 • W 0 ( ! • J , le) "!l3'" 2 • * D 1 !I * Dl ( t • J • 10 
.·------Hn.:;Q.1S.AND.K.UO.llGO TO 8 

JF(I.~Q.~S.A~O.K.crQ.Ul'GO TO 3 
"-. ---·--·IP ( K. f Q. 1 ) \J DC 1 , J , K) "W I> Cl. J , K" D.3 ... 2 • * 0 1 5 * C Sl ( I , J , 10 - P ) 
------IHlC. EQ. 1)00 TO 80 
-------1 re W ( I·, J ) • Il T • 0 • 0 ) P 11 ( 1 • J l • - W ( I , J ) * FM 
-- ---··1 Fe \J ( I , J ) • LE. Il. 0) pp ( : • J ) DO. 0 

.-.- ---- - - I ~ ('(. t: 0 • I! 7. HI 0 ( I , J • ~) '" IJ 0 ( I , J , ~) .03·2 •• S Z ( I , J , K -1 ) .01 5 
---·-·-·-1+2. *F P (1. J) * 1\15 

IF(K.SQ.NZ)GO·TO 88 
-- -·--RIIOElR.( '-1 >+DI!L1l/2. 
-- - -- ---.... 1.10 ( I • J • K ) mu 0 ( I , J , 10 * () 3.01 3* ( TIt l ( I +' , J , K) - TR Z ( I • J , 10 ) 

---1+ 0 1 4* ( T l T ( , , J "" , 10· 't'Z Tt t • J , K) ) I R'" 0 1 5 ... \ S Z ( r , J , 10 - SZ ( I , J , K -1 ) ) 
- -- - -- -- ,. J) 1 2" ( T IH ( I ., , J , 10 • TIt ZC 1 • J , K) ) 12 • I R 
-'- .- - GIl TO A9-

-83 W(I,J)DWCI,J).UD(I,J,K)*nElT 
-----80- WOSQgWDS~.WO(I,J,K).WD(I.J.Ie) 

- -------------- - ----._---._. __ ._-_. 



A CONT I tWE 
SUMSQ·UD~Q .. VnSQ .. wOSQ 

C CALCULATE NORMAL STRESSES 
DO 10 1(,,1, f1Z-1 
DO 10 J=1,NT-1 
00 10 p.l,NIl-l 
IFCI.EQ.I)GO TO 10 
tF(I.L2.10.AHD.I.Gr..5.AND.J.lE.2)GO TO 10 
R=DELR*CI-l)+OELR/2. 

c- CALCULATE ~ADIAL STRESS 
S R ( 1 , J , K) :I!; R ( 1 , J , Kl .. 0 1 7 * (U 0 Cl.' , J , 10 - U C ( 1 , .J , K) ) 

1 .. 0 2 0 * (IJ 0 Cl .. 1 , J , K ) .. U D ( I , J , K) ) 12 • / R 
'''D2a·CVOCl,J.1.K)-VD(I,J.K»/R.D23~CUD(I,J.K+l)-WD(t,J,K» 

C-CALCUL4TE TANGFNTIAL STRFS~ 
ST(I,J.Kla~T(I.J,K)"D21*(UDCI.',J,Kl-UD(I,J,K» 

1+Dln .. CVn(I.J.1,K)-VO(I,J.K»)/~.D23*CWD(I,J,K.l)·WD(I,J,Kl) 
Ho D 16 .. ( lJ (J ( I .1 • J , K) .. U 0 ( I • J , Kl ) 12. I R 

C CALCULAT~ AXIAL ~T~ESI 

S Z ( I , J , K) a ~ Z Cl, J • Kl + 0 2' * ( lJ DC 1 .. 1 , J • Kl - U D ( I , J , K) ) 

hOi!O"(IJ!>' '.1. J. K) "UI)( I. J. K» I~ ./q 
1+022"(VDCI,J.l,K)-VOCI.J.K»/R+DI9*CWO(1.J.K."-WO(I,J,K» 

10 CONTt! liE . 
C eALCULATE 8H~AR STRESS ON ~Z PLANE TRT 

00 1/\ 1<~1 dlZ 
-------00 16 J,,1,NT 

-- - -- ---- -- 00 I 6 r 11' dl P. 
----- -H (I . E Q • 7.) G 0 TO 16 
------ ----- IF ( I . I: Q • , • 0 R . r . E Q • N R . () ~ •. 1 • P Q • 1 • 0 q • J • E Q • N T • () R • ~: • I! 0 • NZ) GO,. 0 , 6 , 

-IFCI.LE.11.ANO.1.GE.5.ANO.J.LE.3lGO TO It. 
- -------- RaOlHIl*( 1-1) 
------ T R T ( I , J , !( ) .. TR T ( I , J , 10 • /) 2 6 .. (U /) ( I , J , I() - U 0 ( , , J -, • K> ) I 'If 
-------1-~!H! 4* (V ()( I , J , lO" IJ /) ( 1-1 , J , 10 ) 12 . I".!l?!!. (V 0 ( 1 , J , 10 - V!l ( 1-' , J , 10 ) 
------~6·-COIlTI NUE-
-C-CAlCUL'Te--~HQAQ ~TRESS TRl 
------·----00-18- 1:"1 ,NZ--
-·-------OO-11l·-J"1.UT -
-----------DO-lli-i'" .NR 
----!f-(I,EO.:I)GO-TO- 13 -- -- -----. 
------IF C I. E Q • 1 • () R . I • E Q • HR. 0 A • I( • 9 Q • , • 0 R • I( • Po Q • N l . 0 R • J . I! Q • N T) Q 0 TO' 8 
------1 F (I • LIlo 11. AN O. I. G il • 5 • A Nil. J • L ~ • 2 ) GOT 0 18 

-------- T n Z ( I , J • K) " T 11 Z : I , J , r. ) • D 2 7 '" (U 0 ( I , J , I( ) • U D ( , , J • K -, ) ) 
... 1-40;'! 5* (I.! lH r, J , !O -1/ 0 ( r -1 .. I • ~ \ ) 
18 COtHINIJE 

-C-CftlCULATE TClT --- ------------
-------00 20 IC=\ ,NZ -----

---- ---- --DO 20 ,I"'. NT 
00 20 '''1,/111 ----­

-------IFH. EO.nao TO 20 ---



-IFCK.EQ.1.0n.K.EQ.NZ.OR.I.2Q.M~.O~.J.GQ.1.0R.J.2Q."T)GO 
~JF(I.LIl.10.AI'D.I.O~.S.AIJ!).J.U.l.:S)GO TO 20 
R=neLR*(1-1)+OELR/2. 
TZT(t,J,K)DT1TCI,J,K)+D27·CVD(',J,~)·VD(r,J,K·1» 
'.026·(~O(1,J,K)-~O(I,J·'.K»/R 

20 r.ONTHWF. 
WRITF(2,102)IT,SUMSQ,UDSO,VDSQ,WDSQ,W(2,J).SR(5,4,1), 

- 1ST(S.4.1),~ZI5,4,,),TRT(5,4,.) 

IFCIT-NITl200.Z1,21 
21 NITa"IT+'!:)/) 

WRITF.(2.1u:;) 
·WRITF.(?,115)~R 
WRIH(2,104) 

. WRITF(2,11~)~T 
IJRITE(2,10'l) 
IJRITF(,-,1H)~7. 

WRITE(Z,10"') 
WRtTF.(2,111\)1RT 

- IJRITI:(2,107) 
. ~IJRITFC2,11A)TRl 

URlTF.(2,1()R) 
wRlT~(2.np,)TZT 

WRJTE(2,"" 
IJRITF(1,11!;lI./ 
REIJPW 4 

·WRITF(4)!;R 
IJRfT!'(4)!;T 

. - IJRfTE(4H1. 
WRITE (4) TRT 

.. - \HUTF (4)1R7 
WRITF.(4)TZT 

~. ·-~-W IH T I!( 4)1J Il 
.. - WRITE(4)VD 

~ ... --- .. \Jf.lITF.(4)~I) 
WRITE(4)W 

_ .. - ·\-IIIITI;(4)fT 
- .. --... ·WIt lTil (4 Hit T 
...... - ·WRITIf(4HP 

- ~ It E I.j 11; D ~4 
.. ~ ~~' .. IJRITE(2,1n) 

- -- Will T E (2, 11:; ) ~ p 
CALL IT!I~E (H2) 

~ ... ----~ ITfl4DN2-N1 
...... -. \.Ill IT F (., , 1 19) JT I M 
~--~··---STOP ' .. 
-- ·100 ~OIlf-\ATC1X,IiE12.4,1> 

101 FOr,MAT(7F.12.3) 
102 Fon~AT(I5,~X,ge12.3) 

-·-103 ~ORf.lAT(/l1,16H IlADIAL STQeSS,1) 
~·:-10'~~ORMAT(III.2nH . TANGE~T'AL s'n~SS,/) 
~- ~ -105 FORf~ATCI/I.15I' AXIAL STRfl:;S,/) 
- --'06 ~O~~AT(III.2:;~ G~E.R S1R~SS Q-THeTA,/) 

- , 07 FOR 14 A re II1 • j "H ~ - S Ill! A R -S T rH S S lI. .. Z , I ) 
·-10R FORMAT(III.23H -SMEAR' ~~R~Sg Z-TH!TA,/) 

---11'FOnl~AT(/11 ,2111 AXIAL -OlSPLAC!!14ENT,1) 
---11" FOIIMAT(jll,QE12.4)~ ........ .. 
-~·116 FORI4AT(EI2.4) 

--11A FO~~AT('X.9fl12.4) 
.119 FORI1AT(I/,2X.711 TlIHI·,16) 
120 FO~MA'(2X,19H~OU~04TtON ~ODUlU9a,e'2.') 
121 FORMAT(2X.23~ENGIHe FIRING P~ESSURe.,e12.4) 
122 ~ORI4AT(II.~X.'QHFOUNDATlnN PReSSUR~,II) 

~-'-·--·~ENI)-·-~-... - . .~-.. ~~ -~--.~~ .. --~- ~.~. 

...:. (\) . 

TO 20 




