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Abstract: The induction times at supersaturation of 1.15 - 1.24 and the 

metastable zone widths with cooling rates of 6.0 - 30.0 K/h have been determined 

in the system of dicyandiamide and water. A model based on accumulation of 

nucleation potential, derived from the classical nucleation theory, has been applied 

to estimate the critical nucleation potential and pre-exponential factor for both 

experimental results of induction times and metastable zone widths. The 

estimation values were fairly agreed with the experimental values. The pre-

exponential factor was assumed to be constant in the model, while the 

modifications of pre-exponential factor, dependent on the supersaturation, has 

been introduced to the model, for a more consistent estimations between the 

induction time and metastable zone width.

Keywords: Nucleation potential, Pre-exponential factor, Induction time, Metastable 

zone width, Dicyandiamide
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1. Introduction

The nucleation occurs everywhere in nature, including clouds, snow, rainfall, and 

volcanic eruptions[1]. Industry crystallization is a key step for the manufacturing of 

pharmaceuticals. Nucleation, as the first step of the crystallization, determines the 

polymorph and particle attributions such as size distribution of the products[2,3]. Due to 

the energy barrier, nucleation not always happens when the system becomes 

supersaturated, i.e. the temperature of the solution decreases below the saturated 

temperature in a cooling crystallization. While the nucleation occurs until the solution 

passes a metastable zone width, MSZW, below the solubility on the phase diagram 

during the cooling[4]. The MSZW is the temperature difference between the saturated 

temperature with the temperature when nucleation occurs, which is influenced by the 

kinetics, such as stirring rate and cooling rate [5]. 

Classic Nucleation Theory (CNT)[6-8] is still the most popular theory [9], while some 

new theories, such as two-step nucleation[10,11] and the non-classical nucleation 

theory[12,13] have also been developed. The CNT is successfully used to describe how 

the nucleation occurs under driving force and to estimate the thermodynamic and 

kinetic parameters from the nucleation process. Primary nucleation mechanism has 

been usually studied by the polythermal and isothermal process. The supersaturation 

maintains the same in isothermal process experiments for determining the induction 

time, while the supersaturation gradually increases during the polythermal process for 

determining the MSZW [14-16]. There are a few models to correlate the induction time 

and MSZW[17], such as models by Kubota[18] for solutions seeded from outside, and by 

Shiau[19,20] for integrating the accumulated crystals. In the previous work[21,22], we 

developed a new model based on the classic nucleation theory to correlate induction 

time and MSZW, which shows good consistency between the estimation value and 
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the experimental values for reported systems. 

Dicyandiamide ( ) is a nitrile derived from guanidine, molecular weight 𝐶2𝐻4𝑁4

84.08 and molecular volume , and only one polymorph reported[23]. It 9.52 × 10 ―29 𝑚3

is widely used as a slow fertilizer[24,25]. Moreover, it has been an efficient additive for 

improving material performance for further application[26,27], which requires higher 

dicyandiamide product quality. In industrial manufacturing, designing the appropriate 

crystallization process is important to keep high-quality and purity of dicyandiamide. It 

allows saving of the time and cost if it is possible to estimate MSZW for a better 

seeding time from some induction time experiments by this model. On the other side, 

the interfacial energy estimated from MSZW can further the understanding of the 

crystallization of the dicyandiamide system.

In this work, the system of dicyandiamide in the water with a saturated 

temperature of 293.15K was used to determine the induction time at a temperature 

ranging from 290.15 - 288.15 K and the metastable zone width with cooling rates of 

6.0 – 30.0 K / h. The nucleation potential model will be applied to link the MSZW and 

induction time of dicyandiamide in the water. We demonstrated the accumulations of 

nucleation potential in isothermal and polythermal process. The pre-exponential factor 

was estimated to be constant in this model, while in this work we have correlated the 

pre-exponential factor with supersaturation. The pre-exponential factor in the model 

will be modified to find a better agreement between the estimation values and the 

experimental values.

2. Theory

Classic Nucleation Theory

In CNT[28-30], nucleation rate, J ( ) is described as/s
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(1) 𝐽 = 𝐴exp ( ―
∆𝐺 ∗

𝑅𝑇 ) = 𝐴exp ( ―
16𝜋𝜎3𝑣2

𝑚

3𝑅3𝑇3(𝑙𝑛𝑆)2)
where A is the pre-exponential factor, with unit of . R is the ideal gas constant. /s

T is nucleation temperature, with unit of . ΔG* is the critical free energy, with unit of 𝐾

, which is derived by the radius of critical nucleus, rc  with unit of m, as shown in J/𝑚𝑜𝑙 ,

Eqn. (2).

(2)rc =
2𝑣𝑚𝜎

∆𝜇 =
2𝑣𝑚𝜎
𝑅𝑇𝑙𝑛𝑆

 is the interfacial energy, with unit of . vm is the molar volume of the solute, σ J/m2

with unit of . S is the supersaturation calculated as the ratio between the molar m3/mol

solubility  at saturated temperature and solubility  at the experimental 𝑥0 𝑥

temperature. 

 (3)         ln𝑆 = ln
𝑥0

𝑥

when the relax time and growth time is neglectable[5], the nucleation rate of 

solution with a volume of V is inversely related to induction time, , 𝐽𝑉 = 1/𝑡𝑖𝑛𝑑

combining Eqn 1, it can be rewritten as:[31]

(4)ln 𝑡𝑖𝑛𝑑 = ― ln 𝐴𝑉 +
16𝜋𝜎3𝑣2

𝑚

3𝑅3𝑇3(ln 𝑆)2 = ― ln 𝐴𝑉 +
B

𝑇3(ln 𝑆)2

Experimental induction time results are usually evaluated by plotting  ln 𝑡𝑖𝑛𝑑

versus , which determine pre-exponential A and the solid-liquid interfacial 𝑇 ―3(ln 𝑆) ―2

free energy σ, from the slope, B, of the correlated linear line,

 (5)𝐵 =
16𝜋𝜎3𝑣2

𝑚

3𝑅3

 (6)σ = ( 3𝑅3𝐵
16𝜋𝑣2

𝑚
)

1
3

Nucleation Potential

Eqn. (7) can be directly derived from Eqn (4):
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(7)𝑓(𝑆) ∙ 𝑓(𝑡) = 3𝑅3𝑇3(ln 𝑆)2 ∙ ln (𝐴𝑉𝑡𝑖𝑛𝑑) = 16𝜋𝜎3𝑣2
𝑚 = 𝑁 ∗

and there are a supersaturation-dependent function  and a 𝑓(𝑆) = 3𝑅3𝑇3(ln𝑆)2

time-dependent function  in the left side, and in the right side, N* 𝑓(𝑡) = ln (𝐴𝑉𝑡𝑖𝑛𝑑)

equal to 16πσ3v2, with unit of kJ3/mol3, and the critical nucleation potential  is one 𝑁

third order of N*, with unit of kJ/mol, making a consistent unit with the energy.  are 𝑁 ∗

a constant parameter for one system [21,22], related to the solid-liquid interfacial energy 

of the solute in the solvent.

Fig.1 Interpretation of the isothermal experiment (brown) and the polythermal 

experiment (purple) by the classical nucleation theory with Eqs (7,8, and 9). 

The area of any system in isothermal experiment is always equal to , i.e. 𝑁 ∗ 𝑓(𝑆𝑖

 equal to a constant, shown in Figure 1, and therefore, the larger , i.e. ) × 𝑓(𝑡𝑖) 𝑓(𝑆)

supersaturation, is, the shorter , i.e. induction time, becomes. For example of 𝑓(𝑡)

isothermal process,  is nucleation potential in each unit  which is equal to ∆𝑁iso 𝑓(𝑡)
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the area of the small rectangle , and accumulation of all the  will ∆𝑓(t) ∗ 𝑓(𝑆) ∆𝑁iso

reach  at nucleation. For an isothermal experiment, the [a, b, c] are constant 𝑁 ∗ ∆𝑁𝑖𝑠𝑜

during the whole nucleation process, due to the constant . While in a polythermal 𝑓(𝑆)

experiment, the  is increasing. For example, the supersaturation increase, i.e. ∆𝑁poly

 increases, the area in the order of [c] > [b] > [a], i.e. the accumulation of 𝑓(𝑆) ∆𝑁poly

nucleation potential increases with increase in supersaturation, till reaching  at 𝑁 ∗

nucleation. It is noticed that, when supersaturation in a polythermal process increases 

to the same supersaturation as in an isothermal process, the  equals to , ∆𝑁poly ∆𝑁iso

i.e. same areas, at that moment. So if we know  for a system, it is easy to calculate 𝑁 ∗

the same unit  at a constant supersaturation, as Eqn (8), and it is possible to ∆𝑁iso

calculate  based on each different  at different supersaturations, as Eqn ∆𝑁poly ∆𝑁iso

(9).

                                     (8)∆𝑁𝑖𝑠𝑜[𝑆𝑖] =
∆𝑡

𝑡𝑛[𝑆𝑖]𝑁
∗

                             (9)∆𝑁𝑝𝑜𝑙𝑦[𝑆𝑖] = ∆𝑁𝑖𝑠𝑜[𝑆𝑖] =
∆𝑡

𝑡𝑛[𝑆𝑖]𝑁
∗

 is a function of supersaturation, and can be calculated based on Eqn (7):𝑡𝑛[𝑆𝑖]

                         (10)𝑡𝑛[𝑆𝑖] = 𝐴𝑉𝑒𝑥𝑝( ―
𝑁 ∗

3𝑅3𝑇𝑖
3(ln𝑆𝑖)2)𝑁 ∗

Where the  and  are constant in an isotherm process, while the  will 𝑇𝑖 𝑆𝑖 𝑆𝑖

change, dependent on cooling  in a polythermal process.  𝑇𝑖

As mentioned, for one system, despite of the process, all the nucleation occurs 

when the accumulation of (the accumulation of the area) equal to . Therefore, ∆𝑁 𝑁 ∗

the integration over time t from the time constant supersaturation is generated (t=0) to 

the time tm becomes:

 (11)∫𝑚∆𝑡
0 ∆𝑁𝑑𝑡 ≈ ∑𝑚

𝑖 = 1∆𝑁 = m𝐴∆𝑡𝑒𝑥𝑝[ ―
𝑁 ∗

3𝑅3𝑇𝑖
3(ln𝑆𝑖)2]𝑁 ∗
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If  is 1 second, then at m second, when the accumulation equals to , ∆𝑡 𝑁 ∗

nucleation happens, or it is possible to direct integration of the equation (infinite small 

step)[19,20,32]. 

The solubility of dicyandiamide in water[21] at any temperature T can be correlated 

by Eqn (11) with constant parameters C1, C2, C3, for estimation the  based on the 𝑆𝑖

saturated temperature, , and the solution temperature, , and cooling rate , and 𝑇0 𝑇𝑖 𝑧𝑛

time period, t, after solution becomes supersaturated,

(12) ln𝑥 = 𝐶1 +
𝐶2

𝑇 + 𝐶3ln 𝑇 = 𝐶1 +
𝐶2

𝑇𝑖
+ 𝐶3ln 𝑇𝑖 = 𝐶1 +

𝐶2

𝑇0 ― 𝑧𝑛𝑡 + 𝐶3ln (𝑇0 ― 𝑧𝑛𝑡)

In some studies, the pre-exponential related to supersaturation[33] (detailed in 

supporting information) was used, 

(13)   𝐽 = 𝐴𝑆V ∙ ln 𝑆exp (∆𝐺 ∗

𝑅𝑇 )
so the Eqn (11) can be modified as

          (14)∫𝑚∆𝑡
0 ∆𝑁𝑑𝑡 ≈ ∑𝑚

𝑖 = 1∆𝑁 = m𝐴𝑆V ∙ ln 𝑆∆𝑡𝑒𝑥𝑝[ ―
𝑁 ∗

3𝑅3𝑇𝑖
3(ln𝑆𝑖)2]𝑁 ∗

3. Experimental section

Materials and Instrument

The dicyandiamide (Analytical Grade, ≥ 99% mass fraction purity) was 

purchased from Beilite Chemical Co,Ltd), and used without further treatments. 

Deionized water (resistivity = 18.25 MΩ·cm) was used. 

MSZW and Induction Time 

The dicyandiamide (3.1536g) was dissolved in 100ml water to make a solution 

with a saturated temperature at 293.15K, and the concentration is 0.31mg/mgH2O 

based on the reported solubility[21]. The prepared solutions were filtered through PTFE 
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membranes (pore size = 0.22 μm). 100 mL solution was put in a vessel with capacity 

of 150 mL, stirring with a magnetic stirrer (3 mm×20 mm) at a rate of 1000 rpm. The 

vessel was sealed to avoid unnecessary evaporation. 

The saturated solutions were maintained at a temperature of 298.15 K, which was 

5 °C above the saturation temperature, for 30 min [34] to ensure the complete 

dissolution of the solute. In the isothermal experiments[35], the solution was fast cooling 

down to 290.15K, 289.65K, 289.15K, 288.65K, and 288.15K, respectively, with 

supersaturation ranging from 1.15 to 1.24. Then the solutions were kept at a constant 

temperature until nucleation the tunability sharply increased, observed by a high-

precised turbidity probe (Amphenol, USA). Programmed heating and cooling of the 

solution were controlled by EasyMax 102 (Mettler Toledo, Switzerland). After 

nucleation, the solutions were heated up to 298.15 K and maintain for 30 minutes to 

dissolve. In a polythermal experiment[35,36], the solution at 298.15 K was cooled down 

with linear cooling rates zc at 6, 12, 18, 24, and 30K/h respectively. The induction time 

tind in isothermal process and nucleation time in polythermal process were recorded 

as the time period from the time solution reached supersaturated to the time the 

nucleation occurred. A total of 177 nucleation experiments including and MSZW were 

determined, the experiments were repeated 15 - 22 times at each condition.
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4. Results

Fig. 2 Cumulative distributions of the induction times of dicyandiamide in water, 

at five different supersaturations, in the range of 1.15 to 1.24.

The distributions of induction times and MSZWs in Fig. 2 and Fig. 3 all show the 

stochastic nature of nucleation. Fig. 2 shows the distributions of the induction time at 

the constant temperature 3 K to 5 K below the saturated temperature, with 

supersaturation of 1.15 to 1.24. The induction times at supersaturation S=1.19 to 

S=1.24 were narrowly distributed and the longest induction time was about 2 times 

longer than the average induction time in each case. At the lower supersaturations 

S=1.15 and 1.17, the longest induction time was about 4 times longer than the average 

induction time respectively. The standard deviations decreased from 1988 to 173 s 

with increase in supersaturation from 1.15 to 1.24. The induction times at lower 

supersaturations tended to have wider distributions.

Page 9 of 29

ACS Paragon Plus Environment

Industrial & Engineering Chemistry Research

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



Fig. 3 Cumulative distributions nucleation times (a) and MSWZs(b) at five different 

cooling rates, at cooling rates from 6 to 30 K/h. The labels correspond to both figures.

Fig. 3(a) shows experimental results of 75 nucleation times with cooling rates from 

6.0 to 30.0 K/h. Nucleation times in experiments with cooling rates of 18.0 to 30.0 K/h 

were shorter than those with cooling rates of 12.0 K/h, and the nucleation times with 

cooling rates of 6.0 K/h were about two times longer than those with cooling rates of 

12.0 K/h. The standard deviations of nucleation times were 291，174，124，108，106 

s at cooling rates of 6, 12, 18, 24, and 30 K/h, respectively. Comparing with induction 

time deviations, the nucleation times in MSZW were more narrowly distributed. 

MSZWs were in the range of 3.3 K to 7.3 K for all the experiments. The average MSZW 

at each cooling rate was 4.1 to 6.0 K with standard deviations of 0.46 to 0.80 K, 

increasing with decrease in cooling rates. 

5. Discussion

Nucleation parameters from induction time

By fitting the results of experimental results,  versus  (supporting ln𝑡ind 𝑇 ―3ln ―2 𝑆

information) with Eqn (4, 5 and 6), the critical nucleation energy was estimated to be 

3 to 6 , the sizes of the critical nucleus were about 0.6–1 nm, and the critical  kJ/𝑚𝑜𝑙
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numbers of the nucleus were 10 to 40 at supersaturation of 1.24 to 1.15, shown in 

Table 1. The interfacial energy, , of dicyandiamide in water was 2.8 , and pre-𝜎 mJ/m3

exponential factor, AV, is 0.0058 , which was in the same order as the values of  𝑠 ―1

some reported organic compounds[37-39]. Then, with interfacial energy, the  of 𝑁 ∗

dicyandiamide in water was calculated to be 2.11  by Eqn (7), and critical kJ3/mol3

nucleation potential, , was 1.28 kJ/mol. 𝑁

Table 1 Induction time experimental results and nucleation parameters determined 

for dicyandiamide in water

         x ∗         x0          𝑆              𝑡𝑖𝑛𝑑 𝜎           A 𝑉          𝐺𝑐         𝑟𝑐

molar fraction × 103 [ ]/𝑠 [mJ /𝑚2] [ ]/𝑠 [kJ/mol] [nm]

5.35 6.67 1.24 394(173) 2.77 0.0058 2.52 0.60

5.47 1.21 703(333) 3.11 0.66

5.59 1.19 940(501) 3.92 0.75

5.71 1.17 1650(1031) 5.11 0.86

5.84 1.15 2664(1988) 6.93 0.99

: average induction time with standard deviation in brackets. : molar solubility of tind x ∗

the solution at each constant temperature. : concentration of the solution. σ: x
interfacial energy of solid and liquid. : pre-exponential factor in the solution with 𝐴𝑉
volume V. : critical radius of a nucleus. : critical number of molecules in a nucleus. rc nc

, σ and  are constant for all five conditions.x0 𝐴𝑉

Nucleation potential

In isothermal process, the accumulation of  increased linearly as shown in Fig. ∆𝑁

4a, at nucleation  equaled to , i.e. the areas ( ) of the rectangle in ∑∆𝑁 𝑁 ∗ ∑∆𝑁 × ∆𝑡

Fig. 4b. Fig 4 shows that the accumulation rates keep constant with constant 

supersaturations, but  was constant for all the condtions, for example the area of 𝑁 ∗

the rectangle for the condition S=1.15 in Fig 4b.
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Fig. 4 Accumulation of the nucleation potential, , and the nucleation potential ∑∆𝑵

 over time with Eqn. (10) in isothermal process. The labels correspond to both ∆𝑵

figures.

Fig. 5 Accumulation of the nucleation potential, , and the nucleation potential ∑∆𝑵

 over time with Eqn. (10) in polythermal process. The labels correspond to both ∆𝑵

figures.

In polythermal processes, the solution temperature continuously decreased and 

the S increased before nucleation, and, therefore, the accumulation rate of the 

nucleation potential increased with time as shown in Fig. 5(a). The  equaled to ∑∆𝑁

, for example the area ( ) for the condition 30 K/h in Fig. 5b. Fig 5 shows N ∗ ∑∆𝑁 × ∆𝑡

Page 12 of 29

ACS Paragon Plus Environment

Industrial & Engineering Chemistry Research

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



that the accumulation rates increased with increase in supersaturation, but  was N ∗

constant for all the conditions, i.e. the areas in Fig 5b. It is noticed that, at the early 

stages of the cooling process, there is only negligible nucleation potential accumulated, 

due to very low supersaturation in the solution. It would cost 80% of the nucleation 

time for  to reach half value of .∑∆𝑁 𝑁 ∗

For the dicyandiamide – water system, During an isothermal process, the 

nucleation potential  correspond to nucleation time. The nucleation growth  𝑁𝑖𝑠𝑜 ∆𝑁𝑖𝑠𝑜

stay the same, and with larger supersaturation,  became larger, and a narrower ∆𝑁

distributions of induction time was observed. In a polythermal process, the potential 

accumulation process was highly accelerated in the final stage when the accumulated 

 closely approached to , i.e. the system was more closed to nucleation, the larger 𝑁 𝑁 ∗

 became. It was also observed that when the induction time in a isothermal ∆𝑁𝑝𝑜𝑙𝑦

process and nucleation time in a polythermal process were in the similar range, the 

distribution of nucleation time in a polythermal process was narrower than induction 

time distribution in a isothermal process. It can be inferred that the fast accumulation 

rate of nucleation potential tended to narrow the distribution of the nucleation times 

and induction times.

Extrapolated MSZW from induction time

With the accumulation of the nucleation potential, nucleation would occur at 

, both in the isothermal and polythermal process for the ∑𝑚
𝑖 = 1∆𝑁 ≥ 2.11kJ3/mol3

system of the dicyandiamide in water. Therefore, a minimum value m s for polythermal 

process can be estimated to be the nucleation time (if =1 s), and MSZW can be ∆𝑡

calculated based on the cooling rates. The MSZWs was estimated to be 4.05 to 5. 99 

K at the cooling rates of 6 to 30 K/h, with the extrapolated m values from 2752 to 853 
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s, shown in Figure 6.

Table 2 Results of the experimental and extrapolated MSZWs of dicyandiamide in 
water with Eqn (11) at cooling rates of 6, 12, 18, 24, 30 K/h.

𝑧𝑐 𝑇0 MSZW tMSZW 𝑁 AV MSZWind

[ ]K/h [ ]K [ ]K [ ]s [k ]J/mol [/s] [K]
6 298.15 4.05(0.46) 2351 1.28 0.0058 4.58

12 4.62(0.58) 1385 5.41
18 5.01(0.62) 1002 6.04
24 5.45(0.72) 825 6.60
30 5.99(0.80) 725 7.11

MSZWind : MSZW estimated from experimental induction times.
Table 2 shows that, at each cooling rate, the extrapolated MSZW was in the range 

of the experimental values. All the extrapolated values are higher than the respective 

experimental values, and with increase in the cooling rates. At 6.0 K/h, the 

extrapolated value from induction time were only 0.5 K higher than the average value 

of the experimental MSZWs, and the differences between extrapolated values and the 

average experimental values increased from 0.5 to 1.1 K.

Fig. 6 Experimental results of dicyandiamide  (open dot) in water with 𝑀𝑆𝑍𝑊

average values (black round solid dots),  extrapolated by using Eqn. (11) 𝑀𝑆𝑍𝑊𝑖𝑛𝑑
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from induction time experiments (red inverted triangle) at cooling rates of 

6,12,18,24,30 K/h (from left to right), respectively.  extrapolated from 𝑀𝑆𝑍𝑊𝑠
   𝑖𝑛𝑑

induction time experiments by using Eqn. (14) with supersaturation-dependence pre-

exponential factor (olive positive triangle).  optimized from the target 𝑀𝑆𝑍𝑊𝑜𝑝𝑡𝑖

function with changeable nucleation parameters using Eqn. (15) (bull ball dots). 

Dashed lines are guiding lines of respective data.

Extrapolated induction time from MSZW
The nucleation parameters  and  are a bridge to estimate induction times 𝐴𝑉 𝑁 ∗

from MSZWs, despite that  and  were unable to directly determined from 𝐴𝑉 𝑁 ∗

experimental MSZWs. To estimate  and , an global optimization method was 𝐴𝑉 𝑁 ∗

applied, to find the best fitting between the average experimental MSZWs with 

estimated MSZWs (from a combination of given  and ) at each cooling rate. 𝐴𝑉 𝑁 ∗

The optimization function, Eqn. (15), which is the total least square of deviation 

between experimental MSZWs and estimated MSZWs, was used to find the most 

closed fitting.

 (15)𝐹𝑜𝑝𝑡i = ∑
𝑖 = 𝑧𝑐

(𝑀𝑆𝑍𝑊𝑒𝑥𝑝 ― 𝑀𝑆𝑍𝑊𝑒𝑠𝑡)2|(𝑁 ∗ ,𝐴𝑉)

Where MSZWest is calculated from Eqn. (11) with different values of AV and .  𝑁 ∗

Optimization Toolbox in Matlab 2019a was used to find a minimum of unconstrained 

bivariate function Eqn. (15). The combination values of N* and AV, leading to the 

minimum Fopti, were used to estimate induction times. 

Table 3 Estimated nucleation parameters from IT and MSZW.

Estimation method 𝑁 ∗ 𝐴𝑉 𝜎

[kJ3/mol3] [ ]/𝑠 [mJ/m2]

from induction timea 2.11 0.0058 2.77
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from MSZWb 1.87 0.0091 2.66

a the nucleation parameters were fitted by Eqn. (9) through experimental induction 

times. b the nucleation parameters were solved through the optimization method from 

Eqn. (15) through experimental metastable zone width

N* and AV from the best fitting MSZW values,  (shown in Fig.7), with 𝑀𝑆𝑍𝑊𝑜𝑝𝑡𝑖

 of 0.0289 K2, were estimated to be 1.87  and 0.0091 , respectively. The 𝐹𝑜𝑝𝑡 kJ3/mol3  /𝑠

interfacial energy estimated from MSZW was 2.7 , which was very close to the mJ/m2

value determined from induction times 2.8 . As interfacial energy is a key mJ/m2

parameter to determine the difficulties of the formation of the nucleus, and the 

consistent results from induction time and MSZW helps to understand the nucleation 

phenomena. The pre-exponential factors were 0.0058 /s from induction time and 

0.0091 /s from MSZW shown in Table 3. Based on AV and interfacial energy , the 𝜎

induction times can be estimated,which compared with experimental values in Fig. 7. 

The estimated induction times were all in the range of the experimental values at each 

supersaturation, however, the estimated values were all below the average induction 

times. At lower supersaturation, the difference between estimated values and 

experimental values decreased to 1593 s.
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Fig. 7  Experimental, , and predicted results of induction time in dicyandiamide-𝒕𝒆𝒙𝒑
𝒊𝒏𝒅

water system with constant supersaturation at 1.15 to 1.24 in the isothermal process. 

 extrapolated by using Eqn. (11) with constant pre-exponential factor from 𝒕𝑴𝑺𝒁𝑾
𝒊𝒏𝒅

induction time experiments (red inverted triangle).  extrapolated from induction 𝒕𝑺
𝒊𝒏𝒅

time experiments through supersaturation-dependence pre-exponential factor by 

using Eqn. (14) (olive positive triangle). 

Modified pre-exponential factor

The pre-exponential factor was assumed to be constant [11] in Eqn (7) and (10), 

here the pre-exponential factor was explored as , which was modified to be 𝐴𝑆ln 𝑆

dependent on the supersaturation as literatures[33], and Eqn (14) were used to 

investigate the correlation between induction time and MSWZs. The parameters  𝐴𝑠𝑉

was estimated to be  and  was 1.82  With similar method  0.027 /s 𝑁 ∗
𝑠 𝑘𝐽3/𝑚𝑜𝑙3

described above, the Eqn (14) with supersaturation-dependent pre-exponential factor 

led to extrapolated MSZWs, , shown in Fig. (6). The predicted MSZWs from 𝑀𝑆𝑍𝑊𝑠
𝑖𝑛𝑑

modified pre-exponential factor were all in the range of the experimental values, and 

got more closer 20% to the experimental values compared with the predicted MSWZ 
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with constant pre-exponential factor.

The optimization function, Eqn. (15), was used to establish the induction time from 

MSZWs. The optimized nucleation parameters and  were 1.34  and 𝐴𝑆𝑉 𝑁 ∗
𝑠 kJ3 mol ―3

0.033 , respectively. It is noticed that at lower supersaturation, the predicted MSZWs  /𝑠

by Eqn (11) and (14) are closer, and at higher supersaturation the difference became 

larger, due to the influence of the shorter estimated induction time values by Eqn (14) 

in higher supersaturation as Fig. 7 shown. The pre-exponential factor, dependent on 

the supersaturation, improved the nucleation model in high supersatuation, but futher 

investigations are still needed for accurater prediction of the nucleation parameter from 

both induction times and MSZWs and wider applications of the nucleation potential 

models on more complicated cooing profiles, leading to better understanding the 

nucleation behaviours in the isothermal and polythermal processes.

6. Conclusion

In total, 177 nucleation experiments, including MSZWs, with average values of 

3.3 - 7.3 K at cooling rate from 6-30 K/h, and induction times, with average values of 

725 - 2351s, at supersaturation from 1.15 to 1.24, were performed in the system of 

dicyandiamide aqueous solutions. The nucleation potential model with constant pre-

exponential factor was used to correlate the MSZWs and induction times, and 

accumulated nucldeation potential increased linearly in isothermal process and grew 

faster in polythermal process till nucleation to reach critical nucleation potential. With 

the nucleation potential model, the interfacial energy, 2.66 , was determined  mJ/𝑚2

from MSWZs, which were consistent with that determined from induction times by 

classical nucleation theory. The estimated MSWZs from induction times and estimated 

induction times from MSZWs were all in the range of the experimental results of 
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MSWZs and induction times, respectively. The nucleation potential model with a 

variable pre-exponential factor, dependent on the supersaturation, was explored, 

generating closer fitting between estimated MSZWs and induction times with the 

experimental values. Further research on the dependency of the pre-exponential 

factor and interfacial energy on the supersaturation, temperature or other factors, are 

still needed for better synchronize the understanding of nucleation behaviours in 

isothermal and polythermal processes.
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Nomenclature 

AV, AsV Pre-exponential [ ]/s
  Constants in the solubility Equation𝐶1 𝐶2, 𝐶3

 Function of supersaturation [ ]( )f S J3/mol3

Function of nucleation time( )f t
m Integer number in the accumulation Nucleation
i Integer number variable from 1 to n

Number of molecules in critical nucleuscn
N Critical nucleation potential [ ]J/mol
N* Nucleation potential [ ]J3/mol3

J Nucleation rate [ ]/s
Radius of critical nucleus [ ]cr 𝑚

R      Ideal gas constant, 8.314 [ ]J/mol/K
S Supersaturation
tind Induction time [ ]𝑠
t, ti Time during nucleation [ ]𝑠
T, Ti Temperature during nucleation [ ]𝐾

Molar volume of the solute [ ]mv m3/mol
x0 Solute molar fraction solubility

Equilibrium solute molar fraction*x
zc Cooling rate [K/s]

  Interfacial energy [ ] mJ/m2

 Free energy [  ]∆𝐺 J/mol
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 Nucleation potential accumulated during Δt [ ]∆𝑁𝑖,∆𝑁𝑖𝑠𝑜,∆𝑁𝑝𝑜𝑙𝑦 J3/mol3
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