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A Lyapunov-based approach for recursive
continuous higher-order nonsingular terminal sliding

mode control
Jun Yang, Senior Member, IEEE, Xinghuo Yu, Fellow, IEEE, Lu Zhang and Shihua Li, Fellow, IEEE

Abstract—A recursive continuous higher-order nonsingular
terminal-sliding-mode (TSM) controller is proposed in this pa-
per for nonlinear systems. A new integral TSM manifold is
constructed in a recursive manner by modifying the tool of
adding a power of integrator instead of exploring nonrecursive
design directly. A super-twisting like reaching law is designed to
achieve continuous control action without sacrificing disturbance
rejection specification as that in boundary-layer approaches. By
the new Lyapunov-based design, the proposed control method
admits the following new features: 1) rather than imposing some
existence condition for nonrecursive design, the proposed method
admits the certainty for chosen fractional power to guarantee
the finite-time stability of the closed-loop system; 2) an explicit
Lyapunov function approach is proposed to establish finite-time
stability of the closed-loop system; and 3) The proposed method
is shown to be tunable to exhibit desired transient performance
and control energy restriction.

Index Terms—Recursive higher-order nonsingular terminal
sliding mode; continuous finite-time control; Lyapunov stability;
nonlinear systems.

I. INTRODUCTION

SLIDING-mode control (SMC) is recognized as one of
the most efficient nonlinear robust control approaches in

control systems for uncertain nonlinear systems subject to
external disturbances [1–6]. Among the SMC methods, the
terminal sliding mode (TSM) control has attracted a great
deal of attention due to the prosperous property of finite-time
convergence in the sliding phase, which brings about many
advantages such as smaller steady-state tracking error and
faster convergence rate [7]. A key drawback of TSM control
is the singularity problem of the control law [8], which can be
addressed by the so-called nonsingular TSM control approach
[8–13].

It has been noticed that most existing nonsingulrar TSM
control approaches can only address the control design prob-
lems of a class of second-order uncertain nonlinear systems
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[8, 11]. As such, much research has been concentrated on ex-
tending the second-order nonsingulrar TSM control to higher-
order ones [9, 12, 13]. One most effective approach to realize
higher-order nonsingulrar TSM control [9, 13] is the utilization
of nonrecursive design method presented in [14]. The structure
therein is concise due to the nonrecursive design and the
controller gains can even be designed straightforwardly by
following the pole placement method in linear control theory.
However, it should be pointed out that the selection of the
fractional power for this kind of higher-order nonsingular TSM
is actually constrained to become an existence condition. That
is, one can solely obtain the conclusion that there exists a
parameter ϵ ∈ (0, 1) such that the nonrecursive TSM can
achieve the goal of finite-time control. Nevertheless, for any
given ϵ ∈ (0, 1), no result can show that the closed-loop
system under the proposed controller is stable or not. As such,
it is imperative to develop new solutions on TSM control
design and analysis to overcome this drawback.

A new recursive continuous higher-order nonsingular TSM
control approach is developed in this paper. The new sliding
manifold and controller are constructed by means of modifying
the tool of adding a power integrator [15] instead of utilizing
the nonrecursive design directly. This admits the certainty
for choosing fractional power that guarantees the finite-time
stability of the closed-loop system. An explicit Lyapunov
function is constructed for the closed-loop error system, which
can be used to evaluate the upper bounds of the system states.

In addition, to reduce the well-known chattering effects
[1, 16, 17] of nonsingular TSM control, a recursive con-
tinuous higher-order nonsingular TSM control is proposed
by exploiting the super-twisting algorithm as the reaching
law. The resultant reaching law admits a continuous control
action that substantially alleviate the chattering influence. The
dynamics of both the reaching and sliding phases are combined
together and a composite Lyapunov function is constructed for
stability analysis. By virtue of the Lyapunov-based design and
analysis, the transient system states of the presented control
approach can be evaluated in terms of initial states and control
parameters.

To conclude, the main contributions and merits of the
proposed work are summarized as follows:

1) To overcome the existence condition on power selection
in existing nonsingular TSM manifolds [9, 13], a novel
higher-order nonsingular TSM manifold is proposed by
using a new principle for fractional power design, which
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provides sufficient conditions on finite-time stability
with given power factor.

2) Due to the structural difference of the manifold design,
the existing geometric homogeneity approach [14] for
stability analysis is not applicable for the proposed
method. Thus a well explicit Lyapunov function ap-
proach is developed to prove the finite-time stability
of the resultant closed-loop system under the proposed
approach.

3) As a byproduct, the new structure of proposed higher-
order nonsingular TSM controller provides an additional
design of freedom for parameter tuning. It is shown to
be tunable to exhibit desired transient performance and
control energy restriction.

II. PRELIMINARIES AND MOTIVATION

A. Definitions and useful lemmas

To begin with, we present some useful notations and
definitions as follows.

(a) Let Nj:k := {j, j+1, . . . , k} be a set of nonnegative inte-
gers with j and k are integers satisfying 0 ≤ j ≤ k. The
symbol L∞ denotes the set of all signals with bounded
infinity-norms. We further define ⌊z⌉α := sgn(z)|z|α,
α > 0, ∀z ∈ R, where sgn(·) is the standard signum
function.

(b) The homogeneity properties [14] are provided below for
convenience of the reader. For real numbers ri > 0
for i ∈ N1:n and a fixed choice of coordinates x =
(x1, . . . , xn)

⊤ ∈ Rn. The dilation ∆r : R+ × Rn → R
is defined by ∆r(ε,x) := (εr1x1, . . . , ε

rnxn), ∀ε > 0.
A function V : Rn → R is said to be of ∆r-
homogeneous of degree τ , denoted by V ∈ Hτ

∆r if
V (∆r(ε,x)) = ετV (x). A ∆r-homogenous 2-norm is
defined as ∥x∥∆r :=

(∑n
i=1 |xn|2/ri

)1/2
.

The inequalities presented by the following lemma is
crucial for the derivation of the main result of the paper.

Lemma 1: [18] For x ∈ R, y ∈ R, and ℓ ≥ 1 is a constant,
the following inequalities hold

|⌊x⌉ − ⌊y⌉|ℓ ≤ 2ℓ−1
∣∣∣⌊x⌉ℓ − ⌊y⌉ℓ

∣∣∣ ,∣∣∣⌊x⌉ 1
ℓ − ⌊y⌉

1
ℓ

∣∣∣ ≤ 2
ℓ−1
ℓ |x− y| 1ℓ ,

|x+ y|ℓ ≤ 2ℓ−1|xℓ + yℓ|,

(|x|+ |y|)
1
ℓ ≤ |x| 1ℓ + |y| 1ℓ ≤ 2

ℓ−1
ℓ (|x|+ |y|)

1
ℓ .

Lemma 2: [19] If p1 > 0 and p2 ≥ 1, then for ∀x, y ∈ R,

we have
∣∣∣⌊x⌉p1/p2 −⌊y⌉p1/p2

∣∣∣ ≤ 21−1/p2

∣∣∣⌊x⌉p1 −⌊y⌉p1

∣∣∣1/p2

.

B. Motivation

We consider the following class of full-order nonlinear
systems

ẋ1(t) = x2(t),

...
ẋn−1(t) = xn(t),

ẋn(t) = b(t,x)u(t) + f(t,x) + d(t,x),

(1)

where x := [x1, x2, · · · , xn]⊤ ∈ Rn and u(t) ∈ R are system
state and control input, respectively. f(t,x) and b(t,x) ̸= 0
are functions in terms of system state x. The function d(t,x)
denotes the parameter uncertainties and external disturbances.
Here it is supposed that the function d(t,x) is unknown but its
amplitude and its derivative are bounded such that d(t,x) < δ0
and ḋ(t,x) < δ, where δ0 and δ are positive constants. Without
possible confusion, we will use d(t) and ḋ(t) subsequently
instead of d(t,x) and ḋ(t,x) respectively for neatness of
expression.

By virtue of nonrecursive finite-time design [14], the
nonsingular TSM manifold [9] for system (1) is generally
designed as follows

s(t) = xn(t)− xn(0) +

∫ t

0

n∑
i=1

βi ⌊xi(t)⌉αi dτ, (2)

where αi−1 = αiαi+1/(2αi+1 − αi), αn+1 = 1, αn = α0 ∈
(1−ϵ, 1), and βi > 0 should be assigned such that polynomial
λn+βnλ

n−1+· · ·+β2λ+β1 is Hurwitz. It has been shown that
there always exists a ϵ ∈ (0, 1) such that once the sliding mode
s(t) = ṡ(t) = 0 achieves, the system dynamics will converge
to their desired equilibrium in finite time. However, for any
predesigned ϵ, no controller can theoretically rigorously ensure
the desired stability result as stated above.

Consequently, we intend to develop a new recursive con-
tinuous higher-order nonsingular TSM controller whose power
can be explicitly assigned to guarantee finite-time stability of
the closed-loop system.

III. RECURSIVE CONTINUOUS FULL-ORDER
NONSINGULAR TSM CONTROL DESIGN

Let the homogeneous degree τ be a negative real number,
i.e., τ ∈ (−∞, 0). Define the weighting element ri satisfying
ri = ri−1 + τ and ri > 0 for i ∈ N1:n. Let ρ satisfy ρ ≥
maxi∈N1:n{ri}. A new recursive nonsingular TSM manifold
is constructed as follows

s(t) = xn(t)− xn(0) +

∫ t

0

λn ⌊σ(τ)⌉
rn+1

ρ dτ, (3)

with

σ(t) =
n∑

i=1

βi ⌊xi(t)⌉
ρ
ri , (4)

where βi for i ∈ N1:n are coefficients to be recursively
assigned as

βi =
n−1∏
k=i

(λk)
ρ

rk+1 , βn = 1, (5)

for i ∈ N1:n−1, where λi is selected such that

λi ≥
L

2i−1
+ c̄i + ĉi, (6)

with L being a constant gain to be assigned and

c̄i =
ri

µ2ri/ρ

(
(2µ− ri)2

i−ri/ρ

µL

) 2µ(2µ−ri)

ρri

,

ĉi =
L

2i+1
+

i−1∑
k=1

ψik,

(7)
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where

ϕik =
21−ri/ρ(2µ− ri − τ)

rk

(
i−1∏
l=k

(λl)
ρ

rl+1

)
(λk−1)

ρ−rk
rk λk,

ψik =
2ϕik(2µ− τ − ρ)

2µ

(
2i+1ϕik(τ + ρ)

µL

) τ+ρ
2µ−τ−ρ

.

(8)

With the above new nonsingular TSM manifold (3), a recursive
nonsingular TSM controller is designed as follows

u(t) = b−1(t,x) (ueq(t) + ur(t)) , (9)

with the equivalent control law designed as

ueq(t) = −f(t,x)− λn ⌊σ(t)⌉
rn+1

ρ , (10)

and the reaching law constructed as

ur(t) = −k1 ⌊s(t)⌉
1
2 − k2

∫ t

0

⌊s(τ)⌉0 dτ. (11)

It should be noticed that the designed continuous nonsingular
TSM manifold is different from those given in [9]. For
nonrecursive TSM manifold (2), the gains βi can be pre-
designed such that λn+βnλn−1+ · · ·+β2λ+β1 is Hurwitz,
however there is no guidance for assignment of power factor
ϵ guaranteeing stability. In the new manifold (3), the power
factors ρ and ri can be predesigned, and the finite-time
stability of the closed-loop system can be guaranteed if the
gains βi can be assigned recursively based on (5)-(8). In
addition, a super-twisting like reaching law (11) is constructed
to generate a continuous control action that considerably
reduces the chattering effects.

IV. PERFORMANCE AND STABILITY ANALYSIS

The performance and stability analysis is Lyapunov-based
here. To begin with, we give a group of variable definitions
as follows. Let µ ≥ ρ be a positive constant. Define x⃗i =
(x1, . . . , xi)

⊤
, i ∈ N1:n and the following virtual control laws

ξ0 =0,

αi =− λi−1 ⌊ξi−1⌉
ri
ρ ,

ξi = ⌊xi⌉
ρ
ri − ⌊αi⌉

ρ
ri ,

(12)

for i ∈ N1:n−1, where λi are gains satisfying (6). We further
define a positive definite Lyapunov function as

Vi(x⃗i) =

i∑
k=1

Wk(x⃗k), (13)

with

Wk(x⃗k) =

∫ xk

αk

⌊
⌊η⌉

ρ
rk − ⌊αk⌉

ρ
rk

⌉ 2µ−rk−τ

ρ

dη. (14)

The proof of positive definiteness for Wk(x⃗k) is shown
in appendix. With the above defined variables and Lyapunov
functions, we have the following properties whose proofs are
given in the appendix.

Proposition 1: By selecting c̄i and ĉi as shown in (7) with
ϕik and ψik defined in (8), one can derive that

i−1∑
k=1

∂Wi

∂xk
ẋk ≤ L

2i−1

i−2∑
k=1

ξ
2µ
ρ

k +
L

2i
ξ

2µ
ρ

i−1 + ĉiξ
2µ
ρ

i . (15)

Proposition 2: Suppose that the gains λi are selected such
that λ1 ≥ L and λi ≥ L

2i−1 + c̄i+ ĉi for i ∈ N1:n−1 (as shown
in (6)) are satisfied. The defined Lyapunov function Vi(x⃗i) has
the following property

V̇i(x⃗i) ≤− L

2i−1

(
ξ

2µ
ρ

1 + · · ·+ ξ
2µ
ρ

i

)
+ ⌊ξi⌉

2µ−ri−τ

ρ (xi+1 − αi+1) ,

(16)

for i ∈ N1:n−1.
With the help of the above two Propositions, the main

result of the paper can be derived and summarized in the
following theorem.

Theorem 1: Suppose that the control parameters in the
reaching law are designed such that k1 > 0 and k2 >
3δ + 2(δ/k1)

2. For the full-order dynamic system (1), the
new recursive nonsingular TSM controller (9)-(10)-(11) with
sliding manifold designed by (3)-(4) renders the following
properties:

• the resultant closed-loop system is globally stable in the
sense that xi ∈ L∞, u ∈ L∞ and s ∈ L∞; furthermore,
the state xi(t) is upper bounded by

|xi(t)| ≤ δi(x⃗(0), τ, r⃗, β⃗), (17)

with δi(x⃗(0), τ, r⃗, β⃗) being a constant in terms of initial
states and controller parameters;

• the finite-time stabilization of system states is guaranteed,
i.e., xi → 0 as t→ T with T being a finite time.

Proof. The proof of the theorem is divided into two parts. The
first part will provide the bounded stability of the proposed
nonsingular TSM controller. In the second part, the finite-time
stability is further proved.

Part I: Define an auxiliary variable

v(t) = d(t)− k2

∫ t

0

⌊s(τ)⌉0 dτ.

Taking derivative of the sliding manifold (3) along system
dynamics (1) gives

ṡ(t) = −k1 ⌊s(t)⌉
1
2 + v(t),

v̇(t) = −k2 ⌊s(t)⌉0 + ϕ(t),
(18)

where ϕ(t) = ḋ(t). Suppose that ϕ(t) satisfies ϕ(t) ≤ δ.
It follows from [20] that for a quadratic Lyapunov function

Vs(s, v) = ζTPζ with ζ =
[
⌊s⌉1/2 , v

]T
and

P =

[
4k2 + k21 −k1
−k1 2

]
,

the derivative of Vs(s, v) satisfy the following

V̇s(s, v) ≤ − 1

|s|1/2
ζTQζ ≤ −γsV 1/2

s (s, v), (19)
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where

Q =
k1
2

[
2k2 + k21 − 2δ −(k1 + 2δ/k1)
−(k1 + 2δ/k1) 1

]
,

and γs = λ
1/2
min{P}λmin{Q}/λmax{P}. By using Bihari’s

inequality [21] gives

||ζ(t)|| ≤ V
1
2
s (t)/λmin{P} ≤ ζmax, (20)

where ζmax = V
1
2
s (0)/λmin{P}. It should be noted that

the controller proposed in this paper is a kind of second-
order sliding mode controller using super-twisting algorithm
[3]. Different from the traditional first-order sliding mode
controller, s may reach zero non-monotonically ensuring the
existence of the sliding mode.

By means of Lemmas 1, it can be calculated that the
derivative of Vn(x⃗n) satisfies

V̇n(x⃗n) ≤− L

2n−1

(
ξ

2µ
ρ

1 + · · ·+ ξ
2µ
ρ

n−1

)
+ (c̄n + ĉn)ξ

2µ
ρ

n

+ ⌊ξn⌉
2µ−rn−τ

ρ (b(t,x)u(t) + f(t,x) + d(t,x)) .
(21)

By definitions (5) and (12), it can be derived that

ξn = ⌊xn⌉
ρ
rn +

n−1∑
j=1

(
βj ⌊xj⌉

ρ
rj

)
.

Note that we further have σ(t) = ξn by definition (4).
With this in mind, substituting the nonsingular TSM control
law (9) into the (21) gives

V̇n(x⃗n) ≤− L

2n−1

(
ξ

2µ
ρ

1 + · · ·+ ξ
2µ
ρ

n−1

)
+ (c̄n + ĉn)ξ

2µ
ρ

n

+ ⌊ξn⌉
2µ−rn−τ

ρ

(
−λn ⌊ξn⌉

rn+1
ρ + d+ ur

)
.

(22)

It can be derived from (20) that

|d+ ur| =|v − k1 ⌊s⌉
1
2 |

≤∥ζ∥
√

2max{k21, 1}

≤ζmax

√
2max{k21, 1},

(23)

By Young’s inequality and (23), we have

⌊ξn⌉
2µ−rn−τ

ρ (d+ ur) ≤ c̃nξ
2µ
ρ

n +m, (24)

where c̃n is any small positive constant and m =

rn+τ
2µ

(
2µ−rn−τ

2µc̃n

) 2µ(2µ−rn−τ)
ρ(rn+τ)

(
ζmax

√
2max{k21, 1}

) 2µ
rn+τ

.
Inserting the above inequality into (22) gives

V̇n(x⃗n) ≤− L

2n−1

(
ξ

2µ
ρ

1 + · · ·+ ξ
2µ
ρ

n

)
+m, (25)

where λn is chosen such that λn ≥ L/2n−1 + c̄n + ĉn + c̃n.
Define a composite candidate Lyapunov function for the

closed loop systems as follows

U(x⃗n, s, v) = Vn(x⃗n) + V̄s(s, v), (26)

with V̄s(s, v) = νVs(s, v)
(2µ−τ)/(−2τ), where ν is a positive

constant given by

ν =

(
α0L

2n−2γs(1− 2µ/τ)

) 2µ−τ
−τ

.

The function U(x⃗n, s, v) is positive definite and proper since
τ < 0. Taking into account inequality (19) and (25), one
obtains that the derivative of U(x⃗n, s, v) satisfies

U̇(x⃗n, s, v) ≤− L

2n−1

(
ξ

2µ
ρ

1 + · · ·+ ξ
2µ
ρ

n

)
− νγs(

1

2
− µ

τ
)Vs(s, v)

µ
−τ +m.

(27)

By definition of Vn(x⃗n), it follows from the properties of
homogeneity that

α0V
2µ

2µ−τ
n (x⃗n) ≤

(
ξ

2µ
ρ

1 + · · ·+ ξ
2µ
ρ

n

)
, (28)

where α0 = (r1/ρ− 1)
2µ/(2µ−τ). Collecting the above facts

in (27) and (28), we have

U̇(x⃗n, s, v) ≤− L

2n−1
α0

(
V

2µ
2µ−τ
n (x⃗n) + V̄

2µ
2µ−τ
s (s, v)

)
+m,

≤− cUα(x⃗n, s, v) +m,
(29)

where c := Lα0

2n−1 ∈ (0,+∞) and α := 2µ
2µ−τ ∈ (0, 1). For

neatness of presentation, we use U(t) denoting the solution of
U(x⃗n, s, v) along the closed-loop system dynamics. By using
comparison lemma [22], it can be obtained that the solution
U(t) satisfies

U(t) ≤

{ [
U1−α
0 − c(1− α)t

] 1
1−α + Uu, 0 ≤ t < Tu

Uu, t ≥ Tu
(30)

where U0 := U(x⃗n(0), s(0), v(0)) denotes the initial value of
U(x⃗n, s, v), and Uu and Tu represent the ultimate bound and
convergence time of U(t), given by

Uu =

(
m2n−1

Lα0

) 2µ−τ
2µ

, (31)

and

Tu =
2n−1(2µ− τ)U

−τ
2µ−τ

0

−Lα0τ
. (32)

Consequently, we can conclude from (29)-(32) that the system
states and control input are ultimate bounded, i.e., xi ∈ L∞,
u ∈ L∞ and s ∈ L∞.

By the definition of homogeneity, it can be verified that
the homogeneous degree of Vn(x⃗n) is 2µ−τ

2 , i.e., Vn(x⃗n) ∈
H(2µ−τ)/2

∆r . With this in mind, it follows from homogeneity
property that there exists a positive constant c such that

c∥x∥
2µ−τ

2

∆r ≤ Vn(x⃗n) ≤ U(x⃗n, s). (33)

The system state is therefore upper bounded by

|xi(t)| ≤ ∥x∥ri∆r ≤ δi(x⃗(0), τ, r⃗, β⃗), (34)
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where

δi(x⃗(0), τ, r⃗, β⃗) :=

(
U0 + Uu

c

) 2ri
2µ−τ

.

Part II: Since the boundedness property of system states
and control input has been guaranteed as illustrated in Part
I, we will establish the finite-time stability of the closed-loop
system as follows.

The finite-time convergence of the reaching phase directly
follows from the dynamics of sliding manifold as shown in
(19). It can be obtained from (19) that there exists a finite
time Tr = 2V

1/2
s0 /γs with Vs0 = Vs(s(0), v(0)) such that

Vs(s(t), v(t)) → 0, s(t) → 0 and v(t) → 0 as t → Tr. Once
the sliding manifold is reached, we have s(t) = 0 and v(t) →
0 for t ≥ Tr. It can be obtained from (18) that s(t) = ṡ(t) = 0
and hence d(t) + ur(t) = 0 for t ≥ Tr.

Since we have assigned that λn ≥ L/2n−1+ c̄n+ ĉn+ c̃n,
it further follows from (22) that

V̇n(x⃗n) ≤− L

2n−1

(
ξ

2µ
ρ

1 + · · ·+ ξ
2µ
ρ

n

)
≤− cV

2µ
2µ−τ
n (x⃗n),

(35)

for t ≥ Tr. Finally, it can be obtained from (35) that
Vn(x⃗n(t)) → 0 and hence xi(t) → 0 as t → T where T =

Tr + Ts with Ts =
2n−1(2µ−τ)V

−τ
2µ−τ

n0

−Lα0τ
and Vn0 = Vn(x⃗n(0)).

V. DISCUSSION

In this section, we will further discuss the differences
between the proposed one and the existing ones. The TSM
manifold proposed in this paper (3) shares some similarities
with the TSM manifold (2) proposed by [9, 13], but the design
principles of the two TSM manifolds are quite different, which
are reflected in the following aspects.

1) Structure Difference: The term in the integral part of
the TSM manifold in (2) is a sum of several fractional power
items, i.e.,

∑n
i=1 βi⌊xi(t)⌉αi , while the corresponding one in

the proposed manifold is a fractional power of a sum of several
items, i.e., λn ⌊σ(τ)⌉

rn+1
ρ with σ(t) =

∑n
i=1 βi ⌊xi(t)⌉

ρ
ri .

2) Fractional Power and Gain Design: The fractional
powers αi and gains βi of TSM manifold in (2) are determined
by following a non-recursive manner. The designed powers
and gains provide an existence condition to guarantee finite-
time stability. However, the proposed TSM manifold in the
paper gives a systematic approach to design fractional powers
and gains following a recursive design manner, which are
sufficient to guarantee finite-time stability.

For an intuitive and clear explanation, we revisit the design
processes of the two kinds of TSMs for a concrete numerical
example. Consider a third-order nonlinear system as follows

ẋ1 = x2,

ẋ2 = x3,

ẋ3 = 100u+ x21x2 + x33 + d(t),

(36)

where d(t) is the external disturbance.
The proposed TSM manifold is designed as

s(t) = x3(t)− x3(0) +

∫ t

0

λ3⌊σ(τ)⌉
r4
ρ dτ, (37)

where σ(t) = β1⌊x1⌉
ρ
r1 + β2⌊x2⌉

ρ
r2 + ⌊x3⌉

ρ
r3 . The proposed

continuous nonsingular TSM controller is designed as

ueq = x21x2 + x33 + λ3⌊σ(t)⌉
r4
ρ ,

ur = k1⌊s⌉
1
2 + k2

∫ t

0

⌊s(τ)⌉0dτ,

u = − 1

100
(ueq + ur).

(38)

Following the nonsingular TSM manifold (2), one has

s(t) = x3(t)−x3(0)+
∫ t

0

β1⌊x1⌉α1+β2⌊x2⌉α2+β3⌊x3⌉α3dτ,

(39)
and the controller is

ueq = x21x2 + x33 + β1⌊x1⌉α1 + β2⌊x2⌉α2 + β3⌊x3⌉α3 ,

ur = k1⌊s⌉
1
2 + k2

∫ t

0

⌊s(τ)⌉0dτ,

u = − 1

100
(ueq + ur),

(40)
with αi−1 = αiαi+1/(2αi+1 − αi), α4 = 1, α3 = α0.
It is clear that both the controllers and sliding manifolds
are quite different from structure, fractional power selection
and gain design, which can support the statements about the
contributions in the Introduction.

Owing to the above mentioned difference of the sliding
manifold design, the proposed TSM manifold in the paper
shows some interesting properties over the existing ones
[9,13], which are summarized below.

• First, for the existing TSM manifold (2), the parameter
chosen following the non-recursive manner can only
admit an existence condition for finite-time stability. That
is, with given fractional powers and gains following the
design guidelines, the closed-loop system could be finite-
time stable, but there is a lack of rigorous theoretical
proof for that. However, in the proposed TSM manifold
(3), for any τ ∈ (−∞, 0), we establish rigorous finite-
time stability theoretically.

• Second, the stability of the new result is established in
the context of Lyapunov theory rather than geometric
theory. That is, instead of using the geometric approach to
establish the stability in existing TSM manifold (2), some
new tools, in particular an explicit Lyapunov function
approach, are proposed to establish finite-time stability
of the closed-loop system under the proposed control
approach.

• Last, it can be observed from (37) and (39) that the
main difference between the proposed TSM manifold and
the existing one lies in that the parameter ρ provides an
additional degree of freedom on parameter tuning. This
parameter admits the possibility for the proposed method
to obtain a better trade-off between various conflict
performance specifications.

Remark 1. In practical implementation, the requirement
of full-order states will possibly meet some difficulties as
full state measurements are expensive and even impossible in
some cases. Actually, similar to many existing output feedback
sliding mode control approaches [23] [24], it is straightforward
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to combine the proposed algorithm with the well-known
higher-order sliding mode observer to form an output feedback
control algorithm. Both the design and analysis of the resultant
output feedback control system is relatively simple by utilizing
the finite-time separation principle of observer and controller
design [3] [17], which will not be given the details due to
space limitation.

VI. SIMULATIONS

In simulation, the numerical example in (36) is taken for
performance analysis and comparison. The sliding manifold
and the controller are designed as (37) and (39), respectively.

In (37), the parameters are set as τ = −1/6, r1 = 1,
ri = ri−1 + τ for i ∈ N1:4, ρ = 2, β1 = 100, β2 = 10
and λ3 = 100. In (38), we choose k1 = 500, k2 = 500. For
the existing TSM controller (39) and (40), we set α0 = 0.75,
β1 = 50, β2 = 30, β3 = 30, k1 = 20000, k2 = 20000. The
initial values of the system are set as [x1(0), x2(0), x3(0)]T =
[1, 1, 1]T . Response curves of states and the control input for
system (36) in the absence of external disturbance are shown
in Fig. 1. The corresponding phase trajectory of the closed-
loop system is shown in Fig. 2.

We further investigate how the parameter ρ that provides
an additional degree of freedom parameter tuning can affect
the control performance. To do so, different cases for ρ =
2, 5, 10 and 15 are carried out, while the simulation results
are shown in Figs. 1 and 2. As shown by Fig. 1, it can be
observed that smaller ρ will result in faster dynamic responses,
but demand larger control energies. Therefore, the parameter
ρ can be served as an adjustment to balance the convergent
rate and the control energy for the system.

The following part will focus on disturbance rejection
performance. Toward that end, the external disturbance d(t) =
100 + 30sin(2πt) is taken into account, which is assumed to
impose on the system at t = 15 sec. Response curves of states
and the control input for system (36) under the two controllers
are shown in Fig. 3. As shown by Fig. 3(a)-Fig. 3(c), the
states of the system are driven to the desired equilibrium
under the proposed controller with lower drop/rise and shorter
settling time than the existing TSM control strategy. As such,
the external disturbance can be attenuated effectively by the
proposed control law, which maintains the nominal control
performance of the system and provides a better disturbance
rejection performance.

Remark 2. The parameter ρ provides an additional freedom
for parameter tuning for the proposed algorithm. Actually, this
parameter has great impacts on control performance. As shown
by the simulation results in Fig. 1, larger ρ will lead to larger
overshoot and longer settling time, but the transient control
effort is relatively mild especially at the beginning of setpoint
changes. In practice, it is suggested to select appropriate
parameter ρ to balance the transient performance specifications
like overshoot, settling time and control energy constraint.

VII. CONCLUSION

The full-order finite-time sliding mode control problem has
been addressed by designing a recursive continuous higher-
order nonsingular TSM controller. It has been shown that
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Fig. 1. Response curves in the absence of disturbances. (a) system state
x1; (b) system state x2; (c) system state x3; (d) control input u; (e) sliding
manifold s.
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Fig. 2. Phase portrait of the closed-loop system in the absence of disturbance
under the proposed approach: (a) 2−D of x1 and x2; (b) 2−D of x2 and
x3.

the proposed approach admits the certainty of given power
factor to ensure finite-time stability of the closed-loop system.
This has overcome the theoretical limitation of existence
condition of existing higher-order nonsingular TSM control
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Fig. 3. Response curves in the presence of disturbances. (a) system state x1;
(b) system state x2; (c) system state x3; (d) control input u.

on the basis of nonrecursive design. The new controller has
also brought about several new features such as possibility
to assess transient performance specification and continuous
control action to alleviate chattering effects.

APPENDIX

A. Proof of positive definiteness for Wk(x⃗k)

The expression of Wk is rewritten as follows:

Wk(x⃗k) =

∫ xk

αk

⌊
⌊η⌉

ρ
rk − ⌊αk⌉

ρ
rk

⌉ 2µ−rk−τ

ρ

dη. (41)

Next, we will consider the following two cases.
Case 1. xk > αk, then η ∈ (αk, xk).
Under this condition, we have⌊η⌉

ρ
rk − ⌊αk⌉

ρ
rk ≥ 0. From

this, we obtain

Wk(x⃗k) =

∫ xk

αk

(
⌊η⌉

ρ
rk − ⌊αk⌉

ρ
rk

) 2µ−rk−τ

ρ

dη

=

∫ xk

αk

[(
⌊η⌉

ρ
rk − ⌊αk⌉

ρ
rk

) rk
ρ
] 2µ−rk−τ

rk dη.

(42)

By Lemma 2, it obtains

(η − αk) ≤ 21−
rk
ρ

(
⌊η⌉

ρ
rk − ⌊αk⌉

ρ
rk

) rk
ρ

. (43)

Combining (42) and (43), we have

Wk(x⃗k) ≥
∫ xk

αk

2
rk
ρ −1(η − αk)

2µ−rk−τ

rk dη

= 2
(rk−ρ)(2µ−rk−τ)

ρrk
rk

2µ− τ

(
xk − αk

) 2µ−τ
rk .

(44)

Case 2. xk < αk, then η ∈ (xk, αk).
Defining f(η) = ⌊η⌉

ρ
rk − ⌊αk⌉

ρ
rk , it can be obtained

Wk(x⃗k) = −
∫ αk

xk

|f(η)|
2µ−rk−τ

ρ sign(f(η))dη

=

∫ αk

xk

|f(η)|
2µ−rk−τ

ρ sign(−f(η))dη

=

∫ αk

xk

⌊−f(η)⌉
2µ−rk−τ

ρ dη

=

∫ αk

xk

⌊
⌊αk⌉

ρ
rk − ⌊η⌉

ρ
rk

⌉ 2µ−rk−τ

ρ

dη

(45)

After the similar analysis with Case 1, we have

Wk(x⃗k) ≥
∫ xk

αk

2
rk
ρ −1(η − αk)

2µ−rk−τ

rk dη

= 2
(rk−ρ)(2µ−rk−τ)

ρrk
rk

2µ− τ

(
αk − xk

) 2µ−τ
rk .

(46)

Therefore, we can get that Wk(x⃗k) is positive definite.

B. Proof of Proposition 1

Keeping in mind the definitions of Wi(x⃗i), ϕik and ψik

in (14) and (8), by utilizing Lemma 1 and Young’s inequality,
we have the following derivations

∂Wi

∂xk
ẋk ≤21−ri/ρ

2µ− ri − τ

ρ
|ξi|

2µ−τ−ρ
ρ

∣∣∣∣∣∂ ⌊αi⌉
ρ
ri

∂xk
ẋk

∣∣∣∣∣
≤ϕik|ξi|

2µ−τ−ρ
ρ

(
|ξk|

ρ−rk
ρ + |ξk−1|

ρ−rk
ρ

)
×
(
|ξk+1|

rk+1
ρ + |ξk|

rk+1
ρ

)
≤ L

2i+1

(
|ξk−1|

2µ
ρ + |ξk|

2µ
ρ + |ξk+1|

2µ
ρ

)
+ ψikξ

2µ
ρ

i .

(47)

The conclusion of the proposition can be derived by taking
sum of the inequalities (47) in terms of index k.

C. Proof of Proposition 2

With the definitions of α1, ξ1 and V1(x1) given by (12) and
(13) in mind, differentiating V1(x1) along system dynamics (1)
gives

V̇1(x1) = ⌊ξ1⌉
2µ−τ−r1

ρ (x2 − α2) + ⌊ξ1⌉
2µ−τ−r1

ρ α2, (48)

where α2 is a virtual control law designed as (12). Since the
parameter λ1 has been selected such that λ1 ≥ L, it then
follows from (48) that

V̇1(x1) ≤ −Lξ
2µ
ρ

1 + ⌊ξ1⌉
2µ−τ−r1

ρ (x2 − α2). (49)
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The proof in the following is presented in an inductive
way. Consequently, we suppose that at step i−1, the candidate
Lyapunov function Vi−1(x⃗i−1) satisfies

V̇i−1(x⃗i−1) ≤− L

2i−2

(
ξ

2µ
ρ

1 + · · ·+ ξ
2µ
ρ

i−1

)
+ ⌊ξi−1⌉

2µ−ri−1−τ

ρ (xi − αi) .

(50)

It is clearly shown by (49) that the inequality (50) holds
for the case when i = 2. By definitions of Vi(x⃗i) and
Wk(x⃗k) given in (13) and (14) respectively, we have Vi(x⃗i) =
Vi−1(x⃗i−1) +Wi(x⃗i). As such, the derivative of Vi(x⃗i) can
be calculated, which is estimated as follows

V̇i(x⃗i) ≤− L

2i−2

(
ξ

2µ
ρ

1 + · · ·+ ξ
2µ
ρ

i−1

)
+

i−1∑
k=1

∂Wi

∂xk
ẋk

+ ⌊ξi−1⌉
2µ−ri−1−τ

ρ (xi − αi) +
∂Wi

∂xi
xi+1.

(51)

To derive the result in the proposition, we have to estimate
the rest terms in the above inequality. Firstly, by Lemma 1,
we have

⌊ξi−1⌉
2µ−ri−1−τ

ρ (xi − αi) ≤
L

2i
ξ

2µ
ρ

i−1 + c̄iξ
2µ
ρ

i , (52)

where c̄i has been defined in (7). As λi has been assigned to
satisfy inequality (6), by inserting the estimations in (52) and
(15) into (51), we can derive the inequality shown in (16).
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